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Abstract

Quantum technology is pivotal to the future of physics, whether through quantum computing

and simulation, or quantum sensing and measurement. All sorts of systems exhibit quan-

tum phenomena and many di�erent platforms are being developed for quantum information

processing. Connecting these disparate quantum systems together is key to exploiting the

advantages of each and growing the potential applications of quantum hardware.

One of the most popular quantum computing platforms is superconducting qubits, using

microwave-frequency electronics at cryogenic temperatures, which have promising results

but are con�ned to operating within dilution refrigerators. In order to communicate through

ambient environments, the ability to convert quantum signals between microwave electronics

and infra-red �ber optics is highly sought after. Of the various approaches to this challenge, a

promising candidate is optomechanical crystal resonators that use simultaneous photonic and

phononic crystals to create a co-localized cavity coupling infra-red electromagnetic modes

to microwave-frequency acoustic modes, which then via electromechanical interactions can

undergo direct transduction to electronics. The majority of work in this area has been

on one-dimensional nanobeam resonators which provide strong optomechanical couplings of

g�om � 1MHz but, due to their geometry, su�er from an inability to dissipate heat produced

by the laser pumping required for operation.
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Here we explore two-dimensional optomechanical crystal resonators, as structures with im-

proved heat conduction properties, for their potential application in quantum microwave-

electronic to infra-red optic transduction. Gallium arsenide is used as our material of choice

due to its native piezoelectricity and favourable mechanical resonance frequencies. We con-

clude by adapting the vertebrae quasi-two-dimensional optomechanical resonator design to

gallium arsenide and demonstrating a device with g�om � 650 kHz.

This thesis is structured with a succinct main matter, that tells the story of developing a two-

dimensional optomechanical crystal resonator, and a library of appendices that provide more

elaborate details. Throughout, Einstein notation is generally assumed where appropriate.
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CHAPTER 1

Introduction

The development of technology exploiting the features of quantum mechanics has gathered

great momentum over the past couple of decades, spurred on by the promise of applications in

quantum computing [1, 2] and quantum communication [3, 4]. Science towards these goals

have lead to improved control over quantum phenomena, including macroscopic quantum

objects [5�7], quantum limited noise [8�12], and quantum sensing [13, 14]. Indeed the future

of high precision measurement and detection in physics will need to take place at the quantum

limit and take advantage of quantum e�ects.

1.1 Quantum mechanics

Whilst now a century old [15], the theory of quantum mechanics has only recently been

able to be probed and manipulated at macroscopic scales. The basic premise of quantum

mechanics is that the state of a system is described by a unit vector in a complex Hilbert

space and observables are self-adjoint operators [16]. These operators can be non-commuting,

leading to a discretization of possible states and quantized values, hence the name quantum

mechanics. As a result of this formulation, outcomes of observations are described by prob-

ability distributions, and states can be a linear combination of other states (superposition).

Additionally, when combining quantum systems, the subsystem states can be correlated in

a way that classical systems can not (entanglement). This leads to a truly magical theory

of how the universe works, allowing objects to go through walls, where without determinism

free will can exist, and despite extremely low odds1 water can be turned into wine.

1. Clearly not a problem for a divine being.
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1.2 Quantum computing

Quantum computing entails the development of a computer architecture where the fun-

damental bits, and operations between them, are quantum in nature. At large scales, a

quantum computer has the potential to solve problems and perform algorithms beyond the

reach of classical computers [2, 17]. Famously this includes Shor's algorithm [18] to factor

a product of two prime numbers and break the widespread cryptography system of RSA

[19]. Of particular interest to academic and industrial communities, however, is their ability

to better simulate systems that are fundamentally quantum mechanical in nature such as

complicated chemical structures [20�22].

Many di�erent platforms for quantum computing are being developed by various research

groups around the world. These include ion traps [23, 24], neutral atoms [25�28], silicon

quantum dots [29�36], �oating electrons [37�39], topological braids [40, 41], and supercon-

ducting circuits [42�46].

Superconducting circuits represents one of the most developed archetypes [47, 48], garnering

signi�cant investments from major technology companies [49�52]. The basic building block of

this approach is a superconducting (no resistive loss) electrical resonator (capacitor, inductor)

in which the inductor has been replaced by a Josephson junction [53�55] that exhibits non-

linear inductance. This non-linearity produces anharmonicity in the energy levels, allowing

the �rst two to be uniquely addressed as quantum bit (qubit) [56, 57]. To interface with

current high-frequency electronic technology, and sit above thermal noise backgrounds, these

qubits are typically built in the microwave C band of r4, 8sGHz, and housed in dilution

refrigerators at � 10mK.

Whilst microwave frequencies are suitable for quantum signal processing within a dilution

refrigerator, quantum state transfer to the outside at ambient temperatures requires frequen-
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cies Á 10THz to avoid being swamped by thermal noise. To this end, and in the interest of

being able to connect more quantum systems together, we are interested in quantum trans-

duction between vastly di�erent frequencies. In this thesis we are particularly looking at

conversion between � 4GHz microwave electronics and � 195THz infra-red electromagnetic

waves in �ber optics.

1.3 Quantum transduction

The goal of quantum transduction is to transfer a quantum state between systems, often

at vastly di�erent frequencies. A common intermediary for frequency conversion are me-

chanical acoustic modes due to their ability to couple to most everything. For microwaves

to infra-red there are a variety of approaches being investigated [58�61], these include the

direct but weak electro-optic e�ect [62�70], membrane in the middle [9, 71�82], magnome-

chanics [83�87], quantum dots in surface acoustic waves resonators [88�92], quantum dots in

electric resonators [93�95], high overtone bulk acoustic resonators [96�100], spin defects [101�

104], erbium ions [105�108], optomechanical scattering tracks [109�114], and optomechanical

crystal resonators[115�137].

Optomechanical crystal resonators work by using a simultaneous photonic and phononic

crystal to create a cavity with both optic and acoustic modes which can couple via an

optomechanical interaction [138�142]. The acoustic mode is made to be at microwave fre-

quencies, and piezoelectric materials are used to convert this to an electrical excitation. Here

we investigate two-dimensional optomechanical crystals in a natively piezoelectric material

as a candidate system for quantum microwave electronic to infra-red transduction.
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CHAPTER 2

Physics

In this chapter we introduce physics theory applicable to the operation of a two-dimensional

optomechanical crystal quantum electro-opto-mechanical transducer. Detailed derivations

can be found in corresponding appendices.

2.1 Electro-opto-mechanical transfer

Quantum state transfer between an infra-red optical resonator and microwave frequency

electronic resonator can be carried out with a mechanical intermediary that couples to both.

The Hamiltonian describing this interaction is summarized by

Ĥ Q ℏωo â: âlooomooon
optical

resonator

� ℏωm b̂: b̂looomooon
mechanical
resonator

� ℏωe ĉ: ĉlooomooon
electrical
resonator

� ℏ gom â: â
�
b̂: � b̂

�loooooooooomoooooooooon
optomechanical
interaction

� ℏ gem
�
b̂: � b̂

� �
ĉ: � ĉ

�looooooooooooomooooooooooooon
electromechanical

interaction

,

ignoring constant shifts and external couplings.

The optomechanical Hamiltonian is derived in App. C but can be easily conceptualized as

a Fabry-Pérot cavity which has one side connected to a spring. Mechanical oscillations in

displacement change the length of the cavity and hence resonant frequency, then linearizing

this interaction gives the above expression. It should be noted therefore, this form is only

valid when the displacement oscillations are small compared to the total length of the cavity.

The electromechanical interaction is derived in App. K, where an additional electric �eld

produced by piezoelectricity drives the electric resonator circuit.

With the addition of a strong optical pump ℏ â: L expr�iωL ts and cold mechanics, the
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optomechanical interaction can be linearized. Then, if the optical pump frequency is red-

detuned away from the optical resonance by the mechanical resonance frequency, ωL �
ωo � ωm, we can select for an optomechanical swapping interaction. Furthermore, if the

electronics and mechanics are matched in frequency, the electromechanical interaction will

likewise provide swap terms under the rotating wave approximation. Rotating the optics

into the frame of the laser pump, our Hamiltonian can now be surmised as

Ĥrot
lvl
Q ℏ∆om â: âloooomoooon
(rotated) optical

resonator

� ℏωm b̂: b̂looomooon
mechanical
resonator

� ℏωe ĉ: ĉlooomooon
electrical
resonator

� ℏ gom
�
ā� â b̂: � ā â: b̂

�looooooooooooomooooooooooooon
optomechanical

swap

� ℏ gem
�
b̂: ĉ� b̂ ĉ:

�looooooooomooooooooon
electromechanical

swap

,

where

∆om � ωo � ωL � gom
�
b̄� � b̄

� � ωm � ωe ,

and ā, b̄, c̄ are the linearized-around averages which scale with optical pump strength L,

ā � �iL
i ∆om � γo

2

, b̄ � �i gom |ā|2 � i gem c̄

iωm � γm
2

, c̄ � �i gem b̄

iωe � γe
2

.

Full details and derivations can be found in App. J and App. K. In this form it is straight-

forward to see how an optical or electronic excitation can be swapped through the mechanics

with couplings ā gom and gem.

Adding baths (see App. I), denoting internal losses as γint, coupling the optics to a symmetric

bi-directional waveguide, each side γwgo , and connecting an electronic transmission line, γtxe ,

we obtain the system given in Fig. 2.1 with full input-output equations of motion given in

App. K. With

γo � γinto � 2 γ
wg
o , γm � γintm , γe � γinte � γtxe ,
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Figure 2.1: Schematic of the electro-opto-mechanical system. Operators â, b̂, ĉ represent our
optical, mechanical, and electrical resonators, whilst d̂ are our optical input-output ports
and f̂ is our electrical transmission line port.

we can de�ne cooperativities

Com � 4 gom
2 |ā|2

γo γm
, Cem � 4 gem

2

γe γm
,

which serve as �gures of merit for transduction performance. The optic to microwave trans-

mission (either direction), worked out in App. K, is then

ToØe �
4 γ

wg
o
γo

γtxe
γe

Com Cem�
1� Com � Cem

�2 . (2.1)

In order to have the detuned pump provide the appropriate three wave mixing, ωo � ωL�ωm,
for this transmission, our optomechanical system should ideally be sideband resolved. That

is, the optical resonance width is less than the mechanical frequency so that the pump can

be outside the optical resonance, γo2   ωm.

This transmission represents the output when all other inputs, including internal thermal

baths are zero. In a real experiment, thermal population of the mechanical and electrical

resonators will add noise to the output. For this reason, being below microwave frequencies or
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outside of a dilution refrigerator makes low-noise conversion di�cult. An e�ective transducer

will have less than one added noise quantum during the swap process.

Inspecting (2.1) we see that transmission increases toward γ
wg
o
γo

γtxe
γe

as Com and Cem are

increased together. Of particular importance, Com is proportional to optical pump power,

and thus whilst Com   Cem � 1 transmission can be improved by driving the pump harder.

In practice however, heating and non-linear e�ects from excessive pump powers can quickly

create problems. Setups more able to dissipate unwanted heat are thus bene�cial by allowing

stronger optical pumping. In some situations, pulsed pumping can be employed to help

mitigate heat build-up [143].

An alternative method for state transfer involves blue-detuning the optical pump to provide

a pair generation term with ā â: b̂:, and create entangled optical photon, mechanical phonon

pairs. A teleportation scheme can then be used to transfer states between the optical and

electronic sides [144�147]. This method however requires gem ¡ ā gom which, depending on

device properties, may be less e�cient.

2.2 Optomechanical crystals

An optomechanical crystal is a periodically structured material that is simultaneously both a

phononic crystal and photonic crystal [148]. In each case, the translational symmetry of the

medium impacts the dispersion relations for propagating waves at wavelengths on the order

of the periodic crystal lattice distance, leading to phenomena not present in homogeneous

media. Of particular interest is the realization of band gaps: intervals of frequency where

wave propagation is forbidden. For nanofabricated devices, these periodic structures are

typically etched holes in a suspended beam or plate, such that we are considering a two-

dimensional patterned plane.
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The translational symmetry present within a crystal is characterized by a set of linearly

independent lattice vectors (primitive vectors) ta⃗iuni�1 such that material properties, M ,

satisfy

M
�
x⃗�°n

i�1 ci a⃗i
� �Mpx⃗q : tciuni�1 � Z .

For photonic crystals, the material properties are permittivity and permeability, whilst for

phononic crystals it's density, sti�ness-compliance, and piezoelectric couplings, or perhaps

the existence of solid material at all. The in�nite set of discrete points
°n
i�1 ci a⃗i is called

the Bravais lattice, and a fundamental repeating region is called a unit cell. The number of

independent lattice vectors, n, is the dimension of the crystal.

Propagating plane waves through the crystal obey `translational' symmetry of wavevectors

according to the reciprocal lattice. If ta⃗iuni�1 are the primitive lattice vectors, then the

primitive reciprocal lattice vectors are tb⃗iuni�1 and must satisfy a⃗i � b⃗j � 2 π δi j . In matrix

form we can write this as

AT �B � 2 π In :

A � �
a⃗1
��a⃗2�� . . . ��a⃗n� , Ai j �

�
a⃗j
�
i

B � �
b⃗1
��b⃗2�� . . . ��b⃗n� , Bi j �

�
b⃗j
�
i

,

which has the simple solution BT � 2π A�1.

Photonic crystal behaviour is described by classical electrodynamics (Maxwell's equations)

in a medium with Floquet (periodic) boundary conditions. For completeness, governing

equations are given in App. A. Phononic crystal behaviour is described by continuum solid

mechanics for elastic media (Hooke's law), with piezoelectricity included as needed, and

similar Floquet boundary conditions. The mathematical description is outlined in App. B.
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A one-dimensional repeating pattern over a two-dimensional plane can be described by one

of seven frieze groups. Of these, the `most symmetric' is p2mm which includes translation

and two mirror re�ections. For a two-dimensional repeating pattern over a two-dimensional

plane, there are seventeen wallpaper groups. The crystallographic restriction theorem limits

the smallest angle of rotational symmetry to be π{3 (i.e. order 6), and the `most symmetric'

group which also includes mirror re�ections is then p6m. In terms of the reciprocal lattice

space, the more symmetries that exist the more restricted the unique fundamental domain

becomes, and the less (inverse) area the dispersion relations cover. One might expect then

that greater symmetric patterns lead to more and wider band gaps appearing.

2.2.1 Wallpaper group p6m lattice

With full crystallographic name p6mm, this wallpaper group forms a hexagonal (or double

triangular) tiling of the plane with π{3 rotational symmetry and mirror symmetries parallel,

perpendicular, and between the two primitive lattice vectors. The fundamental region for

this pattern is half an equilateral triangle that is then translated and �ipped to cover the

plane. For a lattice spacing length a, the primitive lattice vectors are1

a⃗1 �

����a
0

���
 , a⃗2 �

���� a
2

?
3 a
2

���
 .

The reciprocal lattice vectors are thus

b⃗1 �

���� 2π
a

�2π?
3 a

���
 , b⃗2 �

���� 0

4π?
3 a

���
 .

1. By convention, other choices are allowed.
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Figure 2.2: Wallpaper group p6m (left) lattice and (right) reciprocal lattice.

Reciprocal lattices inherit the same symmetries and thus there is a similar fundamental

reciprocal region that is repeated. The corners of this region are given special names

Γ �

����0

0

���
 , M �

���� π
a

π?
3 a

���
 , K �

����4π
3 a

0

���
 .

A diagram of the lattice, and its reciprocal, along with unit cells and named points is given

in Fig. 2.2

If the third dimension, which we will call z, is a �nite thickness, e.g. a suspended membrane

with straight side-wall holes, there exists is a mirror symmetry in the z axis about the

central plane of the slab. Electromagnetic or acoustic modes in the slab can then, following

Ap D, be classi�ed as either z mirror symmetric (
�
z ) or z mirror antisymmetric (

�
z ). With

the right pattern it's possible to achieve complete phononic band gaps that do not permit

any acoustics, and
�
z photonic band gaps that prohibit z mirror symmetric electromagnetic

modes. Whilst a complete photonic band gap would be desirable, it is di�cult to achieve.

Fortunately the �ber optic modes, optical grating couplers (see App. V), and suspended
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beams (see App. S) select for
�
z modes.

Simulations of speci�c optomechanical crystals, their dispersion plots, and band gaps are

available in App. U.

2.2.2 Defect cavities

A defect in an optomechanical crystal with band gaps will create a region where waves of

those otherwise gapped frequencies can locally exist, with the surrounding crystal acting

as a wall. If the size and shape of the defect is appropriate then constructive interference

can occur for particular gapped frequencies, giving rise to resonators. Should the cavity

support co-localized acoustic and electromagnetic resonances, then optomechanical coupling

can occur between them.

Given a geometry with material properties, acoustic displacement mode pro�le Q⃗px⃗q, and
electric mode pro�le E⃗px⃗q, the optomechanical coupling gom appearing in Sec. 2.1 can be

calculated following the derivation in App. C. The two major contributions to the optome-

chanical coupling come from the moving boundary e�ect and photo-elastic e�ect. Moving

boundary is the process described by the example in Sec. 2.1 where the acoustic oscilla-

tions, happening on a much slower time scale than electromagnetic oscillations, deform the

resonator's shape a�ecting the electromagnetic resonance. In the reverse direction, photon

pressure/scattering exerts force on the acoustic resonator's boundaries. For in�nitesimal

displacements, the e�ect can be linearized, and computed with a surface integral of the

�elds over the resonator's boundary, given by (C.14). The photo-elastic e�ect is the change

in electric permittivity in response to mechanical strain. Acoustic oscillations cause local

oscillations in strain and in turn local oscillations in permittivity that in�uence the elec-

tromagnetic resonance. In the reverse direction, photon propagation through the internal
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material, via a series of scattering events, can impart local strain. At �rst order the in-

teraction is characterized by the photo-elastic tensor (property of the material), and the

e�ect computed with a volume integral over the resonator, given by (C.19). Both e�ects can

be generalized to changes in electric permittivity from displacements, whether that be by

moving the boundaries (medium interfaces) or internal material couplings.

Symmetries

If the optomechanical cavity resonator has mirror symmetries then the resonator modes can

be categorized by those symmetries as detailed in App. D. Proved in App. E, if the acoustic

mode has any mirror antisymmetry, there will be no optomechanical coupling. As such, we

require mechanical resonance displacement �elds to be mirror symmetric (when possible) to

see any coupling to electromagnetic �elds.

In addition to the symmetries provided by the optomechanical crystal pattern and cavity

shape, we also need to consider orientation with respect the solid material atomic lattice

and symmetries therein. Mirror symmetries in the cavity need to be lined up with mirror

symmetries in the material.
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CHAPTER 3

Design

In this chapter we go over the various design choices for our optomechanical crystal devices.

3.1 Dimensionality

Whilst one-dimensional optomechanical crystals have proved very successful (see App. ∆)

with demonstrated couplings of g�om � 1MHz, they su�er from their poor ability to dissipate

heat. As discussed in Sec. 2.1, this limits the optical pump power that can be used and hence

the optomechanical coupling rate. One approach to improve heat dissipation is to use a two-

dimensional optomechanical crystal which can support acoustic propagation in all planar

directions, as well as simply provide a greater cross-sectional area for heat conductance. To

this end, we explored two-dimensional optomechanical crystal system for transduction.

Additionally, two-dimensional optomechanical crystals allow the possibility of waveguides

being crafted through them, as has been demonstrated with photonic crystals [149�151].

With careful design, waveguides can be engineered to only allow mechanics or optics to

pass. One major drawback of this functionality, however, is the di�culty in tuning extrinsic

couplings between waveguides and defect cavity resonators. The waveguide size, and cavity

distance, are locked to the crystal lattice.

Unfortunately, it was found that full two-dimensional optomechanical crystal resonator de-

signs seemed to exhibit less optomechanical coupling and lower quality factors than their

one-dimensional counterparts. This has lead to quasi-two-dimensional resonators being de-

veloped [152] where the design is essentially a one-dimensional optomechanical crystal res-

onator embedded in a two-dimensional crystal waveguide.
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3.2 Material

The electromechanical coupling is most easily carried out with a piezoelectric material, how-

ever the optomechanical element can be di�erent. In Ref. [122] silicon is used as the base

material with aluminium nitride deposited to create localized regions for piezoelectric in-

teraction. This additional interface is a source of loss, so it was decided to use a single

piezoelectric material for the entire device.

Commonly available piezoelectric substrates are aluminium nitride (AlN), gallium arsenide

(GaAs), and lithium niobate (LiNbO3). Based on previous work [120, 121], aluminium

nitride was found to be sub-optimal for optomechanical coupling. Lithium niobate has a

signi�cantly greater piezoelectric coupling than gallium arsenide, but is a physically harder

material with fabrication challenges for etching smooth straight holes. Gallium arsenide,

however, has a strong history of use in optomechanical devices [77, 114, 123, 125, 128, 153�

158].

Importantly, gallium arsenide has a favourable speed of sound such that, for two-dimensional

optomechanical crystal patterns, when photonic band gaps are covering 194THz, the phononic

band gap is in the r3, 5sGHz region where we would like to interface with microwave elec-

tronics. For this and the above reasons, gallium arsenide was the material of choice. Full

details on relevant material properties for gallium arsenide are available in Sec. M.1.

There are non-idealities to working with gallium arsenide, however. Firstly, some reaction

between the aluminium gallium arsenide sacri�cial layer, the chlorine etch, and hydro�uoric

acid release produced debris that was di�cult to clear. Secondly, gallium arsenide is compar-

atively an atomically heavy substrate that produces signi�cant electron back scatter during

electron beam lithography. Thirdly, the piezoelectric coupling tensor for gallium arsenide is

composed of `twist' elements that are not optimal for interdigitated transducers [124].
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3.3 Crystal pattern

Our optomechanical crystal pattern is created by patterning air holes through a suspended

slab of material. The e�ectiveness of an optomechanical pattern is discerned through its

acoustic and electromagnetic dispersion relations. A useful pattern will exhibit large band

gaps around the desired frequencies, allowing resonances in defects to be trapped.

On the phononic side, the resonant frequency will need to match the piezoelectric element

and microwave electronic components, in particular a superconducting qubit. Interdigitated

transducers can be fabricated for any particular frequency À 8GHz (although matching the

resonance of two mechanical elements through fabrication only can be challenging), and

superconducting qubits are typically in the region of r2, 8sGHz.

On the photonic side, we wish to interface with telecom �ber optic components, i.e. the

infrared C band1 λ P r1530, 1565s nm, or approximately f P r191, 196sTHz. Comparatively,

this is a much smaller relative target and will dictate �ne tuning of the optomechanical

pattern. As complete band gaps are di�cult to come by in photonic crystals, we are primarily

interested in z mirror symmetric band gaps, matching the mode type used by grating coupler

optical connections (see App. V).

Following the design of photonic crystal resonators [159�164], early two-dimensional op-

tomechanical crystal designs utilized circular holes with a defect cavity [165�173] or slot

[73, 174, 175]. Although much harder to fabricate, the snow�ake pattern is now commonly

used [152, 176�178]. Other shapes such as crosses [179] and shamrocks [180] have been used

for phononic crystals.

Deciding to explore other shape possibilities, a wide variety of optomechanical crystal pat-

1. This region has low �ber absorption, atmospheric transmission, and works with erbium doped �ber
ampli�ers.
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Figure 3.1: Snow�ake (parametrized in Sec. U.2.1) in GaAs, (left) acoustic and (right)
electromagnetic dispersion plots from �nite element simulations.

terns were investigated and are detailed in App. U. Following arguments in Sec. 2.2, wall-

paper group p6m was the primary focus for patterns. Some care needs to be taken that

the pattern can actually be fabricated. Based on electron beam lithography trials, critical

dimensions need to be Á 50 nm and radii of curvature Á 15 nm. Obviously, the holes also

need to be made such that the solid material is connected and can actually be suspended.

Patterns that result in `drums' and `bridges' create a more de�ned separation of acoustic

vibrations [139, 176] and lead to wider mechanical band gaps.

Due to its large band gaps, the �nal choice was the snow�ake shaped pattern, as also favoured

in other work. A geometric description of the snow�ake is given in Sec. U.2.1, and dispersion

plots are shown in Fig. 3.1.
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(a) (b) (c)

(d) (e) (f)

Figure 3.2: Simulations of various two-dimensional optomechanical crystal resonators that
were explored. Colour depicts mechanical displacement |Q⃗|.

3.4 Resonator

Various resonator designs, a selection depicted in Fig. 3.2, were simulated with �nite element

modelling software [181] using eigenfrequency studies to �nd resonant modes. Knowledge of

the appropriate band gap lets us set limits on the frequency search range. Perfectly matched

layers are used for boundaries that extend to in�nity and restrictions on the imaginary part

of the complex frequency (loss) are implemented to avoid spurious eigenmodes that are not

trapped in our resonator. Symmetry planes are used when possible. The self-piezoelectric

in�uence on mechanical modes is small, so violations to enforcing symmetries based on

piezoelectric couplings were ignored. Models were generally constructed using scripts [182]

to trial a wide range of parameters and designs.

Optomechanical couplings for simulated modes were calculated using the formulas derived

in App. C for the moving boundary e�ect, photo-elastic e�ect, and electro-optic e�ect.

This involved solving the acoustic and electromagnetic eigenmodes on the same mesh and

combining results. Based on (C.11), ideal optomechanical resonators have low mode volumes

and concentrate the overlap of electromagnetic and displacement �elds.

17



Early resonator designs attempted to disconnect the tuning of resonator dimensions from

that of the crystal pattern by carving out a rather large hole in the crystal and suspending

a disc, Fig. 3.2(a). The radius of the disc could then be varied to achieve the desired optical

resonance frequency near 194THz. Some examples and simulations of these resonators are

available in App. X, with the best optomechanical couplings calculated to be g�om � 400 kHz.

However, far from the whispering gallery mode regime, the simulated optical quality factors

of these disc resonators were extremely poor and they were deemed unusable.

Subsequent designs leaned toward minor defects in the crystal pattern and hence resonators

whose geometric dimensions were closely tied to that of the optomechanical crystal pattern.

To aid designs and simulation, a wide survey of band gaps for di�erent snow�ake dimensions

were carried out, with some of the results available in Sec. U.6.

One type of design following this approach is a gradient defect, Fig. 3.2(c), where over some

region snow�akes with allowed modes at the resonance frequency are used, and a gradient

is made to the regular crystal pattern. This style is more analogous to the resonators seen

in nanobeams (see App. ∆) where the optomechanical pattern goes through a gradient to a

defect region. Compared to the one-dimensional case, in two dimensions this leads to modes

that occupy a larger volume and inherently have weaker optomechanical coupling.

The dominant resonator shape that was pursued, however, was that of a small trapezium

formed by joining three triangles together within the snow�ake crystal pattern, Fig. 3.2(e).

These had better simulated quality factors and optomechanical couplings (g�om � 600 kHz)

than any other two-dimensional design. Unfortunately, despite relentless fabrication at-

tempts and optimizations, the best resonators had internal quality factors of Q0
o � 2500,

much lower than the estimated 5 k to 10 k minimum needed to have a chance at seeing any

optomechanics. Extensive details on these resonators are covered in App. Y.
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Recent work from other groups has been in the direction of quasi-2D optomechanical cavity

resonators [152, 178, 183], where the cavity resides within a waveguide through the optome-

chanical crystal and operates in a Fabry-Pérot fashion. Currently, these `vertebrae' style

resonators embedded in snow�akes, Fig. 3.2(f), have only been realized in silicon. Adap-

tations of this style were carried out to suit gallium arsenide, producing favourable results

with simulated g�om � 750 kHz and large optical quality factors limited by simulation size.

Furthermore, gallium arsenide generated acoustic modes at � 4.5GHz near the operating

frequency of conventional superconducting qubits. Speci�cs of these designs are detailed

in App. Z. Optomechanical crystal resonators of this style were successfully able to be

fabricated and measured.

3.5 Waveguides

Basic waveguides can be created within the snow�ake crystal pattern by removing a line

of snow�akes and/or truncating snow�akes on either side. Unfortunately these waveguides

had to be kept straight as angled turns (2π{3) through the lattice did not produce good

transmission. Straight waveguides, however, are able to accommodate continuously variable

widths, breaking the crystal lattice into two separate regions. This variability proved crucial

for controlling coupling to hanger resonators or the design parameters of an in-waveguide

resonator.

An alternative variety of waveguide is that of partial waveguides where the snow�ake di-

mensions are slightly varied so that only acoustics or electromagnetic modes are gapped

out, allowing the other to propagate. Extensive surveys of snow�ake crystal band gaps,

Sec. U.6, can be used to help design such structures. An important consideration with par-

tial waveguides is the ability to make a path from the starting snow�ake dimensions to a

zero-sized snow�ake without gapping out the propagating mode. Otherwise it is impossible
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Figure 3.3: Finite element simulation of an acoustic partial waveguide connected to a res-
onator, showing (left) Qz and (right) V . The snow�akes that make up the waveguide have
slightly shorter r and are transitioned away.

to transition the partial waveguide to an empty one for connecting to other device elements.

Example simulations of partial waveguides are given in Fig. 3.3 and Fig. 3.4. Unfortunately

for snow�ake dimensions used, the partial optic-only waveguide involved feature sizes that

were too small to reliably fabricate.

For acoustic waves that intend to be mapped to electric waves through the piezoelectric

interaction, the direction of travel with respect to the gallium arsenide material crystal

is critical. Due to the di�ering symmetry of the piezoelectric coupling tensor, as derived

in App. F, the joint mechanical-electric wave must travel in the r110s (or equivalent π{2
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Figure 3.4: Finite element simulation of an electromagnetic partial waveguide, showing Ey.
The snow�akes that make up the waveguide have narrower w and gradient to a blank waveg-
uide.

rotations) crystal direction to share the same symmetry properties.

3.6 Optical coupling

Coupling light in and out of our devices is done through grating couplers. These work by

creating a Bragg di�raction grating to de�ect light into and out of the plane. Whilst these

have a poorer e�ciency than edge couplers, they make for easier development cycles by

allowing many devices to be probed on the central surface area of a chip. Because aluminium

gallium arsenide has a similar index of refraction to gallium arsenide our optical couplers

had to be suspended, requiring large release undercuts. Simulations of grating couplers were

performed to optimize design parameters, and then re�ned over fabrication runs. A complete

description of how they work and their design is provided in App. V.

21



3.7 Electrical coupling

Whilst electrical coupling was not implemented on devices described in this thesis, the future

integration of an electrical connection was an element of design. Using a partial acoustic

waveguide described above, mechanical modes can be coupled to a region with electrodes that

utilize the piezoelectric e�ect to convert displacements into voltages and drive a circuit (or

vice-versa). Following previous designs, interdigitated transducers can be used with surface

acoustic waves [120, 128, 184�190] or membrane Lamb waves [121, 122, 191], however these

require large areas for e�cient coupling. Alternatively, more compact approaches [124, 131,

132, 192�194] could be viable but might su�er with gallium arsenide's comparatively weak

piezoelectric coupling.
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CHAPTER 4

Fabrication

Fabrication was carried out at the Pritzker Nanofabrication (PNF) facility at the University

of Chicago. Whilst gallium arsenide (GaAs) is not an uncommon material in the semicon-

ductor industry, its use in the PNF was unique to this project and many recipes had to be

developed. This chapter will detail the main fabrication procedures involved and provide

the method used for device fabrication. Step by step procedure tables are given in App. Ω.

4.1 Wafer

Heterostructure wafers of 250 nm GaAs, 1µm Al0.9Ga0.1As, on bulk GaAs were procured

from IQE. The top surface of the GaAs is a p100q crystal plane, and using a counter clockwise

(US) speci�cation has the major �at (OF) perpendicular to r011̄s. Gallium arsenide has π{2
rotation symmetry about its cardinal axes (see Sec. M.1), thus the p100q surface is equivalent
to a p001q z⃗ crystal axis orientation.

The thin AlGaAs sacri�cial layer helps the growth of the top substrate layer during man-

ufacturing but, with our infra-red wavelength λ � 1.5µm ¡ 1µm, a larger gap could be

bene�cial to optical properties. Furthermore, a lower fraction of aluminium in the sacri�cial

layer, whilst slowing down the release chemistry, might produce less unwanted by-products.

Wafers were diced into 1 cm� 1 cm squares using AZ 1518 resist to protect the top surface.

The underside of the two-side-polished chips were then marked by light scratching. Various

process steps for the 1 cm2 chip utilized custom made plastic bowl holders detailed in App. �.
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4.2 Plasma etching

Patterned holes in the gallium arsenide are made through inductively coupled plasma (ICP)

reactive ion etching (RIE), a process that involves bombarding the substrate with ions which

attack the material both physically and chemically. A resist mask de�ned through lithogra-

phy is used to limit the etching to only designated regions, and the etching process needs

to be selective enough such that the desired material etch depth is reached before the resist

succumbs to the etch. The etching is primarily controlled through the chemical composition,

maintained pressure, radio frequency power that creates the plasma, bias power for accel-

erating ions into the substrate, and time duration. Additional factors such as the size of

etching regions and the total exposed area can also in�uence the etch.

A good etching recipe balances isotropic chemical processes with directional physical pro-

cesses to achieve vertical sidewalls perpendicular to the substrate. Characterization of the

sidewall angle was performed using a scanning electron microscope (SEM) looking at either

cleaved cross-sections or perspective angle analysis.

Cleaved cross-sections are the most direct, albeit destructive, method for investigating the

sidewall angle. This approach involves etching a pattern of long lines into the substrate,

then breaking the chip perpendicular to the lines, such that their pro�le can be seen when

looking at the cleaved face. Angles in the SEM image can be found by doing edge detection

and �tting the pixels, an example is shown in Fig. 4.1. Averaging between opposing corners

can help reduce the systematic errors from non-perpendicular cleaves and viewing angles.

The second approach involves taking an SEM image of an etched periodic structure with

known distances and angles. By measuring the image angles of the periodic pattern, the

viewing vector can be determined, allowing image sidewall angles to be interpreted, details

of this process are outlined in App. Q. Due to the lower edge contrast of the perspective
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Figure 4.1: SEM image looking at the cleaved face of etched parallel lines, the upper light
grey is GaAs. Edge detected pixels are shown in blue, and �ts to each corner are depicted
with red lines. Uncertainties are from the �t only.

view, measuring angles is more di�cult and more uncertain, which is further compounded

by the angle computation chain, making this method imprecise.

Approximately 70 etch tests were carried out, resulting in the following recipe,

ICP 50W

Bias 300W

Pressure 3mTorr

Cl2 2 sccm

Ar 13 sccm

with etch rate � 250 nm{min over large open regions, and half that for small holes. For

etching through regions with small holes, the Cl2 �ow was increased to 3 sccm.

The system used in the PNF was a Plasma-Therm ICP Chlorine etcher. Chips were adhered
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onto a silicon carrier wafer using a small amount of Santovac 5 di�usion pump oil, ensuring

none was exposed beyond the edge of the chip. Excess oil protruding the chip seemed to

hinder ICP ignition.

There appeared to be some reaction of the chlorine etch with the AlGaAs layer when it broke

though producing a brown substance (possibly some aluminium chloride) that was di�cult

to remove. Transferring the chip to a water bath, upside down, immediately after etching

(before any photoresist stripping) helped reduce the amount of by-product. Keeping the

chip cool during the etch is also rumoured to help.

4.3 Electron beam lithography

Electron beam (ebeam) lithography is a revolutionary fabrication process that allows pat-

terning on nanometer scales. The basic principle involves applying a charge sensitive resist to

the substrate, precision shooting high energy electrons at it, then using a chemical developer

to remove or leave only the a�ected regions. The electron beam writer used in the PNF is a

Raith EBPG5000, operating at 100 kV.

The ebeam resist should be optimized to produce the highest resolution patterns, whilst

being able to withstand the etching process. For the the 2D snow�ake optomechanic crystal

devices we use 14%1 hydrogen silsesquioxane (HSQ) in a � 300 nm layer which is resistant to

chlorine used for etching GaAs. Thinner resist layers (such as those using 6% HSQ) produce

better resolutions, but our GaAs etching process involves a signi�cant physical component

that needs a thicker resist. HSQ must be stored cold (but only opened at room temperature

to avoid condensation) in plastic bottles, is easily spoiled by prolonged exposure to air [195],

and will deteriorate over six months to a year [196].

1. By weight in methyl isobutyl ketone (MIBK).
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Figure 4.2: Optical microscope image of a HSQ layer.

The 14% HSQ is spun at 6000 rpm for 1min before a 3min 1150C pre-bake, the vacuum

chuck was unable to hold at higher spin speeds. As HSQ is a negative resist, we expose

regions we want kept with electrons. Unexposed regions are removed by development in 25%

Tetramethylammonium hydroxide (TMAH) for 75 sec, followed by a series of water baths.

Remaining resist is hardened with a 15min 3000C hard-bake. HSQ has a sensitivity to air

that requires the spinning, exposing, and developing to be carried out promptly. Fig. 4.2

depicts a typical completed HSQ layer.

A substantial challenge with ebeam lithography is proximity errors from electron back scat-

ter, this is particularly prevalent in gallium arsenide which is made from much heavier atoms

than other common substrates like silicon or sapphire. Accounting for this in the exposure

pattern is called proximity e�ect correction (PEC), and is described in App. N. In addi-

tion to long range electron back scatter, HSQ is known to su�er from a hydrogen di�usion

process when exposed to electrons, contributing to a di�usion term in the point spread func-

tion that is not captured in electron scattering simulations. Furthermore this di�usion is a
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time-ordered e�ect in that exposed areas will a�ect nearby subsequent exposures. To help

mitigate this, and provide some smoothing, the pattern is exposed in �2 multi-pass.

Various long range (¡ 1µm) PEC schemes were tested by varying parameters of a point

spread function of the form, from Sec. N.2,

PSFrrs � ηa fGrσa; rs � ηb fGrσb; rs � fGPrσc, γc, νc; rs
1� ηa � ηb

,

starting with parameters based on simulations from TRACER [197], CASINO [198], and

CHARIOT [199, 200]. Results were analyzed by capturing large high resolution SEM images

of the snow�ake pattern over a region of the device spanning the central waveguide to the

edge, then performing edge detection and snow�ake �tting as a function of location, as

described in App. P. PEC parameters were tuned to give constant snow�ake dimensions.

The PEC was implemented using BEAMER [201] software, setting the short range correction

cut-o� to 0.1µm. Including medium range corrections on the order of pattern features helps

scaling for the overall pattern �lling density. A comparison of PECs demonstrating the

necessity is shown in Fig. 4.3.

In addition to medium-long range PEC, manual dosage scaling is applied to snow�ake inner

and outer corners to improve corner sharpness. Details of this are included in App. O.

Based on the minimal dosages required (including PEC range and multi-pass) and beam

current for a small spot size, the pattern grid is chosen to satisfy the maximal exposure

frequency,

exposure frequency � pbeam currentq
pdoseq pstep lengthq2 ¤ 125MHz .

With a beam current of 0.2 nA, the grid step size used was 1 nm.
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Figure 4.3: Comparison of snow�ake w (left) no proximity e�ect correction to (right) prox-
imity e�ect correction using point spread function (N.3).
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Figure 4.4: A typical chip layout with device waveguides aligned to r11̄0s. In magenta are
ebeam HSQ markings for alignment crosses and directional arrow, these are removed during
the HF release. In cyan is the partial etch mask, and in blue is the full etch mask. On the
side, in orange, are test exposure regions for doing manual alignment. This square working
region is 5mm� 5mm, sitting in the middle of a 1 cm� 1 cm chip.

The ebeam layer additionally includes cross-shaped alignment markers and a directional

`up' arrow for following photolithography steps. These larger scale features are written

with a larger step size of 25 nm, a higher current beam of 100 na, and in a single pass at

1100µCcm�2. An example chip layout is shown in Fig. 4.4.

4.4 Photolithography

Because a negative resist is used to for masking the main features, we need an accompanying

positive resist mask to designate the etching region and protect the rest of the chip. The

larger scales involved, Á 1µm, allow photolithography to be used. Exposures were carried

out using a Heidelberg MLA150 Direct Write with a 375 nm laser. AZ MiR 703 photoresist

was used, spun at 4500 rpm for 45 sec to give a � 600 nm layer, with a 1min 900C pre-bake
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Figure 4.5: Microscope image with green �lter and polarizer looking at a vernier scale be-
tween developed HSQ and exposed photoresist. The contrast has been adjusted for better
visibility.

and 1min 1150C post-bake. Development was done in AZ 300 MIF for 75 sec. To smooth

the resist sidewalls, an oxygen plasma downstream asher `descum' process is carried out.

Photolithographic exposures are aligned to the ebeam layer through four cross-shaped pat-

terns in the corners of the chip working area that are written as part of the ebeam step. The

Heidelberg's alignment to these is not super accurate so to achieve sub-micron alignment a

manual correction process is used. A 0.1µm vernier scale half is printed on the chip with the

ebeam resist, and a matching vernier scale half is exposed in the covering photoresist typi-

cally at double the normal dosage. Using a green �lter and polarizer, the completed vernier

scale can be seen with an optical microscope without any development, as demonstrated in

Fig. 4.5. From this the misalignment can be measured and corrected in the optical exposure

pattern before returning the chip to the direct write tool.

After etching, the photoresist is removed through oxygen plasma ashing, acetone, and N -

methyl-2-pyrrolidone (NMP). The �rst step is a `decrust' ashing process to remove the top
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Figure 4.6: Optical microscope image of a device after HSQ and two photolithography-etch-
strip steps.

layer of burnt and hardened photoresist. Second is an acetone bath to remove the bulk of

the photoresist. Third is a hot 80�C NMP bath, without soni�cation (which was found to

damage delicate features). Acetone and NMP are incompatible chemicals so a couple of IPA

baths are used between them. Finally the NMP is rinsed o� in an IPA then water bath and

a stronger ashing process is applied to remove any stubborn pieces of photoresist. The liquid

stripping steps were typically carried out with the chip upside-down.

Typically two photolithography and etching steps are required, �rst for a partial etch only

� 100 nm deep to create the grating couplers, and then a second etch that goes all the

way through. Fig. 4.6 depicts a device that has gone through both photolithography, etch-

ing, stripping steps. Additional chip markings and labels are included in the partial etch

lithography step.

4.5 Release

The �nal step in the fabrication process is the release of the top GaAs layer by etching out

the AlGaAs sacri�cial layer from underneath, nominally carried out with hydro�uoric acid
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Figure 4.7: Optical microscope image of a device with debris after releasing.

(HF) [202�205]. Conveniently, the HF simultaneously strips the HSQ mask. Releasing the

top layer is the most delicate fabrication step as the suspended GaAs is fragile and prone to

breaks, fractures, collapses, or being blown out if the etching reaction is too violent. Lattice

mismatch between the AlGaAs and GaAs provides a source of stress that can easily cause

fatal damage during the release. A mixture of 1 49%HF (by weight) to 4water is used to

create a � 10%HF solution that the chip is placed in for 1min. This is followed by a `5C

homeopathy' series of water baths to purge the acid.

The etch produces by-products AlF3 which dissolves in water, and AlpOHq3 which can be

cleaned with KOH [77, 161, 206, 207]. A bath of 1 30%KOH (by weight) to 2water, to get a

� 20%KOH (by weight) solution2, for 1min was used for cleaning. This was again followed

by series of water baths. The overall usefulness of this step was questionable, however.

Through some interaction of the aluminium gallium arsenide, chlorine etch, and/or hydro�u-

oric acid, some unknown brown debris often persisted in open regions or along edges as seen

2. KOH has about double the density of water.
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Figure 4.8: Carbon dioxide phase diagram [210] with drying pathway shown going around
the critical point.

in Fig. 4.7. This waste product, possibly aluminium or gallium oxides, can be cleaned up

with a hydrogen peroxide (H2O2) followed by potassium hydroxide (KOH) bath [208, 209]

but this also eats in to the GaAs causing an extra � 20 nm of damage and thus was not

performed. Lower concentrations or durations might be able to make this cleaning work but

it's unlikely as the etch is digital based on the H2O2 penetration into KOH. A solvent based

clean of toluene, acetone, methanol, and isopropanol provided negligible cleaning.

Perforated regions of GaAs were found to exhibit cracking from stresses encountered during

the release process. To remedy this, perforated regions (e.g. snow�akes) to be released

were surrounded by open areas and connected with bridges. These bridges, with a zigzag

or serpentine spring-like design, provided some �ex for the plate as it underwent release,

mitigating the formation of cracks. Additionally a secondary release trench surrounding the

released areas proved to be e�ective in limiting cracks and �aking in the outer top layer.

Throughout the release process, the sample must remain submerged in liquid as surface

tension forces from evaporation is enough to collapse the suspended layer.[211] To take the
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chip out of liquid it goes through a carbon dioxide (CO2) critical point dryer (CPD). This

process involves replacing the liquid with cooled liquid CO2, and then heating under pressure

to put it in a super�uid state, which can then be vented. By going around the carbon dioxide

critical point (304K, 7.88MPa) there is no destructive evaporative phase transition. The

phase diagram for carbon dioxide and the drying pathway are shown in Fig. 4.8. When

using the CPD, it is important to have a long enough hold time at the peak temperature to

ensure the �uid comes into thermal equilibrium above the critical point, out of an abundance

of safety, 12 minutes was used for this hold. If using an apparatus to hold the chip in the

chamber, it needs to allow for drainage. Additionally, bowls were sometimes observed to

collect carbon dioxide clouds.

Throughout the whole release, cleaning, and drying process, some chips were held upside

down in the bowls with the goal to avoid any suspended particulates from falling on the

surface. It is unclear if this actually provided any bene�ts.

Further cleaning can be done with a strong, hot oxygen plasma ash to which the suspended

GaAs is resistant. This is particularly useful for removing small dust-like particles that can

be deposited by the CPD. A completed fabricated chip is shown in Fig. 4.9.
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Figure 4.9: Photograph of a �nished chip.
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CHAPTER 5

Measurement

This chapter covers the optical measurements carried out on optomechanical crystal res-

onators in order to determine their optomechanical coupling rate. Upgrades were made to

the existing setup to better lock and track resonances, and calculations updated to remove

approximations and use more accurate spectral densities rather than idealized powers.

5.1 Thermal optomechanical signal

At room temperatures, microwave frequency mechanical resonators have � 1000 phonons.

Through the optomechanical e�ect, this ambient vibration oscillates the optical resonance

frequency, and if the side of this resonance is probed by a laser, the transmission will exhibit

a modulation at the mechanical resonance frequency that can be detected using a spectrum

analyzer, illustrated in Fig. 5.1. The full derivation of this e�ect is carried out in App. L

and leads to the mechanical thermal spectrum being captured in the spectral density output

of a photodetector,

SXXpωq Q TpωL;ωqlooomooon
optical

transmission

gom
2 n̄m γm

pω � ωmq2 �
�γm

2

�2looooooooooomooooooooooon
thermal mechanics

,

where TpωL;ωq is a complicated transmission function that incorporates the entire optical

setup and optical resonance itself.

In order to determine the optical transmission factor, we can use a calibrated phase mod-

ulated signal (see Sec. Λ.10.1). Conveniently, if we weakly phase modulate our laser with

frequency fΦ and amplitude AΦ, the resulting signal picked up by the spectrum analyzer
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Figure 5.1: Diagram depicting the in�uence and measurement of a mechanical resonance on
an optical cavity. The mechanical mode vibrations alter the optical cavity length and hence
optical resonance frequency. Probing the steepest part of the transmission curve reveals
oscillations at the mechanical resonance frequency. A fast photodetector and spectrum
analyzer is able to resolve this signal.

contains the same transmission factor to leading order in AΦ. Also worked out in detail in

App. L, the measured power is

PωΦ � TpωL;ωΦq
ωΦ

2AΦ
2

2
.

Given a phase modulation drive power, the resulting AΦ can be calibrated as described in

Sec. Σ.1.2. Choosing ωΦ near ωm such that TpωL;ωΦq � TpωL;ωmq we're able to substitute

out the optical transmission factor and determine gom by �tting the spectrum.

Following the math in Sec. L.5, if we �t our measured power spectral density1 (with quadratic

1. PSD1 refers to the one-sided power spectral density (see App. Λ).

38



background as needed) to

PSD1pf � fmq � A
pf � fmq2 � pα�mq2

� C0m � C1m pf � fmq � C2m pf � fmq2 ,

the optomechanical coupling is then

g�om � gom
2π

�
d

A π fΦ
2AΦ

2

4 n̄m α�m PfΦ
.

One di�culty with this calculation is estimating the acoustic mode population n̄m, in par-

ticular because the cavity temperature will be slightly above ambient temperature due to

laser heating. At room temperature, however, this should be a marginal e�ect.

5.2 Optical setup

The optical setup, described thoroughly in App. Σ, uses an infra-red laser and �ber optic

components with free space coupling vertically down to the chip that lines up with fabricated

grating couplers (see App. V). An intensity feedback system on the input side keeps delivered

power stable, and a phase modulator hooked up to a microwave signal generator provides

the calibration signal. On the output side, an erbium doped �ber ampli�er and tunable

�lter take the optical signal to a high bandwidth photodetector that can resolve microwave

frequency signals, passing them to a spectrum analyzer.

Taking place in an ambient room environment, the device under test and entire optical setup

are prone to thermal drifts. This leads to both the optical resonance drifting in frequency,

and the overall transmission varying. For prolonged measurements we need to be able to

track the optical resonance whilst we probe its edge. To do this whilst compensating for

varying transmission, a second harmonic dither lock system was implemented. Described in
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App. Υ, this method oscillates the laser frequency at some rate ωdither such that

ωL � ω0 � ωdither
amp

sinrωdither ts ,

and interrogates the transmitted signal at 2ωdither. At the resonance in�ection points, i.e.

the edges we wish to probe, the 2nd derivative, and hence this signal, should be zero. Using

a feedback system to adjust the laser frequency until this signal is zero allows the in�ection

points to be tracked regardless of any transmission �uctuations.

Whilst the dither lock is able to adequately track the optical resonance, varying transmissions

and hence measured powers at the spectrum analyzer makes long scans unreliable. Thus

we generally want to take reasonably quick single scans (� 1min) that capture both the

phase modulation signal and thermal mechanics, and then do any averaging or statistics

ourselves. To make an accurate measurement of the monotone phase modulation signal, we

use a resolution bandwidth much greater than the frequency step size such that the signal

convolves with the spectrum analyzer windowing and can be �t to the window function.

This method, detailed in Sec. Λ.12, uses more data to determine the signal power and avoids

the imprecision of a single bin measurement with unknown window location systematics. As

the optomechanical signal is thermal, it doesn't su�er a signal-to-noise hit by increasing the

resolution bandwidth.

An extra complication with faster spectrum scans is that the time dependent dithering

becomes resolved. In particular, when measuring the phase modulated signal with a single

scan, oscillations at ωdither{vscan, where vscan is the scan speed in Hz{s, can be observed. For

any individual sweep the relative start time and hence phase of this oscillation is random,

so averaging will suppress its e�ect. For analyzing single scans however, we can account for

this in our �tting. If the spectrum analyzer frequency bin fSA � f1 � vscan t and ωdither
amp

is
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Figure 5.2: Dithering imprint on a single spectrum analyzer sweep over the phase modulated
signal expressed by the windowing function. Both �ts give the same value PfΦ � 2.21124 nW.

small, we can perform a linear expansion

P1pfSAq �
�
PfΦ

∣∣
ωL�ω0

	
wpfSA; fΦq

�
�
dPfΦ
dωL

∣∣∣
ωL�ω0



ωdither
amp

wpfSA; fΦq sin
�ωdither
vscan

fSA � θ
�

� bgpfSAq �O
�
ωdither
amp

�2

� PfΦ

?
L

c
2 logr10s

5 π
exp

�
�pfΦ � fSAq2 L

2 logr10s
5RBW2

�
� BΦ

?
L

c
2 logr10s

5 π
exp

�
�pfΦ � fSAq2 L

2 logr10s
5RBW2

�
sinr2π T fSA � θs

� C0Φ � C1Φ pfSA � fΦq ,

for a Gaussian window, where BΦ, C0Φ, C
1
Φ, T , θ, PfΦ are �t parameters with T̃ � fdither{vscan.

The scan start relative to dither phase is random so θ will be a random phase for each scan,
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averaging over scans will then take sinÑ 0. An example wide-RBW spectrum analyzer scan

over the phase modulated signal with dithering, along with �ts, is given in Fig. 5.2.

To resolve the thermal spectrum in a single scan, we capture the maximal amount of fre-

quency bins (40 000) and perform a moving average of 100 or 200 points in o�sets of half

that.

With a large number of individual scans and measurements, we generate enough statistics to

make an estimate of the optomechanical coupling. Assuming it has a �xed `true' value across

a set of measurements we can perform a weighed mean (see App. Φ). This statistical process

can account for unknown uncertainties inherent in the measurement process. To separate

systematic uncertainties from statistical uncertainties when combining measurements we

express the optomechanical coupling in the form

g�om � fΦAΦa
kB T{h

d
Aπ fm
4α�m PfΦloooooomoooooon

D

.

The second factor, D, contains all the parameters from �ts on an individual scan and each

scan is an independent measurement. Thus, this factor can be combined in a weighted mean

over all the scans in the run and will contain all the statistical uncertainty. Temperature, T,

and phase modulation strength, AΦ, have systematic uncertainties that are correlated across

all scans in a run, and are included once to ascertain gom.

The data taking process is highly automated with a series of scripts that set power levels,

�nd the optical resonance, calibrate and engage the dither lock, align the optical �lter, adjust

the ampli�er pumps, and take spectrum scans.
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Figure 5.3: Transmission and re�ection plots through (left) device A and (right) device
B. The highlighted dither interrogation regions, colour coded to the red in�ection, peak,
and blue in�ection, are estimates of the dithering regions covered during optomechanical
measurements. Device A has fo � 194.5THz, QL

o � 4300, β1o � 0.50, Q0
o � 8600. Device B

has fo � 194.8THz, QL
o � 3900, β1o � 0.15, Q0

o � 5100.

5.3 Nanobeam resonators

Preliminary tests of optical setup and optomechanical measurement process were carried out

on gallium arsenide nanobeam resonators. These one-dimensional optomechanical crystals

are much simpler to make and have proven results; with minimal optimization, couplings

comparable to others' work were able to be achieved [122, 123, 157]. A complete description

of the nanobeam design and measurement is available in App. ∆, the optomechnical coupling

rate was g�om � 600 kHz.

5.4 Vertebrae resonators

Two particularly good ndefect � 1 vertebrae resonator devices, as described in App. Z,

with loaded optical quality factors QL
o ¡ 3500 were extensively measured. Ironically, their
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favourable optical properties were attributed to rupturing during the release process that

contorted the suspended optomechanical crystal plates out of the plane. This put the res-

onators vertically higher above the bulk substrate than usual, contributing to lower loss.

Their optical pro�les are given in Fig. 5.3.

Optomechanical coupling measurements were made from the thermal mechanical spectrum

with plots in Fig. 5.4 and Fig. 5.5. Spectrum analyzer data were assumed to be precise

measurements of a noisy source signal with distribution (see Sec. Φ.3.4). The coupling rates

measured were g�om � p649 � 8q kHz and g�om � p441 � 6q kHz, comparable to nanobeam

resonators fabricated. Determination of these values is dependent on the mechanical mode

population n̄m which was calculated from an estimation of temperature T � p295 � 3qK
based on ambient conditions.

Monitoring of the optical setup is carried out over the course of the scans. Fig. 5.6 plots

experimental parameters during the scans presented in Fig. 5.4.
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Figure 5.4: Device A measurements. (Top left) full power spectrum measured during a
single scan. (Top right) a single power spectrum with 200 point moving average showing
the thermal mechanical spectrum. Dark shading around the trace represents uncertainty in
the averaged value, light shading represents the scatter standard deviation of the source.
(Bottom left) power average of 100 scans with baseline adjustment and 100 point moving
average. Uncertainty in mean is imperceptible, and the light shading shows source scatter.
Fitting to this produces g�om � p629� 9q kHz for the red in�ection, and g�om � p668� 9q kHz
for the blue in�ection, with Qm � 600�4. (Bottom right) optomechanical coupling measured
from each individual scan. The weighted means are g�om � p625 � 8q kHz for red in�ection
points, and g�om � p665� 9q kHz for blue in�ection points.
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Figure 5.5: Device B measurements. (Top left) full power spectrum measured during a
single scan. (Top right) a single power spectrum with 200 point moving average showing
the thermal mechanical spectrum. Dark shading around the trace represents uncertainty in
the averaged value, light shading represents the scatter standard deviation of the source.
(Bottom left) power average of 100 scans with baseline adjustment and 100 point moving
average. Uncertainty in mean is imperceptible, and the light shading shows source scatter.
Fitting to this produces g�om � p471� 9q kHz for the red in�ection, and g�om � p461� 8q kHz
for the blue in�ection, with Qm � 1279 � 18. (Bottom right) optomechanical coupling
measured from each individual scan. The weighted means are g�om � p445 � 7q kHz for red
in�ection points, and g�om � p438� 7q kHz for blue in�ection points.
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Figure 5.6: Monitoring the feedback control systems (see App. Σ) during the series of scans
for device A.
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Figure 5.7: (Left) Spectrum �t A for di�erent powers measured at the blue and red in�ec-
tion points over the linear operating regime of the fast photodetector. Solid line is a �t
to Pdelivered

2. (Right) optomechanical couplings calculated for each individual scan. The
weighted average produces g�om � p620 � 8q kHz. Delivered power is an estimate of the
power leaving the V-groove to the chip based on the input power feedback control setting
and includes systematic uncertainty.

5.4.1 Power dependence

Extensive power dependent measurements were made of device A and are plotted in Fig. 5.8.

From App. L we expect the thermal spectrum `height' A to be proportional to Pdelivered
2.

Plots of A and g�om are given in Fig. 5.7.
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Figure 5.8: (Top) measured power spectrums from varied input powers with a 200 point
moving average. The phase modulated signal is visible at 4505MHz. (Bottom) spectral
densities for a selection of input powers, plotted with background subtraction to be overlaid,
and with a 200 point moving average. Shading around the traces represents mean uncertainty.
Fits to the power spectral densities are shown in black dashing.
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5.4.2 Double paddle

A double paddle, ndefect � 2, vertebrae device with mechanical mode splitting of 13MHz

was also measured with results given in Fig. 5.9.
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Figure 5.9: Double paddle device measurements. (Top left) optical transmission and re-
�ection. Fits produce fo � 194.4THz, QL

o � 4950, β1o � 0.16, Q0
o � 6500. (Top right)

power average of 100 scans with baseline adjustment and 100 point moving average. Fit-
ting gives g�om � p444 � 10q kHz and Qm � 1037 � 25 for the lower frequency peak, and
g�om � p505�8q kHz and Qm � 905�13 for higher frequency peak. (Bottom) optomechanical
coupling measured from each individual scan. The weighted means are g�om � p379� 6q kHz
for the lower frequency resonance, and g�om � p445� 7q kHz for the higher frequency peak.
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CHAPTER 6

Conclusion

Here we discuss our �ndings and propose future steps for development.

6.1 Results

After much toil, a quasi-two-dimensional optomechanical crystal resonator was made in

gallium arsenide using the vertebrae cavity design [152]. Optomechanical couplings exceeding

500 kHz were measured, making them as good as one-dimensional nanobeam resonators

tested. Further optimizations to the design and fabrication process can likely improve on

this value.

While a rigorous assessment of the two-dimensional heat conductance properties of our de-

vices would require cryogenic temperatures, the advantages of two dimensions were con-

�rmed in the silicon vertebrae device of Ref. [152]. It's worth noting that power dependent

non-linearities that warped the optical resonance of the one-dimensional nanobeams at high

powers, thought to be attributed to having separate waveguide and cavity structures, were

not observed in the two-dimensional vertebrae resonators.

The most encouraging result of this work is the frequencies that a gallium arsenide two-

dimensional optomechanical resonator can target. Whilst supporting an optical resonance

frequency of 194THz for infra-red �ber connections, the mechanical mode resonance fre-

quency is � 4.5GHz, ideal for interfacing with superconducting qubits [212]. Silicon two-

dimensional optomechanical resonators have mechanical resonances � 10GHz [152, 178].

Whilst it's impossible to make a quantitative statement, it seems likely that a 1µm suspen-
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sion clearance (less than our vacuum wavelength � 1.5µm) is too low and contributes to

signi�cant optical loss.

6.2 Next steps

Clearly quantum microwave-electronic to infra-red optic transduction did not occur so there

is still much to do. The three major milestones down that road are: improved optical quality

factor to enter the sideband resolved regime, electromechanical integration, and cryogenic

operation.

6.2.1 Design optimization

There are a lot of dimensional design parameters and geometric tweaks that can be made in

the vertebrae design. With our computing architecture, simulations of a vertebrae resonator

take � 1 hour. Many possibilities described in App. Z received only cursory attention. A

thorough optimization would require signi�cant computational resources but could poten-

tially improve the optomechanical coupling by tens of percent.

Furthermore there is plenty of room to get creative with the design, perhaps some way to

have the cavity paddles more connected to avoid mode splitting. Or an entirely di�erent

quasi-two-dimensional design.

6.2.2 Fabrication

Gallium arsenide is a challenging material to work with when it comes to electron beam

lithography. An alternative resist or excruciating HSQ handling requirements will be needed
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to achieve nanometer level consistency. Meticulous �ne tuning will be required for ndefect ¡ 1

single resonance multi-paddle vertebrae devices.

Wafers with a thicker sacri�cial aluminium gallium arsenide layer should be tried. Further-

more, a lower aluminium concentration, down to 70%, may produce less by-product and

slow down the release to be more gentle. Recent gallium arsenide nanobeam optomechanical

crystal experiments used 3µm of Al0.7Ga0.3As and achieve QL
o � 3.3 � 104 [128]. With a

gentler release, the serpentine tethers can be removed for more thermal conductivity between

the optomechanical crystal plate and remainder of the chip.

6.2.3 Edge optic coupling

Grating couplers and transmission through the device are convenient for development, but

transitioning to edge coupling and a re�ection based measurement setup will eventually be

needed. Described brie�y in App. V, tapered beam waveguides to tapered optical �bers

provide superior optical coupling.

This approach also allows excess suspended beam waveguides to be removed, and in partic-

ular the tethers holding them up that can be a source of both optical and mechanical loss.

If the acoustic cavity can be supported only through strongly impeding phononic crystals,

such as the cross shielding [179], very high mechanical quality factors are obtainable. It

might, however, still be preferable to have a long suspended beam waveguide to keep the

main cavity out of the direct path of the laser [117].

Additionally, a one-sided optical coupling allows the other side of the vertebrae waveguide

to be used for electromechanical coupling. This would avoid the need to go through the

snow�akes with the partial waveguides mentioned in Ch. 3.
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A signi�cant downside is the number of accessible devices on a chip. Improvements in

fabrication reliability will mitigate this problem, however.

6.2.4 Cryogenics

Temperatures below � 100mK are needed to put the acoustic resonator in to its ground

state. Moreover, everything should be better at cryogenic temperatures, particularly quality

factors. Vacuum and thermal stability will also help with measurement precision.

The major challenge for cryogenics is optical coupling. Dilution refrigerators with optical

�ber ports are now commonplace but aligning the �ber with the device is di�cult. That

being said, cryogenic optical coupling is now routine for many labs [213]. Its likely desirable

to develop edge coupling �rst so as to avoid future re-engineering.

At cryogenic temperatures we expect gallium arsenide to contract by about 1 part in 1000

(see Sec. M.1.6). This will shift resonances around but not enough to be problematic. It

does, however, limit the amount of pre-cool-down alignment that can be done.

6.2.5 Electromechanics

Transduction of the acoustic vibrations into an electrical signal is a fundamental component

of the full device. Assuming that one-sided optical re�ection measurements are successful, it

will likely be preferable to have the acoustics use the other side of the vertebrae waveguide. A

leaky mechanical partial waveguide [122] can connect the resonator to either a small electrode

pad or large interdigitated transducer array.

One complication will be the choice of electrode metal. Aluminium is often used for its

superconductivity and simple fabrication techniques but is attacked by hydro�uoric acid
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and thus incompatible with our release process.

Once there is an electric connection, a superconducting qubit can be fabricated on a separate

substrate and integrated with a �ip-chip architecture [214].

6.2.6 Multi-mode

Defect cavity paddles with slightly di�erent resonances could potentially be a feature. It

might be possible to create a broadband transducer, investigate dual mode behaviour [215,

216] or implement a chiral network [217].

6.2.7 Other

If optical quality factors remain mediocre, a secondary optical cavity, e.g. a gallium arsenide

micro-disc, can be used to create e�ective sideband resolved dynamics [218].

One could also try alternative optomechanical coupling measurements using Hopf Bifurcation

that avoids thermal population uncertainty [219].
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APPENDIX A

Electromagnetics

A.1 Maxwell's equations

The infra-red optical �eld occupying our cavity and traversing the photonic crystal is de-

scribed by standard electrodynamics. With the following �eld de�nitions over position x⃗,

E⃗

electric

D⃗

electric
displacement

H⃗

magnetic

B⃗

magnetic
�ux density

þ

free charge
density

J⃗

free current
density

,

we have Maxwell's equations in matter [220],

∇⃗ � D⃗ � þ , ∇⃗ � B⃗ � 0 ,

∇⃗� E⃗ � � B
BtB⃗ , ∇⃗� H⃗ � B

BtD⃗ � J⃗ .

The �elds are related via material properties

εi j

permittivity

µi j

permeability

,
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in non-cross coupling materials1 by

Di � εi j E
j , Bi � µi j H

j .

If the material is piezoelectric (see App. B) these are modi�ed to include �elds generated by

strain.

With space-time metric gµ ν � diagr1,�1,�1,�1s, we can write Maxwell's equations in

terms of the electromagnetic �eld strength tensor, and its Hodge dual2,

pFαβq �

���������

0 �Ex{c �Ey{c �Ez{c
Ex{c 0 �Bz By

Ey{c Bz 0 �Bx
Ez{c �By Bx 0

��������
 , Gαβ � p�F qαβ � 1
2 ϵ
αβ γ δ Fγ δ ,

as

Bα Fαβ � µ0 J
β , BαGαβ � 0 .

A.2 Wave equations of motion

In an isotropic (εi j � ε δi j , µi j � µ δi j), homogeneous (Bi ε � 0, Bi µ � 0), non-dispersive

(ℑrεs � 0, ℑrµs � 0), non-conducting (J i � 0), source free (þ � 0) material, we can

1. Media that are bi-isotropic or bi-anisotropic have additional cross couplings between electric and mag-
netic �elds.

2. Here, ϵ is the Levi-Civita symbol.
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μA, εA μB, εB

EA EB

Figure A.1: Interface between materials A and B.

substitute within Maxwell's equations to obtain [220]

B
Bxj

B
BxjE

i � µ ε
B2
Bt2E

i � 0 ,

B
Bxj

B
BxjH

i � µ ε
B2
Bt2H

i � 0 .

For a harmonic oscillation, Eipx⃗, tq � ℜ
�
Epx⃗q e�iω t�, we get

B
Bxj

B
BxjE

ipx⃗q � µ εω2Eipx⃗q � 0 ,

B
Bxj

B
BxjH

ipx⃗q � µ εω2Hipx⃗q � 0 ,

with complex �elds over position x⃗.

A.3 Interfaces

At the interface between two materials A and B, with normal vector n⃗AB de�ned to be

going from A to B as depicted in Fig. A.1, the electric and magnetic �elds must obey the
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following boundary conditions

n⃗AB �
�
E⃗B � E⃗A

� � 0 , n⃗AB �
�
D⃗B � D⃗A

� � þS ,

n⃗AB �
�
H⃗B � H⃗A

� � J⃗S , n⃗AB �
�
B⃗B � B⃗A

� � 0 ,

where þS is the free surface charge density and J⃗S is the free surface current density.

A.4 Conductor symmetries

The symmetry condition for electromagnetic �elds is (see Sec. D.6)

S � E⃗�r⃗� � s E⃗
�
S � r⃗� , S � H⃗�

r⃗
� � � s H⃗

�
S � r⃗� .

At the origin of the symmetry, the �elds must be eigenvectors of the symmetry matrix S

with the corresponding eigenvalue,

S � E⃗r0s � s E⃗r0s , S � H⃗r0s � � s H⃗r0s .

For a x mirror, S � diagr�1, 1, 1s, the eigenvalues are �1 with eigenvectors spaces

V1 �
 
ˆ⃗y, ˆ⃗z

(
, V�1 �

 
ˆ⃗x
(
.
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In general, for a n⃗ mirror symmetry, at the mirror we �nd

s � 1 ñ

$''&''%
E⃗ K n⃗

H⃗ ∥ n⃗
ñ

$''&''%
E⃗ � n⃗ � 0

H⃗ � n⃗ � 0

,

s � �1 ñ

$''&''%
E⃗ ∥ n⃗

H⃗ K n⃗

ñ

$''&''%
E⃗ � n⃗ � 0

H⃗ � n⃗ � 0

.

Comparing this to our interface conditions, s � �1 corresponds to E⃗B � 0 and B⃗B � 0,

i.e. an electrical conductor, and thus this boundary condition can be used to enforce mirror

antisymmetry. For the other situation of s � 1, the mirror symmetry is enforced by a

theoretical magnetic conductor.

A.5 Periodic boundaries

The in�nite repeating pattern of a photonic crystal can be reduced to a single unit cell with

periodic boundary conditions following Floquet's theorem. For a lattice vector a⃗, which will

go between the boundaries, and a particular wavevector k⃗, the �elds obey

E⃗px⃗� a⃗q � E⃗px⃗q e�i k⃗�⃗a , H⃗px⃗� a⃗q � H⃗px⃗q e�i k⃗�⃗a .

Note that applying a change of coordinate system x⃗ ÞÑ x⃗� a⃗ to the wave equations, following
Sec D.3, yields

B
Bxj

B
BxjE

ipx⃗� a⃗q � µpx⃗� a⃗q εpx⃗� a⃗qω2Eipx⃗� a⃗q � 0 ,
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and for a periodic material µpx⃗� a⃗q � µpx⃗q, εpx⃗� a⃗q � εpx⃗q,

B
Bxj

B
BxjE

ipx⃗� a⃗q � µpx⃗q εpx⃗qω2Eipx⃗� a⃗q � 0 ,

implying E⃗px⃗� a⃗q 9 E⃗px⃗q and likewise H⃗px⃗� a⃗q 9 H⃗px⃗q.
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APPENDIX B

Piezoelectrics

B.1 Piezoelectric equations

Various crystalline solid materials without inversion symmetry exhibit piezoelectric be-

haviour, where strains in the material generate electric �elds and vice-versa. The relationship

between these quantities are given by material property coupling tensors. In the context of

continuum solid mechanics and electromagnetics, we have the following �eld de�nitions over

position xi,

Qi

displacement

ϵij

strain

� 1

2

�BQi
Bxj �

BQj
Bxi



σij

stress

Ei

electric

Di

electric
displacement

,

and material properties

ci j k l

sti�ness

si j k l

compliance

εi j

permittivity

ei j k

piezoelectric
stress

di j k

piezoelectric
strain

.

Piezoelectricity provides an extension to Hooke's Law. Using Einstein summation notation,
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the relations in stress-charge form are [221]

σij � ci j k l ϵkl � ek i j Ek , Dk � ek i j ϵi j � εk l El ,

where the compliance is de�ned for constant electric �eld and the permittivity is de�ned for

constant strain. In strain-charge form,

ϵi j � si j k l σ
k l � dk i j E

k , Dk � dk i j σ
i j � εk l E

l ,

where sti�ness is de�ned for constant electric �eld and the permittivity is de�ned for constant

stress. The two forms are related by

ca b i j si j c d �
1

2

�
δac δ

b
d � δad δ

b
c

�
, ci j k l si j k l � 6 , ek i j � dka b c

a b i j .

The material property tensors exhibit symmetries

cppi jqpk lqq , sppi jqpk lqq , ek pi jq , dk pi jq ,

and thus can be written as matrices using Voigt notation (see App. G). The stress-charge

form is then

σ̃ � c̃ � ϵ̃� ẽT � E , D � ẽ � ϵ̃� ε � E ,

and the strain-charge form is

ϵ̃ � s̃ � σ̃ � d̃
T � E , D � d̃ � σ̃ � ε � E ,
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with relations

c̃ � s̃ � I6 , ẽ � d̃ � c̃ , c̃T � c̃ , s̃T � s̃ .

B.2 Isotropic materials

Isotropic materials have only two independent quantities, with various names for di�erent

combinations of them.

E

Young's
modulus

� 1

s̃1 1
, ν

Poisson's
ratio

� � s̃1 2
s̃1 1

,

µ

shear
modulus

� 1

s̃4 4
� c̃4 4 , M

pressure
modulus

� c̃1 1 ,

λ

1st Lamé
parameter

� c̃1 2 , K

bulk
modulus

� c̃1 1 � 2 c̃1 2

3
,

and some example relations are

E � 3K p1� 2 νq � 2µ p1� νq , M � λ� 2µ .

For acoustic waves, some speeds are

vacoustic
gas

�
a
K{ρ , vlongitudinal wave

phase velocity

�
a
M{ρ , vtransverse wave

phase velocity
�
a
µ{ρ ,
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where ρ is material density.

For cubic crystals, such as GaAs, one can de�ne an anisotropy factor

A

anisotropy
factor

� 2 c̃4 4

c̃1 1 � c̃1 2
,

which is equal to one for true isotropic materials.

B.3 Vibration equation of motion

The equation of motion for a vibrating solid is [222]

ρ
B2
Bt2Q

i � B
Bxj σ

i j � F i ,

where F i is external force.

For a harmonic oscillation with no external forces, Qipx⃗, tq � ℜ
�
Qpx⃗q e�iω t�, we get

�ρω2Qipx⃗q � ci j k l
1

2

� B
Bxj

B
BxkQlpx⃗q �

B
Bxj

B
BxlQkpx⃗q

	
� ek i j

B
BxjEkpx⃗q � 0 ,

with complex �elds over position x⃗.
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APPENDIX C

Optomechanical coupling

C.1 Origin

The optomechanical system Hamiltonian can be formulated as the combination of an opti-

cal simple harmonic oscillator of angular frequency ωo and a mechanical simple harmonic

oscillator of angular frequency ωm [138],

Ĥunc � ℏωo
�
â: â� 1

2



� ℏωm

�
b̂: b̂� 1

2



, (C.1)

where â and b̂ are the annihilation operators for photons and phonons respectively.

This system is most basically modeled as a one-dimensional Fabry-Pérot cavity with one

mirror attached to a spring (Fig. C.2). For a mechanical harmonic oscillator in one dimen-

sion, the phonon creation and annihilation operators are related to the displacement (from

equilibrium), x, and momentum, p, operators by

x̂ �
d

ℏ
2meff ωm

�
b̂: � b̂

	
, p̂ � i

c
ℏmeff ωm

2

�
b̂: � b̂

	
,

where meff is the e�ective mass. The factor appearing in x̂ is often called the zero point

�uctuation,

xzpf �
d

ℏ
2meff ωm

. (C.2)

The resonance frequency of the optical Fabry-Pérot cavity depends on the length, which in
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turn depends on the displacement of the spring-mirror. For a small perturbation we can

make the Taylor expansion

ωopxq � ωop0q � x
dωopx1q
dx1

����
x1�0

�O rxs2

� � ωop0q � x

�
∆ωopxq

x



.

Using this �rst order expansion we can make the substitution into (C.1)

ωo ÞÑ ωo �
�
∆ωopxq

x



x̂ � ωo �

d
ℏ

2meff ωm

∆ωopxq
x

�
b̂: � b̂

	

where the new ωo � ωop0q is the equilibrium-position optical angular frequency.

Our �rst order coupled Hamiltonian is now

Ĥ � ℏωo
�
â: â� 1

2



� ℏωm

�
b̂: b̂� 1

2



� ℏ gom

�
â: â� 1

2


 �
b̂: � b̂

	
, (C.3)

where the optomechanical coupling between â and b̂ is

gom �
d

ℏ
2meff ωm

∆ωopxq
x

. (C.4)

For a one-dimensional system such as the Fabry-Pérot cavity, where ωo 9 1{length, this
approximation is valid for x ! length. In this regime we �nd ∆ωopxq 9 x.
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C.2 Phasors

When using the frequency domain it is helpful to work with phasors. For our one-dimensional

mechanical simple harmonic oscillator

xptq � ℜ
�
X e�iωm t

�
� ℜrXs cosrωm ts � ℑrXs sinrωm ts : X P C ,

noting that maxrxptqs � |X|.

For a vector �eld such as solid displacement

Qipr⃗, tq � ℜ
�
Qipr⃗q e�iωm t

�
: Qipr⃗q P C .

C.3 Bra-ket notation

To simplify equations we use the following bra-ket notation. For a vector �eld v⃗pr⃗q P C3

over r⃗ P R3, and scalar �eld spr⃗q or 2-tensor �eld tpr⃗q,

xv⃗ | s | v⃗y �
»
3

V

vipr⃗q� spr⃗q vipr⃗q d3r⃗ ,

xv⃗ | t | v⃗y �
»
3

V

vipr⃗q� ti jpr⃗q vjpr⃗q d3r⃗ .

C.4 E�ective mass

For a simple one-dimensional system such as the Fabry-Pérot cavity with a spring-mirror as

described above, the e�ective mass is just the mass of the moving mirror. When dealing with
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a three-dimensional acoustic resonance of a solid object we need to derive what the e�ective

mass is. The mechanical system Hamiltonian is

Ĥm � ℏωm b̂: b̂� ℏωm
2

� p̂2

2meff
� meff ωm

2 x̂2

2
� ℏωm

2
.

Classically, the potential energy is

Uptq � meff ωm
2

2
xptq2 ,

with a peak value of

Um � maxrUptqs � meff ωm
2

2
|X|2 . (C.5)

For a solid acoustic resonance, the peak potential energy is [222]

Um � ωm
2

2

»
3

V

ρpr⃗qQipr⃗q�Qipr⃗q d3r⃗ �
ωm

2

2

A
Q⃗
��� ρ ��� Q⃗E . (C.6)

Equating the single particle (C.5) and solid (C.6) potential energies, we �nd

meff �
xQ⃗|ρ|Q⃗y
|X|2

,

or using (C.2),

xzpf �

b
ℏ

2ωm
|X|b

xQ⃗|ρ|Q⃗y
. (C.7)
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C.5 Three-dimensional mechanics

To go between our one-dimensional quantum mechanical SHO, x, and three-dimensional

time harmonic acoustic resonance, with displacement �eld Q⃗, we make the parameterization

Qipr⃗, tq � qipr⃗qxptq . (C.8)

We can extend this to the phasors representation via

ℜ
�
Qipr⃗q e�iωm t

�
� qipr⃗qℜ

�
X e�iωm t

�
,

ñ |Qipr⃗q| cos rargrQipr⃗qs � ωm ts � qipr⃗q |X| cos rargrXs � ωm ts ,

ñ |Qipr⃗q| pcos rargrQipr⃗qss cosrωm ts � sin rargrQipr⃗qss sinrωm tsq

� qipr⃗q |X| pcos rargrXss cosrωm ts � sin rargrXss sinrωm tsq ,

ñ
�
|Qipr⃗q| cos rargrQipr⃗qss � qipr⃗q |X| cos rargrXss

	
� �

�
|Qipr⃗q| sin rargrQipr⃗qss � qipr⃗q |X| sin rargrXss

	
tanpωm tq .

By separation of variables this would give us tanpωm tq is constant but this is obviously not

true, instead our only other option is

|Qipr⃗q| cos rargrQipr⃗qss � qipr⃗q |X| cos rargrXss

|Qipr⃗q| sin rargrQipr⃗qss � qipr⃗q |X| sin rargrXss .
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And, if we take the �rst equation and add the second equation multiplied by i, we arrive at

Qipr⃗q � qipr⃗qX : Qipr⃗q P C, X P C, qipr⃗q P R . (C.9)

The linear approximation requirement of x ! length is now equivalent to |Q⃗| ! acoustic

solid length scales.

C.6 Three-dimensional optics

If an optical cavity tεpr⃗q, µpr⃗qu with resonance tE⃗pr⃗q, H⃗pr⃗q, ωou undergoes a material per-

turbation to tε1pr⃗q, µ1pr⃗qu with new resonance tE⃗1pr⃗q, H⃗ 1pr⃗q, ωo1u, the change in frequency is

[220, 223]

∆ωo
ωo1

� �
³
3V

�
Eipr⃗q�∆εi jpr⃗qE1jpr⃗q �Hipr⃗q�∆µi jpr⃗qH 1

jpr⃗q
	
d3r⃗³

3V

�
Eipr⃗q� εi jpr⃗qE1jpr⃗q �Hipr⃗q� µi jpr⃗qH 1

jpr⃗q
	
d3r⃗

� � xE⃗|∆ε|E⃗1y � xH⃗|∆µ|H⃗ 1y
xE⃗|ε|E⃗1y � xH⃗|µ|H⃗ 1y ,

where ∆ωo � ωo
1 � ωo, ∆εpr⃗q � ε1pr⃗q � εpr⃗q, and ∆µpr⃗q � µ1pr⃗q � µpr⃗q.

We now consider a small perturbation with ∆µpr⃗q � 0, H⃗ 1pr⃗q � H⃗pr⃗q, and ωo1 � ωo. We can

decompose E⃗pr⃗q into two orthogonal vector �elds, E⃗pr⃗q � E⃗∥pr⃗q � E⃗Kpr⃗q, such that E⃗∥pr⃗q
and D⃗Kpr⃗q � εpr⃗q � E⃗Kpr⃗q are smooth everywhere, in patricular over the material boundary.
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For a small perturbation then, E⃗1∥pr⃗q � E⃗∥pr⃗q and D⃗1Kpr⃗q � D⃗Kpr⃗q, and we get

∆ωo
ωo

� � xE⃗|ε1|E⃗1y � xE⃗|ε|E⃗1y
xE⃗|ε|E⃗1y � xH⃗|µ|H⃗y

� � xE⃗∥|ε1|E⃗1∥y � xD⃗K|ε�1|D⃗1Ky � xE⃗∥|ε|E⃗1∥y � xD⃗K|ε1�1|D⃗1Ky
xE⃗∥|ε|E⃗1∥y � xD⃗K|ε1�1|D⃗1Ky � xH⃗|µ|H⃗y

� � xE⃗∥|ε1|E⃗∥y � xD⃗K|ε�1|D⃗Ky � xE⃗∥|ε|E⃗∥y � xD⃗K|ε1�1|D⃗Ky
xE⃗∥|ε|E⃗∥y � xD⃗K|ε1�1|D⃗Ky � xH⃗|µ|H⃗y

� � xE⃗∥|∆ε|E⃗∥y � xD⃗K|∆ε�1|D⃗Ky
xD⃗K|∆ε�1|D⃗Ky � xE⃗|ε|E⃗y � xH⃗|µ|H⃗y .

Now

A
E⃗
��� ε ��� E⃗E � A

H⃗
���µ ��� H⃗E

" xD⃗K|∆ε�1|D⃗Ky ,

Thus

∆ωo � �ωo
2

�
xE⃗∥|∆ε|E⃗∥y � xD⃗K|∆ε�1|D⃗Ky

xE⃗|ε|E⃗y

�
. (C.10)

C.7 Optomechanical coupling

Substituting (C.7) and (C.10) into (C.4), we get

gom � �
ωo
2

c
ℏ

2ωm
|X|b

xQ⃗|ρ|Q⃗y xE⃗|ε|E⃗y

�B
E⃗∥

���� ∆εptqxptq
���� E⃗∥

F
�
B
D⃗K

���� ∆ε�1ptqxptq
���� D⃗K

F�
. (C.11)
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S

ε A

ε B

r

Figure C.1: Moving boundary of an acoustic solid volume.

Here we've used V to denote all three-dimensional space, but note that ρ is only de�ned over

the solid domain S � V . It should also be mentioned that the optomechanical coupling gom

is an angular frequency, the optomechanical coupling rate is typically quoted as gom
2π .

C.8 Moving boundary e�ect

The most obvious cause of changing permittivity in an acoustic resonance is the moving

boundary of the solid. At optical frequencies much higher than the mechanical frequencies

this shifted boundary can be treated quasi-statically. If we have a volume, the acoustic solid

S, with uniform permittivity inside of εA and a uniform permittivity outside of εB , which
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shifts to a new volume S1, as depcited in Fig. C.1, the change in permittivity is

∆εpr⃗q �

$''''''''''&''''''''''%

0 : pr⃗ P Sq ^ �
r⃗ P S1�

0 : pr⃗ R Sq ^ �
r⃗ R S1�

εA � εB : pr⃗ R Sq ^ �
r⃗ P S1�

εB � εA : pr⃗ P Sq ^ �
r⃗ R S1�

.

Putting this into an integral over the whole space V ,

»
3

V

∆εpr⃗q fpr⃗q d3r⃗ �

���»
3

S1

εA �
»
3

S

εA �
»
3

V zS1
εB �

»
3

V zS
εB

��
fpr⃗q d3r⃗

�
��»
3

S1

εA �
»
3

S

εA �
»
3

V

εB �
»
3

S1

εB �
»
3

V

εB �
»
3

S

εB

�
fpr⃗q d3r⃗

�
��»
3

S1

pεA � εBq �
»
3

S

pεA � εBq
�
fpr⃗q d3r⃗ .

The volume S1 at any point in time is de�ned from the displacement �eld of the acoustic

solid,

S1ptq �
!
r⃗ � Q⃗pr⃗, tq : r⃗ P S

)
,

thus an integral over S1 can be mapped to an integral over S using the Jacobian Jpr⃗, tq,

»
3

S1ptq
fpr⃗q d3r⃗ �

»
3

S

f
�
r⃗ � Q⃗pr⃗, tq

	
|Jpr⃗, tq| d3r⃗ , |Jpr⃗, tq| � det

��B
�
r⃗ � Q⃗pr⃗, tq

	
B r⃗

�� .
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Hence

»
3

V

∆εpr⃗q fpr⃗q d3r⃗ �
»
3

S

�
εA � εB

	�
f
�
r⃗ � Q⃗pr⃗, tq

	
|Jpr⃗, tq|� fpr⃗q

�
d3r⃗ . (C.12)

We now want to take Qipr⃗, tq � qipr⃗qxptq and expand out for small x. The elements of the

Jacobian matrix are

Ji jpr⃗, tq �
B pri � qipr⃗qxptqq

B rj
� δi j � xptq B qipr⃗qB rj

,

thus

Jpr⃗, tq � I� xptq
�B q⃗pr⃗q

B r⃗


.

For small xptq, the determinant can be expanded out as

|Jpr⃗, tq| � det

�
I� xptq

�B q⃗pr⃗q
B r⃗


�
� 1� xptq tr

�B q⃗pr⃗q
B r⃗

�
�O rxptqs2 .

For an arbitrary function f , the expansion for small x is

f pr⃗ � q⃗pr⃗qxptqq � fpr⃗q � xptq qkpr⃗q
B fpr⃗q
B rk

�O rxptqs2 .

Substituting these expressions into (C.12) and keeping only terms up to �rst order in x,

»
3

V

∆εpr⃗q fpr⃗q d3r⃗ �
»
3

S

�
εA � εB

	
xptq

�
qkpr⃗q

B fpr⃗q
B rk

� B qkpr⃗q
B rk

fpr⃗q
�
d3r⃗ . (C.13)
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By the Divergence Theorem, this is equivalent to

»
2

BS

�
εA � εB

	
xptq fpr⃗q qkpr⃗qnkpr⃗q d2r⃗ ,

where n⃗ is the normal vector to the surface of the solid, and f is continuously di�erentiable

over the neighbourhood of S.

Replacing fpr⃗q � E
∥
i pr⃗q�E

∥
j pr⃗q{xptq, restoring ε to a tensor, and using (C.9), we �nd

B
E⃗∥

���� ∆εptqxptq
���� E⃗∥

F
� 1

X

»
2

BS
E
∥
i pr⃗q�

�
εAi j � εBi j

	
E
∥
j pr⃗qQkpr⃗qnkpr⃗q d2r⃗ ,

and likewise with fpr⃗q � DK
i pr⃗q�DK

j pr⃗q{xptq carrying out this process with ε�1,

B
D⃗K

���� ∆ε�1ptqxptq
���� D⃗K

F
� 1

X

»
2

BS
DK
i pr⃗q�

�
pεAq�1i j � pεBq�1i j

	
DK
j pr⃗qQkpr⃗qnkpr⃗q d2r⃗ .

Putting this in to (C.11),

gom
MB

� �ωo
2

c
ℏ

2ωm

|X|
X»

2

BS
Qkpr⃗qnkpr⃗q

�
E
∥
i pr⃗q�

�
εAi j � εBi j

	
E
∥
j pr⃗q �DK

i pr⃗q�
�
pεAq�1i j � pεBq�1i j

	
DK
j pr⃗q

�
d2r⃗

gffe»
3

V

Qipr⃗q� ρpr⃗qQipr⃗q d3r⃗
»
3

V

Eipr⃗q� εi jpr⃗qEjpr⃗q d3r⃗
.

(C.14)

The factor |X|{X � expr�i argrXss ensures g0MB P R. In this formulation E⃗∥ and D⃗K are

only calculated over the boundary of S where they are well de�ned and continuous.
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C.8.1 Moving boundary alternative derivation

An equivalent form for ∆ε{x is

εpxq � εp0q � x
d εpx1q
dx1

����
x1�0

�O rxs2

ñ ∆εpxq � εpxq � εp0q � x
d εpx1q
dx1

����
x1�0

,

ñ ∆εi jpr⃗, tq
xptq � d εi jpr⃗, tq

dxptq
����
xptq�0

.

Expanding this derivative

d εi jpr⃗, tq
dxptq

����
xptq�0

� d εi jpr⃗, tq
dQkpr⃗, tq

����
xptq�0

BQkpr⃗, tq
B xptq ,

(C.8)� d εi jpr⃗, tq
dQkpr⃗, tq

����
xptq�0

qkpr⃗q ,

(C.9)� d εi jpr⃗, tq
dQkpr⃗, tq

����
xptq�0

Qkpr⃗q
X

.

Consider the interface of two permittivities (the boudnary of the solid), given by the set

BS � tr⃗Su, with εA on one side and εB on the other, and with a normal vector (perpendicular

to the boundary) n⃗pr⃗Sq pointing from side A to side B, then

d εi jpr⃗, tq
dQkpr⃗, tq

����
xptq�0

�
�
εAi j � εBi j

	
δ rr⃗ � r⃗Ss nkpr⃗q ,
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r
-L 0 x

ε A ε B

Figure C.2: A one-dimensional optomechanical system.

where xptq � 0 is satis�ed by taking r⃗S to be the equilibrium surface.

Following the same procedure for ε�1 and putting everything into (C.11) we arrive at (C.14)

as expected.

C.8.2 One-dimensional equivalence

Consider the one-dimensional Fabry-Pérot optomechanical system Fig. C.2, of length L and

spring-mirror displacement x about r � 0, with permittivity εA inside the cavity and εB

outside. We wish to ensure

» 8
�8

∆εpr, xq
x

fprq dr �
» 8
�8

d εpr, x1q
dx1

����
x1�0

fprq dr

is equivalent when using the method of (C.13).

Following the traditional calculation, the permittivity is

εpr, xq �

$''&''%
εA : r   x

εB : r ¡ x

� εB �
�
εA � εB

	
pΘ rr � Ls �Θ rr � xsq ,

and taking the derivative with respect to x,

d εpr, xq
dx

�
�
εA � εB

	
δ rr � xs .

79



Thus

» 8
�8

d εpr, x1q
dx1

����
x1�0

fprq dr �
» 8
�8

�
εA � εB

	
δ rrs fprq dr �

�
εA � εB

	
fp0q . (C.15)

To use the method of the previous section, we �rst need to de�ne an appropriate Qpr, xq
that captures the mechanics,

Qpxq : S � r�L, 0s Ñ S1pxq � r�L, xs

0 ÞÑ x

�L ÞÑ 0

r ÞÑ x� r x
L

that is, Qpr, xq � x
�
L�r
L

	
, and hence qprq � L�r

L . Using this in (C.13),

» 8
�8

∆εpr, xq
x

fprq dr �
» 0

�L

�
εA � εB

	��
L� r

L


 B fprq
B r � 1

L
fprq

�
dr

�
�
εA � εB

	�» 0

�L
B fprq
B r dr � 1

L

» 0

�L

�
fprq � r

B fprq
B r



dr

�

�
�
εA � εB

	�» 0

�L
B fprq
B r dr � 1

L

» 0

�L
B pr fprqq

B r dr

�

�
�
εA � εB

	��
fp0q � fp�Lq

	
� 1

L

�
0 fp0q � p�Lq fp�Lq

	�
�

�
εA � εB

	
fp0q ,

the same as (C.15).
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C.9 Photo-elastic e�ect

The strain induced from the deformation of a solid object causes the electric permittivity to

change slightly [224],

∆
�
ε�1r

	
i j
� pi j k l ϵk l , (C.16)

where p is the photo-elastic tensor and ϵ is strain. To use this expression we need to expand

out rεr �∆εrs�1 but this not straightforward as εr and ∆εr might not commute. Instead

we use fpA�Bq � fpI� A�1BqfpAq to get

rεr �∆εrs�1 �
�
I� ε�1r �∆εr

��1 � ε�1r , (C.17)

where we can expand out rI � ε�1r �∆εrs�1 in a Taylor expansion for small ε�1r �∆εr as it
commutes with I,

�
I� ε�1r �∆εr

��1 � I�
�
d rI� s Is�1

d s

�����
s�0

�
�
�
ε�1r �∆εr

	
�O

�
ε�1r �∆εr

�2
,

and evaluate the matrix inverse derivative

d rI� s Is�1
d s

�����
s�0

� � rI� s Is�1 � d pI� s Iq
d s

� rI� s Is�1
����
s�0

� �I .

Putting this all back together into (C.17),

rεr �∆εrs�1 �
�
I� ε�1r �∆εr

	
� ε�1r � ε�1r � ε�1r �∆εr � ε�1r , (C.18)
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ñ rεr �∆εrs�1 � ε�1r � ∆
�
ε�1r

	
� �ε�1r �∆εr � ε�1r ,

ñ ∆ε � �ε �∆
�
ε�1r

� � ε
ε0

,

and substituting in the photo-elastic e�ect (C.16)

∆εi j �
�εi a pa b c d ϵc d εb j

ε0
.

Thus

∆εi jpr⃗, tq
xptq � �εi apr⃗q εb jpr⃗q pa b c dpr⃗q

ε0

ϵc dpr⃗, tq
xptq .

Now, the strain can be converted into frequency domain form,

ϵc dpr⃗, tq
xptq � 1

2

��B
�
Qcpr⃗,tq
xptq

	
B rd

�
B
�
Qdpr⃗,tq
xptq

	
B rc

�


� 1

2

�B qcpr⃗q
B rd

� B qdpr⃗q
B rc




� 1

X

1

2

�BQcpr⃗q
B rd

� BQdpr⃗q
B rc




� ϵc dpr⃗q
X

.
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Thus

B
E⃗∥

���� ∆εptqxptq
���� E⃗∥

F
� �1
X ε0

A
E⃗∥

��� ε � pp : ϵq � ε ��� E⃗∥
E

� �1
X ε0

A
D⃗∥

��� pp : ϵq ��� D⃗∥
E
.

The D⃗K piece is much simpler, using (C.16) directly,

B
D⃗K

���� ∆ε�1ptqxptq
���� D⃗K

F
� 1

X ε0

A
D⃗K

��� pp : ϵq ��� D⃗KE .

Putting this all together into (C.11),

gom
PE

� ωo
2

c
ℏ

2ωm

|X|
X

1

ε0

A
D⃗
��� pp : ϵq ��� D⃗E

b
xQ⃗|ρ|Q⃗y xE⃗|ε|E⃗y

� ωo
2

c
ℏ

2ωm

|X|
X

1

ε0

»
3

V

Eipr⃗q� εi apr⃗q pa b c dpr⃗q ϵc dpr⃗q εb jpr⃗qEjpr⃗q d3r⃗gffe»
3

V

Qipr⃗q� ρpr⃗qQipr⃗q d3r⃗
»
3

V

Eipr⃗q� εi jpr⃗qEjpr⃗q d3r⃗
,

noting that p is only non-zero over the mechanical solid so the top integral is only over the

domain S. If we assume the electric permittivity of our solid, εA, is uniform and isotropic,
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E E ϵ

p

ϵ


p

Figure C.3: Penrose tensor diagram of E�i pi j k l ϵk l Ej evaluation.

we get

gom
PE

� ωo
2

c
ℏ

2ωm

|X|
X

�
εA

	2
ε0

»
3

S

Eipr⃗q� pi j c dpr⃗q ϵc dpr⃗qEjpr⃗q d3r⃗gffe»
3

V

Qipr⃗q� ρpr⃗qQipr⃗q d3r⃗
»
3

V

Eipr⃗q� εi jpr⃗qEjpr⃗q d3r⃗
. (C.19)
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C.9.1 Cubic(3) photo-elastic tensor expansion

For a Cubic(3) crystal (point groups 432, 4̄3m, m3̄m)1, the photo-elastic tensor, in conven-

tional solid mechanics Voigt notation (Sec. G.5), has the form [224]

p̃ �
�
p̃ı̃ ȷ̃

	
�

����������������

p̃1 1 p̃1 2 p̃1 2 0 0 0

p̃1 2 p̃1 1 p̃1 2 0 0 0

p̃1 2 p̃1 2 p̃1 1 0 0 0

0 0 0 p̃4 4 0 0

0 0 0 0 p̃4 4 0

0 0 0 0 0 p̃4 4

���������������

,

in a coordinate system aligned with the crystal. We can contract this with the strain Voigt

vector to get

�
p̃ı̃ ȷ̃ ϵ̃ȷ̃

	
�

����������������

p̃1 1 p̃1 2 p̃1 2 0 0 0

p̃1 2 p̃1 1 p̃1 2 0 0 0

p̃1 2 p̃1 2 p̃1 1 0 0 0

0 0 0 p̃4 4 0 0

0 0 0 0 p̃4 4 0

0 0 0 0 0 p̃4 4

���������������

�

����������������

ϵ1 1

ϵ2 2

ϵ3 3

2 ϵ2 3

2 ϵ1 3

2 ϵ1 2

���������������

�

����������������

p̃1 1 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 2 ϵ3 3

p̃1 2 ϵ1 1 � p̃1 1 ϵ2 2 � p̃1 2 ϵ3 3

p̃1 2 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 1 ϵ3 3

2 p̃4 4 ϵ2 3

2 p̃4 4 ϵ1 3

2 p̃4 4 ϵ1 2

���������������

,

1. GaAs is F4̄3m in 4̄3m. Si is Fd3̄m in m3̄m.
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which is a contravariant (stress-like) Voigt vector. Applying an inverse contravariant Voigt,

i.e. stress-like, transformation

ppa b c d ϵc dq �������
p̃1 1 ϵ1 1 � p̃1 2 pϵ2 2 � ϵ3 3q 2 p̃4 4 ϵ1 2 2 p̃4 4 ϵ1 3

2 p̃4 4 ϵ1 2 p̃1 1 ϵ2 2 � p̃1 2 pϵ1 1 � ϵ3 3q 2 p̃4 4 ϵ2 3

2 p̃4 4 ϵ1 3 2 p̃4 4 ϵ2 3 p̃1 1 ϵ3 3 � p̃1 2 pϵ1 1 � ϵ2 2q

�����
 .

Thus, when dealing with isotropic permittivities,

Ea
� pa b c d ϵc dEb � E1

�E1

�
p̃1 1 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 2 ϵ3 3

	
� E2

�E2

�
p̃1 2 ϵ1 1 � p̃1 1 ϵ2 2 � p̃1 2 ϵ3 3

	
� E3

�E3

�
p̃1 2 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 1 ϵ3 3

	
� 2E2

�E3 p̃
4 4 ϵ2 3 � 2E3

�E2 p̃
4 4 ϵ2 3

� 2E1
�E3 p̃

4 4 ϵ1 3 � 2E3
�E1 p̃

4 4 ϵ1 3

� 2E1
�E2 p̃

4 4 ϵ1 2 � 2E2
�E1 p̃

4 4 ϵ1 2

� |E1|2
�
p̃1 1 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 2 ϵ3 3

	
� |E2|2

�
p̃1 2 ϵ1 1 � p̃1 1 ϵ2 2 � p̃1 2 ϵ3 3

	
� |E3|2

�
p̃1 2 ϵ1 1 � p̃1 2 ϵ2 2 � p̃1 1 ϵ3 3

	
� 4ℜrE2

�E3s p̃4 4 ϵ2 3
� 4ℜrE1

�E3s p̃4 4 ϵ1 3
� 4ℜrE1

�E2s p̃4 4 ϵ1 2 .
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A Penrose diagram of this evaluation is shown in Fig. C.3. This result di�ers from that of

Chan [225, 226], and its citations [167, 227], where they incorrectly apply an inverse covariant

Voigt transformation to get ppa b c d ϵc dq.

C.9.2 Rotated photo-elastic tensor

If our material is not aligned with our coordinate system we need a more general expansion.

Whilst
�
Ei

�Ej
�
is not symmetric (it's Hermitian), its contracted with symmetric p, thus we

can write

Ea
� pa b c d ϵc dEb � pẼ2qı̃ p̃ı̃ ȷ̃ ϵ̃ȷ̃ ,

where

Ẽ2 �

����������������

|E1|2

|E2|2

|E3|2

2ℜrE2
�E3s

2ℜrE1
�E3s

2ℜrE1
�E2s

���������������

is a covariant (strain-like) Voigt vector.

C.10 Electro-optic e�ect

Similar to the photo-elastic e�ect, the electric permittivity also responds to applied static

electric �elds. At optical frequencies, for piezoelectric materials, this is the quasi-static
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piezoelectric electric �eld induced by the solid deformation. Denoting the static electric

�eld2 as E⃗S , the electro-optic e�ect is [224]

∆
�
ε�1r

	
i j
� ri j k E

S
k � si j k l E

S
k E

S
l ,

where r is the linear electro-optic tensor, and s is the quadratic electro-optic tensor which

from here on will be ignored. Following the same procedure as the photo-elastic e�ect,

∆εi j �
�εi a ra b cESc εb j

ε0
.

For a piezoelectric material, if we assume E⃗S9Q⃗ then ESc pr⃗, tq{xptq � ESc pr⃗q{X, and again

following the same procedure as the photo-elastic e�ect,

gom
EO

� ωo
2

c
ℏ

2ωm

|X|
X

1

ε0

A
D⃗
��� �r � ES	 ��� D⃗E

b
xQ⃗|ρ|Q⃗y xE⃗|ε|E⃗y

� ωo
2

c
ℏ

2ωm

|X|
X

1

ε0

»
3

V

Eipr⃗q� εi apr⃗q ra b cpr⃗qESc pr⃗q εb jpr⃗qEjpr⃗q d3r⃗gffe»
3

V

Qipr⃗q� ρpr⃗qQipr⃗q d3r⃗
»
3

V

Eipr⃗q� εi jpr⃗qEjpr⃗q d3r⃗
,

where r is only non-zero over the solid.

In practice, the electro-optic e�ect from piezoelectric materials is orders of magnitude smaller

than the other contributions to gom and can be ignored.

2. The electric �eld appearing in the piezoelectric equations of Ap B.
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APPENDIX D

Symmetry condition

D.1 Origin

The symmetry condition equation occurs whenever a tensor �eld, F obeys the Helmholtz

equation1

∆r⃗ F rr⃗s � krr⃗s2 F rr⃗s � 0 ,

and there exists a symmetry operation S P Op3q such that

k
�
S � r⃗� � krr⃗s . (D.1)

D.2 Change of basis

Before proceeding, we'll need a quick summary of basis changes in a linear vector space.

Consider a vector space V with two basis sets,

A � tA⃗iui , B � tB⃗iui ,

such that for any vector r⃗ P V ,

r⃗ � Ar
i A⃗i � Br

i B⃗i . (D.2)

1. ∆r⃗ � ∇2
r⃗ is the Laplacian operator.

89



We can de�ne the transformation between A and B as C such that the vector B⃗j in basis A

is

B⃗i � C
j
i A⃗j ,

and relating this to (D.2)

BrpB⃗iqjlooomooon
δji

B⃗j � B⃗i � ArpB⃗iqj A⃗j � Cki ArpA⃗kqjlooomooon
δjk

A⃗j � C
j
i A⃗j .

Thus for any r⃗ P V ,

r⃗ � Ar
i A⃗i � Br

i B⃗i � Br
iC

j
i A⃗j ,

which tells us

Ar
i � Cij Br

j , Br
i � pC�1qij Arj .

For the dual vector space we have

A⃗ipr⃗q � Ar
i , B⃗ipr⃗q � Br

i � pC�1qij Arj ,

ñ B⃗i � pC�1qij A⃗i .

Then for any r⃗� P V �,

r⃗� � Ari A⃗
i � Bri B⃗

i � Bri pC�1qij A⃗j ,
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Ari � Brj pC�1qji , Bri � Arj C
j
i .

Extending this to a tensor of rank pP,Qq

BT
i1 ��� iP
j1 ��� jQ �

�
P¹
n�1

pC�1qinkn

� �� Q¹
m�1

Clmjm

�

AT

k1 ��� kP
l1 ��� lQ . (D.3)

Note that if A and B have a cartesian metric, requiring C P OpdimrV sq, then pC�1qinkn �
pCTqin kn � Ckn in and the use of contravariant or covariant indecies is irrelevant.

D.3 Change of coordinate system

We will also need a summary of coordinate system changes and the induced bases of their

tangent spaces. Given a space M , with a coordinate system taiui, we can de�ne the trans-

formation to a new coordinate system on M as

bi � Di�takuk� , ai � pD�1qi�tbkuk� ,
where D is some function of the original coordinates. The metric for the new coordinate

system is easily calculated from

dai agi j da
j � dDi�takuk� agi j dDj�takuk� � dbi bgi j db

j .

A point p PM , can be expressed in terms of tapiui or tbpiui, and has a tangent space TpM .
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For each coordinate system, the tangent vector space has a natural basis

A⃗i �
B
Bai

����
p
, B⃗i �

B
Bbi

����
p
.

Following the transformation above and the chain rule, we �nd

B⃗i �
B
Bbi

����
p
� B
BDiptakukq

����
p

� Baj
Bbi

�����
p

B
Baj

����
p
� BpD�1qjptbkukq

Bbi

�����
p

A⃗j .

Combining this with a tensor �eld F of rank pP,Qq over M , using (D.3),

BF
i1 ��� iP
j1 ��� jQ

�
tbpkuk

�
�
�� P¹
n�1

Bbin
Bakn

�����
p

�
�� Q¹
m�1

Balm
Bbjm

�����
p

�

AF

k1 ��� kP
l1 ��� lQ

�
tapkuk

�
,

or if we denote

C
j
i

�
tbpkuk

�
� BpD�1qjptbkukq

Bbi

�����
bk�bpk

,

then

BF
i1 ��� iP
j1 ��� jQ

�
tbpkuk

�
��

P¹
n�1

pC�1qinkn
�
tbpkuk

�� �� Q¹
m�1

Clmjm

�
tbpkuk

��

AF

k1 ��� kP
l1 ��� lQ

�
tpD�1qkptbplulquk

�
.

If a is a Cartesian coordinate system, and the transform D P EpdimrM sq is a Euclidean

transformation (also known as rigid or a�ne), then the coordinate system b will also be
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Cartesian. Furthermore we can write

bi � Di�takuk� � Rij a
j � λi ,

where R P OpdimrM sq, and determine

Bbi
Baj � pC�1qij � Rij ,

Bai
Bbj � Cij � pR�1qij .

This then gives us

BF
i1 ��� iP

�
tbpkuk

�
�
�

P¹
n�1

Rinkn

�
AF

k1 ��� kP
�
tpR�1qkl bpl � pR�1qkl λluk

�
.

D.4 Derivation

For simplicity, we'll consider a Cartesian coordinate system on R3. Starting with the

Helmholtz equation,

B
Bri

B
Bri F

j1 ��� jN �trpup�� k
�trpup�2 F j1 ��� jN �trpup� � 0 , (D.4)

if we make a change of coordinate system and basis, S, we get2

B
BpSia raq

B
BpSib rbq

�
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� k

�
tpS�1qpq rqup

�2 �
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� 0 .

2. This change of coordinate system also applies to boundary conditions.
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Now by the chain rule,

B
BpSij rjq

� pS�1qji
B
Brj ,

and using (D.1),

pS�1qai
B
Bra pS

�1qbi
B
Brb

�
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� k

�trpup�2 �
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� 0 .

For S P Op3q, i.e. S�1 � ST, we also have

pS�1qai pS�1qbi � pS�1qai S b
i � δa b ,

which gives us

B
Bri

B
Bri

�
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� k

�trpup�2 �
N¹
n�1

S
jn
ln

�
F l1 ��� lN

�
tpS�1qpq rqup

�
� 0 ,

or in some compacted notation

∇2
�
SN � F rS�1 � r⃗s

	
� krr⃗s2

�
SN � F rS�1 � r⃗s

	
� 0 .

Comparing this to the original Helmholtz equation (D.4), we infer that if F j1 ��� jN �trpup�
is a solution, then

�±N
n�1 S

jn
ln

	
F l1 ��� lN �tpS�1qpq rqup� is also a solution. If there are no
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Figure D.1: Penrose tensor diagram for an involutory symmetry operator S with value �1.

degenerate solutions for the particular k in (D.4) we must have

SN � F rS�1 � r⃗s � s F rr⃗s ,

ñ SN � F rr⃗s � s F rS � r⃗s .

If S is an involutory matrix, i.e. S�1 � S, then

F rr⃗s � s SN � F rS � r⃗s � s2 F rr⃗s ,

and s P t�1, 1u.

D.5 Result

For an involutory symmetry operator S, that is S � S � I, the symmetry condition on a

tensor �eld, F , of rank N that satis�es the Helmholtz equation with k
�
S � r⃗� � krr⃗s, is

SN � F �
S � r⃗� � �F rr⃗s .
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In Cartesian coordinates, this is

�
N¹
n�1

S injn

�
F j1 ��� jN

�
tSkl rluk

�
� �F i1 ��� iN

�
trkuk

�
,

and a Penrose tensor diagram is depicted in Fig. D.1.

Note that for a scalar �eld,

f rS � r⃗s � � f rr⃗s .

D.6 Electromagnetic mirror symmetries

The symmetry equation for the electromagnetic �eld tensor (see App. A) is

S
µ
α S

µ
β F

αβ
�
trλuλ

�
� s Fµ ν

�
tSλγ rγuλ

�
,

ñ S
µ
αE

α
�
trλuλ

�
� sEµ

�
tSλγ rγuλ

�
,

S
µ
αH

α
�
trλuλ

�
� � sHµ

�
tSλγ rγuλ

�
.

For mirror symmetries about the spatial cardinal axes,

P
�
ˆ⃗x
�
�

������
�1 0 0

0 1 0

0 0 1

�����
 , P
�
ˆ⃗y
�
�

������
1 0 0

0 �1 0

0 0 1

�����
 , P
�
ˆ⃗z
�
�

������
1 0 0

0 1 0

0 0 �1

�����
 ,

96



and we'll employ the notation
�
ri to denote the presence of a symmetry along with its value

si. For example, about the x axis,

�
x

x mirror symmetry

(y-z magnetic conductor)
sx � 1

Exr�x, y, zs � �Exrx, y, zs
Eyr�x, y, zs � Eyrx, y, zs
Ezr�x, y, zs � Ezrx, y, zs

,

�
x

x mirror antisymmetry

(y-z electric conductor)
sx � �1

Exr�x, y, zs � Exrx, y, zs
Eyr�x, y, zs � �Eyrx, y, zs
Ezr�x, y, zs � �Ezrx, y, zs

.

Note that the `scalar symmetry values' for the individual components follow

Ejr�ris � � si p2 δi j � 1qEjrris ,

Hjr�ris � si p2 δi j � 1qHjrris .

The magnetic �eld is actually a 2-form, and Hi is thus a pseudovector (Hodge dual) giving

it the `opposite' symmetry values to Ei. This can be seen by studying the electromagnetic

�eld tensor or connecting Hx Ñ Hy z.
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APPENDIX E

Symmetry in optomechanical coupling

The geometric design of the optomechanical resonator can exhibit various symmetries that

will in�uence which mechanical and electromagnetic modes provide good optomechanical

coupling.

E.1 Electromagnetism

Following Maxwell's equations (see App. A) in a source-free, polarization-free, magnetization-

free, time harmonic setting, the electric �eld E obeys a Helmholtz equation,

∇2
r⃗ Err⃗s � ω2 µ εrr⃗sErr⃗s � 0 ,

where µ is the permeability (assumed constant), ε is the permittivity, and ω is the angular

frequency. If there exists a geometric involutory, i.e. mirror or π-rotation, symmetry S such

that εrS � r⃗s � εrr⃗s, then, from App. D, E obeys

S � E �
S � r⃗� � �E Err⃗s ,

for any non-degenerate mode.
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E.2 Solid mechanics

For a isotropic and homogeneous material, the time harmonic elastodynamic equation (see

App. B) for the displacement �eld Q is

µ∇2
r⃗ Qrr⃗s � pµ� λq∇r⃗

�
∇r⃗ �Qrr⃗s

	
� ω2 ρrr⃗sQrr⃗s � 0 ,

where µ and λ are Lamé parameters, ρ in density, and ω is angular frequency. Using some

vector calculus identities we can rewrite this as

M ∇2
r⃗ Qrr⃗s � pµ� λq∇r⃗ �

�
∇r⃗ �Qrr⃗s

	
� ω2 ρrr⃗sQrr⃗s � 0 ,

where M � 2µ� λ is the pressure modulus.

If we have a mirror symmetry transform S, such that ρrS � r⃗s � ρrr⃗s, and do a change of

coordinates and basis, we get

M ∇2
r⃗

�
S �Q �

S � r⃗��� pµ� λq
�
S �∇r⃗

	
�
�
∇r⃗ �Q

�
S � r⃗�	� ω2 ρrr⃗s �S �Q �

S � r⃗�� � 0 ,

which unfortunately does not take the form of the original equation and hence does not

enforce a mirror solution. However, if the displacement �eld is curl free, ∇ � Q � 0, the

problematic middle term disappears, and the symmetry condition is recovered

S �Q �
S � r⃗� � �Qrr⃗s : ∇r⃗ �Qrr⃗s � 0 ,

for non-degenerate modes.
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E.3 Strain

If we have a symmetry condition on the displacement Q, then this will extend to the strain

ϵ, de�ned as

ϵi j

�
trkuk

�
� 1

2

� B
BriQj

�
trkuk

�
� B
BrjQi

�
trkuk

�

.

Starting with

pS�1qjiQj
�
tpS�1qkl rluk

�
� sQi

�
trkuk

�
,
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we derive following,

pS�1qai pS�1qbj ϵa b
�
tpS�1qkl rluk

�
� pS�1qai pS�1qbj

1

2

��BQb
�
tpS�1qkl rluk

�
B �pS�1qac rc� �

BQa
�
tpS�1qkl rluk

�
B �pS�1qbc rc�

�


� 1

2
pS�1qai pS�1qbj Sca

B
BrcQb

�
tpS�1qkl rluk

�
� 1

2
pS�1qai pS�1qbj Scb

B
BrcQa

�
tpS�1qkl rluk

�

� 1

2
δci

B
Brc pS

�1qbj Qb
�
tpS�1qkl rluk

�
� 1

2
δcj

B
Brc pS

�1qaiQa
�
tpS�1qkl rluk

�

� 1

2

�
s
B
BriQj

�
trkuk

�
� s

B
BrjQi

�
trkuk

�


� s ϵi j

�
trkuk

�
.

E.4 Moving boundary

The moving boundary e�ect contribution to the optopmechanical coupling (C.14) contains

g0MB 9
»
2

BSolid
d2r⃗ Qkpr⃗qnkpr⃗q�

E
∥
i pr⃗q�

�
εAi j � εBi j

	
E
∥
j pr⃗q �DK

i pr⃗q�
�
pεAq�1i j � pεBq�1i j

	
DK
j pr⃗q

�
.
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If there exists an involutory symmetry S then we can take only half of the integral and add

opposing points together; normal vectors following S � nrS � r⃗s � nrr⃗s. The electric �eld

must obey the symmetry condition and because it only appears in terms like E� � ε �E there

will be constructive addition between opposing points. If the displacement �eld exhibits a

symmetry condition we have for opposing points

QkrS � r⃗snkrS � r⃗s � �Q pS�1qik Qirr⃗s pS�1qkj njrr⃗s � �QQkrr⃗snkrr⃗s .

Thus if the displacement �eld is antisymmetric (in any direction), the contribution to the

integral from opposing points will cancel out and we get g0MB � 0. Intuitively we can think

of these mechanical mirror antisymmetric modes as not changing the total volume of the

solid (opposite sides move together) and hence not a�ecting the electromagnetic resonance

frequency.

E.5 Photo-elastic

The photo-elastic e�ect contribution to the optopmechanical coupling (C.19) contains

g0PE 9
»
3

Solid

Eipr⃗q� pi j k lpr⃗q ϵk lpr⃗qEjpr⃗q d3r⃗ .

If there exists an involutory symmetry S, with pi j k lrS � r⃗s � pi j k lrr⃗s, then we can again

take half of the integral and add opposing points together. The electric �eld will obey the

symmetry condition with value �E , and if the displacement �eld obeys a symmetry condition
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with value �Q, we �nd for mirrored points

EirS � r⃗s� pi j k lrS � r⃗s ϵk lrS � r⃗sEjrS � r⃗s

� p�EqSa iEarr⃗s� pi j k lrr⃗s p�QqSc k Sd l ϵc drr⃗s p�EqSb j Ebrr⃗s

� �Q Earr⃗s� Sa i Sb j Sc k Sd l pi j k lrr⃗s ϵc drr⃗sEbrr⃗s .

Now for a cubic crystal, such as GaAs, the photoelastic tensor, p, has a particular form (see

App. C and App. M) such that

Sa i Sb j Sc k Sd l pi j k l � pa b c d ,

if S is an involutory transform. Thus we again see that if the displacement �eld is antisym-

metric, i.e. �Q � �1, the contribution to the integral for mirrored points will cancel out

leaving us with g0PE � 0.

E.6 Result

We conclude that to have optomechanical coupling, we can't use a mechanical resonance

with any involutory (mirror or π-rotation) antisymmetries.
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APPENDIX F

Symmetry in piezoelectricity

F.1 Derivation

Given a mechanical mode symmetry, S P Op3q,

pS�1qjiQj
�
S�1 � r⃗

�
� sQQi rr⃗s ,

with symmetry value sQ, we would like to know what symmetry value the piezoelectric

voltage response exhibits.

The governing equation for electric �elds in a piezoelectric material is (see App. B)

D � ẽ � ϵ̃� ε � E , Di � ei j k ϵj k � εi j E
j ,

and if we ignore external �elds, the piezoelectric response is simply

Di rr⃗s � ei j k rr⃗s ϵj k rr⃗s .

To determine the piezoelectric symmetry value we start with

Di
�
S�1 � r⃗

�
� ei j k

�
S�1 � r⃗

�
ϵj k

�
S�1 � r⃗

�
. (F.1)

The piezoelectric coupling tensor e is a material property that obeys the geometric symmetry,

ei j k
�
S�1 � r⃗

�
� ei j k rr⃗s ,
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typically being constant everywhere. From Sec. E.3 we have that the strain symmetry value

matches that of the displacement �eld, hence

ϵj k

�
S�1 � r⃗

�
� sQ S

a
j S

b
k ϵa b rr⃗s .

Putting this into (F.1),

Di
�
S�1 � r⃗

�
� sQ e

i j k rr⃗s Saj Sbk ϵa b rr⃗s ,

and applying the symmetry operator to both sides,

SilD
l
�
S�1 � r⃗

�
� sQ S

i
l S

a
j S

b
k e

l j k rr⃗s ϵa b rr⃗s . (F.2)

Thus the value of the symmetry value for D, de�ned by

Sij D
j
�
S�1 � r⃗

�
� sPiezoD

i rr⃗s ,

is dependent on the symmetry operation in question and the piezoelectric coupling tensor.

Once found, the symmetry value for D will match that of E through D � ε � E where ε

obeys the geometric symmetry. Relating this to voltage,

Ei rr⃗s � � B
BriV rr⃗s ,

and using the chain rule we have

� B
BriV

�
S�1 � r⃗

�
� �B pS

�1qjk rk
Bri

B
B
�
pS�1qjl rl

	V �
S�1 � r⃗

�
� pS�1qjiEj

�
S�1 � r⃗

�
.
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Thus given a symmetry condition on E,

pS�1qjiEj
�
S�1 � r⃗

�
� sPiezoEi rr⃗s ,

we obtain

� B
BriV

�
S�1 � r⃗

�
� �sPiezo

B
BriV rr⃗s ,

ñ V
�
S�1 � r⃗

�
� const1 � sPiezo pV rr⃗s � const2q .

Denoting

V0 � V
�
S�1 � r⃗ � r⃗

�
,

and solving for sPiezo P t�1, 1u, we get the symmetry condition on piezoelectric voltage

�
V
�
S�1 � r⃗

�
� V0

	
� sPiezo pV rr⃗s � V0q .

F.2 GaAs

Gallium arsenide's piezoelectric coupling tensor contains only (see App. M)

e1 2 3 � e2 3 1 � e3 1 2 � e3 2 1 � e2 1 3 � e1 3 2 � e ,

with other elements equal to zero.
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F.2.1 r100s mirror symmetry

For a x mirror symmetry,

Sx �

������
�1 0 0

0 1 0

0 0 1

�����
 ,

with GaAs, we can calculate

pSxqil pSxqaj pSxqbk el j k � �el j k .

Putting this into (F.2) means that

sPiezo � �sQ ,

i.e. the piezoelectric response shows the opposite symmetry to mechanical displacement

across a p100q mirror. As GaAs is unchanged under π{2 rotations, this is also true for r010s
and r001s.

F.2.2 r110s mirror symmetry

For a x� y mirror symmetry,

Sx�y �

������
0 1 0

1 0 0

0 0 1

�����
 ,
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with GaAs, we can calculate

pSx�yqil pSx�yqaj pSx�yqbk el j k � el j k .

Putting this into (F.2) means that

sPiezo � sQ ,

i.e. the piezoelectric response shows the same symmetry as mechanical displacement across

a p110q mirror.
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APPENDIX G

Voigt transforms

Voigt notation is a common method, particularly in solid mechanics, of expressing symmetric

tensors as a lower rank tensor [228].

G.1 Tensors

First, let us quickly review tensors. Starting with a vector space V of dimension n over �eld

F with basis te⃗1, . . . , e⃗nu, and its dual space V � with basis te⃗1, . . . , e⃗nu, we de�ne the tensor
space T pq pV q of contravariant order p and covariant order q as the set of tensors (multilinear

maps)

T : V � � V � � � � �looooooomooooooon
p

�V � V � � � �loooooomoooooon
q

ÝÑF ,

T �
ņ

i1�1
� � �

ņ

ip�1

ņ

j1�1
� � �

ņ

jq�1
T
i1...ip
j1...jq

e⃗i1 b � � � b e⃗in b e⃗ j1 b � � � b e⃗ jn .

We de�ne the metric for V as

g �
ņ

i�1

ņ

j�1
gi j e⃗

i b e⃗ j ,

so that Ti �
°n
j�1 gi j T j .
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G.2 Voigt transform

A Voigt transform on a pair of symmetric tensor indices reduces it to a single index,

�
T : � � � � V � V � � � � Ñ F

	
ÞÑ

�
T̃ : � � � �W � � � � Ñ F

	
T��� pi jq ��� ÞÑ T̃��� a ���

where W , of dimension n2�n
2 , is a linear subspace of V b V , has basis tf⃗1, . . . , f⃗n pn�1qu,

and metric h. Parentheses denote symmetrization Tpi jq � 1
2pTi j � Tj iq, which is simply

Ti j if already symmetric. A complete Voigt transform on a tensor, with all pairs of indices

symmetric, maps T ppV q Ñ T p{2pW q. For a faithful Voigt representation, we require that

the tensors provide an equivalent mapping,

ņ

i�1

ņ

j�1
T ��� pi jq ���e⃗i b e⃗j � � � � T � T̃ �

n pn�1q¸
a�1

T̃ ��� a ���f⃗a � � � . (G.1)

In order to proceed we de�ne a general relationship between f⃗a and e⃗i,

f⃗a � e⃗a b e⃗a for a P t1, . . . , nu ,

f⃗a � α
�
e⃗ia b e⃗ja � e⃗ja b e⃗ia

�
for a P tn� 1, . . . , n pn� 1qu and ia � ja .

In the case of n � 3 and using standard Voigt ordering (2 3, 1 3, 1 2),

f⃗1 � e⃗1 b e⃗1 , f⃗4 � α pe⃗2 b e⃗3 � e⃗3 b e⃗2q ,

f⃗2 � e⃗2 b e⃗2 , f⃗5 � α pe⃗1 b e⃗3 � e⃗3 b e⃗1q ,

f⃗3 � e⃗3 b e⃗3 , f⃗6 � α pe⃗1 b e⃗2 � e⃗2 b e⃗1q .
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Putting this into (G.1) we �nd the contravariant Voigt transform rules

T̃ 1 � T 1 1 , T̃ 4 � 1
α T

2 3 ,

T̃ 2 � T 2 2 , T̃ 5 � 1
α T

1 3 ,

T̃ 3 � T 3 3 , T̃ 6 � 1
α T

1 2 .

We now wish to impose that contractions behave properly in Voigt notation, i.e.

ņ

i�1

ņ

j�1

ņ

k�1

ņ

l�1
Ai j gi k gj l B

k l �
n pn�1q¸
a�1

n pn�1q¸
b�1

Ãa ha b B̃
b ,

and in the case of n � 3 this gives the metric on W to be

pha bq �

����������������

g1 1
2 g1 2

2 g1 3
2

g1 2
2 g2 2

2 g2 3
2

g1 3
2 g2 3

2 g3 3
2

2α g1 2 g1 3 2α g2 2 g2 3 2α g3 3 g3 3

2α g1 1 g1 3 2α g1 2 g2 3 2α g1 3 g3 3

2α g1 1 g1 2 2α g1 2 g2 2 2α g1 3 g2 3

2α g1 1 g1 3 2α g1 1 g1 2

2α g1 2 g2 3 2α g1 2 g2 2

2α g1 3 g3 3 2α g1 3 g2 3

2α2 pg2 32 � g2 2 g3 3q 2α2 pg1 3 g2 3 � g1 2 g3 3q 2α2 pg1 3 g2 2 � g1 2 g2 3q
2α2 pg1 3 g2 3 � g1 2 g3 3q 2α2 pg1 32 � g1 1 g3 3q 2α2 pg1 2 g1 3 � g1 1 g2 3q
2α2 pg1 3 g2 2 � g1 2 g2 3q 2α2 pg1 2 g1 3 � g1 1 g2 3q 2α2 pg1 22 � g1 1 g2 2q

���������������

.
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This also gives us the dual basis vectors, f⃗a � °n pn�1q
b�1 ha b f⃗b, using pha bq � pha bq�1,

f⃗ 1 � e⃗ 1 b e⃗ 1 , f⃗ 4 � 1
2α

�
e⃗ 2 b e⃗ 3 � e⃗ 3 b e⃗ 2

	
,

f⃗ 2 � e⃗ 2 b e⃗ 2 , f⃗ 5 � 1
2α

�
e⃗ 1 b e⃗ 3 � e⃗ 3 b e⃗ 1

	
,

f⃗ 3 � e⃗ 3 b e⃗ 3 , f⃗ 6 � 1
2α

�
e⃗ 1 b e⃗ 2 � e⃗ 2 b e⃗ 1

	
.

We also obtain the covariant Voigt transform rules

T̃1 � T1 1 , T̃4 � 2αT2 3 ,

T̃2 � T2 2 , T̃5 � 2αT1 3 ,

T̃3 � T3 3 , T̃6 � 2αT1 2 .

For the common case of V � R3 and pgi jq � I3, we get

pha bq �

����������������

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 2α2 0 0

0 0 0 0 2α2 0

0 0 0 0 0 2α2

���������������

,

which in general is not equal to I6. Thus whilst indices on T can be raised or lowered `freely',

the same is not true for T̃ and care must be taken to ensure only covariant and contravariant

indices are contracted together.
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Figure G.1: Voigt ordering for a 5� 5 symmetric tensor.

G.3 Voigt order

The matching of tensor indices to their Voigt counterpart follows a spiral pattern, starting

along the diagonal, then going around the upper right triangle of the symmetric tensor. An

example for n � 5 is given in Fig. G.1.

G.4 Multiple Voigt transforms

Tensors with multiple pairs of symmetric indices can have each Voigt transformed, as an

example the transformation rules for Tpi jq pk lq ÞÑ T̃a b, n � 3 are

T̃ 1 1 � T 1 1 1 1 T̃ 1 4 � 1
α T

1 1 2 3 T̃ 4 1 � 1
α T

2 3 1 1 T̃ 4 4 � 1
α2
T 2 3 2 3

T̃1 1 � T1 1 1 1 T̃1 4 � 2αT1 1 2 3 T̃4 1 � 2αT2 3 1 1 T̃4 4 � 4α2 T2 3 2 3
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G.5 Solid mechanics convention

In solid mechanics it is typical to take α � 1, denote the contravariant Voigt transform as

`stress-like', and the covariant Voigt transform as `strain-like'. In this setting many authors

do not properly keep track of raised/lowered indices and instead ensure that any contrac-

tions in Voigt notation take place between a stress-like transformed tensor and a strain-like

transformed tensor. As such, stress σpi jq, sti�ness cpi jq pk lq, photoelasticity ppi jq pk lq, all

transform stress-like; whilst strain ϵpi jq, compliance spi jq pk lq, transform strain-like. The

strain is de�ned as ϵi j � B piQjq � 1
2pBiQj � Bj Qiq.

For reference,

����������������

σ̃1

σ̃2

σ̃3

σ̃4

σ̃5

σ̃6

���������������

�

stress
like

����������������

σ1 1

σ2 2

σ3 3

σ2 3

σ1 3

σ1 2

���������������

,

����������������

ϵ̃1

ϵ̃2

ϵ̃3

ϵ̃4

ϵ̃5

ϵ̃6

���������������

�

strain
like

����������������

ϵ1 1

ϵ2 2

ϵ3 3

2 ϵ2 3

2 ϵ1 3

2 ϵ1 2

���������������

,
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�
�������������������

c̃1 1 c̃1 2 c̃1 3 c̃1 4 c̃1 5 c̃1 6

c̃2 1 c̃2 2 c̃2 3 c̃2 4 c̃2 5 c̃2 6

c̃3 1 c̃3 2 c̃3 3 c̃3 4 c̃3 5 c̃3 6

c̃4 1 c̃4 2 c̃4 3 c̃4 4 c̃4 5 c̃4 6

c̃5 1 c̃5 2 c̃5 3 c̃5 4 c̃5 5 c̃5 6

c̃6 1 c̃6 2 c̃6 3 c̃6 4 c̃6 5 c̃6 6

�
������������������


�

stress
like

�
�������������������

c1 1 1 1 c1 1 2 2 c1 1 3 3 c1 1 2 3 c1 1 1 3 c1 1 1 2

c2 2 1 1 c2 2 2 2 c2 2 3 3 c2 2 2 3 c2 2 1 3 c2 2 1 2

c3 3 1 1 c3 3 2 2 c3 3 3 3 c3 3 2 3 c3 3 1 3 c3 3 1 2

c2 3 1 1 c2 3 2 2 c2 3 3 3 c2 3 2 3 c2 3 1 3 c2 3 1 2

c1 3 1 1 c1 3 2 2 c1 3 3 3 c1 3 2 3 c1 3 1 3 c1 3 1 2

c1 2 1 1 c1 2 2 2 c1 2 3 3 c1 2 2 3 c1 2 1 3 c1 2 1 2

�
������������������


,

�
�������������������

s̃1 1 s̃1 2 s̃1 3 s̃1 4 s̃1 5 s̃1 6

s̃2 1 s̃2 2 s̃2 3 s̃2 4 s̃2 5 s̃2 6

s̃3 1 s̃3 2 s̃3 3 s̃3 4 s̃3 5 s̃3 6

s̃4 1 s̃4 2 s̃4 3 s̃4 4 s̃4 5 s̃4 6

s̃5 1 s̃5 2 s̃5 3 s̃5 4 s̃5 5 s̃5 6

s̃6 1 s̃6 2 s̃6 3 s̃6 4 s̃6 5 s̃6 6

�
������������������


�

strain
like

�
�������������������

s1 1 1 1 s1 1 2 2 s1 1 3 3 2 s1 1 2 3 2 s1 1 1 3 2 s1 1 1 2

s2 2 1 1 s2 2 2 2 s2 2 3 3 2 s2 2 2 3 2 s2 2 1 3 2 s2 2 1 2

s3 3 1 1 s3 3 2 2 s3 3 3 3 2 s3 3 2 3 2 s3 3 1 3 2 s3 3 1 2

2 s2 3 1 1 2 s2 3 2 2 2 s2 3 3 3 4 s2 3 2 3 4 s2 3 1 3 4 s2 3 1 2

2 s1 3 1 1 2 s1 3 2 2 2 s1 3 3 3 4 s1 3 2 3 4 s1 3 1 3 4 s1 3 1 2

2 s1 2 1 1 2 s1 2 2 2 2 s1 2 3 3 4 s1 2 2 3 4 s1 2 1 3 4 s1 2 1 2

�
������������������


,

�
�������
ẽ1 1 ẽ1 2 ẽ1 3 ẽ1 4 ẽ1 5 ẽ1 6

ẽ2 1 ẽ2 2 ẽ2 3 ẽ2 4 ẽ2 5 ẽ2 6

ẽ3 1 ẽ3 2 ẽ3 3 ẽ3 4 ẽ3 5 ẽ3 6

�
������


�

stress
like

�
�������
e1 1 1 e1 2 2 e1 3 3 e1 2 3 e1 1 3 e1 1 2

e2 1 1 e2 2 2 e2 3 3 e2 2 3 e2 1 3 e2 1 2

e3 1 1 e3 2 2 e3 3 3 e3 2 3 e3 1 3 e3 1 2

�
������

,

�
�������
d̃1 1 d̃1 2 d̃1 3 d̃1 4 d̃1 5 d̃1 6

d̃2 1 d̃2 2 d̃2 3 d̃2 4 d̃2 5 d̃2 6

d̃3 1 d̃3 2 d̃3 3 d̃3 4 d̃3 5 d̃3 6

�
������


�

strain
like

�
�������
d1 1 1 d1 2 2 d1 3 3 2 d1 2 3 2 d1 1 3 2 d1 1 2

d2 1 1 d2 2 2 d2 3 3 2 d2 2 3 2 d2 1 3 2 d2 1 2

d3 1 1 d3 2 2 d3 3 3 2 d3 2 3 2 d3 1 3 2 d3 1 2

�
������

,
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Figure G.2: Voigt transforms in Penrose tensor diagrams.

G.6 Mandel notation

In Mandel notation, or ortho-normal representation, α � 1{?2 and phi jq � In pn�1q with

covariant and contravariant transforms identical.

G.7 Penrose diagrams

Voigt transforms can be depicted in Penrose tensor diagrams with the junctions given in

Fig.G.2, with an example of stress and strain contraction in Fig. G.3.
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APPENDIX H

Fourier transforms

H.1 De�nition

Throughout this thesis, we will de�ne Fourier transforms for f as

Frf srωs � fpωq � 1?
2 π

» 8
�8

eiω t fptq dt ,

F�1�Frf s�rts � fptq � 1?
2 π

» 8
�8

e�iω t fpωq dω ,

and

fptq� � f�ptq , fpωq� � f�p�ωq .

H.2 Dirac delta

The Dirac delta distribution obeys

» 8
�8

e�ix y dx � 2π δpyq , (H.1)» x2¡y
x1 y

δpx� yq fpxq dx � fpyq , (H.2)» y
x1 y

δpx� yq fpxq dx � fpyq{2 . (H.3)

Dirac delta has units inverse to its argument.
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H.3 Heaviside step

The Heaviside step function is

Θpxq �

$''&''%
1 : x ¡ 0

0 : x   0

,

such that

d

dx
Θpxq � δpxq , Θpxq �

» x
�8

δpyq dy .

H.4 Convolution

The convolution of f with g is

�
f � g�pxq � » 8

�8
fpx� yq gpyq dy .
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H.5 Identities

F
�
t ÞÑ e�i Ω t

�
� ω ÞÑ

?
2π δrω � Ωs : Ω P R

F
�
t ÞÑ f rts e�i Ω t

�
� ω ÞÑ Frf srω � Ωs : Ω P R

F
�
t ÞÑ Θrts e�z t

�
� ω ÞÑ 1?

2 π

1

z � iω
: ℜrzs ¡ 0

F
�
t ÞÑ �

f � g�rts� � ω ÞÑ
?
2πFrf srωsFrgsrωs
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APPENDIX I

Quantum input-output

In this appendix we cover coupling a quantum resonator to thermal environments and drives.

I.1 Quantum harmonic oscillator

The Hamiltonian for a quantum simple harmonic oscillator is

Ĥ � ℏω
�
â: â� 1

2



� p̂2

2m
� mω2 x̂2

2
, (I.1)

with

m

mass

, ω

resonance
frequency

,

x̂

position

�
c

ℏ
2mω

�
â: � â

	
, â

annihilation

�
c
mω

2 ℏ

�
x̂� i

mω
p̂



,

p̂

momentum

� i

c
ℏmω

2

�
â: � â

	
, â:

creation

�
c
mω

2 ℏ

�
x̂� i

mω
p̂



,

rx̂, p̂s � i ℏ ,
�
â, â:

�
� 1 ,
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and

|ny � 1?
n!

�
â:
	n

|0y , (I.2)

pâqm |ny �
d

n!

pn�mq! |n�my , (I.3)

�
â:
	m

|ny �
c
pn�mq!

n!
|n�my . (I.4)

In opposing bases we have

x̂: � x̂ � i ℏ
B
Bp , p̂: � p̂ � �i ℏ B

Bx ,

noting that

� B
Bx


:
� � B

Bx ,
� B
Bp


:
� � B

Bp .

I.1.1 Commutator relations

�
Â, B̂

�: � �
B̂:, Â:

�
� �

�
Â:, B̂:

�
,

�
Â B̂, Ĉ

�
� Â

�
B̂, Ĉ

�
�
�
Â, Ĉ

�
B̂ ,

�
â: â, â:

�
� â: ,

�
â: â, â

�
� � â . (I.5)
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�
â, pâ:qn

�
� pâ:qn�1 � â:

�
â, pâ:qn�1

�
�

ņ

i�1
pâ:qn�1

� n pâ:qn�1 , (I.6)

�
â:, ân

�
� � ân�1 � â

�
â:, ân�1

�
� �

ņ

i�1
ân�1

� � n ân�1 , (I.7)

�
â, eα â

:
�
�

8̧

i�0

αi

i!

�
â, pâ:qi

�
(I.6)�

8̧

i�0

αi i

i!
pâ:qi�1

� α
8̧

i�1

αi�1
pi� 1q!pâ

:qi�1

� α
8̧

j�0

αj

j!
pâ:qj

� α eα â
:

(I.8)

123



�
â:, e�α� â

�
�

8̧

i�0

p�α�qi
i!

�
â:, âi

�
(I.7)�

8̧

i�0

p�α�qi p�iq
i!

âi�1

� α�
8̧

i�1

p�α�qi�1
pi� 1q! âi�1

� α�
8̧

j�0

p�α�qj
j!

âj

� α� e�α� â (I.9)

I.1.2 Baker-Campbell-Hausdor� relations

For Û � eĜ and Û: � Û�1 ô Ĝ: � �Ĝ,

Û: Â Û � e�Ĝ Â eĜ

� Â�
�
Â, Ĝ

�
� 1

2

��
Â, Ĝ

�
, Ĝ

�
� 1

6

���
Â, Ĝ

�
, Ĝ

�
, Ĝ

�
� � � �

�
8̧

i�0

1

i!

�
� � �

��
Â, Ĝ

�
, Ĝ

�
, � � � , Ĝ

�loooooooomoooooooon
i

. (I.10)

If Ĝ is in�nitesimal, ∆Â �
�
Â, Ĝ

�
�OrĜ2s.
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For the special case of Ĝ 9� i â: â,

ei k â
: â â e�i k â: â (I.10)� â� p�i kq

�
â, â: â

�
� p�i kq2

2

��
â, â: â

�
, â: â

�
� � � �

(I.5)� â� p�i kq â� p�i kq2
2

â� � � �

� â e�i k (I.11)

ei k â
: â â: e�i k â: â � â: ei k (I.12)

I.1.3 Displaced quantum harmonic oscillator

We can transform the harmonic oscillator into a coherent state by applying the unitary

displacement operator

D̂pαq � eα â
:�α� â � eα â

:
e�α� â e�|α|{2 .

Utilizing Baker-Campbell-Hausdor� relation (I.10) and various commutator relations,

D̂pαq: â: â D̂pαq � â: â� α â: � α� â� |α|

� �
â: � α�

��
â� α

�
,

D̂pαq: â D̂pαq � â� α ,

D̂pαq: â: D̂pαq � â: � α� .
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I.2 Laser drive

A forced harmonic oscillator can be realized be adding a term F ptq x̂ to the Hamiltonian. In

ladder operator formalism the most general expression is

fptq â: � fptq� â .

If our drive is a coherent laser, fptq9 e�iωL t and our Hamiltonian is

Ĥ � ℏωo
�
â: â� 1

2



� ℏL â: e�iωL t � ℏL� â eiωL t .

The equation of motion for this is

d

dt
âptq �

�
âptq,� i

ℏ
Ĥ

�
� �iωo âptq � iL e�iωL t ,

with Fourier transform

âpωq � �iL?2 π δpω � ωLq
i pωo � ωq .

I.2.1 Rotating frame

To remove the time dependence from this Hamiltonian we can transform to a rotating frame,

|ψrotptqy � Ûrotptq: |ψptqy Ûrotptq � e�iωL pâ: â�1
2q t
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ñ Ĥrot � Ûrotptq:
�
Ĥ � i ℏ

B
Bt


Ûrotptq

� ℏωo
�
â: â� 1

2



� ℏL â: e�iωL t eiωL t � ℏL� â eiωL t e�iωL t � ℏωL

�
â: â� 1

2



� ℏωo

�
â: â� 1

2



� ℏL â: � ℏL� â� ℏωL

�
â: â� 1

2



� ℏ∆o

�
â: â� 1

2



� ℏL â: � ℏL� â , (I.13)

with ∆o � ωo � ωL. This rotation is equivalent to the mapping

â ÞÑ â e�iωL t ,

in both the Hamiltonian and equation of motion.

The equation of motion in the rotating frame is

d

dt
âptq �

�
âptq,� i

ℏ
Ĥ

�
� �i ∆o âptq � iL ,

with Fourier transform

âpωq � �iL?2 π δpωq
i p∆o � ωq .

Mapping this result back to the original non-rotating frame takes some care as the rotation

is applied to the â operator rather than frequency-space, i.e. there is no such relation

ωrot � ω � ωL. Instead we have

âptq � ârotptq e�iωL t ñ ârotptq � âptq eiωL t ,

127



with Fourier transform

ârotpωq � âpω � ωLq ,

â
:
rotpωq � â:pω � ωLq .

I.3 Coupling to heat bath

Following that of [225, 229�232]. Begin with an idealized bath as a set of independent

harmonic oscillators,

Ĥbath �
¸
q

ℏωq d̂:q d̂q ,
�
d̂q, d̂

:
q1

�
� δq q1 ,

and assume it couples linearly to our resonator Ĥsys (I.1) via

Ĥbath
int

�
¸
q

ℏ
�
κq â

: � κ�q â
	�

d̂
:
q � d̂q

	
,

where κq has units of s�1. The full Hamiltonian is then

Ĥ � Ĥsys � Ĥbath � Ĥbath
int

.
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Moving to the interaction picture with Ûptq � exp
�
� i

ℏpĤsys � Ĥbathq t
�
,

ĤI
bath
int

ptq � Ûptq: Ĥbath
int

Ûptq

�
¸
q

ℏ e
i
ℏĤsys t

�
κq â

: � κ�q â
	
e�

i
ℏĤsys t e

i
ℏĤbath t

�
d̂
:
q � d̂q

	
e�

i
ℏĤbath t

(I.11)�
¸
q

ℏ
�
κq â

: eiωo t � κ�q â e�iωo t
	�

d̂
:
q e

iωq t � d̂q e
�iωq t

	
�

¸
q

ℏ
�
κ�q â d̂q e�i pωo�ωqqt � κ�q â d̂

:
q e

�i pωo�ωqqt

� κq â
: d̂q ei pωo�ωqqt � κq â

: d̂:q ei pωo�ωqqt
	
,

with Ĥsys � ℏωo
�
â: â� 1

2

	
.

Making the rotating wave approximation, averaging over timescales T � 1
ωo�ωq  

1
ωo�ωq ,

ĤI
bath
int

ptq �
¸
q

ℏ
�
κ�q â d̂

:
q e

�i pωo�ωqqt � κq â
: d̂q ei pωo�ωqqt

	
,

meaning

Ĥbath
int

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	
.

I.3.1 Laser driven

In the laser driven scenario we keep Ĥsys � ℏωo
�
â: â� 1

2

	
but also include

Ĥlaser
int

� ℏL â: e�iωL t � ℏL� â eiωL t .
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Then

ĤI
laser
int

ptq � Û:ptq Ĥlaser
int

Ûptq

� ℏ e
i
ℏĤsys t

�
L â: e�iωL t � L� â eiωL t

	
e�

i
ℏĤsys t

(I.11)� ℏ
�
L â: ei pωo�ωLq t � L� â e�i pωo�ωLq t

	
,

which we keep in the rotating wave approximation.

I.3.2 Equations of motion

The Heisenberg equation of motion for an operator Ôptq is

d

dt
Ôptq �

�
Ôptq,� i

ℏ
Ĥ

�
�
�
e
i
ℏĤ t dÔ

dt
e�

i
ℏĤ t

�
,

where Ôptq � e
i
ℏĤ t Ô e�

i
ℏĤ t is the Heisenberg picture operator, Ô is the Schrodinger picture

operator, and Ĥptq � Ĥ. For the common situation of d
dtÔ � 0,

d

dt
Ôptq �

�
Ôptq,� i

ℏ
Ĥ

�
� e

i
ℏĤ t

�
Ô,� i

ℏ
Ĥ

�
e�

i
ℏĤ t .

Consider Hamiltonian

Ĥ � Ĥsyspâ, â:q �
¸
q

ℏωq d̂:q d̂qloooooomoooooon
Ĥbath

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	

loooooooooooooomoooooooooooooon
Ĥbath

int

.
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The time derivative of d̂qptq is

d

dt
d̂qptq � e

i
ℏĤ t

�
d̂q,� i

ℏ
Ĥ

�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
d̂q,� i

ℏ

�
Ĥbath � Ĥbath

int


�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
� i

ℏ


�¸
q1

ℏωq1
�
d̂q, d̂

:
q1
d̂q1

�

�
¸
q1

ℏ
�
κ�q1 â

�
d̂q, d̂

:
q1

�
� κq1 â

: �d̂q, d̂q1�	
�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
�iωq d̂q � iκ�q â

	
e�

i
ℏĤ t

� � iωq d̂qptq � iκ�q âptq .

This �rst order di�erential equation has solution

d̂qptq � � iκ�q e�iωq t
» t

eiωq t
1
âpt1q dt1

� � iκ�q
» t
t0

e�iωq pt�t1q âpt1q dt1 � e�iωq pt�t0q d̂qpt0q . (I.14)
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For â,

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � e

i
ℏĤ t

�
â,� i

ℏ
Ĥbath

int

�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
� i

ℏ


�¸
q

ℏ
�
κ�q râ, âs d̂:q � κq

�
â, â:

�
d̂q

	�
e�

i
ℏĤ t

� e
i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t �

¸
q

iκq d̂qptq

(I.14)� e
i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t

�
¸
q

|κq|2
» t
t0

e�iωq pt�t1q âpt1q dt1 �
¸
q

iκq e
�iωq pt�t0q d̂qpt0q .

Making the continuum approximation in frequency,
°
q ÞÑ

³8
0 dω with κpωqq � κq

?
s and

d̂pωq, tq � d̂qptq
?
s,

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t

�
» 8
0

|κpωq|2
» t
t0

e�iω pt�t1q âpt1q dt1 dω �
» 8
0

iκpωq e�iω pt�t0q d̂pω, t0q dω .

At this point we need to make some approximations to continue. We will assume that our

heat bath is Markovian, that is the correlation time between the bath and system τB is much

less than the system's relxation time, for a resonator this means

τB � 2 π

ωo
! 2Q

ωo
� τdecay ,

which will be true for a su�ciently high quality factor resonator. In this case coupling to the

bath is only important over a narrow bandwidth around ωo, over which κ is approximately
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constant, and we can use a Markovian e�ective spectrum,

» 8
0

dω ÞÑ
» 8
�8

dω κpωq � κ � κpωoq .

Thus

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t

� |κ|2
» t
t0

�» 8
�8

e�iω pt�t1q dω


âpt1q dt1 � iκ

» 8
�8

e�iω pt�t0q d̂pω, t0q dω .

Using Dirac Delta relations given in App. H,this gives us

d

dt
âptq (H.1)� e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t

� 2 π |κ|2
» t
t0

δpt� t1q âpt1q dt1 � iκ

» 8
�8

e�iω pt�t0q d̂pω, t0q dω ,

where the Markovian approximation has introduced δpt � t1q, removing the dependence of

âptq on earlier times from the bath interaction. Continuing this through,

d

dt
âptq (H.3)� e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � π |κ|2 âptq � iκ

» 8
�8

e�iω pt�t0q d̂pω, t0q dω

� e
i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � π |κ|2 âptq �

?
2 π iκ d̂inptq ,

where we have de�ned

d̂inptq �
1?
2 π

» 8
�8

e�iω pt�t0q d̂pω, t0q dω , (I.15)
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such that

�
d̂inptq, d̂inpt1q:

�
� 1

2 π

» 8
�8

» 8
�8

e�iω pt�t0q eiω1 pt1�t0q
�
d̂pω, t0q, d̂pω1, t0q:

�
dω dω1

� 1

2 π

» 8
�8

» 8
�8

e�iω pt�t0q�iω1 pt1�t0q δpω � ω1q dω dω1

� 1

2 π

» 8
�8

e�iω pt�t1q dω

(H.1)� δpt� t1q ,

noting that d̂inptq has units of
a
number{s.

De�ning γ � �2 π κ2, such that γ has units of s�1, we get the quantum Langevin equation

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � |γ|

2
âptq � ?γ d̂inptq , (I.16)

If we consider some t1 ¡ t, then (I.14) can be reformulated as

d̂qptq � iκ�q
» t1
t

e�iωq pt�t1q âpt1q dt1 � eiωq pt1�tq d̂qpt1q ,

and the time reversed quantum Langevin equation is

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � |γ|

2
âptq � ?γ d̂outptq , (I.17)

with

d̂outptq � 1?
2 π

» 8
�8

eiω pt1�tq d̂pω, t1q dω .

134



Comparing (I.16) with (I.17) we obtain

d̂outptq � d̂inptq �
a
γ� âptq .

I.4 SHO coupled to heat bath

Completing (I.16) with Ĥsys � ℏωo
�
â: â� 1

2

	
,

d

dt
âptq � �iωo âptq � |γ|

2
âptq � ?γ d̂inptq . (I.18)

De�ne a t0 shifted Fourier transform,

âpωq � 1?
2 π

» 8
�8

eiω pt�t0q âptq dt ,

âptq � 1?
2 π

» 8
�8

e�iω pt�t0q âpωq dω .

Note that âptq has units 1 (or
?
number), and âpωq has units s. We will also de�ne the

notation âptq: � â:ptq, âpωq: � â:p�ωq.

Applying 1?
2π

³8
�8 dt eiω pt�t0q to (I.18),

1?
2π

» 8
�8

eiω pt�t0q
�

d

dt
âptq



dt � � iωo?

2π

» 8
�8

eiω pt�t0q âptq dt

� γ

2
?
2π

» 8
�8

eiω pt�t0q âptq dt

�
?
γ

2 π

» 8
�8

» 8
�8

eiω pt�t0q e�iω1 pt�t0q d̂pω1, t0q dω1 dt .
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Now

» 8
�8

eiω pt�t0q
�

d

dt
âptq



dt �

» 8
�8

d

dt

�
eiω pt�t0q âptq

	
dt�

» 8
�8

iω eiω pt�t0q âptq dt

�
�
eiω pt�t0q âptq

�t�8
t��8 �

?
2π iω âpωq ,

and assuming our oscillator has a �nite bandwidth, and thus âpωq is integrable, by the

Riemann-Lebesgue lemma âptq Ñ 0 as tÑ �8, so

1?
2 π

» 8
�8

eiω pt�t0q
�

d

dt
âptq



dt � �iω âpωq .

We also have

1

2π

» 8
�8

» 8
�8

eiω pt�t0q e�iω1 pt�t0q d̂pω1, t0q dω1 dt

� 1

2 π

» 8
�8

» 8
�8

ei pω�ω1qpt�t0q dt d̂pω1, t0q dω1

�
» 8
�8

δpω � ω1q d̂pω1, t0q dω1

� d̂pω, t0q .

Thus the fourier transformed version of (I.18) is

âpωq �
?
γ

ipω � ωoq � |γ|
2

d̂pω, t0q , (I.19)

which gives us the Lorentzian-like function

âpωq: âpωq � |γ|

pω � ωoq2 � |γ|2
4

d̂pω, t0q: d̂pω, t0q ,

with width γ{2. If γ is su�ciently small then our Markovian approximation is valid as this
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response function tends to 0 for ω away from ωo.

In the time reversed case

âpωq �
?
γ

ipω � ωoq � |γ|
2

d̂pω, t1q ,

giving us

d̂pω, t1q �
ipω � ωoq � |γ|

2

ipω � ωoq � |γ|
2

d̂pω, t0q .

Completing the Fourier transform on d̂inptq and d̂outptq tells us

d̂inpωq � d̂pω, t0q ,

d̂outpωq � d̂pω, t1q eiω pt1�t0q ,

and

|d̂outpωq|2 � |d̂inpωq|2 .
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I.4.1 Laser driven

Let us now consider Hamiltonian

Ĥ � ℏωo
�
â: â� 1

2

	
� ℏL â: e�iωL t � ℏL� â eiωL tlooooooooooooooooomooooooooooooooooon

Ĥlaser
int

�
¸
q

ℏωq d̂:q d̂qloooooomoooooon
Ĥbath

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	

loooooooooooooomoooooooooooooon
Ĥbath

int

.

We can rotate both the resonator and heat bath with

Ûrotptq � e�iωL pâ: â�1
2q t e�iωL d̂: d̂ t ,

to obtain

Ĥrot � ℏ∆o

�
â: â� 1

2

	
� ℏL â: � ℏL� âlooooooooooooooooooooomooooooooooooooooooooon

Ĥsys

�
¸
q

ℏ∆q d̂
:
q d̂qloooooomoooooon

Ĥbath

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	

loooooooooooooomoooooooooooooon
Ĥbath

int

,

where

∆o � ωo � ωL , ∆q � ωq � ωL .

Going through the same steps, our continuum approximation is now
°
q ÞÑ

³8
�ωL d∆, and
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the Langevin equation (I.16) is

d

dt
âptq � �i ∆o âptq � iL� |γ|

2
âptq � ?γ d̂inptq . (I.20)

We also have

d

dt
â:ptq � i ∆o â

:ptq � iL� � |γ|
2
â:ptq �

a
γ� d̂:inptq .

The steady state values can be found by taking d
dt âptq � 0,

âptsq �
�iL�?γ d̂inptsq

i ∆o � |γ|
2

, (I.21)

(I.22)

â:ptsq �
iL� �?γ� d̂:inptsq

�i ∆o � |γ|
2

,

which gives us

â:ptsq âptsq �
|L|2 � |γ| d̂:inptsq d̂inptsq � iL

?
γ� d̂:inptsq � iL�?γ d̂inptsq

∆o
2 � |γ|2

4

.

Note that in the absence of either the heat bath or laser, this is

â:ptsq âptsq γ�0� |L|2

∆o
2
,

â:ptsq âptsq L�0� |γ|

∆o
2 � |γ|2

4

d̂
:
inptsq d̂inptsq
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Taking the Fourier transform of (I.20),

âpωq �
?
γ d̂pω, t0q � iL

?
2π δpωq

ipω �∆oq � |γ|
2

,

we see an additional spike at ω � 0, i.e. the laser frequency (in this rotated frame).

Background leveled

Given that a steady background level for â exists, we may want to transform into a back-

ground leveled frame and look at operators as �uctuations on the background. Taking the

steady state to be coherent we want to transform |āy ÞÑ |0y, we do this by

|ψy ÞÑ D̂pāq: |ψy , D̂pāq � eā â
:�ā� â ,

ñ Ĥlvl � D̂pāq:
�
Ĥ � i ℏ

B
Bt


D̂pāq � D̂pāq: Ĥ D̂pāq ,

ñ â ÞÑ â� ā ,

with ā P C.

Doing this directly to the equation of motion (I.20) we get

d

dt
âptq � �i ∆o âptq � i ∆o ā� iL� |γ|

2
âptq � |γ|

2
ā�?γ d̂inptq .
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Following (I.21), de�ne

ā � �iL
i ∆o � |γ|

2

, (I.23)

to arrive at

d

dt
âptq � �i ∆o âptq � |γ|

2
âptq � ?γ d̂inptq .

Making this transform to the Hamiltonian,

Ĥrot
lvl
� D̂pāq: Ĥrot D̂pāq

� ℏ∆o

�
â: â� 1

2

	
� ℏ∆o ā â

: � ℏ∆o ā
� â� ℏ∆o |ā|2

� ℏL â: � ℏL� â� ℏL ā� � ℏL� ā

�
¸
q

ℏ∆q d̂
:
q d̂q �

¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	
�
¸
q

ℏ
�
κ�q ā d̂

:
q � κq ā

� d̂q
	
.

Proceeding with a derivation of the Langevin equation,

d

dt
d̂qptq � � iωq d̂qptq � iκ�q âptq � iκ�q ā ,

ñ d̂qptq � � iκ�q
» t
t0

e�iωq pt�t1q
�
âpt1q � ā

�
dt1 � e�iωq pt�t0q d̂qpt0q ,

d

dt
âptq � � i ∆o âptq � i ∆o ā� iL� π |κ|2 pâptq � āq �

?
2π iκ d̂inptq

� � i ∆o âptq � |γ|
2
âptq � ?γ d̂inptq ,

where we've used the value of ā to cancel terms.
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The quantity |ā|2 gives the average number of photons in the cavity, and is equal to

A
â: â

Eloomoon
unleveled

� |ā|2 � |L|2�
|γ|
2

	2 �∆o
2
.

I.4.2 Thermal bath

If our bath is thermal and the resonator is in equilibrium with it, we can determine its

thermal spectrum. In thermal equilibrium the resonator will be exchanging quanta with the

bath but maintaining an average occupation level, we will need to analyze this interaction

to proceed [140].

Our Hamiltonian is

Ĥ � ℏωo
�
â: â� 1

2

	
�
¸
q

ℏωq d̂:q d̂qlooooooooooooooooooomooooooooooooooooooon
Ĥ0

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	

loooooooooooooomoooooooooooooon
Ĥint

,

and we can move to the interaction picture with

e�
i
ℏĤ tloomoon

Ûptq
� e�

i
ℏĤ0 tloomoon
Û0ptq

e�
i
ℏĤint tlooomooon
ÛIptq

,

and

∣∣ψIptqD � ÛIpt� t0q
∣∣ψpt0qD � Û

:
0pt� t0q

∣∣ψptqD .
The state

∣∣ψIptqD evolves under the Schrödinger equation with interaction picture Hamilto-
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nian ĤIptq � Û
:
0ptq Ĥint Û0ptq, such that

i ℏ
d

dt
ÛIptq � ĤIptq ÛIptq ,

which can be integrated to give

ÛIptq � 1� i

ℏ

» t
t0

ĤIpt1q ÛIpt1q dt1 .

Applying this to
∣∣ψpt0qD we can create a Dyson expansion

∣∣ψIptqD � ∣∣ψpt0qD� i

ℏ

» t
t0

ĤIpt1q
∣∣ψIpt1qD dt1

� ∣∣ψpt0qD� i

ℏ

» t
t0

ĤIpt1q
∣∣ψIpt0qD dt1 � �

i

ℏ


2 » t
t0

» t1
t0

ĤIpt1q ĤIpt2q
∣∣ψIpt2qD dt2 dt1

� � � �

and for extremely short times get away with only using the �rst two terms in the second

expansion.

Let us now split
∣∣ψD � ∣∣ψSHO, ψbath

D
, and let

∣∣ψpt0qD � ∣∣n, ψbathD where the oscillator

has occupation n and the bath is in some state. The probability amplitude of the oscillator

gaining, or losing, a quanta (and the bath being in an arbitrary state) over some short time
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period t is

@
n� 1, ψ 1

bath

�� ÛIptq ��n, ψbathD � � i

ℏ

» t
t0

@
n� 1, ψ 1

bath

�� ĤIpt1q
��n, ψbathD dt1

� � i

ℏ

» t
t0

@
n� 1, ψ 1

bath

�� Û:0pt1q ¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	
Û0pt1q

��n, ψbathD dt1 .
We have Û0ptq � e�iωo pâ: â�

1
2 q t ±q e

�iωq d̂:q d̂q t and from (I.11), (I.12),

Û
:
0ptq â Û0ptq � â e�iωo t , Û

:
0ptq d̂q Û0ptq � d̂q e

�iωq t ,

Û
:
0ptq â: Û0ptq � â: eiωo t , Û

:
0ptq d̂:q Û0ptq � d̂

:
q e

iωq t .

Putting these in,

@
n� 1, ψ 1

bath

�� ÛIptq ��n, ψbathD �
� i

» t
t0

e�iωo t1
@
n� 1

�� â ��nD @ψ 1
bath

�� ¸
q

κ�q eiωq t1 d̂
:
q
��ψbathD dt1

� i

» t
t0

eiωo t1
@
n� 1

�� â: ��nD @ψ 1
bath

�� ¸
q

κq e
�iωq t1 d̂q

��ψbathD dt1 .

Using the continuum approximation, κq � κ � i
?
γ?
2π

, and (I.15) from the previous section,

¸
q

κq e
�iωq t d̂q � i

?
γ d̂inptq ,
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giving

@
n� 1, ψ 1

bath

�� ÛIptq ��n, ψbathD � @
n� 1

�� â ��nDaγ�
» t
t0

e�iωo t1
@
ψ 1
bath

�� d̂:inpt1q ��ψbathD dt1
� @

n� 1
�� â: ��nD?γ » t

t0

eiωo t1
@
ψ 1
bath

�� d̂inpt1q ��ψbathD dt1 .
The probability of the oscillator gaining a quanta (and the bath being in any state) is thus

PnÑn�1 �
∣∣∣@n� 1

�� ÛIptq ��nD∣∣∣2

�
¸
ψ 1
bath

∣∣∣@n� 1, ψ 1
bath

�� ÛIptq ��n, ψbathD∣∣∣2

� pn� 1q |γ|
» t
t0

» t
t0

eiωo pt2�t1q

�
¸
ψ 1
bath

@
ψbath

�� d̂:inpt1q ��ψ 1
bath

D @
ψ 1
bath

�� d̂inpt2q ��ψbathD dt1 dt2

� pn� 1q |γ|
» t
t0

» t
t0

eiωo pt2�t1q
@
d̂
:
inpt1q d̂inpt2q

D
dt1 dt2 .

Likewise the probability of the oscillator losing a quanta is

PnÑn�1 �
∣∣∣@n� 1

�� ÛIptq ��nD∣∣∣2

� n |γ|
» t
t0

» t
t0

e�iωo pt2�t1q
@
d̂inpt1q d̂:inpt2q

D
dt1 dt2 .
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To reorder d̂in, d̂
:
in we need

�
d̂inpt1q, d̂:inpt2q

�
� 1

2 π

» 8
�8

» 8
�8

e�iω1 pt1�t0q eiω2 pt2�t0q
�
d̂pω1, t0q, d̂:pω2, t0q

�
dω1 dω2

� 1

2 π

» 8
�8

» 8
�8

e�iω1 pt1�t0q eiω2 pt2�t0q δpω1 � ω2q dω1 dω2

� 1

2 π

» 8
�8

e�iω1 pt1�t2q dω1

� δpt1 � t2q .

Thus

PnÑn�1 � n |γ|
» t
t0

» t
t0

eiωo pt2�t1q
@
d̂
:
inpt1q d̂inpt2q

D
dt1 dt2 � n |γ|

» t
t0

dt1 .

If we take t2 � t1 � τ we get the integral

» t�t1
t0�t1

eiωo τ
@
d̂
:
inpt1q d̂inpt1 � τqD dτ � S

d̂ind̂in
pωoq

where we have applied the Markovian approximation (assuming d̂in auto-correlation is ex-

tremely short) to take the integral bounds to p�8,8q, and used the de�nition of S from

Sec. Λ.1. This gives us

PnÑn�1 � pn� 1q |γ| t S
d̂ind̂in

pωoq

PnÑn�1 � n |γ| t
�
S
d̂ind̂in

pωoq � 1
	
,

and the rates of increase/decrease are

νnÑn�1 � d
dtPnÑn�1 � pn� 1q |γ|S

d̂ind̂in
pωoq � pn� 1qΓÒ , ΓÒ � |γ|S

d̂ind̂in
pωoq ,

νnÑn�1 � d
dtPnÑn�1 � n |γ|

�
S
d̂ind̂in

pωoq � 1
	
� nΓÓ , ΓÓ � |γ|

�
S
d̂ind̂in

pωoq � 1
	
.
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The probability �ux for a certain occupation level is

d

dt
Pn � νn�1Ñn Pn�1 � νn�1Ñn Pn�1 � νnÑn�1 Pn � νnÑn�1 Pn

� nΓÒ Pn�1 � pn� 1qΓÓ Pn�1 � nΓÓ Pn � pn� 1qΓÒ Pn .

The average occupation level is

n̄ �
8̧

n�0
nPn ,

with rate of change

d

dt
n̄ �

8̧

n�0
n

d

dt
Pn � ΓÒ � pΓÓ � ΓÒq n̄ .

We note that ΓÓ � ΓÒ � |γ| which we expect from

d

dt

�
â:ptq âptq

	
� �|γ| â:ptq âptq � ?γ â:ptq d̂inptq �

a
γ� âptq d̂:inptq .

In thermal equilibrium we have

d

dt
n̄ � 0 ñ ΓÓ

ΓÒ
� n̄� 1

n̄
ñ S

d̂ind̂in
pωoq � n̄ ,

Or equivalently we have detailed balance

Pn νnÑn�1 � Pn�1 νn�1Ñn ñ ΓÓ
ΓÒ

� Pn
Pn�1

.
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This also tells us

Pn � P0
�
ΓÒ
ΓÓ


n
, P0 � 1� ΓÒ

ΓÓ
.

We also expect our resonator to obey Bose-Einstein statistics at thermal equilibrium,

Pn � e
�ℏωo n

kB T

Z
, Z � 1

1� e
� ℏωo

kB T
, n̄ � 1

e
ℏωo
kB T � 1

.

Thus

S
d̂ind̂in

pωoq � 1

e
ℏωo
kB T � 1

,

and using (I.19),

Sââpωq �
|γ|S

d̂ind̂in
pωq

|γ|2
4 � pω � ωoq2

�
|γ|S

d̂ind̂in
pωoq

|γ|2
4 � pω � ωoq2

� |γ|
|γ|2
4 � pω � ωoq2

1

e
ℏωo
kB T � 1

,

when γ is su�ciently narrow such that S
d̂ind̂in

pωq is approximately constant near ω � ωo.

The total `power' is

|ā|2 � 1

2 π

» 8
�8

Sââpωq dω �
1

e
ℏωo
kB T � 1

� n̄ .

At high temperatures,

1

e
ℏωo
kB T � 1

kB T" ℏωo� kB T
ℏωo

.
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The Markovian approximation for our heat bath dictates

R
d̂ind̂in

pτq � δpτqσ2
d̂in

,

where σ2
d̂in

is some constant. Additionally,

R
d̂:ind̂

:
in
pτq � δpτqσ2

d̂:in

� @
d̂inptq d̂:inpt� τqDt

� @�
d̂inptq, d̂:inpt� τq�Dt � @

d̂
:
inptq d̂inpt� τqDt

� δpτq �R
d̂ind̂in

pτq

� δpτq
�
σ2
d̂in

� 1
	
.

This assumption implies the spectral density is constant and symmetric

S
d̂ind̂in

pωq �
» 8
�8

δpτqσ2
d̂in

eiω τdτ � σ2
d̂in

� n̄ ,

which is tied directly to ωo. This global dependence of the heat bath on ωo tells us the

thermal spectrum results from this analysis only make sense in the vicinity of ω � ωo. We
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can also �nd

S
d̂:ind̂

:
in
pωq � lim

TÑ8
@
d̂inT p�ωq d̂:inT pωq

D
� lim

TÑ8
1

T

» T
0

» T
0

@
d̂inpt1q d̂:inpt2q

D
eiωpt2�t1q dt1 dt2

� lim
TÑ8

1

T

» T
0

» T
0

@�
d̂inpt1q, d̂:inpt2q

�D
eiωpt2�t1q dt1 dt2

� lim
TÑ8

1

T

» T
0

» T
0

@
d̂
:
inpt1q d̂inpt2q

D
eiωpt1�t2q dt1 dt2

� lim
TÑ8

1

T

» T
0

» T
0
δpt1 � t2q eiωpt2�t1q dt1 dt2 � lim

TÑ8
@
d̂
:
inT pωq d̂inT p�ωq

D
� lim

TÑ8
1

T

» T
0

dt1 � S
d̂ind̂in

p�ωq

� 1� S
d̂ind̂in

p�ωq ,

which naively from above is n̄ � 1 although this might be outside the valid bounds of our

approximation. Note that if we carry out the previous analysis of thermal equilibrium and

detailed balance on d̂:in we obtain S
d̂:ind̂

:
in
p�ωoq � n̄� 1.
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We might also be interested in

Spâ:�âqpâ:�âqpωq � lim
TÑ8

�@
âT p�ωq â:T pωq

D� @
â
:
T p�ωq âT pωq

D
� @

âT p�ωq âT pωq
D� @

â
:
T p�ωq â

:
T pωq

D	

�
|γ| lim

TÑ8
@
d̂inT p�ωq d̂:inT pωq

D
pω � ωoq2 � |γ|2

4

�
|γ| lim

TÑ8
@
d̂
:
inT p�ωq d̂inT pωq

D
pω � ωoq2 � |γ|2

4

�
γ lim
TÑ8

@
d̂inT p�ωq d̂inT pωq

D
�
i p�ω � ωoq � |γ|

2

	 �
i pω � ωoq � |γ|

2

	
�

γ� lim
TÑ8

@
d̂
:
inT p�ωq d̂

:
inT pωq

D
�
�i p�ω � ωoq � |γ|

2

	 �
�i pω � ωoq � |γ|

2

	

�
|γ|S

d̂:ind̂
:
in
pωq

pω � ωoq2 � |γ|2
4

�
|γ|S

d̂ind̂in
pωq

pω � ωoq2 � |γ|2
4

�
|γ|

�
S
d̂ind̂in

p�ωq � 1
�

pω � ωoq2 � |γ|2
4

�
|γ|S

d̂ind̂in
pωq

pω � ωoq2 � |γ|2
4

,

and at ω � ωo

Spâ:�âqpâ:�âqpω � ωoq �
|γ|S

d̂ind̂in
pωoq

pω � ωoq2 � |γ|2
4

,

S̄pâ:�âqpâ:�âqpω � ωoq �
|γ|

�
S
d̂ind̂in

pωoq � 1
2

�
pω � ωoq2 � |γ|2

4

,
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where S̄ is the symmetrized spectral density. For the position operator, this gives

S̄x̂x̂pω � ωoq � ℏ
2mωo

|γ|
�
n̄� 1

2

	
pω � ωoq2 � |γ|2

4

� ℏ
2mωo

|γ| 12 coth
�
kB T
2 ℏωo

�
pω � ωoq2 � |γ|2

4
kB T" ℏωo� kB T

2mωo2
|γ|

pω � ωoq2 � |γ|2
4

Note that this formalism uses random �uctuations in cavity amplitude (occupation) rather

than random �uctuations in a driving force as is common by other authors [12, 138�140, 233].

I.5 Adding ports

We can add ports to our system by creating additional heat baths that each individually

couple to our system. Following the form of (I.16) we have

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � |γ|

2
âptq �

¸
i

b
γi d̂iinptq ,

d̂ioutptq � d̂iinptq �
b
γi � âptq ,

with

γ �
¸
i

γi .

For a simple harmonic oscillator this is the same form as derived classically in App. Θ.
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I.5.1 Laser drive input correspondence

It's possible to instead consider our laser drive as an input port. This corresponds to

κL d̂Lptq � L e�iωL t ,

with

κLpωLq � κL
?
s ñ ?

γL � i
?
2 π κL

?
s

to give

?
γL d̂L inptq

�

FT

� iL e�iωL t

�

FT

?
γL d̂L inpωq � iL

?
2π e�iωL t0 δpω � ωLq

where we have

d̂L inptq �
d̂Lptq?
2π

?
s
� e�iωL pt�t0q d̂Lpt0q?

2π
?
s

� iL?
γL

e�iωL t ,

d̂L inpωq � d̂Lpω, t0q � δpω � ωLq d̂Lpt0q
a
s�1 � δpω � ωLq

iL
?
2π?
γL

,

d̂Lpt0q �
iL
?
2π

?
s?

γL
e�iωL t0 .

Note that in the rotating frame we have ωL ÞÑ 0.
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The laser input power is

PL � ℏωL
A
d̂
:
L in d̂L in

E
ñ |L|2 � |γL|

PL
ℏωL

,

and γL represents a coupling e�ciency between the laser input and resonator. This gives

d̂L inptq �
d

PL
ℏωL

e�iωL t .

In this sense, a bath can describe a monotone drive by

d̂Lpωq �
iL?
γL

?
2 π δpω � ωLq .

I.5.2 Bath drive approximation

If γ is su�ciently small we can approximate a bath input by a resonant drive with d̂pωq �
d̂pωoq constant. We can �nd the equivalent drive strength by comparing the resonator

response.
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For a constant bath input,

d̂pωq � d̂pωoq ,

ñ âpωq �
?
γ d̂pωoq

i pω � ωoq � γ
2

,

ñ
» 8
�8

âpωq: âpωq dω � d̂pωoq: d̂pωoq
» 8
8

γ

pω � ωoq2 �
�γ
2

�2 dω
� 2 π d̂pωoq: d̂pωoq .

For a monotone drive,

d̂pωq � iLd?
γ

?
2 π δpω � ωoq ,

ñ âpωq � iLd
?
2π δpω � ωoq

i pω � ωoq � γ
2

,

ñ
» 8
�8

âpωq: âpωq dω � 2π |iLd|2
» 8
8

δpω � ωoq s
pω � ωoq2 �

�γ
2

�2 dω
� 2 π |iLd|2�γ

2

�2 s .

Thus we can approximate a bath by resonant drive

iLd �
γ

2
d̂pωoq

a
s�1 .
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I.6 Non-rotating frame

If we have multiple laser drives there is no way to rotate out the time dependence in the

Hamiltonian, and we forced to stay in the non-rotating frame. Working with a time depen-

dent Hamiltonian creates additional complications but equivalent results can be recovered.

In the non-rotating frame, our (multiple) driven and bath coupled harmonic oscillator Hamil-

tonian is

Ĥ � ℏωo
�
â: â� 1

2

	
�
¸
l

ℏ
�
Ll â

: e�iωl t � L�l â e
iωl t

	
looooooooooooooooooomooooooooooooooooooon

Ĥlaser
int

�
¸
q

ℏωq d̂:q d̂qloooooomoooooon
Ĥbath

�
¸
q

ℏ
�
κ�q â d̂

:
q � κq â

: d̂q
	

loooooooooooooomoooooooooooooon
Ĥbath

int

.

The Langevin equation of motion (I.16) is then

d

dt
âptq � �iωo âptq � |γ|

2
âptq �

¸
l

�iLl e�iωl t �
?
γ d̂inptq . (I.24)

For d̂inptq � 0, this has solution

âptq �
¸
l

�
�iLl e�iωl t

i pωo � ωlq � |γ|
2

�
� C e

�
�
iωo� |γ|

2

	
t
, (I.25)

where C is some constant. Inspired by (I.23), we'll de�ne

āl �
�iLl

i pωo � ωlq � |γ|
2

� �iLl
i ∆o l � |γ|

2

, (I.26)
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noting that

|āl e�iωl t| � |āl| .

If we choose to phase match everything at t � 0, such that âp0q � °
l āl, we enforce C � 0.

From here, we can do leveling on all or a subset of the laser drives,

Ĥlvl �
�� n¹
j�1

D̂pāj e�iωj tq
�
: �Ĥ � i ℏ

B
Bt

 �� n¹

j�1
D̂pāj e�iωj tq

�
 .

De�ning

Âjptq � āj e
�iωj t â: � ā�j eiωj t â ,

we have

D̂pāj e�iωj tq � eÂjptq , D̂pāj e�iωj tq: � e�Âjptq ,

and it will be useful to evaluate

B
BtÂjptq � Â1jptq �

��iωj� �
āj e

�iωj t â: � ā�j eiωj t â
	
,
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� B
Bt , Âjptq

�
f � B

BtÂjptq f � Âjptq
B
Btf

�
� B
BtÂjptq



f � Âjptq

B
Btf � Âjptq

B
Btf

� Â1jptq f

ñ
� B
Bt , Âjptq

�
� Â1jptq ,

�
Â1jptq, Âjptq

�
� ��iωj� �

āj e
�iωj t ā�j eiωj t

�
â:, â

�
� ā�j eiωj t āj e�iωj t

�
â, â:

�	
� 2 iωj |āj |2 .

Using (I.10),

D̂pāj e�iωj tq:
�
�i ℏ B

Bt


D̂pāj e�iωj tq �

� � i ℏ
B
Bt � i ℏ

� B
Bt , Âjptq

�
� i ℏ

1

2

�� B
Bt , Âjptq

�
, Âjptq

�
� i ℏ

1

6

��� B
Bt , Âjptq

�
, Âjptq

�
, Âjptq

�
� ...

� � i ℏ
B
Bt � i ℏ Â1jptq � ℏωj |āj |2 � 0

� � i ℏ
B
Bt � ℏωj

�
āj e

�iωj t â: � ā�j eiωj t â� |āj |2
	
,
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and for multiple displacement operators,

�
n¹

j�1

D̂pāj e�iωj tq
�: �

�i ℏ B
Bt

 �

n¹
j�1

D̂pāj e�iωj tq
�
�

�
�

n¹
j�2

D̂pāj e�iωj tq
�: �

�ℏω1

�
ā1 e

�iω1 t â: � ā�1 e
iω1 t â� |ā1|2

�� �
n¹

j�2

D̂pāj e�iωj tq
�

�
�

n¹
j�2

D̂pāj e�iωj tq
�: �

�i ℏ B
Bt

 �

n¹
j�2

D̂pāj e�iωj tq
�

� � ℏω1

�
ā1 e

�iω1 t

�
â: �

ņ

j�2

ā�j e
iωj t

�
� ā�1 e

iω1 t

�
â�

ņ

j�2

āj e
�iωj t

�
� |ā1|2

�

�
�

n¹
j�2

D̂pāj e�iωj tq
�: �

�i ℏ B
Bt

 �

n¹
j�2

D̂pāj e�iωj tq
�

�
ņ

j�1

�ℏωj

�
āj e

�iωj t

�
â: �

ņ

k�j�1

ā�k e
iωk t

�
� ā�j e

iωj t

�
â�

ņ

k�j�1

āk e
�iωk t

�
� |āj |2

�
.
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The full displaced Hamiltonian is thus

Ĥlvl �
�

n¹
j�1

D̂pāj e�iωj tq
�: �

Ĥ � i ℏ
B
Bt

 �

n¹
j�1

D̂pāj e�iωj tq
�

� ℏωo

�
â: â� 1

2



�

ņ

j�1

ℏωo â
: āj e

�iωj t �
ņ

j�1

ℏωo â ā
�
j e

iωj t

� ℏωo

�
ņ

j�1

ā�j e
iωj t

� �
ņ

j�1

āj e
�iωj t

�

�
¸
l

ℏLl e
�iωl t

�
â: �

ņ

j�1

ā�j e
iωj t

�
�
¸
l

ℏL�l eiωl t

�
â�

ņ

j�1

āj e
�iωj t

�
loooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooon

laser interaction

�
¸
q

ℏωq d̂
:
q d̂qloooooomoooooon

bath

�
¸
q

ℏκ�q d̂:q

�
â�

ņ

j�1

āj e
�iωj t

�
�
¸
q

ℏκq d̂q

�
â: �

ņ

j�1

ā�j e
iωj t

�
looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

bath interaction

�
ņ

j�1

�ℏωj

�
āj e

�iωj t

�
â: �

ņ

k�j�1

ā�k e
iωk t

�
� ā�j e

iωj t

�
â�

ņ

k�j�1

āk e
�iωk t

�
� |āj |2

�
looooooooooooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooon

time derivative

.

Now,

d

dt
d̂qptq �

�
d̂qptq,� i

ℏ
Ĥ

�
� �iωq d̂qptq � iκ�q

��âptq � ņ

j�1
āj e

�iωj t
�
 ,
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which has solution

d̂qptq � � iκ�q e�iωq t
» t

eiωq t
1

��âpt1q � ņ

j�1
āj e

�iωj t1
�
dt1

� � iκ�q
» t
t0

e�iωq pt�t1q âpt1q dt1

�
ņ

j�1
�iκ�q āj

» t
t0

e�iωq pt�t1q�iωj t1 dt1 � e�iωq pt�t0q d̂qpt0q .

Focusing on the integral in the summed term,

» t
t0

e�iωq pt�t1q�iωj t1 dt1 � e�iωq t
» t
t0

ei pωq�ωjq t1 dt1

� e�iωq t
� �i
ωq � ωj


 �
ei pωq�ωjq t � ei pωq�ωjq t0

	
� �i e�iωj t

ωq � ωj

�
1� e�i pt�t0q pωq�ωjq

	
,

and putting this back into d̂qptq,

d̂qptq � � iκ�q
» t
t0

e�iωq pt�t1q âpt1q dt1 �
ņ

j�1

�κ�q āj e�iωj t
ωq � ωj

�
1� e�i pt�t0q pωq�ωjq

	
� e�iωq pt�t0q d̂qpt0q .
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Proceeding to âptq,

d

dt
âptq �

�
âptq,� i

ℏ
Ĥ

�
� � iωo âptq �

ņ

j�1
�iωo āj e�iωj t

�
¸
l

�iLl e�iωl tloooooooomoooooooon
laser int

�
¸
q

�iκq d̂qptqlooooooomooooooon
bath int

�
ņ

j�1
iωj āj e

�iωj tlooooooooomooooooooon
time deriv

.

Substituting in d̂qptq and applying the continuum and Markovian approximations to the bath

interaction term, as in Sec. I.3.2,

¸
q

�iκq d̂qptq � � |κ|2
» t
t0

�» 8
�8

e�iω pt�t1q dω


âpt1q dt1

�
ņ

j�1
i |κ|2 āj e�iωj t

» 8
�8

1� e�i pt�t0q pω�ωjq
ω � ωj

dω

� iκ

» 8
�8

e�iω pt�t0q d̂pω, t0q dω

� � π |κ|2 âptq �
ņ

j�1
i |κ|2 āj e�iωj t

» 8
�8

1� e�i pt�t0q pω�ωjq
ω � ωj

dω

�
?
2 π iκ d̂inptq .

The integral in the summed term can be evaluated as follows,

» 8
�8

1� e�i pt�t0q pω�ωjq
ω � ωj

dω � lim
xÑ8

» x
�x

1� ei θ

θ
dθ : θ � �pt� t0q pω � ωjq

� lim
xÑ8

» x
�x

1� cosrθs
θ

dθ � lim
xÑ8 i

» x
�x

sinrθs
θ

dθ
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and

1� cosrp�θqs
p�θq � �1� cosrθs

θ
ñ

» x
�x

1� cosrθs
θ

dθ � 0 ,

sinrp�θqs
p�θq � sinrθs

θ
ñ

» x
�x

sinrθs
θ

dθ � 2

» x
0

sinrθs
θ

dθ .

This non-zero integral is the Sine Integral,

» x
0

sinrθs
θ

dθ � Sirxs ,

which has known limit

lim
xÑ8 Sirxs � π

2
.

Putting this all together, we �nd

» 8
�8

1� e�i pt�t0q pω�ωjq
ω � ωj

dω � i π ,

and

¸
q

�iκq d̂qptq � � π |κ|2 âptq �
ņ

j�1
�π |κ|2 āj e�iωj t �

?
2π iκ d̂inptq .
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Putting this into our equation of motion for âptq and combining terms,

d

dt
âptq � � iωo âptq � |γ|

2
âptq � ?γ d̂inptq

�
¸
l

�iLl e�iωl t �
ņ

j�1
�
�
i
�
ωo � ωj

�� |γ|
2



āj e

�iωj t

(I.26)� � iωo âptq � |γ|
2
âptq � ?γ d̂inptq �

¸
l

�iLl e�iωl t �
ņ

j�1
iLj e

�iωj t

� � iωo âptq � |γ|
2
âptq � ?γ d̂inptq �

¸
l¡n

�iLl e�iωl t ,

where the sum is now only over laser drives that were not leveled out by displacement

transformations.

Note that the same result is obtained by making the mapping â ÞÑ â �°n
j�1 āj e�iωj t to

(I.24)

d

dt

��âptq � ņ

j�1
āj e

�iωj t
�
� � iωo

��âptq � ņ

j�1
āj e

�iωj t
�
� |γ|

2

��âptq � ņ

j�1
āj e

�iωj t
�


�
¸
l

�iLl e�iωl t �
?
γ d̂inptq ,

ñ d

dt
âptq � � iωo âptq � |γ|

2
âptq � ?γ d̂inptq

�
¸
l

�iLl e�iωl t �
ņ

j�1
�
�
i
�
ωo � ωj

�� |γ|
2



āj e

�iωj t .
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I.6.1 Number operator

We can also explore some properties of the number operator â: â in the non-rotating frame.

The time derivative is

d

dt
â:ptq âptq �

�
d

dt
â:ptq



âptq � â:

�
d

dt
âptq



� e

i
ℏĤ t

�
â: â,� i

ℏ
Ĥ

�
e�

i
ℏĤ t

�
¸
l

�
�iLl e�iωl t â:ptq � iL�l e

iωl t âptq
	

� |γ| â:ptq âptq � ?γ â:ptq d̂inptq �
a
γ� âptq d̂:inptq .

Using (I.25) we have, for d̂in � 0 and C � 0,

â:ptq âptq �
¸
l

|Ll|2

pωo � ωlq2 � |γ|2
4

�
¸
l

¸
k�l

L�l Lk e
i pωl�ωkq t�

�i pωo � ωlq |γ|2
	 �

i pωo � ωkq |γ|2
	 .

If there is only one laser drive, there is a steady state solution with d
dt â

:ptq âptq � 0.

I.7 Coupled baths

Consider the case of two coupled baths, perhaps representing two coupled ports,

Ĥ �
¸
i

ℏωi d̂
:
i d̂i �

¸
j

ℏωj ê
:
j êj �

¸
i,j

ℏ
�
κ d̂i ê

:
j � κ� d̂:i êj

�
,
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we have

d

dt
d̂iptq � e

i
ℏĤ t

�
d̂i,�

i

ℏ
Ĥ

�
e�

i
ℏĤ t � �iωi d̂iptq � iκ�

¸
j

êjptq ,

d

dt
êiptq � e

i
ℏĤ t

�
êi,�

i

ℏ
Ĥ

�
e�

i
ℏĤ t � �iωi êiptq � iκ

¸
j

d̂jptq .

In the continuum limit this becomes

d

dt
d̂pω, tq � � iω d̂pω, tq � iκ�

» 8
�8

êpΩ, tq dΩ ,

d

dt
êpω, tq � � iω êpω, tq � iκ

» 8
�8

d̂pΩ, tq dΩ ,

with solutions

d̂pω, tq � � iκ�
» t
t0

e�iω pt�t1q
�» 8

�8
êpΩ, t1q dΩ

�
d t1 � e�iω pt�t0q d̂pω, t0q ,

êpω, tq � � iκ

» t
t0

e�iω pt�t1q
�» 8

�8
d̂pΩ, t1q dΩ

�
d t1 � e�iω pt�t0q êpω, t0q .
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As before we de�ne,

d̂inptq �
1?
2 π

» 8
�8

eiω pt�t0q d̂pω, t0q dω , d̂outptq � 1?
2π

» 8
�8

eiω pt1�tq d̂pω, t1q dω ,

êinptq �
1?
2 π

» 8
�8

eiω pt�t0q êpω, t0q dω , êoutptq � 1?
2π

» 8
�8

eiω pt1�tq êpω, t1q dω .

Substituting in our solutions we �nd

d̂outptq � d̂inptq � � iκ�
?
2 π

» 8
�8

êpΩ, tq dΩ ,

êoutptq � êinptq � � iκ
?
2 π

» 8
�8

d̂pΩ, tq dΩ ,

» 8
�8

d̂pΩ, tq dΩ � � iκ� π
» 8
�8

êpΩ, tq dΩ� d̂inptq ,

» 8
�8

êpΩ, tq dΩ � � iκπ

» 8
�8

d̂pΩ, tq dΩ� êinptq ,

and combining everything we have

d̂outptq � d̂inptq � � iκ� π
�
êoutptq � êinptq

	
,

êoutptq � êinptq � � iκπ
�
d̂outptq � d̂inptq

	
.
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I.7.1 Single input

If we have only a single input, êinptq � 0, we �nd

d̂outptq � 1� |κ|2 π2

1� |κ|2 π2
d̂inptq ,

êoutptq � �iκ 2 π
1� |κ|2 π2

d̂inptq ,

with perfect transfer happening at |κ| � 1{π.
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APPENDIX J

Quantum optomechanics

This appendix goes through optomechanical interactions providing various derivations [11,

12, 138, 139, 225, 230, 231, 234, 235].

J.1 Optomechanic hamiltonian

The �rst order coupled optomechanical Hamiltonian is (C.3)

Ĥsys � ℏωo
�
â: â� 1

2



� ℏωm

�
b̂: b̂� 1

2



� ℏ gom

�
â: â� 1

2


�
b̂: � b̂

	
. (J.1)

J.2 Coupling to heat bath

Following the same procedure as App. I, we have heat baths for optics and mechanics,

Ĥoptic
bath

�
¸
q

ℏωq d̂:q d̂q , Ĥmech
bath

�
¸
q

ℏωq ê:q êq ,

Ĥoptic
bath
int

�
¸
q

ℏ
�
κq â

: � κ�q â
	�

d̂
:
q � d̂q

	
, Ĥmech

bath
int

�
¸
q

ℏ
�
λq b̂

: � λ�q b̂
	�

ê
:
q � êq

	
.

The full Hamiltonian is

Ĥ � Ĥsys � Ĥoptic
bath

� Ĥmech
bathloooooooomoooooooon

Ĥbath

� Ĥoptic
bath
int

� Ĥmech
bath
intloooooooomoooooooon

Ĥbath int

,
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noting that

�
Ĥsys, Ĥbath

�
� 0 ,

�
Ĥoptic

bath

, Ĥmech
bath

�
� 0 .

J.2.1 Rotating wave approximation

Move to the interaction picture with Ûptq � exp
�
� i

ℏpĤsys � Ĥbathq t
�
,

ĤI
bath
int

ptq � Û:ptq Ĥbath
int

Ûptq

�
¸
q

ℏ e
i
ℏĤsys t

�
κq â

: � κ�q â
	
e�

i
ℏĤsys t e

i
ℏĤob t

�
d̂
:
q � d̂q

	
e�

i
ℏĤob t

�
¸
q

ℏ e
i
ℏĤsys t

�
λq b̂

: � λ�q b̂
	
e�

i
ℏĤsys t e

i
ℏĤmb t

�
ê
:
q � êq

	
e�

i
ℏĤmb t .

Following BCH,

e
i
ℏĤsys t â e�

i
ℏĤsys t � â�

�
â,� i

ℏ
Ĥsys t

�
� 1

2

��
â,� i

ℏ
Ĥsys t

�
,� i

ℏ
Ĥsys t

�
� � � �

� â�
�
â, i t â: â

�
�ωo � gom

�
b̂: � b̂

		�
� � � �

� â� â i t
�
�ωo � gom

�
b̂: � b̂

		
� â

pi tq2
2

�
�ωo � gom

�
b̂: � b̂

		2 � � � �
� â e

�iωo t�i gom
�
b̂:�b̂

	
t
,

e
i
ℏĤsys t b̂ e�

i
ℏĤsys t � b̂�

�
b̂,� i

ℏ
Ĥsys t

�
� 1

2

��
b̂,� i

ℏ
Ĥsys t

�
,� i

ℏ
Ĥsys t

�
� � � �

� b̂�
�
b̂,�iωm t b̂: b̂� i gom t â: â

�
b̂: � b̂

	�
� � � �

� b̂� b̂ p�iωm tq � i gom t â: â� b̂

2
p�iωm tq2 � i gom t â: â p�iωm tq � � � �

�
�
b̂� i gom t â: â

	
e�iωm t ,
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e
i
ℏĤsys t b̂: e�

i
ℏĤsys t � b̂: �

�
b̂:,�iωm t b̂: b̂� i gom t â: â

�
b̂: � b̂

	�
� � � �

� b̂: � b̂: piωm tq � i gom t â: â� b̂

2
piωm tq2 � i gom t â: â piωm tq � � � �

�
�
b̂: � i gom t â: â

	
eiωm t ,

gives us

ĤI
bath
int

ptq �
¸
q

ℏ

�
κq â

: eiωo t�i gom
�
b̂:�b̂

	
t � κ�q â e

�iωo t�i gom
�
b̂:�b̂

	
t

�

�
�
d̂
:
q e

iωq t � d̂q e
�iωq t

	

�
¸
q

ℏ
�
λq

�
b̂: � i gom t â: â

	
eiωm t � λ�q

�
b̂� i gom t â: â

	
e�iωm t

	
�
�
ê
:
q e

iωq t � êq e
�iωq t

	
.

Using the rotating wave approximation,

ĤI
bath
int

ptq �
¸
q

ℏ

�
κq â

: d̂q e
i pωo�ωqq t�i gom

�
b̂:�b̂

	
t � κ�q â d̂

:
q e

�i pωo�ωqq t�i gom
�
b̂:�b̂

	
t

�

�
¸
q

ℏ

�
λq

�
b̂: � i gom t â: â

	
êq e

i pωm�ωqq t

� λ�q
�
b̂� i gom t â: â

	
ê
:
q e

�i pωm�ωqq t
�
.

This is equivalent to

Ĥoptic
bath
int

�
¸
q

ℏ
�
κq â

: d̂q � κ�q â d̂
:
q

	
, Ĥmech

bath
int

�
¸
q

ℏ
�
λq b̂

: êq � λ�q b̂ ê
:
q

	
.
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J.2.2 Equations of motion

With the standard approximated bath interaction, and γo � �2 π κ2, γm � �2π λ2, the
quantum Langevin equations are

d

dt
âptq � e

i
ℏĤ t

�
â,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � |γo|

2
âptq � ?γo d̂inptq ,

d

dt
b̂ptq � e

i
ℏĤ t

�
b̂,� i

ℏ
Ĥsys

�
e�

i
ℏĤ t � |γm|

2
b̂ptq � ?γm êinptq .

Now

�
â,� i

ℏ
Ĥsys

�
�

�
â,�iωo â: â� i gom â: â

�
b̂: � b̂

	�
� � iωo â� i gom â

�
b̂: � b̂

	
,

�
b̂,� i

ℏ
Ĥsys

�
�

�
b̂,�iωm b̂: b̂� i gom

�
â: â� 1

2


�
b̂: � b̂

	�
� � iωm b̂� i gom

�
â: â� 1

2



,

thus

d

dt
âptq � � iωo âptq � i gom âptq

�
b̂:ptq � b̂ptq

	
� |γo|

2
âptq � ?γo d̂inptq , (J.2)

d

dt
b̂ptq � � iωm b̂ptq � i gom

�
â: â� 1

2



� |γm|

2
b̂ptq � ?γm êinptq . (J.3)
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J.2.3 Laser driven

Including a laser drive adds terms ℏL â: e�iωL t�ℏL� â eiωL t to the Hamiltonian. Performing

a rotation as in Sec. I.4.1,

Ûrotptq � e�iωL pâ: â�1
2q t e�iωL d̂: d̂ t ,

the rotated full Hamiltonian is

Ĥrot �

Ĥsyshkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj
ℏ∆o

�
â: â� 1

2

	looooooooomooooooooon
Ĥoptic

� ℏL â: � ℏL� âlooooooomooooooon
Ĥlaser

� ℏωm
�
b̂: b̂� 1

2

	loooooooomoooooooon
Ĥmech

� ℏ gom
�
â: â� 1

2

	�
b̂: � b̂

	looooooooooooooomooooooooooooooon
Ĥoptomech

�
¸
q

ℏ∆q d̂
:
q d̂qloooooomoooooon

Ĥoptic
bath

�
¸
q

ℏ
�
κq â

: d̂q � κ�q â d̂
:
q

	
loooooooooooooomoooooooooooooon

Ĥoptic
bath
int

�
¸
q

ℏωq ê:q êqloooooomoooooon
Ĥmech
bath

�
¸
q

ℏ
�
λq b̂

: êq � λ�q b̂ ê
:
q

	
loooooooooooooomoooooooooooooon

Ĥmech
bath
int

,

where

∆o � ωo � ωL , ∆q � ωq � ωL .

It is important to note that this rotation only a�ects the operators â and d̂, it does not

provide a relation of the sort ωrot � ω � ωL in frequency space.
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The equations of motion are then

d

dt
âptq � � i ∆o âptq � iL� i gom âptq

�
b̂:ptq � b̂ptq

	
� |γo|

2
âptq � ?γo d̂inptq ,

d

dt
b̂ptq � � iωm b̂ptq � i gom

�
â:ptq âptq � 1

2



� |γm|

2
b̂ptq � ?γm êinptq .

We can �nd the steady state values where d
dt âptq � d

dt b̂ptq � 0,

âptsq �
�iL�?γo d̂inptsq

i ∆o � |γo|
2 � i gom

�
b̂:ptsq � b̂ptsq

	 ,

b̂ptsq �
�i gom

�
â:ptsq âptsq � 1

2

	
�?γm êinptsq

iωm � |γm|
2

.

Given that we have a steady state occupancy, let's backward transform from the coherent

states (i.e. |āy ÞÑ |0y),

|ψy ÞÑ D̂âpāq: D̂b̂pb̄q
: |ψy , D̂âpāq � eā â

:�ā� â , D̂
b̂
pb̄q � eb̄ b̂

:�b̄� b̂ ,

ñ Ĥ ÞÑ D̂
b̂
pb̄q: D̂âpāq:

�
Ĥ � i ℏ

B
Bt


D̂âpāq D̂b̂pb̄q

ÞÑ D̂âpāq: D̂b̂pb̄q
: Ĥ D̂âpāq D̂b̂pb̄q ,

ñ â ÞÑ â� ā , b̂ ÞÑ b̂� b̄ ,

where â and b̂ are now �uctuations on a background ā, b̄ P C.
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Applying this transform to our equations of motion,

d

dt
âptq �

�
�i ∆o � |γo|

2
� i gom

�
b̂:ptq � b̂ptq � b̄� b̄�

	

pâptq � āq � iL�?γo d̂inptq ,

d

dt
b̂ptq �

�
�iωm � |γm|

2


�
b̂ptq � b̄

	
� i gom

�
â:ptq � ā�

	
pâptq � āq � i gom

2
�?γm êinptq .

For a large background (strong laser drive) and thus small âptq ! ā and b̂ptq ! b̄, we can

linearize to �rst order in âptq, b̂ptq,

d

dt
âptq �

�
�i ∆o � |γo|

2
� i gom

�
b̄� b̄�

�

âptq � i gom ā

�
b̂:ptq � b̂ptq

	
�?γo d̂inptq

�
�
�i ∆o � |γo|

2
� i gom

�
b̄� b̄�

�

ā� iL�O

�
âptq b̂ptq

�
,

d

dt
b̂ptq �

�
�iωm � |γm|

2



b̂ptq � i gom

�
ā â:ptq � ā� âptq

	
�?γm êinptq

�
�
�iωm � |γm|

2



b̄� i gom |ā|2 � i gom

2
�O râ:ptq âptqs .

Doing the same transform to our steady state equations, we can de�ne

ā � �iL
i ∆o � |γo|

2 � i gom
�
b̄� � b̄

� , (J.4)

b̄ �
�i gom

�
|ā|2 � 1

2

	
iωm � |γm|

2

, (J.5)

for xâptqy � xb̂ptqy � xd̂inptqy � xêinptqy � 0. This pair of equations generates a third order

polynomial with complicated solutions.
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This leaves us with

d

dt
âptq �

�
�i ∆o � |γo|

2
� i gom

�
b̄� b̄�

�

âptq � i gom ā

�
b̂:ptq � b̂ptq

	
�?γo d̂inptq

d

dt
b̂ptq �

�
�iωm � |γm|

2



b̂ptq � i gom

�
ā â:ptq � ā� âptq

	
�?γm êinptq .

Taking the fourier transform we �nd

âpωq �
�i gom ā

�
b̂:pωq � b̂pωq

	
�?γo d̂pω, t0q

i p∆om � ωq � |γo|
2

, (J.6)

b̂pωq �
�i gom

�
ā â:pωq � ā� âpωq

	
�?γm êpω, t0q

i pωm � ωq � |γm|
2

, (J.7)

where

∆om � ∆o � gom
�
b̄� � b̄

� � ∆o ,

ωom � ωo � gom
�
b̄� � b̄

� � ωo .

These equations show us that a strong background optical �eld enhances the e�ective op-

tomechanic coupling to be ā gom.

J.3 Optical spring

From (J.7), we can see that b̂pωq is peaked around ω � ωm, whilst b̂:pωq � b̂p�ωq: is peaked
around ω � �ωm, thus if our mechanical oscillator is su�ciently high quality (|γm| ! ωm),
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we need only consider one of b̂pωq and b̂:pωq. From (J.11), we see that âpωq is peaked around

ω � ∆om and â:pωq � âp�ωq: is peaked around ω � �∆om, but for ω � �ωm (in order to

address the mechanics), |γo| !{ |∆om| and we cannot separately resolve âpωq and â:pωq. A

high quality optical resonator only ensures |γo| ! ωo.

Let us �rst consider ω � ωm, we �nd from (J.11)

âpω � ωmq �
�i gom ā b̂pωq � ?γo d̂pω, t0q

i p∆om � ωq � |γo|
2

,

â:pω � ωmq � i gom ā� b̂pωq � ?γ�o d̂:pω, t0q
�i p∆om � ωq � |γo|

2

.

Substituting this into (J.7) we �nd

�
i pωm � ωq � |γm|

2
� gom

2 |ā|2

i p∆om � ωq � |γo|
2

� gom
2 |ā|2

�i p∆om � ωq � |γo|
2

�
b̂pω � ωmq

� �?γm êpω, t0q �
i gom ā�?γo d̂pω, t0q
i p∆om � ωq � |γo|

2

� i gom ā
?
γ�o d̂:pω, t0q

�i p∆om � ωq � |γo|
2

.
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Making the following de�nitions

δωmpωq � gom
2 |ā|2ℑ

�
1

i p∆om � ωq � |γo|
2

� 1

�i p∆om � ωq � |γo|
2

�
,

γompωq � 2 gom
2 |ā|2ℜ

�
1

i p∆om � ωq � |γo|
2

� 1

�i p∆om � ωq � |γo|
2

�

� gom
2 |ā|2

��� |γo|

p∆om � ωq2 �
�
|γo|
2

	2 � |γo|

p∆om � ωq2 �
�
|γo|
2

	2
��


� gom
2 |ā|2 4 |γo|∆om ω�

p∆om � ωq2 �
�
|γo|
2

	2
 �
p∆om � ωq2 �

�
|γo|
2

	2
 ,

we can write

b̂pω � ωmq �
i gom

�
ā�?γo d̂pω, t0q

i p∆om � ωq � |γo|
2

� ā
?
γ�o d̂:pω, t0q

�i p∆om � ωq � |γo|
2

�
�?γm êpω, t0q

i pωm � δωmpωq � ωq � |γm|�γompωq
2

.

The functions δωm and γom are purely real and have following the properties,

δωmp�ωq � δωmpωq , γomp�ωq � �γompωq .

For ∆om " γo, γompωq is positively peaked around ω � ∆om, and negatively peaked around
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ω � �∆om, with a full width at half maximum of 2 γo. So at ω � ωm we have

γompωmq ¡ 0 : ωL � ωom � ωm ,

γompωmq   0 : ωL � ωom � ωm ,

γompωmq � 0 : ωL � ωom .

The increased phononic loss γom for red detuning corresponds to photon conversion.

Doing the same for ω � �ωm,

b̂:pω � �ωmq �
�i gom

�
ā�?γo d̂pω, t0q

i p∆om � ωq � |γo|
2

� ā
?
γ�o d̂:pω, t0q

�i p∆om � ωq � |γo|
2

�
�
a
γ�m ê:pω, t0q

�i pωm � δωmpωq � ωq � |γm|�γompωq
2

.

In blue detuned laser pumping regime (∆om � �ωm), and probing the optical cavity (ω �
�ωm), this equation has a subtle limitation. When ω � �ωm � δωmpωq, the denominator

is simply |γm| � γompωq with γompωq ¡ 0, meaning if γompωq � |γm| then b̂: diverges.

Recalling the original optomechanical Hamiltonian in App. C, x̂9
�
b̂: � b̂

	
must be small

to produce the �rst order coupled optomechanical Hamiltonian (J.1). Thus a large b̂: breaks

our fundamental approximation and invalidates these equations. When driving blue detuned,

we must therefore impose the restriction that

γompωq   |γm| : ωL � ωom � ωm ,

equivalently in the sideband resolved regime (ωm " |γo|), where

γompω � �ωm � ∆omq � 4 gom
2 |ā|2

|γo|
,
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ωL =ωo-ωm

ωm

ωo

Figure J.1: Three wave mixing with a red detuned laser.

this is

Com � 4 gom
2 |ā|2

|γo| |γm|
  1 : ωL � ωom � ωm ^ ωm " |γo| , (J.8)

where Com is known as the cooperativity. Physically, this situation of a blue detuned laser

drive and Com ¡ 1 corresponds to the laser pump exciting the mechanical oscillator faster

than it can decay, putting it into a high energy state where the optomechanical coupling is

highly non-linear.

J.4 Beam splitter

When the laser pump is red detuned from the optical cavity by the mechanical resonance

frequency, the optomechanical interaction takes on a beam splitter form. For simplicity,

consider our Hamiltonian without coupling to baths. With a laser drive, and rotated into

the laser frame,

Ĥrot � ℏ∆o

�
â: â� 1

2

	loooooooomoooooooon
Ĥoptic

� ℏL â: � ℏL� âlooooooomooooooon
Ĥlaser

� ℏωm
�
b̂: b̂� 1

2

	loooooooomoooooooon
Ĥmech

� ℏ gom
�
â: â� 1

2

	�
b̂: � b̂

	looooooooooooooomooooooooooooooon
Ĥoptomech

.
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As we found before there is a steady background occupancy, and we can transform to a

background leveled frame

Ĥrot
lvl
� D̂âpāq: D̂b̂pb̄q

: Ĥrot D̂âpāq D̂b̂pb̄q

� ℏ∆o

�
â: â� 1

2

	
� ℏ∆o ā â

: � ℏ∆o ā
� â� ℏ∆o |ā|2

� ℏL â: � ℏL� â� ℏL ā� � ℏL� ā

� ℏωm
�
b̂: b̂� 1

2

	
� ℏωm b̄ b̂: � ℏωm b̄� b̂� ℏωm |b̄|2

� ℏ gom
�
â: â b̂� â: â b̂: � ā â: b̂� ā â: b̂: � ā� â b̂� ā� â b̂: � |ā|2 b̂� |ā|2 b̂:

� â: â b̄� â: â b̄� � ā â: b̄� ā â: b̄� � ā� â b̄� ā� â b̄� � |ā|2 b̄� |ā|2 b̄�

� b̂:�b̂
2 � b̄��b̄

2

	
.

Using the background level values calculated previously, (J.4) and (J.5), (with γo � γm � 0

as we have no baths present)

ā � �L
∆om

, b̄ �
�gom

�
|ā|2 � 1

2

	
ωm

,

many of the terms cancel out. We are then left with

Ĥrot
lvl
� ℏ∆om

�
â: â� 1

2

	
� ℏωm

�
b̂: b̂� 1

2

	looooooooooooooooooooooomooooooooooooooooooooooon
Ĥ0

� ℏ gom
�
â: â b̂� â: â b̂: � ā â: b̂� ā â: b̂: � ā� â b̂� ā� â b̂:

	looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon
Ĥint

� ℏ∆om |ā|2 � ℏL ā� � ℏL� ā� ℏωm |b̄|2looooooooooooooooooooooooomooooooooooooooooooooooooon
constants

.
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Moving to the interaction picture with

Ûptq � e�
i
ℏĤ0 t � e�i ∆om pâ: â�1

2 q t e�iωm pb̂: b̂�1
2 q t ,

we �nd

ĤI
int � Ûptq: Ĥint Ûptq

� ℏ gom
�
â: â b̂ e�iωm t � â: â b̂: eiωm t � ā â: b̂ ei p∆om�ωmq t � ā â: b̂: ei p∆om�ωmq t

� ā� â b̂ e�i p∆om�ωmq t � ā� â b̂: e�i p∆om�ωmq t
	
. (J.9)

If we set ∆om � ωm and use the rotating wave approximation to remove all the oscillating

terms, we are left with

Ĥint � ℏ gom
�
ā â: b̂� ā� â b̂:

	
.

Thus red detuning the laser to ωL � ωom � ωm provides a beam splitter Hamiltonian and

allows photonic-phononic state conversion via the process depicted in Fig. J.1.
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J.4.1 With heat bath

If we have ∆om � ωm and use the beam splitter approximation with coupled heat baths,

Ĥrot
lvl
� ℏ∆om

�
â: â� 1

2

	
� ℏωm

�
b̂: b̂� 1

2

	
� ℏ gom

�
ā â: b̂� ā� â b̂:

	
� i ℏ

|γo|
2

ā â: � i ℏ
|γo|
2

ā� â� i ℏ
|γm|
2

b̄ b̂: � i ℏ
|γm|
2

b̄� b̂

�
¸
q

ℏ∆q d̂
:
q d̂q �

¸
q

ℏ
�
κq â

: d̂q � κ�q â d̂
:
q

	
�
¸
q

ℏ
�
κq ā

� d̂q � κ�q ā d̂
:
q

	
�
¸
q

ℏωq ê:q êq �
¸
q

ℏ
�
λq b̂

: êq � λ�q b̂ ê
:
q

	
�
¸
q

ℏ
�
λq b̄

� êq � λ�q b̄ ê
:
q

	
� ℏ∆om |ā|2 � ℏL ā� � ℏL� ā� ℏωm |b̄|2 , (J.10)

where the terms in the second line are produced by the full de�nitions of ā (J.4) and b̄ (J.5).

Note that,

ℏL ā� � ℏL� ā � �2 ℏ∆om |ā|2 .

Deriving the Langevin equations

d

dt
âptq � � i ∆om âptq � i gom ā b̂ptq � |γo|

2
ā� |γo|

2
pâptq � āq � ?γo d̂inptq

� � i ∆om âptq � i gom ā b̂ptq � |γo|
2

âptq � ?γo d̂inptq ,

d

dt
b̂ptq � � iωm b̂ptq � i gom ā� âptq � |γm|

2
b̄� |γm|

2

�
b̂ptq � b̄

	
�?γm êinptq

� � iωm b̂ptq � i gom ā� âptq � |γm|
2

b̂ptq � ?γm êinptq .
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Taking Fourier transforms

âpωq � �i gom ā b̂pωq � ?γo d̂pω, t0q
i p∆om � ωq � |γo|

2

,

b̂pωq � �i gom ā� âpωq � ?γm êpω, t0q
i pωm � ωq � |γm|

2

.

This approximation is equivalent to |γm| ! ωm ^ |γo| ! ∆om.

Combining these equations we deduce a strongly resolved optical spring e�ect,

b̂pωq �

i gom ā�?γo d̂pω, t0q
i p∆om � ωq � |γo|

2

�?γm êpω, t0q

i pωm � δωmpωq � ωq � |γm|�γompωq
2

,

with

δωmpωq � gom
2 |ā|2ℑ

�
1

i p∆om � ωq � |γo|
2

�
,

γompωq � 2 gom
2 |ā|2ℜ

�
1

i p∆om � ωq � |γo|
2

�

� � gom
2 |ā|2 |γo|

p∆om � ωq2 �
�
|γo|
2

	2 .
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ωo

ωm

ωL =ωo+ωm

Figure J.2: Three wave mixing with a blue detuned laser.

At ω � ωm,

b̂pω � ωmq �

i gom ā�
|γo|
2

?
γo d̂pωm, t0q �

?
γm êpωm, t0q

|γm|
2

� gom
2 |ā|2
|γo|
2

.

J.5 Entangling

If in equation (J.9), we instead set ∆om � �ωm and apply the rotating wave approximation,

we end up with

Ĥint � ℏ gom
�
ā â: b̂: � ā� â b̂

	
.

Thus blue detuning the laser to ωL � ωom � ωm provides an entangling Hamiltonian that

deals with photon-phonon pairs as depicted in Fig. J.2.
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J.6 Optomechanically induced transparency

Similar in idea to electromagnetically induced transparency, the coupling of an optical cavity

to a mechanical mode, and pumped with a red detuned laser at ωL � ωom � ωm, opens up

a transparency in the transmission spectrum of the cavity probed by a second laser signal.

To study this e�ect we take the beam splitter Hamiltonian (J.10) derived from a red detuned

pump (∆om � ωm), and add additional heat baths, with loss parameter γwgo , to model

the waveguide ports. Following the input/output theory of a symmetric non-directional

waveguide resonator (see App. Θ) we get the following system of equations,

d

dt
âptq � � i ∆om âptq � i gom ā b̂ptq � γo

2
âptq

�
b
γinto d̂intin ptq �

b
γ
wg
o d̂1inptq �

b
γ
wg
o d̂2inptq ,

d

dt
b̂ptq � � iωm b̂ptq � i gom ā� âptq � γm

2
b̂ptq � ?γm êintin ptq ,

d̂1outptq �
b
γ
wg
o âptq � d̂2inptq ,

d̂2outptq �
b
γ
wg
o âptq � d̂1inptq ,

with

γo � γinto � 2 γ
wg
o ,

where we have made all the γ real (moving any complex components to the frequency) and

chosen all the phases to be zero. For simplicity we will set the environmental inputs d̂intin and
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êintin , which are negligible compared to the waveguide input, to zero.

Taking the Fourier transform of our equations we get

âpωq � �i gom ā b̂pωq �
a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i p∆om � ωq � γo
2

,

b̂pωq � �i gom ā� âpωq
i pωm � ωq � γm

2

,

where âpωq is rotated into the laser frame. Solving for â,

âpωq � �
a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i p∆om � ωq � γo
2 � gom2 |ā|2

i pωm�ωq�γm
2

,

and using our waveguide in/out relations we �nd the transmission to be

S2 1pωq �
d̂2outpωq
d̂1inpωq

�����
d̂2inpωq�0

� 1� γ
wg
o

i p∆om � ωq � γo
2 � gom2 |ā|2

i pωm�ωq�γm
2

.

In Fig. J.3 we plot |S2 1pωq|2 at critical coupling showing the transparent peak that appears

over an uncoupled optical cavity (gom � 0q. Typically the probe frequency is taken from a

sideband of the pump laser, in which case ω will be the modulation frequency.

When everything is aligned, ∆om � ωm, and we probe at exactly the optical cavity frequency,

ω � ωm (i.e. ωL � ωm � ωom), the peak transparency is

S2 1 pω � ωm � ∆omq � 1� 2 γ
wg
o

γo � 4 gom2 |ā|2
γm

� 1�
2 γwg

o
γo

1� Com
.
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2 γo
int

ωm
ω

1/4

1

1 2+om
2

(1+om)
2

S212
Δom =ωm , 2 γo

wg
= γo

int <ωm

(1+om) γm

ωm
ω

1/4

1

1 2+om
2

(1+om)
2

S212
Δom =ωm , 2 γo

wg
= γo

int >>ωm

Figure J.3: Transmission plots showing optomechanical transparency (solid line) compared
to a regular optical cavity (dashed line) in two di�erent regimes of optical cavity linewidth.

At critical coupling, 2 γwgo � γinto ñ 2 γwg
o
γo

� 1
2 ,

S2 1

�
ω � ωm � ∆om; γinto � 2 γ

wg
o

	
�

1
2 � Com
1� Com

.

J.7 Optomechanical induced absorption

If we instead pump with a blue detuned laser at ωL � ωom � ωm, and keeping Com   1,

we observe absorption when the cavity is probed at its optical resonant frequency. Doing

the same as above except with the entangling Hamiltonian (∆om � �ωm), the system of
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equations is

d

dt
âptq � � i ∆om âptq � i gom ā b̂:ptq � γo

2
âptq

�
b
γinto d̂intin ptq �

b
γ
wg
o d̂1inptq �

b
γ
wg
o d̂2inptq ,

d

dt
b̂ptq � � iωm b̂ptq � i gom ā â:ptq � γm

2
b̂ptq � ?γm êintin ptq ,

d̂1outptq �
b
γ
wg
o âptq � d̂2inptq ,

d̂2outptq �
b
γ
wg
o âptq � d̂1inptq .

Again setting d̂intin � êintin � 0 and taking the Fourier transform we get

âpωq � �i gom ā b̂:pωq �
a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i p∆om � ωq � γo
2

,

b̂pωq � �i gom ā â:pωq
i pωm � ωq � γm

2

,

ñ b̂:pωq � �i gom ā� âpωq
i pωm � ωq � γm

2

,

where âpωq is rotated into the laser frame Solving for â,

âpωq � �
a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i p∆om � ωq � γo
2 � gom2 |ā|2

i pωm�ωq�γm
2

,
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2 γo
int

-ωm
ω

1/4

1

1 2-om
2

(1-om)
2

S212
Δom = -ωm , 2 γo

wg
= γo

int <ωm

(1-om) γm

-ωm
ω

1/4

1
S212

Δom = -ωm , 2 γo
wg

= γo
int >>ωm

Figure J.4: Transmission plots showing optomechanical ampli�cation (solid line) compared
to a regular optical cavity (dashed line) in two di�erent regimes of optical cavity linewidth.

and using our waveguide in/out relations we �nd the transmission to be

S2 1pωq �
d̂2outpωq
d̂1inpωq

�����
d̂2inpωq�0

� 1� γ
wg
o

i p∆om � ωq � γo
2 � gom2 |ā|2

i pωm�ωq�γm
2

.

In Fig. J.4 we plot |S2 1pωq|2 at critical coupling showing the ampli�cation peak that appears

over an uncoupled optical cavity (gom � 0q. Typically the probe frequency is taken from a

sideband of the pump laser, in which case ω will be the modulation frequency.

When everything is aligned, ∆om � �ωm, and we probe at exactly the optical cavity fre-

quency, ω � �ωm (i.e. ωL � ωm � ωom), the peak value is

S2 1 pω � �ωm � ∆omq � 1� 2 γ
wg
o

γo � 4 gom2 |ā|2
γm

� 1�
2 γ

wg
o
γo

1� Com
.
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At critical coupling, 2 γwgo � γinto ñ 2 γwg
o
γo

� 1
2 ,

S2 1

�
ω � �ωm � ∆om; γinto � 2 γ

wg
o

	
�

1
2 � Com
1� Com

.

This result suggests that at Com ¡ 3{4 there is optomechanical induced ampli�cation (diver-

gent at Com � 1) but the limitation imposed by (J.8), that is Com   1, applies here meaning

such a regime is outside the scope of the linear optomechanical coupling Hamiltonian (J.1)

used to deduce these results.

J.8 Non-rotating frame

In the non-rotating frame with multiple laser drives, the full Hamiltonian is

Ĥ � ℏωo
�
â: â� 1

2

	loooooooomoooooooon
Ĥoptic

� ℏωm
�
b̂: b̂� 1

2

	loooooooomoooooooon
Ĥmech

� ℏ gom
�
â: â� 1

2

	�
b̂: � b̂

	looooooooooooooomooooooooooooooon
Ĥoptomech

�
¸
l

ℏ
�
Ll â

: e�iωl t � L�l â e
iωl t

	
looooooooooooooooooomooooooooooooooooooon

Ĥlaser

�
¸
q

ℏωq d̂:q d̂qloooooomoooooon
Ĥoptic
bath

�
¸
q

ℏ
�
κq â

: d̂q � κ�q â d̂
:
q

	
loooooooooooooomoooooooooooooon

Ĥoptic
bath
int

�
¸
q

ℏωq ê:q êqloooooomoooooon
Ĥmech
bath

�
¸
q

ℏ
�
λq b̂

: êq � λ�q b̂ ê
:
q

	
loooooooooooooomoooooooooooooon

Ĥmech
bath
int

,
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with equations of motion

d

dt
âptq � � iωo âptq � i gom âptq

�
b̂:ptq � b̂ptq

	
� |γo|

2
âptq �

¸
l

iLl e
�iωl t �?γo d̂inptq ,

d

dt
b̂ptq � � iωm b̂ptq � i gom

�
â:ptq âptq � 1

2



� |γm|

2
b̂ptq � ?γm êinptq .

J.8.1 Multiple drive displacement

Following that of Sec. I.6, we can try displacements of the form

âptq ÞÑ âptq �
ņ

j�1
ājptq e�iωj t ,

b̂ptq ÞÑ b̂ptq � b̄ptq ,

and try to �nd functions ājptq, b̄ptq that cancel the Lj terms. Substituting these displace-

ments in to our equations of motion and ignoring all the operator terms, we get

�
i
�
ωo � ωj � gompb̄ptq� � b̄ptqq�� |γo|

2



ājptq �

d

dt
ājptq � iLj � 0 : j P t1, . . . , nu ,

�
iωm � |γm|

2



b̄ptq � d

dt
b̄ptq � i gom

�� ņ

j�1

ņ

k�1
ājptq� ākptq ei pωj�ωkq t �

1

2

�
� 0 .

For n ¡ 1 these equations do not seem solvable by functions of the form
°
i ci e

�iωi t which

would accommodate a Fourier transform.
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J.8.2 Single drive displacement

If we displace by only a single laser drive (n � 1), denoted �, perhaps because it is big enough
to linearize the equation of motions by itself, then we get some signi�cant simpli�cations.

Due to the lack of cross terms in the sum for the b̄ equation, we can have a solution where

āptq and b̄ptq have no time dependence, i.e.

ā� � �iL�
i
�
ωo � ω� � gom pb̄�� � b̄�q

�� |γo|
2

,

b̄� �
�i gom

�
|ā�|2 � 1

2

	
iωm � |γm|

2

.

Making this displacement,

âptq ÞÑ âptq � ā� e�iω� t ,

b̂ptq ÞÑ b̂ptq � b̄� ,

we obtain the single laser drive leveled equations of motion

d

dt
âptq � �

�
i
�
ωo � gom pb̄� � b̄��q

�� |γo|
2



âptq � i gom

�
b̂:ptq � b̂ptq

	
âptq

� i gom

�
b̂:ptq � b̂ptq

	
ā� e�iω� t �?γo d̂inptq �

¸
l��

iLl e
�iωl t ,

d

dt
b̂ptq � �

�
iωm � |γm|

2



b̂ptq � i gom â:ptq âptq

� i gom

�
ā� e�iω� t â:ptq � ā�� eiω� t âptq

	
�?γm êinptq .
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For completeness, the Hamiltonian is

Ĥlvl � � D̂
b̂
pb̄�q: D̂âpā� e�iω� tq:

�
Ĥ � i ℏ

B
Bt


D̂âpā� e�iω� tq D̂b̂pb̄�q (J.11)

� ℏωom
�
â: â� 1

2



� ℏωm

�
b̂: b̂� 1

2



� ℏ gom â: â

�
b̂: � b̂

	
� ℏ gom

�
ā� â: e�iω� t � ā�� â eiω� t

	 �
b̂: � b̂

	
� i ℏ

|γo|
2

�
ā� â: e�iω� t � ā�� â eiω� t

	
� i ℏ

|γm|
2

�
b̄� b̂: � b̄�� b̂

	
�

¸
l��

ℏ
�
Ll â

: e�iωl t � L�l â e
iωl t

	
�
¸
q

ℏωq d̂:q d̂q �
¸
q

ℏ
�
κq â

: d̂q � κ�q â d̂
:
q

	
�
¸
q

ℏ
�
κq ā

�� d̂q eiω� t � κ�q ā d̂
:
qe
�iω� t

	
�

¸
q

ℏωq ê:q êq �
¸
q

ℏ
�
λq b̂

: êq � λ�q b̂ ê
:
q

	
�
¸
q

ℏ
�
λq b̄

�� êq � λ�q b̄� ê
:
q

	
� i ℏ

|γo|
2

|ā�|2 � ℏωm |b̄�|2

�
¸
l��

ℏ
�
Ll ā

�� e�i pωl�ω�q t � L�l ā� e
i pωl�ω�q t

	
, (J.12)

where

ωom � ωo � gom
�
b̄�� � b̄�

�
.
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J.8.3 Linearized system

For ā�� ā� " â: â and b̄��� b̄� " b̂:� b̂ the equations of motion can be linearized, equivalently

dropping the ℏ gom â: â
�
b̂: � b̂

	
term in (J.12), to

d

dt
âptq � �

�
i
�
ωo � gom pb̄� � b̄��q

�� |γo|
2



âptq

� i gom

�
b̂:ptq � b̂ptq

	
ā� e�iω� t �?γo d̂inptq �

¸
l��

iLl e
�iωl t , (J.13)

d

dt
b̂ptq � �

�
iωm � |γm|

2



b̂ptq

� i gom

�
ā� e�iω� t â:ptq � ā�� eiω� t âptq

	
�?γm êinptq , (J.14)

allowing us to take the Fourier transforms

âpωq �
�i gom ā�

�
b̂:pω � ω�q � b̂pω � ω�q

	
�?γo d̂inpωq �

°
l�� iLl

?
2π δpω � ωlq

i
�
ωo � gom pb̄�� � b̄�q � ω

�� |γo|
2

,

b̂pωq �
�i gom

�
ā� â:pω � ω�q � ā�� âpω � ω�q

	
�?γm êinpωq

i pωm � ωq � |γm|
2

,

with Hermitian conjugates

â:pωq �
i gom ā��

�
b̂pω � ω�q � b̂:pω � ω�q

	
�?γ�o d̂:inpωq �

°
l�� iL�l

?
2 π δpω � ωlq

�i �ωo � gom pb̄�� � b̄�q � ω
�� |γo|

2

,

b̂:pωq �
i gom

�
ā�� âpω � ω�q � ā� â:pω � ω�q

	
�?γ�m ê

:
inpωq

�i pωm � ωq � |γm|
2

.
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From the above equations we note that

âpωq peaked around ωom ,

â:pωq peaked around � ωom ,

b̂pωq peaked around ωm ,

b̂:pωq peaked around � ωm ,

(J.15)

allowing approximations to be made in various situations by dropping insigni�cant terms.

J.8.4 Optical spring

For a high quality mechanical resonator (|γm| ! ωm) we can use (J.15) to make some

simpli�cations when studying the mechanics on resonance. First we have

b̂pω � ωmq 9 â:pωm � ω�q � âpωm � ω�q ,

then

â:pω � ωm � ω�q 9 b̂pωmqloomoon
dominates

�b̂:pωmq ,

âpω � ωm � ω�q 9 b̂:pωmq � b̂pωmqloomoon
dominates

.

Substituting â and â: into b̂ with just the dominating terms, and no additional laser drives

(Ll�� � 0), then produces the same results as Sec. J.3.
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J.8.5 Beam splitter and entangling

If our main laser drive, �, is  red
blue

(
detuned from the optical resonance by the mechanical res-

onance (ω� � ωom	ωm), and we are sideband resolved (|γo| ! ωm), we get a
!
beam splitter
entangling

)
interaction. Using (J.15) �nd

âpω � ωomq 9 b̂:p�ωmqlooomooon
dominates
for blue

� b̂p�ωmqlooomooon
dominates
for red

,

â:pω � �ωomq 9 b̂p	ωmqlooomooon
dominates
for blue

� b̂:p	ωmqlooomooon
dominates
for red

,

b̂pω � ωmq 9 â:p�ωom �
!
2ωm
0

)
qloooooooooooomoooooooooooon

dominates
for blue

� âpωom �
!

0
2ωm

)
qloooooooooomoooooooooon

dominates
for red

,

b̂:pω � �ωmq 9 âpωom �
!
2ωm
0

)
qloooooooooomoooooooooon

dominates
for blue

� â:p�ωom �
!

0
2ωm

)
qloooooooooooomoooooooooooon

dominates
for red

,
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and obtain frequency-space expressions

âpωq �
�i gom ā�

!
b̂
b̂:

)
pω � ωom � ωmq � ?γo d̂inpωq �

°
l�� iLl

?
2 π δpω � ωlq

i pωom � ωq � |γo|
2

,

b̂pωq �
�i gom

!
ā��
ā�

) !
â
â:

)
pω � ωom � ωmq � ?γm êinpωq

i pωm � ωq � |γm|
2

,

â:pωq �
i gom ā��

!
b̂:

b̂

)
pω � ωom 	 ωmq �

?
γ�o d̂

:
inpωq �

°
l�� iL�l

?
2 π δpω � ωlq

�i pωom � ωq � |γo|
2

,

b̂:pωq �
i gom

!
ā�
ā��

) !
â:
â

)
pω 	 ωom � ωmq �

?
γ�m ê

:
inpωq

�i pωm � ωq � |γm|
2

.

J.8.6 Optomechanical induced windows

A
 
red
blue

(
detuned laser pump will produce optomechanical induced

!
transparency
absorption

)
. Adding

additional heat baths, with loss parameter γwgo , to model the waveguide ports and following

the input-output theory of a symmetric non-directional waveguide resonator (see Sec. Θ.4.1)
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we get the following system of equations,

d

dt
âptq � �

�
iωom � γo

2

	
âptq � i gom ā�

!
b̂
b̂:

)
ptq e�i pωom	ωmq t

�
b
γinto d̂intin ptq �

b
γ
wg
o d̂1inptq �

b
γ
wg
o d̂2inptq ,

d

dt
b̂ptq � �

�
iωm � γm

2

	
b̂ptq � i gom

!
ā��
ā�

) !
â
â:

)
ptq e�i pωom	ωmq t �?γm êintin ptq ,

d̂1outptq �
b
γ
wg
o âptq � d̂2inptq ,

d̂2outptq �
b
γ
wg
o âptq � d̂1inptq ,

with

γo � γinto � 2 γ
wg
o ,

where we have made all the γ real (moving any complex components to the frequency) and

chosen all the phases to be zero. For simplicity we will set the environmental inputs d̂intin and

êintin , which are negligible compared to the waveguide input, to zero.
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Taking the Fourier transform of our equations we get

âpωq �
�i gom ā

!
b̂
b̂:

)
pω � ωom � ωmq �

a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i pωom � ωq � γo
2

,

b̂pωq �
�i gom

!
ā��
ā�

) !
â
â:

)
pω � ωom � ωmq

i pωm � ωq � γm
2

,

â:pωq �
i gom ā��

!
b̂:

b̂

)
pω � ωom 	 ωmq �

a
γ
wg �
o d̂

1 :
in pωq �

a
γ
wg �
o d̂

2 :
in pωq

�i pωom � ωq � |γo|
2

,

b̂:pωq �
i gom

!
ā�
ā��

) !
â:
â

)
pω 	 ωom � ωmq

�i pωm � ωq � |γm|
2

.

Solving for â,

âpωq � �
a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i pωom � ωq � γo
2 � gom2 |ā|2

i pωom	ωq�γm
2

,

and using our waveguide in/out relations we �nd the transmission to be

S2 1pωq �
d̂2outpωq
d̂1inpωq

�����
d̂2inpωq�0

� 1� γ
wg
o

i pωom � ωq � γo
2 � gom2 |ā|2

i pωom	ωq�γm
2

.
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The peak transmission is

S2 1 pω � ωomq � 1� 2 γ
wg
o

γo � 4 gom2 |ā|2
γm

� 1�
2 γwg

o
γo

1� Com
.

At critical coupling, 2 γwgo � γinto ñ 2 γ
wg
o
γo

� 1
2 ,

S2 1

�
ω � ωom; γinto � 2 γ

wg
o

	
�

1
2 � Com
1� Com

.

Or with no internal loss, γinto � 0 ñ 2 γ
wg
o
γo

� 1,

S2 1

�
ω � ωom; γinto � 0

	
� �Com

1� Com
.

J.8.7 Post linearization sideband drive displacement

Once our system is linearized by the main drive �, displacements to account for additional

drives can be made, but only if they come in pairs about the main drive (i.e. sidebands)

ω� � ω� � ω∆ . The displacement required takes the form

âptq ÞÑ âptq � ā� e�i pω��ω∆q t � ā� e�i pω��ω∆q t ,

b̂ptq ÞÑ b̂ptq � b̄� e�iω∆ t � b̄� eiω∆ t .
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Applying this to the linearized equations of motion (J.13) and (J.14), and keeping non-

operator terms we �nd

��
i pωom � ω� � ω∆q �

|γo|
2



ā� � iL�



e�iω∆ t

�
��

i pωom � ω� � ω∆q �
|γo|
2



ā� � iL�



eiω∆ t

� � i gom ā�
�
b̄�� eiω∆ t � b̄�� e�iω∆ t � b̄� e�iω∆ t � b̄� eiω∆ t

	
�
i pωm � ω∆q �

|γm|
2



b̄� e�iω∆ t �

�
i pωm � ω∆q �

|γm|
2



b̄� eiω∆ t

� � i gom

�
ā� ā�� eiω∆ t � ā�� ā� e�iω∆ t � ā� ā�� e�iω∆ t � ā�� ā� eiω∆ t

	

where the time dependence only occurring in factors of expp�iω∆ tq is attributed to the

careful choice made for the displacement's time dependence. Collecting the two sets of

terms in each equation, we determine

ā� � �iL� � i gom ā�
�
b̄�� � b̄�

�
i pωom � ω� � ω∆q � |γo|

2

,

ā� � �iL� � i gom ā�
�
b̄�� � b̄�

�
i pωom � ω� � ω∆q � |γo|

2

,

b̄� � �i gom
�
ā�� ā� � ā� ā��

�
i pωm � ω∆q � |γm|

2

,

b̄� � �i gom
�
ā�� ā� � ā� ā��

�
i pωm � ω∆q � |γm|

2

.
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These parameters have varying signi�cance however,

|ā�| ¡ |ā�| : ω� � ωom � ω∆ ,

|ā�| ¡ |ā�| : ω� � ωom � ω∆ ,

|b̄�| ¡ |b̄�| : generally .

With these de�nitions the sideband displaced equations of motion are structurally unchanged

from (J.13) and (J.14),

d

dt
âptq � �

�
iωom � |γo|

2



âptq

� i gom

�
b̂:ptq � b̂ptq

	
ā� e�iω� t �?γo d̂inptq �

¸
l�t�,�u

iLl e
�iωl t ,

d

dt
b̂ptq � �

�
iωm � |γm|

2



b̂ptq

� i gom

�
ā� e�iω� t â:ptq � ā�� eiω� t âptq

	
�?γm êinptq .
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APPENDIX K

Quantum electro-opto-mechanics

In this appendix we put together the full electro-opto-mechanical input-output.

K.1 Electromechanic hamiltonian

With the optomechanical part covered in App. J, the last step in modelling our system is to

incorporate electromechanics, i.e. the coupling between mechanical waves and an electrical

circuit. To do this we'll start with an ideal electronic resonator,

ℏωe
�
ĉ: ĉ� 1

2



� q̂2

2C
� ϕ̂2

2L
,

with

C

capacitance

, L

inductance

, ωe
resonance
frequency

�
c

1

LC
, ZC

characteristic
impedance

�
c
L

C
,

q̂

charge

�
d

ℏ
2ZC

�
ĉ: � ĉ

	
, ĉ

annihilation

�
c
ZC
2 ℏ

�
q̂ � i

ZC
ϕ̂



,

ϕ̂

�ux

� i

c
ℏZC
2

�
ĉ: � ĉ

	
, ĉ:

creation

�
c
ZC
2 ℏ

�
q̂ � i

ZC
ϕ̂



,
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�
q̂, ϕ̂

�
� i ℏ ,

�
ĉ, ĉ:

�
� 1 .

In the case piezoelectricity1 (see App. B), the strain ϵ produces an additional electric �eld

Epiezo driving the capacitor and hence voltage across it. The charge then acquires an addi-

tional contribution q̂ ÞÑ q̂ � C Vpiezo. With

Vpiezo 9 Epiezo 9 ϵ 9 x̂ ,

let us write

Vpiezo � Gem x̂ .

Putting this into the Hamiltonian,

q̂2

2C
ÞÑ pq̂ � C Gem x̂q2

2C
� q̂2

2C
�Gem q̂ x̂� C Gem

2 x̂2

2

� q̂2

2C
� ℏ gem

�
b̂: � b̂

	�
ĉ: � ĉ

	loooooooooooooomoooooooooooooon
electromechanical interaction

� 2mgem
2 ωm

ωe
x̂2loooooooomoooooooon

non-linear ωm shift

,

we obtain a simple electromechanical coupling term [236]. Under the rotating wave approx-

imation with ωm � ωe this interaction simpli�es to

ℏ gem
�
b̂: ĉ� b̂ ĉ:

	
.

We'll consider both the red and blue detuned pump optomechanical interaction by using

1. Di�ering from the capacitor on a spring system which produces a x̂ q̂2 term.
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coloured symbols that only appear in their respective case,

ℏ gom
�
ā â: b̂: � ā� â b̂:

	
.

K.2 Single drive displacement

The single drive � displacement is now

âptq ÞÑ âptq � ā� e�iω� t ,

b̂ptq ÞÑ b̂ptq � b̄� ,

ĉptq ÞÑ ĉptq � c̄� ,

with

ā� � �iL�
i
�
ωo � ω� � gom pb̄�� � b̄�q

�� γo
2

,

b̄� �
�i gom

�
|ā�|2 � 1

2

	
� i gem c̄�

iωm � γm
2

,

c̄� � �i gem b̄�
iωe � γe

2

.

K.3 Equations of motion

In the non-rotating frame, the equations of motion for the ω� � ωom �� ωm pumped and

displaced, linearized system, with bi-directional optic waveguide ports and single electrical
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transmission line port are

d

dt
âptq � �

�
iωom � γo

2

	
âptq � i gom ā� b̂:ptq e�i pωom��ωmq t

�
b
γinto d̂intin ptq �

b
γ
wg
o d̂1inptq �

b
γ
wg
o d̂2inptq ,

d

dt
b̂ptq � �

�
iωm � γm

2

	
b̂ptq � i gom ā�� â:ptq e��i pωom��ωmq t � i gem ĉptq

� ?γm êintin ptq ,

d

dt
ĉptq � �

�
iωe � γe

2

	
ĉptq � i gem b̂ptq

�
b
γinte f̂ intin ptq �

b
γtxe f̂ txin ptq ,

d̂1outptq �
b
γ
wg
o âptq � d̂2inptq ,

d̂2outptq �
b
γ
wg
o âptq � d̂1inptq ,

f̂ txoutptq �
b
γtxe ĉptq � f̂ txin ptq ,
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with

γ
wg
o � γ1o � γ2o � γ12o {2 ,

γo � γinto � 2 γ
wg
o ,

γm � γintm ,

γe � γinte � γtxe .

208



Taking the Fourier transforms, we get

âpωq �
�i gom ā� b̂:pω � ωom �� ωmq �

a
γinto d̂intin pωq �

a
γ
wg
o d̂1inpωq �

a
γ
wg
o d̂2inpωq

i pωom � ωq � γo
2

,

â:pωq �
�i gom ā�� b̂:pω � ωom �� ωmq �

a
γinto d̂

int :
in pωq �

a
γ
wg
o d̂

1 :
in pωq �

a
γ
wg
o d̂

2 :
in pωq

i pωom � ωq � γo
2

,

b̂pωq �
�i gom ā�� â:pω �� ωom � ωmq � i gem ĉpωq �

a
γintm êintin pωq

i pωm � ωq � γm
2

,

b̂:pωq �
�i gom ā�� â:pω �� ωom � ωmq � i gem ĉ:pωq �

a
γintm ê

int :
in pωq

i pωm � ωq � γm
2

,

ĉpωq � �i gem b̂pωq �
a
γinte f̂ intin pωq �

a
γtxe f̂ txin pωq

i pωe � ωq � γe
2

,

ĉ:pωq � �i gem b̂:pωq �
a
γinte f̂

int :
in pωq �

a
γtxe f̂

tx :
in pωq

i pωe � ωq � γe
2

.

For convenience, denote

υxpΩ;ωq � i pΩ� ωq � γx
2
.
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Eliminating b̂: in â,

�
υopωom;ωq ��

gom
2 |ā�|2

υmpωom;ωq


âpωq � ��

�i gom ā�
υmpωom;ωq

��� �i gem ĉ:pω � ωom �� ωmq

��
b
γintm ê

int :
in pω � ωom �� ωmq

��

�
b
γinto d̂intin pωq �

b
γ
wg
o d̂1inpωq �

b
γ
wg
o d̂2inpωq ,

and eliminating b̂: in ĉ:,

�
υep��ωe;ωq �

gem
2

υmp��ωm;ωq

�
ĉ:pωq � �i gem

υmp��ωm;ωq

����i gom ā�� âpω � ωom �� ωmq

��
b
γintm ê

int :
in pωq

��

�
b
γinte f̂

int :
in pωq �

b
γtxe f̂

tx :
in pωq ,

and solving for â,

�
1��

gom
2 |ā�|2

υopωom;ωq υmpωom;ωq �
gem

2

υepωom �� ωe �� ωm;ωq υmpωom;ωq

�
âpωq �

�
υepωom �� ωe �� ωm;ωq υmpωom;ωq � gem

2

υopωom;ωq υmpωom;ωq υepωom �� ωe �� ωm;ωq

���
b
γinto d̂intin pωq �

b
γ
wg
o d̂1inpωq

�
b
γ
wg
o d̂2inpωq

��


� i gom ā�
υopωom;ωq υmpωom;ωq

b
γintm ê

int :
in pω � ωom �� ωmq

��
gom ā� gem

υopωom;ωq υmpωom;ωq υepωom �� ωe �� ωm;ωq

���
b
γinte f̂

int :
in pω � ωom �� ωmq

�
b
γtxe f̂

tx :
in pω � ωom �� ωmq

��
 ,
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or solving for ĉ:,

�
1��

gom
2 |ā�|2

υop��ωm;ωq υmp��ωm;ωq �
gem

2

υep��ωe;ωq υmp��ωm;ωq

�
ĉ:pωq �

�
υop��ωm;ωq υmp��ωm;ωq �� gom

2|ā�|2

υop��ωm;ωq υmp��ωm;ωq υep��ωe;ωq
�b

γinte f̂
int :
in pωq �

b
γtxe f̂

tx :
in pωq




��
i gem

υep��ωe;ωq υmp��ωm;ωq
b
γintm ê

int :
in pωq

� gom ā� gem
υop��ωm;ωq υmp��ωm;ωq υep��ωe;ωq

�������
b
γinto d̂intin pω � ωom �� ωmq

�
b
γ
wg
o d̂1inpω � ωom �� ωmq

�
b
γ
wg
o d̂2inpω � ωom �� ωmq

������
 .

At ωe � ωm, microwave to optic transmission is then given by

∣∣∣∣∣ d̂2outpωomqf̂ txin pωeq

∣∣∣∣∣
2

other in = 0

�
4 γ

wg
o
γo

γtxe
γe

Com Cem�
1�� Com � Cem

	2 ,
whilst optic to microwave transmission is

∣∣∣∣∣∣ f̂
tx :
out p��ωeq
d̂1inpωomq

∣∣∣∣∣∣
2

other in = 0

�
4 γ

wg
o
γo

γtxe
γe

Com Cem�
1�� Com � Cem

	2 ,
identical. The cooperativities are de�ned as

Com � 4 gom
2 |ā|2

γo γm
, Cem � 4 gem

2

γe γm
.

211



For investigating the mechanics, eliminating â: and ĉ in b̂,

�
1��

gom
2 |ā�|2

υopωm;ωq υmpωm;ωq �
gem

2

υepωe;ωq υmpωm;ωq


b̂pωq �

� 1

υmpωm;ωq
b
γintm êintin pωq �

i gem
υepωe;ωq υmpωm;ωq

�b
γinte f̂ intin pωq �

b
γtxe f̂ txin pωq




� i gom ā��
υopωm;ωq υmpωm;ωq

���
b
γinto d̂

int :
in pω �� ωom � ωmq �

b
γ
wg
o d̂

1 :
in pω �� ωom � ωmq

�
b
γ
wg
o d̂

2 :
in pω �� ωom � ωmq

��
 .
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APPENDIX L

Thermal optomechanics

In this appendix we derive the output of a hot optomechanical resonator and the associated

measurement of the optomechanical coupling.

L.1 Spectrum

Let us consider the case of a hot mechanical resonator, kB T " ℏωm, and optical cavity

being probed by a laser at ωL. The equations of motion, from App. J, are

d

dt
âptq � � iωo âptq � |γo|

2
âptq � i gom âptq �b̂:ptq � b̂ptq�� iL e�iωL t ,

d

dt
b̂ptq � � iωm b̂ptq � |γm|

2
b̂ptq � i gom

�
â:ptq âptq � 1

2



�?γm êinptq .

We can displace out our laser drive, and static mechanic shift as

âptq � â1ptq � ā e�iωL t , ā � �iL
i pωo � ωLq � i gom pb̄� � b̄q � |γo|

2

" â1ptq ,

b̂ptq � b̂1ptq � b̄ , b̄ �
�i gom

�
|ā|2 � 1

2

	
iωm � |γm|

2

.
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Letting ŷptq � b̂1 :ptq � b̂1ptq and ȳ � b̄� � b̄, we now have

d

dt
â1ptq � � iωo â

1ptq � |γo|
2

â1ptq � i gom ȳ â1ptq � i gom ā ŷptq e�iωL t � i gom â1ptq ŷ1ptq ,

d

dt
b̂1ptq � � iωm b̂1ptq � |γm|

2
b̂1ptq � ?γm êinptq � i gom

�
ā� â1ptq eiωL t � ā â1 :ptq e�iωL t� ,

in which the last term in d
dt â

1ptq is small by ā " â1ptq, and the last two terms in d
dt b̂

1ptq
are small compared to the large thermal drive êinptq which dominates the dynamics. From

Sec. I.4.2 we know the thermal spectrum for a harmonic oscillator b̂1.

Denoting ωom � ωo � gom ȳ, the solution for â1ptq is

â1ptq � �i gom ā

» t
t0

e

�
�iωom� |γo|

2

	
pt�t1q

ŷpt1q e�iωL t1 dt1 � e

�
�iωom� |γo|

2

	
pt�t0q

â1pt0q ,

and we can take t0 Ñ �8, sending the last term to zero. Thus we have

âptq � ā e�iωL t � i gom ā

» t
�8

e

�
�iωom� |γo|

2

	
pt�t1q

ŷpt1q e�iωL t1 dt1 .

The power output of our optical cavity is 9|âptq|2, which is

|âptq|2 � |ā|2 � i gom |ā|2
» t
�8

e

�
�i pωom�ωLq� |γo|

2

	
pt�t1q

ŷpt1q dt1

� i gom |ā|2
» t
�8

e

�
i pωom�ωLq� |γo|

2

	
pt�t1q

ŷpt1q dt1 �Orgoms2 ,

using ŷ:ptq � ŷptq. Letting

hptq � Θptq e
�
�i pωom�ωLq� |γo|

2

	
t
,
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and dropping Orgoms2, we can rewrite this as

|âptq|2 � |ā|2 � i gom |ā|2
» 8
�8

hpt� t1q ŷpt1q dt1 � i gom |ā|2
» 8
�8

h�pt� t1q ŷpt1q dt1

� |ā|2 � i gom |ā|2
�
h � ŷ�ptq � i gom |ā|2

�
h� � ŷ�ptq .

A photodetector measuring this power will output a proportional voltage amplitude, hence

denote Âptq � |âptq|2. Then using App. H

hpωq � 1?
2π

1

i pωo � ωL � ωq � |γo|
2

, h�pωq � hp�ωq� ,

and

Âpωq � |ā|2
?
2π δpωq � i gom |ā|2

?
2π hpωq ŷpωq � i gom |ā|2

?
2π h�pωq ŷpωq

� |ā|2
?
2π δpωq � i gom |ā|2 ŷpωq

i pω � ωom � ωLq � |γo|
2

� i gom |ā|2 ŷpωq
i pω � ωom � ωLq � |γo|

2

� |ā|2
?
2π δpωq � gom |ā|2 ŷpωq℧pωq ,

with

℧pωq � i

i pω � ωom � ωLq � |γo|
2

� i

i pω � ωom � ωLq � |γo|
2

� 2 pωL � ωomq
p |γo|2 � iωq2 � pωL � ωomq2

,

℧ptq � i
?
2π

�
h�ptq � hptq� .
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With xŷptqy � 0, the spectral density is easily obtained to be

S
ÂÂ
pωq � |ā|4 2π δpωq � gom

2 |ā|4 |℧pωq|2 Sŷŷpωq .

Expanding this out near ω � ωm,

S
ÂÂ
pω � ωmq � gom

2 |L|4�pωL � ωomq2 � |γo|2
4

�2 n̄pωmq
pω � ωmq2 � |γm|2

4

� 4 pωL � ωomq2�
ω2 � pωL � ωomq2

�2 � |γo|
2

�
ω2 � pωL � ωomq2

�2 � |γo|4
16

,

which is notably zero when ωL � ωom.

L.2 Hanger resonator experiment

For an optical cavity in a hanger con�guration with the optical waveguide (see Sec. Θ.4.1),

γo � γ0oloomoon
internal
loss

� γ12oloomoon
waveguide
coupling

, a2outptq � ei θ

c
γ12o
2
aptq � eiϕ a1inptq ,

with

a1inptq �
a
ℏωL d̂Linptq �

a
PL e

�iωL t , L �
c
γ12o
2

?
PLa
ℏωL

,
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noting that a is a complex amplitude with
?
power units, whilst â in the �rst section is an

operator with
?
number units. Thus

a2outptq �
a
PL e

�iωL t �
γ12o
2

?
PL e�iωL t

i pωL � ωomq � γo
2

�
1� i gom

�
h � ŷ�ptq	

�
a
PL e

�iωL t
�
S2 1pωLq � i gom S1 1pωLq

�
h � ŷ�ptq	 ,

with

S2 1pωLq � 1�
γ12o
2

i pωL � ωomq � γo
2

, S1 1pωLq �
γ12o
2

i pωL � ωomq � γo
2

.

This gives the power out as

PDptq � |a2outptq|2

� PL

�
|S2 1pωLq|2 � i gom S2 1pωLq� S1 1pωLq

�
h � ŷ�ptq

� i gom S2 1pωLqS1 1pωLq�
�
h� � ŷ�ptq
�Orgoms2 ,

with Fourier transform

PDpωq � PL

�
|S2 1pωLq|2

?
2π δpωq � gomW�1pωL;ωq ŷpωq



,

217



denoting

W�1pωL;ωq � � iS2 1pωLq� S1 1pωLq
?
2π hpωq � iS2 1pωLqS1 1pωLq�

?
2π h�pωq

� i
2

γ12o
S2 1pωLq� S1 1pωLqS1 1pωL � ωq � i

2

γ12o
S2 1pωLqS1 1pωLq� S1 1pωL � ωq�

�
�� i

p∆omq2 � pγoq2
4

�

�
�� pγ12o q2

4 � γo γ
12
o

4 � i
γ12o
2 ∆om

i pω �∆omq � γo
2

�
pγ12o q2

4 � γo γ
12
o

4 � i
γ12o
2 ∆om

i pω �∆omq � γo
2

�
 ,

with ∆om � ωom � ωL.

In our experiment,

PL � Pdelivered ηgrating
coupler

,

and the signal measured by the spectrum analyzer is

Xspectrum
analyzer

� IPD
a
ZC � PD ηgrating

coupler

fsplit G�ber
amp

T�lter RPD
responsivity

a
ZC ,

where ZC � 50Ω is the spectrum analyzer input impedance. Capturing all of these into

some factor

X � Pdelivered

�
ηgrating
coupler

�2
fsplit G�ber

amp
T�lter RPD

responsivity

a
ZC ,
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such that X2 is a power, we get

SXXpωq � XpωLq2
�
|S2 1pωLq|4 2 π δpωq � gom

2 |W pωL;ωq|�2 S̄ŷŷpωq


,

with

|S2 1pωLq|2 � 1�
γ12o
2

�
γo � γ12o

2

	
p∆omq2 � pγoq2

4

,

|W pωL;ωq|�2 �
�� 1

p∆omq2 � pγoq2
4

�
2 pγ12o q2 p∆omq2
�
ω2 � �

γo � γ12o
2

�2	�pω �∆omq2 � pγoq2
4

� �pω �∆omq2 � pγoq2
4

� ,

S̄ŷŷpωq �
1

2
coth

� kB T
2 ℏωm

� �� γm

pω � ωmq2 � pγmq2
4

� γm

pω � ωmq2 � pγmq2
4

�


n̄pωmq � 1

2
coth

� kB T
2 ℏωm

� kB T" ℏωm� kB T
ℏωm

.

For a su�ciently narrow γm, the factor W pωL;ωq is approximately constant and can be

determined from a measurement of the optical transmission. When not sideband resolved,

|W pωL;ωq|�2 is maximized when

∆om � �

d
ω2 � pγoq2

4

3
.

The total power in the thermal mechanical spectrum is

Pm � 1

2 π

» 8
�8

XpωLq2 gom2 |W pωL;ωmq|�2 S̄ŷŷpωq dω � 2XpωLq2 gom2 n̄pωmq |W pωL;ωmq|�2 .
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L.2.1 DC monitor calibration

The fast photodetector has a DC monitor that e�ectively measures the zero frequency compo-

nent of our spectrum, allowing us to determine X. This measured voltage (for our particular

photodetector) is

VDC
monitor

� ĪPD
�
mV{µA� � |S2 1pωLq|2

XpωLq?
ZC

�
mV{µA� ,

ñ XpωLq �
VDC
monitor

|S2 1pωLq|2
a
ZC

�
µA{mV

�
.

L.2.2 Phase modulated sideband drive

We can also calibrate out X by phase modulating our laser and generating sidebands near

but not within the mechanical resonance [230, 237]. Applying a phase modulation, we can

use the Jacobi-Anger expansion,

L e�i
�
ωL t�AΦ sinrωΦ ts

�
� L e�iωL t

8̧

j��8
JjrAΦs e�i j ωΦ t ,

where Jj are Bessel functions of the �rst kind. Matching this to laser drives of the form

8̧

j��8
Lj e

�i pωL�j ωΦq t ñ Lj � LJjrAΦs .
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Following Sec. J.8.7 for weak symmetric sidebands, we can apply serial linearization

âptq � â1ptq �
ņ

j��n
āj e

�i pωL�j ωΦq t , b̂ptq � b̂1ptq �
ņ

j��n
b̄j e

�i j ωΦ t ,

with

āj�0 �
�iLj � i gom ā

�
b̄��j � b̄j

	
i pωom � ωL � j ωΦq � |γo|

2

, ā0 � ā � �iL0
i pωom � ωLq � |γo|

2

b̄j�0 �
�i gom

�
ā� āj � ā ā��j

	
i pωm � j ωΦq � |γm|

2

, b̄0 � b̄ �
�i gom

�
|ā|2 � 1

2

	
iωm � |γm|

2

,

keeping the same solution to â1ptq as before. If ωΦ is outside the mechanical resonance then

b̄j�0 � 0.

We now have

âptq � e�iωL t
� 8̧

j��8
āj e

�i j ωΦ t � i gom ā
�
h � ŷ�ptq� ,

a1inptq �
a
PL e�iωL t

8̧

j��8
JjrAΦs e�i j ωΦ t ,

a2outptq �
a
PL e�iωL t

� 8̧

j��8
JjrAΦsS2 1pωL � j ωΦq e�i j ωΦ t

� i gom J0rAΦsS1 1pωLq
�
h � ŷ�ptq� ,

with

S2 1pωLq � 1�
γ12o
2

i pωL � ωomq � γo
2

, S1 1pωLq �
γ12o
2

i pωL � ωomq � γo
2

.
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This form assumes the sidebands are much lower in power than the main carrier.

The output power is

PDptq � |a2outptq|2

� PL

� 8̧

k��8

8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��
e�i k ωΦ t

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦq� S1 1pωLq

�
h � ŷ�ptq ei j ωΦ t

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦqS1 1pωLq�

�
h� � ŷ�ptq e�i j ωΦ t�

�Orgoms2 ,

with Fourier transform PDpωq �

PL

� 8̧

k��8

8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��?
2 π δpω � k ωΦq

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦq� S1 1pωLq

?
2π hpω � j ωΦq ŷpω � j ωΦq

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦqS1 1pωLq�

?
2π h�pω � j ωΦq ŷpω � j ωΦq

�
.

Note that if S2 1 is constant, then

8̧

j��8
JjrAΦs Jj�krAΦs � δk 0 ,

i.e. phase modulation does not cause any power �uctuations and only performs spectroscopy.

To use this we need to know S2 1 accurately, which likely means dither locking to a known

part of the resonance and time averaging the dither sweep.
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Assuming xêinpωq: êinpω1 � ωqy � 0, the power spectral density is SXXpωq �

XpωLq2
�

8̧

k��8

∣∣∣∣ 8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��∣∣∣∣2 2 π δpω � k ωΦq

� gom
2

8̧

j��8
JjrAΦs2 J0rAΦs2 |WjpωL;ωq|�2 S̄ŷŷpω � j ωΦq

�
,

with

W�1
j pωL;ωq � � iS2 1pωL � j ωΦq� S1 1pωLq

?
2 π hpω � j ωΦq

� iS2 1pωL � j ωΦqS1 1pωLq�
?
2 π h�pω � j ωΦq

� i
2

γ12o
S2 1pωL � j ωΦq� S1 1pωLqS1 1pωL � j ωΦ � ωq

� i
2

γ12o
S2 1pωL � j ωΦqS1 1pωLq� S1 1pωL � j ωΦ � ωq� .

We can now use power measurements at k ωΦ to determine X. Selecting out the appropriate

coe�cients from SXXpωq, we have for each measured sideband peak k ¡ 0,

Pk ωΦ � 2XpωLq2
∣∣∣∣ 8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��∣∣∣∣2
� XpωLq2

8̧

m�0
CkmAΦ

m ,

including both positive and negative frequency (identical) contributions. If AΦ ! 1 then this

summation can be terminated. For k � 1 and to the lowest order in AΦ,

PωΦ � XpωLq2
∣∣∣S2 1pωLqS2 1pωL � ωΦq� � S2 1pωLq� S2 1pωL � ωΦq

∣∣∣2 AΦ
2

2
�OrAΦs4 .
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Interestingly, this has an equivalence to the thermal response at leading order in AΦ [237],

∣∣∣S2 1pωLqS2 1pωL � ωΦq� � S2 1pωLq� S2 1pωL � ωΦq
∣∣∣2 � |W0pωL;ωΦq|�2 ωΦ2 ,

giving at weak phase modulation

PωΦ � XpωLq2 |W0pωL;ωΦq|�2 ωΦ2 AΦ
2

2
.

If X is constant, and S2 1 is known, measuring at least two sideband peaks will allow us

to solve or �t for AΦ and X. In reality however, X will have some unknown frequency

dependence Xpωq and S2 1 will be complicated. In particular the optical �ber �lter and

grating coupler can not be modelled. If AΦ is known from a previous calibration, then a

single spike at ωΦ � ωm can be used to determine Xpωmq in the immediate vicinity of ωm.

L.2.3 Frequency representation

Denoting f � ω
2π , α� � α

2π � 1
2π

γ
2 , g� � g

2π , and W�� � W
2π ,

SXXpfq � XpfLq2
�
|S2 1pfLq|4 δpfq � g�om2 |W��pfL; fq|�2 S̄ŷŷpfq



,
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with

S2 1pfLq � 1� α�12
o

i pfL � fomq � α�o
, |S2 1pfLq|2 � 1� α�12

o

�
2α�o � α�12

o

�
pfom � fLq2 � pα�oq2

,

|W��0pfL; fq|�2 �
�

1

pfom � fLq2 � pα�oq2

2

�
p2α�12

o q2 pfom � fLq2
�
f2 � �

2α�o � α�12
o

�2	�pf � fom � fLq2 � pα�oq2
� �pf � fom � fLq2 � pα�oq2

� ,

S̄ŷŷpfq �
1

2
coth

� kB T
2h fm

� 1

2 π

�
2α�m

pf � fmq2 � pα�mq2
� 2α�m

pf � fmq2 � pα�mq2


.

L.2.4 Coherent drive approximation

Some authors [120] approximate the mechanics by a coherent drive

b̂ptq � b̄T e�iωm t , b̄T �
a
n̄pωmq

kB T" ℏωm�
c
kB T
ℏωm

.

This gives

�
h � ŷ�ptq � b̄T e�iωm t

i p∆om � ωmq � γo
2

� b̄T eiωm t

i p∆om � ωmq � γo
2

,

�
h� � ŷ�ptq � b̄T e�iωm t

�i p∆om � ωmq � γo
2

� b̄T eiωm t

�i p∆om � ωmq � γo
2

,
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and

SXXpωq � XpωLq2
�
|S2 1|2 2 π δpωq

� gom
2 |W pωL;ωmq|�2 n̄pωmq 2 π

�
δpω � ωmq � δpω � ωmq

�

.

If W pωL;ω � ωmq � W pωL;ωmq is constant then this is the same as above under integration

of SXXpωq.

In Ref. [120] the factors S�2 1 S1 1 � S1 1� |S1 1|2 are approximated to S1 1 under the assump-

tion that S1 1 is small but this is only true (at ω � ωm) when sideband resolved.

L.2.5 Phase modulation spectroscopy

Using a vector network analyzer to drive the phase modulator and detect the �rst sideband

at fΦ, we can perform spectroscopy. The output of the vector network analyzer, is input to

our phase modulator, and drives (assumed linearly)

AΦ � AXin .

The output of the system is the signal PDpω � ωΦq � PDpω � �ωΦq,

Xout � 2XpωLq
8̧

j��8
JjrAΦs Jj�1rAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � 1qωΦ

��
,
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such that

SΦ2 1pωΦq � 2
XpωLq
A

8̧

j��8

JjrAΦs Jj�1rAΦs
AΦ

S2 1
�
ωL � j ωΦ

�
S2 1

�
ωL � pj � 1qωΦ

��

� 2
X

A

�
1

2

�
S2 1pωLqS2 1pωL � ωΦq� � S2 1pωLq� S2 1pωL � ωΦq

	
� AΦ

2

16

�
S2 1pωL � ωΦqS2 1pωL � 2ωΦq� � 3S2 1pωL � ωΦq� S2 1pωLq

� 3S2 1pωL � ωΦqS2 1pωLq� � S2 1pωL � ωΦq� S2 1pωL � 2ωΦq
	

�
�OrAΦs4 .
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L.3 Interposed resonator experiment

For an optical cavity interposing the optical waveguide (see Sec. Θ.3),

γo � γ0oloomoon
internal
loss

� γ1oloomoon
port 1
coupling

� γ2oloomoon
port 2
coupling

, a2outptq � ei θ
b
γ2o aptq ,

with

a1inptq �
a
ℏωL d̂Linptq �

a
PL e

�iωL t , L �
b
γ1o

?
PLa
ℏωL

.

Thus

a2outptq �
a
γ1o γ

2
o
?
PL e

�iωL t
i pωL � ωomq � γo

2

�
1� i gom

�
h � ŷ�ptq	

�
a
PL e�iωL t S2 1pωLq

�
1� i gom

�
h � ŷ�ptq	 ,

with

S2 1pωLq �
a
γ1o γ

2
o

i pωL � ωomq � γo
2

.

This gives the power out as

PDptq � |a2outptq|2

� PL

�
|S2 1pωLq|2 � i gom |S2 1pωLq|2

�
h � ŷ�ptq

� i gom |S2 1pωLq|2
�
h� � ŷ�ptq
�Orgoms2 ,
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with Fourier transform

PDpωq � PL

�
|S2 1pωLq|2

?
2π δpωq � gomW�1pωL;ωq ŷpωq



,

and

W�1pωL;ωq � |S2 1pωLq|2
�
�i
?
2π hpωq � i

?
2 π h�pωq

	

� ia
γ1o γ

2
o

|S2 1pωLq|2
�
S2 1pωL � ωq � S2 1pωL � ωq�

	

�
�� i

p∆omq2 � pγoq2
4

�
�
γ1o γ

2
o

i pω �∆omq � γo
2

� γ1o γ
2
o

i pω �∆omq � γo
2



,

with ∆om � ωom � ωL.

Again we have,

PL � Pdelivered ηgrating
coupler

,

and the signal measured by the spectrum analyzer is

Xspectrum
analyzer

� IPD
a
ZC � PD ηgrating

coupler

fsplit G�ber
amp

T�lter RPD
responsivity

a
ZC ,

where ZC � 50Ω is the spectrum analyzer input impedance. Capturing all of these into

some factor

X � Pdelivered

�
ηgrating
coupler

�2
fsplit G�ber

amp
T�lter RPD

responsivity

a
ZC ,
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such that X2 is a power, we get

SXXpωq � XpωLq2
�
|S2 1pωLq|4 2 π δpωq � gom

2 |W pωL;ωq|�2 S̄ŷŷpωq


,

with

|S2 1pωLq|2 �
γ1o γ

2
o

p∆omq2 � pγoq2
4

,

|W pωL;ωq|�2 �
�� γ1o γ

2
o

p∆omq2 � pγoq2
4

�
2 4 p∆omq2�pω �∆omq2 � pγoq2
4

� �pω �∆omq2 � pγoq2
4

� ,

S̄ŷŷpωq �
1

2
coth

� kB T
2 ℏωm

� �� γm

pω � ωmq2 � pγmq2
4

� γm

pω � ωmq2 � pγmq2
4

�


n̄pωmq � 1

2
coth

� kB T
2 ℏωm

� kB T" ℏωm� kB T
ℏωm

.

For a su�ciently narrow γm, the factor W pωL;ωq is approximately constant and can be

determined from a measurement of the optical transmission. When not sideband resolved,

|W pωL;ωq|�2 is maximized when

∆om � �

d
ω2 � pγoq2

4

3
.
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The total power in the thermal mechanical spectrum is

Pm � 1

2 π

» 8
�8

XpωLq2 gom2 |W pωL;ωmq|�2 S̄ŷŷpωq dω

� 2XpωLq2 gom2 n̄pωmq |W pωL;ωmq|�2 .

L.3.1 Phase modulated sideband drive

Applying phase modulation, again using the Jacobi-Anger expansion,

L e�i
�
ωL t�AΦ sinrωΦ ts

�
� L e�iωL t

8̧

j��8
JjrAΦs e�i j ωΦ t ,

where Jj are Bessel functions of the �rst kind, and matching to laser drives

8̧

j��8
Lj e

�i pωL�j ωΦq t ñ Lj � LJjrAΦs .

Following Sec. J.8.7 for weak symmetric sidebands, we apply serial linearization

âptq � â1ptq �
ņ

j��n
āj e

�i pωL�j ωΦq t , b̂ptq � b̂1ptq �
ņ

j��n
b̄j e

�i j ωΦ t ,

with

āj�0 �
�iLj � i gom ā

�
b̄��j � b̄j

	
i pωom � ωL � j ωΦq � |γo|

2

, ā0 � ā � �iL0
i pωom � ωLq � |γo|

2

b̄j�0 �
�i gom

�
ā� āj � ā ā��j

	
i pωm � j ωΦq � |γm|

2

, b̄0 � b̄ �
�i gom

�
|ā|2 � 1

2

	
iωm � |γm|

2

,
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keeping the same solution to â1ptq as originally. If ωΦ is outside the mechanical resonance

then b̄j�0 � 0.

We now have

âptq � e�iωL t
� 8̧

j��8
āj e

�i j ωΦ t � i gom ā
�
h � ŷ�ptq� ,

a1inptq �
a
PL e�iωL t

8̧

j��8
JjrAΦs e�i j ωΦ t ,

a2outptq �
a
PL e�iωL t

� 8̧

j��8
JjrAΦsS2 1pωL � j ωΦq e�i j ωΦ t

� i gom J0rAΦsS2 1pωLq
�
h � ŷ�ptq� ,

with

S2 1pωLq �
a
γ1o γ

2
o

i pωL � ωomq � γo
2

.

This form assumes the sidebands are much lower in power than the main carrier.

The output power is

PDptq � |a2outptq|2

� PL

� 8̧

k��8

8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��
e�i k ωΦ t

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦq� S2 1pωLq

�
h � ŷ�ptq ei j ωΦ t

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦqS2 1pωLq�

�
h� � ŷ�ptq e�i j ωΦ t�

�Orgoms2 ,
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with Fourier transform PDpωq �

PL

� 8̧

k��8

8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��?
2 π δpω � k ωΦq

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦq� S2 1pωLq

?
2π hpω � j ωΦq ŷpω � j ωΦq

� i gom

8̧

j��8
JjrAΦs J0rAΦsS2 1pωL � j ωΦqS2 1pωLq�

?
2π h�pω � j ωΦq ŷpω � j ωΦq

�
.

Assuming xêinpωq: êinpω1 � ωqy � 0, the power spectral density is SXXpωq �

XpωLq2
�

8̧

k��8

∣∣∣∣ 8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��∣∣∣∣2 2π δpω � k ωΦq

� gom
2

8̧

j��8
JjrAΦs2 J0rAΦs2 |WjpωL;ωq|�2 S̄ŷŷpω � j ωΦq

�
,

with

W�1
j pωL;ωq � � iS2 1pωL � j ωΦq� S2 1pωLq

?
2π hpω � j ωΦq

� iS2 1pωL � j ωΦqS2 1pωLq�
?
2π h�pω � j ωΦq

� ia
γ1o γ

2
o

S2 1pωL � j ωΦq� S2 1pωLqS2 1pωL � j ωΦ � ωq

� ia
γ1o γ

2
o

S2 1pωL � j ωΦqS2 1pωLq� S2 1pωL � j ωΦ � ωq� .

We can now use power measurements at k ωΦ to determine X. Selecting out the appropriate
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coe�cients from SXXpωq, we have for each measured sideband peak k ¡ 0,

Pk ωΦ � 2XpωLq2
∣∣∣∣ 8̧

j��8
JjrAΦs Jj�krAΦsS2 1

�
ωL � j ωΦ

�
S2 1

�
ωL � pj � kqωΦ

��∣∣∣∣2
� XpωLq2

8̧

m�0
CkmAΦ

m ,

including both positive and negative frequency (identical) contributions. If AΦ ! 1 then this

summation can be terminated. For k � 1 and to the lowest order in AΦ,

PωΦ � XpωLq2
∣∣∣S2 1pωLqS2 1pωL � ωΦq� � S2 1pωLq� S2 1pωL � ωΦq

∣∣∣2 AΦ
2

2
�OrAΦs4 .

Again, this has an equivalence to the thermal response at leading order in AΦ,

∣∣∣S2 1pωLqS2 1pωL � ωΦq� � S2 1pωLq� S2 1pωL � ωΦq
∣∣∣2 � |W0pωL;ωΦq|�2 ωΦ2 ,

giving at weak phase modulation

PωΦ � XpωLq2 |W0pωL;ωΦq|�2 ωΦ2 AΦ
2

2
.

L.3.2 Frequency representation

Denoting f � ω
2π , α� � α

2π � 1
2π

γ
2 , g� � g

2π , and W�� � W
2π ,

SXXpfq � XpfLq2
�
|S2 1pfLq|4 δpfq � g�om2 |W��pfL; fq|�2 S̄ŷŷpfq



,
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with

S2 1pfLq �
2
a
α�1
o α�2

o

i pfL � fomq � α�o
, |S2 1pfLq|2 �

4α�1
o α�2

o

pfom � fLq2 � pα�oq2
,

|W��0pfL; fq|�2 �
�

4α�1
o α�2

o

pfom � fLq2 � pα�oq2

2

� 4 pfom � fLq2�pf � fom � fLq2 � pα�oq2
� �pf � fom � fLq2 � pα�oq2

� ,

S̄ŷŷpfq �
1

2
coth

� kB T
2h fm

� 1

2 π

�
2α�m

pf � fmq2 � pα�mq2
� 2α�m

pf � fmq2 � pα�mq2


.

L.4 Time averaged measurement

If our measurement is occurring whilst dither locking, we'll want to time average our optic

scattering coe�cients over the dither cycle,

@
SXXpωLq

D
dither �

1

2 π

» 2π

0
SXX

�
ωL � ωdither

ampl
sinrθs

	
dθ ,

and ensure our spectrum analyzer video bandwidth VBW ! fdither. This can be performed

numerically with parameters extracted from the optic resonance �t.

L.5 Optomechanical coupling measurement

Regardless of the optical resonator con�guration and transmission pro�le, the optomechan-

ical coupling can be measured from the thermal spectrum and calibrated phase modulated

signal with a spectrum analyzer (see App. Λ.12). The measured power spectral density in
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the vicinity of the optomechanical response is

PSD1pf � fmq � XpfLq2
�
g�om2 |W��0pfL; fq|�2

n̄pfmq
π

2α�m

pf � fmq2 � pα�mq2
� bgpfq

	
,

and the measured power at that phase modulation frequency (to leading order in AΦ) is

P1pfΦq � XpfLq2
�
|W��0pfL; fΦq|�2 fΦ2 AΦ

2

2
�
»
RBW

bgpfq df
	
.

The power spectral density can be �t to a Lorentzian and quadratic background,

PSD1pf � fmq � A
pf � fmq2 � pα�mq2

� C0 � C1 pf � fmq � C2 pf � fmq2 .

An accurate measurement of PfΦ can be made in the regime of over-coverage (RBW " fstep)

by �tting the window function,

P1measpf � fΦq � PfΦ wpf ; fΦq � C10 .

The optomechanical coupling is then

g�om2 � Aπ fΦ
2AΦ

2

4 n̄pfmqα�m PfΦ
.
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APPENDIX M

Material properties

M.1 Gallium arsenide (GaAs)

GaAs is semiconductor compound with a zincblende structure (F4̄3m space group) [238�241]

as depcicted in Fig. M.1. Its density is given below.

Low temp. Room temp.

ρ p5332� 4q kgm�3 5317 kgm�3

M.1.1 Mechanical properties

Owing to its cubic structure, GaAs has only 3 independent sti�ness tensor elements, the

(stress-like) Voigt transformed sti�ness tensor is [241]

c̃ �

����������������

c̃1 1 c̃1 2 c̃1 2 0 0 0

c̃1 2 c̃1 1 c̃1 2 0 0 0

c̃1 2 c̃1 2 c̃1 1 0 0 0

0 0 0 c̃4 4 0 0

0 0 0 0 c̃4 4 0

0 0 0 0 0 c̃4 4

���������������

.
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Figure M.1: Gallium arsendie has a tetrahedral coordination, where each atom is surrounded
by four of the opposing type in a tetrahedron shape, that looks like two interposing face
centered cubic lattices o�set by p1{4, 1{4, 1{4q � lattice constant.

The compliance tensor can be calculated from c̃ i j s̃j k � δik, and in (strain-like) Voigt form

is

s̃ �

����������������

s̃1 1 s̃1 2 s̃1 2 0 0 0

s̃1 2 s̃1 1 s̃1 2 0 0 0

s̃1 2 s̃1 2 s̃1 1 0 0 0

0 0 0 s̃4 4 0 0

0 0 0 0 s̃4 4 0

0 0 0 0 0 s̃4 4

���������������

.
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Values for the adiabatic elastic parameters, with crystal axis [100], are taken from Cottam

and Saunders [242].

Low temp. Room temp.

c̃1 1 p121.07� 0.39q � 109 Pa p118.41� 0.37q � 109 Pa

c̃1 2 p54.77� 1.65q � 109 Pa p53.78� 1.57q � 109 Pa

c̃4 4 p60.36� 0.19q � 109 Pa p59.12� 0.18q � 109 Pa

s̃1 1 p11.150� 0.905q � 10�12 Pa�1 p11.790� 0.910q � 10�12 Pa�1

s̃1 2 p�3.582� 0.386q � 10�12 Pa�1 p�3.682� 0.388q � 10�12 Pa�1

s̃4 4 p16.567� 1.758q � 10�12 Pa�1 p16.915� 1.761q � 10�12 Pa�1

M.1.2 Piezoelectric properties

The (stress-like) Voigt transformed piezoelectric stress tensor for GaAs has the form [241]

ẽ �

������
0 0 0 ẽ1 4 0 0

0 0 0 0 ẽ1 4 0

0 0 0 0 0 ẽ1 4

�����
 .

Whilst the (strain-like) Voigt transformed piezoelectric strain tensor for GaAs has the form

d̃ �

������
0 0 0 d̃1 4 0 0

0 0 0 0 d̃1 4 0

0 0 0 0 0 d̃1 4

�����
 .
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Values for the piezoelectric parameters are taken from Arlt and Quad�ieg [243].

ẽ1 4 �0.16Cm�2

d̃1 4 �2.7� 10�12mV�1

M.1.3 Elasto-optic properties

The (stress-like) Voigt transformed photoelasticity tensor for cubic materials has the form [224,

241, 244]

p̃ �

����������������

p̃1 1 p̃1 2 p̃1 2 0 0 0

p̃1 2 p̃1 1 p̃1 2 0 0 0

p̃1 2 p̃1 2 p̃1 1 0 0 0

0 0 0 p̃4 4 0 0

0 0 0 0 p̃4 4 0

0 0 0 0 0 p̃4 4

���������������

.

Values for the photoelastic parameters are taken from Dixon [245], however there is substan-

tial uncertainty in these quantities.

261THz

p̃1 1 �0.165

p̃1 2 �0.140

p̃4 4 �0.072
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M.1.4 Electro-optic properties

The (stress-like) Voigt transformed linear (Pockel's) electro-optic tensor for GaAs is [224, 241]

r̃ �

����������������

0 0 0

0 0 0

0 0 0

r̃4 1 0 0

0 r̃4 1 0

0 0 r̃4 1

���������������

.

The linear electro-optic property can be measured at constant stress, r|T , or constant strain,
r|S , and are related by

r|T � r|S � r|P ,

where r|P is induced from piezoelectricity, and for a zincblende material like GaAs is given

by

r̃4 1|P � p̃4 4 s̃4 4 ẽ
1 4 .

Values for the linear electro-optic parameter are taken from Suzuki and Tada [246].

200THz 229THz 248THz 282THz

r̃4 1|T �1.36 pmV�1 �1.28 pmV�1 �1.25 pmV�1 �1.17 pmV�1

r̃4 1|S �1.53 pmV�1 �1.46 pmV�1 �1.41 pmV�1 �1.33 pmV�1
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M.1.5 Optical properties

Various models exist to describe semiconductor dispersion relations [241] and experimental

measurements have not always been consistent. Here we will simply provide some results on

GaAs index of refraction in the transparent region as a function of frequency and tempera-

ture. In this region GaAs is a dielectric with minimal loss and optically isotropic, thus we

have

ε P R ñ n � ?
εr , µ � µ0 .

Blakemore (1987) [247] provides some interpolations of single oscillator models to give what

is essentially a 2nd order Sellmeier equation form [248],

npEq2 � a� b1
1� c12E2

� b2
1� c22E2

,

with

Low temp. Room temp.

a 7.13 7.10

b1 3.45 3.78

c1 0.418 eV�1 0.424 eV�1

b2 1.88 1.97

c2 29.6 eV�1 30.08 eV�1

where E � h f is the photon energy, valid for 0.04 eV   E   1.4 eV, and room temperature

is � 300K and low temperature is   30K.
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Skauli et. al. (2005) [249] o�er two models, the �rst, a Pikhtin-Yas'kov form [250],

npEq2 � 1� A

π
log

�
E1

2 � E2

E0
2 � E2

�
� xε2y

π
log

�
E2

2 � E2

E1
2 � E2

�
� G3

E3
2 � E2

,

with

E0
�
1.425000� 0.00037164 pT � 295Kq � 7.497� 10�7 pT � 295Kq2� eV

E1
�
2.400356� 0.00051458 pT � 295Kq� eV

E2
�
7.691979� 0.00046545 pT � 295Kq� eV

E3
�
0.034303� 0.00001136 pT � 295Kq� eV

xε2y 12.99386

G3 0.00218176 eV2

A 0.689578

where E � h f is the photon energy, valid for 0.07 eV   E   1.28 eV, and T is temperature.

The second, a 3rd order Sellmeier form [248],

npλq2 � g0 �
g1

λ1
�2 � λ�2

� g2

λ2
�2 � λ�2

� g3

λ3
�2 � λ�2

,
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Figure M.2: Comparison of gallium arsenide index of refraction models from Blakemore [247]
and Skauli et. al. [249].

with

λ1
�
0.4431307� 0.000050564 pT � 295Kq�µm

λ2
�
0.8746453� 0.0001913 pT � 295Kq � 4.882� 10�7 pT � 295Kq2�µm

λ3
�
36.9166� 0.011622 pT � 295Kq�µm

g0 5.372514

g1 27.83972µm�2

g2
�
0.031764� 4.350� 10�7 pT � 295Kq � 4.664� 10�7 pT � 295Kq2�µm�2

g3 0.00143636µm�2

where λ � c{f is the vaccum wavelength, valid for 0.97µm   λ   17µm, and T is tempera-

ture.

Comparisons of these di�erent �ts are given in Fig. M.2. Using the Skauili et. al. Pikhtin-
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Figure M.3: Speci�c heat capacity at constant pressure of gallium arsenide. Compiled
[238�240] from seprate low temperature data [252], mid temperature data [253], and high
temperature data [251].

Yas'kov model we obtain the values below.

194THz Low temp. Room temp.

n 3.310 3.371

εr 10.953 11.361

M.1.6 Thermal properties

Gallium arsenide melts at � 1513K [251].

The speci�c heat capacity is function of temperature; data from various experiments [251�
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Figure M.4: Thermal conductance of gallium arsenide [254]. The dashed line is��
0.41T 2.25Wcm�1K�3.25

��1 � �
745T�1.3Wcm�1K�0.3

��1	�1
.

253] has been compiled [238�240] and is given in Fig. M.3.

Low temp. Room temp.

cP 0 327 JK�1 kg�1

Thermal conductance is also strongly dependent on temperature. Some sample measure-

ments taken up to room temperature by Holland [254] are shown in Fig. M.4 with the

qualitative �t [240] below.

Low temp. Room temp.

κ 41T 2.25Wm�1K�3.25 7.45 � 104 T�1.3Wm�1K0.3
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Figure M.5: Thermal expansion parameter of gallium arsenide [240, 255�258]. The shaded
region depicts a trapezoidal integral used to estimate

³300
0 α dT .

The thermal expansion tensor for gallium arsenide has only one parameter,

α �

������
α1 1 0 0

0 α1 1 0

0 0 α1 1

�����
 ,

which means for any length,

dL

dT
� α1 1 L ñ LpT2q

LpT1q
� exp

�» T2
T1

α1 1pT q dT
�
.

Data summarized [240] from a number of experiments [255�258] is given in Fig. M.5. We can

estimate the length ratios between room and low temperatures by employing a trapezoidal

integral approximate, also depicted in Fig. M.5,

LRoom temp.

LLow temp.
� 1� 9.65� 10�4 .
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M.1.7 Symmetries

The sti�ness, compliance, and photoelastic cubic tensors have π{2 rotation symmetry about

each of the cardinal crystal axes r100s, r010s, r001s, and mirror symmetry through each of

the cardinal planes p100q, p010q, p001q, and face diagonal planes p110q, p101q, p011q. That

is1

Sia S
j
b S

k
c S

l
d x

a b c d � xi j k l :

$''''''''''''''&''''''''''''''%

x P  
c, s, p

(

S P

$''''''&''''''%
Rr100srπ{2s, Rr010srπ{2s, Rr001srπ{2s,

P
�r100s�, P

�r010s�, P
�r001s�,

P
�r110s�, P

�r101s�, P
�r011s�

,//////.//////-

.

Contrarily, the piezoelectric and electro-optic tensors have π{2 rotation antisymmetry about

each of the cardinal crystal axes, and mirror antisymmetry through each of the cardinal

1. R is a rotation matrix and P is a Householder re�ection matrix.
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planes, but mirror symmetry through the cubic face diagonal planes,

Sia S
j
b S

k
c x

a b c � � xi j k :

$''''''''''&''''''''''%

x P  e, d, r(

S P

$''&''%
Rr100srπ{2s, Rr010srπ{2s, Rr001srπ{2s,

P
�
r100s

�
, P

�
r010s

�
, P

�
r001s

�
,//.//-

,

Sia S
j
b S

k
c x

a b c � xi j k :

$''''''&''''''%

x P  e, d, r(

S P
"
P
�r011s�, P �r101s�, P �r110s�*

.
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M.2 Silicon (Si)

Isotropic silicon was used for some simulations, material properties (using Young's modulus

and Poisson ratio) are given here.

ρ 2329 kgm�3

E 170GPa

ν 0.28

µr 1

εr 11.7

A better estimate of the silicon index of refraction at infra-red frequencies can be obtained

from Edwards and Ochoa [259].
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APPENDIX N

Proximity e�ect correction

Electron beam lithography is a fantastic modern tool for creating nanometer scale masks for

device fabrication. The basic principle is to layer a charge sensitive resist over the sample,

then shoot it with electrons (with a much smaller spot size than light) at resolutions and

control (thanks to magnet steering) down to one nanometer. A chemical developer is then

applied that removes (or retains) portions of the resist that have been hit by electrons,

leaving behind a mask that can be used as a stencil for further fabrication. Ideally only the

intended targets are hit by electrons, but scattering within the resist and back-scatter from

the substrate lead to broader regions getting exposed. To counteract this, the pattern and

dosages can be modi�ed using proximity e�ect correction (PEC).

N.1 Point spread function

Applying a proximity e�ect correction is done through knowledge of the point spread function

which describes the area spread in energy from an incident electron. For a single incident

electron this is

epr, zq
energy density

per electron
�
Jm�3

�

� Apzq
vertical absorption

per electron
�
Jm�1

�

� PSFpr, zq
point spread function

�
m�2

�

,
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where the point spread function is normalized across any horizontal plane

»»
r⃗ PR2

PSFp|r⃗|, zq dr⃗ 2 � 1 ,

but can vary for di�erent heights in the resist. For many electrons incident at di�erent

locations r⃗ 1, we have

Epr, zq
total energy density

�
Jm�3

�

�
»»

r⃗ 1 PR2

ep|r⃗ � r⃗ 1|, zq
energy density

per electron
�
Jm�3

�

� ne�pr⃗ 1q
electron density

�
m�2

�

dr⃗ 1 2 ,

which is related to the injected dose by

ne�pr⃗ 1q
electron density

�
m�2

�

� dpr⃗ 1q
injected dose

�
Cm�2

�

{ e
electron charge

rCs

.

The injected dose dpr⃗q, which includes all pattern information, is the instructions given to

an electron beam writer.

If the injected dose happens to be uniform everywhere, we get

dpr⃗q � d ñ Epr⃗, zq � Apzq d
e
,

i.e. the total energy density is uniform in the horizontal plane and only depends on some

vertical absorption, or if electron beam was perfectly point like1,

PSFpr⃗, zq � δprq
π r

ñ Epr⃗, zq � Apzq dpr⃗
1q

e
.

1. δpxq δpyq � δprq{pπ rq
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In order to do proximity e�ect correction, we need to assume a vertically constant (or aver-

aged) point spread function PSFpr⃗q, then

dgoalpr⃗q �
»»

r⃗ 1 PR2

PSFpr⃗ � r⃗ 1q dpr⃗ 1q dr⃗ 1 2 .

Thus given the goal pattern and dose dgoal, and point spread function PSF, the above

equation can be numerically deconvolved to �nd the required injection dose d. Specialized

electron beam lithography software [201] can carry out this computation.

N.2 Modelling

The point spread function depends heavily on the incident electron energy and substrate-

resist stack - di�erent materials and heights will scatter the electrons di�erently. Determining

the point spread function can be done computationally by particle tracing simulations [197,

198, 200], or using functional models with parameters speci�c to the situation.

Models of the point spread function are generally constructed from a sum of individually

normalized distributions,

PSFprq �
°
i ηi fiprq°

i ηi
: @i

»»
r⃗ PR2

fi
�
|r⃗|
�
dr⃗ 2 � 1 ,

noting that there is one redundant parameter within the set of tηiuni�1. Each term corre-

sponds to a di�erent physical process happening within the substrate-resist stack.
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Figure N.1: Log-log plot of the double Gaussian point spread function model. The �rst,
large peak is from primary electrons, the second, lower, wider peak is from back-scattered
secondary electrons.

N.2.1 Gaussian

The most basic, and common, model is the double Gaussian shown in Fig. N.1,

PSFDGrα, β, η; rs �
fGrα; rs � η fGrβ; rs

1� η
,

constructed from two Gaussian terms,

fGrσ; rs �
1

π σ2
exp

��r2{σ2� .
Here α is the forward (primary) beam radius, β is the backward scattered (secondary) beam

radius, and η is the scattering fraction.

N.2.2 Gamma

Some resist stacks can be modeled using a Gamma distribution term [260],

fΓrθ, κ; rs �
1

2π θκ�1 Γrκ� 1s exp
��r{θ� rκ�1 : θ ¡ 0 .
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N.2.3 Cauchy-Lorentz

For a distribution with slower decay we could turn to the Cauchy-Lorentz distribution, but

as a function of radius it is not integrable over R2 and needs to be modi�ed.

N.2.4 Pearson VII / Student's t

Modifying the power law in the Cauchy-Lorentz distribution we end up with a type of Pearson

VII or student's t distribution, in particular,

PearsonVII rµ, γ, νs � StudentT

�
µ,

γ?
2 ν � 1

, 2 ν � 1

�
ν�1� Cauchy rµ, γs .

For µ � 0, ν ¡ 1, and normalizing over R2, the Pearson VII point spread term is

fPVII
rγ, ν; rs � ν � 1

π γ2

�
r2

γ2
� 1


�ν
: ν ¡ 1 .

The parameterization γ � σ
?
2 ν � 3 for ν ¡ 3{2 is sometimes used with the Pearson VII

distribution.

N.2.5 Voigt

Convolving the Cauchy-Lorentz distribution with the Gaussian distribution yields the Voigt

distribution, however the distribution function is complicated and computationally di�cult

making it not practical for modeling purposes.
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Figure N.2: Log-log plot of the Gaussian Pearson VII product point spread term.

N.2.6 Gaussian Pearson VII product

With convolution impractical, we can implement a Gaussian end to the Pearson VII term

by using a product [261],

fGPrσ, γ, ν; rs �
exp

��γ2{σ2�
π γ2 Eν

�
γ2{σ2� exp

��r2{σ2� � r2
γ2

� 1


�ν
,

where E is the exponential integral function. Here γ ¡ 0 is the onset radius for a power law

(Pearson) drop o� with slope determined by ν, and σ ¡ γ is the onset radius for exponential

(Gaussian) drop o�, as plotted in Fig N.2 . In the special case of γ � ν � 0 it reduces to a

Gaussian term, fGPrσ, 0, 0; rs � fGrσ; rs.

N.3 Fits to simulation

The e�ectiveness of the Gaussian Pearson VII product model is demonstrated in �ts to

simulated point spread functions for HSQ on GaAs stack shown in Fig N.3. For GaAs

substrates, there is little dependence on the resist material or total resist thickness.
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Figure N.3: TRACER [197] simulation of 100 kV electrons incident on 300 nm HSQ on GaAs,
taken at a height of z � 135 nm. The �t, made using logarithmic data, uses a model with
two purely Gaussian terms and one Gaussian Pearson VII product term, shown individually
in dashed lighter colour.
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Figure N.4: Over �fty di�erent point spread functions that were trialled with notable ones
in colour, plotted (left) log-log and (right) linearly.

N.4 Utilized point spread functions

Many di�erent point spread functions were tested and used during fabrication. Fig. N.4

highlights some point spread functions from simulations and custom built that were used for

measured devices. Analysis of the various PECs were carried out according to the methods

described in App. P.
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The parameters for the highlighted PSFs are

■ TRACER [197] (�t): 0.221572 fGPr1.588µm, 0.001211µm, 1.08659; rs

� 0.304839 fGr0.0033946µm; rs

� 0.473589 fGr10.987µm; rs ,

■ CHARIOT [200] (�t): 0.384615 fGPr10µm, 0.01µm, 1.3; rs

� 0.076923 fGr0.01µm; rs

� 0.538462 fGr10µm; rs ,

■ CASINO [198] (�t): 0.331697 fGPr9.8935µm, 0.0025934µm, 1.8917; rs

� 0.205752 fGr0.0013233µm; rs

� 0.462551 fGr9.8935µm; rs ,

■ A: 0.5 fGPr10µm, 0.01µm, 1.1; rs (N.1)

� 0.5 fGr10µm; rs ,

■ B: 0.204082 fGPr1.6µm, 0.0012µm, 1.09; rs (N.2)

� 0.285714 fGr0.005µm; rs

� 0.510204 fGr11.2µm; rs ,

■ C: 0.143885 fGPr0.685µm, 0.001µm, 1; rs (N.3)

� 0.172662 fGr0.005µm; rs

� 0.683453 fGr13µm; rs .
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The short range cut o� is an important parameter in the PSF implementation, e�ectively

setting shortest scales and domain of the PSF to use. The cut o� should be su�ciently small

to capture to variation in proximity e�ects, but not so small that applying the PEC becomes

computationally expensive or excessive fracturing of the pattern occurs. Typical values that

produced decent results were 0.05µm to 0.1µm. The interplay between base dose, point

spread function, and short range cut o� is complicated and required extensive iterations of

each.
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APPENDIX O

Patterning

A large library of python scripts were written to create device design �les for use with the

in-house package `Playout' that generates DXF �les from given polygon coordinates.

O.1 Manual dose scaling

In addition to the proximity e�ect correction for large scale patterns (see App. N), for the

snow�ake crystal pattern, manual dose scalings were made to provide sharper snow�ake

corners. Fig. O.1 depicts the snow�ake polygon used for electron beam lithography with

regions of varying dose.

The sizes and dose scales for the corners were varied haphazardly through fabrication runs.

A sample set of measurements for the inner corner are shown in Fig. O.2. Final parameters

used were ci � 18 nm with dose scaling � 4, and co � 15 nm with dose scaling � 0.6.

r
w

ci
2 co

Figure O.1: Snow�ake geometry used for patterning with inner corner regions dosed heavier,
and outer corner regions dosed lighter.
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Figure O.2: Some measurements of the snow�ake inner corner radius with di�erent overdos-
ings for various etch recipe sets (coloured).

O.2 Pattern building blocks

Because HSQ is a negative resist, we want to write the non-snow�ake areas. Thus the

basic building blocks are triangle `drumheads' and rectangular bridges. For the corner dose

scaling, additional (overlapping) triangle and square polygons are created to de�ne the corner

regions.

Snow�ake crystal areas are created by tiling over rhomboids or with a set of snow�ake crystal

coordinates. In the case of coordinates, a large logic matrix is used with neighbouring element

lookups to determine how to build at each crystal lattice site. Dimensional parameters can

be varied by specifying functions over the space, and bridges automatically sized based on

the connecting triangles.

O.3 BEAMER

The program BEAMER [201] is used with DXF layouts to produce GPF �les for the electron

beam, a typical procedure �owchart is shown in Fig. O.3. Corner regions are separated from
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Figure O.3: Screenshot of BEAMER procedure.
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Figure O.4: Example screenshot of BEAMER fracturing and proximity e�ect correction for
point spread function (N.3) with 0.1µm short range cut-o�. Scaling of 1 or below in blue
and 1.5 or above in red.

the main shape regions to allow for appropriate scaling in the feature dose assignment (FDA)

step. To avoid aliasing issues after polygon subtractions, shapes are biased down and then

back up by a grid step (1 nm). Proximity e�ect correction (PEC) is carried out using a

custom function (see App. N) that has been numericized into a table.
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APPENDIX P

Snow�ake shape analysis

An important part of fabrication development is the physical characterization of produced

features. In particular we are concerned with the snow�ake shaped holes that need to be

precisely engineered to create a desired optomechanical crystal.

P.1 Snow�ake parameters

The snow�ake holes can be described with four parameters,

r snow�ake arm radius,

w snow�ake arm width,

ci inner radius of curvature,

co outer radius of curvature,

which are depicted in Fig. P.1.

P.2 Boundary acquisition

Once fabricated, a scanning electron microscope (SEM) can be used to take a picture of the

snow�ake holes at high resolution. Edge detection image processing is used to provide points

marking a boundary in the image, and then sets which form closed loops are taken to be the

individual shape objects. The result is a set of points in R2 with a metric taken from the
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ci

co

r
w

Figure P.1: Snow�ake hole parameterization.

SEM picture scale.

B

snow�ake
boundary

� R2

An example of such edge detection is given in Fig. P.2.

P.3 Alignment and functional �t method

To extract meaningful parameters, we need to �t the boundary of the snow�ake to some

function. To do this we use the snow�ake's symmetry to fold the boundary into a domain

such that the vertical coordinate (henceforth y) is a single-valued function of the horizontal

coordinate (henceforth x). We de�ne a canonical orientation with the origin at the center at

the arms at polar angles t0, π{3, 2π{3, π, 4 π{3, 5π{3u.
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Figure P.2: SEM image of snow�akes and edge detection output.

P.3.1 Translation

Assuming our fabricated snow�ake is su�ciently symmetric, the center can be found by

taking the average of all the boundary points. The snow�ake can then be shifted to an

origin centric frame,

B Ñ Bshifted

p⃗ ÞÑ p⃗� 1

|B|
¸
q⃗ PB

q⃗ .

P.3.2 Rotation

To properly rotate our snow�ake boundary into the canonical orientation we �rst need to

identify the locations of the snow�ake arms. The snow�ake shape has π{3 rotational sym-
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Figure P.3: (Left) shifted snow�ake boundary. (Right) cosine �t to the polar snow�ake
boundary.

metry, which transformed into polar coordinates has a periodicity of 6, and can be crudely

�t with a 6th order Fourier mode. Because our canonical orientation has an arm at ϕ � 0,

we'll use a cosine term with phase θ that tells us how much we need to rotate,

rpϕq � a cos
�
6 pϕ� θq�� b . (P.1)

We can estimate a and b with standard Fourier decomposition techniques (using simple

discrete integration), and θ (the angle of one of the arms) by the global maximum,

a � 1

π

|B |̧

i�1
ri cos r6ϕis pϕi � ϕi�1q ,

b � 1

2 π

|B |̧

i�1
ri pϕi � ϕi�1q ,

θ � ϕj : rj � max
�
triu|B|

i�1
�
.
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Completing the �t (P.1) with these starting estimates, as shown in Fig. P.3, we obtain the

rotation away from canonical θ. Reversing this rotation to orient our snow�ake,

Bshifted Ñ Brotated

p⃗ ÞÑ

���cosr�θs � sinr�θs
sinr�θs cosr�θs

��
� p⃗

P.3.3 Sector �t

Using the snow�ake's π{3 rotational symmetry and mirror symmetry, there are 12 identical

sectors which can each be mapped into ϕ P rπ{3, π{2s for a single-valued function y � fpxq.
The function giving the snow�ake boundary in this region is

f rxs �

$''''''''''''''''''''''''''&''''''''''''''''''''''''''%

�
a
ci
2 � x2 � w � 2 ci : 0   x  

?
3 ci
2

?
3x� w :

?
3 ci
2   x   r

2 �
?
3w
4 � co

2

c
co2 �

�
x� r

2 �
?
3w
4 �

?
3�1
2 co

	2�
�
?
3 r
2 � w

4 �
?
3�1
2 co : r

2 �
?
3w
4 � co

2   x   r
2 �

?
3w
4 �

?
3 co
2

� x?
3
� 2 r?

3
: r

2 �
?
3w
4 �

?
3 co
2   x   r

2 .

The 12 sectors can be �t together as in Fig. P.4, or separately if investigating the distribution

of snow�ake parameters (even within a single snow�ake).
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Figure P.4: Folded snow�ake boundary and �t result r � 206.33, w � 96.72, ci � 11.88,
co � 30.56.

P.4 Polar �t method

Instead of performing a rotation and folding the snow�ake boundary into a functional do-

main, it is possible to directly �t the snow�ake boundary in polar coordinates. From the

Cartesian boundary function ypxq we can obtain the polar function rpϕq as follows. Firstly

tanrϕs � ypxq
x

� gpxq ñ x � g�1
�
tanrϕs� ,

then

x � r cosrϕs ñ r � x

cosrϕs ,

giving us

rpϕq � g�1
�
tanrϕs�

cosrϕs .
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Applying this to the Cartesian function from before, for ϕ P rπ{3, π{2s,

f0rϕs �

$''''''''''''''''''''''''''''''''''''''''&''''''''''''''''''''''''''''''''''''''''%

sinrϕs p2 ci � wq � cosrϕs
a
ci
2 tanrϕs2 � 3 ci

2 � 4 ci w � w2

: arctan
�
3 ci�2w?

3 ci

�
  ϕ   π{2

�w?
3
cscrϕs : arctan

�
2
?
3 co�2

?
3 r�w

2 co�2 r�
?
3w

�
  ϕ   arctan

�
3 ci�2w?

3 ci

�

cosrϕs
4

�
2 r �?3w � 2p1�?3q co � p2

?
3 r � w � 2p1�?3q coq tanrϕs

�1
2

�
�16 �4 r2 � pw � 2 coq2 � 8 r co

�
secrϕs2

���4 r � 2
?
3w � 4 p1�?3q co � p4

?
3 r � 2w � 4 p1�?3q coq tanrϕs

�2	1{2�
: arctan

� �2 co�2
?
3 r�w

2
?
3 co�2 r�

?
3w

�
  ϕ   arctan

�
2
?
3 co�2

?
3 r�w

2 co�2 r�
?
3w

�

2
?
3 r secrϕs?

3�3 tanrϕs : π{3   ϕ   arctan
� �2 co�2

?
3 r�w

2
?
3 co�2 r�

?
3w

�
.

The �t function, is then

f rϕs � f0rϕ� θs ,

however the complicated form of this function means this method takes longer than the

rotation and Cartesian �t of the previous section.
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P.5 Statistics

Each �t produces a set of parameter values and covariance matrix constituting a single mea-

surement. Taking these to be multinormal distributions, the underlying multinormal distri-

bution of snow�ake parameters can be estimated using the methods described in Sec. Φ.4.

P.6 Snow�ake �elds

In order to analyize electron beam proximity e�ects we can measure large regions of snow�akes

and map out �t results as a function of position. To do this, high resolution SEM images are

taken and each edge detected closed curve forming a snow�ake is �t independently. Polygon

masks are made for each image to �lter out not snow�ake shapes that appear. An example

snow�ake �eld is shown in Fig. P.5 along with �t results as a function of position.
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Figure P.5: (Top) SEM image of snow�ake holes with edge detected pixels highlighted.
(Middle) �t results for each of the snow�akes mapped to position in the image. Cylinder
heights represent �1 standard deviation of the �t parameter. (Bottom) projecting �t results
to a line running from the outer (y � 0) to interior region of snow�akes and �t to a linear
model. The translucent region is �1 standard deviation of this �t and depicts the scatter of
snow�ake parameters.
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APPENDIX Q

Sidewall angle measurement

The sidewall angle from an etch process can be measured from an image of a rectangular

block array. This approach avoids the destructive nature of cleaving etched lines for a more

direct sidewall angle measurement.

Q.1 Pattern

A rectangular array of blocks is needed, minimally 2� 2, and most simply square. The peri-

odic structure of the array provides known distances in resultant sample, and the rectangular

blocks provide faces and edges to measure angles. The lattice vectors are a⃗1 and a⃗2, with

known lengths a1 and a2, and orthogonal a⃗1 � a⃗2 � 0. Fig. Q.1 demonstrates a suitable and

simple pattern.

a1

a2

Figure Q.1: Periodic square lithography pattern.
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θ

Figure Q.2: De�nition of sidewall angle θ.

Figure Q.3: Models of the etched square array, with (left) θ � 700 and (right) �� 1100.

Q.2 Etch

A critical element of this technique is the assumption that the etch is isotropic in the plane

of the sample, such that all sidewalls receive the same angled pro�le. The sidewall angle θ is

de�ned in Fig. Q.2 as π subtract the angle between the sidewall and the top or bottom �at

surface. After etching the rectangular block array will look something like Fig. Q.3.
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Q.3 Projection plane

Imaging the sample, for example with a scanning electron microscope, projects the three-

dimensional geometry onto a two-dimensional plane. This plane projection operation is

ΠKp⃗rr⃗s � r⃗ �
�
r⃗ � p⃗
p⃗ � p⃗



p⃗ , (Q.1)

where p⃗ � pp1, p2, p3q P R3 is a vector normal to the projection plane. Noting that the

magnitude of p⃗ and the overall sign do not a�ect the projection, let us enforce p3 ¡ 0 and

|p⃗| � 1, such that p3 � �
a
1� p12 � p22. In this regime p1, p2, p3 are unitless, representing

portions of |p⃗|.

For simplicity, we align our R3 coordinate system such that a⃗1 � pa1, 0, 0q and a⃗2 � p0, a2, 0q,
and for a square array a1 � a2 � a. Projecting these lattice vectors with (Q.1), we get the

projected vectors (as seen in the image)

a⃗11 �
�
a1 � a1 p1

2,�a1 p1 p2,�a1 p1 p3
	
,

a⃗12 �
�
�a2 p1 p2, a2 � a2 p2

2,�a2 p2 p3
	
.

As ΠKp⃗r⃗0s � 0⃗, we can determine the lattice distances in the image

|a⃗11| � a11 � a1

b
p22 � p32 � a1

b
1� p12 ,

|a⃗12| � a12 � a2

b
p12 � p32 � a2

b
1� p22 ,
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and the angle between them

a⃗11 � a⃗12 � a11 a12 cosrα1s � �a1 a2 p1 p2 .

Thus

p1 � �
d
1� a11

2

a12
,

p2 � �
d
1� a12

2

a22
,

p3 � �
d
a11

2

a12
� a12

2

a22
� 1 ,

with the relative sign between p1 and p2 determined by

α1   900 ñ p1 p2   0 ,

α1 ¡ 900 ñ p1 p2 ¡ 0 .

The overall sign of p1, p2 can be determined by looking at the projection of a vertical vector,

or equivalently in which direction are the sidewall faces projected. If we consider a vertical
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vector going down from the top of the blocks,

a⃗11 � ΠKp⃗

������
������

0

0

�h

�����

������ � a1 h p1 p3 ,

a⃗12 � ΠKp⃗

������
������

0

0

�h

�����

������ � a2 h p2 p3 ,

with p3 ¡ 0 the signs of p1 and p2 can be determined by these angles. Basically,

� if the sidewall face with edge a⃗12 extends in the positive a⃗11 direction : p1 ¡ 0,

� if the sidewall face with edge a⃗12 extends in the negative a⃗11 direction : p1   0,

� if the sidewall face with edge a⃗11 extends in the positive a⃗12 direction : p2 ¡ 0,

� if the sidewall face with edge a⃗11 extends in the negative a⃗12 direction : p2   0.

If a⃗11 is chosen to be `horizontal, to the right' and you're looking at the sample from above,

then p2   0.

Sample projections for various p⃗ vectors are given in Fig. Q.4.

Q.4 Angle measurement

Knowing the plane projection vector p⃗ we can infer the sidewall angle θ from measurements of

the angles in the projected sidewall face. Denote the block width w, and height h, following
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Figure Q.4: The four di�erent perspective projections of the lattice vectors.
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h Cot[θ]
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z

h

w h Cot[θ]

Figure Q.5: Coordinate system for the block.

the coordinate system de�ned in Fig. Q.5. Consider a visible sidewall face with top edge

along a⃗1, i.e. the line segment

T �

$''''&''''%

������
x

0

0

�����
: 0   x   w

,////.////- .

The two line segment edges of this angled trapezoid face are

L �

$''''&''''%

������
z cotrθs
z cotrθs

z

�����
: �h   z   0

,////.////- ,

R �

$''''&''''%

������
w � z cotrθs
z cotrθs

z

�����
: �h   z   0

,////.////- .

280



The projected image of these lines are

ΠKp⃗rT s �

$''''&''''%

������
x� x p1

2

�x p1 p2
�x p1 p3

�����
: 0   x   w

,////.////- ,

ΠKp⃗rLs �

$''''&''''%

������
�z p1 p3 �

�
z � z p1

2 � z p1 p2
�
cotrθs

�z p2 p3 �
�
z � z p2

2 � z p1 p2
�
cotrθs

z � z p3
2 � p�z p1 p3 � z p2 p3q cotrθs

�����
: �h   z   0

,////.////- ,

ΠKp⃗rRs �

$''''&''''%

������
w � w p1

2 � z p1 p3 �
��z � z p1

2 � z p1 p2
�
cotrθs

�w p1 p2 � z p2 p3 �
�
z � z p2

2 � z p1 p2
�
cotrθs

�w p1 p3 � z � z p3
2 � pz p1 p3 � z p2 p3q cotrθs

�����
: �h   z   0

,////.////- .

To get the angles between the edges we need the tangent vectors, which can be found by

taking derivatives with respect to x and z. Care needs to be taken with the direction of these

vectors to ensure we get the interior angles of the sidewall face when we take dot products.
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Figure Q.6: Sidewall face with edge vectors and interior angles.

Fig. Q.6 depicts the orientations used here,

v⃗1T � BxΠKp⃗rT s �

������
1� p1

2

�p1 p2
�p1 p3

�����
 ,

v⃗1L � �Bz ΠKp⃗rLs �

������
p1 p3 �

�
1� p1

2 � p1 p2
�
cotrθs

p2 p3 �
�
1� p2

2 � p1 p2
�
cotrθs

�1� p3
2 � pp1 p3 � p2 p3q cotrθs

�����
 ,

v⃗1R � Bz ΠKp⃗rRs �

������
�p1 p3 �

�
1� p1

2 � p1 p2
�
cotrθs

�p2 p3 �
�
1� p2

2 � p1 p2
�
cotrθs

1� p3
2 � pp1 p3 � p2 p3q cotrθs

�����
 .
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Carrying out some intermediate calculations with these vectors,

|v⃗1T | �
b
1� p12 ,

|v⃗1L| �
b
1� 2 cotrθs2 � ppp1 � p2q cotrθs � p3q2 ,

|v⃗1R| �
b
1� 2 cotrθs2 � ppp2 � p1q cotrθs � p3q2 ,

v⃗1T � v⃗1L � p1 p3 �
�
1� p1

2 � p1 p2

	
cotrθs ,

v⃗1T � v⃗1R � � p1 p3 �
�
1� p1

2 � p1 p2

	
cotrθs .

The sidewall face interior angles βL and βR are then related to θ by

cosrβLs �
p1 p3 �

�
1� p1

2 � p1 p2
�
cotrθsa

1� p12
b
1� 2 cotrθs2 � ppp1 � p2q cotrθs � p3q2

,

cosrβRs �
�p1 p3 �

�
1� p1

2 � p1 p2
�
cotrθsa

1� p12
b
1� 2 cotrθs2 � ppp2 � p1q cotrθs � p3q2

.

These provide quadratic equations for cotrθs with solutions

cotrθs � p2 p3 � p3pp12 � 1qpp1 � p2q sinrβLs2 � pp12 � 1qpp2 � p1q sinrβLs cosrβLs
�p1� p12 � p1 p2q2 � pp12 � 1qppp1 � p2q2 � 2q cosrβLs2

,

cotrθs � p2 p3 � p3pp12 � 1qpp2 � p1q sinrβRs2 � pp12 � 1qpp1 � p2q sinrβRs cosrβRs
�p1� p12 � p1 p2q2 � pp12 � 1qppp2 � p1q2 � 2q cosrβRs2

.

Note that if p1 � 0, βL � βR � β, and

cotrθs � p2 p3 cosrβs2 � p2 sinrβs cosrβs
p2� p22q cosrβs2 � 1

.
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If p1 � p3 � 0, and p2 � �1, then

cotrθs � � � cotrβs ,

and in this situation θ � β � π so

cotrθs � cotrπ � βs � cotr�βs � � cotrβs ,

meaning � should be used in �. Thus we have the following rules

� if p2 ¡ 0, then � ÞÑ �,

� if p2   0, then � ÞÑ � (most common scenario).

Q.5 Limitations

This approach assumes the features are essentially �at and the observation point is an in�-

nite distance from the focal plane such that everything is in focus and there are no depth

perspective e�ects. In reality this is not the case and the location of the observation point

needs to be included. Due to the compounding of often di�cult and imprecise measurements,

this quickly leads to large margins of error.
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APPENDIX R

Optical plate

The absolute zeroth order geometry for our device is an in�nite two-dimensional slab of

gallium arsenide, and thus it is useful to understand the properties of such an object. Solving

Maxwell's equations for the in�nite dielectric plate is a fairly straight forward exercise and

appears in many text books [220, 262], here we will only be detailing results.

R.1 Optical dispersion

The dispersion relation in an in�nite dielectric plate is a transcendental equation that can

be expressed in multiple ways. For a dielectric plate of refractive index n and thickness t in

air (unity refractive index), one such expression is

tan

��� t

2

c�ω n
c

	2 � k2 �

$'&'%
0 :

�
z

π

2
:
�
z

,/./-
��� �

$'&'%
n2 : TM

1 : TE

,/./-
b
k2 � �

ω
c

�2b�
ω n
c

�2 � k2
,

where ω is angular frequency, k is wave number for the direction of propagation (parallel

to the plate), c is the speed of light,
�
z is mirror symmetry (orthogonal to the plate), TM

is transverse magnetic (zero magnetic �eld in propagation direction), and TE is transverse

electric (zero electric �eld in the propagation direction). Solutions via numeric root-�nding

are depicted in Fig. R.1. The e�ective index of refraction is de�ned as

neff �
k c

ω
.
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Figure R.1: Electromagnetic dispersion plot for an in�nite plate of gallium arsenide, 250 nm
thick. The bottom plot is zoomed-in around 194THz.
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APPENDIX S

Optical beam

A basic ingredient for manipulating light on the nanometer scale is that of a suspended

dielectric beam waveguide. If there is a su�cient refractive index contrast between a rectan-

gular prism and its surrounding, electromagnetic waves in supported frequency ranges will

be guided through the beam. Unfortunately, unlike the in�nite dielectric of App. R, it is

not possible analytically solve Maxwell's equations for this geometry and numerical methods

are required. For an in�nite dielectric beam this is a two-dimensional problem and COM-

SOL's [181] (�nite element modeling) boundary mode analysis is used to �nd modes. Using

the geometry de�ned in Fig. T.1, optical modes travelling down the beam (x direction) can

be characterized by their symmetry eigenvalues (see App. D) of the two mirror symmetries

(vertical z and horizontal y) of the beam cross-section. The e�ective index of refraction is

kx c {ω.

t

wg

y

z

zmirror plane

ymirror plane

Figure S.1: Dielectric beam geometry, optical waves are guided through the page in the x
direction.
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S.1 Optical dispersion

Optical dispersion plots from simulation for a beam 250 nm high, and 400 nm and 550 nm

wide are given in Fig. S.2.

S.2 Supported modes

An important feature of the beam waveguide is that for any particular set of dimensions, only

certain modes are allowed, and restricted to nair   neff   nsolid. If we are only interested

in propagation at 194THz, we can vary the beam dimensions and ask what modes are

supported. In Fig. S.3 supported modes in terms of neff are plotted for varying height and

width, and in Fig. S.4 a cross section is taken through a beam height of 250 nm. With this

knowledge, a suitably small dielectric beam waveguide can help �lter out unwanted modes

in our system. To interface with a grating coupler and optomechanical resonance, the mode

we are interested in is
�
y
�
z .
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Figure S.2: Sample gallium arsenide beam electromagnetic dispersion plots.
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Figure S.3: Supported modes at 194THz in a gallium arsenide beam waveguide of varying
dimensions.
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Figure S.4: Supported modes at 194THz in a gallium arsenide beam waveguide 250 nm high
with varying width.
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APPENDIX T

Mechanical beam

In understanding the propagation of acoustic waves, one simple scenario is that of a sus-

pended beam. Mechanical modes supported in the beam can be found by performing three

dimensional simulations [181] on a periodic model. Using the geometry de�ned in Fig. T.1,

acoustic modes traveling down the beam (x direction) can be characterized by their sym-

metry eigenvalues (see App. D) of the two mirror symmetries (vertical z and horizontal y)

of the beam cross-section. As gallium arsenide is not isotropic, the alignment of the beam

relative to the crystal structure is important.

Although the mechanical beam has continuous symmetry along x, we simulate using a pe-

riodic distance a. Doing so, however, causes modes to wrap around in wavenumber space

in intervals of 2π{a. To clean up the dispersion plot, modes are isolated by connecting

points based on closest to linear extrapolation, then wrapped frequencies deleted, in a mode

step-wise fashion.

t

wg

y

z

zmirror plane

ymirror plane

Figure T.1: Mechanical beam geometry, acoustic waves are guided through the page in the
x direction.
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Figure T.2: Acoustic frequecy cuto�s for a �xed sides beam.

T.1 Free beam

Mechanical dispersion plots from simulation for a beam 250 nm high and 400 nm wide for

two crystal orientations are given in Fig. T.3.

T.2 Fixed beam

We can also look at a beam which has �xed boundaries on two opposite sides, this loosely

approximates a phononic crystal waveguide where the band gaped patterning on the sides

restricts vibration. Mechanical dispersion plots from simulation for a beam 250 nm high and

400 nm wide with �xed sides for two crystal orientations are given in Fig. T.4. The presence

of �xed sides induces a lower frequency bound, below which propagating acoustic modes are

not supported. In Fig. T.2 we plot the frequency cuto�s when t � 250 nm.
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T.3 In�nite plate

Lastly we can consider an in�nite suspended plate with no displacement in the transverse

in�nite direction (y). Mechanical dispersion plots from simulation for an in�nite plate 250 nm

thick for two crystal orientations are given in Fig. T.5.
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Figure T.3: Sample gallium arsenide free beam dispersion plots.
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Figure T.4: Sample gallium arsenide �xed sides beam dispersion plots.
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Figure T.5: Sample gallium arsenide in�nite plate dispersion plots.
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APPENDIX U

Optomechanical crystal dispersion

In this appendix we provide additional details and results of dispersion plots for optomechan-

ical crystals. Following the arguments in Sec. 2.2, we primarily consider the p6m wallpaper

group in suspended gallium arsenide.

U.1 Simulation

Dispersion relations were simulated using �nite element modelling software [181]. The hexag-

onal unit cell was constructed in three dimensions with the suspended substrate and pattern

parallel to the x-y plane. Perpendicular, in z, mirror symmetry or antisymmetry was en-

forced at a plane through the middle of the slab. Away from structure an air box terminating

in a perfectly matched layer constituted the z Ñ 8 boundary. Each of the three pairs of par-

allel boundaries to the hexagonal unit cell utilized periodic (Floquet) boundary conditions

with a �xed given wavevector. For each set wavevector then, an eigenfrequency simulation

is able to �nd a set of supported modes. Performing this for a sweep of wavevectors allows

the dispersion plots to be built up. An example model is shown in Fig. U.1.

U.2 Shape

Typical two-dimensional optomechanical crystals appearing in literature are the snow�ake

[152, 177, 178, 263] and disc [170, 171, 174], but one can imagine many other possibilities. To

this end a wide variety of shapes were simulated in isotropic silicon to see which would pro-

duce phononic and photonic bandgaps. A survey of many geometries is given in Fig. U.2 with
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Figure U.1: Snow�ake hexagon unit cell model with air box continuing upward.

the full dispersion plots for a selection of more interesting patterns shown in Figs. U.3, U.4.

Additional geometries, including ones with an additional circular hole through the unit cell

center, and some without mirror symmetry were brie�y tested but were not fruitful. Con-

ventional wisdomSafaviNaeiniOMCdesign,CavityOptomechBook dictates that lattices with

`drumheads' and bridges connecting them help separate low frequency acoustics (with wave-

lengths larger than the drumhead and unit cell) from higher frequency acoustics that interact

with the drumheads. Evidence of that was seen here with patterns o�ering no drumhead-like

platforms tending not to produce acoustic bandgaps.

Whilst some of the patterns in Figs. U.3, U.4 show potential with optic bandgaps that can be

moved down by scaling dimensions up, the associated mechanical dispersion is not as ideal.

A handful of simulations were carried out with larger dimensions (a � 750 nm) but did not

yield anything superior to the snow�ake geometry. Given that larger shapes are signi�cantly

easier to fabricate, however, some of these pattern types could warrant further investigation.
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Figure U.2: Simulated acoustic and electromagnetic bands for a variety of geometries in
220 nm suspended silicon. In each case the unit cell has a size of 500 nm and is constructed
by re�ecting and rotating the depicted p6m fundamental regions (blue for solid, yellow for
air holes).
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Figure U.3: Full dispersion plots for four patterns in suspended silicon. Simulations were
carried out at 3� 25 wavevector points along ΓÑ MÑ KÑ Γ and joined in curves.
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Figure U.4: Full dispersion plots for four patterns in suspended silicon. Simulations were
carried out at 3� 25 wavevector points along ΓÑ MÑ KÑ Γ and joined in curves.
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Figure U.5: (Right) Snow�ake crystal lattice parameters. (Right) chamfer snow�ake hole
parameterization.

U.2.1 Chamfer snow�ake

Further simulations featuring snow�akes, chosen for the best band gaps, use chamfered

corners to account for some inevitable rounding during fabrication. The chamfer snow�ake

can be described with four parameters,

a lattice spacing,

r snow�ake arm radius,

w snow�ake arm width,

c corner chamfer,

which are depicted in Fig. U.5. Additional parameters, more apt for describing the solid

parts of the pattern are

ts triangle side,

bw bridge width,
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with

ts � a�
?
3w , bw � a� 2 r ,

w � a� ts?
3

, r � a� bw

2
.

U.3 Rotation

Whilst the snow�ake pattern has π{3 rotation symmetry, GaAs has π{2 rotation symmetry.

As such, the mechanical modes propagating through the phononic crystal have some depen-

dence on relative orientation between the material and pattern. Optically, GaAs is isotropic

and there is no orientation dependence for the photonic crystal.

Following the symmetries in GaAs in Sec. M.1.7, if considering acoustics without any piezo-

electric interaction then we expect r0, π{6s rotations to be unique, mirrored over rπ{6, π{3s
and then repeated. Including piezoelectric e�ects in acoustic wave propagation changes this

to r0, π{2s unique due to the di�erent rotational symmetry of the piezoelectric coupling

tensors.

In Fig. U.6 acoustic bands are plotted for the snow�ake pattern with rotations from 0� to

30�, and every 15� to 180�. Where the x axis is perpendicular to a hexagonal unit cell

boundary, a rotation of 0� corresponds to x⃗ � r100s, and 45� corresponds to x⃗ � r11̄0s.

Whilst there are some features following a 15� re�ection, the piezoelectric in�uence is no-

ticeable. The mechanical dispersion relations can be seen to repeat after a π{2 rotation.

Fortunately, the large total bandgap covering 4GHz remains for all orientations.
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Figure U.6: Simulated acoustic bands, separated by out-of-plane z symmetry, for snow�akes
in suspended GaAs membrane. Diagrams along rotation axis depict relative orientation of
phononic crystal hexagonal unit cell against material square atomic lattice.
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Figure U.7: Simulated acoustic and electromagnetic bands for snow�akes in GaAs, varying
slab thickness.

U.4 Thickness

Whilst the suspended slab thickness is set during the wafer manufacturing and can't be

easily modi�ed during fabrication, its nonetheless useful to see its e�ect on the supported

modes. In Fig. U.7 two sets of thickness sweeps are shown. As expected, the frequencies

decrease with greater thickness, but otherwise the major bandgaps are stable.

U.5 Rounding

Ideally we want sharp corners but in practice some rounding will take place. In Fig. U.8 we

show bands from simulating snow�akes with varying amounts of corner chamfer. Whilst the

electromagnetic bands are relatively undisturbed, the acoustic band gap is shifted higher in

frequency at greater chamfers. If our mechanical resonance mode is not su�ciently high in

frequency, excessive rounding of corners during fabrication can present a problem.
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U.6 Snow�ake surveys

Using the snow�ake shape, the heavy simulation workload is sweeping over dimension pa-

rameter combinations. For this, a fewer number of wavevectors are used, 3 � 10, and for

analysis we only show the major bandgap. In Figs. U.9, U.10, U.11, U.12, U.13, snow�ake

bandgap surveys are given for a � 530 nm to a � 570 nm.

A large set of known bandgaps is important for simulating the defect cavity resonator as

we only want to probe frequencies that we know will be trapped by the optomechanical

crystal, and, because the cavity size is de�ned by the crystal it's sitting in, variations to

the cavity involve variations of the crystal pattern dimensions. Furthermore, an extensive

sweep of snow�ake dimensions for a particular lattice constant allows partial waveguides to

be designed. By tuning the snow�ake size, and hence shifting the bandgaps, one can create

regions where, for a particular mechanical and optical frequency, only one is in a bandgap

and blocked. This allows local variations in the optomechanical crystal to be made into par-

tial waveguides that propagate optics whilst still acting as a phononic crystal, or propagate

mechanics whilst still acting as a photonic crystal. Additionally if a partial waveguide con-

�guration has a pathway through r, w to r Ñ 0 and w Ñ 0 without encountering bandgaps

for the propagating wave, the optomechanical crystal partial waveguide can be smoothly

transformed to a regular `blank' waveguide for connecting to non-optomechanical crystal

device elements.
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Figure U.8: Simulated acoustic and electromagnetic bands for varying snow�ake chamfer in
GaAs.
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Figure U.9: Snow�ake bandgap simulation survey with a � 530 nm. (Top) complete acoustic
bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect with
the laser frequency, 194THz, shown in red.
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Figure U.10: Snow�ake bandgap simulation survey with a � 540 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194THz, shown in red.
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Figure U.11: Snow�ake bandgap simulation survey with a � 550 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194THz, shown in red.
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Figure U.12: Snow�ake bandgap simulation survey with a � 560 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194THz, shown in red.
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Figure U.13: Snow�ake bandgap simulation survey with a � 570 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194THz, shown in red.

310



APPENDIX V

Optical connection

In order to interface with the on chip photonics, we need a method of coupling light from

the chip to a �ber optic. This connection is inherently di�cult due to the vastly di�erent

spatial pro�les of chip photonics and �ber optics. Photonic waveguides on our chip are less

than a micron wide, whilst a standard �ber optic cable has a beam waist of 10µm, although

the emitted beam can be focused down with optical �ber tapering and polishing techniques.

V.1 Coupler types

To couple a �ber optic to on chip photonics, three main schemes, depicted in Fig. V.1, exist.

V.1.1 Direct coupler

Here an open �ber optic, in the plane of the chip, is shone directly down a photonic waveguide

that comes to the edge of the chip. Whilst this method provides good coupling, it can only

(a) (b) (c)

Figure V.1: Fiber optic to photonic waveguide coupling methods, (a) direct, (b) evanescent,
and (c) grating.
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access photonics that come to the edge of the chip and thus often requires long waveguides

and cleaved edges. This method also su�ers from cross coupling, light from the �ber optic

which does not enter the waveguide can interact with other on chip photonics or scatter into

other �ber optic ports. To improve coupling the on chip waveguide can be shaped into a

spike [264] or disc [265]. For a ridge waveguide, improvements can also be made with the

use of a large polymer cladding [266, 267].

V.1.2 Evanescent coupler

In this approach, a minor defect in a section of �ber optic cable is created and simply

placed near an on chip waveguide for evanescent coupling [268�270]. Typically this involves

tapering a region of the �ber to be very thin. This method has some useful advantages

in that it can exploit the vertical dimension above the chip and can couple directly into a

photonic waveguide or resonator. From an engineering side, however, tapering the optical

�ber out [271] and securely positioning it in the right location can be a challenge.

V.1.3 Grating coupler

In a grating a coupler, a di�raction grating is used to scatter light out of the plane of the

chip and into a �ber position above and aimed down [272]. This approach is the most

convenient as it can exist anywhere on the surface of the chip and is easily swapped into an

optical �ber setup. It su�ers, however, from poor e�ciency as much of the light scatters in

unwanted directions. Many di�erent designs of the grating exist, including curvature [273],

grate variation [274], sub-wavelength transverse gratings [275, 276], and photonic crystal

grates [277]. Due to it's ease with experimental probing, this is the method we use for

developing a �rst generation device.
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n1

Λ
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Figure V.2: Rays of vacuum wavelength λ0 in a material of refractive index n1 incident at
angle θ onto a Bragg grating surface with pitch Λ and (e�ective) refractive index n2. The
two �lled points are on the same incoming light wave front and have the same phase, whilst
the empty point is where the phase needs to be matched.

V.2 Grating coupler theory

Numerous theses [278�280] have been written solely about grating couplers, and whilst cer-

tain guidelines exist, numerical simulation is required to analyze any particular grating design

and set up. Here we will introduce the basic underlying theory to grating couplers.

V.2.1 Bragg grating

If we consider a plane wave incident, at angle θ, onto a bragg grating, of pitch Λ, we can

expect maximal transmission when there is constructive interference between the incident

light and scattered light propagating through the grating. Analyzing this using ray optics

we can draw the picture in Fig. V.2. If we compare the paths of the two incoming rays, a

multiple of pitches apart, and enforce phase matching at the point that they meet up, we
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get

Λ
n2
λ0

� Λ sinrθs n1
λ0

� m P Z ,

ñ m �
�
n2 � n1 sinrθs

	 Λ

λ0
P Z , (V.1)

which is the Bragg matching condition. The index of refraction n2 here is an e�ective

index for propagation through the grating coupler. Determining this typically requires some

numerical computation and to complicates things more will depend on the pitch. As an

approximation we can start with the e�ective index of refraction for an in�nite dielectric

plate and use the derived pitch as a starting point.

V.2.2 Curvature

To save space and focus the light to single point in the grating, we will want to use curved

grating couplers. Following the diagram in Fig. V.3, if we have a plane wave incident at

angle θ in the x-z plane, we want to �nd the set of points px, yq in the device plane that will

give the same phase at a focus placed at the origin. Enforcing this gives us the following

equation for the grating shape,

b
x2 � y2

n2
λ0

� x sinrθs n1
λ0

� constant ,

or

a � b x�
b
x2 � y2 , (V.2)
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Figure V.3: Rays of vacuum wavelength λ0 in a material of refractive index n1 incident at
angle θ onto a plane with (e�ective) refractive index n2. The two �lled points are on the
same incoming light wave front and have the same phase, whilst the empty point, at the
focus, is where the phase needs to be matched.

where a is the radius along the y axis (x � 0), and

b � �n1
n2

sinrθs P p�1, 1q (V.3)

is the curvature extension parameter. A plot of the curvature function (V.2) is given in

Fig. V.4; when b � 0 the function produces a circle, but in general it is not elliptical. For

this geometry we de�ne pitch and �lling factor along the x axis.

V.2.3 Polarization

Grating couplers tend to work with the electric �eld polarized along the grates (transverse

to the propagation direction). This orientation puts the electric �eld in the direction of con-
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Figure V.4: Plot of the curvature function (V.2), with b � 0.25, highlighting the x ¡ 0
region used for the grating coupler.

tinuous symmetry, y-direction using the coordinates here, as determined by the geometry's

electric permittivity. Thus for light travelling in the x-direction of an attached waveguide,

the mode will neccessarily have y anti-mirror symmetry.

Considerations from the opticmechanical cavity and photonic crystal band structure (see

App. U) dictate that we want an electric �eld that is z (normal to the device plane) mirror

symmetric. Hence the input/output mode to the device waveguide beam (see App. S) must

be
�
y
�
z (see App. D).

In a single mode optical �ber the carried electromagnetic mode is HE1 1 or approximately

linearly polarized LP0 1. To work with the grating coupler, the �ber optic cable needs to be

orientated such that its E⃗ polarization axis aligns parallel to the grates, i.e. y-direction.
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Figure V.5: Diagram of grating coupler dimensions, t is the suspended layer thickness, Λ is
the grating pitch, f is the �lling factor, and h is the grate gap height.

V.3 Grating coupler design

The heterostructure wafers being used are 250 nm GaAs on AlGaAs, however due to the low

permittivity contrast this a poor material stack for making a grating coupler [278]. Instead

we will want to have a suspended grating coupler, as is the case for the optomechanic crystal

part of the device. Furthermore as this device will be using an existing experimental set up,

the �ber optic cables are �xed to be incident at θ � 80 from normal1.

The remaining parameters to design for are pitch Λ, �lling factor (a.k.a. duty cycle) f,

curvature b, and grate gap height h, as depicted in Fig. V.5. The number of total grates

needs to be su�ciently large such that the 10µm diameter �ber optic beam is covered,

but not too great that the grating coupler can not be suspended. Optimization of these

parameters can be carried out by running numerical simulations but it helps to start with

some estimates.

The grating coupler pitch can be derived from the Bragg matching condition (V.1). Above

the grating coupler we have air/vacuum with n1 � 1 and in the grating coupler we can use

an in�nite plate model, App. R; for a TE
�
z mode at 194THz in 250 nm thick nGaAs � 3.32,

the e�ective index of refraction is n2 � 2.78. Putting these numbers into (V.1) with λ0 �
c{p194THzq � 1545 nm and θ � 80, we get Λ � 585 nm for m � 1. Similarly we can estimate

the curvature extension parameter b from (V.3) to be b � �0.050.

1. This is an optimal angle for 220 nm silicon on insulator grating couplers.
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(a) (b)

Figure V.6: Two-dimensional models of a suspended 10 period grating coupler with Λ �
650 nm, f � 0.6, h � 150 nm, θ � 80, showing Ey (into the page) at 194THz. Model (a) has
an aerial input port, whilst (b) has a slab input port.

V.3.1 Two-dimensional simulations

Two-dimensional simulations are signi�cantly faster than full three-dimensional simulations

and allow us to quickly narrow down some of the design parameters. In the two-dimensional

model the grating is assumed to extend in�nitely in the y-direction, and our parameters of

concern are pitch, �lling factor, and the grate gap height. Finite element modeling is carried

out using Comsol [181] with typical models depicted in Fig. V.6. For each set of geometry

parameters a two models are made, one with an input port connected to the slab, and one

with an input port above the coupler in a Gaussian shape and titled at 80, both with an Ey

incoming �eld. For each model the proportional power �owing through the opposing port

is measured and then combined for an overall rating of e�ectiveness. The simulations also

included bulk GaAs 1µm below the suspended slab.

Simulations were carried out with pitches ranging from 500 nm to 1200 nm, �lling factors

from 0.2 to 0.8, and grate gap heights from 0 to 200 nm; signi�cantly higher sampling was

carried out in the 600 nm to 700 nm pitch range. A 3D plot summarizing the combined

transfer e�ciencies is given in Fig. V.7 along with sample 2D slices. From these results it is

immediately obvious that a grate gap height of more than half the total thickness is needed
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Figure V.7: Plots of the simulated combined transfer e�ciency of two-dimensional 10 period
grating coupler models with t � 250 nm, and θ � 80. Combined refers to multiplication
between the slab input and the air input transfers.
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(a) (b)

Figure V.8: Three-dimensional models of a suspended 6 period grating coupler with Λ �
640 nm, f � 0.55, h � 160 nm, b � �0.05, θ � 80, showing Ey at 194THz. Model (a) has an
aerial input port, whilst (b) has a beam input port.

to have any appreciable transfer through the grating coupler. Looking at Fig. V.7 (c), we also

note that as the grate gap height approaches the full thickness of the slab, the optimal pitch

tends toward the value estimated by the Bragg matching condition under the assumption

of an in�nite dielectric plate. The introduction of partial air gaps in the slab lowers the

e�ective index of refraction, leading to larger optimal pitch than �rst estimated. The best

combined transfer e�ciency found was 0.124 at Λ � 640 nm, f � 0.55, h � 160 nm.

If we use (V.1) with Λ � 640 nm to recalculate an e�ective index of refraction, we get n2 �
2.55. Putting this into V.3 gives an updated curvature extension parameter of b � �0.054,
only marginally di�erent.

V.3.2 Three-dimensional simulations

Three-dimensional simulations are far more computationally intensive but, importantly,

closer to reality. Typical models created using Comsol [181] are shown in Fig. V.8. Due

to limitations in computing power however, non-vertically symmetric models were limited
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Figure V.9: Plot of transfer e�ciency at 194THz against varying curvature extension pa-
rameter b for three-dimensional supsended 6 period grating couplers models with t � 250 nm,
Λ � 640 nm, f � 0.55, h � 160 nm, θ � 80.

to 6 grates, which leads to some di�culties when simulating power coming in from an aerial

port that is 10µm wide and hence larger than the model and grate collecting region.

The three-dimensional model allows us to optimize the curvature parameter b, plotted in

Fig. V.9, and agrees with the predicted values. Sweeping the remaining parameters in the

vicinity of the two-dimensional model optimal point we can build a new set of combined

transfer e�ciency plots in Fig. V.10 and Fig. V.11. The best combined transfer e�ciency

found was 0.030 at Λ � 640 nm, f � 0.65, h � 150 nm.

V.3.3 Suspended beam to photonic crystal

Early designs of the grating coupler had it directly attached to the photonic crystal but

di�culties in aligning the partial etch step to within 100 nm as would be needed necessitated

separating the grating coupler with a suspended beam waveguide. This separation introduces

two new design variables, the photonic crystal edge shape, and the suspended beam width.

Four styles of photonic crystal edges, depicted in Fig. V.12 were investigated. Three-

dimensional simulations were carried out with a suspended beam waveguide input and output
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Figure V.10: Three-parameter plot of the simulated combined transfer e�ciency of three-
dimensional 6 period grating coupler models with t � 250 nm, and θ � 80. Combined refers
to multiplication between the slab input and the air input transfers.

(
�
y
�
z mode), the photonic crystal with a blank row waveguide in the middle, and di�erent

combinations of photonic crystal edge interfaces on each side. Results for varying sizes of

the photonic crystal center are given in Fig. V.13. The best photonic crystal to suspended

waveguide interface is consistently that of an `angled out' shape.

The �nal variable we have control over is the suspended beam waveguide width, and we can

simulate it's e�ect when interfacing with both the photonic crystal and grating coupling.

For the photonic crystal side, simulations of the type used for the edge shape were carried

out, with results given in Fig.V.14. For the grating coupler side, simulations of the type used

for the three-dimensional grating coupler were carried out, with results given in Fig.V.15.

Above 400 nm the response to the suspended beam waveguide width is �at. Following the

dispersion information for a dielectric beam, App. S, we want the beam to be as narrow as
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Figure V.11: Two-parameter slices of the simulated combined transfer e�ciency of three-
dimensional 6 period grating coupler models with t � 250 nm, and θ � 80.

possible to help �lter out unwanted modes, and thus use a width of wg � 400 nm.

V.4 Grating coupler fabrication

The grates are marked out using electron beam lithography concurrent with the optome-

chanical crystal, the non-zero grating gap height h, however, requires a partial etch step to

be carried out separate to the full etch that goes all the way through the top GaAs layer.
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Figure V.12: Diagrams of photonic crystal to suspended beam waveguide interfaces.
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Figure V.13: Transmissions |S2 1| at 194THz through a photonic crystal of various sizes with
a blank row waveguide and various combinations of photonic crystal edges to a suspended

beam input and output. The model enforces
�
y
�
z mirror symmetries with wave propagation

in the x-direction. The snow�ake photonic crystal has dimensions t � 250 nm, a � 560 nm,
r � 240 nm, w � 80 nm, c � 20 nm.

For nominally 250 nm thick GaAs and h � 150 nm, a 100 nm deep etch was achieved with

30 s of the chlorine argon etch described in Sec. 4.2. To accommodate the release, windows

are etched through behind the grating. A scanning electron microscope (SEM) image of a

grating coupler is shown in Fig. V.16.

V.5 Grating coupler performance

The chip optical coupling was tested by simply connecting two grating couplers together with

a suspended waveguide, sometimes with side coupled ring resonator. Optical measurements
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Figure V.14: Transmission |S2 1| at 194THz through a photonic crystal (6 rows and 12
length in snow�akes) with a blank row waveguide, and angled out edges, to suspended beam

waveguides (width wg) at the input and output. The model enforces
�
y
�
z mirror symmetries

with wave propagation in the x-direction. The snow�ake photonic crystal has dimensions
t � 250 nm, a � 560 nm, r � 240 nm, w � 80 nm, c � 20 nm.

were performed with the setup described in App. Σ. Geometry measurements were carried

out by analyzing SEM pictures as described in App. W. Peak individual grating coupler

transmissions of¡ 35% were found with patterns of Λpattern � 638 nm and measured ΛSEM �
633 nm2, fSEM � 0.51. A sample transmission of a test device is given in Fig. V.17.

2. A scale error of À 1% is typical.
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Figure V.15: Transfer e�ciencies at 194THz of a suspended beam waveguide (width wg)

connected to a grating coupler with aerial port. The model enforces
�
y
�
z mirror symmetries

with wave propagation in the x-direction. The grating coupler has 6 grate periods and
parameters Λ � 640 nm, f � 0.55, h � 160 nm, b � �0.05, θ � 80.

Figure V.16: SEM image of a suspended grating coupler.
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Figure V.17: Example test device with particularly good optical transmission. (a) Device
transmission spectrum, as there are two grating couplers their individual performance is at
worst the square root. (b) Microscope image of the measured test device, with unfortunately
a broken ring resonator. The two coupler focii are 127µm apart.
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APPENDIX W

Grating analysis

Fabrication outcomes of the grate structures in the grating couplers can be carried out

through image analysis and curve �tting.

W.1 Grate parameters

Following App. V, grates are designed according to

r � a

b cosrϕs � 1
,

where a is a constant for each individual grate curve. The grating pitch is de�ned along the

x axis (ϕ � 0) such that,

arks
b� 1

� w � Λ k : k P t0, 1� f, 1, 2� f, 2, 3� f, . . . u ,

according to Fig.W.1.

t

h
w Λ f Λ( 1-f ) Λ

x

z

Figure W.1: Diagram of grating coupler dimensions.
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For an arbitrary grating focus, px0, y0q and orientation, ϕ0, we have

b�
x� x0

�2 � �
y � y0

�2 � arks
b cos

�
arctan

� y�y0
x�x0

�� ϕ0

�
� 1

,

for points tpx, yquk in a particular curve k. The full set of parameters are

Λ grating pitch,

f grating �ll factor,

w distance from grating focus to �rst grate,

b curvature extension parameter,

px0, y0q grating focus,

ϕ0 grating orientation,

t suspended slab thickness,

h lower grating height.

W.2 Image analysis

From a scanning electron microscope (SEM) image, pixels associated to the grate curves can

be found by performing edge detection. Separating the points into sets for separate curves is

done by collecting points into connected sets, and stitching together as needed, The sets can

then be ordered based on their mean distance to an estimated grating focus. An example

image with �ts described below is depicted in Fig. W.2.
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Figure W.2: SEM image of a grating coupler. Edge detected points in cyan, and grating �t
in red with orange arrow indicating px0, y0q, ϕ0 and w1.

W.3 Fitting

For an ordered list of sets of points, tpx, yq P Aiumi�1, corresponding to successive curves

i � 1, 2, 3, . . . ,m we can write

ai
b� 1

� w1 � Λ
�
tpi� 1q{2u� �pi� 1qmod 2

�
f1
	

where w1 and f1 are parameters speci�c to the subregion of the grating we are �tting. Thus

for each point from our image analysis px, yq, associated with curve i, the residual distance

is

b�
x� x0

�2 � �
y � y0

�2 �
�
b� 1

��
w1 � Λ

�
tpi� 1q{2u� �pi� 1qmod 2

�
f1
	


b cos
�
arctan

� y�y0
x�x0

�� ϕ0

�
� 1

.
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Figure W.3: Diagram of grating curve �t situations.

Thus we can �t our full set of points by minimizing the objective function

S �
m̧

i�1

¸
px,yqPAi

�b�
x� x0

�2 � �
y � y0

�2

�

�
b� 1

��
w1 � Λ

�
tpi� 1q{2u� �pi� 1qmod 2

�
f1
	


b cos
�
arctan

� y�y0
x�x0

�� ϕ0

�
� 1

�2
.

This is equivalent to a self-dependent multivariate �t of the form

���x
y

��
� f⃗px, y, iq �

���x0
y0

��
�
�
b� 1

��
w1 � Λ

�
tpi� 1q{2u� �pi� 1qmod 2

�
f1
	


b cos
�
arctan

� y�y0
x�x0

�� ϕ0

�
� 1

���cos
�
arctan

� y�y0
x�x0

��
sin

�
arctan

� y�y0
x�x0

��
��
 .

Our full set of �t parameters are p � tx0, y0, ϕ0,Λ, f1,w1, bu, which can be given starting

estimates from the design or manually based on the original image.

Unless our image and �t includes the �rst grate, w1 will be some arbitrary value we're not
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interested in, and f will be p1 � f1q or f1 based on the `polarity' of our �tting region. We

can determine the polarity for our image's �t by doing a brightness comparison of the region

between curves 1 and 2, and between 2 and 3,

f �

$''&''%
f1 : heightr1, 2s ¡ heightr2, 3s

p1� f1q : heightr2, 3s ¡ heightr1, 2s
.

A diagram of the two situations is given in Fig. W.3.

If p̂ are the found parameters, the covariance matrix is

Σp �
2Sppq

npts � np

� B
Bp b

B
BpSppq


�1�����
p�p̂

,

where npts �
°m
i�1|Ai| is the number of points �t to, and np � 7 is the number of parameters.

Computing the covariance matrix can be time consuming.

W.4 Edge adjustment

The edge detection algorithm tends to return the shorter side of an edge. To �x this, we can

adjust

w1 ÞÑ

$''&''%
w1 �∆ : heightr1, 2s ¡ heightr2, 3s

w1 �∆ : heightr2, 3s ¡ heightr1, 2s
,

f ÞÑ f � 2∆

Λ
,

where ∆ � 1 px is the adjustment.
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APPENDIX X

Disc resonators

The �rst optomechanical resonator designs explored were disc resonators suspended within

a snow�ake optomechanical crystal slab of gallium arsenide, as depicted in Fig. X.1. To �rst

order, acoustic modes in the resonator can be notated by drum modes [281] (that of a two-

dimensional disc membrane) along with out-of-plane mirror symmetry, and electromagnetic

modes notated by cylindrical cavity modes [220, 282]. For small discs, with sizes on the

order of one wavelength, we're primarily interested in the fundamental mirror symmetric

acoustic mode (breathing mode) p0, 1q�, and electromagnetic modes TE0 1 1, TE0 2 1. Mirror

symmetry of the acoustic mode is vital for optomechanical coupling (see App. E).

Simulations were carried out as described in Ch. 3, but ultimately disc resonators never

made it to fabrication as their optical quality factors were found to be inadequate.

X.1 Proximity variations

In addition to the basic structures suspending the disc shown in Fig. X.1, a host of other

styles were also toyed with. Fig. X.2 depicts a wide range of geometries connecting the disc

to the surrounding crystal pattern. Whilst the di�erent styles shift the resonance frequencies

around, they didn't o�er any improvements to the optomechanical coupling or quality factors.

X.2 Tuning algorithm

For particular snow�ake crystal pattern dimensions and cut-out geometry, the disc's optical

resonance was tuned to 194THz by adjusting the disc radius. This was carried out by

333



Figure X.1: Basic disc resonator designs.

iterative simulations guided by a simple algorithm to estimate the appropriate disc radius

from obtained simulation results. The �owchart for the full algorithm �ow is given in Fig. X.3.

The �rst step in the algorithm was create the snow�ake primitive cell model to determine

the dispersion relations (see App. U) and extract the band gaps (if they exist) for the given

set of snow�ake dimensions. If 194THz is not covered by a
�
z band gap the algorithm simply

ends as those snow�ake dimensions do not support trapping of the desired optical frequency.

If 194THz is covered, the algorithm proceeds by creating a model of a disc resonator with a

rough guess for the disc radius. This model was built enforcing
�
x,

�
y ,

�
z mirror symmetries

for the mechanics, and
�
x,

�
y ,

�
z mirror symmetries for the electromagnetics corresponding to

TE0n 1 like modes.

With one disc radius to optical resonance frequency data point acquired, the �rst estimate is

made crudely according fo � a{pdisc radiusq where a is �t from the �rst result. Once there

are two or more data points the resonance estimate is made, following the from for cylindrical

modes, by fo2 � a2{pdisc radiusq2 � b2, where a and b are �t from previous results. This

is usually enough to get the required disc radius, with 3 disc simulations being the average
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Figure X.2: Various extravagant geometries suspending the disc within a snow�ake crystal
pattern.

number performed by the algorithm. With the �nal disc model, the mechanical modes are

also simulated and optomechanical couplings calculated.

X.3 Simulations results

An example disc resonator model showing typical mode pro�les is shown in Fig. X.4. A

compilation of fo, fm, gom outcomes for a set of snow�ake crystal dimensions (all with

t � 250 nm) is given in Fig. X.5. Unfortunately optomechanical couplings of � 300 kHz are

mediocre at best, but of even more concern the optical resonances had very low simulated

quality factors of � 300. Whilst this may be in part to the small model size with only 3
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Figure X.3: Disc resonator simulation and tuning algorithm �ow chart.
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Figure X.4: Simulated mechanical displacement (Q⃗) at 5.24GHz and electric �eld (E⃗) at
193.9THz mode pro�les for a disc resonator of radius 222 nm embedded in snow�ake crystals
with t � 250 nm, a � 485 nm, r � 190 nm, w � 70 nm, c � 15 nm and GaAs oriented
x⃗ � r100s.
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Snowflake: t = 250 nm, c = 15 nm, support width = 50 nm. GaAs low temp. x = [100] ■ z
+
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Figure X.5: Results from the disc tuning algorithm with di�erent starting snow�ake param-
eters.
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layers of snow�ake crystal, larger model trials did not o�er signi�cant improvements. High Q

dielectric disc resonators are typically associated with whispering gallery modes [283] which

is far from this regime.
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APPENDIX Y

Trapezium resonators

Within the framework of the snow�ake shape crystal pattern, a simple category of defects

is those constructed by connecting triangular `drum heads' together. Whilst many shapes

are possible with an increasing number of triangles, optomechanical coupling considerations

suggest small shapes (focused modes) with mirror symmetries are preferred. Conforming to

this, one of the simplest triangle-constructed resonators is three in a line forming a trapezium,

as depicted in Fig. Y.1.

A major drawback of this style is the strong dependency of the resonator parameters on

the surrounding snow�ake pattern parameters, the base resonator design can not be tuned

independently of the crystal. In practice, however, minor size adjustments � 1% are made

to the resonator dimensions independent of the crystal to create sets of resonators slightly

detuned from each other.

Y.1 Simulations

Simulations were carried out using �nite element modelling software [181] with mirror sym-

metries in x (aligning with trapezium mirror symmetry) and z (vertical slab thickness).

Mechanical modes obeyed
�
x
�
z mirror symmetries, whilst the best electromagnetic modes

were found to have
�
x
�
z mirror symmetries. Example mode pro�le pictures are shown in

Fig. Y.2.

Results for di�erent snow�ake crystal lattice dimensions are given in Fig. Y.3. The best

optomechanical couplings (calculated using App. C) were found to be gom{p2 πq � 500 kHz.
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Figure Y.1: Three triangles in a line trapezium resonator.

Y.2 Coupling orientation

One of the drawbacks of two-dimensional optomechanicals crystal is that coupling distances

between the resonator and waveguide have to take discrete values. This can be problematic

because, as seen in nanobeams and ring resonators, the coupling is sensitive to variations on

the order of � 10 nm. For trapezium resonators in snow�akes, we have three ways to adjust

the coupling: number of unit cells separating, resonator orientation, and waveguide width if

we allow it to break the crystal. With lattice constants of a � 500 nm the gap can only be

one unit cell, any more is too weak, and any less (zero) has the trapezium ceasing to be a

resonator. If our device design has a waveguide that is not part of the crystal lattice, we can

vary its width down to some minimum value that permits modes (see App. S). Narrower

waveguides tend to push the �eld out further beyond the waveguide, whilst wider waveguides

keep more of the �eld contained within.

The orientation of the trapezium resonator has four possible options, depicted in Fig. Y.4.

Optical measurements found the `corner' orientation to be the most suitable. With this

rotated resonator it's important to keep in mind the crystal structure of the underlying GaAs
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Figure Y.2: Simulated mechanical displacement (Q⃗) at 3.527GHz and electric �eld (E⃗) at
191.72THz mode pro�les for a trapezium resonatorin snow�ake crystals with t � 250 nm,
a � 550 nm, r � 245 nm, w � 87 nm, c � 20 nm and GaAs oriented x⃗ � r11̄0s. This
simulation had a calculated optomechanical coupling of gom{p2 πq � 619 kHz.
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Snowflake: c = 20 nm, GaAs low temp. x = [110] ■ z
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Figure Y.3: Simulations of trapezium resonators in various snow�ake crystal patterns. The
parallel edges of the trapezium are aligned with GaAs r11̄0s. Band gaps from simulations in
Sec. U.6 are displayed when available.
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(a)

(b)

(c)
(d)

Figure Y.4: Trapezium resonator orientations with respect to a waveguide: (a) `upward',
(b) `corner', (c) `side', (d) `downward'. All with a single unit cell of separation from the
waveguide.

material. Mirror symmetries in the resonator design need to align with mirror symmetries

in the material, in particular for the best performance, the parallel edges of the trapezium

(long axis) need to be aligned with r110s. Thus the waveguide and device orientation with

respect to the substrate must be carefully chosen.

Y.3 Bridge connections

Fabrication of a partial waveguide that only admitted optics was beyond the reach of our

electron beam lithography process - the required shape dimensions were too small and unable

to be successfully created. Thus the closeness of the resonator to the waveguide raised

concerns that acoustic modes would undesirably also couple into the waveguide. To mitigate

this, one strategy was to remove some of the bridges connecting the trapezium resonator to

the surrounding snow�ake crystal. Unfortunately this negatively impacted the mechanical

resonance modes by lowering the frequency to be perilously close to the band gap edge and

reducing the intrinsic quality factor. Plots of simulation results are given in Fig. Y.5.

An alternative approach was to remove bridges along the waveguide connecting it to the
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Snowflake: t = 250 nm, a = 500 nm, r = 245 nm, w = 87 nm, c = 20 nm.
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Figure Y.5: Simulations of trapezium resonators with connecting bridges removed. Two
di�erent mechanical modes are looked at, and depicted by Qx.
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Figure Y.6: Snow�ake crystal patterns about a central waveguide: (left) mirror symmetric
opposed, (right) o�-set by a{2.

snow�ake crystal in the vicinity of the trapezium. Whilst there's potentially some edge mode

participation in the resonance, simulations suggest this is at least a minor improvement.

Y.4 Crystal o�sets

With separate crystals on either side of the waveguide, their relative positions can be ad-

justed. In particular, there are two major con�gurations as depicted in Fig. Y.6. Optical

transmission measurements strongly favoured devices with the o�-set by a{2 con�guration.

Y.5 Fabrication

Trapezium resonator devices were fabricated with varying snow�ake dimensions, each hav-

ing � 10 resonators with slightly di�erent sizes along a central waveguide that broke the

snow�ake crystal lattice (allowing waveguide width adjustments). The free suspended waveg-

uide was typically 500 nm wide, and narrowed to 475 nm within the optomechanical crystal

for improved optical coupling. The main plate was typically 50 snow�ake cells long and 15

rows on each side of the waveguide. Tethers for the main plate and waveguide are styled ser-
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Figure Y.7: (Top) pattern dxf image of the device design with large scale dimensions labelled.
(Bottom) zoom in of trapezium resonators along the waveguide. Blue is the HSQ layer
making up the suspended structure, and red is the complete etch released regions. Horizontal
and vertical directions line up with GaAs r110s crystal axes.
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Figure Y.8: Optical microscope image of a trapezium resonator device.

pentine and zigzag to provide �exibility during the release process. Secondary release holes

around the entire device protect against any large cracks that form. An example pattern

design is shown in Fig. Y.7.

Fabrication was carried out according to Ch. 4, �ne tuning the proximity e�ect correction was

vital for creating uniform snow�akes across the plate. Electron beam writing was carried out

with two passes at 390µC{cm2 with proximity e�ect correction (N.3). Images of fabricated

devices are shown in Figs. Y.8, Y.9.
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Figure Y.9: 45� angle scanning electron microscope images of a trapezium resonator device.
This particular device featured trapezium resonators with partial bridge connections.
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Figure Y.10: Optical transmission scan of a device with trapezium resonators. The �t to
this resonance yielded f � 192.05THz, β12 � 0.63, QL � p1467 � 10q, Q0 � p2397 � 20q,
Q12 � p3785� 22q, γ{p2 πq � p130.9� 0.9qGHz.

Y.6 Measurements

Many hundreds of trapezium resonator devices were fabricated and measured with the optical

set up described in App. Σ. Unfortunately, typical quality factors were QL � 1000 and

β12 � 0.5, much too low to observe optomechanical behaviour which scales with Q2 (See

App. L). One of the better devices is plotted in Fig. Y.10.
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APPENDIX Z

Vertebrae resonators

The `vertebrae' resonator is a recently demonstrated [152] quasi-two-dimensional optome-

chanical crystal cavity that has so far only been realized in silicon [152, 178]. Depicted in

Fig. Z.1, it is constructed from C-shape holes to create a one-dimensional optomechanical

crystal and Fabry-Pérot defect cavity within the waveguide of a two-dimensional snow�ake

optomechanical crystal.

Z.1 Dispersion plots

The C-shape hole dimensions are de�ned in Fig. Z.2, and together with the snow�ake di-

mensions of Sec. U.2.1, lattice spacing, waveguide width, and slab thickness make up the

dimensional parameters for a vertebrae unit cell. With periodicity in the x direction, the unit

cell exhibits y and z mirror symmetry that allows modes to classi�ed under those symmetries

(see App. D).

Figure Z.1: Vertebrae resonator concept.
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Figure Z.2: De�nition of C-shape hole dimensions.

Our target mechanical cavity mode is the
�
y
�
z `paddle' breathing mode, where the inner

rectangular region of the C-shape holes has a strong Qy component and stretches into the

air hole. The frequency of this mode is dominated by an inverse proportionality to hi. There

is a slight inverse proportionality to wi, and minimal dependence on other parameters. Our

target optical cavity mode has
�
y
�
z symmetry, matching the waveguide propagation mode,

and is localized to the air holes. It has a frequency that scales with the size of the air hole,

wo� pho� hiq.

Design of the vertebrae resonator requires an appropriate mirror geometry that can be gra-

dient deformed to put the target modes into the mirror's band gaps. For this, we study

dispersion relations for the vertebrae unit cell, and following a manually guided parameter

search arrive at the mirror unit cell given in Fig. Z.3. From this, the
�
y
�
z paddle breathing

mode and
�
y
�
z optical mode can be brought into the band gap by increasing hi, as seen in

Fig. Z.4.

Here we only considered cases with the C-shape lattice distance equal to the snow�ake lattice

distance, a, but it is possible to relax this constraint [178]. There are two reasonable relative

lattice positions: the C-shape sitting between the snow�akes as in Fig. Z.1, or shifted such
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Figure Z.3: Dispersion plots for vertebrae unit cell with t � 250 nm, a � 550 nm, r � 245 nm,
w � 87 nm, c � 20 nm, ho � 320 nm, wo � 480 nm, hi � 175 nm, wi � 210 nm, d � 80 nm,
wg � 868 nm, and GaAs at room temperature aligned with x⃗ � r11̄0s. (Left) mechanics with

highlighted
�
y
�
z bands gaps, and (right) topics with highlighted

�
y
�
z bands gaps.

that the C-shape holes are vertically below the edge snow�akes. Examples of both are given

in Fig. Z.5. A cursory exploration of the shifted case was undertaken but it did not provide

any immediate bene�ts.

The waveguide in the snow�ake crystal is formed by a missing row with additional widening.

This widening breaks the crystal lattice, removing the possibility of waveguide cornering

through the crystal. Another option involves truncating the snow�akes along the waveguide

as shown in Fig. Z.5 (bottom). Only a brief investigation of this style was carried out with

unfavourable dispersion plot results.
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Figure Z.4: Dispersion for
�
y
�
z acoustic modes at kx � 0, varying the paddle height hi. Bands

gaps for the mirror unit cell are highlighted.

Z.2 Designs

Various design options were considered for the vertebrae resonator. These included defect

cell parity, missing or truncated snow�ake waveguides, snow�ake to C-shape lattice shift,

gradient function, waveguide widths, and tapering to the waveguide. Diagrams of these

options and parameterizations are given in Fig. Z.5.

The defect can have an even number of defect cells with
�
x electromagnetic symmetry, or

odd number of defect cells with
�
x electromagnetic symmetry. In both cases the mechanics

are
�
x symmetric, as required by App. E, and are paddle breathing modes. Previous designs

have all used even ndefect � 2 [152, 178] which provides good optomechanical coupling, but

fabricating two identical paddles in gallium arsenide proved challenging and later designs
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restricted to ndefect � 1.

As discussed in the previous section, the base waveguide can made from a missing row or

additionally truncating the snow�akes, and the snow�ake to C-shape lattice can be in one

of two shifted positions. Early simulations of `shifted' lattices, and truncated snow�ake

waveguides, despite their use in App. Y, were unfavourable and these styles were not further

investigated.

Two classes of gradient functions are considered, polynomials and a smooth step, de�ned

over r0, 1s Ñ r0, 1s as1

PolyStepnrxs � xn ,

SmoothStepnrxs � xn�1
ņ

k�0

���n� k

k

��

���2n� 1

n� k

��
 p�xqk ,

to be combined with 0 : x   0, 1 : x ¡ 1. Polynomial step functions are di�erentiable at

x � 0 for n ¡ 1 and never at x � 1, whilst the smooth step is n-di�erentiable at both. Given

the few discretized points in our gradient region, we consider only PolyStep1, PolyStep2, and

SmoothStep1, plotted in Fig. Z.6.

Tapering styles were mostly explored in fabrication as simulating external couplings is bur-

densome and unreliable. These involved designs that tapered to narrow slots (wider slots

blocked transmission) or tapered to open blank waveguides, and di�erent lengths. Results

as to which implementation was best were inconclusive although some of the better opti-

cal devices measured had very short ntaper � 1 interfaces. Shorter snow�ake plates that

transitioned from waveguide to suspended beams sooner improved overall transmission.

1. Where p ab q � Binomialra, bs is `a choose b'.
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Z.2.1 Simulations

Simulations were carried out with �nite element modelling software with x, y, and z sym-

metries imposed. Layouts are built using Python to create DXF �les and then MATLAB

[182] scripts to assemble COMSOL [181] models. Fig. Z.7 depicts a ndefect � 2 cavity and

Fig. Z.8 depicts a ndefect � 3 cavity. Optomechanical couplings were calculated according

App. C and a compilation of results given in Fig. Z.9.
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Figure Z.5: Vertebrae resonator defect cavity resonator designs. (Top) even ndefect in a
widened missing-row waveguide with C-shape hole tapering, and (bottom) odd ndefect in
a truncated-snow�ake missing-row waveguide with shifted snow�akes and combined taper.
The plots depict a SmoothStep1 gradient transition of parameters between the defect and
mirror, and linear taper of hi, ho, d to the waveguide region.
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Figure Z.7: Simulations of an even ndefect � 2 mode, with t � 250 nm, a � 550 nm, r �
245 nm, w � 87 nm, c � 20 nm, homirror � 320 nm, womirror � 480 nm, himirror � 175 nm,
wimirror � 210 nm, hodefect � 310 nm, wodefect � 470 nm, hidefect � 320 nm, widefect �
210 nm, d � 80 nm, wg � 868 nm, ngradient � 3 with SmoothStep1, nmirror � 3, and GaAs
at room temperature aligned with x⃗ � r11̄0s. The mechanical mode at fm � 4.5843GHz

has
�
x
�
y
�
z mirror symmetry, whilst the optical mode at fo � 194.25THz has

�
x
�
y
�
z mirror

symmetry.
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Figure Z.8: Simulations of an odd ndefect � 3 mode, with t � 250 nm, a � 550 nm, r �
245 nm, w � 87 nm, c � 20 nm, homirror � 320 nm, womirror � 480 nm, himirror � 175 nm,
wimirror � 210 nm, hodefect � 310 nm, wodefect � 470 nm, hidefect � 320 nm, widefect �
210 nm, d � 80 nm, wg � 868 nm, ngradient � 3 with SmoothStep1, nmirror � 3, and GaAs
at room temperature aligned with x⃗ � r11̄0s. The mechanical mode at fm � 4.5846GHz

has
�
x
�
y
�
z mirror symmetry, whilst the optical mode at fo � 193.09THz has

�
x
�
y
�
z mirror

symmetry.
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t = 250 nm, a = 550 nm, r = 245 nm, w = 87 nm, c = 20 nm,

homirror = 320 nm, himirror = 175 nm, wimirror = 210 nm,

womirror = 480 nm, hidefect = 220 nm, widefect = 210 nm,

d = 80 nm, wg = 868 nm, GaAs room temp. x

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Figure Z.9: Simulation results varying the gradient function and wodefect, hodefect exhibiting
�ne tuning of the optical resonance frequency. Quality factors are limited by the simulation
size, here with 3 rows of snow�akes.
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Z.3 Fabrication

Fabrication was carried out following Ch. 4 using proximity e�ect correction (N.3) with

0.1µm short range cut-o� and 395µC cm�2 dose with two passes for electron beam lithog-

raphy. During the development process, devices were imaged with a scanning electron mi-

croscope (SEM) and analyzed using edge detection. Pattern dimensions were adjusted and

iterated to realize the simulation targets, an example step in this process is shown in Fig. Z.10.

The C-shape hole, lacking rotational symmetry, does not lend itself to the tricks used for

snow�ake shape �tting of App. P, and instead was estimated from edge detection pixel

distances assuming a canonical orientation. Details of this method are outlined in Fig. Z.11.

If the image is not perfectly oriented, lattice periodicity analysis (see App. Ξ) can be carried

out on the surrounding snow�akes to provide a rotation correction angle.

Our laser for measuring (see Sec. Σ.1.1), and the optical grating couplers (see App. V), have

a narrow wavelength operating band so devices were made in series of varying global scaling

parameters. Furthermore, due to the temperamental nature of HSQ resist variations on the

order of � 1% were common between fabrication runs. A fabricated device is pictured in

Fig. Z.12.

Pattern dimensions that produced measurable devices were in the vicinity of

a � 578 nm , homirror � 302 nm , hodefect � 288 nm ,

r � 247 nm , womirror � 477 nm , wodefect � 462 nm ,

w � 63 nm , himirror � 184 nm , hidefect � 230 nm ,

ci � 18 nm , wimirror � 255 nm , widefect � 252 nm ,

co � 15 nm , d � 116 nm , wg � 912 nm .
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Figure Z.10: SEM image of a vertebrae cavity with edge detection and measured C-shape
hole dimensions. Pattern and target dimensions are also plotted.
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hi region

wi region

mean
center

bounding box

Figure Z.11: Estimating C-shape hole dimensions from edge detected pixels (black) assuming
canonical orientation. Step 1: determine the bounding box (red) from maximum extents,
this gives wo and ho. Step 2: compare the bounding box center (red) with the pixel mean
(blue) to device if this is a top C-shape with mean above center, or bottom C-shape with
mean below center. Step 3: use pixels in a vertical region (orange) around the center to
determine hi. Here, for a top C-shape, taking the lowest. Step 4: use pixels in a horizontal
region (green) half way between hi and the bounding box, 90%wo wide, to determine wi.

Snow�ake pattern dimensions are de�ned in App. O. The majority of devices fabricated

used SmoothStep1 with ngradient � 3. Grating couplers had pattern values (see App. V and

App. W)

ngrates � 40 , Λ � 632 nm , f � 0.58 , b � � 0.05 , w � 1µm .

Tethers in a zigzag pattern are kept thin (125 nm) such as not to support optical modes (see

App. S).
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Figure Z.12: SEM image of a vertebrae resonator device.

364



1520 1530 1540 1550 1560 1570

0.000

0.001

0.002

0.003

0.004

0.005

0.006

191192193194195196197

Wavelength [nm]

T
ra
ns
m
is
si
on

R
ef
le
ct
io
n

Frequency [THz]

1537.5 1538.0 1538.5 1539.0 1539.5 1540.0 1540.5 1541.0

0.000

0.002

0.004

0.006

194.60194.70194.80194.90

Wavelength [nm]

T
ra
ns
m
is
si
on

R
ef
le
ct
io
n

Frequency [THz]

dither

interrogation

region

■ Fit

Figure Z.13: Optical transmission and re�ection through a vertebrae resonator device. Fits,
shown in red, produced fo � 194.759THz, QL

o � 3954 � 5, β1o � 0.54 � 0.01, and Q0
o �

8221� 79.

Z.4 Measurement

Measurements were made using the setup described in App. Σ. Good devices typically had

nmirror � 3 and ntaper � 3, or nmirror � 4 and a short abrupt ntaper � 1, and measured

quality factors QL
o � r3000, 4000s.

Z.4.1 Optical properties

The optical resonator was modelled as an interposed two port cavity (see Sec. Θ.3) assuming

the ports are symmetric, i.e. β1 � β2. Over a limited range, transmission was �t to

T pfq � CoT �
Ao

1� 4 pQL
o q2

�
f
fo
� 1

	 ,
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and re�ection to

Rpfq � �
C0oR � C1oR pf � fmq

� ��1�
1� 1

p1�2β1oq2

1� 4 pQL
o q2

�
f
fo
� 1

	
�
 ,

independently of each other. Re�ection signals contained substantial systematic uncertainty

from the measurement setup and was only used to extract β1. An example optical scan and

�t is given in Fig. Z.13.

Interestingly, higher quality factor measurements were often associated with devices that

su�ered some contortion during the suspended layer release process, but were still able to

successfully guide optics. These devices were pulled higher and further away from the bulk

substrate, possibly suggesting that the shallow 1µm gap for most devices is a considerable

source of loss.

Z.4.2 Mechanical properties

The thermal spectrum is �t according to Sec. L.5 with quadratic background2

SXX � C0m � C1m pf � fmq � C2m pf � fmq2 � A
pf � fmq2 � α�m

2
.

Mechanical resonances typically showed up near 4.5GHz with quality factors QL
m � 1000 at

room temperature.

2. De�ning α� � α{p2πq.
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Figure Z.14: Measured power spectral density for a device with ndefect � 3 showing a
splitting into three distinct mechanical modes due to variation in paddle size. Measurements
were taken with the laser at di�erent locations in the optical resonance. As expected there
is no optomechanical signal when probing the peak of the optical resonance.

Z.4.3 Optomechanical coupling

Optomechanical couplings were measured from the thermal mechanical spectrum and a phase

modulated signal following App. L with calibration in Sec. Σ.1.2. Due to ubiquitous ther-

mal drifts a�ecting both the resonator device and measurement setup, signi�cant systematic

uncertainties a�ected measurement. Fast spectrum analyzer scans that were able to cap-

ture both the thermal spectrum and calibration signal together over a short period of time

(typically 30 s) were favoured, with repetition counts � 100 used to build up statistics.

Single paddle devices, ndefect � 1, exhibited optomechanical couplings � r400, 500s kHz.
One double paddle device, ndefect � 2, with a single (overlapping) resonance may have had

g�om � 800 kHz but su�ered from weak optical transmission making it di�cult to measure.
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Z.5 Mechanical splitting

One problem with multiple paddles in the resonator, i.e. ndefect ¡ 1, is the vulnerability

to minor variations in hidefect due to fabrication. Simulations with adjacent defect sites

exhibiting �1 nm in hidefect generated mode splittings of 	17MHz. Fig. Z.14 demonstrates

such a situation in the measurement of the power spectral density.
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APPENDIX Γ

Ring resonators

Ring resonators are simple resonance structures made from a loop of waveguide.

Γ.1 Resonance condition

The resonance condition for a ring is simply

L

track
length

�

��� λ

propagating
wavelength

��
�
�
m P Z�

�
,

where for a circular track L � 2π R. Due to the waveguide nature of the resonator, the

appropriate wave speed is the group velocity,

f λ � vg � Bω
Bk �

c

ng
,

where ng is the `group index of refraction'. The resonant frequencies are thus

fm � cm

ng L
: m P Z� ,

and the free spectral range is

FSR � c

ng L
.
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Figure Γ.1: Diagram of a ring resonator connected to a waveguide.

Γ.2 Input-output relations

From Sec. Θ.4.2 and Fig. Γ.1, the equations of motion for a single resonance f0 are

d

dt
aptq � � iω0 aptq �

γ0 � γ1 2
2

aptq � ?γ1 2 ei pϕ�θq ,

aout2 ptq � ?
γ1 2 e

i θ aptq � eiϕ ain1 ptq .
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Taking the Fourier transform, the scattering element is

aout2 ptq
ain1 ptq

� S2 1 � eiϕ
�
1� γ1 2

γ0�γ1 2
2 � i pω � ω0q



,

|S2 1|2 � 1� γ0 γ1 2�
γ0�γ1 2

2

	2 � pω � ω0q2

� 1�
4β1 2

p1�β1 2q2

1� 4QL
2
�
ω�ω0
ω0

	2 .
Critical coupling occurs at β1 2 � 1.

Γ.3 Suspended GaAs rings

From simulations of suspended GaAs beams in App. S, for dimensions of plz � 250 nmq �
ply � 450 nmq and nGaAs � 3.32, the

�
y
�
z mode near 194THz has a group velocity vg �

6.72� 107ms�1 (ng � 4.46). For a track radius of 52µm the predicted FSR � 206GHz.

Γ.4 Measurements

To test our optical setup, App. Σ, and grating coupler fabrication, App. V, optical ring

resonators were produced. Fig. Γ.2 shows the transmission through an example suspended

GaAs ring resonator. Comparing the measured free spectral range to theory suggests the

group velocity is slower than predicted, likely from inaccurate beam dimensions.
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Figure Γ.2: (a) Microscope image of a suspended GaAs ring resonator. The ring outer
radius is 52µm with design width 450 nm and thickness 250 nm. (b) Transmission through
the ring resonator (blue) with �ts to each resonance (dashed red). The loaded Q factors are
approximately distributed QL � Normalr3826, 679s and free spectral range is measured to
be FSR � p192.370� 0.033qGHz.
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APPENDIX ∆

Nanobeam

The nanobeam is one of the most widely used optomechanic devices. Typically it refers

to a suspended dielectric beam with holes punctuated to produce a one-dimensional op-

tomechanical crystal, and gradient defect to create a `cavity' optical and mechanical res-

onance. Early one-dimensional optomechanical crystals involved di�erent designs, such as

ladders [115, 165, 284] and blocks [176], but holes proved to be best performer. Since 2010

nanobeams have become a popular optomechanical system and have been made from silicon

[116, 117, 122, 126, 127, 133, 134, 136, 137, 143, 179, 213, 226, 285�296], diamond[162],

aluminium nitrite [120, 121], gallium arsenide [123, 128, 157, 158], silicon nitride [297�302],

gallium nitride [227], lithium niobate[124, 130�132, 192, 303], and gallium phosphide [135].

∆.1 Design

Gallium arsenide (n � 3.37) (see Sec. M.1.5) has similar optical properties to silicon (n �
3.47) [259], such that design dimensional parameters originally optimized for a silicon nanobeam

[122, 304] can be used to target 194THz.

Using the parameters speci�ed by Fig. ∆.1, along with thickness t, the nanobeam design
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Figure ∆.1: Nanobeam dimensions speci�cations, the linear gradient is a function of hole
index.

parameters were

t � 250 nm , w � 529 nm ,

acrystal � 436 nm , adefect � 320 nm ,

hxcrystal � 165 nm , hxdefect � 199 nm ,

hycrystal � 375 nm , hydefect � 174 nm ,

ngradient � 3 , ndefect � 3 .

The nanobeam is e�ervescently coupled to nearby waveguide that is completely suspended

and connected to suspended grating couplers. Suspension is provided by zig-zag tethers that

o�er some spring-like give during the release process. The waveguide has a width of 500 nm

and features a weave that brings it closer to the nanobeam and simultaneously reduces the

width to 450 nm in the coupling region. Spacing between the nanobeam and waveguide

a�ects the resonance coupling and was varied between devices, the measurements presented

here belong to a device with a 100 nm gap. Additional tethers between the nanobeam and
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Figure ∆.2: (Top) 3D model showing the mechanical breathing mode of interest with ex-
agerated deformation. (Bottom) 2D plane cuts showing the displacement �eld at 2.96GHz
and electric �eld at 195THz.

waveguide away from the coupling region were also included. A secondary release trench

surrounds the main release area to help reduce cracking and �aking during the release (see

Sec. 4.5).

∆.1.1 Simulation

The nanobeam described in Sec. ∆.1 was simulated in the �nite element modelling software

COMSOL [181], using MATLAB [182] scripts to build the model. Material properties follow

that given in Sec. M.1.1 with the crystal r110s direction aligned parallel to the nanobeam.

Symmetries in all three planes were used to speed up the simulation. Depicted in Fig. ∆.2

the mechanical mode of interest exhibits mirror symmetry (see App. E) in each Cartesian

plane through the center (
�
x
�
y
�
z ), and the optical mode of interest has mirror symmetry in
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Figure∆.3: Dispersion plots of periodic elliptical holes in GaAs with t � 250 nm, a � 436 nm,

hx � 165 nm, hy � 375 nm. (Left) mechanical modes with band gaps for
�
y
�
z in yellow.

(Right) optical modes with band gaps for
�
y
�
z in yellow and target frequency (194THz) in

dashed red.

z and mirror antisymmetry in x and y (
�
x
�
y
�
z ). The optomechanical coupling was calcu-

lated according to App. C with the major contribution coming from the photoelastic e�ect.

Simulated frequencies1 are

f
(sim)
m � 2.955GHz ,

f
(sim)
o � 194.7THz ,

g�(sim)
om � 1.140MHz .

In Fig. ∆.3 simulations of the elliptical hole optomechanical crystal using Floquet periodic

1. De�ning g� � g{p2πq.
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Figure ∆.4: (Left) SEM image of a nanobeam optomechanical crystal, with edge detected
points making up the holes in green, centers in orange, and elliptical shape �ts in dashed blue.
Inset are the corresponding �t parameter results, with mean and standard deviation given
by the translucent background. (Right) Comparison of SEM optomechanical crystal analysis
between di�erent nanobeam devices that had varying pattern dimensions and electron beam
dosages.

boundary conditions were made to produce dispersion plots exhibiting the desired band gaps.

∆.2 Fabrication

Using the target dimensions of Sec. ∆.1 as a guide, various pattern design dimensions (within

a few percent), electron beam dosages, and proximity e�ect correction schemes were trialled.

Variations on the waveguide thickness (a�ects propagation and evanescence) and curvature,

waveguide to nanobeam proximity (a�ects coupling), nanobeam tethering (to reduce ver-

tical misalignment) were also carried out. Nanobeam optomechanical crystal dimensions

measurements were carried out from SEM images following similar techniques to App. P.

Measurements and comparisons of the sort in Fig. ∆.4 were made to evaluate fabrication

results and direct new trials.

The device measured here had nanobeam pattern parameters matching that of the design
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Figure ∆.5: (Top) pattern DXF image of the device design with large scale dimensions
labelled. (Bottom) zoom in of the nanobeam resonator region. Blue is the HSQ layer making
up the suspended structure, red is the complete etch and released regions, and orange is the
partial etch into the top layer.

except with w � 535 nm, and t at the mercy of the wafer. An image of the DXF pattern for

this device is given in Fig. ∆.5. The waveguide had pattern measurements

waveguide width � 500 nm ,

waveguide width near nanobeam � 450 nm ,

waveguide to nanobeam gap � 100 nm ,

with the close region spanning the defect and gradient portion of the nanobeam holes. Con-

necting the close waveguide section to the main track is a curve made from two circular arcs,
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Figure ∆.6: (Top) optical microscope image of the measured device. (Bottom) 45� angle
scanning electron microscope image of an identical device's nanobeam and accompanying
waveguide.

of the same radius of curvature and angle, that form a smooth curve, along which the width

is linearly gradated. The grating coupler had pattern values (see App. V and App. W)

ngrates � 40 , Λ � 638 nm , f � 0.54 , b � � 0.05 , w � 1µm .

Tethers in a zigzag pattern are kept thin (125 nm) such as not to support optical modes (see

App. S).

Electron beam exposure was made using proximity e�ect correction (N.2), with two passes,
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Figure ∆.7: Optical transmission scans through the device made by forward sweeping the
laser wavelength. The optical resonance �t is shown in dashed red, and the region used for
second harmonic dither locking and thermal mechanics spectrum interrogation is highlighted.

at 450µC{cm2. Other fabrication recipes followed that of Ch. 4. Pictures are provided in

Fig. ∆.62.

∆.3 Measurements

Using the measurement setup described in App. Σ, devices were probed optically to mea-

sure their optical and mechanical resonance properties. Here we detail measurements for a

particular device that exhibited the best optical resonance.
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∆.3.1 Optical properties

Fig. ∆.7 shows the optical transmission spectrum through the device, and the optical reso-

nance �t (over a limited region) to (see Sec. Θ.4.1)

T pfq � �
C0o � C1o pf � foq

� ��1�
1� 1

p1�β12o q2

1� 4 pQL
o q2

�
f
fo
� 1

	
�
 ,

with results averaged between the forward and backward scans,

f
(meas)
o � p193.92338� 0.00003qTHz , λ

(meas)
o � p1545.9325� 0.0002q nm ,

β12o � 1.334� 0.008 ,

QL
o �5856� 20 ,

γo
2π

� p33.17� 0.11qGHz ,
αo
2π

� p16.59� 0.06qGHz ,

Q0
o �13645� 85 ,

γ0o
2π

� p14.21� 0.09qGHz ,
α0o
2π

� p7.11� 0.04qGHz ,

Q12
o �10228� 28 ,

γ12o
2 π

� p18.96� 0.05qGHz ,
α12o
2 π

� p9.48� 0.03qGHz .

The blue-side in�ection point is thus located at (see App. Υ)

fo blue
in�

� fo res � p9.577� 0.032qGHz , λo blue
in�

� λo res � p0.2644� 0.0007q nm .

2. SEM exposure can degrade devices.

381



1543 1544 1545 1546 1547

0.000

0.002

0.004

0.006

0.008

0.010

0.012
193.8193.9194.194.1194.2

Wavelength [nm]

T
ra
ns
m
is
si
on

Frequency [THz]

Figure ∆.8: Optical transmission scan through the resonance at high power, Pdelivered �
1.45mW, showing the non-linear snapping e�ect.

At high powers the nanobeam optical resonance exhibits a non-linear snapping e�ect that

strongly skews the optical resonance, as shown in Fig. ∆.8. To avoid this, measurements

were made at Pdelivered � 300µW.

If the power output in the absence of the cavity is C0 Pdelivered and our device is symmetric,

we can assign
?
C0 transmission to each grating coupler and waveguide, such that PL �

?
C0 Pdelivered. An estimation of the cavity occupation is then (see App. I and App. Θ)

n̄opωLq � |ā|2 � α12o
pωo � ωLq2 � αo2

?
C0 Pdelivered

ℏωL
,

and for ωL � fo blue
in�

,

n̄o
�
fo blue

in�

� � p3.03� 0.11q � 104 .
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Figure ∆.9: Optical detected power spectrums showing features from mechanical vibration.
(Left) low frequency spectrum and features from large scale modes (i.e. the whole device or
waveguide oscillating). (Right) microwave frequency mechanical thermal spectrum from the
optomechanical cavity, taken over half a day with averaging. Spectrum analyzer instrument
noise (400 kHz sawtooth) has been subtracted in this plot.

∆.3.2 Mechanical properties

Targeting the laser to the side of the resonance will let the thermal mechanical spectrum

be imprinted on the transmission signal and be measurable (see App. L) by a su�ciently

fast photodetector. Over medium to long time scales the optical resonance drifts in both

frequency and power. To track the resonance from the side (blue in�ection point) a second

harmonic dither lock is used (see App. Υ), with fdither � 100Hz and Vdither
amp

� 1V, covering a

region of � 0.1 nm. Spectrum analyzer measurements in this operating regime need VBW !
fdither � 100 to appropriately average the dithering.

Fig. ∆.9 shows some low frequency mechanical features from large scale elements in the de-

vice, and the microwave frequency mechanical mode in the nanobeam. The thermal spectrum
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is �t according to Sec. L.53

SXX � C0m � C1m pf � fmq � A
pf � fmq2 � α�m

2
,

with results

f
(meas)
m � p2905.9585� 0.0008qMHz ,

QL
m �873.8� 0.9 ,

γm
2 π

� p3.326� 0.004qMHz ,
αm
2 π

� p1.663� 0.002qMHz .

The mechanical mode is assumed to be in thermal equilibrium at ambient room temperature,

p295� 3qK, giving the cavity occupation

n̄mpωmq � kB T
ℏωm

� 2117� 22 .

∆.3.3 Optomechanical coupling

A weak phase modulated signal through the device has similar transmission properties to

the thermal mechanical signal (see App. L) and can be used to normalize A. Using the

calibration in Sec. Σ.1.2,

g�om �
d
π A fΦ

2 AΦpPΦq2
4 α�m PfΦ n̄mpfmq

� p595� 4q kHz .

3. De�ning α� � α{p2πq.
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The cooperativity is

Com � gom
2 |ā|2

αo αm
� 0.388� 0.015 .
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APPENDIX Θ

Classical input-output theory

This appendix covers the formulation of classical input-output theory and provides useful

reference equations [148, 220, 230, 231, 305].

Θ.1 Zero port resonator

Let us begin with an unconnected resonator, shown in Fig. Θ.1, with only intrinsic losses to

environment, and make the following de�nitions,

aptq
generalized
amplitude

, ω0
resonant

angular frequency

, α

amplitude
decay rate

, ℓptq
drive

.

The equation of motion for our system is

d

dt
aptq � �iω0 aptq � α aptq � ℓptq , (Θ.1)

which has solution

aptq � apt0q e�piω0�αqpt�t0q �
» t
t0

e�piω0�αqpt�t1q ℓpt1q dt1 .

In this form we are assuming both ω0 P R and α P R. Alternatively we can have a complex

frequency ω0 P C where we identify α � �ℑrω0s.
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Figure Θ.1: Diagram of an isolated resonator with possible environmental drive.

Below are some additional de�nitions used when discussing resonance behaviour,

f

frequency

� ω

2π
, T

period

� 1

f
.
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t

a(t)

exp[- α t]

Figure Θ.2: Ring down of amplitude aptq with no drive.

Θ.1.1 No drive

If we have no driving term, our amplitude simply rings down as in Fig. Θ.2,

aptq � apt0q e�piω0�αqpt�t0q .

The energy stored in the resonator is proportional to the amplitude squared,

|aptq|2 � |apt0q|2 e�2α pt�t0q ,

and the power loss is thus

� d

dt

�
|aptq|2



� 2α |aptq|2 .

We can now determine the quality factor to be

Q � ω0
stored energy
power loss

� ω0
2α

.
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Some additional de�nitions can also be made here,

γ

power
loss rate

� 2α , ζ

damping
ratio

� α

ω0
, τ

lifetime

� 1

α
.

Θ.1.2 Fourier transform

De�ne the t0 shifted Fourier transform on aptq as

apωq � 1?
2 π

» 8
�8

eiω pt�t0q aptq dt ,

and the inverse Fourier transform on apωq as

aptq � 1?
2 π

» 8
�8

e�iω pt�t0q apωq dω .

Applying this Fourier transform to (Θ.1), we get

�iω apωq � �iω0 apωq � α apωq � ℓpωq ,

ñ apωq � ℓpωq
α � i pω � ω0q

,

ñ |apωq|2 � |ℓpωq|2
α2 � pω � ω0q2

.

For a resonator with no input, the drive term is simply a thermal noise background and

can be approximated (over a narrow range of frequencies) to be constant ℓpωq � ℓ. For an
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Figure Θ.3: Lorentz-like function.

isolated resonator with no drive,

�iω apωq � �iω0 apωq � α apωq ,

which has two solutions. The �rst solution is the trivial apωq � 0 empty resonator steady

state (after ringing down). The second solution is α � 0 and ω � ω0 corresponding to

the idealized situation of the resonator being perfectly isolated from the environment and

continuing to oscillate inde�nitely precisely at the resonance frequency.

Note that the function, shown in Fig. Θ.3,

ω ÞÑ 1

α2 � pω � ω0q2
� 1�γ

2

�2 � pω � ω0q2
,

has a maximum value of p1{αq2 and full-width half-maximum of 2α � γ.

Θ.1.3 Equivalent circuit

Circuits featuring inductors, capacitors, and resistors exhibit resonant behaviour and can be

used in modeling resonators. In this analysis we will be using complex voltages and currents.

Here we consider a series LCR circuit, shown in Fig. Θ.4, but the same results can be found
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Drive

R

C

L

Figure Θ.4: Series LCR circuit.

for a parallel LCR circuit. The impedance of our series LCR is

Z � R � iω L� 1

iω C
,

and resonant frequency for this circuit is found by

iω0 L �
i

ω0C
ñ ω0 �

1?
LC

.

The stored energy in inductor and capacitor are equal on resonance,

stored energy � 1

4
|IL|2 Llooomooon

inductor

� 1

4
|VC |2Cloooomoooon

capacitor

ω�ω0� 1

2
|I|2 L ,

and the time averaged1 power lost through the resistor is

power loss � 1

2
|I|2R .

1. |IRMS|2 � |Ipeak|2{2.
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Thus for a series LCR,

2α � γ � R

L
, Q � ω0

γ
� ω0 L

R
.

The impedance of our series LCR circuit is then

Z � R � iL

�
ω � ω0

2

ω



,

and for frequencies close to the resonance (enforced for high Q, low bandwidth resonators)

we can series expand to

Z
ω�ω0� R � iL

�
2 pω � ω0q �Orω � ω0s2

	
� R � i 2L pω � ω0q

� 2L
�
α � i pω � ω0q

�
.

If the drive is an AC voltage V , we have

I � V {Z

�
V
2L

α � i pω � ω0q
,

and thus we have a situation analogous to our zero port cavity resonator under ω � ω0.
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Figure Θ.5: Diagram of a resonator with one port and the various interactions.

Θ.2 One port resonator

In the case of a resonator with one port, as depicted in Fig. Θ.5, the equation of motion is

d

dt
aptq � � iω0 aptq � pα0 � α1q aptq � λ1 a

in
1 ptq ,

aout1 ptq � µ1 aptq � ν1 a
in
1 ptq .

This is similar to (Θ.1) with α � α0 � α1 distinguishing the resonator loss channels, and

with the drive now ℓptq � λ1 a
in
1 ptq. Here we are ignoring any background thermal drive
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on the assumption that λ1 ain1 ptq is much larger. We are also assuming a weak coupling

regime where λ1 is a constant, this is valid if the bandwidth is small enough and we can take

λ1pωq � λ1pω0q � λ1.

In principle α1 can be complex where the imaginary part corresponds to the port shifting

the system's overall resonance frequency. As we're not concerned with dynamically changing

the number of ports, we can make the following mapping for simplicity,

ω0 � ℑrα1s ÞÑ ω0 ,

ℜrα1s ÞÑ α1 ,

where ω0 is now the full system (shifted) resonance frequency and α1 always corresponds to

the real part.

We can decompose the total loaded quality factor, QL, into an unloaded/intrinsic quality

factor, Q0, and coupling/extrinsic quality factor, Q1, as

1

QL
� 1

Q0
� 1

Q1
� 1� β1

Q0
,

where we have also introduced the coupling coe�cient, β1, which obeys the following relations

β1 �
Q0

Q1
� α1
α0

,
Q1

QL
� 1� β1

β1
,

Q0

QL
� 1� β1 .

Θ.2.1 Isolated system

To determine the parameters λ1, µ1, ν1, in relation to α1 we need to carry out a series of

thought experiments. In particular we consider the case of an isolated system, α0 = 0, where
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power is conserved,

d

dt
|aptq|2 � |ain1 ptq|2 � |aout1 ptq|2 . (Θ.2)

No drive

If our system is isolated with no incoming drive, ain1 ptq � 0, the equations of motion become

d

dt
aptq � � iω0 aptq � α1 aptq , (Θ.3)

aout1 ptq � µ1 aptq . (Θ.4)

Solving (Θ.3) gives us

aptq 9 e�iω0 t�α1 t ,

ñ |aptq|2 9 e�2α1 t ,

ñ d

dt
|aptq|2 � � 2α1 |aptq|2 .

Combining this with (Θ.2) and (Θ.4) gives us

|aout1 ptq|2 � |µ1|2 |aptq|2 � 2α1 |aptq|2 ,

ñ |µ1| �
a
2α1 �

?
γ1 . (Θ.5)
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Uncoupled

If our resonator is uncoupled from the port, α1 � λ1 � 0 then we essentially have two

non-interacting systems,

d

dt
aptq � � iω0 aptq , (Θ.6)

aout1 ptq � ν1 a
in
1 ptq . (Θ.7)

Equations (Θ.2) and (Θ.7) tell us

|aout1 ptq|2 � |ν1|2 |ain1 ptq|2 � |ain1 ptq|2

ñ |ν1| � 1 . (Θ.8)

General

We now turn to the general case for an isolated system,

d

dt
aptq � � iω0 aptq � α1 aptq � λ1 a

in
1 ptq , (Θ.9)

aout1 ptq � µ1 aptq � ν1 a
in
1 ptq . (Θ.10)

Taking the complex conjugate of (Θ.9),

d

dt
aptq� � iω0 aptq� � α1 aptq� � λ1

� ain1 ptq� , (Θ.11)
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allows us to expand the time derivative of |aptq|2,

d

dt
|aptq|2 � d

dt

�
aptq� aptq�

�
� d

dt
aptq�

	
aptq � aptq�

� d

dt
aptq

	

� iω0 |aptq|2 � α1 |aptq|2 � λ1
� aptq ain1 ptq�

� iω0 |aptq|2 � α1 |aptq|2 � λ1 aptq� ain1 ptq

� � 2α1 |aptq|2 � λ1
� aptq ain1 ptq� � λ1 aptq� ain1 ptq . (Θ.12)

Expanding (Θ.10) we have

|aout1 ptq|2 � |µ1|2 |aptq|2 � |ν1|2 |ain1 ptq|2 � µ1 ν1
� aptq ain1 ptq� � µ1

� ν1 aptq� ain1 ptq ,

and substituting in (Θ.5), (Θ.8),

|aout1 ptq|2 � 2α1 |aptq|2 � |ain1 ptq|2 � µ1 ν1
� aptq ain1 ptq� � µ1

� ν1 aptq� ain1 ptq . (Θ.13)

Putting (Θ.12) and (Θ.13) into our power conservation equation (Θ.2), we get

λ1
� aptq ain1 ptq� � λ1 aptq� ain1 ptq � �µ1 ν1� aptq ain1 ptq� � µ1

� ν1 aptq� ain1 ptq ,

ñ λ1 � �µ1� ν1 � �
a
2α1 e

i p= ν1�=µ1q (Θ.14)

397



No escape

For consistency we can also consider the odd case of an isolated system with no outgoing

power, aout1 ptq � 0, with equations of motion

d

dt
aptq � � iω0 aptq � α1 aptq � λ1 a

in
1 ptq , (Θ.15)

0 � µ1 aptq � ν1 a
in
1 ptq . (Θ.16)

Substituting (Θ.16) into (Θ.15) gives

d

dt
aptq � � iω0 aptq � α1 aptq �

λ1 µ1
ν1

aptq ,

which has solution

aptq 9 ep�iω0�α1�λ1 µ1{ν1q t ,

ñ |aptq|2 9 e�2ℜrα1�λ1 µ1{ν1s t ,

ñ d

dt
|aptq|2 �� 2ℜ

�
α1 �

λ1 µ1
ν1

�
|aptq|2 .

Combining this with (Θ.16) and (Θ.2) gives

|ain1 ptq|2 �
|µ1|2

|ν1|2
|aptq|2 � �2ℜ

�
α1 �

λ1 µ1
ν1

�
|aptq|2 ,
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Figure Θ.6: Plot of |S1 1|2 for a 1 port resonator, denoting α � α0 � α1.

ñ |µ1|2

|ν1|2
� �2ℜ

�
α1 �

λ1 µ1
ν1

�
.

Substituting in our parameter solutions (Θ.5), (Θ.8), (Θ.14) leads to

2α1 � �2ℜ
�
α1 � |µ1|2

�
� �2 p�α1q � 2α1 ,

providing a consistency check.

Θ.2.2 Full system Fourier transform

Returning to our full system with solved parameters,

d

dt
aptq � �iω0 aptq � pα0 � α1q aptq �

a
2α1 e

i pϕ1�θ1q ain1 ptq ,

aout1 ptq � eiϕ1 ain1 ptq �
a
2α1 e

i θ1 aptq ,

where ϕ1 and θ1 are some arbitrary phases.
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Applying Fourier transforms as in the zero port resonator case,

apωq � �?2α1 e
i pϕ1�θ1q ain1 pωq

pα0 � α1q � i pω � ω0q
,

aout1 pωq �
a
2α1 e

i θ1 apωq � eiϕ1 ain1 pωq .

Combining these two equations,

aout1 pωq �
� �2α1
pα0 � α1q � i pω � ω0q

� 1



eiϕ1 ain1 pωq .

Thus, the scattering element is

S1 1pωq �
aout1 pωq
ain1 pωq

� eiϕ1
�
1� 2α1

pα0 � α1q � i pω � ω0q


,

and

|S1 1pωq| �
∣∣∣∣1� 2α1

pα0 � α1q � i pω � ω0q
∣∣∣∣

�
∣∣∣∣pα0 � α1q � i pω � ω0q
pα0 � α1q � i pω � ω0q

∣∣∣∣

�
∣∣∣∣∣∣1� 2Q0{Q1�

Q0�Q1
Q1

	
� 2 iQ0

�
ω�ω0
ω0

	
∣∣∣∣∣∣

�
∣∣∣∣∣∣1�

2β1
1�β1

1� 2 iQL

�
ω�ω0
ω0

	
∣∣∣∣∣∣ ,
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in various formats, some matching those used in Ref. [138], and Ref. [306], for example. The

squared element is

|S1 1pωq|2 �
pα0 � α1q2 � pω � ω0q2
pα0 � α1q2 � pω � ω0q2

� 1� 4α0 α1
pα0 � α1q2 � pω � ω0q2

� 1�
4β1

p1�β1q2

1� 4QL
2
�
ω�ω0
ω0

	2 .
The argument is

=S1 1 � arctan

�� pω � ω0q
pα0 � α1q � pα0�α1q2�pω�ω0q2

2αi

��

� arctan

��� 2QL

�
ω�ω0
ω0

	
1� Q1

2QL
� 2Q1QL

�
ω�ω0
ω0

	2
��� ,

For critical coupling, β1 � 1, and on resonance, ω � ω0, we �nd that |S1 1| � 0. When o�

resonance, |ω � ω0|Ñ 8, we �nd |S1 1|Ñ 1.

Note that for the isolated system, α0 � 0, we �nd |S1 1| � 1, i.e. power is conserved. Likewise

if the port becomes decoupled from the resonator, α1 � β1 � λ1 � 0, then |S1 1| � 1, and

everything re�ects back without interacting.
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Figure Θ.7: Plots of =S1 1.

Θ.2.3 Determining parameters

Fitting S1 1 to data allows extraction of the system parameters. The minimum of |S1 1|2

occurs at

|S1 1pω � ω0q|2 �
�
1� β1
1� β1


2

,

and the width halfway down the trough is ω0{QL � γ, as plotted in Fig. Θ.6. There are two

possible options for the coupling coe�cient, however, as

|S1 1pβ1, QL, ω0;ωq| � |S1 1p1{β1, QL, ω0;ωq| .

Looking at the argument of S1 1 allows us to determine if we are under-coupled, β1   1,

or over-coupled, β1 ¡ 1. The di�erence between these two cases, up to an arbitrary overall

phase (constant o�set in =S1 1), is depicted in Fig. Θ.7.
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Figure Θ.8: Diagram of a resonator with multiple unconnected ports.

Θ.3 Multi port interposed resonator

We are now able to investigate a resonator with multiple ports that interact only via the

central resonator as depicted in Fig. Θ.8, with the additional assumption that the ports act

independently with no a�ect on each other. If we conduct more thought experiments, each

set with only one αi � 0, we can use the results of our one port analysis to build up the
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2

Figure Θ.9: Plot of |S2 1|2 for a 2 port resonator, denoting α � α0 � α1 � α2.

equation of motions. For an n port system,

d

dt
aptq � �iω0 aptq � α0 aptq �

ņ

i�1
αi aptq �

ņ

i�1

a
2αi e

i pϕi�θiq aini ptq ,

aouti ptq � eiϕi aini ptq �
a
2αi e

i θi aptq ,

and we have the following relations,

1

QL
� 1

Q0
�

ņ

i�1

1

Qi
� 1�°n

i�1 βi
Q0

, Qi �
ω0
2αi

,

βi �
Q0

Qi
� αi
α0

,
Qi
QL

� 1�°n
j�1 βj
βi

,
Q0

QL
� 1�

ņ

i�1
βi .
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The Fourier transform gives

apωq � �°n
i�1

?
2αi e

i pϕi�θiq aini pωq
pα0 �

°n
i�1 αiq � i pω � ω0q

,

aouti pωq �
a
2αi e

i θi apωq � eiϕi aini pωq .

The scattering matrix is de�ned as aouti pωq � °n
j�1 Si jpωq ainj pωq, and we can determine

individual elements by Si jpωq � aouti pωq{ainj pωq with aink�jpωq � 0,

Si jpωq � ei pθi�θj�ϕjq
�
δi j �

2
?
αi αj�°n

k�0 αk
�� i pω � ω0q

�
, (Θ.17)

ñ |Si jpωq|2 � δi j �
4αi

�
δi j

�°n
k�0 αk

�� αj

	
�°n

k�0 αk
�2 � pω � ω0q2

.
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Some useful forms are

|Si ipωq| �
∣∣∣∣∣1� 2αi�°n

k�0 αk
�� i pω � ω0q

∣∣∣∣∣

�

∣∣∣∣∣∣∣∣∣

�°n
k�0
k�i

αk � αi



� i pω � ω0q�°n

k�0 αk
�� i pω � ω0q

∣∣∣∣∣∣∣∣∣

�
∣∣∣∣∣∣1�

2βi°n
k�0 βk

1� 2 iQL

�
ω�ω0
ω0

	
∣∣∣∣∣∣ ,

|Si ipωq|2 �

�°n
k�0
k�i

αk � αi


2

� pω � ω0q2�°n
k�0 αk

�2 � pω � ω0q2

� 1�
4
°n
k�0
k�i

αk αi�°n
k�0 αk

�2 � pω � ω0q2

� 1�

4
°n
k�0
k�i

βk βi

p°n
k�0 βkq2

1� 4QL
2
�
ω�ω0
ω0

	2 ,
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=Si i � arctan

��� pω � ω0q�°n
k�0 αk

�� p°n
k�0 αkq2�pω�ω0q2

2αi

���

� arctan

��� 2QL

�
ω�ω0
ω0

	
1� Qi

2QL
� 2QiQL

�
ω�ω0
ω0

	2
��� ,

|Si jpωq|
i�j

�
∣∣∣∣∣ 2

?
αi αj�°n

k�0 αk
�� i pω � ω0q

∣∣∣∣∣

�

∣∣∣∣∣∣∣
2
?
βi βj

p°n
k�0 βkq

1� 2 iQL

�
ω�ω0
ω0

	
∣∣∣∣∣∣∣ ,

|Si jpωq|2
i�j

� 4αi αj�°n
k�0 αk

�2 � pω � ω0q2

�
4βi βj

p°n
k�0 βkq2

1� 4QL
2
�
ω�ω0
ω0

	2 ,

=Si j
i�j

� arctan

� pω � ω0q°n
k�0 αk

�

� arctan

�
2QL

�
ω � ω0
ω0


�
,
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with β0 � 1. Sample plots are given in Fig. Θ.6 and Fig. Θ.9.

Critical coupling occurs when

ņ

i�1
βi � 1 ñ

ņ

i�0
βi � 2 ,

and if the ports are all equally coupled, then βi�0 � 1
n . For this situation and on resonance,

ω � ω0, we �nd |Si j | � |δi j � 1
n |. In the case of a two port symmetric system with critical

coupling, β1 � β2 � 1
2 , on resonance, we have |Si j | � 1

2 .

Θ.3.1 Stored energy

For a single input on resonance, power in P in
i 9 |aini pω0q|2, the stored energy, E9 |apω0q|2,

is

E � 2αi P
in
i�°n

k�0 αk
�2 � P out

j�i
2αj�i

: P in
l�i � 0 .

Θ.3.2 Equivalent circuit

For an n-port electrical network with real input impedances, the scattering matrix is

S �
�b

RC
�1 � Z �

b
RC

�1 � In
	
�
�b

RC
�1 � Z �

b
RC

�1 � In
	�1

,

where

RC � Diag
�tRiuni�1�
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is the diagonal matrix of real characteristic impedences, and In is the n� n identity matrix.

Using results from Sec. Θ.5.1,

Si jpωq �
2a
RiRj

1
1

Z0pωq �
°n
k�1 1

Rk

� δi j , βi �
R0

Ri
,

where R0 � ℜrZ0pω0qs is the series or parallel LCR resistor.
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Figure Θ.10: Diagram of a resonator connected to a waveguide.

Θ.4 Two port waveguide resonator

For a resonator connected to a waveguide, Fig. Θ.10. we can't consider separate closed sys-

tems for each port individually and instead must also model the waveguide. Most generally

we have ���aout1 ptq
aout2 ptq

��
�
���µ1
µ2

��
aptq �
���ν1 1 ν1 2

ν2 1 ν2 2

��

���ain1 ptq
ain2 ptq

��
 ,
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and for an ideal waveguide (at least over the small the region interacting with the resonator)

ν1 1 � ν2 2 � 0. The resonator equation of motion is the same as before,

d

dt
aptq � �iω0 aptq � pα0 � α1 2q aptq � λ1 a

in
1 ptq � λ2 a

in
2 ptq , (Θ.18)

with coupling and quality factor relations

Q1 2 �
ω0

2α1 2
, β1 2 �

α1 2
α0

,
Q0

QL
� 1� β1 2 .

If we consider an isolated system, α0 � 0, with no drive, ain1 ptq � ain2 ptq � 0, the power loss

of the resonator into the waveguide gives us

2α1 2 � |µ1|2 � |µ2|2 .

The uncoupled case, α1 2 � λ1 � λ2 � 0, enforces

|ν1 2| � |ν2 1| � 1 ,

which is equivalent to ν as a scattering matrix being unitary.

Using these results and working through the isolated system, α0 � 0 with either ain1 ptq � 0

or ain2 ptq � 0, and power conservation

d

dt
|aptq|2 � |ain1 ptq|2 � |ain2 ptq|2 � |aout1 ptq|2 � |aout2 ptq|2 ,
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we obtain

λ1 � �µ2� ν2 1 , λ2 � �µ1� ν1 2 .

With these results we can express the equations of motion of the two port waveguide resonator

in terms of µ1 and µ2 as

d

dt
aptq � � iω0 aptq �

�
α0 �

|µ1|2 � |µ2|2

2



aptq � µ2

� eiϕ2 1 ain1 ptq � µ1
� eiϕ1 2 ain2 ptq ,

aout1 ptq � µ1 aptq � eiϕ1 2 ain2 ptq ,

aout2 ptq � µ2 aptq � eiϕ2 1 ain1 ptq .

The breakdown of α1 2 into µ1 and µ2 will depend on the speci�cs of the waveguide and res-

onator interaction. Within a particular scheme, comparisons can be made to an independent

two port resonator with

α1 2 � α1 � α2 ,

µ1 �
a
2α1 e

i θ1 ,

µ2 �
a
2α2 e

i θ2 .
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Θ.4.1 Symmetric non-directional

If the resonator is symmetric and emits into each direction equally, we have

α1 � α2 � α1 2{2 ,

µ1 � µ2 �
?
α1 2 e

i θ ,

ν1 2 � ν2 1 � eiϕ ,

λ1 � λ2 � �?α1 2 ei pϕ�θq .

The full set of equations become

d

dt
aptq � � iω0 aptq � pα0 � α1 2q aptq �

?
α1 2 e

i pϕ�θq ain1 ptq �
?
α1 2 e

i pϕ�θq ain2 ptq ,

aout1 ptq � ?
α1 2 e

i θ aptq � eiϕ ain2 ptq ,

aout2 ptq � ?
α1 2 e

i θ aptq � eiϕ ain1 ptq .

Taking the Fourier transform

apωq �
�?α1 2 ei pϕ�θq

�
ain1 pωq � ain2 pωq

	
pα0 � α1 2q � i pω � ω0q

,

aout1 pωq � ?
α1 2 e

i θ apωq � eiϕ ain2 pωq ,

aout2 pωq � ?
α1 2 e

i θ apωq � eiϕ ain1 pωq .
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Thus

S1 1pωq � eiϕ
� �α1 2
pα0 � α1 2q � i pω � ω0q



,

S2 1pωq � eiϕ
�
1� α1 2

pα0 � α1 2q � i pω � ω0q


.

De�ning β1 2 � β1 � β2 � α1 2{α0,

|S1 1pωq| �
∣∣∣∣ α1 2
pα0 � α1 2q � i pω � ω0q

∣∣∣∣

�
∣∣∣∣∣∣

β1 2
1�β1 2

1� 2 iQL

�
ω�ω0
ω0

	
∣∣∣∣∣∣ ,

|S1 1pωq|2 �
α1 2

2

pα0 � α1 2q2 � pω � ω0q2

�

�
β1 2

1�β1 2
	2

1� 4QL
2
�
ω�ω0
ω0

	2 ,
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|S2 1pωq| �
∣∣∣∣1� α1 2

pα0 � α1 2q � i pω � ω0q
∣∣∣∣

�
∣∣∣∣ α0 � i pω � ω0q
pα0 � α1 2q � i pω � ω0q

∣∣∣∣

�
∣∣∣∣∣∣1�

β1 2
1�β1 2

1� 2 iQL

�
ω�ω0
ω0

	
∣∣∣∣∣∣ ,

|S2 1pωq|2 �
α0

2 � pω � ω0q2
pα0 � α1 2q2 � pω � ω0q2

� 1� 2α0 α1 2 � α1 2
2

pα0 � α1 2q2 � pω � ω0q2

� 1�
1� 1

p1�β1 2q2

1� 4QL
2
�
ω�ω0
ω0

	2 .

Critical coupling occurs when β1 2 � 1, and on resonance gives |S1 1| � |S2 1| � 1
2 .
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Θ.4.2 Directional

For some systems, e.g. a ring resonator, the coupling is directional. For 1Ñ 2 with ain2 ptq �
0,

µ1 � λ2 � α1 � 0 ,

α2 � α1 2 ,

µ2 �
a
2α1 2 e

i θ ,

ν2 1 � eiϕ ,

λ1 � �
a
2α1 2 e

i pϕ�θq ,

and our equations of motion look like that of a one port system.

Θ.4.3 Multiple identical resonators

In the case of n resonators all attached to the waveguide (at the same position) we can invoke

additional amplitudes aiptq and equations of motion,

d

dt
aiptq � �iωi0 aptq �

�
αi0 � αi1 2

	
aptq � λi1 a

in
1 ptq � λi2 a

in
2 ptq ,

with ���aout1 ptq
aout2 ptq

��
� ņ

i�1

���µi1
µi2

��
aiptq �
���ν1 1 ν1 2

ν2 1 ν2 2

��

���ain1 ptq
ain2 ptq

��
 ,
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For identical symmetric resonators we �nd

µ � ?
α1 2 e

i θ ,

λ � �
?
α1 2
n

ei pϕ�θq .

This leads to identical S-matrix equations. Despite there being more resonators, the loss

rates α (individual and total) remain constant. In the equivalent circuit model, adding

additional series or parallel resonators of identical parameters changes the overall impedance

Z but keeps Q and ω0 constant.

Θ.4.4 Equivalent systems

Di�erent resonator systems share common forms of scattering matrix elements.

Symmetric interposed two-port Symmetric non-directional waveguide

S1 1, S2 2 � S1 2, S2 1

S1 2, S2 1 � S1 1, S2 2

One-port Directional waveguide

S1 1 � S1 2, S2 1
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Θ.5 Complex input-output theory

If we wish to consider complex couplings, i.e. frequency shifts induced by ports, or complex

characteristic impedances, we can do so as follows. This formalism, as in Sec. Θ.3, assumes

each port acts independently to induce a static frequency shift. De�ne the complex amplitude

decay rate

ℵi � αi � i ∆ωi ,

with the special case

ℵ0pωq � α0 � i pω0 � ωq : ∆ω0pωq � ω0 � ω ,

carrying the only frequency dependance. The multiport system of Sec. Θ.3 has Fourier

transform equations

apωq � �°n
i�1

a
2ℜrℵis ei pϕi�θiq aini pωq°n

i�0 ℵipωq
,

aouti pωq �
a
2ℜrℵis ei θi apωq � eiϕi aini pωq ,

and the scattering matrix elements are thus

Si jpωq � ei pθi�θj�ϕjq
��δi j �

a
2ℜrℵis

b
2ℜrℵjs°n

i�0 ℵipωq

�
 . (Θ.19)
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ZZ1 Z2

Figure Θ.11: Generic 2 port network described by an impedance matrix and transmission
lines into each port.

The resonance frequency is given by the solution to

ņ

i�1
ℑrℵipωresqs � 0 , ñ ωres �

ņ

i�1
ℑrℵip0qs � ω0 �

ņ

i�1
∆ωi .

Hence the loaded quality factor is

QL �
°n
i�0ℑrℵip0qs°n
i�0 2ℜrℵis

.

With this de�nition, the complex resonance frequency is

f̃res � ωres � iα

2 π
� i

2 π

ņ

i�0
ℵip0q� .

Θ.5.1 Equivalent circuit

The main motivation for complex input-output theory is its mapping to an equivalent circuit

with complex characteristic impedances. For an n-port network, as depicted in Fig. Θ.11,

with complex input impedances, the scattering matrix is [305]

S � F �
�
Z � ZC

�	 � �Z � ZC

	�1 � F �1

�
�
F � Z � F�1 � ZC

�	 � �F � Z � F�1 � ZC

	�1
, (Θ.20)
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Z1

I1

I1

V1 Z2

I2

I2

V2Z0

Figure Θ.12: Circuit model of two ports connected to a resonator Z0.

where

ZC � Diag
�tZiuni�1� , F �

�
2

c
ℜ
�
ZC

���1
.

The amplitude waves in and out are

aini � Vi � Zi Ii

2
a
|ℜrZis|

, aouti � Vi � Z�i Ii
2
a
|ℜrZis|

,

with powers

P in
i � |aini |

2

2
, P out

i � |aouti |2

2
.

For our model of multiple ports connected to a resonator, depicted in Fig. Θ.12, Z is a

constant matrix Zi j � Z0, thus

�
F � Z � F �1	

i j
� Z0

2
b
ℜrZjs

2
a
ℜrZis

.
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De�ning

ai �
?
Z0

2
a
ℜrZis

, bi �
a
Z0 2

a
ℜrZis , such that F � Z � F �1 � ab b � a bT ,

we have by the Sherman-Morrison formula,

�
a bT � ZC

	�1 � ZC
�1 �

ZC
�1 � a bT � ZC�1

1� bT � ZC�1 � a
.

Putting this into (Λ.5), we �nd

Si jpωq � Z0

d
ℜrZjs
ℜrZis

1

Zj
�

Z 2
0
Zj

c
ℜrZjs
ℜrZis

°n
k�1 1

Zk

1�°n
k�1

Z0
Zk

� δi j
Z �
i

Zi
�

Z �
i
Zi

Z0
Zj

c
ℜrZjs
ℜrZis

1�°n
k�1

Z0
Zk

�
a
2ℜrZis

b
2ℜrZjs

Zi Zj
�°n

k�0 1
Zk

� � δi j
Z �
i

Zi

�
d
Z �
i

Zi

d
Z �
j

Zj

���
b
2ℜ

�
1
Zi

�b
2ℜ

�
1
Zj

�
°n
k�0 1

Zk

� δi j

��
 .

Matching to S p�q
i j from (Θ.19), we can relate

ℵ p�q
i 9 1

Zi
, ϕi � 2 θi � π , θi � =ℵi .

To explicitly map the decay parameters, we can look at the power loss at terminated ports

for speci�c resonator models. Terminating a port with its characteristic impedance, Zi, sets

Vi � �Ii Zi, and thus P in
i � 0, and P out

i � ℜrZis |Ii|2{2 i.e. resistor loss.
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Z1

I1

I1

V1

R0

C

L

(a)

Z1

I1

I1

V1 R0
C

L

(b)

Figure Θ.13: LCR (a) series and (b) parallel resonator with terminated port.

For this mapping to work the characteristic impedances need to be (at least approximately)

static in frequency. In reality the couplings may be capacitive and frequency dependent,

violating the assumption that the ports operate independently, however if Ci ! C0 the

impedance will be approximately constant around ωres � ω0.

Series LCR

A series LCR resonator, as shown in Fig. Θ.13(a), has impedance

Z0 � R0 � iω L� 1

iω C

ω�ω0� R0 � i 2L pω � ω0q �Orω � ω0s2 ,

with nominal resonance frequency

ω0 �
1?
LC

.

On resonance, the energy stored in the resonator is

E � 1

2
|I0|2 L �

1

2

|Zi|2

|Z0|2
|Ii|2 L ,

422



and the power lost through the termination is

Pi �
1

2
ℜrVi I �i s �

1

2
|Ii|2ℜrZis ,

thus for a series LCR

2ℜrℵis �
Pi
E
� |Z0|2

L

ℜrZis
|Zi|2

� |Z0|2

L
ℜ
� 1

Zi

�
,

suggesting that

ℵi �
|Z0|2

2L

1

Zi
: series LCR .

Checking with ℵ0,

ℵ0 �
Z �
0

2L
� R0

2Lloomoon
α0

�i pω0 � ωqlooomooon
∆ω0

.

The frequency dependence in ℵi and problems when R0 � 0 make the series LCR model

often undesirable.

Parallel LCR

A parallel LCR resonator, as shown in Fig. Θ.13(b), has admittance

1

Z0
� 1

R0
� iω C � 1

iω L

ω�ω0� 1

R0
� i 2C pω � ω0q �Orω � ω0s2 ,
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with nominal resonance frequency

ω0 �
1?
LC

.

On resonance, the energy stored in the resonator is

E � 1

2
|V0|2C � 1

2
|Vi|2C ,

and the power lost through the termination is

Pi �
1

2
ℜrVi I �i s �

1

2
|Vi|2ℜ

� 1

Z �
i

�
,

thus for a parallel LCR

2ℜrℵis �
Pi
E
� 1

C
ℜ
� 1

Z �
i

�
,

suggesting that

ℵi �
1

2C

1

Z �
i

: parallel LCR .

Checking with ℵ0,

ℵ0 �
1

2C Z �
0
� 1

2C R0loomoon
α0

�i pω0 � ωqlooomooon
∆ω0

.
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APPENDIX Λ

Signal analysis

A collection of equations and notes pertaining to signal analysis and measurement.

Λ.1 Spectral density

For an amplitude signal Xptq, which can be a random variable, the auto-correlation is de�ned

as

RXXpt1, t2q � E
�
Xpt1q�Xpt2q

�
.

If Xptq is stationary, this will only depend on the delay τ � t2 � t1,

RXXpτq � E
�
Xptq�Xpt� τq� � @

Xptq�Xpt� τqDt ,
where the angled brackets are denoting time average.

For a real signal, the power spectral density is the Fourier transform of the auto-correlation,

SXXpωq �
» 8
�8

RXXpτq eiω τ dτ : X P R , (Λ.1)

with units of amplitude2 � time, and runs over both negative and positive frequencies (two-

sided). The amplitude spectral density is the square root of this and has units of amplitude�
?
time.
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The power in some domain of this two-sided power spectrum is

P
�rω1, ω2s� � 1

2π

» ω2
ω1

SXXpωq dω ,

with units of amplitude2 � power. However actual measurements typically take the one-sided

power spectrum that includes both positive and negative frequencies for some bandwidth

rω1, ω2s,

P1
�rω1, ω2s � R�

� � 1

2π

» ω2
ω1

�
SXXpωq � SXXp�ωq

	
dω .

The total power is

P � 1

2π

» 8
�8

SXXpωq dω �
@
Xptq�XptqDt ,

as expected from Parseval's theorem.

Alternatively, the amplitude spectral density can be de�ned as

X̂T pωq �
1?
T

» T
0
Xptq eiω t dt ,

using a truncated Fourier transform over a �nite collection period T . The power spectral

density is then

SXXpωq � lim
TÑ8

E
�
X̂T pωq� X̂T pωq

�
: X P R

� lim
TÑ8

1

T

» T
0

» T
0
RXXpt1, t2q eiω pt2�t1q dt1 dt2 . (Λ.2)
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The inverse from the Wiener�Khinchin theorem is

RXXpτq �
1

2π

» 8
�8

SXXpωq e�iω τdω .

Λ.1.1 Operator spectral density

For quantum operators [12, 140]

R
X̂X̂

pτq � @
X̂:ptq X̂pt� τqD ,

S
X̂X̂

pωq �
» 8
�8

R
X̂X̂

pτq eiω τ dτ � lim
TÑ8

@
X̂
:
T p�ωq X̂T pωq

D
, (Λ.3)

and X̂ptq: � X̂:ptq, X̂pωq: � X̂:p�ωq.

Thus

Ŷ pωq � fpωq X̂pωq ñ S
Ŷ Ŷ

pωq � |fpωq|2 S
X̂X̂

.

As quantum spectral densities are not necessarily symmetric, we can de�ne a symmetrized

spectral density

S̄
X̂X̂

pωq � S
X̂X̂

pωq � S
X̂X̂

p�ωq
2

.
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Harmonic operator

For a time harmonic operator,

X̂ptq � x̂ e�i Ω t ,

X̂pωq �
?
2 π x̂ δpω � Ωq ,

R
X̂X̂

pτq � x̂: x̂ e�i Ω τ ,

S
X̂X̂

pωq � 2π x̂: x̂ δpω � Ωq ,

P � x̂: x̂ .

Λ.1.2 Real harmonic signal

For a harmonic signal Xptq � xamp cosrΩ ts, the time-averaged power is

ñ @
P
D � @

Xptq2Dt � xamp
2

2
.
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Obtaining this result through the spectral density,

RXXpτq � xamp
2 @cos�Ω t� cos�Ω pt� τq�Dt

� xamp
2
�
cosrΩ τ s @cosrΩ ts2Dt � sinrΩ τ s @cosrΩ ts sinrΩ tsDt	

� xamp
2 cosrΩ τ s
2

,

ñ SXXpωq �
xamp

2

4

» 8
�8

�
ei pΩ�ωq τ � e�i pΩ�ωq τ

	
dτ

� xamp
2 π

2

�
δpω � Ωq � δpω � Ωq

	
,

ñ P � xamp
2 π

4 π

» 8
�8

�
δpω � Ωq � δpω � Ωq

	
dω

� xamp
2

2
.

Using the alternative de�nition (Λ.2) we need,

RXXpt1, t2q �
@
Xpt1 � tq�Xpt2 � tqDt

� xamp
2

2

�@
cosrΩ pt2 � t1qs

D
t �

@
cosrΩ pt1 � t2 � 2 tqsDt	

� xamp
2 cosrΩ pt2 � t1qs

2
.

Equivalently we can think of our signal as having a random variable start phase

Xptq � xamp cosrΩ t� ϕs , ϕ � Uniformr0, 2πs ,
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ñ RXXpt1, t2q � E
�
Xpt1q�Xpt2q

�
� xamp

2
» 2π

0

1

2 π
cosrΩ t1 � ϕs cosrΩ t2 � ϕs dϕ

� xamp
2 cosrΩ pt2 � t1qs

2
.

Putting this into (Λ.2),

SXXpωq � lim
TÑ8

xamp
2

4T

» T
0

» T
0

�
ei Ω pt2�t1q � e�i Ω pt2�t1q

	
eiω pt2�t1q dt1 dt2

� xamp
2

4
lim
TÑ8

1

T

�» T
0

e�i t1 pΩ�ωq dt1
» T
0

ei t2 pΩ�ωq dt2

�
» T
0

e�i t1 pΩ�ωq dt1
» T
0

ei t2 pΩ�ωq dt2

�
.

Applying L'Hôpital's rule and the fundamental theorem of calculus,

SXXpωq �
xamp

2

4
lim
TÑ8

� » T
0

ei pt2�T q pΩ�ωq dt2 �
» T
0

ei pT�t1q pΩ�ωq dt1

�
» T
0

ei pt2�T q pΩ�ωq dt2 �
» T
0

ei pT�t1q pΩ�ωq dt1

�
,
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and making the substitutions t1 � T � t, t2 � T � t,

SXXpωq �
xamp

2

4
lim
TÑ8

�» 0

�T
ei t pΩ�ωq dt�

» 0

T
ei t pΩ�ωq dt

�
» 0

�T
ei t pΩ�ωq dt�

» 0

T
ei t pΩ�ωq dt

�

� xamp
2

4

�» 8
�8

ei t pΩ�ωq dt�
» 8
�8

ei t pΩ�ωq dt
�

� xamp
2 π

2

�
δpω � Ωq � δpω � Ωq

	
,

we get the same as above.

Real multi-tone signal

For an amplitude of the form

Xptq �
¸
i

xi cosrΩi t� ϕis ,
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we �nd

RXXpτq �
¸
i

¸
j

xi xj
@
cosrΩi t� ϕis cosrΩj pt� τq � ϕjs

D
t

�
¸
i

¸
j

xi xj

�
cosrΩj τ s

@
cosrΩi t� ϕis cosrΩj t� ϕjs

D
t

� sinrΩj τ s
@
cosrΩi t� ϕis sinrΩj t� ϕjs

D
t




�
¸
i

¸
j

xi xj δΩi Ωj

1

2

�
cosrΩj τ s cosrϕi � ϕjs � sinrΩj τ s sinrϕi � ϕjs



,

SXXpωq �
¸
i

¸
j

xi xj δΩi Ωj

π

2

�
δpω � Ωjq

�
cosrϕi � ϕjs � sinrϕi � ϕjs

�
� δpω � Ωjq

�
cosrϕi � ϕjs � sinrϕi � ϕjs

�

,

P �
¸
i

¸
j

xi xj
2

δΩi Ωj
cosrϕi � ϕjs .

If our amplitude is collected by frequency via

¸
i

xi cosrΩ t� ϕis �
b
ξ2 � ζ2 cos

�
Ω t� arctanrζ{ξs� :

$''&''%
ξ � °

i xi cosrϕis

ζ � °
i xi sinrϕis

,
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such that

Xptq �
¸
Ω

xΩ cosrΩ t� ϕΩs ,

we �nd

RXXpτq �
¸
Ω

xΩ
2

2
cosrΩ τ s ,

SXXpωq �
¸
Ω

π xΩ
2

2

�
δpω � Ωq � δpω � Ωq



,

P �
¸
Ω

xΩ
2

2
.

Λ.1.3 Complex harmonic signal

When using a complex number as a proxy for a harmonic signal

X̃ptq � xamp e
�i Ω t , ℜ

�
X̃ptq� � xamp cosrΩ ts , xRMS �

xamp?
2

,

the average power is

P � |X̃|2

2
� xamp

2

2
,
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and the power spectral density (Λ.1) needs to be likewise modi�ed,

S
X̃X̃

pωq � 1

2

» 8
�8

R
X̃X̃

pτq eiω τ dτ : X̃ P C .

Thus

R
X̃X̃

pτq � xamp
2 e�i Ω τ ,

ñ S
X̃X̃

pωq � xamp
2

2

» 8
�8

e�i pΩ�ωq τ dτ

� xamp
2 π δpω � Ωq ,

ñ P � xamp
2 π

2 π

» 8
�8

δpω � Ωq dω

� xamp
2

2
.

Complex multi-tone signal

For an amplitude of the form

X̃ptq �
¸
i

x̃i e
�i Ωi t : x̃i P C ,
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we �nd

R
X̃X̃

pτq �
¸
i

¸
j

xi
� xj

@
ei Ωi t e�i Ωj pt�τqD

t

�
¸
i

¸
j

xi
� xj e�i Ωj τ

@
ei pΩi�Ωjq tD

t

�
¸
i

¸
j

xi
� xj δΩi Ωj

e�i Ωj τ ,

S
X̃X̃

pωq �
¸
i

¸
j

π, xi
� xj δΩi Ωj

δpω � Ωjq ,

P �
¸
i

¸
j

xi
� xj
2

δΩi Ωj
.

If our amplitude is collected by frequency,

X̃ptq �
¸
Ω

x̃Ω e�i Ω t

we �nd

R
X̃X̃

pτq �
¸
Ω

|xΩ|2 e�i Ω τ ,

S
X̃X̃

pωq �
¸
Ω

π |xΩ|2 δpω � Ωq ,
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P �
¸
Ω

|xΩ|2

2
.

Λ.1.4 Constant signal

For the trivial case of a constant signal,

Xptq � x ,

RXXpτq � x2 ,

SXXpωq � 2π δpωqx2 ,

P � x2 .

Λ.1.5 White noise

For white noise our signal Xptq is a random variable with no time dependence such that

distributions at di�erent times are uncorrelated. The signal at any particular time follows a

normal distribution,

Xptq � Normal
�
0, σ

�
,

ñ Xptq2 � Normal
�
σ2,

?
2σ2

�
,

and the auto-correlation is thus

RXXpτq � E
�
XptqXpt� τq�

� δpτq E�Xptq2�� �
1� δpτq� E

�
Xptq� E�Xpt� τq�

� δpτqσ2 ,
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giving power spectral density

SXXpωq � σ2 .

This gives the unphysical result of in�nite power being emitted. In reality, however, there

is some timescale involved in the noise generation leading to some upper frequency cut-o�

existing. Over small ranges of frequency where a �at power spectral density approximation

holds, the power in some bandwidth is

P
�rω1, ω2s � R�

� � ω2 � ω1
2π

2σ2 .

Λ.2 Thermal noise

Known as Johnson-Nyquist noise. If we model our heat bath as a continuous in�nite set of

harmonic oscillators tEωu8ω�0, at thermal equilibrium we can use the equipartition theorem

to assert the energy in each is

SNpω ¡ 0q � Epωq � kB T .

Thus the one-sided power in some bandwidth is

PN
�rω1, ω2s � R�

� � ω2 � ω1
2π

kB T ,

PNp∆fq � ∆f kB T . (Λ.4)
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Figure Λ.1: Power �ow diagram of a generic device with gain G and noise temperature
Tdevice
N .

Λ.3 Noise quanti�ers

Λ.3.1 Signal to noise

The signal to noise ratio is de�ned as

SNR

signal to
noise ratio

� PS
signal
power

O
PN
noise
power

,

where the powers are averaged appropriately and measured under the same conditions. The

signal to noise ratio is therefore dependent on factors such as measurement bandwidth ∆f .

Following (Λ.4)

PN
noise
power

� ∆f

bandwidth

kB

Boltzmann
constant

TN

noise
temperature

.
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Λ.3.2 Device noise

For a generic device, as depicted in Fig. Λ.1, we have the following quantities and relations

P out
S

output signal
power

� G

gain

P in
S

input signal
power

,

P add
N

added noise
power

� G

gain

Pdevice
N

device (input)
noise power

,

P out
N

output noise
power

� G

gain

P in
N

input noise
power

� P add
N

added noise
power

,

SNRin

SNRout � 1� P add
N

GP in
N

� 1� Tdevice
N

Tin
N

,

F

noise factor

� SNRin
0

SNRout � 1� Tdevice
N

T0
,

NF

noise �gure

� 10 log10rF s dB .

Noise factors are speci�ed against a reference input temperature, typically T0 � 290K.
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Λ.3.3 Attenuator

Attenuators have

L

attenuation

� 1

G
, Tdevice

N � �
L� 1

�
Tenv ,

where Tenv is the physical temperature of the attenuator. If Tenv � T0, then F � L .

Λ.3.4 Friis formula

The noise factor for a chain of devices can be computed using the Friis formula. For a series

of devices with (internal) noise temperatures tTiN uni�1, the lumped device noise temperature

is

T↣
N

series lumped
device noise
temperature

�
ņ

i�1

TiN±i�1
j�0Gj

: G0 � 1 .

Λ.3.5 Noise propagation

If there is no signal, the noise temperature can be propagated as

Tout
N � F GTin

N : P in
S � 0 ,

Tout
N � Tin

N � Tenv

L
� Tenv : P in

S � 0 , attenuator .
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Λ.4 Averaging

Λ.4.1 Noise amplitude

Averaging the amplitude suppresses random noise toward zero. For

Xi � Normal
�
0, σ

�
,

the average is

MX �
°n
i�1Xi
n

,

ñ MX � Normal
�
0,

σ?
n

�
,

ñ �
MX

�2 � Normal
�σ2
n
,

?
2σ2

n

�
,

ñ SMX MX
pωq � σ2

n
.

Unfortunately the amplitude average of a harmonic signal is also zero. If the signal frequency

is known, however, it can be mixed down and then measured.
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Λ.4.2 Noise power

Averaging the power provides a more precise measurement of the the noise. For

Xi � Normal
�
0, σ

�
,

Xi
2 � Normal

�
σ2,

?
2σ2

�
,

the average is

MX2 �
°n
i�1Xi2
n

,

ñ MX2 � Normal
�
σ2,

σ2?
n

�
,

ñ SMX2 MX2
pωq � σ2 .

Λ.5 Decibels

Decibels are used to express ratios on a logarithmic scale, and are de�ned to put amplitudes

and powers on the same scale.

Amplitude level � 20 log10

� X
X0

�
dB ,

P 9 X2

Power level � 10 log10

� P
P0

�
dB .

Named decibel units use an explicit reference level. For dBm, P0 � 1mW .
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Λ.6 Power formulas

Λ.6.1 Time average

The time average of a sinusoid is zero, whilst the time average of a squared sinusoid is

@
sinrϕs2Dϕ � @

cosrϕs2Dϕ � 1

2 π

» 2π

0
cosrϕs2 dϕ � 1

2
.

Λ.6.2 Real harmonic signal

For a real harmonic voltage,

V ptq � Vamp cosrΩ ts ,

ñ @
V ptq2Dt � Vamp

2

2
,

and we de�ne the root-mean-squared voltage and peak-to-peak voltage as

VRMS �
b@

V ptq2Dt � Vamp?
2

, Vpeak-peak � 2Vamp .

The power is

P ptq � V ptq Iptq � V ptq2
R

ñ @
P
D � Vamp

2

2R
.
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Λ.6.3 Complex harmonic signal

For a complex harmonic voltage

Ṽ ptq � Vamp e
i Ω t , ℜ

�
Ṽ ptq� � Vamp cosrΩ ts .

The average power is

P̃ � Ṽ � Ĩ
2

� |Ṽ |2

2R
,

ñ @
P
D � ℜrP̃ s � Vamp

2

2R
.

Λ.7 In-phase and quadrature

When making microwave voltage measurements it is common practice to do so with respect

to a carrier frequency and separate in-phase and quadrature components. Mixing a controlled

carrier frequency near the signal frequency produces a small di�erence frequency with a large

oscillation period that is accessible to measurement electronics. Mathematically, this is

V ptqloomoon
voltage

� Aptq sin rωc t� ϕptqslooooooooooomooooooooooon
amplitude/phase form

� Aptq cos rϕptqs sin rωc tsloooooooooooooomoooooooooooooon
in-phase

�Aptq sin rϕptqs cos rωc tsloooooooooooooomoooooooooooooon
quadrature

,

where we have

Aptq
amplitude

¥ 0 , ϕptq
phase

P S1 ,
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and de�ne

Iptq � Aptq cos rϕptqs , Qptq � Aptq sin rϕptqs ,

giving

Aptq �
b
Iptq2 �Qptq2 , ϕptq � arctan rQptq{Iptqs .

The complex voltage is

Ṽ ptq � Aptq ei pωc t�ϕptq�π{2q .

Λ.8 Quantum to classical signal

A quantum signal is often denoted having power

@
P
D � â

:
in âin ℏωa ,

where âin has units of
a
counts{s. Thus

ãin
RMS

ptq �
a
ℏωa âinptq �

?
P e�iωa t

is a RMS complex signal. The real classical signal is therefore

ainptq �
?
2ℜ

�
ãin
RMS

ptq� P R .
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True signal
Apparent signal

Samples

Figure Λ.2: A signal (blue) is undersampled at discrete points (purple) that look like a lower
frequency signal (red).

Λ.9 Undersampling

Following the Nyquist-Shannon sampling theorem, a signal Xptq9 cosr2π fX ts needs to be

sampled (discrete time measurements) at a rate fSa ¡ 2 fX to be reconstructed. Signals

above half the sampling rate will appear at lower frequencies according to1

f
apparent
X �

∣∣∣fX mod�fNy
fSa

∣∣∣ : fNy

Nyquist
frequency

� fSa
sampling
frequency

M
2 .

A simple illustration is provided in Fig. Λ.2.

1. O�set modulo amodc b �
�pa� cqmod b

�� c.
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Figure Λ.3: Phase modulation of complex signals.

Λ.10 Modulation

Λ.10.1 Complex phase modulation

A phase modulated complex signal has the form

X̃ptq � xamp e
�i
�
ω0 t�AΦ sinrωΦ ts

�
.

This looks like squeezing and stretching of the signal frequency over periods of 2 π{ωΦ,
creating side bands in Fourier space at intervals of fΦ. Plots of various phase modulated
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signals are shown in Fig. Λ.3. Importantly, phase modulation by itself does nothing to

detected power. However, if a phase modulated signal is passed through an element with

non-uniform transmission the spectral components will be a�ected di�erently, potentially

creating side bands in the detected power spectral density.

The complex phase modulated signal can be expressed by the Jacobi-Anger expansion,

e�i
�
ω0 t�AΦ sinrωΦ ts

�
� e�iω0 t

8̧

j��8
JjrAΦs e�i j ωΦ t ,

where Jj are Bessel functions of the �rst kind. This form allows us to determine the phase

modulating amplitude that produces �rst-order side bands equal in strength to the carrier,

J0rAΦs2 � J1rAΦs2 ñ AΦ � 1.43469565 : smallest solution .

Λ.10.2 Complex intensity modulation

Consider an intensity attenuation modulation,

P ptq � P0

�
1� AI

2

�
1� sinrωI ts

�	
: AI P r0, 1s ,

such that AI � 0 is no modulation and AI � 1 modulates to full extinction. The amplitude

for this is

X̃ptq � xamp

c
1� AI

2

�
1� sinrωI ts

�
e�iω0 t .

Plots of various intensity modulated signals are shown in Fig. Λ.4.
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Figure Λ.4: Intensity modulation of complex signals.

Λ.10.3 Real signal modulation

We can also modulate real signals, Xptq and examine Xptq2. This situation needs some

careful consideration of di�erent time scales in use, in particular the bandwidth of a power

detector, and interpretation of quantities. Typically we have the detector bandwidth much

less than the carrier frequency, fdet ! f0. Plots of various phase modulated signals are

shown in Fig. Λ.5 and intensity modulated signals in Fig. Λ.6.
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Figure Λ.5: Phase modulation of real signals.
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Figure Λ.6: Intensity modulation of real signals.
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Vi Ii i

k≠i

Vi Iji j

k≠ j

Z Z

Figure Λ.7: Circuit diagrams for measuring Zi i (left) and Zi j (right) using current sources
and open volt meters.

Λ.11 Electrical network

For an electrical network with multiple ports, the impedance matrix is de�ned as

Zi j �
Vi
Ij

����
Ik�j�0

,

and can be determined by considering the circuit diagrams given in Fig. Λ.7. The scattering

matrix incorporates the characteristic line impedances, Zi, of the ports and is given by [305]

S � F �
�
Z � ZC

�	 � �Z � ZC

	�1 � F �1

�
�
F � Z � F�1 � ZC

�	 � �F � Z � F�1 � ZC

	�1
, (Λ.5)

where

ZC � Diag
�tZiuni�1� , F �

�
2

c
ℜ
�
ZC

���1
.

The amplitude waves in and out are

aini � Vi � Zi Ii

2
a
|ℜrZis|

, aouti � Vi � Z�i Ii
2
a
|ℜrZis|

,
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with powers

P in
i � |aini |

2

2
, P out

i � |aouti |2

2
.

Λ.12 Spectrum analyzer

A spectrum analyzer is used to measure a power spectrum over some frequency span, fspan,

at a certain number of points, npoints.

The resolution bandwidth, RBW, is the frequency width of each measurement,

P1measpfq � P1
�rf � RBW{2, f � RBW{2s� � » f�RBW{2

f�RBW{2

�
SXXp�f 1q � SXXpf 1q

	
df 1 .

The one-sided power spectral density is then approximately

PSD1pfq � SXXpfq � SXXp�fq �
P1measpfq
RBW

.

In reality the spectrum analyzer �lter is not a perfect rectangular window, and care needs

to be taken for any features at similar scales. For a detailed review of windows, see [307].

When measuring a particular feature, we need RBW ! feature width. To have no gaps in

the spectrum, one should set RBW ¥ fspan{pnpoints � 1q. Decreasing RBW will lower the

noise �oor as less is collected in each bin.

The video bandwidth, VBW, provides time averaging of collection points over � 1{VBW.

Typically VBW ¤ RBW. Decreasing VBW will reduce noise variance.

Trace averaging is performed after full scans have been completed. Averaging can be per-

formed over the power, `amplitude' (
?
power), or logarithmic power. Increasing averages will
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fSA
f

-L dB

RBW

Figure Λ.8: Gaussian window.

reduce noise variance.

Λ.12.1 Gaussian window

A Gaussian window with level �L dB, typically �3 dB, and resolution bandwidth RBW at

frequency location fSA has pro�le

wpfSA; fq �
?
L

c
2 logr10s

5π
exp

�
�pf � fSAq2 L

2 logr10s
5RBW2

�
,

as shown in Fig. Λ.8, such that the �L dB points are separated by RBW, and
³
wpfq df �

RBW. Note that wpfSA; fSAq   1.

Let us consider the case of measuring a monotone signal, power P
 at known frequency f
,

with a spectrum analyzer using a Gaussian window. The true power spectral density is

PSD1pfq � P
 δpf � f
q � bgpfq .
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The spectrum analyzer measurement at fSA is then

P1measpfSAq �
» 8
�8

PSD1pfqwpfSA; fq df

�
» 8
�8

P
 δpf � f
qwpfSA; fq df �
» 8
�8

bgpfqwpfSA; fq df

� P
wpfSA; f
q � bgpfSAqRBWlooooooomooooooon
for linear background

.

Thus, for a linear background,

P
 � P1measpfSAq � bgpfSAqRBW
wpfSA; f
q

� P1measpfSAq � bgpfSAqRBW?
L

b
2 logr10s

5π exp
�
�pf
 � fSAq2 L 2 logr10s

5RBW2

� .
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APPENDIX Ξ

Periodicity analysis

Whilst feature sizes can be highly variable with fabrication process and �uctuate signi�cantly,

the periodicity of objects is consistent. This makes measurements of periodicity a useful

calibration tool when performing length measurements. In this appendix we outline two

methods of measuring periodicity from an image.

Ξ.1 Fourier analysis

Without any other information, periodicity within an image can be uncovered by Fourier

analysis. A gray scale image is e�ectively a rectangular array of real numbers, in Fourier

analysis nomenclature this is a two-dimensional discrete time signal. The discrete time

Fourier transform (DTFT) of this data is a continuous two-dimensional function, but is

di�cult to compute for arbitrary frequencies. Using fast Fourier transform (FFT) techniques,

the discrete Fourier transform (DFT) samples the DTFT with the same number of points

as the discrete time signal, and is quick to compute. For d-dimensional data, the discrete

Fourier transform, with parameters a and b, is

DFTa,b

� 
ur⃗
(
r⃗

�
�
#
νs⃗ � Πrn⃗sa�1

2

ņ⃗

r⃗�1⃗
exp

�
2 π i b

�
r⃗ � 1⃗

� � �ps⃗� 1⃗q m n⃗
��
ur⃗

+
s⃗

, (Ξ.1)

using some dubious vector notation1 where r⃗ � triudi�1 and s⃗ � tsiudi�1, elements of`di�1 Z�ni
indexing the data (Z�ni � t1, 2, . . . , niu), and n⃗ � tniudi�1 is the number of data points along

1. m is Hadamard (element-wise) divide.
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each dimension. The DFT is periodic in every dimension,

ν��� ri�ni ��� � ν��� ri ��� .

Peaks in the DFT are often on the order of one pixel in size, and thus di�cult to resolve.

To �x this, we want to sample the DTFT at a higher resolution. A common method is

zero-padding, where zeros are added to the original signal increasing the total number of

points and hence points in the DFT. Another method involves `zooming' in on the DTFT

and sampling a smaller portion of it with the same number of points. Performing a Fourier

zoom with magni�cation m about index s⃗� we cover the index range

s⃗ P �s⃗� � ∆⃗, s⃗� � ∆⃗
�

: ∆⃗ � n⃗� 1⃗

2m
,

with new index vector

s⃗ 1 �
�
s⃗� s⃗� � ∆⃗

	
m P `di�1 Z�ni ,

which interpolates the original DFT corresponding to non-integer values of s⃗. Substituting

this into (Ξ.1),

νrs⃗s � Πrn⃗sa�1
2

ņ⃗

r⃗�1⃗
exp

�
2 π i

b

m

�
r⃗ � 1⃗

� � �ps⃗ 1 � 1⃗q m n⃗
��

� ur⃗ exp
�
2π i b

�
r⃗ � 1⃗

� � �ps⃗� � 1⃗� ∆⃗q m n⃗
��looooooooooooooooooooooooooomooooooooooooooooooooooooooon

u 1r⃗

,

which is a DFT from some modi�ed signal data to a subregion of the DTFT,

DFTa,bZooms⃗�,m

� 
ur⃗
(
r⃗

�
� DFT

a, bm

� 
u 1r⃗
(
r⃗

�
�  

ν 1s⃗ 1
(
s⃗ 1 ,
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u 1r⃗ � ur⃗ exp
�
2π i b

�
r⃗ � 1⃗

� � �ps⃗� � 1⃗� ∆⃗q m n⃗
��
, ν 1s⃗ 1 � ν

�
s⃗� � ∆⃗� s⃗ 1

m

�
.

By mapping our data ur⃗ ÞÑ u 1r⃗ we can use the computational prowess of DFT to quickly

sample the DTFT at higher resolutions.

The DFT assumes our signal is periodic, but this is often not the case and artifacts at

frequencies corresponding to the size of the image appear in the DTFT. To remove these

artifacts we can subtract o� the equivalently zoomed DFT of a (non-zero) constant array

rescaled to match the zero-frequency element. The cleaned DFT is

DFTa,bZoom
clean
s⃗�,m

� 
ur⃗
(
r⃗

�
� DFTa,bZooms⃗�,m

� 
ur⃗
(
r⃗

�
�
��DFTa,b

� 
ur⃗
(
r⃗

����
s⃗�1⃗

DFTa,b

� 
1
(
r⃗

����
s⃗�1⃗

�

loooooooooooooomoooooooooooooon

ν
1⃗
Πrn⃗s�a�1

2

DFTa,bZooms⃗�,m

� 
1
(
r⃗

�

� DFTa,bZooms⃗�,m

� 
ur⃗
(
r⃗

�
�DFT�1,bZooms⃗�,m

� 
ν
1⃗

(
r⃗

�
.

An example zoomed and cleaned DFT is shown in Fig. Ξ.1.

Relevant frequencies can be found by looking for peaks in |ν|2. Locations in the zoomed

DFT can be mapped back to the original DFT,

s⃗ 1 ÞÑ s⃗ � s⃗� � ∆⃗� s⃗ 1
m

.

Using the de�nition (Ξ.1), positions in the DFT correspond to frequencies

f⃗ � b ps⃗� 1⃗q m n⃗ .
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If F is a square matrix of d reciprocal lattice vectors f⃗ , the lattice vectors in the original

time data are

TT � F�1 .

Mathematica code for performing Fourier zooms is available at https://gitlab.com/rhy

spovey/mathematica-fourier-plus.

Ξ.2 Lattice �tting

If we know the form of the periodic lattice vectors, we can �t them to periodic sites extracted

from an image. This is particularly useful for �tting a scaling parameter if we know what the

lattice vectors should be. To perform the �t we need to create a bijection between spatial

locations y⃗ P Rd2 and crystal lattice indices x⃗ P Zd1 ,

X � Zd1 oo
bijection

// Y � Rd2

lattice site index x⃗ oo // y⃗ spatial location .

Here d2 is the spatial dimensions, 2 for a normal image, and d1 ¤ d2 is the lattice dimensions.

The �rst step is extracting spatial positions of lattice sites from an image. For separated

shapes, like snow�akes, we can do this by

1. Use edge detection to �nd pixels along an edge,

2. Search for sets of pixels forming closed loops,

3. Take the average of pixel locations in each set.

To associate each spatial location with a lattice index we'll need to approximately know the
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lattice vectors prior. Using an approximate lattice we can search for spatial points near the

estimated points and associate closest pairs.

We can now �t parameterized lattice vectors ta⃗irθsud1i�1 such that

y⃗ � Arθs � x⃗ ,

for associated pairs where A is the matrix of a⃗ column vectors. For n point-site pairs, we

can assemble them into matrices to produce a multivariate �t problem,

Àn
k�1Rd1 //

Àn
k�1Rd2

X � // Y � X � AT

txk iunk�1, d1i�1 � // tyk j �
°d1
i�1 xk iAj i unk�1, d2j�1 .

This problem can be �attened to a multivariable �t following App. Ψ

Àn�d2
α�1 Rd1�d2 // Rn�d2

X 1 � // y⃗ 1 � X 1 � b⃗ 1

tx 1αβun�d2α�1 ,
d1�d2
β�1

� // ty 1α �
°d1�d2
β�1 x 1αβ b

1
βun�d2α�1 ,

with

X 1
αβ � X pα quot1 d2�1q pβmod1 d1q δ pαmod1 d2q pβ quot1 d1�1q ,

y 1α � Y pα quot1 d2�1q pαmod1 d2q ,

b 1β � AT
pβ quot1 d2�1q pβmod1 d2q .

In this format the �tting can be easily carried out by standard non-linear �tting algorithms

where b⃗ 1 is a function of the �t parameters.
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Figure Ξ.1: (Left) logarithm of the squared magnitude from a cleaned zoomed discrete
Fourier transform, six major peaks are located corresponding to the snow�ake crystal pattern.
From their locations, lattice vectors of tp�173, 525q, p372, 408qu nm can be extracted. (Right)
original image of the snow�akes, edge detection is shown in blue, shape centers used in the
�t are red dots, and the �t result is depicted with yellow lines. Fitting only a global angle
and scaling, the �t lattice vectors are tp�169, 527q, p372, 409qu nm.

Common �t parameters will be global angle, ϕ, and scaling, ξ,

Arϕ, ξs � ξ Rϕ � Ā ,

where Ā are the expected lattice vectors, and Rϕ is the rotation matrix. An example �t is

shown in Fig. Ξ.1.
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APPENDIX Π

Resonance �tting

Vector network analyzers (VNAs) are able to simultaneously measure the amplitude and

phase of a signal transmitted through or re�ected from an electrical network. With resonators

in the network, one can �t the complex signal response to measure properties of the resonator.

Π.1 Scattering element

In general the scattering element for a resonator is

Spfq � δ � A

α�� i pf � fresq , (Π.1)

where δ and A P R depend on the particular system according to Tab. Π.1 (See App. Θ).

We will call the cases of δ � 0 `through' measurements, and δ � 1 `across' measurements.

In through measurements the resonance appears as a peak above the ambient background,

whilst for across measurements the resonance appears as dip in the transmitted signal.

δ A
interposed re�ection, S11 1 2α�1
interposed transmission, S21 0 2

?
α�1 α�2

hanger re�ection, S11 0 α�12
hanger transmission, S21 1 α�12
directional, S21 1 2α�12

Table Π.1: Parameters in (Π.1) depending on type of layout and measurement.
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Π.2 Background terms

In general, one needs to determine the transmission function for their speci�c electrical

network, here, we will consider the simplest cases. For an across measurement

tacpfq � Xpfq
�
1� A

α�� i pf � fresq


,

where Xpfq P C is a transmission factor background.

For a through measurement

tthpfq � Xpfq
�
C � A

α�� i pf � fresq


,

where C P C is an ambient background. In this case there is redundancy between the

parameters A, C, X, and they can not be �t independently. Given that A P R we can make

the rede�nitions

tthpfq � Apfq
�
c� 1

α�� i pf � fresq


,

A � XA

c � C{A
.

To capture a mild transmission landscape background we can expand X (or A) to be a

polynomial in the vicinity of our resonance,

Xpfq �
ņ

i�0
Xi pf � fresqi .
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Π.3 Fit functions

With data of the form pf P R, t P Cq we need to split our transmission functions into real

and imaginary parts. For the across measurement,

ℜrtacpfqs �
�

ņ

i�0
ℜrXis pf � fresqi

��
1� Aα�

α�2 � pf � fresq2



�
�

ņ

i�0
ℑrXis pf � fresqi

�
A pf � fresq

α�2 � pf � fresq2
,

ℑrtacpfqs �
�

ņ

i�0
ℑrXis pf � fresqi

��
1� Aα�

α�2 � pf � fresq2



�
�

ņ

i�0
ℜrXis pf � fresqi

�
A pf � fresq

α�2 � pf � fresq2
,

with �t parameters

 
fres, α�, A

(Y  
ℜrXis,ℑrXis

(n
i�0 .

For the through measurement,

ℜrtthpfqs �
�

ņ

i�0
ℜrAis pf � fresqi

��
ℜrcs � α�

α�2 � pf � fresq2



�
�

ņ

i�0
ℑrAis pf � fresqi

��
ℑrcs � pf � fresq

α�2 � pf � fresq2


,

ℑrtthpfqs �
�

ņ

i�0
ℑrAis pf � fresqi

��
ℜrcs � α�

α�2 � pf � fresq2



�
�

ņ

i�0
ℜrAis pf � fresqi

��
ℑrcs � pf � fresq

α�2 � pf � fresq2


,
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with �t parameters

 
fres, α�,ℜrcs,ℑrcs

(Y  
ℜrAis,ℑrAis

(n
i�0 .

Π.4 Parameter estimates

To perform complicated non-linear �ts, we need good parameter estimates.

Π.4.1 Magnitude

We can start by looking at the squared magnitude data
!�
fk, |tk|2

�)d
k�1, where d is the

number of data points.

We have

|tacpfq|2 � |Xpfq|2
�
1� A2 � 2Aα�

α�2 � pf � fresq2


,

|tthpfq|2 � |Xpfq|2
�
|C|2 � A2 � 2Aα�ℜrCs � 2A pf � fresqℑrCs

α�2 � pf � fresq2



C!1� |Xpfq|2
�
|C|2 � A2

α�2 � pf � fresq2


,

thus in general

|tpfq|2 � Cpfq � A
α�2 � pf � fresq2

,
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with

Cac � |X|2 , Aac � |X|2
�
A2 � 2Aα�

	
  0 ,

Cth � |X|2 |C|2 , Ath � |X|2A2 ¡ 0 .

For a small data window around the resonance, and for the purpose of making estimates, we

can assume C is linear,

Cpfq � C0 � C1 pf � fresq .

We can start by estimating C1 using the edge data points,

C̃1 �
|td|2 � |t1|2

fd � f1
.

The resonance location can be estimated from the peak location

�
f̃res, t̃res

�
by max

"
�
�
|tk|2 �

�
|t1|2 � C̃1 pfk � f1q

�	*d
k�1

$''&''%
� : through

� : across

.

Then

C̃0 � |t1|2 � C̃1 pf̃res � f1q .

Next we can estimate α� by the peak full-width-half-maximum. Explicitly, we want to �nd
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the points

�
f̃�α�, t̃�α�

�
by min

"
|tk|2 �

� C̃0 � |t̃res|2

2
� C̃1 pfk � f̃resq

	
: fk   f̃res

*d
k�1

,

�
f̃�α�, t̃�α�

�
by min

"
|tk|2 �

� C̃0 � |t̃res|2

2
� C̃1 pfk � f̃resq

	
: fk ¡ f̃res

*d
k�1

,

then

α̃� � f̃�α� � f̃�α�
2

.

Π.4.2 Complex

Now that we have tf̃res, t̃res, α̃�u we can use the complex data to guess the remaining �t

parameters. We will guess only up to linear background terms, thus

ℜrX̃is � ℑrX̃is � ℜrÃis � ℑrÃis � 0 : i ¥ 2 .

For accross measurements,

ℜrX̃1s �
ℜrtds � ℜrt1s
fd � f1

, ℑrX̃1s �
ℑrtds � ℑrt1s
fd � f1

.

then

ℜrX̃0s � ℜrt1s � ℜrX̃1s pf̃res � f1q , ℑrX̃0s � ℑrt1s � ℑrX̃1s pf̃res � f1q .
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Enforcing A to be real, we can estimate it as

Ãac � α̃�
�
1� ℜrt̃ressℜrX̃0s � ℑrt̃ressℑrX̃0s

ℜrX̃0s2 � ℑrX̃0s2

�

For through measurements, �rst we compute

ℜrC̃1s �
ℜrtds � ℜrt1s
fd � f1

, ℑrC̃1s �
ℑrtds � ℑrt1s
fd � f1

,

ℜrC̃0s � ℜrt1s � ℜrC̃1s pf̃res � f1q , ℑrC̃0s � ℑrt1s � ℑrC̃1s pf̃res � f1q .

Then

ℜrÃ0s �
ℜrC̃0s � ℜrt̃ress

α� , ℑrÃ0s �
ℑrC̃0s � ℑrt̃ress

α� ,

ℜrc̃s � ℜrC̃0sℜrÃ0s � ℑrC̃0sℑrÃ0s
ℜrÃ0s2 � ℑrÃ0s2

, ℑrc̃s � ℑrC̃0sℜrÃ0s � ℜrC̃0sℑrÃ0s
ℜrÃ0s2 � ℑrÃ0s2

,

ℜrÃ1s �
ℜrC̃1sℜrc̃s � ℑrC̃1sℑrc̃s

ℜrc̃s2 � ℑrc̃s2 , ℑrÃ1s �
ℑrC̃1sℜrc̃s � ℜrC̃1sℑrc̃s

ℜrc̃s2 � ℑrc̃s2 .

Π.5 Simultaneous �t

Armed with �t parameter estimates we are ready to perform the �t. Our �t function pf P
Rq ÞÑ pt P Cq is equivalent to a multivariate �t R Ñ R2. To use standard �tting packages

we can �atten this to a multivariable �t R` RÑ R following App. Ψ.
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We can do this by expanding our data set
 pfk, tkq(dk�1 to

!�p1, 0, fkq,ℜrtks�)d
k�1 Y

!�p0, 1, fkq,ℑrtks�)d
k�1 �

!� px1κ, x2κ, fκqlooooooomooooooon
x⃗κ

, yκ
�)2 d
κ�1 ,

and using �t function

ŷ � x1ℜ
�
t̂pfq�� x2ℑ

�
t̂pfq� .

Alternatively we minimize the multivariate objective function and compute the covariance

matrix ourselves (see App. Φ).
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APPENDIX Σ

Optical measurement setup

The base optical measurement setup was inherited from previous experiments [120�122,

230, 304] studying optomechanics and transduction. Various improvements were made to

control elements. At its core, the setup is a C band infra-red �ber optic based system with

free space coupling to a chip in transmission and a high bandwidth photodetector that can

resolve microwave frequencies. A complete diagram of the system is given in Fig. Σ.1.

From the laser, the optic signal �rst goes through optional phase modulation, and then a

variable attenuator for power control, and a polarizer. It is directed onto the chip by a

V-groove clamp that holds the �ber in place above the chip at an angle of 8� from normal.

A second �ber is clamped 127µm away to pick up the transmitted signal. A splitter takes

a small amount of the signal for frequency locking whilst the rest goes through an ampli�er

and �lter before hitting the fast photodetector.

Σ.1 Components

Σ.1.1 Laser

The laser is a New Focus TLB 6728 tunable laser diode with an operating range of 1520 nm to

1570 nm and power output up to 20mW. Wavelength tuning is accomplished by an internal

di�raction grating with a motor for coarse tuning and a piezoelectric transducer for �ne

tuning. The piezoelectric transducer has 0.3 nm of range and takes input r�3, 3sV, such
that the response is 0.05 nm{V. Diode lasers are prone to phase noise [230, 308] and are

more stable when operating at constant current.
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Laser
TLB-6728-P-D

Isolator
IO-G-1550-APC

P5-1550-PM-FC-2

Phase modulator
Covega Mach-10

Intensity modulator
MXER-LN-10

Polarizer
ILP1550PM-FC

Splitter
PMC1550-90B-FC

10%

Photodetector
PDA50B

SIM960

PID
Power control

Circulator
CR1550PM-FCPhotodetector

PDA50B

P5-1550-PM-FC-2

Stripper V-groove

DUT

P5-1550-PM-FC-2

Splitter

10%

Photodetector
PDA50B

Fiber amplifier
AEDFA-PA-35

Isolator
IO-M-1550-FC

Fiber filter
JDSU TB9226+

Fast photodetector
ET-3500AF

DC monitor

DC block
BLK-18-S+

Spectrum analyzer
N9010A

Lock-in
SR830

SIM960

PID
Frequency control

Pre-amp
SR560

λ control
Signal generator

ESG-D4000A

Oscilloscope
HP54825A

λmonitor

Synthesizer
HP8904A

Trigger

Figure Σ.1: Full diagram of the optical measurement setup. Thick vertical lines indicate
�at physical contact (PC) connections, whilst thick angled lines indicate angled physical
connections (APC). Fiber optic colours mimic their real-life colour, lengths are not to scale.
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Figure Σ.2: Calibration of the phase modulator using a sharp ring resonator.

The laser o�ers a wavelength monitor voltage,

Vwavelength
monitor

� 10
λ� 1520 nm

1570 nm� 1520 nm
,

however the absolute accuracy is unclear.

Interfacing with the laser requires special drivers; instructions and a wrapper for using python

is available at https://gitlab.com/rhyspovey/python-tlb6700-laser.

Σ.1.2 Phase modulator

A Covega Mach-10 phase modulator is used to create a sideband near the mechanical fre-

quency for calibrating power transmission. It can handle drives up to 10GHz and 5V,

although signi�cantly lower drive powers should be used for `weak' modulation.

Calibrating the phase modulator for a particular frequency can be performed by scanning

over a narrow optical resonance (γ   ωΦ). For a su�ciently large phase modulation drive,

the resonance feature will appear three times, probed by the main carrier frequency and two

closest sidebands. When the phase modulation drive is adjusted such that the three features

have identical transmission, the response AΦ can be determined. The average laser power
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and photodetector current (see App. L) is

xPDptqyt � PL

8̧

j��8
JjrAΦs2 |S2 1pωL � j ωΦq|2 ,

giving the background-removed response to the three spectral features

IPDpωoq 9 J0rAΦs2 |S2 1pωoq|2 ,

IPDpωo � ωΦq 9 J1rAΦs2 |S2 1pωoq|2 ,

IPDpωo � ωΦq 9 J�1rAΦs2 |S2 1pωoq|2 ,

with J�1rAΦs2 � J1rAΦs2. Thus

IPDpωoq � IPDpωo � ωΦq � IPDpωo � ωΦq ñ J0rAΦs2 � J1rAΦs2 .

The above equation has a countably in�nite set of solutions but the smallest (positive)

solution is AΦ � 1.43469565. If the phase modulation strength is linear with drive voltage

then we can extrapolate to weak modulation.

In Fig. Σ.2 a ring resonator with narrow resonances is used for calibration. The even point

occurs at PΦ � p19.4 � 0.1q dBm ñ VΦRMS � p2.087 � 0.024qV giving AΦ � p0.688 �
0.008qVΦRMS{V.

Σ.1.3 Intensity modulator

An iXblue MXER-LN-10 intensity modulator is used for power control. It can handle drives

up to 10GHz but it is used here in DC. The main operating range (with positive slope) is

r�5.5, 1sV. Fig. Σ.3 depicts the e�ective response to varying drive powers. The slope of
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Figure Σ.3: Ratio of estimated power delivered to the device over laser power as a function of
intensity modulator DC voltage bias. This includes constant losses from other optic elements.

the linear section (in terms of photodetector voltage) is used to set the proportional control

parameter of the power feedback loop.

Σ.1.4 Photodetectors

Slow

Three Thor Labs PDA50B photodetectors are used at split-o�s before and after the device

under test. At 1550 nm they have a responsivity of � 0.85A{W and o�er up to 70 dB of

gain. When connected to a voltmeter, the measured voltage is

VPD � �
0.85� 0.03

�
A{Wloooooooooomoooooooooon

responsivity

1503� 10G{20V{Alooooooooooomooooooooooon
transimepdance gain

Rload

Rload � 50Ωloooooomoooooon
scale factor

P , (Σ.1)

with G P t0, 10, 20, 30, 40, 50, 60, 70u dB. The photodetectors saturate at 10V out.
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Figure Σ.4: Fast photodetector DC monitor readings for various input powers. Signi�cant
non-linearities make the photodetector unreliable as an absolute measure of power.

Fast

For optomechanical measurements, an EOT ET-3500AF ampli�ed high speed photodetector

is used, which can detect power �uctuations up to 10GHz. In addition to its microwave

frequency output, it has a DC monitor output

VDC
monitor

� ĪPDmV{µA ,

however this is not very accurate. The maximum input is 10mW, and the detector saturates

with the DC monitor at � 1.54V. Responsivity of the detector is unfortunately non-linear,

plotted in Fig. Σ.4.
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Figure Σ.5: Normalized transmission through the optical �lter based on reported wave-
lengths.

Σ.1.5 Ampli�er

Weak optical signals needs to be ampli�ed before hitting the fast photodetector, for this

an Amonics erbium doped �ber ampli�er, AEDFA-PA-25, is used. The ampli�er has two

laser pumps and can provide up to 40 dB of gain for inputs of r�40,�10s dBm. Care needs

to be taken when setting the pumps as the fast photodetector can easily be saturated and

potentially damaged. The optic ampli�er produces ampli�ed spontaneous emission (ASE)

across its ampli�cation range of r1530, 1560s nm. Pump currents are typically set such that

the fast photodetector is operating at � 90% of its range.
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Σ.1.6 Filter

To reduce the ASE hitting the fast photodetector at non-signal frequencies, a band pass

optical �lter is needed. A JDS Uniphase tunable grating �lter TB9226 is used which o�ers

a �3 dB pass band of 0.22 nm � 30GHz, and tuning in r1530, 1565s nm. The �lter utilizes

a (non-uniform) �ber Bragg grating re�ector [309, 310] which unfortunately does not have

a closed-form expression for its transmission spectrum. Calibration between the purported

�lter wavelength and laser wavelength is shown in Fig. Σ.5, the o�set was found to be

λ�lter � λlaser � 0.61 nm. Using the o�set as a starting point, alignment of the optical �lter

is performed by maximizing the signal picked up by the fast photodetector.

Σ.1.7 Optic �bers

The �bers are all single mode C-band infra-red (�1550 nm). For those which are polarization

maintaining (which includes everything from the polarizer to the V-groove), the electric �eld

is parallel to the slow axis, and the stripped �bers in the V-groove are aligned such that

the slow axis is parallel to the plane of the V-groove. This ensures the light's electric �eld

incident on the device chip (coming in on an angle) is parallel to the chip and aligned with

the grating coupler.

Σ.1.8 V-groove and device mount

An OZ Optics V-groove clamp holds two parallel stripped �bers 127µm apart, 8� from

normal, and is positioned just above the sample as close as possible. The incident angle

of 8� was chosen by previous experiments to optimize the e�ciency of silicon on insulator

grating couplers.
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The device mount is a piece of acrylic with a hole drilled through to create a vacuum chuck,

and attached to a two axis micrometer translation stage. Multiple devices patterned on a

chip are oriented the same way such that they can easily be accessed by stage movements.

Global rotational alignment has to be performed manually.

To assist with aligning, a microscope and lamp is suspended above the stage. From being

lined up with the bottom edge of the V-groove clamp under the microscope, the device needs

to be moved back � 1050µm to be under the �bers.

Σ.2 Laser scans

The TLB 6700 laser is able to smoothly sweep its wavelength to produce optical transmis-

sion spectra picked up by the output split-o� photodetector. A Hewlett Packard In�nium

oscilloscope (HP54825A) captures the photodetector voltage and laser wavelength monitor

voltage with a single scan matched to last the same duration as the laser's combined forward

and backward sweep. To start both systems simultaneously, a Hewlett Packard multifunc-

tion synthesizer (HP8904A) is setup to send a square trigger pulse of 4V to the laser and

oscilloscope. Con�guring the laser, oscilloscope, and trigger generator is all carried out from

a connected computer.

Whilst the laser provides a wavelength estimate via a monitor voltage, the signal is rather

noisy. To remove this noise the wavelength monitor is �t as a function of time to provide

the smooth wavelength ramp and sweep and action. This is then used to pair photodetec-

tor voltage measurements with the appropriate wavelength based on the scan time. The

laser scan function follows a quadratic ramp-up (duration τ2), linear sweep (duration τ1),

then quadratic ramp-down (duration τ2). From V1 to V2 (corresponding to start and end
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wavelengths), the one-directional scan function is

Vwavelength
monitor

ptq �

$''''''''''''''&''''''''''''''%

V1 : t   τ0

V1 � pt�τ0q2 pV2�V1q
2 τ2 pτ1�τ2q : τ0   t   τ0 � τ2

2 τ1 V1�2 pt�τ0q pV2�V1q�τ2 p3V1�V2q
2 pτ1�τ2q : τ0 � τ2   t   τ0 � τ2 � τ1

V2 � pt�τ0�τ1�2 τ2q2 pV2�V1q
2 τ2 pτ1�τ2q : τ0 � τ2 � τ1   t   τ0 � 2 τ2 � τ1

V2 : τ0 � 2 τ2 � τ1   t

.

When �tting, V1 and V2 are given, and τ0, τ1, τ2 are �t parameters.

The maximum laser sweep speed is 10 nm{s, however for reliable sweep timings should be

kept to less than Lsweep{p10 sq. Due to ramps in the sweep speed, the sweep duration is not

simply 2Lsweep{pset speedq. Found empirically, for a desired total (forward and backward)

sweep duration τtotal, over sweep length Lsweep and back again, the set sweep speed should

be

set speed � 2Lsweep

τtotal � x�apτtotal � xq pτtotal � 3xq : x � 6 s� Lsweep
5 nm{s .

Σ.3 Power estimates

Using the split-o� input and output photodetectors along with (Σ.1) we can estimate optical

powers in our set up. Voltage measurements need to be calibrated (o�set) such that VPD �
0ô PPD � 0.
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The power delivered to the device is

Pdelivered � p1� 10%qPinput
PD

{10%

� 0.9

0.1

Vinput
PD�

0.85� 0.03
�
A{W 1503� 10G{20V{A 1MΩ

1MΩ�50Ω
.

Σ.3.1 Transmission

Comparing input and output powers, we can get the transmission through our device. For

10% splittings as labelled in Fig. Σ.1, we have

ηgrating
coupler

2 TDUT �
Pout

Pdelivered
�

Poutput
PD

{10%
Pinput
PD

p1� 10%q{10% � 10pGin�Goutq{20
0.9

Voutput
PD

Vinput
PD

.

Σ.3.2 Re�ection

Assuming the circulator is 100% e�cient,

ηgrating
coupler

2 RDUT �
Pre�

Pdelivered
�

Pre�
PD

{100%
Pinput
PD

p1� 10%q{10% � 10pGin�Gre�q{20
9

Vre�
PD

Vinput
PD

.

Σ.4 Frequency locking

Because the device is interrogated in open air, experiments are susceptible to temperature

�uctuations causing drifts in resonant frequencies and overall transmission levels. To account

for this we'd like our laser wavelength to be able to track the device resonance. For thermal

mechanical spectrum measurements this means tracking the side of a resonance dip.
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Figure Σ.6: Sample power and wavelength control monitoring data. Input side (power lock)
PID output varies to compensate for laser power drift such that power to the device, PID
measure, is held constant. Output side (wavelength lock) PID output varies to keep the
dither signal, PID measure, zero. The laser's self measurement of wavelength is discretized
to 0.01 nm. In this example a small drift in cavity resonance occurred over the �rst hour
and was tracked by the locking system. As the optical �lter is not dynamically adjusted this
lead to a slight change in overall transmission as measured by the DC monitor.

The simplest way to do this is side-locking where a power control loop tries to keep a �xed

transmission power corresponding to a point on the side of the resonance, and the gradient in

the vicinity determines the proportional feedback parameter. This approach fails, however, if

there is any change in the non-device transmission, such as a global �uctuation up or down.

To track the side of the resonance through frequency and transmission drifts we employ

second harmonic dither locking, described in App. Υ, to follow an in�ection point (second

derivative zero) of the transmission spectrum. Whilst �ne tuning the laser's wavelength with

the piezoelectric controller, it's own course tuning grating servo is disabled. An example of

the locking systems in action is given in Fig. Σ.6.
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APPENDIX Υ

Dither locking

Dither locking is a laser frequency resonator tracking technique, similar to Pound-Drever-

Hall stabilization [311�313] but simpler, slower, and working in transmission. By targeting

a point on the optical resonance curve with zero derivative, dither locking is able to accom-

modate frequency and power shifts. The basic principle involves `slowly' scanning the laser

frequency back and forth, i.e. dithering, and using the signal in transmission, picked up by a

photodetector, at this frequency to correct the laser output. Traditionally, dither locking is

used to track the peak of an optical resonance where the �rst derivative is zero, but can be

extended to in�ection point tracking. Fig. Υ.2 gives the basic experimental setup employed

for a dither lock.

Υ.1 Frequency dithering

For demonstration purposes, let's �rst consider the case of frequency dithering a resonance

with �at background. In general the transmitted power can be expressed as (see App. Θ, Π)

T pωq � C � A
α2 � pω � ωresq2

.

It has derivatives

d

dω
T pωq � �2A�

α2 � pω � ωresq2
�2 pω � ωresq ,

d2

dω 2
T pωq � 6A�

α2 � pω � ωresq2
�3 �

ω � ωres � α?
3


 �
ω � ωres � α?

3



,
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Figure Υ.1: Plot of an `across' resonator measurement and its derivatives. The �rst harmonic
of the dither frequency probes the �rst derivative, whilst the second harmonic probes the
second derivative.

as depicted in Fig. Υ.1. The peak is located at

0 �
�

d

dω
T pωq



ω�ωpeak

ñ ωpeak � ωres ,

and the in�ection points are located at

0 �
�

d2

dω 2
T pωq



ω�ωin�

ñ ωin� � ωres � α?
3
.
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In the presence of weak dithering,

ωlaserptq � ω0 � ωdither
amp

sinrωdither ts ,

and

T pωlaser; tq � T
�
ω0 � ωdither

amp
sinrωdither ts

	

ωdither�0� T pω0q � ωdither
amp

sinrωdither ts
�

d

dω
T pωq



ω�ω0

�

�
ωdither
amp

sinrωdither ts

2

2

�
d2

dω 2
T pωq



ω�ω0

�Orωdithers3

� C � A
α2 � pω0 � ωresq2

� �2A�
α2 � pω0 � ωresq2

�2 ωdither
amp

pω0 � ωpeakq sinrωdither ts

� 3A�
α2 � pω0 � ωresq2

�3 ωdither
amp

2 pω0 � ω�in�q pω0 � ω�in�q sinrωdither ts2

�Orωdithers3 .

If we want to lock ω0 to ωpeak, we can use the signal oscillating at ωdither and feedback

control it to zero. For ω0 � ωpeak this signal is

F
�
T
��
ωdither

� � �2A
α4

ωdither
amp

pω0 � ωpeakq �Orω0 � ωpeaks2 Ñ 0 ô ω0 Ñ ωpeak .

If we want to lock ω0 to ω�in�, we note that sinrθs2 � 1{2�cosr2 θs{2, and control the signal
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Laser Resonator Photodetector

Lock-in

PID

Controller

Adder

Frequency control

Figure Υ.2: Diagram for a dither lock. The frequency of the laser is controlled by an
incoming voltage that includes a `static' shift provided by the controller and an oscillating
term provided by the lock-in local drive. The detected signal at the lock-in frequency is
passed to the controller which then decides what output voltage is required to appropriately
shift the laser's center frequency.

oscillating at 2ωdither to zero. For ω0 � ωin� this signal is

F
�
T
��
2ωdither

� � 27
?
3A

64α5
ωdither
amp

2 pω0 � ωin�q �Orω0 � ωin�s2 Ñ 0 ô ω0 Ñ ωin� .

Sending these signals to zero is impervious to changes in ωres or C, allowing the lock to track

drifts in power or resonant frequency.

Υ.2 Laser wavelength system

Our setup uses a tunable diode laser with a motor for course wavelength tuning and a

piezoelectric transducer that allows for �ne wavelength tuning, and such we will need to use
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wavelength, rather than frequency, for our locking system. Describing the setup with an

equation we have,

λlaser � looooooooomooooooooon
λ0

λlaser
base

�

αVpiezohkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkj
αVpiezo

static
� looomooon

λdither
amp

α

Vditherhkkkkkkkkkkkkkkikkkkkkkkkkkkkkj
Vdither
amp

sin
�
2π fditherloooomoooon
ωdither

t
�

looooooooooooooomooooooooooooooon
λdither

, fdither
amp

�
c λdither

amp

λ0
2

,

where α � 0.05 nm{V is the piezoelectric actuation. To achieve dither locking, we need a

hierarchy of frequencies,

fdither ! fdither
amp

! γres .

Υ.2.1 Optical resonator

Dither locking (to zeroes) requires that the background transmission in the region of the

resonator be su�ciently �at. In this case, in terms of wavelength, the power transmitted can

be expressed generally as

T pλq � C � B

1� 4Q2
�
λres
λ � 1

	2 , (Υ.1)

where B and C depend on the particular resonator con�guration.
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Υ.2.2 Equipment limitations

The (TLB-6700) laser's piezoelectric transducer has the following limitations,

Vpiezo P r�3, 3sV ,

$'''&'''%
fdither ¤ 2000Hz : Vdither

amp
¤ 0.3V

fdither ¤ 700Hz : 0.3V   Vdither
amp

¤ 3V

.

Because we want to leave room for the static piezo shift, our dither amplitude voltage should

be somewhat less than the maximal range.

The (PDA50B) photodetector has bandwidth limitations

$''''''&''''''%
fdither ¤ 200Hz : 70 dB gain

fdither ¤ 700Hz : 60 dB gain

fdither ¤ 2000Hz : 50 dB gain

.

The (SR830) lock-in can put out 5VRMS and frequencies up to 102 kHz, well beyond limi-

tations imposed by the rest of the system.

Typical operating values were Vdither
amp

� 1V and fdither � 100Hz.

Υ.2.3 Resonance peak (�rst harmonic) locking

Locking to the resonance peak in wavelength is fairly straightforward and uses the �rst

harmonic signal at the dither frequency. Taylor expanding the derivative of (Υ.1) near
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λ � λres,

d

dλ
T pλq λ�λres� �8Q2 B

λres
2

pλ� λresq �Orλ� λress2 . (Υ.2)

We can also expand (Υ.1) for λdither � 0,

T pλlaser; tq � T
�
λ0 � λdither

amp
sinrωdither ts

	
λdither�0� T pλ0q � T 1pλ0qλdither

amp
sinrωdither ts �Orλdithers2

(Υ.2)� T pλ0q �
�8Q2 B
λres

2
pλ0 � λresqαVdither

amplooooooooooooooooomooooooooooooooooon
T 1st
dither

sinrωdither ts � . . . ,

to realize a transmitted signal T 1stdither at the dither frequency. Feedback controlling T
1st
dither Ñ

0 will mean λ0 � λres, i.e. our laser will be centered at the resonance peak as desired.

Υ.2.4 Resonance in�ection (second harmonic) locking

If we want to lock to one of the sides of the resonance, in particular at an in�ection point

where the second derivative is zero, we can use the second harmonic of the dither frequency.

In wavelength, however, it is slightly more complicated,

0 � d2

dλ 2

���C � B

1� 4Q2
�
λres
λ � 1

	2
��
 �����

λ�λin�
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ñ λin� � λres

�
1

2
� cos

�2
3
arccot

�
2Q

�� π

3

�


Q�8� λres

�
1	 1

2
?
3Q

�OrQs�2


.

Expanding the second derivative of (Υ.1) near λ � λin� gives

d2

dλ 2
T pλq λ�λin�� T p3qpλin�q pλ� λin�q �Orλ� λin�s2 , (Υ.3)

where T p3qpλin�q � d3

dλ 3T pλq|λ�λin� is a somewhat complicated expression. Importantly, we

have a single term that goes to zero as λ Ñ λin�. Expanding (Υ.1) for λdither � 0 now to

second order,

T pλlaser; tq � T
�
λ0 � λdither

amp
sinrωdither ts

	

λdither�0� T pλ0q � T 1pλ0qλdither
amp

sinrωdither ts � T 2pλ0q

�
λdither
amp

sinrωdither ts

2

2
�Orλdithers3 .

Using

sinrωdither ts2 �
1� cosr2ωdither ts

2
,

and substituting in (Υ.3), we get

T pλlaser; tq Q T p3qpλin�q pλ0 � λin�q
λdither
amp

2

4looooooooooooooooooomooooooooooooooooooon
T 2nd
dither

cosr2ωdither ts ,

realizing a signal T 2nddither at double the dither frequency, 2 fdither, which has the property
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Figure Υ.3: Example second harmonic dither lock-in response to scanning Vpiezo
static

near the

in�ection point. The crossing at zero is the desired resonance in�ection point, and the slope
in the vicinity provides the proportional control feedback parameter.

T 2nddither Ñ 0ô λ0 Ñ λin�.

Υ.2.5 PID calibration

To manage the feedback loop, a proportional-integral-derivative (PID) controller is used.

With a set point of zero, the PID error signal is simply the T idither signal. This signal as

a function of λ0 is dependent on the properties of the device being probed (Q, B, C) and

thus the feedback control parameter (P ) needs to be calibrated for any particular device and

locking location. Fortunately, it is a simple task to map out the response by probing di�erent

static piezoelectric voltages Vpiezo
static

. From this the zero crossing can be used as the starting

point, and the linear slope in the vicinity (halved to avoid overshoot) as P . A sample scan

of the T 2nddither response to varying Vpiezo
static

(and hence λ0) for calibrating the feedback is given

in Fig. Υ.3.
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APPENDIX Φ

Probability densities and uncertainties

In much of physics we are concerned with quantifying values in terms of probability densities.

This appendix covers the theoretical basics of common uncertainties and their propagation.

Φ.1 Combining probability density functions

Φ.1.1 Bijections

If X⃗ is a vector random variable with probability density function f
X⃗
px⃗q and there is a

bijection X⃗ ÞÑ Y⃗ then the probability density function for Y⃗ is given by

f
Y⃗
py⃗q � f

X⃗
px⃗q

∣∣∣∣∣ det
�
dx⃗

dy⃗

� ∣∣∣∣∣ , (Φ.1)

where dx⃗
dy⃗ is the Jacobian. In particular if Y⃗ � g⃗pX⃗q, then

f
Y⃗
py⃗q � f

X⃗

�
g⃗�1py⃗q� ∣∣∣∣∣ det

�
d g⃗�1py⃗q

dy⃗

� ∣∣∣∣∣ .

Φ.1.2 Scalar function

If we are interested in combing quantities to a single scalar, such as z � gpx⃗q, we can derive

this as follows, starting with

fZpzq �
» 8
�8

dy1 fZpy1q δrz � y1s .
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Now if we let Z � Y1, the �rst element of Y⃗ , we can take it to be the marginal probability

distribution

fY1py1q �
�

n¹
i�2

» 8
�8

dyi

�
f
Y⃗
py⃗q .

Then

fZpzq �
�» 8

�8
dy1


�
n¹
i�2

» 8
�8

dyi

�
f
Y⃗
py⃗q δrz � y1s ,

�
»
dny⃗ f

Y⃗
py⃗q δrz � y1s ,

and if we create an arbitrary bijection X⃗ Ø Y⃗ with Y1 � gpX⃗q, using (Φ.1),

fZpzq �
»
dny⃗

∣∣∣ det �dx⃗
dy⃗

� ∣∣∣ fX⃗px⃗q δrz � gpx⃗qs ,

where we can do

»
dny⃗

∣∣∣ det �dx⃗
dy⃗

� ∣∣∣ � »
dnx⃗ .

Thus if we have Z � gpX⃗q, then the probability distribution for Z is

fZpzq �
»
dnx⃗ f

X⃗
px⃗q δrz � gpx⃗qs . (Φ.2)
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Φ.2 Expectation properties

For a random variable X, with continuous distribution fX , the expectation of gpXq is

ErgpXqs �
» 8
�8

gpxq fXpxq dx ,

and for a discrete distribution PpXq is

ErgpXqs �
¸
i

gpxiqPpX � xiq .

The expectation operation is linear

ErA�Bs � ErAs � ErBs , EraAs � a ErAs ,

where a is a scalar.

The mean and variance are

meanrAs � ErAs , varrAs � E
�
pA� ErAsq2

�
� ErA2s � ErAs2 .

For two random variables the covariance is

covrA,Bs � E rpA� ErAsq pB � ErBsqs � ErABs � ErAs ErBs ,

with varrAs � covrA,As. If A and B are independent random variables then covrA,Bs � 0

493



and ErABs � ErAs ErBs1. The variance distributes and scales as

varrA�Bs � varrAs � varrBs � 2 covrA,Bs , varraAs � a2 varrAs ,

and more generally the covariance

covrA�B,C �Ds � covrA,Cs � covrA,Ds � covrB,Cs � covrB,Ds ,

covraA, bBs � a b covrA,Bs .

Φ.2.1 Covariance matrix

De�ne the covariance matrix as

covrX⃗si j � covrXi, Xjs , i.e. covrpA,Bqs �

��� varrAs covrA,Bs
covrA,Bs varrBs

��
 .

Φ.2.2 Discrete sets

For a discrete set txiuni�1 we can construct a random variable X with probability function

PpX � xiq � 1{n. The distribution and expectation function is then

fXpxq �
ņ

i�1

δpx� xiq
n

, ErgpXqs �
ņ

i�1

gpxiq
n

.

1. The converse (no correlation implies independence) is not necessarily true.
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The mean and variance are

meanrtxiuni�1s � ErXs �
ņ

i�1

xi
n
,

varrtxiuni�1s � varrXs �
ņ

i�1

pxi �meanrtxiuni�1sq2
n

�
ņ

i�1

xi
2

n
�meanrtxiuni�1s2 .

Note that if txiuni�1 is a sample from an unknown normal distribution, the variance computed

this way is a biased estimate of the source variance. Following Sec. Φ.3.4, we de�ne a sample

variance

varsrtxiuni�1s �
ņ

i�1

pxi �meanrtxiuni�1sq2
n� 1

.

Φ.2.3 Weighted discrete sets

For a weighted discrete set txi, wiuni�1 with probability function PpX � xiq � wi°n
i�1 wi

, the

distribution and expectation function is

fXpxq �
°n
i�1wi δpx� xiq°n

i�1wi
, ErgpXqs �

°n
i�1wi gpxiq°n

i�1wi
.
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The weighted mean and weighted variance are

wmeanrtxi, wiuni�1s � ErXs �
°n
i�1wi xi°n
i�1wi

,

wvarrtxi, wiuni�1s � varrXs �
°n
i�1wi pxi � wmeanrtxi, wiuni�1sq2°n

i�1wi

�
°n
i�1wi xi2°n
i�1wi

� wmeanrtxi, wiuni�1s2 .

Following Sec. Φ.3.4, we de�ne a sample weighted variance

wvarsrtxi, wiuni�1s �
n

n� 1
wvarrtxi, wiuni�1s .
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σ

Figure Φ.1: Normal distribution probability density plots for varying standard deviation.

Φ.3 Normal distribution

As the outcome of the central limit theorem, the Normal distribution is particularly prevalent.

For a normally distributed random variable

X � Normalrµ, σs : µ

Mean

P R , σ

Standard
deviation

¡ 0 ,

the probability distribution function (examples depicted in Fig. Φ.1) is

fNormal px |µ, σq �
1?
2 π σ

exp

�
�px� µq2

2σ2

�
: x P R .

Commonly the notation µ� σ refers to a normally distributed quantity.
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Φ.3.1 Expectations

If X follows a normal distribution with mean µ and standard deviation σ, the raw moments

are

ErXs � µ ,

ErX2s � µ2 � σ2 ,

ErX3s � µ3 � 3µσ2 ,

ErX4s � µ4 � 6µ2 σ2 � 3σ4 ,

with variance (second central moment)

varrXs � σ2 .

Φ.3.2 Combining independent normal variables

If we have a set of n normally distributed independent random variables, collectively denoted

by X⃗, then their combined probability distribution function is

f
X⃗
px⃗ | µ⃗, σ⃗q �

n¹
i�1

1?
2π σi

exp

�
�pxi � µiq2

2σi2

�
.

For a new variable Z � gpX⃗q, using (Φ.2),

fZpzq �
�

n¹
i�1

» 8
�8

dxi
1?
2 π σi

exp

�
�pxi � µiq2

2σi2

��
δrz � g px⃗qs . (Φ.3)
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Expanding g px⃗q near x⃗ � µ⃗ to �rst order, we get

g px⃗q x⃗�µ⃗� g pµ⃗q �
ņ

i�1
pxi � µiq

B gpx⃗q
Bxi

����
x⃗�µ⃗

.

Making the substitutions

si �
B gpx⃗q
Bxi

����
x⃗�µ⃗

, ui � pxi � µiq si � pxi � µiq
B gpx⃗q
Bxi

����
x⃗�µ⃗

,

giving dxi � dui{si and putting this all into (Φ.3), we get

fZpzq �
�

n¹
i�1

» 8
�8

dui
1?

2π psi σiq
exp

� �ui2
2 psi σiq2

��
δ

�
z � g pµ⃗q �

ņ

i�1
ui

�
.

The delta function can be expanded according to

δras � 1

2 π

» 8
�8

db ei a b ,

to give

fZpzq �
�

n¹
i�1

» 8
�8

dui
1?

2π psi σiq
exp

� �ui2
2 psi σiq2

��

� 1

2 π

» 8
�8

dv exp

�
i v

�
z � g pµ⃗q �

ņ

i�1
ui

��

� 1

2 π

» 8
�8

dv exp ri v pz � g pµ⃗qqs
�

n¹
i�1

» 8
�8

dui
1?

2π psi σiq
exp

� �ui2
2 psi σiq2

� i v ui

��
.

Using the integral identity

» 8
�8

dc e�a c2�i b c �
c
π

a
e
� b2

4 a : a ¡ 0, b P R ,
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we have

» 8
�8

dui
1?

2 π psi σiq
exp

� �ui2
2 psi σiq2

� i v ui

�
� exp

�� v2 psi σiq2
2

�
,

and thus

fZpzq �
1

2 π

» 8
�8

dv exp ri v pz � g pµ⃗qqs
�

n¹
i�1

exp

�� v2 psi σiq2
2

��

� 1

2 π

» 8
�8

dv exp

�
�1
2

�
ņ

i�1
psi σiq2

�
v2 � i v pz � g pµ⃗qq

�
.

Using the same integral identity again,

fZpzq �
1

?
2π

b°n
i�1psi σiq2

exp

�
� pz � gpµ⃗qq2
2
°n
i�1psi σiq2

�

� fNormal pz |µZ , σZq ,

with

µZ � gpµ⃗q , σZ �

gffe ņ

i�1

�
σi

B gpx⃗q
Bxi

����
x⃗�µ⃗

�2

. (Φ.4)

Thus to �rst order in g, a combination of independent normally distributed random variables

generates a new normally distributed random variable. The formula (Φ.4) is the commonly

used standard propagation of uncertainties.
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Φ.3.3 Normal distribution with a normally distributed

mean

If we have a normal distribution X � NormalrM,σs where the meanM is a random variable

following a normal distribution M � NormalrµM , σM s, the convoluted distribution is

fXpxq �
» 8
�8

fNormal px |m,σq fNormal pm |µM , σM q dm

�
» 8
�8

1?
2 π σ

exp

�
�px�mq2

2σ2

�
1?

2π σM
exp

�
�pm� µM q2

2σM
2

�
dm

� 1

2π σ σM

�
» 8
�8

exp

�
�m2

�
σ2 � σM

2
�� 2m

�
µM σ2 � x σM

2
�� µM

2 σ2 � x2 σM
2

2σ2 σM
2

�
dm

� 1

2π σ σM
exp

�
�px� µM q2
2
�
σ2 � σM

2
��

�
» 8
�8

exp

�
�
�
σ2 � σM

2

2σ2 σM
2


 �
m� µM σ2 � x σM

2

σ2 � σM
2


�
dm

� 1?
2 π

a
σ2 � σM

2
exp

�
�px� µM q2
2
�
σ2 � σM

2
��

� fNormal

�
x |µM ,

b
σ2 � σM

2



,
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x

μ, σ

{μi, σi}
x

μ, σ

{μi}
x

μ

{μi, σi}

(a) (b) (c)

Figure Φ.2: Various measurement scenarios involving normal distributions. (a) General
case of a normally distributed source with sample measurements that also have a normal
distribution. (b) Normal distribution source that is sampled with precise measurements. (c)
A constant with normally distributed measurement attempts.

also a normal distribution with standard deviation parameter
a
σ2 � σM

2 that combines

the spread in x⃗ with the uncertainty on m. Abusing notation,

Normal
�
NormalrµM , σM s, σ

� � NormalrµM ,

b
σ2 � σM

2s .

Φ.3.4 Normal distributions in measurements

In the most general case we have an unknown normal distribution source and a sample

of known normal distribution measurements, where the goal is to determine the unknown

source parameters µ, σ from our measurements tµi, σiuni�1. More particular cases, depicted

in Fig. Φ.2, may have the measurements as exact values (σi � 0) or the source being a

constant (σ � 0). We will carry out derivations in the general case and then consider the

common special cases.

The combined probability distribution for nmeasurements µi with known standard deviation
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σi from a source Normalrµ, σs is

f
�tµiuni�1 |µ, σ, tσiuni�1� � n¹

i�1

�» 8
�8

fNormal pxi |µ, σq fNormal pµi |xi, σiq dxi
�

�
n¹
i�1

fNormal

�
µi |µ,

b
σ2 � σi2




�
n¹
i�1

1?
2π

a
σ2 � σi2

exp

�
� pµi � µq2
2 pσ2 � σi2q

�
.

Employing maximum likelihood methods, the likelihood function for µ, σ is

L
�
µ, σ | tµi, σiuni�1

� � f
�tµiuni�1 |µ, σ, tσiuni�1� , (Φ.5)

and maximizing the likelihood function is equivalent to maximizing the logarithm

logL � �1

2

ņ

i�1
log

�
2 π pσ2 � σi

2q
�
� 1

2

ņ

i�1

pµi � µq2
pσ2 � σi2q

.
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The derivatives are

B
Bµ logL �

ņ

i�1

µi � µ

σ2 � σi2
,

B
Bσ logL � σ

ņ

i�1

��
µi � µ

σ2 � σi2


2

� 1

σ2 � σi2

�
,

B
Bpσ2q logL � 1

2

ņ

i�1

��
µi � µ

σ2 � σi2


2

� 1

σ2 � σi2

�
,

B2
Bµ2 logL �

ņ

i�1

�1
σ2 � σi2

,

B2
Bσ2 logL �

ņ

i�1

�
�
�

µi � µ

σ2 � σi2


2� 4σ2

σ2 � σi2
� 1



� σ2 � σi

2�
σ2 � σi2

�2
�
,

B2
Bpσ2q2

logL � 1

2

ņ

i�1

�
�2 pµi � µq2�

σ2 � σi2
�3 � 1�

σ2 � σi2
�2
�
,

B2
Bµ Bσ logL �

ņ

i�1

�2σ pµi � µq�
σ2 � σi2

�2 ,

B2
Bµ Bpσ2q logL � �

ņ

i�1

µi � µ�
σ2 � σi2

�2 .
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Critical points with B
Bµ logL � B

Bσ logL � 0 at µ � µ̂, σ � σ̂ generate the equations

µ̂ �

ņ

i�1

µi
σ̂2 � σi2

ņ

i�1

1

σ̂2 � σi2

, (Φ.6)

σ̂
ņ

i�1

1

σ̂2 � σi2
� σ̂

ņ

i�1

�
µi � µ̂

σ̂2 � σi2


2

. (Φ.7)

In general these may have multiple solutions and be computationally di�cult to solve, par-

ticular special cases provide some simpli�cations however.

Computing the Fisher information matrix

Ipµ, σq � � E

�
B2

B�µσ� B�µσ�T log
�
f ptµiuni�1 |µ, σ, tσiuni�1q

��

� � E

���
��� B2

Bµ2 logL
B2

Bµ Bσ logL

B2
Bµ Bσ logL B2

Bσ2 logL

��

���

�

���°n
i�1 1

σ2�σi2 0

0
°n
i�1 2σ2

pσ2�σi2q2

��
 .

Alternatively

Ipµ, σ2q �

���°n
i�1 1

σ2�σi2 0

0 1
2

°n
i�1 1

pσ2�σi2q2

��
 .
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The covariance matrix Cramér-Rao lower bound is then

cov rpµ̂, σ̂sqs ¥ Ipµ, σq�1 ,

where µ̂ and σ̂s are unbiased.

In this general case we are essentially distinguishing source noise σ from measurement noise

σi.

Expectations

Some expectation values,

Erµis � µ ,

Erµi µjs � µ2 � δi j

�
σ2 � σi

2
	
.

Identical measurement variance

If all our measurements exhibit the same known standard deviation σi � σ0 we can solve

equations (Φ.6), (Φ.7) to obtain estimators

µ̂ �
°n
i�1 µi
n

,

σ̂2 �
°n
i�1 pµi � µ̂q2

n
� σ0

2 or 0 .
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The second derivatives

B2
Bµ2 logL

���µ�µ̂
σ�σ̂

� � n

σ̂2 � σ02
  0 ,

B2
Bσ2 logL

���µ�µ̂
σ�σ̂

� � 2n σ̂2�
σ̂2 � σ02

�2   0 ,

B2
Bµ Bσ logL

���µ�µ̂
σ�σ̂

� 0 ,

indicate this is indeed a maximum. Knowledge of our measurement variance σ02 allows us

to subtract it from sample variance to estimate the underlying source variance σ2.

The expectations of our estimators are

Erµ̂s � E

�
1

n

ņ

i�1
µi

�
� µ ,

Erσ̂2s � E

��� 1

n

ņ

i�1

��µi � 1

n

ņ

j�1
µj

�
2

� σ0
2

���
� 1

n
E

�� ņ

i�1
µi

2 � 2

n

ņ

i�1

ņ

j�1
µi µj �

n

n2

ņ

j�1

ņ

k�1
µj µk

��� σ0
2

� 1

n

�����
1� 1

n


 ņ

i�1
Erµi2s �

1

n

ņ

i�1

ņ

j�1
j�i

Erµis Erµjs

���
� σ0
2

� 1

n

��
1� 1

n



n
�
µ2 � σ2 � σ0

2
	
� 1

n
n pn� 1qµ2



� σ0

2

� n� 1

n
σ2 � σ0

2

n
.

507



Thus whilst µ̂ is unbiased, σ̂2 is biased, but improving with increasing number of samples.

This bias is often accounted for by using the sample variance

σ̂s
2 �

°n
i�1 pµi � µ̂q2
n� 1

� σ0
2 ,

so that Erσ̂s2s � σ2.

The variances of our estimators are

varrµ̂s � σ2 � σ0
2

n
,

varrσ̂2s � 2 pn� 1q �σ2 � σ0
2
�2

n2
,

varrσ̂s2s �
2
�
σ2 � σ0

2
�2

n� 1
.

Comparing this to the Cramér-Rao bounds,

varrµ̂s ¥ σ2 � σ0
2

n
,

varrσ̂ss ¥
�
σ2 � σ0

2
�2

2nσ2
,

varrσ̂s2s ¥
2
�
σ2 � σ0

2
�2

n
,
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can be made through normal distribution uncertainty propagation

Normal

�
σ,
σ2 � σ0

2
?
2nσ

�2
� Normal

�
σ2,

?
2
�
σ2 � σ0

2
�

?
n

�
,

gffeNormal

�
σ2,

?
2
�
σ2 � σ02

�
?
n� 1

�
� Normal

�
σ,

σ2 � σ0
2a

2 pn� 1qσ

�
,

to arrive at

varrσ̂ss �
�
σ2 � σ0

2
�2

2 pn� 1qσ2 ¡
�
σ2 � σ0

2
�2

2nσ2
,

varrσ̂s2s �
2
�
σ2 � σ0

2
�2

n� 1
¡ 2

�
σ2 � σ0

2
�2

n
.

Thus whilst µ̂ is e�cient, σ̂s is ine�cient, but improving with increasing number of samples.

The variance calculated for the biased σ̂ violates the Cramér-Rao inequality.

Using the set variance,

ˆσpsq2 � varpsq
�tµiuni�1�� σ0

2 , (Φ.8)

varrµ̂s � var
�tµiuni�1�
n

.

It's worth addressing that for a low number of samples the above equation can estimate an

invalid value of σ̂2   0, in this case the 0 estimate can be used. For increasing n, σ̂ will

tend toward its true (positive) value. This whole analysis, of course, is predicated upon σi

actually being known, and not simply an estimate of the measurement uncertainty.
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Exact measurements

For a source normal distribution with unknown parameters and a sample of outputs that

we've precisely measured, as depicted in Fig. Φ.2 (b), we have σi � 0, and thus

µ̂ �
°n
i�1 µi
n

, σ̂2 �
°n
i�1 pµi � µ̂q2

n
, σ̂s

2 �
°n
i�1 pµi � µ̂q2
n� 1

.

Expectations and variances are

Erµ̂s � µ , Erσ̂s2s � σ2 ,

varrµ̂s � σ2

n
, varrσ̂s2s � 2σ4

n� 1
.

For the standard deviation we can use Eq. (Φ.4) to get

d
Normal

�
σ2,

?
2σ2?
n� 1

�
� Normal

�
σ,

σa
2 pn� 1q

�
.

Constant source

In this situation, depicted in Fig. Φ.2 (c), we are attempting to determine an exact value

using measurements that have a known normal distribution. With σ � 0 we have

µ̂ �

ņ

i�1

µi
σi2

ņ

i�1

1

σi2

,
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often called the weighted mean where the weights are identi�ed as wi � σi
�2. The expecta-

tion and variance is

Erµ̂s � µ , varrµ̂s � 1
ņ

i�1

1

σi2

.

Constant source with relative uncertainties

If we only know the relative uncertainties, κi, between our measurements, there is an un-

known scaling parameter. We have σi � κi k, σ � 0, with likelihood function

L
�
µ, k | tµi, κiuni�1

� � f
�tµiuni�1 |µ, k, tκiuni�1� � n¹

i�1
fNormal pµi |µ, k κiq .

Our estimate for µ remains the same,

µ̂ �

ņ

i�1

µi

k κi
2

ņ

i�1

1

k κi
2

�

ņ

i�1

µi
κi2

ņ

i�1

1

κi2

� wmean
�tµi, κi�2uni�1� .

The scaling factor generates a new equation,

B
Bk logL � � n

k
�

ņ

i�1

pµi � µq2
k3 κi2

,

giving us the estimator

k̂2 � 1

n

ņ

i�1

pµi � µ̂q2
κi2

,
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which is biased

Erk̂2s � n� 1

n
k2 ,

thus denote the unbiased estimate

k̂2s �
n

n� 1
k̂2 � 1

n� 1

ņ

i�1

pµi � µ̂q2
κi2

.

The variance on µ̂ is thus

varrµ̂s � 1
ņ

i�1

1

k2 κi2

s�

ņ

i�1

pµi � µ̂q2
κi2

pn� 1q
ņ

i�1

1

κi2

� wvars
�tµi, κi�2uni�1�

n
,

where the set weighted variance provides compacted notation.

Similar measurement standard deviations

Returning to the more general case, (Φ.6) and (Φ.7) can be solved if all the measurement

standard deviations are approximately equal, i.e.

σi � σ0 � δi , σ0 �
ņ

i�1

σi
n
,

ņ

i�1
δi � 0 , δi ! σ0 ,
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then we can make a �rst order expansion and approximation. To carry this out we'll need

the following series expansions,

pµi � µ̂q2 δ⃗�0� pµi � µ0q2 �
ņ

j�1

�
4σ0 δj pµi � µ0q

�
µj � µ0

�
n
�
σ̂2 � σ02

� �O
�
δj

2
��

,

1

σ̂2 � σi2
δ⃗�0� 1

σ̂2 � σ02
� 2σ0 δi�

σ̂2 � σ02
�2 �O

�
δi
2
�
,

1�
σ̂2 � σi2

�2 δ⃗�0� 1�
σ̂2 � σ02

�2 � 4σ0 δi�
σ̂2 � σ02

�3 �O
�
δi
2
�
,

with

µ0 �
ņ

i�1

µi
n
.

Putting these into (Φ.7) we get to �rst order in δ⃗

ņ

i�1

�
1

σ̂2 � σ02
� 2σ0 δi�

σ̂2 � σ02
�2
�
�

ņ

i�1

�� pµi � µ0q2�
σ̂2 � σ02

�2 � 4σ0 δi pµi � µ0q2q�
σ̂2 � σ02

�3 �
ņ

j�1

�
4σ0 δj pµi � µ0q

�
µj � µ0

�
n
�
σ̂2 � σ02

�3
��
 .

Distributing the summation and using
°n
i�1 δi � 0,

°n
i�1 µi � nµ0, we can obtain the

quadratic equation

Ω2 � Ω
ņ

i�1

pµi � µ0q2
n

� 4σ0

ņ

i�1

δi pµi � µ0q2
n

� 0 , Ω � σ̂2 � σ0
2 ,
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with solution

σ̂2 �

ņ

i�1

pµi � µ0q2
n

�

gffe�
ņ

i�1

pµi � µ0q2
n

�2

� 4σ0

ņ

i�1

δi pµi � µ0q2
n

2
� σ0

2 .

The mean estimator µ̂ can then be determined from equation (Φ.6).

Similar measurement variances

Alternatively if the variances are similar,

σi
2 � σ0

2 � δi
2 , σ0

2 �
ņ

i�1

σi
2

n
,

ņ

i�1
δi
2 � 0 , δi

2 ! σ0
2 ,

then we can make a �rst order expansion and approximation. To carry this out we'll need

the following series expansions,

pµi � µ̂q2 δ⃗2�0� pµi � µ0q2 �
ņ

j�1

�
2 δj

2 pµi � µ0q
�
µj � µ0

�
n
�
σ̂2 � σ02

� �O
�
δj

4
��

,

1

σ̂2 � σi2
δ⃗2�0� 1

σ̂2 � σ02
� δi

2�
σ̂2 � σ02

�2 �O
�
δi
4
�
,

1�
σ̂2 � σi2

�2 δ⃗2�0� 1�
σ̂2 � σ02

�2 � 2 δi
2�

σ̂2 � σ02
�3 �O

�
δi
4
�
,

with

µ0 �
ņ

i�1

µi
n
.
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Putting these into (Φ.7) we get to �rst order in δ⃗2

ņ

i�1

�
1

σ̂2 � σ02
� δi

2�
σ̂2 � σ02

�2
�
�

ņ

i�1

�� pµi � µ0q2�
σ̂2 � σ02

�2 � 2 δi
2 pµi � µ0q2q�
σ̂2 � σ02

�3 �
ņ

j�1

�
2 δj

2 pµi � µ0q
�
µj � µ0

�
n
�
σ̂2 � σ02

�3
��
 .

Distributing the summation and using
°n
i�1 δi2 � 0,

°n
i�1 µi � nµ0, we can obtain the

quadratic equation

Ω2 � Ω
ņ

i�1

pµi � µ0q2
n

� 2
ņ

i�1

δi
2 pµi � µ0q2

n
� 0 , Ω � σ̂2 � σ0

2 ,

with solution

σ̂2 �

ņ

i�1

pµi � µ0q2
n

�

gffe�
ņ

i�1

pµi � µ0q2
n

�2

� 2
ņ

i�1

δi
2 pµi � µ0q2

n

2
� σ0

2 .

The mean estimator µ̂ can then be determined from equation (Φ.6).

Uncertain measurements

Often we do not exactly know the precision σi of our measurements and instead make some

guess on their uncertainty. In this case, a conservative guess on measurement uncertainty will

cause us to underestimate the source parameter variance when subtracting the measurement

variance in Eq. (Φ.8). Instead we can only estimate an upper bound on the source variance,

ˆσpsq2 ¤ varpsq rtµiuni�1s .
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One approach to include the measurement uncertainty is to take estimators of exact mea-

surements in Sec. Φ.3.4 and propagate uncertainties using (to �rst order) Eq. (Φ.4). For

measurements of µi � σi we obtain

uncrµ̂s2 � 1

n

°n
i�1 σi2
n

, uncrσ̂s2s2 � 4

n� 1

°n
i�1 pσi pµi � µ̂qq2

n� 1

which should be combined with the variances in Sec. Φ.3.4. If σi � σ0, we get

varrµ̂s � uncrµ̂s2 � σ2 � σ0
2

n
, varrσ̂s2s � uncrσ̂s2s2 � 2σ4 � 4σ0

2 σ̂s
2

n� 1

which is the same, to �rst order in σ02, as the variances in Sec. Φ.3.4.

Bayesian likelihood

The likelihood function (Φ.5) can be determined using Bayesian methods. We start with

PpXi |Θq � fNormalpxi |µ, σq , PpXi |Miq � fNormalpxi |µi, σiq ,
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where Xi is a true sample value, Θ � tµ, σu is the source parameters, and Mi � tµi, σiu are
measurement parameters. We want to compute

PpΘ | M⃗q � PpΘX M⃗q
PpM⃗q

�
» n PpΘX M⃗ X X⃗q

PpM⃗q dnX⃗

�
» n PpΘqPpX⃗ |ΘqPpM⃗ |ΘX X⃗q

PpM⃗q dnX⃗

(Φ.9)�
» n PpΘqPpX⃗ |ΘqPpM⃗ | X⃗q

PpM⃗q dnX⃗

� PpΘq
» n PpX⃗ |ΘqPpX⃗ | M⃗q

PpX⃗q dnX⃗ ,

where we have made the assertion that if Xi is known then the distribution for Mi doesn't

care what Θ originally was

PpM⃗ |ΘX X⃗q � PpM⃗ | X⃗q . (Φ.9)

With PpXiq being an (in�nitesimal) constant we identify the likelihood function as

LpΘ | M⃗q �
» n

PpX⃗ |ΘqPpX⃗ | M⃗q dnX⃗ .

Φ.3.5 Combining measurements

Restricting ourselves to situations with analytic forms, namely identical measurement vari-

ance (or exact) and constant source, separate subsets of measurements can be combined

knowing only the resultant parameter estimates.
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Identical measurement variance

For a single subset of measurements,

xµJ �
¸
i PJ

µi

nJ
, |µJ �

dyσJ s
2 � σ02

nJ
,

yσJ s
2 � σ0

2 �

¸
i PJ

µi
2 � nJ xµJ2
nJ � 1

, ~σJ s
2 �

d
2

nJ � 1

�yσJ s
2 � σ0

2
	
,

ñ nJ �
yσJ s

2 � σ0
2

|µJ 2
,

where q is being used to denote standard deviation estimate. The combined estimates are

pµ � °
J nJ xµJ°
J nJ

, qµ �d pσs2 � σ02°
J nJ

,

pσs2 � σ0
2 �

°
J pnJ � 1q

�yσJ s
2 � σ0

2
	
�°

J nJ pxµJ � pµq2°
J nJ � 1

,

|σs2 �d
2°

J nJ � 1

� pσs2 � σ0
2
	
,

and pσs2 remains unbiased.
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Constant source

For a single subset of measurements,

xµJ �
¸
i PJ

µi
σi2¸

i PJ

1

σi2

, |µJ �gfffe 1¸
i PJ

1

σi2

,

and the combined estimate is

pµ �
¸
J

xµJ|µJ2¸
J

1|µJ2
, qµ �gfffe 1¸

J

1|µJ2
.

Bayesian inference

Similar results can be found using the previous estimates as a prior with the Bayesian like-

lihood, this e�ectively adds terms to the log likelihood function including that information.

Φ.3.6 Fitting

To perform a �t, the source mean becomes a function of some parameters in combination

with an independent variable,

µ � g
�
b ; x⃗

�
,

µi � yi ,

where b is a set of m �t parameters, and the data is independent-dependent variable pairs

tx⃗i, yiuni�1.
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Unweighted �t

An unweighted �t follows the situation of Sec. Φ.3.4,

L
�
b, σ

�� tx⃗i, yiuni�1� � n¹
i�1

fNormal

�
yi

��� g�b ; x⃗i�, σ	 ,

logL � �n
2
log

�
2π σ2

�� 1

2σ2

ņ

i�1

�
yi � g

�
b ; x⃗i

�	2
.

The likelihood is maximized by minimizing the sum of squared residuals,

χ2 �
ņ

i�1

�
yi � g

�
b ; x⃗i

�	2
,

and we �nd

σ̂2 � χ2

n
(biased) ,

σ̂2s �
χ2

n�m
(unbiased) .

Taking the second derivatives of logL, the Fisher information matrix is

I
�
b, σ

� �
��� 1

2σ2
B
Bb b B

Bb χ
2 0

0 n
σ2
� 3
σ4
χ2

��
 ,

using B
Bb χ

2 � 0 when minimized, and we can get the �t parameter uncertainties

Σb �
2χ2

n�m

�
B
Bb b

B
Bb χ

2

��1
.
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Weighted �t

A weighted �t follows the situation of Sec. Φ.3.4,

L
�
b,
�� tx⃗i, yi, σiuni�1� � n¹

i�1
fNormal

�
yi

��� g�b ; x⃗i�, σi	 ,

logL � �1

2

ņ

i�1
log

�
2π σi

2�� 1

2

ņ

i�1

1

σi2

�
yi � g

�
b ; x⃗i

�	2
.

The likelihood is maximized by minimizing the weighted sum of squared residuals,

χ2 �
ņ

i�1

1

σi2

�
yi � g

�
b ; x⃗i

�	2
,

where the weights are wi � σi
�2. Taking the second derivatives of logL, the Fisher infor-

mation matrix is

I
�
b
� � 1

2

B
Bb b

B
Bb χ

2 ,

and we can get the �t parameter uncertainties

Σ
b
� 2

�
B
Bb b

B
Bb χ

2

��1
.

Relatively weighted �t

An relatively weighted �t follows the situation of Sec. Φ.3.4,

L
�
b, k

�� tx⃗i, yi, κiuni�1� � n¹
i�1

fNormal

�
yi

��� g�b ; x⃗i�, k κi	 ,
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logL � �1

2

ņ

i�1
log

�
2 π k2 κi

2�� 1

2

ņ

i�1

1

k2 κi
2

�
yi � g

�
b ; x⃗i

�	2
.

The likelihood is maximized by minimizing the weighted sum of squared residuals,

χ2 �
ņ

i�1

1

κi2

�
yi � g

�
b ; x⃗i

�	2
,

where the relative weights are wi � κi
�2, and we �nd

k̂2 � χ2

n
(biased) ,

k̂2s �
χ2

n�m
(unbiased) .

Taking the second derivatives of logL, the Fisher information matrix is

I
�
b, k

� �
��� 1

2 k2
B
Bb b B

Bb χ
2 0

0 n
k2
� 3
k4
χ2

��
 ,

using B
Bb χ

2 � 0 when minimized, and we can get the �t parameter uncertainties

Σb �
2χ2

n�m

�
B
Bb b

B
Bb χ

2

��1
.

Linear �t function

A linear �t function has the form

g
�
b ; x⃗i

� �¸
k

bk gk
�
x⃗
�
,
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allowing us to write

χ2 �
�
y �X � b

	T �W �
�
y �X � b

	
,

where X is the design matrix, and W � diag
�twiuni�1� is a diagonal matrix of weights. In

this form the minimization can be performed analytically to give solution

b̂ �
�
XT �W �X

	�1 �XT �W � y ,

and the second derivatives are

B
Bb b

B
Bb χ

2 � 2XT �W �X .

For the weighted �t, this allows us to write2

Σ
b
�
�
XT �W �X

	�1 � Bb
By �W � BbBy

T
.

For the unweighted �t we can also compute the bias in σ̂,

E
�
σ̂2
� � E

�
1

n

�
y �X � b̂

	T � �y �X � b̂
	�

� E

�
1

n
yT �

�
In �X � �XT �X��1 �XT

	T � �In �X � �XT �X��1 �XT
	
� y
�

� E

�
1

n
yT �

�
In �X � �XT �X��1 �XT

	
� y
�
.

2. Using notation Ba
Bb �

�
B
Bb

T � aT
	T

such that
�
Ba
Bb

	
i j
� Bai

Bbj
.
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Letting M � In �X � �XT �X��1 �XT,

E
�
σ̂2
� � 1

n
E

�
yT �M � y

�
� 1

n
E

� ņ

i�1

ņ

j�1
yi yjMi j

�

� 1

n

ņ

i�1
E
�
yi
2�Mi i �

1

n

ņ

i�1

ņ

j�1
j�i

Eryis EryjsMi j

� 1

n

ņ

i�1

�� m̧

k�1
Xi k bk


2

� σ2

�
Mi i �

1

n

ņ

i�1

ņ

j�1
j�i

� m̧

k�1
Xi k bk


� m̧

l�1
Xj l bl



Mi j

� σ2

n

ņ

i�1
Mi i �

1

n

ņ

i�1

ņ

j�1

m̧

k�1

m̧

l�1
bkXi kMi j Xj l bl

� σ2

n
tr
�
M
�
� 1

n
bT �XT �M �X � b .

Now, XT �M �X � XT �X �XT �X � 0, and

tr
�
M
�
� tr

�
In �X � �XT �X��1 �XT

�
� tr

�
In
�
� tr

�
X � �XT �X��1 �XT

�
� tr

�
In
�
� tr

�
XT �X � �XT �X��1�

� tr
�
In
�
� tr

�
Im

�
� n�m ,

giving

E
�
σ̂2
� � n�m

n
σ2 ,

where n is the number of data points and m is the number of parameters (length of b). Thus,
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de�ne the unbiased sample estimated variance (also called the reduced χ2)

σ̂s
2 � χ2

n�m
.

The unweighted �t parameter uncertainties are then

Σb � σ̂s
2

�
XT �X

��1
� σ̂s

2 Bb
By �

Bb
By

T
.

For a relatively weighted �t with W � diag
�tκi�2uni�1�,

Σb � k̂s
2

�
XT �W �X

��1
� k̂s

2 Bb
By �W � BbBy

T
.

Transformed �ts

It may be desirable to transform data and the �t function (e.g. so that it's linear). For

transform function h,

h

�
yi � Normal

�
gpb; x⃗iq, σi

�
 �
�
hpyiq � Normal

�
h � gpb; x⃗iq, σi h1pyiq

�

.

This will re-weight a weighted �t and transform an unweighted �t to a relatively weighted

�t.

In the new �t, it often useful to relabel the parameters cpbq, which will have uncertainties
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related to the original �t parameters via3

c

�
Normal

�
b, Σ

b

�

� Normal

�
cpbq, c1pbq � Σ

b
� c1pbqT

�
.

3. Using notation f 1pxq � Bfpzq

Bz

��
z�x

.
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Figure Φ.3: Multinormal distribution probability density plots for varying covariance.

Φ.4 Multinormal distribution

For a vector of possibly correlated normal variables, we have the Multinormal distribution

X⃗ � Normalrµ⃗,Σs : µ⃗

Mean
vector

P Rd , Σ

Covariance
matrix

:

$''&''%
detrΣs ¡ 0

Σ symmetric

,

with probability distribution function (examples depicted in Fig. Φ.3)

fNormal px⃗ | µ⃗,Σq �
1b

p2πqd detrΣs
exp

�
�1

2
px⃗� µ⃗qT � Σ�1 � px⃗� µ⃗q

�
: x P Rd .

If the covariance matrix is diagonal (uncorrelated variables), the multinormal distribution

reduces to a product of normal distributions.
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Φ.4.1 Expectations

Some moments are

E
�
X⃗
�
� µ⃗ , cov

�
X⃗, X⃗T

�
� Σ , E

�
X⃗ b 2

�
� µ⃗b 2 � Σ .

For individual variates,

ErXis � µi , varrXis � σi
2 ErXi2s � µi

2 � σi
2 ,

where σi �
?
Σi i.

Φ.4.2 Standard deviation hyperellipsoid

In Rd, the k-standard deviation hyperellipsoid is given by

px⃗� µ⃗qT � Σ�1 � px⃗� µ⃗q � k2 .

The value of the multinormal distribution on the k-standard deviation hyperellipsoid is thus

fNormal px⃗ P k-σ | µ⃗,Σq �
fNormal pµ⃗ | µ⃗,Σqa

ek
2

,

where

fNormal pµ⃗ | µ⃗,Σq �
1b

p2πqd detrΣs
,
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0.6827 0.9545 0.9973 0.9999 1.0000 1.0000 1.0000

0.3935 0.8647 0.9889 0.9997 1.0000 1.0000 1.0000

0.1987 0.7385 0.9707 0.9989 1.0000 1.0000 1.0000

0.0902 0.5940 0.9389 0.9970 0.9999 1.0000 1.0000

0.0374 0.4506 0.8909 0.9932 0.9999 1.0000 1.0000

0.0144 0.3233 0.8264 0.9862 0.9997 1.0000 1.0000

0.0052 0.2202 0.7473 0.9749 0.9992 1.0000 1.0000

0.0018 0.1429 0.6577 0.9576 0.9984 1.0000 1.0000

0.0006 0.0886 0.5627 0.9331 0.9970 1.0000 1.0000

0.0002 0.0527 0.4679 0.9004 0.9947 0.9999 1.0000

1

2

3

4

5

6

7

8

9

10

1 2 3 4 5 6 7

d

k

Figure Φ.4: Con�dence levels of k-standard deviation hyperellipsoids for multinormal distri-
butions of dimension d.

is the distribution peak value. Under a logarithm, for use with log likelihoods,

logLpk-σq � logLppeakq � k2{2 .

The con�dence level of the standard deviation hyperellipsoid varies with dimension d and

can be calculated numerically via [314]

Pd�1px   k-σq � erf
�
k{
?
2
�
,

Pd�2px   k-σq � 1� exp
�
�k2{2

�
,

Pd¡2px   k-σq � Pd�2px   k-σq �
�
k?
2


d�2 exp
��k2{2�

Γ rd{2s .
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A table of values is given in Fig. Φ.4.

Φ.4.3 Vector combinations of normal variables

Not proved here. If X⃗ is a vector of normally distributed random variables with covariance

matrix Σ
X⃗
, then for an arbitrary vector combination g⃗pX⃗q, to �rst order, we have

Y⃗ � g⃗pX⃗q ñ Σ
Y⃗
� J � Σ

X⃗
� JT ,

where J is the evaluated Jacobian4,

J � B g⃗px⃗q
Bx⃗

����
x⃗�µ⃗

, Ji j �
B gipx⃗q
Bxj

����
x⃗�µ⃗

If g⃗pX⃗q � G � X⃗, i.e. g⃗ is linear, then J � G.

Abusing notation, we can write

g⃗
�
Normalrµ⃗,Σs

	
� Normal

�
g⃗pµ⃗q, J � Σ � JT� .

Φ.4.4 Scalar combination of normal variables

If Y⃗ has only one component, i.e. Z � gpX⃗q,

µZ � gpµ⃗q , σZ �
gffe ḑ

i�1

ḑ

j�1
Σi j

B gpx⃗q
Bxi

����
x⃗�µ⃗

B gpx⃗q
Bxj

����
x⃗�µ⃗

.

4. Using notation where B
Bx⃗ is a row vector.
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Φ.4.5 Marginalizing normal variables

Not proved here. A multinormal distribution Normalrµ⃗,Σs, with mean vector µ⃗ and covari-

ance matrix Σ, marginalizes to a single normal distribution,

�
d¹
i�2

» 8
�8

dxi

�
fNormal px⃗ | µ⃗,Σq � fNormal px1 |µ1, σ1q .

Φ.4.6 Correlation matrix

The correlation matrix is de�ned as

C �
b
diagrΣs�1 � Σ �

b
diagrΣs�1 , Ci j �

Σi ja
Σi iΣj j

,

where diagrΣs takes only the diagonal components of Σ whilst leaving the rest zero.

If two multinormal distributions, Normalrµ⃗A,ΣAs and Normalrµ⃗B ,ΣBs, are full correlated,

their combined covariance matrix is5

Σ �

��� ΣA
daΣA d daΣB

daΣA d daΣB ΣB

��
 ,

such that the combined correlation matrix has 1s across the diagonal of each block.

5. d is the Hadamard (element-wise) product.
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Φ.4.7 Normal distribution with correlated measurements

Extending Sec. Φ.3.4 to a set of correlated measurements we have

f
�
µ⃗ |µ, σ,Σ� � n¹

i�1

�» 8
�8

dxi fNormal pxi |µ, σqlooooooooomooooooooon
Source

�
fNormal pµ⃗ | x⃗,Σqlooooooooomooooooooon

Measurements

� fNormal

�
µ⃗ | 1⃗n µ,Σ� In σ2

	

� L
�
µ, σ
Source

��� µ⃗,Σ
Measurements



.

If we have a set of measurements with correlation matrix C and individual variances σi
2,

Σ � diagrσ⃗s � C � diagrσ⃗s ,

where diagrσ⃗s is assembling a diagonal matrix with elements given by σ⃗ � pσ1, . . . , σnq.

The log likelihood function is

logL � �n
2
log r2πs � 1

2
log

�
detrΣ� In σ2s

�
� 1

2

ņ

i�1

ņ

j�1
pµ� µiq pµ� µjq

�
Σ� In σ2

	�1
i j

,

with derivatives

B
Bµ logL �

ņ

i�1

ņ

j�1
pµi � µq

�
Σ� In σ2

	�1
i j

,

B
Bσ logL � σ

ņ

i�1

ņ

j�1
pµi � µq pµj � µq

�
Σ� In σ2

	�2
i j
� σ

ņ

i�1

�
Σ� In σ2

	�1
i i

,
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which requires numerics to �nd the roots.

Expectations

Some expectation values,

Erµis � µ ,

Erµi µjs � µ2 � Σi j � δi j σ
2 .

Fully correlated measurements

If our measurements are maximally correlated (with the same uncertainty), perhaps from a

systematic, we have Σ � σ0
2 1n constant matrix. Using (Φ.14),

B
Bµ logL �

ņ

i�1

ņ

j�1
pµi � µq 1

σ2

��δi j � 1

n� σ2

σ02

�
 ,

B
Bσ logL � 1

σ3

ņ

i�1

ņ

j�1
pµi � µq pµj � µq

��δi j � 1

n� σ2

σ02

�
n

n� σ2

σ02

� 2


�

� 1

σ

ņ

i�1

��1� 1

n� σ2

σ02

�
 .
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Solving for the critical points,

µ̂ �

°n
i�1

°n
j�1 µi

��δi j � 1

n� σ̂2

σ0
2

�

n� n2

n� σ̂2

σ0
2

�
°n
i�1 µi
n

,

σ̂2

��1� 1

n� σ̂2

σ02

�
� °n
i�1

�
µi � µ̂

�2
n

� var
�tµiuni�1� .

The second equation has solution

σ̂2 �
�
var

�tµiuni�1�� pn� 1qσ02
2



�
d�

var
�tµiuni�1�� pn� 1qσ02

2


2

� var
�tµiuni�1�nσ02 ,

where we take the positive square root to ensure σ̂2 ¥ 0 via x�
a
x2 � y2 ¥ x� |x| ¥ 0. If

σ0 � 0 we obtain the familiar result

σ̂2 � var
�tµiuni�1� : σ0 � 0 .

For large n,

σ̂2
n�8� n� 1

n
var

�tµiuni�1��O
�
1

n2

�
σ̂2

n�8� var
�tµiuni�1��O

�
1

n

�
,

notably independent of σ0.
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We have

Erµ̂s � E

�
1

n

ņ

i�1
µi

�
� µ ,

Erµ̂2s � E

�� 1

n2

ņ

i�1

ņ

j�1
µi µj

�� � µ2 � σ0
2 � σ2

n
,

E
�
var

�tµiuni�1�� � E

��� 1

n

ņ

i�1

��µi � 1

n

ņ

j�1
µj

�
2
���

� 1

n
E

�� ņ

i�1
µi

2 � 2

n

ņ

i�1

ņ

j�1
µi µj �

n

n2

ņ

j�1

ņ

k�1
µj µk

��

� 1

n

�����
1� 1

n


 ņ

i�1
Erµi2s �

1

n

ņ

i�1

ņ

j�1
j�i

Erµi µjs

���

� 1

n

��
1� 1

n



n
�
µ2 � σ2 � σ0

2
	
� 1

n
n pn� 1q

�
µ2 � σ0

2
	


� n� 1

n
σ2 .

Such that

varrµ̂s � σ0
2 � σ2

n
,

as one might expect with the global measurement systematic a�ecting our uncertainty in

the mean position.
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Constant source

If our source is an unknown constant, σ � 0, we can solve for

µ̂ �
°n
i�1

°n
j�1 µiΣ�1i j°n

i�1
°n
j�1 Σ�1i j

,

in the form of a correlated weighted mean.

Φ.4.8 Multinormal distribution with independent mea-

surements

For an unknown multinormal distribution source with a set of independent multinormal

distribution measurements the probability distribution function is

f
�tµ⃗iuni�1 �� µ⃗,Σ, tΣiuni�1� � n¹

i�1

�» 8⃗
�8⃗

fNormal px⃗i | µ⃗,Σq fNormal pµ⃗i | x⃗i,Σiq ddx⃗i
�

�
n¹
i�1

fNormal

�
µ⃗i

�� µ⃗,Σ� Σi
�

� L
�
µ⃗,Σ

�� tµ⃗i,Σiuni�1� ,
and hence the log likelihood function is

logL � � n d

2
log r2 πs � 1

2

ņ

i�1
log

�
detrΣ� Σis

�� 1

2

ņ

i�1
pµ⃗i � µ⃗qT � pΣ� Σiq�1 � pµ⃗i � µ⃗q .
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In total there are

dloomoon
µ⃗

� d2 � d

2loomoon
Σ

� d2 � 3 d

2

parameters to �nd, where d is the length of the multinormal variate vector.

Clarifying some notation,

µ⃗ source distribution parameter list,

µa source distribution parameter a,

Σ source covariance matrix,

µ⃗i measurement i parameter list,

µi a measurement i parameter a,

Σi measurement i covariance matrix.

To compute the derivatives we'll need the matrix formulas (Φ.12), (Φ.13), and note that our

symmetric covariance matrix Σ has d2�d
2 unique entries, giving us

B
BΣa b

Σj k �
δa j δb k � δa k δb j

1� δa b
.
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In component notation, the derivatives are

B
Bµa logL �

ņ

i�1

ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j a ,

B
BΣa b

logL � 1

1� δa b

ņ

i�1

�
�pΣ� Σiq�1a b

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j a

� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j b

�

B2
Bµa Bµb

logL � �
ņ

i�1
pΣ� Σiq�1a b ,

B2
BΣa b BΣc d

logL � 1

p1� δa bq p1� δc dq

�
ņ

i�1

�
pΣ� Σiq�1a c pΣ� Σiq�1b d � pΣ� Σiq�1a d pΣ� Σiq�1b c

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j b

� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j d


pΣ� Σiq�1a c

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j b

� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j c


pΣ� Σiq�1a d

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j a

� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j d


pΣ� Σiq�1b c

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j a

� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j c


pΣ� Σiq�1b d

�
,
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B2
BΣa b Bµc

logL � �1
1� δa b

ņ

i�1

�� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j a


pΣ� Σiq�1b c

�
� ḑ

j�1

�
µi j � µj

� pΣ� Σiq�1j b


pΣ� Σiq�1a c

�
,

or in vector notation where convenient,

B
Bµ⃗ logL �

ņ

i�1
pµ⃗i � µ⃗qT � pΣ� Σiq�1 ,

B
BΣ logL �

ņ

i�1

�
1� diag

2


��
pΣ� Σiq�1 � pµ⃗i � µ⃗q

	b 2 � pΣ� Σiq�1
�
.

The critical point occurs at

ˆ⃗µ �
� ņ

i�1

�
Σ̂� Σi

��1	�1 � � ņ

i�1

�
Σ̂� Σi

��1 � µ⃗i	 ,
ņ

i�1

�
Σ̂� Σi

��1 � ņ

i�1

��
Σ̂� Σi

��1 � �µ⃗i � ˆ⃗µ
�	b 2

.

In the completely general case, the best approach is likely numerical maximization techniques

on logL using starting points from the next subsection.

The Fisher information matrix is going to be a d2�3 d
2 symmetric square matrix constructed

from all the di�erent pairwise parameter combinations. First computing

E

�� ḑ

j�1

ḑ

k�1

�
µi j � µj

� pµi k � µkq pΣ� Σiq�1j a pΣ� Σiq�1k b

�� � pΣ� Σiq�1a b ,
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we have

�E

� B2
Bµa Bµb

logL
�
�

ņ

i�1
pΣ� Σiq�1a b ,

�E

� B2
BΣa b BΣc d

logL
�
�

ņ

i�1

�
pΣ� Σiq�1a c pΣ� Σiq�1b d � pΣ� Σiq�1a d pΣ� Σiq�1b c



p1� δa bq p1� δc dq

,

�E

� B2
BΣa b Bµc

logL
�
� 0 .

The Cramér-Rao lower bound for unbiased estimators is

cov
�pµ̂1, . . . , µ̂d, pΣ̂sq1 1, . . . , pΣ̂sqd d, pΣ̂sq1 2, . . . q

� ¥ Ipµ1, . . . , µd,Σ1 1, . . . ,Σd d,Σ1 2, . . . q�1 .

Applying (Φ.10) to the general measurement variance case, we can make a guess at an

unbiased covariance estimator from a numerically calculated one as

Σ̂s � n

n� 1
Σ̂�

°n
i�1Σi

n pn� 1q .
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Expectations

Extending Sec. Φ.4.1 to higher order moments [315] within the context of many independent

multinormal distributions,

Erµi as � µa ,

Erµi a µj bs � µa µb � δi j pΣ� Σiqa b ,

Erµi a µj b µk cs � µa µb µc � δi j µc pΣ� Σiqa b � δj k µa pΣ� Σjqb c � δi k µb pΣ� Σiqa c ,

Erµi a µj b µk c µl ds � µa µb µc µd � δi j µc µd pΣ� Σiqa b � δj k µa µd pΣ� Σjqb c
� δk l µa µb pΣ� Σkqc d � δi l µb µc pΣ� Σiqa d � δi k µb µd pΣ� Σiqa c
� δj l µa µc pΣ� Σjqb d � δi j δk l pΣ� Σiqa b pΣ� Σkqc d
� δi k δj l pΣ� Σiqa c pΣ� Σjqb d � δi l δj k pΣ� Σiqa d pΣ� Σjqb c .

Some in vector notation,

Erµ⃗is � µ⃗ ,

Erµ⃗i b µ⃗js � µ⃗b µ⃗� δi j pΣ� Σiq .
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Identical measurement variance

If all our measurements exhibit the same known covariance Σi � Σ0, we can solve the

estimator equations to obtain

ˆ⃗µ �
°n
i�1 µ⃗i
n

,

Σ̂ �
°n
i�1

�
µ⃗i � ˆ⃗µ

	b 2

n
� Σ0 .

Following similar calculations to Sec. Φ.3.4,

E
�
ˆ⃗µ
� � µ⃗ ,

E
�
Σ̂� Σ0

� � 1

n

ņ

i�1
E

�
µ⃗i b µ⃗i �

1

n2

ņ

j�1

ņ

k�1
µ⃗j b µ⃗k �

1

n

ņ

j�1

�
µ⃗i b µ⃗j � µ⃗j b µ⃗i

��
,

� 1

n

ņ

i�1

�
µ⃗b µ⃗� �

Σ� Σ0
�� µ⃗b µ⃗� 1

n

�
Σ� Σ0

�� 2 µ⃗b µ⃗� 2

n

�
Σ� Σ0

�

,

� n� 1

n

�
Σ� Σ0

�
,

we derive an unbiased sample covariance estimator

�
Σ̂s � Σ0

� � n

n� 1

�
Σ̂� Σ0

�
(Φ.10)

ñ Σ̂s �
°n
i�1

�
µ⃗i � ˆ⃗µ

	b 2

n� 1
� Σ0 .
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The covariance matrix for ˆ⃗µ is

cov
�
ˆ⃗µ
�
� Σ� Σ0

n
, cov

�
µ̂a, µ̂b

�
� pΣ� Σ0qa b

n
,

and the element-wise covariance for Σ̂s is

cov
�
pΣ̂sqa b, pΣ̂sqc d

�
� pΣ� Σ0qa c pΣ� Σ0qb d � pΣ� Σ0qa d pΣ� Σ0qb c

n� 1
.

Constant source

For Σ � 0, we �nd the weighted mean

ˆ⃗µ �
� ņ

i�1
Σ�1i


�1
�
� ņ

i�1
Σ�1i � µ⃗i



,

with covariance matrix

cov
�
ˆ⃗µ
�
�
� ņ

i�1
Σ�1i


�1
.
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ν

σ

Figure Φ.5: Rice distribution probability density plots for varying amplitude and standard
deviation.

Φ.5 Rice distribution

The Rice distribution is a positive only distribution for the radius within a two-dimensional

normal distribution. For a Rician distributed variable

R � Ricerν, σs : ν

Amplitude

¡ 0 , σ

Standard
deviation

¡ 0 ,

the probability distribution function (depicted in Fig. Φ.5) is

fRice pr | ν, σq �
r

σ2
exp

�
�
�
r2 � ν2

�
2σ2

�
I0

�r ν
σ2

�
: r ¡ 0 ,

where I is the modi�ed Bessel function of the �rst kind.

Φ.5.1 I/Q measurements

When measuring in-phase, Iptq, and quadrature, Qptq, signals, it's often the amplitude Aptq
we actually care about. If there is normally distributed noise in the voltage signal V ptq,
this will carry over to the in-phase Iptq and quadrature Qptq measurements. The amplitude
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however, being restricted to positive reals, will only be normally distributed when the mean

is several standard deviations away from zero, i.e. large amplitudes or asymptotically in�nite

samples. When taking a series of small amplitude measurements they need to be analyzed

using a Rice distribution6.

Φ.5.2 Derivation

The Rice distribution can be derived from a two-dimensional Normal distribution situated

at pµx, µyq with uniform standard deviation σ,

f
�
x, y |µx, µy, σ

� � fNormal px |µx, σq fNormal

�
y |µy, σ

�
� 1

2π σ2
exp

�
�px� µxq2

2σ2
� py � µyq2

2σ2

�
.

Switching to polar coordinates,

x � r cosrϕs , µx � ν cosrθs ,

y � r sinrϕs , µy � ν sinrθs ,

we get

f pr, ϕ | ν, θ, σq � 1

2 π σ2
exp

�
�
�
r2 � ν2

�
2σ2

�
exp

�
�2 r ν cosrθ � ϕs

�
.

6. If the series of measurements have constant phase ϕ, then Iptq and Qptq are perfectly correlated, and
can be analyzed separately according to normal distributions with the results being combined to give an
amplitude Aptq.
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Marginalizing out the phase with
³2π
0 r dϕ and using

» 2π

0
exp

�
�2 r ν cosrθ � ϕs

�
dϕ � 2π I0

�r ν
σ2

�
,

where I is the modi�ed Bessel function of the �rst kind, gives us the Rice probability distri-

bution function

f pr | ν, σq
Rice

� r

σ2
exp

�
�
�
r2 � ν2

�
2σ2

�
I0

�r ν
σ2

�
.

Φ.5.3 Expectations

Computing some expectation values for R � Ricerν, σs,

E rRs �
a
π{2
2σ

exp

��ν2
4σ2

� �
ν2 I1

�
ν2

4σ2

�
� pν2 � 2σ2q I0

�
ν2

4σ2

�

,

E
�
R2

�
� ν2 � 2σ2 ,

E

��R I1

�
Rν
σ2

�
I0

�
Rν
σ2

�
�� � ν ,

E

���
��R I1

�
Rν
σ2

�
I0

�
Rν
σ2

�
�
2

��� �
» 8
0

r3

σ2
exp

�
�
�
r2 � ν2

�
2σ2

�
I1

�
r ν
σ2

�2
I0

�
r ν
σ2

� dr � ζpν, σq2 ,

where ζpν, σq has to be computed numerically for a particular ν and σ, or approximated

with ζpν̂, σ̂q � γ̂ de�ned in (Φ.11).
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r

ν, σ

{νi}
r

ν

{νi, σi}

(a) (b)

Figure Φ.6: Considered measurement scenarios involving Rice distributions. (a) Rice dis-
tribution source that is sampled with precise measurements. (b) A constant with Rician
distributed measurement attempts.

Φ.5.4 Rice distribution in measurements

The convolution of two Rician distributions is not easily computable so we will stick with

the cases of exact measurements or constant source, as shown in Fig. Φ.6.

Exact measurements

The combined probability distribution for n precise measurements of a source Ricerν, σs, as
depicted in Fig. Φ.6 (a), is

f ptνiuni�1 | ν, σq �
n¹
i�1

νi
σ2

exp

�
�
�
ν2i � ν2

�
2σ2

�
I0

�νi ν
σ2

�
.

Employing maximum likelihood methods, the likelihood function for µ, σ is

L
�
ν, σ | tνiuni�1

� � f
�tνiuni�1 | ν, σ� ,
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and maximizing the likelihood function is equivalent to maximizing the logarithm

logL � �2n log rσs �
ņ

i�1
log rνis �

1

2σ2

ņ

i�1
ν2i �

n ν2

2σ2
�

ņ

i�1
log

�
I0

�νi ν
σ2

��
.

The derivatives are

B
Bν logL � � n ν

σ2
� 1

σ2

ņ

i�1
νi
I1

�
νi ν
σ2

�
I0

�
νi ν
σ2

� ,

B
Bσ logL � � 2n

σ
� 1

σ3

ņ

i�1
ν2i �

n ν2

σ3
� 2 ν

σ3

ņ

i�1
νi
I1

�
νi ν
σ2

�
I0

�
νi ν
σ2

� ,

B2
Bν2 logL � � n

σ2
� 1

σ4

ņ

i�1
νi
2 � 1

ν σ2

ņ

i�1
νi
I1

�
νi ν
σ2

�
I0

�
νi ν
σ2

� � 1

σ4

ņ

i�1

��νi I1
�
νi ν
σ2

�
I0

�
νi ν
σ2

�
�
2

,

B2
Bσ2 logL � 2n

σ2
� 3

σ4

ņ

i�1
νi
2 � 3n ν2

σ4
� 4 ν2

σ6

ņ

i�1
νi
2 � 2 ν

σ4

ņ

i�1
νi
I1

�
νi ν
σ2

�
I0

�
νi ν
σ2

�
� 4 ν2

σ6

ņ

i�1

��νi I1
�
νi ν
σ2

�
I0

�
νi ν
σ2

�
�
2

,

B2
Bµ Bσ logL � 2n ν

σ3
� 2 ν

σ5

ņ

i�1
νi
2 � 2 ν

σ5

ņ

i�1

��νi I1
�
νi ν
σ2

�
I0

�
νi ν
σ2

�
�
2

,

where we have made use of

B
BxIarxs �

1

2

�
Ia�1rxs � Ia�1rxs

	
,

a

x
Iarxs � 1

2

�
Ia�1rxs � Ia�1rxs

	
.
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Taking B
Bν logL � B

Bσ logL � 0, the critical point at ν̂, σ̂ satis�es

1

n

ņ

i�1
νi
I1

�
νi ν̂
σ̂2

�
I0

�
νi ν̂
σ̂2

� � ν̂ ,
1

n

ņ

i�1
νi
2 � ν̂2 � 2 σ̂2 .

To check this is a maximum we can look at the second derivatives,

B2
Bν2 logL

���ν�ν̂
σ�σ̂

� n

σ̂4

�
ν̂2 � γ̂2

	
,

B2
Bσ2 logL

���ν�ν̂
σ�σ̂

� 4 ν̂2 n

σ̂6

�
ν̂2 � σ̂2 � γ̂2 � σ̂4

ν̂2



,

B2
Bµ Bσ logL

���ν�ν̂
σ�σ̂

� 2 ν̂ n

σ̂5

�
γ̂2 � ν̂2 � σ̂2

	
,

where we have de�ned

γ̂2 � 1

n

ņ

i�1

��νi I1
�
νi ν̂
σ̂2

�
I0

�
νi ν̂
σ̂2

�
�
2

. (Φ.11)

Computing the determinant of the Hessian,

detrĤs �
� B2
Bν2 logL


 � B2
Bσ2 logL



�
� B2
Bµ Bσ logL


2
�����ν�ν̂
σ�σ̂

� 4 ν̂2 n2

σ̂8

�
γ̂2 � ν̂2 � 2 σ̂2 � γ̂2 σ̂2

ν̂2



,

appears to require a numeric approach to con�rm that detrHs ¡ 0, indicating ν̂, σ̂ is an
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extrema (not a saddle point). By Cauchy-Schwarz,

�� ņ

i�1

νi
n

I1

�
νi ν̂
σ̂2

�
I0

�
νi ν̂
σ̂2

�
�
2

looooooooooomooooooooooon
ν̂2

¤
�

ņ

i�1
12

�
loooomoooon

n

��� ņ

i�1

��νi
n

I1

�
νi ν̂
σ̂2

�
I0

�
νi ν̂
σ̂2

�
�
2

��
loooooooooooooomoooooooooooooon
γ̂2{n

ñ ν̂2   γ̂2 ,

we can easily check that B2
Bν2 logL   0, indicating a maximum (assuming detrHs ¡ 0).

To �nd the estimators ν̂, σ̂ from our data set triuni�1 we start by �nding the second raw

moment

µ12 �
1

n

ņ

i�1
νi
2 ,

and numerically solve the equation for ν̂

ņ

i�1
νi

I1

�
2 νi ν̂
µ12�ν̂2

�
I0

�
2 νi ν̂
µ12�ν̂2

� � n ν̂ � 0 .

Then

σ̂ �
d
µ12 � ν̂2

2
.

Using expectations given earlier and the second derivatives at the critical point, the Fisher

information matrix is

Ipµ, σq � �E
�
Ĥ
�
�

��� � n
σ4

�
ν2 � ζpν, σq2 � �2 ν n

σ5

�
ζpν, σq2 � ν2 � σ2

�
�2 ν n

σ5

�
ζpν, σq2 � ν2 � σ2

� �4 ν2 n
σ6

�
ν2 � σ2 � ζpν, σq2 � σ4

ν2

	
��
 .
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The covariance matrix Cramér-Rao lower bound is then

cov rpµ̂, σ̂qs ¥ Ipµ, σq�1

� σ2

4n

����4 ν2
�
ν2 � σ2 � ζpν, σq2 � σ4

ν2

	
2 ν σ

�
ζpν, σq2 � ν2 � σ2

�
2 ν σ

�
ζpν, σq2 � ν2 � σ2

� �σ2 �
ν2 � ζpν, σq2 �

��

ν2 ζpν, σq2 � ν4 � 2 ν2 σ2 � σ2 ζpν, σq2 ,

if ν̂ and σ̂ are unbiased.

Unfortunately, because ν̂ is found from a transcendental equation, estimating the bias is not

straight-forward. The bias on σ̂2 depends on the ν̂2 bias as

E
�
σ̂2
�
� σ2 � �1

2

�
E
�
ν̂2
�
� ν2

	
.

If ν̂ is close to zero then the estimator pair of equations become degenerate to

1

n

ņ

i�1
νi
2 � 2 σ̂2 ,

and we lose information about ν̂, also seen by I becoming singular. In this case the likelihood

function can not be approximated by a Gaussian near its maximum (due to ν ¡ 0 condition)

and the Fisher Information matrix is not usable, instead direct interrogation of the likelihood

function is needed.

Constant source

For a constant source of unknown amplitude ν, and n measurements with distribution

Ricerνi, σis, as depicted in Fig. Φ.6 (b), the combined probability distribution and likeli-
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hood function is

f ptνiuni�1 | ν, tσiuni�1q �
n¹
i�1

νi
σi2

exp

�
�
�
νi
2 � ν2

�
2σi2

�
I0

�
νi ν

σi2

�
� L

�
ν | tνi, σiuni�1

�
.

The derivatives are

B
Bν logL � �

ņ

i�1

ν

σi2
�

ņ

i�1

νi
σi2

I1

�
νi ν
σi2

�
I0

�
νi ν
σi2

� ,

B2
Bν2 logL � �

ņ

i�1

1

σi2
�

ņ

i�1

νi
2

σi4
� 1

ν

ņ

i�1

νi
σi2

I1

�
νi ν
σi2

�
I0

�
νi ν
σi2

� � ņ

i�1

�� νi
σi2

I1

�
νi ν
σi2

�
I0

�
νi ν
σi2

�
�
2

.

At the critical point, B
Bν logL � 0, we have

ν̂ �

ņ

i�1

νi
σi2

I1

�
νi ν̂
σi2

�
I0

�
νi ν̂
σi2

�
ņ

i�1

1

σi2

,

a weighted Rician amplitude.

The second derivative at this point is

B2
Bν2 logL

���ν�ν̂
σ�σ̂

�
ņ

i�1

νi
2 � 2σi

2 �

���νi I1
�
νi ν̂

σi
2

�

I0

�
νi ν̂

σi
2

�
��

2

σi4
,

which requires numerics to check if less than zero away from asymptotic limits νi º σi. The
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Fisher information is

Ipνq � �E

� B2
Bν2 logL

�
� �

ņ

i�1

ν2 � ζpν, σiq2
σi4

,

which gives the Cramér-Rao lower bound

varrν̂s ¥ Ipνq�1 � 1
ņ

i�1

ζpν, σiq2 � ν2

σi4

,

if ν̂ is unbiased.

Φ.5.5 Normal limit

If the amplitude is signi�cantly far from zero, ν " σ, the distribution can be approximated

by a normal. Within various parts of the measurement analysis this can be observed by

applying [316]

lim
xÑ8

I1rxs
I0rxs

� 1 .

For the distribution function we can use

I0rxs x�8�
ex?
2 π x

,
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to get

fRice pr | ν, σq
ν"σ� r

σ2
exp

�
�
�
r2 � ν2

�
2σ2

�
σ?

2π ν r
exp

�r ν
σ2

�
�
c
r

ν

1?
2π σ

exp

�
�pr � νq2

2σ2

�
,

which is resemblant of the normal distribution if r � ν.
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L

Figure Φ.7: Uniform distribution probability density plots for varying length.

Φ.6 Uniform distribution

Often, when dealing with discrete measurements, our uncertainty is best modelled by a

uniform distribution, a simple example is pixels in image.

A uniform random variable has

X � Uniformrµ� L{2, µ� L{2s : µ

Center

P R , L

Length

¡ 0 ,

and probability distribution function7 (depicted in Fig. Φ.7)

fUniform

�
x |µ, L� � Θrx� pµ� L{2qs �Θrx� pµ� L{2qs

L

�

$''&''%
1{L : µ� L{2   x   µ� L{2

0 :
�
x   µ� L{2�_ �

x ¡ µ� L{2� ,

and for consistency with other functions is 1{p2Lq for exactly x � µ� L{2.

7. Where Θ is Heaviside Theta.
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μμ-L/2 μ+L/2

0 convolutions

1 convolution

2 convolutions

3 convolutions

Figure Φ.8: Convolutions of uniform distributions with length L and the approximate normal
distribution equivalent dashed.

Φ.6.1 Expectations

The uniform distribution has

ErXs � µ , varrXs � L2

12
.

Φ.6.2 Convolutions

When we start using uniform distributions we inevitably start convolving them together.

The convolution of two uniform distributions is a triangular or trapezium distribution, and

thanks to the central limit theorem, after a few more tends toward the normal distribution

[317�319]. In particular, if all the uniform distributions have equal length this happens within

three to four convolutions, as depcited in Fig. Φ.8. Thus, we can arrive at the same results

by approximating our uniform distributions as normal distributions with equal variance,

Uniformrµ� L{2, µ� L{2s � Normalrµ, L{
?
12s

after a few convolutions.
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Equivalently, in `plus/minus' notation, we can write

x �
Uniform

a � x �
Normal

a?
3
,

where L � 2 a.

Φ.7 Formulas

Some formulas used in derivations.

Derivative of matrix inverse,

d

dx
Apxq�1 � �Apxq�1 � d

dx
Apxq � Apxq�1 . (Φ.12)

Jacobi's Formula,

d

dx
det

�
Apxq

�
� det

�
Apxq

�
tr
�
Apxq�1 � d

dx
Apxq

�
, (Φ.13)

if Apxq is invertible.

Inverse of constant plus identity matrix,

�
a 1n � b In

	�1 � �1
n b� b2

a

1n � 1

b
In , (Φ.14)

where 1n is a n� n matrix of ones. Proof via ansatz and 1n
2 � n 1n.
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APPENDIX Ψ

Multivariate �tting

Given a multivariate function of the form

ˆ⃗y : Rd1 // Rd2

x⃗ � // y⃗ � BT � x⃗

txiud1i�1 � // tyj �
°d1
i�1B

T
j i xiud2j�1

the �t with a set of data points (independent-dependent variable pairs) tx⃗k, y⃗ku can be

�attened to a multivariable �t as follows

Ŷ :
Àn

k�1Rd1 //
Àn

k�1Rd2

X � // Y � X �B

txk iunk�1, d1i�1 � //

_

F
��

tyk j �
°d1
i�1 xk iBi j unk�1, d2j�1

ŷ 1 :
Àn�d2

α�1 Rd1�d2 // Rn�d2

X 1 � // y 1 � X 1 � b 1

tx 1αβun�d2α�1 ,
d1�d2
β�1

� // ty 1α �
°d1�d2
β�1 x 1αβ b

1
βun�d2α�1

If b 1 is the list of parameters, then this is a linear model with design matrix X 1 and response

y 1.
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The new vectors and matrix are obtained by �attening or rearranging,

X 1
αβ � x pα quot1 d2�1q pβmod1 d1q δ pαmod1 d2q pβ quot1 d1�1q ,

y 1α � y pα quot1 d2�1q pαmod1 d2q ,

b 1β � B pβ quot1 d2�1q pβmod1 d2q ,

where m quotw n is quotient operator with o�set w such that it returns z : w ¤ m� n z  
w � n, and mmodw n is modulus operator with o�set w such that it returns z : w ¤ z  
w � n.

For consistency, the indices follow

i P r1, d1s � Z coordinate in Rd1 ,

j P r1, d2s � Z coordinate in Rd2 ,

k P r1, ns � Z data point number ,

α P r1, n� d2s � Z ,

β P r1, d1 � d2s � Z .

Mathematica code for �attening a multivariate �t is available at https://gitlab.com/rhy

spovey/mathematica-multivariate-fitting.
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APPENDIX Ω

Cleanroom process

In Figs. Ω.2, Ω.3, Ω.4, Ω.5 (with legend Fig. Ω.1) step by step procedures in the cleanroom

for fabrication described in Ch. 4 are given.

Figure Ω.1: Cleanroom process legend.
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115°C hot plate15 min
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Figure Ω.2: Electron beam lithography process.
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Figure Ω.3: Partial etch process.
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Figure Ω.4: Full etch process.

563



Bay 6
HF bench 1

Bay 3
Solvent bench 1

Bay 1
Tousimis
Autosamdri-931

Bay 4
YES
CV200

10% HF1 min 1 49% HF : 4 Water

Water1 min

Water1 min

Water1 min

Water1 min

Water1 min

10% KOH1 min 1 30% KOH : 2 Water

Water1 min

Water1 min

Water1 min

Water1 min

Water1 min

IPA30 sec

IPA30 sec

IPA30 sec

IPA30 sec

Temp. Pressure Slow fill Hold

> 40°C > 1200 PSI 3 min 12 min

Recipe Power O2 Temp. Time

7 350 W 120 sccm 70°C 180 s

0:00

0:30

1:00

1:30

2:00

Figure Ω.5: Release process.
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APPENDIX �

PTFE bowl

In order to carry out various cleanroom fabrication procedures, custom polytetra�uoroethy-

lene (PTFE) bowls were constructed. Both are catered toward 1 cm square chips. The bowls

were made in the University of Chicago student machine shops under the guidance of Luigi

Mazzenga.

The �rst bowl, Fig. �.1, is primarily for transferring chips in acid to water during the release

step, and then into isopropyl alcohol for critical point drying. During these steps the chip

must remain submerged in liquid, hence the need for a transfer bowl. A lathe with a curved

tool is used to create the bowl. The handle is made from a PTFE rod with a screw die, and

the bowl is given a screw tapped hole.

The second bowl, Fig. �.2, is used to hold the chip upside-down whilst in some liquid.

Drainage is essential for use in the critical point dryer where the liquid needs to be fully

replaced. The channels underneath are made using a mill, and conveniently allow the bowl

to be picked up using a pair of angled tweezers on opposing sides.
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Cross-section Top view

1"

0.25"

2"

0.6"

Figure �.1: PTFE transfer bowl design.

Cross-section Top view Bottom view

1"

0.25"

2" 0.5"

0.6"

Figure �.2: PTFE drainage bowl design.
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