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To my parents.



“Remember that the fool in the eyes of the gods and the fool in the eyes of man are very
different. One who is entirely ignorant of the modes of Art in its revolution or the moods
of thought in its progress, of the pomp of the Latin line or the richer music of the vowelled
Greeks, of Tuscan sculpture or Elizabethan song may yet be full of the very sweetest
wisdom. The real fool, such as the gods mock or mar, is he who does not know himself. I
was such a one too long. You have been such a one too long. Be so no more. Do not be
afraid. The supreme vice is shallowness. Everything that is realised is right.”

— Oscar Wilde, De Profundis.

“Life is a mystery.” — Sudhir Kedia
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ABSTRACT

Representing a physical field in terms of its field lines has often enabled a deeper understand-
ing of complex physical phenomena, from Faraday’s law of magnetic induction [1], to the
Helmholtz laws of vortex motion [2], to the free energy density of liquid crystals [3] in terms
of the distortions of the lines of the director field. At the same time, the application of ideas
from topology—the study of properties that are invariant under continuous deformations—
has led to robust insights into the nature of complex physical systems from defects in crystal
structures [4, 5], to terrestrial magnetism [6], to topological conservation laws [7, 8, 9].

The study of knotted fields, physical fields in which the field lines encode knots, emerges
naturally from the application of topological ideas to the investigation of the physical phe-
nomena best understood in terms of the lines of a field. A knot—a closed loop tangled with
itself which can not be untangled without cutting the loop—is the simplest topologically
non-trivial object constructed from a line.

Remarkably, knots in the vortex (magnetic field) lines of a dissipationless fluid (plasma),
persist forever as they are transported by the flow, stretching and rotating as they evolve.
Moreover, deeply entwined with the topology-preserving dynamics of dissipationless fluids
and plasmas, is an additional conserved quantity—helicity, a measure of the average linking of
the vortex (magnetic field) lines in a fluid (plasma)—which has had far-reaching consequences
for fluids and plasmas. Inspired by the persistence of knots in dissipationless flows, and
their far-reaching physical consequences, we seek to understand the interplay between the
dynamics of a field and the topology of its field lines in a variety of systems.

While it is easy to tie a knot in a shoelace, tying a knot in the the lines of a space-filling
field requires contorting the lines everywhere to match the knotted region. The challenge of
analytically constructing knotted field configurations has impeded a deeper understanding of
the interplay between topology and dynamics in fluids and plasmas. We begin by analytically
constructing knotted field configurations which encode a desired knot in the lines of the field,

xii



and show that their helicity can be tuned independently of the encoded knot.

The nonlinear nature of the physical systems in which these knotted field configurations
arise, makes their analytical study challenging. We ask if a linear theory such as electro-
magnetism can allow knotted field configurations to persist with time. We find analytical
expressions for an infinite family of knotted solutions to Maxwell’s equations in vacuum and
elucidate their connections to dissipationless flows. We present a design rule for construct-
ing such persistently knotted electromagnetic fields, which could possibly be used to transfer
knottedness to matter such as quantum fluids and plasmas.

An important consequence of the persistence of knots in classical dissipationless flows
is the existence of an additional conserved quantity, helicity, which has had far-reaching
implications. To understand the existence of analogous conserved quantities, we ask if su-
perfluids, which flow without dissipation just like classical dissipationless flows, have an
additional conserved quantity akin to helicity. We address this question using an analytical
approach based on defining the particle relabeling symmetry—the symmetry underlying he-
licity conservation—in superfluids, and find that an analogous conserved quantity exists but
vanishes identically owing to the intrinsic geometry of complex scalar fields. Furthermore,
to address the question of a “classical limit” of superfluid vortices which recovers classical
helicity conservation, we perform numerical simulations of bundles of superfluid vortices, and

find behavior akin to classical viscous flows.
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CHAPTER 1
INTRODUCTION

Understanding physical phenomena in terms of the lines of a physical field has a long history
of successful practice, dating back to the work of Faraday [10, 11, 12, 1], and Maxwell [13, 14,
15, 16]. The concept of lines of force, invented by Faraday [1], provided the basis for his law
of electromagnetic induction, and eventually inspired Maxwell’s theory of electromagnetism
[14]. The basic idea of representing the entities of physical interest in a system, in terms
of the lines of a field has found application in a myriad of ways including force chains in
granular materials [17, 18, 19], dislocation lines in crystals [20, 21], lines of the director field
in liquid crystals [3, 22], lines of the magnetic field in plasmas [23, 24], vortex lines in a fluid
2, 25], and lines of the electric and magnetic fields in light [26, 27|, to name a few.

At the same time, the application of ideas from topology—the study of properties that
are invariant under continuous deformations—has yielded robust insights into a variety of
complex physical phenomena, including the quantum hall effect [28], electronic properties of
topological insulators [29, 30], mechanical properties of topological metamaterials [31, 32, 33],
defect structures observed in liquid crystals [5, 34, 35, 36, 37], the design of optical vortices
in light beams [38, 39], and the dynamics of fluids [9, 40] and plasmas [8, 41, 42, 43].
The physical properties of a system which arise from an underlying topological invariant—
a property that is invariant under continuous deformations such as the genus of a closed
surface, or the linking number between two closed loops—are intrinsically robust to smooth
perturbations of the system, and therefore lead to insights which are unchanged in the
presence of disorder, and independent of the details of a system.

The simplest topologically non-trivial object formed from a line is a knot: a closed
loop tangled with itself, which retains its identity under any smooth transformation such as
stretching or rotating, and can be untangled only by cutting the loop. The application of

topological concepts to the study of physical phenomena which are best understood in terms
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of the lines of a field, leads naturally to the study of knotted fields.

Recent experimental advances have enabled the creation of knots in a variety of systems:
in the vortex lines of a fluid using 3D-printed wings in the shape of knots [44], in the defect
lines of the director field in nematic liquid crystals using colloidal micro-particles and highly
focused laser tweezers [45], and in the lines of darkness in optical beams by matching a slice
of the theoretically constructed knotted optical field [38].

The possible existence of knotted field configurations in nature and the recent techno-
logical advances in the design of such knotted fields in experiment, lead naturally to the
question of how such knotted fields evolve with time. Remarkably, knots in the vortex lines
of an idealized dissipationless flow (Euler flow) never never untie themselves, stretching and
rotating as they are transported by the flow, a consequence of the Helmholtz laws of vortex
motion [2]. This remarkable fact served as inspiration for Lord Kelvin’s vortex atom hypoth-
esis [25], which in turn led to the birth of mathematical knot theory [46, 47, 48]. Almost
a century later, it was shown [23, 24] that knots in the magnetic field lines of an infinitely
conducting plasma also persist forever, evolving like unbreakable elastic filaments frozen into
the flow of the plasma.

Furthermore, intimately related to the topology preserving dynamics of Euler flows and
infinitely conducting plasmas, is the existence of an extra conserved quantity: helicity [8, 9].
Helicity is a measure of the average linking of vortex (magnetic field) lines in a fluid (plasma)
and its conservation imposes a strong topological constraint on the motion of vortex lines
(magnetic field lines) in a fluid (plasma), having far-reaching consequences. In particular,
helicity conservation has been fundamental to the development of turbulent dynamo theory
[49, 50, 51], the stability and relaxation of plasmas [52, 53, 54, 55|, and vortex dynamics in
fluids [9, 56, 57].

In the study of knotted fields, a natural question arises: what kinds of knotted field

configurations are allowed? Tying a knot in a shoelace is a relatively simple affair, however



tying a knot in the lines of a space-filling vector field requires the lines everywhere to twist to
conform to the knot at the center. To better understand the allowed knotted configurations
of vortex lines in a fluid or the magnetic field lines in a plasma, we begin by constructing
knotted field configurations with controllable helicity [58].

The study of the dynamics of knotted field configurations in fluids and plasmas is chal-
lenging owing to their inherent nonlinearity. To analytically study the dynamics of knotted
field configurations, we ask if knots in the lines of an electric (magnetic) field can be pre-
served by Maxwell’s equations in vacuum—a linear theory. We find an infinite family of
knotted solutions [59] to Maxwell’s equations, encoding all torus knots and links, which per-
sist forever. We then consider the constraints on designing such knotted Maxwell fields, and
find a sufficient initial condition required for such knots to persist with time [60].

To gain a deeper understanding into the conservation of helicity, we study if an analogous
conserved quantity exists in superfluids which flow without dissipation just like Euler flows.
We address [61] the question of a “superfluid helicity” using an analytical approach based on
defining the particle relabeling symmetry in superfluid flows. Furthermore, we use numerical
simulations to demonstrate that bundles of superfluid vortices evolve coherently and recover
the “classical limit” of superfluid flows, but their evolution is more akin to vortices in classical
viscous flows.

The work presented in the following chapters is based on the following references: [58,

59, 60, 61].



CHAPTER 2
WEAVING KNOTTED VECTOR FIELDS

This chapter is based on the work presented in [58].

2.1 Introduction

The idea that a physical field—such as a magnetic field—could be weaved into a knotty
texture, has fascinated scientists ever since Lord Kelvin conjectured that atoms were in
fact vortex knots in the aether. Since then, topology has emerged as a key organizing
principle in physics, and knottiness is being explored as a fundamental aspect of classical
and quantum fluids [9, 62, 44, 56, 63, 64, 65, 66|, magnetic fields in light and plasmas
(67, 68, 26, 69, 27, 70, 71, 72, 73, 74, 59|, liquid crystals [45, 37, 75, 76], optical fields [77, 38],
nonlinear field theories [78, 79, 80, 81|, wave chaos [82], and superconductors [83, 84].

In particular, helicity—a measure of average linking of field lines—is a conserved quantity
in ideal fluids [2, 85] and plasmas [8, 41, 24]. Helicity thus places a fundamental topological
constraint on their evolution [9, 68], and plays an important role in turbulent dynamo theory
[86, 87, 49], magnetic relaxation in plasmas [43, 88, 89], and turbulence [90, 91]. Beyond fluids
and plasmas, helicity conservation leads to a natural connection between the minimum energy
configurations of knotted magnetic flux tubes [68, 88, 92], and tight knot configurations
(93, 94], and tentatively with the spectrum of mass-energies of glueballs in the quark-gluon
plasma [95, 96, 97].

Knotted field configurations provide a natural setting for studying helicity, but more
subtlety is required to tie a knot in the lines of a vector field than in a shoelace: all the
streamlines of the entire space-filling field must twist to conform to the knotted region.
The difficulty of constructing knotted field configurations with controlled helicity makes it

challenging to understand the role of helicity in the evolution of knotted structures [9, 68, 69].
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In this chapter, based on [58], we show how to explicitly construct knotted, divergence-
free vector fields with a wide range of topologies which have finite-energy and tunable helicity,
and give a systematic prescription for calculating the helicity of these knotted fields.

Studying the dynamics of these knotted field configurations in fluids and plasmas may
deepen our understanding of helicity, give insights into the longstanding problem of ‘magnetic

relaxation under topological constraints’ [98], and help understand the stability of plasmas

in knotatrons — magnetic confinement devices in the shape of knots [99].

Figure 2.1: Knotted structures encoded in the level sets of the complex scalar fields
v = Pu,u*,v,0")/Q(u,u*,v,v*), where (u,v) are functions of (x,y,z) (see Eq. (2.3)).
(a) Figure-8 knots: ¢ = v/ (64u3 — 12u(3 — 202 + 20*%) + (1402 + 140*2 — 4 4 0*4)>. (b)
Linked rings: ¢ = u?/ (u2 - 02). (c) Trefoil knots: 1 = u3/ (u3 + UZ). Level curves of v
encode torus knots and links when Q(u,v) is of Brieskorn form [100]: u? + v4. (d) Figure-8
knots (symmetric): ¢ = u/ (64@3 — 120(3 + 2u? — 2u*?) — (1402 + 14u*? + u? — u*4)> (e)
Linked trefoil knots, constructed from 2 copies of the Milnor polynomial for a trefoil knot.
(f) C’g:g’ cable knots: ¢ = (uv)/ (v4 —2u3 0% — 2iud v+ ub + %[u3>

A classical problem from mathematics is the study of knots and links as nodal lines (zeros)
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of complex scalar fields [101, 100, 102, 38, 103]. In fact, the level sets of a complex scalar
field can give rise to collections of knotted curves that smoothly intertwine to fill up space.
Well-known examples are the Hopf fibration [26, 104, 105, 27, 70, 106], Seifert fibrations
[107, 71] and Milnor fibrations [100, 38, 39]. Many knots can be embedded as the nodal
lines of complex scalar fields, in the family of lemniscate knots and their generalizations
[108], which includes all torus knots and links [101], the figure-8 knot and generalizations
[38] (including the borromean rings and Turk’s head knot), cable knots [109], and links of
any of these.

Some representative examples of knotted complex scalar fields are illustrated in Fig. 2.1,
where the level curves wind around knotted or linked tori, encoding the Hopf link (Fig. 2.1(b)),
the trefoil knot (Fig. 2.1(c)), the figure-8 knot [38] (Fig. 2.1(a),(d)), a link of two trefoils
(Fig. 2.1(e)) and a cable knot (Fig. 2.1(f)). In all of these examples, the level curves of the
complex scalar field v, for any complex value of ¢, organize around a core set of lines where
¥ = 0, oo (zeros and poles of 1). Our construction of knotted vector fields follows from
such knotted complex scalar fields, based on [101, 108, 81], where the level curves of constant
complex amplitude are collections of knotted curves filling up space.

A vector field tangent to the level curves of a complex scalar field ¢ is given simply by
the the cross product —iVy* x Vi = V x Im (¢p*Vh). A vector field with the same flow

lines is

1 Vy* xV
This field is smooth everywhere, divergence-free (V-B = 0) and has finite energy ( [ d3z |BJ? <
o0). This vector field arises in a variety of different contexts, and was used previously to
construct knotted initial states for electromagnetic fields [26, 71], and topological solitons in
ideal magnetohydrodynamics [67].

Since the flow lines of B (i.e. the level sets of 1) can clearly be knotted, it is natural

to suppose that such fields have nontrivial helicity. Explicitly calculating the helicity H =
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fdgmA - B requires the choice of a vector potential A such that V x A = B. A natural

candidate,
RN AT EEALS
4mi (1+* ) ’

suggests that the helicity of the knotted vector field B vanishes. We will show that A in

(2.2)

Eq. (2.2) has a singular part which can be systematically removed, leading to a nonsingular
vector potential which allows explicit calculation of the helicity of all these knotted fields.
The helicity of the resulting knotted vector field can be computed explicitly, and may be
varied without changing the underlying knotted structure. Furthermore, these fields may be
restricted to the interior of knotted flux tubes !, whose helicity can be calculated exactly.
Lastly, we construct knotted fields with vanishing total helicity, but non-vanishing helicity

in the interior of knotted flux tubes—tori tangent to the lines of B.

2.2 Knotted fields from Rational maps

Rational maps have found success in approximating certain minimum energy solutions of the
Skyrme model [111], and this technique was extended by Sutcliffe [81] to approximate knotted
solutions of the Skyrme-Faddeev model. The knotted vector field construction described
here is based on rational maps of similar form. A rational map is defined as the ratio of two
complex-valued polynomials ¢ = P(u, u*, v,v*)/Q(u, u*, v, v*), where the nodal lines (zeros)
of Q(u,u*,v,v*) have the form of the desired knot, and P(u,u*,v,v*) is chosen to encode
the desired helicity (Fig. (2.4)). Here, as in Fig. 2.1, (u,v) are complex coordinates on S3

which stereographically project to coordinates (x,y, z) in R3 by

2 +iy)  22+i(r?—1)

2.3
+r2 0" 1+ 72 (2:3)

1. helicity in these flux tubes is gauge invariant [9, 110] because B - i = 0 on the surface of these flux
tubes, ie. they are magnetic surfaces



u3

Figure 2.2: Organization of the lines of B around lines where ¢ = P(u,v)/Q(u,v) is 0 or
0. (a), (d) Q = 0 corresponds to the trefoil and figure-8 knots. Qyyefoi] = u° + v2 , Qfig-8 =

6403 — 120(3 + 2u? — 2u*?) — (14u? + 14u*2 + vt — u**). (b),(e) The lines of B are tangent
to nested knotted tori (blue) organized around the knots where @ = 0. (c),(f) P(u,v) =0
corresponds to the z-axis. The lines of B are tangent to nested tori (cyan) organized around
P(u,v) =0.
where r2 = 22 + y2 + 22, and (u*,v*) denote complex conjugates of (u,v).

Such ) automatically give rise to a vector field B as in Eq. (2.1), whose flow lines coincide
with the level curves of 1). The core set of lines that organize the flow lines of B are the
zeros of P and @) (see Fig. 2.2). A wide variety of knotted fields B can be constructed from

rational maps v by encoding the desired knot in the zeros of Q(u,u*,v,v*) as shown in the

Appendix. The above map from S3 to R3: (u,v) = (z,vy,2) is not unique. Other possible



choices of stereographic projections are obtained by transformations of the above complex
functions u(z,y, z) , v(x,y, z) in Eq. (2.3) under translations, rotations and reflections of the
x,1, z axes. These choices of the projections result in corresponding translations, rotations

and reflections of the knotted field constructed from ¢ = P(u,u*,v,v*)/Q(u,u*, v, v").

2.2.1 Structure of knotted field lines

. We rewrite B using Euler potentials [112, 113, 114, 115]:

-
B=V (%) X ﬁVIog (%) = %VX x Vn (2.4)
where x = (Y ¢*) /(1 + ¢ ¢¥*), x € [0,1] and n = % log (¢/1*), n € [0,27). We note that as
r— 00, |Vx| ~ O(1/r), |Vn| ~ O(1/r), so that the energy density |B|? ~ O(1/r%) and the
energy of all such fields, as the square integral of B, is finite.

The lines of B are tangent to surfaces of constant x and Seifert surfaces of constant 7 (see
Fig. 2.3), which can be considered as a generalization of the surfaces of constant p (<« x)
and constant ¢ (<> n) in cylindrical coordinates (p, ¢, z), with the knot @) = 0 replacing the
z-axis.

The surfaces of constant x are knotted tori, nested inside one another (Fig. 2.3), with
smaller values of y corresponding to larger tori, and the largest value xy = 1 corresponding
to the knot Q = 0 at the center of the tori (Fig. 2.2(a),(d)). Isosurfaces of smaller y are
increasingly bigger knotted tori, eventually colliding to give tori organized around P = 0, as
shown in Fig. 2.2(c),(f) in cyan, which converge to the lines P =0 as x — 0.

By contrast, n is constant on Seifert surfaces for the core set of lines: P =0, () = 0.
Seifert surfaces for () = 0 are shown in Fig. 2.3. Since 7 is well-defined only in a multiply-
connected volume which excludes the core set of lines, the helicity of B can be non-vanishing

[116], in spite of being expressible in terms of Euler potentials.



2.3 Helicity of knotted fields

A smooth vector potential A satisfying V x A = B is needed to calculate the helicity
H=] d3z A - B of these knotted fields explicitly. We now give a general prescription for

computing such a vector potential, starting by rewriting A in Eq. (2.2) as

1 Yyr Y

Substituting ¢ = P(u, u*,v,v*)/Q(u, u*,v,v*) gives

. |P|2v10g (%) +\Q|2V10g <%> —Vlog(Q) (2.6)

A P2+ |Qf? Q*
The last term containing V log (Q/Q*) is singular at Q = 0. Since |Q|? V1og(Q/Q*) =
Q*VQ — Q VQ*, this term in the fraction is smooth and nonsingular.

Hence the singular gauge transformation A = A + (1 /4mi) Vlog (Q/Q), removes the
singularity in A, allowing the helicity to be computed directly. The vector potential A is
smooth everywhere, giving the correct helicity H = [ d3z A - B, which is equal to the Hopf
invariant of the map v [117, 81| by the Whitehead integral formula. Hence we can explicitly
compute the helicity 2 of arbitrary knotted fields B and therefore, the Hopf invariant of
arbitrary rational maps.

Surfaces of constant log (Q/Q*) yield explicit expressions for Seifert surfaces of the knot
Q(u,u*,v,v*) = 0 (see Fig. 2.3), and could be used to generate initial wave-functions de-
scribing knotted vortices in superfluids and Bose-Einstein condensates.

The simplest illustration of our construction is given by the Hopf map [26, 104, 105,

27, 106] v = u/v. The vector potential given by Eq. (2.5) has a singularity at v = 0

2. Mathematically, 1(u, v) takes its value on the complex projective plane, (@) (i.e. the complex numbers
with the point at 0o), which is homeomorphic to the 2-sphere S?: in this sense, helicity can be understood
as the topological degree of the map S3 — S2.
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¥

B Qtrefoil

Figure 2.3: Knotted field structures: knotted flux surfaces (blue) are surfaces of constant Y,
and Seifert surfaces for Q(u,u*,v,v*) = 0 (orange) are surfaces of constant log (Q/Q). (a)
Trefoil knot with Qyefoi1, (b) Figure-8 knot with Qge_g are defined in Fig. 2.2.

(the unit circle in the xy-plane), which is removed via the singular gauge transformation
A = A + (1/47i) Vlog (v/v*). The new vector potential A is smooth everywhere, and gives

the correct helicity H = [ d3z A - B =1, equal to the Hopf invariant of the map (117, 81].

2.3.1 Tuning the helicity of a knotted field

The helicity of B can be tuned without changing the underlying knotted structure encoded
in B, as for rational maps [81]. The flow lines of B contained in the knotted tori of constant
X in the neighborhood of the knot @ =0 <= x = 1, encode knots of the same type as the
knot (Q = 0. However the degree of winding of these lines—and hence the helicity of B—can

be controlled by changing P(u,v), as illustrated in Fig. 2.4.

Knotted fields encoding torus knots and links can be constructed from maps ¢ = P(u,v)/Q(u,v)

with P(u,v) = u®v?, Q(u,v) = ud + vP. The helicity of these fields can be varied without
changing the underlying knotted structure by changing «, 5 in P(u,v) = u® vP. The helicity
of B, being equal to the Hopf invariant [117, 81| of the map ¢, is H = ap+ 5 ¢. The lines of
the field B wind more for higher values of «, 8 as indicated by the higher values of helicity.
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Qﬁg.S

Qﬁg.S B Qﬁg.s

Figure 2.4: Tuning the helicity H of the knotted field B by changing P for two fixed knot
types (set by <> Q). Varying the helicity corresponds to varying amounts of winding of the
lines of B. (a,b,c,d): Trefoil knots with Qg efoil; (€,f,g,h): Figure-8 knots with Qgg_g, with
@ functions as defined in Fig. 2.2.

Knotted fields encoding other knot types such as lemniscate knots, cable knots, iterated
torus links can be constructed from maps ¥ = u®/Q(u,u*,v) [118, 38, 108, 109]. Their
helicity is given by H = adeg,(Q) where deg,(Q) is the highest power of v appearing in
Q(u,u*,v), and can be tuned by changing a.

The helicity of such knotted fields B can be tuned further to yield negative values by

substituting P or ) with their complex conjugates.

2.3.2  Helicity of knotted flux tubes

Knotted flux tubes—magnetic flux tubes in plasmas or vortex tubes in fluids—can be gen-
erated by restricting the knotted field B to the interior of a knotted tube (Fig. 2.3): x > xo.

Such a knotted flux tube contains flux (1 — xq), and its helicity can be calculated as in
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[110, 69] to be Hyy = (1 —x0)? Hiotals as the helicity for a uniformly twisted field with twist

equal to Hiotal-

JF(x; x0,8)

— X0=0.5, B=10
X0=0.5, B=20
T XU=0'5I B=40

0.2 0.4 06 0.8 1.0

Figure 2.5: (a) The lines of B are tangent to nested tori (surfaces of constant y) shown
in blue. Also shown is a surface of constant log(Q/Q*)/(4mi) (orange). (b) The smooth
function f(x;xo,0) which is close to 1 in the interior of the knotted torus x = xq, and
smoothly decays to 0 outside. The decay rate is controlled by the choice of 5.

To restrict the knotted field B to the interior of a knotted tube y = x and decay smoothly
outside of the tube (x < xg), we consider the following function f(x;xo, ) associated with

the Fermi-Dirac distribution:

1

f(x: x0.8) = 1+ exp(B(x0 — X))

as shown in Fig. 2.7(b).
Multiplying the knotted field B in Eq. (2.4) by f(x; x0, 3) gives a modified field B’ which

decays smoothly outside the knotted tube i.e. for y < xq:

B’ = f(x;x0.8) Vx x Vn (2.8)

As shown in Fig. 2.5(b), the choice of 8 controls the rate of decay of B outside the knotted
tube x = x0-

Calculating the helicity of the knotted field B’ in Eq. (2.8) which decays smoothly outside

13



a knotted tube y = yq requires the choice of a smooth vector potential A’ : V x A’ = B’.

A smooth non-singular vector potential A’ associated with the knotted field B’ is:

A’ = Flxi X0, 8) Vi + 5 F(1i X0, 6) V log ( C‘;) (2.9)

where F'(x; x0, ) is

F(x; x0, 8 / f(x

1+ exp(ﬁ(x —X0))
= los ( 1+ exp(—Bx0) )

(2.10)

To create a knotted field that abruptly vanishes outside a knotted tube x = xq, the above
procedure can be followed with the function f given by: f = ©O(x — xo), where ©(x) is the

Heaviside function.

2.3.8 Knotted fields with vanishing helicity

Knotted fields B constructed from rational maps ¢» = P (i.e. @ = 1), have vanishing helicity
despite having knotted field lines.

This because vector potential A in Eq. (2.2) is singularity-free, implying H = 0. Geo-
metrically, the lines of B tangent to the different knotted tori, are of different handedness,
and the average linking between the lines vanishes. However, the lines of B in the interior of
a knotted torus—such that the lines of B are tangent to the torus ie. the torus is a magnetic
surface, so that the helicity in the torus is gauge-invariant—may have non-vanishing helicity
which is difficult to compute analytically.

We will study in detail, the simple case of a knotted field constructed from ¢ = P(u,v) =
uv, where the lines of the knotted field B are linked circles as shown in Fig. 2.6, but the

total helicity vanishes.
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Figure 2.6: Knotted fields with vanishing helicity. (a) field lines are linked rings, forming a
Hopf fibration-like structure. (b) field lines on inner tori (blue) go anticlockwise, while field
lines on outer tori (yellow) go clockwise.

The knotted field B for the map ¥ = uv is:

1
B=_—VxxVnp
27

1 lul? [v]? u v
=—V|——F— \Y (l — +1 —) 2.11
I (1 ) <Y e e (2.11)

L (= o) ol w v
- log — 4 log —
V<1+<1—1v|2>|v|2 <V (log 5 +log )

4y

where x = |ul? [v|2/(1 + [ul?|v]?), n = (log(u/u*) + log(v/v*))/(2i), and |u|> + [v]? = 1 is
used in the last equation. The lines of B are tangent to surfaces of constant x, and therefore
tangent to surfaces of constant |v], i.e. tori symmetric about the z-axis.

The corresponding vector potential A is A = x Vn/(27), so that V x A = B. The total
helicity H = [ d3z A - B vanishes since A -B = 0. The vanishing of helicity is a result of the
lines of B having different handedness on different tori as shown in Fig. 2.6, such that the

average linking between the lines vanishes. This observation suggests that restricting the
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knotted field B to the interior of a torus |v| < vy should result in non-zero average linking
and non-zero helicity.

To investigate whether such knotted fields do indeed have non-vanishing helicity in the
interior of tori—closed surfaces |v| = vy, which are tangent to the lines of B (no flux
penetrates the boundary of the surface)—we consider the knotted field B’ = ©(vg — |v|) B,
where O(z) is the Heaviside step function. On the lines of the calculation leading up to
Eq. (2.9), we find that the correct vector potential A’ which is continuous, non-singular, and

satisfies V x A/ = B/ is:

L bR o 1 R o
e R T A e (e A T

Al =

1 (1—vg)vg

1700 v |U‘ 0

The helicity H' = [ d3z A’ - B’ can be calculated to be non-vanishing for vy < 1, demon-
strating how knotted fields with vanishing total helicity can have non-vanishing helicity in a
subregion of space (chosen such that there is no flux piercing the boundary of the subregion,
so that helicity is gauge-invariant and well-defined).

Alternatively, the vanishing of the total helicity follows from the vanishing of the Hopf
invariant [117, 81] of the map given by ¢ = P(u,u*,v,v*), since the set of (u, u™,v,v*) such

that 1 = oo is a null set.

2.4 Summary

We have presented a general method for constructing physically viable knotted vector fields,
encoding an arbitrary combination of knots woven together, and shown how to explicitly
compute their helicity. Furthermore, we have shown how to construct knotted flux tubes,
and calculate their helicity.

Knotted fields arising as solutions to Maxwell’s equations [59] have found application in
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the construction of topological solitons in magnetohydrodynamics [72] and resistive MHD
flows [73]. The knotted vector fields presented here encode a much larger variety of knots,
possessing a richer structure, and studying their evolution could lead to new insights about
the role of helicity in fluids [49] and plasmas [98, 99], and novel topological solitons.
Finally, our systematic procedure for calculating the helicity of the knotted field B, may
help accurately determine the Hopf charge of arbitrarily knotted Skyrme-Faddeev solitons
[79, 81] and help tighten the lower bound on how their minimum energy grows with their

Hopf charge [119].
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CHAPTER 3
TYING KNOTS IN LIGHT

This chapter is based on the work presented in [59].

3.1 Introduction

Knots and the application of mathematical knot theory to space-filling fields are enrich-
ing our understanding of a variety of physical phenomena with examples in fluid dynamics
9, 120, 121], statistical mechanics [122], and quantum field theory [123], to cite a few. Knot-
ted structures embedded in physical fields, previously only imagined in theoretical proposals
such as Lord Kelvin’s vortex atom hypothesis [85], have in recent years become experi-
mentally accessible in a variety of physical systems, for example, in the vortex lines of a
fluid [63, 62, 44], the topological defect lines in liquid crystals [124, 45], singular lines of
optical fields [38], magnetic field lines in electromagnetic fields [125, 27, 70] and in spinor
Bose-Einstein condensates [64]. Furthermore, numerical simulations have shown that stable
knot-like structures arise in the Skyrme-Faddeev model [78, 81|, and consequently in triplet
superconductors [83, 84] and charged Bose condensates [80]. Analytical solutions for such
excitations, however, are difficult to construct owing to the inherent nonlinearity in most
dynamical fields and have therefore remained elusive.

An exception is a particularly elegant solution to Maxwell’s equations in free space (see
Fig. 3.1), brought to light by Ranada [26], which provides an encouraging manifestation of
a persistent non-trivial topological structure in a linear field theory. This solution, referred
to as the Hopfion solution for the rest of the chapter, can furthermore be experimentally
realized using tightly focussed Laguerre-Gaussian beams [27].

In this chapter based on [59], we present an infinite family of exact knotted solutions

to Maxwell’s equations in free space, with the electric and magnetic field lines encoding all

18



torus knots and links, which persist for all time. The unique combination of experimental
potential and opportunity for analytical study, makes light an ideal candidate for studying
knotted field configurations and furthermore, a means of potentially transferring knottedness

to matter.

Figure 3.1: Hopfion solution: field line structure (a-c) and time evolution (d-e).
Field lines fill nested tori, forming closed loops linked with every other loop. a: Hopf link
formed by the circle at the core (orange) of the nested tori, and one of the field lines (blue).
b: The torus (purple) that the field line forming the Hopf link is tangent to. c: Nested tori
(purple) enclosing the core, on which the field lines lie. d: Time evolution of the Poynting
field lines (gray), an energy isosurface (red), and the energy density (shown via projections).
e: Time evolution of the electric (yellow), magnetic (blue) and Poynting field lines (gray),
with the top view shown in inset.
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3.2 Hopfion solution

In case of the Hopfion solution illustrated in Fig. 3.1, the electric, magnetic and Poynting field
lines exhibit a remarkable structure known as a Hopf fibration, with each field line forming
a closed loop such that any two loops are linked. At time t=0, the electric, magnetic and
Poynting field lines have identical structure (that of a Hopf fibration), oriented in space so
that they are mutually orthogonal to each other. The topology of these structures is preserved
with time, as the the electric and magnetic field lines evolve like unbreakable filaments
embedded in a fluid flow, stretching and deforming while retaining their identity [70, 60].
The Poynting field lines evolve instead via a rigid translation along the z-axis. The Hopfion
solution has been re-discovered and studied in several contexts [126, 26, 127, 105, 128, 27]
and can be constructed in many ways: using complex scalar maps, spinors, twistors.

Despite numerous attempts at generalizing the Hopfion solution to light fields encoding
more complex knots, the problem of constructing light fields encoding knots that are pre-
served in time has remained open until now. Attempts at generalizing Hopfions to torus
knots [27, 70, 71] succeeded at constructing such solutions at an instant in time, but their
structure was not preserved [70, 71|, and unraveled with time. Beyond Maxwell’s equations,
the more general problem of finding explicit solutions to dynamical flows which embody
persistent knots has also remained open.

The fluid-like topology-preserving evolution of the Hopfion solution, is closely tied to the
property that the electric and magnetic fields are everywhere perpendicular and of equal
magnitude (a constraint known as nullness, cf. Eq. 3.3). Nullness introduces an effective
non-linearity in the problem and imposes a dynamical geometric constraint on Maxwell fields,
restricting the space of possible topological configurations of field lines.

We construct knotted solutions within the space of null field configurations by making
use of formalisms developed for the construction of null Maxwell fields, such as Bateman’s

method [129] or equivalently a spinor formalism. The combination of a null electromagnetic
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field formalism with a topological construction, leading to a family of knotted null solutions
is the central result of this paper. We now briefly review the key features of the evolution of

null electromagnetic fields.

3.3 Null electromagnetic fields

Null electromagnetic fields have a rich history, from the early construction by Bateman [129]
to Robinson’s theorem [130] and Penrose’s twistor theory [131]. For a null electromagnetic
field, the Poynting field not only guides the flow of energy, but also governs the evolution of
the electric and magnetic field lines. These field lines evolve as though embedded in a fluid,
flowing at the speed of light, in the direction of the Poynting field [70, 60]. The persistence of
the null conditions guarantees the continued fluid-like evolution of the electric and magnetic
field lines, giving them the appearance of unbreakable elastic filaments.

The preservation of the null conditions requires the continued perpendicularity of the
electric and magnetic fields as they evolve, thus requiring the flow transporting the field
lines to be free of shear. Robinson’s theorem [130] guarantees the existence of a shear-free
family of light rays associated with every null electromagnetic field. In flat space-time, this
shear-free family of light rays is given by the normalized Poynting field: the velocity field of
the flow transporting the field lines.

The Hopfion solution illustrated in Fig. 3.1, beautifully demonstrates the features of a
null electromagnetic field: the electric and magnetic field lines evolve smoothly, preserving
the topology of the field line structure (a Hopf fibration in both cases). The shear-free family
of light rays associated with the Hopfion solution, remarkably, also has the structure of a
Hopf fibration, which remains unchanged as it evolves with time. This family of light rays
is well known in the literature as the Robinson congruence [131].

Since the null condition makes the design of a knotted magnetic or electric field, a problem

of engineering a triplet of mutually orthogonal fields that remains orthogonal under time
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evolution, we start with the formalisms developed for the construction of null fields and seek
to construct knotted structures within them. We now briefly summarize Bateman’s method

for constructing null electromagnetic fields.

3.3.1 Bateman’s construction

Bateman [129] constructs all null electromagnetic fields associated with the same underlying
normalized Poynting field, using two complex scalar functions of space-time. Hogan [132],
has shown that all null electromagnetic fields can be constructed using Bateman’s method.

According to Bateman’s construction, given a pair of complex scalar functions of space-

time (a, #) which satisfy:
Vax VB =i(0:aV — oS Va) (3.1)
there is a corresponding electromagnetic field:
F=E+iB=Vax Vg (3.2)

where F is known as the Riemann-Silberstein vector [133]. This field is null (both invariants
vanish),

E-B=0, EEE-B-B=0 (3.3)

since the scalar product F-F is zero, as can be seen by taking the dot product of the left-hand
side of Eq. (3.1) with its right-hand side. For the null solutions generated by Eq. (3.2) to be

non-trivial, the following conditions must be satisfied:

O ((0r0)? = (Va)?) = 045 ((@18) - (V) =0

Each pair («, f) satisfying Eq. (3.1) generates a whole family of fields because any vector
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field of the form:
F="h(a,8)Vax Vs =Vfla,p)x Vyg(a, ), (3.4)

where h := 0af 039 — J3f Jag and f, g are arbitrary holomorphic functions of (a, 3), is a

null electromagnetic field. Note that all fields constructed in this way have, by construction,

. ExB F*XF

the same normalized Poynting field : = It where F* is the complex conjugate of
ynting [ExB| FF p Jug

F. This is made manifest, when these null fields are expressed in the equivalent language of
spinors.

We list here two simple examples of this construction [128]: a circularly polarized plane
wave traveling in the +z-direction and the Hopfion solution. They arise from the following
choices of o and . For the plane wave: o =z —t, 8 = z+1iy, f = €, g = 3, giving FPV =
(2+1g)el*~1) . For the Hopfion we have instead: o = —d/b, § = —ia/(2b),f = 1/a?, g =3
giving: FIP = d=3(02 — a2, —i(a® +b?), 2ab) where a = x —iy, b=t —i—z, d = r2 — (t —1)2.

We now present a family of light-beam-like propagating solutions to Maxwell’s equations
in free space, in which the electric and magnetic fields encode torus knots and links that are
preserved in time. We construct these solutions using complex scalar maps in the context
of Bateman’s framework. We then describe the knotted structure of the field lines, and
compute the entire set of conserved currents, the helicity and charges for electromagnetism

in free space, for this family of solutions.

3.4 Constructing knotted null electromagnetic fields

There is a natural connection between knots and singular points of complex maps from S3
to C. This was used for example in recent work by Dennis et al. [38] to construct knotted
optical vortices in light beams. In particular, given a pair of complex numbers (u,v) such
that |u|? + |v|> = 1 (and hence they define coordinates on S3), it has been shown [101, 100]

that u? £ v? = 0 is the equation of a (p, q) torus knot, when (p, ¢) are coprime integers.
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Figure 3.2: Structure of magnetic field lines, a-c: Trefoil knots (p = 2,9 = 3), d-f:
Cinquefoil knots (p = 2,¢ = 5), g-i: 4 linked rings (p = 2,¢ = 2). a,d,g: Core (orange) field
line(s) forming (a) a trefoil knot (d) a cinquefoil knot (g) 4 linked rings. b,e h: Field line(s)
(blue) wrapping around the core (orange) confined to a knotted torus (purple) enclosing the
core. c,f;i: Knotted nested tori (purple) enclosing the core, on which the field lines lie.

We note that the following choice of (o, §) in Bateman’s construction:

2 2 . .
_orf =ttt —1+2iz 2z —iy)
= p_aoye 0 T (3:5)

which satisfies Eq. (3.1), admits a natural interpretation as coordinates on S since |a|? +

B |2 =1forany t. Att =0, (o, 8) = (u,v), the standard stereographic coordinates on S8,
Hence by [101, 100], o £+ 37 = 0 encodes a singular line tied into a (p, ¢) torus knot when

p, q are coprime integers. Guided by this result, we make the intuitive choice of f(a, 8) = of

and g(a, f) = B9 in (3.4), to obtain the following family of knotted null solutions:

F =VaP x V34 (3.6)
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which can equivalently be expressed in terms of spinors. On inspection, we find that the
electric and magnetic field lines (shown in Fig. 3.2) are grouped into knotted and linked
tori, nested one inside the other, with (p, g)-torus knots at the core of the foliation. Being
smooth, finite energy solutions to Maxwell’s equations, these knotted electromagnetic fields
are physically feasible, and nullness guarantees that the topology of these knotted structures
is preserved in time (as shown in Fig. 3.4). The shear-free family of light rays associated

with this family of solutions is the Robinson congruence.

3.4.1 Structure of knotted field lines

As illustrated in Fig. 3.2, the magnetic field lines organize around a set of core magnetic
field lines, which form (p, q)-torus knots, and stay confined on the surfaces of nested tori,
which are isosurfaces of ¥ = Re{a”37}. The innermost core of these nested tori has zero
thickness, and corresponds to the knotted core magnetic field lines. Starting from the core,
the tori successively increase in thickness (as shown in Fig. 3.2), until they collide (when
Up = 0) and extend to infinity. Since the magnetic field is divergence-free and does not
vanish on any isosurface Wpg # 0, it follows [134] that all magnetic lines are either periodic
or quasi-periodic on each toroidal surface.

As the field evolves, the nested tori along with the knotted core deform smoothly, rotating
and stretching, as illustrated in Fig. 3.4.

The electric field lines are also confined on the surface of nested tori (isosurfaces of
Up = Im{a?Pp9}), organizing around a set of knotted core electric field lines, and have
exactly the same structure as the magnetic field lines, rotated in space about the z-axis by
m/(2q).

The electric and magnetic field lines organize around corresponding core electric and
magnetic field lines, lying on nested tori enclosing these core field lines. Since the electric

and magnetic field lines have identical structure, we begin by describing the structure of
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magnetic field lines, and then go on to describe the structure of electric field lines.

a? — % =0 : trefoil knot

Figure 3.3: Trefoil knot (blue) as intersection of a torus (green), and a set of twisted planes
(purple)

To see why the isosurfaces of U, Up have a set of knotted field lines at their core, note
that at time t =0, a = Meie, B = nel® where {n, 0, ¢} are toroidal coordinates, with
their isosurfaces being nested tori, spherical bowls and half-planes respectively.

Furthermore, the intersection of a torus (n : const) with a set of twisted half-planes
(pf+ q¢ : const) gives a (p, q)-torus knot, as shown in Fig. 3.3. To see this for the torus knot
given by of — % = 0, note that :of = g7 = (1 — 772)7“’/2 =n?; pf — qp = 0, which is the
intersection of an isosurface of n (torus) with an isosurface of pf — q¢ (twisted half-plane)
giving a (p, q)-torus knot.

The core set of knotted field lines correspond to the isosurfaces of Vg, U at their

extrema. Up = Re{a?B7} = n?(1 — n?)P/% cos(pf + q¢) is extremized at the intersection of
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the torus n = v/q/(p + q) and set of twisted half-planes pf + q¢ = 0,7, giving (p, q)-torus
knots. Similarly, ¥ = Im{a?B9} = n?(1 — n2)P/2sin(pf + q¢) achieves its maxima at the
intersection of the torus n = /q/(p+ ¢) and set of twisted half-planes pf + qp = +7/2,
giving a (p, q)-torus knots.

The magnetic field lines are tangent to surfaces of nested tori, which are isosurfaces of

Up = Re{aPB?}, so that: B- VU =0. As Up is varied from its maximum and minimum

values (:I: VpPql/(p + q)p+q) to zero, the corresponding isosurfaces increase in size, starting
from the knotted core magnetic field lines to successively bigger tori, each enveloping all
previous ones, until for W g = 0 these tori collide, and the isosurface extends to infinity. The

core magnetic field lines occupy the loci K:Bt of maxima and minima of ¥ p:

1 ; :
Kjgt (o, B) = —<el(q9+2ﬂ'k/g) /B, el(~PO=m/2a+2mk/gm/2) \@)

VP t4q

where g = ged(p,q), k € {0,1,...,9 — 1} and 6 € [0,27/g) parametrizes the curve(s).
The curves K:BIE lie on a torus, winding p times in the toroidal direction and ¢ times in the
poloidal direction, corresponding to # and « changing phase by —27p and 27q respectively,
thus forming a (p, ¢)-torus knot for co-prime p, q.

The electric field lines have exactly the same structure, rotated in space about the z-
axis by 7/(2¢q). The corresponding knotted tori that the electric field lines lie on, are

isosurfaces of ¥ = Im{a?$%} and the core electric field lines are given by K]:EIE Uy =

++/pPq?/(p + q)PH4, explicitly given as follows.

1
VP +q

The equations for K;,K:Bt, make it manifest that the knotted core field lines of the

KEt : (Oz,ﬂ) _ <ei(q9+27rk:/g) \/]_), ei(—p9+27rk/gi7r/2q) \/6)

electric field K; are identical to those of the magnetic field K i, rotated counterclockwise

about the z-axis by %. We now describe the geometry of the core field lines for all values of
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Figure 3.4: Time evolution of magnetic field lines and energy density for a: the
trefoil knot (p = 2,q = 3), b: the cinquefoil knot (p = 2,¢ = 5) and c: the 4 Hopf-linked
rings (p = 2; q = 2). Shown is the topology preserving, fluid-like evolution of the core field
line(s) (orange), and field line(s) (blue) lying on tori (purple) enclosing the core.

the positive integers (p, q):

1. When (p # 1,q # 1) are coprime, the core field lines are a pair of linked (p, g)-torus
knots. One of the core field lines, forming trefoil and cinquefoil knots is shown in

Fig. 3.2 (a).

2. When p =1 (or ¢ = 1), is a pair of linked rings with linking number 2¢ (2p), sweeping
around the torus ¢ (p) times in the poloidal (toroidal) direction and once in the other

direction.

3. In all other cases, the core field lines comprise of of 2g linked (p,§)-torus knots if

p # 1,4 # 1 or 2g linked rings otherwise, where g = ged(p,q) # 1, (p,q) = g * (D, q)-
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For instance, the core magnetic field lines form 4 linked rings for p = 2, ¢ = 2 as shown
in Fig. 3.2(d).
This description of the knotted structure of the electric and magnetic field lines holds true

for all time, conforming to our expectation of the field line structure of a null field being

preserved with time.

3.4.2  Conserved charges for knotted Maxwell fields

To further characterize the physical properties of this family of knotted null fields, we com-
pute the helicity and the full set of conserved quantities [27] corresponding to the known
(conformal) symmetries of electromagnetism in free space. The non-vanishing currents and
charges normalized by the energy are:
Magnetic helicity H,, = Electric helicity H, = p—}rq ,
Momentum P = SCT current v = <0, 0, %) ,
Angular momentum L = (0, 0, Z%) .

The special choice of (p,q) = (1,1) yields the Hopfion solution described earlier, in which
not only do the core electric and magnetic field lines form Hopf links, but all the other field

lines are also closed loops, linked with every other field line.

3.5 Summary

The solutions presented here extend the space of exact, physically feasible, knotted Maxwell
fields beyond the Hopfion, by encoding an entire family of both knots and links that are
preserved under time evolution. Many open questions remain on the space of knotted states,
such as whether solutions with each and every field line knotted and preserved by the time
evolution exist with topology different from the Hopf fibration (e.g. a Seifert foliation of
83). Beyond electromagnetism, it remains an open question whether similar explicit solu-

tions can be found for nonlinear evolutions such as the Euler flow of ideal fluids. From a
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dynamical systems perspective, it may be interesting to explore the role of the invariant tori
in the solutions we present and the conditions for which Bateman’s construction give rise to
electric and magnetic fields with a first integral. Finally, if realized in experiment, can these

structures be imprinted on matter such as plasmas or quantum fluids?
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CHAPTER 4
FLOW OF LIGHT

This chapter is based on the work presented in [60].

4.1 Introduction

Knots in physical fields, first proposed by Lord Kelvin in his vortex atom hypothesis [25], have
now been observed in experiment in a wide variety of systems such as the vortex lines of a
fluid [44], the topological defect lines of liquid crystals [45], singular lines of optical fields [38],
and spinor Bose-Einstein condensates [65]. In recent years, much theoretical progress has
been made in the study of knotted fields, and stable knot-like structures have been shown to
exist as solutions of nonlinear field theories such as Euler flows [62, 135], the Skyrme-Faddeev
model [78, 111, 136], and the AFZ model [137]. However, the analytical study of knotted
fields remains challenging because of the inherent nonlinearity of the systems in which they
emerge.

A recently discovered family of knotted light fields [59, 138], discussed in the previous
chapter, has taken a significant step forward in the analytical study of knotted fields, and
generated excitement as a potential tool to transfer knottedness to matter such as quantum
fluids and plasmas. However, the design of such knotted light fields in which the knots
persist with time has been challenging. Though it is possible to construct electromagnetic
fields which encode knots in their field lines at an instant in time, [71, 58], the knots unravel
at later times [70, 71]. A key ingredient in the design of knotted electromagnetic fields that
persist with time has remained elusive: the initial conditions for a knot encoded in the lines
of an electromagnetic field to persist with time.

In this chapter, based on [60], we present sufficient initial conditions for an initially knot-

ted electromagnetic field to stay knotted, giving a design rule for constructing persistently
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knotted electromagnetic fields.

The persistence of knots in the vortex lines of a dissipationless fluid follows from the
Helmholtz laws of vortex motion [2] and served as inspiration for Lord Kelvin’s vortex atom
hypothesis [25]. Remarkably, the lines of the electric and magnetic field in the recently
discovered family of knotted light fields evolve as if transported by the flow of the Poynting
field, akin to the vortex lines in a dissipationless fluid (Euler flow). Underlying this fluid-
like evolution which guarantees the persistence of knots, is a set of global (Vx,t) geometric
constraints, known as the null conditions: E-B=0; E-E =B -B.

We begin by making manifest, the equivalence between evolution by Maxwell’s equations
under the null conditions and transport along the flow of the normalized Poynting field,
and uncover a new helicity conservation law for null electromagnetic fields. We go on to
show that the null conditions are preserved by the flow of the Poynting field if and only if
the flow is shear-free (4.4), giving a sufficient condition for initially knotted electromagnetic
fields to stay knotted, thus enabling the design of more persistently knotted Maxwell fields.
Lastly, we review an alternative global method of constructing null electromagnetic fields

from complex scalar potentials [129], and establish tools for studying their topology.

4.2 Flow of null electromagnetic fields

Null electromagnetic fields have a rich mathematical structure, and are of importance in
many different contexts: as radiating electromagnetic waves [129], in relation to the geome-
try of space-time [130, 139, 140, 141], and most recently in the context of knotted electro-
magnetic fields [27, 70, 59, 142]. In spite of extensive theoretical work on the existence and
properties of null electromagnetic fields in curved space-time, the flow-like evolution of null

electromagnetic fields in flat space-time has remained hitherto unexplored.
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The null conditions are nonlinear geometric constraints on the electromagnetic field:
E-B=0,E-E-B-B=0 (4.1)

ensuring that both scalar invariants of the electromagnetic field tensor: F*F,,, and xF* F,;,
vanish.

A remarkable implication of the null conditions is that the evolution of the electromag-
netic field is akin to a dissipationless compressible flow along the normalized Poynting field.
This surprising equivalence is made manifest by the electromagnetic stress-energy tensor,
which simplifies to that of a dissipationless, pressure-less fluid. Under the null conditions,
the spatial part of the electromagnetic stress-energy tensor simplifies to: T = WVivi,
where W := % (E2 + B2) is the energy density, and V := (E x B) /|E x B is the normal-
ized Poynting field, becoming identical to the energy-momentum tensor of a dissipationless,
pressure-less fluid with mass density W, and flow velocity V.

Furthermore, under the null conditions, the electric and magnetic fields evolve as if
transported by the flow of V, analogous to the transport of vortex lines in a dissipationless
flow, as proved in the Appendix.

The equivalence between the evolution of a null electromagnetic field and dissipationless
fluid flow is summarized in the Table 4.1.

It is surprising that the null conditions ensure an equivalence between Maxwell’s equations
which are linear, and the fluid equations which are nonlinear. We note that this equivalence
arises only when the equations of motion are expressed in terms of the normalized Poynting
field V, which is nonlinear in terms of the electric and magnetic fields E, B, and encodes the
nonlinearity inherent in the null conditions themselves.

Interestingly, even if the null conditions are satisfied only on a time slice, the evolution
of such an electromagnetic field is analogous to dissipationless fluid flow on that time slice.

Helicity—a measure of the average linking between vortex lines—is an additional con-
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Null electromagnetic fields > Dissipationless flow

Energy conservation Mass conservation
oW +V-(WV)=0 “ Op+V-(pu)=0
energy density W := %(E2 + BQ) mass density p
Momentum conservation Momentum conservation
IV +(V-V)V=0 < OJu+ (u-V)u=-Vp/p
V:=(ExB)/W fluid velocity 1
Transport of E/W , B/W along V Transport of w/p along u
Oy (E/W) = [E/W, V] ©  O(w/p)=w/p, ]
o (B/W) =[B/W, V] w:=V xu

Table 4.1: Flow of null electromagnetic fields (see appendix for detailed proofs)

served quantity in Euler flows [9], a consequence of the fact that vortex lines are transported
by the flow. Since the lines of the electric and magnetic fields are transported by the flow
of V, akin to vortex lines in an Euler flow, the helicity of the electric and magnetic fields
is also conserved [70]. Furthermore, since the Poynting field evolves akin to pressure-less
Euler flow, the vorticity associated with the flow of the Poynting field €2 := V x V| is also

transported by the flow of the Poynting field:
1=V x (VxQ) (4.2)

This gives rise to a new conserved quantity for null electromagnetic fields: the Poynting
helicity Hqg == [V -Q d3z. Though the for the Poynting helicity Hq = JV-Q d3z diverges

since |V| = 1, the corresponding local conservation law for hg =V - Q:

Othg +V - (V hq — %) =0 (4.3)

is a well-behaved new conservation law for null electromagnetic fields in flat space-time.
Hence, under the null conditions, electromagnetic fields evolve akin to transport along

a pressure-less Euler flow given by the normalized Poynting field V, and satisfy topological
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conservation laws for the electric field E, the magnetic field B and the Poynting vorticity
field €2.

Since the null conditions ensure that lines of the electric and magnetic fields are trans-
ported, satisfying the null conditions for all space-time is sufficient to guarantee that knots
encoded in the lines of the electric and magnetic fields will persist forever. Hence, design-
ing persistent knotted electromagnetic fields requires constructing a knotted electromagnetic
field on the initial time slice that satisfies the null conditions not only on the initial time
slice, but for all time. We now seek the conditions under which an electromagnetic field

satisfying the null conditions on an initial time slice, satisfies the null conditions for all time.

4.3 When does an initially null electromagnetic field stay null?

Since null electromagnetic fields exhibit the topology preserving dynamics of dissipationless
flows, the initial conditions that guarantee nullness for all space-time are sufficient to ensure
the persistence of knots for all time. However, previous attempts at addressing the question of
the initial conditions that guarantee nullness for all space-time, have either been inconclusive
[143, 144] or have reached the incorrect conclusion [145] that satisfying null conditions on
the initial time slice is sufficient to guarantee nullness for all space-time.

The evolution of an electromagnetic field satisfying the null conditions on the initial time
slice is the transport of a triplet of mutually perpendicular vectors {E, B, V} along the flow
of V. For the null conditions to be satisfied by the electromagnetic field on the next time
slice, the angle between the electric and magnetic fields {E, B} and their magnitudes must
remain invariant under the flow of V. For the flow of V to preserve magnitudes and angles
of two mutually perpendicular vectors E, B everywhere in space, the flow must be free of
non-uniform stretching or twisting, i.e. it must be free of shear. Furthermore, a flow that is
shear-free stays shear-free when transported along itself in a flat space-time. Therefore an

electromagnetic field that satisfies the null conditions on the initial time slice, with the flow
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of the normalized Poynting field V initially free of shear, satisfies the null conditions and
preserves the shear-free nature of the flow at later times (see Appendix for detailed proof).
Hence, we find that an initially null electromagnetic field, stays null for short times (until
a singularity develops), if and only if the analogous flow field is initially shear-free
E-B=0 N (E'EJ — B'B1)9;V; =0 E-B=0

& (4.4)

E-E=B-B  (E'B/+E/B")0;V; =0 E-E=B B
t=0 Vi<t*

where t* is the time at which the flow field may develop singularities, since we are unable to
rule out the possibility that the flow of the normalized Poynting field V develops finite-time
singularities and lead to a violation of the null conditions.

We now review an alternative global construction of null electromagnetic fields, and

develop tools for studying the topology of field lines for such electromagnetic fields.

4.4 Geometry of null electromagnetic fields

An alternative way of constructing electromagnetic fields that satisfy the null conditions for
all space and time, was given by Bateman [129] in terms of complex scalar potentials (o, ().
Hogan [132], has shown that all null electromagnetic fields can be expressed in terms of

Bateman potentials («, 5): complex scalar functions of space-time which satisfy:
Vax VB =i(0:aVp — o Va) (4.5)
The corresponding null electromagnetic field is given by:
F=E+iB=VaxVj (4.6)

where F is known as the Riemann-Silberstein vector [133].
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The design of knotted null electromagnetic fields requires understanding the interplay
between the topology of the lines of the electric and magnetic fields, and the complex scalar
potentials («, 5). Unfortunately, describing the topology of the lines of a space-filling vector
field is an intricate problem, made all the more challenging by the difficulty of analytically
solving for the field lines everywhere in space. However, in the special case that the lines of
a vector field are tangent to surfaces, i.e. the vector field has a first integral, the topology of
the field lines is encoded in the topology of these surfaces. In the recently discovered family
of knotted Maxwell fields [59], the field lines were tangent to knotted tori, and establishing
the persistence of these knotted tori was key to establishing the persistence of the knots
encoded in the field lines.

Sufficient conditions for the lines of a null electromagnetic field to be tangent to surfaces,

in terms of the Bateman potentials («, 3), are (see Appendix for detailed proofs):

V(aa)x V(88) =0=E-V (Im{as}) =0, B-V (Re{af}) =0 (4.7)
v (g) X V (g) —0=E-V(Re{af}) =0, BV (Im{af}) = 0 (4.8)

Constructing null electromagnetic fields which satisfy the above conditions would enable the

study of the topology of their field lines in terms of the topology of the isosurfaces of ¥, ¥ 5.

4.5 Summary

Our results firmly establish the connection between the evolution of null electromagnetic
fields by Maxwell’s equations and transport along the flow of the normalized Poynting field.
We establish necessary and sufficient initial conditions for an electromagnetic field to satisfy
the null conditions for all space-time, thereby giving a design rule for constructing persistently
knotted solutions to Maxwell’s equations.

Lastly, we give sufficient conditions for the lines of null electromagnetic fields to lie on
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surfaces, enabling the study of the topology of field lines in terms of the surfaces they lie on.

38



CHAPTER 5
HELICITY IN SUPERFLUIDS

This chapter is based on the work presented in [61].

5.1 Introduction

Our understanding of fluid flow is built on fundamental conservation laws such as the con-
servation of mass, energy, and momentum [146]. In particular, these give rise to the Euler
equations of dissipationless fluid mechanics which capture the essence of many fluid phe-
nomena including vortex dynamics, formation and propagation of acoustic waves and shocks
[147], instabilities [148] and play a key role in the study of turbulence [149, 150].

Hidden within the Euler equations, is a less familiar conservation law [8, 40, 9]: conser-
vation of helicity Hgyler = | d}zu-w , w =V xu. The conservation of helicity—a measure
of the average linking of vortex lines in a fluid [9, 40]—places a topological constraint on
the motion of vortex lines in Euler flows (classical inviscid, isentropic flows). Helicity, also
conserved in infinitely conducting plasmas [8], has been central to the understanding of
turbulent dynamo theory [50, 51|, and has important consequences for the stability and
relaxation of plasmas [52, 53, 54, 55|. Furthermore, helicity has yielded new insights into
vortex reconnection events in viscous flows [56, 57], and plays an important role in the study
of coherent dynamical structures generated by turbulent flow [151, 152, 153].

Superfluids display striking similarities with classical fluids in vortex dynamics [154, 155]
and turbulence statistics [156, 157, 158]. Since superfluids flow without dissipation like Euler
flows, it is natural to ask whether an additional conserved quantity analogous to helicity also
exists in superfluid flows. The existence of such an additional conserved quantity could have
far-reaching implications.

In this chapter, based on [61], we address the existence of a “superfluid helicity” using
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an analytical approach based on the symmetry underlying classical helicity conservation.
Furthermore, we use numerical simulations to examine whether collections of superfluid
vortices that mimic the structure of a classical vortex, approach Euler flow-like behavior and
instead find behavior consistent with viscous flows.

To simplify our discussion, we will consider superfluids at zero temperature—weakly
interacting Bose condensates described by a complex order parameter ¢ (“wave function of

the condensate” [159])—obeying the Gross-Pitaevskii equation [160, 161]:

K2
ihopy = =5~ + g[uf* ¢ (5.1)

The Gross-Pitaevskii equation (GPE) captures qualitatively important features of superfluid
behavior at low temperatures [162, 154], including the dynamics of vortices—lines where the
complex order parameter ¢ vanishes, and its phase winds around by a multiple of 27 (see
Fig. 5.1).

Interestingly, the Gross-Pitaevskii equation can be mapped to an Euler flow in the region
excluding vortices via the Madelung transformation [163, 164]: 1) = \/pexp(i¢/h)—rewriting
Eq. (5.1) in terms of the fluid density p = [¢|?, and velocity u = V¢ . The mapping between
superfluid flow and Euler flow makes it tempting to conclude that helicity is conserved
in superfluids just as in Euler flows. However, the expression for helicity in Euler flows:
HEuler = fd?’xu- w, w =V X uis not conserved in superfluid flows [56, 165, 166] since
the writhe (coiling) [167] of a vortex line can change with time, causing Hpyjer to change.

This is because superfluid flows differ from Euler flows in important ways. (i) Superfluids
have singular vorticity distributions—concentrated on lines of singular phase (see Fig. 5.1)—
and quantized circulation I' = 35 u - dl = 27n, unlike classical vortices which have smooth
vorticity distributions. (ii) Vortex lines in a superfluid can reconnect as demonstrated nu-
merically [168, 169], experimentally [170] and analytically (see Appendix). This is in contrast

to vortices in Euler flows which can never cross.
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Figure 5.1: A three-fold helical superfluid vortex and a section of its phase isosurface. The
volume occupied by the superfluid naturally separates into surfaces of constant phase (phase
isosurfaces). Shown here is such a phase isosurface clipped at a fixed distance from the
vortex.

The singular nature of superfluid vortices and the presence of vortex reconnections makes
it challenging to carry over the derivation of helicity conservation [9] in Euler flows, and sug-
gests that a fundamentally different approach is required to address the question of a “su-
perfluid helicity”. Previous approaches [165, 166, 171, 172] to seeking a conserved quantity
analogous to helicity in superfluid flows have focused on adapting the expression for classical
helicity Hpyler to superfluids. However, their connection to the basic notion of conservation
is unclear, since classical helicity Hpyjer is manifestly not conserved in superfluid flows [56].

We begin with the fundamental symmetry that gives rise to helicity conservation in Euler
flows via Noether’s theorem, and carry this over to superfluids. We find that there exists
a conserved quantity analogous to helicity in superfluids, and that it vanishes identically.
We find that the vanishing of “superfluid helicity” is a consequence of a geometric property
of phase isosurfaces which was first studied in the context of magnetic flux tubes [173].
Furthermore, we consider collections of superfluid vortices that approximate the structure of
a classical vortex, and ask whether in this “classical” limit, superfluids conserve the classical

helicity Hgyler- We find that the collective dynamics of superfluid vortex bundles are more
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akin to vortices in viscous flows than Euler flows.

5.2 Helicity—as a Noether charge

Helicity conservation in Euler flows [174, 175, 176, 177, 178, 179, 180, 181, 182] can be
traced back to the particle relabeling symmetry via Noether’s theorem. Particle relabeling
symmetry arises from an equivalence between the Lagrangian description of a flow in terms
of the positions x(a, 7) and velocities 0;x(a, 7) of fluid particles labeled by a at time 7, and
the Eulerian description of a flow in terms of the velocity u(x,t) and density p(x,t) at each

point in space. Specifically, the action for Euler flow is [176, 178, 181]:

Stntr = [ drd’a |5 Orx(a. 1)) = E(p) (5:2)

where 7 is time, d®a = pd3z is the mass of a fluid element, d;x(a, ) is the velocity, E(p(a))
is the internal energy of the fluid element labeled by a, and the co-ordinate frames (a,7)
and (x,t) are related as follows: 0r = 0y + u- V. Note that the Euler flow action in
Eq. (5.2) depends only on the flow velocity u = d:x(a, 7), and the density p : p~!(a) =
det (92'(a)/0a’).

Relabeling transformations are defined as changes of the particle labels: a! — a' =
a' + en', where ' obeys the conditions: (i) 9n'/0r = 0, and (ii) dn'/da’ = 0, and the
positions of the fluid particles remain unchanged under the relabeling transformation, i.e.
x(a,7) =x(a, 7).

Particle labels can be interpreted as the initial co-ordinates of the fluid particles, and
the relabeling transformation can be thought of as a smooth reshuffling (diffeomorphism)
of the fluid particles, resulting in a change of initial co-ordinates, i.e. particle labels. The
invariance of the action is a result of the fact that the dynamics of the fluid are independent

of any particular choice of particle labels, i.e. depend only on the fluid velocity and density.
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The conditions on the relabeling transformation 7' ensure that (i) the new particle labels
a are independent of time 7, keeping the velocity unchanged, and (ii) the volume element
d%a = da is unchanged, leaving the density p = det (8x/da)”! invariant. The conserved

charge associated with relabeling transformations [178, 177, 183, 176, 179] is

ol
QEuler = d3a Uj > ﬁj (5'3)
daJ

where u; = dx;/0T.

Kelvin’s circulation theorem emerges naturally from an invariance under relabeling: con-
servation of circulation I'¢c along the loop C: ' = §-u - dx(s) where the loop C' is trans-
ported by the flow, arises from the conserved charge Qp o €valuated for a relabeling trans-
formation 7/ which infinitesimally translates particle labels a along the loop C' [178, 183].
Specifically, the relabeling transformation given by 7/ = f(] a(s ds 5G3)(a — a(s)) dal (s)/Ds
gives via Eq. (5.3), the conserved charge: Qpuier = I'c = §ou - dx(s). Note that the con-
served circulation I'¢y is intimately tied to the Lagrangian description of the flow in terms of
fluid particle labels, since the loop C' is transported with the flow.

Helicity conservation also arises naturally as a consequence of the relabeling symmetry:
helicity is the conserved charge Qpyer in Eq. (5.3), evaluated for a relabeling transformation
n’ which infinitesimally translates the particle labels a along vortex lines. Specifically, such a
relabeling transformation: 7/ = €/ kl(@up /0 (82P /dal), is a symmetry of the action and the
corresponding conserved charge (Eq. (5.3)) is the classical helicity [178, 177, 183, 176, 179]:
Hiuler = J u-w d3z. Unlike circulation, helicity can be expressed purely in terms of Eulerian
variables, and does not require tracking the flow. This is because vortex lines in Euler flows
are transported by the fluid, and therefore vorticity automatically tracks the fluid elements
on vortex lines, acting as a proxy for the particle labels.

Thus the particle relabeling symmetry underlies both, helicity conservation and Kelvin’s

circulation theorem, in Euler flows. We note that helicity conservation can be thought of as
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a special case of Kelvin’s circulation theorem: as the conservation of the sum of circulations

along all the vortex lines in the fluid, weighted by the circulation around each vortex line.

Wr+Tw* =0 Lki; + Tw; =0
Writhe = Twist Link = Twist

Figure 5.2: Vortex lines C, and closed curves C’ obtained by offsetting vortex lines along a
phase isosurface for: (a) a writhing (coiling) vortex line C, (b) a pair of linked rings Cy , Cs.
Notice that the presence of either writhing or linking in vortex lines leads to the twisting
of the phase isosurface around the vortex lines. The circulation around a closed loop ~
encircling a vortex line is equal to the change in phase ¢ as the loop is traversed, so that the
circulation is quantized.

We seek conserved quantities analogous to helicity and circulation in superfluids, by
seeking analogs of the relabeling symmetry transformations. We begin by expressing the
action for the Gross-Pitaevskii superfluid in terms of the hydrodynamic variables p = |1/)|2,

and ¢ = harg:

2
i <M>2) (5.4)

1
Sgpe = — /dtpd?’il? <3t¢ + %(Vfﬁ)Q +2p

2m \/ﬁ

The last term in the above action: (V,/p/ \/E)Q—known as the “quantum pressure” term—is

negligible when the typical length scale of density variations is much larger [184, 185, 186]
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than the “healing length” ¢ = \/h?/(2m g pmax), and its primary effect is to regularize the
size of the vortex core [186, 187, 188, 185], and enable vortex reconnections [189]. We make
the Thomas-Fermi approximation [189, 159, 190, 191, 185] which neglects the “quantum
pressure” term and is thought to capture well, the dynamics of superfluid vortices [189, 191,
188, 192, 193]. Within this approximation, we seek to express the action for the Gross-
Pitaevskii superfluid (Eq. 5.4) in terms of the Lagrangian co-ordinates (a, 7), where a is the
particle label, and 7 is time. To this end, we rewrite V¢ as the fluid velocity u = 0x(a, 7) /0T,
and use the relation 0r = d¢+u-V to rewrite dr¢p as dr¢p —u- V. The superfluid action can
then be rewritten in terms of the positions of fluid particles x(a, 7) and the phase associated

with each fluid particle ¢(a, ) as:

Sape = [ drda B (0rx(a,7))? — E(p) — 0rd(a, )

= SEuler + Sphase (5'5)

where Sppase = [ drd3a (—0-é(a, 7)), Spuer i as defined in Eq. (5.2), E(p) = gp/2,
V¢ = u = 0rx(a,7), we have set m = 1, and the Lagrangian co-ordinates (a,7) sat-
isfy: pd3z = d3a, as for Euler flow. Note that the action Sgpe differs from the Euler action
given in Eq. (5.2) only by Sppase: an additional term associated with the phase ¢(a, 7). This
additional term associated with the phase ¢(a, 7), is intimately tied to the Galilean invari-
ance [194] of the action Sype and as we will see has key consequences for the conservation of
helicity.
Particle relabeling transformations of the form a* — @' = a’+en', %(a,7) = x(a,7), ¢(a,7) =

d(a,7), where dn' /0T = 0, O /0a’ = 0, leave the velocity, the phase, and the density un-

changed, and hence are symmetries of the action. Using Noether’s theorem, we find the
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corresponding conserved charge:

Qgpe = QEuler + Q hase
p

ozt o6\
= /d?’aui@n] +/d3a (—w> 7 (5.6)

— /d3a (Uz oz’ _ 99 %> n = (5.7)
da)  O0x' DaJ

where Opyler 1S the contribution from the Euler flow part of the action Sgyjer as defined
in BEq. (5.3), and Qppace = [ d3a (—0¢/ da’ ) 7/ is the contribution to the conserved charge
from the additional phase term in the action Sppage. Since the superfluid velocity u = V¢,
the contributions Qgyer and Qppase cancel exactly, and the conserved charge Qgpe vanishes
identically for all relabeling transformations 7/. Note that since the phase of the complex
order parameter ¢(a, 7) is absent from the description of classical flow, the classical conserved
charge Qpyjer is simply the superfluid conserved charge Qgpe in the absence of the phase
term: Qppage-

Since helicity and circulation emerge as conserved quantities in Euler flow from the
Noether charge Opyer evaluated for different relabeling transformations 7/, the conserved
quantities analogous to helicity and circulation in superfluid flow vanish identically. The
vanishing of the conserved quantity analogous to helicity is consistent with an alternative
approach based on helicity as a Casimir invariant [176, 178] (see Appendix for details). Fur-
thermore, the vanishing of the conserved quantity analogous to circulation is consistent with
the decay and collapse of a vortex ring, as observed experimentally [195, 196] and demon-
strated by analytical calculations for a low-density region of the superfluid (see Appendix

for details).
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5.3 Superfluid helicity—a geometric interpretation

We now examine how the vanishing of “superfluid helicity” is connected to the geometry
of vortex lines and phase isosurfaces in superfluids. We begin by considering the conserved
charge analogous to circulation in superfluids, given by Qgpe for a relabeling transformation
7 that translates particle labels along an arbitrary closed loop « encircling a vortex line (see
Fig. 5.2). Such a relabeling transformation is given by 7, = f,y ds53)(a — a(s)) da(s)/ds,

where a(s) € v, giving the vanishing conserved charge Qgpe:

Qgpe

= QEuler

+ Qphase
My Ny n

:j{u.dujf(_w)-:ﬂ:o
Y Y

In the above calculation, since the loop  pierces phase isosurfaces as it encircles a vortex
line, the circulation ¢ u-dlis canceled by the change in phase ¢ (—V¢)-dl. We note however
that by judiciously choosing the shape of the loop, it is possible to make the contribution
Qphase vanish identically. This can be accomplished by choosing a loop that lies entirely
on a phase isosurface as depicted in Fig. 5.2. The vanishing of Qgpe then acquires a simple
geometric interpretation.

We construct a curve CZ{ by offseting the vortex line C; along a phase isosurface by
a distance A as shown in Fig. 5.2, and consider the relabeling transformation given by:
n(A) = ﬁgle(A) ds53)(a — a/(s)) da’(s)/ds where Cl(A) : a(s) = a(s) + An(s), a(s) € C;,
n(s) is perpendicular to the vortex line, and tangent to the phase isosurface. The quantum
pressure term is negligible on the new closed curves C’Z( (A) as long as the distance A is large

compared to the healing length £. Since the closed curve Cz( lies on a phase isosurface, the
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Figure 5.3: A three-fold helical superfluid vortex bundle evolving as a coherent structure,
akin to a single vortex in the shape of a three-fold helix. (a) A three-fold helical superfluid
vortex bundle rotates as it evolves in time, just like (b) a single three-fold helical vortex. A
cross-section of the three-fold helical superfluid vortex bundle, shows a central vortex and
5 equally spaced vortices arranged around the central vortex at distance 6 (where ¢ is the
healing length). After a long time, the helical vortex bundle disintegrates (symbolized by
the grey dots) and loses its bundle-like structure.

conserved charge Qgpe in Eq. (5.6) simply becomes:

Qgpe

:]{ u-dl=0 (5.8)
n(d) Jeua)

Following [9], we use the fact that the compressible part of u does not contribute to the

loop integral in Eq. (5.8). It then follows from the Biot-Savart law that Qgpe is equal to the
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linking of the loop C’Z( with all the vortex lines in the superfluid:

X—X
n=n(A —Z4yr7{/ f|x X/|3 dxxdx)
= TjLy;
J

J#i

Qgpe

where L;; denotes the linking between the vortex line C'j, and we have used the Gauss
linking integral [197]. Thus, the conserved charge Qgpe vanishes since the linking between
the loop C’Z( and the vortex line C; is canceled by the linking between the loop C’Z( and all the
other vortex lines C;, j # i.

Furthermore, in the case that the loop CZ( is close enough to the vortex line C; such that
the section of the phase isosurface bounded by the two loops can be considered as a smooth

ribbon, we can use the Calugareanu-White-Fuller theorem [198, 199, 200, 167] to express

L;; as the sum of the writhe (Wr;) and the twist (Tw;) of the ribbon (see Fig. 5.2), giving:
> TjLij+ TiWr; + T Twf =0 (5.9)
JFi

This result was first studied in the context of helicity of framings of magnetic flux tubes [173],
and is a consequence of the fact that a phase isosurface is an orientable surface which has as its
boundary, all the vortex lines in the superfluid, i.e. it is a Seifert surface [201, 173, 202, 203]
for the vortex lines in the superfluid. Moreover, this relation between linking, and writhing
of vortex lines and the twisting of phase isosurfaces has been used in superfluid simulations
[56] to calculate the centerline helicity (linking and writhing of vortex lines), and in recent
efforts to heuristically define a superfluid helicity [166].

We have thus seen that the conserved charge associated with the particle relabeling
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Figure 5.4: A superfluid vortex bundle in the shape of a trefoil knot evolving as a coherent
structure, akin to a single trefoil knot vortex. (a) A trefoil knotted vortex bundle stretches,
and reconnects to form a smaller three-fold distorted ring bundle, and a larger three-fold
distorted ring bundle, which lose their bundle-like structure over time. A cross-section of
the initial trefoil knotted vortex bundle, shows 3 equally spaced vortices arranged at equally
spaced angles on the circumference of a disk of radius 5§ (where £ is the healing length).
(b) A trefoil knotted superfluid vortex stretches and reconnects to form a smaller three-fold
distorted ring, and a larger three-fold distorted ring, which undergoes further reconnections
to give a large distorted ring at long times.

symmetry, which is the origin of helicity and circulation conservation in Euler flows, vanishes
in superfluids because of a cancellation between the linking and writhing of vortex lines and
the twisting of phase isosurfaces. This raises the question of whether the conservation of
classical helicity Hpyler can be recovered in the “classical limit” of a collection of superfluid
vortex lines mimicking a classical distribution of vorticity. To this end, we begin by reviewing

the conservation of classical helicity Hyyep for a classical distribution of vorticity approached

as a limit of a collection of singular vortex lines.
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5.4 Classical helicity of singular vortex lines

While vorticity in superfluids is necessarily concentrated on lines of singular phase, vorticity
in classical fluids can be continuously distributed, and indeed has to be, to avoid a physical
singularity in the flow. Nonetheless, following Moffatt [9] and Berger [204], such a distri-
bution can be approached from an infinite collection of intertwining singular vortex lines.
For such a collection of vortex lines, the classical helicity Hgyler = [ u - w d3z becomes the

centerline helicity H. [56]:

He=Y > DLy + > TiW (5.10)
i] i
where I'; is the circulation around the ith vortex line, Wr; is the writhe of the ith vortex line,
and L;; is the linking between the ith and jth vortex lines.
A smooth vorticity distribution is approached as the number of singular vortex lines N
comprising the bundle is made larger while decreasing the circulation around each individual
vortex line I'; = T4/, while keeping the total circulation fixed. In this limit, the

centerline helicity H, is:

: — L 2\
J\flgnooHc_J\flgnoozgrlrjﬁm"’;Fiwrz
[fotal Dol
_ : ota. . ota. .
B ngnoozg N2 ‘CZJ+Z N2 Vi

7

The contribution from the writhing (3 Wr; /N?) term scales as O(1/N), and thus becomes
irrelevant in the limit N — oo, leaving only a term proportional to the linking number
L;;. In the case of nontrivial linking between vortex lines, the centerline helicity becomes a
measure of their average linking H. = F*%ot a1(Lij), which is conserved since vortex lines can

not cross in Euler flows. For a thin-core vortex tube, this internal linking can be expressed
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Figure 5.5: Right-handed helical vortex bundles at different stages of evolution (top row),
with the corresponding points in the graph indicated by colored circles (bundle-like structure
preserved), and grey circles (bundles disintegrate). The rescaled helicity h (middle row) for
superfluid vortex bundles constructed with varying degrees of twist, i.e. having different
initial helicity, trends towards their initial average writhe (horizontal grey band) as long
as the bundle-like structure is preserved, before eventually decaying towards zero (as indi-
cated by the grey dotted lines) for (a) 2-fold helical vortex bundles, (b) 3-fold helical vortex
bundles, and (c) 4-fold helical vortex bundles. For each helical vortex bundle configuration
corresponding to a given initial rescaled helicity h(0), multiple simulations are performed
with random Gaussian noise (r.m.s is 2% of the r.m.s. radius) added to the initial bundle.
The mean rescaled helicity is indicated by the solid lines, and the width of the shaded band
around the solid line indicates the standard deviation (20). The bottom row shows the
ratio of the number of vortex filaments at time ' to the initial number of vortex filaments:
N(#')/N(0). After the vortex bundle disintegrates, its rescaled helicity is shown by a grey
dotted line. The time at which a vortex bundle disintegrates is measured as the earliest time
at which the number of vortex filaments N (') exceeds the initial number of vortex filaments
N(0) by more than 50%.

as the sum of the writhe of the tube, and the twist of the vortex lines in the tube [204, 205].
Note that if the distribution of vorticity was concentrated on a singular vortex line, such
a limit would not apply and the classical helicity itself would not be conserved since the

writhe of a vortex line can change. Hence, only for smooth vorticity distributions, i.e. in the

52



—_
AN)
R
@
—
O
=
@
—_
O
—
@

= 2 .0 =, E
= ’ = = &fw
: : >
=] - @] =~ o
v - = = —
QL o QU o g [
L i -
o o g
q.] -1 qj =1 2 -1
© © o
U 9] tr
0 -2 0 -2 QO -2
Q ] =
| = | .
% 0 = w0 4 s e S w0 e a0 4 s s 10 % 10 2 a0 4 so e 7
] \ - ) \ . ] \ -
time, t' = tx &L time, t' =t x &L time, t' =t x &L
L ~ L
6f 6
5 ° 5
— —~ —
o = =)
= = a4 =
Z . -3 Z s
~— - 3 ~—
— 2 —, ~—~ 2
P | . T
= =z z
0 ] 1]
o 1w 2 30 4 5 60 7 o 1 @2 3 4 s 8 70 o 1 2 30 4 S0 e 70

Figure 5.6: Left-handed helical vortex bundles with positive initial writhe display helicity
dynamics similiar to the right-handed helical vortex bundles shown in Fig. 5.5. The rescaled
helicity h for superfluid vortex bundles constructed with varying degrees of twist, i.e. having
different initial helicity, trends towards their initial average writhe (horizontal grey band)
as long as the bundle-like structure is preserved, before eventually decaying towards zero
(as indicated by the grey dotted lines) for (a) 2-fold helical vortex bundles, (b) 3-fold he-
lical vortex bundles, and (c) 4-fold helical vortex bundles. For each helical vortex bundle
configuration corresponding to a given initial rescaled helicity h(0), multiple simulations are
performed with random Gaussian noise (r.m.s is 2% of the r.m.s. radius) added to the initial
bundle. The mean rescaled helicity is indicated by the solid lines, and the width of the
shaded band around the solid line indicates the standard deviation (20). After the vortex
bundle disintegrates, its rescaled helicity is shown by a grey dotted line. The bottom row
shows the ratio of the number of vortex filaments at time ¢’ to the initial number of vortex
filaments: N(#')/N(0). The time at which a vortex bundle disintegrates is measured as the
earliest time at which the number of vortex filaments N (') exceeds the initial number of
vortex filaments N(0) by more than 50%.

limit (N — o0) of a bundle of a large number of singular vortex lines, is the conservation of
classical helicity Hyyjer guaranteed.
Inspired by this, we numerically study whether a similar “classical” limit in superfluid

flow, i.e. many singular vortex lines approximating a smooth distribution of vorticity, recov-

ers the conservation of classical helicity Hgylep-
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Figure 5.7: (a)The ratio of the rescaled helicity h(T") to the initial rescaled helicity h(0)
approaches the ratio of the average initial writhe (Wr(0)) to the initial rescaled helicity for
a variety of helical vortex bundles in the shape of 2.3, and 4-fold helices with N = 5 and
N = 6 vortex filaments. Here T is the time at which the vortex bundle disintegrates, i.e.
the earliest time at which the number filaments N (#') exceeds the initial number of filaments
N(0) by more than 50%. To divide by the initial helicity h(0), we only consider vortex
bundles whose initial helicity satisfies: |h(0)] > 0.25. Vortex bundles with lower absolute
values of initial helicity |h(0)| < 0.25 also display similar behavior with A(T") — (Wr(0)) as
shown in (b). (b) The rescaled helicity h(T) trends towards the average initial writhe (Wr(0))
for a variety of helical vortex bundles in the shape of 2,3, and 4-fold helices with N = 5 and
N = 6 vortex filaments. Here T is the time at which the vortex bundle disintegrates, i.e.
the earliest time at which the number filaments N (') exceeds the initial number of filaments
N(0) by more than 50%. The large spread in values of h(T") comes from vortex bundles
whose initial rescaled helicity h(0) is far from their average initial writhe (Wr(0)), and is
removed on rescaling both the axes by h(0), as shown in (a). The final rescaled helicity h(T")
trends towards the average initial writhe as shown in Fig.s 5.5,5.6, but such vortex bundles
often disintegrate before the final rescaled helicity h(7") becomes equal to the average initial
writhe (Wr(0)), giving rise to the large observed spread in h(T').

5.5 Superfluid helicity—a “classical limit”

To study superfluid vortex bundles which approximate the structure of a classical vortex

tube, we consider bundles of vortex lines—like the one shown in Fig. 5.3(a). Our bundles
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consist of a central vortex, and a collection of neighboring vortices at equal distance from
the central vortex, that wind around it. We construct vortex bundles with N =5 and N =6
vortex lines, with an initial inter-vortex spacing of d ~ 6§ (see Fig. 5.3) and an overall r.m.s.
radius of the vortex bundle given by 7 ~ 50£, where £ is the healing length. Each vortex line
in the bundle has circulation I' = 27, making the total circulation N I' and Gaussian noise
(2% of r.m.s. radius 7) is added to each vortex line in the transverse direction.

From these vortex bundle configurations, we construct the initial complex order param-
eter ¢ using the methods outlined in [169, 56, 66]. To study the dynamics of superfluid
vortex bundles, we solve the Gross-Pitaevskii equation (Eq. (5.1)) for the evolution of the
complex order parameter v using a split-step method. We use grids of volume 2563 with
a grid spacing of 1¢, and volume 5123 with a grid spacing of 0.5¢ and obtain identical re-
sults. The superfluid vortex bundles evolve coherently (see Fig.s 5.3,5.4), with dynamics
that closely resemble single vortex loops in superfluids and vortices in classical fluids. As
they evolve coherently, they undergo a large number of vortex reconnections while preserv-
ing their bundle-like structure, eventually becoming unstable and disintegrating into a large
number of smaller vortex loops as shown in the Supplementary movies of [61]. We restrict
our attention to vortex bundles which preserve their bundle-like structure for a considerable
amount of time, traveling over a distance of 67 or greater.

We simulate the evolution of vortex bundles in the shape of trefoil knots and helices, and
find that in all cases vortex bundles behave much like their classical vortex tube counter-
parts [44, 56]. Helical vortex bundles propagate coherently without a significant change in
shape (see Fig. 5.3), while knotted vortex bundles stretch and reconnect (see Fig. 5.4), into
disconnected loop bundles.

To investigate whether these superfluid vortex bundles recover the notion of classical
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helicity conservation, we measure their rescaled centerline helicity [56]:

h = Hc/(N F)2
=h=> Y L;j/N*+) Wr;/N? (5.11)
1#] )

where H, is defined as in Eq. (5.10). The rescaled helicity h measures the linking between
the vortex lines forming the bundle, and the writhe (coiling) of each vortex line.

We study the evolution of rescaled centerline helicity h of vortex bundles until the vortex
bundle disintegrates. We measure the time 7' at which a vortex bundle disintegrates, by
measuring the earliest time at which the number of vortex filaments N in the superfluid
exceeds the initial number of vortex filaments in the vortex bundle Ny by 50% (see Fig. 5.5.
To study the long time behavior of the rescaled centerline helicity h of vortex bundles, we
focus our attention on vortex bundles which evolve coherently over distances of 67 or greater
without disintegrating. We study the evolution of helical vortex bundles organized around
a central vortex in the shape of a toroidal helix, winding in the poloidal direction 2, 3, or 4
times around tori of aspect ratios 0.35, 0.25 or 0.2, as it winds around once in the toroidal
direction.

For a smooth thin-cored vortex bundle, as discussed earlier in the context of Euler flows,
there are two geometrically distinct contributions to the rescaled helicity h: (i) the writhe
(coiling) of the centerline of the vortex bundle which naturally induces a winding of the
neighboring vortex lines around the central vortex much like a geometric phase [206, 207], and
(ii) the twisting of the neighboring vortex lines around the central vortex which corresponds
to an additional locally detectable winding.

Unlike in Euler flows, where the rescaled centerline helicity h of a bundle of singular vortex
lines would emerge as a conserved quantity in the limit of a large number of vortex lines IV,

the rescaled centerline helicity h of superfluid vortex bundles appears to change with time.
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As shown in Fig. 5.5, the rescaled helicity h of vortex bundles with different amounts of twist
trends towards a common value as long as the vortex bundle preserves its bundle-like shape,
before eventually trending towards 0 as the vortex bundle disintegrates. As demonstrated
by Fig.s 5.5, and 5.7, this common value of the rescaled helicity h is well-predicted by the
average initial writhe (Wr(0)) = >, Wr(0)/N of the vortex bundle (indicated by the grey
horizontal band in Fig. 5.5), suggesting the simple rule that twist is dissipated. Since twist
can be positive or negative, the dissipation of twist can lead to an increase or a decrease in
the value of helicity.

The untwisting of superfluid vortex bundles in our simulations has a striking resemblance
to the dissipation of twist that has been experimentally observed in vortices in viscous flows
[206]. It is surprising that the numerous and complex reconnections of vortex lines in super-
fluid vortex bundles can be simply understood as the dissipation of twist. This points to a
“classical limit” in which classical behavior is recovered from quantized vortex filaments geo-
metrically by replacing single vortex filaments with vortex bundles. Owing to reconnections
however, the classical behavior that is recovered is not that of Euler flows, but that of the
Navier-Stokes equations in which viscosity acts to dissipate twist. Our work adds a geomet-

ric lens to previous work [208] on the dissipative effects of vortex reconnections in superfluids.

5.6 Conclusion

We have addressed the question of “superfluid helicity” by generalizing the relabeling sym-
metry used to study helicity in Euler flows to superfluids. We find conserved quantities
analogous to circulation and helicity in superfluids, however they vanish identically owing
to the appearance of an additional term that comes from the phase of the superfluid order
parameter, not present in Euler flows. We find a geometric interpretation for the vanishing

of “superfluid helicity” in terms of a relation between the linking and writhing of vortex
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lines, and the twisting of phase isosurfaces near vortex lines.

By replacing superfluid vortices with superfluid vortex bundles, we find that a classical
notion of helicity can be recovered, whose dynamics are akin to that of classical helicity in a
viscous fluid, providing further evidence for the notion that the classical limit of superfluids
is attained in the limit of a large number of vortex lines [208].

The geometric origin of our results point to further implications for systems with phase

defects akin to vortices in superfluids, from liquid crystals [209] to cosmic strings [171, 172].
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CHAPTER 6
SUMMARY & DISCUSSION

Finally, we summarize what we have learned and list some speculative questions for future
research.

In chapter 2, we presented a method for analytically constructing arbitrarily knotted
fields, which can be smoothly confined to a knotted tube, and showed how their helicity
could be tuned. In chapter 3, we found an infinite family of persistently knotted solutions
to Maxwell’s equations in vacuum, showing that a linear theory can preserve knots with
time. In chapter 4, we found the sufficient initial conditions under which Maxwell’s equa-
tions preserve knots encoded in the lines of the electric and magnetic fields, giving a design
rule for constructing persistently knotted solutions to Maxwell’s equations. In chapter 5, we
analytically addressed the question of a “superfluid helicity” by defining the particle rela-
beling symmetry in superfluids, and found that a conserved quantity analogous to helicity
exists in superfluids, but vanishes identically owing to the intrinsic geometry of complex
scalar fields. Furthermore, we used numerical simulations to demonstrate that bundles of
superfluid vortices recover a “classical limit”, but evolve akin to classical vortices in viscous
flows.

Some speculative questions:
e What can we learn about fluid flows via their connections with Maxwell’s equations?
e Can conserved quantities analogous to helicity exist in other complex flows?

e What can we learn about viscous flows from simulations of superfluid vortex bundles?
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APPENDIX A
A RECIPE FOR CONSTRUCTING KNOTTED FIELDS

Since the lines of the knotted field B are organized around a core set of lines correspond-
ing to the zeros of the polynomials P(u,u*,v,v*), Q(u,u*,v,v*), different choices of these
polynomials lead to different knotted fields. We briefly describe here the known complex
polynomials Q(u, u*, v, v*), which encode in @) = 0, a variety of knots and links, all of which

in fact are in the family of lemniscate knots or their generalizations [108].

1. Torus knots and links. The entire family of (p, ¢)-torus knots and links is encoded in

the zeros of Q(u,v) = u? + P [101, 100].

2. Lemmniscate knots. This family, described in [108] is a wide family of fibred knots and
links which includes both the torus knots, the figure-8 knot and many others. They are
defined in terms of their braid representation, which must be equivalent to an s-strand
braid where each strand executes the same (1, 1) Lissajous figure in the horizontal plane
perpendicular to the height h of the braid; the basic permutation of the strands around
the figure is repeated r times. Lemniscate knots are therefore determined by three
positive integers (s,[,r); the (s,r) torus knot has [ = 1. With the Lissajous figure
(generalised lemniscate) given by (acos(h),bl~!sin(lh)), the lemniscate knot /link is
the nodal set of the complex polynomial Q(v,u,u*) where, with appropriate choice of

real numbers a, b,

Q(v,u, u* H ( @ ( irt/s 27sz/3+€ zrt/s 27rij/s)

2

o~

. ﬁ < zrlt/s 2migl/s irlt/se—27m'jl/s> )
)

where, after multiplying out, the replacements el — u e 5yt (the coefficients

of all fractional powers of u, u* vanish due to the various roots of unity 27/ 5). An
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advantage of this construction is that @ is independent of v* (holomorphic in v), which
guarantees that the helicity of the resulting vector field is an integer multiple of s, the
braid index of the lemniscate knot. In [108] it is proved that, for sufficiently small
a and b, the nodal set of this () indeed is the desired lemniscate knot. With [ = 2,
and s = 3, a = b = 1 suffice, the lemniscate polynomial multiplies out: Q(u,u*,v) =
6403 —120(342u" —2u*") — (140" +14u*" +u2" —u*?"), and r = 2 gives the figure-8 knot,
r = 3 the borromean rings and r = 4 the Turk’s head knot [38]. Explicit polynomials
for many other lemniscate knots are given in [108]. Alternative polynomials are given

for the figure-8 knot and its higher-r generalizations in [102, 118].

. Cable knots. All cable knots C%f%f—(mg,ng)-torus knots cabled on a torus in the
neighbourhood of a (mp,ny)-torus knot, where (mqy,nq1) and (mg,n9) are coprime
positive integers, and 1 < mq/n; < mg/(ning)—are encoded in the following complex
equation: v — umi/n — nqu/ (min2) — 0, where 7 is a non-zero complex number.
This can also be realised from a braid construction [108]. The above equation can be
transformed into a complex polynomial with positive integer powers on a case-by-case
basis as outlined in [109]. For instance the C’;’S—cable knot is encoded in the zeros of
the complex polynomial Q(u,v) = vt — 20302 — 20 v+ ub + %Iug, and the C’;’g—cable

knot is encoded in the complex polynomial Q(u,v) = vt — 2wl v? — 2iud v+ ub + Zliu7.

. Links. Many links arise from appropriate choice of integers as torus links, lemnis-
cate links or cabled links. More generally, the product of any set of polynomials
Qj(u,u*,v,v*) with non-intersecting nodal sets K;, j = 1,...,k, clearly has as its
overall nodal set the link U?:l ICj. This has a huge amount of freedom, since it is
straightforward to transform each @; so KC; is rescaled, translated or rotated, giving rise
to a range of linking topologies. As an example, the knotted field based on the linked
pair of trefoil knots shown in Fig. (2.1) is realised from Q(u,v) = Q1(u,v)Q2(u,v)

where each of the trefoil factors Qq, Qo starts from the polynomial u® + v2, then Qq
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is rotated about the z-axis by 97 /24 and translated by Az = —0.8, Ay = —1.55, while
@5 is rotated about the z-axis by 7/24, followed by a rotation about the y-axis by

/24, and a translation by Az = 0.9, Ay = 1.55.

The next step is a choice of a complex polynomial P(u,u*,v,v*) such that the line P =
0 is linked with the chosen knot ) = 0, and does not intersect it. Different choices of
P(u,u*,v,v"), change the helicity of the knotted field B while keeping the knotted structure

encoded in its lines unchanged, as shown in Fig. 2.4.
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APPENDIX B
NULL MAXWELL FIELDS USING SPINORS

We now describe in more detail, the space of null Maxwell fields and their correspondence
with null geodesic shear-free congruences (null GSF congruences), expressing them in the
equivalent language of spinors.

A null GSF congruence is a family of null geodesics, described by a null vector field &,
which satisfies the geodesic and the shear-free conditions [210]. In flat space-time, these

conditions are given by:

Affine geodesic condition: £#9,£Y =0 (B.1)

2
Shear-free condition: %8(1/ §M)8l’£“ — (%@L 5“) =0 (B.2)

Whel"e, a(y élu) - %(ayglu + a/j‘él/)
By Robinson’s theorem [130], there is a shear-free family of light rays (a null GSF congru-

ence) underlying each null electromagnetic field. In flat space-time, the null GSF congruence

ExB )

&M corresponding to a null electromagnetic field is explicitly given by (1, [ExB]|

The correspondence between a null GSF congruence and a null electromagnetic field is not
one-to-one, instead a null GSF congruence corresponds to a family of null electromagnetic
fields. All null electromagnetic fields can be grouped into such families of null fields, with
all null fields in a family corresponding to a common underlying null GSF congruence. In
Bateman’s formalism, a particular choice of (a, 3) determines a null GSF congruence, and
the corresponding family of null fields is given by F = h(a, 8) Va x V3, where h is an
arbitrary holomorphic function.

This is made manifest when the above null field and its associated null GSF congruence
are expressed in the equivalent language of spinors [211]. In this formalism, a null congruence

&M is constructed from a spinor field €4, and a null electromagnetic field F*¥ is constructed
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from a symmetric spinor ® 4p as:
AA & AA" vBB' T
=gl Eq g PN = gh T g (Pap e +eap Parpr)

where {® 4/ 57, €4/} denote the complex conjugates of {® 45,4}, and e4g = € 4/ is the 2x 2
symplectic matrix, g“AA/ = (I, =0y, 04, —02)/ V2 are the Infeld-van der Waerden symbols
211, 212], 0; being the Pauli matrices.

A number of expressions simplify in this language: Maxwell’s equations become:
AA

and the null condition is: ® 4 B(IDAB = 0. Finally, the geodesic and the shear-free conditions
for €" can be combined, and simplify to: &4 ¢ g“BBlaﬂgA =0.

A null GSF congruence & 4 then gives rise to a null electromagnetic field ® yp = k&4 &R
where the complex scalar k is chosen to satisfy Maxwell’s equations. It is easily verified that
® 4 p satisfies the null condition.

The Bateman field F = Va x V3 corresponds to ® g4p = k{4 {p with:

: : Ow@ Og 3 — Opa Oy B
S — ——  §y = - _
O 0z B — 0.a0p Op @0, B — 0,005

(B.3)

K

if Opa 0, B — 0,a 0 B # 0, otherwise

where w = x + iy, and {@, 3, w} denote the complex conjugates of {c, 5, w}.
The entire family of null fields given by F = h(«, 8) Va x V3, thus corresponds to £4 as

given above with s rescaled by h, the complex conjugate of h.
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We now give the spinor equivalents of the examples given earlier: a circularly polarized
plane wave traveling in the +z-direction and the Hopfion solution: fiw = (0,—1), kPV =
—e~i(z=1) and

&P = (<b,a), kP =d73 (B.4)

where & 4, s differ from those computed using Eq. (B.3) (with & rescaled by h) by factors that
leave the product ® 4p = k&4 Ep unchanged; {a,b,d} are complex conjugates of {a,b,d}.
The null GSF congruence underlying the Hopfion solution: 5]2110, is referred to in the literature
as the Robinson congruence.

We now express the knotted Maxwell fields presented in Chapter 3 in the language
of spinors, showing that the common underlying null GSF congruence for our new family
of knotted Maxwell fields is the Robinson congruence. In the spinor formalism the fields
described by F = VaP x V1 arise from the same spinor as in (B.4) but different scaling
factors k:

E4=(=ba), kn=dpgal~! g1=1q=3 (B.5)

where £ 4, k have again been simplified leaving the product ® 4 p = k€ 4&p unchanged. Thus,
the entire family of knotted solutions is constructed by simply changing the scaling factor

k, with the Robinson congruence as the underlying null GSF congruence.
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APPENDIX C
FLOW OF NULL ELECTROMAGNETIC FIELDS

C.1 Null electromagnetic fields and Euler flows

We begin by considering a null electromagnetic field, i.e. an electromagnetic field satisfying
E-B=0,E-E =B"B (in units where ¢ = 1), and give proofs for the equations stated in
Table 4.1.

1. oW +V - (WV) =0, where Wz%(EQ—I—B?) and V= (E x B) /IV.

The above follows from energy conservation for an electromagnetic field in vacuum,

and holds for any electromagnetic field [213].

2. % V+(V-V)V=0

Momentum conservation for an electromagnetic field in vacuum gives [213]:

Ot (WV,)—i-ﬁj (W(SZJ—EZE]—HzHJ) =0 (Cl)

For null electromagnetic fields, the following special property holds (W 0ij — B By — Hi H j) =

WV; Vj. Substituting in Eq. (C.1), and using energy conservation, we get
Vi +V;0; Vi =0 (C.2)

as required.

3. 0 (B/W) = [E/W, V], & (B/W) = [B/W, V]

For null electromagnetic fields, V x E =B, V x B = —E. Substituting, we find that

OHE =V x (V xE), B =V x (V x B) follows trivially from Maxwell’s equations.
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Using the definition of the Lie Bracket [A, B] = (A-V)B — (B-V) A, and energy

conservation of electromagnetic fields, the above relation follows.

We note that the above statements and proofs do not assume that the null conditions are
satisfied for all times, and hold true on a time slice if the null conditions are satisfied on a
time-slice.

We now show the conservation of electric helicity He = [ 432 C-E, VxC = E, magnetic
helicity Hpm = [d3z A-B, Vx A = B, and Poynting helicity Ho = [d32V-Q, VxV = Q.
Since the electric E, magnetic B and the Poynting vorticity €2 fields all obey an equation of
type 0;Y = V x (V xY), we will show how such an equation implies the conservation of
the helicity of a vector field Y, i.e. Hy = [ d32Z Y,V xZ =7, and the conservation of
He, Hm , Hq follow automatically.

The evolution of Hy is given by:
Oty = /dSIGtZ-YJr/deZ-atY
The evolution of Y implies an evolution equation for Z:

H(VXZ)=Vx(VxY)
VX (hZ)=V x (VxY)

WZ =V xY+Vf | (for some scalar function f)
Substituting for the evolution of Z in the evolution of Hy, we get:

atHy:/d?’x (V><Y+Vf)-Y+/d3xZ-V><(V><Y)
:/d?’a: (VXY) Y+Vf-Y+V- (VXY)XxZ)+(VXxZ)- (VxY)

:/d3xV-[(fY)+((V><Y)xZ)]:O
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C.2 Shear-free transport, Nullness and Maxwell’s equations

The proof proceeds by showing that the null and shear-free conditions on the initial time slice
are transported along the Poynting field. Using nullness, we then show that the divergence-
less property is also transported. Finally using these, we show that E, B satisfy Maxwell’s
equations in free space. By the uniqueness theorems, evolution of the initial electromagnetic
field by Maxwell’s equations with the given initial conditions should also give null solutions.
Thus the shear-free condition is the required initial condition for an initial null electromag-
netic field to stay null. The question of whether evolution by Maxwell’s equations under the
same initial conditions preserves nullness remains open.

Detailed proofs leading up to Eq. (4.4) are given below.

Lemma C.2.1. Consider the initial-value problem:
HV+(V-V) V=0, V_g=Vj (C.3)

There ezists a unique C°° solution V(r,t) in a space-time region U, defined as U :=

{(t,r) eRY 0 <t <y(r), ¥ € CPRY}, if Vo(r) € CF(R3).

Proof. The equation (C.3) is simply the geodesic transport of the initial vector field 9t 4+ V.
Consider points (0,xg) lying in the neighborhood Ny of a point (0,xg) in the hyperplane
{t = 0}. The geodesics in R* with initial point (0,x1) € Ny in the direction (1, V(x1)) are
straight lines (5):

t(A) = A

(S): , X1 €Ny
x(A) = x1+AVo(x1)

The solutions to eq.(C.3) for (0,x¢) € Ny are smooth in time ¢ € (0,7) provided that the
straight lines (S) do not intersect for any x; € Ny and A € (0,7).

To estimate the time of existence, we consider the intersection of two straight lines with
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initial points (0,x1) € Ny and (0,x2) € Ny, i.e.

x1 + AV (x1) = x9+ AV(x2)
A =T

|x1 — X2

== [Vo(x1) — Vo(x2)]

It follows that if V(x) is locally Lipschitz continuous at x, there exists a constant C'y,,,

which depends on the neighborhood Ny of xg, s.t.

['Vo(x1) = Vo(xo)| < Cnplx1 —x0

for any x1 € Ny

1
=T>—
Cy

Hence, on the neighborhood Ny, there exists a unique C* solution to eq.(C.3) for time
t € (0, CLNO) Considering a locally finite covering of R? by open sets Nj, centred at points
x;, we get local time existence for ¢ € (0, CLNZ) for each set V;, provided Vj(x) is locally
Lipschitz continuous at each point of R3. One can then easily define a space-time region
U= {(t,x) € RY:0<t< ¥(x)} such that ¢ € C>®(R3), there exists a C°°, and unique,
solution to eq.(C.3) in the set U.

Notice that the constants Cy, do not need to be uniform in ¢, and hence the region U

may be narrower and narrower to the problem:

Vi+(V-V)V = 0

inaset UcCR3xRT. O

Theorem C.2.2. Let E(r,t),B(r,t), V(r,t) be smooth solutions in R3 x R to the initial-
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value problem :

with the following initial conditions:

V-Eg=V:-Byg=0 (C.6)

Ey-Bo=Eg-Eg—Bg-Byg=0 (C.7)

Then the fields E := pE, B := pB, p := —L  are null solutions to Mazwell’s equa-
fi P pB.p %<E2+B2) q

tions with the initial conditions: Eir—g = Eq, By—g = Bg where p satisfies the continuity
equation: Orp + V - (pV) = 0, with the initial condition p—g = pg, V = % Moreover,
p= % (E2 + B2).

The converse also holds true, i.e. if E,B are null solutions to Maxwell’s equations with
E;—o = Eo, Bi—o = By, then the fields E = %,B = %,V = % satisfy Eq. (C.4) with
the initial conditions given by Eq. (C.5) and the conditions given by Fq.s (C.6),(C.7),(C.8).
Proof. To prove the first part of the theorem, we need to prove that if the initial nor-
malized Poynting field V) is shear-free, i.e. satisfies Eq. (C.8), then E,B generated by
solving Eq.s (C.4) with initial conditions in Eq.s (C.5),(C.6),(C.7),(C.8) are null solutions
to Maxwell’s equations.

Given fields Eg(r), By(r) at time ¢ = 0, we define a tetrad (ko*,ng", mky, mo*):

1 1

ko = — (1, Vp) , not' =

5 —2 (1,—Vy) (C.9)



Solving Egs. (C.4) is akin to defining the tetrad (k*,n# m* mt) for all space-time by

parallel transport of k,n and Lie transport of m:

with the initial conditions: (k*,n*,m*, mH),_o = (ko*, no", m’é‘ ,mo) and defining the fields

(E/p,B/p, V) by this tetrad as:

1 1

B = 5 (1Y)t = = (1Y) (C.12)
_ 1 (,E+B\ _, 1/ E-iB
OB 05D e

We now show that the fields E, B are null solutions to Maxwell’s equations, related to V
and p by: V. = E x B/p, and p = %(E -E + B - B), if the initial conditions given by
Eq.s (C.6),(C.7),(C.8) are satisfied.

The sequence of steps followed in the proof is as follows. We begin by showing that the
null and shear-free conditions on the initial time slice, i.e. Eq.s (C.7)(C.8), are transported
along k*. Using nullness, we then show that the divergence-free condition in Eq. (C.6) is
also transported by k*. Finally using these, we show that E, B satisfy Maxwell’s equations
in free space.

We will use the following notation:

D D

kto, = —; mto, = C.14
B Dy’ e ou Drp, ( )
In this notation, eq. (C.11) can be rewritten as:
D D D D
— k' =0, —n"=0 F= kH C.15
Dry, ’ Drkn ’ Drkm Dry, ( )
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The commutation relation of the vector fields k¥, m* above can also be expressed as:

D D D D
= (C.16)
Dry Dry,  Dry, Dry

Note that eq. (C.15) for the evolution of k#, n# along with the initial condition eq. (C.9)

implies that k¥, n* can be written as in eq. (C.12): k* = \/Li (L,V), nt = \% (1,-V).

Also, the tetrad when transported along k*, remains a tetrad, i.e.

D
—{k-k,k-n,k-m,n-n,n-m}=0 (C.17)
Drk
as a consequence of eq. (C.11). From the null initial conditions it follows that:
Kk, = E'my, = nf'ny =ntmy, =0, kFny, =1 (C.18)

In conjunction with eq. (C.12), k-k=0=V . -V =1. Alsok-m=0=V x E x B.

This along with the initial condition eq. (C.9), and V -V = 1 implies:

ExB
Rk (C.19)
|E x B|
We define p by the equation: m#m, = —1/p consistent with p = %(E -E+ B - B).

To see how nullness (condition (i)) changes along the rays k*,

D
Drp,

D D
(m“mu) = QmMD—mM = 2mH ky = 2m# k.

Drk "L

Dry,

(C.20)

where ¢ = m#'m” 0y k;, = m“%ku.
When the tetrad (k,n,m,m) is null, ¢ = o/p where |o| is the shear of the congruence
kH. The shear-free initial condition implies d;—g = 0 . To see how & changes along the rays
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ki

D D D D D D D
o= (m“ ku) = —mH k, +mH ( k )

Dry, Dry, Dry, Dry ~ Drpy ¥ Drj, \Dry,
D D D D
=—mt k H —k ' . C.16
Drkm Dry, ptm Drm (Drk ”) (using eq )
D D D D
= —mh ky, = kH k;  (using eq. C.15) (C.21)

Dry. Drpy, H Dry, Drpg,

Calculating the second derivative,

D2 D D D
Dry Drp \Drym Drg

D D D D D D
= — kH kyu + EH ky,
Dry \ Drm Dry, Dry Drg \Drm
D D D D D D
= — kM kyu + kH ky,
Drpy \ Dry Dry, Dry Drp \Drg

(using eq. C.16)

=0 (usingeq. C.15)
DTL
nomE=0 Yn22neN (C.22)
k

Thus Eq.s (C.15),(C.16) which are equivalent to Eq. (C.4) ensure that the 2"¢ and higher

order derivatives of & vanish. The first derivative of & evaluated in eq. (C.21) can be rewritten

as follows:

D D D D D
g = EH k, = Kt Y —k C.23
D’rka Dry, Drpy * Dry, " Dr,, Y ( )

Since mo#mg,, = 0, (ko, ng, Mo, mp) form a null tetrad and (5Z)t can be rewritten as:

=0
(90) 4o = kouno” +nouko” — po (mo,mo” + moymo") (C.24)

The above equation can be verified by contracting with the basis vectors (kg, ng, mg, mg)-
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Substituting (C.24) in the (C.23) above, we get,

D D
— = k“) (k ng” + ng, ko” — mo, mo” +m m”)
(DT’k )t:() (DTm o 0p’0 00 /00( 0p’0 0p't0 )

D
(Drm ky) t=0

D D
= EH <kuny + nuk” — p (mum"” +mym") ) ky
Dry, Dry, 0

Dry, Drpy,

D D D D
= — k| kH EF ) mY k
po( (m Dry, V) mMDrm + (mMDrm ) m Drpm, V) 0

D D
= —P0 (6mMD—l€M+5—mV k )
t=0

14
m Dry,

— ( D k' (—p (mym” + mym")) D k:,/) (using eq. C.18)
t=0

- _ D
= —201— (pmuwkﬂ)
m t=0

=0 (C.25)

D" D" _
D_TZ (mtmy,) ‘t:O =0, D_r};,‘a — 0 Vn>1,neN (C.26)

The above result along with the initial conditions: (m“mu) i—o = 0, and 64— = 0, implies
that the null and shear-free conditions are transported along k*, and hold true for all space-
time:

mt'm, =0,5 =0 (C.27)

Thus, the geodetic null congruence k* given by the normalized Poynting field V is shear-
free and the fields E, B defined by eq.s (C.13),(C.12) are null. Thus |E x B| = p and

eq. (C.19) can be rewritten as:

(C.28)
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Since mtm,, = 0, (k,n,m, m) form a null tetrad and 5;1 can be rewritten as:
0y = kyn” +nyuk” — p (mum” +mym”) (C.29)

We now show that these fields satisfy Maxwell’s equations in free space. Calculating the

evolution of 1/p along the null GSF k#,

D /1 D ( [~ ) u D _, D
— |- =—=(m"my) = —m'—m,; —m"—m
Dri. \p Dry. a Dr;, M Drj,
== _m'umyayku - mumyayklu - _ayk# (mﬂmy + mumy)
1
= —Oyk" (—pmyum” — pmyum”)
p

1
= —Oykt <kuny +nuk” — pmym” — pmumy> (using eq. C.18)
P

1 1
= ;8,,1{;“5Z = ;E)yk” (using eq. C.29)

Substituting for k# from (C.12), we get the energy conservation equation:
op+V-(pV)=0 (C.30)

Rewriting Eq. (C.13) in terms of the Riemann-Silberstein vector F = E + iB,

(%)t — [F/p, V] (©31)

Using Eq. (C.30) alongwith Eq. (C.31),

Fi+[V,F|=—(V - V)F
=F,+Vx(FxV)=-V(V-F)

=F;+iVxF=-V(V-F) (C.32)
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Taking the divergence of Eq. (C.32),

(V-F),=—(V-V)(V-F)-V-V(V-F)
=(0;+V-V)(V-F)=—(V-V)(V-F)

:>£(V-F):—(V-F)V-V (C.33)
Drk

Since (V- F),_y = 0, from eq. (C.33) above, V- F = 0 for all space-time. Thus E, B are
divergenceless for all space-time, satisfying one pair of Maxwell’s equations in free space.

Substituting V- F = 0 in eq. (C.32) above, we find that F also satisfies the other pair of
Maxwell’s equations: Fy +iV x F = 0.

Thus the fields E, B are null solutions to Maxwell’s equations in free space.

The converse is proved by Robinson’s Theorem [130]. To see that the converse is true,

i.e. a null Maxwell field satisfies the shear-free condition, note that eq.(C.20) implies that

D . 20

D—%(mumﬂ):2027
Since the electromagnetic field is null, m#m, = 0, which implies o = 0, in particular
ot—0 = 0, which is equivalent to condition (iii). O

Corollary C.2.1. : Let E,B be solutions to Mazxwell’s equations in free space with the
initial conditions Ei—y = Eqg, Bi—g = By, where Eg, By are C™ vector fields in R3. The
electromagnetic field B, B is null if and only if Eq, Bg satisfy the initial conditions given by
Eq.s (C.6),(C.7),(C.8).

Proof. In the Theorem 4.4, we proved that If the electromagnetic field E, B is null, then the
initial fields Eq, Bq satisfy the conditions given by Eq.s (C.6),(C.7),(C.8).
To prove the corollary, we prove that the solution E,B to Maxwell’s equations with

initial conditions E;—g = Eqy, B;—g = By where Eg, B( satisfy the conditions given by

76



Eq.s (C.6),(C.7),(C.8), is a null electromagnetic field.

Define Vi := &;()uBl , PO = % (E% + B(Q)) and consider the initial value problem:

Since V( is C*°, it is locally Lipschitz continuous. By lemma (C.2.1), there exists a solution
to this initial-value problem, which is C'*°, in the space-time region U := {(t, r)eR*: 0 <
t<ab(r), v e OOO(R4)}.

Observe that, since V?:o = V% — 1, we have that V2(x,t) = 1 in U, so that V(x,1)

defines a local flow ¢; in U. Accordingly there exist C'°° solutions to the transport equations:
OHE = [E V} 9B = [B, V}

= E(x,t) = ¢4+Eq(x) and B(x,t) = ¢4:Bg(x), where Ey = %, By = % and ¢ is the
non-autonomous flow of V(x,t) s.t. ¢g(x) = x.

Therefore, we have C'°° solutions in U to the initial value problem:

IV+(V-V)V=0
8tE = [E,V]
B = [B, V]

Ei—o=Eq, Bi—g =By, Vi—o = Vo

\

such that conditions Eq.s(C.6),(C.7) and (C.8) of theorem C.2.2 hold.
Applying the theorem, we conclude that defining p = % and E = pE, B = B,
5 E2+B2
the fields E(x,t), B(x,t) solve Maxwell’s equations in U, and satisfy the null conditions in
U.

By the existence properties of Maxwell’s equations, E(t,x) and B(t,x) can be globally
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propagated, so that they provide C'°*° global solutions to the initial-value problem:

OE =V x B
0B =-V x E
Ei—o = Eq, Bt=o = By

Moreover, since the set U satisfies a unique continuation property with respect to Maxwell’s
equations (since {t = 0} is a Cauchy surface). Therefore the fact that E,B are null in U

implies that E, B are globally null. [

C.3 First integrals of null electromagnetic fields

We now give a proof of the sufficient conditions, i.e. Eq.s (4.7),(4.8), for the existence of
first integrals for null electromagnetic fields expressed in terms of the Bateman complex

potentials {a, 5}.

Proof. Let us denote the magnitude and phase of a by 74, 0o and that of 8 by 73,603 so that

a =rqexp(ify) , B =rgexp (195). Then,

1
Va =« (iVé’a + —Vra)

Ta

1
pu— 1 0 —
V=4 <1V 5+ TBV%)
Then the electric field is given by:

E =Re{Va x Vj}

\V4 \Y%
YE&-%E—V%xv%>—mqmﬂ<mhxv%—»Tﬁxv%>
8

X -
ra 'ra T ﬂ

= Re{af} (
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Similarly the magnetic field is given by:

B =Im{Vax V5}

Vra \Y Vie V
= Re{ap} ( Tz; x Vg — r_;ﬂ X V@a> + Im {af} ( 7‘; X T;B — VO x V@g)
Similarly Im{V (o)} , Re{V (af)} can be written as:
Vra  Vrg
Im {V (af)} = Re {af} (Vb + VOg) + Im {3} (r_ + - ) (C.34)
Vra VT’B
Re{V (af)} = Re{ap} (r_ + ﬁ) —Im{af} (Vo + V3) (C.35)
Using the above relations, we find:
E-Im{V (ap)} = rarg (Vra x Vrg) - (Vo + Vog) (C.36)
E-Re{V (af)} = —rarg (Vba x VOg) -V (rarp) (C.37)
B-Re{V (af)} = —rarg (Vra x Vrg) - (Vo + Vog) (C.38)
B-Im{V (af)} = —rarg (VO x VOg) - V (rar3) (C.39)

Hence, if VroxVrg = 0, E-Im {V (aB8)} = 0, B-Re {V (aB)} = 0, and if VO, x V5 = 0,
E -Re{V(af)} =0,B -Im{V (af)} = 0. O
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APPENDIX D
SUPERFLUID VORTICES IN A LOW DENSITY REGION

Vortex lines in Euler flows are transported by the flow, and can not cross, giving rise to
conservation of circulation, and helicity. Numerical simulations suggest that vortex lines
in superfluids can reconnect and that circulation is not conserved. We present below, an-
alytical calculations for superfluid vortices in a region of low density, showing violation of
circulation conservation. and vortex reconnections analytically. This makes it clear that
the phenomenon of vortex reconnection is intrinsic to the equations of motion for superfluid
flows, and is not an artifact of numerical ‘viscosity’.

We consider a weakly interacting BEC whose evolution is given by the Gross-Pitaevskii
equation:

Loy

G 2
( e —%V Y+ g7 (D.1)

where 1(x) is the wave-function describing the condensate.
We want to study the evolution of vortices contained in a low density region of the
condensate i.e. W!Q < 1 so that the nonlinear term of the GPE can be neglected, giving the

free particle Schrodinger equation:

GV

Let the length scale associated with the region of low density be 7, so that p(r) < 1 for
r/rg ~ O(1), and p(r) — 1 as r/rg — .
Rewriting the Schrodinger equation in terms of the dimensionless variables R = r/rg , 7 =

ht/(mr%):

i = vy (D.3)



The solution to the above equation is given by:

V(R;7T) = / PR KR - R;7)y(R';0) (D.4)

3/2 ! _P\2
where the propagator is K(R/ — R;7) = (ﬁ) exp (%)
We will now solve for the evolution of a vortex ring, and linked ring vortices in a region

of low density using Eq. (D.4).

D.1 Vortex ring dissipation—analytical calculation

We now consider a single vortex ring in a low density region of the superfluid described by

the following condensate wave-function:

(22 +i <32 . 1)) (D.5)

where (X,Y, Z) = (z,y,2)/rg and R? = X2 +Y? + 72

The density profile of the above wave-function is given below in Fig. D.1:
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Figure D.1: Density profile of vortex ring wave-function given in Eq. (D.5), showing that
the vortex ring of radius R, is indeed in a region of low density.

We approximate the initial state ¢)(R;0) in the region R ~ O(1) as follows:

Y(R;0)

([ 26 (R 2\ 2Z +i (R? 1)
- 105 \ 10 300

w (55 () ) (5 ())
(22 +i(R2-1))

L L (1 L RN 1R
“100\3 " 35\ 10 9 \ 10

(22 +i(R*-1))

(D.6)
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A J

Figure D.2: Evolution of a vortex ring in a low density region of the superfluid. The vortex
ring shrinks and eventually vanishes, suggesting that Kelvin’s circulation theorem does not
hold in superfluids.

On solving for the evolution of the above wave-function using Eq. (D.4), we find:

1 13
Rir)=-—— (27 -3r(1+——
V(R 300( 5T ( N 5250)

13
+MR (5T—Z)>+

i 13\ 13
(1 2 VR -1 2 s (37— 27
300 ( ( - 5250> B =1+ 1550707 —22)
13
- R ) (D.7)

On solving for the evolution of the vortex ring, we find that the vortex ring shrinks and
dissipates into sound at 7 ~ 2/3 as shown in the supplementary movie in [61]. This sug-
gests that circulation is not conserved in a superfluid, consistent with the vanishing of the

conserved quantity analogous to circulation in superfluids.
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D.2 Linked vortex rings crossing—analytical calculation

Vortex lines in a superfluid can cross each other—as demonstrated numerically [168], exper-
imentally [170]—and analytically below.
Consider a pair of linked vortex rings in a low density region of superfluid described by

the following condensate wave-function:

1 1
T 35.100 L R\2
1+§<m>

<(22 +i (}22 - 1)) CA(X + z'Y)2> (D.8)

Y(R;0)

where (X,Y, Z) = (z,y,2)/rg and R? = X? +Y? 4+ 72

The density profile of the above wave-function is given below in Fig. D.3:

P(R)
1.0}

0.8

06

04

0.2/

R

50 100 150 200 250

Figure D.3: Density profile of linked vortex rings wave-function given in Eq. (D.8)
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We approximate the initial state )(R;0) in the region R ~ O(1) as follows:

1 1/ R\?

((22+z <R2 - 1))2 —4(X +z’Y)2>

time

=

>

Figure D.4: The evolution of linked vortex rings in a low density region of the superfluid.
We see that the linked rings reconnect to form a single writhing (coiling) loop, showing
analytically that vortex lines in a superfluid can reconnect.

On solving for the evolution of the wave-function using Eq. (D.4), we find:

Y(R;7)

— | -1+ (6+-— | R —8X"~
3.5-104[( +( +300)

1\ 4 29,0 RS
1+ — |R*+ S X°R?2+ —
< +50) t 75 T30

71(2(232—215)—2)(3/)—
75
7’7’2 2
T (3R —130)
60 ( >+
. 1 2
4i| —z—oxy+(1+-— ) R?Z
z( + < + 300) +
XYR?> 1 _,
— —R'Z
50 300 2T
7T

T (429 — 436R2 + 8X2 4)
1200( 9 — 436R% + 8X2 + 3R*) +

60 80
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We use the above time-dependent solution of the wave-function and track the evolution
of the linked vortex rings to find that the linked rings reconnect at 7 ~ 0.25 to form a single
writhing vortex ring as shown in Fig. D.4. Our analytical calculation is further evidence that
reconnections of vortex lines in superfluids are an intrinsic property of the Gross-Pitaevskii

equation and do not require the presence of normal fluid or numerical ‘viscosity’.
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APPENDIX E
CASIMIR INVARIANTS IN SUPERFLUIDS

In Euler flows, helicity emerges a special constant of motion: a Casimir invariant [176, 178],
i.e. it has a vanishing Poisson bracket with any function of the phase space variables:
{H,F(u,p)} =0 V F, where the density p and the fluid velocity u are the phase space
variables, and { -, -} denotes the Poisson bracket.

Solving for the Casimir invariants in Euler flow, i.e. solving {C, F'(u,p)} =0 V F gives
rise to helicity as an additional conserved quantity. We seek an analogous conserved quantity
in superfluids by solving for the Casimir invariants for the Gross-Pitaevskii equation.

The Hamiltonian corresponding to the Gross-Pitaevskii equation is:
= [ [yt Dyt (1)
B 2m 2 '

with the canonical Poisson bracket:

i [ (0F8G G GF
£ G)= h/“(éwaw* Mw*) (E2)

Solving for the Casimir invariants {C, F'(¢,¢*)} = 0 V F reduces to the equations:

oc_, dc

which gives only trivial constants as Casimir invariants. Since Casimir invariants of the
Gross-Pitaevskii superfluid should yield a conserved quantity analogous to helicity in Euler
flows, the above calculation suggests that the conserved quantity analogous to helicity in su-
perfluids is a trivial constant. This is consistent with our calculation based on the relabeling
symmetry which suggests that the conserved quantity analogous to helicity in superfluids

vanishes identically.
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We note that an alternative path to seeking Casimir invariants, by taking the phase
space variables to be {j, p} = {(¥*V¢ — V™) /(2i), P*} instead of {¢,1*} runs into
difficulties because of the singular nature of the singular nature of vorticity: V x (j/p). This
difficulty manifests as the Poisson bracket for the new phase space variables denoted by
{-, -}, erroneously giving: 9; (V x (j/p)) = {i/p, H}; , = 0, suggesting that vortex lines
are stationary.

We now briefly review the underlying symmetry—the relabeling symmetry—that gives
rise to helicity as a conserved charge via Noether’s theorem, and calculate the analogous

conserved charge in superfluids.
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APPENDIX F
RELABELING SYMMETRY IN SUPERFLUIDS

We now consider a classical fluid which obeys the same equation of motion as the Gross-
Pitaevskii superfluid, except for the quantum pressure term, and show that the relabeling
symmetry which gives rise to helicity conservation via Noether’s theorem in Euler fluids gives

a vanishing conserved charge in such a classical fluid.

F.1 Superfluid equations of motion

On setting A = m = 1, the Gross-Pitaevskii equation of motion for a superfluid is:
9 — 19 2 F
0 = —5 V2 + VI e (F.1)

On substituting ¢ = \/pexp(i¢), the above complex equation gives two real equations for

the evolution of p and ¢ as follows:

Oop+V-(pVep)=0 (F.2)

2
O + % (V)2 +Vp— % (vj_f) -0 (F.3)

On applying a spatial gradient operator V to Eq. (F.3), and substituting the expression for

the superfluid velocity u = V¢, we find:

1 Vie\
8tu+V<§u +Vp— 2/ =0 (F.4)

Note that the above equation contains the quantum pressure term %V (V2 VP/ \/ﬁ) contain-
ing spatial derivatives of the density, is dominant only near the vortex core. Such a term is

not present in classical hydrodynamics, since the pressure is assumed to depend only on the
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local density, and not on the spatial derivatives of the density. We now make the Thomas-
Fermi approximation [159, 185, 190, 185, 191] and neglect the quantum pressure term in
the above equation, thereby considering a hypothetical classical fluid which obeys the above

equation of motion without the quantum pressure term, i.e.
L 9
ou+V Ju +Vp| =0 (F.5)

The above equation describes the superfluid well in the region excluding the vortex core.
Note that the above equation is similar to the equation of motion for an irrotational Euler
fluid:
L o
ou+V Ju +e) =0 (F.6)

where e : de = dp/p is the enthalpy per unit mass and p is the pressure.

F.2 Relabeling symmetry in a classical Euler fluid

The action for a classical (isentropic) Euler fluid is:

Spuder = / Badr (% (%)2 - E(p)> (F.7)

where x(a, 7) is the position of the fluid element labeled by a at time 7, and the fluid velocity
u(a,7) = drx(a, 7). The label co-ordinates a are chosen such that pd3z = d3a = % =
p~ L. Tt is easily verified [177, 178, 176] that extremizing the action with respect to variations
in the position field x(a, 7), gives the Euler equations of motion. Mass conservation follows
from: %p_l = % (%)

As shown in [178, 177, 176, 179] and can be easily verified, the transformation at —
0

? Dat

a' = a' + en', such that %ni =0 n' = 0 is a symmetry of the action and gives the
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corresponding conserved Noether charge:

Q= /dgauZ 5ad 77' (F.8)

When the fluid labels are displaced infinitesimally along a closed material curve, the con-
served charge Q simplifies to the circulation around the material loop I', thus giving Kelvin’s
circulation theorem. This can be verified by substituting 7/ = fC ds §B)(a—a(s)) %
in Eq. (F.8). When the fluid labels are displaced infinitesimally along vortex lines, the con-

served charge Q is the helicity of the fluid: @ =H = f d3zu -V x u. This can be verified

_ E]k:l 0

by substituting n/ = Bk

upa ;P in Eq. (F.8).

F.3 Relabeling symmetry in a superfluid

The action corresponding to the Gross-Pitaevskii equation is:

Sape = [ dr’s (w*atw ~ 51V - %W) (F.9)

which can be written in terms of p, ¢ as follows:

1 V
Sgpe = — / dt d°x (P Orp + Y (V$)? + —p°

[\]

(Vyp) ) (F.10)

l\'>|’—‘

It is easy to verify that extremizing the above action in Eq. (F.10) with respect to p, ¢
gives the desired equations of motion: Eq.s (F.2),(F.3), and that the last term in the action:
%(V\/ﬁ)z corresponds to the quantum pressure term in Eq.s (F.3),(F.4).

We now model the superfluid in the region excluding vortex cores as a classical fluid

which carries with it a phase ¢(x,t). We neglect the quantum pressure term (making the
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Thomas-Fermi approximation), and use the relation u = V¢ to get the following new action:

. 1 V

In region excluding the vortex cores, we assume that we can label the fluid particles with
labels a where d%a = pd?’x, and track the positions of these particles x(a,7) over time 7.

We now rewrite the above action in terms of label co-ordinates a, 7 using 0 = 9y +u - V:
~ 1 Vv
Sape = /dT d3a (§u2 — Orp— 5,)) (F.12)

It is easy to verify that extremizing the above action with respect to x(a, 7) gives the desired
equation of motion: Eq. (F.5).

We now perform the same relabeling transformation that gives the circulation theorem
and helicity conservation in Euler fluids, to seek analogous conservation laws. It is easily ver-
ified that the relabeling transformation: a' — @' = a’+en’, such that dn’ /ot =0, on' / da' =
0, is a symmetry of the above action S'gpe. The corresponding Noether charge is found to

vanish identically, independent of ni, as shown below:

Qgpe / dan or 0a)  OdJ

A oxt 9
— 3ol | 022 27
/d e dal Gaj>

ozt dxt 9 )

[ (000 ¢ o

—/danj %%—%> (,u—qu)

_ [ (09 99

= [dar (5 50)

0 (F.13)

The above calculation suggests that the conserved charges analogous to helicity, and circu-

92



lation trivially vanish for superfluids.

Note that the presence of an additional phase term (—0r¢) in addition to the terms
present in the Euler action Sgyjer, i necessary to ensure Galilean invariance (as defined in
[194]) of the modified action Sgpe, much like the constant term (—c?) [214] is necessary to
ensure Galilean invariance of the classical fluid action. The presence of the additional phase
term gives rise to mass conservation in the original Gross-Pitaevskii action Sgpe, which is
manifestly Galilean invariant. However, mass conservation is inherent to the description of
the superfluid when expressed in terms of the particle label co-ordinate frame (a,7), and
instead this term now has the effect of giving a vanishing conserved charge corresponding
to relabeling symmetry transformations. We note that an alternative calculation due to
Bretherton [215] which derives the conservation of circulation using Hamilton’s principle,

also yields a vanishing conserved quantity in superfluids.
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APPENDIX G
TWIST OF A UNIT VECTOR FIELD

Given a unit vector field w, we want to calculate the twist of a field line (integral curve) of
w.

The twist rate along a curve (parametrized by s) is given by:
= —0sn - (t x 7) (G.1)

where 7 is a unit vector defining a framing of the curve, and 7 L ¢ all along the curve.

twist
—

— L

Figure G.1: Transporting a circular disk 1 to @ along a field line, rotates the disk while
distorting it into an ellipse. The average rotation of the points on the periphery of the disk
gives average twist of the field line.

N

In the neighbourhood of any given field line of @, there is a bundle of field lines of @.
We consider an infintesimally small circular disk perpendicular to the given field line, and
propagate it along this field line so that the circle on the periphery of the disk always lies

on the same neighbouring field lines. The circular disk generally distorts into an elliptical
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disk, and the average twist of the field line through the center of the disk is measured by the
average rotation of the points lying on the circle forming the boundary of the disk, as shown

in Fig. G.1.

We find that the average twist of the field lines of a unit vector w is given by:

(Tw) = £ & - (V x &) (G.2)

47

G.1 Twist framing

To use Eq. (G.1) to calculate the twist of an integral curve of @, we need to define a framing
of the curve locally, i.e. define n and dsn such that:

(i)w-n=0
i

(i) D5 (& - 7) = 0.

X: 3 ) X 4

) §9
: ,;
Xn‘\()-‘\' ( n
X
n
Xy=Xos [0, 7] =0 (7 x ©))

Figure G.2: Defining a frame: transport a unit vector n L @ joining neighboring field lines
of @ so that n L & is satisfied locally.

A way to construct such a framing locally is as follows. We choose an arbitrary n such

that w-n = 0 at a point sg on the curve and transport n as shown in Fig. G.2, so that:

Dgiv = (i - V)& + & (V x &) - (7 x &) (G.3)



It is easily shown that Eq. (G.3) implies 05 (w - 1) = 0 as follows:

s (@ - 7) = Ot - 0 + 11 - Dsd
—(A-V)o+a (VX&) (Axd) &+ -0 (. Eq (G.3))

=(Vxw) (" xw))+n-0sw (" @ is a unit vector.)

1
Tw=—(n-V)w- (0 xn)
2m
. A
— %nb (Op Wa) N9 (G.4)

where | =@ X n.
Since n and n | lie in the plane perpendicular to w, the above expression for twist depends

only on (0pwq) | : the projection of the strain tensor in the plane perpendicular to @, as

follows:

1
Tw =

1
b A b . )
= %n (Op@a) N = py n’ (O wa) | 1 (G.5)

The principal axes of the elliptical disk shown in Fig. G.1 correspond to the eigen directions

of the projected strain tensor: (0 wq) | -
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G.2 Twist in terms of optical scalars

We will now evaluate the projected strain tensor (0,w,),; and decompose it in terms of

scalars corresponding to dilation, rotation and shear [210].

7\ y .
s N
//”/// . / /<I>>\ > 0]
<<% ( —)] ...............

Figure G.3: Different choices of n correspond to different angles ¢ w.r.t. the reference frame
given by z and y which are chosen arbitrarily.

To project the strain tensor, we construct a projection operator hy = §y — @, @*. This

projection operator hj projects onto the plane perpendicular to 1 as can be seen by evalu-

ating h{ Wb = &% — % = 0. The projected strain tensor (Opwa) | is given by:

(B @a) | = hf g e h;

:(ﬁ—%ﬁﬂ@@&ﬁ—@@% (G.6)

To decompose this projected strain tensor in terms of dilation, shear and rotation, we
need a basis in the plane perpendicular to @w. We consider a basis formed by two arbitrary
perpendicular unit vectors & and g. The choice of the unit vector n is parametrized by the
angle ¢ it makes with Z as shown in Fig. G.3 .

The decomposition of the strain tensor follows most naturally in terms of the complex null

1

vectors m® = 7 (29 +i9%), and m® = L (3¢

A

a

= —14%), which satisfy m®mg, = m®m, = 0,
and m®mg = 1. In terms of the vectors ©%, m®, m®, the Kronecker delta and the projection
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operator hy can be expressed as follows:

oy = wp 0 4+ mym® 4 my m®

= hy = mym® + mym*
The projected strain tensor (0, wg) | given by Eq. (G.6) evaluates to:

= my, (md By e mc> Ma + My, (md Dgive mc> Mma+
my <T7Ld (9d We mc> Mq + My, <md 8ddjc mc> Mg
(ab(i)a)J_:pmbma+ﬁmbma+5mbma+0mbma (G7)
where p and o are complex scalars defined so that the last equality holds.

The scalars p and o encode the rotation, dilation and shear of the strain tensor in the

following way.

Dilation Re{p} (= %V W)

Rotation Im{p} (= i% w - (V x ), calculation at the end)

Shear (asymmetry) o] (gives asymmetry in stretching of principal axes)
Shear (orientation) | arg(c) (gives orientation of principal axes)

Table G.1: Expresssions for the optical scalars of a unit vector field)

Now, we are ready to calculate the twist of @ given by Eq. (G.4).

We begin by expressing n and 7| in terms of m® and m®:

A% = 2% cos ¢ + §%sin ¢ = V2 Re{m%~?}

n = —2%sin¢g + g cos ¢ = V2 Im{mae_w}
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We find that the twist given by Eq. (G.5) evaluates (detailed calculation given at the

end) to:

1 . .

1 :
= —Im{p+ e %95}

21
:-l—(ilw-(V><w)+Im{€wa}) (G.8)
2 2

Therefore the twist averaged over all ¢, i.e. all directions of 7, is given by Eq. (G.2) as:

(Tw) = £— & - (V x &) (G.9)

.3 Detailed calculations

a. Show that Im{p} = j:%ob (V xw).
We begin by evaluating the asymmetric part of the projected strain tensor (O — Oulp) |
in terms of p using Eq. (G.7) and in terms of & using Eq. (G.6).
(i) Using Eq. (G.7),

(Bhta — Do) | = (p — p) (my g — 1y ma) (C.10)

(ii) We can also evaluate (Opwq — Oqwyp) | by using Eq. (G.6), to give:
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Oy — Daiin) 1 = (3 — 2, 0%) Dy (0 — 20 &%) = (a > b)
- (55 — & @d> Byiva — (a ¢ b)
= Oylog — @y (&0 - V) g — (a < D)
— (Dyloa — Daloy) — (@ (& V) @a — G (@0 - V) Gp)
= Ojw; (53 5 — 5553) — (- V) @y (5;; 5 — 5g53>
— (95 0 — 0L ) (O — @y (@ V) &)
= €pak €ijk (Oiwj — @i (O - V) @j)

= e (VX & — & x (& V) @), (G.11)

We now contract the asymmetric projected strain tensor (Opwg — Oqwyp) | with itself, using
the above results: Eq. (G.10) and Eq. (G.11).
(i) Using Eq. (G.10),

(Opa — Dalop) | (ab@@ - a%b>L
= (p— ) (my g — 1y mq) (mbm® — P m)

= —2(p—p)’* (G.12)
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(ii) Using Eq. (G.11),

— € (VX=X (0-V)@), (VXD -0 X (@-V)d),

=2 (VXO—0x (@ V@) (VXO—0x (@-V)d),

2(VXG—@X (@ V@) (VX&—dx (& V)d)

2<(V><d))-(V><cD)—2(ch&)-(d)x(dj-V)c&)
F@x (@ V@) (@x (@ V)a) )
:2((V><d))-(V><dj)—2((Vx@)xw)-((dz-V)dz)
(@ V)@) - (@ V)w)) (- & s a unit vector)
:2((vm)-(vm)—2 (@ V)&)- (& V)®)

(@ V)@) - (@-V)@)) (VY (@-@)=0)

2((V><a))-(vm)-((a;-vm)-((@-vm))

2((vm)-(vm)—((vw)x@)-((vw)xw))

(Vw-w)=0)
:2((V><d))-d))2 (G.13)
From Eq. (G.12) and Eq. (G.13), we have
2((Vx@)-@)* = -2(p—p)°
= (Vxa) @) =—(p—p)
N2
= (Vxo) )= (p%’))
= (Vxw) o) =+x2Im{p} (G.14)

101



b. Show that Tw = %Im{p + e %%}, From Eq. (G.5), the twist is given by Tw =

% Al (Oya) | n‘ . We begin by calculating A (Oya) | as follows:

Al (Opwa) | = V2Re{mP Y (pmy g + prig ma + & my ma + 0y M)
1 » .
= E< be Z¢+mbe“¢> (pmyma + priyma + & myma + o my M)

1 . :
= (e—“ZS (pma + 0 ma) + e (pmg + 6ma)>

= 7" (Opda) | = % (ma (ﬁe‘”b + 5e+i¢> 1 g (p oo 4 O.e—w))
= V2Re {ma (ﬁ e 4 &e+i¢) }
= V2Re{mae (5 + et}
=2 (Re {ma e—i‘f’} Re {p+ 6e+2i¢} —Im {ma e—i¢} Im {p n 5e+2z‘¢}>
O B e T !

= ng Re {ﬁ—l— 5e+2i¢} + ﬁé‘ Im {p + ae_2i¢}

Therefore the twist given by Eq. (G.5) is:

1 . .
TW:%H (Opwa) | 19

1 . .
=0 (ﬁa Re {ﬁ+5e+2l¢} + At Im {p+ae—2“¥5}) P
™

1 :
= —Im{p+ae_2“‘j)}
2m

= % (Im {p} +Im {ae_%‘b})
1

T on

(:I:%d) (V x &)+ Im {Je_2i¢}> (‘as in Eq. (G.8))
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