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I. APPENDIX

A. Information Aggregation

Consider a target statistical variable E (environment), that we wish to predict using l other variables (signals)
S = {S1, . . . , Sl}. The mutual information between each signal Si separately and E is given by [1]

I(E;Si) = H(E)−H(E|Si) = −∆H(E)

∆Si
. (1)

where H(E) is the Shannon entropy of E, and the variation measures the difference in entropy of the event when
conditioned on the signal. From the rules of information aggregation, this expression generalizes to information across
every added signal [2]. The mutual information between the event and the set of several signals is given by

I(E;S) =−
l∑

i=1

∆H(E)

∆Si
−

l∑
i>j=1

∆2H(E)

∆Si∆Sj
− · · · − ∆lH(E)

∆S1 . . .∆Sl
. (2)

The first term of this expansion is just a sum over the mutual information of each individual signal and the
environment. The goal of this section is to show that the inclusion of each new signal introduces a coefficient of
redundancy of progressively higher order. The first term is

∆2H(E)

∆Si∆Sj
=H(Si)−H(Si|E) +H(Sj)−H(Sj |E)−H(Si, Sj) +H(Si, Sj |E)

=H(Si)−H(Si|E)−H(Si|S2) +H(Si|Sj , E)

=I(Si;Sj)− I(Si;Sj |E) ≡ R(E;Si;Sj),

(3)

where we used the identity H(A,B) = H(A|B)+H(B). We denote R as the coefficient of redundancy, which measures
the difference in mutual information between the variables, I(S) ≡ I(S1; . . . , Sk), and the mutual information of the
variables conditioned on E, I(S|E). When I(Si;Sj) < I(Si;Sj |R), the signals contain less mutual information in
the absence of the event (we gain information by considering the event), and R(Si;Sj ;X) < 0. In this case agents
experience a positive benefit from pooling information, which we call synergy.

To demonstrate this effect to higher orders in goups of signals, we perform a similar calculation for a three-signal
interaction.

∆3H(E)

∆Si∆Sj∆Sk
=H(E)−H(E|{Si, Sj , Sk})

=H(Si) +H(Sj) +H(Sk)−H(Si|E)−H(Sj |E)−H(Sk|E)−H(Si, Sj)−H(Sj , Sk)

−H(Sk, Si) +H(Si, Sj |E) +H(Sj , Sk|E) +H(Sk, Si|E) +H(Si, Sj , Sk)−H(Si, Sj , Sk|E)

=H(Si, Sj , Sk)−H(Si|Sj)−H(Sj |Sk)−H(Sk|Si) +H(Si|Sj , E) +H(Sj |Sk, E)

+H(Sk|Si, E)−H(Si, Sj , Sk|E)

=I(Si;Sj ;Sk)− I(Si;Sj ;Sk|E) ≡ R(E;Si, Sj , Sk).

(4)

We see that an analogous redundancy coefficient arises in three dimensions. This can generally be retrieved for arbi-
trary number of dimensions through a similar iterative procedure. We refer to the sum of these moments collectively
as the redundancy of the joint distribution, denoted RP [2],
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RP ≡−
l∑

i>j=1

∆2H(E)

∆Si∆Sj
− · · · − ∆lH(E)

∆S1 . . .∆Sl

=

l∑
i>j=0

[
I(Si;Sj)− I(Si;Sj |E)

]
+ · · ·+ I(S1; . . . ;Sl)− I(S1, . . . , Sl|E)

. (5)

Note that redundancies of lower order than cardinality of the signal space must be computed over every combination
of signals. For example, when l = 3, there are three second order redundancy terms.
This expansion generally defines the benefits to cooperation over increasingly higher orders of cooperation (number

of signals). This expression can be used to compute the relative strengths of the various orders of interaction for any
set of signals and environmental variables, given their conditional distributions.

B. Kelly Growth rate

Consider an environment with events conditionally dependent on signals characterized by a joint distribution
P (E,S) for event E and l signals S. Consider a cooperative Kelly investment scheme whereby each participant,
agent i, witnesses signal si ∈ Si, and informs the collective how to invest their shared resources r. The mechanics of
pooling resources and collectively investing will be discussed below. Kelly’s formalism can be adapted by expanding
the environmental probability to contain l signals, P (E,S) → P (E,S), as can the betting matrix X(E|S) → X(E|S),
where S = {S1, . . . , Sl}. When odds are fair, the Kelly growth rate is given by the returns to each investment, averaged
over the probability of that signal, event pair

G =

E,S∑
e,s

p(e, s) log
x(e|s)
p(e)

. (6)

We expand this equation by inserting p(e, s) into the numerator and denominator of the log

G =

E,s∑
e,s

p(e, s)

[
log

p(e, s)

p(s)p(e)
− log

p(e|s)
x(e|s)

]
. (7)

These two terms can be simply expressed as G = I(E;S)−Es

[
DKL

(
P (E|s)||X(E|s)

)]
, similar to previous work, but

we can decomposes this equation in terms of redundant information across the signals using equations (2) and (5).

C. Information for UXOR circuits

Here we compute I(E;S) for the UXOR logic circuit. This represents the information that a group of agents with
l distinct signals have about the output E of the probabilistic gate, averaged over all configurations of the gate for a
uniformly distributed prior. Because the signals si are independent Bernoulli trials with probability 1/2,

I(E;S) =
∑
e,s

P (e, s) log
P (e, s)

P (e)P (s)
=

1

2l

∑
e,s

P (e|s) log P (e|s)
P (e)

.

Then, using the fact that the output E is also a Bernoulli variable, P (e = 1|s) = 1− P (e = 0|s), and

Il = I(E;S) =
1

2l

∑
s

g(P (e = 0|s))− g(P (e = 0)) , (8)

where g is a function representing application of the UXOR gate and is defined over binomial parameters x as

g(x) = x log x− (1− x) log(1− x) .
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The number of terms in (8) grows exponentially with l and quickly becomes large. When it is sufficiently large, the
sum can be approximated by an average. In particular, for uniformly distributed P (e = 0|s),

1

2l

∑
s

g(P (e = 0|s)) ≈ ⟨g(x)⟩x∼U(0,1).

This expectation can be analytically evaluated. With this, (8) gives

Il = ⟨g(x)⟩x∼U(0,1) − g(1/2) = log 2− 1

2
.

D. Mutual Information for incomplete signal sets

Here, we demonstrate that the collective’s information about the gate output scales exponentially in the number
of cooperants, k, as is depicted in Figure 2. Following the previous section, the introduction of the function g(x) =
x log x+ (1− x) log(1− x) simplifies the expression for mutual information

Ik = I(E;S) =
1

2k

∑
s

g(P (e = 0|s))− g(P (e = 0)) . (9)

As before, this sum can be interpreted as an average over the uniform distribution when the number of terms is large.
Here, the removal of parts of the signal changes the distribution of parameters, so the measure that approximates this
sum also changes. We call this new measure Pk. Furthermore, whereas in the main text, the subscript of Sg denoted
the signals of group g, here the subscript of Sk will denote the signal set of cardinality k to be marginalized. With
this new notation, the first term in (9) may be written approximately as:

1

2k

∑
sk

g(P (e = 0|sk)) ≈ ⟨g(x)⟩x∼Pk
.

To compute Pk for k < l, we need to calculate how the probability of E conditional on the remaining signals sk
changes under the removal of the kth signal. For this model,

P (e|sk−1) =
1

2
(P (e|sk−1, sk = 0) + P (e|sk−1, sk = 1)) . (10)

By iterating this sum, we reduce the number of parameters required to describe Pk(k), which in the main text are
given by the set of binomial parameters p. Additionally, the distribution Pk(x) becomes increasingly narrow, centered
around 1/2, which is the mean of all probabilities P (e|s). Parameterizing Pk(x) by its moments allows us to directly
compute the mutual information. The moment expansion of the distribution is given by

Ik ≈ ⟨g(x)⟩Pk
− f

(
1

2

)
=

∞∑
a=0

1

a!
f (a)(x0)⟨(x− x0)

a⟩Pk
− f

(
1

2

)
.

Using standard arguments, which we provide in the following section, these moments approximately scale like

m
(a)
k−1 =

〈(
x− 1

2

)a〉
Pk−1

≈
m

(a)
k

2a/2
, m

(a)
l =

1

(a+ 1)2a
, (11)

which is related to the onset of central limit theorem behavior. This provides us with a heuristic explanation for why
Ik scales as 1/2λ. After only a few cooperants are removed, higher order terms in the expansion (with order denoted
by a) quickly die away, leaving only the second-order term

Ik ≈
∞∑

n=0

f (a)(1/2)

a!
m

(a)
k → 2m

(2)
k +O((m

(2)
k )2) .

Once this occurs, we can see plainly that between each marginalization the mutual information reduces by half,

Ik
Ik+1

→ 1

2
.
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While this explanation gives approximately the correct scaling behavior, it does not admit a good estimate of Ik
near full cooperation, since there the higher-order terms in the expansion are not small. To explicitly include these
terms, we need all derivatives of f , evaluated at x = 1/2

f (a)(1/2) =
(−1)a2aa!

a(a− 1)
.

Inserting these derivatives and the approximation (11) for moments of Pk gives an approximation of Ik as a series.
Then, evaluating this series analytically yields a closed form expression.

Ik =
∑
a=0

f (a)(1/2)

a!
m

(a)
k − g(1/2) ≈

∞∑
a=1

(2a+ 1)!

(2a− 1)!

1

2λa

=
1

2

[
(2−λ/2 + 2λ/2) arctanh(2−λ/2) + log(1− 2−λ)− 1

]
, λ > 0

This expression gives a good approximation for Ik in the small λ regime and also captures the scaling in the interme-
diate regime. For λ → ∞, an estimate of the asymptotic behavior is given by setting z = 2−λ/2 and Taylor expanding
around 0.

1

2

[
(z + z−1) arctanh(z) + log(1− z2)− 1

]
→ 1

2

[
(z + z−1)(z +

1

3
z3 +O(z4))− z2 +O(z4)− 1

]
=

1

6
z2 +O(z4)

Because z = 2−λ/2, the quadratic leading term agrees with the observed exponential scaling Ik ∝ 2−λ. Although
the scaling prediction is correct, there is not a regime where this high-λ expression consistently estimates Ik in its
actual value. The essential reason is that as k decreases, the number of terms in the sum over remaining signal states
decreases, and the approximation of that sum as an average over Pk(x) begins to break down. This manifests as an
error in the overall scale of the estimate, but not in the exponential dependence on k.

Instead, using the fact that Il is known to a very good approximation and further that information is approximately
exponential in k, a good estimate for Ik at large to intermediate k is given by

Ik = 2−λIl = 2−λ

(
log 2− 1

2

)
.

This is the quantity quoted in Figure 7 in the main text.

1. Moment scaling with k

The following argument justifies (11) and is standard. We produce it here for completeness. Upon moving from k
to k−1 cooperants, the new conditional distribution is given by (10). This means that Pk−1 is given by a convolution
of Pk with itself.

Pk−1(x) =

∫
R2

dy dz δ

(
x− 1

2
(y + z)

)
Pk(y)Pk(z) = 2

∫
R
dy Pk(2x− y)Pk(y)

The characteristic function of a distribution over a continuous variable is its Fourier transform. Since Pk−1 is a
convolution, its characteristic function is the product of characteristic function of Pk with itself. A slightly more
convenient object to work with is therefore the logarithm of the characteristic function:

φk(z) = log

∫
R
dxPk(x)e

izx

The sum rule above gives a recursion relation for φk

φk−1(z) = 2φk(z/2) + log 2 .

Now, the cumulants of Pk can be calculated from φk

c
(a)
k =

1

ia
da

dza
φk(z)

∣∣∣∣
z=0

,



5

0001
0010

0011
0100

0101
0110

0111
1000

1001
1010

1011
1100

1101
1110

1111
0

50

100

150

200

T
ri

al
s

FIG. S1. Trial count by group identification for N=5000. Zeros denote the exclusion of a signal, and ones the inclusion.

Meaning there are also recursion relations for the cumulants:

c
(a)
k−1 = 21−ac

(a)
k (12)

This leads directly to the central limit theorem, since when the second cumulant is rescaled to remain constant with

respect to n, all higher-order cumulants scale to zero. Here, by using the fact that the nth moment m
(a)
k can be

expressed in terms of cumulants c
(b)
k for b ≤ a, we can see that the second-order cumulant dominates all of these

expressions once k is sufficiently small. For example, the fourth moment quickly scales like (m(2))2 as k is decreased
from l because the second cumulant begins much larger than the fourth cumulant and remains dominant.

c
(2)
k = 2−λc

(2)
l =

1

12 · 2λ

c
(4)
k = 2−3λc

(4)
l =

−1

120 · 23λ

m
(4)
k = c

(4)
k + 3(c

(2)
k )2 ≈ 3(c

(2)
k )2 ∼ 2−2λ

Hence, due to (12), m
(4)
k−1 ≈ m

(4)
k /4, which agrees with (11).

E. Monte-Carlo Simulation Details

To study the dynamics of resources in the UXOR environment, we simulated agent investments in a Monte Carlo
sampled environment. We randomly assigned N = 5000 agents signals in an l = 4 environment, then randomly
assigned them to groups sized l ≤ Ng ≤ 11. This results in an ensemble of groups with cooperants 1 ≤ kg ≤ 4. Each
instance of a group represents one sample of that group configuration. This random assignment scheme, selected for
convenience, results in a different sample size for each group identity, where identity is given by the types of signals
present. The sample size of a group type scales inversely with the number of combinations of signals of each order
l. However, each group combination is sampled between 50 and 225 times, resulting in resolvable statistical behavior
across all group types. Figure S1 gives the statistics of the groups simulated in Figure 4 of the main text.

The entire population, divided into groups, is instantiated in an environment with the same environmental param-
eters. The UXOR gate is defined with parameters: p1 = .1473, p2 = .7236, p3 = .46451306, p4 = .7068, p5 = .4658,
p6 = .3594, p7 = .9708, p8 = .3709, p9 = .8788, p10 = .7094, p11 = .7972, p12 = .6380, p13 = .4327, p14 = .2238,
p15 = .4044, p16 = 0.15949486. These parameters were discovered from a random search of parameter space and were
selected for their convenient qualitative properties.

During each step of the simulation, we reveal Bernoulli-sampled signals to the groups, whose agents make collective
decisions on which events to allocate resources. In this sense, every agent in the group views the same signals, and the
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group decides the subspace of signals available via the members. Allocations and resource and information rewards
are processed identically to prior works, where an LDA defines the update to a group’s decision parameters. For each
group, we track the resources of a representative agent, informed by the group, investing their individual resources
through time.
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