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A. Conventions used in mathematical expressions

For the mathematical expressions below, we denote matrices as bold, uppercase letters (e.g., A),
column vectors as bold, lowercase letters (a), and scalars are written in plain, lowercase letters (a).
We use R™*™ to denote the set of real m x n matrices, we use I, to denote the n x n identity matrix,
1,, is a column-vector of ones of length n, and tr(A) = 3", a;; denotes the trace of n x n matrix A.

For describing Bayesian calculations, our convention is to use the “0” subscript to indicate priors
and the “1” subscript to indicate posteriors.

B. Preparation of GTEx data

Here we describe the steps that were taken to prepare the GTEx gene expression and genotype data
for mr.mash. These same steps were taken for both the application and the simulations, but note that
only the genotype data were used in the simulations.

The GTEx v8 data were used for all the analyses. Files containing expression data (RNASeq QC ver-
sion 1.1.9 TPM), covariate data and genotypes (VCF format) were downloaded from dbGaP, study ac-
cession phs000424.v8.p2. The raw expression and genotype data were preprocessed using data process-
ing scripts available online. The data processing scripts used are available at: https://github.com/
gaow/mvarbvs/blob/master/analysis/gtex-v7/20170929_Expression_Covariate.ipynb, https:
//github.com/gaow/mvarbvs/blob/master/analysis/gtex-v7/20170929_Genotype.ipynb, and https:
//github.com/gaow/mvarbvs/blob/master/workflow/GTEx_V8_preprocessing.ipynb. All these scripts
are intended to be run using the SoS (Script of Scripts) framework available at https://github.com/
vatlab/sos. These scripts were all run with the default parameters, e.g., sos run GTEx_V8_preprocessing.ipynb.
These scripts were used to extract and reformat the genotype and expression data from the GTEx v8
data files for analysis with mr.mash and the other methods. Data processing steps included reformat-
ting the data, removing the effects of selected covariates from the gene expression levels, and selecting
biallelic genetic variants 1 Mb upstream and downstream of the transcription start site (TSS) for each
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gene. The result of running this pipeline was an R object (.rds) file for all genes (including pseudo-
genes) on chromosomes 1-22. In total, 39,840 .rds files were generated. Each file contained an n X p
genotype matrix X and an n X r matrix of gene expression residuals Y, possibly containing missing
values. For a given gene, the number of samples (n) was at most 848, and the number of tissues (r)
was at most 49. (Data preparation done as part of the GTEx project included filtering out tissues for
each gene (see https://gtexportal.org/home/methods for details), so  was often less than 49 for a
given gene.) We also removed samples in which expression measurements were missing in all tissues.

After running this data processing pipeline, the following additional filtering steps were applied,
separately for each gene, to the genotype data X before running mr.mash or one of the other multivari-
ate regression methods. Genetic variants satisfying these conditions were retained: genetic variants
with minor allele frequency (MAF) greater than 0.05 (these are MAFs calculated from the GTEx
genotypes); missing genotype rate less than 0.05; and genotype variance greater than 0.05. For any
genetic variants that had one or more missing genotypes, the missing genotypes were filled in using
the mean genotype for that variant.

After taking these steps, on average there were 4,465 genetic variants for a given gene, but this
number varied widely from gene to gene, from 41 to 21,247. The number of tissues, r, varied from 1
to 49, with a median of 43. The number of samples, n, varied from 73 to 838, with a median of 836.
The rate of missing entries in Y ranged from 0% to 77%, with a median of 63%.

Finally, we removed the “kidney cortex” tissue from Y because it had a maximum sample size less
than 100.

C. Simulations with GTEx genotypes

In brief, for each simulation, we generated multi-tissue expression data sets for 2,000 genes randomly
selected from chromosomes 1-22. We only considered genes in which all 838 genotype samples were
retained by the data processing pipeline above.

For each gene, we simulated the n x r gene expression matrix Y for n = 838 samples and r = 10 tis-
sues using the multivariate multiple regression model. The coefficients B and the residual covariance
matrix V used to simulate the phenotypes were chosen so as to capture a variety of genetic archi-
tectures: different numbers of genetic variants affecting the phenotypes; different patterns of effect
sharing across tissues; and different levels of genomic heritability (including no heritability—that is,
simulations in which one or more expression levels were unaffected by genotype). Once we simulated
the expression levels, we split the samples into two subsets, one containing 80% of the samples (a
training set with n = 670) and another containing 20% of the samples (a test set with n = 168).

The training data for the 2,000 genes were used to estimate data-driven covariance matrices from
the mr.mash prior (see Sec. E.4.3). Then we selected 1 out of the 2,000 genes, and fit regression models
(Elastic Net, mr.mash, etc) to the genotype and phenotype data from the training set for that gene.
Finally, we evaluated the accuracy of each model’s predictions in the test samples for that same gene.

C.1. Simulation scenarios
The five simulation scenarios are described briefly in the main text, and here we describe them in
greater detail.

A. In the “Equal Effects” scenario, a causal variant affected all tissues, and the effects were exactly
the same in all tissues. This was the setting in which we had most to gain by analyzing all tissues
simultaneously compared to analyzing the tissues one at a time.

B. In the “Independent Effects” scenario, a causal variant affected all tissues, and the effects were
independent across all tissues (more precisely, the effects were independent conditioned on the
genetic variant being a causal variant). The Independent Effects scenario represented the situation
in which there was less to gain from a joint analysis of all tissues because the effect sizes were not
shared across tissues. Nonetheless, we expected some gain in a multivariate analysis compared to
a tissue-by-tissue analysis because knowing that a genetic variant has an effect in one tissue was
helpful for detecting an effect in other tissues.
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In the “Mostly Null” scenario, a causal variant only affected the first tissue, and therefore the
remaining tissues were unaffected by genotype. This represented a scenario in which the effects
for the given gene were tissue-specific. We did not expect any gain in performing a joint analysis
of all tissues in this setting because there was no sharing of effects across tissues. In fact, there
was the potential of multivariate analysis methods to harm performance by incorrectly shrinking
effect estimates for the first tissue toward effect estimates in the remaining “null” tissues.

. In the “Equal Effects + Null” scenario, the effects were equal across tissue 1 through 3, and there

were no effects in tissues 4 through 10.

. In the “Shared Effects in Subgroups” scenario, effects were drawn from a mixture of effect-

sharing patterns: 50% of the time, the effects were shared (unequally) across tissues 1 through
3 and explained 20% of the variance of each tissue; in the other 50% of the time, the effects are
shared (unequally) in tissues 4 through 10 and explained only 5% of the variance of each tissue.
This scenario was intended to correspond roughly to the patterns of effect sharing estimated from
previous multivariate analyses of GTEx Project data (see for example Fig. 3a in Urbut et al. 34).

In the first four scenarios, the genetic effects explain 20% of the variance of each tissue. (Except in
the Mostly Null scenario, where the genetic effects explained none of the variance in all tissues other
than the first, and in the Equal Effects + Null scenario, where the genetic effects explained none of
the variance in tissues 4 through 10.)

C.2. Simulation procedure
For all simulation scenarios, we used the following procedure to simulate the multi-tissue expression.
For all simulations, n = 838 and r = 10.

1.

2.

3
4.

Choose a gene at random.

Center the columns of the n x p genotype matrix X so that each column has a mean of zero.

. Choose the number of causal variants, pcausal, uniformly at random among integers 1-10.

Choose the peaysal causal variants uniformly at random from {1,...,p}.

Set b; = (0,...,0)T € R" for each non-causal variant j.

. For each causal variant j, simulate b; € R": for the Independent Effects scenario, b; ~ N,.(0, I.);

for the Equal Effects scenario, b; ~ N,.(0,1,17), where 1, = (1,...,1)T € R"; for the Mostly Null
scenario, b; ~ N,(0,S), where S is an r x r matrix of all zeros except for a single one, s1; = 1;
for the Equal Effects + Null scenario, b; ~ N,(0,S), where S is an r x r matrix of all zeros
except for all ones in the 3 x 3 top-right subblock, s;; =1, < 3,5 < 3; for the Shared Effects in
Subgroups scenario, the effects b; were simulated using a mixture of zero-centered multivariate
normals. The mixture weights and covariance matrices for this scenario are given in the Zenodo
repository [28].

Form the residual covariance matrix across tissues, V. This is a diagonal r x r matrix in which
the diagonal entries v;; are chosen to achieve the target PVE (proportion of variance explained)
for each tissue. For tissues ¢ in which genetic variants did not explain variation in expression, we
set v;; = 1.

. Simulate the n x r matrix of gene expression levels, Y ~ MN(By+ X B, I,,, V), where By is an

n X r matrix of ones, B is the p x r coefficients matrix with rows b;, and I, is the n x n identity
matrix.

. Randomly split the data—rows of X and rows of Y—into a training set (80% of the data, or

670 individuals) and a test set (20% of the data, or 168 individuals). This training-test split was
different for each scenario, but the same for all simulations in a scenario.
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Algorithm 1 Sketch of the mr.mash variational empirical Bayes algorithm allowing for missing data.
The matrix Y may contain missing values; Y5 denotes the set of observed values. The matrix X may
be “standardized”—columns scaled to unit standard deviation—which typically reduces computation
because more calculations can be reused. In the algorithm, ; denotes the jth column of X, and b;
is the jth row of B (stored as a column vector). “BMSR-mix” is explained in the text. Note this is
only an outline of the algorithm, and actual implementation differs to avoid redundant calculations
and reduce memory usage.

Require: Data inputs X (n x p matrix) and Y (n X r matrix).

Require: Prior covariances . = {So 1, ..., S0k }-
Require: Initial estimates by, B, wq, V.
repeat

Center the columns of X and store the result in X.
If Y contains missing values, impute the missing values using Yobs, bo, B, V.
Store the observed and imputed values in Yg. 3
Center the columns of Yf,; and the store result in Y.
Compute the expected residuals, R <Y — X B.
for jin1,...,pdo
Remove variable j from the expected residuals, R; <— R + ijb;.
WY, .. w0V b, b, 8V 8V ) - BMSR-mix(2;, R;, V., Lo, wy).
Compute the posterior mean estimates, b; = ZkK:1 ng ,)gbgj,)c
Store b; in jth column of B.
Include variable j in the expected residuals, R < R; — :EjbjT-.
Update the prior, wp Z§:1 ngl)g/p
Update the residual covariance matrix, V' < E,[(Yaa1 — X B)” (Y1 — X B)]/n.
Update the intercept, by < (Yan — X B)T1,/n.
until convergence criterion is met or maximum iteration is reached
return Intercept by, coeflicients B, imputed responses Yi,, prior weights wg, and residual covari-
ance V.

C.3. Computing environment

All simulations were run on Linux machines (CentOS Linux 8.4-2105) with Intel Xeon Gold 6248R
(“Cascade Lake”) processors. We used R 4.0.3 [32] linked to OpenBLAS 0.3.12 (conda package 1-
base 4.0.3, build h349a78a_8 installed via conda-forge). At most 4 GB of memory was needed to run
mr.mash or one of the other methods on a simulated data set. All methods and other computations
were run on a single CPU.

D. Algorithms for fitting the mr.mash model

An outline of the variational empirical Bayes algorithm for mr.mash is given in Algorithm 1. This
algorithm also handles imputation of missing data which we describe in later sections. Algorithm 2
gives a more detailed description of the mr.mash algorithm with no missing data. The algorithm for
Y with missing values is given in Algorithm 3.

A brief derivation of Algorithm 2 is given in the next two subsections, and more detailed derivations
are given in Sections F and G. The algorithm for mr.mash with missing data is derived in Sec. H.

The steps of Algorithm 2 that involve the most effort are the updates to the posteriors ¢;(b;) in
the inner loop over j, and the update to V. The update to V involves computing the ERSS (13),
which involves O((n + p)r?) flops. Each update to ¢;(b;) involves computing R; and the BMSR-mix
posterior, requiring O(nr + kr®) flops. Therefore, the computational complexity of a single update of
all the parameters (a single iteration of the outer loop) is O(p(nr +kr3) +nr?). The effort in the inner-
loop updates is greatly reduced when X is standardized because the most expensive computations
can be reused (Sec. I). In this special case, the complexity of a single outer-loop iteration reduces to
O(p(nr + kr?) + nr? + kr3). The complexity of the missing data imputation step in Algorithm 3 in
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Algorithm 2 mr.mash with no missing data

Require: n x p data matrix X and n x r data matrix Y. Columns of X and Y should be “centered”
so that each column has a mean of zero. Optionally, X may also be “standardized”—that is,
scaled so that each column has unit standard deviation—which simplifies downstream posterior
computations (Sec. I).

Require: Set of K covariance matrices, .%.

Require: Initial estimates of the posterior mean coefficients, stored as a p x r matrix, B.

Require: Initial estimates of the prior mixture weights, wo = (wo 1, ..., wo i), and the r x r residual
covariance matrix V.

Require: Convergence threshold, tol > 0, and an upper limit on the number of iterations, tyax.

1: t <0

2: ) + ©

3: ELBO) « F(q; V,wp)

4: while § > tol and t < tpax do

B tet+1 ) )

6: Compute expected residuals, R+ Y — X B

T Initialize W to a p x K matrix of zeros

8: for jin1,...,pdo - B B

9: Remove variable j from expected residuals, R; < R + asjb]T
10: (i), ... w0 b9, b 8P SY)) < BMSR-mix(xj, R;, V, %, wo) > See (58).
11: Compute posterior mean, Bj = Zle wy,)ﬁbgjl,)€
12: Compute posterior covariance, S; = S, ng,z, [bgj,z,(bgjll)T + S%] —b; 7]T-
13: Store wﬂ, . ,ng;( in the jth row of W
14: Include variable j in expected residuals, R Rj — a:jl;}
15: Update prior weights, wg <— UPDATE-WEIGHTS(W) - > See (14).
16: Update residual covariance, V' < UPDATE-RESID-CoV (X, R, S1,...,S)) > See (12).
17 ELBOY « F(¢; V,wy)
18: 6+ ELBO® —ELBO!-

return B, V, wy, ELBO®

O(nr3).

D.1. Computing the posterior distribution of the regression coefficients

Our aims are to (i) compute posterior estimates of the mr.mash unknowns and (ii) adapt the mr.mash
priors to the data. Both (i) and (ii) are computationally challenging in multiple linear regression
models, especially in a multivariate framework such as mr.mash. (With some exceptions such as
ridge regression.) Therefore, some numerical approximations are required. The most widely used
numerical approximations are based on Monte Carlo methods, most commonly Markov chain Monte
Carlo (MCMC) and variants of MCMC [9, 11, 13, 16, 18, 22, 19, 27, 29, 31, 40, 41]. While MCMC
and other Monte Carlo methods have allowed for a proliferation of different models for prediction,
Monte Carlo methods typically involve a high computational effort, and therefore may limit our ability
to apply mr.mash to genetic data sets with many genetic variants and many phenotypes. Another
approach is based on stochastic search methods [1, 4, 5, 6, 21, 36]. But stochastic search only focuses
on identifying highest-probability configurations, and therefore these approaches are not well suited to
predicting Y and adapting the priors.

An alternative approach to MCMC is variational inference (VI) [3, 24]. In VI, we treat posterior
inference as an optimization problem; the aim is to find a distribution, ¢(B), within a prescribed
family of distributions, Q, that best approximates the mr.mash posterior, p(B | X,Y,V, wy, ).
The closeness of the approximate distribution to the true posterior is measured by the Kullback-Leibler
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Algorithm 3 mr.mash with missing data

Require: nxp data matrix X (does not need to be centered). Optionally, X may be “standardized” —
that is, scaled so that each column has unit standard deviation—which simplifies downstream
posterior computations (see Sec. I).

Require: Set of K covariance matrices, .%.

Require: Initial estimates of the posterior mean coefficients, stored as a p x r matrix, B, and initial
estimate of the intercept, by (a vector of length 7).

Require: Initial estimate of Yz, the n X r response matrix containing the observed values and initial
estimates of missing values.

Require: Initial estimates of the prior mixture weights, wo = (wo,1, ..., w0, k), and the r x r residual
covariance matrix V.

1: while convergence criterion is not met do

2: Center columns of X and store result in X

3: Impute missing values as posterior mean estimates given by, B,V and store observed and
missing values in Yg, (see egs. 81, 82). )

4: Center columns of Y;,; and store result in Y

5: Run Algorithm 2 with ¢yax <= 1, in which X, Y are set to X, Y
6: Update intercept, by < %(quu — XB)T1, (see eq. 78)

return by, B, Yiu, V, wo

(K-L) divergence, so the VI optimization problem is

minimize  Dkp,(¢(B) || p(B | X,Y,V,wy)) (5)
subject to ¢ € Q,

where Dkr, (¢ || p) denotes the K-L divergence between distributions ¢ and p. (In this expression and in
the expressions below, we omit the dependence on %) since it is a prespecified model parameter and
does not change.)

Since the K-L divergence is itself intractable, we instead work with a different objective function that
is easier to compute but yields the same solutions as (5). This alternative objective is the “Evidence
Lower Bound” (ELBO) [3]:

F(q; V,wp) :=1logp(Y | V,wy) — Dxr(¢(B) | p(B | X,Y,V, wy)) (6)

Since the marginal likelihood p(Y | V', wy) does not depend on ¢, minimizing the K-L divergence with
respect to ¢ is equivalent to maximizing the ELBO:

argmin Dkr,(¢(B) ||p(B | X,Y,V, wy)) = argmax F(q; V,wp) (7)
7cQ 7cQ

The advantage of the ELBO, however, is that, by straightforward algebraic manipulations the ELBO
can be rewritten as

F(q;V,wg) = Ellogp(Y | X,B,V,wy)| + E, [log (p(qB(,B’U)Jo)ﬂ , (8)

which will lead to tractable computations for specific choices of Q.
To make computations feasible in large data sets, we introduce the assumption that the b;’s are
independent in the approximate posterior:

9(B) =[] 4(®)) 9)
j=1

In the VI literature, this assumption is referred to as the “mean-field” approximation. In practice,
this independence assumption has the effect of selecting at most one variable with high probability
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when multiple variables are strongly correlated with each other [8]. This can be a problem if variable
selection is the main goal [37], but it is less of a concern when phenotype prediction is the main goal,
which is precisely our goal here. Under this independence assumption, we reexpress the optimization
problem as

Gis---,qp :=argmax F(qi,...,q;; V,wp). (10)
q1,---5qp
Optimizing the ELBO over all g1, ..., g, simultaneously is difficult. But optimizing a single factor g; is
relatively straightforward because it reduces to computing analytic posterior quantities for a Bayesian
multivariate simple regression model. We formalize this statement in the following proposition.

PROPOSITION 1. Let Bj be the expected value of b; with respect to the approximate posterior g;,
let Rj =Y — Zj,;ﬁj :Bj/b]T-, be the expected residuals ignoring the jth variable, and define a function

BMSR—miX(ﬂS, Y, V, yo, wo) = (w171, e ,wl,K, b171, ey bl,Ku 51,1, ey Sl,K)

that returns the posterior distribution of b under the Bayesian multivariate simple regression model
with a mixture-of-normals prior (see Proposition 5 for the exact definition of BMSR-mix). Then we
have that

argmax, F(q,...,q5V,wo) = BMSR-mix(x;, R;, V,.%, wo)
= (), b)Y, SV LS. (11)

This suggests a co-ordinate ascent algorithm for maximizing the ELBO, in which we update the g;’s

sequentially. In the next section, we turn to the question of updating the other model parameters, wq
and V.

D.2. Estimating V and wq
We estimate wg and V' by maximizing the ELBO over wg and V', with ¢ fixed. This procedure can
be viewed as an “EM-like” algorithm in which updating ¢ is an approximate E-step, and updating wq
and V' is an M-step [30].

For the residual covariance matrix, V', the update is

UPDATE-RESID-COV(X, R, S1, ..., S,) := argmaxy, F(q; V,wg) = ERSS/n, (12)

in which “ERSS” is the expected residual sum of squares,

p
ERSS := E[R"R|= RTR+ ) _xlx;S;, (13)
j=1

where R =Y — X B is the n x r matrix of residuals, R := E,[R] =Y — X B, and S; = Cov,(b;).
See Sec. G for a more detailed derivation of these expressions.

To derive the update for the mixture weights, wg, we consider an augmented representation of the
mr.mash model. Maximizing the ELBO for this augmented model, denoted as F’(q; V,wp), with ¢
fixed, yields the following update:

UPDATE-WEIGHTS(W) := argmax,, F'(q; V,wo) = (o1, . . . , W, k), (14)
in which g = 1;:1 ngzj/p, ng,)c is defined in (11), and W is a p x K matrix in which ng,)f is stored

in row j, column k of the matrix. See Sec. G for a more detailed derivation of this update.

E. Details of the methods compared

This section describes how the methods were run in the simulations and the GTEx case study. Note
that we ran all methods standardizing X and without standardizing Y. The one exception was the
Elastic Net implemented in the glmnet package; for Elastic Net, we standardized both X and Y.
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E.1. Elastic Net

The Elastic Net method is a univariate multiple linear regression method that typically produces
sparse estimates of the regression coefficients through a combination of ¢; and ¢, penalties [42]. Since
the Elastic Net does not model correlations among effects of different phenotypes, it is only expected
to be competitive with the multivariate regression methods when there is little benefit to modeling
correlations, such as when genetic variant effects are rarely shared across phenotypes, or when the
effects are already accurately estimated in the individual regressions.

We used the fast algorithms implemented in version 4.1.1 of the R package glmnet [14] to fit Elastic
Net models separately to each of the r responses. The penalty strength parameter A was chosen via
cross-validation, separately for each of the r responses. The mixing parameter «, which controls the
tradeoff between the Lasso penalty (¢;-norm) and the ridge penalty (¢2-norm), was set to 0.5, which
was the same setting used in PrediXcan [15]. (Since the ground-truth effects were sparse, o mainly
served to avoid degeneracies caused by strong correlations between SNPs.) We used the coefficient
estimates at the value of A minimizing the mean cross-validation error (lambda.min). We performed
the cross-validation by calling cv.glmnet with family = "gaussian", alpha = 0.5, and with all
remaining arguments kept at their default values.

E.2. Group Lasso

The Group Lasso [39] is a penalized multivariate regression method, similar in some respects to the
Elastic Net, except that it uses a “f1/f2” penalty which gives greater preference to variables that
have an effect in multiple phenotypes. As far as we know, the Group Lasso has not been used in
the TWAS setting. However, we included Group Lasso in our comparisons because it has a very fast
implementation in the R package glmnet [14], and for our application we expect it to perform well in
settings where effects are shared across many phenotypes. On the other hand, since the ¢;/¢2 penalty
does not specifically account for sharing of effect sizes, nor can it model sharing of effects among subsets
of phenotypes, we expect that the gains in accuracy will be weaker in some settings. Also note that
current implementations of the Group Lasso cannot handle missing data so we did not include the
Group Lasso in our simulations with missing data.

We used the Group Lasso implemented in version 4.1.1 of the glmnet R package. We called
cv.glmnet with family = "mgaussian", alpha = 1, and with all remaining arguments kept at their
default values. We used the coefficient estimates at the value of A minimizing the mean cross-validation
error (lambda.min).

E.3. Sparse Multi-task Lasso

The Sparse Multi-task Lasso [25, 23] is a variation on the Group Lasso with a more flexible penalty.
The Sparse Multi-task Lasso was specifically developed for eQTL studies with missing data [25, 23]
and holds the promise of being able to adapt to a greater variety of data sets, and for these reasons
it is a natural point of comparison to mr.mash. But in practice we found it was challenging to apply
to the data sets considered in our simulations, and in particular in data sets without missing values it
was much slower than the Group Lasso (implemented in the glmnet R package). Therefore, in practice
the implementation of this method required compromises such as reducing the number of parameter
settings in the cross-validation, and this may have reduced its performance.

The Sparse Multi-task Lasso minimizes the following penalized objective,

o 1 T T P
EB) = 53 e — Xby 3+ Y bl + 22 D 1Bl (15)
s=1 s=1 j=1

where y, denotes the sth column of Y, by denotes the sth column of B, and b; denotes the jth row of
B. This formulation is equivalent to the objective function given in [23] up to a scaling of the penalty.
This was previously studied as the “sparse multi-task lasso problem” [25]. The Lasso penalty on the
columns of B encourages fewer predictors to be selected [33], whereas the Group Lasso penalty on the
rows of B encourages the same predictors to be chosen for different responses [39].
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To set the penalty parameters, we took a simple k-fold cross-validation approach. We used a
uniformly spaced grid of candidate values on the log-scale for each of A\; and )9, evaluated the mean-
squared error for each fold and each combination of A1, Ao, and then selected the combination that had
the smallest mean-squared error (averaged across all folds).

The implementation of the Sparse Multi-task Lasso made available in UTMOST [23] is difficult
to use because of the nonstandard way it requires the inputs to be formatted. We also found that
the memory usage could be very high when Y had missing values. The main UTMOST Python
interface is available from https://github.com/Joker-Jerome/UTMOST and the core code implement-
ing the Sparse Multi-task Lasso is available from https://github.com/yiminghu/CTIMP. Later, an-
other implementation of the Sparse Multi-task Lasso was developed in [26] (see https://github.
com/RitchieLab/multi_tissue_twas_sim). This newer implementation, while easier to use, does
not allow for missing values in Y. Due to these considerations, we developed our own Python imple-
mentation of the Sparse Multi-task Lasso (available at https://github.com/aksarkar/mtlasso).
Our Python implementation is slower than previous implementations (S6 Fig), in part owing to
the core computations not being implemented in C++. On the other hand, our implementation
is easier to use, allows for missing values, and, in simulated data sets, performs similarly to the
multi_tissue_twas_sim implementation (S5 Fig). For additional details on these implementations
(which differ in the initialization method and the grid of tuning parameters, among other things)
and simulations, see [28] (see in particular the file mrmash vs mtlasso_vs_utmost.html) and https:
//users.rcc.uchicago.edu/~aksarkar/gtex-pred (see in particular “Sparse multi-task lasso”).

For Y with missing data, one complication is that the correct updates for B are expensive. Following
the suggestion by [23], the mtlasso implements an approximate update for each column s = 1,...,r
of B in which (X{®)TX ) is replaced with X7X, in which X(®) denotes the matrix containing the
rows of X corresponding to non-missing entries of ys.

E.4. mr.mash

In the simulations with full data, we obtained an initial estimate of B by running the Group Lasso on
the same data, then setting B to the Group Lasso coefficient estimates. We then obtained an initial
estimate of V' as the sample covariance of the Group Lasso residuals. The prior mixture weight for
the “spike”, wo (see eq. 16), was initialized to the proportion of Group Lasso coefficients that were
zero, and the remaining prior mixture components were assigned equal weights. In the mr.mash model
fitting, we estimated both wg and V', but forced V to be diagonal. We ran the mr.mash model fitting
algorithm with a convergence tolerance of 0.01.

For simulations with missing data, we ran mr.mash in the same way as in the simulations with full
data, except for two differences. First, since the sample covariance of the residuals cannot be computed
when there are missing values in Y, we initialized V' using flashr [38], which can cope with missing
values. Second, since the glmnet implementation of the Group Lasso does not allow missing values in
Y, we instead ran the Elastic Net separately on each column of Y, and used the Elastic Net coefficient
estimates to initialize B.

For the GTEx case study, we ran mr.mash in mostly the same way as in the simulations with
missing data. Two differences were: (1) we allowed correlated residuals (i.e., non-diagonal V'); and
(2) to speed up the model fitting, at each outer-loop iteration beyond the initial 15 iterations we
automatically dropped from the mixture prior any components with mixture weight smaller than
1078,

E.4.1. Prior covariance matrices

We defined the covariance matrices as combinations of different scaling factors w; > 0 and normalized
covariance matrices, Up ;. (By “normalized”, we mean that the largest diagonal element was always
1.) Therefore, the mixture prior was

L T

b; | wo,w, % ~ woodo + Y Y wort N (0,wiUp), (16)
=1 t=1
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where dg is the delta mass at zero (the “spike”). The scaling factors wi,...,wy were chosen so that
they were spaced uniformly on the log-scale, with a grid spacing of v/2. The steps we took to determine
the end points of the grid are described in [34].

In the next two sections we describe how the normalized covariance matrices Ug 1, ..., Uy were
specified.

E.4.2. Canonical covariance matrices
When we ran mr.mash using “canonical” covariance matrices, the following matrices were included in
the prior (16):

e The identity matrix, I, modeling the case in which all effects are independent.

e The “equal effects” matrix, an r X r matrix of all ones, which models the case in which all effects
are the same.

e Rank-1 matrices modeling tissue-specific effects. They are of the form csc7, in which ¢, is a vector
of length r containing all zeros except for a 1 in the sth position. There were r of these matrices.

e Matrices with ones on the diagonal and o on the off-diagonal, where ¢ is 0.25, 0.5 or 0.75. There
were three three of these matrices.

In total, r + 5 canonical matrices were included in the prior. So for the simulations the prior included
15 canonical matrices.

E.4.3. Data-driven matrices

Data-driven matrices are, as the term implies, adapted to the data, in contrast to the canonical matrices
which are the same for every data set. The idea is that these data-driven covariance matrices should
capture the principal patterns of effect sharing patterns across the r tissues. Estimating the data-driven
covariance matrices involves combining information across many SNPs and many genes.

For the simulations, when data-driven matrices were included in the prior (16), we estimated the
data-driven matrices following the analysis procedure largely as it was described in [34]. In brief, we
prepared the summary statistics (least-squares effect estimates and corresponding standard errors)
using training sets (real genotypes X and simulated expression levels Y') for all genes, then we used
these summary statistics to estimate the data-driven covariance matrices using Extreme Deconvolution
(ED) [7].

We used ED to estimate data-driven covariances because it is an EM algorithm for fitting mixture
models of the form (2) in which the multivariate effect vectors b; are treated as unknown, and “noisy”
estimates of the b;’s are observed. In particular, ED estimates both the mixture weights wp; and
the covariance matrices Spj, in (2). Once the ED algorithm converged to a solution, we extracted the
covariance matrices estimated by ED to use as the data-driven covariances Uy in the prior.

To run the ED algorithm, one needs to provide initial estimates of the covariance matrices. We
obtained rough initial estimates by running PCA and the flexible factor analysis methods implemented
in the R package flashr [38], as well as one covariance estimate initialized to the empirical covari-
ance matrix (that is, the maximum-likelihood estimate of the covariance). For the PCA-based initial
estimates, we simply computed a singular value decomposition (implemented by R function svd) of
a matrix formed by selected least-squares estimates of the effects b;, then obtained 3 rank-1 matri-
ces from the top 3 PCs, and a rank-3 matrix from the linear combination of the top 3 PCs (so 4
PCA-based covariance matrices in total). After running flashr, we formed rank-1 covariance matrices
from the estimated factors. Since flashr adaptively determines the number of factors—essentially,
flashr will remove factors during the back-fitting stage if setting the factor to zero does not make the
model fit worse—the number of covariances fit by ED was different for each data set. By automatically
determining the number of factors, the idea is that the number of factors (and therefore the number
of components in the mixture prior) should approximately reflect the complexity the effect sharing
across tissues. Note that for the Equal Effects and Equal Effects + Null simulations, the final result
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was always a mixture model with 9 mixture components (i.e., 9 covariance matrices, 4 initialized with
PCA, 4 initialized with flashr, and 1 initialized to the empirical covariance matrix).

The code for preprocessing the summary statistics is available from prepare_sumstats_for_ED_prior.R
in [28], and the code implementing the remaining steps of this analysis is available at https://github.
com/stephenslab/gtexresults/blob/master/workflows/mashr_flashr_workflow.ipynb (we used
the “prior” workflow, version 2570aa6 from 2019-10-03). The one difference between the analysis of
[34] and ours is that we replaced the sparse factor analysis (SFA) method [12] with flashr [38].

For the GTEx application, we made a couple small improvements to this pipeline. The key difference
was the use of in-development model fitting algorithms that improve on the EM algorithms used in Ex-
treme Deconvolution [7], and are implemented in the udr package available at https://github.com/
stephenslab/udr. The script implementing this modified pipeline is available at https://github.
com/cumc/bioworkflows/blob/master/multivariate-fine-mapping/mixture_prior.ipynb (we used
the “extract_effects” workflow followed by the “ud” workflowr in the script version with git commit id
5b7c688, with flags ~—ud-method ted --ud-tol-1lik 1le-3 --mixture-components flash flash nonneg
pca). Since there were 5 training sets in the GTEx application, we ran this pipeline 5 times. In each
training set, the pipeline produced a mixture model with 33-35 components.

F. Posterior computations for multivariate simple regression models

Here we derive elementary posterior expressions that will be used later on to develop the posterior
computations for mr.mash.

F.1.  Multivariate simple regression
We begin by deriving posterior computations for a multivariate regression with a single explanatory

variable. Initially, we do not include an intercept.
The model is

Y=xb"+FE
E ~ MNnXT(OaIn7V)7 (]‘7)
or more concisely
Y ~ MNnXT(mbT;ITmV)? (18)

where Y € R™ " is a matrix of observed responses for n samples across r conditions, @ is a vector of
n observations for a single explanatory variable, b € R" is the (unknown) vector of regression for the r
conditions, V' € S’ is an invertible covariance matrix, and M Ny x,(M,U, V') is the matrix normal
distribution [10, 20] with mean M and covariance matrices U and V (these are matrices of dimension
n xr,nxn and r X r, respectively).

In the following, we give the expression for the matrix-normal likelihood and relate it to the more
familiar multivariate normal distribution. The likelihood for the multivariate regression model (18) is

bz, Y,V):=p(Y |x,b,V)
= MNan(Y;mbTaInav)
= 27V |2 exp{~Ltr[VH(Y — xbT)T(Y — abT)]}. (19)

Given V, the least-squares estimate of b, denoted I;, which is also the value of b maximizing the
likelihood (19), and its covariance, S, are

b:=b(z,Y,V)=Y= (20)
S:=8zY,V)=_Y1. (21)

Using these quantities, the likelihood (19) can be rewritten as

A~ A~

Ubyz, Y, V) = 20V 2 exp{~L{tre(YV'YT) + (b—b)TS~ (b —b) — bTS'b]}. (22)
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This expression is proportional to a multivariate normal density on b, and in particular we have that
((b;z,Y,V) < Ny (b;b, S), (23)

where N, (0; p, ¥2) denotes the multivariate normal density at @ € R™ with mean p and covariance X.

F.2. Bayesian multivariate simple regression with a normal prior
In the following proposition, we apply the above results for the multivariate simple regression to a
Bayesian multivariate simple regression model with a normal prior.

PROPOSITION 2 (BAYESIAN MULTIVARIATE SIMPLE REGRESSION WITH A NORMAL PRIOR). Consider
the multivariate simple regression model (18) with a multivariate normal prior on the regression coef-
ficients,

b | Sy~ N;(0,50), (24)
where So € S, is a (possibly singular) covariance matriz. The posterior of b is
b|x,Y,V,S)~ N, (b, S1), (25)
where
by :=bi(z,Y,V,S)) =S5 S'b (26)
S = Si(x,Y,V,8) = (Sgt+ 8~ 1)L (27)

The Bayes Factor (BF) comparing this model against the null model (b = 0), which is defined as
the ratio of the two likelihoods,

p(Y |2,V So)
BF(x,Y,V,Sy) =
@Y. V. 50) = (¥ Teb=0,v)
[ U, Y, V) p(b | So) db .
B p(Y|$,b:0,V) ’
works out to
BF(z,Y,V,Sy) = ﬂexp{lﬁg_lslg_li)} (29)
; ) ) |S,0 + S|1/2 2
|S|M/2 1,7 g1
= —————exp{5b]S; b} 30
51 5 PlISToy (30)
The same BF can also be equivalently expressed as a ratio of two multivariate normal densities,
N,(b;0,S,+ S
BF(z,Y,V,S;) = ( 0+ S) (31)

N,(b;0,8)

F3. Multivariate simple regression with an intercept

Now we extend the multivariate simple regression model (18) to include an intercept. We show that
including the intercept in the model is equivalent to “centering” x and the columns of Y so that
they all have means of zero. This equivalence can be understood from two different perspectives:
from a point-estimation perspective, centering « and the columns of Y is equivalent to computing a
maximume-likelihood estimate of the intercept; from a Bayesian averaging point-of-view, it is equivalent
to integrating out the intercept with respect to an (improper) uniform prior (see also George and
McCulloch 17). These results are summarized in Proposition 3.

The multivariate simple regression model with an intercept is

Y ~ MNpy,(1pT + b7, I, V), (32)
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in which 1 is a vector of ones of length n, and g € R” is the (unknown) intercept. The likelihood of
o, b under this model is

Up,b;2, Y, V) :=p(Y | z,u,b, V)
= 20V |2 exp{—Ltr[V Y — 1uT — 2bT)T(Y — 1uT — xbT)]}. (33)
PROPOSITION 3 (MULTIVARIATE SIMPLE REGRESSION WITH AN INTERCEPT). Consider the multi-

variate simple regression (32). The least-squares estimate of p—which is also the value of p mazimizing
the likelihood ¢(p, by x, Y, V')—and its covariance matriz are

A~

o
S, :

(z,Y,V,b) =g — ib (34)

1
=8,(z,Y,V,b) =1V, (35)
i which T = %mTl = %Z?:l x; s the sample mean of x, and y = %YTl s the vector containing the
column means of Y .

The profile likelihood for b is

F(b;x,Y, V) := max{(u,b;x,Y,V)
M

= U(b;2,Y,V), (36)

in which & == x — 71 and Y := Y — 14T are the centered = and Y. In other words, the profile
likelihood for the multivariate simple regression with an intercept is the same as the likelihood for the
multivariate simple regression without an intercept if we first center  and Y . Centering  and Y is
therefore equivalent to including an intercept in the multivariate regression and estimating the intercept
by mazimum-likelihood.

Neat, consider Bayesian calculations for p with a multivariate normal prior, p | So, ~ Ny(0, Sou),
in which So, € ST is a (possibly singular) covariance matriz. The posterior for p conditioned on b is

K | maY7VaSOM>bNNr(M1aslu)7 (37)

where
M1 = [.Ll(CC, Y) Vu SO,!H b) = Slﬂslzlll (38)
Sy = S1u(@, Y, V, S0, b) = (S, + S, (39)

The marginal likelihood obtained by averaging over the intercept is

C(b;2,Y,V,Sou) = [, b;2,Y,V)p(p| Sou) dpe
2RV 2185 SV exp LT ST — SV LY — b)Y — b)),
(40)
In the special case of an (improper) uniform prior on p, defined as p ~ N(0, So,) with SO_M1 — 0,

the posterior mean reduces to the least-squares estimate p1 = f, and Si, = S’W and the marginal
likelihood simplifies to

(b, Y, V, Sou) = 20V |28y, SV exp {$7S, o — §tr [V (Y — abT)T(Y — xbT)] }
= |So, Sul'? x U(b; &, Y, V). (41)

In other words, the marginal likelihood for multivariate regression with an intercept when we use an
improper uniform prior for the intercept is the same (up to a constant of proportionality) as the
likelihood for multivariate regression without an intercept when we first center x and Y .

A proof of Proposition 3 is given in Sec. J.
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F4. Bayesian multivariate simple regression with a mixture prior
Here we extend the Bayesian multivariate simple regression with a normal prior to the multivariate
simple regression with a mixture-of-normals prior,

K
bl S,wo~ Y worNe(0,S0), (42)

k=1
in which % = {So1,...,S0,x}, each Sy € S is a (possibly singular) covariance matrix, for k =
1,..., K, and the mixture weights wo = (wo 1,...,wo x) are non-negative and sum to 1. The normal

prior is a special case of (42) when K = 1.
To facilitate derivation of the posterior computations, we introduce the following data augmentation
that recovers (42) after averaging, or integrating, over the latent variable :

p(y =k | wo) = wo

43
b‘y077:kNNT(O7SO,k)' ( )

This augmented model allows us to conveniently reuse the posterior computations for the simpler
models; in particular, posterior computations conditioned on v reduce to computations for the Bayesian
multivariate regression model with a normal prior, as we show in the proposition below.

PROPOSITION 4. Given wy and .7, the Bayes factor comparing this model against the null model
(b=0) is
p(Y | €, V7y07w0)
p(Y |z,b=0,V)
_ > ke w0k No (B 0, So i + S)

BF™™(z,Y,V, %, wy) =

- . . (44)
N;(b;0,S)
The posterior mean and covariance of b are

b = BT (2, Y, V, S, wp) = Sp, w1 kb k (45)
S{nix = Sinix(mv Y,V, A, ’wo) = Zf:l wl,k(blykb.lr,k + Sl,k) - b?ix(bTix)Ta (46)

in which the posterior assignment probabilities wy , :=p(y =k | 2, Y,V ,. %, wo) are given by

woBF (2, Y,V So

ka 0 ( 0, ) (47)

a 25:1 wo,k’BF($7 Y7 V7 SO,k’) '

Here we use by, and Sy 1 to denote the posterior mean and covariance of b given v = k; they are given
by (26) and (27), respectively, replacing So with So .

G. Derivation of mr.mash variational algorithms with fully observed Y

To develop the mr.mash algorithm, we formulate an optimization problem, then we design an iterative
procedure for solving the optimization problem. Here we assume that Y is fully observed; in Sec. H
we extend these methods to allow for missing values in Y. For convenience, we restate the mr.mash
model for fully observed Y:
Y ~MN,«.(XB,I,,V)
iid. . (48)
b ~g,forj=1,...,p,
where Y is an n X r matrix containing n observations of r outcomes, X is an n X p matrix containing
n observations of p explanatory variables, and E € R™" is a matrix of residuals. The unknowns are
the regression coefficients B € RP*", the residual covariance matrix V' € S’ , and the prior on the
regression coefficients, g. We denote the regression coefficients for the jth explanatory variable by

bj = (blj, ceey brj)T.
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We develop an empirical Bayes method for mr.mash in which the residual covariance V' and prior
g are estimated, and a posterior distribution of B is computed conditioned on the estimates of V' and
g. This is formalized as the following optimization problem:

maximize F(q,g,V;X,Y)

subject to g€ G,qe Q,V €8, (49)

where G is a prespecified set of prior distributions on b, Q is a prespecified set of posterior distributions
for B (possibly the set of all valid posterior distributions on R"), and F'(q,g,V; X,Y) is the “evidence
lower bound” (ELBO), a lower bound to the marginal likelihood [3]:

logp(Y | X,V,g) =log [p(Y | X,V,B) [[_, g(bj) dB
> F(q,9,V; X,Y)
= Egllogp(Y | X, V, B)] = -7 Dxwr(g; (b)) || 9(b;)), (50)

in which Dy, (f () || g(x)) := [ f(x)log{f(x)/g(x)} dx is the Kullback-Leibler (K-L) divergence mea-
sure between probablhty dlstrlbutlons f(z) and g(z) on = € R?, and ¢;(b;) is the marginal posterior
probability for b;. When Q is the set of all valid posterior distributions on RP*", the variational dis-
tribution ¢ € Q maximizing the ELBO (50), ¢ := argmax, ¢ g F'(¢,9,V; X,Y), is the true posterior,
§(B) x p(Y | X,V,B)g(B), and the ELBO at ¢, F(4,g,V;X,Y), is equal to the marginal likelihood
logp(Y | X,V,g) (24, 30, 35].

G.1. Estimating V'
To estimate V', we focus on the parts of the ELBO that involve V:

F(q,9,V; X,Y) = Elogp(Y | X,V,B)] + Z E,[log g(bj)] + const, (51)
7j=1
where “const” is a placeholder for additional terms that do not involve g or V. This is the familiar
expected complete log-likelihood that appears in derivations of EM algorithms [30], the one difference
being that the expectations are computed with respect to ¢(B) instead of the exact posterior, p(B |
XY, V,g)xp(Y | X,V)g(B).
Expanding (51), we have

F(q,9,V;X,Y) = —2log|2nV| — 2tr(V'ERSS) + const, (52)

where ERSS € R"*" is the expected residual sum of squares, and the “const” in this expression includes
additional terms in the ELBO that to not involve V. Therefore, the setting of the residual covariance
that maximizes the ELBO (with all other quantities fixed) is

V = argmaxy F(q,9,V; X,Y) = ERSS/n. (53)
The expected residual sum of squares (ERSS) is
ERSS = E,[R"R], (54)

where R =Y — X B is the n X r matrix of residuals, and expectations are taken with respect to q(B).
After expanding and rearranging terms, the ERSS works out to

p p
ERSS = RTR+ ) Y ala;Cov,(b),b;) (55)
i=1j=1

where R := E,[Y — XB] =Y — XB is the posterior mean residual matrix with respect to g(B),
B := E,[B] is the posterior mean of the coefficients B with respect to q(B), x; = (z1j,...,2n;j)T
denotes the jth column of X, and Cov,(bj,bj:) € R™" is the covariance between b; and b;/, again
taken with respect to ¢(B). Notice that these expressions do not make any special assumptions about
the form of ¢(B), and so they are valid for any ¢(B).

The solution (53) can be viewed as an M-step update in an EM algorithm for maximum-likelihood
estimation of V' in which expectations (computed in the E-step) are computed approximately [2, 3].
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G.2. Computing approximate posteriors for B

In this section, we derive posterior computations for B with the assumption that the prior, g, is a
mixture of multivariate normals (42), and with the assumption that ¢ factorizes over the variables j.
This is summarized by the following proposition.

PROPOSITION 5. Suppose that the prior on the regression coefficients, g, is a mixture of multivariate
normals (42). Further, we restrict Q to be the set of posterior distributions on B that factorize over
the variables j, or equivalently over the columns of B,

9(B) =[] 4;())- (56)
j=1

Defined in this way, each factor q;(b;) is also a marginal posterior. Define a function, BMSR-mix,
that returns the posterior distribution of b under the Bayesian multivariate regression model with a
mixture-of-normals prior (see Sec. F.}). Since the posterior distribution is uniquely determined by the
posterior assignment probabilities wy i, the posterior means by, and the covariances S 1, we write this

as
BMSR—mix(:c, Y, V, 5’0, wo) = (wl,l, ceey wLK, b1’1, ey bl,K7 51’1, ey Sl,K)- (57)

Then the update for q;(b;)—that is, the q;(b;) that mazimizes the ELBO (50) while g,V and the other
factors qji(bj:), j' # j are fited—has a closed-form solution:

gj = argmax,, F(q,9,V;X,Y)
= BMSR—miX(aZ]‘, Rj, V; yo, w()), (58)

in which we define R; :== E,[Y — Do bl =Y =50 a:j/l_);/ as the n X r matriz of residuals
that ignore the jth variable.

COROLLARY 1. A direct corollary of Proposition 5 is that the optimal q(B) restricted according to
(56) is a product of factors in which the individual factors are miztures of multivariate normals, which
we write as

K
gj(bj) = > w) N (b;;67), 8Y)). (59)
k=1

In summary, we have imposed a conditional independence assumption (56) on the posterior of
B, namely that b; is independent of the other coefficients. Imposing this conditional independence
assumption naturally leads to a coordinatewise updating procedure in which g;(b;) is optimized while
the remaining coordinates ¢;/(b;), j' # j, are fixed, and each of the coordinatewise updates has a
simple, closed-form solution (58). A corollary is that the optimal g;(b;) over all possible posterior
distributions on b; is a mixture of multivariate normals.

The proof of Proposition 5 is sketched in the next two subsections.

G.2.1. Special case of p =1

We have already established that posterior computations are tractable for the special case of one
variable when ¢ is a mixture-of-normals prior; this is Bayesian multivariate simple regression with a
mixture-of-normals prior, and the posterior quantities were derived in Sec. F.4. In particular, for

K
g(b) = worN:(0, Sop), (60)
k=1
the posterior distribution of b is
K
pb @, Y, V,g) = wipNe(brg, S1k). (61)

k=1
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The ELBO for the mr.mash model with p = 1 variable (dropping the unneeded j subscripts) is

FP=U(q,9,Vi2,Y) = Elogp(Y |z, V,b)] — Dkr.(q(b) || (b))
~Zlog |27V | — Ltr(V'ERSS) — Dir(q(b) || g(b)), (62)

where

ERSS = E,[(Y — 2b™)T(Y — xbT)]
= (Y —ab")T(Y — abT) + xTaVar,[b], (63)

and where b := E,[b] = b"™ is the posterior mean of the coefficients b with respect to the distribution
q(b) [see eq. 45], and Var,[b] = ST is the covariance of b, again with respect to q(b) [see eq. 46].

When @ is the set of all valid posterior distributions on R", the variational distribution ¢ € Q
maximizing the ELBO (62), ¢ := argmax, F(pzl)(q,g,V;w,Y), is the true posterior, ¢(b) = p(b |
x,Y,V,g). At g, the ELBO (62) is equal to the marginal log-likelihood; that is, F®=1 (g, ¢, V;2,Y) =
logp(Y | z,V,g).

G.2.2. Updating q;(b;)
To allow for posterior computations that are tractable, we restricted Q to the set of posterior distri-
butions that factorize over the variables j; see eq. 56. With this approximation, we can now divide
and conquer; we consider the problem of finding a ¢;(b;) that maximizes the ELBO (50) while the
remaining factors are fixed.

Expanding only the terms involving ¢;, the ELBO reduces to

F(q,9,V;X,Y) = —%log|2nV| — 3tr(V 'ERSS) — Dxw(q;(b;) || 9(bj)) + const
= —flog[27V| — 3t [V (Y — Z?:l x;b])T(Y — Z?:l x;b])]

— gaja;tr(V " Varg[b;]) — Dkr.(g;(bs) || 9(bj)) + const

— F(le)(qj’ 9, V;zj, Rj) + const. (64)

where the “const” in each expression includes additional terms not involving g;. The covariance terms
Covy(bj, bj) for all j # j' disappear from the ERSS because they are zero by assumption (56), and
note that Covgy(bj,b;) = Vary(b;). In summary, the ELBO can be rearranged to exactly match the
expression for the single-variable ELBO (62) if we ignore terms not involving g;.

G.3. Computing the ELBO
While computing the mr.mash ELBO (50) is not required, it is useful for monitoring progress of the
model fitting, and for model comparison (e.g., comparing different mr.mash model fits). Here we
explain how we compute the ELBO.

Expanding terms in (50), we have

F(q,9,V;X,Y) = —§log 2nV| — 5tr(V'ERSS) — 320_; Dxr(g;(b;) || 9(by)), (65)
where the ERSS, starting from (55), simplifies to
.
ERSS = RTR+ Y _ alx;Vary[b,]. (66)
j=1

Recall, Cov,(bj,bj) = 0 for all j # j/ when assuming the factorization (56). The means b; and
variances Varg[b;| appearing in the ERSS are easily computed; see Sec. G.2.

The remaining terms in the ELBO (65) to work out are the KL-divergences. We show next that it
is most convenient to compute each KL-divergence Dkr,(g;(b;) || 9(b;)) when ¢(b;) is updated.
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G.3.1. Kullback-Leibler divergence for special case of p =1
Starting from (62), the KL-divergence for the mr.mash model with one variable is

D (g(b) [| 9(b)) = Eqllogp(Y |z, V,b)] - F*=Y(q,9,V;,Y)
= —%log|2n V]| — %tr(V‘lERSS) — F=D(q, g, V;2,Y), (67)

in which the ERSS for the single-variant mr.mash model is given in (63). Recall, the optimal variational
distribution is equal to the true posterior, §(b) = p(b| ,Y,V,g), and when the optimal variational
distribution is obtained, the ELBO is equal to the marginal log-likelihood. Therefore, we have

Dk (q(b) || (b)) = =5 log |27 V| — 5tr(V 'ERSS) — log p(Y | 2,b,V, g)
= —Zlog|2nV| — Ltr(VIERSS)
—log BF™ (2, Y,V ,. %, wg) — logp(Y | ,b=0,V)
= —1tr[V-HERSS - YTY)] — log BF™™ (2, Y, V, %, wy), (68)

where the the Bayes factor is given in (44). Finally, to arrive at the desired KL-divergences in (67),
Dx1,(Gj(bj) || g(bj)), we set @ to x;, and substitute R; for Y in (68).

G.4. Estimating g

If we assume that the prior covariances are Sy are known, or have been previously estimated using
some other statistical procedure, estimating the mixture-of-normals prior g reduces to estimating the
mixture weights wy. Fitting the mixture weights by directly optimizing the ELBO (50) is not practical
because it involves (intractable) expectations of sums inside logarithms, Eq[log g(b;)]. Therefore, to
derive a practical approach, we use an augmented mr.mash model that is equivalent to the original
mr.mash model after integrating, or averaging, over the newly introduced variables. We then optimize
the ELBO for this augmented model. Although this approach is optimizing a different objective, the
updates for V' and ¢(B) would remain unchanged if we derived them from the augmented model, so
we can interpret the above updates as also optimizing the ELBO for the augmented model.

The augmented mr.mash model is

Y ~ MNan(XB, I,, V)
p(bj | vj = k) ~ N.(0,So ) (69)
p(v; = k) = wo,

where we have introduced latent indicator variables v = {v1,...,%}, v; € {1,..., K}. Integrating
over -y recovers the original mr.mash model (48).
The ELBO for the augmented model is

F(3,9,V;X,Y) = Egllogp(Y | X,V,B)] = Y5_; Dxw(q;(bj,75) | (b5, 7)), (70)

in which ¢(B,~y) is an approximate posterior distribution on B, +y, and §;(b;,;) is the (approximate)
marginal posterior for b;,v;. As before, we restrict ¢(B,«) to distributions that factorize over the
variables j:

a(B,v) = [ 1 @) (71)
j=1

To derive an update for the mixture weights wg in the mixture-of-normals prior g, we note that g
only appears in the KL-divergence terms in (70). Expanding only the parts of the ELBO that involve
wy, we have

F(cj,g, V;X)Y)= Z§:1 Eg [log p(7; | wo)] + const,

K .
= D=1 2 k=1 ngl)c log w (72)
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where w%j ,)C is defined in (59), and “const” is a placeholder for additional terms that do not involve wy.
Therefore, the setting of the mixture weights that maximizes the ELBO (70), with all other quantities
fixed, is

Wo 1= argmax,,, F((j, 9, V; X,Y) = (wo1,...,00,K), (73)
where g = % ?:1 ng ,)C Similar to the update for V', we can view (73) as an exact M-step with an
approximate E-step.

H. Derivation of mr.mash variational algorithms with missing data

Here we treat the case in which one or more entries of Y are missing. Our approach involves treating
the missing entries, Yiiss, as random variables, and modeling them using the mr.mash model, then
formulating a variational approximation with the assumption that Y is independent of B. One dif-
ference compared to the fully observed case is that we explicitly include an intercept in the multivariate
regression, and treat it as a free parameter to be estimated (by maximizing the ELBO).

The mr.mash model with an intercept is

Y ~ MNnxr(lnbg + XB,In, V) ( )
. 74
b; i g, forj=1,....p,

in which by € R" is the intercept.
Next, taking a variational inference approach, we compute an approximate posterior ¢(Ypiss, B),
making the following conditional independence assumption:

Q<Ym1557 B) = Q(Ymiss) Q(B)a (75)

and the approximate posterior for B factorizes as before (see eq. 9).
Importantly, as we will see, with this conditional independence assumption we can reuse the com-
putations from the fully-observed case. The ELBO with missing data is

Fmiss(‘]a g, V7 bO; X, 1jobs) = Eq[logp(Y | Xa V, bOa B)] - Eq[log Q(Ymiss)]

=3 Drala;(b;) 1 9(8y)), (76)
j=1

where Y, denotes the observed responses.

In the expressions below, we use Y to denote the “imputed” Y in which missing entries are replaced
by their approximate posterior means Eq[Ypniss|, and observed entries are copied over from Ygps. And
Y denotes the combination of the observed and missing values, in which the missing values are treated
as random variables.

H.1. Estimating by
First, we focus on the parts of the ELBO (76) that involve by. We have,

Fmiss(Qa 9, V7 bO; Xa }/:)bs) = _%bgv_lbo - %(my - Bme)V_lbO + const, (77)
in which m, = XT71,/n is the vector of length p containing the column means of X, m, = YT1/n
is the vector of length r containing the column means of Y, and the “const” includes the additional

terms in the ELBO that do not involve by. The maximizer is therefore at

by = m, — BTm,. (78)
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H.2.  Computing approximate posteriors for B
Using (78), one can show that the following identity holds:

max Fiss(¢ 9, V', bo; X, Yobs) = F(g,9, V; X,Y) + const, (79)

in which X = X — 1,m] is the column-centered data matrix, Y =Y - 1nm; is the column-centered
imputed response matrix, and the “const” includes terms that do not involve B, V or the prior, g.
Therefore, the problem of optimizing ¢(B) (as well as estimating V', wy), with ¢(Ymiss) kept fixed,
reduces to the problem of fitting a mr.mash model in the fully-observed setting, in which X is replaced
with the column-centered matrix X, and Y is replaced with the “imputed” matrix Y that has also
been column-centered. So we can reuse the computations for the fully-observed case to implement
model fitting for the missing-data case.

H.3. Computing approximate posteriors for Yyss

Let miss(i) C {1,...,7} be the subset of dimensions that have missing values in the ith row of Y,
and let the remaining (observed) dimensions be denoted by obs(i). Fixing ¢(B) and the parameters
of the mr.mash model, it can be shown that the approximate posterior for the ith row of Y, that
maximizes the ELBO,

4(yij) = argmax,, ) Fmiss(¢,9, V', bo; X, Yons), (80)

in which j = miss(7), is multivariate normal with mean and covariance
Elyij] = 9ij — A Ay (Yig — 9ij) (81)
Varly; ;| = Aj_jl, (82)

such that j' = obs(i), A := V!, and 9; denotes the fitted values in the ith row,

y; = by + BT:EZ‘. (83)

H.4. Computing the ELBO
We can also reuse the expressions for the ELBO in the fully-observed case to compute the ELBO for
the missing-data case. Assuming by satisfies (78), the missing-data ELBO (76) can be rewritten as

- 1 & ~ B ~
Frniss(4,9, V', b0; X, Yobs) = Flq, ¢V, X, Y) — o > EBql(yi — )TV (i — )] — Eqllog ¢(Yamiss)],
=1
(84)

in which y; is the ith row of Y and ; is the ith row of Y.

. Implementation notes

Although BMSR-mix outputs all the statistics needed to fully reconstruct the posterior distribution,
in practice we do not need to keep track of all these statistics. In particular, if both g and V are not
estimated, we only need to keep track of the marginal posterior means (45). For updating V', we also
need to keep track of the marginal posterior variances (46). If the mixture weights in the prior g are
also updated, we also need to keep track of the posterior assignment probabilities ngl)g (or sums of
these probabilities).

The posterior computations described above are repeated many, many times, so performing these
computations efficiently is key to an efficient algorithm for fitting mr.mash models. Our general ap-
proach is to avoid unnecessarily computation of all inverses, (Cholesky) factorizations or determinants
of r X r matrices that are used to compute the key posterior quantities and the ELBOs by precom-
puting these quantities when possible. (One has to be careful to update these precomputed quantities
whenever the relevant model parameters are also updated.)
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The special case in which X is standardized so that all the columns have unit variance, there are
many computations that can be reused. For example, in this special case the posterior covariance
from the Bayesian multivariate simple regression with a normal prior (Sec. F.4) is the same for all the
variables j = 1,2,...,p, and therefore posterior covariances for all the mixture components can be
precomputed and reused.

Even when X is not standardized, posterior computations can still be sped up by precomputing
Cholesky factorizations and eigendecompositions of quantities involving V' and Sy .

J. Proof of Proposition 3

We first show the proof from the maximum-likelihood estimation perspective. We treat p as a free
parameter to be optimized. The log-likelihood for @ and b is

log l(p, by, Y, V) = —3tr[V"HY — 1puT — 2bT)T(Y — 1puT — bT)] + const,

in which the “const” includes additional terms that do not involve p or b. Differentiating with respect
to w, setting the partial derivatives to zero, and solving for p yields

Vil =Voiy —ab)

and so

The profile likelihood for b is therefore

(b;x,Y, V) := max{(u,b;x,Y,V)
n

= 20V exp{—1tr[V-HY — 14T — 2bT)T(Y — 14T — xbT)]}
= 27V |2 exp{—§tr [V (Y = 197) — (@ — 21)bT)T((Y — 1g7) — (@ — 21)b7)]}
=U(b;&,Y,V).

The conditional posterior for g given b is

p(p | 2, Y, V, S, b) oc exp{—3(n —n(Sy, +nV )V (g —zb)T(Sy, +nV 1)
x (b —n(Sp, +nVH)TIVTH(g —ab))},
which is the multivariate normal density with mean
n(Sg, +nV )Wy —zb) = 81,8, o = p,
and covariance
(Sg, +nV T =(S, + 8,7 = S
The marginal likelihood for b is
C(bi@, Y, V,S0,) = [l by, Y, V) plu | So,) dps

= [ 2780, Y227V | /2
x exp{—3tr[V"HY — abT — 1uT)T(Y —xbT — 1uT) + S’auluuT]}dbo.
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Expanding terms, we get

(b, Y, V,Sou)

= 2780, |7 V22aV |72 [ exp{—itr[(nV ! + So_lj)u/ﬂ — 2V HY —abT)T1puT
+ VY —2b")T(Y —xbT)]} du
= 2780, |7 V227V |72 [exp{—Ltr[(nV ! + So_ul)(u —nnV—1+ So_l)_lV_l(_ —zb))
X (u—nnV 1+ So_ )V Tl(g — zb)T
—nV (g —zb) (g — 2b)TnV 1 (nV ! + SOu )1
+ V(Y —ab")T(Y —xbT)]} du
= |Sou| 220V |72V 4 S, T2 exp{—$tr[VTHY — @bT)T(Y — xbT)
—nV g —zb)(g - zb) ™V ' (V' 4+ 5,17}
= \27rV|_"/2|.S'0_“151#|1/2 exp{ﬁuISfM p1— 2r[VH (Y — 2bT)T(Y — b))

When So_ul — 0, the marginal likelihood simplifies to

E*(bv T, Y» Va SO/L)

= 20V |"/2|S;, ) Syl P exp{—1tr [VH(Y — &bT)T(Y — xbT) — nV~l(y — zb)(g — zb)T]}
= 20V 72|85, Syl exp{—3tr [VHY — 1gT — (x — 21)bT)T(Y — 1gT — (z — z1)bT)]}
= |8, Sult? x £(b; &, Y, V).

The marginal likelihood for b in the model with an intercept is therefore proportional to the likelihood
for the model without an intercept (eq. 19) when Y and « are column-centered.
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