
THE UNIVERSITY OF CHICAGO

INFRARED CARRIER DYNAMICS IN MERCURY CHALCOGENIDE QUANTUM DOTS:

FROM FUNDAMENTAL SPECTROSCOPY TO NEXT-GENERATION OPTOELECTRONICS

A DISSERTATION SUBMITTED TO

THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES

IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF CHEMISTRY

BY

CHRISTOPHER MELNYCHUK

CHICAGO, ILLINOIS

DECEMBER 2022



Copyright© 2022 by Christopher Melnychuk

All Rights Reserved



To my family.



“Understand the physics, write down the correct equations, then let Nature do the calculations!”

-Peter Debye, as told by Richard Bersohn
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ABSTRACT

The mercury chalcogenide quantum dots are an emerging class of infrared nanomaterial being

developed as next-generation infrared photodetectors and light sources. Although considerable

progress has been made on the development of near- and mid-infrared detectors and light sources

based on these systems, the basic material photophysics remains relatively unexplored. In this the-

sis, I describe time-resolved spectroscopy investigations of HgTe and HgSe quantum dots in the

near- and mid-infrared. Transient absorption measurements on HgTe show that biexciton Auger

recombination is much slower than in bulk materials of similar gaps, and comparable to that in

quantum dots with gaps an order of magnitude larger. This suggests that the Auger mechanism is

modified in quantum dots compared to bulk semiconductors, and possibly scattering-assisted. Us-

ing a simple detailed-balance model of thermal carrier generation and recombination in an HgTe

quantum dot solid, I then show how the slow Auger recombination leads to thermodynamic de-

tector performance limits which exceed those of commercial devices by an order of magnitude.

In HgSe, transient photoluminescence upconversion measurements show near-total Auger sup-

pression in mid-infrared n-type particles and typical quantum dot Auger behavior in near-infrared

intrinsic particles. Auger suppression is a fundamental benefit for mid-infrared photodetection and

lasing, and this phenomenon is ascribed to the different densities of states in the two situations.

In the single-exciton regime, spectrally-resolved photoluminescence dynamics reveal conduction

fine structure and direct phonon-mediated intersublevel relaxation at early times. The mid-infrared

nonradiative relaxation at longer times is investigated through quantum yield and lifetime mea-

surements on n-type HgSe and HgSe/CdS core/shell structures. Modeling indicates that near-field

energy transfer to infrared-absorbing species remains the dominant nonradiative pathway out to

the regime of several nanoseconds, and the ∼2% quantum yields measured in thick-shell n-type

HgSe/CdS are the largest reported to date in mid-infrared colloidal nanomaterials. This thesis

highlights several unique aspects of carrier dynamics in small-gap quantum dots, and it fundamen-

tally justifies continued work on devices made from these materials.
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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

Quantum dots are a class of semiconductor nanomaterial in which all dimensions exist at the length

scale of roughly ten nanomaters (ten billionths of a meter) or less. In this special regime where

quantum confinement effects become particularly pronounced, quantum dots exhibit electrical and

optical properties which are seldom observed in nature [1, 2, 3, 4, 5]. This can have significant

consequences for the operating characteristics of optoelectronic devices which are made from these

materials. Quantum dots are prepared by simple solution chemistries to form ink-like colloidal

suspensions, enabling simple fabrication of conventional devices and the creation of new devices

which are difficult or impossible to realize with traditional “hard” materials [6]. The colloidal

nature also facilitates direct tuning of electrical and optical properties through chemistry [2]. This

unique set of characteristics opens up the potential for quantum dots to bring about impactful

advances to a variety of emerging and everyday technologies.

The infrared, depicted in Figure 1.1, holds particular promise for technological disruption from

quantum dots because incumbent technologies remain especially expensive despite decades of re-

search [7]. Infrared technology is economically dominated by bulk semiconductor photon detectors

based on single crystals of InGaAs, InSb, InAsSb, and HgCdTe [7, 8, 9]. Growth of these crystals

is difficult and time-intensive, and detectors are created by interfacing the crystals to silicon read-

out electronics using the delicate process of “flip bonding.” Infrared detectors also operate best

when cooled, and the overall situation creates bulky, costly devices. The gold standard beyond

3 µm is the HgCdTe photovoltaic. This mature technology offers fast, sensitive detection at the

fundamental limits imposed by the HgCdTe band structure [10, 11]. The most developed SWIR

material is InGaAs, operating out to 2.6 µm. InGaAs detectors do not reach fundamental material

limits, however, and their performance drops substantially beyond 1.7 µm due to imperfect lattice
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Figure 1.1: Summary of the infrared spectrum and practical applications. (a) Transmission
spectrum of Earth’s atmosphere with the short-wave infrared (SWIR), mid-wave or mid-infrared
(MWIR), and long-wave infrared (LWIR) bands denoted; (b) visible (left) and LWIR (right) image
of the author’s advisor inside a trash bag; (c) visible (left) and MWIR (right) images of a busy
traffic intersection at night; (d) visible and SWIR images of bruised fruit and a detergent bottle;
(e) visible (left) and SWIR (right) images of the Golden Gate Bridge in fog. Images courtesy of
Teledyne Judson (c) and SWIR Vision Systems (d, e).

matching with InP substrates. Infrared light sources face many of the same challenges as infrared

detectors. They are dominated by quantum well lasers, LEDs and thermal blackbody emitters

offering even more severe performance-cost tradeoffs than infrared detectors [12, 13, 14, 15]. Be-

yond the traditional focus on military and astronomy applications, there is increasing interest in

commercial infrared applications such as automated product sorting and evaluation, safe and au-

tonomous driving technologies, and medical diagnostics [7, 16, 17, 18, 19]. Excessive costs have

inhibited this widespread adoption, motivating the development of new and inexpensive infrared
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materials.

Mercury chalcogenide quantum dots have received growing attention over the past decade for

their potential as next-generation infrared detectors [20, 21, 22, 23, 24] and light sources [25, 26],

and the performances of SWIR and MWIR HgTe photovoltaic detectors are approaching those of

commercial devices [27, 28]. Quantum confinement allows complete spectral tunability, and the

solution-processable nature leads to simplified device fabrication. Solution-processing has also

been exploited to demonstrate fundamentally new device designs and functionalities [28, 29, 30,

31, 32]. This offers the enticing possibility of superior device performances at greatly reduced

costs.

Although there has been considerable applied work on mercury chalcogenide devices, there

have been relatively few fundamental investigations of the material photophysical properties. Yet,

these are the very characteristics which set the upper limits on achievable device performances

[33, 34]. The ultimate competitive viability of infrared detectors and light sources made from

these materials can therefore be addressed via basic spectroscopic investigations.

In tandem, mercury chalcogenide quantum dots present a unique platform for the more gen-

eral study of electronic structure and carrier dynamics in confined semiconductors. The small

infrared energy gaps enable facile doping and steady-state study of features traditionally associ-

ated with excited states, and they minimize spectroscopic artifacts associated with high-energy

charges. General perceptions of quantum dot behavior have been overwhelmingly shaped by the

study of large-gap quantum dots such as CdSe and PbS, and the degree to which “prototypical”

quantum dot behaviors generalize at lower energies is not known. From a different perspective, the

infrared presents the special situation of electronic transitions which lie in the same energy range

as molecular vibrations. This enables the direct study photophysical mechanisms which are harder

to access in conventional systems.

This thesis describes some of the first time-resolved spectroscopic studies of single and multi-

carrier lifetimes in HgTe and HgSe quantum dots, and discusses their implications for fundamental
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device performance limits. The following sections introduce quantum dots and the mercury chalco-

genides, followed by an overview of infrared nonradiative processes. We then connect nonradiative

processes to the operating limitations of quantum dot devices, and the chapter concludes with an

outline of the subsequent chapters.

1.2 An Introduction to Mercury Chalcogenide Quantum Dots

Quantum dots occur when electrons, holes, or electron-hole pairs are confined in all three dimen-

sions to length scales on the order of their natural quantum-mechanical size. In this regime the

charges display well-defined orbital angular momenta and their energy spectra become discrete,

hence the common description of quantum dots as “artificial atoms.” Quantum dots are most com-

monly realized as small semiconductor crystals with surface ligands that impart colloidal stability

and passivate undercoordinated surface atoms. These structures are usually made through con-

trolled nucleation and growth in a supersaturated solution of chemical precursors [2]. Known

as colloidal or nanocrystal quantum dots, they constitute the sole focus of this thesis. Quantum

dots may also be realized as small regions of narrow-gap semiconductor epitaxially embedded in

or grown upon semiconductor with a wider gap. These are known as epitaxial or surface-grown

quantum dots. A simple description of quantum dot physics is given in the following paragraphs,

followed by an overview of the mercury chalcogenides. A more detailed treatment of quantum

dots with additional general references may be found in Appendix A.

A good intuition for the physics of quantum dots comes from the introductory quantum me-

chanics problem of a particle in a box. When a particle of mass m is confined to an infinitely-deep

potential energy well (a “box”) of length L, the particle cannot possess any kinetic energy value,

as it can when unconfined. The energy instead takes on discrete values En = n2π2~2/8mL2 where

~ is the reduced Planck constant and n is any positive integer. The lowest possible kinetic energy

is therefore nonzero, and the particle is always in motion. The inverse dependence of En on L ex-

emplifies the so-called confinement effect i.e. an increasing kinetic energy with decreasing length
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Figure 1.2: Illustration of the generic relationship between bulk semiconductor bands and quan-
tum dot single-particle energy levels for parabolic bulk dispersion. The quantum dot states are
labeled as nL where n is the principal quantum number and L gives the orbital angular momentum
following the atomic naming convention. e and h subscripts denote electron and hole levels.

scale. This feature is characteristic of all quantum systems as a manifestation of the Heisenberg

relation ∆p∆q ≥ ~/2 relating the momentum standard deviation ∆p to the position standard devia-

tion ∆q. Indeed, taking ∆q = L with a kinetic energy (∆p)2/2m, by simple substitution we obtain

an energy uncertainty ~2/8mL2 displaying all the general features outlined above.

The defining property of a bulk semiconductor is the presence of an energy gap between a

continuum of filled states, called the valence band, and a continuum of empty states, called the

conduction band. In the parabolic band approximation, single-particle energies take the form E =

~2k2/2m∗ where m∗ is the effective mass and k is the wavevector [35]. Parabolic conduction and

valence bands are shown on the left side of Figure 1.2. For a particle in a three-dimensional

spherical “box,” k takes on discrete values which depend on the sphere radius R and the first few

values are shown on the k axis. The resulting energy levels are shown on the right.

Promotion of an electron from the valence to the conduction band, for example by photon

absorption, creates a positively-charged hole in the valence band. The electron-hole pair is the

fundamental excitation in semiconductors and is called an exciton when in a bound state. Al-
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though excitons in bulk semiconductors only persist when the electron-hole Coulomb attraction

exceeds the thermal energy, the physical boundaries of the nanocrystal force the charges into spa-

tial proximity, and quantum dot excitons can always exist in the absence of trapping. The Coulomb

interaction is usually weak compared to the confinement energy so quantum dot excitons can often

be approximated as quasi-independent electrons and holes. A significant exception occurs when

quantitative knowledge of the valence states is required, for example in highly accurate calcu-

lations of interband relaxation rates and excitonic level structure. Valence states are usually very

closely spaced, either due to large effective masses or multivalley band character, and this promotes

complex level splitting and mixing.

The mercury chalcogenides are II-VI semiconductors of zincblende crystal structure [36, 37,

38]. HgTe is the most widely studied mercury chalcogenide due to its relation to HgCdTe for

infrared detection applications, and the entire family of compounds has received attention as topo-

logical insulators [39]. Bulk HgTe is a semimetal with an inverted band structure, meaning the

conduction band is p-like and the highest valence band is s-like [36, 38, 40]. Due to the lack of a

bulk gap, the quantum dot gap is tunable throughout the entire infrared, from the SWIR to the THz

regime [41, 42, 43, 44, 45]. The band structure of HgTe is shown in Figure 1.3a and the electronic

structure of HgSe is rather similar. Bulk HgS displays a positive gap of about 0.5 eV (4000 cm−1)

and normal band structure [36, 40].

In the form of quantum dots, all three mercury chalcogenides display well-defined excitonic

structure in absorption [41, 42, 43, 5, 48]. These features are most visible in HgTe due to the larger

particle sizes typically studied, and the smaller relative effect of a typical diameter polydispersity

of ∼ 10%. The interband 1S h − 1S e transition redshifts upon cooling in HgTe and HgSe due to

conduction band flattening, and the stronger effect at larger particle sizes has been attributed to

electron-phonon effects in HgTe [49].

The absolute positions of mercury chalcogenide conduction bands are low relative to the typ-

ical environmental Fermi level, as shown in Figure 1.3e. This leads to natural n-doping in the
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Figure 1.3: Representative data on mercury chalcogenide quantum dots. (a) Band structure of
HgTe at 300 k (solid lines) and 80 K (dashed lines) with 1S h − 1S e absorption labeled at the
indicated particle sizes; (b) Optical absorption spectra of intrinsic HgTe quantum dots; (c) Illustra-
tion of the electrostatic doping model; (d) Optical absorption spectra of intrinsic and n-type HgTe
quantum dots with assigned transitions inset; (e) Absolute band positions of bulk HgTe, HgSe and
HgS relative to a calomel electrode potential (left) and vacuum (right) with the ambient Fermi level
range shown by green bars; (f) Modulation of the intraband and interband absorption in HgSe as a
function of surface Cd2+ coverage. Figures are adapted and reproduced with permission from [46]
(b), [47] (c), [5] (d), [40] (e), [48] (f).

bulk materials, and HgSe, HgS and large HgTe quantum dots. It also enables doping modifica-

tion through surface chemistry [47, 40, 43]. The surface doping effect in mercury chalcogenide

quantum dots is usually viewed through an electrostatic picture wherein surface adsorbates shift

the quantum dot state energies relative to a fixed Fermi level [40, 47, 50, 51]. Positive surface

adsorbates lower the internal potential to promote n-doping, while negative adsorbates produce the

opposite effect, as shown in Figure 1.3c. The optical consequences of this effect are illustrated

in Figure 1.3f for Cd-treated HgSe, showing bleaching of the interband absorption and growth of

the intraband absorption upon increasing Cd2+ surface coverage. The absolute band positions are
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such that HgTe is rather ambipolar, while HgSe and HgS are most stable when intrinsic or n-type.

Very strong n-doping has been observed in HgS quantum dots, leading to metal-like behavior and

surface plasmon resonances [52]. Although these electrostatic effects apply to any quantum dot

system, they have less direct relevance on the optics at wider gaps due to the small electrostatic

potentials which are easily achievable [50]. Systematic n-doping allows the direct study of the

conduction states which would otherwise be accessible only through excited state spectroscopy.

The 1S e − 1Pe intraband absorption in HgTe has received the most attention, and it displays a rich

fine structure derived from spin-orbit coupling and particle shape effects on 1Pe [42, 53, 54]. HgSe

also shows evidence of conduction fine structure, as discussed in Chapter 3.

1.3 Concepts and Theories in Infrared Quantum Dot Photophysics

Photophysics describes the manner in which excitations dissipate energy. This dissipation can oc-

cur by radiation production (luminescence), excitation of the electronic or vibrational environment,

and the initialization of chemical reactions. In most device applications one wishes to maximize

the luminescence efficiency, while environmental excitation is the dominant nonradiative pathway

which must be suppressed. Quantum dots provide an especially rich landscape for photophysical

investigations due to their unique place in the zone between molecules and bulk materials, and

they display behaviors which are characteristic of both regimes. Furthermore, infrared quantum

dots can display phenomena not ordinarily seen at higher energies because electronic and vibra-

tional energies are comparable. Infrared photophysics in quantum dots was traditionally studied

in the context of excited-state 1Pe − 1S e relaxation in neutral systems [55, 56, 57, 58, 59, 60]. In

the mercury chalcogenide quantum dots, however, infrared photophysics is relevant even for the

lowest excited state, either the 1S h − 1S e interband exciton in intrinsic systems or the 1S e − 1Pe

intraband exciton in n-type systems, and it directly affects the gross features of device operation. In

this section we provide an introduction to the general photophysical phenomenology of quantum

dots, with an emphasis on mechanisms which are modified or especially prominent in the infrared.
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1.3.1 Radiative and nonradiative recombination

Central concepts in photophysics are the distinctions between radiative and nonradiative recombi-

nation or relaxation, and the competition between them. This competition is typically quantified

by the radiative quantum yield φwhich gives the probability that an excited electron emits a photon

in terms of the radiative rate γr and the rates γnr of various nonradiative processes:

φ =
γr

γr + γnr1 + γnr2 + ...
(1.1)

In many different optoelectronic applications, the fundamental performance limits are related to

the value of φ, and it is desirable to maximize this quantity.

Radiative recombination in quantum dots can be described as the spontaneous dipole emission

from a two-level electron. The rate γr of this process in cgs units is

γr =
2ω2e2 f

mc3 F2√ε2 (1.2)

where ω is the light angular frequency, c is the vacuum speed of light, e is the electron charge,

m is the free electron mass, f is the oscillator strength, ε2 is the optical dielectric constant of the

environment, and F = 3ε2/(ε1 + 2ε2) is a local field screening factor with ε1 denoting the optical

dielectric constant of the nanoparticle.

The oscillator strength describes the strength of an optical transition between states |i〉 and | j〉

relative to that of a classical electron oscillator at the same frequency as fi j = γri j/3γr,cl where γr,cl

is the classical rate [61, 62, 63]. It obeys a sum rule such that the lowest allowed transition carries

the most oscillator strength, and it is calculable from wavefunctions as described in Appendix A.

Quantum dot wavefunctions are products of Bloch and envelope functions, and f is dominated by

one or the other depending on the optical transition. For interband transitions such as 1S e − 1S h, it

depends solely on the Bloch functions because the transition moment between envelope functions

of the same angular momentum is zero. For intraband transitions such as 1Pe−1S e, it is dominated
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Figure 1.4: Compiled quantum yield data for HgTe quantum dots and organic dyes as a function
of the emission peak energy.

by the envelope functions with a smaller Bloch function contribution associated with the latter’s

k-dependence. Oscillator strengths in near- and mid-infrared mercury chalcogenide quantum dots

cover the approximate range 2 - 10, increasing with increasing particle size and decreasing gap

energy.

Vacuum radiative lifetimes 1/γr for f = 1 increase from 4 ns at 500 nm wavelength (20000

cm−1) and to 400 ns at 5 µm wavelength (2000 cm−1), and the screening situation ε1 > ε2 further

decreases the radiative efficiency in nanoparticle colloidal solutions. This illustrates one difficulty

for achieving large quantum yields at low energies in quantum dots – values of γnr which are

negligible in the visible can become very consequential in the infrared.

As shown in Figure 1.4, a strong decrease of the quantum yield at low energies is a generic

feature of both organic dyes and HgTe quantum dots [46]. The nonradiative mechanism underlying

this behavior is a central question in quantum dot infrared carrier dynamics, and various proposals

for its origin include near-field energy transfer, semiclassical and coherent couplings to phonons,

and highly nonadiabatic dynamics associated with surface anharmonicities. These mechanisms are

discussed below.
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1.3.2 Near-field energy transfer

When an excitation is spatially-close to a resonant ground-state absorber, the absorber can act

as a source of nonradiative relaxation through the mechanism of near-field energy transfer. In

the original formulation, known as Förster Resonance Energy Transfer (FRET), one considers a

donor-acceptor dipole pair separated by some distance R and the rate dU/dt at which the donor

electromagnetic energy is dissipated by the acceptor. This leads to a nonradiative rate (dU/dt)/~ω

that scales as 1/R6 and an absolute magnitude that depends on the acceptor absorption strength

and donor radiative rate. Physically, the 1/R6 scaling arises from the square of the dipole electric

field (itself falling off as 1/R3) via the field energy or squared dipole matrix element.

For quantum dots with energy gaps in the infrared, the most relevant situation is slightly dif-

ferent because the environment is often filled with infrared-absorbing material. This comes from

the molecular vibrations of organic ligands used to passivate the nanoparticle surface, and possi-

bly from solvents or solid matrices. To calculate the analogue of FRET for absorbing ligands on

a nanoparticle surface, one can model the system as a dipole surrounded by a uniform spherical

shell of thickness ∆R at a radial distance R. Classically, the dipole electric field drives charges

in the shell which are described by a damped equation of motion, and the nonradiative rate is

obtained from the energy loss as in standard FRET. In the approximation that the ligand shell is

treated as a uniform medium with dissipation characterized by an imaginary dielectric constant ε′′,

the nonradiative rate is

γnr =
3ε′′c3γr

4ω3n

∫ R+∆R

R

dr
r4 ≈

3ε′′c3γr

4ω3n
×

∆R
R4 (1.3)

where n =
√
ε2 is the environmental refractive index and the second step utilizes the approx-

imation ∆R � R. The 1/R4-dependence here arises from the product of a 1/R6 dipole factor

and an R2 spherical surface area. This mechanism was first presented in [58] and a full classical

derivation may be found in the supporting information of [64]. An essentially identical expres-
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sion was later derived quantum-mechanically [65]. Energy transfer to ligands has been proposed

by several groups dominate nonradiative relaxation in a variety of infrared nanocrystal systems

[46, 64, 66, 67]. One may also consider the similar situation of a nanocrystal in an absorbing ma-

trix. This can be approximated by integrating the above equation across the entire near-field region

∼ λ/n, giving

γnr =
3ε′′c3γr

4ω3n

∫ λ/n

R

dr
r4 ≈

ε′′c3γr

4ω3n
×

1
R3 (1.4)

where λ is the vacuum wavelength and the second step takes λ/n � R.

There are a few important features to note about the near-field mechanism. First, because the

rate is linear in γr, quantum yields which are limited by these processes will be independent of

the radiative rate. This is a generic feature of nonradiative processes involving near-field dipole

coupling and it precludes the use of cavities or other methods that increase φ via γr. Second,

because the coupling occurs through the field, the temperature-dependence of the nonradiative rate

will be limited to the variations of ε′′ and γr. Finally, the polynomial dependence on R indicates

that larger particles with the same optical properties should exhibit slower nonradiative relaxation.

Examples include growing thick type-I shells or comparing intraband and interband lifetimes at

the same energy.

Figure 1.5 shows calculations of the quantum yields and nonradiative lifetimes produced by

these mechanisms using parameters representative of a mid-infrared HgTe quantum dot film. Typ-

ical experimental quantum yields are around 10−3 in the mid-infrared, as shown in Figure 1.4,

and this does not require very large infrared absorption. As qualitative references in terms of the

absorption coefficient α = 2πε′′/nλ, 1 mm of material with α = 1 cm−1 absorbs just 10% of

the optical power, and an absorption coefficient of 0.1 cm−1 is that of standard float glass for 600

nm visible orange light. This illustrates the need for a very infrared-transparent nanoparticle en-

vironment. Essentially all existing quantum dot synthetic protocols and post-synthetic processing

schemes were optimized on visible-gap systems where residual infrared absorption is irrelevant,

and this presents a unique challenge in infrared quantum dot chemistry.
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Figure 1.5: Calculated quantum yields (a) and nonradiative lifetimes (b) for energy transfer to the
surroundings (solid lines) and 1 nm thick ligand shell (dashed lines) as a function of the absorption
coefficient α = 2πε′′/nλ using 1/λ = 2000 cm−1 and 1/γr = 500 ns.

Although the near-field mechanism is straightforward, generic, and successfully utilized in

Chapter 3, it presents some practical issues when highly accurate predictions are desired for in-

frared quantum dots. In the early works on excited state intraband relaxation in CdSe quantum dots,

it was straightforward to accurately obtain ε′′ from the nanocrystal absorption spectrum because

those systems displayed no ground state electronic infrared absorption [58, 59]. The choice of

∆R, however, involved accurately mapping a surface ligand coverage onto an effective continuous

dielectric medium. The true ligand coverage is not easily determined and instead usually derived

from a close-packing assumption. For infrared quantum dots, the uncertainty in ∆R remains while

the absorption spectrum is completely dominated by the electronic contribution. This forces one

to obtain ε′′ by less precise methods, such as extrapolating from the neat ligand absorption, and

this neglects all microscopic details of the real nanoparticle surface.

1.3.3 Quantum coupling to vibrations

Another generic class of nonradiative processes involves quantum mechanical coupling between

vibrations and the excitation. Importantly, and in contrast to energy transfer and trapping mech-

anisms, quantum vibrational mechanisms are intrinsic to the system, and may not be modifiable
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depending on the details. Although these mechanisms are generally considered to be mature topics

in the photophysics of molecules and semiconductor impurities [68, 69], they have received very

little attention in nanocrystal quantum dots. An understanding of their operation in quantum dots

will be crucial in quantifying the fundamental upper limits to nonradiative lifetimes and quantum

yields.

Quantum vibrational mechanisms can be grouped into three general classes. In the first, ini-

tially proposed in the context of small-gap epitaxial quantum dots, the excitation undergoes Rabi-

like oscillations with the ground state that are phenomenologically damped by a semiclassical

phonon bath [70]. This process does not obey energy conservation but it is numerically reasonable

when E0 . 2~ωv [71] in the notation of Figure 1.6. In the second process, one considers the

rate at which an electron thermalized within the excited electronic potential relaxes through weak

nonadiabatic coupling to a degenerate vibronic level of the ground electronic potential. This mech-

anism is quantum-mechanically correct, but the associated calculations are difficult and necessitate

various approximations. In the molecular context, development of this model was motivated by

the exponential decrease of organic molecular photoluminescence quantum yields with decreas-

ing HOMO-LUMO gap, known as the “energy gap law” [72, 73, 74, 75, 76]. This behavior is

illustrated in Figure 1.4. This model’s parallel development in solid state physics was motivated

by a desire to improve upon the semiclassical Landau-Zener picture for thermal excitation and

relaxation of semiconductor impurities [68, 77, 78, 79, 80]. In the third mechanism, known as

anharmonic polaronic decay, the excited state is described in a polaron formalism. The polaron

decays according to the finite lifetime of the phonon component which arises from anharmonic-

ity. It was developed to improve upon the semiclassical Rabi-type model for epitaxial dots with

very small gaps and has been used to successfully model electronic relaxation in those systems

[71, 81, 82].

In the most common version of the weak nonadiabatic coupling mechanism, nonradiative re-

laxation is initiated by the dependence of the excited electronic wavefunction on Q for specific

14



!"

!#

$ℏ&'

$ℏ&'

!(

!)

*# *" Q

E

*+

|1⟩
|2⟩

Figure 1.6: Harmonic configuration coordinate diagram for adiabatic electronic states |1〉 and |2〉.
E is the energy, Q is the nuclear configuration coordinate, ωv is the angular vibrational frequency,
S is the Huang-Rhys factor, Eb =

(
E0 − S ~ωv

)2/4S ~ωv is the classical energy barrier, and Qc =

E0/
√

2S ~ωv+
√

S/2+Q1. The reorganization energy is S ~ωv and 2S ~ωv is the photoluminescence
Stokes shift.

vibrational modes, known as the promoting modes [73]. These are traditionally assigned to skele-

tal modes in organic molecules, and to longitudinal phonons in solids. Accepting modes then

act as a sink for the electronic energy, and their ability to do so depends on their Franck-Condon

factors. The Franck-Condon factors decrease exponentially with increasing vibrational quantum

number in the limit of large quantum numbers [68, 78]. Since the required quanta of accepting

vibration increases as E0/~ω, this produces gap law behavior [68, 75, 76]. The accepting modes

in molecules are usually assumed to be to the highest-frequency vibrations, typically the C-H

stretches, because this minimizes the number of vibrational quanta; established [83] and recent

[84] experimental works, however, indicate that the situation may be more complex. Accepting

and promoting modes are usually taken to be the same longitudinal phonon in semiconductors

[68, 78, 79, 80]. Closed-form rate expressions in weak coupling require harmonic potentials and

E0/S ~ωv � 1, and the resulting approximate rates exhibit monotonic dependencies on E0. Nu-

merical evaluations of these theories display resonance effects associated with stricter energy con-

servation that are absent in closed-form expressions [85, 86, 87, 88]. In all formulations, whether

for molecules or solids, symmetry considerations and selection rules are assumed to be satisfied.
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Figure 1.7: Calculated nonradiative lifetimes as a function of the electronic gap E0 and parame-
terized to temperature and Huang-Rhys parameter. These smooth curves are obtained by replacing
p! with Γ(p + 1). Calculations used ωv/2πc = 140 cm−1, the LO phonon frequency in HgTe, and
Huang-Rhys parameters of 2 (solid lines), 1 (dashed lines) and 0.5 (dotted lines).

As an illustrative example of this mechanism, one may consider the semiconductor impurity

model in the limit E0 � S ~ωv. The nonradiative rate is [68, 79, 80]

γnr = γ0(n + 1)p exp(−2nS ) (1.5)

where n = 1/
(
exp(β~ωv) + 1

)
is the Bose-Einstein factor with β = 1/kBT , p = E0/~ωv is the

nominal number of involved vibrational quanta, and S is the Huang-Rhys parameter. The prefactor

is

γ0 ≈ 0.18 × 2πωv
S p p(p − 1) exp(−S )

p!
×

V2
V1

(1.6)

where V2 and V1 are the volumes of the two electronic states. In the limit that ~ωv � kBT ,

this rate exhibits the same dependence on material parameters as the Englman-Jortner formula for

molecules [75]. An approximation for quantum dots could be V2/V1 = 1, and the corresponding

nonradiative lifetimes are plotted in Figure 1.7. The strong energy-dependence is associated with

the Franck-Condon factors, the lifetimes vary strongly over 100 K, and they are very sensitive to

S. These are generic features of nonadiabatic gap-law models involving low-frequency vibrations.
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In the polaron model, the excited state is calculated as an eigenstate of the harmonic polaron

Hamiltonian and anharmonic perturbations initiate the nonradiative decay [71, 89]. This can be

loosely viewed as a variation upon the weak-coupling nonadibatic model in the sense that the

former considers a perturbative electron-vibrational coupling and assumes a rapid vibrational re-

laxation, while the polaron model employs a vibronic (polaronic) eigenstate and perturbatively

calculates the vibrational relaxation. The phonon component of the polaron decays into various

isoenergetic combinations of acoustic and optical phonons under strict energy and momentum con-

servation, leading to a nonmonotonic dependence of the overall rate on energy. Absolute rates are

governed by the anharmonicity strength and the amount of phonon character in the polaron. Al-

though this model has not been extended to the regime where the polaron energy exceeds more than

a few multiples of the optical phonon energy, the average behavior still follows an approximate gap

law trend [89].

There has been very little work addressing any of these mechanisms’ relevance to mid-infrared

quantum dot nonradiative relaxation, and the few attempts to address quantum dot multiphonon

relaxation have relied on simulations which are difficult generalize. One study applied the Rabi-

like model to intraband relaxation in atomistically-defined CdSe nanocrystals and predicted that

∼ 1 ns is the upper limit to the nonradiative lifetimes around 2000 cm−1 [90]. Although this

would be very significant if correct, it is not clear that the underlying model is valid at these

energies. Another atomistic simulation on small CdSe suggested that lifetimes around 200 ps and

nonadiabatic couplings around 10 cm−1 are characteristic of intraband relaxation at 3200 cm−1

[91], also putting into question the fundamental attainability of large infrared quantum yields.

Both of the results above are somewhat inconsistent with expectations formed on the basis of

closed-form expressions, but those predictions are complicated by several factors. In the molecular

picture, the rate is quadratic in the nonadiabatic coupling and exponential in the mean vibrational

frequency, total reorganization energy, and the fraction of the reorganization energy due to accept-

ing modes [75, 76, 85]. These parameters are difficult to obtain without accurate simulations or
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sophisticated spectroscopy. Furthermore, different analytical methods applied to the same gross

process can produce different absolute rates [86, 87, 88]. The situation improves somewhat in a

semiconductor view, but as shown above, these established theories predict lifetimes which are at

odds with simulations when conventional parameters (∼ 100 cm−1 phonon, S . 0.5) are used.

Although molecular dynamics simulations [92, 93] and scattering experiments [94] on lead and

cadmium chalcogenides have challenged the conventional picture by revealing the presence of ad-

ditional broadband vibrations associated with the nanocrystal surface, these vibrations have been

associated with small reorganization energies in CdSe [93]. Recent Raman experiments have also

suggested that quantum dot excitations may quantum-mechanically couple to high frequency sur-

face ligand vibrations in certain cases [95, 96].

The overall picture of vibrational coupling and relaxation in quantum dots remains unclear even

in the model lead and cadmium systems, and there are no data so far on mercury chalcogenides.

Experiments can constrain the various models and validate or challenge simulations. If ligand

vibrations are involved, the rate should exhibit minimal temperature-dependence due to the higher

vibrational frequencies but decrease exponentially with a type-I shell thickness due to tunneling

wavefunction overlap. If bulk phonons are active, the rate will be unaffected by type-I shells but

show a strong temperature-dependence. If broadband surface vibrations are involved, the rates

would be temperature-dependent only if their frequencies are low, and they should decrease even

with a thin type-I shell provided that growth is epitaxial. Although prior work on HgTe and HgSe

indicated weak effects of temperature and thin type-I shells on the steady-state photoluminescence,

suggesting that none of the aforementioned cases apply [46, 97], lifetimes were not measured and

the shell qualities were not ideal. Chapter 3 examines the effects of thick, conformal shells on n-

type HgSe photoluminescence using time-resolved and steady-state measurements, and proposes

that quantum vibrational coupling remains of limited relevance even at lifetimes up to several

nanoseconds.
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1.3.4 Defects and trapping

Defects in crystals are any instance of broken lattice translational symmetry. This can arise through

stacking faults or dislocations across crystal planes, and nonbonded orbitals on undercoordinated

atoms. Defect states are characterized by their local nature and typically extend over just a few

lattice sites. When the defect energy lies within the gap, delocalized carriers can localize at the

defect to become “trapped.” The rapid nonradiative recombination that typically ensues occurs by

quantum coupling to vibrations in the strong coupling regime because S increases with charge

density. The nonradiative rate takes the form

γnr = γ0 exp
(
−Eb
kBT

)
(1.7)

where Eb is the classical energy barrier and γ0 depends on the temperature regime [68, 98].

Defects in quantum dots are typically ascribed to surface atoms with orbitals that are insuf-

ficiently passivated by ligands [99, 100]. Modifying the surface chemistry, for example by us-

ing improved ligands or by growing an epitaxial type-I shell [101, 100], usually strongly reduces

the trapping rate to manifest in the lifetime and quantum yield. Another characteristic feature of

trapping is the strong temperature-dependence associated with the energy barrier for relaxation,

and temperature-dependent lifetime and quantum yield measurements can provide compelling ev-

idence for or against the relevance of this process. Trapping is by far the dominant nonradiative

mechanism in visible and near-infrared quantum dots. All else being equal, trapping effects may

be less pronounced at smaller energy gaps due to the lower probability that a defect state has an

energy within the gap.

1.3.5 Auger recombination

The nonradiative processes discussed so far involve excitons or single carriers. In bulk semicon-

ductors and quantum dots, however, the system can sustain multiple excitations. The dynamics
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Figure 1.8: Illustrations of electron-electron Auger recombination in semiconductors. (a) “Pure
band” Auger recombination; (b) Scattering-assisted Auger recombination. Blue circles are elec-
trons, red circles are holes, EA is the activation energy associated with simultaneous momentum
and energy conservation, EG is the gap energy, and the ψ denote the wavefunctions for the initial
and final states of electrons a and b.

associated with these multicarrier states are primarily governed by nonradiative Auger processes.

These are a class of two-carrier scattering phenomena that involve simultaneous excitation of one

carrier and relaxation of the other. There are several distinct multicarrier processes and here we

focus on Auger ionization and recombination because they dominate multicarrier nonradiative re-

laxation. These processes involve an interaction between like carriers, with ionization resulting in

excitation to a free-particle state and recombination resulting in excitation to a bound state. Both

processes manifest as a hastening of the average nonradiative rate with increasing carrier density

and are illustrated in Figure 1.8 for the electron-electron interaction. Auger processes have re-

ceived widespread attention in bulk semiconductors since the late 1950s [4, 102], and they are

especially well-studied in small-gap semiconductors because Auger is the main limitation to de-

tector performance in the MWIR and LWIR [10, 103]. Auger recombination in quantum dots

were first observed in the late 1980s [104, 105] and has been extensively studied over the past two

decades as an essential aspect of quantum dot photophysics [4]. Here we provide an overview

of the mechanisms and conceptual issues in quantum dot Auger recombination, and many further

details can be found in [4] and the references therein.
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Auger recombination in bulk semiconductors is kinetically understood as a three-body process

involving two carriers of like sign and one of the opposite sign, and it is often characterized by an

Auger coefficient CA defined by dn/dt = −CAn3 and γA = CAn2, where n is the carrier density

and γA is the instantaneous rate (reciprocal lifetime). Its fundamental rate is calculated at the unit

cell level from the Coulomb interaction through first-order perturbation theory with the initial state

being a double excitation near the gap energy, and the final state being a single excitation at at

twice the energy. Crystal momentum and energy must be simultaneously conserved in any process

involving bands, and this is not possible with both carriers at band extrema unless one band is

flat. Auger recombination involving bands therefore exhibits an activation energy associated with

the probability that a suitable initial state is thermally populated. This activation energy increases

with increasing gap and as m∗c/m
∗
v approaches 1, making the rate very sensitive to temperature, gap

energy and band structure.

As the energy gap grows, the theoretical “pure band” process described above becomes or-

ders of magnitude too slow compared to experimental Auger rates, and bulk semiconductors with

gaps above ∼ 3000 cm−1 (∼ 0.4 eV) exhibit scattering-assisted Auger recombination. Here, an

intermediate nonresonant process, usually attributed to scattering from phonons or defects, relaxes

the momentum conservation requirement for the carriers in bands. This can be modeled with

standard second-order perturbation theory [106, 107, 108, 109, 110] or Green’s function methods

[111, 112, 113, 114, 115]. Although these interactions are generally much weaker than the first-

order Coulomb interaction, the greater number of allowed final states can compensate such that the

overall rate is appreciable. Hallmarks of scattering-assisted Auger recombination are rates which

are relatively insensitive sensitive to temperature, gap size and band structure. In this regime of

larger gaps one also finds that inclusion of excitonic and correlation effects can improve agreement

with experiments [115, 116], but this avenue remains relatively unexplored in bulk semiconduc-

tors. Overall, however, Auger recombination in the bulk is well understood from both experimental

and theoretical perspectives.
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Figure 1.9: Summary of Auger recombination data. (a) Auger coefficients for bulk semiconductors
with open diamonds denoting calculated values and filled squares denoting experimental values;
(b) Experimental biexciton Auger lifetimes in quantum dots with a generic R3 curve (dashed lines)
and two R6 curves (dotted lines) corresponding to Auger coefficients of 10−29 and 10−28 cm6/s.
Adapted with permission from [4].

In quantum dots, Auger recombination may happen as soon as one carrier can interact with an

exciton, and it also manifests as a shortened excitonic lifetime. In contrast to bulk semiconductor

Auger recombination, however, the mechanisms underlying quantum dot Auger recombination are

only partially understood and experiments present a varied and complex phenomenology. The

majority of investigations into quantum dot Auger processes have focused on CdSe, with the lead

chalcogenides and other systems gaining more recent attention. Most single-component quantum

dots display biexciton Auger rates that scale approximately as 1/R3 [4], with others scaling as 1/R6

[4, 117, 118]. The absolute rates are similar to within an order of magnitude at a given particle size

across a variety of materials and gap energies [4, 119], as shown in Figure 1.9b, and the physical

origin of this “universal” Auger rate is a central mystery in quantum dot multicarrier dynamics.

Biexciton Auger rates are also relatively independent of the gap size as directly tuned through

pressure [120]. Experiments also suggest that charge separation, achieved either through hole-

extracting ligands or type-II core/shell heterostructures, has relatively small effects on observed

Auger rates despite expectations based on wavefunction overlap. The only methods so far which

consistently slow Auger rates involve electron delocalization [4].
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Although most theories capture the general Auger rate increase in small particles, qualitatively

due to the larger Coulomb matrix element, a consistent physical picture of quantum dot Auger re-

combination remains elusive. One proposed explanation for the R3 dependence involves viewing

the effective biexciton recombination as a two-body process involving an exciton, a single “active”

electron or hole, and a spectator charge [4, 121], while another views the processes as involving an

uncorrelated pair of true (correlated) excitons [4, 122]. Both imply two-body kinetics, compared

to the bulk three-body kinetics, and true excitons were recently invoked to produce the first in-

stance of a cubic trend and quantitative experimental agreement [122]. This calculation, however,

utilized an unscreened Coulomb interaction which emphasizes matrix elements occurring near

the nanoparticle surface [123] and evidence for surface effects remains varied. Bulk-like analyti-

cal models of quantum dot Auger ionization imply surface involvement because high-momentum

wavefunction Fourier components are maximized at the sharp particle-matrix interface [124, 125],

yet other atomistic studies which explicitly project the states that produce large matrix elements

indicate that Auger recombination is an interior process [126]. The insensitivity to charge separa-

tion has appeared in simulations [127], but the underlying physics of this effect remains elusive.

The general situation in both experiment and theory is one where broad strategies to control Auger

rates have been identified, but the mechanisms underlying the observed behaviors have not.

All studies of quantum dot Auger recombination prior to this thesis examined interband tran-

sitions and gaps of 5000 cm−1 (0.6 eV) or greater, corresponding to the strong scattering-assisted

regime in bulk semiconductors and large bulk-like densities of states at 2Eg in the nanoparticles.

The small-gap mercury chalcogenides allow access to the low energy scales of the bulk pure-band

regime where any potential effects of quantum confinement should be even more pronounced. The

experiments described in Chapters 2 and 3 introduce quantum dot multicarrier spectroscopy at the

lowest energies probed to date, focusing on the interband Auger in HgTe and intraband Auger in

n-type HgSe.
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1.4 Photophysics in a Device Context

Beyond the interesting fundamental questions surrounding the nonradiative processes discussed

above, nonradiative processes determine the intrinsic performance limits of an optoelectronic de-

vice when engineering aspects have been optimized. This is particularly relevant in infrared pho-

todetection because HgCdTe already operates at the fundamental limits imposed by its Auger re-

combination rate [10, 11]. In this section we discuss some device performance metrics in terms of

radiative and nonradiative recombination. More detailed treatments of device fundamentals may

be found in the texts by Rosencher [33], Sze [34] and Grundmann [128]. Optoelectronic devices

may be broadly classified into light collectors, for example solar cells and photodetectors, and

light emitters, such as lasers and LEDs. We will focus on detectors here because they are particu-

larly affected by nonradiative processes, but most concepts are broadly applicable and other device

categories are briefly discussed as well.

1.4.1 Photodetectors

A photodetector converts light impinging upon the device into charges which are collected at elec-

trodes and read as signal. The overall conversion between the incident optical power Pin and the

collected photocurrent ip is quantified by the responsivity R with units of amp/W. For a device

with no intrinsic gain, it is

R =
ip

Pin
= η

e
~ω

(1.8)

where η is the external quantum efficiency.

The external quantum efficiency is a product of the light absorption efficiency ηa, the exciton

dissociation efficiency ηd, and the charge collection efficiency ηc. The absorption efficiency de-

pends on the thickness of the absorbing layer and on any photonic enhancement methods which

may be used. The dissociation and collection efficiencies are related to the carrier recombination

rate. ηd depends on the exciton recombination rate γx = γr + γnr and the hopping rate γh as
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ηd = γh/(γh + γx). In mercury chalcogenide quantum dots, γx ≈ γnr and may outpace hopping,

especially at lower temperatures [46, 129, 130, 23]. One can increase the dissociation efficiency by

increasing the hopping rate, for example by modifying the interfacial chemistry [3, 5, 131, 132],

or by reducing the nonradiative rate.

When the exciton dissociates, the free electrons and holes are collected at electrodes with an

efficiency ηc that depends on the electrode contact resistance and the average distance traveled by

the carriers in comparison to the distance to the electrodes. The average traveled distance can be

associated with a diffusion length LD in the drift-diffusion picture, and it is

LD =

√
µkBT
eγth

(1.9)

where µ is the carrier mobility (cm2/Vs) and γth is the thermal carrier recombination rate. Ther-

mal recombination rates, discussed at length in Chapter 4, are macroscopic recombination rates

that describe a photocarrier interacting with thermally-generated carriers of the opposite sign. γth

therefore depends on the thermal carrier concentration in addition to the fundamental intraparticle

recombination rates. It will also contain contributions from both excitonic and multicarrier Auger

processes because even at low illumination where no quantum dots are doubly-excited, the exciton

dissociation and transport creates a finite probability that some particles will contain more than

two carriers. As before, reducing the excitonic and Auger nonradiative rates will benefit device

operation until ηc is contact resistance-limited.

The hypothetical perfect detector should not only convert every incident photon into a collected

charge, corresponding to η = 1, but it should also display a minimal level of background noise

signal. This is quantified by the specific detectivity D∗

D∗ =
R

√
A∆ f

in
(1.10)

where A is the sensing area, ∆ f is the electrical bandwidth, and in is the root-mean-square noise
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current. The unit of D∗, cm
√

Hz/W, is known as Jones, and D∗ may be viewed as the signal-to-

noise ratio normalized to a reference area of 1 cm2 and an incident optical power of 1 W.

Noise in photodetectors may take the form of photon shot noise, 1/ f or flicker noise, and

Johnson noise [133, 134]. Photon shot noise arises from the Poisson statistics of impinging pho-

tons. 1/ f noise is an unavoidable feature of biased granular conductors [135, 136] and can be a

major noise source in photoconductors [137], while it is nominally absent in photovoltaics. The

microscopic origins of 1/ f noise remain poorly understood but it tends to decrease with increasing

conductivity, such that it may be indirectly related to nonradiative processes. The Johnson noise is

in =

√
4kBT∆ f

R
(1.11)

where R is the resistance. Johnson noise is a generic feature of any conductor even at zero bias. In

a detector context, R is the resistance in the absence of external illumination and depends on many

factors such as the presence of cracks and voids, the presence of residual ions or other conduction

channels which are not quantum dot states, and thermal generation-recombination processes. The

first two may be fixed through improved device processing, but thermal generation and recombi-

nation is a more basic material property. The thermal generation rate at equilibrium is the thermal

recombination rate γth by the principle of detailed balance, and the associated resistance is

Rg−r =
2kBT
e2γth

(1.12)

γth therefore sets the fundamental lower limit on the Johnson noise, and by extension, the maxi-

mum attainable D∗. Thermal generation-recombination processes depend on the ambient thermal

radiation such that overall, when generation-recombination noise dominates, the detectivity be-

comes

D∗ =
1

2~ω

√
ηφth
ϕD

(1.13)

φth is the quantum yield of thermal recombination and ϕD is the 2π blackbody photon flux at the
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detector temperature integrated above the gap energy [23]. This formulation of D∗ is extensively

discussed in Chapter 4.

1.4.2 Solar cells

A solar cell operates according to the same principles as a photovoltaic photodetector, converting

incident photons into collected current. In contrast to the detector, however, the goal is simply

to maximize the generated electrical power. The open-circuit voltage Voc of a solar cell is a key

efficiency metric because it is the largest possible voltage which can be applied by the cell to an

external circuit. It will in general experience a reduction from the theoretical maximum Eg/e due

to a number of factors including incomplete absorption, below-gap absorption, incomplete charge

collection, and nonradiative effects [23, 138, 139, 140, 141]. The magnitude of this open-circuit

voltage deficit ∆Voc is therefore one indicator of the overall diode quality, and the nonradiative

contribution is

∆Voc,nr ≈
kBT

e
ln

(
φth

)
(1.14)

This logarithmic dependence on the quantum yield contrasts with the square-root dependence of

D∗, indicating that solar cells arguably present a greater tolerance for nonradiative recombination.

1.4.3 LEDs and Lasers

LEDs and electrically-pumped lasers operate through the injection of charges as detectors in “re-

verse,” and the purpose of the device is to promote charge recombination and light extraction. It is

clearly advantageous to have φ be as large as possible in this case, and indeed, the external quan-

tum efficiency of an LED is simply the product of photoluminescence yield φ, the recombination

efficiency, and the light extraction efficiency [25]. These can be affected by excitonic and Auger

nonradiative processes in the same manner as solar cells and detectors. Auger is particularly rel-

evant at high injection power where it not only reduces carrier lifetimes, but chemically degrades
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transport layers via hot carrier generation [4, 142, 143, 144]. Electrically-pumped lasers extend

the LED idea to optical amplification but the general ideas remain the same. The exact manifes-

tation of nonradiative processes depends on the energy level structure and pumping scheme, but

nonradiative processes generally decrease the lasing efficiency and increase the gain threshold.

1.5 Outline of the Thesis

This thesis describes some of the first transient spectroscopy studies on mercury chalcogenide

quantum dots, and the relevance of these studies to infrared photodetection. Chapter 2 introduces

the transient absorption and photoluminescence spectroscopy of HgTe quantum dots with an em-

phasis on size-dependent Auger recombination lifetimes. The Auger rates are found to be remark-

ably similar to all other quantum dots despite energy gaps that are an order of magnitude smaller,

and the mechanistic implications of this observation are discussed alongside the relevance for in-

frared photodetection. Chapter 3 describes the absorption and photoluminescence spectroscopy

of intrinsic and n-type HgSe and HgSe/CdS core/shell quantum dots. The mid-infrared transient

photoluminescence from n-type particles exhibits a rich behavior including a strongly suppressed

Auger recombination, near-field energy transfer, and phonon-mediated intersublevel relaxation.

The data are discussed in the context of multiphonon relaxation mechanisms. Chapter 4 introduces

a simple statistical model that connects the intraparticle recombination rates which are typically

measured to the macroscopic thermal rates which are relevant in photodetectors. Using the data

from Chapter 2, it is found that the fundamental Auger-limited detectivity of HgTe quantum dot

detectors is an order of magnitude higher than the equivalent limit in bulk HgCdTe, the current

state-of-the-art. The model further predicts a thermodynamic limit for materials with additional

non-Auger nonradiative recombination which is comparable to HgCdTe, indicating that engineer-

ing improvements alone may be sufficient to create competitive devices. Avenues for future work

are discussed in Chapter 5, and some concluding remarks are offered in Chapter 6. The thesis con-

cludes with three appendices on the topics of nanocrystal electronic structure, infrared nonlinear
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optics, and practical optical apparatuses. The first two are included to provide pedagogical, self-

contained introductions to these important topics in quantum dot spectroscopy. The final appendix

describes the design and operation of the spectroscopic devices used in the experiments of this

thesis, with an eye towards future optimizations and advances in instrumentation.
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CHAPTER 2

INTERBAND RECOMBINATION IN MERCURY TELLURIDE

QUANTUM DOTS

The following material is adapted from [1] and [2].

2.1 Introduction

Nonradiative recombination in HgTe nanocrystals is of fundamental interest as a testbed for es-

tablished models of quantum dot recombination mechanisms. In particular, small-gap quantum

dots such as HgTe should highlight the differences between quantum dot and bulk semiconductor

multicarrier Auger recombination. Auger recombination in bulk semiconductors is a three-body

carrier-carrier scattering which provides the dominant nonradiative pathway at high carrier densi-

ties and small gap energies [3, 2]. It is accurately modeled in small-gap systems by considering the

screened Coulomb interactions between four states under the conservation of energy and crystal

momentum. At larger gap energies, simultaneous energy and momentum conservation becomes in-

creasingly difficult and the Auger rate in bulk semiconductors drops by many orders of magnitude

[2, 3, 4, 5].

Auger recombination in quantum dots can occur as soon as one carrier interacts with an exci-

ton, and it is easily observed in kinetic experiments as a shortened exciton lifetime under strong

photoexcitation. Investigations of visible and near-infrared gap quantum dots produced the striking

observation that many different materials showed similar Auger rates despite vast differences in the

corresponding bulk rates [6, 2]. Epitaxial quantum well structures also show similar differences

between the nanoscale and bulk rates [7]. Relaxation of momentum conservation requirements has

been qualitatively proposed to account for these observations [6], but there remains no quantitative

theory that explains the similar biexciton lifetimes in quantum dots of different materials or their

deviations from bulk behavior. The degree to which these trends hold at small gaps has substantial

46



0 50 100 150 200 250 300
time (ps)

0

0.2

0.4

0.6

0.8

-
A/

A
0

94 J/cm 2

188 J/cm 2

234 J/cm 2

940 J/cm 2

0 50 100 150 200 250 300
time (ps)

0

0.2

0.4

0.6

0.8

-
A/

A
0

26 J/cm 2

79 J/cm 2

158 J/cm 2

316 J/cm 2

631 J/cm 2

a b

Figure 2.1: Representative transient absorption data plotted as normalized absorbance changes
−∆A/A0 for (a) partially-aggregated particles with 3950 cm−1 band edge, (b) well-dispersed par-
ticles with 4200 cm−1 band edge. Representative TEM images for the particle types are inset.
The band-edge absorbances A0 were 0.18 in (a) and 0.14 in (b). Not shown in (b) are further data
extending to 600 ps and 890 µJ/cm2.

mechanistic implications, and such fundamental understanding can in turn motivate targeted im-

provements to nanoparticle synthesis or device fabrication. This chapter focuses on the interband

recombination of excitons and biexcitons in HgTe quantum dots, and the fundamental implications

for quantum dot photophysics.

2.2 Results and discussion

Figure 2.1 shows representative transient bleaching data for partially-aggregated and well-dispersed

HgTe particles. Auger recombination is apparent in sample types as as the faster early-time bleach

decay whose magnitude grows with the optical fluence. Also apparent in the data, however, are

quantitative differences in the fluence-dependence relaxation. Figure 2.1a in particular shows that

the dynamics for partially-aggregated particles display features which are uncharacteristic of Auger

recombination in an insulating colloidal suspension. This comes from considering the absolute

bleach magnitudes and the corresponding average number of absorbed pump photons per particle.

The average number of pump photons absorbed per particle is the product of the incident op-

tical photon fluence J and the absorption cross section σp at the pump wavelength. J is obtained
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from the Planck relation and beam size while σp is calculated from the particle size in terms of

the known cross section per Hg atom in an HgTe nanocrystal at 415 nm refrence wavelength,

σ
Hg
415 = 2.6 ± 0.4 × 10−17 cm2 [8]. σp is obtained from the ensemble nanocrystal absorbance ANC

as σp =
ANC

p

ANC
415
× NHg × σ

Hg
415 where NHg is the number of Hg atoms in the nanocrystal. We find

that Figure 2.1a shows the fast bleach decay characteristic of multicarrier recombination even when

Jσp � 1, in conflict with the typical picture of the Auger process. Furthermore, the corresponding

absolute bleach magnitudes in Figure 2.1a do not support the typical situation of a fast-decaying

biexciton bleach and a slow-decaying exciton bleach. Due to the doubly-degenerate nature of

the lowest electron state 1S e, the creation of one exciton reduces the band-edge absorbance by

∆A = −A0/2 and the creation of a second exciton results in a complete bleach, ∆A = −A0, where

A0 denotes the band-edge absorbance in the absence of optical pumping. The saturation of the

long-time bleach magnitudes to a constant value much less than A0/2 indicates that distinct exci-

ton and biexciton lifetimes are not resolved in the transient absorption, and it further implies that

multicarrier recombination occurs at low excitation levels. We rationalize this observation by in-

voking the partially aggregated nature of the particles studied, which is apparent in the inset TEM

images. If the interparticle electron/hole transfer within aggregates is sufficiently rapid, multicar-

rier recombination could occur with less than one exciton per quantum dot on average. Although

investigating the recombination dynamics in partially aggregated particles may be of practical rel-

evance, the observed behavior prevents a reliable determination of the underlying biexciton Auger

rate.

Representative data for well-dispersed HgTe particles with similar gap energies are shown

in Figure 2.1b. In these samples, the magnitude of the long-time bleach increases with pump

fluence, as one expects from an increasing population of singly-excited particles. At a low pump

fluence of 26 µJ/cm2, we observe almost no relaxation on the time scale of the measurement.

Larger optical fluence induces a fast relaxation component, while the slow relaxation rate remains

unchanged. At high fluence, the long-time bleach is approximately A0/2 and the early time bleach
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Figure 2.2: Experimental (points) and simulated (solid lines) bleaching ratios for the Auger bleach
a2 and exciton bleach 1 − a1. Experimental data were taken from the set shown in Figure 2.1b.
Simulations used σp = 1.5 × 10−15 cm2.

is almost 80% of A0. This is the expected behavior and we therefore assign the fast relaxation

to biexciton Auger recombination. The data in Figure 2.1b are described well by the convolution

of a Gaussian function (15 ps full width at half-maximum) and a biexponential decay of the form

a1e−t/τX + a2e−t/τBX . Fitting gives τX = 3100 ps for the exciton lifetime and τBX = 30 ps for the

biexciton lifetime. As we discuss later, this biexciton lifetime is much longer than implied by the

Auger coefficient of comparable bulk HgCdTe. One concern, then, is that the laser pulses used in

this experiment do not resolve a much faster Auger recombination. Although this is unlikely given

the well-resolved fluence-dependent decay, we further rule this out through a quantitative analysis

of the bleach amplitudes. Figure 2.2 shows how the exciton bleach 1 − a1 and Auger bleach a2

vary with the pump energy.

To model these amplitudes as a function of the pump energy, we again begin with σp. A dot

with an interband transition at 4200 cm−1, for example, has σp = 1.9 ± 0.3 × 10−15 cm2 with the

uncertainty due to σHg
415. The nanocrystal concentration c and the incident photon fluence J then

give the average number of excitations per particle as a function of position z in the sample cell as

σpJe−σpcz. Taking a Poisson distribution of excitation levels, appropriate for above-gap pumping,

we obtain the local concentration of quantum dots in the ground state, c0(z, J), with one exciton,
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c1(z, J), and two or more excitons, c2(z, J), with
∫ L
0

(
c0(z, J) + c1(z, J) + c2(z, J)

)
dz = c. Before

the pump pulse, the absorbance at the band edge is

A0 =
1

ln(10)

∫ L

0
σbcdz (2.1)

where σb denotes the nanocrystal band-edge cross section and L = 1.3 mm is the sample cell

thickness. Right after the pump pulse, the absorbance should reduce to

Aearly(J) =
1

ln(10)

∫ L

0
σb

(
c0(z, J) +

c1(z, J)
2

)
dz (2.2)

At later times, when all multicarrier states have relaxed to single-exciton states but before the

exciton population has appreciably decayed, the absorbance should then recover as

Alate(J) =
1

ln(10)

∫ L

0
σb

(
c0(z, J) +

c1(z, J)
2

+
c2(z, J)

2

)
dz (2.3)

To connect with the experimental data, we have

1 − a1 =
Alate(J)

A0
= 1 −

〈c1(J) + c2(J)〉
c

(2.4)

and

a2 =
Alate(J) − Aearly(J)

A0
=
〈c2(J)〉

c
(2.5)

where 〈−〉 denotes a spatial average across the sample cell thickness. As shown in Figure 2.2, 1−a1

decreases from one at low energy to one-half at high energy in both simulation and experiment.

This represents the fractional contribution of single excitons to the early-time bleach. a2 represents

the early-time bleach fraction due to multiply-excited particles and increases from zero to one-half

in both simulation and experiment. We further note the induction time for the growth of a2 in

comparison to the fall of 1 − a1; this arises from the exclusive creation of singly-excited particles
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Summary of Transient Absorption Data
PL peak (cm−1) R (nm) τBX (ps) τX (ps)
2500 (800) 4.4 > 80 790
3600 (600) 3.0 49 (56, 45) 1300
3750 (800) 2.9 46 (50, 39) 3000
3950 (800) 2.7 37 (40, 33) > 6000
4075 (800) 2.6 34 (39, 31) 3000
4200 (700) 2.5 30 (33, 28) 3100
4700 (900) 2.1 24 (28, 19) 5000

Table 2.1: Photoluminescence (PL) peaks have full-widths at half-maxima (fwhm) in paren-
theses. Particle radii were estimated by fitting the PL-diameter data of Shen et al., giving
R = 10.225 exp

(
3.38m × 10−4

)
for the PL peak value m in cm−1 and particle radius R in nm.

Biexciton lifetimes with limits reflecting 95 % confidence intervals were obtained by fitting the
data to biexponential decays, and exciton lifetimes were also obtained from the fits.

at low pulse energies and, although correct, is not reproduced by other models [9]. The good

overall agreement between the simulation and experiment further supports our assignment of the

fluence-dependent bleach decay to Auger recombination and allows us to rule out the presence of

faster, unresolved recombination processes.

We obtained transient bleach data for particles with band edges ranging from 2500 to 4700

cm−1, and the results are shown in Table 2.1 and Figure 2.4. The exciton lifetimes generally

shorten with increasing particle size, consistent with decreased photoluminescence efficiencies as

the gap approaches the mid-infrared [10]. In contrast, the biexciton lifetimes consistently lengthen

with increasing particle size. We find the biexciton lifetime to be reasonably linear in R3, where

R is the particle radius, corroborating the findings of Robel and coworkers [6]. Fitting the data to

τBX = pR3 gives a scaling coefficient p of 1.9 ps/nm3 (Figure 2.4). Also shown in Figure 2.4 is the

corresponding curve for CdSe, for which p = 5.5 ps/nm3 has been reported [6, 11]. This indicates

that for the same particle size, biexciton lifetimes are only three times shorter in HgTe than in CdSe.

This result is remarkable considering that the Auger rates differ by many orders of magnitude in

the respective bulk materials [6, 2]. As discussed below and at length in [2], this strongly suggests

mechanistic changes in the evolution from bulk to nanoscale Auger recombination.
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Figure 2.3: Transient data for a well-dispersed sample displaying a 2500 cm−1 band edge. Panel
(b) displays the data from panel (a) normalized to the bleach magnitude at 360 ps.

When performing measurements on larger particles, we no longer obtained fluence-dependent

decay curves. Figure 2.3 shows data for a sample with a photoluminescence peak at 2500 cm−1.

The bleach increases with pump power, as seen in Figure 2.3a, but Figure 2.3b clearly shows that

the relative amplitudes of the fast and slow decays do not depend on the excitation level. The max-

imum bleach exceeds half the sample optical density, however, supporting the absence of an Auger

processes much faster than the pulse resolution. The exponential decays are well-characterized

by two unchanged time constants of 22 and 790 ps, both attributable to nonradiative pathways.

Although partial n-doping in small-gap materials and thus negative trion decay is possible, it is

unlikely to explain the fast decay in this sample because the photogeneration of trions would still

produce decay curves that change with pump power [12]. We therefore conclude that the biexciton

recombination is not resolved in large HgTe quantum dots because it is too slow, and possibly on

the order of the excitonic lifetime. We estimate a lower bound for the Auger lifetime by fitting the

data to a triple exponential decay, and such a fit implies a biexciton Auger lifetime longer than 80

ps. This is consistent with the R3 trend shown in Figure 2.4 and would indeed be difficult to observe

on the time scale of our measurements given the presence of the other non-Auger recombination

processes.

Figure 2.5 shows transient photoluminescence data for well-dispersed samples similar to those
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Figure 2.4: Summary of transient absorption Auger data. The solid line is the R3 fit noted in the
text and the dashed line is the corresponding curve for CdSe.

examined by transient absorption. In small particles with photoluminescence peaks at 4300 cm−1,

Figure 2.5a, the data display the typical signature of Auger recombination at high fluence and a

slower excitonic relaxation at low fluence. The decays in Figure 2.5a are fit well by a fast time

constant of 24± 3 ps and a slow time constant of 2400± 400 ps. This is similar to the transient ab-

sorption time constants for comparable particles. The larger particles in Figure 2.5b show photolu-

minescence decays which are also similar to or slightly faster than those obtained through transient

absorption. The slow component displays a time constant of 570 ± 40 ps and the fast component

may be fit with a 19 ± 1 ps time constant. The latter comprises about 30% of the time-integrated

photoluminescence in qualitative agreement with the contributions of the fast decay to the overall

absorption bleach in Figure 2.3. The somewhat faster relaxation observed here is consistent with

the smaller gap and previous observations of a monotonously decreasing photoluminescence quan-

tum yield with decreasing gap energy [10]. The broad similarities between the photoluminescence

and transient absorption lifetimes suggest that hole trapping effects are small because the absorp-

tion measurement primarily probes electron relaxation, while the photoluminescence measurement

is equally sensitive to the lifetimes of electrons and holes.

We now compare the Auger recombination rates in HgTe quantum dots to those of bulk HgCdTe.

In bulk semiconductors, the Auger carrier loss is cubic in the carrier density and characterized by
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Figure 2.5: Normalized transient photoluminescence (PL) data for well-dispersed samples display-
ing (a) 4300 cm−1 and (b) 2050 cm−1 photoluminescence peaks.

Auger coefficients CA associated with different possible combinations of electrons and holes. In

nanoparticles, CA has been proposed to relate the biexciton lifetime to the particle volume V by

CA = V2/8τBX [2, 13]. Although such a quantum dot Auger coefficient is not rigorously justified,

as discussed in the appendix to this chapter, it nevertheless provides a crude comparison metric for

Auger rates in quantum dots and bulk semiconductors. For a variety of quantum dot materials, CA

was observed to scale as CA = γR3 [6]. The data in Figure 2.4 correspond to γ = 1.2×10−9 cm3/s

and Auger coefficients from 0.7 × 10−29 cm6/s at 2.1 nm radius to 3 × 10−29 cm6/s at 3.0 nm

radius. Using the value of γ and extrapolating to 0.12 eV bandgap (R ≈ 7.2 nm), where bulk

HgCdTe is well characterized, gives CA = 4 × 10−28 cm6/s for an HgTe nanoparticle. This is

three orders of magnitude smaller than for bulk HgCdTe with the same gap, 10−25 cm6/s [2]. We

therefore find that Auger recombination is strongly suppressed in HgTe quantum dots relative to

bulk HgCdTe. For applications in mid-infrared detection, the slower Auger recombination is an

intrinsic advantage of the HgTe quantum dots that should allow higher operating temperatures than

bulk HgCdTe.

These results imply that the mechanism of Auger recombination in quantum dots differs from

the standard Auger mechanism which is active in small-gap bulk semiconductors. To date, the

many observations of similar Auger rates across a variety of quantum dot systems have been
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limited to large gap energies. Auger recombination in bulk semiconductors involves additional

scattering from phonons or defects in this regime because the theoretical pure-band process is too

slow. The rates of these scattering-assisted Auger recombination processes typically display a

weak dependence on the material gap, just as observed in quantum dots. At smaller gaps, however,

bulk Auger recombination is a pure-band process with a rate that increases exponentially with de-

creasing gap size [2]. The similarities between Auger recombination in HgTe quantum dots and

in systems with gaps an order of magnitude larger indicate a lack of crossover between pure-band

and scattering-assisted Auger recombination above 0.25 eV, and suggests that a mechanism akin

to scattering assistance may be active in all quantum dots. In a bulk-like picture, the scattering of

confined charges from the nanocrystal boundaries could randomize the effective wavevectors to re-

lax momentum conservation requirements [14, 15, 16]. Although these ideas have been introduced

before, they have not been interpreted or analyzed in the context of gap-insensitive quantum dot

Auger rates. In an atomistic picture, the notion of surface scattering has less meaning but momen-

tum must still be conserved. It would manifest in the symmetries of the states which produce large

Auger matrix elements, and these may or may not be surface-derived.

A complementary viewpoint is to consider that the Auger rate, as calculated with perturbation

theory, depends on the density of states at twice the gap energy and the Coulomb matrix element.

The matrix element is generally accepted to be larger in quantum dots than in bulk materials due

to the spatial charge confinement, yet the density of states is smaller. Although the faster Auger

recombination in wide-gap quantum dots relative to the corresponding bulk materials was proposed

to arise from a “universal enhancement” of quantum dot Auger recombination [6, 13], the much

slower Auger recombination in HgTe quantum dots relative to HgCdTe of equivalent gap is at odds

with this perspective. Instead, the present data suggest that in the small-gap quantum dot regime,

the smaller density of states sufficiently compensates for the larger matrix element such that the

overall rate is reduced.
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2.3 Conclusions

In summary, we presented an experimental study of Auger recombination in HgTe quantum dots.

Time-resolved bleaching experiments revealed conspicuously different recombination dynamics

between partially aggregated and well-dispersed HgTe, attributed to rapid intra-aggregate charge

transfer and recombination. This behavior precludes straightforward quantitative examination of

Auger rates by transient bleaching. Measurements on well-dispersed particles allowed us to de-

termine the Auger and exciton lifetimes as functions of particle size. The excitonic lifetimes are

broadly consistent with the model of near-field energy transfer previously applied by Keuleyan et

al. [10], while the similar excitonic lifetimes measured by transient bleaching and photolumines-

cence indicate that trapping effects are small. The magnitude and scaling of the Auger lifetimes

agree with trends observed in other quantum dot systems, and our measurements extend these

trends to the mid-infrared. We showed that Auger recombination in HgTe nanoparticles is sig-

nificantly suppressed relative to bulk HgCdTe. This could imply that the confinement-induced

reduction in the density of states overcomes the confinement-induced enhancement of the Auger

matrix element to reduce the overall rate. The slower Auger recombination in HgTe quantum dots

versus bulk infrared materials is a fundamental benefit for infrared detection and lasing.

2.4 Methods

Synthesis of HgTe nanoparticles: Quasi-tetrahedral, partially-aggregated particles were synthe-

sized by adapting the protocol of Keuleyan et al. [17]. Briefly, 30 mg of HgCl2 was mixed with

4 ml of oleylamine, placed in a N2-purged glovebox, stirred, and heated for 1 hour to a final tem-

perature of 100◦ C. This produced a clear, light-yellow solution which was heated or cooled to

the reaction temperature, with higher temperatures furnishing larger particles. Upon reaching the

target reaction temperature, 130 µl of 1 molar trioctylphosphine telluride was quickly injected via

micropipette and the mixture was allowed to react while stirring for 10 - 40 minutes, with longer
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times resulting in larger particles. The reaction was quenched by pouring the mixture into 4 ml

of -5◦ C chlorobenzene. Outside the glovebox, the particles were cleaned of excess organics and

unreacted material by precipitation with isopropanol, and redispersed in tetrachloroethylene with

the addition of approximately 60 µl of 1-dodecanethiol. Quasi-spherical, well-dispersed particles

were synthesized following Shen’s method [18]. HgCl2 was dissolved in oleylamine as above,

adjusted to the desired reaction temperature, and reacted with 15 µl of bis-(trimethylsilyl)telluride

for 5 minutes while stirring. After reaction quenching as above, the particles were precipitated

with a mixture of acetone and ethanol and redispersed in tetrachloroethylene. The steady-state

spectroscopy was consistent with prior reports [17, 18].

Transient absorption:Transient absorption data were acquired using the near-infrared pump,

mid-infrared probe apparatus described in Appendix C. In brief, a Nd:YLF regenerative amplifier

producing 8 ps full-width at half-maximum pulses at 1053 nm and 1 kHz was used to generate

pulses tunable from 1.4 - 4.5 µm by type-II parametric amplification in a KTA crystal. Unconverted

1053 nm light was split off from the beam path by a CaF2 1053 nm mirror and used to pump

the sample after variable attenuation and optical delay. The idler waves were selected as probes

by a germanium plate oriented at Brewster’s angle, split into reference and sample beams, and

attenuated by a NiCr-coated CaF2 window to below 22 µJ/cm2 at the sample after focusing. Pump

and probe beam radii (1/e2 intensity) were respectively 1.3 and 0.12 mm at the sample. Probe

beams were detected by a pair of amplified PbSe photoconductors and discriminated from the

background by a gated integrator. The samples were contained in a cell consisting of two CaF2

windows separated by a 1.3 mm thick PTFE spacer in a stainless steel housing.

Transient photoluminescence: Transient photoluminescence upconversion data were acquired

using the upconversion apparatus described in Appendix C. The 1053 nm beam was split into two

paths by a 20% reflector. The weak path pumped the sample in the transverse geometry after atten-

uation, variable optical delay, and weak focusing by a cylindrical lens. The strong path was brought

collinear with the sample photoluminescence by a CaF2 1053 nm mirror and mixing in KTA gener-
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ated a pulse at the sum-frequency. Filters and a monochromator discriminated the sum-frequency

pulse from background and weak frequency-doubled laser light, and the pulse was detected with

a silicon photomultiplier and windowed with a gated integrator. The samples were contained in a

CaF2 cuvette.

Photoluminescence spectroscopy: Photoluminescence spectra were obtained using a home-

built Michelson interferometer operating in step-scan mode. An 808 nm laser diode of 150 mW

average power modulated as a sine wave at 100 kHz excited the sample. The fluorescence was

collimated by a parabolic mirror and sent through the interferometer to a cooled HgCdTe detector

with a 900 cm−1 cutoff frequency. A silicon wafer filtered out scattered laser light. The detector

output was sent through a lock-in amplifier, and one of the interferometer arm lengths was scanned

for a distance corresponding to 50 cm−1 spectral resolution after Fourier transformation of the

interferogram.

2.5 Appendix

In the following we discuss the kinetics of Auger recombination for three-body and two-body

mechanisms in the bulk and microscopic limits. Auger coefficients for quantum dots are also

examined in this context.

2.5.1 Auger kinetics in bulk semiconductors

Auger recombination in the bulk free-carrier (plasma) model is described by the kinetics

dn
dt

= −CAn3 ≡ −CA〈n〉
3 =

d〈n〉
dt

(2.6)
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where n is the carrier density, 〈n〉 is the ensemble average carrier density and CA is the Auger

coefficient. In terms of the carrier number N, the Auger recombination is described by

dN
dt

= −γN3 ≡ −γ〈N〉3 =
d〈N〉

dt
(2.7)

where γ is the reciprocal Auger lifetime. The underlying assumption in both formulations is the

equivalence of macroscopic and local carrier densities or numbers. This neglect of counting statis-

tics is a good assumption in homogeneous bulk semiconductors, where N is always large.

2.5.2 Discrete kinetic models

In solutions of quantum dots or molecules, the local variations in excitation (carrier) number are

not negligible compared to the ensemble average at typical excitation levels. One must therefore

explicitly consider the populations of single, double, triple etc. excitations and treat the ensemble

average as a derived quantity. For the probability PN that a dot has N excitations, the average is

defined

〈N〉 =
∑
N=1

NPN (2.8)

and the kinetics may generically be written in terms of PN as

dPN
dt

=
PN+1
τN+1

−
PN
τN

(2.9)

where τN is the time constant for the decay N → (N − 1). The specific dependence of τ on N

is determined by the kinetic model. In the following, we assume the linear recombination is slow

compared to the Auger recombinations so that the latter are the only relevant processes.

59



2.5.3 Discrete kinetic model: free-carrier Auger recombination

If the Auger process involves free electrons and holes, then τN depends on the joint probability of

choosing two electrons from N electrons and one hole from N holes, plus the probability of the

opposite configuration. These two configurations have the same probability in an intrinsic system,

so the total rate is proportional to twice the probability of two-electron one-hole recombination:

τ−1
N ∝ 2 ×

(
N!

2! (N − 2)!
×

N!
1! (N − 1)!

)
= N2(N − 1) (2.10)

Therefore we have

τ−1
N =

N2(N − 1)
τA,F

(2.11)

where τA,F is the Auger lifetime for recombination in a free carrier model. The ensemble average

kinetics are given by d〈N〉
dt =

∑
N dPN

dt . Plugging in the above formulation of τ−1
N into the generic

discrete kinetic model and using the definition of the average, this gives

d〈N〉
dt

=
1

τA,F

∑
N=1

N
(
N(N + 1)2PN+1 − N2(N − 1)PN

)
(2.12)

This formulation can be evaluated directly by summing over a suitable distribution for P, typically

a Poisson distribution. To obtain a more transparent equation, we can first rewrite the PN+1 term

using N′ = N + 1 to give

∑
N=1

N2(N + 1)2PN+1 =
∑

N′=2
(N′ − 1)2N′2PN′

=
∑

N′=1
(N′ − 1)2N′2PN′ − (1 − 1)2(12)P1

=
∑
N=1

(N − 1)2N2PN (2.13)
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so that

d〈N〉
dt

=
1

τA,F

∑
F=1

(N − 1)2N2 − N3(N − 1))PN

=
1

τA,F

∑
N=1
−N2(N − 1)PN (2.14)

Using the definition of the average, we then have the kinetics as

d〈N〉
dt

= −
1

τA,F
〈N2(N − 1)〉 (2.15)

This displays the gross cubic kinetics one expects from a free carrier model, but due to counting

statistics, it only approaches the bulk formula d〈N〉/dt = τ−1
A,F〈N

3〉 in the large-N limit.

2.5.4 Discrete kinetic model: excitonic Auger recombination

If the Auger recombination involves two excitons, τN is related to the probability of choosing two

excitons from N excitons:

τ−1
N ∝

N!
2! (N − 2)!

=
N(N − 1)

2
(2.16)

If N = 2 then τN should be the biexciton lifetime τA,X , so we have for this model

τ−1
N =

N(N − 1)
2τA,X

(2.17)

Going through a similar procedure as for the free carrier model gives

d〈N〉
dt

= −
1

2τA,X
〈N(N − 1)〉 (2.18)

For a given N, the solution to this equation will never be similar to either the discrete plasma model

or the bulk plasma model unless there is a fortuitous relationship between τA,X and τA,F .
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2.5.5 Auger coefficients for quantum dots

We now re-derive the Auger coefficient proposed by Klimov and co-workers using the bulk model

dn/dt = −CAn3 and an effective macroscopic carrier density 〈n〉 = 〈N〉/V , where V is the dot

volume. Rewriting the bulk kinetics in terms of 〈N〉,

d
dt
〈N〉
V

= −CA

(
〈N〉
V

)3
−→

d〈N〉
dt

=
−CA〈N〉3

V2 (2.19)

we obtain the lifetime using the bulk definition τ−1 ≡ n−1dn/dt:

1
τ∗
≡

d〈N〉
dt

1
〈N〉

= −
CA〈N〉2

V2 (2.20)

Here τ∗ is the lifetime of the ensemble average carrier number per nanoparticle. The Auger coef-

ficient is then obtained by making an equivalence between the bulk and discrete formulations of

d〈N〉/dt. The discrete kinetics are

d〈N〉
dt

=
∑
N

(
NPN+1
τN+1

−
NPN
τN

)
= −

∑
N

PN
τN

=
1
〈τN〉

(2.21)

As before, τN is the lifetime of the N → (N − 1) process in a single particle. The last part defines

the average single-particle lifetime for a given N value. This is equivalent to the procedure used

before, but remains agnostic on the dependence of τN on N. By substitution we then obtain the

relationships between τ∗, 〈τN〉 and d〈N〉/dt:

d〈N〉
dt

=
〈N〉
τ∗

=
1
〈τN〉

(2.22)
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Writing the bulk d〈N〉/dt in terms of 〈τN〉 as derived from the discrete model, we finally obtain the

Auger coefficient

CA =
V2

〈N〉3〈τN〉
=

V2

8〈τBX〉
(2.23)

as described by Klimov and co-workers [13].

Formulating a quantum dot Auger coefficient therefore requires two basic assumptions: the as-

sumption of third-order kinetics, and the equivalence between discrete and continuous (free carrier)

kinetics. As discussed in [2], a two-body (excitonic) mechanism is more consistent with the linear

volume scaling of the biexciton recombination rate observed in most quantum dots. The assumed

equivalence between discrete and bulk third-order models implies the large-N limit which is not

valid the the majority of spectroscopic situations in which τBX is measured. In a device situation

involving a conducting quantum dot solid and 〈N〉 � 1, however, the numerical accuracy of CA

as formulated above is likely reasonable because charge transport makes the intraparticle counting

statistics less relevant. This situation is briefly discussed in the appendix to Chapter 4.
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CHAPTER 3

INTERBAND AND INTRABAND RECOMBINATION IN MERCURY

SELENIDE QUANTUM DOTS

The following material is adapted from [1] and [2].

3.1 Introduction

Nonradiative recombination is a fundamental limitation for many semiconductor technologies.

Specific effects include reduced lasing efficiencies [3], lowered specific detectivities in photode-

tectors [4, 5] and efficiency droop in high-power LEDs [6]. The mechanisms are generally quite

well understood in bulk crystalline semiconductors. At low carrier densities in extremely clean

specimens, multiphonon recombination presents the slowest achievable nonradiative rate. More

typically, however, various mechanisms associated with material defects dominate in this carrier

density regime. The generic mechanism of defect-mediated nonradiative relaxation involves lo-

calization of a carrier at the defect center followed by rapid multiphonon relaxation of the bound

state, the latter promoted by defects’ localized nature and resultant strong coupling to phonons

[7, 8]. Near-field energy transfer may also be active in any situation where a suitable absorber ex-

ists. At high carrier densities, nonradiative recombination is typically attributed to carrier-carrier

scattering such as Auger recombination, a process by which an exciton transfers its gap energy to

a nearby electron or hole. It is often modeled by considering the screened Coulomb interactions

between carriers under energy and momentum conservation within the framework of perturbation

theory [9, 8, 10, 11, 7]. For small-gap materials it is a straightforward and purely electronic pro-

cess [9, 8, 10, 12], while excitonic effects and phonons or other “assisting” scattering modes are

often implicated at larger energies [9, 6, 12, 13]. The purely electronic mechanism is a thermally-

activated process due momentum conservation requirements, and the Auger rate grows rapidly in

bulk materials as the energy gap decreases.
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In contrast to the developed understanding of nonradiative recombination in bulk semiconduc-

tors, the mechanisms in colloidal quantum dots are less codified. Auger processes in a quantum

dot may occur when a trion or biexciton forms within the particle. The first observations fluence-

dependent exciton lifetimes in nanocrystal-doped glasses [14, 15] lead to the attribution of this

signature to Auger ionization of trions[16]. The majority of quantum dots have displayed an

inverse-cubic scaling of the Auger rate with particle radius and a strong similarity between the

Auger rates for very different materials of the same particle size [17, 18]. The scaling has been

recently attributed to the combined effects of the density of states and modified Coulomb couplings

for hot carriers [19], but there has been no quantitative theoretical explanation for the similarities

between observed Auger rates across a wide range of materials and gap sizes. This motivates

further study of the Auger recombination in quantum dots, especially for small- and negative-gap

materials where the dissimilarity between bulk and nanoparticle rates should be greatest.

In the regime of low carrier densities, the dominant nonradiative recombination pathway de-

pends strongly on the energy gap and remains a topic of uncertainty in small-gap systems. The

intraband 1S e − 1Pe transition around 2000 cm−1 is the most widely studied low-energy transition

in quantum dots because of the traditional focus on excited state relaxation in intrinsic wide-gap

systems. It was initially believed that 1S e − 1Pe relaxation should be very slow because of the

low expected multiphonon emission rate at these gap energies, an effect known as the “phonon

bottleneck” [9]. Electronic phonon bottlenecks are rarely observed in practice, however, because

electrons can undergo subpicosecond relaxation by coupling to a valence hole in a process known

as Auger electron cooling [9, 20, 21, 22, 23]. Relaxation in the tens to hundreds of picoseconds is

observed when Auger electron cooling is inhibited, either by hole localization [24, 25, 26] or by

n-doping, and these lifetimes are often attributed to near-field energy transfer involving surface lig-

and vibrations. Further reduction of the nonradiative energy transfer via thick shell growth has led

to intraband lifetimes around 1.5 ns in very large CdSe/ZnS/ZnSe/CdSe quantum dot heterostruc-

tures [25].
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Recent atomistic simulations using a semiclassical electron-phonon coupling framework [27]

predict that lifetimes around 1 ns are the fundamental upper limit due to phonon processes in-

trinsic to all nanocrystals. Fully quantum mechanical models, however, imply that microsecond

lifetimes are attainable when electronphonon coupling and lattice anharmonicity are small, as in

II-VI semiconductors [28, 29]. Furthermore, molecular dynamics simulations and neutron scat-

tering experiments have suggested the presence of surface-derived anharmonicities which could

fundamentally limit intraband lifetimes to subnanosecond levels [30, 31]. There is consequently

a substantial uncertainty regarding the basic limits on maximum achievable intraband lifetimes.

A natural experimental test would be to examine the intraband lifetime in a strongly confined

quantum dot where Auger cooling, nonradiative energy transfer, and other nonphonon relaxation

mechanisms are minimized.

HgSe quantum dots are an attractive system for the study of nonradiative processes in confined

semiconductors. A negative-gap semimetal in the bulk, quantum confinement in HgSe nanopar-

ticles opens a size-tunable gap in the near-infrared. The low energy of the conduction band with

respect to typical environmental Fermi levels renders HgSe quantum dots naturally n-doped [32],

inducing an additional mid-infrared intraband transition as also observed in HgS [33, 34], HgTe

[35], and Ag2Se quantum dots [36]. This allows interband and intraband transitions at different en-

ergy scales to be easily investigated in the same material. The carrier dynamics in HgSe nanocrys-

tals are also of practical interest due to applications in mid-infrared photodetection [5, 37, 38] and

light emission [39].

Prior spectroscopic studies on HgSe quantum dots were limited to static measurements focus-

ing on the spectral response of particles to alterations of their electrochemical environment [32]

and surface chemistry [5, 39, 40, 41, 42]. Here, we investigate the carrier dynamics in HgSe and

HgSe/CdS core/shell structures by transient photoluminescence upconversion, a nonlinear optical

technique that circumvents the lack of fast infrared detectors. Auger recombination is examined

in HgSe by comparing photoluminescence optical lifetimes between n-type and intrinsic particles
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as a function of optical fluence, while the excitonic nonradiative relaxation mechanisms are exam-

ined through the effects of the CdS shell on the quantum yield and nonradiative lifetime. We also

observe the emergence of surface plasmon transitions at large HgSe particle sizes, and spectral and

dynamical evidence of fine structure in 1Pe.

3.2 Results and discussion

3.2.1 Steady-state spectroscopy

Intraband absorption and emission spectra for n-type HgSe quantum dots are shown in Figure 3.1a.

The quantum dots show size-tunable transitions in absorption and emission across the 2000 3000

cm−1 region. Figure 3.1b shows the size-dependence of the 1S e − 1Pe absorption calculated from

the electron dispersion within a two-band k · p approximation with diagonal matrix elements 0 and

−Eg. For a particle of radius R, intraband transition energy is then given by

E(k) =
1
2

(
~2k2

m
− Eg

)
+

√
~2k2

2m
Ep +

E2
g

4
+ Eb (3.1)

with free electron mass m, bulk gap Eg, k1S e = π/R, k1Pe = 4.49/R and a 1S e − 1Pe excitonic

binding energy Eb = −1.6e2/ε1R (gaussian units). The material parameters used may be found in

the supporting information of [1].

The measurements are consistent with the k · p prediction at small particle sizes, but at larger

sizes the intraband frequencies are significantly blueshifted from expectations and saturate at a

value around 1900 cm−1. The fluorescence also weakens and is not detected in the largest par-

ticles. The blueshift from the single-electron calculation, saturation at a finite energy, narrowing

absorption, and quenching of fluorescence are all consistent with the emergence of surface plas-

mon transitions at large sizes due to further conduction band filling. Such behavior has previously

been observed in ZnO [43, 44, 45] and HgS quantum dots [34]. These effects arise as the local
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Figure 3.1: (a) Normalized intraband absorption (solid lines) and emission (dashed lines) spectra
for HgSe particles of the indicated diameters. (b) Particle sizes and corresponding absorption fre-
quencies shown with the k · p prediction. (c) Representative TEM images of the HgSe particles,
with 40 nm scale bars. Sharp features in the absorption spectra around 2900 cm−1 are C-H stretch
vibrations of the surface ligands. Error bars in (b) indicate standard deviations. In (a), the rela-
tive magnitude of the CH resonance decreases in large particles because the doping and resulting
absorption increase.

fields produced by carriers blueshift the collective resonance. In the semiclassical picture of local

field effects, a free carrier density ρ modifies the resonance angular frequency to

ω =

√
ω2

0 + ω2
sp (3.2)

where

ω2
sp =

4πe2ρ

m∗(εIB + 2ε2)
(3.3)

defines the surface plasmon frequency ωsp and ω0 is the one-electron resonance frequency [34].
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e is the electron charge, m∗ is the electron effective mass, c is the vacuum light speed, and εIB

and ε2 are respectively the particle interband and matrix optical dielectric constants. We note that

in contrast to most semiconductors, εIB , ε∞ in HgSe due to the negative bulk gap [46, 47].

Plasmonic effects arise from the collective excitation of many quasi-degenerate optical transitions,

which in the present case may arise from 1Pe−1De, 1De−1Fe and 1Fe−1Ge transitions which are

nearly degenerate at the k · p level of theory. Calculating ω0 in the absence of excitonic binding and

noting that m∗ ≈ m at the wavevectors considered here, we find ωsp/2πc = 960 cm−1 for the 9.1

nm particles. This corresponds to a carrier density of 9.8 × 1019 cm−3 and 38 “excess” electrons

per particle. The typical physical picture of doping in mercury chalcogenide quantum dots is one

of a surface dipole lowering the quantum dot state energies relative to a fixed environmental Fermi

level [33]. The heavy doping achieved here would require a very strong counterion presence in

the standard picture, and possibly suggests contributions from other doping mechanisms such as

chalcogen deficiency in the particle itself.

The remainder of this work focuses exclusively on the spectroscopy of smaller particles where

plasmonic effects should be negligible. For these sizes, notable features in Figure 3.1 are the

Stokes shift and spectral narrowing of the emission with respect to the absorption. These arise

in part from the level splitting of 1Pe due to spin-orbit coupling and aspheric particle shape, as in

HgTe quantum dots [48]. Electron-phonon coupling may also play a role. In a simple configuration

coordinate picture, for example, the 200 cm−1 Stokes shift with respect to the lower 1S e − 1Pe1/2

transition implies a Huang-Rhys parameter of order unity in the smallest particles measured here.

The intraband lineshapes are discussed further in a dedicated section.

3.2.2 Auger recombination

Figure 3.2 shows steady-state spectra and photoluminescence dynamics for the interband and intra-

band transitions in a sample of 5 nm diameter HgSe quantum dots. The presence of both intraband

transitions around 2000 cm−1 and interband transitions around 6000 cm−1 reflects the presence
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Figure 3.2: Absorption and emission spectra of 5 nm diameter HgSe nanoparticles in arbitrary
units. The C-H stretch resonances have been removed from the absorption spectrum for clarity.

of separate n-doped and intrinsic populations in this sample. As shown in Figure 3.3a, at a low

pump fluence of 66 µJ/cm2 we observe a single decay for the interband photoluminescence. As the

pump fluence increases, an additional fast decay becomes apparent. The decay dynamics in Figure

3.3 are accurately described by functions of the form a1 exp(−t/τ1) + a1 exp(−t/τ2). For the data

in Figure 3.3a, fitting gives τ1 = 2600 ± 550 ps and τ2 = 20 ± 3 ps. We assign the slow decay

component to the exciton lifetime. Prior work has shown the interband quantum yield to strongly

increase with decreasing temperature; along with the beneficial effect of shell growth, this sug-

gested the presence of surface traps [40, 41]. Based on a calculated radiative lifetime, the exciton

lifetime observed here is consistent with previously measured quantum yields of order 10−2 [41].

The relative amplitude of the short lifetime component increases with fluence, and this behavior

is assigned to the Auger recombination of multiexcitons [15, 18, 49, 50]. Further support for this

assignment, including analysis of the excitation densities and absolute photoluminescence magni-

tudes, may be found in the appendix to this chapter. We further note that the normalized amplitude

of the fast component significantly exceeds 0.5 at high fluence, indicating that the radiative rate of

the multicarrier state exceeds that of the excitonic state. This is consistent with statistical effects

and, as discussed in the appendix to this chapter, possibly indicates a quadratic dependence of the

interband radiative rate on the excitation number.
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Figure 3.3: (a) Interband fluorescence decay at 5600 cm−1. (b) Intraband fluorescence decay at
2100 cm−1 in the same sample.

As discussed in Chapter 2, it has been proposed that Auger recombination in quantum dots

can be characterized by an Auger coefficient CA defined as CA = V2/8τXX for the Auger decay

of a biexciton with a lifetime τXX in a particle of volume V [51]. This allows direct comparisons

between nanoparticle and bulk Auger recombination rates. The interband Auger coefficients are

2.6×10−29 cm6/s at 5 nm diameter and 6.1×10−29 cm6/s at 6 nm diameter. The Auger coefficient

for bulk HgSe is not known, but these values are more consistent with those of larger gap bulk

semiconductors [9]. This corroborates our previous observation of slower Auger recombination in

small-gap quantum dots versus the corresponding bulk materials discussed in Chapter 2 [18].

Figure 3.3b shows the fluorescence decay for the intraband transition under similar pumping

conditions. The difference is striking, as there is no longer any notable fluence-dependence. The

data exhibit two decay constants of 35 ± 5 ps and 210 ± 40 ps that are nearly unchanged over the

range of pump fluences, and the slow decay always constitutes approximately 60% of the time-

integrated fluorescence. The absolute time-integrated photoluminescence intensities also display

no clear saturation effects as shown in the appendix to this chapter. This indicates that Auger

recombination is strongly suppressed in HgSe quantum dots doped with one or two electrons. The

different carrier dynamics in intrinsic and weakly n-type HgSe may be qualitatively understood by

considering that the Auger recombination rate is affected by the density of states, as determined by
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Figure 3.4: Schematics for biexciton Auger recombination in HgSe quantum dots. Blue circles are
electrons and red circles are holes: (a) intrinsic particle, hot Auger hole; (b) intrinsic particle, hot
Auger electrons; (c) n-type particle, hot Auger electron with no energy-conserving hot Auger hole.
Dashed lines denote Fermi level positions.

Fermi’s golden rule:

γ =
2π
~

∣∣∣〈 f | V̂ |i〉∣∣∣2ρ f (3.4)

γ is the Auger transition rate, 〈 f | is a high-energy exciton final state, |i〉 is a band-edge biexciton

or trion, V̂ is a screened Coulomb operator, and ρ f is the density of resonant final states [9]. In

HgSe, the density of valence states is far greater than the density of conduction states because the

hole is much heavier than the electron [47]. For interband Auger recombination, the final state

is a valence-conduction exciton and there are a large number of these states resonant with the

biexciton. In contrast, Auger recombination in n-type quantum dots involves conduction states

exclusively and the number of exciton states resonant with a 1S e − 1Pe biexciton is very low. This

situation is summarized in Figure 3.4. We note that even if the lifetime under strong pumping

was due to Auger recombination, a ∼ 200 ps Auger lifetime for a particle of 2.5 nm radius gives

CA = 2.6 × 10−30 cm6/s. This upper bound on CA is already a factor of 102 − 103 smaller than

for bulk materials of similar gap [8, 9], and similar to Auger coefficients in quantum dot systems

of 10× greater gap [9, 17].

Although this suppression of Auger recombination should be a general phenomenon in weakly

n-type quantum dots with a sparse conduction level structure, it does not necessarily remain at
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higher doping levels. The absence of photoluminescence for the larger and more heavily doped

HgSe may indeed be attributed to a very fast relaxation arising from electron-electron scattering

across a large number of electron configurations.

3.2.3 Excitonic nonradiative recombination

Although intraband Auger recombination in weakly n-type HgSe quantum dots is absent or slow,

the intraband fluorescence decay is still fast. A prior study of the intraband photoluminescence

from HgSe quantum dots showed the quantum yield to be relatively independent of temperature.

This indicated that trapping contributions are minor and instead suggested an activation-less pro-

cess.24 Near-field energy transfer via dipolar coupling between the exciton and ligand molecular

vibrations is one such mechanism [24, 25, 52, 53]. The nonradiative relaxation rate γnr for this

process is derived by considering the energy dissipated by a spherical dipole of radius R into a

thin absorbing coating of thickness ∆R and imaginary dielectric function ε′′, as discussed in the

supporting information of [53]. It is

γnr =
∆Rε′′

R4 ×
p2

~
(3.5)

where p is the transition dipole moment.

We use this formula to quantitatively model the intraband photoluminescence. The electric field

within a spherical dipole of optical dielectric constant ε1 embedded in a host of optical dielectric

constant ε2 is screened such that p = p0(3ε2)/(ε1 + 2ε2), where p0 = e 〈1S e| z |1Pe〉 ≈ 0.3eR

for the 1S e − 1Pe transition. It is calculated from the spherical Bessel solutions to a spherical

potential well of radius R and infinite depth [54]. The transition dipole moment is calculated

for a given transition energy from the electron dispersion including exciton binding, and a size-

dependent Stokes shift is taken from an empirical fit to the data in Figure 3.1a. ε′′ is determined

from the measured absorption spectrum of the aliphatic ligands through the relation α = 2πε′′/nλ
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Figure 3.5: (a) Nonradiative lifetime calculated from eq 5 (line) and slow lifetime components
(points); (b) quantum yields calculated from eq 6 (line) and data (points). The calculations assume
a negligible width for the electronic transition. Error bars on the lifetime reflect 95% confidence
bounds from fitting and error bars on the frequency reflect the measurement resolution.

where α is the absorption coefficient, λ is the vacuum wavelength of the radiation, and n is the real

refractive index of the ligand. The ligand absorption between 2000 and 2500 cm−1 is due to a weak

background of overtone and combination modes with molecular cross sections around 10−20 cm2,

and α ranges from 10 to 20 cm−1 in this region. ∆R is estimated to be approximately 1 nm from the

relation R + ∆R =
(
R3 + 3VS /4π

)1/3
with a ligand shell volume VS = 1.5× 10−19 cm3, calculated

assuming dense close ligand packing of 4 nm−2 and R = 2.5 nm. With these numbers we obtain a

lower bound on the lifetime 1/γnr, shown in Figure 3.5a. The structure in the calculations reflects

structure in the measured absorption spectrum. The lifetimes are in the 100 - 200 ps range, and

it is notable that a coating with an absorption coefficient as low as 10 cm−1 is sufficient to induce

such lifetimes.

In a static measurement, the nonradiative lifetime should manifest in the photoluminescence

quantum yield φ. When γnr is much larger than the radiative rate γr, φ ≈ γr/γnr. This ratio for

near-field energy transfer is
γr
γnr

=
4ω3√ε2

3c3 ×
R4

ε′′∆R
(3.6)

where ω and c are the angular frequency and vacuum speed of light, respectively. The predicted
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and measured quantum yields are shown in Figure 3.5b. The overall agreement between the data

and theory is reasonable considering the simplicity of the model. We note that this model does not

account for the short lifetime component, which comprises approximately 40% of the fluorescence

and may be due to a minority population exhibiting defects or increased doping. Transient fluo-

rescence and quantum yield measurements were performed on samples with intraband emission

across the 2000 - 2500 cm−1 region, and the results are summarized in Table 3.1.

Summary of Intraband Photoluminescence Data
PL frequency (cm−1) τ1 (ps) τ2 (ps) φ

2050 44 ± 2 210 ± 40 2.5 × 10−4

2150 35 ± 2 200 ± 30 2.3 × 10−4

2250 38 ± 2 190 ± 30 1.7 × 10−4

2350 25 ± 2 170 ± 30 2.2 × 10−4

2450 34 ± 2 140 ± 40 1.4 × 10−4

Table 3.1: Summary of HgSe intraband photoluminescence data. Uncertainties represent the max-
imum variations in time constants across all measured pump powers for a given sample.

3.2.4 Excitonic nonradiative recombination: shell effects

The near-field energy transfer model of nonradiative relaxation implies that, given a fixed transition

frequency and absorbing environment, γnr should scale inversely with the total nanocrystal size.

In a single-component system, however, this behavior is difficult to verify because p and possibly

ε′′ (via the changing transition frequency) are also affected. One may decouple these fundamental

radiative properties from the nanocrystal radius by growth of a core/shell heterostructure with a

type-I band alignment, which confines both carriers to the core. Energy transfer to surface lig-

ands should exhibit an polynomial scaling as noted previously, while mechanisms involving bulk

phonons should not be affected by a shell. Localized surface vibrations associated with mechanical

softness and undercoordinated atoms should be strongly reduced even with thin shells, provided

that they are highly lattice-matched. Although the rate of surface trapping ideally exhibits an expo-
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Figure 3.6: Absolute absorption (solid lines) and emission (dashed lines) spectra for 2.4 nm radius
HgSe and the same particles with a 2.9 nm thick shell. The inset shows the normalized intraband
emission.

nential decrease with increasing shell thickness due to the distance-dependence of tunneling, this

could be modified if the shell is sufficiently defective.

To investigate the underlying relaxation mechanisms, we examined the influence of CdS shell

thickness for HgSe/CdS at low doping levels. Representative absorption and emission spectra of

2.4 nm radius HgSe with a 2.9 nm CdS shell are shown below in Figure 3.6. Shell growth pro-

duces negligible shifts in the interband and intraband transition energies in accordance with the

expectation of strong type-I band alignment in HgSe/CdS. We also see that the shell increases the

absolute interband and intraband photoluminescence with a stronger effect in the latter. This sug-

gests a reduced nonradiative relaxation rate which should manifest in quantum yield and lifetime

measurements.

Such data are shown in Figure 3.7. Growth of a thick shell leads to a small increase in the in-

terband quantum yield, with the exception of the thin-shell HgSe/CdS sample. These QDs display

a relatively low interband quantum yield of 0.5% due to the low temperature shell synthesis, which

increases to > 2% upon annealing [2]. The mild increase of interband quantum yield with shell

thickness is qualitatively similar to prior works which reported saturation of interband HgSe/CdS

quantum yield at moderate shell thicknesses [41, 40]. In contrast, the intraband quantum yield

exhibits a 30-fold increase over the same shell thickness range. The intraband radiative rate γr of
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Figure 3.7: (a) Interband and intraband photoluminescence quantum yields versus CdS shell thick-
ness for 2.4 nm radius HgSe particles; (b) Normalized intraband photoluminescence decays for
different CdS thicknesses in similar samples.

HgSe QDs is

γr =
4ω3 p2√ε2

3~c3 (3.7)

With the material parameters from the supporting information of [2], the intraband radiative life-

time 1/γr for HgSe QDs emitting at 2050 cm−1 is calculated to be 900 ns. Growth of a CdS shell

slightly changes the dielectric screening [2], leading to a radiative lifetime of 700 ns for HgSe with

a thick CdS shell.

With the measured quantum yields and calculated radiative lifetimes, the average nonradiative

lifetimes are calculated to vary from 700 ps in the HgSe core to 15 ns in HgSe/CdS with a 15

nm thick shell. This increasing trend is supported by the lifetime measurements, although they

exhibit multiexponential behavior. The HgSe cores exhibit two nonradiative relaxation times of

26 ± 1 and 1030 ± 35 ps, and about 90% of the time-integrated signal comes from the slower

decay. This relaxation component is about three times as long as those shown earlier, which might

be due to modified synthetic and cleaning procedures leading to a smaller surface ligand density.

Shell growth leads to a 25-fold lengthening of the fast lifetime component, while expected length-

ening of the slow component is not resolved on the timescale of these measurements. Overall,

the photoluminescence data indicate that thick CdS shells substantially lengthen average intraband
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nonradiative lifetimes into the nanosecond regime.

The intraband lifetime derived from the quantum yield is at least an order of magnitude longer

than the ∼ 1 ns phonon-mediated lifetime limit predicted by semiclassical simulations [27]. Al-

though the rate of surface trapping should be slow at the larger shell thicknesses considered here,

it is still possible that stacking faults in CdS related to lattice strain can allow carriers to reach the

surface [55]. The present data therefore do not definitively rule out a trapping mechanism. Over-

all, the weak but positive scaling of lifetimes and quantum yields with shell thickness suggests that

energy transfer remains the dominant nonradiative mechanism and that anharmonicity or intrinsic

phonon effects are relatively small.

The 2% intraband quantum yields achieved in thick-shell HgSe/CdS makes them the brightest

reported solution-phase chromophores in the 2000 cm−1 (5 µm) infrared region at room tempera-

ture. This quantum yield is also close to the room temperature record of ∼ 4% recently observed

in epitaxial III-V superlattices, which are limited by Auger recombination [56]. Long lifetimes

and large quantum yields are beneficial for mid-infrared light detection and emission as discussed

at length elsewhere in this thesis. The present results indicate that decoupling the quantum dot

excitation from the infrared-absorbing environment remains a crucial component of this goal.

3.2.5 Intraband lineshapes and intersublevel relaxation

We now consider the lineshapes of the intraband transitions and the corresponding dynamics in

HgSe. Careful inspection of the intraband absorption for weakly doped particles reveals that it

does not consist of a single inhomogeneously broadened line. Instead, as shown in Figure 3.8,

it is better described as a sum of two Gaussian distributions. This fitting is motivated by the

spin-orbit splitting of the 1Pe manifold into 1Pe1/2 and 1Pe3/2 sublevels as previously reported

for HgTe quantum dots [48]. Although the spin-orbit coupling is smaller in HgSe, it should still

produce a sizable splitting [57]. The emission nearly overlaps with the lower absorption feature

and its 480 cm−1 full-width at half-maximum (fwhm) matches the line width of the fitted 1S e -
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Figure 3.8: Measured absorption and emission spectra for the intraband transition in HgSe along
with fits of the absorption lines. The 1S e − 1Pe1/2 transition fit has a 2100 cm−1 center frequency
and 480 cm−1 fwhm, and the 1S e−1Pe3/2 transition fit has a 2450 cm−1 center frequency and 650
cm−1 fwhm. C-H stretching resonances in the absorption have been removed for clarity.

1Pe1/2 transition. This indicates electron relaxation to 1Pe1/2 within picoseconds and subsequent

emission from that state. There is also a weak high-energy tail which may be emission from

the short-lived 1Pe3/2 population. This assignment is supported by time-resolved fluorescence

measurements which show spectrally structured photoluminescence decays. To enable collection

of transient data over the entire emission band, a sample with an emission peak around 2300 cm−1

was synthesized.

Its spectra are shown in Figure 3.9a, and relaxation dynamics across the emission line are

shown in Figure 3.9b. To the red, the dynamics similar to those shown earlier. Slow relaxation

constitutes the majority of the time-integrated fluorescence and displays a time constant of approx-

imately 170 ps, in agreement with the near-field energy transfer model. To the blue, a fluores-

cence transient of 15 ps width grows in magnitude and constitutes > 60% of the time-integrated

fluorescence at 2750 cm−1, consistent with emission from 1Pe3/2. The slow relaxation also be-

comes faster, with a time constant of about 100 ps, likely due to stronger ligand absorption as

one approaches the ligand C-H stretch modes around 2900 cm−1. At intermediate frequencies,

the dynamics are more complex. Both prompt and slow emission are apparent, but a secondary
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rise in emission is also observed. At these frequencies, the measurement simultaneously probes

red (1Pe1/2) emission from small particles and blue (1Pe3/2) emission from large particles. If the

1Pe3/2 − 1Pe1/2 transition rate is slower for smaller particles, this would account for the observed

behavior. The physical basis for a size-dependent rate could be due to phonon-mediated relaxation,

leading to slower relaxation for larger splitting. Although such a “phonon bottleneck” effect is not

observed in intrinsic particles due to a subpicosecond Auger process [9, 58], it may be active here.

Indeed, a nonradiative 1Pe3/2 − 1Pe1/2 transition should only be possible via phonon emission

because the dense manifold of valence states is not accessible, and the observation of slow inter-

sublevel relaxation is therefore consistent with the lack of measurable Auger recombination in this

system.

We modeled the transient data using a four-level relaxation scheme shown in Figure 3.9c.

To simulate the photoluminescence, the population N at each simulation time ti with time step

∆ = 0.5 ps was calculated according to equations 3.8, where I(ti) is the instantaneous pump pulse

fluence at time step ti and σ is the nanocrystal cross section. The levels 1, 2, 3 and 4 respectively

correspond to the pump state, 1Pe3/2, 1Pe1/2 and 1S e states in Figure 3.9c, and the instantaneous

photoluminescence signal is taken to be the weighted sum of N2 and N3.

N1(ti) = N1(ti−1)I(ti)σN4(ti−1) −
N1(ti−1)
τ1

∆

N2(ti) = N2(ti−1) +

(
N1(ti−1)
τ1

−
N2(ti−1)
τ2

−
N2(ti−1)
τ3

)
∆

N3(ti) = N3(ti−1) +

(
N2(ti−1)
τ2

−
N3(ti−1)
τ4

)
∆

N4(ti) = 1 − N1(ti) − N2(ti) − N3(ti) (3.8)

Simulated fluorescence decays used τpump = 10 ps (fwhm) centered at t = 0, corresponding to I(t)

in equation 7, τ1 = 1 ps, τ3 = τ4 = 100 ps, τhole = 0 ps and ∆ = 0.1 ps. τ2 was taken to be 5 ps for

large particles and 30 ps for small particles, a realistic range based on reported phonon-mediated

relaxation across similar energy gaps [59, 28]. The relative weights of the 1Pe3/2 state for the
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Figure 3.9: (a) Measured absorption and photoluminescence in arbitrary units (solid lines) with
organic vibrations removed for clarity and fits to the absorption spectrum (dashed lines). (b) Tran-
sient fluorescence at the indicated frequencies. (c) Four-level model with radiative transitions
shown as dashed lines. (d) Simulated transient fluorescence using the model shown in (c).

simulated curves were 0%, 30%, 60%, and 90% from bottom to top. The model reproduces gross

features of the intraband dynamics, supporting the proposition of distinct emission dynamics from

individual 1Pe sublevels.

3.3 Conclusions

We studied the photophysics in intrinsic and n-type HgSe quantum dots using steady-state ab-

sorption and photoluminescence, and transient infrared photoluminescence upconversion. With
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intrinsic quantum dots, the interband transition emitting around 2 µm displays nanosecond exciton

lifetimes and biexciton Auger lifetimes of 20 - 30 ps. This behavior is similar to that observed

in other interband quantum dots without alloyed shells. In n-type quantum dots, the mid-infrared

absorption evolves from the intraband 1S e − 1Pe transition in small particles to a transition with

increased plasmonic character at large sizes. In the weakly n-type quantum dots, intraband transi-

tions emit around 5 µm. Measurements of the intraband photoluminescence lifetime revealed an

absent or dramatically reduced Auger recombination rate, assigned to the sparse density of states

in n-type quantum dots. This effect is expected to generalize beyond HgSe to all weakly n-type

quantum dots where the density of states in the conduction band is small. Auger coefficients for the

intraband transition in HgSe quantum dots are at least three orders of magnitude smaller than for

bulk materials of similar gaps. In addition, spectrally resolved dynamical measurements revealed

slow phonon-mediated intersublevel relaxation assigned again to the sparse density of states. The

suppressed Auger recombination in weakly n-type quantum dots is a significant motivation to pur-

sue mid-infrared lasers and detectors utilizing intraband transitions.

3.4 Methods

Synthesis of HgSe nanocrystals: 45 mg of HgCl2 was dissolved in 5 ml of oleylamine by stir-

ring and heating at 100 ◦C for 50 min in an N2-purged glovebox. The clear solution was then

cooled or heated to the reaction temperature, determined by the desired particle size. 20 µl of

bis(trimethylsilyl)selenide (TMSSe) diluted into 0.45 ml of dry oleylamine was then injected

into the HgCl2 solution, which immediately turned black. The reaction was typically allowed

to progress for 4 min, after which it was quenched by pouring the reaction mixture into 5 ml

of cold chlorobenzene. Higher temperatures and longer reaction times furnished larger parti-

cles. Outside the glovebox, the particles were precipitated by addition of 1.2 ml of a 0.1 mo-

lar didodecyldimethylammonium bromide (DDAB)/isopropanol solution and additional ethanol

as needed. After centrifugation, the supernatant was discarded, and the particles were dispersed
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in 2 ml of tetrachloroethylene (TCE). The particles were then cleaned a second time. 0.6 ml of

DDAB/isopropanol was added to the cleaned solution along with additional isopropanol as needed

for precipitation. After centrifugation and drying, the particles were dispersed in TCE for mea-

surements.

Synthesis of HgSe cores for HgSe/CdS: HgSe cores were synthesized following a modified

version of the above procedure. 108 mg of HgCl2 was added to a 3-neck flask on a heating mantle

with 10 mL of oleylamine and a stir bar. The flask was equipped with rubber sleeve stoppers and

a thermocouple, and connected to a Schlenk line manifold. Three vacuum - Argon flush cycles

were performed at room temperature, and the flask was heated at 100 ◦C for 45 minutes. The

temperature was then reduced to 90 ◦C. A solution comprised of 50 µL TMSSe and 0.95 mL

oleylamine was prepared in a N2 glovebox and injected into the flask. The temperature dropped to

88 ◦C and was kept at this temperature for 2 minutes. The flask was then removed from the mantle,

cooled to room temperature using compressed air, and 10 mL octane was added. In air, the reaction

mixture was centrifuged to remove excess unreacted Hg complex as a grey pellet. The supernatant

containing the nanocrystals was collected, cleaned by addition of ethanol and centrifugation, and

dispersed in 0.1 mL of oleylamine and 4 mL of TCE. A second cleaning was done by addition of

0.8 mL of 0.1M DDAB/TCE and isopropanol precipitation. After centrifugation, the precipitate

was dispersed in 0.1 mL of oleylamine and 2 mL of TCE, and stored as a stock solution at -10 ◦C.

This procedure produces about 30 mg of cleaned HgSe nanocrystals.

Growth of CdS shells: CdS shells were grown by a two-step procedure involving growth

of a thin shell at low temperature, cleaning, and a final high-temperature thick shell growth. A

more detailed discussion may be found in [2]. 30 mg of purified HgSe nanocrystals were added

to a 3-neck flask with 15 mL of a 4:1 oleylamine:hexadecane solution, and three vacuum - Argon

cycles were performed at room temperature. The temperature was then set to 80 ◦C. When the

temperature reached 40 °C, 1.17 mL of 0.1 molar cadmium bis(phenyldithiocarbamate) (CdPDTC)

solution was injected. This corresponds to 2 monolayer-equivalents (MLs) of CdS shell. The
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solution was kept at 80 ◦C for 5 minutes then cooled to 50 ◦C. 0.82 mL of 0.1 molar CdPDTC

solution (1 ML of CdS) was then injected and the solution was heated at 80 ◦C for 5 minutes.

The flask was then connected to vacuum at 80 ◦C to remove H2S gas evolved during the reaction.

When the pressure dropped below 1 torr, the flask was returned to Argon flow and cooled to room

temperature. These thin-shell HgSe/CdS particles were then precipitated using methyl acetate and

redispersed in 2 mL of TCE. They may be stored at this stage as a stock solution at -10 ◦C. TEM

imaging showed that the nanoparticle diameter to increase from 4.8 nm to 6.1 nm after this shell

growth with no obvious homogeneous nucleation.

Thick CdS shells were then overgrown on the thin-shell HgSe/CdS using cadmium bis (di-

ethyldithiocarbamate) (CdDEDTC) as a single-source precursor, with amines and cadmium oleate

as ligands. A 1:5 molar ratio of cadmium oleate to CdDEDTC prevented the formation of wurtzite

arms during shell growth while avoiding homogenous nucleation of CdS. The reaction solvent was

a 2:2:1 mixture of hexadecane, dodecylamine and hexadecylamine served as the solvent. A 0.02

molar CdS shell precursor solution was first prepared by adding 2 mL of 0.024 molar cadmium

oleate solution to 10 mL of 0.024 molar cadmium bis(diethyldithiocarbamate) solution (98 mg

CdDEDTC in 10 mL of reaction solvent). The mixture was sonicated at room temperature to dis-

solve, and gently warmed before loading into an automated syringe pump. Thin shell HgSe/CdS

nanocrystals grown from 8 mg of HgSe cores were precipitated with methyl acetate, dispersed in

4 mL of warmed solvent solution, and 1.35 mL of 0.024 molar cadmium oleate solution (1.5 MLs)

was added. The mixture was placed in a 3-neck flask on the Schlenk line with vacuum - Argon

cycling and then heated rapidly to 220 ◦C at about 50 ◦C/minute. When the temperature reached

215 ◦, the CdS precursor solution was injected at rate 0.396 mL/minute for 10 minutes. This is

equivalent to 3MLs of CdS. The temperature during this time was maintained at 220 ◦C but did

not exceed 225 ◦C to minimize alloying. The solution was then cooled to 120 ◦C and evacuated

to remove the H2S. Evacuation is necessary to prevent homogeneous nucleation of CdS during

subsequent growth cycles or post-synthetic doping. For further CdS growth cycles in 3 ML units,
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the flask was heated again to 220 °C and CdS precursor injected at 0.650 mL/minute for 10 min-

utes. After the injection is complete, the flask was then cooled and evacuated. The cooled reaction

mixture was cleaned by centrifugation to form a thick precipitate, with remaining particles in the

supernatant precipitated by methyl acetate acetate addition and further centrifugation. The final

precipitate was then dispersed in 4 mL of 10:1 TCE:oleylamine, boiled at for a few seconds to

dissolve the saturated amine solvent, and allowed to cool. The solution was then cleaned twice by

precipitation with methyl acetate and dispersion in TCE. After the second precipitation, the pellet

was dried under vacuum and dispersed in TCE for measurements.

Electron microscopy: Transmission electron microscopy images were collected using an FEI

Tecnai Spirit electron microscope operating at 120 kV. Particle sizes were determined manually as

the longest distance across the particle using ImageJ software.

Absorption spectroscopy: Absorption spectra were collected using a Nicolet Magna 550

FTIR instrument with a DTGS detector, scanning at 4 cm−1 resolution.

Transient photoluminescence spectroscopy Transient data were obtained by the technique

of gated sum-frequency generation (upconversion), described in more detail in Appendix C. The

beam from a home-built Nd:YLF regenerative amplifier producing 10 ps, 1053 nm pulses at 1

kHz was split into two paths by an 80:20 beamsplitter. The weak path pumped the sample in the

transverse geometry after attenuation, variable optical delay, and weak focusing by a cylindrical

lens. The strong path was brought collinear with the fluorescence by a CaF2 beamsplitter and

parametric mixing in a KTA crystal generated light at the sum-frequency. Filters removed the fun-

damental and weak second harmonic of the laser. The sum-frequency pulse then passed through a

monochromator to a silicon photomultiplier (Hamamatsu C14193-1325SA) and a gated integrator

discriminated it from the background. The spectral resolution of the measurement was 80 - 140

cm−1 , governed by either the phasematching bandwidth or the monochromator depending on the

spectral region. The spectral range of the measurement was 6500 - 2000 cm−1, limited on the red

side by crystal absorption and on the blue side by the crystal cut angle.
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Photoluminescence spectroscopy: Photoluminescence spectra were obtained using a home-

built Michelson interferometer operating in step-scan mode. An 808 nm laser diode of 150 mW

average power modulated as a sine wave at 100 kHz excited the sample. The fluorescence was

collimated by a parabolic mirror and sent through the interferometer to a cooled HgCdTe detector

with a 900 cm−1 cutoff frequency. A silicon wafer filtered out scattered laser light. The detector

output was sent through a lock-in amplifier, and one of the interferometer arm lengths was scanned

for a distance corresponding to 50 cm−1 spectral resolution after Fourier transformation of the

interferogram. To correct for the detector responsivity and atmospheric absorption, the measured

spectrum was divided by the ratio of a measured and calculated blackbody photon flux.

Quantum yield determination: The quantum yield was determined by making an absolute

quantum yield measurement on a reference near-infrared sample in an integrating sphere and cal-

ibrating subsequent photoluminescence measurements to this reference. An HgTe sample with a

photoluminescence peak at 3800 cm−1 (2630 nm) was prepared as the reference according to a

prior report.14 It was dispersed in TCE and contained in a CaF2 cuvette for the measurement. In

a gold integrating sphere with an amplified PbSe detector on one port, the sample was excited by

an 808 nm diode laser modulated as a square wave at 1 kHz. The detector signal S , with and

without a silicon window on the detector port, was recorded with the sample and with a TCE

blank. 808 nm light is completely blocked by the silicon window within the sensitivity of the mea-

surement. The reference photoluminescence quantum yield φr under these conditions is therefore

φr = S S ,S i/(S B − S S ) ×
(
R808/R2630

)
× T−1 where the subscripts S , B and S i respectively de-

note the sample, TCE blank, and silicon window. R is the wavelength-dependent PbSe detector

responsivity and T = 0.6 is the transmission of the silicon window. The detector responsivity is

linear with wavelength in this spectral range so that R808/R2630 = 808/2630. To obtain the quan-

tum yield of an arbitrary sample from its emission spectrum, the quantum yield of the reference

sample was correlated to its measured emission spectrum. The spectrum was normalized to the

blackbody as described above and integrated. The integral of the reference sample emission is ∆r.
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The quantum yield of an arbitrary sample with integrated emission ∆ could then be calculated as

φ = (∆/∆r) × φr.

3.5 Appendix

3.5.1 Photoluminescence saturation behavior

Additional support for the assignment of the fast interband photoluminescence decay to Auger re-

combination, and the absence of detectable Auger recombination in intraband photoluminescence,

comes from the fluence-dependence of the absolute signal magnitudes. Shown below are the inte-

grated and early-time signals for the interband data presented in the main text, determined using

the biexponential fits, along with the absolute decays. The integrated signal shows clear satura-

a b c

Figure 3.10: (a) Interband time-integrated photoluminescence signal; (b) Interband early-time peak
photoluminescence signal; (c) Absolute interband photoluminescence decays presented in the main
text.

tion while the early-time signal grows steadily with the pump fluence. This is consistent with an

Auger decay of multicarrier states. The lack of complete saturation in the integrated PL and the

superlinear early-time signal are likely due to bleaching effects, which limits reabsorption of the

fluorescence and allows more of the sample to be excited. Statistical effects could also contribute

to superlinear behavior, as described later in this appendix.

89



a b

Figure 3.11: (a) Intraband time-integrated photoluminescence signal; (b) Absolute intraband pho-
toluminescence decays presented in the main text.

Shown above are equivalent data for the intraband decays presented in the main text. As dis-

cussed earlier, they do not change with pump fluence. The early-time and time-integrated signals

are therefore equivalent. The signal does not display an obvious saturation, consistent with our

determination that Auger recombination is not detectable in this system.

3.5.2 Multicarrier decay kinetics without Auger processes

Manifestation of Auger decay in photoluminescence lifetime measurements depends on the emis-

sion rate of N-exciton (multicarrier) states in the ensemble average. In the case of noninteracting

bound excitons, the emission rate scales as N and the decay remains exponential with a constant

exciton lifetime. In the plasma picture used to describe recombination in bulk semiconductors, all

electrons and holes are uncorrelated and all may recombine with each other equally. The decay is

hyperbolic, and the emission rate scales as N2. These scalings are examined below.

Linear scaling: For N noninteracting excitons, the exciton decay kinetics are given by

dN
dt

= −kN (3.9)

and exponential behavior is observed. If one considers a multiexciton simply as a noninteracting
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collection of n excitons, then N(t) =
∑

n Pn(t)n where Pn(t) is the time-dependent occupation

probability of the n-exciton. This decays due to the recombination of a single constituent exciton

and creates an (n − 1)-exciton at a rate kn. Therefore, the change in average exciton number is

∆N =
∑

n
(−nknPn(t) + (n − 1)knPn(t))∆t = −

∑
n

knPn(t)∆t (3.10)

Discretizing the kinetic equation above and multiplying both sides by ∆t allows one to compare

the two equations for ∆N, implying that

kX,n = nk (3.11)

where X denotes the exciton picture. Thus, although the overall decay of the average exciton

number has a fixed rate k, the decay of an n-exciton is n times faster. This does not imply that an

n-exciton is more strongly coupled to radiation, only that it may decay in n more ways. We refer to

this as a “trivial” factor in later discussions, and k remains the relevant rate for an energy transfer

mechanism based on the dipole interaction.

Quadratic scaling: In the free carrier or plasma picture, all electrons and holes may recombine

with each other equally. The relevant model in this case is

dN
dt

= −gNP (3.12)

where N and P now respectively denote the electron and hole numbers. For intrinsic systems,

N = P and the decay is hyperbolic:
dN
dt

= −gN2 (3.13)

Applying the same procedure as above and taking the recombination coefficient g to be independent
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of n, as is conventional in bulk semiconductors, we find

kF,n = gn2 (3.14)

where F denotes the free carrier picture. One factor of n here is the trivial scaling noted above, and

the other factor of n reflects the n equivalent recombination pathways between all electrons and

holes.

The relevant scaling in a quantum dot might vary. The quadratic scaling could apply in the case

of interband transitions where the hole density of states is large and bulk-like. Indeed, quantum

mechanical calculations by Wimmer et al. [60] show the interband biexciton radiative rate to vary

between 1× and 2× the exciton radiative rate, not counting the trivial n factor, depending on the

particle size and correlation strength. Only the factor of 2× is consistent with the bulk free carrier

picture. For intraband transitions, the “holes” have a nominal multiplicity of 2, and an intraband

biexciton can only relax by recombining an electron with a hole of appropriate spin. The quadratic

scaling is unlikely in this case.

3.5.3 Simulations of multicarrier decay kinetics with Auger processes

If one takes the Auger recombination mechanism to involve pairs of true bound excitons, and that

any exciton pair may recombine equivalently, the nonraditive Auger rate will scale according to

the probability of choosing 2 excitons from n excitons. This

kAX,n = kXX
n(n − 1)

2
(3.15)

where kXX is the biexction Auger recombination rate. In the plasma or free carrier picture for bulk

semiconductors, the kinetics for Auger recombination are

dN
dt

= −γN3 (3.16)
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and, by the same procedure used earlier, one obtains

kAF,n = γn3 → γ(n − 1)3 (3.17)

The rightmost expression is a necessary modification for quantum dots, where Auger recombina-

tion requires n ≥ 2 and the “biexciton” Auger rate follows kAF,2 ↔ kXX,2 by convention.

To simulate the photoluminescence decays associated with the excitonic and plasma models,

the initial excitation levels are obtained from the Poisson distribution as

Nn(t0) =
e−〈n〉〈n〉n

n!
(3.18)

Nn(t0) is the number of quantum dots with n excitations as a function of the average 〈n〉 at time

t0 = 0. In the excitonic picture, the populations Nn evolve according to

N5(ti) = N5(ti−1) −
(

N5(ti−1)
τAX,5

+
N5(ti−1)
τX,5

)
∆

N4(ti) = N4(ti−1) +

(
N5(ti−1)
τX,5

+
N5(ti−1)
τAX,5

−
N4(ti−1)
τX,4

−
N4(ti−1)
τAX,4

)
∆

N3(ti) = N3(ti−1) +

(
N4(ti−1)
τX,4

+
N4(ti−1)
τAX,4

−
N3(ti−1)
τX,3

−
N3(ti−1)
τAX,3

)
∆

N1(ti) = N1(ti−1) +

(
N2(ti−1)
τX,2

+
N2(ti−1)
τAX,2

−
N1(ti−1)
τX,1

)
∆ (3.19)

where τ = 1/k in all cases. Populations in the free carrier picture evolve analogously with X → F

and k → g or γ. If all multicarrier states have equal dipole coupling to the ground state, the two

models of photoluminescence are

PLX(ti) =
1
τR

∑
n

nNn(ti)

∆ (3.20)
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Figure 3.12: Simulated photoluminescence using (a, b) excitonic populations and linear radiative
scaling; (c, d) free carrier populations and linear radiative scaling; (e, f) free carrier populations
and quadratic radiative scaling.

and

PLF(ti) =
1
τR

∑
n

n2Nn(ti)

∆ (3.21)

where R denotes the radiative decay. Shown below are simulated photoluminescence decays taking

either excitonic or free carrier transient populations and the two options for photon emission. The

combination of excitonic population transients and free carrier photoluminescence is not consid-
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ered. Simulations used ∆ = 0.1 ps, 1/kX = 1/g = 5 ns, 1/kXX = 1/γ = 20 ps, and 1/kR = 100

ns.

Absolute and normalized simulated photoluminescence decays are shown in Figure 3.12. Dif-

ferences between excitonic (a, b) and free carrier (c, d) population relaxation with linear radiative

scaling are subtle, being most apparent at early times as a faster Auger decay. This effect may not

be apparent in experiments where the instrument response is of comparable or slower timescale

to the earliest-time relaxation. The late-time signals are similar with a slightly lower level in the

free carrier case. The situation of quadratic radiative scaling (e, f) dramatically increases the abso-

lute early-time signal and the overall early-time decay rate, while the absolute signal saturates at a

similar long-time value compared to the other cases. This manifests in the normalized decays as a

saturation of the long-time signal at a value much less than 0.5.

3.5.4 Absorption cross sections and excitation densities for HgSe

The cross section per Hg atom in an HgSe quantum dot is required for calculations of excitation

numbers, as noted in Chapter 2. This can be obtained through method utilizing acid digestion of

the particles coupled with inductively-coupled plasma optical emission spectroscopy (ICPOES)

and optical absorption, or from an assumed or known reaction yield and the optical absorption.

For the ICPOES determination, particles are precipitated from 0.2 mL of a 4 mL cleaned solu-

tion, dried under N2, digested in 0.5 mL each of HCl and HNO3 for 3 hours, and diluted to 25 mL

in deionized water. 1 mL of aqueous 400 ppm AuCl3 ·3H2O and 1 mL of 70% HNO3 are added to

3 mL of the diluted digest for the ICPOES measurement. The Au complex prevents Hg reduction.

The ICPOES spectra are compared to those for a series of Hg standards for quantitative analysis.

The data for a variety of samples are shown below along with the optical absorption and 415 and

1053 nm. These data give the per-Hg nanocrystal cross section as σHg
415 = 1.35 ± 0.2 × 10−17 cm2.

Optical absorption and assumption of 80% reaction yield, reasonable for the highly-reactive

TMSSe precursor, gives σHg
415 = 1.5 ± 0.4 × 10−17 cm2. Both this value and the ICPOES value

95



ICPOES and Absorption Data
ICPOES concentration (ppm) A415 A1053 A1053/A415
9.47 1.44 0.161 0.11
9.68 1.52 0.165 0.11
12.14 1.71 0.181 0.11
11.88 1.67 0.175 0.10
13.13 1.86 0.196 0.11
12.42 1.85 0.194 0.10
7.47 1.06 0.111 0.10
7.91 1.08 0.112 0.10

Table 3.2: ICPOES and optical data for HgSe cross section determination.

Excitation Levels for HgSe
average fluence (µJ/cm2) 〈n〉 P(n ≥ 2)
66 0.2 0.01
180 0.56 0.11
270 0.86 0.21
560 1.8 0.53
1100 3.5 0.87

Table 3.3: Excitation levels for HgSe calculated using the absorption cross section at 1053 nm.

are smaller than the 2.6 ± 0.4 × 10−17 cm2 for an Hg atom in an HgTe quantum dot [61]. Using

the larger HgSe value as a conservative estimate in the context of Auger analysis, we obtain the

nanocrystal cross section at the experimental pump wavelength of 1053 nm as σNC
1053 = NHg ×

σ
Hg
415 × A1053/A415 = 6 ± 2 × 10−16 cm2 for a spherical particle of 2.5 ± 0.25 nm radius. From

this cross section we calculate the average number of excitations 〈n〉 and the population fraction

with n ≥ 2 from Poisson statistics. This is shown in Table 3.3 below at the fluences used in the

interband experiment.
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CHAPTER 4

DETAILED-BALANCE LIMITS FOR MERCURY TELLURIDE

QUANTUM DOT INFRARED PHOTODETECTORS

The following material is adapted from [1].

4.1 Introduction

Photodetection in the mid- and long-wave infrared (MWIR and LWIR) relies primarily on epitaxially-

grown semiconductor crystals with small band gaps, such as InSb and Hg-rich HgCdTe alloys. The

performances of optimized devices are usually limited by the Auger nonradiative recombination of

thermally-generated carriers, and as a result, MWIR and LWIR photodetectors function best under

cryogenic conditions [2, 3, 4]. The Auger rate provides the fundamental performance limitation

because it is a basic material property of bulk semiconductors, and efforts to further raise perfor-

mances therefore require nonequilibrium schemes which reduce the effective carrier density in the

active region [4, 5, 6]. Auger suppression is also one of the motivations behind the development

of type-II superlattice detectors [7, 8]. Cooling requirements, alongside difficulties associated with

growing epitaxial materials and interfacing them with silicon electronics, make high-performance

MWIR and LWIR photodetection extremely costly. This generally limits present uses to defense

and research applications. Yet, there are many commercial situations such as autonomous driv-

ing, agricultural analysis, and product sorting which would greatly benefit from affordable, high-

performance photodetection in the MWIR and LWIR.

Solids of nanocrystal quantum dots are increasingly being investigated as promising alterna-

tives to conventional epitaxial materials [9, 10, 11, 12, 13, 14, 15, 9, 16, 17] with the performances

of MWIR and short-wave infrared (SWIR) HgTe quantum dot detectors most closely approaching

those of existing technologies [12, 17]. In addition to the very low material costs and simple in-

terfacing with silicon electronics, the solution-processability of nanocrystal quantum dots readily
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enables modalities such as dual-band [15] and hyperspectral [14] detectors, polarization-sensitive

detectors [9] and curved detectors [16, 13] which are difficult or impossible to realize with crys-

talline systems.

Beyond exploring such practical advantages of nanocrystal quantum dots for infrared detection,

it is important to examine the basic performance limits of the material system and the possible ben-

efits of future optimizations. The initial works along these lines focused on epitaxial quantum dots

and employed bulk semiconductor models to evaluate detectivity limits [18, 19]. Such analyses do

not capture the important modifications to radiative and Auger recombination which are induced

by strong quantum confinement, and they also may not be appropriate for conducting granular

systems such as nanocrystal solids. In this chapter, we develop a simple statistical recombination

model which connects microscopic intraparticle recombination rates, which are easily calculated

or measured, to the macroscopic thermal recombination rates which are relevant to infrared pho-

todetection. The model is then applied to HgTe nanocrystal quantum dots, and the fundamental

detectivity limits are determined by applying the principle of detailed balance. We conclude the

chapter with a discussion of the results’ implications for quantum dot infrared detector perfor-

mance.

4.2 Thermal recombination model

We begin with a parameterization, based on prior experimental data, of the HgTe quantum dot

energy gap as a function of temperature and nanocrystal size. The gap is taken to be the lowest-

energy excitonic transition between quantized valence and conduction states, and it is obtained at

300 K from the polynomial fit reported by Hudson et al. for absorption spectra of quasi-spherical

particles [20]. The temperature-dependence is added via a linear correction based on an average

across three sets of photoluminescence data reported by Keuleyan et al. [21]. This gives the overall

parameterized gap as
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Figure 4.1: Energy gaps calculated from Equation 4.1

Eg(R,T ) =
1

−0.0056R2 + 0.80R − 0.57
−

(
3.5 × 10−4

)
× (300 − T ) (4.1)

with Eg in eV, R in nm, and T in Kelvins. Here, we consider particles with 4 to 12 nm radii

for MWIR and LWIR photodetection across the temperature range 100 - 300 K. Radius- and

temperature-dependent energy gaps are shown below in Figure 4.1. Equation 4.1 produces en-

ergies similar to those obtained using a Kane conduction band, parabolic heavy hole band, and

temperature-dependent bulk gap with k = π/R.

The energy gaps given by equation 4.1 are then used to determine thermal carrier populations

assuming that the particles are intrinsic. Measurements on MWIR p-i-n HgTe quantum dot pho-

todiodes indeed show low residual doping [11], and this should also be the optimum situation in

a photoconductor [22]. Although very precise doping control remains a general challenge with

nanocrystal quantum dots [23], it is reasonably tunable in HgTe via the nanocrystal surface chem-

istry [15, 24, 25, 26]. As shown in the appendix to this chapter, the average number of thermal

electrons or holes per quantum dot, Ni, is given in the intrinsic limit by

Ni =

√
ZcZve−βEg (4.2)
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where Zc and Zv respectively denote the conduction and valence partition functions, and β = 1/kBT

with kB denoting Boltzmann’s constant. Equation 4.2 is valid when Ni is small and excitonic effects

are weak; these conditions will usually be satisfied in HgTe quantum dot solids [11, 24, 26, 27].

Effects related to particle size inhomogeneity are not considered in the present treatment.

At the particle sizes considered here, the two lowest conduction levels are separated by 100

meV or more due to the light electron effective mass. We therefore expect only one conduction

level to contribute in equation 4.2 so that, including spin degeneracy, Zc = 2 at all temperatures.

The valence levels are more closely spaced, by 30 meV or less due to the heavy hole effective

mass, and Zv varies more strongly with particle size and temperature. It is

Zv =
∑
n,l

gle
−βEn,l (4.3)

where n is the principal quantum number, l is the orbital angular momentum quantum number, gl is

the valence state degeneracy, and En,l is the valence state energy. Since the valence level structure

is not directly resolved in experiments, in contrast to the excitonic energy gap Eg, we evaluate Zv

in the parabolic approximation assuming hole confinement to a spherical potential well of radius

R and infinite depth. This gives gl = 2(2l + 1) including spin, and En,l = ~2ξ2
n,l/2mvR2 where

ξn,l is the nth root of the lth order spherical Bessel function, mv is the heavy hole effective mass,

and ξn,l/R = kn,l is the quantized wavevector. Values of mv between 0.3 and 0.8 free electron

mass units have been reported in the literature [28, 29] and we employ an intermediate value of

0.5. E1,0 is the zero of energy and we neglect light hole and spin-orbit split-off states because

they lie much deeper in the valence band at all kn,l considered here [27, 29, 30]. Plots of Zv are

shown in the appendix to this chapter. Alternative choices of mv within the range specified above

can change
√

Zv by at most 40%, occurring in the largest particles at 300 K. The macroscopic

thermal carrier density ni can then be approximated as ni = 0.63Ni/V where V is the spherical

particle volume and 0.63 is the random close packing fraction for spheres. Densities and carrier

numbers for two sizes of particle are shown in Figure 4.2, and the densities are comparable to those
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Figure 4.2: Average thermal carrier numbers per particle (solid lines, right axis) and thermal carrier
densities (dotted lines, left axis) calculated for 5 nm and 10 nm radius particles.

in intrinsic HgCdTe at similar gap energies [31]. Although the strong confinement approximation

employed for the calculation of Zv is not rigorously valid for holes, it nevertheless presents a good

estimate as discussed in the appendix to this chapter. We further note that although Ni remains

of order 0.01 or less in the MWIR, it can reach much higher levels in the largest LWIR particles

at higher temperatures. Below 0.14 eV gap and above 200 K, for example, Ni is of order unity.

Fermi–Dirac statistics are more appropriate in this regime and the corresponding carrier numbers

would be smaller than modeled here.

The carrier number data are then used to calculate thermal recombination rates in the conduct-

ing nanocrystal solid. Charge transfer in the system of close-packed particles occurs via activated

hopping whereby individual carriers thermalize to their band edges before tunneling to a neighbor-

ing nanocrystal [32], When hopping outpaces the intraparticle (excitonic) recombination, as will

occur in high-mobility HgTe quantum dot solids at moderate temperatures [21, 24, 26, 33], carriers

will sample many particles before recombining. The effective thermal recombination rate τ−1
th can

then be calculated from the product of the intraparticle recombination rate τ−1 and the probability

Ni that a particle contains a thermal carrier, giving

1
τth

= S
Nγ

i
τ

(4.4)
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where γ is an integer exponent that depends on the kinetic order of the recombination process.

This equation is derived under the assumption of Poisson statistics at small Ni, and violation of

this condition would motivate considerations of blockade-type correlated transport effects. When

the hopping time is long or the intraparticle lifetime is short, the thermal recombination rate will

instead be governed by the hopping time as shown in the appendix to this chapter.

For radiative recombination we may take S = γ = 1, and equation 4.4 then gives the thermal

radiative rate as the simple product of Ni and the intraparticle excitonic radiative rate τ−1
R . Using

the standard description of dipole spontaneous emission [34] with a local-field modification in the

empty-cavity approximation [35, 36], this gives in cgs units

1
τR,th

= Ni
2ω2

ge2 f
√
ε2

m0c3

(
3ε2

2ε2 + ε1

)2
(4.5)

where e is now the unit charge, c is the vacuum speed of light, m0 is the free electron mass, f is the

effective interband oscillator strength, ωg = Eg/~ is the radiation angular frequency, and ε1 and ε2

are, respectively, the real optical dielectric constants of the nanocrystal and its environment. We

approximate the effective interband oscillator strength as f = f0/ZcZv, where f0 is the oscillator

strength of the band-edge transition between quantized heavy hole and conduction states. f0 is

calculated from k · p Bloch functions [37] using a Kane parameter of 14 eV, intermediate within

the reported range [29, 38, 39, 40, 41]. The ZcZv factor arises because the band-edge transition

carries most of the total oscillator strength, and the effective interband oscillator strength is reduced

upon thermal population of other states. ε1 is taken as 10, the optical dielectric constant of bulk

HgTe [42, 43], which should be close to the true nanoparticle value [44, 45]. ε2 is taken as 6 based

on the measured refractive indices of HgTe nanocrystal films [11, 37, 46]. Examples of thermal

radiative lifetimes calculated from equation 4.5 are shown by solid lines in Figure 4.3, and they are

considerably shorter than in doped and intrinsic HgCdTe of similar gap energies [47]. We note that

τ−1
R and τ−1

R,th exhibit opposing dependencies on Eg due to the presence or absence of the Ni factor.

Although radiative lifetimes could in principle be longer than calculated here due to valence fine
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Figure 4.3: Thermal radiative (solid lines) and Auger (dashed lines) recombination lifetimes cal-
culated for 5 nm and 10 nm radius particles.

structure [48], exchange interactions should be weak in the HgTe particles presently considered

and we therefore neglect such effects.

The competition between nonradiative and radiative recombination will determine the maxi-

mum achievable detector performance. Following the situation in bulk crystalline semiconductors,

we first suppose that Auger recombination is the only nonradiative process which can occur in a

defect-free material. Within the model of equation 4.4, the Auger recombination rate of mobile

thermal carriers τA,th can be calculated from standard bulk recombination statistics [49, 50] as

1
τA,th

= CAn2
i (4.6)

Here CA is the Auger coefficient, a third-order rate constant which in quantum dots takes the ap-

proximate form CA = V2/8τA where τA denotes the intraparticle biexciton Auger lifetime [51].

The assumptions underlying this CA are nuanced, as described in [49] and the appendix to Chapter

2, but this quantity should reasonably describe the recombination of mobile charges in the intrinsic

thermal limit. τA depends weakly on the gap energy in quantum dots and instead usually scales

approximately as R3 in the regime of strong quantum confinement [49]. Its scaling with particle

radius has been measured by transient absorption spectroscopy to be approximately 2 ps/nm3 in
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small HgTe nanocrystals and we employ this scaling here [33]. Although the cubic scaling results

in slower intraparticle Auger recombination at larger particle sizes, larger particles (smaller gaps)

increase the thermal carrier numbers such that τA,th decreases with decreasing gap, just as in bulk

semiconductors. The dashed lines in Figure 4.3 show examples of calculated thermal Auger life-

times. They are one to two orders of magnitude longer than in intrinsic HgCdTe [50, 52] and in

InSb/InAsSb superlattices [7, 8] of similar gaps. They are also substantially longer than in n-type

HgCdTe with ∼ 1015 donors/cm3, the material which constitutes most of the device thickness in

good commercial photodiodes [2, 52, 53, 54]. Figure 4.3 shows that thermal Auger lifetimes are

generally much longer than radiative lifetimes for MWIR HgTe, and that they are only about ten

times shorter than radiative lifetimes in the LWIR. This situation can lead to large upper limits on

device performances as discussed below.

4.3 Detectivity model

An ideal photodetector maximizes the signal while minimizing the noise. This is quantified by

the detectivity D∗, given here as D∗ = R
√

A∆ν/in where in is the root-mean-square noise cur-

rent (amp), ∆ν is the electrical bandwidth (Hz) over which in is measured, R is the responsivity

(amp/W), and A is the sensing area of the device (cm2). Its unit, cm
√

Hz/W, is known as Jones

and describes the bandwidth- and area-normalized signal-to-noise ratio. Noise currents may come

from many sources, but in good photodiodes at small bias they are dominated by the shot noise

associated with thermal generation and recombination [19, 55, 56]. A material at equilibrium

with its own thermal photon flux has a thermal excitation rate which equals the recombination rate.

Maintaining this equilibrium in the presence of nonradiative recombination necessitates faster gen-

eration than in the radiative limit, and the lowest achievable noise level is therefore determined by

the relative rates of radiative and nonradiative recombination. To emphasize this relationship, D∗
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can be recast through a detailed balance analysis as

D∗ =
1
~ωg

√
η fr
4φD

(4.7)

where η is the external quantum efficiency, fr is the fractional of the total recombination which

is radiative, and φD is the blackbody photon flux at the detector temperature integrated over fre-

quencies greater than ωg. Equation 4.7 is derived in the appendix to this chapter. It assumes

the conventional 1 Hz electrical bandwidth for ∆ν and for calculations we employ the approx-

imation φD =
(
ωg/2πc

√
β~

)2
exp

(
−β~ωg

)
which is valid when β~ωg � 1. Equation 4.7 is

thermodynamically-equivalent to the Shockley–Queisser limit for solar cell efficiency [57], and fr

and η respectively relate to in and R in the typical detectivity formula. So-called photon recycling

effects [58] are subsumed in the external quantum efficiency and their absence would manifest as

η < 1. Although we do not account for the 1/ f noise which may be prominent in biased gran-

ular conductors [59], HgTe photodiodes usually exhibit a white noise spectrum [11, 12, 15] and

equation 4.7 should therefore be a good description of their underlying performance limits.

The radiative recombination fraction is

fr =
τ−1

R,th

τ−1
R,th + τ−1

A,th + τ−1
N,th

(4.8)

where τ−1
N,th represents the sum of all non-Auger nonradiative rates. In HgTe nanocrystals, tran-

sient absorption [33] and photoluminescence [21, 60] measurements on particles with gaps across

the 0.15 - 0.85 eV range suggest that intraparticle nonradiative lifetimes τN range from several

nanoseconds in the MWIR to a few hundred picoseconds in the LWIR. The experimental ratio

τN/τR decreases with the gap energy [21] and is only weakly dependent on temperature [60]. This

behavior in infrared nanocrystals is typically attributed to near-field energy transfer between the

exciton and infrared-absorbing species such as organic surface ligands [21, 61, 62]. The thermal

rate of such a near-field mechanism would be τ−1
N,th = Ni/ZcZvτ

0
N where τ0

N is a low tempera-
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ture reference value. τ−1
N,th will significantly exceed τ−1

R,th and τ−1
A,th at all temperatures and particle

sizes considered here, and it is consequently the present fundamental detectivity limitation. This

is somewhat analogous to a Shockley-Read-Hall rate in bulk semiconductors.

4.4 Detectivity results and device implications

Figure 4.4 displays the maximum achievable equilibrium detectivities as determined by radiative

and Auger recombination (blue lines) and an additional 100 ps base nonradiative recombination

(red lines) with η = 1. Also shown are the detectivities given by the semiempirical “Rule 07”

(blue dotted lines) describing the Auger limit of p-on-n HgCdTe photodiodes under small biases

[2]. They are calculated from the Johnson noise as D∗ = ηe
√
βR0A/2~ωg with η = 1 and the

resistance-area products R0A given in [2]. We see that even with the rapid nonradiative recombina-

tion typical of present materials, the underlying performance limits of HgTe quantum dot detectors

are comparable to those of Auger-limited HgCdTe. These detectivities also substantially exceed

those of standard commercial HgCdTe photodiodes, as shown in the supplementary information of

[1]. The Auger-limited HgTe quantum dot detectivities exceed those of Auger-limited commercial

HgCdTe photodiodes [2, 3, 4], representing a fundamental advantage of HgTe quantum dots for

MWIR and LWIR photodetection. More extended versions of the data shown in Figure 4.4 may

be found in the supplementary information of [1]. It is notable that other material systems such as

n-type HgSe quantum dots display much slower intraparticle Auger recombination than HgTe at

comparable gaps [63], and the further engineering of slow Auger recombination is possible in many

nanocrystal quantum dot systems [49]. Due to the sparse conduction level structure, intraparticle

radiative rates in n-type quantum dots should also be relatively independent of temperature, and

this could further benefit high temperature operation. These and other directions might eventually

allow greater performances with quantum dots than predicted here.

The best quantum dot MWIR detectors are presently p-i-n HgTe photodiodes, and as shown by

the purple data in Figure 4.4a, these devices exhibit detectivities which are below the fundamental
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Figure 4.4: (a) Detectivities calculated at 0.25 eV (λ = 5µm gap; (b) detectivities calculated at
0.12 eV (λ = 10µm) gap with η = 1. Black dashed lines denote 300 K background-limited (BLIP)
detectivities which are given by D∗BLIP = 1/~ω

√
2φ when η = 1. The curves in (a) are calculated

using radii of 5 - 6 nm and the curves in (b) are calculated using radii of 8 - 12 nm. Purple data are
for a fixed particle size displaying 0.26 eV gap at 100 K [12].

material limits. This illustrates several routes for progress. First, η does not yet reach unity in

MWIR HgTe photodiodes, but instead lies in the approximate range 0.01 - 0.5, decreasing with

increasing temperature [11, 12, 15]. This comes from several sources. As shown in the supple-

mentary material to [1], nanocrystal films with thicknesses of several microns would be required

for near-unity light absorption with the particle sizes considered here; present devices utilize thin-

ner films, and this immediately limits the maximum value of η. This situation can be addressed

with embedded photonic structures which enhance the light absorption [64, 12] so that η is not

absorption-limited. More consequential detectivity improvements will come from reducing noise

currents and raising carrier diffusion lengths. At low temperatures, in is presently dominated by

the Johnson noise associated with small shunt resistances instead of the generation–recombination

noise calculated here [11, 12, 15]. Shunt resistances can in principle be increased through improved

film deposition techniques that minimize cracks and voids, and by chemistries which minimize

conduction through gap and surface states. At higher temperatures, η at present is likely limited

by short diffusion lengths and large series resistances [11, 12, 15]. In the limit of fast charge hop-

ping and weak external illumination, the diffusion length LD is
√
µτth/eβ where µ is the carrier
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mobility. LD must exceed the device thickness to ensure complete extraction of photogenerated

charges, and this condition is not currently satisfied at higher temperatures due to nonradiative

recombination and modest carrier mobilities. HgTe photodiodes have so far utilized nanocrystal

solids with mobilities around 10−2 cm2/Vs, but mobilities up to 10 cm2/Vs have recently been

achieved through improved interparticle coupling [26]. This has indeed raised the detectivities of

HgTe photoconductors [22] and should also improve photodiodes. Reduced nonradiative recom-

bination will also increase diffusion lengths. Combined with the photonic enhancements noted

before, these improvements could enable η ∼ 1 and lifetime-limited D∗ over a broad temperature

range [65].

Figure 4.4 shows that another effect of nonradiative recombination is to dramatically lower

the temperatures at which detectivities are limited by 300 K thermal background radiation, known

as the BLIP condition (dashed black lines). This performance degradation will be present even

in a device with optimized engineering (η = 1). As noted earlier, nonradiative recombination in

infrared nanocrystal quantum dots is usually attributed to near-field energy transfer processes. It

has also been proposed that broadband vibrations associated with the mechanically-soft nanocrys-

tal surface might be involved [66]. The relative importance of each process remains a topic of

investigation, but both mechanisms should be addressable using established colloidal chemistries.

The rate of nonradiative energy transfer scales as τ−1
N ∝ ε′′/R4 where ε′′ is the imaginary dielec-

tric constant of the local environment at the gap energy and R is now the physical radius of the

nanocrystal. ε′′ may be reduced by utilizing inorganic ligands and embedding the nanocrystals

in matrices of low infrared absorbance. The physical radius may be engineered to substantially

exceed the electronic radius by growing upon the nanocrystal a think shell displaying type-I band

alignment, and this strategy has successfully reduced nonradiative recombination in other infrared

nanocrystal systems [61, 67]. If the soft nanocrystal surface is involved in the recombination, thin

lattice-matched shells with type-I band alignment should be sufficient to substantially reduce the

nonradiative recombination. When the above processes are addressed, the ultimate viability of
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Auger-limited HgTe quantum dot detector performance will be determined by the intrinsic rate of

phonon-mediated carrier relaxation across the gap. Experiments suggest that intraparticle phonon-

mediated lifetimes exceed several nanoseconds [67], as discussed in Chapter 3, but the true upper

limits remain unknown.

4.5 Conclusions

In summary, we developed a simple statistical model of mobile thermal carrier recombination in

HgTe nanocrystal films, and applied it to calculations of MWIR and LWIR detectivities in the

limit that device noise arises from generation-recombination fluctuations. We find that if HgTe

nanocrystal photodetectors can achieve Auger-limited performance, they will substantially outper-

form most MWIR and LWIR technologies. We further show that although HgTe quantum dots

presently display additional non-Auger nonradiative recombination, this does not fundamentally

limit the ability of HgTe quantum dots to achieve performances close to those of commercial

Auger-limited HgCdTe photodiodes. Future work could extend the present model to address com-

plexities introduced by particle size inhomogeneity and large thermal carrier densities on the carrier

lifetimes and transport [65]. The potential for superior detector performance with HgTe quantum

dots should motivate improvements to device architectures and fabrication processes, and contin-

ued investigations of the nonradiative lifetimes and mechanisms.

4.6 Appendix

4.6.1 Thermal carrier numbers

At thermal equilibrium, the average number of electrons per quantum dot N j with absolute energy

E j is given by the Fermi-Dirac distribution as

N j =
g j

eβ
(
E j−E f

)
+ 1
≈ g je

−βE jeβE f (4.9)
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where β = 1/kBT , E f is the Fermi level and g j is the degeneracy of level j. In the second step

we have taken E j − E f � 1, corresponding to low doping and the Boltzmann approximation. The

average total number of thermal electrons per quantum dot Ne in the Boltzmann limit is then

Ne =
∑

j
g jN j = eβE f

∑
j

g je
−βE j (4.10)

Similarly, the average total number of holes Nh is

Nh = e−βE f
∑

j′
g j′e

βE j′ (4.11)

and the intrinsic average carrier number Ni defined through N2
i = NeNh is then

N2
i =

∑
j, j′

g jg j′e
−β

(
E j−E j′

)
(4.12)

We now define the absolute energies in terms of the quantum dot energy gap Eg and the quantized

state energies ε so that E j = Eg + ε j and E j′ = ε j′ with ε j > 0 and ε j′ ≤ 0. This corresponds to

taking the band-edge quantized valence level as the local zero of energy and gives

N2
i = e−βEg

∑
j, j′

g jg j′e
−β

(
ε j+ε j′

)

= ZcZve−βEg (4.13)

where in the last step we have denoted the valence and conduction partition functions as Zv and

Zc, respectively. We note the close correspondence between the above equation and the standard

textbook expression for the intrinsic carrier density in a semiconductor, discussed below.

Due to the large hole effective mass in HgTe, at large particle sizes the hole states will not

be strongly quantized and the model of a free particle confined to a spherical potential of infinite

depth is not rigorously valid. Indeed, strong hole confinement requires a particle radius R .
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ε0~
2/mve2 = 2 nm for a hole effective mass mv = 0.5m0 and static dielectric constant ε0 = 20.

The HgTe particles relevant for MWIR and LWIR applications are much larger, and thermal carrier

numbers calculated assuming strong hole quantization would therefore be an underestimate. An

upper limit would be to assume bulk hole behavior. The standard equation for the carrier density

in a bulk intrinsic semiconductor is

n2
i = γvγce−βEg (4.14)

where

γc(v) =
1
4

(
2mc(v)

πβ~2

)3/2
(4.15)

is the number of states per unit volume near the band extrema [68]. To obtain a “bulk” model for

Ni we may take Z = γV where V is the nanocrystal volume and Z is an effective bulk value of the

partition function. A reasonable model for HgTe quantum dots would be to treat the hole levels

in this manner while keeping Zc = 2 as in the main text, and this provides an upper limit on the

thermal carrier number. Results for the limiting cases of bulk and strongly confined hole levels

are shown below. Both models produce similar results, except at low temperature where the bulk

value of Zv unphysically trends to zero in small particles. These small differences in Zv produce

negligible effects on Ni due to the square-root dependence. The chosen value of mv will have a

stronger effect on Zv and Ni in both models.

4.6.2 Thermal carrier lifetimes

We wish to examine the average lifetime of a small photogenerated carrier population interacting

with a larger thermal carrier population. When N is small, the probability that a single quantum

dot has N0 thermal excitations, Pr
(
N0

)
, will follow the Poisson distribution:

Pr
(
N0

)
=

NN0e−N

N0!
(4.16)
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Figure 4.5: (a) Valence partition functions; (b) Thermal carrier numbers. Solid and dashed lines
respectively denote calculations employing bulk and confined models for the hole levels. All cal-
culations use mv = 0.5m0 and Eg(R,T ) from the main text.

Taking the conduction mechanism to be carrier hopping, we suppose that at every hopping time

interval τh the electrons and holes occupy new quantum dots. The probability that a carrier under-

goes excitonic recombination, P1, is the probability that the dot has one carrier of opposite sign

multiplied by the probability of recombination during the hopping time interval. This is

P1 = Pr(1) ×
(
1 − e−τh/τ1

)
≈ N

(
1 − e−τh/τ1

)
(4.17)

where τ1 is the intraparticle exciton lifetime and in the second step we have used the assumption

of small N to take e−N ≈ 1−N and N−N2 ≈ N. When τh � τ1, one has 1−e−τh/τ1 ≈ τh/τ1. This

approximation is accurate to within about 20% or better when τh/τ1 ≤ 0.5. Defining the thermal

exciton lifetime τ1,th as the recombination probability in a unit time τh, this gives

1
τ1,th

≡
P1
τh
≈

N
τ1

(4.18)

For higher-order recombination processes, we assume that the dominant recombination pathway

will be Auger recombination. Considering the probability that multiple thermal carriers reside in
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a single particle, we have

Pr
(
N0 ≥ 2

)
= 1 − Pr(0) − Pr(1) = 1 − e−N − Ne−N (4.19)

Again taking e−N ≈ 1 − N,

Pr
(
N0 ≥ 2

)
≈ N2 (4.20)

This approximation is also accurate to within about 20% or better when N ≤ 0.5. Following the

reasoning presented before, the total thermal Auger probability P2 is

P2 ≈ N2 τh
τA

(4.21)

where we have again taken τh to be much less than the intraparticle Auger lifetime τA. The thermal

Auger lifetime is then
1

τA,th
≡

P2
τh
≈

N2

τA
(4.22)

One may also consider the limit τ � τh. In this case 1 − e−τh/τ ≈ 1 so that the thermal lifetime

then depends only on the hopping time as τ−1
A,th = N2/τh and τ−1

1,th = N/τh. This regime is likely

relevant at low temperatures and large particle sizes, where τh may be large.

The above considerations give the nominal dependence of the thermal recombination lifetime

on the thermal carrier number per particle. For Auger recombination, one must consider that the

recombination requires, at minimum, two electrons and one hole or two holes and one electron per

particle. This leads to an additional combinatorial factor S which depends on the details of the

quantum dot Auger mechanism, as discussed in [51, 49] and the appendix to Chapter 2. The more

general thermal lifetime is therefore
1
τth

= S
Nγ

τ
(4.23)

γ is an integer exponent. This equation bears a close resemblance to bulk recombination statistics,
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in which the lifetime is defined
1
τ
≡

1
N

dN
dt

(4.24)

as discussed in the appendix to Chapter 2. With the assumptions leading to the above thermal

recombination lifetime, counting statistics issues discussed in Chapter 2 do not appear because

charge transport makes quantum dot solid behave like a homogeneous macroscopic semiconductor.

4.6.3 Shot noise and the detailed balance formulation of D∗

As noted in the main text, the detectivity D∗ is defined

D∗ =
R
√

A∆ν

in
(4.25)

and the detailed balance formulation requires a microscopic interpretation of the noise current in.

Here we examine the case of a device operating in the shot noise limit, relevant to mobile charge

generation by a thermal or optical photon flux. Shot noise is derived from a Fourier analysis of the

current associated with a random distribution of electron arrival times, and the detailed balance D∗

follows from assigning the random current to thermal carrier generation and recombination.

Consider a device consisting of a semiconductor with thickness d sandwiched between a pair of

electrodes. Following Cohen [55], we define I as the average collected current and n as the average

number of collected electrons per unit time. Associated with these quantities are the average

electron velocity v, average electron transit time τtr = d/v, and the instantaneous time-dependent

counterparts I(t), n(t) and v(t). The mean-squared current fluctuations i2 are by convention defined

through (
I − I

)2
≡ i2 (4.26)

and from statistics we know that

(n − n)2 = n (4.27)
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We may relate these quantities through Campbell’s theorem. It states that for a signal s defined

s =
∑N

i=1 f (t− tr) where f (t) is the response function, N is the number of signal-generating events,

and tr are random times, s = N
∫ ∞
−∞

f (t)dt and (s − s)2 = N
∫ ∞
−∞

f 2(t)dt. Applied to the present

situation of an average current generated by discrete electrons, we find

I = n
∫ ∞
−∞

I(t)dt (4.28)

and

i2 = n
∫ ∞
−∞

I2(t)dt (4.29)

The associated Fourier transform relationships are

I(t) =
1
√

2π

∫ ∞
−∞

ι(ω)eiωtdω (4.30)

ι(ω) =
1
√

2π

∫ ∞
−∞

I(t)e−iωtdt (4.31)

∫ ∞
−∞

I2(t)dt =

∫ ∞
−∞

ι(ω)ι∗(ω)dω (4.32)

where ι∗(ω) is the complex conjugate of ι(ω). Since ι(ω)ι∗(ω) is an even function when I(t) follows

Poisson statistics [55], we may write

i2 =
2I(t)

e

∫ ∞
0

ι(ω)ι∗(ω)dω (4.33)

where e is the unit charge. We now require an explicit equation for I(t). If the electron experiences a

constant acceleration, its final velocity v f is twice the average, v f = 2d/τtr, and the instantaneous

velocity may be written as v(t) = tv f /τtr = 2td/τ2
tr. The instantaneous current is thus I(t) =
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ev(t)/d = 2et/τ2
tr. Plugging in to ι(ω), we have

ι(ω) =
2e

τ2
tr
√

2π

∫ τtr

0
te−iωtdt (4.34)

so that

ι(ω)ι∗(ω) =
2e2

πω4τ4
tr

(
ω2τ2

tr + 2
(
1 − cos(ωτtr) − ωτtr sin(ωτtr)

))
(4.35)

When the product ωτtr is small, ι(ω)ι∗(ω) = e2/2π and integrating across the bandwidth ∆ν =

∆ω/2π gives the mean-square shot noise current as

i2 = 2eI∆ν (4.36)

The root-mean-square shot noise current is

in ≡

√
i2 =

√
2eI∆ν (4.37)

The explicit time-dependence of I(t) has been dropped because t may be loosely considered as

modulo τ in the present context, and I is then a quantity that fluctuates about a quasi-static value.

When the fluctuations in I are dominated by thermal fluctuations in the number of mobile

charges, characterized by a generation-recombination rate Gth, we may associate I with a thermal

current eGth so that

in = e
√

2Gth∆ν (4.38)

The best possible detectivity will occur when Gth is dominated by the 2π background thermal

photon flux φB from a scene at finite temperature. φB is integrated above the detector cutoff energy

and one assumes that above-gap thermal photons create excitations which rapidly relax to the

cutoff energy. In this case, Gth = AηφB where A is the device absorbing area and η is the external

quantum efficiency characterizing the light absorption fraction and electrical transport efficiency.
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The corresponding noise current is then in = e
√

2AηφB∆ν and

D∗BLIP =
1
~ω

√
η

2φB
(4.39)

where we have used R = ηe/~ω. This is known as the background-limited infrared photodetection

(BLIP) limit.

For a detector at finite temperature, one must also consider thermal radiation from the detector

itself. The thermal emission rate must exactly balance the excitation rate arising from the detec-

tor’s own radiation; when all recombination is radiative, one has Gth,r = 2AηφD where φD is the

2π thermal photon flux at the detector temperature. The factor of 2 arises because, neglecting

boundary effects, the radiation now comes from all directions (4π). When nonradiative recombina-

tion competes effectively with radiative recombination, the thermal excitation rate must increase to

maintain equilibrium and Gth = 2AηφD/ fr where fr ≤ 1 is the fraction of the total recombination

which is radiative. The maximum possible detectivity for a real detector is therefore [69]

D∗ =
1
~ω

√
η fr
4φD

(4.40)

124



REFERENCES

[1] C. Melnychuk and P. Guyot-Sionnest, “Thermodynamic Limits to HgTe Quantum Dot In-

frared Detector Performance,” J. Electron. Mater., vol. 51, no. 3, pp. 1428–1435, 2022.

[2] W. E. Tennant, “”Rule 07” revisited: Still a good heuristic predictor of p/n HgCdTe photodi-

ode performance?,” J. Electron. Mater., vol. 39, no. 7, pp. 1030–1035, 2010.

[3] N. Baier, O. Gravrand, C. Lobre, O. Boulade, A. Kerlain, and N. Péré-Laperne, “HgCdTe
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CHAPTER 5

FUTURE DIRECTIONS

The results and discussions of preceding chapters motivate many new avenues for research. In

the following sections, these research directions are introduced with preliminary comments on

practical aspects and possible observations.

5.1 Intraband Intersublevel Relaxation

In Chapter 3, 1Pe intersublevel relaxation times of 5 - 30 ps in n-type HgSe were inferred by

simulating spectrally-resolved photoluminescence transients. These relaxation times are broadly

consistent with the anharmonic polaron decay mechanism [1, 2], and it would be significant if

they could be measured more precisely and compared to theoretical predictions. This can be done

using several flavors of mid-infrared pump-probe experiments. The most straightforward option

is to pump the 1S e − 1Pe3/2 transition, and to use degenerate and 1S e − 1Pe1/2 probes to obtain

the 1Pe3/2 − 1Pe1/2 lifetime from a concomitant 1Pe3/2 bleach decay and 1Pe1/2 bleach risetime.

This would require two OPAs such as the LBO-LGS apparatus described in Appendix C, and no

additional line-narrowing elements should be necessary.

At these energy scales, around 300 cm−1 in HgSe, the anharmonic polaron decay should be

reasonably straightforward to calculate and compare with data. Calculations require parameters

such as the optical phonon frequency, sound velocity and Grüneisen parameter which are all rea-

sonably well-characterized for bulk materials, and the polaronic coupling will be the major un-

known quantity. Hallmarks of the polaronic mechanism are the strong temperature-dependence

and nonmonotonic energy-dependence of the rate that comes from resonance effects, and these

traits should be clearly resolvable in experiments. Measurements on n-type HgTe quantum dots

with even larger ∼ 500 cm−1 splittings and additional fine structure [3] would be natural com-

plements to these studies. Beyond the unique information on excited state quantum dot dynamics
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obtained from these studies, the polaron coupling which might be obtained could place useful

constraints on mid-infrared nonradiative relaxation mechanisms.

5.2 Doping-dependent Homogeneous Intraband Linewidths

Although surface plasmons are traditionally associated with metals and metal nanoparticles, there

has been enormous recent interest in “low density” plasmonic nanoparticles made of very highly

doped semiconducting material [4]. The physical nature of low-density nanoparticle plasmons,

and particularly the smooth evolution between one-electron and plasmon-like (metallic) optics, is

a debated topic [5, 6, 7, 8] that remains only partly understood [9, 6, 10, 11]. Measurements of

temperature-dependent homogeneous linewidths as a function of doping could in principle provide

a wealth of information on this topic because metals and semiconductors should display rather dif-

ferent behaviors in such experiments. The homogeneous linewdith in semiconducting quantum

dots is dominated by acoustic phonons with a smaller optical phonon contribution [12, 13]. This

leads to a reasonably strong and linear temperature-dependence of the linewidth with a particle

size-dependence that depends on the coupling mechanism [14]. The linewidth in metal nanoparti-

cles is dominated by electron-electron and electron-surface scattering with a smaller phonon contri-

bution such that the linewidth is only weakly temperature-dependent [15], and the size-dependence

is dominated by the surface scattering term.

There are some practical challenges that prevent the kind of study described above, and they

are both addressable with dynamic hole burning measurements on HgSe or HgS quantum dots.

The plasmon homogeneous linewidth is usually obtained through single-particle microscopy ex-

periments and this is only possible in the visible due to the limitations of diffraction and detector

sensitivity. However, the carrier densities required to sustain visible plasmons are so large that tun-

ing the doping between intraband and plasmonic regimes is not feasible. With infrared transitions

in HgSe or HgS, however, the entire range of behavior from intraband to plasmon-like is accessible

due to the lower carrier densities and facile doping, and a picosecond hole-burning experiment [14]
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can provide the linewidth directly.

This will require a pair of tunable narrowband pulses utilizing a scheme along the lines of the

LBO-LGS OPA described in Appendix C. The LBO seed and overall output, however, will need

to be narrowed to produce the approximately 10 cm−1 resolution required for these measurements

at low temperature.

5.3 Dephasing and State Mixing in Isoenergetic Interband and Intraband

Transitions

Although there have been many studies of the homogeneous width and dephasing dynamics in

quantum dots [16, 17, 18, 19] and nanomaterials more broadly [20], nearly all concern interband

transitions which invariably involve valence hole states. The close level spacing of the valence

levels leads to a congested hole level structure arising from a variety of known and unknown per-

turbations such that the hole states are poorly understood. In contrast, the conduction levels in

quantum dots are widely separated leading to a much cleaner level structure. An early study of

the CdSe intraband homogeneous width showed a narrower relative width ∆ω/ω than commonly

reported for the CdSe interband transition [14]. This may have been due to contributions from the

dense valence structure, although interpretation of that early study is complicated by the rapid 1S e

hole trapping. Investigating the dephasing caused by a dense level structure would be much more

straightforward using the interband HgTe transition and the intraband HgSe transition. Compar-

ing these homogeneous widths should more cleanly reveal any effects of the dense valence level

structure, and their temperature-dependencies will inform on any differences in electron-phonon

coupling. The experiment would use the same hole-burning scheme as noted above. Echo spec-

troscopy might also be an option for the potentially narrower intraband lines, especially at low

temperature.

A different perspective on these same questions could come from two-photon absorption spec-

troscopy [21, 22, 23]. Two-photon absorption is nominally forbidden for strongly-allowed one-
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electron transitions due to parity, but perturbations can relax these restrictions. In CdSe, for exam-

ple, the interband two-photon absorption has been attributed to valence state mixing [23]. Here, a

long-wave infrared pulse tuned to the two-photon resonances of 1S e − 1Pe or 1S h − 1S e would be

used. If the beam quality is sufficiently good, a z-scan measurement could provide the two-photon

cross sections directly. Otherwise, the ratio of the one-photon and two-photon absorption or the

relative integrated peak areas in an excitation spectrum could also inform on the degree of level

mixing.

5.4 Upconverted Resonance Fluorescence

Resonance fluorescence experiments are often used to obtain the homogeneous width, and can also

be used to obtain an excitation spectrum. Such data can be used to identify defects or fine structure

and assign state-specific kinetics to them. Indeed, as shown in Chapters 2 and 3, photolumines-

cence decays are typically bi-exponential in mercury chalcogenides, indicating the presence of at

least two distinct populations with rather different lifetimes. The origins of these populations are

entirely unknown at this time and efforts to reduce nonradiative relaxation should benefit from this

understanding. The photoluminescence upconversion apparatus described in Appendix C could be

modified in a straightforward way for such an experiment by replacing the 1053 nm sample pump

pulse with a tunable mid-infrared pulse derived from an OPA. The gated nature of the measurement

will naturally minimize background signals at small delay times, and choosing a pump polarization

which is not phasematched in the mixing crystal might allow reliable quasi-zero time data as well.

One may then obtain line-narrowed spectra and state-specific photoluminescence decays.

5.5 Electronic and Excitonic g-factors

The g-factor is a critical parameter in the interpretation of many experiments involving magnetic

fields. Free electrons and those bound in atoms or molecules display g-factors around 2, while
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values ranging from 4 to -60 are observed in bulk and confined semiconductors due to the effects of

band structure [24, 25]. Recent work on temperature-dependent charge transport in HgTe quantum

dot solids has opened the exciting possibility of observing delocalized (coherent) charge transport,

but with nuances and uncertainties in the experimental interpretations [26]. Subsequent studies

aiming to elucidate the degree of delocalization showed a large negative magnetoresistance, in

principle a signature of weak localization, but this was instead attributed to a large g-factor derived

from modeling [27]. Although the model-derived value around -50 is consistent with broad trends

in semiconductors, it is rather different from calculated values [28]. Future investigations aiming to

more precisely examine the conduction mechanisms will likely benefit from independent g-factor

measurements, and the influences of particle size and shape upon it.

g-factors can be measured optically through transient Faraday rotation experiments [29, 30,

31, 32]. This involves a degenerate pump-probe laser pulse pair which is resonant with the op-

tical transition to be studied. The pump pulse is circularly-polarized, the probe pulse is linearly-

polarized, and a magnetic field is applied to the sample. In this configuration the pump creates

a spin-polarized population of excitons and the macroscopic magnetization rotates the polariza-

tion angle of the probe pulse. This rotation is known as the Faraday effect and can detected using a

bridge apparatus consisting of a half-wave plate, polarizing beamsplitter, and a pair of detectors for

the exiting beam pair. 45◦ polarization at the polarizer leads to equal signals at both detectors, and

the pump-induced rotation produces a small differential signal. The differential signal magnitude,

in terms of the polarization rotation angle θ per sample unit length z, is dθ/dz = 2πe2NB0/m∗2ω2c

where N is the number density of excited particles, B0 is the applied magnetic field, e is the unit

charge, and m∗ is the effective mass. The inverse-quadratic dependence on ω should promote good

differential signal levels in the infrared with close-packed film samples. Interferometric [33] and/or

lock-in schemes should further facilitate sensitive detection.

In the Faraday geometry the signal decays with the total macroscopic magnetization, which

in most cases is just the exciton lifetime. In the Voigt geometry, however, Larmor precession

137



about the field axis creates a transient signal in the form of a decaying sinusoid with a frequency

ωL = −g e
2m∗B and lifetime T ∗2 . With a g-factor around -50 [27], only moderate B-fields would

be required to produce a Larmor precession measurable with picosecond pulses. It would be in-

teresting to perform these measurements as a function of particle size on interband and intraband

transitions in HgSe and HgTe quantum dots to asses the effects of the dense valence band, spin-

orbit splitting, and additional shape-derived fine structure [3].

5.6 Intraband Distributed Feedback Lasing

A quantum dot mid-infrared laser would be a milestone achievement because quantum dot lasing

has only been observed in the visible region where traditional semiconductors are already success-

ful and inexpensive. Infrared lasers, on the other hand, face all of the same significant challenges

as infrared detectors [34]. The suppressed Auger recombination in n-type HgSe is a fundamental

benefit to lasing applications because the gain lifetime is nominally the biexciton lifetime, and in-

traband lasing from HgSe or core/shell derivatives should be possible from liquids and solids, each

with their own benefits and drawbacks.

In a liquid sample, traditional distributed feedback designs [35, 36, 37, 38] could be adapted

in a straightforward manner. Illuminating the liquid sample with a pair of crossed pump beams

creates a gain grating, and the stimulated emission preferentially occurs in a narrow bandwidth

and direction due to the interference of counterpropagating modes [39, 40]. The lasing wavelength

λl in a distributed feedback laser is λl = 2nlap where nl is the refractive index at λl and ap is the

period of the pump grating. The grating period is determined by the pump beam crossing angle 2θ

and wavelength λp as ap = λp/2 sin θ so that λl = λpnl/sin θ. For lasing at 4.5 µm and pumping

at 1053 nm in a liquid of index of 1.5, one has θ ≈ 20◦ and a pump grating period of about

1.5 µm. This could be easily achieved by sending the pump beam on a lithographically-defined

transmission grating, blocking the 0th order, and imaging the ±1 diffracted modes onto the sample.

The transmission grating period would be at = λp/sin θ ≈ 3µm such that at/2 = ap. For liquid
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solutions of index around 1.5, the 20◦ angles involved will require numerical apertures greater than

0.35. Lasing in a close-packed quantum dot film with nl ≈ 2 would require even larger numerical

aperture which might be challenging. Films could instead use a patterned substrate as typically

done with organic and quantum dot lasers in the visible [41, 42, 43].

An advantage of the liquid approach is the automatic high optical quality of all interfaces, and

the easy achievement of “thick” samples. A quantum dot film would need to act as a slab waveguide

with a thickness around half the wavelength for strong waveguiding at n = 2 [44, 45]. Creating such

a thick film with good optical quality is a substantial practical challenge. The tradeoff, however, is

a much larger gain in the film than in the liquid. The small-signal gain is g = Nσ where N is the

excitation density and σ is the emission cross section. Although σ is not known for HgSe quantum

dots, it can be calculated from the radiative rate γr as σ = λ2γ2
r /2π∆ωn2, giving 2 × 10−16 cm2 in

solution and 3 × 10−16 cm2 in films for a 500 cm−1 linewidth [46]. This should enable g ∼ 104

cm−1 in films and a few orders of magnitude less in concentrated solutions. Films also enable more

sophisticated schemes such as surface plasmon amplification [47, 48, 49, 50] and various photonic

waveguides [51, 52]. Incorporating mercury chalcogenide quantum dots into solution-processable

and extrudable inorganic hosts such as chalcogenide glasses [53, 54, 55, 56] or perovskites [57]

might lead to the exciting prospect of direct mid-infrared fiber lasers.
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CHAPTER 6

SUMMARY AND CONCLUDING REMARKS

The recent development of HgTe and HgSe colloidal quantum dots covering the entire infrared

spectrum opens the door to broad commercial adoption of infrared technologies. Currently lim-

ited by excessive costs to military and advanced research applications, infrared detectors and light

sources might one day find applications in autonomous vehicles, medical diagnostics, manufac-

turing, and emissions testing if inexpensive yet high-performing devices are developed. The suc-

cessful development of mercury chalcogenide quantum dots as competitive infrared materials will

depend not only on advances in synthesis and device engineering, but also on the fundamental car-

rier dynamics and transport properties. In this thesis I have described time-resolved spectroscopic

studies of infrared carrier dynamics in HgTe and HgSe quantum dots, and the manner in which

these dynamics manifest in devices.

In Chapter 1, I introduced the present state of infrared technologies and the potential improve-

ments afforded by mercury chalcogenide quantum dot devices. Motivated by the connection be-

tween basic photophysics and device performance, I reviewed the photophysical phenomenology

of infrared systems with emphases on nonradiative mechanisms and their manifestations in quan-

tum dot devices.

Chapter 2 discusses the transient spectroscopy of HgTe quantum dots synthesized following

two different protocols. Conspicuously different transient absorption dynamics are observed in

partially-aggregated and well-dispersed colloids, attributed to intra-aggregate charge transfer and

sub-threshold Auger recombination. Measured biexciton Auger lifetimes in well-dispersed sam-

ples are found to be far slower than in bulk materials of similar gaps, in contrast to the conventional

notions of Auger enhancement in nanostructures. The Auger lifetimes are rather similar to those

in quantum dots with much wider gaps, such as CdSe, supporting the viewpoint that quantum

dot Auger recombination may occur through a scattering-assisted mechanism. Yet, the origin and

physical interpretation of this scattering remains an open question of great general relevance in the
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study of quantum dot Auger processes.

In Chapter 3, I describe a systematic investigation of particle size and doping effects on the

steady-state and time-resolved spectroscopy in HgSe quantum dots. In the steady-state, intraband

absorption HgSe is consistent with a simple k · p picture at small particle sizes, while larger parti-

cles display evidence of surface plasmon resonances and heavy n-doping. The amount of implied

doping goes beyond what is easily rationalized in the typical electrostatic model, and this might

motivate more detailed investigations of doping mechanisms and plasmonic behavior in mercury

chalcogenides. Time-resolved photoluminescence upconversion measurements revealed an ab-

sence of measurable Auger recombination in n-type particles while intrinsic particles exhibited

typical quantum dot Auger behavior. I attributed this phenomenon to the vastly different density of

states available to an Auger-excited hole in the two doping situations. In the single-exciton regime,

the nonradiative relaxation is consistent with near-field energy transfer and growth of thick CdS

shells lengthens nonradiative lifetimes into the nanosecond regime. Such long mid-infrared life-

times challenge the results of recent atomistic simulations, leading to important questions about

the basic nature of quantum dot electron-vibration coupling. Finally, a careful examination of the

intraband lineshape and early-time photoluminescence dynamics revealed spectral and dynamic

evidence of 1Pe spin-orbit fine structure, including the first observations of direct intersublevel

relaxation.

The time-resolved data of Chapter 2 are connected to the upper limits on achievable device

performances in Chapter 4. From a simple statistical model, macroscopic thermal generation-

recombination rates are calculated from microscopic intraparticle Auger and exciton recombina-

tion rates. The quantum dot solid behaves as a bulk homogeneous semiconductor in the regime of

fast charge hopping, and the thermodynamic detectivity limits are then easily obtained by applying

the principle of detailed balance. The confluence of slow Auger recombination and fast radiative

recombination leads to thermodynamic limits which exceed those of bulk HgCdTe by an order of

magnitude. In the limit of optimized device design and fabrication, HgTe quantum dot detectors
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will therefore be capable of lower noise, higher temperature operation than unbiased HgCdTe pho-

tovoltaics. Coupled with the vastly reduced costs associated with quantum dot optoelectronics, this

presents a strong fundamental advantage of infrared quantum dots in photodetection applications.

Chapter 5 describes several experiments which are natural outgrowths of those described pre-

viously. The proposed projects are fundamental in nature and focus on multiphonon relaxation,

homogeneous broadening and magnetic interactions. These studies might constitute foundational

contributions to quantum dot science due to the uniquely low energy scales which are accessi-

ble in mercury chalcogenide quantum dots, and these measurements will also directly benefit our

practical understanding of carrier relaxation and transport in functioning devices.

The past six years have seen tremendous practical and fundamental advances in our under-

standing of infrared mercury chalcogenide quantum dot behavior. Fast and sensitive photodiodes,

band-like transport, conduction fine structure, THz photoresponse, and LEDs have all been discov-

ered or demonstrated during this time, both in Chicago and elsewhere. As infrared quantum dot

device engineering continues to improve, the spectroscopy described in this thesis will become in-

creasingly relevant as the ultimate performance limitation and goal. The fundamental motivations

for continued spectroscopic studies are equally compelling. Outstanding questions in electron-

vibration interactions, many-body dynamics, charging effects and dephasing are all uniquely ad-

dressable in mercury chalcogenide quantum dots due to their small energy gaps. These avenues

of study directly impact functional devices through their effects on spectra and nonradiative re-

combination, and they are also important aspects of basic quantum dot photophysics which remain

sparsely explored even in conventional wide-gap systems. With the present work as a foundation,

future researchers should be well-positioned to tackle these questions and make exciting contribu-

tions to our understanding of semiconductor nanostructures.
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APPENDIX A

ELECTRONIC STRUCTURE OF NANOCRYSTAL QUANTUM DOTS

A.1 Introduction

This section provides a brief and generalized overview of nanocrystal quantum dot electronic struc-

ture. We begin by providing the simplest realistic treatment of the energies and wavefunctions for

perfect infinite crystals by solving the k · p equation. The quantum dot particle-in-a-sphere model

and envelope function approximation are then introduced, and electron-hole interactions are finally

described briefly as simple perturbative corrections.

Good general references on electron bands in solids are the texts by Simon [1] and Ashcroft and

Mermin [2], and the introductory yet very insightful works of Hoffmann [3, 4, 5]. More detailed

references focusing on semiconductor optical and transport properties of are the texts by Klingshirn

[6], Yu and Cardona [7], and Ridley [8]. Various flavors of k · p theory are discussed in several

texts [7, 9, 10] and the early papers of Kane [11, 12]. Nice introductory discussions of quantum dot

electronic structure have been given by Norris [13] and Brus [14], while more thorough treatments

of electronic structure, optics and dynamics may be found in the text by Delerue and Lannoo [15].

A.2 Bulk Crystals: k·p Equation and the Kane Model

In this section we will derive the k · p equation and use it to obtain realistic nonparabolic dispersion

relations for the conduction bands of semiconductors. We begin with the Hamiltonian of a single

electron of mass m moving in a potential V(r). The Schrodinger equation is

(
p2

2m
+ V(r)

)
ψ(r) = Eψ(r) (A.1)
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and when V(r) is periodic, the wavefunctions are given by Bloch’s theorem. In the reduced zone

scheme, Bloch’s theorem states that the wavefuncions will always take the form

ψn,k(r) = un,k(r)eik·r (A.2)

The un,k(r) are known as Bloch or cellular functions and they satisfy the condition un,k(r) = un,k(r+

qa), where a is the period of V(r) and q is any integer. In the tight-binding picture they can be

constructed as symmetry-adapted linear combinations of atomic orbitals. The complex exponential

part takes the form of a plane wave of wavelength λ = 2π/k. It is known as the envelope function

and at small k depends weakly on r compared to u(r). The basic equation of k · p theory is obtained

by substituting the total wavefunction into the Schrodinger equation. We find upon substitution

that one can eliminate the complex exponential factors to produce a new Schrodinger equation for

the Bloch functions: (
p2

2m
+
~

m
k · p +

~2k2

2m
+ V(r)

)
un,k = En,k un,k (A.3)

This is known as the k · p equation. Note that here and throughout this section, p is an operator, ~k

is the crystal momentum, and p , ~k.

The Hamiltonian in parentheses can be grouped into a free electron-type Hamiltonian H0 which

does not depend on k and a k-dependent crystal Hamiltonian H′:

H0 =
p2

2m
+ V(r) (A.4)

H′ =
~

m
k · p +

~2k2

2m
(A.5)

Physically, H′ may be thought of as the potential arising from local interactions between the elec-

tron and the lattice, and it ultimately gives rise to the effective mass. When the states of interest are

not too far from the Brillouin zone center, H′ can be treated with perturbation theory. The presence

of both k-linear and k-quadratic terms means that H′ would be formally addressed by subsequent
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applications of first- and second-order perturbation theory. This approach is most useful when k is

small and the basis set is large. An alternative approach is to directly diagonalize H0 + H′. This is

known as the Kane model and is especially useful when working analytically in a small basis.

A.2.1 Two bands: eigenvalues

A simple example of k · p theory is the two-band Kane model. In our version we assume the system

to be comprised of bands a and b with extrema at ± Eg/2 located at k = 0. The total Hamiltonian

in the orthonormal basis of zone-center Bloch functions is

H = H0 + H′ =

〈ua,0|H0|ua,0〉 〈ua,0|H0|ub,0〉

〈ub,0|H0|ua,0〉 〈ub,0|H0|ub,0〉

 +

〈ua,0|H′|ua,0〉 〈ua,0|H′|ub,0〉

〈ub,0|H′|ua,0〉 〈ub,0|H′|ub,0〉

 (A.6)

=


Eg
2 0

0 −
Eg
2

 +

〈ua,0|H′|ua,0〉 〈ua,0|H′|ub,0〉

〈ub,0|H′|ua,0〉 〈ub,0|H′|ub,0〉

 (A.7)

The energies ± Eg/2 may be physically interpreted as those of the atomic-like ua,0 and ub,0 in a

hypothetical crystal made of noninteracting atoms. To obtain the total energies at k , 0 we must

determine the matrix elements of H′. Working for simplicity in 1D so that r → x and p = −i~ d
dx ,

we have for the diagonal elements

〈ua,0|H
′|ua,0〉 = 〈ub,0|H

′|ub,0〉 =
~

m
k〈ub,0|p|ub,0〉 + 〈ub,0|ub,0〉

~2k2

2m

= −i
~2

m
k〈ub,0|

d
dx
|ub,0〉 +

~2k2

2m

=
~2k2

2m
(A.8)

Note that we have taken | d
dxub,0〉 and |ub,0〉 to be orthogonal. This is the case for crystals in which

the unit cell possesses inversion symmetry or, as assumed here, when k = 0 corresponds to an

energy extremum. One can equivalently say that within k · p theory, the above conditions cause the
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energy correction to vanish at first order. For the off-diagonal elements we have

〈ua,0|H
′|ub,0〉 = 〈ub,0|H

′|ua,0〉 =
~k
m
〈ub,0|p|ua,0〉

=
~

m
kP (A.9)

where we have defined P = −i〈ub,0|p|ua,0〉. P has units of momentum and its magnitude quantifies

the coupling strength between the zone-center Bloch functions. Typically in II-VI and III-V semi-

conductors, the relevant Bloch functions are s orbital-like for the cation and p orbital-like for the

anion.

To obtain the energies E we diagonalize the total Hamiltonian matrix

H =


Eg
2 + ~

2k2

2m
~
mkP

~
mkP −

Eg
2 + ~

2k2

2m

 (A.10)

by solving the determinental equation

∣∣∣∣∣∣∣∣∣
Eg
2 + ~

2k2

2m − E ~
mkP

~
mkP −

Eg
2 + ~

2k2

2m − E

∣∣∣∣∣∣∣∣∣ = 0 (A.11)

The energies are therefore

E =
~2k2

2m
±

√(
Eg

2

)2
+

(
~kP
m

)2

=
~2k2

2m
±

√(
Eg

2

)2
+
~2k2

2m
Ep (A.12)

where in the second line we have expressed the coupling through the so-called Kane parameter

or Kane energy Ep. This avoids potential confusion related to other definitions of P such as

P = −i ~m〈ua,0|p|ub,0〉 and P = − i
m〈ua,0|p|ub,0〉 which are frequently encountered in the literature;

equations written in terms of Ep are unaffected by such differences. Shown below are examples of
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Figure A.1: Dispersion given by the two-band k · p model for energy gaps of 0.1 eV (blue) and 1
eV (red), and Kane parameters of 10 eV (dashed) and 20 eV (solid).

dispersion relations predicted by the two-band k · p model.

The upper branch represents the conduction band and the lower branch represents the light

hole band. As shown above, the two major outcomes of the k · p terms are to make both dispersion

relations asymptotically linear and to invert the curvature of the lower band, relative to the free-

electron result. Although deviation from parabolic behavior at k , 0 is particularly prominent in

small-gap systems, quantitative calculations usually require nonparabolicity to be accounted for

even at moderate wavevectors.

A.2.2 Two bands: effective masses

It is useful to consider the effective mass in the context of k · p theory. In general, the effective

mass m∗ of a charge carrier is defined as

1
m∗

=
1
~2

(
d2E
dk2

)
(A.13)
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Figure A.2: k−dependent effective masses given by the two-band k · p model.

If E(k) is the upper (electron) energy branch, for example, then the electron effective mass is

1
m∗(k)

=
1
m

+
E2

gEp

8m

E2
g

4
+
~2k2

2m
Ep

−3/2

(A.14)

From this expression we see that for fixed material parameters Eg and Ep, the effective mass

increases with increasing k. This reflects the increasing deviation of the Kane dispersion from

the quadratic dispersion associated with a k-invariant m∗. We also find that the physical origin

of m∗ , m is the coupling between Bloch functions. This can be seen by considering the limits

Eg → ∞ or Ep → 0 and is more obvious in the expression for the zone-center effective mass:

1
m∗(0)

=
1
m

(
1 +

Ep

Eg

)
(A.15)

Both limits produce vanishing coupling and m∗ consequently approaches m. In the opposite limit,

we see that small-gap systems will typically display small zone-center effective masses and rapid

effective mass variations with k. This behavior is illustrated below, and is indeed observed in nearly

every semiconductor system.
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A.2.3 Two bands: eigenvectors

The theory developed above also gives the Bloch functions in perturbed and exact forms. We will

first examine the perturbative solution. For a system of two unperturbed states |n(0)〉 and |m(0)〉, the

first-order wavefunction correction |n(1)〉 due to a small perturbation V is generically

|n(1)〉 =
〈m(0)|V |n(0)〉

E(0)
n − E(0)

m
|m(0)〉 (A.16)

In our two-band k ·p theory, one may take V = ~kp/m so that the (non-normalized) Bloch functions

are

|ua(b),k〉 = |ua(b),0〉 +
~kP
Egm
|ub(a),0〉

= |ua(b),0〉 +
~k
Eg

√
Ep

2m
|ub(a),0〉 (A.17)

Even at a moderate wavevector of 1 nm−1, this first order wavefunction correction remains truly

perturbative only for large values Eg, and small Ep and/or k. The above formulation will therefore

only be useful very close to the zone center. Pertrubative treatments are more widely useful when

the basis is larger, and in such cases the wavefunction is obtained by summing over many different

states |m(0)〉 so that the expansion converges. The perturbation approach is the one most commonly

shown in general solid state physics textbooks, and it has been popular historically because it

guarantees an analytical expression.

The other approach is to directly obtain the eigenvectors from the Hamiltonian matrix. Al-

though analytical solutions are not guaranteed for an arbitrary basis size, they are simple to obtain

in a two-state basis. Writing the wavefunctions as, for example,

|ua,k〉 = c1|ua,0〉 + c2|ub,0〉 (A.18)
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we must solve a matrix equation of the form


Eg
2 + ~

2k2

2m
~
mkP

~
mkP −

Eg
2 + ~

2k2

2m


c1

c2

 = E

c1

c2

 (A.19)

where E is an eigenvalue calculated previously (A.12). Choosing c2 = 1 as an arbitrary constant,

this gives

c1 =

m
(
E − ~

2k2

2m +
Eg
2

)
~kP

×
1
N

(A.20)

where N2 = c2
1+c2

2 is a normalization factor. In the limit of large k, c1 → 1 so that the wavefunction

has equal contributions from both basis states. c1 → 0 as k approaches 0, and the wavefunction is

pure at the zone center.

Overall, k · p models are very useful because the input parameters Ep and Eg can be deter-

mined from experiments. From these two parameters one obtains improved dispersion relations

and k−dependent wavefunctions from which many important properties can be calculated. Ep is

typically around 20 eV for most II-VI and III-V semiconductors, and closer to 10 eV for systems

with very small gaps and stronger coupling to bands not considered in the two-band model. It

is much smaller, about 3 eV, in IV-VI systems such as PbSe. Although precise experimental de-

termination of Ep can be challenging, its error is rarely more than about 30 %, corresponding to

about 15 % error in energies and wavefunction mixing. It can alternatively be determined by fit-

ting an accurate ab initio band structure, if one exists, but in the end it is often simply treated as an

adjustable parameter.

A.2.4 Eight bands: eigenvalues

The two-band Kane model is a good description of the conduction band and optical absorption

in most semiconductors, but it neither captures the most important features of the valence band

nor their effects on the conduction band. This is typically done using six- and eight-band models
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which include spin. The main complications compared to the two-band case arise in the evaluation

of the matrix elements and in the choice of a convenient basis. This is assuaged with the aid of

group theory, and here we assume the Γ point of the diamond/zincblende crystal structure with

tetrahedral symmetry. The six-band model treats interactions within the valence band and the

eight-band model adds the effects of a coupled conduction band.

Our starting point remains the k · p equation but we now include spin-orbit coupling in the

underlying Hamiltonian. This introduces a pair of spin-orbit terms Hso to the k · p Hamiltonian:

Hso =
~

(2mc)2
((σ × ∇V) · p + (σ × ∇V) · k) (A.21)

Here c is the vacuum speed of light and σ is a vector of Pauli spin matrices. The first term in Hso is

the atom-like spin-orbit coupling and the second term is the spin-orbit coupling involving crystal

momentum. We will ignore the latter because crystal momentum is usually very small compared

to the orbital momentum in core levels where atomic spin-orbit coupling is strongest. We therefore

wish to diagonalize the Hamiltonian

H =
p2

2m
+ V(r) +

~

m
k · p +

~2k2

2m
+

~

(2mc)2 (σ × ∇V) · p (A.22)

in a basis of Bloch functions. The Bloch functions will be constructed from the spatial functions

|S 〉, |X〉, |Y〉 and |Z〉. The S designation indicates that this function has the symmetry properties

of s atomic orbitals under operations of the tetrahedral group. Likewise, the other designations

indicate that those functions transform like px,y,z atomic orbitals. |S 〉 is typically associated with

the conduction band and the others are associated with the valence band.

To address the spin-orbit interaction, it is first convenient to rewrite the vector part of Hso as

(σ×∇V) · p = (∇V × p) ·σ. One can then show that the only nonzero matrix elements of Hso will

be those involving 〈X|(∇V × p)z|Y〉 and its permutations because (∇V × p) is an axial vector. This
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is the foundation for the quantity ∆, which is defined as

∆ = i
3~

(2mc)2 〈X|
∂V
∂x

py −
∂V
∂y

px|Y〉

= i
3~

(2mc)2 〈Y |
∂V
∂y

pz −
∂V
∂z

py|Z〉

= i
3~

(2mc)2 〈Z|
∂V
∂z

px −
∂V
∂x

pz|X〉 (A.23)

It quantifies the spin-orbit splitting between bands at the zone center. To proceed further, we must

now construct the Bloch basis functions. There are two general approaches to the choice of basis

- the | jm j〉 basis and the |ls〉 basis. The former are the eigenfunctions of Hso and the conserved

quantities are the total angular momentum j and its z projection m j. The Hamiltonian is somewhat

simplified in this basis. The |ls〉 basis is essentially comprised of atomic orbitals in which orbital

angular momentum l and spin angular momentum s are conserved. Although Hso is not diagonal

in this representation, |ls〉 highlights more clearly the physical effects of the k · p and ∆ terms. We

will work in this basis here and show how the | jm j〉 basis arises naturally from the solutions. Both

approaches give the same results up to a phase factor.

It is customary to write the |ls〉 basis states as |iS ↓〉, | 1√
2

(X − iY) ↑〉, |Z ↓〉, | 1√
2

(X + iY) ↑〉,

|iS ↑〉, | 1√
2

(−X− iY) ↓〉, |Z ↑〉 and | 1√
2

(X− iY) ↓〉. The first set of four are orthogonal to the second

set of four due to the spin component. The matrix elements of Hso are calculated, for example, as

〈(X + iY) ↑ |Hso|(X + iY) ↑〉 =
~

2(2mc)2 〈(X + iY) ↑ |(∇V × p) · σ|(X + iY) ↑〉

=
i~

(2mc)2 〈X|(∇V × p)z|Y〉 · 〈↑ |σ|↑〉

=
∆

3
(A.24)

and the original k · p matrix elements are calculated as described in the two-band treatment. By

symmetry, they obey

P = −i〈S |px|X〉 = −i〈S |py|Y〉 = −i〈S |pz|Z〉 (A.25)
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Taking the basis state ordering listed above, the total Hamiltonian takes the block-diagonal form

H =

M 0

0 M

 (A.26)

with

M =



Es + ε 0 ~
mkP 0

0 Exyz −
∆
3 + ε ∆

√
2

3 0

~
mkP ∆

√
2

3 Exyz + ε 0

0 0 0 Exyz + ∆
3 + ε


(A.27)

and ε = ~2k2/2m. The energies Es and Exyz are the energies of the basis states at the zone center.

By inspection we can already see that spin-orbit coupling narrows the energy gap by ∆/3 and also

splits the p−like states at the zone center. We can also see that only certain states will couple to

produce nonparabolic bands due to the presence or absence of terms involving P. In writing the

matrix M we have taken k to be in the z direction. If k lies along another direction, M may still be

written in the form above if the basis states are rotated appropriately. We may diagonalize H using

the method of minors and co-factors, so that the secular equations are

0 = Exyz +
∆

3
− E + ε (A.28)

and

(A.29)
0 = (Es − E + ε)

(
Exyz −

∆

3
− E + ε

)(
Exyz − E + ε

)
− (Es − E + ε)

∆
√

2
3

2

−

(
~

m
kP

)2(
Exyz −

2∆

3
− E + ε

)
Although these equations give a total of four double roots without convenient closed forms,

analytical solutions do exist for certain limiting cases. Near the zone center the parabolic approxi-
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mation is valid, and these solutions are obtained by only retaining terms to order k2. This gives

Ehh =
~2k2

2m

Ec = Eg +
~2k2

2m

(
1 +

2Ep

3Eg
+

Ep

Eg + ∆

)
Elh =

~2k2

2m

(
1 −

2Ep

3Eg

)
Eso = −∆ +

~2k2

2m

(
1 −

Ep

3(Eg + ∆)

)
(A.30)

These are the heavy hole, conduction, light hole and spin-orbit split-off bands. The relation

2P2/m = Ep has again been employed, and we have taken Es = Eg and Exyz = −∆/3 so that

Eg corresponds to the “observed” energy gap. Note that because the state |(X ± iY)/
√

2〉 does not

couple to others at this level of theory (see the fourth row/column ofM), the resulting heavy hole

band retains free electron curvature. It is straightforward to obtain the zone-center effective masses

from the above expressions. One interesting outcome of the eight-band model is that the mirror

symmetry of the conduction and light hole bands seen in the two-band case is no longer present.

One has m∗c < |m
∗
lh| when Eg + ∆ > 1, a condition which is satisfied in typical semiconductors.

Another set of analytical solutions exists in the limit ∆ � ~kP/m =

√
~2k2Ep/2m. They are

Ehh =
~2k2

2m

Ec =
Eg

2
+
~2k2

2m
+

1
2

√
E2

g +
8
3

(
~2k2

2m
Ep

)

Elh =
Eg

2
+
~2k2

2m
−

1
2

√
E2

g +
8
3

(
~2k2

2m
Ep

)
Eso = −∆ +

~2k2

2m

(
1 −

Ep

3(Eg + ∆)

)
(A.31)

These equations show the nonparabolicity present in the conduction and light-hole bands, as seen

earlier in the two-band model. The magnitude of the nonparabolicity is modified compared to the
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Figure A.3: Band structures given by the eight-band k · p model in the limit ∆ � ~kP/m using
∆ = 1 eV and Ep = 15 eV. Blue is the conduction band, black is the heavy hole band, red is the
light hole band, and green is the spin-orbit split-off band.

earlier model, however, due to interactions between valence bands. The spin-orbit split-off band

exhibits parabolic behavior. Although the heavy hole band still exhibits the wrong curvature, the

other dispersion relations are reasonably accurate. The band structure given by these equations is

shown below.

The eight-band model nicely illustrates the meaning of a “negative” energy gap. This termi-

nology refers to the situation Es < Exyz which, according to notational convention, results in

Eg < 0. A negative gap of any magnitude causes the heavy hole and conduction bands to become

degenerate at the zone center, while the light-hole splits from the heavy hole by the amount Eg.

As described below, the character of the wavefunctions also changes so that instead of having a

p−like zone center light hole and s−like zone center conduction band, the situation is reversed.

This is known as an “inverted” band structure and occurs in systems such as HgTe, HgSe and α-

Sn. It is interesting to note that in the HgCdTe alloys, one can tune the gap so that it is exactly

zero. The conduction and light hole bands are both degenerate at the zone center and also display

linear dispersion. This situation resembles that of the famous Dirac dispersion in graphene and

such electrons are sometimes known as “massless Kane electrons.” This behavior is shown above

and can also be seen in the vanishingly small effective mass as Eg approaches 0, plotted earlier for
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two bands.

The issue of the heavy hole band is resolved at a higher level of theory than discussed here. It

gives the dispersion in the spherical approximation as

Ehh =
~2k2

2m
+ Mk2 (A.32)

where

M =
~2

m2

Γ15∑
n

|〈X|py|n〉|2

Exyz − En
+
~2

m2

Γ25′∑
n

|〈X|py|n〉|2

Exyz − En
(A.33)

The notation Γ15 denotes that the sum is over states belonging to the Γ15 representation of the

tetrahedral group, and the same applies to Γ25′ . The former is the symmetry group of the p orbitals

at the Γ point and the basis functions, as implied by the above developments, are x, y and z. Γ25 is

the symmetry group of d orbitals at Γ with basis z(x2 − y2), and the prime specifically denotes the

states which transform like dxy, dyz and dzx. The sums run over all states excluding those already

considered. Note that if no states of Γ15 or Γ25′ symmetry are used in the calculation, M = 0 and

the free electron result is obtained. Stronger coupling to remote p and d states corresponds to more

negative values of M and lighter effective masses. It is difficult in practice to calculate M from

wavefunctions and it is usually deduced from experimental data instead. Typical values are around

−0.5m.

A.2.5 Eight bands: eigenvectors

In a manner analogous to the earlier two-band model, the perturbed wavefunctions for the conduc-

tion, light hole and split-off hole are linear combinations of the basis functions. As already seen,
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the heavy hole remains unperturbed and therefore keeps its original character. We therefore have

|unα〉 = an|iS ↓〉 + bn|
1
√

2
(X − iY) ↑〉 + cn|Z ↓〉

|unβ〉 = an|iS ↑〉 + bn|
1
√

2
(−X − iY) ↓〉 + cn|Z ↑〉

|uhhα〉 = |
1
√

2
(X + iY) ↑〉

|uhhβ〉 = |
1
√

2
(X − iY) ↓〉 (A.34)

with n denoting the conduction, light hole and split-off bands, and the α/β designation denoting

the total spin character. The coefficients are obtained by solving the equation


Es + ε 0 ~

mkP

0 Exyz −
∆
3 + ε ∆

√
2

3
~
mkP ∆

√
2

3 −∆
3 + ε




an

bn

cn

 = En


an

bn

cn

 (A.35)

Again substituting Es = Eg, Exyz = −∆/3 and 2P2/m = Ep we find

an = ~k

√
Ep

2m

(
En −

~2k2

2m
+

2∆

3

)
1
N

bn =

√
2

3
∆

(
En −

~2k2

2m
− Eg

)
1
N

cn =

(
En −

~2k2

2m
− Eg

)(
En −

~2k2

2m
+

2∆

3

)
1
N

(A.36)
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where N is a normalization constant. In the small-k limit the coefficients are

ac = 1, bc = cc = 0

alh = 0, blh =
1
√

3
, clh =

√
2
3

aso = 0, bso =

√
2
3
, cso = −

1
√

3
(A.37)

These small-k coefficients also define the | jm j〉 basis because we diagonalized Hso in the process

of diagonalizing H. These basis states are

∣∣∣∣∣12 − 1
2

〉
= |ucα〉 = |iS ↓〉∣∣∣∣∣12 1

2

〉
= |ucβ〉 = |iS ↑〉∣∣∣∣∣32 3

2

〉
= |uhhα〉 =

1
√

2
|(X − iY) ↑〉∣∣∣∣∣32 1

2

〉
= |ulhβ〉 = −

1
√

6
|(X + iY) ↓〉 +

√
2
3
|Z ↑〉∣∣∣∣∣32 − 1

2

〉
= |ulhα〉 =

1
√

6
|(X − iY) ↑〉 +

√
2
3
|Z ↓〉∣∣∣∣∣32 − 3

2

〉
= |uhhβ〉 =

1
√

2
|(−X − iY) ↓〉∣∣∣∣∣12 1

2

〉
= |usoβ〉 = −

1
√

3
|(X + iY) ↓〉 +

1
√

3
|Z ↑〉∣∣∣∣∣12 − 1

2

〉
= |usoα〉 =

1
√

3
|(X − iY) ↑〉 −

1
√

3
|Z ↓〉 (A.38)

and they serve as a starting point for more sophisticated k · p treatments. Such calculations address

effects such as spin-splitting, correct heavy hole effective masses, and k-linear energy corrections.
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A.3 Nanocrystals

A simple model of the electronic structure of a nanocrystal quantum dot is the “particle-in-a-

sphere” model. In it we suppose we can map the problem onto that of a free particle confined in an

infinitely-deep spherical potential of radius R. This is a reasonable description of the plane-wave

envelope function when its natural wavelength is very long compared to R, as is the case when k

is small. We further suppose that due to the very local nature of the Bloch functions, to a good

approximation they remain unaffected by the boundary conditions.

A.3.1 Particle-in-a-sphere model

A result from quantum mechanics is that the energy eigenfunctions of a particle moving in a

spherically-symmetric potential V(r) can always be written in the form ψ(r, θ, φ) = χl(r)Ym,l(θ, φ)

where Ym,l(θ, φ) are the spherical harmonics and the χl(r) are radial wavefunctions which de-

pend on the particular form of V(r). For a particle or particle pair of reduced mass µ, the radial

Schrodinger equation is generically

(
~2

2µ

(
d2

dr2 +
2d
rdr

)
+

l(l + 1)~2

2µr2 + V(r)
)
χl(r) = Eχl(r) (A.39)

In the particle-in-a-sphere model the potential is of the form

V(r) =


0 r < R

∞ r > R
(A.40)

and the Schrodinger equation becomes

d2χ

dr2 +
2dχ
rdr
−

l(l + 1)
r2 χ + k2χ = 0 (A.41)
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Figure A.4: Plots of spherical Bessel functions j0 (blue), j1 (red) and j2 (green).

where we have utilized the free-particle wavevector k =
√

2µE/~2. If we recast the above equation

in terms of a new dimensionless variable ρ = kr, it may be rearranged as

d2χ

dρ2 +
2dχ
ρdρ

+

(
1 −

l(l + 1)
ρ2

)
= 0 (A.42)

Equations of this form are known as spherical Bessel equations and they arise whenever plane

waves are expressed in spherical coordinates. There are two classes of solution - the spherical

Bessel functions which are regular at the origin, and the spherical Neumann functions which are

irregular at the origin. We can eliminate the Neumann functions on physical grounds. The spherical

Bessel functions jl(ρ) are given by

jl(ρ) = (−ρ)l
(

d
ρdρ

)l(sin(ρ)
ρ

)
(A.43)

and the first few are plotted above.

The wavefunctions χl(r) must satisfy the boundary condition rχl(r) = 0 when r = 0 and r ≥ R.

The first constraint is automatically satisfied because we have chosen functions which are regular
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at the origin. The second condition is satisfied when ρ = kr is a root of jl(ρ). Indicating the roots

as ρn,l, the allowed values of k are then given by

kn,l =
ρn,l

R
(A.44)

When l = 0, for example, the roots are obtained by solving

j0(ρ) =
sin(ρ)
ρ

= 0 (A.45)

which gives ρn,0 = nπwith n = 1, 2, 3, .... Following the convention for atomic systems, n is known

as the principal quantum number (1, 2, 3,...) and l is known as the orbital angular momentum

quantum number (S, P, D,...) so that the radial wavefunctions are denoted 1S, 1P, 1D, 2S etc. The

1S radial wavefunction is

χ1S (r) = N
sin(πr/R)
πr/R

(A.46)

where N is a normalization constant, and the total 1S particle-in-a-sphere wavefunction is

ψ1S (r, θ, φ) = χ1S (r)Ym,l(θ, φ) (A.47)

The first few radial wavefunctions are plotted below. The energies are obtained by substitution of

the now-quantized k into the free particle dispersion relation:

En,l =
~2k2

n,l

2µ
(A.48)

When the sphere is comprised of semiconductor, one would use effective masses to calculate µ in

the above equation. For a single electron or hole, the kinetic energy given above is known as the

confinement energy because it quantifies the additional energy imposed by quantum confinement.

Although the particle-in-a-sphere model assumes parabolic dispersion i.e. decoupled m∗ and k, we
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Figure A.5: Plots of unnormalized radial wavefunctions 1S (blue), 1P (red), 1D (green) and 2S
(blue dash).

can obtain more accurate quantized energies by using kn,l with a more sophisticated dispersion such

as that obtained from k · p. In the context of excitons, discussed further in a following subsection,

employing the exciton reduced mass is appropriate only when the binding energy is large compared

to the confinement energy of the lighter carrier. If the confinement energy is much larger than the

binding energy, then it is more appropriate to treat the electron and hole as independent particles

confined to the spherical potential and the excitonic binding as a perturbation.

A.3.2 Envelope function approximation

In the envelope function approximation for semiconductor nanostructures, one supposes that the

plane-wave envelope function in the wavefunction for an infinite crystal can be replaced by one

that matches the boundary conditions of the nanostructure. When the nanocrystal diameter is much

larger than the crystal lattice constant, the nanocrystal wavefunctions can be written in the basis of
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infinite crystal wavefunctions as

ψn(r) =
∑

k
cn,kun,k(r)eikr (A.49)

where the cn,k are expansion coefficients. In this section we are working in Cartesian coordinates

so that r is the Cartesian vector xî + y ĵ + zk̂, and the spherical radial coordinate is denoted rs.

For the particular case of spherical quantum dots, we wish to replace the plane wave envelope

of the bulk crystal with spherical Bessel functions. Since the spherical Bessel functions can be

expressed in the basis of plane waves eikr, we may write without loss of generality

χn(r) =
∑

k
cn,keikr (A.50)

As long as the un,k(r) have a weak dependence on k in the vicinity of some reference wavevector

k0, by substitution one then has

ψn(r) ≈ un,k0(r)
∑

k
cn,keikr = un,k0(r)χ(r) (A.51)

The total wavefunction of an electron would then be, for example,

ψe(rs, θ, φ) = ue,k0(r, θ, φ)χl(rs)Ym,l(θ, φ) (A.52)

Although for notational consistency we should either express the Bloch functions in spherical co-

ordinates or the spherical Bessel functions in Cartesian coordinates, the Bloch function is usually

treated as a parameter which is calculated separately at the unit cell level, and the overall wave-

function is expressed in spherical Coordinates.

The envelope function approximation formally requires k0 = 0 and the sum to run from 0 to∞.

The degree to which un,k(r) differs from un,0(r) can be calculated using the k · p models developed

in the previous sections. One finds that extraction of un,0(r) out of the sum is usually justified
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only at large energy gaps and for large nanostructures, where the wavefunction retains much of

its zone-center character. In practice, however, the envelope function approximation is successful

over a much wider range of situations than implied above. This is because very small wavevectors

will not contribute much to the sum over k in the series expansion of the spherical Bessel functions.

To estimate the smallest value of k which contributes, we can note that for 1S radial wavefunctions

λ = 4R so that kmin = π/2R. For very small nanocrystals of 1 nm radius this corresponds to

wavevectors kmin ≈ 1.5 nm−1 while for larger nanocrystals of 5 nm radius, kmin ≈ 0.3 nm−1. It is

common to take k0 = kn,l, and the quality of this approximation degrades at high values of n and l

or small values of R.

A.3.3 Confinement regimes, excitons and optical matrix elements

When a quantum dot absorbs light, an electron is excited to a conduction state while a hole is

created in a valence state. One must in general consider the Coulombic attraction in such an

electron-hole pair when calculating the carrier energies. In bulk materials this attraction produces

excitons, hydrogen-like bound states in which the lighter carrier “orbits” the heavier. The manner

in which this correlated motion is treated in nanocrystal quantum dots depends on the so-called

confinement regime. This is typically estimated from the characteristic particle Bohr radius a,

which is given by

a =
ε~2

µe2 (A.53)

where now µ can be the electron effective mass, heavy hole effective mass, or electron-hole ef-

fective reduced mass depending on the situation. The strong confinement regime occurs when

electron, hole and exciton Bohr radii ae, ah, ax are all much smaller than R. The weak confinement

regime occurs when ae, ah < R < ax and the intermediate confinement regime occurs when R is

only smaller than either ae or ah. In the strong confinement regime the energies of both carriers

are strongly quantized and and the internal charge motion is very well described by the particle-

in-a-sphere model. This is an appropriate description of small nanocrystal quantum dots made of
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II-VI, III-V and IV-VI semiconductors. Coulombic attraction in this case is accurately treated as

simple perturbation to an independent electron and hole. The intermediate confinement regime

is more appropriate for larger nanocrystals or when only one of the carriers, usually the hole, is

rather heavy. In this case, the lighter carrier remains well-described by the particle-in-a-sphere

model while a quantitative description of the heavier requires more sophisticaed methods. The

Coulombic interaction is more complicated and typically taken for bulk hole interacting with the

mean field of a confined electron. In weak confinement, the correct picture is that of a bulk exciton

confined to the spherical potential.

Treatment of electron-hole Coulomb attraction is simplest in the strong confinement regime.

Since the confinement energy is much greater than the Coulomb energy, perturbation theory and

simple electrostatics may be used. Although only strictly valid in a limited set of situations, this

treatment nevertheless represents an improvement over the single-particle description over a wide

range of particle sizes and compositions. In the strong confinement approximation the excitonic

envelope function ψx is simply the product of independent electron and hole envelope functions:

ψx(rs, θ, φ) = χe(rs)χh(rs)Ye
m,l(θ, φ)Yh

m,l(θ, φ) (A.54)

The corresponding energy of the electron-hole pair is

Ex
n,l = Eg +

~2

2


(
ke

n,l

)2

m∗e
+

(
kh

n,l

)2

m∗h

 −
∫

ψ2
x(r)V′(r)dr3 (A.55)

where the last term is the first-order perturbative correction to the energy due to the Coulomb

interaction V′(r) = e2/4πε0ε |re − rh| and n is the principal quantum number. The perturbation is

typically evaluated in spherical coordinates using Laplace expansions for the Coulomb potential.

We have neglected the Coulomb interactions between Bloch functions here because the Bloch

functions oscillate very rapidly compared to the envelope functions, and their contribution to the

integration is usually assumed to be small. This approximation is rather good at low energies, but
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its quality will decrease as the energy grows and the envelope function gains local character. When

both electron and hole occupy 1S states, for example, the Coulomb correction is 1.77e2/4πε0εR.

This is typically in the range 10 – 200 meV depending on the screening and particle size.

A common and important application of quantum dot wavefunctions is in the calculation of the

oscillator strength and other optical constants which are related to it. The oscillator strength of an

optical transition between states |i〉 and | j〉 is usually expressed in atoms and molecules directly in

the dipole approximation as

fi j =
2mωi j|〈i|r| j〉|2

3~
(A.56)

where r is the position operator [16, 17, 18]. The oscillator strength in semiconductors is often

expressed as

fi j =
2P′2

3m~ωi j
(A.57)

where P′ = 〈i|p| j〉 is a generalized momentum matrix element. When |i〉 and | j〉 are pure zone-

center Bloch functions, P′ is the momentum matrix element from k · p theory and
∑

j,i fi j =

1 + m/m∗j for the zone-center effective mass m∗ [8, 7]. In this notation valence effective masses

have negative values. This aligns with the physical interpretation of the oscillator strength in terms

of real and classical electrons, for a lighter particle will behave as a stronger oscillator in a classical

equation of motion.

The situation is slightly more involved when the transition occurs between impure states. This

is most clearly illustrated by examining the relationship between position and momentum matrix

elements. We begin with the commutation relation

p =
m
i~

[H, r]

〈i|p| j〉 =
m
i~

(〈i|Hr| j〉 − 〈i|rH| j〉) (A.58)

If |i〉 and | j〉 are eigenstates of H = p2/2m + V(r), then H can act to the left in the first term and to

173



the right in the second term to give

〈i|p| j〉 =
m
i~

(
Ei〈i|r| j〉 − E j〈i|r| j〉

)
(A.59)

which defines the relationship between position and momentum matrix elements of eigenstates. If

|i〉 and | j〉 are instead linear combinations of eigenstates, as in a quantum dot, P′ must be calculated

from the mixed state at the relevant k. Equation A.57 still applies in this case, but the simple

effective mass expression may not be applicable because it is derived under the assumption of

parabolic dispersion [8].
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APPENDIX B

NONLINEAR OPTICAL FREQUENCY CONVERSION

B.1 Overview and Introduction

Nonlinear optics, and especially its application to altering the frequency of light, is an old and es-

tablished topic with no shortage of textbooks and references. Yet, it can be challenging to learn and

apply in a laboratory setting due to the wide variety of notational conventions and different topical

emphases found in the standard texts. Furthermore, while most texts give detailed descriptions of

second-harmonic and sum-frequency processes, subtle points related to phases and symmetries are

often given a more cursory treatment in the downconversion processes which are most relevant in

infrared spectroscopy. My hope here is to present a self-contained introduction emphasizing the

topics and conceptual issues which are relevant to the infrared spectroscopy experiments of this

thesis. The overall presentation loosely follows Boyd’s text [1] with additional topics and insights

from the works of Shen [2] and Yariv [3]. The sections on field energy density and parametric

fluorescence follow Yariv [3] and the primary literature [4, 5, 6], where more detailed discussions

may be found. An excellent discussion of phasematching and crystal optics is given by Dmitriev

and co-workers [7], and very useful general optics references are the texts by Guenther [8] and

Peatross and Ware [9].

Nonlinear optical phenomena arise when the typical linear relationship between the electric

polarization of the material and the electric field strength no longer holds. This is often illustrated

by expanding the expression for the electric polarization P in terms of the electric susceptibility χ

and the electric field E:

P = ε0
(
χ(1)E + χ(2)E2 + χ(3)E3 + ...

)
= P(1) + P(2) + P(3) + ... = P(1) + P(NL) (B.1)

The nonlinear P(NL) terms will be much smaller than the linear P(1) term when E is small, and the
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linear polarization therefore dominates interactions between the material and the light. For strong

fields, however, the higher-order terms grow to appreciable magnitudes and produce nonlinear

optical material properties. Before moving further, it is important to note that (B.1) is only valid

far from resonances so that population transfer can be neglected. In the case of resonance and

appreciable population transfer, a different formalism such as the optical Bloch equations is more

appropriate for describing the response of the material to light.

To see how the inclusion of nonlinear polarization can result in optical frequency conversion,

let us consider a monochromatic light field E = Ēe−iωt + c.c. ω is the light frequency, t is time,

and Ē = Eeikz is the spatial part of the wave. c.c. denotes the complex conjugate. Plugging in this

light field to (B.1) and considering only the quadratic term, the induced second-order nonlinear

polarization P(2) is ε0χ(2)ĒĒ∗ + ε0χ
(2)(Ē2e−2iωt + c.c). It has two distinct components: a new

polarization at zero frequency corresponding to the creation of a DC field across the material, and

a new oscillating polarization at 2ω. These processes are called optical rectification and second-

harmonic generation, respectively. We can also examine what happens if we apply we apply two

different frequencies ωa and ωb. In this case E = Ē1e−iωat + Ē2e−iωbt + c.c. and the polarization

is

(B.2)
P(2) = ε0χ

(2)
(
Ē2

ae−2iωat + Ē2
be−2iωbt + 2ĒaĒbe−i(ωa+ωb)t + 2ĒaĒ∗be−i(ωa−ωb)t + c.c

)
+ 2χ(2)

(
ĒaĒ∗a + ĒaĒ∗b

)
Each of the applied fields generates its second harmonic and a DC field as for the previous case, but

we also see two new oscillating polarizations at (ωa +ωb) and (ωa −ωb) which produce radiation.

The production of a radiating polarization at (ωa +ωb) is called sum-frequency generation. For

the work described in this thesis, sum-frequency generation was used as a spectroscopic method for

detecting mid-infrared photoluminescence with high time resolution. The production of a radiating

polarization at (ωa − ωb) is called difference-frequency generation and was used to generate the

tunable mid-infrared beams required for absorption spectroscopies. This processes is also called

optical parametric amplification because, as we will see later, it results in amplification of one of
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the input fields as well. Both sum-frequency generation and parametric amplification are essen-

tially classical phenomena and can be understood within the framework of Maxwell’s equations in

media. A process related to parametric amplification, parametric fluorescence, is a quantum me-

chanical phenomenon and can be thought of as parametric amplification of vacuum fluctuations.

For the work described in this thesis, it was used to generate one of the input fields to “seed” para-

metric amplification. In the following sections, we derive these processes and examine some of

their important physical features. Experimental realization of the nonlinear optical devices with an

emphasis on practical design principles are described in Appendix C.

B.2 Nonlinear Wave Equation

The wave equation for nonlinear optics is derived in much the same manner as the wave equa-

tion for linear optics. The main difference is that we will modify the constitutive relation for the

displacement field to allow a nonlinear electronic polarization. We can begin from Maxwell’s

equations for a nonmagnetic insulator. In SI units they are

∇ · D = 0 (B.3)

∇ · B = 0 (B.4)

∇ × E = −
∂B
∂t

(B.5)

∇ × H =
∂D
∂t

(B.6)

To start the derivation of the wave equation, we can take the curl of (B.5) and reorder the space

and time derivatives, giving ∇ × ∇ × E = − ∂∂t (∇ × B). We then employ two constitutive relations.

The first, B = µ0H, is a consequence of the fact that we have assumed the magnetic polarization

M to be zero. The second, D = ε0E + P, is responsible for the radiation emitted from the induced

electronic polarization in the material. In particular, it will be the nonlinear components of P that

act as the source of radiation at the sum or difference frequencies of the driving fields. Substituting
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in (B.6) and the two constitutive relations gives a general wave equation:

∇ × ∇ × E + µ0ε0
∂2E
∂t2

= −µ0
∂2P
∂t2

(B.7)

This equation can be simplified if we take the electric fields to be transverse infinite plane waves,

which is a good approximation for unfocused or weakly-focused laser beams. Using the identity

∇×∇× E = ∇(∇ · E)−∇2E and noting that the first term vanishes for infinite transverse fields, the

wave equation is now

− ∇2E + µ0ε0
∂2E
∂t2

= −µ0
∂2P
∂t2

(B.8)

We can now make a series of substitutions to write the wave equation in terms of the nonlinear

polarization. Writing the displacement constitutive relation more explicitly as D = ε0E + P(1) +

P(NL) = D(1) + P(NL) and noting that ε0n2E = ε0E + P(1), where n is the linear real refractive

index, we can write the wave equation as

− ∇2E +
n2

c2
∂2E
∂t2

= −
1

ε0c2
∂2P(NL)

∂t2
(B.9)

We have also made the substitution c−2 = µ0ε0. It is useful to compare this equation with the wave

equation for linear optics, obtained by simply taking P(NL) = 0. In that case, the only frequencies

present in the wave equation are the fundamental frequencies of E. In (B.9), the wave equation

contains additional frequencies via P(NL). In the following sections, we will use the nonlinear

wave equation to derive expressions which quantify the conversion of the input field(s) into the

output fields(s).

180



B.3 Coupled Wave Equations, Parametric Amplification and

Phasematching

We begin by discussing the coupled wave equations for nonlinear optical frequency conversion, us-

ing the example of parametric amplification (difference-frequency generation). The general proce-

dure shown here will be applicable to the case of sum-frequency generation and other nonresonant

nonlinear phenomena as well.

For parametric amplification we will consider application of a strong beam at ω3 and a weak

beam at ω2 to a material, and the subsequent generation of the difference frequency ω1 = ω3 −ω2

from the induced polarization at this frequency. Throughout the rest of this appendix, we will

follow the convention that ω3 > ω2 > ω1. In one dimension, the solution to the linear wave

equation is a plane wave E(z, t) = Eei(kz−ωt)+ c.c. where E is a constant. The constant value of E

reflects the fact that the wave does not gain or lose amplitude as it travels through the lossless linear

medium. For nonlinear polarizations which are not too large, we can make the approximation that

the solution to the nonlinear wave equation will retain this form, but now with a spatially-varying

E. This reflects the fact that due to the nonlinear polarization, the field can gain or lose energy. We

will first consider the field generated at ω1. The two applied fields are

E3(z, t) = E3ei(k3z−ω3t) + c.c (B.10)

and

E2(z, t) = E2ei(k2z−ω2t) + c.c (B.11)

and they generate a polarization in the material given by

P1(z, t) = 2ε0χ
(2)E3E

∗
2ei(k3−k2)ze−iω1t + c.c (B.12)

This expression for the polarization is obtained by plugging (B.10) and (B.11) into (B.1) and se-
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lecting the terms which oscillate atω1 = ω3−ω2. The induced polarization will radiate, generating

a field

E1(z, t) = E1ei(k1z−ω1t) + c.c (B.13)

Now we substitute (B.12) and (B.13) into the nonlinear wave equation (B.9) as P(NL) and E,

respectively. After taking the derivatives and cancelling terms, we obtain

d2E1

dz2 + 2ik1
dE1
dz

=
−2χ(2)ω2

1
c2 E3E

∗
2ei(k3−k2−k1)z (B.14)

We now make what is known as the slowly-varying amplitude approximation, which states that

|
d2E1
dz2 | � |2k1

dE1
dz |. This allows us to ignore the leftmost term in (B.14). Physically, this amounts

to an assumption that the growth in amplitude of the ω1 wave is not large over distances of the

order 1/k1. This is true in practical situations. More fundamentally, as can be shown by solving

B.14 directly using Green’s functions [2], the slowly-varying amplitude approximation arises from

neglecting the electric field traveling in the −z i.e. backwards direction. With this approximation

and the substitutions k = nω/c and ∆k = k3 − k2 − k1, we can then write (B.14) as

dE1
dz

= i
χ(2)ω1

n1c
E3E

∗
2ei∆kz (B.15)

This is a “coupled wave equation” for the difference-frequency field and it describes how the

field amplitude depends on the position in the nonlinear medium and on the applied field strengths.

The analogous equations for the other fields are

dE2
dz

= i
χ(2)ω2

n2c
E3E

∗
1ei∆kz (B.16)

and
dE3
dz

= i
χ(2)ω3

n3c
E1E2e−i∆kz (B.17)
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These equations, and in particular the choices of conjugation and phase, were derived using

the following procedure. In writing out the polarization by substitution of fields into (B.1) we can

notice that if we adopt the convention that every polarization oscillates at a sum of frequencies,

positive frequencies correspond to Eeik and negative frequencies correspond to E∗e−ik. We can

use this as a shortcut to derive (B.16) and (B.17) from (B.15). As an example, beginning from

P(ω1 = ω3−ω2) we can “solve” for ω2 in the argument of the polarization and use the convention

to associate P(ω2 = ω3 − ω1) with E3E
∗
1ei(k3−k1)z. Indeed, neglecting constants, this matches

the right hand side of (B.16) up to the factor of e−ik2z contained in ∆k. This factor will come

from cancelling the eik2z factor which appears on the left hand side in connection with E2. This

procedure physically amounts to an acknowledgement that all fields are present at all times if we

take them to be infinite plane waves. We are allowed to permute the argument in the polarization

because of the particular symmetry properties of the susceptibility, which are discussed next.

Although χ(2) is in general a frequency-dependent tensor quantity, far from resonance it has

the property that it obeys permutation symmetry. This means that the indices of the susceptibility

tensor can be freely permuted as long as the frequency arguments are also appropriately rearranged.

For example, it implies that χ(2)
i jk(ω3 = ω1 + ω2) = χ

(2)
ik j(ω3 = ω2 + ω1) = χ

(2)
k ji(ω2 = −ω1 + ω3) =

χ
(2)
ki j(ω2 = ω3 − ω1) = ... Under highly nonresonant conditions, however, the susceptibility can

also be approximated as dispersionless, allowing the indices to be permuted without permuting the

frequencies and vice versa. This is known as the Kleinman symmetry condition and justifies the

procedure we used to obtain (B.16) and (B.17) by inspection. Kleinman symmetry is derived and

justified more completely in the next section. The Kleinman symmetry also simplifies the tensorial

nature of χ(2) and leads to the result that an effective, constant value of χ(2) can be defined for a

fixed pair of propagation and polarization directions of the wave. Thus, the χ(2) in the three coupled

wave equations take on the same value for a given experimental geometry. We will address how

one determines this effective value of χ(2) when the experimental devices are discussed in later

sections.
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In the practical application of optical frequency conversion, we are interested in quantifying the

growth of the generated wave(s) as a function of the applied field strengths and other experimental

conditions. It is first convenient to examine the effect of ∆k on the conversion efficiency process

in the limit that the conversion is very small. In this case, we can take the field amplitudes on the

right hand side of (B.15) to be constant and integrate directly to give

E1(L) = i
χ(2)ω1

n1c
E3E

∗
2

∫ L

0
ei∆kzdz = i

χ(2)ω1
n1c

E3E
∗
2

ei∆kL − 1
i∆kL

 (B.18)

where L is the length of the material. We now square this expression to obtain a form which is

proportional to the measurable intensity I via I = 2nε0c|E|2. Using some algebraic substitutions,

this gives

|E1|
2 =

(
χ(2)

)2
ω2

1|E3|
2|E2|

2

n2
1c2

L2sinc2(∆kL/2) (B.19)

As shown below, the sinc function is strongly peaked when its argument is zero, and this causes a

strong reduction of the radiated intensity for even small values of ∆kL. Ideally, ∆k = 0 and when

this condition is satisfied the waves are said to be phase-matched or momentum-matched. This

results in the dipoles oscillating in phase at all three frequencies, allowing the coherent radiation

generation. The experimental strategy for achieving phase matching utilizes the birefringence of

certain crystals and is discussed in the final section of this appendix.

Having established the general principle that ∆k = 0 is desirable, we can now address the

efficiency of difference-frequency generation without the approximation that the conversion is very

small. We will however make the approximation that dE3/dz = 0. This is valid in the typical

experimental situation where the high-frequency wave is very much stronger than the others, so it

is not appreciably depleted by the interaction even when the gain for the lower-frequency waves

is considerable. To derive the growth of the difference-frequency wave, we will solve a single

differential equation obtained by combining (B.15) and (B.16). We first differentiate (B.15) with

respect to z. Then we take the complex conjugate of (B.16) and substitute this into the formula for
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Figure B.1: sinc2 function illustrating the sensitivity of phasematching to the value of ∆k.

d2E1/dz2. Setting ∆k = 0, we obtain
d2E1

dz2 = ξ2E1 (B.20)

where the coupling constant is defined

ξ2 = ξ1ξ
∗
2 =

(
i
χ(2)ω1E3

n1c

)−i
χ(2)ω2E

∗
3

n2c

 =

(
χ(2)

)2
ω1ω2

n1n2c2

∣∣∣E3
∣∣∣2 (B.21)

ξ characterizes the coupling strength between the undepleted wave at ω3 and the waves at the lower

frequencies. It has units of inverse length and can be interpreted as a gain coefficient for the electric

field. The general solution to this equation is

E1(z) = A sinh(ξz) + B cosh(ξz) (B.22)

where ξ is now
√
ξ2 and A and B are constants determined from the boundary conditions. With
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Figure B.2: Parametric amplification solutions plotted as the normalized “intensity” |E|2/|E2(0)|2

for the case ω1/2πc = 2000 cm−1 and ω2/2πc = 7496 cm−1.

the boundary condition E1(0) = 0, (B.22) can be used to solve (B.15) and (B.16), giving

E1(z) = i
√

n2ω1
n1ω2

E3
|E3|
E2(0)∗sinh(ξz) (B.23)

E2(z) = E2(0)cosh(ξz) (B.24)

The behavior of the solutions is shown in Figure B.2.

Both of these equations reduce to exponential growth when when ξz is large. If we wish to

maximize the generated field strength for a fixed set of material parameters and interaction length z,

the exponential nature of the solutions indicates that we should maximize E3 subject to constraints

imposed by material damage thresholds. It is also noteworthy that the exponential dependence

of E1(2) on ξ and the linear dependence of ξ on ω1(2) makes the efficient generation of mid- and

long-wave infrared light particularly difficult.
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B.4 Lorentz Oscillator and Field Energy Density

When we discuss parametric fluorescence in the next section, we will need to write down a Hamil-

tonian for the interaction between the fields in the medium. This will require an expression for the

energy density in a classical field. This is given by Poynting’s theorem in linear optics, and in this

section we generalize this idea to a nonlinear material. A critical assumption for the derivation will

be that far from resonance, the the material is lossless and dispersionless. To see why this is so, we

can examine the anharmonic oscillator model of the susceptibility.

The equation of motion for an electron in an asymmetric anharmonic potential is

d2x
dt2

+ 2Γ
dx
dt

+ ω2
0x + Dx2 = −

eE
m

(B.25)

where x, e and m are respectively the electron displacement, charge and mass, Γ is the dipole

damping rate, ω0 is the resonance frequency, and D is related to the anharmonic restoring force

FD by FD = Dmx2. The equation of motion can be solved using perturbation theory. We multiply

the right hand size by an expansion parameter λ and take the solution x to be a power series

expansion in this parameter i.e. x = λx(1) +λ2x(2) + ... Then, we separately equate terms which are

proportional to the various powers of λ. One finds that the first order contribution to the position

is, for two input fields at ωa and ωb,

x(1) = x(1)(ωa)e−iωat + x(1)(ωb)e−iωbt + c.c (B.26)

with the displacements given by

x(1)(ω) =
−eE

m
(
ω2

0 − ω
2 − 2iωΓ

) (B.27)

The displacement is related to the material polarization and the susceptibility by P(1) = χ(1)E =

−Nex(1), where N is the density of oscillators. The second order solution involves the quantity
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(x(1))2 and as we saw from the introduction, this will create displacements oscillating at the har-

monic, sum, difference, and zero frequencies. The second-order displacement associated with the

difference-frequency response is

x(2)(ωa − ωb) =
−2De2EaE∗b

m2
(
ω2

0 − (ωa − ωb)2 − 2iΓ(ωa − ωb)
)(
ω2

0 − ω
2
a − 2iΓωa

)(
ω2

0 − ω
2
b − 2iΓωb

)
(B.28)

Analogous to the first-order (linear) case, we can obtain the second-order susceptibility from

P(2)(ωa − ωb) = −Nex(2)(ωa − ωb) = 2ε0χ(2)EaE∗b. As we would expect, the nonlinear displace-

ment and resulting susceptibility are proportional to the degree of anharmonicity in the potential

(characterized by D), and also to the field strengths. It is interesting to note that the nonlinear

contribution to the displacement can be written as a product of the linear displacements at the three

frequencies. Applied to the resulting susceptibility, this is known as Miller’s rule and is one way

to estimate the nonlinear susceptibility.

In examining the denominator of (B.28) we note that when all three frequencies are much

smaller than ω0 and the medium is lossless (Γ = 0), the susceptibility is essentially independent

of frequency i.e. it is dispersionless. Instead it is governed by the fundamental properties of the

material, namely the resonance frequency, anharmonicity and density. We can therefore take the

susceptibility and thus the polarization to be single-valued functions of the electric field. This

allows us to write ∮
d(P · E) = 0 (B.29)

where the integral is over a closed path. To see why this is the case, recall that in general∫ x2
x1

d f (x) = f (x2) − f (x1), and x1 = x2 for a closed path. Since d(P · E) = dP · E + P · dE

and the dot product is commutative, it follows that

∮
E · dP = −

∮
P · dE (B.30)
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The quantity
∮

E · dP is the work done by the field on the polarization. Since we are in the

nonresonant and lossless limit, the material does not change its energy and this quantity is zero.

We can then apply Stokes theorem to the left hand side:

∮
P · dE = 0 −→

∫
S

(∇E × P) · n̂ dSE = 0 (B.31)

From this, we can conclude that ∇E × P = 0. The curl of a vector field is zero if the field can be

written as the gradient of a scalar field, so we can therefore posit the existence of an energy density

function U which satisfies

P = ∇EU (B.32)

We can obtain this function by comparing (B.32) with the polarization we know from (B.1). The

U which satisfies this equation is

U = ε0

(
1
2
χ

(1)
i j EiE j +

1
3
χ

(2)
i jkEiE jEk +

1
4
χ

(3)
i jklEiE jEkEl + ...

)
(B.33)

so that one has, for example

Pi =
∂U
∂Ei

= ε0

(
1
2
χ

(1)
i j E j +

1
3
χ

(2)
i jkE jEk +

1
4
χ

(3)
i jklE jEkEl + ...

)
(B.34)

The equation (B.33) gives the energy density of the field generalized for a nonlinear medium and

will form the basis of the Hamiltonian which couples the ω3 wave to the lower-frequency waves.

The preceding material also justifies the Kleinman symmetry mentioned earlier. Summing over

the indices brings (B.34) into agreement with (B.1) because at each order, the denominator of the

fraction coefficient equals the number of equivalent terms which appear after summing over the

fields. In the current context, Kleinman symmetry states the order of multiplication for the electric

field components has no physical significance and as a further consequence, all susceptibilities

which are related by rearranging the indices must be equal. Note that at the beginning of this
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derivation we assumed a lossless material and highly nonresonant fields, which allowed us to write

(B.29) and carry out the derivation. (B.29), and therefore Kleinman symmetry, do not apply outside

of those conditions.

B.5 Parametric Fluorescence

In contrast to the assertion of equations (B.23) and (B.24) for parametric amplification, a strong

wave at ω3 can generate light at ω2 and ω1 even when when no field is present at ω2. This process

is called parametric fluorescence and can be thought of as parametric amplification of the vacuum

fluctuations at ω2 and ω1. The low-frequency fields are treated quantum-mechanically, while the

high-frequency field can be treated classically since its amplitude in practice is very large.

We begin by defining the unperturbed Hamiltonian for photons at ω1 and ω2:

H0 = ~ω1

(
a†1a1 +

1
2

)
+ ~ω2

(
a†2a2 +

1
2

)
(B.35)

where a† and a are creation and annihilation operators for photons. The product a†a = N is the

photon number. The field interaction Hamiltonian, which is determined by the χ(2) term in (B.33),

is

H′ =
1
3
χ(2)

∫
V

E1E2E3 dV (B.36)

where the integral is taken over the mode volume V . To make use of this equation in the current

problem, we need define the operator for one mode of a quantized light field:

E = iê

√
~ω

2n2V

(
aeikr − a†e−ikr

)
(B.37)

Here ê is the polarization unit vector. In all of these equations, the creation and annihilation opera-

tors carry the time-dependence, corresponding to the “Heisenberg picture” of quantum mechanics.
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Plugging in quantized the light fields E1 and E2 and a classical field E3 in to (B.36) gives

H′ = κ~ cos
(
ω3t

)(
a†1 − a1

)(
a†2 − a2

)
(B.38)

where κ is given by

κ =
χ(2)√ω1ω2

Cn1n2
|E3| (B.39)

and C is a normalization constant derived from the integration over spatial components of the

three fields. κ has units of inverse time and can be thought of as the time-domain version of ξ. It

characterizes the strength of coupling between the strong classical field and photons at ω1 and ω2.

We are now in a position to solve the quantum mechanical problem of the time-dependent

photon numbers at those frequencies. The Hamiltonian is

H = H0 + H′ = ~ω1

(
a†1a1 +

1
2

)
+ ~ω2

(
a†2a2 +

1
2

)
+ κ~ cos

(
ω3t

)(
a†1 − a1

)(
a†2 − a2

)
(B.40)

and the generic time-dependence of an operator O is given by the Heisenberg equation of motion:

dO
dt

= −
i
~

[O,H] (B.41)

In the present case, we are interested in the creation and annihilation operators for the low-

frequency photons. For ω1 we therefore have

da†1
dt

= −
i
~

[a†1,H] = −
i
~

(
[a†1,H0] + [a†1,H

′]
)

(B.42)

= −
i
~

(
~ω1[a†1, a

†

1a1] + ~ω2[a†1, a
†

2a2] + ~κ cos
(
ω3t

)
[a†1, (a

†

1 − a1)(a†2 − a2)]
)

Using the commutation relations [ai, a j] = [a†i , a
†

j ] = 0 and [ai, a
†

j ] = δi j, and converting the
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cosine to complex form, this reduces to

da†1
dt

= iω1a†1 −
iκ
2

(
eiω3ta†2 − eiω3ta2 + e−iω3ta†2 − e−iω3ta2

)
(B.43)

In the absence of coupling (κ = 0) the solution is a†1(t) = a†10eiω1t where for notational compact-

ness, a†10 ≡ a†1(0). This solution gives the natural time-dependence of a†1 and it will be main-

tained when κ � ω. This condition is satisfied in typical nonlinear crystalline media. a†2 will

have an analogous time-dependence and the corresponding lowering operators will have the form

ak(t) = ak0e−iωkt. Plugging in the explicitly time-dependent operators into (B.43), we can see that

only one term will oscillate in phase with a†1 if ω3 = ω1 + ω2. It is the second term in parenthe-

ses, eiω3ta2 = a20eiω3te−iω2t = a20eiω1t. The remaining terms oscillate at other frequencies and

will not contribute coherently to the photon production. We can therefore take the second term in

parentheses to be the major contributor and simplify the nonlinear contribution in (B.43) to

da†1
dt

= ieiω1t
(
ω1a†10 +

κ

2
a20

)
(B.44)

From an analogous procedure, we can also write

da2
dt

= −ie−iω2t
(
ω2a20 +

κ

2
a†10

)
(B.45)

The corresponding solutions are

a†1(t) =

(
a†10 cosh

(
κ

2
t
)

+ ia20 sinh
(
κ

2
t
))

eiω1t (B.46)

a2(t) =

(
a20 cosh

(
κ

2
t
)
− ia†10 sinh

(
κ

2
t
))

e−iω2t (B.47)

The creation and annihilation operators do not represent observables themselves because they

are not Hermitian, but the product a†a = N does. To obtain the number of photons at ω1 and ω2,
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we multiply the preceding equations by their adjoints. Using [ai, a
†

j ] = δi j and the fact that N is

Hermitian, this gives

(B.48)
N1(t) ≡ a†1(t)a1(t)

= a†10a10 cosh2
(
κ

2
t
)

+ (1 + a†20a20) sinh2
(
κ

2
t
)
−

i
2

sinh (κt)
(
a†10a†20 − a10a20

)
and

(B.49)
N2(t) ≡ a†2(t)a2(t)

= a†20a20 cosh2
(
κ

2
t
)

+ (1 + a†10a10) sinh2
(
κ

2
t
)

+
i
2

sinh (κt)
(
a†10a†20 − a10a20

)
We can immediately note the functional similarities between the photon numbers at ω1 and

ω2 and the intensities, proportional to |E|2, at ω1 and ω2 in parametric amplification. In contrast

to parametric amplification, however, it is clear that even without initial photons at ω1 or ω2

(a†10a10 = a†20a20 = 0), photons at these frequencies can still exist at t > 0. Physically, this is due

to the strong wave at ω3 stimulating the amplification of the vacuum fluctuations which are already

present due to the terms in H0. From a more mathematical standpoint, the generation of photons

at ω1 and ω2 is due to the fact that creation and annihilation operators do not commute.

B.6 Sum-Frequency Generation and Upconversion

For the particular implementation of sum-frequency generation used in this thesis work, the the-

oretical treatment is very similar to that for parametric amplification discussed previously. In this

case, we apply fields at ω1 and ω2 to generate light at (ω3 = ω1 + ω2). The applied fields are

E1(z, t) = E1ei(k1z−ω1t) + c.c (B.50)

E2(z, t) = E2ei(k2z−ω2t) + c.c (B.51)
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and the induced polarization is

P3(z, t) = 2ε0χ
(2)E1E2ei(k1+k2)ze−iω3t + c.c (B.52)

Following the same procedure described in the previous section, the coupled wave equations are

dE3
dz

= i
χ(2)ω3

n3c
E1E2ei∆kz (B.53)

dE2
dz

= i
χ(2)ω2

n2c
E3E

∗
1ei∆kz (B.54)

dE1
dz

= i
χ(2)ω1

n1c
E3E

∗
2ei∆kz (B.55)

For the experiment in which weak mid-infrared light at ω1 is converted to near-infrared light at ω3

by a strong laser beam at ω2, we can take dE2/dz = 0. This is because for a weak field at ω1, the

strong beam will not be appreciably depleted even if all the light at ω2 is converted. We can then

solve the remaining equations in an analogous way. Similarly to the case of difference-frequency

generation, the coupling constant is

ξ2 = −ξ1ξ3 =

(
− i

χ(2)ω1E
∗
2

n1c

)(
i
χ(2)ω3E2

n3c

)
=

(χ(2))2ω1ω3

n1n3c2 |E2|
2 (B.56)

and the depletion of the mid-infrared light during the process is given by

dE2
1

dz2 = −ξ2E2 (B.57)

The general solution to this equation is different than that which describes difference-frequency

generation due to the minus sign. In this case, we have

E1(z) = A cos(ξz) + B sin(ξz) (B.58)
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Figure B.3: Photon efficiency of upconversion given by equation B.62

and by substitution into our earlier expression for dE1/dz,

E3(z) =
Aξ
ξ1

sin(ξz) +
Bξ
ξ1

cos(ξz) (B.59)

For the upconversion of mid-infrared to near-infrared light via sum-frequency generation, the

boundary conditions are E3(0) = 0 and E1(0) a specified constant. The boundary conditions lead

to A = E1(0) and B = 0 so that

E1(z) = E1(0) cos(ξz) (B.60)

E3(z) = iE1(0)
E2
|E2|

√
n1ω3
n3ω1

sin(ξz) (B.61)

and we have used the conversion |E2|/E
∗
2 = E2/|E2|. Note the qualitative difference in behavior

of these solutions compared to the case of parametric amplification. In the former process the two

generated waves grow exponentially with ξz while in the present case, the total field amplitude

oscillates between the ω1 and ω3 waves.

The conversion efficiency of photons at ω1 to photons at ω3 is of primary experimental impor-
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tance when using sum-frequency generation as a detection scheme. This is known as upconversion.

We can obtain the efficiency from the intensity defined as I = 2nε0c|E|2= N~ω
A∆t where N is the num-

ber of photons, A is the beam area and ∆t is some unit interval of time. Since each high-frequency

photon must correspond to a low-frequency photon, the upconversion efficiency F is

F ≡
N3

N1 + N3
=

sin2(ξz)

sin2(ξz) + cos2(ξz)
(B.62)

F takes the form of a periodic function oscillating between 0 and 1, and the maxima occur when

ξz is an odd multiple of π2 as shown above.

B.7 Crystal Optics

In most practical implementations of nonlinear optical frequency conversion, the nonlinear medium

is a birefringent crystal with a bandgap much greater than the photon energies for the interacting

waves. The large bandgap ensures that linear and nonlinear absorption is minimal, and it also

ensures that Kleinman symmetry and Miller’s criterion are approximately satisfied. The birefrin-

gence is critical for satisfaction of the phasematching condition. To understand why this is the

case, consider again the generic case of three waves of frequencies ω1, ω2 and ω3 interacting in a

medium. Since all frequencies are below the material resonance, dn
dω > 0 and ∆k = 0 is impossible

unless there are multiple possible refractive indices for a given light frequency. This is the defining

property of birefringent materials, characterized by an ordinary index no and extraordinary index

ne(θ) for the orthogonal polarization. The latter depends on the angle θ between the beam and

the crystal optic axis, which by convention is the z axis in a right-handed system. To see how

the birefringence accomplishes phasematching, consider parametric amplification in β-BaB2O4

(BBO) with the wave of wavelength λ3 propagating in the xz plane. One possible phasematching

condition is ke
3 = ko

1 + ko
2 for ne = nx and no = ny. This is the so-called “type-I” interaction

because the low-frequency waves have the same polarization. The “type-II” interaction involves
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orthogonally-polarized low-frequency waves. For the above type-I interaction, we must find the

value of θ which solves the equation

2πne(λ3, θ)
λ3

=
2πno(λ1)

λ1
+

2πno(λ2)
λ2

(B.63)

for a given set of wavelengths that obey the energy conservation condition 1
λ3

= 1
λ1

+ 1
λ2

. The

angular dependence of the extraordinary index is given by

ne(θ) = no

√
1 + tan2(θ)

1 + (no/ne)2 tan2(θ)
(B.64)

and no(λ) and ne(λ) are obtained from the crystal’s Sellmeier equations. In parametric ampli-

fication, λ3 is the fixed wavelength of the pumping laser and the other wavelengths are gener-

ated/amplified. Rotating the crystal changes the wavelengths that phasematch with λ3, creat-

ing a tunable light source. Analogous phasematching principles apply to sum-frequency gener-

ation/upconversion.
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APPENDIX C

OPTICAL APPARATUSES

C.1 Overview

This appendix describes design and performance characteristics of the home-built optical appara-

tuses used in this thesis: a Nd:YLF regeneratively-amplified laser, a BBO-KTA optical parametric

amplifier (OPA) operating from 1.2 - 4.5 µm wavelength, a LBO-LGS OPA operating in the 3 -

7 µm region, and a photoluminescence upconversion apparatus operating from 2 - 5 µm. Beyond

those given in the Appendix B, useful references are the excellent laser texts by Siegman [1] and

Eberly [2].

C.2 Nd:YLF Laser System

C.2.1 Overview

Lasers emitting around 1 µm are convenient pump sources for mid-infrared parametric amplifica-

tion because most nonlinear optical crystals for such applications do not have strong linear or non-

linear absorption for at these wavelengths. The present system produces in parallel a pair of 8 ps,

1053 nm, 0.95 mJ pulses at 1 kHz. This specification is motivated by a compromise between tem-

poral resolution, spectral resolution, and robustness. The 8 ps pulse duration is sufficiently short to

study most dynamical phenomena in semiconductor quantum dots, such as Auger recombination

and cooling, laser pumping, and excitonic energy transfer processes. 0.95 mJ pulse energies are

suitable for seeded OPA schemes, and the narrow pulse spectral bandwidth in principle enables

good spectral resolution with relatively simple frequency-scanning apparatuses.

Nd:YLF at 1.4 % doping presents a number of advantages over Nd:YAG for the production

of high average power, kHz repetition rate picosecond laser pulses in regenerative amplification.

The 12 cm−1 bandwidth of the Nd 4F3/2 - 4I11/2 9497 cm−1 (1053 nm) line in a YLF host [3]
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in principle allows the direct generation of shorter pulses compared to Nd in YAG while utilizing

standard YAG optics. The 500 µs fluorescence lifetime of Nd in YLF is almost double that of Nd

in YAG and, alongside a comparable absorption cross section, leads to good population inversion

under gentler pumping conditions [3, 4, 5, 6]. Combined with the larger thermal conductivity and

weaker thermal lensing, this facilitates straightforward design and efficient operation of regenera-

tive amplifiers that work over a range of thermal loading. The present design builds upon earlier

reports utilizing slightly different seed and extraction schemes [5, 4, 6].

A block diagram of laser system is shown below. The oscillator is a mode-locked fiber laser

producing 8 ps pulses at 80 MHz centered at 1053 nm. The oscillator output is coupled into the

resonator and the optical switch created by the Pockels cell, quarter-wave plate and polarizer traps

a single pulse in the cavity to seed regenerative amplification. After a suitable number of passes,

the pulse is extracted from the cavity and leaves the regenerative amplifier with a final energy of

0.8 mJ. Both pulses are the amplified further in two passes through a pair of laser heads. The

final result is a pair of 0.95 mJ, 8 ps, 1053 nm pulses produced at 1 kHz in beams exhibiting good

TEM00 mode quality.

C.2.2 Optical layout

The telescope formed by the fiber pigtail termination (L1) and a f = 10 cm lens (L2) approx-

imately matches the seed beam size and divergence to the resonator mode. The resonator is a

so-called “long” hemispherical design with one flat mirror (M2, radius of curvature R2 = ∞) and

one focusing mirror (M1, radius of curvature R1 = 3 m) spaced by a distance L = 2.22 m. The

1/e2 intensity radii w at the waist, M1 and M2 are

w2
2 =

Lλ
π

√
g

1 − g
= w2

0

w2
1 =

Lλ
π

√
1

g − g2 (C.1)
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Figure C.1: Block diagram of the Nd:YLF laser system. OSC: fiber oscillator; LH: diode-pumped
Nd:YLF laser head; PC: Pockels cell; FR: Faraday rotator; OI: optical isolator, BS: 50-50 beam-
splitter; TFP: thin-film Brewster polarizer; QWP: quarter-wave plate; HWP: half-wave plate; CL:
cylindrical lens, L: spherical lens. All optics are antireflection coated at 1053 nm.

where g = 1 − L/R1. The expected beam waist is 0.65 mm and occurs at M2, while the beam is

largest at M1 with a calculated 1.3 mm radius. This mode profile minimizes the energy density at

the KD∗P Pockels cell, which has a relatively low damage threshold and high nonlinear refractive

index, while remaining compact enough at the 1.5 mm radius laser rod to produce negligible aper-

ture diffraction. The electrooptic switch consists of a quarter-wave plate, thin-film polarizer TFP2,

and the Pockels cell with associated driving electronics. The thin-film polarizers are oriented at

Brewster’s angle for p-transmission and s-reflection. The switch is therefore configured to extract

a single p-polarized pulse from the cavity, which then undergoes rotation with a half-wave plate

and Faraday rotator to exit the amplifier s-polarized.

The size and divergence of the exiting beam are that of the resonator mode, and this is insuf-

ficient for subsequent amplification without aperture diffraction from the laser rods. A a pair of f

= 10 cm lenses (L3 and L4) form an effective long-f positive lens and produce 0.9 mm beam radii

at the external laser heads. Thermal birefringence in the pumped rods imparts substantial astigma-

tism to the exiting beams. Spherical-cylindrical Keplerian telescopes formed by L5 ( f = 30 cm),
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CL1 ( fh = 10 cm) and CL2 ( fv = 13 cm) correct most of the astigmatism and produce round beams

of 1.1 mm radius and M2 = 1.1.

C.2.3 Operation and performance

The regenerative amplifier operation my be broken into four steps. The seed beam is first coupled

into the resonator. The electrooptic switch then simultaneously traps a single seed pulse in the

resonator and spoils the cavity for all subsequent oscillator pulses with an 8 ns risetime. The

single trapped pulse then seeds lasing action in the pumped Nd:YLF rod and experiences gain

over many round trips in the resonator. Finally, upon saturation of the available gain, the pulse is

cavity-dumped and extracted.

The major parameters which determine the output characteristics of the regenerative amplifier

are the circulation time of the pulse in the cavity, and the pumping strength and duration on the

Nd:YLF laser rod. Stronger and longer rod pumping increases the population inversion, and there-

fore the output power and single-pass gain, but this also leads to greater amplified spontaneous

emission (ASE) and “free running” of the laser. Similar effects occur when the cavity is closed for

too long. Longer pulse circulation in the cavity does, however, promotes a better-defined spatial

mode. The present configuration utilizes a 78 amp, 167 µs square pulse to the pumping diodes. The

cavity is closed for a 730 ns window near the end of the diode pulse where the gain is largest. With

these parameters the laser operates as a proper regenerative amplifier, with saturated and stable

output under a wide range of seed energies, and minimal output in the absence of a seed. Although

a small ASE background is visible in Figure C.2a as the low-level signal that builds up in between

pulses passes, it is not efficiently outcoupled from the cavity and the external pulse contrast ratio

is ∼ 103.

The maximum pulse energy which can be obtained without distorting the pulse shape or spec-

trum is determined by gain saturation and nonlinear refraction effects. For a pulse that is much
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Figure C.2: Summary of Nd:YLF laser performance. (a) Pulse buildup characteristics in the regen-
erative amplifier cavity (blue) and cavity-dumped pulse (red); (b) Second-harmonic autocorrelation
traces of the pulse after regenerative amplification (blue) and external amplification (red) with re-
spective 8.1 and 8.9 ps fwhm Gaussian fits; (c) Dependence of the regenerative amplifier output on
seed pulse energy; (d) Single-pass gain of the external laser heads.

shorter than the lifetime of the lower lasing transition, the saturation fluence is

Us =
~ω

2σ
(C.2)

where σ is the cross section [1]. In Nd:YLF, σ ≈ 2× 10−19 cm2 [3, 7] and Us = 500 mJ/cm2. The

optical fluence at the laser rod is about 65 mJ/cm2 and saturation effects should be negligible.

The spectral effects of nonlinear refraction can be estimated by examining the imparted chirp

[1]. The electric field for a Gaussian pulse expressed in terms of the pulse propagation parameters

a and b is E(t) = exp
(
at2

)
exp

(
i(ω0t + bt2)

)
. ω0 is the carrier frequency, a characterizes the pulse
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width, and b describes the linear chirp. The intensity is I(t) = I0 exp
(
at2

)
, the phase is φ = ω0t+bt2,

and the instantaneous frequency is ω = dφ/dt = ω0 + 2bt. From the Fourier transform, the pulse

fwhm bandwidth is ∆ω = 2
√

2 ln(2)
√

a
(
1 + b2/a2

)
. For a given pulse width, the presence of a

frequency chirp broadens the spectral bandwidth by
√

2 when a = b. The phase acquired across a

length L due to a nonlinear index n2 is φ(t) = 2π
(
n0 + n2I(t)

)
L/λ. Equating the phase shift dφ/dt

due to n2 and the definition in terms of a and b, we find that the approximate intensity at which ∆ω

increases by
√

2 is

I0 =
λ

2πn2L
(C.3)

This intensity is 1 × 1010 W/cm2 for the 63 mm laser rod with n2 = 1.7 × 10−16 cm2/W. The

peak intensities in the laser rods are also about 1 × 1010 W/cm2. The calculated value considers

just a single pass, and the accumulated broadening over several passes for the strong pulses just

before outcoupling may be appreciable. This type of broadening will accumulate until the band-

width approaches the 12 cm−1 gain bandwidth of Nd:YLF [3], after which spectral windowing and

nonlinear chirp can produce more complicated effects such as satellite pulses [5]. Future increases

of the regenerative amplifier output power should be possible with chirped-pulse amplification or a

larger diameter beam and laser rod. At higher energies, however, additional effects such as Pockels

cell thermal blooming may become important [6].

After extraction from the regenerative amplifier, the 0.8 mJ pulse is split into two 0.4 mJ pulses

for additional amplification. The external laser rods are 3×63 mm just as in the laser cavity, but the

pumping diodes are configured for stronger excitation. The absence of a cavity relaxes restrictions

on the strength and duration of diode pumping, and they are pumped in series with 80 amps for 120

µs by a single diode driver. The single-pass gain under these conditions is shown in Figure C.2d.

Stronger or longer pumping does not appreciably increase the gain, indicating that these conditions

produce the maximum population inversion.

After a single pass through the external laser heads, the clean Gaussian beam from the re-

generative amplifier acquires a noticeable astigmatism when the external diode current is greater
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than about 40 amps. Rapid cessation of diode pumping causes the astigmatism to disappear on a

timescale visible to the eye, about 1 second, and the astigmatism is therefore assigned to a birefrin-

gent thermal lens. Although Nd:YLF indeed presents a weaker lower thermal lens than Nd:YAG

[8], it remains substantial under the present pumping conditions, in contrast to early studies [8].

This may be due to the kHz repetition rate and absence of mode-selecting cavity. The thermal lens

was measured as previously done for Nd:YLF [9] by overfilling the laser rod with a cw probe beam

and measuring the intensity transmitted by a narrow slit placed a distance d from the rod exit face.

The transmitted probe is focused into a silicon detector with a cylindrical lens oriented perpendic-

ular to the slit, and the slit orientation gives the horizontal or vertical effective focal length f. They

are determined from the measurement as

f =
d

1 − I/I0
(C.4)

where I0 is the probe intensity transmitted by the slit in the absence of diode pumping and I is the

transmitted intensity with diode pumping. At 530 nm we find fh = 1830 cm and fv = −530 cm

for a single pass with s-polarized light. With p-polarized light the measurement gives fh = 1000

cm and fv = 4200 cm. The focal lengths for s polarization are consistent with measurements of

the amplified 1053 nm beam. After both passes through the external amplifier, the input 1053 nm

beam with wh = 0.91± 0.05 and wv = 1.0± 0.07 exhibits wh = 1.17± 0.3 mm and wv = 0.78± 0.1

mm at a distance of 130 cm.

Due to this thermal lens, more than two passes of external amplification would necessitate

multiple telescopes and a more complicated optical setup. It is also likely that the thermal lens

constitutes a notable loss mechanism in the regenerative amplifier. Although intracavity cylindrical

lenses could in principle compensate for these losses and produce a more efficient laser operation,

this would come at the cost of a substantially more difficult cavity alignment.
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C.3 BBO-KTA Optical Parametric Amplifier

The BBO-KTA OPA is a two-stage apparatus which produces tunable near- and mid-infrared light

of moderate intensity appropriate for probe and weak pump pulses. The major advantage of KTA

over the more common phosphorus isomorph, KTP, is the greater infrared transparency window

reaching beyond 4 µm, and it has seen considerable usage in nanosecond optical parametric oscil-

lators [10, 11, 12, 13, 14]. In the present scheme, the idler wave produced by parametric generation

in BBO seeds the signal wave for parametric amplification in KTA, and idler wave generated in

KTA is used for mid-infrared experiments. This scheme is utilized and optimized later in the LBO-

LGS apparatus described in the following section. Figure C.3 shows a block diagram of the KTA

apparatus and phasematching curves for BBO and KTA using the appropriate Sellmeier equations

[15, 16] are shown in Figure C.4.

LBO

PBP

BBO
RP

KTA1

KTA2

1.053 μm, 500 μJ

PSC BBO
DM1

BS

L1 L2

L3 L4

L5

L6

DM2

DM3

280 μJ

0.527 μm
85 μJ

220 μJ

0.7 – 2.3 μm
0.1 – 2.3 μJ

1.6 – 4.3 μm, 0.4 – 5.0 μJ

1.053 μm, 150 μJ

Figure C.3: Block diagram of the BBO-KTA OPA. LBO: LiB3O5 crystal; BBO: β-BaB2O4 crystal;
KTA: KTiOAsO4 crystal; BS: beamsplitter; PBP: Pellin-Broca prism; DM: dichroic mirror; RP:
right-angle retroreflecting prism; PSC: polarization-rotating periscope.

1053 nm, s-polarized 500 µJ pulses in a 1.8 mm (1/e2 intensity diameter) beam from the

Nd:YLF regenerative amplifier are split in two by an approximate 50-50 beamsplitter to pump the

seed and amplifier stages. In the seed stage, the 1053 nm light is first frequency-doubled in a 7
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mm long LBO crystal cut for type-I phasematching (cut angles θc = 90◦, φc = 12◦) to produce

85 µJ pulses of p-polarized 527 nm light in a single pass. The second harmonic is separated from

the fundamental by a Pellin-Broca prism and aperture. In the absence of this spectral filtering,

residual 1053 nm light acts as a seed for degenerate parametric generation and strongly reduces

the desired angle-tuned output. The angle-tuned BBO is 8 mm long, cut at θc = 23◦, φc = 0◦ for

ke
3 = ko

1 +ko
2 phasematching and pump propagation in the x− z plane. A Galilean telescope reduces

the 527 nm pump beam to 0.6 mm diameter at the crystal with a divergence of about 0.5 mrad. This

pumping configuration is chosen to maximize the pump intensity while also attempting to mitigate

unavoidable spatial walkoff effects. In negative crystals such as BBO, the internal walkoff angle ρ

between the pump experiencing ne and generated beams experiencing no is [17]

ρ = arctan

( no
ne(θ)

)2
tan(θ)

 − θ (C.5)

This gives ρ ≈ 3◦ and corresponds to a total displacement of 0.4 mm over the 8 mm crystal

length, reducing the wave interaction length and single-pass parametric gain. Indeed, we only

observe single-pass output exceeding 10 nJ close to degeneracy under these pumping conditions.

To reverse the walkoff and increase the interaction length, the pump and parametric fluorescence

are retroreflected for a second amplification pass by a 4 mm-hypotenuse fused silica right angle

prism placed immediately behind the crystal. We then obtain s-polarized parametric generation

across the 700 - 2300 nm range.

The seed beam exits the device via a standard green YAG mirror (DM1) with about 60% effi-

ciency to produce usable output of a few nJ. A periscope rotates the polarization to p for appropriate

phasematching in the KTA amplification stage. A telescope consisting of two positive achromats

(L3 and L4) in the 1.2 - 2.1 µm range corrects the beam divergence and approximately matches the

beam size to that of the KTA pump. A stronger angle-independent red output around 650 nm is

also generated which we tentatively attribute to stimulated Raman scattering from the BBO crystal.

We empirically find this output to be much stronger when the pump beam overlaps with a damage
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Figure C.4: Calculated phasematching curves for parametric amplification. (a) Phasematching
curve for BBO pumped at 527 nm; (b) Phasematching curve for KTA pumped at 1053 nm.

spot on the crystal surface. Even in the absence of visible damage, however, this signal is ∼ 100

nJ and constitutes a substantial parasitic effect.

After suitable delay of the 1053 nm pump pulse, the parametric generation and 1053 nm laser

light are made collinear by a standard 1053 nm high reflector (DM2), reduced in size by a telescope

(L5 and L6), and propagated through a pair of 10 mm long KTA crystals cut at θc = 41◦, φc =

0◦ for ko
3 = ko

1 + ke
2 phasematching and pump propagation in the x − z plane. For angle-tuned

phasematching and an s-polarized pump, the crystal is oriented with the y-axis normal to the optical

table. Rotation allows access to the entire parametric amplification spectrum in about 9◦ of internal

angle, as shown in the above phasematching curve. A gold mirror sends the pump and parametric

beams back for a second amplification pass at a small elevation, and a second gold mirror sends

the light out horizontally above the crystals. The pump beam diameter at the input face of KTA1

is 0.4 mm. This spot size and focusing was chosen to maximize the average intensity across

both crystals and passes while retaining reasonable spatial pump/signal/idler overlap and avoiding

optical damage. Under these pumping conditions, the first pass sees self-focusing reduce the beam

size by about 20% across KTA1 and a further 30% across KTA2. This consistent with the reported

nonlinear index n2 = 2 × 10−15 cm2 /W [18, 19] and a self-focusing angle
√

2n2I/n for peak

intensity I and linear index n = 1.8 [20]. To minimize further self-focusing leading to intensities
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above the crystal damage threshold, the gold mirror is placed at such a distance to allow for some

diffractive spreading of the small beam.

The final result is strong infrared pulses tunable from 5 µJ near the 2.1 µm degeneracy point to

0.4 µJ at 4.3 µm. The signal and idler beams are respectively p- and s-polarized at these angles.

The infrared conversion drops sharply at longer wavelengths due to linear absorption in the KTA

crystal. For near-infrared pump mid-infrared probe studies, a CaF2 dichroic mirror reflects approx-

imately 70% of the unconverted 1053 nm light to serve as a pump beam and a Ge plate oriented at

Brewster’s angle with respect to the idler filters out the signal and residual pump light.

C.4 LBO-LGS Optical Parametric Amplifier

The BBO-KTA OPA just described is sufficient to produce stable probe beams out to about 4

µm, but it cannot extend to longer wavelengths due to infrared absorption of the KTA crystal

and it also does not produce pulse energies suitable for strong optical pumping. Both of these

shortcomings are solved with the LBO-LGS OPA described below. The LBO here is operated in

a noncritical phasematching configuration to produce a stronger and more stable seed. Parametric

generation and amplification in noncritically phasematched LBO has been reported previously

[21, 22, 23, 24, 25, 26], but it has not to our knowledge been used to seed OPAs. The LGS crystal

is a relatively new material that has recently been used in place of the more common AGS for

parametric amplification beyond 4 µm [27, 28, 29, 30]. Its nonlinearity is smaller than that of

AGS, but its larger damage threshold and wider gap enables direct strong pumping at 1053 nm and

simpler optical designs.

C.4.1 Optical layout

A block diagram of the parametric amplifier is shown below. The amplified laser pulse is split into

two portions by a polarizing beamsplitter and a half-wave plate. The weaker portion is frequency-

doubled by a 7 mm LBO crystal (θc = 90◦, φc = 12◦) and filtered by a Pellin-Broca prism and
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aperture. It is critical that the aperture be placed far enough from the prism to completely remove

the 1053 nm light because it otherwise seeds degenerate parametric generation and spoils the seed

generation efficiency. The 527 nm beam is focused by an f = 75 cm lens L1 into a 15 mm

long LBO crystal cut for type-I noncritical phasematching (θc = 90◦, φc = 0◦), and the crystal

is contained in a home-built brass oven held in a mirror mount. The spot size 2w0 is 0.1 mm in

air. The parametric generation and pump beams are separated by a dichroic mirror DM1’ with

transparency > 90% between 560 and 2400 nm and > 98% reflectivity at 527 nm. Both beams are

collimated by lenses L2 and L3. The former is an f = 40 cm lens placed 40 cm from the crystal

and the focus of L1. The latter is an f = 50 cm lens placed about 40 cm from the L1 focus. This

offset corrects for spatial modifications of the beam as it is focused through the LBO. Both beams

are reflected back to focus and overlap in the crystal for additional amplification. The beams are

collimated again by L1 and the parametric generation is extracted by DM1, which is identical to

DM1’. It is then reduced in size by a 2:1 telescope to approximately mode-match the 1053 nm

pump beam and sent collinear with a dichroic mirror which is highly reflective from 1150 - 1600

nm and transparent at 1053 nm. The beams travel unfocused through a 7 mm LGS crystal cut for

type-I phasematching (θc = 49◦, φc = 0◦) for two passes with a small vertical angle. Most of the

1053 nm pump beam is removed by reflection from a ZnSe window at Brewster’s angle, and the

signal wave and residual 1053 nm are by a 2.4 µm dielectric longpass filter. ZnSe is chosen over

the more common Ge or Si because even at Brewster’s angle, the 1053 nm creates enough free-

carrier absorption to reduce the transmitted idler energy by roughly 5 − 10×. The ZnSe/dielectric

filtering scheme produces pure idler output from the OPA with a much higher throughput.

C.4.2 Operation and performance

The noncritically phasematched LBO is an ideal medium for seed generation because the walkoff

angle is zero under these conditions. This enables the use of long crystals and focusing to maxi-

mize the pump intensity and interaction length. With the present optics, the pump confocal length
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Figure C.5: Block diagram of the LBO-LGS OPA. LBO: LiB3O5 crystal; N-LBO: LiB3O5 crystal
cut for noncritical phasematching; OVEN: home-built crystal oven; DM: dichroic beamsplitter;

2πw2
0n/λ is about 80 mm in air, and the beam size is essentially constant across the entire crystal

length. This promotes a narrower bandwidth of parametric generation because the angular accep-

tance is quite large under noncritical phasematching conditions. Under these pump conditions, a

noticeable red signal is also generated. It may arise from stimulated Raman, as noted before in

BBO, but it is also consistent with reports of the noncritical LBO parametric fluorescence spec-

trum that show a peak around 700 nm across the entire temperataure range [26], consistent with

calculated phasematching [26, 24]. In either case, it is desirable to minimize this signal because

it takes energy away from the idler which ultimately seeds the OPA. Much of the parametric gen-

eration occurs collinear with the pump beam while the red output occurs in a broader cone, and a

pinhole placed between DM1’ and L2 prevents further amplification of the red signal on the second

pass. The optimal pinhole diameter is empirically found to be about 2 mm, allowing enough of

the desired signal to be amplified while removing most of the parasitic red signal. Although these

focusing conditions allow pump pulse energies up to about 140 µJ before approaching the LBO

damage threshold the overall parametric amplification efficiency at the LGS stage plateaus around

at 45 µJ of 527 nm and then falls beyond 60 µJ, likely because the stronger seed is offset by the
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Figure C.6: (a) Representative signal spectra from 527 nm-pumped LBO under noncritical phase-
matching; (b) Experimental phasematching curve under the same pumping conditions.

lower 1053 nm pump energy. Spectra and an experimental phasematching curve are shown below.

The first pass through the LBO produces strong parametric generation that saturates standard

biased InGaAs and Si photodiodes, but the generated light exhibits large shot-to-shot intensity

fluctuations and total energies remain below 10 nJ except at the degeneracy point. After the second

pass and outcoupling through DM1, the output is more stable and pulse energies are a few hun-

dred nJ. The bandwidths are generally narrower than other reports of noncritically phasematched

parametric fluorescence in LBO, and this may be due to the pump beam profile and pinhole. Both

the bandwidth and pulse energy grow larger close to the 9497 cm−1 degeneracy point where the

phasematching curve becomes vertical. Measured average pulse energies and fwhm bandwidths

are shown in Figure C.7.

The parametric generation beam after outcoupling from DM1 is about 3× larger than the 1053

nm beam and recollimated 527 nm beam. This may be due to the large angular acceptance of

noncritical phasematching and the additional gain from the second pass. A 2:1 telescope is used

to reduce the seed beam size to approximately match the spatial profile of the 1053 nm beam.

Measurable parametric amplification occurs in a single pass through the LGS crystal, and powers

increase roughly threefold with the second pass. The resulting idler spectra, bandwidths and pulse
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Figure C.7: Bandwidths and pulse energies corresponding to the spectra shown above for 527
nm-pumped LBO under noncritical phasematching.

energies are shwon in Figure C.8. The parametric amplification should be exponential with the

effective crystal length as shown in Appendix B, and this implies much greater than threefold gain

upon an effective doubling of the crystal length. Walkoff effects are unlikely due to the relatively

large diameters of both beams, and imperfect mode matching or alignment is a more likely culprit.

The absolute energies are also less than expected based on the seed pulse energies. Nevertheless,

the overall quantum efficiency of conversion from 1053 nm to the mid-infrared is better than 5%

without further optimization. These quantum efficiencies exceed typical values of 0.1 - 1% for

parametric amplification, possibly due to the use of collimated beams and efficient seed generation.

Unusually, the idler bandwidths exceed the seed bandwidths by almost a factor of two. The origin

of this larger bandwidth is not yet clear but it may be related to the temporal behavior described

below.

Sum- and difference-frequency crosscorrelations were measured to characterize the parametric

amplification pulse widths and they are shown in Figure C.9. Both are asymmetric and markedly

shorter than the harmonic autocorrelation of the 1053 nm laser pulse. The sum-frequency crosscor-

relation was performed between the 1053 nm pump and 1300 nm seed by replacing the LGS with

a KDP crystal, and varying the optical path length for the pump. It displays a fwhm of 4 ps. The

OPA crosscorrelation was performed with the LGS crystal and again varying the pump path length,
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Figure C.8: Summary of LGS idler characteristics. (a) Representative idler spectra from seeded
LGS pumped at 1053 nm; (b) Corresponding pulse energies and spectral bandwidths.

giving a 2.5 ps fwhm. The pump pulse is clearly modified in both media, and more drastically so

in the LGS. This is qualitatively consistent with a nonlinear process due to the greater nonlinearity

of LGS compared to KDP. Although the data exhibit some qualitative features of self-steepening,

a more complete determination will require dedicated studies. These pulse distortions may benefit

time-domain spectroscopy by shortening the effective pulse width, but if they are related to the

bandwidth broadening noted previously, they could require correction in applications such as hole

burning that require narrow bandwidths.

The pulse widths and energies should be sufficient to perform echo and saturation spectro-

scopies on mid-infrared electronic transitions. An echo experiment generates the strongest signal

when π pulses are available. The π pulse corresponds to σN = 1 where N is the optical fluence

and σ is the transition cross section. For a typical value σ = 2×10−16 cm2 and 5 µJ at 2000 cm−1,

corresponding to 1014 photons, π pulses are achieved with focusing to an area of 0.02 cm2.

In a saturation spectroscopy such as dynamic hole burning, weaker pulses would be used to

avoid power broadening. The laser bandwidth, however, should be considerably smaller than the

homogeneous linewidth of the probed transition. This will likely require bandwidths around 10

to 15 cm−1. Provided that the seed bandwidth controls the overall parametric amplification band-

width, spectral narrowing of the seed should directly enable narrower mid-infrared output. This
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Figure C.9: Seed-pump sum-frequency crosscorrelation (blue) and seed-pump difference-
frequency (OPA) crosscorrelation (red) for a 1300 nm seed.

can be done by replacing the mirror adjacent to L2 with a grating in the Littrow configuration

[21, 24, 31]. Prior works have demonstrated sub-10 cm−1 bandwidths using such schemes with

only moderate reductions in efficiency [21, 31]. An etalon could also be used, possibly with a

higher efficiency at the cost of reduced tunability.

C.5 Photoluminescence Upconversion Apparatus

The photoluminescence upconversion apparatus adapts the early work of Hartmann and Laubereau

[32] to the detection of transient photoluminescence signals in the 2 - 5 µm region with ∼ 10 ps

time resolution. Upconversion commonly used in the visible region to obtain photoluminescence

on timescales faster than accessible with avalanche photodiodes or streak cameras. In the infrared,

however, avalanche photodiodes are extremely expensive and limited to about 100 ps, and streak

cameras do not exist. Upconversion is therefore the most direct route to picosecond infrared pho-

toluminescence data.
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Figure C.10: Block diagram of the photoluminescence upconversion apparatus. BS: 80-20 beam-
splitter; VND: variable neutral density filter; KTA: KTiOAsO4 crystal; SAMP: sample; DM:
dichroic 1053 nm 70% reflector on CaF2; SP: dielectric 950 nm short-pass filter; LP: dielectric
690 nm long-pass filter; MC: 0.17 m monochromator with 0.5 mm slits; Si-PM: near-infrared
sensitized silicon photomultiplier; L: lenses.

C.5.1 Optical layout

A block diagram of the upconversion apparatus is shown in Figure C.10. Pulses from the regener-

ative amplifier are split into two paths by a 20% dielectric reflector. The weak path photoexcites a

sample after attenuation and variable mechanical optical delay. An optional cylindrical or spherical

lens (L1) may be used to focus the excitation depending on the particular situation. The photo-

luminescence is nominally emitted into 4π solid angle and a fraction is collinear with the strong

laser pulse after the latter’s reflection from a dichroic mirror (DM). The dichroic reflects about

70% of the 1053 nm and has a transmission around 70 and for p-polarized light in the near- and

mid-infrared. The photoluminescence and laser pulse mix in a KTA crystal (θc = 41◦, φc = 0◦)

with ko
3 = ko

1 + ke
2 phasematching to generate a p-polarized pulse at the sum-frequency. For angle-

tuning with an s-polarized pump, the crystal is oriented with the y-axis parallel to the optical table.

Dielectric filters (SP and LP) filter out the laser light and weak second-harmonic which is also

generated, and a 15 cm lens (L2) focuses the sum-frequency light into a 0.17 m monochromator
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with 0.5 mm slits. Detection is accomplished with a near-infrared sensitized silicon photomulti-

plier and a gated integrator discriminates the sum-frequency signal from background photons. The

experimental background signal is dominated by scattered 1053 nm light and great care is taken to

minimize it with light baffles and seals.

C.5.2 Performance characteristics

The main figures of merit in an upconversion apparatus are the spectral resolution, detection ef-

ficiency and time resolution. The time resolution is dominated by the laser pulse properties and

our subsequent discussions therefore emphasize the resolution and efficiency. The spectral resolu-

tion is the convolution of the monochromator bandwidth and the phasematching bandwidth of the

sum-frequency generation process. The latter may be determined from the equation

∆k =
∂(∆k)
∂ν

∆νP (C.6)

for a wavenumber ν and ∆k = k3−k1−k2. The λ1 (photoluminescence) wave has a wide bandwidth

and λ2 has a narrow spectrum in an upconversion experiment. In this situation, calculating the point

at ∆k = 0.886π/L which corresponds to the FWHM output power, we obtain

∆νP =
0.886

L

∣∣∣∣∣no1 − no3 − λ1
∂no1
∂λ1

+ λ3
∂no3
∂λ3

∣∣∣∣∣−1
(C.7)

where L is the crystal length [17]. Shown below is the calculation for L = 1 cm using the Sellmeier

equations of Fenimore [16]. The phasematching bandwidth is below 25 cm−1 throughout the near-

infrared, while it is much larger in the mid-infrared due to a divergence at 2300 cm−1. This

divergence corresponds to the vertical idler region shown earlier in the phasematching curve for

the BBO-KTA OPA.

The resolution of a monochromator with f−matched imaging, neglecting the grating resolving
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Figure C.11: Calculated phasematching bandwidth for ko
3 = ko

1 + ke
2 sum-frequency generation in

KTA with λ2 = 1053 nm.

power, is

∆λM =
D
f

(
dλ
dθ

)
(C.8)

where D is the slit width, f is the focal length of the focusing lens, and dλ
dθ = 1/a cos θ for grating

groove spacing a and diffraction angle θ = arcsin (λ/a). It is plotted below for the experimen-

tal parameters a = 833 nm, f = 150 mm and D = 0.5 mm for both the raw monochromator

wavelengths and corresponding upconversion wavenumbers. The vanishing bandwidth calculated

at longer wavelengths is unphysical and corresponds to λ > a, where solutions to the standard

grating equation are complex.

The contribution from the grating resolving power is

∆λR =
λ

N
(C.9)

where N is the number of illuminated grating grooves. Assuming the sum-frequency beam di-

ameter decreases as the square-root [20] and taking a pump beam diameter of 3 mm, we have

∆λR = 0.4 nm at 800 nm wavelength. This contribution will be small over most of the spectral

range. The instrument bandwidths are generally comparable to the phasematching bandwidths in

the near-infrared, while the overall bandwidth will be clearly dominated by the instrumentation in
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Figure C.12: Calculated monochromator resolutions in upconversion. (a) Monochromator wave-
length resolution versus sum-frequency wavelength; (b) Monochromator wavenumber resolution
versus low-frequency wavenumber.

the mid-infrared.

The total bandwidth ∆ν is obtained by convoluting the contributing spectral functions. In the

approximation of Gaussian lineshapes, the reciprocal convoluted bandwidth is the sum of recipro-

cal contributing bandwidths and we therefore have

∆ν =
1

1/∆νP + 1/∆νM + 1/∆νR
(C.10)

The final result is a calculated resolution better than 50 cm−1 FWHM across the 2000 - 5000 cm−1

region. This could be verified with a narrowband mid-infrared light source.

The overall per-pulse detection efficiency η for infrared photons in the visible is given by the

product of contributions from the pulse width, radiative rate, bandwidth, upconversion angular

acceptance and efficiency, detector sensitivity, and grating efficiency:

η ∼
τP
τR
×

∆ν

∆νE
×

Ω

4π
×

I
Ic
× ηG × ηD (C.11)

Here τP and τR are respectively the laser pulse width and sample radiative lifetime, ∆νE is the

sample emission bandwidth, Ω is the phasematched solid angle, I/Ic is the ratio of the pump

219



intensity to the critical intensity for complete upconversion, ηG is the grating diffraction efficiency,

and ηD is the detector efficiency. This equation is illustrates the tradeoffs between sensitivity, time

resolution and spectral resolution which are inherent to upconversion.

Ω is determined by the angular phasematching bandwidth ∆θ under conditions of perfect phase-

matching. The bandwidth is obtained in a manner analogous to the spectral bandwidth, giving

∆θ =
0.886λ2

(
1 + (no2/ne2)2 tan2 θ

)
L tan θ

(
1 − (no2/ne2)2

)
ne

2(θ)
(C.12)

∆θ is about 1.5 mrad for the sum-frequency interactions considered here [17] and corresponds to

an external angle ∆θx = 2.7 mrad for n = 1.8. With a pump beam of diameter 2w at the crystal

face, we may estimate the light “collected” by the crystal by treating it as a lens of diameter 2w,

with image distance z = 2w/∆θx and solid angle Ω = πw2/z. This gives Ω = 6 × 10−3 sr with the

experimental value w = 1.5 mm.

The pump intensity needed for complete upconversion, following the development in the pre-

vious appendix and setting ξz = π/2, is

Ic =
π2c3n1n2n3ε0

8L2d2
effω1ω3

(C.13)

where L is the crystal length and deff ≡ 2χ(2) in the appropriate crystal direction. We find Ic =

4 × 108 W/cm2 using n1 ≈ n2 ≈ n3 = 1.8, deff = d32 sin θ ≈ 2 pm/V and L = 1 cm. In practice,

increasing upconversion signal with increasing pump intensity is still observed at intensities around

8 × 108 W/cm2, indicating that the above calculation underestimates Ic by at least 2×. This may

come from spatial and temporal pulse profile contributions which have not been considered. The

present estimate is likely to be correct within an order of magnitude, however, and we approximate

I/Ic ∼ 1 in the following. For the other parameters we have 10 ps pulses, a 500 ns radiative

lifetime for mid-infrared transitions, 500 cm−1 emission bandwidth, 20% grating efficiency and

20% detector efficiency. This gives a total upconversion efficiency η ∼ 10−10.
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The low value of η means that an average detection of one sum-frequency photon per laser

pulse requires 1010 emitters in the photoexcited sample volume. This is readily achieved in close-

packed quantum dot films or concentrated solutions, and signals at 1 kHz are detectable at lower

densities with gated integration or lock-in detection. A few tens of photons per pulse are detected

in practice for mid-infrared experiments, leading to good signal levels at the 1 kHz laser repetition

rate with with gated integration.

Although signal enhancements at the level of orders of magnitude are not possible, there are

some optimizations which may benefit experimental signal levels. One possibility is to optimize

the monochromator grating, currently a specimen with 833 nm groove spacing and 400 nm blaze

wavelength. Commercial gratings with 750 nm blaze wavelength and 1667 nm groove spacings

are readily available and offer > 60% efficiency in the 700 - 850 nm region. In principle, a sec-

ond direction is optimizing the photoluminescence upconversion fraction, but this will have small

effects with the present configuration. Since I/Ic < 1 in practice, this ratio may be increased for

a fixed crystal and laser pulse energy by reducing the beam size w or increasing the crystal length

L, with an overall scaling I/Ic ∝ L2/w2. However, these same changes affect the light collection

as Ω ∝ w/L and ∆ν/∆νE ∝ 1/L so that η ∝ 1/w in the absence of walkoff and optical dam-

age. This corresponds to η ∝
√

I. Materially increasing the upconversion efficiency is therefore

likely to require new mixing crystals with larger deff or larger pump pulse energies. A common

nonlinear material with a much larger deff is AgGaS2 (AGS). Although preliminary experiments

with AGS have been hampered by a broad autofluorescence background, this could be mitigated

by optimizing the intensity or placing the mixing crystal far from the monochromator and detector.
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