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1 Derivation for First Order Conditions in the Model

with Preference Shocks

1.1 Intertemporal Condition

If the household was following an optimal plan to begin with, it must be the case that

UC,tdCt + Et{UC,t+1dCt+1} = 0 (A.1.1)

• for any pair (dCt, dCt+1) satisfying

Pt+1

Rt+1

dCt+1 = −PtdCt (A.1.2)

• Thus, we have

1 = Et{
UC,t+1

UC,t

Pt
Pt+1

}Rt+1 (A.1.3)

1.2 Stochastic Discount Factor

Define the real stochastic discount factor Mt+1 ≡ UC,t+1

UC,t
, and the nominal stochastic dis-

count factor, M$
t+1 ≡

Mt+1

Πt+1
, we have

1 = Et[Mt+1
Pt
Pt+1

]Rt+1 = Et[M
$
t+1]Rt+1 (A.1.4)

Note that, since

real interest rates =
nominal interest rates

inflation rates

• and

real interest rates =
1

real discount factor

nominal interest rates =
1

nominal discount factor

• Thus, we have

nominal discount factor =
real discount factor

inflation rates

Solve for Mt+1, we have

Mt+1 =
UC,t+1

UC,t
=

∂Ut

∂Et[U
1−γ
t+1 ]

1
1−γ

∂Et[U
1−γ
t+1 ]

1
1−γ

∂Ut+1

∂Ut+1

∂Ct+1

∂Ut
∂Ct

(A.1.5)

2



• where

∂Ut
∂Ct

=
ψ

ψ − 1
(U

ψ−1
ψ

t )
1

ψ−1 (1−β)λt
ψ − 1

ψ
(L−Lt)1− 1

ψC
− 1
ψ

t = (1−β)λtU
1
ψ

t (C?
t )1− 1

ψC−1
t (A.1.6)

∂Ut

∂Et[U
1−γ
t+1 ]

1
1−γ

= βU
1
ψ

t (Et[U
1−γ
t+1 ]

1
1−γ )−

1
ψ (A.1.7)

∂Et[U
1−γ
t+1 ]

1
1−γ

∂Ut+1

=
1

1− γ
Et[U

1−γ
t+1 ]

γ
1−γ (1− γ)U−γt+1 = Et[U

1−γ
t+1 ]

γ
1−γU−γt+1 (A.1.8)

∂Ut+1

∂Ct+1

= (1− β)λt+1U
1
ψ

t+1(C?
t+1)1− 1

ψC−1
t+1 (A.1.9)

• Thus we have

Mt+1 = β(
λt+1

λt
)(
C?
t+1

C?
t

)1− 1
ψ (
Ct+1

Ct
)−1U

1
ψ
−γ

t+1 Et[U
1−γ
t+1 ]

γ− 1
ψ

1−γ

= β(
λt+1

λt
)(
C?
t+1

C?
t

)
1−γ
θ (

Ct+1

Ct
)−1(

U1−γ
t+1

Et[U
1−γ
t+1 ]

)
θ−1
θ

(A.1.10)

1.3 Intratemporal Condition

Similarly, if the household was following an optimal plan to begin with, it must be the case
that

UC,tdCt + UL,tdLt = 0 (A.1.11)

• for any pair (dCt, dLt) satisfying the budget constraint, i.e.

PtdCt = WtdLt (A.1.12)

• Thus, we have

Wt

Pt
= −UL,t

UC,t
=

τCt

L− Lt
(A.1.13)

2 Derivation for Bond Pricing Schemes

2.1 Bond Price

Following the standard asset pricing scheme, the time-t price of an n-period nominal bond,
P

(n)$
t , can be written as its expected price tomorrow discounted by the nominal pricing

kernel
P

(n)$
t = Et[M

$
t+1P

(n−1)$
t+1 ] (A.2.1)

• The normalization gives P
(0)$
t = 1, because the bond will pay 1 unit of consumption

when it comes to maturity.

Assuming M$
t+1 is conditionally lognormally distributed. According to the theorem below,
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Theorem:
If two random variables X ∼ N(mX , σ

2
x), Y = ex ∼ LN(mY , σ

2
Y ), then for the mean of

Y , we have mY = emX+ 1
2
σ2
X , where mX and σ2

X are the mean and variance of X
respectively.

• The above equation can be written as

P
(n)$
t = Et[M

$
t+1P

(n−1)$
t+1 ] = eEt{ln[M$

t+1P
(n−1)$
t+1 ]}+ 1

2
vart{ln[M$

t+1P
(n−1)$
t+1 ]} (A.2.2)

• Take the logs on both sides, we have

p
(n)$
t = Et[p

(n−1)$
t+1 +m$

t+1] +
1

2
vart[p

(n−1)$
t+1 +m$

t+1] (A.2.3)

• Since p
(0)$
t = 0, after recursively substituting out prices, we have

p
(n)$
t = Et[

n∑
j=1

m$
t+j] +

1

2
vart[

n∑
j=1

m$
t+j] (A.2.4)

2.2 Bond Yields

The nominal yields of the n-period bond are defined as

P
(n)$
t ≡ (1 + y

(n)$
t )−n (A.2.5)

• Written in logs, we have

ln(1 + y
(n)$
t ) = − 1

n
p

(n)$
t (A.2.6)

• As long as the nominal yields are small, we can make an approximation as

ln(1 + y
(n)$
t ) ≈ y

(n)$
t ≡ − 1

n
p

(n)$
t (A.2.7)

• Then we have

y
(n)$
t = − 1

n
Et[

n∑
j=1

m$
t+j]−

1

2n
vart[

n∑
j=1

m$
t+j] (A.2.8)

• Similarly, the real yields of a n-period bond can be derived as

y
(n)
t = − 1

n
Et[

n∑
j=1

mt+j]−
1

2n
vart[

n∑
j=1

mt+j] (A.2.9)
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3 Derivation for Nominal Bond Yields Decomposition

Using the definition for the excess bond returns, rx
(n)$
t+1 = p

(n−1)$
t+1 − p

(n)$
t − y

(1)$
t , we can

recursively write

−p(n)$
t =[y

(1)$
t + y

(1)$
t+1 + · · ·+ y

(1)$
t+n−1] + [(p

(n−1)$
t+1 − p(n)$

t − y(1)$
t )

+ (p
(n−2)$
t+2 − p(n−1)$

t+1 − y(1)$
t+1 ) + · · ·+ (p

(0)$
t+n − p

(1)$
t+n−1 − y

(1)$
t+n−1)]

=[y
(1)$
t + y

(1)$
t+1 + · · ·+ y

(1)$
t+n−1] + [rx

(n)$
t+1 + rx

(n−1)$
t+2 + · · ·+ rx

(1)$
t+n]

=
n∑
i=1

y
(1)$
t+i−1 +

n∑
i=1

rx
(n−i+1)$
t+i

(A.3.1)

Using the definition for nominal bond yields y
(n)$
t = − 1

n
p

(n)$
t , we can write

y
(n)$
t =

1

n

n∑
i=1

y
(1)$
t+i−1 +

1

n

n∑
i=1

rx
(n−i+1)$
t+i (A.3.2)

Note that the one-period nominal yields equal to the real risk free rates plus expected
inflation, we have

y
(n)$
t =

1

n

n∑
i=1

Et(rf,t+i−1) +
1

n

n∑
i=1

Et(Πt+i) +
1

n

n∑
i=1

Et(rx
(n−i+1)$
t+i ) (A.3.3)

The ex-ante decomposition also holds.

Et−1[y
(n)$
t ] =

1

n

n∑
i=1

Et−1(rf,t+i−1) +
1

n

n∑
i=1

Et−1(Πt+i) +
1

n

n∑
i=1

Et−1(rx
(n−i+1)$
t+i ) (A.3.4)

The difference of above two equations gives us

ε
(n)

y$,t
= ε

(n)
r,t + ε

(n)
π,t + ε

(n)

tp$,t
(A.3.5)

4 Derivation for Equilibrium Conditions in the Model

with Liquidity Shocks

4.1 Parent Households

The difference between the intertemporal condition for the parent households and Kung’s
Model with preference shocks is the expression for interest rates. Here Rs

t is used rather
than the Rt+1. However, the logic is the same as section 1.1, Appendix.

1 = Et{
UC,t+1

UC,t

Pt
Pt+1

}Rs
t (A.4.1)
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• As for the stochastic discount factor, here we can treat it as a special case of the
model with preference shocks, where λt = 1, for any t, thus

Mt+1 = β(
C?
t+1

C?
t

)
1−γ
θ (

Ct+1

Ct
)−1(

U1−γ
t+1

Et[U
1−γ
t+1 ]

)
θ−1
θ (A.4.2)

• The intratemporal condition stays the same.

Wt

Pt
= −UL,t

UC,t
=

τCt

L− Lt
(A.4.3)

4.2 Final Goods Production Firms

The final goods production firm use intermediate goods with a constant elasticity of sub-
stitution technology to produce final goods, and ν is the elasticity of substitution between
intermediate goods.

Yt = (

∫ 1

0

X
ν−1
ν

i,t di)
ν
ν−1 (A.4.4)

• The profits are

max
Xi,t

[YtPt −
∫ 1

0

Xi,tPi,tdi]

= max
Xi,t

[(

∫ 1

0

X
ν−1
ν

i,t di)
ν
ν−1Pt −

∫ 1

0

Xi,tPi,tdi]

(A.4.5)

• where the aggregate price level of final goods Pt is given by

Pt = [

∫ 1

0

P 1−ν
i,t di]

1
1−ν (A.4.6)

Take prices as given and maximize products by choosing optimal inputs Xi,t, we get the
inverse demand schedule

Pi,t = PtY
1
ν
t X

− 1
ν

i,t (A.4.7)

• Written in the isoelastic demand schedule

Xi,t = Yt(
Pi,t
Pt

)−ν (A.4.8)
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4.3 Intermediate Goods Production Firms

The dividends maximization problem for intermediate goods production firms is

max
Pi,t,Ii,t,Si,t,Ki,t+1,Ni,t+1,Li,t

V (i)(Pi,t−1, Ki,t, Ni,t; Υt) =
Di,t

Pt
+ Et[Mt+1V

(i)(Pi,t, Ki,t+1, Ni,t+1; Υt+1)]

subject to Ki,t+1 = (1− δk)Ki,t + Φk(
Ii,t
Ki,t

)Ki,t

Φk(
Ii,t
Ki,t

) =
α1,k

1− 1
ξk

(
Ii,t
Ki,t

)
1− 1

ξk + α2,k

Ni,t+1 = (1− δn)Ni,t + Φn(
Si,t
Ni,t

)Ni,t

Φn(
Si,t
Ni,t

) =
α1,n

1− 1
ξn

(
Si,t
Ni,t

)1− 1
ξn + α2,n

Pi,t = PtY
1
ν
t [Kα

i,t(AtN
η
i,tN

1−η
t Li,t)

1−α]1−
1
ν

(A.4.9)
Dividends are given by

Di,t = PtY
1
ν
t [Kα

i,t(AtN
η
i,tN

1−η
t Li,t)

1−α]1−
1
ν −Wi,tLi,t − PtIi,t − PtSi,t − PtG(Pi,t, Pi,t+1;Pt, Yt)

(A.4.10)
where

G(Pi,t, Pi,t+1;Pt, Yt) =
φR
2

(
Pi,t

ΠssPi,t−1

− 1)2Yt (A.4.11)

and Υt ≡ [Pt, Kt, Nt, Yt, At] is taken as given.
The Lagrangian can be written as

V (i)(Pi,t−1, Ki,t, Ni,t; Υt) =F (Ki,t, Ni,t, Li,t;At, Nt, Yt)−
Wi,t

Pt
Li,t − Ii,t − Si,t −G(Pi,t, Pi,t+1;Pt, Yt)

+ Et[Mt+1]V (i)(Pi,t, Ki,t+1, Ni,t+1; Υt+1)

+ Λi,t{
Pi,t
Pt
− J(Ki,t, Ni,t, Li,t;At, Nt, Yt)}

+Qi,k,t{(1− δk)Ki,t + Φk(
Ii,t
Ki,t

)Ki,t −Ki,t+1}

+Qi,n,t{(1− δn)Ni,t + Φn(
Si,t
Ni,t

)Ni,t −Ni,t+1}

(A.4.12)
with auxiliary variables

J(Ki,t, Ni,t, Li,t;At, Nt, Yt) ≡ Y
1
ν
t [Kα

i,t(AtN
η
i,tN

1−η
t Li,t)

1−α]−
1
ν (A.4.13)

F (Ki,t, Ni,t, Li,t;At, Nt, Yt) ≡ Y
1
ν
t [Kα

i,t(AtN
η
i,tN

1−η
t Li,t)

1−α]1−
1
ν (A.4.14)
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and Lagrangian multiplier Λi,t, Qi,k,t, and Qi,n,t. First-order conditions are

∂V (i)

∂Pi,t
= −Gi,1,t + Et[Mt+1V

(i)
p,t+1] +

Λi,t

Pt
= 0

∂V (i)

∂Ii,t
= −1 +Qi,k,tΦ

′
i,k,t = 0

∂V (i)

∂Si,t
= −1 +Qi,n,tΦ

′
i,n,t = 0

∂V (i)

∂Ki,t+1

= Et[Mt+1V
(i)
k,t+1]−Qi,k,t = 0

∂V (i)

∂Ni,t+1

= Et[Mt+1V
(i)
n,t+1]−Qi,n,t = 0

∂V (i)

∂Li,t
= Fi,l,t −

Wi,t

Pt
− Λi,tJi,l,t = 0

(A.4.15)

Envelope conditions are

V
(i)
p,t = −Gi,2,t

V
(i)
k,t = Fi,k,t − Λi,tJi,k,t +Qi,k,t(1− δk −

Φ′i,k,tIi,t

Ki,t

+ Φi,k,t)

V
(i)
n,t = Fi,n,t − Λi,tJi,n,t +Qi,n,t(1− δn −

Φ′i,n,tSi,t

Ni,t

+ Φi,n,t)

(A.4.16)
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The auxiliary variables in these conditions are

Gi,1,t = φR(
Pi,t

ΠssPi,t−1

− 1)
Yt

ΠSSPi,t−1

Gi,2,t = −φR(
Pi,t

ΠssPi,t−1

− 1)
YtPi,t

ΠSSP 2
i,t−1

Φi,k,t = Φk(
Ii,t
Ki,t

) =
α1,k

1− 1
ζk

(
Ii,t
Ki,t

)
1− 1

ζk + α2,k

Φi,n,t = Φn(
Si,t
Ni,t

) =
α1,n

1− 1
ζn

(
Si,t
Ni,t

)1− 1
ζn + α2,n

Φ′i,k,t = α1,k(
Ii,t
Ki,t

)
− 1
ζk

Φ′i,n,t = α1,n(
Si,t
Ni,t

)−
1
ζn

Fi,k,t =
α(1− 1

ν
)Y

1
ν
t X

1− 1
ν

i,t

Ki,t

Fi,n,t =
η(1− α)(1− 1

ν
)Y

1
ν
t X

1− 1
ν

i,t

Ni,t

Fi,l,t =
(1− α)(1− 1

ν
)Y

1
ν
t X

1− 1
ν

i,t

Li,t

Ji,k,t =
−(α

ν
)Y

1
ν
t X

− 1
ν

i,t

Ki,t

Ji,n,t =
−(η(1−α)

ν
)Y

1
ν
t X

− 1
ν

i,t

Ni,t

Ji,l,t =
−(1−α

ν
)Y

1
ν
t X

− 1
ν

i,t

Li,t

(A.4.17)

Combining above first-order conditions and envelope conditions gives

Λi,t

Pt
= φR(

Pi,t
ΠssPi,t−1

− 1)
Yt

ΠSSPi,t−1

− Et[Mt+1φR(
Pi,t+1

ΠssPi,t
− 1)

Yt+1Pi,t+1

ΠSSP 2
i,t

] (A.4.18)

Qi,k,t =
1

Φ′i,k,t
(A.4.19)

Qi,n,t =
1

Φ′i,n,t
(A.4.20)
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Qi,k,t = Et[Mt+1{
α(1− 1

ν
)Y

1
ν
t+1X

1− 1
ν

i,t+1

Ki,t+1

+
Λi,t+1(α

ν
)Y

1
ν
t+1X

− 1
ν

i,t+1

Ki,t+1

}] + Et[Mt+1Qi,k,t+1(1− δk −
Φ′i,k,t+1Ii,t+1

Ki,t+1

+ Φi,k,t+1)]

(A.4.21)

Qi,n,t = Et[Mt+1{
η(1− α)(1− 1

ν
)Y

1
ν
t+1X

1− 1
ν

i,t+1

Ni,t+1

+
Λi,t+1(η(1−α)

ν
)Y

1
ν
t+1X

− 1
ν

i,t+1

Ni,t+1

}] + Et[Mt+1Qi,n,t+1(1− δn −
Φ′i,n,t+1Si,t+1

Ni,t+1

+ Φi,n,t+1)]

(A.4.22)

Wi,t

Pt
=

(1− α)(1− 1
ν
)Y

1
ν
t X

1− 1
ν

i,t

Li,t
+ Λi,t

(1−α)
ν
Y

1
ν
t X

− 1
ν

i,t

Li,t
(A.4.23)

4.4 Check for the Market Clearing Conditions

• Parent Households’ Budget Constraints

PtCt + Sat = WtLt +Rs
t−1Sat−1 +Dt +DFI

t + Tt −Xt −XFI
t (A.4.24)

• Child Households’ Budget Constraints

PtCb,t +Bt−1R
b
t−1 = Bt +Xt (A.4.25)

• Production Firms’ Dividends

Dt = PtYt −WtLt − PtIt − PtSt − PtG (A.4.26)

• Financial Intermediaries’ Dividends

DFI
t+1 = (Rb

t −Rs
t )B

FI
t + (Rre

t −Rs
t )REt +Rs

tX
FI
t (A.4.27)

• Financial Intermediaries’ Balance Sheet

BFI
t +REt = Sat +XFI

t (A.4.28)

• Central Bank’s Balance Sheet

Bcb
t = REt (A.4.29)

• Operating Surplus of Central Bank

Tt+1 = Rb
tB

cb
t −Rre

t REt (A.4.30)

• Bond Market Clearing Conditions
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Bt = BFI
t +Bcb

t (A.4.31)

Financial intermediaries’ balance sheet, central bank’s balance sheet, and bond market
clearing conditions give

XFI
t = Bt − Sat (A.4.32)

Financial intermediaries’ balance sheet, and financial intermediaries’ dividends, central
bank’s balance sheet, and bond market clearing conditions give

DFI
t = Rb

t−1B
FI
t−1 +Rre

t−1B
cb
t−1 −Rs

t−1Sat−1 (A.4.33)

Replace the XFI
t , Xt, Dt, D

FI
t and Tt gives

PtCt + Sat =WtLt +Rs
t−1Sat−1 + [PtYt −WtLt − PtIt − PtSt − PtG]

+ [Rb
t−1B

FI
t−1 +Rre

t−1B
cb
t−1 −Rs

t−1Sat−1]

+ [Rb
t−1B

cb
t−1 −Rre

t−1B
cb
t−1]− [PtC

b
t +Bt−1R

b
t−1 −Bt]− [Bt − Sat]

(A.4.34)

This is equivalent to

PtCt + PtCb,t + PtIt + PtSt + PtG = PtYt (A.4.35)

• Consistent with the goods market clearing condition

Yt = Ct + Cb,t + It + St +G (A.4.36)

5 Equilibrium of the Model with Liquidity Shocks

The full set of equilibrium conditions includes 33+2i equations and 33+2i variables. i
represents the maturity of bonds included in the model. I study the bonds up to five year
maturities at quarterly frequency. Thus there will be 73 equations and 73 variables. 1

• Fourteen equations on the production sector

• Six equations on the households sector

• Two equations on the financial intermediaries sector

• Six equations on the central bank sector

• Two equations of the market clearing conditions

• Three equations of exogenous processes

– Forty equations from the bond pricing formula

1Note that in the symmetric equilibrium, we can drop the sign i, because all intermediate firms make
the same decisions.
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Lt, dt,Πt, Qk,t, Qn,t, It, St,Λt, Kt, Nt,Φk,t,Φn,t,Φ
′
k,t,Φ

′
n,t,

Ut, C
?
t , wt, Ct,Mt, Cb,t, sat, b

FI
t , Rs

t , QEt, ret, b
cb
t , R

d
t , R

re
t , Yt, bt, At,Θt, σt

as well as
{P {(n)$}

t , y
{(n)$}
t } for n = 1, 2, · · · 20

The lowercase letters are real variables adjusted by the aggregate price level,

dt =
Dt

Pt

wt =
Wt

Pt

sat =
Sat
Pt

bFIt =
BFI
t

Pt

ret =
REt
Pt

bcbt =
Bcb
t

Pt

bt =
Bt

Pt

5.1 Production

Production Technology
Yt = Kα

t (AtLt)
1−α (A.5.1)

Production Dividends

dt = Yt − wtLt − It − St −
φR
2

(
Πt

Πss

− 1)2Yt (A.5.2)

Production Optimal Conditions

Λt = φR(
Πt

Πss

− 1)
YtΠt

ΠSS

− Et[Mt+1φR(
Πt

Πss

− 1)
Yt+1Πt+1

ΠSS

] (A.5.3)

Qk,t =
1

Φ′k,t
(A.5.4)

Qn,t =
1

Φ′n,t
(A.5.5)
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Qk,t = Et[Mt+1{
α(1− 1

ν
)Y

1
ν
t+1X

1− 1
ν

t+1

Kt+1

+
Λt+1(α

ν
)Y

1
ν
t+1X

− 1
ν

t+1

Kt+1

}] + Et[Mt+1Qk,t+1(1− δk −
Φ′k,t+1It+1

Kt+1

+ Φk,t+1)]

(A.5.6)

Qn,t = Et[Mt+1{
η(1− α)(1− 1

ν
)Y

1
ν
t+1X

1− 1
ν

t+1

Nt+1

+
Λt+1(η(1−α)

ν
)Y

1
ν
t+1X

− 1
ν

t+1

Ni,t+1

}] + Et[Mt+1Qn,t+1(1− δn −
Φ′n,t+1St+1

Nt+1

+ Φn,t+1)]

(A.5.7)

wt =
(1− α)(1− 1

ν
)Y

1
ν
t X

1− 1
ν

t

Lt
+ Λt

(1−α)
ν
Y

1
ν
t X

− 1
ν

t

Lt
(A.5.8)

Physical Capital Evolution

Kt+1 = (1− δk)Kt + Φk,tKt (A.5.9)

R&D Capital Evolution
Nt+1 = (1− δn)Nt + Φn,tNt (A.5.10)

Physical Capital Adjustment Cost

Φk,t =
α1,k

1− 1
ζk

(
It
Kt

)
1− 1

ζk + α2,k (A.5.11)

R&D Capital Adjustment Cost

Φn,t =
α1,n

1− 1
ζn

(
St
Nt

)1− 1
ζn + α2,n (A.5.12)

Physical Capital Adjustment Cost Derivation

Φ′k,t = α1,k(
It
Kt

)
− 1
ζk (A.5.13)

R&D Capital Adjustment Cost Derivation

Φ′n,t = α1,n(
St
Nt

)−
1
ζn (A.5.14)

5.2 Households

Definition for Utility and C?
t

Ut = {(1− β)(C?
t )

1−γ
θ + β(Et[U

1−γ
t+1 ])

1
θ }

θ
1−γ (A.5.15)
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C?
t = Ct(L− Lt)τ (A.5.16)

Optimal Conditions for the Parent Households

wt =
τCt

L− Lt
(A.5.17)

Mt+1 = β(
C?
t+1

C?
t

)
1−γ
θ (

Ct+1

Ct
)−1(

U1−γ
t+1

Et[U
1−γ
t+1 ]

)
θ−1
θ (A.5.18)

1 = Et[Mt+1Π−1
t+1]Rs

t (A.5.19)

Child Households’ Consumption
Cb,t = bt (A.5.20)

5.3 Financial Intermediaries

Balance Sheet
bFIt + ret = st + xFI (A.5.21)

Credit constraints
bFIt = Θtx

FI (A.5.22)

5.4 Central Bank

Central Banks’ Policies

ln(
Rs
t

Rss

) = ρr ln(
Rs
t−1

Rss

) + (1− ρr)[ρπ ln(
Πt

Πss

) + ρy ln(
Yt
Nt

Ŷss
)] + σξξt (A.5.23)

lnQEt = (1− ρq) lnQE + ρq lnQEt−1 + σqεq,t (A.5.24)

Liquidity Injection or Absorption
QEt = bcbt (A.5.25)

Balance Sheet
bcbt = ret (A.5.26)

Interest Rates Assumption
Rb
t = Rs

t (A.5.27)

Rre
t = Rs

t (A.5.28)

5.5 Market Clearing Conditions

Goods Markets Clearing

Yt = Ct + Cb,t + St + It +
φR
2

(
Πt

Πss

− 1)2Yt (A.5.29)
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Bond Markets Clearing
bt = bFIt + bcbt (A.5.30)

5.6 Exogenous Processes

Productivity Shock

lnAt = (1− ρ)a? + ρ lnAt−1 + σt−1εt, εt ∼ N(0, 1) (A.5.31)

Credit Shock
ln Θt = (1− ρθ) ln Θ + ρθ ln Θt−1 + σθεθ,t (A.5.32)

Volatility Shock
σ2
t = σ2 + λ(σ2

t−1 − σ2) + σeet, et ∼ N(0, 1) (A.5.33)

5.7 Bond Pricing

Nominal Bonds Prices
P

(n)$
t = Et[M

$
t+1P

(n−1)$
t+1 ] (A.5.34)

Nominal Bonds Yields

y
(n)$
t = − 1

n
ln(P

(n)$
t ) (A.5.35)

The model is solved by detrending with Nt, so there would be 72 equations and 72
variables left.

6 Calibration for the Model with Liquidity Shocks

Table A.1, A.2, and A.3 report the calibration for parameters in the production sector,
households sector, and (policy) exogenous processes respectively. Parameters in the pro-
duction, households sector are calibrated the same as Kung (2015).2 Thus, the model
still has the same good features as the original model shown in Kung (2015), such as nice
matches with the moments of macroeconomic variables and many characteristics of nomi-
nal yields. The parameters related to liquidity shocks and credit shocks are calibrated the
same as Sims et al. (2021).

2I modified the value of τ to keep the steady-state total consumption the same as Kung (2015) after
the introduction of liquidity shocks.
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Table A.1: Parameter Calibration in the Production Sector

Table A.2: Parameter Calibration in the Households Sector
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Table A.3: Parameter Calibration in Exogenous Processes

7 Simulation Results for Alternative Calibration

Table A.4 reports the simulation results with different calibration for parameters. We
could see that, the differences among different situations are negligible. This implies that
the forecast error variance decomposition are most affected by the settings and structure
of the model.
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Table A.4: Nominal yields forecast error variance decomposition for alternative calibration

• Liquidity shocks situation 1: ρq = ρt = 0.8, steady-state QE is calibrated as 1
10

of steady-state output, steady-state

child consumption is calibrated as 1
2

of steady-state consumption. (The simulation results reported in table 3).

• Liquidity shocks situation 2: ρq = ρt = 0.7, steady-state QE is calibrated as 1
5

of steady-state output, steady-state

child consumption is calibrated as 1
2

of steady-state consumption.

• Liquidity shocks situation 3: ρq = ρt = 0.5, steady-state QE is calibrated as 3
10

of steady-state output, steady-state

child consumption is calibrated as 2
3

of steady-state consumption.

• Preference shocks situation 1: ρλ = 0.981. (The simulation results reported in table 2).

• Preference shocks situation 2: ρλ = 0.970.

8 Impulsive Response Functions for Productivity Shocks

and Monetary Policy Shocks

Figure A.1 and A.2 plot the impulsive response functions of macroeconomic variables and
nominal yields when there is a positive liquidity shock and a positive monetary policy
shock respectively. We could see that both shocks have no effects on the child consumption
which are totally supported by private bonds. A positive productivity shock could decrease
inflation, interest rates, and nominal yields across all maturities. A positive monetary
policy shock would cause the temporary decrease of inflation and the temporary increase

18



of interest rates and nominal yields across all maturities. High interest rates increase the
savings of parent households and stimulate their consumption. In general, the effects of
productivity shocks are more persistent.

Figure A.1: Impulsive Response for a Positive Productivity Shock
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Figure A.2: Impulsive Response for a Positive Monetary Policy Shock
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