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S1 Pseudocode

Algorithm A defines our simulation procedure. See Section S2.1.6 for a description of the Monte Carlo sam-
pling procedure. We use this simulation procedure for both the maximum entropy approach (Algorithm D)
and the GNN approach (Algorithm E). Algorithm B defines how we generate simulated contact maps. Al-
gorithm D defines the maxim entropy optimization approach for estimating simulation parameters. Line 7
calls our Newton’s method procedure, which we don’t define for simplicity. See Section S2.2.5 for details
of the maximum entropy optimization. Algorithm E defines the GNN approach for estimating simulation
parameters. Line 1 calls our graph neural network, which we don’t define for simplicity.

Algorithm A H*™ ¢ SimulationEngine

Input U € R™*™ net energy matrix
n, number of structures to simulate
for/=1,...,ndo
7D e R™*3 ~ p(7: U) > sample from probability distribution via Monte Carlo sampling
end for
H*™ <« ContactMap(#1), ... ")
return H™

Algorithm B H5™ < ContactMap

1:
2:

10:
11:
12:

Input @V, ... 7™ € R™*3 simulated structures
Parameter A, grid size
Hsim . gmxm > initialize contact map to zeros
for/=1,...,ndo
fori=1,...,m do
for j=4,...,m do
¢; + GetGridCell(7" | A)
cj GetGridCell(Féz)7 A)
Hf;m — HfJ‘m + 0¢; ¢, > increment contact map if particles are in same grid cell
> where § is the Kronecker delta
end for
end for
end for
return H*™ € Zt™ ™ simulated contact map > where Z7 is the set of positive integers




Algorithm C ¢ < GetGridCell

1:
2:

Input 7; € R3, position of particle i
A, grid size
ci + (/A [Fo2/A], [Ti3/A])

return ¢;, 3-tuple indicating grid cell of particle i

Algorithm D H*™  MaximumEntropyOptimizationApproach

e

mXm .
Input H®P ¢ Z+ , experimental contact map
€, convergence criterion
n, number of structures to simulate per iteration

141 > initialize iteration to O
UME  gmxm > initialize net energy matrix to zeros
lo < inf > initialize loss to infinity
Al + inf > initialize delta loss to infinity

while A/ > ¢ do N
H*™ < SimulationEngine(U/™% n)

UME ¢ + NewtonsMethod (UME, HoP | H5™) > update UME, ¢ with Newton’s method
JAVARSS 61 — éi—l
14— 1+1
end while
. H*™  SimulationEngine, (L?ME, n) > run simulation with final net energy matrix

: return 5™

Algorithm E H*™ - GNNApproach

1:
2:
3:

Input HoP ¢ 7+ ™ experimental contact map
n, number of structures to simulate
UCNN GNN(He*P) > use graph neural network to predict net energy matrix

Hsm SimulationEngine(Z;{ M) > run simulation with predicted net energy matrix
return H5™m




S2 Supplementary Methods

S2.1 Polymer Model Details

Similar to other top-down approaches for chromatin modeling [7, 24, 27, 35], we employ a generic coarse-
grain heteropolymer model as the basis for our polymer model. Then, we build in additional complexity
using experimental data as constraints in a top-down fashion. We treat 50 kb of DNA as one simulation
particle. The energy functional of our polymer model can be decomposed as a sum of bonded, UP(7), and
nonbonded, U (7), contributions:

U@ _ UM | U

= 1
kT kgT kT (1)

where 7 € R™*3 contains the positions of all m particles in the polymer, kp is the Boltzmann constant, and
T is temperature.

In a slight abuse of notation, we omit kB%T from the remainder of the equations in this manuscript for
simplicity.

The bonded interaction controls the interaction between particles ¢ and i + 1. We use a Gaussian chain
bonded interaction defined as follows:
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where b is the desired mean bond length and r; is the position of the ith particle.

The non-bonded interaction describes the interaction between pairs of particles and can be further decom-
posed into an epigenetic, U°P!(7), and genomic distance, U4t (7), contribution.

U (7) = UF(7) + U () ¥

S2.1.1 Epigenetic Contribution

The epigenetic contribution reproduces phase separation between particles with different chromatin states.
For now, consider each particle to be labeled with a mutually exclusive chromatin state label. In particular,
we use the Theoretically Informed Coarse Grain (TICG) potential [5, 6, 23]. The TICG potential is a mean-
field technique originally developed within the de Pablo group to study polymer phase separation. Notably,
the TICG potential has previously been used to model chromatin structure, although in a bottom-up fashion
[19].

The TICG potential calculates nonbonded interactions via a field-theoretic Hamiltonian based on the local
density of the polymer calculated upon a grid-based discretization of cartesian space.
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cegrid I>J
I,J€labels

where x;; is the Flory-Huggins interaction energy between particles with label I and with label J, ¢; . is
the volume fraction of particles with label I in grid cell ¢ for a given configuration 7, A is the grid size, V),
is the volume of an individual particle.

The advantage of the TICG functional is that the structural ensemble can be efficiently sampled via Monte
Carlo sampling (detailed in Section S2.1.6) in O(m) time where m is the number of particles. As a result, our
simulation is sufficiently efficient to enable the simulation of entire chromosomes at nucleosome resolution
(200 bp) [19]. However, in this work, we use a resolution of 50 kb as a proof of concept of our approach.



S2.1.2 Genomic Distance Contribution

The genomic distance contribution reproduces the contact probability scaling seen in experimental Hi-C
data. This term is inspired by and analogous to the “ideal chromosome” term in the MiChrom introduced
by Di Pierro et al. [7]. By design, this term is invariant to translation along the genome and is independent
of the epigenetic contribution.

Udlst 7:*) Z Z Xdlbt 2¢d . (5)

cegrid d=1

where d = |i— j| is the distance along the polymer chain between particles i and j, x4 > 0 is the interaction
energy between particles with genomic separation d, ¢4 . is the volume fraction of bonds between particles
of genomic distance d in grid cell ¢ for a given configuration 7.

S2.1.3 Net Interaction Representation

To make the machine learning task more tractable we re-write U™. A brief outline of the derivation is shown
here, and a full derivation is included below in Section S2.1.4.

The epigenetic contribution, U®P!, can be rewritten as:

G R SR Rk Ll ©)

i,j€{l,....,m}

where I(7;,7;) € {0,1} indicates if particle i and j are in the same grid cell, ¥; = {0, 1}" is a binary vector
containing the labels of particle ¢, and x is an upper triangular matrix containing every xr,s

In contrast to Eq. (4), which was a double sum over all grid cells and all labels, Eq. (6) is a sum over all
pairs of beads. In Eq. (4), the particles have discrete labels, and therefore ¥, is a binary vector. However,
¥; can be real-valued in general. For convenience, we define L;; = (\IliTXlI/j + \Ilfx\lll)/Q L;; contains the
net epigenetic interaction energy between particles ¢ and j and is symmetric by construction. L can be
factorized to recover y if the particle labels, ¥, are known.

epi L LV
U = > 1T R5" (7

i,je{1,....,m}

where L;; is the net epigenetic interaction between particles ¢ and j.

By a similar approach, the genomic distance contribution, U4, can be rewritten as:

T
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i,5€{1,....,m}

where T}; := X(dhst il is the genomic distance interaction between particles ¢ and j.

By construction, T" has a main diagonal of zeros, and all descending diagonals are constant-valued. Such a
matrix is referred to as a Toeplitz matrix.

We can combine the genomic distance (8) and epigenetic contributions (7) into a single non-bonded term:

o o Ly +T35)V,
G DI R 0
i,j€{1,...,m}



S2.1.4 Derivation

Consider Eq. (4):

UPL(7) = Z Z XIJ ¢1c</>Jc

cegrid 1>J
I,J€labels

where x7; is the Flory-Huggins interaction energy between particles with label I and with label J, ¢ is
the volume fraction of particles with label I in grid cell ¢ for a given configuration 7, A is the grid size, and
V, is the volume of an individual particle.

By definition:

Z ]]-76(' u IV

where 1;e. = 1 if particle 7 is in grid cell ¢ (0 otherwise) and ¥; ; = 1 if particle ¢ has label I (0 otherwise).
By substituting ¢y .:

Uepl F) Z Z XIJV Z]]-’LEC ZIVP Z]]']EC ]JV

cegrid I>J
I,JELabels

Which can be rewritten as:

epi UIw, v,
ue (F) = Z Z ]liecljecT?)jp

cegridi,5€{1,...,m}

where Zz‘,je{L...,m
every Xxi,J-

Which can be rewritten as Eq. (6):

} is a sum over all pairs of particles (i, ) and x is an upper triangular matrix containing

eni L ULy,
U= Y I
i,7€{1,....m}
where I(7;,7;) indicates if particle ¢ and j are in the same grid cell.

Define L;; := (\IIzTXlI!j + \IIJTXlI/Z)/Q Then, L;; contains the net epigenetic interaction energy between
particles ¢ and j and is symmetric by construction (Eq. (7)):

epi L oLV,
U = Y 1T x5

ije{1,...m}

where L;; is the net epigenetic interaction between particles ¢ and j.

Now consider Eq. (5):

3
Udlst ’F Z Zxdmt ¢d,c
p

cegrid d=1

where d = |i—j| is the distance along the polymer chain between particles ¢ and j, X‘C}iSt > 0 is the interaction
energy between particles with genomic separation d, and ¢4 . is the volume fraction of bonds between particles
of genomic distance d in grid cell c.



By definition:

m m (V )2
bae=Y_ > Liccljecljiojl—a-—rs

i=1j=1
By substitution, the following is true:
dist XgiSth
Ut =y I(5%, 1) A3
i7#]
i,j€{1,....m}
We can rewrite this equation by defining T3; = Xgi:Stli_jl and T;; = 0 (Eq. (8)):
is - = Ti iV
Ut = Y 17T TRt

i,5€{1,....m}

Finally, we can clearly see that the genomic-distance dependent (Eq. (8)) and epigenetic effects (Eq. (7))
can be combined as follows into a single non-bonded term (Eq. (9)):

UGEEEDS I(i,j)i(L”ng’m

Alternatively,

. (L 421,
Ut = Y 1) (10)
12>
i.je{d . m}

where L* = 2L — I,,, ® (L), where ® is the Hadamard product and I, is the size m identity matrix.

Define Y = L+ T and U* = L* + 2T. Eq. (10) is more efficient than Eq. (9) since it only considers pairs of
particles where i > j. For this reason, we use Eq. (10) during the Monte Carlo simulation.

S2.1.5 User-Defined Parameters

All simulations described in the main text use a particle volume, V,,, of 130,000 nm?, a bond length, b, of
200 nm, a simulation volume, V, of 8 um?, and the simulation boundary is a prolate spheroid with an aspect
ratio of 1.5. The GNN is trained on a simulated dataset using these bonded parameters, and therefore, it
may not extrapolate to other choices of bonded parameters. However, the GNN does not depend in any way
on the choice of bonded parameter; we could train a GNN on simulated data using any reasonable choice of
bonded parameters.

The particle volume, V,,, is defined based on the resolution of the simulated chromatin fiber. A coarse-grained
particle at nucleosome resolution (200 bp per particle) is assumed to have a particle volume of 520 nm? as
in the polymer model of MacPherson et al. [19]. Since we use 50 kb resolution for all simulations, we rescale
the particle volume using a Gaussian renormalization [26], resulting in a particle volume of 130,000 nm?.

We choose the bond length, b, simulation volume, V', and aspect ratio based on the experimental distance
scaling (Fig. D) from Su et al. [28]. Using (b = 200 nm, V = 8 um3, aspect ratio = 1.5) yields the best
reproduction of the distance scaling as a function of genomic distance. Interestingly, we find that a prolate
boundary better reproduces experimental distance scaling than a spherical boundary (Fig. DC). This result
is consistent with experimental evidence that chromosome structures are aspherical [14].

The grid size, A, is chosen such that a simulation with only bonded interactions matches the average
experimental contact frequency between adjacent particles (i and i4-1). Since all experimental contact maps



are normalized such that the average contact frequency between adjacent particles is 0.1, we use the same
grid size for all simulations (A = 151.6 nm).

Within the maximum entropy approach, the particle labels, ¥ in Eq. (6), are user-defined parameters. Prior
works choose the labels to represent ‘chromatin states’, which are binary and mutually exclusive (7, 24]. The
default TICG epigenetic term (Eq. (4)) assumes that particles have binary labels but does not require that
these labels be mutually exclusive. Further, rewriting the epigenetic term as in Eq. (6) enables us to use
real-valued labels. We use the first £ = 10 principal components of the genomic-distance normalized contact
map, H, as the particle labels. We choose k = 10 because the simulation performance begins to plateau
for k > 10 when using the maximum entropy approach (Fig. G). Note that the GNN does not require ¥ as
an input, and therefore does not depend on k. However, for ease of comparison to the maximum entropy
approach, we only train the GNN on simulated data where the epigenetic interaction matrix, L, is rank
k =10.

S2.1.6 Monte Carlo Simulation

We sample the equilibrium ensemble of our polymer model with Metropolis Monte Carlo sampling. Simu-
lations are run for 300,000 Monte Carlo cycles. We employ four Monte Carlo moves: 1) Displacement, 2)
Translation, 3) Crankshaft, and 4) Pivot. A Monte Carlo cycle consists of m Displacement, 500 Translation,
500 Crankshaft, and 50 Pivot moves, where m is the number of particles. We record the current configuration
every 10 cycles, resulting in 30,000 structures per simulation.

Displacement translates a single random particle by 5 nm in a random direction.

Translation displaces a random polymer segment by 30% of the bond length in a random direction. The
random polymer segment is defined by first choosing a random particle, then by choosing a second random
particle from a two-sided exponential distribution with scale parameter {75.

Crankshaft rotates a random polymer segment about the axis defined by its ends. The random polymer
segment is chosen as in Translation, except the polymer segment cannot contain the first or last bead. The

polymer segment is then rotated by a random rotation in the interval [—5, {5] radians.

Pivot rotates one end of the polymer about a random axis. One of the two polymer ends is chosen randomly,
and a random particle is chosen. The resulting polymer end segment is rotated by a random rotation in the
interval -5, 75] radians around a randomly chosen axis.

In addition to these moves, we reposition the simulation grid during each Monte Carlo cycle. This prevents
the discrete grid implementation from causing simulation artifacts at grid boundaries.

If any Monte Carlo move causes any specific grid cell to have a chromatin volume fraction greater than 0.5,
we reject that move.

S2.2 Maximum Entropy Optimization

S2.2.1 Overview

The values of y7; in Eq. (4) and x4 in Eq. (5) are not known a priori and must be inferred from experi-
mental data. The maximum entropy principle is a common optimization framework for inferring unknown
parameters from experimental data [12]. This approach has been applied previously to chromatin simulations
(reviewed in [17]) and we use it as a baseline for comparison to our neural network-based approach.

In the maximum entropy approach, a model, UME, is learned as a correction to a more naive model. In our

polymer model, we define UME (7 x5, x3%) := UP(7) + U™ (7 x 1., x35t). The homopolymer bonded term,
UP, is the naive model, and the nonbonded term, U, is the maximum entropy correction term.

We seek to estimate x7; and x4' such that user-defined experimental observables, v;P, match their simu-

lated counterparts:
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We define our experimental observables based on the experimental contact map (Section S2.2.3). We will
optimize 77 and x4t subject to the constraint that 5™ = v*? (Section S2.2.5). Note that the constraints
are not guaranteed to hold with equality. Specifically, we 5eek to maximize the information entropy subject
to our constraints:

s= —/WME(f’)ln(WME(f'))dr

ME

where 7" is the maximum entropy probability density.

Our description of the maximum entropy approach is adapted from the supplement of di Pierro et al. [7].

S2.2.2 Notation

m is the number of particles in the simulation

H®P ¢ 7+™"™ is an experimental Hi-C contact map (Z* is the set of positive integers)

UP(7) is a simple homopolymer (bonded) energy functional - we use a Gaussian chain potential

7 € R™*3 contains the coordinates of all m particles in 3D space

H»st(7) e Z+™"™ is a instance simulated contact map (i.e., corresponding to a single configuration 7)
Ho™ = (%) . e Z+H™ ™ s the ensemble simulated contact map (i.e., the ensemble average over 7)
U € R™** are the particle labels

.1 € R™ is a column in ¥

S2.2.3 ME Problem Formulation

Given H®™P, UP(7), and ¥ the maximum entropy procedure seeks a modification of UP () such that H™
approximates H*P.

ME) such

More explicitly, the maximum entropy (ME) procedure seeks to find a probability distribution (7
that the following constraints hold:

0=cp:= /WME(F)dF— 1
0=c = /Ub(F)wME(F)dF— %kaT

0= i [T P m T TP for I € {1 ) [ 1<

0 = cgist ::/ Z ;IﬁN TME () di — Z HR, ford=1,....m—1

1=d+1 i=d+1

where cg constrains the distribution to be normalized, c¢; constrains the average potential energy to be equal
to the thermal energy (where kg is the Boltzmann constant and T is temperature), ¢} constrains the average
contact frequency between beads of type I and type J to be the same in the experiment and the simulation,
and cd‘bt constrains the average contact frequency along each diagonal to be the same in the experiment and
the sunulation (in practice, we typically coarse-grain cd‘St from d constraints to 96 constraints).



S2.2.4 Derivation of ME Probability Distribution

To optimize the parameters of 7™, we seek to maximize the information entropy subject to our constraints:

s= —/WME(F) ln(wME(F))dF
Using Lagrange multipliers we obtain the following extremum condition:

s 800 acl

epi dist
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epi
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where each Lagrange multiplier, A, corresponds to one of the constraints defined above.

Omitting the intermediary steps of the derivation, and renaming the following Lagrange multipliers:

ﬁ = kBT = )\1
X1J = )\(}31
Xgist - )\gist

We arrive at the following probability distribution:

_BUME (7
M ) o~ BUME()

™) = T

In our work, the resulting maximum entropy energy functional is:

3 m 3
UME(7) = UP(7) + Z Z XIJ%¢I,C¢J,C + Z ngiSt‘Aj%,c
P P

cegrid 1>J cegrid d=1
I,J€labels

S2.2.5 ME Optimization Procedure

For the generic observable v;(7) (e.g. v;(F) = T/)TIHSimQ/}:yJ) we wish to determine the parameters \; (e.g.
X1) contained in the potential energy:

UME(7 X) = UP(7) + Z Xivi (7)

such that the expectation values of each observable coincides with its experimental value:

1 e
V=R / e PNy (#di = v

where Z(X) = fe_ﬁUME(ﬁX)dF is the partition function.

We can define a convex objective function 6:

0(X) =Im[Z(XN)] + B> NP

i=1

The partial derivatives of the target function are:
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To find the optimal set of parameters, A, we numerically minimize the target function 6 using Newton’s
method:

A= X BT (A)g(N)

where t is the iteration number and ~ is a dampening parameter.
We use v = 0.25 for the first two iterations and v = 1 for all subsequent iterations.

We define convergence when the normalized magnitude of the gradient is less than a convergence criterion,
€:

9%)
875

<€

where |Z| denotes the [?>-norm of &

S2.3 Neural Network Details
S2.3.1 Message Passing Architecture

Our message passing architecture is adapted from the graph attention network proposed by Brody et al. [4].
Compared to Brody et al., we include the edge features during the message passing step in addition to when
calculating the attention coeflicients.

X;lew = ai,ingi + Z OtiJ'@g[Xj || E”] (11)
JEN ()
where XV is the updated node embedding for node i, ©; and O, are learnable weight matrices, N (¢) is

the set of neighbors of node ¢, || denotes concatenation, F;; is the edge features for the edge between node i
and j, and o ; is an attention coefficient defined as in Brody et al.:

exp(aTLeakyReLU(G[Xi | X5 |l EZJ]))
ZkeN(i)u{i} exp(aTLeakyReLU(@[Xi I X | EZ]]))

(12)

@ij =
where a and © are learnable weight matrices.

S2.3.2 Neural Network Training

All neural networks are implemented and trained in PyTorch [21] using the PyTorch Geometric library [9].
We train/test on a synthetic dataset of N = 10000 samples generated as described in the main text. We
train on 9000 samples and test on the remaining 1000.

We use the Adam optimizer with an initial learning rate (Ir) of 107* and other parameters set to their
defaults. We train for 40 epochs at lr=10"% followed by another 20 epochs with lr=10"°.
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S2.3.3 Ablation Study

To assess the impact of variants of our data generation and training procedure, we performed an ablation
study (Table A). We include all four metrics discussed in the main text in Table A: SCC, HiC-Spector, Corr
PC1(H), and RMSE(H). For simplicity, we only discuss the SCC here.

Baseline refers to the GNN as described in the main text. All results in the main text use the Baseline GNN.

No log-transform in loss is a GNN trained using the mean-squared error between U and U instead of between
U and UT. Training the GNN in this way noticeably decreases the SCC (0.573 vs 0.725), motivating our
choice of defining the loss in the log space.

50 kb resolution uses a contact map at 50 kb instead of 100 kb resolution to define the graph structure.
While this variant achieves lower MSE loss on the simulated validation set (0.313 vs 0.406), the SCC on the
experimental validation set is slightly lower (0.650 vs 0.725). This result suggests that the GNN may be
overfitting to the simulated contact maps when using the finer 50kb resolution.

Without SignNet omits the SignNet step described in the main text, where the entire GNN architecture
is run twice, once with node features defined by positive eigenvectors and once by negative eigenvectors.
We consider two variations. One where the eigenvectors are still included as a node feature, but their sign
is unaccounted for - Without SignNet (with eigenvectors). This variant performs substantially worse than
the baseline (SCC 0.462 vs 0.725). And a second variation where the eigenvectors are omitted as well -
Without SignNet (without eigenvectors). Instead, the node features are initialized as a single constant value.
Interestingly, this variant performs better than Without SignNet (with eigenvectors), where the eigenvectors
are included naively (SCC 0.647 vs 0.462).

Without mean(diagonal(H, |¢ — j|)) in E;; omits mean(diagonal(H, |i — j|)) from the edge features. This
variant performs substantially worse (SCC 0.457 vs 0.725). Intuitively, we believe this feature to be important
for the GNN to incorporate information about the contact probability scaling of the input contact map.

Original message passing layer from [4] uses the message passing layer as defined in Brody et al., instead
of the modification we propose in Eq. (11). This variant performs dramatically worse (SCC -0.003 vs
0.725), demonstrating that incorporating edge features into the message passing step directly (not just when
computation attention coefficients) is an essential modification.

S2.4 Data Generation Details
S2.4.1 Motivation

A major challenge in our problem setting is obtaining sufficient training data. To train the GNN in a
supervised manner, we require a large dataset of contact maps, H, and the corresponding parameters, U.
There are two challenges to acquiring such a dataset. First, the number of existing experimental Hi-C contact
maps is quite small compared to the scale of data needed to train modern neural networks. For instance,
the ENCODE database contains only 195 different Hi-C experiments [18, 30]. Second, we do not know
the corresponding polymer model parameters for these experimental contact maps, and estimating them
via the maximum entropy approach would be computationally demanding. To address these challenges, we
use synthetic data instead. The generalization properties and performance of the resulting trained neural
network depend heavily on how the synthetic data is generated.

We seek to generate a training dataset of (U, H) pairs. Given a synthetic parameter matrix, 4”, we can use our
polymer model to produce the corresponding simulated contact map, H™. The challenge is to generate many
U’ that are both biologically realistic and sufficiently diverse to allow the trained network to generalize well.
We wish to leverage existing experimental data in combination with maximum entropy optimization solutions
to strategically generate synthetic parameters. By using the maximum entropy parameter estimates to guide
how we choose U™, we can create realistic synthetic parameters. We expect these realistic parameters to
yield simulated contact maps that resemble the experimental contact maps.

11



S2.4.2 Method

First, we obtain a set of experimental contact maps at 50 kb resolution, H® for ¢ = 1,...,33 corresponding
to 25.6 Mb regions of the odd chromosomes of the IMR90 cell line. Each contact map contains m = 512 bins
(i.e., rows/cols). For each H () we use the polymer model with the maximum entropy approach to estimate
LME®) and TMEE) matrices from Eq. (3). Define YME® .= [ME@) 4 TME()  We will use these maximum
entropy energy matrices to guide the generation of synthetic data.

We generate 10,000 synthetic interaction parameter matrices, U®) € R™*™ for s = 1,...,10000 using the
procedure in Algorithm F. In Algorithm F, we first generate L(*) using Algorithm G. Next, we generate 7*)
as equal to the T matrix from a random maximum entropy simulation, TME(4)  We find that this simple
procedure for defining 7 is sufficient; the generative procedure for L) in Algorithm G helps generate
diverse simulated contact maps.

To facilitate generating random L) matrices with Algorithm G, we first fit a distribution to the eigen-
values of LME(W IMEG3)  For each LME(®) | we compute the rank 10 eigendecomposition as LME(®) =
QMEO A (QMENT where QMEW) ¢ R™*10 contains the eigenvectors of LME®) and A = diag()\gé), ce )\%)
is a diagonal matrix containing the eigenvalues of LME(®)  Note that LME® is rank 10 by construction
(Section $2.1.5), so this eigendecomposition is exact. Next, we fit a probability distribution, p()\;) for
j =1,...,10, by kernel density estimation (KDE) over )\;1), .. .,)\;33). For the KDE, we use a Gaussian
kernel with bandwidth 10 using the implementation in Scikit-learn [22]. When fitting the KDE, we ignore
outliers as defined by 1.5 times the interquartile range.

In Algorithm G, we define L) based on its eigendecomposition. First, we generate random eigenvalues,
)\;d), by drawing from the probability distributions p();) (lines 1-2). Next, we define the eigenvectors, Q*),
as equal to the eigenvectors from a random maximum entropy simulation, QM®(¢a) (line 3). In principle,
we could design a generative model to generate random eigenvectors. However, we find using the maximum
entropy eigenvectors without modification to yield sufficient results.

As an alternative to the approach in Algorithm G, we could generate L(*) by generating synthetic bead
labels, ¥ € R™** and Flory-Huggin’s parameters, y € R¥**¥ (Section S2.1, Eq. (6)). Note that L :=
(UxUT + (U UT)T) /2. In our approach, we only need to generate k eigenvalues. To generate a synthetic x
would require k(k; D values (x is symmetric). Further, the ordering of the bead labels in ¥ is ambiguous.
Consider that any column permutation of ¥ is equally valid given the appropriate permutation of x. In
our approach, the eigendecomposition naturally orders the eigenvectors by their eigenvalue, which makes

generating synthetic eigenvalues more straightforward.

Algorithm F /") < Generatel

QR GenerateL()

: T < TMEW) for a random choice of £, ~ U{1,...,33}
UG — L) L 70)

. Return /)

[

Algorithm G L « GenerateL

Given p(}\;), KDE probability distributions for jth eigenvalue of
QMEMD) . QMEB3) eigenvectors of LMEM) . [ME(33)

Sample )\gfj) ~p(Aj) for j=1,...,10

A®)  diag(A, ... A)

QW «— QMEW) for a random choice of ¢, ~U{1,...,33} > where U is the uniform distribution

LO) 4+ QWA (QUNHT
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S3 Robustness to Matrix Balancing Techniques

Matrix balancing techniques are a common pre-processing/normalization strategy used on experimental Hi-
C data. These techniques ‘balance’ the contact map by ensuring that all rows/columns sum to a constant
value. Matrix balancing has been shown to remove technical biases in experimental Hi-C data [11, 25].
Two popular matrix balancing tools used in the literature are ICE (Iterative Correction and Eigenvector
decomposition) [11] and Knight-Ruiz Matrix Balancing [15].

To show that the performance of our GNN approach is unaffected by these common pre-processing tools,
we evaluate our approach on KR and ICE pre-processed contact maps Fig. E. We download a raw contact
map, perform matrix balancing, and then normalize the contact map as described in the main text. For
these results, we have not retrained the GNN; it is trained on simulated data based on raw contact maps.
Nonetheless, there is no significant difference in SCC when evaluated on matrix-balanced contact maps
(Fig. E). This result suggests that the GNN has learned general properties of Hi-C data allowing it to
generalize to matrix-balanced contact maps as well. This may be because matrix balancing has a relatively
subtle effect on the resulting contact map. We do not expect the GNN to be compatibly with arbitrary pre-
processing choices. Similarly, there is no significant difference in SCC for the maximum entropy approach.

We use the KR implementation from https://github.com/ay-1lab/HiCKRy and the ICE implementation
from https://github.com/hiclib/iced.

S4 Robustness to Hi-C Data Quality

To demonstrate that the GNN is robust to the quality of the experimental data, we simulate the same
genomic region using target contact maps with different numbers of total contacts. Contact maps with
greater total contacts are of higher quality simply due to the law of large numbers. In our simulation, we can
increase the number of total contacts by running longer simulations and sampling more structures. In the
experiment, the total number of contacts is equal to the number of sequencing read-pairs (i.e., sequencing
read depth) used to generate the contact map. Deeper sequencing runs will increase the number of total
contacts.

To systematically achieve an in silico contact map with a desired number of total contacts, we randomly
sample contacts with probability proportional to the contact probability from a high-quality experimental
contact map until we reach the desired number of total contacts. We define the total contacts as the number
of contacts in the target genomic region (as compared to genome-wide). Fig. FA-B shows the resulting in
silico contact maps and corresponding simulated contact maps for a 25.6 Mb region of IMR90 Chr2 at 10,
109, and 107 total contacts. The original experiment had ~1.7 x 107 contacts in this region.

We performed this sampling procedure for ten different IMR90 contact maps to achieve in silico contact maps
with total contacts between 10* and 108. Across the range of total contacts, the maximum entropy approach
outperforms the GNN approach based on SCC (Fig. FC). For both approaches, the SCC plateaus for read
depths greater than 10% but decays relatively rapidly for lower read depths. When using the HiC-Spector
metric, the GNN and maximum entropy approaches perform comparably for total contacts between 10° and
108 (Fig. FD). For total contacts less than 10°, the GNN approach’s performance on the HiC-Spector metric
degrades faster than the maximum entropy approach’s performance. Note that the simulated contact maps
on which the GNN was trained typically contain 105-107 total contacts. As a result, it is unsurprising that
the GNN performance deteriorates below a read depth of 10°.

Future work will be needed to extend the GNN to be successful on very sparse Hi-C data, as is common in
the single-cell Hi-C setting. Single-cell Hi-C experiments typically yield 10* to 10° total contacts per cell.
Assuming contacts are distributed uniformly across the genome, the 25.6 Mb regions here would only have
10% to 10* total contacts.
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S5 Relationship to Existing Machine Learning Methods

The graph attention architecture we use [4] is an example of a graph transformer. Similar to traditional
transformer architectures, graph transformers rely on attention mechanisms [31] as their core building block.
Notably, AlphaFold is a transformer architecture that has been remarkably successful in the protein structure
prediction domain [1, 13, 16].

Since chromatin and proteins are both biological polymers, one might wonder if we could adapt AlphaFold
to predict chromatin structure given appropriate inputs. Our approach has two key advantages over an
AlphaFold-esque approach in the chromatin structure prediction setting. First, our approach can obtain
accurate structure estimates with far less experimental training data. This is essential for chromatin structure
prediction since we don’t have large-scale experimental databases such as those available for protein structure
[2]. Second, by using our polymer model, we can map an experimental contact map to a distribution
of candidate structures rather than a single static structure, better reflecting the dynamic nature of the
molecules. Effectively, our entire approach can be regarded as a physics-informed generative model for
structures instead of a point estimate of a single structure, reflecting both (a) uncertainty in structure
estimates and (b) the dynamic nature of chromatin.

S6 Role of Machine Learning in Molecular Simulations

In computational chemistry and biology, coarse-grained particle-based simulation models are essential for
studying the structural properties of polymers and large biomolecules. There are two basic frameworks
for constructing coarse-grained models, referred to as ‘bottom-up’ and ‘top-down’ [20]. In the bottom-up
framework, a coarse-grained model is parametrized to approximate an underlying fine-resolution model.
Machine learning is commonly used in the bottom-up framework to learn effective coarse-grained potentials
[10, §].

On the other hand, the top-down framework does not require an underlying fine-resolution model. In
the top-down framework, a model is constructed with user-defined energy functional consisting of unknown
parameters that must be estimated from experimental data [20]. Our approach falls into this category. In the
context of machine learning, top-down simulations can be considered an inverse problem where experimental
data is observed, but the parameters of the underlying energy functional are unobserved. There has been
relatively little work developing machine learning approaches to parametrize coarse-grained models in the
top-down framework [29]. We hope that our approach spurs further development for machine learning tools
in the top-down setting.

S7 Metrics for Comparing Contact Maps

The first metric we consider is the stratum-adjusted correlation coefficient (SCC), which is a weighted average
of the Pearson correlation between pairs of off-diagonals of two Hi-C contact maps [33]. To compute the
SCC, we wrote our own implementation which operates on dense matrices. The SCC requires two user-
defined parameters: a smoothing parameter, i, and the maximum range of interactions to consider (i.e., the
maximum off-diagonal to consider, K). We consider only contacts within the range of 0-5 Mb, as in the
original method from Yang et al. [33]. This corresponds to the first K = 100 off-diagonals for our resolution
of 50 kb. For smoothing, we use a 2D mean filter with a span size of h = 5. We choose h = 5 because our
resolution of 50 kb is closest to the recommendation of using h = 5 for 40 kb resolution from Yang et al. We
show the effect of varying the filter span size, h, (while K = 100) in Fig. H.

As an alternative metric, we consider the Hi-C Spector score [32]. Given two Hi-C contact maps, the Hi-C
Spector score first converts each contact map into a graph Laplacian matrix. The Hi-C Spector score is a
scaled sum of the Euclidean norm between the first x Laplacian eigenvectors. The metric is scaled to the
range [0, 1], where 1 is better. We compute the HiC-Spector score using the implementation provided in
https://github.com/gersteinlab/HiC-spector with the first K = 10 Laplacian eigenvectors. Empirically,
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past work has found the Hi-C Spector score to be more robust to the Hi-C data quality (ie., sequencing read
depth) than the SCC [34].

As seen in Table 1 and described in the main text, the maximum entropy approach outperforms the GNN
approach based upon the SCC (the Hi-C Spector score is comparable). Despite this, we find that the
maximum entropy simulated contact maps often have noticeable visual ‘imperfections’. In Fig. I, we show
four example contact maps where the maximum entropy approach tends to overestimate experimental contact
frequencies in some portions of the contact map. The corresponding genomic-distance normalized contact
maps are shown in Fig. J. Note that these examples are not curated; they are the first four contact maps
in our experimental test set - all from chromosome 2 of the IMRI0 cell line. The significance of these
imperfections is unclear, and therefore we include two additional metrics, Corr PC1(H) and RMSE(H).

Corr PC1(H) and RMSE(H) are both measures of the global similarity of genomic-distance normalized
contact maps. In contrast, both SCC and HiC-Spector focus primarily on contacts near the main diagonal.
By design, the SCC only focuses on contacts within 5 Mb. In addition, the SCC gives higher weight to
contacts near the main diagonal. HiC-Spector also focuses on contacts near the main diagonal since it treats
the contact map as a graph and compares Laplacian eigenvectors. The primary signal in this graph Laplacian
will be the main diagonal of the contact map.

Depending on the application, it may be preferable to focus on the main diagonal (where the majority of
contacts are located) or to focus on the compartmentalization pattern. Visually, the GNN approach seems
to do better at reproducing long-range compartmentalization patterns (Fig. I, Fig. J). This is supported by
the GNN’s better performance on the Corr PC1(H) and RMSE(H) metrics (Table 1).

The origin of this performance difference may be a consequence of differences in the GNN loss function and
maximum entropy optimization objective. We train the GNN with mean-squared error loss between the
ground truth and estimated U/ matrices. As a consequence, the GNN gives equal weight to all entries in
U. This may explain why the GNN performs best on global measures of contact map similarity. On the
other hand, the maximum entropy optimization objective seeks to constrain the average contact frequencies
between beads of type I and J to match between the simulation and experiment (see Section S2.2 for details
of the maximum entropy approach). Since the majority of contacts are located near the main diagonal, the
maximum entropy approach prioritizes performance near the main diagonal.
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S9 Supplementary Figures

] Method | MSE | SCC | HiC-Spector | Corr PC1(H) | RMSE(H) |
Baseline 0.406 | 0.725 0.533 0.913 0.677
No log-transform in loss NA 0.573 0.468 0.620 0.805
50 kb resolution 0.313 | 0.650 0.503 0.825 0.682
Without SignNet (with eigenvectors) 0.501 | 0.462 0.421 0.827 0.867
Without SignNet (without eigenvectors) | 0.484 | 0.647 0.468 0.809 0.707
Without mean(diagonal(H, |i — j|)) in E;; | 0.470 | 0.457 0.432 0.738 0.802
Original message passing layer from [4] 1.784 | -0.003 0.379 0.204 0.843

Table A: Neural network ablation results. See Section S2.3.3 for a description of each method. All results
in the body of the paper correspond to the baseline method. MSE is the average mean-squared error on
the validation set of 1000 simulated contact maps and synthetic parameters. The MSE is reported after log-
transformation of U to U as described in the main text. SCC, HiC-Spector, Corr PC1(H), and RMSE(H) are
computed between each experimental contact map and the contact map simulated using the GNN-predicted
parameters, averaged over 33 experimental contact maps from the odd chromosomes of the IMR90 cell line.
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Method SCC HiC-Spector | Corr PC1(H) ‘ RMSE(H) ‘ Simulation Time
GM12878, IMEC, HUVEC, HAPL
GNN 0.71 £ 0.01 | 0.54 £ 0.01 0.85 £ 0.01 0.70 £ 0.01 114 + 0.1
Maximum Entropy | 0.82 £ 0.00 | 0.52 £ 0.01 0.79 £ 0.01 1.07 £ 0.01 75.3 £ 2.0
GM12878
GNN 0.74 £ 0.01 | 0.55 £ 0.02 0.86 £ 0.02 | 0.49 £ 0.01 9.5+£0.1
Maximum Entropy | 0.83 £ 0.01 | 0.52 4+ 0.02 0.84 £+ 0.02 0.92 £ 0.03 72.8 £4.1
HMEC
GNN 0.66 £ 0.02 | 0.53 £ 0.03 0.82 £ 0.03 0.7 £ 0.01 13.5 £ 0.2
Maximum Entropy | 0.83 £0.01 | 0.55 £0.03 | 0.76 £ 0.04 | 0.95 + 0.02 779+ 5.3
HUVEC
GNN 0.66 +0.02 | 0.53+0.03 | 0.82+0.03 | 0.7+ 0.01 13.5 £ 0.2
Maximum Entropy | 0.83 £ 0.01 | 0.55 £ 0.03 | 0.76 £ 0.04 | 0.95 &+ 0.02 77.9 £ 5.3
HAP1
GNN 0.7+ 0.01 | 056 £0.02 | 0.83+0.03 | 0.76 £ 0.01 11.0 £ 0.3
Maximum Entropy | 0.82 £ 0.01 | 0.54 4+ 0.02 0.79 £ 0.02 1.18 £ 0.03 84.3 £ 4.5
CH12.LX
GNN 0.78 &£ 0.01 | 0.42 £ 0.02 0.8 £ 0.04 0.84 4+ 0.02 9.2 +£0.2
Maximum Entropy | 0.81 £ 0.01 | 0.38 £ 0.02 0.85 £ 0.01 1.29 £ 0.02 77.0 £ 4.6

Table B: Average results for experimental contact maps from even chromosomes of GM12878, HMEC,
HUVEC, HAP1, and CH12.LX (GNN was trained only using the IMR90 cell line). Metrics are defined as
in Table 1. Maximum entropy optimization was performed with a convergence criterion of ¢ = 1072, All
values are mean + standard error.

’ Cell Line \ Genome Version \ Repository \ File

IMR90 hgl19 Juicebox hiseq/imr90/in-situ/combined.hic

GM12878 hg19 Juicebox hiseq/gm12878/in-situ/combined.hic
HMEC hg19 Juicebox hiseq/hmec/in-situ/combined.hic

HUVEC hg19 Juicebox hiseq/huvec/in-situ/combined.hic
HAP1 hg19 Juicebox hiseq/hapl/in-situ/combined.hic

CH12.LX mm9 Juicebox | hiseq/ch12-1x-b-lymphoblasts/in-situ/combined.hic
IMR90 hg38 ENCODE ENCSR345VTI/ENCFF2811LS. hic

Table C: Experimental data sources used in this manuscript. The Juicebox repository can

be found at https://www.aidenlab.org/data.html. The

https://www.encodeproject.org/.

ENCODE repository can be found at
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Figure A: Schematic overview of GNN architecture. We define a graph (not to scale), node features (X),
and edge features (F) based on a Hi-C contact map. The core graph neural network comprises a message
passing layer and a multi-layer perception (MLP) After four iterations, the GNN yields a node embedding,
Z. The node embedding is used to predict L via a bilinear function and 7' via another MLP. L and 7" are
summed (element-wise) to yield .
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Figure B: Comparison of GNN and maximum entropy simulated contact maps vs. experimental contact map
of Chr2:5.1-30.7 Mb from three cell lines. Left: GM12878 human lymphoblastoid cell line. Middle: HMEC
human mammary epithelial cell line. Right: HUVEC human umbilical vein endothelial cell line. The lower
triangle shows the experiment. The color bar is the same for all subfigures. (A) The upper triangle shows
the GNN simulation. (B) The upper triangle shows the maximum entropy simulation.
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Figure C: Contact maps corresponding to distances analysis in Fig. 4. (A) IMR90 Chr2:10-25.6 Mb. (B)
IMR90 Chr21:14-39.6 Mb. The lower triangle shows the experimental contact map. Left: The upper triangle
shows the GNN simulated contact map. Right: The upper triangle shows the maximum entropy simulated
contact map.
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Figure D: Mean distance scaling as function of genomic separation. The vertical axis is the mean euclidean
distance averaged over structures and averaged over pairs of loci at a given genomic separation. The two
black curves are experimental distance scaling for IMR90 Chr2:10-25.6 Mb. The solid black curve is at 50 kb
resolution from [28], and the dotted black curve is at 30 kb resolution from [3]. Colored curves are simulated
distance scalings for maximum entropy optimized simulations. The dashed curve in each panel corresponds
to the parameters used in the main text. Left: Linear scale x-axis Right: Log scale x-axis (A) Varying bond
length, b, holding V = 8 um? and aspect ratio = 1.5 (B) Varying simulation volume, V', holding b = 200
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Figure E: Effect of pre-processing with Knight-Ruiz (KR) and ICE matrix balancing techniques on model
performance. The vertical axis is the SCC between each experimental contact map and the simulated contact
map for 33 experimental contact maps from the odd chromosomes of the IMR90 cell line. Left: Maximum
entropy approach. Right: GNN Approach. Boxes represent the 25th and 75th quantiles, and the solid line
indicates the median. Whiskers extend from the box by 1.5 times the interquartile range.
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Figure F: Effect of contact map quality on GNN and maximum entropy performance. (A-B) Contact maps
of IMR90 Chr2:149.75-175.35 Mb at different numbers of total contacts. Left: Total contacts of 10°. Middle:
Total contacts of 106. Right: Total contacts of 107. The lower triangle shows the experimental contact map
subsampled to the indicated total contacts. The color bar is the same for all subfigures. (A) The upper
triangle is the GNN simulated contact map. (B) The upper triangle is the maximum entropy simulated
contact map. (C-D) Average SCC (C) and HiC-Spector score (D) across ten IMRI0 contact maps as a
function of total contacts for GNN (red) and maximum entropy (blue) simulations. Error bar shows + one
standard deviation.
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Figure G: Effect of the number of principal components, k, used in the maximum entropy approach on the
SCC between experimental and simulated contact maps. SCC is the average SCC from 10 contact maps in
the experimental validation set of contact maps from the odd chromosomes of the IMR90 cell line. Error
bars show standard error.
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Figure H: Effect of the filter span size, h, when calculating SCC. See Section S7 for details. SCC is the
average SCC from 40 contact maps in the experimental test set of contact maps from the even-chromosomes
of the IMRIO0 cell line. SCC is reported for both the GNN approach (red) and maximum entropy approach
(blue). Error bars show standard error.
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Figure I: Comparison of GNN and maximum entropy simulated contact maps vs. experimental contact
maps. The experimental contact map is always shown in the lower triangle. Left: upper triangle is GNN.
Right: upper triangle is maximum entropy. Blue ellipses highlight regions for which the maximum entropy
simulation overestimates the experimental contact frequencies. (A) IMR90 Chr2:5.1-30.7 Mb. (B) IMR90

Chr2:30.7-56.3 Mb. (C) IMR90 Chr2:56.3-81.9 Mb. (D) IMR90 Chr2:111.3-136.9 Mb.
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Figure J: Comparison of genomic-distance normalized contact maps as in Fig. I. The experimental contact
map is always shown in the lower triangle. Left: upper triangle is GNN. Right: upper triangle is maximum
entropy. Blue ellipses highlight regions for which the maximum entropy simulation overestimates the ex-

perimental contact frequencies. (A) IMR90 Chr2:5.1-30.7 Mb. (B) IMR90 Chr2:30.7-56.3 Mb. (C) IMR90
Chr2:56.3-81.9 Mb. (D) IMR90 Chr2:111.3-136.9 Mb.
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