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1 Derivation for First Order Conditions in the Model
with Preference Shocks

1.1 Intertemporal Condition

If the household was following an optimal plan to begin with, it must be the case that
UC’tdOt + Et{UC,t—i-ldOH—I} == 0 (A].].)

e for any pair (dCy, dCy, 1) satisfying
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e Thus, we have
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1.2 Stochastic Discount Factor

Define the real stochastic discount factor M;,, = Ug‘cttl, and the nominal stochastic dis-
— M, ’
count factor, ]\ﬁJrl = H:;, we have
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Note that, since
nominal interest rates

real interest rates = - -
inflation rates

e and

1

real discount factor
1

nominal discount factor

real interest rates =

nominal interest rates =

e Thus, we have

real discount factor

nominal discount factor = - -
inflation rates

Solve for M, 1, we have
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e Thus we have
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1.3 Intratemporal Condition

Similarly, if the household was following an optimal plan to begin with, it must be the case
that
UC,tdCt —|— UL7tst = 0 (Alll)

e for any pair (dC}, dL;) satisfying the budget constraint, i.e.

e Thus, we have
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2 Derivation for Bond Pricing Schemes

2.1 Bond Price

Following the standard asset pricing scheme, the time-t price of an n-period nominal bond,
Pt(”)$, can be written as its expected price tomorrow discounted by the nominal pricing
kernel
P = B M P (A.2.1)
e The normalization gives PI,I(O)$ = 1, because the bond will pay 1 unit of consumption
when it comes to maturity.

Assuming Mt$+1 is conditionally lognormally distributed. According to the theorem below,
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Theorem:

If two random variables X ~ N(mx,02), Y = ¢e® ~ LN (my,0%), then for the mean of

1 2 .
Y, we have my = e™X"29x  where mx and 0% are the mean and variance of X
respectively.

e The above equation can be written as
P8 = By [ME,, PV = oBelnlME P 4 var (A, AT

e Take the logs on both sides, we have

n)$ n—1)% 1 n—1)%
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e Since p§0)$ = 0, after recursively substituting out prices, we have
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2.2 Bond Yields

The nominal yields of the n-period bond are defined as

n$ n$7n
P = (144

Written in logs, we have

n)$ 1 n)$
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As long as the nominal yields are small, we can make an approximation as

(n)$
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Then we have
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Similarly, the real yields of a n-period bond can be derived as

W = LB i) = v 3 e
i=1 =t
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3 Derivation for Nominal Bond Yields Decomposition

Using the definition for the excess bond returns, Tdfii)f = p§1;1)$ — p§”)$ — yt(1)$, we can

recursively write

n)$ 1)$ 1)$ n—1)% n)$ 1)$
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Using the definition for nominal bond yields y§" = 1p,§ ™8 we can write

n)$ 1 1)$ (n—i+1)$
y = Z,§+11+ th * (A32)
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Note that the one-period nominal yields equal to the real risk free rates plus expected
inflation, we have

n)$ 1 & 1 & (n—i+1)$
3175 ) :ﬁ 2—1: Ey(rfiqio1) + o Z; Ey(Ilys) + Z Ey( mt+z ) (A.3.3)

The ex-ante decomposition also holds.

LIy (n—i
E;_ 1 E Ei Tft+z 1 E E Et—l(Ht—H E B, 1 Ty +1)$) (A-3-4>
i=1

The difference of above two equations gives us

£ — )y o)y o) (A.3.5)
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4 Derivation for Equilibrium Conditions in the Model
with Liquidity Shocks

4.1 Parent Households

The difference between the intertemporal condition for the parent households and Kung’s
Model with preference shocks is the expression for interest rates. Here R; is used rather
than the R;,;. However, the logic is the same as section 1.1, Appendix.
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e As for the stochastic discount factor, here we can treat it as a special case of the

model with preference shocks, where \; = 1, for any ¢, thus

Ct*+1 129, Ciyy -1
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)T

Mt+1 = ﬁ(

e The intratemporal condition stays the same.

% _ UL,t . TCt
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4.2 Final Goods Production Firms

(A.4.2)

(A.4.3)

The final goods production firm use intermediate goods with a constant elasticity of sub-
stitution technology to produce final goods, and v is the elasticity of substitution between

intermediate goods.

1 v—1 v
Y= ( / X7 diy
0

max Y; P, — / X1 P, 1 di]

e The profits are

1
—maX / thu dZ V= 1Pt —/ Xi,tP7;7tdZ']
0

e where the aggregate price level of final goods P; is given by

1
P, = [/ let_ydz]ﬁ
0

(A.4.4)

(A.4.5)

(A.4.6)

Take prices as given and maximize products by choosing optimal inputs X;;, we get the

inverse demand schedule . .

e Written in the isoelastic demand schedule

Py

th_Y;f(P
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4.3 Intermediate Goods Production Firms

The dividends maximization problem for intermediate goods production firms is

max
P; ¢,1;,5: 4,5 t41,Ni,e41,L4 ¢

subject to

Dividends are given by

VO(Pyyo1, Kig, Nigi Yo) = =5 + E[Myd VO (Prg, Kigir, Nigirs Tear)]
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or, Py

— % 1)?Y, A.4.11
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and Y, = [P, K;, Ny, Yy, Ay] is taken as given.
The Lagrangian can be written as
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(A.4.12)
with auxiliary variables

J(Kiy, Nig, Lig; Ay, N Y;) = V7 [K2(AN], N Li)' v (A.4.13)
F(Kiy, Ny, Lig; Ae, N, Y;) = Yy? [K;ft(AtNZtNtl_"Lm)l‘a]1—% (A.4.14)



and Lagrangian multiplier A;;, Q; ., and @; . First-order conditions are

ov e 0) Ay
8Pi,t = —Gi,l,t + Et[Mt-i-le,Hl] + ?t =0
oV @
o, — 1t QP =0
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The auxiliary variables in these conditions are
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Combining above first-order conditions and envelope conditions gives
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P, Liy ’ Liy
4.4 Check for the Market Clearing Conditions
e Parent Households’ Budget Constraints
PtCt + Sat = WtLt + Rf_lsat,1 + Dt + Dfl + Tt — Xt — XtFI (A424>
e Child Households” Budget Constraints
P.Cyy+ B, R! | = B + X, (A.4.25)
e Production Firms’ Dividends
Dt - ]DtY; - WtLt - ]Dtlt - PtSt - PtG (A426)
e Financial Intermediaries’ Dividends
fol = (R — BB/ + (RI* — R)RE, + R X! (A.4.27)
e Financial Intermediaries’ Balance Sheet
BI" + RE, = Sa, + X! (A.4.28)
e Central Bank’s Balance Sheet
B = RE, (A.4.29)
e Operating Surplus of Central Bank
Ty = RPB® — RI°RE, (A.4.30)

e Bond Market Clearing Conditions
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B, = BI'" + B¢ (A.4.31)

Financial intermediaries’ balance sheet, central bank’s balance sheet, and bond market
clearing conditions give

X" =B, — Sa, (A.4.32)

Financial intermediaries’ balance sheet, and financial intermediaries’ dividends, central
bank’s balance sheet, and bond market clearing conditions give

Replace the X!, X;, Dy, DI and T; gives

PtCt -+ Sat :WtLt -+ R?_lsat,1 —+ [Pt}/; — WtLt — Pt[t — PtSt — PtG]
+ R} B, + R\ B, — Ry Sa; 1] (A.4.34)
+ [R?—legl - Iileﬁl] - [Pth + Bt—lR?—l - Bt] - [Bt - Sat]

This is equivalent to
PtCt + Pth,t + PtIt + HSt + PtG = PtY;g (A435)

e Consistent with the goods market clearing condition

Y;g == Ct + Cb,t + [t + St + G (A436)

5 Equilibrium of the Model with Liquidity Shocks

The full set of equilibrium conditions includes 33+2i equations and 33+2i variables. i
represents the maturity of bonds included in the model. I study the bonds up to five year
maturities at quarterly frequency. Thus there will be 73 equations and 73 variables. !

e Fourteen equations on the production sector

Six equations on the households sector

e Two equations on the financial intermediaries sector

Six equations on the central bank sector

Two equations of the market clearing conditions

Three equations of exogenous processes

— Forty equations from the bond pricing formula

!'Note that in the symmetric equilibrium, we can drop the sign i, because all intermediate firms make
the same decisions.
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Lt7 dt7 Ht7 Qk,h Qn,t7 Ita St> At7 Kt7 Nt7 (bk,ta (bn,ta ®;<;7t7 (b;,,ta
Ut> 0:7 We, Ct7 Mt> Cb,ta SAg, bfla Rfa QEt7 Té¢, bfba Rfa R:e7 Y;h bt7 Ata @t7 Ot
as well as
{Pt{(n)$}’ y;{(n)ﬂi}} forn=1,2,---20

The lowercase letters are real variables adjusted by the aggregate price level,

D,
dy = —
t P,
Wi
Wy = —
t P,
Sat
sa; = —
t P,
pEl B;FI
! Py
re; = RE
'R
Bcb
bcb t
! Py
By
h, = L
"
5.1 Production
Production Technology
}/;5 — K?(AtLt)l_a (A51)
Production Dividends
II
dt == 1/; — ’UJtLt - It - St - ¢2_R<H_t - 1)2}/; (A52>
Production Optimal Conditions
M YL M, Yl
A= - — E\[M — —1)— A.5.3
t ¢R(H55 ) HSS t[ t+1¢R(Hss ) HSS ] ( )
Q . (A.5.4)
kt = =5 .D.
D7
1
@n, A5.5
a 429
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a(l - %)YtilXtH

Qi = E[Mp1{

(A.5.6)
A Y X, 5 LN A
G L S TP PR LR
Kt+1 Kt+1
1 1—1
n(l —a)(l —ll/ Yo, X,
Qnﬂf _ Et[Mt+1{ ( )( ¥ ) t+1<4t+1
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Appq (== Y” X, oL S
e MRty B Quen (1 - 6, 285 g )
4,41 t+1
1 11 Y%Xl_% Oia)Y%X_%
wt:( — o)1 -V X, pA et (A.5.8)
Lt Lt
Physical Capital Evolution
Kt+1 = (1 - 6k)Kt + (I)k7th (A59>
R&D Capital Evolution
Nt+1 - (1 - 5n)Nt + q)n,tNt (A5].O>
Physical Capital Adjustment Cost
A (It YT 4 gy, (A5.11)
ol K
R&D Capital Adjustment Cost
Q1 Sp- L
D, , = Pty . A.5.12
1= (A5.12)
Physical Capital Adjustment Cost Derivation
It _1
D —al,k<E) % (A.5.13)
R&D Capital Adjustment Cost Derivation
Sy
o, alm(ﬁi) n (A.5.14)
5.2 Households
Definition for Utility and Cf
o
U ={(1=B)(C)T + BBV} (A5.15)
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Cr=CyL— L)
Optimal Conditions for the Parent Households

Wy — TCt
T T
Criyyizn Crty oy, UL Lo
My = B(—52)7 () (=)
G Ci " CE[UL)

| = B[Myl LR,

Child Households” Consumption
Cb,t = by

5.3 Financial Intermediaries

Balance Sheet
bf[+7“et :st—l—xFI

Credit constraints
b= 0,

5.4 Central Bank

Central Banks’ Policies

R R;_| 11, A

&JZMmﬁm)+ﬂ—mWﬂm—ﬁ+@Mgﬂ+%&

1
n( HSS ss

ImQFE; =(1—p,) nQFE + p,InQFE;_1 + 04644
Liquidity Injection or Absorption

QE, = b’
Balance Sheet
b = re,
Interest Rates Assumption
R = RS
R = R}

5.5 Market Clearing Conditions
Goods Markets Clearing

11
ift:Ct+Cb,t+St+It+¢;—R( :

—1)%Y,
1., It
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(A.5.16)

(A.5.17)

(A.5.18)

(A.5.19)

(A.5.20)

(A.5.21)

(A.5.22)

(A.5.23)
(A.5.24)
(A.5.25)
(A.5.26)

(A.5.27)
(A.5.28)

(A.5.29)



Bond Markets Clearing

by = bi'T + b (A.5.30)
5.6 Exogenous Processes
Productivity Shock
In At = (1 — p)a* + pln At—l + 0¢_1&¢, Er ~ N(O, 1) (A531)
Credit Shock
In®; = (1 — ,09) In®+pgIlnOG;_1 + O9Ep ¢ (A532)
Volatility Shock
0f =5+ Nop | —T°) + oeey, e ~ N(0,1) (A.5.33)
5.7 Bond Pricing
Nominal Bonds Prices
P = By M P (A.5.34)
Nominal Bonds Yields 1
yims — — In(P™") (A.5.35)

The model is solved by detrending with N;, so there would be 72 equations and 72
variables left.

6 Calibration for the Model with Liquidity Shocks

Table A.1, A.2, and A.3 report the calibration for parameters in the production sector,
households sector, and (policy) exogenous processes respectively. Parameters in the pro-
duction, households sector are calibrated the same as Kung (2015).? Thus, the model
still has the same good features as the original model shown in Kung (2015), such as nice
matches with the moments of macroeconomic variables and many characteristics of nomi-
nal yields. The parameters related to liquidity shocks and credit shocks are calibrated the
same as Sims et al. (2021).

2T modified the value of T to keep the steady-state total consumption the same as Kung (2015) after
the introduction of liquidity shocks.
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Parameter Value Description
a 0.33 Capital Share
or 30 Magnitude of price adjustment costs
v 6 Intermediate goods price elasticity
i 0.10 Degree of technological appropriability
O, 0.02 Physical capital deprecaition rate
Cr £4.80 Elasticity of new physical capital investments relative to existing stock of physical capital
arp 0.442 Physical capital adjustment cost parameter 1
s, -0.005 Physical capital adjustment cost parameter 2
On 0.038 R&D capital deprecaition rate
ain 0.370 R&D capital adjustment cost parameter 1
Qs -0.016  R&D capital adjustment cost parameter 2
Cn 3.3 Elasticity of new R&D capital investments relative to existing stock of R&D capital
Table A.1: Parameter Calibration in the Production Sector
Parameter Value Description
B8 0.997 Stochastic Discount Factor
) 2 Elasticity of intertemporal substitution
o' 10 Risk Aversion
0 -18 Self-defined parameter
T 2.369 Weights of leisure in parent households’ untility function
b2 3 Time endowment

Table A.2: Parameter Calibration in the Households Sector
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Parameter Value Description

p 0.984 Persistence of productivity shock process
Pr 0.70 Persistence of monetary policy shock process
Py 0.03 Sensitivity of interest rate to output

Pr 0.45 Sensitivity of interest rate to inflation

Pq 0.80 Persistence of liquidity shock process

Dt 0.80 Persistence of credit shock process

A 0.997 Persistence of volatility shock process

o 0.000 Volatility of volatility shock

o¢ 0.003 Volatility of monetary policy shock

oyq 0.01 Volatility of liquidity shock

ot 0.01 Volatility of credit shock

Table A.3: Parameter Calibration in Exogenous Processes

7 Simulation Results for Alternative Calibration

Table A.4 reports the simulation results with different calibration for parameters. We
could see that, the differences among different situations are negligible. This implies that
the forecast error variance decomposition are most affected by the settings and structure
of the model.
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Liquiudity shocks situation 1 Liquiudity shocks situation 2 Liquiudity shocks si ion3 F shocks si ion1 Pr hocks si ion 2

Maturity
1 51.06% 50.84% 51.79% 113.86% 120.42%
2 66.99% 66.66% 66.62% 144.03% 147.84%
3 85.87% 85.48% 84.49% 163.10% 162.28%
4 105.08% 104.70% 102.98% 171.70% 166.96%
5 122.36% 122.04% 119.93% 174.32% 167.02%
6 136.64% 136.40% 134.20% 174.21% 165.39%
7 147.87% 147.711% 145.62% 173.05% 163.34%
8 156.48% 156.38% 154.52% 171.55% 161.34%
9 163.01% 162.97% 161.40% 170.03% 159.54%
10 167.99% 167.98% 166.73% 168.61% 157.97%
11 171.79% 171.80% 170.88% 167.31% 156.62%
12 174.73% 174.76% 174.15% 166.16% 155.47%
13 177.02% 177.06% 176.75% 165.13% 154.48%
14 178.83% 178.87% 178.86% 164.22% 153.63%
15 180.27% 180.31% 180.58% 163.41% 152.90%
16 181.44% 181.48% 182.00% 162.69% 152.27%
17 182.39% 182.42% 183.19% 162.05% 151.72%
18 183.17% 183.20% 184.21% 161.47% 151.25%
19 183.82% 183.85% 185.08% 160.96% 150.85%
20 184.37% 184.40% 185.84% 160.50% 150.50%

Table A.4: Nominal yields forecast error variance decomposition for alternative calibration

e Liquidity shocks situation 1: p; = p¢ = 0.8, steady-state QE is calibrated as % of steady-state output, steady-state
child consumption is calibrated as % of steady-state consumption. (The simulation results reported in table 3).

e Liquidity shocks situation 2: py = pr = 0.7, steady-state QE is calibrated as % of steady-state output, steady-state

child consumption is calibrated as % of steady-state consumption.

e Liquidity shocks situation 3: p; = pt = 0.5, steady-state QE is calibrated as 13—0 of steady-state output, steady-state

child consumption is calibrated as % of steady-state consumption.
e Preference shocks situation 1: py = 0.981. (The simulation results reported in table 2).

e Preference shocks situation 2: p) = 0.970.

8 Impulsive Response Functions for Productivity Shocks
and Monetary Policy Shocks

Figure A.1 and A.2 plot the impulsive response functions of macroeconomic variables and
nominal yields when there is a positive liquidity shock and a positive monetary policy
shock respectively. We could see that both shocks have no effects on the child consumption
which are totally supported by private bonds. A positive productivity shock could decrease
inflation, interest rates, and nominal yields across all maturities. A positive monetary
policy shock would cause the temporary decrease of inflation and the temporary increase
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of interest rates and nominal yields across all maturities. High interest rates increase the
savings of parent households and stimulate their consumption. In general, the effects of
productivity shocks are more persistent.
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Figure A.1: Impulsive Response for a Positive Productivity Shock
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Figure A.2: Impulsive Response for a Positive Monetary Policy Shock
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