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“A large part of mathematics which becomes useful developed with absolutely no desire to
be useful, and in a situation where nobody could possibly know in what area it would
become useful; and there were no general indications that it ever would be so.”

John von Neumann
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ABSTRACT

Statistical estimation problems in multivariate analysis and machine learning often seek
linear relations among variables. This translates to finding an affine subspace from the sample
data set that, in an appropriate sense, either best represents the data set or best separates it
into components. In other words, statistical estimation problems are optimization problems
on the affine Grassmannian, a noncompact smooth manifold that parameterizes all affine
subspaces of a fixed dimension. The affine Grassmannian is a natural generalization of
Euclidean space, points being 0-dimensional affine subspaces. The main objective of the
first part of this work is to show that, like the Euclidean space, the affine Grassmannian
can serve as a concrete computational platform for data analytic problems — points on
the affine Grassmannian can be concretely represented and readily manipulated; distances,
metrics, probability densities, geodesics, exponential maps, parallel transports, etc, all have
closed-form expressions that can be easily calculated; and optimization algorithms,; including
steepest descent, Newton, conjugate gradient, have efficient affine Grassmannian analogues
that use only standard numerical linear algebra.

We then extend the framework to a nest of linear subspaces, that represent the variables
in different regimes. Diving into the multi-scale representation of the data revealed by these
problems requires a systematic study of nest of linear subspaces, which form a compact
Riemannian manifold called the flag manifold. The main goal of this work is to show that
flag manifold can be represented by matrix groups concisely and computed easily, and opti-
mization on flag manifold can be performed with matrix operations, which bridges the gap
between algebra and geometry.

Lastly, we study the Yates’s algorithm that was first proposed to exploit the structure
of full factorial designed experiment to obtain least squares estimates for factor effects for
all factors and their relevant interactions. In short it is an organized way to do iterative
summation which avoids repeated computation. Many well-known algorithms including Fast

Fourier transform and Walsh transform turned out to be special cases of Yates’s method.

X



Here we show that Yates’s algorithm is optimal in the sense of a contraction of tensors but
may be improved when considered from the perspective of bilinear complexity. We also show
that it is a projection of a tensor network and point out its relationship with tensor train

and tree tensor network.
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CHAPTER 1
INTRODUCTION

Geometry of data has a deep root in the history of statistics [6, 7, 8, 38, 40]. Information
geometry has been proposed to study family of probability distributions through Riemannian
metric — the Fisher information metric, with each probability distribution being a point on
the manifold. In later days manifold learning was proposed as a nonlinear dimensionality
reduction technique in unsupervised learning when the underlying data set lies on a manifold
approximately. These manifold structures typically arise in image and video sets [74, 14, 76,
48, 23,24, 25, 22, 28, 35, 36, 37, 42, 44, 45, 46, 49, 71, 73, 72, 55]. In this dissertation we are
more interested in exploring some more fundamental geometric structures - affine subspaces
and nest of linear subspaces, through the lens of linear algebra, differential geometry and
algebraic geometry.

In statistics, we often seek a first-order relationship among variables which can be com-
puted efficiently and interpreted effectively, whilst in continuous optimization we rely on
linear methods for finding the next iterates. To achieve numerical efficiency we often turn to
linear algebra as subroutines in the actual optimization algorithms. In this dissertation we
show that although differential geometry involves nonlinear structures and nonlinear calcula-
tion, we can still develop machinery with the help of linear algebra to describe the problems
and solve them efficiently.

We will begin by defining the two manifolds, the affine Grassmannian and the flag man-
ifold, that parametrize affine subspaces and nest of linear subspaces respectively.

A k-dimensional affine subspace of R", denoted A +, is a k-dimensional linear subspace
A C R" translated by a displacement vector b € R™. The set of all k-dimensional affine sub-
spaces in R" forms a smooth manifold called the affine Grassmannian, denoted Graff(k,n),
an analogue of the usual Grassmannian Gr(k,n) that parameterizes k-dimensional linear
subspaces in R".

A flag in a finite-dimensional vector space V over R is an increasing sequence of linear
1



subspaces {Vi}?zl of V, satisfying Vi C --- C V,; C V. All flags {Vl}gl | with fixed

dimensions, i.e. dim(V;) = n;,i = 1---d, form a smooth manifold Flag(ny,---,ngs V),
that we name it flag manifold. This is a generalization of Grassmannian Gr(k,n) that
parameterizes k-dimensional linear subspaces in R, which is equivalent to Flag(k; R™).

The main impetus for the first part of this dissertation is the observation that many
statistical estimation problems (see Examples 2.1.1-2.1.4, 3.1.1-3.1.3) involve a search for
linear relations or hierarchies of linear relations among variables and may ultimately be
formulated as a problem of finding one (or more) linear or affine subspace that either best
represents a given data set or best separates two (or more) components of the data set. More
precisely, the problem is one of optimization on the affine Grassmannian or flag manifold.

Parameterizing a data set by geometric structures has become a popular alternative to
probabilistic modeling, particularly when the intrinsic dimension of the data set is low or
when it satisfies obvious geometric constraints. The two most common geometric structures
employed are (i) a mixture of affine spaces [24, 35, 37] and (ii) a manifold, which invariably
reduces to (i) since in this context manifolds are by-and-large regarded as collections of
tangent spaces [49].1 This provides a third impetus for studying the geometric object that
parameterizes all affine spaces of a fixed dimension. In fact, with mixtures of affine subspaces
of different dimensions in mind, we will introduce the doubly infinite affine Grassmannian
(Section 2.5), which parameterizes affine spaces of all dimensions.

Lastly, we analyze the complexity of Yates’s algorithm from the perspective of tensor
contraction and matrix multiplication. In full factorial designed experiments, Yates’s al-
gorithm was proposed to efficiently obtain least squares estimates for factor effects for all
factors and their relevant interactions. In short, it does index contractions systematically to

avoid repeated calculations in iterative summations. Many widely used algorithms including

Fast Fourier transform and Walsh transform are special cases of Yates’s algorithm. We show

1. The original manifold learning techniques ISOMAP [47], LLE [43], and Laplacian Eigenmap [10] are
essentially different ways to approximate a manifold by a collection of its tangent spaces.



that Yates’s algorithm is optimal in the sense of a contraction of tensors and provide an
upper bound of its complexity. We also show that it is a projection of a tensor network and

illustrates its relationship with tensor train and tree tensor network.



CHAPTER 2
STATISTICAL ESTIMATION AND AFFINE GRASSMANNIAN

2.1 Introduction

A k-dimensional affine subspace of R", denoted A + b, is a k-dimensional linear subspace
A C R translated by a displacement vector b € R"™. The set of all k-dimensional affine sub-
spaces in R™ forms a smooth manifold called the affine Grassmannian, denoted Graff(k,n),
an analogue of the usual Grassmannian Gr(k,n) that parameterizes k-dimensional linear
subspaces in R".

The affine Grassmannian is a relatively obscured object, especially when compared to
its ubiquitous cousin, the Grassmannian. Nevertheless, Graff(k,n), which like R", is a
non-compact manifold that naturally generalizes Euclidean space (points are 0-dimensional
affine subspaces and so Graff(0,n) = R"). The non-compactness makes Graff(k,n) harder
to study than Gr(k,n), which is compact. Our main objective is to develop the foundations
for working with the affine Grassmannian, particularly distances (Sections 2.4 and 2.5),
probability distributions (Section 2.6), and optimization algorithms (Section 2.7), with a
view towards statistical estimation problems.

Our study of the affine Grassmannian will differ substantially from traditional studies of
differential geometry in statistics, a topic with a long history [6, 7, 8, 38, 40]. We emphasize
three key differences: (a) We do not view our manifold in an abstract fashion compris-
ing charts glued together; instead we emphasize the use of global coordinates for efficient
computations. (b) Our manifold arises not as the parameter space of a family of proba-
bility distributions but as a concrete computational platform (like R™) on which distances,
metrics, probability densities, geodesics, exponential maps, parallel transports, optimization
algorithms, etc, may all be efficiently computed using standard numerical linear algebra. (c)
Algebraic geometry will play a role as important as differential geometry in our study.

The point (a) deserves special elaboration. A main reason for the widespread applicabil-
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ity of the Grassmannian is the existence of several excellent choices of global coordinates,
allowing subspaces to be represented as matrices and therefore the use of a vast range of
algorithms in numerical linear algebra [1, 2, 3, 15]. Such concrete realizations of an abstract
manifold is essential for application purposes. We will show that this also holds for the
affine Grassmannian (Section 2.3), which leads to our next impetus: by providing a cor-
responding set of tools for the affine Grassmannian, we effectively extend the wide range
of data analytic techniques that uses the Grassmannian as a model for linear subspaces
(74, 14, 76, 48, 23, 24, 25, 22, 28, 35, 36, 37, 42, 44, 45, 46, 49, 71, 73, 72, 55| to affine
subspaces.

We will begin by seeing how classical multivariate analysis and machine learning tech-
niques may be cast as affine subspace-searching problems, i.e., constrained or unconstrained

optimization problems on the affine Grassmannian.

Example 2.1.1 (Linear Regression). Consider a linear regression problem with X € R™*P,
a design matrix of explanatory variables, and y € R", a vector of response variables. Let 1 =
[1,....,]T€R"and e, 1 = [0,...,0,1]T € RPFL. Set X = [X, 1] € R™(P*1) and define the
affine subspace {[ﬁ'zrz] eRPFL: 2 e Rp} +Bp41€p+1, chosen so that E =8, Bp+1]T e R+l
minimizes the sum of squared residuals || X8 — y||2. Then 8 € R" is the vector of regression
coefficients. The affine subspace may be written as span( [ﬁlﬁ- }) + Bp+16py1 Where I is the
p X p identity matrix. It best represents the data (X, y) in the sense of linear regression.
This description corresponds to how one usually pictures linear regression — drawing an
affine hyperplane through a collection of n scattered data points (z;,y;)" € RP x R = RPHL

where z; is the ith row of X and y; is the tth entry of y, ¢ =1,...,n.

Example 2.1.2 (Errors-in-Variables Regression). In this example, we use the same notations
as above. We concatenate the explanatory variables and response variable and assign them
equal weights. The best-fitting affine subspace of the data set {(z;,y;)T € RPHL x; €
RP, 3, € R, i = 1,...,n} in this case is given by span(w) + b where w,b € RPF! are the

minimizer of the loss function > 1" ||(I — ww")((x;,y;)" — b)||% subject to w'b = 0, and
)



may be obtained by solving a total least squares problem.

Example 2.1.3 (Principal Component Analysis). Let T = %X T1 € RP be the sample mean
of a data matrix X € R™ P so that X = X — 1Z' is mean-centered. For k < p, the kth
principal subspace is span(Z},), a k-dimensional linear subspace of RP such that Z; € R? xk
maximizes tr(Z]IYTYZk), subject to Z]Z, = Ij. The affine subspace span(Zy) + T in
RP captures the greatest k-dimensional variability in the data X. The k largest principal

components of X are defined successively for k = 1,...,p as orthonormal basis of span(Z},).

Example 2.1.4 (Support Vector Machine). Let {(z;,vy;) : x; € RP, y; = £1, i =1,...,n}
be a training set for binary classification. The best separating hyperplane is given by w'z —
B =0, where (w, 3)T € RP x R can be found by minimizing ||w]|| subject to y;(wz; —b) > 1
for all ©+ = 1,...,n. In other words, the best separating hyperplane is the affine subspace

ker(w') + 1.

These four examples represent a sampling of the most rudimentary classical examples.
It is straightforward to extend them to include more modern considerations. We may incor-
porate say, sparsity or robustness, by changing the objective function used; or have matrix
variables in place of vector variables by considering affine subspaces within other vector

R™*™ in place of R,

spaces, e.g., S" or

These simple examples may be solved in the usual manners with techniques in numerical
linear algebra: least squares for linear regression, singular value decomposition for errors-
in-variables regression, eigenvalue decomposition for principal component analysis, linear
programming for support vector machines. Nevertheless, viewing them in their full gen-
erality as optimization problems on the affine Grassmannian allows us to treat them on
equal footings and facilitates development of new multivariate statistics/machine learning
techniques. More importantly, we argue that the prevailing approaches may be suboptimal.

For instance, in Example 2.1.3 one circumvents the problem of finding a best-fitting affine

subspace with a two-step heuristic: First find the empirical mean of the data set = and then
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mean center to reduce the problem to one of finding a best-fitting linear subspace span(Z).

There is no reason that span(Z) + Z would give the best-fitting affine subspace.

2.1.1 Outline

We introduce the affine Grassmannian formally in Section 2.2 and develop its basic proper-
ties. We then introduce systems of global coordinates in Section 2.3, allowing us to compute
various quantities on Graff(k,n). The next three sections cover the two most fundamental
aspects from an application perspective: distances and probability distributions. In Sec-
tion 2.4, we show how one may define various notions of distances and metrics on Graff(k, n)
and extend these in Section 2.5 so that one may define distances between an affine subspace
in Graff(k,n) and another in Graff(l,n). This is followed by a discussion of natural prob-
ability distributions on Graff(k,n) in Section 2.6. We conclude by presenting optimization
algorithms on Graff(k, n) in Section 2.7, and providing numerical experiments in Section 2.8.

We summarize our major contributions in this paper below:

e parametrization of a point: Definition 2.3.1 and Definition 2.3.4;

characterization of embedding Graff(k,n) into Gr(k + 1,n + 1): Theorem 2.2.5 and

Theorem 2.4.4

distance between affine subspaces: Theorem 2.5.2

probability distribution on Graff(k,n): Definition 2.6.3

optimization algorithms on Graff(k,n): Algorithms 2.7.1-2.7.5

2.2 Affine Grassmannian

The Grassmannian of affine subspaces or affine Grassmannian was first described in [32] but

has received relatively little attention compared to the Grassmannian of linear subspaces



Gr(k,n).} Aside from a brief discussion in [41, Section 9.1.3], we are unaware of any system-
atic treatments. Nevertheless, given that it naturally parameterizes all k-dimensional affine
subspaces in R", it is evidently an important object that could rival the usual Grassmannian
in practical applicability, particularly in statistical estimation.

As such we will establish some basic properties of the affine Grassmannian that elucidates
its structure with a view towards practical applications. The results here are neither difficult
nor surprising, and certainly routine to the experts, but to the best of our knowledge they
have not appeared before elsewhere.

We remind the reader of some basic terminologies. A k-plane is a k-dimensional linear
subspace and a k-flat is a k-dimensional affine subspace. A k-frame is an ordered basis of a k-
plane and we will regard it as an n X k matrix whose columns aq, ..., a; are the basis vectors.
A flag is a strictly increasing sequence of nested linear subspaces, Xy C X; C Xy C ---. A
flag is said to be complete if dim X, = k, finite if k =0, 1,...,n, and infinite if k € NU{0}.
We write Gr(k,n) for the Grassmannian of k-planes in R", V(k,n) for the Stiefel manifold
of orthonormal k-frames, and O(n) := V(n,n) for the orthogonal group. We may regard

V(k,n) as a homogeneous space,

V(k,n) = O(n)/ O(n — k), (2.2.1)

or more concretely as the set of n x k£ matrices with orthonormal columns. There is a right
action of the orthogonal group O(k) on V(k,n): For @ € O(k) and A € V(k,n), the action

yields AQ € V(k,n) and the resulting homogeneous space is Gr(k,n), i.e.,

Gr(k,n) = V(k,n)/O(k) = O(n)/(O(n — k) x O(k)). (2.2.2)

By (2.2.2), A € Gr(k,n) may be identified with the equivalence class of its orthonormal

1. The term ‘affine Grassmannian” is now used far more commonly to refer to another very different
object; see [4, 17, 34] In this article, it will always be used in the sense of Definition 2.2.1. If desired,
‘Grassmannian of affine subspaces’ may be used to avoid ambiguity.
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k-frames {AQ € V(k,n) : @ € O(k)}. Note span(AQ) = span(A) for Q € O(k).

Definition 2.2.1 (Affine Grassmannian). Let & < n be positive integers. The Grassman-
nian of k-dimensional affine subspaces in R™ or Grassmannian of k-flats in R", denoted by
Graff(k,n), is the set of all k-dimensional affine subspaces of R™. For an abstract vector

space V', we write Graff,. (V') for the set of k-flats in V.

This set-theoretic definition does not reveal much about the rich geometry behind Graff(k, n).
We will examine it below as (i) a differential manifold, (ii) a vector bundle, (iii) a homoge-
neous space, and (iv) an algebraic variety.

Throughout this article, a boldfaced letter A will always denote a subspace and the
corresponding normal typeface letter A will then denote a matrix of basis vectors (often
but not necessarily orthonormal) of A. We denote a k-dimensional affine subspace as A +
b € Graff(k,n) where A € Gr(k,n) is a k-dimensional linear subspace and b € R" is the

displacement of A from the origin. If A = [aq,...,a;] € R™*k is a basis of A, then
A+bZ: {A1a1+---+)\kak+b€Rn . )\1,...,>\k ER} (223)

The notation A + b may be taken to mean a coset of the subgroup A in the additive group
R"™ or the Minkowski sum of the sets A and {b} in the Euclidean space R”. The dimension
of A + b is defined to be the dimension of the vector space A. As one would expect of
a coset representative, the displacement vector b is not unique: For any a € A, we have
A+b=A+(a+Db).

We may choose an orthonormal basis for A so that A € V(k,n) and choose b to be
orthogonal to A so that ATh = 0. Hence we may always represent A + b € Graff(k,n)
by a matrix [A, by] € R™(F+1) where ATA = I and AThy = 0; in this case we call [A, b]
orthogonal affine coordinates. A moment’s thought would reveal that any two orthogonal
affine coordinates [A, by], [A’, bf)] € R™*(k+1) of the same affine subspace A + b must have

Al = AQ for some Q € O(k) and bj, = by



We will not insist on using orthogonal affine coordinates at all times as they can be
unnecessarily restrictive (especially in proofs). Without these orthogonality conditions, a
matrix [A, by| € R7%(k+1) that represents an affine subspace A + b in the sense of (2.2.3) is

called its affine coordinates.
Proposition 2.2.2. Graff(k,n) is a smooth manifold.

Proof. Let A+b € Graff(k, n) be represented by affine coordinates [A4, by = [a;, ag, ... ay, by] €
R"x(kJrl), where b is chosen so that b — by € A. Since A has rank k, without loss of gener-
ality, we may assume that the k x k leading principal minor of A is nonzero.

Let U be the set of all X 4y € Graff(k, n) whose affine coordinates [X, y,] have nonzero
k x k leading principal minors. Then U is an open subset of Graff(k,n) containing A + b.

Each X + ¢y € U has unique affine coordinates [X ,7] € R%(k+1) of the form

1 0 .. 0 0 7
0 1 0 0
Xal=|.0 0 .. 1 0
X, 9] Trt1,1 Th41,2 - Thilk Ykl
L i'n,l CE'n,2 jn,k /gn .

It is routine to verify that ¢ : U — R=R)(K+1) x4 o1 [X, 4], is a homeomorphism and
thus gives a local chart for U. We may likewise define other local charts by the nonvanishing
of other k x k minors and verify that the transition functions ¢ o ¢, 1 are smooth for any

two such local charts ¢; : U; — R(”*k)(k‘q), 1=1,2. O

It turns out that Graff(k,n) may be viewed as a vector bundle over Gr(k,n). Recall that
if S is a subbundle of a vector bundle E on a manifold M, then @ is called the quotient

bundle on M of E by S if there is a short exact sequence of vector bundles
0=>S—=FE—=Q—0. (2.2.4)

In the context of Grassmannians, there is a special vector bundle over Gr(k,n), called the
10



tautological bundle, whose fiber over A € Gr(k,n) is simply A itself. One may view this as
a subbundle of the trivial vector bundle Gr(k,n) x R™. If S is the tautological bundle and
E is the trivial bundle in (2.2.4), then the quotient bundle @ is called the universal quotient
bundle of Gr(k,n) [21, 39].

Proposition 2.2.3. Graff(k,n) is the universal quotient bundle on Gr(k,n).

Proof. Let p : Graff(k,n) — Gr(k,n), A+0b+— A be the map that translates an affine space
back to the origin. In terms of affine coordinates, p(laq,...,a,by]) = [aq,...,a;] where
a;’s and by are chosen as in the proof of Proposition 2.2.2. Notice that the fiber p~Y(A) for
A € Gr(k,n) is simply R"™/A, a linear subspace of dimension n — k. Local trivializations of
Graff(k,n) are obtained from local charts of Gr(k,n) by construction. Hence Graff(k,n) is
a vector bundle over Gr(k,n). Moreover we have ¢ : Gr(k,n) x R" — Graff(k,n), (A,b) —
A +b. It is straightforward to check that ¢ is a surjective bundle map and the kernel of ¢ is

the tautological vector bundle S over Gr(k,n), i.e., we have an exact sequence

0— S — Gr(k,n) x R" — Graff(k,n) — 0.

This shows that Graff(k,n) is the universal quotient bundle. O

By either Proposition 2.2.2 or Proposition 2.2.3, we see that dim Graff(k,n) = (n—k)(k+
1). Unlike Gr(k,n), Graff(k,n) is non-compact: take a sequence in Graff(k,n) represented
in coordinates by [A, mb] with m € N, A = [aq,...,q;] € V(k,n), and 0 # b € R” such that
ATb = 0; observe that it has no convergent subsequence.

The group of orthogonal affine transformations is denoted E(n) and is the set O(n) x

R™ equipped with the group operation (Q1,c¢1)(Q9, ) = (Q1Q9,c1 + QlcQ).Q The affine
Stiefel manifold is defined to be the product manifold Vaff(k,n) == V(k,n) x R". It is a

2. As semidirect product, E(n) = O(n) x4 R™, where ¢ : O(n) — Aut(R™) = GL(n) as inclusion.
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homogeneous space because of the following analogue of (2.2.1),

Vaff(k, n) = E(n)/ O(k).

Given that E(n) has wide-ranging applications in engineering [13], we provide the following

description of Graff(k,n) as a quotient of E(n).

Proposition 2.2.4. Graff(k,n) is a reductive homogeneous Riemannian manifold. In fact,

we have the following analogue of (2.2.2),

Graff(k,n) = Vaff(k,n)/ O(n — k) = E(n)/(O(n — k) x E(k)).

Proof. Since Graff(k,n) can be identified with an open subset of Gr(k + 1,n + 1), the Rie-
mannian metric g, on Gr(k + 1,n + 1) induces a metric on Graff(k,n). With this induced
metric equipped, Graff(k,n) is a Riemannian manifold. The group E(n) acts on Graff(k,n)
by (@,¢)- (A+b) =Q-A+ Qb+ ¢, where (Q,c) € E(n) = O(n) x R", A +b € Graff(k,n),
and @ - A = span(QA). It is easy to see that E(n) acts on Graff(k,n) transitively and
so Graff(k,n) = E(n)/ Stabp 4 (E(n)), where Stab _;(E(n)) is the stabilizer of any fixed
affine linear subspace A +b € Graff(k,n) in E(n). Now Stabp_,;(E(n)) consists of two types
of actions. The first action is the affine action inside the plane A, which is E(k), while the
second action is the rotation around the orthogonal complement of A, which is O(n — k).
Hence we obtain Staba_,(E(n)) = O(n — k) x E(k), and the representation of Graff(k, n)

as a homogeneous Riemannian manifold follows. m

We now turn to the algebraic geometric aspects of Graff(k,n). One of our main goals is
to show that the vast array of optimization techniques [1, 2, 3, 15, 26] and any probability
densities [12] defined on the usual Grassmannian may be adpated to the affine Grassmannian.
In this regard, it is the following view of Graff(k,n) as an Zariski open dense subset of

Gr(k+1,n+1) that will prove most useful. Our construction of this embedding is illustrated

12



in Figure 2.1.

A+

Xz

Figure 2.1: Here our linear subspace A is the z-axis. It is displaced by b along the y-axis to
the affine subspace A + b. The embedding j : Graff(k,n) — Gr(k+ 1,7+ 1) takes A +b to
the smallest 2-plane containing A and b + e3, where eg is a unit vector along the z-axis.

Theorem 2.2.5. (i) Graff(k,n) is an algebraic variety that is irreducible and nonsingular.

(i) Graff(k,n) may be embedded as a Zariski open subset of Gr(k + 1,n+ 1),
j: Graff(k,n) = Gr(k+1,n+1), A+br—span(AU{b+e,,1}), (2.2.5)

where e, 1 = (0,...,0, e Rt The image 1s open and dense in both the Zariski

and manifold topologies.

(iii) Gr(k+1,n+ 1) may be regarded as the disjoint union of Gr(k + 1,n) and Graff(k,n);

more precisely,
Gr(k+1,n+1)=XUX" X =Graff(k,n), X°=Gr(k+1,n).

Proof. Substituting ‘smooth’” with ‘regular’ and ‘differential manifold’ by ‘algebraic variety’
in the proof of Proposition 2.2.2, we see that Graff(k,n) is a nonsingular algebraic variety.

Its irreducibility follows from Proposition 2.2.3 since Gr(k, n) is irreducible and all fibers of
13



Graff(k,n) — Gr(k,n) are irreducible and of the same dimension. We use ‘algebraic variety’
is used here in the sense of an abstract algebraic variety, i.e., Graff(k, n) is obtained by gluing
together affine open subsets.

The embedding j takes k-flats in R™ to (k + 1)-planes in R"*1 je R?" D A +b —
span(A U {b + ¢, 1}) € R""L. It maps R" onto E,, = span{ey,...,e,} C R* where
€1, €p,€ny are the standard basis vectors of R”*L. Linear subspaces A C R" are then
mapped to j(A) C E,,. Clearly j is an embedding.

We set X = j(Graff(k,n)) C Gr(k + 1,n + 1) and set X¢ to be the set-theoretic
complement of X in Gr(k + 1,n + 1). By (ii), X = Graff(k,n). By the definition of X¢,
a (k+ 1)-plane B € Gr(k+ 1,n + 1) is in X€ if and only if B C E,, which is to say
that X¢ = Gr,1(E,) = Gr(k + 1,n). Lastly we see that X is Zariski open because its

complement X, comprising (k + 1)-planes in E,,, is clearly Zariski closed. ]

In the proof we identified R™ with the subset {(x{,...,2,,0)" € R+ xy,...,z, € R}
to obtain a complete flag {0} c Rl ¢ R? ¢ --- ¢ R” ¢ R*T! C -... Given this, our choice
of e,,,1 in the embedding j in (2.2.5) is the most natural one.

It is sometimes desirable to represent elements of Gr(k,n) as actual matrices instead of
equivalence classes of matrices. For example, we will see that this is the case when we discuss
probability distributions on Gr(k,n) and Graff(k,n) in Section 2.6. The Grassmannian has
a well-known representation [41, Example 1.2.20] as the set of rank-k orthogonal projection

matrices, or, equivalently, the set of trace-k idempotent symmetric matrices:

Gr(k,n) 2 {P e R™": PT = P2 = P, tz(P) = k}. (2.2.6)

Note that rank(P) = tr(P) for an orthogonal projection matrix P. A straightforward affine

3. A projection matrix satisfies P? = P and an orthogonal projection matrix is in addition symmetric,
i.e., PT = P. An orthogonal projection matrix P is not an orthogonal matrix unless P = I.
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analogue of (2.2.6) for Graff(k,n) is simply
Graff(k,n) = {[P,b] € R™ (1) . pT — p2 — p t1(P) = k, Pb =0}, (2.2.7)

where A + b € Graff(k,n) with orthogonal affine coordinates [A,by] € R™<(k+1) is repre-
sented as the matrix [AAT, by] € R™¥("+1) 4 We will call this the matrix of projection affine

coordinates for A + b.

2.3 Global coordinates for the affine Grassmannian

One reason for the wide applicability of the Grassmannian is the existence of several excellent
choices of global coordinates, allowing subspaces to be represented as matrices and thereby
facilitating the use of a vast range of algorithms in numerical linear algebra [1, 2, 3, 15].
Such concrete realizations of an abstract manifold is essential for applications purposes. We
will show that this is also the case for the affine Grassmannian.

There are three particularly useful systems of global coordinates on the Grassmannian:
points on Gr(k,n) can be represented as (i) an equivalence class of matrices A € R"*¥ with
linearly independent columns such that A ~ AS for any S € GL(k), (ii) an equivalence class
of matrices A € V(k,n) with orthonormal columns such that A ~ AQ for any @ € O(k), (iii)
a projection matrix P € R™*" satisfying P? = PT = P and tr(P) = k. These correspond to
representing A by (i) bases of A, (ii) orthonormal bases of A, (iii) an orthogonal projection
onto A. The affine coordinates, orthogonal affine coordinates, and projection affine coordi-
nates introduced in Section 2.2 are obvious analogues of (i), (ii), and (iii) respectively. In
the following we will introduce two more.

For an affine subspace A + b € Graff(k,n), its orthogonal affine coordinates are [A, by] €
V(k,n) x R"™ where ATby = 0, i.e., by is orthogonal to the columns of A. However as by is in

general not of unit norm, we may not regard [A, by] as an element of V(n, k + 1). With this

4. If A is an orthonormal basis for the subspace A, then AAT is the orthogonal projection onto A.
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in mind, we introduce the notion of Stiefel coordinates, which is the most suitable system of

coordinates for computations.

Definition 2.3.1. Let A + b € Graff(k,n) and [A4,by] € R"*( 1) be its orthogonal affine
coordinates, i.e., ATA =T and ATby = 0. The matrix of Stiefel coordinates for A + b is the

(n+1) x (k+ 1) matrix with orthonormal columns,

A b/ 1+ [Iboll?

Yaip = eVin+ 1L, kE+1).

0 1/v1+ bl

Two orthogonal affine coordinates [A, by], [A’, bf)] of A+ give two corresponding matrices
of Stiefel coordinates Y 4, YA 4p- By the remark after our definition of orthogonal affine

coordinates, A = A'Q’ for some Q" € O(k) and by = bf,. Hence

A b/ I+ Bl | AT b/ L+ |opl12 | @
0 1/4/1+ bl 0 1/4/14 ||bpll? 0 1

YaLp= =YpA,@  (231)

where @) = [QOI ﬂ € O(k +1). Hence two different matrices of Stiefel coordinates for the

same affine space differ by an orthogonal transformation.

Proposition 2.3.2. Consider the equivalence class of matrices given by

A Db A

O(k+1) ::{ QGR(H+1)X(]<Z+1) Q€O<k+1)}

0 ~ 0 ~

The affine Grassmannian may be represented as a set of equivalence classes of (n+1)x (k+1)
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matrices with orthonormal columns,

A b A b
Graff(k,n) = { -O(k+1): eV(k+1,n+ 1)} (2.3.2)
0 v 0 v
CV(k+1,n+1)/O(k+1)=Gr(k+1,n+1). (2.3.3)

An affine subspace A+b € Graff(k,n) is represented by the equivalence class Y - O(k+1)

corresponding to its matrixz of Stiefel coordinates.

Proof. The set of equivalence classes on the RHS of (2.3.2) is the set X in Theorem 2.2.5(iii)

if Gr(k+ 1,n + 1) is regarded as the homogeneous space in (2.3.3). O

The following lemma is easy to see from the definition of Stiefel coordinates and our
discussion above. It will be useful for the optimization algorithms in Section 2.7, allowing
us to check feasibility, i.e., whether a point represented as an (n + 1) X (k 4 1) matrix is an

element of the feasible set j(Graff(k,n)).

Lemma 2.3.3. (i) Any matriz of the form [‘61 ,ﬂ eVk+1,n+1), ie,
ATA=I, ATh=0,  P+A2=1

is the matrix of Stiefel coordinates for some A + b € Graff(k, n).

(ii) Two matrices of Stiefel coordinates [A b], [Al v

0~ 0 7/} € V(k+1,n+1) represent the same

affine subspace iff there exists [%/ ﬂ € O(k + 1) such that

A b AV Q0
0 ~ 0 ~[|0 1

(i) If [61 g] € V(k+1,n+1) is a matriz of Stiefel coordinates for A +0b, then every other
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matriz of Stiefel coordinates for A +0b belongs to the equivalence class [61 ﬂ -O(k+1),

but not every matriz in [61 ﬂ -O(k + 1) is a matriz of Stiefel coordinates for A + b.

The matrix of projection affine coordinates [P, b] € R"*("*1) in (2.2.7) is not an orthog-

onal projection matrix. With this in mind, we introduce the following notion.

Definition 2.3.4. Let A + b € Graff(k,n) and [P,b] € R"*("1) be its projection affine
coordinates. The matrix of projection coordinates for A + b is the orthogonal projection

matrix

T 2 2
—_— P+0ob"/(|b]|* +1) b/(|b]* + 1) c R X (n+1)

oT/(IB* + 1) 1/(Ib)* + 1)

Alternatively, in terms of orthogonal affine coordinates [A, by] € Rx (k+1)

b AAT 4 0obg /(1bolI* +1) o/ (Ilboll* +1) c R+)x(n+1)

b6 /(llbg|* +1) 1/(llbg 1> + 1)

It is straightforward to verify that Py y; is indeed an orthogonal projection matrix, i.e.,
Pi = Payp = PX b Unlike Stiefel coordinates, projection coordinates of a given affine
subspace are unique. As in Proposition 2.3.2, the next result gives a concrete description
of the set X = j(Graff(k,n)) in Theorem 2.2.5(iii), but in terms of projection coordinates.

With this description, Graff(k,n) may be regarded as a subvariety of R(n+1)x(n+1)

Proposition 2.3.5. The affine Grassmannian may be represented as a set of (n+1)x (n+1)

orthogonal projection matrices,

P07 /(6] + 1) b/(lbl* + 1)
oT/(Ibl* + 1) 1/(llel* + 1)

R(n—i—l) X (n+1)

Graff (k,n) = {
PeR™", PT = P2 =P to(P) =k, Pb= 0}. (2.3.4)

An affine subspace A + b € Graff(k,n) is uniquely represented by its matriz of projection
18



coordinates P yy,.

Proof. Let A +b € Graff(k,n) have orthogonal affine coordinates [A, by]. Since P = AAT €
R™ ™ is an orthogonal projection matrix that satisfies Pby = 0, the map A + b = Pp_y
takes Graff(k,n) onto the set of matrices on the RHS of (2.3.4) with inverse given by Pp 4 —

The following lemma allows us to check feasibility for the algorithms in Section 2.7 when

we use projection coordinates.

Lemma 2.3.6. An orthogonal projection matriz [dST ;l] e ROHDX(+1) yo the matriz of
projection coordinates for some affine subspace in R™ iff (i) v # 0; (ii) S — v LddT e R
is an orthogonal projection matriz; (iii) Sd = 0. In addition, [dsr fj] e Rn+1)x(n+1) ;¢ 4he
matriz of projection coordinates for A+b € Graff(k, n) iff S—y1dd™ = AAT and v 1d = bo

where [A, by] € R (K1) g gn orthogonal affine coordinates of A + b.
The next lemma allows us to switch between Stiefel and projection coordinates.

Lemma 2.3.7. (i) IfYp,y € V(k+1,n+1) is a matriz of Stiefel coordinates for A + b,

then the matrixz of projection coordinates for A + b is given by

Pasy=YapVE € RUFDXOHL,

(ii) If Payp € RHD*(41) s the matriz of projection coordinates for A+0b, then a matriz
of Stiefel coordinates for A +b is given by any Yo 1 € V(k+1,n 4 1) whose columns

Jorm an orthonormal eigenbasis for the 1-eigenspace of Pp yy,.

Proof. (i) follows from the observation that for any @ € O(k + 1),

(

A b/\/|b||2+1] Q)({A b/\/||b||2+1} Q)T: [AAT+bbT/|b||2+1 b/ (bl + )]
0 1/y/lo)I*+1 0 1/y/[olI*+1 bT/([16]* + 1) 1/(/[p]1* 4+ 1)
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For (ii), recall that the eigenvalues of an orthogonal projection matrix are 0’s and 1’s with
multiplicities given by its nullity and rank respectively. Thus we have an eigenvalue de-
COIHpOSitiOH of the form PA+b = V|:Ik+1 On_k:|VT = Vk—&—lvl;-l? where the columns of
Vi1 € V(k+1,n+1) are the eigenvectors corresponding to the eigenvalue 1. Let v € RFH pe
the last row of V. 1 and @ € O(k+1) be a Householder matrix [19] such that QTv = ||v||ej 1.
Then YA 4 = Vi1 1@Q has the form required in Lemma 2.3.3(i) for a matrix of Stiefel coor-

dinates. O

The above proof also shows that projection coordinates are unique even though Stiefel
coordinates are not. In principle, they are interchangeable via Lemma 2.3.7 but in reality,

one form is usually more natural than the other for a specific use.

2.4 Geodesics and distances between affine subspaces

An important reason for the widespread applicability of the usual Grassmannian is that one
has concrete, explicitly computable expressions for geodesics and distances on Gr(k,n). In [2,
15, 53], these expressions were obtained from a purely differential geometric perspective. One
might imagine that a notion of distance between affine subspaces could be similarly obtained
from the differential geometric structures on Graff(k,n) established in Propositions 2.2.2,
2.2.3, and 2.2.4. Surprisingly this is not the case.

A more careful examination of the arguments in [2, 15, 53] for obtaining an explicit
expression for geodesics and geodesic distances on the V(k,n) and Gr(k,n) reveal that they
depend on a somewhat obscure structure, namely, that of a geodesic orbit space [5, 20]. In
general, if G is a compact semisimple Lie group and GG/ H is a reductive homogeneous space,
then there is a standard metric induced by the restriction of the Killing form on g/h where
g and b are the Lie algebras of G and H respectively. With this standard metric, G/H is a
geodesic orbit space, i.e., all geodesics are orbits of one parameter subgroups of GG. In the

case of Gr(k,n) = O(n)/(O(n — k) x O(k)) and Stiefel manifold V(k,n) = O(n)/ O(n — k),
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O(n) is a compact semisimple Lie group and the Riemannian metrics we use on Gr(k,n) and
V(k,n) are indeed the standard metrics. Hence they are geodesic orbit spaces. Moreover,
for matrix Lie groups like O(n), we know that all their one parameter subgroups are given
by the exponential maps. These observations allow us to write down geodesics on Gr(k,n)
and V(k,n) explicitly.

In seeking an expression for the geodesic distance between affine subspaces, it might
appear that we could just apply the same arguments to Graff(k,n), given that Proposi-
tion 2.2.4 guarantees the homogeneous space structure of Graff(k,n). The difficulty in this
situation is that Graff(k,n) = E(n)/(E(n — k) x O(k)) might not be a geodesic orbit space
since E(n) = O(n) x R™ is not compact and therefore does not have a standard metric on
Graff(k,n) as in the case of Gr(k,n) and V(k,n).

What about the vector bundle structure on Graff(k,n) then? If E is a vector bundle
over a Riemannian manifold M, then there is always a metric induced on E by the metric
on M, namely, the pullback of the metric on M. Nevertheless, this metric on E is evidently
not very interesting — by definition, it disregards the fibers of the bundle. In the context of
Proposition 2.2.3, this is akin to defining the distance between A +b and B+ ¢ € Graff(k,n)
as the usual Grassmann distance between A and B € Gr(k,n), which ignores b and ¢ totally.

In summary, the differential geometric structures on Graff(k,n) established in Propo-
sitions 2.2.2, 2.2.3, and 2.2.4 do not really help us define a distance between two affine
subspaces. We will instead turn to the algebraic geometric properties of Graff(k,n) in The-
orem 2.2.5 to provide the framework for defining such a distance. We will first describe the
distance between two equidimensional affine subspaces and then extend it to affine subspaces
of different dimensions in Section 2.5.

Recall that the Riemannian metric on Gr(k,n) yields the following well-known Grass-

mann distance between two subspaces A, B € Gr(k,n),

1/2
dGr(k,n)<AvB) = (Zle 922) / ) (2.4.1)
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where 01,...,0; are the principal angles between A and B. This distance is easily com-

1 o;, where o; is the ith singular value of the matrix ATB for

putable via SVD as 0, = cos™
any orthonormal bases A and B of A and B [19, 54].

By Theorem 2.2.5(ii), we may identify Graff(k, n) with its image j(Graff(k,n)) in Gr(k+
I,n+1). As a subset of Gr(k + 1,n + 1), Graff(k,n) inherits the Grassmann distance
dGr(k+1,n+1) on Gr(k+1,n+1) and we obtain a distance as in Theorem 2.4.1 that can also

be readily computed using svD. We will show in Theorem 2.4.3 that this distance is in fact

mitrinsic.

Theorem 2.4.1. For any two affine k-flats A + b and B + ¢ € Graff(k, n),

dGrafi (k) (A + 0, B+ ¢) = day(r1n41) (J(A + ), j(B +¢)),

where j is the embedding in (2.2.5), defines a notion of distance consistent with the Grass-

mann distance. If

A b/ v/ 1+ boll? v B co//1+ |l

) B+c —
0 1//1+4[|bo? 0 1/v1+ ]l

YAty =

are the matrices of Stiefel coordinates for A + b and B + c respectively, then

i ?) 2 (2.4.2)

1 (k+1)x (k+1)

where 0; = cos™ * 0; and o; is the ith singular value of YX+bYB+c eR .

Proof. Any nonempty subset of a metric space is a metric space. It remains to check that
the definition does not depend on a choice of Stiefel coordinates. Let Y and Y, 4p De

two different matrices of Stiefel coordinates for A 4 b and Yy 1 and Y/ be two different

B+c
matrices of Stiefel coordinates for B + ¢. By Lemma 2.3.3(ii), there exist Q1, Q9 € O(k + 1)
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such that Y ., = Y @1 YBye = Yh Q2. The required result then follows from

0/(YA 13YB1e) = 0i(QTYA YR Q) = 0; (YA ) VB o)

fori=1,...,k. O

The proof above also shows that 0;,...,0;, are independent of the choice of Stiefel
coordinates. We will call 6; the ith affine principal angles between the respective affine

subspaces and denote it by 6,(A + b, B + ¢). Consider the SvD,
YA YBie =USVT (2.4.3)
where U,V € O(k + 1) and ¥ = diag(oy,...,0p,1). Let

YAerU = [p17"'7pk+1]7 YB+CV = [q17"'7qk+ﬂ'

We will call the pair of column vectors (p;, ¢;) the ith affine principal vectors between A +b
and B 4 ¢. These are clearly the affine analogues of principal angles and principal vectors
of linear subspaces [11, 19, 54].

We will next show that the distance in Theorem 2.4.1 is the only possible distance on
an affine Grassmannian compatible with the usual Grassmann distance on a Grassmannian.
On any connected Riemannian manifold M with Riemannian metric g, there is an intrinsic

distance function dy; on M with respect to g,
dys(z,y) =inf{L(y) : 7 is a piecewise smooth curve connecting x and y in M }.

For a connected submanifold of N C M, there is a natural Riemannian metric g5y on N
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induced by g and therefore a corresponding intrinsic distance function,

dy(z,y) = inf{L(7) : v is a piecewise smooth curve connecting x and y in N}.

On the other hand, we may also define a distance function dj;| 5 on N by simply restricting
the distance function d; to N — note that this is what we have done in Theorem 2.4.1
with M = Gr(k+ 1,n+ 1) and N = Graff(k,n). In general, dy;|y # dy. For example,
for N = S embedded as the unit sphere in M = R?, the two distance functions on S? are
obviously different. However, for our embedding of Graff(k,n) in Gr(k + 1,n + 1), the two

distances on Graff(k,n) agree.

Proposition 2.4.2. Let K be a closed submanifold of codimension at least two in M and

let N be the complement of K in M. Then dys|n = dy -

Proof. We need to show that for any two distinct points xz,y € N, dy;(z,y) = dy(z,y).
By definition of d,; and dp it suffices to show that any piecewise smooth curve v in M
connecting x, y can be approximated by a piecewise smooth curve in N connecting x,y. The
assumption on codimension implies that x,y € N is connected by a piecewise smooth curve
in N. The transversality theorem [27, Theorem 2.4] then implies that v can be approximated

by curves in N connecting x and . O

Theorem 2.4.3. The distance dGraﬁ‘(kJL) in Theorem 2.4.1 is intrinsic with respect to the

Riemannian metric on Graff(k,n) induced from that of Gr(k+ 1,n + 1).

Proof. By Theorem 2.2.5, the complement of Graff(k,n) in Gr(k+ 1,n+1) is Gr(k + 1, n),

which has codimension k& + 1 > 2. Hence Proposition 2.4.2 applies. O

The next theorem plays an important role for our path-following algorithms in Section 2.7,

showing that they will almost never lead to a point outside Graff(k, n).
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Theorem 2.4.4. Let A +b,B + ¢ € Graff(k,n) and let

A b/ lIboll* +1 v B co/V/llell* +1

) B+c —
0 1/3/bol* +1 0 1/y/ell?+1

be their Stiefel coordinates. If YX Yp.. is invertible, then there is at most one point on

+b
the distance minimizing geodesic in Gr(k + 1,n + 1) connecting A + b and B + ¢ which lies

outside j(Graff(k,n)). Here j is the embedding in (2.2.5).

Proof. Let U € O(k + 1) and the diagonal matrix ¥ be as in (2.4.3). We will write © =
diag(fy,...,0k1) = cos~1 ¥ for the diagonal matrix of affine principal angles. By [2] the
geodesic 7y : [0,1] — Gr(k + 1,n 4+ 1) connecting j(A + b) and j(B + ¢) is given by 7(t) =
span (Y U cos(t©) + @ sin(t0)), where @ € O(k + 1) is such that the RHS of

(I - YA+bYX+b)YB+c(YX+bYB+c)_1 = Q(tan(@))UT

gives an SVD of the matrix on the LHS. Let the last row of U and @Q as [ugq 1, - - ,uk+17k+1]T
and (@411 -- ,qk,+1’k+1]T respectively. Then y(t) € Gr(k+1,n+ 1)\ j(Graff(k,n)) if and

only if the entries on last row of ~y(¢) are all zero, i.e.,

Ug 1, cos(tt;)

VIbIZ+1

foralli =1,...,k+ 1. So at most one point on = lies outside Graff(k,n). ]

+ @11, 8in(t0;) = 0,

Corollary 2.4.5. Let A +b and B + ¢ € Graff(k,n). The distance minimizing geodesic

v :[0,1] — Graff(k,n) connecting A +b and B + ¢ is given by

y(t) =571 (span(Y U cost® + Qsint0)), (2.4.4)

25



where Q,U € O(k + 1) and the diagonal matriz © are determined by the SVD

(I = YA YA YBrc(YA YRy = Qtan©)UT.

The matriz U is the same as that in (2.4.3) and © = diag(fy,...,0;,1) is the diagonal
matriz of affine principal angles. ~y attains the distance in (2.4.2) and its derivative at t = 0

18 given by

¥ (0) =51 (QeuT). (2.4.5)

Table 2.1: Distances on Graff(k,n) in terms of affine principal angles and Stiefel coordinates.
Affine principal angles Stiefel coordinates

Asimov Graff kn) A+0,B+c)=0;4 | A+bYB+c”2
k+1 1/2 211/2
Binet—Cauchy dG off (k) A+b,B+c) = ( — TI72 cos? ) (1= (det YL ) YB+e)?)
1/2
k+1 .
Chordal Aot (o) (A + 0B+ ) = (zi 1 sin2 ei) %HYA YL~ YV
Fubini-Study A+0b,B+c)=cos” (Hk+1 cos 9') os ™! det YA pYB4el

(
(
(
Graff k)
(
(
(
)

(—2logdet Y] Vg .)'/?
1YarU — YBiVIF
IYa4bYA 15— VB4V Boell2

[Ya+sU — YBicV o

. 1/2
Martin Graff (k) A+0b,B+c) (log Hk+1 1/ cos? 6, )
1/2
Procrustes Graff (e.n) A+b0,B+c)=2 (Zk 1 sin (91/2)> /
Projection Grdff (k.n) A+0,B+c)=sinb, 4
Spectral Graff kn) A +0,B+c)=2sin(0;,1/2)

The Grassmann distance in (2.4.1) is the best known distance on the Grassmannian.
But there are in fact several common distances on the Grassmannian [54, Table 2| and we
may extend them to the affine Grassmannian by applying the embedding j : Graff(k,n) —
Gr(k+1,n+ 1) and emulating our arguments in this section. We summarize these distances
in Table 2.1. The matrices U,V € O(k + 1) in the right column of Table 2.1 are the ones in
(2.4.3).
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2.5 Distances between affine subspaces of different dimensions

The discussions in the previous section are about distances between affine subspaces of the
same dimension. To provide a geometric framework for modeling mixtures of inequidimen-
sional affine subspaces, we provide an extension to distance between affine subspaces of
different dimensions.

For a long time, it is unclear how one might define a notion of distance between linear
subspaces of different dimensions — not for the lack of proposed formulas for such a distance
but that it is not clear what these ad hoc formulas measure, whether they depend on a choice
of coordinates, or if they stay invariant when the dimension of the ambient space is changed.
These issues have recently been resolved in [54]. Given a k-dimensional linear subspace
A € Gr(k,n) and an [-dimensional linear subspace B € Gr(l,n) of R", say k < [, it has
been shown in [54] that if we take the set of all k-dimensional subspaces contained in B, i.e.,

Q_(B) = {X € Gr(k,n) : X C B}, and define the required distance to be

dGa(n) (A, Q_(B)) = Yeis?_f(m dey () (A Y), (2.5.1)

and if we take the set of all /-dimensional subspaces containing A, i.e., Q,(A) = {Y €

Gr(l,n): A C Y}, and define the required distance to be

dae(in) (B, QL (A)) = Xeian(A) Ay (1) (B, X), (2.5.2)
+

the two results are identical. Their common value gives a natural notion of distance be-
tween subspaces of different dimensions, denoted by §(A,B). In addition this distance is
independent of n, the dimension of the ambient space, and is easily computable via the SVD:

5(A.B) = (S 92)1/ ’ (2.5.3)

1=1 v

Moreover, this strategy applies to any of the distances in [54, Table 2], extending them to
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subspaces of different dimensions [54, Theorem 12]. There is also an accompanying geometric
insight — the sets 2, (A) and Q_(B) are well-studied objects called Schubert varieties and
thus the distances (2.5.1) and (2.5.2) are distances from a point to a Schubert variety within
the respective Grassmannians.

The goal of this section is to show that the framework described above may be adapted
to define various notions of distances for affine subspaces of different dimensions. The proofs
of Lemma 2.5.1, Theorems 2.5.2 and 2.5.3 are similar to those of their linear counterparts
[54, Lemma 3, Theorems 7 and 12] and will be omitted.

We start by defining the infinite affine Grassmannian, a geometric object that parame-

terizes k-dimensional flats in R for all n > k. Formally, this is defined as
Graff(k, 0o) := lim Graff(k, n),

where the direct limit is taken in the directed system given by the natural inclusions ¢, :
Graff(k,n) — Graff(k,n + 1) for n > k. To be specific, if [A,b] € R"**+1) is the affine
coordinates of A +b € Graff(k,n), then ¢, (A +b) = A’ +1' where A’ = span[fél], v = [8],
i.e., A'+V € Graff(k, n+1) has affine coordinates [161 8] e R+ x(k+1)  Readers unfamiliar

with direct limits may simply identify [A, b] with [61 8] and thereby regard
Graff(k,n) C Graff(k,n + 1) and Graff(k, 00) = Uzo_k Graff(k,n).

Lemma 2.5.1. The value dgyag (i) (A+b, B-+c) of two k-flats A+b and B+c € Graff(k, n)
15 independent of n, the dimension of their ambient space. Consequently, dGraFf(km) induces

a distance dgpaf (k,00) on Graff(k, co).

Let A + b € Graff(k,n) and B + ¢ € Graff(l,n) where k <1 < n. The affine Schubert
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varieties of [-flats containing A + b and k-flats contained in B + ¢ are

QL (A+b)={X+yeGCGraff(l,n): A+bC X +y}, (2.5.4)

Q_(B+c)={Y +zeGraff(k,n) : Y+ 2 CB+c}. (2.5.5)

Theorem 2.5.2. Let k <1 <n. For any A +b € Graff(k,n) and B + ¢ € Graff(l,n), the

following distances are equal,
dGraff (k.n) (A+0,Q_(B+c)) = draft(i,n) (B+¢,Q,(A+1)), (2.5.6)

and their common value 6(A + b, B + ¢) may be computed explicitly as

min(k,l)+1

" 0,(A +b,B + 0)2)1/2. (2.5.7)

5(A+bB+c)= (Z

The affine principal angles 64, .. ., Qmin(h, [)4+1 are as defined in Theorem 2.4.1 except that

now they correspond to the singular values of a rectangular matrix

]
A b/ VTETP | B o/ VITTalP| v,
0 UVIFI| [0 1/yI+el?

.
YA 3 YBye =

Like its counterpart for linear subspaces, 0 defines a distance between the respective affine
subspaces in the sense of a distance of a point to a set. It reduces to the usual Grassmann
distance dgy () in (2.4.1) when b = ¢ =0 and dim A = dimB = £.

Another advantage of relying on an embedding of Graff(k,n) into Gr(k + 1,n + 1) for
our definition of distance between affine subspaces is that Graff(k,n) automatically inherits
the other distances on Gr(k + 1,n + 1), i.e., the distances in Table 2.1 may be extended to

affine subspaces of different dimensions.
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Theorem 2.5.3. Let k <1 <n. Let A+ b € Graff(k,n), B+ c € Graff(l,n). Then

rati(on) (A + 0,2 (B +0)) = dgyr (B + . 2 (A +D))

for x =, B, K, p, 7, p,0,p. Their common value 6*(A + b, B + ¢) is given by:

k+1 1/2
5% (A +0,B +¢) = O, F(A+bB+e) = (1- [1 ) cos 9)
k+1 1/2
T — m
0"(A+b,B+c)=sinb,4, M(A+b,B+c) = (long ) 0052 )
k+1
07 (A+0,B +c) =2sin(6;,,/2), 6°(A+b,B+c)=cos? cos 6 )
k+1 1/2 k+1 1/2
(A+bB+o) = (D sin?0) 5'(A+bB+c) = (2 Z_:l sin(6,/2))
where 01, ...,0,.1 are as defined above.

For the two affine Schubert varieties in (2.5.4), 2, (A+b) may be viewed a Grassmannian

whereas 2_ (B + ¢) may be viewed as an affine Grassmannian.

Proposition 2.5.4. Let A + b € Graff(k,n) and B + ¢ € Graff(l,n). Then

Q (A+b)=GCr(n—I,n—k) and Q_(B+c)= Graff(k,l)

as Riemannian manifolds and algebraic varieties.

Proof. We first observe that the map ¢ : Q (A +0b) = Q, (A), X +y = X +y—b, is
well-defined since A C X +y — b by our choice of X 4 3. Also, ¢ : Q, (A) — Q, (A +b),
X +— X+b, is the inverse of ¢ and so it is an isomorphism. Together with [54, Proposition 21],
we obtain the first isomorphism Q, (A 4 b) = Q, (A) = Gr(n — [,n — k). For the second
isomorphism, consider ¢’ : Q_(B + ¢) — Graffi,(B), Y + 2 — Y + 2 — ¢, which is well-
defined since Y + z — ¢ is an affine subspace of dimension k£ in B. Its inverse is given by
Y Graff,(B) = Q_(B+c¢), Y+ 2+ Y +2+c, and so it is an isomorphism. The required
isomorphism then follows from Q_ (B + ¢) = Graff,(B) = Graff(k, [). O
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The reason for the asymmetry in Proposition 2.5.4 is as follows. 2, (A + b) is a Grass-
mannian of linear subspaces since all affine subspaces containing A + b can be shifted back
to the origin by the vector b. In the case of Q_(B + ¢), shifting B + ¢ back to the origin
by ¢ and then taking all affine subspaces contained in B still gives a Grassmannian of affine

subspaces. We may also express them as

O (A+b) = {[Pd eR>*H) . pT—p2— P Pi=0, tr(P) =, A C im(P)},

Q_(B+c)={[P,d e R PT = P2 = P, Pd =0, t2(P) = k, im(P) C B},

and regard Graff(k,n), Graff(l,n), Q, (A +0b), Q_(B + c) as subsets of R7>(n+1),

As we mentioned earlier, § in (2.5.7) and ¢* in Theorem 2.5.3 are distances in the sense
of a distance from a point to a set, but they are not metrics. Nevertheless, it is not difficult
to derive metrics from them. The doubly infinite affine Grassmannian, a geometric model

for affine subspaces of all dimensions, is the disjoint union
Graff =| | Craff(k
raff (oo, 00) = |_|I€:1 raff(k, 0o).

This is the affine analogue of Gr(oo, 00), the doubly infinite Grassmannian of linear subspaces
of all dimensions, defined in [54, Section 5], where it is also shown to be metrizable with
respect to any of the common distances between linear subspaces.

We will see how Graff(co, c0) can likewise be metricized, i.e., how a metric can be de-
fined between any pair of affine subspaces of arbitrary dimensions. The embedding j :
Graff(k,n) — Gr(k+1,n+1) induces an embedding of sets j,, : Graff(co, c0) — Gr(oo, 00).
So Graff(co, 00) may be identified with j, (Graff(co,00)) and regarded as a subset of
Gr(oo, 00). It inherits any metric on Gr(oco,00): If A 4+ b and B + ¢ are affine subspaces of

possibly different dimensions, we may define

daraff(oo,oo) (A + b’ B + C) = dar(oo,oo) (-]OO(A + b)v joo(B + C))a
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for any choice of metric dE on Gr(oo,o0). For example, the following metrics corre-
r(00,00)

)

spond to Grassmann, chordal, and Procrustes distances.

Table 2.2: Metrics on Graff(co,00) in terms of affine principal angles and £ = dim A,
[ = dim B.
o\ 1/2

Grassmann metric dGraﬂ-’(oo,oo)(A +b,B+c) = (‘k _ l]7r2/4 4 me (k+1,14+1) P )

1/2
Chordal metric  d” (A+b0,B+c)= (\k =] 4 LD 2 ei) /

Graff (c0,00)

1/2
Procrustes metric déraff(oo oo)(A +b,B+c¢) = <|k —1|+2 me (k+1,1+1) m2<9i/2)) /

2.6 Probability densities on the affine Grassmannian

To do statistics on the affine Grassmannian, we will need reasonable notions of probability
densities on them; we will introduce three in this section: uniform, Langevin (or von Mises—
Fisher), and Langevin—Gaussian.

The Riemannian metric on Gr(k,n) that induces the Grassmann distance in (2.4.1) also

induces a volume density dv;, , on Gr(k,n) [41, Proposition 9.1.12] with

ol(Gr(k,n)) = = (" H‘?Zl “J

where w,,, = 7M/2 /0 (14m/2), volume of the unit ball in R™. A natural uniform probability

density on Gr(k, n) is given by duy, , = Vol(Gr(k,n))_1|dfyk7n|.

By Theorem 2.2.5(ii), Graff(k, n) is a Zariski open dense subset in Gr(k+1,n+1) and we
must have fig,4 1 5,41 (Graff(k,n)) = 1. Therefore the restriction of fg+1nt1 to Graff(k, n)
gives us a uniform probability measure on Graff(k,n). It has an interesting property: suppose
k < [ such that k +1 > n and Graff(k,n), Graff(l,n) are given their respective uniform
probability measures. If we take two arbitrary affine subspaces of R™, A + b of dimension
k and B + ¢ of dimension [, the probability that a randomly chosen [-dimensional affine

subspace contains A + b is equal to the probability that a randomly chosen k-dimensional
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affine subspace is contained in B + c.

Proposition 2.6.1. Let k < I < n be such that k+1 > n. Let A+ b € Graff(k,n) and
B + ¢ € Graff(l,n). The relative volume of Q0 (A + b) in Graff(l,n) and Q_(B + c) in
Graff(k,n) are identical. Furthermore, their common value does not depend on the choices
of A+ b and B + ¢ but only on k,l,n and is given by

(I + D)!(n— k)T

141 41 (4 (A +0)) = pigy1 1 (B +0) = T HiJrll R4S

Proof. By Theorem 2.2.5(ii), we have

n+1
Vol (Graff(k, n)) = Vol (Gr(k + 1,n + 1)) (Z 1 D i I1j= ; ( 5
=1 W,

By Proposition 2.5.4, we have

n—k kw
Vol(Q (A + b)) = Vol(Gr(n — I,n — k)) = < ) (I1'= ])EHZ )
j= 1 J

Hl-‘rl
VOI(Q_(B + c)) = VOI(GI‘&H(]{?, l)) = (lij_ll) (Hk+11 ]) (11_[] 1 )
j “j J= i

We divide Vol(Q2, (A + b)) and Vol(Q_(B +c)) by Vol(Graff(l,n)) and Vol(Graff(k,n))

respectively and notice that £+ > n to complete the proof. O]

In the following we will use projection coordinates on Graff(n, k) as defined in Defini-
tion 2.3.4. By embedding Graff(k, n) as a subset X = j(Graff(k,n)) C Gr(k+1,n+1) asin
Theorem 2.2.5(ii) and noting that X is an open dense subset, we have that ;(X) = 1 for any
Borel probability measure p on Gr(k+1,n+ 1) (and that p(X¢) = 0). Hence Graff(k,n) in-
herits any continuous probability distribution on Gr(k+ 1,7+ 1), in particular the Langevin
distribution [12].

Definition 2.6.2. The Langevin distribution, also known as the von Mises—Fisher distribu-
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tion, on Graff(k,n) is given by the probability density function

1

fr(Patp | 5) =
prA 1Py (B(k+ 1) 5+ 1); 8

) exp(tr(SPa 1))

for any A + b € Graff(k,n). Here S € R(D>(+1) is symmetric and 1F is the confluent

hypergeometric function of the first kind of a matrix argument [33].

1F1(a;b; S) has well-known expressions as series and integrals and may be characterized
via functional equations and recurrence relations. However, its explicit expression is unim-
portant for this article — the only thing to note is that it can be efficiently evaluated [33]
for any a,b € C and symmetric S € C(n1)x(n+1),

Roughly speaking, the parameter S € R(n+1)x(n+1)

may be interpreted as a ‘mean
direction” and its eigendecomposition S = VAVT gives an ‘orientation’ V' € O(n + 1) with
‘concentrations’ A = diag(Ay,..., A, 1). In some sense, the Langevin distribution measures
the first-order ‘spread’ on Graff(k,n). If S = 0, then the distribution reduces to the uniform
distribution but if S is ‘large’ (i.e., |A;|’s are large), then the distribution concentrate about

the orientation V. One might think that a Bingham distribution on Graff(k, n) that measures

second-order ‘spread’ may be defined by

1

fB(Patp | 5) =

) exp (tr(PaypSPa1p))

but this is identical to the Langevin distribution since tr(PSP) = tr(SP?) = tr(SP) for any
projection matrix P.

The Langevin distribution treats an affine subspace A +b € Graff(k,n) as a single object
but there are occasions where it is desirable to distinguish between the linear subspace
A € Gr(k,n) and the displacement vector b € R™. We will next construct probability
distributions on Graff(k,n) by amalgamating different probability distributions on Gr(k,n)

and R™ (or rather, R" % as we will see).
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In the following, we identify Gr(k,n) and Graff(k,n) with its projection affine coordi-

nates, i.e., imposing equality in (2.2.6) and (2.2.7),

Gr(k,n) = {P e R™": PT = P2 = P, tz(P) = k},

Graff(k,n) = {[P,b] € R™ (1) . p € Gr(k,n), Pb=0}.

We will define a marginal density on the linear subspaces, and then impose a conditional
density on the displacement vectors in the orthogonal complement of the respective linear
subspaces. We will use the Langevin distribution f7 (P | S) on the linear spaces P € Gr(n, k).
Conditioning on P, we know there exists () € O(n) such that ker(P) ={b € R" : Pb =0} =
QE, ;. = R"F where E, ;. =span{e,...,e, .} C R™t1 We may use any probability
distribution on ker(P) = R" % but for concreteness, a natural choice is the spherical Gaus-
sian distribution with probability density fo(z | 0?) = (2m02)~(=k)/2 exp(— |22 /202).

The conditional density on ker(P) is then

2 1 o]

fab| P,0*) = ————==¢xp <——2) (2.6.2)
(27r02)n—k: 20

for all b € ker(P). Note that QTb = [%’] where ¥ € R" % and since ||b]| = [|QTb|| = |||, it

is fine to have b instead of b’ appearing on the RHS of (2.6.2).

Definition 2.6.3. The probability density function of the Langevin—-Gaussian distribution
on Graff(k,n) is fra([P,b] | S,02) == f1(P|S)fa(b]| P,c?), ie.,

1 b 2
fra([Pb] | 8,0%) = eXp(tr@P) _ H2 I )
lFl <%]{}’ %n’ S) (271-0-2)71—]6 o

where S € R™*™ is symmetric, o2 > 0.
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2.7 Optimization on the affine Grassmannian

The embedding of Graff(k,n) as an open smooth submanifold of Gr(k+1,n+1) (by Proposi-
tion 2.2.2 and Theorem 2.2.5(ii)) allows us to borrow the Riemannian optimization framework
on Grassmannians in [1, 2, 3, 15] to develop optimization algorithms on the affine Grass-
mannian. Moreover, we can show that the iterates of our algorithms will not fall outside
Graff(k,n) with probability one, with respect to, say, any of the probability distributions
in Section 2.6. We will present various geometric notions and algorithms on Graff(k,n) in
terms of both orthogonal affine and projection affine coordinates. The higher dimensions
required by the projection affine coordinates generally makes them less preferable to the
orthogonal affine coordinates.

Propositions 2.7.1 and 2.7.2 are respectively summaries of [15] and [26] adapted for the

affine Grassmannian. We refer readers to the original sources for the proofs.

Proposition 2.7.1. The following are basic differential geometric notions on Graff(k,n)

expressed in Stiefel coordinates.

(i) Tangent space: The tangent space at A + b € Graff(k,n) has representation

Tasy(Graff(k,n)) = {A e R +1)x(k+1) . YzL—bA =0}.

(ii) Ezponential map: The geodesic Y (t) with Y(0) = Ya_y and Y(0) = H in Graff(k,n)
has expression

cos(tX)

Y (t) = VT,

YaL,V U}
" Sin(¢%)

where H =UXVT is a condensed SVD.

(iii) Parallel transport: The parallel transport of A € T a4y, (Graff(k, n)) along the geodesic
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giwen by H has expression

A - ( — sin(tD)

YoV U} U4 (I - UUT)) A,
cos(tX)

where H = UXVT is a condensed SVD.
(iv) Gradient: Let f : R(H)x(k+1) 5 R satisfy f(YQ) = f(Y) for every Y withYTY =1
and Q € O(k +1). The gradient of f atY = Yp 1y is

Vi=fy —YY'fy €Tay(Gratf(k,n)),

+1)x (k+1) _ of
where fy € RO X (EFL) 4y, (fy)ij = Bis;
(v) Hessian: Let f be as in (iv). The Hessian of f atY = Yp 1y is

(a) as bilinear form: V2f : T (Graff(k,n)) x T oy(Graff(k,n)) — R,
V2F(A, A = fyy (A A) —te(ATAYT fy),

82
where (fyy)ijn = Waj;hl and fyy (8, A") =37 0 1(Fyy )ij nidij0n; or

(b) as linear map: V2f : Taip(Graff(k,n)) — Ty (Graff (k,n)),

9 n+1,k+1,n+1,k+1
Vaf(A) = Zijh 1 (fyy)ijnidii Bn — AR,

where Ey; € ROFDXEFL) pas (b, 1)th entry 1 and all other entries 0.

Proposition 2.7.2. The following are basic differential geometric notions on Graff(k,n)
expressed in projection coordinates. We write [X,Y] = XY — Y X for the commutator

bracket and /\Q(R”) for the space of n x n skew symmetric matrices.
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(i) Tangent space: The tangent space at A + b € Graff(k,n) has representation

T asp(Graff(k,n)) = {[Payp Q) € RUFDXHU 0 € 2R}

(ii) Ezponential map: Let P = Pp .y and © € ROV pe such that [[P, ), P] =

or [ 7%T g] © and P =07 [I’farl 8} ©. The exponential map is given by

Scos(2VZZT)  —sinc(2VZZT)Z
~ZTsinc(2VZZT)  —1sin(2VZTZ)

1 T
expp ([P ) = Spyy +©
(iii) Gradient: Let f: RODX(+1) s R The gradient of f at P = Pp .y is

V=[PP, fp]] € Taiy(Graff(k,n)),

e p € RV i ()~ S
ij

(iv) Hessian: Let f and fp be as in (iii). The Hessian of [ at P = Py is

(a) as bilinear form: V2f : Tap(Graff(k,n)) x Toy(Graff(k,n)) = R,
v, = u(([P P, FrelundyBul] - 5P VA AL - 195 1P, A)A),

where fpp € R? %1 pith (fPP)ij,hl = and Ey; € R(+1)x(n+1) 46

o°f
p;i9pni
(h,l)th entry 1 and all other entries 0; or

(b) as linear map: V2f : Taip(Graff(k,n)) — Ty (Graff (k,n)),
VZf(A) =[P [P, Zi’jvh’l(fPP)ij,hl(Sz'thl}} - %[P, A %[Vf; [P, A]l.

Both forms of the Hessians are needed — they are used in different settings for computing

descent direction in Newton’s method.
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We now discuss the methods of steepest descent, Newton, and conjugate gradient on the
affine Grassmannian. The steepest descent and Newton methods are given in both Stiefel
coordinates (Algorithms 2.7.1 and 2.7.2) and projection coordinates (Algorithms 2.7.4 and
2.7.5) but conjugate gradient method is only given in Stiefel coordinates (Algorithm 2.7.3)
as we do not have a closed form expression for parallel transport in projection coordinates.

We will rely on our embedding of Graff(k,n) into Gr(k+ 1,n+ 1) via Stiefel coordinates
or projection coordinates as given by Propositions 2.3.2 and 2.3.5 respectively. We will
then borrow the corresponding methods on the usual Grassmannian developed in [2, 15] in
conjunction with Propositions 2.7.1 and 2.7.2.

There is one caveat: Algorithms 2.7.1-2.7.5 are formulated as infeasible methods. 1If we
start from a point in Graff(k,n), regarded as a subset of Gr(k + 1,n + 1), the next iterate
along the geodesic may become infeasible, i.e., fall outside Graff(k,n). By Theorem 2.4.4,
this will almost never happen but even if it does,® the algorithms will still work fine as

algorithms on Gr(k + 1,7+ 1).

Algorithm 2.7.1 Steepest descent in Stiefel coordinates

Initialize Ay + by € Graff(k,n) in Stiefel coordinates Y[, == YAgtb, € R+ x (k+1)
for©=0,1,... do
set G; = fy (Y;) = YY" fy (V)); > gradient of f at Y]
compute —G; = ULV, > condensed SVD
minimize f(Y(¢)) = f(Y;V cos(tX)VT + Usin(tX)VT) over t € R; > exact line search
set V; 1 =Y(t
end for

min)7

If desired, we may undertake a more careful prediction—correction approach. Instead of

having the points Y

;11 (in Stiefel coordinates) or P;, (in projection coordinates) be the

next iterates, they will be ‘predictors’ of the next iterates. We will then use Lemmas 2.3.3
or 2.3.6 to check if Y,y or P, are in Graff(k,n). In the unlikely scenario when they do

fall outside Graff(k,n), e.g., if we have Y;,; = [6‘2] where AT # 0 or P,y = [db; :]

5. Occurs with probability zero when the problem has noise-free initial data and the algorithms are
performed in exact arithmetic.
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Algorithm 2.7.2 Newton’s method in Stiefel coordinates
Initialize Ag + by € Graff(k,n) in Stiefel coordinates Yy =Y 44 € R(H1)x(k+1),

fori=0,1,... do
set G; = fy (V) =YY" fy (V) > gradient of f at Y]
find A such that Y;"A = 0 and V2f(A) - AY fy (V7)) = —G;
compute A = UXV'T;

Vi1 =Y;Veos(tR)VT + Usin(tx)VT;

1
end for

> condensed SVD
> arbitrary step size t

Algorithm 2.7.3 Conjugate gradient in Stiefel coordinates
Initialize Ag + by € Graff(k,n) in Stiefel coordinates Yy =Y 44 € R(+1)x (k+1)
fori=20,1,... do
> condensed SVD

compute H; = ULV,
minimize f(Y(t)) = f(Y;V cos(tX)VT + Usin(tX)VT) over t € R; > exact line search

set Vi g = Y(tmin);

set Gy = fy (Yigr) = Y1 Vil fy (Yien); > gradient of f at Y;, 4

procedure DESCENT(Y;, G;, H;) > set new descent direction at Y, 4
TH; = (=Y, Vsin(ty,;,2) + U cos(tyin2) SV > parallel transport of H;
TG = G; — (Y;V sin(tyin2) + U(I — cos(t,;,X)))UTGy; > parallel transport of G;
v = (G —7Gy) TG/ (G Gy);

Hipy = =Gy + 77 H;

end procedure

reset H; 1 = =G, ifi+1=0 mod (k+1)(n — k);

end for

Algorithm 2.7.4 Steepest descent in projection coordinates
Initialize Ag + by € Graff(k,n) in projection coordinates Fy = Pp 14, € R(
for+=0,1,... do

set Vf(F;) = [B;, [B;, fp(B)]];
find © € R+DX(+1) and ¢ > 0 so that P = @T[Ikglg}@ and —tVf(P) =

n+1)x (nt+1)

0 Z].
—7T o |’
set P, 4 = l[ + @T %COS(QW) — sinc(Q\/ﬁ)Z o:
i+1 24in+1 _zT sinc(Q\/ﬁ) —% sin(Z\/ﬁ) ;
end for
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Algorithm 2.7.5 Newton’s method in projection coordinates
Initialize Ag + by € Graff(k,n) in projection coordinates Fy = Py 1y, € R(+1)x(n+1)
for:=0,1,... do
find ©; € A?(R™*1) such that

Py, [P, V2 ([P [P D = [Py [V F(P), [P ]l = =[P, [P V(R
find ©; € SO(n + 1) such that P; = ©] [I’farl 8} O;; > QR factorization

compute O,(I — [P;, [P, tQZ]])@ZT = Q;R;; > QR factorization with positive diagonal
n Rl
set P11 =0]0Q;0;P,0/Q]0;:

end for

where Sd # 0, we will ‘correct’ the iterates to feasible points 17; 4q Or ﬁz 41 by an appropriate

reorthogonalization.

2.8 Numerical Experiments

We will present various numerical experiments on two problems to illustrate the conjugate
gradient and steepest descent algorithms in Section 2.7. These problems are deliberately
chosen to be non-trivial and yet have closed form solutions — so that we may check whether

our algorithms have converged to the true solutions of these problems.

2.8.1 FEigenvalue problem coupled with quadratic fractional programming

Let A € R™ "™ be symmetric, b € R", and ¢ € R. We would like to solve

minimize tr(XTAX) + (yT Ay + 2bTy + ¢),

14 [y
1yl (2.8.1)

subject to XTX =1, XTy =0,

over all X € R™* and y € R™. If we set y = 0 in (2.8.1), the resulting quadratic trace
minimization problem with orthonormal constraints is essentially a symmetric eigenvalue

problem; if we set X = 0 in (2.8.1), the resulting nonconvex optimization problem is a
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quadratic fractional programming problem.
By rearranging terms, we see that (2.8.1) is equivalent to a minimization problem over

an affine Grassmannian,

(2.8.2)

min
X+yeGraft

.
o[ yVIFTE| | A bf |X 9/ VI Tl )
() N0 1//1+ 2] |67 ¢ [0 1/v/1+]yl2

which shows that the problem (2.8.1) is in fact coordinate independent, depending on X
and y only through the affine subspace span(X) + y = X + y. Formulated in this manner,
we may determine a closed-form solution via the eigenvalue decomposition of [ Iﬁ— g] — the
optimum value is the sum of the k 4 1 smallest eigenvalues.

Figure 3.1 shows convergence trajectories of steepest descent and conjugate gradient in
Stiefel coordinates, i.e., Algorithms 2.7.1 and 2.7.3, on Graff(3,6) for the problem (2.8.2).
Graff(3,6) is a 12-dimensional manifold; we generate A € R6%6 p e RO, ¢ € R randomly
with N(0, 1) entries, and likewise pick a random initial point in Graff(3,6). The gradient
of f(Y) :=tr (YT[b/% IC’] Y) is given by Vf(Y) = [gflr lc’} Y. Both algorithms converge to the
true solution but conjugate gradient converges twice as fast when measured by the number
of iterations, taking around 20 iterations for near-zero error reduction as opposed to steepest
descent’s 40 iterations. The caveat is that each iteration of conjugate gradient is more
involved and requires roughly twice the amount of time it takes for each iteration of steepest
descent.

We perform more extensive experiments by taking the average of 100 instances of the
problem (2.8.1) for various values of k& and n to generate tables of timing and accuracy.
Table 2.3 and 2.4 show the robustness of the algorithm with respect to different choices of &
and n.

Table 2.5 shows a modest initial increase followed by a decrease in elapsed time to
convergence as k increases — a reflection of the intrinsic dimension of the problem as
dim (Graff(k,100)) = (k + 1)(100 — k) first increases and then decreases. On the other
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Figure 2.2: Convergence trajectories of steepest descent and conjugate gradient for a
quadratic optimization problem on the affine Grassmannian Graff(3,6).
k 10 21 32 43 54 65 76 87 98

Steepest descent (x1076) | 0.61 3.1 1.5 1.7 29 68 1.2 025 0.1
Conjugate gradient (x1078) [ 0.77 1.5 1.9 24 23 29 31 35 3.3

Table 2.3: Accuracy (distance to true solution) of steepest descent and conjugate gradient
for a quadratic optimization problem on Graff(k, 100).
hand, if we fix the dimension of ambient space, Table 2.6 shows that the elapsed time in-

creases with & the dimension of the affine subspace we seek for. The results reflect the

elapsed time increases with the dimension of the affine Grassmannian.

2.8.2  Fréchet mean and Karcher mean of affine subspaces

Let d = dgraf(k,n), the geodesic distance on Graff(k,n) as defined in (2.4.2). We would like
to solve for the minimizer X + y € Graff(k,n) in the sum-of-square-distances minimization

problem:

m
' (85, X +), 2.8.3
il ) it (A X E ) 2.83)
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n 717 27 37 47 57 67 77 87

Steepest descent (x1077) | 4.4 4.8 44 4.7 47 47 43 47 4.1
Conjugate gradient (x1076) | 0.83 098 1.0 1.3 12 1.3 15 1.6 1.5

Table 2.4: Accuracy (distance to true solution) of steepest descent and conjugate gradient
for a quadratic optimization problem on Graff(6,n).

El 10 21 32 43 54 65 76 87 98

Steepest descent | 0.6 089 14 14 1.8 19 20 20 1.3
Conjugate gradient | 0.18 0.26 0.35 0.39 0.49 0.48 0.51 0.51 0.41

Table 2.5: Elapsed time (in seconds) of steepest descent and conjugate gradient for a
quadratic optimization problem on Graff(k, 100).
where A, +0b; € Graff(k,n), i = 1,..., m. The Riemannian gradient of the objective function

fn(X+y) = Zzl d*(A; +b;, X +y) (2.8.4)

is given by [31]

1 m
VinX+y) = B Zi:l IOgX—I—y(Ai +b;),

where logx (A +b) denotes the derivative of the geodesic 7(t) connecting X +y and A +b
at t = 0, with an explicit expression given by (2.4.5).

The global minimizer of this problem is called the Fréchet mean and a local minimizer
is called a Karcher mean. For the case m = 2, they coincide and is given by the midpoint of
the geodesic connecting Ay + by and Ay + by, which has a closed form expression given by
(2.4.4) with t = 1/2.

We will take the Graff(7,19), a 96-dimensional manifold, as our specific example. Our
objective function is fo(X +y) = d?(Aq + by, X +y) + d?(Ag + by, X + y) and we set our
initial point as one of the two affine subspaces.

The result, depicted in Figure 3.2, shows that steepest descent outperforms conjugate
gradient in this specific example. The departure from the example we considered in Sec-
tion 2.8.1 can be explained by the fact that the function in (2.8.4) is geodesically convex
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n T 1T 2r 31 47 57

67 77 87
Steepest descent | 0.67 0.96 0.94

1.1 12 13 14 14
0.3 034 0.33 0.38

1.5
0.39 0.39 042

Conjugate gradient | 0.23 0.29

Table 2.6: Elapsed time (in seconds) of steepest descent and conjugate gradient for a
quadratic optimization problem on Graff(6,n)

— © - steepest descent
— » - conjugate gradient

\

\
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Figure 2.3:

Convergence trajectories of steepest descent and conjugate gradient for
Fréchet/Karcher mean on the affine Grassmannian Graff(7, 19)

on the affine Grassmannian, whereas the function in (2.8.2) is not. In fact, when we find
the Karcher mean of m > 2 affine subspaces by extending f,,, to the objective function in
(2.8.3), we see faster convergence (as measured by actual elapsed time) in conjugate gradient
instead. Note that fy is geodesically convex in a neighborhood of the entire geodesic con-

necting Ay +b; and Ay +0by, but f,, for m > 2 is only geodesically convex in neighborhoods

of its local minimizers, i.e., the Karcher means.

k 1 2 3 4 5 6
Steepest descent (x1077)

Conjugate gradient (x1071)

7 8 9
5.3 5.1 46 48 44 49 47 46 5.0

05 26 15 16 27 20 20 25 190

Table 2.7: Accuracy (distance to true solution) of steepest descent and conjugate gradient
for Fréchet/Karcher mean on Graff(k, 10).
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n 7 8 9 10 11 12 13 14 15

Steepest descent (x1077) | 4.4 48 44 4.7 47 47 43 47 4.1
Conjugategradient(xlO*Q) 036 1.6 1.3 1.3 12 15 15 14 16

Table 2.8: Accuracy (distance to true solution) of steepest descent and conjugate gradient
for Fréchet/Karcher mean on Graff(6,n).
k 1 2 3 4 5 6 7 8 9

Steepest descent (x1072) | 4.0 4.6 49 51 51 55 53 51 54
Conjugate gradient (x1072) | 3.6 4.5 4.9 50 54 54 53 45 120

Table 2.9: Elapsed time (in seconds) of steepest descent and conjugate gradient for
Fréchet /Karcher mean on Graff(k, 10).
n T 8 9 10 11 12 13 14 15

Steepest descent (x1071) | 3.1 3.0 3.5 3.3 3.7 41 38 41 43
Conjugate gradient (><10_1) 170 21 28 3.1 34 38 39 36 3.6

Table 2.10: Elapsed time (in seconds) of steepest descent and conjugate gradient for
Fréchet /Karcher mean on Graff(6,n).

More extensive numerical experiments indicate that steepest descent and conjugate gra-
dient are about equally fast for minimizing (2.8.4), cf. Tables 2.9 and 2.10, but that steepest
descent is more accurate by orders of magnitude compared to conjugate gradient, cf. Ta-
bles 2.7 and 2.8. Again we believe the reason is that steepest descent is better suited for

geodesically convex problems compared to conjugate gradient.

2.9 Conclusion

We introduce the affine Grassmannian, study its algebraic and differential geometric proper-
ties and develop concrete systems of global coordinates, computable distances and metrics,
natural families of probability densities, and optimization algorithms on Graff(k,n). We
demonstrated the correctness of two of these algorithms through relatively extensive numer-

ical experiments on two nontrivial problems with closed-form solutions. One of our main
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goals is to lay the foundations for its systematic use in statistics and machine learning,
where estimation problems can often be formulated as optimization problems on Graff(k, n)
although we hope that the material developed here would be useful in other areas as well.
There are germs of ideas that we have introduced with a view towards future work. An
example is the very rudimentary “affine Schubert calculus” in Section 2.5 that would allow
one to model a mixture of affine subspaces of different dimensions. One of our future goals
is to use this framework to aggregate inequidimensional affine subspaces estimated from
different datasets in a way that best summarizes them. We believe statistical estimation
should take into account the intrinsic geometry of the data, and the deviation from the
underlying geometric structures may then be used as a measure of accuracy of the statistical

model.
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CHAPTER 3
OPTIMIZATION ON FLAG MANIFOLD

3.1 Introduction

A flag in a finite-dimensional vector space V over R is an increasing sequence of linear
subspaces {Vi}glzl of V, satisfying Vi C --- C V,; C V. All flags {Vi}?zl with fixed
dimensions, i.e. dim(V;) =mn;,i = 1---d, form a smooth manifold Flag(n ---ny4; V), that
we name flag manifold, a generalization of Grassmannian Gr(k,n) that parameterizes k-

dimensional linear subspaces in R™, which is equivalent to Flag(k; R™).

In Principal Component Analysis (PCA), we choose a dimension k& < n and find a linear
subspace of dimension k that minimizes the squared sum of distances from the points their
projections onto the subspace, which we call the PCA subspace of dimension k. Flag naturally
appears here in the sense that PCA subspace of dimension £ is contained in PCA subspace of
dimension £+ 1. The flag of PCA subspaces represents a hierarchy of structures that explains
an increasing amount of variance among the data set. This prompts us to consider an alter-
native view of the flag manifold as a mixture of independent subspaces, as the underlying

vector space V can be decomposed as @?:O(VHI \V;). if we denote V;,; = V and V() = (.

Optimization on manifold has been proposed to solve problems in signal processing and
computer vision [73, 72], for instance in matrix completion [75], independent subspace anal-
ysis [67] and subspace tracking [74]. On another hand, flag manifold has been used in the
analysis of eigenvalue methods [77, 78|. Optimization on manifold is analogous to optimiza-
tion in Euclidean space, with the exception that instead of adding the descent direction to
current iterate in the later setting, we move the iterate along the geodesic by exponential map
to ensure the iterates stay on the manifold. The nonlinear structure of manifold adds com-

plication to optimization, motivating us to develop closed-form expressions of corresponding
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machinery that can be computed with standard numerical linear algebra in this work. Our
hope is to apply this optimization framework to exploit multi-scale representation of data

sets to find hidden latent structure.

We will begin by seeing how classical multivariate analysis techniques may be cast as
nested subspace-searching problems, i.e., constrained or unconstrained optimization prob-

lems on the flag manifold.

Example 3.1.1 (Principal Component Analysis). Let T = %X T1 € RP be the sample mean
of a data matrix X € R"*P g0 that X = X — 17! is mean-centered. For k < p, the kth
principal subspace is im(Z}.), a k-dimensional linear subspace of RP such that Z; € RP xk
maximizes tr(Z,;ryTYZk), subject to Z];er = I;.. The principal subspace of dimension k
im(Z;,) in RP captures the greatest k-dimensional variability in the data X, and the principal
subspace of dimension k is contained in the principal subspace of dimension £+ 1. Hence the
nested sequence of subspaces {im(Z;)}!_,, which explains an increasing amount of variance

among X, forms a flag in Flag(1,--- , p;R").
Example 3.1.2 (Canonical Correlation Analysis). Let X = (X, -- ,Xp)T and

Y = (Yq,--- ,Yq)T be vectors of random variables with finite second moments. Denote

r = min(p,q). Let Xy x = cov(X,X),Xxy = cov(X,Y), and Eyy = cov(Y,Y). We seck
two projection directions a; € RP and by € R such that corr (a-er , b-er) is maximized. In

other words, the optimization problem can be formulated as

-
Yyvyb
max _ CoIT (a-er, b]—y) — ap 2xy 0o

| (3.1.1)
aq ERp7b1€Rq \/a-erXXal \/bIZYYbl

The random variables aIX and bIY are denoted as first pair of canonical covariates, while
ay and by are called the first pair of canonical loadings. The subsequent canonical loadings
can be defined by requiring the k-th canonical covariates are uncorrelated with the previous

canonical covariates respectively. In other words, the k-th pair of canonical loadings a;, € RP
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and b, € R? can be found by maximizing corr (aZX, ng), subject to cov (a;{;rX, a;rX) =
a;ngXXai = 0 and cov (ng, b;rY) = ngYYbZ- =0fori=1,---,k— 1. Therefore {V;}I_,
and {W,}7_,, defined by V; = span(ay,--- ,a;) and W; = span(by,--- ,b;) fori =1,--- |k,

form two flags in Flag(1,--- ,r; R™).

Example 3.1.3 (Correspondence Analysis). Let X € R™*P be a data matrix that comes
from a contingency table. Let ny = > 1" Z§:1 X;; be the total number of observations.
We compute the row weights w,, = %X 1 and column weights w), = %ILTX , and formulate
the matrix M = %X —wj,,w), that represents the deviation from independence of occurrence
of the two outcomes. Correspondence Analysis seeks a generalized singular value decomposi-
tion, where the generalized singular vectors can be found by maximizing tr(UT MV') subject
to UT diag(w,,)U = I and VT diag(w,)V = I. Hence {U;};"; and {V;}Y_,, defined by
U; =span(Uy,---,U;) fori =1,--- ;m and V; = span(Vy,---,V;) for j = 1,--- ,p, form

two flags in Flag(1,--- ,m;R™) and Flag(1,--- , p; RP) respectively.

We pursue several objectives in this work. We will begin by reviewing the algebra and
geometry behind the optimization framework, in particular the basics of Lie algebra and ho-
mogeneous space. Next we proceed to unfold the differential geometry of flag manifold and
develop the concrete matrix representations of flag manifolds and the associated geometric
quantities. We then move on to illustrate optimization algorithms on flag manifold which
only utilize matrix multiplication and matrix exponential, and provide numerical experi-
ments to demonstrate the convergence of these algorithms. Optimization algorithms on flag
manfifolds are considered in [67] to solve the invariant subspace analysis (ISA), which is a
generalization of independent component analysis (ICA). However, only tangent spaces and
gradient functions are explicitly computed in [67], using the homogeneous space structure of
flag manifolds. No actual algorithm is given in [67], although authors provide some numer-
ical experiments. The main contribution of this paper is to calculate necessary ingredients
for optimization algorithms on flag manifolds in full details, from different perspectives. All

our calculations are validated rigorously and we also provide ready-to-use formulae and al-
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gorithms, which are easily accessible to applied mathematicians and other practitioners. For

readers’ convenience, we summarize important formulae and algorithms in this paper below:
e parametrization of a point: Proposition 3.3.12;
e tangent vector: Proposition 3.3.6 and Proposition 3.3.13;
e geodesic: Proposition 3.3.7, Proposition 3.3.9 and Proposition 3.3.14;
e geodesic distance: Proposition 3.3.8;
e parallel transport: Proposition 3.3.11 and Proposition 77,
e gradient: Proposition 3.3.16;
e Hessian: Proposition 3.3.17;
e steepest descent algorithm: Algorithm 3.4.1;

e conjugate gradient algorithm: Algorithm 3.4.2.

3.2 Preliminaries

The purpose of this section is to provide a self-contained review of the differential geometry of
homogeneous spaces. Readers can find details in standard textbooks in differential geometry;,

for example, [56, 57, 58].

3.2.1 Lie groups and Lie algebras

Let M be a smooth manifold and let T*M be its cotangent bundle. A Riemannian metric
on M is a smooth section g : M — T*M ® T*M such that g, = g(z) € ToM @ T;M
is a non-degenerate symmetric bilinear form on the tangent space T, M for every z € M.
Intuitively, a Riemannian metric gives an inner product on T,M for every x € M and it

varies smoothly with respect to € M. Let G be a group and let m : G x G — G be the
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multiplication map m(ay,as) = aqay and let inv G :— G be the inversion map inv(a) = a1
The group G is called a Lie group if G is also a smooth manifold and group operations m
and inv are smooth. The tangent space g of G at the identity e € G is a Lie algebra.l For

example, if G is the orthogonal group O(n) consisting of all n x n real orthogonal matrices,

then its Lie algebra is so(n), consisting of all n x n real skew-symmetric matrices.

3.2.2  Homogeneous spaces
We will review some basic properties of homogeneous spaces.

Definition 3.2.1. Let GG be a Lie group, acting on a smooth manifold M via ¢ : GXM — M.
If the action ¢ is smooth and transitive,2 then M is called a homogeneous space of the Lie

group G.

Let x € M be a point, we call the subgroup G, = {a € G : p(a,z) = z} the isotropy
group of x. We denote by G/G, the quotient of G by G, and we denote by [a] € G/G,,
the coset (or equivalence class) represented by a € G. Since G acts on M transitively, we

see that there exists a one to one correspondence F between G /G, and M for any x € M,
defined by
F.G/Gy— M, F(la]) = ¢la,).

In fact, this point-set correspondence turns out to be a diffeomorphism between two smooth

manifolds. This is the content of the following theorem:

Theorem 3.2.2. [58, Theorem 9.2, 9.3] Let G be a Lie group acting on a smooth manifold

M and let x be a point in M. There exists a unique smooth structure on G/G,, such that

the action
V:GxG/G, =G, P(a,[d]) = [ad]
1. A Lie algebra g is a vector space equipped with a bilinear map (Lie bracket) [-,-] : g X g — g satisfying
[X,Y] = —[Y, X] (skew-symmetry) and [X, [Y, Z]] + [Z, [ X, Y]] + [Y, [Z, X]] = 0 (Jacobi identity).

2. transitive means that for every pair of elements m,m’ € M, there exits some a € G such that p(a,m) =

m'.
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is smooth. Moreover, the map F : G/G, — M sending [a] to ¢(a,x) is a G-equivariant

diffeomorphism, i.e., F is a diffeomorphism such that F(¢(a,[d])) = ¢(a, F([d])).

The Grassmannian Gr(k,n) of k-dimensional subspace of R is the most important ex-
ample of homogeneous spaces. Indeed, O(n) acts transitively on Gr(k,n) and for a given
k-dimensional subspace W of V| its isotropy group is isomorphic to O(k) x O(n — k) hence
we have Gr(k,n) ~ O(n)/(O(k) x O(n — k)).

Let G be a Lie group and let M be a homogeneous space of G with action ¢ : GX M — M.
By Theorem 3.2.2 we may identify M with G/G,, for any x € M. For simplicity, we fix x € M
and denote by H the isotropy group G, of x. We define a map L,(y) = ¢(a,y) € M. In

particular, if a« € H then L,(z) = = and hence we have a linear isomorphism
dL,|, : T, M — T, M.

Let g : M — T*M ® T*M be a Riemannian metric on M. We say that ¢ is a G-invariant

metric if for every y € M and a € G,
gLa(y) (dLalyX’ dLa|yY) = gy(X7 Y), X, Y € TyM

Moreover, M = G/H and hence T,,M = g/h where g,h are Lie algebras of G and H

respectively. This implies that we have a representation
Ady : H - GL(g/h).  Adg(a)(X) = dL,|,(X), X € g/b.
An inner product n on the vector space g/b is said to be Adg-invariant if for every a € H,
N(Adg(a)(X), Adg(a)(Y)) = n(X,Y), X,Y €g/bh.

Proposition 3.2.3. [63, Proposition 3.16] Let G be a connected Lie group and let H be its
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closed Lie subgroup. Suppose that g and by are Lie algebras of G and H, respectively. If
there exists a subspace m of g such that g = m @ bh and Adg(m) C m, then there is a one
to one correspondence between G-invariant metrics on M = G/H and Adg-invariant inner
product on the vector space m. In particular, if G is compact, then G admits a bi-invariant

metric.

Proposition 3.2.3 says that once h C g admits a complement m, we may induce a G-
invariant metric g on M by some inner product on m. Moreover, we may identify 7). M with
m. This implies that the metric g on M is essentially determined by g,..

Let M = G/H be a homogeneous space of G. If M has a Riemannian metric g such
that every geodesic in M is an orbit of a one-parameter subgroup of GG, then we say that
(M, g) is a geodesic orbit space (or GO-space). If M is a GO-space, then by definition, all

its geodesics are simply orbits of one-parameter subgroups of G.

Theorem 3.2.4. [61, Theorem 1.3.5] If G is a matrix Lie group equipped with a bi-invariant

metric, every one-parameter subgroup y(t) of G is of the form
k k
tha
~(t) = exp(ta) = Z i eEe
k=0
In particular, if G = SO(n) then we see that every one-parameter subgroup is of the form

v(t) = exp(ta),a € so(n).

Theorem 3.2.5. [62] If G is a compact Lie group with a bi-invariant metric g, then M =

G/H together with the metric g induced by g is a GO-space.

We will also need the famous Hopf-Rinow theorem to calculate the Riemannian distance

on flag manifolds.

Theorem 3.2.6 (Hopf-Rinow Theorem). [63, Theorem 1.8] Let (M, g) be a connected Rie-

mannian manifold. Then the following statements are equivalent:
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e The closed and bounded subsets of M are compact;
e M is a complete metric space;

o M is geodesically complete, i.e., the exponential map exp, : T,.M — M is defined on

the whole T),M for all x € M.

Furthermore, any one the above three implies: Any two points x,y on M can be connected

by a distance minimizing geodesic on M.

3.3 Differential geometry of flag manifolds

3.3.1 Definitions and basic properties

Let n be a positive integer and let V be an n-dimensional vector space over R. We first

define flags in V and flag manifolds.
Definition 3.3.1. Let 0 < ny < --- < ny < n be an increasing sequence of d positive
integers. A flag of type (nq,...,ny) in V is a sequence of subspaces

V1§~--ng, dlmVZ:nZ,Z:L,d
We denote the set of all flags in V of type (nqy,...,ng4) by Flag(ny,...,ngs V). If V is
understood, we simply denote Flag(ny,...,ng; V) by Flag(nq,...,ng).

Flag manifolds are direct generalizations of Grassmannian manifolds. For example,
Flag(k) is simply the set of all k-dimensional subspaces of V| which is the Grassmannian
Gr(k,n). Another extreme case is when d = n — 1 and n; = 4,9 = 1,...,n — 1, where

Flag(1,...,n — 1; V) is consisting of all complete flags:

Vl Q---gVn_l, dlmVZ:Z

95



It turns out that, like Grassmannian manifolds, Flag(nq,...,n,) is not merely a set. Indeed,

it has various geometric structures. We summarize some of them in the following proposition.

Proposition 3.3.2. [59, 60] Let 0 < ny < --- < ng < n be an increasing sequence of
d positive integers and let 'V be an n-dimensional vector space over R. The flag manifold

Flag(nq,...,ng; V) is
e a connected, compact smooth manifold;

® a homogeneous space:

Flag(ny,...,ng;; V) =2 0(n)/(O(ny) x O(ng —nq) x --- x O(ng —ng_q1) x O(n —ny)).

Proposition 3.3.3. The flag manifold Flag(nq,...,ng V) is

o a closed sub-manifold of Gr(ny,n) x ---Gr(ng,n);

e a closed sub-manifold of Gr(ny,n) x Gr(ng —ny,n) X --- x Gr(ng—ng_q,n) x Gr(n —

ny, n);.
e a fiber bundle on Gr(ng,n) whose fiber over W € Gr(ng,n) is Flag(ny,...,ng_1; W).

Proof. By definition an element F' in Flag(ny,...,ng V) is a sequence of linear subspaces
of V:

This gives us a map

j: Flag(nq,...,ng; V) = Gr(ny,n) x --- x Gr(ng,n), Jj(F)=(V{,Vy,...,Vy).

It is easy to verify that j is an embedding. Moreover, the image of j is a closed subset of

Gr(ny,n) x --- x Gr(ng,n). Indeed, if

(Vl X V2 X o X Vd) €](Flag(n1, Ce ,TLd,V)),
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then there exists some ¢ = 1,...,d — 1 such that V; € V, ;. This implies that if Vg €
Gr(n;,n) and V; ;| € Gr(n; 1,n) are in a small neighborhood of V; and V, ; respectively,
then V; z Vg 4 1- Next, we choose and fix an inner product on V. Let W be a subspace of
V. For a subspace U of W we denote by U\LN the orthogonal complement of W in V. If
F:V{CVyC.---CV, dimV,=mn;i=1,...,dis an element in Flag(ny,...,ngs; V),

then for each i = 2, ..., d we have VZJ_V ) and hence we obtain a map
i+

i: Flag(nq,...,ng; V) = Gr(nq,n) x Gr(ng —nq,n) x --- x Gr(ng —ng_1,n) X Gr(n —ng,n)

1 1 1
VICVyC oSV (Vi Viy, o, Vis iy Viy):

The map i is clearly an embedding. The closedness of the image of i in Gr(nq,n) x Gr(ny —
ny,n) x -+ x Gr(ng —ng_q,n) x Gr(n —ng,n) follows from a similar argument for that of

the image of j. Lastly, we consider the map
p: Flag(ny,...,ng; V) = Gr(ng,n), p(ViC---CVy =V,

It is clear that p is surjective, smooth and pfl(Vd) consists of flags of the form
VIiCVyC--CV,  CV, dmV,=n;i=1...,d—1

This implies that the fiber p~1(V ) =~ Flag(ny, ...,ng_1; Vy)- O

3.3.2  Flag manifolds as homogeneous spaces

Because of Proposition 3.3.2, from now on, we call the set Flag(nq,...,ng V) the flag
manifold of type (ny,...,ng). In particular, if d = 1, then Gr(k,n) = Flag(k; V) ~
O(n)/(O(k) x O(n — k)).

Proposition 3.3.4. Let 0 < ny < --- < ng < n be an increasing sequence of d positive

integers between 0 and n and let 'V be an n-dimensional vector space over R. The Flag
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manifold Flag(nq,...,ng; V) is homeomorphic to the homogeneous space

SO(n)/S(O(ny) % Oy — ny) x - % O(ng —ng_1)  O(n — ng)).

Here S(O(nq) x O(ng —nq) x -+ x O(ng —ng_1) x O(n —ny)) is the subgroup of O(nq) x

O(ng —nq) X -+ x O(ng —ng_q1) x O(n —ny) consisting of all block diagonal matrices

Q 0 --- 0
0 @9 0
0 0 - Qd+1_

where @Q; € O(n;),i=1,...,d+1 and Hgill det(Q;) = 1.

Proof. By Proposition 3.3.2, we see that

Flag(nq,...,ng; V) =2 O0(n)/(O(ny) x O(ng —nq) x --- x O(n —ny)).

]
Let @ be an element in SO(n). We denote the equivalence class represented by @ by
( B T 3
Q, 0 - 0
0 QQ L. 0 ' d+1
[Q]: Q ) ) ' ) :QiEO(ni—niil),z:17...,d+1,HdetQi:1
: : " : 1=1
o o0 - Qd+1_ )
(3.3.1)

Noticing that the Lie algebra of S(O(ny) x O(ng —nq) x -+ x O(ng —ny_1) x O(n —ny))

is simply s0(n;) X §0(ny —nq) X --- x s0(n —ny). We may embed the Lie algebra so(n;) x
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s0(ng —nq) X --- X s0(n — ny) via the Lie algebra homomorphism

i:80(ny) X s0(ny —nq) X -+ x s0(n —ny) — so0(n)

defined by
Ay O 0
. 0 Ay - 0
Z(A17"'7Ad—|—1>: ' ' ‘ . 650<Tl).
0 0 - Agp

We denote by b the image i(so(nq) X s0(ny —nqy) X --- xs0(n—ny)). A natural complement

m of h in g := so(n) is the set of matrices of the form

0 Bygo o Bian
L2 2 e so(n), By e RTM-0X (7m0 1 < < j < L,
T T
__Bl,d—i-l _B2,d+1 0 .

Proposition 3.3.5. Let g,h and m be as above. The subspace m is Ady-invariant, i.e.,

Ad(a)(X) € m for everya € H and X € m.

Proof. 1t remains to show that the commutator Ad(a)(X) € m whenever a € H and X € m.
For simplicity, we only calculate the case for d = 2. The general case is proved in a similar

way. First we write

A0 0
a = 0 A2 0 , AZ < O(TLZ — ni_l),i = 1,2,3,

0 0 Ay
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and

0 Bio Big

X=|-Bl, 0 Byl B;; e R —m-0x(nymm1) 1 < < j <3,

T T
—Bj3 —By3 0

Then we have Ad(a)(X) = aXa~! = aXa' because a is an orthogonal matrix. Lastly we

have
Ay 0 0 0 Byy Byg|[A] 0 0
T_ T T
0 0 As| |-Bfy —-BJ; 0 0 0 Al
0 A1Biy AiByg| [Al 0 0
= | -AyB], 0 AyByg| | 0 AT 0
—A3Bly —A3Bl, 0 0 0 Al
0 A1By oAl A|Bj3AY
= | ~AyB] ,A] 0 AgBy3Aj | €m
| —A3Bl3A] —A3B33A5 0
and this completes the proof. ]

Proposition 3.3.6 (Tangent spaces I). Let [Q)] be the point in M = Flag(nq,...,ng V)
represented by Q@ € O(n). The tangent space T[Q]M of M s isomorphic to the vector space

consisting of matrices of the form

0 By 0 Bian
x=q| 12 2de1| g e RO )X (o) 1< < < d .
T T
|—Brar1 —Boan 0]
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In particular, the dimension of Flag(nq,...,ng V) is

dim Flag(nq,...,ng V) = Z (n; —n;_1)(nj —nj_q).
1<i<j<d+1
Proof. When ) = Id,,, the identity matrix, this is straightforward from the identification
g/b ~ m. The general case follows from the fact that the left translation Lg:M — M by
Q is a diffeomorphism, which induces an isomorphism dLQ|[Id] between Tj [Id]M and T[Q]M :
By definition, dLg|qq(X) = QX, X € Tjjq M. O

There are several ways to equip Flag(nq,...,ng V) a Riemannian metric. We will con-
centrate on the one induced by the unique (up to scalar) bi-invariant metric on G := SO(n).

3 First we define an inner product (-,-) on so(n) by
1
(A,B) =5 tr(ATB), A, B € so(n).

Since m is a subspace of so(n), the restriction (-, ), is an inner product on m. We denote
by H the subgroup S(O(nq) x O(ng —nq) X --- x O(ng —ng_1) x O(n —ny)) of G. It
is easy to verify that (-,-)|,, is Ady-invariant and this together with Proposition 3.3.5 and
Proposition 3.2.3 implies that (-, -)|,, uniquely determines a G-invariant metric g on G/H =

Flag(nq,...,ng; V).4 Indeed, the metric g is simply given by the formula

1
9(X.Y) =3 (XTY), XY € Tjg Flag(ng,...,ng V).

3. There is a one to one correspondence between bi-invariant metric on G and Adg-invariant metric on
g (see for e.g., [68]). We may consider the representation Ad : SO(n) — GL(so(n)). If n # 2,4, so(n)
is a simple Lie Algebra. This implies that there is a unique (up to scalars) Adg-invariant non-degenerate
bilinear form on so(n). Indeed, this unique bilinear form is a negative multiple of the Killing form of so(n).
Moreover, it is straightforward to verify that the metric g is the pull-back of Z?Zl g; via the embedding of
Flag(ny,...,ng; V) into Gr(ny,n) x ---Gr(ng,n) described in Proposition 3.3.3, where g; is the standard
metric on Gr(n;,n),i=1,...,d.

4. If G is a compact Lie group, then G admits a bi-invariant metric and this metric induces a G-invariant
metric g on M = G/H for any closed subgroup H C G. The metric g is called the canonical metric on M
and (M, g) is called a normal homogeneous space.
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Equivalently, if we write

0 By - Bign 0 Cia - Cran
BT 0 ... B gl 0 e O
X=0 1,2 2,d+1 Camd Y=0 1,2 2,d+1 7
T T T T
__Bl,d—i—l _B2,d+1 0 i __01,d+1 _02,d+1 0 i
where B;;, C;; € ]R(ni_”ifl)x(”j_”jfl),l < i < j <d, then the metric g is simply

g X Y)= > w(BCy).
1<i<i<d+1

This metric coincides with canonical metrics on Stiefel manifold (d = 0) and Grassmannian
manifold (d = 1) introduced in [65]. According to Theorem 3.2.5, we see that (Flag(nq,...,ng V), g)

is a GO-space.” In particular, we have

Proposition 3.3.7 (Geodesics I). Let [Q)] be an element in Flag(nq,...,ng V) = O(n)/(O(nq) %
---x0(n—ny)). Every geodesic on the Riemannian manifold (Flag(nq,...,ng; V), g) passing

through [Q)] is of the form

( —Ql 0 --- 0 ] )
0 0 d+1
[Q(t)] = Q(t) . Q_2 ] ) : Qz € O(nz - ni—l)vi =1,...,d+1, H det(Qz) =10,
: : . : i=1
\ i 0 0 e QdJrl_ )

5. In fact, the metric g is the only choice for us to make Flag(n,...,ng; V) a GO-space [69].
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0 Bia - Biaw
B 1,2 2,d+1  B;; e RI—m-)x(ni) ) <y < j < d 41,
T T
_—B1,d+1 _BQ,d—i—l 0 J

(3.3.2)

Let Q(t) be a geodesic in Flag(nq,...,ny4; V), then by Proposition 3.3.7, we are able to
compute the arc-length of [Q(t)].

Proposition 3.3.8 (Arc-length of geodesics). Let y(t) = [Q(t)] and B be as in Proposition
3.3.9. The arc-length ||v(t)|| of a geodesic v(t) is

t
| Var@ @ =1 [ wwlay =t | 3 sy=5usTs)

1<i<j<d+1 1<i<j<d+1

where s;; is the square sum of singular values of B;;,1 <i<j <d+1.

Proposition 3.3.9 (Geodesics II). Let y(t) be a geodesic in Flag(nq,...,ng; V)
= 0(n)/(O(ny) x --- x O(n — ny)) and let Q € O(n) representing v(0) and Q'(0) = H.
Suppose that QTH = VDV with V € O(n) and

0 —X) 0 =\,
D = diag ey 0p—or ¢ (3.3.3)
A0 A, O
where 2r is the rank of the matrix QTH and Aq,...,\,. are positive real numbers. Then

v(t) = [US()VT], where U = QV € O(n) and

costA; —sint)\y cost\,. —sintA,
ey A9 ¢ (3.3.4)
sintA\;  cost)y sintA,  cost\,

Y (t) = diag
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Proof. Since ~(t) is a geodesic in Flag(nq,...,ng; V), we may write it as y(t) = [Q exp(tB)]
for some B € so(n) and @ € O(n) representing (0), by Proposition 3.3.7. Hence we have
H = Q'(0) = @B and QTH = B. Since B is skew-symmetric and hence is a normal
matrix, by the Spectral theorem [66, Theorem 7.25], we see that B can be decomposed as
B=VDVT, with V € O(n) and

0 -\ 0 =X,
D = diag ey ,0p—9r ¢
A0 A 0
where 2r is the rank of the matrix QTH and A\q,..., A, are positive reals numbers.% A direct
computation shows that we have a decomposition
Qexp(tB) = US()VT,
where U = QV and X(t) € O(n) is the required block diagonal matrix. O

Proposition 3.3.10 (Riemannian distance on flag manifolds). Suppose that Q) and P are

n x n orthogonal matrices. The Riemannian distance (w.r.t. the metric g) between [(Q)] and

[P] is
where Aq,..., A, are positive real numbers such that
Q'P=vxvT,
6. In fact, positive real numbers A\j, A\j, Ay, Ay, ..., A, A, are singular values of the matrix B.
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where V € O(n) and

. cos Ay —sing cos A\, —sin A\,
Y = diag R,
sinA\;  cos Ay sin\,.  cosA,

) 0n—2r

Proof. As Flag(nq,...,ng; V) can be embedded as a closed sub-manifold of Gr(nq,n) x
.-+ Gr(ng,n), its closed and bounded sub-manifolds must be compact. By Theorem 3.2.6,
there is a distance minimizing geodesic [Q exp(tB)] connecting [@)] and [P]. By Proposition

3.3.8, we may obtain the formula

d([QL[P]) = | DA%,
1
where A, A\, ..., A\, A, are singular values of B. Lastly, according to Proposition 3.3.9, we
see that we have the decomposition QTP = VEVT for some V € O(n). O

For B € m, we consider the map ¢p : m — m defined by ¢p(X) = %[B,X]m, the half of

the projection of the [B, X] € g onto m. For example, if d = 2 and

0 By B3 0 X129 Xi3
_ T _ T
B=|-Bl, 0 By|lem X=|-X, 0 Xy|em,
T T T T
—Bi3 —By; 0 —Xj3 —Xy3 0
where BZJ7XZj € R(ni_nifl)x(nj_njfl), 1 S 7 <] S 3, then
0 —B19XJs + X19BJs  By1Xog — X1 Bag
vB(X) = | XogBly — BysX|, 0 —By Xy + X By | €m
T T T T T T
—Xo3By) + Bos Xy Xy9By) — Bg Xy, 0
(=D g

We also define a map e~ %8 =3 72 7% m — m, which can be used to compute the
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parallel transport of a vector field on Flag(nq,...,ng; V).

Proposition 3.3.11 (Parallel transport I). Let B, X € T[Id] Flag(ny,...,ng V) ~ m and
let [Q] be a point in M = Flag(nq,...,ng V). The parallel transport of QX € T[Q]M along
the geodesic [Q exp(tB)] on M is X(t) = Qexp(tB)e” ¥tB(X).

Proof. This is a direct result of [64, Lemma 3.1] applied to flag manifolds. n

We remark here that if d = 1 (in this case, Flag(k; V) = Gr(k,n)), then it is straightfor-
ward to verify that [B, X],, = 0 whenever B, X € m. This implies that the parallel transport

of Y along [Qexp(tB)] is X (t) = Q exp(tB)X, which coincides with the computation in [65].

3.3.8  Other descriptions of flag manifolds

By Proposition 3.3.3, we see that Flag(nq,...,ng; V) can be regarded as a subset of Gr(ny,n)x
.-+ x Gr(ng,n). On the other hand, Gr(k,n) can be regarded as a subset of R™*". Namely,
for a given W € Gr(k,n), we let W be a n x k matrix whose column vectors are orthonormal
and span the space W. If W/ is another such n x k matrix, then W/ = WQ where Q € O(k).
We consider a map

s: Gr(k,n) = R™,  f(W)=WWT,

It is clear that s is well-defined and that s is injective.” The map f gives us a global
way to describe Gr(k,n). Therefore, we have a global way to describe the flag manifold
Flag(ny,...,ng V):

fiFlag(ng,....ng V) — (RPM)XD = RN o x RN

J/

-~

d copies

Vi G Ve (MWL Vv,

7. WWT is in fact the projection operator from R™ to its subspace W.
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where V; is a n X n; matrix whose column vectors are orthonormal and span the subspace
V,,i=1,...,d.

Moreover, let St(ng; V) be the set of all n x n; matrices whose column vectors are
orthonormal. The set St(ng; V) is called the Stiefel manifold of orthonormal ng-frames in

V. In fact, St(ng; V) is a homogeneous space of O(n), i.e.,

St(ng; V) = 0(n)/(0(n —ng)).

Details of Stiefel manifolds can be found in [70, 65]. The homogeneous structure of Stiefel
manifolds together with Proposition 3.3.2 imply that we may regard flag manifolds as quo-

tients of Stiefel manifolds:

Flag(nq,...,ng; V) = St(ng; V)/(O(ny) x O(ng —nqy) X -+ x O(ng —ng_1))-

Hence we may represent a flag F' : V; € --- C V; by an n X n; matrix A whose column
vectors are orthonormal and the first n; of them span the subspace V;,7 = 1,...,d. This

representation is clearly not unique. Indeed, if A" is another such n x ny; matrix, then

Q, 0 - 0
A4 0 Q9 0
[0 0 - Qg

where Q; € O(n; —n;_q1),i=1,...,d. Let Q@ € O(n) be an orthogonal matrix representing
an element [@)] in Flag(nq,...,n4; V), then taking the first n; columns of ) gives an n x ny
matrix A whose column vectors are orthonormal and the first n; of them span the subspace

V;,i=1,...,d. To summarize, we have
Proposition 3.3.12. The flag manifold Flag(ny,...,ng V) is
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e isomorphic to

{((Py,....,P) e ®>*")*T.p2—p Pl =P, t(P)=n,

1 (

P;P; = P,

i<j, d,j=1,...,d}. (3.3.5)

e isomorphic to the set of equivalence classes [A], where

( B . )
Q0 - 0
column vectors of A are orthonormal and
0 Qy -~ 0
Al =47 A e the first n; of them span the subspace V; ¢ (3.3.6)
- €0(n;, —m;_q),i=1,...,d
\ 0 0 . Qd QZ ( 1 7 1) )

o Let FF: Vi C --- C Vybe an element in Flag(ny,...,ng; V). Let Q € O(n) be an
n X n orthogonal matriz such that [Q] = F and let P = (Py,...,P;) € (RXm)xd pe

the d-tuple of matrices representing the flag F'. Let A be an n x ng matriz such that

[A] = F. We take vy, ... Uy, 1o be the first ng columns of Q and take aq, ... A, 1o
be the column vectors of A. Then Q, P and A are related as follows:

1. P, = V;VZ.T, where V; = [vl,...,vni],i =1,...,d;

2. [A] = [Vy] where Vg = [vy,..., v, ];

3. V’L = {PZ<U) v ER"},Z: 1,...,d,'

4. if Wy, Wy is a set of orthonormal vectors in R™ such that wq,... s W, 18

an orthonormal basis of {P;(v) : v € R"},1 = 1,....d, then [A] = [W] where
W = [U}l, e ,wnd];
5. let Upgt1s -2 Vn be vectors such that vy, ..., v, are orthonormal basis of R", then

Q] = [Q'] where Q' = [vy,...,v,];

6. Pi:Vz'Vin where V; = [ay,...,a, ], i=1,...,d;



Because of Proposition 3.3.12, we may study the Riemannian geometry of flag manifolds

using various descriptions of them. Let

Y(t) = (Py(t), ..., Py(t)) (3.3.7)

be a curve in (R"*™)*4 such that P,(t)? = P;(t), P,

7

()7 = Bi(t), tr(P;(1)) = n;, P;(t) Py(t) =
Pi(t),i <j,i,j=1,...,d,t € (—1,1). We denoteP;(0) by P;. Moreover, if A is an n x ny
matrix representing an element [A] € Flag(nq,...,ng; V), we may write A as a block matrix
A = [Ay, - A, where A; € R™ 1) and ATA; = 0,i # j, ATA; = 1d,,
i=1,...,d. A curve in Flag(nq,...,nyg V) passing through [A] can be written as [7(t)]
where 7(t) = [A{(t), -+, Ay(t)] such that

AOTA; () =00 # 4, AT A(t) =1d i=1,...,d, and 7(0)=A. (3.3.8)

R TR
We may obtain the following descriptions of tangent spaces of flag manifolds by differentiating
curves 7y(t) and [7(t)].
Proposition 3.3.13 (Tangent spaces 1I). The tangent space Tip,...P,) Flag(nq,...,ng V)

is the vector space consisting of points (Xq,...,X,) € (R"x”)Xd such that

X;P+PX, = X; X=X,

1)

Moreover, let A be an n X ng matriz such that column vectors of A are orthonormal.
The tangent space T 5 Flag(ny, ... ,ng; V) of Flag(ny, ... . ng; V) at [A] consists of matrices

[ Xq,..., X, where X; € RX(i—ni1) G =1 ....d satisfy the conditions:

ATX;+X[Aj=0 and AlX;=0, ij=1,....4d (3.3.9)
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Equivalently, [X1,...,X ] can be parametrized as

0 B B4
-Bj, 0 By 4

Xy, Xy = (A, Ag, AT ,
-Bl; —Byy 0

__BlT,dH _BzT,dH o _BC-}_,d+1_

where AL is an n x (n —ny) matriz such that [Ay, ..., Ay, AT] € O(n) and

Bz’j c R(nrni—l)x(”j*nj—ﬁﬂ <i<j<d+1.

Proof. The first part follows from differentiating a curve +(¢) which satisfies the equations
defining Flag(ny,...,ng V) in (R"*")*¢ The second part follows from differentiating the
curve 7(t) and noticing the fact that the tangent vector of Flag(nq,...,ng; V) at a point [A]

is perpendicular to the vector space consisting of matrices B of the form

B,y 0 0
0 By -~ 0 _
B = , BiEEU(ni—ni_l),Z: ,...,d.
0 0 B,
8 The last assertion is obtained from Proposition 3.3.6 and Proposition 3.3.12. O

Proposition 3.3.14 (Geodesics III). Geodesics on Flag(ny,...,ng; V) passing through the
point [A] are of the form [Q exp(tB)In’nd]. Here Q) = {A X} € O(n) for some n x (n—ny)

matriz X . Furthermore, geodesics passing through [A] can be written as [UE(t)VTInvnd] for

8. The calculation is straightforward but details can be found in [67].

70



some U,V € O(n) and 3(t) is of the form

costA; —sint)\y costA, —sintA,
Y(t) = diag e , 0
sintA\;  cost)y sintA,.  costA. | (n_9r)x(n—2r)
Proof. Let ) be an n x n orthogonal matrix and let Imnd = "d| be the n x n,g matrix.
0

The nxng matrix A = QI,, ,, represents the class [A] € Flag(ny, ..., ng; V). By Proposition
3.3.7, we see that geodesics passing through [@] must be of the form [@Q exp(¢B)]. The second

part follows from Proposition 3.3.9. O

Proposition 3.3.15 (Parallel transport II). Let B, X € T[Id] Flag(nq,...,ng; V) and let
[A] be a point in Flag(ny,...,ng; V). Let Q be an n x n orthogonal matriz such that
A= anynd. The parallel transport of AX € T yM along the geodesic [Qexp(tB)I,, ,, |

n,ng

on Flag(ny,...,ng V) is X(t) = Qexp(tB)e” ¥tB(X)]I,

n,ng-

3.3.4 The gradient and Hessian of a function

In this subsection, we will discuss the gradient and Hessian of a function on flag manifolds,

which are main ingredients of optimization algorithms.

Proposition 3.3.16 (The gradient of a function). Let F' : Flag(nq,...,ng;; V) = R be a
smooth function on Flag(ny,...,ng; V) and let D be the n x ng matriz whose (i, j)-th entry
is %, where {xij ci=1,...,n,5 = 1,...,n4} is a coordinate on Flag(ny,...,ng V).
Let [A] be a point in Flag(nq,...,ng; V). We write D as [Dy,...,Dy|, where D; is an
nx (n; —n;_q) matriz and we write A = [Aq, ..., Ay] where A; € Rnx(”i_ni—l),i =1,...,d.

The gradient VF of F' on Flag(nq,...,ng V) is given by VF([A]) = [Aq,--- ,Ay], where

A; =D, — iD;+> A;DIA). (3.3.10)

JFi
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Proof 1. By definition of VF', for every Y € T[A] Flag(ny,...,ng; V), we have
tr(VE,Y) = g(VE,Y) = tx(D'Y).

Hence we may conclude that VF' is the projection of D onto T[A] Flag(ny,...,ng V), ie.,
D = VF+Z where Z is perpendicular to N Flag(nq,...,ng; V). Wewrite Z = [Z7, ..., Zy]
and take
Z;=AAID +Y ADIA;, i=1,....d.
JFi
It is straightforward to verify that D — Z € Ti ] Flag(nq,...,ng; V) and that Z is perpen-

dicular to T[A] Flag(ny,...,ng; V), by relations (3.3.9) in Proposition 3.3.13. ]

Proof 2. The gradient VF' can also be found by solving an optimization problem, see [67]

for details. O

In particular, if d = 1, the gradient of a function F on Flag(k; V) = Gr(k,n) is VF(A) =
A =D — AATD. This coincides with the computation in [65].

Next we compute the Hessian of a function F' on Flag(ny,...,ng; V). To do this, we
recall that the Hessian Hess(F) 4] at a point [A] € Flag(ny, ..., ng; V) is a symmetric bilinear
form on the tangent space T[A} Flag(nq,...,ng; V). Moreover, if y(¢) is a geodesic such that
7/(0) = X and (0) = [A], then we have

d2

Hess(F) (X, X) = 2 o F(y(t)). (3.3.11)

We remark here that since Hess(F)[4] is a symmetric bilinear form, Hess(F)| 4 (z,y) can be

determined by the formula
Hess(F)4(X.Y) = %(Hess(F)[A}(X +Y, X +Y) — Hess(F) 4 (X, X) — Hess(F) 4 (Y,Y)).

By Proposition 3.3.14, we see that the geodesic (t) such that v(0) = [A] and +/(0) = X
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is [Qexp(tB)I,,, |, where @ € O(n) such that A = QI,,,, and X = QBI, ;. First we

n,ng

compute %F(’y(i)) by chain rule:

d

ZF((1) = tr(F] 7 (1)) (3.3.12)

Then we have

2 "
CIFG0) = S (ur(E 7 (1) =ty (0T 7 0) + tr(E] (). (331

2
Now we evaluate C‘;?F(v(t)) at t = 0 to obtain:

d2

Hess(F) (X, X) = 3 | FOo(0) = Fua(X,X) - u(FIQBTQTX),  (33.14)
: "y : : i (ZOPF N9
where Fy 4 is the bilinear form determined by the Hessian matrix (m) We may

combine Equations (3.3.11) and (3.3.14) to obtain:

Proposition 3.3.17 (Hessian of a function). Let F': Flag(nq,...,ng; V) — R be a smooth

function on Flag(ny,...,ng; V) and let A be an n X ng matric representing a point in

Flag(ny,...,ng; V). The Hessian of F, Hess(F)4)(X,Y), is

1
FyA(X,Y)+ §(tr(FXQBTQTX) +tr(FIQCTQTY) —tr(FIQ(B + O)TQT(X +Y))),
(3.3.15)
where X, Y € T[A} Flag(ny,...,ng; V) and B,C are unqive skew symmetric matrices such

that X = B]n’nd andY =C1 respectively.

n,ng’

According to equation (3.3.15), if d = 1, then the Hessian of F' on Flag(ny,...,n4; V) is

given by
Hess(F)j)(X,Y) = Fy o(X,Y) = tr(F{AY T X),
9. To be more precise, Fiy 4(X,Y) =32, ., %XUYM
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which is consistent with the computation in [65]. The Newton’s method requires us to

determine the tangent vector Y € T}y Flag(nq,...,ng; V) such that
Hess(F)[A](Y,X) =g(-VF,X)= —tr(D([A])TX), (3.3.16)

for every X € N Flag(nq,...,ng V). Equation (3.3.15) implies that the tangent vector Y

can be obtained by solving the linear system (3.3.16) for any fixed A and F.

3.4 Optimization algorithms

Riemannian optimization is analogous to optimization in Euclidean space. For instance,
in gradient descent, instead of adding the negative multiple of the gradient by Proposition
3.3.16 to the current iterate, we move along the geodesic by Proposition 3.3.9 with initial
velocity vector opposite to the gradient. The only subtley is to change of representation for
the Flag(nq,...,ng V).

To be specific, let [A] € Flag(nq,...,ng; V) with A = [Y7,--- Y], where Y; € R”X(ni_"i—l),
i=1,---,dand ATA = I. First of all we need to find A € R*(n—"a) ¢ complement the
subspace orthogonal to im(A), i.e. { A A] € O(n), that corresponds to the same point in
homogeneous space representation. After that, we compute the gradient VE € R"*"d by
Proposition 3.3.16 and_l_set G = VF. We can get the exponential map direction B in (3.3.2)
by computing [ A [1] G € R" ™ and use the skew-symmetric structure of B to convert
it back. Lastly, we can find the next iterate by Proposition 3.3.14.

The algorithm for conjugate gradient is much involved. On top of updating the iterate,
we need to update tangent vector by parallel transport simultaneously. However there is no
neat equation for parallel transport without involving matrix exponential of Lie bracket. To
remedy this, we can provide estimated tangent vector update by using the first few terms,
and then projecting it back to the new tangent plane by enforcing the skew-symmetric struc-

ture.
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Algorithm 3.4.1 Steepest descent

Initialize [Ay] € Flag(ny,...,ng V) with Ay = [Y7,---,Yy], where Y; € R”X(”i_nifl),i =
1,---,dand AjAg = 1.

find ;1\6 e R™*("=14) guch that [AO Z{VO] € O(n). > find ker(A;)r)

set X = [AO 2{\6] .
for©=0,1,... do
set G; = =V} > VF as in (3.3.10); gradient of f at A,
compute B = XZ-TGi;
set B € R"™" by B;; = Bij for j < ng; Byj = _sz’ for 5 > ng and ¢ < ng; and
B;; = 0 otherwise
minimize f(X(?)) = f(X;exp(tB)1,,, ) over t € R; > exact line search
set X;11 = X; exp(tyinB);
end for

min

3.5 Numerical Experiments

We will firstly demonstrate the correctness of steepest descent by numerical experiment on
dominant invariant subspace, which has closed-form solution that we can compare with. We
the proceed to solve a variation of the same problem that cannot be solved with other means

and illustrate the convergence with increasing function values and decline in norm of gradient.

3.5.1 Dominant invariant subspace

Let A € R™™ "™ be symmetric. We would like to solve

maximize tr(XTAX), (3.5.1)

where X € Flag(nq,...,ng;R™). This is essentially equivalent to Principal Component Anal-
ysis (PCA), and solving this yields a flag of PCA subspaces of dimensions nq,...,n4. An

advantage of the viewpoint is that we usually do not know the intrinsic dimension of the data
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Algorithm 3.4.2 Conjugate gradient

Initialize [Ay] € Flag(nq,...,ng V) with Ay = [Y7,- -+, Y], where Y} € R (Mi=ni1) 4 =
1,--+ dand ATAy = 1.

find Ay € R"*("=74) such that [AO ZTO] e O(n). > find ker(A])
set Xy = [AO ;16] .
set Gg = —VF(Aj) and Hy = —Gj; > VF as in (3.3.10); gradient of f at A

for:=0,1,... do

A

compute B = XZ-TGZ-;

set B € R"*" by B = Bij for j < ng; B;; = _Bji for j > ng and i < ng; and
Bij = (0 otherwise

minimize f(X(t)) = f(X;exp(tB)I,, ) over t € R; > exact line search

set Ai+1 A; exp(tin B);

set AZ- = A, i exp(tinB):

set Xjp1 = A z—l—l]

set G 1 = —VF(4;1); > gradient of f at A; 4

procedure DESCENT(A;, A; 1, G;, H;) > set new descent direction at A;,
TH; = AHle_(ptminB(A;rHi); > parallel transport of H,; Proposition 3.3.11
TG; = Ai+167¢tminB(AiTGz-); > parallel transport of G;

v = (G —7Gy) TG/ (G Gy);
Hiy1 = =Gip +ymHj;
end procedure
reset H; 1 = —G; 1 ifi+1=0 mod (k+1)(n — k);
end for
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set, and by proposing a sequence of dimensions, we can efficiently compute the flag of PCA
subspaces, and the spanning vectors, with this formulation. Moreover, we can also interpret
this as finding subspaces of dimensions ny,n9 —nq,...,n45 —ngy_q that are independent and

explain different levels of the variance among the data set.

Figure 3.1 shows convergence trajectories of steepest descent, i.e. Algorithm 3.4.1, on
Flag(3,7,12;R%) for the problem (3.5.2). Flag(3,7,12;R%) is a 623-dimensional manifold;
we generate symmetric matrix A € R69%60 randomly with A7(0,1) entries. The Euclidean
gradient of f(X) = tr(XTAX) is given by V f(X) = 2AX. The optimal value of this problem
is the sum of the k largest eigenvalues which can be found by eigenvalue decomposition of A.
We can see that steepest descent converges to the true solution, taking around 30 iterations.
The convergence can also be seen from the diminishing marginal increase in function value,
vanishing of the Riemannian gradient, and small distance between successive iterates. No-
tice that the vanishing of the Riemannian gradient can serve as an optimality condition. For
implementation we use 2-norm of Riemannian gradient, distance between successive iterates,

and number of iterations as stopping criteria of the algorithm.

We perform more extensive experiments by taking the average of 100 instances of the
problem (3.5.2) for various increasing sequence of positive integers,which represent the di-
mensions of subspaces and the ambient space, to generate tables of elapsed time and accuracy.
Table 3.1 and 3.3 shows the algorithm is robust to different choices of dimension of the ambi-
ent space and also number of subspaces. Moreover, Table 3.2 and 3.4 show that the elapsed

time increases with the dimension of the manifold and the algorithm can work with a.

k130 40 50 60 70 80 90 100
Accuracy (x1074) | 2 8 64 32 4 87 20 15

Table 3.1: Accuracy (distance to true solution) of steepest descent for dominant invariant
subspace on Flag(3,9,21; Rk).
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Figure 3.1: Convergence trajectories of steepest descent for dominant invariant subspace on
Flag(3,7,12;R%0).
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E| 30 40 50 60 70 8 90 100
Elapsed Time | 0.38 0.40 0.67 0.93 1.71 227 3.08 4.07

Table 3.2: Elapsed time of steepest descent for dominant invariant subspace on
.k

Flag(3,9,21; R). k| 1 2 3 4 5 6 7 8 9 10
Accuracy(x10_4) 14 34 34 86 28 18 19 51 93 11

Table 3.3: Accuracy (distance to true solution) of steepest descent for dominant invariant
subspace on Flag(2,--- , 2k; RGO), k=1,---,10.
3.5.2  Eigenvalue problem with nonlinear transform

Let A € R™™ "™ be symmetric. We would like to solve
maximize Z?:l tr? (XTAX;), (3.5.2)

over all [Xq,---,X,y] € Flag(nqy,...,ng;R™). This is a variation of the dominant invari-
ant subspace problem and maximizes sum of nonlinear transforms of sum of eigenvalues

of each independent subspaces instead. Our algorithms can indeed be applied to function

Zle 9;(tr(X] AX;)), where g; € CYR) fori=1,---,d.

We can see the convergence trajectories in Figure 3.2. Notice that we cannot solve this
problem with eigenvalue decomposition and hence do not know the global optimum. It is
possible that the solution we found is a local minimum, as demonstrated by the vanishing
of the Riemannian gradient. We also observe that convergence speed is similar in this
generalization when we compare Figure 3.1 and 3.2, where we fix the symmetric matrix A

and the search space Flag(3,7, 12; R60).

3.6 Conclusion

We introduce the flag manifold, study its algebraic and geometric properties and develop

concrete matrix representation of coordinates and tangent space, and computing exponential
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Figure 3.2: Convergence trajectories of steepest descent for eigenvalue problem on
Flag(3,7,12; R%0).
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k 1 2 3 4 5 6 7 8 9 10
Elapsed Time | 0.54 0.81 0.79 0.96 1.05 091 1.20 1.06 1.18 1.12

Table 3.4: Elapsed time of steepest descent for dominant invariant subspace on
Flag(2, - ,2k;RY) k=1, 10.

k 1 2 3 4 5 6 7 8 9 10
Accuracy(xlO’ZL) 14 34 34 86 28 18 19 51 93 11

Table 3.5: Accuracy (distance to true solution) of steepest descent for dominant invariant
subspace on Flag(2,--- , 2k; RGO), k=1,---,10.
map, parallel transport, gradient and Hessian of function using linear algebra operation alone.

We demonstrate the correctness of the algorithm on symmetric eigenvalue problem which has
a closed-form solution, and extend it to a new class of optimization problem that optimize
nonlinear sum of eigenvalues of symmetric matrix. One of our future goal is to apply this
framework to study mixture of subspaces model with orthogonality constraint. We believe
optimization on flag manifold can help us discover a finer representation of data and achieve

better convergence.
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CHAPTER 4
TENSOR RANK AND COMPLEXITY OF YATES’S METHOD

4.1 Introduction

Yates’s method was first proposed to exploit the structure of full factorial designed exper-
iment to obtain least squares estimates for factor effects for all factors and their relevant
interactions. In short it is an organized way to do iterative summation which avoids re-
peated computation. Many well-known algorithms including Fast Fourier transform and
Walsh transform turned out to be special cases of Yates’s method. Here we show that
Yates’s algorithm is optimal in the sense of a contraction of n tensors but may be improved
when considered from the perspective of bilinear complexity. We also show that it is a pro-
jection of a tensor network and in particular has special relations with tensor train and tree

tensor network. We want to evaluate

n

f(mb Ly 7*7511) = Z T Z 91(3717 Ly - >xn7y1)92(x27 s 7xn7y2) o 'gn(xnv yn)
y1=0 Yn=0

h<y1»y27'”7yn) (411)
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for given real-valued functions ¢y, . . ., g,,, h on discrete variables x1, ..., 2,91, ..., y,. Yates’s

method does

fO(y17y27y37 o ayn) = h(y17y27y37 cee 7yn)7

My,

fl(xnv Y1: Y25 - - 73/7171) = Z gn(xnvyn)fO(ylvy% Y35 - - 73/71)7
Y =0

Mp—1

f2<xn717xn7y17"'7yn 2 Z In— 1 n—1>Tn>Yn— 1)f1( n7y1>y2>"'7yn—1)7
Yn—1= 0

(4.1.2)

Jno1(@, 23, @y, Y1) = Z 92(T9, -+ @y, Y2) frn—2(3: Ty, -+ Ty 1,41, Y2),

fn(xbx%x?w T 7$n) = Z 91(5131,332, s 7$nayl)fnfl($2’x37 1 7xn?y1):

f(xy,29,...,2,) = fn(x], 29, ..., 2,).

e n-dimensional discrete Fourier transform on an mq x --- x m,, grid.

Y1 LnYn
E E 2 1 —=n h )
f(xlam27 y L exp( ) ( + -+ m )) (y17y2a 7yn)

— y_o n

e 1-dimensional discrete Fourier transform on a grid with 2" points. Set my = --- =

m,, = 2 and

flxy,29,...,2,) = f(2n_1x1 22, 1+ x,),
h(y17 Y2, - - - 7yn) - h(2n_1yn +oeee 2y2 + yl)v
95 (Tpy - Ty, Yp) = €XP (2m’[2k_1yk(xn +2z, 1+ + 2”_kxk)]/ 2"),

k=1,...,n.

Yates’s method reduces to FFT.

83



e Walsh transform. Set z1,...,2,,91,...,9, € {0,1} and
1 1
f($1>$27 e 7xn) = Z to Z (_1)m1y1+m+xnynh’(y17y27 oo ayn)'

y1=0 Yn=0

Write fo 40y = f(xq, 9, 23) and hy yoys = h(yy,v9,y3). Yates’'s method does

Input Step 1 Step 2 Step 3 Output
hooo hooo +hoor  hooo + hoot + Roto +ho11 hooo + Root + hoto + horr + higo + Rior + hio + Pin Jfooo
hoo1 hoto +ho1r  hioo + hio1 +h110 +hi1r hooo — hoot + Roto — horr + Proo — hio1 + 110 — Pann Jfoo1
hoto P10+ 101 hooo — hoor +hoto —horr  ooo + hoor — Roto — ho1r + Pigo + P11 — hi1o — Pann Joto
ho11 Pi1o+h111 hioo —h1o1 +hao =P Pooo — Poor — Po1o + ho11 + 100 — 101 — P10 + Jo1
100 hooo = hoor — hooo + hoor — horo —ho1r Pooo + oo + Poto + 11 — oo — 101 — 110 — hn f100
h101 hoto —horr 100 +h101 — P10 —hiir hooo — hoo1 + Roto — ho1r — Proo + hio1 — b1 + Pann fio1
hiio - hioo —hior  hooo = hoor — oo+ o1t oo + hoor — Roto — ho1r = Proo — hior + i1 + Pann f110
h111 P11o=h111 P10 — P01 — P10+ P Pooo — Poor — Po1o + ho11 — oo + P10t + 110 — M fi

o Wavelet packet transform. In Haar wavelet packet transform, we compute the wavelet
coefficients in each scale by taking the weighted sum and difference of each pair of

coefficients in the previous layer. Set xq,...,2,,y1,-..,y, € {0,1} and

1 1
(=11t T nyn
flopsag sy im 3 e 3 I )
Y =0

y1=0

Write fxl%x3 = f(zq,x9,23) and hy1y2y3 = h(y1,Ys9,Y3). Yates’s method does
Input  Step (Scale) 1 Step 2 Step 3 Output

hooo + hoo1)/ V2 (hooo + oot + hoto + ho11)/2 (hooo + hoor + Foto + hott + higo + haor + Pazo + h111)/2%2 fooo

hoto + ho11)/V2 (g + haor + hazo + h111)/2 (hooo — hoot + oto = hott + koo — Paor + hazg — hia1) /252
/23/2

oo~ ( )

hoor  ( ) Joor
(h100 + h101)/V2  (hooo = hoor + horo = ho11)/2  (hgoo + hoor — hoto — ot + higo + P11 = h11o = hann) foro
hotr (h110+h111)/VZ  (hioo — hao1 + b1 — h111)/2 (hooo — hoor — hoto + hott + 100 = hro1 — ko +h111)/2%% foun
higo  (hooo = hoo1)/ V2 (hooo + oor — horo = ho11)/2 (rago + hoot + hoto + ot — koo = hior — hiio = h111)/2%2 figo
(ho10 = ho11)/V2  (higo + higr = haio = i)/ )/2%/2
( V2 (hooo = hoor = hoto + ho11)/ )

( V2 ) )

2 (hygo = P11 — h11o + h111)/

ho10

h1o1 f101

3/2
(hooo + hoor = hoto = ho11 = haoo — haor + haro + h111)/2% Frio

2

2

2 (hooo = hoo1 + ho1o = hott = hago + frior = Furo +
h110 2
2

)
hioo — hio1)/
) (hooo — hoor — horo + hort — haoo + haor + haro — h111)/2%% fuy

b1 hi1p = i)/

e Matrix-vector product when the matrix has Kronecker structure. For A € R™*™,
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B e R™™ and v € R™", we denote u = (A ® B)v. Set x;,y; € [m] and z,y; € [n].

me1 n—
Uginta,+1 = Z Z (z;+1)(y;+1) b(:ck+1)(yl+1)vyjn+yl+l

Set my; = m and my = n and

[z, zp) = Ugn+xy,+1
91 (25 Ty Y5) = Aa,41) (y;4+1)
92(Tk, Y1) = bz 11)(y,4+1)

h(Yj,91) = Vynsy 1
4.2 Yates’s method as a multilinear map
We consider real vector spaces Xq,...,X,, and Yy,...,Y,, of dimensions
dmX; =0+ 1,dmY;=m; +1,i=1,2,...,n
We fix a basis for each of X; and Y; hence we have identifications

~ ml+1
X; 2 R4

g .
Therefore, for a tensor g; € X; ® --- X,, ® Y}, we can view g; as a hypermatrix, i.e.,

9; = (gi(xb s ’xmyi))a
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Here (z;,...,2,,y;) is an element of [[;] x - - - x [[,,] x [m;] where [k] is the set {0,1,...,k} and

g; 1 1s a real number. Similarly, a tensor h € Y[ ®---®Y) can be viewed as a hypermatrix

=y, ),

where (yq,...,y,) is an element of [m] x --- x [m,,] and h(yy,...,y,,) is a real number.

n

We consider a linear map

n n
T @X; @ X, 0Y)0Y e oY+ QX

=1 1=1
defined by
T ® - ®g,h)=(f(xq,...,2,)), (4.2.1)
where z; € [I;],i=1,2,...,n and f(zq,...,x,) is the function
mq mn
f(mlv Ly - ’xn) = Z T Z 91(551, Ly - vxmyl)gQ(xQ? T ’xn>y2) o 'gn(xn’yn)
y1=0 Y =0
h(y17 Yo, - - >yn)' (422)
We can think of 7" as a machine that whenever we input functions ¢4, ..., g,, and h, it outputs

the function f.

Notice that we have isomorphism of linear spaces

n
RX;@®X,0Y)RY]® Y,
1=1
n
= ®(Xi®---®Xn)®(Y1®Y1*)®---®(Yn®Y7f‘;)
=1

n
> QX1 eY)®--0 (Y, Y))
=1
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Hence we can also view T as a multilinear map

n n
T:QRX7 @V eY]) e Y, > Q)X
i=1 i=1

By definition of T" we can factor 1" as

n
QRXT oMY (Y,
1=1
RN QI IXP X, 0 V0Y])e (Y, Y
=1 ‘%4 n 1 1 n n
Proj,,_1

L QX e X, 19X,V 0Y) e (Y, Y

.
L PLXi® VoY) oo,V
Con,,

2, XM eY)e oY, 10Y) )
COHn_l

R X; @ (V1 @Y )@@ (Y, oY) ,)
C
=, X

where Proj; : X Z®Z — X, is the projection map defined by
Proj;(a) = (a(j, - .., ),
with a € XZ@ and j =0,2,...,l; and Con; : Y;* ®Y; — R is the contraction map defined by

Con,; (v, a) = a(v).
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Proposition 4.2.1. The Yates’s method (4.1.2) corresponds to the factorization
T = Conj o---Con,, oProj; o---oProj, . (4.2.3)

Proof. The evaluation of the function

m

mn
Z 91(21, 9, T, Y1) 92(T9, - T Y2) - 9 (T, Y)

1
f(x17x2,7317n):
11=0  y,=0

h(yl7 Yo, ayn) (424)

is the same as the evaluation of the multilinear map 7'. The effect of projection maps Proj;
is to evaluate gq,...,g, at the same z;. It is clear that the evaluation of the contraction

map Con; is the same as the calculation of f; in (4.1.2). O

It is obvious that Con; and Proj ;j are commutative, i.e., Con, o Proj j = Proj;o Con; for
all 1 <, 7, < n hence we are allowed to permute Con;’s and Projj’s in (4.2.3), for example,

we can also write the tensor 1" as

T = Projj o--- o Proj,, oConjo---Con,,. (4.2.5)

4.3 Yates’s method as a tensor network state

A matriz product state(MPS) is a tensor a(zy,...,z,) € Ritl @ ... Rt 2. ¢ [I.] which
can be expressed as

my Mp—1

CL(CEl, cee 7xn> = Z T Z bl(ym x17y1)b2(y17 x27y2) T bn—l(yn—27 Tp—1; yn—l)
y1:0 yn—1:0

bn(yn—l’ Ly yn)ﬁ (4'3'1)
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for some functions bj (yj_l, T, yj), j=1,2,... ,n. Algebraically, an MPS is an element in

the image of
n

n
j=1 j=1

where Con is the tensor product of contractions Conj  R¥5H @ R 5 R, Here we
adopt the convention that R™Mot+l = R7at+1

A tensor train(TT) is a tensor a(zq,...,z,) € RiTl @ ...Rlatl 2. € [I;] which can be
expressed as

my Mp—1

a(m17"'7xn) = Z Z bl(xl’yl)bZ(ylvx2’y2)"'bn—l(yn—Qvxn—17yn—1>bn(yn—17$n>’
y1=0 Yn—1=0

for some functions bj(yj_l,xj,yj), 7 = 1,2,...,n. Here we adopt the convention that

r;=y;=0 if 7 <0 or j > n. Algebraically, a tensor train is an element in the image of

n n
=1 j=1

where Con is the tensor product of contractions Con; : R* T @ R 5 R, Again, we
adopt the convention that R0+l = R.

Assume that h € @ ; Y; can be expressed as
h:h1®"'®hn’

where h; € Y, i.e., h is a rank one tensor.

89



On the one hand, we can write

mn n
T(fl?"'afna Z Z hyla"'ayn Hgi<xiaxi+17"'axn>yi)
=0 1=1
ml mn n

= Z Z (H hi1(Yi—1)9i (T Tisqs -+ T, i)

Here we take hg = h,, and yy = y,,. We set 7; = (z;,2;,1,...,7,) and

bi(Yi—1, i ¥i) = hi1(i—1)9i(Tis Tise1s 5 Ty Y5),

then
my My n
Z Z th 1 yz 1 gz 'H»la"'axnayi)): Z Z Hbl(ylfb'fwyz)
=0 i=1 y1=0  y,=0i=1
(4.3.2)
On the other hand, we also have
my My, n
T(f1,- - fn,h) = Z Z h(yys .-, y, Hgi(xi,le,...,xn,yi)
y1=0 i=1
my mn 1 n—1

- Z Z H h yl 1 gZ xi’xZ-H’"'?In?yi))

y1=0 Yn—1=0 =1

My,

(hn—l (yn—l) Z hn<yn>gn<xn’ yn))
Y =0
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If we set &; = (v;,2;.1,...,2,) and take

hi(y;1)9i (w2500, 2y, ), f1<i<n—1,

hn—l(yn—l) ZZ:;O hn(yn)gn(xm yn)’ if i =n.

b (Y1, T4, Y;) =

Then
my, n My, n
Z Z Hh yz 192 i+17""xn7yz Z Z Hbz yz 1> z»%)
y=0 1y, 1=0i=1 y=0 y, ,=0i=1
(4.3.3)
By equations (4.3.3) and (4.3.2) we have
Proposition 4.3.1. The tensor T(gq,--.,9,, h) is a projection of a linear combination of

tensor trains and matriz product states, respectively.

Proof. We will give a proof for tensor trains. The proof for matrix product states is essentially
the same. For a given h € §Q);_; Y; we can write h as a linear combination of rank one tensors
in @);_1Y; hence it is sufficient to prove the statement for rank one tensor h € @),_1Y;

Assume that h=h; ® --- ® h,, € @Q;_1 Y; with h; € Y;. We define

hilyi 1)gi(xb ol g, 2l ), if1<i<n-—1,

hnfl(ynfl) ZZ:Z:O hn(yn)gn(xgv yn>7 ifi= n,

b (Y1, T4, Y;) =

where z; = (xg, . ,x?n) and x?, 1 <i,7 < n are all independent variables. We define the

tensor train

TT = Z Z Hb Yi— 1>xz>yz)

1=0  y,_1=0i=1

It is clear from (4.3.3) that 7" is the image Projj o--- o Proj,,(T'T). O

Corollary 4.3.2. If h € QQ,;_1Y; is a rank one tensor then T(gy,...,g,,h) is a projection

7

of a tensor train.
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4.4 Tensor rank of Yates’s method

Since T : Qi XZ@ QYY" )®- @Y, Y)) = &, X; defined by (4.2.1) is a

multilinear map, it corresponds to a tensor

n
pr € QX o X)e (VoY) @ o (Y, ®Y,)),
i=1

defined by pp(fy,..., fn hooq, .. ) = T(fy,..., fn, h)(21,...,2,) where o; € X =

R+ g the projection from RUH 1o its x,;-th component. We will determine the tensor

rank of pp in this section.

We have seen in (4.2.5) that 7" has factorization
T = Projyo---oProj, oConjo---Con,,

where Proj; : Xz@i — X; is the projection and Con, : Y;*®Y; — R is the contraction map for
all © =1,2,...,n. Since both Proj; and Con; are bilinear maps, they correspond to tensors

:U’Proji = ng@i ® Xi and MConi < Yz* ® YZ

Lemma 4.4.1. We can write up as

n
KT = ® HProj, ® HCon,
i=1

Proof. This is straightforward by the definition of pip, pipe;, and iy, - O

Lemma 4.4.2. [79] If F : Uy x --- x U,, = W is a multilinear map such that the image of
F spans W then
rank(pp) > dim W

We can write Proj; and Con; explicitly. Let v, ... U, (resp. wy, . .. ,wmi) be the fixed

basis of X; = Rl+1 (resp. Y; = R™i+1) and let ag, -0y, (resp. By, - - ,ﬁmi) be the dual
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basis of X (resp. Y;*). Then we have
(4.4.1)

Therefore,

rank(pipyoy,) <1 +1,

rank(ficop,) < my; + 1.

Apply Lemma 4.4.2 to Proj; and @ where @ : Y; — Y, is the identity map and notice

that /J@ = [iCon,> We see that

rank(ppyo;,) = 1 + 1,

rank(pigon,) = m; + 1.

By Lemma 4.4.1 we obtain
n
rank(p) < [ [+ D(m; +1).
i=1
Indeed, we can prove that the equality holds.
Theorem 4.4.3. The rank of pp is equal to [[i—(l; + 1)(m; + 1).
Proof. We consider the multilinear map 7": @, X 2@ RY; = Qi X; ®Y; defined by

n
T = ® Proj; ®Con;,.
1=1
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It is clear that p1 = pp and that T is surjective. Hence we obtain that

n n
rank(ur) > dim®XZ- RY; = H(ll +1)(m; + 1).
i=1 1=1

]

We remark here that the tensor rank of ;10 measures the least number of multiplications

needed to evaluate T'(gq, ..., g,,h). Indeed, a rank one tensor in
n .
RN eX)e VY] )@ 0 (Y, ®Y))
=1

costs (n—gl) + n — 1 multiplications to evaluate when it is regarded as a multilinear map

n n
RX oW ey)e o,V > QX
i=1 i=1
For example, f T :=a® f@w € U* @ V* ® W is a rank one tensor, then when we regard
T as a bilinear map F' : U ® V. — W, we see that to evaluate F'(u,v) it is the same as

evaluating T'(u,v) = a(u)f(v)w which only costs one multiplication a(u)5(v). Hence we

may restate Theorem 4.4.3 as

Theorem 4.4.4. The multilinear map T : Q" X?i@)(Yl@Yl*)@- ~®(Y,QY) - Qi1 X;

defined by (4.2.1) requires

N := ((";1) +n—1) ]+ 1)(m; +1)

1=1
multiplications to evaluate.

Notice that Theorem 4.4.4 does not imply that the function f(zq,...,x,) requires N

i
multiplications to evaluate for fixed gy, ..., g,,, h. Readers should keep in mind that when we
evaluate T, our inputs are functions gy, ..., g,,, b and our output is the tensor (f(xq,...,z,))
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where z; € [I;].

4.5 Yates’s method as Matrix Multiplications

By looking at (4.1.2) closely, Yates’s method is equivalent to performing n matrix multipli-

cations. We assume (z;,...,x,) € [[;] X --- x [l,] as in Section 4.2.

The first matrix multiplication is

f1(070,...,0) f1(07m17...,mn_1)

f]_(ln,o,,()) fl(ln,ml,,mn_l)
9,(0,0) -+ g,(0,m,) fo(0,...,0,0) -+ fo(mq,...,m,_1,0)
9 (1,,0) - g, (Ly,my) | | fo(0,...,0,m,) - folmy,...,m,_1,m,)

with second matrix multiplication being

f2(0,0,0...70) fQ(O,O,ml,...,mn_Q)

f2(ln717ln707 s ,O) T f2(ln717ln7m17 s 7mn72)
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gn—l(oa O> 0) T gn—l(oa O’ mn—l)

gn—l(ln—lvlnao) gn—l(ln—hln’mn—l)
fl(O,...,0,0) fl(lmml""mnfbo)
(4.5.1)
fl(ov"'70’mn—l) fl(ln7m1"'7mn—27mn—1)

The subsequent matrix operations are defined similarly.

Hence we have multiplication of a (,, + 1) x (m,, + 1) matrix with a (m,, + 1) x (m; +
1)...(m,_q1+1) matrix, and then multiplication of a ({,,_1+1) x (m,,_1+1)(m,,+1) matrix

with a (m,,_1 +1)(m,, +1) x ([, + 1)(my +1)...(m,,_o + 1) matrix, and so on.

In general, in the A-th step, we have multiplication of a (I, .1 + 1) x (m,_piq +
1)...(m, + 1) matrix with a (m,, g1 +1)...(m, +1) X (l,_pio+1)... (I, +1)(mq +
1)...(m,_; + 1) matrix. Therefore the time complexity of the Yates’s method can be
computed as the aggregation of the complexity of these n matrix multiplications.

For the case of my = --- =m, =10; = --- =1, = a — 1, the k-th step amounts to

k

n

k

n—1

perform multiplication of an a x a” matrix with a a” x a matrix. By results in [80],

k
Yates’s method can be done in O(a™t110(1) > p_1 a030298) time.
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