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ABSTRACT

The main objective of this dissertation is to use the multi-scale asymptotic analysis to study two-
asset portfolio optimization problems under fast and slow stochastic environments. We first
review the stochastic control theory and the classical Merton portfolio problem. Then we
introduce the multi-scale asymptotic analysis for single-asset portfolio optimization problem
[Fouque and Hu, 2017-2020]. We rigorously establish that, in the multi-scale case, the Merton
type zeroth order optimal strategy recovers the first order approximation of the associated
problem value. The asymptotic analysis can be extended to a multi-asset scenario. We consider
two-asset portfolio problems with full and partial information, respectively. Combining the
filtering theory and the asymptotic analysis, we show that similar results about the zeroth order
optimal strategy hold for both full information case and partial information case under different

assumptions.
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CHAPTER 1 INTRODUCTION

This dissertation is dedicated to extend the results from multi-scale asymptotic analysis for

single-asset portfolio optimization problems to multi-asset scenarios.

Empirical studies imply that both slow-scale and fast-scale factors are present in the
volatility of an underlying asset. The slow-varying factor in the volatility model is particularly
important for long-term investment, because the fast-scale factor shows less presence as its effect
is approximately averaged out in the long-term. On the other hand, to capture the volatility in a
shorter time scale, the analysis of the fast-scale case is also required, where the return and the
volatility of the underlying asset are fast-varying. Therefore, this dissertation focuses on the
multi-scale model, where the dynamics of the underlying asset price are affected by two

stochastic factors: the slow-scale factor and the fast-scale factor.

Meanwhile, asymptotic analysis has been developed over many years for option pricing
problems, where efficient approximations are derived by regular and singular perturbation
methods. In the context of portfolio optimization problems, we summarize recent papers by
[Fouque and Hu, 2017-2020] on asymptotic analysis for nonlinear Merton problem under
different stochastic environments. As Merton problem considers a single risky asset, we extend
the results by setting up a multi-asset scenario under a multi-scale volatility model with full
information. Furthermore, we consider the additional partial information case where the
volatility factors are unobservable. Combining the filtering theory and the asymptotic analysis,
we derive explicit formulas and give insights for the approximations of the optimal strategy with

higher dimension up to the first order.



1.1 Thesis Outline

In Chapter 1 of this dissertation, we give a review of the stochastic control theory and the
classical Merton problem. Starting with the introduction of stochastic control problem in Section
1.2, we discuss the well-known dynamical programming principle and the Hamilton-Jacobi-
Bellman equation method in Section 1.3 and Section 1.4, respectively. Then Section 1.5 applies
the stochastic control theory on the classical Merton problem, and derives the classical Merton

equation for further use.

Chapter 2 introduces the asymptotic analysis for single-asset portfolio problems under
different stochastic environments. In Section 2.2, we study the asymptotic analysis for a slow-
scale model by deriving and analyzing the asymptotic expansion of the value function and the
optimal strategy. Section 2.3 follows the same procedure for a fast-scale model, where an extra
step of singular perturbation method is applied. Then we combine the previous two sections into
a multi-scale scenario in Section 2.4. Then in Section 2.5, we present a rigorous proof of the

main result about the approximation of the optimal strategy in the multi-scale case.

The main contribution of Chapter 3 is to extend the multi-scale asymptotic analysis for
the single-asset portfolio problem to a two-asset scenario. Section 3.1 introduces the multi-scale
model on two risky assets: one fast-scale and one slow-scale. We set up the portfolio
optimization problem and derive the HIB equation in Section 3.2. The asymptotic analysis is
applied in Section 3.3, where we derive the heuristic asymptotic expansion of the associated

value function. Section 3.4 rigorously proves that the main result in the single-asset problem



holds in the two-asset case. Finally, we compute and analyze the first order correction of the 2-

dimensional optimal strategy in Section 3.5.

Chapter 4 considers the two-asset portfolio problem with partial information, where the
volatility factors are considered to be unobservable. Section 4.1 applies the Kalman-Bucy
filtering theory on the volatility factors. The filter asymptote is computed under the steady state
assumption in Section 4.2. Following the same methodology in Chapter 3, we set up the two-
asset portfolio problem with the filtered system and the filter asymptote, derive the asymptotic
expansion of the value function, prove the performance of the zeroth order optimal strategy, and
analyze the first order optimal strategy in Section 4.3, Section 4.4, Section 4.5, and Section 4.6,

respectively.

1.2 Stochastic Control Problem
Portfolio optimization problems are typically viewed as stochastic control problems, where the
desired optimal strategies correspond to the optimal controls. We first introduce the general
background of continuous-time stochastic control over a finite horizon.

Consider a filtered probability space (2, F,F = (F )01, P) satisfying the usual
conditions, i.e. the filtration (¥,) is right-continuous and complete, and a d-dimensional
Brownian motion W on Q.

A control process a = (@)sep0.) 18 @ progressively measurable process with respect to

valued in a subset A of R™.



A controlled diffusion process is a process governed by the stochastic differential

equation (SDE) valued in R" of the following form:
dX? =b(s, X, a)ds +o(s, X, a)dW,s € [0,T], (1.2.1)

where the drift function b(¢,x,a) : [0,T] XR"X A — R" and the dispersion function
o(t,x,a): [0,T] X R"x A = R™ are both deterministic functions that satisfy the following

uniform Lipschitz condition: 3K > 0,Vx,y € R",t € [0,T],a € A,
”b(tax’a) - b(t’yaa)” + ”0(t7xaa) - G(t’ya Cl)” < I(v”-)C _)’” (122)

Denote the set of admissible controls &/ as the set of all F -progressively measurable and

L’-integrable control processes a = (o) such that

T
E “ Ib(t,x, @)l + llo (2, x, a)lPdi| < oo, (1.2.3)
0

where x is a fixed arbitrary value in the support of the diffusion.

The conditions (1.2.2) and (1.2.3) ensure that for all @ € &/ and for any initial condition
(t,x) € [0,T] X R", the SDE (1.2.1) has a unique strong solution starting from x at time s = t.

Denote (X{);c,.7) s the unique solution with a.s. continuous paths. We also abuse the notation

X with X, when there is no confusion.

A feedback control is a control process adapting to the natural filtration generated by F*;

a Markovian control is a control process in the form of @, = h(s, X*) for some measurable

function & : [0,7] X R" — A.



Now we set up the stochastic control problem. In general, consider a measurable (utility)

function U : R" — R such that U is lower-bounded, or U satisfies a quadratic growth condition:
|lUX)| < C(1+ |x|*),Vx € R, (1.2.4)

for some constant C independent of x. Let X be a controlled diffusion process, which represents
a self-financed wealth process in a portfolio problem setting. Define an objective function
J(t, x, o) as the expected value of U at terminal time 7 with respect to control @ € &/when the

position X = x at time #:
J@t,x,a) =E (UX) | X = x). (1.2.5)

The associated value function is defined by maximizing the objective function over all

admissible control processes:

v(t,x) = sup J(t, x, Q). (1.2.6)

aced
A control process @ € o is called an optimal control if v(t,x) = J(t,x,a). Here we assume
implicitly that the value function v is measurable. However, the measurability is not trivial, and
we refer to measurable selection theorems in Dellacherie and Meyer [1975] for sufficient

conditions.

1.3 Dynamic Programming Principle

The dynamic programming principle (DPP) is a fundamental principle in stochastic control

theory. Generally speaking, the DPP can be applied on controlled Markov processes, including



the controlled diffusion process described in the previous section. The DPP is formulated as

follows:

Theorem 1.3 (Dynamic programming principle). Let X, be a controlled diffusion process

given by (1.2.1), and v (¢, x) be the associated value function that maximizes the expected utility

of the terminal state X;x over all admissible controls. For (¢, x) € [0,7] X R", we have

v(t,x) =sup sup E (v(@, Xé’x)>,

a€A 0ET T

(1.3.1)
= sup inf [E(v(@,Xé”“)),

acd 9T 1T

where 7, 1 denote the set of stopping times with values in [, T'].

The DPP implies that the optimization in the stochastic control problem can be split in

two parts: firstly, we can search for an optimal control from time @ given the state value X"*;

then we maximize E (v(@, X é’x)> over controls on the time interval [z, 6].

Proof. 1. Given an admissible control @ € &, we have the Markovian structure

0.x5*
X=X 5 >0,

S

for any stopping time 6 € 7, 7, because of the path-wise uniqueness of the flow of the SDE for

X,. Then by the law of iterated conditional expectation,



I x,a) = E (UG ) = E <[E (v 9«}))
(132)
=F <U(X;’,Xé’x ) =F (J(e, X5, a))

forany 0 € 7, 7. Since J < v and 0 is arbitrary in 7, 1,

Jt,x,a) < inf [E(v(@,Xé’x))

96.(‘/7’7'

<sup inf E <v(9, ng)>.

acdd HEQG]LT

Taking the supremum over all admissible controls on the left hand side, we obtain

V(t,x) < sup inf [E(v(e, Xé”‘)). (13.3)

acd O€ET 1T

2. Fix some arbitrary control a € & and stopping time 6 € I, 7. For any € > 0 and w € £,

there exists an e-optimal control a, , for v(6 (@), X, é(’c‘o )(a))):

v(0(w), Xé’(’;)(a))) —e¢ <JO(w), Xé’(’;)(a)), a®?). (1.3.4)

Define the process

R _ [ aw),s €[0,0(w)]
(@) = {af’“’(a)),s c[0).T].



By the measurable selection theorem in Chapter 7 of Bertsekas and Shreve [1978], the process &
is progressively measurable and lies in &/. By the law of iterated conditional expectation in

(1.3.2) and the e-optimality in (1.3.4),

V(0 2 J(x,8) = E (J0. X5, a¢) 2 E(v0, X2 ) —e.

Since € > 0,a € & and 0 € T,  are arbitrary, we obtain

v(f,x) > sup sup [E<v(9, XgX)). (13.5)

acd 0T, 1

By combining (1.3.3) and (1.3.5), we acquire the desired result.

Corollary 1.3. For any stopping time 6 € 7, 7, we have

v(t, x) = sup E (v(e, Xy)). (1.3.6)
acd

1.4 Hamilton-Jacobi-Bellman Equation

A partial differential equation (PDE), in particular, a nonlinear second order PDE, called
Hamilton-Jacobi-Bellman (HJB) equation can be derived from a stochastic control problem by
applying It6’s formula and the DPP. The HJB equation is the infinitesimal version of the DPP. It
describes the local behavior of the associated value function as the stopping time 6 in (1.3.6)
goes to ¢. In this section, we only focus on formally deriving the HIB equation and obtaining an

optimal feedback Markovian control.



Assume the value function v(¢, x) associated to the stochastic control problem given by
(1.2.6) is smooth enough. In particular, v(z, x) € C*([0,T) x R™). Consider the time @ =t + &

and a constant control a, = a for some a € A. By the DPP in (1.3.1),

v(t,x) > E (v(t + h,X“‘)) (1.4.1)

t+h

where Xtﬁr’;l is the state system solution to (1.2.1) associated to the constant control. Since v is

assumed to be smooth enough, we apply It6’s formula on v between ¢ and ¢ + A:

t+h
1, —
v(t+h, X)) =v(t, x)+ J

t

<d_‘t} + 3“\1) (s, X>¥) ds + martingale, (1.4.2)

where £“ is the infinitesimal generator of the controlled diffusion process X; with constant

control a, = a in (1.2.1) defined by

1
L =b(t,x,a)V,u+ Etr (a(t, x,a)o(t, x, a)TVJZCu). (1.4.3)

Substituting (1.4.2) into (1.4.1), we get

t+h av
E J <E + 8"\)) (s, X\ ds ) <0. (1.4.4)
t

Then we divide (1.4.4) by A and let & go to 0. By mean-value theorem,

av
E(t’ x)+ Z%(t,x) <0.

Because a € A is arbitrary, we acquire the inequality



0
a—:(r, X) + sup L (1, x) < 0. (1.4.5)

aceA

On the other hand, suppose & is an optimal control, then by Corollary 1.3.2 in the

previous section,

v(t,x) = E (v(t + h,f(;fh)>

where X ;th is the state system solution to (1.2.1) associated to @. Replacing “<” by “=" in the
previous arguments, we get
av #
E(I’ xX)+ZL%v(t,x)=0. (1.4.6)
By combining (1.4.5) and (1.4.6), we obtain that v should satisfy the HJB equation:
ov
E(t’ X) +sup L%(t,x) =0, (1.4.7)

aceA

for all (¢, x) € [0,T) X R", if the supremum in a is finite. From the definition of v(¢, x) in (1.2.5)

and (1.2.6), the terminal condition associated to the HIB equation is
v(T,x) =Ux),Vx € R". (1.4.8)
As a byproduct, if we can find a measurable function @(t, x) such that

LYy (1, x) = sup L(t, x),

aceA

then we would get

10



9 )
a—:(z, X) + LUy (1 x) = 0, v(T, x) = U(x).

By Feynman-Kac formula, v(z,x) = E (U()A(’T’x)) where }A(;j_‘h is the state system solution to

(1.2.1) starting at x at time ¢, with the control &(z, x). This shows that @(¢, x) is an optimal

feedback Markovian control.

Now we’ve presented the derivation of the HJB equation, and acquired an optimal
feedback Markovian control. The next crucial step is to verify that, given a smooth solution to
the HIB equation, this solution coincides with the value function. The sufficient conditions for
the above-mentioned verification theorem vary from one case to another. Examples of a
verification theorem can be found in Pham [2009] and Touzi [2013]. From now on, we compute
the HJB equation and the optimal feedback Markovian control associated to a stochastic control

problem without explanations.

1.5 Classical Merton Problem

The Merton problem of portfolio optimization in Merton [1969] has been studied extensively in
various cases. Equipped with the PDE technique discussed in the previous section, now we
present the classical Merton portfolio problem. The resulting classical Merton value function will
play an important role in the next chapter when we construct the approximation to an optimal

strategy in the asymptotic analysis.
Consider a risky asset modeled by the following geometric Brownian motion:

dS, = uSdt +oS,dW, (1.5.1)

11



where the growth rate u, the volatility coefficient o are constants and W, is a standard Brownian

motion in the filtered probability space (Q, #,F = (¥ ),cj0.r, P)- Let (X,,# € [0,T]) denote
the wealth process over the investment period [0,7'] and 7z, denote the amount of wealth held in

the risky asset at time ¢, where the remaining held in a risk-free market at an interest rate r. With

a continuous self-financing strategy, the wealth process X, is given by

dS
dX, = ﬂtTt +r(X,—n)dt = (X, + n(u — r))dt + m,odW,. (1.5.2)

t

Without loss of generality, we take the interest rate » = 0 in (1.5.2) for simplicity. Then we have
dX, = mpudt + r,odW,. (1.5.3)

Assumption 1.5 (Utility function assumption). The utility function U(x) on R* is smooth,

strictly increasing and strictly concave. U(x) also satisfies the “Inada and asymptotic elasticity”:

<1

U/
U/(0%) = oo, U'(co) = 0, lim x =&

X—00 X

From now on, we always assume Assumption 1.5 holds for utility functions. Define the

classical Merton value function for (7, x) € [0,T7] X R* by

M(t,x;2) = supE (UXp) | X, = x), (1.5.4)

where 1 := Ll is called the Sharpe ratio and the supremum is taken over all control processes
c

= (m,) that are F -progressively measurable and L’-integrable.

12



Applying the PDE method from the previous section to the above stochastic control
problem, we conclude that M is the unique smooth, strictly increasing, strictly concave solution

of the HIB equation

1, M?
M, — =2*—= =0, M(T,x; ) = U(x), (1.5.5)
2" M

XX

where the M,, M, and M, denote the partial derivatives of M. The optimal feedback Markovian

control is given by

y)
M = ;R(r,x;/l), (1.5.6)

where R(z, x; A) is the so-called risk-tolerance function associated with the classical Merton

value function defined by

M,(t, x; 4)
R(t,x;i) = m, (157)

which is well-defined and smooth in (7, x) because M is strictly concave and smooth in (7, x).

We end this chapter by defining several notations. Define the differential operators

ak
D, =R(t,x; ) —, k €N, (1.5.8)
oxk
and the linear operator
Z, (D) J + 1/12R2(t ) il + A2R(t, x; ) 9 _29 + 1/12D +A%D,. (1.5.9)
[ —_— s x; — , x; — T — _ . oo
b or 2 ox? ox ot 2 7 !

13



Observe that the HIB equation (1.5.5) can be re-written as

Z, (M = 0. (1.5.5%)

Proposition 1.5 (Uniqueness of Merton equation). Let &, (1) be the operator defined in

(1.5.9), and assume that the utility function U(x) satisfies Assumption 1.5 and U(0+) = 0, then

Z, Wu(t,x; 1) =0, u(T, x; 1) = Ux), (1.5.10)

has a unique non-negative solution.

Proof. First, observe that there exists a solution u = M(¢, x; 1) for (1.5.10). To show uniqueness,

we define the injective transformation:

{5 = —log M,(t, x; A) + LAX(T 1),
t'=t.

Define w(t', &; 1) = u(t, x; 1), then @ solves the heat equation

1
Hw = o, + 5,12@55 =0,0(T.& 1) = Ul(e™)),

where I : RT - R*, I(y) := (Mx)‘l(y) is the inverse function of M. Therefore, uniqueness of

the non-negative solution follows from classical results for the heat equation. il

14



CHAPTER 2 ASYMPTOTIC ANALYSIS

This chapter presents the preliminary for the application chapters, and summarizes the key steps
from a series of works studied by Fouque and Hu. We investigate the optimal portfolio problem
under stochastic volatility models, where the volatility processes are characterized by the scales
of fluctuation. Using the approach of asymptotic approximation developed in the book by
[Fouque et al., 2011], we derive the corresponding asymptotic expansion of the value function
and investigate the asymptotic optimal strategy for the portfolio problems with slow-scale, fast-

scale, and multi-scale volatility models.

2.1 Overview

The goal of the following sections in this chapter is: (1) to derive the zeroth order and the first
order asymptotic expansion of the value function for the incomplete markets portfolio
optimization problem under multi-scale stochastic volatility model, and (2) to show that the
zeroth order asymptotic approximation of the optimal strategy recovers the value function up to
the first order. In order to tackle the multi-scale stochastic volatility model, we first study the

Merton problems under single-scale case, including both slow-scale and fast-scale volatility.

In Section 2.2, we discuss the slow-scale stochastic volatility model discussed in [Fouque
and Hu, 2017]. Assuming the return and volatility terms of the underlying asset are driven by a
slow-scale stochastic process, we set up the Merton problem for the underlying asset and derive
the corresponding HJB equation. With the assumption that the HJB problem has a smooth
solution, we present the regular perturbation method that derives the asymptotic expansion of the

value function that solves the HJB equation. Focusing on the zeroth and the first order

15



expansions, we also check that the zeroth order optimal strategy recovers the value function up to

the first order.

In Section 2.3, we present the case in [Hu, 2018] where the return and volatility of the
asset are modeled by a fast-scale process. In addition to the process in Section 2.2, the fast-scale
volatility model requires additional steps: the singular perturbation method is applied to derive
efficient approximations of the value function for the HJB problem. Similar to the slow-scale
model, the zeroth order optimal strategy in the fast-scale case also recovers the value function up

to the first order.

Section 2.4 combine the methods from the previous two sections. In a multi-scale
stochastic volatility model in [Fouque and Hu, 2020], the asymptotic expansion of the
corresponding value function for the Merton problem will have a zeroth order term and two first
order terms for slow-scale factor and fast-scale factor, respectively. Again, assuming the
regularity of the value function that solves the HIB problem, we can derive the zeroth and the

first order expansions, together with the zeroth order optimal strategy.

A more rigorous result for the multi-scale model is presented in Section 2.5. The
regularity of the value function is not assumed. Instead, we enforce two sets of assumptions (in
Appendix B) on the state processes and the utility function. Under these assumptions, we prove
that the heuristic expansion up to the first order derived in Section 2.4 coincides with the
rigorous first order approximation for the value function corresponding to the zeroth order
optimal strategy. We present the proof in two detailed steps: (1) heuristic derivation, and (2)

expansion justification. In fact, similar rigorous results also hold for the slow-scale model and

16



the fast-scale model. We refer to [Fouque and Hu, 2017] and [Hu, 2018] for the detailed

assumptions and proofs.

2.2 Slow-scale Stochastic Volatility Model

Stochastic Control Problem set-up: Consider the following dynamics of the underlying asset S,

and the slow-scale factor Z;:

dS, = u(Z)S,dt + o(Z)S,dW,

22.1
dZ, = 5c¢(Z)dt +/58(Z)dW? @2.1)

where W, and W,Z are two standard Brownian motions in a filtered probability space

(Q,F,F,,P) with a correlation: d (W, WZ>t = pdt with |p| < 1. It is assumed that the process

Z, = Z(gtl) in distribution, where Z( is a diffusion process with coefficients ¢ and g. This re-

scaling of time explains the \/5 in the diffusion term in (2.2.1) We refer to [Fouque et al., 2011,
Chapter 3] for more details on stochastic volatility time scales. Also, we require the coefficient

1(z) and o(z) to be differentiable.

Similar to the classical Merton problem, let (X,,# € [0,7]) denote the wealth process
over the investment period [0,7] and z(f,x,z) denote the amount of wealth held in the
underlying asset at time ¢, when the underlying asset price is x, and the level of the slow-scale
factor is z, with the remaining held in a risk-free environment at an interest rate r. Assuming that
the portfolio is under continuous self-financing setting and, without loss of generality, the risk-

free interest rate r is zero, the wealth process X, satisfies

dX, = n(t, X, Z)u(Z)dt + z(t, X,, Z)o(Z)dW,. (2.2.2)

17



Now we consider the optimization problem with a utility function U(x) satisfying Assumption

1.5. The slow-scale value function V(z, x, z) is defined by

Vo(t,x,z) = supE[UXp) | X, = x, Z, = 2],

T

where the supremum is taken over all admissible strategies 7 € Z°(¢, x, ),
At x,z) = {n: X, >0Vs >t givenX, = x,Z, = z}.

The HJB Equation: The HIB equation for V° is given by

1
VP + 6.V° + max <50(z)2nzv;l +n (u(zw + \/Spg@a(z)vg)) =0,

red®

VT, x,z) = U),

where ./, is the infinitesimal generator of the process Z(1):

2

M ! ()20 +()0
= — — 4+ c(z7)—.
2= 58 5 Ty,

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

Rigorously speaking, V° only represents the viscosity solution of this HJB equation with

terminal condition. However, in the current stage of heuristic derivation, we assume that V?° is

the unique classical solution of (2.2.5).

Assumption 2.2. The value function V‘s(t,x,z) is the unique smooth function of the HJB

equation (2.2.5) that is strictly increasing and strictly concave in x for each t € [0,7) and z € R.

The optimal control of the maximization term in the HJB equation is given in the

feedback form by
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L AVE Vops@Vy: 02
c@Ve,  oc@V3

u(z)
o(z

where A(z) = is the Sharpe ratio. Plugging the optimal control in the HIB equation gives

the following equation with terminal condition,

(v +Varsve)

Vet 5,V — v

=0,ViT, x,z2) =U®). (2.2.8)

Asymptotic Expansion: Under Assumption 2.2, the goal is to find the zeroth and the first order

approximation in an asymptotic expansion for the value function V? of the form

Vo(t, x,z) = i W/8)Yv®, x, 2). (2.2.9)

k=0
By letting 6 = 0 in (2.2.8) and (2.2.9), we obtain that the zeroth order approximation v(?) solves

the HJB equation

1 (V(O))2
v — —A(2)*—=— = 0,vOT, x,2) = U). (22.10)
2 V)E?C)

As a result, v coincides with the constant parameter Merton value function
vO(t, x,2) = M(t, x; A(2)), (2.2.11)

where the Merton value function M(t, x; A) is defined in Section 1.5 with the Sharpe ratio
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For the first order approximation, we take the order \/5 terms after inserting the

expansion (2.2.9) into the HIB equation (2.2.8)

0,0
Z A = pﬂ(z)g(z)< e ) vI(T, x,2) =0, (2.2.12)

0
VR

where Z,  is the linear operator defined in (1.5.9). In order to construct the solution to (2.2.12)

and explicitly compute the first order approximation, we require the following lemmas.
Lemma A.3. The classical Merton value function M(t, x; 1) satisfies

Z, (ADfM(t,x;2) = 0, (A.6)

forallk =1,2,---.

Lemma A.4 (“Vega-Gamma” relationship). The Merton value function M(#, x; A) introduced in

Section 1.5 satisfies

oM M?
— =—(T-1)A
oA M.,

=(T-1)AD;M, (A.7)

where R is the risk-tolerance function defined in (1.5.7).

The proofs of Lemma A.3 and Lemma A.4 require a commutation result (Lemma A.2).
The detailed proof is presented in Appendix A. Now we use the “Vega-Gamma” relationship to
derive an explicit expression for the first order approximation v(!) in terms of the zeroth order

approximation v,

Proposition 2.2. The PDE problem with zero terminal condition (2.2.12) has a unique solution:
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vV, x,2) = %(T— 1?pA*(2)g(2)A' (z)DIv©. (2.2.13)

Proof. Re-write the PDE (2.2.12) as:
Z, AW = — pA(2)g(2)D Q. (2.2.14)
By the “Vega-Gamma” relationship (Lemma A.4) and the Chain Rule,
v O = (T - HA(2)A'(z)D©. (2.2.15)
Substituting (2.2.15) into (2.2.14), we have
Z,, Q@ = = (T = 1)p2*(2)g()A'()Dv©. (2.2.16)

We can verify that the expression (2.2.13) solves the PDE (2.2.16) with zero terminal condition:

Z,,@) G(T - t)zpflz(z)g(z)/l’(z)Dlzv(O)>

= — (T - Dp2*(2)g (@A @)DV + %(T — 10’ pA*(2)g () () Z, (A()Div?

= — (T — pA*(2)g(2)A' (2) DO,

because vO(t, x,z) = M(t, x; A(z)) in (2.2.11) and Sfu(l(z))Dlzv(O) =0 by Lemma A.3 in

Appendix A.

The uniqueness of the solution (2.2.13) can be proved using a change of variable method
and the uniqueness result of the heat equation. We refer to Lemma A.5 in Appendix A for a

detailed example of the change of variable method. B
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To summarize, we acquire the asymptotic expansion of the slow-scale value function V°
up to the first order approximation:

Vﬁ(l‘, x’ Z) — V(O)(t, x’ Z) + \/gv(l)(l” x’ Z) + e
vO(t, x,2) = M(t, x; 1(2))

1
vV, x,z) = E(T — 1)’ pA*(2)g ()X (z)DIv©.

Asymptotic Optimal Strategy: With the asymptotic expansion of the value function, we can
discuss the zeroth order optimal control as the investing strategy. By the end of this section, we
will see that the zeroth order strategy reproduce the optimal value function V° up to the first

order 4/ 0 term. Recall that the slow-scale optimal feedback strategy is given by

_AVE Veps@Vi,

o(z)Ve, c(2)V3, (2.2.7)

Inserting the zeroth order term v in the expansion of V° into (2.2.7) gives the zeroth order

strategy:

70, x,z) = &R(t, x;A(2)), (2.2.17)
0(2)

which is the Merton strategy updated with the moving level z of the slow-scale factor Z,. Thus,

the wealth process follows:

dX, = zOuz)dt + 1% (Z,)dW,
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The corresponding value function Vo(¢,x,7) := E (U Xp X, =x,2Z, = z) solves the linear

PDE with terminal condition:

- - 1 - N -
V24 6,07 + 0@ OPT, 4 2O (ﬂ(z)v;i + \/Epg(z)a(z)viz) 0,

VT, x,z) = Ux),

where  , 1s defined in (2.2.6). Re-writing the PDE according to the power of \/3, we have

i 0 5
Z, @)V + \/sz(z)g(z)Dla—VfS + 8 ,V° = 0. (2.2.18)
Z

Now we assume the asymptotic expansion of V%
Vot, x,2) = 9O, x,2) + /67D, x,2) + 67 + -,

Then we insert the expansion into the re-written PDE (2.2.18). By taking the constant and the

1/6 terms in the PDE (2.2.18), we obtain
Z, @) = 0, 7T, x) = Ux)
and
Z, Q@)WY = = pA(2)g @D, ¥I(T, x) = 0.

The uniqueness of (2.2.10) gives #? = v, and the uniqueness of (2.2.14) gives ?D = vV,
Therefore, we can conclude that the zeroth order optimal strategy 7 given by (2.2.17) recovers

the optimal value function V? of the stochastic control problem up to order \/3 .
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Further Study: In fact, by replacing Assumption 2.2 on regularity of the value function with
Assumption B.1 and Assumption B.3 in Appendix B, we can conclude a stronger result that the

residual function E defined by

E(t,x,2) == V(t,x,2) = vOt, x, 2) — /5vD(t, x, 2),
has order §. In other words, for all (¢, x,z) € [0,7] X RT X R, there exists C such that
|E(t,x, z)| < 0C, where C may depend on (¢, x, z) but independent of 6. The detailed proof

can be found in [Fouque and Hu, 2017]. We will not present the proof since we will show the

proof of a similar result for the multi-scale case in Section 2.5.

2.3 Fast-scale Stochastic Volatility Model

Stochastic Control Problem set-up: The stochastic control problem associated with the fast-
scale volatility model is similar to the slow-scale case. Consider the following dynamics of the

underlying asset S, and the fast-scale factor Y:

dS, = u(Y)S,dt + o (Y,)S,dW,

1 1
dY, = —b(Y,)dt + —a(¥,)dW' 2.3.1)
€

€

where W, and W,Y are two standard Brownian motions in a filtered probability space

(Q, %, F,,P) with a correlation: d <W, Wy>t = pdt with |p| < 1. In this case, since we want to

view the fast-scale factor as mean-reversion of volatility, we assume that the process ¥, = Yt(/le) in

distribution, where Y is an ergodic diffusion process with unique e-independent invariant
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distribution ®. Hence, the re-scaling of time implies that the fast-scale factor Y also has unique

invariant distribution ®. Also, we assume that the coefficient x(y) and o () to be differentiable.

Under a continuous self-financing trading with the risk-free interest rate r = 0, the

wealth process (X,, ¢ € [0,T']) satisfies
dX, =n(t, X, Y )uY)dt + =, X,,Y,)o(Y,)dW, (2.3.2)

where 7 (¢, X,, Y,) is the stochastic control, which is viewed as the investment strategy. The fast-

scale value function V¢(t, x, y) of the optimization problem is defined by

Ve, x,y) = sup E[UK,) | X, = x, Y, = ], (2.3.3)

T

where the utility function U(x) satisfies Assumption 1.5, and the supremum is taken over all

admissible strategies 7 € F(t, x, ),
A, x,y) ={m : X; > 0Vs > ¢, given X, = x, Y, = y}. (2.3.4)

The HJB Equation: The HIB equation for V¢ is given by

1 1
Ve StV max [ 2o (n2aVeE, + 7 (u(yw; +£207) ny) -
€ red€ | 2 \/E

VT, x,y) = Ux), (2.3.5)
where .y is the infinitesimal generator of the process Y!:

M ! ()2a2+b()a (2.3.6)
= —d _ . I,
7o Y 0y? yay
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Similar to the slow-scale case, we make the following assumption on the solution V¢ of the HIB

equation with the terminal condition (2.3.5).

Assumption 2.3. The value function V¢(¢,x,y) is the unique smooth function of the HIB

equation (2.3.5) that is strictly increasing and strictly concave in x for each t € [0,7) and y € R.

The corresponding optimal feedback control in this case is given by

_ AV pa)Vy 237)

cOMVix  yea(y)Ve,

%

,uiyi is the Sharpe ratio. Plugging (2.3.7) in the HJB equation (2.3.5) gives the
oly

where 1(y) =

following equation with terminal condition,

VE+ — M, VE - v ve =0, ViT, x,y) = U®x). (2.3.8)
€ *x

2
</1(Z)V§ + MVQ)

Asymptotic Expansion: Under Assumption 2.3, we aim to find the zeroth and the first order

terms in the asymptotic expansion for the value function V¢ in the fast-scale case:

Ve, x,y) = i e v®, x, y). (2.3.9)

k=0

Because there are negative power terms of € in the HIB equation (2.3.8), we cannot apply the
same method as in the slow-scale case. The computation of v(? and v in the fast-scale case

requires additional steps.
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We first show that v(® and v( are independent of y. We insert the expansion (2.3.9) into

the HJB equation (2.3.8) and collect the terms in successive powers of €. The term with order ¢!
is given by

1 )

Mo — =7 a(y)2 =0,vO(T, x,y) = Ux).

(0)

Note that .y only takes derivatives in y and the terminal condition is independent of y. Hence,

1
this equation is satisfied by v()(¢, x) independent of y. Thus, vy(o) = (. The term with order € 2 is
given by

My = 0,vI(T, x,y) =0

Similarly, we obtain that v(! = v(D(z, x) is independent of y and vy(l) =0.

To compute the zeroth order approximation v(%)(¢, x), we collect the constant order terms

after inserting (2.3.9) into (2.3.8):

)
RO
.x.x

Vt(o)‘*‘ﬂy"(z) ,1( )2 =0. (2.3.10)

This equation is a Poisson equation for v(?) with solvability condition requiring the Fredholm

Alternative:

s

<v<°>——z( o)

=0,

where ( - ) denotes averaging with respect to ®:
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(f)= Jf (NP(dy).

Define the constant square-averaged Sharpe ratio A by

u(y)?

12 =
<G(y)2

).

As v© is independent of y, the Fredholm Alternative matches the classical Merton problem

(1.5.5) with constant Sharpe ratio A:

0)\2
V<o>_l;z@_0
! 2 o

vxx

With the terminal condition vO(T, x) = U(x), we acquire the zeroth order approximation of the
value function:

v, x) = M(t, x; 1), (2.3.11)
where M is the classical Merton value function introduced in Section 1.5. Note that, with
(2.3.11), the above Merton equation of v(¥) can be re-written as & t’x(/I_ w©® = 0.

For the first order approximation, we re-write (2.3.10) as

0=yw®+Z, AWV = lyw® + £, QWO = Z, (A WO
= Mp? + (L, A = Z, (1)) v

- 1
= My® + (A(y)* - 27?) (EDz + D1> v,
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since £, N Ww© = 0. This Poisson equation for v® have the following solutions in L*(®) (see

[Fouque et al., 2011, Chapter 3]):

2) ! 0) ! 0
v =—0(y) EDz + D, | vV +C(t,x) = — 59()’)1)1" + C(t, x) (2.3.12)

where 0(y) solves the ordinary differential equation in y variable:
My = A(y)? = A2, (2.3.13)

and C(t, x) is a constant of integration in y that may depend on (¢, x). Plugging (2.3.12) and

vy(l) = 0 into the expansion of the HIB equation (2.3.8), we simplify the nonlinear term up to

order \/E :

2
€ a(y) e
</1(z)vx + ”\/; vxy)

2Ve,

2 1 v
— 0 1) (1) 2) — il
= (10060 + Vs D) +pam) +Ver)) zv;g?(l Ve )+

02\ 2 M
200 + V) + —yepar ) (1ol L
2 ox O

0 0
wy ) 2
Ve

0
Ve

0 (V)2

— eee + J—
ox 0

1 y(
220” (AGD + 3 pa (O ) ) = AOPOOR 2 )+ -

0
Vi

1 1
= +1/e <—/1(y)2D1v(” + 5P (MaO DIV — Eﬂ(y)zDzv(”> + e

Therefore, after re-writing and rearranging, we obtain the term with order 4/€ in the asymptotic

expansion of the HIB equation (2.3.8):
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1
Myy® + Z, GOV = 5 pd(Na(E (MDY = 0. (2.3.14)

Equation (2.3.14) is a Poisson equation of v®, and the solvability condition is

_ 1
LA = 3 pBDv O, (2.3.15)

where we define the constant B := (A(y)a(y)0'(y)).

Proposition 2.3. The PDE problem (2.3.15) with terminal condition v()(T, x) = 0 has a unique

solution:

1
v, x) = — (T — r)E pBDvOt, x). (2.3.16)

Proof. First, we compute that (2.3.16) satisfies (2.3.15):

_ 1 1 1 _
LA )<—(T— t)EpBDlzv(O)(t, x)> =7 pBDO — (T - r)E pBZ, (2D

1
=~ pBD}VO

because vO(t, x) = M(t,x;2) and &, (1)D{M(t,x;2) =0 (Lemma A.3 in Appendix A).

Also, the expression (2.3.16) satisfies the terminal condition vAIX(T, x) = 0.

The uniqueness is proved with the same method as in the slow-scale case. We refer to

Lemma A.5 in Appendix A for the detailed proof of uniqueness. il

To summarize, the asymptotic expansion of the fast-scale value function V¢ up to the first

order approximation is given by:
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Ve(t, x,y) = v(o)(t, x) + \/Zv(l)(t, X)+ -
vO@, x) =M@, x; 1)

1
v, x) = - (T - t)EpBDlzv(O)(t, X).

Asymptotic Optimal Strategy: Now we discuss the zeroth order strategy for the fasts-scale
volatility model. Similarly, it recovers the optimal value function V¢ up to the first order \/Z

term. The fast-scale optimal feedback strategy is given by (2.3.7):

AVE  paMVyy

* = - . (2.3.7)
cOMVix  yea(y)Ve,
Hence, by plugging in vO(¢, x) = M(t, x; 1), we have the zeroth order strategy
A —
70, x,y) = ﬂR(t, x; ). (2.3.17)
o(y)

This is a hybrid Merton strategy in which the coefficient moves as the fast-scale factor Y,

c(y)

moves, and the risk tolerance component R uses the constant averaged Sharpe ratio A. With the

wealth process following:
dX, = th(o),u(Yt)dt + ﬂt(O)G(Yt)th,

the corresponding value function V¢(z, x,y) := E (U Xp X, =x,Y, = y) solves the linear PDE

with terminal condition:
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~o ] 5o 1 2¢ (0\27e © e 4 Ve
Vit —dltyV 4+ —oW @OV + 2O pu0IVi+ —=pa(eVs, | =0,
€

VAT, x,y) = U),

where  y is defined in (2.3.6). By inserting 7¥ from (2.3.17), we re-write the PDE as

- 1 0 - 1 -
Z, AV + —pxl(y)a(y)Dla—yVe + ;/%YVS =0. (2.3.18)
€

Assuming the asymptotic expansion of V¢:
Ve, x,y) = vO, x,y) + \/Ef/(l)(t, x,y) 4+ e + oo,

we insert the expansion into (2.3.18) and collecting the terms in successive power of €.

Following the same computation process as in the fast-scale asymptotic expansion subsection,

1
we are able to reproduce 7 and #V. In particular, the order ¢! term and the order ¢~ 2 term of
the expanded equation gives that #® and 71 are independent of y. The solvability condition of
the Poisson equation (with respect to #?) deduced from the constant order term is given by

Ql,xﬁ(o) = 0. With the terminal condition #O(T,x,y) = U(x), we acquire that ¥© =@ by

uniqueness of Merton equation. Solving this Poisson equation deduced from the constant order

term yields

1 ~
7 == 0D+ C, ), (2.3.19)
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where 6 is a solution of the ordinary differential equation (2.3.13), and C(t, x) is a constant of
integration in y. Plugging (2.3.19) into the solvability condition of the Poisson equation (with

respect to 7)) deduced from the order \/E term of the expansion, we acquire
7)) 1 ' 2~(0)
Z (AW = 5p</1(y)a(y)0 (D7,

with terminal condition #'X(7,x,y) = 0. By the uniqueness of Proposition 2.3, ) = v,
Therefore, in the fast-scale case, the zeroth order optimal strategy 7'?) given by (2.3.17) also

recovers the optimal value function V¢ of the stochastic control problem up to order \/E .

Further Study: Similar to the slow-scale case, by replacing Assumption 2.3 with Assumption
B.1 and Assumption B.3 in Appendix B, we have a stronger conclusion that the residual function

E defined by

E(t, x,y) = VE(t, x,y) — vO(z, x) - \/Ev(l)(t, X),

has order €. In other words, for all (f,x,y) € [0,T7] X R* X R, there exists C such that

|E (t, x, y)| < eC, where C may depend on (¢, x,y) but independent of €. This result follows

from the discussion in [Hu, 2018]. Again, we omit the proof of the fast-scale case since a multi-

scale version will be presented in Section 2.5.

2.4 Multi-scale Stochastic Volatility Model

Stochastic Control Problem set-up: With the asymptotic analysis of slow-scale and fast-scale

cases, we now discuss the two-factor multi-scale stochastic volatility model. Consider the

33



following dynamics of the underlying asset S,, the fast-scale factor Y,, and the slow-scale factor
Z;:
dsS,=u,72)S,dt +o(Y,Z)S,dW,

1 1
dY, = —b(Y)dt + —a(¥,)dW/ (2.4.1)
€ €

dZ, = 6c¢(Z)dt +/58(Z)dW?

where (W, WY, W#%) are correlated Brownian motions in a filtered probability space

(Q, %, F,,P) such that

d{W,W") = pydt,d (W, W?) =p,dt,d (W', W?) = pydt,

with positive definite constraints:

lpyl <1, |pyl <1, |pyzl <1,and 1 +2prZpYZ_p)2’_p§_p)2/Z > 0.

We assume that the process Y, = Ye(tl) and Z, = Z{gtl) in distribution, respectively, where Y1 is a

continuous diffusion process with a e-free infinitesimal generator .#y defined in (2.3.6) and Z M
is a continuous diffusion process with a d-free infinitesimal generator .#, defined in (2.2.6).
Also, we assume YV is ergodic and equipped with a unique invariant distribution ®, where ( - )

denotes averaging with respect to ®:

(f)= Jf(y)cb(dy).
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In the multi-scale case, under a continuous self-financing trading with the risk-free

interest rate r = 0, the wealth process (X,,? € [0,T ]) satisfies
dX,=n(t,X,, Y, Z)u(Y,Z)dt +n(t,X,,Y,,Z)o(Y,, Z)dW,. (2.4.2)
The multi-scale value function V¢(¢, x, v, z) of the optimization problem is defined by

VOt x,y,z) = sup E[lUX) | X, = x,Y, =y, Z, = z], (2.4.3)

T

where the utility function U(x) satisfies Assumption 1.5, and the supremum is taken over all

admissible strategies 7 € H%(t, x, y, 2),
At x,y,2) = {m: X, >0Vs >t, givenX, = x,Y, =y,Z = z}. (2.4.4)

The HJB Equation: Applying dynamical programming, we acquire the HIB equation for the

multi-scale value function V&2
0 1 6 €,0 €,0 €,0
—+ E%Y + 6M , + ;/%YZ Vee + NL*? =0, VAT, x,y,z) = U(x), (2.4.5)

where ./ y is defined in (2.3.6), /# , is defined in (2.2.6), # ., is defined by

2

Myz = pyza(y)g(2) (2.4.6)

0yoz’

and the nonlinear term NL¢° is given by

l 2 Zve,5 V€,5 1 V€,5 \/5 V€,5
max | =77o(y,2) Ve + x| p(y, Ve + —=pya(y)o(y, VP +10pz8(2)o(y, DV | |
rea®d | 2 \/E
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The optimal control of the maximization term in the HJB equation is given in the

feedback form by

</1(y, Ve + épya(y)‘/ﬁ’f + \/gng(z)V)fg&)

oy, 2)VeP

¥t =—

, (2.4.7)

where the Sharpe ratio is A(y, z) := #0©,2)
c

. Plugging the optimal control in the HIB equation

2

gives the following equation with terminal condition,

vEd 2
o , (W;M pyjf =+ \/SPZV;?)
—+—My+S5My+ | —M )VE"S - - =0, (248
(a Y z \/; vz 2Ves (2.4.8)

1 €

VENT, x,v,2) = Ux).

Assumption 2.4. The value function Ve’é(t,x,y,z) is the unique smooth solution of the HJB
equation (2.4.8) that is strictly increasing and strictly concave in x for each t € [0,7) and

(v.2) € R™.

Assumption 2.4 is assumed in the derivation of the asymptotic expansion of V¢ in
[Fouque et al., 2016], because V is only generally identified as the viscosity solution of (2.4.8).
However, in fact, the result do not reply on the regularity of V&9 Later in Section 2.5, we will
present a more detailed and rigorous main result in [Fouque and Hu, 2020] about the asymptotic

expansion of V¢ which is proved with a different set of assumptions from Assumption 2.4.
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Asymptotic Expansion: Under Assumption 2.4, we expand V¢ in terms of both the fast-scale

and the slow-scale approximation:
Vel x,y,z) = v + \/Zv(l’o) + \/Sv(o’l) +ev30 4 5y0D 4 \/gv“’l) + .-

where the superscript of v stands for the power in \/E and /5, and v©® := v©09 We aim to

combine Section 2.2 and Section 2.3 in order to derive v, v(L0 and v(©O-D,
By setting 6 = 0, we obtain that
Vel =@ 4 1/ev10 4 0. (2.4.9)
satisfies the equation:

2
€,0 1 €,0
(l(y, Z)Vx + \/EpYa(y)ny>

2 V)f 3c0

0 1 N
— A+ —Mly ) VO — =0 (2.4.10)
ot ¢

with terminal condition V&O(T, x,y, z) = U(x). Equation (2.4.10) is the same as (2.3.8) except
that the Sharpe ratio 4 depends on both volatility factors y and z. First, we define
A%2) = (A%, ).

Let the risk-tolerance function R and the differential operators D, be associated with 1(z). By the

asymptotic expansion subsection in Section 2.3, we have vy(o) = vy(l’o) =0 and

vt x,2) = M(t, x; A(2))

1
VIO x.2) = = (T = 5 pyBQDIVOE, 3. 2),
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00
where B(z) = (A(-,2)a(- )0_( -,z)) and O(y,z) is a solution of the following ordinary
y

differential equation in y:
My = 2*(y,2) — 12(2). (2.4.11)
For the derivation of v(®, we first construct an expansion in power of \/5:
ved = yel py/svel 4. (2.4.12)
where V¢ has the expansion (2.4.9) and V! has an expansion

V€,1 — v(o,l) + \/EV(I’I) + ev(zal) + oee, (2.4.13)

Inserting (2.4.12) into (2.4.8) and extracting the order \/5 term, we obtain the following equation

for V&! with terminal condition:

0 et L | 0 N[O 1
—Ve’ + _ﬂyve’ + _ﬂyzve’ + NL = 0, VS, (T9 x’ ya Z) = 09 (2'4'14)
ot € \/Z

where the nonlinear term NL is given by

€,0 PY4 v 6.0
AVeo 4 Dyl

1 a a 1 €
NLO = = —— (a0 + 22y ) (Ve + avel + 22wt ) + ve Vel
ve? Ve Ve 2 Vid

Note that we only need the first term in the expansion (2.4.13). Because the operator .Z ., takes

a derivative in y and the first two terms in the expansion of V¢? do not depend on y, the term
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e 2.4,,V¢" has order \/; and does not play a role in deriving v(®D. Additionally, the terms

involving V)f;o in NL) also have order y/¢ and are not involved in the derivation of v,

Now arrange equation (2.4.14) with respect to the power of €. The order e~! term gives

M vV = 0, and the order e ~1/? term gives vV = 0. Thus, vV and vV are independent

of y. At the constant order, we have

02 0 0),,(0
00 n_ V() L0 _ e
XX

XX

@1 4 ,,0.D)
O0=y="+v, +2/1 (V(O))zvxx

(0) (0)

= M)+ L, A, DVOD = py Ay, D)8 () »O

This is a Poisson equation for v with solvability condition for vV

(0) (0)
gtx(/l(z))v(m)—ple(z)g(z) NOR (2.4.15)

where }:(z) = (A(-,2)). Equation (2.4.15) is the same as (2.2.12) except that the Sharpe ratio is

replaced by (). By Proposition 2.2, we conclude that

vOD(t, x, 2) = %(T — NPz AR @D = %(T ~ 7P AT ()8 @)DV

In summary, the asymptotic expansion of the multi-scale value function up to the first

order is given by:
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V€,5(t, x’y’ Z) — V(O) + ,\/Ev(l’o) + \/5\/(071) + ey
v, x,2) = M(t, x; A(2)),

1
V10, x,2) = = (T = ) py QDO (t,x,2), (24.16)

O, x,7) = %(T — 12 p, A (2)g (DI,

Asymptotic Optimal Strategy: Recall that, in the multi-scale case, the optimal feedback control

for the HIB equation (2.4.5) is given by (2.4.7):

¥ =— ve . (2.4.7)
o (y,2)Ved

(My, VS 4 {pm(y)%ff + \/Eng<z)V§;,5>

The corresponding zeroth order strategy is given by inserting the zeroth order approximation v

into (2.4.7) and taking the constant order term:

My’Z;R(t,x;/T(z)). 2.4.17)

7O, x,y,2) =

2

This is a moving Merton strategy with respect to the slow-scale factor Z, and a hybrid Merton
strategy with respect to the fast-scale factor ¥. Combining the asymptotic optimal strategy
subsections in Section 2.2 and Section 2.3, we can deduce that 7(? in (2.4.17) recovers the multi-

scale optimal value function V4 up to orders \/E and \/5 .

In fact, we are able to show a main result (Theorem 2.5) about the performance of the

zeroth order optimal strategy without Assumption 2.4. Instead, we have two sets of assumptions
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on the state processes (S,, X;, ¥;, Z,) and on the utility function U, respectively. The details of the

assumptions are described in Assumption B.1 and Assumption B.3 in Appendix B.

As a byproduct, we can collect the \/E and 1/6 terms to obtain the first order

approximations of the optimal strategy:

1 1
19, x,y,2) = p fo) <—(T— HAB(D; + D,) + —a9y1> DD,y (2.4.18)
ovy”) \ 2 2
and
©.1) pz8 (1 p ©)
ot x,y,2) = O E(T_ AAD + D,)+1 ) Dyv;”. (2.4.19)
oV,

2.5 Multi-scale Zeroth Order Strategy Performance

In Section 2.5, we present the rigorous proof of the main result (Theorem I) for the multi-scale
volatility model in Section 2.4 by assuming only Assumption B.1 and Assumption B.3. The main
usage of these two sets of assumptions is to ensure the following Lemma B.2 about integrability
of v® and Lemma B.4 about boundedness of derivatives of the risk-tolerance function R. The

proofs of Lemma B.2 and Lemma B.4 are in Appendix B.

Lemma B.2. Under Assumption B.1 (iv) and (v), the process vO(z, Xf(o), Z,)is in L*([0,T] X Q)

uniformly in (e, §): for all (z, x,y,z) € [0,T] X Rt X R X R,

T

0)

[E(t,x,y,z) < J (v(O)(S’ X: 2 Zs)2 ds> S C3(T, -xa ya Z))
0
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where vO(z, x, z) = M(t, x; 2(2)).

Lemma B.4. Under Assumption B.3 for the utility function U(x), the risk-tolerance function

R(t, x; 2(2)) satisfies: for 0 < j < 6, 3K; > 0 such that for all (¢, x, A(z)) € [0,T) X R* X R,
RI(t, x; H2)OF 'R, 23 A(2) | < K;.
Or equivalently, for 1 < j <7, EIIZ]. > 0 such that for all (7, x,z) € [0,T) X RT X R,
O RI(1,x;2(2)) | < K;.

Moreover, RR, .., R*R RR...RR and R’R are uniformly bounded.

XXZ° XXZ2° X2 XXZ2° XXXZZ

With Lemma B.2 and Lemma B.4, we aim to show an assertion that the multi-scale
zeroth order strategy 7(? defined in (2.4.17) can reproduce the multi-scale value function V¢°

defined in (2.4.3) up to the first order approximation.

Theorem I (7©) performance). Let v©®, v(:0_ and v be the zeroth and first order terms in the
asymptotic expansion of the multi-scale value function V¢, which are given by (2.4.16). Let

V49 be the value function associated to the zeroth order optimal strategy:

Ay ’Z))R(r,x;z‘(z».

7O, x,y,2) =
c(y,z

Then

©)

- ©)
Ves = (U(X; WX = x,Y, =y, 2, =z>,
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where Xt”(o) is given by (2.4.2) with z(t, x,y,z) = 79 Define the residual function E(t, x,y,2)

by
E(t, x,y,2) =Vt x,y,2) —vO(t, x,2) — \/Ev(l’o)(t, X,2)— \/Ev(o’l)(t, X, 2).

Under Assumption B.1 and Assumption B.3, the residual function E(t, x,y, z) has order € + 9,

for all (¢, x,y,z) € [0,T] X R* X R x R. That is,

E(t,x,y,2) | < (e 4+ 6)C, where the constant

C is independent of € and 6.

Proof. The proof is split into two steps. Firstly, we identify the zeroth and first order terms of the
assumed expansion form of V¢ with v(® (-9 and (D Then the second step is to justify the

residual function is O(e + o).

Step 1: (Heuristic derivation). The first step significantly relies on the derivation in the
asymptotic expansion subsection in Section 2.4. By the martingale property, the value function
V9 associated to 70 satisfies the HIB equation (2.4.5) where we take 7(? as the control:
1 1 0 = 5
go+78y+—ﬂy+ 5324'5%2"' _‘%YZ Ve’ =0 (251)
c € €
where the operators M ,, My, My, are defined by (2.2.6), (2.3.6), (2.4.6), and &), &£ ,, £y are
defined by:

1
Lo=0,+u(y, )7V, + Edz(y, 2)(x)?0%;

ZLy=pyo(y, Z)a(y)ﬂ(o)axay; (2.5.2)

L, =p00,2)8(2)x 0,0, .
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The strategy is to apply the same method in Section 2.4. We aim to acquire an expansion as the
following:
‘76,6 — ‘76,0 + \/5‘76,1 4o

Vo0 = 50 4 1[50 4 720 4 32560 4 ..

Vel = 50D 4 /epdD 4 5@ 4 ..,

where the superscript (i, j) indicates the power in (\/E , \/5 ) respectively, and (0,0) is reduced to
(0) for simplicity. Taking 6 = O first, we obtain the HJB problem:
1 1 77,0 77¢,0
Lo+ TQY +—My | V' =0, VT, x,y,2) = Ux). (2.5.3)
¢ €
This equation is an identical to (2.3.18) except that A(y) is replaced by A(y, z). However, since
there is no z-derivatives in (2.5.3), z can be viewed as a parameter in V¢°. Therefore, we can

apply the derivation and arguments in Section 2.3. By solving the Poisson equations and the

corresponding solvability conditions, we deduce the following terms:

7O = 1,0 = M(t, x, /I_(Z)),
1

$2.0) — _Eg(y’ Z)le,(O) + C(t, x, 2),

1
p(1.0) = (L0 = _ — (T = £)p,, B(z)D*v©®
P v > (T = DpyBEDVT, (2.5.4)

1 1

$3.0 — E(T_ NO(y, z)pyB(Z)<EDz + Dl) D{v®

1
+5Py91(y, 2DV + Cy(t, x, 2),
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where 6(y, z) is defined in (2.4.11), 6,(y, z) is the solution to the ODE in y:
M y0,(y, 2) = A(y, 2)a(y)0,0(y,2) = (A( -, 2)a(-)9,0( -, 2)), (2.5.5)
and C(t, x, z), C,(¢, x, z) are constants of integration in y.

Now we aim to derive v(®D and v®! by collecting terms of order \/5 in (2.5.1):

1 1 - 1 -
<go + _‘gY + _ﬂy> Ve’l + (gz + _ﬂyz> V€,0 = 0, (256)
€ € €

with terminal condition V&!(T, x, v, z) = 0. This is exactly equation (2.4.14). Also, since there is
no y-derivatives in the e ! and e ™"? terms, 9% and 7'V are independent of y. Therefore, we
can apply the derivation and arguments in Section 2.4. By solving the Poisson equation with
respect to 7> and the corresponding solvability condition with respect to #*1, we deduce the

following terms:

1 A— o
PO =D, x, 2) = (T = 12 pADAD I @)g @DV,

1 /1
pD = 00, 2)5(T - 2, AT g <5D2 + D1> DO (2.5.7)

_92())7 Z)pZ(T_ t)/I_//{_/gD]ZV(O) + C3(t’ X, Z)’

where 4(z) = (A( -, 2)), 0,(y, z) is the solution to the ODE in y:

M y0y(y,z) = A(y,2) — (A(+,2)), (2.5.8)

and C5(¢, x, 7) is a constant of integration in y.
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To summarize the first step, we have identified the desired terms: 7O = O
10 = (L0 ang $OD = yOD Also, the terms #>?, 539 and 7>V are derived heuristically.

Now we move on to the second step of justification.

Step 2: (Expansion justification). Recall that the goal is to show the residual function E(¢, x, y, 7)
has order higher than (\/E + \/5). Firstly, we analyze an auxiliary residual function E(¢, x, y, 7)

defined by
E(t,x,y,z) = V& —yO _ \/Ev(l’o) - \/gv(o’l) — 7?0 — 32530 _ 6\/5‘7(2,1)’ (2.5.9)

where the expansion terms are defined in the previous step with Ci(¢,x,z) =0 fori = 1,2,3.
Applying the infinitesimal generator of (X} (O), Y, Z,) to E, we have
1 1 o -
¢ € €
+Z, (6\7(2’0) + 32530 4 6\/5\7(2’1)) +Zy (617(3’0) + \/6517(2’1)>

+\/8.Mly, <\/Z P20 4700 4 4/e57CD)

+8M (v(O) +/ev0 41 /5vOD 4 520 4 32560 4 e\/gsz))

+/6%, <\/Zv(1,0) +/000D 4 520 4 325630 4 6\/5‘7(2,1)> —0,

with terminal condition E(T, X,y,2) = — 617(2’0)(T, X,¥,2) — 63/2\7(3’0)(T, X,V,z2). After

assembling the terms, we define the following:
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R =2, <‘~}(2,0) +1/e730 4 \/Eﬁm)) + L7301 1/67,720,
R =, (v(o) + \/Ev(l’o) + \/5\/(0’1) + €720 4 32530 4 €\/5§(2’1)> + £ ,vOD,

RO = 2,70+ oy, (ﬁ(z"” +1/e730 4 \/Ev@”) +, (v(l’o) + 730 4 \/65\7(2")> .

By Feynman-Kac formula,
7 ! ©
E(t,x,y,z) =€k, J R Vs, X", Y, Z,) ds
t

T T
2 3
+5[E(t,x,y,z)<J %g)ds>+\/€5|E(t’x7y’Z)<‘[ %§>ds> (2.5.10)
t

t

. ©)
—€E(xy.0 (V(z’o)(T’ X7 Y, ZT))

- )
- 63/2[E(,,x7y’z) (v(3’0)(T, X7 Yy, ZT)>

Now we estimate the bound of each expectations in (2.5.10). Straightforward computation gives

T
that each expectation E, . ,, ., <J R d s) is a sum of integrals of the form:

t

t

T
20
[E(t,x,y,z) <J h(Ys7 ZS)QV(O)(S’ Xy aZs) ds)a (2511)

where h(y,z) is at most polynomial growth, and 2v" takes derivatives of v(?). Note that

different operators corresponds to different derivatives in :
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Lo Ly, My. D}, D}, D}, D,Dy, D,D?, D,D?, D\D,D?, D3 D¥;
My 0.Dy,0.D?,0,.D3,0.D,D3;

1°%z271° "z

M. 0.D,,0.D?,0,D},0.D,D?, 0,02, 02D,,02D702 D5, 02D, D3,

1°%z271° "z 1° Y22 ¥z2° 7z 1° 7z

<. D0,Dy,D,0,D}, D,0,D;, D,0,D,D} .

A repeated use of the concavity of v(¥) and Lemma B.4 guarantees that 2v© is bounded by

2O, x,2)| < k@vO, x,2), (2.5.12)

where k(z) is some non-negative function with at most polynomial growth. A detailed example
of the bound can be found in [Fouque and Hu, 2020, Section 3]. Using (2.5.12), we apply the

Cauchy-Schwartz inequality on (2.5.11) to reduce each term to

T 7 " ) 3
([E(t,y,aj hA(Y,, Z)k*(Z,) ds) ([Ea,x,y,z)f v O, X7, 7)) a’s> . (25.13)

t t

By Assumption B.1, the first part of (2.5.13) is uniformly bounded in (¢, 6 ). By Lemma B.2, the
second part of (2.5.13) is also uniformly bounded in (¢, 6). For the last two terms in (2.5.10), the
boundedness follows from repeating the above argument with Assumption B.3 equation (B.1) in

Appendix B. Thus, by bounding (2.5.10), we obtain a bound for E:

Bt x5, 0)| < (e +6+/e)C < (e +6)C,

for any (¢, x,y,z) € [0,T] X Rt x R X R, and C is a constant independent of (¢, & ). Therefore,
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|E(t, X, 9,2) | — | e — 0 _ \/EV(I,O) _ \/EV(OJ)

= |E(t,x,y,2) + €7®0 4 32530 4 6\/5‘7(2,1)

€720 4 32560 4 ¢4/572D

< E(Z,x,y,z)| +

<(e+9)C,

where C(¢, x,y, z) is a constant independent of (¢, 0 ). Hence, the residual function E has order

c+o.1
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CHAPTER 3 MULTI-SCALE TWO-ASSET PROBLEM

Motivated by recent work on multi-scale asymptotic analysis [Fouque and Hu, 2020], this
chapter applies the multi-scale asymptotic analysis to a two-asset portfolio optimization problem
with full information on the volatility factors. The framework includes two time-scaled assets
where each logarithmic asset price is affected by a fast or slow varying stochastic volatility
factor. For simplicity, we also assume that the risk-free interest rate is zero. The main goal is to
understand the performance of the zeroth and the first order asymptotic optimal strategy for the

two-asset portfolio problem.

First, we set up the two-asset portfolio problem for a general utility function. Following
the stochastic optimal control approach in Chapter 1, we derive the associated HIB problem.
Then we apply the multi-scale asymptotic analysis in Chapter 2 to derive the asymptotic
expansions of the value function. Under certain assumptions, we give a rigorous proof on the
performance of the two-dimensional zeroth order strategy that the strategy recovers the value
function for the two-asset portfolio problem up to the first order. Finally, we also expand and

analyze the two-dimensional optimal strategy up to the first order.

The main contribution of this chapter is extending the multi-scale single-asset portfolio
problem in [Fouque and Hu, 2020] to a multi-asset scenario. The explicit formulas for the
asymptotic approximations of the value function and the optimal strategy are derived for the two-
asset problem. The extension not only proves a similar result about the performance of the zeroth

order strategy in higher dimension, but also provides us intuition and insight about the influence
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of multi-scale volatility factors on the zeroth and the first order optimal strategy in a multi-asset

portfolio.

3.1 Multi-scale Model on Two Assets
Consider two correlated assets S/ and S* on a given probability space (Q, F,F = (¥ Dreto.r P

where f represents the fast-scale asset and s represents the slow-scale asset. Suppose the

dynamical system for the logarithmic asset prices S/ and S* is given by

f. dsi f

dsl:= = = u(Y)dt + op(Y)d W,
dés (3.1.1)
ds*:= S*sl = u(Z,)dt + 6(Z,)d WY,
t

where Y, and Z, are fast-scale volatility factor and slow-scale volatility factor:

1 1
dY,=—p(Y)dt + —ay(Y,)thy,
€ Ve (3.1.2)

dZ, = su(Z)dt +\/60,Z,)dW? .

The model is described by the coefficients py, py, py, i, 0p, 0y, 0, and o,. The small parameter e

and & characterize the fast and slow variation of ¥ and Z. The correlation between W/, W*, W?,

and W* is given by the correlation matrix

L pis P13 Pua
Pis L pas P
P13 P L P ’
Pias  Pas Paas |

-

Co
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where 0 < p;; < 1 are defined by

AWIdAWS = piodt,  dW/AW? = pdt,  dW/ AW = p,dt,

It is natural to assume that the following three correlations are small: (1) the correlation between
the slow-scale asset S, and the fast-scale factor Y,, (2) the correlation between the fast-scale asset

S{ and the slow-scale factor Z,, and (3) the correlation between the two volatility factors Y, and

Z,. From now on, we assume that p,4, = p,3 = p3, = 0 for simplicity.

Let X be a lower triangular matrix that satisfies the Cholesky decomposition X" = Co.

Hence, 2 can be computed explicitly as

17 0’ 0, 0

2
P>/ 1 =piss 0, 0
1252, — p2
P12P13 12713
Z= 2 —’
\/1‘/’122 \/l‘ﬂlzz
2 _ 92 _ 2 . 2 2
P24 P12P13P24 \/1_”12_”13_”24+”13”24

9 2
V1i-rh \/1_'”122\/1_'”122_/’123 V1-rh—ris

and W/, W, WY W< can be expressed with a 4-dimensional Brownian motion:
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W{ Btl
5 2
o e
w? B
Wi B}

t
4
Bt

B/ B}
Let W, = < t2> and B, = < > Then the dynamical system (3.1.1) for the logarithmic asset

t

Sf
prices S, = <Si) and the dynamical system (3.1.2) for volatility factors Y, = (

t

i b
z can be re-

written with W, and B,

{ ds, = ug(Y,)dt + £,,(Y,)dW,, (3.1.3)

dY, = uy(Y)dt + £5(Y,)dW, + £,,(Y,)dB,,

where the matrix functions pig, iy, 21, 219, 2, are defined by

) )
us(y,z) = £ s uy(y,2) = A ,
H(2) H(2)

1 0
N or(y), 0 ’
211()’, Z) = f() B
) Gs(z) 1012’ 1 _p12
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_ P12P13
Gy(y)’ O 1- p122

L

£,(0,2) = Ve 0 s

0, Véo() .

12

)

VI-ri2—riz

1 E—
=), 0 V-2,

_2_2_ 2 2 >

0, \/gdz(z) P12P13P24 \/l PI2 = P13~ P24+ P13P24

b
\/1_P122\/1_P122_P123 V1-rh—ris

i“22(}}7 Z) =

Here we assume that the process Y, has a unique invariant distribution ¥, and we use the notation

( -) in this chapter as the average of a function with respect to ¥(y):

(f)= Jf(y)‘l‘(dy)- (3.1.4)

3.2 Two-Asset Portfolio Problem

With the dynamical system (3.1.3), we can set up a two-asset portfolio problem for S/ and S*

with investment period [0,7"]. Hence, the wealth process follows

dX" =nldS! + tdS! = n]dS, (3.2.1)

f
T
where 7, = ( z > represents the optimal portfolio allocation on S,. Recall that the risk-free

t

interest rate is assumed to be zero. Hence, the risk-free market is not involved in (3.2.1).
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Let U : R — R be the utility function that satisfies Assumption B.3 in Appendix B. Let

4 be the set of admissible strategies for z,. We are interested in the terminal utility maximization

problem over &/. Thus, we define the value function by

uo(t, x,y,z) = sup E [UXP) | XF =x,Y, =7 = (.2)]. (3.2.2)
ned

The corresponding HIB equation for the stochastic control problem is
ud + L —u® + NL =0 (3.2.3)
[ t,y - b . .
with the terminal condition u®%(T, x,y,z) = U(x), where the infinitesimal generator Qﬁ» is

given by

gl‘

| 1 1
5 (,uy(y)dy + Eaf(y)@i) + 5<,uz(z)6Z + 503(1)0?), (3.2.4)

e
and the nonlinear term is given by

—_ 1 ad —_—\ < —_ € ad —_—\ —_ €
NL®® = sup |7 pg(¥)us® + EHT%( YE[(Wruld + 72", (V)EL(Y) Vyus?|.
red

Define the following matrix functions:

sz(y), plZGf(y)Gs(Z)>

T (y,z2)=%,2 =
1 e <puqf<y>as<z>, 62(2)

and
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€L

Lo P13, (¥)oy(¥), 0
2,3, 2) = Z1121T2 =|ve

0, Vopa40,(z )o(2)

Then we have the optimal control for the associated problem in the feedback form:

ps(Yus® + Z15(¥) Vyul?®

¥ — _y-1l3
nf=—-27(Yy) oo (3.2.5)
Plugging the optimal control (3.2.5) into (3.2.3), we obtain the HJB problem:
€0 Ly &NTy—1 €,0 €0
U+ L, 5u — U+ 2 Vi) 21 Ut "+ 2V o g5

‘,6
2uy

with the terminal condition u®%(T, x, v, z) = U(x), where 21"1 can also be explicitly expressed by

_ _ P12
. RO =ph)’ ar(Mes(@)(1 = ply)
Zl (ya Z) = P12 1
o (Mol = pfy)” 521 - p2,)

3.3 Asymptotic Expansion

Assumption 3.3. The value function ue"s(t, X,y, z) 1s the unique smooth solution of the HIB

equation (3.2.6) that is strictly increasing and strictly concave in x for each t € [0,7) and

(v,2) € RXR.

Similar to the derivations in Chapter 2, Assumption 3.3 guarantees the regularity of the

value function u€°. Hence, we are able to assume an asymptotic expansion of #° with respect to
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(\/Z,\/S ). Now we can apply the asymptotic analysis from Chapter 2 to the HJB problem

(3.2.6). Under Assumption 3.3, we expand the value function #*° in power of (\/E, \/5):
u =u® 4 \/Eu(l’o) + \/Su(o’l) +eu® + 5u02 4 \ esuD + ... (3.3.1)

The u© approximation: By setting § = 0, we obtain that

u =u® 4 \/Eu(l’o) + eu@0... (3.3.2)
satisfies the HJB equation:
2 e0\2 4 2 €0 60 1 PBY o0
20 D@ + Za(y, Dulut? + L)
ME’O n y ue’o _ \/E (1 _Plz) -0 (333)
! e Y 2usP ’

with terminal condition u¢’(T, x,y, z) = U(x), where the differential operator .4 y 1s defined by
1, »
My = py (00 + =7 (1)05, (3.34)

and the functions A(y, z), a(y, z) are defined by

oL @UF(Y) = 2p120,(N)o, @D (Mpg(2) + 07 (M @)
G2(»e2(2)(1 — p},) ’

/12()7,Z) — (335)

_ oY) (uf(y) B Plzﬂs(z))
(1 —p122) Gf(y) 04(2) .

a(y,z)

Inserting the expansion (3.3.2) into the HJB equation (3.3.3), we collect the terms in successive

power of e. The term with order e ! is given by
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1 phoy W)’

2(1-p) u®

M oyu® — =0, uT, x,y,2) = UX).

Because ./, only takes derivatives in y and the terminal condition is independent of y, u(® is

1
independent of y and uy(o) = (. Then the term with order €~ 2 is given by

Moy =0, T, x,y,7) = 0.

Similarly, #? is independent of y and uy(l’o) = (. With uy(o) = uy(l’o) = 0, we collect the constant

order terms:

1 ”)?
/%Yu(z’o) + ut(o) — 5/12(}’, 2) x(o) =
u

XX

0. (3.3.6)

This is a Poisson equation of the same form as (2.3.10) in Chapter 2. Thus, we apply the same

argument in Chapter 2 Section 2.3 to obtain that
uO(t, x,2) = M(1, x; A(2)), (3.3.7)

where M is the classical Merton value function with terminal condition M(T, x, A(2)) = U(x)

associated to the square-averaged Sharpe ratio A(z) defined by
T2z) = (2%, 2)).
Recall that the notation ( - ) is defined in (3.1.4).

The u*? approximation: Define the risk-tolerance function and associated differential

operators as:
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M. (t,x;(2))
M, (t,x; 2(2))

R(t,x;(2) == —

ak
D, = R(t, x; A(z))k— k=12,

As a byproduct from the Poisson equation (3.3.6), the argument in Chapter 2 Section 2.3 also

derives that

1
u20 — _ Ezl/(y, 2)Du® + C(t, x, 2) (3.3.8)

where y (y, z) solves the ordinary differential equation in y variable:
Myy = 2X(y,z) — A2(2), (3.3.9)

and C(¢,x,z) is a constant of integration in y that may depend on (¢, x, z). Note that y is a

polynomial in y and z.
The ©"? approximation: With the expression (3.3.8) for u>? and uy(o) = uy(l’o) =0, the

expansion of the nonlinear term up to order \/E in (3.3.3) simplifies to:

p
ﬁZ(y’Z)(u;,0)2 a(y’z)ueo €0 + 1 139, y ( )2

\/— € (1-p

-0
2us

1 u (10
(ﬁz(y, DU +/eull "2 + 2\/ea(y, )uPu® 0)> 3 (1 —Ve= )+~
u.xx u.xx

1 1
= +v/e <—/12(y, 2)Du? + S0y Y0 2)D{u® — Eiz(y, Z)Dzu(1’0)> +
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Thus, the term with order 4/ ¢ in the HIB equation (3.3.3) is given by

1 1
M yuC O+ 0 4 EAZDZM(I’O) +22Dut0 — annyu“)) = 0. (3.3.10)

The solvability condition for the above Poisson equation with respect to u®? is the following

Fredholm Alternative:

Z, A@u? = % <a( IAE ,z)> DA, (3.3.11)

where the differential operator £, , is defined by

2, A@) = aﬁ + %I 2(2)D, + 2 %(2)D;. (3.3.12)

The above PDE problem (3.3.11) with terminal condition u(l’o)(T, X, z) = 0 has the same form as

(2.3.15) in Chapter 2 Section 3. By Proposition 2.3, we acquire the unique solution for u-?:

1
uO¢, x,7) = — E(T— DA@)DHuO, x, 2), (3.3.13)

where A(z) is defined by

A(z) = <a( SO ,z)>.

The «*" approximation: In order to derive #*!"), we construct an expansion in power of \/75:
u®® = u +/Suc + -, (3.3.14)

where 1 has the expansion (3.3.2) and 1! has an expansion
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1o = u®) 4 \feul) 4+ eu@h 4 ...,

Inserting the expansion (3.3.14) into the HIB equation (3.2.6), we are able to collect the order

\/5 term as an equation of u*! with terminal condition:

usl + l/% u' +NLW =0 (3.3.15)
t € Y . . .

The nonlinear term NL" is given by

2 2
1 1 P30
NL(I) — _ [/121/{60 6,1 + b(y’z)ueo €,0 +— yz u)fyoug)l
ufx (1 - :012)

B I P12P13P240,0; 40 €0+La(y Z)(ugo e1+u€1u€0]

\/E (1 _p122) Xy XZ \/Z Xy

€1

C ( 2y, 2)(E)? + —

Pt 2
130, y Y e 502 Ay, Duu eo)

1
e (1-p2) \/g

2(

where A(y, 2), a(y, z) are defined in (3.3.5), and b(y, z) is defined by

P20(2) uz)  Praky)
b(y,2) = - . 3.3.16
(¥, 2) (l—p%z)(os(z) P ) ( )

Now we repeat the same strategy as the previous derivation of #?). Note that the first two terms

in the expansion of #*? are independent of y. As a result, the term with order e ! in the equation

1
(3.3.15) is given by 4 yu'®Y = 0. Hence, we have uy(o’l) = 0. Then the term with order €™ 2 is
M yu™V = 0. Hence, we have uy(l’l) = 0. With uy(o’l) = uy(l’l) = 0, we collect the constant order

terms:
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1 (0),,0)
Myu®D 4 4D =22y + 22D — b=

= 0. (3.3.17)
uy

This is a Poisson equation for u>". The solvability condition gives the following Fredholm

Alternative:

OO

Z, Q@D = (b(-,2)) "u (sz . (3.3.18)

With terminal condition u®(T, x,z) = 0, the PDE problem (3.3.18) has the same form as

(2.2.12) in Chapter 2 Section 2. By Proposition 2.2, we acquire the unique solution for u©D:

1
u (e, x,2) = (T = DB@Du(t, x, 2), (3.3.19)

where B(z) is defined by:

B(z) = (b(-,2)).

Summary: Under Assumption 3.3 on the smoothness of the value function #*°, we have derived

the asymptotic expansion of u*° up to the first order:

u€,5(t’ x’y’ Z) — M(O) + \/Eu(l,o) + \/SM(O’I) + ey
uO(t, x,z) = M(t, x; A(2)),

1
w0, x, 2) = = —(T = DA@DFu (1, x, 2), (3.3:20)

1
w0, x,2) = (T = DBEDuE, %)
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3.4 Zeroth Order Strategy Performance

In this section, we first heuristically derive the zeroth order optimal strategy 7*) for the HIB
problem (3.2.6). Then we aim to show a rigorous result (Theorem II) about the performance of
7 without the assumption on the smoothness of the value function u®° (Assumption 3.3). The
goal is to prove that, under a set of assumptions on the state processes and the utility function,
the zeroth order optimal strategy can reproduce u€? up to the first order correction. That is, the

value function associated to 7 takes the form u©® + \/E u0 4 \/gu(o’l) + 0(\/2 + \/5 ).

Recall that the optimal feedback strategy (3.2.5):

where X, X, are defined in Section 3.2, and y = (y, z) is the vector that represents the states

of the volatility factors. We expand the optimal strategy z* in power of (\/E, \/5 ):
ot =70 4 \/Z]Z(I’O) + \/571(0’1) + e (3.4.1)

Inserting the expansion (3.4.1) of z* and the expansion (3.3.1) of u®° into the feedback form

(3.2.5), we collect the constant power terms to obtain the zeroth order optimal strategy:

u)EO)(t, X,2)

7© = — 21 (T us(Y) = X7 psR(t, 3 4(2)), (3:4.2)

ul(t, x,7)

where A(z) and R(¢, x; A(z)) are defined in Section 3.3.
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Now we present two sets of assumptions for the main theorem (Theorem II). Assumption
3.4 is a version of Assumption B.1 adapted to the two-asset portfolio problem, which is required
to prove Lemma 3.4. For the proof of Lemma 3.4, we refer to the proof of Lemma B.2 in
Appendix B. In addition, Assumption B.3 for the utility function U is required. Recall from

Appendix B that Lemma B.4 can be proved under Assumption B.3.
Assumption 3.4. The following assumptions are on the state processes (S,, X,, Y,, Z,):

(i) For any starting points (s,y,z) € R?> X R X R and fixed (¢, &), the system (3.1.1) has

a unique strong solution (S,, ¥,, Z,). The coefficients up(y), #(2), 4y (), ,(2), 0,(¥), 6,2), 0,(¥),

and 6,(z) are in C 3(R). The coefficients and their derivatives are at most polynomially growing.

(ii) The process Y1 with infinitesimal generator .4 y defined in (3.3.4) is ergodic with a

unique invariant distribution @, and admits moments of any order uniformly in# < 7

sup ([E |y ® |’<> < C(T, k).

t<T

The solution ¢ (y, z) of the Poisson equation . y¢(y,z) = I(y, z) is assumed to be polynomial

iny if [(y, z) is polynomial in y.

(iii) The process Z!) with infinitesimal generator .#, defined by
TP
‘%Z = :uz(z)az + EGZ (Z)az’

admits moments of any order uniformly inz < 7:
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sup ([E|z;”|") < C(T.k).

t<T

(iv) Observe that, for fixed (¢,z) € [0,T] X R, u@(z, x,z) = M(t, x; 2(2)) is a concave

function with a linear upper bound. In particular, there exists a function G (z) such that
u®0,x,2) <G @) +x.

Assume that the process G(Z,) is in L*([0,T] x Q) uniformly in &:

T
Eo. (J G*(Z) ds) < C(T, 2),

0

where C|(T, z) is independent of 6, and Z; is the slow-scale factor with Z, = z.

0) : . :
(v) The wealth process Xt”( associated with the zeroth order optimal strategy stays non-

negative. Moreover, X7 s in L*([0,7] % Q) uniformly in (¢, §):

T
o)
E0,x.2) <J Xr)? dS> < Cy(T, x,y,2),
0

where Cy(T, x,y, z) 1s independent of (¢, ).

Lemma 3.4. Under Assumption 3.4 (iv) and (v), the process u9(z, Xf(o), Z,)is in L*([0,T1x Q)

uniformly in (e, 8): forall (z, x,y,z) € [0,T] X RT X R X R,

T

)

[E(t,x,y,z) ( J (u(O)(s’ Xsﬂ ’ ZS)2 dS) S C(Ta X, Y, Z),
0
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where u©(t, x, z) = M(t, x; 1(2)).

With the above Lemma 3.4 and Lemma B.3 in Appendix B, we present the proof for the
main result about the performance of the zeroth order optimal strategy z®) for the two-asset

portfolio problem.

Theorem II (Vectorized 7(¥ performance). Let u©, 4?9 and u®V be the zeroth and first
order terms in the asymptotic expansion of the value function x°, which are given by (3.3.20).

Let i1 be the value function associated to the zeroth order optimal strategy:
7 = E7 ugR (1, x; A(2)).
Note that 7 is a vector. Then

491, x,y,7) = E (U(X;(O)) IX[”(O) =x,Y,=y,Z = z>,

where X,”(O) is given by (3.2.1) with z, = 79, Define the residual function E(t, x, y, ) by

E(t, x,y,2) =i, x,y,2) —uO@, x,2) — \/Eu(l’o)(t, X,7)— \/Su(o’l)(t, X, 2).

Under Assumption 3.4 and Assumption B.3, the residual function E(¢, x,y, z) has order ¢ + 9,

for all (¢, x,y,z) € [0,T] X R* X R x R. That is,

E(t,x,y,2) | < (e 4+ 6)C, where the constant

C is independent of € and 6.

Proof. The proof follows the two steps in the proof of Theorem I in Chapter 2 Section 2.5.
Firstly, we identify the zeroth and first order terms of the assumed expansion form of #° with

u®, 410 and 4D, Then the second step is to justify the residual function is O(e + &).
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Step 1: (Heuristic derivation). By the martingale property of #°(z, X,,Y,,Z,) and 1t6’s formula,

ii? solves the HIB equation:

1
i + £, 5% + (1) T ugi® + 5(n<°>)Tzln<0>ﬁ;;§ + (xO)TE, V5’ =0,

where the infinitesimal generator & ..y 1s defined by (3.2.4). The terminal condition is

(T, x,y,z) = U(x).

We re-write the above HJB problem in the following form:

1 1
(550 +—Fy+—My+\ 5L, + 5.%Z> i =0, 7T, x,y,z) = Ux), (3.4.3)
€

€

where the operators are defined by:

g 1 g
FLo=0,+ @ ug(¥)o, + 5(n<°>>T21< y)z©o%
My = ()0, + ~62(3)0%:
y = Hy(¥) y+2ay(y) ;

1 2 2.
ﬂz = luz(z)az + EO-Z (Z)aza

Ly = p130(¥o,(»)(1,0) 79,0,
Z7= pr0(2)0,2)(0,1) 20,0, .

Now we aim to acquire a heuristic expansion of 7€ as the following:
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ﬁe,(‘i — I/~l€’0 + 51/76,1 + .-
70 = @O 4 \[ei10 4 edC0 4 2700 4 .. (3.4.5)

i = a0 4 y/ea®) + ea®) + ...,

where the superscript (i, j) indicates the power in (\/E , \/5 ) respectively, and (0,0) is reduced to

(0) for simplicity.

Following the steps from Section 3.3, we take 6 = 0 and obtain the following HJB

problem:

1 1
(30 + Tgy + _ﬂy> 1/76’0 = 0, aS,O(T’ x, y’ Z) = U(x) (346)
€ €

We insert the expansion of i€’ in (3.4.5) into the above HIB equation (3.4.6) and collect the

terms in power of (\/E , \/5 ). The term corresponding to the power e ! is given by
Myi® =0, dT, x,y,2) = U).

|
Hence, 12&0) = (. Then the term with order €~ 2 is given by

%yﬁ(l,O) =0, IZ(I’O)(T, x,V, z)=0.

Hence, ﬁy 0 = 0. With ﬁg)) and ﬁy 0 independent of y, the constant order term is given by
1
M i + ﬁgo) + (@) T i@ + E(n(o))TZln(O)ﬁfgg = 0.

Plugging in 7@ = Zl_l?R(t, x; A(2)), the above Poisson equation can be re-written as
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0 1
My + (= + 2225, 20Dy + (3. 2D, )i = 0, (3.4.7)

t

where A(y, z) is defined in (3.3.5). Thus, the solvability condition of the Poisson equation (3.4.7)

(with respect to i#>?) is the Merton equation:
Z, (A2)a® =0,
where & x(/l_ (z)) i1s defined in (3.3.12). With the terminal condition
dOT, x,2) = Ukx) = u'T, x, 2),
we deduce that
0 = uO, x,z) = M(t, x; 2(2)), (3.4.8)

by uniqueness of Merton equation. As a result, the Poisson equation (3.4.7) is identical to (3.3.6)
with zero terminal condition for #>?. Hence, we solve the Poisson equation (3.4.7) and deduce

that

1
1/7(2’0) = - El//(y, Z)D]M(O) + C](ta X, Z)’ (349)

where C,(z, x, z) 1s a constant of integration in y, and y is defined in (3.3.9). Also, with (3.4.8)
and (3.4.9), the term with order \/E in (3.4.6) is identical to (3.3.10) with zero terminal condition

for i1-0;

1
My 7O+ g0 4 5,121)2&(1"” + Zyii* = 0. (3.4.10)

By the argument in Section 3.3, we acquire the unique solution for #":?);
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1
710 =19, x,2) = = (T = DA@DFU (1, x,2), (34.11)

where A(z) is defined by A(z) = {(a(- 2P ( - ,2)), where a(y, z) is defined in Section 3.3.

Plugging (3.4.11) back to the Poisson equation (3.4.10) and solving for #*? gives

1 1
150 = (T = (3 DAQ) <5D2 + D1> Diu®
(3.4.12)

1
+51//1(y, z)Dlzu(O) + Gy(t, %, 2),

where C5(¢, x, z) is a constant of integration in y, and (Y, z) is the solution to the ODE in y:
My (y, 2) = a(y, 2y (y, 2) — A2). (3.4.13)

Next, we collect the \/5 terms in the HJB equation (3.4.3):

1 1
<§ZO +—Zy + —,/%Y) it + Z,i0 = 0. (3.4.14)

€ €

1

Again, because the zero terminal condition for #®" is independent of y, we insert the expansion

of 1! and apply the same reasoning on the order ¢! term and the order e ~"/? terms successively

to obtain that ﬁ&o’l) = ﬁy’l) = 0. Plugging #(¥ into (3.4.14), we obtain the constant term in

equation (3.4.14):

0o 1
M 7@ + (; + EAZDz + 42D, )ﬁ(o’” +Zu? =0, (3.4.15)

t
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where ﬁy’l) = 0and #© = u© are used. The above Poisson equation (3.4.15) is identical to

equation (3.3.17). The argument in Section 3.3 gives the unique solution for 7%

1
10D = O, x,2) = (T = DBED L x.2), (3.4.16)

where B(z) is defined by B(z) = (b(-,z)) and b(y, z) is defined in (3.3.16). Plugging (3.4.16)

@0

back to the Poisson equation (3.4.15) and solving for &'~ gives

1
iV = —y(y, z)<5Dz + Dl) u O —yn(y, D + (1, x, 2),

where C5(2, x, 7) is a constant of integration in y, and y;(y, z) is the solution to the ODE in y:

My (y,2) = b(y,z) — B(2). (3.4.17)

To express > solely in u®, we use (3.4.16) to obtain

0 =~ L 0B ( 2Dy + D) Du® — ya(r. DU + €. (3418)
- 7 yy,z 7 2 1 14; Yoy, 2)P U, 3- o

To summarize the first step, we have identified the desired terms: #© = u©
A0 = (L0 and 7OD = 4 OD The terms %Y, 739, and 7> are derived heuristically. Also

note that y, y, y, are polynomials in y and z. Now we move on to the next step.

Step 2: (Expansion justification). Recall that the goal is to show the residual function E(¢, x, y, z)
has order higher than (\/Z + \/5). Firstly, we analyze an auxiliary residual function E(¢, x, y, z)

defined by
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E(t,x,y,z) = i — u® —y/eu " — \/gu(o’l) — i@ — 325C0 6\/512(2’1), (3.4.19)

where the expansion terms are defined in the previous step with C,(¢,x,z) =0 for i = 1,2,3.

Applying the infinitesimal generator of (X (O), Y, Z,) to E, we have

1 1 -
(30 + TEZY F—My+\6L,+ 5/%2) E
€ €

+Z, <€ﬁ(2’o) + 32§30 4 6\/55!(2,1)) +Zy <€ﬁ(3’0) + \/eéﬁ(2’1)>
vy (M(O) +/eu® 4 4/5uOD 4 g0 4 32700 4 e\/gﬁ(z,l)>

+/6%, <\/§u(1,0) + /61D 4 @O 4 32730 4 6\/511(2,1)) —0,

with terminal condition E (T,x,y,z) = — eﬂ(z’o)(T, X,v,2) — e 2L7(3’0)(T, x,¥,z). The above HIB
problem is similar to the HIB problem in the expansion justification step of Theorem I. Thus, the

rest of this step exactly follows the proof of Theorem I. Define

2V =2, <ﬁ(2’0) + /e + ﬁfﬂ“) + Lyi®0 + /62,70,
R =M, <u(0) +/eu® +1/5uOD 4 eiq@0 4 327G0 4 e\/Ea(“)) + L uOb,

GO = iV + 2, (u<1’0> + i@ + \/eéﬂ(2’1)> .

By Feynman-Kac formula,
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T

E(t,x,y,2) = €E(p <J 20, x™ ¥, Z,) ds>

t

T T
+5[E(t,x,y,z) <J %gz) ds) TV 65[E(t,x,y,z) (J ‘%23) ds) (3.4.20)
1t

t

. 20
—€E(xy.0) (u(z’o)(T’ X7 L Yp, ZT)>

3/2 ~(3,0 ©
—€" Firxy. (”( T, X7 .Yy, ZT))

Now we estimate the bound of each expectations in (3.4.20). Straightforward computation gives

T

t

that each expectation E, , ,, ) <J 2D d s) is a sum of integrals of the form:

T
Eqr e < [ h(Y,, Z)2us, X2, Z,) ds), (3.421)
t

where /(y,z) is at most polynomial growth, and Pu® takes derivatives of u?. Note that

different operators corresponds to different derivatives in &:

Lo Ly, My. D}, D}, D}, D,Dy, D,D?, D,D?, D,D,D?, D3 D¥;
M. 0.D,,0.D?,0,D},0.D,D?, 0,02, 02D,,02D702 D5, 02D, D3,

1°%z271° "z 1° Y22 ¥z2° 7z 17z

<. D0,Dy,D,0,D}, D,0,D;, D,0,D,D} .

A repeated use of the concavity of #® and Lemma 3.4 guarantees that Zu'® is bounded by

u O, x,2)| < k(2u O, x, 2), (3.4.22)
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where k(z) is some non-negative function with at most polynomial growth. Using (3.4.22), we

apply the Cauchy-Schwartz inequality on (3.4.21) to reduce each term to

T % T 0 2 %
<[E(t,y,z)|- (Y, Z)K(Z,) ds) (E(”X’Y’Z)I (w0 X2, 2)) ds> . (3.423)
t

t

By Assumption 3.4, the first part of (3.4.23) is uniformly bounded in (¢, ). By Lemma 3.4, the
second part of (3.4.23) is also uniformly bounded in (¢, &). For the last two terms in (3.4.20), the
boundedness follows from repeating the above argument with Assumption B.3. Thus, by

bounding (3.4.20), we obtain a bound for E:

|E(t,x,y,z)| <(e+6+1/e8)C < (e +6)C,

for any (t,x,v,z) € [0,T] X R* x R X R, and C is a constant independent of (¢, 8 ). Therefore,

|E(t, X, Y, Z)| — | g&d — ,© _ \/EM(I,O) _ \/Su((),l)

= |E(t,x,y,2) + €d®® + 32739 4 ¢4 /52D

IA

E(t, X,y,2) | + [eid@®0 4 32530 4 e\/gﬂ(ll)

<(e+6)C,

where C(¢, x,y, z) is a constant independent of (¢, d). Hence, the residual function E has order

c+o.1
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3.5 First Order Strategy and Practical Use

The optimal feedback strategy (3.2.5) can be further expanded up to orders \/Z and \/5 Recall

the expansion
Tk = 71'(0) + \/E]z-(lso) + \/571-(0’1) + ey

where 7© is derived in (3.4.2):

70 — Zl‘l(y, z)('ufiy))) R(t, x; A(2)), (3.5.1)

s\&

and Zl‘l(y, z) is given in Section 3.1:

1 _ P12
. o1 =pfy)’ or(Noy(1 = ply)
Zl (ya Z) = P12 1
or (Mol = pfy)” 521 - p2,)

By collecting the first order terms when we insert the expansion of u“° into the optimal feedback

strategy (3.2.5), we obtain the fast-scale first order strategy:

L[ (B 1
700 = 57— (1) =(T = DAD, +Dy) + ( |
u® 2

1
Py 0> El//ypmafayl) D Du®, (3.52)

and the slow-scale first order strategy:

1 He\ 1
20D = 21— " Z@ =B, +D,) + (° pruool | Dul”.  (3.5.3)
u® \\#s/ 2 1
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Here u9(z, x, 7) is the Merton value function defined in (3.3.7); A(z), B(z), w(y, z) are defined

in Section 3.3.

For the practical understanding of the approximations for two-dimensional optimal
strategy 7*, we first observe that the zeroth order approximation 7% for the two-asset portfolio
problem is similar to the single-asset case. It is a Merton type strategy in each entry, except for
two points. First, the coefficient /62 in the classical Merton strategy (1.5.6) is replaced by a

rational function depending on the coefficients ,uf(y), Uu(2), af(y), o,(z) for both volatility

factors. Second, the risk-tolerance function is associated to the squared-average of a special
“Sharpe ratio”, where the special “Shape ratio” A(y, z) is define in (3.3.5). Note that each entry
of 7 requires tracking both fast and slow volatility factors. For the first order approximations
719 and 7D each entry also depends on both volatility factors. In addition, they depend on
the classical Merton value function and its derivatives with respect to the wealth state x and the
slow-scale factor z. Therefore, the formulas (3.5.2) and (3.5.3) can be interpreted as expressions

in terms of the classical Merton value function and its “Greeks”.

Compared to the approximations for the optimal strategy in the single-asset case [Fouque,
Sircar, and Zariphopoulou, 2016, Section 4.2], the formulas (3.5.1), (3.5.2) and (3.5.3) for z©,
719 and 7D in the two-asset problem highlight the influence of the additional correlation P12
between the fast-scale asset and the slow-scale asset. To acquire a clearer comparison and a more
straightforward intuition, it is worth computing the approximations when the two assets are
uncorrelated. Plugging p;, = 0 into (3.5.1), (3.5.2), and (3.5.3), we reduce the formulas for 70,

719 and 7OV to the following:
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He(y)

2
20— | TC

s(z)

SR@,x; /10(2))

S R, x /10(z))

P13 (1 HE(Y) [ pp(-)
ag_ 1 af<y)<5(T_t)af(y><af() o )‘/’y('»Z)>(D1+Dz)+ (y)l//y(y,z)1>
o) = —

ul® LER ﬂs(Z)<”f( )

D,D,u%;
O'S(Z) 2( - )O'S(Z) “f( ) y( )l//y( : 7Z)>(D1 +D2)

P240:(2) | FFO) ps(@)
+D
1 g 2T DG am Pt DY)
20D = Du;
O) | poao,2) (1 u2 @) !
Uy _Z<_(T_ 1= (D1+D2)+1>
05(2) 2

where the risk-tolerance function R and the differential operators D; (i = 1,2) are associated to

2
_ | mD 12(z)
Ap(2) = <6}(y) > + 2Q) (3.5.4)

Observe that each entry, ﬂjfo) and ﬂfo), of 7”0 matches the formula for the zeroth order strategy

(2.4.17) in the single-asset problem with respect to the fast-scale asset S/ and the slow-scale asset
S*, respectively, except for the associated 4. With the risk-tolerance function associated to A,

defined in (3.5.4), the portfolio weight in each entry of 7% increases when compared to the
single-asset case. This coincides with the intuition that the two-asset portfolio benefits from

diversified risk, since here we assume the two assets are uncorrelated. On the other hand, with a
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change of notation, we compare the above simplified first order strategies for the two-asset case

with the formulas (2.4.18) and (2.4.19) from the single-asset problem in Chapter 2. Note that

n]fl’o) matches formula (2.4.18) for 77 in a single-asset problem with the fast-scale asset S/,

(1,0)

except for the associated A,, while z\'"*) consists of only the first term of (2.4.18) with an

adjustment in coefficient. Similarly, 7" matches (2.4.19) for z®1 in a single-asset problem

S

with the slow-scale asset S*, except for the associated 4, while th(o’l) only has the adjusted first

term of (2.4.19). Thus, we can consider the first term in formulas (2.4.18) and (2.4.19) as the
principal correction part in the fast-scale and slow-scale first order strategies, respectively, which
affects both assets when we extend the portfolio problem to a two-asset scenario. Meanwhile, the
second term in (2.4.18) and (2.4.19) only appears in the first order strategies of the
corresponding asset. To summarize, in the case where p,, = 0, we can intuitively view the zeroth

and the first order optimal strategies in the two-asset problem as the following:

b

(n}0)> _ (JZ(O) in single-asset problem w.r.t. 8/ with the special /1_0>

0 7 in single-asset problem w.r.t. S* with the special 4,

<7Z'f(1’0)> B ( 719 in single-asset problem w.r.t. S/ with the special Ao )

7r§1’0) adjusted principal correction part of z(1'9 in the above entry

<75£0’1)) _ <adjusted principal correction part of 7% in the below entry)

0D - 7V in single-asset problem w.r.t. S* with the special 1,
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Thus, compared to the optimal strategy in a single-asset problem, the main complexity in the
formulas (3.5.1), (3.5.2), and (3.5.3) for the two-asset optimal strategy comes from a non-zero

correlation p;, # 0.

In practice, the multi-scale two-asset model can be applied to the case where the
difference between the time-scale of two correlated assets is significant. For example, we can
consider the two-asset portfolio problem involving a short-term futures contract and a long-term
futures contract. Given the coefficient functions for the model, the correlation matrix where
0 < p;5 <1, and a general utility function satisfying Assumption B.3, we propose the zeroth
order Merton type strategy (3.5.1) for the two-asset portfolio problem. Theorem II proved that,
under Assumption 3.4, the two-dimensional zeroth order strategy 79 recovers the optimal value
function for the associated portfolio problem up to the first order approximations. Furthermore, if
the small time-scale parameters € and 6 can be captured, we are able to adjust our strategy by

computing the first order corrections strategy using formulas (3.5.2) and (3.5.3).

3.6 Conclusion

The asymptotic analysis for a multi-asset portfolio problem can be studied and reproduced. For
the two-asset portfolio problem, we have derived explicit formulas for the heuristic asymptotic
expansions of the associated value function, and have computed the 2-dimensional zeroth and the
first order optimal strategies. The main result (Theorem II) proves that the zeroth order strategy
rigorously recovers the value function up to the first order under certain assumptions. In addition,
we have given intuitions and comments on the comparison between a special case of a two-asset

scenario, where the two assets are uncorrelated, with the single-asset case. We conclude that,

79



while the dependency on the variables is the same as the single-asset case, the 2-dimensional
zeroth and first order optimal strategies highlight the importance of the correlation between the

prices of the two assets.

Further studies can be done by considering an N-asset portfolio problem, where each
asset is affected by its time-scaled volatility factor. We are able to apply the same procedure as in
the two-asset case, except that the explicit formulas may not be in concise forms due to the large
and tedious correlation matrix. On the other hand, in practice, the states of stochastic factors are
difficult to capture with accuracy. As a result, in order to have a deeper understanding of the
zeroth order strategy performance, we can either continue with numerical backtesting with real
historical data, or introduce asymptotic analysis with partial information, where we assume the

stochastic factors are unobservable. We will discuss the later option in the next chapter.
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CHAPTER 4 MULTI-SCALE TWO-ASSET PROBLEM

WITH PARTIAL INFORMATION

In this chapter, we consider the two-asset portfolio optimization problem with partial information
on the volatility factors, where we assume the volatility factors are unobservable. We focus on a
particular model where the drift and volatility coefficients for the assets are constant, and the
unobservable volatility factors are mean-reverting processes with zero drift and constant
volatility. Again, we assume that the risk-free interest rate is zero. Applying the Kalman-Bucy
filtering theory, we can track the unobservable states of the volatility factors given the history of
observable asset prices. We aim to derive the zeroth and the first order asymptotic optimal
strategy for the two-asset portfolio problem with partial information, and to make a comparison

with the full information case.

First, we use the Kalman-Bucy filtering theory to filter the unobservable factors. Then we
explicitly compute the filter asymptote as the small parameters go to zero with the steady state
assumption. With the filter asymptote, we are able to set up the two-asset portfolio problem, and
derive the HIB problem. Next, we follow the same procedure as in Chapter 3 to compute the
asymptotic expansions of the associated value function and the optimal strategy. Under the
regularity assumption on the value functions, we prove that, in the partial information case, the
zeroth order strategy also recovers the value function up to the first order. Finally, we expand

optimal strategy for the two-asset portfolio problem with partial information up to the first order.

The main contribution of this chapter is extending the results about the asymptotic

approximation of two-asset optimal strategy in Chapter 3 to a partial information scenario. We
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combine the filtering theory in [Xiong, 2008] with asymptotic analysis to explicitly derive the
filter asymptote under the steady state assumption and the asymptotic expansion of the
associated value function. In the partial information case, we reproduce the same result about the
performance of the zeroth order strategy under the regularity assumption on the value functions.
Lastly, by comparing the explicit formulas for the approximations of the optimal strategy, we are

able to highlight the contribution from the filter asymptote.
4.1 Multi-scale Model on Two Assets with Partial Information
Consider two correlated assets S/ and % on a given probability space (Q, F, F = (# Drero.r P

where f represents the fast-scale asset and s represents the slow-scale asset. Suppose the

dynamical system for the logarithmic asset prices S/ and S* is given by

; as’ P
dS’:= = = (uy + Y)dt + o, d Wy,
! 4.1.1)
dss
ds’:= 5 - (i, + Z)dt + 6, dW?,

t

where Y, and Z, are fast mean-reverting factor and slow mean-reverting factor:

| |
dY,= - =Y, dt + —o,dW?,
€ Ve ! (4.1.2)

dZ, = —6Z,dt +/60,dW?.
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Note that the coefficients Hyps Mg, OF, Oy, Oy, and o, in this chapter are known constants. The small

parameter € and o characterize the fast and slow variation of the mean-reverting factors Y and Z.

The correlation between W/, W5, W2, W2 is given by the correlation matrix

L, pi P13 Pua
b 1 9
Co = P12 P23, P24 ’
P13 P23» I, py

Pras P> Pass 1

-

where 0 < p;; < 1 are defined by

AW/ dW? = podt,  dW/dW? = pdt, AW/ dW? = p,,dt,

Similar to the assumptions on the correlation matrix in Chapter 3, we let p;4, = py3 = p34 = 0 for

simplicity. Then let X be a lower triangular matrix that satisfies the Cholesky decomposition

»¥T = Co. Hence, T can be computed explicitly as

1’ 0, 0, 0

2
P /1 =rizs 0, 0
[_ 2 _ 2
v = P12P13 I =ri=ri3
- - ’ B
V1-rh V1-rh
_ 2 _ 2 _ 2. 2 2
P24 P12P13P24 \/1 P12~ P13~ PR+ PI3P24

b
\/1_p122\/1_p122_p123 V1-rh—r
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Then we express W/, W*, W? W* with a 4-dimensional Brownian motion:

W{ Btl

WS B2
1=z

W B
Z

Wi Bt4

sf
Now the dynamical system (4.1.1) for the asset prices S, = <S§> and the dynamical system

t

Y,
(4.1.2) for the mean-reverting factors Y, = ( Zt> can be re-written with the 4-dimensional
t

Bl B3
Brownian motion W = and B = :
B? B*

dS, = (ug+Y)dt +Z,,dW,,

1o i ) (4.13)
dY[ = - € Ytdt + ledwt + Zzdet,
0,6

Hy e e =
where ug 1= <ﬂf >, and the matrices X, , X,,, 2,, are defined by
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V1-rh—ris
- Ny -
y 9

— 0 \/1-p2

p

< _|ve 2
_ 2 _2_ 2 2 2
0, \/36Z P12P13P24 \/l P2~ P13~ P24 PI3P2A

b
\/1_P122\/1_P122_P123 V1-rh—ris

Under the partial information setting, the volatility factors ¥ and Z should be considered
unobserved because they must be estimated from the observable market. We ought to filter the
unobservable mean-reverting factors ¥, and Z, based on the completion of the filtrations
generated by the observable asset prices S/ and S°. Let € denote the completion of the filtration

F5' v F5°. We aim to acquire the following:
. Y E(Y,|%
Y= )= (%1% . (4.1.4)
Z, E(Z19)

Note that the drifts of the observable asset prices S, in (4.1.3) are Gaussian, which means that the
Kalman-Bucy filter applies. Following the Kalman-Bucy filtering theory in [Xiong, 2008], we

first define the covariance matrix I'¢%(¢):

—¥)? —¥ -7
Fes(n :=< EY,-F2 BV -0, Z»). wis)

EY,-Y)Z-2). EZ-Z)
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S/ . Y,
Then it follows that S, = <S§ ) and Y, = < f) satisfy the following equations:
Z

t t

dS, = (ug + Y,)dt + £,,dv,,

1
dY, = - ( ’ 0> Y, dt + M%(t)du,,
0, 6

(4.1.6)

t
where 1, = £7]S, - J Sl ug + ?s)d s is a 2-dimensional Brownian motion adapted to &, and
0

the function M¢(¢) is defined by

1 o.p 1 OyP12P13 L —P12
TN > T o1
+Te(t) ]

M(1) = £, + T(n)(ETHT = -

0, 5 —
\/_,/1—p122 o5\/1=rh

In addition, the covariance matrix I'®%(¢) satisfies the Riccati equation:
2
y

d L L o
— Ty = —Teo(p)| 0 _ (=0 IRIOES I 0 f_ ME(HMEO()T. (4.1.7)
dt 0,6 0,6 0, o2

We refer to Appendix C and [Xiong, 2008] for more details of the Kalman-Bucy filter. Similar to
Chapter 3, here we let the process fft have a unique invariant distribution ‘i’, and we use the

notation ( - ) in this chapter as the average of a function with respect to ‘i’(y):
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(fy= Jf(y)‘i‘(dy)- (4.1.8)

In fact, ¥ is the density function of a normal distribution with zero mean and constant variance.

4.2 Steady State Filter Asymptote

In this section, we aim to derive an asymptotic expansion of the covariance matrix I'“?(¢) in
powers of \/E and /6 under the steady state assumption. The so-called steady state assumption

is to assume the covariance matrix stays constant. That is, ['¢?(z) = I"¢°(0) for all # > 0.

We aim for the long-term performance of an optimal strategy where t — oo, since the
slow-scale factor Z, shows its influence only when the investment period is long enough. A
convergence result in [Guo and Yu, 2015] shows that, as t — oo, the solution I'*%(¢) to the
Riccati equation (4.1.7) converges to the minimal non-negative solution I'“°(0) to the
corresponding algebraic Riccati equation, including the critical cases. After the derivation of the
fast-scale small-¢ filter asymptote in the general case, we import the steady state assumption to

derive the slow-scale small-6 filter asymptote.

Proposition 4.2.A (Small-¢ Filter Asymptote). The covariance matrix ['“?(¢), ¢ > 0, that solves

the Riccati equation (4.1.7) can be expanded in powers of \/Z:

10(t) = TO9(1) + 1/eTD2(1) + 0(1/e).

The zeroth order term I'@9(¢) and the first order term T'"%(¢) are given by

”—y2<1— 4K ) 0
F(O)’é(l) =12 1 —p122 (421)
0, ()
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and

(0) 1
0yP13 0),6 ypl2pl3 r ®
_Tr(ll) ) _ ( 0.024\/6 +
1_‘(1),5(1.) _ O'f(l /712) 1 (4 ) 2)
0yP12P13 T(O) 5(1) ’ o
1_/)122 (GZP24 o+ ), 0

where F(zg)"s(t) satisfies the Riccati equation

L0y = —25TO) + 5021 — L2
2 )= 2 0z

"y (4.2.3)
a5 gy )

) od(1=p)’
with initial condition I'2(0) = E(Z, — Zy)*.

Proof. We use Itd isometry and Itd’s product rule to compute each term of I'“%(¢) from the

definition (4.1.5). First, the filtering theory in [Xiong, 2008, Lemma 9.5] gives us that

red) = EY?>-EY?, EY,Z -EY,Z
EY,Z, —EY,Z, EZ?>-EZ?

To derive I'(¢), we compute the limit of I'“°(¢) as € — 0. For the fast state,

v (! 2 Gyz
o[ gy 2

EY? = E(e—f/fyo
€ Jo

and

88



t 2
[EY2 <e_t/€Y +I e (- s)/eMe‘s(s)dl/ +J e (- s)/eMe’S(s)dl/ )
0

€,0
[E<e—t/€Y _,_I —(t—s)/e(pBGy n FII(S))dZ/SI

Ve o

+J T BN T OB O )as2)
’ \/— m \/Tplz \/1—7012
Gy2p123 Gyplzplg, B Gy/)13

-

+ 2y 2
2 2(1 _1012) 2(1 _,012)

as € — 0, where we use Ito isometry and the independence between v! and 2. Thus, we have

2 pz
o9 =2 (1 - 21 )
0= 2 1 -pp,

For the cross term, similar computation with It6’s product rule gives that

t t
J e~ =9+ 7 g Wy \/SO-ZJ e‘(t‘s)(€_1+5)stW§> -0

e Oy
EY,Z, = [E(e oy 7o 2
0 0

€

and

t t

(=) &) v ge.8( T 74,1 —(t=s)e T ) A geS ND 7,2
e TIEHIME(5)Z d +J e IEHIME($)Z dy;

[E?IZI = E(e_[(€_1+6)YOZO + [
0

0
t

t
—t=s)e 1 +8) pped N 7,1 —(t=s)e T ) A ge. 50 ND 74,2
+Le (=EHIMEN(s)Y (dv] + Le = HIME(5)Y (d

+J —(t—s)(e~ +5)(M€5(S)M€5(s)+M (S)Mea(s))ds>
0
-0

&9



ase€ — 0. Thus, I (O) 5(t) = (0) 9(t) = 0. For the slow state,

! 2
EZ? = E(e™Zy+ \/SGZJ eNDAWS) = e EZ] + 5(;§J e
0

and

t t

EZ? = E(e7+ J
0
t

= [E<e"‘st20 +J e“s(’_s)( re 5(5))
0 Of

0

t

0

2
—6(t—s) A g€,6 1 —6(t—s) g g€,0 2
e M, (s)dvg +J e M3 (s)dus>

+Jte_5(t s) 6p24 plZF (S)

0 V1-rh o/l _Plz

I'55(s) >2

Osy/ 1 _Plz

—=26(t—ys) ds

I'52(s)

e—zaz[Ezg J —25(t—s)( Feé(s)) ds +J 25(z—s) 0,024
0 Of 0

\/ 1 _Plz

0:P24

Fzz (s)

o/ 1 _Plz

+ Jt 6_25(t_s) ( p12F21 (S) p12F21 (S)

0 ory/ 1 _Plz Gf\/ 1 _Plz

\/ 1 _Plz

05/ 1-p,

Combining the above two 2nd moments, we have that F(O) Sy =1imT ;25 () satisfies
e—0

t
015\ _ —251(0),5 —25(1—s) 2_
rO5(1) = e=20T0 (O)+Le (5az

90

0,024 F§25 (s)

\/1_1012 \/1_:012

))as

) )ds
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because Fg’l‘s(t) — 0 as € — 0. This is exactly the Riccati equation (4.2.3) with a different form.
The initial condition is F(zg)’é(O) = E(ZO—ZO)Z. This ends the computation for the formula

4.2.1).

Now we compute I'V9(¢) by taking the limit:

lim L(ré‘ﬁ(z) —T Oy, (4.2.4)

e—0 \/E

Using the same forms for variance and covariance that were used in the computation of O-2(y),
we derive that all the terms are zero in the computation of the limit (4.3.4), except for the

following terms:

2.2 2
_L([E?tz — Uy—p13> — — ay_pwl“(o),ﬁ _ MF(O),(? - _ Gyp13 (0)75;
Ve 2(1 =) o " gl-pp) M o(l=pf) M
5 5 0yP12P13 r9-0()
Y 22
-—LEkY,Z, - —2<6Zp24\/5 + >
€ ~—Pi2 Oy

This gives the formula (4.2.2) for ID-9(z). B

Now we import the steady state assumption to derive the small-6 filter asymptote for

,0 ,0 _ ,0
ng (t). Thus, we assume that ng () = ng (0) forall t > 0.

Proposition 4.2.B (Small-6 Filter Asymptote). Under the steady state assumption, the entry

fg%)ﬁ = F(zoz)"s(O) can be expanded in powers of \/5 :
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[0 =10 1 1/6T0D 1 0(/6).

The zeroth order term is f‘(zoz) = 0, and the first order term fg%l) is given by

0D = 6.0,(1/1 = P} — p2a). (4.2.5)

Proof. The steady state assumption allows us to assume F(z()z)"s(t) = F(zoz)"s(O) for all t > 0. Then

the left-hand side of Riccati equation (4.2.3) becomes zero. Hence, we obtain the algebraic

(0),8.

Riccati equation for fzz :

) [(0).5) 2
0242 ) —2\/5 0:P24 .5 _ (FZZ) . (4.2.6)

0=-26T0% 4 56%(1 —
2 : 1 —pp, o,(1 _p122) 2 o3(1 - P122)

This is, in fact, a quadratic equation, which has a non-negative solution. Also, the non-negative

solution f‘(zg)"s is analytic in \/5 by [Ran and Rodman, 1988], because the coefficients are
analytic in \/5 First, the equation (4.2.6) gives that f(zg) =0 as we let § = 0. Then the first
order approximation f;%l) is acquired by collecting the terms in (4.2.6) with order :

2 (0.1))2
_ P _zgz—pz“f(m)_M

0=02(1- ) .
’ 1 —p} o(1 = pf) 2 oi(1 = pty)

. . . . ~ 0’ _
Solving the above quadratic equation, we obtain that F(zzl) = ozas(\ /1 — ,0122 - p24) >0.1

To summarize Proposition 4.2.A and Proposition 4.2.B, we define the following notation

for the covariance matrix I'°(¢) under the steady state assumption:
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€Sy — pednm — [T 12
ree@)=r (0)_<}/2, y3>’ (4.2.7)

where

2 2 3 2
Oy Pi3 0y P13 P13
O O T N OB WY N 3
2 L—pp," 200 1-pp, 1-pt,

Y= oyaZM\/E\/E +o(e +9),
\ 1-pt,

73 =0.0,(4/1 —9122 _P24)\/5 + 0(\/E + \/5)~

4.3 Two-Asset Portfolio Problem with Partial Information

With the filtered dynamic system (4.1.6), we can set up a two-asset portfolio problem with S/ and
S* with investment period [0,7']. Again, the interest rate is set to be zero. Hence, the wealth

process follows

dX7 =nldS! + nfdS; = ndS, (4.3.1)

t
N

f
where 7, = ( > represents the optimal portfolio allocation on S,.
t

Let U : R — R be the utility function that satisfies Assumption B.3 in Appendix B. Let

4 be the set of admissible strategies for z,. Define the value function by

u(t,x,y,z) =supk <U(X¥) | X[ = x,?t =7y = (ﬁ)) (4.3.2)
ned
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The corresponding HJB equation for the stochastic control problem is
7, -u? +NL™ =0, (4.3.3)

with the terminal condition u®%(T, x,y, z) = U(x), where the infinitesimal generator 4 Ly 18

given by

1 1 1) ST 72
= = —y0,- 620, + 5t (Me’ (M (1) V?>, (4.3.4)
€

and the nonlinear term is given by

A €0 — 1 ~ ~ ~ ~
NL ™ = sug [ﬂT(,uS +Y)usl + EﬂTZ“ELﬂuff + 7 (£, 2], + T%(1)) V5 ul®|.
ne

Define the following matrices

2
= = O¢, L1200,
f 120705
T o=E ) = 2 )
plZGfas’ Oy

and

1
L. = P130£0y> 0
Y= Z1121T2 =[v

0, \/5p24asaz

Then we have the optimal control for the associated problem in the feedback form:

(s + Vg + (2 + T0) Vg

* —
= 1

4.3.5
ug? (432
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where 21_1 can be expressed explicitly as

1 P12
201 = p2.)° _ 52
2_1 _ Uf(l ,012) Ufo's(] Plz)
1 P12 1

oros(L=ply) o3 =ph)

Plugging the optimal control (4.3.5) into the nonlinear term of the HIB equation (4.3.3), we have

the HJB equation

A A ed
us® + Z,5u +NL,, = 0, (4.3.6)

. AE6 .
where the new nonlinear term NL,, is given by

1 — —
NLjy = = 5 (s + ¥ )ug” + (1 + T90) V) Z (s + Y e + (S +T90) Vgui?)

The terminal condition remains ue’a(T, x,y,2) = UX).

Now we import the steady state assumption in order to apply the filter asymptote from

Section 4.2. Replacing the left-hand side of the matrix Riccati equation (4.1.7) by zero, we have

2
Oy

2 1
—=n+— —(-+0)n

—(2 +8)yy. —25y;+ d0?

0= — MP(0)M(0)T. 4.3.7)

We can use the above equation (4.3.7) to simplify the HIB equation (4.3.6):
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€

4.3.8
1 P/ 2p12P1Py P3 ( :
5\ 52 2y T 2

2ug \ of(L =ppy)  opo(l —ppy)  oi(1 = pp,)

52
0=u—=u,—zu,+— 7—}’1 Uy, = (—+6)nu,, +6 7—}’3 Uy
€

where P;, P, denote

1
Ppi= (uy + Vs + ((7p13qfay + 7’1)”;?;5 + 7’2“5%5)’
€

Py:= (py + ug? + ((V/8pas0,0, + r)ud + rousyl)

By Proposition 4.2.A and Proposition 4.2.B, we have the following approximations, which will

be used in the next section to derive the asymptotic expansion of the value function u®?:

1 /07 1 phoy 1 ooy
2(7 —7’1> = (2 20 —p%) \/_ 20,1 = Plz)( 1 — )(1 +o(/e +1/6))

1 \/_ p12p13 y o;
—< )7’2

—+68)p, = (1 +0(e +6)), (4.3.9)
¢ \/_ \/ 1-pt
02 02

5(72—%) =55 +ole+9).
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4.4 Asymptotic Expansion

Assumption 4.4. The value function u°(t, x, y, z) is the unique smooth solution of the HIB
equation (4.3.8) that is strictly increasing and strictly concave in x for each ¢ € [0,7") and

(y,2) e RXR.
Assumption 4.4 guarantees an asymptotic expansion of #° with respect to (\/E , \/5 ):
u =u® + \/Eu(l’o) + \/gu(o’l) +eu®0 + 5u®? +\/esuD + ... (4.4.1)

We follow the same procedure and notations as in Chapter 3 Section 3.3 to derive the asymptotic
expansion of the value function in the partial information case. By plugging the expansion
(4.4.1) into the HIB equation (4.3.8), we use the approximations (4.3.9) and collect the terms in
powers of 4/€ and \/5 Here we list out the key steps and equations, and refer to Chapter 3

Section 3.3. for some of the detailed arguments.

The 1 approximation: By setting § = 0, we obtain that

ue,O — u(o) + \/Eu(lao) + €u(270)... (4.4.2)
satisfies the HJB equation:
0= ue,O_Zue,O + l(a_)% _ )ue,O _ (/12( Z)(ue,O)Z
rT ey Ty Ty 2u&d Yo 2)

71
P30, +V €—

+ 2 F13% \/— of ((:“f +) B pio(pg +2) )ue,ou&o (4.4.3)

\/Z 1—-pf, Of Os o

1
(e + 1) )
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with terminal condition u*(T, x, v, z) = U(x), where A(, z) in this chapter is defined by

oy (py + ) = 2p120p0, (s + V) (g + 2) + 07 (p; + 2)°

AA(y,2) =
opoi(l = pf)

(4.4.4)

Now we insert the value function expansion (4.4.2), the approximation (4.3.9), and the filter
asymptote (4.2.7) into the HIB equation (4.4.3), and collect the terms in powers of \/E . The term
with order e ! is given by

2 2 (02
1 pizoy  (uyy)

Myu® — = 13y2 5 = 0.u (T, x,y,2) = U),
2 (1 _pIZ) Uyy

where the differential operator . in this chapter is defined as

2 2
P130y

My =—y0,+——-—0, .
T 20

(4.4.5)

|
This gives that uy(o) = 0. Then the term with order €~ 2 is given by

My = 0, u1T, x,y,z) = 0.

This gives that uy(l’o) = (0. With uy(o) = uy(l’o) = (, we collect the constant order terms:

ON2
W )" _y (4.4.6)

1
My >V + ut(o) — 512()’, Z) o
u.xx

Thus, the same solvability condition argument as in the previous chapters gives that

u(o)(t, x,2) =M, x;2(2)), (4.4.7)
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where M is the classical Merton value function with terminal condition M(T, x,z) = U(x)

associated to the square-averaged Sharpe ratio A(z) defined by
22(z) = (2%, 2)).
Recall that the notation ( - ) in this chapter is defined in (4.1.8).

The u*? approximation: Again, we define the risk-tolerance function and associated

differential operators as:

M. (t, x; A(2))

R(t,x;4(2)) = - M, (t,x;2(2))

_ ok
D, = R(t,x; 1(z)) —, k = 1,2,--.
oxk

A byproduct from the Poisson equation (4.4.6) is the u‘>? approximation:

1
u0 = — El//(y, z)Dlu(O) +C(t,x,2) (4.4.8)

where y (y, z) solves the ordinary differential equation in y variable:
Myy = 2%y, 2) = 1(2), (4.4.9)

and C(t,x,z) is a constant of integration in y that may depend on (¢, x,z). Note that y is a

polynomial in y and z.
The u"? approximation: With the Poisson equation (4.4.6) and uy(o) = uy(l’o) = (, we collect

the term with order 4/ € in the HIB equation (4.4.3):
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1
MO+ 4 =72 Dy 4 12Dy

2, e (4.4.10)
y 13 13 2,0) 2.0) _
=B (1 = B 20 4 a(y, DY = 0,
20, (1 = pty) 1-p3, " y

where a(y, z) in this chapter is defined by

P13%  (r+Y)  ppy(py+2)
a(yv Z) = ( -

1 —pp, oy o,

).

Plugging the formula (4.4.8) for u*? into the solvability condition for the above Poisson

equation with respect to u>?), we have the Fredholm Alternative:

— 1
gt,x(i(z))u(l,()) - 5 <a( ) ’Z)l//y( : ,Z)> D12u(0)
3 ) 4.4.11)

1oy pps Pi3
(- )<l// (- ,Z)>D u®,
220 (- T AP

where the differential operator £, , is defined by

,,0(0) = 5 + > T@Dy + 1D, (44.12)

By the argument in the previous chapters, the PDE problem (4.4.11) with terminal condition

u(l’o)(T, X, z) = 0 has the unique solution:

W10, %, 2) = = (= D (AQD} + AD, ) u . 2), (44.13)
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where A(z) and A(z) are defined by

A@ = (aC-,m (. ),

A % pis pi3
A == (1= 0).
200 (I=ply) 1=pp \'7

The u*D approximation: To derive 4>, we construct an expansion in power of \/5:
u® = u0 ++/6us! + -, (4.4.14)
where 1 has the expansion (4.4.2) and u! has an expansion

1 = u®) 4 \feul) + ey 4 ...,

Inserting the expansion (4.4.14) into the HIB equation (4.3.8), we are able to collect the order
\/:3 term as an equation of u®!. Then, again, we collect the term in successive power of \/E

Here we omit the tedious computations, and present the collected equations. The term with order
\/56‘1 is given by

/%yu(o’l) =0.
1
Hence, we have uy(o’l) = 0. Then the term with order 1/ de¢™ 2 is
ﬂyu(l’l) =0.

Hence, we have uy(l’l) = 0. With uy(o’l) = uy(l’l) = 0, we collect the term with order \/5:

0),,(0)

1
Myu®D + u O 4 El‘tzDﬂ(o") +22Du®Y — b(y, 7)= (O;CZ = 0. (4.4.15)
uxx
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where b(y, z) in this chapter is defined by

+
b(y, Z) _ p246Z ( (/’ls + Z) _ p12(’uf y)

% o o

)

With terminal condition u®!(T, x, z) = 0, the same argument in the previous chapters gives the

unique solution for 1@

1
u (e, x,2) = (T = DB@Du(t, x,2), (4.4.16)

where B(z) is defined by:
B(z) = (b(-,2)).

Summary: Under Assumption 4.4 on the smoothness of the value function u®°, we have derived

the asymptotic expansion of 1 up to the first order:

Me,é(t’ X, v, Z) — M(O) + \/EM(I’O) + \/51/{(0’1) + e,
uO(t, x,z) = M(t, x; 2(2)),

Ot x,2) = = — %(T— N(A@D? +A@D, ) u®, x,2), (44.17)

1
u®(t, x,2) = E(T— 0B(2)Du(t, x,2).

4.5 Zeroth Order Strategy Performance

In this section, we derive the zeroth order optimal strategy for the portfolio problem in the partial

information case. We also demonstrate that, if there exists an asymptotic expansion for the value
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0 1)

function #° associated to the zeroth order optimal strategy, then i€ recovers u° up to the first

order expansions. Recall that the optimal feedback strategy (4.3.5):

(s + Vg + (B + T0) Vg
==X .

€,0
MXX

where X, X, are defined in Section 4.3, and y = (i) is the vector that represents the states of
?t. We continue with the steady state assumption that [¢(t) = I"*°(0) for all t > 0.

First, we expand the optimal strategy 7* in power of (\/Z, \/75 ):
7% = 70 4+ 1/ex0 4 1/520D 4 ... (4.5.1)

Inserting the expansion (4.5.1) of 7* and the expansion (4.4.1) of u®? into the feedback form

(4.3.5), we collect the constant power terms to obtain the zeroth order optimal strategy:

u(t, x,2)

2O = — S (ug+ V) = 57 (g + VIR 53 (2)), (4.5.2)

w1, x, 7)
where A(z) and R(t,x;A(z)) are defined in Section 4.4. Note that the zeroth order optimal
strategy in the partial information case is the same as the zeroth order optimal strategy in the full

information case in Chapter 3 Section 3.4.

~€,0

Now we define the corresponding value function ¢ associated to 79 by

0

i%(t, x,v,7) = E (U(Xg Wx ™ =x,¥, =y,2 = z).
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where Xf(o) is given by (4.3.1) with 7, = 7©. By the martingale property of i*(t, X, Y P Zt) and

1t6’s formula, % solves the HIB equation:

with the terminal condition #%°(¢, x,y, z) = U(x), where 3 v 1s defined in Section 4.4, and

NL{, is defined by
NLgy = @) (ug + ¥ + — <n<°>>Tz 7V + () (T, + T%(0) Vy is?

Plugging I'“°(0) into the above HJB equation, we can re-write it as

2 2

o5 Y oe s 1(© e o;
0=ut’5——uy’5—5zuz’5+—<?y—7/1> _(_+5)}’2u 6+6<7_}/3> 26
€ € (4.5.3)

+(7T(0))T(HS +Y)i )~€ 0 +— (ﬂ(o))TZ ﬂ.(O)ue ) + (ﬂ(o))T(ZIZ + I 5(0)) V- v ~§ 5,

Assumption 4.5. The value function ﬁ€’5(t, X,Y, z) is the unique smooth solution of the HJIB

equation (4.5.3) that is strictly increasing and strictly concave in x for each t € [0,7) and

(v,2) € RXR.

Theorem III (Vectorized 7’ performance with regularity assumption). Let 7€ be the value

function associated to the zeroth order optimal strategy:
79 = Z7 (ug + YR, x5 2(2)).

Under Assumption 4.5, i€ has an asymptotic expansion
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i@ = @@ + \/ead 0 +1/6a0V + ea®® + 570 +\/e5dV + 0(e +5), (4.5.4)

where the zeroth order and the first order approximations equal @, ¥, and u®? given by

(4.4.17). That is, #© = u©, 700 = 419 and 7OD = 5, O,
Proof. Assumption 4.5 guarantees an asymptotic expansion of i#¢° in powers of (1/€,1/8):
p g ymp p p
i = 4© + /e + /500D + €id®0 + 570 +1/e5a"D + 0(e + ).

Then we repeat the procedure in Section 4.4. Inserting the expansion (4.5.4) and the filter

asymptote for I'¢°(0) into the HIB equation (4.5.3), we collect the terms in powers of (\/Z , \/5 ).

The term with order ¢!

Myi® =0

1
where / y s defined in (4.4.5), gives that ﬂ;o) = 0. Then the term with order €2
My = 0

gives that it;l’o) = (. Using ﬂ§0) = ﬂ;l’o) = (, we collect the term with constant power:
g g - 1 N
Myid*O + 70 + (2T (ug + Y)ia” + 5(n<0>)Tzln<0>u§33 = 0. (4.5.5)
Recall that z© = 21"1( us + Y)R(, x; A(2)). A straightforward computation gives
< \Ty-1 <= — 32
(us+¥) Zy (us+y) = 47(y, 2).

Hence, the solvability condition of the Poisson equation (4.5.5) is given by

Z, A2 =0,
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_ 0o 1_ _
where we recall that Z, ,(A(2)) := E) + 5/1 2(z)D2 +1 2(z)D1. With the terminal condition
t

T, x,z) = Ux) = uT, x, 2), (4.5.6)

we deduce that #® = u© by uniqueness of the Merton equation. Solving the Poisson equation

(4.5.5), we also obtain that #?? differs from u>? up to a constant:

1 .
i = — Ew(y, 2D + C(t, x, 2), (4.5.7)

where C(¢, x, z) is a constant of integration in y, and w(y,z) is defined in (4.4.9). Plugging
i = 4 © into the HIB equation, we collect the term with order \/;:
30, (9 10 2p. )10

t

o p 2 (4.5.8)
2B _q- %)ﬂ%m + (0, or0,p13) 2020 = 0.

+ 2
207 1 = piy 1 =pi

Another straightforward computation deduces

(0. 6r0,p13) 2050 = a(y. 2)Dyi 0.

Thus, the formula (4.5.7) for #®? implies that the solvability condition for Poisson equation
(4.5.8) is exactly equation (4.4.11). With the same zero terminal condition, the uniqueness of the

solution gives i#1? = 310,
Now we derive %! by collecting the terms involving \/5 . The term with order \/56_1
M iV =0
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1
gives ﬁgo’l) = (. Then the term with order 1/ de¢™ 2

My =0

gives ﬁy’l) = (. Using I:l§,0’1) = ﬁy’l) = 0, we collect the term with order \/5 :

0o 1
M0+ (54 D+ 22D, a0 + <asaz\/1 ~ 0) 2 = 0. (459)

t

Again, a straightforward computation shows

(%1 [1-p%, 0) 7040 = b(y, 2)R(t, x; 1(2))i2.

Thus, the Poisson equation (4.5.9) is exactly equation (4.4.15). With the same zero terminal

condition, the uniqueness property in the argument from the previous chapters gives

7O = 0.1

Therefore, we can conclude the following: under Assumption 4.4 and Assumption 4.5,
which ensures asymptotic expansions for both value function u®° and i®°, the zeroth order
optimal strategy 7@ given by (4.5.2) recovers the zeroth order approximation @ and the first

order approximations #""?) and 1* in the asymptotic expansion of 1. i

4.6 First Order Strategy and Practical Use

Now we expand the optimal strategy (4.3.5) up to orders \/E and \/5 by collecting the first order

terms when we insert the expansion of u° into the optimal feedback strategy (4.3.5). Recall the

expansion
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Tk = ”(0) + \/E]T(l’o) + \/571-(0,1) + .-,

where 7 is derived in (4.5.2):

_ //lf+y _
0 = y-1 R(t, x; A(2)).
T 1 <” +z> (2, x; A(2))

S

In the partial information case, we obtain the fast-scale first order strategy:

1 Het Y\ 1 A 1\ 1
1,0) — -1 0
200 = 5- "o <<u +Z> ST = 0Dy + Dy)AD; +A1) + (0) El//ypBUfayDl) D,u®,

and the slow-scale first order strategy:
1 Het Y\ 1 0
0,1) _ y—1 2 0
70D =3 WO <<u +Z> S (T=DB(Dy +Dy) + <1> /1 —plzasazl> D,ul.

Here u©(t, x, z) is the Merton value function defined in (4.4.7); A(z), A(z), B(z), w(y,z) are

defined in Section 4.4.

For the two-asset portfolio problem with partial information, we observe that the zeroth
order approximation 7’ has the same form of a Merton type strategy as in the full information
case. Theorem III proves a similar result under a stronger regularity assumption that the zeroth
order strategy 7(? for the two-asset problem with partial information recovers the optimal value
function for the associated portfolio problem up to the first order approximations. Each entry of

79 requires tracking both filtered volatility factors.

For the first order approximations, (19 and 7®V, in the partial information case, each

entry also depends on both volatility factors, the classical Merton value function, and its
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derivatives with respect to the wealth state x and the slow-scale factor z. They can also be viewed
as expressions in terms of the Merton strategy and the “Greeks” of the classical Merton value
function. Compared to approximations for the full information case in Chapter 3, the filter for the
unobservable processes affects 7' and z®D in two ways. First, because the first order
expansion #1"? has an extra term that comes from the filter asymptote of E(Y, — Y )? with order

\/E, the fast-scale first order strategy 7(1'?) is changed accordingly. Second, the filter asymptote

of E(Z, — Z,)2 gives an extra term with order \/5 that leads to a coefficient change in a term of

the slow-asset portfolio 71

4.7 Conclusion

Given the history of asset prices, we are able to reproduce the asymptotic analysis for a multi-
asset portfolio problem with partial information under the steady state assumption. The
methodology in Chapter 3 can be applied to the two-asset portfolio problem after we used the
Kalman-Bucy filtering theory to filter out the unobservable volatility factors. In the partial
information setting, we have derived explicit formulas for the asymptotic expansions of the
associated value function, and have computed the 2-dimensional zeroth and the first order
optimal strategy. Under the regularity assumption, Theorem III proves a similar result to
Theorem II that the zeroth order strategy in the partial information problem recovers the value
function up to the first order. Compared to the full information case, the zeroth order optimal
strategy remains the same, while we can observe the changes in the first order approximations of

the optimal strategy brought by the filter asymptotes.
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The coefficients of the asset prices and volatility factors can be generalized to functions
depending on the volatility factors (see Chapter 3). The filtering theory can still be applied, while
new methodology to compute the filter asymptote is required. In addition, as an alternative of
steady state assumption, we may import other assumptions that can deduce a filter asymptote, for

instance, the expert opinions in perturbation analysis [Fouque, Papanicolaou, Sircar, 2017].
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APPENDIX A LEMMAS FOR MERTON PROBLEM

Recall the definitions (1.5.7), (1.5.8), and (1.5.9) from Section 1.5. Let M(¢, x; 1) denote the

classical Merton value function. The associated risk-tolerance function R(¢, x; A) is given by

M (t,x; 1)

R(Z,X;ﬂ) = m

The differential operators D, are defined by

k o*
D, =R, x; )—,k =1.2,---.
k ( ) oxk

The linear operator £, (1) is defined by

0o 1 02 0 0o 1
L (A =—+—=12R¥t,x;)— + A’R(t, x; ) — = — + —A%D, + 1*D;.
) =5 S AR Do R A !

Lemma A.1 (Risk-tolerance equation). The risk-tolerance function R(z, x; A) satisfies the fast

diffusion PDE:
1 2p2
R, + 5/1 R°R.. =0. (A.1)

Proof. Note that R is smooth in (z, x). Differentiating the Merton equation &, (AM = 0 with

respect to x yields

+A’RR.M, ..

XXX

1
M, =—1*R’M
2
Because RM, = — M, we have R?M,__. = (R, + 1)M,. Hence,
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1 1
M, = 5,12(Rx + DM, - 2*R.M, = — 5/12(Rx - DM,

Then we have

1 2 1 2
M = - 5/1 (Rx - 1)Mxx - Eﬁ RxxMx'

txx

Substituting (A.2) and (A.3) into the derivative of R with respect to ¢

Mtx Mx
Rt =- M + M2 Mlxx
xx ( xx)

establishes (A.1). B

(A.2)

(A.3)

Lemma A.2 (Commutation result). The differential operator D, and the linear operator &, (1)

commute when acting on smooth functions of (¢, x):

gz,x(l)Dl = Dlgt,x(/l)' (A4)
Proof. Fix a smooth function u(z, x). We compute
2 9 0 2
ox? ox (AS)
=R*(R, ,u,+2Ru, +Ru, )—RQRRu,  +Ru,,) '

=R’R_u,.

Using (A.5) and the risk-tolerance equation (A.1), we have
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0 1, )
%, DD = (—+=4°D,+4°D; | Dy
0 L, 5

)+ D, A%u

xxux

0 L, ’

0 1 2 2 1 2p2
o 2 2

= Dlgt,x(’i)” N |

Lemma A.3. By Lemma A.2 and the Merton equation: & M (t,x;4) = 0, the classical Merton

value function M (¢, x; 1) satisfies
L DDFM(t, x5 2) = 0, (A.6)
forallk =1,2,---.

Lemma A.4 (“Vega-Gamma” relationship). The classical Merton value function M(t, x; )

satisfies

oM M
— =~ T=0i= =T =DADM. (A7)

Proof. Differentiating the Merton equation £, (1)M = 0 with respect to 4 gives
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1/0 o
LMy = == ( — QR ) M = ( —@R) | M,

=—AD,M —2)D;M — (RM, . + M,)A*R,
=—-AD,M - 2)D;M

M2
=l——=-ADM.

M

XX

(A.8)

The terminal condition for the above PDE is M,(T, x; A) = 0. The solution to the PDE (A.8) with

zero terminal condition is given by M, = (T — t)AD;M. The verification step uses Lemma A.3:

L W(T=0)ADM) =%, (ANTADM) — Z, (A)(tADM)
=TAZ, (WDM — (ADM + tAZ, ()DM)

Therefore, (2.2.13) is established.
Lemma A.5. The solution v(¢, x) to the following PDE is unique:

L, Av(t, x) = CDIM(t, x; 1), v(T, x) = 0, (A.9)

where C is a constant.

Proof. Define the new variable

1
E=—logM/(t,x;2) + Eﬂz(T— 1),
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which is a well-defined injective transformation, because the Merton value function M is strictly
increasing and strictly concave. By making a change of variables M(z, x; 1) = wO(7, &), where

{ =t, we have

ow® 1 9%w©@
+ =12
2 0&2

LM = H WO =

A

where % denotes the backwards heat operator. Hence, w® is the solution to the backwards heat
equation Zw® = 0 with terminal condition depending on the terminal condition through the

transformation &.

Fix a solution v(¢, x) to the PDE (A.9). Making the same change of variable to (A.9), we
obtain that the solution v(t,x) = w(7, &), where w() solves the heat equation with zero

terminal condition:

2

0
HHwh = Ca_<g2w(0)’ wI(T, &) = 0. (A.10)

The uniqueness of the solution v (¢, x) follows from the classical uniqueness result for the heat

equation (A.10). i
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APPENDIX B LEMMAS FOR ASYMPTOTIC ANALYSIS

Assumption B.1. The following assumptions are on the state processes (S,, X,, ¥}, Z,):

(1) For any starting points (s, y, z) and fixed (¢, 0), the system (2.4.1) has a unique strong
solution (S,, Y,, Z,). The function g(z) is in C 2(R), and A(y,z) isin C3(R) in the z-variable. The
coefficients and their derivatives c(z), a(y), g(z), £'(z), 8"(2), A,(y, 2), A..(y, 2), 4...(y,z) are at

most polynomially growing.

(i) The process Y1 with infinitesimal generator .4 y defined in (2.3.6) is ergodic with a

unique invariant distribution @, and admits moments of any order uniformly in ¢t < T

sup (E[ Y1) < C(T. k).

1<T
The solution ¢ (y, z) of the Poisson equation # y¢(y, z) = I(y, z) is assumed to be polynomial
in y if I(y, z) is polynomial in y.

(iii) The process Z!) with infinitesimal generator .#, defined in (2.2.6) admits moments

of any order uniformly int < T:

sup <[E |z;1>|k) < C(T. k).

t<T

(iv) Observe that, for fixed (¢,z) € [0,7] X R, vO(z, x,z) = M(¢, x; 2(z)) is a concave

function with a linear upper bound. In particular, there exists a function G (z) such that

vO(0,x,2) < G(z) + x.
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Assume that the process G (Z,) is in L*([0,T] X Q) uniformly in &:

T
Eo.o) <J G4Z) ds> < C(T, z),

0

where C|(T, z) is independent of 6, and Z; is the slow-scale factor with Z; = z.

0 ) . .
(v) The wealth process X7 © associated with the zeroth order optimal strategy stays non-

negative. Moreover, X™  is in LX([0,T ] X €) uniformly in (e, &):

T
20
[E(O,x,y,z) <J (XS )2 dS> S CZ(T, X,y, Z),
0

where C,(T, x,y, z) is independent of (e, ).

Lemma B.2. Under Assumption B.1 (iv) and (v), the process vO(z, Xt”(o), Z,)isin L*([0,T] x Q)

uniformly in (e, 5): for all (¢, x,y,z) € [0,T] X R* xR X R,

T

20

[E(t,x,y,z) ( J (V(O)(s’ Xs ° Zs)2 dS) S C3(T’ X, y’ Z),
0

where vOO(t, x, 2) = M(t, x; 2(2)).

Proof. By a straight forward computation,
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r T

r 2
0
E(r,x,z)(J (V«))(s, Xr ,zs)) ds) < Egrs

t

2
(v(m(o, x=, zs)> ds>

2
((_Y(Zs) + X;f“”) ds>
Jt

T T
~ 20
<2E,,. ([ GXZ) ds) +2E . <J X7)? ds>
t t

<2C(T,2)+2C(T, x,2) =: C5(T, x, z) .1

(“t
T
<E

- (Z,X,Z)

Assumption B.3. The following assumptions are on the utility function U (x):

(1) U(x) satisfies Assumption 1.5.

(i1) U(0+) is finite. Without loss of generality, assume U(0+) = 0.

!’

X
(ii1) Assume the risk tolerance function R(x) := — ( )) satisfies R(0) = 0, R'(x) < o0,

1

strictly increasing, and there exists K € R* such that forx > 0,2 <i <7,

|a;Ri(x)| <K. (B.1)

(iv) Define I : R — R*, I(y) := (U)"!(y) as the inverse function of U’(x). Assume that

there exists a, k > 0 such that /() satisfies the polynomial growth condition: I(y) < a + ky~“.

Lemma B.4. Under Assumption B.3 for the utility function U(x), the risk-tolerance function

R(z, x; A(2)) satisfies: for 0 < j < 6, IK; > 0 such that for all (¢, x, 4(z)) € [0,T) Xx R* X R,
Ri(2, x; 2(2))(0% 'R (1, x; A(2))) | < K.
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Or equivalently, for 1 < j <7, EIIZ]. > 0 such that for all (7, x,z) € [0,T) X RT X R,
OLRI(t, x; A(2) | <K,

Moreover, RR, .., R*R RR...RR and R’R are uniformly bounded.

XXZ° XXZ2° XZ2° XXZ2° XXXZZ

Proof. For j = 0,1 with constant Sharpe ratio 4, the results follows [Kéllblad and Zariphopoulou,
2014, Proposition 14]. The generalization of the results to A(z) for j = 0,1 is presented in
[Fouque and Hu, 2017, Appendix B]. The proof that generalizes the results to j = 2,3,4,5,6 is
essentially using the comparison principle of heat equation repeatedly, where [Fouque and Hu,

2017, Appendix B] has a detailed example of the argument.

To prove the uniformly boundedness of the products of R and its derivatives, we
successively differentiate the “Vega-Gamma” relationship from Lemma A.4 in Appendix A, and
use the concavity of the classical Merton value function. Then the results is derived from a

tedious and straightforward computation. B
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APPENDIX C KALMAN-BUCY FILTERING

Kalman-Bucy filtering theory applies to a special filtering model, where the unobservable signal
process is Gaussian and the observation function is linear. Consider a probability space

(€, F,F = (F)ep0.1)» P) and some observation process X, with filtration (FX )re(o.7] generated

by X,. Suppose the observable process X, and an unobservable Gaussian signal process Y, are

given by the following system

{dx, = (h, + 1, Y,)dt + dW, X, =0, o

dY,= (b, +bY,)dt +c,dW,+ 0,dB,,

where Y, is a normal random vector with mean ?0 and covariance matrix I'y € RY x R4,
(W,,B,) is a (m + d)-dimensional Brownian motion, the coefficients ilt, h,, l;,, b, c, 0, are
deterministic matrices of dimensiond X 1,d Xd,d Xm,d Xd, m X1, m X d, respectively.
Kalman-Bucy filtering allows us to filter out the signal process Y, with respect to the filtration F,

i.e. compute Y, := E (Y,| F¥).

Theorem C.1 (Kalman-Bucy filtering). The filtered process ?t =E (Y,l?/f”f) can be

expressed as

t
?t=?0+J

t
(b, +bY,) ds + J (c,+T,h]) du, (C.2)
0 0
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t

where v, = X, — J (h, + hY,) ds is a d-dimensional Brownian motion adapted to (% )relo.T)s
0

and I', = (Fij ) = <IE(Y;'YJ;) — [E(?i@;)) is the covariance matrix for Y, and ?t satisfying the

matrix Riccati equation:

d
EF, =Tb'+bT,+cc'+06,06" —(c,+T,h])c,+T,n)". (C.3)

The proof can be found in [Xiong, 2008, Chapter 9], which is an application of Kushner-FKK

equation to Gaussian linear system.
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