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ABSTRACT

Noise and fluctuations play a crucial role in quantum physics. They are not only impor-

tant from a fundamental perspective—noise is ubiquitous in the quantum regime due to

the Heisenberg uncertainty principle—but also interesting for practical purposes, as under-

standing and suppression of unwanted noise are key to constructing quantum information

processors. While they are commonly treated as adversarial elements for quantum informa-

tion processing, it is interesting to ask if noise and fluctuations can be exploited to make

quantum-based technologies more powerful. An answer to this question can lead to ap-

plications that are directly compatible with state-of-the-art experimental platforms, where

system decoherence is small but non-negligible. Further, it can also shed light on how quan-

tum fluctuations are uniquely different from their classical counterparts.

In this thesis, we present a variety of theoretical advances in this direction. We start

by examining how fundamental limits on quantum noise impose constraints on dynamics

of open quantum systems. We consider the microscopic origin of Markovian dissipation,

one of the most common types of quantum decoherence, and show that the Heisenberg

uncertainty principle, and the resulting quantum noise inequalities, directly manifest as re-

strictions on the dissipative dynamics. Based on this insight, we propose a general recipe

for designing non-Hermitian quantum dynamics without using any dissipation. Next, we

turn to the question of distinguishing quantum versus classical noises. We study this in

two scenarios: characterization of non-Gaussian quantum noise, and identifying genuinely

quantum Markovian dephasing processes. For the former problem, we present a general

characterization method based on quantum noise bispectra, and find a surprising quantum

fluctuation-induced breaking of detailed balance in the case of driven photon shot noise. For

the second question, we adopt an experimentally motivated approach, and define quantum

dephasing environments as the ones having entangling power over the systems to which they

are coupled. Focusing on purely dephasing environments, we identify necessary and suffi-

xii



cient conditions for entanglement generation, which have implications for, e.g., dissipative

generation of entanglement.

Finally, we discuss applications inspired by the aforementioned insights. First, we con-

sider quantum sensing protocols that exploit qubit dephasing to probe noise properties of an

unknown environment. We show a general sensing modality that uses inadvertent quenches

imparted by the probe to its environment, which allows one to measure the environmental

spectral function. Our method unlocks a new class of quantum sensors beyond standard

dephasing-based sensing protocols, which is directly compatible with numerous quantum

platforms ranging from defect-based solid-state spin qubits to superconducting circuits. Sec-

ond, we present a general strategy, based on inherent dissipative gauge symmetries of con-

tinuous Markovian processes, to design fully nonreciprocal dynamics in generic bipartite

quantum systems. Intriguingly, this new mechanism for obtaining nonreciprocal interactions

also leads to a general method for dissipative, deterministic realizations of unitary quantum

gates.
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CHAPTER 1

INTRODUCTION

Since the birth of quantum mechanics, the question of to what extent quantum and classical

laws of physics are distinct from each other has attracted immense interest from physicists.

On one hand, this study underlies the understanding of the foundation of quantum theory [1–

4]. On the other hand, the idea that classical and quantum theories could differ in a funda-

mental manner suggests that the quantum theory may enable states and processes with no

counterpart in the classical world, generating potential resources for novel applications [5–9].

These two complementary lines of research both motivate the study of quantum information

processing, and tremendous progress has been made in the past decades in terms of both

the theoretical understanding and experimental realizations of quantum processors [10–13].

However, the pursuit of scalable implementation of quantum information processors with

practically relevant applications is still ongoing and remains an area of active research [14].

Towards this goal, an outstanding challenge is the extreme sensitivity of quantum systems to

external perturbations, making a physical qubit hyper susceptible to environmental noise and

fluctuations [15–18]. This fragility of quantum information provides both a difficulty and an

opportunity: as noise represents one of the most fundamental distinctions between quantum

and classical mechanics through the Heisenberg uncertainty principle, having an accurate

characterization of the noise properties in quantum system could lead to discoveries of novel

physical phenomena. Alternatively, such knowledge could also inform the design of quantum

information hardware, and eventually help achieve quantum advantage in applications.

This thesis presents a collection of works that are motivated by the similar unifying theme:

finding physically meaningful ways to distinguish between quantum and classical systems,

particularly through the lens of noise and fluctuations. We address this question via various

approaches, including deriving fundamental bounds on quantum dynamical processes as

imposed by the Heisenberg uncertainty principle (Chapters 2 and 3), characterizing noise
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properties in a generic quantum system (Chapters 4 and 5), as well as designing dissipative

dynamics (Chapter 6), such as nonreciprocal processes, that can be used as a resource for

quantum information processing. The ultimate goal of this thesis is two-fold: provide a

theoretical understandings of noise, fluctuations and dissipative dynamics to shed more light

on the connections and boundary between quantum and classical phenomena, and form a

toolbox of characterization techniques and engineered quantum interactions that would allow

quantum information processing applications. Often these two goals are complementary: as

shown in the following chapters, new understanding in the fundamental limits of noise in

quantum systems could inform the design of quantum dynamics.

The rest of this thesis is organized as follows. As a warm-up exercise and to introduce

some of the technical language, we start in Chapter 2 by considering one of the most common

and featureless models of environmental noise, i.e., Markovian dephasing bath, where the

system dynamics can be described by Lindblad master equations. For this model, we show in

Section 2.3 that the physical constraints imposed by the fact that the dissipative dynamics

should generate completely positive trace preserving (CPTP) maps on the master equation

parameters are mathematically equivalent to a form of quantum noise inequalities. The latter

corresponds to the application of Heisenberg uncertainty relations to the Fourier components

of environmental operators. Next, in Chapter 3, we consider the implications of quantum

noise properties on coherent dynamics, and show that a generic non-Hermitian Hamiltonian

can be mapped to the dynamical matrix of a dissipation-free quantum system. Crucially,

we make use of particle-non-conserving bosonic quadratic Hamiltonians, whose dynamical

matrices are naturally non-Hermitian. We present general strategies that can implement non-

Hermitian setup ranging from PT -symmetric dimers to general multimode systems. We also

discuss applications of this general mapping to quantum sensing, entanglement dynamics and

topology.

We then turn to the problem of identifying features of genuinely quantum environments.
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We investigate this problem in two different contexts: spectrally resolving properties of

quantum noise, and distinguishing between quantum and classical Markovian dephasing

processes. First, Chapter 4 is concerned with the theoretical techniques for describing noise

properties of non-Gaussian quantum environments. Making use of a Keldysh field-theory-

based approach, we provide a general method for computing the quantum noise polyspectra

(i.e. frequency-resolved higher cumulants) of a generic quantum bath. Focusing on the case of

photon shot noise generated by a driven damped harmonic oscillator, we further calculate the

quantum noise bispectra of the noise process, which reveals an intriguing quantum breaking

of detailed balance conditions. Second, Section 2.4 deals with the problem of distinguishing

between quantum or classical Markovian dephasing environments. To answer this question,

we adopt an operationally motivated criterion based on whether the dissipative dynamics

can create entanglement, something that in principle can be directly tested in experiments.

Invoking the Peres-Heredecki (i.e., positive partial transpose) criterion, we derive necessary

and sufficient conditions for when Markovian dephasing environments exhibit nontrivial en-

tangling power, or equivalently, when they can be unambiguously distinguished from local

or correlated classical noise processes.

Shifting attention now to applications, in the last part of this thesis, we discuss ways

to utilize dissipative dynamics as a resource. Two concrete examples are provided for this

purpose. Chapter 5 studies a novel sensing modality in the context of quantum sensing and

quantum noise spectroscopy protocols, which exploit the dephasing of a sensor qubit to probe

properties of its surrounding, unknown environment. In this case, we show how the very

presence of the qubit sensor in the standard sensing and noise spectroscopy pulse sequences

would give rise to an inadvertent quench on the sensing target, i.e. a sudden change in the

environmental Hamiltonian. These quenches encode information about the initial environ-

mental state, and because of the qubit-environment coupling, would also lead to observable

changes in the qubit dynamics. Based on this insight, we propose simple and general strate-
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gies that can enhance standard dephasing-based sensing protocols. Specifically, we present

sensing protocols that allow a model-independent extraction of environmental temperature,

detection of the bath in non-thermal states, and application of those general ideas to the

paradigmatic examples of 1/f quantum noise sources and Ohmic baths. We further develop

a general protocol to modulate the quenches, which enables spectral reconstruction of the

bath density of states function. We also discuss how our approach can be directly imple-

mented using a variety of state-of-the-art quantum platforms including solid-state defect spin

qubits, circuit QED systems, and quantum dots.

Finally, in Chapter 6, we discuss a general recipe for designing a novel form of nonrecip-

rocal quantum interactions. This is achieved via a universal and inherent class of dissipative

gauge symmetries of a generic Lindblad master equation, where the dynamics stay invariant

under a phase shift of the jump operators. As an interesting application, our method enables

a completely dissipative realization of an arbitrary unitary quantum operation. We also in-

troduce a general metric for quantifying the amount of nonreciprocity of a generic quantum

map, whose applicability is fully general and extends beyond the standard scattering-matrix-

based picture.

Chapters 2 to 6 are written as self-contained chapters, each of which can be read inde-

pendently. We end with a discussion on open questions in Chapter 7.
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CHAPTER 2

WARM-UP EXAMPLE: MARKOVIAN DEPHASING

QUANTUM MASTER EQUATIONS

2.1 Overview of results

This chapter provides both an introduction to some of the basic theoretical techniques, as well

as new results following up a previous work [19], where we proposed an operational criterion

to distinguish between quantum and classical dissipative environments, based on whether

the said dissipation could generate entanglement in the system. In Sections 2.2 and 2.3, we

first introduce the basic theory method of quantum master equations, and provide intuitions

for understanding the physical parameter constraints on such equations, with a focus on

the paradigmatic example of pure-dephasing Markovian environments. In Section 2.4, we

then derive sufficient condition for a generic Markovian dephasing environment to have

entangling power on multipartite quantum systems, which generalizes the results in Ref. [19]

(that focuses on multiqubit Markovian dephasing environments). For the case with a single

dissipator, we further derive necessary and sufficient conditions for the dissipation to generate

entanglement, and apply this result to the example of harmonic oscillator systems whose

dynamics are due to completely dissipative forces.

2.2 Setup: Markovian dephasing quantum master equations

Consider a generic multi-partite quantum system, consisting of N subsystems, coupled to

a stationary environment. While our approach applies to general types of dissipation, in

this chapter we focus on pure-dephasing environments. More specifically, we assume that

the system frequencies are sufficiently off-resonant from environmental transitions, and we

further restrict the system and environment to have at most 2-body interactions. Thus, in
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the rotating frame with respect to the internal system (S) and environment (E) Hamiltonians,

ĤS and ĤE, one can approximate the system-environment interaction with a pure-dephasing-

type coupling, as

Ĥint (t) =
N∑
j=1

M̂j ⊗ B̂j (t) . (2.1)

Here, M̂j are local Hermitian operators acting on susystem j, and B̂j (t) ≡ eiĤEtB̂je
−iĤEt

denote Hermitian environmental operators in the rotating frame. Note that the spectra of

the local system operators M̂j can be completely distinct.

In the regime where the environment can be treated effectively as Markovian, and making

use of Born-Markovian approximation (see, e.g., [20]), we can integrate out environmental

degrees of freedom and describe system dynamics via a Lindblad master equation dρ̂
dt =

Lρ̂ [21], with the Liouvillian given by

Lρ̂ = −i
∑
j,k

hjk

[
M̂jM̂k, ρ̂

]
+

N∑
j,k=1

γjk

(
M̂kρ̂M̂j −

1

2

{
M̂jM̂k, ρ̂

})
, (2.2)

where the coefficient matrices h and γ can be written in terms of appropriate correlation

functions of the bath, as

hℓm =
1

4i

∫ ∞

0
dτ⟨[B̂ℓ (τ)− B̂ℓ (−τ) , B̂m (0)]⟩, (2.3)

γℓm =

∫ ∞

−∞
dτ⟨B̂ℓ (τ) B̂m (0)⟩. (2.4)

Note that h is real and symmetric by construction; the corresponding Hamiltonian term

in Eq. (2.2) is also known as the Lamb shift term. For Eq. (2.2) to describe a Lindblad

master equation, i.e., in order for the time evolution described by this equation to generate

completely-positive trace-preserving (CPTP) maps [22], we require that the coefficient matrix
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γ of the dissipative dynamics to be Hermitian and positive semidefinite, as

γ = γ†, γ ≥ 0. (2.5)

The real part of this dissipator matrix Reγ can be conveniently understood as dephasing

due to classical, correlated noise. In contrast, while the imaginary part of Imγ is known to

be allowed in a general quantum master equation (see, e.g., Ref. [20]), the physical origin of

this term is somewhat obscure.

To obtain a physical understanding of the coefficient matrices in Eqs. (2.3) and (2.4), it is

useful to relate the Hamiltonian and dephasing parameters to the quantum noise spectrum

and response susceptibility of the bath. More specifically, the real part of the dephasing

coefficient matrix Reγ corresponds to a zero-frequency symmetrized quantum noise spectrum

Sℓm [ω] ≡ 1
2

∫∞
−∞ dseiωs⟨{B̂ℓ(s), B̂m(0)}⟩ [23]

Reγℓm =
1

2

∫ ∞

−∞
dτ⟨{B̂ℓ (τ) , B̂m (0)}⟩ = ReSℓm [ω = 0] . (2.6)

Interestingly, the imaginary parts of the dissipator coefficients Imγ can be directly related

to the (Green-Kubo) linear response susceptibility function GR
ℓm [ω] (see, e.g., [24] for a

pedagogical introduction)

GR
ℓm [ω] ≡ −i

∫ ∞

0
dseiωs⟨[B̂ℓ(s), B̂m(0)]⟩. (2.7)

These response functions capture how the system responds to a weak perturbation oscillating

at frequency ω. Comparing above equation to the general dephasing coefficients in Eq. (2.4),
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we thus obtain

hℓm =
1

4

(
ReGR

ℓm [ω = 0] + ReGR
mℓ [ω = 0]

)
, (2.8)

Imγℓm =− i

2

∫ ∞

−∞
dτ⟨[B̂ℓ (τ) , B̂m (0)]⟩

=− i

2

∫ ∞

0
dτ⟨[B̂ℓ (τ) , B̂m (0)]⟩+ i

2

∫ ∞

0
dτ⟨[B̂m (τ) , B̂ℓ (0)]⟩

=
1

2

(
ReGR

ℓm [ω = 0]− ReGR
mℓ [ω = 0]

)
. (2.9)

2.3 Physical intuition for the positivity constraint on

pure-dephasing dynamics via quantum noise inequalities

Consider a generic Lindblad master equation of the form in Eq. (2.2), which is given by

d

dt
ρ̂(t) =− i

∑
j,k

hjk

[
M̂jM̂k, ρ̂

]
+

N∑
j,k=1

γjk

(
M̂kρ̂M̂j −

1

2

{
M̂jM̂k, ρ̂

})
. (2.10)

As mentioned, for this master equation be physical, the dissipator coefficient matrix is re-

quired to be a positive semidefinite (PSD) matrix, i.e.

γ ≥ 0. (2.11)

On the other hand, we have shown that starting from a general microscopic quantum bath

model, the real and imaginary parts of dissipator coefficients γℓm are given by zero-frequency

components of symmetrized quantum noise spectrum Sℓm [ω = 0] and the asymmetric sus-

ceptibility function S−
ℓm [ω = 0], respectively, as

Reγℓm = Sℓm [ω = 0] , (2.12a)

Imγℓm = S−
ℓm [ω = 0] ≡ GR

ℓm [0]−GR
mℓ [0]

2
. (2.12b)
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The PSD condition γ ≥ 0 thus impose collective constraints on the symmetrized bath noise

spectra and the susceptibility functions. At first glance, this might seem surprising, as

classical physics would allow noiseless response. In contrast, the PSD condition requires

that the quantum bath response is limited by noise correlators as

Sℓℓ [ω = 0]Smm [ω = 0]−
∣∣Sℓm [ω = 0]

∣∣2 ≥
∣∣S−

ℓm [ω = 0]
∣∣2 . (2.13)

These constraints, also known as quantum noise inequalities, are frequency-domain versions

of the Heisenberg uncertainty relations. Physically, they describe quantum backaction that

necessarily accompany weak measurements on the quantum bath [23].

We now show that the PSD constraint on the quantum bath correlators is also necessary

for the quantum noise inequalities to hold. Given a generic dissipator coefficient matrix, we

can diagonalize it as

γ = U†ΓU, (2.14)

so that we can express the quantum bath correlators as

D̂α =
∑
m

UαmB̂m, (2.15)∫ ∞

−∞
dτ⟨D̂α (τ) D̂

†
β (0)⟩ = δαβΓα. (2.16)

Defining the Hermitian and anti-Hermitian contributions to the new bath operators as D̂α =

Îα + iF̂α, we can rewrite the eigenvalues of the dissipator matrix as

Γα = SIαIα [0] + SFαFα
[0] +GR

IαFα
[0]−GR

FαIα
[0]

= SIαIα [0] + SFαFα
[0] + 2S−

IαFα
[0] . (2.17)
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Applying the quantum noise inequality to the pair of operators Îα and F̂α, we can prove

that the eigenvalues must be nonnegative as

Γα ≥ 2
√
SIαIα [0]SFαFα

[0] + 2S−
IαFα

[0] ≥ 0. (2.18)

Thus, we have shown that the quantum noise inequalities between all possible pairs of zero-

frequency component of bath operators are necessary and sufficient conditions for the dissi-

pative coefficient matrix γ to be positive semidefinite.

2.4 Sufficient and necessary conditions for Markovian dephasing

environments to have entangling power

2.4.1 Translating the positive partial transpose criterion to constraints on

the dephasing coefficient matrix

Let us again consider a generic multi-partite quantum system, consisting of N subsystems,

coupled to a Markovian pure-dephasing environment. The system dynamics can be described

by Lindblad master equation given by Eq. 2.2, which we rewrite as

L(ρ̂) = −i
[
ĤLS, ρ̂

]
+

N∑
j,k=1

cjk

(
M̂kρ̂M̂j −

1

2

{
M̂jM̂k, ρ̂

})
. (2.19)

The dephasing matrix C = (cij) must be positive semi-definite (PSD) for any physical baths.

We will focus on the dissipative part of dynamics (and ignore the Lamb-shift Hamiltonian

ĤLS) henceforth. While there are multiple (possibly inequivalent) approaches to distinguish-

ing a truly quantum environment from its classical counterparts, here we apply an operational

definition: the dissipation is quantum if and only if it can generate entanglement during the

time evolution [19]. Note that we do not require nonzero steady state entanglement.
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We now use the Peres-Horodecki criterion [25, 26] to explicitly derive a sufficient condition

for the dissipative part of Eq. (2.19) to have entanglement power. We consider a generic

bipartition into subsystems A and B, so that the dynamics of the partial transposed state of

the system with respect to A, i.e. ρ̂TA = (TA ⊗ 1) (ρ̂), can be written as d
dt ρ̂

TA = L̃
(
ρ̂TA

)
.

The new superoperator L̃ is given by

L̃(ρ̂TA) = −i
[
ĤPT, ρ̂

TA
]
+ L̃diss

(
ρ̂TA

)
. (2.20)

The equation of motion of the partial transposed state ρ̂TA takes a similar form as the

standard master equation in Eq. (2.19), but may generate non-positive maps. The Hamil-

tonian term is again given by ĤPT = 1
2

∑
ij h̃ijM̂iM̂j with real coefficient matrix H̃. The

superoperator L̃diss can be written compactly in terms of a new coefficient matrix C̃ as

L̃diss(ρ̂
TA) =

N∑
j,k=1

c̃jk

(
M̂kρ̂M̂j −

1

2

{
M̂jM̂k, ρ̂

})
. (2.21)

The coefficient matrices H̃ and C̃ can be obtained from explicitly performing the partial

transpose operation on the original master equation, Eq. (2.19). For convenience, we rewrite

all coefficient matrices in terms of block matrices defined on A and B degrees of freedom, as

M =

MAA MAB

MBA MBB

 , (M = H,C, H̃, C̃). (2.22)

One can thus show that

H̃AA = −HAA, H̃AB = ImCAB , H̃BB = HBB , (2.23)

C̃AA = CT
AA, C̃AB = −ReCAB + iHAB , C̃BB = CBB . (2.24)

The remaining blocks can be obtained using the symmetry relations H̃BA = H̃T
AB and
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C̃BA = C̃
†
AB .

Reference [19] has shown that for multiqubit systems, the dissipation can generate en-

tanglement if the corresponding C̃ has one or more negative eigenvalue. Here, we show that

similar sufficient condition holds for Eq. (2.19), which describes general quantum systems.

To prove this, we can restrict to only two sublevels of each subsystem, and we refer to the

new effective qubits formed by these levels as pseudospins on site j with Pauli operators Ẑj .

It is straightforward to see that if the dissipation restricted to these sublevels can generate

entanglement between pseudospins, then the dissipation in Eq. (2.19) can also generate en-

tanglement in the orginial system. We can thus consider (lack of) entanglement generation

in the effective N -qubit system.

The Hermitian system operators M̂j reduce to qubit operators mj + djẐj , where Ẑj are

Pauli operators acting on pseudospin j, and mj and dj are real coefficients. For subsystems

that are not trivial dark modes of the dissipation, we can choose the pseudospins such that

dj > 0. The corresponding dephasing coefficient matrix C ′ in the pseudospin basis can be

expressed in terms of the original C matrix, and a rescaling matrix D as

C ′ = DCD, (2.25)

where we defineD asD = diag(d1, . . . , dN ). One can show that C̃ ′ corresponding to equation

of motion of the partial transposed pseudospin state can be obtained in a similar way, as

C̃ ′ = DC̃D. (2.26)

As a result, C̃ ′ is positive semidefinite if and only if C̃ is PSD. Thus, the reduction of

Eq. (2.19) into the pseudospin basis can generate entanglement if C̃ is not PSD. We have now

shown that for generic commuting local operators M̂j , the dissipative dynamics in Eq. (2.19)

can create entanglement as long as the corresponding C̃ has a negative eigenvalue.
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2.4.2 Sufficient condition for no entangling power:

local-measurement-and-feedforward protocols

We first focus on the question of what types of dissipative dynamics cannot generate entan-

glement. As we show in the next subsection, this discussion is also helpful for understanding

the sufficient condition for pure dephasing processes to generate entanglement.

We start by considering a dissipative process generated by continuously monitoring the

Hermitian operator Â, and applying a conditional feedback or feedforward force to the Her-

mitian operator B̂ whose strength depends linearly on the measurement signal. As shown

in Ref. [27], in the limit where delay time is negligible, this measurement-and-feedforward

(MF) process can be described by the master equation dρ̂
dt = Lm.f.{Â, B̂}ρ̂, with Liouvillian

Lm.f.{Â, B̂} given by

Lm.f.{Â, B̂}ρ̂ ≡ −iΓ[ÂB̂, ρ̂] + ΓD[B̂ + iÂ]ρ̂, (2.27)

where the dissipative coupling strength Γ is set by the geometric mean of measurement rate

and feedforward force strength.

While above discussion is valid for generic operators Â and B̂, for the specific case where

they are local operators acting on two different subsystems, we can use the connection to the

MF process to rigorously show that dynamics generated by Lm.f.{Â, B̂} has no entangling

power. It is thus straightforward to prove that the dissipator D[Â + iB̂] also can never

generate entanglement, since we have the following decomposition

D[Â+ iB̂]ρ̂ =
1

2

(
Lm.f.{B̂, Â}+ Lm.f.{Â,−B̂}

)
ρ̂. (2.28)

It is interesting to consider the dissipative process where one measures local operator Â

and applies a corresponding feedback force on a linear combination of local operetors αÂ+B̂,
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with a real coefficient α. The system dynamics is now given by master equation

Lm.f.{Â, αÂ+ B̂}ρ̂

=− iΓ[Â(αÂ+ B̂), ρ̂] + ΓD[αÂ+ B̂ + iÂ]ρ̂. (2.29)

If both Â and B̂ are local operators, one can again use the MF realization to show that the

Lindbladian Lm.f.{Â, αÂ+ B̂} cannot generate entanglement. For convenience, we will call

such dissipative processes local MF processes. This further allows us to show that dynamics

generated by dissipator D[Â+ eie
iφ
B̂] does not have entangling power, as we can decompose

the dissipative process into sum of contributions from local MF processes and local unitary

transformations, as

D[Â+ eiφB̂] =
1

2
D[Â+ eiφB̂]ρ̂+

1

2
D[B̂ + e−iφÂ]ρ̂ (2.30)

=
1

2
Lm.f.{B̂ sin θ, Â+ B̂ cos θ}ρ̂+ 1

2
Lm.f.{Â sin θ,−B̂ − Â cos θ}ρ̂

− i

2
[(Â2 − B̂2) sin θ cos θ, ρ̂]. (2.31)

2.4.3 Sufficient condition for a single dissipator to have entangling power

We have presented sufficient condition for master equation in Eq. (2.19) to be able to generate

entanglement in transient dynamics. It is worth asking if we could also derive the necessary

and sufficient condition for the dissipative dynamics to be able to create entanglement.

While this is challenging for the most general C matrix, here we provide a first step towards

answering the question, i.e. we consider Lindbladians with a single dissipator. For a generic

bipatition into A and B, we could rewrite the dissipator as D[Â1 + iÂ2 + B̂1 + iB̂2], where

Âj , B̂j (j = 1, 2) are traceless Hermitian operators. Note that the dynamics is invariant up

to a global gauge transformation eiθ(Â1+ iÂ2+ B̂1+ iB̂2) with phase θ, we choose the phase

such that either Â1, Â2 are linearly independent or Â2 = 0.
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Let us first consider the case with Â2 = 0, so that the dissipator can be written as

D[Â1 + B̂1 + iB̂2]. If B̂1 and B̂2 are linearly dependent, then from Eq. (2.31) we can show

that the dissipator does not generate entanglement. Conversely if B̂1 and B̂2 are linearly

independent, the dissipator D[Â1+B̂1+iB̂2] can always generate entanglement. To show this,

we consider the dephasing coefficient matrix C̃ describing dynamics of the partial transposed

state ρ̂TA . For purposes that will become clear, it is useful to consider transformation of C

under local orthogonal transformation O

C ′ = OCOT , (2.32)

where O has a block diagonal form as

O =

OA 0

0 OB

 , OTO = IAB . (2.33)

One can show that the corresponding C̃ ′, define via Eq. (2.24) acting on C ′, can be related

to C̃ as

C̃ ′ = OT C̃O. (2.34)

Noting that the PSD condition for C̃ is invariant under any local orthogonal transformation

O, we can check the entangling power D[Â1 + B̂1 + iB̂2] by projecting the dissipator onto

basis operators. For example, we could rewrite B̂2 using basis operator determined by B̂1

as B̂2 = b1B̂1 + b⊥B̂⊥, so that the new coefficient matrix is

Ceff =


1 1− ib1 −ib⊥

1 + ib1 1 + b21 −ib⊥(1 + ib1)

ib⊥ ib⊥(1− ib1) b2⊥

 . (2.35)
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One can easily verify that in this effective basis, the corresponding C̃eff matrix is not PSD.

We have thus shown that the dissipator D[Â1 + B̂1 + iB̂2] can generate entanglement.

For the scenario where we have a nontrivial Â2, if B̂1 or B̂2 vanishes then we could

permute A and B subsystems, and the reasoning above still apply. If both B̂1 and B̂2 are

nonzero, we could also reduce the problem to the form of D[Â1 + B̂1 + iB̂2] by restricting

to two eigenstates of Â1 + iÂ2 with distinct eigenvalues, so that similar arguments would

apply to this case as well.

2.4.4 Case study: harmonic oscillators experiencing dissipative forces

In this section, we focus on the scenario where the total system consists of N harmonic

oscillator modes cj (j = 1, 2, . . . , N), and dissipators only involve commuting quadrature

operators of each modes. In this case, we can define the local operators in Eq. (2.19) as

M̂j = x̂j , x̂j ≡ (ĉj + ĉ
†
j)/

√
2. (2.36)

Because the Liouvillian in this case is quadratic, the dynamics it generates is completely

linear, i.e. if the system starts in an initial Gaussian state, it will stay Gaussian throughout

the time evolution. We can then straightforwardly characterize the time evolution using the

equations of motion of the first two moments. This noninteracting bosonic setup thus pro-

vides a simple model system for understanding entanglement generation via purely dephasing

dynamics.

For simplicity, we consider Lindbladian with a single dissipator, as

Lsing = ΓD[L̂0], L̂0 =
N∑
j=1

αj x̂j , (2.37)

where αj are complex coefficients. Without loss of generality, we assume α1 = 1 and the

system starts in the vacuum state, which is a product state and has no initial entanglement.
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We now focus on entanglement between the first mode and the other N − 1 modes. For

this bipartition, it is straightforward to see that dynamics of entanglement generated by

Eq. (2.37) is fully equivalent to an effective 3-mode model with corresponding quadrature

operators x̂1, x̂r, and x̂⊥, which satisfy the following condition

L̂0 =x̂1 + (|Reα\{1}|+ ivr)x̂r + iv⊥x̂⊥. (2.38)

The x̂r quadrature involves the real part of coefficients αj acting on the 2, 3, . . . , N modes,

which can be defined as

x̂r =
1

|Reα\{1}|
N∑
j=2

Reαj x̂j , |Reα\{1}| ≡

√√√√√ N∑
j=2

(Reαj)2. (2.39)

The third quadrature operator x̂⊥ can be uniquely determined, by requiring that its coeffi-

cients are set by the component of vector Imα that is orthogonal with respect to Reα\{1}.

We can obtain x̂⊥ explicitly as

x̂⊥ =
1

v⊥

N∑
j=2

v⊥,j x̂j , v⊥ =

√√√√√ N∑
j=2

v2⊥,j , (2.40)

v⊥,j = Imαj − Reαj
Reα\{1} · Imα

|Reα\{1}|2
. (2.41)

From the discussion in Sec. 2.4.3, we see that if |Reα\{1}| = 0 or v⊥ = 0, then the

Lindbladian in Eq. (2.37) cannot generate any entanglement between mode 1 and the rest of

the system. We thus assume |Reα\{1}|v⊥ > 0 hereafter. Because one can always use local

unitary operations to transform the original quadrature basis {x̂1, . . . , x̂N} into a new basis

set including {x̂1, x̂r, x̂⊥} without affecting entanglement between mode 1 and the rest of

the system, we restrict to the 3-mode setup in Eq. (2.38) henceforth. For convenience, we
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relabel our mode basis and rewrite the general jump operator in Eq. (2.38) as

L̂0 =x̂1 + (u2 + iv2)x̂2 + iv3x̂3, (2.42)

where u2, v2, v3 are real-valued coefficients, u2 > 0 and v3 > 0. Again invoking the resultsin

Sec. 2.4.3, one can show that in this case, the dissipator corresponding to Eq. (2.42) can

generate entanglement. Otherwise, if u2 = 0 or v3 = 0, then the dissipative dynamics

can be realized via local measurement-and-feedforward processes, and hence cannot create

entanglement.

2.5 Conclusions

In this chapter, we provide an introduction to the basic methods of quantum master equation

and quantum noise spectrum, concepts that will reappear multiple times in this thesis. We

also generalize the results in Ref. [19], proving sufficient condition for entanglement genera-

tion in generic multipartite systems with pure-dephasing dynamics, as well as the necessary

and sufficient conditions for a single dephasing dissipator to have nontrivial entangling power.

One need not stop here: a natural question to ask is whether one can prove necessary and

sufficient conditions for entanglement generation due to more complex dephasing Lindbladi-

ans. In the more general case, a technical challenge is whether the pure-dephasing dynamics

could ever generate bound entanglement [28–30], which would not be detectable with our

approach based on the Peres-Horodecki criterion. We are not aware of an example of purely

dephasing dephasing dynamcis creating nonzero bound entanglement, although to the best

of our knowledge, we also do not know of a rigorous proof that excludes the case of bound

entanglement. Another interesting problem is about entanglement generation power for dis-

sipative dynamics beyond the pure-dephasing scenario. Last but not least, an important

issue that we did not touch on in this chapter is to what extent the dissipative mechanism of
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entanglement generation discussed here is relevant to current experimental implementations.

While one could imagine using reservoir engineering techniques to build quantum devices

with the desired dissipative dynamics [31], it would be interesting to explore whether or not

similar dynamics could ever be found in naturally occurring dissipative processes.
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CHAPTER 3

NON-HERMITIAN DYNAMICS WITHOUT DISSIPATION IN

QUANTUM SYSTEMS

This chapter is adapted with permission from Ref. [32]. Copyright by American Physical

Society.

3.1 Overview of results

Models based on non-Hermitian Hamiltonians can exhibit a range of surprising and po-

tentially useful phenomena. Physical realizations typically involve couplings to sources of

incoherent gain and loss; this is problematic in quantum settings, because of the unavoidable

fluctuations associated with this dissipation. In this chapter, we present several routes for

obtaining unconditional non-Hermitian dynamics in non-dissipative quantum systems. We

exploit the fact that quadratic bosonic Hamiltonians that do not conserve particle number

give rise to non-Hermitian dynamical matrices. We discuss the nature of these mappings

from non-Hermitian to Hermitian Hamiltonians, and explore applications to quantum sens-

ing, entanglement dynamics and topological band theory. The systems we discuss could be

realized in a variety of photonic and phononic platforms using the ubiquitous resource of

parametric driving.

3.2 Introduction

Systems whose dynamics are governed by a non-Hermitian Hamiltonian exhibit a wealth of

unique phenomena, and have been the subject of considerable recent theoretical and exper-

imental interest [33]. Non-Hermitian dynamics is typically realized by the structured intro-

duction of both loss and gain, and is usually studied in the context of coupled-mode systems

or tight-binding lattices with linear dynamics. Such systems can exhibit the spontaneous
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breaking of parity-time (PT ) symmetry, as well as exceptional points in parameter space,

where Hamiltonian eigenvalues coalesce. A variety of phenomena in such non-Hermitian sys-

tems have been studied, including quasi-adiabatic evolution and chiral mode switching [34–

45], directional invisibility [46], the possibility of enhanced parameter sensing [47–51], and

even applications to robust wireless power transfer [52].

While the majority of work on non-Hermitian PT -symmetric systems has been in clas-

sical settings, it is natural to ask whether their rich properties can also be exploited in

quantum systems. A natural stumbling block is that in the quantum context, the gain

and loss typically used to implement non-Hermitian dynamics invariably introduces noise

into the system; as explored in several studies [43, 50, 51], this limits the utility of many

non-Hermitian effects in quantum systems. While in principle such bath-induced noise ef-

fects could be avoided using measurement and postselection [53, 54], this is difficult if not

infeasible in many setups.

In this chapter, we present and analyze an alternative method for realizing effective non-

Hermitian dynamics in a quantum setting that requires no couplings to external dissipative

baths, and requires no measurement-induced conditioning. The basic idea is to exploit the

unitary physics of squeezing (and anti-squeezing) in parametrically-driven quantum bosonic

systems. As is well known, this coherent form of driving can lead to dynamics that exhibits

exponential growth and/or decay in time. We show that in a wide range of contexts, this can

be made to parallel the exponential growth and decay associated with incoherent gain/loss

processes, allowing a route for the noiseless implementation of non-Hermitian dynamics. At

a formal level, we utilize the unitary correspondence between the non-Hermitian dynamical

coupled mode equations of interest, and the Heisenberg equations of motion in our Hermi-

tian bosonic system. We provide a detailed analysis of how this idea can be implemented

both in simple two-mode systems (with and without PT symmetry), as well as in more

complicated multi-mode lattice systems. We also use this general mapping to explore a va-
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Mapping scheme DPA NDPA QMFS
Section Section 3.3.2 Sections 3.4.1-3.4.2 Section 3.3.4,

Section 3.4.3
Target

non-Hermitian
system

PT dimer multimode PT
system

generic
non-Hermitian

system
Hamiltonians HPT → ĤDPA Htb → ĤNDPA HN →

ĤQMFS,multi.
Number of modes
in non-Hermitian

setup / in
corresponding
paramp system

2 / 1 2N / 2N N / 2N

Advantages only requires a
single bosonic

mode

do not need
doubling of the

number of modes

mapping exists for
generic

non-Hermitian
Hamiltonians

Constraints mapping requires a
constraint on the
form of the initial

state

mapping exists for
only a subset of
PT -symmetric

Htb

always realizes two
copies of the target

non-Hermitian
dynamics (HN and

H†
N )

Table 3.1: Summary of three different strategies for mapping non-Hermitian Hamiltonians
to Hermitian quantum parametric amplifier setups. See corresponding sections for details.

riety of non-Hermitian phenomena (e.g. chiral mode switching, exceptional-point sensing) in

a dissipation-free quantum setting. We close by showing how these mappings can also be

useful when considering topological band structure in non-Hermitian systems.

We stress that the non-Hermitian nature of dynamical matrices in quadratic bosonic

systems has long been realized. Recent work has utilized this to establish mappings between

specific 1D models [55, 56], as well as a means for applying non-Hermitian symmetry classes

to bosonic problems [56, 57]. Recent work has also pointed out that a simple model of

two coupled non-dissipative modes can exhibit an exceptional point [58–60]. Our focus is

quite different: we discuss general methods that enable one to realize a given non-Hermitian
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Hamiltonian of interest without dissipation using a parametrically-driven (but Hermitian)

bosonic system, paying special attention to PT -symmetric systems and multi-mode lattice

models. A brief summary of the three different approaches we develop to construct the

mapped system is given in Table 3.1 for convenience.

3.3 Dissipationless non-Hermitian two-mode dynamics

We start by reviewing the basic dynamics of a non-Hermitian two-mode PT -symmetric

dimer, and show how this can be directly mapped to the unitary squeezing dynamics gen-

erated by a dissipation-free parametric amplifier model. We then extend this discussion to

two-mode non-Hermitian systems where PT symmetry is broken, and show that a similar

mapping to a quantum system is still possible.

3.3.1 Review: PT Dimer

A standard two-mode PT dimer consists of two tunnel-coupled modes (amplitudes α1(t), α2(t))

where mode 1 (2) is subject to gain (loss), with the gain and loss rates set equal to γ (see

Fig. 3.1). The equations of motion are

i
d

dt

 α1(t)

α2(t)

 = HPT

 α1(t)

α2(t)

 , (3.1)

where the 2× 2 effective non-Hermitian Hamiltonian is

HPT =

 +iγ2 g

g −iγ2

 = i
γ

2
σz + gσx. (3.2)

g is the tunneling amplitude (which we take without loss of generality to be real and positive),

and σz, σx are standard Pauli matrices. We will use the calligraphic symbol H throughout
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Fig. 3.1: Schematics depicting non-Hermitian two mode systems and equivalent Hermitian
driven bosonic setups. (a) Standard two-mode PT dimer with balanced gain and loss.
This system is unitarily equivalent to the system in (b): a single-mode bosonic degenerate
parametric amplifier (DPA) with drive amplitude ν = γ. (c) Detuned gain-loss dimer, where
an energy detuning between modes breaks PT symmetry; this is equivalent to the system in
(d), a four-mode non-degenerate parametric amplifier setup. As discussed in the text, these
mappings can be extended to multi-mode and lattice systems.

to denote non-Hermitian Hamiltonians. Defining the time-reversal operation T as complex

conjugation, and defining parity P as the interchange of the two modes, we see that HPT is

invariant under PT .

The eigenvalues of HPT are given by

λ± = ±
√
g2 −

(γ
2

)2
. (3.3)

At the critical point g = γ/2 ≡ gc, the PT -symmetric Hamiltonian HPT is defective,

corresponding to a (second order) exceptional point in parameter space. For g < gc, the mode

eigenvalues become complex, implying exponential growth and decay in the time domain;

this transition is often referred to as the “spontaneous breaking of PT symmetry”.

Consider next a more general non-Hermitian 2 mode problem, where the dynamics are

again given by Eq. (3.1) with HPT replaced by a more general effective Hamiltonian:

H =
(
c⃗+ id⃗

)
· σ⃗. (3.4)
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Here c⃗, d⃗ are real vectors, and we have ignored any constant-matrix part of H (as this has a

trivial effect on dynamics). This general non-Hermitian Hamiltonian is unitarily equivalent

to HPT (and has eigenvalues of the form in Eq. (3.3)) whenever its Hermitian and anti-

Hermitian parts are orthogonal, i.e.

c⃗ · d⃗ = 0. (3.5)

While the preceding discussion is all classical, one might think that the extension to a

quantum setting is trivial: just replace mode amplitudes α1(t), α2(t) in Eq. (3.1) by canonical

bosonic Heisenberg-picture annihilation operators â1(t), â2(t), and interpret the result as a

set of coupled Heisenberg equations of motion. This in general is not a valid evolution, as the

dynamics will not preserve canonical commutation relations, i.e. at all times [âj(t), â
†
j′(t)] =

δjj′ . This is perhaps most evident in the simple case where g = 0, and one has simple

exponential growth (decay) of mode 1 (2).

At a physical level, this inconsistency arises because the gain/loss terms that give rise to

the non-Hermitian part of H arise from couplings to dissipative environments. In addition

to providing gain/loss, these baths will also drive the system with noise, and this noise

cannot be neglected in the quantum case. By adding appropriate inhomogeneous quantum

noise terms to the RHS of Eq. (3.1), one can then obtain an allowed quantum evolution

(i.e. commutation relations are preserved in time). A systematic procedure for constructing

quantum noise terms consistent with a given non-Hermitian Hamiltonian was presented

recently in Ref. [50].

3.3.2 Mapping to a degenerate parametric amplifier

Our goal is to realize the effective non-Hermitian dynamics of Eq. (3.1) in a quantum system

without having dissipation and the corresponding driving noise. To that end, we consider the

quantum Hamiltonian of a single bosonic mode â that is parametrically driven (i.e. subject
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to two-photon driving). In an appropriate rotating frame, the Hamiltonian is:

ĤDPA = δâ†â+
ν

2

(
iâ†2 + h.c.

)
, (3.6)

where δ represents a detuning term, and ν is the magnitude of the parametric drive. This is

the standard Hamiltonian of a degenerate parametric amplifier, a system that is extremely

well-studied in quantum optics (see, e.g., [61, 62]), and that can be realized in a wide range

of settings. It generates a unitary time evolution, which for δ = 0 reduces to a single-mode

squeezing transformation. Without loss of generality, we work in a gauge where ν is real and

positive in what follows.

Despite having only a single mode, the dynamics has a 2 component structure, as the

parametric drive couples â and â†. Defining a vector of operators

|â⟩ = (â, â†)T , (3.7)

the Heisenberg equations of motions can be written as

i∂t |â⟩ = MDPA |â⟩ , (3.8)

where the dynamical matrix MDPA is

MDPA =

 δ iν

iν −δ

 = δσz + iνσx. (3.9)

We see immediately that the structure of the Heisenberg EOM for this Hermitian problem

mirrors that of the effective non-Hermitian dimer system in Eq. (3.1), with the dynamical

matrix MDPA playing the role of an effective non-Hermitian Hamiltonian H. Further, MDPA

satisfies the condition in Eq. (3.4), implying that it is unitarily equivalent to HPT in Eq. (3.2)
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(with δ = g and ν = γ/2). This effective PT symmetry cannot be broken in our single mode

problem (as Eq. (3.6) is the most general single-mode, quadratic, Hermitian and bosonic

Hamiltonian).

Not surprisingly, the eigenvalues of MDPA have exactly the same structure as the PT

dimer:

λDPA,± = ±
√
δ2 − ν2. (3.10)

It follows that the parametric drive ν plays the role of the incoherent gain/loss in HPT ,

whereas the detuning δ plays the role of the tunnel coupling. As we show in the next

subsection, this allows us to directly map the physics of the threshold transition in our DPA

system to the “spontaneous" breaking of PT -symmetry that occurs in HPT when γ/2 is

made larger than g. In particular, the DPA dynamical matrix exhibits an exceptional point

when ν = δ, i.e. at the parametric oscillation threshold.

Before exploring this connection, we return to the problem of commutation relations: why

doesn’t the non-Hermitian nature of the dynamical matrix (and the possibility of exponential

growth / decay) in time cause issues in our DPA system? The easiest way of seeing this is

to explicitly make the unitary transformation that maps the dynamical matrix MDPA in

Eq. (3.9) to the gain-loss form of HPT in Eq. (3.2). With this transformation, the Heisenberg

equations of motion in Eq. (3.8) now take the form:

i∂t

 q̂

ip̂

 =

 iν δ

δ −iν


 q̂

ip̂

 (3.11)

where q̂ ≡ (â + â†)/
√
2, p̂ ≡ i(â† − â)/

√
2 are canonical (Hermitian) quadrature operators.

With this transformation, we see that the dynamical matrix for the DPA in the quadrature

basis has explicitly the same form as the non-Hermitian Hamiltonian HPT in Eq. (3.2)

describing the gain-loss PT dimer. We can also see why there is no longer any issue with
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commutation relations: the exponential growth that occurs when |δ| < ν causes q̂ to grow

exponentially in time, and p̂ to decay exponential in time, at the same rate. This is just

standard, unitary squeezing dynamics. This exponential growth preserves the canonical

[q̂, p̂] = i commutation relation at all times.

We thus see that by exploiting the squeezing / anti-squeezing, we can replicate the

dynamics of the non-Hermitian PT dimer in Eq. (3.1). Of course, in this mapping we

have just a single mode, and hence only a single complex degree of freedom (whereas in

Eq. (3.1), there are two complex degrees of freedom). In Eq. (3.11), this manifests itself in

the fact that the relative phase between the two amplitudes must be i. By using a two-mode,

non-degenerate parametric amplifier system, this phase constraint can be lifted; this will be

discussed in Section 3.4.1. Section 3.3.4 presents yet another approach allowing even more

flexibility.

Before proceeding, we briefly pause to note another connection between the PT dimer

Hamiltonian HPT and the DPA dynamical matrix MDPA: they are are both pseudo-

Hermitian matrices. By definition, a pseudo-Hermitian matrix is isospectral with its Hermi-

tian conjugate, so that

H† = ηHη−1, (3.12)

where η is Hermitian and invertible [63]. It is easy to see that the dynamical matrix of

a generic multi-mode bosonic parametric amplifier system is pseudo-Hermitian; this was

recently explicitly pointed out by Lieu [56] (see also Appendix 3.7.1). This connection is

however of limited use for our problem: while a given PT -symmetric Hamiltonian is always

pseudo-Hermitian, it is not necessarily unitarily equivalent to the dynamical matrix of some

quantum bosonic system having the same number of modes (see Appendix 3.7.5).
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3.3.3 “Phase transitions", exceptional points and conserved quantities

A consequence of the above mapping is that the so-called PT symmetry breaking phase

transition in HPT is equivalent to the threshold transition in a parametric amplifier. Recall

that HPT exhibits a transition in the eigenvectors and eigenvalues as a function of g; this

is referred to as the “spontaneous breaking of PT symmetry" [64]. The transition occurs at

g = γ/2 ≡ gc, i.e. the point at which HPT has an exceptional point. When g > gc, one is in

the PT -unbroken phase. HPT has purely real eigenvalues, and its right eigenvectors r⃗± are

delocalized (i.e. their amplitudes in each mode are equal) as

r⃗± =
1√
2

(
1,−ie±iα

)T
, (3.13)

with α = arccos (γ/2g). In contrast, when g is reduced below gc, one is in the PT -broken

phase. HPT has purely imaginary eigenvalues, and the eigenvectors now exhibit localization.

The above behaviour is equivalent to the threshold behaviour of a detuned DPA. For

|δ| > ν, the parametric drive is too non-resonant to cause any instability, and the system

has purely oscillatory dynamics (as it would if ν = 0). In contrast, when |δ| is reduced

below ν, one crosses the threshold for parametric instability. One now has exponential

decay and growth, which (as discussed) corresponds to the squeezing / anti-squeezing of

canonically conjugate quadratures. The effective localization of the eigenvectors in this

regime corresponds to the fact that the amplified quadrature is predominantly q̂, while the

squeezed quadrature is predominantly p̂.

Finally, consider the case where one tunes δ = ν and is thus exactly at the EP. The DPA

Hamiltonian in this case is:

ĤDPA =
ν

2

(
e−iπ/4â+ eiπ/4â†

)2
≡ νQ̂2. (3.14)

The Hermitian quadrature operator Q̂ is a conserved quantity, and thus ĤDPA is said to
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possess a quantum non-demolition (QND) structure. This structure is directly responsible

for the lack of any oscillatory dynamics. The co-existence of exceptional points and conserved

QND quadrature operators is not just limited to this simple example: it is a generic feature

in particle non-conserving bosonic Hamiltonians. For example, in Appendix 3.7.6, we discuss

a 3-mode system that can be tuned to a third-order EP; this coincides with it having two

conserved QND quadrature operators.

3.3.4 Mapping for more general two mode non-Hermitian Hamiltonian

We now discuss a more general approach for realizing non-Hermitian two-mode dynamics in

dissipation-free quantum systems. Unlike the mapping to a DPA discussed in Section 3.3.2,

this alternate method does not require a PT -symmetric non-Hermitian Hamiltonian H,

and does not place restrictions on the phases of mode amplitudes. Our approach adapts the

concept of quantum-mechanics free subsystems (QMFS) introduced by Tsang and Caves [65]:

by introducing extra bosonic modes, one can have a commuting set of operators with arbitrary

(possibly non-Hermitian) dynamics. As all relevant operators commute, there is no need to

add noise terms. While QMFS are conventionally discussed and utilized for quantum back-

action evasion [65–69], we show here that they are also a powerful tool for realizing effective

non-Hermitian quantum dynamics in a dissipationless setting.

Consider a two-mode non-Hermitian system where PT is explicitly broken by the addition

of a detuning term ω:

Hω =
(
ω + i

γ

2

)
σz + gσx. (3.15)

This Hamiltonian is not unitarily equivalent to a PT system (c.f. Eq. (3.5)), and thus its

dynamics cannot be realized by a DPA using the mapping of Section 3.3.2.

As usual, the goal is to have a quantum system whose Heisenberg equations of motion
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are governed by Hω without any extra added quantum noise terms, i.e.

i
d

dt

 ẑ1(t)

ẑ2(t)

 = Hω

 ẑ1(t)

ẑ2(t)

 . (3.16)

The operators ẑj should play the analogous role of the mode amplitudes in the classical

coupled-mode equations Eq. (3.2), and hence should encode two complex degrees of freedom.

As discussed, the obvious choice where ẑj represent canonical annihilation operators of two

bosonic modes does not work: the resulting dynamics would not in general preserve canonical

commutation relations.

Clearly, a simple solution would be to use operators ẑj where for all j, j′

[ẑj , ẑ
†
j′ ] = [ẑj , ẑj′ ] = 0. (3.17)

As all operators commute, there would be no additional quantum constraints on Eq. (3.16).

Throughout this chapter, we will use the term pseudo-modes to denote a set of fully commut-

ing operators ẑj , ẑ
†
j that obey some desired non-Hermitian dynamics. While these pseudo-

mode operators are not canonical bosonic annihilation / creation operators, they can play

the role of mode amplitudes in the classical coupled mode theory.

For our two-mode problem, we can construct appropriate pseudo-modes by considering

a system of four canonical bosonic modes, with annihilation operators â1, â2, b̂1, b̂2. Each

mode can be written in terms of Hermitian quadrature operators (j = 1, 2):

âj = 1√
2

(
x̂a,j + ip̂a,j

)
, (3.18)

b̂j = 1√
2

(
x̂b,j + ip̂b,j

)
. (3.19)

31



One could now also define collective quadrature operators in the standard manner:

x̂±,j =
1√
2

(
x̂a,j ± x̂b,j

)
, (3.20a)

p̂±,j =
1√
2

(
p̂a,j ± p̂b,j

)
. (3.20b)

These satisfy standard canonical commutation relations, namely
[
x̂±,j , p̂±,j′

]
= iδjj′ ,

[
x̂±,j , x̂∓,j′

]
=[

p̂±,j , p̂∓,j′
]
=
[
x̂±,j , p̂∓,j′

]
= 0. Note that all + collective quadrature operators commute

with all − operators.

We can now construct non-Hermitian pseudo-mode operators ẑj with the desired prop-

erties by building them out of a fully commuting set of four collective quadrature operators.

While there are many possible choices, we will use:

ẑj = x̂+,j + ip̂−,j = âj + b̂
†
j . (3.21)

Eq. (3.17) is thus satisfied: we have two complex degrees of freedom where there are no

constraints from commutation relations.

All that remains is to construct a physical (Hermitian) Hamiltonian where the four col-

lective quadratures of interest are dynamically coupled as per Eq. (3.16). This can be

accomplished using

ĤωPA = ω
(
â
†
1â1 − â

†
2â2 + b̂

†
2b̂2 − b̂

†
1b̂1

)
+
[
g
(
â
†
1â2 − b̂

†
1b̂2

)
+ i

γ

2

(
â
†
1b̂

†
1 − â

†
2b̂

†
2

)
+ h.c.

]
. (3.22)

This represents a system of two tunnel-coupled non-degenerate parametric amplifiers. One

can verify that the Heisenberg equations of motion for collective quadratures generated by

the Hermitian Hamiltonian ĤωPA correspond to Eq. (3.16), with the pseudo-modes defined

in Eq. (3.21). We thus have our desired mapping.
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Note that with this choice, the collective quadratures that do not appear in the definition

of ẑj can be used to construct another pair of pseudo-modes:

ˆ̃zj = x̂−,j + ip̂+,j . (3.23)

The dynamics does not couple ẑ and ˆ̃z operators; using Eq. (3.22), the latter satisfy:

i
d

dt

 ˆ̃z1(t)

ˆ̃z2(t)

 = H†
ω

 ˆ̃z1(t)

ˆ̃z2(t)

 . (3.24)

Thus, in doubling the degrees of freedom, we have constructed two sets of commuting

“pseudo-mode" operators; the first set evolves according to Hω, the second to H†
ω.

It is instructive to also consider the structure of the Heisenberg equations of motion

when written in terms of the true canonical mode annihilation operators; the desired non-

Hermitian structure is present there as well. Letting |v̂2⟩ denote the four-vector of operators

(â1, â2, b̂
†
1, b̂

†
2)

T , the Heisenberg equations of motion generated by ĤωPA have the general

form

i
d

dt
|v̂2⟩ = MωPA |v̂2⟩ . (3.25)

Here MωPA is the system’s mode-basis dynamical matrix; it is unitarily equivalent to a

PT -symmetric matrix:

HωPT =

 Hω 0

0 H∗
ω

 = U4MωPAU†
4 , (3.26)

U4 = 1√
2

 I2 −I2

I2 I2

 . (3.27)

This provides another way to interpret our mapping: by doubling the degrees of freedom and
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introducing a mirror system of the detuned PT dimer Hω in Eq. (3.15) which evolves under

H∗
ω = H†

ω, we effectively restore PT symmetry for the entire, composite system, allowing a

mapping to a parametrically-driven bosonic Hamiltonian.

We end this section by stressing that our construction using four modes is not limited to

the particular non-Hermitian Hamiltonian Hω, but can be used to realize the dynamics of any

non-Hermitian two-mode Hamiltonian H. One again represents the quasi-mode operators ẑ1

and ẑ2 using Eqs. (3.21). One obtains the desired dynamics in Eq. (3.16) (with Hω replaced

by H) if the Hermitian Hamiltonian describing the four mode system is taken to be:

ĤQMFS =
1

2

2∑
j,j′=1

[(
H +H†

)
jj′

(
â
†
j âj′ − b̂j b̂

†
j′

)
+
(
H−H†

)
jj′

(
â
†
j b̂

†
j′ − âj′ b̂j

)]
. (3.28)

We see that the particle-number conserving terms are associated with the Hermitian part of

H, whereas the non-Hermitian parts of H are associated with particle-nonconserving two-

photon driving terms.

3.4 Dissipationless non-Hermitian lattice dynamics

We now show that the approaches in the previous section for realizing effective non-Hermitian

dynamics in driven, dissipation-free quantum bosonic systems can be generalized to a multi-

mode lattice setting. We will focus on approach where the number of modes in the original

non-Hermtian system and the bosonic system are identical; this will be accomplished by using

non-degenerate parametric driving (where pairs of photons are added to distinct modes).
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3.4.1 Standard non-Hermitian PT -symmetric tight-binding chain

We start with a simple, but paradigmatic case: a one-dimensional, nearest-neighbour tight-

binding chain with on-site gain/loss terms that respects PT symmetry. We refer to this as

a “standard" PT tight-binding chain. Non-Hermitian lattice models of this form have been

the subject of many recent studies (see, e.g., [46, 47, 49, 56, 70–72]). We show that it is

possible to realize identical dynamics in a Hermitian driven bosonic system, without any

need to introduce dissipation or double the number of degrees of freedom. We also show

that this approach can be generalized to a wider class of models.

We consider a 1D lattice of coupled modes having 2N sites, labelled (from left to right)

by j ∈ {−N,−N +1, ...,−1, 1, ..., N − 1, N}. We will also (as is common) describe our non-

Hermitian Hamiltonian using second-quantized notation, with ĉj being the mode annihilation

operator on site j. The non-Hermitian lattice Hamiltonian then has the form:

Ĥtb =
−1∑

j=−N+1

(
tj ĉ

†
j ĉj−1 + h.c.

)
+
(
t0ĉ

†
1ĉ−1 + h.c.

)

+
N−1∑
j=1

(
tj ĉ

†
j+1ĉj + h.c.

)
+ i
∑
j

γj
2
ĉ
†
j ĉj . (3.29)

The first three terms represents Hermitian hopping on the lattice, with hopping strength tj

on each bond (which we take to be real without loss of generality). The last, non-Hermitian

term describes on-site gain/loss on each site, with a corresponding rate γj/2.

We now constrain this model by insisting that it be PT -symmetric. P is defined as the

real-space operation which maps ĉj to ĉ−j , and T is defined as before as simple complex

conjugation of the Hamiltonian matrix. PT symmetry thus requires:

tj =t−j , (3.30a)

−γj =γ−j . (3.30b)
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Fig. 3.2: Illustration of a 2N -mode nearest-neighbor tight-binding PT -symmetric system,
whose Hamiltonian Ĥtb is given in Eq. (3.32). Insisting on PT symmetry, and relabelling
âj → ĉ−j and b̂j → ĉj , the figure also represents the tight-binding Hamiltonian Ĥtb in
Eq. (3.29). There always exists unitary correspondence between a system of this form and a
Hermitian parametrically-driven bosonic system having an identical number of modes (see
discussion in main text).

Note that the class of models of this form includes the widely-studied non-Hermitian PT -

symmetric Su-Schrieffer-Heeger (SSH) model [70, 71, 73, 74]. This would correspond to a

dimerized structure for the hoppings and loss: tj = t+ (−)jt′ and γj = (−)jγ0.

It will be useful to re-write the Hamiltonian in a more structured form by relabelling the

mode operators via

ĉ−j → âj , ĉj → b̂j (j = 1, 2, · · · , N). (3.31)

As depicted in Fig. 3.2, the Hamiltonian becomes

Ĥtb =
N∑

j,j′=1

[
Ωjj′

(
â
†
j âj′ + b̂

†
j b̂j′
)

+iΓjj′
(
â
†
j âj′ − b̂

†
j b̂j′
)
+ Jjj′ â

†
j b̂j′ + J̃jj′ b̂

†
j âj′

]
, (3.32)
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where Ω,Γ, J and J̃ are all N ×N coefficient matrices with entries given by

Ωll′ = tlδl′,l+1 + tl′δl′,l−1, (3.33a)

Γll′ = γlδl,l′/2, (3.33b)

Jll′ = t0δl,1δl′,1 = J̃ll′ . (3.33c)

In this new basis, P is simply the operation which interchanges aj and bj (j = 1, 2, · · · , N).

We now proceed in analogy to our treatment of the PT dimer in Section 3.3.2. We first

obtain the equations of motion for the aj and bj modes amplitudes αj and βj , generated by

Ĥtb as

i∂t

 α⃗

β⃗

 = Htb

 α⃗

β⃗

 , (3.34)

with the resulting non-Hermitian dynamical matrix given by

Htb =

 Ω + iΓ J

J̃ Ω− iΓ

 , (3.35)

with J̃ = J .

The block structure of the matrix Htb (corresponding to aj/bj modes) allows us to make

a simple rotation Utb which moves the non-Hermitian gain/loss terms to the off-diagonal

blocks:

Mtb = UtbHtbU†
tb =

 Ω + J iΓ

iΓ Ω− J

 , (3.36)

Utb = 1√
2

 IN IN

IN −IN

 . (3.37)

In analogy to the two-mode problem in Section 3.3.2, the rotated matrix Mtb now has the
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form of a dynamical matrix of a parametrically driven bosonic system with 2N sites. How-

ever, unlike the mapping in Section 3.3.2, the relevant system here involves non-degenerate

parametric drives (i.e. two-photon driving terms that involve distinct modes). The dynamical

matrix Mtb above corresponds to the Hermitian bosonic Hamiltonian

ĤNDPA =
N∑
j,j′

[
Ωjj′

(
â
†
j âj′ − b̂

†
j b̂j′
)

+Jjj′
(
â
†
j âj′ + b̂

†
j b̂j′
)
+ iΓjj′

(
â
†
j b̂

†
j′ − b̂j âj′

)]
. (3.38)

To be explicit, the Heisenberg equations of motion corresponding to this Hermitian Hamil-

tonian can be compactly written as

i∂t |v̂N ⟩ = Mtb |v̂N ⟩ , (3.39a)

where |v̂N ⟩ = (â1, â2, · · · , âN , b̂†1, b̂
†
2, · · · , b̂

†
N )T . Thus, we see that the dynamics of the gen-

eral PT -symmetric non-Hermitian gain-loss lattice model in Eq. (3.32) can be realized by

the non-dissipative, Hermitian quantum Hamiltonian in Eq. (3.38). As before, the exponen-

tial growth and decay that could result from the gain and loss terms are mapped onto a

unitary squeezing operations in the driven quantum model (in this case two-mode squeezing

operations).

With this explicit non-degenerate parametric-amplifier (NDPA) Hamiltonian ĤNDPA in

hand, it is interesting to return to the simple PT dimer discussed in Section 3.3.2. This

corresponds to the case N = 1 of the 1D PT chain considered in this section. In this case,

the matrix Ω becomes an overall constant in the non-Hermtian Hamiltonian Ĥtb and can

be ignored, and our mapping shows that the dynamics is equivalent to a simple two-mode

NDPA in Eq. (3.38). We stress that this is a distinct mapping from that in Section 3.3.2,

which involves a single-mode DPA. By having two modes here, there is no constraint on the
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phases of mode amplitudes, as the number of complex degrees of freedom is the same as the

original non-Hermitian coupled-mode problem. As we will show in the next section, this lack

of constraints remains the same in the general multi-mode version of the problem as well.

3.4.2 Generalized non-Hermitian PT -symmetric tight-binding chain

We now consider more general PT -symmetric non-Hermitian lattice models, which could

be in higher dimensions, have long range hopping terms, and have non-local non-Hermitian

terms. The unitary mapping Utb derived above is also valid for a wide class of these gen-

eralized models. Note first that a generic PT -symmetric non-Hermitian Hamiltonian (in

arbitrary dimensions, with 2N sites) can always be written in the form given in Eq. (3.32),

where PT symmetry requires that the coefficient matrices Ω,Γ are real, as well as J̃ = J∗.

Our mapping to a Hermitian parametric amplifier problem (as per Eq. (3.38)) remains valid

as long as the coefficient matrices Ω, Γ and J are all real, symmetric matrices. This encom-

passes a much broader class of models than the 1D nearest neighbour, imaginary potential

model described by Eqs. (3.33).

Among the extra kinds of terms that can be accommodated in the starting non-Hermitian

PT lattice model are:

• real detunings of aj and bj modes, given by real, diagonal matrix elements of Ω;

• real, coherent (i.e. Hermitian) coupling between any two aj and aj′ (or bj and bj′)

modes with a completely real coupling strength, represented by off-diagonal matrix

elements of Ω;

• real, coherent coupling between any two aj and bj′ modes with a completely real

coupling strength, represented by corresponding matrix elements of J ;

• imaginary, dissipative (i.e. non-Hermitian) couplings between any two different modes,

represented by off-diagonal matrix elements of Γ.
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As an example, our mapping to a NDPA system remains valid for a 2D tight-binding PT

lattice, as long as the coherent couplings are purely real, and the dissipative couplings are

purely imaginary. Conversely, for non-Hermitian tight-binding models where hopping phases

encode non-trivial fluxes, we may construct an example where the mapping does not work.

Necessary conditions for such a mapping to exist are presented in Appendix 3.7.3, while

simple four mode systems where the correspondence fails are discussed in Appendix 3.7.5.

3.4.3 Mapping for arbitrary multi-mode non-Hermitian Hamiltonians

In Sections 3.4.1 and 3.4.2, we described a general mapping between a wide class of non-

Hermitian, PT symmetric lattice models and the dynamical matrix of a Hermitian, para-

metrically driven bosonic system. Crucially, this mapping preserved the number of modes.

As discussed, it cannot be applied to all possible PT lattice models, nor can it be used for

systems with broken PT .

In this section, we show how the general QMFS strategy introduced in Section 3.3.4 can be

generalized to map an arbitrary non-Hermitian lattice model to a Hermitian, parametrically-

driven bosonic problem. While more general, this strategy comes with a price: the driven

bosonic system will have twice the number of modes as in the original non-Hermitian Hamil-

tonian.

The approach is to generalize the construction presented in Eq. (3.28) of Section 3.3.4 to

a general N -mode non-Hermitian Hamiltonian HN . We will use a 2N -mode bosonic system,

with canonical quadrature operators x̂±,j and p̂±,j for j = 1, 2, . . . , N . The only nonzero

commutators between the quadratures are

[
x̂±,j , p̂±,j′

]
= iδjj′ , (3.40)

for j, j′ = 1, 2, . . . , N .
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To implement the general QMFS strategy, we wish to construct a Hamiltonian where a

set of fully commuting collective quadratures has a linear dynamics corresponding to HN .

Following the convention for the two-mode case in Eqs. (3.21,3.23), we first introduce two

sets of pseudo-modes ẑ±,j (j = 1, 2, . . . , N) as

ẑ±,j = x̂±,j + ip̂∓,j . (3.41)

Mirroring the strategy of Section 3.3.4, we want a Hermitian bosonic Hamiltonian that

yields the equations of motion:

i∂t⃗̂z+ = HN
⃗̂z+, (3.42a)

i∂t⃗̂z− = H†
N
⃗̂z−, (3.42b)

where we define N -vectors ⃗̂z± consisting of the pseudo-mode operators ẑ±,j , respectively,

for notational convenience. As before, the desired dynamics will only couple mutually com-

muting quadratures. It is straightforward to prove that the two equations above generate a

dynamics that preserve all canonical commutation relations, i.e. they generate a symplectic

transformation of the bosonic system (see Appendix 3.7.7 for details). Further, one can show

that this dynamics is generated by the Hermitian 2N -mode Hamiltonian

ĤQMFS,multi. =
1

2

N∑
j,j′=1

[(
HN +H†

N

)
jj′

(
â
†
j âj′ − b̂j b̂

†
j′

)
+
(
HN −H†

N

)
jj′

(
â
†
j b̂

†
j′ − âj′ b̂j

)]
, (3.43)

where we define the bosonic mode operators in parallel to Eq. (3.21) as

âj ± b̂
†
j = x̂±,j + ip̂∓,j = ẑ±,j . (3.44)
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The approach here is of course directly applicable to the case where the non-Hermitian

HN describes a lattice model in real space. Our mapping doubles the number of modes: for

every lattice site in the original model, there are now two bosonic modes âj , b̂j . Note however

from Eq. (3.43) that our mapping is fully local. For every band En(k⃗) of HN , the closed-form

dynamics of the âj and b̂†j operators will correspondingly contribute two independent bands

En(k⃗) and E∗
n(k⃗) in the bosonic problem; this follows directly from Eqs. (3.42a)-(3.42b). We

stress that this doubled band structure only solves half of the entire BdG problem of the

bosonic Hamiltonian; the full band structure will also include contributions from dynamics

of the b̂j and â
†
j operators, which can also be obtained from Eqs. (3.42a)-(3.42b) as the

−En(k⃗) and −E∗
n(k⃗) bands.

3.5 Applications

In this section, we discuss how the mappings introduced in the previous sections can be used

to realize various well-known non-Hermitian effects in dissipation-free, quantum settings.

3.5.1 Exceptional point sensing

We first consider sensing methods that exploit the strong sensitivity of mode eigenvalues of

a PT -symmetric non-Hermitian system that is tuned to the vicinity of an exceptional point

(EP) [47, 49]. The most common version of this scheme involves a simple gain-loss PT dimer

(c.f. Section 3.3.1) with an effective non-Hermitian Hamiltonian

H [ϵ] = HPT = i
γ

2
σz + (g0 + ϵ)σx. (3.45)

The goal is to estimate the small parameter ϵ. If the unperturbed Hamiltonian H [0] is tuned

to the EP by choosing g0 = γ/2 = gc, then the perturbation ϵ induces an eigenvalue splitting
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that scales as
√
ϵ, i.e. from Eq. (3.3), we have:

|λ+ − λ−| ≃ 2
√

2g0ϵ. (3.46)

For small ϵ ≪ g0, this is parametrically larger than a conventional mode splitting in a

Hermitian system, which would be proportional to ϵ.

To exploit this eigenvalue sensitivity for measurement, it was suggested in Refs. [47, 49] to

look at the reflection of a probe tone applied to the system at frequency ωp. The frequency-

dependent reflection coefficient R[ωp] would then reflect the parametric mode-splitting of

the eigenvalues. While the advantage of this approach seems obvious, recent studies have

shown that the unavoidable noise associated with incoherent gain and loss in the quantum

regime can limit any enhancement of signal-to-noise ratio [50, 51].

Here, we show an analogous EP sensing scheme can be implemented in a parametric am-

plifier setup, without having to introduce any incoherent gain and loss, and corresponding

noise. While there are many ways to proceed, the simplest is to use the unitary mapping in-

troduced in Section 3.3.2 that maps the PT dimer in Eq. (3.45) to a single-mode, degenerate

parametric amplifier (DPA). Letting δ = g0 and ν = γ/2, the Hermitian DPA Hamiltonian

corresponding to H[ϵ] is then given by:

ĤDPA [ϵ] = (δ + ϵ) â†â+
ν

2

(
iâ†2 + h.c.

)
. (3.47)

As usual, the tunneling in H[ϵ] becomes a detuning term, and the gain/loss terms in H[ϵ] be-

come a two-photon drive. We stress that the dynamical matrix of this Hermitian Hamiltonian

is unitarily equivalent to H[ϵ], and has the same eigenvalues. Note that the perturbation ϵ is

now a standard dispersive coupling, something that arises in many measurement contexts. In

the case where ϵ corresponds to the state of a qubit, this exact setup was realized in a recent

superconducting quantum circuit experiment (though operated in a different regime) [75].
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We now mimic the EP sensing protocol, by first tuning δ = ν so that the unperturbed

system is at the EP. To probe the ϵ-induced mode splitting, we will again look at the reflection

of a probe tone applied at frequency ωp. We couple the cavity â to an input-output waveguide

(or transmission line), with a coupling rate κext. The total decay rate of the cavity is given

by

κ = κext + κi, (3.48)

where κi denotes intrinsic damping rate of the cavity. Here we assume the cavity is in

the over-coupled regime, and the cavity linewdith is just given by the external coupling rate

κ = κext. As we will show later, the sensing signal is robust to unwanted loss (namely intrinsic

damping of the cavity) for practical parameters. Using standard input-output theory [76],

the Heisenberg equation of motion of â is

d

dt
â =− iδâ+ νâ† − κ

2
â−√

κ
(
αine

−iωpt + ζ̂in(t)
)
, (3.49a)

where αin is the amplitude of the probe tone, and ζ̂in(t) describes vacuum noise entering

through the waveguide. Note that we are working in a rotating frame determined by the

frequency of the pump field used to realize the parametric interaction.

The introduction of the waveguide shifts the eigenvalues of the dynamical matrix by a

constant, but the system still possesses an EP. We pick the pump detuning δ = ν ≡ δc so

that the unperturbed system is tuned to this EP. We then calculate the total output flux

Pout
(
ωp
)

(including both the reflected signal and idler beams), as a function of the probe

frequency ωp, to see how the ϵ-induced mode splitting impacts the light leaving the cavity.

Using the standard input-output relation âout = âin +
√
κâ [76], the output flux is

Pout
(
ωp
)

|αin|2
= 1 +

2κ2ν2(
f
[
ωp
])2

+ κ2
(
δ2 − ν2

) , (3.50)
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Fig. 3.3: Exceptional-point sensing with a degenerate parametric amplifier (DPA). A detuned
DPA is tuned to an EP by matching the pump detuning and parametric drive amplitudes.
Probe light of frequency ωp (in the rotating frame) is sent into the cavity via waveguide
(coupling rate κext). Plotted is the frequency-dependent reflected flux of the probe tone.
Unless stated differently below, we consider the overcoupled cavity regime so that the cavity
linewidth, given by κ = κext + κi, can be taken as κ = κext. Dark cyan solid line: reflected
flux for the unperturbed system, showing a single peak. Orange dashed line: reflected
flux where the system is perturbed by shifting the cavity frequency an amount ϵ = 0.7κ
(c.f. Eq. (3.47)). One now has two distinct peaks, with a splitting that scales as

√
ϵ. Green

dotted line: same conditions as the orange dashed curve except for nonzero intrinsic cavity
loss κi = κext, so that the cavity operates in the critical coupling regime κext = κ/2. Note
that peak splitting is robust in the presence of unwanted cavity loss. Parameters correspond
to a parametric drive amplitude ν/κ = 12.5, and pump detuning δ = ν originally set to the
EP.

where f
[
ωp
]
= ω2p + (κ/2)2 − δ2 + ν2. Note that we do not include the contribution from

amplified vacuum fluctuations here, as this yields a background that is independent of both

ωp and αin. In the limit of a weak coupling to the waveguide, we will observe narrow peak(s)

in Pout that correspond to the dynamical matrix eigenvalues λ±, see Fig. 3.3. For ϵ = 0,

there is just a single peak, whereas for non-zero ϵ there are two peaks, with the expected

splitting |λ+ − λ−| ≃ 2
√
2ϵδc ≫ ϵ (see also Eq. (3.46)). In the presence of intrinsic cavity

loss, as shown in Fig. 3.3 the peak structure still survives, although the reflected power

becomes weaker.
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We thus see that the EP sensing scheme of Refs. [47, 49] can be directly implemented in

a parametric-amplifier setup, without any need for incoherent gain and loss. We leave a full

analysis of the noise properties and ultimate sensitivity of this scheme (both in the linear

and nonlinear response regimes) to a future work. Note that the general analysis in Ref. [50]

of linear-response EP sensing assumed a Hamiltonian that conserves particle number, and

thus does not apply directly to the DPA setup described here. Also note that higher-order

exceptional points have been discussed in the context of sensing; these too can be realized

without dissipation using parametrically-driven bosonic modes (see Appendix 3.7.6).

3.5.2 Quasi-adiabatic evolution and chiral mode switching

Another striking effect associated with exceptional points involves the chirality of non-

adiabatic effects in non-Hermitian systems whose parameters are cyclically varied [34–42].

The paradigmatic system is the detuned gain-loss dimer Hω in Eq. (3.15), where now the

tunneling g and detuning ω are made time-dependent:

Hω(t) =
(
ω(t) + i

γ

2

)
σz + g(t)σx. (3.51)

Consider a cyclic time-variation of parameters, where (g (t) , ω (t)) follow a closed path in pa-

rameter space that encloses one of the two EPs at (gc = ±γ/2, ω = 0) (see inset in Fig.3.4a).

Non-adiabatic effects in such a setup depend crucially on the direction one traverses the path

in parameter space: for one direction, there is no switching between adiabatic eigenmodes,

whereas for the other direction, there is appreciable switching. Section 3.7.8 gives a basic

introduction to this phenomena; see Ref. [40] for a more comprehensive discussion.

Recent experiments have probed this EP encircling physics in classical settings [41, 42],

and it has been suggested that such effects could be useful in quantum settings [36]. As usual

though, the unavoidable noise associated with incoherent gain and loss in quantum systems
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would be problematic. We show here how the mapping introduced in Section 3.3.4 to a

dissipation-free driven bosonic system allows one to realize this chiral switching behaviour

without any dissipation or noise. As a concrete quantum application of our mapping, we show

how the chiral switching behaviour impacts the evolution of entanglement in our system.

As discussed in Section 3.3.4, we can realize the dynamics of Hω(t) in Eq. (3.51) without

dissipation using a four-mode, parametrically-driven bosonic system with a Hamiltonian

ĤωPA(t) given by Eq. (3.22). First, consider the non-Hermitian system described by Hω(t).

The time-evolution matrix Uω(t) corresponding to this Hamiltonian relates final and initial

mode amplitudes, and is determined by

i∂tUω (t) = Hω (t)Uω (t) , Uω (t = 0) = 1. (3.52)

Our Hermitian, bosonic four mode system has been constructed so that the quasi-mode

operators ẑ1, ẑ2 defined in Eq. (3.21) evolve exactly like amplitudes in the non-Hermitian

system. This implies that

 ẑ1(t)

ẑ2(t)

 = Uω (t) ·

 ẑ1(0)

ẑ2(0)

 , (3.53)

where we stress that these are operator equations. Thus, the chiral switching behaviour

encoded in Uω(t) will directly manifest itself in the quantum bosonic system, without any

need to inject noise to preserve commutation relations.

The chiral switching behaviour is best understood by analyzing the dynamics in terms

of the instantaneous eigemodes r⃗±(t) of Hω(t). These are defined via

Hω (t) r⃗± (t) = λ± (t) r⃗± (t), (3.54)

where explicit forms for the eigenmodes and eigenvalues λ±(t) are given Eq. (3.134) of
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Appendix 3.7.8. Classically, we could describe the instantaneous state of our system in

terms of the amplitudes c±(t) of the two eigenmodes. In our quantum parametric amplifier

analogue, these amplitudes become operators:

ĉ±(t) = r⃗T±(t) · ⃗̂z(t), (3.55)

Not surprisingly, the average values of these operators behave exactly as the correspond-

ing amplitudes in the classical setup. Preparing a particular initial condition would involve

displacing the four bosonic modes appropriately. In Fig. 3.4, we show the evolution of the

average instantaneous mode amplitudes |⟨ĉ± (t)⟩|, for evolution along a circular path in the

(g, ω) parameter space that encircles an EP. In both cases, the initial state is chosen so

that only the + eigenmode is initially excited, i.e. ⟨ ⃗̂z(t = 0) ⟩ = r⃗+(t = 0). As can be seen

from the figure, for evolution corresponding to a counter-clockwise (CCW) encircling, the

amplitudes of the pseudo-modes correspond to predominantly exciting the instantaneous +

eigenmode. In contrast, for a clockwise encircling, one sees that there is a switching: at

the final time T , the pseudo-mode amplitudes correspond to predominantly exciting the −

instantaneous eigenmode. Note that because of the EP structure in our system, the in-

stantaneous eigenmodes at the final time t = T are flipped versions of those at t = 0, i.e.

r⃗±(t = T ) = r⃗∓(t = 0) [40].

A more interesting situation is to consider the evolution of a general quantum state for

either a CW or CCW parameter evolution. In Appendix 3.7.9, we derive the quantum

unitary transformations describing both these cases, and discuss them using the Bloch-

Messiah decomposition [77]. This allows us to view each transformation as the product

of two beam-splitter operations, interspersed with a squeezing operation. Interestingly, we

find that both the CW and CCW complete encirclings are described by the same squeezing

operation; the chirality only appears in the initial and final beam-splitter operations.

To see a direct consequence of this, imagine a quantum state with non-zero photon num-
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Fig. 3.4: Chiral nature of quasi-adiabatic dynamics in a four-mode Hermitian bosonic sys-
tem (c.f. Eq. (3.22)) whose dynamics mimics the gain-loss dimer in Eq. (3.51). In each plot,
g(t) and ω(t) are varied along a circle in parameter space (see insets). (a) Evolution of in-
stantaneous eigenmode amplitudes |⟨ĉ± (t)⟩| (c.f. Eq. (3.55)), for a counter-clockwise (CCW)
parameter variation. (b) Same, but now for a clockwise (CW) variation. In both cases, the
initial state is a coherent state with ⟨ĉ+(0)⟩ = 1, ⟨ĉ−(0)⟩ = 0. For the CCW evolution,
one sees an adiabatic evolution (the + mode remains dominant), whereas for CW evolution,
there is a non-adiabatic switching, and the − mode is dominant at the end of the protocol.
For both plots γT = 20 and ϵ/γ = 0.1.

ber, but where ⟨ẑ1⟩ = ⟨ẑ2⟩ = 0. Classically, we could imagine at t = 0 stochastically

preparing the system in the + eigenmode with a random phase; the simplest choice would

be to take c+(0) to be a Gaussian random variable (while c−(0) is set to zero). Using our

equivalent quantum parametric amplifier setup ĤωPA(t), we could consider an analogous

initial condition. In particular, we start the quantum four-mode system in a zero-mean

Gaussian pure state whose covariance matrix at t = 0 predominantly populates the + eigen-

mode. By this, we mean an initial state where ⟨ĉ†+ĉ+⟩ ≫ ⟨ĉ†−ĉ−⟩. This state will necessarily

have entanglement correlations between the 1 subsystem (formed by modes a1, b1) and the

2 subsystem (formed by modes a2, b2). We can now ask how this entanglement evolves in

time as we cyclically vary g and ω as before. We stress that we are always comparing the

final values of the entanglement (i.e. at t = T ) for the CW versus CCW encirclings. This

parallels what is done in the classical case, when one compares the mode occupancies at the

end of the two protocols.

In Fig. 3.5, we show the evolution of the 1-2 subsystem entanglement (as quantified by

the logarithmic negativity [78, 79]), for various circular parameter variations. In each case,
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Fig. 3.5: Entanglement evolution during EP encircling. We consider bipartite entanglement
in a Hermitian four-mode bosonic system whose dynamics corresponds to the detuned gain-
loss dimer described by Hω(t) (c.f. Eq. (3.51)). The parameters (g, ω) follow a complete circle
in parameter space. Entanglement (as quantified by the logarithmic negativity EN ) between
the a1, b1 modes and a2, b2 modes is plotted as a function of time; the two curves in each panel
are for a clockwise (CW) versus counterclockwise (CCW) parameter variation. The center of
the circular trajectory (g = g0, ω) is different for each panel (as indicated). The top left panel
corresponds to a trajectory centered on the exceptional point at g0 = gc ≡ γ/2, whereas
in the other panels, the trajectory is displaced to the right. One sees that entanglement
generation at t = T after a full cycle is manifestly chiral when the trajectory encircles the
EP, while this is lost when the trajectory is far from the EP. The initial state is chosen to
asymmetrically populate the + eigenmode (see main text), and γT = 20, ϵ/γ = 0.1.

we start with zero-mean Gaussian states of our four bosonic modes with the same amount

of initial entanglement. This initial state is chosen to have an average total photon number

of approximately 8, and an asymmetry quantified by

⟨ĉ†+ĉ+⟩
⟨ĉ†−ĉ−⟩

≃ 102

|r⃗+ (t = 0)|2 · |r⃗− (t = 0)|2
≫ 1. (3.56)

Further details and motivation for this choice are given in Appendix 3.7.9; our chosen state

corresponds to e2λ0 = 10 in Eq. (3.155). The two curves in each panel correspond to CW

and CCW traversal of the same circular path in the (g, ω) parameter space. The first panel

corresponds to the same path as in Fig. 3.4; in the remaining panels, we displace the path

so that it eventually no longer encloses the EP. For paths enclosing the EP, we see that the
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entanglement by the end of time evolution exhibits a marked chiral behaviour: the amount

of entanglement at t = T depends crucially on the direction that the path is traversed.

This asymmetry gradually becomes negligible as we displace the circular path away from the

EP. The results here show that the chirality associated with EP encircling can indeed have

impliciations for quantum dynamics (e.g. in determining the generation of entanglement).

3.5.3 Connecting topology in non-Hermitian systems to Hermitian driven

bosonic systems

As a final application, we discuss how our mappings can be applied to non-Hermitian lattice

models with topologically non-trivial bands. There has been considerable recent interest in

studying such models, see e.g. [56, 57, 70–72, 80–83]. Our mappings provide a route for

realizing these topological bands in fully Hermitian bosonic systems, without any need to

couple to external dissipation. More specifically, in Ref. [84], a non-Hermitian Chern number

was introduced to characterize bands in 2D non-Hermitian systems. Using our mapping, it

is straightforward to show that these Chern numbers are equivalent to topological invariants

that were introduced earlier to characterize bands in Hermitian bosonic systems with pairing

terms [85, 86]; this is demonstrated in Appendix 3.7.10. Our discussion here complements

recent studies showing that the symmetry-based classification of non-Hermitian Hamiltonians

can also be applied to anomalous bosonic systems [56, 82].

Despite the immense interest in non-Hermitian topology, most work has focused on mod-

els that are topological even if the non-Hermitian terms are set to zero (i.e. in the absence of

gain and loss). As discussed below, our approach allows us to construct a model where this is

no longer true: non-trivial band topology only emerges in the presence of non-zero gain and

loss. We accomplish this by constructing the non-Hermitian equivalent of a recently-studied

bosonic model where parametric driving induces topology [86].

We consider a 2D Kagome lattice, where on each lattice site we have a two-cavity PT -
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Fig. 3.6: Schematic of the PT Kagome model (c.f. Eq. (3.57)), where the system is topolog-
ically non-trivial only with the introduction of non-zero gain and loss. (a) Kagome lattice,
where each site (grey circle) is a gain-loss dimer. (b) Unit cell.

symmetric gain-loss dimer (see Fig. 3.6). The system Hamiltonian will consist of a purely

Hermitian hopping terms coupling nearest neighbour lattices, and purely local term which

includes non-Hermitian effects:

ĤKagome = Ĥhopping + Ĥlocal. (3.57)

We will use the composite index j = (j, s) = (j1, j2, s) to label both the unit cell (j1, j2) and

basis element s = A,B,C of each lattice site. Further, we will use a pseudospin ↑, ↓ to index

each element of the cavity dimer located at a given lattice site.

Letting ψ̂j =
(
âj,↑ âj,↓

)T

the onsite terms are

Ĥlocal =
∑
j

ψ̂
†
j (iνσz + ω0σx) ψ̂j. (3.58)

These local terms describe a PT dimer at each lattice site, with tunneling amplitude ω0 and

gain/loss rate ν.

The tunneling terms between cavities on nearest neighbour lattice sites is described by
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the Hermitian Hamiltonian

Ĥhopping =
∑
⟨j,j′⟩

ψ
†
j J
[
ss′
]
ψj′ , (3.59)

where the hopping matrix elements depend on both sublattice index and pseudo-spin:

J
[
ss′
]
=
J

2

(
eiφss′

√
3σ0 + σx

)
, (3.60)

φss′ =

 +π
2 , ss′ = AB,BC,CA,

−π
2 , ss′ = BA,CB,AC,

(3.61)

J is the overall hopping amplitude. We see that there are hopping terms that both preserve

and flip the pseudo spin (i.e. a gain cavity on a given site can tunnel to either a gain or loss

cavity on a neighbouring site). Further, the spin-conserving tunneling is complex, and thus

encodes a synthetic gauge field. The tunneling here can be viewed as a generalized kind of

synthetic spin-orbit coupling.

Consider first the properties of our system in the case where there are no gain/loss terms

(i.e. ν = 0), and the Hamiltonian is Hermitian. In this case, the system has no topologically

non-trivial bands, as it is possible to completely gauge away the hopping phases. To see this,

note that in this case σx on each lattice site commutes with the Hamiltonian. It thus useful

to use a local basis of σx eigenstates:

âj,± =
1√
2

(
âj,↑ ± âj,↓

)
, (3.62)

In this basis, the Hamiltonian decouples into two independent tight-binding models

HKagome,± = ±

∑
j

ω0â
†
j,±âj,± +

∑
⟨j,j′⟩

Je±i
2φss′

3 â
†
j,±âj′,±

 , (3.63)
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with uniform onsite energies ±ω0 and nearest-neighbor couplings ±J exp (∓i2φss′/3). We

thus have two decoupled Kagome lattices, with the + (−) lattice have a synthetic Aharonov-

Bohm flux π (−π) in each triangular plaquette. These fluxes do not break time-reversal

symmetry, and can be eliminated by a local gauge transformation:

âj,B,± → â′j,B,± = e∓i2π3 âj,B,±, (3.64a)

âj,C,± → â′j,C,± = e∓i4π3 âj,C,±. (3.64b)

This results in a decoupled pair of time-reversal invariant, topologically trivial Kagome

models

Ĥ ′
Kagome,± = ±

∑
j

ω0â
†
j,±âj,± −

∑
⟨jj′⟩

Jâ
†
j,±âj′,±

 . (3.65)

If we now turn on the gain/loss parts of the Hamiltonian (i.e. make ν non-zero in

Eq. (3.58)), it is no longer possible to gauge away the hopping phases. At an intuitive

level, the non-Hermitian terms are off-diagonal in the +/− basis used to write Eq. (3.65),

and hence can enable hopping processes that pick up non-trivial fluxes.

The topological properties of the resulting model can be completely understood by map-

ping the system to a Hermitian, parametrically-driven bosonic model having a single bosonic

mode on each lattice site (see Appendix 3.7.11). As usual, the non-Hermitian gain/loss

terms are mapped to parametric driving terms, and the dimer structure is mapped to the

particle-hole structure of the bosonic theory. The resulting bosonic theory is equivalent to

the parametrically driven Kagome lattice mode studied by Peano et al in Ref. [86]. The

model exhibits topological bands and protected edge states whenever ν is non-zero. Since

the mapping is fully local in real space (two bosonic modes, with balanced gain and loss, per

lattice site), it thus follows that our non-Hermitian PT model exhibits topological bands

(with non-zero Chern number) and edge states if and only if there is non-zero gain loss. We

thus have, as desired, a model where topology is induced by gain/loss.
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3.6 Conclusions

In this chapter we have given a thorough discussion of how one can realize non-Hermitian

dynamics without the need to couple to external dissipation. We make use of a simple but

surprising fact: a Hermitian, quadratic bosonic Hamiltonian that breaks particle number

conservation necessarily gives rise to a non-Hermitian dynamical matrix. We have discussed

three generic strategies for using this correspondence to realize a given non-Hermitian (linear)

Hamiltonian using a quadratic bosonic system. Given an initial N mode non-Hermitian

problem, one can always accomplish this mapping using a 2N mode bosonic system and the

quantum-mechanics free subsystem (QMFS) approach discussed in Sections 3.3.4 and 3.4.3.

In other more constrained cases, it is possible to mimic the desired dynamics using N modes

(Section 3.4) or even N/2 modes (Section 3.3.2). We summarize advantages and constraints

of these three strategies in Table 3.1 for reference.

Our work has considered just a few possible applications and implications of this mapping.

In future work, it will be interesting to use this mapping to explore a wider class of non-

Hermitian dynamical phenomena (such as the recently observed non-Hermitian analogue of

Fermi arcs [87]), and to develop new kinds of quantum control protocols in parametrically

driven systems. It will also be extremely interesting to extend our approach to describe

systems with true nonlinearities.

3.7 Appendices

3.7.1 A note on pseudo-Hermiticity

In general, the 2N×2N dynamical matrix Heff,N of a N -mode bosonic parametrically-driven

system is related to a Hermitian Bogoliubov de Gennes Hamiltonian HBdG by

Heff,N = σN,zHBdG, (3.66)
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where σN,z = diag (IN ,−IN ) is the diagonal matrix incorporating bosonic commutation

relations, so that Heff,N is always σN,z-pseudo-Hermitian as [56, 63]

H†
eff,N = σN,zHeff,NσN,z. (3.67)

Previous works have shown that PT -symmetric Hamiltonians are always η-pseudo-Hermitian,

where η is an invertible Hermitian operator [63, 88, 89]. However, two pseudo-Hermitian ma-

trices need not be unitarily equivalent, even though they may be isospectral. Hence, the fact

that PT -symmetric Hamiltonians are pseudo-Hermitian does not guarantee that they are

unitarily equivalent to the dynamical matrix of some Hermitian, bosonic problem.

3.7.2 Canonical form for a general class of PT -symmetric non-Hermitian

Hamiltonian

Consider the most general 2N -mode PT -symmetric non-Hermitian Hamiltonian. Using the

same conventions as Section 3.4.1, the Hamiltonian has the form

HPT =

 E F

F∗ E∗

 , (3.68)

where E and F are arbitrary N ×N matrices. As always, we define time reversal operation

as complex conjugation, and the parity operation is an exchange of modes described by

σN,x =

 0 IN

IN 0

 . (3.69)

We will show that as long as the anti-Hermitian part of HPT is full rank, it is always

possible to unitarily transform HPT to a form H2 where the non-Hermitian part of H is
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diagonal, namely:

H2 =

 Σ̃ + iΓN J̃

J̃∗ Σ̃∗ − iΓN

 . (3.70)

Here Σ̃ is a Hermitian N × N matrix, ΓN is a real, diagonal, non-negative N × N matrix,

and the N ×N matrix J̃ is symmetric. Note that H2 still explicitly retains PT symmetry

as defined before, as H∗
2 = σN,xH2σN,x.

We can always write HPT in terms of its Hermitian and anti-Hermitian parts as HPT =

HPT + iΓPT . The PT symmetry of HPT then implies

H∗
PT = σN,xHPT σN,x, (3.71a)

Γ∗PT = −σN,xΓPT σN,x. (3.71b)

Eq. (3.71b) implies that the eigenvalues of ΓPT are real and come in pairs of opposite

signs. It can thus be diagonalized as

UΓΓPT U†
Γ = ΓD, (3.72)

where ΓD = diag (ΓN ,−ΓN ), and ΓN is a diagonal N×N matrix with non-negative entries.

Using UΓ to transform HPT , i.e. H1 = UΓHPT U†
Γ, we obtain

H1 = H1 + iΓD =

 Σ1 + iΓN J

J† Σ2 − iΓN

 , (3.73)

PT symmetry implies that the Hermitian matrix H1 and the non-negative matrix ΓD must
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satisfy

H1 = ŨΓH∗
1 Ũ

†
Γ, (3.74a)

ΓD = −ŨΓΓDŨ†
Γ, (3.74b)

where we have introduced the symmetric unitary matrix ŨΓ = UΓσN,xUT
Γ .

Eq. (3.74b) can be written explicitly as

 +ΓN 0

0 −ΓN

 ŨΓ + ŨΓ

 +ΓN 0

0 −ΓN

 = 0, (3.75)

In what follows, we assume that ΓPT is full rank; physically, this implies that all modes

in the system are coupled to the dissipation. As a consequence, ΓN has no zeros on the

diagonal. The above equation then provides a constraint on the form of ŨΓ: its diagonal

blocks must be identically zero. We can thus write it as

ŨΓ =

 0 ũ12

ũT12 0

 , (3.76)

with [ũ12,ΓN ] = 0.

The remaining PT condition on H1 in Eq. (3.74a) now reads

 Σ1 J

J† Σ2


 0 ũ12

ũT12 0

 =

 0 ũ12

ũT12 0


 Σ∗

1 J∗

JT Σ∗
2

 , (3.77)
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or equivalently

J†ũ12 = ũT12J
∗ ⇔ JũT12 = ũ12J

T , (3.78a)

Σ1ũ12 = ũ12Σ
∗
2 ⇔ Σ2ũ

T
12 = ũT12Σ

∗
1. (3.78b)

It follows that there exists a unitary matrix ũ12 that commutes with ΓN and satisfy the

equalities

Σ∗
1 = ũ∗12Σ2ũ

T
12, (3.79a)

JũT12 = ũ12J
T =

(
JũT12

)T
=
(
ũ∗12J

†
)∗
. (3.79b)

We can now finally use this unitary matrix to transform our non-Hermitian PT Hamil-

tonian into a simpler, final form H2:

H2 ≡

 IN 0

0 ũ∗12


 Σ1 + iΓN J

J† Σ2 − iΓN


 IN 0

0 ũT12


=

 Σ1 + iΓN JũT12(
JũT12

)∗
Σ∗
1 − iΓN

 , (3.80)

Defining Σ̃ = Σ1 and J̃ = Jũ
†
12 and J̃ = JũT12, this is exactly the form given in Eq. (3.70).

3.7.3 Constraints on representing PT non-Hermitian Hamiltonians with

Hermitian bosonic Hamiltonians

In this subsection we will derive necessary and sufficient conditions for determining whether

a given 2N -mode PT -symmetric non-Hermitian Hamiltonian is unitarily equivalent to the

dynamical matrix of a Hermitian, 2N mode parametric amplifier system. The most general

2N mode PT -symmetric non-Hermitian Hamiltonian HPT was given in Eq. (3.68). As
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shown above, as long as its non-Hermitian part is full rank, it can be transformed to the

canonical form H2 in Eq. (3.70), where the anti-Hermitian terms are diagonal. We will work

with this form in what follows.

The question now is whether it is possible to find a unitary matrix U that transforms the

generic PT Hamiltonian H2 in Eq. (3.70) to a physical bosonic dynamical matrix MN , i.e.

UH2U† = MN . (3.81)

We will consider the least constrained mapping, where MN is a 2N × 2N matrix describing

non-degenerate parametric driving. This is the same situation as in Section 3.4: the bosonic

theory has N “a" modes and N “b" modes, and the parametric driving conserves the total

number of a minus b bosons. As discussed in the main text (c.f. Eq. (3.159)), in this case

the dynamical matrix will take the form

MN =

 µa ν

−ν† −µTb

 , (3.82)

where µa,b are arbitrary Hermitian N ×N matrices, and ν can be any N ×N matrix.

For a given PT Hamiltonian H2, it is not always possible to find a U and MN satisfying

Eq. (3.81). This is because the bosonic dynamical matrix MN is pseudo-Hermitian in a

constrained fashion. Recall (see Appendix 3.7.1) that any physical MN must satisfy:

M†
N = σN,z MN σN,z, (3.83)

where as always, σN,z is a z Pauli matrix in particle-hole space.

It thus follows that any PT Hamiltonian that is unitarily equivalent to a bosonic dy-
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namical matrix MN must satisfy

H†
2 = WH2W†, (3.84)

for some 2N × 2N matrix W satisfying

W = W† = W−1, (3.85a)

TrW = 0, (3.85b)

(i.e. a Hermitian unitary matrix with N eigenvalues +1 and N eigenvalues −1). If a unitary

equivalence existed as per Eq. (3.81), we could explicitly construct W as W = UσN,zU†.

Eqs. (3.84) and (3.85) thus represent a necessary condition for the existence of a MN that

is unitarily equivalent to a given H2. Note this is a tighter constraint than simply requiring

H2 to be pseudo-Hermitian (something that is always true).

To show that this is also a sufficient condition, suppose one can find a W satisfying

Eqs. (3.84) and (3.85). W could be then diagonalized as W = UWσN,zU†
W for some unitary

UW . It then easily follows that the matrix M̃ ≡ U†
WH2UW satisfies the pseudo-Hermiticity

condition in Eq. (3.83), and thus represents a valid bosonic dynamical matrix.

We can derive more explicit conditions in the case where the anti-Hermitian part of H2

is full-rank (i.e. ΓN is positive). In this case, Eq. (3.84) can only be satisfied if W has the

form

W =

 0 w12

w
†
12 0

 , (3.86)

where the unitary matrix w12 commutes with ΓN . This form of W is explicitly Hermitian,

unitary and traceless, so it fulfills all the conditions in Eq. (3.85).
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From Eq. (3.85), we can now derive:

 0 w12

w
†
12 0


 Σ̃ J̃

J̃∗ Σ̃∗

 =

 Σ̃ J̃

J̃∗ Σ̃∗


 0 w12

w
†
12 0

 . (3.87)

Hence, a necesary condition for H2 to be unitarily equivalent to a bosonic dynamical matrix

is the existence of an N ×N unitary matrix w12 that satisfies the equations

w12J̃
∗ = J̃w

†
12, (3.88a)

w12Σ̃
∗ = Σ̃w12. (3.88b)

3.7.4 Constraints on representing Hermitian bosonic Hamiltonians with PT

non-Hermitian Hamiltonians

We now ask the converse of the question discussed in the previous subsection. Given a

generic 2N -mode non-degenerate parametric amplifier (NDPA) with Hermitian Hamiltonian

ĤNDPA,multi., whose non-Hermitian dynamical matrix MN takes the form (see Eq. (3.82))

MN =

 µa ν

−ν† −µTb

 , (3.89)

we would like to know if there exists unitary matrix U†
M that transforms MN to an effective

non-Hermitian Hamiltonian matrix HPT with explicit PT symmetry

UMMNU†
M = σN,x

(
UMMNU†

M
)∗
σN,x, (3.90)
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or equivalently

MN = U†
MσN,xU∗

MM∗
NUT

MσN,xUM, (3.91)

⇒MN = WMM∗
NW†

M, (3.92)

where WM = U†
MσN,xU∗

M. Thus to determine the existence of a unitarily equivalent HPT

for dynamical matrix MN , we can equivalently ask if there exists a symmetric, unitary

matrix WM that can be written in the form

WM = U†
MσN,xU∗

M, (3.93)

such that Eq. (3.92) is satisfied. Physically, being unitarily equivalent to any PT -symmetric

Hamiltonian can thus be viewed as a generalized WM-anti-unitary symmetry for the dy-

namical matrix considered, with specific constraints imposed on the unitary matrix WM.

In analogy to the derivation of canonical form for PT -symmetric Hamiltonians HPT , we

now transform MN to a more tractable form. Noting that the N × N off-diagonal block

matrix ν can be written as singular value decomposition ν = V†
aDνVb, or equivalently

VaνV†
b = Dν = Vbν†V†

a, (3.94)

we can transform the off-diagonal blocks into non-negative diagonal matrix Dν

H1 =

 Va 0

0 Vb


 µa ν

−ν† −µTb


 V†

a 0

0 V†
b


=

 VaµaV†
a Dν

−Dν −VbµTb V
†
b

 , (3.95)
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which can be rewritten in terms of N ×N Hermitian matrices Σ,∆ as

H1 =

 Σ +∆ Dν

−Dν ∆− Σ

 . (3.96)

The next step is to rotate the anti-Hermitian part to diagonal blocks via a unitary

transformation, where we obtain

H2 =

 ∆+ iDν Σ

Σ ∆− iDν

 = H1 + iΓν , (3.97)

so that the equality in Eq. (3.92) can be equivalently written as the conditions on the 2N×2N

Hermitian matrix H1 and the 2N × 2N non-negative diagonal matrix Γν

H1 = W̃MH∗
1W̃

†
M, (3.98a)

Γν = −W̃MΓ∗νW̃†
M, (3.98b)

where W̃M = Ũ†
MσN,xŨ∗

M should again be symmetric and unitary for the unitary equiva-

lence between MN and any PT -symmetric Hamiltonian matrix HPT to exist. To proceed

and obtain necessary and sufficient conditions for the existence of such unitary equivalence,

we now assume that Dν is positive definite, so that Eq. (3.98b) requires that W̃M must take

the form

W̃M =

 0 w12

wT
12 0

 , (3.99)

where the off-diagonal blocks must be unitary and commute with the diagonal matrix

[w12, Dν ] = 0. We note that the criterion W̃M = Ũ†
MσN,xŨ∗

M is automatically satisfied
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as

W̃M =

 IN 0

0 wT
12


 0 IN

IN 0


 IN 0

0 w12

 . (3.100)

Substituting the form of W̃M into Eq. (3.98a), we obtain

 ∆ Σ

Σ ∆


 0 w12

wT
12 0

 =

 0 w12

wT
12 0


 ∆∗ Σ∗

Σ∗ ∆∗

 . (3.101)

We thus obtain a set of sufficient conditions for a given dynamical matrix MN to be unitarily

equivalent to a PT -symmetric Hamiltonian HPT , which is the existence of a unitary matrix

w12 such that

w12Σ = Σ∗wT
12, (3.102a)

w12∆ = ∆∗w12, (3.102b)

which also commutes with the diagonal matrix [w12, Dν ] = 0. For a positive definite diag-

onal matrix Dν corresponding to the parametric drivings, the conditions above will also be

necessary conditions.

3.7.5 Examples of four-mode PT and PA models where the correspondence

fails

In this subsection, we will present a four-mode PT -symmetric non-Hermitian Hamiltonian

ĤPT ,4, for which there does not exist any unitarily equivalent Hermitian parametric Hamil-

tonian of four (or less) modes. According to results in Appendix 3.7.2, it suffices to only

consider PT -symmetric Hamiltonians in the canonical form of H2 in Eq. (3.70). We start
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with a tight-binding four-mode Hamiltonian in the canonical form

Ĥtb,4 = i
γ

2

(
â
†
1â1 + â

†
2â2 − b̂

†
1b̂1 − b̂

†
2b̂2

)
+ g

(
â
†
1â2 + b̂

†
1b̂2 + â

†
1b̂1 + â

†
2b̂2 + h.c.

)
, (3.103)

where the coefficients γ and g are both real, so that it takes the form of Ĥtb in Eq. (3.29)

the main text. Now we add a Hermitian perturbation V̂1 as

V̂1 = δ
(
iâ

†
2b̂2 + h.c.

)
, (3.104)

so that the total Hamiltonian is now given by Ĥ′
tb,4 = Ĥtb,4 + V̂1 . We note that the

perturbation (δ > 0) breaks time reversal symmetry of the coherent part in the Hamiltonian

Ĥ′
tb,4, which still takes the canonical form in Eq. (3.70) with component coefficient 2 × 2

matrices now given by

Σ̃ = gσx, (3.105a)

J̃ =

(
t+

iδ

2

)
σ0 −

iδ

2
σz, (3.105b)

ΓN =
γ

2
σ0, (3.105c)

for which we can check the conditions in Eqs. (3.88) algebraically. It is straightforward but

tedious to check these conditins for all possible 2 × 2 unitary matrices w12. We find that

it is impossible to construct a unitary w12 such that all the conditions are satisfied. Thus,

we have constructed a four-mode PT -symmetric to which there does not exist any unitarily

equivalent PA system having four or less modes.

Conversely, there also exists parametric model whose dynamical matrix is not unitar-

ily equivalent to any PT -symmetric system with equal number of modes. If we have a
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parametric model that (up to a local gauge transformation) fits the form in Eq. (3.38)

Ĥp.a.,4 = g
(
â
†
1â2 − b̂

†
1b̂2

)
+ ν1â

†
1b̂

†
1 + ν2â

†
2b̂

†
2 + h.c., (3.106)

where g and ν1 ̸= ν2 are real positive parameters, then the correspondence can be broken

by adding a Hermitian perturbation as beam-splitter interactions with completely imaginary

phase V̂2 = δ
(
iâ

†
1â2 − ib̂

†
1b̂2 + h.c.

)
, where we assume δ > 0 without lack of generality. We

note that the perturbation introduces a nontrivial phase into the parametric Hamiltonian,

and the dynamics of the system can still be described by a 4× 4 non-Hermitian dynamical

matrix, which is automatically in the form in Eq. (3.96). The corresponding canonical form

in Eq. (3.96) now has coefficient 2× 2 matrices as

∆ = gσx, (3.107a)

Σ = −δσy, (3.107b)

Dν =
ν1 + ν2

2
σ0 +

ν1 − ν2
2

σz, (3.107c)

but now the dynamics is not unitarily equivalent to any four-mode PT -symmetric Hamilto-

nian.

3.7.6 Higher-order exceptional point in PA systems

In Section 3.5.1, we have presented EP enhanced mode splitting based on the
√
ϵ scaling

of the splitting of eigenvalues in a PT -symmetric non-Hermitian system. With some minor

twists on the multimode mapping in Section 3.4.2, unitary mappings from PT -symmetric

system with odd number of modes to non-degenerate parametric amplifiers with equal num-

ber of modes could also be constructed. The idea is to leave the single PT -symmetric

mode unchanged, perform mapping for the rest of the modes as before, and assign coherent,

particle-number conserving interaction terms to realize dynamics of the remaining bosonic
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mode. As proposed in Refs. [90–92], such NDPA could exhibit higher order exceptional

point, with mode splitting scaling as ϵ1/3.

We first describe the basics ingredients of higher order exceptional point and the cor-

responding enhanced mode splitting in a PT -symmetric three-mode system. Although the

higher order exceptional points can also be found in systems with more number of modes, we

focus on the PT trimer setup for demonstrating purpose. The sensing scheme now consists

of an unperturbed three-mode system with the Hamiltonian given by

HHOEP [0] =


+iγ2 g 0

g 0 g

0 g −iγ2

 , (3.108)

and we intend to estimate the small parameter ϵ by probing the output power spectrum of

the perturbed Hamiltonian

H [ϵ] =


+iγ2 g 0

g ϵ g

0 g −iγ2

 . (3.109)

If the unperturbed Hamiltonian H [0] is set to the third-order EP (gc =
√
2γ/4), then the

power spectrum has a single resonance peak. In this case, the small perturbation ϵ in the

mode detuning will induce mode splitting in the output spectrum, which scales as ϵ1/3 and

may be even more sensitive than the splitting scaled as
√
ϵ in PT dimer settings. The

ϵ1/3 scaling of mode splitting with respect to small ϵ perturbations close to the third-order

exceptional point has recently been verified in optical experiments [93].

Again we aim to achieve the same ϵ1/3 scaling of mode splitting in a PA setup, without

having to introduce any external bath (i.e., noise source). Applying the unitary mapping in

Section 3.3.2 to the two-mode subsystem with gain and loss, the corresponding ϵ-dependent
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NDPA Hamiltonian can be obtained as

ĤNDPA,3 [ϵ] = ϵb̂†b̂+
(√

2gâ
†
2b̂+ i

ν

2
â
†
1â

†
2 + h.c.

)
, (3.110)

where the detuning term ϵ becomes the detuning term of the third bosonic mode b, and

the gain and loss at rate γ are transformed into the parametric drive with strength ν =

γ. Note that this bosonic Hamiltonian has the general structure of a driven three-mode

optomechanical system, where a mechanical resonator â2 interacts with two electromagnetic

modes b̂, â1 via radiation-pressure interactions. This setup has been previously studied for

entanglement generation [94–97].

It is also interesting to consider the form of the Hamiltonian when ϵ = 0, g =
√
2γ/4 and

we are exactly tuned to the EP. As discussed in Section 3.3.3, EP’s in bosonic Hamiltonians

coincide with conserved Hermitian quadrature variables. The same is true in our system.

Making the gauge change b̂ → b̂′ = −ib̂, the Hamiltonian at the exceptional point can be

written

ĤNDPA,3 =
γ

2

(
X̂2(P̂1 − P̂b′) + P̂2(X̂1 + X̂b′)

)
, (3.111)

where we have introduced standard quadrature operators for each mode. It follows immedi-

ately that there are two conserved quadratures Q̂± in this system:

Q̂− =
1√
2

(
P̂1 − P̂b′

)
, (3.112)

Q̂+ =
1√
2

(
X̂1 + X̂b′

)
. (3.113)

69



3.7.7 QMFS for multi-mode systems: construction and corresponding

symplectic transformations

In Section 3.4.3, we discussed how the dynamics of an arbitrary N mode non-Hermitian

Hamiltonian could be realized using a QMFS embedded in a 2N mode bosonic system. We

provide more details here as to how one constructs such multi-mode QMFS, and also discuss

properties of the corresponding symplectic transformation generated by this dynamics.

Constraints on a general QMFS

Consider an N mode linear and Hermitian bosonic system where the dynamics does not

couple canonically conjugate quadratures. We can write the equations of motion as

∂t⃗̂q (t) = A (t) ⃗̂q (t) , (3.114a)

∂t⃗̂π (t) = B (t) ⃗̂π (t) , (3.114b)

where A (t) and B (t) are generic real dynamical matrices, and ⃗̂q and ⃗̂π are both column

vectors formed by N quadrature operatures satisfying the canonical commutation relations

as [
q̂j , π̂j′

]
= iδjj′ , (3.115)

with all other commutators between the quadratures vanishing
[
q̂j , q̂j′

]
=
[
π̂j , π̂j′

]
= 0.

We require the dynamics to preserve the canonical commutation relations at all times.

It is straightforward to show that a necessary and sufficient condition to ensure this is that

at all times:

B (t) = −AT (t) . (3.116)

for all time t.
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Similarly, if integration of the equations of motion yields

⃗̂q (t) = UA (t) ⃗̂q (0) , (3.117a)

⃗̂π (t) = UB (t) ⃗̂π (0) , (3.117b)

then the preservation of canonical commutation relations holds if and only if

UA (t)UT
B (t) = IN . (3.118)

QMFS for realizing arbitrary multi-mode non-Hermtian dynamics

We can use the results above to verify the QMFS dynamics presented in Section 3.4.3 does

indeed correspond to a Hermitian bosonic Hamiltonian. in Section 3.4.3, an arbitrary non-

Hermitian Hamiltonian HN was encoded in a QMFS via Eq. (3.42a), i.e.

i∂t⃗̂z+ = HN
⃗̂z+, (3.119)

with pseudo-modes z⃗± defined in Eq. (3.41).

In terms of the column vectors formed by quadrature operators ⃗̂x+ and ⃗̂p−, we have

∂t

 ⃗̂x+

⃗̂p−

 =

 ImHN ReHN

−ReHN ImHN


 ⃗̂x+

⃗̂p−

 . (3.120)

Now, using Eq. (3.116) to ensure conjugate quadratures evolve appropriately, we obtain

∂t

 ⃗̂p+

−⃗̂x−

 =

 −ImHT
N ReHT

N

−ReHT
N −ImHT

N


 ⃗̂p+

−⃗̂x−

 . (3.121)
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The above equation is equivalent to

i∂t⃗̂z− = H†
N
⃗̂z−, (3.122)

as given in Section 3.4.3. It thus follows that the QMFS dynamics given in Section 3.4.3

does indeed preserve canonical commutation relations.

The above approach is also valid for an arbitrary time-dependent non-Hermitian dynam-

ical matrix HN (t). Note first that the classical amplitude evolution is controlled by the

N ×N complex matrix UN (t). It satisfies:

i∂tUN (t) = HN (t)UN (t) . (3.123)

In terms of the quadratures x̂±,j and p̂±,j , we have

 ⃗̂x+ (t)

⃗̂p− (t)

 =

 ReUN (t) − ImUN (t)

ImUN (t) ReUN (t)


 ⃗̂x+ (0)

⃗̂p− (0)

 , (3.124a)

 ⃗̂p+ (t)

−⃗̂x− (t)

 =

 ReVN (t) ImVN (t)

− ImVN (t) ReVN (t)


 ⃗̂p+ (0)

−⃗̂x− (0)

 , (3.124b)

where the coefficient matrix VN (t) is defined as

VN (t) ≡
[
UT
N (t)

]−1
. (3.125)

It follows immediately that the constraint in Eq. (3.118) is obeyed.

Finally, the above transformation can be equivalently described in terms of the bosonic
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annihilation and creation operators as

 ⃗̂a (t)

⃗̂
b (t)

 = A (t) ·

 ⃗̂a (0)

⃗̂
b (0)

+B (t) ·

 ⃗̂a† (0)
⃗̂
b† (0)

 , (3.126)

where

A (t) =
1

2

 UN (t) +
[
U†
N (t)

]−1
0

0 U∗
N (t) +

[
UT
N (t)

]−1

 , (3.127a)

B (t) =
1

2

 0 UN (t)−
[
U†
N (t)

]−1

U∗
N (t)−

[
UT
N (t)

]−1
0

 . (3.127b)

Bloch-Messiah representation of the multi-mode QMFS evolution

As discussed above, the non-Hermitian Hamiltonian HN (t) induces a symplectic (i.e. unitary)

transformation in the corresponding bosonic QMFS system. To understand its nature better,

it is helpful to use the Bloch-Messiah (BM) decomposition [77]. This reduces an arbitrary

Gaussian unitary to a sequence of three simple operations: a beam-splitter operation, a

product of single-mode squeezing operations, then another beam-splitter operation.

In terms of Eq. (3.126), the Bloch-Messiah decomposition corresponds to

A = UBMDAV
†
BM, (3.128a)

B = UBMDBV
T
BM, (3.128b)

where UBM and VBM are unitary, and DA, DB are non-negative diagonal matrices with the

constraint D2
A = D2

B + I2N .

The Bloch-Messiah matrices can be explicitly computed. We first write a singular value
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decomposition for the time evolution matrix UN (t) in Eq. (3.123):

UN (t) = W1DUW
†
2 , (3.129)

and then use this to define the diagonal unitary matrix WU :

WU =

√(
DU −D−1

U
)
·
∣∣∣DU −D−1

U
∣∣∣−1

. (3.130)

With these definitions, the unitary matrices in the BM decomposition (describing initial

and final beam-splitter operations) are given by:

UBM =

 W1 0

0 W ∗
1

 · 1√
2

1 −1

1 1

 ·

 WU 0

0 W ∗
U

 , (3.131a)

V
†
BM =

 W ∗
U 0

0 WU

 · 1√
2

 1 1

−1 1

 ·

 W
†
2 0

0 WT
2

 . (3.131b)

Correspondingly, the diagonal matrices describing the squeezing operations in the BM de-

composition can be computed as:

DA =

 DU+D−1
U

2 0

0
DU+D−1

U
2

 , (3.132a)

DB =


∣∣∣D−1

U −DU
∣∣∣

2 0

0

∣∣∣D−1
U −DU

∣∣∣
2

 . (3.132b)

3.7.8 Review of the EP encircling

Here, we briefly review the quasi-adiabatic dynamical phenomena by encircling an EP in two-

mode non-Hermitian systems. We use the convention in Ref. [40] for clarity. We consider a
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system evolving according to the time-dependent non-Hermitian Hamiltonian Hω (t) given

in Eq. (3.51) whose instantaneous eigenvalues are given by

λ±(t) = ±
√
(ω(t) + iγ/2)2 + g(t)2. (3.133)

We assume that the parameters are varied at a rate much slower than the eigenvalue gap

|λ+ − λ−|. We choose the left (right) instantaneous eigenvectors l⃗±(t) (r⃗±(t)) of Hω(t) to

be biorthonormal and satisfy l⃗± = r⃗±, implying:

r⃗± =
(
1 + ρ2±

)−1
2 ·

 ρ±

1

 , (3.134a)

ρ± =
ω + iγ/2 + λ±

g
. (3.134b)

We consider varying parameters g(t) and ω(t) along a circle that encloses the EP:

g (t) = g0 + ϵ cosϕ (t) , (3.135a)

ω (t) = ϵ sinϕ (t) , (3.135b)

where the center of the circle is taken to be the exceptional point g0 = γ/2, and ϵ < γ/2

is a small positive parameter characterizing the encircling radius. The circling phase is

chosen such that EP is encircled once, with ϕ (ti) = ϕ
(
tf
)

during the time duration that we

consider, and the evolution time is chosen such that tf − ti = T ≫ 1/ |λ+ − λ−|.

The system is prepared in one of the instantaneous eigenmodes (e.g. the λ+ branch)

z⃗ (ti) = r⃗+ (ti) at the beginning time ti, and we consider solution to the equation of motion

i∂tz⃗ = Hω z⃗. For the Hamiltonian matrix Hω (t) at given time t, we expand the state vector
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z⃗ (t) at time t in terms of instantaneous eigenvectors as

z⃗ (t) = c+ (t) r⃗+ (t) + c− (t) r⃗− (t) . (3.136)

If the dynamics were adiabatic, we would expect the amplitude c− (t) to be negligible

for the entire protocol. Note that as the EP is encircled once during the time evolution,

the instantaneous eigenmodes undergo a switch by the end of the evolution, i.e. λ±
(
tf
)
=

λ∓ (ti). Surprisingly, for the path that encircles the EP once, the adiabatic prediction holds

for parametric encircling path along only one direction, whereas a non-adiabatic transition

will occur in the opposite direction, as depicted in Fig. 3.4 in the main text. This chiral

mode switching phenomenon could be interpreted physically as a consequence of stability

loss delay [40].

3.7.9 Exceptional point encircling: details

We present here additional details for the quasi-adiabatic exceptional point encircling dy-

namics presented in Section 3.5.2; the focus is on how the dynamics of the non-Hermitian

gain-loss dimer Hamiltonian Hω(t) (c.f. Eq. (3.51)) directly determines the quantum evolu-

tion in our Hermitian, four-mode bosonic system (Hamiltonian ĤωPA(t), c.f. Eq. (3.22)). We

will make explicit use of the Bloch-Messiah (BM) reduction of the symplectic transformation

generated by Hω(t) (as introduced in Appendix 3.7.7).

Symmetry constraints

Note first that, by construction, Hω(t) is a symmetric matrix, and satisfies the chiral symme-

try condition
{
Hω (t) , σy

}
= 0. As a result, the amplitude-evolution matrix Uω (t) generated
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by Hω(t) (c.f. Eq. (3.52)) obeys the constraint

[
UT
ω (t)

]−1
= σyUω (t)σy. (3.137)

It also follows that detUω (t) = 1.

These conditions can be used to constrain the form of the unitary operator Ûω (t) which

describes evolution in the four-mode Hermitian bosonic system corresponding to Hω(t) (con-

structed using the QMFS approach). One finds that the diagonal matrices DA (t) and DB (t)

in the BM reduction of Ûω (t) (c.f. Eqs. (3.126) and (3.128)) are both proportional to the

unit matrix, i.e.

DA (t) = coshλs (t) · I4, (3.138a)

DB (t) = sinhλs (t) · I4, (3.138b)

with the squeezing parameter λs(t) given by

coshλs (t) =
1

2

√
tr
[
U†
ω (t)Uω (t)

]
+ 2. (3.139)

It follows that the squeezing part of the BM decomposition necessarily corresponds to four

identical single-mode squeezing operations.

Symplectic transformation for the four-mode QMFS Hermitian bosonic system

We now derive the explicit form of the symplectic transformation for the collective quadra-

tures x̂±,j and q̂±,j (j = 1, 2) under the time evolution generated by the time-dependent
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parametric Hamiltonian ĤωPA (t) (c.f. Eq. (3.22)). Using Eq. (3.124), we immediately have



x̂1,+ (t)

x̂2,+ (t)

p̂1,− (t)

p̂2,− (t)


=

 ReUω (t) − ImUω (t)

ImUω (t) ReUω (t)




x̂1,+ (0)

x̂2,+ (0)

p̂1,− (0)

p̂2,− (0)


, (3.140a)



p̂1,+ (t)

p̂2,+ (t)

−x̂1,− (t)

−x̂2,− (t)


=

 ReVω (t) ImVω (t)

− ImVω (t) ReVω (t)




p̂1,+ (0)

p̂2,+ (0)

−x̂1,− (0)

−x̂2,− (0)


, (3.140b)

where Vω (t) ≡
[
UT
ω (t)

]−1
(see Eq. (3.125)).

As derived in Eq. (3.137), the chiral symmetry of Hω (t) ensures the equality Vω (t) =

σyUω (t)σy, so that the equation of motion Eq. (3.140b) can be equivalently rewritten in

terms of the matrix Uω (t) as



x̂2,− (t)

−x̂1,− (t)

p̂2,+ (t)

−p̂1,+ (t)


=

 ReUω (t) ImUω (t)

− ImUω (t) ReUω (t)




x̂2,− (0)

−x̂1,− (0)

p̂2,+ (0)

−p̂1,+ (0)


. (3.141)

Note that the symplectic transform presented here in terms of the collective quadratures

x̂±,j and p̂±,j is equivalent to the one discussed in Eq. (3.53) in the main text, which can

78



be compactly written using the pseudo-modes ẑj and ˆ̃zj (c.f. Eqs. (3.21) and (3.23)) as

 ẑ1(t)

ẑ2(t)

 = Uω (t) ·

 ẑ1(0)

ẑ2(0)

 , (3.142a)

 ˆ̃z1(t)

ˆ̃z2(t)

 =
[
U†
ω (t)

]−1
·

 ˆ̃z1(0)

ˆ̃z2(0)

 . (3.142b)

Comparing symplectic transformations for clockwise and counterclockwise en-

circlings

Consider a general case of a multimode Hermitian bosonic system which corresponds (via

the QMFS mapping) to a time-dependent non-Hermitian Hamiltonian. We take this latter

Hamiltonian to be symmetric and periodic (period T0), i.e.

HN (t) = HT
N (t) = HN (t+ T0) . (3.143)

As discussed in Appendix 3.7.7, the corresponding symplectic transformations in the

QMFS setup are fully characterized by the non-unitary time-evolution matrices UN (T0) and

ŨN (T0), which are t = T0 solutions to the equations of motion

i∂tUN (t) = HN (t)UN (t) , (3.144a)

i∂tŨN (t) = HN (−t) ŨN (t) . (3.144b)

As (by assumption) HN (t) is a symmetric matrix, one finds:

ŨN (t) =
[
UT
N (−t)

]−1
. (3.145)

Furthermore, periodicity of HN (t) leads to the relation that UN (−T0) = [UN (T0)]
−1, so
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that we have

ŨN (T0) =
[
UT
N (−T0)

]−1
= UT

N (T0). (3.146)

We see that the classical amplitude-evolution matrices associated with forward and back-

wards evolution are related by a simple transpose operation. We can use this and the re-

sults of Appendix 3.7.7 to then directly relate the unitary evolutions in the corresponding

four-mode bosonic QMFS systems. It follows that the BM decompositions for forward and

backwards evolution are related via:

ŨBM (T0) = V ∗
BM (T0), (3.147a)

ṼBM (T0) = U∗
BM (T0), (3.147b)

D̃A (T0) = DA (T0) ⇔ D̃B (T0) = DB (T0) . (3.147c)

Here, tildes indicate backwards evolution. Note that the squeezing aspect of the evolution

(as parameterized by the D matrices) is the same irrespective of the direction. Finally, note

that these results apply directly to our two-mode problem of interest (i.e. HN (t) → Hω(t),

UN (t) → Uω(t)), as Hω(t) satisfies Eq. (3.143).

Evolution of quantum states via EP encircling

Having built up the necessary machinery, we can now study how the switching dynamics

encoded in Uω(t) influences the evolution of quantum states in our four-mode bosonic system

(lowering operators â1, â2, b̂1, b̂2). The unitary evolution operator Ûω(t) of our system is

defined by

i∂tÛω (t) = ĤωPA (t) Ûω (t) , Ûω (t = 0) = I, (3.148)

where ĤωPA(t) is given by Eq. (3.22). Ûω(t) generates a symplectic (i.e. commutation-

relation preserving) linear transformation of the system’s mode operators. As established in
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Appendix 3.7.9, the form of this transformation is completely determined by the amplitude-

evolution matrix Uω(t) of the original non-Hermitian problem.

As in the main text, we consider a cyclic evolution where (g(t), ω(t)) evolve along a closed

circle, starting and ending at the same point in parameter space. The non-Hermitian system’s

evolution is different for these two directions, corresponding to two distinct evolution matrices

U⟲(t) and U⟳(t). When transformed to the instantaneous eigenmode basis of Hω (t), one of

these encodes the switching behaviour seen in Fig. 3.4, the other has no switching behaviour.

Using our mapping, we have two corresponding unitary transformations Û⟲ (t) and Û⟳ (t)

for our quantum four-mode system; we wish to understand their asymmetry. This is best

accomplished by using the Bloch-Messiah decomposition (see Appendix 3.7.9), which rep-

resents each transformation as a product of two beam-splitter transformations, interspersed

with a (diagonal) squeezing transformation. We find that the squeezing associated with

both Û⟲ (T ) and Û⟳ (T ) are identical, with the asymmetry manifesting itself only in the

beamsplitter operations (c.f. Eqs.(3.147))

To see the the physical consequences of this asymmetry, consider first the case where

all four modes start in vacuum, and parameters are cyclically evolved on the path shown

in Fig. 3.4(a). CW or CCW traversal of this path results in two different final states for

our four bosonic modes, |Ψ⟲ (t = T )⟩ versus |Ψ⟳ (t = T )⟩. These final states are necessarily

Gaussian and have zero means, and are thus fully characterized by their covariance matrix.

First, consider beam-splitter type correlations between a and b modes. Due to the block

structure of the symplectic transformation in Eqs. (3.127), these vanish for all times t, i.e.

〈
â
†
j (t) b̂j′ (t)

〉
=
〈
b̂
†
j (t) âj′ (t)

〉
= 0. (3.149)
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Moreover, the photon numbers are identical for all four modes:

〈
â
†
j (t) âj′ (t)

〉
=
〈
b̂
†
j (t) b̂j′ (t)

〉
= δjj′sinh

2λs

=
δjj′

4

(
tr
[
U†
ω (t)Uω (t)

]
− 2
)
. (3.150)

As the squeezing parameter λs is the same at the final time T irrespective of encircling

direction, the same is necessarily true for these average photon numbers.

Finally, the only non-zero anomalous (squeezing) correlators are given by

〈
âj (t) b̂j′ (t)

〉
=
〈
b̂j′ (t) âj (t)

〉
= Djj′ (3.151)

D =
1

4
Uω (t)U†

ω (t)− 1

4

[
Uω (t)U†

ω (t)
]−1

, (3.152)

where D is a Hermitian matrix. These correlators (at the final time t = T ) will depend on

the direction of the encircling.

Finally, we could look at bipartite entanglement between different subsystems. Consider

for example the entanglement between the a subsystem (formed by modes a1, a2) and the

b subsystem (formed by modes b1, b2). Quantifying the entanglement via the logarithmic

negativity EN [78, 79], one finds:

EN [ρab (t)] = (coshλs + 1) log (coshλs)

− (coshλs − 1) log (sinhλs) . (3.153)

The entanglement only depends on the squeezing paramter λs. As this is identical for both

encircling directions, the generated a − b entanglement is thus also insensitive to direction.

The net result is that if we start with a vacuum state, the asymmetry between the states

|Ψ⟲ (t = T )⟩ and |Ψ⟳ (t = T )⟩ is subtle: both have the same average photon number and

entanglement properties, and differ only in the phase of two-mode squeezing correlators
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between a and b modes.

We now finally turn to the case presented in Section 3.5.2 of the main text, where we

consider an initial, pure quantum state that corresponds to selectively populating one of the

two eigenmodes of Hω(0). In the classical case, the chiral mode switching behaviour depends

crucially on having such an asymmetric initial state. The same is true in the quantum case.

To construct a suitable initial state, we first consider the classical two-mode problem.

Using our convention for the instantaneous eigenvectors r⃗+(t), r⃗−(t) of Hω(t), one finds

that the vectors r⃗+(t) and (r⃗−(t))∗ are orthogonal. They thus serve as a good basis, and we

can write any initial set of amplitudes in the classical problem as:

z⃗ = ξ
r⃗+
|r⃗+|

+ ξ⊥
(r⃗−)∗

|r⃗−|
, (3.154)

where ξ and ξ⊥ are complex numbers. ξ⊥ is proportional to the amplitude c− defined in

Eq. (3.55), whereas ξ describes the amount of population in the mode r⃗+ (when we make

this vector part of an orthonormal basis).

We could now imagine a random classical state which selectively populates the + eigen-

mode with a random phase. In particular, take ξ, ξ⊥ to be complex Gaussian random

variables with zero mean, and where the only non-zero covariances are:

(Re ξ)2 = (Im ξ)2 =
1

2
e2λ0 , (3.155a)

(Re ξ⊥)
2 = (Im ξ⊥)

2 =
1

2
e−2λ0 . (3.155b)

The parameter λ0 > 0 determines the asymmetry of the initial state.

Turning to our quantum system, the components of ẑ become operators as per Eq. (3.16)

and (3.21): they are linear combinations of the QMFS collective quadrature operators

(x̂+,1, x̂+,2, p̂−,1, p̂−,2). It immediately follows that the amplitudes ξ, ξ⊥ become commuting

operators that are linear combinations of these QMFS collective quadrature operators; one
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can easily find the relevant orthogonal transformation.

We can now construct a quantum Gaussian state where the operators ξ̂, ξ̂⊥ have a

covariance matrix that coincides with Eqs. (3.155). This in turn defines the covariance

matrix of the QMFS collective quadrature operators. This of course does not specify the

entire state: we also need to specify covariances involving collective quadratures conjugate to

those in the QMFS, i.e.
(
p̂+,1, p̂+,2,−x̂−,1,−x̂−,2

)
. We do this by insisting on two additional

requirements:

• The covariance matrix of the entire system describes a physical state compatible with

the uncertainty principle [98].

• The covariance matrix of the entire system describes a pure state.

• There are no classical (i.e. symmetrized) correlations between a collective quadrature

from the main QMFS, and the secondary QMFS

These conditions allow us to find a pure zero-mean Gaussian state parameterized by λ0,

where the amplitude-operators ξ̂, ξ̂⊥ have covariances given by Eqs. (3.155). This is the kind

of initial state used for the calculations of entanglement dynamics in Section 3.5.2.

Note that while our state clearly has a strong asymmetry favouring the + instantaneous

eigenmode, there is still some population of the − eigenmode, as ξ⊥ is not exactly zero.

One cannot find a physical state where ⟨ξ̂†⊥ξ̂⊥⟩ is strictly zero as this would violate the

uncertainty principle (i.e. as this quantity becomes smaller and smaller, the covariances of

operators outside of the QMFS would diverge).

3.7.10 Relating non-Hermitian and bosonic topological invariants

In this subsection, we exploit the mappings established earlier to show that non-Hermitian

Chern numbers [84] are equivalent to the Chern numbers for anomalous bosonic problems.
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Relating Bogoliubov transformations to non-Hermitian eigenvectors

As a prerequisite, we will establish the connection between Bogoliubov transformations (in

the bosonic problem) to the eigenvectors of the non-Hermitian problem.

Consider first a translationally-invariant Hermitian bosonic 2D lattice model having a

primitive unit cell with N sites. The Hamiltonian can be written as Ĥ = 1
2

∑
k Ĥk, where

the Bloch Hamiltonian for quasimomentum k has the general form

Ĥk =
N∑

i,j=1

(
µk,ij â

†
k,iâk,j + µ−k,ij â

†
−k,iâ−k,j

)

+
N∑

i,j=1

(
νk,ij â

†
k,iâ

†
−k,j + h.c.

)
, (3.156)

where âk,i is the annihilation operator corresponding to quasi-momentum k and site i in the

unit cell. Hermiticity requires µk = µ
†
k; further, νk = νT−k as bosonic lowering operators

commute.

The Heisenberg equations of motion now take the compact form

i∂t|âk⟩ =

 µk νk

−ν†k −µT−k

 |âk⟩, (3.157)

where we define the column vector |âk⟩ formed by the 2N coupled operators as

|âk⟩ =
(
âk,1, âk,2, · · · , âk,N , â†−k,1, â

†
−k,2, · · · , â

†
−k,N

)T
. (3.158)

We can now interpret the dynamical matrix of our driven bosonic system as an effective
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non-Hermitian Bloch Hamiltonian Heff (k) of a lattice with 2N sites in the unit cell,

Heff (k) =

 µk νk

−ν†k −µT−k

 . (3.159)

This non-Hermitian Bloch Hamiltonian is related to the Hermitian Bogoliubov-de Gennes

(BdG) Bloch Hamiltonian HBdG (k) by Heff (k) = σN,zHBdG (k), where

HBdG (k) =

 µk νk

ν
†
k µT−k

 . (3.160)

and σN,z is a z Pauli matrix in particle-hole space.

We next define the left and right eigenvectors of the matrix Heff (k):

Heff (k) |k, j⟩R = Ej (k) |k, j⟩R, (3.161)

L ⟨k, j|Heff (k) = Ej (k) L ⟨k, j| . (3.162)

Here j = 1, 2, · · · , 2N , and we choose the eigenvectors to satisfy the biorthonormal condition

L
〈
k, j

∣∣ k, j′〉R = δj,j′ . (3.163)

We will focus exclusively on the regime where the parametric driving is sufficiently weak

that our system is stable, and the spectrum Ej (k) is purely real. Ĥk can then be diago-

nalized via a Bogoliubov transformation. Not surprisingly, the quasiparticle operators that

diagaonlize the Hamiltonian are directly related to the eigenvectors of Heff (k). To see this

explicitly, we use the fact that all left eigenvectors either have a real, non-zero “expectation"

of σN,z that is either positive or negative (see e.g. [99]). They can thus be chosen to obey
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the symplectic normalization condition

L ⟨k, n,±|σN,z

∣∣k, n′,±〉 L = ±δn,n′ , (3.164)

All left eigenvectors are now labelled by a sign ±, and the index n runs from 1 to N .

We denote the corresponding eigenvalues En,±(k). With this convention, it follows from

Eq. (3.163) that the corresponding right eigenvectors are given by

|k, n,±⟩R = ±σN,z |k, n,±⟩ L. (3.165)

The eigenvectors now let us express the equations of motion in diagonal form; this can be

accommplished by using the positive-norm eigenvectors only. We introduce new bosonic

quasiparticles via

β̂k,n = L ⟨k, n,+ | â⟩ .

They satisfy

i∂tβ̂k,n = En,+ (k) β̂k,n.

This represents a canonical Bogoliubov transformation, and the Hamiltonian is diagonal

when expressed in terms of these operators. We thus see the (expected) relation between

the Bogoliubov transformation and the eigenvectors of our non-Hermitian Hamiltonian.

Equivalence of bosonic and non-Hermitian Chern numbers

With the above relations in hand, we can now show that the non-Hermitian Chern number

introduced in Ref. [84] coincides with the previously introduced Chern number for anomalous

bosonic problems [85].

We start with the bosonic system. The Berry connection Ann (k) for the nth band was
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introduced in Refs. [71, 85, 86] as

Ann (k) = i · L ⟨k, n|σN,z∇k|k, n⟩ L, (3.166)

and the corresponding (quantized) Chern number is given by:

Cn =
1

2π

∫
BZ

(∇× Ann) · ẑ d2k (3.167)

This serves as a topological invariant to characterize bands in an anomalous, stable bosonic

system.

Now, using Eq. (3.165), we can equivalently write this Chern number in terms of left and

right eigenvectors of the non-Hermitian Hamiltonian Heff(k)

Cn =
1

2π

∫
BZ

(∇× Ann) · ẑd2k

=
i

2π

∫
BZ

ϵ3ij∂i
(
L⟨k, n,+| ∂j |k, n,+⟩R

)
d2k

=
i

2π

∫
BZ

ϵ3ij (∂i ⟨k, n,+|L)
(
∂j |k, n,+⟩R

)
d2k. (3.168)

We can now compare this expression against the generalized Chern numbers Nαβ
n intro-

duced in Ref. [84] for 2D non-Hermitian Hamiltonians. These are defined as

B
αβ
n,ij (k) = i ⟨∂iψαn (k)| ∂jψβn (k)

〉
, (3.169)

N
αβ
n =

1

2π

∫
BZ

ϵijB
αβ
n,ij (k) d

2k. (3.170)

Here, the indices α, β = L,R, and
∣∣∣ψLn (k)

〉
(
∣∣∣ψRn (k)

〉
) denotes the left (right) eigenvector

of the given non-Hermitian Bloch Hamiltonian H(k). Ref. [84] shows that all four Chern
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numbers Nαβ
n for a given band n are identical.

We see now that the bosonic Chern number in Eq. (3.168) is identical to the generalized

non-Hermitian Chern number NLR
n . Thus, as long as the bosonic Hamiltonian Ĥk has well-

defined Chern numbers, we can always find the corresponding non-Hermitian lattice model

Heff (k) whose topological invariants are exactly the same.

While the correspondence found here here may not seem that surprising, it provides an

interesting recipe for constructing non-trivial non-Hermitian topological models: start with

a topological bosonic model, and then construct its non-Hermitian analogue. We pursue this

approach in the next section.

3.7.11 Correspondence between the dimer Kagome Hamiltonian and the

topological bosonic parametric model

Due to the correspondence between the Chern number based on the bosonic symplectic

normalization relation and the generalized Chern number for the non-Hermitian dynami-

cal matrix, the analysis in Ref. [86] on the topological phases of the system also applies to

the equivalent non-Hermitian problem. One interesting and probably exotic feature for the

bosonic model is that the nontrivial topological phases are completely due to the paramet-

ric drive, without which we would only have a trivial Kagome lattice model with nearest

neighbor tunnel couplings. Thus for the non-Hermitian model, nontrivial topological phases

can only exist if the effective Hamiltonian has nonzero non-Hermitian components. This is

in contrast to some previous work based on a topologically nontrivial coherent Hamiltonian

on non-Hermitian topological systems, where the anti-Hermitian part of dynamics is usually

introduced as a perturbation [70, 80]. Here we combine the correspondence of topological

phases and the mapping between some parametric models and PT -symmetric systems to

construct a non-Hermitian PT -symmetric lattice model, where nontrivial topological phase

emerges from an otherwise topologically trivial Hermitian model when one adds balanced

89



onsite gain and loss terms to the model properly.

In Ref. [86], non-trivial topological states can be created by adding parametric coupling

with proper arrangement of phases to a topologically trivial Kagome lattice model that only

have identical coherent hopping. We consider a parametric Hamiltonian Ĥp.a.,Kagome = Ĥ0+

ĤL consisting of a topologically trivial tight-binding Kagome lattice model that conserves

particle number

Ĥ0 = ω0
∑
j

â
†
j âj − J

∑
⟨j,j′⟩

â
†
j′ âj′ , (3.171)

and a local parametric drive term HL

ĤL = −1

2
ν
∑
j

eiϕs â
†
j â

†
j + h.c., (3.172)

where the index j = (j, s) = (j1, j2, s) incorporates both periodicity in real space and sub-

lattices s = A,B,C, and ν, ϕs denote the parametric drive strength and phase, respectively.

Transforming the mode operators to the reciprocal k space, the system dynamics is closed

with respect to the set of operators |âk⟩ =
(
âk,A, âk,B , âk,C , â

†
−k,A, â

†
−k,B , â

†
−k,C

)T
, so that

as a special case of Eq. (3.157), the equations of motion can be written in the compact form

i∂t |âk⟩ = Heff,K. (k) |âk⟩ , (3.173)

where the dynamical matrix is given by

Heff,K. (k) =

 ω0I3 − Jτ (k) h

−h† −ω0I3 + Jτ (k)

 . (3.174)
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The matrix τ (k) is formed by geometrical factors of the tight-binding Kagome lattice

τ (k) =


0 1 + e−ik·a1 1 + eik·a3

1 + eik·a1 0 1 + e−ik·a2

1 + e−ik·a3 1 + eik·a2 0

 , (3.175)

where a1 =
(
−1,−

√
3
)
, a2 = (2, 0) are the lattice vectors, and a3 =

(
−1,

√
3
)
; the coeffi-

cient matrix h = −ν exp (iΦ), I3 is the 3 × 3 identity matrix, and Φ is the diagonal matrix

formed by the phases carried by local parametric drives

Φ = diag (ϕA, ϕB , ϕC) = diag (0, ϕ, 2ϕ) , ϕ =
2π

3
. (3.176)

The off-diagonal tunnelings in h can be rotated to onsite gain and loss via a unitary trans-

formation

UK. =
1√
2

 e2iΦ e2iΦ

ie−2iΦ −ie−2iΦ

 . (3.177)

so that HPT ,K. (k) = U†
K.Heff,K. (k)UK. is

HPT ,K. (k) =

 Σ (k)− iνI3 ∆(k)

∆ (k) Σ (k) + iνI3

 , (3.178)

where Σ (k) and ∆(k) are Hermitian matrices with matrix elements given by

Σss′ (k) = iJτss′ (k) sin (2ϕs − 2ϕs′) , (3.179a)

∆ss′ (k) = ω0δss′ − Jτss′ (k) cos (2ϕs − 2ϕs′) . (3.179b)

The corresponding real space Hamiltonian ĤKagome for the lattice model HPT ,K. (k) is

presented in Section 3.5.3 in the main text.
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Before ending this section, we note that the unitary mapping UK. in Eq. (3.177) is local

in real space, so that any topological edge modes of the parametric Kagome lattice model

Ĥp.a.,Kagome will also be mapped to topological edge modes of the PT -symmetric model.
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CHAPTER 4

SPECTRAL CHARACTERIZATION OF NON-GAUSSIAN

QUANTUM NOISE: KELDYSH APPROACH AND

APPLICATION TO PHOTON SHOT NOISE

This chapter is adapted from Ref. [100]. Reuse is permitted under the terms of the Creative

Commons Attribution 4.0 International License.

4.1 Overview of results

Having accurate tools to describe non-classical, non-Gaussian environmental fluctuations is

crucial for designing effective quantum control protocols and understanding the physics of

underlying quantum dissipative environments. In this chapter, we show how the Keldysh ap-

proach to quantum noise characterization can be usefully employed to characterize frequency-

dependent noise, focusing on the quantum bispectrum (i.e. frequency-resolved third cumu-

lant). Using the paradigmatic example of photon shot noise fluctuations in a driven bosonic

mode, we show that the quantum bispectrum can be a powerful tool for revealing distinctive

non-classical noise properties, including an effective breaking of detailed balance by quan-

tum fluctuations. The Keldysh-ordered quantum bispectrum can be directly accessed using

existing noise spectroscopy protocols.

4.2 Introduction

An accurate description of environmental fluctuations is crucial for quantum information

processing and quantum control. While it is common to assume noise that is both clas-

sical and Gaussian, there are many physically-relevant situations where these assumptions

fail [101–105]. Understanding how to usefully characterize non-Gaussian, non-classical noise
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in a frequency-resolved manner could enable the design of more optimal dynamical decou-

pling protocols, enhancing qubit coherence. It could also provide fundamental insights into

the nature of the underlying dissipative environment.

For classical noise, the frequency-resolved higher noise cumulants (so-called polyspectra

[106]) provide a full characterization. These have been previously measured for classical non-

Gaussian fluctuations in a single-electron transistor [107]. More recent work has proposed

[103, 105] and demonstrated [104] protocols to reconstruct polyspectra using a qubit driven

by classical non-Gaussian noise; Ref. [103] also studied the specific class of linearly coupled

oscillator baths, where operator ordering does not play a role1. The full generalization of

these ideas to quantum non-Gaussian noise as produced by a generic quantum environment

(i.e. one where operator ordering matters) remains an interesting open question; for this gen-

eral problem, the non-commutativity of noise operators at different times poses a challenge

as to how one should appropriately define polyspectra.

In this paper, we show that the Keldysh approach [108–112], a method used extensively to

characterize low-frequency noise, also provides an unambiguous and practically useful way to

describe non-Gaussian quantum bath noise in the frequency domain. It provides a systematic

way to construct a quasiprobability distribution to describe the noise, and to assess whether

the noise can be faithfully mimicked by completely classical noise processes [109, 111]. It also

has a direct operational meaning: the “quantum polyspectra" we introduce are exactly the

quantities that contribute to the dephasing of a coupled qubit at each order in the coupling.

Moreover, these quantities can be measured using the same non-Gaussian noise spectroscopy

techniques designed for classical noise sources [103, 104, 113]; one does not have to decide in

1. Ref. [103] defines higher noise cumulants without specifying a particular time ordering of bath operators,
i.e. our Eq. (4.3) but without any time or anti-time ordering symbols. They state that this is valid for a very
specific class of problems: harmonic oscillator baths, where the noise operator ξ̂(t) is linear in bath creation
and annihilation operators. In Appendix 4.8.1, we provide a rigorous justification for ignoring the operator
ordering in these quantum noise models. Further, we discuss the conditions where ignoring the Keldysh
ordering is (not) valid, and provide additional examples of quantum noise processes where the Keldysh
ordering leads to nontrivial corrections.
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advance whether the noise is classical or quantum to perform the characterization. Note that

a recent work presented a method to measure arbitrary quantum bath correlation functions

[113]; in contrast, our work focuses on characterizing the most physically-relevant correlation

function at each order and identifying a corresponding quasiprobability.

To highlight the utility of our approach, we apply it to the concrete but non-trivial case

of photon shot noise in a driven-damped bosonic mode (a relevant source of dephasing noise

in circuit QED systems [114, 115] among others). Prior work used the Keldysh approach

to study this noise at zero frequency [111, 116]; here we instead focus on the behaviour of

the frequency-resolved third cumulant, the “quantum bispectrum" (QBS). We show that the

QBS reveals important new physics and distinct quantum signatures: at low temperatures,

qualitatively new features emerge that would never be present in a classical model with

only thermal fluctuations. We also show that the QBS is a generic tool for revealing the

breaking of detailed balance and violation of Onsager-like symmetry relations. We find that

the photon shot noise QBS violates detailed balance at low temperatures.

4.3 Keldysh ordering and quantum polyspectra

Consider first a classical noise process ξ(t). Its moment generating function (MGF) is defined

as

Λclass[F (t); tf ] = exp

[
−i
∫ tf

0
F (t)ξ(t)

]
, (4.1)

where the bar indicates a stochastic average. Functional derivatives of Λclass with respect to

F (t) can be used to calculate arbitrary-order correlation functions of ξ(t), while functional

derivatives of ln Λclass generate the cumulants of ξ(t) (see e.g. [117]). Fourier transform-

ing these cumulants yields the polyspectra, which completely characterize the noise in the

frequency domain [106].
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In the quantum case, our noise is a Heisenberg picture operator ξ̂(t) whose evolution is

generated by the Hamiltonian of some bath; we take ξ̂(t) to be Hermitian for simplicity.

Defining correlation functions now has some subtlety, as ξ̂(t) will not in general commute

with itself at different times; hence, different time-ordering choices yield different results.

Correlation functions at a given order describe both how the bath responds to external

perturbations, as well as its intrinsic fluctuations [118]. We are interested here in character-

izing the latter quantity, and asking whether these fluctuations are equivalent to an effective

classical noise process.

The well-developed machinery of Keldysh quantum field theory provides a precise method

for accomplishing our task [108–112]. While this approach is completely general, the simplest

derivation is to imagine coupling an ancilla qubit to ξ̂, such that the only qubit dynamics is

from the interaction picture Hamiltonian Ĥint(t) =
1
2F (t)ξ̂(t)σ̂z. We then use the dephasing

of the qubit to define the MGF of the noise in the quantum case, exactly like we would if

the noise were classical:

Λ[F (t); tf ] ≡ ⟨σ̂−(tf )⟩/⟨σ̂−(0)⟩, (4.2)

=Tr
[
T e− i

2

∫ tf
0 dt′F (t′)ξ̂(t′)ρ̂BT̃ e−

i
2

∫ tf
0 dt′F (t′)ξ̂(t′)

]
. (4.3)

Here ρ̂B is the initial bath density matrix, the trace is over bath degrees of freedom, and T

(T̃ ) is the time-ordering (anti-time ordering) symbol. Expanding Λ in powers of F (t′) defines

correlation functions at a given order with a particular time-ordering prescription (the so-

called Keldysh ordering). We stress that this approach amounts to trying to ascribe the

qubit evolution to an effective classical stochastic process; this correspondence then defines

cumulants (and implicitly a quasiprobability) for the quantum noise of interest.

For truly classical noise, the definition in Eq. (4.3) reduces to the classical MGF in

Eq. (4.1). For quantum baths comprising of harmonic oscillators, and with a noise operator

96



ξ̂(t) that is linear in bath raising and lowering operators, operator ordering plays no role

in the definition of cumulants. This is because commutators of ξ̂(t) with itself at different

times are numbers, not operators (see Appendix 4.8.1 for an explicit proof). As a result, the

Keldysh-ordered MGF in Eq. (4.3) is equivalent to the classical MGF in Eq. (4.1) with ξ(t)

directly replaced by the quantum noise operator ξ̂(t). This is the only kind of bath explicitly

discussed in Ref. [103] (though the neglect of operator ordering issues is not discussed). We

stress that ignoring operator ordering (i.e. not using the full definition in Eq. (4.3)) fails in

almost any other situation. In particular, it is not valid for non-Gaussian quantum baths

with nonlinear coupling or intrinsic nonlinearity, where the Keldysh ordering in Eq. (4.3)

leads to nontrivial corrections in the quantum noise cumulants (see Appendix 4.8.1 for further

discussion.)

The moments and corresponding quasiprobability defined via Eq. (4.3) are intrinsic to the

noisy system; they predict the outcomes of a wide class of schemes designed to measure this

noise2. They also have a direct role in Keldysh non-equilibrium field theory: they characterize

the fluctuations of the “classical" field associated with the operator ξ̂(t). This provides an

alternate, extremely physical way to understand the Keldysh-ordered cumulants, one that

transcends simply viewing this prescription as a formal consequence of expanding interaction-

picture operators. At each order, the Keldysh-ordered correlation function describes the

intrinsic fluctuations of the system [118]. In contrast, the remaining independent correlation

functions at the same order describe how the system responds to external fields which couple

to ξ̂(t) (see Appendix 4.8.3 for a complete discussion). We stress again that at each order,

the Keldysh-ordered correlation function is precisely the correlation function “seen" by the

qubit.

2. The utility of Keldysh ordering to characterizing generic quantum noise, which is independent of the
specific measurement scheme used to measure such noise, has been discussed in great detail in Refs. [109, 112].
As an illustration, Nazarov and Kindermann [109] has considered an alternate measurement setup that
involves no qubit at all, where Keldysh-ordered quasiprobability provides a physical characterization. In
Appendix 4.8.2, we briefly discuss their result for the reader’s convenience.
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It follows that the Keldysh-ordered cumulants C(k)(⃗tk) ≡ ⟨⟨ξ̂ (t1) · · · ξ̂ (tk)⟩⟩K of the noise

can be generated from χ[F (t); tf ] ≡ ln Λ[F (t); tf ] via

χ[F (t); tf ] =
∞∑
ℓ=1

(−i)ℓ
ℓ!

ℓ∏
j=1

[∫ tf

0
dtjF (tj)

]
C(ℓ)(⃗tℓ), (4.4)

where we define t⃗n ≡ (t1, . . . , tn). Explicit expressions for the first few Keldysh-ordered

cumulants are provided in Eqs. (4.27) and (4.28) of Appendix 4.8.4. The Keldysh-ordered

second cumulant is simply a symmetrized correlation function, whereas the third cumulant

corresponds to suppressing time-orderings where the earliest operator appears in the middle

of an expectation value.

For stationary noise, the k-th order cumulant C(k)(⃗tk) only depends on the k − 1 time

separations τj ≡ tj+1 − t1, j = 1, . . . , k − 1. We define the quantum polyspectra as Fourier

transforms of the Keldysh-ordered cumulants:

Sn[ω⃗n] ≡
∫
Rn
dτ⃗n e

−iω⃗n·τ⃗nC(n+1)(τ⃗n), n ≥ 1. (4.5)

For discussion of classical polyspectra, see Refs. [103, 105, 119]. The ωj → 0 limit of Sn[ω⃗n]

characterize fluctuations in m̂ =
∫ t
0 dt

′ξ̂(t′) in the long-time limit (so-called full counting

statistics (FCS)). This is the typical setting where the Keldysh approach has found great

utility, largely for studying electronic current fluctuations. Here we extend the method to

study non-classical, non-Gaussian noise at non-zero frequencies (see also Ref. [120] for an

application to frequency-dependent current noise).

4.4 Quantum noise model

The utility of our approach can be illustrated by studying a concrete, nontrivial example

of quantum non-Gaussian noise: the energy fluctuations of a driven-damped bosonic mode.
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In what follows, we focus on the physics of the frequency-dependent third cumulant, the

so-called quantum bispectrum (QBS) S2[ω1, ω2]; we drop the subscript 2 hereafter. The

QBS reveals a host of physics here that is not manifest in the low-frequency fluctuations (as

studied in [111, 116, 121]).

Our “bath" here is a driven damped cavity mode c (frequency ωc, Markovian energy decay

rate γ). As discussed, the Keldysh-ordered cumulants of the photon-number shot noise can

be derived by coupling the number operator n̂ = ĉ†ĉ of the driven cavity to an ancilla qubit

via Ĥint (t) = F (t)n̂σ̂z/2; the desired quantities are then encoded in the qubit coherence

via Eq. (4.2). Working in a rotating frame at the drive frequency, and letting ρ̂ denote the

qubit-cavity reduced density matrix, the system dynamics follows the master equation

˙̂ρ = −i[Ĥ0 + Ĥint(t), ρ̂] + γ(n̄th + 1)D[ĉ]ρ̂+ γn̄thD[ĉ†]ρ̂. (4.6)

Here D[Â]ρ̂ = ÂρÂ† − (Â†Âρ̂+ ρ̂Â†Â)/2 is the Lindblad dissipator and n̄th the thermal

photon number associated with the cavity dissipation. The cavity Hamiltonian reads Ĥ0 =

−δĉ†ĉ− (f ĉ+H.c.), where f (δ) denotes the drive amplitude (detuning).

The Keldysh-ordered MGF Λ can now be computed by solving the master equation in

Eq. (4.6); we stress that the qubit is introduced here as a theoretical tool for extracting

the cumulants to appropriately characterize the quantum noise of interest. Even with an

arbitrary time-dependent coupling F (t), the qubit dephasing can be solved exactly using an

extension of the phase space method in Ref. [122] (see also Appendix 4.8.5). An equiva-

lent approach is to calculate correlation functions using standard techniques (e.g. quantum

regression theorem, Heisenberg-Langevin equations) [76], and then apply the Keldysh order-

ing defined in Eqs. (4.3) and (4.4). In what follows, we will always take the long time limit

tf → ∞, making the fluctuations stationary. One finds the QBS can be written as:

S[ω1, ω2] = Sth[ω1, ω2] + Sdr[ω1, ω2], (4.7)
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Fig. 4.1: Normalized quantum bispectra of drive-dependent photon fluctuations for large
detuning δ = 10γ (a) in the classical limit n̄th → ∞, and (b) real part ReSdr[ω1, ω2], and (c)
imaginary part ImSdr[ω1, ω2] in the extreme quantum limit n̄th = 0. γ is the cavity damping
rate, n̄th is the bath thermal number. The red (blue) regions correspond to positive (negative)
values, while the gray contour lines indicate zeros. While the classical-limit bispectrum in (a)
is real and positive (as expected from a classical calculation), the quantum-limit bispectrum
exhibits negativity in (b) and an imaginary part in (c).

where the first term is completely independent of the drive f , and the second term is pro-

portional to |f |2.

4.5 Quantum bispectrum

4.5.1 Drive-independent fluctuations

The f -independent QBS Sth[ω1, ω2] can be calculated by solving Eq. (4.6) with f = 0. In

this case, the cavity relaxes to a thermal steady state with no coherence between different

Fock states. Its fluctuations can thus be mapped to a classical Markovian master equation.

For such a classical and thermal Markov process, the bispectrum Sth[ω1, ω2] must always be

real [123, 124]. In Appendix 4.8.7, we also show that in our case, Sth[ω1, ω2] must also be

positive semidefinite. Letting ω3 ≡ −ω1−ω2 in all equations that follow, our full calculation

for the Keldysh-ordered QBS yields as expected a real, positive function:

Sth[ω1, ω2] = Cn̄thγ2
6γ2 +

3∑
j=1

ω2j

/ 3∏
j=1

(γ2 + ω2j ), (4.8)
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with Cn̄th = n̄th(n̄th + 1)(2n̄th + 1). The frequency dependence of this contribution to

the bispectrum is the same both in the classical high-temperature limit n̄th → ∞, and in

the extreme quantum limit n̄th → 0; the only temperature dependence is in the prefactor.

Sth[ω1, ω2] vanishes in the absence of thermal fluctuations (i.e. n̄th → 0). In the limit n̄th →

0, this expression corresponds (as expected) to the bispectrum of asymmetric telegraph noise

(see e.g., [125]), corresponding to fluctuations between the n = 0 and n = 1 Fock states.

While our general result here suggests that the ω dependence of the QBS is not sensitive to

quantum corrections, we will see that this is not true as soon as a coherent drive is added.

4.5.2 Driven fluctuations

We now consider the drive-dependent contribution to the bispectrum, Sdr[ω1, ω2] in Eq. (4.7).

This quantity only depends on the drive amplitude f through the overall prefactor n̄dr =

4|f |2/(γ2 + 4δ2) (the intracavity photon number generated by f). Note that Sdr[ω1, ω2]

remains non-zero at zero temperature, and is the only contribution to the QBS in this limit.

We find that the drive-dependent QBS shows striking quantum signatures. In the classi-

cal limit of high temperatures, it is always real and positive (similarly to the purely thermal

contribution, see Appendix 4.8.7 for detail). However, as temperature is lowered and quan-

tum fluctuations dominate, this quantity can have a negative real part, and even a non-zero

imaginary part. These quantum features become more pronounced as the magnitude of the

drive detuning δ is increased. The real and imaginary parts of Sdr[ω1, ω2] are plotted for

zero temperature in Figs. 4.1(b) and 4.1(c) for a large drive detuning (δ/γ = 10).

Consider first the surprising negativity of the real part of the zero-temperature QBS. Neg-

ativity in the zero-frequency limit was already discussed in [111, 116]. These works showed

that this is a purely quantum effect, and that for large detunings it makes it impossible

to describe the fluctuations by a positive-definite quasiprobability. Our results show how

this striking non-classicality also manifests itself in the non-zero frequency fluctuations. We
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find that the QBS Sdr[ω1, ω2] has a different frequency dependence in the quantum limit

(n̄th = 0) versus the classical limit S̃cl[ω1, ω2]. To see this, we write

Sdr[ω1, ω2]

n̄dr
= (2n̄th + 1)2S̃cl[ω1, ω2] + S̃q[ω1, ω2]. (4.9)

The first term is the classical contribution which dominates in the high-temperature limit;

S̃cl[ω1, ω2] is independent of both n̄dr, n̄th, and is real and positive for all frequencies. Its

form can be found directly from a classical Langevin equation calculation (see Eq. (4.42)

of Appendix 4.8.7). In contrast, the second term is the temperature-independent quantum

correction. It has a completely different frequency dependence from the classical limit, as

described by S̃q[ω1, ω2]

S̃q[ω1, ω2] = −1

2

∑
α ̸=β

α,β=1,2,3

γ
2 + iωβ

(γ − iωα)[(
γ
2 + iωβ)

2 + δ2]
. (4.10)

This function can have both a negative real part, and a non-zero imaginary part. In the

quantum limit n̄th = 0, one finds that real part of the QBS only becomes negative above a

critical value of the detuning |δ|. Moreover, the initial onset of negativity occurs at ω1 =

ω2 = 0. In the large-detuning regime |δ| ≫ γ, the negative region of the QBS is peaked near

a polygon whose shape is defined by the resonance conditions ωj = ±δ (j = 1, 2, 3).

4.6 Imaginary bispectrum and violations of detailed balance

We now turn to another striking feature of the photon shot noise QBS: while in the classical,

high-temperature limit it is always real, the quantum correction S̃q[ω1, ω2] has a non-zero

imaginary part (see Fig. 4.2). This non-trivial imaginary bispectrum can only be probed

at finite frequency: by its very definition in Eq. (4.5), the imaginary part of the QBS must

vanish if either ω1 = 0 or ω2 = 0.
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Fig. 4.2: Frequency dependence of the imaginary parts of the photon-shot noise bispectrum
ImS[ω1, ω2] in the extreme quantum limit n̄th = 0 at different detunings. Parameters: (a)
δ/γ = 0, (b) δ/γ = 1. Note that for n̄th = 0 the full quantum bispectrum coincides with the
drive-dependent contribution Sdr[ω1, ω2].

The non-zero imaginary QBS is directly related to the basic symmetries of our quantum

noise process, in particular the violation of Onsager-like time symmetry [123, 124, 126]. If a

temporal cumulant C(n+1)(τ⃗n) is invariant under τ⃗n → −τ⃗n (i.e. the noise process satisfies

microscopic reversibility), then the corresponding polyspectrum must be real [127]. Further,

a classical Markov process obeying detailed balance always respects this symmetry. In our

system quantum corrections (as described by S̃q[ω1, ω2]) cause a breaking of this symmetry

and hence of detailed balance. There is a long history of studying detailed balance in driven-

dissipative quantum systems (see e.g. [128–133]); the QBS provides yet another tool for

exploring this physics. In Appendix 4.8.8, we discuss another related quantum system which

exhibits an apparent breaking of detailed balance, namely a cavity driven by squeezed noise.

For a heuristic understanding of this symmetry breaking, we consider a simpler object,

the temporal (Keldysh-ordered) third cumulant C(3)(τ1, τ2) at τ1 = τ2 = t. The non-zero

imaginary QBS implies that this correlator differs for t and −t (see Fig. 4.3). Using the

definition of Keldysh ordering in Eqs. (4.3) and (4.4) we find:

⟨δn̂(0)δn̂(t)δn̂(t)⟩K =
1

2
⟨{δn̂(0), [δn̂(t)]2}⟩ − Θ(−t)

4
⟨[δn̂(t), [δn̂(t), δn̂(0)]]⟩, (4.11)
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Fig. 4.3: Time-dependent Keldysh-ordered photon-shot noise third cumulant C(3)
dr (|t|, |t|) in

the quantum limit n̄th = 0 for t > 0 (red solid lines) and t < 0 (orange dashed lines).
Difference between curves highlights asymmetry under time reversal t → −t. In contrast,
the thin blue curves correspond to the same correlator C(3)

dr (|t|, |t|) in the classical limit
normalized by thermal photon number, which is symmetric. All correlation functions are
normalized by in-cavity drive photon number n̄dr. Detunings are: (a) δ = 0, and (b) δ/γ = 5.

where δn̂(t) = n̂(t) − ⟨n̂(t)⟩, and Θ(t) is the Heaviside step-function. One finds that any

imaginary quantum correction ImS̃q[ω1, ω2] is entirely due to the second term on the RHS;

it is thus completely responsible for the lack of time-symmetry.

What does this mean physically? As we have emphasized, the Keldysh ordering is relevant

for any measurement protocol that directly probes n̂(t) [109, 112]. In contrast, the first term

on the RHS of Eq. (4.11) would be relevant if we correlated a measurement of δn̂ with

a separate, direct measurement of δn̂2 (i.e. the Keldysh approach would give this answer

for this sort of setup [112]). These protocols are not equivalent: measuring δn̂ and then

squaring the result has a different back-action than if one directly measured δn̂2. The latter

measurement provides less information (and hence has less backaction), as it provides no

information on the sign of δn̂. This now provides a heuristic way of understanding the

second term on the RHS of Eq. (4.11) (and the consequent lack of time symmetry). For

t < 0, one is first measuring δn̂2. As a result, the two measurement protocols have different

backaction effects, and the two correlation functions are distinct. In contrast, for t > 0, the

earlier measurement is the same in both protocols, hence the backaction effect is identical,
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and the two protocols agree.

While our heuristic explanation here invokes measurement backaction, we stress that

the Keldysh-ordered correlation function is an intrinsic property of the driven cavity system

[109, 118], with a relevance that goes beyond the analysis of just a single measurement setup.

Further, this is the ordering that is “chosen" by our qubit: if one simply interprets the qubit

dephasing as arising from classical noise, then the Keldysh ordered bispectrum (with its

imaginary part) plays the role of the bispectrum of this effective classical noise.

4.7 Conclusions

We have shown how the Keldysh approach to quantum noise provides a meaningful way to

define the polyspectra of non-classical, non-Gaussian noise. In the experimentally-relevant

case of photon shot noise fluctuations in a driven-damped resonator, the quantum bispectrum

reveals distinct quantum features and a surprising quantum-induced breaking of detailed

balance. We stress that our approach amounts to interpreting the dephasing of a qubit

by quantum noise as arising from an effective classical noise process. As such, the same

noise spectroscopy techniques that have been used successfully to measure classical bispectra

with qubits [103, 104] can be directly used (without modification) to measure our quantum

bispectra.

4.8 Appendices

4.8.1 When is it necessary to consider Keldysh ordering, and when is it safe

to ignore operator ordering in defining quantum noise cumulants?

In the main text, we have defined Keldysh-ordered cumulants in Eq. (4.3) to characterize

a generic quantum noise process; the Keldysh ordering follows directly from standard rules

of time evolution in the interaction picture. At first glance, this would seem to contradict
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the definition in Ref. [103], which directly extends the definition of classical noise cumulants

to the quantum case without specifying any particular time-ordering of bath operators (see

unnumbered equation on page 2 of Ref. [103]). Their definition of the k-th cumulant can be

written as

C(k)(⃗tk) ≡ ⟨⟨ξ̂ (t1) · · · ξ̂ (tk)⟩⟩, (4.12)

where ⟨⟨·⟩⟩ relates the k-th cumulant to j-th moments ⟨ξ̂ (t1) · · · ξ̂
(
tj
)
⟩ for j ≤ k, in exactly

the same way as if ξ̂ (t) were classical stochastic variables. Again, we stress that there is no

time-ordering prescription specified here.

As we now show, there is in fact no contradiction between Eq. (4.12) and our definition

in Eq. (4.3). This is because Ref. [103] at the outset restricts their discussion to the specific

class of linearly coupled quantum oscillator baths (as is stated explicitly in the introduction

of Ref. [103]). We discuss this more in what follows. Note that while Ref. [103] discussed

some specific cases where their approach is valid, general conditions for its validity were not

provided. As we show below, the basic requirement is that the commutator of the bath noise

operator ξ̂(t) with itself at different times must simply be a number (or more generally, an

operator that always commutes with ξ̂(t)). This is only satisfied if the bath is a collection

of harmonic oscillators, and the bath noise operator is linear in mode raising and lowering

operators. We show this explicitly in what follows.

We start with the quantum bath models considered in Ref. [103], which consist of non-

interacting bosonic modes ak with Hamiltonian HB and noise operator B(t) of the form

HB = ℏ
∑
k

Ωka
†
kak, (4.13)

B(t) =
∑
k

(gke
iΩkta

†
k + h.c.), (4.14)
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where noise operator is linear in raising and lowering operators, and the bath initial state

ρB(0) is chosen to be diagonal in the Fock basis to ensure stationarity. We now prove that

the noise cumulants defined by Eq. (4.12), which ignores any operator ordering, agrees with

the Keldysh-ordered quantum noise cumulants for these quantum baths. This is equiva-

lent to showing that the Keldysh-ordered moment generating function (MGF) Λ[F (t); tf ] in

Eq. (4.3) now agrees with the MGF without any time ordering

Λcl[F (t); tf ] ≡ Tr
[
e−i

∫ tf
0 dt′F (t′)ξ̂(t′)ρ̂B

]
, (4.15)

where ρ̂B is again the initial bath density matrix, and we use ξ̂(t) to denote general bath

operators. It is straightforward to see that the cumulants in Eq. (4.12) (and in Ref. [103])

can be generated by ln Λcl[F (t); tf ].

We thus seek to prove that Λcl[F (t); tf ] = Λ[F (t); tf ] for quantum bath described by

Eqs. (4.13) and (4.14). Noting that for these baths, the commutators of bath noise operators

[ξ̂(t′), ξ̂(t′′)] are just numbers. The following identity relations will then hold for generic F (t)

T e− i
2

∫ tf
0 dt′F (t′)ξ̂(t′) = exp

[
−M̂1(tf )− M̂2(tf )

]
, (4.16)

T̃ e− i
2

∫ tf
0 dt′F (t′)ξ̂(t′) = exp

[
−M̂1(tf ) + M̂2(tf )

]
, (4.17)

where

M̂1(tf ) =
i

2

∫ tf

0
dt′F (t′)ξ̂(t′), (4.18)

M̂2(tf ) =
1

8

∫ tf

0
dt′
∫ t′

0
dt′′F (t′)F (t′)[ξ̂(t′), ξ̂(t′′)], (4.19)

and [ξ̂(t′), ξ̂(t′′)] is just a complex-valued function of t′ and t′′. Both equations can be

rigorously proved by discretizing the time integral into N infinitesimal time intervals δt =

tf/N , so that the time- and anti-time-ordered operators can be rewritten as an ordered
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product of propagators over these time increments, applying the Baker–Campbell–Hausdorff

formula, and then taking the continuum limit δt→ 0 [76, 134]. Substituting Eqs. (4.16) and

(4.17) into Eq. (4.3) for the Keldysh-ordered MGF Λ[F (t); tf ], we obtain

Λ[F (t); tf ]

=Tr
[
T e− i

2

∫ tf
0 dt′F (t′)ξ̂(t′)ρ̂BT̃ e−

i
2

∫ tf
0 dt′F (t′)ξ̂(t′)

]
=Tr

[
e−2M̂1(tf )ρ̂B

]
= Tr

[
e−i

∫ tf
0 dt′F (t′)ξ̂(t′)ρ̂B

]
=Λcl[F (t); tf ], (4.20)

which completes our proof. Incidentally, Eqs. (4.16) and (4.17) will also hold if the com-

mutators [ξ̂(t′), ξ̂(t′′)] are still operators, but always commute with the bath operator ξ̂(t)

at all times; for this scenario, the commutators [ξ̂(t′), ξ̂(t′′)] can be viewed equivalently as

numbers as far as dynamics is concerned.

When the bath noise operator is given by Eq. (4.14), the bath dynamics will be completely

linear, and any nontrivial non-Gaussianity can only be introduced via a non-Gaussian initial

state. For example, Ref. [103] considered an initial bath state ρB(0) = ρT1/2 + ρT2/2 as

a classical mixture of two thermal states at different temperatures T1 and T2. The non-

Gaussian statistics here can be viewed as a result of the classical uncertainty in two different

Gaussian distributions (i.e. uncertainty in temperature).

We also note that for any quantum bath where Eq. (4.20) is not true, Keldysh ordering

cannot be ignored when defining noise cumulants. Further, there exist a variety of physical

quantum baths where operator ordering plays an important role, and the Keldysh ordering

leads to nontrivial corrections in non-Gaussian noise cumulants:

• Harmonic oscillator bath, where the bath operator is not linear in raising and lowering

operators of the bosonic modes, e.g. the photon shot noise considered in the main text.

Here the nonlinearity in the system-bath interaction induces nontrivial non-Gaussian
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statistics with distinct quantum features.

• Interacting oscillator bath, i.e. bosonic bath with nonlinear dynamics, where the bath

operator is linear in raising and lowering operators of the bosonic modes; this includes

phonon bath with interactions. Keldysh ordering matters here due to the inherently

nonlinear dynamics of the bath.

• Spin bath that exhibits non-Gaussian fluctuations. In this case, both the bath dynamics

and the bath operator can induce non-Gaussian statistics, and it is in general nontrivial

to apply the Keldysh ordering.

At the formal level, the Keldysh ordering is essential in these cases because the commuta-

tor [ξ̂(t′), ξ̂(t′′)] between bath operators at different times is a nontrivial operator (i.e. nonzero

and does not commute with ξ̂(t)). Due to the existence of these realistic examples of noise

models where operator ordering is nontrivial, depending on the nature of quantum envi-

ronments of interest, it may be important to be aware of the distinction between the most

generic definition in Eq. (4.3), incorporating the Keldysh ordering, and the special case of

linearly coupled oscillator baths, where Eq. (4.15) applies and the ambiguity in operator

ordering can be ignored. In the main text, we also provide a concrete example where the

Keldysh ordering results in unique quantum features in the quantum bispectrum, revealing

a surprising breaking of detailed balance due to quantum fluctuations.

4.8.2 Keldysh-ordered quasiprobability distribution as a description of

intrinsic noise

In the main text, we have focused on using the quantum bispectrum to understand the

physics of the nontrivial energy fluctuations in a driven damped harmonic oscillator, and we

state that a quasiprobability distribution can be defined for the Keldysh-ordered moment

generating function (MGF) Λ. To elaborate on this and illustrate the generality of the
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Keldysh approach, here we briefly summarize a pragmatic measurement setup, where the

Keldysh-ordered quasiprobability distribution explicitly determines the measurement result.

For more detailed discussions, the reader can refer to Refs. [109, 111, 112].

Nazarov and Kindermann [109] considered an idealized setup for measuring the statistics

of a generic quantum observable ϕ̂[F (t); tf ] =
∫ tf
0 dt′F (t′)ξ̂(t′) making use of an infinitely

heavy mass. Without loss of generality, we assume that the detector mass is moving in

1-dimensional space with the Hamiltonian Ĥbath = V̂ (x̂) + p̂2/2m. We also take the limit

where the detector mass is infinitely heavy, i.e. m→ ∞, to avoid classical back action of the

detector, so that it only measures fluctuation properties of the bath. The bath operator ξ̂(t)

is coupled to the detector mass via the position operator x̂, described by the Hamiltonian

Ĥint (t) = F (t)ξ̂(t)x̂, (4.21)

and the detector-bath coupling Ĥint(t) is on for time tf .

If we were measuring a classical variable ξ(t), the net effect of the coupling would be

to simply shift the detector momentum by an amount ϕ =
∫ tf
0 dt′F (t′)ξ(t′). For a classical

stochastic process ξ(t), the final momentum probability distribution function of the detector

is just given by a convolution of the initial momentum distribution, and the probability

distribution of momentum shifts P (ϕ). In the quantum regime, the detector state can no

longer be represented by a classical probability distribution, but the aforementioned physical

intuition still applies to a quasiprobability distribution, i.e. the Wigner function W (x, p) of

the detector state. However, for an operator ξ̂(t), the classical probability distribution P (ϕ)

should be replaced by a Keldysh-ordered quasiprobability distribution P (ϕ;x), which is

dependent on the detector position x. The Wigner function of the detector at final time tf

can thus be written as

W (x, p; tf ) =

∫
dϕP (ϕ;x)W (x, p− ϕ; 0), (4.22)
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which reproduces Eq. (15) in Ref. [109]. The Keldysh-ordered MGF discussed in Eq. (4.3) in

the main text directly characterizes the quasiprobabilities P (ϕ;x). The idealized measure-

ment here can be viewed as an illustration of the fact that Keldysh-ordered noise cumulants

are intrinsic properties of the quantum bath, characterizing fluctuation properties. In the

following section, we will also provide a rigorous justification, making use of the path-integral

formulation of the Keldysh technique.

4.8.3 Distinguishing fluctuations from response properties

As discussed in the main text, a general n-point quantum correlation function describes both

the intrinsic fluctuation properties of the system of interest (i.e. quantities that play the role

of classical noise), as well as the response properties of the system to external applied fields.

The situation is very clear at second order, where the product ξ̂(t)ξ̂(t′) can be decomposed

as the sum of a commutator and an anti-commutator. The commutator determines the

retarded Green function

GR(t) ≡ −iΘ(t)
〈
[ξ̂(t), ξ̂(0)]

〉
. (4.23)

This describes how the average value ⟨ξ̂(t)⟩ changes to first order in response to an external

perturbing field V (t) entering the Hamiltonian as

Ĥext(t) = V (t)ξ̂. (4.24)

The relevant Kubo formula is:

δ⟨ξ̂(t)⟩ =
∫ ∞

−∞
dt′GR(t− t′)V (t′). (4.25)
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In contrast, the anti-commutator describes the symmetrized noise spectral density:

S[ω] ≡ 1

2

∫
dteiωt⟨{ξ̂(t), ξ̂(0)}⟩. (4.26)

As has been discussed in many places (see e.g. Ref. [23]), this spectral density plays the role

of a classical noise spectral density.

The Keldysh technique provides an unambiguous way of extending this separation be-

tween noise and response to higher orders. A full exposition of this method is beyond the

scope of this paper; we refer the reader to Ref. [118]. We sketch the main ideas needed

here. In the path-integral formulation of the Keldysh technique, each operator corresponds

to two different fields, the classical field ξcl(t) and the quantum field ξq(t). Averages of these

fields (weighted by the appropriate Keldysh action describing the system) then correspond

to operator averages with a particular time ordering. One finds that:

• Averages only involving quantum fields are necessarily zero.

• Averages involving at least one classical field ξcl(t) and one or more quantum fields

ξq(t) can always be interpreted as response coefficients to an external perturbation of

the form Ĥext(t).

• Averages only involving classical fields ξcl(t) do not correspond to any kind of response

function. Instead, they describe the intrinsic fluctuation properties of the system

Formally, this dichotomy arises because the perturbation Ĥext(t) enters the action of the

system as a term that only involves the quantum field, i.e. Sext =
∫
dtV (t)ξq(t). Perturba-

tion theory in V (t) thus necessarily introduces powers of the quantum field. For example,

at second order we have:

• The average ξcl(t)ξq(0) is directly proportional to the retarded Green function GR(t),

and thus describes linear response to the external field.
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• The average ξcl(t)ξcl(0) is proportional to ⟨{ξ̂(t), ξ̂(0)}⟩ and thus determines the usual

symmetrized noise spectral density.

The same decomposition applies at higher orders. Consider third order correlators. The

average of three classical fields ξcl(t1)ξcl(t2)ξcl(0) is precisely the Keldysh ordered correlator

discussed in the main text; it cannot be associated with a response coefficient. The remaining

non-zero correlators describe different kinds of response:

• The average ξcl(t)ξq(t′)ξq(t′′) represents a second-order Kubo response coefficient. It

determines to second order how ⟨ξ̂(t)⟩ is modified by Ĥext(t
′) at earlier times (i.e. how

it depends on V (t′) and V (t′′)).

• The average ξcl(t)ξcl(t′)ξq(t′′) describes a first order noise-susceptibility [135]. It de-

termines how the symmetrized correlator ⟨{ξ̂(t), ξ̂(t′)}⟩ is modified to first order by

Ĥext(t
′′)

The arguments sketched here provided perhaps the deepest justification for considering

Keldysh ordered correlation functions: they provide a clear and unambiguous way to distin-

guish fluctuation properties from response properties. We stress that an arbitrary correlation

function could always be written as a linear combination of the Keldysh-ordered correlator

(which describes pure noise) and additional terms describing response properties.

4.8.4 Explicit expressions for the second and third Keldysh-ordered

cumulants

For concreteness, here we provide explicit expressions for the first few Keldysh-ordered cu-

mulants C(k)(⃗tk) ≡ ⟨⟨ξ̂ (t1) · · · ξ̂ (tk)⟩⟩K defined by Eqs. (4.3) and (4.4) in the main text.

The second order cumulant function C(2)(⃗t2) is just the auto-correlation function of ξ̂(t)

C(2)(⃗t2) = ⟨⟨ξ̂ (t1) ξ̂ (t1)⟩⟩K =
1

2
⟨{δξ̂ (t1) , δξ̂ (t1)}⟩, (4.27)
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where δξ̂ = ξ̂ − ⟨ξ̂⟩. However, the third cumulant corresponds to a more complex ordering

C(3)(⃗t3) = ⟨⟨ξ̂ (t1) ξ̂ (t2) ξ̂ (t3)⟩⟩K

=
1

4

∑
π⃗3∈P3

K(tπ1 , tπ2 , tπ3)⟨δξ̂(tπ1)δξ̂(tπ2)δξ̂(tπ3)⟩, (4.28)

K (⃗t3) = 1−Θ(t1 − t2)Θ(t3 − t2), (4.29)

where P3 denotes the set of all possible permutations of (123) indices, and Θ(t) is the

Heaviside step function. Such ordering is given by an average over all permutations of the

three displaced operators δξ̂(tj), except for the terms where the earliest time appears in

the middle position (as implied by the step functions), in agreement with expansion of the

operator in Eq. (4.3) in powers of coupling F (t′). A similar expression of Keldysh-ordered

third cumulant has also been derived for current operators in Ref. [120].

4.8.5 Phase space method for computing Keldysh-ordered cumulants of a

driven damped cavity

In this subsection, we outline the phase space method to calculate Keldysh-ordered cumu-

lants. However, we remark that once we have defined the unique Keldysh ordering for each

higher cumulant using Eqs. (4.3) and (4.4), standard techniques for computing multi-point

correlation functions (e.g. Langevin equations of motion, and quantum regression theorem)

work equally well for the Keldysh-ordered cumulants.

In the phase space method, we need to solve the time evolution of qubit coherence

operator ρ̂↑↓(t) ≡ ⟨↑ |ρ̂(t)| ↓⟩, so that the qubit coherence can be computed as ⟨σ̂−(t)⟩ =

Tr[ρ̂↑↓(t)]. We first restrict to the qubit off-diagonal block of the master equation in Eq. (4.6)

114



in the main text as

˙̂ρ↑↓ =− i[Ĥ0, ρ̂↑↓]− i
λ

2
{F (t)n̂, ρ̂↑↓}+ γ(n̄th + 1)D[ĉ]ρ̂↑↓ + γn̄thD[ĉ†]ρ̂↑↓, (4.30)

which is a direct extension, with a time-modulation F (t) in interaction Ĥint (t) = λF (t)n̂σ̂z/2,

of the technique used in Ref. [122]. Here we use a constant coefficient λ to keep track of

orders in expansion on the coupling; by the end of the calculation, one can always set λ = 1.

We stress that if we replace the time-independent coupling λ with a time-dependent one, the

relevant derivations in Ref. [122] still hold rigorously, and we refer interested readers to this

paper for more detail.

Without loss of generality, the system initial state can be chosen as a product state

between the qubit and the cavity, with the cavity in thermal equilibrium. Thus, Wigner

function W (x, p; t) of the coherence operator ρ̂↑↓(t) is Gaussian throughout time evolution.

Moreover, for the Fourier transform of W (x, p; t), we can assume the following ansatz [122]

W [k, q; t] = e−ν(t) exp

(
−i[kx̄(t) + qp̄(t)]− 1

2
(k2 + q2)σs(t)

)
, (4.31)

from which the moment generating function can be computed as Λ[F (t); tf ] = e−ν(tf ).

Substituting this ansatz into the master equation in Eq. (4.30), we then need to solve a set

of ordinary differential equations for the coefficient functions

ν̇th = iλF (t)

(
σs −

1

2

)
, (4.32a)

σ̇s = γ

(
n̄th +

1

2

)
− γσs − iF (t)λσ2s +

iλF (t)

4
, (4.32b)

ν̇dr =
iλ

2
F (t)(x̄2 + p̄2), (4.32c)

˙̄x = −δp̄+
√
2 Imf − iF (t)λσsx̄−

γ

2
x̄, (4.32d)

˙̄p = δx̄+
√
2Ref − iF (t)λσsp̄−

γ

2
p̄, (4.32e)
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where the exponent ν(t) = νth(t) + νdr(t) can be written as a sum of drive-independent and

drive-dependent parts.

The Keldysh-ordered cumulants C(ℓ)(⃗tℓ) can now be extracted using the equation (see

Eq. (4.4) in the main text)

ν(tf ) = −
∞∑
ℓ=1

λℓ
(−i)ℓ
ℓ!

ℓ∏
j=1

[∫ tf

0
dtjF (tj)

]
C(ℓ)(⃗tℓ), (4.33)

i.e. the cumulants can be obtained by solving Eqs. (4.32) perturbatively in orders of λ, and

comparing the results to the integrals above. Since the cumulant functions C(ℓ)(⃗tℓ) must

be symmetric over permutations of its variables {t⃗ℓ}, such procedure will lead to a unique

result. For example, for the photon shot noise in a driven damped cavity discussed in the

main text, first few drive-independent contributions to cumulants are given by

C
(1)
th (t1) =n̄th, (4.34a)

C
(2)
th (⃗t2) =n̄th(n̄th + 1)e−γ|t1−t2|, (4.34b)

C
(3)
th (⃗t3) =n̄th(n̄th + 1)(2n̄th + 1) exp

(
−γ
2
|t1 − t2| −

γ

2
|t2 − t3| −

γ

2
|t1 − t3|

)
. (4.34c)

Taking Fourier transform of Eq. (4.34c) for the third cumulant, we obtain the drive-independent

QBS, as given by Eq. (4.8) in the main text.

4.8.6 Quantum bispectrum (QBS) probed by qubit dephasing

In the main text and above, we introduced the ancilla qubit mostly as a theoretical tool to

characterize the quantum bath fluctuations. However, as mentioned in the main text, the

qubit-bath system is also a well-studied experimental probe to measure the QBS of a given

quantum bath. The QBS of the bath can be extracted, by measuring the qubit coherence

function ⟨σ̂−(tf )⟩ evolving under given filter functions F (t). Ref. [103] discusses a systematic
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Fig. 4.4: Photon shot noise induced qubit frequency renormalization, as defined from the
long time limit of the qubit coherence function, − limtf→∞ Im ln⟨σ̂−(tf )⟩/tf . We use here
a filter function F (t) = λ(sin 2ωt + cosωt), and plot the frequency shift as function of
coupling strength λ. The two curves correspond to two different choices of filter function
center frequencies ω (as indicated in the legend). Solid lines depict contributions from QBS
and have exact slopes of 3, as these terms are proportional to λ3, whereas the data points
are exact results by solving Eqs. (4.32) numerically (and thus include contributions from
all higher-order odd noise cumulants). The QBS prediction describes the induced phase
shift accurately over a range of weak to moderate couplings. Data points with an opposite
frequency shift are not shown (the QBS approximation completely breaks down for these
points). Parameters: δ = 10γ, n̄th = 0, n̄dr = 1.

approach to reconstruct the bispectrum using this technique of qubit noise spectroscopy.

Here, we apply this idea to the specific noise model discussed in the main text. We

consider qubit dephasing due to photon shot noise of a driven damped cavity mode, as

described by the master equation in Eq. (4.6). As an illustration, we focus on the idealized

filter function

F (t) = λ(sin 2ωt+ cosωt), t ∈ [0, tf ], (4.35)

where λ characterizes the coupling strength. This filter function is chosen such that for any

coupling strength, the qubit coherence has no dependence on the real part of the QBS, i.e.

Im ln⟨σ̂−(tf )⟩ = Imχ[F (t); tf ] =
λ3tf
16

ImS[ω, ω] + o(λ5). (4.36)
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As discussed in the main text, the imaginary part of the QBS, which can be computed from

Eq. (4.10), is a unique quantum feature and only depends on driven fluctuations. This phase

shift is solely due to the non-Gaussian noise cumulants, and will be absent if we treat the

noise operator as Gaussian. We compare above prediction based on the QBS to the induced

frequency shift in the exact qubit coherence function in the long time limit

lim
tf→∞

Im ln⟨σ̂−(tf )⟩
tf

, (4.37)

which is calculated numerically by solving Eqs. (4.32). The results are plotted in Fig. 4.4

for the case of zero temperature n̄th = 0, where the qubit dephasing is solely due to driven

fluctuations. As shown in the plot, the QBS prediction agrees excellently with the exact

result for small coupling λ as expected, but will deviate from the exact result as coupling

λ increases. The QBS prediction works even at moderate couplings λ/γ ∼ 1, because the

higher cumulants here are suppressed by the large detuning δ/γ ≫ 1. The QBS thus has a

concrete operational interpretation: it quantifies the leading order non-Gaussian correction

in the qubit dephasing due to a given quantum noise process ξ̂(t).

4.8.7 Proof of non-negative energy shot noise bispectrum in a classical

driven damped oscillator

In the classical limit n̄th → ∞, the cavity mode annihilation operator ĉ in the main text

can be described by a classical stochastic variable c(t), describing the amplitude of a driven

damped classical harmonic oscillator. The equation of motion is now given by

dc = −(γ/2− iδ)cdt+ ifdt+
√
γn̄effdW, (4.38)

where n̄eff = n̄th + 1/2 ≃ n̄th (the 1/2 correction is added so that second-order correlators

between c(t), c∗(t′) match their symmetrized quantum counterparts), and dW is a complex-
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valued Wiener increment. The solution to this stochastic differential equation can be written

as c(t) = c0+ζ(t), where c0 = ⟨c(t)⟩ is a complex constant number, and ζ(t) is a complex zero-

mean stochastic variable. In the long time limit, ζ(t) is Gaussian and stationary, satisfying

the equation

⟨ζ∗(t)ζ(t′)⟩ = n̄eff exp
[
−iδ(t− t′)− γ

2
|t− t′|

]
, (4.39)

whereas all other second correlators vanish ⟨ζ(t)ζ(t′)⟩ = ⟨ζ∗(t)ζ∗(t′)⟩∗ ≡ 0. The photon

number operator n̂ then corresponds to the energy of the classical oscillator n(t) = |c(t)|2,

so that its Fourier transform can be expressed using Fourier components of ζ(t) as

n[ω] =

∫
dteiωtn(t)

=|c0|2 +
∫
dω′ζ∗[ω − ω′]ζ[ω′] + c∗0ζ[ω] + c0ζ

∗[ω]. (4.40)

Since the Fourier transform ζ[ω] of a Gaussian variable must also be Gaussian, polyspec-

tra of n(t) can be calculated using the expression above by applying Wick’s theorem. Noting

that all the anomalous correlators vanish, the only contractions that contribute would be

given by terms of the following form

⟨ζ∗[ω]ζ[ω′]⟩ = γn̄eff

(ω − δ)2 +
(γ
2

)2 δ(ω + ω′), (4.41)

which is always non-negative. It is then straightforward to show that both drive-independent

and drive-dependent contributions to polyspectra must also be non-negative for all frequen-

cies. In particular, the frequency dependence S̃cl[ω1, ω2] of the drive-dependent bispectrum

in the classical limit (see main text for definition) is real and positive semidefinite, which
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can be explicitly written as

S̃cl[ω1, ω2] =
1

γ2

∑
α ̸=β

α,β=1,2,3

1[
1 + 4

(
ωα+δ
γ

)2] [
1 + 4

(
ωβ−δ
γ

)2] . (4.42)

4.8.8 Temporal skewness for squeezed bath photon fluctuations

In the main text, we show a violation of higher-order Onsager reciprocity relations solely due

to quantum corrections in the temporal third cumulant (skewness), which can be probed by

an imaginary part in the QBS. Here we provide an example where the temporal skewness

exhibits time asymmetry in both the classical and the quantum limits, and the skewness

function also reveals insights into non-equilibrium dynamics in well-defined classical systems.

We again consider photon shot noise in a dissipative bosonic mode, but now driven by

squeezed noise. The master equation is

˙̂ρ = −i[Ĥ0 + Ĥint, ρ̂] + γ(n̄cl + 1)D[ŝr]ρ̂+ γn̄clD[ŝ
†
r]ρ̂, (4.43)

where ŝr = ĉ cosh r + ĉ† sinh r denotes the squeezed bath operator. In the rotating frame,

the oscillator Hamiltonian is Ĥ0 = −δĉ†ĉ, and its interaction with the qubit is Ĥint(t) =

1
2F (t)n̂(t)σ̂z. Such noise model has a well-defined classical limit if we let n̄cl → ∞, where

the bosonic mode can be equivalently described by a classical stochastic variable c(t). We

note that the steady state of the corresponding classical model is not thermal equilibrium,

enabling a violation of Onsager-like relations even in the classical limit.

For concreteness, we again consider the temporal third cumulant C(3)(t, t), which can be

written as a sum of classical and quantum contributions as

C(3)(t, t) = (2n̄cl + 1)3f(t)

[
C̃
(3)
cl (t)− 1

(2n̄cl + 1)2

]
, (4.44)
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where f(t) = e−γ|t| cosh(2r)/4 is an even function of time t and independent of n̄cl. The

coefficient function C̃(3)
cl (t) for the classical contribution is given by

C̃
(3)
cl (t) = cosh2(2r) +

γ2 sinh2(2r)

γ2 + 4δ2
[1 + 2 cos(δt+ δ|t|)]. (4.45)

The situation is now reversed: the quantum correction is symmetric under time reversal

t → −t, whereas the classical contribution is asymmetric for a generic nonzero detuning

δ ̸= 0.

The time asymmetry in C(3)(t, t) has its roots in classical non-equilibrium dynamics:

in the classical limit n̄cl ≫ 1, we can introduce two real quadratures x and p defined by

c = (x + ip)/
√
2 to describe the corresponding classical oscillator. Their dynamics satisfies

the stochastic differential equations

dx = (−δp− γ

2
x)dt+ er

√
γn̄effdW1, (4.46a)

dp = (δx− γ

2
p)dt+ e−r√γn̄effdW2, (4.46b)

where n̄eff = n̄cl+1/2 ≃ n̄cl, and dW1 and dW2 are independent Wiener increments. These

equations formally also describe time evolution of a resonantly coupled pair of real harmonic

modes, where the interaction strength is given by |δ|, and each oscillator is also coupled

to a thermal reservoir with thermal excitations e±2rn̄eff . This coupled two-mode system

for r ̸= 0 is a typical example of non-equilibrium system that violates detailed balance,

manifested as time asymmetry in cross correlation functions ⟨A(0)B(t)⟩ [131–133]. Noting

that n(t) corresponds to the total energy in the classical limit, the skewness C(3)(t, t) can

then be viewed as a correlation function between energy fluctuations δn(0) and its higher

order fluctuations [δn(t)]2 at a different time. Thus, the time asymmetry in C(3)(t, t) is again

a signature of detailed balance violation, which in turn is due to the imbalanced thermal

baths set by the nonzero r.
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CHAPTER 5

INTRINSIC AND INDUCED QUANTUM QUENCHES FOR

ENHANCING QUBIT-BASED QUANTUM NOISE

SPECTROSCOPY

This chapter is adapted from Ref. [136]. Reuse is permitted under the terms of the Creative

Commons Attribution 4.0 International License.

5.1 Overview of results

Quantum sensing protocols that exploit the dephasing of a probe qubit are powerful and

ubiquitous methods for interrogating an unknown environment. They have a variety of ap-

plications, ranging from noise mitigation in quantum processors, to the study of correlated

electron states. In this chapter, we discuss a simple strategy for enhancing these methods,

based on the fact that they often give rise to an inadvertent quench of the probed system:

there is an effective sudden change in the environmental Hamiltonian at the start of the sens-

ing protocol. These quenches are extremely sensitive to the initial environmental state, and

lead to observable changes in the sensor qubit evolution. We show how these new features

give access to environmental response properties. This enables methods for direct measure-

ment of bath temperature, and for detecting non-thermal equilibrium states. We also discuss

how to deliberately control and modulate this quench physics, which enables reconstruction

of the bath spectral function. Extensions to non-Gaussian quantum baths are also discussed,

as is the application of our ideas to a range of sensing platforms (e.g., nitrogen-vacancy (NV)

centers in diamond, semiconductor quantum dots, and superconducting circuits).
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5.2 Introduction

A key technique in quantum sensing is to use a suitably driven sensor qubit to character-

ize a noisy, dissipative environment. Commonly referred to as quantum noise spectroscopy

(QNS) [137], this modality allows one to understand and possibly mitigate sources of de-

coherence that degrade a quantum processor [103, 104, 124, 138–152]. It also serves as a

powerful means to probe a complicated many-body target system via its fluctuation proper-

ties (see, e.g., [153–157]). While many QNS protocols focus on the more specific problem of

characterizing classical Gaussian noise [140–148], recent work has explored methods that go

beyond these assumptions [100, 103, 104, 113, 124, 149–152, 158–161].

One crucial difference between a true quantum environment and a simple classical noise

source is that the former is dynamical: its properties can change in response to an external

perturbation. At a simple linear response level, this is encoded in the environment’s suscep-

tibility functions, or equivalently, asymmetric-in-frequency quantum noise spectral densities

[23, 162–165]. The most direct (and perhaps extreme) way to probe these properties is to

induce a quantum quench, where the environment experiences a sudden change in its Hamil-

tonian. Studying the consequences of deliberate quenches has been an extremely useful tool

for probing a variety of phenomena in correlated systems [166].

In this chapter, we show that the basic physics of a quantum quench is relevant to a wide

variety of commonly employed QNS schemes and systems; crucially, this is the case even

if the protocol does not involve a deliberate quenching of the environment. We show how

these quenches (whether intrinsic or deliberate) can be harnessed as a powerful new sensing

modality: they reveal environmental response properties in previously unexplored ways. By

analyzing standard T2-type qubit-based QNS protocols, we identify generic conditions under

which an inadvertent quench of the environment influences the sensor qubit’s evolution.

Surprisingly, the existence and properties of this quench effect are not simply a function of

the initial environmental Hamiltonian, but instead depend on the initial environmental state.
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The dominant effect of the quench is an unexpected phase shift of the sensor qubit coherence.

For common cases where the environment is either a Gaussian quantum bath or the sensor-

environment coupling is weak, we derive a simple, analytical expression connecting this

quench phase shift (QPS) to a dissipative susceptibility of the environment (i.e. an effective

density of states). We then use this to address a number of phenomena. In particular,

using the extra information provided by the QPS, a standard T2-based QNS protocol can

be enhanced to independently characterize both fluctuation and response properties. As

we discuss, such information lets us determine the temperature of a thermal equilibrium

environment, making only mild assumptions encompassing a wide range of realistic scenarios

(including sub-, super-, and Ohmic environments, environments generating 1/f noise, etc.).

For the paradigmatic case of an environment with an Ohmic spectral density, we show that

one can use the QPS (along with standard decoherence measurements) in a simple Hahn-

echo protocol to directly extract the environmental temperature (something that cannot be

done from decoherence measurements alone). We also show that the quench mechanism is

relevant to generic initial bath states beyond equilibrium, and can be used to probe response

properties in nonequilibrium systems. We further discuss extensions of this physics in regimes

beyond the validity of linear response.

5.3 Intrinsic quantum quenches in standard T2-type sensing

protocols

While our ideas apply to a wide variety of settings, we focus throughout this chapter on a

standard QNS experiment where the sensor qubit is coupled to an environment via a pure-

dephasing interaction. Transforming to the standard toggling frame set by the choice of

qubit control pulses (see e.g. [137]), as well as the rotating frame with respect to free qubit
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Hamiltonian Ωσ̂z/2 = (Ω/2) (|↑⟩⟨↑| − |↓⟩⟨↓|), the qubit-bath Hamiltonian is given by

Ĥtot = |↑⟩⟨↑| ⊗ Ĥb,↑ + |↓⟩⟨↓| ⊗ Ĥb,↓, (5.1)

where Ĥb,↑ (Ĥb,↓) describes the bath Hamiltonian conditioned on qubit being in the state

|↑⟩ (|↓⟩). We set ℏ = 1 throughout. As in standard T2-type measurements, the probe qubit is

initialized in |↓⟩ and is initially unentangled with the bath. The quench physics we describe

is crucially sensitive to the initial state of the bath. For illustrative purposes, we first focus

on a simple but generic situation where the qubit |↓⟩ state lifetime can be viewed as infinite,

and the bath has relaxed to a thermal equilibrium state with respect to Ĥb,↓. The initial

density matrix of the qubit-bath system is thus

ρ̂tot(t = 0−) = |↓⟩⟨↓| ⊗ ρ̂b,i, (5.2a)

ρ̂b,i = e−Ĥb,↓/kBT /ZT , (5.2b)

where ZT is a normalization factor and T is the initial bath temperature. We stress that the

initial bath state ρ̂b,i closely depends on the initial qubit state: again assuming the system

has reached thermal equilibrium prior to start of the sensing protocol, and if instead the

qubit is initialized in |↑⟩, then ρ̂b,i would be a thermal state with respect to Ĥb,↑.

We consider a standard T2-based sensing protocol. At the start of the protocol (t = 0),

an instantaneous π/2-pulse is applied to prepare the qubit in an equal superposition state

|+⟩ ≡ (|↑⟩+ |↓⟩) /
√
2; the system then evolves under Ĥtot for time tf , while the qubit is

subject to a sequence of instantaneous control π-pulses. At the end of the protocol, one

measures qubit Pauli operator σ̂x or σ̂y. By repeating the measurements and varying tf ,

one can obtain the qubit coherence ⟨σ̂−(tf )⟩ as a function of tf .

Surprisingly, in many cases an intrinsic effective bath quench occurs as part of this stan-
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Fig. 5.1: Quantum quenches in standard dephasing-based quantum sensing (noise spec-
troscopy) protocols. (a) Schematic illustrating an “intrinsic” quantum quench arising in
standard T2-type experiments, where the effective bath Hamiltonian undergoes a sudden
change at the start of the protocol, c.f. Eq. (5.4). (b) The quench manifests itself as an addi-
tional quench phase shift (QPS) Φq(tf ) of the sensor qubit. The QPS can be distinguished
from a phase Φext(tf ) resulting from an external field: in the simplest case, it is crucially
sensitive to the initial qubit state before the start of the sensing protocol.

dard sensing protocol. To see this, we first rewrite Ĥtot as

Ĥtot =
1

2
σ̂z ⊗ ξ̂ + σ̂0 ⊗

1

2
(Ĥb,↑ + Ĥb,↓), (5.3)

with ξ̂ ≡ Ĥb,↑− Ĥb,↓, σ̂0 ≡ |↑⟩⟨↑|+ |↓⟩⟨↓|. This suggests a simple picture for understanding

the qubit evolution during the protocol: the qubit dephases due to coupling to the bath

noise operator ξ̂, while the bath evolves under an effective averaged bath Hamiltonian. Note

that these two processes are not independent, as the effective bath Hamiltonian would affect

ξ̂ during time evolution and hence influence qubit dynamics.

Notably, the averaged bath Hamiltonian in Eq. (5.3) may or may not commute with the
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initial bath state, which in our example is determined by Ĥb,↓. As shown in Fig. 5.1, this

motivates defining a time-dependent effective bath Hamiltonian Ĥb,eff(t) whose form reflects

the change of the qubit state ρ̂qb at t = 0:

Ĥb,eff(t) ≡ Trqb[ρ̂qb(t)Ĥtot(t)], (5.4a)

=


Ĥb,↓, t ≤ 0,

(Ĥb,↑ + Ĥb,↓)/2, 0 < t < tf .

(5.4b)

We see that except for the trivial case Ĥb,↑ = Ĥb,↓, the bath Hamiltonian Ĥb,eff(t) exhibits a

sudden change (i.e., a quench) that is solely due to the sudden change in qubit state at t = 0.

As we show below in Eq. (5.8), this quench is physically meaningful: it directly determines

the evolution of the qubit coherence ⟨σ̂−(tf )⟩, the very quantity that is measured in the

protocol.

For our subsequent discussion, it is useful to rewrite Ĥb,eff(t) to make the quench more

explicit:

Ĥb,eff(t) = Ĥb,i + η(t)V̂ . (5.5)

Here η(t) is an effective quench control function, which encodes the temporal profile of the

quench. V̂ represents the quench operator, which is defined as

V̂ ≡ Ĥb,eff(t = 0+)− Ĥb,eff(t = 0−). (5.6)

For the specific example considered here, we have Ĥb,i = Ĥb,↓ and

η(t) = Θ(t)Θ(tf − t), (5.7a)

V̂ = ξ̂/2, (5.7b)
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where Θ(t) is the Heaviside step function. If the total initial state is in thermal equilibrium

with respect to Ĥtot in Eq. (5.1), we can again define Ĥb,i using Eq. (5.4a) as the bath

Hamiltonian contingent on the initial qubit state. The quench operator V̂ in this case is

sensitive to the initial qubit state: if the qubit was initialized in |↑⟩, then we would have

Ĥb,i = Ĥb,↑ and V̂ = −ξ̂/2. If the total system is initially out of equilibrium, the definitions

in Eqs. (5.5) and (5.6) can describe quench physics corresponding to a much wider range of

nonequilibrium initial bath states, even beyond the specific case in Eqs. (5.2b) and (5.7b).

In the more general case, Ĥb,i in Eq. (5.5) is directly controlled by the initial bath state (see

Appendix 5.6.1).

We stress that in contrast to conventional quench experiments which require external

temporal control of the bath, here the quench is intrinsic to the measurement protocol: it

occurs unavoidably simply through the “back-action” of the qubit on the bath associated with

the start of the QNS protocol. While we have discussed a simple example here, the same

physics also applies to more general initial bath states and more general quench functions

η(t). We show explicitly in Appendix 5.6.1 how in general, one can find the form of the effec-

tive quench operator V̂ from the initial bath state (even if it is a non-thermal state unrelated

to Hb,↑/↓). Further, one can also generate more complicated quench functions η(t): as we

will show, one approach to achieve this is to use a qubit embedded in a multilevel physical

system, e.g. a nitrogen-vacancy center defect in diamond (see discussion on Eq. (5.27)).

As our approach is more general than the specific example of Eq. (5.2b), in what follows,

we will allow η(t) to have generic time dependence during the time evolution (0 < t < tf ),

and we will assume a general V̂ (unless specified otherwise).

5.3.1 General sensor qubit evolution including effective quench

We now rigorously show how the effective quench physics described in Eqs. (5.5) and (5.6)

manifests itself in our standard T2-based sensing protocol. We first transform to an appro-
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priate interaction picture, determined by the initial (static) bath Hamiltonian Ĥb,i, and we

again assume the standard toggling frame defined by qubit control pulses. We thus have

time-dependent interaction-picture bath operators V̂ (t) and ξ̂(t) whose time dependence is

generated by Ĥb,i. Note that as the initial bath state is stationary in our interaction picture

(i.e., [ρ̂b,i, Ĥb,i] = 0), ξ̂(t) will describe stationary quantum noise: all its correlation functions

will respect time-translational invariance.

Working in the above interaction picture, and letting F (t) denote the usual filter function

(also known as the switching function in time domain) that encodes the timing of qubit

control π-pulses, the time-dependent qubit coherence is given by (see Appendix 5.6.2 for

detail)

⟨σ̂−(tf )⟩ =
1

2
Tr(Û↑ρ̂b,iÛ

†
↓), (5.8a)

Û↑(↓) = T exp

{
−i
∫ +∞

−∞

[
η(t′)V̂ (t′)± F (t′)

2
ξ̂(t′)

]
dt′
}
. (5.8b)

We stress that Eq. (5.8) is valid for a generic form of quench function η(t) and operator V̂ (t),

and not limited to the specific case described by Eq. (5.4). Note crucially that we do not

include the quench operator V̂ in the definition of our interaction picture. While one could

work in this alternate frame, it would obscure the fact that in general, V̂ does not commute

with the initial bath state. It would also lead to a time-dependent bath noise operator ξ̂′(t)

that is nonstationary.

To discuss the sensor qubit evolution, it is convenient to separately parametrize the

magnitude and phase of the qubit coherence function in Eq. (5.8):

⟨σ̂−(tf )⟩ =
1

2
e−ζ(tf ) e−iΦ(tf ). (5.9)

The effects of the environment are now fully described by the (real, nonnegative) dephasing

function ζ(tf ) (which controls the magnitude of the coherence) and the real bath-induced
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phase shift function Φ(tf ). Standard QNS protocols use information in ζ(tf ) to probe

properties of the environment [137]. As we will now see, due to our effective quench physics,

key new features of the environment will also reveal themselves through the unexpected

phase shift.

5.3.2 Quench-induced sensor-qubit phase shift

T2-based QNS protocols typically have a sole focus on the fluctuation properties of the bath,

specifically fluctuations of the bath noise operator ξ̂. The simplest quantity characterizing

these is the symmetrized noise spectral density S̄[ω], given by:

S̄[ω] ≡ 1

2

∫ +∞

−∞
dteiωt⟨{ξ̂(t), ξ̂(0)}⟩ (5.10)

The average value here is with respect to the initial bath density matrix ρ̂b,i. As discussed

in many places (see e.g. [23]), this quantity is symmetric in frequency, and plays the role of

a classical noise spectral density.

Another generic environmental property that is not typically probed in standard T2-

based QNS schemes is the dynamical response properties of the bath: how does it change in

response to a time-dependent external perturbation? At the simplest linear-response level,

this is described by conventional linear response susceptibilities (or equivalently, retarded

Green’s functions). We will be interested in a particular susceptibility, describing how the

average value of the noise operator ξ̂ changes in response to a perturbation coupling to the

quench operator V̂ . This is described by the Green-Kubo linear response function (see,

e.g., [24] for a pedagogical introduction)

GR
ξV [ω] ≡ −i

∫ +∞

−∞
dteiωtΘ(t)⟨[ξ̂(t), V̂ (0)]⟩. (5.11)

We stress that in general, this susceptibility is distinct from the noise spectral density S̄[ω].
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Hence, being able to measure it would provide new information on the properties of our

environment.

We return now to the evolution of our sensor qubit during the QNS protocol. For a generic

environment, Eqs. (5.8) and (5.9) (which describe the sensor qubit coherence) can be analyzed

perturbatively in both ξ̂ and V̂ ; for the simple example of Eq. (5.4), this amounts to pertur-

bation theory in the qubit-bath coupling. The leading-order contributions to the dephasing

and phase-shift functions in Eq. (5.9) can be succinctly written as (see Appendix 5.6.3)

ζ(tf ) ≃
∫ +∞

−∞
dω

4π
|F [ω]|2S̄[ω], (5.12a)

Φ(tf ) = Φq(tf ) ≃
∫ +∞

−∞
dω

2π
F ∗[ω]η[ω]GR

ξV [ω]. (5.12b)

Here we use the notation z[ω] ≡
∫ +∞
−∞ z(t)eiωtdt to denote the Fourier transform of a temporal

function. We stress that these expressions are valid for a general quench, and not just the

specific example described by Eq. (5.4).

Eqs. (5.12) are generally valid for generic environments in the weak coupling limit; they

also become exact for Gaussian quantum environments (i.e. linear coupling to a bath of

independent bosonic modes). This covers many experimentally-relevant situations (e.g. en-

vironments comprised of phononic or photonic modes [167, 168], interacting disordered spin

baths [157], 1/f charge and flux noise sources [169], etc.). Eq. (5.12a) is a standard textbook

expression: at the Gaussian level, the qubit dephasing is controlled by the environmental

noise spectral density, weighted by the filter function. In contrast, Eq. (5.12b) is less appre-

ciated: because of the effective quench physics described above, and the dynamical nature of

the bath, there is a bath-induced phase shift of the qubit sensor. This phase shift Φq(tf ) de-

pends both on the relevant bath susceptibility, the filter function F [ω] as well as the quench

control function η[ω]. As we will see, this phase provides a new route to learning about the

environment. Note that the consequences of the quench can also be discussed beyond linear
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response, as would apply to more general environments and sensor-environment couplings

(see Appendix 5.6.4).

We stress that the quench-induced sensor phase shift Φq(tf ) can be accessed in exactly

the same type of experiments one would use to sense external DC or AC fields, making use

of standard Ramsey, Hahn echo or more complex dynamical decoupling sequences [137].

A natural concern is whether this quench phase could be distinguished from more trivial

phases resulting from external ambient magnetic fields. In the presence of such fields, the

net qubit phase shift in Eq. (5.9) is now given by

Φ(tf ) = Φext(tf ) + Φq(tf ), (5.13)

Φext(tf ) =

∫ +∞

−∞
dω

2π
F ∗[ω]Bext[ω], (5.14)

where Bext(t) is the external ambient magnetic field, and the QPS Φq(tf ) is again given by

Eq. (5.12b). There is a critical difference between Φext and Φq: only the latter is sensitive

to the initial state of the qubit (see discussion below Eq. (5.7b)). One can thus easily exploit

this feature to distinguish the QPS from other more trivial phase-shift mechanisms (see

Fig. 5.1(b) for an example). Further, we note that this feature lets one distinguish the QPS

Φq(tf ) from nontrivial qubit phase shifts due to non-Gaussianity of the noise source (the

latter has been studied in e.g., Refs. [103, 104]).

We note that related phase shifts were discussed in previous works as an anomalous effect

emerging in T2-type QNS protocols in systems with an unusual “biased” qubit-environment

coupling [164, 165]. In contrast, as we show the quench-induced phase shifts can in fact arise

in a far wider set of systems, including ones with an “unbiased" coupling that according to

previous works, would exhibit no extra phase shift. We again stress that it is the initial

bath state (and not the qubit-bath coupling) that plays a key role in the quench physics.

This realization will provide an important new control knob, as one can controllably change
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the properties of the quench via seemingly subtle changes in the initial bath state. As we

discuss, this provides a powerful tool for reconstructing environmental spectral functions.

5.4 Quench phase shift as a direct probe of environmental density

of states

While the above discussion applies to the most general quench scenario, we will often be

interested in cases where the quench Hamiltonian is static in the lab frame once the sensing

protocol starts. This corresponds to a quench control function η(t) = Θ(t)Θ(tf − t). This is

the case for the specific example situation in Eq. (5.4). As we will show in Eqs. (5.32) and

(5.34b), this also encompasses the case of more general forms of quench operator V̂ beyond

Eq. (5.4), corresponding to a wide number of T2-based sensing protocols with generic initial

bath states.

For the above cases, the QPS can be further recast in a form that only involves the

imaginary part of response function ImGR
ξV [ω]. For spin-echo control pulses satisfying F [0] ≡∫ tf

0 F (t)dt = 0, the expression for the QPS further simplifies (see Appendix 5.6.5)

Φq(tf ) = −
∫ +∞

−∞
dω

πω
ReF [ω] ImGR

ξV [ω]. (5.15)

For a general pulse sequences, F [ω] above should be replaced by F [ω]− F [0].

Eq. (5.15) becomes even more revealing in cases like our example of Eq. (5.4), where

the quench operator V̂ is proportional to the noise operator ξ̂, V̂ = βξ̂, where β is a real

constant. We can thus write:

Φq(tf ) = β

∫ +∞

−∞
dω

ω
ReF [ω]J [ω], (5.16)
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where we have introduced the environmental spectral function

J [ω] = − 1

π
ImGR

ξξ[ω], (5.17)

which determines the dissipative response of the environment, and also plays the role of

an effective density of states (DOS). J [ω] also corresponds to the asymmetric part of the

(unsymmetrized) quantum noise spectrum [23]. Eq. (5.16) shows that the quench phase shift

provides a direct route to learning about properties of the environmental spectral function,

a quantity that plays an important role both in quantum noise theory [167] and in various

areas of many body physics. Note that a related expression was derived in Ref. [164] (though

this work did not consider the more general situations analyzed here, see e.g. Eqs. (5.12b)

and (5.15)).

While the importance and utility of J [ω] is clear in many contexts, it is useful to provide a

simple but ubiquitous example. Consider an environment comprised of independent bosonic

modes bk with Hb,↓ =
∑

k Ωk b̂
†
k b̂k and a noise operator ξ̂(t) =

∑
k gke

iΩktb̂
†
k + H.c.. In

this case, we have J [ω] =
∑

k g
2
kδ(ω − Ωk): it is indeed a weighted DOS, with each mode’s

contribution weighted by its coupling constant. This bosonic bath model can be used to

describe a variety of phononic or electromagnetic dephasing environments [167, 168]. In this

simple bosonic case, J [ω] is completely independent of the environmental state. However,

we stress that our results in subsequent sections remain valid for interacting baths, and/or

baths that are not purely bosonic.

The above example highlights a general fact: to understand whether a large bath noise

spectral density S̄[ω] (as revealed by a standard QNS measurement) is due to a large bath

DOS or a large mode-occupancy (i.e. temperature), one needs to also know the spectral

function J [ω]. As such, the information provided by the QPS provides crucial additional

information which complements information provided by the dephasing factor. To see this

explicitly, consider the case where the initial bath state ρ̂b,i is in thermal equilibrium at
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temperature T . In this case, the quantum fluctuation-dissipation theorem (FDT) yields [128,

170]

S̄[ω] = πJ [ω] coth
ω

2kBT
. (5.18)

This relation suggests something we will investigate in detail further: if one knows both

the noise spectrum and spectral function at a given frequency, one can extract (in a pa-

rameter free manner) the environmental temperature. A standard dephasing-based QNS

measurement does not provide sufficient information for such an extraction. Only the ex-

tra information provided by the QPS makes this possible. Note that our focus here is on

dephasing-type couplings between a sensor qubit and the environment. If one instead had

a transverse coupling, then an extended version of T1 relaxometry could also be used in

principle to extract J [ω], see Appendix 5.6.6.

Finally, we point out that the above characterization is useful even in more general

situations where the initial bath state is not in thermal equilibrium. In that case, the FDT

relation in Eq. (5.18) can be used to define (at each frequency) an effective temperature

Teff [ω] (see, e.g., [23, 171, 172])

coth
ω

2kBTeff [ω]
≡ S̄[ω]

πJ [ω]
. (5.19)

The fact that this quantity varies as a function of frequency would then be direct evidence

of an initial nonequilibrium bath state. This is also the kind of nontrivial information that

can be addressed in a standard T2-style QNS protocol using the extra information provided

by the QPS.
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5.4.1 Probing low-frequency environmental properties and non-thermal states

As an example of its utility, we show here how the quench phase shift can be used to extract

low-frequency spectral properties of a generic environment (encompassing sub-, super-, and

Ohmic cases), going beyond what could be done by studying the dephasing factor alone.

This information directly allows one to determine if the bath is in thermal equilibrium,

i.e. whether the FDT relation of Eq. (5.18) is violated. In the case where the bath is in

equilibrium, it provides a direct means to extract the environmental temperature. While the

estimation protocol we discuss here applies to general quench operators, for concreteness we

focus on the specific quench configuration in Eq. (5.4), where V̂ (t) = ξ̂(t)/2. The protocol

applies essentially the same way for more general situations as long as the lab-frame quench

operator is static during the protocol (i.e. Eq. (5.15) must hold).

Our focus here is on a very generic scenario where both the environmental symmetrized

noise spectrum and spectral function exhibit power-law behavior at low-frequency limit:

S̄[ω] ∼ S0ω
p (ω → 0+), (5.20a)

J [ω] ∼ A0

π
ωs (ω → 0+). (5.20b)

Note this includes the case where these quantities tend to a constant asymptotically as

ω → 0+. Note also that even if one or both of the exponents p, s are negative, Eqs. (5.20)

can still describe a physical bath, as long as one also introduces a low-frequency IR cutoff.

We thus have four parameters characterizing the low-frequency features of the environment.

As shown in Eq. (5.19), a general, non-thermal environment can always be characterized by

a frequency-dependent effective temperature Teff [ω]. Using the asymptotic forms above, we

have in the low-frequency limit:

Teff [ω] ∼
S0

2kBA0
ωp+1−s (5.21)
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If the environment is in thermal equilibrium then Teff [ω] will be frequency independent and

equal to the bath temperature. We see this requires p = s− 1.

Our goal is thus to estimate the power-law exponents p, s, and overall coefficients S0,

A0 from the sensor qubit dynamics. As we now show, this can be achieved by looking at

both the phase and magnitude of the qubit coherence in the long-time limit. As long as

the asymptotic power-law dependence of bath NSD (response function) does not exhibit

too strong a low-frequency divergence, the asymptotic long-time behavior of the dephasing

function ζ(tf ) (QPS Φq(tf )) under any specific spin-echo or dynamical-decoupling pulse be-

comes independent of details about the cutoff, and is solely determined by the low-frequency

asymptotic behavior of NSD (spectral function) in Eq. (5.20). The needed conditions are

satisfied by most physical environments (including, e.g., Ohmic baths and baths producing

1/f noise)

Using Eqs. (5.12a) and (5.15) we can rigorously show (see Appendix 5.6.7 for a detailed

derivation)

ζ(tf ) ∼ CζS0t1−p
f (tf → +∞,−3 < p < 1), (5.22a)

Φq(tf ) ∼ CΦA0t
1−s
f (tf → +∞,−2 < s < 2), (5.22b)

where Cζ and CΦ are nonzero dimensionless coefficients determined by details of the qubit

control pulse. Eqs. (5.22) are valid for some of the most common types of physical envi-

ronments, including Ohmic baths (p = 0, s = 1) and baths generating 1/f noise (p = −1,

s = 0). Comparing against Eq. (5.21), we see that the combined information in the dephas-

ing function and quench phase shift is exactly what is needed to characterize the effective

temperature Teff [ω]. If this quantity is frequency-dependent, the bath is not in a thermal

state. Note that for exponents p and s falling out of the range of validity given in Eq. (5.22),

the long-time regime of qubit dynamics would also be sensitive to details of the cutoff, but it

would still be possible to extract information about the bath NSD (response function) from

137



Φq ��) ~ ��
�-�

������ �=�

�	
������� �=�/�

�	
��������� �=�/�

�������� ��� ���

��-�α

���α

���α

�������� ���	 �� (ω�

-�

�
�
�
�
�
�
�
�
�
	
�
	
�

�
�

q
(�
�

Fig. 5.2: Quench phase shift (QPS) Φq(tf ) of a sensor qubit coupled to a Gaussian quantum
environment, acquired during a Hahn echo sequence, as a function of protocol time tf .
We assume the environment has spectral function which behaves as a power law at low
frequencies, i.e. J [ω] = (α/π)ωc (ω/ωc)

s e−(ω/ωc)
2
. Curves correspond to different power

laws: Ohmic (s = 1, dark blue curve), sub-Ohmic (s = 1/2, purple curve), and super-Ohmic
(s = 3/2, dark green curve). We see that the QPS is extremely sensitive to the spectral
function power law s. Light-colored lines depict the asymptotic long-time dependence of the
QPS Φq(tf ) ∼ t1−s

f (see also Eq. (5.22b)), which shows excellent agreement with the exact
results in the long-time regime tf ≫ ω−1

c , as expected. Note that for Gaussian, bosonic
environments, the QPS is independent of temperature.

the dephasing function ζ(tf ) (QPS Φq(tf )) using parametric spectral estimation techniques.

The asymptotic result in Eq. (5.22a) for dephasing is well established [173–175] and has

been utilized for QNS in various experimental platforms [140, 143, 147]. The corresponding

result for the quench phase shift in Eq. (5.22b) provides complementary information, on the

properties of the spectral function. We stress that to assess whether the bath is in equilib-

rium, and if so what the temperature is, both these quantities are needed. In Fig. 5.2, we

show the evolution of the quench phase shift for a simple Hahn echo pulse sequence; curves

correspond to Gaussian Ohmic, sub- and super-Ohmic baths with Gaussian cutoffs, where

s = 1, 1
2 , 3

2 respectively. As expected, the exact QPS is accurately described by the asymp-

totic power-law function in the long-time regime. For Hahn echo, the constants appearing

in Eqs. (5.22) are given by Cζ,H = 1−2p+1

π Γ (p− 1) sin pπ
2 and CΦ,H = 1−2s

π Γ (s− 1) cos sπ
2 ,

where Γ(·) is the gamma function.
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Fig. 5.3: Minimum number of measurements Nmeas needed to resolve the quench phase
shift with a unit signal-to-noise ratio in a Hahn echo protocol of time tf : Nmeas(tf ) ≡∣∣⟨σ̂y(tf )⟩∣∣−2. Because of bath induced dephasing, it will in general take many repeated
measurements to resolve the quench phase shift (QPS). We use the same Gaussian baths (and
labelling) as in Fig 5.2. Panel (a) corresponds to a dimensionless coupling parameter α = 0.1,
while (b) corresponds to α = 0.01. All plots correspond to a temperature kBT = 0.01ωc.

We have shown that the long-time properties of the sensor qubit coherence (both its

magnitude and phase) reveal key features of our environment. This sensing modality of

course has a natural tension: in the long-time limit, the loss of qubit coherence described by

Eq. (5.12a) will make it difficult to resolve the quench phase shift (c.f. Eq. (5.12b)). This

is not a fundamental problem, but necessitates sufficient averaging, i.e. repeated evolutions

and measurements of the sensor qubit under the chosen pulse protocol. In what follows, we

characterize the amount of averaging needed for given environmental parameters.

For convenience, in what follows we express the coefficient A0 in Eq. (5.20b) as A0 =

αω1−s
c , i.e. the product of a dimensionless parameter α quantifying the qubit-bath coupling

strength, and powers of a UV-cutoff frequency scale ωc characterizing the regime where

Eq. (5.20b) is valid. In the weak coupling limit α ≪ 1, we can calculate the number
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of repeated measurements required to achieve a unit signal-to-noise ratio (SNR) for the

measurement of the quench phase shift. Focusing only on fundamental projection noise, this

is given (as is standard) by the squared inverse norm of the qubit coherence signal [137],

Nmeas(tf ) =
∣∣⟨σ̂y(tf )⟩∣∣−2. This figure-of-merit is plotted in Fig. 5.3 for weakly-coupled

baths with different spectral functions J [ω]. Note that in many experimentally-relevant

situations, the effective environment temperature scale is much lower than the UV energy

scale, i.e. kBTeff ≪ ωc. As a result, measuring the long-time quench phase shift is within

reach of state-of-the-art systems realizing QNS.

5.4.2 Case study: 1/f noise sources

In this subsection, we focus on low-frequency 1/f noise, where the NSD S̄[ω] ∝ 1/fa

(f < kBT , 0 < a < 2; often a is close to 1). The 1/f noise constitutes a dominating

dephasing noise source in semiconductor and superconducting qubits [169]. We first show

the asymptotic long-time behavior of the QPS Φq(tf ) can now be recast into a simple form,

in terms of a few experimentally relevant parameters. We also compute the Hahn-echo sig-

nal corresponding to two realistic charge noise models, which can be readily measured using

superconducting qubits.

For low-frequency 1/fa noise, the NSD S̄[ω] satisfies Eq. (5.20a) with a power-law ex-

ponent p = −a. Assuming the corresponding quantum bath is in thermal equilibrium, we

can reformulate the asymptotic results in Eqs. (5.22) in terms of three parameters: Hahn

echo dephasing time T2e, the noise exponent a, and temperature T . More specifically, the

asymptotic qubit dephasing function ζ(tf ) in Eq. (5.22a) now reads ζ(tf ) ∼ (tf/T2e)
1+a, so

that we can rewrite the QPS in Eq. (5.22b) as

Φq(tf ) ∼
a+ 1

2kBTT2e

(
tf
T2e

)a
(tf → +∞,−1 < a < 3). (5.23)
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Fig. 5.4: Numerically simulated Hahn-echo qubit coherence function ⟨σ̂y(tf )⟩ corresponding
to two charge-noise baths. The bath spectral functions are generated by an ensemble of two-
level fluctuators (TLFs) with ĤTLF = ϵΣ̂z +∆Σ̂x, which are coupled to a phonon bath via
Σ̂x. Two TLF distributions P (ϵ,∆) are used in the simulation: P (ϵ,∆) ∝ ϵ/∆ (triangles),
and P (ϵ,∆) ∝ 1/∆ (circles). The qubit-bath coupling strength is chosen such that the qubit
coherence time is T2e = 1 µs at T = 10 mK (orange triangles and blue circles). As we
increase bath temperature to T = 50 mK, the two models predict qualitative difference in
the behavior of the Hahn echo signal ⟨σ̂y(tf )⟩ (purple triangles and green circles), which in
turn encodes dynamics of the quench phase shift (QPS).

Thus, to observe the QPS effect it is desirable to have qubits whose Hahn-echo coher-

ence times are smaller than or comparable to the timescale set by temperature, i.e. T2e ≲

(kBT )
−1.

While the asymptotic result in Eq. (5.23) remains valid for low-frequency charge noise as

well as 1/f flux noise, we now focus on the former case to estimate the QPS effects in realistic

superconducting qubits. In this case we can approximate T ∼ 101 mK, corresponding to a

timescale of 1 ns. Experimentally, one can deliberately build superconducting qubits sensitive

to charge noise [176] so that QPS effects become measurable.

To obtain a concrete estimate, we adopt two physically motivated microscopic model

for charge noise, both consisting of two-level fluctuators (TLFs) coupled to a phonon bath

(see [177] for detail). Making use of the bath spectral function generated by the models,

we numerically compute qubit coherence signal ⟨σ̂y(tf )⟩ under Hahn echo at two different

temperatures (T = 10 mK and 50 mK). The results are plotted against rescaled protocol

time tf/T2e in Fig. 5.4, where we set qubit-bath coupling such that the qubit coherence time
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is T2e = 1 µs at T = 10 mK. We note that the two different models lead to marked difference

in the QPS Φq(tf ), and hence the Hahn echo signal as one increases temperature.

While the 1/fa noise spectrum has been observed in numerous experiments (see e.g. [178,

179]), we reiterate that the QPS Φq(tf ) offers a direct means to probe the low-frequency bath

spectral function J [ω], an independent spectral property from the standard NSD S̄[ω]. This

is important for understanding decoherence mechanisms in recent designs of superconducting

qubits with intrinsic noise protection [180]. On the other hand, despite existing theoretical

models that could successfully capture multiple aspects of the 1/fa noise spectra [169], a

consensus on the microscopic origin of such noise remains elusive. Having access to the

noise temperature (as opposed to the ambient temperature) can also help resolve the open

question of origin of 1/fa noise.

5.4.3 Case study: Ohmic baths

Baths with an Ohmic spectral density J [ω] are both extremely well studied theoretically,

and are good descriptions of various dissipative environments [181]. Perhaps the best known

examples are the voltage and current fluctuations (i.e., Johnson-Nyquist noise [182, 183]) of

an electromagnetic environment described by an impedance that is frequency-independent

at low frequencies. Such electromagnetic environments are relevant to many systems, in-

cluding superconducting qubits [184–187]. In this subsection, we specialize to the case of an

environment that is approximately Ohmic at low frequencies, i.e. the low-frequency spectral

function J [ω] is proportional to frequency. As we now show, this sole assumption allows one

to directly extract the environmental temperature via simple measurements that require no

curve fitting.

When in thermal equilibrium, an Ohmic environment has a flat NSD at low frequencies,

i.e. S̄[ω] ∼ 2A0kBT , c.f. Eq. (5.20). A measurement of the low-frequency NSD alone only

yields the product of A0 and T , and hence does not permit direct thermometry. Luckily,
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the missing information (i.e. the value of the coupling constant A0) is directly provided by

the long-time limit quench phase shift. Defining Φq(∞) ≡ limtf→+∞Φq(tf ), we find from

Eq. (5.22b):

Φq(∞) =
π

2

dJ [ω]

dω

∣∣∣∣
ω=0

=
1

2
A0. (5.24)

See Appendix 5.6.8 for an alternative, intuitive derivation of this expression.

Given this simple result, one can now directly extract the environment temperature T

from the quench phase shift Φq(tf ) and low-frequency noise spectral density S̄[0], via the

following relation

T =
S̄[0]

4kB

[
lim

tf→+∞
Φq(tf )

]−1

. (5.25)

Note that this result assumes the NSD is flat in the low-frequency limit, in which case the

qubit Ramsey and Hahn-echo coherence times are necessarily identical. However, realis-

tic systems may also experience a large amount of quasistatic noise, leading to deviations

from perfect Ohmic behavior at infinitesimal frequencies. Here we stress that even in these

circumstances where the qubit Hahn-echo time T2 differs from the Ramsey coherence time

TFID, a modified version of Eq. (5.25) is still applicable, as long as the slow noise disrupt-

ing Ohmic NSD behavior emerges at a much lower frequency scale compared to the Ohmic

regime. More specifically, this means the NSD S̄[ω] and the spectral function J [ω] has a low-

frequency cutoff ωir, below which the Ohmic behavior S̄[ω] ∼ const. and J [ω] ∼ ω breaks

down. As mentioned, this includes the common physical situations, where the environment

also has a large amount of quasistatic noise, which can be described as an additional delta

function peak in the NSD. It then follows that, our thermometry protocol is applicable to

baths with asymptotic low-frequency Ohmic behavior, which may exhibit a high- as well

as a low-frequency cutoff. For this more general scenario, we should use asymptotic low-
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frequency NSD limω→0 S̄[ω] = 2/T2, instead of strictly zero-frequency noise S̄[0] = 2/TFID

in Eq. (5.25). This justifies the use of Hahn-echo coherence time T2 in the main text.

kBT =
1

2T2Φq(∞)
. (5.26)

The upshot is that for a thermal, Ohmic environment, simply measuring the Hahn-echo T2

and the long-time quench phase shift directly yields the environmental temperature. We

stress that this does not require any curve fitting, nor further assumptions. Furthermore,

our protocol is also applicable if in addition to low-frequency Ohmic noise, we also have large

quasistatic noise; this is a common scenario in many systems.

While Eq. (5.26) is exact, it is also useful to understand how long one must wait to

achieve the asymptotic long-time limit of the QPS. The answer to this question depends on

features in the spectral function away from ω = 0. For convenience, in following discussion we

rewrite the spectral function as J [ω] = (α/π)ωϕ (ω/ωc), where ϕ(·) encodes high-frequency

dependence of the spectral function. As illustrated in Fig. 5.5, there are two possible scenarios

for the crossover dynamics of QPS. First, if the spectral function J [ω] exhibits narrow peak(s)

in the high-frequency regime, then the crossover timescale is given by Γ−1
min, where Γmin < ωc

is the smallest linewidth of these peaked features. This is shown in Fig. 5.5(b), where

the corresponding spectral function exhibits a high-frequency narrow Lorentzian peak with

linewidth 2Γmin = 2ϵωc = 0.2ωc, as encoded by ϕ(x) = (1+ϵ2)2/[(x−1)2+ϵ2][(x+1)2+ϵ2].

Such spectral function can describe e.g., low-frequency photon shot noise generated by a

driven damped cavity [100] (see also Appendix 5.6.9 for detail). The second generic case

is where there are no such sharp features at high frequencies, and only a smooth cutoff in

J [ω] characterized by the UV cutoff frequency ωc. In this case, the timescale for the QPS to

saturate is 1/ωc and independent of specific details of the form of the cutoff. This is confirmed

in Fig. 5.5(c), where QPS crossover dynamics is plotted for step-function cutoff ϕ(x) =

Θ(1 − x) (dashed blue), Lorentzian cutoff ϕ(x) = 1/(1 + x2) (dotted orange), exponential
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cutoff ϕ(x) = e−x (dot-dashed green), and Gaussian cutoff ϕ(x) = e−x2 (dashed purple

curve), respectively.
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Fig. 5.5: Crossover dynamics of the Hahn-echo quench phase shift (QPS) Φq(tf ) for en-
vironments that are Ohmic at low frequencies. For practical applications, the crossover
timescale at which the QPS approaches the asymptotic power law behavior (c.f. Eq. (5.22b))
becomes important. This timescale depends on high-frequency deviations in the bath spec-
tral function J [ω] from power law; plotted here are two generic scenarios for this crossover
dynamics. As shown in (a), we consider bath spectral functions that are asymptotically
Ohmic (i.e., proportional to frequency) at low frequencies. (b) Crossover dynamics for QPS
with spectral function exhibiting a narrow Lorentzian peak in the range of high frequencies,
i.e., J [ω] ∼ αω3c/4π[(ω − ωc)

2 + Γ2min] for ω ≃ ωc (red solid curve in (a)). For narrow peak
with linewidth 2Γmin/ωc = 0.2 < 1, the crossover timescale is given by Γ−1

min. (c) QPS for
spectral functions that are Ohmic at low frequencies with a simple UV cutoff. In this case,
the crossover time is given by inverse of the cutoff frequency ω−1

c , and is independent of de-
tails about the cutoff. Cutoff functions ϕ(x) used: step-function (dashed blue), Lorentzian
(dotted orange), exponential (dot-dashed green), and Gaussian cutoff (dashed purple curve).
We assume α = 1 in all panels. See the main text for specific forms of J [ω] used in (b) and
(c).
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5.4.4 Spectral reconstruction of response functions

In this subsection, we restrict attention to situations where the quench (whether intentional

or accidental) yields a quench operator V̂ (c.f. Eq.(5.5)) which commutes with the noise oper-

ator ξ (Eq. (5.3)). In the simple and standard case where the quench temporal function η(t)

is a step function (c.f. Eq. (5.7a)), we showed in Eqs. (5.20-5.22) that the quench phase shift

can be used to extract the low-frequency properties of the environment’s spectral function

J [ω] (i.e. response function). A natural question is to ask whether it is possible to perform

a complete reconstruction of J [ω] in some finite bandwidth window. This would be then

analogous to spectral reconstruction techniques used in conventional QNS measurements to

reconstruct S̄[ω].

It is worth noting that for the specific QPS given by Eq. (5.16), Ref. [164] has proven a no-

go theorem, which prevents systematical reconstructions of spectral function J [ω] using the

restricted form of quenches in Eq. (5.4). Here we are interested in a more general question:

can we utilize quenches with a more complex time-dependence, as encoded in quench function

η(t), to overcome the limitation set by aforementioned no-go theorem? Indeed, as we show

in Appendix 5.6.10, the extra tunability in the quench function allows us to use the more

general form of QPS in Eq. (5.12b) and reconstruct J [ω] in a generic target frequency range.

The protocol we introduce below makes use of a generic structure, where the sensor

qubit is controllably embedded in a multi-level system. While this can be realized in many

different experimental platforms (e.g. a superconducting transmon qubit, as implemented

in Ref. [152]), we focus here on sensor based on a S = 1 nitrogen-vacancy (NV) defect in

diamond [155]. For this system, we discuss a specific protocol to reconstruct finite-frequency

spectral function J [ω] by engineering time-dependent quenches. We stress that our strategy

can be used to implement generic forms of quench functions η(t).

We start by showing how to engineer time-dependent quenches using NV centers in

diamond. NV-based qubits are an ideal candidate to implement T2-style QNS: the spin re-
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Table 5.1: Quench operator dependence on subspaces of NV center used to form the sensor
qubit, assuming fixed initial NV state |mz = 0⟩. The environment is coupled magnetically
to the NV spin with B̂ ≡ Ĥb,0 − Ĥb,−1 = Ĥb,+1 − Ĥb,0 (see Eq. (5.27)).

|↑⟩ |↓⟩ Quench operator V̂ Noise operator ξ̂
|mz = 0⟩ |mz = −1⟩ −B̂/2 B̂

|mz = +1⟩ |mz = 0⟩ +B̂/2 B̂

|mz = +1⟩ |mz = −1⟩ 0 2B̂

laxation timescale T1 of NV centers is typically much longer than the dephasing timescale,

so that Ŝz is conserved to a great approximation during T2-type protocols. The dominating

dephasing typically comes from coupling to environmental magnetic noise (due to surround-

ing nuclear spins, etc.); alternatively, this makes them a powerful magnetic sensor. We can

thus write NV-bath Hamiltonian as

ĤNV−bath =
∑

mz=0,±1

|mz⟩⟨mz| ⊗ Ĥb,mz
. (5.27)

We will consider the NV-bath coupling to correspond to an effective bath-induced magnetic

field B̂, which then satisfies B̂ = Ĥb,0 − Ĥb,−1 = Ĥb,+1 − Ĥb,0.

The most common and straightforward way to experimentally initialize the NV center is

via optical illumination, which prepares it in the |mz = 0⟩ state [188]. Given this specific

initial NV center state, the initial bath Hamiltonian Ĥb,i in Eq. (5.5) should be replaced by

Ĥb,0 (i.e., the bath Hamiltonian conditioned on qubit in |mz = 0⟩ state). Turning to the

sensing protocol, it is relatively easy and straightforward to rapidly produce a superposition

state using any two of the three |mz⟩ states. This provides us then with three different

choices for the specific form of the sensor qubit, each corresponding to different effective

quench physics. This is summarized in Table 5.1: the form of the quench physics given

by Eqs. (5.5) and (5.6) can be controlled or even turned off by choosing the sensor qubit

subspace: {mz = 0,mz = 1}, {mz = 0,mz = −1} or {mz = +1,mz = −1}. This extra

knob in NV-based qubits can be used to distinguish the quench phase shift effect from other
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Fig. 5.6: Schematic for example NV center control pulse sequence realizing time modulations
in both the noise filter function F (t) and quench function η(t). As shown in Eq. (5.31), this
control sequence in turn enables reconstruction of spectral function J [ω]. The control pulses
are periodically structured as 2M repetitions of a base sequence (period T = tf/2M), so
that F (t) and η(t) have period 2T = tf/M . The noise filter function F (t) encodes timings
of the standard dynamical decoupling π-pulses within the qubit subspace. In addition, we
can further engineer a modulating quench function η(t) by periodically switching between
qubit subspaces of {mz = 0,mz = −1} and {mz = 0,mz = +1} (see also Table 5.1). The
corresponding time-dependent NV levels used as sensor qubit states during the protocol are
illustrated in the bottom part of the schematic.

spurious phases due to the environment [165].

We can now harness this freedom to generate a powerful new kind of quench proto-

col. The basic idea is to engineer a nontrivial time-dependence of the quench function

η(t) (c.f. Eq. (5.5)) by deliberately switching the sensor spin between the different possi-

ble qubit subspaces at prescribed times during the protocol. As we show below, the time

dependent η(t) generated by this approach can be utilized to generate comb-based filter

functions that enable spectral reconstruction of the response function. Figure 5.6 illus-

trates a concrete example of control pulses that realize such time-dependent quenches: by

periodically switching between the {mz = 0,mz = −1} and {mz = 0,mz = +1} qubit
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subspaces (pulse period T = tf/2M) in addition to applying standard qubit-control π-

pulses at ℓT/2 (ℓ = 1, 3, . . . , 4M − 1), we effectively realize the more general quench in

Eq. (5.5) with Ĥb,i = Ĥb,0 and V̂ = −B̂/2, whereas the corresponding quench function

η(t) =
∑2M−1

n=0 (−)nΘ(t− nT )Θ(nT + T − t) is shown in Fig. 5.6.

For the more general control sequence discussed above, the qubit dynamics is again given

by Eq. (5.8). The lab-frame noise operator is given by ξ̂ = B̂; as before, we transform to the

toggling frame defined by the standard qubit-control π-pulses (the control pulses switching

between qubit subspaces do not contribute here), with the resulting filter function shown in

Fig. 5.6.

We thus obtain the filter function F [ω] and quench function η[ω] in frequency space as

F [ω] = − 4

ω
ei

ωtf
2 sin

ωtf
2

sin2
ωtf
8M

cos
ωtf
4M

, (5.28a)

η[ω] = −2i

ω
ei

ωtf
2 sin

ωtf
2

tan
ωtf
4M

. (5.28b)

Substituting above equations into Eq. (5.12b), together they generate a frequency-comb filter

function in the large pulse number M ≫ 1 limit, which can be directly used to probe the

spectral function J [ω] (i.e. response function). More specifically, noting that V̂ = −B̂/2 =

−ξ̂/2 we have

Φq(tf ) ≃
∫ +∞

−∞
dωFJ [ω; tf ]J [ω], (5.29)

FJ [ω; tf ] = −Im(F ∗[ω]η[ω])/4, (5.30)

and FJ [ω; tf ] forms a comb-like structure in frequency space if we fix pulse periodicity
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T = tf/2M and take the asymptotic large pulse number limit, i.e.

FJ [ω; tf ] ∼ −M
ω0

+∞∑
ℓ=−∞

Aℓδ(ω − ℓω0) (M ≫ 1), (5.31a)

ω0 = π/T = 2Mπ/tf , (5.31b)

where Aℓ = (4/ℓ2) sin(ℓπ/2) are constant coefficients that depend on the control sequence

and can be derived using Eq. (5.28).

Thus, by making use of all three levels of our spin-1 sensor, we can engineer a time-

dependent quench function η(t) that enables the construction of a standard comb-based

filter function. This in turn allows spectral reconstruction of the imaginary bath response

function (i.e. the spectral function J [ω]) over a large frequency range.

Note that Ref. [164] developed related techniques for reconstructing spatially correlated

noise and response functions using multiple qubits; we stress that these are distinct from

our multilevel protocols. More specifically, the multiqubit protocols crucially require 2-qubit

SWAP gates in addition to standard dynamical-decoupling-type controls; further, the spec-

tral function J [ω] is not directly accessible via those existing protocols. In contrast, the

quench physics in Eq. (5.5) provides a tool for directly probing bath response properties

(i.e. its density of states), and our quench-based protocols can be straightforwardly imple-

mented using only local spin-echo-type, or dynamical-decoupling control sequences.

5.5 Summary and outlook

In this work, we have shown how intrinsic quenches arise in standard T2-style noise spec-

troscopy experiments, and how quench-induced phase shift effects to the sensor qubit can be

utilized to estimate or reconstruct the spectral function, or more general response functions

of the environment. These response properties provide an independent and complementary
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environmental characterization from the standard noise spectral density, and encode useful

information: in combination with standard NSD, we can use the estimated spectral function

to extract effective temperature of a generic nonequilibrium bath. For environments in ther-

mal equilibrium, the quench-enhanced QNS based on a single probe qubit also allows one to

extract environmental temperature.

Our work highlights the critical role played by the initial state in controlling the effective

quench physics associated with a generic T2-style QNS experiment. As such, our quench

formalism greatly expands previous works that considered related examples of environment-

induced phase shift effects: by analyzing quenches that arise in the most general settings

of T2-based QNS protocols, we show that one can engineer a generic quench operator, or

a quench with complex time dependence. These generalizations allow us to further use the

quench phase shift to probe general response functions, or reconstruct the spectral function

in a generic frequency range, respectively. Qubit magnetic noise spectroscopy has been used

to probe electronic correlation functions in 2-dimensional systems [155, 189, 190]; it would

be interesting to apply our technique to those system to also probe low-frequency electronic

spectral function.

Our discussion so far on effective quench physics in standard T2-type QNS has focused

on the common case where the environment is either a quantum Gaussian bath, or where the

sensor is weakly coupled to a quantum environment. While these cases make it convenient

to describe the result emergence of a quench-induced sensor qubit phase shift, the physics

we have discussed is far more general. In particular, the quench has nontrivial consequences

on the sensor qubit even beyond the weak-coupling or Gaussian regime. In Appendix 5.6.4,

we briefly discuss how these effect can be directly related to nonlinear response functions

and noise susceptibilities of the environment. An interesting open question is how to design

sensing protocols to extract those higher order response functions. Alternatively, quantum

quenches have conventionally been used to explore correlated phenomena in many-body
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systems [166]; our quench approach to QNS also opens up possibilities to explore new physics

in these systems. We leave these to future works.

5.6 Appendices

5.6.1 Generalized quenches based on arbitrary initial bath states

Our discussion so far has focused on “incidental” environment quenches occurring during a

generic QNS sensing protocol; for the most part, we considered a specific scenario where

before the protocol starts, the environment is in the initial state described by Eq. (5.2b).

We now show that the basic quench physics we have described (and its impact on the sensor

qubit) applied to a far wider set of circumstances, where the bath starts in an arbitrary initial

state ρ̂b,i. This provides an entire new modality for sensing: one could deliberately prepare

the environment in an interesting target state before the start of the sensing sequence, and

then use the resulting quench physics (namely the influence on the sensor qubit’s phase) to

probe the environment.

The simplest generalization is when the environment is initially in a thermal state corre-

sponding to some arbitrary (bath-only) Hamiltonian Ĥb,i:

ρ̂b,i = e−Ĥb,i/kBT /ZT , (5.32)

In this case, we can directly use Eq. (5.5) to define our quench, and identify the quench

operator V̂ via Eq. (5.6). We stress that in this more general case, the initial bath Hamil-

tonian Ĥb,i need not have any simple relation to the qubit-conditioned bath Hamiltonians

Ĥb,↑(↓) appearing in Eq. (5.1). As a result, the quench operator V̂ will now be independent

of the noise operator ξ̂ ≡ Ĥb,↑ − Ĥb,↓. For systems where it is possible to initialize the en-

vironment in different initial equilibrium states, this provides a powerful new way to probe

the environment: different initial states yield different quenches, and hence different quench
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phase shifts via Eq. (5.15).

An even more general scenario is when the bath starts in an arbitrary non-thermal equi-

librium initial state ρ̂b,i that has no simple relation to a static Hamiltonian. This could be

achieved in numerous ways, e.g. by explicitly driving the bath [191, 192]. As we have stressed

repeatedly, our general quench mechanism is ultimately controlled by the initial state ρ̂b,i of

the environment. A quench will occur as part of our T2-style QNS protocol any time

[ρ̂b,i, Ĥb,eff(t)] ̸= 0, 0 < t < tf . (5.33)

In cases where this state was thermal, this ρ̂b,i could easily be related to an initial bath

Hamiltonian Ĥb,i, which we then used to identify the quench operator V̂ in Eq. (5.6). In

contrast, for our more general case, there is no unique way to identify Ĥb,i. In general,

we may choose any bath Hamiltonian compatible with the initial bath state, i.e. satisfying

[Ĥb,i, ρ̂b,i] = 0. The choice of Ĥb,i would then determine V̂ . We stress that this seeming

ambiguity is only a choice of bookkeeping: the actual evolution of the sensor qubit (and the

quench phase shift) is of course only determined by ρ̂b,i (see Appendix 5.6.2).

Given these caveats, we now present a simple (though non-unique) method to usefully

parametrize the quench in the most general case. We define the initial bath Hamiltonian

Ĥ ′
b,i and quench operator V̂ ′ as the “longitudinal” (maximally commuting) and “transverse”

(minimally non-commuting) components of the effective bath Hamiltonian with respect to

ρ̂b,i. We can make this prescription explicit by first diagonalizing the initial bath state as

ρ̂b,i =
∑N

n=0 pnP̂n. Here the eigenvalues pn are distinct with p0 = 0, and P̂n is the projector

onto the eigenspace corresponding to pn [193]. The initial bath Hamiltonian Ĥ ′
b,i and the
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quench V̂ ′ can now be defined as

Ĥ ′
b,i ≡

N∑
n=0

P̂n(Ĥb,↑ + Ĥb,↓)P̂n/2, (5.34a)

V̂ ′ ≡
N∑

m,n=0; m̸=n

P̂m(Ĥb,↑ + Ĥb,↓)P̂n/2. (5.34b)

For concreteness, we provide an example of this procedure for a bosonic bath that couples

linearly to the sensor qubit:

Ĥb,↓ =
∑
k

Ωk b̂
†
k b̂k, (5.35a)

Ĥb,↑ = Ĥb,↓ +
∑
k

(
gk b̂

†
k + H.c.

)
. (5.35b)

We also assume that the initial bath state is not a thermal state, but a squeezed thermal

state. As a result, the initial state of the sensor and bath is given by

ρ̂tot(t = 0−) = |↓⟩⟨↓ | ⊗ ρ̂b,i, (5.36a)

ρ̂b,i = Ŝ(r⃗) e−Ĥb,↓/kBT Ŝ†(r⃗)/ZT , (5.36b)

where Ŝ(r⃗) ≡ exp
(∑

k rk b̂
2
k/2− H.c.

)
denotes the squeezing operator, with real constants

rk the corresponding mode squeezing parameters [76].

Using our above prescription, we find that initial bath Hamiltonian Ĥ ′
b,i and the quench
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operator V̂ ′ in Eq. (5.34) are given by

Ĥ ′
b,i =

∑
k

Ωk

[
b̂
†
k b̂k cosh

2 2rk +
sinh 4rk

4

(
b̂
†2
k + H.c.

)]
, (5.37a)

V̂ ′ =−
∑
k

Ωk b̂
†
k b̂k sinh

2 2rk

+
1

4

∑
k

(
−Ωk b̂

†2
k sinh 4rk + 2gk b̂

†
k + H.c.

)
. (5.37b)

While the quench operator V̂ ′ in Eq. (5.37b) still contains an incidental contribution which

depends on qubit-bath couplings gk, it also includes deliberate quenches that can be tuned via

the initial squeezing parameters rk. We again note that it is not the only way to introduce a

quench operator V̂ satisfying Eq. (5.8). However, this convention is useful for understanding

effects on qubit dynamics due to the quench.

5.6.2 Qubit dynamics during a standard T2-type experiment

In this subsection, we provide a detailed derivation of Eq. (5.8) in the main text, which

describes qubit dynamics due to pure-dephasing baths in a general T2-type (e.g., spin echo,

or general dynamical decoupling) experiment. For concreteness, we first reiterate the general

setup of the T2-type experiment; more detail can be found in the main text. As standard,

we assume that the qubit is initialized into a pure state with no qubit-bath entanglement,

so that an instantaneous π/2-pulse at the beginning of the protocol (t = 0) prepares the

system in a product state given by

ρ̂tot(t = 0+) = |+⟩⟨+| ⊗ ρ̂b,i, (5.38a)

|+⟩ ≡ (|↑⟩+ |↓⟩) /
√
2. (5.38b)
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The system then evolves under a pure-dephasing-type total Hamiltonian Ĥtot for time tf ,

while the qubit is subject to a sequence of instantaneous control π-pulses. At each instant t

during the time evolution, the total qubit-bath system Hamiltonian can be rewritten as

Ĥtot = |↑⟩⟨↑| ⊗ Ĥb,↑ + |↓⟩⟨↓| ⊗ Ĥb,↓ (5.39a)

= σ̂0 ⊗Hb,avg +
σ̂z
2

⊗ ξ̂, 0 < t < tf , (5.39b)

where we introduce

σ̂0 ≡ |↑⟩⟨↑|+ |↓⟩⟨↓| , σ̂z ≡ |↑⟩⟨↑| − |↓⟩⟨↓| , (5.40a)

Hb,avg ≡ 1

2
(Ĥb,↑ + Ĥb,↓), ξ̂ ≡ Ĥb,↑ − Ĥb,↓. (5.40b)

To keep our discussion general, we will assume a generic initial bath state ρ̂b,i, and a cor-

responding initial bath Hamiltonian Ĥb,i satisfying [Ĥb,i, ρ̂b,i] = 0 (see also the preceding

section). It is thus convenient to introduce a time-dependent effective bath Hamiltonian

Ĥb,eff(t) as

Ĥb,eff(t) ≡


Ĥb,i, t ≤ 0,

Hb,avg, 0 < t < tf .

(5.41)

As shown in Eq. (5.33), a nontrivial quench V̂ generally arises in this standard T2-type

protocol, if the initial bath state ρ̂b,i does not commute with the effective bath Hamiltonian

governing subsequent bath dynamics, i.e., [ρ̂b,i, Ĥb,avg] ̸= 0. We can rewrite Ĥb,eff(t) in terms

of the initial Ĥb,i and this quench operator V̂ as (see the preceding section and Eq. (5.5) in

the main text)

Ĥb,eff(t) = Ĥb,i + η(t)V̂ , (5.42)
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where the quench function η(t) vanishes, i.e. η(t) = 0, unless 0 < t < tf .

Transforming to the standard toggling frame with respect to qubit control pulses, as well

as the rotating frame defined by initial bath Hamiltonian Ĥb,i, we obtain the rotating-frame

Hamiltonian

ĤI(t) = η(t)σ̂0 ⊗ V̂ (t) + F (t)
σ̂z
2

⊗ ξ̂(t), 0 < t < tf , (5.43)

where F (t) denotes the usual noise filter function that encodes the timing of qubit control

π-pulses, and V̂ (t) and ξ̂(t) refer to the rotating-frame bath-only operators. Thus, we can

compute the qubit coherence function ⟨σ̂−(tf )⟩ = ⟨↑ |Trbath
[
ρ̂tot(tf )

]
| ↓⟩ in this toggle-

rotating frame as

ρ̂tot(tf ) = T e−i
∫ tf
0 dt′ĤI(t

′)ρ̂tot(t = 0+)T̃ ei
∫ tf
0 dt′ĤI(t

′), (5.44)

⇒
⟨σ̂−(tf )⟩
⟨σ̂−(0+)⟩

= Tr
{
T e−i

∫ tf
0 dt′Ĥ↑(t

′)ρ̂b,iT̃ ei
∫ tf
0 dt′Ĥ↓(t

′)
}
, (5.45)

Ĥ↑(↓)(t) ≡ η(t)V̂ (t)± 1

2
F (t)ξ̂(t), (5.46)

where T and T̃ denote time- and anti-time orderings, respectively. From Eq. (5.38) we have

⟨σ̂−(0+)⟩ = 1/2, so that the qubit coherence function ⟨σ̂−(tf )⟩ can be rewritten as

⟨σ̂−(tf )⟩ =
1

2
Tr(Û↑ρ̂b,iÛ

†
↓), (5.47a)

Û↑(↓) = T exp

{
−i
∫ +∞

−∞

[
η(t′)V̂ (t′)± F (t′)

2
ξ̂(t′)

]
dt′
}
, (5.47b)

i.e., we obtain Eq. (5.8) in the main text. Note that we adopt the convention where the filter

and quench functions vanish (i.e., F (t) = η(t) = 0) unless 0 ≤ t ≤ tf .

From above derivation, it is straightforward to see that the exact qubit dynamics only

depends on initial bath state ρ̂b,i, and Eq. (5.47) (i.e., Eq. (5.8) in the main text) holds

for a generic quench operator V̂ associated with any Ĥb,i satisfying [Ĥb,i, ρ̂b,i] = 0. For
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a generic bath initial state ρ̂b,i, as discussed in the preceding section), a useful way to

resolve such ambiguity in V̂ is to choose the particular V̂ ′ ≡ Hb,avg(t = 0+) − Ĥ ′
b,i as the

minimally non-commuting component of Hb,avg with respect to ρ̂b,i. While this is not the

only workable choice, it highlights the fact that the quench is more directly controlled by

the initial bath state rather than the physical bath Hamiltonian at the beginning of the

protocol. Identifying the quench in this way also allows us to compute qubit dynamics using

a systematic perturbative expansion of Eq. (5.47) in terms of the quench operator V̂ .

5.6.3 Leading order qubit time evolution due to a quenched environment

In Eqs. (5.12) in the main text, we present general formulae relating leading order bath-

induced dephasing (quench-induced phase shift) effects to the bath noise spectral density

(linear response susceptibility function). While there are multiple ways to derive this result,

in this subsection we provide a detailed derivation based on the Keldysh field theory technique

and cumulant expansion [100]. Our approach is directly applicable to non-Gaussian baths,

and elucidates the regime where Eqs. (5.12) becomes exact.

We start with Eq. (5.45) (of which Eq. (5.8) constitutes a special case), where the sensor-

qubit coherence function by the end of a T2-type experiment is given by

⟨σ̂−(tf )⟩
⟨σ̂−(0+)⟩

= Tr
{
T e−i

∫ tf
0 dt′Ĥ↑(t

′)ρ̂b,iT̃ ei
∫ tf
0 dt′Ĥ↓(t

′)
}
, (5.48a)

Ĥ↑(↓)(t) = η(t)V̂ (t)± 1

2
F (t)ξ̂(t). (5.48b)

For convenience, we introduce the Keldysh-ordered cumulant generating function (CGF)

χ[F (t), η(t); tf ] of the bath noise and quench operators as

χ[F (t), η(t); tf ] ≡ ln

[ ⟨σ̂−(tf )⟩
⟨σ̂−(0+)⟩

]
. (5.49)
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See Ref. [100] for discussions on the physical implications of this function. In terms of qubit

dynamics, the real and imaginary parts of χ[F (t), η(t); tf ] correspond to qubit dephasing

and bath-induced phase shift effects, respectively.

We can now compute qubit coherence ⟨σ̂−(tf )⟩ by perturbatively expanding the CGF

χ[F (t), η(t); tf ] in terms of ξ̂(t) and V̂ (t). The Keldysh technique offers a systematic way

to perform this expansion [100, 194, 195]. In the Keldysh approach, for each bath operator

Â there are a corresponding classical field Acl(t) and a quantum field Aq(t). Stochastic

averages between these fields can be computed in a well-defined way, with respect to the

so-called Keldysh action. The very construction of the Keldysh action (see, e.g., Ref. [100])

ensures that the quantum operator expectation value in Eq. (5.48a) can be directly related

to averages that only involve ξcl and Vq. Taking the logarithm of Eq. (5.48a), the CGF

χ[F (t), η(t); tf ] is in turn given by

χ[F (t), η(t); tf ] =
∞∑
ℓ=1

∞∑
m=0

(−i)ℓ+m

ℓ!m!
χ(ℓ,m)[F (t), η(t); tf ], (5.50)

χ(ℓ,m)[F (t), η(t); tf ] =
ℓ∏

j=1

[∫ tf

0
dtjF (tj)

] ℓ+m∏
k=ℓ+1

[∫ tf

0
dtkη(tk)

]
C(ℓ,m)(⃗tℓ+m), (5.51)

where we define t⃗n ≡ (t1, . . . , tn). Here C(ℓ,m)(⃗tℓ+m) denote Keldysh-ordered cumulants,

which can be directly generated from Keldysh-ordered moments of the form

ξcl(t1) . . . ξcl(tℓ)Vq(tℓ+1) . . . Vq(tℓ+m), (5.52)

and lower-order averages. Note that the terms in Eq. (5.50) involving cumulants of the form

C(ℓ,0)(⃗tℓ) correspond to contributions solely from noise fluctuations, which would determine

qubit dynamics in the absence of quenches. In contrast, the cumulants C(ℓ,m)(⃗tℓ+m) for

m > 0 encode bath (linear and nonlinear) response properties (ℓ = 1), as well as noise

susceptibilities (ℓ > 1).
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Without loss of generality, we assume zero-average noise operator, i.e. ⟨ξ̂⟩ = 0. The first

order contribution to the cumulant expansion in Eq. (5.50) thus vanishes, and the leading-

order nontrivial Keldysh-ordered cumulants can be written explicitly as

C(2,0)(⃗t2) = ξcl(t1)ξcl(t2) =
1

2
⟨{ξ̂(t1), ξ̂(t2)}⟩, (5.53a)

C(1,1)(⃗t2) = ξcl(t1)Vq(t2) = Θ(t1 − t2)⟨[ξ̂(t1), V̂ (t2)]⟩, (5.53b)

where the bath operator average is defined with respect to ρ̂b,i as ⟨Â⟩ ≡ Tr(Âρ̂b,i). These

leading order cumulants can be directly related to the bath noise spectral density (NSD)

S̄[ω] and response susceptibility function GR
ξV [ω], as

S̄[ω] ≡ 1

2

∫ +∞

−∞
dteiωt⟨{ξ̂(t), ξ̂(0)}⟩ =

∫ +∞

−∞
dteiωtC(2,0)(t, 0), (5.54a)

GR
ξV [ω] ≡ −i

∫ +∞

−∞
dteiωtΘ(t)⟨[ξ̂(t), V̂ (0)]⟩ = −i

∫ +∞

−∞
dteiωtC(1,1)(t, 0). (5.54b)

Substituting above relations into Eqs. (5.49) and (5.50), we can rewrite the leading order

contributions in terms of bath NSD and linear response susceptibility, so that we obtain

⟨σ̂−(tf )⟩
⟨σ̂−(0+)⟩

= e−ζ(tf )−iΦ(tf ), (5.55a)

ζ(tf ) ≃
1

2

∫ +∞

−∞
dt1F (t1)

∫ +∞

−∞
dt2F (t2)C

(2,0)(⃗t2) =

∫ +∞

−∞
dω

4π
|F [ω]|2S̄[ω], (5.55b)

Φ(tf ) ≃ −i
∫ +∞

−∞
dt1F (t1)

∫ +∞

−∞
dt2η(t2)C

(1,1)(⃗t2) =

∫ +∞

−∞
dω

2π
F ∗[ω]η[ω]GR

ξV [ω]. (5.55c)

Above equations reproduce Eqs. (5.12).

The cumulant expansion in Eq. (5.50) terminates at the second order if ξcl(t) and Vq(t)

are Gaussian random variables, which is satisfied by linearly coupled harmonic oscillator bath

models discussed in the main text. For this case, the dephasing and phase shift expressions in

Eqs. (5.55b) and (5.55c) become exact. Thus, we conclude that Eqs. (5.12), or equivalently
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Eqs. (5.55b) and (5.55c), hold exactly for Gaussian baths, where noise and quench operators

can take arbitrarily strong coupling strengths. Alternatively for more general non-Gaussian

baths, Eqs. (5.55) describe leading-order approximations for qubit dynamics in terms of bath

noise and quench operators.

It is worth unpacking Eq. (5.12b), or equivalently Eq. (5.55c), to provide a physical

understanding of the quench-induced phase. As shown in Eq. (5.5), the effective quench

at the start of our protocol at t = 0 suddenly turns on a term η(t)V̂ in the effective bath

Hamiltonian (c.f. Eq. (5.5)). At the linear response level, this perturbation causes a time-

dependent shift in the average of the bath operator ξ̂ that couples to the qubit. This

shift is given from linear response by ⟨δξ̂(t)⟩V =
∫ +∞
−∞ dt2η(t2)G

R
ξV (t − t2). Next, this

induced average value of ξ̂ has a direct consequence on the qubit: it is equivalent to a

time-dependent z magnetic field on the sensor qubit. This then leads to a net phase shift

given by the integral of this effective field weighted by the filter function F (t): Φq(tf ) =∫ +∞
−∞ dt1F (t1)⟨δξ̂(t1)⟩V . Connections between sensor phase shifts and linear response were

also discussed in Ref. [165]. Note that our expression for the quench phase shift can be written

as Φq(tf ) =
∫ +∞
−∞ dt1F (t1)

∫ +∞
−∞ dt2η (t2)G

R
ξV (t1 − t2). This is similar but not identical to

Eq. (15) in Ref. [165], where the filter function F (t1) erroneously occurs at a later time than

the quench function η(t2).

5.6.4 Generalizations beyond Gaussian bath approximation

For the case of a general environment, the qubit dynamics is still generally described by

Eq. (5.8). For the general case, a powerful means of attack is provided by Keldysh field

theory techniques [100, 194, 195]. One finds that the quench does more that just induce a

phase shift Φq(tf ) (c.f. Eq. (5.12b)). The quench physics can also modify the noise properties

of the bath, changing the dephasing function in Eq. (5.9).

A general way to describe these effects is to use non-linear response theory, something that
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can be effectively calculated using the Keldysh approach. For weakly coupled (or Gaussian)

environments, the quench only induces a nonzero average of the noise operator ξ(t) that is

linear in the quench operator V̂ . In the more general cases, this shift in mean will have

higher-order terms in V̂ ; in addition, the symmetrized noise correlator of ξ(t) will also be

modified. Keeping terms to leading orders in V̂ , these effects can formally be written in

terms of nonlinear response functions as

⟨δξ̂(t)⟩V =

∫ +∞

−∞
dt1η(t1)G

R
ξV (t− t1)

+

∫∫ +∞

−∞
dt1dt2η(t1)η(t2)G

R
ξ,V V (t− t2, t1 − t2) + . . . , (5.56)

⟨δξ̂(t)δξ̂(t′)⟩V =

∫ +∞

−∞
dt1η(t1)G

R
ξξ,V (t− t1, t

′ − t1) + . . . , (5.57)

where the susceptibility functions GR
ξV (t), G

R
ξ,V V (t1, t2), and GR

ξξ,V (t1, t2) can be system-

atically computed using Keldysh field theory techniques [100, 195]. Note the appearance

of a new function here, GR
ξξ,V (t1, t2). This is often referred to as a noise susceptibility,

and describes how the environmental symmetrized noise spectral density is modified by the

quench. Noise susceptibilities often reveal subtle features of a physical system, and have

been studied in a variety of contexts (e.g. to uncover subtle features of coherent quantum

electronic transport [196]).

The upshot is that the quench physics described here is not limited to weakly-coupled

or Gaussian environments. For the general case, it can be described using both linear and

nonlinear response functions [100, 196, 197]. This also highlights another utility of our

quench approach to QNS: it provides in principle access to higher-order nonlinear response

properties of an unknown environment using T2-type measurements. More specifically, one

can design general quench control protocol (e.g., making use of the multilevel probe qubit

shown in Fig. 5.6) to generate comb-based filter functions and reconstruct these higher-order

response spectral functions of a non-Gaussian quantum environment. We leave details to
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future work.

5.6.5 Derivation of the relation between the quench phase shift and the bath

density of states

In Eq. (5.12b) of the main text, we provide a general formula to compute the quench-induced

phase shift using the Green-Kubo linear response theory, which relates the phase shift to

the bath susceptibility function GR
ξV [ω]. We then claim that for the specific quench function

η(t) = Θ(t)Θ(tf − t) emerging in a typical T2-type experiment, this phase shift can be

rewritten as Eq. (5.15), which only involves the imaginary part of response function. In this

subsection, we explicitly derive the latter equation using the general formula. Recall that

for a generic Gaussian bath, the quench phase shift (QPS) is given by Eq. (5.12b) as

Φq(tf ) =

∫ +∞

−∞
dω

2π
F ∗[ω]η[ω]GR

ξV [ω] (5.58)

=

∫ +∞

−∞
dt1F (t1)

∫ +∞

−∞
dt2η(t2)G

R
ξV (t1 − t2), (5.59)

where GR
ξV (t) ≡ −iΘ(t)⟨[ξ̂(t), V̂ (0)]⟩ is the standard Green-Kubo linear response suscepti-

bility function. Noting that the real and imaginary parts of the spectral response function

GR
ξV [ω] are related to each other via the Kramers-Kronig relation, we can rewrite the QPS in

terms of only ImGR
ξV [ω]. More specifically, given that the retarded Green’s function GR

ξV (t)

is real by definition, the imaginary part of the response function ImGR
ξV [ω] can be written

as

ImGR
ξV [ω] =

1

2i

∫ +∞

−∞
dteiωt

[
GR
ξV (t)−GR

ξV (−t)
]
. (5.60)
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Thus, we can rewrite the QPS as

Φq(tf ) =

∫ +∞

−∞
dt1F (t1)

∫ +∞

−∞
dt2η(t2)G

R
ξV (t1 − t2)

=

∫ tf

0
dt1F (t1)

∫ t1

0
dt2η(t2)[G

R
ξV (t1 − t2)−GR

ξV (t2 − t1)]

=2

∫ +∞

−∞
dω

2π
ImGR

ξV [ω]FΦ[F (t), η(t); tf ], (5.61)

where we have made use of the fact that the susceptibility GR
ξV (t) = 0 for t < 0. The general

weighting function FΦ[F (t), η(t); tf ] is now given by

FΦ[F (t), η(t); tf ] ≡
∫ tf

0
dt1F (t1)

∫ t1

0
dt2η(t2) sinω(t1 − t2). (5.62)

Substituting into above equation the specific quench function η(t) = Θ(t)Θ(tf − t), we can

explicitly compute the integral involving η(t2) in Eq. (5.62) to obtain

Φq(tf ) =

∫ +∞

−∞
dω

π

ReF [0]− ReF [ω]
ω

ImGR
ξV [ω], (5.63)

so that for spin-echo or dynamical-decoupling control pulses with F [0] ≡
∫ tf
0 F (t)dt = 0, we

recover Eq. (5.15). For the specific form of the quench operator V̂ (t) = ξ̂(t)/2 as given by

Eq. (5.7b), we can rewrite above expression for the QPS Φq(tf ) in terms of imaginary part

of the response function ImGR
ξξ[ω] as

Φq(tf ) =

∫ +∞

−∞
dω

2π

ReF [0]− ReF [ω]
ω

ImGR
ξξ[ω]. (5.64)

Alternatively, for general forms of quench function η(t), it is still possible to represent the

QPS using a frequency-space integral of imaginary part of the response function, as weighted

by the control functions F [ω] and η[ω]. However, in general the integral would be nonlocal

in frequency space. From the general expression in Eq. (5.62), we can rewrite the general
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transfer function for the quench phase shift FΦ[F (t), η(t); tf ] as

FΦ[F (t), η(t); tf ] =− ReF [ω]Imη[ω] + P
∫ +∞

−∞
dω1
π

ReF [ω1]Reη[ω1]
ω − ω1

. (5.65)

As shown in Eq. (5.63), the above function FΦ[F (t), η(t); tf ] greatly simplifies when using

the specific quench function η(t) = Θ(t)Θ(tf − t).

5.6.6 QPS in comparison to relaxometry-based techniques to measure

response

In the main text, we have focused on the specific type of quantum noise spectroscopy mea-

surements where a sensor qubit is coupled to its environment via pure-dephasing-type inter-

actions. Within this setting, we have shown the quench phase shift (QPS) lets one probe

the response properties, or spectral function of the environment, which would be otherwise

inaccessible using standard dephasing-based noise spectroscopy.

Interestingly, in principle one can extract similar information about the imaginary part

of response function ImGR
ξξ[ω], or equivalently the spectral function, using an extended ver-

sion of standard T1 relaxometry experiments. Conventional T1-type experiments specifically

probes transversely coupled bath fields (e.g., via Ĥint = σ̂x ⊗ ξ̂), which induces transitions

between the qubit levels. In this setting, typically one would measure the qubit population

decay rate Γtot ≡ 1/T1 [198], which corresponds to the sum of qubit relaxation and excita-

tion rates. A straightforward calculation based on Fermi’s Golden rule can then relate Γtot

to the symmetrized noise spectral density (NSD) via Γtot = 2S̄[Ω], whereas the difference be-

tween relaxation and excitation rates corresponds to the response function ImGR
ξξ[Ω] (see the

following paragraph for more detail). While the bath NSD can be directly inferred from T1-

decay rate Γtot, to further probe response function ImGR
ξξ[ω] one would also need to measure

the qubit steady state population ⟨σ̂z⟩ss: the latter measurement is not a part of standard
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T1 relaxometry [137, 199]. In comparison, the QPS in Eq. (5.12b) is readily accessible in

standard T2-type measurements, and as we show in the main text, arguably offers a more

direct knob to probe the response properties of longitudinal bath fields. We also note that

standard T1-type experiments are not sensitive to dephasing baths. Although in principle

one can use the spin-locking technique (also known as T1ρ measurements) [137], i.e. continu-

ously drive the qubit to measure longitudinal bath fields via relaxometry-based experiments,

in practice the drive strength needs to be higher than the inhomogeneous linewidth of the

qubit. Thus, the range of frequencies that can be probed using the spin-locking technique

often does not correspond to the dominating dephasing source for the undriven qubit (see

e.g. [142, 200, 201]). In contrast, T2-type experiments with QPS measurements are more

suitable for probing low-frequency dephasing noise source.

We now concretely show the relation between qubit decay rate Γtot and the steady state

population ⟨σ̂z⟩ss to environmental properties. For the case of transverse coupling to the

bath, it is more illuminating to represent bath properties in terms of the quantum noise

spectra S[ω] ≡
∫ +∞
−∞ dteiωt⟨ξ̂(t)ξ̂(0)⟩, so that the Fermi’s Golden rule transition rates for

qubit excitation and relaxation Γ± are given by Γ± = S[∓Ω] (Ω denotes qubit transition

frequency; see Ref. [23] for a pedagogical introduction). One can use a few lines of algebra

to show that the symmetrized and anti-symmetrized components of S[ω] are related to

the bath NSD S̄[ω] = (S[+ω] + S[−ω])/2, and the imaginary part of response function

ImGR
ξξ[ω] = (S[−ω]− S[+ω])/2, respectively. The qubit population decay rate Γtot and the

steady state population ⟨σ̂z⟩ss can then be computed explicitly as Γtot = Γ+ +Γ− = 2S̄[Ω],

and ⟨σ̂z⟩ss = ImGR
ξξ[Ω]/S̄[Ω]. Thus, given both the qubit decay rate and steady state

population simultaneously, we can use them to infer the response function [23, 150, 162, 202].
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5.6.7 Asymptotic analysis on qubit evolution due to environments with

power-law noise spectra and response functions

In the main text, we present the asymptotic long-time behavior of qubit dephasing function

and quench phase shift (QPS) in Eqs. (5.22), assuming that the bath noise spectral density

(NSD) and density of states functions exhibit power-law dependence in the asymptotic low-

frequency limit. For clarity, here we provide a detailed derivation of the asymptotic results.

We start with the general expressions for the dephasing function ζ(tf ) and QPS Φq(tf ) under

any spin-echo qubit control pulse, given by Eqs. (5.12a) and (5.15) in the main text as

ζ(tf ) =

∫ +∞

−∞
dω

4π
|F [ω]|2S̄[ω], (5.66a)

Φq(tf ) = −
∫ +∞

−∞
dω

πω
ReF [ω] ImGR

ξV [ω]. (5.66b)

We also assume that the bath NSD S̄[ω] and response functions ImGR
ξV [ω] exhibit power-law

dependence in the asymptotic low-frequency regime (see Eqs. (5.20) in the main text)

S̄[ω] ∼ S0ω
p (ω → 0+), (5.67a)

ImGR
ξV [ω] ∼ −A0

2
ωs (ω → 0+). (5.67b)

For convenience, we rewrite the bath NSD S̄[ω] and response functions ImGR
ξV [ω] in the full

frequency range in terms of cutoff functions µA (x) (A = S,G) as

S̄[ω] = S0ω
pµS (ω/ωc) , (5.68a)

ImGR
ξV [ω] = −A0

2
ωsµG (ω/ωc) , (5.68b)

where we introduce a UV cutoff frequency ωc below which the asymptotic power-law function

provides a good approximation for the exact function. By definition, the cutoff functions
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µA (x) satisfy following conditions

µA (0) = 1, lim
x→∞µA (x) = 0, (A = S,G) , (5.69)

and we further assume both cutoff functions µA (x) (A = S,G) corresponding to any physical

bath are smooth near x = 0.

We now consider a generic qubit control pulse satisfying F [0] = 0, which consists of

L instantaneous π-pulses at times t = αℓtf . Without loss of generality, we assume the

coefficients αℓ (ℓ = 1, 2, . . . , L) satisfy following conditions

α1 < α2 < . . . < αL, F [0] = 0 ⇔ 2
L∑

ℓ=1

(−)ℓαℓ + (−)L+1 = 0, (5.70)

so that we can explicitly compute the filter function F [ω] as

F [ω] =

∫ tf

0
dt1F (t1)e

iωt1 =
2
∑L

ℓ=1(−)ℓ−1eiαℓωtf − 1 + (−)Leiωtf

iω
. (5.71)

Substituting above equation into Eqs. (5.66) and noting that the integrands are even func-

tions of frequency, we obtain

ζ(tf ) =
S0
2π

∫ +∞

0
ωp−2

∣∣∣∣∣∣2
L∑

ℓ=1

(−)ℓeiαℓωtf + 1 + (−)L+1eiωtf

∣∣∣∣∣∣
2

µS (ω/ωc) dω

=
S0
2π
t
1−p
f

∫ +∞

0
xp−2

∣∣∣∣∣∣2
L∑

ℓ=1

(−)ℓeiαℓx + 1 + (−)L+1eix

∣∣∣∣∣∣
2

µS
(
x/ωctf

)
dx, (5.72a)

Φq(tf ) =
A0

π

∫ +∞

0
ωs−2

2 L∑
ℓ=1

(−)ℓ−1 sinαℓωtf + (−)L sinωtf

µG (ω/ωc) dω

=
A0

π
t1−s
f

∫ +∞

0
xs−2

2 L∑
ℓ=1

(−)ℓ−1 sinαℓx+ (−)L sinx

µG (x/ωctf) dx. (5.72b)
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In the long-time limit tf → +∞, the integrals above would tend asymptotically to universal

limits that are independent of details about the physical cutoffs, if and only if the integrals

when setting µA (x) ≡ 1 (A = S,G) are well defined. For this scenario, the asymptotic limits

of dephasing function and phase shift functions can be derived as

−3 < p < 1 : ζ(tf ) ∼ Cζ(p)S0t1−p
f (tf → +∞), (5.73a)

−2 < s < 2 : Φq(tf ) ∼ CΦ(s)
A0

2
t1−s
f (tf → +∞), (5.73b)

where the dimensionless coefficients Cζ(p) and CΦ(s) are determined by the spin-echo pulse

parameters as

Cζ(p) =
Γ (p− 1)

π

4
L∑

ℓ>ℓ′
(−)ℓ+ℓ′ (αℓ − αℓ′)

1−p

+2
L∑

ℓ=1

(−)ℓ
[
(−)L+1 (1− αℓ)

1−p + α
1−p
ℓ

]
+ (−)L+1

 sin
pπ

2
, (5.74a)

CΦ(s) =
Γ (s− 1)

π

2 L∑
ℓ=1

(−)ℓα1−s
ℓ + (−)L+1

 cos
sπ

2
, (5.74b)

and Γ(·) is the gamma function. For Hahn echo, the control pulse parameters are L = 1,

α1 = 1
2 , and substituting the parameters into equation above lets us obtain the coefficients

Cζ,H = 1−2p+1

π Γ (p− 1) sin pπ
2 and CΦ,H = 1−2s

π Γ (s− 1) cos sπ
2 in the main text. Note that

above equations are still well-defined if p, s are exact integers, where the gamma function

in Eqs. (5.74) alone might diverge: in this case, we could obtain the asymptotic coefficients

by taking the continuous limit of Eqs. (5.74) as the exponent approaches the corresponding

integer value. The asymptotic limit of quench phase shift can be further simplified if the
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response function exponent take the value of 1, as

s = 1 : lim
tf→+∞

Φq(tf ) = A0/2. (5.75)

For exponents beyond the range of validity specified in Eqs. (5.73), the long-time behavior

of the dephasing function (phase shift) may not have a well-defined asymptotic limit, or the

asymptotic behavior would depend on details of the low- or high-frequency cutoff of the

bath NSD (response function). To illustrate this, we discuss a concrete example where the

long-time phase shift dynamics explicitly depends on details of the cutoff. We compare the

Hahn echo phase shift dynamics for response function ImGR
ξV [ω] = −(A0/2)ω

sµG (ω/ωc)

with exponent s = 5/2, and two different UV cutoff functions: exponential cutoff with

µG,exp (x) = e−x, and step-function cutoff with µG,sp (x) = Θ(1 − x), where Θ(·) is the

Heaviside step function. The quench phase shift is generally given by Eq. (5.72b), which for

Hahn echo can be computed analytically to yield

Φq,exp(tf ) =
4A0

π

∫ +∞

0
ω

1
2 e−

ω
ωc sin

ωtf
2

sin2
ωtf
4
dω (5.76)

=
A0

2
√
π
t
−3

2
f

23
2 ei

π
4

(
1 +

2i

ωctf

)−3
2

− 2−1ei
π
4

(
1 +

i

ωctf

)−3
2

+ c.c.

 , (5.77)

Φq,sp(tf ) =
4A0

π

∫ ωc

0
ω

1
2 sin

ωtf
2

sin2
ωtf
4
dω (5.78)

=
8A0

π

[√
ωc
tf

sin4
ωctf
4

−
√
ωc

2tf

∫ 1

0
x−

1
2 sin4

xωctf
4

dx

]
. (5.79)

While the asymptotic tf ≫ ω−1
c limit of Hahn echo phase shift Φq,exp(tf ) assuming expo-

nential cutoff agrees with the universal result in Eq. (5.73b), it is straightforward to see that

the phase shift dynamics with step-function cutoff does not have a well-defined asymptotic

long-time limit, and does not agree with Eq. (5.73b). Although the oscillatory behavior of

the first term in the square bracket in Eq. (5.79) is typical when we have response functions
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with a step-function cutoff (e.g. see the dashed blue curve in Fig. 5.5(c) in the main text,

depicting the QPS for Ohmic bath spectral function with a step-function UV cutoff), for

exponents within the range of validity of Eq. (5.79) such oscillations are negligible in the

asymptotic long-time limit. However, as shown in Eq. (5.79), for exponents outside this

range the oscillatory contribution is important even in the long-time limit. Generally, for

bath NSD (response function) of the form given by Eqs. (5.67) with exponent p ≥ 1 (s ≥ 2),

the long-time behavior of the dephasing function ζ(tf ) (quench phase shift Φq(tf )) depend

on the detail of the UV cutoff of the spectrum. Similarly, for exponents p ≤ −3 (s ≤ −2) be-

low the regime of validity in Eq. (5.73), the corresponding long-time behavior would depend

on the low-frequency cutoff.

5.6.8 Alternative derivation of quench phase shift in Ohmic environments

As discussed in Sec. 5.4.3, specifically for baths that exhibit Ohmic behavior (a flat NSD and a

linear bath spectral function) in the asymptotic low-frequency limit, i.e., satisfying Eq. (5.67)

with p = 0, s = 1, the quench phase shift (QPS) under spin-echo or dynamical-decoupling

control sequences tends to a constant in the long-time regime, as shown in Eq. (5.24) (see

also Eq. (5.75) in Appendix 5.6.7). In this section, we provide an intuitive derivation of this

result, which for a generic control sequence can be written as

lim
tf→+∞

Φq(tf ) =
F [0]

2
ReGR

ξξ[ω = 0+]− 1

2

dImGR
ξξ[ω]

dω

∣∣∣∣∣
ω=0+

, (5.80)

where F [0] ≡
∫ tf
0 F (t)dt. We start with the general linear response formula for QPS, assum-

ing quench operator V̂ = ξ̂/2, quench function η(t) = Θ(t)Θ(tf − t), and a generic filter

function, which in the time domain is given by (see Eq. (5.59))

Φq(tf ) =
1

2

∫ tf

0
dt1F (t1)

∫ t1

0
dt2G

R
ξξ(t1 − t2). (5.81)
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We can rewrite the expression on the right hand side using integration by parts as

Φq(tf ) =
F [0]

2

∫ tf

0
dt1G

R
ξξ(t1)−

1

2

∫ tf

0
dt1G

R
ξξ(t1)

∫ t1

0
dt2F (t2). (5.82)

The first term on the RHS can be viewed as the net phase shift due to a constant qubit

frequency shift
∫ tf
0 dtG

R
ξξ(t) accumulated during the time evolution, whereas the second term

accounts for a residual phase correction due to the fact that the quench-induced frequency

shift to the qubit is time dependent. For Ohmic baths whose response functions exhibit

linear dependence in the asymptotic low-frequency regime, it is straightforward to show that

the asymptotic long-time behaviors of these two terms are given by

lim
tf→+∞

F [0]

2

∫ tf

0
dtGR

ξξ(t) =
F [0]

2

∫ +∞

0
GR
ξξ(t)dt =

F [0]

2
ReGR

ξξ[ω = 0+],

(5.83)

−1

2
lim

tf→+∞

∫ tf

0
dt1G

R
ξξ(t1)

∫ t1

0
dt2F (t2) = −1

2

∫ +∞

0
tGR

ξξ(t)dt = −1

2

dImGR
ξξ[ω]

dω

∣∣∣∣∣
ω=0+

.

(5.84)

Thus, the asymptotic long-time behavior of QPS with Ohmic baths can be viewed as the sum

of phase shift due to a static frequency shift in the long-time limit, which is proportional to

F [0], and a residual phase correction. Noting that the bath spectral function J [ω] is related

to the response function via J [ω] = − 1
π Im GR

ξξ[ω] (see also Eq. (5.17) in the main text), we

have

lim
tf→+∞

Φq(tf ) =
F [0]

2
ReGR

ξξ[ω = 0+]− 1

2

dImGR
ξξ[ω]

dω

∣∣∣∣∣
ω=0+

=
F [0]

2
ReGR

ξξ[ω = 0+] +
π

2

dJ [ω]

dω

∣∣∣∣
ω=0+

. (5.85)
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Specifically for dynamical-decoupling-type control pulses with F [0] = 0, the first term would

vanish, and we recover Eq. (5.24) in the main text. As a result, for approximately Ohmic

baths with spectral function satisfying J [ω] ∼ ω at low frequencies, the asymptotic behavior

of QPS under spin-echo control pulses in the long time tf → ∞ regime is universal (i.e.,

it only depends on the asymptotic linear dependence of the spectral function), and is inde-

pendent of the specific UV cutoff of the response function and details of the qubit control

sequence.

5.6.9 QPS generated by a driven damped environmental cavity mode

In the main text, we have considered a quantum bath whose spectral function is asymp-

totically Ohmic in the low-frequency limit (i.e. S̄[ω] ∼ const. and J [ω] ∼ ω as ω → 0+)

and also exhibits a Lorentzian peak at a finite frequency; the Hahn-echo quench phase shift

(QPS) dynamics due to this bath is illustrated in Fig. 5.5b. As mentioned in the main text,

such spectral function can describe dephasing environments generated by a driven damped

electromagnetic (EM) cavity. In this subsection, we provide a detailed discussion on the

corresponding physical system.

Consider a qubit dispersively coupled to a driven damped bosonic mode b (resonance

frequency ωc, decay rate κ) via the Hamiltonian

Ĥint =
1

2
σ̂z ⊗ ξ̂, ξ̂ = λb̂†b̂. (5.86)

For instance, we may have a superconducting transmon qubit coupled to a microwave cavity

mode; the photon shot noise fluctuations due to the cavity mode then induce qubit frequency

shift and dephasing during time evolution. Transforming to the interaction picture defined

by the free qubit Hamiltonian Ωσ̂z/2, as well as frame rotating at the drive frequency ωdr of

the cavity mode, the dynamics of the total system can be described by the quantum master
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equation as follows

˙̂ρ = −i[Ĥ0 + Ĥint + Ĥdr, ρ̂] + κ(n̄th + 1)D[b̂]ρ̂+ κn̄thD[b̂†]ρ̂, (5.87)

where n̄th is the thermal photon number. For simplicity, we assume zero temperature (n̄th =

0) hereafter, but we stress that our approach also applies to the case with finite n̄th. In the

above equation, Ĥ0 and Ĥdr are rotating-frame Hamiltonians accounting for free cavity

dynamics and the linear cavity drive, respectively, as

Ĥ0 = −∆b̂†b̂, Ĥdr(t) = y(t)fdrb̂
† + H.c., (5.88)

where ∆ ≡ ωdr−ωc denotes the cavity detuning, and fdr is the drive strength. We introduce

a dimensionless envelope function y(t) to encode possible time dependence of the drive. For

the purpose of our discussion, we can assume the cavity drive is switched on at some earlier

time before the start of the Hahn-echo protocol, so that we have y(t) = 1 during the protocol

(0 < t < tf ). For convenience, we define the stationary intracavity driven photon number in

the absence of the qubit (i.e., setting λ = 0 in Eq. (5.87)) as n̄dr, so that we have (here ⟨·⟩

denotes stationary state expectation values of bath operator)

n̄dr = |βdr|2, βdr = ⟨b̂⟩ = fdr
∆+ iκ2

. (5.89)

In this specific setup, the photon shot noise coupled to the qubit is generally non-

Gaussian [100]. Thus, in order to apply our results in the main text (based on Eqs. (5.66))

to describe the photonic environment, we first need to ensure non-Gaussian effects are small.

Without loss of generality, we focus on the mean-field regime where the Gaussian approxi-
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mation is well justified, i.e. we have approximately

δξ̂ ≡ λb̂†b̂− λ⟨b̂†b̂⟩ ≃ λβdrδb̂
† + H.c., (5.90)

which holds if we require parameters to satisfy following conditions

n̄dr > 1,
√
n̄dr

λ

κ
≲ 1. (5.91)

Substituting the mean field approximation (Eq. (5.90)) into definition of symmetrized noise

spectral density S̄[ω] (see Eq. (5.10) in the main text)

S̄[ω] ≡ 1

2

∫ +∞

−∞
dteiωt⟨{δξ̂(t), δξ̂(0)}⟩, (5.92)

and making use of solution to the master equation in Eq. (5.87), we can straightforwardly

obtain the NSD as

S̄[ω] = n̄drλ
2

[
κ
2(κ

2

)2
+ (∆ + ω)2

+
κ
2(κ

2

)2
+ (∆− ω)2

]
. (5.93)

Similarly we can derive the bath spectral function J [ω] as

J [ω] = − 1

π
ImGR

ξξ[ω] =
n̄drλ

2

π

[
κ
2(κ

2

)2
+ (∆− ω)2

−
κ
2(κ

2

)2
+ (∆ + ω)2

]
. (5.94)

Note that we can rewrite the spectral function in Eq. (5.94) as

J [ω] = ω
n̄drλ

2

π∆2

2κ
∆[( ω

∆ + 1
)2

+
( κ
2∆

)2] [( ω
∆ − 1

)2
+
( κ
2∆

)2] , (5.95)

which recovers the form of spectral function used to compute data shown in Fig. 5.5b, if we

redefine centers of Lorentzian peaks as ±∆. It is straigtforward to check that the photon
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shot noise exhibits Ohmic behavior in the asymptotic low-frequency limit, i.e. we have

S̄[ω] ∼ n̄drλ
2 κ(κ

2

)2
+∆2

(ω → 0+), (5.96a)

J [ω] ∼ n̄dr
π

2κ∆λ2[(κ
2

)2
+∆2

]2ω (ω → 0+). (5.96b)

Making use of results in Eqs. (5.73), we thus obtain the asymptotic behavior of dephasing

function ζ(tf ) and the quench phase shift Φq(tf )

ζ(tf ) ∼ n̄dr
λ2(κ

2

)2
+∆2

κtf
2

(tf → +∞), (5.97a)

Φq(tf ) ∼ n̄dr
κ∆λ2[(κ

2

)2
+∆2

]2 (tf → +∞). (5.97b)

We now compare the predicted asymptotic results to exact dynamics from directly solving

the master equation Eq. (5.87). We consider qubit dynamics corresponding to standard

Hahn-echo protocol, where the qubit-bath system is initialized as follows: i) we first prepare

the qubit in one of eigenstates, |↑⟩ or |↓⟩; ii) we then switch on cavity drive, and wait for long

enough so that the cavity reaches a stationary state at the start (t = 0) of the Hahn echo

protocol. Denoting the qubit phase shift corresponding to initial state |↑⟩ (|↓⟩) as Φ↑(tf )

(Φ↓(tf )), we thus have

lim
tf→+∞

[
Φ↓(tf )− Φ↑(tf )

]
= 2 lim

tf→+∞
Φq(tf ) = π

dJ [ω]

dω

∣∣∣∣
ω=0+

(5.98)

= n̄dr
2κ∆λ2[(κ

2

)2
+∆2

]2 . (5.99)

Because the master equation conserves qubit polarization (i.e., σ̂z), and is quadratic in

terms of bosonic mode operators, we can numerically simulate the exact qubit-cavity system

dynamics efficiently (see [100] for details). Figure 5.7 illustrates the exact qubit phase shift
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Fig. 5.7: Numerically simulated Hahn-echo qubit phase shift and the quench phase shift
dynamics, corresponding to the photonic environment generated by a driven, damped cav-
ity mode. The purple triangles (green circles) depict qubit phase shifts Φ↓(tf ) (Φ↑(tf ))
using initial qubit state |↓⟩ (|↑⟩), which are computed numerically from solving the qubit-
cavity master equation in Eq. (5.87). The difference between the two qubit phase shifts[
Φ↓(tf )− Φ↑(tf )

]
(dark blue asterisks) in the long-time limit can be well described by the

asymptotic expression based on quench phase shift in Eq. (5.99), as expected. Parameters:
∆/κ = 5, λ/κ = 0.5, n̄dr = 10, and n̄th = 0.

dynamics corresponding to initial qubit state |↓⟩ and |↑⟩ (purple triangles and green circles,

respectively) for the choice of parameters ∆/κ = 5, λ/κ = 0.5, and n̄dr = 10. As shown

in Fig. 5.7, the difference in qubit phase shifts
[
Φ↓(tf )− Φ↑(tf )

]
(dark blue asterisks) in

the long-time limit is in good agreement with the asymptotic result in Eq. (5.99) (light blue

line), verifying our approach. The corresponding Hahn-echo coherence functions are plotted

in Fig. 5.8, and can be readily measured using, e.g., state-of-the-art implementations of

superconducting qubits.

The results above on quench phase shift encode intriguing information about nature of

the corresponding environment. Comparing the asymptotic results in Eqs. (5.97) to the

temperature estimation formula in Eq. (5.25), the qubit quench phase shift dynamics, which

can be detected by measuring
[
Φ↓(tf )− Φ↑(tf )

]
, indicates that low-frequency photon shot

noise has a finite temperature. At first glance, this might seem surprising, as the system

master equation in Eq. (5.87) only includes a purely cooling dissipator when we assume zero

thermal photon number (n̄th = 0), and does not involve any explicit heating. We note that

there is in fact no contradiction: the finite temperature of low-frequency fluctuations reflects
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Fig. 5.8: Numerically simulated Hahn-echo qubit coherence function ⟨σ̂y(tf )⟩ corresponding
to the photonic environment generated by a driven damped cavity mode. The purple tri-
angles (green circles) depict qubit Hahn-echo coherence function ⟨σ̂y(tf )⟩ using initial qubit
state |↓⟩ (|↑⟩), which are computed numerically from solving the qubit-cavity master equa-
tion in Eq. (5.87). Note that data points with small protocol times (tf < π/κ) fall out of
range of the figure and are not shown here; however, the short-protocol-time behavior is
determined by the high-frequency components of the spectral function, and does not affect
our conclusion. The parameters are the same as in Fig. 5.7.

the fact that Markovian dissipation actually corresponds to a non-equilibrium environment,

and the quench approach provides a direct knob to probe this physics.

5.6.10 General strategy for reconstructing the environmental spectral

function using time-dependent quenches

In the main text, we discussed using sensor qubits based on a single nitrogen vacancy center in

diamond to engineer a time-dependent quench (c.f. Fig. 5.6), and we discussed its application

in reconstructing the bath spectral function for a specific type of control pulses. In this

subsection, we discuss a general recipe to construct more general periodic control pulses,

which lead to a powerful set of varying spectral filters that can be utilized to reconstruct the

spectral function J [ω] in a broad range of frequencies.

As discussed in the main text (see discussions following Eq. (5.27)), to illustrate the

idea we focus on case where the quench operator is directly related to noise, with V̂ = ξ̂/2.

Without loss of generality, we also focus on periodic NV control pulses, which are suitable

for reconstructing the spectral function at finite target frequencies. Recall that the spin-1
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structure of the NV lets us effectively realize a nontrivial quench function η(t), in addition

to the standard noise filter function. More specifically, we can apply a periodic sequence

of NV control pulses (period T with 2M repetitions, M ∈ Z), switching between the qubit

subspaces {mz = 0,mz = +1} and {mz = 0,mz = −1} (see also Fig. 5.6 in the main text),

to realize a periodic quench function as

η(t) =
M−1∑
m=0

η0(t− 2mT ; 2T ), (5.100)

where η0(t; 2T ) denotes the base quench function, and satisfies the following relation

η0(t; 2T ) =


+1 or − 1, 0 ≤ t ≤ 2T,

0, t < 0 or t > 2T.

(5.101)

The structure of switching pulses also ensure that η0(t; 2T ) = (−)Nη0(t+T ; 2T ) for 0 < t <

T , where N is the total number of switching pulses per period T . For the example control

pulse sequence depicted in Fig. 5.6, we have N = 1 and η0(t; 2T ) = −Θ(t)Θ(T − t) + Θ(t−

T )Θ(2T − t), where Θ(·) denotes the Heaviside step function. Again introducing the total

protocol time satisfying tf = 2MT , we can straightforwardly rewrite Fourier transform of

the quench function as

η[ω] = ei(M−1)
ωtf
2M

sin
ωtf
2

sin
ωtf
2M

η0[ω; 2T ], (5.102)

η0[ω; 2T ] ≡
∫ 2T

0
η0(t; 2T )e

iωtdt. (5.103)

For reasons that will become clear, we also assume a periodic sequence of standard qubit

control π-pulses, with a same period T and total evolution time tf = 2MT , so that we
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similarly have

F (t) =
M−1∑
m=0

F0(t− 2mT ; 2T ), (5.104)

F [ω] = ei(M−1)
ωtf
2M

sin
ωtf
2

sin
ωtf
2M

F0[ω; 2T ]. (5.105)

Substituting Eqs. (5.105) and (5.102) above into Eq. (5.12b) in the main text, which described

the general quench phase shift, and noting that V̂ = ξ̂/2, we obtain

Φq(tf ) =

∫ +∞

−∞
dω

2π
F ∗[ω]η[ω]GR

ξV [ω]

=

∫ +∞

−∞
dω

4π
F ∗[ω]η[ω]GR

ξξ[ω]

=

∫ +∞

−∞
dω

4π

sin2
ωtf
2

sin2
ωtf
2M

F ∗
0 [ω; 2T ]η0[ω; 2T ]G

R
ξξ[ω]. (5.106)

We are now ready to present the recipe, or the necessary and sufficient conditions, to

construct spectral filters that specifically probe the bath spectral function J [ω] (see also

Eq. (5.17) in the main text)

J [ω] = − 1

π
ImGR

ξξ[ω]. (5.107)

We essentially require that the base filter and quench functions exhibit the same periodicity,

and satisfy the following conditions

• The base filter and quench functions must be mirror symmetric or anti-symmetric with

respect to t = T , i.e., F0(t; 2T ) = sFF0(2T − t; 2T ), and η0(t; 2T ) = sηη0(2T − t; 2T ),

where sF , sη = ±1.

• The base filter and quench functions exhibit opposite mirror symmetries with respect

to t = T , i.e., sF = −sη = +1 or −1.

Above constraints ensure that the quench phase shift in Eq. (5.106) is only sensitive to the
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imaginary part of the response function ImGR
ξξ[ω], or equivalently the spectral function J [ω],

so that we have

Φq(tf ) =

∫ +∞

−∞
FJ [ω; tf ]J [ω]dω = 2

∫ +∞

0
FJ [ω; tf ]J [ω]dω, (5.108)

FJ [ω; tf ] =
sin2

ωtf
2

4 sin2
ωtf
2M

Im(F ∗
0 [ω; 2T ]η0[ω; 2T ]). (5.109)

The spectral filter FJ [ω; tf ] for J [ω] forms a comb-like structure in frequency space, if we

fix pulse periodicity T = tf/2M and take the asymptotic large pulse number limit, i.e.

FJ [ω; tf ] ∼
Mω0
4

+∞∑
ℓ=−∞

Im(F ∗
0 [ℓω0; 2T ]η0[ℓω0; 2T ]) δ(ω − ℓω0) (M ≫ 1), (5.110a)

ω0 = π/T = 2Mπ/tf . (5.110b)

Thus, given a finite target frequency range, we can construct a corresponding set of NV

control pulses that specifically realize frequency comb filters for the spectral function at

target frequencies. We can then measure the quench phase shifts under these control pulses

in the comb limit (fix T = tf/2M and choose M ≫ 1), which in turn enable reconstruction

of the spectral function J [ω] via Eq. (5.108).
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CHAPTER 6

QUANTUM NONRECIPROCAL INTERACTIONS VIA

DISSIPATIVE GAUGE SYMMETRY

This chapter is adapted from Ref. [203]. Reuse is permitted under the terms of the Creative

Commons Attribution 4.0 International License.

6.1 Overview of results

One-way nonreciprocal interactions between two quantum systems are typically described

by a cascaded quantum master equation, and rely on an effective breaking of time-reversal

symmetry (TRS) as well as the balancing of coherent and dissipative interactions. In this

chapter, we present a new approach for obtaining nonreciprocal quantum interactions that is

completely distinct from cascaded quantum systems, and that does not in general require bro-

ken TRS. Our method relies on a local gauge symmetry present in any Markovian Lindblad

master equation. This new kind of quantum nonreciprocity has many implications, including

a new mechanism for performing dissipative steady-state unitary gate operations on a target

quantum system. We also introduce a new, extremely general quantum-information based

metric for quantifying quantum nonreciprocity.

6.2 Introduction

The study of interactions and scattering that are intrinsically directional (i.e. nonreciprocal)

is at the forefront of many areas of physics. Such interactions are of fundamental interest: for

example, they can lead to exotic phase transitions in classical active matter systems [204–

206], and can also be used to generate dimerized many-body entangled states [207–209].

They also have a myriad of practical applications in both classical and quantum information
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processing tasks, in settings that range from classical photonic and acoustic systems [210–

212], to quantum circuits and networks [213–222].

While classically, one can describe directional interactions using effective non-Hermitian

Hamiltonians, in quantum settings one needs a description that conserves probability and

accounts for quantum fluctuations. The standard quantum description of nonreciprocity is

provided by the theory of cascaded quantum systems [223, 224]. It describes an extremely

general class of fully directional interactions between two subsystems A and B that involve

a pair of arbitrary “local" operators Â and B̂ (i.e. Â only acts on subsystem A, B̂ only acts

on subsystem B). The directional dynamics is described by a Lindblad quantum master

equation (QME) of the form [223–225]:

dρ̂

dt
= −i[ĤAB , ρ̂] +D[Â− iB̂]ρ̂ ≡ LCSρ̂, (6.1)

where ρ̂ is the system density matrix, ĤAB = (Â†B̂ + B̂†Â)/2, and D[Ô]ρ̂ = (Ôρ̂Ô† −

{Ô†Ô, ρ̂}/2) denotes the standard Lindblad dissipator. One can show that the dynamics

encodes a fully one-way interaction where subsystem A affects the dynamics and evolution

of subsystem B, but not vice versa.

Cascaded QMEs were first derived for setups involving an explicitly nonreciprocal element

(e.g. a directional waveguide or circulator). More recently, it was realized that Eq. (6.1) pro-

vides a more general blueprint for engineering nonreciprocal interactions, based on balancing

a coherent Hamiltonian interaction (described by ĤAB) and a dissipative interaction (de-

scribed by the dissipator D[Â− iB̂]ρ̂) [31, 225]. This can be realized by engineering suitable

drives and couplings to dissipative environments, without using a conventional nonreciprocal

element. This approach has been employed in a variety of experiments including quantum

optomechanics (e.g. [216, 218–221]) and superconducting quantum circuits (e.g. [215, 217]).

Note that the coefficient −i in the dissipator of Eq. (6.1) ultimately implies that any phys-

ical means for realizing this dynamics requires an effective broken time-reversal symmetry
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Fig. 6.1: (a) Schematic for quantum nonreciprocal interactions via gauge symmetry. This
approach uses correlated dissipation, but is completely distinct from a cascaded quantum
system. (b) Dissipative steady-state realization of a tunable unitary gate making use of the
nonreciprocal interaction in (a), in a system where subsystem A is a cavity mode a that
controls the gate, and subsystem B is the target qubit. One can selectively apply a unitary
gate (ÛB)

ℓ on B by initializing A in the corresponding Fock state |ℓ⟩, and letting the system
relax to the steady state (see Eq. (6.3) and Section 6.4.3).

(TRS). This can be achieved by using phases encoded in the drive tones applied to the sys-

tem, in a manner that generates a synthetic gauge flux. This time-modulation approach to

nonreciprocity is also well studied in completely classical contexts [210–212].

One might guess that the general structure of Eq. (6.1) is the only way to obtain fully-

directional, Markovian quantum interactions between two systems. In this work we show

that this is not the case. We introduce a new kind of quantum open system dynamics

where correlated dissipation generates nonreciprocal interactions in a manner distinct from

the cascaded QME. As we discuss in detail, we ultimately exploit a basic gauge symmetry

present in any Lindblad master equation. This gives us a mechanism for nonreciprocity that,

surprisingly, does not require any notion of broken TRS or a non-trivial synthetic gauge field.

In its simplest form, the new nonreciprocal QME can be written in terms of a generic local
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operator Â on A and a unitary ÛB on B, as (see Fig. 6.1(a))

dρ̂

dt
= ΓD[ÂÛB ]ρ̂ ≡ Ldirρ̂. (6.2)

As we show, this purely dissipative dynamics is strictly unidirectional (A influences B but

not vice-versa), and moreover, cannot be written in the cascaded QME form of Eq. (6.1).

We also show that this structure has a non-trivial generalization to more complex master

equations with multiple dissipators.

Our work provides a thorough investigation of this new route to quantum nonreciproc-

ity, including implementation methods. We also introduce a new, very general metric for

quantum nonreciprocity that uses quantum-information theoretic tools, and use this to char-

acterize the nonreciprocity of our mechanism in the presence of imperfections. Our study

also goes beyond just fundamental considerations. We discuss a potentially powerful applica-

tion of our new directional dynamics: a method for realizing dissipative steady-state unitary

quantum gate operations. By this, we mean here that the gate operation is realized in the

dissipative steady state of the dynamics. The basic idea is sketched in Fig. 6.1(b). Starting

from a bipartite system having control (A) and target (B) subsystems, the goal is for the

dissipative relaxation of the system (under a dynamics of the form of Eq. (6.2)) to implement

a unitary operation on B whose form is dictated by the initial state of A. Specifically, for a

set of initial states for A indexed by λ, we can achieve:

ρ̂B(∞) = lim
t→∞

TrA
[
etLdir(ρ̂A(λ)⊗ ρ̂B)

]
= ÛB(λ)ρ̂BÛB(λ)

†. (6.3)

The steady state of B is related to its initial state by a unitary, whose form is dictated by

the initial A state. As we discuss in detail, this mechanism for performing gates has several

attractive features: it does not require any timing control, and its dissipative nature makes
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it robust against certain kinds of errors in initial A state preparation (as long as all such A

states lead to the same B unitary). We stress that the mechanism of Eq. (6.3) is completely

distinct from previous works exploring alternative dissipative approaches to quantum control

[226–233]. While the dissipative implementation of quantum gates in Eq. (6.3) is not robust

against loss in A, intriguingly, recent work [234] shows that it leads to a promising route to

realizing autonomous quantum error correction schemes.

The remainder of the chapter is organized as follows. In Section 6.3, we set the stage

for our discussions of quantum nonreciprocity by introducing a very general quantum in-

formation metric that quantifies quantum nonreciprocal (QNR) interactions in an arbitrary

system, in a state-independent manner. Section 6.4 introduces our new mechanism for QNR

in the simplest setting, and discusses its application to dissipative steady-state gate oper-

ations. Section 6.5 discusses physical implementation strategies that are compatible with

state-of-the-art superconducting circuit and quantum optical platforms. Section 6.6 general-

izes our new mechanism to more complex cases with multiple dissipators, and demonstrates

that these QNR interactions can generate entanglement. We conclude in Section 6.7.

6.3 Quantifying nonreciprocity of general quantum dynamics

6.3.1 Basic notions

Before introducing our new mechanism, we start with a more basic question: what is a

fundamental, system-agnostic way of identifying and quantifying nonreciprocal dynamics?

While in simple linear settings one can just look at the asymmetry of scattering-matrix

coefficients at a particular input frequency, we would like a more general metric that can

apply even when there is no obvious connection to scattering, and which is not contingent

on a particular choice of initial state. As we now discuss, we can formulate such a metric

using well-known quantum information-theoretic quantities.
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We start with a generic bipartite system with subsystems A and B, whose dynamics are

described by the evolution superoperator E(AB)
t . This superoperator tells us how the system

density matrix evolves, i.e.

ρ̂AB(t) = E(AB)
t ρ̂AB(0). (6.4)

E(AB)
t is also known as a quantum map or channel; any physical evolution corresponds to

such a map, with the requirement that E(AB)
t be completely positive and trace-preserving

(CPTP) [22]. We stress that this description encompasses a full range of dynamics from

non-dissipative unitary evolution, to highly complex non-Markovian dissipative evolution.

We now want a metric that tells us whether the dynamics describes by E(AB)
t is nonrecip-

rocal. We first introduce the isolation function of subsystem A, I(A)(t), which quantifies how

sensitive the evolution of A is over this time interval to the initial state of subsystem B. The

isolation function of subsystem B, I(B)(t), will be defined in an analogous manner. I(A)(t)

can be directly connected to a standard task in quantum information theory. Suppose we

first prepare subsystem B in one of two given states, |ϕ1⟩ or |ϕ2⟩ with equal probability.

We also prepare A in some state ρ̂A. We then let the total system evolve for time t. We

thus have two possible time-evolution maps for system A, contingent on the two subsytem

B initial states:

E(A)
|ϕi⟩(t)ρ̂A ≡ TrB

[
E(AB)
t (ρ̂A ⊗ |ϕi⟩B⟨ϕi|)

]
. (6.5)

The goal is now to optimally guess which initial state B we started with, using only a

single measurement on the A system at time t. We are interested in the maximum success

probability where we optimize over all A initial states as well as the final A-subsystem

measurement. This probability pmax({|ϕ1⟩ , |ϕ2⟩}) gives us a measure of how different the A
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system dynamics is depending on the choice of initial B state. One finds [235]:

pmax({|ϕ1⟩ , |ϕ2⟩}) =
1

2
+

1

4
||E(A)

|ϕ1⟩(t)− E(A)
|ϕ2⟩(t)||⋄. (6.6)

Here, ||·||⋄ denotes the so-called diamond norm and provides a distance measure between two

quantum channels [236], which is stable with respect to tensor product operations (i.e. at-

taching ancillary quantum systems to A). Note that pmax must lie in the interval [0.5, 1].

Eq. (6.6) thus provides a fundamental metric for the sensitivity of the A system dynamics

to a change in the initial state of B. This then directly leads to a fundamental notion of

how isolated the A system dynamics is from B: further optimize Eq. (6.6) over the choice

of the B system initial states. This leads us to define the subsystem A isolation as:

I(A)(t) ≡ 1− 1

2
max

|ϕ1⟩,|ϕ2⟩∈HB

||E(A)
|ϕ1⟩(t)− E(A)

|ϕ2⟩(t)||⋄, (6.7)

where HB denotes Hilbert space of B. The isolation function I(A)(t) lies in the interval

[0, 1], and measures the maximal influence a change of initial subsystem B state could have

on the A subsystem dynamics. The case of complete isolation, I(A)(t) = 1, implies that the

dynamics of A is completely independent of the initial state of subsystem B. The isolation

function for subsystem B is defined in a completely analogous manner. Note that if A and

B are not coupled at all in the dynamics (i.e. the total channel is a tensor product of

independent channels for each subsystem), then both subsystems are fully isolated at all

times: I(A)(t) = I(B)(t) = 1. For t = 0, both systems are also of course always trivially

isolated as the total channel is the identity.

6.3.2 Instantaneous nonreciprocity

These isolation functions now give us a simple way of identifying nonreciprocal dynamics as

an evolution map that yields I(A)(t) ̸= I(B)(t), i.e. a situation where there is an asymme-
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try in how strongly A influences B versus how strongly B influences A. One can discuss

nonreciprocity for the instantaneous quantum map at a specific time, as well as for the en-

tire evolution. If we focus on a specific time, we can define E(AB)
t as being reciprocal or

nonreciprocal at time t using the isolation functions, i.e.

I(A)(t) = I(B)(t)

⇒E(AB)
t is instantaneously reciprocal at t; (6.8)

I(A)(t) ̸= I(B)(t)

⇒E(AB)
t is instantaneously nonreciprocal at t. (6.9)

6.3.3 Global nonreciprocity

One could also ask about whether the dynamics is nonreciprocal over an entire time interval

[0, t]. In this case, we can define reciprocity by insisting the isolations are identical over the

entire time interval:

∀t ∈ (0,+∞), I(A)(t) = I(B)(t) ⇒ dynamics is reciprocal; (6.10)

∃t ∈ (0,+∞) s.t. I(A)(t) ̸= I(B)(t) ⇒ dynamics is nonreciprocal. (6.11)

6.3.4 Fully nonreciprocal dynamics

Finally, one is also often interested in identifying situations with full nonreciprocity, where

one system is unaffected by the other, but is nonetheless still able to influence it. We

first consider quantum map at a specific time, and define instantaneous full nonreciprocity

(i.e. unidirectionality) from A to B for E(AB)
t at time t as

I(A)(t) = 1, I(B)(t) < 1 ⇒ E(AB)
t is instantaneously unidirectional (A→ B). (6.12)
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Physically, the conditions on LHS can be understood as ensuring that states of A can affect

evolution of B, but not vice versa. One can also define maximal unidirectionality from A to

B (at time t) as any evolution that yields I(A)(t) = 1 and I(B)(t) = 0. More generally, one

can also define fully nonreciprocal dynamics via the condition that dynamics of A is fully

isolated at all times, but B is not fully isolated at some time, as

∀t, I(A)(t) = 1, and ∃t s.t. I(B)(t) < 1. (6.13)

The case of B-to-A full nonreciprocity can be similarly defined by interchanging A and

B in Eq. (6.13). We stress that having fully isolated A dynamics is a necessary but not

sufficient condition for full nonreciprocity from A to B. In fact, it is possible to have

dynamics generated by nontrivial interactions that is isolated in both directions, i.e. I(A)(t) =

I(B)(t) = 1 (for an example, see Section 6.4.4).

6.3.5 Physical intuition and example cases

For a variety of simple test cases, our formal definitions of reciprocity and nonreciprocity

agree with simple intuition. For example, it is easy to show that if the starting bipartite

system is uncoupled, or is symmetric under permutation of A and B labels, then its dynamics

is automatically reciprocal as per the definition in Eq. (6.10). Our definition also does more

than simply quantify asymmetry of the bipartite system. As an example, in Appendix 6.8.1

we consider a class of highly asymmetric bipartite, non-dissipative systems that are always

reciprocal as per our definition in Eq. (6.10). These systems take the B subsystem to be a

qubit, the A system to be arbitrary, and take the two subsystems to interact via coupling

Hamiltonian that commutes with the B-only Hamiltonian. Another interesting test case is

where A and B are both single qubits. In this case, if the evolution is an arbitrary unitary,

then it must be fully reciprocal (see Appendix 6.8.1).
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To gain intuition about the opposite limit of full nonreciprocity, it is useful to examine

cases where dynamics of A is fully isolated. This is of course a necessary condition for fully

unidirectional dynamics (see Eq. (6.13)), but is of course not sufficient. One can show if

B can be exactly traced out from the total system dynamics, then the A isolation by our

definition stays unity throughout the time evolution, i.e.

∀t, TrB
[
E(AB)
t (ρ̂A ⊗ ρ̂B)

]
= E(A)

t ρ̂A ⇒ ∀t, I(A)(t) ≡ 1. (6.14)

Here E(A)
t is a local superoperator acting on A and is independent of ρ̂B . As a result,

dynamics of a generic cascaded quantum systems from A to B (see Eq. (6.1)) must be fully

isolated in terms of subsystem A. Furthermore, because A cannot be exactly traced out from

the system dynamics, the dynamics of B can be affected by A, so that dynamics generated

by Eq. (6.1) is fully nonreciprocal by Eq. (6.13).

6.4 Quantum nonreciprocity via generalized gauge symmetry

6.4.1 Gauge-invariance nonreciprocity with a single dissipator

We now introduce our new method for realizing nonreciprocal quantum dynamics via an

open system Markovian dynamics that is distinct from cascaded quantum systems. We

begin with the simplest case of a Lindblad master equation with a single dissipator, leaving

generalizations to Section 6.6. We start with a seemingly trivial observation for a single,

generic Lindblad dissipator on system A. Such a dynamics is described by

LA,1ρ̂A = ΓD[Â]ρ̂A. (6.15)

It is straightforward to see that this Lindbladian is invariant under an arbitrary gauge

transformation of the jump operator Â → Âeiθ(t), where θ (t) can be an arbitrary time-
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dependent real function. This invariance formally corresponds to a local (in time) gauge

symmetry of a generic Lindblad dissipator.

We can use this trivial insensitivity of the dynamics to θ(t) to now obtain a nonreciprocal

interaction between two systems: simply replace the classical time-dependent phase with a

quantum operator acting on a different quantum system B: θ (t) → θ̂B . As shown in

Fig. 6.1(a), we now rewrite the phase factor in the jump operator as unitary operator ÛB

acting on subsystem B. We thus obtain a new QME (see also Eq. (6.2)):

Ldirρ̂ = ΓD[ÂÛB ]ρ̂. (6.16)

One can easily show that gauge invariance property discussed above ensures that the dynam-

ics of A is insensitive to B. More explicitly, consider a general master equation where the

interaction between A and B is given by Eq. (6.16): (dρ̂/dt) = (LA,i +LB,i)ρ̂+ΓD[ÂÛB ]ρ̂,

with LA(B),i describing internal dynamics of A (B). One can exactly trace out B to obtain

a QME for the A reduced density matrix ρ̂A = TrB ρ̂ alone, as

dρ̂A
dt

= LA,iρ̂A + ΓD[Â]ρ̂A. (6.17)

However, the converse is in general not true: B will be in general influenced by A, i.e. its

evolution is sensitive to the initial state of A as well as LA,i. The only exception is the case

where Â is proportional to a unitary, see also Section 6.4.4.

The more formal definitions of nonreciprocity introduced in Section 6.3 also yield an

identical picture. Because the equation of motion of the A subsystem is independent of the B

state (see Eq. (6.17)), it follows that the A isolation must be unity throughout time evolution,

i.e. I(A)(t) ≡ 1 for all t. For the B isolation, assuming Â is not proportional to a unitary

operator, one can generally show that I(B)(t) < 1 for some time t; see also Section 6.4.2 for a

concrete example with a bosonic lowering operator as Â. Thus, according to the new metric
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based on isolation functions, the QME in Eq. (6.16) describes fully nonreciprocal dynamics

from A to B as long as we have Â†Â ̸∝ Î.

We stress that Eq. (6.16) describes a generic nonreciprocal open-systems dynamics that

is distinct from a cascaded quantum system: it cannot be written in the form of a cascaded

QME, Eq. (6.1). Our new approach in Eq. (6.16) can be written as a Liouvillian that has no

Hamiltonian part, and that has a single dissipator with a jump operator that is a product of

an A operator and a B operator. In marked contrast, the cascaded quantum systems QME

in Eq. (6.1) has a Hamiltonian in its Liouvillian, and a jump operator that is the sum of

a subsystem-A operator and a subsystem-B operator. These cannot be made equivalent.

At a more physical level, the differences in jump operators correspond to different forms

of system-bath coupling. The inequivalence also implies that the nonreciprocal interaction

described by Eq. (6.16) cannot be realized by coupling A and B to a directional waveguide

(see Fig. 6.1(a)).

6.4.2 Example: photon-loss dissipator

To make our ideas more concrete, consider a simple case where the A subsystem in Eq. (6.16)

is a bosonic mode, and Â is taken to be the photon lowering operator â for this mode. Further,

take an initial state where A is unentangled with B, and is prepared either in the vacuum

state |0⟩, or in the Fock state |ℓ⟩ (ℓ > 0). From Eq. (6.7), we can thus obtain an upper limit

of the corresponding B isolation in the long-time t→ ∞ limit as

I(B)(∞) ≤ 1− 1

2
lim
t→∞

||E(B)
|0⟩ (t)− E(B)

|ℓ⟩ (t)||⋄. (6.18)
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One can also show (see Section 6.4.3) that the subsystem-B evolution maps appearing in

this equation have an extremely simple form:

lim
t→∞

E(B)
|n⟩ (t)ρ̂B = Ûn

B ρ̂BÛ
†n
B . (6.19)

Intuitively, this describes a dissipative process where each time a photon is lost from the A

cavity, subsystem B undergoes a unitary evolution ÛB . We can thus derive an upper bound

for the corresponding B isolation in the long-time t→ ∞ limit as [237]

I(B)(∞) ≤ 1−
√
1− min

|ϕ⟩∈HB

|⟨ϕ|Û ℓ
B |ϕ⟩ |2. (6.20)

Letting eiβm denote the eigenvalues ÛB , the RHS of Eq. (6.20) can be further rewritten

explicitly as

I(B)(∞) ≤ 1−max
m,n

∣∣∣∣sin ℓ(βm − βn)

2

∣∣∣∣ . (6.21)

Thus, the B isolation in the long-time limit is less than 1 for any nontrivial unitary Û ℓ
B

(i.e. not proportional to identity map), signalling nontrivial influence from A to B. The

isolation reaches minimal value of zero if Û ℓ
B has two eigenvalues with relative π phase

difference, in which case the long-time evolution becomes maximally nonreciprocal.

6.4.3 Dissipative quantum gates mediated by new form of nonreciprocal

interaction

Our new nonreciprocal QME has many interesting features. Here, we focus on a potentially

powerful application: the implementation of unitary gate operations on subsystem B that

are realized in a dissipative steady state, and whose form is controlled by the initial state of

subsystem A. The most generic way to realize this is to construct a dynamics of the form
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of Eq. (6.16), where Â has a subspace of dark states D: if |d⟩ ∈ D, then Â|d⟩ = 0. Further,

let S denote the set of states in the intersection between the orthogonal complement of D

and the inverse image of D under Â. A given state |ψ⟩ ∈ S is both orthogonal to the dark

state subspace, and has the property Â|ψ⟩ is in D (i.e. a single action of Â results in a dark

state). We now have a simple way to obtain our dissipative gate:

• At t = 0 the full system is taken to be in a product state ρ̂AB(0) = ρ̂A(0)⊗ ρ̂B(0).

• If we don’t want a gate operation to be performed on B, we start subsystem A in an

arbitrary dark state in D. In this case, there is no evolution under Eq. (6.16), and the

subsystem B state is unchanged.

• To turn the gate on, we instead prepare subsystem A in an arbitrary state in S. In this

case, there is non-trivial evolution under Eq. (6.16). To achieve the gate operation,

one just waits until the system reaches its steady state. The dissipative steady state

will be

ρ̂AB(∞) = ρ̂′A ⊗
(
ÛB ρ̂B(0)Û

†
B

)
, (6.22)

where ρ̂′A is in D, i.e. it is a dark state. The final state of B is related to the initial

state by the unitary ÛB .

We stress that this approach realizes a gate operation on system B in the dissipative steady

state; no precise timing control is needed. The only control that is needed is to prepare

subsystem-A at t = 0 in a state in the subspace S. Crucially, this control need not be perfect,

as any state in this manifold (pure or impure) will lead to the desired gate operation. This

resilience is similar in spirit to recent theoretical ideas for mixed-state encodings of quantum

information (see e.g. [238]).

An even more versatile kind of controllable dissipative gate is possible if Â has the

general structure of a lowering operator. By this, we mean that within a given subspace,
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Â is a matrix that only has non-zero entries along the super-diagonal. This is exactly the

situation we have if Â is a bosonic lowering operator â, hence we consider this case in what

follows. As illustrated in Fig. 6.1(b), if the control subsystem A is initialized in a Fock state

|ℓ⟩, the long-time dynamics of the target system effectively applies ÛB ℓ times on the initial

target state, so that we have

lim
t→∞

TrA
{
eLdirt [|ℓ⟩⟨ℓ| ⊗ ρ̂B (0)]

}
= (ÛB)

ℓρ̂B (0) (Û
†
B)

ℓ. (6.23)

This recipe allows one to apply e.g. tunable phase gates on a target qubit. We stress that

this gate mechanism works for generic systems (see Appendix 6.8.7 for an example where it

can be used to apply displacement gates on a harmonic oscillator).

We note that this approach to dissipative unitary gate operations is distinct from previous

works exploring dissipative quantum control. For example, Ref. [226] focused on dissipatively

realizing a unique steady state that effectively realizes a quantum computational task. In

contrast, we are dissipatively implementing a steady-state unitary operation on subsystem

B, not a unique state. Our dissipator in Eq. (6.16) has of course multiple steady states,

something that is exploited by our protocol. Approaches for mimicking Hamiltonian evo-

lution on a subsystem have also been formulated, using either strong dissipation [227–229],

measurements [230–232], or fast repetitive resets [233]. In stark contrast to our work, these

approaches do not yield a time-independent steady state. Instead, one needs to explicitly

shut off the dynamics at a particular time in order to achieve a particular unitary (whereas

we achieve the unitary in the long-time steady state). We stress that our dissipative unitary

gate does not give rise to long time oscillations; as such it is completely distinct from recent

mechanisms studied in the context of quantum synchronization [239, 240].

The dissipative steady-state gate mechanism described here suggests a fundamentally

different physical architecture for constructing a quantum processor. In the standard archi-

tectures, the analog information parameterizing a target gate operation ÛB (e.g. the angles
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and axes of a single-qubit rotation) is contained in external control pulses, whose precision is

subject to fluctuations of external control electronics. Here, the analog parameters of ÛB are

“hard-wired" within the engineered quantum system, whose precision is an inherent property

of the quantum device itself. The subsystem A acts as a classical switch for the gate, and

the only information flow needed to execute the quantum gate is a binary command. While

it may be non-trivial to prepare subsystem A in the starting states in the basic examples

presented in this work (Fock states), in principle the starting manifold S can be made large

and macroscopically distinguishable from D, so the control need not be perfect as any state

in this S (pure or impure) will lead to the desired gate operation. Finally, to be clear, the

non-reciprocal dissipator in the current scheme does not counter decoherence in ρ̂B . In-

terestingly, the mechanism of steady-state unitary gates here provides a powerful knob for

implementing autonomous quantum error correction [241–245] using reservoir engineering,

see [234].

6.4.4 Gauge-invariance nonreciprocity: other generic cases

We now discuss the physics of our nonreciprocal dynamics in Eq. (6.16) for different generic

choices of the subsystem-A operator (beyond the lowering operator case discussed above).

Consider first the case where Â is itself unitary. In this case, there is no asymmetry in our

dissipator (i.e. both subsystem operators are unitary), and correspondingly we would expect

that there cannot be any directional interaction. This is indeed what occurs: in this case,

it is easy to confirm that both systems are isolated from one another. The only way to see

signatures of the interaction would be to consider the evolution of correlations between them.

As discussed in [246, 247], this type of dissipative dynamics can be understood as coupling

both A and B to the same classical Poisson point process. It is then straightforward to show

that time evolution of both of subsystems is independent of the other, and the correlation

between classical stochastic processes coupled to A versus B is only discernible if one looks
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at AB correlators.

Another general case is where the Â operator in Eq. (6.16) is Hermitian. While the

dynamics in this case is directional from A to B, we can exactly solve for the time evolution

in terms of eigenbasis of the jump operator. The system dynamics now allows a simple

interpretation, i.e. B dephases at rates depending on A state, but not vice versa.

6.4.5 Connection to measurement-and-feedforward processes

Given that a large class of standard quantum cascaded systems can be intuitively understood

as being equivalent to a measurement-and-feedforward (MF) process [31, 248], it is worth

discussing the relation between our nonlinear dissipator in Eq. (6.16) and MF protocols. As

shown in [248], dissipators given by Eq. (6.16) can be realized via a generalized MF process

as eLdirδtρ̂ =
∑

ℓ=1,2 M̂ℓρ̂M̂
†
ℓ . Here, the Kraus operators M̂ℓ are given by (to order δt)

M̂1 =
√
ΓδtÂÛB , M̂2 = 1− ΓÂ†Âδt, (6.24)

which satisfy the normalization condition
∑

ℓ=1,2 M̂
†
ℓ M̂ℓ = Î. Intuitively, this stochastic

process corresponds to weakly measuring A, and subsequently applying unitary transforma-

tions on B conditioned on the measurement results. This interpretation provides a simple,

complementary way to understand the directionality of our dynamics in the single dissipator

case. It also tells us that this dynamics can never generate entanglement between A and B.

While for a single dissipator, both the gauge-invariance picture and MF picture let us

understand the directionality, the same is not true for the multiple dissipator case analyzed

in Section 6.6. In this case, the gauge invariance pictures ensures nonreciprocity, but there

is no mapping onto a MF process (and in fact, the dynamics can create entanglement).
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6.4.6 Non-Markovian effects

As we have stressed, the nonreciprocity of the dissipative dynamics in our basic dissipator of

Eq. (6.16) is directly related to the local gauge invariance of a standard Lindblad dissipator.

This effective gauge symmetry however only emerges in the limit of a Markovian bath,

something we discuss in detail in Appendix 6.8.2. Physically, it requires the bath correlation

time τE to be much smaller than the timescale associated with variation of the gauge phase

θ(t): τE ≪ [θ̇ (t)]−1. If this condition is met, then the bath is effectively only sensitive to

the instantaneous value of θ(t), and there is no difference between a constant in time θ(t)

versus a time varying phase. Conversely, if changes in the gauge phase θ (t) are not negligible

during the bath correlation time, the dynamics of θ (t) will induce non-Markovian effects in

the bath, and the system dynamics will no longer be gauge invariant.

The above picture can be made rigorous, and one can calculate leading non-Markovian

corrections. In Appendix 6.8.3, we consider microscopic bath model with a system-environment

(SE) interaction Hamiltonian of the form ĤSE = eiθ(t)ξ̂†Â + H.c.. Here, ξ̂ is the bath op-

erator that couples to the system. We derive the leading-order correction to Eq. (6.15) due

to a finite bath correlation time τE, a correction which scales as τEθ̇ (t). Further, in Sec-

tion 6.5.2, we work with an explicit quantum realization of our dissipative scheme, and use

the isolation functions defined in Section 6.3 to quantify how a finite bath correlation time

causes deviations from full nonreciprocity.

6.5 Physical implementation in cavity QED systems

6.5.1 Basic setup

We now discuss methods for implementing the general nonreciprocal dynamics of Eq. (6.16)

in a quantum optical setup. Note that incidentally, dissipators of the form in Eq. (6.16)

have been used to describe e.g. decay of two-level atoms with recoil [249, 250]. However,
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to the best of our knowledge, such processes have not been discussed in the context of

engineering useful nonreciprocal interactions. The standard treatment of such processes

also immediately expands out the unitary in Eq. (6.16) (see e.g. [251]), obscuring the fully

nonreciprocal structure. In this section, in contrast, we focus on experimentally compatible

methods for realizing a generic target dissipator. One direct approach would be to explicitly

break TRS, and use standard nonreciprocal elements like a circulator or a chiral waveguide.

Formally, such implementations involve starting with a larger system described by a cascaded

master equation, eliminating degrees of freedom, and then obtaining the effective dynamics

of Eq. (6.16). We discuss a generic method for doing this (starting with a chiral waveguide)

in Appendix 6.8.4. Note that several recent circuit QED experiments using nonreciprocal

elements could be usefully interpreted in this way [252–254] (see Appendix 6.8.4 for more

details). We also stress that this recipe for realizing Eq. (6.16) using a larger cascaded

quantum system does not imply that the two types of dynamics are equivalent. To see

this, one may consider an analogical example involving open versus closed quantum systems:

there, it is straightforward to understand that the two still correspond to very distinct forms

of dynamics, even though any open quantum system can be realized by starting from a larger

closed quantum system with auxiliary reservoir modes, and then eliminating the reservoir

degrees of freedom.

We focus here on a more intriguing implementation strategy that uses reservoir engineer-

ing techniques but does not require any elements that explicitly break time-reversal symmetry,

i.e. the dynamics does not involve any nontrivial gauge-invariant phases. We take subsys-

tem A to be a resonator mode with bosonic annihilation operator â, and subsystem B to

be a qubit with Pauli z operator σ̂z. We wish to realize our nonreciprocal master equation

Eq. (6.16) with the choices Â = â, and ÛB = exp(−iθσ̂z/2), i.e.

dρ̂

dt
= Lgateρ̂ = ΓD[e−i θ2 σ̂z â]ρ̂. (6.25)
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Fig. 6.2: (a) Schematic of a setup that realizes a nonreciprocal interaction from a cavity mode
a (A) to a qubit (B). Both subsystems are coupled to an auxiliary damped bosonic mode c
that plays the role of a reservoir, see Eq. (6.27). (b) The effective dissipator describing the
nonreciprocal interaction in the Markovian reservoir limit κc ≫ J .

To engineer the effective dynamics in Eq. (6.25), we couple both the cavity mode a and

the qubit to an auxiliary, highly damped bosonic mode ĉ (decay rate κc), via tunneling and

dispersive interactions respectively (see Fig. 6.2(a)). The interaction Hamiltonian between

the system and the c mode (i.e. the reservoir) is:

Ĥint = (Jâ†ĉ+ H.c.) + (λc/2)σ̂z ĉ
†ĉ, (6.26)

where J denotes the complex tunnel coupling rate. We will also include a direct Hamiltonian

dispersive coupling between the cavity mode â and the qubit, ĤS = (λa/2)σ̂z â
†â. We take a

and cmodes to be resonant, and work in a rotating frame where the a, c and qubit frequencies

are shifted to zero. The total dynamics (including the reservoir c mode) is then described

by the QME:

dρ̂tot
dt

= LSRρ̂tot = −i[ĤS + Ĥint, ρ̂tot] + κcD[ĉ]ρ̂tot. (6.27)

Note that Eq. (6.27) does not involve any explicit breaking of TRS, in that there is no

nontrivial gauge phase. Even if J is complex, the corresponding hopping phase can always

be eliminated by a gauge transformation on â; hence, the phase of J plays no role. This can

be understood physically from the fact that the setup in Eq. (6.27) does not host any closed
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loops enclosing a nontrivial flux. We thus assume henceforth, without loss of generality, that

the cavity-reservoir coupling amplitude in Eq. (6.27) is real and positive, i.e. J = |J |.

We next consider the limit where reservoir-mode photons decay much faster than their

tunneling rate to the cavity, i.e. κc ≫ J . We can then adiabatically eliminate the reservoir

(see Appendix 6.8.5), yielding an effective QME for the cavity-qubit density matrix ρ̂

dρ̂

dt
= −i

[
λa + λeff

2
σ̂z â

†â, ρ̂
]
+ ΓeffD

[
e−i

θeff
2 σ̂z â

]
ρ̂. (6.28)

For κc ≫ J , the parameters in this QME are

Γeff = 4J2κc/(κ
2
c + λ2c), (6.29)

λeff = −4J2λc/(κ
2
c + λ2c), (6.30)

θeff = 2arctan(λc/κc). (6.31)

The various coupling in Eq. (6.28) can be easily given a physical interpretation. In

the regime κc ≫ J , the reservoir and the qubit together forms a new effective, Markovian

environment for the cavity mode. The corresponding effective cavity decay rate Γeff matches

the Fermi’s Golden rule expectation, and is independent of the qubit state. λeff is an induced

dispersive coupling arising from weak hybridization of a and c modes. The most interesting

parameter is the phase θeff . At a heuristic level, whenever a photon hops from the cavity

mode to the reservoir mode and subsequently decays, the qubit is rotated by an angle θeff

about the z axis. In the limit λc ≪ κc, this phase shift can be understood as a product

between photon dwell time in the reservoir c mode, τc ∼ κ−1
c , and the bare qubit-reservoir

dispersive coupling strength λc.

Finally, we imagine tuning the direct dispersive interaction so that it cancels the induced

dispersive interaction, i.e. tune λa = −λeff . In this case, we are left only with the dissi-

pator in Eq. (6.28), which corresponds exactly to the form in our general directional QME
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Eq. (6.25). We thus obtain a completely directional dynamics from the cavity to the qubit.

We stress that this physical implementation uses standard forms of qubit-cavity coupling,

and does not use any explicitly nonreciprocal elements.

It is worth stepping back to ask what the essential ingredients were here to obtain quan-

tum nonreciprocity without any explicit breaking of TRS. Like in our general QME in

Eq. (6.2), it was crucial to have a final dissipator that was a product of A and B oper-

ators, corresponding to a nonlinear system-bath interaction (i.e. the environment couples to

the composite operator ÂÛB). Further, we needed asymmetry: the B operator was unitary,

the A operator was not. It is interesting to note that nonlinearity and broken inversion

symmetry have been used in a very different manner to engineer nonreciprocal scattering

without breaking TRS, both in classical [255, 256] and quantum [257–259] settings. How-

ever, the scattering in those works are only approximately nonreciprocal, and even then only

for a limited range of incident field powers and frequencies. This is very different from our

mechanism, which is unidirectional independent of initial state, and which is not equivalent

to a simple scattering problem.

6.5.2 Non-Markovian effects in the qubit-cavity setup

The physical implementation given by Eq. (6.27) provides a concrete setup where we can

quantitatively analyze the effects of non-Markovianity. In this case, the reservoir (i.e. the

highly damped c mode) has a finite correlation time τc ∼ κ−1
c , and the Markovian limit is

only reached for large decay rate κc. As discussed in Section 6.4.6, the gauge symmetry that

leads to isolation and nonreciprocity in our system only exists in the Markovian limit. We

thus expect to see deviations from ideal behaviour away from this limit.
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Fig. 6.3: (a) State-averaged infidelity of the cavity-controlled steady-state qubit gate, as a
function of the non-Markovianity parameter κc/J . We consider different choices of initial
cavity state: either the Fock state |ϕi⟩A = |1⟩ (solid) or |2⟩ (dashed), and take θeff = π/6.
These different initial cavity states result in different gate operations. Infidelity tends to zero
in the Markovian limit. (b) Isolation functions for both qubit and cavity as a function of the
non-Markovianity parameter κc/J . We take a fixed evolution time t = π/Γeff and θeff = π/6.
Blue curves: cavity isolation I(A)(t), c.f. Eqs. (6.7) and (6.32). Red curves: conditional qubit
isolation function I(B)

{|0⟩,|ℓ⟩}(t) (ℓ = 1, 2) which is an upper bound for the qubit isolation I(B)(t)

, see Eq. (6.33). We see strongly nonreciprocal behaviour (i.e. I(A)(t) ≃ 1, I(B)(t) < 1) even
away from the Markovian limit. As discussed in the main text, when calculating I(A)(t), we
truncate the cavity Fock space to nmax photons for simplicity; the solid (dashed) curve is
for nmax = 1 (nmax = 2).

In Fig. 6.3(a), we numerically investigate the infidelity [260] of the steady-state gate op-

eration performed on B, as a function of the non-Markovianity parameter κc/J . Remaining

parameters are also varied to keep the qubit gate angle θ in Eq. (6.31) fixed (here at a value

θeff = π/6). As expected, the infidelity rapidly drops to zero in the Markovian large κc limit.

This general trend remains true no matter what the chosen value of θeff .

We can also ask how non-Markovian effects impact nonreciprocity in this system. The

isolation functions introduced in Section 6.3 let us quantitatively compare the nonreciprocity
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of Eq. (6.27) for different values of κc. For cavity dynamics due to Eq. (6.27), one can show

that the cavity isolation function can be expressed as

I(A)(t) = 1− 1

2
||E(A)

|↑⟩ (t)− E(A)
|↓⟩ (t)||⋄. (6.32)

where |↑⟩ , |↓⟩ are σ̂z eigenstates. While the diamond norm can be calculated for quantum

maps acting on an infinite-dimensional Hilbert space, to make the problem numerically

tractable, we truncate the cavity Hilbert space to have at most one or two photons (as this

is already sufficient to illustrate the effect of non-Markovianity). The numerically calculated

cavity isolation for increasing cavity decay rates κc is plotted by the blue curves in Fig. 6.3(b).

We see that even for modest values of κc (i.e. not strongly in the Markovian regime), the

cavity is well isolated.

To characterize nonreciprocity, we also need to consider the qubit isolation I(B)(t).

We can find a simple upper bound for this quantity using the conditional qubit isolation

I
(B)
{|0⟩,|ℓ⟩}(t), corresponding to initial control cavity Fock states {|0⟩ , |ℓ⟩} (ℓ = 1, 2), as

I(B)(t) ≤
(
I
(B)
{|0⟩,|ℓ⟩}(t) ≡ 1− 1

2
||E(B)

|0⟩ (t)− E(B)
|ℓ⟩ (t)||⋄

)
. (6.33)

From definition of qubit isolation (c.f. Eq. (6.7)), one sees that I(B)
{|0⟩,|ℓ⟩}(t) must be no

less than the actual qubit isolation function I(B)(t). As shown in Fig. 6.3(b), in the fast

reservoir limit κc/J ≫ 1, I(B)
{|0⟩,|ℓ⟩}(t) (ℓ = 1, 2) (red curves) is considerably smaller than

cavity isolation I(A)(t) (blue curves), demonstrating that the reservoir mode mediates an

effective unidirectional interaction from control cavity to the qubit.
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6.6 Generalized gauge-invariance nonrecipropcity: the

non-abelian case

6.6.1 Gauge symmetry of a multi-dissipator Lindblad master equation

We now discuss how our recipe for quantum nonreciprocity based on gauge invariance can be

extended from Eq. (6.16) to a much broader class of dynamics. This generalized version in-

volves dissipative dynamics with multiple dissipators, and the relevant local gauge symmetry

can become non-abelian. As we show, this generalized version is in general not equivalent to

unconditional evolution under measurement and feedforward, and is capable of generating

entanglement. It is also (like the single dissipator case) distinct from the cascaded quantum

systems master equation.

Similar to Section 6.4.1, we start by considering a single system A undergoing dissipative

Lindblad dynamics, but now involving multiple dissipators:

d

dt
ρ̂A = Γ

N∑
ℓ=1

D[Âℓ]ρ̂A ≡ LAρ̂A. (6.34)

As is well known, multi-dissipator Liouvillians like LA are invariant under a wide class of

transformations that mix the jump operators Âl. Let ulm be the matrix elements of an

arbitrary N ×N complex unitary matrix Ǔ [261]. Then we necessarily have (see e.g. [20]):

N∑
ℓ=1

D[Âℓ] =
N∑
ℓ=1

D

 N∑
m=1

uℓmÂm

 . (6.35)

The above invariance of LA also trivially continues to hold if we make the unitary mixing

matrix Ǔ (t) time dependent. Formally, this represents a local-in-time, non-abelian gauge

symmetry, as for N ≥ 1 different allowed Ǔ do not commute with one another.

For what follows, it will be helpful to give an intuitive picture of this multi-dissipator
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gauge symmetry. Each of the N dissipators in our master equation (indexed by ℓ) can be

interpreted as describing the influence of an independent dissipative bath. The operator∑
m uℓmÂm is then interpreted as the particular system-A operator that couples to bath ℓ.

uℓm are thus system-bath coupling constants. Eq. (6.35) hence tells us that there are several

distinct ways to couple our system to the N baths that results in identical dynamics; all that

is required is that the uℓm form a unitary matrix. At a physical level, this means that each

independent bath should couple to an “orthogonal" set of system operators (i.e. the rows of

Ǔ are orthogonal), and that the “total coupling strength" to bath l is always the same, i.e.∑
m |ulm|2 = 1.

6.6.2 From gauge symmetry to a multi-dissipator non-reciprocal interaction

Similar to Section 6.4.1, Eq. (6.35) now provides a route to construct a nonreciprocal inter-

action with a second subsystem B: we make each matrix element uℓm(t) of Ǔ (t) an operator

ûℓm acting on B. This results in a new master equation acting on the state of the bipartite

A plus B system:

d

dt
ρ̂AB = Γ

N∑
ℓ=1

D [ẑℓ] ρ̂ ≡ Lmultiρ̂, (6.36)

with

ẑℓ =
N∑

m=1

Âmûℓm. (6.37)

At a physical level, we can interpret this as a kind of generalized dissipative parametric

coupling: system B controls the strength and form of the coupling between system A and

the N dissipative baths in the problem. If the different ûℓm operators fail to commute, then

there will be unavoidable quantum noise in the magnitude and form of these couplings. Note

that simpler parametric dissipative couplings have been studied in quantum optomechanics
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(see e.g. [262, 263]), where a mechanical resonator controls the loss rate of a photonic cavity

mode.

The dissipative parametric coupling between A and B in Eqs. (6.36) and (6.37) will not in

general be directional; this requires a further constraint. We now come to the central result

of this section: the master equation Eq. (6.36) mediates a fully nonreciprocal interaction

from A to B if the B operators satisfy the generalized unitarity constraint

N∑
ℓ=1

(ûℓm)† ûℓm′ = EBδmm′ ÎB , (6.38)

where ÎB is the identity operator on subsystem B, and EB is a positive real constant.

Noting that EB can be absorbed into the definition of ûℓm, we set EB = 1 going forward.

If Eq. (6.38) is satisfied, it is easy to show that A is completely isolated from B: one

can trace out B and derive a closed QME for the dynamics of A that is independent of

any additional local dynamics acting on B. This isolation reflects the underlying gauge

symmetry discussed above (see Appendix 6.8.6 for details). The converse is not true: B will

in general be influenced by A. Note that if Eq. (6.38) is satisfied, the operators ûℓm can be

viewed as matrix elements of a generalized unitary transformation acting on a larger space

(see Appendix 6.8.6).

We stress that Eq. (6.36) is not a trivial generalization of the single-dissipator case in

Eq. (6.16), since each individual dissipator D [ẑℓ] need not generate fully nonreciprocal dy-

namics on its own. Unidirectionality is thus in general a collective property of the full Liouvil-

lian, and not of each dissipator on its own. Further, there is no clever transformation that al-

lows one in general to express the Liouvillian in such a form, i.e. Lmultiρ̂ ̸=
∑

ℓ ΓℓD[Â′
ℓÛB,ℓ]ρ̂.

At a physical level, Eq. (6.38) represents a constraint on our dissipative parametric inter-

action. While system B still parametrically controls the coupling of system A to the N

dissipative baths in our problem, the coupling to each of these baths is fixed in magnitude
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irrespective of the state of B. Further, each bath always sees an orthogonal combination of

the system-A operators Âℓ. This constraint ensures system A is independent of system B

(by virtue of the symmetry in Eq. (6.35)), but still allows A to influence B.

6.6.3 Example: qubit-controlled photonic loss

As a concrete example, we consider a bipartite system where the A subsystem is comprised of

two photonic cavity modes a1, a2, and the B subsystem is a single qubit (see Fig. 6.4(a)). We

take the basic dissipative process to be single photon loss on each cavity mode, i.e. Âℓ = âℓ

(ℓ = 1, 2). Consider first the setup without the qubit. In this case, the RHS of the master

equation in Eq. (6.35) describes a setup where each cavity couples to its own output waveg-

uide, with the two waveguides then being routed through a beam splitter with scattering

matrix Ǔ . The two outputs of the beam splitter are then routed to zero-temperature reser-

voirs. One clearly sees that the particular form of the beam splitter unitary is immaterial

to the two cavity modes: regardless of its form, each cavity mode experiences identical,

independent single photon loss.

We now use our general recipe to make this into a nonreciprocal interaction between the

two cavity modes and a qubit, by making the beam splitter a “quantum" beam splitter whose

scattering properties depend on qubit operators. Such a qubit-controlled beam splitter can

be characterized by a unitary operator Ûqbs on the total cavity-qubit system. We take this

operator to depend on both σ̂z and σ̂x, with a total system dynamics that is described by:

L2ρ̂ = Γ
2∑

ℓ=1

D [ẑℓ] ρ̂, ẑℓ = Ûqbsâℓ(Ûqbs)
†, (6.39)

with

Ûqbs = e
iφσ̂z

(
â
†
1â1−â

†
2â2

)
+iθσ̂x

(
â
†
1â2+â†2â1

)
. (6.40)
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Fig. 6.4: (a) Schematic illustrating a 2-dissipator gauge symmetry nonreciprocal interaction.
Two cavity modes a1,a2 are coupled each to waveguides, which are then sent to a beam
splitter that depends on the state of a qubit. The dissipation is described by the Liouvillian
Γ(D[ẑ1] + D[ẑ2]) (see Eqs. (6.39) and (6.41)). (b) Numerically computed cavity isolation
I
(A)
{|+x⟩,|−x⟩}(t) for dynamics generated by the 2-dissipator sum (solid red line), versus a sin-

gle dissipator 2ΓD[ẑ1] (dashed blue curve). The A isolation stays unity in the former case, as
expected for any dynamics that is fully nonreciprocal by design (see discussion on Eq. (6.39)).
In contrast, individual dissipators from the setup in (a), e.g. D[ẑ1], is not unidirectional. For
illustrative purposes, the numerics plotted here is restricted to the subspace with at most two
photons in A, but our result remains valid for a1, a2 modes with infinite levels. (c) Entangle-
ment (logarithmic negativity EN ) generation by the dissipations, assuming a product initial
state |11⟩A ⊗

∣∣+y
〉
B . The fully nonreciprocal interactions generated by Γ(D[ẑ1] + D[ẑ2])

creates entanglement (solid red curve), signaling nontrivial influence from the cavity modes
to the qubit.

The qubit-controlled beam splitter in Eq. (6.40) generalizes simpler constructions only in-

volving a single qubit operator. The latter setups have been discussed theoretically (see

e.g. [238, 264]) and even realized recently in experiment [265]. As we will see, using two

non-commuting operators in our example will give us a new dynamical structure that is
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distinct from the single-dissipator setup in Section 6.4.1.

The jump operators in Eq. (6.39) can be explicitly computed to be

ẑ1 = e−iφσ̂z (cos θ â1 − i sin θ σ̂xâ2) , (6.41a)

ẑ2 = eiφσ̂z (−i sin θ σ̂xâ1 + cos θ â2) . (6.41b)

Each of these dissipators has a non-trivial action on the composite system that in general

will correlate the state of the qubit and cavities (see Fig. 6.4(a)). For example, the jump

operator ẑ1 has an amplitude for flipping the state of the qubit (correlated with loss from a2)

and for not flipping the qubit state (correlated with loss from a1). The situation is reversed

for ẑ2. In general, neither of these jump operators can be written as a product of a qubit

operator times a cavity operator. For simplicity, we assume θ = φ = π/4 in what follows,

but our results are valid as long as sin 2θ sin 2φ ̸= 0. Note that the latter constraint ensures

that Eq. (6.39) cannot be decomposed into a trivial sum of single nonreciprocal dissipators.

The dissipators in the master equation Eq. (6.39) have the same form as those in the

general nonreciprocal master equation Eq. (6.37). A direct computation also shows that the

unitarity condition of Eq. (6.38) is satisfied. As a result, Eq. (6.39) necessarily describes a

unidirectional interaction from the subsystem A cavity modes to subsystem B, the qubit.

The cavity modes are unaffected by the qubit, and each experience simple loss at rate Γ.

In contrast, the qubit remains non-trivially influenced by the cavity modes. It is interesting

to ask what this nonreciprocal interaction means physically. To obtain intuition, one can

consider the simple case where â1, â2 are replaced by c-numbers α1, α2. The form of qubit

dissipation then crucially depends on the relative phase between the two amplitudes, i.e. the

phase of α1/α2: if the ratio is real, the two qubit jump operators will be proportional to

two unaligned unitaries, and the resulting qubit dynamics simply corresponds to coupling to

classically stochastic Hamiltonians [247]. In contrast, if α1/α2 is complex, i.e. α1, α2 have

different phases, then the jump operators will not be proprotional to unitaries, generating
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richer dissipative dynamics for the qubit.

An alternative picture for Eq. (6.39) is provided by viewing the dynamics as due to an

average over stochastic quantum jumps [266]. As we show, this is particularly useful for

understanding entanglement generation by the nonreciprocal dynamics. Consider a product

initial state, |ΨAB⟩ = |11⟩A ⊗
∣∣ψqb〉B with a generic qubit state

∣∣ψqb〉B . With a single

quantum jump, the initial state is acted once by ẑ1 or ẑ2 (see Eq. (6.41)). Because the

action on qubit state by these jump operators is correlated with the action on the 2-photon

state, the total qubit-cavity state will in general become entangled after the jump, indicating

possible entanglement generation in the averaged dynamics. Later in this section, we further

provide a concrete example for entanglement generation by Eq. (6.39).

To help see these properties more explicitly, and to see that the directionality is not a

property of each dissipator on its own, we can calculate the isolation function of subsystem

A (defined via Eqs. (6.5) and (6.7)). We compare the nonreciprocal dynamics as generated

by Eq. (6.39), against the case with just a single dissipator, i.e.

L′
2ρ̂ = 2ΓD [ẑ1] ρ̂, (6.42)

where the jump operator is again given by Eq. (6.41a). In Fig. 6.4(b), we plot the conditional

subsystem A isolation I(A)
{|+x⟩,|−x⟩}(t), defined as:

I
(A)
{|+x⟩,|−x⟩}(t) ≡ 1− (1/2)||E(A)

|+x⟩(t)− E(A)
|−x⟩(t)||⋄. (6.43)

This quantity measures how sensitive the subsystem A dynamics is to the initial state of

B, when B starts in a σx eigenstate |±x⟩. It sets an upper bound on the full A subsystem

isolation I(A)(t). As shown in Fig. 6.4(b), the conditional cavity isolation stays unity at all

times for the master equation Eq. (6.39). This is as expected, as the generalized unitarity

constraint is satisfied. As a result, I(A)(t) should be unity according to Eq. (6.14). In
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contrast, the A isolation is significantly smaller than 1 for the case where we only have

one of the two required dissipators, see Eq. (6.42). In this case, A is not isolated from

B. This shows concretely that the combined action of both dissipators in Eq. (6.39) leads

to a fully directional dynamics, even though each on its own does not mediate a one-way

interaction. Note that in this plot, we have calculated the isolation functions in a restricted

cavity Hilbert subspace with at most 2 total photons. However, this does not affect the

validity of our conclusion, since numerically computed isolation will set an upper bound for

the isolation of the bosonic A subsystem with infinite levels. As such, our calculation clearly

shows that we cannot get fully nonreciprocal interaction with only one of the dissipators in

Eq. (6.41).

Of course, simply showing that subsystem A is isolated does not indicate a nonreciprocal

interaction: we also need to verify that B is influenced by A, and that we have not simply

cancelled any interaction between the two subsystems. To show that there is indeed a

nonreciprocal interaction, in Fig. 6.4(c) we show that our master equation (Eq. (6.39))

can generate entanglement between the two subsystems. We show in that figure the time-

dependent entanglement, as quantified by the logarithmic negativity, between A and B

starting with an initial product state |11⟩A ⊗
∣∣+y
〉
B , with

∣∣+y
〉
B denoting the qubit σ̂y

eigenstate. We see that entanglement is generated at intermediate times (red solid curve),

even though system A is fully isolated at all times. This indicates that A must be influencing

B, and that we have a nontrivial nonreciprocal interaction.

The fact that our dynamics can generate entanglement also leads to other important

conclusions. It immediately implies that Eq. (6.39) cannot be realized via local measurement

and feedforward processes, and as such, cannot be rewritten as a sum of single nonreciprocal

dissipators, each having the form of Eq. (6.16). If such a decomposition were possible (see

e.g. Appendix 6.8.6), then our dynamics would be equivalent to a local measurement-plus-

feedforward protocol, something that cannot generate entanglement (c.f. discussion below
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Eq. (6.24)). We note that this nonreciprocal entanglement generation is unique to the multi-

dissipator version of our master equation.

Finally, as in the simpler single dissipator version of our mechanism, deviations from the

Markovian limit will also impact the directionality of our interaction; this is discussed in

more detail in Appendix 6.8.3.

6.7 Summary and outlook

In this work, we have introduced and analyzed a new kind of dissipative dynamics that leads

to fully nonreciprocal interactions between two quantum systems. The crucial ingredient

was a time-local gauge symmetry inherent in any Markovian, Lindblad master equation.

Surprisingly, the explicit breaking of time-reversal or the use of synthetic gauge fields were

not necessary. As such, our new class of directional quantum master equations do not have

the form of a standard cascaded quantum master equation.

Nonreciprocal quantum interactions are being actively studied for both their fundamental

and practical implications. Our results thus greatly expand the toolbox and class of interac-

tions available for such studies. In terms of application, we have shown how our interactions

can be used for a new kind of dissipative quantum gate; the application to more complex

kinds of quantum control (using e.g. the multi-dissipator version of our dynamics) could

be extremely fruitful. We note that in a very different context, engineered dissipation has

been studied theoretically [241, 245] and demonstrated experimentally [242–244] as means

to realize autonomous quantum error correction (AQEC). Here, dissipative processes are

designed to mitigate errors by bringing the system back to a desired code space. While our

dissipative nonreciprocity and dissipative gates are very different in nature, it is worth asking

whether these ideas could be combined with autonomous error correction for even more ro-

bust forms of quantum information processing. In [234], the general nonreciprocal structure

in Eq. (6.16) is shown to enable a novel AQEC scheme against excitation loss, a dominant er-
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ror source in bosonic systems. In concatenation with discrete variable QEC codes, it further

offers a promising route towards practical fault-tolerant quantum computation (see [234] for

detail). In another example, cases of nonreciprocal dissipators Eq. (6.16) are also consid-

ered for achieving passively-protected quantum memory [267]. Unlike our work, Ref. [267]

did not note the general underlying nonreciprocal structure in Eq. (6.16), nor provide any

route to physically realizing the required dissipators. An important open question is under

what circumstances such nonreciprocal dissipators would provide a practical advantage in

applications; we leave a systematic study to future works.

Our work also has great potential for fundamental studies. For example, it provides a

direct way of designing quantum analogues of classical kinetically constrained models that

feature directionality (see e.g. [268]). Such models could provide a new setting to study

glassy dynamics in the quantum regime. It would also be interesting to study our new kind

of dissipative interactions in many-body lattice models. Here, our mechanism could be used

to construct a class of directional models that are dissipative analogues of closed systems

with dynamical gauge fields. The latter is a topic of intense interest in a variety of engineered

quantum systems (see e.g. Refs. [269–272]).

6.8 Appendices

6.8.1 Examples of Hamiltonians dynamics that are fully reciprocal according

to Eq. (6.10)

In Section 6.3 in the main text, we introduce a new metric of isolation to quantify the

influence of one subsystem on the dynamics of another subsystem, which leads to a general

definition of reciprocity and nonreciprocity in the quantum regime. It is interesting to

ask what the isolation looks like, and how nonreciprocal it is, if one considers fully coherent

(i.e. Hamiltonian) dynamics. In this Appendix, we provide two general classes of Hamiltonian
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dynamics, which can be proven to be reciprocal as per Eq. (6.10). It is also intriguing to ask if

fully Hamiltonian dynamics of generic systems should always be reciprocal by the definition

in Eq. (6.10). While we conjecture that it should be case, in order for the definition of

(non)reciprocity in Section 6.3 to align with the (breaking of) Onsager reciprocity relations,

we leave a thorough study to future works.

Isolation function of reciprocal dynamics generated by Hamiltonians with local

qubit (B) Z2 symmetry

While our proof can be straightforwardly generalized to Hamiltonian dynamics of generic

bipartite systems with NA (NB)-dimensional subsystem A (B), as long as the total AB

Hamiltonian has a local symmetry that is NB-dimensional and nondegenerate within B

subspace, for the sake of clarity, here we focus on bipartite systems AB where B is a single

qubit. In this subsection, we explicitly derive the isolation functions for dynamics generated

purely by Hamiltonians with a local qubit Z2 symmetry, and show that any such dynamics

must be fully reciprocal by the definition in Eq. (6.10). We stress that such Hamiltonians,

albeit having a constrained form, can be generally nonlinear and interacting.

Consider a generic bipartite system consisting of an NA-dimensional system as A and a

qubit as B. We assume the system evolves under a Hamiltonian ĤAB , where interaction

between A and B commutes with the qubit-only Hamiltonian ĤB,0 ≡ TrAĤAB . We can

thus define, without loss of generality, the eigenstates of ĤB,0 as qubit σ̂z eigenbasis, and

rewrite the system Hamiltonian as follows

ĤAB = ĤA ⊗ ÎB + ξ̂A ⊗ σ̂z. (6.44)

For notation simplicity, it is convenient to rewrite the total Hamiltonian in terms of projectors
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onto qubit σ̂z eigenstates, as

ĤAB = Ĥ
(A)
↑ ⊗ |↑⟩⟨↑|+ Ĥ

(A)
↓ ⊗ |↓⟩⟨↓| , (6.45)

where the conditional A Hamiltonians contingent on qubit states |σ⟩ (σ =↑, ↓) are given by

Ĥ
(A)
↑/↓ = ĤA ± ξ̂A.

Following Eq. (6.5) in the main text, we can again define evolution superoperator of A,

depending on initial qubit (B) state |ϕi⟩, as

E(A)
|ϕi⟩(t)ρ̂A ≡ TrB

[
e−iĤABt(ρ̂A ⊗ |ϕi⟩B⟨ϕi|)eiĤABt

]
. (6.46)

Substituting Eq. (6.45) into above equation, the conditional A quantum map can be straight-

forwardly calculated as

E(A)
|ϕi⟩(t)ρ̂A =

∑
σ=↑,↓

|⟨σ|ϕi⟩|2 e−iĤ
(A)
σ tρ̂Ae

iĤ
(A)
σ t. (6.47)

Since the A evolution in this case can be rewritten as a probabilistic mixture of unitary

gates, the A isolation can be shown to have a closed analytical form. For convenience, we

first introduce the unitary operator Û (A)
↓↑ (t) acting on A that describes the “overlap" between

the two conditional unitary maps as

Û
(A)
↓↑ (t) = e

iĤ
(A)
↓ t

e
−iĤ

(A)
↑ t

, (6.48)

and define its eigenvalues as eiϕℓ (ℓ = 1, 2, . . . , NA). One can thus show that

I(A)(t) =1− max
1≤ℓ<m≤NA

∣∣∣∣sin (ϕℓ − ϕm)

2

∣∣∣∣ . (6.49)

Conversely, we can also compute the qubit (B) isolation exactly, since the qubit undergoes
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a constrained form of dynamics that conserves the σ̂z operator (c.f. the system Hamiltonian

in Eq. (6.44)). In this case, the qubit experiences simple phase shift and/or dephasing during

the time evolution. More specifically, given initial qubit state ρ̂B and expanding it using σ̂z

basis, the qubit populations stay constant throughout the evolution. The qubit coherence

due to Eq. (6.45) can be computed as

⟨↑| E(B)
|ϕi⟩ (t)ρ̂B |↓⟩
⟨↑| ρ̂B |↓⟩

= Tr
(
e
−iĤ

(A)
↑ t |ϕi⟩A⟨ϕi| e

iĤ
(A)
↓ t
)

(6.50)

= Tr
(
Û
(A)
↓↑ (t) |ϕi⟩A⟨ϕi|

)
, (6.51)

where Û (A)
↓↑ is again the overlap unitary in Eq. (6.48). Because the qubit map now takes

a pure-dephasing form, the diamond norm between two such qubit maps can be explicitly

derived as

||E(B)
|ϕ1⟩(t)− E(B)

|ϕ2⟩(t)||⋄ =
∣∣∣Tr
[
Û
(A)
↓↑ (t)(|ϕ1⟩⟨ϕ1| − |ϕ2⟩⟨ϕ2|)

]∣∣∣
=
∣∣∣⟨ϕ1| Û (A)

↓↑ (t) |ϕ1⟩− ⟨ϕ2| Û (A)
↓↑ (t) |ϕ2⟩

∣∣∣ . (6.52)

Expanding the states |ϕ1⟩ , |ϕ2⟩ in Eq. (6.52) using eigenbasis of Û (A)
↓↑ , and optimizing over

all A initial states, one can compute the B isolation function I(B)(t) as follows

I(B)(t) ≡1− 1

2
max

|ϕ1⟩,|ϕ2⟩∈HA

||E(B)
|ϕ1⟩(t)− E(B)

|ϕ2⟩(t)||⋄

=1− 1

2
max

|ϕ1⟩,|ϕ2⟩∈HA

∣∣∣⟨ϕ1| Û (A)
↓↑ (t) |ϕ1⟩− ⟨ϕ2| Û (A)

↓↑ (t) |ϕ2⟩
∣∣∣

=1− max
1≤ℓ<m≤NA

∣∣∣∣sin (ϕℓ − ϕm)

2

∣∣∣∣ . (6.53)

Comparing above expression to Eq. (6.49), we thus have

I(A)(t) =I(B)(t). (6.54)
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Proof of reciprocity for arbitrary Hamiltonian dynamics of two-qubit systems

In this subsection, we restrict to bipartite systems where both A and B are single qubits, and

we seek to prove that arbitrary Hamiltonian dynamics of this two-qubit system is reciprocal

as per Eq. (6.10). To start, we note that the isolation function of A (B) is invariant under

applications of local unitaries at the input and/or output ports of the quantum channel.

More specifically, we consider two generic quantum maps E(AB) and F (AB) that are related

by the following equation

E(AB)ρ̂AB = (ŴA ⊗ ŴB)
(
F (AB)ρ̂′AB

)
(Ŵ

†
A ⊗ Ŵ

†
B), (6.55)

ρ̂′AB = V̂A ⊗ V̂B ρ̂ABV̂
†
A ⊗ V̂

†
B . (6.56)

Making use of the fact that the diamond norm (c.f. Eq. (6.6)) is invariant under unitary

transformations applied before or after the quantum channels [235], one can straightforwardly

show that the corresponding isolation functions I(A/B)(E(AB)) and I(A/B)(F (AB)) are also

equal for two maps, i.e.

I(A/B)(E(AB)) = I(A/B)(F (AB)). (6.57)

The isolation functions in above equation are defined similarly to Eq. (6.7) for the two

channels, and we omit any time variables (if applicable) for notation simplicity.

We next observe that, as pointed out in the main text, dynamics generated by any

Hamiltonian symmetric under permutation of A and B is automatically reciprocal by our

definition. For 2-qubit systems, and assuming no local Hamiltonians, we conclude that dy-

namics generated by so-called Heisenberg XY Z interactions should be reciprocal. Rewriting
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the corresponding unitary evolution superoperator as

U (AB)
XY Z ρ̂AB = ÛXY Z ρ̂ABÛ

†
XY Z , (6.58)

ÛXY Z = exp

[
−i
( ∑
α=x,y,z

Jασ̂A,ασ̂B,α

)]
, (6.59)

we thus have

I(A)(U (AB)
XY Z) = I(B)(U (AB)

XY Z). (6.60)

Finally, we make use of the standard decomposition of any 2-qubit rotations into local

unitaries and a Heisenberg unitary [273], which can be viewed as a special case of the KAK

decomposition of Lie groups. For a generic 2-qubit unitary operator ÛAB , the decomposition

states that there exist two local unitary unitaries ÛA,ℓ ⊗ ÛB,ℓ (ℓ = 1, 2), such that the

following equality holds

ÛAB = (ÛA,1 ⊗ ÛB,1)ÛH(ÛA,2 ⊗ ÛB,2), (6.61)

ÛH = exp

[
−i
( ∑
α=x,y,z

hασ̂A,ασ̂B,α

)]
. (6.62)

Comparing above equation with Eq. (6.55), we see that the unitary map generated by ÛAB

has the same isolation functions as that generated by ÛH. From Eq. (6.60), we can further

prove that for any 2-qubit unitary evolution U (AB)
2 ρ̂AB = ÛAB ρ̂ABÛ

†
AB , we have

I(A)(U (AB)
2 ) = I(B)(U (AB)

2 ), (6.63)

so that any 2-qubit Hamiltonian dynamics must be reciprocal.
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6.8.2 The emergence of gauge symmetry in a single-dissipator Markovian

Lindblad master equation

As discussed in the main text, the unidirectional nature of dynamics generated by the nonlin-

ear dissipator D[ÂÛB ]ρ̂ (see Eq. (6.16) in the main text) crucially depends on a fundamental

gauge symmetry, which is inherent to Lindblad-form QMEs that describe Markovian envi-

ronments. In this section, we illustrate this connection using a microscopic model for the

quantum dissipation.

Let us consider a generic, single Lindblad dissipator of system A, given by

LA,1ρ̂ = ΓD[Â]ρ̂. (6.64)

Without loss of generality, we could model the dissipation as due to a bosonic microscopic

environment consisting of harmonic oscillator modes bℓ, so that the system-bath Hamiltonian

can be written as

Ĥtot = ĤE + ĤSE, ĤE =
∑
ℓ

ωℓb̂
†
ℓ b̂ℓ, (6.65)

ĤSE = Âξ̂† + H.c., ξ̂ =
∑
ℓ

g∗ℓ b̂ℓ. (6.66)

The density of states (DOS) function J0 [ω] of this bosonic environment can be explicitly

computed in terms of the interaction picture bath operator ξ̂ (t) = eiĤEtξ̂e−iĤEt, as

J0 [ω] ≡
1

2π

∫ ∞

−∞
⟨[ξ̂ (t) , ξ̂† (0)]⟩eiωtdt (6.67)

=
∑
ℓ

|gℓ|2 δ (ω − ωℓ) . (6.68)
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In the Markovian limit, the environmental DOS J0 [ω] reduces to a constant, i.e. we have

J0 [ω] ≡ Γ ⇔ ⟨[ξ̂ (t1) , ξ̂† (t2)]⟩ = Γδ (t1 − t2) . (6.69)

In this limit, we can integrate out the bath dynamics to obtain a standard Lindblad equation,

as given by Eq. (6.64).

We now perform a standard gauge transformation that shifts the jump operator phase by

a time-dependent real value θ (t), i.e. Â→ Â′ = Âeiθ(t), so that the new interaction picture

system-bath interaction becomes

Ĥ ′
SE (t) =

∑
ℓ

(
gℓÂb̂

†
ℓe

iωℓt+iθ(t) + H.c.
)
. (6.70)

Mathematically, the gauge symmetry of the Lindblad dissipator can be understood from the

fact that the microscopic bath DOS J ′ [ω] stays invariant under the gauge transformation.

More specifically, we can show rigorously

J ′ [ω] =
1

2π

∫ ∞

−∞

∑
ℓ

|gℓ|2 eiωt−iωℓte−iθ(t)+iθ(0)dt (6.71)

= Γ

∫ ∞

−∞
δ (t) e−iθ(t)+iθ(0)dt = Γ. (6.72)

This derivation formally shows that the microscopic origin of the time-local gauge symmetry

of the Lindbladian in Eq. (6.64) is due to a completely flat bath DOS function, i.e. due to a

Markovian environment.

As mentioned, above derivation requires the bath is perfectly Markovian, so that the

bath correlation function ⟨[ξ̂ (t) , ξ̂† (0)]⟩ is proportional to a delta function. We now discuss

an intuitive way to understand the role of Markovianity in the emergence of the time-local

gauge symmetry. Noting the gauge phase eiθ(t) enters the interaction picture Hamiltonian

in exactly the same manner as dynamical phases of the environmental modes eiωℓt, we could
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formally absorb time dependence of the gauge phase into the definition of environmental

chemical potential, by going to the following rotating frame defined with respect to Ĥrot, as

Ĥ ′
E → Ĥ ′′

E = ĤE − Ĥrot, (6.73)

b̂′ℓ → b̂′′ℓ = eiĤrottb̂ℓe
−iĤrott = b̂ℓe

iθ(t), (6.74)

where we have

Ĥrot = −θ̇ (t)
∑
ℓ

b̂
†
ℓ b̂ℓ. (6.75)

We remark that the system-bath interaction in the rotating frame takes the same form as

the original interaction Hamiltonian in Eq. (6.66), i.e. we have

Ĥ ′′
E =

∑
ℓ

[
ωℓ + θ̇ (t)

]
b̂
†
ℓ b̂ℓ, (6.76)

Ĥ ′′
SE =

∑
ℓ

(
gℓÂb̂

†
ℓ + H.c.

)
. (6.77)

Noting that the bath Hamiltonian now varies in time, we can formally define a time-

dependent bath DOS function J [ω; t], as

J [ω; t] ≡
∑
ℓ

|gℓ|2 δ
(
ω − ωℓ − θ̇ (t)

)
, (6.78)

which can be related to the original bath DOS function J0[ω] in Eq. (6.68) as

J [ω; t] = J0[ω − θ̇ (t)]. (6.79)

In the Markovian limit we thus have J [ω; t] ≡ J0[ω] = Γ, so that the bath DOS is invariant

under generic gauge transformations. For a realistic environment, the bath bandwidth should
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be finite and hence cannot be perfectly Markovian. In this case, above analysis would be

valid as long as the bath correlation time τE is much smaller than timescale associated with

dynamics of the gauge phase, i.e. τEθ̇ (t) ≪ 1.

6.8.3 Leading-order non-Markovian corrections to fully nonreciprocal master

equations due to broken gauge symmetry

Single-dissipator case

The discussion in the preceding section relates an intrinsic gauge symmetry of any Lind-

bladian dissipative dynamics to the Markovian nature of the corresponding bath. In this

subsection, we focus on Lindbladians with a single dissipator, and examine how the gauge

symmetry can be broken if the bath deviates from the Markovian limit. We again start

with the interaction picture system-bath Hamiltonian, where the system-bath coupling is

modulated in time by a phase factor (which formally acts as a gauge transformation on the

jump operator). The Hamiltonian is given by Eq. (6.70), as

Ĥ ′
SE (t) = Âξ̂†eiθ(t) + H.c. (6.80)

=
∑
ℓ

(
gℓÂb̂

†
ℓe

iωℓt+iθ(t) + H.c.
)
. (6.81)

Assuming the bosonic bath is in the vacuum state, we can derive a Markovian evolution

equation for the system density matrix as

d

dt
ρ̂ (t) = −i[Σ (t) Â†Â, ρ̂ (t)] + ΓBR (t)D[Â]ρ̂ (t) . (6.82)

Note that above equation is an example of the so-called Bloch-Redfield equation, which

generalizes standard Lindblad master equation by incorporating effects due to a finite bath

correlation time. The Bloch-Redfield equation still assumes the bath is Gaussian, but allows
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the bath to be non-Markovian. The first term on the RHS of Eq. (6.82) is analogous to the

Lamb shift, and describes a correction to the coherent system Hamiltonian due to coupling to

the environment. The second term takes the same form as the standard Lindblad dissipator,

but the dissipator strength can now be negative because we have included effects from a

non-Markovian bath.

To compute the coefficients Σ (t) and ΓBR (t) in Eq. (6.82), it is useful to view Eq. (6.81)

as coupling the system to a new, effective bath operator, whose phase is modified by the

gauge phase eiθ(t). We refer to this new bath as the “gauge transformed bath" in the following

discussions. We can thus introduce the 2-point correlation function Eθ (t1, t2) of the new bath

operator, which is given by

Eθ (t1, t2) ≡ ⟨ξ̂ (t1) ξ̂† (t2)⟩e−iθ(t1)+iθ(t2) (6.83)

=
∑
ℓ

|gℓ|2 e−iωℓ(t1−t2)−iθ(t1)+iθ(t2). (6.84)

It is important to note that while the original bath is stationary, the new bath set by the

gauge phase is generally nonstationary, except for the trivial case where the gauge phase

θ (t) is only a linear function of time. This means that the correlation function Eθ (t1, t2)

in Eq. (6.84) would depend on both the time difference t1 − t2 and the “center of times"

(t1+ t2)/2, unless we have θ (t) = θ (0)+ tθ̇ (0). The Lamb shift coefficient Σ (t) can now be

related to the bath correlation function as

Σ (t) = Im
∫ t

0
dt1⟨ξ̂ (t) ξ̂† (t1)⟩e−iθ(t)+iθ(t1) (6.85)

= Im
∫ t

0
dt1Eθ (t, t1) , (6.86)
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and the dissipator strength ΓBR (t) is in turn given by

ΓBR (t) = 2Re
∫ t

0
dt1Eθ (t, t1) . (6.87)

If the original bath has a finite but short correlation time τE (the definition of short will

become clear in discussion that follows), we can compute the leading order non-Markovian

correction in the master equation, which depends on θ̇ (t). We first rewrite the correlation

function of the gauge transformed bath in terms of the autocorrelation function of the old

bath E (t1, t2) (setting θ (t) ≡ 0 in Eq. (6.84)) as

Eθ (t1, t2) = E (t1, t2) e
−iθ(t1)+iθ(t2). (6.88)

Without loss of generality, we assume the bath has a finite correlation time τE, so that the

stationary bath autocorrelation function can be written as

E (t1, t2) = Eθ (t1, t2)|θ(t)≡0 = g2effe
−|t1−t2|/τE , (6.89)

where geff =
√

E (0, 0) is a real coupling coefficient that characterizes the system-bath cou-

pling strength. If the gauge phase changes much slower than the bath correlation time,

i.e. we have

τ2Eθ̈ (t) ≪ τEθ̇ (t) ≪ 1, ∀t, (6.90)

and if we are interested in system dynamics over timescales that are much longer than the

bath correlation time (t ≫ τE), then we can approximate the integral entering Eqs. (6.86)
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and (6.87) as

∫ t

0
dt1Eθ (t, t1)

=g2eff

∫ t

0
e−(t−t1)/τEe−iθ(t)+iθ(t1)dt1 (6.91)

≃g2eff
∫ t

−∞
e−(t−t1)/τEe−iθ̇(t)(t−t1)+

i
2 θ̈(t)(t−t1)

2
dt1 (6.92)

≃g2effτE[1− iτEθ̇ (t) + iτ2Eθ̈ (t)− τ2Eθ̇ (t)
2]. (6.93)

Thus, we obtain first two leading-order contributions to the Lamb shift, and to the time-

dependent decay rate, in terms of the small parameter τEθ̇ (t) as

Σ (t) ≃ −g2effτ2E[θ̇ (t)− τEθ̈ (t)], (6.94)

ΓBR (t) ≃ 2g2effτE

(
1− [τEθ̇ (t)]

2
)
. (6.95)

We can thus rewrite Eq. (6.82) as

d

dt
ρ̂ (t) ≃ig2effτ2E[θ̇ (t)− τEθ̈ (t)][Â

†Â, ρ̂ (t)]

+ 2g2effτE

(
1− [τEθ̇ (t)]

2
)
D[Â]ρ̂ (t) . (6.96)

It is also convenient to rewrite above equation in terms of original bath DOS J0 given in

Eq. (6.68). The latter can now be calculated as

J0 [ω] ≡
1

2π

∫ ∞

−∞
⟨[B̂ (t) , B̂† (0)]⟩eiωtdt (6.97)

=
1

2π

∫ ∞

−∞
E (t, 0) eiωt =

1

π
g2effτE, (6.98)
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so that we have

∂tρ̂ (t) ≃iπJ0 [0] τE[θ̇ (t)− τEθ̈ (t)][Â
†Â, ρ̂ (t)]

+ 2πJ0 [0]
(
1− [τEθ̇ (t)]

2
)
D[Â]ρ̂ (t) . (6.99)

Generalization to the multi-dissipator case

The discussion in the previous subsection can be straightforwardly generalized to Lindbla-

dian with multiple dissipators. In the main text, we stated that the invariance of a generic

Lindbladian under time-dependent unitary transformations Ǔ (t) [261] on the jump opera-

tors is closely related to the Markovian nature of the bath. Here, we illustrate this connec-

tion by similarly deriving leading-order non-Markovian corrections to general Lindbladians

with multiple dissipators. For concreteness, here we consider a general class of microscopic

environments that can realize such dissipators in the Markovian limit, but our approach

straightforwardly applies to generic environments.

We start by rewriting a general Lindbladian as (see Eq. (6.35))

LAρ̂A = Γ
N∑
ℓ=1

D

 N∑
m=1

uℓm(t)Âm

 ρ̂A, (6.100)

where uℓm(t) are again matrix elements of the N -dimensional complex unitary matrix Ǔ(t).

For the purpose of discussion, we consider a microscopic environment realizing such dissi-

pative dynamics, by coupling the system to a harmonic oscillator bath with independent

bath operators ξ̂ℓ. In the interaction picture with respect to bath-only Hamiltonian ĤE, the

system-bath Hamiltonian is given by

ĤSE (t) =
N∑

ℓ,m=1

uℓm (t) Âmξ̂
†
ℓ (t) + H.c., (6.101)
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where the bath operators satisfy white-noise statistics

⟨ξ̂(0)†ℓ (t1) ξ̂
(0)
ℓ′ (t2)⟩ = 0, (6.102)

⟨ξ̂(0)ℓ (t1) ξ̂
(0)†
ℓ′ (t2)⟩ = Γδℓℓ′δ (t1 − t2) . (6.103)

In the Markovian limit, the resulting system (A modes) dynamics will be invariant under

any unitary matrix Ǔ (t). To understand the role of Markovianity in the emergence of this

time-local generalized gauge symmetry, we again assume that the bath modes have finite but

very small correlation times, and we now derive the correction to A system dynamics due to

non-Markovian effects. Towards this goal, it is useful to rewrite the system-bath coupling

using a new set of bath operators Ĉℓ, as

ĤSE (t) =
N∑
ℓ=1

ÂℓĈ
†
ℓ (t) + H.c., Ĉℓ (t) =

N∑
m=1

u∗mℓ (t) ξ̂m (t) . (6.104)

In contrast to the original stationary bath operators ξ̂m (t), similar to the single-dissipator

case, the new bath operators Ĉm (t) is in general nonstationary due to the presence of the

time-dependent coefficients umℓ (t). As we show, such nonstationarity will in general give

rise to nontrivial non-Markovian effects in A dynamics.

Making use of the standard Born-Markov approximation, we can integrate out the bath

modes to obtain an effective master equation for system A

dρ̂ (t)

dt
=− i

N∑
ℓ,m=1

Σℓm (t)
[
Â
†
ℓÂm, ρ̂ (t)

]

+
N∑

ℓ,m=1

Γℓm (t)

(
Âmρ̂ (t) Â

†
ℓ −

1

2
{Â†

ℓÂm, ρ̂ (t)}
)
. (6.105)

The effective Hamiltonian, also known as the Lamb shift term, and the dissipator coefficient
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matrices are given by

Σ (t) = − i

2

[
S (t)− S† (t)

]
, (6.106)

Γ (t) = S (t) + S† (t) , (6.107)

Sℓm (t) =

∫ t

0
dt1⟨Ĉℓ (t) Ĉ

†
m (t1)⟩. (6.108)

While our discussion is applicable to generic forms of bath correlators in the small correlation

time limit, for concreteness we assume that they take the diagonal form as follows

⟨ξ̂(0)†ℓ (t1) ξ̂
(0)
ℓ′ (t2)⟩ =0, (6.109)

⟨ξ̂(0)ℓ (t1) ξ̂
(0)†
ℓ′ (t2)⟩ =Γδℓℓ′

1

2τE,ℓ
e−|t1−t2|/τE,ℓ . (6.110)

We can thus compute the master equation coefficients via the bath kernel function Sℓm (t).

For convenience, we introduce the time-dependent generator of Ǔ (t) as

Ǧ (t) = −idǓ (t)

dt
Ǔ† (t) . (6.111)

Assuming small bath correlation time ΓτE,ℓ ≪ 1, we can perturbatively compute the leading

order corrections to Sℓm (t), as

Sℓm (t) =
N∑

j,j′=1

u∗jℓ (t)
∫ t

0
dt1⟨ξ̂j (t) ξ̂†j′ (t1)⟩uj′m (t1) (6.112)

≃1

2

N∑
j,j′=1

u∗jℓ (t)uj′m (t)
[
1 + iτE,jgjj′ (t)

−iτ2E,j ġjj′ (t)− τ2E,jgja (t) gaj′ (t)
]
. (6.113)

The corresponding master equation Eq. (6.105) can now be conveniently rewritten in
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terms of a new jump operator basis

ẑℓ (t) =
N∑

m=1

uℓm (t) Âm, (6.114)

so that we can write the effective master equation as

Lρ̂ (t) ≃ −i
N∑

ℓ,m=1

Σ̃ℓm (t)
[
ẑ
†
ℓ (t) ẑm (t) , ρ̂ (t)

]

+
N∑

ℓ,m=1

Γ̃ℓm (t)

(
ẑm (t) ρ̂ (t) ẑ

†
ℓ (t)−

1

2
{ẑ†ℓ (t) ẑm (t) , ρ̂ (t)}

)
. (6.115)

The Lamb shift term and dissipator coefficients in the new basis can thus be derived as

follows

Σ̃ℓm (t) =
1

4

[(
τE,ℓ + τE,m

)
gℓm (t)−

(
τ2E,ℓ + τ2E,m

)
ġℓm (t)

+i
(
τ2E,ℓ − τ2E,m

)
gℓa (t) gam (t)

]
, (6.116)

Γ̃ℓm (t) =1 +
1

2

[
i
(
τE,ℓ − τE,m

)
gℓm (t)

−i
(
τ2E,ℓ − τ2E,m

)
ġℓm (t)

−
(
τ2E,ℓ + τ2E,m

)
gℓa (t) gam (t)

]
. (6.117)

Before ending this subsection, we also discuss an intuitive way to understand the local-

in-time gauge symmetry Ǔ(t) in the multi-dissipator case. Similar to the single-dissipator

scenario, the addition of the unitary matrix elements uℓm (t) in the Lindbladian LAρ̂ =∑N
ℓ=1D[

∑N
m=1 uℓm (t) Âm]ρ̂ (see Eq. (6.100)) can be equivalently viewed as the result of

shifting the Hamiltonian frequencies of a microscopic harmonic oscillator bath. Let us again

consider a microscopic bath realizing the dissipators, with the system-bath Hamiltonian
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given by

Ĥtot = ĤE + ĤSE, ĤE =
∑
α

ωα

N∑
ℓ=1

b̂
†
ℓ,αb̂ℓ,α, (6.118)

ĤSE (t) =
N∑

ℓ,m=1

uℓm (t) Âmξ̂
†
ℓ + H.c., ξ̂ℓ =

∑
α

g∗αb̂ℓ,α. (6.119)

Note that we choose the bath mode frequencies ωα and coupling strengths g∗α to be identical

for corresponding modes b̂ℓ,α coupled to different system operators Âℓ. This bath model

is not necessarily physically motivated, but it allows a simple interpretation of the time-

dependent coupling coefficients uℓm (t). In fact, we can now transform to a new rotating

frame

ρ̂SE → ρ̂′SE = Û† (t) ρ̂SEÛ (t) , Û (t) = T e−i
∫ t
0 δĤE(t1)dt1 , (6.120)

so that the time dependence in system-bath couplings is converted into an additional term

in the bath-only Hamiltonian, as

ĤSE → Ĥ ′
SE = Û† (t) ĤSEÛ (t) =

N∑
ℓ=1

Âℓξ̂
†
ℓ + H.c. (6.121)

ĤE → Ĥ ′
E (t) = ĤE + δĤE (t) . (6.122)

The correction term δĤE (t) takes the form of a beam splitter Hamiltonian, and can be

written as

δĤE (t) =
∑
α

N∑
ℓ,m=1

hℓm (t) b̂
†
ℓ,αb̂m,α, (6.123)

where the beam splitter matrix hℓm (t) =
[
Ȟ (t)

]
ℓm is related to the unitary matrix Ǔ (t)
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via the following equation

Ȟ (t) = i
dǓ† (t)
dt

Ǔ (t) . (6.124)

6.8.4 Reservoir engineering implementation of nonreciprocal interactions in

Eq. (6.16) via a unidirectional waveguide

In Section 6.5.1 in the main text, we state that the nonreciprocal single-dissipator master

equation in Eq. (6.16) can be straightforwardly realized via reservoir engineering, if one also

has access to elements explicitly breaking TRS, e.g. an unidirectional waveguide. In this

Appendix, we provide a detailed discussion about the physical setup in this case and its

connection to related experiments [252, 253].

Recall the desired dissipator in Eq. (6.16), as given by Ldirρ̂ = ΓD[ÂÛB ]ρ̂. For concrete-

ness, in this Appendix we assume the A subsystem is a cavity mode with operator Â = â

being a bosonic lowering operator, but we note that the scheme discussed below can be

generalized to other systems as well. The corresponding Lindbladian is thus

Ldirρ̂ = ΓD[âÛB ]ρ̂. (6.125)

For purpose that will become clear later, it is convenient to rewrite the unitary in terms of

a Hermitian generating operator ÊB , i.e.

ÛB = exp
(
−iÊB

)
, (6.126)

where eigenvalues of ÊB are real and lie in the range (−π, π]. Noting that definition of

unitary ÛB has a global gauge phase degree of freedom, we can redefine it as e−iθ0ÛB with

arbitrary phase θ0 without affecting system dynamics; we will choose this phase such that

−1 is not in the spectrum of ÛB , or equivalently, ÊB does not contain the eigenvalue π.
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We now introduce a fully directional coupling (e.g., mediated by a one-way waveguide)

from A to an reservoir mode c, as well as a Hamiltonian interaction ĤBC between B and

the reservoir that shifts the c frequency. The total system-reservoir (SR) dynamics can thus

be described by the following master equation

dρ̂SR
dt

=− i
[
ĤAC + ĤBC , ρ̂SR

]
+D

[√
Γaâ− i

√
Γcĉ
]
ρ̂SR. (6.127)

Here, Γa, Γc denote the effective coupling rates between modes a, c and the directional

waveguide, respectively. The coupling Hamiltonians ĤAC and ĤBC are now given by

ĤAC =
1

2

√
ΓaΓc

(
â†ĉ+ ĉ†â

)
, (6.128)

ĤBC =
1

2
λM̂B ĉ

†ĉ, (6.129)

where M̂B is a dimensionless Hermitian operator on B that we will determine later. Note

that if we ignore B and its coupling to the reservoir mode c, the remaining setup reduces

to the standard cascaded quantum systems (see Eq. (6.1)). To realize the dissipator in

Eq. (6.125), we take the limit where c serves as a Markovian reservoir for the AB system.

More specifically, this requires Γc ≫ Γa, in which case we can use standard adiabatic elimi-

nation techniques [76] to integrate out mode c. We thus obtain an effective master equation

of the system AB, as

dρ̂

dt
= ΓaD

[
âÛB,eff

]
ρ̂, (6.130)

ÛB,eff =
ΓcÎB − iλM̂B

ΓcÎB + iλM̂B

. (6.131)

It is worth stressing that the validity of Eq. (6.130) does not depend on having a small

coupling between reservoir and B subsystem, i.e. λ can be comparable or even greater than
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Γc. Hence, we can use this recipe to realize general unitary operators ÛB .

Comparing Eq. (6.130) with Eq. (6.125), we can choose the a mode coupling rate Γa and

subsystem B coupling operator M̂B in the initial setup Eq. (6.127), such that the effective

master equation Eq. (6.130) realizes the desired dynamics, i.e. we require

Γa = Γ, (6.132)

M̂B =
Γc
λ

tan
ÊB

2
. (6.133)

We thus obtain a general recipe, as given by Eq. (6.127), that makes use of directional

coupling and reservoir engineering techniques to implement a nonreciprocal quantum master

equation of the form in Eq. (6.125). For the specific case where B is a single qubit, and

assuming the target unitary is a Z-rotation e−i θ2 σ̂z , we further have

M̂B =
Γc
λ

(
tan

θ

4

)
σ̂z. (6.134)

We note that the physical setup discussed in this Appendix is experimentally accessible

using e.g. state-of-the-art superconducting qubit platforms. In fact, in a different context,

specific cases of dynamics in Eq. (6.127) have been implemented for quantum-non-demolition

(QND) measurement of itinerant microwave photons [252, 253]. In those works, the QND

detector structure consists of a cavity dispersively coupled to a qubit. To perform the QND

detection, an itinerant microwave field is sent through a circulator and then reflected off

the cavity mode. By measuring the qubit phase shift, one can in turn extract average

photon number of the input pulse. Comparing the QND setup to our master equation in

Eq. (6.127), the cavity and the qubit would be mapped to the reservoir mode c and subsystem

B, respectively. As a result, external coupling rate of the cavity would correspond to Γc,

and the cavity-qubit dispersive interaction to Eq. (6.129). For Ref. [253], we can use a qubit

in the place of mode a to describe the single-photon source in that work, so that the recipe
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in Eq. (6.127) can be straightforwardly modified to describe the corresponding experimental

system. In Ref. [252], the itinerant microwave has a Gaussian pulse shape, which can be

formally mimicked via output of a cavity mode (A) with a time-dependent coupling rate

Γa(t). In both experiments, the unidirectional coupling is achieved by explicit use of a

circulator.

Despite aforementioned similarities between the physical setups used in [252, 253] and

our model, we note that those previous works did not really utilize the master equations in

Eq. (6.127) or (6.130) to analyze dynamics of their systems. Our derivation thus reveals a

striking new feature of dynamics in those types of setups: in the Markovian limit (Γc ≫ Γa),

if one starts from a product state of A cavity Fock state and a generic qubit (B) state,

the qubit steady state in the long-time limit would undergo a coherent Z rotation from its

initial state, with the phase shift controlled by the photon number of the initial A state. The

experimental setup in [253] thus can be directly used to dissipatively realize steady-state

unitary gates (see also Section 6.4.3 in the main text).

Finally, we note that the effective master equation in Eq. (6.130) describes an ideal-

ized case; in realistic settings, the fidelity of the unitary gate emerging from such dissipa-

tive steady-sate relaxation process will suffer from a range of imperfections, including non-

Markovian effects due to a finite reservoir linewidth, nonzero thermal photon population in

the reservoir and cavity modes, imperfect preparation of the initial A cavity state, etc. Still,

in principle it is possible to carefully engineer the practical systems to suppress those factors

and achieve gate fidelity comparable to typical pulse-based gates. Further, given an experi-

mental system, one can incorporate those imperfections into the theory model in Eq. (6.127)

and quantitatively examine how they affect the dissipative steady-state gate fidelity (e.g. see

Section 6.5.2 for discussion on non-Markovian effects), which can be useful for designing new

setups to improve the gate fidelity.
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6.8.5 The role of Markovianity in achieving unidirectional interaction for

the physical implementation in Eq. (6.27)

In Section 6.5.1 in the main text, we discuss physical implementation of the nonreciprocal

dissipator Lgateρ̂ = ΓD[e−i θ2 σ̂z â]ρ̂ via an intermediate reservoir mode (see Eq. (6.27)). We

also state that this setup crucially requires that the reservoir mode is Markovian. In this

Appendix, we provide a detailed discussion on the role of Markovianity in such physical

realizations.

We start with a general setup consisting of a driven-cavity-qubit system coupled to a

reservoir mode. In the rotating frame with respect to the drive frequency, the total system

dynamics can be described by the master equation (dρ̂/dt) = L0ρ̂, with the Lindbladian

given by

L0ρ̂ = −i
[
ĤS + ĤE + Ĥint, ρ̂

]
+ κaD [â] ρ̂+ κcD [ĉ] ρ̂, (6.135)

ĤS = −∆aâ
†â+

λa
2
σ̂z â

†â+ f∗dr (t) â+ fdr (t) â
†, (6.136)

ĤE = −∆cĉ
†ĉ, Ĥint =

(
Jâ†ĉ+ J∗ĉ†â

)
+
λc
2
σ̂z ĉ

†ĉ. (6.137)

As discussed in Section 6.5.1, in the large reservoir linewidth limit, i.e. κc ≫ |J |, one can

treat the reservoir mode effectively as a Markovian environment for the cavity-qubit system.

In this regime, one can follow standard adiabatic elimination procedures to integrate out

reservoir mode and obtain the desired dynamics. To elucidate the role of Markovianity, here

we consider instead the regime with small reservoir linewidth κc ≲ |J |. As we show, the

effects due to non-Markovianity now manifest as extra frequency-dependent corrections to

the system Langevin equations of motion.
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For concreteness, let us first write out the quantum Langevin equations of the system, as

i∂tâ =

(
−∆a +

λa
2
σ̂z − i

κa
2

)
â+ Jĉ− i

√
κaâin + fdr (t) , (6.138)

i∂tĉ =

(
−∆c +

λc
2
σ̂z − i

κ2
2

)
ĉ+ J∗â− i

√
κcĉin, (6.139)

i∂tσ̂− =
(
λaâ

†â+ λcĉ
†ĉ
)
σ̂−. (6.140)

However, we note that similar analysis can be carried out at the level of e.g. system master

equation as well. While our discussion can be straightforwardly generalized to a generic

initial state, for convenience we assume that the cavity mode starts in a coherent state |α0⟩,

i.e. with amplitude α0, and the reservoir is in vacuum state at initial time t = t0. Thus, the

system dynamics can be fully determined by solving the following set of linear equations for

the cavity and reservoir mode amplitudes āσ and c̄σ (σ =↑, ↓)

i∂tāσ =

(
−∆a +

λa
2
σz − i

κa
2

)
āσ + Jc̄σ + fdr (t) , (6.141a)

i∂tc̄σ =

(
−∆c +

λc
2
σz − i

κc
2

)
c̄σ + J∗āσ, (6.141b)

where σz = ±1 correspond to σ =↑, ↓. The qubit coherence function can thus be computed

by solving the differential equation

1

⟨σ̂−(t)⟩
d⟨σ−(t)⟩

dt
= −iλaā↑ā∗↓ − iλcc̄↑c̄

∗
↓. (6.142)

We can formally integrate out the reservoir mode by transforming to the Fourier space

and eliminating c̄σ [ω] from the equations, using the following relation

c̄σ [ω] =
J∗

ω +∆c − λc
2 σz + iκc2

āσ [ω] . (6.143)

For notation convenience, we can rewrite the reservoir amplitude in terms of the reservoir

238



mode susceptibility function χ(0)c,σ [ω], as

c̄σ [ω] = J∗χ(0)c,σ [ω] āσ [ω] , (6.144)

χ
(0)
c,σ [ω] ≡

1

ω +∆c − λc
2 σz + iκc2

. (6.145)

As a result, we obtain

āσ [ω] =
1

ω +∆a − λa
2 σz + iκa2 − |J |2

ω+∆c−λc
2 σz+iκc2

fdr [ω]

=
1

ω +∆a − λa
2 σz + iκa2 − |J |2 χ(0)c,σ [ω]

fdr [ω] . (6.146)

Without loss of generality, and for illustrative purpose, we assume the drive is resonant with

cavity mode a, and the local cavity loss is negligible, so that we have ∆a = κa = 0. In this

case, we can further simplify the Fourier-space cavity amplitudes as

āσ [ω] =
1

ω − λa
2 σz − |J |2 χ(0)c,σ [ω]

fdr [ω] . (6.147)

Above equation allows one to express the cavity mode linear response susceptibilities χa,σ [ω],

as dressed by the coupling to reservoir mode, as

āσ [ω] = χa,σ [ω] fdr [ω] , (6.148)

χa,σ [ω] =

(
ω − λa

2
σz − |J |2 χ(0)c,σ [ω]

)−1

. (6.149)

Noting that the phase of tunnel coupling rate J does not affect linear response susceptibil-

ities of the cavity, we can use a local gauge transformation on the cavity mode to make J

completely real. Therefore, without loss of generality we assume a real coupling constant J

between reservoir and cavity modes hereafter.
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Making use of the cavity susceptibilities in Eq. (6.149), we can define the self-energy of

cavity mode as Ea,σz [ω] ≡ ω −
(
χa,σ [ω]

)−1, so that we have

āσ [ω] =
1

ω − Ea,σz [ω]
fdr [ω] . (6.150)

The cavity mode self-energy can now be conveniently written in terms of qubit-independent

and -dependent contributions, i.e.

Ea,σz [ω] =
ω +∆c + iκc2(

ω +∆c + iκc2
)2 − (λc2 )2 |J |

2

+

λa
2

+
|J |2(

ω +∆c + iκc2
)2 − (λc2 )2

λc
2

σz. (6.151)

Since we are interested in dynamics at timescales much slower than reservoir correlation

time τc ∼ κ−1
c , we can choose a specific λa to minimize the qubit-state dependent term in

Eq. (6.151) at low frequencies, as

λa = −Re

 |J |2(
∆c + iκc2

)2 − (λc2 )2
λc. (6.152)

If the cavity mode is resonant with the reservoir mode, i.e. if ∆c = ∆a = 0, the qubit-

dependent term in the self-energy (Eq. (6.151)) allows perfect cancellation in the stationary

limit (ω = 0). In contrast, for transient dynamics at fast frequencies ω, the cavity self-energy

can have nontrivial dependence on qubit states, even in the resonant limit.

Let us examine such frequency-dependent corrections in more detail. For convenience,

we can rewrite the self energy in terms of reservoir linewidth κc and effective parameters θeff

240



and Γeff that describe the stationary limit dissipation, i.e. letting

λc = κc tan
θeff
2
, ∆c = 0, (6.153)

Γeff = J2
4κc

κ2c + λ2c
⇒ J2 =

1

4
Γeffκc sec

2 θeff
2
, (6.154)

λa = J2
4λc

κ2c + λ2c
= Γeff tan

θeff
2
, (6.155)

so that the self-energy function can be reformulated as

Ea,σz [ω]

=
Γeff
2

(
ω + iκc2

) κc
2 sec2 θeff

2 + ω (ω + iκc) tan
θeff
2 σz(

ω + iκc2
)2 − (κc2 tan θeff

2

)2 . (6.156)

For the sake of discussion, we can use a representative value for the effective phase shift

θeff = π/2, so that above expression further simplifies as

Ea,σz [ω] =
Γeff
2

(
ω + iκc2

)
κc + ω (ω + iκc)σz

ω (ω + iκc)− κ2c
2

. (6.157)

The Markovian limit amounts to requiring that the self-energy scale near resonance, i.e. Γeff ,

is much smaller than the frequency range over which Ea,σz [ω] significantly changes. The

latter frequency scale is in turn set by reservoir mode linewidth κc. In the limit where

Γeff ≪ κc, we can expand the self energy function in the vicinity of ω = 0, so that we obtain

Ea,σz [ω] ≃ −iΓeff
2

(
1 + 2

ω

κc
σz

)
. (6.158)

The second term in the parenthesis in Eq. (6.158) represents leading-order non-Markovian

corrections, which describes qubit backaction to the cavity and causes deviation from the

full-nonreciprocity limit.
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It is also interesting to consider qubit dynamics in this setup. Because of the nonlinear

dispersive coupling, the qubit dynamics can be more complicated in the frequency space:

taking Fourier transform of Eq. (6.142), we have

ω ln⟨σ− [ω]⟩

=

∫ +∞

−∞
dω1

(
λaā↑ [ω1] ā

∗
↓ [ω − ω1] + λcc̄↑ [ω1] c̄

∗
↓ [ω − ω1]

)
. (6.159)

We can again substitute Eq. (6.143) into this equation to obtain

ω ln⟨σ− [ω]⟩ =
∫ +∞

−∞
dω1Λa [ω1;ω] ā↑ [ω1] ā

∗
↓ [ω − ω1] (6.160)

Λa [ω1;ω] = λa + λc |J |2 χ(0)c,↑ [ω]χ
(0)
c,↓ [ω − ω1] . (6.161)

In the Markovian limit, the cavity amplitude is approximately independent of the qubit

state, so that we have ā↑ (t) ≃ ā↓ (t). In this limit, the first term on the RHS of Eq. (6.161),

which is given by λa, leads to a pure phase shift on the qubit, while the second term can

induce both phase shift and dephasing in qubit dynamics.

6.8.6 Properties of multiple-dissipator generalization of gauge-symmetry

nonreciprocal Lindbladians in Eq. (6.36)

In Section 6.6, we introduce the multi-dissipator generalization of gauge-symmetry nonre-

ciprocal Lindbladians, which take the following form (c.f. Eq. (6.36))

Lmultiρ̂ = Γ
N∑
ℓ=1

D

 N∑
m=1

ûℓmÂm

 ρ̂. (6.162)

In analogy to the classical gauge symmetry Eq. (6.35), the B operators ûℓm can be thought

of as operator-valued matrix elements of a generalized unitary, which acts on the composite
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linear space CN ⊗ HB between the dissipator space CN of the Âℓ operators, and the B

system Hilbert space. In this Appendix, we provide more details about the general structure

of this generalized unitary. Based on this construction, we also discuss a couple of typical

examples illustrating the connections and differences between the multi- and single-dissipator

nonreciprocal Lindbladians.

Connection to a generalized unitary operator

To motivate the generalized unitary, we again start with a multi-dissipator Lindbladian

acting only on system A, as given by LAρ̂A = Γ
∑N

ℓ=1D[Âℓ]ρ̂A. As noted in the main text,

this Lindbladian is invariant under a generic unitary transformation on the jump operators

Âℓ

LAρ̂A = Γ
N∑
ℓ=1

D

 N∑
m=1

uℓmÂm

 ρ̂A, (6.163)

where uℓm are matrix elements of a N -dimensional complex unitary matrix uℓm =
(
Ǔ
)
ℓm.

We can also write the unitary matrix explicitly in terms of its Hermitian generator Ȟ,

i.e. Ǔ = exp
(
−iȞ

)
. For discussion that follows, it is convenient to rewrite the Hermitian

matrix Ȟ as a sum of N2 basis matrices Ěℓm as

Ȟ =
N∑

ℓ,m=1

hℓmĚℓm. (6.164)

Here, Ěℓm ≡ eℓ (em)† are formed by outer products between N basis vectors eℓ of the linear

space CN , so that we have Ě†
ℓ′ℓĚm′m = δℓ′m′ Ěℓm.

We now turn to the nonreciprocal Lindbladian given by Eq. (6.162). In analogy to the

gauge symmetry described in Eq. (6.163), we can generate B operators ûℓm via a generalized
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unitary operator acting on the composite linear space CN ⊗HB , as

ûℓm =
(
e−iĤgen

)
ℓm

, (6.165)

Ĥgen =
N∑

j,j′=1

Ějj′ĥjj′ , (6.166)

where ĥjj′ are operators acting on B satisfying ĥjj′ = ĥ
†
j′j . One can further show that

the unitarity conditions
∑

ℓ û
†
ℓmûℓm′ = δmm′ ÎB (see Eq. (6.38)) hold if and only if the ûℓm

operators can be rewritten as Eq. (6.165). If Eq. (6.165) holds, as mentioned in the main

text, one can exactly trace out system B to obtain a closed master equation acting on system

A as (dρ̂A/dt) = Γ
∑

ℓD[Âℓ]ρ̂A, so that the multimode master equation in Eq. (6.162) is

again unidirectional.

Example cases of multi-dissipator nonreciprocity equivalent or inequivalent to

incoherent sum of single fully directional dissipators

As discussed in the main text, Eq. (6.162) describes a much more general class of fully

nonreciprocal dynamics as compared to the single-dissipator case (see Eq. (6.16)). Here we

discuss in detail conditions for when the former multi-dissipator dynamics can or cannot

be rewritten as an incoherent sum of unidirectional dissipators, i.e. if it is possible to write

equality relation of the following form

Lmultiρ̂
?
= Γ

∑
ℓ

D
[
ÛB,ℓÂ

′
ℓ

]
ρ̂. (6.167)

While it is difficult to comprehensively characterize all the possible scenarios where such

equivalence relation exists, here we discuss two independently sufficient conditions for Eq. (6.167)

to hold. The first case can be easily understood in terms of the generalized Hermitian gen-

erator in Eq. (6.166). More specifically, if we can diagonalize it using a new local A basis as
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defined by F̌ℓℓ′ =
∑N

j,j′=1 vℓj′ Ěj′jv∗ℓ′j , so that we have

Ĥgen =
N∑

j,j′=1

Ějj′ĥjj′ =
N∑
ℓ=1

F̌ℓℓΦ̂B,ℓ, (6.168)

where vℓm =
(
V̌
)
ℓm are elements of a unitary matrix, then one can use a few lines of algebra

to show that Eq. (6.162) in this case is equivalent to a sum of single fully nonreciprocal

dissipators. More specifically, we obtain

Lmultiρ̂ = Γ
N∑
ℓ=1

D

e−iΦ̂B,ℓ

N∑
m=1

v∗ℓmÂm

 ρ̂. (6.169)

Note that RHS of Eq. (6.169) is fully equivalent to the starting Lindbladian, but now each

dissipator by itself implements a unidirectional interaction from A to B.

The second case is if we cannot diagonalize the generator in Eq. (6.166) (and hence the

generalized unitary, see Eq. (6.165)) via a local basis change on A operators, but the B

system only has a single qubit, and all qubit operators ûℓm commute with each other. For

such Lindbladians, we can again reformulate it as a sum of single nonreciprocal dissipators

via a local linear transformation on Âℓ jump operators, so that Eq. (6.167) holds. To see

this, we first note that the total system dynamics is easily solvable by jointly diagonalizing

ûℓm via a local B basis, which we assume to be σ̂z basis for simplicity, so that time evolution

under Lmulti will conserve excitations in that basis. More concretely, the generalized unitary

can now be decomposed using projectors P̂↑(↓) onto σ̂z eigenstates of B subsystem as

e
−i
∑N

j,j′=1 Ějj′ ĥjj′ = Ǔ↑P̂↑ + Ǔ↑P̂↓. (6.170)

Again, we can transform the local A basis to Ǔ ′
↑(↓) = W̌Ǔ↑(↓)W̌† via a unitary matrix W̌ ;

for the jump operators in this new dissipator frame to be unidirectional, we require that
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Ǔ ′
↑ = exp

(
−iĎ

)
Ǔ ′
↓, where

(
Ď
)
ℓm = δℓmdℓ denotes a real diagonal matrix. This relation can

be realized by transforming to the eigenbasis of Ǔ↑Ǔ†
↓ , so that we have

Lmultiρ̂ = Γ
N∑
ℓ=1

D
[
e−idℓ

σ̂z
2 Â′

ℓ

]
ρ̂. (6.171)

As a concrete example, we consider A consisting of two bosonic modes. Using Ž and X̌ to

denote Pauli matrices acting on C2, we focus on the dissipator generated by the following

generalized unitary operator

ûℓm =

[
e
−iθ

(
Žσ̂z cosφ+X̌ ÎB sinφ

)]
ℓm

. (6.172)

The corresponding system Lindbladian is given by

Lρ̂ =ΓD[â1 (cos θ − iσ̂z cosφ sin θ)− iâ2 sin θ sinφ]ρ̂

+ ΓD[â2 (cos θ + iσ̂z cosφ sin θ)− iâ1 sin θ sinφ]ρ̂. (6.173)

In this case Ǔ↑(↓) = e−iθ(±Ž cosφ+X̌ sinφ), and we can generally rewrite the Lindbladian

into the form in Eq. (6.171). For the specific case with θ = π/2, the relevant nonlocal basis

simplifies into ây,± = (â1 ± iâ2)/
√
2, so that we have

Lρ̂ =Γ

2
D
[
ei(π/2−φ)σ̂z ây,+

]
ρ̂+

Γ

2
D
[
ei(−π/2+φ)σ̂z ây,−

]
ρ̂. (6.174)

More generally, if we cannot diagonalize the generator in Eq. (6.166) (and hence the

generalized unitary) via a local basis change on A operators, and if ûℓm operators do not

commute or B has more complicated level structure than a qubit, then there are cases where

it is impossible to write the Lindbladian Lmulti as Eq. (6.167), i.e. incoherent sum of fully

nonreciprocal dissipators. For example, We can again consider 2 bosonic modes as subsystem
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A, where the generalized unitary is given by

ûℓm =
[
e−i(φŽσ̂z+θX̌ σ̂x)

]
ℓm

. (6.175)

The corresponding system Lindbladian can be written as

Lρ̂ =ΓD[e−iφσ̂z â1 cos θ − iσ̂xe
iφσ̂z â2 sin θ]ρ̂

+ ΓD[eiφσ̂z â2 cos θ − iσ̂xe
−iφσ̂z â1 sin θ]ρ̂, (6.176)

which reproduces Eqs. (6.39) and (6.41) in the main text. It is interesting to note that if we

were to ignore all σ̂x operators in Eq. (6.176), the resulting Lindbladian would still be fully

nonreciprocal, but now could be rewritten as Γ
(
D[e−iφσ̂z â1] +D[eiφσ̂z â2]

)
ρ̂, which would

be equivalent to sum of single unidirectional dissipators. The inclusion of σ̂x in the jump

operators would not affect local dynamics of system A; however, those σ̂x operators matter

for evolution of correlations between A and B subsystems. As discussed in Section 6.6, those

correlations can be highly nonclassical and even result in entanglement generation between

A and B.

Steady state of multi-dissipator unidirectional dynamics with bosonic lowering

operators as Âℓ

It is interesting to note that if subsystem A operators Âℓ are bosonic lowering operators

of cavity modes aℓ, i.e. Âℓ = âℓ, and if A is initialized in a Fock state where at most one

cavity mode has nonzero photon(s), then we can further analytically derive the long-time

limit of the quantum map generated by Lmulti. To see this, we first expand the master

equation in Eq. (6.36) (i.e. Eq. (6.162)) and rewrite it as sum of quantum-jump, and no-

jump contributions. Making use of the unitarity conditions in Eq. (6.38), the equation can
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be simplified as

Lmultiρ̂ = Γ
N∑

m,m′=1

ÂmEmm′(ρ̂)Â
†
m′ −

Γ

2


N∑
n=1

Â
†
nÂn, ρ̂

 , (6.177)

Emm′(ρ̂) =
N∑
j=1

ûjmρ̂û
†
jm′ . (6.178)

If Âm = âm, it is straightforward to show that

lim
t→∞

eLmultit
[
(â

†
m)ℓ|0⟩⟨0|âℓm ⊗ ρ̂B,i

]
= (Emm)ℓ(ρ̂B,i). (6.179)

Thus, for general Lmulti that cannot be rewritten as sum of single nonreciprocal dissipators,

the long-time limit of dynamics within subsystem B generated by the unidirectional inter-

action will in general be dissipative, in contrast to the single-dissipator case in Eq. (6.16)

(c.f. Section 6.4.3).

6.8.7 Gauge-symmetry-based nonreciprocity between two bosonic modes

As discussed in the main text, our recipe for building nonreciprocal QMEs is generally

applicable to a broad range of systems. Here we consider an alternative type of system that

host this physics; more specifically, we look at a nonreciprocal dissipator between two cavity

modes a and b, as described by the following Lindblad master equation

dρ̂

dt
= Lbosρ̂ = ΓD[e−i θ2 x̂b â]ρ̂, (6.180)

where x̂b denotes the standard quadrature operator of the b mode

x̂b =
1√
2

(
b̂+ b̂†

)
. (6.181)
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We can write out the corresponding Ito quantum stochastic differential equations [76] for a

generic system operators M̂ as

dM̂

dt
=−

[
M̂, ei

θ
2 x̂b â†

] [Γ
2
e−i θ2 x̂b â+

√
Γâin

]
+

[
Γ

2
ei

θ
2 x̂b â† +

√
Γâ

†
in

] [
M̂, e−i θ2 x̂b â

]
. (6.182)

Eq. (6.180) takes the general form of nonreciprocal master equations via gauge symmetry

discussed in the main text (see Eq. (6.16)). It is thus straightforward to show that time

evolution of expectation value of any local operator acting on the a cavity is closed within a

mode, i.e. Eq. (6.180) describes an unidirectional coupling from mode a to b. The reverse is,

as expected, not true: dynamics of the second cavity mode b in general depends on cavity

mode a. For example, we can derive the equation of motion for the b mode momentum

average ⟨p̂b⟩ as

d⟨p̂b⟩
dt

=− γ
θ

2
⟨â†â⟩. (6.183)

This equation can be intuitively understood in terms of the measurement-and-feedforward

picture (c.f. Section 6.4.5): the dissipator D[e−i θ2 x̂b â]ρ̂ describes a process where the cavity

mode a is weakly coupled to a photodetector, and every time a photon is detected, we apply

a unitary transformation e−i θ2 x̂b to mode b. Throughout time evolution, the quadrature

operator x̂b of mode b is conserved (i.e. generates a strong symmetry of the master equation).

On the other hand, the unitary gates act as displacements on the conjugate quadrature p̂b.

We can now understand system dynamics in terms of a stochastic unraveling via quantum

trajectories: whenever a photon jump occurs in mode a, one would displace the quadrature p̂b

by a constant −θ/2. Averaging over all stochastic trajectories thus gives rise to Eq. (6.183).

We also note that although the equations of motion for the expectation value of b mode

quadratures are relatively simple, the dynamics is still highly non-Gaussian. To see this
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explicitly, we first derive the EOMs of higher order moments of cavity quadrature as

d⟨p̂2b⟩
dt

=− γθ⟨p̂bâ†â⟩+ γ
θ2

4
⟨â†â⟩, (6.184)

d⟨p̂3b⟩
dt

=− γ
3θ

2
⟨p̂2b â†â⟩+ γ

3θ2

4
⟨p̂bâ†â⟩ − γ

θ3

8
⟨â†â⟩, (6.185)

so that we obtain the EOM of the third order cumulant ⟨δp̂3b⟩ as

d⟨δp̂3b⟩
dt

=− γ
3θ

2
⟨δp̂2b â†â⟩+ γ

3θ

2
⟨δp̂2b⟩⟨â†â⟩

+ γ
3θ2

4
⟨δp̂bâ†â⟩ − γ

θ3

8
⟨â†â⟩. (6.186)

If the system starts in a product state between two cavity modes, all but the last term on the

right hand side of Eq. (6.186) will vanish at initial time, leading to a nonzero third cumulant

⟨δp̂3b (δt)⟩ at a positive infinitesimal time δt > 0 (as long as the cavity a has a nonzero photon

number). Thus, the dynamics generated by Eq. (6.180) is in general non-Gaussian.
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CHAPTER 7

SUMMARY AND OUTLOOK

In this thesis, we studied both the fundamental limits on quantum dynamics as imposed by

physical constraints on quantum noise, and applications that utilize noise and fluctuation

as a resource for quantum information processing. Those applications include characteriza-

tion of noise properties in quantum systems, and recipes for engineering nontrivial classes

of quantum dynamics such as nonreciprocal interactions without explicitly breaking time-

reversal symmetry. Each chapter also contains a conclusion or summary and outlook section

with a brief discussion on future directions. Here, we expand on those discussions, and com-

ment on open problems connected to multiple chapters and other broadly related theoretical

challenges with implications for quantum information processing.

Chapter 2 investigates what kind of purely dissipative dynamics can generate entangle-

ment. A natural question to ask beyond our work is about the quantitative characterization

of dissipatively generated entanglement dynamics in either the temporal or spatial dimen-

sion. Similar questions have attracted a lot of interest in the context of Hamiltonian dy-

namics [274, 275], in fermionic [276], spin [277, 278], as well as bosonic [279] systems, and

those works show a rich interplay between entanglement and phase transitions, topology,

etc. However, less is understood in the dissipative regime. As mentioned in Section 2.5, a

technical challenge in the dissipative case is due to the existence of bound entanglement;

even for entanglement that are detectable with the Peres-Horodecki criterion, quantification

of mixed state entanglement dynamics is generally a nontrivial task. Recent progress on

detecting mixed state entanglement [280] and computing negativity spectrum of random

mixed states [281] provide promising avenues for solving this problem. Lastly, a tangen-

tially related question is concerned with the mapping between purely dissipative dynamics

and measurement-and-feedforward protocols discussed in Section 2.4.2; it will be interesting

to explore if feedforward-based dynamics can be exploited as a resource for entanglement
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generation, and even conversion from conditional to deterministic entanglement.

Chapter 3 presents approaches for realizing non-Hermitian Hamiltonian using fully uni-

tary quantum dynamics. While we discussed a number of potential applications in Sec-

tion 3.5, one remaining question is whether exceptional point sensor provides an advantage

in terms of the sensitivity (signal-to-noise ratio, SNR) in the quantum regime. Indeed,

Ref. [282] shows that an advantage in SNR in the quantum regime can be achieved using

a harmonic oscillator chain with nonreciprocal Hamiltonian interactions, but it is unclear

if a more general principle underlies those quantum sensors. Making connection with the

discussion in above paragraph, a recurring question is about characterizing entanglement

generation in those unitary non-Hermitian quantum systems; Ref. [279] categorizes the tem-

poral entanglement growth via quadratic bosonic Hamiltonians, but the spatial structure

is largely unexplored. In a different context, one could also consider the reverse problem,

i.e., realizing Hermitian dynamical matrix via dissipative quantum dynamics. An interesting

example of this is given in Ref. [283], where a dissipative bosonic coupling gives rise to a

Hermitian contribution to the dynamical matrix, which in turn leads to emergence of cu-

rious dynamical instabilities. For this reverse problem, a general design principle remains

unknown.

Chapters 4 and 5 are both related to method development for quantum sensing and quan-

tum noise spectroscopy: Chapter 4 discusses a Keldysh-based approach for characterizing

non-Gaussian quantum noise, and Chapter 5 presents a new quench-based sensing modal-

ity that gives access to the response properties of an unknown bath. While we primarily

focus on using a single qubit sensor, one can naturally ask how these results generalize to

the multiqubit setting. For the Keldysh-based noise characterization, introducing additional

qubits could reveal new forms of nonclassical correlations in quantum bispectra. For the

case of quench-based approach, having access to multiple qubit sensors could also enable the

engineering and modulation of quench terms to enhance the sensing scheme. Recent work
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has applied quantum noise spectroscopy to an effective two-level system formed by entangled

states of qubits [284]; in this case, further measuring the quench phase shift would give us

access to, e.g., the effective bath temperature. Another different and key question in the

context of sensing applications is to theoretically predict the noise spectrum and response

susceptibility function, especially for strongly interacting systems. Such knowledge can help

us reconstruct the microscopic details of an unknown quantum environment — information

that could be valuable for designing noise resilient quantum information processors. Last

but not least, recent work has experimentally measured the quench phase shift for the case

with non-interacting spin bath [285], and demonstrated its utility as a model-independent

probe of spin bath polarization. It will be exciting to experimentally probe the quench phase

shift in interacting spin baths, as well as explore the regime beyond the linear response ap-

proximation.

Chapter 6 proposes a general mechanism for realizing nonreciprocal quantum interac-

tions that are distinct from the cascaded quantum systems. Our results motivate a broader

question: can we come up with a general classification of all dynamics that are fully non-

reciprocal? The answer to this question may further enlarge the dissipative toolbox for

quantum information processing. Going back to the theme of dissipative entanglement cre-

ation, another open question is how to characterize the nature of entanglement generation

via the multi-dissipator case of the nonreciprocal dynamics; in Section 6.6.3, we show that

the nonreciprocal dynamics can generate transient entanglement, which eventually decays

to zero, but it remains an open question whether this transient behavior could be a general

consequence of the nonreciprocity. Shifting to potential applications, a version of the single

nonreciprocal dissipator defined in Eq. (6.16) has been realized using superconducting qubits

in the context of quantum-non-demolition detection [252, 253], and it will be interesting to

explore if the general mechanism for realizing nonreciprocity discussed in Chapter 6 could

provide an advantage in sensing and metrology.
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