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Abstract

Quantum technology is pivotal to the future of physics, whether through quantum computing
and simulation, or quantum sensing and measurement. All sorts of systems exhibit quan-
tum phenomena and many different platforms are being developed for quantum information
processing. Connecting these disparate quantum systems together is key to exploiting the

advantages of each and growing the potential applications of quantum hardware.

One of the most popular quantum computing platforms is superconducting qubits, using
microwave-frequency electronics at cryogenic temperatures, which have promising results
but are confined to operating within dilution refrigerators. In order to communicate through
ambient environments, the ability to convert quantum signals between microwave electronics
and infra-red fiber optics is highly sought after. Of the various approaches to this challenge, a
promising candidate is optomechanical crystal resonators that use simultaneous photonic and
phononic crystals to create a co-localized cavity coupling infra-red electromagnetic modes
to microwave-frequency acoustic modes, which then via electromechanical interactions can
undergo direct transduction to electronics. The majority of work in this area has been
on one-dimensional nanobeam resonators which provide strong optomechanical couplings of
fom ~ 1 MHz but, due to their geometry, suffer from an inability to dissipate heat produced

by the laser pumping required for operation.
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Here we explore two-dimensional optomechanical crystal resonators, as structures with im-
proved heat conduction properties, for their potential application in quantum microwave-
electronic to infra-red optic transduction. Gallium arsenide is used as our material of choice
due to its native piezoelectricity and favourable mechanical resonance frequencies. We con-
clude by adapting the vertebrae quasi-two-dimensional optomechanical resonator design to

gallium arsenide and demonstrating a device with ¢, =~ 650 kHz.

This thesis is structured with a succinct main matter, that tells the story of developing a two-
dimensional optomechanical crystal resonator, and a library of appendices that provide more

elaborate details. Throughout, Einstein notation is generally assumed where appropriate.
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CHAPTER 1

Introduction

The development of technology exploiting the features of quantum mechanics has gathered
great momentum over the past couple of decades, spurred on by the promise of applications in
quantum computing [1, 2| and quantum communication [3, 4]. Science towards these goals
have lead to improved control over quantum phenomena, including macroscopic quantum
objects [5-7|, quantum limited noise [8-12|, and quantum sensing [13, 14|. Indeed the future
of high precision measurement and detection in physics will need to take place at the quantum

limit and take advantage of quantum effects.

1.1 Quantum mechanics

Whilst now a century old [15], the theory of quantum mechanics has only recently been
able to be probed and manipulated at macroscopic scales. The basic premise of quantum
mechanics is that the state of a system is described by a unit vector in a complex Hilbert
space and observables are self-adjoint operators [16]. These operators can be non-commuting,
leading to a discretization of possible states and quantized values, hence the name quantum
mechanics. As a result of this formulation, outcomes of observations are described by prob-
ability distributions, and states can be a linear combination of other states (superposition).
Additionally, when combining quantum systems, the subsystem states can be correlated in
a way that classical systems can not (entanglement). This leads to a truly magical theory
of how the universe works, allowing objects to go through walls, where without determinism

free will can exist, and despite extremely low odds! water can be turned into wine.

1. Clearly not a problem for a divine being.



1.2 Quantum computing

Quantum computing entails the development of a computer architecture where the fun-
damental bits, and operations between them, are quantum in nature. At large scales, a
quantum computer has the potential to solve problems and perform algorithms beyond the
reach of classical computers [2, 17]. Famously this includes Shor’s algorithm [18| to factor
a product of two prime numbers and break the widespread cryptography system of RSA
[19]. Of particular interest to academic and industrial communities, however, is their ability
to better simulate systems that are fundamentally quantum mechanical in nature such as

complicated chemical structures [20-22].

Many different platforms for quantum computing are being developed by various research
groups around the world. These include ion traps [23, 24|, neutral atoms [25-28|, silicon
quantum dots [29-36], floating electrons [37-39], topological braids [40, 41|, and supercon-

ducting circuits [42-46].

Superconducting circuits represents one of the most developed archetypes [47, 48|, garnering
significant investments from major technology companies [49-52|. The basic building block of
this approach is a superconducting (no resistive loss) electrical resonator (capacitor, inductor)
in which the inductor has been replaced by a Josephson junction [53-55] that exhibits non-
linear inductance. This non-linearity produces anharmonicity in the energy levels, allowing
the first two to be uniquely addressed as quantum bit (qubit) [56, 57]. To interface with
current high-frequency electronic technology, and sit above thermal noise backgrounds, these
qubits are typically built in the microwave C band of [4,8] GHz, and housed in dilution

refrigerators at ~ 10 mK.

Whilst microwave frequencies are suitable for quantum signal processing within a dilution

refrigerator, quantum state transfer to the outside at ambient temperatures requires frequen-



cies = 10 THz to avoid being swamped by thermal noise. To this end, and in the interest of
being able to connect more quantum systems together, we are interested in quantum trans-
duction between vastly different frequencies. In this thesis we are particularly looking at
conversion between ~ 4 GHz microwave electronics and ~ 195 THz infra-red electromagnetic

waves in fiber optics.

1.3 Quantum transduction

The goal of quantum transduction is to transfer a quantum state between systems, often
at vastly different frequencies. A common intermediary for frequency conversion are me-
chanical acoustic modes due to their ability to couple to most everything. For microwaves
to infra-red there are a variety of approaches being investigated [58-61], these include the
direct but weak electro-optic effect [62-70], membrane in the middle |9, 71-82], magnome-
chanics [83-87], quantum dots in surface acoustic waves resonators [88-92|, quantum dots in
electric resonators [93-95|, high overtone bulk acoustic resonators [96-100], spin defects [101-
104], erbium ions [105-108|, optomechanical scattering tracks [L09-114], and optomechanical

crystal resonators[115-137].

Optomechanical crystal resonators work by using a simultaneous photonic and phononic
crystal to create a cavity with both optic and acoustic modes which can couple via an
optomechanical interaction [138-142|. The acoustic mode is made to be at microwave fre-
quencies, and piezoelectric materials are used to convert this to an electrical excitation. Here
we investigate two-dimensional optomechanical crystals in a natively piezoelectric material

as a candidate system for quantum microwave electronic to infra-red transduction.



CHAPTER 2

Physics

In this chapter we introduce physics theory applicable to the operation of a two-dimensional
optomechanical crystal quantum electro-opto-mechanical transducer. Detailed derivations

can be found in corresponding appendices.

2.1 Electro-opto-mechanical transfer

Quantum state transfer between an infra-red optical resonator and microwave frequency
electronic resonator can be carried out with a mechanical intermediary that couples to both.

The Hamiltonian describing this interaction is summarized by

Hshwoilat homb b+ hweel e+ hgomata (b +0) + hgem (b7 +0) (¢F +¢) ,
e e e e 2N >

g Y
optical mechanical  electrical optomechanical electromechanical
resonator resonator resonator interaction Interaction

ignoring constant shifts and external couplings.

The optomechanical Hamiltonian is derived in App. C but can be easily conceptualized as
a Fabry-Pérot cavity which has one side connected to a spring. Mechanical oscillations in
displacement change the length of the cavity and hence resonant frequency, then linearizing
this interaction gives the above expression. It should be noted therefore, this form is only
valid when the displacement oscillations are small compared to the total length of the cavity.
The electromechanical interaction is derived in App. K, where an additional electric field

produced by piezoelectricity drives the electric resonator circuit.

With the addition of a strong optical pump hal L exp|—iwr, t] and cold mechanics, the
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optomechanical interaction can be linearized. Then, if the optical pump frequency is red-
detuned away from the optical resonance by the mechanical resonance frequency, wy, =
Wo — wm, we can select for an optomechanical swapping interaction. Furthermore, if the
electronics and mechanics are matched in frequency, the electromechanical interaction will
likewise provide swap terms under the rotating wave approximation. Rotating the optics
into the frame of the laser pump, our Hamiltonian can now be surmised as

Hyot 3 hlomid'a + hwmbd b + hweel é+ hgom (a*ab’ +aalb) + hgem (b7 ¢+ beé)
—— —_—— . N

vl N ——— v /

Y '
(rotated) optical ~mechanical  electrical optomechanical electromechanical
resonator resonator  resonator swap swap

where

Aom = Wo — W, + Jom (B* + 6) ~ Wm = We ,

and @, b, ¢ are the linearized-around averages which scale with optical pump strength L,

Bon 3 on TP ot F

Full details and derivations can be found in App. J and App. K. In this form it is straight-
forward to see how an optical or electronic excitation can be swapped through the mechanics

with couplings @ gom and gem.

Adding baths (see App. I), denoting internal losses as ’yint, coupling the optics to a symmetric
bi-directional waveguide, each side 7 ©, and connecting an electronic transmission line, %EX7
we obtain the system given in Fig. 2.1 with full input-output equations of motion given in

App. K. With

int wg int int

Yo =" +27% ", Tm = Tm > Ye = Ve +7§X,
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Figure 2.1: Schematic of the electro-opto-mechanical system. Operators a, 13, ¢ represent our
optical, mechanical, and electrical resonators, whilst d are our optical input-output ports
and f is our electrical transmission line port.

we can define cooperativities

which serve as figures of merit for transduction performance. The optic to microwave trans-

mission (either direction), worked out in App. K, is then
wg | tx
4%~ 22 Com Cem

. (2.1)
(1+ Com + Cem)®

T0<—>e =

In order to have the detuned pump provide the appropriate three wave mixing, wo = wr,+wm,
for this transmission, our optomechanical system should ideally be sideband resolved. That
is, the optical resonance width is less than the mechanical frequency so that the pump can

be outside the optical resonance, % < W -

This transmission represents the output when all other inputs, including internal thermal
baths are zero. In a real experiment, thermal population of the mechanical and electrical

resonators will add noise to the output. For this reason, being below microwave frequencies or
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outside of a dilution refrigerator makes low-noise conversion difficult. An effective transducer

will have less than one added noise quantum during the swap process.

tx
e

Yo as Com and Cem are

Inspecting (2.1) we see that transmission increases toward Vvo—vzg
increased together. Of particular importance, Cop, is proportional to optical pump power,
and thus whilst Copy < Cepy + 1 transmission can be improved by driving the pump harder.
In practice however, heating and non-linear effects from excessive pump powers can quickly
create problems. Setups more able to dissipate unwanted heat are thus beneficial by allowing

stronger optical pumping. In some situations, pulsed pumping can be employed to help

mitigate heat build-up [143].

An alternative method for state transfer involves blue-detuning the optical pump to provide
a pair generation term with aal l;T, and create entangled optical photon, mechanical phonon
pairs. A teleportation scheme can then be used to transfer states between the optical and
electronic sides [144-147|. This method however requires gem > @ gom which, depending on

device properties, may be less efficient.

2.2 Optomechanical crystals

An optomechanical crystal is a periodically structured material that is simultaneously both a
phononic crystal and photonic crystal [148]. In each case, the translational symmetry of the
medium impacts the dispersion relations for propagating waves at wavelengths on the order
of the periodic crystal lattice distance, leading to phenomena not present in homogeneous
media. Of particular interest is the realization of band gaps: intervals of frequency where
wave propagation is forbidden. For nanofabricated devices, these periodic structures are
typically etched holes in a suspended beam or plate, such that we are considering a two-

dimensional patterned plane.



The translational symmetry present within a crystal is characterized by a set of linearly
independent lattice vectors (primitive vectors) {a;};" ; such that material properties, M,

satisfy
M(Z+ Y0 ¢ia;) =M@ : {gli cZ.

For photonic crystals, the material properties are permittivity and permeability, whilst for
phononic crystals it’s density, stiffness-compliance, and piezoelectric couplings, or perhaps
the existence of solid material at all. The infinite set of discrete points > ; ¢; a; is called
the Bravais lattice, and a fundamental repeating region is called a unit cell. The number of

independent lattice vectors, n, is the dimension of the crystal.

Propagating plane waves through the crystal obey ‘translational’” symmetry of wavevectors
according to the reciprocal lattice. If {aj};' ; are the primitive lattice vectors, then the
primitive reciprocal lattice vectors are {b:}?:l and must satisfy a; - b} = 2m0; . In matrix

form we can write this as

RS
I

lailaz|. . |an] , Aij = (d}),

B =[bafbo.- [bn] . Bij = (b),;
which has the simple solution éT =2 ﬂé_l.

Photonic crystal behaviour is described by classical electrodynamics (Maxwell’s equations)
in a medium with Floquet (periodic) boundary conditions. For completeness, governing
equations are given in App. A. Phononic crystal behaviour is described by continuum solid
mechanics for elastic media (Hooke’s law), with piezoelectricity included as needed, and

similar Floquet boundary conditions. The mathematical description is outlined in App. B.



A one-dimensional repeating pattern over a two-dimensional plane can be described by one
of seven frieze groups. Of these, the ‘most symmetric’ is p2mm which includes translation
and two mirror reflections. For a two-dimensional repeating pattern over a two-dimensional
plane, there are seventeen wallpaper groups. The crystallographic restriction theorem limits
the smallest angle of rotational symmetry to be 7/3 (i.e. order 6), and the ‘most symmetric’
group which also includes mirror reflections is then p6m. In terms of the reciprocal lattice
space, the more symmetries that exist the more restricted the unique fundamental domain
becomes, and the less (inverse) area the dispersion relations cover. One might expect then

that greater symmetric patterns lead to more and wider band gaps appearing.

2.2.1 Wallpaper group p6m lattice

With full crystallographic name p6mm, this wallpaper group forms a hexagonal (or double
triangular) tiling of the plane with 7/3 rotational symmetry and mirror symmetries parallel,
perpendicular, and between the two primitive lattice vectors. The fundamental region for
this pattern is half an equilateral triangle that is then translated and flipped to cover the

plane. For a lattice spacing length a, the primitive lattice vectors arel

Q
[\l

(]
S
S|

The reciprocal lattice vectors are thus

} = B} 0
by = , by =
-2 47
V3a 3a

1. By convention, other choices are allowed.
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Figure 2.2: Wallpaper group p6m (left) lattice and (right) reciprocal lattice.

Reciprocal lattices inherit the same symmetries and thus there is a similar fundamental

reciprocal region that is repeated. The corners of this region are given special names

0 = =

I = : M=| 1. K=|""
i

0 P 0

A diagram of the lattice, and its reciprocal, along with unit cells and named points is given

in Fig. 2.2

If the third dimension, which we will call z, is a finite thickness, e.g. a suspended membrane
with straight side-wall holes, there exists is a mirror symmetry in the z axis about the
central plane of the slab. Electromagnetic or acoustic modes in the slab can then, following
Ap D, be classified as either z mirror symmetric (,er) or z mirror antisymmetric (z). With
the right pattern it’s possible to achieve complete phononic band gaps that do not permit
any acoustics, and z photonic band gaps that prohibit z mirror symmetric electromagnetic
modes. Whilst a complete photonic band gap would be desirable, it is difficult to achieve.

Fortunately the fiber optic modes, optical grating couplers (see App. V), and suspended
10



beams (see App. S) select for % modes.

Simulations of specific optomechanical crystals, their dispersion plots, and band gaps are

available in App. U.

2.2.2 Defect cavities

A defect in an optomechanical crystal with band gaps will create a region where waves of
those otherwise gapped frequencies can locally exist, with the surrounding crystal acting
as a wall. If the size and shape of the defect is appropriate then constructive interference
can occur for particular gapped frequencies, giving rise to resonators. Should the cavity
support co-localized acoustic and electromagnetic resonances, then optomechanical coupling

can occur between them.

Given a geometry with material properties, acoustic displacement mode profile C_j(f), and
electric mode profile E(f), the optomechanical coupling gom appearing in Sec. 2.1 can be
calculated following the derivation in App. C. The two major contributions to the optome-
chanical coupling come from the moving boundary effect and photo-elastic effect. Moving
boundary is the process described by the example in Sec. 2.1 where the acoustic oscilla-
tions, happening on a much slower time scale than electromagnetic oscillations, deform the
resonator’s shape affecting the electromagnetic resonance. In the reverse direction, photon
pressure/scattering exerts force on the acoustic resonator’s boundaries. For infinitesimal
displacements, the effect can be linearized, and computed with a surface integral of the
fields over the resonator’s boundary, given by (C.14). The photo-elastic effect is the change
in electric permittivity in response to mechanical strain. Acoustic oscillations cause local
oscillations in strain and in turn local oscillations in permittivity that influence the elec-

tromagnetic resonance. In the reverse direction, photon propagation through the internal
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material, via a series of scattering events, can impart local strain. At first order the in-
teraction is characterized by the photo-elastic tensor (property of the material), and the
effect computed with a volume integral over the resonator, given by (C.19). Both effects can
be generalized to changes in electric permittivity from displacements, whether that be by

moving the boundaries (medium interfaces) or internal material couplings.

Symmetries

If the optomechanical cavity resonator has mirror symmetries then the resonator modes can
be categorized by those symmetries as detailed in App. D. Proved in App. E, if the acoustic
mode has any mirror antisymmetry, there will be no optomechanical coupling. As such, we
require mechanical resonance displacement fields to be mirror symmetric (when possible) to

see any coupling to electromagnetic fields.

In addition to the symmetries provided by the optomechanical crystal pattern and cavity
shape, we also need to consider orientation with respect the solid material atomic lattice
and symmetries therein. Mirror symmetries in the cavity need to be lined up with mirror

symmetries in the material.

12



CHAPTER 3

Design

In this chapter we go over the various design choices for our optomechanical crystal devices.

3.1 Dimensionality

Whilst one-dimensional optomechanical crystals have proved very successful (see App. A)
with demonstrated couplings of ., ~ 1 MHz, they suffer from their poor ability to dissipate
heat. As discussed in Sec. 2.1, this limits the optical pump power that can be used and hence
the optomechanical coupling rate. One approach to improve heat dissipation is to use a two-
dimensional optomechanical crystal which can support acoustic propagation in all planar
directions, as well as simply provide a greater cross-sectional area for heat conductance. To

this end, we explored two-dimensional optomechanical crystal system for transduction.

Additionally, two-dimensional optomechanical crystals allow the possibility of waveguides
being crafted through them, as has been demonstrated with photonic crystals [149-151].
With careful design, waveguides can be engineered to only allow mechanics or optics to
pass. One major drawback of this functionality, however, is the difficulty in tuning extrinsic
couplings between waveguides and defect cavity resonators. The waveguide size, and cavity

distance, are locked to the crystal lattice.

Unfortunately, it was found that full two-dimensional optomechanical crystal resonator de-
signs seemed to exhibit less optomechanical coupling and lower quality factors than their
one-dimensional counterparts. This has lead to quasi-two-dimensional resonators being de-
veloped [152] where the design is essentially a one-dimensional optomechanical crystal res-

onator embedded in a two-dimensional crystal waveguide.
13



3.2 Material

The electromechanical coupling is most easily carried out with a piezoelectric material, how-
ever the optomechanical element can be different. In Ref. [122] silicon is used as the base
material with aluminium nitride deposited to create localized regions for piezoelectric in-
teraction. This additional interface is a source of loss, so it was decided to use a single

piezoelectric material for the entire device.

Commonly available piezoelectric substrates are aluminium nitride (AIN), gallium arsenide
(GaAs), and lithium niobate (LiNbOj3). Based on previous work [120, 121], aluminium
nitride was found to be sub-optimal for optomechanical coupling. Lithium niobate has a
significantly greater piezoelectric coupling than gallium arsenide, but is a physically harder
material with fabrication challenges for etching smooth straight holes. Gallium arsenide,
however, has a strong history of use in optomechanical devices |77, 114, 123, 125, 128, 153~
158].

Importantly, gallium arsenide has a favourable speed of sound such that, for two-dimensional
optomechanical crystal patterns, when photonic band gaps are covering 194 THz, the phononic
band gap is in the [3,5] GHz region where we would like to interface with microwave elec-
tronics. For this and the above reasons, gallium arsenide was the material of choice. Full

details on relevant material properties for gallium arsenide are available in Sec. M.1.

There are non-idealities to working with gallium arsenide, however. Firstly, some reaction
between the aluminium gallium arsenide sacrificial layer, the chlorine etch, and hydrofluoric
acid release produced debris that was difficult to clear. Secondly, gallium arsenide is compar-
atively an atomically heavy substrate that produces significant electron back scatter during
electron beam lithography. Thirdly, the piezoelectric coupling tensor for gallium arsenide is

composed of ‘twist” elements that are not optimal for interdigitated transducers [124].
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3.3 Crystal pattern

Our optomechanical crystal pattern is created by patterning air holes through a suspended
slab of material. The effectiveness of an optomechanical pattern is discerned through its
acoustic and electromagnetic dispersion relations. A useful pattern will exhibit large band

gaps around the desired frequencies, allowing resonances in defects to be trapped.

On the phononic side, the resonant frequency will need to match the piezoelectric element
and microwave electronic components, in particular a superconducting qubit. Interdigitated
transducers can be fabricated for any particular frequency < 8 GHz (although matching the
resonance of two mechanical elements through fabrication only can be challenging), and

superconducting qubits are typically in the region of |2, 8] GHz.

On the photonic side, we wish to interface with telecom fiber optic components, i.e. the
infrared C band! X € [1530, 1565] nm, or approximately f € [191,196] THz. Comparatively,
this is a much smaller relative target and will dictate fine tuning of the optomechanical
pattern. As complete band gaps are difficult to come by in photonic crystals, we are primarily
interested in z mirror symmetric band gaps, matching the mode type used by grating coupler

optical connections (see App. V).

Following the design of photonic crystal resonators [159-164|, early two-dimensional op-
tomechanical crystal designs utilized circular holes with a defect cavity [165-173] or slot
[73, 174, 175]. Although much harder to fabricate, the snowflake pattern is now commonly
used [152, 176-178|. Other shapes such as crosses [179] and shamrocks [180] have been used

for phononic crystals.

Deciding to explore other shape possibilities, a wide variety of optomechanical crystal pat-

1. This region has low fiber absorption, atmospheric transmission, and works with erbium doped fiber
amplifiers.
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Figure 3.1: Snowflake (parametrized in Sec. U.2.1) in GaAs, (left) acoustic and (right)
electromagnetic dispersion plots from finite element simulations.

terns were investigated and are detailed in App. U. Following arguments in Sec. 2.2, wall-
paper group pbm was the primary focus for patterns. Some care needs to be taken that
the pattern can actually be fabricated. Based on electron beam lithography trials, critical
dimensions need to be = 50nm and radii of curvature = 15nm. Obviously, the holes also
need to be made such that the solid material is connected and can actually be suspended.
Patterns that result in ‘drums’ and ‘bridges’ create a more defined separation of acoustic

vibrations [139, 176] and lead to wider mechanical band gaps.

Due to its large band gaps, the final choice was the snowflake shaped pattern, as also favoured
in other work. A geometric description of the snowflake is given in Sec. U.2.1, and dispersion

plots are shown in Fig. 3.1.
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Figure 3.2: Simulations of various two-dimensional optomechanical crystal resonators that
were explored. Colour depicts mechanical displacement |Q)].

3.4 Resonator

Various resonator designs, a selection depicted in Fig. 3.2, were simulated with finite element
modelling software [181] using eigenfrequency studies to find resonant modes. Knowledge of
the appropriate band gap lets us set limits on the frequency search range. Perfectly matched
layers are used for boundaries that extend to infinity and restrictions on the imaginary part
of the complex frequency (loss) are implemented to avoid spurious eigenmodes that are not
trapped in our resonator. Symmetry planes are used when possible. The self-piezoelectric
influence on mechanical modes is small, so violations to enforcing symmetries based on
piezoelectric couplings were ignored. Models were generally constructed using scripts [182]

to trial a wide range of parameters and designs.

Optomechanical couplings for simulated modes were calculated using the formulas derived
in App. C for the moving boundary effect, photo-elastic effect, and electro-optic effect.
This involved solving the acoustic and electromagnetic eigenmodes on the same mesh and
combining results. Based on (C.11), ideal optomechanical resonators have low mode volumes

and concentrate the overlap of electromagnetic and displacement fields.
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Early resonator designs attempted to disconnect the tuning of resonator dimensions from
that of the crystal pattern by carving out a rather large hole in the crystal and suspending
a disc, Fig. 3.2(a). The radius of the disc could then be varied to achieve the desired optical
resonance frequency near 194 THz. Some examples and simulations of these resonators are
available in App. X, with the best optomechanical couplings calculated to be ¢, ~ 400 kHz.
However, far from the whispering gallery mode regime, the simulated optical quality factors

of these disc resonators were extremely poor and they were deemed unusable.

Subsequent designs leaned toward minor defects in the crystal pattern and hence resonators
whose geometric dimensions were closely tied to that of the optomechanical crystal pattern.
To aid designs and simulation, a wide survey of band gaps for different snowflake dimensions

were carried out, with some of the results available in Sec. U.6.

One type of design following this approach is a gradient defect, Fig. 3.2(c¢), where over some
region snowflakes with allowed modes at the resonance frequency are used, and a gradient
is made to the regular crystal pattern. This style is more analogous to the resonators seen
in nanobeams (see App. A) where the optomechanical pattern goes through a gradient to a
defect region. Compared to the one-dimensional case, in two dimensions this leads to modes

that occupy a larger volume and inherently have weaker optomechanical coupling.

The dominant resonator shape that was pursued, however, was that of a small trapezium
formed by joining three triangles together within the snowflake crystal pattern, Fig. 3.2(e).
These had better simulated quality factors and optomechanical couplings (¢, ~ 600kHz)
than any other two-dimensional design. Unfortunately, despite relentless fabrication at-
tempts and optimizations, the best resonators had internal quality factors of Qg ~ 2500,
much lower than the estimated 5k to 10k minimum needed to have a chance at seeing any

optomechanics. Extensive details on these resonators are covered in App. Y.
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Recent work from other groups has been in the direction of quasi-2D optomechanical cavity
resonators [152, 178, 183], where the cavity resides within a waveguide through the optome-
chanical crystal and operates in a Fabry-Pérot fashion. Currently, these ‘vertebrae’ style
resonators embedded in snowflakes, Fig. 3.2(f), have only been realized in silicon. Adap-
tations of this style were carried out to suit gallium arsenide, producing favourable results
with simulated 6., ~ 750kHz and large optical quality factors limited by simulation size.
Furthermore, gallium arsenide generated acoustic modes at ~ 4.5 GHz near the operating
frequency of conventional superconducting qubits. Specifics of these designs are detailed
in App. Z. Optomechanical crystal resonators of this style were successfully able to be

fabricated and measured.

3.5 Waveguides

Basic waveguides can be created within the snowflake crystal pattern by removing a line
of snowflakes and/or truncating snowflakes on either side. Unfortunately these waveguides
had to be kept straight as angled turns (27/3) through the lattice did not produce good
transmission. Straight waveguides, however, are able to accommodate continuously variable
widths, breaking the crystal lattice into two separate regions. This variability proved crucial
for controlling coupling to hanger resonators or the design parameters of an in-waveguide

resonator.

An alternative variety of waveguide is that of partial waveguides where the snowflake di-
mensions are slightly varied so that only acoustics or electromagnetic modes are gapped
out, allowing the other to propagate. FExtensive surveys of snowflake crystal band gaps,
Sec. U.6, can be used to help design such structures. An important consideration with par-
tial waveguides is the ability to make a path from the starting snowflake dimensions to a

zero-sized snowflake without gapping out the propagating mode. Otherwise it is impossible
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Figure 3.3: Finite element simulation of an acoustic partial waveguide connected to a res-
onator, showing (left) @, and (right) V. The snowflakes that make up the waveguide have
slightly shorter r and are transitioned away.

to transition the partial waveguide to an empty one for connecting to other device elements.

Example simulations of partial waveguides are given in Fig. 3.3 and Fig. 3.4. Unfortunately
for snowflake dimensions used, the partial optic-only waveguide involved feature sizes that

were too small to reliably fabricate.

For acoustic waves that intend to be mapped to electric waves through the piezoelectric
interaction, the direction of travel with respect to the gallium arsenide material crystal
is critical. Due to the differing symmetry of the piezoelectric coupling tensor, as derived

in App. F, the joint mechanical-electric wave must travel in the [110] (or equivalent /2
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rotations) crystal direction to share the same symmetry properties.

3.6 Optical coupling

Coupling light in and out of our devices is done through grating couplers. These work by
creating a Bragg diffraction grating to deflect light into and out of the plane. Whilst these
have a poorer efficiency than edge couplers, they make for easier development cycles by
allowing many devices to be probed on the central surface area of a chip. Because aluminium
gallium arsenide has a similar index of refraction to gallium arsenide our optical couplers
had to be suspended, requiring large release undercuts. Simulations of grating couplers were
performed to optimize design parameters, and then refined over fabrication runs. A complete

description of how they work and their design is provided in App. V.
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3.7 Electrical coupling

Whilst electrical coupling was not implemented on devices described in this thesis, the future
integration of an electrical connection was an element of design. Using a partial acoustic
waveguide described above, mechanical modes can be coupled to a region with electrodes that
utilize the piezoelectric effect to convert displacements into voltages and drive a circuit (or
vice-versa). Following previous designs, interdigitated transducers can be used with surface
acoustic waves [120, 128, 184-190] or membrane Lamb waves [121, 122, 191|, however these
require large areas for efficient coupling. Alternatively, more compact approaches [124, 131,
132, 192-194| could be viable but might suffer with gallium arsenide’s comparatively weak

piezoelectric coupling.
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CHAPTER 4

Fabrication

Fabrication was carried out at the Pritzker Nanofabrication (PNF) facility at the University
of Chicago. Whilst gallium arsenide (GaAs) is not an uncommon material in the semicon-
ductor industry, its use in the PNF was unique to this project and many recipes had to be
developed. This chapter will detail the main fabrication procedures involved and provide

the method used for device fabrication. Step by step procedure tables are given in App. €.

4.1 Walfer

Heterostructure wafers of 250 nm GaAs, 1 um Al gGag 1As, on bulk GaAs were procured
from IQE. The top surface of the GaAs is a (100) crystal plane, and using a counter clockwise
(US) specification has the major flat (OF) perpendicular to [011]. Gallium arsenide has /2
rotation symmetry about its cardinal axes (see Sec. M.1), thus the (100) surface is equivalent

to a (001) Z crystal axis orientation.

The thin AlGaAs sacrificial layer helps the growth of the top substrate layer during man-
ufacturing but, with our infra-red wavelength A\ ~ 1.5um > 1um, a larger gap could be
beneficial to optical properties. Furthermore, a lower fraction of aluminium in the sacrificial

layer, whilst slowing down the release chemistry, might produce less unwanted by-products.

Wafers were diced into 1 cm x 1cm squares using AZ 1518 resist to protect the top surface.
The underside of the two-side-polished chips were then marked by light scratching. Various

process steps for the 1 cm? chip utilized custom made plastic bowl holders detailed in App. 1.
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4.2 Plasma etching

Patterned holes in the gallium arsenide are made through inductively coupled plasma (ICP)
reactive ion etching (RIE), a process that involves bombarding the substrate with ions which
attack the material both physically and chemically. A resist mask defined through lithogra-
phy is used to limit the etching to only designated regions, and the etching process needs
to be selective enough such that the desired material etch depth is reached before the resist
succumbs to the etch. The etching is primarily controlled through the chemical composition,
maintained pressure, radio frequency power that creates the plasma, bias power for accel-
erating ions into the substrate, and time duration. Additional factors such as the size of

etching regions and the total exposed area can also influence the etch.

A good etching recipe balances isotropic chemical processes with directional physical pro-
cesses to achieve vertical sidewalls perpendicular to the substrate. Characterization of the
sidewall angle was performed using a scanning electron microscope (SEM) looking at either

cleaved cross-sections or perspective angle analysis.

Cleaved cross-sections are the most direct, albeit destructive, method for investigating the
sidewall angle. This approach involves etching a pattern of long lines into the substrate,
then breaking the chip perpendicular to the lines, such that their profile can be seen when
looking at the cleaved face. Angles in the SEM image can be found by doing edge detection
and fitting the pixels, an example is shown in Fig. 4.1. Averaging between opposing corners

can help reduce the systematic errors from non-perpendicular cleaves and viewing angles.

The second approach involves taking an SEM image of an etched periodic structure with
known distances and angles. By measuring the image angles of the periodic pattern, the
viewing vector can be determined, allowing image sidewall angles to be interpreted, details

of this process are outlined in App. Q. Due to the lower edge contrast of the perspective
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Figure 4.1: SEM image looking at the cleaved face of etched parallel lines, the upper light
grey is GaAs. Edge detected pixels are shown in blue, and fits to each corner are depicted
with red lines. Uncertainties are from the fit only.

view, measuring angles is more difficult and more uncertain, which is further compounded

by the angle computation chain, making this method imprecise.

Approximately 70 etch tests were carried out, resulting in the following recipe,

ICP 50 W
Bias 300 W
Pressure 3 mTorr
Clo 2 scem

Ar 13 scem

with etch rate ~ 250 nm/min over large open regions, and half that for small holes. For

etching through regions with small holes, the Cly flow was increased to 3 sccm.

The system used in the PNF was a Plasma-Therm ICP Chlorine etcher. Chips were adhered
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onto a silicon carrier wafer using a small amount of Santovac 5 diffusion pump oil, ensuring
none was exposed beyond the edge of the chip. Excess oil protruding the chip seemed to

hinder ICP ignition.

There appeared to be some reaction of the chlorine etch with the AlGaAs layer when it broke
though producing a brown substance (possibly some aluminium chloride) that was difficult
to remove. Transferring the chip to a water bath, upside down, immediately after etching
(before any photoresist stripping) helped reduce the amount of by-product. Keeping the

chip cool during the etch is also rumoured to help.

4.3 Electron beam lithography

Electron beam (ebeam) lithography is a revolutionary fabrication process that allows pat-
terning on nanometer scales. The basic principle involves applying a charge sensitive resist to
the substrate, precision shooting high energy electrons at it, then using a chemical developer
to remove or leave only the affected regions. The electron beam writer used in the PNF is a

Raith EBPG5000, operating at 100kV.

The ebeam resist should be optimized to produce the highest resolution patterns, whilst
being able to withstand the etching process. For the the 2D snowflake optomechanic crystal
devices we use 14%! hydrogen silsesquioxane (HSQ) in a ~ 300 nm layer which is resistant to
chlorine used for etching GaAs. Thinner resist layers (such as those using 6% HSQ) produce
better resolutions, but our GaAs etching process involves a significant physical component
that needs a thicker resist. HSQ) must be stored cold (but only opened at room temperature
to avoid condensation) in plastic bottles, is easily spoiled by prolonged exposure to air [195],

and will deteriorate over six months to a year [196].

1. By weight in methyl isobutyl ketone (MIBK).
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Figure 4.2: Optical microscope image of a HS(Q) layer.

The 14% HSQ is spun at 6000 rpm for 1min before a 3min 115°C pre-bake, the vacuum
chuck was unable to hold at higher spin speeds. As HSQ is a negative resist, we expose
regions we want kept with electrons. Unexposed regions are removed by development in 25%
Tetramethylammonium hydroxide (TMAH) for 75 sec, followed by a series of water baths.
Remaining resist is hardened with a 15 min 300°C hard-bake. HSQ has a sensitivity to air
that requires the spinning, exposing, and developing to be carried out promptly. Fig. 4.2

depicts a typical completed HSQ layer.

A substantial challenge with ebeam lithography is proximity errors from electron back scat-
ter, this is particularly prevalent in gallium arsenide which is made from much heavier atoms
than other common substrates like silicon or sapphire. Accounting for this in the exposure
pattern is called proximity effect correction (PEC), and is described in App. N. In addi-
tion to long range electron back scatter, HSQ is known to suffer from a hydrogen diffusion
process when exposed to electrons, contributing to a diffusion term in the point spread func-

tion that is not captured in electron scattering simulations. Furthermore this diffusion is a
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time-ordered effect in that exposed areas will affect nearby subsequent exposures. To help

mitigate this, and provide some smoothing, the pattern is exposed in x2 multi-pass.

Various long range (> 1um) PEC schemes were tested by varying parameters of a point

spread function of the form, from Sec. N.2,

_ Tl fG[Ua;T] + M fG[UbQT] + fGP[007/YCuVC;T]
1+ nq +m

PSF|[r]

Y

starting with parameters based on simulations from TRACER [197], CASINO [198], and
CHARIOT [199, 200]. Results were analyzed by capturing large high resolution SEM images
of the snowflake pattern over a region of the device spanning the central waveguide to the
edge, then performing edge detection and snowflake fitting as a function of location, as
described in App. P. PEC parameters were tuned to give constant snowflake dimensions.
The PEC was implemented using BEAMER [201] software, setting the short range correction
cut-off to 0.1 um. Including medium range corrections on the order of pattern features helps
scaling for the overall pattern filling density. A comparison of PECs demonstrating the

necessity is shown in Fig. 4.3.

In addition to medium-long range PEC, manual dosage scaling is applied to snowflake inner

and outer corners to improve corner sharpness. Details of this are included in App. O.

Based on the minimal dosages required (including PEC range and multi-pass) and beam
current for a small spot size, the pattern grid is chosen to satisfy the maximal exposure

frequency,

(beam current) < 195 MH
< 7 .
(dose) (step length)?2

exposure frequency =

With a beam current of 0.2nA, the grid step size used was 1 nm.
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Figure 4.3: Comparison of snowflake w (left) no proximity effect correction to (right) prox-
imity effect correction using point spread function (N.3).
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Figure 4.4: A typical chip layout with device waveguides aligned to [110]. In magenta are
ebeam HSQ markings for alighment crosses and directional arrow, these are removed during
the HF release. In cyan is the partial etch mask, and in blue is the full etch mask. On the
side, in orange, are test exposure regions for doing manual alignment. This square working
region is Hmm X 5 mm, sitting in the middle of a 1cm x 1 cm chip.

The ebeam layer additionally includes cross-shaped alignment markers and a directional
‘up’ arrow for following photolithography steps. These larger scale features are written
with a larger step size of 25nm, a higher current beam of 100na, and in a single pass at

1100 pCem~2. An example chip layout is shown in Fig. 4.4.

4.4 Photolithography

Because a negative resist is used to for masking the main features, we need an accompanying

positive resist mask to designate the etching region and protect the rest of the chip. The

larger scales involved, = 1 um, allow photolithography to be used. Exposures were carried

out using a Heidelberg MLA150 Direct Write with a 375 nm laser. AZ MiR 703 photoresist

was used, spun at 4500 rpm for 45 sec to give a ~ 600 nm layer, with a 1min 90°C pre-bake
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10 um

Figure 4.5: Microscope image with green filter and polarizer looking at a vernier scale be-
tween developed HSQ and exposed photoresist. The contrast has been adjusted for better
visibility.

and 1min 115°C post-bake. Development was done in AZ 300 MIF for 75sec. To smooth

the resist sidewalls, an oxygen plasma downstream asher ‘descum’ process is carried out.

Photolithographic exposures are aligned to the ebeam layer through four cross-shaped pat-
terns in the corners of the chip working area that are written as part of the ebeam step. The
Heidelberg’s alignment to these is not super accurate so to achieve sub-micron alignment a
manual correction process is used. A 0.1 um vernier scale half is printed on the chip with the
ebeam resist, and a matching vernier scale half is exposed in the covering photoresist typi-
cally at double the normal dosage. Using a green filter and polarizer, the completed vernier
scale can be seen with an optical microscope without any development, as demonstrated in
Fig. 4.5. From this the misalignment can be measured and corrected in the optical exposure

pattern before returning the chip to the direct write tool.

After etching, the photoresist is removed through oxygen plasma ashing, acetone, and N-

methyl-2-pyrrolidone (NMP). The first step is a ‘decrust’ ashing process to remove the top
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Figure 4.6: Optical microscope image of a device after HSQ and two photolithography-etch-
strip steps.

layer of burnt and hardened photoresist. Second is an acetone bath to remove the bulk of
the photoresist. Third is a hot 80°C NMP bath, without sonification (which was found to
damage delicate features). Acetone and NMP are incompatible chemicals so a couple of IPA
baths are used between them. Finally the NMP is rinsed off in an TPA then water bath and
a stronger ashing process is applied to remove any stubborn pieces of photoresist. The liquid

stripping steps were typically carried out with the chip upside-down.

Typically two photolithography and etching steps are required, first for a partial etch only
~ 100nm deep to create the grating couplers, and then a second etch that goes all the
way through. Fig. 4.6 depicts a device that has gone through both photolithography, etch-
ing, stripping steps. Additional chip markings and labels are included in the partial etch

lithography step.

4.5 Release

The final step in the fabrication process is the release of the top GaAs layer by etching out

the AlGaAs sacrificial layer from underneath, nominally carried out with hydrofluoric acid
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Figure 4.7: Optical microscope image of a device with debris after releasing.

(HF) [202-205]. Conveniently, the HF simultaneously strips the HSQ mask. Releasing the
top layer is the most delicate fabrication step as the suspended GaAs is fragile and prone to
breaks, fractures, collapses, or being blown out if the etching reaction is too violent. Lattice
mismatch between the AlGaAs and GaAs provides a source of stress that can easily cause
fatal damage during the release. A mixture of 149% HF (by weight) to 4 water is used to
create a ~ 10% HF solution that the chip is placed in for 1min. This is followed by a ‘5C

homeopathy’ series of water baths to purge the acid.

The etch produces by-products AlF3 which dissolves in water, and Al(OH)3 which can be
cleaned with KOH [77, 161, 206, 207]. A bath of 130% KOH (by weight) to 2 water, to get a
~ 20% KOH (by weight) solution?, for 1 min was used for cleaning. This was again followed

by series of water baths. The overall usefulness of this step was questionable, however.

Through some interaction of the aluminium gallium arsenide, chlorine etch, and /or hydroflu-

oric acid, some unknown brown debris often persisted in open regions or along edges as seen

2. KOH has about double the density of water.
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Figure 4.8: Carbon dioxide phase diagram [210] with drying pathway shown going around
the critical point.

in Fig. 4.7. This waste product, possibly aluminium or gallium oxides, can be cleaned up
with a hydrogen peroxide (HoOs) followed by potassium hydroxide (KOH) bath [208, 209]
but this also eats in to the GaAs causing an extra ~ 20nm of damage and thus was not
performed. Lower concentrations or durations might be able to make this cleaning work but
it’s unlikely as the etch is digital based on the HoO9 penetration into KOH. A solvent based

clean of toluene, acetone, methanol, and isopropanol provided negligible cleaning.

Perforated regions of GaAs were found to exhibit cracking from stresses encountered during
the release process. To remedy this, perforated regions (e.g. snowflakes) to be released
were surrounded by open areas and connected with bridges. These bridges, with a zigzag
or serpentine spring-like design, provided some flex for the plate as it underwent release,
mitigating the formation of cracks. Additionally a secondary release trench surrounding the

released areas proved to be effective in limiting cracks and flaking in the outer top layer.

Throughout the release process, the sample must remain submerged in liquid as surface

tension forces from evaporation is enough to collapse the suspended layer.|211] To take the
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chip out of liquid it goes through a carbon dioxide (COg) critical point dryer (CPD). This
process involves replacing the liquid with cooled liquid CO9, and then heating under pressure
to put it in a superfluid state, which can then be vented. By going around the carbon dioxide
critical point (304K, 7.88 MPa) there is no destructive evaporative phase transition. The
phase diagram for carbon dioxide and the drying pathway are shown in Fig. 4.8. When
using the CPD, it is important to have a long enough hold time at the peak temperature to
ensure the fluid comes into thermal equilibrium above the critical point, out of an abundance
of safety, 12 minutes was used for this hold. If using an apparatus to hold the chip in the
chamber, it needs to allow for drainage. Additionally, bowls were sometimes observed to

collect carbon dioxide clouds.

Throughout the whole release, cleaning, and drying process, some chips were held upside
down in the bowls with the goal to avoid any suspended particulates from falling on the

surface. It is unclear if this actually provided any benefits.

Further cleaning can be done with a strong, hot oxygen plasma ash to which the suspended
GaAs is resistant. This is particularly useful for removing small dust-like particles that can

be deposited by the CPD. A completed fabricated chip is shown in Fig. 4.9.
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Figure 4.9: Photograph of a finished chip.
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CHAPTER 5

Measurement

This chapter covers the optical measurements carried out on optomechanical crystal res-
onators in order to determine their optomechanical coupling rate. Upgrades were made to
the existing setup to better lock and track resonances, and calculations updated to remove

approximations and use more accurate spectral densities rather than idealized powers.

5.1 Thermal optomechanical signal

At room temperatures, microwave frequency mechanical resonators have ~ 1000 phonons.
Through the optomechanical effect, this ambient vibration oscillates the optical resonance
frequency, and if the side of this resonance is probed by a laser, the transmission will exhibit
a modulation at the mechanical resonance frequency that can be detected using a spectrum
analyzer, illustrated in Fig. 5.1. The full derivation of this effect is carried out in App. L
and leads to the mechanical thermal spectrum being captured in the spectral density output

of a photodetector,

N Y
Sxx(w) 3 T(wr;w) gom” Rl
v (w—wm)” + (Tm)
optical N — _
transmission thermal mechanics

where T(wy;w) is a complicated transmission function that incorporates the entire optical

setup and optical resonance itself.

In order to determine the optical transmission factor, we can use a calibrated phase mod-
ulated signal (see Sec. A.10.1). Conveniently, if we weakly phase modulate our laser with

frequency fg and amplitude Ag, the resulting signal picked up by the spectrum analyzer
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Figure 5.1: Diagram depicting the influence and measurement of a mechanical resonance on
an optical cavity. The mechanical mode vibrations alter the optical cavity length and hence
optical resonance frequency. Probing the steepest part of the transmission curve reveals
oscillations at the mechanical resonance frequency. A fast photodetector and spectrum
analyzer is able to resolve this signal.

contains the same transmission factor to leading order in Ag. Also worked out in detail in

App. L, the measured power is

Given a phase modulation drive power, the resulting Ag can be calibrated as described in
Sec. 3.1.2. Choosing wg near wy, such that T(wr,; we) ~ T(wr,;wm) we're able to substitute

out the optical transmission factor and determine gon, by fitting the spectrum.

Following the math in Sec. L.5, if we fit our measured power spectral density1 (with quadratic

1. PSD; refers to the one-sided power spectral density (see App. A).

38



background as needed) to

PSD1(f ~ fm) = 5+ Cin + Cio (f = fn) + Co, (F = fm)?

A
(f - fm)2 + (a‘m)

the optomechanical coupling is then

o _ [Arsa’as?

One difficulty with this calculation is estimating the acoustic mode population ny,, in par-
ticular because the cavity temperature will be slightly above ambient temperature due to

laser heating. At room temperature, however, this should be a marginal effect.

5.2 Optical setup

The optical setup, described thoroughly in App. ¥, uses an infra-red laser and fiber optic
components with free space coupling vertically down to the chip that lines up with fabricated
grating couplers (see App. V). An intensity feedback system on the input side keeps delivered
power stable, and a phase modulator hooked up to a microwave signal generator provides
the calibration signal. On the output side, an erbium doped fiber amplifier and tunable
filter take the optical signal to a high bandwidth photodetector that can resolve microwave

frequency signals, passing them to a spectrum analyzer.

Taking place in an ambient room environment, the device under test and entire optical setup
are prone to thermal drifts. This leads to both the optical resonance drifting in frequency,
and the overall transmission varying. For prolonged measurements we need to be able to
track the optical resonance whilst we probe its edge. To do this whilst compensating for

varying transmission, a second harmonic dither lock system was implemented. Described in
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App. T, this method oscillates the laser frequency at some rate wgjther Such that

Wi, = W + Wither Sin[Wdither t] ;
amp

and interrogates the transmitted signal at 2 wgiipher. At the resonance inflection points, i.e.
the edges we wish to probe, the 2nd derivative, and hence this signal, should be zero. Using
a feedback system to adjust the laser frequency until this signal is zero allows the inflection

points to be tracked regardless of any transmission fluctuations.

Whilst the dither lock is able to adequately track the optical resonance, varying transmissions
and hence measured powers at the spectrum analyzer makes long scans unreliable. Thus
we generally want to take reasonably quick single scans (~ 1min) that capture both the
phase modulation signal and thermal mechanics, and then do any averaging or statistics
ourselves. To make an accurate measurement of the monotone phase modulation signal, we
use a resolution bandwidth much greater than the frequency step size such that the signal
convolves with the spectrum analyzer windowing and can be fit to the window function.
This method, detailed in Sec. A.12, uses more data to determine the signal power and avoids
the imprecision of a single bin measurement with unknown window location systematics. As
the optomechanical signal is thermal, it doesn’t suffer a signal-to-noise hit by increasing the

resolution bandwidth.

An extra complication with faster spectrum scans is that the time dependent dithering
becomes resolved. In particular, when measuring the phase modulated signal with a single
scan, oscillations at wWyither/Vscan, Where vscan is the scan speed in Hz/s, can be observed. For
any individual sweep the relative start time and hence phase of this oscillation is random,
so averaging will suppress its effect. For analyzing single scans however, we can account for

this in our fitting. If the spectrum analyzer frequency bin fqp = f1 + vscan t and wyjther 1S
amp
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Figure 5.2: Dithering imprint on a single spectrum analyzer sweep over the phase modulated
signal expressed by the windowing function. Both fits give the same value Py, = 2.21124nW.

small, we can perform a linear expansion

Pi(fsa) = (Pfde:wO) w(fsa; fo)

dP L TWd;
+ (d—fq" ) Wdither W(fsA; fo) Sm[m fsa + 9]
WL, lwr,=wo amp Uscan

2
+bg(fsa) +O [wdither]

amp

2 log[lO]]

2 log|10
= Pp, VL 2 log[10] eXp[—(ﬂb — fsa)*L “RBW?

5w

9 2 log[10]

2 log|10
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5T

+CY +Ch (fsa — fa)

+ By VL ]sin[27rTfSA + 0]

for a Gaussian window, where Bg, C%, Cé, T.0, Py, are fit parameters with T = fdither/Vscan-

The scan start relative to dither phase is random so 6 will be a random phase for each scan,
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averaging over scans will then take sin — 0. An example wide-RBW spectrum analyzer scan

over the phase modulated signal with dithering, along with fits, is given in Fig. 5.2.

To resolve the thermal spectrum in a single scan, we capture the maximal amount of fre-
quency bins (40 000) and perform a moving average of 100 or 200 points in offsets of half

that.

With a large number of individual scans and measurements, we generate enough statistics to
make an estimate of the optomechanical coupling. Assuming it has a fixed ‘true’ value across
a set of measurements we can perform a weighed mean (see App. ®). This statistical process
can account for unknown uncertainties inherent in the measurement process. To separate
systematic uncertainties from statistical uncertainties when combining measurements we

express the optomechanical coupling in the form

- fo Ag AT fm
M VkpT/h \ dem Py

|
D

The second factor, D, contains all the parameters from fits on an individual scan and each
scan is an independent measurement. Thus, this factor can be combined in a weighted mean
over all the scans in the run and will contain all the statistical uncertainty. Temperature, T,
and phase modulation strength, Ag, have systematic uncertainties that are correlated across

all scans in a run, and are included once to ascertain gom.

The data taking process is highly automated with a series of scripts that set power levels,
find the optical resonance, calibrate and engage the dither lock, align the optical filter, adjust

the amplifier pumps, and take spectrum scans.
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Figure 5.3: Transmission and reflection plots through (left) device A and (right) device
B. The highlighted dither interrogation regions, colour coded to the red inflection, peak,
and blue inflection, are estimates of the dithering regions covered during optomechanical
measurements. Device A has f, = 194.5 THz, Q% ~ 4300, ﬁé ~ (.50, Qg ~ 8600. Device B
has f, = 194.8 THz, QL ~ 3900, 5} ~ 0.15, QY ~ 5100.

5.3 Nanobeam resonators

Preliminary tests of optical setup and optomechanical measurement process were carried out
on gallium arsenide nanobeam resonators. These one-dimensional optomechanical crystals
are much simpler to make and have proven results; with minimal optimization, couplings
comparable to others’ work were able to be achieved [122, 123, 157|. A complete description
of the nanobeam design and measurement is available in App. A, the optomechnical coupling

rate was ¢, ~ 600kHz.

5.4 Vertebrae resonators

Two particularly good ngefect = 1 vertebrae resonator devices, as described in App. Z,

with loaded optical quality factors Q(I; > 3500 were extensively measured. Ironically, their
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favourable optical properties were attributed to rupturing during the release process that
contorted the suspended optomechanical crystal plates out of the plane. This put the res-
onators vertically higher above the bulk substrate than usual, contributing to lower loss.

Their optical profiles are given in Fig. 5.3.

Optomechanical coupling measurements were made from the thermal mechanical spectrum
with plots in Fig. 5.4 and Fig. 5.5. Spectrum analyzer data were assumed to be precise
measurements of a noisy source signal with distribution (see Sec. ®.3.4). The coupling rates
measured were g,, = (649 + 8)kHz and g, = (441 £+ 6) kHz, comparable to nanobeam
resonators fabricated. Determination of these values is dependent on the mechanical mode
population 7y, which was calculated from an estimation of temperature T = (295 £+ 3) K

based on ambient conditions.

Monitoring of the optical setup is carried out over the course of the scans. Fig. 5.6 plots

experimental parameters during the scans presented in Fig. 5.4.
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Figure 5.4: Device A measurements. (Top left) full power spectrum measured during a
single scan. (Top right) a single power spectrum with 200 point moving average showing
the thermal mechanical spectrum. Dark shading around the trace represents uncertainty in
the averaged value, light shading represents the scatter standard deviation of the source.
(Bottom left) power average of 100 scans with baseline adjustment and 100 point moving
average. Uncertainty in mean is imperceptible, and the light shading shows source scatter.
Fitting to this produces ¢, = (629 + 9) kHz for the red inflection, and ¢, = (668 + 9) kHz
for the blue inflection, with Qn, = 600+4. (Bottom right) optomechanical coupling measured
from each individual scan. The weighted means are ., = (625 + 8) kHz for red inflection
points, and ¢, = (665 £+ 9) kHz for blue inflection points.
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Figure 5.5: Device B measurements. (Top left) full power spectrum measured during a
single scan. (Top right) a single power spectrum with 200 point moving average showing
the thermal mechanical spectrum. Dark shading around the trace represents uncertainty in
the averaged value, light shading represents the scatter standard deviation of the source.
(Bottom left) power average of 100 scans with baseline adjustment and 100 point moving
average. Uncertainty in mean is imperceptible, and the light shading shows source scatter.
Fitting to this produces ¢y, = (471 +9) kHz for the red inflection, and ¢, = (461 + 8) kHz
for the blue inflection, with @ = 1279 + 18. (Bottom right) optomechanical coupling
measured from each individual scan. The weighted means are ¢, = (445 + 7) kHz for red
inflection points, and ¢, = (438 + 7) kHz for blue inflection points.
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Figure 5.6: Monitoring the feedback control systems (see App. %) during the series of scans
for device A.
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Figure 5.7: (Left) Spectrum fit A for different powers measured at the blue and red inflec-
tion points over the linear operating regime of the fast photodetector. Solid line is a fit
t0 Pyelivered - (Right) optomechanical couplings calculated for each individual scan. The
weighted average produces ¢, = (620 + 8)kHz. Delivered power is an estimate of the
power leaving the V-groove to the chip based on the input power feedback control setting
and includes systematic uncertainty.

5.4.1 Power dependence

Extensive power dependent measurements were made of device A and are plotted in Fig. 5.8.
From App. L we expect the thermal spectrum ‘height’ A to be proportional to Pielivered>-

Plots of A and ¢, are given in Fig. 5.7.
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Figure 5.8: (Top) measured power spectrums from varied input powers with a 200 point
moving average. The phase modulated signal is visible at 4505 MHz. (Bottom) spectral
densities for a selection of input powers, plotted with background subtraction to be overlaid,
and with a 200 point moving average. Shading around the traces represents mean uncertainty.
Fits to the power spectral densities are shown in black dashing.
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5.4.2 Double paddle

A double paddle, ngefect = 2, vertebrae device with mechanical mode splitting of 13 MHz

was also measured with results given in Fig. 5.9.
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Figure 5.9: Double paddle device measurements. (Top left) optical transmission and re-
flection. Fits produce f, = 194.4THz, QY ~ 4950, 8! ~ 0.16, Q¥ ~ 6500. (Top right)
power average of 100 scans with baseline adjustment and 100 point moving average. Fit-
ting gives ¢o, = (444 + 10) kHz and Q@ = 1037 £ 25 for the lower frequency peak, and
fom = (505+8) kHz and Qp, = 905+ 13 for higher frequency peak. (Bottom) optomechanical
coupling measured from each individual scan. The weighted means are g, = (379 + 6) kHz
for the lower frequency resonance, and ¢, = (445 + 7) kHz for the higher frequency peak.
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CHAPTER 6

Conclusion

Here we discuss our findings and propose future steps for development.

6.1 Results

After much toil, a quasi-two-dimensional optomechanical crystal resonator was made in
gallium arsenide using the vertebrae cavity design [152]. Optomechanical couplings exceeding
500 kHz were measured, making them as good as one-dimensional nanobeam resonators
tested. Further optimizations to the design and fabrication process can likely improve on

this value.

While a rigorous assessment of the two-dimensional heat conductance properties of our de-
vices would require cryogenic temperatures, the advantages of two dimensions were con-
firmed in the silicon vertebrae device of Ref. [152]. It’s worth noting that power dependent
non-linearities that warped the optical resonance of the one-dimensional nanobeams at high
powers, thought to be attributed to having separate waveguide and cavity structures, were

not observed in the two-dimensional vertebrae resonators.

The most encouraging result of this work is the frequencies that a gallium arsenide two-
dimensional optomechanical resonator can target. Whilst supporting an optical resonance
frequency of 194 THz for infra-red fiber connections, the mechanical mode resonance fre-
quency is ~ 4.5 GHz, ideal for interfacing with superconducting qubits [212]. Silicon two-

dimensional optomechanical resonators have mechanical resonances ~ 10 GHz [152, 178].

Whilst it’s impossible to make a quantitative statement, it seems likely that a 1 um suspen-
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sion clearance (less than our vacuum wavelength ~ 1.5 um) is too low and contributes to

significant optical loss.

6.2 Next steps

Clearly quantum microwave-electronic to infra-red optic transduction did not occur so there
is still much to do. The three major milestones down that road are: improved optical quality
factor to enter the sideband resolved regime, electromechanical integration, and cryogenic

operation.

6.2.1 Design optimization

There are a lot of dimensional design parameters and geometric tweaks that can be made in
the vertebrae design. With our computing architecture, simulations of a vertebrae resonator
take ~ 1hour. Many possibilities described in App. Z received only cursory attention. A
thorough optimization would require significant computational resources but could poten-

tially improve the optomechanical coupling by tens of percent.

Furthermore there is plenty of room to get creative with the design, perhaps some way to
have the cavity paddles more connected to avoid mode splitting. Or an entirely different

quasi-two-dimensional design.

6.2.2 Fabrication

Gallium arsenide is a challenging material to work with when it comes to electron beam

lithography. An alternative resist or excruciating HSQ handling requirements will be needed
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to achieve nanometer level consistency. Meticulous fine tuning will be required for ngafect > 1

single resonance multi-paddle vertebrae devices.

Wafers with a thicker sacrificial aluminium gallium arsenide layer should be tried. Further-
more, a lower aluminium concentration, down to 70%, may produce less by-product and
slow down the release to be more gentle. Recent gallium arsenide nanobeam optomechanical
crystal experiments used 3 um of Aly7Gag 3 As and achieve Q% — 3.3 x 10* [128]. With a
gentler release, the serpentine tethers can be removed for more thermal conductivity between

the optomechanical crystal plate and remainder of the chip.

6.2.3 Edge optic coupling

Grating couplers and transmission through the device are convenient for development, but
transitioning to edge coupling and a reflection based measurement setup will eventually be
needed. Described briefly in App. V, tapered beam waveguides to tapered optical fibers

provide superior optical coupling.

This approach also allows excess suspended beam waveguides to be removed, and in partic-
ular the tethers holding them up that can be a source of both optical and mechanical loss.
If the acoustic cavity can be supported only through strongly impeding phononic crystals,
such as the cross shielding [179], very high mechanical quality factors are obtainable. It
might, however, still be preferable to have a long suspended beam waveguide to keep the

main cavity out of the direct path of the laser [117].

Additionally, a one-sided optical coupling allows the other side of the vertebrae waveguide
to be used for electromechanical coupling. This would avoid the need to go through the

snowflakes with the partial waveguides mentioned in Ch. 3.
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A significant downside is the number of accessible devices on a chip. Improvements in

fabrication reliability will mitigate this problem, however.

6.2.4 Cryogenics

Temperatures below ~ 100mK are needed to put the acoustic resonator in to its ground
state. Moreover, everything should be better at cryogenic temperatures, particularly quality

factors. Vacuum and thermal stability will also help with measurement precision.

The major challenge for cryogenics is optical coupling. Dilution refrigerators with optical
fiber ports are now commonplace but aligning the fiber with the device is difficult. That
being said, cryogenic optical coupling is now routine for many labs [213|. Its likely desirable

to develop edge coupling first so as to avoid future re-engineering.

At cryogenic temperatures we expect gallium arsenide to contract by about 1 part in 1000
(see Sec. M.1.6). This will shift resonances around but not enough to be problematic. It

does, however, limit the amount of pre-cool-down alignment that can be done.

6.2.5 Electromechanics

Transduction of the acoustic vibrations into an electrical signal is a fundamental component
of the full device. Assuming that one-sided optical reflection measurements are successful, it
will likely be preferable to have the acoustics use the other side of the vertebrae waveguide. A
leaky mechanical partial waveguide [122] can connect the resonator to either a small electrode

pad or large interdigitated transducer array.

One complication will be the choice of electrode metal. Aluminium is often used for its

superconductivity and simple fabrication techniques but is attacked by hydrofluoric acid
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and thus incompatible with our release process.

Once there is an electric connection, a superconducting qubit can be fabricated on a separate

substrate and integrated with a flip-chip architecture [214].

6.2.6 Multi-mode

Defect cavity paddles with slightly different resonances could potentially be a feature. It
might be possible to create a broadband transducer, investigate dual mode behaviour [215,

216] or implement a chiral network [217].

6.2.7 Other

If optical quality factors remain mediocre, a secondary optical cavity, e.g. a gallium arsenide

micro-disc, can be used to create effective sideband resolved dynamics [218].

One could also try alternative optomechanical coupling measurements using Hopf Bifurcation

that avoids thermal population uncertainty [219].
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APPENDIX A

Electromagnetics

A.1 Maxwell’s equations

The infra-red optical field occupying our cavity and traversing the photonic crystal is de-

scribed by standard electrodynamics. With the following field definitions over position ,

— — — —

E D H B
lecti electric magnetic magnetic
electrie displacement & flux density

—

b J ;
free charge free current
density density

we have Maxwell’s equations in matter [220],

V-D=), V-B=0,
— — a — = — a — =g
VxE=—-—B, VxH=—=—D+J
ot ot
The fields are related via material properties
€ij Hi j ,
permittivity permeability
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in non-cross coupling materials! by
D;=¢e;; B, B; =y H .

If the material is piezoelectric (see App. B) these are modified to include fields generated by

strain.

With space-time metric g, = diag[l,—1, -1, —1], we can write Maxwell’s equations in

terms of the electromagnetic field strength tensor, and its Hodge dual?,

0 —Ez/c —Ey/c —E,/c
(FO‘B): Ex/C 0 —-B, By 7 Gaﬂ:(*F)aB:%eaﬂ’y(Snyé,
as
On FOP = g JP 0n GP = 0.

A.2 Wave equations of motion

In an isotropic (¢;j = €6; j, p1;; = 1 J;j), homogeneous (J; e = 0, J; u = 0), non-dispersive

(S[e] = 0, S[u] = 0), non-conducting (J* = 0), source free (b = 0) material, we can

1. Media that are bi-isotropic or bi-anisotropic have additional cross couplings between electric and mag-
netic fields.

2. Here, € is the Levi-Civita symbol.
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Figure A.1: Interface between materials A and B.

substitute within Maxwell’s equations to obtain [220)]

2

0 0 0% i _
o Mt T
0 0 2
o MeoE 70

with complex fields over position 7.

A.3 Interfaces

At the interface between two materials A and B, with normal vector 745 defined to be

going from A to B as depicted in Fig. A.1, the electric and magnetic fields must obey the
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following boundary conditions

ﬁABX(EB—EA)ZO, ﬁAB'(ﬁB_ﬁA):bSa

fiapx (Hp—Hy) = Jg fiag- (Bp—Ba) =0,

where bg is the free surface charge density and J g is the free surface current density.

A.4 Conductor symmetries

The symmetry condition for electromagnetic fields is (see Sec. D.6)

S-E[f]=sE[S-7], CH[F] = - sH[S-7] .

nn

At the origin of the symmetry, the fields must be eigenvectors of the symmetry matrix S

with the corresponding eigenvalue,

n

- E|0] = s E[0] S-H[0) = —sH0].

60



In general, for a 7 mirror symmetry, at the mirror we find

Eli E-i=0
s=1 = = ,
H| 7 Hxi=0
E| Exii=0
s=-1 = =
H1li H-i=0
Comparing this to our interface conditions, s = —1 corresponds to EB = (0 and EB =0,

i.e. an electrical conductor, and thus this boundary condition can be used to enforce mirror
antisymmetry. For the other situation of s = 1, the mirror symmetry is enforced by a

theoretical magnetic conductor.

A.5 Periodic boundaries

The infinite repeating pattern of a photonic crystal can be reduced to a single unit cell with
periodic boundary conditions following Floquet’s theorem. For a lattice vector @, which will

go between the boundaries, and a particular wavevector /2, the fields obey

— —
— . —

E(@+a) = E@) e Fa HZ+ad) = H@@) e ke,

Note that applying a change of coordinate system ¥ — ¥ —a to the wave equations, following

Sec D.3, yields
— —F(Z+a)+pu(@+a)e(f+a)wE' (F+ad) =0,
oxJ ox)
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and for a periodic material u(Z + @) = p(Z), (7 + @) = (2),

0% B34 @)+ (@) () w2 (F 4+ d) = 0,
oxJ oxJ

implying E(Z + @) oc E(Z) and likewise H (% + @) oc H(Z).
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APPENDIX B

Piezoelectrics

B.1 Piezoelectric equations

Various crystalline solid materials without inversion symmetry exhibit piezoelectric be-
haviour, where strains in the material generate electric fields and vice-versa. The relationship
between these quantities are given by material property coupling tensors. In the context of
continuum solid mechanics and electromagnetics, we have the following field definitions over

position x”°,

Qi €ij = 1 (@ + %) ol
2\ 0xJ ox’
displacement, strain stress
E D! :
. electric
electric displacement,

and material properties

i1jkl ijk
ct Si ikl € j e’ di ik
stiffness compliance permittivity piezoelectric plezoel(.ectrlc
stress strain

Piezoelectricity provides an extension to Hooke’s Law. Using Einstein summation notation,
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the relations in stress-charge form are [221|
Uijzcijklekl—ekijEk, Dkzekijeij—i-sklEl,

where the compliance is defined for constant electric field and the permittivity is defined for

constant strain. In strain-charge form,
=il dy, B Dy =dy,; ;0" E!
€ij = S8ijkl0 T dk; ; k=0kijo0 " e L,

where stiffness is defined for constant electric field and the permittivity is defined for constant

stress. The two forms are related by

b b L jkl kij k bij
(6%6% +0%4%) , s ik =6, et =d 0t

N | —

abij
ot Sijed =

The material property tensors exhibit symmetries

) kD) e

: S((i5)(k1)) - : di; (i j) »

and thus can be written as matrices using Voigt notation (see App. G). The stress-charge

form is then

I
Il
I
[
|
[Iod:
—
|t
IS
Il
[l
[
+
1)
It

and the strain-charge form is

[}
|
[
I
—‘f_
IS
&5
IS
|
1.,
I
+
[1cn
&5
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with relations

[
|
12,
1o
1o
_l
|
1o
[l
_|
|
[l

o

15}
|

&

B.2 Isotropic materials

[sotropic materials have only two independent quantities, with various names for different

combinations of them.

S
E = -, 14 = — # s
511 _ 511
Young’s Poisson’s
modulus ratio
L s 211
K = = =C M =Cc
S44
shear pressure
modulus modulus
11 12
. ctt+2c¢
A — 2 , K = 3 ,
1st Lameé bulk
parameter modulus
and some example relations are
E=3K(1-2v)=2u(l+v), M=X+2u.
For acoustic waves, some speeds are
Vacoustic =V K/p . Vlongitudinal wave = M/p, Utransverse wave — /o
phase velocity phase velocity

gas
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where p is material density.

For cubic crystals, such as GaAs, one can define an anisotropy factor

2 544
A 11 A2
ctt—¢
anisotropy
factor

which is equal to one for true isotropic materials.

B.3 Vibration equation of motion

The equation of motion for a vibrating solid is [222]
? 0 ’
e VR R
Pz — 50 :

where F' is external force.

For a harmonic oscillation with no external forces, Q(Z,t) = %[Q(f) e_i“t], we get
; il 0 0 0 0 o0
a2 agkl Y O = v = kij Y =\
pw’ Q&) — S (5T Q@) + = Q@) + T B (@) = 0.

with complex fields over position 7.
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APPENDIX C

Optomechanical coupling

C.1 Origin

The optomechanical system Hamiltonian can be formulated as the combination of an opti-
cal simple harmonic oscillator of angular frequency w, and a mechanical simple harmonic

oscillator of angular frequency wpy, [138],
. U .
Hunc = hCL)O a' a + 5 + th b b + 5 3 (C].)

where @ and b are the annihilation operators for photons and phonons respectively.

This system is most basically modeled as a one-dimensional Fabry-Pérot cavity with one
mirror attached to a spring (Fig. C.2). For a mechanical harmonic oscillator in one dimen-
sion, the phonon creation and annihilation operators are related to the displacement (from

equilibrium), x, and momentum, p, operators by

e O 0) e ()

where meg is the effective mass. The factor appearing in 2 is often called the zero point

/ h

The resonance frequency of the optical Fabry-Pérot cavity depends on the length, which in

fluctuation,
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turn depends on the displacement of the spring-mirror. For a small perturbation we can

make the Taylor expansion

Using this first order expansion we can make the substitution into (C.1)

x \ 2Meggom @

where the new wo = we(0) is the equilibrium-position optical angular frequency.

Our first order coupled Hamiltonian is now
; ato s L AT ata 1Y (bt 4i
H = hwo a'at g + hwm bb+§ + R gom a'a+ g (b +b), (C.3)

where the optomechanical coupling between a and bis

/ h A
Jom = 5 wo() . (C.4)
Meff Wm T

For a one-dimensional system such as the Fabry-Pérot cavity, where wo, oc 1/length, this

approximation is valid for x « length. In this regime we find Awq(x) o .
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C.2 Phasors

When using the frequency domain it is helpful to work with phasors. For our one-dimensional

mechanical simple harmonic oscillator
z(t) =R [X eTlwm t} = R[X] cos[wm t] + S[X]sin[wmt] @ XeC,
noting that max|z(t)] = | X].

For a vector field such as solid displacement

Qi(ﬁt)za%[@i(f’)e—iwtnt] . Qi eC.

C.3 Bra-ket notation

To simplify equations we use the following bra-ket notation. For a vector field ¥(7) € c?

over 7€ R3, and scalar field s(7) or 2-tensor field #(7),

<mﬂ®=fMﬂ%®w®fﬂ

v

CHDES FONIGRGESS

Vv

C.4 Effective mass

For a simple one-dimensional system such as the Fabry-Pérot cavity with a spring-mirror as

described above, the effective mass is just the mass of the moving mirror. When dealing with
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a three-dimensional acoustic resonance of a solid object we need to derive what the effective

mass is. The mechanical system Hamiltonian is

5 ~+~ hw P> Meff Wm> 22 hwm
Hy = B b1 b m c
R Y > T
Classically, the potential energy is
U(t) = T a(r)?
2
with a peak value of
Meff Wm2 2
Un = max[U(t)] = — | X]= . (C.5)
For a solid acoustic resonance, the peak potential energy is [222]
o2 ) e wm? Al | A
U = 5= 307 Q)" Qu(r) & = 5= (G 0| @) - (C.6)
\%4

Equating the single particle (C.5) and solid (C.6) potential energies, we find

(Qlp@)
meﬂ = |X|2 )

or using (C.2),

7o X

Lopt = —F—=——0 -
\/<Qlpl@)
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C.5 Three-dimensional mechanics

To go between our one-dimensional quantum mechanical SHO, z, and three-dimensional

time harmonic acoustic resonance, with displacement field Cj, we make the parameterization
Qi(7,t) = ¢;(1) x(t) . (C.8)
We can extend this to the phasors representation via

R| QiR eTiemt] = () R | x Tt
= |Qi(P) cos [arglQu(M)] — wm t] = ()| X] cos [arg[X] — wun] |

= |Qi(r)] (cos [arg[Qi(M)]] cos|wm ] + sin [arg[Q;(7)]] sin|wm t])

= ¢; (") | X (cos [arg| X]] cos|wm t] + sin [arg| X]] sin[wm ]) ,

= (1Qi(M] cos [arg[Qi(7]] — () | X] cos [arg[X]])
— —(1Qu(P sin [arg Q3 (M]] — g;(7) | X | sin [arg[X]]) tan(wn )

By separation of variables this would give us tan(wp, t) is constant but this is obviously not

true, instead our only other option is

|Qi(7)] cos [arg[Q;(7)]] = ¢;(7) | X[ cos [arg[X]]
|Qi ()] sin [arg[Q;(M)]] = ¢;(F) | X] sin [arg[X]] .
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And, if we take the first equation and add the second equation multiplied by i, we arrive at

Qi(M=q(MX : Qi(reC, XeC, ¢(r)eR. (C.9)

The linear approximation requirement of x « length is now equivalent to |@| « acoustic

solid length scales.

C.6 Three-dimensional optics

If an optical cavity {e(7), u(7)} with resonance {E(7), H(7),wo} undergoes a material per-
turbation to {¢/(7), 1//(¥)} with new resonance {E'(7), H'(7),w,'}, the change in frequency is
220, 223

Ao, v (B f)Aem>E’-<f>+Hz~<f>*Auij<f>H;<*>)d3f
d

_ (E|Ac|E") + (H|Ap|H)
(E|e|E") + CH|ulHT)

where Awo = wo' — wo, Ae(7) = &'(7) — e(F), and Au(7) = p/(7) — (7).

We now consider a small perturbation with Ap(7) = 0, H'(7) = H(7), and wo' ~ wo. We can
decompose E(7) into two orthogonal vector fields, E(7) = El(7) + EL(7), such that Ell(7)

and D (7) = (7) - E*(F) are smooth everywhere, in patricular over the material boundary.
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For a small perturbation then, E'l(7) ~ El(7) and D'+ (7) ~ D+(7), and we get

Awy  (BIENEy - (Blel By
wo (Bl + (H|ulH)

(EWN By 4 (DL e 1 Dy — (Elle| E'Ily — (DL =1 D'y
(Ell|e|E"Ny + (DL |/ =1 DIy + (H || H

__ (BNEEy + (BHBY — (Bljel Bl — (BYe Y BY
BV ET) + (DL =115L) + (|l

(ENAe|EIly — (DL A1 D)
(DAY DLy + (E|e|Ey + (H|u|H)

Now
<E ‘ e ‘ E> - <ﬁ ‘ 0 ‘ ﬁ> > (DA DLy

Thus

Awo =~

—wo <<E'|As|E“>—<5L|Ae—1|ﬁL>> (©10)

2 (Ele| £

C.7 Optomechanical coupling

Substituting (C.7) and (C.10) into (C.4), we get

El> - <5i

Wo

h
2 Vo X ( .
Jom = — — m_» = <EH
(@1p|@) (Ele| B

AeL(t)
x(t)

Ac(t)
(t)

ﬁi>> . (C11)
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Figure C.1: Moving boundary of an acoustic solid volume.

Here we’ve used V' to denote all three-dimensional space, but note that p is only defined over
the solid domain S < V. It should also be mentioned that the optomechanical coupling gom

is an angular frequency, the optomechanical coupling rate is typically quoted as 3%.

C.8 Moving boundary effect

The most obvious cause of changing permittivity in an acoustic resonance is the moving
boundary of the solid. At optical frequencies much higher than the mechanical frequencies
this shifted boundary can be treated quasi-statically. If we have a volume, the acoustic solid

S, with uniform permittivity inside of 4 and a uniform permittivity outside of eB , which
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shifts to a new volume S’, as depcited in Fig. C.1, the change in permittivity is

0 (FeS) A (F
Ag(F)=<0 (7 ¢ S) A (F
ed — B (7 ¢ S) A (F
eB ¢4 (FeS)n(F

Putting this into an integral over the whole space V,

Tf Ae(F) f(F) d37 =
5

\

\

.
fEA—CSA-F

V\S

~
j‘€A— 8A+§€B—

S/

i

SI

[QL{‘\

Vv

A_ By i(gA N GEGE
S

\S

i
SI

f eB — ieB F(7) 37

fsBJrfeB f(

\%4 S

—

) 37

The volume S’ at any point in time is defined from the displacement field of the acoustic

solid,

S'(t) = {F+ Q1) e 5} ,

thus an integral over S’ can be mapped to an integral over S using the Jacobian J(7,t),

§ roatr -4 (e

S (t) S

_l’_

d

(7 0) 1TEOI 7, (1] = det

5

F <F+ a(F, t))

0

=



Hence

We now want to take Q;(7,t) = ¢;(7) x(t) and expand out for small x. The elements of the

Jacoblan matrix are

thus

J(7t) =T+ x(t) <ag’?> :

For small z(t), the determinant can be expanded out as

|J (7, )] = det []1 +a(t) (%)] =1+a(t) tr [a@(f)] +O[z1)]? .

For an arbitrary function f, the expansion for small x is

0 f(r)
6rk

FF+ @) x(t) = f(7) + 2(t) g (7) +Oz(1)* .

Substituting these expressions into (C.12) and keeping only terms up to first order in z,

;ng(f’) F(7) d37 ~ i(gA . EB) (1) (qk(F) oI, da(r) f(?)) &7 (C.13)

aT’k &rk,
% S
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By the Divergence Theorem, this is equivalent to

4 (5A - 53) o(t) £ (7) qi(F) ng (7) 427,

0S

where 77 is the normal vector to the surface of the solid, and f is continuously differentiable

over the neighbourhood of S.

Replacing f(7) = El“ (m)* Ey (7)/x(t), restoring € to a tensor, and using (C.9), we find

< ol

and likewise with f(7) = DZTL(F)* DjL (7)/x(t) carrying out this process with =1,

Ac(t)
x(t)

E||> - = § Bl (e <B) Bl Qe ni() a7,
0S

Py -5 i DA (475 = (B)75) DHO) Qulr) () o

Putting this in to (C.11),

Wo h | X]|
gom = ——4[—— ——

MB 2 2wm X

0S

QO o QO BT F B () Ej (&7
14 Vv
(C.14)

The factor | X|/X = exp[—i arg[X]] ensures goyp € R. In this formulation £l and DL are

only calculated over the boundary of S where they are well defined and continuous.
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C.8.1 Moving boundary alternative derivation

An equivalent form for Ae/x is

A&“Z‘j(ﬁt) dé‘”(
x(t) da(t

\_/\.

Expanding this derivative

dEzy( 1) _deiy(7

Consider the interface of two permittivities (the boudnary of the solid), given by the set
0S = {Fg}, with e on one side and £Z on the other, and with a normal vector (perpendicular

to the boundary) 7i(7g) pointing from side A to side B, then

dew(

7 t)
dQ(7,t)

)

t
t

o (8 =B o177l ni(® .
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-L 0x

Figure C.2: A one-dimensional optomechanical system.
where z(t) = 0 is satisfied by taking 7g to be the equilibrium surface.

Following the same procedure for e =1 and putting everything into (C.11) we arrive at (C.14)

as expected.

C.8.2 Omne-dimensional equivalence

Consider the one-dimensional Fabry-Pérot optomechanical system Fig. C.2, of length L and
spring-mirror displacement x about r = 0, with permittivity 4 inside the cavity and B

outside. We wish to ensure

©CAe(r,x © de(r, 2’
[0 20D rpyar = [T gy
is equivalent when using the method of (C.13).
Following the traditional calculation, the permittivity is
A
€ r<w
e(r,z) = =EB+(EA—EB)(@[HL]—@[T—:C]),
eB r>ux

and taking the derivative with respect to z,

dsg;x) = (gA—gB) Slr—=x] .

79



Thus

JOO de(r,2’)

/
_o dz

F(r)dr = fooo (EA —53) 5[r] f(r)dr = (gA —gB) F0).  (C.15)

To use the method of the previous section, we first need to define an appropriate Q(r, )

that captures the mechanics,

Q(x): S=[-L,0] — S'z)=[-L,x]

0 —> T
—L — 0
r — T+ 5

that is, Q(r,z) =z (LZ"T), and hence ¢(r) = % Using this in (C.13),

jjooo AE(; ?) f(rydr = Ji)L (8A — 53) ((LZ r) 8]@?‘) + %f(ﬂ) dr
0

fir) dr+%JfL (f(?“) —i—r%ﬁn)) dr)

the same as (C.15).
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C.9 Photo-elastic effect

The strain induced from the deformation of a solid object causes the electric permittivity to

change slightly [224],

A<€r_1)ij = Pijki€kl (C.16)

where p is the photo-elastic tensor and e is strain. To use this expression we need to expand
out [gp + Asr]_l but this not straightforward as ¢, and Ae, might not commute. Instead

we use f(A+ B) = f(I+ A7IB)f(A) to get

-1
[er + Ag, ] = [H +e b Asr] et (C.17)

where we can expand out [I + &, 1 - Ag,]~! in a Taylor expansion for small £ - Ag,. as it

commutes with I,

-1 Al +sI]~t
[H+5T_1-A5r] =H+<%

) (st a) ot aa

s=0

and evaluate the matrix inverse derivative

-1
d(M+sT
dI+sI7 :_[]14_5]1]—1.@.[}1 8]1]—1 - 1.
ds ds s—0
s=0
Putting this all back together into (C.17),
[er + Aer ]t & (I[—et;l-Aér) et mel el Ay et (C.18)
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and substituting in the photo-elastic effect (C.16)

—EiaPabcd€cdCby

Ag; ;i =
(] 50

Thus

A&ij(ﬁt) _52'@(7_’») 5bj(7:))pabcd(7:») %d(ﬁw .

(1) £0 z(t)

Now, the strain can be converted into frequency domain form,

o) 1 (2(%67) 2 (%5
20 2\ Ty T an

=5 (T Tu)

1l (anm +ac2d<f>)
_X2 57"(1 57“0
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Thus

£(t) ];|>: X—Elo <E||‘g.(p;€).5‘gn>

- <= (B|w:0|D") .

The DL piece is much simpler, using (C.16) directly,
2505 - 2 (B0
< > X eg b

Putting this all together into (C.11),

gOm:@ h @60 6)‘D>
PR 2 V20m X 0610\ (Ble| B

1 . B }
P~ Ei(7)* €;0(F) Papea(F) €cali) ey (7) B () 37
wo [h 1X| ¥

2 V2wy X
jFQZ p(r) Qi) &7 fEi(f’)*%(F)Ej(f')d?’F

Vv

Y

noting that p is only non-zero over the mechanical solid so the top integral is only over the

domain S. If we assume the electric permittivity of our solid, 5‘4, is uniform and isotropic,
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E*| | E c

Figure C.3: Penrose tensor diagram of E} p; 1 €; £ evaluation.

we get
(=)
- sz(f)*Pchd(F) Ecd(f) E](F) dS'F'
_wo | R |X] 0o -
BET 2 Vown X o P e - .
Qi(r)* p(r) Qi(r) d°F E;(7) EZ](T) E; () d°r
v V
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C.9.1

tional solid mechanics Voigt notation (Sec. G.5), has the form [224]

Cubic(3) photo-elastic tensor expansion

For a Cubic(3) crystal (point groups 432, 43m, m3m)?, the photo-elastic tensor, in conven-

]511 }512 ]512 0 0 0
1312 ﬁll 1312 0 0 0
1512 ]312 1511 0 0 0
o o0 o0 p* 0 o0 ’
o 0 0 0 p** o0
0 0 i

in a coordinate system aligned with the crystal. We can contract this with the strain Voigt

vector to get

=1
AN
Mxl

e11+ 0 2ean+pt2ess

1. GaAs is F43m in 43m. Si is Fd3m in m3m.
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which is a contravariant (stress-like) Voigt vector. Applying an inverse contravariant Voigt,

i.e. stress-like, transformation

(Pabed€cd) =
Plert+ 512 (a2 +e33) 25 €9 271 € 3
21t ery Plega + 912 (e11 +€33) 251t egs
25t er g 2 ers Plegz+p' % (e11 +e22)

Thus, when dealing with isotropic permittivities,

Eo* pabed€cd By = E17 Er (1511611 +p 2 €9 +2512633)
+ Ey* By (1512611 +p e +]512€33)
+ E3" E3 (]512611 +p 2 e +Z511€33)
+ 2By By pttegs +2 B3 By pttens
+ 2B " E3ptteis+2B5" By ptters

+ 2B By ptteio+ 2By By ptters

= |By|? (1311611 +p' 2 ers +1312633)
+ Byl (1512611 +p'eas +I512633)
+ B3 (2512611 +5' % eg9 +;511633>
+AR[Ey" B3] p* Y ers
+AR[E” B3] p*ters

+AR[E Bol it ers .

86



A Penrose diagram of this evaluation is shown in Fig. C.3. This result differs from that of
Chan [225, 226], and its citations [167, 227|, where they incorrectly apply an inverse covariant

Voigt transformation to get (pgped€cd)-

C.9.2 Rotated photo-elastic tensor

If our material is not aligned with our coordinate system we need a more general expansion.
Whilst (EZ* Ej) is not symmetric (it’s Hermitian), its contracted with symmetric p, thus we

can write

Ea" Pabedeca By = (E?); p'7 &,

where

| Ey?
| E5)?

R
Il

2R[Eo™ E3]
2R[E1" E3]
\2R[E1" Ex]

is a covariant (strain-like) Voigt vector.

C.10 Electro-optic effect

Similar to the photo-elastic effect, the electric permittivity also responds to applied static

electric fields. At optical frequencies, for piezoelectric materials, this is the quasi-static
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piezoelectric electric field induced by the solid deformation. Denoting the static electric

field? as E, the electro-optic effect is [224]
-1 S S S
A(&‘T )ZJZTZJkEk +Sijk‘lEkEl s

where r is the linear electro-optic tensor, and s is the quadratic electro-optic tensor which

from here on will be ignored. Following the same procedure as the photo-elastic effect,

S
—EiaTabe L €bj
Agij = .

€0

For a piezoelectric material, if we assume ESoc@ then ES (7,t)/z(t) = ES(7)/X, and again

following the same procedure as the photo-elastic effect,

1 /- .
542 #)|5)
wo [ D @50< )

gom = - -
RO 2V 2em X G0l (Bl By
- Ei(F)* €;a(7) rap o (7) BS (7) e (7) B (F) A3
€0
_wo | h |X| v
-2 i |
’ iF Qi(r)* p(F) Qi(7) *F fEZ-(ﬁ*Eij(F) E;() d*F
4 %

where r is only non-zero over the solid.

In practice, the electro-optic effect from piezoelectric materials is orders of magnitude smaller

than the other contributions to gom and can be ignored.

2. The electric field appearing in the piezoelectric equations of Ap B.
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APPENDIX D

Symmetry condition

D.1 Origin

The symmetry condition equation occurs whenever a tensor field, F' obeys the Helmholtz

equation1

ApF[7] + k[P F[7] = 0,
and there exists a symmetry operation S € O(3) such that

B[S 7] = K] (D.1)

D.2 Change of basis

Before proceeding, we’ll need a quick summary of basis changes in a linear vector space.

Consider a vector space V with two basis sets,
A={A};, B ={Bi}; ,
such that for any vector e V,

= ATi Az = BTi Bi . (DQ)

1. A7 = VZis the Laplacian operator.
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We can define the transformation between A and B as Q such that the vector B} in basis A

is

and relating this to (D.2)

Thus for any e V,

VIR
which tells us
art = C el prt = (€
For the dual vector space we have
Ai() = art, Bi(F) = pri = (€Y a9

Then for any 7™ € V*,



L .
ari = prj (CT);, pri = arj 7 .

Extending this to a tensor of rank (P, Q)

n=1 m=1

P Q
1101 —1\in Im, ke -k
BTj i = (1_[(0 )an> [1ch ) am (D.3)

Note that if A and B have a cartesian metric, requiring C' € O(dim[V]), then (C_l)iz =

n

(CT)in i, = Ck, i, and the use of contravariant or covariant indecies is irrelevant.

D.3 Change of coordinate system

We will also need a summary of coordinate system changes and the induced bases of their
tangent spaces. Given a space M, with a coordinate system {ai}i, we can define the trans-

formation to a new coordinate system on M as
b' = D'({d"}y) | a = (DTH({bFY) |

where D is some function of the original coordinates. The metric for the new coordinate

system is easily calculated from

da’ ug; jda’ = dD'({a"}g) agi j ADT ({aF}g) = db' g, ;b .

A point p € M, can be expressed in terms of {4p'}; or {,p'};, and has a tangent space TyM.
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For each coordinate system, the tangent vector space has a natural basis

-9

ob'

i = 5
oat

p b

Following the transformation above and the chain rule, we find

g
oal
P

-9

ob*

_ _ oa’
p 0D ({ak}y)

p O

_aADTH ((phy)

. ob’

—

j .

Combining this with a tensor field F' of rank (P, Q) over M, using (D.3),

- P opin @ Hglm
F;lljzg [{bpk}k] = }:{1 Sk i Tl;ll i p AFZI?---ZC];P [{apk}k] 7

or if we denote

oD~ (1)
ob!

Y

¢, [{bpk}k} =

bk =ppk

then

Q

Q
(g, [uﬁm]) [T (| | ar ke [ @'t -
m=1

If a is a Cartesian coordinate system, and the transform D € E(dim[M]) is a Euclidean

transformation (also known as rigid or affine), then the coordinate system b will also be
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Cartesian. Furthermore we can write
o' = D'({a"}),) = R'jal + X',

where R € O(dim[M]), and determine

ob'

ﬁ — (C_l)i‘ — Ri' = Oi‘ — (R—l)i .

J i obJ J

This then gives us

pFi P [{bpk}k] _ (ﬁ Rin ) JFF ke [{(R—l)kébpl _ (R—l)kl )\z}k] _

D.4 Derivation

For simplicity, we’ll consider a Cartesian coordinate system on R®. Starting with the

Helmholtz equation,

¢ 0 pi

ori o N [{Tp}p] +k [{Tp}P] Fo [{Tp}p] =0, (D.4)

if we make a change of coordinate system and basis, S, we get2

6(527’“) z‘ (HSJ ) o [{(S_l)pqrq}p]
+k[{(s™ r(I}p] (H Sin ) Pl (s, = 0.

2. This change of coordinate system also applies to boundary conditions.
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Now by the chain rule,

a(sij gy =7 % ’
and using (D.1),
(574 g (57 (f{l S@) Pl [y, |
+ k [{())? (ﬁ sj;n> Pl (s, | =0,

which gives us

0 2 (Frgin ) phin [1(g-1yp a
peea Wl (S|

N .
k)] (H SJ;;) Pl s | <0,

n=1

or in some compacted notation

V2 (V- FIsTtA) 4 kR (8N FISThA) =0,

Comparing this to the original Helmholtz equation (D.4), we infer that if FJ1 "IN [{rP}p]

is a solution, then ( nNzl Sjl”n) Fhin [{(S_l)pq r1}p] is also a solution. If there are no
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S cee S cee

FO) | =+ F@

Figure D.1: Penrose tensor diagram for an involutory symmetry operator S with value +1.

degenerate solutions for the particular k in (D.4) we must have

and s € {—1,1}.

D.5 Result

For an involutory symmetry operator S, that is S-S = [, the symmetry condition on a

tensor field, F', of rank N that satisfies the Helmholtz equation with k[S - 7] = k[7], is

SN.F[S-F =+ F[] .
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In Cartesian coordinates, this is

(ﬁ Si§n> e I e e [T

n=1

and a Penrose tensor diagram is depicted in Fig. D.1.

Note that for a scalar field,

fI8-m1==£ 1.

D.6 Electromagnetic mirror symmetries

The symmetry equation for the electromagnetic field tensor (see App. A) is
S Sy FOO M | = s P [ 1sh 0

= S EY ] = s Er [{SAW TV}A] :

St HY :{M}A, — _sHM [{SA7 ﬂ}A] .

For mirror symmetries about the spatial cardinal axes,

-1 0 0 1 0 0 10 0

P[:ﬂ= 0o 1 0], P[ﬁ]= 0 -1 0. P[?]= 0 1

0 01 0 0 1 00
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. =+ S
and we’ll employ the notation 7; to denote the presence of a symmetry along with its value

s;. For example, about the z axis,

. E.%‘[_x7y7 Z] = _Ex[xvy»z]
+ T mirror symmetry
x Sp =1 Eyl-z,y,2] = Eylz,y, 2]
(y-z magnetic conductor)
EZ[_$7yvz] = Ez[x>ya Z]
) ) E:L'[_xvyu Z] = Eg;[.]?,y,Z]
— T mirror antisymmetry
X Sx = —1 Ey[_ffa?/az] = _Ey[$7y7z] ’
(y-z electric conductor)
EZ[_xayVZ] = —Ez[x,y, Z]

Note that the ‘scalar symmetry values’ for the individual components follow

Eil-ri] = —si(26;; — 1) Ej[ri] ,

Hj[—ri] = 8;(26;; — 1) Hj[r;] .

The magnetic field is actually a 2-form, and H; is thus a pseudovector (Hodge dual) giving
it the ‘opposite’ symmetry values to F;. This can be seen by studying the electromagnetic

field tensor or connecting Hy — Hy .
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APPENDIX E

Symmetry in optomechanical coupling

The geometric design of the optomechanical resonator can exhibit various symmetries that
will influence which mechanical and electromagnetic modes provide good optomechanical

coupling.

E.1 Electromagnetism

Following Maxwell’s equations (see App. A) in a source-free, polarization-free, magnetization-

free, time harmonic setting, the electric field £ obeys a Helmholtz equation,
VZE[F] + w? pe[F E[f] = 0,

where 1 is the permeability (assumed constant), € is the permittivity, and w is the angular
frequency. If there exists a geometric involutory, i.e. mirror or 7-rotation, symmetry S such

that e[S - 7] = €[r], then, from App. D, E obeys
S-E[S-7|=+pE[],

for any non-degenerate mode.
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E.2 Solid mechanics

For a isotropic and homogeneous material, the time harmonic elastodynamic equation (see

App. B) for the displacement field @ is

pVEQIF + (1 + N Vi (V- Q) +w? ol QI = 0,

where 1 and A\ are Lamé parameters, p in density, and w is angular frequency. Using some

vector calculus identities we can rewrite this as

MV2QIA + (1 + 2) Vi x (T x QI7) +w? pl[ QIF] = 0,

where M = 2 + A is the pressure modulus.

If we have a mirror symmetry transform S, such that p[S - 7] = p[], and do a change of

coordinates and basis, we get

MVE(S-QIS-7]) + (n+ ) (8- Vi) x (Ve Q[S-7]) +w? ol (S-Q[S-7]) =0,

which unfortunately does not take the form of the original equation and hence does not
enforce a mirror solution. However, if the displacement field is curl free, V. x @ = 0, the

problematic middle term disappears, and the symmetry condition is recovered

S-Q[S8-7=Qlf : VexQlF]=0,

for non-degenerate modes.
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E.3 Strain

If we have a symmetry condition on the displacement (), then this will extend to the strain

€, defined as
s 01] = 5 (s [09] + o [1n])

Starting with

(S5 Qs [(™ e = s@i [
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we derive following,

sy (79 {5~k | +a@a {51t
J 9 8((8_1)‘167’0) ((S 1) )

E.4 Moving boundary

The moving boundary effect contribution to the optopmechanical coupling (C.14) contains

JoMB { 27 Qu(7) iy (7)
0Solid
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If there exists an involutory symmetry S then we can take only half of the integral and add
opposing points together; normal vectors following S - n[S - 7] = n[r]. The electric field
must obey the symmetry condition and because it only appears in terms like £* - ¢ - E there
will be constructive addition between opposing points. If the displacement field exhibits a
symmetry condition we have for opposing points

QulS - A" [S 7] = ¢ (™13 QilF (S™HE I [7] = £ QulF] n*[F] .

Thus if the displacement field is antisymmetric (in any direction), the contribution to the
integral from opposing points will cancel out and we get ggyg = 0. Intuitively we can think
of these mechanical mirror antisymmetric modes as not changing the total volume of the
solid (opposite sides move together) and hence not affecting the electromagnetic resonance

frequency.

E.5 Photo-elastic

The photo-elastic effect contribution to the optopmechanical coupling (C.19) contains
S S 3
b & § B pig1a7) exa (1) E5 () &7
Solid

If there exists an involutory symmetry S, with p; ;1 [S - 7] = p; j1[7], then we can again
take half of the integral and add opposing points together. The electric field will obey the

symmetry condition with value + g, and if the displacement field obeys a symmetry condition
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with value +¢), we find for mirrored points

Ei[S 71" pij il S - Tl ep[S - 7] E5[S - 7]
= (£g) Sai Ealrl" pi j11[71 (£Q) Sck Sai €cal™ (£E) Sp; Epl7]

= £ Ealr1" SaiSpj Sck Sarpijrilr] ecalr) Eplr] -

Now for a cubic crystal, such as GaAs, the photoelastic tensor, p, has a particular form (see

App. C and App. M) such that

SaiShjSckOdlPijkl = Pabed »

if S is an involutory transform. Thus we again see that if the displacement field is antisym-
metric, i.e. +g = —1, the contribution to the integral for mirrored points will cancel out

leaving us with gopg = 0.

E.6 Result

We conclude that to have optomechanical coupling, we can’t use a mechanical resonance

with any involutory (mirror or 7-rotation) antisymmetries.
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APPENDIX F

Symmetry in piezoelectricity

F.1 Derivation

Given a mechanical mode symmetry, S € O(3),

(5. Q; [é_l F] =50 Qi 7]

with symmetry value s, we would like to know what symmetry value the piezoelectric

voltage response exhibits.
The governing equation for electric fields in a piezoelectric material is (see App. B)

D=

(1l
I

+§-E, Dizeijijk-l-éTijEj,

and if we ignore external fields, the piezoelectric response is simply
DI = 7 €[]
To determine the piezoelectric symmetry value we start with

2 e A s K0TS St (F.1)

The piezoelectric coupling tensor e is a material property that obeys the geometric symmetry,

ok [é—l -F] :eijkm 7
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typically being constant everywhere. From Sec. E.3 we have that the strain symmetry value

matches that of the displacement field, hence

€jk [é_l 'F] =50 8% S cap [ -
Putting this into (F.1),

D77 = s e TR [ 89 8Y ean [71
and applying the symmetry operator to both sides,
si D! [g—l -f] = 50 5% 5% % LR [7] €y [7] - (F.2)

Thus the value of the symmetry value for D, defined by

S D7 [é_l '77] = Spieso D' [F] .

is dependent on the symmetry operation in question and the piezoelectric coupling tensor.

Once found, the symmetry value for D will match that of £ through D = ¢ - E where €

obeys the geometric symmetry. Relating this to voltage,

- 0
Bl = =25V

and using the chain rule we have

=i By -
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Thus given a symmetry condition on F,

(ST, By [S71 7| = sbieno B[]

we obtain
0 1 o 0 S
_ﬁv [é -7"] = ~SPiezo ﬁ [ ] )
= V [é_l -F] + const| = Spjezo (V' [F] + consta) .
Denoting

w=v|str=7,
and solving for spje,o € {—1,1}, we get the symmetry condition on piezoelectric voltage

(V [§_1 7:] o VO) = SPiczo (V [7] = Vo) -

F.2 GaAs

Gallium arsenide’s piezoelectric coupling tensor contains only (see App. M)

€123 = €231 = €312 = €321 = €213 =¢€132= ¢,

with other elements equal to zero.
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F.2.1 [100] mirror symmetry

For a  mirror symmetry,

with GaAs, we can calculate
(S2)y (S2)% (Sa)y ! TF = = I% .
Putting this into (F.2) means that

SPiezo = —5Q >

i.e. the piezoelectric response shows the opposite symmetry to mechanical displacement
across a (100) mirror. As GaAs is unchanged under 7/2 rotations, this is also true for [010]

and [001].
F.2.2 [110] mirror symmetry

For a x — y mirror symmetry,

010
Se—y=11 0 0],

0 01
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with GaAs, we can calculate
(Sa—y)'y (Su—y) (Sp—y)p €T F = e TF.
Putting this into (F.2) means that
SPiezo = SQ »

i.e. the piezoelectric response shows the same symmetry as mechanical displacement across

a (110) mirror.
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APPENDIX G

Voigt transforms

Voigt notation is a common method, particularly in solid mechanics, of expressing symmetric

tensors as a lower rank tensor [228].

.1 Tensors

First, let us quickly review tensors. Starting with a vector space V' of dimension n over field
F with basis {€1, ..., ¢}, and its dual space V* with basis {€',...,&"}, we define the tensor
space 77 (V) of contravariant order p and covariant order ¢ as the set of tensors (multilinear

maps)

b q
n n n n . .
— elp o R e SR ein
T_Z Z Z Zle_._jqezl(@ Ke, Ve --Qem.
11=1 ip=171=1 Jg=1

so that Tj zzg‘:lgijTj.
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G.2 Voigt transform

A Voigt transform on a pair of symmetric tensor indices reduces it to a single index,

(T:---xVxVx---—ﬁF)H(T:---XWX---—»IF)

T ')_‘_ '_)T..a...

~(ij

where W, of dimension n22+”, is a linear subspace of V ® V, has basis {fl, ey ﬁ (n_l)},

and metric h. Parentheses denote symmetrization T(Z' j) = %(TZ j + Tj;), which is simply
T; j if already symmetric. A complete Voigt transform on a tensor, with all pairs of indices
symmetric, maps TP(V) — TP/2(W). For a faithful Voigt representation, we require that

the tensors provide an equivalent mapping,

. n(n—1)
ZZT...(ij)...é,i®é,j R Z Taﬁt (G.1)
_ a=1

In order to proceed we define a general relationship between ﬁl and €,

fo=ECa®é, forae{l,...,n},

ﬁza(@a®€ja+€ja®@a) forae{n+1,...,n(n—1)} and ig # jq .

In the case of n = 3 and using standard Voigt ordering (23,13,12),

— —

1=a®e, f4=&(€2®53+€3®52),
2 =c2®¢e, fs=a(@®e+e3@¢e) ,
3=¢e3®e¢e3, fe=a(€1®é +é®er) .
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Putting this into (G.1) we find the contravariant Voigt transform rules

7l 1l 74 _ 123
Y 6% Y
72 _ 22 75— Lpl3
Y 167 Y
73 33 76 112
T3 =133 76 = Lpl2,

We now wish to impose that contractions behave properly in Voigt notation, i.e.
n n n n o n(n—1) n(n—1) ~ B

20 2 n A girgn B = Y Y AThap B

i=1 j=1 k=1 I=1 b=1

a=1

and in the case of n = 3 this gives the metric on W to be

g11° g19° 913°
9192 9292 9232
913> 923> 933>

2912913 20922923 200933933

20911913 20912923 20913933

2911912 20912922 20913923

2911913 20911912
200912923 20912922
2913933 2913923

202 (9232 + 922933) 202 (913923 +912933) 2a% (913922 + g12923)
202 (913023 +g12933) 202 (9132 +911933) 2a%(912913+911923)

202 (913022 + g12923) 202 (912913 +911923) 20a% (912> + 911 922)
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This also gives us the dual basis vectors, fo = ZZ':(T{'_D hal i using (h%0) = (hyp) "2,

f1=€1®€1, f4:%(€2®€3+€3®52>,
f2:é»2®é»27 .]1-5_%(é»l(@é{%_i_é»3<>§é»‘1)7
fPeed@ed Fo=ok (e +?@dt) .

We also obtain the covariant Voigt transform rules

Ty =T1, Ty=2aTys,
Ty = Tho, Ty =2aT3,
T3=T337 f6:2aT12,

For the common case of V = R? and (9i ) = I3, we get

100 0 0 0
010 0 0 0
001 0 0 0
(hab)_ s
000 2a2 0 0
000 0 2a%2 0
000 0 0 2a2

which in general is not equal to Ig. Thus whilst indices on 7" can be raised or lowered ‘freely’,
the same is not true for T and care must be taken to ensure only covariant and contravariant

indices are contracted together.
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T14

5 5 5 5 5
T! T* > T* 5

Figure G.1: Voigt ordering for a 5 x 5 symmetric tensor.
G.3 Voigt order

The matching of tensor indices to their Voigt counterpart follows a spiral pattern, starting
along the diagonal, then going around the upper right triangle of the symmetric tensor. An

example for n = 5 is given in Fig. G.1.

G.4 Multiple Voigt transforms

Tensors with multiple pairs of symmetric indices can have each Voigt transformed, as an

example the transformation rules for T(z'j) (k1) ™ ~ab, n = 3 are

FI1 _pll1l 74— L1123 741 = L2311 A4 _ $T2323

Ti1=Ti111 Tig=2aTi123 Ty1=2aTe311 Tyq=40’Th393
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(.5 Solid mechanics convention

In solid mechanics it is typical to take a = 1, denote the contravariant Voigt transform as
‘stress-like’, and the covariant Voigt transform as ‘strain-like’. In this setting many authors
do not properly keep track of raised/lowered indices and instead ensure that any contrac-
tions in Voigt notation take place between a stress-like transformed tensor and a strain-like

transformed tensor. As such, stress o stiffness (i 5) (k1) photoelasticity P@i j) (k1) all

i)

transform stress-like; whilst strain €(i j)» compliance S(i §) (k1)> transform strain-like. The

ij
strain is defined as ¢;j = 0(; Q) = %(52 Qj +0j Q).

For reference,

51\ oll (51 €11
52 o2 €9 €99
53 o33 €3 €33
- Y = Y
54 | stress | 023 €4 | strain | 2€93
. like like
5o ol3 &5 2€13
56 ) ol2 \56 2€19
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645
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565
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535
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516

626

&36

646
C

566

526

536

S46

S56

566
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é26

536

dig
dog

dse

stress
like
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like

stress
like

strain
like

G111 1122 1133 1123 1113 1112
(2211 (2222 2233 2223 2213 2212
B311 3322 3333 3323 3313 3312
(2311 2322 2333 2323 2313 2312
(311 (1322 1333 1323 1313 1312
(211 1222 1233 1223 1213 1212
S1111 S1122  S1133 281123 281113
82211  S2222  S$2233 282223 252213
83311  S3322  S3333 283323 253313
282311 282322 282333 452323 4852313
251311 281322 281333 451323 4851313
251211 281222 281233 451203 4851213
Q111 122 133 123 113 112

Q211 222 233 223 213 212 |
Bl 322 333 323 313 312

di11 di22 dizs 2dias 2diiz 2diio
da11 d222 dazz 2da23 2d213 2d2i12
d311 d322 dizzs 2dzoz 2d3zi1z 2dziz
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Inverse

Covariant )
. Contravariant
Voigt transform

Voigt transform

Inverse )
. Contravariant
Covariant .
. Voigt transform
Voigt transform

S =
S =

Figure G.2: Voigt transforms in Penrose tensor diagrams.

(.6 Mandel notation

In Mandel notation, or ortho-normal representation, o = 1/v/2 and (h;;) = I, (n—1) With

covariant and contravariant transforms identical.

G.7 Penrose diagrams

Voigt transforms can be depicted in Penrose tensor diagrams with the junctions given in

Fig.G.2, with an example of stress and strain contraction in Fig. G.3.

116



Figure G.3: Voigt transform and contraction Z?:l Gle;.

117



APPENDIX H

Fourier transforms

H.1 Definition

Throughout this thesis, we will define Fourier transforms for f as

FINL = 1) = <= [ et s
FUF =10 = = [ e fw)aw,
and
FO" = 1) F@) = ()

H.2 Dirac delta

The Dirac delta distribution obeys

w .
J e Ydr =270(y),

—00

[ s - pswar= ).

1<y
fy 5 —y) flx)da = F(y)/2.

1<y

Dirac delta has units inverse to its argument.
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H.3 Heaviside step

The Heaviside step function is

1
O(z) =
0
such that
d
() = 3(a)
H.4 Convolution
The convolution of f with g is
Q0
(f*g)(x) =
—o0
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H.5 Identities

f[tHe_iQt_ =w—V21ilw—-0] : QeR

J—"[tv—»f[t]e_im:szF[f][ ~Q] : QeR

]:[tH@[t]e_Zt] =W —
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APPENDIX 1

Quantum input-output

In this appendix we cover coupling a quantum resonator to thermal environments and drives.

I.1 Quantum harmonic oscillator

The Hamiltonian for a quantum simple harmonic oscillator is

. w1 H2 mw? 2
H=hw (aTaJré):;er 5 ; (1.1)
with
m s w )
resonance
mnass frequency
R h (AT N A) R mw [ . N 1
T = a al , a =A/l— | T+ — ,
2mw 2h mwp
position annihilation
R o Jhmuw (AT A) - mw [ . i
=1 a' —a a =4/— |- —
p V 2 ’ 2h mwt )
momentum creation
[2,5] = ih [a,eﬂ]zl,
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and

noting that
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In—m) |
In+m)

N 0
pT:p:—lﬁ%,
AN
op) — Op
B,
|afa.a| = —a.
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<
Il
o

(L.7) i (—a Z)' (=1) zi-1
—a i (@@j>1i;1 i1
o ]i (—je!*)f N
—qate@"0 (1.9)
[.1.2 Baker-Campbell-Hausdorff relations
For 7 = ¢C and U = U1 & G = —¢,
UTAU =e G Ae”
:AO: [4.0]+5[[4¢].¢]+[[[4¢].0].0]+
- S [l d] o

If & is infinitesimal, AA — [A, G] + O[3
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For the special case of Go—ial a,

2
L5 —ik)?
(:)d+(—ik)&+( 12) a+--
— ae ik (L11)
oikata ot —ikata _ ot ik (I.12)

I.1.3 Displaced quantum harmonic oscillator

We can transform the harmonic oscillator into a coherent state by applying the unitary

displacement operator
D(a) _ eadT—a*d _ eadT om0 a  —lal/2

Utilizing Baker-Campbell-Hausdorff relation (I.10) and various commutator relations,

A

DfalaD()=a"a+ad’ +a*a+|af

= (dT+a*)(d+a) ,
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1.2 Laser drive

A forced harmonic oscillator can be realized be adding a term F'(¢) Z to the Hamiltonian. In

ladder operator formalism the most general expression is

fyat+ f)ra.

—ith

If our drive is a coherent laser, f(t)oce and our Hamiltonian is

. 1 . .
H = hw, (aTa+ 5) thLale WLt L B gelwnt

The equation of motion for this is

with Fourier transform

—iLV270(w —wr)

i(wo — w)

a(w) =

[.2.1 Rotating frame

To remove the time dependence from this Hamiltonian we can transform to a rotating frame,

‘wrot(t» = Urot(t)T W(t» Urot(t) = e_iwL (&Jr d""%)t
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. . 0\ -
= Hyot = Upor(8)T (H _ 1h5) Urot(t)

1 . . : . 1
= hwo (aTa+ 5) +hLal e WLt et 4 ¥ gelwnt omivnt _ g (dTa+ 5)
ata 4 L it nLta ita gk
= hwq aa+§ +hLa' +hL”a— huwy, aa+§
1
= A, (aTa+§) +hLa' +hL*a, (L13)

with Ay = wo — wr,. This rotation is equivalent to the mapping
—iwy, t

ar— ae

in both the Hamiltonian and equation of motion.

The equation of motion in the rotating frame is

with Fourier transform

Mapping this result back to the original non-rotating frame takes some care as the rotation
is applied to the a operator rather than frequency-space, i.e. there is no such relation

Wrot = w — wr,. Instead we have

a(t) = arot(t) e WLt = Guge(t) = a(t) e WLt

127



with Fourier transform

drot(w) = d(w + WL) )

A

o (W) = al(w—wp) .

[.3 Coupling to heat bath

Following that of [225, 229-232|. Begin with an idealized bath as a set of independent

harmonic oscillators,
Hygph = Zhwq CZIJ Jq ; [andj/] =0qq'
q

and assume it couples linearly to our resonator f[sys (L.1) via

f]bi%tth = Zq]h (/iq al + Kq d) (dj; + OZq> ;

where x4 has units of s~1. The full Hamiltonian is then

H= Hsys + Hbath + Hbatth .
in
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Moving to the interaction picture with U(t) = exp [—%(ﬁsys + Hyon) t],

[:Ill)ath(t) = U(t)T Hbath U( )

int int

ZhehHsyst (/i al + k a) o~ H Hsyst o Hoant (dT +d ) ~#Hatnt
Z (FL al eiwol +I€ ae iw"t) ((fjleiw‘?t—i—che_iwqt)

( —i (wotwgq)t + K; &ng ol (wo—wgq)t

QM

+ Kq CLT dq e ( Wo wq) + Kq G,T dT (wo—l—wq)t) :

. . . . . . 1 1
Making the rotating wave approximation, averaging over timescales 7" ~ Doty < Doy’

Hbatth( )~ Z h (F&; a CZ(E o1 (wo—wg)t | Ky af dq ol (wo—wq)t) 7
m q

meaning

i ~2h< ;ad$+mqa1“dq) .

int

1.3.1 Laser driven

In the laser driven scenario we keep Hsys = hwo (dT a+ %) but also include

Hipser = hiLal e7 9L 4 RL* ael@L?

int
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Then

~ 1 . R R
Hlaser(t) = UT (t) Hlaser U(t)
int int
= he%ﬁsyst (L &T e—i(ULt + L* deiWL t) e_ihHSyst
(L.11) B (L af ol @Wo—wr)t | 1% & o=i(wo—wr) t) 7

which we keep in the rotating wave approximation.

I1.3.2 Equations of motion

The Heisenberg equation of motion for an operator O(t) is

d - A i i dO iy
—OoM) = oW, ——H At 22 o—%
300 = |00~ ]+< 9 tit)

where O(t) — et Qe 7 g the Heisenberg picture operator, O is the Schrodinger picture

operator, and ﬁ(t) — H. For the common situation of %O =0,

d . s ol iai (A ia] —ige
_ = ——H| =e¢en ——H I .
dto(t) [O(t), ; ] e [O, v ] e

Counsider Hamiltonian

~

I = Hys(@,a’) + Y hegdlydg + 30 (g adl + kgt dy)
q q

Hyath H, b'atth
m
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The time derivative of ch(t) is

—dy(t) = NEE [cz(p—%[:[] et

ife|; 14 : —ift
=eh [dq,—ﬁ (Hbath+Hb_ath>] e

int

This first order differential equation has solution

. i,
dy(t) = — ingeient f ot o1y dif

¢
J o190 (=) (¢! ! 4 o1 (=10) (1) |
to

= —ik’
o q
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Making the continuum approximation in frequency, >, — S(O)O dw with k(wg) = Kkq+/s and

d(wq7 t) = Ciq (t) \/ga

d . ig . 1 ~
Ea(t) = enflt [a, _?'LHSyS] e rHt
0 t . , 8 . ~
- J |k(w)]? J e 1) 4"y dt! dw —f i k(w) e E10) d(w, 40) dw .
0 to 0

At this point we need to make some approximations to continue. We will assume that our
heat bath is Markovian, that is the correlation time between the bath and system 75 is much

less than the system’s relxation time, for a resonator this means

which will be true for a sufficiently high quality factor resonator. In this case coupling to the

bath is only important over a narrow bandwidth around w,, over which  is approximately
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constant, and we can use a Markovian effective spectrum,

LOO o= ﬁooo dw K(w) =k = K(wo) -

Thus
d ., ifge . 1p —if
Ea(t) ~e It la, _ﬁHbyS:| € nilt
¢ o] . ~
e [ ([ et an) aeyar - [ et i
to —00 —©

Using Dirac Delta relations given in App. H,this gives us
d H1) ip i i g

t 0 . o
— 27 m?f 5t —ta(t') dt' — mf e~ 1w (t=0) d(w, o) dw |
t

0 —00

where the Markovian approximation has introduced 6(t — t'), removing the dependence of

a(t) on earlier times from the bath interaction. Continuing this through,

dt h —»
= enflt [a,—%ﬁsys] o HH _ piklZa(t) — vV2risdi(t)
where we have defined
; L =ty 5
dip(t) = — e VT d(w, tg) dw I.15
)= o= (w10 (115)
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such that

rOO OO ) o A .
[c?in(t),ciin(t’ﬂ] _ L f e~iw (t=to) gl (t'~to) [d(w,to),d(w',toﬁ] dw de’

:zi [ JOO e_iw(t—to)+iw’(t'—f0)5(w_w’)dwdw/
T‘-J—m —00

1 (® : /
- e—lw(t—t ) dw
27 J_o
(Hz'l) 5(t - t/) ’

noting that di,(¢) has units of /number/s.

Defining v = —27 k2, such that ~ has units of s, we get the quantum Langevin equation
d i 7 i~ i 7 5
a0 =t Ja Lt H - Bla - ), (L.16)

If we consider some t1 > t, then (I.14) can be reformulated as

A ~

t1 . .
dy(t) = st L o1 (=) 417y a4+ %0 (1 =0) (1)

and the time reversed quantum Langevin equation is
—a(t) = ertlt [a, ——Hsys] At %‘a(t) — V7 dout (t) (1.17)

with
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Comparing (1.16) with (I1.17) we obtain

I.4 SHO coupled to heat bath

Completing (I.16) with f]sys = hwo (dT a+ %)7

Sat) = —iwoa(t) — La(t) — Ay din(t) . (1.18)

Define a t( shifted Fourier transform,

i) = \/ﬂf el (1=10) 54 it
a(t) \/ﬂf e iw(t—to) a(w) dw

Note that a(t) has units 1 (or v/number), and a(w) has units s. We will also define the
notation a(t)’ = al(¢), a(w)’ = al (—w).

Applying \/%7 SO_OOO dt elw (t=to) ¢o (I.18),

: 0
w (t—to) (id(t)) d = — 1% eiw(t—to) a(t) dt

] IO CED L

1w (t—to) A a(t) dt

J J w (t=to) o =i’ (t=to) d(w',tp) dw' dt .

sz
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Now

J_OO elw (t=to) (%&(t)) dt = J ) %(elw(t—to) &(t))dt - J ) iwetw (=) 4(¢) dt

_ [eiw(t—to) d(t)} T V2T a(w) ,

and assuming our oscillator has a finite bandwidth, and thus a(w) is integrable, by the

Riemann-Lebesgue lemma a(t) — 0 as t — o0, so

1 DO d . .
or J_OO elw (t—to) <&a(t)> dt = —iwa(w) .

We also have

J J w (t—to) o—iw' (t—to) cZ(w’,to)dw’ dt

— J J (w—w') (e~ (t=t0) 4t d(w', to) dw'
f 5w — o) d(W, 1) du!
—Q0

= CZ(W, to) -

Thus the fourier transformed version of (1.18) is

ifw) = - VI = d(w, to) (1.19)
i(w—wo) — 3

which gives us the Lorentzian-like function

i) aw) = — ) (o)

with width /2. If 7 is sufficiently small then our Markovian approximation is valid as this
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response function tends to 0 for w away from wy.

In the time reversed case

i(w—wo) + %'
giving us
ol
5 H(w—wo) + 5 -
d(w7 tl) = |3| d(w, tO)

and

|dout (W) = |din (w)]? -
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1.4.1 Laser driven

Let us now consider Hamiltonian

g

H laser
int

—i—Zhwqd dq—i—Zh( A —I—/—cana?q> )

~

Hpath Hbatth
mn

We can rotate both the resonator and heat bath with
Urot(t) _ e—iwL (dT CAH-%) t e—iwL dtdt :
to obtain

Hyot = h A, (dT&—F%)+hL&T+hL*A+ZhAqdqdq+Z ( W d) +anqu>,

g

Hsys ~~ ~~
Hypath Hpath
int
where
AOZWO_UJL, Aq:CL)q_UJL

Going through the same steps, our continuum approximation is now Zq — SO_OwL dA, and

138



the Langevin equation (I1.16) is
—a(t) = —iAga(t) —iL — ma(t) — 7 din(t) . (1.20)
We also have

d . i l
E&T(t) =i/, &T(t) +iLl" — ’—g’aT(t) - \//FdiTn(t) '

The steady state values can be found by taking %d(t) =0,

—iL - ﬁdin(ts)

ilts) = —— - (1.21)
IAO + 9
(1.22)
ST ¥ gt
L* — d. (t
al(ts) = : VY di () ;

—in,+ 1

which gives us

L2 + | d] (ts) din(ts) + 1 L7l (ts) — i L* /7 din(ts)

al(ts) alts) = INCIETE
oot

Note that in the absence of either the heat bath or laser, this is

oy, =0 |LJ?
il (1) a(t) "= 1L

(0]

A

N R L=
af ) at) "= — 0l (1) du)
a+ I

>
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Taking the Fourier transform of (1.20),

:¢M@@»HLJE&@

i(w—Ao) — 3

a(w)

bl

we see an additional spike at w = 0, i.e. the laser frequency (in this rotated frame).

Background leveled

Given that a steady background level for a exists, we may want to transform into a back-
ground leveled frame and look at operators as fluctuations on the background. Taking the

steady state to be coherent we want to transform |ay — |0), we do this by

) = D@ |v) D(a) = ¢28'-a"a

with a € C.
Doing this directly to the equation of motion (I1.20) we get
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Following (I.21), define

“iL
QZ;, (1.23)
i, + 1
to arrive at
o) = —inga - Mag din (1
Sa(t) = i Aoa(t) — La(t) — 7 din(t)

Making this transform to the Hamiltonian,

ﬁliof = D(&)T Flrot D(&)
Y

—hA, (&Td+ %) +hAgaal + hAca* a+ hA,|al?
thLal+ AL a+hLa* +hl*a

+ A dydg + 30 (wgad)+ rgaldy) + 20 (wgad)+ kgt dy)
q q q

Proceeding with a derivation of the Langevin equation,

—a(t) = —iAca(t) —iAoa—iL —7|s]> (a(t) +a) — vV2mikdy(t)

= —iAga(t) — @&(t) — V7 din(t)

where we’ve used the value of a to cancel terms.
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The quantity |a|? gives the average number of photons in the cavity, and is equal to

L 2
<aT a> —|a|? = —‘2‘
AR
unleveled

1.4.2 Thermal bath

If our bath is thermal and the resonator is in equilibrium with it, we can determine its
thermal spectrum. In thermal equilibrium the resonator will be exchanging quanta with the
bath but maintaining an average occupation level, we will need to analyze this interaction

to proceed [140].

Our Hamiltonian is

B = hoo (afa+ §) + Y hoydfdg + 30 (ng adh +sqaldy)
q q

-

Y Y

Hy Hing

and we can move to the interaction picture with

o il _ o= Hot =i it
— (R
U(t) Uo(t) Ui(t)

and

16> = D1t — to) [ (to)> = TS (t — to) [4(8)) -

The state [¢1(t)) evolves under the Schrédinger equation with interaction picture Hamilto-
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~

nian Hy(t) = U] (£) Hine Uo(t), such that

d. o
lﬁaUI(t) = Hy(t) Ur(t) ,

which can be integrated to give

.ot

N i N N

Ur(t) =1 | Hi(t1) Ur(t) dt -
to

Applying this to ‘¢(t0)> we can create a Dyson expansion

it
) = [o(t0)) = 5 | iten) forten)an

i t i 2 ot t1 .
= [wteo)y 4 [ it fooyan + (3) [ [ i) fe) o)) arsde

to Jio

and for extremely short times get away with only using the first two terms in the second

expansion.

Let us now split [¢) = [¢sg0, Ypatn > and let [1(tg)) = |n,¥patn» where the oscillator
has occupation n and the bath is in some state. The probability amplitude of the oscillator

gaining, or losing, a quanta (and the bath being in an arbitrary state) over some short time
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period t is

i

~ t ~
(n+ 1Ll | U1 | patn )y = —;.LL (n+ 1, | Hi(t) | n, tpany dty
0

. t . R N “
=5 | Lo | Ol S (s ad) + gt dy) Goten) [ nvvany s
0 q

We have Upy(t) = e71%o (ala+3)t I, emiwgdydgt and from (L.11), (L.12),

Oy ali(t) =ae !, 0§ dy Uo(t) = dg 0"

O3(0)a! Do(r) = al oot 0 d T(e) = df et
Putting these in,

(n £ L) | O1() | 7 Ypatny =

t . . )
i J e—iwot1 <n +1 ‘ a ‘ n> <¢1;ath ‘ Z K; olWq t1 d}; ‘ wbath> dt,
to 7
t . A
—1i J elWoll <n + 1‘&T‘n><wl§ath‘ Z/‘ﬁqe_lwqtl dq‘wbath>dt1 '
to

q

Using the continuum approximation, kg = Kk = i/Tflw’ and (I.15) from the previous section,

q
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giving
N t . R
(nt 1,000 [ UL |0 patny = (n £ 1] a|n) /7" L e ol (gl | diTn(“) | Ybatn) dt1
0

t . A
F Ot 1 [af [y [ et (it o) [y s
0

The probability of the oscillator gaining a quanta (and the bath being in any state) is thus

N 2
Ppon+1 = ‘<n +1 ‘ Ur(t) ‘ n>‘

o 2
= 2 ‘<n+1v¢ﬁath\UI(t)\n,¢bath>’

/
djbath

t oot
(4] [ ] el
to Jio

IR dl (1) [ 9> Plan | din(t2) | Ypatny di dto
wéath

n +1 "7| J;L J; iwe t2 tl <dj11 tl n(t2)>dt1 dtQ )
0 vto

Likewise the probability of the oscillator losing a quanta is

]Pn—m—l =

0r(0) |

t t . . N
—nh L L o1 (=00 (G () dl (1)) dty dty |
0 0
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To reorder djy, d; we need

; it L[ 7 i (ti—to) giws (ta—t0) [ 4 it
[din(tl)adin(tQ)] =3 J e e [d(mato),d (wz,to)] dwq dwo

—00 J—00

1 0 o0 . .
— J o~ iwi (t1—to) Glws (t2—to) (wi — w9) dwy dws

_w —
o0
_ 1 o iwr (t1—12) dwy
21 J_p
=0(t1 —t2) .

Thus

t
Pyt = n f f i (2=00) (it (11) dip (1) Yty dty 4+ ] f dt
to Jio to

If we take to = t1 + 7 we get the integral

t—1t1
L . 1w°T<dT tl t1+T>dT~ cz Czin(wo)
0—l1

where we have applied the Markovian approximation (assuming cfin auto-correlation is ex-
tremely short) to take the integral bounds to (—o0,00), and used the definition of S from
Sec. A.1. This gives us

Ppons1 = (n + 1) |7| tScZincZi (WO)

n

Poosn—t =n it (8 4 (wo) +1),

and the rates of increase/decrease are
Vn—osn+1 = %]P)n—m—i-l =m+1)S; 5 (wo) =(n+1) FT ) FT =S5 ; (wo),
dlndln dlndln

Un—on—1 = %]P)n—m—l =n |’7| (Sdindin(wo) + 1) = nFl , Fl = |’7| (Séiina?in(wo) + 1) .

146



The probability flux for a certain occupation level is

d
—Pn=vp15nPno1 + vnt15n Pt — vnosn—1Pn — vnsny1 Po

dt
= nFTIP’n_l + (n+1)FlIP’n+1 —nFan— (n—i— 1)FTPn

The average occupation level is

with rate of change

|
|

Pn:FT_(Fl_FT)ﬁ-

0
ﬁzZn
t n=0

oW
oL

t

We note that I'j — I'y = [y| which we expect from

A

%(eﬁ@) &(t)) = —|yla'(t)ya(t) — v al () din(t) — /" alt) dl (t) .

In thermal equilibrium we have

dt FT a n dindin(
Or equivalently we have detailed balance

r P
Ppvnont1 = Pptivntion = ﬁ ==

IP)n—i—l '
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This also tells us

hwon
kg T 1 1
Pn = c 7 ) Z = hwo n= hwo
Thus
1
SdAinCZm (wo) - hwo ’
ekBT — 1
and using (L1.19),
h/l SAinCZin (w) h/| Sdindin (wo) |’7| 1
Saal) = pp 2" 1P 2~ If 2 fue
1+ (w—wo) 1+ (w—wo) (W —wo)” okBT 1

when 7 is sufficiently narrow such that S; - (w) is approximately constant near w = wp.
1n*“1n

The total ‘power’ is

2 1 (® 1 _
la|” = e Saa(w) dw = —— =N
% eBT —1
At high temperatures,
1 kg T>»hwo kg T
e’?g% 1 hwo
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The Markovian approximation for our heat bath dictates

where 62 is some constant. Additionally,

in

R gt (1) =0(r) 0%

in~in in

= (d(t) d, (t+ 7)),
= [y ,djnt+7]>t+<d ) din(t + 7)),

(5( ) + RtimdAin(T)

= 0(7) (Oin + 1) )

This assumption implies the spectral density is constant and symmetric

which is tied directly to wo. This global dependence of the heat bath on w, tells us the

thermal spectrum results from this analysis only make sense in the vicinity of w =~ w,. We
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can also find

Syt gt (@) = Jim {diyr(- >dLT< )

_ 1wt t
_Tlgnoofj f <dm t1)d 1n (to >e 2~t1) dtq dtg

= lim —J J din (t1), m (to ]>elw (t2— tl)dtldtQ

T—oo T

+ lim —J f <CZT (t1) n(t2)>eiw(t1_t2)dt1dt2

1 ~
= lim — J 5ty —tg)e fw(ta—t) dty dig + hm <d (w) dinT(_w)>
0 JO

=1+ Sdindin(_
which naively from above is 7 + 1 although this might be outside the valid bounds of our

approximation. Note that if we carry out the previous analysis of thermal equilibrium and

detailed balance on J:rn we obtain S5 4 (—wo) =7 + 1.

in~in
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We might also be interested in

S(at+ayat+a)(w) = lim (<aT (w)) + <aT ) ar(w))

T—o0
+ (g (~w) ap()) + (ah(~w) dw@)))

17l Tlgnoo {din (-~ )djnT( > 1 hm <me —w) dip (W) )
= 2 + 2
(w+w0)2+|14|— (w—wo)z—i-%'—

v Hm {din7(~w) dinT(W))
(i(—w — Wo) — @) (i (w—wo) — ‘%l)
7 Jim (dl g (-w) di, ()
(—i (—w —wo) — %) (—i (w—wo) — @)

_l’_

_l’_

|7’Sd~i' de ( ) |’Y|SdAmdAm(W)

1n 1

2 P " 2, P
(WHwo)®+ - (w—wo)* + -

D+ ) 1S,
(w—i—wo)z—i-%E (w—wo)2+|l48’

and at w ~ wg

V1S4 4. (wo)

2 bl
(w—wo)? + |14|—

S(atra)(at+a)(w = wo) =

_ ) 71 (S 4 (wo) + 3)

S ~ AN/ A ~ (w ~ W ~
((ZT+(Z)(CLT+0,) (0] 2
(( ) w )2 l )l
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where S is the symmetrized spectral density. For the position operator, this gives

Siz(w = wo) h || (ﬁ+ %)

@

2m wo (W — wo)? + ol

kg T»hwo kT led

2
2mwo (w—w0)2 + \l4|_

Note that this formalism uses random fluctuations in cavity amplitude (occupation) rather

than random fluctuations in a driving force as is common by other authors [12, 138-140, 233].

.6 Adding ports

We can add ports to our system by creating additional heat baths that each individually

couple to our system. Following the form of (I.16) we have
Ao i [ ig | ke Dbl
aﬂ,(t) = eh |:CL, _ﬁHsys] e h - 7a(t) - le \/;dfn(ﬂ )

N

but(t) = diy (8) + /7 a(t)

with

Y=
1

For a simple harmonic oscillator this is the same form as derived classically in App. ©.
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I[.5.1 Laser drive input correspondence

It’s possible to instead consider our laser drive as an input port. This corresponds to
rrdp(t) = Le™ 9Lt
with
rL(wn) = ALVS = AL = iV27 ks

to give

VL dLin(t) = iLeTteLt
 FT  FT
VAL A in (W) = L2 e L0 6w — wr)

where we have

. dr (t —iwy, (t=to) . (¢ L.
dL o (t) = L) _e L({to) _ 1 it

V27 s V2r s VL

A' w) = ] w = w — W ] S_lz w —w le
dp (@) = dp(w, to) = 6(w — wp) dp,(to) Vs—1 = §(w — wr) VTR

dpftg) = YIS et
/YL

Note that in the rotating frame we have wy, — 0.
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The laser input power is
_ it 2 _ ) JL
P, = huy, <dLmdLm = |L|” = | ooy
and ~y, represents a coupling efficiency between the laser input and resonator. This gives

. | P
dLin(t) = me twpt .

In this sense, a bath can describe a monotone drive by

A iL
dp,(w) = ﬁ\/ﬂa(w —wy) .

I1.5.2 Bath drive approximation

If  is sufficiently small we can approximate a bath input by a resonant drive with d(w) =

d(wo) constant. We can find the equivalent drive strength by comparing the resonator

respomnse.
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For a constant bath input,

= d(w)_i(w—wo)—%’
= Oodwwa w=AonAwO " i w
|| )" i) dor = de)dee) | P

= 27 d(wo) d(wo)

For a monotone drive,

() = Ld To(w —w
d(w)_ﬁﬁd( o) 5

1Lgv2m o (w — wo)

i(w—wo)— %

= a(w) =

)

0 0 —
= J a(w)Ta(w)dw = 27 i Ly|? f Ow = wo)s 5 dw
—o0 0 (w—wo)?+(3)
2w [iLg)? .
=—3 5
(3)

Thus we can approximate a bath by resonant drive

Ly =

B2

d(wo) Vs .
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[.6 Non-rotating frame

If we have multiple laser drives there is no way to rotate out the time dependence in the

Hamiltonian, and we forced to stay in the non-rotating frame. Working with a time depen-

dent Hamiltonian creates additional complications but equivalent results can be recovered.

In the non-rotating frame, our (multiple) driven and bath coupled harmonic oscillator Hamil-

tonian 1s

= hwo(aTa+§)+Zh(LlaT —lwt L*Alwlt)
1

Y

a laser

int

+Zhwqd dq+Zh< dly+ rqaldy) .

v v~

Hpatn bt batth
1

The Langevin equation of motion (I1.16) is then

For diy(t) = 0, this has solution

a(t) =Z< (—iLle_i“’lt| > oo (lwo+m)t,

7\l wo—wl)—i—%

where C'is some constant. Inspired by (1.23), we’ll define

. =y =y
= [~ B
1(w0—wl)+% 1A0l+7
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noting that

—iwlt| _

;e |ay| -

If we choose to phase match everything at ¢ = 0, such that a(0) = >, a;, we enforce C' = 0.

From here, we can do leveling on all or a subset of the laser drives,

n T n
; A —iw; g 0 A —iwjt
Hlvl = H D(aje 1w]t) (H — lha) | D(aje J )
j=1 7=1
Defining
Aj(t) =ajewital —arel“ita
we have
D((_IJ e_iwj t) — eAj(t) , D(C_L] e—iwj t)T — e—Aj(t) ,

and it will be useful to evaluate

Aj(t) = A(t) = (—iwj) (aj e wital 4 a3 ei%'ta) :
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Using (1.10),

D(ajet«it)f (—i h —) D(aje @ity =
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and for multiple displacement operators,

(jlﬁ[lf?(&j ei“’”))T (—ihi) (jnlb(dj ei””)> _

n

n f
= (H D((_lj e iwj t)) <—hw1 (C_Ll e—iwit gt 4 a* elwity 4 &12)> (]H f)(&j e iw; t))

j=2 ol
i
T o\ (14 - .
D(a;e it —ih— D C—ljeﬂwjt
+(H ( )> (3) (H ( >)

n
= Z—ﬁwj <ajeiwjt (&T+ Z dzeiwkt> +C_L;= eiwjt <EL+ Z l_lkeiwkt) +|(_7Jj|2> )
k
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The full displaced Hamiltonian is thus

H(nn<>)< ) (Fowe )

=hw0(Td+> i 2
o (1) (e

n n
+ ) hLetent <dT + 2.0 eiwﬂ> + S hLpeet (a+ A eiwjt>
l j=1 l j=1

~

n
hiw, al aje —lwjt +Zﬁwoaa;‘ewf

laser interaction

+ > hw,dl d,
q
—_—
bath
n
+ > hekd] <d+ >la, ei“ft> + Y hkgd, (d* + Y ase t)
q Jj=1 q j=1

~
bath interaction

n n
+Z ~hw; ( emiwst (d“r D a,jei‘“kt>+a;’-‘ei°’ft <d+ > ake‘i“kt>+aj2) :

k=j+1 k=j+1

J

"
time derivative

Now,

d - . ST
3 da(t) = [dq(t),—ﬁH] = —iwgdg(t) — ik ga fwit )
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which has solution

~ . t . ] n . !
dy(t) = —m;e—lwﬂf cwat La(t'y+ > aje it |
Jj=1
— —iwg (t—t") » 11y A4
= —ikg | e '™ a(t'ydt
to
n t . Vi . / . A~
£y —inta f ot (=)=t 1 o= (1=10) (1)
- t
j=1 0

Focusing on the integral in the summed term,

4 4
f o—iwg (t—t")—iw; ¢/ dt’ = e—iwqtj ol (wg—wj) t’ dt’

to to
_ e—iwqt (;) (ei (wg—wj)t _ ei (wq—wj)to)
Wg = Wj
s o—iwit
_ e (1 _ o—ilt—to) (Wq—wg'))
Wg — Wj ’
and putting this back into a?q(t),
. t . noo_kz o —iwit .
dg(t) = —iry f 1w (=) 4"y at! + > e A (1 — e i(t=to) (Wq—%'))
to Wg — Wj

J=1

+ e iwat=t) g, (tg) .
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Proceeding to a(t),

%d(t) _ [&(t), —%H]

n

J=1
n
- —iwyt o 7 sz aTlwjt
—1—2 ilje —1—2 1/£qdq(t)+21wjaje it
L o j=1
laser int bath int time‘aeriv

Substituting in ch(t) and applying the continuum and Markovian approximations to the bath

interaction term, as in Sec. 1.3.2,

t 0 . ,
Z —ikgdy(t) ~ — \5\2L (J . eTiw(t=t) dw) a(t'ydt’
7 _
o1 (t—t0) (w—wj)

" : O
+ Z i|ﬁ|2dj e lwjt J dw

0 . R
— i/@f e 1w (t=0) d(w, ) dw

—Q0

n ) o q _ ,—i(t—tg) (w—w;)
. 1 0 J
= —7|k|?alt) + Z i|/€|2dj eTtwjt f © dw
j=1 —0 W= Wy

— V27 ikdy(t) .

The integral in the summed term can be evaluated as follows,

® e—i (t—to) (w—wj) T o1 eie
J dw = lim do : 0=—(t—1tp) (w—wj)
—0 w — wj Tr—00 —x
T 1 _ T o
B (i Ul B T f slf] 4
T—00 — 9 T—0 —r
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and

1 —cos[(—#)] 11— cos|d] ~ J”“ 1 — cos|d]
(—0) 6 — 6

sin[(—0)]  sin[6] T sin[6] T sin|0]
=0 == = J_x 7 d9=2f do .

This non-zero integral is the Sine Integral,

f: Sine[e] 9 = Si[z] ,

which has known limit

lim Si[z]| =

Tr—00

Putting this all together, we find

© 1 _ o—i(t—to) (w—wj)
f dw=1im,
and
~ n . A
D —ikgdy(t) = — 7 |&2a(t) + > —m|K|? @ et — V2 ik di(t) -
q j=1
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Putting this into our equation of motion for a(t) and combining terms,

= —iwoa(t) = 2La(r) — () + Y L
I>n

where the sum is now only over laser drives that were not leveled out by displacement

transformations.

Note that the same result is obtained by making the mapping a — a + Z}Ll a; e iwit tq

(1.24)

d “ s = s = Y
o lab+ Z aje Wil | = —iw, |a(t) + 2 aje Wit ]~ % a(t) + Z aje vt
7=1 j=1 7=1
+ Y LTy dig(t)

l
d . hl
= ) = —iwoa(t) - alt) — v din(?)
n
+Z—1Lle_lwlt + Z - <i (wo —wj) + %) éje_let .
l j=1
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I.6.1 Number operator

We can also explore some properties of the number operator al a in the non-rotating frame.

The time derivative is

1

Cala() - (W (t)) i) + ot (5&@) e [de’_ﬁ H] s

Using (I.25) we have, for di, = 0 and C' = 0,

L;‘ Ly, ol (w—wg)

a'(tyat) =] 2l +3.
2

7 (wo — wl)Q + 1 k£l (_i (wo — WZ)D}) (i (wo — wk)bf‘) |

If there is only one laser drive, there is a steady state solution with %dT (t)a(t) = 0.

I.7 Coupled baths

Consider the case of two coupled baths, perhaps representing two coupled ports,

ﬁthwicZMi—i-Zhwjé;éj—i—Zh(/—icZié}—l—ﬁ*dZéj) ,
) i 2y
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we have

In the continuum limit this becomes

Q0
—d(w,t) = —iwd(w,t) —ik" J e(Q,t)dQ ,
a Y
d o
L) = —iweéw. 1) —mj (0, 1) dQ
i .

with solutions

~

t o0 . )
d(w,t) = —ix* f e~iw(t=t') (J &(, ') dQ> dt’ + e 1w l=10) G 1)
to —o0

t . , 0 .
Sw,t) = —mf e—iw (t=1) <J .t dQ) dt! + o9 (10) ¢4y 1)
to —00
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As before we define,

. 1 (P . - 1 (® . ., -
it = = [ Ot o don() = = [ O 1) e,
—Q0 —00

. T (% 50—t . L[ (et -
nt) = = [ I et o) = = [ Dot d
—0

Substituting in our solutions we find

Q0

dout) = d(t) = — 1" V2T [ e(@ut)de,
—0
w A

Eout (t) — éin(t) = —im/ﬂf d(€Q, ) dS
—Q0

o0 R 06} R
f (0, 1) dQ = —i/{*ﬂf £(9,4)dQ + di (1) |

—00 —00

0 w
f &, ) dQ = —imrf (9, 1) dQ + e (1) |

—Q0 —0

and combining everything we have

~

dout (t) — dig (1) = —iK* 7 (éout(t) v éin(t)) :



[.7.1 Single input

If we have only a single input, é&,(¢) = 0, we find

- 1— k272
dont () = T+ o2 din(t) ,
. —iKk27m -
eout(t) d (t) 5

= T 2

with perfect transfer happening at |x| = 1/7.

168



APPENDIX J

Quantum optomechanics

This appendix goes through optomechanical interactions providing various derivations [11,

12, 138, 139, 225, 230, 231, 234, 235].

J.1 Optomechanic hamiltonian

The first order coupled optomechanical Hamiltonian is (C.3)

T = ta L AT f f
Hgys = hwo (a a+2)+7mm (b b+2>+hg0m( a—|—2) (b +b) ) (J.1)

J.2 Coupling to heat bath

Following the same procedure as App. I, we have heat baths for optics and mechanics,

optlc = Z hwq mech Z hwgé eq €q
bath q bath
fioptlc = Z h (”q al + /f; d) (dz + Czq) ) ]:Imech = Z h (/\q bl + /\; l;) (é:g + éq> .
bath g bath 7
in

The full Hamiltonian is

H Hsys + Hoptlc + Hmech + Hoptlc + Hmech

_ bath bath bath bath
~~ 1nt ll’lt
Hyath e
* Hbath int
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noting that

[HsySa Hbath] =0, [Hoptim Hmech] =0.
bath bath

J.2.1 Rotating wave approximation

Move to the interaction picture with U(t) = exp [—%(ﬁsys + Hypin) t],

HY on () = U (1) Hyan U(t)

int int

= Z hehllsyst </<6q al + K,; &) e Titlsyst o Hobt (62:5 + ciq) e fitont

—i—Zhe%Hsyst ()\q [;T +)\(‘; [;) e—%Hsyste%Hmbt <é2+éq) e—% mbt )

q
Following BCH,
gyt oo —d Hygot La_lg i
eh ae = Hsyst 5 aa_ﬁ syst a_ﬁ syst| +---
= [a ita a( o — Yom (ZA)T—HA)))} +

o+ it (=t — gom (51 +8) ) + a2 (=t goun (87 +8))" -

 —iwet—igom <8T+6)t
=ae ,

~

if s _if - ~ 1 11, 1 i
ehHSyStbe hHSySt == b+ [b,_ﬁHsys t:| + 5 llb’ _ﬁHsys t] ,_ﬁHsyst] +

S

(Z;—igomt&Td> e iwmt
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bl o= h ot =1 1[5 im0~ gt (5 4 8)] 4

S

DO |

gives us

int

Hb h ) = Zh (/i dT 1o t41 gom (bTer) + KF &e_iwo t—igom (ZA)T-i-[A))t)
at - q :

X (ci;r] olWal dq R t)

+Zh(/\q(l;T+igomt&Td) iwmt +)\* (i)—igomtfﬁfo e—iwmt)
q

St odwgt | 4 —lwgt
x(eqe 1"+ eqe q .

Using the rotating wave approximation,

~ s B . op s T
H%atth(t) ~ Z A (“q &T dq e1 (wo Wq) t+1gom (b +b) * ~ dT (UJO wq)t igom (b +b) )
1 q

+ Z h (Aq ([A)]L +1igomt al d) €q ol (Wm—wg) t
q

This is equivalent to

optlc’” Z (quTczq+5;&d§) ) HmechN Z ()\quéq—l—)\ b T) .
bath g bath
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J.2.2 Equations of motion

With the standard approximated bath interaction, and ~, = —27 K2, Ym = —

quantum Langevin equations are

. ig: [ 1 _if . 3
_a(t) = eth a, _ﬁHSYS:| [§ th - @a’(t) Y 70 dln(t) I

d igels 1~ i . R
_b(t) — eth ba__Hsys e th . h/mlb(t) . mein(t) '
dt | h 2
Now
~ 1 2 A~ . ~ ~ . N R ~ A
[a’ _ﬁHSyS] - [“’ —iwod'a—igoma'a (bT + b)]
= —iwo&—igomd(6T+8) ,
|:l;7 iffsys:| = |:l;, —1Wm ZA)TB—lgom <de+ _> <bT +b>:|
h
)
= —iwmb—1igom | a a+§ ,
thus
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J.2.3 Laser driven

Including a laser drive adds terms i L al e 719Lt 45 L* 4 ¢! “L T to the Hamiltonian. Performing

a rotation as in Sec. 1.4.1,
Urot (t) _ e—iwL (CALT d-i—%) t e—iwL dtdt

the rotated full Hamiltonian is

Hsys

A

Hlrot = 1o <&7&+%) +hLa' + Bl a+ hom <5T8+%) + B gom (aTaJr%) <6T+55

J . J

" g g

2 ]:AI laser 2 2
H, optic Hiech H optomech

—l—ZhAqaZj]czq —I—Zh(/fq&Tch —i—/f;dcﬁ])
q q

H, optic H optic
bath bath
nt

+ W hwgeheq+ 20 (AT eg + agbel)

q q
Hypech Hipech
bath bath
int
where
AOZWO_UJL, AqZWq_UJL

It is important to note that this rotation only affects the operators a and ci, it does not

provide a relation of the sort wyot = w — wy, in frequency space.
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The equations of motion are then

L) = ~180a(t) =i L~ i goma®) (51) + 5(0)) — Dlat) — o dunlr).

We can find the steady state values where %d(t) = %B(t) =0,

i L — /Yo dip(ts)

a(ts) = - - ,
i iAO+J¥”+dgmn<M(g)+b@g>
o (@) alt) + ) it
( S) N lwpy + D%l

Given that we have a steady state occupancy, let’s backward transform from the coherent

states (i.e. |ay — [0)),

W= D@ Dyt ) Dala) =T D) = M

. e A o\ ~ . -

= H — D;(0) Dy(a)f (H - ma) Dy (a) Dy (b)
— Da(@)" Dy(b)" H Dy (a) Dy(b) ,

= a—a+a, b—>b+b,

where @ and b are now fluctuations on a background @, b € C.
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Applying this transform to our equations of motion,

%&(t) _ <—1A0 - @ ~igom (B(0) + 5(0) + B+ b)> (6(t) +a) — 1 L — Aodin(t)

%B(t) - (—mm . @) (B(t) + B) i gom (dT(t) + a*) ((t) +a) —

i .
g;)m — v/ Tm ein(t) .

For a large background (strong laser drive) and thus small a(t) « a and b(t) « b, we can

linearize to first order in a(t), b(t),

%d(t) = (—iAO - % —igom (b + b*)) a(t) —igoma (IST(t) + B(t)) — Vo din (t)

. (_iAO_@_igom (b+b*)> a—iL+0[ai)| |

Doing the same transform to our steady state equations, we can define

i = - Sl (J.4)
iAo + 32 + i gom (0 +0)

_ —1 gom (|a’2 + %)

b— , (1.5)

lwm + _\”gnl

for (a(t)y = (b(t)) = {din(t)> = (e (t)) = 0. This pair of equations generates a third order

polynomial with complicated solutions.
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This leaves us with

d 70l 7 ; 5

a(t) - (—mo 0L g 5+ 6*)) a(t) ~ igoma (B1(6) + 5(1) ) — o dha (1

300 = (<em = 22 b0 g0 (aa') 40" a0) = vimén)

b(w) = : , (J.7)
where

Aom:Ao"‘gom(g*‘f‘l;) ~ Ao,

womzwo+gom(5*+l§)%wo.

These equations show us that a strong background optical field enhances the effective op-

tomechanic coupling to be a@ gom.

J.3 Optical spring

From (J.7), we can see that b(w) is peaked around w = wy,, whilst bf (w) = b(—w)T is peaked

around w = —wyy, thus if our mechanical oscillator is sufficiently high quality (|ym| < wm),
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we need only consider one of b(w) and b (w). From (J.11), we see that a(w) is peaked around
w = Aom and &' (w) = a(—w)T is peaked around w = —Agp, but for w ~ +wpy (in order to
address the mechanics), [7o| ¢ |Aom| and we cannot separately resolve a(w) and a'(w). A

high quality optical resonator only ensures |vo| < wo.

Let us first consider w ~ wpy, we find from (J.11)

—igomc_z(;(w) —md w, to)

a(w ~ wy) =

Y

. %3 B 7 it
i (w ~ w) = i gom @* b(w) — /75 d'(w, to) '

—i(Aom + w) + b%'

Substituting this into (J.7) we find

21512 21712
a a 2
(i(wm—w)+’7;n|+ gom" |a| . Jom" |a| | |>b(w~wm)
i a* d(w, t i a/AFd (w, t
= —/7m é(w, tp) + gom & %o d( 0)+1goma 16 ' w: to)
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Making the following definitions

1 1
5wm(W) = gOIIl2 |d|2 ) ] "Y | - ] |’Y ] )
1 (Aom - W) + 20 —1 (Aom + CL)) + TO
1 1
Yom(w) = 2 gom” |al* R [ ol [y |]
I(Aom - (JJ) + TO —1 (Aom + CU) + 20
2 E 2 70l _ 7ol

(Bom —0” + ()" (Ao + )+ (131)’

gom2 |Cfl|2 4 |70| Aom w

<(A°m s ('77)2> ((AOm +w)? + (l’gol)Q) |

we can write

( @ lodw,to)  avAgdi(w.ty)
i(Aom—w)Jr'—V;' —i(Aom+w)+|l}|
(w) _ w) 4 |’Ym|+’Yom(W)

) - Mé(w, tO)

The functions dwy, and yom are purely real and have following the properties,

dwm (—w) = dwm(w) , Yom(—w) = —Yom(w) -

For Aom » 7o, Yom(w) is positively peaked around w = Agyy, and negatively peaked around
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w = —Agm, with a full width at half maximum of 2~,. So at w = wy, we have

Yom (wm) > 0 : wp, = Wom — Wm ,
Yom(wm) <0 : wf, = wom + W ,
'VOm(OJm) == 0 . OJL == wOHl .

The increased phononic loss Yo for red detuning corresponds to photon conversion.

Doing the same for w ~ —wp,

o 3 _ ¥ It
g <‘(a Vied(w,to) ayagd'w to) >_ i)
1

Tlw~ — _
Vi “m) = —i(wm + dwm (W) + w) + fhm_%m(w)

In blue detuned laser pumping regime (Agm = —wm), and probing the optical cavity (w ~
—wm), this equation has a subtle limitation. When w = —wy, — dwmy(w), the denominator
is simply |ym| — Yom(w) with yom(w) > 0, meaning if yom(w) ~ |ym| then bt diverges.
Recalling the original optomechanical Hamiltonian in App. C, o (ZA)T + 13) must be small
to produce the first order coupled optomechanical Hamiltonian (J.1). Thus a large bT breaks
our fundamental approximation and invalidates these equations. When driving blue detuned,

we must therefore impose the restriction that

Yom(w) < [ym| : WL =wom +wm ,
equivalently in the sideband resolved regime (wpy » |Yo|), where

4 gom? |a|?
70m(w = —Wm = Aom) ~x 90|II17—|||
o

)
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Figure J.1: Three wave mixing with a red detuned laser.
this is
 dgow? |af?

Com = <1l : wL=wom~+wmAwn>|Yl, (J.8)
7ol [ym|

where Copm is known as the cooperativity. Physically, this situation of a blue detuned laser
drive and Copy, > 1 corresponds to the laser pump exciting the mechanical oscillator faster
than it can decay, putting it into a high energy state where the optomechanical coupling is

highly non-linear.

J.4 Beam splitter

When the laser pump is red detuned from the optical cavity by the mechanical resonance
frequency, the optomechanical interaction takes on a beam splitter form. For simplicity,
consider our Hamiltonian without coupling to baths. With a laser drive, and rotated into

the laser frame,

Hyot = i (&Td+%) +hLal + hL*a+hom (BTISJF%) + h gom (deJr%) (BTH}) .

J J

v~ v ng

2 I:I laser 2 2
H optic H, mech H, optomech

180



As we found before there is a steady background occupancy, and we can transform to a

background leveled frame

ﬁliof = Dy(a)" Dy(0) Hror Dy (@) Dy ()
Vv
— hA, (aTa+ %) FhAcaal + hAga a+ h A |af?
thLa' +hL*a+hLa* +hia

+ hwm (8T6+ %) + T bOT + By 0% b+ hwp, b2

Using the background level values calculated previously, (J.4) and (J.5), (with v = ym =0
as we have no baths present)
I z —gom <|(_1’2 + %)

)
Aom Wm

d:

many of the terms cancel out. We are then left with

Hrot = hAom (&Td + %) + hwm (I;T B + %)

vl N

N

Ho

+ T gom (ATaBJr ATai)H*aTB+*aTBT+**aB+**az3T)

g

Hint

+hAom|al? + hLa* + hL* @+ hwm || .

constants
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Moving to the interaction picture with

O(t) = e~ hHot _ o= Bom (@t atd) 1 g—icm (5 b+4) ¢

9

+a*abe (BomFwm)t | g# g jT o=1 (Aom—wm) t) . (1.9)

If we set Agm = wm and use the rotating wave approximation to remove all the oscillating

terms, we are left with
Hine = T gom (aaT6+ a*aiﬁ) .

Thus red detuning the laser to wy, = wom — wm provides a beam splitter Hamiltonian and

allows photonic-phononic state conversion via the process depicted in Fig. J.1.
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J.4.1 With heat bath

If we have Agm = wm and use the beam splitter approximation with coupled heat baths,

ot = Bom (ata+3) +nww (00+3) + ngom (aa’b+a*ab)
v

cinlelgat _iplelges iplmlggr _ypmlge;
2 2 2 2
—i—ZhchZj](fq—i—Zh(/fdadq—|—/<;2ch2}) —i—Zh(/ﬁqd*quHi;ddj])
q q q
+ 2y hwgeheq+ 20 (AT eg + apbel) + 310 (05 éq + Apbel)
q q q

+hAom|a? +RLa* +hL*a+ hom b2, (1.10)

where the terms in the second line are produced by the full definitions of @ (J.4) and b (J.5).

Note that,

RLa* +hL*a=—2hAom|al? .

Deriving the Langevin equations

—a(t) = —ilAemalt) — igom&?)(t) +—a— ol (a(t) + a) — /7o din(t)
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Taking Fourier transforms

_igom C_ZB(CL)) - \/%d/\ (.U, to)

i) == Gl
i (Aom —w) + 5=

—igom a* a(w) — \/m é(w, ty)
| :

This approximation is equivalent to |vm| € wm A [70| € Aom-

Combining these equations we deduce a strongly resolved optical spring effect,

i gom @* \/Yo d(w, tp)

b(w) =

- Mé(w, tO)

)+ |7m|+Yom (w) ’

i1 (wm + dwn(w) —w

with

Yom(w) = 2gom2 ’a‘Q R

1

. gom2 |a|2 "Vo|
2
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/ VRV ARV /N
— U )
W, = Wot+Wm t// /N
VI
L// ‘r
A
U)lll L

Figure J.2: Three wave mixing with a blue detuned laser.

At w = wm,
i gom a* 3 N
T Vo d(wm, to) — v/7m €é(wm, to)
b(w = wm) = —2 pymp
["m| | gom” |
_l’_
2 1%
2
J.5 Entangling
If in equation (J.9), we instead set Aoy = —wm and apply the rotating wave approximation,

we end up with

A

Hipe = R gom (a&TZET +d*dl§> .

Thus blue detuning the laser to wy, = wWom + wm provides an entangling Hamiltonian that

deals with photon-phonon pairs as depicted in Fig. J.2.
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J.6  Optomechanically induced transparency

Similar in idea to electromagnetically induced transparency, the coupling of an optical cavity
to a mechanical mode, and pumped with a red detuned laser at wy, = wom — wm, opens up

a transparency in the transmission spectrum of the cavity probed by a second laser signal.

To study this effect we take the beam splitter Hamiltonian (J.10) derived from a red detuned
pump (Aom ~ wm), and add additional heat baths, with loss parameter vy 2, to model
the waveguide ports. Following the input/output theory of a symmetric non-directional

waveguide resonator (see App. ©) we get the following system of equations,

with

Yo =7 4 2458

where we have made all the v real (moving any complex components to the frequency) and
chosen all the phases to be zero. For simplicity we will set the environmental inputs J}Et and
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sint

¢iy > which are negligible compared to the waveguide input, to zero.

Taking the Fourier transform of our equations we get

—1gom @ [;(w) -V ”Y(‘)Ng Cilln(w) - \/%ng?n(w)

aw) = i(Aom —w) + % ’
) = I Tl

where a(w) is rotated into the laser frame. Solving for a,

) = V70" diy (@) = V0" dfy (W)

2172
. _ Yo Jom*” |

Y

and using our waveguide in/out relations we find the transmission to be

d? o
Sa1(w) = 9ut(W) =1- Lo 2152
dl (W) | » (AL Yo 4 _ Yom"|al®
m di, (w)=0 H(Bom —w) + 7 + i (wm—w)+22

In Fig. J.3 we plot |Sy1(w)|? at critical coupling showing the transparent peak that appears
over an uncoupled optical cavity (gom = 0). Typically the probe frequency is taken from a

sideband of the pump laser, in which case w will be the modulation frequency.

When everything is aligned, Ay = wm, and we probe at exactly the optical cavity frequency,

w = wpy (i.e. wf, + Wm = wom ), the peak transparency is

27 "
SQl(W:wm:Aom):l_ 21512
+4gom |a|
o Ym
275°
—1—_—To
1+ Com
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(1/2+Com)’

(14 Com)?

(1+CUIH) Ym

1/4

Wy Wm

Figure J.3: Transmission plots showing optomechanical transparency (solid line) compared
to a regular optical cavity (dashed line) in two different regimes of optical cavity linewidth.

. wg
At critical coupling, 278Vg = fyént = 2—%— = %7

B %‘FCom

S. (wzw = Agm; VMt =2 Wg)- .
21 m om; Yo Yo 1 + Com

J.7 Optomechanical induced absorption

If we instead pump with a blue detuned laser at wy, = wom + wm, and keeping Com < 1,
we observe absorption when the cavity is probed at its optical resonant frequency. Doing

the same as above except with the entangling Hamiltonian (Aom ~ —wm), the system of
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equations is

d R
—a(t) = —12om a(t) — igom ab'(t) - %d(t)

— A R (1) — /70 B iy (1) =\ 10 i (t)
d - .

Ly (1) = /0 alt) + d2 (1)

Ao (1) = A E alt) + diy (1) -

Again setting cZiﬁt = é%ﬁt = 0 and taking the Fourier transform we get

i) = om b (w) = V0" dfy (@) = V10" df, ()

i aal
- —igomaa(w)
blw) = i (wm —w)+

= bl(w) = —igom a* a(w)
i (wm+w)—

where a(w) is rotated into the laser frame Solving for a,

i) = V0" diy (@) = V70" df (W)

21512

i (wmtw)—12

?
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1/4

(1_Cnm) Ym

(1/2-Com)’
(1-Com)?

[} : w
- ~wpy

Figure J.4: Transmission plots showing optomechanical amplification (solid line) compared
to a regular optical cavity (dashed line) in two different regimes of optical cavity linewidth.

and using our waveguide in/out relations we find the transmission to be

72
S1(w) = dout () =1- %o
21 Czl (w) ) (A Yo gom2 |(_L|2
in{) 2 (w)=0 HBom —w) + 3 +

In Fig. J.4 we plot |Sa1(w)|? at critical coupling showing the amplification peak that appears
over an uncoupled optical cavity (gom = 0). Typically the probe frequency is taken from a

sideband of the pump laser, in which case w will be the modulation frequency.

When everything is aligned, Aoy = —wm, and we probe at exactly the optical cavity fre-
quency, w = —wpy (l.e. wy, —wm = wom), the peak value is
2758
SQl(w:_Wm:Aom):]._ 02_2
_ 49gom |a|
o Ym
275°
—1—_—TJo
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. wg
At critical coupling, 275 ® = 4t = 2?;_2 =,

1
. -C
1 —Com

This result suggests that at Com > 3/4 there is optomechanical induced amplification (diver-
gent at Com = 1) but the limitation imposed by (J.8), that is Com < 1, applies here meaning
such a regime is outside the scope of the linear optomechanical coupling Hamiltonian (J.1)

used to deduce these results.

J.8 Non-rotating frame

In the non-rotating frame with multiple laser drives, the full Hamiltonian is

H = hw, (de+%)+hwm <6T6+%)+hgom (dTEL+%> (BTHS)

" J . J . J

g ng n'g

H, optic Hpech H optomech

+ A (mateTial o Ly aelat)
l

Hlaser
it s 5wt F ity ot
+ Y hwgdydg+ Y h (kg dg + kyady) + > hwgégéq+ D h(Agblég + Asbey)
\q S/ \q S/ &q S/ \q J/
H, optic H optic Hinech Hiech
bath b'atth bath biarul‘gch
1
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with equations of motion

J.8.1 Multiple drive displacement

Following that of Sec. 1.6, we can try displacements of the form

a(t) = a(t) + |
J

aj (t) e—iw]-t ’
1

n

and try to find functions a;(t), b(t) that cancel the L; terms. Substituting these displace-

ments in to our equations of motion and ignoring all the operator terms, we get

<i (wo — wj + gom(b(£)™ + b(t))) + @) a;(t) + %aj(t) +iLj=0 : je{l,...,n},

|7m|

. od
<1wm+7) b(t)—i-&b(t)-i-lgom =0.

i i aj(t)* ap(t) e Wimwr)t 4

j=1k=1

N | —

For n > 1 these equations do not seem solvable by functions of the form »; ¢; e Wit which

would accommodate a Fourier transform.
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J.8.2 Single drive displacement

If we displace by only a single laser drive (n = 1), denoted *, perhaps because it is big enough
to linearize the equation of motions by itself, then we get some significant simplifications.
Due to the lack of cross terms in the sum for the b equation, we can have a solution where

a(t) and b(t) have no time dependence, i.e.

_ —1 Lx

Ax = —_ _ I
i (WO — Wx + gom (b;l: + b*)) + @

_ —igom (I@*IQ + %)

b* ==

lwm + —hén'

Making this displacement,

we obtain the single laser drive leveled equations of motion

—aft) = - (i (wo + gom (b + b%)) + @) a(t) —igom (BT(t) +b(t)) a(t)

~ 19om (BT(t) * B(t)> aue™ Ot — o din(t) — Z iLyemiet

[#x
d .

3 b = - (mm + ”T“”) b(t) —igomal(t)a(t)

— i gom (awe ™ al(e) + @l a(t)) - ym n(0)
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For completeness, the Hamiltonian is

(b2)' Dy (@s 1 )1 (ﬁ—iha—> Dy(@x ™' ") D; (b4) (J.11)

1 |
= hwom (aTa + 5) + hwm (bTb+ 5)

+1i hléol (d*dTe_iw*t atae v )—i—ih@ (B*I;T—Bil;>

+. 0 (Lla —ert g “"lt)

[#x

+Zhwdadq+Z (“q(ﬂdq‘f‘fi dAj])—i—Zh(mq@iqueiW*t—i—/ﬁ;dcﬂ]e_iw*t)

q
+ Zhwqeqeq—l—Zh()\queq—i—)\ beh) + Zh(AqbiuﬁA bech)
+ hl%l @x|? + B [be]?
+ Z (Lla el wwe)t + L c‘t*ei(wl_w*)t) : (J.12)
l#%

where

Wom = Wo + Jom (Bi + B*) .
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J.8.3 Linearized system

For af a, » ala and b 4+ by » bl + b the equations of motion can be linearized, equivalently

dropping the A gom a' a (IST + 5) term in (J.12), to

d . . S T Vol .
Ea(t) = — (1 (wo + gom (bx + b*)) + 70) a(t)
—igom (zST(t) + B(t)) Ge o din(t) = YL et (J.13)
[#%
d.._ Il 5
&b(t) = (uam—i- 5 ) b(t)
i gom (a* emiont gt (h) 4 gt elwnt d(t)) — () (J.14)

allowing us to take the Fourier transforms

“igom e (8w —wa) + bW —wa)) = o din() = Ty 1y VIO — )

afw) = - T D 7ol ’
i (w0+gom(bf+b*) —w) + 5
i a, at(w— a*a — 2
A 1gom (Gxa'(w—wy) +asalw+ we)) — v/ m € (w)
b((,d) — © ( ) ,

i(wm—w)+@

with Hermitian conjugates

1gom ay (Z;(w +ws) + bl (w + w*)) — mdjn(w) T 2 1L V270w + wy)

il (w) = : T T ol ’
—i (wo + gom (b% + bs) + w) +

R lgom (&i d(w + w*) + ax dT(w - W*)) - 711;1 éjn(W)

bl (w) = :

—i (wm—i—w)—i—'l%'
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From the above equations we note that

a(w) peaked around wep, ,
al (w) peaked around — wep, ,
(1.15)

b(w) peaked around wyy, ,

b' (w) peaked around — wy,

allowing approximations to be made in various situations by dropping insignificant terms.

J.8.4 Optical spring

For a high quality mechanical resonator (|ym| « wm) we can use (J.15) to make some

simplifications when studying the mechanics on resonance. First we have
b(w = wp) o &T(wm — wy) + a(wm + ws) ,

then

dT(w = Wm — CL)*) aC ?)(U.}In) +I;T(wln) 5
——
dominates

~ ~

d(w = Wm + W*) o bT((—Um) + b(UJm)
——
dominates

Substituting a and al into b with just the dominating terms, and no additional laser drives

(Lj2« = 0), then produces the same results as Sec. J.3.
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J.8.5 Beam splitter and entangling

If our main laser drive, *, is { gﬁ‘lie } detuned from the optical resonance by the mechanical res-

beam splitter }

onance (wx = Wom Fwm), and we are sideband resolved (|| € wm), we get a { entangling

interaction. Using (J.15) find

—_——— ——

dominates dominates
for blue for red

&T(w = —Wom) € 6($Wm) +6T($Wm) )
—_— Y~

dominates dominates
for blue for red

B(w = wp) o &T(—wom + {Q%m }) + a(wom + {ng }) ,

-

Y Y

dominates dominates
for blue for red

b (w = —wm) o awom — {206““ }) + & (—wom — {28111 }) 7
dom;;ates domitnates
for blue for red
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and obtain frequency-space expressions

—1gom Gx {I;b:f } (W — wom £ wm) — \/%Ciin(w) - Zl;é*iLl V27 (w —wy)

- 70l ’

)

1 gom Gy {bbT } (W + wom F wm) — /& chTn(w) + 2w 1L V27O (w + wy)
—i (Wom + w) + @

1 gom {g%} {%T}(w$wom+wm)_\/ﬂéjn(w)

—i (wm—i—w)—i—'l?‘

J.8.6 Optomechanical induced windows

A {kfﬁ?e } detuned laser pump will produce optomechanical induced {tranSparenCy } Adding

absorption

additional heat baths, with loss parameter 73 2, to model the waveguide ports and following

the input-output theory of a symmetric non-directional waveguide resonator (see Sec. ©.4.1)
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we get the following system of equations,

d ., . X _ s B _
aa(t) = - (1 Wom + %) a/(t) — 1g0om Qx { [;l?r } (t) e 1 (Wom-i-wm)t
=it () — A L) — )
d; 1 Jm 3 1 71 a ti (WomFwm) ¢ sint
Eb(t) = - (1Wm + 7) b(t) —igom {g*} {;T } (t)e i (WomFwm)t _ m e84 |

int wg

Yo=Y t2%°,

where we have made all the v real (moving any complex components to the frequency) and

chosen all the phases to be zero. For simplicity we will set the environmental inputs a?}ﬂt and

sint

¢iy > which are negligible compared to the waveguide input, to zero.
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Taking the Fourier transform of our equations we get

_igoma {(}b”f } (w — Wom T Wm) Y 78vg chln(w) -V 7(‘)Ng d?n(w)

aw) = i(wom —w) + 12(’
YT Lo
b(w) = . — Tm ’
1 (U)m CL)) + )
) e (7 . N | *® 52
AT( 1 Jom Qx {bg}(w + Wom + Wm) - \/'V(‘;VTdinT(w> - \/’VC‘;VTdinT(W)
a'\w) =
b (w) lg"m{gf}{‘?}(wwomwm)
w
—i (wm—i—w)—i—'%n—'

Solving for a,

&(w) _ _\/%ng. -V ’70 (
: Yo Yom |5,| ’
Hwom =) + 5 + 1, )

2
S21(w) = Jons () —1-— %o
71 . . i om '
din () d, (w)=0 H(wom —w) + 5 L (w§m+oLL)L|—F7m
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The peak transmission is

275 °
4 Jom (1|
Yo T ~ m
275
—1__ Yo
1+Com
. wg
At critical coupling, 275 ° = 7 = 2z_g - %7
int wg %icom
So1 (W:Wom§70 =27 ) = 11cC
T Com

Or with no internal loss, ¥ = 0 = &% =1,
int _ 0) _ *Com

521(w=wom;% = 1Tic.
— om

J.8.7 Post linearization sideband drive displacement

Once our system is linearized by the main drive x, displacements to account for additional
drives can be made, but only if they come in pairs about the main drive (i.e. sidebands)

w+ = wx £ wA . The displacement required takes the form

&(t) N fl(t) +ag e—i (watwa)t +a_ e—i (we—wa)t ’

~

b(t) — b(t) + by e 1WAl 4 elwal
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Applying this to the linearized equations of motion (J.13) and (J.14), and keeping non-

operator terms we find

((i (Wom — wx —wa) + @) a+ + iL+) e lwat
i |'70| _ ) fwp t
T 1(0‘10111—w*—|—wA)-|-T G- +iL_) e
= ~19om s (61 N N - L eiwAt)

(i (wm —wa) + @) by emiwat 4 (i (wWm +wp) + %) b_elvat

= —igom (a* a* elWal L grg, e WAl L g, g% oTIWAT L gtg eWA’f)

where the time dependence only occurring in factors of exp(tiwp t) is attributed to the
careful choice made for the displacement’s time dependence. Collecting the two sets of

terms in each equation, we determine

_ —iL4 —igomax (b2 +Dby)

a4 = ] B B m )
i (Wom — wx —WA) + 5

_ —iL_ —igomax (b% +b-)

a_— =

b —1gom ((_lj: a4+ + ax L_l*_)

+ = )
1(wm —wa) + u%'

5 _ ~igom (aya— +asat)
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These parameters have varying significance however,

la4| > la—| : ws«=wom — WA ,
la—| > |lat+| : ws = wom + WA ,
|b4| > |b—| : generally .

With these definitions the sideband displaced equations of motion are structurally unchanged

from (J.13) and (J.14),

— 1gom (BT(t) + l;(t)) Ak eTiwxt _ m(jin(t) — Z iL e—iwit ’

I#{*,1}

b(t) = — (iwm + ’7;“’> b(t)

~ igom (@v e al (1) + @t el (1)) — yAm n(t)

&)~
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APPENDIX K

Quantum electro-opto-mechanics

In this appendix we put together the full electro-opto-mechanical input-output.

K.1 Electromechanic hamiltonian

With the optomechanical part covered in App. J, the last step in modelling our system is to
incorporate electromechanics, i.e. the coupling between mechanical waves and an electrical

circuit. To do this we’ll start with an ideal electronic resonator,

2 2
with
1 L
C : L , w =A==, Z =Al=,
¢ LC N C
it . resonance characteristic
capacitance inductance frequency impedance
N ﬁ, AT “ N ZC N 1 ~
=il |c" + c) ) C =A== + = ,
4 276 ( 2 \" " 7°
charge annihilation
~ hZ R . A . 1 -
0] =i —C<6T—C), i —4/2C ——0] ,
2 2h e
flux creation
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]:m, [é,eT]=1.

In the case piezoelectricity1 (see App. B), the strain € produces an additional electric field
Epiezo driving the capacitor and hence voltage across it. The charge then acquires an addi-

tional contribution ¢ — G + C Vpies0- With

Vpiezo o« Epiezo o € o T,
let us write
Vpiezo =Gem T .
Putting this into the Hamiltonian,
-2 R N2 2 2 ~2
q (G+ C Gem ) q . CGem“ 2
— =—+G + —
2" 2C oc T em it 2
~9 2
A 2
_ 4 hgem(bTer) <5T+@) 4 2M%em Ym .2 7
2C We

- / « )

Y

~
electromechanical interaction  pon-linear wy, shift

we obtain a simple electromechanical coupling term [236]. Under the rotating wave approx-

imation with wy ~ we this interaction simplifies to

B Gem (BT ¢+ BéT) .

We'll consider both the red and blue detuned pump optomechanical interaction by using

1. Differing from the capacitor on a spring system which produces a # ¢2 term.
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coloured symbols that only appear in their respective case,

A Gom (afﬁ?ﬁ +a*d1§*) .

K.2 Single drive displacement

The single drive x displacement is now

with
_ —1 L
Ay = = =
* I(WO—W*‘Fgom(bi‘i‘b*))‘i"é_o’

_ —1gom (‘d*P + %) — 1 em Cx

b* == N Ym 9
1Wm + 5

_ _igem [_7*

Cx = —F=~—

i(JJe‘i‘% .

K.3 Equations of motion

In the non-rotating frame, the equations of motion for the wy = wem + wm pumped and

displaced, linearized system, with bi-directional optic waveguide ports and single electrical
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transmission line port are

d ~ . ~ . — 71 —1(wom m)?
S50 = = (iwom + 2) a(0) = gom 2. B 1) 7 om =
iRt i (1) — /70 & diy (1) — A0 diy (8)
d . . Ym\ 3 . —w AT +i(Wom+wm)t . .
&b(t) = - (1wm + 7) b(t) —igomaxa'(t)e — 1 gem ¢(t)
—V7m é%ﬁt(t) )
Loy = = (M +’ﬁ) &(t) — i gom b(t)
dt (§ 2 em
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with

1 2 12
WE =Y =7 =7"/2,

Yo =" +2%°,

int

f)/m:’)/m )

int

Yo = Yot 4+
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Taking the Fourier transforms, we get

o (o o = ) — /S B )

~ vVt dj,

— V7 d2 (w)

i (wom —

m @t b (w + wom + wm) + /70 céﬁ”(w

)+%°

)+ V0 dy

)+ /08 d2 (w)

a'(w + wom

i (wom +w) —

— wm) — 1 gem ¢(w) —

Yo
2

Vitent(w)

9

Tt sint T
1mn n (w)

(w+w0m+wm)—1gech( ) + 4/t e

i (wm +w) —

— VS )

Ym
5

a(w) =

it(w) = —1go

oy o
BT(w) _ —1gom @
o) = —1 gom b(w)
) - emtlle

-V ’Yént fiir?t (w

)
—w)+ %

+ ./ mt fmtT

)+ VI fn (@)

Y

For convenience, denote

(we + w) — 376

vx(Qw) =1 (Q—w)+
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Eliminating b' in a,

gom2 |C_L*|2 . —1gom Qx —1gem éT(w — Wom T wm)
Vo (Wom; w) + m (w)= + o (Wom; @) — ..
m {om; mioms T\ /ot e (@ — wom + wim)
— A/t A () — A/ dL (W) — A R (w)

and eliminating b' in ¢',

—1gom ai &(UJ + Wom + Wm)

Vel TWe; W) T — ; c\w)= } — ..
U (+wm; w) Um (+wm; w) 4y /int é;ﬁt T(w)

i Aint T Atx i
- ’Yént fi1r111 T(W) Y ”Vgx fi;{T(W) )

and solving for a,

1 gom2 |&*|2 gem2
+ +
Uo(womQ W) Um(womQ w) Ue(Wom + We + Wm; W) Um(Wom§ W)

Ue(Wom + We + Wm; W) Um(W0m§ W) + gem2 \/@dﬁt (w) + ’Y(‘)Vg diln(w)

 vo(womi @) U (wom} @) Ve (Wom + e + W w) A/ 32 (w)
igom Qx \/Tnt int 1_
+ i B N
UO(Wom;w) Um(wom;w) Tm €ip (w Wom T wm)

int pint §
+ Jom A Jem ’Y}snt fllIrll (w — Wom + Wm)
- . . . N 5 )
Vo(wom: ) Vm (woms w) ve(Wom + we & W) +4/78% fitri”(w — Wom + Wm)
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or solving for ¢',

2 2
1+ Jom ‘a*’ n Jem éT(w) _
Vo (+wm;w) Um(+wm;w)  Ve(+we;w) vm(+wm;w)

_ Vo(+wm;w) Um(+wm;w) + 90m2|d*|2 /,ymt mtT )+ 4 /X ftXT
Uo(i‘wm§w) Um(i‘wrmw) Ue(iwe§w)

1gem [ ~int éint]‘ o
Ue(iwe§w)vm(iwm§w) T Cin ()

\/ ’Y(i)nt diﬁt (W + wom + Wm)
Jom Qx Gem

+ V8 g
Vo(+wm; w) vm(+wm; w) Ve(+we; w) %0 " dip (W F wom + win)

0" dNiZn(W + Wom + Wm)

At we = wpy, microwave to optic transmission is then given by

2 ’Y ’Ye
dgut (wom) 4 ’CY)O e Com Cem
ot N 27
firi((we) other in = 0 (1 + Com + Cem)

whilst optic to microwave transmission is

o 2 wg L tx
tx T
Jout (£we) 42— Je Copy Com

51 5
din(wom) other in = 0 (1 + Com + Cem)

identical. The cooperativities are defined as
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For investigating the mechanics, eliminating a' and ¢ in b,

21= 12 2
(1 4 —Som [ + Jomn > b(w) =
Vo (Wm; W) Um (wmiw)  Ve(we; w) Um (Wm; w)

1 \/E sint 1gem \/7 t 5t
- 7 N + int f£in _|_ ﬁ tx
Um(wm; w) ' Ey (W) Ve ey 9) Urm (cdmm; 0 Ve VX fir (w)

i AlIlt T weg 31T

Uo(a}nhw) Um wm’ —+ \/7 2l CL) + Wom — UJm)

_l’_
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APPENDIX L

Thermal optomechanics

In this appendix we derive the output of a hot optomechanical resonator and the associated

measurement of the optomechanical coupling.

L.1 Spectrum

Let us consider the case of a hot mechanical resonator, kg T » hwp, and optical cavity

being probed by a laser at wy,. The equations of motion, from App. J, are

_&(t) = —iwy &(t) - — a(t) — igomd(t) ([;T(t) + 8(15)) _ iLe—ith 7

0 = — 1m0 - 210 g0 (a1 30+ ) - vimen(0

We can displace out our laser drive, and static mechanic shift as

. il
a(t) = &'(t) + aeiert i = el a0,
i(wo —wr,) —igom (b* +b) + 72—0
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Letting () = o' T(t) + b/ (t) and § = b* + b, we now have

ié’(t) = —iwnb'(t) — —”V;“’ V(1) — /m éin(t) —igom (a*d' (1) e ¥r! +aa’T(t) e iwnt)

in which the last term in %&'(t) is small by @ » a'(t), and the last two terms in %i)/(t)
are small compared to the large thermal drive é;,,(¢) which dominates the dynamics. From

Sec. 1.4.2 we know the thermal spectrum for a harmonic oscillator V.

Denoting wom = Wo + Jom ¥, the solution for a’(t) is

[0l

t . ’ .

—1Wom— t—t") . —1 —1lWom—"9 t—t N

a’(t):—igomafe( Hoom=BF) 0= 5y gt gy ¢ o(Feom=5) @000 g1y )
to

[0l

and we can take tg — —oo, sending the last term to zero. Thus we have

. t i _ ol t—¢ .
a(t) =ae WLl —igona f e( Hom ™ >( )yj(t/) emiwnt’ gy
—0

The power output of our optical cavity is oc|a(t)|?, which is

t —1 (wWom— _M t—t/ ~
|€L(t)|2 _ |C_L‘2 . igom |C_L|2 J e( i(w wr,) 2 )( )y(t/) dtl
—Q0

t . . _ ol oy
+ 1gom |d|2 f e(l ommen) = ) (=) g(tl) dt’ + O[gom]2 )
—0

using §1(t) = §(t). Letting
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and dropping O[gom]?, we can rewrite this as

0 0

Bt — 1) (') e’ + i gom [ J Bt — 1) g(t) a

—00

a(t)[2 = [af? — i gom lal? f

—0

= [a)? —igom |a|* (ho* §)(t) +igom |a> (h* = 9)(t) .

A photodetector measuring this power will output a proportional voltage amplitude, hence

denote A(t) = |a(t)|2. Then using App. H

1 1
h(w) = , h(w) = h(-w)*,
V2T §(wo — wy, — w) + ﬁ}'
and
A(w) = [a* V27 6(w) — i gom |al* V27 h(w) §(w) + i gom |al* V27 h* (w) (w)
. 92~ . 12 A
_ |EL|2 ma(w) n i gom |@|” J(w) - i gom |a|” 9(w) o
i(w— wom +wrL) —% i(w+ wom — wr,) —%

= |a|> V27 0(w) + gom |a|? §(w) B(w) ,
with
B(w) = i B i _ 2 (wr, — wom) |
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With (g(t)) = 0, the spectral density is easily obtained to be

Sii(w) = lal* 27 6(w) + gom? |a|* [B(w)|? Spy(w) -

Expanding this out near w = wy,

2 L[4 n(wm)
2

Siilw~wnm) =g
AA m om 22 -
((WL_wom)2+ 1% ) (W — wm)? + |7m|

X
2 2
(0“2 - (WL - Wom)z) + @ (("'2 (WL Wom)Q) |7106‘

4

which is notably zero when wy, = wom-

L.2 Hanger resonator experiment

For an optical cavity in a hanger configuration with the optical waveguide (see Sec. ©.4.1),

. 12 .
o= N+ W, agur(t) = o \[2oa(t) + O al (1)

S—— S~—— 2
internal  waveguide

loss coupling

with
12
A . 5 /P,
afy (t) = /hewp, dfy (t) = /P e 9Lt L=y =
L
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noting that a is a complex amplitude with ,/power units, whilst a in the first section is an
operator with v/number units. Thus

wr, t

12 .
. Yo PL e—l
Bue(t) = VAT 4 TVLE T (g (i) )
i(wr, — Wom) — %

= me_ith (521(WL) —1gom S1 1(WL) (h * 3;) (t)> )

with
2 ¥
Soq(wr) =1+ - S11(wr) = - -
(wr) 1((,uL—wom)—7—2°7 (wr) 1(wL—w0m)—%

This gives the power out as

Pp(t) = |agu (1)
=Py <|521(WL)!2 —igom S21(wr,)* S11(wr,) (h*9)(t)

+1gom S21(wr,) S11(wr)” (h" + §) (t)) + Olgom)?
with Fourier transform

Po(w) = Ay (rsme)Fm 5() + gom w—1<wL;w>@<w>) ,
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denoting

W wrw) = =189 1(wr)* S11(wp) V27 h(w) +1S91(wr,) S11(wp)* V27 h* (W)
—in S1(wr)* S11(wr) St1(wr, +w) —1i e So1(wr,) S11(wr,)* S11(wr, — w)
o (0]

i

(Aom)2 + (—7?1)—2

e L R NN 7 o) R R GO
o | 4 4 2 —om T4 4 2 —om

In our experiment,

P, = Pielivered Ngrating s
coupler

and the signal measured by the spectrum analyzer is

Xspectrum = IpDVZ0 = P Ngrating  fsplit  Gfiber  Thilter FPD Ve,

analyzer coupler amp responsivity

where Zc = 502 is the spectrum analyzer input impedance. Capturing all of these into

some factor

2
X = Plelivered (ngra‘uing> J split Gaber Thiter FPD vV Za,

coupler amp responsivity
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such that X2 is a power, we get

Sxx (W) = X(wr)? (!52 1wr)|* 27 8(w) + gom” W (wr; w)| 72 ggA(W)) :

with
% 32
Yo —

\521(wL)|2:1_T ( T)

(Aom)2 + (7o)
’ 12
W (wp; w)| 2 1 (762)% (Aom)? (w2 T (o— 3 2)
L (Aom)? + () ((w + Aom)? + (%)2) (@ — Bom)? + (%)2)

- 1 kg T
Sgp(w) = 3 coth[ B ] Jm Jm

]{ZBT] kBTthm kg T

1
#(em) = 3 COth[z he B
m

2 howm
For a sufficiently narrow vy, the factor W(wr,;w) is approximately constant and can be
determined from a measurement of the optical transmission. When not sideband resolved,

|W (wr,; w)|~? is maximized when

The total power in the thermal mechanical spectrum is

1 [ o i} _
P~ oo X(wr)? gom” W (wr; wm)| ™2 S5 (w) dw = 2 X(wr) gom” Alwm) W (wr; wm)| 72 .
—o0
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L.2.1 DC monitor calibration

The fast photodetector has a DC monitor that effectively measures the zero frequency compo-
nent of our spectrum, allowing us to determine X. This measured voltage (for our particular

photodetector) is

= 3E(wL
% =] mV/uA) = [So1 (wr ) mV/uA
e pp (mV/pA) = |Sa 1 (wr)] Ve (mV/uA)
Vbe
- %(WL) |Smomtor|2 / (uA/mV)
21

L.2.2 Phase modulated sideband drive

We can also calibrate out X by phase modulating our laser and generating sidebands near
but not within the mechanical resonance [230, 237|. Applying a phase modulation, we can

use the Jacobi-Anger expansion,

Q0
I e—i (wL t—Ag sin[we t]) — I e—i wr, t Z Jj [A(I)] e—ij wet :

j=—c0

where J; are Bessel functions of the first kind. Matching this to laser drives of the form

Z Lj e—i(wL+jwq>)t = Lj = LJj[Aq)] .
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Following Sec. J.8.7 for weak symmetric sidebands,

n
at)y=a'(t)+ Y ajeiwrtive)t

j=—n

with
) —iLj—igomC_L (B*_J—l-[;j)
G0 = : hol
i (Wom — Wy, — jwe) + 5
~ —1gom (a a; +aa* j)
bj;é() - )

i (wm — j w) + Dl

keeping the same solution to a’(t) as before.

We now have

aa):e—wmt<

j=—o0

Q0
= «/PLe_ith Z Jj[Aq)]e

j=—o0

a2 (1) = /P! <

j=—co

we can apply serial linearization

b =)+ Y byt
j_—n
o —iLyg
a, frd a frd
0 i (w ol
om — wr,) + 5~
. 5 —1 gom (|d|2 + %)
T lwm + [y 7
m )

If wg is outside the mechanical resonance then

o
Z dje—ijmbt —igoma(h*@)(t)> ,

—ijwq;.t
)

Q0
> JilAs] Sailwr, + jwg) e e

— i gom Jo[Ag) S11(wr) (h*9) (t)> ’

with

12

Sp(wr) =1+
I(WL — U.)Om) -
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This form assumes the sidebands are much lower in power than the main carrier.

The output power is

Pp(t) = lagu ()

o0 o0
:PL< DD JilAel Jjen[Ae] Sa(wr, + jwe) So1(wr, + (G + k) wg) e et

k=—00 j=—0

Q0
—igom Y, JilAs]Jo[As] S21(wr +jwe)* Sti(wr) (b ) (t) el e

j=—oo

+igom Y, Ji[As] Jo[Ag] So1(wr + jws) S11(wr)* (h* = 9)(t) e‘ii%t>

j=—w

+ O[gom]2 )

with Fourier transform Pp(w) =

PL( D1 JilAe] JicklAs] Sai(wr, + jwe) S21(wr + ( + k) we)* V2T d(w — kwg)

k=—00 j=—00

0
—igom Y. JilAe]Jo[Aa]Sa1(wr, + jwe)* S11(wr) V2T h(w + jwe) iilw + j we)

j=—00
0 0]
+igom Y, Ji[As] Jo[As] S21(wr, +jwe) S11(wr)* V27 h* (w — jwe) f(w —jwq>)> :

j=—on

Note that if S9q is constant, then

0

> JilAs] Jiekl[As] = Sk

j=—o0

i.e. phase modulation does not cause any power fluctuations and only performs spectroscopy.
To use this we need to know S91 accurately, which likely means dither locking to a known

part of the resonance and time averaging the dither sweep.
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Assuming (i, (w) é (W # w)) = 0, the power spectral density is Sy x (w) =

X(wp)? (

2,

k=—00

0 2
> JilAe) Jjik[Ae] Sai1(wr, + jwe) Sa1(wr, + ( + k) we) | 276(w — kwg)

j=—c0

Q0
+gom” Y. Ji[Aa]® Jo[Ae]® [Wjwr;w)| 72 Sgylw + jwcb)) 7

j=—w

with

Wil wpiw) = —iS21(wr + jwe)* Si1(wr) V2T h(w + jwe)

+iSy1(w, —jwe) S11(wr)* V2T h*(w + jwg)

2 L |
RSP So1(wr, +jwae)* S11(wr) S11(wr, + jwe +w)
o

i —5 S21(wp, — jwe) S11(wL)” S11(wr — jwe —w)®
(0]

We can now use power measurements at kwg to determine X. Selecting out the appropriate

coefficients from Sx x(w), we have for each measured sideband peak k > 0,

2
Pk(d@ = 2% OJL

o0
> JilAg] Jjsk[Ag] Sa1(wr, + jwa) Sai1(wr, + (7 + k) we)”
i

0
2 Z Ck:mAfI)m )

m=0
including both positive and negative frequency (identical) contributions. If Ag « 1 then this

summation can be terminated. For £ = 1 and to the lowest order in Ag,

Pug = X(wp)? [S21(wr) So1(wr, + we)* — So1(wr)* So1(wr, — we) % +O[Ap)?
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Interestingly, this has an equivalence to the thermal response at leading order in Ag [237],

2

So1(wr) S21(wr, + we)* — So1(wr)* S21(wr, — we)| = [Wo(wr;we)| 2 we”
giving at weak phase modulation
2 Lo 9 Ag?
Pog =~ X(wr)” [Wolwr;wa)|* wo -

If X is constant, and S97 is known, measuring at least two sideband peaks will allow us
to solve or fit for Ag and X. In reality however, X will have some unknown frequency
dependence X(w) and Sgq1 will be complicated. In particular the optical fiber filter and
grating coupler can not be modelled. If Ag is known from a previous calibration, then a

single spike at wg ~ wy can be used to determine X(wy,) in the immediate vicinity of wry.

L.2.3 Frequency representation
w
2m

; w Q 1
Denotmgf:ﬁ,&Zﬁzﬁ%,gzﬁ,andﬂf:

Sxx(f) = X(fr)? (|521<fL>|46<f) + Gom” | (fr; /)72 Sgg(f)) ,
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with

e L2 9 &(1)2 (2 o — &(1)2)
8} S. — _
Py R L By oy oo

Sa1(fL) =1 +

1 2
(fom — f1.)? + (&0)2)

2erl?)? (fom — )7 (12 + (2000 — &b?)?)
(F+ Jom — 1)+ (00)2) ((F = Jom + 1) + (@0)?)

Wolfn; £) 72 = (

X

_ —lco kT 1 1 2eem 2em
Syg(f) = 2 th[thm] 2 <(f+fm)2 + (erm)? " (f = fm)? + (a’m)Q) .

L.2.4 Coherent drive approximation

Some authors [120] approximate the mechanics by a coherent drive

R _ . _ kg T>» Awm kg T
b(t) = bye iwmt by = V(o) TR A [SB
hwm
This gives
BT e—iwm t BT eiwm t
h+g)(t) = - + - ,
( )() 1(A0m—wm)+% 1(A0m+wm)+%
BT e—iwmt B’H‘ eiwmt
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and

Sxx(w) = X(wp)? <|521|2 2mo(w)
+ gom2 ]W(wL;wm)|_2 n(wm) 27 (5(w —wm) + 0(w + wm))> )

If W(wr;w = wm) & W{(wy,;wm) is constant then this is the same as above under integration

of SXx(w)

In Ref. [120] the factors S5, 511 = S11+[511 |2 are approximated to S71 under the assump-

tion that Sy is small but this is only true (at w ~ wy) when sideband resolved.

L.2.5 Phase modulation spectroscopy

Using a vector network analyzer to drive the phase modulator and detect the first sideband
at fp, we can perform spectroscopy. The output of the vector network analyzer, is input to

our phase modulator, and drives (assumed linearly)
Ap = A Xy -

The output of the system is the signal Pp(w = wg) + Pp(w = —wg),
0

Xout = 2%(wr) Y. Ji[Ag] Jj11[Ae] So1(wr, + jwa) Sa1(wr + ( + 1 we)”

j=—
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such that

X(wr,) i JilAs] Jj+1[Aq]

Spo1(we) =2 o Ay So1(wr, + jwe) S21(wr, + (j+ 1) we)”

j=—w

x (1 ) .
= 2% (5 (521(%) S21(w +we)" — Sa1(wr)” S21(wr — “"I’))
A 2

+ 1<If)5 (Szl(wL+ch)S21(wL+2wq>)*—3521(WL+W<I’)*S21(WL)

+ 3521w, —we) S21(wr)* — S21(wy, —we)* S21(wr, — 2w¢))

)+omg%
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L.3 Interposed resonator experiment

For an optical cavity interposing the optical waveguide (see Sec. ©.3),

2 i0
Y= 0 + A+ 2, a2y (t) = e\ /72 a(t)
—— —— ——

internal port 1 port 2
0ss coupling  coupling

with
aiy (1) = Vhwp dig (1) = /Pe it L= \@ \/;ZL ‘
Thus
a2 (1) = \{ﬁg)@:gt (1 — i gom (h* ) (t))
= VP e Sy () (1 Lgom (12 3)(1)) |
with

V872

I(CL)L - wOII’l) - % .

So1(wr,) =

This gives the power out as

Po(t) = lagy (1)]

= I (152 1(wp)|? = igom | S21(wr)? (h*§)(t)

+1gom |S21(wp)|? (h* *9) (t)) + Olgom]?
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with Fourier transform
Polw) = Py (|521<wL>|2¢27r6<w> + gom w—lm;w)@(m) ,
and

Wl (wp;w) = |S21(wr)]? (—i\/ﬂh(w) + i\/ﬂh*(w))

i *
= —— S21(w)’ (521(% +w) = S21(wr, —w) )
%5 V5

with Aom = wWom — Wi,

Again we have,

Pr, = Pielivered Ngrating s
coupler

and the signal measured by the spectrum analyzer is

Xspectrum = Ipp/Zc =Pp Ngrating fsplit Gfiber Tfiter BPD V40,

analyzer coupler amp responsivity

where Zo = 50 is the spectrum analyzer input impedance. Capturing all of these into

some factor

2
X = Pelivered (%;rating) [ split Ghber Thiter BPD VZc,

coupler amp responsivity
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such that X2 is a power, we get

Sxx (W) = X(wr)? (!52 1wr)|* 27 8(w) + gom” W (wr; w)| 72 %A(W)) :

with
1.2
|So1(wp)|* = To o o
(Aom)? + g~
1.2 2 9
_ Yo . 4 (A
W ()| 2 = 0% (Bom) -

(Aom)? + % ((w+ Aom)? + %) (w—Aom)? + (VZ) )

- 1 kg T “m m
Syi(w) = = coth +
gyw) = 5 co [2 hwm] (w+wm)2+ am2 )2y (%1)_2
_ 1 kT 7 kg T»hwm kgT
— coth % - .
7{wm) 2 €0 [2 hwm] hwm

For a sufficiently narrow vy, the factor W(wr,;w) is approximately constant and can be
determined from a measurement of the optical transmission. When not sideband resolved,

|W (wr,; w)| ™2 is maximized when
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The total power in the thermal mechanical spectrum is

1 o6}

Py~ —
o 2m

—0a0

%(WL)Q gom2 |W(WL§ Wm)|_2 S

07 (w) dw

= 2X(wr,)” gom” Awm) W (wp; wm)|

L.3.1 Phase modulated sideband drive

Applying phase modulation, again using the Jacobi-Anger expansion,

o0
Le—i (wL t—Ag sin[we t]) _ [ e lwrt Z Jj [Ag] e ljwet ’

j=—o

where J; are Bessel functions of the first kind, and matching to laser drives

=

Lj = LJ;[Ag] .

Following Sec. J.8.7 for weak symmetric sidebands, we apply serial linearization

n
at)y=a'(t)+ Y ajetwrtive)t

j=—n

with

) —1Lj —igoma (B*_j—l-l_?j)
Clj;ﬁ() = ] - ’YO| )
i (Wom — wy, — jwe) + 5

bjz0 =

i (wm — j w) + Dl
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b

n
() =b(@t)+ > bje Iwel

Jj=-n
L —iLg
anp = a =
0 i(w o |70‘
om — wr,) + 5~
; ; —1gom (|EL|2 + %)
mt 5



keeping the same solution to a/(t) as originally. If wg is outside the mechanical resonance

then l_)j;éo ~ 0.

We now have
. w . .
at) = eTtwLt ( Z a; e"wel _jgona (h=9) (t)> :
Jj=—00

0
ab(t) = /Preient 3 pAgleTiieet

j=—o0

o6}
Aot (t) = /P e 1L < D, JilAs] Sar(wr + jwg) e wo !

j=—o

— i gom Jo[Ag) S21(wr) (h* 9) (t)> )

with

1.2
So1(wr) = - V878

I(CL)L_Wom) _% .
This form assumes the sidebands are much lower in power than the main carrier.

The output power is

Piy(t) = Jagy (8)]

00 o0
= ( Z Z Jj[A(I’] Jj—i—k[A(I)] SQl(wL —i—jwq)) SQl((,UL + (] + k;) w@)*e—lkwcpt

k=—00 j=—00

Q0
—igom Y, JilAg]Jo[Ag] S21(wr +jwe)* Sau(wr) (b ) (t) el o

J=—0

Figom 2 J7L4@]J0L4®]551(WL‘*jéu@)551(wL)*(h**Zﬂ(t)e_ij¢t>

j=—o0

+ O[gom]2 ,
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with Fourier transform Pp(w) =

PL( DY JilAe) JiklAa] Sa1(wr + jwe) Sa1(wr + (G + k) we) " V27 d(w — kwe)

k=—00 j=—00

o0
—igom Y. JilAe] Jo[Aa] Sa1(wr, +jwe)* S21(wr) V2T h(w + jwe) filw + j we)

j=—w

+igom ), Ji[Aa] Jo[Ag] So1(wr, + jws) S21(wr)* V21 h* (W — jwe) §lw —jw<1>)> :

j=—w

Assuming (i, (w) é (W' # w)) = 0, the power spectral density is Sy x (w) =

X (wp,)? <

0 0 2

D01 DL JilAsl [ As] Sa1(wr + jwa) S21(wr + (G + k) we)"| 276(w — kuwg)
k=—o0'j=—00

w —_
+gom® Y Jj[Ae]? Jo[Ap)? [Wj(wrw)| ™2 Syp(w + j wa) ) ,
Jj=—00
with

Wil wiw) = —iSa1(wp + jwe)* Sa1(wr) V27 hiw + jwg)

+iSy1(wr, —jwe) S21(wr)* V2T h* (W + jwe)

i . N .
= —== S21(wr, + jwe)" S21(wr) S21(wr, + jwe + w)
V Yo 76
1 . * ) "
— —== S21(wr, — jwe) S21(wr)" Sz 1wy, — jwe —w)” .
vV Y0 Yo

We can now use power measurements at kwg to determine X. Selecting out the appropriate
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coefficients from Sy x(w), we have for each measured sideband peak k > 0,

o0 2

Z JilAg) Jj1k[As] Sa1(wr, + jwe) Sa1(wr, + (7 + k) we)”
j=

Q0
L)? D) CemAs™

m=0

Ppoyp = 2X(wp)?

including both positive and negative frequency (identical) contributions. If Ag « 1 then this

summation can be terminated. For £ = 1 and to the lowest order in Ag,
2 Ag2
Pug = X(wr,) ‘521 (wr) S21(wr, +we)® — S21(wp)* S21(wr, — we ’ — 4+ O[Ag]*
Again, this has an equivalence to the thermal response at leading order in Ag,
® ® 2 -2 2
‘521(%) S21(wr +we)® — Sa1(wr)” S21(wr, —ch)‘ = [Wo(wr;we)| ™" we™ ,

giving at weak phase modulation

Ag?
FPog = %(WL)Q Wo(wr; we)| ™ 2W<I>2 -

L.3.2 Frequency representation

. 1 W
Denoting f = 5. e = o = g 3 9 = o, and = I,

Sxx(f) = X(fi)? (rsgl(fL>|46<f> + gom? [ (fus )] 2 Sg)g(f)) |
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with

9 1.2 Ll 02
S21(fL) - i(fL - ]?;Zl?o_ o ‘Szl(fL”Q - (me - J?;O)fi (&0)2 7
Leal g2 2
[Wo(fu: )77 = ((fom - ;S;ﬁ (&0)2)
4 (fom — f1.)°

X

((f + fom — 1) + (&0)2) ((f — fom + fL)? + (&0)2) ’

Q&m 26-‘I’Il

kg T i
thm] 2m ((f +fm)2 + (e“m)2 " (f — fm)2 + (&m)2> ‘

Syy(f) = % coth[

L.4 Time averaged measurement

If our measurement is occurring whilst dither locking, we’ll want to time average our optic

scattering coefficients over the dither cycle,

I .
<SXX(WL)>dither = ﬂ L Sxx (wL + ngrtl};ﬁr Sln[e]) de ,

and ensure our spectrum analyzer video bandwidth VBW « fgither- This can be performed

numerically with parameters extracted from the optic resonance fit.

L.5 Optomechanical coupling measurement

Regardless of the optical resonator configuration and transmission profile, the optomechan-
ical coupling can be measured from the thermal spectrum and calibrated phase modulated

signal with a spectrum analyzer (see App. A.12). The measured power spectral density in
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the vicinity of the optomechanical response is

=2 2(fm) 2erm
PSDI(S ~ fin) = 2P (gom (s )| 7> 0 st

5 +bg(f)) |

and the measured power at that phase modulation frequency (to leading order in Ag) is

2
Pu(fa) = X0 (1ol fa)l 2 fo> S0+ | vstr)ar).

The power spectral density can be fit to a Lorentzian and quadratic background,

PSD1(f ~ fu) = 5 +Co+C1(f = fm) + Co (f — fu)* -

A
(f = fm)? + (erm)

An accurate measurement of Py, can be made in the regime of over-coverage (RBW > fstep)

by fitting the window function,

Pimeas(f ~ fo) = Pryw(f; fo) +Cp -

The optomechanical coupling is then

2 Amfp® Ag?
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APPENDIX M

Material properties

M.1 Gallium arsenide (GaAs)

GaAs is semiconductor compound with a zincblende structure (F43m space group) [238-241]

as depcicted in Fig. M.1. Its density is given below.

Low temp. Room temp.

p | (5332+4)kgm™3  5317kgm™3

M.1.1 Mechanical properties

Owing to its cubic structure, GaAs has only 3 independent stiffness tensor elements, the

(stress-like) Voigt transformed stiffness tensor is [241]

~11

~12 511 512 0 0

2 z2 ;1 0

o
|
S
S
@)
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[001]

[010]

[100]

Figure M.1: Gallium arsendie has a tetrahedral coordination, where each atom is surrounded
by four of the opposing type in a tetrahedron shape, that looks like two interposing face
centered cubic lattices offset by (1/4,1/4,1/4) x lattice constant.

The compliance tensor can be calculated from ¢*J Sip = 5ik, and in (strain-like) Voigt form

is

1IN
I

o o o o O
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Values for the adiabatic elastic parameters, with crystal axis [100], are taken from Cottam

and Saunders [242].

Low temp. Room temp.
¢l (121.07 £0.39) x 109 Pa (118.41 4+ 0.37) x 109 Pa
¢l2 | (54.77 + 1.65) x 10° Pa (53.78 + 1.57) x 10? Pa
&4 (60.36 +£0.19) x 107 Pa (59.12 + 0.18) x 10 Pa

511 | (11.150 +0.905) x 10712Pa=t  (11.790 + 0.910) x 10712 Pa~!
S192 | (—3.58240.386) x 107 12Pa~!  (—3.682+0.388) x 10712 pa—!

544 | (16.567 +1.758) x 10712Pa=1  (16.915 + 1.761) x 10~ 12 Pa~!

M.1.2 Piezoelectric properties
The (stress-like) Voigt transformed piezoelectric stress tensor for GaAs has the form [241]

000¢4 0 o
ée=looo o &t o
000 0 o0 ¢l4

Whilst the (strain-like) Voigt transformed piezoelectric strain tensor for GaAs has the form

000dy4 0 0
d=o 00 0 dy 0
000 0 0 da
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Values for the piezoelectric parameters are taken from Arlt and Quadflieg [243|.

eld | —016Cm=2

dig | —27x10712pv—1

M.1.3 Elasto-optic properties

The (stress-like) Voigt transformed photoelasticity tensor for cubic materials has the form [224,

241, 244]

]511 p’l2 ]512 0 0

]512 ]311 ﬁlQ 0 0

]512 2512 ]511 0 0

1S
|
©c o o o

Values for the photoelastic parameters are taken from Dixon [245], however there is substan-

tial uncertainty in these quantities.

261 THz
pl | —0.165
P2 —0.140
| —0.072
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M.1.4 Electro-optic properties

The (stress-like) Voigt transformed linear (Pockel’s) electro-optic tensor for GaAs is [224, 241]

0 0 0

0 0 0

i 0 0 0
2:

Moo 0

o M1 o0

o o !

The linear electro-optic property can be measured at constant stress, r|p, or constant strain,

r|g, and are related by

rlr=rls+7lp,

where r|p is induced from piezoelectricity, and for a zincblende material like GaAs is given

by

41 44 - 14
P p=p"84qE".

Values for the linear electro-optic parameter are taken from Suzuki and Tada [246].

200 THz 229 THz 248 THz 282'THz

Ml | =1.36pm V-t —1.28pmV~!  —1.25pmV~!  —1.17pmV~!

Mg | =153pmV~!t  —146pmV~!  —141pmV~!  —133pmV~!
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M.1.5 Optical properties

Various models exist to describe semiconductor dispersion relations [241] and experimental
measurements have not always been consistent. Here we will simply provide some results on
GaAs index of refraction in the transparent region as a function of frequency and tempera-
ture. In this region GaAs is a dielectric with minimal loss and optically isotropic, thus we

have

ceeR = n=,/e, =l -

Blakemore (1987) |247| provides some interpolations of single oscillator models to give what

is essentially a 2nd order Sellmeier equation form [248],

1—c12E2 1—c2FE?%’

with

Low temp. Room temp.
a 7.13 7.10
b1 3.45 3.78

c1 | 0418eV—L  0.424ev—1
by | 1.88 1.97

co | 29.6evV—1 30.08eV 1

where E = h f is the photon energy, valid for 0.04eV < E < 1.4eV, and room temperature

is ~ 300 K and low temperature is < 30 K.
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Skauli et. al. (2005) [249] offer two models, the first, a Pikhtin-Yas’kov form [250],

52 g2 2 2
1°—F ]+<€2> log[EQ E ] G
Es

A
2— J—
mE) =142 1Og[E02—E2 ™ Eq? — E2 2_p2’

with

1.425000 — 0.00037164 (T — 295 K) — 7.497 x 10~ 7 (T — 295 K)?) eV

(

By (2.400356 — 0.00051458 (T — 295 K)) eV
(7.691979 — 0.00046545 (T — 295 K)) eV
(0.034303 + 0.00001136 (1" — 295 K)) eV

(e9) | 12.99386

G 0.00218176 e V2

A 0.689578

where FF = h f is the photon energy, valid for 0.07eV < E < 1.28¢eV, and T is temperature.
The second, a 3rd order Sellmeier form [248|,

91 92 93
+ + ,
MTZA2 0 22 322

n(\)? = go +
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Zero temperature

Room temperature
T

3.55 3.55

3.50 3.50
c
S
B 345 o345 ]
£ " - - Blakemore (1987)
L 340 - © 340 ‘
5 Ot ~ B ~" ] — Skauli et. al (2003) Pikhtin—Yas'kov
¥ ass _— Dol = 1 Skauli et. al (2003) Sellmeier
2 — i —
= —_— 1 —

330 T 330f

325 . . . T il . . , ,

100 180 200 250 300 400 150 200 250 300
Frequency [THz] Frequency [THz]

Figure M.2: Comparison of gallium arsenide index of refraction models from Blakemore [247]
and Skauli et. al. [249].

with

A1 | (0.4431307 + 0.000050564 (T — 295 K)) pm

Ao | (0.8746453 + 0.0001913 (T — 295 K) — 4.882 x 107 (T — 295 K)?) um

A3 | (36.9166 — 0.011622 (T — 295K)) pm

go | 5.372514

g1 | 27.83972 pm—2

g2 | (0.031764 + 4.350 x 1077 (T — 295K) + 4.664 x 1077 (T — 295 K)?) pm 2

g3 | 0.00143636 pm =2

where A = ¢/f is the vaccum wavelength, valid for 0.97 um < A < 17 um, and T is tempera-

ture.

Comparisons of these different fits are given in Fig. M.2. Using the Skauili et. al. Pikhtin-
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|
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Specific heat capacity at constant pressure [mJ g~* K™1]

Temperature [K]

Figure M.3: Specific heat capacity at constant pressure of gallium arsenide. Compiled
[238-240] from seprate low temperature data [252], mid temperature data [253|, and high
temperature data [251].

Yas’kov model we obtain the values below.

194 THz Low temp. Room temp.

n 3.310 3.371

Er 10.953 11.361

M.1.6 Thermal properties

Gallium arsenide melts at ~ 1513 K [251].

The specific heat capacity is function of temperature; data from various experiments [251-
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Figure M.4: Thermal conductance of gallium arsenide [254]. The dashed line is

-1
((0-41 7225 W em=—1 K=325) 7! 4 (745 7713 W em ! K—0~3)‘1> .

253| has been compiled [238-240] and is given in Fig. M.3.

Low temp.  Room temp.

cp | 0 327K T kg™!
Thermal conductance is also strongly dependent on temperature. Some sample measure-
ments taken up to room temperature by Holland [254]| are shown in Fig. M.4 with the

qualitative fit [240] below.

Low temp. Room temp.

k| 417225 Wm— K325 745 x10* 713 Wm—1KV3
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250
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Figure M.5: Thermal expansion parameter of gallium arsenide [240, 255-258|.

region depicts a trapezoidal integral used to estimate

The thermal expansion tensor for gallium arsenide has only one parameter,

g =
which means for any length,
dL
d_T = 11 L =

300
0

ai1 O 0
0 11 0 )
0 0 a1

adT.

The shaded

Data summarized [240] from a number of experiments [255-258] is given in Fig. M.5. We can

estimate the length ratios between room and low temperatures by employing a trapezoidal

integral approximate, also depicted in Fig. M.5,

LRoom temp.
Liow temp.
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M.1.7 Symmetries

The stiffness, compliance, and photoelastic cubic tensors have 7/2 rotation symmetry about
each of the cardinal crystal axes [100], [010], [001], and mirror symmetry through each of
the cardinal planes (100), (010), (001), and face diagonal planes (110), (101), (011). That
sl
is

-

T E {c,s,p}

i o ok ol ,abced ijkl .
S0 5y S Squt? =V Rpoo)[7/21, Rpoio7[7/21, Rpoon)[7/2];

v~

Se § P[[o0]],  P[[o10]],  P[[oo1]],

P[[110]], Pl[[101]], P[011]]

\ \

Contrarily, the piezoelectric and electro-optic tensors have /2 rotation antisymmetry about

each of the cardinal crystal axes, and mirror antisymmetry through each of the cardinal

1. R is a rotation matrix and P is a Householder reflection matrix.
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planes, but mirror symmetry through the cubic face diagonal planes,

-

T € {e,d,r}
Siasdé)skéxabcz _1,7]/6 .
- Rpyoo)[7/2], Rjowoy[7/2], Rjoory[7/2],
P[[100]], P[[om]], P[[om]]
T € {e,d,r}
Siasdé)skéxabc:xijk .

kS S {P[[Oll]], P[[1o1]], P[[llO]]}
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M.2 Silicon (Si)

Isotropic silicon was used for some simulations, material properties (using Young’s modulus

and Poisson ratio) are given here.

p | 2329kgm™3
E 170 GPa

v 0.28

Ly 1

Er 11.7

A better estimate of the silicon index of refraction at infra-red frequencies can be obtained

from Edwards and Ochoa [259].
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APPENDIX N

Proximity effect correction

Electron beam lithography is a fantastic modern tool for creating nanometer scale masks for
device fabrication. The basic principle is to layer a charge sensitive resist over the sample,
then shoot it with electrons (with a much smaller spot size than light) at resolutions and
control (thanks to magnet steering) down to one nanometer. A chemical developer is then
applied that removes (or retains) portions of the resist that have been hit by electrons,
leaving behind a mask that can be used as a stencil for further fabrication. Ideally only the
intended targets are hit by electrons, but scattering within the resist and back-scatter from
the substrate lead to broader regions getting exposed. To counteract this, the pattern and

dosages can be modified using proximity effect correction (PEC).

N.1 Point spread function

Applying a proximity effect correction is done through knowledge of the point spread function
which describes the area spread in energy from an incident electron. For a single incident

electron this is

\ l\r/j e(r, 2) — A(2) x  PSF(r,z)

s Y4
— // energy density vertical absorption point spread function
B per electron per electron [m~2]
[1m7] [1m-1]
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where the point spread function is normalized across any horizontal plane

H PSF(|7],2)dr? =1,

7 eR2

but can vary for different heights in the resist. For many electrons incident at different

locations 7/, we have

¢(r, 2) — H o(|F—7'],2)  x . (7') di'?

total energy density 7! e R2 energy density electron density
[Jm~3] per electron [m~2]
[Jm~]

which is related to the injected dose by

ne-() = (") / e

electron density injected dose electron charge

[m~2] [Cm=2] [c]
The injected dose d(7), which includes all pattern information, is the instructions given to

an electron beam writer.

If the injected dose happens to be uniform everywhere, we get

) =0 = €7, z2)=2A2)

0
e )
i.e. the total energy density is uniform in the horizontal plane and only depends on some

vertical absorption, or if electron beam was perfectly point like!,

PSF(7, z) = or) = &(7,z) =A(2)

T™r e

L. 6(x)6(y) = o(r)/(mr)
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In order to do proximity effect correction, we need to assume a vertically constant (or aver-

aged) point spread function PSF(7), then

Vgl (7) = U PSF(7F — 7 o(F") dF'? .
7! e R2
Thus given the goal pattern and dose 04,1, and point spread function PSF, the above
equation can be numerically deconvolved to find the required injection dose 9. Specialized

electron beam lithography software [201] can carry out this computation.

N.2 Modelling

The point spread function depends heavily on the incident electron energy and substrate-
resist stack - different materials and heights will scatter the electrons differently. Determining
the point spread function can be done computationally by particle tracing simulations [197,

198, 200], or using functional models with parameters specific to the situation.

Models of the point spread function are generally constructed from a sum of individually

normalized distributions,

PSE(r) = Sl fi) || smar =1,

Zi Ui
7 eR2

noting that there is one redundant parameter within the set of {n;}!'_;. Each term corre-

sponds to a different physical process happening within the substrate-resist stack.
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B2 (1+1n)

r

Figure N.1: Log-log plot of the double Gaussian point spread function model. The first,
large peak is from primary electrons, the second, lower, wider peak is from back-scattered
secondary electrons.

N.2.1 Gaussian

The most basic, and common, model is the double Gaussian shown in Fig. N.1,

falasr] +n falB;r]

PSFpgla, B,m;7] = o

Y

constructed from two Gaussian terms,

falo;r] = # exp[—rQ/az] .

Here « is the forward (primary) beam radius, 3 is the backward scattered (secondary) beam

radius, and 7 is the scattering fraction.

N.2.2 Gamma

Some resist stacks can be modeled using a Gamma distribution term [260],

1
27Otk + 1]

254

frl0, ki) = exp|—r/0] "t . 0>0.



N.2.3 Cauchy-Lorentz

For a distribution with slower decay we could turn to the Cauchy-Lorentz distribution, but

as a function of radius it is not integrable over R? and needs to be modified.

N.2.4 Pearson VII / Student’s t

Modifying the power law in the Cauchy-Lorentz distribution we end up with a type of Pearson

VII or student’s t distribution, in particular,

%, 2v — 1] =~ Cauchy [u, 7] -

PearsonVII [y, v, v] ~ StudentT l,u, 5
v

For u =0, v > 1, and normalizing over R2, the Pearson VII point spread term is

v—1 [r? Y
irl=——s | —=+1 o v>1.
fPVH[ry ] 7_[_72 <72 >

The parameterization v = 0+/2v — 3 for v > 3/2 is sometimes used with the Pearson VII

distribution.

N.2.5 Voigt

Convolving the Cauchy-Lorentz distribution with the Gaussian distribution yields the Voigt
distribution, however the distribution function is complicated and computationally difficult

making it not practical for modeling purposes.
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Figure N.2: Log-log plot of the Gaussian Pearson VII product point spread term.

N.2.6 Gaussian Pearson VI1I product

With convolution impractical, we can implement a Gaussian end to the Pearson VII term

by using a product [261],

27,2 2 —v
faplo,y,vir] = fj? [Elfvéc/ygl] exp[—r?/o”] (% + 1) )

where E is the exponential integral function. Here v > 0 is the onset radius for a power law
(Pearson) drop off with slope determined by v, and o > ~ is the onset radius for exponential
(Gaussian) drop off, as plotted in Fig N.2 . In the special case of 7 = v = 0 it reduces to a

Gaussian term, fqplo,0,0;r] = falo;r].

N.3 Fits to simulation

The effectiveness of the Gaussian Pearson VII product model is demonstrated in fits to
simulated point spread functions for HSQ on GaAs stack shown in Fig N.3. For GaAs

substrates, there is little dependence on the resist material or total resist thickness.
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» TRACER
— Log fit

Logle/(eV/um?3)]
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-6 -4 -2 0 2

Log[r/um]

Figure N.3: TRACER [197] simulation of 100kV electrons incident on 300 nm HSQ on GaAs,
taken at a height of z = 135nm. The fit, made using logarithmic data, uses a model with

two purely Gaussian terms and one Gaussian Pearson VII product term, shown individually
in dashed lighter colour.
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Figure N.4: Over fifty different point spread functions that were trialled with notable ones
in colour, plotted (left) log-log and (right) linearly.

N.4 Utilized point spread functions

Many different point spread functions were tested and used during fabrication. Fig. N.4
highlights some point spread functions from simulations and custom built that were used for

measured devices. Analysis of the various PECs were carried out according to the methods

described in App. P.
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The parameters for the highlighted PSFs are

B TRACER [197] (fit):

CHARIOT [200] (fit):

CASINO [198] (fit):

W B:

mC:

0.221572 fp[1.588 wm, 0.001211 pwm, 1.08659; 7]
+ 0.304839 f[0.0033946 pm; 7]

+ 0.473589 f[10.987 um; r] ,

0.384615 fep[10 pm, 0.01 pm, 1.3; r]
+0.076923 f;[0.01 pm; 7]

+ 0.538462 f[10 um; 7] ,

0.331697 fp[9.8935 pum, 0.0025934 pm, 1.8917; 7]
+ 0.205752 f[0.0013233 pum; 7]

+ 0.462551 f[9.8935 um; ],

0.5 fap[10 wm, 0.01 pm, 1.1; 7]

+ 0.5 fq[10 pm; r]

0.204082 fip[1.6 pum, 0.0012 pm, 1.09; ]
+ 0.285714 f[0.005 pm; 7]

+0.510204 fo[11.2 pm; 7] |

0.143885 fp[0.685 pwm, 0.001 pm, 1; 7]
+ 0.172662 f[0.005 pm; 7]
+ 0.683453 f[13 pm; 7] .
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The short range cut off is an important parameter in the PSF implementation, effectively
setting shortest scales and domain of the PSF to use. The cut off should be sufficiently small
to capture to variation in proximity effects, but not so small that applying the PEC becomes
computationally expensive or excessive fracturing of the pattern occurs. Typical values that
produced decent results were 0.05 um to 0.1 um. The interplay between base dose, point
spread function, and short range cut off is complicated and required extensive iterations of

each.
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APPENDIX O

Patterning

A large library of python scripts were written to create device design files for use with the

in-house package ‘Playout’ that generates DXF files from given polygon coordinates.

0.1 Manual dose scaling

In addition to the proximity effect correction for large scale patterns (see App. N), for the
snowflake crystal pattern, manual dose scalings were made to provide sharper snowflake
corners. Fig. O.1 depicts the snowflake polygon used for electron beam lithography with

regions of varying dose.

The sizes and dose scales for the corners were varied haphazardly through fabrication runs.
A sample set of measurements for the inner corner are shown in Fig. O.2. Final parameters

used were ¢; = 18 nm with dose scaling = 4, and ¢, = 15nm with dose scaling = 0.6.

\fZCQ

Figure O.1: Snowflake geometry used for patterning with inner corner regions dosed heavier,
and outer corner regions dosed lighter.
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Dose scaling 3.0

Figure O.2: Some measurements of the snowflake inner corner radius with different overdos-
ings for various etch recipe sets (coloured).

0.2 Pattern building blocks

Because HSQ is a negative resist, we want to write the non-snowflake areas. Thus the
basic building blocks are triangle ‘drumheads’ and rectangular bridges. For the corner dose
scaling, additional (overlapping) triangle and square polygons are created to define the corner

regions.

Snowflake crystal areas are created by tiling over rhomboids or with a set of snowflake crystal
coordinates. In the case of coordinates, a large logic matrix is used with neighbouring element
lookups to determine how to build at each crystal lattice site. Dimensional parameters can
be varied by specifying functions over the space, and bridges automatically sized based on

the connecting triangles.

0.3 BEAMER

The program BEAMER [201] is used with DXF layouts to produce GPF files for the electron

beam, a typical procedure flowchart is shown in Fig. O.3. Corner regions are separated from
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Grid inm Pl

Shapes Ml Corners |l Boundary M|

BridgeCorner M| TriangleCorner &l

MINUS Pl Mapping Pl
Bias -1nm M|l Bias -1nm &l

Bias +1nm | [l Bias +1nm Pl

Out GPF

End Loop Pl

Figure O.3: Screenshot of BEAMER procedure.
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Figure O.4: Example screenshot of BEAMER fracturing and proximity effect correction for
point spread function (N.3) with 0.1 um short range cut-off. Scaling of 1 or below in blue
and 1.5 or above in red.

the main shape regions to allow for appropriate scaling in the feature dose assignment (FDA)
step. To avoid aliasing issues after polygon subtractions, shapes are biased down and then
back up by a grid step (1nm). Proximity effect correction (PEC) is carried out using a

custom function (see App. N) that has been numericized into a table.
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APPENDIX P

Snowflake shape analysis

An important part of fabrication development is the physical characterization of produced
features. In particular we are concerned with the snowflake shaped holes that need to be

precisely engineered to create a desired optomechanical crystal.

P.1 Snowflake parameters
The snowflake holes can be described with four parameters,

r  snowflake arm radius,
w  snowflake arm width,
¢; inner radius of curvature,

Cco outer radius of curvature,

which are depicted in Fig. P.1.

P.2 Boundary acquisition

Once fabricated, a scanning electron microscope (SEM) can be used to take a picture of the
snowflake holes at high resolution. Edge detection image processing is used to provide points
marking a boundary in the image, and then sets which form closed loops are taken to be the

individual shape objects. The result is a set of points in R? with a metric taken from the
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Figure P.1: Snowflake hole parameterization.

SEM picture scale.

B c R?

snowflake
boundary

An example of such edge detection is given in Fig. P.2.

P.3 Alignment and functional fit method

To extract meaningful parameters, we need to fit the boundary of the snowflake to some
function. To do this we use the snowflake’s symmetry to fold the boundary into a domain
such that the vertical coordinate (henceforth y) is a single-valued function of the horizontal
coordinate (henceforth ). We define a canonical orientation with the origin at the center at

the arms at polar angles {0,7/3,27/3,7,47/3,57/3}.
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Figure P.2: SEM image of snowflakes and edge detection output.

P.3.1 Translation

Assuming our fabricated snowflake is sufficiently symmetric, the center can be found by
taking the average of all the boundary points. The snowflake can then be shifted to an

origin centric frame,

B —  Bghifted

P.3.2 Rotation

To properly rotate our snowflake boundary into the canonical orientation we first need to

identify the locations of the snowflake arms. The snowflake shape has 7/3 rotational sym-

267



Fit & = -0.21

r[nm

=)
=N
=}

-1 0 1

Figure P.3: (Left) shifted snowflake boundary. (Right) cosine fit to the polar snowflake
boundary.

metry, which transformed into polar coordinates has a periodicity of 6, and can be crudely
fit with a 6th order Fourier mode. Because our canonical orientation has an arm at ¢ = 0,

we’ll use a cosine term with phase 6 that tells us how much we need to rotate,

r(¢) = a cos[6 (¢ —0)] + . (P.1)

We can estimate a and b with standard Fourier decomposition techniques (using simple

discrete integration), and 6 (the angle of one of the arms) by the global maximum,

1 B
ax— Z i cos [6 ¢;] (¢ — di—1)
=1

7]
b o i (9= 9im1)
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Completing the fit (P.1) with these starting estimates, as shown in Fig. P.3, we obtain the

rotation away from canonical §. Reversing this rotation to orient our snowflake,
Bghitted —  DBrotated

cos[—0] —sin[—0]
sin[—0]  cos[—0]

P.3.3 Sector fit

Using the snowflake’s 7/3 rotational symmetry and mirror symmetry, there are 12 identical
sectors which can each be mapped into ¢ € [r/3,7/2] for a single-valued function y = f(z).

The function giving the snowflake boundary in this region is

—\/ci2—$2+w+2ci : O<x<@

R A Bl e e e R o
x 2r . r V3w NEYe T
_7§+\/_§ : §—T+TO<I<Q

The 12 sectors can be fit together as in Fig. P.4, or separately if investigating the distribution

of snowflake parameters (even within a single snowflake).
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Figure P.4: Folded snowflake boundary and fit result r = 206.33, w = 96.72, ¢; = 11.88,
co = 30.56.

P.4 Polar fit method

Instead of performing a rotation and folding the snowflake boundary into a functional do-
main, it is possible to directly fit the snowflake boundary in polar coordinates. From the

Cartesian boundary function y(x) we can obtain the polar function r(¢) as follows. Firstly

then

giving us



Applying this to the Cartesian function from before, for ¢ € [7/3,7/2],

fol#] = <

-

sin[¢] (2¢; + w) — cos[¢]/ci2 tan[é]? — 32 — 4w — w2

3¢i+2w
arctan [ e ] <¢p <72

—w . 2\/§c0—2\/§r—w] [3ci+2w]
7 csclo] arctan[ reoariviw | < ¢ < arctan e

%<2r—\/§w—2(1—\/§)co+(2\/§r+w—2(1+\/§)60) tan[g)]
+%(—16 (472 + (W — 2¢6)? — 8rco) sec[p]?

+(—4r+2vV3w+4(1-v3)co— (4V3r+2w—4(1+3)co) tan[¢])2)1/2>

—2c +2\/§T+W] [2\/§c —2\/§r—w]
rctan © < @ < arctan =
arcta [2\/§co+2r—\/§w ¢ < arcta 2¢co—2r+v/3w

2+/3r sec[¢]

. 7r/3<gb<arctan[

—2¢o+2+/3r+w ]
L V/3+3 tan[¢]

24/3co+2r—/3w

The fit function, is then

flel = folo — 0],

however the complicated form of this function means this method takes longer than the

rotation and Cartesian fit of the previous section.
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P.5 Statistics

Each fit produces a set of parameter values and covariance matrix constituting a single mea-
surement. Taking these to be multinormal distributions, the underlying multinormal distri-

bution of snowflake parameters can be estimated using the methods described in Sec. ®.4.

P.6 Snowflake fields

In order to analyize electron beam proximity effects we can measure large regions of snowflakes
and map out fit results as a function of position. To do this, high resolution SEM images are
taken and each edge detected closed curve forming a snowflake is fit independently. Polygon
masks are made for each image to filter out not snowflake shapes that appear. An example

snowflake field is shown in Fig. P.5 along with fit results as a function of position.
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Figure P.5: (Top) SEM image of snowflake holes with edge detected pixels highlighted.
(Middle) fit results for each of the snowflakes mapped to position in the image. Cylinder
heights represent +1 standard deviation of the fit parameter. (Bottom) projecting fit results
to a line running from the outer (y = 0) to interior region of snowflakes and fit to a linear

model. The translucent region is +1 standard deviation of this fit and depicts the scatter of
snowflake parameters.
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APPENDIX Q

Sidewall angle measurement

The sidewall angle from an etch process can be measured from an image of a rectangular
block array. This approach avoids the destructive nature of cleaving etched lines for a more

direct sidewall angle measurement.

Q.1 Pattern

A rectangular array of blocks is needed, minimally 2 x 2, and most simply square. The peri-
odic structure of the array provides known distances in resultant sample, and the rectangular
blocks provide faces and edges to measure angles. The lattice vectors are aj and a3, with
known lengths a1 and a9, and orthogonal aj - a9 = 0. Fig. Q.1 demonstrates a suitable and

simple pattern.

az

ai

Figure Q.1: Periodic square lithography pattern.
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Figure Q.2: Definition of sidewall angle 6.

Figure Q.3: Models of the etched square array, with (left) 6 ~ 70° and (right) ~= 110°.

Q.2 Etch

A critical element of this technique is the assumption that the etch is isotropic in the plane
of the sample, such that all sidewalls receive the same angled profile. The sidewall angle 6 is
defined in Fig. Q.2 as 7 subtract the angle between the sidewall and the top or bottom flat

surface. After etching the rectangular block array will look something like Fig. Q.3.
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Q.3 Projection plane

Imaging the sample, for example with a scanning electron microscope, projects the three-

dimensional geometry onto a two-dimensional plane. This plane projection operation is

4] = 7 (p—g) 7, Q1)

where p = (p1,p2,p3) € R3 is a vector normal to the projection plane. Noting that the

magnitude of p and the overall sign do not affect the projection, let us enforce pg > 0 and

5] = 1, such that pg = +4/1 — p12 — po2. In this regime p1, po, p3 are unitless, representing

portions of |p].

For simplicity, we align our R3 coordinate system such that ai = (a1, 0,0) and a3 = (0, as, 0),
and for a square array a; = ag = a. Projecting these lattice vectors with (Q.1), we get the

projected vectors (as seen in the image)

2
a1 = (al —aipr ,—airpip2,—aipi p3) )

ab = (—a2 p1p2,az — agpa®, —ag po p3) :

—.

As I 5{0] = 0, we can determine the lattice distances in the image

7 /
W1| =a] = aj \/P22 +p32 =ar1y/1 —p12,
7 /
|ab| = ay = ag\/p1? + p3? = ag /1 — pa? ,
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and the angle between them

!
!

ToF no_
ay - ay = aj ay cos[a’] = —ayaz p1ps -
Thus

a'12

P1 = * 1— _2 )
ai
a'22

p2 = * 11— —9
a2

+ a,12 + al22 1
p3 a12 CL22 5

with the relative sign between p; and py determined by

al<900=>p1p2<0,

O/>9002>p1p2>0.

The overall sign of p1, po can be determined by looking at the projection of a vertical vector,

or equivalently in which direction are the sidewall faces projected. If we consider a vertical
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vector going down from the top of the blocks,

o\
a71 My 0 || =arhpips,
—h
o\
GE'HLﬁ 0 || =a2hpaps,
—h

with p3 > 0 the signs of p; and po can be determined by these angles. Basically,

if the sidewall face with edge a_'é extends in the positive a71 direction : p; > 0,

if the sidewall face with edge a72 extends in the negative a71 direction : p; < 0,

if the sidewall face with edge a71 extends in the positive a72 direction : pg > 0,

if the sidewall face with edge a71 extends in the negative a72 direction : pg < 0.

If a71 is chosen to be ‘horizontal, to the right’ and you’re looking at the sample from above,

then po < 0.

Sample projections for various p vectors are given in Fig. Q.4.

Q.4 Angle measurement

Knowing the plane projection vector p we can infer the sidewall angle 6 from measurements of

the angles in the projected sidewall face. Denote the block width w, and height h, following
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p1>0, p2<0

p1<0, p2<0

p1>0, p2>0

p1<0, p2>0

Figure Q.4: The four different perspective projections of the lattice vectors.
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z
X
Cot[0]
1

Figure Q.5: Coordinate system for the block.

the coordinate system defined in Fig. Q.5. Consider a visible sidewall face with top edge

along aj, i.e. the line segment

The two line segment edges of this angled trapezoid face are

( z cot[0]

L=< z cot|d)] —h<z<0} ,
\ z
( w — z cot[f]

R= z cot[6] —h<z<0
\ z
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The projected image of these lines are

z—zp?

I TT= | —zpipo [:0<z<w,,

—TPp1pP3

—zp1p3 + (2 — 2p1% — 2p1 p2) cot[6]

L] = S | —zpaps + (z — 2po? — zp1p2) cot[f] | —h<z2<0,,
z—zp3® + (=2 p1p3 — zpap3) cot[d]

w—wp2—zpy p3 + (—z +z2p2 - zplpg) cot[6]

MiplRl =y | —wpip2—zp2p3+ (2 —2p2® + zp1pa) cot[d] |1 —h<z<0

—wp1p3 + 2 — 2p3® + (2p1p3 — 22 p3) cot[d]

To get the angles between the edges we need the tangent vectors, which can be found by
taking derivatives with respect to x and z. Care needs to be taken with the direction of these

vectors to ensure we get the interior angles of the sidewall face when we take dot products.
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Figure Q.6: Sidewall face with edge vectors and interior angles.

Fig. Q.6 depicts the orientations used here,

U; = &x HJ_ﬁ[T] =
I o= 0.1, L] =

!/
vy, P

oh, = 0, T 5R] =

p1p3 — (1= p1% = p1p2) cot[f]
p2p3 — (1 — p2® — p1p2) cot[d]
—1+ p3% + (p1p3 + p2p3) cot[f]
—p1p3 — (1 —p12 + p1p2) cot[d]
—pap3 + (1= pa® + p1p2) cot[f]

1 —p32 + (p1 p3 — p2p3) cot[d]

282

Y



Carrying out some intermediate calculations with these vectors,

|,U&“| = \/ 1 _p12 3
o | = 4/1+ 2 cot[812 — (p1 + pa) cot[6] + ps)?

ol = A/1+2 cot[02 — ((pg — p1) cot[0] + ps)? .

véﬂ . v’L =p1p3 — (1 —]912 — D1 p2> cot[d] ,

p vy = = pips = (1= m? + p1pa) cotld]

The sidewall face interior angles 37, and Sp are then related to 6 by

p1p3 — (1 —p12 — p1p2) cot[6]

cos[f] =
m\/l +2 cot[0]2 — ((p1 + pa) cot[0] + p3)*

—p1p3 — (1 —p12 + p1 pa) cot[d]

cos[BR] = ‘
V= 2142 cotlf]2 = ((p — p1) cot[6] + )’

These provide quadratic equations for cot[f] with solutions

_ p2p3 +03(p1> — V(1 +p2)sin[Br)* + (p1* — 1) (p2 — p1) sin[Bz] cos[Bz]

cotl’] —(L= 2 — 1222+ (1% — ({1 + p2)? = 2) cos[B,

)

cot|f] = p2p3 + p3(p1® — 1)(p2 — p1) sin[Bg]* + (p1? — 1)(p1 + p2) sin[BR] cos[p]
A= p 24192 + (2 — D)((p2 — p1)? — 2) cos[Bp]2

Note that if p1 =0, 8, = Br = [, and

_ p2p3 cos[8]? % po sin[B] cos[A]
(2 — p2?) cos[]? — 1

cot[6]
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If p1 = p3 =0, and ps = —1, then
cot[f] = — + cot[f] ,
and in this situation # + 8 = 7 so
cot[f] = cot[r — ] = cot[-f] = — cot[S] ,

meaning + should be used in +. Thus we have the following rules

e if po >0, then + — —,

e if po <0, then + — + (most common scenario).

Q.5 Limitations

This approach assumes the features are essentially flat and the observation point is an infi-
nite distance from the focal plane such that everything is in focus and there are no depth
perspective effects. In reality this is not the case and the location of the observation point
needs to be included. Due to the compounding of often difficult and imprecise measurements,

this quickly leads to large margins of error.
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APPENDIX R

Optical plate

The absolute zeroth order geometry for our device is an infinite two-dimensional slab of
gallium arsenide, and thus it is useful to understand the properties of such an object. Solving
Maxwell’s equations for the infinite dielectric plate is a fairly straight forward exercise and

appears in many text books [220, 262|, here we will only be detailing results.

R.1 Optical dispersion

The dispersion relation in an infinite dielectric plate is a transcendental equation that can
be expressed in multiple ways. For a dielectric plate of refractive index n and thickness t in

air (unity refractive index), one such expression is

ISEH
[\

2
; 5 n?: TM | 4/k2 — (2
o ENE . )
C

|

0:
g: 1: TE (M)Q—/{Q’

Cc

where w is angular frequency, k is wave number for the direction of propagation (parallel
to the plate), ¢ is the speed of light, JEF is mirror symmetry (orthogonal to the plate), TM
is transverse magnetic (zero magnetic field in propagation direction), and TE is transverse
electric (zero electric field in the propagation direction). Solutions via numeric root-finding
are depicted in Fig. R.1. The effective index of refraction is defined as

kc

Neff = —
e
w
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Figure R.1: Electromagnetic dispersion plot for an infinite plate of gallium arsenide, 250 nm
thick. The bottom plot is zoomed-in around 194 THz.
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APPENDIX S

Optical beam

A basic ingredient for manipulating light on the nanometer scale is that of a suspended
dielectric beam waveguide. If there is a sufficient refractive index contrast between a rectan-
gular prism and its surrounding, electromagnetic waves in supported frequency ranges will
be guided through the beam. Unfortunately, unlike the infinite dielectric of App. R, it is
not possible analytically solve Maxwell’s equations for this geometry and numerical methods
are required. For an infinite dielectric beam this is a two-dimensional problem and COM-
SOL’s [181] (finite element modeling) boundary mode analysis is used to find modes. Using
the geometry defined in Fig. T.1, optical modes travelling down the beam (x direction) can
be characterized by their symmetry eigenvalues (see App. D) of the two mirror symmetries

(vertical z and horizontal y) of the beam cross-section. The effective index of refraction is

kyc/w.

Zmirrorplane -----------------a----------------- t

z
Ly y mirror plane

Figure S.1: Dielectric beam geometry, optical waves are guided through the page in the x
direction.
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S.1  Optical dispersion

Optical dispersion plots from simulation for a beam 250 nm high, and 400 nm and 550 nm

wide are given in Fig. S.2.

S.2 Supported modes

An important feature of the beam waveguide is that for any particular set of dimensions, only
certain modes are allowed, and restricted to n,ir < neg < Ngolig- If we are only interested
in propagation at 194 THz, we can vary the beam dimensions and ask what modes are
supported. In Fig. S.3 supported modes in terms of n.g are plotted for varying height and
width, and in Fig. S.4 a cross section is taken through a beam height of 250 nm. With this
knowledge, a suitably small dielectric beam waveguide can help filter out unwanted modes
in our system. To interface with a grating coupler and optomechanical resonance, the mode

. s
we are interested in is y z.
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Figure S.2: Sample gallium arsenide beam electromagnetic dispersion plots.
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Figure S.3: Supported modes at 194 THz in a gallium arsenide beam waveguide of varying
dimensions.
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Figure S.4: Supported modes at 194 THz in a gallium arsenide beam waveguide 250 nm high
with varying width.
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APPENDIX T

Mechanical beam

In understanding the propagation of acoustic waves, one simple scenario is that of a sus-
pended beam. Mechanical modes supported in the beam can be found by performing three
dimensional simulations [181] on a periodic model. Using the geometry defined in Fig. T.1,
acoustic modes traveling down the beam (z direction) can be characterized by their sym-
metry eigenvalues (see App. D) of the two mirror symmetries (vertical z and horizontal y)
of the beam cross-section. As gallium arsenide is not isotropic, the alignment of the beam

relative to the crystal structure is important.

Although the mechanical beam has continuous symmetry along z, we simulate using a pe-
riodic distance a. Doing so, however, causes modes to wrap around in wavenumber space
in intervals of 27/a. To clean up the dispersion plot, modes are isolated by connecting
points based on closest to linear extrapolation, then wrapped frequencies deleted, in a mode

step-wise fashion.

wg

1
1
1
. 0
z mirror plane -~—--------------- ST t
1
1
1

5 i
L,V y mirror plane

Figure T.1: Mechanical beam geometry, acoustic waves are guided through the page in the
x direction.
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Figure T.2: Acoustic frequecy cutoffs for a fixed sides beam.

T.1 Free beam

Mechanical dispersion plots from simulation for a beam 250 nm high and 400 nm wide for

two crystal orientations are given in Fig. T.3.

T.2 Fixed beam

We can also look at a beam which has fixed boundaries on two opposite sides, this loosely
approximates a phononic crystal waveguide where the band gaped patterning on the sides
restricts vibration. Mechanical dispersion plots from simulation for a beam 250 nm high and
400 nm wide with fixed sides for two crystal orientations are given in Fig. T.4. The presence
of fixed sides induces a lower frequency bound, below which propagating acoustic modes are

not supported. In Fig. T.2 we plot the frequency cutoffs when t = 250 nm.
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T.3 Infinite plate

Lastly we can consider an infinite suspended plate with no displacement in the transverse
infinite direction (y). Mechanical dispersion plots from simulation for an infinite plate 250 nm

thick for two crystal orientations are given in Fig. T.5.
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APPENDIX U

Optomechanical crystal dispersion

In this appendix we provide additional details and results of dispersion plots for optomechan-
ical crystals. Following the arguments in Sec. 2.2, we primarily consider the p6m wallpaper

group in suspended gallium arsenide.

U.1 Simulation

Dispersion relations were simulated using finite element modelling software [181]. The hexag-
onal unit cell was constructed in three dimensions with the suspended substrate and pattern
parallel to the x-y plane. Perpendicular, in z, mirror symmetry or antisymmetry was en-
forced at a plane through the middle of the slab. Away from structure an air box terminating
in a perfectly matched layer constituted the 2 — oo boundary. Each of the three pairs of par-
allel boundaries to the hexagonal unit cell utilized periodic (Floquet) boundary conditions
with a fixed given wavevector. For each set wavevector then, an eigenfrequency simulation
is able to find a set of supported modes. Performing this for a sweep of wavevectors allows

the dispersion plots to be built up. An example model is shown in Fig. U.1.

U.2 Shape

Typical two-dimensional optomechanical crystals appearing in literature are the snowflake
[152, 177, 178, 263] and disc [170, 171, 174], but one can imagine many other possibilities. To
this end a wide variety of shapes were simulated in isotropic silicon to see which would pro-

duce phononic and photonic bandgaps. A survey of many geometries is given in Fig. U.2 with
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Figure U.1: Snowflake hexagon unit cell model with air box continuing upward.

the full dispersion plots for a selection of more interesting patterns shown in Figs. U.3, U.4.

Additional geometries, including ones with an additional circular hole through the unit cell
center, and some without mirror symmetry were briefly tested but were not fruitful. Con-
ventional wisdomSafaviNaeiniOMCdesign,CavityOptomechBook dictates that lattices with
‘drumheads’ and bridges connecting them help separate low frequency acoustics (with wave-
lengths larger than the drumhead and unit cell) from higher frequency acoustics that interact
with the drumheads. Evidence of that was seen here with patterns offering no drumhead-like

platforms tending not to produce acoustic bandgaps.

Whilst some of the patterns in Figs. U.3, U.4 show potential with optic bandgaps that can be
moved down by scaling dimensions up, the associated mechanical dispersion is not as ideal.
A handful of simulations were carried out with larger dimensions (a ~ 750 nm) but did not
yield anything superior to the snowflake geometry. Given that larger shapes are significantly

easier to fabricate, however, some of these pattern types could warrant further investigation.
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Figure U.2: Simulated acoustic and electromagnetic bands for a variety of geometries in
220 nm suspended silicon. In each case the unit cell has a size of 500 nm and is constructed
by reflecting and rotating the depicted p6m fundamental regions (blue for solid, yellow for
air holes).
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Figure U.3: Full dispersion plots for four patterns in suspended silicon. Simulations were
carried out at 3 x 25 wavevector points along ' - M — K — I' and joined in curves.
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5

N

Figure U.5: (Right) Snowflake crystal lattice parameters. (Right) chamfer snowflake hole
parameterization.

U.2.1 Chamfer snowflake

Further simulations featuring snowflakes, chosen for the best band gaps, use chamfered
corners to account for some inevitable rounding during fabrication. The chamfer snowflake

can be described with four parameters,

a lattice spacing,
r  snowflake arm radius,
w snowflake arm width,

¢ corner chamfer,

which are depicted in Fig. U.5. Additional parameters, more apt for describing the solid

parts of the pattern are

ts  triangle side,

bw bridge width,
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with
ts=a— V3w, bw =a—2r,

a—ts a— bw

U.3 Rotation

Whilst the snowflake pattern has 7/3 rotation symmetry, GaAs has 7/2 rotation symmetry.
As such, the mechanical modes propagating through the phononic crystal have some depen-
dence on relative orientation between the material and pattern. Optically, GaAs is isotropic

and there is no orientation dependence for the photonic crystal.

Following the symmetries in GaAs in Sec. M.1.7, if considering acoustics without any piezo-
electric interaction then we expect [0, 7/6] rotations to be unique, mirrored over [7/6,7/3]
and then repeated. Including piezoelectric effects in acoustic wave propagation changes this
to [0,7/2] unique due to the different rotational symmetry of the piezoelectric coupling

tensors.

In Fig. U.6 acoustic bands are plotted for the snowflake pattern with rotations from 0° to
30°, and every 15° to 180°. Where the z axis is perpendicular to a hexagonal unit cell

boundary, a rotation of 0° corresponds to Z = [100], and 45° corresponds to & = [110].

Whilst there are some features following a 15° reflection, the piezoelectric influence is no-
ticeable. The mechanical dispersion relations can be seen to repeat after a 7/2 rotation.

Fortunately, the large total bandgap covering 4 GHz remains for all orientations.
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Figure U.6: Simulated acoustic bands, separated by out-of-plane z symmetry, for snowflakes
in suspended GaAs membrane. Diagrams along rotation axis depict relative orientation of
phononic crystal hexagonal unit cell against material square atomic lattice.
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Figure U.7: Simulated acoustic and electromagnetic bands for snowflakes in GaAs, varying
slab thickness.

U.4 Thickness

Whilst the suspended slab thickness is set during the wafer manufacturing and can’t be
easily modified during fabrication, its nonetheless useful to see its effect on the supported
modes. In Fig. U.7 two sets of thickness sweeps are shown. As expected, the frequencies

decrease with greater thickness, but otherwise the major bandgaps are stable.

U.5 Rounding

Ideally we want sharp corners but in practice some rounding will take place. In Fig. U.8 we
show bands from simulating snowflakes with varying amounts of corner chamfer. Whilst the
electromagnetic bands are relatively undisturbed, the acoustic band gap is shifted higher in
frequency at greater chamfers. If our mechanical resonance mode is not sufficiently high in

frequency, excessive rounding of corners during fabrication can present a problem.
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U.6 Snowflake surveys

Using the snowflake shape, the heavy simulation workload is sweeping over dimension pa-
rameter combinations. For this, a fewer number of wavevectors are used, 3 x 10, and for
analysis we only show the major bandgap. In Figs. U.9, U.10, U.11, U.12, U.13, snowflake

bandgap surveys are given for a = 530 nm to a = 570 nm.

A large set of known bandgaps is important for simulating the defect cavity resonator as
we only want to probe frequencies that we know will be trapped by the optomechanical
crystal, and, because the cavity size is defined by the crystal it’s sitting in, variations to
the cavity involve variations of the crystal pattern dimensions. Furthermore, an extensive
sweep of snowflake dimensions for a particular lattice constant allows partial waveguides to
be designed. By tuning the snowflake size, and hence shifting the bandgaps, one can create
regions where, for a particular mechanical and optical frequency, only one is in a bandgap
and blocked. This allows local variations in the optomechanical crystal to be made into par-
tial waveguides that propagate optics whilst still acting as a phononic crystal, or propagate
mechanics whilst still acting as a photonic crystal. Additionally if a partial waveguide con-
figuration has a pathway through r, w to r — 0 and w — 0 without encountering bandgaps
for the propagating wave, the optomechanical crystal partial waveguide can be smoothly
transformed to a regular ‘blank’ waveguide for connecting to non-optomechanical crystal

device elements.
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Figure U.9: Snowflake bandgap simulation survey with a = 530 nm. (Top) complete acoustic
bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect with
the laser frequency, 194 THz, shown in red.
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Figure U.10: Snowflake bandgap simulation survey with a = 540 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194 THz, shown in red.
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Figure U.11: Snowflake bandgap simulation survey with a = 550 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194 THz, shown in red.
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Figure U.12: Snowflake bandgap simulation survey with a = 560 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194 THz, shown in red.
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Figure U.13: Snowflake bandgap simulation survey with a = 570 nm. (Top) complete acous-
tic bandgaps, and (bottom) z mirror symmetric electromagnetic bandgaps that intersect
with the laser frequency, 194 THz, shown in red.
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APPENDIX V

Optical connection

In order to interface with the on chip photonics, we need a method of coupling light from
the chip to a fiber optic. This connection is inherently difficult due to the vastly different
spatial profiles of chip photonics and fiber optics. Photonic waveguides on our chip are less
than a micron wide, whilst a standard fiber optic cable has a beam waist of 10 um, although

the emitted beam can be focused down with optical fiber tapering and polishing techniques.

V.1 Coupler types

To couple a fiber optic to on chip photonics, three main schemes, depicted in Fig. V.1, exist.

V.1.1 Direct coupler

Here an open fiber optic, in the plane of the chip, is shone directly down a photonic waveguide

that comes to the edge of the chip. Whilst this method provides good coupling, it can only

(a) (b)

(‘ >
-/ \ % Wi —

Figure V.1: Fiber optic to photonic waveguide coupling methods, (a) direct, (b) evanescent,
and (c) grating.
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access photonics that come to the edge of the chip and thus often requires long waveguides
and cleaved edges. This method also suffers from cross coupling, light from the fiber optic
which does not enter the waveguide can interact with other on chip photonics or scatter into
other fiber optic ports. To improve coupling the on chip waveguide can be shaped into a
spike [264] or disc [265]. For a ridge waveguide, improvements can also be made with the

use of a large polymer cladding [266, 267].

V.1.2 Evanescent coupler

In this approach, a minor defect in a section of fiber optic cable is created and simply
placed near an on chip waveguide for evanescent coupling [268-270]. Typically this involves
tapering a region of the fiber to be very thin. This method has some useful advantages
in that it can exploit the vertical dimension above the chip and can couple directly into a
photonic waveguide or resonator. From an engineering side, however, tapering the optical

fiber out [271]| and securely positioning it in the right location can be a challenge.

V.1.3 Grating coupler

In a grating a coupler, a diffraction grating is used to scatter light out of the plane of the
chip and into a fiber position above and aimed down [272]. This approach is the most
convenient as it can exist anywhere on the surface of the chip and is easily swapped into an
optical fiber setup. It suffers, however, from poor efficiency as much of the light scatters in
unwanted directions. Many different designs of the grating exist, including curvature [273],
grate variation [274|, sub-wavelength transverse gratings [275, 276], and photonic crystal
grates [277]. Due to it’s ease with experimental probing, this is the method we use for

developing a first generation device.
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Figure V.2: Rays of vacuum wavelength )\ in a material of refractive index ny incident at
angle 6 onto a Bragg grating surface with pitch A and (effective) refractive index ng. The
two filled points are on the same incoming light wave front and have the same phase, whilst
the empty point is where the phase needs to be matched.

V.2 Grating coupler theory

Numerous theses [278-280] have been written solely about grating couplers, and whilst cer-
tain guidelines exist, numerical simulation is required to analyze any particular grating design

and set up. Here we will introduce the basic underlying theory to grating couplers.

V.2.1 Bragg grating

If we consider a plane wave incident, at angle 6, onto a bragg grating, of pitch A, we can
expect maximal transmission when there is constructive interference between the incident
light and scattered light propagating through the grating. Analyzing this using ray optics
we can draw the picture in Fig. V.2. If we compare the paths of the two incoming rays, a

multiple of pitches apart, and enforce phase matching at the point that they meet up, we
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/\Z—i—/\sin[@]i—;zmez,

= m= (ng —ny sin[&]) )\A €z, (V.1)
0

which is the Bragg matching condition. The index of refraction ng here is an effective
index for propagation through the grating coupler. Determining this typically requires some
numerical computation and to complicates things more will depend on the pitch. As an
approximation we can start with the effective index of refraction for an infinite dielectric

plate and use the derived pitch as a starting point.

V.2.2 Curvature

To save space and focus the light to single point in the grating, we will want to use curved
grating couplers. Following the diagram in Fig. V.3, if we have a plane wave incident at
angle 0 in the z-z plane, we want to find the set of points (x,y) in the device plane that will
give the same phase at a focus placed at the origin. Enforcing this gives us the following

equation for the grating shape,

n n
A/ 22+ y? 2y sin|6] ~L _ constant
X\ N

0

or
a=bx+4/22+y?, (V.2)
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Figure V.3: Rays of vacuum wavelength )\g in a material of refractive index ny incident at
angle 6 onto a plane with (effective) refractive index ng. The two filled points are on the
same incoming light wave front and have the same phase, whilst the empty point, at the
focus, is where the phase needs to be matched.

where a is the radius along the y axis (x = 0), and

b=—"Lsin[f] e (~1,1) (V.3)

ng

is the curvature extension parameter. A plot of the curvature function (V.2) is given in
Fig. V.4; when b = 0 the function produces a circle, but in general it is not elliptical. For

this geometry we define pitch and filling factor along the x axis.

V.2.3 Polarization

Grating couplers tend to work with the electric field polarized along the grates (transverse

to the propagation direction). This orientation puts the electric field in the direction of con-
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Figure V.4: Plot of the curvature function (V.2), with b
region used for the grating coupler.

0.25, highlighting the x > 0

tinuous symmetry, y-direction using the coordinates here, as determined by the geometry’s
electric permittivity. Thus for light travelling in the z-direction of an attached waveguide,

the mode will neccessarily have y anti-mirror symmetry.

Considerations from the opticmechanical cavity and photonic crystal band structure (see
App. U) dictate that we want an electric field that is z (normal to the device plane) mirror
symmetric. Hence the input/output mode to the device waveguide beam (see App. S) must

be @sz (see App. D).

In a single mode optical fiber the carried electromagnetic mode is HEq; or approximately
linearly polarized LPg1. To work with the grating coupler, the fiber optic cable needs to be

orientated such that its E polarization axis aligns parallel to the grates, i.e. y-direction.
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Figure V.5: Diagram of grating coupler dimensions, t is the suspended layer thickness, A is
the grating pitch, f is the filling factor, and h is the grate gap height.

V.3 Grating coupler design

The heterostructure wafers being used are 250 nm GaAs on AlGaAs, however due to the low
permittivity contrast this a poor material stack for making a grating coupler [278]. Instead
we will want to have a suspended grating coupler, as is the case for the optomechanic crystal
part of the device. Furthermore as this device will be using an existing experimental set up,

the fiber optic cables are fixed to be incident at § = 8° from normall.

The remaining parameters to design for are pitch A, filling factor (a.k.a. duty cycle) f,
curvature b, and grate gap height h, as depicted in Fig. V.5. The number of total grates
needs to be sufficiently large such that the 10 um diameter fiber optic beam is covered,
but not too great that the grating coupler can not be suspended. Optimization of these
parameters can be carried out by running numerical simulations but it helps to start with

some estimates.

The grating coupler pitch can be derived from the Bragg matching condition (V.1). Above
the grating coupler we have air/vacuum with ny = 1 and in the grating coupler we can use
an infinite plate model, App. R; for a TE % mode at 194 THz in 250 nm thick ngaas = 3.32,
the effective index of refraction is ng = 2.78. Putting these numbers into (V.1) with A\g =
¢/(194 THz) = 1545nm and 0 = 8, we get A = 585 nm for m = 1. Similarly we can estimate

the curvature extension parameter b from (V.3) to be b = —0.050.

1. This is an optimal angle for 220 nm silicon on insulator grating couplers.
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Figure V.6: Two-dimensional models of a suspended 10 period grating coupler with A =
650 nm, f = 0.6, h = 150nm, ¢ = 8, showing Ey (into the page) at 194 THz. Model (a) has
an aerial input port, whilst (b) has a slab input port.

V.3.1 Two-dimensional simulations

Two-dimensional simulations are significantly faster than full three-dimensional simulations
and allow us to quickly narrow down some of the design parameters. In the two-dimensional
model the grating is assumed to extend infinitely in the y-direction, and our parameters of
concern are pitch, filling factor, and the grate gap height. Finite element modeling is carried
out using Comsol [181] with typical models depicted in Fig. V.6. For each set of geometry
parameters a two models are made, one with an input port connected to the slab, and one
with an input port above the coupler in a Gaussian shape and titled at 8°, both with an E;
incoming field. For each model the proportional power flowing through the opposing port
is measured and then combined for an overall rating of effectiveness. The simulations also

included bulk GaAs 1 um below the suspended slab.

Simulations were carried out with pitches ranging from 500 nm to 1200 nm, filling factors
from 0.2 to 0.8, and grate gap heights from 0 to 200 nm; significantly higher sampling was
carried out in the 600nm to 700 nm pitch range. A 3D plot summarizing the combined
transfer efficiencies is given in Fig. V.7 along with sample 2D slices. From these results it is

immediately obvious that a grate gap height of more than half the total thickness is needed
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Figure V.7: Plots of the simulated combined transfer efficiency of two-dimensional 10 period
grating coupler models with t = 250nm, and 6 = 8°. Combined refers to multiplication
between the slab input and the air input transfers.
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Figure V.8: Three-dimensional models of a suspended 6 period grating coupler with A =
640nm, f = 0.55, h = 160 nm, b = —0.05, 6 = 8°, showing Ey at 194 THz. Model (a) has an
aerial input port, whilst (b) has a beam input port.

to have any appreciable transfer through the grating coupler. Looking at Fig. V.7 (¢), we also
note that as the grate gap height approaches the full thickness of the slab, the optimal pitch
tends toward the value estimated by the Bragg matching condition under the assumption
of an infinite dielectric plate. The introduction of partial air gaps in the slab lowers the
effective index of refraction, leading to larger optimal pitch than first estimated. The best

combined transfer efficiency found was 0.124 at A = 640nm, f = 0.55, h = 160 nm.

If we use (V.1) with A = 640nm to recalculate an effective index of refraction, we get no =
2.55. Putting this into V.3 gives an updated curvature extension parameter of b = —0.054,

only marginally different.

V.3.2 Three-dimensional simulations

Three-dimensional simulations are far more computationally intensive but, importantly,
closer to reality. Typical models created using Comsol [181] are shown in Fig. V.8. Due

to limitations in computing power however, non-vertically symmetric models were limited
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Figure V.9: Plot of transfer efficiency at 194 THz against varying curvature extension pa-
rameter b for three-dimensional supsended 6 period grating couplers models with t = 250 nm,
A =640nm, f = 0.55, h = 160nm, 6 = 8°.

to 6 grates, which leads to some difficulties when simulating power coming in from an aerial

port that is 10 um wide and hence larger than the model and grate collecting region.

The three-dimensional model allows us to optimize the curvature parameter b, plotted in
Fig. V.9, and agrees with the predicted values. Sweeping the remaining parameters in the
vicinity of the two-dimensional model optimal point we can build a new set of combined
transfer efficiency plots in Fig. V.10 and Fig. V.11. The best combined transfer efficiency
found was 0.030 at A = 640nm, f = 0.65, h = 150 nm.

V.3.3 Suspended beam to photonic crystal

Early designs of the grating coupler had it directly attached to the photonic crystal but
difficulties in aligning the partial etch step to within 100 nm as would be needed necessitated
separating the grating coupler with a suspended beam waveguide. This separation introduces

two new design variables, the photonic crystal edge shape, and the suspended beam width.

Four styles of photonic crystal edges, depicted in Fig. V.12 were investigated. Three-

dimensional simulations were carried out with a suspended beam waveguide input and output
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Figure V.10: Three-parameter plot of the simulated combined transfer efficiency of three-
dimensional 6 period grating coupler models with t = 250 nm, and § = 8°. Combined refers
to multiplication between the slab input and the air input transfers.

@;;r mode), the photonic crystal with a blank row waveguide in the middle, and different
combinations of photonic crystal edge interfaces on each side. Results for varying sizes of
the photonic crystal center are given in Fig. V.13. The best photonic crystal to suspended

waveguide interface is consistently that of an ‘angled out’ shape.

The final variable we have control over is the suspended beam waveguide width, and we can
simulate it’s effect when interfacing with both the photonic crystal and grating coupling.
For the photonic crystal side, simulations of the type used for the edge shape were carried
out, with results given in Fig.V.14. For the grating coupler side, simulations of the type used
for the three-dimensional grating coupler were carried out, with results given in Fig.V.15.
Above 400 nm the response to the suspended beam waveguide width is flat. Following the

dispersion information for a dielectric beam, App. S, we want the beam to be as narrow as
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Figure V.11: Two-parameter slices of the simulated combined transfer efficiency of three-
dimensional 6 period grating coupler models with t = 250 nm, and 6 = 8°.

possible to help filter out unwanted modes, and thus use a width of wg = 400 nm.

V.4 Grating coupler fabrication

The grates are marked out using electron beam lithography concurrent with the optome-
chanical crystal, the non-zero grating gap height h, however, requires a partial etch step to
be carried out separate to the full etch that goes all the way through the top GaAs layer.
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Figure V.12: Diagrams of photonic crystal to suspended beam waveguide interfaces.
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Figure V.13: Transmissions |Sy 1| at 194 THz through a photonic crystal of various sizes with
a blank row waveguide and various combinations of photonic crystal edges to a suspended

beam input and output. The model enforces QJZF mirror symmetries with wave propagation
in the z-direction. The snowflake photonic crystal has dimensions t = 250 nm, a = 560 nm,
r =240nm, w = 80nm, ¢ = 20 nm.

For nominally 250 nm thick GaAs and h = 150nm, a 100 nm deep etch was achieved with
30s of the chlorine argon etch described in Sec. 4.2. To accommodate the release, windows
are etched through behind the grating. A scanning electron microscope (SEM) image of a

grating coupler is shown in Fig. V.16.

V.5 Grating coupler performance

The chip optical coupling was tested by simply connecting two grating couplers together with

a suspended waveguide, sometimes with side coupled ring resonator. Optical measurements
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Figure V.14: Transmission |Sy1| at 194 THz through a photonic crystal (6 rows and 12
length in snowflakes) with a blank row waveguide, and angled out edges, to suspended beam

waveguides (width wg) at the input and output. The model enforces §§ mirror symmetries
with wave propagation in the z-direction. The snowflake photonic crystal has dimensions
t = 250nm, a = 560 nm, r = 240 nm, w = 80 nm, ¢ = 20 nm.

were performed with the setup described in App. ¥. Geometry measurements were carried
out by analyzing SEM pictures as described in App. W. Peak individual grating coupler
transmissions of > 35% were found with patterns of Apattern = 638 nm and measured Aggy; =

633 nm?, foen = 0.51. A sample transmission of a test device is given in Fig. V.17.

2. A scale error of < 1% is typical.
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Figure V.15: Transfer efficiencies at 194 THz of a suspended beam waveguide (width wg)

connected to a grating coupler with aerial port. The model enforces 542_ mirror symmetries
with wave propagation in the z-direction. The grating coupler has 6 grate periods and
parameters A = 640nm, f = 0.55, h = 160nm, b = —0.05, 6 = §°.

Figure V.16: SEM image of a suspended grating coupler.
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Figure V.17: Example test device with particularly good optical transmission. (a) Device
transmission spectrum, as there are two grating couplers their individual performance is at
worst the square root. (b) Microscope image of the measured test device, with unfortunately
a broken ring resonator. The two coupler focii are 127 um apart.
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APPENDIX W

Grating analysis

Fabrication outcomes of the grate structures in the grating couplers can be carried out

through image analysis and curve fitting.

W.1 Grate parameters

Following App. V, grates are designed according to

a

- bcos[d] +1°

r

where a is a constant for each individual grate curve. The grating pitch is defined along the

x axis (¢ = 0) such that,

alk]
b+1

—w+Ak : ke{0,1—f1,2—f23—f,...},

according to Fig.W.1.

Figure W.1: Diagram of grating coupler dimensions.
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For an arbitrary grating focus, (xg,yg) and orientation, ¢, we have

Vi@—20)? + (v —w)° = ay[f] ,

b cos [arctan[x_gg] — qbo] +1

for points {(x,y)}; in a particular curve k. The full set of parameters are

A grating pitch,

f grating fill factor,

w distance from grating focus to first grate,
b curvature extension parameter,

(xo,yo) grating focus,

%) grating orientation,
t suspended slab thickness,
h lower grating height.

W.2 Image analysis

From a scanning electron microscope (SEM) image, pixels associated to the grate curves can
be found by performing edge detection. Separating the points into sets for separate curves is
done by collecting points into connected sets, and stitching together as needed, The sets can
then be ordered based on their mean distance to an estimated grating focus. An example

image with fits described below is depicted in Fig. W.2.
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Figure W.2: SEM image of a grating coupler. Edge detected points in cyan, and grating fit
in red with orange arrow indicating (xq,yo), ¢o and w’.

W.3 Fitting

For an ordered list of sets of points, {(z,y) € A;}!",, corresponding to successive curves

1=1,2,3,...,m we can write

a;
b+1

—w + A ([(i —1)/2] + ((i — 1) mod 2) f’)

where w' and f’ are parameters specific to the subregion of the grating we are fitting. Thus
for each point from our image analysis (x,y), associated with curve i, the residual distance

18

(b+1) (w’ # A (16 = 1)/20+ (i = 1) mod 2) f))

b cos [arctan[y_yo] — d)o] +1

T—x(

V(@ —20)? + (v —w)° -
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Figure W.3: Diagram of grating curve fit situations.

Thus we can fit our full set of points by minimizing the objective function

Szi > (\/(x—xo)2+(y—yo)2

i=1 (z,y)eA;

(b+1) <w' + A ([(i ~1)/2] + ((i — 1) mod 2) f’)> >2

b cos [arctan[y_yo] — gbo] +1

T—x(

This is equivalent to a self-dependent multivariate fit of the form

")~ Fi -

Y

w), Y (W' +A (16 = 1/2] + (= Dmod2) f’)) cos|arctan [1=4]|
Yo b cos [arctan[%] - qbo} +1 sin [arctan[g:zg]]

Our full set of fit parameters are p = {xg, 5o, ¢o, A, f', W', b}, which can be given starting

estimates from the design or manually based on the original image.

Unless our image and fit includes the first grate, w’ will be some arbitrary value we’re not
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interested in, and f will be (1 — ') or f' based on the ‘polarity’ of our fitting region. We
can determine the polarity for our image’s fit by doing a brightness comparison of the region

between curves 1 and 2, and between 2 and 3,

f/ . height[1, 2] > height[2, 3]
fo

(1—f) : height[2, 3] > height[1, 2]
A diagram of the two situations is given in Fig. W.3.

If p are the found parameters, the covariance matrix is

28(p) (o _ 0 -
Yy = =
=L Npts — Np <8}_9 ® op S(]—)))

3>

where npis = D3| A;] is the number of points fit to, and ny = 7 is the number of parameters.

Computing the covariance matrix can be time consuming.

W.4 Edge adjustment

The edge detection algorithm tends to return the shorter side of an edge. To fix this, we can

adjust

w' + A :  height[1,2] > height[2, 3]

w — A : height[2, 3] > height[1, 2]

2A
fro f——

where A ~ 1px is the adjustment.
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APPENDIX X

Disc resonators

The first optomechanical resonator designs explored were disc resonators suspended within
a snowflake optomechanical crystal slab of gallium arsenide, as depicted in Fig. X.1. To first
order, acoustic modes in the resonator can be notated by drum modes [281] (that of a two-
dimensional disc membrane) along with out-of-plane mirror symmetry, and electromagnetic
modes notated by cylindrical cavity modes [220, 282|. For small discs, with sizes on the
order of one wavelength, we’re primarily interested in the fundamental mirror symmetric
acoustic mode (breathing mode) (0, 1)+, and electromagnetic modes TEq 11, TEg91. Mirror

symmetry of the acoustic mode is vital for optomechanical coupling (see App. E).

Simulations were carried out as described in Ch. 3, but ultimately disc resonators never

made it to fabrication as their optical quality factors were found to be inadequate.

X.1 Proximity variations

In addition to the basic structures suspending the disc shown in Fig. X.1, a host of other
styles were also toyed with. Fig. X.2 depicts a wide range of geometries connecting the disc
to the surrounding crystal pattern. Whilst the different styles shift the resonance frequencies

around, they didn’t offer any improvements to the optomechanical coupling or quality factors.

X.2 Tuning algorithm

For particular snowflake crystal pattern dimensions and cut-out geometry, the disc’s optical

resonance was tuned to 194 THz by adjusting the disc radius. This was carried out by
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Figure X.1: Basic disc resonator designs.

iterative simulations guided by a simple algorithm to estimate the appropriate disc radius

from obtained simulation results. The flowchart for the full algorithm flow is given in Fig. X.3.

The first step in the algorithm was create the snowflake primitive cell model to determine
the dispersion relations (see App. U) and extract the band gaps (if they exist) for the given
set of snowflake dimensions. If 194 THz is not covered by a % band gap the algorithm simply
ends as those snowflake dimensions do not support trapping of the desired optical frequency.
If 194 THz is covered, the algorithm proceeds by creating a model of a disc resonator with a
rough guess for the disc radius. This model was built enforcing jv_, Jyr, % mirror symmetries
for the mechanics, and z, vy, % mirror symmetries for the electromagnetics corresponding to

TEq, 1 like modes.

With one disc radius to optical resonance frequency data point acquired, the first estimate is
made crudely according f, = a/(disc radius) where a is fit from the first result. Once there
are two or more data points the resonance estimate is made, following the from for cylindrical
modes, by fo? = a?/(disc radius)? + b?, where a and b are fit from previous results. This

is usually enough to get the required disc radius, with 3 disc simulations being the average
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Figure X.2: Various extravagant geometries suspending the disc within a snowflake crystal

pattern.

number performed by the algorithm. With the final disc model, the mechanical modes are

also simulated and optomechanical couplings calculated.

X.3 Simulations results

An example disc resonator model showing typical mode profiles is shown in Fig. X.4. A

compilation of fo, fm, gom outcomes for a set of snowflake crystal dimensions (all with

250nm) is given in Fig. X.5. Unfortunately optomechanical couplings of ~ 300 kHz are

t

mediocre at best, but of even more concern the optical resonances had very low simulated

quality factors of ~ 300. Whilst this may be in part to the small model size with only 3
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Figure X.3: Disc resonator simulation and tuning algorithm flow chart.
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Figure X.4: Simulated mechanical displacement (@) at 5.24 GHz and electric field (E) at
193.9 THz mode profiles for a disc resonator of radius 222 nm embedded in snowflake crystals
with t = 250nm, a = 485nm, r = 190nm, w = 70nm, ¢ = 15nm and GaAs oriented

# = [100].
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Figure X.5: Results from the disc tuning algorithm with different starting snowflake param-
eters.
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layers of snowflake crystal, larger model trials did not offer significant improvements. High Q
dielectric disc resonators are typically associated with whispering gallery modes [283] which

is far from this regime.

339



APPENDIX Y

Trapezium resonators

Within the framework of the snowflake shape crystal pattern, a simple category of defects
is those constructed by connecting triangular ‘drum heads’ together. Whilst many shapes
are possible with an increasing number of triangles, optomechanical coupling considerations
suggest small shapes (focused modes) with mirror symmetries are preferred. Conforming to
this, one of the simplest triangle-constructed resonators is three in a line forming a trapezium,

as depicted in Fig. Y.1.

A major drawback of this style is the strong dependency of the resonator parameters on
the surrounding snowflake pattern parameters, the base resonator design can not be tuned
independently of the crystal. In practice, however, minor size adjustments ~ 1% are made
to the resonator dimensions independent of the crystal to create sets of resonators slightly

detuned from each other.

Y.1 Simulations

Simulations were carried out using finite element modelling software [181] with mirror sym-
metries in = (aligning with trapezium mirror symmetry) and z (vertical slab thickness).
. ++ . . . .
Mechanical modes obeyed xz mirror symmetries, whilst the best electromagnetic modes

—+ . . . .
were found to have xz mirror symmetries. Example mode profile pictures are shown in

Fig. Y.2.

Results for different snowflake crystal lattice dimensions are given in Fig. Y.3. The best

optomechanical couplings (calculated using App. C) were found to be gom/(27) ~ 500 kHz.
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Figure Y.1: Three triangles in a line trapezium resonator.

Y.2 Coupling orientation

One of the drawbacks of two-dimensional optomechanicals crystal is that coupling distances
between the resonator and waveguide have to take discrete values. This can be problematic
because, as seen in nanobeams and ring resonators, the coupling is sensitive to variations on
the order of ~ 10nm. For trapezium resonators in snowflakes, we have three ways to adjust
the coupling: number of unit cells separating, resonator orientation, and waveguide width if
we allow it to break the crystal. With lattice constants of a ~ 500 nm the gap can only be
one unit cell, any more is too weak, and any less (zero) has the trapezium ceasing to be a
resonator. If our device design has a waveguide that is not part of the crystal lattice, we can
vary its width down to some minimum value that permits modes (see App. S). Narrower
waveguides tend to push the field out further beyond the waveguide, whilst wider waveguides

keep more of the field contained within.

The orientation of the trapezium resonator has four possible options, depicted in Fig. Y.4.
Optical measurements found the ‘corner’ orientation to be the most suitable. With this

rotated resonator it’s important to keep in mind the crystal structure of the underlying GaAs

341



VAV AYAYAVAVAYAYAY A
e e e e e
VAVAVAYAVAVAYVAVAYAY:

AVAVAVAY —VAVANAYE
e R e o

WAVAVAVAY * TAVAVAVAY.
MV AVAVAV. v . VivAVEVS
A*A*A*A*A A*A*A*A*A

YAVAVAVAVAVAVAYAVAY

o0 i
bt SIS
o giriyivivie i
- | g Siyivy. iyl

NAVAVAVATL A

iy
'%@@@@@@@@"

%
x5
X%

AVA

X
X
X

CAVAYAVAVAVAVAVAVAYA

ORNRANGRNRY | | L
KK NN K R vRvAvLvAVEVEvivhy
NAYAVAYAVAVAVANANAY

. | | oeeEkee L

| R S Avivivivaviviviviy
e | | COOOO0L L
KKK HHN KK S AvEviviviviviviviy
g, | | SR

, AVAVAVAVAVAVAVAVAVS

(i

Figure Y.2: Simulated mechanical displacement (@) at 3.527 GHz and electric field (E) at
191.72 THz mode profiles for a trapezium resonatorin snowflake crystals with t = 250 nm,
a = 550nm, r = 245nm, w = 87nm, ¢ = 20nm and GaAs oriented £ = [110]. This
simulation had a calculated optomechanical coupling of gom/(27) = 619kHz.
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Figure Y.3: Simulations of trapezium resonators in various snowflake crystal patterns. The
parallel edges of the trapezium are aligned with GaAs [110]. Band gaps from simulations in
Sec. U.6 are displayed when available.
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Figure Y.4: Trapezium resonator orientations with respect to a waveguide: (a) ‘upward’,
(b) ‘corner’; (c) ‘side’, (d) ‘downward’. All with a single unit cell of separation from the
waveguide.

material. Mirror symmetries in the resonator design need to align with mirror symmetries
in the material, in particular for the best performance, the parallel edges of the trapezium

(long axis) need to be aligned with [110]. Thus the waveguide and device orientation with

respect to the substrate must be carefully chosen.

Y.3 Bridge connections

Fabrication of a partial waveguide that only admitted optics was beyond the reach of our
electron beam lithography process - the required shape dimensions were too small and unable
to be successfully created. Thus the closeness of the resonator to the waveguide raised
concerns that acoustic modes would undesirably also couple into the waveguide. To mitigate
this, one strategy was to remove some of the bridges connecting the trapezium resonator to
the surrounding snowflake crystal. Unfortunately this negatively impacted the mechanical
resonance modes by lowering the frequency to be perilously close to the band gap edge and

reducing the intrinsic quality factor. Plots of simulation results are given in Fig. Y.5.

An alternative approach was to remove bridges along the waveguide connecting it to the
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Figure Y.5: Simulations of trapezium resonators with connecting bridges removed. Two
different mechanical modes are looked at, and depicted by Q.
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Figure Y.6: Snowflake crystal patterns about a central waveguide: (left) mirror symmetric
opposed, (right) off-set by a/2.
snowflake crystal in the vicinity of the trapezium. Whilst there’s potentially some edge mode

participation in the resonance, simulations suggest this is at least a minor improvement.

Y.4 Crystal offsets

With separate crystals on either side of the waveguide, their relative positions can be ad-
justed. In particular, there are two major configurations as depicted in Fig. Y.6. Optical

transmission measurements strongly favoured devices with the off-set by a/2 configuration.

Y.5 Fabrication

Trapezium resonator devices were fabricated with varying snowflake dimensions, each hav-
ing ~ 10 resonators with slightly different sizes along a central waveguide that broke the
snowflake crystal lattice (allowing waveguide width adjustments). The free suspended waveg-
uide was typically 500 nm wide, and narrowed to 475 nm within the optomechanical crystal
for improved optical coupling. The main plate was typically 50 snowflake cells long and 15

rows on each side of the waveguide. Tethers for the main plate and waveguide are styled ser-
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Figure Y.7: (Top) pattern dxf image of the device design with large scale dimensions labelled.

(Bottom) zoom in of trapezium resonators along the waveguide.

Blue is the HSQ layer

making up the suspended structure, and red is the complete etch released regions. Horizontal

crystal axes.

110]

|

and vertical directions line up with GaAs
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Figure Y.8: Optical microscope image of a trapezium resonator device.

pentine and zigzag to provide flexibility during the release process. Secondary release holes
around the entire device protect against any large cracks that form. An example pattern

design is shown in Fig. Y.7.

Fabrication was carried out according to Ch. 4, fine tuning the proximity effect correction was
vital for creating uniform snowflakes across the plate. Electron beam writing was carried out
with two passes at 390 uC/cm? with proximity effect correction (N.3). Images of fabricated

devices are shown in Figs. Y.8, Y.9.
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Figure Y.9: 45° angle scanning electron microscope images of a trapezium resonator device.
This particular device featured trapezium resonators with partial bridge connections.
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Figure Y.10: Optical transmission scan of a device with trapezium resonators. The fit to
this resonance yielded f = 192.05 THz, 812 = 0.63, Q¥ = (1467 + 10), QY = (2397 + 20),
Q' = (3785 + 22), v/(27) = (130.9 + 0.9) GHz.

Y.6 Measurements

Many hundreds of trapezium resonator devices were fabricated and measured with the optical

set up described in App. ¥. Unfortunately, typical quality factors were QL ~ 1000 and

B2 < 0.5, much too low to observe optomechanical behaviour which scales with Q2 (See

App. L). One of the better devices is plotted in Fig. Y.10.

350



APPENDIX Z

Vertebrae resonators

The ‘vertebrae’ resonator is a recently demonstrated [152] quasi-two-dimensional optome-
chanical crystal cavity that has so far only been realized in silicon [152, 178|. Depicted in
Fig. 7.1, it is constructed from C-shape holes to create a one-dimensional optomechanical
crystal and Fabry-Pérot defect cavity within the waveguide of a two-dimensional snowflake

optomechanical crystal.

Z.1 Dispersion plots

The C-shape hole dimensions are defined in Fig. Z.2, and together with the snowflake di-
mensions of Sec. U.2.1, lattice spacing, waveguide width, and slab thickness make up the
dimensional parameters for a vertebrae unit cell. With periodicity in the z direction, the unit
cell exhibits y and z mirror symmetry that allows modes to classified under those symmetries

(see App. D).

KT LKL AKK

Figure Z.1: Vertebrae resonator concept.
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Figure Z.2: Definition of C-shape hole dimensions.

Our target mechanical cavity mode is the —ngzr ‘paddle’ breathing mode, where the inner
rectangular region of the C-shape holes has a strong (), component and stretches into the
air hole. The frequency of this mode is dominated by an inverse proportionality to hi. There
is a slight inverse proportionality to wi, and minimal dependence on other parameters. Our
target optical cavity mode has @JZF symmetry, matching the waveguide propagation mode,
and is localized to the air holes. It has a frequency that scales with the size of the air hole,

wo x (ho — hi).

Design of the vertebrae resonator requires an appropriate mirror geometry that can be gra-
dient deformed to put the target modes into the mirror’s band gaps. For this, we study
dispersion relations for the vertebrae unit cell, and following a manually guided parameter
search arrive at the mirror unit cell given in Fig. Z.3. From this, the ?jfzr paddle breathing
mode and QZ optical mode can be brought into the band gap by increasing hi, as seen in

Fig. Z.4.

Here we only considered cases with the C-shape lattice distance equal to the snowflake lattice
distance, a, but it is possible to relax this constraint [178]. There are two reasonable relative

lattice positions: the C-shape sitting between the snowflakes as in Fig. Z.1, or shifted such
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Figure Z.3: Dispersion plots for vertebrae unit cell with t = 250 nm, a = 550 nm, r = 245 nm,
w = 87nm, ¢ = 20nm, ho = 320nm, wo = 480nm, hi = 175nm, wi = 210nm, d = 80 nm,
wg = 868 nm, and GaAs at room temperature aligned with Z = [110]. (Left) mechanics with

_l’_
highlighted —35-,12_ bands gaps, and (right) topics with highlighted g-,lz_ bands gaps.

that the C-shape holes are vertically below the edge snowflakes. Examples of both are given
in Fig. Z.5. A cursory exploration of the shifted case was undertaken but it did not provide

any immediate benefits.

The waveguide in the snowflake crystal is formed by a missing row with additional widening.
This widening breaks the crystal lattice, removing the possibility of waveguide cornering
through the crystal. Another option involves truncating the snowflakes along the waveguide
as shown in Fig. Z.5 (bottom). Ounly a brief investigation of this style was carried out with

unfavourable dispersion plot results.
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Figure Z.4: Dispersion for ;/r % acoustic modes at k, = 0, varying the paddle height hi. Bands
gaps for the mirror unit cell are highlighted.

7.2 Designs

Various design options were considered for the vertebrae resonator. These included defect
cell parity, missing or truncated snowflake waveguides, snowflake to C-shape lattice shift,
gradient function, waveguide widths, and tapering to the waveguide. Diagrams of these

options and parameterizations are given in Fig. Z.5.

The defect can have an even number of defect cells with z electromagnetic symmetry, or
odd number of defect cells with % electromagnetic symmetry. In both cases the mechanics
are 7 symmetric, as required by App. E, and are paddle breathing modes. Previous designs
have all used even ngefect = 2 [152, 178| which provides good optomechanical coupling, but

fabricating two identical paddles in gallium arsenide proved challenging and later designs
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restricted to ngefect = 1.

As discussed in the previous section, the base waveguide can made from a missing row or
additionally truncating the snowflakes, and the snowflake to C-shape lattice can be in one
of two shifted positions. Early simulations of ‘shifted’ lattices, and truncated snowflake
waveguides, despite their use in App. Y, were unfavourable and these styles were not further

investigated.

Two classes of gradient functions are considered, polynomials and a smooth step, defined

over [0,1] — [0,1] as?

PolyStep,,[z] = 2",

" n+k 2n+1
SmoothStep,,[z] = z" 1 Z (—z)F
k=0 k n—k
to be combined with 0 : < 0,1 : x > 1. Polynomial step functions are differentiable at
x = 0 forn > 1 and never at x = 1, whilst the smooth step is n-differentiable at both. Given

the few discretized points in our gradient region, we consider only PolyStep;, PolySteps, and

SmoothStepq, plotted in Fig. Z.6.

Tapering styles were mostly explored in fabrication as simulating external couplings is bur-
densome and unreliable. These involved designs that tapered to narrow slots (wider slots
blocked transmission) or tapered to open blank waveguides, and different lengths. Results
as to which implementation was best were inconclusive although some of the better opti-
cal devices measured had very short n¢aper = 1 interfaces. Shorter snowflake plates that

transitioned from waveguide to suspended beams sooner improved overall transmission.

1. Where (§) = Binomial[a, b] is ‘a choose b’.
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Z.2.1 Simulations

Simulations were carried out with finite element modelling software with x, y, and 2z sym-
metries imposed. Layouts are built using Python to create DXF files and then MATLAB
[182] scripts to assemble COMSOL [181] models. Fig. Z.7 depicts a ngefect = 2 cavity and
Fig. 7.8 depicts a ngefect = 3 cavity. Optomechanical couplings were calculated according

App. C and a compilation of results given in Fig. Z.9.
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Figure Z.5: Vertebrae resonator defect cavity resonator designs. (Top) even ngefect in a
widened missing-row waveguide with C-shape hole tapering, and (bottom) odd ngefect inn
a truncated-snowflake missing-row waveguide with shifted snowflakes and combined taper.
The plots depict a SmoothStep; gradient transition of parameters between the defect and
mirror, and linear taper of hi, ho,d to the waveguide region.
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Figure Z.6: Plots of gradient functions considered.
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Figure 7Z.7: Simulations of an even ngefect = 2 mode, with t = 250nm, a = 550nm, r =
245nm, w = 87nm, ¢ = 20nm, hoyirror = 320nMm, WO irrer = 480 M, hipirror = 175 nm,
Wimirror = 210nm, hogefect = 310nm, Wogefecy = 470nm, higefect = 320nm, Wigefect =
210nm, d = 80nm, wg = 868nm, Ngragient = 3 With SmoothStepy, npiror = 3, and GaAs
at room temperature aligned with ¥ = [110]. The mechanical mode at fy, = 4.5843 GHz

+4++ . . . ol -
has x y z mirror symmetry, whilst the optical mode at f, = 194.25THz has = y4z_ mirror
symmetry.
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Figure Z.8: Simulations of an odd ngefect = 3 mode, with t = 250nm, a = 550nm, r =
245nm, w = 87nm, ¢ = 20nm, hoyirror = 320nMm, WO irror = 480 nm, hipirror = 175 nm,
Wimirror = 210nm, hogefect = 310nm, woqefect = 470nm, higefect = 320nm, Wigefect =
210nm, d = 80nm, wg = 868nm, Ngragient = 3 with SmoothStepy, nyjor = 3, and GaAs

at room temperature aligned with ¥ = [110]. The mechanical mode at fn, = 4.5846 GHz

has }_—gfzr mirror symmetry, whilst the optical mode at f, = 193.09 THz has ?I:ng mirror

symmetry.
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Figure 7Z.9: Simulation results varying the gradient function and wogefect, hOdefect €xhibiting
fine tuning of the optical resonance frequency. Quality factors are limited by the simulation
size, here with 3 rows of snowflakes.
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7.3 Fabrication

Fabrication was carried out following Ch. 4 using proximity effect correction (N.3) with
0.1 um short range cut-off and 395 uC em™2 dose with two passes for electron beam lithog-
raphy. During the development process, devices were imaged with a scanning electron mi-
croscope (SEM) and analyzed using edge detection. Pattern dimensions were adjusted and

iterated to realize the simulation targets, an example step in this process is shown in Fig. Z.10.

The C-shape hole, lacking rotational symmetry, does not lend itself to the tricks used for
snowflake shape fitting of App. P, and instead was estimated from edge detection pixel
distances assuming a canonical orientation. Details of this method are outlined in Fig. Z.11.
If the image is not perfectly oriented, lattice periodicity analysis (see App. =) can be carried

out on the surrounding snowflakes to provide a rotation correction angle.

Our laser for measuring (see Sec. 3.1.1), and the optical grating couplers (see App. V), have
a narrow wavelength operating band so devices were made in series of varying global scaling
parameters. Furthermore, due to the temperamental nature of HSQ resist variations on the
order of ~ 1% were common between fabrication runs. A fabricated device is pictured in

Fig. 7.12.

Pattern dimensions that produced measurable devices were in the vicinity of

a=578nm, homirror = 302nm , hogefect = 288 nm
r=247nm , WOirror = 4771nm WO efect = 4621nm ,
w = 63nm , himirror = 184nm | higefect = 230 nm ,
¢ = 18nm , Wipirror = 295 nm Widefect = 2021nm |
Co = 1Hnm , d=116nm, wg = 912nm .
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Figure 7.10: SEM image of a vertebrae cavity with edge detection and measured C-shape
hole dimensions. Pattern and target dimensions are also plotted.
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Figure Z.11: Estimating C-shape hole dimensions from edge detected pixels (black) assuming
canonical orientation. Step 1: determine the bounding box (red) from maximum extents,
this gives wo and ho. Step 2: compare the bounding box center (red) with the pixel mean
(blue) to device if this is a top C-shape with mean above center, or bottom C-shape with
mean below center. Step 3: use pixels in a vertical region (orange) around the center to
determine hi. Here, for a top C-shape, taking the lowest. Step 4: use pixels in a horizontal
region (green) half way between hi and the bounding box, 90% wo wide, to determine wi.

Snowflake pattern dimensions are defined in App. O. The majority of devices fabricated
used SmoothStepy with ngradient = 3. Grating couplers had pattern values (see App. V and
App. W)

Ngrates = 40 , A =632nm , f=058, b= —0.05, w=1pum.

Tethers in a zigzag pattern are kept thin (125 nm) such as not to support optical modes (see

App. S).
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Figure Z.12: SEM image of a vertebrae resonator device.
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Figure Z.13: Optical transmission and reflection through a vertebrae resonator device. Fits,
shown in red, produced f, = 194.759 THz, Q(I; = 3954 + 5, ﬁé = 0.54 +£ 0.01, and Qg =
8221 £ 79.

Z..4 Measurement

Measurements were made using the setup described in App. ¥. Good devices typically had
Nmirror = 3 and Naper = 3, Or Ny = 4 and a short abrupt ngaper = 1, and measured

quality factors QY ~ [3000,4000].

Z.4.1 Optical properties

The optical resonator was modelled as an interposed two port cavity (see Sec. ©.3) assuming

the ports are symmetric, i.e. 51 = 9. Over a limited range, transmission was fit to

Ao
1ea@b? (£-1)

T(f)=Cor+

365



and reflection to

1
L= arpne

1+4@8)2 (£ -1)

R(f) = (CYp+Cop(f—fu)) [ 1-

independently of each other. Reflection signals contained substantial systematic uncertainty
from the measurement setup and was only used to extract 5;. An example optical scan and

fit is given in Fig. Z.13.

Interestingly, higher quality factor measurements were often associated with devices that
suffered some contortion during the suspended layer release process, but were still able to
successfully guide optics. These devices were pulled higher and further away from the bulk
substrate, possibly suggesting that the shallow 1 um gap for most devices is a considerable

source of loss.

7Z.4.2 Mechanical properties

The thermal spectrum is fit according to Sec. L.5 with quadratic background?

A

A0 1 . 2 . 2
SXX _Cn1+cn1 (f fm) +Cm (f fm) + (f—fm)2 +a‘m2 ’

Mechanical resonances typically showed up near 4.5 GHz with quality factors Q%l ~ 1000 at

room temperature.

2. Defining & = a/(2 7).
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Figure Z.14: Measured power spectral density for a device with ngefect = 3 showing a

splitting into three distinct mechanical modes due to variation in paddle size. Measurements
were taken with the laser at different locations in the optical resonance. As expected there
is no optomechanical signal when probing the peak of the optical resonance.

7.4.3 Optomechanical coupling

Optomechanical couplings were measured from the thermal mechanical spectrum and a phase
modulated signal following App. L with calibration in Sec. ¥.1.2. Due to ubiquitous ther-
mal drifts affecting both the resonator device and measurement setup, significant systematic
uncertainties affected measurement. Fast spectrum analyzer scans that were able to cap-
ture both the thermal spectrum and calibration signal together over a short period of time

(typically 30s) were favoured, with repetition counts ~ 100 used to build up statistics.

Single paddle devices, ngefect = 1, exhibited optomechanical couplings ~ [400,500] kHz.
One double paddle device, ngefect = 2, with a single (overlapping) resonance may have had

Fom ~ S00kHz but suffered from weak optical transmission making it difficult to measure.
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7.5 Mechanical splitting

One problem with multiple paddles in the resonator, i.e. ngefect > 1, is the vulnerability
to minor variations in higefect due to fabrication. Simulations with adjacent defect sites
exhibiting 1 nm in higefect generated mode splittings of 317 MHz. Fig. Z.14 demonstrates

such a situation in the measurement of the power spectral density.
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APPENDIX T’

Ring resonators

Ring resonators are simple resonance structures made from a loop of waveguide.

['.'1 Resonance condition

The resonance condition for a ring is simply

L A +
= ) x |meZ ,
track propagating
length wavelength

where for a circular track L = 27 R. Due to the waveguide nature of the resonator, the

appropriate wave speed is the group velocity,

ow c
fA:U:_:_>
97 ok ng

where ng is the ‘group index of refraction’. The resonant frequencies are thus
fm = — . m e Z+ y
and the free spectral range is

FSR =
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Figure I'.1: Diagram of a ring resonator connected to a waveguide.

[.2 Input-output relations

From Sec. ©.4.2 and Fig. I'.1, the equations of motion for a single resonance fj are

d
Ea(t) = —iwgalt) — w a

(t) — yA12e @0

a8 (1) = ynze!alt) + e (1)
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Taking the Fourier transform, the scattering element is

aQut (¢ .
2in w = Sy =el? <1_ Y0712 71.2 ) ,
af'(t) A2 — 1 (w = wp)
Y0712
[Sa1[* =1~

2
+ 2
(120 2’)’12) + (w _ WO)

4612
(1451 2)*

1+4Qp2 (—w;f)’o)

Critical coupling occurs at f19 = 1.

['.3 Suspended GaAs rings

From simulations of suspended GaAs beams in App. S, for dimensions of (I, = 250nm) x

(ly = 450nm) and ngaas = 3.32, the §er mode near 194 THz has a group velocity vy =

6.72 x 10" ms~! (ng = 4.46). For a track radius of 52 um the predicted FSR = 206 GHz.

['."4 Measurements

To test our optical setup, App. X, and grating coupler fabrication, App. V, optical ring

resonators were produced. Fig. I'.2 shows the transmission through an example suspended

GaAs ring resonator. Comparing the measured free spectral range to theory suggests the

group velocity is slower than predicted, likely from inaccurate beam dimensions.
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Figure T'.2: (a) Microscope image of a suspended GaAs ring resonator. The ring outer
radius is 52 um with design width 450 nm and thickness 250 nm. (b) Transmission through
the ring resonator (blue) with fits to each resonance (dashed red). The loaded Q factors are
approximately distributed @7, ~ Normal[3826,679] and free spectral range is measured to
be FSR = (192.370 £+ 0.033) GHz.
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APPENDIX A

Nanobeam

The nanobeam is one of the most widely used optomechanic devices. Typically it refers
to a suspended dielectric beam with holes punctuated to produce a one-dimensional op-
tomechanical crystal, and gradient defect to create a ‘cavity’ optical and mechanical res-
onance. Early one-dimensional optomechanical crystals involved different designs, such as
ladders [115, 165, 284] and blocks [176], but holes proved to be best performer. Since 2010
nanobeams have become a popular optomechanical system and have been made from silicon
[116, 117, 122, 126, 127, 133, 134, 136, 137, 143, 179, 213, 226, 285-296|, diamond[162],
aluminium nitrite [120, 121], gallium arsenide [123, 128, 157, 158], silicon nitride [297-302|,

gallium nitride [227], lithium niobate[124, 130-132, 192, 303|, and gallium phosphide [135].

A.1 Design

Gallium arsenide (n = 3.37) (see Sec. M.1.5) has similar optical properties to silicon (n =
3.47) [259], such that design dimensional parameters originally optimized for a silicon nanobeam

[122, 304 can be used to target 194 THz.

Using the parameters specified by Fig. A.1, along with thickness t, the nanobeam design
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Figure A.1: Nanobeam dimensions specifications, the linear gradient is a function of hole
index.

parameters were

t = 250nm , w = 529nm ,
acrystal = 436 nm | adefect = 320nm ,
hXcrystal = 165 nm hXdefect = 199 nm |
hyerystal = 375 nm hydefect = 174nm ,
Ngradient = 3 Ndefect = 3 -

The nanobeam is effervescently coupled to nearby waveguide that is completely suspended
and connected to suspended grating couplers. Suspension is provided by zig-zag tethers that
offer some spring-like give during the release process. The waveguide has a width of 500 nm
and features a weave that brings it closer to the nanobeam and simultaneously reduces the
width to 450 nm in the coupling region. Spacing between the nanobeam and waveguide
affects the resonance coupling and was varied between devices, the measurements presented

here belong to a device with a 100nm gap. Additional tethers between the nanobeam and
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Figure A.2: (Top) 3D model showing the mechanical breathing mode of interest with ex-
agerated deformation. (Bottom) 2D plane cuts showing the displacement field at 2.96 GHz
and electric field at 195 THz.

waveguide away from the coupling region were also included. A secondary release trench
surrounds the main release area to help reduce cracking and flaking during the release (see

Sec. 4.5).

A.1.1 Simulation

The nanobeam described in Sec. A.1 was simulated in the finite element modelling software
COMSOL [181], using MATLAB [182] scripts to build the model. Material properties follow
that given in Sec. M.1.1 with the crystal [110] direction aligned parallel to the nanobeam.
Symmetries in all three planes were used to speed up the simulation. Depicted in Fig. A.2
the mechanical mode of interest exhibits mirror symmetry (see App. E) in each Cartesian

++ + . . . .
plane through the center (z y z), and the optical mode of interest has mirror symmetry in
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Figure A.3: Dispersion plots of periodic elliptical holes in GaAs with t = 250 nm, a = 436 nm,
hx = 165nm, hy = 375nm. (Left) mechanical modes with band gaps for —3’4_42_ in yellow.

(Right) optical modes with band gaps for Q_,izr in yellow and target frequency (194 THz) in
dashed red.

. . . ——+ . .
z and mirror antisymmetry in « and y (z y z). The optomechanical coupling was calcu-

lated according to App. C with the major contribution coming from the photoelastic effect.

Simulated frequencies! are

M) _ 9 955 GHy |
5 _ 194 7 THy |

M) _ 1 140 MH .

In Fig. A.3 simulations of the elliptical hole optomechanical crystal using Floquet periodic

1. Defining ¢ = g/(2 7).
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Figure A.4: (Left) SEM image of a nanobeam optomechanical crystal, with edge detected
points making up the holes in green, centers in orange, and elliptical shape fits in dashed blue.
Inset are the corresponding fit parameter results, with mean and standard deviation given
by the translucent background. (Right) Comparison of SEM optomechanical crystal analysis
between different nanobeam devices that had varying pattern dimensions and electron beam
dosages.

Nanobeam device

boundary conditions were made to produce dispersion plots exhibiting the desired band gaps.

A.2 Fabrication

Using the target dimensions of Sec. A.1 as a guide, various pattern design dimensions (within
a few percent), electron beam dosages, and proximity effect correction schemes were trialled.
Variations on the waveguide thickness (affects propagation and evanescence) and curvature,
waveguide to nanobeam proximity (affects coupling), nanobeam tethering (to reduce ver-
tical misalignment) were also carried out. Nanobeam optomechanical crystal dimensions
measurements were carried out from SEM images following similar techniques to App. P.
Measurements and comparisons of the sort in Fig. A.4 were made to evaluate fabrication

results and direct new trials.

The device measured here had nanobeam pattern parameters matching that of the design
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Figure A.5: (Top) pattern DXF image of the device design with large scale dimensions
labelled. (Bottom) zoom in of the nanobeam resonator region. Blue is the HSQ layer making
up the suspended structure, red is the complete etch and released regions, and orange is the
partial etch into the top layer.

except with w = 535 nm, and t at the mercy of the wafer. An image of the DXF pattern for

this device is given in Fig. A.5. The waveguide had pattern measurements

waveguide width = 500 nm ,
waveguide width near nanobeam = 450 nm ,

waveguide to nanobeam gap = 100 nm |,

with the close region spanning the defect and gradient portion of the nanobeam holes. Con-

necting the close waveguide section to the main track is a curve made from two circular arcs,
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Figure A.6: (Top) optical microscope image of the measured device. (Bottom) 45° angle
scanning electron microscope image of an identical device’s nanobeam and accompanying
waveguide.

of the same radius of curvature and angle, that form a smooth curve, along which the width

is linearly gradated. The grating coupler had pattern values (see App. V and App. W)

ngrates:407 A=638l’lm, f:0.54, b: _0.05, W=1LLII1.

Tethers in a zigzag pattern are kept thin (125nm) such as not to support optical modes (see

App. S).

Electron beam exposure was made using proximity effect correction (N.2), with two passes,
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Figure A.7: Optical transmission scans through the device made by forward sweeping the
laser wavelength. The optical resonance fit is shown in dashed red, and the region used for
second harmonic dither locking and thermal mechanics spectrum interrogation is highlighted.

at 450 uC/ch. Other fabrication recipes followed that of Ch. 4. Pictures are provided in
Fig. A.62.

A.3 Measurements
Using the measurement setup described in App. X, devices were probed optically to mea-

sure their optical and mechanical resonance properties. Here we detail measurements for a

particular device that exhibited the best optical resonance.
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A.3.1 Optical properties

Fig. A.7 shows the optical transmission spectrum through the device, and the optical reso-

nance fit (over a limited region) to (see Sec. ©.4.1)

1
1= s

Lra@b2 (£-1))

T(f) = (CI+Co(f—fo)) | 1-

with results averaged between the forward and backward scans,

7imeas) _ (193 99338 4 0.00003) THz ,  AU%) — (1545.9325 + 0.0002) nm |,

O

12— 1.334 4 0.008 ,

QL =5856 + 20 , ;—; — (33.17 +0.11) GHz , ;‘—; — (16.59 + 0.06) GHz ,
,VO aO

QY =13645 + 85 | 5 =(1421£0.09)GHz , % = (7.11 +0.04) GHz,
T T
12 12

12 10208 + 98 , % — (18.96 + 0.05) GHz , (;% — (9.48 + 0.03) GHz .

The blue-side inflection point is thus located at (see App. T)

fO blue == fO res + (9577 i 0032) GHZ , AO blue = AO res — (02644 i 00007) nm .
infl infl

2. SEM exposure can degrade devices.
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Figure A.8: Optical transmission scan through the resonance at high power, Pyalivered =
1.45mW, showing the non-linear snapping effect.

At high powers the nanobeam optical resonance exhibits a non-linear snapping effect that
strongly skews the optical resonance, as shown in Fig. A.8. To avoid this, measurements

were made at Pyalivered &~ 300 uW.

If the power output in the absence of the cavity is Co Pyelivereq @nd our device is symmetric,
we can assign 4/Cq transmission to each grating coupler and waveguide, such that P, =

VCo Pyelivered- An estimation of the cavity occupation is then (see App. I and App. O)

12
o vCo Pyelivered
(CL)O - (JJL)2 + 0502 hWL ’

_ 2
no(wr) = |al” =

and for w1, = fo blues
infl

fio(fo plye) = (3.03 + 0.11) x 10% .

infl
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Figure A.9: Optical detected power spectrums showing features from mechanical vibration.
(Left) low frequency spectrum and features from large scale modes (i.e. the whole device or
waveguide oscillating). (Right) microwave frequency mechanical thermal spectrum from the
optomechanical cavity, taken over half a day with averaging. Spectrum analyzer instrument
noise (400 kHz sawtooth) has been subtracted in this plot.

A.3.2 Mechanical properties

Targeting the laser to the side of the resonance will let the thermal mechanical spectrum

be imprinted on the transmission signal and be measurable (see App. L) by a sufficiently

fast photodetector. Over medium to long time scales the optical resonance drifts in both

frequency and power. To track the resonance from the side (blue inflection point) a second

harmonic dither lock is used (see App. T), with fgither = 100 Hz and Vgiiher = 1V, covering a
amp

region of ~ 0.1 nm. Spectrum analyzer measurements in this operating regime need VBW «

fdither = 100 to appropriately average the dithering.

Fig. A.9 shows some low frequency mechanical features from large scale elements in the de-

vice, and the microwave frequency mechanical mode in the nanobeam. The thermal spectrum
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is fit according to Sec. L.53

A
(f - fm)2 + a‘mQ ’

Sxx =Ch +Ch (f — fm) +
with results

£imeas) _ (9905.9585 + 0.0008) MHz ,

QL =873.8+09, ;—m = (3.326 + 0.004) MHz , ;‘—m = (1.663 + 0.002) MHz .

™ ™

The mechanical mode is assumed to be in thermal equilibrium at ambient room temperature,

(295 + 3) K, giving the cavity occupation

kp T
fim (wm) ~ hBTm — 2117+ 22,

A.3.3 Optomechanical coupling

A weak phase modulated signal through the device has similar transmission properties to
the thermal mechanical signal (see App. L) and can be used to normalize A. Using the

calibration in Sec. >.1.2,

7 A fo? Ap(Pp)?
= = (595 + 4)kHz .

3. Defining e = a/(2 7).
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The cooperativity is

_ gom2 ’@|2
Qo O

= 0.388 + 0.015 .

Com
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APPENDIX ©

Classical input-output theory

This appendix covers the formulation of classical input-output theory and provides useful

reference equations [148, 220, 230, 231, 305].

©.1 Zero port resonator

Let us begin with an unconnected resonator, shown in Fig. ©.1, with only intrinsic losses to

environment, and make the following definitions,

a(t) : wo : a : ((t)
generalized resonant amplitude dri
amplitude angular frequency decay rate rve

The equation of motion for our system is

%a(t) = —iwga(t) —aalt) + £(t), (©.1)

which has solution

o(t) = a(ty) e~ (w0+a)i—to) 4 j " —lwora)(t—t) o« ar'

In this form we are assuming both wy € R and « € R. Alternatively we can have a complex

frequency wg € C where we identify o = —SJ[wp].
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Figure ©.1: Diagram of an isolated resonator with possible environmental drive.

Below are some additional definitions used when discussing resonance behaviour,

w
foo=a, -

frequency period
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Figure ©.2: Ring down of amplitude a(t) with no drive.

©.1.1 No drive

If we have no driving term, our amplitude simply rings down as in Fig. ©.2,

a(t) — a(to) e—(iwo—l—a)(t—to) )

The energy stored in the resonator is proportional to the amplitude squared,
[a(®)* = la(to) ? 72 (70)

and the power loss is thus
-5 (0P ) = 200t

We can now determine the quality factor to be

stored energy  wy

Q= wy B 20

power loss 2«
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Some additional definitions can also be made here,

o 1
¥ =2« ¢ =, . ——
wo e}
power damping o
loss rate ratio lifetime

©.1.2 Fourier transform

Define the t shifted Fourier transform on a(t) as
a(w) = L JOO @ (t=10) g () dt
LY/ 2T —0
and the inverse Fourier transform on a(w) as

a(t —iw(t=10) g (w) dw .

1 0
SR

2T —0
Applying this Fourier transform to (©.1), we get

—iwa(w) = —iwga(w) — aa(w) + {(w) ,

(w)

a—i(w—uwy)’

)P
a? + (w—wp)?

For a resonator with no input, the drive term is simply a thermal noise background and

can be approximated (over a narrow range of frequencies) to be constant ¢(w) = ¢. For an
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| 1
T 24+ (w-wp)?

‘ w
wo—a wo+a

Figure ©.3: Lorentz-like function.

isolated resonator with no drive,
—iwa(w) = —iwya(w) — aa(w)

which has two solutions. The first solution is the trivial a(w) = 0 empty resonator steady
state (after ringing down). The second solution is @ = 0 and w = wy corresponding to
the idealized situation of the resonator being perfectly isolated from the environment and

continuing to oscillate indefinitely precisely at the resonance frequency.
Note that the function, shown in Fig. ©.3,

1 1

W =

a? + (w — wp)? (%)2 + (w—wp)?

Y

has a maximum value of (1/a)? and full-width half-maximum of 2 = ~.

0.1.3 Equivalent circuit

Circuits featuring inductors, capacitors, and resistors exhibit resonant behaviour and can be

used in modeling resonators. In this analysis we will be using complex voltages and currents.

Here we consider a series LCR circuit, shown in Fig. ©.4, but the same results can be found
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Drive ——

L

Figure ©.4: Series LCR circuit.

for a parallel LCR circuit. The impedance of our series LCR is

1
Z = iwl + ——
R+iw +iwC”

and resonant frequency for this circuit is found by

i 1
wp C

iwg L =

The stored energy in inductor and capacitor are equal on resonance,

w=_w() ]-

L,
2

1 1
stored energy = 1 I L+ 1 Vel? C

inductor capacitor

and the time averaged! power lost through the resistor is

1
power loss = 3 1°R .

1. [Irms|? = [Tpeak|?/2-
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Thus for a series LCR,

The impedance of our series LCR circuit is then

w

2
Z=R+iL (w—”i) :

and for frequencies close to the resonance (enforced for high @, low bandwidth resonators)

we can series expand to

7290 R 4L (2(w—w0)+(’)[w—w0]2) ~ R+i2L(w—wp)

=2L(a+i(w—wp)) .
If the drive is an AC voltage V', we have

[=V/)Z
v
_ 2L

a+i(w—uwy)’

and thus we have a situation analogous to our zero port cavity resonator under w = wy.
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Figure ©.5: Diagram of a resonator with one port and the various interactions.

©.2 One port resonator

In the case of a resonator with one port, as depicted in Fig. ©.5, the equation of motion is

%a(t) = —iwga(t) = (ap +a1) a(t) + A ai (t)

a‘fut(t) = ppa(t) + 1 ailn(t) )

This is similar to (6.1) with @ = ag + «; distinguishing the resonator loss channels, and

with the drive now £(t) = A\ ailn(t). Here we are ignoring any background thermal drive
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on the assumption that A\{ ailn(t) is much larger. We are also assuming a weak coupling

regime where A\ is a constant, this is valid if the bandwidth is small enough and we can take

A (w) & Ar(wo) = A1

In principle oy can be complex where the imaginary part corresponds to the port shifting
the system’s overall resonance frequency. As we’re not concerned with dynamically changing

the number of ports, we can make the following mapping for simplicity,

wo + Saq] = wp ,

Rlag] = a1,

where wy is now the full system (shifted) resonance frequency and aq always corresponds to

the real part.

We can decompose the total loaded quality factor, @Q,, into an unloaded/intrinsic quality

factor, @y, and coupling/extrinsic quality factor, Q1, as

Qr Qo Qo '

1 11 1+4

where we have also introduced the coupling coefficient, 51, which obeys the following relations

_@:ﬂ &—14—61 @214-61.

51_@1 o’ Q. A Qr,

0.2.1 Isolated system

To determine the parameters A1, p1, v1, in relation to a1 we need to carry out a series of

thought experiments. In particular we consider the case of an isolated system, ag = 0, where
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power is conserved,

No drive

If our system is isolated with no incoming drive, ailn(t) = (, the equations of motion become

%a(t) — iwpalt) —aralt) (©.3)

a§U (1) = iy a) (©.4)
Solving (©.3) gives us

a(t) oc e 1wo t—aqt 7

Combining this with (©.2) and (©.4) gives us

2 2 2 2
™ (@) = [ * la()]* = 201 [a(t)]*

= |l =~/201 =71 (0.5)
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Uncoupled

If our resonator is uncoupled from the port, a; = A; = 0 then we essentially have two

non-interacting systems,

%a(t) = —iwpalt), (6.6)
U (E) = 1 B (r) ©.7)

Equations (0.2) and (0.7) tell us

£r2 21 ingp 2 | inggy 2
|a?™ ()7 =[] |a1" ()7 = a1 (t)]

= |nl=1. (©.8)

General

We now turn to the general case for an isolated system,

%a(t) — —iwga(t) — oy a(t) + A a(t) (©.9)
a" (1) = p a(t) + v1 a(t) . (©.10)

Taking the complex conjugate of (6.9),

%a(t)* —iwga(t)* —aga(t)* + M\ *a ()", (©.11)
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allows us to expand the time derivative of |a(t)]?,

= iwpla()]® = ar la(®)® + Ar* a(t) a'(1)°

—iwgla(®)]® — a1 |a(®)]* + A1 a(t)* a()

— — 20 |a(®)]? + A *a(t) dP (D) + A at)* P (t) . (6.12)
Expanding (©.10) we have
@O = 20O + P RO + o o alt) e (0)° + in* vr alt)* @ (o)
and substituting in (6.5), (0.8),
a9 (6)[* = 201 |a(t)]? + |0 (O)* + 1 v1* a(t) d(0)* + pa* vra()* a™(t) . (©.13)
Putting (6.12) and (©.13) into our power conservation equation (0.2), we get

A" a(t) aP(0)* + A a(®)* aP(t) = —pg v a(t) a0 — 1 vy a(t)* al(t)

= A =—p" v = —y/2ap (T L) (©.14)
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No escape

For consistency we can also consider the odd case of an isolated system with no outgoing

power, a‘l)ut (t) = 0, with equations of motion

%a(t) — —iwga(t) — oy a(t) + A\ (1) (©.15)

0 = 1 a(t) + vy (1) . (©.16)

Substituting (6.16) into (©.15) gives

%a(t) = —iwpa(t) — g a(t) — Alyfl a(t)

which has solution

a(t) oc el Tiwo—er=Av /vt

— |a(t)|2 o« e—2§R[a1+)\1 uy/vi]t :

d 2 A1 j 2
- = -2 AL .
dt|0L(t)| R [al + ” ] la(t)]

Combining this with (©.16) and (©.2) gives

i g |? A1 1
a'(t)|? = el lat)* = —2R | ag + ” la(t)]?,
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A=B? |
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0 | L |
wo—a wo wota

Figure ©.6: Plot of [Sq1|? for a 1 port resonator, denoting o = ag + .

2
1] =—2§R[a1+)‘1“1] '

V1

Substituting in our parameter solutions (0.5), (©.8), (©.14) leads to
201 = =2 |1 = [juf?| = =2(=a1) = 201 ,

providing a consistency check.

0.2.2 Full system Fourier transform

Returning to our full system with solved parameters,

S a(t) = —ienalt) — (op + ) a(t) —v/2ar O ()

adt(t) — 91 el (1) = /207 et a(t) |
where ¢1 and 6] are some arbitrary phases.
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Applying Fourier transforms as in the zero port resonator case,

_MGI (d)l_el) ailn (w)

(g + 1) —i(w —wp)

a(w) =

ad™(w) = /2 € 1 o(w) + & al(w) .

Combining these two equations,

B —2m
w) = <(040+041)—i(w—W()

7t 1) 01 i (W)

Thus, the scattering element is

o aout(w) _ié B 201
S11(w) = W) (1 (ao+a1)—i(w—w0)) 7
and
L 20q
[S11(w)] = |1 (ag +a1) —i(w—wp)

(ap —a1) —i(w —wp)
(ap + 1) —i{w —wp)

2Q0/Q1
(52) —zieo (452)
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in various formats, some matching those used in Ref. [138], and Ref. [306], for example. The

squared element is

(g — a1)? + (w — wp)?
(o + a1)? + (w —wp)?

[S11(w)]? =

4o
(ap + a1)? + (w—wp)?

461
=1— (1+61)2
- B 2
o (2
The argument is
(w —wp)
/ 511 = arctan 5 5
| (a0 +a1) — (0¢0+a1)2 ;ri(w—wo)

20, (w;éuo)
1- 54 2010, (%)2

= arctan

For critical coupling, 51 = 1, and on resonance, w = wy, we find that |S71| = 0. When off

resonance, |w —wgy| — oo, we find |S11| — 1.

Note that for the isolated system, ag = 0, we find |S7 1| = 1, i.e. power is conserved. Likewise
if the port becomes decoupled from the resonator, ay = f; = Ay = 0, then |S11| = 1, and

everything reflects back without interacting.
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Figure ©.7: Plots of £ 5711.

0.2.3 Determining parameters

Fitting S711 to data allows extraction of the system parameters. The minimum of |511|2

occurs at

1+ 5

2
1S11(w = wo)l? = (1 ‘61) |

and the width halfway down the trough is wg/Qr, = 7, as plotted in Fig. ©.6. There are two

possible options for the coupling coefficient, however, as

1511 (81, Qr, wo; w)| = [S11(1/B1, Qs wo; w)| -

Looking at the argument of 57 allows us to determine if we are under-coupled, f1 < 1,
or over-coupled, 81 > 1. The difference between these two cases, up to an arbitrary overall

phase (constant offset in £ .Sy 1), is depicted in Fig. ©.7.
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Figure ©.8: Diagram of a resonator with multiple unconnected ports.

©.3 Multi port interposed resonator

We are now able to investigate a resonator with multiple ports that interact only via the
central resonator as depicted in Fig. ©.8, with the additional assumption that the ports act
independently with no affect on each other. If we conduct more thought experiments, each

set with only one «; # 0, we can use the results of our one port analysis to build up the
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(1+B1+B2)*
— |S21)?

2
(1+B1+B2)% |

wo—a wo wo+a

Figure ©.9: Plot of |521\2 for a 2 port resonator, denoting @ = o + a1 + a9.

equation of motions. For an n port system,

n

Loty = —iwpalt) — agalt) = Y aza(t) = ) v/Tazel G0 gin()
1=1

—a = —
dt 1=1

a®™ (1) — % alh (1) = /2 ;¢ Y alt)

7

and we have the following relations,

I R W S B YRy WO

Qr, Q0+§1Qz’ Q AT
Qo _ Qi _ 125 Q _ ., vy
BZ_Qi_Oéo’ Qu B ’ QL_1+Z.221@'
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The Fourier transform gives

(w) = — ST V2 et (@m0 gin(w)

(ap + Xty o) —i(w —wp)
a?" (w) = /25 e'% a(w) + &% (W) .

out

The scattering matrix is defined as af""(w) = Z?:l Si j(w) aijn(w), and we can determine

individual elements by S j(w) = a?" (w)/aijn(w) with aikn#j (w) =0,

S j(w) = e i=fi+e)) <5ij_ 2000 > 7 (©.17)

(Xk=oar) —i(w—wy)

o (52-]- (Xh—oar) — ij) |

(S gar)® + (w — wp)?

= |Sij)* =6 -
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Some useful forms are

20
S i 1— —— L
Sl = U S oy i — )
(Z};‘:o o — &i) —i(w—wp)
_ ki
(Xh=o k) —i(w—wp)
25
~ - D=0 Bk
1-2iQy (452)
2
(Shopen i) + (o
Sii(w)? = =2,

(Si_g )’ + (w — wp)?

4 ZZzO L O
k#i

(k=0 ak)2 + (w — wp)?

4 X k—0 Bk Bi
k#1
1 (Xr=0 5r)

2
14+ 4QL2 <W;<(;JO>

)
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£ S;; = arctan (w = w)

(S ) — oo )" Hlo—wo)?

2,

2 (45°)

= arctan 7| >
1% 2010 (452)
2,/ ay
| j(w)| = :
[~ (Xh—oax) —1i(w—wp)
2/Bi Bj
_ (k=0 Bk)
. wW—W
1-2iQy (“52)
4oy a
1Si @) = = 57— 5
i#] (Zk:o Oék) + (w = wp)
48 B;
(Xhoo Be)’

Y

- 2
L+aQr? (45)

Z 8;j = arctan [(wn——wo)]
i#] 2lk=0 Ok

= arctan [QQL (w;a)o)] )
0
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with Sy = 1. Sample plots are given in Fig. ©.6 and Fig. ©.9.

Critical coupling occurs when

n n
hi=1 = Y Bi=2,
i=1 i=0

and if the ports are all equally coupled, then 8.0 = % For this situation and on resonance,

w = wp, we find |S; ;| = [0;; — %] In the case of a two port symmetric system with critical

coupling, f1 = 9 = %, on resonance, we have |S; ;| = %

0.3.1 Stored energy

in
i

For a single input on resonance, power in PZ-in oc |al® (wp)|?, the stored energy, E o |a(wp)|?,

is
in out
205 P P i

E = = . PUo—0.
(iopor)”  295%

0.3.2 Equivalent circuit

For an n-port electrical network with real input impedances, the scattering matrix is

[[tn
|
—~
oy
Q
(1N

~1 ~1 -1 -1 -1
Ro ™ Z-\[Be ~Li)- (B -Z-\Re +L) .

where
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is the diagonal matrix of real characteristic impedences, and I, is the n x n identity matrix.
Using results from Sec. ©.5.1,

2 1 Ry
Sij(w) = 1 T —0ij Bi=—%,
VEi Bj mJFZZ:lR—k

where Ry = R[Zy(wp)] is the series or parallel LCR resistor.
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Figure ©.10: Diagram of a resonator connected to a waveguide.

0.4 'Two port waveguide resonator

For a resonator connected to a waveguide, Fig. ©.10. we can’t consider separate closed sys-

tems for each port individually and instead must also model the waveguide. Most generally

we have

a™(t) m a(t) + vi1 v | [ aP()

a§"t(t) 142 o1 a2 ] \as'(t)
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and for an ideal waveguide (at least over the small the region interacting with the resonator)

v11 = vo29 = 0. The resonator equation of motion is the same as before,

d

) = —iwga(t) — (ag + a12) a(t) + M al'(t) + Ao all'(t) (6.18)

with coupling and quality factor relations

wp 019 Qo
Q12 = ; Bro2=—, — =1+ B9
2019 o QL

If we consider an isolated system, o = 0, with no drive, ailn(t) = aign(t) = 0, the power loss

of the resonator into the waveguide gives us

2019 = |u1)? + |u2l? .

The uncoupled case, a9 = A\ = Ao = 0, enforces

12| = |r21] =1,

which is equivalent to v as a scattering matrix being unitary.

Using these results and working through the isolated system, ag = 0 with either ailn(t) =0

or aiQD(t) = 0, and power conservation

2 i 2 i 2 t 2 t 2
—la®)” = lai" ()" + [az ()7 = a7 ()" = [a3™ (D)7,
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we obtain

A =—p2 o, Ag = —p1" o .

With these results we can express the equations of motion of the two port waveguide resonator

in terms of 1 and u9 as

2 2
o0 = —iealt) ~ (a0 + TP o) -yt dons a2 ).

a(fut(t) = ppa(t) + ol 912 ai2n(t) ,
aQ"™ (1) = po alt) + 1921 () .

The breakdown of a9 into 1 and ug will depend on the specifics of the waveguide and res-
onator interaction. Within a particular scheme, comparisons can be made to an independent

two port resonator with

Qg = a1 +ag,
u=+/2agetf
[y = «/2@26192 )
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©.4.1 Symmetric non-directional

If the resonator is symmetric and emits into each direction equally, we have

a] =ag = ayg/2,

H1 = p2 = \/Oélzeie ;
1o

ra=rvz1=¢7,

A=A = —W/Ozlgei((b_e) .
The full set of equations become

—a(t) = —iwga(t) — (ag + a19) a(t) — 12 =D o) — oo el (0= ol (1) |
outp _ i0 i¢ in
a{™(t) = argelalt) + e ?ayi(t)

ad™t(t) = /a1 2 el a(t) +e? at'(t) .
Taking the Fourier transform

—/arzel (¢—0) (ailn(w) + aizn(w))

(ap +a12) —i(w—wp)

a(w) =

" (w) = yarze? a(w) + et el (w)

a§"(w) = varz e a(w) + e ? alMw) .
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Thus

Si1(w) =e'? < 2 ) ’

(ap + a12) —i(w —wp)

So1(w) = el? (1— a12 ) .

(ap +ai2) —i(w—wp)

Defining 19 = 1 + 2 = a1 2/,

19
S11(w)| = -
151 1(w)] (00 + a12) — i (@ —wg)
B12
_ 14812
1-2iQy (“52)
9
511 (w)[2 = -

(ap + a12)? + (W —wp)?

(82)’

2 [ w—wo 2
14+4Q, ( mn )

Y
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@19
(g + a12) —i(w—wp)

[S21(w)| = |1 -

ag —1(w—wp)
(g + a1 2) — i (w — wp)

B12
N 14012

1-2iQy (4520)

a02 + (w— w0)2

S 1 (w)f? =
(a0 + 012)* + (w — wp)?
1 204004124—04122
(ag + a12)” + (w — wp)?

S S
=1— (1+ﬁ12)2

- 2
2 { w—w

Critical coupling occurs when 19 = 1, and on resonance gives |S11| = |S21| = %
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©.4.2 Directional

For some systems, e.g. a ring resonator, the coupling is directional. For 1 — 2 with a12n(t) =

0,

p1 =M =a; =0,

ag = a9,

i0
po =+/2a12€'"
vo1 = el?

Al = —\/QOqgei((b_e) ,

and our equations of motion look like that of a one port system.

0.4.3 Multiple identical resonators

In the case of n resonators all attached to the waveguide (at the same position) we can invoke

additional amplitudes a’(t) and equations of motion,

—ai(t) = —iwja(t) — (af + ala) alt) + M al'(1) + Mad (1)
with
aS"t(t) L vi1 vig | [al(®)
1 = Z 1 a'(t) + 1 ,
a(th (1) i=1 ,LLZQ 1 199 a12n (1)
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For identical symmetric resonators we find

This leads to identical S-matrix equations. Despite there being more resonators, the loss

rates a (individual and total) remain constant. In the equivalent circuit model, adding

additional series or parallel resonators of identical parameters changes the overall impedance

Z but keeps ) and wq constant.

0.4.4 Equivalent systems

Different resonator systems share common forms of scattering matrix elements.

Symmetric interposed two-port
S11, 922

S192, 521

One-port

S11

Symmetric non-directional waveguide
~  S12, 521

~  S11, S22

Directional waveguide

~ Si9, 521
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0.5 Complex input-output theory

If we wish to consider complex couplings, i.e. frequency shifts induced by ports, or complex
characteristic impedances, we can do so as follows. This formalism, as in Sec. ©.3, assumes
each port acts independently to induce a static frequency shift. Define the complex amplitude

decay rate
N, = a; +1Aw; ,
with the special case
Ro(w) = ag +1(wy — w) b Awp(w) =wp —w,

carrying the only frequency dependance. The multiport system of Sec. ©.3 has Fourier

transform equations

3 VR[] (0 gl ()
Z?:() Ni(w) ’

a?" (w) = V2R[N;] e a(w) + 1% P (w)

and the scattering matrix elements are thus

A2 R[N 4 /2 R[N]
Z?:O N; (w) '

S j(w) = ol (0i—0+0;) 8ij — (0.19)
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]

IN

(=

Figure ©.11: Generic 2 port network described by an impedance matrix and transmission
lines into each port.

The resonance frequency is given by the solution to
n n n
Z SR (wres)] =0, =  Wres = Z SR;(0)] = wp + Z Aw; .
i=1 i=1 i=1

Hence the loaded quality factor is

_ o S[R(0)]
S 2 RIN]

Qr,

With this definition, the complex resonance frequency is

Wres + 1

. n
~ 1 "
Jres = T 9. T oa Z N;(0)* .

1=0

0.5.1 Equivalent circuit

The main motivation for complex input-output theory is its mapping to an equivalent circuit
with complex characteristic impedances. For an n-port network, as depicted in Fig. ©.11,

with complex input impedances, the scattering matrix is [305|

.g-l
:(g.g.g—l_z*).(£.£_£—1+@)_17 (©.20)



V1 Z1 Z() ZZ VZ
o < o o o = ‘o)
11 IZ

Figure ©.12: Circuit model of two ports connected to a resonator Zj.

where
—1

Zo = Diag[{Z;}}1] E= (2 R [@})
The amplitude waves in and out are

n_ VitZil out _ Vi—Zi i

S WITAR WA

with powers

. |ai.n|2 ; |a(_)ut|2
Piln — 7 , PZ’Ou — 7
2 2

For our model of multiple ports connected to a resonator, depicted in Fig. ©.12, Z is a
constant matrix Z; ; = Zy, thus

- 24/9%[23-]‘
ii Vo R(z)

N
I~
[N
=
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Defining

. bi=+/Z02/R[%], suchthat F-Z-F'—a®b=ab',

Putting this into (A.5), we find

‘ 7 ij 7 Z
Z; 1+301 7 Zi 1435 R

RI7 2—5\/%22 1 7 Z0 I AT
' j Z; = - i Zj Z;
5i5() = 7 /%[[Zj‘]] 1 f [Zi] b A [Zi]

VERRIZ] 2017,

7Zi Zj (X ozk) & ZZ

* L
N EN il Gkt AT
Zi \ Zj S0 7,

Matching to Sig'*) from (©.19), we can relate

o 1
N )oc7 b= 20; + 7 | 0, = /% .

To explicitly map the decay parameters, we can look at the power loss at terminated ports
for specific resonator models. Terminating a port with its characteristic impedance, Z;, sets

V; = —1I; Z;, and thus PZ-in =0, and PZ-Out — R[Z;]11;|%/2 i.e. resistor loss.
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I; I;

=0 ') ~>—o ® ')
Ry

7 v, C 7 v, | LB = ZR,
C =

L

<o ') <o ® ')

11 11

Figure ©.13: LCR (a) series and (b) parallel resonator with terminated port.

For this mapping to work the characteristic impedances need to be (at least approximately)
static in frequency. In reality the couplings may be capacitive and frequency dependent,
violating the assumption that the ports operate independently, however if C; « Cpy the

impedance will be approximately constant around wyes & wy.

Series LCR

A series LCR resonator, as shown in Fig. ©.13(a), has impedance

Zo=Ryp+iwl + w§w030+12L(w—w0)+O[w—w0]2,

iwC

with nominal resonance frequency

On resonance, the energy stored in the resonator is

1
2

112
2 |Zy?
422

E=_|LfL= LI L,




and the power lost through the termination is
1 . 1, 9
Py = 5%[‘/%12‘ 1= 5 il R(Zi] ,

thus for a series LCR

1B _ %> RIZi) _ |20 o 1
20Nl = = Z;i2 L %[ZJ ’

suggesting that

Zol? 1
N; = % Z series LCR .
Checking with N,
zZ R
—_——
Awo

Qo

The frequency dependence in N; and problems when Ry = 0 make the series LCR model

often undesirable.

Parallel LCR

A parallel LCR resonator, as shown in Fig. ©.13(b), has admittance

. 4iwC+ Y0 T 520 (w—w Olw — w
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with nominal resonance frequency

On resonance, the energy stored in the resonator is
Lo L2
E=—-\WC==-|V]*C
2 | Ol 2 | Z| Y

and the power lost through the termination is

1 R S 1
P= SRV = 5 VP R|

]

thus for a parallel LCR

suggesting that

1 1
N, = 0 Z7 parallel LCR. .
Checking with N,
1 1
N = A i — .
0= 5¢z; T 20R, i (wo — @)
—— Awo

aQ
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APPENDIX A

Signal analysis

A collection of equations and notes pertaining to signal analysis and measurement.

A.1  Spectral density

For an amplitude signal X (¢), which can be a random variable, the auto-correlation is defined

as
Rxx(t1,t2) = E[X(t1)" X (t2)] -
If X(t) is stationary, this will only depend on the delay 7 = t9 — tq,
Rxx(r) =E[X({#)" X(t+7)] ={(XO)" X(t+7)),,

where the angled brackets are denoting time average.

For a real signal, the power spectral density is the Fourier transform of the auto-correlation,

0

SXX(W):J RXX(T)eiWTdT : XGR, (A.l)

—00

with units of amplitude2 x time, and runs over both negative and positive frequencies (two-
sided). The amplitude spectral density is the square root of this and has units of amplitude x

time.
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The power in some domain of this two-sided power spectrum is

1“2

P([wi,wa]) = P

SXX (w)dw,

with units of amplitude? = power. However actual measurements typically take the one-sided

power spectrum that includes both positive and negative frequencies for some bandwidth

[w1, wal,
+ L[+
Py (|wi,w2] c RT) = D <SXX(W) + SXX(_W)> dw .
T Juy
The total power is
1 (® \
P = 5 Sxx(w)dw = <X(t) X(t)>t ,
T J—o0

as expected from Parseval’s theorem.

Alternatively, the amplitude spectral density can be defined as

~

T
Xp(w) = %fo X (1)@l dt |

using a truncated Fourier transform over a finite collection period 7. The power spectral

density is then

Sxx(w) = TlgﬂooE[XT( W' Xrw)] : XeR
= lim —J f Rx x(t1,t9)e iw(t2—t1) dtq dtg . (A.2)
T—owo T
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The inverse from the Wiener—Khinchin theorem is

1 (% _
Ryxx(r) = ﬂj Sxx(w)e " dw .
—Q0

A.1.1 Operator spectral density

For quantum operators |12, 140]

Rgg(r) = (XTI X(t+1)),

W)= JOO R4 (7) YT dr = lim <X}(—w) Xr(w)), (A.3)

—00 T—o0

Y@)=fw)Xw) = Sppw) =Ifw)*Sgy-

As quantum spectral densities are not necessarily symmetric, we can define a symmetrized

spectral density
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Harmonic operator

For a time harmonic operator,

A.1.2 Real harmonic signal

For a harmonic signal X (t) = zamp cos[€2t], the time-averaged power is

mam2
S (P = (X (), - T
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Obtaining this result through the spectral density,

Rxx (1) = fﬂame <COS[Q t] COS[Q (t + T)]>t

— :pamp2 (COS[Q 7] {cos[Q t]2>t — sin[Q 7] {cos[Q 7] sin[Q t]>t)

Tamp? cos[Q 7]
2 Y

2 oo, :
= Syy(w)= l‘a% J (el(Q+w)T 4+l (Q—w) 7’) dr
0

_ xam§27r (5(w+9)+5(w_9)) ,
= PZ%JEOO()((S(erQ)Jr(S(w—Q))dw

Tamp

2

Using the alternative definition (A.2) we need,

Rxx(t1,to) = (X(t; —t)" X(t2 — 1)),
Tam 2
= 2p (<COS[Q (ta —t1)]), + {cos[Q (t1 + t2 + 2t)]>t)
fL'amp2 cos[Q (tg —11)]
5 .

Equivalently we can think of our signal as having a random variable start phase

X(t) = zamp cos[Qt — @] , ¢ ~ Uniform[0,2 7] ,

429



= Rxx(t1,t2) = E[X(t1)" X (t2)]

2m
1
- xamp2 JO D cos[Q2t1 — @] cos[Qty — P] do

xamp2 cos[§2 (to — t1)]
5 )

Putting this into (A.2),

2 pT pT
Sxx(w) = lim xaﬂf J (eiﬂ(tz—t1)+e—19(t2—t1)) elw (t2=11) gz, dt

0

T T
b ein@ iy | dR@g ).
0 0

Applying L’Hépital’s rule and the fundamental theorem of calculus,

o2 1 (T . T
_ Tamp lim — J e—1t1 (Q+w) dty J ol ta (Q+w) dto
0

J g ol (12=T) (V4e) gp) 4 J g o (T—11) () gy,

xame .
SXX(W) = 1 lim 0 0

+JTei(t2—T) (Q-w) dt2+JTei(T—t1)(Q—w) dt1> :
0 0

430



and making the substitutions t{ =T —t, t9 =T + t,

4 T—o0 T

+_JO eM(Q—w)dt__JoeM(Q—w)dt
=T T

2 0 0
_ Tamp J QW”W&+J ot (2w) g
4 —0 —00

xamPQ : 0 it (Q4w) 0 it(Q+w)
Sxx(w)=—"— lim Te dt—| e dt

:@(5(w+9)+5(w—9)),

we get the same as above.

Real multi-tone signal

For an amplitude of the form

X(t) = Zﬂiz cos[Q;t — o]
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we find

Rxx (7 ZZQ:Z j (cos[Qt — ¢;] cos[ (t + 1) — ¢4,

— ZZ% x; (cos [ 7] Ccos[Qi t — ¢4] cos[Qt — ¢51),

— sin[Q; 7] (cos|[Q t — ¢;] sin[Q t — ¢;] >t)

= ZZ:CZ 00, Q; ; (cos[Q 7] cos|[¢; — ¢j] — sin[Q2; 7] sin[¢; — %]) :

i

Sxx(w ZZ% 500, 0; 5 | 0w + Q) (cos[; — ¢;] — sin[¢; — ¢;])
2

§ 3w — Q) (cos[di — ;] + sinfé; cbj])) |

X; T4
P = ZZ 22 %60, 0, cos[o; — 5] .
i

If our amplitude is collected by frequency via

£ =2 x; cos[¢;]
¢ = ZZ r; sin[¢;]

in cos[QUt — ¢;] =4/ + (2 cos[Qt — arctan[(/¢]]
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such that

X(t) =) g cos[Qt — o] ,

Q
we find
Ryx(r) = Y " cos[Qr] .
Q)
2
Syx () =32 (§w+Q) +0(w-9))
xx) =55 ( )

A.1.3 Complex harmonic signal

When using a complex number as a proxy for a harmonic signal

X(t) = zamp eI %[X(t)] = Tamp cos[Q1] , TRMS =

Tam

S

the average power is
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and the power spectral density (A.1) needs to be likewise modified,

Thus

= xamp2 W&(W - Q) 5

2 00
= Pz—:l:amp WJ d(w — Q) dw

27 —o

xame

Complex multi-tone signal

For an amplitude of the form
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we find

Rgx(r) = ZZ%*% (i =105 (47,
i

= ZZQ}Z* T e—in T <ei (Qi—Qj)t>t
i

= —iQ;
szi*xﬂm@je 1457
i

Sxx() = ZZW%* 7500, 0, 0(w — ;) ,
v

P :ZZ «TZ‘2ZE]' 5Qin '
L

If our amplitude is collected by frequency,

we find
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Q
A.1.4 Constant signal
For the trivial case of a constant signal,
X(t)=x,
Rxx(r) =",

A.1.5 White noise

For white noise our signal X (¢) is a random variable with no time dependence such that
distributions at different times are uncorrelated. The signal at any particular time follows a

normal distribution,

X(t) ~ Normal[0, 0] ,

= X()?~ NOI‘IH&I[O‘2,\/§O'2] ,
and the auto-correlation is thus

Ryx(r) = E[X({t)X(t+7)]
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giving power spectral density

Sxx(w) =0o%.

This gives the unphysical result of infinite power being emitted. In reality, however, there
is some timescale involved in the noise generation leading to some upper frequency cut-off
existing. Over small ranges of frequency where a flat power spectral density approximation
holds, the power in some bandwidth is

w2 —wq
27

P([wl,wz] c R+) = 202 .

A.2 Thermal noise

Known as Johnson-Nyquist noise. If we model our heat bath as a continuous infinite set of
harmonic oscillators {E,, }ffzo, at thermal equilibrium we can use the equipartition theorem

to assert the energy in each is

Thus the one-sided power in some bandwidth is

W9 — w
22l ke T,

Py ([wr,wo] € RY) = 5

PN(Af) = AfkgT. (A4)
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l Pﬁ}levice I Pﬁ/dd
|
T ﬁevice G

Figure A.1: Power flow diagram of a generic device with gain G and noise temperature
T%evice.

A.3 Noise quantifiers

A.3.1 Signal to noise

The signal to noise ratio is defined as

SNR - PS / PN s
signal to signal noise
noise ratio power power

where the powers are averaged appropriately and measured under the same conditions. The
signal to noise ratio is therefore dependent on factors such as measurement bandwidth Af.

Following (A.4)

Py = Af kg Tn
noise noise
bandwidth ~ Corzmann
power constant temperature
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A.3.2 Device noise

For a generic device, as depicted in Fig. A.1, we have the following quantities and relations

out _ in
Fg = G Py )
output signal ain input signal
power & power
add _ device
P - G pg ,
added noise ain device (input)
power & noise power
Py = G pr 4+  pad
)
output noise ain input noise added noise
power & power power
SNRin Pl%dd T%evice
— = 1+ - = 1+ -
out in in |’
SNR G P T
SNRbn TdNeVice
F = 220 _ 14 ,
SNRout Ty
noise factor
NF = 10 logjo[F]dB.

noise figure

Noise factors are specified against a reference input temperature, typically Ty = 290 K.
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A.3.3 Attenuator

Attenuators have

L —

attenuation

TdNevice _ (L _ 1) Tenv »

where Tepy is the physical temperature of the attenuator. If Tepy = T, then F' = L .

A.3.4  Friis formula

The noise factor for a chain of devices can be computed using the Friis formula. For a series

of devices with (internal) noise temperatures {Tﬁv i1, the lumped device noise temperature

is

n T%\I
series lumped 1=111=0""
device noise
temperature
A.3.5 Noise propagation
If there is no signal, the noise temperature can be propagated as
t i . pin _
X' = FGTyY . P =0,
Tin —-T .
T = NTGDV + Tenv : P8 =0, attenuator .
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A.4  Averaging

A.4.1 Noise amplitude

Averaging the amplitude suppresses random noise toward zero. For
X; ~ Normal[O,cr] ,

the average is

n
o X
M Zz—nl 7 7

= My ~ Normal[O,

4l

2

|
o 2
)

= (MX)2 ~ Normal[n na ] ,

S

Q

= Sy My W) =

Unfortunately the amplitude average of a harmonic signal is also zero. If the signal frequency

is known, however, it can be mixed down and then measured.
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A.4.2 Noise power

Averaging the power provides a more precise measurement of the the noise. For

X; ~ Normal[(),a] ,

XZ-2 ~ Normal[JQ, 202] ,

the average is

= My ~ Normal[a2,—] ,

= SMaM,W) =0

A.5 Decibels

Decibels are used to express ratios on a logarithmic scale, and are defined to put amplitudes

and powers on the same scale.

X
Amplitude level = 20 1og10[f] dB
0

P o X2

P
Power level = 10 logy [F] dB.
0

Named decibel units use an explicit reference level. For dBm, Py = 1mW .

442



A.6 Power formulas

A.6.1 Time average

The time average of a sinusoid is zero, whilst the time average of a squared sinusoid is

1 27

<sin[gz5]2>¢ {cos[¢] > D cos[gzﬁ]2 do = % :

A.6.2 Real harmonic signal

For a real harmonic voltage,

V(t) - Vamp COS[Q t] 5

V. 2
S, - Y

and we define the root-mean-squared voltage and peak-to-peak voltage as

v
VRMS = m amp y Vheak-peak = 2 Vamp -

The power is
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A.6.3 Complex harmonic signal

For a complex harmonic voltage

V(t) = Vampe R[V ()] = Vamp cos[Q1] .

The average power is

]5_\7*?_|f/|2
2 2R
P = R[P Vamp®
= <>_ []_ 2R

A.7 In-phase and quadrature

When making microwave voltage measurements it is common practice to do so with respect
to a carrier frequency and separate in-phase and quadrature components. Mixing a controlled
carrier frequency near the signal frequency produces a small difference frequency with a large
oscillation period that is accessible to measurement electronics. Mathematically, this is

—i—{l(t) sin [¢()] cos [wet] ,

/

V(t) = A(t) sin|wet + ¢(t)] = A(t) cos[¢(t)] sin [we 1]
NSO J

voltage amplitude/phase form in-phase quadrature
where we have
Alt) =0, o(t) es',
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and define

giving
A(t) =4/1()* + Q(t)* ¢(t) = arctan [Q(2)/1(1)] -

The complex voltage is

A.8 Quantum to classical signal
A quantum signal is often denoted having power
(P) = af, iy ha
where G;, has units of /counts/s. Thus
din  (t) = v/hwgdin(t) = VPe W
RMS

is a RMS complex signal. The real classical signal is therefore

ain(t) = V2 %[aiﬁlMs )] eR.
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— True signal
— Apparent signal

« Samples

Figure A.2: A signal (blue) is undersampled at discrete points (purple) that look like a lower
frequency signal (red).

A.9 Undersampling

Following the Nyquist-Shannon sampling theorem, a signal X (t)occos[2 7 fx t] needs to be
sampled (discrete time measurements) at a rate fg, > 2 fx to be reconstructed. Signals

above half the sampling rate will appear at lower frequencies according tol

apparent . _

JEPPRt — | femod g fisa oy = a2
Nyquist sampling
frequency frequency

A simple illustration is provided in Fig. A.2.

1. Offset modulo amod.b = ((a — ¢) mod b) + c.
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Figure A.3: Phase modulation of complex signals.

A.10 Modulation

A.10.1 Complex phase modulation

A phase modulated complex signal has the form

X(t) == xamp (§]

—i (wo t—Ag

sinfwg t]) '

This looks like squeezing and stretching of the signal frequency over periods of 27/wg,

creating side bands in Fourier space at intervals of fg.

447
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signals are shown in Fig. A.3. Importantly, phase modulation by itself does nothing to
detected power. However, if a phase modulated signal is passed through an element with
non-uniform transmission the spectral components will be affected differently, potentially

creating side bands in the detected power spectral density.

The complex phase modulated signal can be expressed by the Jacobi-Anger expansion,

o0)
ol (wo t—Ag sin[we t]) _ e—lwot Z Jj [Aq)] e~ 1] we t ’

j=—c0

where J; are Bessel functions of the first kind. This form allows us to determine the phase

modulating amplitude that produces first-order side bands equal in strength to the carrier,

Jo[As]? = Ji[As]? = Ag = 143469565 : smallest solution .

A.10.2 Complex intensity modulation

Consider an intensity attenuation modulation,
Ar )
Hw:%0—7@+mMMD . Arefo,1],

such that A; = 0 is no modulation and A; = 1 modulates to full extinction. The amplitude

for this is

X(t) = zamp \/1 — % (1 + sin[wy t]) emiwol

Plots of various intensity modulated signals are shown in Fig. A.4.

448



Fx1 IXI2/2 7 UX1]]

= Re
= Im

f
f T ‘ £ f !
F1X] JRe P2 IF 1K1
= Im
fofi \/\/\
|
T f A A
* foth T T ‘ A f d
FIX] JRe P2 IFTIXIPI
= Im
fo=h
A l A A f
t f
fothi To T -fi fi

Figure A.4: Intensity modulation of complex signals.
A.10.3 Real signal modulation

We can also modulate real signals, X(¢) and examine X (t)2.

This situation needs some
careful consideration of different time scales in use, in particular the bandwidth of a power
detector, and interpretation of quantities. Typically we have the detector bandwidth much

less than the carrier frequency, fget < fo. Plots of various phase modulated signals are

shown in Fig. A.5 and intensity modulated signals in Fig. A.6.
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Figure A.5: Phase modulation of real signals.
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Figure A.6: Intensity modulation of real signals.
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k#i k#j

Figure A.7: Circuit diagrams for measuring Z;; (left) and Z; ; (right) using current sources
and open volt meters.

A.11 Electrical network

For an electrical network with multiple ports, the impedance matrix is defined as

, Vi

¥ .

and can be determined by considering the circuit diagrams given in Fig. A.7. The scattering

matrix incorporates the characteristic line impedances, Z;, of the ports and is given by [305]

-1
S=F-(z2-2z) (2+2) -E7

:(£.2.£—1_2*>.(F.é,g—lJrZC)_l, (A5)

where

5
I
=
o
N
i
lies
I
[\
8
5
SN——

The amplitude waves in and out are

in_ Vit Zil;

R WA RSN AT
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with powers

. in | 2 . | aout | 2
pn o 7 pout — [

A.12 Spectrum analyzer

A spectrum analyzer is used to measure a power spectrum over some frequency span, fspan,

at a certain number of points, Npoints-

The resolution bandwidth, RBW, is the frequency width of each measurement,

f+RBW/2

Pl meas(f) ~ P1([f — RBW/2, f + RBW/2]) = f

PR (SXX(_fI) + SXX(f/)) af’.

The one-sided power spectral density is then approximately

P meas
PSD(f) = Sxx(f) + Sxx(—f) = IRB—V\E]C) :

In reality the spectrum analyzer filter is not a perfect rectangular window, and care needs
to be taken for any features at similar scales. For a detailed review of windows, see [307].
When measuring a particular feature, we need RBW « feature width. To have no gaps in
the spectrum, one should set RBW > fspan/(npoints — 1). Decreasing RBW will lower the

noise floor as less is collected in each bin.

The video bandwidth, VBW, provides time averaging of collection points over ~ 1/VBW.
Typically VBW < RBW. Decreasing VBW will reduce noise variance.

Trace averaging is performed after full scans have been completed. Averaging can be per-

formed over the power, ‘amplitude’ (,/power), or logarithmic power. Increasing averages will
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—-L dB

RBW

fsa
Figure A.8: Gaussian window.

reduce noise variance.

A.12.1 Gaussian window

A Gaussian window with level —L dB, typically —3 dB, and resolution bandwidth RBW at

frequency location fqa has profile

2 log[10]

2 log[l()]]
ST ’

w(fSA;f) :\/Z 5RBW2

eXp[—(f — fsa)? L

as shown in Fig. A.8, such that the —L dB points are separated by RBW, and {w(f)df =
RBW. Note that w(fga; fga) < 1.

Let us consider the case of measuring a monotone signal, power P, at known frequency f,,

with a spectrum analyzer using a Gaussian window. The true power spectral density is

PSD1(f) = P 0(f — fo) + bg(f) -
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The spectrum analyzer measurement at fga is then

[e¢]

Pl meas(fsa) = f PSDI(f)ulfsxi ) df

_ joooo Puo(f — fo)uwlisns s + [ OOOO be(F) w(fsas £) df

= Pew(fsa; fo) + bg(fsa) RBW
—_—

for linear background

Thus, for a linear background,

_ Pt meas(fsa) — bg(fsa) RBW

e w(fsa; fo)

Py meas(fsa) — bg(fsa) RBW

VI P x|~ (£, — fsa)2 L 280 |
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APPENDIX =

Periodicity analysis

Whilst feature sizes can be highly variable with fabrication process and fluctuate significantly,
the periodicity of objects is consistent. This makes measurements of periodicity a useful
calibration tool when performing length measurements. In this appendix we outline two

methods of measuring periodicity from an image.

=.1 Fourier analysis

Without any other information, periodicity within an image can be uncovered by Fourier
analysis. A gray scale image is effectively a rectangular array of real numbers, in Fourier
analysis nomenclature this is a two-dimensional discrete time signal. The discrete time
Fourier transform (DTFT) of this data is a continuous two-dimensional function, but is
difficult to compute for arbitrary frequencies. Using fast Fourier transform (FFT) techniques,
the discrete Fourier transform (DFT) samples the DTFT with the same number of points
as the discrete time signal, and is quick to compute. For d-dimensional data, the discrete

Fourier transform, with parameters a and b, is
a—1 L
DFTa,b[{uF}F] _ {yg S Y exp[Qﬂ'ib (F—1) ((F—1) @ﬁ)] UF} . (21
s

using some dubious vector notation! where 7 = {ri}‘ii:l and § = {si}‘iizl, elements of @?:1 Z;{i

indexing the data (Z;} = {1,2,...,n;}), and 77 = {ni}?zl is the number of data points along

1. @ is Hadamard (element-wise) divide.
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each dimension. The DFT is periodic in every dimension,

V... rl_l’_nl e = ... T

Peaks in the DF'T are often on the order of one pixel in size, and thus difficult to resolve.
To fix this, we want to sample the DTFT at a higher resolution. A common method is
zero-padding, where zeros are added to the original signal increasing the total number of
points and hence points in the DF'T. Another method involves ‘zooming’ in on the DTFT
and sampling a smaller portion of it with the same number of points. Performing a Fourier

zoom with magnification m about index S, we cover the index range

with new index vector
5 = (g— G+ A) m ez,

which interpolates the original DFT corresponding to non-integer values of 5. Substituting
this into (Z.1),

v|s] =1|r] = exp[27ri£(f’—f)-((§/—f)®ﬁ)]

m

X u;exp[27rib(77— I) . ((5'* — T—A)®ﬁ)] )

.

"

ul
A

which is a DFT from some modified signal data to a subregion of the DTFT,

DFT, jZooms, | {ur}| = DFT, [{uq} | = (it
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uflzuf»exp[%rib(F—T) : ((@—T—&)@ﬁ)] , Vi = 1/[51—&—1—%} :

By mapping our data uz — u7§ we can use the computational prowess of DFT to quickly

sample the DTFEFT at higher resolutions.

The DFT assumes our signal is periodic, but this is often not the case and artifacts at
frequencies corresponding to the size of the image appear in the DTFT. To remove these
artifacts we can subtract off the equivalently zoomed DFT of a (non-zero) constant array

rescaled to match the zero-frequency element. The cleaned DFT is

DFTmeoomClean [{UF}F]

Se,m
DFT, | {urbs|| -
:DFTa,bzoomé’*,m[{uF}F] - (vt =1 DFTa,bZOOmg;,m[{l};]
DFT&J?[{l}F] T
) M a+l .
vl T

— DFT, yZoomg, ;| {ur}z| = DFT_y yZoomg, | {ri} |

Sk, 17

An example zoomed and cleaned DFT is shown in Fig. =.1.

Relevant frequencies can be found by looking for peaks in |v|2. Locations in the zoomed

DFT can be mapped back to the original DFT,

Wy

3 |

Using the definition (=.1), positions in the DFT correspond to frequencies



If F'is a square matrix of d reciprocal lattice vectors f, the lattice vectors in the original

time data are
" = 71,

Mathematica code for performing Fourier zooms is available at https://gitlab.com/rhy

spovey/mathematica-fourier-plus.

—=.2 Lattice fitting

If we know the form of the periodic lattice vectors, we can fit them to periodic sites extracted
from an image. This is particularly useful for fitting a scaling parameter if we know what the
lattice vectors should be. To perform the fit we need to create a bijection between spatial

locations i € R% and crystal lattice indices ¥ € Zdl,

X c 74 Y c R%

bijection

lattice site index ¥'<——— ¢ spatial location .

Here dy is the spatial dimensions, 2 for a normal image, and dy < ds is the lattice dimensions.

The first step is extracting spatial positions of lattice sites from an image. For separated

shapes, like snowflakes, we can do this by

1. Use edge detection to find pixels along an edge,
2. Search for sets of pixels forming closed loops,

3. Take the average of pixel locations in each set.

To associate each spatial location with a lattice index we’ll need to approximately know the
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lattice vectors prior. Using an approximate lattice we can search for spatial points near the

estimated points and associate closest pairs.

We can now fit parameterized lattice vectors {d; [0]}?11 such that
y=Al0] -7,

for associated pairs where A is the matrix of @ column vectors. For n point-site pairs, we

can assemble them into matrices to produce a multivariate fit problem,

D=y RN PDp—y R%
X — ~y=Xx.AT

d dy d
{xki}zzpiil S {ykj :ZZ 1kaAj’L}k; 15 2
This problem can be flattened to a multivariable fit following App. ¥

R’H,Xdz

@nXdQ Rdl X do

a=1
X/ g/:X/'g/

’nXdQ

Tapb5lac1’ s

’nXdQ

di xd di1xd
{xaﬁ}a 1 51X12 e {ya Z 1X ‘x

with

/
Xaﬁ - X(a quoty do +1) (fmod; dy) 0 (amody dg) (B quoty dy +1) >
=Y
Ya = ¥ (aquoty dg +1) (amody da) >
b/ — AT
B (8 quoty d2 +1) (Bmod; dg) -
In this format the fitting can be easily carried out by standard non-linear fitting algorithms
where b/ is a function of the fit parameters.
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Figure =.1: (Left) logarithm of the squared magnitude from a cleaned zoomed discrete
Fourier transform, six major peaks are located corresponding to the snowflake crystal pattern.
From their locations, lattice vectors of {(—173,525), (372,408)} nm can be extracted. (Right)
original image of the snowflakes, edge detection is shown in blue, shape centers used in the
fit are red dots, and the fit result is depicted with yellow lines. Fitting only a global angle
and scaling, the fit lattice vectors are {(—169,527), (372,409)} nm.

Common fit parameters will be global angle, ¢, and scaling, &,

where A are the expected lattice vectors, and Ry is the rotation matrix. An example fit is

shown in Fig. =.1.
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APPENDIX II

Resonance fitting

Vector network analyzers (VNAs) are able to simultaneously measure the amplitude and
phase of a signal transmitted through or reflected from an electrical network. With resonators

in the network, one can fit the complex signal response to measure properties of the resonator.

II.1 Scattering element

In general the scattering element for a resonator is

A
& —1(f = fres) '

S(f) =3 (IL1)

where § and A € R depend on the particular system according to Tab. II.1 (See App. O).
We will call the cases of 6 = 0 ‘through’ measurements, and 6 = 1 ‘across’ measurements.
In through measurements the resonance appears as a peak above the ambient background,

whilst for across measurements the resonance appears as dip in the transmitted signal.

o A
interposed reflection, S11 1 2eq
interposed transmission, So1 | 0 | 24/ec1 &2
hanger reflection, Sty 0 €12
hanger transmission, So; 1 €19
directional, S91 1 2e19

Table II.1: Parameters in (I1.1) depending on type of layout and measurement.
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[1.2 Background terms

In general, one needs to determine the transmission function for their specific electrical

network, here, we will consider the simplest cases. For an across measurement

tac(f) = X(f) <1 T e (}4— fres)) ’

where X(f) € C is a transmission factor background.

For a through measurement

ten(f) = X(f) (C_ o —i(;l— fres)) ’

where C' € C is an ambient background. In this case there is redundancy between the
parameters A, C, X, and they can not be fit independently. Given that A € R we can make

the redefinitions

) ) A=XA

c=C/A

To capture a mild transmission landscape background we can expand X (or 2A) to be a

polynomial in the vicinity of our resonance,
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II.3 Fit functions

With data of the form (f € R,t € C) we need to split our transmission functions into real

and imaginary parts. For the across measurement,

n ; B Ae
Rtac(f)] = (;} RIX;] (f = Fres) ) (1 a2 + (f - fres)2>

Sltac(f)] = (Z S[x] (f - fres)i> (1 a2 + (;1% fres)2>

+ <Z %[%z] (f - fres)i> 4 (f - freS)

a2+ (f — fres)?’

with fit parameters

{fres; &, A} Y {?R[%Z], 3[3@]};10 :

For the through measurement,

gR[tth(f)] = (Z %[Qll] (f - fres)i> (%[c] N &2 + (f&— fres)Q)

_ i S[RL] (f - fres)i> (%[c] AT ) ’

&2 + (f — fres)?

%[tth(f)] = (Z S[le] (f - fres)i> (%[C] N &2 + (f&— freS)Q)

+ i R[] (f — fresY') (%[c] AT ) ’

a2 + (f — fres)2



with fit parameters

{fI‘eSa e, Rfc], i‘y[c]} U {%[2[7]’ %[ml]}?zo :

II.4 Parameter estimates

To perform complicated non-linear fits, we need good parameter estimates.

[1.4.1 Magnitude

d
We can start by looking at the squared magnitude data {(fk, ‘%’2)}]{ X where d is the

number of data points.

We have

A2 2/ )

2 _ 2
e DP = 12O (14 ' s

5 5 5 A2 —2AaR[C] —2A(f — fres) S[C]
ten ()7 = 1X(f)] (ICI + @2 1 (f — fros)? >

C«l 2 2 A
~ X (!C| +&2+(f—fres)2)7

thus in general

A
f= fres)*’

1D =) + oy
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with
Cac = |X[?, Aae = |X]? (AQ—QA&> <0,

Con = X7 1C)?, Ay = X242 > 0.

For a small data window around the resonance, and for the purpose of making estimates, we

can assume C is linear,

C(f) = Co+Ci(f = fres) -

We can start by estimating C; using the edge data points,

s Jtal? —1tl?

- fa—h
The resonance location can be estimated from the peak location

d + : through

(fres,tres) by maX{i(\tkIQ — (PP +C1 (s — f1))>}

k=1 — 1 across

Then

Co = 1> + C1 (fres — f1) -

Next we can estimate e by the peak full-width-half-maximum. Explicitly, we want to find
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the points

o | Cot sl 5 . s Y

(f—emt—af) by mm{|tk|2_(%"‘Cl(ﬂf—fres)) 3fk;<fres} )
k=1

- | Co+ el 5 . Y

(f+&,t+&) by mln{|tk|2—(%—I—Cl(ltk_fres)) ka>fres}k )
=1

then
~+&_f—&

[1.4.2 Complex

Now that we have {fres,fres,é} we can use the complex data to guess the remaining fit

parameters. We will guess only up to linear background terms, thus

RE;] = S[X] = R[] =SR] =0

\%
)

For accross measurements,

1 _ Rltq] - R[t1] a5 1 < Sltal =St
= fa—fh ) fa—h
then
3?[%0] = §)Ce[tl] + §R[il] (fres - fl) ) %[%~0] = %[tl] + %[il] (fres - fl) .
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Enforcing A to be real, we can estimate it as

Aac =

. <1  Rlfres) RIZ0] + Slfres] %[350]>
+ 3

For through measurements, first we compute

3%[6:1] _ %[t}g : i}fl[tl] : %[(}:1] _ S[t}g : ;Sl[tl] :
R[€o] = R[t1] + R[€1] (fres — f1) . S[€0] = S[t1] + S[E€1] (fres — f1) -
Then
%[ﬁo] _ 3:E[Q:O] ;%[Eres] : %[ﬁlo] o %[Q:O] ;%[fres] ’
ppe] = RICl RA] + (&S] g S[G] RAo] - R[] [
R[Ao]? + S[Ag]? ’ R[Ao1? + S[Ag]? ’
o RIEIR[E + S[€1] [ i1 SIETRE — RE S
=" e S = TR e

I[.5 Simultaneous fit

Armed with fit parameter estimates we are ready to perform the fit. Our fit function (f €
R) — (t € C) is equivalent to a multivariate fit R — R2. To use standard fitting packages

we can flatten this to a multivariable fit R@® R — R following App. V.
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We can do this by expanding our data set {(fk, tk)}izl to

2d

{(@o s muD Y o {13} = {(Erome )

Tk

and using fit function

§ =z R[E(f)] + 22 S[E(F)] -

Alternatively we minimize the multivariate objective function and compute the covariance

matrix ourselves (see App. ®).
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APPENDIX X

Optical measurement setup

The base optical measurement setup was inherited from previous experiments [120-122,
230, 304] studying optomechanics and transduction. Various improvements were made to
control elements. At its core, the setup is a C band infra-red fiber optic based system with
free space coupling to a chip in transmission and a high bandwidth photodetector that can

resolve microwave frequencies. A complete diagram of the system is given in Fig. X.1.

From the laser, the optic signal first goes through optional phase modulation, and then a
variable attenuator for power control, and a polarizer. It is directed onto the chip by a
V-groove clamp that holds the fiber in place above the chip at an angle of 8° from normal.
A second fiber is clamped 127 um away to pick up the transmitted signal. A splitter takes
a small amount of the signal for frequency locking whilst the rest goes through an amplifier

and filter before hitting the fast photodetector.

>..1 Components

>.1.1 Laser

The laser is a New Focus TLB 6728 tunable laser diode with an operating range of 1520 nm to
1570 nm and power output up to 20 mW. Wavelength tuning is accomplished by an internal
diffraction grating with a motor for coarse tuning and a piezoelectric transducer for fine
tuning. The piezoelectric transducer has 0.3nm of range and takes input [—3,3]V, such
that the response is 0.05nm/V. Diode lasers are prone to phase noise [230, 308] and are

more stable when operating at constant current.
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A control :
Pre—amp
SR560

Laser Isolator Phase modulator
TLB-6728—P-D 10-G—1550-APC Covega Mach—10
Synthesizer

8904A

Signal generator
ESG—-D4000A

Trigger

P5-1550-PM-FC-2

PID

Power control

A monitor

SIM960

Oscilloscope Photodetector
HP54825A PDA50B
PID Splitter Polarizer Intensity modulator
PMC1550-90B—FC ILP1550PM~FC MXER-LN-10
Frequency control

SIM960

Sxa

Lock—in
SR830

Circulator
Photodetector CR1550PM—FC
PDA50B

P5-1550-PM-FC-2

DUT

Stripper V—groove

P5-1550-PM-FC-2
Photodetector
PDA50B Splitter

DC monitor

—

Ak e

DC block Spectrum analyzer
BLK-18-S5+ N9010A

Fiber amplifier Isolator Fiber filter Fast photodetector
AEDFA-PA-35 10-M-1550—-FC JDSU TB9226+ ET-3500AF

Figure ».1: Full diagram of the optical measurement setup. Thick vertical lines indicate
flat physical contact (PC) connections, whilst thick angled lines indicate angled physical
connections (APC). Fiber optic colours mimic their real-life colour, lengths are not to scale.
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Figure >.2: Calibration of the phase modulator using a sharp ring resonator.

The laser offers a wavelength monitor voltage,

A — 1520 nm
Vwavelength =10 1570 nm — 1520 nm

monitor

however the absolute accuracy is unclear.

Interfacing with the laser requires special drivers; instructions and a wrapper for using python

is available at https://gitlab.com/rhyspovey/python-t1b6700-laser.

>..1.2 Phase modulator

A Covega Mach-10 phase modulator is used to create a sideband near the mechanical fre-
quency for calibrating power transmission. It can handle drives up to 10 GHz and 5V,

although significantly lower drive powers should be used for ‘weak’ modulation.

Calibrating the phase modulator for a particular frequency can be performed by scanning
over a narrow optical resonance (7 < wg). For a sufficiently large phase modulation drive,
the resonance feature will appear three times, probed by the main carrier frequency and two
closest sidebands. When the phase modulation drive is adjusted such that the three features

have identical transmission, the response Ag can be determined. The average laser power
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and photodetector current (see App. L) is

PpW)e =P, D) Ji[Ael1Sa1(wr, +jwe)l

j=—w

giving the background-removed response to the three spectral features

Ipp (wo) o Jo[Ag]? |S21(wo)|?
Ipp(wo — wa) o Ji[Ag]*|S21(wo)[? ,

Ipp (wo + wa) o J_1[Ag]*[S21(wo)|?
with J_1[Ag]? = J1[Ap)?. Thus

Ipp(wo) = Ipp(wo — we) = Ipp (wo +wg) = Jo[As]® = J1[As]” .

The above equation has a countably infinite set of solutions but the smallest (positive)
solution is Agp = 1.43469565. If the phase modulation strength is linear with drive voltage

then we can extrapolate to weak modulation.

In Fig. 3.2 a ring resonator with narrow resonances is used for calibration. The even point
occurs at P = (19.4 £ 0.1)dBm = Vgrus = (2.087 £ 0.024) V giving Agp = (0.688 +
0.008) Vg rms/ V-

>.1.3 Intensity modulator

An iXblue MXER-LN-10 intensity modulator is used for power control. It can handle drives
up to 10 GHz but it is used here in DC. The main operating range (with positive slope) is

[-5.5,1] V. Fig. ¥.3 depicts the effective response to varying drive powers. The slope of
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Intensity modulator voltage [V]

Figure X.3: Ratio of estimated power delivered to the device over laser power as a function of
intensity modulator DC voltage bias. This includes constant losses from other optic elements.

the linear section (in terms of photodetector voltage) is used to set the proportional control

parameter of the power feedback loop.

>..1.4 Photodetectors

Slow

Three Thor Labs PDA50B photodetectors are used at split-offs before and after the device

under test. At 1550 nm they have a responsivity of ~ 0.85A/W and offer up to 70dB of

gain. When connected to a voltmeter, the measured voltage is

R
Vor = (0.85 4+ 0.03) A/W 1503 x 10G/20y /A ——load
pp = (085 +003) A/W 1 A VA R sa
—_

~
responsivity transimepdance gain
scale factor

with G € {0, 10, 20, 30, 40, 50, 60, 70} dB. The photodetectors saturate at 10V out.
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Figure ¥.4: Fast photodetector DC monitor readings for various input powers. Significant
non-linearities make the photodetector unreliable as an absolute measure of power.

Fast

For optomechanical measurements, an EOT ET-3500AF amplified high speed photodetector
is used, which can detect power fluctuations up to 10 GHz. In addition to its microwave

frequency output, it has a DC monitor output

Vbc = IppmV/uA,

monitor

however this is not very accurate. The maximum input is 10 mW, and the detector saturates
with the DC monitor at ~ 1.54 V. Responsivity of the detector is unfortunately non-linear,

plotted in Fig. ¥.4.
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Figure ¥.5: Normalized transmission through the optical filter based on reported wave-
lengths.

>..1.5 Amplifier

Weak optical signals needs to be amplified before hitting the fast photodetector, for this
an Amonics erbium doped fiber amplifier, AEDFA-PA-25, is used. The amplifier has two
laser pumps and can provide up to 40 dB of gain for inputs of [—40, —10] dBm. Care needs
to be taken when setting the pumps as the fast photodetector can easily be saturated and
potentially damaged. The optic amplifier produces amplified spontaneous emission (ASE)
across its amplification range of [1530, 1560] nm. Pump currents are typically set such that

the fast photodetector is operating at ~ 90% of its range.
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.1.6 Filter

To reduce the ASE hitting the fast photodetector at non-signal frequencies, a band pass
optical filter is needed. A JDS Uniphase tunable grating filter TB9226 is used which offers
a —3dB pass band of 0.22nm ~ 30 GHz, and tuning in [1530, 1565] nm. The filter utilizes
a (non-uniform) fiber Bragg grating reflector [309, 310] which unfortunately does not have
a closed-form expression for its transmission spectrum. Calibration between the purported
filter wavelength and laser wavelength is shown in Fig. X.5, the offset was found to be
Mlter — AMlaser = 0.61nm. Using the offset as a starting point, alignment of the optical filter

is performed by maximizing the signal picked up by the fast photodetector.

>.1.7 Optic fibers

The fibers are all single mode C-band infra-red (~ 1550 nm). For those which are polarization
maintaining (which includes everything from the polarizer to the V-groove), the electric field
is parallel to the slow axis, and the stripped fibers in the V-groove are aligned such that
the slow axis is parallel to the plane of the V-groove. This ensures the light’s electric field
incident on the device chip (coming in on an angle) is parallel to the chip and aligned with

the grating coupler.

>.1.8 V-groove and device mount

An OZ Optics V-groove clamp holds two parallel stripped fibers 127 um apart, 8° from
normal, and is positioned just above the sample as close as possible. The incident angle
of 8° was chosen by previous experiments to optimize the efficiency of silicon on insulator

grating couplers.

477



The device mount is a piece of acrylic with a hole drilled through to create a vacuum chuck,
and attached to a two axis micrometer translation stage. Multiple devices patterned on a
chip are oriented the same way such that they can easily be accessed by stage movements.

Global rotational alignment has to be performed manually.

To assist with aligning, a microscope and lamp is suspended above the stage. From being
lined up with the bottom edge of the V-groove clamp under the microscope, the device needs

to be moved back =~ 1050 um to be under the fibers.

>..2 Laser scans

The TLB 6700 laser is able to smoothly sweep its wavelength to produce optical transmis-
sion spectra picked up by the output split-off photodetector. A Hewlett Packard Infinium
oscilloscope (HP54825A) captures the photodetector voltage and laser wavelength monitor
voltage with a single scan matched to last the same duration as the laser’s combined forward
and backward sweep. To start both systems simultaneously, a Hewlett Packard multifunc-
tion synthesizer (HP8904A) is setup to send a square trigger pulse of 4V to the laser and
oscilloscope. Configuring the laser, oscilloscope, and trigger generator is all carried out from

a connected computer.

Whilst the laser provides a wavelength estimate via a monitor voltage, the signal is rather
noisy. To remove this noise the wavelength monitor is fit as a function of time to provide
the smooth wavelength ramp and sweep and action. This is then used to pair photodetec-
tor voltage measurements with the appropriate wavelength based on the scan time. The
laser scan function follows a quadratic ramp-up (duration 79), linear sweep (duration 7),

then quadratic ramp-down (duration 79). From Vj to V5 (corresponding to start and end
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wavelengths), the one-directional scan function is

-

1 Dt <7

(t—10)% (V2—V1)

Vi+ 21 (T1+72)

T <t <19+ T
21 V142 (t—79) (Vo—V1)+12 (3V1—V3)
2(11+72)

(t—ro—11—272)? (Vo—V3)
21 (T1+72)

Vwavelength(t) = 9

monitor

Tt <t<Tgt+tTm+Tn

Vo — Tt Tt <t<T+2m4+7

Vo CTo+ 2+ T <t

\

When fitting, V, and Vo are given, and 7y, 71, 79 are fit parameters.

The maximum laser sweep speed is 10nm/s, however for reliable sweep timings should be
kept to less than Lgyeep/(10s). Due to ramps in the sweep speed, the sweep duration is not
simply 2 Lsweep/(set speed). Found empirically, for a desired total (forward and backward)
sweep duration Toa), over sweep length Leweep and back again, the set sweep speed should

be

2 steep steep

r=06s+

set speed = ; :
Ttotal — T + \/(Ttotal — ) (Tyotal + 3 ) 5nm/s

.3 Power estimates

Using the split-off input and output photodetectors along with (X.1) we can estimate optical
powers in our set up. Voltage measurements need to be calibrated (offset) such that Vpp =

0<:>PPD=0.
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The power delivered to the device is

Pdelivered = (1 - 10%) Pinput/10%
PD

0.9 V}Q‘}B“t

0.1 (0.85 +0.03) A/W 1503 x 10G/20V /A ﬁ% '

>.3.1 Transmission

Comparing input and output powers, we can get the transmission through our device. For

10% splittings as labelled in Fig. 3.1, we have

2T Pout P%]l)tput /10% 10(Gin—Gout)/20 VIODISPU'E
Ngrati DUT = = — '
%gi;;i% Paelivered  Pinput (1 -10%)/10% 0.9 Vinput
PD PD

Y..3.2 Reflection

Assuming the circulator is 100% efficient,

Pe /100% - -
Norati 2 RDUT — Preﬂ _ g%/ _ 10(Gm Greﬂ)/20 ]r?e]% |
%f)?lplﬁe% Pdelivered Pinput (1 — 10%)/10% 9 Vmpm
b PD

2.4 Frequency locking

Because the device is interrogated in open air, experiments are susceptible to temperature
fluctuations causing drifts in resonant frequencies and overall transmission levels. To account
for this we’d like our laser wavelength to be able to track the device resonance. For thermal

mechanical spectrum measurements this means tracking the side of a resonance dip.
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Figure X.6: Sample power and wavelength control monitoring data. Input side (power lock)
PID output varies to compensate for laser power drift such that power to the device, PID
measure, is held constant. Output side (wavelength lock) PID output varies to keep the
dither signal, PID measure, zero. The laser’s self measurement of wavelength is discretized
to 0.0l nm. In this example a small drift in cavity resonance occurred over the first hour
and was tracked by the locking system. As the optical filter is not dynamically adjusted this
lead to a slight change in overall transmission as measured by the DC monitor.

The simplest way to do this is side-locking where a power control loop tries to keep a fixed
transmission power corresponding to a point on the side of the resonance, and the gradient in
the vicinity determines the proportional feedback parameter. This approach fails, however, if
there is any change in the non-device transmission, such as a global fluctuation up or down.
To track the side of the resonance through frequency and transmission drifts we employ
second harmonic dither locking, described in App. T, to follow an inflection point (second
derivative zero) of the transmission spectrum. Whilst fine tuning the laser’s wavelength with
the piezoelectric controller, it’s own course tuning grating servo is disabled. An example of

the locking systems in action is given in Fig. >.6.
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APPENDIX T

Dither locking

Dither locking is a laser frequency resonator tracking technique, similar to Pound-Drever-
Hall stabilization [311-313] but simpler, slower, and working in transmission. By targeting
a point on the optical resonance curve with zero derivative, dither locking is able to accom-
modate frequency and power shifts. The basic principle involves ‘slowly’ scanning the laser
frequency back and forth, i.e. dithering, and using the signal in transmission, picked up by a
photodetector, at this frequency to correct the laser output. Traditionally, dither locking is
used to track the peak of an optical resonance where the first derivative is zero, but can be
extended to inflection point tracking. Fig. T.2 gives the basic experimental setup employed

for a dither lock.

T.1 Frequency dithering

For demonstration purposes, let’s first consider the case of frequency dithering a resonance

with flat background. In general the transmitted power can be expressed as (see App. ©, II)

It has derivatives

2
d_T(W) = 64 <W — Wres — &) (W — Wres + i) ;



IS(w)]?

d2 T
— IS(w)I?
dw?

Figure T.1: Plot of an ‘across’ resonator measurement and its derivatives. The first harmonic
of the dither frequency probes the first derivative, whilst the second harmonic probes the
second derivative.

as depicted in Fig. T.1. The peak is located at

d
0= <d—T(w)) = Wpeak = Wres ,
w W=Wpeak

and the inflection points are located at

0 & T(w) - + 2
= | —5T(w Wipfl = W — .
dew 2 o infl res - V3
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In the presence of weak dithering,

Wlaser (t) = W( + Wdither Sin[Wdither t] )
amp

and

T'(Wiager; t) = T(Wo + Wdither Sin[Wqither t])
amp

wWdj r%() . d
dithe T(WO) + Wdither Sln[Wdither t] (aT(w)>
wW=wq

amp

2
(Wdither sin|Wgither t]) d2
am
+ P 3 T(w) + O[Wdither]g
2 dw w=wy
A
o + (wo - Wres)
—2A

Wdither (W0 — Wpeak) Sin[wWdither t]
(a2 + (wo . wres)2)2 a;nper pea ither

3A 2 . )
5 513 Wdither (W0 — Woinft) (W0 — Weinfl) S [Waither {]
(02 + (wp — wres)?)”  amp

+ Olwdither]”

If we want to lock wy t0 wpeak, We can use the signal oscillating at wgither and feedback

control it to zero. For wy & wpeal this signal is

—2A 2
f[T] [Wdither] ~ ol Wdither (WO - wpeak) + O[WO - u)peauk] -0 < wy— Wpeak -
amp

If we want to lock wp t0 wing, we note that sin[0]? = 1/2 —cos[20]/2, and control the signal
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|
|
Adder }
Controller Lock—in
Frequency control

I ()

Laser Resonator Photodetector

Figure 1.2: Diagram for a dither lock. The frequency of the laser is controlled by an
incoming voltage that includes a ‘static’ shift provided by the controller and an oscillating
term provided by the lock-in local drive. The detected signal at the lock-in frequency is
passed to the controller which then decides what output voltage is required to appropriately
shift the laser’s center frequency.

oscillating at 2 wgqither t0 zero. For wy ~ wjyg this signal is

27+/3 A D) 2
Wdither (W0 — Wipg) + Olwp —winal” = 0 < wp — wipg -

F[T][2wdither] ~ 640° amp

Sending these signals to zero is impervious to changes in wyeg or C, allowing the lock to track

drifts in power or resonant frequency.

T.2 Laser wavelength system

Our setup uses a tunable diode laser with a motor for course wavelength tuning and a

piezoelectric transducer that allows for fine wavelength tuning, and such we will need to use
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wavelength, rather than frequency, for our locking system. Describing the setup with an

equation we have,

@ Vpiezo
Vdi)t\her ¢ Adither
I . N N amp
Maser = Alager T @ Vpiezo + @ Viither SIH[QW Jdither t] ) Jdither = 5 >
base static amp — amp Ao
h ~~ - = Wdither
Ao Adither
amp
Adither

where a = 0.05nm/V is the piezoelectric actuation. To achieve dither locking, we need a

hierarchy of frequencies,

fdither € fdither € Yres -
amp

T.2.1 Optical resonator

Dither locking (to zeroes) requires that the background transmission in the region of the
resonator be sufficiently flat. In this case, in terms of wavelength, the power transmitted can

be expressed generally as

T\ =C+

27
1+4Q2 (M - 1)

where B and C depend on the particular resonator configuration.
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T.2.2 Equipment limitations

The (TLB-6700) laser’s piezoelectric transducer has the following limitations,

faither <2000Hz : Vgither < 0.3V
Vbiezo € [-3,3]V, amp )
fdither < 700 Hz . 03V Vdither <3V

amp
Because we want to leave room for the static piezo shift, our dither amplitude voltage should

be somewhat less than the maximal range.

The (PDA50B) photodetector has bandwidth limitations

-

faither <200Hz  :  70dBgain

{ faither < 7T00Hz  : 60dBgain -

faither < 2000Hz :  50dB gain
\

The (SR830) lock-in can put out 5 Viyyg and frequencies up to 102 kHz, well beyond limi-

tations imposed by the rest of the system.

Typical operating values were Vyither = 1V and fgither = 100 Hz.

amp

T.2.3 Resonance peak (first harmonic) locking

Locking to the resonance peak in wavelength is fairly straightforward and uses the first

harmonic signal at the dither frequency. Taylor expanding the derivative of (1.1) near
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A~ /\res;

d AR Ares _SQQB
STy Ve S

o A = Ares) + O\ — Ares]? (T.2)

res

We can also expand (Y.1) for Agither = 0,

T'(Mager; ) = T<>\o + Mdither Sin[Wdither t])

amp

Adither ~0 1
dithe T(XNo) + Tl()\()) Adither Sin[Wdither t] + O[)‘dither]2

amp
2
(1.2) —8Q*°B ,
=" T(Xo) + ——5— (A0 = Ares) @ Vitither Sin[Wdither 1] + - -+
)\res amp ,
leistther

to realize a transmitted signal T&istther at the dither frequency. Feedback controlling T&istther —

0 will mean A\g = Apeg, i.€. our laser will be centered at the resonance peak as desired.

T.2.4 Resonance inflection (second harmonic) locking

If we want to lock to one of the sides of the resonance, in particular at an inflection point

where the second derivative is zero, we can use the second harmonic of the dither frequency.

In wavelength, however, it is slightly more complicated,
d2

0=—=|C
az "

2
1+4Q2 (Ar;s - 1) A=Ainf
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= Ainfl = Ares (% + cos[g arccot[2 Q] + g])

Expanding the second derivative of (T.1) near A ~ \;,q gives

d2

S TO) 2 7O (i) (0 = Aw) + OIA = g (1.3

3
where TG)(\,q) = &T(Aﬂ A=)yq 18 @ somewhat complicated expression. Importantly, we
have a single term that goes to zero as A — Ajpg. Expanding (1.1) for Agjther & 0 now to

second order,

T()‘laser; t) = T()‘O + Adither Sin[wdither t])

amp

2
(Adither sin[wqither t])
_l’_

Adither ~0 .
dithe T(Ao) + TI()‘O) Adither Sin[Waither t] + T”()‘O) P 9 O[)‘dither]3
amp
Using
_ 1 — cos[2 wyither t]
sin[wqither t] 9 =
and substituting in (71.3), we get
Adither”
am
T'(Mager; t) 2 T(3) (Ainfl) (Ao — Ainft) 4p cos[2 waither t] ;
Tier

realizing a signal Tgﬁﬂer at double the dither frequency, 2 fgither, Which has the property
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Figure T.3: Example second harmonic dither lock-in response to scanning Vpje,o near the

static
inflection point. The crossing at zero is the desired resonance inflection point, and the slope

in the vicinity provides the proportional control feedback parameter.

2nd

T1.2.5 PID calibration

To manage the feedback loop, a proportional-integral-derivative (PID) controller is used.
With a set point of zero, the PID error signal is simply the Téither signal. This signal as
a function of \g is dependent on the properties of the device being probed (@, B, C) and
thus the feedback control parameter (P) needs to be calibrated for any particular device and
locking location. Fortunately, it is a simple task to map out the response by probing different
static piezoelectric voltages Vpiezo - From this the zero crossing can be used as the starting
point, and the linear slope in Sttﬁzcvicinity (halved to avoid overshoot) as P. A sample scan
of the T gﬁﬂer response to varying Vyieso (and hence \g) for calibrating the feedback is given

static

in Fig. T.3.
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APPENDIX ¢

Probability densities and uncertainties

In much of physics we are concerned with quantifying values in terms of probability densities.

This appendix covers the theoretical basics of common uncertainties and their propagation.

®.1 Combining probability density functions

®.1.1 Bijections

If X is a vector random variable with probability density function f e (¥) and there is a

bijection X — Y then the probability density function for Y is given by

, (@.1)

where 3—; is the Jacobian. In particular if ¥ = §(X), then

fo@) = (@71 @)

$®.1.2 Scalar function

If we are interested in combing quantities to a single scalar, such as z = g(¥), we can derive

this as follows, starting with

fz(z) = JOO dy1 fz(y1) 6[z —y1] -
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Now if we let Z = Y7, the first element of 37, we can take it to be the marginal probability

distribution

Then

and if we create an arbitrary bijection X « Y with Y] = ¢(X), using (®.1),

fz(2) = J ‘det [dﬂ

fg(@)dlz —g(@)]

where we can do

.
Jd"gj‘det [d—g,] _ fd“a}’.

Thus if we have Z = g(X), then the probability distribution for Z is
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$.2 Expectation properties

For a random variable X, with continuous distribution fx, the expectation of g(X) is

Blo(x)] = | " @) fxe)de.

—Q0

and for a discrete distribution P(X) is
E[g(X)] = ) g(a)) P(X = ;) .
1
The expectation operation is linear
E[A + B] = E[A] + E[B], Ela A] = a E[4],

where a is a scalar.

The mean and variance are
mean[A] = E[A] , var[A] = E [(A . E[A])Q] — E[A2] - E[4]2 .
For two random variables the covariance is
cov[A, B] = E[(A - E[A]) (B — E[B])] = E[A B] — E[A] E[B] ,

with var[A] = cov[A, A]. If A and B are independent random variables then cov[A, B] =0
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and E[A B] = E[A] E[B]!. The variance distributes and scales as
var[A + B] = var[A] + var[B] + 2 cov[A, B], var[a A] = a® var[A]
and more generally the covariance

cov[A + B,C + D] = cov[A, C] + cov[A, D] + cov[B,C] + cov[B, D],

covla A,bB] = ab cov|A, B] .

$®.2.1 Covariance matrix

Define the covariance matrix as

S ) var[A]  cov[A, B]
cov[X];; = cov[X;, X;], ie cov[(A4,B)] =
cov[A, B]  var[B]

$.2.2 Discrete sets

For a discrete set {x;};"_; we can construct a random variable X with probability function

P(X = x;) = 1/n. The distribution and expectation function is then

n

) = 3, ) Blg(x)] = 3 291
i=1 i=1

1. The converse (no correlation implies independence) is not necessarily true.
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The mean and variance are

=1
" (2 — mean[{z; )" ])? LR
var[{z;};] = var[X] = Z (v n[{ iti=1) = Z # — mean[{y@i}?:l]2 .
=1 1=1

Note that if {x;};"_; is a sample from an unknown normal distribution, the variance computed
this way is a biased estimate of the source variance. Following Sec. ®.3.4, we define a sample

variance

— mean[{z;}1_])°

n
vars[{z;}i_ ] Z

= n—1
$.2.3 Weighted discrete sets
For a weighted discrete set {z;,w;};— with probability function P(X = z;) = Zn%, the
i=1 Wi
distribution and expectation function is

Z?: 1 wl 7 Z?: 1 wl
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The weighted mean and weighted variance are

n . .
wmean[{z;, w;}"_;] = E[X] = M
[{ 7 7,}1_1] [ ] ?:1wi

2
_ i1 wi (w; — wmean([{x;, wi}i_ )

wvar|[{z;, w;};_,] = var[ X
[{ ) 2}2—1] [ ] Z?:lwi

n s a2
_ 2i=1 Wi i — wmean[{ﬂci,wz’}?zl]

Zuj=1 Wi T 2
2?21 Wy

Following Sec. ®.3.4, we define a sample weighted variance

n
wvars[{z;, wi}i_i] = n_1 wvar[{z;, wi}j_] -
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Figure ®.1: Normal distribution probability density plots for varying standard deviation.

®.3 Normal distribution

As the outcome of the central limit theorem, the Normal distribution is particularly prevalent.

For a normally distributed random variable

X ~ Normal[u, o] 1 eR, o >0,
Mean Stal.ldé.lrd
deviation

the probability distribution function (examples depicted in Fig. ®.1) is

1 (x — p)?
JNormal ('77|/%0) = \/ﬁa exp [_W : xelR.

Commonly the notation u + o refers to a normally distributed quantity.
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$.3.1 Expectations

If X follows a normal distribution with mean p and standard deviation o, the raw moments

are

E[X] =pu,
E[X?] = u? + 0%,
E[X3] = 43 +3puo0?,

E[XY = put +64%0% +30%,
with variance (second central moment)

var[X] = o2 .

®.3.2 Combining independent normal variables

If we have a set of n normally distributed independent random variables, collectively denoted

by X , then their combined probability distribution function is

fe @A) =] - exp[——(””‘”ﬂ
X 7 V2mo; 20,2

For a new variable Z = ¢(X), using ($.2),

) - (g [* e [—(2;—2‘)2]> -9 (@)
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Expanding ¢ (Z) near ¥ = [i to first order, we get

0@ T g@+ Y @ -y 22D
i=1

Making the substitutions

d9(7)
ox;

i = R u; = (x; — ;) 8 = (v — ;)

r=j

giving dz; = du;/s; and putting this all into ($.3), we get

2(2) = (1]1 [ e oo [%D ; [z—gw) —Zu] .

The delta function can be expanded according to

_i iab
da] = 5 _oodbe ,
to give
noroe 1 — u;?
fz(2) = f du; ex [ ! ]
2 (z—l_ll —o V2T (s;0;) 2 (s;0)
1 (@ =
X o dv exp |iv z—g(ﬁ)—Zui
—® i=1

0

e dvespliv (=~ g ()] (g]_wdum P [%_”D |

Using the integral identity

0 2

a2 T =b
j dce C”:J”bcz\/jew : a>0,beR,
—» a
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we have

and thus

fZ(z):%Joo dv expliv (2 — g (Hexp[ S“’l)zD

:% jo dv exp[ (Z i 0}) )vQ—i—iv(z—g(ﬁ))] :

=1

Using the same integral identity again,

. 1 o (= — g(ji))?
fZ( ) \/7 ZZ 1(310'2)2 p[ 22@ 1(310'2) ]

= fNormal (Z | UZ;UZ) )

with

2
) ) . (®.4)
=i

Thus to first order in g, a combination of independent normally distributed random variables

generates a new normally distributed random variable. The formula (®.4) is the commonly

used standard propagation of uncertainties.
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®.3.3 Normal distribution with a normally distributed

mean

If we have a normal distribution X ~ Normal[M, o] where the mean M is a random variable

following a normal distribution M ~ Normal[uys, opr], the convoluted distribution is

fX(x) = f—oo fNormal (x | m, U) fNormal (m | KA UM) dm

i e et e K

1

B 2moo)y
© —m? (02 +0M2) +2m (,uMJ2 +x0M2) —upf2o? — oy
X exp 5 5 dm
—0 2040,

I S — (= — pr)
2mooyy 2 (02 +0M2)

© o? + o a0 + oy’
< exp[‘(m (s
—00 M M

= fNormal (x|ﬂM7 \/ 0?2 +UM2) )
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Figure ®.2: Various measurement scenarios involving normal distributions. (a) General
case of a normally distributed source with sample measurements that also have a normal
distribution. (b) Normal distribution source that is sampled with precise measurements. (c)
A constant with normally distributed measurement attempts.

also a normal distribution with standard deviation parameter 4/02 + o372 that combines

the spread in & with the uncertainty on m. Abusing notation,

Normal| Normal[ips, ops],0 | = Normal[ppy, A/ 02 + opr?] .

$®.3.4 Normal distributions in measurements

In the most general case we have an unknown normal distribution source and a sample
of known normal distribution measurements, where the goal is to determine the unknown
source parameters 4,0 from our measurements {s;,0;}!" ;. More particular cases, depicted
in Fig. ®.2, may have the measurements as exact values (0; = 0) or the source being a
constant (¢ = 0). We will carry out derivations in the general case and then consider the

common special cases.

The combined probability distribution for n measurements p; with known standard deviation
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o; from a source Normal[y, o] is

f({ﬂi}?zl |1, 0, {Ui}g;l) = 1_[ <J—oo fNormal (i | 11, 0) fNormal (1 | %4, 1) dxi)

=1

~

Il

-
Il
_

JNormal (ﬂi |N> \ o? + 022)

T 1 (i —p)?
B izl_ll\/ﬂ\/02+0'¢2 eXp[ 2(‘72"‘0@'2)] '

Employing maximum likelihood methods, the likelihood function for u, o is

£(N7 g | {:ulv Ji}’?=l) = f({ul};lzl | w, o, {Ui}?=1) ) ((I)5)
and maximizing the likelihood function is equivalent to maximizing the logarithm

lo Ez—lilo [27T(<72—i—a'2)]—1 M

n
Z:1 1=

1
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The derivatives are

ailog[, Z i

02 S
_210g£_ Z O'Q-i-O'Z'2
1=1
&2 “ i — [ 2 402
—~ _loo L = — L 1
202 " ;( (02+a¢2) (‘72+‘72 ) (
52 1 n Y 1
221g£:§Z<_2 (:ul M;S 22>’
o(o?) i=1 (02 +02)" (02 +03?)
2
a 10g£ Z 20(”1 l;)’
opdo (O‘ —i—cri?)
o2 S
log £ = —Z L 5
opd(o?) i=1 (02 + ;%)

,u
+ UZ
2
Mg — [ .
02 + ai2 02
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Critical points with 3% log £ = 5% log L =0 at u = [i,0 = & generate the equations

== , ($.6)
> o
52 2
00 + 0;
n N 2
R 1 R pi — [
o -5 =0 - . o.7
Pt 5’24-(7@'2 ;(5’24-0@2) ( )

In general these may have multiple solutions and be computationally difficult to solve, par-

ticular special cases provide some simplifications however.

Computing the Fisher information matrix

52
(o) = — E | ————plog[f ({pi}izy [ s 0 {oi}izy)]
() (%)
21 L Y,
_ ol aElost uawlos
a—a—logﬁ 2 log £
n 1 O
B i=1 52452
- 0 n 20’2
=1 (0240:2)
Alternatively
n
0
1
I(po®) = | 7 7
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The covariance matrix Cramér-Rao lower bound is then

cov [(fi,ds)] = T(u,0)7 L,

where [i1 and dg are unbiased.

In this general case we are essentially distinguishing source noise o from measurement noise

gj.

Expectations

Some expectation values,

Elpi] = w,
Elui pj] = p* + 6 (02 + Ui2) :

Identical measurement variance

If all our measurements exhibit the same known standard deviation o; = og we can solve

equations (®.6), ($.7) to obtain estimators

= i1 Hi
n Y

n Y
n
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The second derivatives

02 n
—logﬁ‘ == <0
2 p=p 52 2 ’
on s 04 + o0y
02 2n 62
2log,CM:/lz - no 5 <0,
g o=6 (02+002)
62
S 5‘ =0,
ouda BT |u=p
=0

indicate this is indeed a maximum. Knowledge of our measurement variance o2 allows us

to subtract it from sample variance to estimate the underlying source variance 2.

The expectations of our estimators are

) [ 1
| =1
[ 2
.9 1 1 5
E[6*]=E|= > |m——= > u| —oo
i i
1 n 2 n n n n n
=B D w2 D misg s >, D i | 00
i=1 i=1 j=1 7j=1 k=1
1 1 I & &
2
1 [ DT EES - ] Bt
i=1 i=1 j=1
ot
1 1 1
=—<(1——>n<u2+02+002)——n(n—1)u2)—002
n n n
-1 2
_nrT,2_ 90
n n
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Thus whilst /i is unbiased, 62 is biased, but improving with increasing number of samples.

This bias is often accounted for by using the sample variance

12
o sy (i — )T

7s n—1 70
so that E[ds%] = o2.
The variances of our estimators are
[A] o2 + 002
var|ji| = ——
a n
2(n—1) (62 + 092
var[&2] = ( ) (2 0 ) 7
n
R 2 (02 + (702)
var|ds“| ]
Comparing this to the Cramér-Rao bounds,
2 2
_l’_
vari] = 70
n
2 22
o° + 0
var[dg] = % ,
2no

2
2 (02 + 0¢?
Var[d'\SQ] Z M ,
n
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can be made through normal distribution uncertainty propagation

2 2712 2 (62 + o2
Normal [a, H—JO] = Normal 02, V2 (0 7% ) ,
V2no Vn
Normal | 02, V2 (U 70 ) = Normal | o, _o o0 ,
n—1 2(n—1)o

to arrive at

(02 +002)° (0 + 0p2)”
2(n—1)02 s

A

var|dg] =

2 (02 + 002)2 - 2 (02 + 002)2

var[ds2] = — -

Thus whilst i is efficient, dg is inefficient, but improving with increasing number of samples.

The variance calculated for the biased & violates the Cramér-Rao inequality.

Using the set variance,

o) = vargg[{nilize] — o0’ . (3.8)
var[ji] = var[{pi}i, | _

n

It’s worth addressing that for a low number of samples the above equation can estimate an
invalid value of 62 < 0, in this case the 0 estimate can be used. For increasing n, o will
tend toward its true (positive) value. This whole analysis, of course, is predicated upon o;

actually being known, and not simply an estimate of the measurement uncertainty.
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Exact measurements

For a source normal distribution with unknown parameters and a sample of outputs that

we've precisely measured, as depicted in Fig. ®.2 (b), we have o; = 0, and thus

) ) ~\2 ~AN2
2ii=1 i 52 _ 2imt (i — ) 5.2 _ izt (i = )
n ) ’ .

H= n n—1

Expectations and variances are

Bla] =, E[6:°] = o®
2 4

q- oy 20
var(ii] = — var[cg“] m—

For the standard deviation we can use Eq. (®.4) to get

2 g2
Normal [02, \[—U] ~ Normal | o, S .
vn—1 2(n—1)

Constant source

In this situation, depicted in Fig. ®.2 (c), we are attempting to determine an exact value

using measurements that have a known normal distribution. With ¢ = 0 we have

9 ‘1;
)

@
|
_
-

=
|

D=
Q‘H
[

o~
Il
_
-

510



often called the weighted mean where the weights are identified as w; = ;2. The expecta-

tion and variance is

1

E[a] =, var[i] =

Constant source with relative uncertainties

If we only know the relative uncertainties, x;, between our measurements, there is an un-

known scaling parameter. We have o; = k; k, 0 = 0, with likelihood function

n
E(/% k | {Mlv Hi}?:l) = f({lu’l ZT'L=1 | My ka {’%i}znzl) = 1_[ fNormal (/’L'L |N7 kK/Z) .
=1

Our estimate for p remains the same,

1=
o
E
[}
1=
[\

N =1 _

i = Zn = Zn = Wmean[{,ui,/fi 2}?:1] )
D 1 3 1
el

The scaling factor generates a new equation,

0 no s (= p)?
—logl= ——+ ) —o—s—,
ok °® K Z; 3 1,2
giving us the estimator
2 _ 1 Zn: (i — 1)
n 4 k2
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which is biased

thus denote the unbiased estimate

. . 1 n . 2

n—1 n—1 = K2
The variance on /i is thus
Zn: (i — 1)’
1 : ki wvarg [ {4 Ky T2 ]
Var[/l] _ i =1 _ s| WMy g 1=1
i 1 (n—1) Z”: 1 n ’
2.2 7T 2
21 B i i=1 i

where the set weighted variance provides compacted notation.

Similar measurement standard deviations

Returning to the more general case, ($.6) and ($.7) can be solved if all the measurement
standard deviations are approximately equal, i.e.
i, 52'20, 5Z'<<0'0,
1

3|9

n
o; =00+ 0; , 0022
i=1 1

n

012



then we can make a first order expansion and approximation. To carry this out we’ll need

the following series expansions,

22 %2 & (4009 ( uo) (1j = mo) P
(i — )" "~ j;( T o0?) +(9[5g ] :
1 5z0 1 . 200 5’& 2
62 +02 624002 (62 +0'02)2 +0 [52 ] )
1 6=0 1 _ Aol [512] 7
( —l—az) ( +<70) ( —1—002)

with

Putting these into (®.7) we get to first order in &

Z”: 1 2006 B
S\ +007 (524 0y2)°
n

3 (i — po)? - 4o 0 (i — Z": <4<fo5 — po) (1 —uo))
- (2

i=1 (O' —i—ao) (O’ —i—ao j=1 + op )3

Distributing the summation and using >i" ; 6; = 0, Di" ; = npug, we can obtain the

quadratic equation

i (o1 = po)” +4o—Z =0, O =6%1+002,
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with solution

2
n 2 n 2 n 2
(ki — po) (ki — po) 0i (pi — o)
(1 = o)” i)™}y gy 3 0 (i = o)
~92 =1 1=1 i=1 2
o° = —oo” .
2
The mean estimator [ can then be determined from equation ($.6).
Similar measurement variances
Alternatively if the variances are similar,
no2 n
0i2=002+5i27 002=ZL7 Z5z’2=0, 512<<0027
i=1 " i=1

then we can make a first order expansion and approximation. To carry this out we’ll need

the following series expansions,

1 5350 1 B (522 4
62 +a2 62+ 092 (62 + 0¢2)? to [5’ ] ’
1 52=0 1 26;2
< - = o],
(62 + 0:2) (62 +002)° (62 +0¢2)°

with



Putting these into ($.7) we get to first order in 52

D (i — 10)®  206:2 (i — po)®) N Z": <25j2 (i — po) (12 —M0)>

n (62 + 0p2)”
Distributing the summation and using Y7 §;2 = 0, Y1, yt; = n g, we can obtain the
quadratic equation

n 2 n 2 2
L S -
Qz_QZMwZM:O, Q=62+ 0y,
1=1

i=1 n

with solution

2
2 2 2
(i —o)” <n (i = o) ) .y Zn 0i* (1i = o)
: n o : n , n
~9 =1 =1 1=1

o° = 9 — 00

2

The mean estimator [ can then be determined from equation (9.6).

Uncertain measurements

Often we do not exactly know the precision o; of our measurements and instead make some
guess on their uncertainty. In this case, a conservative guess on measurement uncertainty will
cause us to underestimate the source parameter variance when subtracting the measurement

variance in Eq. (9.8). Instead we can only estimate an upper bound on the source variance,

~

ofs)” < varg [{piiz] -

015



One approach to include the measurement uncertainty is to take estimators of exact mea-

surements in Sec. ®.3.4 and propagate uncertainties using (to first order) Eq. ($.4).

measurements of y; + o; we obtain

137 02 4 n o (s — )2
uncl]? = = 2i=17i" 7 unc[ds?]? D=1 (0 (i — 1))

n n n—1 n—1

which should be combined with the variances in Sec. ®.3.4. If o; = 0, we get

2 2 2
+
var[fi] + unc[i]? = g o , var|d2] + unc|ds 1
n n—

2]2 . 20'4 +4O'02 ds

which is the same, to first order in 002, as the variances in Sec. ©.3.4.

Bayesian likelihood

For

The likelihood function (®.5) can be determined using Bayesian methods. We start with

P(Xi | @) ~ fNormal(xi |,u> U) ) P(Xi | Mi) ~ fNormal(xi |/vbi7 Ui) )
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where X is a true sample value, © = {u, o} is the source parameters, and M; = {u;, 0;} are

measurement parameters. We want to compute

where we have made the assertion that if X is known then the distribution for M; doesn’t

care what © originally was
P(M|©nX)=P(M|X). (9.9)
With P(X;) being an (infinitesimal) constant we identify the likelihood function as

LO| ) ~ f”mm@)mmm X

$.3.5 Combining measurements

Restricting ourselves to situations with analytic forms, namely identical measurement vari-
ance (or exact) and constant source, separate subsets of measurements can be combined

knowing only the resultant parameter estimates.
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Identical measurement variance

For a single subset of measurements,

D Hi

/\2
=il 7oy Ts oo’
J ny ’ J ny )

> =y fiy?

9 2 Qe -5 2 P
Ojs” 00" = p— ; 072 = nJ_l(UJs +00),
07 + 0O
- = Jsv2 0 ’
Ky

where ~is being used to denote standard deviation estimate. The combined estimates are
L YRy _ 632+ 0p?
=" > =A< >
2N 27N

9 —~ 9
oy 2s(y—1) (Ujs +002)+ZJ”J (g — 1)
O-S +0-0 = y
2ony—1

~ 2
2 / ~2 2)
=4 = + ,
7 ZJ ny—1 (US 70

remains unbiased.

and 62

018



Constant source

For a single subset of measurements,

>

—~  ieJ i — 1
ny = Z T Hy = T
2 2
ieg 7i ieg 7i
and the combined estimate is
12
~2
~ g H - 1
J MK Ky

Bayesian inference

Similar results can be found using the previous estimates as a prior with the Bayesian like-

lihood, this effectively adds terms to the log likelihood function including that information.

$.3.6 Fitting

To perform a fit, the source mean becomes a function of some parameters in combination

with an independent variable,

n=g(:7),

Hi =Yi

where b is a set of m fit parameters, and the data is independent-dependent variable pairs

{Zi by
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Unweighted fit

An unweighted fit follows the situation of Sec. ©.3.4,

n
L(b,o {7, yi}j—q) = anormal(yi g(b;ff@'),a) ,
i=1

n 1 & 2
log£=—§log[27r02]—m;(yi—g(b;xin :

The likelihood is maximized by minimizing the sum of squared residuals,

¥ = R nmslesa)

=1

and we find

62 = X (biased) ,
n
2
52 X (unbiased) .
n—m

Taking the second derivatives of log £, the Fisher information matrix is

0

\g’h’

I(b, 0) =

Y

1 0
752 %9
0

n 3 .2
o

using ?967) x2 = 0 when minimized, and we can get the fit parameter uncertainties
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Weighted fit

A weighted fit follows the situation of Sec. ®.3.4,

(b

g(b:73),0) |

n
i yho'i}?:l) = H JNormal (yz
=1

l\DI»—t

logL = —— Z log 27r<7Z
=1

n
1 2
The likelihood is maximized by minimizing the weighted sum of squared residuals,
n
1 2
Z ) ( 9(b; Iz)) )

where the weights are w; = 0; 2. Taking the second derivatives of log £, the Fisher infor-

mation matrix is

and we can get the fit parameter uncertainties

—1
o 0 o
Zp = 2<ab®&bx> '

Relatively weighted fit

An relatively weighted fit follows the situation of Sec. ®.3.4,

n
E(Z_?,lf ‘ {*fiayia’%i}zn:l) = H fNormal(yi g(l_)v*f;)ak"iz) )
1=1
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logL = —= Zlog 27rk;2/£Z
1=1

l\DIH

The likelihood is maximized by minimizing the weighted sum of squared residuals,

= 3 (- atesa)

i=1""1

where the relative weights are w; = ni_Q, and we find

2 = X (biased) ,
n
2
2 _ X
s T

(unbiased) .

Taking the second derivatives of log £, the Fisher information matrix is

1 0 J
0
I((_),k?)z W?i’ﬁ@@x
0

Linear fit function

A linear fit function has the form
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allowing us to write

where X is the design matrix, and W = diag[{w;}!"_,] is a diagonal matrix of weights.

this form the minimization can be performed analytically to give solution

~ -1
Z_)z(éT-W-X> 'XT'l'ya

and the second derivatives are

29l
oS ont

2:2£T'

=
I

For the weighted fit, this allows us to write2

|

!.
IS

]

§b=(§'l'§)_l b abT'

For the unweighted fit we can also compute the bias in &,

_ T )
E[6?] = E l(y—& b) -(y—i b)]
_n - _ a o
i T
—B T (X (T )T AT (X (T x) T XT) ﬁ]
- E lyT (]In—i X" x)""xT y]
_n_ — - o o o B
2. Using notation 2% = (F’be QT)T such that (%) =
Z =z =/ J
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|
S
g
TN
TN
NgE
i
e
=
N———
[N}
+
Q
[\
N——
§

Ths % Zn: Z (Z szbk) (Z lbl)

i=1 k=1 i=lj=
j#z
= 2 Myt = 330 D e Xiw Mij Xy
i=1 i=1j=1k=11=1
o2 Lot o7
—Z u|m|+ et XT M X b
n — n - T
NowaéT'g'ézéT'é_éT'ézo’ and
afu] = vl - x0T
= L] - efx (T X)X

giving

where n is the number of data points and m is the number of parameters (length of b). Thus,
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define the unbiased sample estimated variance (also called the reduced x?2)

The unweighted fit parameter uncertainties are then

~1

b obT

Yy =02 | XT-X]| =d2=-= .
=" <— ) TR

For a relatively weighted fit with W = diag[{mi_z "L

RRgt

-1
. ~2 0b
Sy = ks <£T'¥£> =R W

Transformed fits

It may be desirable to transform data and the fit function (e.g. so that it’s linear). For

transform function h,

b (s~ Nommetfos ). o)) = (o) ~ Normal[h gt 7). /)] ) -

This will re-weight a weighted fit and transform an unweighted fit to a relatively weighted
fit.

In the new fit, it often useful to relabel the parameters c¢(b), which will have uncertainties

925



related to the original fit parameters via3

Q(Normal[l_), ;b]) A Normal[g(b),

3. Using notation f'(z) = d s
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Figure ®.3: Multinormal distribution probability density plots for varying covariance.

®.4 Multinormal distribution

For a vector of possibly correlated normal variables, we have the Multinormal distribution

S p det[X] > 0

X ~ Normal[ji, ¥] i e R?, b : ,
Mean Covariance | > Symmetric
vector matrix

with probability distribution function (examples depicted in Fig. ®.3)

fNormal (T fi, ) = exp [—— @-p" vt @-m| : zeRr?.
(27)4 det[X]

If the covariance matrix is diagonal (uncorrelated variables), the multinormal distribution

reduces to a product of normal distributions.
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$.4.1 Expectations

Some moments are
E[X']:ﬁ, cov[X',XT]zx, E[X'®2]=ﬁ®2+2.
For individual variates,
E[X;] = pi, var[X;] = o;” BIX:°] = i + 07”

where o; = \/Eii'

®.4.2 Standard deviation hyperellipsoid
In R?, the k-standard deviation hyperellipsoid is given by
@F— ) X (@) = K
The value of the multinormal distribution on the k-standard deviation hyperellipsoid is thus

— — fN 1 /j ﬁ’z
JNormal (I € k-o | 23 Z) = olire (k2| ) )
(§]

where
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Figure ®.4: Confidence levels of k-standard deviation hyperellipsoids for multinormal distri-
butions of dimension d.

is the distribution peak value. Under a logarithm, for use with log likelihoods,

log L(k-0) = log L(peak) — k%/2 .

The confidence level of the standard deviation hyperellipsoid varies with dimension d and

can be calculated numerically via [314]

Pyj—1(x < k-0) = erf [k/\@] ,
Pj_o(z < k-0) = 1 —exp [—k2/2] ;

k )d_2 exp [—k2/2]

Pd>2(x < k—U) = ]P’d_g(a: < k—a) — (\—@ T [d/2]
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A table of values is given in Fig. ®.4.

$®.4.3 Vector combinations of normal variables

Not proved here. If X is a vector of normally distributed random variables with covariance

matrix ¥ ¢, then for an arbitrary vector combination j()? ), to first order, we have

Y=gX) = Sp=J-3g-J",
where J is the evaluated Jacobian?,
0g(7 0g;(T
OF 7= Tj li=p

If §(X) = G- X, ie. §is linear, then J = G.

Abusing notation, we can write

§< Normall /i, E]) ~ Normal|g(fi), J - - JT] .

$®.4.4 Scalar combination of normal variables

If Y has only one component, i.e. Z = g()?),

Py

4. Using notation where == is a row vector.
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$.4.5 Marginalizing normal variables

Not proved here. A multinormal distribution Normal[, 3], with mean vector ji and covari-

ance matrix X, marginalizes to a single normal distribution,

d oo
<H J dxi) fNormal (Z| /4, 2) = fNormal (21 | 1, 01) -
i=2Y7%

$®.4.6 Correlation matrix

The correlation matrix is defined as

E..
C = 4/diag[X]~1 - ¥ - 4 /diag[¥] 71, Cij= z.l'.]g =
21 )

where diag[>] takes only the diagonal components of 3 whilst leaving the rest zero.

If two multinormal distributions, Normal[zij, > 4] and Normal[sgz, X g], are full correlated,

their combined covariance matrix is®

I %/EAQQ/ZB

X = ,

%/EA@%ZB EB

such that the combined correlation matrix has 1s across the diagonal of each block.

5. ® is the Hadamard (element-wise) product.
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$®.4.7 Normal distribution with correlated measurements

Extending Sec. ®.3.4 to a set of correlated measurements we have

n 0
f(ﬁ | Hs T Z) - H (J da; fNormal (xz | M, UZ) fNormal (lﬂ z, 22

i=1 \Y~% v
Source

g

Measurements

= fNormal (/ﬂ Tn/l»E + I 02)

=L ( i, O i, 2 ) )
Source ' Measurements
2

If we have a set of measurements with correlation matrix C' and individual variances o;°,
Y. = diag|d] - C - diag|7] ,

where diag|d] is assembling a diagonal matrix with elements given by & = (o1,...,0p).

The log likelihood function is

log £ = D) log[27] — 5 log [det[Z—i—HnUQ]} D) (= pi) (e — 1) (E"‘HHUZ) ij
i=1 j=1
with derivatives
n n —
a—logﬁz Z 2 (i — 1) (Z+Hn‘72) L
1=1 j=1 t
0 = 2\ 2 N 2\~
%logﬁzaz Z(Né‘ﬂ)(ﬂj_ﬂ) (Z""H"U)ij_a (Z—i—]lna)“_,
i=1 j=1 =1
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which requires numerics to find the roots.

Expectations

Some expectation values,

Elp] =,

Bl 1] = p® + Sij + 63507 .

Fully correlated measurements

If our measurements are maximally correlated (with the same uncertainty), perhaps from a

systematic, we have ¥ = 0?1, constant matrix. Using (®.14),
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Solving for the critical points,

n n 1
2im1 Zj=1 Mi | 0ij = — 7

. o) _ Diie M
K= n2 - n ’
n — 6‘2
’n/+0072
~2 1 Z?:l (:“2 ﬂ)2 n
- | = S ity
"o
The second equation has solution
s2_ (varlipding | - (n— 1) o0”
2
var[{u; 37 | — (n — 1) 02\ 2
+ \/( [ 1]2 + var|{p; )1 | noo?

where we take the positive square root to ensure 62 > 0 via = + /22 + 2 = z + |z| = 0. If

o9 = 0 we obtain the familiar result

2

|
o

o zvar[{ui}?zl] : 0p

For large n,

~92 N0 n+1
& ~

~

var[{ui}i] + O[é]

.9 MA0 1
6 & var[{,ui}?zl] +O[E] ,

notably independent of oy.
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We have

=— [ (1==) DBl == D> D Bluipy]
n n i1 nZ:
1 1
= — <<1——>n<u2+02+00
n n
-1
:n 0'2.
n

Such that

2

varlii] = o>+~
n

as one might expect with the global measurement systematic affecting our uncertainty in

the mean position.
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Constant source

If our source is an unknown constant, ¢ = 0, we can solve for

1

el 21 i D

i = L
im1 2j=1 24

in the form of a correlated weighted mean.

$.4.8 Multinormal distribution with independent mea-

surements

For an unknown multinormal distribution source with a set of independent multinormal

distribution measurements the probability distribution function is

n 0
({Nz ‘,u, S ASe) = 1_[ (J . fNormal (%7 | 1, 2) fNormal (15 | 5, X;) ddfi)
i=1 \Y7%

n
= 1_[ fNormal(/;i ‘ /_j? X+ Zi)
i=1

= L(L 2| {5 Btimy) -
and hence the log likelihood function is

nd 1 & L
logﬁ———log[Qﬂ ——ZZ:llogdetE—i—E 57; 2"‘2) - (4 — i)
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In total there are
d?+d d*>+3d
+ fd
—
by

parameters to find, where d is the length of the multinormal variate vector.

Clarifying some notation,

i source distribution parameter list,
ltg source distribution parameter a,
Y. source covariance matrix,
[;  measurement ¢ parameter list,
liq Measurement ¢ parameter a,

Y); measurement ¢ covariance matrix.

To compute the derivatives we’ll need the matrix formulas ($.12), ($.13), and note that our

symmetric covariance matrix X has d 2+ d unique entries, giving us

0 _ 9%k + 0ak O
0%, ¥ 1+ 0,
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In component notation, the derivatives are

02 < 1
oglL = — X4+,
Otta Oty 1221 ( b
& 1
log £ =
62abazcd (1 + 5ab) (1 + 5cd)
n

x ) ((z +E) e C+E) L E D)L @)t

||M&

—_

DM~

(,u,'j E—i—Z

N

<

Nzy )(E+E)

<
Il
—_
m

|
”M&

[uy

M=

(uij Z+E

N

<

/M] ) (E+Zi)

<
Il
—_
u

(,uij Z—i—Z

<
I
—_

[~

|
7N m/\ N
I
v \_/ \_/ v

<
[l

_
<
[l

—_

I/~
M&

M&

(,uz-j E+Z

938

/M] j) (Z+Ei) '

Mzg ,uj) (X +3)~

(E + Ei)
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n

02 1 d B »
mbgﬁ 146, & Z ((3;1 (i j = 15) (E+Ez‘)ja) (Z+3)5,

d
-1 —1
+ (Z (i j — i) (S + Ez’)jb) (X +3%) ac> :
j=1
or in vector notation where convenient,

alosl = 2, (i —i) - (Z+ %)

;E log £ = Z (1 — dlsg) <((E +2)7 (@ - /j))®2 (=4 Ei)_1> ‘

The critical point occurs at

In the completely general case, the best approach is likely numerical maximization techniques

on log £ using starting points from the next subsection.

The Fisher information matrix is going to be a w symmetric square matrix constructed

from all the different pairwise parameter combinations. First computing

d d

— -1 -1

E Z Z Mij — Nzk_ﬂk) (E‘FZi)ja E+5) % | = E+2)7
j=1 k=1

539



we have

92 n ]
E 1 E E.
|:9 aa b Cg£:| : ( Z)ab )

1=

—_

ISk

S
|
—_

(€+era @+ mgh+ @m0k e+ mg)

2 ]
B ) [ Y ,
[aEabaEcd i (1+5ab) (1+5Cd)

o

02 T
—E|——logL| =
[6Zab5/~50 & i

The Cramér-Rao lower bound for unbiased estimators is

~

COV[(ﬂl, cey B, (23)1 1y-- -, (2S)dd7 (25)12, . )] = I(,U,l, ey 21 L e 2 d ds 212, - ..)_1 .

Applying ($.10) to the general measurement variance case, we can make a guess at an

unbiased covariance estimator from a numerically calculated one as

A n A Zn_ M
S = » 4 &=l
STn—1 +n(n—1)
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Expectations

Extending Sec. ®.4.1 to higher order moments [315] within the context of many independent

multinormal distributions,

Elpia) = pta

Elptia ttip] = pta iy + 075 (2 + Zi)ayp »

Elpti a 146 k] = ta iy pe + 055 pe (B + ) qp + 05k pa (X + Zj)pe + 6 iy (X + Zj)ac

Elftiq 1 b 1k ¢ H1d) = Ha iy e g + 0 j e g (B + Zi)qp + 01 ta g (B + Xj)pe
+ 0 Ha iy (B +Xp)ea + 051 b e (B + i) g + 6k iy g (X + Ei)ac
+ 01 Ha e (B +35)pa + 050k (X + )y (X + k) cq

+ 01051 (X +)ac (B +T))pg + 01055 (8 + i) qq (X +3))pe -

Some in vector notation,
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Identical measurement variance

If all our measurements exhibit the same known covariance >; = >, we can solve the

estimator equations to obtain

L \®2
Z?:l (Mi - M)
_ EO

n

XA]:

Following similar calculations to Sec. $.3.4,

B[] =
. 1 n 1 n n 1 n
B[S+ 2a] = £ DB i+ 05 2} 3 @i~ 2, (70 + i)
s sk "
1 n
:EZ ﬁ®ﬁ+(z+zo)+u®ﬁ+—(2+20)—2%@#——(2+20)),
=1
sy
- n 0)7

we derive an unbiased sample covariance estimator

(s + ) = — (£+Zo) (@.10)
A\ ®2
L 2iel (lfz - ﬁ)
= g = — -2 -
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The covariance matrix for i is

S 1_(E+3
| COV[MW%] _ | nO)ab |

;]_24-20

cov [u
n

and the element-wise covariance for > is

(E+20)ac(E+X0)pg+ (E+20)qq (X +X0)pe
n—1 '

cov| (Ze)ap (Bs)ea| =

Constant source

For ¥ = 0, we find the weighted mean

with covariance matrix
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Figure ®.5: Rice distribution probability density plots for varying amplitude and standard

deviation.

®.5 Rice distribution

The Rice distribution is a positive only distribution for the radius within a two-dimensional

normal distribution. For a Rician distributed variable

R ~ Rice[v, 0] v >0, o >0,
Amplitude Star‘ldz.%rd
deviation

the probability distribution function (depicted in Fig. ®.5) is

2 2
fRice<r|u,o)=i2exP[_M] n[=] : >0,
o o

where [ is the modified Bessel function of the first kind.

$.5.1 1/Q measurements

When measuring in-phase, I(t), and quadrature, Q(t), signals, it’s often the amplitude A(t)

we actually care about. If there is normally distributed noise in the voltage signal V(t),

this will carry over to the in-phase I(t) and quadrature () measurements. The amplitude
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however, being restricted to positive reals, will only be normally distributed when the mean

is several standard deviations away from zero, i.e. large amplitudes or asymptotically infinite

samples. When taking a series of small amplitude measurements they need to be analyzed

using a Rice distribution®.

$.5.2 Derivation

The Rice distribution can be derived from a two-dimensional Normal distribution situated

at (g, ty) with uniform standard deviation o,

f (937 Y | M My, U) = /Normal (:E | Ha J) JNormal (y | oy s U)

_ 1 exp | — (z - M:v)2 _ (v — My)Q
27 o2 202 202
Switching to polar coordinates,
x =r cos[d], py = v cosll] ,
y =1 sinfo] py = v sinft]

we get

202

2 2
flriolv,0,0) = 2%102 exp [—M] exp[—2ru cos[f — c;S]}

6. If the series of measurements have constant phase ¢, then I(¢) and Q(t) are perfectly correlated, and
can be analyzed separately according to normal distributions with the results being combined to give an

amplitude A(t).
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Marginalizing out the phase with S(Q)W r d¢ and using

Jjﬂexp[—er cos|f — ¢]] do =271 [Z—g] ,

where [ is the modified Bessel function of the first kind, gives us the Rice probability distri-

bution function

®.5.3 Expectations

Computing some expectation values for R ~ Rice[v, o],

E[R] = /2 exp [;—ﬁ] (y2 I [”—2] + (2 + 20 1 [4”—22]) ,

402 o

E Rll [U_QV]_ _—
gkl
]1 Ry 2] 0 .3 2 92 Il rv 2
’ RIO %;% | - JO %exp[ y 2—;; )] [0[[;:;]] dr = C(v,0)? |

where ((v,0) has to be computed numerically for a particular v and o, or approximated

with ((0,0) ~ 4 defined in ($.11).
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Figure ®.6: Considered measurement scenarios involving Rice distributions. (a) Rice dis-
tribution source that is sampled with precise measurements. (b) A constant with Rician
distributed measurement attempts.

$®.5.4 Rice distribution in measurements

The convolution of two Rician distributions is not easily computable so we will stick with

the cases of exact measurements or constant source, as shown in Fig. ®.6.

Exact measurements

The combined probability distribution for n precise measurements of a source Rice[v, o], as

depicted in Fig. ®.6 (a), is

noo V2 4 12 v UV
f (b m0) = [] 2 e [—@] |77

Employing maximum likelihood methods, the likelihood function for u, o is

L(v,o H{vitiny) = f({vidizy v, 0)

547



and maximizing the likelihood function is equivalent to maximizing the logarithm

n 2 d .
log £ = ~2n log[o] + Y log ] — oy D21+ Y log[fo [V’—zy]] -

i=1 i=1 i=1

The derivatives are

81 r 2n 1 & 9 nv 200 & 1[V;2V]
i Ll e DIL s sl DILL ]
=1 =1 0|52
2 n I v, vV n I |4
n 1 9 1 1[02] 1 1[02
—logﬁz———l——ZV — Zl/' ——Z v
2 2 4 ? 2 ¢ . 4 t .
v RO | vo© i IO[ZZQV] 7 ia IO[V;;

2
v; V
02 2nr  2v & 9 2v & ]1[3—7]
logl = — — — Vit + — vi———= 1| ,
ou do o3 od 1221 ‘ od 7221 ‘ Iy [IZQV]
where we have made use of
0 1 a 1

lafa] = 5 (Tam1fo] + Lasala]) % Lafo] = 5 (Toa[o] = T [2])
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Taking ?’7’% log £ = 3% log £ = 0, the critical point at ©, & satisfies

&2 n

2 o], = 2 (2 7)

a2 B =y T 5 !

52 41/2n ( 2 2 2 6'4)
—logL| . = V0" - - =

2 = 56 2 )
oo V=% U

& Un (9 .2 .9
300 28 El=r = 53 (7 - _">’

g=0

where we have defined

Computing the determinant of the Hessian,

det[H] = (mlogﬁ) (Plogﬁ) — (6,u e logﬁ)

Q>

v
g

(®.11)

appears to require a numeric approach to confirm that det[#] > 0, indicating 0, is an
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extrema (not a saddle point). By Cauchy-Schwarz,

we can easily check that 1og£ < 0, indicating a maximum (assuming det[H] > 0).

a a2
To find the estimators 2,6 from our data set {r;};' ; we start by finding the second raw

moment

2v; U
n Il lul;/_gz]
Z = —nu=20
2u; 1
= Iy lul;j_ﬁVQ]
Then
ply —

Q>
|

Using expectations given earlier and the second derivatives at the critical point, the Fisher

information matrix is
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The covariance matrix Cramér-Rao lower bound is then

cov [(j1,8)] = Z(p,0) !

—41? (1/2 +02—((v,0)? - g—;) 2vo (C(V,O')Q — 2 —O'2>
-0

2 2vo (C(V,O’)Q—VZ—O'Q) 2 (VQ—C(VaU)Q)

4n v2((v,0)2 — vt —21202 + 02((v,0)? ’

if 7 and & are unbiased.

Unfortunately, because © is found from a transcendental equation, estimating the bias is not

straight-forward. The bias on 62 depends on the 72 bias as

If 7 is close to zero then the estimator pair of equations become degenerate to

n
Z Vi2 = 2&2 y
1=1

S|

and we lose information about 7, also seen by Z becoming singular. In this case the likelihood
function can not be approximated by a Gaussian near its maximum (due to v > 0 condition)
and the Fisher Information matrix is not usable, instead direct interrogation of the likelihood

function is needed.

Constant source

For a constant source of unknown amplitude v, and n measurements with distribution

Rice[v;, 0;], as depicted in Fig. .6 (b), the combined probability distribution and likeli-
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hood function is

<

LS v;2 4+ 12 v
iy vt = [ 2 exp [—@] iE

The derivatives are

i=1 7 0% IO[Z’;]
2
vV v V
62 n 1 n y~2 1 n » [1 [01'2] n [1 [042]
— log L = — i LN —t L% 2 -t i

a weighted Rician amplitude.

The second derivative at this point is

which requires numerics to check if less than zero away from asymptotic limits v; S ¢;. The
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Fisher information is

& v — (v, 04)?
IT(v)=—E|—=logL| =— AL TAR
v [8V2 ¢ ] 2221 ot
which gives the Cramér-Rao lower bound
var[?] = T(v)~! = !
- Z C(yy 02)2 V2 7
i=1 024

if 7 is unbiased.

®.5.5 Normal limit

If the amplitude is significantly far from zero, v » o, the distribution can be approximated

by a normal. Within various parts of the measurement analysis this can be observed by

applying [316]

I
im 1[x] =1.
z=w Iy[x]
For the distribution function we can use
XT
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to get

2 2
v»c T (7’ +I/) o
e TV, 0) = —ex —
lece(| ) p[ ] Sy

o[ 2]

202

which is resemblant of the normal distribution if r ~ v.
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Figure ®.7: Uniform distribution probability density plots for varying length.

®.6 Uniform distribution

Often, when dealing with discrete measurements, our uncertainty is best modelled by a

uniform distribution, a simple example is pixels in image.

A uniform random variable has

X ~ Uniform[p — L/2,u+ L/2] o eR, L >0,

Center Length

and probability distribution function” (depicted in Fig. ®.7)

fUniform(x | NaL) = @[x — ('u _ L/Q)] Z @[33 — (M + L/Q)]

/L : p—L/2<x<p+L/2

0 s (z<p—L/2) v (z>p+L/2)

and for consistency with other functions is 1/(2 L) for exactly x = pu £+ L/2.

7. Where © is Heaviside Theta.
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— 0 convolutions

1 convolution

A —— 2 convolutions
1

—— 3 convolutions

u-L/2 u u+L/2

Figure ®.8: Convolutions of uniform distributions with length L and the approximate normal
distribution equivalent dashed.

$.6.1 Expectations

The uniform distribution has

EX]=p, var| X | = 13-

$®.6.2 Convolutions

When we start using uniform distributions we inevitably start convolving them together.
The convolution of two uniform distributions is a triangular or trapezium distribution, and
thanks to the central limit theorem, after a few more tends toward the normal distribution
[317-319]. In particular, if all the uniform distributions have equal length this happens within
three to four convolutions, as depcited in Fig. ®.8. Thus, we can arrive at the same results

by approximating our uniform distributions as normal distributions with equal variance,
Uniform[u — L/2, p + L/2] ~ Normal[u, L/v12]

after a few convolutions.
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Equivalently, in ‘plus/minus’ notation, we can write

? Sniform = " Nomal \% ’
where L = 2a.
®.7 Formulas
Some formulas used in derivations.
Derivative of matrix inverse,
L@ =A@ S A AT (.12)
dx = = dxr = =
Jacobi’s Formula,
4 et [é(m)] — det [4@)] tr [é(m)_l 4 é(a:)] : ($.13)
dx dx
if A(z) is invertible.
Inverse of constant plus identity matrix,
(al_n+b]l_n)_1=_—1b21_n+1]l_n, (®.14)
= = nb+ = b=

a

where 1,, is a n x n matrix of ones. Proof via ansatz and 1,2 = n 1,,.
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APPENDIX v

Multivariate fitting

Given a multivariate function of the form

7: RN R%

F+—— §=B1.7

d d d
{%}Zil S {yj = Zzil Bgixi}jil

the fit with a set of data points (independent-dependent variable pairs) {Z}., 7).} can be

flattened to a multivariable fit as follows

Y:@p_ RN Di— R
X+—Y=XB

d d d
{rpidio it —— k= 2 2k Bij 1oy 32

i

XI yl:XI'[_)I

g/ . (_BnXdQ Rdl X do

a=1

Rnxdg

dl Xd2 {ya Zdl Xd2 nXdQ

Top 05 am

If b’ is the list of parameters, then this is a linear model with design matrix é’ and response

y'.
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The new vectors and matrix are obtained by flattening or rearranging,

/
Xa s = T(aquoty dy +1) (Bmody d1) O (amod dz) (8 quoty di +1) -
Yo = Y (aquoty dy +1) (amody da) >

/
b3 = B (5quot, dy +1) (8 mody ds) -

where m quot,, n is quotient operator with offset w such that it returns z : w<m —nz <
w + n, and mmod,, n is modulus operator with offset w such that it returns z : w < 2z <

w + n.

For consistency, the indices follow

i €[l,di]cZ coordinate in R% ,
j ell,ds]l cZ coordinate in R |
kell,n]cZ data point number ,

a e[l,nxdy)] cZ,

5 E[l,dlxdz]CZ.

Mathematica code for flattening a multivariate fit is available at https://gitlab.com/rhy

spovey/mathematica-multivariate-fitting.
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APPENDIX

Cleanroom process

In Figs. Q.2, Q.3, 2.4, Q.5 (with legend Fig. 2.1) step by step procedures in the cleanroom

for fabrication described in Ch. 4 are given.

A Carbon
A PTFE
A Metal

L_J Borosilicate

L_1 Polypropylene
V] PTFEbowl

Figure €2.1: Cleanroom process legend.
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Defrost H-SiQ

Vent airlock

Set hot plate

0:00

GaAs/AlGaAs
10 mm x 10 mm

4:00

E Scratch chip bottom side A
1 min | Waterrinse A
10 sec | Acetone squirt A
g 5 min | Acetone 104 kHz @
:é 5min | IPA 104 kHz LAg
2 min | Water @
N, dry A
§ 15 min | 115°C hot plate A
2: 3 min | Cool A
14% H-SiQ
Speed Ramp Time
6000 rpm 1000 rpm/s 60.0 s
Orpm 1000 rpm/s 0.0s
§ 3 min ‘ 115°C hot plate A
Rotate, level, find
§ Voltage Current Aperture Passes
100 kv 0.2nA 300 pm 2
75 sec | 25% TMAH
30 sec | Water
30 sec | Water
'T::? 30 sec | Water
. 30 sec | Water
30 sec | Water
N, dry A
§ 15 min | 300°C hot plate A
‘?:% 3 min | Cool A

961

Figure 2.2: Electron beam lithography process.
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Prepare ICP

Heat NMP

0:00

0:30

1:00

1:30

2:00

2:30

3:00

3:30

AZ703
Speed Ramp Time
4500 rpm 1000 rpm/s 45.0s
0rpm 1000 rpm/s 0.0s
1 min ‘ 90°C hot plate A
Load, align, expose test
Laser Dose Focus
4 3750m 270 myjem? +3
§ Load, align, expose partial etch
Laser Dose Focus
375nm 135 ml/cm? +3
1 min | 115°C hot plate A
1min | Cool A
75 sec | AZ300 LA
£3 30sec | Water LA
N 30 sec | Water LA
N, dry A
Power  Pressure  Temp. Time
750 W 150 mTorr  25°C 60 s
Oil mount
Icp Bias Pressure  Cl, Ar Time
300W 50W 3mTorr 2sccm 13scem  26's
IPA clean oil
Recipe Power 0, Temp. Time
7 350 W 120 sccm 70°C  180s
5min | Acetone  Upside-down LA
30 sec | IPA Upside—down LA
30sec |IPA Upside—down @
2 hr NMP 80°C  Upside-down LA
30 sec | IPA Upside—down @
30sec |IPA Upside—down @
2 min | Water Upside~down LA
N, dry A
Recipe Power 0, Temp. Time
5 300 W 100 sccm 150°C 180

Figure €2.3: Partial etch process.
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Prepare ICP

Heat NMP

0:00

(4§ 5min | 115°C hot plate A
i 3 min | Cool A
AZ703
Speed Ramp Time
4500 rpm 1000 rpm/s 45.0s
Orpm 1000 rpm/s 0.0s
1min | 90°C hot plate A
z Load, align, expose full etch
§ Laser Dose Focus
s 375 nm 135 mJ/cm? +3
1min | 115°C hot plate A
1 min | Cool A
75 sec | AZ300 LA
£330 sec | Water LA
M 30 sec | Water LA
N, dry A
Power  Pressure  Temp. Time
750 W 150 mTorr  25°C 60 s
Oil mount
Bias Pressure  Cl, Ar Time

50W 3 mTorr 3sccm 13scem 165s

IcP
300 W
IPA clean oil
2 min | Water Upside~down LA
Recipe Power 0, Temp. Time
7 350 W 120 sccm 70°C  180s
5min | Acetone Upside~down LA
30 sec | IPA Upside—down @
30sec |IPA Upside—down @
12 hr | NMP 80°C  Upside-down LA
30 sec | IPA Upside—down @
30sec |IPA Upside—down @
2 min | Water Upside~down LA
N, dry A
Recipe Power 0, Temp. Time
5 300 W 100 sccm 150°C 180

1:00

Figure .4: Full etch process.
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0:00

0:30

1:00

1:30

2:00

1min |10% HF 149% HF : 4 Water
1 min | Water
1 min | Water
1 min | Water
1 min | Water
f 1 min | Water
é 1min | 10% KOH  130%KOH: 2 Water
1 min | Water
1 min | Water
1 min | Water
1 min | Water
1 min | Water
30 sec | IPA
4 30sec | IPA
S 30 sec | IPA
30 sec | IPA
o Temp. Pressure Slow fill Hold
B - 40°C >1200PSI 3min 12 min
Recipe Power 0, Temp. Time
7 350 W 120 sccm 70°C  180s

Figure €2.5: Release process.
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APPENDIX 1)

PTFE bowl

In order to carry out various cleanroom fabrication procedures, custom polytetrafluoroethy-
lene (PTFE) bowls were constructed. Both are catered toward 1 cm square chips. The bowls
were made in the University of Chicago student machine shops under the guidance of Luigi

Mazzenga.

The first bowl, Fig. 1.1, is primarily for transferring chips in acid to water during the release
step, and then into isopropyl alcohol for critical point drying. During these steps the chip
must remain submerged in liquid, hence the need for a transfer bowl. A lathe with a curved
tool is used to create the bowl. The handle is made from a PTFE rod with a screw die, and

the bowl is given a screw tapped hole.

The second bowl, Fig. 1.2, is used to hold the chip upside-down whilst in some liquid.
Drainage is essential for use in the critical point dryer where the liquid needs to be fully
replaced. The channels underneath are made using a mill, and conveniently allow the bowl

to be picked up using a pair of angled tweezers on opposing sides.
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0.25" I
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- Io'su

Cross—section Top view

Figure 1).1: PTFE transfer bowl design.

0.25"

2" o.s'I
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Cross—section Top view Bottom view

Figure 1).2: PTFE drainage bowl design.
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