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Abstract

This dissertation brings together ideas from quantum information theory and condensed mat-

ter physics to study many-particle systems of fermions. We revisit the structure of the Hilbert

space and operator algebras in Fermi systems which provides a natural platform to discuss the

notion of entanglement and local operations. We generalize the partial transpose, which is a

well-known operation to diagnose entanglement in density matrices of qubits and bosonic sys-

tems, to fermionic systems. Our idea was inspired by the observation that time-reversal acts as

transposition on density matrices; hence, we looked for a way to apply partial time-reversal to

density matrices of fermions. We present a comprehensive set of benchmarks on our proposed

definition of fermionic partial transpose and explain the fundamental differences between the

bosonic and fermionic partial transpose. We use this new framework and the associated entan-

glement measure, logarithmic negativity, to study the entanglement content of free fermions with

an arbitrary shape of Femi surface in all dimensions as well as topological insulators and super-

conductors. In particular, we show how thermal fluctuations destroy the quantum coherence of

the ground state as temperature is increased.

Furthermore, we report the discovery of a surprising connection between topological invari-

ants and the partial transpose in time-reversal symmetric topological insulators and supercon-

ductors. In short, we find that partition functions on non-orientable spacetime manifolds such

as the Klein bottle or real-projective plane can be obtained by combining untransposed and par-

tially transposed density matrix. This relation turns out to be general and can be used to study

various other topological phases protected by anti-unitary symmetries. Similar to the partition

functions, the quantities we introduce are complex numbers and their complex phase is a topo-

logical invariant. These topological invariants can be regarded as order parameters of topological

phases in the sense that they admit discrete values and can only change by jumping from one

value to another as we transition from one topological phase to another.
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T̂ , Ĉ , Ŝ Time-reversal, particle-hole, chiral symmetry operators

xiii



Chapter 1

Introduction

“ There is no law except the law that there is no law."

— John Wheeler

ENTANGLEMENT has been perceived as one of the intriguing manifestations of quantum

phenomena, since the birth of quantum mechanics. Being intrinsic and fundamental,

quantum entanglement is a frontier in various research areas ranging from many-body physics to

spacetime physics and quantum information. There have been numerous attempts in developing

theoretical tools to quantify the quantum entanglement (see for example the review articles [7,

34]). Throughout this dissertation, our interest in entanglement is twofold: First, the notion of

entanglement and the corresponding entanglement measures in generic fermionic systems and

second, using those entanglement measures to characterize topological phases of fermions.

1.1 Entanglement

A fundamental question is how the entanglement between two parts of a quantum system can

be quantified in terms of some computable measures. In general, a quantum system can be in a

pure state or a mixed state. Pure states are described by wave functions, for example, the zero

temperature ground state wave function of a Hamiltonian. Bipartite entanglement of pure states
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is often quantified in terms of the von Neumann and the Rényi entanglement entropies (See for

example Refs. [7, 34, 65, 217]). The scaling of these measures have been found very useful in

distinguishing and characterizing various phases of matter, such as gapless phases and quantum

critical points described by conformal field theories (CFTs) [32, 33, 98], and gapped phases such

as topologically ordered phases [127, 134].

On the other hand, mixed states are described by density matrices, for example, finite tem-

perature states of a Hamiltonian or states of a subsystem of a global system obtained by partial

tracing. A decent candidate to quantify the quantum entanglement within mixed states is known

as the (logarithmic) negativity of a partially transposed density matrix [67, 100, 109, 110, 159, 162,

218]. Several methods have been developed to efficiently compute the entanglement negativity

in different setups ranging from Harmonic oscillator chains [8, 9, 11, 43, 73, 141] and quantum

spin chains [19–21, 142, 176, 181, 233, 234] to CFTs [5, 35, 36, 177] and massive quantum field

theories [26]. The entanglement negativity of topologically ordered phases in (2+1) dimensions

were also studied [42, 132, 230, 231]. The applicability of the negativity in characterizing finite-

temperature systems [37, 68, 158, 192] and out-of-equilibrium scenarios [53, 68, 99, 229]was also

investigated. In addition to these literatures, there are other useful numerical frameworks to eval-

uate the entanglement negativity such as tree tensor network [39], Monte Carlo implementation

of partial transpose [4, 51], and rational interpolations [153].

We emphasize that the systems studied in all these works above are made out of distinguish-

able objects (qubits, spins, etc.) or bosons where local operators acting on different parts of the

system commute. As it turned out, defining an analogue of entanglement negativity (and loga-

rithmic negativity) for fermionic systems, and in particular partial transpose of fermionic density

matrices, is not simply a straightforward extension of what is known for bosonic systems, because

of the Fermi statistics.

One possible approach to define partial transpose for fermionic systems would be to use a

particular basis such as the occupation number basis, and simply adopt the definition of the

bosonic partial transpose – we simply ignore any fermion sign which may arise when we re-

2



arrange fermionic operators. In some cases, this procedure is equivalent to use a Jordan-Wigner

transformation (and alike) to map fermionic systems to bosonic counterparts and then take the

bosonic partial transpose. This was the working definition of partial transpose for fermionic

systems in early works [44, 54–56, 69, 70, 97].

It was however noted that if this definition of partial transpose is used to define entanglement

negativity for fermioic systems, it fails to capture important fermionic quantum correlations.

For example, with this definition of entanglement negativity, there is no entanglement in the

topological phase of the Kitaev Majorana chain [191]. 1

In this dissertation, we introduce a partial transpose operation that can be applied to fermionic

systems, in short, fermionic partial transpose. One of our motivations here, besides quantifying

entanglement, is to construct topological invariants that can diagnose and characterize fermionic

symmetry-protected topological phases of matter protected by anti-unitary symmetries of vari-

ous kinds. Examples of symmetry-protected topological phases include time-reversal symmetric

topological insulators in (2+1) dimensions (e.g., quantum spin Hall insulators), and time-reversal

symmetric topological superconductors in (1+1)-dimensions (e.g., the Kitaev chain with time-

reversal symmetry). As we will see, we use the fermionic partial transpose to define a fermionic

analog of (logarithmic) entanglement negativity, which we call the fermionic entanglement neg-

ativity or simply (and loosely) the entanglement negativity when there is no confusion.

The fact that the bosonic partial transpose fails to capture quantum correlations in fermionic

systems and that the fermionic partial transpose needs to be used instead suggests that quantum

entanglement in fermionic systems, is fundamentally different from bosonic one.

1.2 Topological insulators and superconductors

The discovery of topological phases has added a new level of complexity to our understanding

of quantum phases of matter. Topological materials are locally featureless in the bulk and cannot

1 There are more issues than we just pointed out here for “borrowing” the bosonic definition of partial transpose
to discuss fermionic systems. See also Sec. 3.1.
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be distinguished from ordinary (topologically trivial) insulators or superconductors; however,

they are characterized by exotic boundary modes such as Majorana zero modes and Dirac surface

states (see Fig. 1.1), which have potential applications in spintronics and quantum computation.

Technically, topological phases of matter are gapped quantum phases which cannot be adia-

batically connected to a trivial state, i.e., tensor product state. Topological phases can be realized

in the presence of various symmetries, such as time-reversal, charge conjugation, and/or space

group symmetry. More specifically, there exists a group of gapped quantum phases, which can

be adiabatically connected to a trivial state in the absence of symmetries, while cannot be turned

into a trivial phase once a certain set of symmetries are enforced. Such gapped quantum phases

are called symmetry-protected topological (SPT) phases. Topological insulators and supercon-

ductors are celebrated examples of SPT phases of fermions [25, 50, 76, 80, 81, 89, 92, 103, 118,

126, 145, 170, 178, 182, 222, 240]. Other examples of bosonic SPT phases have been also widely

discussed [45, 46, 80, 117, 133, 139, 165, 184, 202, 219]. On the other hand, topologically ordered

phases [59, 125, 128, 129, 135, 146, 166, 211, 225, 227, 239] are phases of matter which are topo-

logically distinct from a trivial state even in the absence of symmetries. Topologically ordered

phases can also be enriched by the presence of symmetries. They can exhibit a particular pattern

of symmetry fractionalization, which can be used to distinguish and characterize different topo-

logically ordered phases with symmetries. Topologically ordered phases of this kind are called

symmetry-enriched [16, 72, 107, 140, 143, 209, 212, 213, 226]. Our main focus in this work is

topological insulators and superconductors, although some of our discussion should be readily

applicable to symmetry-enriched topological phases as well.

Topological insulators and superconductors often have a simple description in terms of a

ground state of a free fermion Hamiltonian, i.e., a quadratic Bloch-BdG Hamiltonian of the form

Ĥ =
∑

r,r′
ψ̂†

i (r)H
i j (r, r′) ψ̂ j (r

′), (1.1)

4



Bernevig, Hughes, Zhang (2007)
Molenkamp group (2007)

Lutchyn et al (2010)
Kouwenhoven group (2012)

Fu, Kane (2008)
Hasan and Cava (2009)

Helical edge modes Dirac surface statesX X Majorana zero modesX

which the edge states are populated according to the
chemical potential of the lead that they emanate from.
This leads to a quantized conductance e2 /h associated
with each set of edge states. Figure 6!d" shows the resis-
tance measurements for a series of samples as a function
of a gate voltage which tunes the Fermi energy through
the bulk energy gap. Sample I is a narrow quantum well
that has a large resistance in the gap. Samples II–IV are
wider wells in the inverted regime. Samples III and IV
exhibit a conductance 2e2 /h associated with the top and
bottom edges. Samples III and IV have the same length
L=1 !m but different widths w=0.5 and 1 !m, indicat-
ing that transport is at the edge. Sample II !L=20 !m"
showed finite temperature scattering effects. These ex-
periments convincingly demonstrate the existence of the
edge states of the quantum spin Hall insulator. Subse-
quent experiments have established the inherently non-
local electronic transport in the edge states !Roth et al.,
2009".

IV. 3D TOPOLOGICAL INSULATORS

In the summer of 2006 three theoretical groups inde-
pendently discovered that the topological characteriza-
tion of the quantum spin Hall insulator state has a natu-
ral generalization in three dimensions !Fu, Kane, and
Mele, 2007; Moore and Balents, 2007; Roy, 2009b".
Moore and Balents !2007" coined the term “topological
insulator” to describe this electronic phase. Fu, Kane,
and Mele !2007" established the connection between the
bulk topological order and the presence of unique con-

ducting surface states. Soon after, this phase was pre-
dicted in several real materials !Fu and Kane, 2007", in-
cluding Bi1−xSbx as well as strained HgTe and "-Sn. In
2008, Hsieh et al. !2008" reported the experimental dis-
covery of the first 3D topological insulator in Bi1−xSbx.
In 2009 second-generation topological insulators, includ-
ing Bi2Se3, which has numerous desirable properties,
were identified experimentally !Xia, Qian, Hsieh, Wray,
et al., 2009" and theoretically !Xia, Qian, Hsieh, Wray, et
al., 2009; Zhang, Liu, et al., 2009". In this section we
review these developments.

A. Strong and weak topological insulators

A 3D topological insulator is characterized by four Z2
topological invariants !#0 ;#1#2#3" !Fu, Kane, and Mele,
2007; Moore and Balents, 2007; Roy, 2009b". They can
be most easily understood by appealing to the bulk-
boundary correspondence, discussed in Sec. II.C. The
surface states of a 3D crystal can be labeled with a 2D
crystal momentum. There are four T invariant points
$1,2,3,4 in the surface Brillouin zone, where surface
states, if present, must be Kramers degenerate #Figs. 7!a"
and 7!b"$. Away from these special points, the spin-orbit
interaction will lift the degeneracy. These Kramers de-
generate points therefore form 2D Dirac points in the
surface band structure #Fig. 7!c"$. The interesting ques-
tion is how the Dirac points at the different T invariant
points connect to each other. Between any pair $a and
$b, the surface-state structure will resemble either Fig.
3!a" or 3!b". This determines whether the surface Fermi
surface intersects a line joining $a to $b an even or an
odd number of times. If it is odd, then the surface states
are topologically protected. Which of these two alterna-
tives occurred is determined by the four bulk Z2 invari-
ants.

The simplest nontrivial 3D topological insulators may
be constructed by stacking layers of the 2D quantum
spin Hall insulator. This is analogous to a similar con-
struction for 3D integer quantum Hall states !Kohmoto,
Halperin, and Wu, 1992". The helical edge states of the
layers then become anisotropic surface states. A pos-
sible surface Fermi surface for weakly coupled layers
stacked along the y direction is shown in Fig. 7!a". In this
figure a single surface band intersects the Fermi energy
between $1 and $2 and between $3 and $4, leading to the
nontrivial connectivity in Fig. 3!b". This layered state is
referred to as a weak topological insulator and has #0
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FIG. 6. !Color online" Experiments on HgTe/CdTe quantum
wells. !a" Quantum well structure. !b" As a function of layer
thickness d the 2D quantum well states cross at a band inver-
sion transition. The inverted state is the QSHI, which has he-
lical edge states !c" that have a nonequilibrium population de-
termined by the leads. !d" Experimental two terminal
conductance as a function of a gate voltage that tunes EF
through the bulk gap. Sample I, with d%dc, shows insulating
behavior, while samples III and IV show quantized transport
associated with edge states. Adapted from König et al., 2007.
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Figure 1 | Strong spin–orbit interaction gives rise to a single SS Dirac cone. Theory (see the Methods section) versus experiments. a,b, High-resolution
ARPES measurements of surface electronic band dispersion on Bi2Se3(111). Electron dispersion data measured with an incident photon energy of 22 eV
near the 0-point along the 0–M (a) and 0–K (b) momentum-space cuts. c, The momentum distribution curves corresponding to a suggest that two
surface bands converge into a single Dirac point at 0. The V-shaped pure SS band pair observed in a–c is nearly isotropic in the momentum plane, forming
a Dirac cone in the energy–k

x

–k

y

space (where k

x

and k

y

are in the 0–K and 0–M directions, respectively). The U-shaped broad continuum feature inside
the V-shaped SS corresponds roughly to the bottom of the conduction band (see the text). d, A schematic diagram of the full bulk three-dimensional BZ of
Bi2Se3 and the two-dimensional BZ of the projected (111) surface. e, The surface Fermi surface (FS) of the two-dimensional SSs along the K–0–M
momentum-space cut is a single ring centred at 0 if the chemical potential is inside the bulk bandgap. The band responsible for this ring is singly
degenerate in theory. The TRIMs on the (111) surface BZ are located at 0 and the three M points. The TRIMs are marked by the red dots. In the presence of
strong spin–orbit coupling (SOC), the surface band crosses the Fermi level only once between two TRIMs, namely 0 and M; this ensures the existence of a
⇡ Berry phase on the surface. f, The corresponding local density approximation (LDA) band structure (see the Methods section). Bulk band projections are
represented by the shaded areas. The band-structure topology calculated in the presence of SOC is presented in blue and that without SOC is in green. No
pure surface band is observed to lie within the insulating gap in the absence of SOC (black lines) in the theoretical calculation. One pure gapless surface
band is observed between 0 and M when SOC is included (red dotted lines).

experiment. The ‘V’ bands cross EF at 0.09Å�1 along 0–M and at
0.10Å�1 along 0–K, and have nearly equal band velocities, approx-
imately 5⇥105 m s�1, along the two directions. A continuum-like
manifold of states—a filled U-shaped feature—is observed inside
the V-shaped band pair. All of these experimentally observed
features can be identified, to first order, by a direct one-to-one
comparison with the LDA band calculations. Figure 1f shows the
theoretically calculated (see the Methods section) (111)-surface
electronic structure of bulk Bi2Se3 along the K–0–M k-space cut.

The calculated band structure with and without SOC are overlaid
together for comparison. The bulk band projection continuum on
the (111) surface is represented by the shaded areas, blue with
SOC and green without SOC. In the bulk, time-reversal symmetry
demands E(k,") = E(�k,#) whereas space inversion symmetry
demands E(k,") = E(�k,"). Therefore, all the bulk bands are
doubly degenerate. However, because space inversion symmetry
is broken at the terminated surface in the experiment, SSs are
generally spin-split on the surface by spin–orbit interactions except
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conductance. Above ~400 mT, we observe a pair
of peaks. The color panel in Fig. 2B provides an
overview of states and gaps in the plane of energy
and B field from –0.5 to 1 T. The observed sym-
metry around B = 0 is typical for all of our data

sets, demonstrating reproducibility and the ab-
sence of hysteresis. We indicate the gap edges
with horizontal green dashed lines (highlighted
only for B < 0). A pair of resonances crosses
zero energy at ~0.65 Twith a slope on the order

of EZ (highlighted by orange dotted lines). We
have followed these resonances up to high bias
voltages in (20) and identified them as Andreev
states bound within the gap of the bulk NbTiN
superconducting electrodes (~2 meV). In con-
trast, the ZBP sticks to zero energy over a range
of DB ~ 300mTcentered around ~250mT. Again
at ~400 mT, we observe two peaks located at
symmetric, finite biases.

To identify the origin of these ZBPs, we need
to consider various options including the Kondo
effect, Andreev bound states, weak antilocal-
ization, and reflectionless tunneling versus a
conjecture of Majorana bound states. ZBPs due
to the Kondo effect (24) or Andreev states bound
to s-wave superconductors (25) can occur at
finite B; however, with changing B, these peaks
then split and move to finite energy. A Kondo
resonance moves with 2EZ (24), which is easy to
dismiss as the origin for our ZBP because of the
large g factor in InSb. (Note that even a Kondo
effect from an impurity with g = 2 would be dis-
cernible.) Reflectionless tunneling is an enhance-
ment of Andreev reflection by time-reversed
paths in a diffusive normal region (26). As in
the case of weak antilocalization, the resulting
ZBP is maximal at B = 0 and disappears when
B is increased; see also (20). We thus conclude
that the above options for a ZBP do not provide
natural explanations for our observations. We
are not aware of any mechanism that could ex-
plain our observations, besides the conjecture of
a Majorana.

To further investigate the zero-biasness of
our peak, we measured gate voltage depend-
ences. Figure 3A shows a color panel with volt-
age sweeps on gate 2. The main observation is
the occurrence of two opposite types of behav-
ior. First, we observe peaks in the density of

(2e2/h)

V (µV)
0 200 400-400 -200

0.3

0.2

0.1

B (T)
0.25 0.5 0.75-0.25 0

0 mT

490 mT

V
 (

µV
)

0

-200

-400

200

400

dI
/d

V
 (

2e
2 /h

)

0.1

0.3

0.5A B

Fig. 2. Magnetic field–dependent spectroscopy. (A) dI/dV versus V at 70 mK
taken at different B fields (from 0 to 490 mT in 10-mT steps; traces are offset
for clarity, except for the lowest trace at B = 0). Data are from device 1.
Arrows indicate the induced gap peaks. (B) Color-scale plot of dI/dV versus V

and B. The ZBP is highlighted by a dashed oval; green dashed lines indicate
the gap edges. At ~0.6 T, a non-Majorana state is crossing zero bias with a
slope equal to ~3 meV/T (indicated by sloped yellow dotted lines). Traces in
(A) are extracted from (B).
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Figure 1.1: Materials realization of topological insulators and superconductors. (a) 1d p-wave
topological superconductor with Majorana end-modes realized in InSb nanowire on a s-wave
superconductor (niobium titanium nitride). The signature of Majorana zero-modes shows up
as a zero-bias peak in differential conductance. (b) 2d quantum spin Hall effect with helical edge
modes in CdHgTe quantum well. The signature of helical edge modes (cases III and IV) can be
seen from a two-point resistance plateau at twice the resistance quantum e2/h. (c) 3d topological
insulator with 2d Dirac-like surface states in Bi2Se3 crystal. The Dirac-like dispersion of in-gap
states is evident from the angle-resolved photoemission spectroscopy (ARPES) plot. The graphs
are adapted from [130, 150, 242].

class\dim. T C S 0 1 2 3 4 5 6 7
A 0 0 0 Z 0 Z 0 Z 0 Z 0

AIII 0 0 1 0 Z 0 Z 0 Z 0 Z
AI + 0 0 Z 0 0 0 2Z 0 Z2 Z2

BDI + + 1 Z2 Z 0 0 0 2Z 0 Z2
D 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII − + 1 0 Z2 Z2 Z 0 0 0 2Z
AII − 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII − − 1 0 2Z 0 Z2 Z2 Z 0 0
C 0 − 0 0 0 2Z 0 Z2 Z2 Z 0
CI + − 1 0 0 0 2Z 0 Z2 Z2 Z

Table 1.1: Periodic table of topological insulators and superconductors; the left-most column
(A, AIII, . . ., CI) denotes the ten symmetry classes of fermionic Hamiltonians, which are charac-
terized by the presence/absence of time-reversal (T), particle-hole (C), and chiral (S) symmetry
of different types denoted by ±1.
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where ψ̂i (r) is a multi-component fermion annihilation operator, and index r labels a site on a

d -dimensional lattice. Quadratic Bogoliubov-de-Gennes (BdG) Hamiltonians defined on a lat-

tice can be treated similarly. The single-particle Hamiltonians H i j (r, r′) belong to one of the ten

Altland-Zirnbauer (AZ) symmetry classes and are, in general, subject to a set of symmetry con-

straints 2 as follows

Ĉ ψ̂†
j Ĉ
−1 = ψ̂k[UC ]k j , Ĉ iĈ−1 = i , (1.2)

T̂ ψ̂†
j T̂
−1 = ψ̂†

k[UT ]k j , T̂ i T̂ −1 =−i , (1.3)

Ŝψ̂†
j Ŝ
−1 = ψ̂k[US]k j , Ŝ i Ŝ−1 =−i , (1.4)

where T̂ , Ĉ , and Ŝ are the time-reversal symmetry (TRS), particle-hole symmetry (PHS), and

chiral symmetry operators, respectively. The Hermite conjugate of the above equations leads

to the transformation rule for the fermion annihilation operators, ψ̂ j . Note that the last two

symmetry operators involve complex conjugation and hence are anti-unitary. Here, UC ,UT

andUS are unitary matrices and satisfy

UαU
∗
α =±1 (1.5)

for α = C ,T andU 2
S = 1. The ± signs correspond to symmetry operator which squares to +1,

and to the fermion number parity (−1)F , respectively. With this setup, we then ask, whether two

gapped quadratic Hamiltonians, which belong to the same symmetry class, can be continuously

transformed into each other without closing the gap. That is, gapped Hamiltonians of a given

symmetry class can be categorized into different topological equivalence classes. The result of this

classification is summarized by the Periodic Table of topological insulators (TIs) and topological

superconductors (TSCs) [126, 168, 178, 182, 183]; see Table 1.1. Systematic derivations of this

classification table can be found in Refs. [126, 182]. A few comments on notable features of the

2A Hamiltonian belongs to a certain symmetry class if it satisfies the condition ÔĤ Ô−1 = Ĥ where Ô is the
symmetry operator (i.e., T̂ , Ĉ , or Ŝ) of that symmetry class.
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table are in order. The symbols “Z”, “Z2”, “2Z”, and “0”, indicate whether or not topological

phases exist for a given symmetry class in a given dimension, and if they exist, what kind of

topological invariant characterizes the topological phases. For instance, “Z” indicates that the

topological phase is characterized by an integer topological invariant, and “0” simply means there

is no topological phase. In other words, all states in such symmetry class and dimension are

adiabatically connected.

The classification table exhibits a periodicity of 2 and 8 as a function of spatial dimension, for

the complex (first two rows) and real (the last eight rows) symmetry classes, respectively. In fact,

the table is only shown up to d = 7 for this reason. In addition, notice that the classifications for

symmetry classes in consecutive rows are related by a dimensional shift.

As mentioned, an observable consequence of having a topologically non-trivial state is the ex-

istence of gapless boundary modes. A simple way to explain this is by noting that topologically

non-trivial and trivial states in a phase diagram are always separated by a quantum phase transi-

tion, if the symmetry conditions are strictly enforced. This, in turn, implies that if a TI or TSC

is in spatial proximity to a trivial phase, there should be a gapless state localized at the boundary

between the two phases. This gapless (i.e., critical) state can be thought of as a phase transition

occurring locally in space, where the parameters of the Hamiltonian change as a function of the

direction transverse to the boundary. Such gapless boundary modes are protected in the sense that

they are stable against perturbations as long as the bulk gap is not destroyed and the symmetries

are preserved. In particular, gapless boundary modes are completely robust against disorder and

evade Anderson localization. The presence of such gapless boundary states is the most salient

feature of TIs and TSCs, and in fact, can be considered as a definition of TIs and TSCs. This

close connection between non-trivial bulk topological properties and gapless boundary modes is

known as the bulk-boundary correspondence.

Non-interacting topological phases are rather well-understood and various types of materials

ranging from binary compounds and alloys to complex oxides host topological electronic struc-

tures [92, 170]. More interestingly, there exist strongly correlated materials where the topological
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Symmetry Dimension
group 1 2 3
AIII Z4 0 Z8
AI Z2 0 0

BDI Z8 0 0
D Z2 Z 0

DIII Z2 Z2 Z16
AII 0 Z2 Z2

Table 1.2: Classification of interacting topological insulators and superconductors.

phase emerges as a result of strong electron-electron interaction and spin-orbit coupling. Some

examples are heavy transition metal compounds such as iridates (Na,Li)2IrO3, Sr[Ir/Ti]O3, and

R2Ir2O7, and the Kondo insulator SmB6 (See the review papers [64, 238] and references therein).

The discovery of emergent topological phases begs the question that whether non-interacting

topological classification is valid in the presence of interactions.

It turned out that the non-interacting classification is rather fragile, and can be dramatically al-

tered once interaction effects are taken into account [75, 76]. Since this remarkable finding, there

have been several works which discuss the breakdown of the non-interacting classification in the

presence of interactions [74, 88, 103, 113, 144, 148, 167, 179, 223, 224, 244, 245]. In most cases we

study in this dissertation, the non-interacting classification is reduced as a result of interactions.

A summary of interacting classification is shown in Table 1.2. For instance, let us consider time-

reversal symmetric TSC of class BDI in one dimension. The non-interacting classification is Z

whereas the interaction reducesZ toZ8 (i.e. Zmod 8). This surprising result implies that 8 copies

of a p-wave topological superconductor is adiabatically connected to a trivial superconductor as

long as we allow for TRS symmetric interactions.

A practical approach to classify topological materials is through understanding which bulk

characteristics in topological media lead to exotic boundary modes. These bulk characteristics

are typically topological invariants, which means they are quantized numbers and do not change

under smooth deformations unless the system undergoes a phase transition. The bulk topological

characteristics will in turn help to predict materials with novel properties and to synthesize ma-
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terials with specific functionalities. There are various topological invariants for non-interacting

TIs and TSCs using single-particle states (e.g., eigenstates of the Hamiltonian (1.1)). For example,

the Z2-valued topological invariants have been introduced for TIs both in two and three spatial

dimensions [82, 115, 147, 174, 175]. For TSCs protected by TRS, the integer-valued topolog-

ical invariants (“the winding number”) have been introduced [182]. However, the discovered

breakdown of non-interacting classification clearly indicates that the situation at the interacting

level is more intricate, and a general framework to distinguish interacting TIs and TSCs is lack-

ing. This should be contrasted from the quantized Hall conductance, which can be formulated

within many-body physics without referring to single-particle wave functions (as it is ultimately

related to the response function).

One of our goals in this dissertation is to introduce many-body topological invariants for TIs

and TSCs protected by an orientation-reversing symmetry, such as TRS. Our topological invari-

ants do not rely on single-particle descriptions, and have the same status as the many-body Chern

number [152].

The basic strategy behind our construction of many-body topological invariants can be best

illustrated by drawing an analogy with the many-body Chern-number. The many-body Chern

number is formulated as a response of the many-body ground state wave functions to the twisted

boundary conditions by U (1) phase. Here, the U (1) phase is associated with the symmetry of the

system (i.e., the particle number conservation). Similarly, for phases of matter with more generic

symmetry, one can consider twisting the boundary condition using the symmetry of the system.

For SPT phases protected by orientation reversing symmetry, the symmetry-twisted boundary

conditions naturally give rise to non-orientable spacetime manifolds [49, 79, 80, 103, 104, 116–

119, 240]. From the topological quantum field theory description of TSCs [118, 240], one expects

that the complex phase of the partition function, when the system is put on an appropriate non-

orientable manifold, is quantized and serves as a topological invariant. In this work, we design

many-body topological invariants, such that they return the quantized phase of the partition

function.
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Let us briefly sketch the connection between the fermionic partial transpose and many-body

topological invariants. For the case of bosonic SPT phases, it was noted that to effectively real-

ize non-orientable spacetime in the canonical (operator) formalism, one can make use of partial

transpose [164, 193]. Now, we expect that the same strategy should work to detect fermionic SPT

phases and construct many-body topological invariants for them. As we will explain in detail, the

low-energy effective theory of fermionic SPT phases is described by topological quantum field

theories (TQFTs). Such TQFTs may involve path integrals on non-orientable spacetime. If there

is a sensible definition of partial transpose for fermionic systems, the many-body topological in-

variant constructed from it should agree with the expected result from TQFTs on non-orientable

manifolds. This comparison with TQFTs further guided us to look for a proper definition of

fermionic partial transpose. 3

1.3 Dissertation overview

This dissertation attempts to answer two main questions:

• How do we quantify the entanglement between two parts of a many-body fermionic sys-

tem?

• How do we diagnose non-trivial topology within a given quantum state of TIs or TSCs?

Chapters 3 and 4 provide some answers to the first question, and Chapter 5 focuses on the second

question.

We begin our discussion by several preliminary remarks regarding the structure of the Hilbert

space and the algebra of operators in fermionic systems in Chapter 2. This provides a natural lan-

guage to explain the notion of entanglement in mixed states, separability, and partial transpose

in fermionic systems and serves as a basic material for the subsequent chapters. In Chapter 3, we

3For field theory experts, to define the kinds of TQFTs relevant to fermionic SPT phases protected by TRS, one
needs to specify an appropriate Pin structure (or proper generalization thereof). The fermionic partial transpose
should implement something equivalent in the canonical formalism.
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discuss the fermionic entanglement negativity from a perspective more inclined to quantum in-

formation theory. In particular, we present a systematic investigation of properties of fermionic

entanglement negativity among which are the monotonicity under local quantum operations and

classical communications, additivity and invariance under a local unitary. We show the success

of the fermionic partial transpose in capturing the entanglement within one-dimensional TIs and

TSCs. We further conjecture that the entanglement negativity of inseparable states which mix

local fermion-number parity is always non-vanishing. The next two chapters are devoted to ap-

plications of the fermionic partial transpose. In Chapter 4, we study the entanglement in systems

with a Fermi surface. Such system in one dimension describes the critical theory at the transition

point between topological and trivial phases. We show that how the leading order term of entan-

glement negativity or Rényi entropies can be derived analytically by relating the entanglement

calculations to partition functions on certain spacetime manifolds. We also compute the entan-

glement negativity for finite-temperature states and discuss the signatures of short-range quan-

tum coherence in a many-body system because of thermal fluctuations. Chapter 5 is devoted

to the second application of the partial transpose which is distinguishing different topological

phases protected by anti-unitary symmetries. We introduce several quantities in terms of trace

of density matrix and its partial transpose which effectively simulate the partition function on

non-orientable spacetime manifolds. These quantities are generally complex numbers, and the

complex phase is a topological invariant. Finally, we wrap up our discussion with several remarks

and possible interesting directions for future research in Chapter 6.
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Chapter 2

Hilbert space of fermionic systems

“Never underestimate the joy people derive from

hearing something they already know."
— Enrico Fermi

FERMI statistics is an intrinsic property of fermions and distinguishes them from bosons.

This property may affect the usual properties of multi-particle Hilbert spaces such as

tensor product structure, operator algebras, and the notion of entanglement in fermionic sys-

tems. Here, we review the structure of the Hilbert space of local fermionic modes and define

the algebras of physical operators, which include density matrix operators and any physical ma-

nipulation of Fermi systems. Next, we present the definitions of entangled and separable (i.e.,

unentangled) states. The goal of this chapter is to provide essential background materials and to

set the stage for the subsequent chapters.

LetH be the Hilbert space of a quantum system. The algebraG of linear bounded operators

on the Hilbert space is generally characterized by C ∗ algebras. Physical operators refer to a subset

of linear operators whose algebra is denoted by L(H ). If the Hilbert space admits superselection

Part of the material presented in this chapter was previously published in: H. Shapourian, K. Shiozaki, S. Ryu,
Phys. Rev. B 95, 165101 (2017) and H. Shapourian and S. Ryu, Phys. Rev. A 99, 022310 (2019). Some text has been
modified. Copyright by the American Physical Society (APS); reuse permitted according to APS copyright policies.
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sectors, i.e.,H = ⊕ jH j , then the algebra of physical operators can be represented as ⊕ j L(H j ),

since physical operators do not mix the superselection sectors.

Definition 2.1. (Local fermionic modes). The Hilbert space is a Fock space associated with a

system of N fermionic degrees of freedom (“sites") j = 1, · · · ,N . The Fock space is spanned by

2N basis vectors |n1, · · · , nN 〉 where n j = 0,1 is the occupation number of j th site. Any linear

operator can be defined in terms of creation and annihilation (complex fermion) operators f †
j

and f j which act on the basis vectors as

f j |n1, · · · , n j−1, 1, n j+1, · · · , nN 〉= (−1)
∑ j−1

i=1 ni |n1, · · · , n j−1, 0, n j+1, · · · , nN 〉 , (2.1)

f j |n1, · · · , n j−1, 0, n j+1, · · · , nN 〉= 0, (2.2)

and f †
j is the Hermitian conjugate. Hence, the creation and annihilation operators obey the

anticommutation relations

f j f †
k + f †

k f j = δ j k , (2.3)

f j fk + fk f j = f †
j f †

k + f †
k f †

j = 0 (2.4)

which generate the algebra G .

In order to algebraically handle generic many-particle operators, a representation of operators

in terms of Majorana operators comes handy. Here is a good place to introduce them.

Definition 2.2. (Majorana fermion operators). For a fermionic Fock spaceH generated by N

local fermionic modes f j , we define Majorana (real) fermion operators by

c2 j−1 = f †
j + f j , c2 j =−i( f †

j − f j ), j = 1, . . . ,N . (2.5)
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These operators satisfy the commutation relation

c j ck + ck c j = 2δ j k . (2.6)

The operator algebra generated by the Majorana operators acting on the Hilbert space of 2N

Majorana sites is called the Clifford algebra and any operator X ∈ G acting on this space can be

expanded in terms of c j , j = 1, · · · , 2N ,

X =
2N
∑

k=1

∑

p1<p2···<pk

Xp1···pk
cp1
· · · cpk

, (2.7)

where Xp1... pk
are complex numbers and fully anti-symmetric under permutations of {1, . . . , k}.

We introduce the fermion-number parity for a basis vector by (
∑

j n j )mod 2. The fermion-

number parity can also be measured by applying the operator

(−1)F := (−1)
∑

j n j , (2.8)

which assigns a Z2 index to each basis vector. Throughout this dissertation, we assume a global

fermion-number parity symmetry as a fundamental symmetry in fermionic systems. This is so,

simply because Hamiltonians of our interest are always bosonic operators, and commute with

the fermion number parity operator [235]. As a result, the Hilbert space splits into two sectors

H =H0 ⊕H1, corresponding to the states with even (odd) number of fermions, respectively,

where we can write (−1)F |φ〉 = ±|φ〉 for |φ〉 ∈ H0 (|φ〉 ∈ H1). In other words, the Hilbert

space is Z2 graded [76].

Similarly, the operator algebra is Z2 graded as well, G = G0⊕G1. Namely, an operator X is

fermion-number parity even (odd) if it preserves (changes) the number of fermions modulo 2,

(−1)F X (−1)F = (−1)r X , for X ∈Gr (r = 0,1). (2.9)
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This simply means that the algebra of operators G0 (G1) is spanned by products of even (odd)

number of f j and f †
j .

Definition 2.3. (Physical operators). The physical operators are those operators which preserve

the fermion-number parity symmetry [13, 23, 28, 247] and act on each fermion-number parity

sector separately, i.e.,

G0 = L(H0)⊕L(H1). (2.10)

It is evident that no physical operator can change the occupation number locally on a single

site as it changes the fermion-number parity. When an operator X corresponds to a physical

operator, X ∈ G0, the expansion only contains even number of Majorana operators, i.e., k is

even in Eq. (2.7). The Hamiltonian is an example of a physical operator. Another important

class of physical operators is density matrix operators.

Definition 2.4. (Density matrix). The state of a system is described by a density matrixρ defined

on the Hilbert spaceH and satisfies the following three conditions:

1. It is Hermitian ρ† = ρ.

2. ρ is positive semi-definite.

3. Trρ= 1.

A system is said to be in a pure state, if ρ2 = ρ, otherwise, it is in a mixed state. Physically,

mixed states represent finite-temperature states of systems, or reduced density matrices obtained

from a given pure state by taking the partial trace. We denote the set of state density matrices by

S (H ) =S (H0)⊕S (H1).

Definition 2.5. (Bipartite systems). In order to define a bipartite entanglement, we divide the

system of N fermion sites into subsystems A and B with mA and mB sites, respectively, where
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mA+mB =N . The Hilbert space is then factorized as a tensor product,

H =HA⊗HB . (2.11)

For instance, a generic density matrix ρ ∈S (H A⊗H B) can be expanded as

ρ=
k1+k2=even
∑

k1,k2

ρp1···pk1
,q1···qk2

ap1
· · ·apk1

bq1
· · · bqk2

, (2.12)

where {a j } and {b j } are Majorana operators acting onH A andH B , respectively, and the even

fermion-number parity condition is shown by the constraint k1+ k2 = even.

Definition 2.6. (Product state). Any pure state |Ψ〉 inH A⊗H B obtained from tensor product

of two local states |Φα〉 ∈Hα as

|Ψ〉= |ΦA〉⊗ |ΦB〉 , (2.13)

is a product state and is not entangled.

According to the above definition, it is easy to define an entangled pure state: A superposition

state |Ψ〉=
∑

i αi |Φ
(i)
A 〉⊗ |Φ

(i)
B 〉, where |Φ(i)A/B〉 is a set of local orthogonal states, is entangled when

αi 6= 0 for more than one i . The amount of entanglement in a given state can be quantified by

the entropy of information within either subsystem A or B , in the form of the von Neumann

entropy or the Rényi entropies.

Definition 2.7. (von Neumann entanglement entropy).

S(ρA) =−Tr(ρA lnρA) =−
∑

i

|αi |
2 ln |αi |

2. (2.14)
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Definition 2.8. (Rényi entropies).

Rn(ρA) =
1

1− n
lnTr(ρn

A) =
1

1− n
ln
∑

i

|αi |
2n. (2.15)

Here, ρA = TrB(|Ψ〉 〈Ψ|) =
∑

i |αi |2 |Φ
(i)
A 〉 〈Φ

(i)
A | is the reduced density matrix associated with

HA. Notice that S(ρA) = S(ρB) andRn(ρA) =Rn(ρB) and clearly, S,Rn ≥ 0 where the equality

holds for a product state. For analytical calculations, S is usually obtained from Rn via S =

limn→1Rn.

In order to define entanglement in mixed states where ρ2 6= ρ, the first step is to define subal-

gebras of local operators acting on each Hilbert subspace. However, these subalgebras, denoted

by G (H i ), i = A,B , contain both fermion-number parity even and odd terms and do not com-

mute with each other in general. Hence, in order to decompose the algebra of operators, we

define the Z2 graded tensor product as

X Y =X ⊗gr Y, Y X = (−1)xyX ⊗gr Y, (2.16)

where X ≡X⊗grIB and Y ≡ IA⊗grY are local operators inG and X ∈Gx(H A) and Y ∈Gy(H B)

are two elements of the subalgebras x, y = 0 or 1 corresponding to even or odd sectors. So, the

algebra of linear operators admits the following decomposition

G =G (H A)⊗grG (H
B). (2.17)

Similar to the full Hilbert space, we may define local physical operators acting on each Hilbert

subspace as a set of operators which preserve the fermion-number parity within that subspace.

We should note that the space of physical operators on the full Hilbert space is larger than the

space spanned by the tensor product of local physical operators on Hilbert subspaces, G0(H A)⊗
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G0(H B)⊆G0. In fact, we have

G0 = (G0(H
A)⊗G0(H

B))∪ (G1(H
A)⊗grG1(H

B)), (2.18)

where we write the usual tensor product for the product of local physical observables as they

always commute. In the case of density matrices S (H ), this means that S (H A)⊗S (H B) ⊆

S (H ), where S (H A) and S (H B) refer to the set of local density matrices. As we see below,

this is essential for the existence of the space of entangled states.

Again, we use the unentangled states as a hint to define entangled states. Similar to the defini-

tion 2.6 of the pure product state, any element ρ= ρA⊗ρB in the set S (H A)⊗S (H B), is also

called a product state and unentangled. In contrast with pure states, there exists a set containing

superposition of mixed product states which are not entangled. They are called separable states

and denoted by Ssep.

Definition 2.9. (Separable states). A convex combination of product states in the form

ρsep =
∑

i

wi ρA,i ⊗ρB ,i , (2.19)

is called separable where wi are real positive coefficients satisfying
∑

i wi = 1, and ρα,i ∈S (H α),

α = A,B . The above condition is also equivalent to the separability criterion defined with refer-

ence to the bipartitioned operator algebra [23].

In Eq. (2.19), the probability distribution wi can be classically produced by a random number

generator, and in this sense,Ssep is not quantum entangled but merely classically correlated [100,

159]. By definition Ssep forms a convex set [109, 110]. Hence, we expect that the complement

of this set contains entangled or inseparable states. However, deciding whether a density matrix

admits a decomposition in the form (2.19) or not is rather complicated. Indeed, it is characterized

as an NP-hard problem [10, 90]. Despite this intrinsic difficulty, we may be able to characterize a
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large subset of entangled density matrices associated with the ground state or thermal ensemble

of local Hamiltonians in condensed matter physics.

The entanglement in mixed states could be quantified by the difference between the von Neu-

mann or Rényi entropies of different partitions. A candidate quantity is the mutual information

defined below.

Definition 2.10. (Mutual information).

IvN(ρ) = SvN(ρA)+ SvN(ρB)− SvN(ρ), (2.20)

In(ρ) = Sn(ρA)+ Sn(ρB)− Sn(ρ), (2.21)

where ρA=TrBρ and ρB =TrAρ.

However, the mutual information is known to count classical correlations and is not an en-

tanglement measure for generic mixed states. For instance, it may be non-zero for some separable

states.

Another alternative is the positive partial transpose (PPT) [83, 100, 109, 110, 159, 197, 232]

which is a test originally designed to diagnose separable states in bosonic systems based on the

fact that density matrices are positive semi-definite operators. Before we get into the definition

of partial transpose for fermions, let us briefly review the bosonic partial transpose.

Definition 2.11. (Bosonic partial transpose). The partial transpose of a density matrix ρ =
∑

i j k l ρi j k l |e
(i)
A , e ( j )B 〉 〈e

(k)
A , e (l )B | written in a local orthonormal basis {|e (k)A 〉 , |e

( j )
B 〉} is defined by ex-

changing the indices of subsystem A (or B) as in

ρTA =
∑

i j k l

ρi j k l |e
(k)
A , e ( j )B 〉 〈e

(i)
A , e (l )B | , (2.22)

where the partial transpose operation acts as

(|e (i)A , e ( j )B 〉 〈e
(k)
A , e (l )B |)

TA = |e (k)A , e ( j )B 〉 〈e
(i)
A , e (l )B | . (2.23)
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Note that ρTA is a Hermitian operator in bosonic theories and the PPT test follows by check-

ing whether or not ρTA contains any negative eigenvalue. A separable state passes the PPT test,

i.e. all the eigenvalues of ρTA are non-negative, whereas an inseparable (i.e., entangled) state yields

negative eigenvalues after partial transpose. 2 Hence, the PPT criterion can be used to determine

whether a given density matrix is separable or not. Similar to the entropic measures of pure-state

entanglement in (2.14) and (2.15), the (logarithmic) entanglement negativity associated with the

spectrum of the partially transposed density matrix is defined as a candidate to quantify mixed-

state entanglement [67, 162, 218].

Definition 2.12. (Entanglement negativity). The negativity and the logarithmic negativity are

defined by

N (ρ) =




ρTA




− 1
2

, (2.24)

E (ρ) = ln







ρTA








 , (2.25)

where ‖A‖=Tr
p

AA† is the trace norm, i.e., sum of the singular values of A. When A is Hermi-

tian, the singular values are simplified into the absolute value of the eigenvalues of A.

The above quantities essentially measure the negativity of the eigenvalues of ρTA, this is where

these quantities bear their names from. It is easy to see thatN (ρsep) = E (ρsep) = 0.

Different approaches have been devised to efficiently compute the logarithmic negativity

in various systems. Harmonic oscillator chains were studied using the covariance matrix tech-

nique [8, 9, 11, 43, 73, 141] and quantum spin chains were studied using the density matrix renor-

malization group [19–21, 176, 233] and exactly [181, 234]. The topologically ordered phases were

also investigated for the (2+1) dimensional Chern-Simons theories [230, 231] and for the toric

code where exact calculations are applicable [42, 132]. A particularly important progress was

due to a systematic approach developed for CFTs [35, 36]. This approach was further expanded

2A technical point is that there exists a set of inseparable states which also pass the PPT test [102]. They are said
to contain bound entanglement which cannot be used for quantum computing processes such as teleportation [101].
We never encounter this situation in fermionic density matrices. For more details on this issue, visit Chapter 3.
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to study massive quantum field theories [26] as well as finite-temperature [37, 68, 192] and out-

of-equilibrium situations [53, 68, 99, 229]. The entanglement spectrum of partial transpose in

CFTs was also recently studied [177]. Among other useful numerical methods, tree tensor net-

work [39], Monte Carlo simulations [4, 51], and rational interpolations [153] are notable.

One of the goals in this dissertation is to revisit the problem of finding the entanglement in

fermionic mixed states. In the previous studies on fermionic systems, initial work by Eisler and

Zimborás [69] and later works [44, 54–56, 70, 97], the definition of the fermionic partial transpose

was based on the partial transpose of the corresponding bosonic density matrix. In other words,

the action of the partial transpose on a fermionic density matrix is obtained from the action of

the partial transpose on the bosonic density matrix through a Jordan-Wigner transformation.

This method leads to a number of difficulties and inconsistencies as follows. It fails to capture

important fermionic quantum correlations. For example, with this definition of entanglement

negativity, there is no entanglement in the topological phase of the Kitaev Majorana chain [191].

It was also observed that, with the above definition, the partial transpose may turn Gaussian

states (e.g., ground states or thermal states of non-interacting fermion systems) into non-Gaussian

states. More specifically, the partially transposed density matrix would be a linear combination

of two Gaussian operators, which in general do not commute with each other. Therefore, the

spectrum of the partially transposed density matrix (and hence entanglement negativity) cannot

be computed easily even for non-interacting fermionic systems. This may be regarded just as

a technical difficulty, which is in contrast with (i) bosonic cases where the partial transpose of

Gaussian states remains Gaussian [11, 186, 197] and (ii) the calculations of other entanglement

measures (von-Neumann or Rényi entanglement entropies) for non-interacting fermion systems

where the spectrum of Gaussian density matrices can be easily obtained from covariance matrices

[160]. These issues motivate us to look for an alternative definition of the partial transpose for

fermions. Partial transpose may seem to be a basis dependent algebraic manipulation and from

this perspective there are several ways to implement such operation. However, it turned out this
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perspective is not particularly helpful especially when it comes to generalizing partial transpose

to fermions or anyons which obey non-trivial mutual statistics.

Here, we present a different definition of fermionic partial transpose, in contrast to the prior

definition of partial transpose [69] for fermions, based on the partial time-reversal transformation

which can be used as a means to detect time-reversal SPT phases of fermions or bosons [190, 194].

In the remainder of this chapter, we explicitly write the fermionic partial transpose in three

representations: Occupation-number, Majorana fermion, and coherent state bases. The differ-

ence between bosonic partial transpose (that is a matrix partial transposition) and the fermionic

one is most obvious in the occupation-number basis. Due to anti-commutation of local fermionic

modes, let us fix our convention by defining the “normal-ordered" occupation-number basis as

|{n j } j∈A,{n j } j∈B〉=( f
†

j1
)n j1 · · · ( f †

jmA
)n jmA · · · ( f †

j ′mB
)

n j ′mB |0〉 (2.26)

where n j ’s are occupation numbers for the subsystems A and B , respectively, and |0〉 denotes

the vacuum state where all n j ’s are zero. Normal-ordering in this representation simply means

that all fermionic degrees of freedom within each subsystem are clustered together. Such normal-

ordering can always be achieved for any given set of local fermionic sites, after shuffling around

the fermion operators and keeping track of minus signs due to the anti-commutation relation.

For instance, consider four fermion sites living on a chain and label them from 1 to 4. Let us

partition it such that sites 1 and 4 belong to the subsystem A and sites 2 and 3 belong to the

subsystem B . To normal-order a state like |1011〉= f †
1 f †

3 f †
4 |0〉means to bring the fermion site 4

next to site 1 and write it in this form |{n j } j∈A,{n j } j∈B〉, i.e., |11,01〉= f †
1 f †

4 f †
3 |0〉=− f †

1 f †
3 f †

4 |0〉

which differs from the original (spatial) ordering by a minus sign.

Hence, a normal-ordered density matrix ρ in this basis reads as

∑

j n j+n̄ j=even
∑

n j ,n̄ j

ρ({n j },{n̄ j }) |{n j }A,{n j }B〉 〈{n̄ j }A,{n̄ j }B | (2.27)
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whereρ({n j },{n̄ j }) = 〈{n j }A,{n j }B |ρ |{n̄ j }A,{n̄ j }B〉 and the constraint
∑

j n j+n̄ j = even implies

ρ ∈S (H A⊗H B).

Definition 2.13. (Fermionic partial transpose). The partial transpose in the occupation number

basis is given by

�

|{n j }A,{n j }B〉 〈{m j }A,{m j }B |
�TA =(−1)φ(n,n̄)U †

A |{m j }A,{n j }B〉 〈{n j }A,{m j }B |UA, (2.28)

where the phase factor is

φ({n j },{n̄ j }) =
[(τA+ τ̄A)mod 2]

2
+(τA+ τ̄A)(τB + τ̄B) (2.29)

in which τA(B) =
∑

j∈A(B) n j and τ̄A(B) =
∑

j∈A(B)m j , are the number of occupied states (i.e., the

Hamming weight) in each subsystem. Note that UA is a unitary transformation (partial particle-

hole transformation) UA =
∏

j∈A c2 j−1 acting on H A. As far as the entanglement negativity

is concerned U †
Aρ

TAUA and ρTA have identical eigenvalues which lead to the same value for the

entanglement negativity. It is now evident that the fermionic definition (2.28) is distinct from

the bosonic partial transpose (2.23) (which is just exchanging the states of subsystem A adopted

in Ref. [69]) due to presence of a phase factor.

Alternatively, the action of partial transpose on density matrices can be derived in another

basis in terms of the Majorana fermion operators. The partial transpose in this basis provides a

convenient way to algebraically prove various properties of the fermionic negativity later in this

dissertation.

Let us start with reviewing how the transpose acts in this basis. A standard anti-automorphism

X 7→X T of a Clifford algebra is defined by reversing the ordering of generators in the expansion

(2.7) as in (cp1
cp2

. . . cpk
)T = cpk

· · · cp2
cp1

. Given X ,Y ∈G , this operation is involutive (X T )T =X ,

linear (zX )T = zX T for a complex number z, and satisfy (X Y )T = Y T X T . This is what we call
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the transpose operation. It is easy to show that for density matrices ρ ∈S (H ) the spectrum of

ρ and ρT are identical [191].

Definition 2.14. (Fermionic partial transpose in Majorana basis). The fermionic partial trans-

pose is defined only in the subalgebra of physical operatorsG0. The partial transpose of a density

matrix (2.12) is given by [191, 195]

ρTA :=
k1+k2=even
∑

k1,k2

Xp1···pk1
,q1···qk2

i k1ap1
· · ·apk1

bq1
· · · bqk2

, (2.30)

and similarly for ρTB .

The partial transpose is consistent with the full transpose, since first, taking successive partial

transpose with respect to the two subsystems is identical to taking the full transpose, 3

(X TA)TB =X T , (2.31)

and second, the identity operator is invariant under the partial transpose,

(I)TA = I. (2.32)

In addition, the definition (2.30) implies that

(X TA)TA = (−1)FAX (−1)FA. (2.33)

where (−1)FA is the fermion-number parity operator (2.8) defined within the Hilbert subspace

FA =
∑

j∈A f †
j f j . This property reflects the fact that the fermionic partial transpose is related to

the action of time-reversal operator of spinless fermions in the Euclidean spacetime [190]. This

3This is a nice property of our definition of a partial transpose. Although it is natural to expect that such identity
should hold, it is not necessary. In other words, a definition of partial transpose can still be considered consistent
with the full transpose as long as it satisfies (X TA)TB =U X T U † where U is a unitary operator.
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also means that ρTA for fermions is pseudo-Hermitian4 and may contain complex eigenvalues.

Nevertheless, the singular values can be used to calculate the norm in definition 2.12 for the

entanglement negativity. In Chapter 3, we check that the fermionic entanglement negativity

satisfies usual properties expected for an entanglement measure and provide several examples.

To motivate our definition of the fermionic partial transpose, it is useful to recapitulate the

bosonic partial transpose in the coherent state representation. As was shown by Simon [197],

the partial transpose has a geometric interpretation as partial time-reversal or mirror reflection in

phase space. This idea can be readily illustrated in a single bosonic mode defined in terms of the

operators a = (q + i p)/
p

2 and a† = (q − i p)/
p

2 where q and p are position and momentum

operators, respectively, which obey the canonical commutation relation [q , p] = i or equiva-

lently [a,a†] = 1. The time-reversal transformation for a basis vector |α〉 〈α∗| in the coherent

state representation [236] is given by

|α〉 〈α∗| → |α∗〉 〈α| := (|α〉 〈α∗|)T (2.34)

in which |α〉= eαa† |0〉 and 〈α∗|= 〈0| eα∗a are coherent states and α and α∗ are complex numbers

and we use the fact that the time-reversal operator is simply the complex conjugation, T =K .

This definition for the partial transpose leads to the transformation rule |m〉 〈n| 7→ |n〉 〈m| in the

occupation number basis, which follows from identifying the same monomials of α and α∗ on

both sides of the second equality in the above definition. It is easy to see that the associated Wigner

distribution function W (q , p) goes into W (q ,−p) [197]. Hence, this means that for bosonic

systems partial transpose is the same as partial time-reversal or mirror reflection in (q , p)-space.

This fact was also used in harmonic chains to calculate the negativity in terms of the covariance

matrix [11].

It is worth noting that for a bosonic system either Eqs. (2.23) or (2.34) can be used as a fun-

damental defining equation for the partial transpose. However, this is not the case for fermions.

4A pseudo-Hermitian operator H is defined by ηH †η−1 =H with η2 = 1 where η is a uniatry Hermitian operator
satisfying η†η= ηη† = 1 and η= η†. Essentially, pseudo-Hermiticity is a generalization of Hermiticity in the sense
that it implies Hermiticity when η= 1.
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Due to anti-commuting property of fermions, Eq. (2.23) may acquire an additional minus sign

depending on the states being exchanged during transposition. Therefore, we propose to use the

fermionic version of the time-reversal transformation as a guiding principle to determine the rules

associated with the partial transpose. To begin with, let us consider a single-site system described

by complex fermion operators f and f † which obey the anti-commutation relation { f , f †}= 1.

The analog of Eq. (2.34) for fermions is given by

|ξ 〉 〈ξ̄ | → |i ξ̄ 〉 〈iξ | :=
�

|ξ 〉 〈ξ̄ |
�T

(2.35)

where ξ , ξ̄ are Grassmann variables, |ξ 〉 = e−ξ f † |0〉 and 〈ξ̄ | = 〈0| e− f ξ̄ are fermionic coherent

states. It is important to note that the time-reversal transformation is not just exchanging Grass-

mann variables between bra and ket states but also multiplying them by a factor of i 5. The factor

of i appears due to anticommuting property of Grassmann variables and is required for keeping

the trace (i.e., sum of the diagonal elements of density matrix, in this case 1 and f † f ) unchanged

after taking the transpose.

It is worth noting that fermionic coherent states are Grassmann even and commute with each

other. Therefore, Eq. (2.35) can be readily generalized for a many-particle system.

Definition 2.15. (Fermionic partial transpose in coherent state basis). The partial transpose with

respect to the interval A reads as

UA

�

|{ξ j } j∈A,{ξ j } j∈B〉 〈{χ̄ j } j∈A,{χ̄ j } j∈B |
�TAU †

A = |{i χ̄ j } j∈A,{ξ j } j∈B〉 〈{iξ j } j∈A,{χ̄ j } j∈B | , (2.36)

where UA acts only on the Hilbert space of A (see below Eq. (2.29)) and |{ξ j }〉= e−
∑

j ξ j f †
j |0〉 and

〈{χ̄ j }|= 〈0| e
−
∑

j f j χ̄ j are the many-particle fermionic coherent states.

5More generally, one can consider |−e−iθξ̄ 〉 〈e iθξ | for arbitrary θ ∈ [0,2π) as the definition of partial time-
reversal transformation. All different definitions lead to the same spectrum for the partial transpose, as they are
related by unitary transformations. We choose θ=π/2, since the transformation rule for Majorana operators looks
simpler.
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In closing, we should remind the reader that the three definitions 2.13, 2.14, and 2.15 are iden-

tical. In the next chapter, we further explain the significance of the fermionic partial transpose

and the associated entanglement quantity. Then, in Chapters 4 and 5, we apply this framework

to study critical and topological phases of fermions.
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Chapter 3

Entanglement negativity: General remarks

“Not only does God play dice but... he sometimes

throws them where they cannot be seen."

— Stephen Hawking

THE spectrum of partial transpose provides information about the entanglement in

generic density matrices. This is what we want to study in this chapter. We first

show that the entanglement negativity associated with the fermionic partial transpose is an

entanglement measure in the sense that it satisfies a required set of quantum information the-

oretic properties. We explain a general recipe to compute the spectrum (and eventually the

entanglement negativity) of the partially transposed density matrix for Gaussian states. Later

in this chapter, we give several examples of few-particle and many-particle systems and discuss

important differences between bosonic and fermionic partial transpose. We close the chapter by

some remarks regarding how the entanglement negativity can guide us towards answering the

basic question of dividing the space of mixed states into separable and inseparable subspaces.

Part of the material presented in this chapter was previously published in: H. Shapourian, K. Shiozaki, S. Ryu,
Phys. Rev. B 95, 165101 (2017) and H. Shapourian and S. Ryu, Phys. Rev. A 99, 022310 (2019). Some text has been
modified. Copyright by the American Physical Society (APS); reuse permitted according to APS copyright policies.
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3.1 Entanglement negativity as an entanglement measure

In order for an entanglement measure to be useful, it should satisfy several requirements [29, 66,

216]. We summarize these conditions in Table 3.1. Similar to the usual entanglement negativity,

fermionic entanglement negativity introduced in the previous chapter satisfy all the requirements

as we have shown in Ref. [189]. Before discussing more about this, let us explain some terminolo-

gies.

3.1.1 Local operations and classical communications

We use ρAB ∈ S (H A⊗H B) to denote a (possibly entangled) state density matrix between sub-

systems A and B and we introduce a state ρR associated with an ancilla. Local operation and

classical communication (LOCC) consist of three types of operations on ρAB as follows.

1. Appending ancilla: Appending an unentangled local ancilla R is modeled by the following

process

ρAB → (ρAB ⊗ρR), (3.1)

where we add an ancilla in an arbitrary mixed state, denoted by ρR ∈ S (H R), to our

original system ρAB and by local ancilla, we mean that the new global system R∪ (AB) is

partitioned to Ã=AR and B .

2. Local projectors: A local projection operator Ps , s =A,B acting on the Hilbert spaceH s is

a physical operator P ∈G0(H s ) (recall the definition of physical operators [(−1)Fs , Ps] = 0)

which satisfies P 2
s = Ps .

Consider two sets of orthogonal local projectors {Pµ
A } and {Pµ

B } on subsystems A and B .

The locally projected density matrices are

ρAB(µ) =
1
rµ
(Pµ

A ⊗ Pµ
B )ρAB(P

µ
A ⊗ Pµ

B ), (3.2)
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where rµ =Tr[(Pµ
A ⊗Pµ

B )ρAB(P
µ
A ⊗Pµ

B )]. The completeness of the set of projectors implies
∑

µ rµ = 1. Hence, the result of this operation is summarized as

ρAB →
∑

µ

rµρAB(µ), (3.3)

3. Tracing out ancilla: In this operation, an ancilla is entangled to the subsystem A. The

process of entangling an ancilla is as follows: We put ancilla together with the subsystem

A which is described by ρAB ⊗ ρR where ρR is the initial state of the ancilla. We let the

subsystem Ã = AR evolve under some unitary evolution UAR ∈ G0(H A ⊗H R). As a

result, we get

ρÃB = (UAR⊗ IB)ρAB ⊗ρR(U
†

AR⊗ IB) (3.4)

Now, measuring the ancilla and finding it to be in a state |µ〉R leads to a projected density

matrix ρAB(µ),

ρAB(µ) =
1
rµ
〈µ|R ρÃB |µ〉R (3.5)

=
1
rµ
〈µ|R (UAR⊗ IB)ρAB ⊗ρR(U

†
AR⊗ IB) |µ〉R (3.6)

where rµ = TrAB[ 〈µ|R UAR(ρAB ⊗ ρR)U
†

AR |µ〉R] is the probability of observing the state

ρAB(µ). Tracing out ancilla yields

ρAB →TrR

�

ρÃB

�

=
∑

µ

rµρAB(µ). (3.7)

In general, LOCC operations can be used to prepare separable states with zero negativity.

However, for bosonic systems there also exists a set of inseparable states which have zero negativ-

ity, but since they are inseparable they cannot be prepared using solely LOCC operations. This
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phenomenon is known as bound entanglement [101] and suggests that there are other natural

restricted classes of operations aside from LOCC. Combining both classes of operators leads to a

general class of positive partial transpose preserving operations (PPT operations) which have the

property that they map the set of positive partial transpose states into itself. In bosonic partial

transpose, the monotonicity under PPT-operations has been shown in Refs. [162, 218].

We have not encountered any example of bound entangled states in fermionic systems. We be-

lieve that this is partly due to the fermion-number parity constraint on density matrices (see also

the discussion below Eq. (3.53)). In low-dimensional Hilbert spaces, we provide theorems that

forbid the existence of such states later in this chapter. For example, for a system of two fermionic

modes (Theorem 3.2) or a system of one fermionic mode coupled to arbitrary fermionic Fock

space (Theorem 3.3), the fermionic entanglement negativity is a necessary and sufficient condi-

tion for the separability, i.e., there is no inseparable state with zero negativity.

Let us now discuss the entanglement measure requirements in Table 3.1. We focus on the

properties I and III and refer an interested reader to Ref. [189] for more details about the other

requirements. By definition, the fermionic negativity vanishes for separable states. Moreover,

it is important to note that similar to the bosonic partial transpose the set of states with zero

negativity is convex for the fermionic partial transpose.

Theorem 3.1. The states of vanishing negativityN = 0 (or E = 0) form a convex set.

Proof:

Consider a linear interpolation between two states ρ1 and ρ2 with a zero negativity, ρp =

pρ1+(1− p)ρ2, where







ρTA
i








= 1 and 0≤ p ≤ 1. We can then write








ρTA
p








=







pρTA
1 +(1− p)ρTA

2








≤ p







ρTA
1








+(1− p)







ρTA
2








= 1 (3.8)

where we use the triangle inequality of the norm. The only solution to the above inequality is

when







ρTA
p








 = 1, since







ρTA
p








 cannot be smaller than one. This means that N (ρp) = 0 for all

0≤ p ≤ 1, which is the statement of convexity. �
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Table 3.1: The required conditions for an entanglement measure.

Property Description

I. Separable states No entanglement in separable states, E (ρsep) = 0.

II. Invariance under local
unitary

An entanglement measure must not change under apply-
ing a local unitary physical operator,

E
�

(UA⊗UB)ρ(U
†

A ⊗U †
B )
�

= E (ρ). (3.9)

III. Additivity Entanglement of a composite system is equal to the sum
of the entanglements of the constituting systems. Con-
sider a combined density matrix ρ = ρAB ⊗ ρ′AB , where
ρAB ∈S (H A⊗H B) and ρ′AB ∈S (H

′A⊗H ′B) describe
entangled states between A and B , respectively. The addi-
tivity condition requires that

E (ρAB ⊗ρ
′
AB) = E (ρAB)+E (ρ

′
AB). (3.10)

IV. Monotonicity under
LOCC

An entanglement measure must not increase under LOCC
defined in Eqs. (3.1)-(3.7), i.e.

E (ρAB ⊗ρR) = E (ρAB), (3.11)

and

E (ρAB)≥
∑

µ

rµE (ρAB(µ)) . (3.12)

V. Continuity The entanglement measure should be continuous. The
Hilbert-Schmidt distance between two density matricesρ1
and ρ2 is defined by

DH S(ρ1,ρ2) =Tr[(ρ1−ρ2)
2] (3.13)

and is used as a measure of proximity of two states in the
Hilbert space. It is required that if the Hilbert-Schmidt
distance between two states vanishes, the difference be-
tween their entanglement should also go towards zero.

VI. Computability The entanglement measure should be efficiently com-
putable for every state.
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We should emphasize that if we treat a density matrix of fermions in the occupation-number

basis as a bosonic entity (as is done in Ref. [69]), we may be led to wrong results. For instance,

it is possible that an inseparable density matrix of fermions expressed as a separable state within

the bosonic formalism. This is, however, wrong, since the local bosonic density matrices are not

legitimate fermionic density matrices (see the examples below).

Furthermore, an essential property of the fermionic partial transpose (2.30) is that it preserves

the tensor product of fermionic density matrices and we can write

(ρAB ⊗ρ
′
AB)

TA = ρTA
AB ⊗ρ

′TA
AB . (3.14)

It is worth noting that the bosonic partial transpose of density matrices [69] does not preserve

the tensor product structure and hence does not satisfy the additivity condition. This violation

is rooted in the fact that the fermionic nature of density matrices was completely ignored in this

formalism. Aside from the third requirement, the other conditions also hold for the bosonic

partial transpose of density matrices in fermionic systems.

In the remainder of this section, we consider the simplest example of two local fermionic

modes. As we will see, the entangled states of two complex fermionic modes shares a lot of

similarities with the states of two qubits. In contrast, the entangled states of two Majorana modes

has no analog in two-qubit systems.

Let f1 ∈ G (H A) and f2 ∈ G (H B) be two fermionic sites. A maximally entangled state is

given by

|Ψs〉 f =
1
p

2
( f †

1 − f †
2 ) |0〉 . (3.15)

The logarithmic negativity of this state is E = log2 using either bosonic or fermionic partial

transpose. The corresponding state in a system of two qubits is a spin-singlet,
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|Ψs〉qubit =
1
p

2
(|↑↓〉− |↓↑〉). (3.16)

Now that we see the correspondence between the singlet state of qubits and two fermionic mode,

it is instructive to consider Werner states which refer to a one-parameter set of mixed states,

ρ=
1
4
(1− p)IA⊗ IB + p |Ψs〉 〈Ψs | (3.17)

where 0≤ p ≤ 1 is a real parameter which interpolates between a maximally mixed state (identity)

and a maximally entangled state (singlet).

It is easy to compute the bosonic negativity

Eb (ρ) = log
�

3
4
(1+ p)+

1
4
|1− 3 p|

�

. (3.18)

On the other hand, the Werner state can be considered as a valid density matrix of fermions and

so, the fermionic negativity is found to be

E (ρ) = log
�

1
2
(1+ p)+

1
2

p

5 p2− 2 p + 1
�

. (3.19)

The bosonic (3.18) and fermionic (3.19) negativities are compared in Fig. 3.1. We note that these

two quantities approach each other as p goes to zero or one and they are tangent at these two

extreme points. Also, we observe that E ∼ p2 in the regime p� 1, i.e. the lowest order term in

the fermionic negativity grows quadratically as we depart from a separable state. The quadratic

behavior is rather generic and a basis of our proof of Theorem 3.3 in the next section.

A notable difference between the bosonic and fermionic negativities is that E only vanishes

at p = 0, whereas Eb remains zero as long as p ≤ 1/3. This difference can be understood

as a consequence of the fermion-number parity constraint on the density matrices in the
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Figure 3.1: Comparison of entanglement negativity associated with fermionic and bosonic par-
tial transpose for the Werner state (3.17).

fermionic Hilbert subspaces. The Werner states can be written in the occupation-number basis

{|00〉 , |10〉 , |01〉 , |11〉} as

ρ=
1
4



















1−p
4 0 0 0

0 1+p
4

−p
2 0

0 −p
2

1+p
4 0

0 0 0 1−p
4



















. (3.20)

The density matrix can be decomposed as follows [22]

ρ=
p
2

∑

i=x,y,z

h(I−σ i )A
2

⊗
(I+σ i )B

2
+
(I+σ i )A

2
⊗
(I−σ i )B

2

i

+
�1− 3 p

4

�

IA⊗ IB , (3.21)

in terms of local operators represented by Pauli matrices in the occupation number basis. If we

view it as a bosonic system of qubits, each term is a product state since the operators are valid local

density matrices. Therefore, the above decomposition shows that for p ≤ 1/3 all the coefficients

are positive and the density matrix is separable in the bosonic formalism. However, the density

matrices I±σ x = 1+ f † f ± f ± f † (similarly, I±σ y ) are not legitimate density matrices of fermions,

because they violate the fermion-number parity symmetry and the above decomposition implies

that the density matrix is never separable in the fermionic formalism unless p = 0. Therefore,
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the separability criterion given by the bosonic partial transpose fails to address the separability

of fermionic states correctly.

Let us conclude this part with a general remark about a system of two fermionic modes. The

most general form of single-mode fermionic density matrix allowed by fermion-number parity

symmetry is

ρ=
I+ασ z

2
, (3.22)

where |α| ≤ 1 so that ρ is positive definite. Taking two fermionic modes and constructing the

full density matrix by tensor product, the resulting matrix contains only diagonal elements and

hence, it is evident that a given fermionic density matrix is not separable (from fermionic point

of view) unless all off-diagonal elements are zero. Moreover, we find that vanishing logarithmic

negativity is a necessary and sufficient condition for separability of a two-fermion density matrix.

Therefore, we can put forward the following theorem:

Theorem 3.2. A two-fermion mixed state ρ is separable if and only ifN (ρ) = 0.

The necessary condition is already evident. The sufficient condition follows immediately

from the remark that any inseparable state has to have off-diagonal elements (see Ref. [189] for

an explicit proof).

3.2 Entanglement negativity of Gaussian states

In this section, we present a method to calculate the entanglement negativity for noninteracting

fermions using the coherent state representation. We will explain how this method can be adapted

to quantum field theory calculations in the next chapter. Here, we show that the transformed

operator ρTA can be written in the Gaussian form (exponentiated bilinear) similar to the original

density matrix. Therefore, one can simply compute the eigenvalues of the partially transposed

density matrix and obtain the logarithmic negativity.
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We consider a general form of quadratic Hamiltonians,

Ĥ =
∑

i , j

ti j f †
i f j +∆i j f †

i f †
j +H.c. (3.23)

The reduced density matrix of such Hamiltonians can also be recast in a quadratic form

ρ=
e−ĤI

Z
(3.24)

where the entanglement Hamiltonian is ĤI =
∑

i , j h1
i j f †

i f j + h2
i j f †

i f †
j +H.c. and Z is the nor-

malization factor. The eigenvalues of ĤI can be found in terms of generalized Green function

which includes the pairing correlators [27, 160],

Gi j =





1− [C T ]i j [F
†]i j

Fi j Ci j



 , (3.25)

where

Ci j = 〈 f
†

i f j 〉 , Fi j = 〈 f
†

i f †
j 〉 , (3.26)

are the ground state two-body correlators and the particle-hole correlators, respectively. By def-

inition, they satisfy C † =C and F T =−F . The eigenvalues of the G matrix can be recast in the

form of pairs (αi , 1−αi ). It is important to note that G and ĤI can be simultaneously diagonal-

ized and the eigenvalues of G are related to those of ĤI (denoted by ζi ) through ζi = ln
�

1−αi
αi

�

.

Given the eigenvalues of ĤI , one can easily compute various entanglement measures.

Let us now discuss how to construct the partial transpose in the coherent state representation.

The reduced density matrix (3.24) can be represented in the coherent state basis by

ρ=
1
Zρ

∫

d [ξ ]d [ξ̄ ] e
1
2
∑

i , j∈Aξ
T
i Si j ξ j |{ξ j }〉 〈{ξ̄ j }| (3.27)
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where the Si j matrix is given by

Si j = Γi j + iσ2 δi j , (3.28)

the matrix Γ is related to the Green function matrix (3.25) through

[Γ−1]i j =





[F †]i j [C
T ]i j

−Ci j Fi j



 , (3.29)

the Grassmannian vector is ξ T
j = (ξ j , ξ̄ j ) in the particle-hole basis as introduced above andZρ =

Pf[S − iσ2] = Pf[Γ ]. Here, σ2 is the Pauli matrix in the particle-hole basis and appears as the

normalization factor e−ξ̄ ξ in e−ξ̄ ξ |ξ 〉 〈ξ̄ |. This representation of density matrix manifestly yields

the identities in (3.26) and the fact that all higher-order correlators can be computed using the

Wick expansion.

Using (2.36), we can write the partial transpose transformation as

ρTA =
1
Zρ

∫

d [ξ ]d [ξ̄ ] e
1
2
∑

i , j∈Aξ
T
i Si j ξ j |{i ξ̄ j } j∈A,{ξ j } j∈B〉 〈{iξ j } j∈A,{ξ̄ j } j∈B | (3.30)

This transformation can be absorbed into a redefinition of the Si j matrix after introducing the

new variables ξ =USχ ,

ρTA =
1
Zρ

∫

d [χ ]d [χ̄ ] e
1
2
∑

i , j∈Aχ
T
i S

TA
i j χ j |{χ j }〉 〈{χ̄ j }| (3.31)

where STA =U T
S SUS and US =U T

S is a permutation matrix

US =



















0 0 −iIAA 0

0 IBB 0 0

−iIAA 0 0 0

0 0 0 IBB



















, (3.32)
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in the ({ξ j } j∈A,{ξ j } j∈B ,{ξ̄ j } j∈A,{ξ̄ j } j∈B) basis. Here, IAA and IBB are identity matrices acting on

A and B subsystems, respectively. As a result of this transformation, we get the new matrix Γ TA,

[Γ TA]−1 = (STA− iσ2)
−1 =





F ′TA [C TA]T

−C TA F TA



 , (3.33)

which yields the transformed correlators F TA, F ′TA and C TA. Generically, Re[F TA] =−Re[F ′TA],

while their imaginary parts are not in general related and only share the same eigenvalue spec-

trum.

In order to obtain the negativity (2.25) ofρTA, we need to find the eigenvalues of the composite

operator Ξ = ρTAρTA†
A which is also Gaussian, since the product of two Gaussian states remain

Gaussian. The result is

Ξ=
1
Z 2
ρ

∫

d [χ ]d [χ̄ ] e
1
2
∑

i , j∈Aχ
T
i S̃i jχ j |{χ j }〉 〈{χ̄ j }| (3.34)

Therefore, we determine the reconstructed Green function G̃ associated with S̃ as in

G̃ =





1− C̃ T F̃ †

F̃ C̃



 , (3.35)

where we read off F̃ and C̃ from analog of Eq. (3.33) for S̃. The 2N = 2(mA+mB) eigenvalues

of G̃ are in the form of pairs (λi , 1−λi )where 0≤ λi ≤ 1. Hence, the logarithmic negativity can

be easily computed by

E = ln





Tr[
q

ρTAρTA†
A ]

q

Tr[ρTAρTA†
A ]

Ç

Tr[ρTAρTA†
A ]





=
M
∑

i=1

ln
�

Æ

λi +
Æ

1−λi

�

+
1
2

ln

�

�

�

�

�

Pf [S̃ − iσ2]
Pf [S − iσ2]2

�

�

�

�

�

, (3.36)
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where we use the identity TrΞ= Pf [S̃ − iσ2]/Z 2
ρ by performing the Gaussian integral in (3.34).

We can also determine the moments of partial transpose,

Tr Ξn =
�

M
∏

i=1

(λn
i +(1−λi )

n)
��

Pf [S̃ − iσ2]
Pf [S − iσ2]2

�n

. (3.37)

At this stage, let us make some remarks about the relation between our partial transpose and

the bosonic partial transpose introduced in [69]. The partial transpose of Ref. [69] denoted by

ρT b
A can be written as

ρT b
A =

�

1+ i
2

�

ρTA+
�

1− i
2

�

ρTA†. (3.38)

For Gaussian states, as we saw, ρTA is a Gaussian operator; however, ρTA† and ρTA do not neces-

sarily commute and ρT b
A is not guaranteed to be Gaussian. Nevertheless, for pure states one can

show that [ρTA†,ρTA] = 0, and hence, both definitions of the negativity are identical and sim-

plified into E = ln




ρTA




. The LN of pure states is in turn identical to the 1/2-Rényi entropy

S1/2 = 2 lnTr(ρ1/2
A ).

3.3 Examples

In this section, we discuss the logarithmic negativity of two adjacent intervals in two canonical

microscopic models: the Kitaev and Su-Schrieffer-Heeger chains. Our choice of models is mo-

tivated by the fact that these models offer three distinct regimes: Trivial phase where there is

no entanglement between sites, topological phase where nearby sites form singlet or Majorana

dimers, and a critical point which is described by CFT. We would like to compare the resulting

entanglement negativities due to the fermionic and bosonic partial transpose in each regime. In

the meantime, we also discuss a toy example of two-fermion density matrix which can also be

used to represent the fixed-point density matrix in the topological and trivial limits of the Kitaev

chain.
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3.3.1 Kitaev Majorana chain

As the first example, we apply our construction of the partial transpose to the ground state of

the Kitaev Majorana chain Hamiltonian [124]

Ĥ =−
∑

j

h

t f †
j+1 f j +∆ f †

j+1 f †
j +H.c.

i

−µ
∑

j

f †
j f j , (3.39)

which describes a superconducting state of spinless fermions on a one-dimensional chain. For

simplicity, here we set t =∆. It should be noted that the topological phase with Majorana zero-

energy edge modes is realized when |µ|/t < 2.

Figure 3.2 shows the entanglement negativity of two adjacent intervals for various values of

µ/2t = (1+δ)/(1−δ). As shown in Fig. 3.2(a), deep inside the trivial phase both definitions

of partial transpose consistently give zero. On the other hand, in the topological phase realized

for δ < 0, and in particular near δ = −1 (i.e., µ/t = 0), the bosonic and fermionic partial

transpositions give very different results. For the fixed point wave function in the topological

phase at µ = 0, the fermionic partial transpose yields E = ln(
p

2). This is expected since A and

B share a Majorana dimer (see also Fig. 3.3(a)), which connects the two intervals. On the other

hand, the bosonic partial transpose of Ref. [69] does not capture this and simply gives zero. In

fact, we numerically check that their result is equal to partial transpose of the bosonic density

matrix (2.23) in the equivalent Ising spin chain given by

Ĥ =−
∑

j

[J S x
j+1S x

j + hS z
j ], (3.40)

where S x
j = (S

+
j + S−j )/2 and S z

j = S+j S−j −1/2 are spin-1/2 operators related to fermions through

the Jordan-Wigner transformation S−j = exp(iπ
∑

l< j f †
l fl ) fl and S+j = exp(−iπ

∑

l< j f †
l fl ) f

†
l .

The Hamiltonians in Eqs. (3.39) and (3.40) have identical ground state wave function, for values

t = ∆ = J/4 and µ = h, provided that we relate their bases so that spin-up state |↑〉 = σ+j |↓〉

is identified with occupied state of fermion f †
j |0〉 and spin-down |↓〉 with an empty state |0〉.
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`1 `2

Figure 3.2: Logarithmic negativity of the Kitaev chain as a function of δ for two adjacent in-
tervals with equal length `. Here, µ = 1+δ and t =∆ = (1−δ)/2 in Eq. (3.39). (a) Compar-
ison of different definitions of the partial transpose. From the legend, first curve (blue circles)
is computed for the bosonic many-particle density matrix according to Eq. (2.23) in the Ising
chain with periodic boundary condition. Second (red crosses) and third (green upward triangles)
curves are computed for the fermionic many-particle density matrix according to the rules in-
troduced in Ref. [69] and our definition in Eq. (2.28), respectively. For all curves in this panel,
we put L= 4`= 8. (b) Logarithmic negativity of the fermionic partial transpose as computed in
Eq. (3.36) for large systems, `= L/4. All the data for fermionic chains are shown for anti-periodic
boundary condition.

Clearly, we should not expect any entanglement in the Ising chain in the limit h → 0 as it de-

scribes a ferromagnetic ordered phase where there is no entanglement between neighboring sites.

However, in the fermionic phase we have Majorana modes and the correct entanglement can only

be captured in an intrinsic fermionic formalism as derived in the previous chapter. It is worth

noting that in the Ising model language, the ground state for infinitesimally small h looks like an

equal superposition of two ferromagnetically ordered states, which gives rise to a contribution

ln(2) to the (von Neumann) entanglement entropy for a finite interval embedded in the whole

system. This correlation seen by the entanglement entropy is however classical one, and hence

does not contribute to the entanglement negativity defined by using partial transpose.
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A B(a)

(b)

Figure 3.3: Hamiltonian of two coupled Majorana modes, (a) as in the reduced density matrix
of two adjacent intervals on a single chain and (b) two coupled chains.

Two Majorana fermions

Here, we consider only two Majorana modes c1 and c2. The goal is to clarify the difference

between the bosonic and fermionic partial transpose. We take a tunneling Hamiltonian between

two Majorana fermion sites,

H =−i∆c1c2. (3.41)

The density matrix associated with the ground state manifold of this Hamiltonian effectively de-

scribes the reduced density matrix of two adjacent intervals on a single Kitaev Majorana chain,

where the reduced density matrix can be represented in terms of two edge Majorana fermions c1

and c2 at the interface between the two intervals [191] (Fig. 3.3(a)). Furthermore, the Hamilto-

nian (3.41) can be physically related to the low energy modes of two coupled Majorana chains as

shown in Fig. 3.3(b).

In order to compute the state density matrix and the corresponding partial transpose, we use

a description in which the two coupled Majorana sites are part of two complex fermion modes

and represent the density matrix in a basis of two-fermion modes. We combine c1 and c2 with

the two unentangled Majorana modes c3 and c4 (which can be physically thought of as the zero

modes at the far end on each interval or chain shown in Fig. 3.3(a) or (b)) to construct the complex

fermions f1 = (c1+ i c3)/2 and f2 = (c2+ i c4)/2, where f1 ∈G (H A) and f2 ∈G (H B). The crucial

point is that the entanglement does not depend on the representation. The density matrix can
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then be expressed in the occupation-number basis {|00〉 , |10〉 , |01〉 , |11〉} as in

ρ=
1
4
(1− i c1c2) =

1
4



















1 0 0 1

0 1 1 0

0 1 1 0

1 0 0 1



















. (3.42)

With a little bit of algebra, one can see that E (ρ) = log
p

2 while the bosonic negativity vanishes.

Let us now get some insights by checking the separability criterion. The density matrix can be

expanded in the following form

ρ=
1
8
(I+σ x)A⊗ (I+σ

x)B +
1
8
(I−σ x)A⊗ (I−σ

x)B . (3.43)

We should note thatρ is separable when it is viewed as density matrix of two qubits in the bosonic

formalism. However, as already mentioned for the Werner states, I±σ x = 1+ f † f ± f ± f † are

not density matrices of fermions, and the state is not separable in the fermionic formalism. This

observation means that the density matrix (3.42) is separable from point of view of bosonic partial

transpose while it is entangled from the point of view of fermionic partial transpose.

3.3.2 Su-Schriffer-Heeger model

As the second example, we consider the Su-Schrieffer-Heeger (SSH) model,

Ĥ =−
∑

j

[t2 f L†
j+1 f R

j + t1 f L†
j f R

j +H.c.] (3.44)

where there are two fermion species living on each site f L
j and f R

j . This model realizes two topo-

logically distinct phases: topologically non-trivial phase for t2 > t1, where the open chain has

localized fermion modes at the boundaries, and trivial phase for t2 < t1 which is just an insulator

with no boundary mode. Figure 3.4 compares the logarithmic negativity of two adjacent intervals
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Figure 3.4: Logarithmic negativity of SSH model as a function of t where t1 = (1+ t )/2 and t2 =
(1− t )/2 in Eq. (3.44) for two adjacent intervals with equal length `. (a) Comparison of different
definitions of the partial transpose. See the caption of Fig. 3.2 for details of what each curve
represents. For all curves in this panel, we put L = 4` = 8 (16 fermion sites). (b) Logarithmic
negativity of the partial transpose as computed in Eq. (3.36) for large systems, ` = L/4. All the
data for fermionic chains are shown for anti-periodic boundary condition.

using different methods. In the topological phase, both bosonic and fermionic partial transpose

give ln(2) associated with the complex fermion dimer (or singlet, Eq. (3.15)) at the sharing bound-

ary between two intervals. The fact that the partial transpose can capture the entanglement in the

SSH chain, but not the Kitaev chain, can be understood as a result of the violation of additivity

(3.10). It is expected that any measure of entanglement S which satisfies (3.10), obeys the identity

SSSH = 2SKitaev, since two copies of the Kitaev chain are equivalent to a single copy of the SSH

chain. One way to see this is by fusing pairs of Majorana fermions across the two copies of the

Kitaev chain to form complex fermions in the SSH chain. Evidently, the negativity associated

with the fermionic partial transpose is consistent with this requirement. Also, we again observe

in Fig. 3.4(a) that the fermionic partial transpose of Ref. [69] is identical to the bosonic partial

transpose. Here, the dual bosonic Hamiltonian after the Jordan-Wigner transformation is the
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X Y chain with alternating exchange coefficients,

Ĥ =− 2t2

∑

j

[S x,L
j+1S x,R

j + S x,L
j+1S y,L

j ]− 2t1

∑

j

[S x,L
j S y,R

j + S y,L
j S y,R

j ], (3.45)

and ln(2) in the bosonic partial transpose comes from breaking the spin singlet |↑↓〉+ |↓↑〉 at the

interface between the two intervals.

In the remainder of this chapter, we use the machinery of fermionic partial transpose and

fermion-number parity symmetry to present some ideas towards classifying pure and mixed states

of a system with a few fermionic modes. In the case of two fermionic modes, the story is com-

plete. According to the Theorem 3.2, vanishing negativity is a necessary and sufficient condition

for separability.

3.4 Classification of mixed states

Here, we are dealing with a density matrix ρ and the ideal goal is to to classify all possible density

matrices. This is clearly a daunting task beyond the scope of this disseration. Instead, we limit

our discussion to how the entanglement negativity with respect to each partitioning scheme can

constrain the form of the density matrix. For qubit systems, these constraints are found to be suf-

ficient to fix the form of density matrix for certain families of states of three qubits such as general-

ized Werner states and mixed orthonormal Greenberger–Horne–Zeilinger (GHZ) states [61, 62].

Let us begin with a three-party setup. There have been several attempts at classifying the

pure states of three-qubit systems [2, 63, 156, 198]. As we will see, the methods of Refs. [63, 156,

198] can be applied to fermionic systems. However, Ref. [2] introduces a method in which a

given state is brought to a certain canonical form by unitary transformations and a generalized

Schmidt decomposition are derived for those canonical states. This approach is not applicable

to fermionic systems as the mentioned unitary transformation is not a valid operation in the

fermionic formalism because of violating the fermion-number parity symmetry.
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The classification of mixed states of three qubits is much more complicated and there is no

universal framework which addresses all possible states [3, 61, 62, 71, 180]. Due to numer-

ous possibilities of three-qubit mixed states, previous studies have tried to devise technologies

to distinguish certain families of density matrices which obey a certain form. For instance,

Dür et. al. [61, 62] used negativities to classify superposition of GHZ density matrices associated

with a set of orthonormal GHZ states and Acín et. al. [3] introduced entanglement witnesses to

distinguish mixed states of GHZ and W states with positive coefficients. Interestingly, Ref. [3]

finds that the W -type mixed states form a subspace of finite volume as opposed to the W -type

pure states which occupies a measure-zero subspace in a parameterized Hilbert space. Ref. [71]

also provided a classification for a family of GHZ symmetric mixed states (parametrized in a

Euclidean space with the Hilbert-Schmidt metric) based on the invariance of entanglement prop-

erties under general local operations.

In what follows, we put forward a powerful theorem based on which we can build two im-

portant theorems. The latter theorems are particularly helpful in diagnosing separable and bi-

separable mixed states of three fermions.

Theorem 3.3. Consider a density matrix ρ ∈ S (H A⊗H Ā) where H A contains one fermionic

mode andH Ā is an arbitrary Fock space. ρ can be decomposed as

ρ=
∑

i

wiρA,i ⊗ρĀ,i (3.46)

where wi ≥ 0, if and only ifN (ρ) = 0.

Proof:

The necessary condition is clearly true, given that the state is separable with respect to such

partitioning. For the sufficient condition, one can use perturbation theory to show that for

any inseparable state in an immediate vicinity of separable states ρ = ρsep + ρoff, the negativity

is non-zero to the leading order [189]. Here, ρsep = w0 |0〉 〈0| ⊗ ρ0 + w1 f †
1 |0〉 〈0| f1 ⊗ ρ1 is a

separable part in which f1 ∈ G (H A) and ρ1,ρ2 ∈ S (H Ā) are two fermionic density matrices,
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Separable
N (⇢) = 0

N (⇢) > 0

Inseparable (c)

(a)
S(HA ⌦ HĀ)

Separable

N (⇢) = 0 N (⇢) > 0

(b)
N (⇢) = 0

N (⇢) > 0

Separable
N (⇢) = 0

Figure 3.5: Schematic structure of separable and inseparable sets of states and values of the nega-
tivity in a bipartite system of one fermionH A and a Fock spaceH Ā (discussed in Theorem 3.3).
(a) A situation in which there exists a subset of inseparable states with zero negativity away from
separable states, that results in a contradiction (see the text). Therefore, the correct structure is
given by (b), which means zero negativity is a necessary and sufficient condition for separability
in this setup.

and ρoff = f †
1 |0〉 〈0|⊗δρ+|0〉 〈0| f1⊗δρ† is an inseparable part whereδρ ∈G1(H Ā) is a fermion-

number parity odd operator.

The rest of the proof is a consequence of the convexity of the zero-negativity states (Theo-

rem 3.1). Note that separable states form a convex set as shown in Fig. 3.5(a). Our finding from

perturbation theory implies that there exists at least a finite strip of states S1 right outside the

boundary of separable states (shown as a red strip in Fig. 3.5(b)) whereN (ρ)> 0. Let us assume

that there exists a subset S2 of states outside this strip (green region) where the negativity vanishes

N (ρ) = 0. This immediately contradicts the convexity of the set of states with zero negativity.

Therefore,N (ρ)> 0 for all inseparable states (as depicted in Fig. 3.5(c)).
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It is worth noting that a special case of Theorem 3.3 is Theorem 3.2 whereH Ā consists of one

fermionic mode. Another special case is applicable to the mixed state of three fermions, where

H Ā=H B ⊗H C containing both f2 and f3 modes.

Let us recall that the negativity with respect to each party in a three-fermion system is defined

by

NA(BC ) =
Tr|ρTA| − 1

2
(3.47)

and similarly forNB(AC ) andNC (AB).

Corollary 3.1. ρ can be decomposed as ρ=
∑

i wiρA,i⊗ρBC ,i where wi ≥ 0, if and only ifNA(BC ) =

0.

As a result of the above corollary, we arrive at the following two theorems.

Theorem 3.4. ρ is fully separable,

ρ =
∑

i

wi ρA,i ⊗ρB ,i ⊗ρC ,i , (3.48)

if and only ifNA(BC ) =NB(AC ) =NC (AB) = 0.

A straightforward consequence of this theorem is a useful criterion for bi-separability

Theorem 3.5. ρ is bi-separable,

ρ=
∑

i

wiρA,i ⊗ρBC ,i , (3.49)

where at least one of ρBC ,i are inseparable, if and only ifNA(BC ) = 0, butNB(AC ) 6= 0 andNC (AB) 6= 0.

We conclude our discussion with a few remarks and a conjecture about the structure of re-

duced density matrices of generic fermionic systems. As we learned, the transformation rule for

the fermionic partial transpose in the Fock space Eq. (2.28) contains a phase factor in addition to
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the bosonic partial transpose (i.e., matrix transposition). In the case where each subsystem has the

same fermion-number parity on both sides (inside bra and ket) the phase factor is identically one

and fermionic partial transpose becomes a matrix transposition. This property is independent

of the representation and in general we may say:

Remark 3.1. For a bipartite state density matrix ρ ∈ S (H A⊗H B) with even fermion-number

parity in each subsystem, i.e.,

[(−1)FA,ρ] = 0, (3.50)

the fermionic and bosonic entanglement negativities are identical.

This in turn leads us to divide the density matrices of fermions into two categories.

Remark 3.2. There exist two types of states in fermionic systems:

I. Fermion-number parity of subsystems is even,

[(−1)FA,ρ] = 0, (3.51)

II. Fermion-number parity of subsystems is mixed,

[(−1)FA,ρ] 6= 0. (3.52)

It is worth noting that there is no density matrix with only terms of odd subsystem fermion-

number parity, since ρ must always contain terms with even subsystem parity to guarantee

tr (ρ) = 1. It is easy to deduce from the definition of a separable state (2.19) that the first type

of states can be either separable or inseparable, whereas the second type is always inseparable.

As mentioned, for the first type of states, there is no difference between fermionic and bosonic

entanglement negativities and we expect that all the known results about entanglement and sepa-

rability in the context of qubit systems hold in this case as well. However, type II density matrices
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are specific to fermionic systems. A canonical example of this case is when we consider biparti-

tioning a Hilbert space of dimension 2N into a single fermionic mode and the rest (i.e., the Hilbert

space is decomposed as 2×2N−1 as we did for Theorem 3.3). Any inseparable state in this bipartite

system is necessarily type II. We have proven in Theorem 3.3 that the entanglement negativity of

such states is positive. Beyond this, we believe that this observation could be generalized to the

following conjecture.

Conjecture 3.1. The entanglement negativity of inseparable states of type II (3.52) is always non-

vanishing,

E (ρ)> 0. (3.53)

An immediate consequence of this conjecture is that vanishing fermionic entanglement nega-

tivity is a necessary and sufficient condition for separability, as long as type I inseparable states are

excluded. This property is particularly relevant to fermionic systems realized in condensed mat-

ter setups, where one wants to study the entanglement in the ground state or finite-temperature

state of a Hamiltonian. Having type I inseparable states as a ground (finite-temperature) state

of a fermionic Hamiltonian requires fine-tuned models which contain only terms that preserve

the subsystem fermion-number parity. Therefore, as far as a generic Hamiltonian of fermions

possibly with hopping terms, pairing terms, and interactions is concerned, non-zero negativity

implies an inseparable state.

3.5 Summary and future directions

In this chapter, we investigate several quantum information theoretic properties of analog of

the entanglement negativity in fermionic systems. This quantity was recently introduced [191]

as a measure of entanglement in mixed states of fermions based on the fermionic partial time-

reversal transformation of the density matrix. Using this analogy, we have called it fermionic

entanglement negativity. Among various properties an entanglement measure should satisfy, we
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show that the fermionic entanglement negativity is non-increasing (monotone) under LOCCs

which preserve the fermion-number parity. Furthermore, the fermionic negativity is additive

when the Hilbert space is enlarged by adding extra degrees of freedom through a tensor product

and invariant under local unitary operations.

We further discuss the relation between the separability criterion and entanglement negativity

in fermionic systems. As expected (and similar to qubit systems), the fermionic negativity of a

separable state is identically zero.

We find that the fermionic partial transpose can distinguish the topological phase from the

trivial phase in canonical examples of one-dimensional TIs and TSCs. This is in contrast with

the bosonic partial transpose which fails to diagnose the entanglement in TSCs.

In order to show the versatility of the fermionic entanglement negativity, we use it to clas-

sify entangled states in systems with small Hilbert spaces containing two or three fermionic

modes. As we have learned, the fermionic entanglement negativity is a faithful and intrinsic

measure of entanglement in such systems; hence, it would be interesting to see applications of

the fermionic negativity in characterizing various quantum processes and states for measurement-

based fermionic quantum computation [28, 48, 243].
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Chapter 4

Entanglement negativity of critical

theories

“The [quantum] theory reminds me a little of the

system of delusions of an exceedingly intelligent

paranoiac."

— Albert Einstein

A notable property of entanglement entropies (EEs) is that the leading order term shows

certain universal scaling behaviors as a function of system size. In (1+1)d systems, it

is well-known that EEs of gapped states assume a boundary (area) law [93], i.e., they saturate as

the system is made larger, while EEs of critical (bosonic or fermionic) states described by CFTs

increase logarithmically with system size [32, 33, 98, 217], i.e., S ∼ ln L where the coefficient

is proportional to the central charge. In contrast, in higher dimensions, most systems obey a

boundary law [65]. However, there are important exceptions to the area law in higher dimen-

sions: Namely, free fermions with a Fermi surface [17, 60, 85, 95, 136, 203, 205, 241] and Fermi

Part of the material presented in this chapter was previously published in: H. Shapourian, K. Shiozaki, S. Ryu,
Phys. Rev. B 95, 165101 (2017) and H. Shapourian and S. Ryu, J. Stat. Mech.: Theory Exp. xxxx. Some text has
been modified. Copyright by the American Physical Society (APS); reuse permitted according to APS copyright
policies.
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liquids [204, 206]. In the case of codimension-one Fermi surfaces in d -dimensions, the entangle-

ment entropies to the leading order scale as S ∼ Ld−1 ln L.

Unlike pure states, EEs are not good measures of the useful entanglement in mixed states,

e.g. finite temperature states of quantum systems or tripartite entanglement of a pure state. This

should be expected since a generic mixed state contains both quantum and classical correlations.

The former can be used as a resource for quantum computation (i.e. , useful entanglement), while

the latter could be a result of LOCCs and is not a resource for quantum computation. In the case

of finite temperature density matrices, the classical correlations are due to thermal fluctuations.

At sufficiently high temperatures thermal fluctuations put the system in an equal superposition

of all quantum states, which is in essence fully classical. Given this, it is important to distinguish

between classical mixing and quantum entanglement. However, it is well-known that the usual

bipartite von Neumann or Rényi entropies cannot exclusively capture the quantum entangle-

ment.

As we have seen, the (logarithmic) entanglement negativity defined in terms of partial trans-

pose of the density matrix could be a good candidate to detect the quantum entanglement of

mixed states. In this chapter, we study the entanglement negativity of free fermions with a Fermi

surface. Our starting point is the Hamiltonian of free fermion chain with nearest neighbor hop-

ping,

Ĥ =−
∑

i

[t ( f †
i+1 fi +H.c.)+µ f †

i fi] (4.1)

which describes a one-dimensional metal, where the Fermi surface consists of two points. The

low energy theory of this model is the massless Dirac fermions in (1+1)d. We discuss the en-

tanglement due to three different ways of partitioning the system. Two bipartite geometries,

(1) an interval of length ` embedded inside an infinite chain (Fig. 4.1(a)), or (2) a semi-infinite

chain (Fig. 4.1(b)), and (3) a tripartite geometry with two adjacent intervals `1 and `2 (Fig. 4.1(c)).

First, we derive the zero-temperature entanglement negativity of free fermions in (1+1)d which
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(a) (b) (c)

Figure 4.1: Various ways of partitioning the 1d system. Bipartite geometry: (a) One interval
in the infinite line and (b) one interval in the semi-infinite line (open boundary condition is as-
sumed). (c) Tripartite geometry. In all cases, the density matrix ρ corresponds to the union of
the colored regions, and the partial transpose is applied to the orange region.

shows a logarithmic violation of the area law. Furthermore, we would like to see the fate of this

logarithmic term at finite temperatures and also ask how our result in (1+1)d is generalized to

higher dimensions. In general, we find that there are two temperature regimes: First, a quantum

regime at low temperatures when Lβ > L, where Lβ = ~vF /kBT is the length scale associated

with thermal fluctuations at temperature T (and vF is the Fermi velocity) and L is the system

size, and the entanglement negativity remains almost unchanged and close to its value at the zero

temperature. Second, a classical regime when Lβ ∼ L and the entanglement negativity decays

asymptotically to zero. The latter regime is characterized by an area-law entanglement of the

form Ld−1 ln Lβ. This behavior is a direct signature of quantum-to-classical crossover at finite

temperatures. Compared with the general (bosonic) CFT calculations [37] in (1+1)d where the

negativity at low temperatures L < Lβ was difficult to be derived, our analytical results covers

both regimes of temperatures and faithfully interpolates between them.

This chapter is organized as follows: In Sec. 4.1, we analytically derive the finite-temperature

logarithmic negativity for massless Dirac fermions, which is the continuum theory for the criti-

cal point of the SSH model. To this end, we develop a replica approach to relate the negativity to

the partition functions on higher genus Riemann spacetime manifold. In Sec. 4.2, we present nu-

merical results for 1d systems which completely match the above expression. Next in Sec. 4.3 we

explain how 1d results can be generalized to higher dimensions and explicitly check 2d formulas

against numerical calculations. We give a summary and an overview of possible future directions

at the end.
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4.1 Replica approach

Here, we present a spacetime view of moments of partial transpose, Tr(ρTAρTA†ρTAρTA† · · · ), and

write them in terms of partition functions. We use quantum field theory techniques such as

bosonization to evaluate those partition functions.

Before we proceed, let us briefly review the replica approach to find the regular entanglement

entropy. Next, we make connections to our construction of fermionic partial transpose. As we

discussed earlier, the Rényi entanglement entropy (REE) of a reduced density matrix ρ is defined

by

Rn =
1

1− n
lnTr[ρn]. (4.2)

The above expression corresponds to a partition function on the spacetime manifold shown in

Fig. 4.2(a), which can be recast as correlators of twist fields. The idea of using the twist fields for

the REE of the Dirac fermions was originally initiated by Casini et. al. [41]. The fermionic twist

field approach was further applied to the entanglement negativity of disjoint intervals [97]. Here,

we present an explicit derivation of the twist matrix using the coherent state representation.

A generic density matrix can be represented in the fermionic coherent state as

ρ=
∫

dαd ᾱ dβdβ̄ ρ(ᾱ,β) |α〉 〈β̄| e−ᾱα−β̄β (4.3)

where α, ᾱ, β and β̄ are independent Grassmann variables and we omit the real-space (and pos-

sibly other) indices for simplicity. The trace formula then reads

ZRn
=Tr[ρn] =

∫

∏

i

dψi d ψ̄i

∏

i

�

ρ(ψ̄i ,ψi )
�

e
∑

i , j ψ̄i Ti jψ j , (4.4)
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(a) (b)

Figure 4.2: Path integral representation of Rényi entropy for (a) multi-sheet and (b) single-sheet
spacetime manifold.

where the subscripts in ψi and ψ̄i denote the replica indices and T is called the twist matrix,

T =



















0 −1 0 . . .

0 0 −1 0
...

... . . . −1

1 0 · · · 0



















. (4.5)

Note that the global boundary condition depends on the replica index n, T n = (−1)n. The above

expression can be viewed as a partition function on a n-sheet spacetime manifold where the n

flavors (replicas) ψi are glued in order along the cuts. Alternatively, one can consider a multi-

component field Ψ = (ψ1, · · · ,ψn)
T on a single-sheet spacetime. This way when we traverse a

close path through the interval the field gets transformed as Ψ 7→ TΨ. Hence, each interval can

be represented by two branch points Tn and T −1
n –the so called twist fields– and the REE of one

interval can be written as a two-point correlator [41],

ZRn
= 〈Tn(u)T

−1
n (v)〉 , (4.6)

where u and v denote the real space coordinates of the two ends of the interval on a chain.

In the remainder of this section, we compute the moments of the partially transposed density

matrix ρTA and ultimately the logarithmic negativity. We begin with a general point of view
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…

…

g = (n � 1)/2

g = (n � 2)/2

(a)

(b) n = 2k + 1

(c) n = 2k

…

…

Figure 4.3: (a) Path integral representation of moments of the partial transpose En (4.7). (b) and
(c) Equivalent spacetime manifold of En for two adjacent intervals which is a torus Σg of genus
g when n is odd and Σg with an additional pinched torus when n is even.

based on the replica approach [35, 36, 97] and provide an equivalent spacetime picture of the

Rényi negativity.

One can derive an analogous relation to Eq. (4.4) for the transpose. We define moments of

the partial transpose (aka, Rényi negativity) for any integer powers as follows

En :=







lnTr(ρTAρTA† · · ·ρTAρTA†) n even,

lnTr(ρTAρTA† · · ·ρTA) n odd.
(4.7)

Thus, the analytic continuation to obtain the logarithmic negativity (2.25) is

E (ρ) = lim
n→1/2

E2n. (4.8)
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To proceed, we recall the transposed density matrix

ρT =
∫

dαd ᾱ dβdβ̄ ρ(ᾱ,β) |iβ̄〉 〈iα| e−ᾱα−β̄β, (4.9)

and

(ρT )† =
∫

dαd ᾱ dβdβ̄ ρ(ᾱ,β) |−iβ̄〉 〈−iα| e−ᾱα−β̄β. (4.10)

Therefore, we can write for a product of n density matrices (composed of ρT and ρT † alternating)

Tr(ρTρT †ρTρT † · · · )

=
∫

∏

i

dαi d ᾱi dβi dβ̄i ρ(ᾱi ,βi )e
−
∑n

i=1(ᾱiαi+β̄iβi ) 〈iα1| − iβ̄2〉 . . . 〈iαn−1| − iβ̄n〉 〈iαn|(−1)n iβ̄1〉

=
∫

∏

i

dαi d ᾱi

∏

i

[ρ(ᾱi ,αi )] e
∑

i , j ᾱi T R
i j α j , (4.11)

which leads to the following twist matrix

eT =



















0 · · · 0 (−1)n−1

1 ... ...
...

0 1 0 0

· · · 0 1 0



















. (4.12)

Putting these together, we can write the general expression for moments of the partial transpose

as

Z (r)En
=Tr(ρTAρTA†ρTAρTA† · · · ) =

∫

∏

i

dψi d ψ̄i ρ(ψ̄i ,ψi )e
∑

i , j ψ̄
A
i
eTi jψ

A
j e
∑

i , j ψ̄
B
i Ti jψ

B
j (4.13)

where ψA(B) refers to the sites in A and B intervals. Figure 4.3(a) shows the spacetime picture of

this quantity. Therefore, it can be written as a four-point correlator
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(a) Disjoint intervals

(b) Adjacent intervals

(c)

Figure 4.4: Spacetime manifold of Tr[ρTAρTA†] or Tr[(ρTA)2] for (a) two disjoint intervals and (b)
two adjacent intervals. In each panel, equivalent loops appear in the same color. (c) Spacetime
manifold of ρTAρTA† or (ρTA)2 for two adjacent intervals as a generator of En shown in Figs. 4.3(b)
and (c).

Z (r)En
= 〈 eT −1

n (uA) eTn(vA)Tn(uB)T
−1

n (vB)〉 . (4.14)

where eTn and eT −1
n are twist fields associated with eT . Note that the order of twist fields are

reversed for the first interval. For fermions with a global U (1) gauge symmetry (i.e., particle-

number conserving systems) there is a freedom to twist boundary condition along the funda-

mental cycles (e.g. the path shown in the right panel of Fig. 4.3(a)) of the spacetime manifold

by a U (1) phase. The boundary conditions are independent and in principle can be different. If

we assume a replica symmetry (i.e. uniform boundary conditions) ψ 7→ e iαψ, the corresponding

expression in the operator formalism is given by

ZEn
(α) =Tr[(ρTAe iαFA)n]. (4.15)

From this, we get a family of Rényi negativities (RNs) parametrized by α. However, for a generic

fermionic system (including superconductors), the U (1) symmetry is reduced to Z2 fermion-
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number parity symmetry. Hence, α = 0 or π are the most general allowed values. We should

reemphasize that either quantities are described by a partition function on the same spacetime

manifold (Fig. 4.3) as in the case of bosonic systems [36], while they differ in the boundary

condition for fundamental cycles of the manifold. In other words, Z (ns)
En

and Z (r)En
correspond

to anti-periodic (Neveu-Schwarz, NS) and periodic (Ramond, R) boundary conditions, respec-

tively. This can be readily seen by comparing the corresponding twist matrices. In what follows,

we compute the two RNs for various partitioning schemes:

• Two disjoint intervals as introduced above which are given by four-point correlators.

• Two adjacent intervals which are described by three twist fields. Hence, the RNs are given

in terms of three-point correlators

Z (r)En
= 〈 eT −1

n (uA)Q
2
n(vA)T

−1
n (vB)〉 , (4.16)

where we introduce the fusion of unlike twist fields,

Q2
n :=Tn

eTn. (4.17)

• The bipartite geometry where the two intervals combined form the entire system which

is in the ground state. The RNs are given by the two-point correlators

Z (r)En
= 〈Q−2

n (uA)Q
2
n(vA)〉 . (4.18)

Let us make a few remarks as to why the choice [ρTAρTA†ρTA · · · ] is a more desirable quantity

from the quantum field theory point of view. First and foremost, the above choice can be writ-

ten as a partition function on the same spacetime manifold (Fig. 4.3(a)) as the one originally pro-

posed for the entanglement negativity in bosonic systems [36]. Moreover, only this quantity has

a smooth behavior as we bring two disjoint intervals closer to each other to obtain two adjacent

61



intervals. To illustrate this, let us consider the case of two replicas and the following quantities:

E0 = Trρ2, E1 = Tr(ρTAρTA†), and E2 = Tr(ρTA)2. For two disjoint intervals, these quantities

correspond to the toroidal spacetime (Fig. 4.4(a)), and for two adjacent intervals, E0 defines the

partition function on a sphere, while E1 and E2 define the partition function on a pinched torus

(which is homeomorphic to a sphere with two points being identified, see Fig. 4.4(b)). Before

we continue our discussion, it is worth mentioning that one can also consider another quantity

E3 = Tr(ρUA1
ρTAU †

A1
). Although this quantity is a very useful measure in other contexts such as

detecting the many-body topological invariants in time-reversal symmetric SPT phases (see Chap-

ter 5), it is not qualified for our interest here, mainly for two reasons: First, it corresponds to the

partition function on non-orientable spacetime manifolds, while we want to consider orientable

manifolds (Fig. 4.3(a)) in analogy to what is considered for bosonic systems [36]. Second, we are

interested in an entanglement measure which can be defined for a generic system (possibly with

no symmetry), while E3 is only well-defined for time-reversal symmetric systems and vanishes

otherwise. Returning to our earlier argument, we should note that the difference between E1 and

E2 is in the boundary condition for the black loop in Fig. 4.4(b) (that is the loop between two

successive replicas as shown in Fig. 4.3(a)). E1 and E2 correspond to periodic and anti-periodic

boundary conditions along such a loop, respectively. As a result, E2 requires inserting a π-flux

through the black loop around the pinched torus (to get a periodic boundary condition) whereas

E1 does not. However, this loop is contractible to a point as shown in Fig. 4.4(b), and this means

that E2 contains a singularity at the identification point. Hence, it is natural to choose E1 (over

E2) that has no singularity in the limit of adjacent intervals.

Therefore, the consecutive presence of ρTA† and ρTA in Eq.(4.7) implies periodic boundary

condition along the cycle between two replicas i and i+1, as shown in Fig. 4.3(a). We further find

that the spacetime manifold for En is a higher genus torus shown in Figs. 4.3(b) and (c) for even

and odd values of n, where the boundary condition is periodic for all fundamental cycles. One

way to see how these manifolds emerge is by noticing that the composite operator ρTA
A ρ

TA†
A , for

two adjacent intervals, forms a cylinder as shown in Fig. 4.4(c) and by combining these cylinders
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we construct the corresponding manifold for En which is sketched in Figs. 4.3(b) and (c). In the

case of n = 2, it is easy to see that the identity

Tr(ρ2) =Tr(ρTAρTA†) (4.19)

holds in general.

For generic noninteracting systems with conserved particle number, we can transform the

trace formulas into a product of n partition functions. Let us first illustrate this idea for the

REE [41]. We can diagonalize the twist matrix T in Eq. (4.5) and rewrite the REE in terms of

n-decoupled copies,

tr [ρn] =
∫

∏

k

dψk d ψ̄k

∏

i

�

ρ(ψ̄k ,ψk)
�

e
∑

k λk ψ̄kψk , (4.20)

where λk = e i2π k
n for k = (n − 1)/2, · · · , (n − 1)/2 are eigenvalues of the twist matrix. In this

new basis, the transformation rule, Ψ→ TΨ, for the field passing through the interval becomes a

pure phase,ψk 7→ λkψk (Fig. 4.5(a)). Therefore, the REE can be decomposed into sum of separate

terms as

Rn =
1

1− n

(n−1)/2
∑

k=−(n−1)/2

lnZk (4.21)

where Zk is the partition function containing an interval with the twist phase 2πk/n (Fig. 4.5(a)).

For the zero-temperature case, Zk can be computed as a ground state expectation value,

Zk = 〈Ψ|T̂k |Ψ〉 (4.22)

where

T̂k = exp

 

i
2πk

n

∑

j∈A

f †
j f j

!

, (4.23)
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…

(a) (b)

(c) (d)

Figure 4.5: Decomposition of the path integral formulation of (a) and (b) Rényi entropy, (c) and
(d) Rényi negativity (4.7) in terms of n decoupled partition functions with twist defects. (a) and
(c) are spacetime picture, (b) and (d) are MPS representation, λk = e i2πk/n and λ̃k = e iδλ∗k where
δ =π or π(n−1)

n for n even or odd.

is a phase twist operator which only acts on the A interval. This quantity can also be imple-

mented in the MPS representation as shown in Fig. 4.5(b). The ground state expectation values

in Eq. (4.22) for free fermions can be written as a determinant of a Toeplitz matrix, and REE

on lattice can be evaluated exactly using the Fisher-Hartwig conjecture [18]. See Ref. [191] for

explicit derivation.

As shown in Eq. (4.13), for the n-th RN En, we are dealing with two intervals where the twist

matrices are T and eT . Fortunately, these matrices are simultaneously diagonalizable and we can

reduce the n coupled sheets to decoupled copies where the phase factors are different for the two

intervals. Therefore, we can write

En =
(n−1)/2
∑

k=−(n−1)/2

lnZR,k (4.24)

where ZR,k is the partition function containing two intervals with the twisting phases e i2πk/n and

eδ−i2πk/n (Fig. 4.5(c)). At zero temperature, the above expression can again be written in terms
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of a ground state expectation value as shown in Fig. 4.5(d), or equivalently,

ZR,k = 〈Ψ|T̂R,k |Ψ〉 (4.25)

where

T̂R,k = exp



i
2πk

n

∑

j∈A2

f †
j f j + i(δ − 2πk

n
)
∑

j∈A1

f †
j f j



 , (4.26)

whereδ =π orπ(n−1)/n for n even or odd, respectively. From this, one can recast ZR,k for free

fermion in the form of a determinant of a Toeplitz matrix and apply the Fisher-Hartwig conjec-

ture [18] to exactly compute the zero-temperature negativity [191]. Here, we choose a different

approach based on the quantum field theory which is also applicable to finite-temperature states.

Following Casini et. al [41], we note that the partition function in the presence of phase

twisting intervals can be formulated as a theory subject to an external gauge field. The external

gauge field is a pure gauge everywhere, except at the points ui and vi where it is vortex-like. The

idea is to get rid of the phase twists by performing a singular gauge transformation

ψk(x)→ e i
∫ x

x0
d x
′µAk

µ(x
′
)ψk (x) , (4.27)

where x0 is an arbitrary reference point. The new field is now single-valued everywhere. Hence,

we can absorb the boundary conditions for Cvi
and Cui

circuits into an external gauge field. For

free fermions (4.1), the resulting Lagrangian density reads

Lk = ψ̄kγ
µ
�

∂µ+ i Ak
µ

�

ψk . (4.28)
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From the boundary conditions onψk defined over the spacetime, the gauge fields are constrained

as in

∮

Cui

d xµAk
µ(x) =−

2πk
n

, (4.29)

∮

Cvi

d xµAk
µ(x) =

2πk
n

. (4.30)

One subtlety in this approach is that we can add phase shifts of 2πm, with m an integer, to

the right hand side of the above expressions and yet it does not change the total phase factor

along the circuits. It turns out that this ambiguity in general leads to different representations

of the partition function Zk [38, 78, 114, 157]. Hence, Zk can be written as a summation over

all representations. The asymptotic behavior of each term in the thermodynamic limit (large

(sub-)system size) is a power law `−αm and the leading order term corresponds to the smallest

exponent. For instance, the leading order term in the Rényi entropy of the ground state is given

by the m = 0 term. See Appendix A of Ref. [188] for more discussion on this. As we will see in

the case of entanglement negativity, we need to consider m 6= 0 for some values of k.

The magnetic flux of the gauge fields satisfying Eqs. (4.29) and (4.30) is given by

εµν∂νA
k
µ(x) = 2π

k
n

p
∑

i=1

�

δ(x − ui )−δ(x − vi )
�

. (4.31)

The above formula is for p intervals and as we see each interval is represented by a vortex-

antivortex pair of strength 2π k
n . The goal here is to compute the partition function as thermal

expectation value in the free Dirac theory

Zk =
¬

e i
∫

Ak
µ jµ

k
d 2 x
¶

, (4.32)

where jµk = ψ̄kγ
µψk is the Dirac current and Ak

µ satisfies (4.31).
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In order to evaluate (4.32), we use the bosonization technique to express the current jµk as

jµk →
1

2π
εµν∂νφk , (4.33)

where φk is a real scalar field. For a free massless Dirac field, the theory for the dual field φk is

simply

Lφ =
1

8π
∂µφ∂

µφ . (4.34)

Therefore we have to evaluate

Zk =
¬

e i
∫

Ak
µ

1
2π ε

µν∂νφd 2 x
¶

=
® p
∏

i=1

Vk(ui )V−k(vi )
¸

(4.35)

where Vk(x) = e−i k
nφ(x) is the vertex operator and the expectation values correspond to the scalar-

field theory (4.34). Hence, the finite-temperature partition function of a Dirac fermion can be

described by a compactified boson with radius R = 2 (Here, the self-dual radius is R =
p

2).

We consider the spacetime torus by identifying z ∼ z + 1 and z ∼ z + τ where τ = iβ/L is

the dimensionless inverse temperature. The fermionic theory is specified by the two boundary

conditions along the two cycles of the spacetime torus

ψk(z + 1) = e iπν1ψk(z), ψk(z +τ) = e iπν2ψk(z), (4.36)

where νi = 0 or 1. We denote the four possible boundary conditions (spin structures) by ν ≡

{ν1ν2} = {00,01,11,10} ≡ {1,2,3,4} cases, respectively. The correlation function of the vertex

operators on the torus in sector ν is found by [58]

〈Ve1
(z1, z̄1) · · ·VeN

(zN , z̄N )〉=
∏

i< j

�

�

�

�

�

∂zϑ1(0|τ)
ϑ(z j − zi |τ)

�

�

�

�

�

−2ei e j
�

�

�

�

�

ϑν(
∑

i ei zi |τ)
ϑν(0|τ)

�

�

�

�

�

2

(4.37)

67



in terms of the Jacobi theta functions for R= 2 where Ve(z, z̄) = e i eφ(z,z̄) is the vertex operator.

Hence, we can write for the partition function in sector ν

Z (ν)k =

�

�

�

�

�

∏

i< j ϑ1(ui − u j |τ)ϑ1(vi − v j |τ)
∏

i , j ϑ1(ui − v j |τ)
· (ε∂zϑ1(0|τ))

p

�

�

�

�

�

2 k2

n2

·

�

�

�

�

�

�

ϑν(
k
n

∑

i (ui − vi )|τ)
ϑν(0|τ)

�

�

�

�

�

�

2

, (4.38)

where the partition function is normalized such that Z (ν)k = 1 in the absence of any branch points.

The dimensionless UV cutoff ε = a/L is introduced as a UV-cutoff to resolve the coincident

points since the theta function behaves as ϑ1(z |τ) ∼ z when z → 0. As a result, the Rényi

entropy reads

S (ν)n = Sn,0+ S (ν)n,1 (4.39)

where the first term is universal

Sn,0 =−
n+ 1

6n
ln
�

�

�

∏

i< j ϑ1(ui − u j |τ)ϑ1(vi − v j |τ)
∏

i , j ϑ1(ui − v j |τ)
(ε∂zϑ1(0|τ))

p
�

�

�, (4.40)

and the second term depends on the spin structure ν,

S (ν)n,1 =
2

1− n

n−1
2
∑

k=− n−1
2

ln

�

�

�

�

�

�

ϑν(
k
n

∑

i (ui − vi )|τ)
ϑν(0|τ)

�

�

�

�

�

�

. (4.41)

We should note that the Rényi entropies in the ν = 1 sector are divergent, since ϑ1(0|τ) in the

denominator of S (ν)n,1 is zero. This is related to the fermion zero mode in this sector.

Let us now look at various limits of the above result. For simplicity, we shall consider a

single interval and the sector ν = 3 which is the usual anti-periodic boundary condition in both

spacetime directions.
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In the low temperature limit τ = iβ/L→ i∞, we have

Sn,0 =
n+ 1

6n
ln
�

�

�

�

L
πa

sin(
π`

L
)
�

�

�

�

+O(e−2π/(LT )), (4.42)

where we use the relation

lim
β→∞

ϑ1(z |iβ) = 2e−πβ/4 sinπz +O(e−2πβ). (4.43)

The second term S (ν)n,1 is vanishing and we arrive at the usual expression for the ground state of

CFT.

In the high temperature limit where τ = iβ/L→ 0, we obtain

Sn,0 =
n+ 1

6n

�

−π`
β

`

L
+ ln

�

�

�

�

�

β

πa
sinh(

π`

β
)

�

�

�

�

�

�

+O(e−πLT ), (4.44)

for the universal part and

S (3)n,1 =
(1+ n)

6n
π`2

βL
− 2

1− n

∞
∑

j=1

(−1) j

j
1

sinh(π j
β )





sinh(π j`
β )

sinh(π j`
nβ )
− n



 (4.45)

for the second part (similar results can be derived for other sectors). We should note that the first

terms in (4.44) and (4.45) precisely cancel each other. Here, we use the modular transformation

rules for the theta functions,

ϑ1(z |τ) =−(−iτ)−1/2e−πi z2/τϑ1(z/τ|−1/τ), (4.46)

and the asymptotic form of the theta function in the small β limit

ϑ1(z/τ|−1/τ) =−2i e−
πL
4β sinh(

πzL
β
)+O(e

3πL
β (z−3/4)), (4.47)

for 0≤ z ≤ 1/2.
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Let us now move on to the calculations of the RN (4.7). In order to compute the moments,

we need to consider two intervals with different twist matrices T and eT . Note that the overall

boundary condition due to the twist matrices is identical T n = eT n = (−1)n−1. As mentioned,

we carry out a similar procedure and decompose RN into n decoupled copies where the phase

twists are different for the two intervals (see Eq. (4.24) and Fig. 4.5(c)). In the following parts, we

compute the entanglement negativity for various geometries as shown in Fig. 4.1.

Tripartite geometry

Here, we consider two adjacent intervals partitioned from a long chain (see Fig. 4.1(c)). Hence,

the gauge field appearing in (4.28) for such configuration is given by

1
2π
εµν∂νA

k
µ(x) =

�k
n
−
ϕn

2π

�

δ(x − u1)−
�

2k
n
−
ϕn

2π

�

δ(x − v1)+
k
n
δ(x − v2) (4.48)

where we place the branch points at u1 =−`1, v1 = u2 = 0, and v2 = `2. Similar to the previous

derivation, we find

Z (ν)R,k = |ϑ1(TA|τ)|
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where

∆k =−
6k2

n2
+

3ϕn

2π

�

�

�

�

k
n

�

�

�

�

−
ϕ2

n

2π2
. (4.50)

It is important to note that for k < 0, we modified the flux at u1 and v1 by inserting an additional

2π and −2π fluxes, respectively, where the scaling exponent αm takes its minimum value. One

can also see this independently in a separate derivation in terms of the Toepltiz matrix [191].

Putting together, the moments of negativity are given by En = En,0 + En,1 where the universal
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part is
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�, (4.51)
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for n odd or even and the spin structure dependent term is

E (ν)n,1 = 2
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2
∑
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. (4.53)

In the above expressions, ri = `i/L are the dimensionless lengths. Hence, the logarithmic nega-

tivity is given by E (ν) = E0+E
(ν)
1 where

E0 = lim
ne→1
Ene ,0 =

1
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is the universal part. There is no closed-form expression for the non-universal part E (ν)1 =

limne→1E
(ν)
ne ,1 in a generic case other than when `1 = `2. In the case of intervals with equal lengths

the negativity is simplified into
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where r = `/L.

Let us now examine the limiting behaviors. In the low temperature limit where τ = iβ/L→

∞, we get
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1
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while in the high temperature limit where τ = iβ/L→ 0, we obtain
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+O(e−πLT ). (4.57)

As we will see below, the the first term in the above expression is cancelled by the contribution

from E1. In the following, we evaluate the spin structure dependent term (4.53) for the ν =

3 sector and even n = ne . Similar expressions can be derived for other sectors. So, the low

temperature limit of (4.53) is found by
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j sinh(πβ j )

�

sin(π j r2)− sin(π j TA)
sin (π j (r2−TA)/ne)

− ne

�

. (4.58)

To the leading order, the above expression contributes to the negativity as

E (3)1 = lim
ne→1
E (3)ne ,1 = 4e−π/(LT )
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− 1
�

. (4.59)

This is reminiscent of the universal thermal corrections found for the Rényi entropies [96]. The

high temperature limit is determined by
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and hence, we get

E (3)1 =−
π`1`2

2βL
. (4.61)
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Figure 4.6: Bipartite geometry (right) of a single interval on a chain of length L which can be
derived from the limit `2→ L− `1 of the tripartite geometry (left).

To sum up, we have shown that the logarithmic negativity of two adjacent intervals are given by
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+O(e−πLT ), (4.63)

in the low and high temperature regimes, which is identical to the bosonic results obtained for

Harmonic chains [68]. The logarithmic negativity of two adjacent intervals with equal lengths

is simplified further into

E = 1
4

ln
�

β

πa
tanh

�

π`

β

��

+O(e−πLT ). (4.64)

We should note that there is no term linear in ` in the tripartite case (compared to the bipartite

case in Eqs. (4.77) and (4.79) as we will see shortly). In the language of Ref. [37], this is because

we sew together only parts of spacetime sheets and taking higher powers of twist fields T and T R

does not create a new manifold.

Bipartite geometry

In order to evaluate the bipartite negativity of a single interval (Fig. 4.1(a)), we start by considering

a tripartite geometry where an interval of length `1 is symmetrically embedded inside another

interval of length `2 shown in Fig. 4.6(left). Eventually, we take the limit `2 → L− `1 in our

calculations, where L is the total length of the chain (see Fig. 4.6).
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The tripartite configuration (Fig. 4.6(left)) implies four branch points at u1 = −r2/2, v1 =

0, u2 = r1, and v2 = r2/2+ r1 such that the gauge field in (4.28) must obey

1
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Therefore, we can find k-th term in the moments of partial transpose as
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This leads to
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for the universal part and
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for the spin structure dependent term. Taking the replica limit, the universal part of the logarith-

mic negativity reads

E0 =
1
2

ln
�

�

�

ϑ1(TA|τ)ϑ1(
r2
2 |τ)

ϑ1(
r2
2 +TA|τ)

(ε∂zϑ1(0|τ))
−1
�

�

�. (4.71)

As mentioned earlier, for the bipartite geometry (Fig. 4.1(a)), we need to take r2 = 1−TA, which

gives

E0 =
1
2

ln

�

�

�

�

�

�

ϑ1(TA|τ)ϑ1(
1−TA

2 |τ)

ϑ1(
1+TA

2 |τ)
(ε∂zϑ1(0|τ))

−1

�

�

�

�

�

�

=
1
2

ln

�

�

�

�

�

ϑ1(TA|τ)
ε∂zϑ1(0|τ)

�

�

�

�

�

, (4.72)

where in the second line, we use the properties of theta functions to further simplify the original

expression. The low temperature limit of the second term is

E (3)1 = lim
ne→1
E (3)ne ,1 = 4e−π/(LT )

�

cos(π(r2+TA)/2)
cos(π(r2−TA)/2)

− 1
�

. (4.73)

Let us now derive the high temperature expansion of the bipartite entanglement negativity.

Similar to the previous section, the universal part can be simplified into

E0 =
1
2

�

−
π`2

1

βL
+ ln

�

�

�

�

�

β

πa
sinh(

π`1

β
)

�

�

�

�

�

�

+O(e−πLT ). (4.74)

The second term in the ν = (3) sector can be evaluated as follows

E (3)ne ,1 =−
π

2βL

��

n2
e − 1
3ne

�

(L− 2`1)
2+ ne`1(L− 2`1)+ ne`

2
1

�

− 2
∞
∑

j=1

(−1) j

j
1

sinh(π j
β )





sinh
�

(ϕne
`1+π(L− 2`1))

j
β

�

− sinh(ϕne
`1 j/β)

sinh
�

π(L−2`1) j
neβ

� − ne



 (4.75)
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which simplifies into

E (3)1 =
π`1

2βL
(`1− L)+O(e−πLT ). (4.76)

Therefore, we find that

E (LT � 1) =
1
2

�

ln

�

�

�

�

�

β

πa
sinh(

π`1

β
)

�

�

�

�

�

−
π`1

β

�

+O(e−πLT ), (4.77)

which agrees (bosonic) CFT results derived in Ref. [37].

From the above result (4.72), we can find the negativity of the semi-infinite geometry by

noting that the semi-infinite geometry (Fig. 4.1(b)) can be obtained from the infinite geometry

(Fig. 4.1(a)) by cutting the `1 interval in half; therefore, the entanglement of each cut is equal to

half of the value in Eq. (4.72). This gives the entanglement of a finite interval with length `1/2 to

a semi-infinite interval. Hence, the entanglement negativity of a finite interval with length `1 to

an adjacent semi-infinite interval becomes

E0 =
1
4

ln

�

�

�

�

�

ϑ1(2TA|τ)
ε∂zϑ1(0|τ)

�

�

�

�

�

, (4.78)

the high temperature limit of which is given by

E (LT � 1) =
1
4

�

ln

�

�

�

�

�

β

πa
sinh(

2π`1

β
)

�

�

�

�

�

−
2π`1

β

�

+O(e−πLT ). (4.79)

This is also in agreement with the bosonic results of Ref. [37].

4.2 One-dimensional systems

In this section, we numerically calculate the logarithmic negativity associated with the partial

transpose (2.28) for free fermions on a lattice and compare it with the analytical results derived

above.
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Figure 4.7: Zero-temperature logarithmic negativity of two adjacent intervals for free fermion
CFTs. (a) Kitaev chain (3.39) atµ=−2t where c = 1/2, and (b) SSH model (3.44) at t2 = t1 where
c = 1. Here c is the central charge of CFT. The solid curves are the analytical expression E =
c
4 ln tan(π`L ) from Eq. (4.62). The data are shown for a closed chain with anti-periodic boundary
condition.

Let us first sketch the steps of numerically computing the partial transpose and entan-

glement negativity for non-interacting systems. The following procedure works efficiently

for any quadratic Hamiltonian of the form Ĥ =
∑

i , j ti j f †
i f j +H.c. which spans a variety of

non-interacting models with a conserved total particle number. A more general (less efficient)

procedure which does not require particle number conservation was already described in Chap-

ter 3. For free fermions, the reduced density matrix can be completely characterized by the

single particle correlation function [160],

Ci j = 〈 f
†

i f j 〉= tr(ρ f †
i f j ), (4.80)

for the ground state ρ = |GS〉 〈GS | or a thermal ensemble described by the density matrix ρ =

e−βĤ . For a thermal state, the single-particle correlator reads

Ci j =
∑

n

f (εn) u∗n(i) · un( j ), (4.81)
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Figure 4.8: Logarithmic negativity of the tripartite geometry for two adjacent intervals with
equal length ` on the free fermion lattice model (4.1). The negativity as a function of (a) interval
length and (b) temperature. The solid lines are analytical results (4.55). The inset of panel (a)
shows the linear behavior when E is plotted against x = ln

�

β
π tanh

�

π`
β

��

. The dashed line in the
inset is a reference line with the slope of c/4= 1/4. We set L= 200.

where |un〉 are single particle eigenstates H |un〉= εn |un〉, un( j ) = 〈 j |un〉 is the value of the wave

function at site j , and f (x) = (1+ exp(εn/T ))−1 is the Fermi-Dirac distribution. For the ground

state, the Fermi-Dirac distribution at zero temperature automatically enforces the summation to

be over the occupied states.

We should note that the functional form of our analytical results is universal (especially for

quantities involving two and three point correlators) although we compute them for a special

CFT, namely, the free fermion CFT. Hence, the expressions for E can be modified by putting the

central charge c of CFT in front of the functions. For instance, we check the zero-temperature

logarithmic negativity of two adjacent intervals (4.1(c)) in two cases: The critical point of the

Kitaev chain where c = 1/2 and the SSH model where c = 1. The results are shown in Figs. 4.7(a)

and (b), where the agreement between numerics and analytical formulas is evident.

For finite temperature calculations, we mainly focus on the free fermion chain. Again, the

functional forms are universal (see for example some general CFT results in [37]). We choose

t = 1 and set µ= 0 in the lattice Hamiltonian (4.1). In Fig. 4.8, we compute the logarithmic neg-

ativity for two adjacent intervals (Fig. 4.1(c)). The analytical results (solid lines) and lattice calcula-

tions (points) match over a range of temperatures and interval lengths. As we see in Fig. 4.8(a), the

negativity saturates, i.e., obeys an area law, at any finite temperature once `� 1/T . This means
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Figure 4.9: Logarithmic negativity of the bipartite geometry for one interval in the semi-infinite
line (Fig. 4.1(b)). (a) The subsystem size ` = 20 is fixed, while T is varied for different total
system sizes L. The initial plateau is due to finite length of chain. (b) The total system size is
fixed, while T is varied for different subsystem sizes `. Absence of sudden death in the fermionic
negativity is evident. The dashed vertical line indicates the point at which the continuum limit
expression (4.79) starts to become negative.

that at finite temperatures the quantum coherence can only be maintained for length scales of

orderβ= 1/T , beyond which thermal fluctuations completely wash it out. Another interesting

point is the collapse of high-temperature negativity for various values of ` and T onto the uni-

versal curve (4.64) as shown by the inset of Fig. 4.8(a). We also observe that the negativity curves

(e.g., Fig. 4.8(b)) generically start off with a plateau at low temperatures. This corresponds to

the limit T � 1/L when the temperature is less than the finite-size gap (∼ 1/L) in the energy

spectrum and the system behaves as if it is at the zero temperature. Figure 4.9(a) illustrates this

finite-size effect, where the negativity remains a plateau until some temperature, and then it falls

off. The onset of decay (length of the finite-size plateau) is decreased as we make the system larger.

Next, we look at the high temperature limit in Fig. 4.9(b), where we observe that the fermionic

logarithmic negativity decays to zero smoothly without any sudden death, as opposed to the

bosonic case [37]. We believe that this is related to the fermion-number parity constraint on the

fermionic density matrices [189]. One can explicitly check in a system of two fermionic sites

how this constraint limits the form of density matrix and modifies the notion of separability,

which ultimately lead to the absence of sudden death [188]. Further, it is evident that for high

temperatures and at a fixed `, the continuum limit Eq. (4.79) is valid only until we reach the lattice

scale (i.e., as long as β� a).
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Figure 4.10: Collapse of logarithmic negativity of the bipartite geometry on a universal curve. (a)
One interval in the infinite line (Fig. 4.1(a)). (b) One interval in the semi-infinite line (Fig. 4.1(b)).
In each panel, the inset shows the E against temperature (without scaling). This is to be compared
with the universal curve when the horizontal axis is normalized as π`T . Here, the numerics are
done for the free fermion lattice model where L= 400.

An important implication of Eqs. (4.77) and (4.79) for the logarithmic negativity of the bi-

partite geometries (c.f., Fig. 4.1(a) and (b)) is that the entanglement difference E (T )−E (0) is a

universal function of π`T . We verify this behavior in Fig. 4.10 by looking at various interval

sizes and showing that they all collapse on the same curve. For reference, we also plotted the

analytical expressions (4.77) and (4.79).

4.3 Higher dimensional systems

In this section, we would like to extend our result for the finite-temperature entanglement nega-

tivity of one-dimensional metals to higher dimensions. Our idea is motivated by similar results

discussed by Swingle [203, 206] for generalizing entanglement entropies to higher dimensional

Fermi surfaces.

The general result for the zero-temperature is as follows: the Rényi entanglement entropy of

a subregion of size ` for a (d + 1)metallic system with a codimension one Fermi surface is [85],

Sn(`) =Cd (µ)
�n+ 1

6n

�

`d−1 ln`, (4.82)

80



where

Cd (µ) =
1

4(2π)d−1

∫

∂ Ω

∫

∂ Γ (µ)
d Sk d Sx |nx · nk |, (4.83)

Ω is the volume of the subregion normalized to one, Γ (µ) is the volume enclosed by the Fermi

surface, and the integration is carried out over the surface of both domains.

In particular, the entanglement entropy of a two dimensional metal reads as

Sn(`) =
�n+ 1

6n

�

C2(µ) · ` ln`. (4.84)

The filled Fermi surface of a two dimensional metal may be viewed as a collection of one di-

mensional gapless modes [24, 163, 187] and the entanglement can be understood as a sum of 1d

segments (` of them) each of which contributes (n+ 1)/6n · ln(`) up to a geometrical coefficient

(4.83). The above formula was shown to be in a remarkable agreement with numerical simu-

lations of various microscopic lattice models [17, 136]. As we have seen for a one-dimensional

metal, the finite temperature Rényi entropy has the same form as the zero temperature entropy

provided that we replace ln(`) by ln[(β/π) sinh(π`/β)]. Hence, we can follow the same lines

of argument as those we use for the zero temperature to deduce that the Rényi entropy of a two-

dimensional metal should obey the following form [203, 206],

Sn(`,T ) =
�n+ 1

6n

�

C2(µ) · ` ln

�

�

�

�

�

β

πa
sinh

�

π`

β

�

�

�

�

�

�

. (4.85)

Let us now consider the bipartite logarithmic negativity. By a similar reasoning, we expect

that the two dimensional negativity should obey the same form in terms of the one dimensional

negativity. So, for finite temperature negativity we can write

E (`,T ) =C2(µ) ·
`

2

�

ln
�

β

πa
sinh

�

π`

β

��

− π`
β

�

. (4.86)
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Figure 4.11: Logarithmic negativity of the bipartite geometry on a 2d square lattice. (a) The
slope of zero-temperature negativity as a function of chemical potential. The solid line is the
continuum expression (4.88). Here, we carry out numerics for the infinite size system and the
slope is found for E vs. ` over the range 40 ≤ ` ≤ 80. (b) Finite temperature negativity as a
function of rescaled (dimensionless) temperature. The solid lines are Eq. (4.86) which are shifted
vertically to fit the low-temperature value. The system size is 30× 30.

We should note that the bipartite logarithmic negativity is equal to the 1/2-Rényi entropy at zero

temperature. However, there is an important difference between the logarithmic negativity and

the Rényi entropy. Entanglement negativity has an extra term linear in ` inside the parenthesis

compared to the 1/2-Rényi entropy and this term exactly cancels the volume law term in the high

temperature limit, i.e., the negativity eventually vanishes while Rényi entropy grows as a volume

law.

4.3.1 Numerical results

A canonical model to benchmark two-dimensional entropies is a simple tight-binding model on

a 2d square lattice described by the Hamiltonian,

Ĥ =−
∑

x,ei

[ f †
x+ei

fx+ f †
x fx+ei

]−µ
∑

x

f †
x fx. (4.87)

The zero-temperature Rènyi negativities of this model for various tripartite geometries have been

studied in [70]. The geometric coefficient in the entanglement entropy (4.83) of a square segment
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is found to be

C2(µ) =
2
π

h

π− cos−1(
µ

2
+ 1)

i

. (4.88)

The bipartite entanglement negativity of a square subregion is computed in Fig. 4.11. As men-

tioned, the zero-temperature negativity is the same as 1/2-Rényi entropy and we confirm in

Fig. 4.11(a) that it obeys Eq. (4.84) over a wide range of chemical potential. The agreement be-

tween the numerically computed negativity at finite temperature and analytical results in the

continuum limit (4.86) is shown in Fig. 4.11(b).

4.4 Summary and future directions

In this chapter, we study the entanglement negativity of free fermions with a Fermi surface of

codimension one. We observe that there are two temperature regimes which are defined by the

ratio Lβ/L of the length scale associated with the thermal fluctuations Lβ = ~vF /kBT to the sys-

tem size L. We find that the leading order term in the negativity (irrespective of dimensionality)

consists of two kinds of contributions: a logarithmic term and a linear term (volume law) in sys-

tem size. The logarithmic term is simplified to the usual logarithmic violation of area law at zero

(and low) temperature, while it becomes a volume law at high temperatures (when Lβ� L). It

is interesting that these two contributions cancel each other at high temperatures which means

that the entanglement negativity asymptotically vanishes. This coincides with the fact that al-

though finite temperature states of quantum systems are highly correlated, these correlations are

mostly due to thermal fluctuations and do not include any amount of quantum entanglement. In

other words, the decaying behavior of the negativity indicates its very characteristic as a measure

of quantum entanglement. Moreover, this property of the negativity is in stark contrast with

the entanglement entropies such the von Neumann and Rényi entropies where there is only the

logarithmic contribution which eventually turns into a volume law at high temperatures.
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The above observation suggests that the entanglement negativity could shed light on the

quantum-to-classical crossover [207] as the temperature is increased. The cross-over tempera-

ture can then be studied in various phases of a given phase diagram away from the critical point.

For example, one direction could be to investigate the finite-temperature states of Hamiltonians

which have symmetry protected topological phases or topological order as their ground states.

The question is to what extent the entanglement properties of such phases survive at tempera-

tures away from zero. Along the same line, it would also be interesting to use the current frame-

work and study massive quantum field theories [26] at finite temperatures. Out-of-equilibrium

dynamics [53, 68, 99, 229] of fermions is another interesting avenue for research.

Throughout all numerical simulations of fermionic systems in this work, we have not experi-

enced any sudden death in the entanglement negativity. This is consistent with Conjecture 3.1 re-

garding the absence of sudden death in a fermionic lattice with hopping terms where the fermion-

number parity remains mixed, i.e., the necessary condition is always satisfied.
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Chapter 5

Many-body topological invariants

“Make Physics as simple as possible, but no simpler."

— Albert Einstein

IN this chapter, by making use of the fermionic partial transpose introduced in Chapter 2, we

construct nonlocal order parameters which detect fermionic SPT phases of various kinds.

Our strategy for the construction of many-body topological invariants is to find a way – within

the operator formalism – to simulate the Euclidean path-integral on generating manifolds of the

cobordism groups. The phases of the partition functions are the desired topological invariants.

We are interested in the topological phases protected by various symmetry groups, such as time-

reversal, charge conjugation, or space-group symmetry. The gapped phases of matter refer to the

many-body ground state of gapped quantum systems.

The basic principle is that low-energy long-wavelength physics of the gapped phases is gov-

erned by TQFTs of some sort. In general, we consider a topological phase protected or enriched

by a set of global symmetries, which form a symmetry group eG. It is convenient to decompose

the symmetry group eG into two parts: The first part consists of unitary on-site (or “internal”)

Part of the material presented in this chapter was previously published in: H. Shapourian, K. Shiozaki, S. Ryu,
Phys. Rev. Lett. 95, 165101 (2017), Phys. Rev. B 95, 205139 (2017), and K. Shiozaki, H. Shapourian, K. Gomi S.
Ryu, Phys. Rev. B 98, 035151(2018). Some text has been modified. Copyright by the American Physical Society
(APS); reuse permitted according to APS copyright policies.

85

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.95.165101
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.95.205139
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.98.035151


symmetries (call it G), and the second part contains symmetry transformations which reverse the

orientation of spacetime manifolds, such as TRS and inversion. If the underlying system includes

fermions, it is convenient to include the fermion number parity to the latter part.

In order to probe the topological properties of the ground state of a gapped system, a typical

approach is to couple the system to a external gauge field associated with the on-site symmetry G.

Let us denote a generic topological matter field byφi . Formally, the matter field can be integrated

out leading to the partition function,

Z(X ,η,A) =
∫

∏

i

Dφi e
−SX ({φi },η,A) (5.1)

where X is a closed (d + 1)-dimensional spacetime manifold, {φi} includes all matter fields, A is

the background G gauge field which couples to the matter fields via a minimal coupling scheme.

For relativistic fermions, the spacetime manifold X is called the spin manifold. In this case,

X must be accompanied by extra information such as an orientation and boundary conditions

along cycles of X . This information is collectively denoted by η and called the “structure” of the

manifold. In short, the partition function of a given gapped (topological) phase depends on the

input data (X ,η,A).

For a gapped phase, when the correlation length of the system is much shorter than the system

size, we expect that the partition function do not depend strongly on the local details of the

spacetime manifold X , and the background gauge field A. In particular, for gapped topological

phases, we expect that Z(X ,η,A) includes a topological term, which is independent of local data

(e.g., metric),

Z(X ,η,A)∼ exp[i St o p(X ,η,A)+ · · · ]. (5.2)
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Here, we observe that the topological part appears, in the Euclidean signature, as a phase of

the partition function Z(X ,η,A). 2 The pure imaginary part of the partition function defines a

TQFT. For our purpose of distinguishing different gapped (topological) phases, the topological

phase part e i St o p can be used as a (many-body) topological invariant or non-local order parameter

of SPT phases.

Let us mention a few examples of the topological phase factor (5.2) of the Euclidean path

integral.

– In integer quantum Hall phases, the path integral of electron degrees of freedom in the

presence of a background U (1) gauge field A gives rise to the Chern-Simons term, St o p(X ,A) =
k

4π

∫

X
AdA where k = integer is the quantized Hall conductance in unit of e2/h.

– Another simple example is provided by (1+1)d TSCs (e.g., the non-trivial phase of the Ki-

taev chain [124]); Putting the Kitaev chain on the spatial circle, the imaginary time path-integral

over gapped BdG fermionic quasiparticles gives rise to Z(T 2,η) where X = T 2 is the spacetime

torus, and η specifies four possible boundary conditions (i.e., periodic/antiperiodic boundary

conditions in space and temporal directions) for BdG fermions. If BdG quasiparticles are consid-

ered as relativistic fermions, to give a specific boundary condition η is equivalent to give a spin

structure of the spacetime torus. The topological term in this case is given by the Arf invariant

of a spin structure η. [196]

– For (1+ 1)d bosonic SPT phases protected by TRS such as the Haldane spin chain, the

phase of the path integral on the real projective plane RP 2 is either 0 or π, and hence serves as a

Z2-valued topological invariant. [164, 193]

– In Ref. [190], the discretized imaginary time path integral, in the presence of a cross-cap,

was evaluated for (1+1)d TSCs in symmetry class BDI. The spacetime is effectivelyRP 2. It was

shown that the phase of the partition function yields correctly the Z8 SPT topological invariant

for (1+ 1)d class BDI TSCs. [76, 118]

2 In the Euclidean signature, the real (and positive) part of the effective action − lnZ(X ,η,A) is the Boltzmann
weight, and hence related to energetics. As energetics is usually local, global and topological properties of the field
configurations should not enter into the real part of the effective action.
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In the above discussion, it is of crucial importance to choose proper input data or “back-

ground”, (X ,η,A). Namely, (X ,η,A)must be a suitable manifold such that the topological term

St o p(X ,η,A) of the partition function, when evaluated for (X ,η,A), is non-zero. In addition, it

is desirable to find backgrounds (X ,η,A) for which the topological phase factor e i St o p (X ,η,A) takes

the “smallest possible” or “most fundamental” value; for example, for SPT phases for which we

haveZN classification (N is an integer), we naturally expect the topological invariant e i St o p (X ,η,A) to

take N possible values (i.e., e i St o p (X ,η,A) should be an N -th root of unity). Were the input (X ,η,A)

not chosen properly, while e i St o p (X ,η,A) could be non-zero, it would take only a subset of possible

values and hence would not distinguish all possible phases in the ZN classification.

For SPT phases of our interest here the ground state is unique on any space manifold. This

implies that we are dealing with TQFTs of special kind, the so-called invertible TQFTs. A re-

markable fact [80, 117] is that the classification of invertible TQFTs with a background field

falls under the cobordism classification of manifolds. Hence, we can use this fact to classify

SPT phases. The cobordism theory [84, 199] provides a classification of manifolds in the pres-

ence of a background field A, which is introduced by gauging the onsite symmetry G, under the

equivalence relation known as the cobordant. Two d -dimensional manifolds (Xi ,ηi ,Ai ) (i = 1,2)

with the structure ηi and background field Ai are said to be cobordant iff there exists a (d + 1)-

dimensional manifold (X̃ , η̃, Ã) with the structure η̃ and the background field Ã on X̃ so that its

boundary ∂ X̃ agrees with X1t(−X2) as well as the structure η̃|∂ X̃ and the background field Ã|∂ X̃ .

The abelian group structure is introduced by the disconnected sum [X1,η1,A1] + [X2,η2,A2] =

[(X1,η1,A1)t(X2,η2,A2)], which results in the cobordism groupΩstr
d (BG), the equivariant cobor-

dism group over the classifying space of G for a given type of structures. We illustrate the geomet-

ric significance of the cobordism through an example in Fig. 5.1, which shows the equivalence

relation between a single circle and a pair of disjoint circles. This relation can then be used to

define the equivalence classes.
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Figure 5.1: A cobordism in (0+1)-dimensions between a single circle (left) and a pair of disjoint
circles (right).

The partition function Z of an invertible TQFT can be considered as a homomorphism

Ωstr
d (BG) → U (1), (X ,η,A) 7→ Z(X ,η,A). 3 Cobordism invariant partition functions are thus

labeled by elements in Hom(Ωstr
d (BG), U (1)). The free part of the coboridims group leads to

the theta term e iθn, n ∈ Z, parametrized by θ ∈ R/2πZ. On the other hand, the torsion part

TorΩstr
d (BG) classifies TQFT and in turn SPT phases.

In order to construct the order parameter of SPT phases, generating manifolds, that are gen-

erators of the cobordism groups, are of particular importance. The partition function, when

evaluated for the generator of the cobordism group, gives rise to the most fundamental phase

factor. Hence, the partition function on the generating manifolds serves as the order parameter

of SPT phases.

In the cobordism theory, η represents spin or pin structures (and proper generalizations

thereof). Invertible TQFTs which are expected to give an effective description of fermionic SPT

phases depend on spin, pin, etc. structures (i.e., we are considering spin TQFTs, etc.). The precise

definition of pin structures is explained in Sec. 5.1.

It should be noted that, in defining these structures in relativistic contexts, fermion fields are

assumed to be transformed as a spinor under SO(d +1) or O(d +1) (in the Euclidean signature).

In contrast, in condensed matter physics, there is no a priori Poincaré (relativistic) invariance, and

hence fermions in condensed matter systems are not always sensitive to spin structures. There-

3In typical situations when we want to compute SPT topological invariants, there are gapped excitations that
contribute to the amplitude of the partition function. The cobordism invariant appears in the complex U (1) phase
Z(X ,η,A)/|Z(X ,η,A)| of the partition function Z(X ,η,A).
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fore, it is not obvious if the classification of SPT phases by the cobordism group works for con-

densed matter systems. Nevertheless, as we discuss in Sec. 5.1, there exist analogs of “structures”

even in non-relativistic contexts. They are symmetry twists, i.e., twisting boundary conditions

by using the symmetry of the problem. For example, for fermionic SPT phases (without any

symmetry other than fermion number parity conservation), it is known that twisting boundary

conditions by fermion number parity symmetry is a useful diagnostic tool. Such twisting in the

path integral picture gives rise to periodic or antiperiodic boundary conditions of fermions fields.

Non-trivial SPT phases may “respond” to such twist in a non-trivial way and may be characterized

such a response. The twisting by fermion number parity is precisely a non-relativistic analogue

of spin structures, and coincides with spin structures if we consider relativistic fermions.

Put differently, while fermions in condensed matter systems are not relativistic and not always

sensitive to spin (and pin) structures, when some sort of topological media (topological phases) are

realized, effective relativistic fermions can emerge, which do depend on spin structures. In short,

spin may emerge from short-range entanglement in quantum ground states. Now, the emergent

spin is described by different relativistic structures (spin, pin, and their variants) [80, 240], cor-

responding to different definitions of TRS in the AZ symmetry classes. This correspondence is

summarized in Table 5.3, and will be discussed in detail in Sec. 5.1.

Instead of the spacetime path integral, one can also adopt the canonical operator formalism

which is the focus of this chapter. In the canonical formalism, the partition functions, and hence

the topological invariants can be expressed in terms of (a set of) ground state wave functions

or reduced density matrices constructed thereof and symmetry operators. Summarizing, our

guiding principle is

(?) Simulating the path-integral (the partition function) on the generating spacetime manifold

of the cobordism group with the use of the ground state wave function and symmetry

transformations in question.

For example, the many-body Chern number [12, 152] for the quantum Hall effect in two

spatial dimensions is the prototype of the many-body topological invariant written in terms of
90



ground state wave functions. The electric polarization operator (Resta’s z) [122, 172] is also

known as a many-body characterization of short-range entangled phases in the presence of the

electromagnetic U (1) symmetry. More generically, the characterization of SPT phases in terms

of their ground state wave functions has been discussed both for bosons [91, 105, 108, 164, 193,

228, 246] and fermions. [190, 196, 228]For instance, Refs. [190, 196] use this strategy to construct

many-body topological invariants for various fermionic SPT phases.

To detect non-trivial SPT phases protected by TRS, it is necessary to consider the Euclidean

path integral (5.1) on various non-orientable spacetime. It was noted previously that, in the op-

erator formalism, non-orientable spacetimes can be effectively realized by using partial transpose.

For example, for (1 + 1)d bosonic SPT phases protected by TRS such as the Haldane chain,

the generating manifold of the relevant cobordism group is the real projective plane RP 2. It

was shown that the corresponding many-body topological invariant is given by using the partial

transpose of the density matrix. [164, 193]

For fermionic systems, the notion of partial transpose must be properly introduced, i.e., the

definition of partial transpose for fermionic systems does not simply follow from the definition of

partial transpose for bosonic systems – as we discuss in previous chapters, because of the fermion

sign, the fermionic Fock space does not simply factorize locally, and hence there is an extra com-

plication in defining the notion of partial transpose.

As mentioned, the main goal of this chapter is to construct many-body topological invariants

for fermionic SPT phases protected by TRS or other antiunitary symmetries. See Table 5.1 and

5.2 for a summary of the many-body topological invariants. There are two main technical steps

for our goal which are discussed in Sec. 5.1 and in Sec. 5.2, respectively: First, in Sec. 5.1, we give

detailed descriptions of the variants of pin structures. We discuss their origin in systems with a

given TRS in the AZ classes, which are not necessarily relativistic at microscopic scales, following

Ref. [80]. Those readers who are interested in the explicit formulas for many-body topological

invariants can safely skip this section. Second, in Sec. 5.2, we use the fermionic partial trans-

pose and antiunitary transformations, associated with orientation-reversing symmetries in the
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AZ symmetry classes to construct many-body topological invariants in the operator formalism.

After these technical preliminaries, we will present our formula for many-body topological in-

variants for various SPT phases in one, two, and three dimensions.

Table 5.1: List of many-body topological invariants for one-dimensional fermionic topological
phases. The first column specifies the AZ symmetry class. The second column shows the cobor-
disms of pin structures. [80] The bold Z2 represents topological phases which appear only in the
presence of interaction. KB and RP 2 represent the Klein bottle and the real projective plane,
respectively.

AZ
class

Cobordism Generating spacetime
manifold

Topological invariant

BDI Ω
Pin−
2 =Z8 RP 2 Tr

h

ρI C I1
T ρ

T1
I [C

I1
T ]

†
i

Adjacent partial transpose.

DIII Ω
Pin+
2 =Z2 KB , (R, R) sector Tr

h

ρI1∪I3

�

(−1)F2
�

C I1
T ρ

T1
I1∪I3

�

(−1)F2
�

[C I1
T ]

†
i

Disjoint partial transpose with intermediate
fermion parity twist.

AIII ΩPinc

2 =Z4 RP 2, the flux threading RP 2

is quantized to ±i
Tr
h

ρI U I1
S ρ

T1

I [U
I1

S ]
†
i

Adjacent partial transpose.

AI Ω
Pinc̃

−
2 =Z×Z2 RP 2 for Z2 and a 2-manifold

with a unit magnetic flux for
Z

Tr
h

ρI C I1
T ρ

T1

I [C
I1
T ]

†
i

for Z2

Adjacent partial transpose. Z2 phase is an interac-
tion enabled SPT phase which is equivalent to the
Haldane phase.

AII Ω
Pinc̃

+
2 =Z RP 2 with a half magnetic

flux
∫

RP 2 F =π
Tr
h

ρI
∏

x∈I1
e
πi x n̂(x)

2|I1 | C I1
T ρ

T1
I [C

I1
T ]

†∏
x∈I1

e
−πi x n̂(x)

2|I1 |

i

Adjacent partial transpose with the twist operator.

5.1 Variants of pin structures and their origins in non-

relativistic systems

In this section, we will discuss various kinds of TRS in the AZ symmetry classes, and the cor-

responding variants of pin structures in relativistic fermion theories. These structures are im-

92



Table 5.2: List of many-body topological invariants for fermionic topological phases in higher
dimensions. The first column specifies a AZ symmetry class. The second column shows the
cobordisms of pin structures. [80] The bold Z2 represent topological phases which appear only
in the presence of interaction. KB and RP 2 represent the Klein bottle and the real projective
plane, respectively.

AZ
class

dim. Cobordism Generating spacetime
manifold

Topological invariant

DIII 2 Ω
Pin+
3 =Z2 KB(x, y) ×S1(z) with pe-

riodic boundary conditions
in spatial directions

Tr
h

ρR1∪R3

�

(−1)F2
�

C R1
T [ρR1∪R3

�

(−1)F2
�

]T1[C R1
T ]

†
i

Disjoint partial transpose with intermediate
fermion parity twist.

AII 2 Ω
Pinc̃

+
3 =Z2 KB[(x, y)∼ (1−x, y+1)]×

S1(z) with a unit magnetic
flux

∫

Fz x = 2π

TrR1∪R3

h

ρ+R1∪R3
C R1

T [ρ
−
R1∪R3

]T1[C R1
T ]

†
i

,

ρ±R1∪R3
=TrR1∪R3

h

∏

(x,y)∈R2

e
± 2πi y

Ly
n̂(x,y) |GS〉 〈GS |

i

Disjoint partial transpose along the x-direction with
intermediate U (1) twist which varies in the y-
direction as e2πi y/Ly .

D+ I 3 ΩPin+
4 =Z16 RP 4 〈GS | ID |GS〉

Partial inversion.

A + I 3 ΩPinc

4 =Z8×Z2 RP 4 for subgroup Z8 〈GS | ID |GS〉
Partial inversion. U (1) phase associated with I is
chosen so that I 2 = (−1)F .

portant input for the cobordism classification of fermionic TQFTs (spin or pin TQFTs), which

provides the classification of cobordism invariant partition functions obtained by the Euclidean

path integral of fermionic quantum field theories. This section may be skipped, if the reader is

interested mostly in the explicit formulae of many-body topological invariants of fermionic SPT

phases, which can be found in the later sections.

In Sec. 5.1.1, we start by discussing TRS in the Euclidean path integral for generic systems

without assuming relativistic invariance. Within the Euclidean path integral, TRS can then be

used to twist boundary conditions, leading to non-orientable spacetime such as the real projective

plane, Klein bottle, etc. (Sec. 5.1.1.) As discussed in the beginning of this chapter, the path

integral on these spacetime manifolds can serve as topological invariants of fermionic SPT phases.

Although this can be done without assuming relativistic invariance, it is worth understanding

this process in relativistic quantum field theories. In the relativistic context, in order to consider

93



fermionic theories on non-orientable spacetime, we can start from local definitions of fermionic

spinors (on each coordinate patch). They can be then glued together to give the global definitions

of fermionic spinors on non-orientable spacetime. As we will see, in this construction, TRS

constitutes a part of this gluing operation. This consideration allows us to establish a connection

between (twisting or gluing by) TRS in the AZ symmetry classes and (variants of) pin structures

in relativistic quantum field theory.

5.1.1 Time-reversal symmetry in Euclidean path integral

In this part, we consider how TRS can be implemented in the Euclidean path integral. This

should be contrasted with TRS in the operator formalism, where TRS is given by an anti-linear

and anti-unitary operator acting on the Hilbert space. The path-integral formulation is partic-

ularly useful when discussing twisting boundary conditions by TRS to generate non-orientable

spacetimes. Here, we will take both real and complex fermion fields as examples.

Let {ψ̂†
j , ψ̂ j } be a set of fermionic creation and annihilation operators. Here, the index j

labels collectively all degrees of freedom including the spatial coordinates, and internal degrees

of freedom. Suppose that anti-unitary time-reversal T̂ acts on these operators as

T̂ ψ̂†
j T̂
−1 = ψ̂†

k[UT ]k j , T̂ i T̂ −1 =−i . (5.3)

The Hermite conjugate of (5.3) leads to the transformation rule for the fermion annihilation

operators, ψ̂ j . Here,UT is a unitary matrix and satisfies

UTU
∗

T =±1. (5.4)

The ± signs correspond to time-reversal which squares to +1, T̂ 2 = 1 (non-Kramers), and to the

fermion number parity (−1)F , T̂ 2 = (−1)F (Kramers), respectively.
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Let us now consider a free fermionic Hamiltonian Ĥ =
∑

j k ψ̂
†
j h j kψ̂k . By the standard coher-

ent state path-integral, the partition function Z can be expressed as the Euclidean path integral,

Z =
∫

Dψ̄Dψe−S = Det(∂τδ j k + h j k), (5.5)

S =
∫

dτψ̄ j (τ)
�

∂τδ j k + h j k

�

ψk(τ), (5.6)

where ψ̄ j (τ) and ψk(τ) are independent Grassmann variables. Requiring TRS, T̂ Ĥ T̂ −1 = Ĥ ,

which is equivalent to UT h∗U †
T = h, implies that the action S is invariant under the following

renaming of path-integral variables,

TE : ψ j (τ) 7→ iψ̄k(−τ)[UT ]k j ,

ψ̄ j (τ) 7→ i[U †
T ] j kψk(−τ), (5.7)

which looks like a composition of reflection in the imaginary time direction and a particle-hole

transformation. It is evident that time-reversal in the operator formalism is translated into reflec-

tion along the imaginary time direction in the Euclidean path integral. 4 It should be noted that,

in contrast to the operator formalism, both the first and second equations in (5.7) are needed to

define the Euclidean TRS since the Grassmann fields ψ j and ψ̄ j are independent.

Another important point to note is that, when TRS is translated into the particle-hole reflec-

tion symmetry in the Euclidean path integral, (5.7), the additional pure imaginary phase factor

±i must be introduced. This is to compensate the minus sign arising from the anti-commutation

of Grassmann variables. We have seen in Chapter 2 that a similar phase factor arises when we

introduce the fermionic partial transpose. We also note that the square of the Euclidean TRS TE

is T 2
E = 1 for T̂ 2 = (−1)F and T 2

E =−1 for T̂ 2 = 1.

4 Here, we consider the quadratic Hamiltonian for simplicity. However, including interactions in the Hamilto-
nian gives rise to no extra difficulties, and leads to the same result, (5.7).
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Twisting boundary condition by TRS

Unitary on-site symmetries in quantum many-body systems (described by quantum field theo-

ries) can be used to twist boundary conditions, or to introduce symmetry-twist defects, by in-

troducing a branch cut (or branch sheet). In the presence of a symmetry-twist defect, quantum

fields, when adiabatically transported across a branch cut (sheet), will be acted upon by the sym-

metry operator. Twisted boundary conditions and symmetry-twist defects have been proven to

be useful diagnostic tools to detect properties of the systems. In particular, different SPT phases

protected by symmetries respond differently to the twisted background, and hence can be distin-

guished and characterized this way.

Twisting boundary conditions is most commonly done in particle number conserving sys-

tems, where boundary conditions can be twisted by adding a U (1) phase. For example, in the

context of the quantum Hall effect, from the response of the system to the twisted boundary con-

dition, one can extract the quantized Hall conductance. One can also introduce a symmetry-twist

defect in this context, a small flux tube carrying unit flux quantum, which accumulates/depletes

charge. The quantized response to the flux tube can be used as a characterization of the quantum

Hall system.

For fermionic systems without particle number conservation, e.g., those described by the

BdG Hamiltonians, boundary conditions can still be twisted by using fermion number parity

– by adding ± signs corresponding to periodic/anti-periodic boundary conditions. Twisting by

fermion number parity can be used, for example, to detect the non-trivial topological supercon-

ductor phase of the Kitaev chain.

An orientation reversing symmetry, such as TRS or spatial reflection, can be used to twist

boundary conditions as well. This procedure effectively leads to spacetime manifolds which

are not orientable in general. Different SPT phases protected by an orientation reversing sym-

metry can then be distinguished and characterized by their responses to non-orientable geom-

etry/topology of spacetime manifold. For example, the Z8 SPT invariant of (1+1)d TSCs in
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symmetry class BDI can be detected by the discretized imaginary time path-integral in the pres-

ence of a cross-cap (the relevant spacetime is RP 2).

Spin and pin structures, and their variants

Spin and pin structures The above construction of the path-integral on non-orientable space-

time manifolds through twisting boundary conditions by an orientation reversing symmetry can

be applied to systems without relativistic invariance. On the other hand, in the presence of rel-

ativistic invariance, the construction of fermionic, relativistic quantum field theories on generic

(both orientable and non-orientable) spacetime can be done once we specify how we glue local

definitions of fermionic spinors. The data needed to specify the gluing rule consists of structures,

such as spin or pin structures. We will now see that TRS constitutes a part of this gluing oper-

ation, and hence a specific choice of TRS corresponds to a specific type of pin structures (and

variants thereof).

To be specific, let us start by recalling the standard construction of (non-orientable) spacetime

manifolds, and quantum fields on them. We first focus on real fermion fields, i.e., systems without

particle-number conservation, and discuss spin and pin± structures. We start from a collection

of “patches”, {Ui}. These patches are glued together to give a global definition of a Riemannian

manifold X . (Here, we adopt the Euclidean signature.) When two patches intersect, there is a

transition function relating two patches. The transition functions take their values in SO(d +1)

for an oriented, (d + 1)-dimensional Riemannian manifold. Here, SO(d + 1) is the structure

group acting on the frame fields (vielbein) on the tangent spaces. Similarly, global definition of

a quantum field on the manifold can be made by first considering quantum fields on individual

patches and then gluing them together. For a relativistic fermion field on X , SO(d + 1) is lifted

to its double cover, Spin(d + 1), which is generated by Σab = [γ
a,γ b ]/4i where γ a=1,...,d+1 are

gamma matrices. The choice of signs that arises in this lifting defines a spin structure.

Similarly, for an non-orientable, (d +1)-dimensional Riemannian manifold X , the transition

functions are members of O(d + 1), i.e., the structure group is O(d + 1). To define relativistic
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fermion fields on X , O(d + 1) should be lifted to its double cover, Pin+(d + 1) or Pin−(d + 1).

Here, these are two different double covers of O(d+1). Once again, sign ambiguities that arise in

the lifting define the pin structures. In addition to continuous spinor rotations generated byΣab ,

Pin±(d+1) has an element which reverses the orientation, and squares to±1. To be more specific,

Pin±(n) groups are defined as follows. Let Cliff±n be the algebra over R generated by e1, . . . , en

subject to the relations ei e j + e j ei = ±2δi j . Introduce the “mode space” M := {
∑

i xi ei |xi ∈ R}

with an inner product (x, y) = 1
2 (xy + y x), x, y ∈M . The Pin±(n) group is defined by

Pin±(n) := {v1 · · ·vr |vi ∈M , (vi , vi ) =±1}. (5.8)

Summarizing, relativistic fermion fields can be defined globally on an non-orientable man-

ifold, by patching and gluing local definitions by Pin±(d + 1). The gluing by the orientation-

reversing element in Pin±(d + 1) is an analogue of twisting by orientation-reversing symmetry

which we discussed without assuming relativistic invariance. As mentioned, an orientation re-

versing symmetry in the Euclidean signature which squares to ±1 corresponds to TRS which

squares to (−1)F and+1, respectively, in the operator formalism. That is to say, symmetry classes

DIII and BDI correspond to Pin+(d + 1) and Pin−(d + 1) respectively in the relativistic context.

It once again should be stressed that in the above definitions, fermion fields are assumed to

transform as a spinor under SO(d + 1) or O(d + 1). The main difference between condensed

matter systems and relativistic systems is the absence of a priori rotation symmetry in condensed

matter systems. Put differently, fermion fields in condensed matter systems do not know the

transformation rule under O(d + 1) rotations because of the lack of rotation symmetry. 5 It is

thus not obvious that the classification of SPT phases by the cobordism group still works for con-

densed matter systems. Nevertheless, when some sort of topological media (topological phases)

are realized, effective relativistic fermions can emerge, which are sensitive to spin and pin struc-

tures. In short, spin may emerge from short-range entanglement in quantum ground states.

5In lattice systems, the degrees of freedom obey a representation of space group under consideration.
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Symmetry AZ class Relativistic pin structure
(−1)F D Spin
(−1)F , T̂ , T̂ 2 = 1 BDI Pin−
(−1)F , T̂ , T̂ 2 = (−1)F DIII Pin+
U (1) A Spinc

U (1)o T̂ , T̂ 2 = 1 AI Pinc̃
−

U (1)o T̂ , T̂ 2 = (−1)F AII Pinc̃
+

U (1)× Ĉ T̂ AIII Pinc

Table 5.3: Orientation reversing symmetries in the Altland-Zirnbauer (AZ) classification [6]
and corresponding relativistic spin and pin structures in fermionic systems. Here, (−1)F is the
fermion number parity, T̂ is antiunitary time-reversal, and Ĉ is unitary particle-hole symmetry.
The semidirect product U (1)oT̂ means that the U (1) charge e iQ is flipped under T̂ as T̂ e iQ T̂ −1 =
e−iQ .

Variants of spin/pin structures and AZ symmetry classes The above correspondence be-

tween orientation reversing symmetries and pin structures can be extended to other T and C T

symmetries in AZ symmetry classes: There is a one-to-one correspondence between AZ symme-

try classes and types of spin and pin structures in Euclidean relativistic quantum field theories,

as summarized in Table 5.3.

Let us give a brief overview of Table 5.3. More details can be found in Appendix D of

Ref. [195]. First, for the symmetry class in which only fermion number parity is conserved,

i.e., class D, the corresponding structures are spin structures. Next, if, in addition to fermion

number parity conservation, there is TRS, the corresponding AZ class is either class DIII or

BDI, depending on if T 2 = (−1)F or T 2 = 1, respectively. For these classes, we associate pin+ or

pin− structures. These structures are associated to Pin+ or Pin− groups, respectively.

We now add the electric charge U (1) conservation, and consider symmetry classes A, AIII,

AI, and AII. First, for symmetry class A, we consider spinc structures. This means that fermions

on manifolds endowed with a spinc structure, in which states obey the so-called spin-charge re-

lation. [185] Next, let us consider symmetry class AIII. Symmetry class AIII respects C T (the

combination of TRS and unitary PHS). The corresponding structures are called pinc structures.

Finally, symmetry classes AII and AI respect, in addition to the U (1) charge conservation, TRS
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which squares to (−1)F and 1, respectively. The corresponding structures are called pinc̃
± struc-

tures. pinc̃
± structures are variants of ordinary pin± structures, which were introduced by Refs.

[80, 145], and will be discussed in detail shortly. To be precise, the pinc and pinc̃
± structures are

associated with the patch transformations of fermionic fields which are elements of Pinc (n) and

Pinc̃
±(n) group, respectively.

In addition to these symmetry classes and their corresponding structures, there remain sym-

metry classes (C, CI and CII) and structures (G0,±). G0,G+, and G− structures are SU (2) analogs

of spinc and pinc structures, where U (1) is replaced by the internal SU (2) symmetry.

5.2 Non-orientable spacetime path-integral in the operator

formalism

In this section, we first give an overview of the use of the fermionic partial time-reversal and anti-

unitary transformations to construct non-local order parameters within the operator formalism

that correspond to the partition functions on non-orientable spacetime manifolds. In the sub-

sequent section, we present the many-body topological invariants which are also summarized

in Table 5.1. For each case, we demonstrate that our formula detects non-trivial SPT phases, by

using analytical calculations for fixed point wave functions and numerics for free fermion models.

In the case of SPT phases protected by an orientation-reversing spatial symmetry (e.g., reflec-

tion and inversion) [190, 191], a way to implement the path-integral on non-orientable spacetimes

in the operator formalism, based on which we propose formulas for many-body topological in-

variants, is by applying partial symmetry operation (e.g., partial reflection and inversion) which

acts only on a subregion of the total space and can be used to simulate the non-orientable space-

time path integral, e.g., path-integrals onRP 2 (see Fig. 5.2) andRP 4. Naively pursing the analogy

with this approach that works for orientation-reversing spatial symmetries, one would then be

tempted to consider a partial time-reversal or C T transformation to construct topological in-

variants for SPT phases protected by these symmetries. However, due to the anti-unitary nature
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Figure 5.2: (a) Introducing a cross-cap, i.e., generator of RP 2 , in the spacetime. (b) Partial
reflection and (c) partial time inversion. First and second columns show the original connectivity
after cutting and the twisted bonding after gluing, respectively.

of T and C T transformations, simply restricting these transformations to a given spatial region

would not work. One may ask: What is the meaning of restricting complex conjugation to a

given region?

In this section, we show how partial transpose introduced in Chapter 2, can be properly used

to generate the necessary non-orientable spacetime path integral. We also discuss how topological

invariants can be expressed in terms of the fermion coherent states. For the case of non-interacting

fermionic systems, topological invariants can be expressed as a fermionic Gaussian integral, and

can be computed efficiently [190, 191].

Why partial transpose?

Let us begin with the following question: what is a physical observable associated with time-

reversal T ? Since T is anti-unitary, for a pure quantum state |ψ〉, a naive expectation value

〈ψ|T |ψ〉 is not a physical observable as it depends on an unphysical U (1) phase ambiguity of

the state |ψ〉. Instead, we find that the amplitude | 〈ψ|T |ψ〉 | is physical. We note that amplitude
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[a]

[b]

= =

Klein bottle

Figure 5.3: The topological equivalence of the spacetime manifolds associated with the partial
transpose on [a] two adjacent intervals and [b] two disjoint intervals to the real projective plane
and the Klein bottle, respectively. The red curve represents the holonomy from the temporal
boundary condition on the intermediate region of the disjoint two intervals (See Fig. 5.5).

square can be written as

| 〈ψ|T |ψ〉 |2 =Tr
h

ρUTρ
∗U †

T

i

=Tr
h

ρUTρ
T U †

T

i

, (5.9)

where UT is the unitary matrix defined by [UT ] j k = 〈 j |T |k〉, ρ = |ψ〉 〈ψ|, ρ∗ is the complex

conjugate of ρ, and ρT is the matrix transpose
�

|i〉 〈 j |
�T = | j 〉 〈i | in the many body Hilbert space.

Here, we have used the hermiticityρ† = ρ of the density matrix. The quantity | 〈ψ|T |ψ〉 | is useful

for determining whether time-reversal symmetry is spontaneously broken. However, it does not

help us to differentiate topological phases protected by TRS, since | 〈ψ|T |ψ〉 | is identically one

for time-reversal symmetric states, i.e., T |ψ〉 ∼ |ψ〉.

For the purpose of differentiating and detecting SPT phases protected by TRS, it is necessary

to consider the expectation value involving partial transpose or partial time-reversal transforma-

tion of the reduced density matrix [164], which, when interpreted in the path-integral picture,

corresponds to the path-integral on non-orientable spacetime. [193]
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Let us discuss how this can be done first for bosonic SPT phases defined on a one-dimensional

space or one-dimensional lattice It ot . We consider a given region (segment) in It ot , call it I , and

consider the reduced density matrix ρI , which is obtained by integrating all degrees of freedom

outside of I , ρI = TrĪ |GS〉〈GS | where |GS〉 is the ground state on It ot . We now consider bipar-

titioning I , I = I1 ∪ I2. Here, I1 and I2 can be two adjacent or disjoint intervals within It ot . The

many body Hilbert space is the tensor product of sub Hilbert spaces on I1 and I2,HI =HI1
⊗HI2

.

By considering the partial transpose of the reduced density matrix followed by the unitary trans-

formation only on the subsystem I1, we define the quantity

Z =TrI

h

ρI U I1
T ρ

T1
I [U

I1
T ]

†
i

, (5.10)

where ρT1
I is the partial transpose defined in Chapter 2. and U I1

T is the unitary matrix associated

with TRS T on the subsystem I1.

The quantity (5.10) can be viewed as the partition function on a non-orientable spacetime. In

the case of adjacent intervals, the corresponding manifold is RP 2 (Fig. 5.3 [a]), and in the case of

disjointed intervals, the corresponding manifold is the Klein bottle [35, 190, 193] (Fig. 5.3 [b]).

Hence, the phase of the quantity (5.10) can serve as a topological invariant for (1+ 1)d bosonic

SPT phases protected by TRS.

In the above discussion, we have considered bosonic cases while our focus in this dissertation

is fermions. We should note that the partial transposition introduced in Eq. (2.23), which is

simply swapping indices of the first interval, is strictly defined for bosons. In order to define a

consistent definition for fermions, one needs to take into account the anti-commuting property

of fermion operators, as discussed in Chapter 2.

As we show, by using the fermionic partial transpose and related operations developed there,

we can construct many-body topological invariants for fermionic SPT phases. In the next two

subsubsections, we introduce a fermionic counterpart of (5.10) both for adjacent and disjoint in-

tervals. When considering the Klein bottle, we can insert aπ-flux through a non-trivial cycle (red

103



loops in Fig. 5.3) which leads to two possible boundary conditions: the periodic boundary con-

dition (the “Ramond” sector) and the anti-periodic boundary condition (the “Neveu-Schwarz”

sector). As we see in the following, these two boundary conditions can be realized in our cal-

culations by applying the fermion number parity twist operator on the intermediate interval

separating the two disjoint intervals.

Two adjacent intervals: cross-cap

Let us consider two states |ψ1,2〉 ∈HS1 in the Hilbert space defined on the space manifold S1, and

ρ= |ψ1〉 〈ψ2|. When |ψ1〉= |ψ2〉, ρ is a pure state density matrix. Let us introduce two adjacent

intervals I1,2, and trace out the degrees of freedom outside I = I1 ∪ I2 ⊂ S1 to obtain a reduced

density matrix. The reduced density matrix can be interpreted as a path-integral on a cylinder

with a slit as

ρI =TrS1\I
�

|ψ1〉 〈ψ2|
�

= . (5.11)

We now consider the fermionic partial transpose ofρI with respect to the subregion I1. Explicitly,

it is given, in the coherent state representation, as

C I1
T ρ

T1
I [C

I1
T ]

† =
∫

∏

j∈I

d ξ̄ j dξ j d χ̄ j dχ j e
−
∑

j∈I (ξ̄ j ξ j+χ̄ jχ j ) 〈{ξ̄ j } j∈I |ρI |{χ j } j∈I 〉

× |{i[UT ] j kχ̄k} j∈I1
,{ξ j } j∈I2

〉 〈{iξk[U
†

T ]k j } j∈I1
,{χ̄ j } j∈I2

| . (5.12)

Let ρ′ = |ψ3〉 〈ψ4| be another density matrix composed of pure states |ψ3〉 , |ψ4〉. The quantity

TrI

�

ρ′I C I1
T ρ

T1
I [C

I1
T ]

†
�

(5.13)
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is associated with the spacetime manifold, which is topologically equivalent to the four point

function with a cross-cap as shown in Fig. 5.3. By using the coherent state basis, the quantity

(5.13) can be expressed as

TrI

h

ρ′I C I1
T ρ

T1
I [C

I1
T ]

†
i

=
∫

∏

j∈full

[dα j dβ j dγ j dδ j ]e
∑

I1
[α j [iUT ] j kγk+β j [iU

†
T ] j kδk ]e

∑

I2
[α jδ j+β j γ j ]e

∑

S1\I [α jβ j+γ jδ j ]

×ψ1({α j })ψ
∗
2({β j })ψ3({γ j })ψ

∗
4({δ j }).

(5.14)

The corresponding tensor network representation is presented in Fig. 5.4. When ρ and ρ′ are

composed of the ground state |GS〉, ρ = ρ′ = |GS〉 〈GS |, Eq. (5.15) can be interpreted as the

partition function on the real projective plane RP 2. (To see this, we note that |GS〉 is the state

defined on the boundary of the disc, and obtained by performing the path-integral inside the

disc.)

Finally, it is also possible and useful to turn on an additional symmetry flux along the nontriv-

ialZ2 cycle of the cross-cap. We insert the unitary operator U I1
g of g symmetry on the subsystem

I1 and consider

TrI

h

ρ′I U I1
g C I1

T ρ
T1
I [C

I1
T ]

†[U I1
g ]†

i

∼ . (5.15)

Two disjoint intervals: the Klein bottle

Let us consider ρ= |ψ1〉 〈ψ2| as before. We introduce three adjacent intervals I = I1∪ I2∪ I3 ⊂ S1

and trace out the degrees of freedom outside of I . Subsequently, we trace out the interval I2 after

acting with a unitary transformation U I2 . Here, U I2 can be any unitary operator, but we focus on
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[a] [b]

Figure 5.4: [a] Adjacent partial transpose associated with the TRS. [b] Connecting matrices.

the U (1) transformation U I2
θ
= e

∑

j∈I2
iθ f †

j f j . The resulting reduced density matrix can be viewed

as the path-integral on a cylinder with two slits and an intermediate symmetry defect:

ρI1∪I3
(e iθ) =TrS1\I1∪I3

�

e iθ
∑

j∈I2
f †

j f j |ψ1〉 〈ψ2|
�

= , (5.16)

where the dashed line represents the symmetry twist: when passing this twist the complex

fermion fields acquire the phase e iθ. Let ρ′ = |ψ3〉 〈ψ4| be another density matrix and consider

the density matrix ρ′I1∪I3
(e−iθ) with the symmetry twist by the inverse of U I2

θ
. The spacetime

manifold associated with the quantity

TrI1∪I3

h

ρ′I1∪I3
(e−iθ)C I1

T ρ
T1
I1∪I3
(e iθ)[C I1

T ]
†
i

(5.17)
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is topologically equivalent to the four point function on the Klein bottle with the twist by U I2
θ

;

TrI1∪I3

h

ρ′I1∪I3
(e−iθ)C I1

T ρ
T1
I1∪I3
(e iθ)[C I1

T ]
†
i

∼ . (5.18)

See Fig. 5.3, and also Fig. 5.5 for a tensor network representation. For the ground states |ψi〉 =

|GS〉 (i = 1,2,3,4), the four point function (5.18) is the partition function over the Klein bottle.

It should be noticed that the U (1) twist e iθ is arbitrary in the cases of pinc̃
± structures due to the

flip of the U (1) charge on the orientation reversing patches. On the other hand, in the case of

pinc structures, the U (1) holonomy along the Z2 nontrivial cycle is quantized to 0 or π flux. As

in (5.14), the quantity (5.18) can be expressed in terms of the fermion coherent state as

TrI1∪I3

h

ρ′I1∪I3
(e−iθ)C I1

T ρ
T1
I1∪I3
(e iθ)[C I1

T ]
†
i

=
∫

∏

i∈full

[dαi dβi dγi dδi]e
∑

I1
αi [iUT ]i j γ j e

∑

I1
βi [iU

†
T ]i jδ j e

∑

I2
αi e−iθβi e

∑

I2
γi e iθδi e

∑

I3
αiδi e

∑

I3
βiγi e

∑

I4
αiβi e

∑

I4
γiδi

×ψ1({αi})ψ
∗
2({βi})ψ3({γi})ψ

∗
4({δi}).

(5.19)

5.3 One dimensional systems

In this section, we explicitly show how the framework explained above can be utilized to char-

acterize different topological phases in four symmetry classes BDI, DIII, and AIII, and AII. The

calculation for AI can be found in Ref. [195].
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[a] [b]

Figure 5.5: [a] Disjoint partial transpose with intermediate U (1) flip for TRS. [b] Connecting
matrices.

5.3.1 Class BDI

Let us consider superconducting chains with TRS T 2 = 1. The pioneering work by Fidkowski

and Kitaev [75] showed that the ground state of the eight copies of the Kitaev Majorana

chain [124] can be adiabatically connected into a trivial ground state. In the subsequent work

[76, 214], it was pointed out that the operator algebra with fermion parity and TRS realized in

the entanglement Hilbert space is classified by Z8. More recently, Kapustin et al. [118] argued

that the Z8 classification is identified with the pin− cobordism, which gives the classification of

the cobordism invariant topological actions of Euclidean quantum field theory of real fermions

with reflection symmetry R2 = (−1)F or T 2 =+1 (See also [31, 120]).

For our purpose, the generating manifold RP 2 of the pin− cobordism ΩPin−
2 = Z8 plays an

important role. The Z8 classification implies that the partition function of Euclidean quantum

field theory on RP 2 is given by

Z(RP 2,±) = |Z(RP 2,±)|e±i2πν/8, ν ∈ {0, . . . , 7}, (5.20)
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where ± specifies one of two pin− structure on RP 2, 6 and ν ∈ Z8 labels distinct topological

phases. As discussed in the previous section, this path-integral can be simulated by using partial

transpose for disjoint interval, and hence the many-body topological invariant in the operator

formalism is given by Eq. (5.13) with ρ′ = ρ= |GS〉〈GS |:

Z =TrI

�

ρI C I1
T ρ

T1
I [C

I1
T ]

†
�

. (5.21)

Moreover, the Z4 subgroup is generated by the Klein bottle with periodic boundary condition in

the S1 direction. [196]As we discussed in the previous subsection such a spacetime manifold can

be prepared by taking partial transpose for disjoint intervals with the fermion parity twist in the

intermediate region [193]:

Z =TrI1∪I3

�

ρI1∪I3
(e−iπ)C I1

T ρ
T1
I1∪I3
(e+iπ)[C I1

T ]
†
�

. (5.22)

Numerical calculations

A canonical model of non-trivial SPT phases in this symmetry class is given by the Kitaev

chain [124]

H =−
∑

i

h

t f †
i+1 fi −∆ f †

i+1 f †
i +H.c.

i

−µ
∑

i

f †
i fi , (5.23)

which describes a superconducting state of spinless fermions. TRS can be introduced as

T f †
i T −1 = f †

i , T 2 = 1. (5.24)

For simplicity, we set t =∆ in the following. (∆ is taken as a real parameter unless stated other-

wise.) The SPT phase in this model is realized when |µ|/t < 2 and protected by the time-reversal.

6There is a bijection between the set of pin− structures on M and H 1(M ;Z2). For RP 2, H 1(M ;Z2) =Z2.
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Figure 5.6: [a] Complex phase and [b] amplitude of the RP 2 (5.21) and Klein bottle (5.22)
partition functions in class BDI. The generating model is given by Eq. (5.23). The total number
of sites is N = 80. Each of the I1, I2 and I3 (only Klein bottle) intervals has 20 sites.

Figure 5.6 shows the evaluated complex phase and amplitude of adjacent intervals (5.21) and

disjoint intervals (5.22) in the Ramond sector (the r sector). In the non-trivial phase, we observe

that the quantization of the complex phase matches with the e iπ/4 and e iπ/2 phases associated

with the spacetime manifolds RP 2 and Klein bottle, respectively.

It is also interesting to observe that the amplitude reaches 1 deep in the trivial limit, while

it plateaus at values
p

2/4 and 1/4 in the non-trivial phase. We attribute this to the fact that we

choose a normalization convention such that Tr(ρI ) = 1 where the spacetime manifold is actually

not a sphere but a torus. We find that the overall amplitude is multiplied by the factor d−(n−1) in

the non-trivial phase where n is the number of cycles of the spacetime manifold and d =
p

2 is

the quantum dimension of the Majorana edge modes. Let us check this for various examples: For

the partial reflection (for class D in the presence of reflection which is CRT equivalent of BDI),

manifold isRP 2 with a handle which gives two independent cycles, hence, the amplitude is 1/
p

2

(as expected, see Refs. [190, 196]). For adjacent intervals, there are two handles (one perρI ) giving
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AZ class Edge mode Quant. dim (d ) Adjacent Disjoint
BDI Majorana Fermion

p
2

p
2/4 1/4

DIII Complex Fermion 2 − 1/16
AIII Complex Fermion 2 1/8 1/16

Table 5.4: Amplitude of the partition functions on RP 2 and the Klein bottle for various sym-
metry classes in (1+1)d is given by d−(n−1) where d is the quantum dimension of the edge modes
and n is the number of one-cycles of the spacetime manifold. There are 4 and 5 cycles in the
manifolds associated with adjacent and disjoint intervals, respectively.

4 cycles overall; thus, the amplitude is
p

2/4. For disjoint intervals there is an additional cycle

(associated with the Klein bottle) leading to overall 5 cycles, which implies that the amplitude is

1/4. The d−(n−1) factor can also be applied to other symmetry classes where d is not necessarily
p

2 and does not depend on the boundary conditions along cycles. For clarity, we summarize all

these results in Table. 5.4.

Analytical calculations for the fixed-point wave function

We can also verify analytically the numerical results by using the fixed-point wave function with

vanishing correlation length. This state is realized as the ground state of the Hamiltonian (5.23)

in the µ= 0 limit,

H =−
∑

i

�

f †
i fi+1+ fi fi+1+H.c.

�

. (5.25)

Z8 invariant: Partition function on real projective plane Let I = I1∪ I2 be two adjacent intervals

on closed chain S1. According to the cut and glue construction [169] of the reduced density

matrix, we focus on the 6 real fermions at the boundary of I as in

· · · c R
0 c L

1 · · · · · · c
R
1

︸ ︷︷ ︸

I1

c L
2 · · · · · · c

R
2

︸ ︷︷ ︸

I2

c L
0 · · · (5.26)
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Introducing the complex fermions inside the intervals as

f †
i =

c R
i + i c L

i

2
, (i = 0,1,2), (5.27)

we have the gluing Hamiltonian which is essentially identical to (5.25),

H =
i
2

2
∑

i=0

c R
i c L

i+1 =−
1
2

2
∑

i=0

�

f †
i fi+1+ fi fi+1+ h.c .

�

, (5.28)

where c L
3 = c L

0 , f3 = f0. This is the fixed point (which here means zero correlation length) Kitaev

chain with the periodic boundary condition. The ground state is given by

|Ψ〉= 1
2

�

(1+ f †
1 f †

2 ) f
†

0 +( f
†

1 + f †
2 )
�

|0〉 , (5.29)

where |0〉 is the Fock vacuum of fi fermions. The reduced density matrix for the adjacent intervals

I is given by

ρI =Tr0

�

|Ψ〉 〈Ψ|
�

=
1
4
(1+ i c L

1 c R
2 ). (5.30)

The unitary part C I1
T of T is given by C I1

T = c R
1 and the fermionic partial transpose is ρT1

I =
1
4(1− c L

1 c R
2 ). We hence obtain

TrI

�

ρI C I1
T ρ

T1
I [C

I1
T ]

†
�

=
1

2
p

2
eπi/4. (5.31)

This Z8 phase agrees with the pin− cobordsim group ΩPin−
2 =Z8.

Z4 invariant: Partition function on the Klein bottle Let I = I1∪ I2∪ I3 be three adjacent intervals

on closed chain S1. In a way similar to the previous calculation, we focus on the 8 Majorana
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fermions at the boundary of three intervals I1, I2 and I3:

· · · c R
0 c L

1 · · · · · · c
R
1

︸ ︷︷ ︸

I1

c L
2 · · · · · · c

R
2

︸ ︷︷ ︸

I2

c L
3 · · · · · · c

R
3

︸ ︷︷ ︸

I3

c L
0 · · · (5.32)

Introducing the complex fermions inside the intervals as

f †
i =

c R
i + i c L

i

2
, (i = 0,1,2,3), (5.33)

and the gluing Hamiltonian as

H =
i
2

3
∑

i=0

c R
i c L

i+1 =−
1
2

3
∑

i=0

�

f †
i fi+1+ fi fi+1+ h.c .

�

, (5.34)

where c L
4 = c L

0 , f4 = f0, the ground state of H is given by

|Ψ〉= 1
p

8
[( f †

1 + f †
3 )+ (1− f †

1 f †
3 ) f

†
2 +(1+ f †

1 f †
3 ) f

†
0 +( f

†
1 − f †

3 ) f
†

2 f †
0 ] |0〉 . (5.35)

We introduce the reduced density matrix ρI1∪I3

�

(−1)F2
�

on the disjoint intervals I1 ∪ I3 with

fermion party twist on the I2 interval by

ρI1∪I3

�

(−1)F2
�

=Tr0,2

�

(−1) f
†

2 f2 |Ψ〉 〈Ψ|
�

=
i
4

c L
1 c R

3 .
(5.36)

We have the partition function on the Klein bottle from the partial transposition as

Tr1,3

h

ρI1∪I3

�

(−1)F2
�

C I1
T ρ

T1
I1∪I3

�

(−1)F2
�

[C I1
T ]

†
i

=
1
4

eπi/2. (5.37)
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This is the Z4 invariant as expected. On the other hand, if we do not associate the fermion parity

twist on I2, the reduced density matrix on I1 ∪ I3 is unentangled one:

ρI1∪I3
=Tr0,2

�

|Ψ〉 〈Ψ|
�

=
1
4

, (5.38)

which leads to a trivial topological U (1) phase of the Klein bottle partition function

Tr1,3

�

ρI1∪I3
C I1

T ρ
T1
I1∪I3
[C I1

T ]
†
�

=
1
4

. (5.39)

This is consistent with the full reflection [196] in class D with reflection symmetry which is the

CRT dual of class BDI.

5.3.2 Class DIII

The pin+ cobordism group in two-dimensional spacetime is given by ΩPin+
2 =Z2, which is gener-

ated by the Klein bottle with periodic boundary condition in the S1 direction. [123, 196]. The

many body Z2 invariant is constructed in a similar way to Sec. 5.3.1: the topological invariant

can be constructed by considering the disjoint intervals (5.19) in the r sector,

Z =Tr1,3

h

ρI1∪I3

�

(−1)F2
�

C I1
T ρ

T1
I1∪I3

�

(−1)F2
�

[C I1
T ]

†
i

(5.40)

for a given pure state |Ψ〉.

Numerical calculations

A generating model of non-trivial SPT phases in this symmetry class is given by two copies of

the Kitaev Majorana chain Hamiltonian

H =−µ
∑

iσ

f †
iσ fiσ − t

∑

iσ

�

f †
i+1σ fiσ +H.c.

�

+ i∆
∑

i

�

f †
i+1↑ f †

i↑− f †
i+1↓ f †

i↓+H.c.
�

(5.41)
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which describes a superconducting state of spinful fermions, and the TRS is defined as

T f †
i↑T

−1 =− f †
i↓, T f †

i↓T
−1 = f †

i↑, T 2 = (−1)F , (5.42)

and hence, the unitary matrixUT associated with T is

UT =





0 1

−1 0



= iσy (5.43)

in the basis of (↑,↓).

For simplicity, we set t = ∆ in the following. The SPT phase of the above model is real-

ized when |µ|/t < 2 and protected by TRS. Figure 5.7 shows the evaluated complex phase and

amplitude of disjoint intervals (5.40) in both r and ns sectors, corresponding to periodic and

anti-periodic boundary conditions along the time direction for the intermediate interval. In the

non-trivial phase and with periodic boundary condition (r sector), we observe that the π phase

matches with the Z2 classification generated by putting on the Klein bottle spacetime manifold.

Regarding the amplitude, it reaches 1 deep in the trivial limit, while it is quantized at 1/16 in the

non-trivial phase as explained in Sec. 5.3.1 (see also Table 5.4).

Analytical calculations for the fixed-point wave function

Here, we verify the numerical results in the previous section. Let us consider the fixed-point

wave function where the correlation length is zero. This state is realized as the ground state of

the Hamiltonian (5.41) in the µ= 0 limit, that is

H =−
∑

iσ

�

f †
iσ fi+1,σ +H.c.

�

+ i
∑

iσ

�

f †
i↑ f †

i+1↑− f †
i↓ f †

i+1↓+H.c.
�

. (5.44)
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Figure 5.7: [a] Complex phase and [b] amplitude of (5.40) in class DIII. The generating model
is given by Eq. (5.41). R and N S refer to periodic and antiperiodic boundary conditions in time
direction for the intermediate interval. For each spin, the total number of sites is N = 80. Each
of the I1, I2 and I3 intervals has 20 sites.

Let I = I1 ∪ I2 ∪ I3 be three adjacent intervals on closed chain S1. We focus on the 8 Kramers

pairs of Majorana fermions at the boundary of three intervals I1, I2 and I3:

· · · c R
0,↑ c L

1,↑ · · · · · · c
R
1,↑ c L

2,↑ · · · · · · c
R
2,↑ c L

3,↑ · · · · · · c
R
3,↑ c L

0 · · · (5.45)

· · · c R
0,↓ c L

1,↓ · · · · · · c
R
1,↓

︸ ︷︷ ︸

I1

c L
2,↓ · · · · · · c

R
2,↓

︸ ︷︷ ︸

I2

c L
3,↓ · · · · · · c

R
3,↓

︸ ︷︷ ︸

I3

c L
0,↓ · · · (5.46)

We introduce complex fermions inside the intervals as

f †
i ,σ =

c R
i ,σ + i c L

i ,σ

2
, (i = 0,1,2,3,σ =↑↓). (5.47)
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The gluing Hamiltonian is

H =
i
2

∑

σ=↑,↓

3
∑

i=0

c R
iσ c L

i+1σ =−
1
2

∑

σ=↑,↓

3
∑

i=0

�

f †
i ,σ fi+1,σ + fi ,σ fi+1,σ + h.c .

�

, (5.48)

where c L
4,σ = c L

0,σ , f4,σ = f0,σ . By a unitary gauge transformation fi ,↑ → e−iπ/4 fi ,↑ and fi ,↓ →

e iπ/4 fi ,↓, the pairing part of this Hamiltonian can be brought into the form identical to (5.44).

The ground state is given by

|Ψ〉= 1
8

∏

σ=↑,↓

�

( f †
1,σ + f †

3,σ )+ (1− f †
1,σ f †

3,σ ) f
†

2,σ +(1+ f †
1,σ f †

3,σ ) f
†

0,σ +( f
†

1,σ − f †
3,σ ) f

†
2,σ f †

0,σ

�

|0〉 . (5.49)

The reduced density matrix ρI1∪I3

�

(−1)F2
�

on the disjoint intervals I1∪I3 with fermion party twist

on I2 is given by

ρI1∪I3

�

(−1)F2
�

=Tr0,2

�

(−1) f
†

2 f2 |Ψ〉 〈Ψ|
�

=
1
16
(i c L

1,↑c
R
3,↑)(i c L

1,↓c
R
3,↓). (5.50)

Noticing that the unitary part of TRS on subsystem I1 is C I1
T = e

π
4 (c

R
1↑c

R
1↓−c L

1↑c
L
1↓), it holds that

TrI1∪I3

h

ρI1∪I3

�

(−1)F2
�

C I1
T ρ

T1
I1∪I3

�

(−1)F2
�

[C I1
T ]

†
i

=− 1
16

. (5.51)

This is consistent with the that is the Z2 invariant of the partition function on Klein bottle.

5.3.3 Class AIII

Insulators in class AIII are invariant under an anti-unitary PHS, which does not flip U (1) charge

of complex fermions, e iQ → e−i(−Q) = e iQ , and are defined on a space manifold with a spinc

structure. In Wick-rotated Euclidean spacetime, the corresponding structure is equivalent to

pinc . In (1+ 1)d spacetime dimensions, the topological classification is given by ΩPinc

2 = Z4 and

generated by RP 2. The topological invariant is given in terms of the partition function on RP 2,

which can be recast in the operator formalism by using partial particle-hole transformation, in
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the way similar to the case of partial time-reversal discussed in Sec. 5.2:

Z =Tr
�

ρI U I1
C Tρ

T1
I [U

I1
C T ]

†�, (5.52)

where I consists of two adjacent interval, I = I1 ∪ I2.

The U (1) holonomy along theZ2 cycle ofRP 2 should be properly chosen to yield the correct

formula for the many-body Z4 invariant. In the current case with (C T )2 = 1, the suitable choice

is ±i holonomy and the ±i phase rotation is already involved in the definition (5.52).

Similar to the previous cases, the partition function (5.52) can also be expressed in the coher-

ent state basis as follows. We start from a reduced density matrix

ρI =
∫

∏

i

d ᾱi dαi dβ̄i dβi e
−
∑

i (ᾱiαi+β̄iβi )ρI ({ᾱi},{βi}) |{αi}〉 〈{β̄i}| . (5.53)

The partial anti-unitary particle-hole transformed reduced density matrix is given by

U I1
C Tρ

T1
I [U

I1
C T ]

† =
∫

∏

i

d γ̄i dγi d δ̄i dδi e
−
∑

i (γ̄iγi+δ̄iδi )ρI ({γ̄i},{δi})

×C I1
f |{−i δ̄ j [UC T ] j i}i∈I1

,{γi}i∈I2
〉 〈{−i[U †

C T ]i jγ j }i∈I1
,{δ̄i}i∈I2

| [C I1
f ]

†,

(5.54)

where C I1
f = ( f

†
1 + f1) · · · ( f

†
N1
+ fN1

) is the partial particle-hole transformation on I1 = {1, . . . ,N1}.

(Here we assumed that ρI is Grassmann even.) We need to know the matrix element of the

particle-hole transformation. It is sufficient to check it for the coherent state |α〉= e−α f † |0〉 of a

one complex fermion. For C = f †+ f , it holds that

〈α|C | −β〉=Tr
�

|β〉 〈α|C †�= α−β. (5.55)

118



[a] [b]

Figure 5.8: [a] Adjacent partial transpose for class AIII chiral symmetry (anti-unitary particle-
hole symmetry). [b] Connecting matrices.

This is the delta function of the Grassmann variables. It is natural in the view point of the pinc

structure. If we associate the additional U (1) phase twist, we have

〈α|e iθ f † f C | −β〉= e iθα−β, (5.56)

which is nothing but the coordinate transformation of pinc structure with U (1) twist. From a

straightforward calculation, we obtain the coherent state formula

Tr
�

ρI U I1
C Tρ

T1
I [U

I1
C T ]

†�

=
∫

∏

i∈I1∪I2

[dαi dβi dγi dδi]
∏

i∈I1

�

(δi +[iUC T ]i jβ j )(γi −α j [iU
†

C T ] j i )
�

e
∑

i∈I2
(αiδi+βiγi )

×ρI ({αi};{βi})ρI ({γi};{δi}). (5.57)

See Fig. 5.8 for a network representation.
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Numerical calculations

A canonical model of non-trivial SPT phases in this symmetry class is given by the SSH model,

H =−
∑

j

[t2 f †
j+1 g j + t1 f †

j g j +H.c.], (5.58)

where there are two fermion species living on each site f j and g j . The anti-unitary PHS S is

defined by

S f †
i S−1 = fi , S g †

i S−1 =−gi , Si S−1 =−i . (5.59)

This model realizes two topologically distinct phases: Topologically non-trivial phase for t2 > t1,

where the open chain has localized fermion zero-modes at the boundaries, and trivial phase for

t2 < t1 with no boundary mode.

In Fig. 5.9, the complex phase and amplitude of adjacent intervals (5.57) are shown (the blue

circles denoted by S), in the non-trivial phase we observe that the e iπ/2 phase which matches the

Z4 classification generated by putting on the RP 2 spacetime manifold. Moreover, the amplitude

asymptotes to 1 in the trivial limit, while it is 1/8 in the non-trivial phase consistent with the

previous discussion in Sec. 5.3.1 (see also Table 5.4). We also show a reference curve denoted

by T , where we do not include the particle-hole transformation (Eq. (5.54) without C I1
f ), where

the amplitude remains identical to that of S curve while there is no complex phase. This means

that we must consider the original symmetry transformation, as defined for the symmetry class,

within our partial transformation scheme in order to obtain the complex phase associated with

the topological classification.

Analytical calculations for the fixed-point wave function

Here, we show that consistent results can be obtained for the fixed-point wave function and con-

firm the numerical results in the previous section. This zero-correlation length wave function is
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Figure 5.9: [a] Complex phase and [b] amplitude of (5.52) in class AIII, denoted by S. For ref-
erence, we also include the partial transformation with no particle-hole transformation (without
the C operator in (5.54)), denoted by T . As a model Hamiltonian we use (5.58) with the param-
eterization t2 = (1− t )/2 and t1 = (1+ t )/2. The total number of sites is N = 80. Here, I1, I2 and
I3 each has 20 sites.

the ground state of the Hamiltonian (5.58) when t1 = 0, which is

H =−
N
∑

i=1

g †
i fi+1+H.c.. (5.60)

It is easy to show that the ground state with N -particle sector is fully occupied state of the “bond”

fermions (g †
i + f †

i+1)/
p

2,

|Ψ〉= 1

(
p

2)N
(g †

1 + f †
2 )(g

†
2 + f †

3 ) · · · (g
†
N + f †

1 ) |0〉 . (5.61)
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Let I = I1∪I2 be adjacent intervals on closed chain S1. According to the cut and glue construction

for the reduced density matrix, we focus on the 6 complex fermions at the boundaries of intervals

· · · g0 f1 · · · · · · g1
︸ ︷︷ ︸

I1

f2 · · · · · · g2
︸ ︷︷ ︸

I2

f0 · · · (5.62)

The gluing Hamiltonian is

H =−(g †
0 f1+ g †

1 f2+ g †
2 f0)+ h.c ., (5.63)

and its ground state is given by

|Ψ〉= 2−3/2(g †
0 + f †

1 )(g
†
1 + f †

2 )(g
†
2 + f †

0 ) |0〉 . (5.64)

The reduced density matrix is given by

ρI =Tr0 |Ψ〉 〈Ψ|

= 2−3
h

|1000〉 〈1000|+ |0001〉 〈0001|+ |1000〉 〈0001|+ |0001〉 〈1000|

+ |1100〉 〈1100|+ |0101〉 〈0101| − |1100〉 〈0101| − |0101〉 〈1100|

+ |1010〉 〈1010|+ |0011〉 〈0011| − |1010〉 〈0011| − |0011〉 〈1010|

+ |1110〉 〈1110|+ |0111〉 〈0111|+ |1110〉 〈0111|+ |0111〉 〈1110|
i

.

(5.65)

Here we defined occupied states in the following order

|n1n2n3n4〉 := (g
†
1 )

n1( f †
1 )

n2(g †
2 )

n3( f †
2 )

n4 |0〉 . (5.66)
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The unitary part U I1
C T of the anti-unitary PHS is given by theπ phase rotation on the g1 fermion.

From the definition, we obtain

U I1
C Tρ

T1
I [U

I1
C T ]

† = 2−3
h

|0100〉 〈0100|+ |1101〉 〈1101|+ i |1100〉 〈0101|+ i |0101〉 〈1100|

+ |0000〉 〈0000|+ |1001〉 〈1001| − i |1000〉 〈0001| − i |0001〉 〈1000|

+ |0110〉 〈0110|+ |1111〉 〈1111| − i |1110〉 〈0111| − i |0111〉 〈1110|

+ |0010〉 〈0010|+ |1011〉 〈1011|+ i |1010〉 〈0011|+ i |0011〉 〈1010|
i

.

(5.67)

Hence, the non-local order parameter can be computed as

TrI

�

ρI U I1
C Tρ

T1
I [U

I1
C T ]

†�=− i
8

. (5.68)

This is precisely the Z4 invariant.

5.3.4 Class AII

Let us consider one-dimensional systems of complex fermions with spin, where TRS acts on

fermion operators as

T f †
j T −1 = f †

k [UT ]k j , U t r
T =−UT . (5.69)

The time-reversal T squares to the fermion number parity. The Wick rotated version of this

TRS can be used to introduce a pinc̃
+ structure in Euclidean quantum field theory. The relevant

cobordism group in 2d spacetime is given by ΩPinc̃
+

2 = Z [80], which is generated by the real

projective plane RP 2 with the half monopole flux,
∫

RP 2 F /2π = 1/2. The cobordism invariant

topological action is given by a theta term

Z(X ,A) = exp
�

iθ
∫

X

F
2π

�

, (5.70)
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where the periodicity of θ is 4π. Because ground states are parametrized by unquantized theta

angles, ΩPinc̃
+

2 = Z does not represent an SPT phase. Nevertheless, from the example treated in

this section we will learn how to realize the non-trivial topological sector of pinc̃
+ connections in

the operator formalism.

To have a better understanding of the importance of the non-orientable generating manifold

RP 2 and the half monopole flux, it is instructive to recall that the topological response action of

one-dimensional TIs is given by the theta term Z(X ,A) = e
iθ
2π

∫

X dA = e iθn, where X is a closed

oriented (1+ 1)d spacetime manifold, A is the U (1) background gauge field, and n = 1
2π

∫

X
dA

is the total magnetic flux which is integer-valued n ∈ Z. It is important to note that this action

is invariant under θ→ θ+ 2π and hence the polarization angle θ is defined modulo 2π. When

we consider the symmetry class AII which consists of two spin species, the theta angle doubles

θ = θ↑ + θ↓. Therefore, the theta must be 4π periodic. However, the 4π periodicity cannot

be resolved from measuring the total polarization angle when the system is put an on oriented

manifold. The resolution to this is to put the system on RP 2 which admits a half monopole due

to the Dirac quantization condition. This means that the partition function of class AII on RP 2

is given by

Z(RP 2,A) = e
iθ
2π

∫

RP2 dA= e iθ(n+ 1
2 ), (5.71)

where the total magnetic flux 1
2π

∫

RP 2 dA ∈ Z+ 1/2 is half-integer. From this, one can readily

observe that the polarization angle θ is indeed 4π periodic.

Our aim in this section is to construct a many-body invariant (the partition function onRP 2

in the presence of half monopole) to detect this θ ∈ R/4πZ from a given ground state wave

function with T symmetry.
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Cross-cap

Figure 5.10: Steps to transform a spherical spacetime to the real-projective plane (RP 2) in the
presence of a monopole flux.

Two adjacent intervals with the Lieb-Schultz-Mattis twist operator

Our first task is to construct a “tensor-network” description of the the generating manifold (RP 2

with the half monopole flux). Since the projective planeRP 2 can be created from S2 by applying

the antipodal projection, we start from S2. In the Schwinger gauge, the pinc̃
+ connection with

unit monopole flux on S2 is given by

Aθ(θ,φ) = 0, Aφ(θ,φ) =
1
2

cosθ, (5.72)

where we use the spherical coordinate (θ,φ) on S2. Along the circle with the latitude θ, the

holonomy is given by
∮

Aφdφ = π cosθ. We can deform A such that the contributions to the

holonomy “localize” near φ = 0 and φ = π (as shown in the first line of Fig. 5.10), and then

take the quotient by the antipodal map (θ,φ) 7→ (π− θ,φ+π). This construction gives RP 2

with the flux line Aφ =
π
2 cosθδ(φ), which gives rise to the half monopole charge. The next

step is to deform this configuration. Consider a sequence of deformations (with a little care) as

shown in the second line of Fig. 5.10. Here, the green arrows are identified with each other. The

final configuration can be readily interpreted in the canonical formalism. Hence, we obtain the
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following expression in the canonical formalism for the path integral on the generating manifold,

ZPinc̃
+

�

RP 2,
∫

RP 2

F
2π
=

1
2

�

∼Tr
h

ρI

∏

x∈I1

e
πi x
2|I1 |

f †
x fx C I1

T ρ
T1
I [C

I1
T ]

†
∏

x∈I1

e
−πi x
2|I1 |

f †
x fx

i

. (5.73)

Here, ρI = TrS1
x\I1∪I2

�

|ψ〉 〈ψ|
�

is the reduced density matrix of the two adjacent intervals I1 ∪

I2 obtained from a pure state (ground state), C I1
T ρ

T1
I [C

I1
T ]

† is obtained from ρI by the partial

time-reversal transformation on I1 associated with T , and finally, the operator
∏

x∈I1
e
πi x
2|I1 |

f †
x fx is

a quarter of the Lieb-Schultz-Mattis twist operator of U (1) charge [137] (|I1| is the length of the

interval I1).

Numerical calculations

We now explicitly compute the partition function on RP 2 in the presence of half monopole

for a microscopic model, following the recipe described in the previous part. Let us consider a

pair of SSH chain (5.58) (with arbitrary polarization angle parametrized by φ) as the canonical

Hamiltonian of the symmetry class AII

H =−
t2

2

∑

j ,σ

h

ψ†
j+1σ (τx + iτy)ψ jσ +H.c.

i

− t1

∑

j ,σ

ψ†
jσ (1+ cosφ+ iτy sinφ)τxψ jσ , (5.74)

where σ =↑,↓ are spin labels and we define a two-component fermion operator ψ†
j ,σ = ( f

†
j , g †

j )σ

for each spin species in terms of the notation introduced in (5.58) and τi are Pauli matrices in this

sublattice basis.

Figure 5.11 shows how the total theta θ= θ↑+θ↓ varies as a we changeφ. Here, we compute

the complex phase associated with the quantity introduced in (5.73). This way, we effectively

obtain θ/2 since we have placed a half monopole inside RP 2 which corresponds to n = 0 in

(5.71). From the above discussion, we expect θ/2 to be 2π periodic which implies θ to be 4π

periodic. This is clearly the case in Fig. 5.11. As a reference, we also show the value of θ using
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Figure 5.11: The polarization angle as a function of the parameter φ in the model Hamiltonian
(5.74) for class AII in one dimension. The many-body calculation refers to (5.73) which is equiv-
alent to the partition function on RP 2 in the presence of half-monopole (Eq. (5.71) with n = 0).
The non-interacting expression (solid curve) is used as a reference based on the formula (5.75).
The system size is N = 80 and the intervals I1 and I2 each contain 20.

the noninteracting formula in terms of the Berry phase

θ=
1

2π

∫

BZ
d k Tr

�

a j

�

, (5.75)

where aµνj = i 〈uµk|∂ j |uνk〉 is the Berry connection defined in terms of the Bloch functions of

occupied bands |uνk〉 and ∂ j = ∂ /∂ k j . The agreement between the above non-interacting expres-

sion and the complex phase of partition function on RP 2 is evident in Fig. 5.11.

5.4 Two-dimensional systems

Continuing from the previous section, we develop the construction of the non-local order param-

eters for fermionic short-range entangled states protected by anti-unitary symmetry in two and

three spatial dimensions. In Sec. 5.4.1, we construct the Z2 invariant of (2+ 1)d class DIII TSCs

in a way similar to Sec. 5.3.2. Sec. 5.4.2 is devoted to the many-body Z2 invariant for class AII

insulators, which is a many-body counterpart of the Kane-Mele Z2 invariant. We close this chap-

ter with examples of many-body topological invariants in three spatial dimensions in Sec. 5.5.
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The non-local order parameters and symmetry classes discussed in this section are summarized

in Table 5.2.

5.4.1 Class DIII

The relevant structures for symmetry class DIII are pin+ structures. The cobordism group in

(2+ 1)d is given by ΩPin+
3 = Z2. The generating manifold is the Klein bottle× S1, where S1 is

a spatial direction (will be explained shortly), with the periodic boundary condition for both

the cycle of the Klein bottle and the S1 direction. The many-body Z2 invariant is constructed

in a similar way to Sec. 5.3.1. In order to construct the relevant spacetime manifold to detect

the topological invariant, we first note that TRS changes the sign of the pairing terms in the y-

direction. Therefore, in analogy to class DIII in (1+1)d , we partition the system in this direction.

The remaining x-direction is left untouched and this way we realize the Klein bottle ×S1 as the

spacetime manifold of the quantity,

Z =TrR1∪R3

h

ρR1∪R3

�

(−1)F2
�

C R1
T [ρR1∪R3

�

(−1)F2
�

]T1[C R1
T ]

†
i

, (5.76)

where R1,3 = I1,3× S1
y , and the reduced density matrix is found by

ρR1∪R3

�

(−1)F2
�

=TrR1∪R3

h

e iπ
∑

r∈R2
n(r) |GS〉 〈GS |

i

, (5.77)

and |GS〉 is the ground state of the Hamiltonian (5.78). A schematic diagram of this partitioning

is shown in Fig. 5.12[a].
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Numerical calculations

A generating model of non-trivial SPT phases in this symmetry class is given by the following

(px + i py)↑× (px − i py)↓ Hamiltonian [171]

H =−µ
∑

iσ

f †
iσ fiσ −

t
2

∑

〈i j 〉σ

�

f †
iσ f jσ +H.c.

�

+
∆

2

∑

i

�

f †
i↑ f †

i+x̂↑+ f †
i↓ f †

i+x̂↓+H.c.
�

+ i
∆

2

∑

i

�

f †
i↑ f †

i+ŷ↑− f †
i↓ f †

i+ŷ↓+H.c.
�

, (5.78)

which describes a superconducting state of spinful fermions. TRS acts on the fermion operators

as

T f †
i↑T

−1 =− f †
i↓, T f †

i↓T
−1 = f †

i↑, T 2 = (−1)F , (5.79)

and hence, the unitary matrix isUT = iσy in the (↑,↓) basis.

As shown in Fig. 5.12[b], the complex phase of the quantity (5.76) isπ in the non-trivial phase

which consistently reproduces theZ2 classification of class DIII in (2+1)d . The amplitude in the

topological phase shows an area law behavior, ∼ e−αLx where α depends on microscopic details.

As usual, the amplitude reaches 1 deep in the trivial phase regardless of the dimensionality.

A simple way to explain the Z2 phase observed above is by going to momentum space

along the compactified direction (which is the x-direction in our model (5.78), also shown in

Fig. 5.12[a]). This way, one can view the model Hamiltonian (5.78) as a set of decoupled (1+1)d

models in the symmetry class DIII. For each kx , the Hamiltonian reads

Hkx
= (−µ− t cos kx)

∑

yσ

f †
kx ,yσ fkx ,yσ −

t
2

∑

yσ

�

f †
kx ,yσ fkx ,y+1σ +H.c.

�

+ i∆ sin kx

∑

yσ

�

f †
kx ,yσ f †

−kx ,yσ +H.c.
�

+ i
∆

2

∑

y

�

f †
kx ,y↑ f †

−kx ,y+1↑− f †
kx ,y↓ f †

−kx ,y+1↓+H.c.
�

(5.80)
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Figure 5.12: [a] Schematic of spatial partitioning for class DIII in (2+ 1)d . [b] Complex phase
and [c] amplitude of the many-body invariant (5.76) for the model Hamiltonian (5.78). We set
Ly = 40, and R1, R2 and R3 each has 10 sites in the y-direction.

where fkx ,yσ =
1p
Lx

∑

x fx,yσ e−i kx x . The overall value of (5.76) is given by the product of all kx

modes each evaluated by (5.40). For kx 6= 0,π the density matrix is a combination of both kx and

−kx modes and the resulting quantity (5.40) is a complete square; thus, the associated complex

phase vanishes. However, at the time-reversal invariant points kx = 0,π the Hamiltonian (5.80)

is very similar to (5.41). When −2t < µ < 0, the kx = 0 mode is a (1+ 1)d class DIII in the

topological phase and gives the π phase, while kx = π is in the trivial phase and does not have

a complex phase. Hence, the overall phase which is the sum of all corresponding phases for kx

modes becomes π. A similar argument can also be applied to the regime 0 < µ < 2t where the

kx = π mode is described by the non-trivial phase of the (1+ 1)d class DIII and kx = 0 is in the

trivial phase.
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5.4.2 Class AII

Symmetry class AII is characterized by TRS which squares to −1. It acts on the fermionic cre-

ation/annihilation operators as

T f †
j T −1 = f †

k [UT ]k j , U t r
T =−UT . (5.81)

The Wick rotated version of this TRS corresponds to a pinc̃
+ structure in the Euclidean quantum

field theory. The pinc̃
+ cobordism group in (2+1)d is given by ΩPinc̃

+
2 = Z2, which implies the

existence of Z2 SPT phases, i.e, the celebrated time-reversal symmetric topological insulators.

[115, 147, 175] The generating manifold is the Klein bottle× S1, where S1 is a spatial direction

(similar to class DIII), with a magnetic flux piercing through the two-dimensional subspace con-

sisting of the cycle of the Klein bottle and S1.

Many-body Z2 invariant

The construction of the many-body topological invariant for class AII topological insulators in

(2+1)d is analogous to the case of class A+C R (because of C RT (C PT ) theorem). In the case of

class A+C R, the relevant spacetime manifold is the Klein bottle×S1
y where the cycle of the Klein

bottle is S1
x (see Fig. 5.13[a]). The magnetic flux is inserted in the S1

x × S1
y subspace. Similarly,

for class AII TIs in (2 + 1)d , the relevant generating spacetime is the Klein bottle×S1
y where

the cycle of the Klein bottle is along the time direction S1
t (recall Fig. 5.3[b]). This spacetime

manifold can be realized, in the operator formalism, by using the partial transpose on the disjoint

intervals (Fig. 5.14[a]). Furthermore, in analogy to the C R-symmetric case, we need to insert a

unit magnetic flux through the S1
t × S1

y sub-manifold, which can be realized by turning on the

temporal component of the gauge field At (t , y) = 2πy
Ly
δ(t − t0). Putting together, we can write

the desired many-body topological invariant as the phase of

Z =TrR1∪R3

h

ρ+R1∪R3
C I1

T [ρ
−
R1∪R3

]T1[C I1
T ]

†
i

, (5.82)
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Figure 5.13: Two methods of computing the topological invariant ν of class A+C R in (2+ 1)d .
Top panels show the spacetime manifold and the small arrows represent the background gauge
field A= (At ,Ax ,Ay). Lower panels show the spatial manifold and the background gauge fields,
which are non-flat (unit magnetic flux) and flat (twisted boundary condition) in [a] and [b], re-
spectively. [a] ν is defined as the expectation value of the C R operator where the spatial manifold
is torus and the system is subjected to one unit of background magnetic flux A= (0,2πy/Ly , 0).
[b] ν is computed in terms of Berry phase as the twisted boundary condition γ = 2πt/Lt , i.e.,
A= (0,2πt/Lt , 0), along the cycle of (spatial) Klein bottle is swept from 0 to 2π. The Klein bottle
is obtained through twisting by the C R symmetry along the y-direction of the original torus.

where the two-dimensional spatial manifold is partitioned as in (Fig. 5.14[a]) with R1,2,3 = I1,2,3×

S1
y where I1,2,3 is an interval in the x-direction, and we introduce the reduced density matrix on

R1 ∪R3 with the intermediate magnetic flux on R2 by

ρ±R1∪R3
=TrR1∪R3

h

e±
∑

r∈R2
2πi y
Ly

n(r) |GS〉 〈GS |
i

. (5.83)

Note that the effect of temporal gauge field is incorporated as a phase twist in the above expres-

sion. A schematic diagram of the spatial partitioning is shown in Fig. 5.14[a].

TheZ2 many-body topological invariant (5.82) can be tested for a specific microscopic model.

A generating model of non-trivial SPT phases in class AII is the celebrated quantum spin Hall

effect, which consists of two copies of Chern insulator with Chern numbers c h↑ = −c h↓ =
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1, [115]

H =
1
2

∑

r
s=1,2

h

ψ†(r+ x̂s )(i∆Γs − tΓ3)ψ(r)+H.c.
i

+m
∑

i

ψ†(r)Γ3ψ(r) (5.84)

where ψ(r) = (ψa↑(r),ψb↑(r),ψa↓(r),ψb↓(r))
T is a four-component fermion operator in spin (↑,↓)

and orbit (a, b ) bases and the hopping amplitudes are given by Γs = (σzτx ,σ0τy ,σ0τz). The σ

and τ are Pauli matrices which act on the spin and orbital degrees of freedom respectively and

the 0 subscript denotes the identity matrix. TRS is defined by T = iσyK . It is worth noting that

the above Hamiltonian commutes with σz and hence the overall SU (2) spin rotation symmetry

is reduced to U (1) rotation symmetry around the z-axis. The Hamiltonian in the momentum

space can be written as H =
∑

kψ
†(k)h(k)ψ(k), where

h(k) =
∑

s=1,2

h

tΓs sin ks − r Γ3 cos ks

i

+mΓ3. (5.85)

The Z2 classification from the complex phase of the quantity (5.82) is obvious in Fig. 5.14[b].

Moreover, the amplitude in the non-trivial phase assumes an area law behavior,∼ e−αLx , where α

depends on microscopic details similar to class DIII, and the amplitude approaches 1 deep in the

trivial phase.

5.5 Three-dimensional systems

There are SPT phases in (3+ 1)d , which are protected by orientation-reversing symmetry, and

the generating manifold of the relevant cobordism group is the 4d real projective space,RP 4. For

example, (3+1)d TSCs with inversion/reflection symmetry, which are the CPT dual of class DIII

time-reversal symmetric TSCs, are classified by the Pin+ cobordism group, ΩPin+
4 (pt ) =Z16. The

abelian group Z16 is generated by RP 4 [118, 123]. In this section, we aim at directly computing

the many-body topological invariant associated with RP 4.
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Figure 5.14: [a] Schematic of spatial partitioning for class AII in (2+1)d . [b]Complex phase and
[c] amplitude of the many-body topological invariant (5.82) for the model Hamiltonian (5.84).
We set Ly = 32, and I1, I2 and I3 each has 8 sites in the y-direction.

However, at the time of writing this dissertation, it is not clear to us how to use the partial

transpose to construct RP 4. Hence, we describe how to realize RP 4 in a CPT dual theory by

using the partial inversion. We should note thatRP 4 is not a mapping torus, and hence we need to

employ a partial symmetry operation similar to partial reflection (see Fig. 5.2(b)). Topologically,

RP 4 is realized by inserting a cross-cap in S4. The path-integral onRP 4 is expected to be simulated

by considering an expectation value of the partial inversion operator ID defined for a subregion

D , which is a three-ball of the total system (Fig. 5.15).

Taking three-dimensional TSCs and TIs as an example, we demonstrate below that the expec-

tation value of the partial inversion correctly reproduces the known topological classification.

We evaluate the expectation value of partial inversion both numerically and analytically. For our

analytical calculations, we again make use of the cut and glue construction [169]. We assume

that the reduced density matrix for the 3-ball D , obtained by taking the partial trace TrD̄ for

the complimentary region D̄ = T 3\D of the pure state |GS〉〈GS |, is given approximately by the
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Figure 5.15: Partial inversion on a ground state on 3d space torus T 3. The partial inversion
transformation is performed only on inside of the 3-ball D (the shadow region).

canonical thermal density matrix of a gapless theory (CFT) realized on the boundary S2 = ∂ D .

The fictitious temperature is determined by the correlation length ξ of the bulk. Namely,

ρD =TrT 3\D
�

|GS〉 〈GS |
�

∼ e−
ξ
v HS2

Tr
�

e−
ξ
v HS2

�

, (5.86)

where v is a velocity of gapless theory on S2. The gapless theory is defined on the spacetime

manifold S2(R)× S1(ξ /v) where R is the radius of the 3-ball D . We assume, for simplicity, that

the Hamiltonian HS2 is rotation symmetric, and exclude the possibility of surface topological

order [219]. The expectation value of the partial inversion is given in terms of the gapless surface

theory as the expectation value of an antipodal map IS2 on S2:

〈GS |ID |GS〉 ∼
Tr
�

IS2 e−
ξ
v HS2

�

Tr
�

e−
ξ
v HS2

�

, IS2 : (θ,φ) 7→ (π−θ,φ+π), (5.87)

where (θ,φ) is the polar coordinates of S2. We are interested in the behavior of (5.87) for suffi-

ciently large R, R� ξ .

In this section, we deal with two examples of free theories: class D superconductors with

inversion symmetry and class A insulators with inversion symmetry. It turns out that the surface

CFT calculations of partial inversions indeed provide Z16 and Z8 topological invariants [80, 118,
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145, 148, 222, 245]. We also show numerical calculations for lattice models, in which the results

are consistent with the calculation of the surface CFTs.

5.5.1 Class DIII

Let us consider (3+ 1)d TSCs protected by inversion symmetry I with I 2 = (−1)F . The topo-

logical classification is given by the Pin+ cobordism group, ΩPin+
4 (pt ) = Z16. Notice that the

π rotation Cπ of the real fermions leads to an additional ±i phase factor, which implies that

the inversion transformation I = CπR with I 2 = (−1)F in 3-space dimensions is equivalent to

the reflection transformation with R2 = 1, that is, the Pin+ structure. The generating manifold

is RP 4. [118, 123, 245] A convenient model Hamiltonian, which describes the 3He-B phase, is

given by

H =
∑

k

Ψ†(k)
h

� k2

2m
−µ

�

τz +∆τxσ ·k
i

Ψ(k), Ψ(k) = (ψ↑(k),ψ↓(k),ψ
†
↓(−k),−ψ†

↑(−k))T .

(5.88)

The model is invariant under inversion defined by

Iψ†
σ (x)I

−1 = iψ†
σ (−x), (σ =↑,↓). (5.89)

To compute the expectation value of partial inversion using the cut and glue construction,

we first look for the effective surface theory on the boundary of the 3-ball. [111] We consider

the Hamiltonian (5.88) on the open 3-ball with radius R. We introduce a polar coordinate

(x, y, z) = (r sinθ cosφ, r sinθ sinφ, r cosθ). Instead of specifying a boundary condition, we

consider the following Jackiw-Rebbi type domain wall one-particle Hamiltonian Instead of

specifying a boundary condition, we consider the following Jackiw-Rebbi type domain wall
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one-particle Hamiltonian

H =−i∆τx(σx∂x +σy∂y +σz∂z)+µ(r )τz . (5.90)

with µ(r ) < 0 for r < R and µ(r ) > 0 for r > R. Here, we give a brief description of how the

calculation is done and refer the interested reader to Ref. [196] for details.

From a straightforward calculation, we obtain the explicit form of the complex fermion op-

erators γ †(θ,φ) creating gapless surface excitations

γ †(θ,φ)∼
h

− e−i φ2 sin
θ

2

�

iψ†
↑(r,θ,φ)+ψ↓(r,θ,φ)

	

+ e i φ2 cos
θ

2

�

iψ†
↓(r,θ,φ)−ψ↑(r,θ,φ)

	

i

e−
∫ r µ(r ′)

∆ d r ′ ,

γ (θ,φ)∼
h

− e−i φ2 cos
θ

2

�

ψ†
↑(r,θ,φ)+ iψ↓(r,θ,φ)

	

− e i φ2 sin
θ

2

�

ψ†
↓(r,θ,φ)− iψ↑(r,θ,φ)

	

i

e−
∫ r µ(r ′)

∆ d r ′ .

(5.91)

Notice that the anti-periodic boundary condition in the φ direction, γ †(θ,φ+2π) =−γ †(θ,φ),

is satisfied. In terms of these fermion operators, the effective surface BdG Hamiltonian is given

by

HS2 =
∫

sinθdθdφ
�

γ †(θ,φ),−γ (θ,φ)
�

H





γ (θ,φ)

−γ †(θ,φ)



 ,

H = ∆
R





0 −i∂θ−
1

sinθ∂φ−
i cotθ

2

−i∂θ+
1

sinθ∂φ−
i cotθ

2 0



 . (5.92)

To compute the partial inversion on the surface theory, we first derive the antipodal trans-

formation IS2 on the Bogoliubov operators. As explained around (5.87), the expectation value of

the partial inversion is given by that of the antipodal map within the surface theory and can be

evaluated in the same way as in CFTs [40].
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The final expression for the partial inversion is given by

〈GS |ID |GS〉= | 〈GS |ID |GS〉 |e iθtop , θtop =−
π

8
, (5.93)

| 〈GS |ID |GS〉 | ∼ exp
h 1

12
ln(2)− 21

16
ζ (3)

�R
ξ

�2 i

. (5.94)

The topological U (1) phase e−
πi
8 is indeed consistent with the cobordism classification

ΩPin+
4 (pt ) = Z16. Also, observe that in addition to the topological U (1) phase, a topologi-

cal amplitude e
1
12 ln(2) appears.

Numerical results for lattice systems

In this part, we provide a direct numerical evidence for the partial inversion of the three-

dimensional lattice models. A generating model in class D is given by the BdG Hamiltonian

Ĥ =
1
2

∑

k

Ψ†(k)h(k)Ψ(k), (5.95)

on a cubic lattice, where

h(k) =
�

−t (cos kx + cos ky + cos kz)−µ
�

τz +∆
�

sin kxτxσx + sin kyτxσy + sin kzτxσz

�

.

in which the τ and σ matrices act on particle-hole and spin subspaces, respectively. As mentioned

earlier, the above Hamiltonian also describes the 3He-B phase. The inversion symmetry in this

model is defined as in Eq. (5.89). This model exhibits three different topological phases depending

on the chemical µ potential as follows:

1. |µ|< t : Top. II. This phase supports an even number of 2d gapless Majorana surface states.

It is topologically equivalent to a stack of 2d TSCs in the same symmetry class.

2. t < |µ|< 3t : Top. I. This phase hosts a 2d gapless Majorana surface states.

3. |µ|> 3t : Trivial. No topological surface states.
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Figure 5.16: Complex phase of the partial inversion ∠Z = Imln 〈GS |ID |GS〉 computed for 3d
inversion symmetric topological superconductor (class D). Top. I (II) corresponds to the phase
with odd (even) number of gapless Majorana surface states. Here, we set t =∆. The size of total
system and subsystem are N = 123 and Npart = 63, respectively.

Figure 5.16 shows the calculated complex phases ∠Z = Imln 〈GS |ID |GS〉 of the partial inver-

sion for various values ofµ. This quantity is computed in a similar fashion to the two-dimensional

case that is to calculate the inner product Z = 〈GS | ID |GS〉 after rearranging the lattice sites in

the subsystem (to get ID |GS〉). Remarkably, the partial inversion gives the correct Z16 and Z8

phases in the topological phases characterized by odd and even number of gapless Majorana sur-

face modes, respectively. We should note that the latter case is topologically equivalent to stacking

two dimensional reflection symmetric class D SPT layers which obey a Z8 classification.

5.5.2 Class AIII

Similar to the previous case, we now consider CPT dual of (3+ 1)d insulators in class AIII, i.e.,

TIs protected by inversion symmetry which is The topological classification is given by the Pinc

cobordism [84]

ΩPinc

4 (pt ) =Z8×Z2. (5.96)

The latter direct summand Z2 arises from bosonic SPT phases corresponding to one of Z2 of the

non-orientable cobordism group ΩO
4 (pt ) =Z2×Z2. [224]Our focus here is on the former direct
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summand Z8. This part is generated by RP 4, and the following four-orbital free fermion model

H =
∑

k

ψ†(k)H (k)ψ(k), ψ(k) = {ψτ,σ}τ,σ=1,2,

H (k) = ( k2

2m
−µ)τz +∆τxk ·σ , (m,µ,∆> 0), (5.97)

which is equivalent to the two copies of the (3+ 1)d superconductor (5.88). The inversion sym-

metry is defined by

Iψ†(x)I−1 =ψ†(−x)τz . (5.98)

In addition to the inversion symmetry, there is the U (1) charge conservation symmetry,

Ubψ
†(x)U−1

b = e−2πi bψ†(x). (5.99)

As in the case of (3+ 1)d TSCs protected by inversion, the expectation value of the partial

inversion is a candidate of the Z8 SPT invariant. The U (1) phase in the expectation value of the

partial inversion is simply twice that of the (3+1)d superconductors. On the other hand, in the

TI system, there is an additional charge U (1) symmetry, which can be combined with the partial

inversion to introduce ID Ub ,D , where ID and Ub ,D is the partial inversion and partial U (1) trans-

formation for the 3-ball D . The expectation value of the combined partial inversion with partial

U (1) charge transformation can be written in the form 〈GS |Ub I |GS〉 = | 〈GS |Ub I |GS〉 |e iθtop ,

where the complex phase and amplitude are found to be

θtop =







π
4 (0< b < 1

2 )

−π
4 (− 1

2 < b < 0)
, (5.100)
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| 〈GS |Ub I |GS〉 |= exp
h

−
�

3ζ (3)+
1
4

�

Li3(e
4πi b )+ Li3(e

−4πi b )
	

��R
ξ

�2
− 1

6
ln
�

�

�

sin(2πb )
2

�

�

�

+
3+ cos(4πb )
480sin2(2πb )

�ξ

R

�2
+

125+ 68cos(4πb )− cos(8πb )
96768sin4(2πb )

�ξ

R

�4
+ · · ·

i

,

(5.101)

for e−2πi b 6=±1. Notice that the result of the U (1) phase part e iθtop is exact, which is independent

of the scale ξ /R. The quantized scale-independent U (1) phase (5.100) is somewhat unexpected

from the viewpoint of Pinc structure. In the Pinc structure on RP 4, the holonomy associated to

the Z2 nontrivial loop threading the cross-cap is quantized to ±i . However, (5.100) means that

even if the holonomy is not properly chosen to be e−2πi b = ±i , the U (1) phase of the partial

inversion is well quantized. This agrees with the numerical calculation (see Fig. 5.18), where the

plateau structure of the U (1) phase becomes sharper as one increases the sizes of the subsystem.

As b approaches the “phase transition” points e−2πi b =±1, the higher-order terms proportional

to (ξ / sin(2πb )R)2` in (5.101) contribute to the amplitude.

Numerical results for lattice systems

In this part, we study the standard Wilson-Dirac Hamiltonian on a cubic lattice as a simple model

of the three-dimensional inversion-symmetric TI [168, 237]

H =
1
2

∑

x
s=1,2,3

h

ψ†
x+es
(i tαs − rβ)ψx+ h.c .

i

+m
∑

x

ψ†
xβψx (5.102)

where the Dirac matrices are given by

αs = τ1⊗σs =





0 σs

σs 0



 , β= τ3⊗ 1=





I 0

0 −I



 .
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Figure 5.17: The phase (∠Z) and modulus (|Z |) of the expectation value of the partial inversion,
Z = 〈GS |ID |GS〉, computed for the 3d inversion symmetric topological insulator (class A) as a
function of the mass parameter m for various values of the U (1) phase transformation b defined
in Eq. (5.99). Strong (weak) TI refers to the phase with odd (even) number of Dirac surface
states. Here, we set t = r . The size of total system and subsystem are N = 123 and Npart = 63,
respectively.
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In this convention theσ andτmatrices act on the spin and orbital degrees of freedom respectively.

Transforming to reciprocal space, the Bloch Hamiltonian reads

h(k) =
∑

s=1,2,3

h

tαs sin ks − rβcos ks

i

+mβ.

This model can exhibit a non-trivial 3d TI phase protected by the inversion symmetry which

is defined by Eq. (5.98). In fact, as the mass parameter m is varied, the Hamiltonian shows the

following phases:

1. |m|< r : weak TI with an even number of Dirac cones on each boundary surface.

2. r < |m|< 3r : strong TI with a single Dirac cone on each boundary surface.

3. |m|> 3r : trivial phase equivalent to the atomic limit.

As shown in Fig. 5.17, we compute the complex phase∠Z = Imln 〈GS |Ub I |GS〉 of the partial

inversion for various values of the U (1) phase e i2πb for t = r . The calculation procedure is a

follows: In order to get Ub I |GS〉 we relocate the lattice points inside the subsystem according

to the inversion symmetry operator I and multiply the states by the U (1) phase given by Ub

and finally the inner product Z = 〈GS |Ub I |GS〉 is computed. In particular, we observe that

as b changes from negative values to positive values the complex phase transitions from −π/4

to π/4 (see Fig. 5.18). It is worth noting that as the subsystem is made larger, the transition

becomes sharper and sharper indicating that this change will turn into a discontinuity in the

thermodynamic limit. All these observations conform with our analytical results.

5.6 Summary and future directions

In this chapter, we developed an approach to detect interacting fermionic SPT phases, focusing on

those protected by orientation reversing symmetries. To this end, we used the fermionic partial

transpose and showed how its combination with the unitary part of the anti-unitary symmetry
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Figure 5.18: The phase (∠Z) and modulus (|Z |) of the expectation value of the partial inversion,
Z = 〈GS |ID |GS〉, computed for the 3d inversion symmetric topological insulator as a function
of the U (1) phase twist b defined in Eq. (5.99). Here, we set t = r and m = 2. The sizes of the
whole system and the subsystem are N = 163 and Npart = L3, respectively.

can be used to simulate the path-integral on non-orientable spacetime manifold. The only inputs

for the many-body topological invariants are the ground state wave function and the symmetry

operators in question. In this sense, our many-body topological invariants may be regarded as

order parameters. We should also note that although partial transpose is a basis dependent op-

eration, the final expression for SPT invariant is basis independent (see Appendix A for more

details).

It should be re-empathized that our definition of the fermionic partial transpose (2.13) is dif-

ferent from that of Ref. [69]. The resulting spacetime manifold after taking the fermionic partial

transpose is a non-orientable spacetime manifold with a single spin structure — this very charac-

teristic enables us to compute the partition function on the generating manifold corresponding

to the many-body topological invariant.

Let us close this chapter by a number of interesting future directions.

•While we use various non-interacting fermionic models to benchmark our many-body in-

variants, we emphasize that our SPT invariants are applicable to interacting models and can be
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used in numerical simulations, such as quantum Monte Carlo or density matrix renormaliza-

tion group. In addition, throughout this chapter, we consider Bardeen-Cooper-Schrieffer (BCS)

mean-field wave functions which do not preserve the particle number. One important question is

whether the partial transpose works for particle number conserving systems or not [47, 77, 131,

154, 155]. As a first step in this direction, we examine the partial transpose for projected-BCS

wave functions, obtained by projecting the ground state of the mean-field Hamiltonian (5.23) to

the space of fixed number of particles. Using variational Monte Carlo, we find that the phase of

Z remains quantized as in the mean-field wave function [190]. The other related issue which has

still remained open is the explicit proof of quantization of our proposed SPT invariants. There

have been some progress in this direction. For example in 1d systems, one can use the matrix

product state representation to rigorously prove the quantization [31].

• It would be interesting to apply our formalism to finite-temperature states. However, one

needs to be cautious here, as there is a recent claim that SPT phases are unstable at any finite

temperature [173]. Historically, Ulmann phases [215]was introduced as a generalization of Berry

phases to probe the topology of density matrices [30, 87, 106, 138, 220, 221]. This approach

usually involves adiabatic processes in some parameter space, which differs from our approach in

terms of non-local order parameters. Our constructions of many-body topological invariants are

straightforwardly generalized to a density matrix as well as a pure state, thus, it can be applied to

finite temperature canonical ensembles. See also recent studies [14, 15] which discuss the mixed

state charge polarization as a finite-temperature topological invariant. Further, the many-body

topological invariants for the thermal pure states [200, 201] is worth studying.

• In this chapter, we were mostly concerned with the behaviors of the phase and modulus of

the partition functions deep inside gapped SPT phases. It would also be interesting to study their

behaviors at or near criticalities which are in proximity to SPT phases. As we cross a critical point

between two distinct SPT phases, the modulus becomes zero in the thermodynamic limit, and

the U (1) phase jumps at the criticality. More generally, the phase and modulus should depend

on (the ratios between) the (sub-)system size, the distance to the critical point, etc., and a natural
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question is whether there is a scaling relation similar to usual order parameters. Plus, strictly at

a critical point or within a critical phase, the modulus may show an interesting scaling behavior.

For instance in (1+ 1)d systems, the modulus at the criticality admits a logarithmic behavior in

the subsystem size, log(Z) =−(. . . ) log L+ . . . , as opposed to the area law in the in gapped phases

log(Z) = const, similar to the behavior of the entanglement entropy and other entanglement

measures. Universal data of criticalities (such as central charge) may be extracted from this scal-

ing. For instance, the scaling of the entanglement negativity at (1+ 1)d critical points described

by conformal field theory shows a similar behavior (see Chapter 4). For a recent study of the

partition function (free energy) of (1+ 1)d lattice systems on a spacetime Klein bottle, see Ref.

[208, 210].

• As we discussed in the last section, class DIII superconductors in (3 + 1)d are classified

by Z16 and the generating manifold is the 4-dimensional real projective space (RP 4) [74, 118].

Following the spirit of non-local order parameters discussed in this chapter, the corresponding

many-body topological invariant should be constructed only by using the symmetry operator of

the problem, i.e., TRS. However, we have not succeeded so far in figuring out the construction

of the many-body Z16 invariant in this manner. As we have shown here, the partial transpose

combined with the TRS simulates some non-orientable spacetime manifolds, the Klein bottle

and real projective plane and its product with other space, where the partial transpose essentially

behaves as a reflection in a spacetime manifold. However, it seems rather a challenging problem

to find a way to simulate the RP 4 only by using TRS.

• In this dissertation, we did not study class C, CI and CII TIs/TSCs. The relativistic pin

structures are SU (2)-analogs of spinc and pinc structures: Instead of the U (1) charge symmetry,

the SU (2) color symmetry is assumed for Majorana fermions, and the Spin(n) 2π spin rotation

is identified with the SU (2) 2π color rotation. Class C, CI and CII naturally appear in fermionic

systems with SU (2) spin rotation symmetry, for example, superconductors with SU (2) spin ro-

tation symmetry. It would be interesting to explore the many-body topological invariant for class

C, CI, and CII.
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Chapter 6

Conclusions and Outlook

“The ideal is to reach proofs by comprehension rather

than by computation."

— Bernhard Riemann

QUANTUM information theory has stimulated significant developments in the study

of quantum many-body systems. Entanglement entropies, as a measure of quantum

entanglement in pure states, play a crucial role in many of these advancements such as character-

ization of gapped and critical states and construction of variational states collectively known as

tensor network states. A natural generalization of entanglement entropies is a set of entanglement

measures for mixed states. Besides academic interests, mixed states are ubiquitous in condensed

matter systems, for example, in an open system interacting with its environment or in tripar-

tite systems. Furthermore, having efficient computational frameworks to measure entanglement

between two parts of a many-body system could be crucial for identifying useful resources to

implement quantum processes.

The entanglement negativity associated with the spectrum of partially transposed density

matrix is known as a good measure of quantum entanglement for mixed states of many-body

systems such as spin chains, critical theories, and topological order. Surprisingly, the extension

147



of the partial transpose (and so the negativity) to fermionic systems remained intractable even at

the non-interacting level.

As we showed in this dissertation this could be due to the lack of a consistent definition. We

proposed to use the partial time-reversal transformation as an intrinsically fermionic approach

to computing the entanglement in mixed states of fermions. One way to see why this is intrinsi-

cally fermionic is by noting that the entanglement measure associated with partial time-reversal

captures the Majorana dimers as a unit of entanglement whereas regular (bosonic) entanglement

measures quantify entanglement in units of Bell pairs. This entanglement measure has opened

several avenues for research including concepts in fermionic quantum computing (Chapter 3),

the study of Fermi liquids and quantum statistical mechanics (Chapter 4).

Studying fermionic Hilbert spaces has taught us that global symmetries could furnish ad-

ditional structures to the spectrum of density matrices. An interesting direction is to seek the

possibility of extracting new information from these structures. To name a few examples of the

Hilbert spaces with super-selection sectors, we may consider gauge theories and anyons, the quasi-

particles with fractional statistics realized in 2d topologically ordered phases, which are building

blocks of a topological quantum computer.

Moreover, global symmetries may impose constraints on the form of reduced density matri-

ces and modify the separability condition. It is well-known that deciding whether a mixed state

is separable is a computationally intractable (NP-hard) problem. The PPT criterion (i.e., zero en-

tanglement negativity) was proposed as an easily computable diagnosis of separable states. How-

ever, PPT is only a necessary condition for separability, and there exists a large set of entangled

PPT states. In contrast, in fermionic systems with global fermion-number parity symmetry, our

results in Chapter 3 suggest that PPT may be a necessary and sufficient condition for separabil-

ity. Because of these modifications, it is worth studying the relation between PPT criterion and

separability in the presence of global symmetries.

As mentioned, quantum entanglement has garnered substantial interest in the condensed mat-

ter and high energy physics communities. Here, we introduced a new scheme to compute mixed-
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state entanglement. It is yet to be understood what this framework has to offer in the context of

holographic theories, thermal states of matter, and non-equilibrium dynamics.

As we have seen in Chapter 5, partial transpose can further be used to define and compute bulk

topological invariants for TIs and TSCs protected anti-unitary symmetries. The common theme

in all symmetry classes is that our proposed quantities effectively simulate the partition function

on suitable non-orientable spacetime manifolds such as the Klein bottle or real-projective plane

(RP 2). In principle, this idea could be extended to interacting topological phases with long-range

entanglements, such as fractional quantum Hall states or spin liquids in the presence of sym-

metries the so-called symmetry enriched topological order. Furthermore, our formalism may

provide a useful tool to study the recently discovered topological phases in periodically driven

systems (Floquet topological phases) and time-crystals.

Throughout this dissertation, we focused on the theoretical aspects of entanglement and topo-

logical invariants. Our proposed invariants may be viewed as a topological response to external

perturbations (in our case non-orientable manifolds). As we saw, such invariant quantities pro-

vide a framework to classify topological phases. More importantly, they may be related to the

physical response coefficients which can be measured experimentally, or used to distinguish topo-

logical phases in numerical simulations. For example, the many-body Chern number appears as

the Hall conductance. It is yet to be understood how the partial transpose can be measured exper-

imentally. The generic form Tr(ρρTA) indicates its similarity to the second REE Trρ2 which was

shown to be measurable in a cold atomic setup [1, 57, 94, 112, 121, 149, 161]. On the other hand,

there are some recent proposals for measuring the spectrum of ρTA in terms of particle-number

difference fluctuations between the two subsystems A and B [52, 86].

The realization of topological phases on non-orientable manifolds may seem a bit far reaching

from an experimental point of view. However, recent experiments on synthetic materials such as

photonic crystals or circuits offer unique opportunities for such exotic realizations. For instance,

Ref. [151] reports putting a topological capacitor-inductor network on a Möbius strip. We hope

to see further progress in this direction.
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Appendix A

Invariance under local unitarites

In this appendix, we show that a generic SPT invariant for a time-reversal symmetric system

in the form of Tr(ρU1ρ
T1 U †

1 ), where TRS operator is T = UK , is invariant under local basis

transformations. The key in this proof is to note that upon a local basis transformation the

unitary part of the TRS operator U =
∏

j Uj is also transformed.

We define a basis transformation from an old basis |Ψ〉 to a new basis |Φ〉 by

|Ψ〉 :=V |Φ〉 (A.1)

where V is a unitary transformation V V † =V †V = I and in the case of fermions preserves the

fermion-number parity.

The action of an operator O in the old basis is

|Ψo〉=O |Ψ〉 . (A.2)

It is easy to find how the operator acts in the new basis,

|Ψo〉=OV |Φ〉 (A.3)

⇒V |Φo〉=OV |Φ〉 (A.4)
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which implies

|Φo〉=V †OV |Φ〉 . (A.5)

and the operator in the new basis |Φ〉 act as

O→ Õ =V †OV . (A.6)

For an anti-unitary operator

T =UK (A.7)

which has a unitary part U and a complex conjugationK , the action of operator is defined by

|ΨT 〉= T |Ψ〉 . (A.8)

Now, in the new basis we have

V |ΦT 〉= T V |Φ〉 (A.9)

⇒V |ΦT 〉=UV ∗K |Φ〉 (A.10)

which gives the transformation rule for the unitary part of T ,

U → Ũ =V †UV ∗. (A.11)

With the above relations, let us now check whether or not the SPT order parameter

Z = tr [ρ(U1⊗ I2)ρ
T1(U †

1 ⊗ I2)] (A.12)
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is invariant under the local basis transformation. Recall thatρ is the density matrix of a composite

subsystem A1∪A2. Note that the anti-unitary transformation involves T =U1⊗U2K . We want

to check the invariance of (A.12) under the local many-body basis transformations

ρ→ ρ̃= (V †
1 ⊗V †

2 )ρ(V1⊗V2). (A.13)

From the definition of the partial transpose, we write

ρ̃T1 = [(V †
1 ⊗V †

2 )ρ(V1⊗V2)]
T1 (A.14)

= (V T
1 ⊗V †

2 )ρ
T1(V ∗

1 ⊗V2), (A.15)

which holds for any fermion-number parity preserving local unitary transformations [189].

From the previous section, the unitary part of T within subsystem is transformed as

U1→ Ũ1 =V †
1 U1V

∗
1 . (A.16)

Hence, we may write

Z̃ = tr [ρ̃ · (Ũ1⊗ I2) · ρ̃
T1 · (Ũ †

1 ⊗ I2)] (A.17)

= tr
�

(V †
1 ⊗V †

2 )ρ(V1⊗V2) · (V
†

1 U1V
∗

1 ⊗ I2) · (V
T

1 ⊗V †
2 )ρ

T1(V ∗
1 ⊗V2) · (V

T
1 U †

1 V1⊗ I2)
�

(A.18)

= tr
�

(V †
1 ⊗V †

2 )ρ · (V1V
†

1 U1V
∗

1 V T
1 ⊗V2V

†
2 ) ·ρ

T1 · (V ∗
1 V T

1 U †
1 V1⊗V2)

�

(A.19)

= tr
�

(V1V
†

1 ⊗V2V
†

2 )ρ · (U1⊗ I2) ·ρ
T1 · (U †

1 ⊗ I2)
�

(A.20)

= tr
�

ρ · (U1⊗ I2) ·ρ
T1 · (U †

1 ⊗ I2)
�

= Z (A.21)

which shows the invariance of the SPT order parameter.
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