THE UNIVERSITY OF CHICAGO

RANK, RANKING AND PHASE TRANSITION

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF STATISTICS

BY
PINHAN CHEN

CHICAGO, ILLINOIS
MARCH 2022



Copyright (©) 2022 by PINHAN CHEN
All Rights Reserved



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . . s v

ACKNOWLEDGMENTS . . . . . . . s vi

ABSTRACT . . . vii

1 INTRODUCTION . . . . . e e s . 1
2 PARTIAL RECOVERY FOR TOP-K RANKING: OPTIMALITY OF MLE AND

SUB-OPTIMALITY OF SPECTRAL METHOD . . ... ... ... ... .... 4

2.1 Introduction . . . . . . . . ... 4

2.2 Models and Methods . . . . . . . . . . 8

2.3 Results for the MLE . . . . . . . . . . . 12

2.4 Results for the Spectral Method . . . . . . .. . ... .. ... ... ..... 18

2.5 Comparison of the Two Methods . . . . . .. . ... ... ... ... .... 21

2.6 Minimax Lower Bound of Partial Recovery . . . . . . .. ... .. ... ... 27

2.7 Local Error Rates . . . . . . . . . . . 29

2.8 Analysis of the MLE . . . . . . . . ... 34

2.8.1 Overview of the Techniques . . . . . . . ... ... ... ... .... 35

2.8.2 Some Technical Lemmas . . . . . . . . .. . ... ... ... ..... 37

2.8.3 Proof of Proposition 2.8.1 . . . . . .. ... ... 38

2.8.4 Proof of Theorem 2.3.1 . . . . . . . . . . . . . ... ... ... ... 45

2.8.5 Proofs of Theorem 2.3.2 and Theorem 2.3.3 . . . . . ... ... ... 53

2.9 Analysis of the Spectral Method . . . . . . . ... .. ... ... ... ... 64

2.9.1 Proofs of Theorem 2.4.1 and Theorem 2.4.2 . . . . .. .. ... ... 64

2.9.2 Proof of Theorem 2.4.3 . . . . . . . . . . . . . . ... ... ... ... 76

2.10 Proofs of Lower Bounds . . . . . . . . . ... 92

2.10.1 Proof of Theorem 2.3.4 . . . . . . . . . . . . . . . ... ... ... 92

2.10.2 Proof of Theorem 2.6.1 . . . . . . . . . . . . . . ... ... ... ... 100

2.11 Proofs of Local Error Rates . . . . . . . . . . . ... ... ... ... ... 113

2.11.1 Proof of Theorem 2.7.1 . . . . . . . . . . . . . . ... ... ... 113

2.11.2 Proof of Theorem 2.7.2 . . . . . . . . . . . . .. ... 125

2.12 Proofs of Technical Lemmas . . . . . . . . . . . . ... ... ... 135

OPTIMAL FULL RANKING FROM PAIRWISE COMPARISONS . . . ... .. 140

3.1 Introduction . . . . . . . . . . . 140

3.2 A Decision-Theoretic Framework of Full Ranking . . . . ... ... ... .. 142

3.3 Minimax Rates of Full Ranking . . . . . ... ... ... ... ... ..... 145

3.3.1 Results for a Gaussian Model . . . . . . . . ... ... ... ..... 145

3.3.2 Some Intuitions for the BTL Model . . . . . . . . ... ... ..... 149

3.3.3 Results for the BTL Model . . . . . . . . ... ... ... ....... 151

3.4 A Divide-and-Conquer Algorithm . . . . . . .. .. ... ... .. ... ... 154



3.4.1 An Overview . . . . . . 154

3.4.2 Details of The Proposed Algorithm . . . . .. ... ... .. ..... 155
3.4.3 Statistical Properties of Each Step . . . .. .. ... ... ... ... 160
3.4.4  Analysis of Algorithm 2 . . . . . .. ... ..o 167
3.4.5 A Data-Driven h. . . . . . . . . . .. 171

3.5 Numerical Results. . . . . . . . . . . 172
3.6 Discussion . . . . . . .. 177
3.7 Proofs . . . . . 179
3.7.1 Proof of Theorem 3.3.1 . . . . . . . . . . . . .. ... ... ... 179
3.7.2 Proof of Theorem 3.3.2 . . . . . . . . . . . . . ... ... ... . 185
3.7.3 Proof of Theorem 3.4.1 . . . . . . . . . . . ... ... .. ....... 206
3.7.4 Proofs of Lemma 3.4.1, Lemma 3.4.2 and Lemma 3.4.3 . . ... ... 220

4 POSTERIOR CONTRACTION OF BAYESIAN LOW-RANK MATRIX ESTIMA-

TION e 229
4.1 Introduction . . . . . . . . . . 229
4.2 Optimal Rate and Posterior Contraction . . . . . . . . ... ... ... ... 233
4.3 WhenrgisKnown . . . .. .. oo 234
4.3.1 The Prior . . . . . . . . . e 234

4.4 Rank Adaptation . . . . . . ... 235
441 A Modified Prior . . . . . . . . 235

4.5 Some Technical Lemmas . . . . . . . . . . . 237
4.6 Proofs . . . . .. 239
4.6.1 Proof of Theorem 4.3.1 . . . . . . . . . . . ... ... ... ...... 239
4.6.2 Proof of Theorem 4.4.1 . . . . . . . . . . . . .. ... ... ... 245
4.6.3 Proof of Technical Lemmas . . . . . .. . . .. ... ... ...... 250
REFERENCES . . . . . . e 256

v



2.1
2.2
2.3
24

2.5

3.1
3.2
3.3
3.4
3.5
3.6
3.7

LIST OF FIGURES

Comparison between V (k) and V/(K). . . . . . . . . ... ... 22
Performance comparison between the MLE and the Spectral method (fixed design). 24
Performance comparison between the MLE and the Spectral method (Changing p). 25
Performance comparison between the MLE and the Spectral method (random

design). . . ..o 25
Performance comparison between the MLE and the Spectral method (two-piece

design). . . . .. 26
[lustration of the the minimax rate of full ranking. . . . . . .. .. ... .. .. 147
A comparison graph of four players. . . . . . .. ... 150
Mlustration of Step 2 and Step 3. . . . . . . . . . ... 159
Mlustration of the independence property of Algorithm 1. . . . . . . . .. .. .. 163
The number of leagues obtained by Algorithm 1. . . . . . ... ... ... ... 173
Statistical error under Kendall’s tau. . . . . . . .. .. .. ... ... 175
Running time comparison between different algorithms. . . . . . . . . . . .. .. 176



ACKNOWLEDGMENTS

I would like to thank my advisor, Prof. Chao Gao, for his consistent support, encouragement,
and professionalism throughout my academic life. His acute insight and enthusiasm for
statistics research not only lighted up my road, but also taught me what it takes to be
a mature researcher. While giving me a great deal of freedom to explore my passion and
interest, his hands-on guidance and detailed discussions have left an indelible trace on my
future career. I would also like to thank my co-author, Prof. Anderson Ye Zhang, without
whom many parts of this dissertation could not be accomplished, for many of his brilliant
insights during our collaboration. I would like to thank Prof. Wei Biao Wu for his guidance
in my very first research during my first year of Ph.D. Also, I'm greatly indebted to have
him and Prof. Rina Foygel Barber, a world-renowned statistician I admire a lot, being
on my dissertation committee and spending time reading this dissertation and providing
valuable feedback. Besides, I would like to thank all faculty and staff in the Department
of Statistics where I spent an unforgettable five years. I have been very fortunate to be in
many friendships during my time in the University of Chicago. Thank you for your support
along the way and bringing me plenty of happy memories. Finally, I would like to thank my
wonderful and loving parents. Without their selfless love and endless support, I would not

be here today.

vi



ABSTRACT

The thesis consists of three topics. The first two topics are both about ranking under the
Bradley-Terry-Luce (BTL) model. We first study the problem of top-k ranking, which is to
optimally identify the set of top-k players from pairwise comparisons. We derive the minimax
rate with respect to a normalized Hamming loss. The maximum likelihood estimator (MLE)
is shown to achieve both optimal partial recovery and optimal exact recovery. On the other
hand, we show another popular algorithm, the spectral method, is in general sub-optimal.
Then we come to the problem of full ranking, which needs to provide the full rank of all
players instead of just the top k. The minimax rate of this ranking problem is derived with
respect to the Kendall’s tau distance. The minimax rate of full ranking under this loss
exhibits a phase transition between an exponential rate and a polynomial rate depending on
the magnitude of the signal-to-noise ratio of the problem. To achieve the minimax rate, we
propose a divide-and-conquer ranking algorithm that first divides the n players into groups
of similar skills and then computes local MLE within each group. The third topic, instead,
is about rank, where a Bayesian method for low-rank matrix estimation is proposed. We
also explore the possibility of rank adaptation by proposing a rank-adaptive prior and have

some preliminary results for the special case when the underlying signal is of rank 1.
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CHAPTER 1
INTRODUCTION

Given partially observed pairwise comparison data from n players, we are interested in
ranking the players according to their skills by aggregating the comparison results. This
high-dimensional statistical estimation problem has important applications in many areas
such as recommendation systems [7, 18], sports and gaming [9, 33, 58, 83, 84, 95|, web
search [32, 42|, social choices |74, 79, 81, 82, 92|, psychology [28, 76, 102|, information
retrieval [19, 72|, etc. Two natural questions people can ask in the ranking problem is how
to identify the top-k players, which we refer to as top-k ranking and how to give a full rank
of all players, which we call full ranking. In this thesis, we will investigate both of the two
problems thoroughly.

To formulate the ranking problem mathematically, we focus on arguably one of the most
widely used parametric models, the Bradley-Terry-Luce (BTL) model [11, 77]. That is,
suppose each player is associated with a skill parameter w; > 0, we observe L games played

between players ¢ and 7, and the outcome is modeled by

*

yijt " Bernoulli <*w—l) , lelLl. (1.1)

k
w; +wj

where [L] = {1,2,...,L} and i < j. We only observe outcomes from a small subset of pairs.
This subset E is modeled by edges generated by an Erdds-Rényi random graph [44] with
connection probability p on the n players. More details of the model will be given in later
chapters. With the observations {y;;i}; jep,ie[r], our goal is to optimally recover either
the set of players with the largest skill parameters w;’s or the full rank of w}"s.

Besides the above mentioned two ranking problems, we have also investigated the problem
of low-rank matrix estimation. Low-rank matrices find its applications in many areas such

as machine learning [5, 41|, signal processing [2, 36|, finance [54, 78], and quantum states

1



tomography [55], etc. The central statistical problem is to estimate low-rank matrices from
noisy or even incomplete and indirect observations. At its most general form, the statistical

model of low-rank matrix estimation can be written as

X =AMy +Z (1.2)

where M is some unknown p X ¢ matrix with a potentially low-rank structure, A is a
given linear measurement operator (can be fixed or random) that maps RP*4 to R*?,
Z € R%*! is the noise and X € R**? is our observation. In this thesis, we study the simplest
possible specialization of (1.2) when A is the identity operator which corresponds to direct
observation of a noisy version of each entry of My. While the statistical properties of this
problem have been extensively studied in the frequentists’ world, little is known about its
Bayesian counterpart. We aim to analyze a Bayesian procedure in low-rank matrix estimation
leveraging the posterior contraction framework [52]. A more detailed introduction of this
topic will be outlined in Chapter 4.

We briefly introduce the content of the remaining chapters.

In Chapter 2, we study the problem of top-k ranking. We derive the minimax rate
with respect to a normalized Hamming loss. This provides the first result in the literature
that characterizes the partial recovery error in terms of the proportion of mistakes for top-%
ranking. We also derive the optimal signal-to-noise ratio condition for the exact recovery of
the top-k set. The maximum likelihood estimator (MLE) is shown to achieve both optimal
partial recovery and optimal exact recovery. On the other hand, we show another popular
algorithm, the spectral method, is in general sub-optimal. Our results complement the recent
work by [25] that shows both the MLE and the spectral method achieve the optimal sample
complexity for exact recovery. It turns out the leading constants of the sample complexity
are different for the two algorithms. Another contribution that may be of independent

interest is the analysis of the MLE without any penalty or regularization for the BTL model.
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This closes an important gap between theory and practice in the literature of ranking. This
chapter is adapted from the author’s paper [21].

In Chapter 3, we come to the problem of full ranking. For the first time in the liter-
ature, the minimax rate of this ranking problem is derived with respect to the Kendall’s
tau distance that measures the difference between two rank vectors by counting the number
of inversions. The minimax rate of ranking exhibits a transition between an exponential
rate and a polynomial rate depending on the magnitude of the signal-to-noise ratio of the
problem. To the best of our knowledge, this phenomenon is unique to full ranking and has
not been seen in any other statistical estimation problem. To achieve the minimax rate, we
propose a divide-and-conquer ranking algorithm that first divides the n players into groups
of similar skills and then computes local MLE within each group. The optimality of the
proposed algorithm is established by a careful approximate independence argument between
the two steps. This chapter is adapted from the author’s paper [22].

In Chapter 4, we discuss a Bayesian procedure to estimate low-rank matrices. Given the
data matrix generated from a low-rank matrix perturbed by Gaussian noise, we propose a
Bayesian estimator with optimal posterior contraction rate. We also explore the possibility
of rank adaptation by proposing a rank-adaptive prior and have some preliminary results for

the special case when the underlying signal is of rank 1.



CHAPTER 2
PARTTIAL RECOVERY FOR TOP-K RANKING: OPTIMALITY
OF MLE AND SUB-OPTIMALITY OF SPECTRAL METHOD

2.1 Introduction

In this chapter, our goal is to study the statistical limits of both partial and exact recovery
of the top-k ranking problem under the BTL model.

Theoretical properties of the top-k ranking problem have been studied by [24, 62, 97,
23, 63, 86, 25| and references therein. The literature is mainly focused the problem of exact
recovery. That is, to investigate the signal-to-noise ratio condition under which one can
recovery the top-k set exactly with high probability. For this purpose, the state-of-the-art
result is obtained by the recent work [25]. It was shown by [25] that both the MLE and the
spectral method can perfectly identify the top-k players under optimal sample complexity
up to some constant factor. This discovery was also verified by a numerical experiment that
shows almost identical performances of the two methods. The results of [25] lead to the
following intriguing research questions. What is the leading constant factor of the optimal
sample complexity? Are the MLE and the spectral method still optimal if we take the leading
constant into consideration?

In this paper, we give complete answers to the above questions. Our results show that
while the MLE achieves a leading constant that is information-theoretically optimal, the
spectral method only achieves a sub-optimal constant. In particular, the MLE achieves

exact recovery when

npLA? > 2.001V (k) <\/10g k + /log(n — k:))2 : (2.1)



and the spectral method requires

npLA? > 2.001V (k) <\/10g k + /log(n — k:)>2

In the above two formulas, the constant 2.001 should be understood as any constant larger
than 2. A is the logarithmic gap of the skill parameters between the top-k group and the
rest of the players. The parameter x is the dynamic range of the skill vector that will be
defined in Section 2.2. The performances of the two methods are precisely characterized
by the two functions V(x) and V(k), which are understood to be the effective variances of
the two algorithms. The two functions satisfy the strict inequality that V(x) > V (k) for
all kK > 0, and the equality V(x) = V(k) only holds when x = 0. We also establish an
information-theoretic lower bound that shows the MLE constant V (k) is optimal, and it
characterizes the phase transition boundary of exact recovery for the top-£ ranking problem.

We would like to emphasize that our results do not contradict the conclusions of [25]. On
the contrary, the current paper complements and refines the results of [25]. The optimality
claim made by [25] on both the MLE and the spectral method only refers to the order of
the sample complexity. Our results show that the performances of the two algorithms can
be drastically different when the dynamic range parameter x is strictly positive. We are
also able to explain why the numerical experiment conducted in [25] demonstrates nearly
identical performances of the MLE and the spectral method. Note that the experiment in

Aorl,

[25] was conducted with the skill parameters w; only taking two possible values, e
depending on whether 7 belongs to the top-k group or not. We show in Section 2.5 that this
configuration of w* is asymptotically equivalent to x = 0, which is the only case that makes
V (k) = V(k), and thus the nearly identical performances of the two algorithms are actually
expected by our theory. As long as w* deviates from this simple two-piece structure, our

extensive numerical experiments in this paper show that the MLE always dominates the

spectral method, and the advantage of the MLE is usually quite significant.
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In addition to the exact recovery results, we have also obtained a series of results for
partial recovery. We observe that top-k ranking can be viewed as a clustering problem.
That is, one wants to cluster the players into two groups of sizes k and n — k, respectively.
Therefore, it is more natural to consider the problem of partial recovery by analyzing the
proportion of players that are clustered into a wrong group. Clearly, this problem is more
relevant in practice, since one rarely expects any real application where top-k ranking can be
done without any error. From a mathematical point of view, the partial recovery problem is
more general and we will show in Section 2.3 that an optimal partial recovery error bound
will lead to the optimal exact recovery condition (2.1). To the best of our knowledge, a
systematic study of partial recovery for top-k ranking has never been done in the literature.
Our paper is perhaps the first work that formulates the top-k ranking problem into a decision-
theoretic framework and derives the minimax optimal partial recovery error rate. Similar
to the results of exact recovery, we show that the MLE is also optimal for partial recovery.
It has an exponential error bound with respect to a normalized Hamming loss. The error
exponent is shown to depend on the variance function V (k). In comparison, the spectral
method still achieves a sub-optimal error rate for partial recovery, with the error exponent
depending on V (k).

Recently, a few papers provide sharp analysis of spectral methods on some high-dimensional
estimation problems and show spectral methods can achieve optimal theoretical guarantees
just as MLEs. For example, it was shown by [1| that spectral clustering achieves optimal
community detection for a special class of stochastic block models (SBMs). The paper [73]
proved spectral clustering is also optimal under Gaussian mixture models. We emphasize
that the results of both papers imply that not only the order of the sample complexity of
spectral clustering is optimal, but even the leading constant is optimal, at least in the setting
of SBMs and Gaussian mixture models. The results of the current paper, however, show

that the optimality of spectral methods may not hold under more complicated settings such



as the BTL model.

Finally, we discuss another contribution of the paper that may be of independent interest.
That is, we are able to give a sharp analysis of the MLE under the BTL model. Previous
analyses of the MLE in the literature |24, 86, 25| all impose some additional regularization
to address the challenge that the Hessian of the log-likelihood function is not well behaved.
Whether the vanilla MLE works theoretically without any penalty or regularization remains
an open problem. Our analysis solves this open problem by relating a regularized MLE to
an f~o-constrained MLE. This allows us to show that the solution to the /~.-constrained
MLE lies in the interior of the constraint. Thus, we can conclude that the ¢,,-constrained
MLE is equivalent to the vanilla MLE in its original form. This equivalence then leads to
the desired control of the spectrum of the Hessian matrix, which is the most critical step of
our analysis.

The rest of the paper is organized as follows. We introduce the setting of the problem in
Section 2.2. The results of the MLE and the spectral method will be given in Section 2.3 and
Section 2.4, respectively. We then comprehensively compare the two methods in Section 2.5
by numerical experiments. Section 2.6 presents a minimax lower bound for partial recovery.
In Section 2.7, we analyze the error rates of the MLE and the spectral method for each
individual parameter. The proofs of our main results are given in Sections 2.8-2.11, with
Section 2.8 for the analysis of the MLE, Section 2.9 for the analysis of the spectral method,
Section 2.10 for the proofs of the lower bounds, and Section 2.11 for the proof of local error
rates. Finally, a few technical lemmas will be given and proved in Section 2.12.

We close this section by introducing some notation that will be used in the paper. For
an integer d, we use [d] to denote the set {1,2,...,d}. Given two numbers a,b € R, we use
a Vb = max(a,b) and a A b = min(a,b). We also write a1 = max(a,0). For two positive
sequences {an}, {bn}, an < by or ap = O(by) means ap < Cby, for some constant C' > 0

independent of n, a, = Q(by,) means b, = O(ay), and ay, < by means ap, < by and by, < ap.

~Y ~Y



We also write ap = o(by,) when limsup,, Z_Z = 0. For a set S, we use [{S} to denote its
indicator function and |S| to denote its cardinality. For a vector v € R?, its norms are defined
by [[oll; = 2% Juil, [[o]l* = 5% v? and |jv]| o, = max;<j<q |v;]. The notation 1, means a
d-dimensional column vector of all ones. For any v € R, we write ave(v) = d_l]lgv. Given
p,q € (0,1), the Kullback-Leibler divergence is defined by D(p||q) = plog g +(1—p)log %%Z.
For a natural number n, &, is the set of permutations on [n]. The notation P and E are used

for generic probability and expectation whose distribution is determined from the context.

2.2 Models and Methods

The BTL Model. We start by introducing the setting of our problem. Consider n players,
and each one is associated with a positive latent skill parameter w; for i € [n]. The compar-
ison scheme of the n players is characterized by an Erdds-Rényi random graph A ~ G(n,p).
That is, A;; od Bernoulli(p) for all 1 <14 < j < n. For a pair (i,7) that is connected by the
random graph and A;; = 1, we observe L games played between ¢ and j. The outcome of
the games is modeled by the Bradley-Terry-Luce (BTL) model (1.1). Our goal is to identify
the top-k players whose skill parameters w}’s have the largest values.

To formulate this problem from a decision-theoretic point of view, we reparametrize the
BTL model (1.1) by a sorted vector 6* and a rank vector r*. A sorted vector §* satisfies
07 > 605 > --- > 0y, and a rank vector r* is an element of permutation r* € &,. Then, the

BTL model (1.1) can be equivalently written as

Yiji ind Bernoulli(y(67x — 67+)), 1=1,--- L. (2.2)
i J
where ¢(+) is the sigmoid function ¢(t) = ﬁ. In the original representation, we have

w; = exp(@%) for all i € [n]. With (3.2), the top-k ranking problem is to identify the subset

{i € [n] : r} < k} from the random comparison data. This is a typical semiparametric



problem because of the presence of the nuisance parameter 6*.

Loss Function for Top-k Ranking. Our goal is to study optimal top-k ranking in terms
of both partial and exact recovery. We thus introduce a loss function to quantify the error

of top-k ranking. Given any 7,r* € &}, define the normalized Hamming distance by
1 n n
Hy (7, r*) = o (Zn{a > kyrf <k} + Y IR <korf> k}) . (2.3)
=1 1=1

The definition (3.6) gives a natural loss function for top-k ranking, since Hy(7,r*) can be
equivalently written as the cardinality of the symmetric difference of the sets {i € [n] : 7; <
k} and {i € [n] : v} <k} normalized by 2k. The value of Hy (7, 7*) is always within the unit
interval [0, 1]. Moreover, Hy(7,7*) = 0 if and only if {i € [n] : 7; <k} = {i € [n] : ] < k}.

The loss function (3.6) can be related to various quantities previously defined in the
literature. One of the most popular distances to compare two rank vectors is the Kendall’s
tau distance, defined as

KT, r*) = % Z I {sign(ﬁ — Ty)sign(r; —77) < 0}.
1<i<j<n

Since K(7, 7*) counts all pairwise differences in the ranking relation, it is a stronger distance
than (3.6). While K(7,7*) = 0 requires 7 = r*, Hp(7,7*) = 0 only requires the two top-k
sets are identical regardless of the actual ranks of the members of the sets. In fact, the study
of the BTL model under K(7,r*), called full ranking, is also a very interesting problem, and
will be considered in Chapter 3.

As we have discussed in Section 2.1, the top-k ranking problem can be thought of as a
special variable selection problem. Variable selection under the normalized Hamming loss has
recently been studied by [15, 85]. Consider either a Gaussian sequence model or a regression

model with coefficient vector 8* € RP that satisfies either ﬁ;‘ =0 or | ﬁ;‘| > a. The papers

9



15, 85| consider estimating 5* under the loss
[ g

A5, 6% = o | {13l > 0.5y = 0} +

P
Jj=1 Jj=

{3 =0,18 >a} |
1
where s is the number of 5}-“s that are not zero. One can clearly see the similarity between the
two loss functions Hy (7, 7*) and HS(B\, £*). Similarly, the loss HS(B\ , ) only characterizes
the estimation error of the set {j € [p] : ]6]*] > a}, and HS(B\, f*) = 0 if and only if

(i elp: 1Bl > a} = {j € o] : 1B}| > a}.

Parameter Space. For the nuisance parameter 0* of the model (3.2), it is necessary that
there exists a positive gap between ). and ¢}, ; for the top-k set {i € [n] : 77 < k} to be

identifiable. We introduce a parameter space for this purpose. For any 0 < A < k, define
Ok, A k) = {QERR 101> 2> 00,0, — 0k > A0y — 6, <K}.

For any 0* € O(k,A, k), a positive A guarantees that there is a separation between the
group of top-k players and the rest. The number « is called dynamic range of the problem.!
This is a very important quantity, since it is closely related to the effective variance of the
problem. Our results will give the exact dependence of the top-k ranking error on both A

and k.

MLE and Spectral Method. We study and compare the performances of two algorithms
in the paper. The first algorithm is based on the maximum likelihood estimator (MLE). For

any ¢ < j, we use the notation y;; = % Zlel Yiji- Then, the negative log-likelihood function

1. For readers who are familiar with [25], we note that our definitions of A and x are slightly different
from those in [25].

10



is given by

1 1

Y(0; —0;) (1= ) los 1—90; —0;)]

ta(0) = Y Ay [Z/z‘jlog (2.4)

1<i<y<n
Define the MLE,

0 € argmin £,,(6). (2.5)
0:1160=0

It can be shown that 8 is unique as long as the comparison graph is connected. Then, set 7 to
be the rank of players based on 9. In other words, find any 7 € &,, such that 531 > > é\an
is satisfied, where @ is the inverse of 7. We emphasize that the MLE (2.5) is written in its
vanilla version, without any constraint or penalty. To the best of our knowledge, (2.5) has
not been previously analyzed in the literature.

Another popular algorithm for ranking is the spectral method, also known as Rank
Centrality proposed by [86]. Define a matrix P € R"™*" by

1 _ . .
_Ay 27&]
a‘tigYji )

Py = (2.6)

L= Zlizle[n]\{i} Al 1= 7,

where d needs to be at least the maximum degree of the random graph A. Through-
out the paper, we just set d = 2np, same as the convention in [25|, which is because
2np > Max; e, Zje[n]\ (i} A;j with high probability due to concentration. We also adopt
the convention of notation that A;; = Aj; and g;; = 1 — g;; for each (7, j) pair. One can
check that P is a transition matrix of a Markov chain. To see why P is useful, we can

compute the conditional expectation of P given the random graph A,

zlez'jw(e;‘; 05, -y
ij
1= g Sl fiy Au Oy — 052), 0=,

11



The stationary distribution induced by the Markov chain P* is

(W*)T: ( exp(eif) ) exp(@jf;) )

i1 eXP(Q:ﬁ 7 DY) eXp(H::%)

One can easily check that (7*)T P* = (7*)T. Since m* preserves the order of {07}, the set
7

with the £ largest 7;’s is the top-k group. With the sample version P, we can first compute

its stationary distribution 7, and then find any 7 € &,, such that %31 > .0 > %3717 with &

being the inverse of 7.

2.3 Results for the MLE

We study the property of MLE in this section. Our first result gives theoretical guarantees

for (2.5) under both ¢9 and £, loss functions.

logn
n

Theorem 2.3.1. Assume p > ¢ for some sufficiently large constant co > 0 and k < ¢

for some constant ¢y > 0. Then, for the estimator 0 defined by (2.5), we have

n

~ 1
* \2
> 0i—8)° < O (2.7)
=1
~ logn
0; — 07| —_ 2.8
ma [0 — 6| 7 (28)

for some constant C > 0 only depending on c1 with probability at least 1 — O(n_7) uniformly

over all * € &, and all 6* € O(k,0, k) such that 1L6* = 0.

Let us give some comments on the assumptions and conclusions of Theorem 2.3.1. We
have established that the MLE achieves the error rates O (ﬁ) and O <lg%) for the squared
{9 loss and the squared ¢ loss, respectively. Both error rates are known to be optimal in the
literature [86, 25|. Since the BTL model (3.2) is defined through pairwise differences of 0} s,

the model parameter is only identifiable up to a constant shift. We therefore require both

12



1%5 = 0 and 126* = 0 so that the two vectors are properly aligned. Note that the results

for parameter estimation do not need a positive A, and we only assume 0* € ©(k, 0, k). The

logn
n

condition p > ¢y is imposed for the random graph A to be well behaved in terms of both

logn

its degrees and the eigenvalues of the graph Laplacian. In fact, p 2 =2

is necessary to
ensure the random graph is connected. Otherwise, ranking and parameter estimation would
be impossible due to the identifiability issue caused by the lack of comparison between

disconnected graph components. In the rest of the paper, some of the results will require

np
logn

a slightly stronger condition — o0, but we will give very detailed remarks on when
and why it will be needed. Last but not least, we require that the dynamic range s to be
bounded by a constant. One can certainly allow s to tend to infinity, but the rates (2.7)
and (2.8) would depend on x exponentially [86, 25]. This is because the eigenvalues of the
Hessian of the objective function of (2.5) will be exponentially small when x diverges. In fact,
when Kk — oo, it is not clear whether MLE still leads to optimal error rates for parameter
estimation. In this paper, we will focus on the case k = O(1). We will see in later theorems
that even with k = O(1), the exact value of & still plays a fundamental role in top-k ranking.

To the best of our knowledge, Theorem 2.3.1 is the first result in the literature that gives

optimal rates for parameter estimation by wvanilla MLE under the BTL model. Previous

results in the literature including [24, 86, 25] all work with regularized MLE

~ A

6y = argmin {En(e) + —HHHQ] : (2.9)
0:176=0 2

In particular, the recent paper [25] shows that 5)\ also achieves the optimal rates (2.7) and

(2.8) for a A that is chosen appropriately, though in practice it is known that the vanilla

MLE performs very well. Theorem 2.3.1 shows that penalty is not needed for the MLE to

be optimal, thus closing a gap between theory and practice.

The proof of Theorem 2.3.1 is built upon the elegant leave-one-out technique in [25]. We

13



first show that with a sufficiently small A, a (sub-optimal) ¢/~ bound for é\)\ can be transferred
to §. Then, we apply a leave-one-out argument to derive the optimal rates (2.7) and (2.8).
We also note that our leave-one-out argument is actually different from the form used in
[25]. While the leave-one-out argument in [25] is applied together with a gradient descent
analysis, we do not need to follow this gradient descent analysis because of the /5, bound
that has already been obtained. As a result, we are able to remove the additional technical
assumption log L = O(logn) that is imposed in [25]. A detailed analysis of the MLE will be
given in Section 2.8.

Next, we study the theoretical property of 7, the rank induced by the MLE 0. Without
loss of generality, let us assume k < 4 throughout the paper. The case k > & can be dealt
with by a symmetric bottom-£ ranking problem. Before presenting the error bound for the
loss function Hy(7,7*), we need to introduce a few notation. We first define the effective

variance of the MLE by

Vik) = max k! (k1) + (n — k) (ka) (2.10)

k1,220

Recall that () is the sigmoid function so that ¢/(t) = ()1 (—t). Since k = O(1),

1
1+et

we have V(k) < 1. Then, the signal-to-noise ratio is defined by

Note that SNR is a function of n, k,p, L, A, but we suppress the dependence for simplicity
of notation. The following theorem shows that Hy (7, r*) has an exponential rate with SNR

appearing in the exponent.

np

Theorem 2.3.2. Assume Tog

— 00 and Kk < ¢1 for some constant ¢y > 0. Then, for the

14



rank vector T that is induced by the MLE (2.5), there exists some § = o(1), such that

2
1—0)SNR .
Hy.(F, 1) < C exp —% ( (1= 9)SNR _ ! log = k) , (2.11)

2 JI-5SWR k),

for some constant C' > 0 only depending on ¢y with probability 1 — o(1) uniformly over all

r* € &y, and all 0* € O(k, A, K).

The error exponent of (2.11) is complicated. We present a special case of the bound when

k = n to help understand the result.

Corollary 2.3.1. Assume lggjn — 00, k = 0(1) and k < n. Then, as long as SNR — oo,

the rank vector T induced by the MLE (2.5) satisfies

H.(7,r*) < exp (—(1 — 0(1))5%?) , (2.12)

with probability 1 — o(1) uniformly over all r* € &y, and all 0* € O(k, A, k).

Under the additional assumption k£ =< n, the top-k ranking problem can be viewed as
a clustering or community detection problem, with the goal to divide the n players into
two groups of sizes k and n — k, respectively. The exponential convergence rate (2.12) is
in a typical form of optimal clustering error [108, 75|. It is intuitively clear that a larger
SNR leads to a faster convergence rate. When the sizes of the two clusters are of different
orders, one can obtain a more general convergence rate in the form of (2.11). The extra
term log nT_k characterizes the unbalancedness of the two clusters. We note that for variable
selection under Hamming loss [15, 85], the optimal rate is very similar to the form of (2.11).
This is because variable selection can also be thought of as clustering with two clusters of
sizes s and p — s, whose orders can potentially be different.

Theorem 2.3.2 and Corollary 2.3.1 together reveal an interesting phenomenon for top-k

ranking. The result shows that the top-k ranking problem can be very different for different
15



orders of k. We note that in order to successfully identify the majority of the set {i €
[n] : ¥ < k}, we need to have Hy(7,7*) — 0. When k = n/4, Corollary 2.3.1 shows that
Hy. (7, 7*) — 0is achieved when SNR — oco. In comparison, when k = 5, Theorem 2.3.2 shows
that Hz(7,r7*) — 0 when SNR > (1 + €)2logn for some arbitrarily small constant ¢ > 0.
In other words, in terms of partial recovery consistency, top-quarter ranking is an easier
problem than top-5 ranking. In general, a larger SNR is required for a smaller £ according

to the formula (2.11).

Compared with Theorem 2.3.1, we need a slightly stronger condition 1:gp ~ — oo for

Theorem 2.3.2 and Corollary 2.3.1. If we only assume p > ¢ Ogn , the 1 — ¢ factor in the

exponent of (2.11) can be replaced by 1 — e with some ¢ of constant order. The constant e
can be made arbitrarily small as long as cq is sufficiently large.

The proof of Theorem 2.3.2 relies on a very interesting lemma that is stated below.

Lemma 2.3.1. Suppose T is a rank vector induced by a, we then have

Hk(?,r*)gé%;&l 3 H{é}gt}Jr 3 H{@zt}

i:rfgk i:r;‘>k
The inequality holds for any r* € &,,.

We will prove Lemma 2.3.1 in Section 2.12. This inequality shows that the error of ranking
0 is bounded by the error of any thresholding rule. Using this result, we immediately obtain

that

EH, (7, r") < mm ZP  <t)+ ZIP’

k 1R iy <k iy >k
We then obtain the exponential error bound (2.11) by carefully analyzing the probability
IP’(@; < t) (or }P’(é\Z > t)) for each i € [n]. The analysis of IP’(é\Z < t) is quite involved. We
need to first obtain a local linear expansion of the MLE at each coordinate, and then apply

the leave-one-out technique introduced by [25] to decouple the dependence between the data

16



and the coefficients of the local linear expansion. The details will be given in Section 2.8.
The result of Theorem 2.3.2 immediately implies a condition for exact recovery of the

top-k set. By the definition of Hy (7, r*), it is easy to see that
HL(7 1) € {0, (2k) 1, 2(2k) 71, 3(2k) 7L, -+ 1) (2.13)

Then as long as Hy (7, r*) < (2k)~1, we must have Hy(7,7*) = 0. Under the condition that
the right hand side of (2.11) is smaller than (2k)~!, we obtain exact recovery of the top-k

set. This result is stated as follows.

Theorem 2.3.3. Assume l(?gpn — 00, k= 0(1), and

npLA2
V(r)

> (14€)2 <\/10gk7+ \/log(n—k‘)>2, (2.14)

for some arbitrarily small constant € > 0. Then, for the rank vector T that is induced by the
MLE (2.5), we have Hy(7,r*) = 0 with probability 1 — o(1) uniformly over all r* € &, and
all 0 € O(k, A, k).

logn

= for a suf-

We remark that the condition 1(?gp —~ — 00 can be relaxed to p > ¢y

ficiently large universal constant ¢y without affecting the conclusion of Theorem 2.3.3.
The result of Theorem 2.3.3 improves the exact recovery threshold obtained in the liter-
ature. The paper [25] proves that the MLE exactly recovers the top-k set when npLA? >
C (M + \/m>2 for some sufficiently large constant C' > 0. We complement the
result of [25] by showing that the leading constant should be 2V (k), an increasing function
of the dynamic range x. Moreover, the symmetry of & and n — k in (2.14) agrees with the
understanding that top-k ranking and bottom-£ ranking are mathematically equivalent.
The next theorem shows that the exact recovery threshold (2.14) is optimal, and cannot

be further improved.

17



Theorem 2.3.4. Assume £ — oo, k = O(1), (logn)® = O(L), and

logn

n 2
‘%ﬁ <(1-e2 (\/logk +\/log(n — k)>2 , (2.15)

for some arbitrarily small constant € > 0. Then, we have

liminfinf  sup  Pgs ) (Hi(7, r*) > 0) > 0.95,

n—oo 7 T*GGn
0*cO(k,A k)

where we use the notation P(G*,r*) for the data generating process (5.2).

The proof of Theorem 2.3.4 relies on a precise lower bound characterization of the max-
imum of dependent binomial random variables. The extra assumption L > (logn)® allows
us to apply a high-dimensional central limit theorem [27] for this purpose. Without this
additional technical condition, we are not aware of any probabilistic tool to deal with the
maximum of dependent binomial random variables.

Theorem 2.3.3 and Theorem 2.3.4 together nail down the phase transition boundary of

2 2
exact recovery, which is "“%HA) =2 <\/ log k + +/log(n — k)> . Thus, the MLE is an optimal
procedure that achieves this boundary. The lower bound result of Theorem 2.3.4 also suggests
that the partial recovery error rate obtained in Theorem 2.3.2 cannot be improved, since

otherwise one would obtain a better SNR condition for exact recovery in Theorem 2.3.3. A

rigorous minimax lower bound for partial recovery will be given in Section 2.6.

2.4 Results for the Spectral Method

In this section, we study the theoretical property of the spectral method, also known as rank
centrality [86]. Let 7 be the stationary distribution of the Markov chain with transition
probability (3.5). The estimation error of 7 has already been investigated by [86, 25]. For

both ¢9 and {4, loss functions, it has been shown by [25] that 7 achieves the optimal rates
18



(2.7) and (2.8) after an appropriate scaling. We therefore directly study the accuracy of the
rank vector 7 induced by 7. This is where we can see the difference between the MLE and
the spectral method.

We first define the effective variance of the spectral method,

Vi) = max MDA+ 4 (0= )Y (xg)(1+ e712)?
K1+ro<k (ki (k1) 4+ (n — k)(—k9))2/n .

K1,k2>0

(2.16)

Note that V (k) < 1 when x = O(1). The signal-to-noise ratio is defined by

npLA2

SNR = Vin)

The error rate of the spectral method with respect to Hy (7, r*) is stated as follows.

np

Theorem 2.4.1. Assume ogn 7 and k < ¢1 for some constant ¢c; > 0. Then, for the

rank vector T that is induced by the stationary distribution of the Markov chain (3.5), there

exists some 6 = o(1), such that

2
\/ (1 —8)SNR _
H(Fr) < Cexp | L [(VIZOPNR k (2.17)

logn
2 2 (1-6)SNR  F N

for some constant C' > 0 only depending on c1 with probability 1 — o(1) uniformly over all

r* € &y, and all 0* € O(k, A, k).

The formula (2.17) characterizes the convergence rate of partial recovery of the top-k set
by the spectral method. It can be compared with the MLE error bound (2.11). The only
difference lies in the effective variance of the two methods. We will show in Lemma 2.5.1
that V (k) > V() and the equality only holds when x = 0. Therefore, the spectral method is
not optimal in general. Detailed comparisons of the two algorithms will be given in Section

2.5.
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By the property (2.13), we immediately obtain an exact recovery result from Theorem

2.4.1.

Theorem 2.4.2. Assume l(?gpn — 00, k= 0(1), and

npLA2
V(x)

> (14€)2 (\/logk’—i— \/log(n—kz)>2, (2.18)

for some arbitrarily small constant € > 0. Then, for the rank vector T that is induced by
the stationary distribution of the Markov chain (3.5), we have Hy(7,r*) = 0 with probability

1 — o(1) uniformly over all r* € &, and all 0* € O(k, A, k).

It has been shown in [25] that the spectral method exactly recovers the top-k set when
npLA2 > C <\/@ + \/W)Q for some sufficiently large constant C' > 0. Without
specifying the constant C', one cannot tell the difference between the MLE and the spectral
method. In view of the lower bound result given by Theorem 2.3.4, the exact recovery
threshold (2.18) of the spectral method does not achieve the phase transition boundary for
a general k. A careful reader may wonder whether this is resulted from a loose analysis in

the proof. Our next result shows that the sub-optimality of the spectral method is intrinsic.

np
logn

Theorem 2.4.3. Assume — 00, k < ¢1 for some constant ¢; > 0, k — oo and

n 2
éﬁf) <(1-e2 <\/logk + v/log(n — k)>2 , (2.19)

for some arbitrarily small constant € > 0. Then, for the rank vector T that is induced by the

stationary distribution of the Markov chain (3.5), we have

liminf  sup  Pge oy (Hp(T, r*) > 0) > 0.95.

n—o0 T*GGn
0*cO(k,A k)
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Moreover, there exists some § = o(1), such that

JE— 2
1 [ \/(14+0)SNR 1 —k
E(H*J‘*)Hk(?? T*) Z Cexp —5 -

sup 5 log r k
r*eG,
6O (k,A k) (1+0)SNR ( n |
2.20

for some constant C' > 0 only depending on c1 and €.

Theorem 2.4.3 shows that the results of Theorem 2.4.1 and Theorem 2.4.2 on the per-
formance of spectral method are sharp, under the additional condition that & — oo. The
conclusion of Theorem 2.4.3 can also be extended to the case of £k = O(1) via a similar
argument that is used in the proof of Theorem 2.3.4, as long as the technical condition
(logn)® = O(np) is further imposed.

To close this section, we remark that all the theorems we have obtained for the spec-
tral method can be stated under the weaker assumption p > colo% for some sufficiently
large universal constant ¢y > 0, as long as the § in (2.17) and (2.20) are replaced by some

sufficiently small constant.

2.5 Comparison of the Two Methods

In this section, we compare the MLE and the spectral method based on the results obtained
in Section 2.3 and Section 2.4. The statistical properties of the two methods in terms of
partial and exact recovery are characterized by the two variance functions V (k) and V(k),
respectively. We first give a direct comparison of the two functions by plotting them together
with different values of k/n. We observe in Figure 2.1 that V(x) > V() for all £ > 0. This

inequality is rigorously established by the following lemma.

Lemma 2.5.1. For V (k) and V (k) defined in (2.10) and (2.16), respectively, we have

V(k) = V(k),
21
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Figure 2.1: The functions V (k) and V (k) with k/n € {0.15,0.25,0.5}. In the first row, we
plot the functions for k € [0,5]. The second row plots the same functions for x € [0,10] in
a logarithmic scale to better illustrate the global structure. Recall the definition of V (k) in
(2.10) and V (k) in (2.16). It is very interesting that both V(x) and V (k) have a point at
which the derivative is not continuous. Before this critical point, the optimization of V (k)
is achieved by (x],x5) = (0,s). Right after the critical point, k] is immediately bounded
away from 0 and x5 is immediately bounded away from k. The same property also holds for
V (k). Moreover, the critical point occurs earlier as k/n becomes larger (when k/n < 1/2).

for all kK > 0. Moreover, the equality holds if and only if k = 0.

Proof. Recall the definition of V() in (2.10) and V(x) in (2.16) and the roles of sy, kg in

the maximization. By Jensen’s inequality, we have

efl . e k2 K1 —K9 2
bt + (- Pt (e 0 D o
kefl + (n — k)e =2 - kel + (n — k)e—r2 ' '

Another way to see the above inequality is to construct a random variable X such that

P (X = kel and P (X 1 > (n—k)e "2 Then, (2.21) is

1 _ _ —_
1"‘6'{1) ~ keFl4(n—k)e k2  1+e "2 ) kefM+(n—k)e F2’
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equivalent to EX? > (EX)2. The inequality (2.21) can be rearranged into

B/ (m) (14 )% + (1 — K)o/ (m) (1 + e™2)% n
(kk1) + (n— k)b(—r2))%/n = T (m) + (n— )0 ().

(2.22)

Taking maximum over 1 and k9 on both sides, we obtain the inequality V' (k) > V(k).
When x = 0, we obviously have V (k) = V (k). When x > 0, we need to show V (k) # V (k).
The optimization of V' (x) must be achieved by some (x7, x3) # (0,0). For such (], k3), the
constructed random variable X has a positive variance, and thus both inequalities (2.21)

and (2.22) are strict. We then have

kY () (L+ €1)? + (n = k)J/ (k3) (1 + ¢ 3)?

Vie) 2 (B(D) + (n— RYo(—r3)) 2/
T R (RD) + (n— k) (3)
= V(w).
The proof is complete. n

The comparison between V (x) and V (k) shows that the spectral method is not optimal
in general. The rate in (2.17) and (2.20) has a worse error exponent than that of (2.11) for
partial recovery and requires a larger signal-to-noise ratio threshold for exact recovery. In
fact, the difference V (k) — V (k) eventually grows exponentially fast as a function of k. See
Figure 2.1.

Note that both V(k) and V (k) are the worst-case effective variances with respect to the
parameter space ©(k, A k) for the two algorithms. In Section 2.7, we will further show
that the MLE outperforms the spectral method for each 6* € O(k, A, k). This conclusion
is supported by extensive numerical experiments. We set n = 200, p = 0.25, L = 20 and
k = 50 throughout the experiments.

In our first experiment, we consider 8% € R" that has four pieces, with the three change-
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points located at {25,50,200}. The values of the four pieces are set as 10, 10—7, 10—7—A
and 0, respectively, where 7 = 07 — 6 € {1,4} and A is varied from 0.01 to 5. We apply

both the MLE and the spectral method to the data. Figure 2.2 shows the results for both
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Figure 2.2: The partial recovery error (left) and the exact recovery probability (right) for the
MLE and the spectral method. The parameter 8 is chosen to be a piecewise constant vector
of four pieces of sizes 25,25,75,75. The plots are obtained by averaging 100 independent
experiments.
partial and exact recovery. We observe that the MLE consistently outperforms the spectral
method.

In the second experiment, we consider #* € R that has four pieces, with the three
change-points located at {50(1 — p), 50,50 + 150p}. The values of the four pieces are set
as 10,6,6 — A and 0, respectively. The parameter p is chosen in {0.1,0.5,0.9} and A is

varied from 0.01 to 3. The performance of the two methods for partial and exact recovery

are plotted in Figure 2.3. Again, the MLE always outperforms the spectral method.
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Figure 2.3: The partial recovery error (left) and the exact recovery probability (right) for the
MLE and the spectral method. The parameter 8 is chosen to be a piecewise constant vector
of four pieces of sizes 50(1 — p), 50p, 150(1 — p), 150p. The plots are obtained by averaging
100 independent experiments.

Next, we consider a §* € R" that has a more complicated structure. We fix ] =
10, 054 = 0, generate 05, - - - , 05, from Uniform[6, 10] and generate 67, - - , 0]qg from Uniform[0, 6—

Al, and we vary A from 0.01 to 2. We find even for such randomly generated 6*’s, the MLE
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Figure 2.4: The partial recovery error (left) and the exact recovery probability (right) for
the MLE and the spectral method. The parameter 68 is randomly generated from some
distribution. The plots are obtained by averaging 100 independent experiments.

always outperforms the spectral method. The results are summarized in Figure 2.4 for both
partial and exact recovery.

In summary, we are able to confirm that the MLE is a much better algorithm than

25



the spectral method under various scenarios. Our results complement the analysis in [25].
It is claimed in [25] that both the MLE and the spectral method are optimal in terms of
the order of the exact recovery threshold. In addition, the paper conducts a very curious
numerical experiment that shows the performances of the MLE and the spectral method are
nearly identical. We note that the 0* chosen in the numerical experiment of [25] is a piecewise
constant vector with only two pieces. We will explain why this choice leads to nearly identical
performances of the two algorithms. Let us first conduct a similar experiment to replicate
this conclusion. We continue to use the setting n = 200, p = 0.25, L = 20 and k£ = 50.
Then, choose 0* such that 67 = --- = 05, = A and 0f; = --- = 05y, = 0. Figure 2.5 plots

the results of partial and exact recovery with A varied from 0.01 to 0.55. For both partial
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Figure 2.5: The partial recovery error (left) and the exact recovery probability (right) for
the MLE and the spectral method. The parameter 6* is chosen to be a piecewise constant
vector of two pieces of sizes 50 and 150. The plots are obtained by averaging 100 independent
experiments.

recovery and exact recovery, the results are indeed nearly identical for the two algorithms.
This phenomenon can be easily explained by our theory. For 8* € O(k, A, k) with only
two pieces, we must have kK = A. When A = o(1), we have V(k) = (1 + 0(1))V(0) and
V(k) = (1 +0(1))V(0). This leads to the relation V(k) = (1 4+ o(1))V(k), and thus the

spectral method has the same asymptotic error exponent for partial recovery and achieves

the optimal phase transition boundary for exact recovery. When A does not tend to zero but
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of a constant order, we have SNR 2 npL > logn, and the error bound (2.17) already leads
to exact recovery because of the large value of SNR. In either case, the spectral method is
optimal. Let us summarize the optimality of the spectral method under this special situation

by the following corollary.

np
logn

Corollary 2.5.1. Assume — 00 and k = A < ¢1 for some constant ¢y > 0. Then, for
the rank vector T that is induced by the stationary distribution of the Markov chain (3.5),

there exists some § = o(1), such that

2

2
N 1 {+(1—=9)SNR 1 n—k
Hy, (7, 7*) < Cexp ——( ( 2) - —(1_5)51\”?10% 2 >

+

for some constant C' > 0 only depending on c1 with probability 1 — o(1) uniformly over all

r* € &y, and all 0* € O(k, A, A). Moreover, as long as

n 2
‘];[(/RA) > (14¢€)2 <\/logk: + /log(n — k;))Q,

for some arbitrarily small constant ¢ > 0. Then, Hi(7,r*) = 0 with probability 1 — o(1)

uniformly over all r* € &y and all 6* € O(k, A, A).

To close this section, we remark that according to the equality condition of Lemma 2.5.1,
the two-piece 6%, or equivalently x = A, is essentially the only situation where the spectral
method is optimal and performs as well as the MLE. Moreover, since both functions V (k)
are V (k) are increasing, the setting with x = A leads to the smallest effective variance and

thus provides the two algorithms with the most favorable scenario.

2.6 Minimax Lower Bound of Partial Recovery

The purpose of this section is to show that the partial recovery error rate (2.11) achieved

by the MLE cannot be improved from a minimax perspective. We are able to establish
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a matching lower bound for Theorem 2.3.2 using a slightly more general parameter space.

Define

O (k,Ayk) ={0€R™: 01> >0p,0p — O 0 >N, 01 — 0y, < K}. (2.23)

Compared with O(k, A, k), the new definition (2.23) imposes a gap between 6, and 0 o. It
is clear that ©(k, A, k) C ©'(k, A, k), and the only difference of ©'(k, A, k) is the ambiguity
of 0 1. The player ranked at the (k+1)th position does not necessarily has a gap from either
the top group or the bottom group. Though this additional uncertainty clearly better models
scenarios in many real applications of top-k ranking, the main reason we adopt the slightly
larger parameter space is to have a clean lower bound analysis. Directly establishing a lower
bound for O(k, A, k) is still possible, but it requires some additional technical assumptions
that make the problem unnecessarily involved.

Throughout this section, we assume that (2.15) holds. This is the regime of partial
recovery, since exact recovery is impossible by Theorem 2.3.4. We first remark that with a
slight modification of the proof of Theorem 2.3.2, the MLE can be shown to achieve the same
error rate (2.11) over the parameter space ©'(k, A, k) as well. Thus, the space ©'(k, A, k)
does not increase the statistical complexity of the problem.

Our lower bound analysis is based on the two least favorable vectors 6/, 0" € ©'(k, A, k).
They are constructed as follows. Let p = o(1) be a vanishing sequence that tends to zero with
a sufficiently slow rate. We define x7 and 5 such that the optimization (2.10) is achieved
at (k1,K2) = (k7,K5). Then, define 0; = k] for 1 < i <k — pk, 9; =0 for k — pk < i <k,
00 = —Afor k <i < k+p(n—k)and 0, = —k3 for k+ p(n — k) < i < n. For 0", we let
0! = 0! for all i € [n]\{k + 1} and set 6}, ; = 0. We will show that there exist 1/, 7" € &y,

k+1

so that the hardness of top-k ranking is characterized by an optimal testing problem,

n—k—1
k
28
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Moreover, there exists some i € [n], such that the two rank vectors r/,r” satisfy 9;; = 0;';,
for all j € [n]\{i}. For the ith entry, we have 9;; = —A and 9;’2, = 0. The reduction of the
top-k ranking problem to the testing problem (2.24) is the most important step in our lower
bound analysis. A rigorous argument will be given in Section 2.10.

The testing problem (2.24) can be roughly understood as to test whether the ith player
belongs to the top-k set or not. The two hypotheses receive different weights 1 and ”_TIH
because of the definition of the loss function Hy (7, 7*). The optimal procedure to (2.24) is

given by the likelihood ratio test

¢ _ de,J’,) S k
N dP(9/17r1/) “n—k—1[("

according to Neyman-Pearson lemma. Since the vectors {9;  }iepn) and {«9;'{,}2-6[71} only
differ at the ith entry, the likelihood ratio statistic only depends on {gij}jG[n]\ (i} and
{Aij} je[n)\{i}- Therefore, the testing error (2.24) is relatively easy to quantify. A sharp

lower bound can be obtained by a large deviation analysis.

Theorem 2.6.1. Assume

1:gpn — 00, k < ¢1 for some constant ¢c; > 0, and (2.15) holds

for some arbitrarily small constant € > 0. Then, there exists some 6 = o(1), such that

infsup E(ge e Hp(Rr?) = Cexp | — L+ 0SNR =k

r 7"*6671, 2
0@ (k,A %)

1<\/(1+6)SNR_ 1 | nk:>2
2

+

for some constant C > 0 only depending on c1 and e.

2.7 Local Error Rates

So far, our study of the top-k£ ranking problem has been conducted under the minimax
decision-theoretic framework laid out in Section 2.2. The upper and lower bounds for the

MLE and the spectral method are established uniformly over the parameter space ©(k, A, k).
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To complement the minimax results, in this section, we present local error rates for the MLE
and the spectral method, which leads to a refined comparison between the two popular

methods.

Local Error Rate for the MLE. To analyze the statistical property of the MLE for each
individual €, we first need to generalize the effective variance (2.10). For any § € R" and

any 7 € [n], define

n
Vi(0) = . 2.25
=S e o) 22
With the help of V;(6), for any subset S C [n], we also define
(1—0)(8; —t)2npL
R1(57 07 t, 5) = Z exp <_ 2‘;<0) + ) (226>
icS !
(1—06)(t —6;)% npL
Ro(5,0,t,6) = Zexp <— 2V~(6)Z + ) (2.27)
icS !
Theorem 2.7.1. Assume % — 00, k < ¢ for some constant ¢; > 0. Then, for the rank

vector T that is induced by the MLE (2.5), any small constant 0 < § < 0.1, any r* € &, and

any 0* € ©(k,0, k), we have

* *
where C7 > 0 is a constant only depending on c¢; and 0. Moreover, we also have
* _ * _

for some constant C9 > 0 only depending on c1 and 9, if we additionally assume that

infy(Ry([k], 0%, t, —0) + Ra([n]\[k], 0%,t, —0)) — oc.

Theorem 2.7.1 gives matching upper and lower bounds for the error of the MLE for
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each individual 8* € O(k,0,k) and r* € &, except for the additional n~3 term and an
arbitrarily small §. We remark that the n~3 term in the upper bound can be replaced
by n=C for an arbitrarily large constant C'. The upper bound (2.28) can be viewed as
an extension of Theorem 2.3.2, though the 6 in Theorem 2.3.2 is allowed to vanish be-
cause of the less general setting. The lower bound (2.29) requires an extra condition
infy (R ([k], 0%, t, —0) + Ra([n]\[k],0%,t, —0)) — oo, which implies the error rate is of higher
order than O(k~1). It plays the same role as the condition (2.19) in Theorem 2.4.3. This
assumption covers most interesting partial recovery cases, since O(k_l) is already the error
rate of exact recovery.

Let t* be a minimizer of the right hand side of (2.28) or (2.29). Then, we can interpret

5 (0 —t*)2 npL
Y e €xp — vy ) @S the order of the number of top k players that are ranked

t*—07)% npL
among the bottom group, and » 7", 11 €Xp <_%) as the order of the number of

bottom n — k players that are ranked in the top group.

A careful reader may notice that the error rate in Theorem 2.7.1 does not have a clear
dependence on the signal gap 0, — 0} 41~ This is because the current error rate depends on 0*
more explicitly rather than just the difference between ¢). and 67 ;. Even when 67 =0},
it is still possible that the right hand side of (2.28) converges to zero as long as the majority

of {07 }1<;<y are separated from most of {07 };1<i<p-

Local Error Rate for the Spectral Method. To present a similar local error rate for
the spectral method, we also need to generalize the effective variance (2.16). For any 6 € R"

and any ¢ € [n], define

Y (6 — 0)) (14 )2

Vi(6) 5 (2.30)
(Zhoyv; - 0)
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We also introduce two quantities similar to (2.26) and (2.27),

Ri(S.0.4,0) = > exp (_(1 —6)(0; — t)ian> |

= 2V;(6)
_ (1=9)(t— Gi)ian
Ro(S,0,t,6) = exp | — — .
Zze;g 2V;(0)
Theorem 2.7.2. Assume lglgpn — 00, k < ¢ for some constant ¢c; > 0. Then, for the rank

vector T that is induced by the stationary distribution of the Markov chain (3.5), any small

constant 0 < 0 < 0.1, any r* € &y, and any 0* € O(k,0, k), we have

Ry ([k],0%,t,6) + R k], 0% t,6
]E(e*,r*)Hk(?,T*) < <iIL}f R (K], 0%, ¢, )+§2([n]\[ 0% ¢, >+n3), (2.31)
where C1 > 0 is a constant only depending on c1 and §. Moreover, we also have
Ry([k],0%,t,—8) + R k], 0% t,—§
E(ge oy Hi (7, 7) 2= C (ntlf By (1,67, =9) + Ral(nl\ 6", >>, (2.32)

for some constant Co > 0 only depending on c1 and 9, if we additionally assume that

infy(Ry ([k], 0%,t, —8) + Ro([n]\[K], 0%, t, —8)) — oo.

Similar to Theorem 2.7.1, Theorem 2.7.2 also gives matching upper and lower bounds for
the error of the spectral method for each individual 8* € O(k,0, k) and r* € &,,.

Let us remark that the results of Theorem 2.7.1 and Theorem 2.7.2 can be further ex-
tended beyond the setting of Erdés-Rényi graph and exactly L comparisons on each edge.
To be specific, we can consider a random graph A;; ~ Bernoulli(p;;) independently for all
1 <4 < j < n. For each edge, we observe L;; independent games. Then, as long as
max;; p;; < C'ming;p;; and max;; Lj; < C'ming; Lj; hold for some constant C' > 0, the

9) 0)

results of Theorem 2.7.1 and Theorem 2.7.2 continue to hold with Z’}E T and Vi

oL replaced
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Z]e[n]\{z} T Ly (0;—0;)(0;—0;)
by

et (it T (0—6;)(0;—07) (1+¢"

0:—0;\2

2
(Zje[n]\{i} Pijib(@z‘—@j)?/f(@j—@i))

Comparison of the Two Methods for each 6*.

(Sietmn i pisto(6;-

, respectively.

9i))2

Theorem 2.7.1 and Theorem 2.7.2 allow

us to give a refined comparison between the MLE and the spectral method. By ignoring the

n~3 term in the upper bounds and the § in each exponent, we can write the error rates of

the MLE and the spectral method as

k n ) i
1 (07 —t)4inpL (t —07)inpL
Htlf % Zexp (— V(07 + | Z exp | — V(07 : (2.33)
| =1 i=k+1 ]
and ~
k 2 n %) 2
! (07 —t)4npL (t—07)inpL
inf — exp | ——t="—"— 1|+ exp — (2.34)
7|2 ( )t V,0)

It is clear that the only difference between (2.33) and (2.34) lies in the difference of the

variance functions (2.25) and (2.30), whose comparison is given by the following lemma.

Lemma 2.7.1. For any 0" € R and any i € [n|, we have V;(0%)

holds if and only if 07 = ... = 0},

n-

Proof. Notice the following chain of equalities and inequality,

n

Vi(07) = > e O

—05)
(S5

< V;(0%). The equality

(et 00 = 09)) (Zjerm
(g v -0+

0* 9:)
0*) )

T (S —o0)
= Vi (07),

(2.35)

where (2.35) is by Cauchy-Schwarz inequality on the denominator. According to the equality
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condition of the Cauchy-Schwarz inequality, we know that V;(6*) = V;(6*) only when 07 =
=105, O

To close this section, we discuss two special cases of 6%, under which the error rates

recover the results of Theorem 2.3.2, Theorem 2.4.1, and Corollary 2.5.1.

Example 2.7.1. According to the proof of Theorem 2.4.3 and the construction discussed in
Section 2.6, the least favorable 0% € O(k, A, k) takes the following form: 07 = k1 for all
1 <i<k—pk 00 =0 fork—pk<i<k 0f=—-Afork<i<k+pn-—=~)and
07 = —ko for k+ p(n — k) < i < n. Here, k1 and ko are mazimizers of either (2.10) for
the MLE or (2.16) for the spectral method, and p is a sufficiently small constant. For this
0%, the formulas (2.33) and (2.34) recover the minimax rates obtained in Theorem 2.3.2 and

Theorem 2.4.1.

Example 2.7.2. Another interesting 0* is the two-piece model 6* € O(k, A;A). By the
translational invariance of the variance functions, we can consider 07 = A for all 1 <i <k
and 07 = 0 for all k < i < n. We discuss the consequence of this choice of 6% under two
situations. First, consider A = o(1), and one can check that V;(6*) = (1 4+ o(1))4 and
Vi(0%) = (1 +0(1))4 for all i € [n], which implies the equivalence of error rates of the MLE
and the spectral method. Second, consider A lower bounded by some constant. In this case,
both the formulas (2.33) and (2.34) are o(k™1), which implies both the MLE and the spectral
method achieve exact recovery with high probability. As shown in Corollary 2.5.1, the spectral

method is actually optimal for 6* € ©(k, A, A). We are therefore able to give a theoretical

Justification of the numerical experiment of [25].

2.8 Analysis of the MLE

In this section, we analyze the MLE (2.5), and prove Theorem 2.3.1, Theorem 2.3.2, and

Theorem 2.3.3. Since the BTL model (3.2) is invariant to a shift of the model parameter, we
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can assume ]l;;@* = 0 without loss of generality. For simplicity of notation, we also assume
r; =i for each i € [n], and thus we have 97’% = 0. Recall the convention of notation that
Ajj = Aj; and g;; = 1 — g;; for any i < j. We also set A;; = 0 for all i € [n]. Throughout
the analysis, we will repeatedly use the properties that both (¢) and /(t) are bounded
continuous functions with bounded Lipschitz constants.

The section is organized as follows. We will first give a brief overview of the techniques
and the main steps of the analysis in Section 2.8.1. We then present a few technical lemmas
in Section 2.8.2. In Section 2.8.3, we establish an important result on the ¢ bound of the

MLE. Theorem 2.3.1 will be proved in Section 2.8.4. Finally, we prove Theorem 2.3.2 and

Theorem 2.3.3 in Section 2.8.5.

2.8.1 Qverview of the Techniques

A major difficulty of analyzing the MLE is to control the spectrum of the Hessian matrix
of the negative log-likelihood function. Recall the definition of ¢, () in (2.4). Its Hessian

V20, (0) = H(0) € R™*" is given by the formula

e\ iy Aat' (0 — 0), i =1,

— A (0; — 0), i

It can be viewed as the Laplacian of the weighted random graph {¢/(0; — 6;)A;;}. For 0
that satisfies max; ;|6 — ;] = O(1), the spectrum of H(f) can be well controlled via some
standard random matrix tool [103]. The property max;; |0; — ;| = O(1) certainly holds for
0* € ©(k,A, k). However, when analyzing the Taylor expansion of ¢, (), we actually need
to understand H () for 6 that is a convex combination between 0 and 6*. Since the MLE
is defined without any constraint or regularization, there is no such control for 0. Our first

step is to establish the following proposition that shows |6 — 6*||s is bounded with high
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probability even though the MLE has no constraint or regularization.

Proposition 2.8.1. Under the setting of Theorem 2.3.1, we have
16— 6%]|o < 5, (2.36)

with probability at least 1 — O(n™").

The proof of Proposition 2.8.1 borrows strength from the property of a regularized MLE.
Recall the definition of é\)\ in (2.9). This is the version of MLE that has been analyzed by
[25]. We will choose A = n~! in order that 5/\ is close to 6. Following the techniques in [25],
we can first show ||§ \—0%]|oco < 4 with high probability. The presence of the penalty in (2.9)
is crucial for the result |6y — 6*[lso < 4 to be established. Next, we have an argument to
show that the two estimators 9\/\ and 6 are sufficiently close. This leads to the bound (2.36).
A detailed proof of Proposition 2.8.1 will be given in Section 2.8.3.

The result of Proposition 2.8.1 is arguably the most important step in the analysis of the
MLE. It directly leads to the control of the spectrum of H(6). Then, the first bound (2.7) of
Theorem 2.3.1 can be obtained by a Taylor expansion of the objective function ¢,,(6). The
second bound (2.8) of Theorem 2.3.1 and Theorem 2.3.2 requires an entrywise analysis of 5,
and is therefore more complicated. We need to take advantage of the powerful leave-one-out
argument in [25]. The intuition of the leave-one-out technique has been thoroughly discussed
in |25], and we do not repeat it here. We would like to emphasize that our version of the
leave-one-out argument is in fact different from the form introduced in [25]. We do not need
to combine the leave-one-out argument with a gradient descent analysis as in [25]. This helps

us to avoid the extra technical condition log L = O(logn) in [25] when proving the theorems.
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2.8.2 Some Technical Lemmas

Let us present a few technical lemmas that facilitate our analysis of the MLE. The first
two lemmas are concentration properties of the random graph A ~ G(n,p). We define

L4 = D — A to be the graph Laplacian of A, where D is a diagonal matrix whose entries

are given by D;; = Zje[n]\{i} Ajj.

Lemma 2.8.1. Assume p > COI% for some sufficiently large co > 0. We then have

1
—np < min A;; < max A < 2np,
2 i€[n] 2. A ie[n]jez K

jem\{z} [n]\{z}
and
Amin, 1 (£4) = U#O{f]ll%luzo uiﬁéu > %,
Amax (£ 4) = max u Lyu 2np

w0 lul?

with probability at least 1 — O(n™1Y).

Lemma 2.8.2. Assume p > CO]# for some sufficiently large co > 0. For any fized {w;;},

we have
max Z wzzj(Aij —p)? < Cnp max ]wij\2,
i€[n] . . i,J€[n]
J€ln]\{z}
and
2
max w;i(A;; — < C(logn)? max |w;;|* + Cplognmax w~2~,
P Z zg( ij p) < C(logn) i,je[n]| Zj| plog ieln] Z 1]

jeln\{é}

JE[n]

for some constant C' > 0 with probability at least 1 — O(n~1Y).

With Apyin | (£4) shown to be well behaved, the next lemma establishes a similar control
for )‘min,J_(H(e))'
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Lemma 2.8.3. Assume p > CO]% for some sufficiently large co > 0. For any 0 € R" that

satisfies Max; ey 0; — min; e, 0; < M, we have

e_an,

ool —

Amin,J_ (H(@)) >

with probability at least 1 — O(n=19).
Finally, we need a few concentration inequalities.

Lemma 2.8.4. Assume k = O(1) and p > COI% for some sufficiently large ¢y > 0. Then,

we have
n

2
Z Azg Yij — (H;K _8;)) < CM?
i=1 \jen]\{i}

2
* * 1
| 3 At —voi =) | scRER
€n]\{i}
ffelf[l}i Z Azg yzy @Z)(Q;‘—Q;))QSC%,
€[n]\{i}

for some constant C > 0 with probability at least 1 — O(n_lo) uniformly over all 0* €
O(k,0,k).

The proofs of the four lemmas above will be given in Section 2.12.

2.8.3  Proof of Proposition 2.8.1

As we have outlined in Section 2.8.1, the main argument to bound Ha— 0*|loo is to first
derive a bound for ||y — 6* s, where ) is the penalized MLE defined in (2.9). Then, we
only need to show é\)\ and 0 are close with A as small as A = n~ L. We first state a lemma

that bounds ||§>\ — 0*|| co-
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Lemma 2.8.5. Under the setting of Theorem 2.3.1, for the estimator é}\ with A\ =n~1, we

have

16y — 0% [|oo < 4,

with probability at least 1 — O(n™7).

We first prove Proposition 2.8.1 with the help of Lemma 2.8.5. We then prove Lemma

2.8.5 at the end of this section.

Proof of Proposition 2.8.1. Define a constraint MLE as

geon = argmin ~ (p(6). (2.37)
170=0:(|0—6*|| 00 <5

By Lemma 2.8.5, 5/\ is feasible for the constraint of (2.37). We then have
0n(0) > £,,(6°°M). (2.38)

We apply Taylor expansion, and obtain

—~ —~ —~ —~ —~ 1 ~ —~ —~ —~
En(0%°7) = Ln(03) + (0" = 00)T Ven(03) + 50y = 0" H(€)(O) — 0°°"),

where ¢ is a convex combination of #°" and 6. By Lemma 2.8.5, we know that |6, —0*||sc <
4. We also have |\§C°" — 0*|lo < 5 by the definition of <", Thus, I€ — 6*]|cc < 5. By

Lemma 2.8.3, we get the lower bound
(a(B%") 2 0n(8)) + (" = )T Vn(B)) + cxnpl| 0" — B, (2.39)

for some constant ¢; > 0. By (2.38) and (2.39), we have

”é\con N é\ ||2 < |(9C0n — HA)Tv£n<9)\)‘
Al = cinp '
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By Cauchy-Schwarz inequality and the fact that Vén(@\ \) + )\a/\ = 0, we have

V@I _ A0 o a2

oon 52 < |
16" — 6, ]1* < = N <
(c1np)? (c1np)? ™ (c1np)?

Finally, since

~ ~ ~ ~ c9 9
QCOH_Q* < 9 _9* QCOH_Q < 4 L < Z
I loo < 10X = 67 l[oc + || Al < t RSy
the minimizer of (2.37) is in the interior of the constraint. By the convexity of (2.37), we

have §<°" = @, and thus the desired conclusion ||6 — 6* [ < 5 is obtained. O

Proof of Lemma 2.8.5. Our proof largely follows the arguments in [25] that analyze the
regularized MLE. Since we only need to show [|fy — 6*||cc < 4 rather than the optimal
rate, the condition on L imposed by [25] is not needed anymore. This requires a few minor
changes in the proof of [25]. We still write down every step of the proof for the result to be
self-contained.

Define a gradient descent sequence
g+ — g(t) _ (wn(e@‘) ) + /\Q(t)> . (2.40)

We also need to introduce a leave-one-out gradient descent sequence. Define

(m) _ 1 _ 1
() = > Ai'{yi'log—_Jr(l—yz")lOg }
i< icmi jobm TP (0; - 6;) T —1p(0; - 6;)
1 1
P Al e e el

ie[n\{m}
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With the objective &({n) (#), we define
pltrtm) — gltm) —p (Ve (6t + a(tm)) (2.41)

We initialize both (2.40) and (2.41) by 6(0) = ¢(0.m) — ¢* and use the same step size
n= ﬁ. Note that 176* = 0 implies 1£G(t) = 1159(””) = 0 for all . See Section 4.3 of

[26]. We will establish the following bounds,

mex 1otm) — oM < 1, (2.42)
men

() _ p* i
168 — 07| < ’/1ogn’ (2.43)
max |05™ — 0% | < 1. (2.44)
me[n]

It is obvious that (2.42), (2.43) and (2.44) hold for ¢t = 0. We use a mathematical induction
argument to show (2.42), (2.43) and (2.44) for a general t. Let us suppose (2.42), (2.43) and
(2.44) are true, and we need to show the same conclusions continue to hold for ¢ + 1.

First, we have

e(t-i-l) N 9(t+1’m) _ (1 _ 77)\)(9(1?) . e(t,m)) . n(vgn(e(t)) o Vg%m) (e(t,m)))

= (1= = nH(©) (01 = 60— (Ve (60 — v 60 )
where € is a convex combination of () and #(t™), By (2.42) and (2.44), we have
10— 0%l < maps 190 = 00+ mma 0 — 07 < 2 (2.45)
men memn

and

||9(t7m) — 0|0 < ||9(t) — 0|00 + ||9(t7m) — Q(t)H < 3. (2.46)
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We thus have ||§ — 0%||oo < 3, and we can apply Lemma 2.8.3 to obtain the bound
11 = nN) I = nH () (61 = 0™ < (1 = A = crgmp)[6®) —0E), - (247)
for some constant ¢; > 0. We also note that

V£, (0Em)) — wel™ (pltm)y |12

= Z Ajm(gjm - ¢(9; - e;kn))

JE[n\{m}
= Y A=) = ™) = w6 - 67,))?
JE[n\{m}
> (A @im — 00 = 0)) = (Aj — DGO = 05 = 0(8 — 65,)))
JE[n\{m}
< P08 | o log |0t — p¥|I2, (2.48)

for some constant C'y > 0 by Lemma 2.8.2 and Lemma 2.8.4. We combine the two bounds

(2.47) and (2.48), and obtain

[0 — 6T < (1= — crnnp) [0 — 611
+77\/C'1np logn (L‘l + ||lotm) — G*Hgo)

(1 — cinnp) + n\/Clnp logn (L= +9) (2.49)

1 (2.50)

IN

VAN

where the inequality (2.49) is by (2.42) and (2.46). The inequality (2.50) requires that

\/Clnp logn (L_1 + 9) < c1np, which is implied by the condition that p > CO]% for some

sufficiently large ¢y > 0. We thus have proved (2.42) for ¢ + 1.
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Next, we have

g+l g — gt _gr (wn(e(t>) + )\Q(t)>
— (L= )OO = 0%) = (V0 (0D) = Ve, (07)) = A0 = 0V (07)

= ((L—1\) Iy —nH(E)) (0 — %) —pro* — Ve, (67),

where ¢ is abused for a vector that is a convex combination of #(!) and 6*. Since by (2.45)

we get [[€ — 0%]|oo < [|0) — 6*|0o < 2, we can use Lemma 2.8.3 to obtain the bound
(L= In = nH(©) (O = 0%) < (L =nA = comnp) o) 0%, (251)

for some constant co > 0. We also note that

2 2
1V En (07) ||2 Z ( Z A’L] Yij — (ei 0*))> < 02%7 (2.52)
i=1 \je[n]\{i}

for some constant Cy > 0 with high probability by Lemma 2.8.4. Combine the bounds (2.51)

and (2.52), and we obtain

n’p
100D — 0| < (1 —nA — connp)||6®) — 0% + n\/ OZT + 0[]
[n |, n?p
< (1 — connp) @ +n OQT + 07|
n
logn’

where the last inequality is due to 74/ CQ L A0 < \ﬁ +
the choice of 7 and A. Hence, (2.43) holds for ¢ + 1.

IN

3/2 =0 (77 np logn) by
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Finally, we have

o =05, = O e > (w0 — 07 — v O™ = 6 ™)) = Angl™

J€ln]\{m}
= 0" =G Y €O — 0 — 0™ + 6™ — ™
jetm)
= (1mnp > w’@j)) (05" — 63, — Ao,
i)
Y WO -0,

jen\{m}

where §; is a scalar between 05, — 9*-‘ and G(t’m) - 9§t’m). By (2.46), we have |§; — 05, +

0;‘| < 105, — 9;-‘ - 0( m 9 | < 6, which implies ||¢||cc is bounded. We then have

> jen]\{m} Y'(&;) > e3n for some constant c3 > 0, and thus

< (1= A — canmp)|05™) — 65,1 (2.53)

(1 —mA=np Y @//(fj)) (05" — 07,)
J€l

eln]\{m}

We also have

o (éj)( —9*)

< [lottm) _ e*||1sﬁne“’m)—e*nsﬁ(w " )
J€n]\{m}

logn

(2.54)
where the last inequality is by (2.42) and (2.43). Combine the bounds (2.53) and (2.54), and

we get
t+1 tm n
O 0] < (1= A e 6 —0*|+npf<1+,/10g )+ it
< (1= cgnmp) +npyv/n + np—=—= + \|6},|
\/1 ogn
< 1,
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n

where the last inequality is because of npy/n + np Tosn + A\n|0r,| = o (nnp) by the choice of

n and A. Hence, (2.44) holds for ¢ + 1.

To summarize, we have shown that (2.42), (2.43) and (2.44) hold for all ¢ < t* with
probability at least 1 —O(t*n~10). The reason why we have the probability 1 —O(t*n~19) is
because we need to apply Lemma 2.8.2 with a different weight at each iteration to show (2.48).
Note that the bound (2.45) holds for all ¢ < t* as well and we thus have [|§¢") — 6%, < 2.

With a standard optimization result for a strongly convex objective function, we have
t* .
) 18-l

See Lemma 6.7 of [25|. By triangle inequality, we have

) _ov< (1~
160 -850 < (1= 5

A
A+ np

t*
18y — 000 < 6% — By + 6 — 6|0 < (1— ) Vallly = 0%lloo + 2.

t*
: A 1 x _ 3 A
Since (1 — )\+np) <1- o2 We can take t* = n° in order that (1 — )\+np) Vn <

1
2
This implies ||§)\ — 0*||0o < 4 with probability at least 1 — O(n~") as desired. O

2.8.4  Proof of Theorem 2.3.1

We give separate proofs for the conclusions (2.7) and (2.8) in this section.

Proof of (2.7) of Theorem 2.3.1. By the definition of 0, we have ln(6%) > Kn(g) We then

apply Taylor expansion and obtain

o~

() = 0al6) + (B~ 0%V a(67) + 55— 67T H(E)E -~ 0°),

where ¢ is a convex combination of § and 6*. By Proposition 2.8.1, we have [|§ — 6*||o0 < 5,
which implies ||§ — 0*||ooc < 5. Thus, we can apply Lemma 2.8.3 and get %(5— 0*)TH(£)(§—

0*) > clnp||§— 0*||? for some constant ¢; > 0. Together with £,,(6*) > En(@\) and a Cauchy-
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Vin(67)]
(anp)?

the desired conclusion that ||5— 0*1> < Lip O

Schwarz inequality, we have Hé\— 01> < IVElO)I” e (2.52) and Lemma 2.8.4, we obtain

The proof of (2.8) is more involved. It is based on a leave-one-out argument that is very

different from the one used in [25]. Let us decompose the objective function ¢, () as
0n(0) = 5™ (0 m) + 65 (O 0—1), (2.55)

where we use 6, € R for the mth entry of 8 and 6_,, € R"~! for the remaining entries.

The two functions in (2.55) are defined as

(—m) _ 1 ~ 1
by, (0—m) = > Ajj {yi'log— + (1 — gi5) log } :
Vi< o TR (0 - 6;) 1 —(0; - 0;)
(m) i 1 _ 1
B00u0n) = A g0 gy + (= o |
jem\{m} ¥m = 65) ¥m = 65)
Define
9(_77:,2 = argmin 6,({”1)(0*,,,1). (2.56)

O0—mil|0—m =02, [loo <5

We first present an {9 norm bound for 9(7”:,2 We also use H(=™) (0—p) for the Hessian matrix
V2™ (0.

Lemma 2.8.6. Under the setting of Theorem 2.3.1, there exists some constant C > 0 such
that

(m) % 2 1
max (|62 — 0" — aml,— <(C—,

with probability at least 1 — O(n™), where am, = ave(H( m _ g )

(m )

Proof. The proof is very similar to that of (2.7), since 6*, 7 can be thought of as a constrained
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MLE on a subset of the data. By the definition of 9(_7227 we have

"o

—m

™0,

Y

— e )+ 0" gt amt, )TV 6%, )

—m

500 = 0% — Ty )T HCE ) — 07, — aLy 1),

where £ is a convex combination of 0(7772 and 0*, . In the above Taylor expansion, we
have also used the property that é%‘m)(e_m) = K%_m)(Q_m + clpy_q), V@%_m)(ﬁ_m) =
wﬁ{m)(e_m +cl,_1) and H(_m)(H_m) = H<—m>(9_m + cl,_1) for any ¢ € R. Since
1€ — 0%, ||co < ||0£ﬂ;2 —0* . lloo <5, we can apply Lemma 2.8.3 to the subset of the data,
and obtain

SO =0 = )T (01 =07 1y~ 1) = crnpl0) 0, — a1 1,
with probability at least 1 — O(n_m) for some constant ¢; > 0. By Cauchy-Schwarz inequal-

ity, we have
v ™ o)

o™ _ g 1, 412 <
H —m am llp 1” — (Clnp)2

7m_

- (m)
Apply (2.52) and Lemma 2.8.4 to the subset of the data, and we obtain that ||02,] — 6%, —
aml,_1]? < C’ﬁ with probability at least 1 — O(n~10). Finally, a union bound argument

leads to the desired result. O
With the help of Lemma 2.8.6, we are ready to prove (2.8).

Proof of (2.8) of Theorem 2.5.1. By Proposition 2.8.1, we have Hgfm — 0" o < H§—

0*||co < 5, and thus 0_n is feasible for the constraint of (2.56). By the definition of 6’(_”;2,
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we have

where a,, = ave(9( m) _ f_ m) and £ is a convex combination of 9(_m) and 0_,,. Since both

m
0(_”:,2 and 6_,, satisfy the constraint of (2.56), we must have ||€ — 0%, llcc < 5. Then, we can

apply Lemma 2.8.3 to the subset of the data, and obtain
~(0") 0 —am 1, )T HE(E) O —0 a1y 1) > cnpl| 07 0~ 1|

for some constant ¢; > 0. By Cauchy-Schwarz inequality, we have

~ Ve, 0 )|)?
H(m) 0 —a 1. 4|2 < I m)I”
H -m m — mlp 1” (clnp)

For each i € [n]\{m}, by the decomposition (2.55), we have

0
00;

0 8

50 ") (6ml0-m).

Since Vﬁn(@\) = 0, we have
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We therefore have the bound

V@2 = A — 00 — 67))?
i€[n]\{m}
< 2 Z Ami(gmi - %D(@;kn - 02())2
i€[n]\{m}
+2 > A0, — 07) — (0 — 0,))°
i€[n]\{m}
< 20> A — (O, — 002 200 - 072 Y A
ic[n]\{m} i€[n]\{m}
<20 Ai(Gmi — (05, — 07))% + 4np|0 — 07]|3,
i€[n]\{m}

where the last inequality is by Lemma 2.8.1. This implies

MaX, e o] i ]\ {m} Ami(Fmi — 0O — 07))?
(c1np)?/2

m

— 0 —aml,_1]? <

max |6
men]

16— 613
c%np/él

Since we need a bound for max,,cp, ||9(j'72 — O — aml,—1||?, we need to quantify the

difference between a,, and a,,. Recall that a,, = ave(Q(_anz — 67,). Since ]1}5(3 = 179" =0,

we have

2 Om—05) _ 166715

lamLn—1 — amln_1]®> = (n — 1)(ave(6_p — 6%,,))

n—1 n—1

We then have

MAX;e ] Y]\ m} Ami (Fmi — (0 — 07))?
22

m

max [0\ —0_,, —amly_1|? < Oy

me(n]

/9\_ 0*1|2
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for some constant C7 > 0.
Next, let us derive a bound for H@\— 6* ||, in terms of MaX,, e[y ||0(_W;72 O —aml,y_; 2.

We introduce the notation

Jd (m _

FOml0-m) = o=l Onl0-m) = = D AmilGmi — V(O — 00):
" i€[n]\{m}

(m) 0 m)

9" Onl0-m) = ool Oml0-m) = D Amito(bm — 0,00 — Om).
" i€[n]\{m}

By the definition of 6, we know that ﬁn(é\) = ming.y79_qn(0). Since £,(0) = £n(0 + clyp)

for any ¢ € R, we also have ¢,,(0) = ming ¢,,(0). This allows us to compare the value of the

objective £, (0) at 0 with any vector that is not necessarily centered. We then have
0O 0m) + 07" O-m) > ta(D)
which implies

O Tm) > ™ Bl Bim)

m) n% |9 ) * m)/p* |0 L~ * m )
= O Im) + B = 03 P O 8im) + 5 O = 0329 ™ (E[m),

where & is a scalar between 6, and Om. By Proposition 2.8.1, 1€ =05, < |/9\m — 05 <
16—6*[|oo < 5. Therefore, for any i € [n]\{m}, |€ ;] < |€—0%,|+]0%,—0F|+|6;— 07| < 10++.
This implies %g(m) (& |§_m) > conp for some constant ¢y > 0 with the help of Lemma 2.8.1.

We then have the bound
£ (035,10—m) |2

(Om = ) (cnp)?

(2.58)

20



We bound |f(m)(0;<n|§_m)| by

P ON—m) = | Y Api(Gmi — (05, — 0;)
i€[n]\{m}

< Z Ami(gmi - @Z)(e;ﬂn B 0;))
i€[n]\{m}

1S A0, — 67) — (65, — 0 + am)

We use Lemma 2.8.2 to bound (2.60). We have

IN

IN

IN

ST A8, — 05) — (0% — 0 + am))

icn]\{m}
pl S w6 —0) — (0% — 60 +am))
ic[n]\{m}
1S (A = ) (6, — 07) — (0% — 6™ + am))

i€[n]\{m}
p\/ﬁH@(_mng — 0%, —aml,_1]| + Calog nHQ(_n;z — 0%, — amly_1lleo

+Co/plognl|67) — 6%, — am L1 |
(pvn + C'Q\/plogn)HH(_ﬂ;,z — 0%, — amlp_1]| + Calogn)|d — 0%

102 log |0 — Oy — amln_1].

o1

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)



With the help of 2.8.1, we can also bound (2.61), and we get

ST A8, — 0 + am) — (65, — 67)

i)\ {m}
< |3 Al — 0 — amlaal
i)\ {m}
< Oyv/mpll0"™ — 9 — amLn_1]. (2.64)

Plug the bounds into (2.58), and we have

MaX, e (] [2oicn]\{m} Ami(Umi — V(05 — 07))

16— 0" <
conp
. (pv/n + Cav/plog n) max,, ¢, ||9(—n72 -0, —amly,—1]|
canp
, (Calogn + Gy mp)[07}) - —amLuall | Chlognllf - 67)lsc
conp conp '

Since np > ¢ logn for some sufficiently large ¢q, we obtain the bound

Max,, ¢ ] [2ien]\{m} Ami(Umi — V(05 — 07))

10— 0"loc < Cy

np
LC p\/ﬁmaxme[n] He(_ﬂ;g - 9*_m |
4 np
logn + D)0 — 8y — amLy_

02



Let us plug the above bound into (2.57). Then, after some rearrangement, we obtain

max ||9(j% . a\_m o am]ln—l” < 05 maxme[n] \/Zze[n]\{m} Ami(gmi - Q/J(e;fn - 9;))2

me[n] np

>icn]\{m} Ami(Tmi — ¥ (05, = 67))
np-/np

MaX ¢ ] 16 — g% —

/b

max,, [n}

+C5

+C5

By Lemma 2.8.4 and Lemma 2.8.6, we have

~ 1
max 0"~ — amlp_1]| < C7y)——. (2.66)
me[n] np

Now we can plug the bound (2.66) back into (2.65), and together with Lemma 2.8.4 and

Lemma 2.8.6, we have
logn
npL’

16— 6%]|o0 < Cs (2.67)

which is the desired conclusion. Tracking all the probabilistic events that we have used
in the proof, we can conclude that both (2.66) and (2.67) hold with probability at least
1—0(n™7). O

2.8.5  Proofs of Theorem 2.3.2 and Theorem 2.53.3

In the proof of (2.8), we have established the byproduct (2.66). This bound turns out to
be extremely important for us to establish the result of Theorem 2.3.2. We therefore list it,

together with its consequence, as a lemma.

Lemma 2.8.7. Under the setting of Theorem 2.5.1, there exists some constant C > 0 such

that

m

~ 1
— 0 — Ly < C—

max || ,
| npL

me(n]
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logn

max 0" — 0% — amlp_q]% < O—22,

men| npL

with probability at least 1 — O(n™7), where any, = ave(G(m) — 0r,) and 9(_m) is defined by

—m m

(2.56).

Proof. The first conclusion has been established in (2.66). The second conclusion is a con-

sequence of the inequality

(m)

max [0 = 0% — am Ty 1|2 < 2 max [[0") = 0 — ap T, ]2 + 20 — 0%|1%,
meln] me[n]
and (2.67). O

Now we are ready to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. When the error exponent is of constant order, the bound is also
a constant, and the result already holds since Hy(7,r*) < 1. Therefore, we only need
to consider the case when the error exponent tends to infinity. We first introduce some
notation. Define

1 V(k) n—k

- 1 2.68
1= T U= 0)AZmpL ® k (2.68)

where § = o(1) is chosen such that 7 > 0. The specific choice of § will be specified in the

proof. Then let

1/4
min (n(&l’; =0 ) +07 -0, <l(;§pn> / ) , 1<i<k,
A; = (2.69)

1/4
: 1 :
m1n<(1—n)(02—02+1)+9;;+1—(9;?’<(fpn> )7 E+1<i<n.

Since the diverging error exponent implies SNR — oo, we have minie[n] A%an — oo and
maxig[n] AZ — 0.
The proof involves several steps. In the first step, we need to derive a sharp probabilistic

bound for |f(m)(9;§1|§_m)|. In the proof of (2.8) of Theorem 2.3.1, we have shown that
o4



| £ (0% 16_1)| can be bounded by the sum of (2.59), (2.61), (2.62) and (2.63). For (2.59),

we can use Hoeffding’s inequality and Lemma 2.8.1 and obtain the bound

S Api i — 06, — 07) scl\/ Mml T < 0y [T (270)
ieln\{m}

with probability at least 1 — O(n 1Y) — e Take z = A%Qan, and we have

S° A — 005, — 09| < Co\ AN (np)2, (2.71)

i€[n]\{m}

~3/2
with probability at least 1 — O(n~19) — e=Bm L2 Since we have already shown (2.61) can
be bounded by (2.64) with probability at least 1 — O(n~10), an application of Lemma 2.8.7

implies that

S A0 0" o) -0l -B)| <O E @7
i€[n]\{m}

with probability at least 1 — O(n~7). By Cauchy-Schwarz inequality, we can bound (2.62)
by p\/ﬁHQ@Q —0*,, —aml,_1|. With the help of Lemma 2.8.6, we have

p| > @O~ 07) — 0O — 0" + )| < Cuy L (2.73)
i€[n]\{m}

with probability at least 1 — O(n~). For (2.63), we use Bernstein’s inequality, and we have

S (A = )05 — 07) — (8 — 0™ + )
i€[n]\{m}

< C5/pallo"™) — 07, — amTp_1 ]| + Csz]|6™) — 6%, — amlp_1 oo, (2.74)

95



with probability at least 1 — e™*. We choose z = min (A%nan "D 7log n) Then, with

logn’

the help of Lemma 2.8.6 and Lemma 2.8.7, we have

S Api = )0 — 07) — (05 — 0™ + )
ic[n]\{m}

1 - 1 _
< C(;ﬁ\/min (A%an%, 7log n) + Co1 | % min (A%an%, 7log n§2,75)

with probability at least 1 — O(n~") — exp (—A%lanl(?gpn). Combining the bounds (2.71)-

(2.75), we obtain a bound for yf<m>(9;§1]§_m)\. This also implies a bound for ]§m — 07|
because of the inequality (2.58).
In the second step, we define

_ (m)(g* 10,
PR L A
9<m>(97’%l9—m)

(2.76)

We need to show 0y, and 8, are close. By Proposition 2.8.1, H§— 0*||co < 5, and thus

g(m)(ﬁ;sl@_m) > cynp for some constant ¢; > 0, so that we have the bound |0, — 6%,| <

(m) (9* 10.
%”W. In fact, given the inequality (2.58), we can choose ¢; to be sufficiently small
~ (m)(p* 19 _ ~
so that [0, — 605,] < %’zf—m)l is also true. Therefore, we can express 6, and 6y, as
Om = argmin &m)(em@_m),
o 1 (G50
|Om =05 | <——clmp—

o Lrm) ez 16
(603, | < O]

where

m o m)/ nx |0 * m)/pox |0 1 * m)/px |0
B OmlTm) = 63" O3l 0-1) + O = 05) S O30 8r) + 5O = 05)29"™ (B3] B

o6



Recall the definition of f%m)(Qmw_m) in (2.55) and the display afterwards. We will show 6,
and 5m are close by bounding the difference between the two objective functions. By Taylor

expansion, we have
- - 1 - -
8 O i) = ") BualBrn)| = 5B — 03)? |9 EIT—10) = 9 B3 10-)|.
where £ is a scalar between 6, and 0;,,. We then have

90 (€l0-m) = 9™ (050]8-m)

= | D A€ =000 -~ D Anih(0, — 0:)0(6; - 03,)
i€[n]\{m} i€[n]\{m}
< E=Onl D A
iefm\{m}
< Ol — O Inp,

where the last inequality uses Lemma 2.8.1. Therefore, for any 6, that satisfies |0, —0;,| <

(m) (9= 19.
%’g}f‘m)', the difference between the two objective functions can be bounded by

~ 3
i " C L3 C (m) (65,16
8 ) — 87 Ol < SO0 — 052 < S ('f O m”)
canp
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ByPythagorean1dent1ty,Z( (O] O—m) = 27({”)(§m|§_m)+%g(m>(e;kn@_m)(ém—ém)?. Then,

S0 O] 8 ) B — )

= Eglm (§m|a—m) - Zgzm) (e_m|§—m)

~ N (m)(px g 3
8 Flm) — ) B f) + ST ('f <9m‘9—m>'>

<
B 2 cinp
C QITAERA
< ) GlBm) — 1 Gonlm) + 72”?<|f G _m>|>
1np
<

~ 3
,Crnp (11 (65,10 -m)|
2 cinp

Since g(m)(ﬁ;fn\élm) > c1np, we obtain the bound

~ 3
P 2C7 ((1F™(05,10-m)|
(O — Om)* < 4< . .

“

Since \f<m>(e;t,b|5,m)| has been shown to be bounded by the sum of (2.71)-(2.75), we have

Oy — O | < 6Am, (2.77)

for some § = o(1) with probability at least 1—O(n_7)—exp(—A%Qan)—exp < A2 npL logn>

under the condition that Ay, = o(1) and lngp - = 00,

In the third step, we need to show that SO0 m) &) Eemg‘ )) in the definition of ), can be
g —
f ) (O0% 1)
™) (03,107 1,)
| fim (07’§1|9_m) - f<m>(0;kn|9im)| by the sum of (2.72), (2.73) and (2.75). Given the fact that

replaced by with a negligible error. By triangle inequality, we can bound

™) (g%,10% ) > np, we have

£ (05, 10—m) — £ (05,167 ,,)]

< 6N, (2.78)
™ (0;5,16%,)

o8



for some & = o(1) with probability at least 1 — O(n™7) — exp (—Az anlogn) under the

— o0o. Note that we can choose the same ¢ to

assumption that anA2 — oo and 10 gn

accommodate the two bounds (2.77) and (2.78). We also need to give a sharp approximation

to ¢(™) (g% ]9_ ). We have

9 Gl B-m) = 9" O30 )|

< ot 9;51\0-> g™ (03,16") — a1 )

g (05,167 — amlln 1) — g™ (03167,
< 'Y Ami\|9(_”;2—am11n_1—@mu+p¢ﬁ||9<_”2,2—amnn_1—6*|!
ielnl\{m)
N SRV R
ieln] {m}

By Lemma 2.8.1, Lemma 2.8.6 and Lemma 2.8.7, the first two terms can be bounded by
Cgy/ % with probability at least 1 — O(n™ ) To bound the third term, we can use Lemma
2.8.2, and then Zie[n]\{m}(Ami —p) GZ(m) — 07| can be bounded by

ng/plognHQ(_n;,z —amly_1 — 0| + Cy 10gn||9(_ﬂ;,2 —amly_1 — 0%co,

with probability at least 1 — O(n_lo). By Lemma 2.8.6 and Lemma 2.8.7, the above display

3/2
is at most Cg 10% + Cy (l% with probability at least 1 — O(n~7). Combining our

bounds, we obtain

3/2
(m)px 17\ m) g x| < [P, (ogn)
9™ ) = 9 OO | S\ S (2.79)
Since g(™) (0,16 ) = np, we have
|9 O Tm) — 9 (05107,
<, (2.80)

™) (0%,16% ) -
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for some § = o(1) with probability at least 1 — O(n~"). Note that we can choose the same

d to accommodate the three bounds (2.77), (2.78) and (2.80).

In the last step, we will apply Lemma 2.3.1 with ¢ = (1—n)60;. +n0;._, | to finish the proof.

Recall the definition of 7 in (2.68). For any ¢ < k, we have

;< (1L =m0} + 1))

P (
P (8~ 0; < —n(0; — 0111) - (67 = 0)
P (

<
< P(6;—0; < —(1—08)A;) +P (I@ — 8> 552-)
r(6z10%,) o oo L
< Pl -—=—-t < (1 0% —30)4,; P(6; —6; 0A;
< ( RO (1+ )A; | + <! | > )
@ 0x16_;) — gD (6%|6* ) (D) o170 N\ _ £(0)(px| 0%
g (0716-;) — g\ (6;16% ; 0%, 0¥ 0% .
p [l 0] Y L p (06— Do)
g\ (0z16*,) g (ez16*,)
@) (p*|p* . B
< P <_M < _(1 _ 35)Ai) + O(n_7)

gD r16,) =

_ - n
+ exp(—A§/2an) + exp (—A%anlogpn) :

where the last inequality is due to (2.77), (2.78) and (2.80). Define the event

- i

D jen\{iy i (07 — 05)¥ (07 — 07)
P jeim\{ay Y OF = 05) (05 — 67)

-1

(2.81)

By Bernstein’s inequality, we have P(4 € Af) < O(n~7) for some & = o(1). Again, we shall
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adjust the value of § so that (2.77), (2.78) and (2.80) are still true. We then have

P<_m§ (1 30)A )
5167,)

> jeln)\iy Aig(Wig — (0] — 07)) _
< P < —(1—-30)A; +P(A € Af
S (zje gy A — i@ —en = ) Aed)
2
< sup exp | — %(1 _35)2AZ2 <L Zje[n]\{f} Aijw/(ei - 9j)> 2
T Ae4 LY jei (i} At (0F = 05) + S22 A L S e g1y it (07 = 07)
+0(n~")
I+o(1) « * * —
jeln\{i}
1 1
< o |~ 0,0+ 07 -0 Y ¢’<0;*—9;*>)
jeln\{i}
+0(n™")
1+ 1 A * * * * -
< e ( D a+0; - 0P > v %)) +O(T).
JEIN\

The bound (2.82) is by Bernstein’s inequality. We then use the definition of A; to obtain

the expression (2.83). To see why (2.84) is true, note that when AZZ = IOg L

term of (2.83) can be absorbed into O(n~"). Finally, in (2.85), we have used the notation

— 1/4
A = min (77((9* 0ri1): (%) / ) For each j € [n], define
hi(t) = (A —|—t) Wt + 05 — 9*) for all ¢ > 0.

The derivative of this function is

Bi(t) = (A1) 0/ (t+6f —65) |24 (A +1)(1— 20t + 6 — e*))]

Since max; j; |0 — 07| = O(1), we can find a sufficiently small constant ¢z > 0, such that
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h;(t) is increasing on [0, co]. Moreover, there exists another small constant c3 > 0 such that

minge e, o 7j(t) = c3. With this fact, we can bound the exponent of (2.85) as

(A+(0; —00)Lp Y W'(0F —05)

jeln]\{i}
> Lp Z min (521//(97; — 9;), 03)
jeln\{i}
> Lp(k — 1) min (A% (6 = 67), c3) + Lp(n — k) min (A% (6] - 03), c3)
= LpA® ((k = D' (6 — 6}) + (n — k)¢ (65 — 63)) (2.86)

v

: logn n
(14 o(1))Lpmin (772A2, \/ - ) 70

where the equality (2.86) uses the fact that A — 0. Therefore, we can further bound (2.85)

as
. 1+0(1)L : 272 logn\ n O T
— min n
P 2 b e np | V(k)
(1+ o(1))n*A*npL 7
< — .
< exp ( VR +0(n™")
The last inequality holds because when min (nQAQ, V%) = l%gpn, the first term be-
comes exp (— (1+O(1;)‘£(H” )np log n) , which can be absorbed by O(n~7). Since exp(—A?/2an)+
_ 2 A2
exp (—A%anﬁg%) < exp (—(1+0(12)‘;7ZH)A an) +0(n~7), we have
P(6; < (1—n)of+n0i.,)) < (A=Al |, -7 2.87
(6: = (=) +007,0) e (——5p 5= ) + 0, (2.87)

with some ¢’ = o(1) for all i < k. With a similar argument, we also have

. SN — m2A2n
P (9¢ > (1 —n)f + 779/?+1)) < exp (— i )(;V(Z)) : pL> +0(n™), (2.88)
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for all all i > k + 1. It can be checked that the ¢’ above is independent of the ¢ in the

definition of . Now we can choose 1 as in (2.68) with § = §'. By Lemma 2.3.1, we have

EH (7. r%) < exp (_ (1-— 5)n2A2an) il k exp (_ (1—0)(1— n)QAanL) oM

2V (k) k 2V (k)
_ 2
1 (/I=5)SNR 1 on—k 1
< 2exp 5 < 5 (1—5)SNR1 & ) +O0(n").

By Markov’s inequality, the above bound implies

lo
> 2 1_o1)5NR = &

2
. 1 {+/(1—091)SNR 1 — _
Hp (7, ") <exp | —5 ( L= 0)SMR _ B k) +0(n™"),

for some d1 = o(1) with high probability. One can take, for example,

SR _—y
2 T 0)5NR %8 F

When O(n~%) dominates the bound, we have Hy(7,7*) = O(n~9), which implies H, (7, 7*) =

0 since Hy (7, 7*) € {0, (2k)~1,2(2k)~1,3(2k)~L, .- ,1}. Therefore, we always have

2
N 1 (+/(1—07)SNR 1 —k
Hp(7,7") < 2exp | —5 L= 0)3NR log ™ ,
2 2 (1 —67)SNR k
with high probability for some §; = o(1). The proof is complete. ]

Proof of Theorem 2.3.3. With some rearrangements, the condition is equivalent to

2 N2
npLA (1 (14 €)V(k) log n . k) > log k.

201+ e)V(k) \2  npLAZ
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Since € is a constant, it implies

npLA? ( 1 V (k) n—k

2
- 1 1+ ¢)logk
2V(k) \2  (1—0npLA2 *® k& ) > (L+elogh,

for any 6 = o(1). Therefore, H(7,7*) = o(k~!) when k& — oco. Given the fact that

Hi (7, r*) € {0, (2k)~1,2(2k)~1,3(2k) 71, --- |1}, we must have Hy(7,7*) = 0. When k =
npLA2

O(1), the condition implies W(n) (1 + €’)logn for some constant ¢ > 0. This leads
2

to the fact that (% — (1—;;£LZ)LA2 log ";k> > ¢1 for some constant ¢; > 0. Therefore,

Hi (7, 7*) = o(1) = o(k~1), which implies Hy, (7, %) = 0. O

2.9 Analysis of the Spectral Method

We prove results for the spectral method in this section. This includes Theorem 2.4.1,
Theorem 2.4.2 and Theorem 2.4.3. The proofs of Theorem 2.4.1 and Theorem 2.4.2 are

given in Section 2.9.1, and then we prove Theorem 2.4.3 in Section 2.9.2.

2.9.1 Proofs of Theorem 2.4.1 and Theorem 2.4.2

The proof of Theorem 2.4.1 relies on a leave-one-out argument introduced by [25]. Without

loss of generality, we consider 7} = i so that ¢, = 0. Following [25], we define a transition
7

matrix P"™) for cach m € [n]. For any i # j, Pigm)

PZ.(Jm) = Ly(6r - 6’;‘) For any i € [n], Pi(im) = Zje[n]\{i} Pigm). Let 7(™) be the stationary

= P;j if 1 # m and j # m and otherwise

distribution of P("™). The following 5 norm bound has essentially been proved in [25].

Lemma 2.9.1. Under the setting of Theorem 2.4.1, there exists a constant C' > 0 such that
1 /1
max [|r(™ — 7| < 0=, [—22,
me(n] n\l npL
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logn

max ||7r( m) _ oo < C'

me(n] npL’
max ||7T(m) —f| < C—]—,
me[n] n\ pL

with probability at least 1 — O(n™%).

Proof. By Lemma 5.6 and Lemma 5.7 of [25], one can obtain ||7(™) —7| < Cy %HW*HOQ-F

|7 — 7*|| 0o for some constant C7 > 0 with probability at least 1 — O(n~°). Theorem 2.6 of
[25] gives the bound |7 — 7*||cc < C9 %HW*HOO with probability at least 1 —O(n™°). A
union bound argument together with the fact that ||7*||so =< n ™1 leads to the first conclusion.
The second conclusion is a consequence of triangle inequality. By Theorem 5.2 of [25], we

have |7 — 7% < 03%, /p_lL with probability at least 1 — O(n™!). Thus, we obtain the last

conclusion by applying triangle inequality again. O]
We also need a lemma that relates the asymptotic variance of 7; to the function V (k).

Lemma 2.9.2. For any positive k1, k9 = O(1), we have

(R () + S0y (=)

min
1ty €l0a] S /) (L4 )2 g /() (1 1)
xk_H, Zn €[0,K2]

(kv (k1) + (n — k)Y (—k2))?
k! (k1) (1 + ef1)2 + (n — k) (ko) (1 + e12)2

for n that s sufficiently large.

Proof. The problem is equivalent to the solution of the following: the optimum of the problem

2
_ (T 2 + Y 1+x@) ,
min = min flzy, - xp)

X1, €[1,M1) Zi::l T; + Zi:k+1 = X1, €[1,M1]
Z‘k+1,...,$n6[1,M2] i J:]H_l,...,l‘nE[l,MQ]

is obtained at x1 = ... = 2, = My,211 = ... = o = Mo. We will show that for any given

Tpil, .- Ty € [1, Ma], the function is minimized at 1 = ... = x;, = Mj. Moreover, for any
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given x1, ..., T, the function is minimized at x; 1 = ... = z, = My. We only need to prove

the former claim and the latter one can be proved similarly. Define

(Zz 1 T+z; 2% >2

g($1,"‘,$k)— )
Z¢:1xi+ﬁ

where o = 371, 4 1—,5 PR x . We first analyze the behavior of g(x1,--- ,z}) at

each coordinate. By direct calculation, we have

Ologg(xy,--- ,xp) 4 B 1
01 I+ 2)XCi P +a) Yo+ 8
AT 2+ 8) - 1+ 20X (T, 24 +a)
(1+ 202X T + o) (e mw) |

The sign of the partial derivative is determined by its numerator

k

k
A w+8) - (122 0 4 a)
1=1

1+

’L_

LI Foodg
_ 2 — +2a—2

k k
21‘2'
4(Zx¢+5)— Zl+mi+a :
1=2 1=2
which is a quadratic decreasing function of 21 € [1, M;]. Therefore, g(x1,--- ,x}) is either

monotone of x1 € [1, Mj], or it is first increasing then decreasing. This implies that the
optimum is achieved either at 1 = 1 or 1 = Mj. Since g(x1,---,x}) is symmetric, we
therefore know that the optimizer must satisfy (zq,---,z5) € {1, Ml}k . Using symmetry
again, we can conclude that the value of ming, .. 2pe[L,M] g(x1,- -+ ,x}) is determined by the
number of coordinates that take M7. For i € [k]|, we define g; to be the value of g(z1,- -, z})

withzy =---=2; = My and z;,1 = --- = 23 = 1. We now need to show g; is nonincreasing
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in ¢ € [k]. Note that

- 2M . Mi—1 - 2M .

My +k—i+p3 — Mi—14+iMi+k—i+0

My—112 M1
My —1 (3077 2(307)

; ; = +
Mtk =i+ 87 fM +k—ita)? i tk—ita

(M +1)* My —1 2Mi+1)

iMitk—i+8 (i tk—ita)? gy thk—ita

- Mi—1
(ig777 +k+a)(My +1)? M —1

My —1)+k+p it Hh+a
M -+ (k+a)(M +1) M; -1 50
WMy —1)+k+p i(My— 1)+ (k4 o) (M1 + 1) -
i(My — 1) + (k+ B)(My + 1) M —1
i(My —1)+k+8 (M — 1)+ (k+ B8)(My + 1)
—i(My — 1)+ (k+B)(M; —1) M —1 -
i(My—1)+k+2 i(My — 1)+ (k+B)(My +1) ~
—i+(k+8) 1 =0
WMy —1)+k+3 i(M;—1)+ (k+B)(M; +1) ~

(k+B)2(My +1) > i(M; — 1) +i2(My — 1) + (2i + 1)(k + B)

9i 2 gi+1

!

!

—2(My +1) >0

—2>0(2.89)

(k+ B)* (M1 +1) > (k= 1)*(My = 1) + (k = )(My = 1) + (2k = 1)(k + )

E2(My +1) 4+ 28(My + Dk 4 2(My + 1) > k(M + 1) + (=M, +28)k — 8

(A |

28+ DMk + B2 (My+1)+ 5> 0

where the last display is trivially true. We have used o > 3 for the step (2.89). Therefore,

ming . . ef1,0,) 9(T15 0+, Tg) = gk, and the proof is complete. O
Now we are ready to prove Theorem 2.4.1.

Proof of Theorem 2.4.1. When the error exponent is of constant order, the bound is also
a constant, and the result already holds since Hj(7,r*) < 1. Therefore, we only need

to consider the case when the error exponent tends to infinity. We first introduce some
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notation. Define

V (k) n—k

1
S 1 2.90
2 (1_0)AZmpL ° k (2.90)

7’]:

where § = o(1) is chosen so that i > 0 is satisfied. The specific choice of J will be determined
later in the proof. We will continue to use the notation A; that is defined in (2.69). Since the
diverging exponent implies SNR — 0o, we have minl-e[n] A%an — oo and MAax; [ A; — 0.

Since 7 is the stationary distribution of P, we have #7 P = #1. This implies that for any

m € [n], we have Z;-lzl Pjpmj = Tm. We can equivalently write this identity as

o Z]E[n]\{m} ijﬂ-] Z]G [n]\{m} A]mymjﬂ—]
1= Pom Z]G N {m} jmyjm

We approximate 7, by

_ Zjefn]\{m} AjmIm T

m (2.91)
2_jeln)\fm} AjmYjm
The approximation error can be bounded by

S e\ fm} Ajmmi (7 = 73"™)

Fm —7m| < | e (2.92)
2 jeln)\{m} AimUjm
= (m) *

|| Zdeln(my A (7~ 7j) (2.09)

> jen]\{m} AjmTjm

The two terms (2.92) and (2.93) share a common denominator, which can be lower bounded

by

Z Ajmgjm > Z Ajm@D( ) - Z Ajm(gjm - w(ej - e;kn)) :
jEm\{m} je\{m} JEn\{m}
(2.94)

By Lemma 2.8.1 and Lemma 2.8.4, we have Zje[n]\{m} AjmYjm = cinp for some constant
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¢1 > 0 with probability at least 1 — O(n~19). With this lower bound, we then bound (2.92)

as
S e\ fm} A 7y = ") Vel fm} A1j7 17 = 7]
Zje[”]\{m} AjmYjm N cinp
\/ el fm} A1 17 = 7]
B cnp
1 | logn
= Otz

with probability at least 1 — O(n_4). In the last inequality, we have used Lemma 2.8.1 and

Lemma 2.9.1. For (2.93), we can bound it as

S jepirfm} g (7)™ =)
2 jelnl\fm} AjmTjm
< S ietu(m} Ajm g — (65 — )™ — 7))

cinp
P | e fmy ¥ O = ) (™ — )|

- canp

sty i = pro, e~

canp

We bound the three terms above separately. For the first term, we use Hoeffding’s inequality

(Lemma 2.12.1), and get

Selirtm Aim g = ¥ =" =] E el Apmlry” — 72
cinp =2 np

Y

(2.95)
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with probability at least 1 — e™%. By Lemma 2.8.1 and Lemma 2.9.1, we have

m * m * 1 /logn
S A = w2 <™ - [T A < Camy 2,
Jem\{m} Jen\{m}

with probability at least 1 — O(n™%). Taking 2 = A2, npL4/ 2 L we have

e (m) Ajm g — V(05 — ) (") — %)
cinp

with probability at least 1 — O(n_4) — exp <—A%nan mé i) Next, for the second term,

we apply Lemma 2.9.1 and get

P|Sjetu\(m} 0 — O™ = 71|
cinp avn = ’n\ npL’

with probability at least 1 — O(n_4). For the third term, we use Bernstein’s inequality

(Lemma 2.12.2), and get
L * % (m)_ * %
5 jep\im) (Ajm — P00 = 07)(™ — 75) < /PRI =t it = e
cinp np np
(2.96)

with probability at least 1 — e™*. We choose z = min (A,Qnan "D 4log n> Then, with

logn’

the help of Lemma 2.9.1, we have

Sy (m) (Ajm — PYO(B, — 0D (™ — 1)

canp

1 1 -~ np 11 Jlogn . [+9
< Cy— A2 L 1 Cr—— Az L
< 7nnp\/z\/mm( " nplogn’ ogn)—l— nnp\| npL mln( m npl
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np )
Jlogn |,
ogn

(2.97)



with probability at least 1 — O(n_4) — exp <_A12nan I(ngn>'

To summarize, we have proved that

< §(1— e Bm), (2.98)

Tm — Tl

Tm

for some § = o(1) with probability at least

_ - np ~ npL
1—O(n™*) —exp (—A%nan@> — exp <—A%nan )

under the assumption that Ay, = o(1), npLA2, — oo and &pn — 0.

Next, we note that by the definition of 7,,, we have

o 2jeln)\{m} AjmTmj — ¥ — 07))(7; + 7%).

Tm — — (2.99)
" 2 jeln)\{m} AjmIjm
By Lemma 2.8.4 and the inequality (2.94), the denominator of (2.99) satisfies
2jelnl\fm} Aim¥jm 11 <94 (2.100)

2 jefl\fmy Ajm¥ (0] —05) |7

for some § = o(1) with probability at least 1 — O(n~10). Note that we can choose the same
d to accommodate both bounds (2.98) and (2.100).

We will apply Lemma 2.3.1 with

=m0 +n0
t = = (2.101)
Ylj=1€
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to finish the proof. Recall the definition of 7 in (2.90). For ¢ < k, we have

N =m0 +nb
]P) Uy < ¥
> j—1€’

_ P(m & < =Mty 0] _1)

i
.
< P(Z — Se‘Al—l)
i
T — T _A, |7t; — T _A,
< IP’( < —(1-0)1-e l))+P(%>6(l—e i)
(3 (3

IN
=

* * _(1_5)2(1_6 Ai)
2jem\ay A (0F = 07)

=) ( >5)

(zjew\{i} Al = 0007 ~ )+ 57 A
P

2_jelm)\(i} AjiTji

—1
Yjeim\{iy At (05 = 07)

% px 0F—07
< Z]G [n]\{i} Ajiij — (0F — 9 (L +ed ) <_(1- 5)2(1 _ e_Ai)
- 2 jen\{iy A (07 — 67) -
+O(n_4) + exp (—A%anﬂ) + exp (—A%an an) , (2.102)
logn logn

where the last inequality is by (2.98) and (2.100). Define the event

* gk 2
> jetm gy Aig'(0F —9*)< L+ 9i>

A ={A: P <9,
P jen gy 0 — 09 (1450
Zje n]\{i} 12¢(9j —07)
1] <o) 2.103
P2 jeln)\{i} V(05 —07) <9 (2:103)
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Then, by Bernstein’s inequality, we have

D jeln)\fiy Aji(ij — 0(0F —07))(1+ Ui %) ) .
’ ( 2 jelnl\(iy A3V (0 = 67) < -1-0f=e
e gy Aji (T — 007 — 09) (1 + %) . A
= P < —(1-94)“(1—- i A
T des, ( 2 jem\{iy A (0] = 07) < -(1=97(1-e)
+P(A € AS)
2
1 —o(1))LpAZ , (0 — O
- _( o(1))LpA; (Z;e[n]\{z}@b( ]9 0*2)2 i 100
25 e iy ©'0 = 07) (145 7)
A 2
1—-o0(1 LpA—I—Q;k—Q*Q ey V(0% — 6F
< [N 2 (Zsepn oy v - 09) om0

22 jemp\ gy V(07 —05) (1 i 91)

The inequality (2.105) is by the same argument that leads to (2.84) and (2.85). We use the
_ 1/4
notation A = min (n(e;; — 07 ), (13%) / > in (2.105). Define

(A +1t)? (E e\ (i} V(0 — 0} — t)>2
hi(t) = S

— P for all t > 0.
Z]E[n]\{l} ¢/<t+87;—¢9;f) <1+€ J 7k >

Though h;(t) is a complicated function, by the fact that A = o(1) and max;, \9; — 0] <
xk = O(1), one can directly analyze the derivative of h;(t) to conclude that there exists some

small constant cg > 0 such that h;(¢) is increasing on [0, ca]. Moreover, there also exists a
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small constant c3 > 0 such that minte[

h;(t) > c3n. This implies

c2,K]

Lp(d 407 = 0% (e gy V00 - ‘”‘)f
25 e giy ¥ OF —07) (14 9*)
L2 (e 0105~ 03)) N L
2Zje[n]\{i}¢'(9i_9§)< s m) !
LDA? (o g5y Y16 - 9*>)
23 jefu gy ¥/ (0 — 07) (1 + 9*)

v

where the last inequality is due to the fact that A = o(1). We further bound the above

exponent by

v

LA (X o g1y 910 - 9*))2
2% e iy VO~ 0) (1+ m)
IpA2 (S 00— 7))

(1-o() -
2570 /(O - 05) (1+ ¢ )

A2

(1 - o(1)) 22

(b 0la)) + Sopir v2)))

ﬂ£1%%6€$§:17 mifeo 1] ZJ LV ( )(1 + exj) + z k:—|—1¢ (x )( + e—xj)z
L]?A2 (kw(ﬁl) + (n _ k)¢(—%2))2
(1 B 0(1)) 2 m-ri-n/ﬁl%oﬁ kw/(/ﬂ)(l + eﬁ1)2 + (n _ k)w,(lﬁg)(l I 67’“2)2 (2.106)
K1,k2=2
LpnAZ?
(1—o(1)) 2%) .

The equality (2.106) is due to Lemma 2.9.2. With the above analysis of the error exponent,
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we can further bound (2.105) as

1—o0(1) . [logn n _
exp (— 5 Lpmin (n2A2, ” > V(/{)) +O(n 4)

e o<1>>n2A2an> T

2V (k)
The last inequality holds because when min (772A2, v/ %) = k;;gp”, the first term be-

comes exp <— (1_0(1;%% ;Wlogn) which can be absorbed by O(n_4). Since

. _ L 1 —o(1))n?A%npL
exp <—A%an%> + exp (—A%an P > < exp <—( o) P > + O(n_4)

, we have

(1*77)0;;+7791:+1 1 — 2A2 L
N T — | <exp (—( 010" Anp ) +Oom™Y, (2.107)
27:1 e 2‘/(’%)

with some 1 = o(1) for all i < k. With a similar argument, we also have

(1=n)05+nb; 4 _ O \2A2
P(7 > ) <exp <—<1 ) )4 an) +0(n™Y), (2.108)

for all all i > k + 1. It can be checked that the d; above can be set independent of the § in

the definition of 7. Now we choose 7 as in (2.90) with § = §1. By Lemma 2.3.1, we have

EH,(F.r") < exp (_(1 — 5)n2A2nPL) Ln- k exp (_(1 —6)(1— n)2A2an) oMY

2V (k) k 2V (k)

— 2
< e | L (VUZONR 0 k) | Lo
R 2 G _osnR -k .
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By Markov’s inequality, the above bound implies

(1 —¢")SNR 1
2

—k

2 +0(n?),

log o

1
Hk(?7 ’I"*) S €xXp _5 ( ,)
1 —0")SNR

for some &' = o(1) with high probability. One can take, for example,

1-0)SNR
\/(1-6)SNR

When O(n~3) dominates the bound, we have Hy (7, 7*) = O(n~3), which implies H, (7, r*) =

0 since Hy, (7, r*) € {0, (2k)~1,2(2k)~1,3(2k)~ L, - - - ,1}. Therefore, we always have

— 9
1 [ /(1 —=48)SNR 1 —k
He(F,r) < 2exp | =5 = &

2 (1-dSNR  F
with high probability with some &’ = o(1). The proof is complete. O
Proof of Theorem 2.4.2. The proof is the same as that of Theorem 2.3.3. O]

2.9.2  Proof of Theorem 2.4.3

To prove Theorem 2.4.3, we need two additional lemmas. The first lemma can be viewed as

a reverse version of the inequality in Lemma 2.3.1.

Lemma 2.9.3. Suppose T is a rank vector induced by a, we then have

1

Hk(?,r*)zzrtneaﬁ(min Z H{@\i<t}, Z ]I{é\i>t}

The inequality holds for any r* € &,,.
76



Proof. Following the proof of Lemma 2.3.1, we have

k n
2kH(F,r*) = 2max | Y I{F >k}, > I{F <k}
=1

i=k+1
k
> 2max . 1H{§¢<A(k)}, %1H{‘/g\i>§(k+l)}
i= i=
> 2minmax iﬂ{@a}, Zn: H{é}>t} (2.109)
=1 i=k+1
= 2maxmin iﬂ{é}q}, zn: H{é}>t} . (2.110)
=1 i=k+1

where (2.109) and (2.110) follow the same argument that leads to (2.232) and (2.233). O

Proof of Theorem 2.4.3. We first note that condition (2.19) necessarily implies A = o(1).

Throughout the proof, we assume x = (1) and there exists some §; = o(1) such that

(1+ 61)SNR )
2

logn;k = . (2.111)

(1+ 51)SN_R

The case with k = o(1) or SNR not satisfying (2.111) will be addressed at the end of the
proof.

Choose k1, kg > 0 such that we have both k1 + k9 < k and

ko' (k1)(1+ €)% + (n — k)Y (ko) (1 + e "2)?

(ko (k1) + (n — k)Y(—r9))2/n =V(k).

Let p = o(1) be a vanishing number that will be specified later. Since kK — oo and k = (1),
one can easily check that kg = €(1). Define 8 = x1 for all 1 < i < k — pk, 07 = 0 for
k—pk<i<k 0 =—Afork<i<k+pn—~k)and 0 =—rg for k+p(n —k) <i<n.

For the simplicity of proof, we choose p so that both pk and p(n — k) are integers. Define r*
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to be r =1,Vi € [n]. Then we have

sup E(er)Hk(?, T’) > E(@*,r*)Hk(?’ r*).
reG,
0O (k,A k)

We will utilize several results established in the proof of Theorem 2.4.1. Define

B V (k) log n

1 —k
2 (1+6)A%npL

k Y

(2.112)

for 6 = o(1). The specific choice of § will be specified later in the proof. Also define

(- 00 o

+1 n

t=¢ g7 = ——. Then, by Lemma 2.9.3, we have
j=1€7 j=1€7

k n
- 1 . . .
Hy (7, r*) > Emm ;H{m < t}, | ;lﬂ{m >t}
1= 1=

1 . ~ ~
szm Z I{m; <t}, | Z I{7m; >t}
k—pk<i<k k<i<k+p(n—k)
14+6)SNR
For any § > 0, define the function ¢(§) = ( 2) — 1 log ";k. It suffices to
\/(1+6)SNR

show there exists some constant C' > 0 such that

5)2
]P)(g*ﬂn*) Z I{m; <t} > Ckexp (—@) >1-o0(1), (2.113)
k—pk<i<k
and P Z {7, >t} > Ck —@ >1—0(1) (2.114)
(0% 1) T > Ckexp 5 > o(1). :

k<i<k+p(n—k)

Suppose both inequalities hold, we have
]P)(Q*,r*) (Hk(?v 7“*) > 0) >1-— 0(1).
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By Markov’s inequality, we also have

~ % 52 o 5‘2
E(9*,T*)Hk(T:T ) > Cexp (_@> IP>(¢9*,r*) (Hk(r,r ) > Cexp (——¢(2) ))

2 oy (408,

Therefore, we obtain the desired conclusions.

In the rest of the proof, we are going to establish (2.113). Recall the definition of 7 in

§50}-

Using a similar argument that leads to (2.98) and (2.100), we can show that there exists

(2.91). For any k — pk < i < k, define the event F as

2_jefn)\{iy Aji¥ji
2 jem\fiy A (05 — 07

*
2

Fi= {M < 5o(1 — e ") and

)—1

some 0y = o(1) not dependent on §, such that

npL
logn
(2.115)

Pg+

)

T‘*)(]:i) >1- (O(”_4) +exp (—772A2an%) + exp (-772A2an
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Suppose F; holds, we then have

6(1_77)91:‘*‘779;:“
0%
>j—1€e

< (=M —0F 1}

*
7

S et i} ATy — (0 = 00) (1 + %)
> jei\ (i} Aji (05 — 07)
ety Aji iy — ©(0F = 09)(1+ 5 70)

) X et A5 (0] = 07)

< —(1+8)%(1— e

{
{
ZH{”ffZS—u+ﬁwu—e”Aﬁ

< —(1+680)*nA 3. (2.116)

We use the notation L; for the indicator function on the right hand side of (2.116). In other

words, we have shown that

Z {7, <t} > Z Li]I]:i

k—pk<i<k k—pk<i<k
D S i
k—pk<i<k k—pk<i<k

By (2.115), we have

L
E Z Ire < O(n=3) + pkexp —772A2n10Lﬂ + pkexp | —n?AnpL P .
. L logn logn
k—pk<i<k

2 A2 1/4
Since the above bounds is of smaller order than kexp (—77 2%(ZI;L ( lglgp n) ), we can use
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Markov’s inequality and obtain

2 A2 1/4
Pge Y Iy <kexp | A7npL ([ _np >1-o0(1).  (2.117)
(9 s ) ‘Fz 2V(Ii> logn
k—pk<i<k

To lower bound > j ;i< Li, we define

c g\ 2
S et oy A (0; = 03) (1+€7)

*__O* 2
P2 jelnp{i} V' (0 — 05) (1 + s 0’)

2jeln\{iy Aiv(0F — 07)
P jem)\{iy V(05 — 0F)

—1| <&y, (2.118)

A:{A:‘v’k—pk<i§k,

-1

< &, (2.119)

S A0 -0 1+ e < 2pkp + 10logn}.
k—pk<j<k

(2.120)

By Bernstein’s inequality and union bound, we have P(A € A) > 1 —O(n~3). From now on,

we use the notation P4 for the conditional probability P(a*,r*)('|A) given A. For any s > 0,

P g+ ) Y Lizs| >PAcA) inf Py > Lizs). (2.121)
k—ph<i<k AeA k—ph<i<k

To study Py (Zkfpk<i§k L; > s), we define the set S = {i € [n]:i <k — pkori>k}.
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Note that for each k — pk <1 <k, we have L; > L; 1 — L; 9 — L; 3, where

v * 0% —0r
Y jes AjiGij —v(O; —05)(1+e7 )

Lip =1 T < —(1+25")(1 + dp)*nA
; 2 jem\fiy At (0] = 07)
_ 0* —g*
i A — 0(0F — o) (1 +
Lig=1 Lik—phey<i Ajilhig ~ V1 _ J>)£ ) > §'(1+ 60)2nA
2 jen\{iy Aji (0F = 07)
_ o* —@*
e Asi(gis — (0 — ) (1 +ed i
LZ?, 1 Zz<]§k j’L( 1) ( 7 j))( ) 2 5/<1+50)27]A ’

" > jen\{iy At (057 — 07)

for some ¢’ = o(1) whose value will be determined later. We are going to control each term
separately.

(1). Analysis of L; 1. Note that conditional on A, {Li,l}k—pk<z’§k are all independent
Bernoulli random variables. We have L; 1 ~ Bernoulli(p;), where p; = E(Q*’r*)(Li71|A). By

Chebyshev’s inequality, we have

4
D k—pk<i<k Pi

1
Py Z Liy =5 Z pi| >1
k—pk<i<k k—pk<i<k

By Lemma 2.9.4 stated and proved at the end of the section, we can lower bound each p; by

— 0* —9*
> jes AjiFij — (0 = 05)(1+ 577

pi=P ESAN < —(1428)(1+60)*nA
A 2jel\fiy At (05 — 07) ( /(1)
(1+ 62)n?A%npL , [ AZnpL
> — = — —
= Crexp ( 2V () Ny )

for some constants Cp,C7 > 0 and some d2 = o(1) that are not dependent on 7. By (2.111),

there exists some d3 = o(1) such that

2A2
> pi>Cikexp (-“ + 03y A an> . (2.122)
k—pk<i<k 2V ()
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To obtain (2.226), we need to set p that tends to zero sufficiently slow so that it can be

absorbed into the exponent. Note that condition (2.19) is equivalent to

(1+ ¢)SNR (1 1 n—k>2
S hieahl ___Io < logk.
2 2 (1+e5NR ° & &

Since € is a constant, it implies

NR (1 1 n—k\>
(- T <(1—=€)"ogk,
( 39 & ) (1—¢) " log
for some constant ¢ > 0. As a result, under the condition that k& — oo, we have

E/
Z pi > Z Crexp (—(1+03)(1 —€)logk) > k2 — oc.
k—pk<i<k k—pk<i<k

Hence, we have proved

1
inf P 5 L;1>-Ck
jilelAA . 2’1_216Xp
k—pk<i<k

(1+ 69)n?A2npL , [AZnpL
(‘ W vw) =1

(2). Analysis of L;5. By (2.221)-(2.223) and Bernstein’s inequality, we can bound
E(L;2|A) by

(& (480 nAL e iy Ajith 0] 05 >)2

*
(2

0% —0

2
<(5/(1 + (50)277AL Z]G[n]\{z} pw(éj - 9:))
4 (2Lpkp + 101ogn + §0' (1 + 60)29AL S je o g3y PO — 67) )

< exp

1

14 3
Now we set & = max{p2, A3, <1C;Lgpn> 2}. Then, there exists some constant Cy, C'3 > 0 such
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that

-3 _ npL
BTl < oxp (~Cap 02 < xp (o VT

n AanL)
2V (k)

E > Lip

A | < pkexp (—03/)_1/2
k—pk<i<k

By Markov inequality, we have

_ L 1 _1/0n*AZnpL

inf P L;o > pkexp| —=C UQM) < ex (——C’ 120 = 2 )

nf Py > Lia>p p( 30 n) <exp (=503 T n)
k—pk<i<k

(2.123)

(3)- Analysis of L; 3. By a similar argument, we also have

—1/20"A%npL _1/2m*A%npL
inf Py Z L;g > pkexp ( —C3p 1/2—> < eXp( —Csp — | .
AeA b i<k 2V (k) 2V (k)

(2.124)

Now we can combine the above analyses of L; 1, L; 2 and L; 3. Since p = o(1), the bounds

(2.227) and (2.228) are of smaller order than (2.226). We have

2A2
AeA b i<k 2V (k) V(k)

(2.125)

for some constant Cy > 0. Then (2.220) and (2.224) lead to

]P)(G*,r*) Z [{m; <t} > Cykexp <—

1 2A2npL A2npL
k—pk<i<k

2V () YNV (w)

(2.126)
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We are going to show it leads to (2.113) by selecting an appropriate ¢ as follows. We

Lo Vs o,
2 (1+0)AZnpL

09 and Ci are independent of the § in the definition of ns- First we can let § > 61, then we

write n = nz = n;k to make the dependence on § explicit. Recall that

have

1
(14 S9)n2A%npL A2npl, A2ppL\ "2\ n2A%npL
2V (k) V(k) V(k) 2V (k)
1
A2npL\ 2 n2A%npL
= 20\ 2V ()
2A2
nEA*npL
< (1+444) 2

2V (k)
for some 84 = o(1) not dependent on 0. Here the second inequality is due to the fact that

ns is in increasing function of §, and the last inequality is due to (2.111). Then we can

- n%AanL

let 6 > 04 to have the above expression to be upper bounded by (1 + 5) V) Hence,

(2.230) leads to

(1+ 5)n§A2an
2V (k)

P g+ 1) Z I{7m; <t} > Cykexp (— ) >1-o0(1), (2.127)

k—pk<i<k

witch establishes (2.113).

Similar to (2.230), we can establish

~ - e —1\ T
P g ) Y- I{7; >t} > Cy(n— ke 2V (x)
k<i<k+p(n—k)

>1-o0(1).
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Due to (2.111), we have (1 —n5) € [0, 1], then

14+ 89)(1 —n:)2A%npL A2npL (14 65)(1 — n:)2A2npL A2npL
( 2)( — 775) np n Ci(l _ 775) _np < ( 2)( — 775) np I Ci _np
2V (k) V(k) 2V (k) V (k)
1 —n5)2A%npL
S(1+55)( 77(2 iy
2V (k)

for some 05 = o(1) not dependent on 4. Since (1—1;5)?A%npL/(2V (k) = n§A2an/(ZV(/€))+
2log "—;k/(l + ), we have

(n — K)exp (_(1 +02)(1 —ng*A*pL A2an)
V(k)

_k—(1+§5)

2V (k)

202
—k nzA“npL
L (1465 e
2V (k)

(1-— n5)2A2an>

By letting § > d5 and using the same argument as in obtaining (2.127), we have

(1+ S)T]C%AQTlpL
2V (k)

P(G*,T*) Z I{7; >t} > Cykexp (—
k<i<k+p(n—k)

) >1-0(1), (2.128)

which establishes (2.114). To sum up, we can choose § = max{dy, d4, 5} to establish (2.113)
and (2.114).

The above proof assumes that x = (1) and SNR satisfies (2.111). When these two con-

ditions do not hold, we need to slightly modify the argument. When (2.111) is not satisfied,

_ ) (1+&)SNR )
there must exist some small constant € > 0 such that 5 - log
\/(1+9)5NR

O(1). We can then take p to be a sufficiently small constant, and the proof will go through

n—k __

E =

with some slight modification. When x = o(1), we can simply construct 6* by 7 = 0 for

1<i<kand 0 = -Afork+1<i<n. O
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Finally, we state and prove Lemma 2.9.4 to close this section.

Lemma 2.9.4. Assume —L- — 0o, k = O(1), p=o0(1), k — co and (2.19) holds for some

logn

arbitrarily small constant ¢ > 0. Choose k1, k9 > 0 such that we have both k1 + k9 < Kk and

B0+ e )2 4 (0= )+ e ) g
(ko (k1) + (n = k) (—ka))2/n |

Define 0 = k1 for all 1 <i <k —pk, 07 =0 fork —pk <i <k, 0] =—A fork+1<i<
k+p(n—k) and 0 = —rkg fork+p(n—k) <i<nandS={ic[n]:i <k—pkori>k}.
There exists some constants C7 > 0 such that for any § = o(1), there exists Cy > 0 and
01 = o(1) such that for any n < 1/2 and any A € A where A is defined in (2.221)-(2.223),

we have

_ 0* —o*
. > jes Ajiij — (07 —07))(1+ e 71) (14 $mala
2 jeln\{ip Ajit (05 —67)
> (1 exp <—1 —;51 2SNR — Cony V' SN ) (2.129)

for any k — pk < i < k.

Proof. We suggest readers to go through the proof of Lemma 2.10.3 in Section 2.10.2 first.
The proof of Lemma 2.9.4 basically follows that of Lemma 2.10.3. We will omit repeated
details in the proof of Lemma 2.10.3 and only present key steps and calculations specific to
this Lemma 2.9.4.

We denote q; = ¢(6; —0;). Then 1 il = = 1/q; and ¥(0; — 0;) = 1 — gj. Then what

we need to lower bound can be written as

Py ZZAJZ %E>Lt’ ,

L] jesS

where ¢/ = (1 + ¢ )nA >_jeln)\{i} P(1 — g;) for some &' = o(1) due to (2.221)-(2.223), and
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P4 is the conditional probability given A. Note that ¢’ can be chosen independent of n. We

remark that

SNR = (1 +4") LAY E jefgiy (1~ 47)°

1—(]]'
Zjequ—j

due to p = o(1) for some §” = o(1) independent of n. We still first consider the regime when

SNR — oo, (2.130)

This implies n € (0,1/2).

The conditional cumulant of ;. g Ajj 4 ;jlijl for each [ € [L] is

((1— g;)e™% + g;)

u(g;—1)
= ZAji log (qje G+ (1—gqje ) ZAJZ {—

jeSs jeSs

The function v(u) acts as the same role as K (u) in the proof of Lemma 2.10.3. Define

= Lv(u) — uLt') .
u* argggg( v(u) —uLt')

Its first derivative is

(1—Qj)6u/qj

2: q q
,U>: AJ’L J 4 _ .]

s T - apet g 4

Following the same argument in the proof of Lemma 2.10.3, we need to pin down a range
for u*. First due to (2.130) and /(0) = 0, we have ¢ > 0 and thus +/(0) — ¢’ < 0. Now for

u = o(1), we can approximate v/ (u) by Taylor expansion and obtain

<1+ 99, (2.131)
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1-¢;

for some 0 < do = o(1), where 7(“) = Zjesp @

u. Note that we can replace Aj; by

2t
1—q;
jesSP~g;

p because of the condition A € A. Then we consider @ = , which is o(1) since

A =o0(1) and p = o(1). Therefore,

V() —t' > (1 =8/ (@) —t' = (1 —d9)t >0.

1_‘11'
jesP q;

When u = o(1), v(u) also follows a second order Taylor expansion such that:

This implies that u* € <O, Q—t,> Thus uv* = o(1).

where 7(u) = %Zjesplgjqj u? and 65 = o(1) due to (2.221)-(2.223).
Following the change-of-measure argument in the proof of Lemma 2.10.3, the probability

of interest can be lower bounded by
L
exp (—u*T + Lv(u*) — Lu™t') Q4 | 0 < Z Z Zy—Lt'<T|,
I=1jeS8

where Q 4 is a measure under which Zj; are all independent given A and follow

J

and vj(u) = —ulg—jqj + log((1 — qj)QU/Qj + q;). Then for each Zj such that A;; = 1, its
second and 4th moment under Q 4 can be analyzed:
1 —gj U /4

Qu((Zj — Qa(Z))?) = v (w*) = T u*/q#q]Qe(C{,Cé), (2.132)
—gj)e 'V T

89



Qu((Zj — Qu(Z)) = V() + 300 (') < B+ OOy < C, (2.133)
where (2.133) comes from

33 24 .02u/4) N2 2u/qi L 3
////(u) _ 1 —gqj /4 (1 — 4y )7e /g — 3(1 —qj) qje u/q; -3(1 _qj)qje u/qj +qj
3 .
9 (1 — gj)e™9 + ¢;)5

<max1/ 2 //( )<C'/ //( ).
jES

Now, to lower bound Lv(u*) — Lu*t:

Lv(u*) — Lu*t' > L(1 — 83)~ Zp “ G2 pry

]ES 9
> L min |(1—d3)= Zp — G2 gy (2.134)
UG(O ]. jES ]
" Lt
= 2 1
(1=03) 2 jesP;
1 _
> —+—547725NR,
2
where (2.134) is achieved at u = a = and d4 = o(1) since p = o(1). This gives

(1-43) ZjESPT‘]
us the desired exponent. We remark that d4 is independent of 7.

To choose T', observe that

Varg , Z Z < CynpL,
L]jes
for some constant C > 0 using (2.221) - (2.223) , (2.132) and p = o(1). Thus we choose
=4/ CynpL, which leads to a term C’gn\/SN=R in the exponent for some C'y > 0 independent
of n.
Finally, to lower bound the Q 4 measure, we only need to verify the vanishing property
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of the 4th moment approximation bound in Lemma 3.7.4:

QA((Zj1 — Qu(Z)") W
LZAJZ ( LZ]ESAjZQA(( 71 _QA( )2))2>

jes

< Cy(npL)~ /4 (2.135)

where (2.135) is by (2.132), (2.133) and p = o(1). To summarize, we have proved

Pg Z >4 _yz‘” > Lt' | > Cpexp (—

L] jes

5 2SNR — an\/SNR)

for some constant C,Co > 0 and d5 = o(1), when (2.130) holds. This d5 can be used as the
91 in (2.129). We remark that C, Cs, d5 are all independent of 7.
Finally, when
SNR < C4

for some constant C3 > 0. This condition, together with (2.221)-(2.223) and p = o(1),

implies that

1—q
L' <Cy |LY Aj—-
= ¢

Therefore,

Py Z S 4, %l > 1t | =Py Z S 4,2 ;%ﬂ > 05 | LY Ay

[L]jes [L]jes jes

4q;

>c1 —o(1) (2.136)

where (2.136) comes from Lemma 3.7.4. The 4th moment approximation can be checked to

be of order (npL)~ /4 similarly as in (2.135) using (2.221)-(2.223) and p = o(1) since the
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second and fourth moment of %

are at the constant order under measure P4, which

completes the proof.

2.10 Proofs of Lower Bounds

This section collects the proofs of lower bound results of the paper. The lower bound for
exact recovery is proved in Section 2.10.1, and the partial recovery lower bound is proved in

Section 2.10.2.

2.10.1 Proof of Theorem 2.3.4

The key mathematical argument in the proof of Theorem 2.3.4 is to characterize the maxi-
mum of dependent binomial random variables. For this purpose, we need a high-dimensional
central limit theorem result by [27]. The following lemma is adapted from [27] for our pur-

pose.

Lemma 2.10.1. Consider independent random vectors Xq,--- , Xy, € RY with mean zero.

Assume there exist constants cy,co, Cq,Cy > 0 such that

: 2
min EXZ']' > cq,

1,]

max [ exp(|X;;|/C1) < 2,
1

2

(log(nd))" < Con—(1+c2),

Then, there exist independent Gaussian vectors Zy,- -+ , Zp, satisfying EZ; = 0 and Cov(Z;) =
Cov(X;), such that

n n
sup [P | max X;: <t] —P | max Zis <t
(je[d] = > jeld 2; ”

teR
92

<Cn”*,




for some constants ¢, C' > 0 only depending on c1,co,Cq,Co.

With the above Gaussian approximation, we only need to analyze the maximum of de-

pendent Gaussian random variables. The following lemma can be found in [57].

Lemma 2.10.2. Consider Z = (Zy,--- ,Zn)L ~ N(0,%). Then, for any o € (0,1), there

exists some constant Cy, > 0 such that for all n > v/2me3 log 1/a,

P (I'mﬁZi > /\1/2\/210gn —loglogn — Cy — A1/2<I>*1(1 — a)) >1-2aq,
1en

maxic ] 3 e\ i} Sij

)‘min

where \ = minie[n] Eii — and A = maxie[n] E“
Now we are ready to prove Theorem 2.3.4.

Proof of Theorem 2.3.4. We first note that the condition (2.15) implies that A = o(1).

Choose k1, kg > 0 such that we have both k1 + k9 < k and

n

k' (k1) + (n — k)Y (ko)

= V(k).

We first consider the case k — oo and x = Q(1). In this case, one can easily check that
ko = Q(1). Our least favorable 0* € ©(k, A, k) is constructed as follows. Let p = o(1) be a
vanishing number that will be specified later. Define 0; = k1 for all 1 <7 <k — pk, 0] =

fork—pk <i<k 0 =—-Afork<i<k+pn—=k)andf = —ro for k+p(n—Fk) <i<n.
For the simplicity of proof, we choose p so that both pk and p(n — k) are integers. Consider

a subset Ry, , C Sy that is defined by

Rip=1{r€6Gp ry=iforalli <k—pkori>k+p(n—Fk}. (2.137)
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We then have the lower bound

inf  sup Py ) (He(7, r*)>0) >inf sup Pg vy (He (7, r*) > 0).
P ores, ’ PRy,
0*cO(k.A r)

For each z = {zi};_jp<i<hypm—i) € {0,1}7", we define Q; as a joint probability of the
observations {A;;} and {y;;;}. To sample data from Q;, we first sample A ~ G(n, p), and
then for any (i, j) such that A;; = 1, sample y; ;; ~ Bernoulli(¢(41;(2) —p15(2))) independently
for I € [L]. The vector pu(z) is defined by p;(z) = 07 for all i < k — pk or i > p(n — k) and
pi(z) = All{z; = 1} for all k — pk < i < k+ p(n — k). Then, we have

o~

inf sup Py ) (Hp(7,r*) > 0) > inf sup Q.«(Z # 2¥)

ror GRk‘p z Z*Ezk
> f—

where

2= {Z = {2}k phei<hipin—t) € {0,137z = Pk} :

1

The Bayes risk ﬁ > ez, Qu (2 # 27) is minimized by

Z = argmin £, (u(2)), (2.138)
2€Z

where

! + (1= )0 L
D(i(2) — () V)OS T T Ga(z) — 1(2)

L) = Y Ay [gij log

1<i<i<n

It suffices to lower bound the probability Q,«(Z # z*) for the estimator (2.138) and for each

z* € Z. By symmetry, the value of Q,+(Z # 2*) is the same for any z* € Z;.. We therefore
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can set 2 = [{i < k} without loss of generality. Define

N(z*):{ZGZ]C:ZH{ZZ-#Z;}:2}.

Then, we have

By direct calculation, we have

bn(p(2)) — gn(N(Z*))

= Y AT — () = () (i(2*) = () = pi(2) + p(2))
1<i<j<n
+ Y Ay D (Vi) = i () (i(2) — 1(2))) -

1<i<y<n

For any z € N(z*), there exists some k — pk < a < k and some k < b < k + p(n — k) such
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that z, =0, 2, =1 and 2; = zz* for all other 7’s. Then,

Y AiD (i) = NN (i(2) = 1(2)))

1<i<j<n
k—pk n
< Z A DRl +A) + Y AigD((—ra) [ (—r2 + A))
i=k+p(n—k)+1
k—pk n

+ Y ApD((k1 + A)l[v(k1)) + > AppD(Y(—r2 + A)|lv(—r2))
i—1

i=k+p(n—k)+1

k k+p(n—k)
+ Y A D@O)A) + D AwDE(=A)][(0)
i=k—pk+1 i=k+1
k k+p(n—k)
+ > AgD@A)[O)+ D ApD@(0)[¢(=A)) + A D((A) [¢(-A))
i=k—pk+1 i=k+1

IN

(L+8)(1 = pp kD (k1) (1 + A)) + (n = K)D(w(—rz) [¢o(—r2 + A (2.139)
+(L+0)(L = p)p (D1 + A)[(r1)) + (n = k) D(W(—rg + A) [(—r2))]
+(1+8)pp KD (O)]|U(A)) + (n = K)D((=A)|[4:(0))]

(14 )pp KD (A)][(0)) + (n = K)D(@(0) [1:(=A))) + (1 + 8)pD((A) [ (~A))
(L+8)°(1 = pIpA? [k (k1) + (n = )/ (k2)] + (1 +8)%ppA> (2.140)

(1+ 5)3pA2%. (2.141)

IN

IA

The inequality (2.139) holds with probability at least 1 — O(n~10) by Bernstein’s inequality.
The inequality (2.140) is a Taylor expansion argument with the help of A = o(1). We obtain
(2.141) by the choice that p = o(1). Note that we can choose some § = o(1) to make all of
(2.139), (2.140) and (2.141) hold. We also have

o Ay — (ua(Z) = () (pa(2) = i (%) = mi2) + 1j(2))

1<i<g<n
= =AY Ao —EZia) +A D> AT — Eygp)-
ic[n)\{a} i€[n]\{b}
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Therefore,

min L (p(2)) = n(p(z))

zeN(z*)
< — max A > Ai(ia—EJia) + A min > Au(ga — Eya)
(1—p)k<a<k ic[n]\{a} k<b<k+p(n—k) ie[n\{b)
3 A2 N
+(140)°pA V)’

with probability at least 1 — O(n~19). This leads to the bound

Q. <Zefj{l}(g*)fn(u(2)) < enw(z*)))

IV

(&)

N*
-~

max A (7:, — Eg;
1—p)k’<a§ki€ Z za(yza yza)

[]\{a}
= i A (@i — By) > (14 6)3pA—— | = O(n~19
k<b§lr€r—l|}2(n—k) Ze[nz]\:{b} ib(Yib Yip) > (1+0)°p V(I{)) (n=")

> Qg ( max > Aialia — Egia) — min Y Aup(@ip — Eyp-142)
(1—p)k<a<k icn\{a} k<b<k+p(n—k) ic[n\{b}
np -10
> \/2(1—6/2)1/[/‘/(/{) <\/logk:+\/10g(n—k)>> —O0(n~ )
> Q. ( aoma 3 il Biia) > VAL 2, [ e k) (2.143)

1-p)k<a<k .

ieln]\{a}

+Q.- ( min Y A (i — Eyp) > V2(1 - ¢/2) Lﬁfﬁ)\/logmk))

k<b<k+p(n—k) il b}

—1- O(n_lo)a

where we have used the condition of the theorem to derive (2.142). The last inequality (2.143)

is by union bound P(AN B) > P(A) + P(B) — 1. To lower bound (2.143), we introduce the
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notation

To= Y Ai(ia—Eia). (1—pk<a<k
i€[n]\{a}

The covariance structure of {7y }(1_ )p<4< can be quantified by the matrix ¥ € R(Pk)x(pk),
which is defined by X, = Cov(Ty, Tj|A). We then construct a vector S = {Sa}(1_p)p<a<k
that is jointly Gaussian conditioning on A. The conditional covariance of S is also X. By

Lemma 2.10.1, we have

Q[ max Y Am@m—Ewab¢2<1—e/2>,/#(’@\/1ogk< 144)

A=PIk<a<k e a}
— [P - 1
> P ((1—;1)1]?§a§k Sa > /2(1—¢/2) oV () V log k) O <—(logn)0) , (2.145)

To see how Lemma 2.10.1 implies (2.145), we can take X, = \/%Zz'e[n]\{a} AiaYial —
Ey;q1)- Conditioning on A, we observe that {X;,} is independent across [ € [L]. The
conditional variance of X;, given A is bounded away from zero with high probability by
Lemma 2.8.1. Moreover, one can find a constant C' > 0, such that E [exp(] X;,|/C)|A] < 2
by Hoeffding’s inequality. Then, we can apply Lemma 2.10.1 for a given A and obtain (2.145)
under the condition L > (log n)g. We need Lemma 2.10.2 to lower bound the probability in
(2.145). For each a,

Eaa - Var(Ta|A)

:% > A (i(2%) = pa(29))

i€[n]\{a}
k—pk k / k+p(n—k) / n
P! (k1) 1 V' (ko) V'(A)
LR D S R S e T
i=1 i=k—pk+1 i=k+1 i=k+p(n—k)+1
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By Lemma 2.8.1, we have

(1—;?/?§a<k [z\: Ajg < L (2.146)

with probability at least 1 — O(n~10). Similar to the proof of Lemma 2.8.1, we can use

Bernstein’s inequality and a union bound argument to obtain that

k—pk o kp(n—k)

. : ¥ (k1) V' (ko)
min X > min Ao + A;
(1—p)k<a<k “eo= (1—p)k<a<k L ; 1 L ; %1 e
1—9)(1—-
> BZOZPR et (1) 4 (n— k! ()
LV (k) ’ '
for some & = o(1) with probability at least 1 — O(n~10). For each a # b,

/ SF) o*
Then, Bernstein’s inequality and a union bound argument, we have

max Y Y2, < 161L2 max > Ay < (lekﬁ# (2.148)

bibta (1- )k<a<kbb7§

with probability at least 1—O(n~19). We can also obtain a similar bound for maxg 3", b-£a Sab-

This allows us to give a lower bound on Ay (X):

(1=0)1—p)pn pkp+logn _  pn
LV () G zay

(2.149)

Mmin(2) 2 |18 Tae e 2 Vb >

To apply Lemma 2.10.2, we shall choose p that satisfies both log(pk) = (1 + o(1)) log k and

p = o(1). The existence of such p is guaranteed by k& — co. With the bounds (2.146)-(2.149),
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we can apply Lemma 2.10.2, and obtain

1-p)k<a<k

P (( max  Sq >+/2(1—¢€/2),/ ng(?,%) V/ log k) >0.98 —O(n~h).

We then obtain the desired lower bound for (2.144). A similar argument also leads to

Qe | = min ST Al — Bui) > V21— ¢/2), | e Togln = K)

k<b<k+p(n—Fk) .

il 1)
1
> 099-0 ((log n)c) :

Therefore, Q,+(Z # 2z*) > 0.95 and we obtain the desired conclusion.

The above proof assumes that k — oo and k = Q(1). When these two conditions do not
hold, we need to slightly modify the argument. Let us briefly discuss two cases. In the first
case, k = O(1) and x = Q(1). In this case, we can construct 0* by 67 = 0 for 1 < i < k,
07 = —Afor k <i < k+p(n—k)and 0 = —x for k+ p(n—k) < i <n. In the second case,
x = o(1), and then we can take 6* with 7 = 0 for 1 <4 < k and 07 = —A for k < i < n.
The remaining part of the proof will go through with similar arguments, and we will omit

the details. O

2.10.2  Proof of Theorem 2.6.1

We first establish a lemma that lower bounds the error of a critical testing problem.

Lemma 2.10.3. Assume lc?gpn — 00, k =0(1), p=0(1), k — oo and (2.15) holds for some

arbitrarily small constant € > 0. Choose k1,k9 > 0 such that we have both k1 + ko < Kk and

n

B T (= Rl )

Define 0; = k1 for 1 < i < k—pk, 0; =0 fork —pk <i <k, 0; = —A fork+2 <
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i <k+pn—=~k)and 0; = —kg for k+ p(n — k) < i < n. Suppose we have independent
A; ~ Bernoulli(p) and z;; ~ Bernoulli(y)(6;)) for all i € [n]\{k+ 1} andl € [L]. Then, there

exists some 6 = o(1) such that

L ‘ ) |

I=1 ie[n)\{k+1}

2
. CeXp( ;(\/(1+25)5NR_ 1 n—k) )

—— lo
J+0)SNR ° &

+

for some constant C' > 0.

Proof. We first consider the case

(14 0)SNR 1 n
— log
2 (1+6)SNR

k

; — 00, (2.150)

for some 0 = o(1) to be specified later. Throughout the proof, we use P4 for the conditional

distribution P(-|A). We use the notation

vl +A) 1-v(0; +A)
7 = Z A; {Zil log o0 + (1 — z;) log _—9} :
i 0@ - 0(0)

Its conditional cumulant generating function is
Klw)= 3 Aglog (006" "0(0; + A)" + (1= 0(6:))' (1 = w(t; + A)").
ie[n)\{k+1}
Define

k
u* = arg;r(l)in (LK(u) — ulog m) .
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By direct calculation, we have

K'0) = — Y AD@(O)|[v(0; + A)).
icn)\{k+1}

K'(1) = > ADW(O; + A)lp(6;)).
icn)\{k+1}

K'0) < —(1—=d)p > D@(O)|¢; +A), (2.151)
ieln]\{k+1}

K'(1) = (1=6)p > D@0 +A)lyp(6))), (2.152)
icln]\{k+1}

with some §; = o(1) for probability at least 1 — O(n™1). Given that A = o(1), which is

implied by (2.15), and p = o(1), we have 3 ;1\ (p413 D(W(0;)[[¥(0; +A)) = (1—1—0(1))2"‘/—%;
and Zie[n]\{k—H} D((0; + A)||v(6;)) = (1 + 0(1))2nv—A(2). With the condition (2.150), we

know that LK'(0) — logﬁ < 0 and LK'(1) — logﬁ > 0. Thus, we must have
u* € (0,1). In fact, the range of u* can be further narrowed down. We apply a Taylor

expansion of K'(u) as a function of A near 0, and we obtain

K= 3 A 500087 4 v (6)us? + 0]
i€\ {k+1}

Note that the remainder term O(|AJ3) can be bounded by |A|? up to some constant uniformly

for all u € (0,1). By Bernstein’s inequality, we have

2
! ) npa (2.153)

Kz -+ (5-0) o,

for all u € (0,1/2) with probability at least 1 — O(n~1). By (2.153), there exists &' = o(1)
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such that

1 1 n—=k
K= - 1
(2 (11 0)SNR ® & ) >0,

and therefore, we must have

“ 1 1 n—k
U € (0, > 1 +6’)SNR10g ’ . (2.154)

We also introduce a quadratic approximation for K (u), which is

2
— npA® o
Ku) = —u).
(1) = Jos =
It can be shown that
K
1< B Ly (2.155)

K (u)
uniformly over all u € (0,1) for some dy = o(1) with probability at least 1 — O(n~1). The
inequality (2.155) can be obtained by a Taylor expansion argument followed by Bernstein’s
inequality, similar to the approximation obtained in (2.153).
Define a probability distribution Q4, under which Zy,---, 7 are i.i.d. given A and

follow

Qu(Z; = 5) = Pp(Z) = 5)e s~ KW,

for any s. It fact, each Z;, under the measure Q4 can be written as the sum of several

independent random variables, i.e. Z; = Zie[n]\ (k+1) Z;; where

Qa(Zy = 5) = A" s AEi(w)p (Az' [z log YO A) Ly iog

1 —(6;)

and K;(u) = log (7,0(01-)17“1#(9@ + A+ (1 — () (1 —v(; + A))"). Then for each
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Z;; such that A; = 1, we can compute its second and 4th moment as

*
6uA

(1 —p(6;) + e B (6;))?

Qa((Zy — Qa(Zy))?) = K/ (u*) = ¢/'(6;) A € (C1A%,CyA?),
(2.156)

Qa((Zi — Qa(Zi)") = K" (w*) + 3K (u*)* < A°K]'(u*) + 3K} (u*)?, (2.157)

where C7,C% > 0 in (2.156) are some constants and we have used

Kg’//(u*) _ ¢/(9i)A4eu*A
y D(0;)33 A — 30(0;)0 (0;)€2 A — 3¢ (0;) (1 — p(0%))e A + (1 —(6;))3
(1= p(6;) + 1 (6;)en"2)>
5 = AQKZ{/(u*)

1
(1= p(6;) + 1 (;)ev"2)

< w/(ei)Alleu*A

in (2.157).
Define A to be the event of A that (2.151), (2.152), (2.153), (2.155) and

1
P < > Ay <omp, (2.158)
ic[n]\[k+1}

all hold. We know that P(A € A) >1— O(n™1).

With the above preparations, we can lower bound P (Zlel Z; > log %) by

L L
k 1 k
inf P Zi>log—— | P(AceA) >— inf P 77 > log — — | .
AEA A(; lognkl) ( )_Q/FGIA A(Z lognkl)

=1
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For any A € A, a change-of-measure argument leads to the lower bound

L

k
Py D % >log——
=1

k
exp( K (u™) un—k—l)
< k - k
I Z; —log —— > —u* Z; — log ——
xQ4y ;z og ——7 20 pexp u(; |~ log ———)

L
k k
=1

for any T' > 0 to be specified. We first lower bound the exponent LK (u*) —u* log % by

k k
x\ ok v . B o
LK(u™) —u logn_k_1 ug%%)r,ll) <LK(u) UIOgn—k—l)
— k
> i L(1 K(u) —ulog ———
> ugé(lﬁ)( (14 62) K (u) uogn_k_l)
2

1 (/(1+ 53)SNR 1 n—k

> = - log ,
2 2 (1+63)SNR k

for some 03 = o(1). We then need to choose an appropriate T so that the probability

Qg (O < 2{;1 Z; —log % < T) can be bounded below by some constant. To achieve

this purpose, we note that

L
Varg, [ D Z | =L ) AK/@w) <AL Y A <201A%Lnp,
=1 ieln]\{k+1} ieln)\{k+1}

for some constant C; > 0 due to (2.156), where Varg, is the variance operator under the

measure Q 4. Thus, we set T' = 1/2C1A2Lnp. With this choice, and by (2.154), we have

1 1 n—=k
T < \/201A2Lnp ( = — 1 .
wTs 20 ”p(z (1+06)SNR ° & )
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Therefore, u*T is at most the order of the square-root of the desired exponent, and thus it
is negligible.

Finally, we need to show Q4 <0 < Zlel Z; —log % < T) is lower bounded by some
constant. Note that the definition of «* implies that Zlel Z; — log % has mean zero

under Q4. By the definition of 7', we have

k
0< Z;—log ——— < T
Qa|0<)> 7 S ——

L L
k

>
=1 =1
L I L

= Qufo<d ) Zij —log ——— < | Var >, D> ZalA
I=1 ic[n]\{k+1} nere I=1 ic[n]\{k+1}

We apply the central limit theorem in Lemma 3.7.4 to bound the above probability. The

4th moment approximation bound in Lemma 3.7.4 is

Mm% 1/ %\2 3/4
L Z 4 o <U)+3Ki<li/)* 2
(L X i\ {k+13 Al (w*))

icn)\{k+1}

/4
A2KY(u*) + 3K (w)2

< | A i i 2.159
A\ 2 ((L Dicn)\fk+1) A (u*))? (2159

ien)\{k+1}
CY + 30§ )3/4
< |L A, 2 2 (2.160)
\ ie[n]\z{:kﬂ} <<L2ie[n]\{k+1}f4ici)2
~1/4
<Cy|L > A (2.161)

ie[n]\{k+1}

which tends to zero by (2.158). We have used (2.157) in (2.159), (2.156) in (2.160). We thus
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have

L
k
Qu OS;ZZ_logW<T >P(0<N(0,1) <1)—o(1),

which is bounded below by a constant. To summarize, we have shown that

L
k
Z; > log ———

2
1( (1+0,)SNR 1 n—k:)

> (Cyex —— lo
=P T 2 (1+0,5NR ° &

for some 64 = o(1) and some constant C'5 > 0 when (2.150) holds with § = dg4.

To close the proof, we need a different argument when

(1+0)SNR 1 ok
2 (L+0,5NR ° &

< Cy,
for some constant Cy > 0. This condition, together with Bernstein’s inequality, implies that

L
k
— - > — 2 .
l_gl E(Z;|A) — log e Cs1/ LnpA=, (2.162)

with probability at least 1 — O(n~1). Define A to be an event of A such that both (2.158)
and (2.162) hold. It is clear that P(A) > 1 — O(n~!). We then have

L
k 1
> _ > = >
Zzl_logn—k—l > 2;61{4]?14 ;Z log —

L
> L Py | D (7 —E(Z)|A)) = C51/ LnpA2(P.163)

2 AcA =1
> 1 —o(l), (2.164)

for some constant ¢; > 0. The inequality (2.163) is by (2.162). For (2.164), we use the
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Gaussian approximation in Lemma 3.7.4, and the 4th moment approximation bound is of
—1/4
order <L ZiE[n]\ (k+1} Ai> by similar calculation as in (2.161) under measure P4, which

tends to zero by (2.158). The proof is complete. O

Proof of Theorem 2.6.1. We first note that the condition (2.15) implies that A = o(1).

Choose k1, k9 > 0 such that we have both k1 + ko < Kk and

n

k! (k1) + (n = k)Y (k2)

= V(k).

We first consider the case k — oo and x = (1). In this case, one can easily check that
ko = Q(1). Our least favorable ¢',60” € ©'(k, A, k) is constructed as follows. Let p = o(1) be
a vanishing number that will be specified later. Define 9; =gy forall 1 <i <k —pk, 9; =0
for k—pk <i <k, 0, =—Afork <i<k+p(n—k)and 0, = —ky for k+p(n—k) <i <n.
For the simplicity of proof, we choose p so that both pk and p(n — k) are integers. For 6",
we set 0 = 0, for all i € [n]\{k + 1} and HZ—H = 0. Recall the definition of the subset
Rp.,p C Gy in (2.137). We then have

inf sup E(@*,r*) Hy. (7, T*) > inf  sup E(@*,T*) Hy. (7, 7“*)

r r* €6y "or*eRy,
0*€0’ (k,A k) 9*6{9/79//}
>inf E g« H rr
S O !
6*<{0',0"} kply *€Rip

That is, we first lower bound the minimax risk by the Bayes risk. Since

1
@) = 50 > IR > ko SR IR < i > k),
k—pk<i<k+p(n—k)

108



we have

inf  sup  E(ge o) Hi(7,r7)
r r*eg,
%O (k,A )

1 1 1
"2 0*{0,0"} ’RRJ)‘ r*€Rk,) )2k

> ({7 > ki <k} +1{7 < k,ri > k})
k—pk<i<k+p(n—k)
1

S 2
4k‘Rk’p k—pk<i<k-+p(n—Fk)
inf > Y Pye@>k) 4+ Y Pe,sFi < k)
6+c{0/,0") | 1*€Ry, r*€Ry,
i<k rE>k+2
1 ‘ R R
= 4k ‘T\’, Z Hif Z P(@”,r*)(ri > k) + Z P(G’,r*)(ri < /{:)
kp k—pk<i<k+p(n—Fk) ! " ERk,p *€Ry )
ri <k ri>k4-2

At this point, we need to introduce some extra notation. For any 7,7’ € &,, we define
the Hamming distance without normalization as H(r,r") = Y7 1{r; #r/}. For each

k —pk <i<k+ p(n—k), we can partition the set Ry, , into three disjoint subsets. Define

RY = (reRy,ir <k},

'R](j; = {TE'Rk’p:T’Z’:/{—Fl},
Rgi)o = {TERk7piriZk—|—2}.

It is easy to see that Ry, , = U?Zle )p. We note that the three subsets all depend on the

index 7, but we shall suppress this dependence to avoid notational clutter. For any r € R](f;,

109



define

Nooa(r) = {i" e R H(r") =2},

Since for any different permutations, the smallest Hamming distance between them is 2,

No_1(r) and No_,3(r) can be understood as neighborhoods r within R](Clg and jo’[)), re-

spectively. It is easy to check that {No_1(r)}

(2) are disjoint subsets, and they form a
reER,, »
partition of R](Cl;. Similarly, {Na_.3(r)} R (2) are disjoint subsets, and form a partition of
’ T

k,p
R](ff)). With these notation, we have

)

inf  sup  Ege o Hi (7, )
r T’*EGn ’
00’ (kA r)

1
=0 Ry, 2

Pl k—pk<i<k+p(n—k)

mf Z Z ]P)(Q”’r”)(?i > k) + Z P(@/ )(?z <k)

TER(Q) T//€N2_>1(T) T/€N2_>3(7’)

1
T Ak[R 2

kol k—pk<i<k+p(n—Fk)

1 . 1 R
1nf Z Z <—n 5 1P(9//’r//) (T’Z‘ > ]{J) —+ %P(Qlﬂn/) (Ti < k))
T RPN ()
r 6./\/2%3(7”)

1
Z4k(n—k—1)|72k 2

7P| k—pk<i<k+p(n—k)

. n—k—1
D D B+ T B (19
T‘ER ) €N24>1 7“)
kip r €N2_>3(’f‘)

where we have used the fact [No_,1(r)| = k and [No—,3(r)| = n—k —1 to obtain the equality
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in the above display. To this end, it suffices to give a lower bound for the testing problem

n—kFk—1

inf ]E(H”,r”)gb —+ 2

0<p<1 Eg y(1—9)|, (2.165)

(2)

for any 7" € No_,1(r) and any 7’ € No_,3(r) with any r € Rkp

k+p(n—k).

For the two probability distributions in (2.165), the probability ]P’(Q//7r//) is the BTL model

and any k — pk < i <

with parameter {9;'(,}2-6[71} and the probability P(Q/J,/) is the BTL model with parameter
{6; g}ie[n]' It turns out the two vectors {Qgg/}ie[n] and {0; g}z’e[n] only differ by one entry. To
see this, let 4 and j' be the two coordinates that r and 7’ differ and let i and j” be the two
coordinates that r and r” differ. Then, »' and " differ at the ith, the j'th and the j”th
coordinates. This immediately implies «9; ;= 0;’,, for all I € [n]\{4,7,7"}. By the definitions
l l
of No_,1 and No_,3, we have rg =T, 7“;., = k+1, r;,, = r;n and rgl =, r;’, =7, r;.’,, = k+1.
Moreover, we also have T >k + 2 and T < k. We remind the readers that all the three
coordinates are in the interval [k — pk+1, k+ p(n—k)]. According to the definitions of ' and

0" we then have 9; , = 9;’,, = (0 and 9; , = Q:f,, = —A. For the only different coordinate,
/) 1/ -/ !

J J J J
we have 0/, = —A and 0", =
L4 L4

Since {0;/1/,/}7;6[7’1] and {9; : }ign) only differ by a single coordinate, the testing problem

(2.165) is equivalent to

n—kFk—1

inf E(&”f)QS + 2

0<p<1 Egn(l—=9)|, (2.166)

where 7; = i for all i € [n]. The equivalence between (2.165) and (2.166) can be obtained

by the existence of a simultaneous permutation that maps the two vectors {Qggl}ie[n] and
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{0;(}i€[n] to 0" and 0'. By Neyman-Pearson lemma, we can lower bound (2.166) by

APy =
(0',7) k
]P)(ellf) (dP(QI’,F) 2 n—k— 1) . <2167>

This probability can be lower bounded by

2
. 1 (/1 0)5NR 1ok
ex — = — O
P2 2 JOTOSNR &k

+

with some constant C' > 0 and some § = o(1) according to Lemma 2.10.3. Since

RN Rl = (1= p)n.
we have

inf  sup  Ege ) H (7 )
r 7"*6671,
6O’ (k,A k)

1
> Cipexp —§<

VA SNR 1 n—k>2

lo
2 T+0SNR © k).

for some constant C] > 0. When the exponent diverges, we can choose p that tends to zero
sufficiently slow so that it can be absorbed into the exponent. Otherwise, we can simply set
p to be a sufficiently small constant, and the above proof will still go through. One can use
a similar argument as Lemma 2.10.3 to show (2.167) is bounded below by some constant. In
this case, we have infpsup xcg,  E(ge p)Hg (7, r*) bounded below by some constant as
0* O’ (k,A k)

desired.

Finally, we briefly discuss how to modify the proof when either k — oo or £ = (1) does

not hold. When k£ — oo and k = o(1), we can take 92 =0for1 <7 <kand 9; = —A for

k < i < n. The vector 6" is still defined according to 0 = ¢, for all ¢ € [n]\{k + 1} and
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0% 41 = 0. The proof will go through with some slight modifcation. When k = O(1), the
condition (2.15) is equivalent to SNR < (1 — €)2logn for some constant € > 0, and we only

need to prove a constant minimax lower bound. This is obviously true becasue

irif sup E(g*’r*)Hk(ﬁ 7“*) > igf sup E(g*’r*)Hk(?, 7“*)

r r*eq, r r*eQ,
0% €0/ (kA k) 0*cO(k,A k)
1 N
> inf  sup  Pge ey (Hp(7r") > 0),
r r*eG, 2k ’
6*cO(k,A k)

which is lower bounded by a constant by Theorem 2.3.4 and the condition that k = O(1). O

2.11 Proofs of Local Error Rates

In this section, we prove Theorem 2.7.1 and Theorem 2.7.2.

2.11.1 Proof of Theorem 2.7.1

We first give Lemma 2.11.1 to characterize entrywise tail behaviors of the MLE (2.5) which

is crucial to the upper bound in Theorem 2.7.1.

Lemma 2.11.1. Assume lglgpn — 00 and k = O(1). Then, for the rank vector T that is

induced by the MLE (2.5), for any small constant 0.1 > 6 > 0, there exists some constant

C >0, such that for any t € R, any 0* € O(k,0,k), r* € &y, we have

(1—0)(07 — t)ian
o @ +on Tt <k (2.168)
r

P(Q*,’/‘*) ((/9\2 S t) S CeXp
(1—=98)(t— Q%)inp[/

Cn~ ¥ >k+1 2.169
2Vrj(9*) +Cn~rf > k+ ( )

P(G*,r*) (é\z > t) <Cexp | —

Proof. The proof follows the proof of Theorem 2.3.2 with slight modifications. Without loss
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of generality, we can assume 7} = i for all € [n]. Let

1/4
min <(9;‘< —t)4, <IOgn> / ) , 1< <k,

A; = i (2.170)

1/4
min <(t—9;)+,(k;§p”) / ) k+1<i<n.

We only need to prove (2.168) since (2.169) can be proved similarly.

Consider any m € [k]. When (6}, — t)ian < ¢ for some large enough constant to be
specified later, we can directly bound the probability using the trivial bound 1. Thus, we
only need to consider the regime when (6, — t)%ran > (.

Following the proof of Theorem 2.3.2, we have (2.71)-(2.77) and (2.79) hold. Note that
we now have A?nan > ¢ instead of A,Qnan — 00 which is needed in the proof of Theorem
2.3.2. As a consequence, we now have (2.78) and (2.80) hold with § = 4Cye"/+/¢ instead of

some o(1) as in the proof of Theorem 2.3.2. To sum up, with this J, we have

O — O | < 6Am (2.171)
(m) (62, 0 |67 _
™) (6; |9 )
<97§@\97 ) = g™ (05,167,
<, (2.173)
™ (65 |9* m)
hold with probability at least 1 — O(n_7) — exp(—A%2an) —exp ( A2 npL logn) We can

make § to be an arbitrarily small constant by setting ¢’ large as k = O(1).

114



Then for any ¢ < k, by the same argument as in the proof of Theorem 2.3.2, we have

(<

< P (0,07 <07 - )

< P(O;—0F<—(1-8)A,)+P (|§Z — 8> 5A2>

< P (—M <—(1- 35)Ai> +0(n™ ) (2.174)
gD (0716% ;)

+ eXp(—Ag’/Qan) + exp ( AanLlogn)

which has the same upper bound as in (2.81). We then have the same (2.82) and the event

A; as in the proof of Theorem 2.3.2. As a result,

IA

P( i (‘9*|0* ) >
~ e < —(1- 30)A,
@D (716% ;)
1 2 A2 ok e )
7(1—30)A; (L > jeln)\fiy Ai v (07 — 9j>>
sup exp | — —
AcA; LY jea\ iy Aig?! (07 = 05) + 5520 AL S s g1y Aig ' (0 — 07)
+0(n~")
exp L= o AQLp Z V' (0F — 9;)) +0(n™") (2.175)
j€n]\{}
1_5/9* 27 o _ o O(n~7 2.1
exp | ——5—(0; —1)"Lp Y. W5 -0 | +0mn) (2.176)
jeln\{i}
1—6" 0% — 102l ) + O(n-7 2.177
exp —2‘/;(9*)(2-—)7119 +0(n™") (2.177)

where ¢’, 8" are able to be any small constant (by adjusting ¢’). We use the definition of A; to

obtain the expression (2.175). To see why (2.176) is true, note that when AZZ = \/10& the

first term of (2.175) can be absorbed into O(n~"). (2.177) comes from

1+ o(1).

np
Yjelmp i ¥ 0 —05) _
2 jen V(07 —05)
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Since exp(—A?/anp) + exp ( A2anlog ) < exp ( ;;(()é*)) (07 —1t) an> +0(n™7),

we have for any small constant 6 > 0, there exists some constant C' > 0, such that

- 16 .
P(o; <t)< - L 2.1
(Gl_t)_CeXp( 2V(0)(6 £)2np )—i—Cn , (2.178)

for all ¢ < k which completes the proof. O
Proof of (2.28) of Theorem 2.7.1. The upper bound (2.28) is a straightforward consequence
of Lemma 2.3.1 and Lemma 2.11.1. We have

7,*) Hk (?, 7"*)

1| & (1—68)(67 —t)2npL (1= 0)(t —07)2npL B
SOE Zexp (— AR + >+ Z exp( 2%(0*)+ ) +Cn~S.

1=1 i=k+1

]

The rest of the section focuses on the lower bound (2.29). The proof follows the proof of

Theorem 2.3.4 with some modification. We include it below for completeness.

Proof of (2.29) of Theorem 2.7.1. We are going to prove

Rl([k]7 0*7 t*a _6) + RQ([n]\[k]u 9*7 t*7 _5)
k

E (g o He (7, 77) 2 (2.179)
where t* is the unique solution such that Ry([k], 0%, t*, —0) = Ra([n|\[k], 0", t*,—0). We
first show the existence and uniqueness of t*. Note that Rj([k],0%,t,—0) increases with ¢
while Ro([n]\[k],0%,t, —d) decreases with t. Moreover, since limy_,_~ Ry([k],0%,t,—0) =
limy s+ 00 Ro([n]\[£],0%,t,—0) = 0, such t* must exist due to continuity. The uniqueness
comes from Rj([k],0%,t,—9), as a function of ¢, is strictly increasing on (—oo,6]] and

Ro([n]\[k],0%,t, =), as a function of ¢, is strictly decreasing on [f;, +00) and 6] > 0y,.
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Define

Si(t) = {z eln] i<k (0 —t)y < (1ogn/np>1/4} , (2.180)

So(t) = {z Eln]i>k+1,(t—05) < (1ogn/np>1/4} ,

Since we assume inf;(R1([k],0%,t,—0) + Ra([n]\[k],0*,t, —0)) — oo, we must have

Ry([k], 07 £, —0) — oo (2.181)
and hence,
Ry(Sy (), 05,45 —6) _ 1 Ry(So(t), 0%, ¢%,—6) _ 1
> > 2.182
Ru(EL 0.0 —8) = 2 Ry(nl\[k, 0, 1%, —0) = 2 (2.182)

This is because Ry ([k], 0%, t*, —8) — R1(S1(t*), 6%, t*, —6) < n~ 0 and Ro([n]\[K], 0%, t*, —0) —
Ro(So(t%), 0%, t*, —0) < n~6 by the definition of S; (t*), Sa(t*) and np/logn — oc.

Now by Lemma 2.9.3, we have

Hy (7, 1) 2% n(Z]I{ } i H{@>t*})
i=1 i=k+1
ZE ( 3 ]1{9 <t} 3 11{0 >t}) (2.183)
i€51(t%) 1€52(t%)

It suffices to show there exists some constant C > 0 such that

1 4C *\ gk g%
P(G*,r*) T Z <6, < t*} > —R(S1(t7), 07,7, 5)) > 3/4 (2.184)
1€S1(t*)
1 ~
and Plge ey (7 D ]I{Gi > t} > %RQ(SQ(t*),H*,t*,é)) > 3/4. (2.185)
1€S9(t*)
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This is because

]E(g*vr*) Hk(?, 7"*)
Ry (K], 0%, t%, —0) + Ro([n]\[K], 0%, ", —0)

>C 2
X Pge 1+ (Hk(?,'r’*) > ol 0.0 20) +52([”]\[k]79 s ’_5)) (2150
s o Bk, 0%, =) +§2([n]\[k]79*’t*7—5)
Zz * ]1{19 <t* } * ok
X Py v ;Sl(t i 1{4; >t} S o and (2.187)
i€So(t ) >2C Ry ([n]\[K],0%t*,—0)
> o f([R,07,1", =6) + Ro([n ]\[k]ﬁ*,t*? —9)
= k
X Py v Zzesl(t*kﬂ{a . }Z A R1(S1(17),0% t*,~3) and (2.188)
) Z'LESQ tl { }ZTC Q(SZ(t*) 0% +* _5)
. gRl([k],G t ,—5)+52([n]\[k],9 1 =0) (2.189)

Therefore, we obtain the desired conclusion. (2.186) is a consequence of Markov inequality;
(2.187) comes from (2.183) and the choice of t*; (2.188) is due to (2.182); (2.184) and (2.185)
lead to (2.189).

In the rest of the proof, we are going to establish (2.184) and then (2.185) can be proved

similarly. Define

0F — %)
Si(p, t*) = {2 € S1(t") : p|S1(t*)] indices in Sp(t*) with the smallest %}
1

(2.190)

for some small enough constant p > 0 to be specified later. That is, Si (p,t*) is a subset of
*\2
S1(t*) of size p |S1(t*)| with the smallest %

and (2.182) necessarily imply }Sl (p, t*)‘ — oo when p is a constant. We shall also assume

values. We remark that condition (2.181)
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p ’Si (p, t*)| is an integer. Furthermore, note that the definition of S (p, t*) implies:
Ry(S1(t%), 0%, 1%, —6) > Ry (Sy(p, t*), 0%, t*, =) > pRy(Sq(t*), 0%, t*, —6). (2.191)

Therefore, to establish (2.184), we only need to show

Py | Y 1 {?0} < t*} > C'Ry(S)(p, t%), 0%, %, —6) | > 3/4. (2.192)
ieS](pt*)

for some constant ¢’ > 0. The remaining proof is then devoted to proving (2.192).

Recall the definition of 6 in (2.76). Define A; = (07 —t")+ V a m’% where « is some

large enough constant to be determined later. Define the event F; as

PO @10-5) — FO@F10% )| s
g(Z)(Q;IQiZ)
g(i)(g;k‘@\_@.) _ g(i)(eﬂgji) 5%
e,y 8

%
3

Fi ={10; - 0;] < 2A,,

}.

When (0 — t*)ian > «, using a similar argument that leads to (2.171)-(2.173), we can

show that there exists some constant oy > 0, such that

Pig ) (Fi) 21 = (O(n_7) + exp (—A%anﬂ> + exp (—A?/zan>) : (2.193)

logn
When (0] — t*)ian < «, we can show

Pge oy (F) > 1 - (O(n_7) 4Lt e—vlog”> . (2.194)

instead. To establish it, we can choose z = (npL)}/4 in (2.70) and = = y/Iogn in (2.75) and
then follow the same proof of (2.77), (2.78), and (2.80) as in the proof of Theorem 2.3.2. In
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both cases, this dg can be made arbitrarily small by setting « large.

Assuming JF; is true, we can use arguments similar to the establishment of (2.81) to have

~ 2 jen\{iy Aji(Fig — (0] —07)) }
[40; <t"p>1 e < —(1460)(0F —t7)+ ¢
=y { 2jef iy A (05 = 67) SRR

Define the RHS of the above display as L;. Then we have shown that

3 11{9}<t*}z NooLlrz Y Li- Y Ig (2.195)

i€S(p,t*) i€S(p,t*) €S (p,t*) €S (p,t*)

By (2.193) and (2.194), we have

El > Ir

ieS](pt*)

<0 %+ Z exp (—Azanlﬂ) + exp (—AS/anL>)
ogn
i:ieSi(p,t*),(&j—t*)ian>a &

+ Z (exp (—(an)1/4) + exp <—\/@>) .

€S (p,t*), (07 —t*)%_angoz

Using 07 — t* < (log n/np)l/* for i € S1(t*) and np/logn — oo, we see that the above

bound is of smaller order than

n—5.9 + Z exp

€S (p,t*)

AZnpL 1/9
S () e

and we can use Markov’s inequality and obtain

Azan( np 1/9 1
— 51790 | { Toam A(logn) /5)
Py | D Tre<n ™04 3 e ™0 (i) >1—o(1).

i€S)(t*) i€S(p,t*)
(2.196)
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Now to lower bound ZiESi(p,t*) L;, we define

Xjefnl\{i} Aij¥' (6] —6})
A=< A:Vie S, 1| < b, 2.197
{ re s P L jeni\jiy V'O = 0) " 2190
Z Aji@/)'(é’;‘—é;) §2pk:p—|—101ogn}. (2.198)
JEST(pit*)

By Bernstein’s inequality and union bound, we have P(A € A) > 1 — O(n~1Y). From
now on, we use the notation P4 for the conditional probability P(9*7T*)(-|A) given A. For

any s > 0,

P g+ ) | Y Lizs|=PAcA nf Py | Yo Lizs|. (2.199)
€51 (p:t*) €S (p,t*)
Now we study Py (ZiESi(p,t*) L; > s). Define S = [n]\S](p,t*). Note that for cach i €

Si (p,t*), we have L; > Li1—Lio— L3, where

L1 { > jes AjilUig — (0] — 07))
; e\ (i A (0F = 6)
Ly { 2 jes] (pt*)i<i Ajiij — (07 — 07))

; 2jelm\{iy At (0F = 67)
Lig=1 { 2 jes] (pt+)i<j Aji(ij — (07 — 07))
; 2 jelm\{iy At (0F = 67)

< —(14+25")(1+ 60)&},

>0’ (1+ 50)Ai},

> 0'(1+ 5O)Ai}

for some small constant ¢’ > 0 whose value will be determined later. We are going to control
each term separately.
(1). Analysis of L; 1. Note that conditional on A, {L; 1}, Sl (pt) Are all independent

Bernoulli random variables. We have L; 1 ~ Bernoulli(p;), where p; = E(g*’r*)(lji,ﬂA). By
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Chebyshev’s inequality, we have

Pal > Lin>

ieS! (p,t*) ieS! (p,t*)

DO | =
g
S

vV

—_
|

By Lemma 2.11.2, we can lower bound each p; by

o, [ Zaes Aoy = (07 — 0701 + i 70y
7 — LA * *
2jem\ay A (0F = 0)

1+ 09 A2npL p A2nplL
> _ a1 —C 7
e R AT R A RN &

for some constants C7, Ci > 0 and some small constant do > 0. Note that d9 can be an

< —(1+28")(1 4 60)%A;

arbitrarily small constant by making ¢’ and p small as well as making o large. Thus we can

choose ¢, p small enough and « large enough to let d5 < §/2. Then we have

1+ 99 A2npL p A2ppL
>C _ (3 _C 1
2 m=C 2L e |~y - Ay T

€51 (p:t*) €S (p,t*)
> C1R1(S1(p, 1), 0%, 1", —0) (2.200)
> C1pR1(S1 (), 0%, 1%, =9). (2.201)

where (2.200) can be achieved by setting « large and (2.201) comes from (2.191). As a result,
under the condition (2.181), we have Ziesj(p,t*) p; — Q.

Hence, we have proved

. 1 14 09 Azan , Azan
f P Li1> = — —— —O\| —tr >1-o0(1).
ZeSl(pvt*) ZESl(,O,t*)

(2). Analysis of L;9. By (2.197)-(2.198) and Bernstein’s inequality, we can bound
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E(L; 2|A) by

(5/(1 + 00D L Y je iy Ajit (6 9;))2
2 (LS jesy(p ey Aiit! (0 = 05) + 30 (Lt G0)2AIL epp iy Ajid (0 — 07)
(5’(1 +80)2 AL Y e iy Y (60 — 9;‘)>2
4 <2kap +10logn + 50'(1+ 80)2A:L 3 e oy iy PU (0 — 9;))

exp

<exp | —

Now we set &/ = pl/ 8 and make p small enough to ensure (2.201). Then, there exists some
P p

constants Cy, C'3 > 0 such that

A2
A2 —1/2A7mpL
E(L;2]A) < exp (—Czp 2anAZ~> < exp (—03/) / 2‘2(0*)> :
due to A; = o(1) and np/logn — co. Then,

A2npL

. (122 P
E Z Lio|A g‘ Z exp( Csp 2‘2<9*)>

€51 (pt*)

€S (p,t*)

By Markov inequality, we have

) 1 1 QAanL
fP Lio > ——C3p 2
o Pyl Z 22 Z eXp( P A
ZESl(pvt*) ZESl(pat*)
_1/2A12an>

i (p.t*) OXP (_O3p 2V;(6%) (2.202)

< — .
- 1 —1/2 AZZHZ)L
Zz‘esg(p,t*) exp (‘?039 / 21/;(9*))
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(3). Analysis of L; 3. By a similar argument, we also have

1 A2npL

inf Py Z L3> Z exp ——Cgp_1/2 an*

AeA - S 2 2V;(0%)
i€S] (p,t*) i€S] (p,t*)

_ A%an

<
o 1 _ A an

(2.203)

Now we can combine the above analyses of L; 1, L; 2 and L; 3. Since we are allowed to

choose p to be an arbitrarily small constant, we shall make

1 _1/2A npL 1 1+(52A2an , A?an
_Z <= T
s exp( 9 e ) S50 2 e | v O e
i€S](p,t*) €S (p,t*)

and

-1 QA?an
2ics)(pir) OXP (_03/) / 2%(9*)) 1
S I

1 -1 QA?an 16
2ie ] (p,t) €XP (—?030 / —zw<e*>)

Thus, we have

14 52 A? inpL p A2ppL 7
f P L, >C — — O\ =t~ > - —o(1
JEATE DY © D e | Vo Waey | 25 oW

i€S] (p,t*) €S (p,t*)

for some constant Cy > 0. Then (2.195), (2.196), (2.199) together with (2.181) lead to

1+59 A%an ’ A?an

-~ 04 _77*_0 BVATISY
3 NI 2 v, 1\ v
P(G*,r*) . : I {02 <t } Z 9 ‘ : € Z
ZESl(pat*) ZGSl(pat*)

—o(1),

Ool\]

(2.205)
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Finally, (2.192) follows from (2.201) which completes the proof. O

We state Lemma 2.11.2 to close this section. Its proof is essentially the same as the proof

of Lemma 2.9.4 and hence is omitted here.

Lemma 2.11.2. Assume % — 00, k = O(1). Recall the definition of Sy(p,t*) in (2.190),
S = [n)\S{(p,t*) and A; = (07 —t")+ Va np%' There ezists some constants C1,Co > 0
such that for any small constant 0.1 > & > 0, there exists constant 6, > 0 such that for
any constant o > 0, i € S{(p,t*), any A € A where A is defined in (2.197)-(2.198), any

0* € O(k,0,k) and any r* € &y, we have

ZjeS Aji(Gij — (07 — 075))
HD(G*,T*) A 9*2 e*j <
2 jeln(iy Ai¥ (0 — 07)

144 Agan B
2 V?:(@*)

> C1exp (2.206)

Moreover, 61 is able to be arbitrarily small zf5~ and p are small enough.

2.11.2  Proof of Theorem 2.7.2

We first give Lemma 2.11.3 to characterize entrywise tail behaviors of the spectral method

(3.5) which is crucial to the upper bound in Theorem 2.7.2.

Lemma 2.11.3. Assume longpn — o0 and k = O(1). Then, for the rank vector T that is
induced by the stationary distribution of the Markov chain (3.5), for any small constant
0.1 > 6 > 0, there exists some constant C' > 0, such that for any t € R, any 6* € O(k,0, k),

r* e &y, we have

R ot (1—=6)(0s — t)%_an A
P(G*,r*) T < —Td <Cexp | - — ” +Cn~ ,r;-k < k; (2.207)
Zje[n] eJ QVT; (9 )
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—~ e

t (1=29)(t— «9;;)1an
Fomy\Ti2 7 Z
2 jein) €

—4
<Cexp | — (0] +Cn 5 rf > k+1

(2.208)

Proof. The proof follows the proof of Theorem 2.4.1 with slight modifications. Without loss
of generality, we can assume 7} = ¢ for all € [n]. Define A; as in (2.170). We only need to
prove (2.207) since (2.208) can be proved similarly.

Consider any m € [k]. When (6}, — t)%an < ¢ for some large enough constant to be
specified later, we can directly bound the probability using the trivial bound 1. Thus, we
only need to consider the regime when (60}, — t)%ran > (.

Following the proof of Theorem 2.4.1, we have (2.91)-(2.102) and (2.100) hold. Note that
we now have A2 Lnp > ¢ instead of A2, Lnp — oo which is needed in the proof of Theorem
2.4.1. As a consequence, we now have (2.98) hold with § = 4C4e” /v/¢ instead of some o(1)

as in the proof of Theorem 2.4.1. To sum up, with this §, we have

~

[Tm — Tom|

*
7Tm

< 51— e Bm), (2.209)

2 jeln)\{m} AjmYjm
2jeln\{my Ajm¥ (T — 05)

1| <o, (2.210)

hold with probability at least 1 — O(n™%) — exp (‘A%z”le%pn> — exp <—A?nan 122%)

We can make d to be an arbitrarily small constant by setting ¢’ large as k = O(1).

126



Then for any ¢ < k, by the same argument as in the proof of Theorem 2.4.1, we have

IN

P

+0

Ejela i) Aoy — 00— 00+ 5T 5201 — B0
2jem\ay A (0F = 07) - )

_ = L
(n™%) + exp <—Al2anﬂ> + exp (—A%an np ) ,

logn logn

which has the same upper bound as in (2.102). We then have the same (2.104) as in the

proof of Theorem 2.4.1 which leads to

IN

IN

P

exp

exp

exp

> ey Aji Wi — (07 — 07))(1 + =0 2 N
> je\(iy Agiv (0% — 67) < —(1=0)"(1—e7)
A 2
(1-— O(l))LpA? (ZJG ]\ {i }w (0% — )
2
2 ZjE[n]\{z’} Y(0F — 0}‘.‘) (1 4% >

5 \LA2
& 25V2‘>(9]:§;A2> +0(n™Y)

with 01,09 > 0 being some constant that can be arbitrarily small. The last inequal-

np np ’

ity holds because when min <(0;“ —1)3, log n) = /198" then the first term becomes

2V;(0%)

exp (—(1_52)LV nplogn), which can be absorbed by O(n_4). Since exp ( Azanlogn) +
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_ i 1—82) (07 —t)3 npL _
exp (—A%an %) < exp (—( 2;/1.(0*&% ) +O(n 4), we have

t 1— 69)(0F — t)2npL
< —C | <oexp (L2 Rl ) (2.211)
for all 2+ < k. The proof is complete. O

Proof of (2.31) of Theorem 2.7.2. The upper bound (2.31) is a straightforward consequence
of Lemma 2.11.3 in the same way as the proof of (2.28) of Theorem 2.7.1, and hence is

omitted here. O

The rest of the section focuses on the lower bound (2.29). The proof follows the proof
of Theorem 2.3.4 with some modification and is also very similar to the proof of (2.29) of

Theorem 2.7.1. We include it below for completeness.

Proof of (2.32) of Theorem 2.7.2. To prove the lower bound (2.32), we are going to show

El([k]ve*vt*7 _5) +E2([n]\[k]70*7t*7 _6)
k

E g+ p)He (7, 77) 2 (2.212)

where t* is the unique solution such that Ri([k], 0%, t*, —6) = Ra([n]\[k],0%,t*,—0). The
existence and uniqueness of t* follow the same argument as in the proof of (2.29) of Theorem
2.7.1. Recall the definition of Si(t) in (2.180). Since we assume inf;(Rq([k], 6%, ¢, —9) +
Ro([n)\[K], 0%, t,—0)) — oo, we have

Ry([k],0%,t%, —0) — oo. (2.213)

The proof of (2.212) follows the proof of Theorem 2.4.3. We will omit repeated details
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and only present the differences. Define

_ 0 —t*)2
Sll(,o, t*) = {Z € S1(t*) : p|S1(t*)| indices in Sq(t*) with the smallest %}
(3
(2.214)
for some small enough constant p > 0 to be specified later. Following the same argument as

in the proof of (2.29) of Theorem 2.7.1, we only need to show

Py | Y. I{F <t} >C'Ri(Si(p.t"),0%.t*,-0) | >3/4. (2.215)
i€ (p,t*)

for some constant C’ > 0. The remaining proof is then devoted to proving (2.215).

Recall the definition of 7 in (2.91). Define A; = (67 — t*)4 V W% where « is some

§50}-

When (0F — t*)ian > «, using a similar argument that leads to (2.209)-(2.210), we can

large enough constant to be determined later. Define the event F; as

— T— 7 , A
7 _ {\m Al o1 — e~ By and | 2oEl} Al
s

2 jem)\fiy A (05 — 0

>—1

i

show that there exists some constant oy > 0, such that

logn logn

— ~ ~ L
Pge ) (Fi) 21— <0(n—4) + exp (—A?anﬂ) + exp (—A?an s )) - (2.216)
When (0] — t*)ian < «, we can show
Pge oy (Fi) > 1 — (O(n—4> e~ (np/logm)t/2 e—vlog”) . (2.217)

instead. To establish it, we can choose # = (np/logn)Y/2 in (2.95) and = = v/Iogn in (2.96)
and then follow the same proof of (2.98) and (2.100) as in the proof of Theorem 2.3.2. In

both cases, this dg can be made arbitrarily small by setting « large.
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Assuming F; is true, we can use arguments similar to the establishment of (2.116) to

have

Sl fiy Aji G — w(0F —05)(1+ 70
> e\ fit Agit (0% — 07)

1
S —(1‘{‘50)2& m

]I{%Z < t} >1
(2.218)

Define the RHS of the above display as L;.

o <ty > > Ll > Y Li— > Iz (2219
i€S) (pt*) i€S) (p.t*) €Sy (pt*) €S (pit?)
By (2.216) and (2.217), we have
El > Iz
i€S (pit*)
-3 A2 np A2 npL
<0O(n™7)+ Z exp (_Ai an@> + exp <_Ai npL logn)

i:ie?ll (pt*),(0F —t*) 2 npL>ar

+ Z exp (—(np/ log n)l/z) + exp (—@) :

i:ie?ll (pt*),(0F —t*) 2 npL<a

Since the above bound is of smaller order than

AQ L 1/4
(@ o)

we can use Markov’s inequality and obtain

n=29 4 Z exp

ZGSl(pat*

A2npL n 1/4
e ((logpn) A(logn)1/4)

. —2.9 2V, (0%)
N I I D S

€S (t*) €S (p.t*)

>1—o(1).

(2.220)
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Now to lower bound L;, we define

i€S) (p,t*)
*__ % 2
S jetnhay i (0; = 07) (1+57)

*7

*\ 2
P el iy ¥ 0 — 0) (1457
2jeln\(iy A (0] — 07)
P jeln)\ iy ¥ (07 — 67)

A= {A Vi€ S1(tY), —1) <8, (2.221)

-1

< do, (2.222)

*_

Z Ajz‘%b/(g; - 9;)(1 + i 9?)2 < 2pkp + 1010gn}.
€S (p.t*)

(2.223)

By Bernstein’s inequality and union bound, we have P(4 € A) > 1—O(n~3). From now
on, we use the notation P4 for the conditional probability P(@*,r*)('M) given A. For any

s> 0,

Py | D>, Li>s ZIP(AGX)};%IP’A > Lizs|. (2.224)
i€S) (p.t*) i€S) (p.t*)

Now we study Py (Z L; > s). Define S = [n]\?ll(p, t*). Note that for each i €

i€S (pit*)
§/1 (p,t*), we have L; > Li1— Ljo— L; 3, where

~ 0* —g*
>jes AjiTij — (07 —07)) (1 +e )

* * < _(1+25/)(1+6 )QAZ )
2jeim\{iy A (05 = 07) '

_ * * 9*_9:
e D e A i LSRRI 5011 602,
w 2jemh iy A (05 —67) - T
— * * mfez’f
Lis=1I Zjegﬁ(pvt*):m' Aoy — w67 — 67 +e? ) > 0'(14 00)2A;
e 2jeln\{a} A7 (05 = 07) B o

for some small constant ¢’ > 0 whose value will be determined later. We are going to control

131



each term separately.

(1). Analysis of L;;. Note that conditional on A, {L; 1} are all independent

ZES p,t%)
Bernoulli random variables. We have Lz‘,l ~ Bernoulli(p;), where p; = E(g*’r*)(fi’ﬂfl). By

Chebyshev’s inequality, we have

By Lemma 2.11.4, we can lower bound each p; by
= o* —0*
> jes AjiGig — v (OF = 07)) (1 +e )
Xjeln\fi} Ajit (0 = 07)

1+ 6y A2npL o A2npL
T YW\ T |
2 Vi(0%) Vi(0%)

pi =Py —(1+20")(1 + 89)?A;

> Crexp | —

for some constants C1, C’{ > 0 and some small constant do > 0. Note that d9 can be an
arbitrarily small constant by making ¢’ and p small as well as making « large. Thus we can

choose &', p small enough and « large enough to let d9 < §/2. Then we have

14 6o A2npL A2npL
Y opm=Cr > exp TP o —Z,np

2 V(0r V(0
i€ (p.t*) i€8) (p.t*) i) ()
> C1pRy(S1(t7), 0%, 1, —5). (2.226)

by the same argument as in the proof of (2.29) of Theorem 2.7.1. As a result, under the

condition (2.213), we have ZZ p; — 00.

€S (pit*)
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Hence, we have proved

. — 1 1+ 09 A2npL p A2npL
inf P E L:1>=-C g e — _t — O == >1—o0(1).
Aed & ph=agr P 2 Vi) Ve B @

i€S) (p,t*) i€8) (p,t*)

(2). Analysis of L; 9. By (2.221)-(2.223) and Bernstein’s inequality, we can bound
E(L;|A) by

(5 0-+60) 280 e g1y 450005 —07))

0% —0* _
2<L Zje?'l (%)< Ajiqp/(ef—e;f)(ue j i )2+%5/(1+60)2AiL Zje[n]\{i} Ajilp(O;f—Q%")>

e

~ 2
(97004 802 A0L Y e, ) P05 — 7))

< exp =
4 <2kap + 10logn + %(5’(1 + 50)2AZL Z]E[n]\{z} pl/)((g;k — 9:))

Now we set 8 = p!/8, and make p small enough to ensure (2.226). Then, there exists some

constants Cg, C's > 0 such that

_ 1 19 A2npL
E(L;j 2] A) < exp (—Cgp 2anAZ2> < exp (—C’3p 1/2—2%'(0*)> .
(2

Then,

E|l Y I

i€S) (p,t*)

A2npL

Al > exp|-Cyp 2.

= 2 p( 3P 2V ,(6%)
iESl(pat*)

By Markov inequality, we have

) — 1 _1/9 A2an
f P Lio > exp | —=Cap 122772
aea > ) Xp( 273 Sv(0%)

(2.227)




(3). Analysis of 52-73. By a similar argument, we also have

_ 1 —1/9 A2an
inf Py Z Lig> Z )exp <—§C’3p / W

AeA
ies 1(p,t%) ies 1(p,t*
< _1/2 A2an>
’LES pt*
< & ") (2.228)
2651 ,Dt* 1(9*)

Now we can combine the above analyses of ZM? fi’g and Zi’g. Since we are allowed to

choose p to be an arbitrarily small constant, we shall make

1 ~1/2 A2npL 1 1+ 69 AnpL p A2npL
——C! ——— | < =C -t — Oy =
S e K i

i€S (pit* i€S (pt*)

and

» _ —-1/2 A?an
i€ (1) P ( Cap -(e*>)

2 16
o _1 _1/2 A TLpL
2 () P ( 205075y, <9*>)

Thus, we have

Z 1+ 09 A%an o A?an
2 Viler) Y Vo)

inf Py Z L; > Cy
AcA L= . =

ZGSl(pat*) ZGSl(p,t*)

(2.229)

for some constant Cy > 0. Then (2.219), (2.220), (2.224) together with (2.213) lead to

1469 A npL ’ A?an

~ C *\ I .(p* 7
Py | X HR<0>F 3 ¢ 7 VO WTOT | = Lo
i€S} (p,t*) i€S1 (p,t*)
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Finally, (2.215) follows from (2.226) which completes the proof. O

We state Lemma 2.11.4 to close this section. Its proof is essentially the same as the proof

of Lemma 2.9.4 and hence is omitted here.

Lemma 2.11.4. Assume % — 00, k = 0(1). Recall the definition ofgll(p, t*) in (2.214),
S = [n]\?ll(p, t*) and A; = (0 —t")+ Va W%L. There ezists some constants C1,Co > 0
such that for any small constant 0.1 > 6 > 0, there exists constant 6, > 0 such that for
any constant o > 0, i € S}(t*), any A € A where A is defined in (2.221)-(2.223), any

0* € O(k,0,k) and any r* € &y, we have

O —=0p
ZjGS Aﬂ(@zj _¢<9;* —(9:;))(14—@ J z) ( ~)~
Yo Z < —(1+5)A;]A
(0*,7*) Z]G[n]\{z} Aj@-w(e;’j; — (9::) i
146 A2an
=¢ - v, -C 2.231

Moreover, 81 is able to be arbitrarily small if & and p are small enough.

2.12 Proofs of Technical Lemmas

In this section, we prove Lemma 2.3.1, Lemma 2.8.1, Lemma 2.8.2, Lemma 2.8.3 and Lemma

2.8.4. We first list some additional technical results that will be needed in the proofs.

Lemma 2.12.1 (Hoeffding’s inequality). For independent random variables X1, -- , Xy, that

satisfy a; < X; < b;, we have

n 2
P (Z(Xi ~EX;) > t) < exp (_ _ (th' - a')2) ;

i=1 =1
for any t > 0.
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Lemma 2.12.2 (Bernstein’s inequality). For independent random variables X1, -+ , Xy, that

satisfy | X;| < M and EX; =0, we have

P Xizt] <ep| - nEX?+IMt)
. L EX;

=1

for anyt > 0.

Lemma 2.12.3 (Central limit theorem, Theorem 2.20 of [91]). If Z ~ N(0,1) and W =

S X where X; are independent mean 0 and Var(W) = 1, then

n
sup [B(W < 1) —P(Z < 1) <2,|33 (BEXH)*™.
t :
=1

Proof of Lemma 2.3.1. Without loss of generality, we consider 7} =4 so that 0] > --- > 0},.
Then, we can write the loss as 2kH (7, r*) = Zf:l I{r; >k} + >0, I{7; < k}. Since

7 € S), we must have Zle {7 >k} = >, I{7 < k}. This implies

2kH..(7,r*) = 2min Z]I{rz>k:} Z I{r; <k}

i=k+1
k n
< 2min ZH{@ZSA(IC_H)}, Z ]1{5 25
=1 i=k+1
k
< 2maxmin ZH{(Z <t (2.232)
=1 i=k+
k N n
= ] - < .
2 min max > I[{HZ < t},l_zk: (2.233)

j Z]I{A~§t}+ Zn: H{@zt}

1=1 1=k+1

VAN
)
=
=

~

The inequality (2.232) uses the fact that (/9\( k) = O(ry1) where {0;) 1, are the order statistics
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~ ~

with 9(1) being the largest and Q(n) being the smallest. The equality (2.233) holds since
Zf:l I {@ < t} is a nondecreasing function of t and 31 ; |1 {é\z > t} is a nonincreasing

function of t. [l

Proof of Lemma 2.8.1. The first conclusion is a direct consequence of Bernstein’s inequality
and a union bound argument. The second and third conclusion is a standard property of

random graph Laplacian [103]. O

Proof of Lemma 2.8.2. To see the first conclusion, we note that E(A;; — p)2 < p and
Var((A;; — p)?) < p, and thus we can apply Bernstein’s inequality followed by a union
bound argument to obtain the desired result. The second conclusion is a direct consequence

of Bernstein’s inequality and a union bound argument. O

Proof of Lemma 2.8.3. For any u € R" such that ]lgu =0,

ul H(O)u = D A8 — 0;)0(0; — 0;) (u; — u;)?.
1<i<j<n

Since ¥(0; —0;)v(0; —0;) > zlee_M, we have Ay, | (H(0)) > zlxre_M)\min,J_(EA)- By Lemma

2.8.1, we obtain the desired result. O

Proof of Lemma 2.8.4. Let U = {u eR": Zie[n] ug < 1} be the unit ball in R™. Then
there exists a subset of V C U such that for any u € U, there is a v € V satisfying

|u — v|| < 1/2. Moreover, we also have log |V| < C’'n for some constant C’. See Lemma 5.2
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of [105]. Then for any u € U, with the corresponding v € V, we have

Dui | > Ay — (6] —67)
= el

=Yoo | D Ay -l o) | D =) [ D Ayl — w6 —65)
i=1 jen]\{i} i=1 jeln]\{i}
2
n . N 1 & _ * *
=1 \jem\{i} =1

jen\{i}

Maximize u and v on both sides of the inequality, after rearrangement, we have

)
Yol DD Ay -6 -0)
ERVESNG
< 2%1621]))(2% > Ay — (6 - 6%))
= \jebh)

- 2r51€a§<i<j Agj(vg —v5)(ij — (0] — 07)).

Conditional on A, applying Hoeffding’s inequality and union bound on the last line, we have

2

S5 iy v -y | < or OB My B Ayl =)
1 (3 /3 i = L

=1 \jelnnti)

< (logn 4+ n)Amax(L 4)
- L

with probability at least 1 — O(n~1Y). By Lemma 2.8.1, we obtain the desired bound for the
first conclusion.

The second conclusion is a direct application of Hoeffding’s inequality and a union bound

argument.

138



The proof of the third conclusion is similar to that of the first one. Define U; =
{u e R"™ Z]e ]\ {i }A”q7 < 1} Conditioning on A, one can think of Uf; as a unit
ball with dimension Zje[n]\ (i) A;j — 1. Then, there exists a subset V; C U; such that
for any u € U;, there is a v € V; that satisfies |[|u — v|| < % Moreover, we also have

log |V;| < QZje[n}\{i} Ajj by Lemma 5.2 of [105]. For any u € U;, with the corresponding

v € V;, following a similar argument of the proof of the first conclusion, we have

Z Aij(@ij _¢(0;< _0* 2 < 2{}16%3{ Z Azgvzj Yij — ¢(9;< _0;))7

jeln\{i} eln\{i}

which implies

g [2];{ }Am Bi —V(OF — 07))* < 2?&?’?%@{ Z%{ }Aw% Yij = V(67 = 67)-

Applying Hoeffding’s inequality and union bound, we have

logn + max; . A
max Z Azg Yij — @ZJ(Qj — 0;?))2 < (1 ZE[?%Z]E[?I]\{Z} zg)

e el iy

with probability at least 1 — O(n_m). Finally, applying Lemma 2.8.1, we obtain the desired

bound for the third conclusion, which concludes the proof. ]
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CHAPTER 3
OPTIMAL FULL RANKING FROM PAIRWISE COMPARISONS

3.1 Introduction

In this chapter, we study the problem of full ranking, the estimation of the entire rank
vector r*. To the best of our knowledge, theoretical analysis of full ranking under the BTL
model has not been considered in the literature yet. We rigorously formulate the full ranking
problem from a decision-theoretic perspective, and derive the minimax rate with respect to a
loss function that measures the difference between two permutation vectors. To be specific,

our main result of the paper shows that

_ R exp (—O(LpB)), LpB>1,
inf sup EK(7,r%) =< (3.1)

7eGy p*
Eonreen nA T3 Lps <1,

where &, is the set of all rank vectors of size n, K(7",7*) is the Kendall’s tau distance that
counts the number of inversions between two ranks, and 3 is the minimal gap between skill
parameters of different players. The precise definitions of these quantities will be given in
Section 3.2. The minimax rate (3.1) exhibits a transition between an exponential rate and
a polynomial rate. This is a unique phenomenon in the estimation of a full rank vector. In
contrast, under the same BTL model, the minimax rate of estimating the skill parameters is
always polynomial [86, 25|, and the minimax rate of top-k ranking is always exponential [21].
Whether (3.1) is exponential or polynomial depends on the value of LpS that plays the role
of signal-to-noise ratio. When Lpf > 1, the exponential minimax rate is a consequence of
the discreteness of a rank vector. On the other hand, when LpS < 1, the discrete nature of
ranking is blurred by the noise, and thus estimating the rank vector is effectively estimating
a continuous parameter, which leads to a polynomial rate. A more detailed statement of the

minimax rate (3.1) with an explicit exponent in the regime of exponential rate will be given
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in Section 3.3.

Achieving the minimax rate (3.1) is a nontrivial problem. To this end, we propose a
divide-and-conquer algorithm that first partitions the n players into several leagues and then
computes a local MLE using games in each league. Finally, a full rank vector is obtained by
aggregating local ranking results from all leagues. The divide-and-conquer technique is the
basis of efficient algorithms for all kinds of sorting problems [94, 65, 68]. Our adaption of this
classical technique in the optimal full ranking is motivated by both information-theoretic and
computational considerations. From an information-theoretic perspective, games between
players whose skill parameters are significantly different from each other have little effect
on the final ranking result. This phenomenon can be revealed by a simple local Fisher
information calculation of each player. The league partition step groups players with similar
skill parameters together, thus maximizing information in the follow-up step of local MLE.
From a computational perspective, the local MLE computed within each league involves an
objective function whose Hessian matrix is well conditioned, a property that is crucial for
efficient convex optimization. The description and the analysis of our algorithm are given in
Section 3.4.

Before the end of the introduction section, let us also remark that the more general
problem of permutation estimation has also been considered in various other settings in the
literature [12, 13, 30, 31, 87, 47, 80, 48, 88|. For instance, in the problem of noisy sorting
[13, 80], one assumes a data generating process that satisfies P(y;;; = 1) > % + v when 7} <
7";. In the feature matching problem [31, 30|, it is assumed that X; Y~ N(0, 022) for some
permutation r*, and the goal is to match the two data sequences X and Y by recovering the
unknown permutation. An extension of this problem, called shuffled regression, assumes that
the response variable y; and regression function x;gk [ are linked by an unknown permutation.
Estimation of the unknown permutation in shuffled regression has been considered by [87].

The rest of the paper is organized as follows. We introduce the problem setting in

141



Section 3.2. The minimax rate of the full ranking is presented in Section 3.3. In Section 3.4,
we introduce and analyze a divide-and-conquer algorithm that achieves the minimax rate.
Numerical studies of the algorithm are given in Section 3.5. In Section 3.6, we discuss a few
extensions and future projects that are related to the paper. Finally, Section 3.7 collects
technical proofs of the results of the paper.

We close this section by introducing some notation that will be used in the paper. For
an integer d, we use [d| to denote the set {1,2,...,d}. Given two numbers a,b € R, we
use a Vb = max(a,b) and a A b = min(a,b). For any x € R, |x] stands for the largest
integer that is no greater than = and [z] is the smallest integer that is no less than x.

< by or ap = O(by) means a, < Cby, for some

~Y

For two positive sequences {an}, {bn}, an
constant C' > 0 independent of n, a, = Q(b,) means b, = O(ay), and we use ap < by

or ap = O(by) when both ap, < by, and b, < ay hold. We also write a, = o(by) when

lim sup,, Z—Z = 0. For a set S, we use [{S} to denote its indicator function and |S| to
denote its cardinality. We use the notation S = S7 W 59 to denote a partition of S such that
S1NSy = @ and S = S1US5. For a vector v € R its norms are defined by ||v||; = Zgzl v,
[v]|2 = 2?21 1)22 and ||v|| o, = maxj<;j<q |v;|. For a matrix A € R"™" we use ||Al|qp for its
operator norm, which is the largest singular value. The notation 1, means a d-dimensional
column vector of all ones. Given p,q € (0, 1), the Kullback-Leibler divergence is defined by
D(p||lq) = plog g +(1—p)log %. For a natural number n, &, is the set of permutations on

[n]. The notation P and E are used for generic probability and expectation whose distribution

is determined from the context.

3.2 A Decision-Theoretic Framework of Full Ranking

The BTL Model. Consider n players, each associated with a positive latent skill param-
eter w for 7 € [n]. The games played among the n players are modeled by an Erdds-Rényi

random graph A ~ G(n,p). To be specific, we have A;; d Bernoulli(p) forall 1 <i < 7 <mn.
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For any pair (7, j) such that A;; = 1, we observe the outcomes of L games played between i
and j, modeled by the Bradley-Terry-Luce (BTL) model (1.1). Our goal is to estimate the
ranks of the n players.

To formulate the problem of full ranking from a decision-theoretic perspective, we can
reparametrize the BTL model (1.1) by a sorted vector #* and a rank vector r*. A sorted
vector 6§ satisfies 6] > 65 > --- > 0}, and a rank vector r* is an element of the permutation

set ©&,,. We have

i ind Bernoulli(¢(0% — 0%)), 1=1,--- L, (3.2)
g J
where t(-) is the sigmoid function ¢(t) = — = _A'_]é—t' In the original representation (1.1), we

have w; = exp(07,) for all i € [n]. With (3.2), the full ranking problem is to estimate the

rank vector r* from the random comparison data.

Loss Function for Full Ranking. To measure the difference between an estimator 7 €

S, and the true r* € &,,, we introduce the Kendall’s tau distance, defined by

1
KErf) == 31 {sign@ —7j)sign(rf — %) < o}, (3.3)
1<i<j<n

where sign(x) represents the sign of x and nK(7, 7*) counts the number of inversions between

7 and r*. Another distance is the normalized ¢1 loss, defined as
1 n
F(7r*) = - Z 75—, (3.4)
1=1
also known as the Spearman’s footrule. The two loss functions can be related by the following

inequality,

1
EF(?, r*) < K@, r*) < F(7,r"). (3.5)
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See [37] for the derivation of (3.5). The inequality (3.5) establishes an equivalence between
the estimation of the vector 7* and that of the matrix of pairwise relation I{r} <17}, a key
fact that we will explore in constructing an optimal algorithm.

Recall the normalized Hamming loss in top-k ranking in Chapter 2,
1 n n
H(Fr®) = o (Zﬂ{a > korf <ky+ Y IR <korf > k:}) . (3.6)
=1 1=1

The comparison between (3.3) and (3.6) reveals the key difference between the two problems.
While top-k ranking only requires a correct classification of the two groups, the quality of
the full ranking depends on the accuracy of each individual |7; — r|. It is easy to see that

K(7,r) = 0 implies Hy (7, 7*) = 0, but the opposite direction is not true.

Regularity of Skill Parameters. For the nuisance parameter §* of the model (3.2), it is

*

;11 are separated so that

necessary that the skill parameters of neighboring players 67 and 6
the identification of the ranks is possible. We introduce a parameter space that serves for

this purpose. For any § > 0 and any Cy > 1, define

@n(ﬁaOO):{eeangl2"‘29n71<|Z ]|

_fgCoforanyi#j}.
pli —Jl

In other words, neighboring 67 and 6 1 are required to be separated by at least 5. The
magnitude of 5 then characterizes the difficulty of full ranking. The number C{y characterizes
the regularity of the space of sorted vectors O, (5, Cp). The special case O (3, 1) only consists
of fully regular 6’s that can be written as 6; = a — fi. Throughout the paper, we assume
that Cy > 1 is an absolute constant, but allow 3 to be a function of the sample size n, with
the possibility that g — 0.

The assumption 6% € ©,,(5, Cp) implies that the numbers 07, - - - , 0, to be roughly evenly

spaced. This assumption, which can be certainly relaxed, allows us to obtain relatively clean
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formulas of the minimax rate of full ranking. By restricting our focus to the space (5, Cy),
we will develop a clear but nontrivial understanding of the full ranking problem in this paper.

The extension of our results beyond 6* € ©,,(8, Cy) will be briefly discussed in Section 3.6.

3.3 Minimax Rates of Full Ranking

In this section, we present the minimax rate of full ranking under the BTL model. To better
understand the results, we first derive the minimax rate of full ranking under a Gaussian
pairwise comparison model in Section 3.3.1. This allows us to highlight some of the unique
and nontrivial features of the BTL model by comparing the minimax rates of the two different
distributions. Readers who are already familiar with the BTL model can directly start with

Section 3.3.2.

3.3.1 Results for a Gaussian Model

Consider the same comparison scheme modeled by the Erdés-Rényi random graph A ~

G(n,p). For any pair (4,7) such that A;; = 1, we independently observe
yij ~ N (0 — e;f;, o?). (3.7)

The joint distribution of {A;;} and {y;;}, under the above generating process, is denoted by
P(gs 52 p+). Estimation of the rank vector r* € &, under the Gaussian model (3.7) is much
less complicated than the same problem under (3.2), because of the separate parametrization

of mean and variance.

Theorem 3.3.1. Assume 0* € ©,(5,Cq) for some constant Cy > 1 and % — 00. Then,
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for any constant § that can be arbitrarily small, we have

1 n_leXp (_ (1+5)np(9* 9f+1) ) anQ >1

~ n—1 1=1 4 2

inf sup Egs ;2 )K(T,T*) 2 o 7
TSy, px €6y ’ A o2 anQ <1
" nPﬂQ’ o =

Moreover, let T be the rank obtained by sorting the MLE 5, and then

1-6 07 07 2
ﬁ n fexp( ( )np( Z_5_1) >_'_n_5’ npf > 1,

~ 4
Sug E g o2 *)K(T,T*) < o 7 )
r*e o? np3
n A npﬁQ, o2 = 1.

Both inequalities are up to constant factors only depending on Cy and .

Theorem 3.3.1 characterizes the statistical fundamental limit of full ranking under the
Gaussian comparison model. The result holds for each individual 0* € ©,(8,Cy). It is
interesting to note that the minimax rate exhibits a transition between an exponential rate
and a polynomial rate. By scrutinizing the proof, the constant § can be replaced by some
sequence 0y, = o(1). Therefore, consider a special example 0* € ©,,(5,1), and the minimax

rate (ignoring the n™° term) can be simplified as

o (L2

(3.8)
2
nA n;%;;, % < 1.

The behavior of (3.8) is illustrated in Figure 3.1. The quantity * 5 ’ plays the role of the
signal-to-noise ratio of the ranking problem. In the high SNR regime =5 p g2 > 1, the diffi-
culty of the ranking problem is dominated by whether the data can distinguish each " from
its neighboring values. Therefore, ranking is essentially a hypothesis testing problem, which
leads to an exponential rate. In the low SNR regime ng—éﬁ < 1, the discrete nature of ranking

is absent because of the noise level. The recovery of r* is equivalent to the estimation of a
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Rate

n s
. J1/SNR
1 T—
Random
guess .
Polynomial
phase phase \
. exp(—SNR/4)
Exponentiél\ T~ Exact recovery
1/n phase - phase
0 2 S
1/n 1 4logn SNR

Figure 3.1: Illustration of the the minimax rate of full ranking.

continuous vector in R, which is essentially a parameter estimation problem. The polyno-

mial rate n A is the usual minimax rate for estimating an n-dimensional parameter

02
np3?
under the ¢ loss. It is also worthing noting that the rate (3.8) implies that the rank vector
can be exactly recovered when %62 > (C'logn for any constant C' > 4. This is because
in this regime, we have K(7,7*) = o(n~!) with high probability by a direct application of
Markov’s inequality. According to the definition of K(7,7*), we know K(7,r*) = o(n™1)
implies K(7,7r*) = 0.

The upper bound of Theorem 3.3.1 involves an extra n~° term in the high SNR regime.
According to the proof, the number 5 in the exponent can actually be replaced by an arbi-

trarily large constant. The n~° term does not contribute to the high-probability bound. By

2
a direct application of Markov’s inequality, when % — 00, we have

n—1 * x )2
1—-9 0Ff — 0
K(77") S 5{%—- exp (—-( L lSY ) , (3.9)

402

with probability 1 — o(1). Notice that the high-probability bound (3.9) does not involve the

n~°. This is because when K(7,7*) is nonzero, it must be at least n~! by the definition of

5

the loss function. Therefore, n™? can always be absorbed into the other term of the upper
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bound.

We also remark that the condition % — oo guarantees that the random graph A is
logn
n

connected with high probability. It is well known that when p < ¢ for some sufficiently

small constant ¢ > 0, the random graph has several disjoint components, which makes

np
logn

the comparisons between different components impossible. The condition — 00 can

be slightly relaxed to % > (' for some sufficiently large constant that depends on § by

carefully tracking the dependence among all constants in the proof, but we will just assume

np
logn

— 00 throughout the paper to avoid this lengthy exercise of constants tracking.
An optimal estimator that achieves the minimax rate is the rank vector induced by the

MLE, which is defined by

. . 2
0 c argmin Z AU (y” — (91 — 93)> . (310)

0 1<i<j<n
We note that the parameter 6* in (3.7) is identifiable up to a global shift. We may put an
extra constraint ]1%9 = 0 in the least-squares estimator above, so that 0 is uniquely defined.
However, this constraint is actually not essential, since even without it, the rank vector 7
induced by 0 is still uniquely defined. To study the property of 5, we introduce a diagonal

matrix D € R"*"

whose entries are given by D;; = Zje[n]\{i} Ajj. Then, Lo =D — A'is
the graph Laplacian of A. A standard least-squares analysis of (3.10) leads to the fact that

up to some global shift,
0~ N (9*, 02@1) , (3.11)

where EL is the generalized inverse of £4. The covariance matrix of (3.11) is optimal
by achieving the intrinsic Cramér-Rao lower bound of the problem [10]. Without loss of

generality, we can assume 77 = i for each ¢ € [n]. Then, by the definition of the loss function
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(3.3), we have

1

1 -
EKF ) =~ > PHE>7) == Y P(6;>8),
n 1<i<y<n n 1<i<y<n

and each P («/9; > é}) can be accurately estimated by a Gaussian tail bound under the dis-
tribution (3.11), which then leads to the upper bound result of Theorem 3.3.1. A detailed

proof of Theorem 3.3.1, including a lower bound analysis, is given in Section 3.7.1.

3.3.2  Some Intuitions for the BTL Model

Before stating the minimax rate for the BTL model, we discuss a few key differences that
one can expect from the result. Without loss of generality, we assume 7} = i for all i € [n]
throughout the discussion to simplify the notation. Let us consider a problem of oracle
estimation of the skill parameter of the first player 6. To be specific, we would like to
estimate 0] by assuming that 65, --- , 6 are known. The Fisher information of this problem

can be shown as
n

o) = Lpy /(07 - 07). (3.12)
=2

The formula (3.12) characterizes the individual contribution of each player to the overall

information in estimating #7. That is, the information from the games between 1 and j is

. . t _
quantified by Lpy/ (67 — 9;‘) Since ' (t) = (1+67)2 <e ‘t|, we have

W07 - 05) < exp (107~ 07]) .

In other words, ¢/ (65 — H;‘) is an exponentially small function of the skill difference |67 — 9;‘|
This means for players whose skills are significantly different from 67, their games with Player
1 offers little information in the inference of 7.

This phenomenon can be intuitively understood from the following simple example illus-
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trated in Figure 3.2. Consider four players with specific skill parameters (67, 65,63,0}) =

05=200( 9 \—( 3 )6;5=19

;=201 1 — 4 6;,=0
Figure 3.2: A comparison graph of four players.

(201,200, 199,0), and we would like to compare the first two players. With the direct link
between 1 and 2 missing, the only way to compare Players 1 and 2 is through their perfor-
mances against Players 3 and 4. Since both 67 — 0 = 201 and 65 — ¢ = 200 are very large
numbers, it is very likely that Player 4 will lose all games against Players 1 and 2. On the
other hand, we have 0] — 03 = 2 and 65 — 63 = 1, and thus Player 3 is likely to lose more
games against Player 1 than against Player 2. Therefore, we can conclude that Player 1 is
stronger than Player 2 based on their performances against Player 3, and the games against
Player 4 offer essentially no information for this purpose. This example clearly illustrates
that closer opponents are more informative.

Mathematically, for any 6* € ©,,(8,Cy) and any M > 0, it can be easily shown that
remeegyy < (1+0(e M) Lp Y (07 - 67). (3.13)
J<M/B
Therefore, (3.12) and (3.13) imply that
o) = (1+0(e MLy Y- w'(0] - 05). (3.14)
J<M/p

There is no need to consider the games against players with j > M/B. Moreover, we also

observe from (3.14) that the parameter § plays two different roles in the BTL model:

1. The parameter 3 is the minimal gap between different players, and it quantifies the
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signal strength of the BTL model.

2. The number 1/ quantifies the number of close opponents of each player, and thus p/(

can be understood as the effective sample size of the BTL model.

While the first role is also shared by the § in the Gaussian comparison model (3.7), the
second role dramatically distinguishes the BTL model from its Gaussian counterpart. The
effective sample size of the Gaussian model is np, compared with p/g of the BTL model.
This critical difference is a consequence of the nonlinearity of the logistic function. Increasing
[ magnifies the signal but reduces the effective sample size at the same time. The precise
role of § in full ranking under the BTL model will be clarified by the formula of the minimax

rate.

3.3.3  Results for the BTL Model

To present the minimax rate of full ranking under the BTL model, we first introduce some

new quantities. For any ¢ € [n], define

n
V; 0*) = " -
©) 2 jeln\{iy Y07 —07)

(3.15)

The quantity (3.15) is interpreted as the variance function of the ith best player. With

a slight abuse of notation, the expectation associated with the BTL model is denoted as
E(9*7r*).
Theorem 3.3.2. Assume 6* € ©,(3,Cy) for some constant Cy > 1 and & — 00.

(Bvn—1)logn
Then, for any constant § that can be arbitrarily small, we have

1 n—1 (1+5)an(0*—97"+1)2 Lp3?
inf - sup Ege o K(7,77) 2
7'66” fr*EGn ’




Moreover, let T be the rank computed by Algorithm 2, and then if additionally @ — 00,

we have

1 -1 (1-8)npL(0; —67, 1) 5 LpB?
. =T Qi1 XD <_ 4V;(0%) . R v S
sup Epe . K, 77) S

r*eG, Bvn—1 Lpp?
nA ”—Lpb’Q , BunT <1

Both inequalities are up to constant factors only depending on Cy and 9.

Similar to Theorem 3.3.1, the result of Theorem 3.3.2 holds for each individual 6* €
©n(8,Cph), and the minimax rate also exhibits a transition between an exponential rate and
a polynomial rate. To better understand the minimax rate formula, we use Lemma 3.7.6 to

quantify the order of the variance function V;(0*). There exist constants C7,Cy > 0, such

e (mi) N _ ¢, (ﬁvl).
n n

that

n

Therefore, when 8 < n~!, the minimax rate (ignoring the n=? term) can be simplified as

exp (—O(nLpB?)), nLpB? > 1,

/1

The formula (3.16) also exhibits a transition between a polynomial rate and an exponential

(3.16)

rate. Its behavior can be illustrated by Figure 3.1 with SNR being @(nLPBQ). It is worth

— oo is not needed when < n~ !, and the minimax rate

noting that the condition loé m

can be achieved by ranking the MLE,!

1

1 TS
MQi__Qj)JF(l_yU)IOgl—z/z(&—%) : (3.17)

0= argmax |y;; log
0

_ 1L
where g;; = T > 121 Yiji-

1. The error rate (3.16) for the MLE (3.17) is an immediate consequence of Lemma 3.4.3.
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In comparison, when § 2 n~!, the minimax rate (ignoring the n=o term) is simplified
into

exp (—O(Lpp)), Lpp>1,
(3.18)

nA Lpp < 1.

1
Lpp>
Compared with the minimax rate (3.8) for the Gaussian comparison model, the dependence

of (3.18) on 3 is weaker. This is a consequence of the dual roles of 5 discussed in Section

3.3.2. In fact, by writing

LpB = LB 1ps?,

we can directly observe the effects of 37 1p and 82 as the effective sample size and the signal
strength, respectively. On the other hand, the number of total players n has very little effect
on the minimax rate formula.

The condition — oo required by Theorem 3.3.2 can be equivalently written

Y |
(Bvn—1)logn

p
Blogn

as % — oo and — 00. Compared with the setting of Theorem 3.3.1, an additional
condition B%ig,n — oo is assumed for the BTL model. This condition can be seen as a
consequence of the Fisher information formula (3.14) that statistical inference on the skill

parameter of each player only depends on the player’s close opponents. In other words, for

each ¢7, the information is available in the games on the local graph

M M
Ai:{Ajk3|T;—T%k|§?a|rz_r;|§§}- (3.19)

All the other games have little information in the statistical inference of 6. Therefore, it

is required that the local graph A; is connected. The condition %ﬁ — 00 guarantees the

connectivity of A; for all i € [n]. Note that the size of the local graph is O(871), which

again justifies that the effective sample size of the BTL model is p/f3 instead of pn in the
L

Gaussian case. Since the local graph A; is unknown, the additional ogn — X assumption

is needed in the upper bound to estimate it or its surrogate.
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3.4 A Divide-and-Conquer Algorithm

We introduce a fully adaptive and computationally efficient algorithm for ranking under
the BTL model in this section. We first outline the main idea in Section 3.4.1. Details of
the algorithm are presented in Section 3.4.2, and the statistical properties are analyzed in

Section 3.4.3.

3.4.1  An QOverview

In the Gaussian comparison model, we first compute the global MLE for the skill param-
eters via the least-squares optimization (3.10), and then rank the players according to the
estimators of the skills. This simple idea does not generalize to the BTL model, since the
statistical information of each player concentrates on its close opponents, a phenomenon
that is discussed in Section 3.3.2. Therefore, instead of using the global MLE, we should
maximize likelihood functions that are only defined by players whose abilities are close. This
modification not only addresses the information-theoretic issue of the BTL model that we
just mentioned, but it also leads to Hessian matrices that are well conditioned, a property
that is critical for efficient convex optimization.

For Player ¢, the set of close opponents that are sufficient for optimal statistical inference
is given by A; defined in (3.19). Suppose the knowledge of A; was available, we could
compute the local MLE using games only against players in A;. This idea is roughly correct,
but there are several nontrivial issues that we need to solve before making it actually work.
The first issue lies in the identifiability of the BTL model that 6] can only be estimated up
to a translation, which makes the comparison between 52 obtained from A; and §] obtained
from A; meaningless. The second issue is that the set A; is unknown, and we need a
data-driven procedure to identify the close opponents of each player.

We propose an algorithm that first partitions the n players into several leagues and then

use local MLE to compare the skills of players within the same league. The league partition
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is data-driven, and serves as a surrogate for the local graphs A;’s. Moreover, for two players
7 and j in the same league, the MLEs of their skill parameters are computed using the same
set of opponents, and thus «/9\2 — é’\j is a well-defined estimator of 0 — 9;?.

Another key idea we use in our proposed algorithm is that the estimation of 7* is closely

related to the estimation of the pairwise relation matriz R* defined as
Ry = {r] < r;‘} forall 1 <i#j<n. (3.20)

For any estimator of R*, it can be converted into an estimator of the rank vector r* according
to Lemma 3.4.1. As a result, we shall focus on constructing a good estimator for all the
pairwise relations {I{r} < 7’;‘}}2-<j.

This divide-and-conquer algorithm, which will be described in Section 3.4.2, resembles
typical strategies adopted in professional sports such as European football leagues where
different teams are put into different leagues according to their skill level and teams only
need to compete with other teams within the same league, which not only saves resources,
but also leads to more accurate ranking of the teams. It is computationally efficient and we

will show the algorithm achieves the minimax rate of full ranking.

3.4.2  Details of The Proposed Algorithm

We first decompose the set [L] by {1, -+, L1} and {L1 + 1,---,L}. Games in the first set

are used as preliminary games for league partition, and games in the second set are used

for computing the MLE. Under the condition ; Oén — 00, we can set the number L as
L1 = [v/Llogn]. Define
_ 1

l L1+1
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as the summary statistics in {1,--- , L1} and {L +1,---, L}, respectively.
The proposed algorithm consists of four steps, which we describe in detail below before

presenting the whole procedure in Algorithm 2.

Step 1: League Partition. For each i € [n], we define

wi = 3 Az’jﬂ{gg) < P(—2M)}, (3.21)

j€ln]

where M is some sufficiently large constant. The indicator H{QS) < Y(—2M)} describes

the event that Player 7 is completely dominated by Player j in the preliminary games. The
(1)

quantity w,;” then counts the number of players who have dominated Player 7. If wgl) is
sufficiently small, Player ¢ should belong to the top league since only few or no players could

dominate Player ¢. Indeed, the first league is defined by
Si = {z e wV < h} (3.22)

where h is chosen as h = %. A data-driven h will be described in the Section 3.4.5.
(2)

Similarly, w;

and the second league So can be defined by replacing [n] with [n]\{S1}
(k+1)

in (3.21) and (3.22). Sequentially, we compute w, and Syy1 based on players in
]\ (St U---USy) for all £ > 1. This procedure will terminate as soon as the number
of the players who are yet to be classified is small enough, at which point all of the remain-
ing players will be grouped together into the last league. The entire procedure of league

partition is described in Algorithm 1.

Step 2: Local MLEs and Within-League Pairwise Relation Estimation. Having
obtained the league partition Sti,---, Sk, we need to compare players in the same league

in the next step. Given the ambiguity between neighboring leagues, we shall also compare
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Algorithm 1: A league partition algorithm

_(1
Input : {Aijygj)hgiqgn and {A4;;h1<i<j<n; M and h
Output: A partition of [n]: Sy, , Sk such that [n] = Lﬂ]é{:lSk
1 For i in [n], compute wll) >_jeln] Aij]l{gjg) < (—2M)}.

1
1

2 While n — (|S1| 4+ -+ +|Sk|) > [Sk|/2,

For each i € [n]\ (ST U---USk),

(k+1) A1
compute w, — Zje[n]\(slu---usk) zy]l{yij < ¢(—2M)}.

Set Spyq {z €\ (S1U---US,) wF Y < h} and k — k+1.

3 Set K < k—1and Sg < SgU([n]\(S1U---USKg_1)).

Set S1 + {ie [n] e < h} and k= 1.

players if the leagues they belong to are next to each other. Therefore, for each k € [K — 1],
we need to compute the MLE for {6 }icg,0s,,,- This leads to the comparison between

any two players in Sy U S 1. Define
.o . . _(1
e={G.i):1<i<j<nu(-M) <g) <von}. (3.23)

For each k € [K — 1], the local negative log likelihood function is given by

(k) (g) — NP 1oe — = 1 7P 1
() Z Ajj {ym logw(ei_ej)+(1 Yii )1og1_w(9i_9j)]
(i,4)€€
1,J €S _1USKUSk11USk42
(3.24)

When £ =1 or k = K — 1, we use the notation So = Sig11 = &. Note that the negative
log likelihood function is only defined for edges in £. In other words, only games between
close opponents are considered. Moreover, some of the top players in S} may have close
opponents in the previous league Si_1, and some of the bottom players in S; may have

close opponents in the next league Sy 9. The likelihood should include these games as well
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for optimal inference of the parameters {0 }ics,us, +1- The MLE is defined by
9% € argmin E(k)(ﬁ), (3.25)

which is any vector that minimizes E(k)(ﬁ). Then, for any 7 € Sj and any j € S U S, set

Note that {ggk)}ie SxUS),., is defined only up to a common translation, but even with such
ambiguity, the comparison indicator R;; is uniquely defined.

We also remark that the computation of the MLE (3.25) is a straightforward convex
optimization. It can be shown that the Hessian matrix of the objective function is well
conditioned (Lemma 3.7.14), and thus a standard gradient descent algorithm converges to

the optimum with a linear rate |25, 21].

Step 3: Cross-League Pairwise Relation Estimation. Consider ¢ and j that belong
to S and S respectively with |k — [| > 2. This is a pair of players that are separated by at

least an entire league between them. For all such pairs, we set
R;; = {k <1}

Combined with the entries that are computed in Step 2, all upper triangular entries of the
matrix R have been filled. The remaining entries of R can be filled according to the rule

Ri; + Rj; = 1.

Step 2 and Step 3 together serve the purpose of estimating the pairwise relation matrix
R* defined in (3.20). Illustrated in Figure 3.3, the matrix R* can be decomposed into blocks

{ngkx Sl}k<l according to the league partition {Sg};c(r)- The yellow blocks close to the
158



diagonal are estimated by the procedure described in Step 2. In Figure 3.3, the data used
in the two local MLEs (k = 1 and k = 4) are marked by different patterns for illustration.
For example, when k& = 4, we obtain estimators for R§4X S and RTS*4>< Ss based on the local
MLE that involves observations from {(i,7) € £ : i,j € S3US4US5U Sg}. The blue blocks
are away from the diagonal and are estimated in Step 3. The remaining blocks in the lower

triangular part are estimated according to R;; + R;; = 1.

S1 Sa S3 Sy S5 S ... Data used in local MLEs:
S1 k=1:
S2
S3
Sy k=4:
S
Se

Figure 3.3: Illustration of Step 2 and Step 3.

Step 4: Full Rank Estimation. In the last step, we convert the pairwise relations

estimator R into a rank estimator. First, compute the score for the ith player by

S; = Z RZ]

jeln]\{i}

Then, the rank estimator 7 is obtained by sorting the scores {Si}ie[n]-

The whole procedure of full ranking is summarized as Algorithm 2.
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Algorithm 2: A divide-and-conquer full ranking algorithm

Input : {Aijﬂg)hgiqgm {Aijﬂg)hgiqgn and {A4;;h1<i<j<n; M and h
Output: A rank vector 7 € &,
1 Run Algorithm 1 and obtain the partition [n| = Lﬂé(zlsk.
Set Sop = Sg11=@.
2 For k € [K — 1],
compute the local MLE 6%) according to (3.25).
For i € S and j € S U Siy1,
set RZ] — H{é\l(k) > é\J(k)}
3 Forke[K—-2andle[k+2: K],
For (Z,j) € S x5y,
set RZ] — 1.
Fori e [n]and j € [i +1:n],
set Rji —1- Rij-
4 For i € [n],
compute §; Zje[n]\{i} R;j.
Sort {s;};e[,) from high to low and obtain a full rank vector 7-

3.4.8 Statistical Properties of FEach Step

The purpose of this section is to prove the upper bound result of Theorem 3.3.2 by analyzing
the statistical properties of Algorithm 2. The four components of the algorithm will be
analyzed separately. We will first analyze Step 4 in Section 3.4.3, then Step 1 in Section
3.4.3, followed by Step 3 in Section 3.4.3 and finally Step 2 in Section 3.4.3. The results of
these individual components will be combined to derive the minimax optimality of Algorithm

2, presented in Section 3.4.4.

From Pairwise Relations to Full Ranking (Step 4).

We first establish a result that clarifies the role of Step 4 of Algorithm 2. Consider any
matrix R € {0,1}"*" that satisfies R;; + Rj; = 1 for any i # j. Let 7" be the rank vector
obtained by sorting {3~ ;i)\ (s} Fij}ie[n) from high to low. The error of 7" is controlled by

the following lemma.
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Lemma 3.4.1. For any r* € &y, define its pairwise relation matriz R* such that R;‘j =

{ri <ri}. Then, we have

4
~ k *
KErm) <= > Ry # Rj)
I<i#j<n
Lemma 3.4.1 is a deterministic inequality that bounds the error of the rank estimation
by the estimation error of pairwise relations. It implies that to accurately rank n players, it

is sufficient to accurately estimate the pairwise relations between all pairs.

Statistical Properties of League Partition (Step 1).

The partition output by Algorithm 1 satisfies several nice properties that are stated by the

following theorem.

Theorem 3.4.1. Assume 0% € O,(5,Cqy) for some constant Cy > 1, loén — 00 and

m — o0. Let {Sk:}ke[K] be the output of Algorithm 1 with Li = [v/Llogn],

1<M=0(1) and h = %. Then, there exist some constants C1, Co, C3 > 0 only depending

on Cq such that the following conclusions hold with probability at least 1 — O(nfg):

1. Boundedness: For any k € [K] and any i,j € Sp_1 U S U Sp11, we have |07, — 07| <
i j

C1M. Recall the convention that Sog = Sk 41 = D;

2. Inclusiveness: For any k € [K| and anyi € S}, we have {j € n]:|rf - 1";‘| < CgﬁM} c

Sk—1U Sk U Spq1;

3. Separation: For any i € Sy, and j € S; such that | — k > 2, we have 07, > 0

*
*
% Tj

4. Independence: For any k € [K], we have Sy, = Si,. Here, {Sk}ke[K] is a partition
that is measurable with respect to the o-algebra generated by {(A;;, gjz(jl)) S [
i j

1.9M};
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5. Continuity:  For any k € [K — 1] and any i € Si_1 U S U Sgr1 U Sk1o, we have

HJ € [ 167 — 07| < %} N1 (Sho1 U Sk U Sy USra)| 2 Cs (i An).

We give some remarks on each conclusion of Theorem 3.4.1. The first conclusion asserts
that the skill parameters of players from the neighboring leagues are close to each other.
This property is complemented by the second conclusion that the close opponents of each
player are either from the same league, the previous league, or the next league. In other
words, for any k € [K] and any i € S, the local graph {Aj; @ j,k € Sp_1 U S U Sp41}
can be viewed as a data-driven surrogate of A; defined in (3.19). Moreover, the second
conclusion also implies that |Sp_1 U Sp U Spi1] 2 % A n, from which we can deduce the
bound K = O (nf Vv 1) that controls the number of iterations Algorithm 1 needs before it is
terminated.? Conclusion 3 implies that the partition {S}} ke|k) is roughly correlated with
the true rank in the sense that it correctly identifies the comparisons between players who
do not belong to neighboring leagues. Conclusion 4 shows that almost all of the randomness
of the partition is from that of {(A4;;, 372)) : (9;“;k — 0;“; < —1.9M}. This fact leads to a crucial
independence property in the later analysis of the local MLE. Conclusions 1, 2, 4, and 5
are crucial in the analysis of Step 2 in Section 3.4.3, while Conclusion 3 will be used in the
analysis of Step 3 in Section 3.4.3.

The proof of Theorem 3.4.1 is a delicate mathematical induction argument that iteratively

explores the asymptotic independence between consecutive constructions of leagues. To be

specific, the random variable

wEkH) = > Az’jﬂ{@g? < P(—-2M)}
FE€M\(S1U-+US)

2. We can in fact prove a stronger result that % An SISk S % A n uniformly for all k& € [K] with
probability at least 1 — O(n=?).
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(k+1)

1

(k+1)

can be sandwiched between w<k+1) and w 3. We show that both w; and w

i

(k+1)

when conditioning on the previous leagues St,--- , S, approximately follow Binomial dis-

(k+1)

tributions. Essentially, the A;;’s that contribute to the summation of w, are disjoint

from the A;;’s that lead to the constructions of S, -, S, which then implies an asymp-

(w(k-i-l) _(k+1)

totic independence property between , W; ) and S1,---,S,. This phenomenon

SlU..n.USk [n]\(Slu...USk)

N
4 N\
S1U...US:< . [N
1] @
W_I \\
12 /\ﬂ_a N
w \
i1 ,wz(f) \
[n]\(Slu...USk)<13 —— .
(k+1) >
. 13 S
14 \
(k1)
(N N
S AN

Figure 3.4: Illustration of the independence property of Algorithm 1.

is illustrated in Figure 3.4. In the picture, we use the orange block to denote S1 U ---U S},
the set that has already been partitioned. The next step of the algorithm is to construct
the (k + 1)th league from [n]\(S1 U---US}), which is the blue block. From the positions of
wl(lﬁ_l)’s, we observe that the construction of Sj1 depends on A;;’s that are in the yellow
area. On the other hand, since the area on the left hand side of the dashed curve satisfies
gjl(jl) < (—=2M), the construction of the first k leagues only depends on A;;’s that are in

the grey area. The independence property can be easily seen from the separation between

(k+1)

I{0;. > 67 +2M + 61} is smaller than I{z;) < ¢(—2M)} for all pairs (i,j) with high probability, and

SiU---U S} is another partition of [n] that is equal to S U---U Sy with high probability. ﬁgkﬂ) is defined
similarly. See proof of Theorem 3.4.1 for details.

3. Here w is defined as Zje[n]\(sgumus') Aj;I{0F. > 0% +2M + 61}, for some quantity 0, such that
k J 7
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the grey and the yellow areas. A rigorous proof of Theorem 3.4.1, which is based on this

argument, will be given in Section 3.7.3.

Statistical Properties of Cross-League Estimation (Step 3).

The analysis of Step 3 is quite straightforward following the results from the league par-
tition. Assume the Conclusion 3 of Theorem 3.4.1 holds. Then for any i € S, and

j € S; such that [ — k > 2, we have R;‘j = 1. Since R;; = 1 for all such pairs, we

have D kel -2 2iek+2:k] 1 {Rij # R0 € S, J € 51} =0.

Statistical Properties of Local MLEs (Step 2).

The main challenge of analyzing the local MLE is the dependence between the partition
{Sk}re[r) and the likelihood (3.24). We are going to use Conclusion 4 of Theorem 3.4.1 to

resolve this issue. Define

AZ] = AZJH{W:Z‘ —Qi;l < M/2}+AZ]H{(l,j) S E,M/Q < |0;,k;k —Q%| < 1.1M},

and
. - |2 (2 1
M9 = > Aij [yz(j)longr( §j))1_¢(9,_9_)}-
i,jE€SK_1USpUSk4+1USk12 ' J ' /
The maximizer of /(¥)(6) is denoted by
%) € argmin é(k)(ﬁ). (3.26)

The introduction of E(@(e) and 6(F) is to disentangle the dependence of the MLE on the

league partition. By Theorem 3.4.1, we know that Sj, = Sy, for all k € [K]. The concentration
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of {g})} implies that {|6%, — 0% < M/2}  {(i.j) € €} C {|67 — 6% < L.IM} for all
7 i ? J

1 <i < j < n. Therefore, we have
I{(i,j) € &} = ]I{|9;,'} —6;}] < M/2} —i—]I{(z’,j) €& M/2 < \0;* —9;;] < 1.1M}.
7 J ? J

We can thus conclude that ¢(%)() = #(¥)(g) for all # with high probability. The result is

formally stated below.

Lemma 3.4.2. Assume 0% € ©,(8,Cy) for some constant Cp > 1, L= — oo and

7 logn
(}W—n—pim — oo. Let {Sk}k:e[K] be the output of Algorithm 1 with Li = [v/Llogn],
1 <M = 0(1) and h = %. Then, with probability at least 1 — O(n™8), we have

(k) (9) = (K@) for all 0 and for all k € [K]. As a consequence {ggk)}iESkUSkH and

{éik)}ieSkUSkH are equivalent up to a common shift.

With Lemma 3.4.2, it suffices to study (3.26) for the statistical property of the MLE. Note
that {Alj} is measurable with respect to the o-algebra generated by {(A;;, gjl(;)) ; |9:f: —Q;f;f| <
1.1M}. Theorem 3.4.1 shows that {5} } is measurable with respect to the o-algebra generated
by {(A;j, ggl.)) : |9;’fi* — 07| > 1.9M }. We then reach a very important conclusion that {flij},
{gjg)} and {5} are mutilally independent, and therefore we can analyze (F) by conditioning
on the partition {S;}. To be more specific, for any i,j € S U Sk+1 such that 07, > 9:;,
since R;; =1 {9Z(k) > 9§k)}, we will provide an upper bound for P (éz(k) < é§'k)‘{gk}ke[K]>'

To this end, we state a result that characterizes the performance of the MLE under a
BTL model with bounded skill parameters. Consider a random graph with independent
edges B;; ~ Bernoulli(p;;) for 1 < i < j < m. For each B;; = 1, observe i.i.d. y;; ~

Bernoulli(z)(n; — n;)) for i =1,--- L. Let §;; = %Zlel Yiji, and we define the MLE by

1
L= —nj)

. : _ 1 _
7 € argmin Z Bi; {yij log Y p—— + (1 — ¥;5) log (3.27)

1<i<j<m i =g
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Lemma 3.4.3. Assume 17 > --- > ny, and nj — 0y, < k. There exists some constant
c € (0,1) such that p;j = p for all |i — j| < em and p;; < p otherwise. As long as
% — 00 and kK = O(1), then for any 6 > 0 that is sufficiently small, there exists a
constant C' > 0 such that

P(m<7m;) <C

o (OO =N
P\ 20 w5 0r)) !

1 .
jeim)\{i} Pig ¥ (0] =) for alli € [m].

for all 1 <i < j <m, where Wi(n") = 5~

The proof of Lemma 3.4.3, which relies on a recently developed leave-one-out technique
in the analysis of the BTL model |25, 21|, will be given in Section 3.7.4.

By conditioning on {S;}, the statistical property of (3.26) is a direct consequence of

Lemma 3.4.3. Note that P (é(k) < é§k)‘{gk}ke[K]) is a function of {Sk}sz[K]’ and we will

7

establish a uniform upper bound for this conditional probability for any partition {5} ke[K]

satisfying the following conditions:

(i) For any k € [K] and any 4,5 € Sj,_1 U Sj, U Sj41, we have |9:f: — 9;";| < C1M,;

(ii) For any k € [K] and any i € S, we have {j € n]:|rf — r;‘| < CQ/BM} C Sp_1US, U

Skt
(iii) For any k& € [K — 1] and any i € Sj_1 U Sp U Sp11 U Sjy9, we have the relation

‘ {J € [n] : 6 —955;| < %} N (Sp—1 USKU S U5k+2)‘ > Cs (%/\@

Note that we use the convention Sy = S K+1 = @ and (7, C9, (3 are the same constants
in Theorem 3.4.1. Consider any partition {S} ke[K] Satisfying the three conditions above.
When applying Lemma 3.4.3, by Conditions (i) and (ii), we have kK = 2C1M and m =
1S)—1USLUS) 1 USh 0| < %/\n. We also know that for any 4,5 € Sj,_1US), US4 1 US40
such that |0;fl* — Q:fj| < %, we have flij = A;;j ~ Bernoulli(p). Then, Condition (iii) implies

the existence of a band in {(r;‘,r;‘) 14, € Sp_1 USp USpyq USpia} with width at least
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cm for some constant ¢ > 0, such that /Vlij ~ Bernoulli(p) for all pairs in the band. For any
other (i,7), we have flij ~ Bernoulli(p;;) with p;; < p. Having checked the conditions of

Lemma 3.4.3, we obtain the following result for the local MLE (3.26),

(1 — §)npL(67. — 67,)?2
_ ? J
2V, (6) + Vs (0°))

P (é(k) < é§k)‘{5k}ke[K]> < C |exp v Tl (3.28)

for any i, € Sj, U ;1 such that 07« > 7. Recall the definition of V;(6*) in (3.15). The
i J
constant 0 in (3.28) can be made arbitrarily small with a sufficiently large M. To derive

(3.28) from Lemma 3.4.3, we only need to show

p Y W -6) < (1+0(e M) > pijt! (O = 072),
jem\{i} JE(Sk—1USEUS)11USk12)\{i}
for all i € S}, U Sy,1. This is true by a similar argument that leads to (3.14), together with
Condition (ii). Finally, by Theorem 3.4.1, Conditions (i)-(iii) hold for {Sk}ke[K] with high
probability, and thus (3.28) is a high-probability bound. A similar bound to (3.28) also holds

for (3.25) by the conclusion of Lemma 3.4.2.

3.4.4  Analysis of Algorithm 2
With the help of Lemma 3.4.1, Theorem 3.4.1, Lemma 3.4.2 and Lemma 3.4.3, we are ready

to prove that Algorithm 2 achieves the minimax rate of full ranking.

Proof of Theorem 3.3.2 (upper bound). Let G be the event that the conclusions of Theorem
3.4.1 and Lemma 3.4.2 hold. We have P(G®) = O(n~8). In addition, we use the notation S
for the event that {Sk}ke[ K] satisfies Conditions (i)-(iii) listed in Section 3.4.3. It is clear

that G C S.
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By Lemma 3.4.1, we have
P(R;; # RY).

It suffices to give a bound for P(R;; # R;‘j) for every pair i # j. Note that we have
P(R;j # R};) <P <RU # R, ) + P(G). Then.

Mw

K
(le 7é Rz]7 Z

P(R;j # Rjj,G,i € Sg.j € S)
k=11=1
- > P(R;j # R};,G,i € Sp,j € 5))
(kD[R] k1|1
+ 3 P(Rij # Rijj,G,i € Sk, j € S)).

(k1) e[K]2:|k—1]>2

The second term above is zero. This is due to the analysis of Step 3 in Section 3.4.3 which
shows Z(k D) e[K)2: k—1]>2 {R;; # RU’Z € Si,7 € S;} = 0 under the event G. Hence, we

only need to study the first term. Without loss of generality, consider 0.« > 9;‘;. Then, the
v J

event {R;; # R;,G,i € S, j € S} is equivalent to {A(k) éé.k),g,z’ € Sk, j € Sk}, which

Z]’
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is further equivalent to {égk) < v§k), G,i € Sy, j € Si.} by the definition of G. We thus have

PRy #R5.9) = Y. PO <6V gics.jes)
(k) e[K]2:|k—1|<1
< Z P(égk) < 9J(.k),5,z’ €S,j€es)
(k,1)e[K]2:|k—1|<1
_ > PV <P|sieses)P(SicSics)
(k1) e[K]?:|k—1|<1
(1=0)npL (0%, —0%,)?

mn$wﬂ+%$wﬂ)
i J

<C e +n T > P (S,i € S, j€S)

(k) e[ K]2: | k—1|<1
2
(1-— (5)71]9[/(6’;‘;k —0%) .

<C — J
SO e ey | T |

for some constant C' > 0 and some 6 > 0 that is arbitrarily small. The second last inequality
above is by Lemma 3.4.3, or more specifically, (3.28), as we show (3.28) holds for any
{Sk}ke[K] satisfying Conditions (i)-(iii) listed in Section 3.4.3. Since P(G®) = O(n™8), we

obtain the bound

(1= 8)npL (0%, — 0;;)2
P(R;j # R;;) < 2C |exp | — - d +n 7|, (3.29)

2V (%) + Vs (6°))

for all 7 # j.

Summing the bound (3.29) over all ¢ # j, we have

(1 —0)npL(67% — 9**)2
g Z exp ( i ) +8Cn~0

EK(7,r") ” ”
T 2V, 0) 4V, (6°)

(1-— 5)an(0;< — 83'-‘)2

8C _6
= — exp | — - ” +8Cn". (3.30)
n 1g§gn ( 2(V;(0%) + V;(6%)) >
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Now it is just a matter of simplifying the expression (3.30). We consider the following two

2 2
cases: =P <1 and L2 S 1.

Bvn~—1 = Bvn—1
2
First, we consider the case ﬂva nﬁ — < 1. By Lemma 3.7.6 proved in Section 3.7.2, there
exist constants cq,co > 0, such that
1 V; (6% 1
c1 (BV—)S il )SCQ (ﬂ\/—), (3.31)
n n n

for all 6* € ©,(8,Cp) and all ¢ € [n]. Then, for each i € [n],

(1 —06)npL(0; — 6%)? L I
%\:{i} exp <_ 2(V;(0%) + VJ(G*;) ) = ' > exp (—3—02(2 - ])2—5 Y n—1>

VIS

and we have EK(7,r*) < 4/ 8 va’ggl . The definition of the loss function implies EK(7, 7*) < n,

-1 2
and thus we obtain the rate n A ,Bvanﬁ2 when ﬁ]i/pffl <1.
. LpB? .
Next, we consider the case 5\/pf—1 > 1. For any [i — j| < Cpy/ca/c1, we have V;(0%) <

(14 8")V;(6*) for some &' = o(1). This is by the definition of the variance function and the

Y(x+A) 1‘ < |A| for A = o(1). Therefore, we have

fact that sup, V(@)

> e
1<i#j<n:|i—j|<Cor/c2/c1

n—1 * * )2
(1 —20)npL(0; — 07, 1)
S L ew (‘ wer )
1=1

(1= 8)npL(0; — 0%)
2(V;(0%) + V;(0%)) )
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By (3.31), we also have

(1 —28)npL (07 — 0;?)2

Z exp [ —
2(V;(6%) + V; (6% )
\<iZj<n:|i—j|>Cor/cafcr (Vi) + V;(67))

(1 —28)pLB%(i — j>2)

> 2 o (_ )

1<i#£j<n:li—j|>Cp+/c2/c1

(1—20)pL3*CF

< _
~ TEXP ( 2c1(BVvn1)

n—1 * * 2

(1 —26)npL(0; — 07, ;)

S 2w (‘ Wy ) |

The desired bound for EK(7, r*) immediately follows by summing up the above bounds. [

3.4.5 A Data-Driven h.

Our proposed algorithm relies on a tuning parameter h = 1% that is unknown in practice.

This quantity can be replaced by a data-driven version, defined as

- 1)
h=o D A{12M < o (g;;)] < 1.8M). (3.32)
1<i<j<n
A standard concentration result implies that h = % with high probability. Moreover, by
defining
. 1 1
= > AyT{120M < o~ (5] < 1803,

1<i<y<n
LIM<|0% =07 |<1.9M
i

it can be shown that h = h with high probability. Since h is measurable with respect

to the o-algebra generated by {(Aij,gg)) P 1AM < |07 — 07| < 1.9M }, we still have the
i J
asymptotic independence property between the league partition and local MLE after h being

replaced by h in Algorithm 1. Therefore, with a data-driven h being used in the proposed
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algorithm, the upper bound conclusion of Theorem 3.3.2 still holds.

3.5 Numerical Results

In this section, we conduct numerical experiments to study the statistical and computational

properties of Algorithm 2.

Simulation Setting. In our experiment, we consider 8% € R™ with n = 1000. In partic-
ular, we set 07 = —fi for all i € [n] with some 8 € [0.001,0.05]. The range of 3 implies
that the dynamic range 07 — 607, takes value in [0.999,49.95]. We assume the true rank is
the identity permutation, i.e., 77 =i for all i € [n]. We also consider three different (L, L1)

pairs: (50, 10), (75, 15), (100, 20) in Algorithm 2.

Implementation. In the implementation of Algorithm 2, we set M = 5. For the choice of
h, though the recommended data-driven estimator (3.32) works for the theoretical purpose,
it may not be a sensible choice for a data set with a moderate size. Note that with M =5, we
have ¥(1.2M) = 0.9975274 and ¢ (1.8M) = 0.9998766, respectively, and thus the indicator
[{1.2M < |¢_1(gj§;))\ < 1.8M} is usually zero in (3.32). To address this issue, we set h by

1 (1)
h=0dx 3T Ayl {1/;(—M) <y < w(M)}.
1<i<j<n
The computation of the local MLE (3.25) is implemented by the MM algorithm [60]. All sim-
ulations are implemented in Python (along with NumPy package, whose backend is written

in C) using a 2019 MacBook Pro, 15-inch, 2.6GHz 6-core Intel Core i7.

Accuracy of League Partition. We first study Algorithm 1, which is Step 1 of Algorithm
2. The purpose of Algorithm 1 is to divide all players into K leagues. The average value of

K from 50 independent experiments is reported in Figure 3.5. This number increases with
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B linearly, which agrees with our theoretical bound K = Op(ng Vv 1).

12

—e— (L, L1) = (50, 10)
(L, L1) = (75, 15)
—* (L, L1) = (100, 20)

104

Number of leagues
o

beta

Figure 3.5: The number of leagues obtained by Algorithm 1. The orange curve is mostly
overlapped by the green curve.

To quantify the accuracy of Algorithm 1, we define the following metric,

e _K1—2 25;21 I {max {7";" = Uk’<ksk’} > min {7’;" = Uk’>kSk’}}’ K >3,
partition —
0, K < 3.

The quantity Epqrsition 15 essentially designed to verify the Conclusion 3 in Theorem 3.4.1,
and we expect that FEjqptition should be 0 with high probability. Note that Conclusion 3 of
Theorem 3.4.1 guarantees the correctness of the cross-league pairwise relation estimation,
which is Step 3 of Algorithm 2. For each combination of (8, L, L), we generate independent
data and repeat the experiments 50 times. It turns out that Ej,qp4tion is always 0, which

agrees with the theoretical property of the league partition.

Statistical Error. Next, we study the ranking error of the proposed divide-and-conquer
algorithm (Algorithm 2) under the Kendall’s tau distance defined by (3.3). For comparison,

we also implement the global MLE and the spectral method. The MLE outputs the rank of
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the entries of @ that maximizes the negative log-likelihood function

_ 1 _ 1
> Ay [%‘j 10gm + (1= 5ij) log — 00— 6, (3.33)

1<i<y<n

where y;; = % Zlel Yiji- The spectral method, also known as Rank Centrality, is a ranking
algorithm proposed by [86]. Define a matrix P € R™*" by
d Z]y]27 ¢ 7é 75

Pij =

L= 3 X temp\ iy A =,
where d is set to be twice the maximum degree of the random graph A. Note that P is the
transition matrix of a Markov chain. Let 7 be the stationary distribution of this Markov
chain, and the spectral method outputs the rank of the entries of the vector 7.

Both the MLE and the spectral method have been studied for parameter estimation
[86, 25| and top-k ranking |25, 21| under the BTL model. However, to the best of our
knowledge, the statistical properties of the two methods for full ranking have not been
studied in the literature. The recent work [25] has established the estimation errors of the
skill parameter for both the MLE and the spectral method. Their results involve a factor
of eO("8) in the estimation error under an l~o loss, which suggests that the MLE and the
spectral method may not perform well when the dynamic range nf diverges.

We implement the MLE, the spectral method, and the divide-and-conquer algorithm for
various combinations of 5 and L. The results of each setting are computed by averaging
across 50 independent experiments. As shown in Figure 3.6, the spectral method is sig-
nificantly worse than the MLE and the divide-and-conquer algorithm. The performance of
the spectral method may be explained by the eOB) factor in the l~ norm error bound
obtained by [25], though the exact relation between the ¢, error and the full ranking error
is not clear to us. On the other hand, the error curves of the MLE and the divide-and-
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Figure 3.6: Statistical error under Kendall’s tau. Left: (L, Ly) = (50, 10); Middle: (L, L) =
(75,15); Right: (L, L;) = (100, 20).

conquer algorithm are very close. Since the divide-and-conquer algorithm has been proved
to be minimax optimal, the simulation results suggest that the MLE may also enjoy such
statistical optimality.

The current analysis of the MLE [25, 21] crucially depends on the spectral property of
the Hessian matrix H(6*) of the objective (3.33). It is known that the condition number
of H(0*) on the subspace orthogonal to 1, is of order eOnB)  which explains the eO(np)
factor in the {5 estimation error of the MLE [25|. However, our simulation study reveals
that the error bound of [25] can be potentially loose. The definition of the Kendall’s tau
distance suggests that a sharp analysis of the MLE requires a careful study of the random

~

variable 57,;; - é}; We conjecture that the variance of 574: - Qr;f should be approximately
proportional to (eT;ﬁ — er;f)TH (9*)T(6T;< — er;), where e; is the jth canonical vector with
all entries being 0 except that the jth entry is 1. Since H(6*) can be viewed as the graph
Laplacian of some random weighted graph, there may exist random matrix tools to study
(er;f — er;)TH (9*)T(er; — er;) directly without using the naive condition number bound, and
we leave this interesting direction as a future project.

In comparison, our divide-and-conquer algorithm does not need to solve the global MLE.
Since the objective function of each local MLE is well conditioned (Lemma 3.7.14), Algorithm

2 is provably optimal in addition to its good performance in simulation.
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Figure 3.7: Running time comparison. Left: (L, L) = (50,10); Middle: (L, L1) = (75, 15);
Right: (L, L1) = (100, 20).

Computational Cost. Finally, we compare the computational costs of the three methods.
The average time needed to run the three algorithms is given in Figure 3.7. The spectral
method, though suffers from its unsatisfactory statistical error, is the fastest, partly because
finding the stationary distribution is just a single line of code using a NumPy function
whose backend is C. The running time of the MLE grows rapidly as 3 increases. This can
be explained by the growing condition number of the Hessian matrix H(6*). While the
condition number may not affect the statistical error of the MLE, it does have a rather
strong effect on its computational cost. On the other hand, the running time for the divide-
and-conquer method (Algorithm 2) first increases with 5, and then stabilizes. This is the
effect of Algorithm 1, which divides a large difficult problem into many small sub-problems,
and after that each small sub-problem can be conquered efficiently. In fact, we can further
improve the computational efficiency by solving the sub-problems in parallel. The initial
increase of the running time of Algorithm 2 is because of the additional league partition
step. Recall that the league partition step divides the players into K = Op(nf V 1) subsets.
When § is small, we have a very small K. According to the formula (3.24), the local MLE
is as difficult as the global MLE whenever K < 4. In this regime, the divide-and-conquer
method is more time consuming because of the additional league partition step. On the
other hand, as ( grows, the computational advantage of the divide-and-conquer strategy
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becomes significant. This makes our proposed algorithm scalable to large data sets, while
preserving the statistical optimality, which concludes the divide-and-conquer algorithm as

the best overall method among the three.

3.6 Discussion

In this paper, the problem of ranking n players from partial comparison data under the
BTL model has been investigated. We have derived the minimax rate with respect to the
Kendall’s tau distance. A divide-and-conquer algorithm is proposed and is proved to achieve
the minimax rate. In this section, we discuss a few directions along which the results of the
paper can be extended.

The first extension one can consider is to assume that A;; ~ Bernoulli(p;;) independently
for all 1 <17 < j < n. For this more general comparison graph, as long as we assume that
all p;;’s are of the same order in the sense that max;; p;; < C'min;; p;; for some constant

C > 0, Theorem 3.3.2 continues to hold with % replaced by

1
2 jeln\{i) Pig¥'(OF = 07)°

and all the technical arguments in the proofs will still go through.

Another important condition that we impose throughout the paper is the regularity of
the skill parameters 0* € ©,(8,Cp). It assumes that |07 — 0;| = B|i — j|, which roughly
describes that players with different skills are evenly distributed in the population. Without

this condition, we conjecture that the minimax rate under the Kendall’s tau loss should be

(14 o(1))npL(6; — 9;)2>

1
inf  sup Eg« KT, r") =< — E exp | —
reSnrres, ) ne 2(;(6%) + V;(6%)

In fact, this formula has already appeared in the upper bound analysis (3.30) and can be
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simplified to the result of Theorem 3.3.2 when 6* € 0,(3,Cp). Extending the result of
Theorem 3.3.2 beyond the condition 6* € ©,(3,Cy) is possible by some necessary modifi-
cations of the league partition step described in Algorithm 1. Without |0} — 9;| = Bli — jl,
the partition formula S, = {i € [n]\(S1 U---U Si_1) : wgk) < h} should be replaced
by S = {i € [n]\(S1U---USE_1) : wgk) < hy} for some sequence {hj} to account for
the non-regularity of #*. Intuitively, the size of each |S}| should adaptively depend on the
local density of the skill parameters in the neighborhood from which it is selected. Then,
the major difficulty is to find a data-driven {ﬁk} that estimates the local density. When
07 — 0;‘| = i — j|, we can just use the global estimator (3.32). Without this assumption,
estimating {hj} is a much harder problem. In [61], it is assumed that the skill parameters
1,---,0) are iid drawn from some distribution F' instead of being fixed parameters, and
the authors have studied the problem of estimating F', which is called the skill distribution,
from the partial pairwise comparison data. Under this formulation, the estimation of the
parameters {hj} can be linked to the problem of local bandwidth selection in kernel density
estimation [64]. We leave this direction of research as one of our future projects.

A restriction of the BTL model is that it can only deal with pairwise comparison. One
extension from pairwise comparison to multiple comparison is the popular Plackett-Luce
model [89, 77]. Suppose there is a subset of J players S = {iy,io, -+ ,i5}. Under the
Plackett-Luce model, the probability that j is selected among S is given by the formula
%. Statistical analysis of ranking under the Plackett-Luce model is a problem that
has been rarely explored. Both the minimax rate and the construction of optimal algorithms
are important open problems.

The ranking problem has also been studied under nonparametric comparison models. For
example, a nonparametric stochastically transitive model was proposed by [96, 97| and the
problems of estimating the mean matrix and top-k ranking have been investigated. However,

full ranking is still a problem that has not been well studied under nonparametric models.
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One of the few works that we are aware of is [80] that assumes P(y;;; = 1) > % + v when

ri < 7’;. An investigation of full ranking under more general nonparametric settings is

another direction to be explored.

3.7 Proofs

3.7.1 Proof of Theorem 3.3.1

We prove Theorem 3.3.1 in this section. We first state and prove a few lemmas.

for some sufficiently large cg > 0. Then, we have

Lemma 3.7.1. Assume p > 0081 lgg"

A = E(A)[lop < Cy/np, (3.34)

| D —E(D)|lop < Cy/nplogn (3.35)
for some constant C' > 0 with probability at least 1 — O(n~1Y).

Proof. Bound (3.34) is a direct consequence of Theorem 5.2 in [70] and Bound (3.35) is from

standard concentration of sums of i.i.d. Bernoulli random variables. OJ

Lemma 3.7.2. Assume p > COI% for some sufficiently large co > 0. Then, we have

ul' £ qu

I

np —2C\/nplogn < Ay | (£4) = min
u70,17u=0 ]

ul' £ qu

np +2C/nplogn > Apax | (£L4) = max
’ u70,11u=0 [l

for some constant C' > 0 with probability at least 1 — O(n~1Y).

Proof. Note the decomposition

Ly=ELy+D—ED— (A—EA)
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and Apin | (EL4) = Apax, | (EL4) = np. By Lemma 3.7.1, we have

|D—ED — (A—-EA)|op <2C+/nplogn

with probability at least 1 — O(n_lo) for some C' > 0. The Lemma can be seen immediately

by Weyl’s inequality. O

We introduce another notation r*(%:/) ¢ &), to be the element in &,, having

(

vk A
AT Py S (3.36)
p
7 it k=

That is, r*(7) is a permutation by swapping the i, jth position in 7* while keeping other

positions fixed.

Lemma 3.7.3. Assume —2- — oco. There exists § = o(1), such that for any 0* € O,(3,Cp),

_np_
logn
any r* € Sy, any i,j € [n],i # j, we have

Foro2r) T 717 + Plge g2 i) (? # (0 )>
2

n
7

2
= (1+ 8)np(}: ~ 67.)

402

2 min ¢ 1, exp | —
np((g:ik - 9::%)2
i j

Proof. Assume r} = a <1} = b and thus 6; > 0;. Let F be the event about A on which
Lemma 3.7.1 holds. We have P (F) > 1/2. To simplify notation, let P4(-) = P g« o2 T*)(-|A)

be the conditional probability. For any A, by Neyman-Pearson Lemma, the optimal proce-
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dure is given by the likelihood ratio test. Then

inf P2 717+ P+ 2 +(09)) (?75 'r’*(i’j)>
" 2
7

dP * 52 k(7,5)
> P (F) inf IP’A( (O"0%r ”21)

AeF dP(G*,U2,r*)
2 inf Pa(—4A4;(05 — 0F +wi) + Y —Ap(05 — 0F + 2wy)
AeF =
k#i.j
+ ) A6y — 05+ 2w5p) > 0)
k1.3
2
. o |00 — 9b|>
f Py (N(O, >
/Fel]: A( ( DZ‘Z'—FD]‘]'-{—QAZ']')_ 2
o? (1+0)np(6 — 6;)*
Zmin 1,4 [ ———— - b 3.37
len{ , np(@;';—ﬁg)Q exp( 12 (3.37)
for some 6 = o(1), where (3.37) comes from standard Gaussian tail bound and Lemma
3.7.1.

]

Now we are ready to state the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. We prove the theorem for any 0* € 0,(5,Cy). Note that condi-
tional on A, the solution of the least squares problem (3.10) can be written as
0

Cﬂn + 9?* + Z,

where 07, = ((9%,

,G:f;kl)T, Z ~ N(0, azﬁb and cl,, is a global shift of the skill parameters.

Let z;; = ¢; — e; where {e1,...,en} are the standard basis of R™. Let F be the event about
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A when Lemma 3.7.2 holds. Then

- 1 D
Bty KN =L 5 Pl gy (sl e - ) <0)
1<i<j<n
1 N~
= Z P g+ 52 0) <s1gn(9i — 0;)sign(ry —7r7) > O)
1<i<j<n
1
< - Z sup P (N(O,UZII}ZZ;-EL%M) > 9;} — 07 |A> +0(n™Y)
1<i<j<nAES ’
(
< l Z . 1 o ‘TijEAxlj B ( T Tj) + O( —9)
< sup min { 1, SR RTRY: oxXp | n
B * % \2
1 | [Pow—20ymplogmt (= 20VReToem) 6, 0
“n Z A (0%, — 0%,)2 P 402
1<i<j<n ooy
(3.38)
+0(n™Y)
1 o2 (1 — &) )np(6; — 6%)>
5 — min {1, *—*2 exXp (— 9 J + n_g
" <ici<n np(07 — 0].) Ao

for some 0} = o(1) independent of 6%, o2 and r*, where (3.38) is due to Lemma 3.7.2.
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We first consider the high signal-to-noise ratio regime, where 7; Ca > 1. In this scenario,

_ o2 (1= 8y)np(0; — 05)?
Z min < 1, —np(ef — 0;)2 exp | — 152

1<i<j<n
G (1= &})np(6F — 0%)>
1 1 J
I
i=1 j=i+1
n—1 / * / * * * *
(1 —6y)np(0] — 91+1> — 6y)np[ (0] — 9]') — (67 — 924_1) ]
SISt > ew
= Jj=i+1
n—1 ! * n . 2
(1= 0))np(6; — 07,1)* (1—=0))np(j —i—1)8
<3 o (- > e (LA,
i=1 j=i+1
n—1 / * )2
(1 —0)np(07 — 07,4)
5 Z CXp |~ : 402 -

where the last inequality is due to summation of an exponentially decaying series. This gives
the exponential rate in high signal-to-noise ratio regime.

2
Now, when % <1,
g

. o2 (1- 5’)np(9>-“ —0%)?
Z mm{l, Wexp( 2 >}

1<i<j<n
n—1 / * *\2
(1 —0")np(0; —07)
J
SZZ Z mln{ 6*—9* exp( 152
i=1 k>1 j>i

%—lh/é%7<f4§kﬂgij
02 ' 1—6’k2
T [ Sew (U ) T
B i\ k=0 npﬁ

where the last inequality also comes from summing an exponentially decaying series and n?
is a trivial upper bound. This finishes the proof of the upper bound.

Now we look at the lower bound. For any r* € &,,, we have p*(3) ¢ S, defined as in
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(3.36). Then for any 6* € ©,(5,Cy),

inf sup Egs ;2 )[K(?,r*)]
T 66

> 1nf - Z Z P g 52, (sign(?@- 7j)sign(r; — r; ) < O)

1<z<]<n TG,

= ir%f% Z % Z Z P g+ 52 ) (sign(?i 7;)sign(r; — rj M) < O)

1<i<j<n  1<a<b<n r*{rfrii={a,b}

1 2 1
20 2 amoD. >

1<i<g<n 1<a<b<n
Z inf P(@*,Uz,r*) (7; # a) + P(9*702’r*(i,j)) (7; # b)
T 2
r*ori=a,r¥=b "
1 2

>
~n_ 4~ nn-1) Z

1<i<j<n 1<a<b<n

1 o2 (1+6")np(0; — 6;)?
D R A B
(n—2)! *Z i { "\ np(6 — 9;;)2 P ( Ag?

(3.39)
1 Z . {1 o2 < (1+5’)np(92';—9;;)2>}
=— min ¢ 1,4 | —————exp | — 5
" cachen np(605 — 05) do
for some &' = o(1), where (3.39) comes from Lemma 3.7.3.
We still consider the high signal-to-noise ratio case first.
5 { 72 ( (1+&"ynp(0F — 9;)2> }
min<l,,/———exp | —
) * _ 0*\2 2
1<i<j<n np(07 = 07) 4o
(1+ &")np(0} 9j+1)
> exp | —
e ]
n—l * * )2
(14 8)np(0F — 67 ;)
> - D AS 3.40
> zp( o (340

where & in (3.40) can be chosen arbitrarily small when np3?/c? > 1, which concludes the
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exponential lower bound.

For the polynomial lower bound when signal-to-noise ratio is small,

. o2 (1+ (5/)np(9;-“ — 03'-‘)2
Z min < 1, —np(t?* 9;)Qexp — 102

1<i<j<n i

. o? (1+38")np(8; — 6;)°
S e G |

which concludes the proof. O

3.7.2  Proof of Theorem 3.3.2

This section proves Theorem 3.3.2. Since the upper bound part of the proof has already been
given in Section 3.4.3, we only need to establish the lower bound. First of all, we establish

a few lemmas.

Lemma 3.7.4 (Central limit theorem, Theorem 2.20 of [91]). If Z ~ N(0,1) and W =

Sy X, where X; are independent mean 0 and Var(W) =1, then

sup [PV < 1) —P(Z < 1) < 2,|33 (ExH)P/*
t

1=1
Lemma 3.7.5. Assume p > colo% for some sufficiently large constant co > 0. For any

fized {w;ji.}, 0,7 € [n],k € K where K is a discrete set with cardinality at most n! for some

constant c; > 0. Assume Max; jen] kekK ‘wijk} < co and

: P
min ws., > calogn
pie[n],keK. Z k= 3708
jen]\{i}
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for some constants co,c3 > 0. Then there exists constants C1,C9 > 0, such that for any

i€ nl,

max A —p)w;a. < C log n max w?.
hek Z (2] p) ijk = 1\/]9 g kEKZ ik

jem\{i} j€ln]

with probability at least 1 — Con 10

Proof. For any constant C’{ > 0, by Bernstein’s inequality, we have

P | max Z (Aij —p)wijk > Ci\/plogngleaﬂ)é Z wz'2jk

kekK i)

jem\{i}
Cl plognmaxy g Z]E[n] wl]k

2 .2 L ) 2
< |K| max e pzje[n}\{i} Wi t3 maxi,je[n},k:eK’wzgk‘q\/Plog”maxke]l( ZJe[n] Wiik
kek

0/2
<nlexp | ——L logn
( ¢

for some constant C’é > (. Thus we can set C’{ large enough to make the theorem holds. [J

Lemma 3.7.6. Assume 1 < Cy = O(1) and 0 < = o(1). For any constant o > 0, there

exists constants C,Co > 0 such that for any 0 € ©,(5,Cp),

1 & & 1
inf V(0o — 0:)* < sup V(0 — 0:)* < Oy
ﬂ v 1/n 006 (0,01] Zl ! 00€[6n.01] ; ‘ BV1/n
for n large enough.
Proof. Define
Ry(x,t1,to) ={i:t1 <0, — x| < ta} (3.41)

It is easy to see that there exist constants C’i, C’é > 0 such that for any 6 € ©,(5, Cy),

1
< inf |Rp(x,0,1 3.42
5v1/n—x6152,91]| g(2,0,1)| (3.42)
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and

|Rp(z,t,t+1)] < C
sup sup o(z, <
teN 2€[0n,61] BV1/n

(3.43)
Thus

inf Z ¢ (6o — inf Z ¢’(QO —0:)°
B0<(6n,61] * %d%ﬁ”emwwu)

efo—0i “ 1
| > mf 2 = e—lbo—0;]
0o—0; - 4«

= inf
906[971791] . %0 1)

C/
> Ry(6p,0,1 3
906[97“91] B0 )‘ ~Bvl/n

for some constant C’é > 0. On the other hand,

n

sup > P'(Bo—60)"= sup > > (6 —6;)"

00€[0n.01] ;—1 00€10n.01] 1>0 je Ry (69 ,t,t-+1)

< sup Z Z e~ 0=l < qup Z |Ry(6,t,t + 1)] e
00€(0n.01] 1>0 i Ry (G0,1,t+1) 0o€(0n,01] 10

< G
~pBVvl/n

for some constant C’fl > 0, which concludes the proof. n

Lemma 3.7.7. Assume p > cy(5V %) logn for some sufficiently large constant cqg > 0 and
1 < Cy=0(1). For any constant a > 0, there exist constants C1,Co,C3 > 0 such that for

any r € Sp,i # j € [n], and 0 € O,(5,Cp),

inf D At (b, + (1= )y, = 6)" 2 C b 3.44
and
P
sup At (uby, + (1 — w)fyp. — 0,,)* < Co (3.45)
uep, 11/;] o Vo Bv1i/n
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with probability at least 1 — O(n™1Y) for n large enough.

Proof. We remark that p > ¢o(p V %) log n necessarily implies 0 < 3 = o(1). We only give
the proof of (3.45). The inf part (3.44) can be proved similarly. For (3.45),

sup Z At (uby, + (1 —u)bp; — Op, )"

UE[O 1] k‘?él_]
Cf
llp + sup Z ik — ) (uby, + (1 — w)fr; — Opy )" (3.46)
BV /TL u€(0,1] k7éz j

for some constant C] > 0, where (3.46) uses Lemma 3.7.6. To bound the second term in
(3.46), we use standard discretization technique. Let ug = %, a € [n]. Then for any u € [0, 1],

let a(u) = arg min ¢, |u — uq|. We have )u - ua(u)) < 1/n. Observe that for any u € [0, 1],

Z (Aix, — ) <w'(u9ri + (1 - U)erj - erk)a - @b/(ua(u)eri +(1— “a,(u))e?“j - erk)a>
ki,

<a sup S W (b + (1= )0y, — 07" ‘u —g(u)| 6, — O, (3.47)
§€[u/\ua(u),u\/ua(u)] ki, j
ChnB 1 ;P
< — <" 4
n B\/l/n_czﬁ\/l/n (348)

for some constant C% > 0, where (3.47) is due to mean value theorem and |¢(z)| < ¢/(x)

while (3.48) comes from Lemma 3.7.6. Therefore,

sup Z At (uby, + (1 —u)fp; — Op, )"
UE[O 1] k;éz j

!
6\/31p/n * g;ax Z it = P)¥ (uabr; + (1 — ua)lr; — O, )" (3.49)

Chp .
< 5\/31/ + Oy \/plogn mé[l}j k; V' (ualr; + (1 — uq)br; — Or,)2 (3.50)

C5p

< Vi (3.51)
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for some constants C5,CY,Ct > 0 with probability at least 1 — O(n=19), where (3.49) is

due to (3.48) and > logn > 1. (3.50) comes from Lemma 3.7.6, |¢/(z)| < 1/4 and

p
BV1/n

Lemma 3.7.5. (3.51) is a consequence of Lemma 3.7.6 and logn < N’ﬁ, which concludes

the proof. O

To proceed with our proof for the lower bound, we define

(14 Pri~Oriyu(y 4 i~

u9ri+(1—u)9rj _9%

Tk)l—u

Gijko,r(u) =log (3.52)

1+e

This term is a key ingredient in the exponent of the rate. We first derive some properties of

this term.

Lemma 3.7.8. Assume 1 < Cyp = O(1) and 0 < B = o(1). For any constant C" > 0,
there exist constants C,Ca,C3 > 0 such that for any 0 € ©,(8,Cy), any r € &y, and any
i # j € [n] such that

O, — Hrj < C, the following hold for n large enough,

sup sup Gy jrg.r(u) < Ch, (3.53)
u€(0,1] k#i,j
0, —0 0,.—0,
14emi ey (1 4e Tk
sup ZGﬂk u) + Gy g or(1 —u)SZlog( ¢ JA +e 5 ), (3.54)
wel0l] oy e kA2 (1 ity g )
’ ’ +e Tk
(87“1 B 67")4
Sup Z Gj i,5,k, 97“( ) + Gi,j,k,@,r<1 - u)2 < C2W (3.55)
UG[O 1} k#Zj
2 0. _o 2
c Or; = Or, <3 log (1+ iy (14 i) <c Or; — Or, (3.56)
STBvi/n BV 1/n rt ( Ory+0r; )2 =2 BV1/n '
’ 14+e 2 "k
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Proof. We first look at (3.53). Note that

Y(uby; + (1 —u)bp; — 0y
w(% - erk)u¢(erj - Hrk)l_u
Y(uby; + (1 —u)bp; — 0y
Y(Or; — Ory) ANp(Or; — Ory)

Gi ko (u) =log

< log

(1 + i)

| (1+ ¢ 0w
() (0r, 0r,) Vioe

+ @97"1‘_9’“19 e_u(eri _97‘]') + eeT‘j _97"

= log <C
e

k

where the last inequality comes from

07"7; - ‘9’/’]’ -~

Now we look at (3.54).

sup > Gijrorw) +Gijpar(l—u)
UE[O,I] k;’él,j

> L Pty B
= sup og
wel0,1] rrg 14 euﬂri—k(l—u)ﬂrj—ﬂrk n 6(1—“)97#“% —0

me 4 Oritr—20n,

(1 —}—egTi_HTk)(]_ ‘l‘ eerj—e’r'k.

0,.—0 0r.—0y
1 T UTE) (1 J k
< sup log R ) — E:log( +e J(1+e 5 )
uel0,1] SARREH B 0. +0,. —20 < Or; +0r
kAL 14 2e 2 Tk e i T Tk kL] 1oz t"0n

To see (3.55), we first note that

Gi jk.o.r(0)

= wlog(L+ i 0 + (1~ u) log(1 + €5 — log(1 + ¢ 070y Oy

>0
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by Jensen’s inequality. Therefore,

2 2 2
sup > GiinorW?+Gijre(L—w?< sup Y (G W)+ Gyjppr(l—u)

uG[O,l] kij UE[O,I] k+#i,j
- 12
9.0 OOy
14+emi k) (14+ed Tk
<3 |iog ( : )+(9 ' . ) (3.57)
ki, (1 +e”2’"ﬂerk>

where (3.57) can be derived similarly as in the proof of (3.54). To upper bound (3.57), recall

0,40,
the definition of Ry(-, -, -) in (3.41). We have that for any k such that r;, € Ry(———2,¢,t+1),

_ 2 —|—9 —9T.
(1+ eoTi_erk)(l + P erk) cosh(——5—L —0p, ) + cosh
log 5 = log 7.
O +0r . +9
(1 i —9rk> cosh(—5—L — 0, ) +1
0,0y

cosh —’rj -1 C{(@ri - Grj)Q

< o, < (3.58)
cosh(— — O, ) +

for some constant C] > 0. (3.58) can be seen from coshz < 1+ Céa:Q for some constant

O +0r
C% > 0 when |z] < C/2. and the fact that ¢ < | =5 — 6,,| < ¢+ 1. Therefore, using
(3.43) and (3.58),
- 12
(14 POy (1 4 i 0
> |los oo )
ki, <1 +€Z23—0rk>

CF (0, — br;)*  Ch(6r, — 0))*
< ! I < ! J
- Z Z e2t - BV 1/n

t>0 +
k: TkGRg( I 441)

for some constant C’é > (0. The upper bound of (3.56) can be proved similarly.
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Finally, we turn to the lower bound of (3.56). Note that we also have coshz > 1+ C’imQ

T‘ + 5
for some constant C; > 0 when |z| < C'/2. Therefore, when r;. € R L.0,1),
4 k 0
N 0,.—0,.
(1+ 69”*97«,{)(1 + i 9’%) cosh —5—1 —1
tog O, +0 7 —log | 1+ Oy, +0y
(1 + e”;Tj—%) cosh(—5—L —br,) + 1
h —rrii% 1 2
cos —
= 0. —0, . 0, _|_9 > Oé 9’1"1‘ - 97”]' (359)
cosh —5—% + cosh(——=—L — ;)

for some constant Cé > 0, where the first inequality is due to the fact that log(1 + z) >

x/(1+ ) for any « > —1. Thus,

0,.—0 O —0r 0. —0 Op.—0r
14emi k) (1+e’d Tk 14+e™mi k) (1+e'd Tk
I e e D VR e
Sall L4e— 7 O ki€ Ro( o 0.1) 14e 2 0
ki
2
!/
0. + 0. 2 06 Or; — erj
> | [Rg(——=—2,0,1)[ —2) CF |6, — br;| > 3.60
> (o5 0| - 2) calon -0 [ 2 = (3.60)
for some constant Cg > 0, where (3.60) is a result of (3.42) and (3.59). O

Lemma 3.7.9. Assume m — o0 and 1 < Cy = O(1). For any constant Cq > 0,
there exists 0 = o(1) and constant Coy > 0, such that for any 0 € O,(5,C)), any r € S,

and any i # j € [n] such that |60y, — 0y

the following holds with probability at least

1— O(n_lo) for n large enough,

Ory by

1+ e Oy (1 +
sup Z AikGi k0. (WHAG kg r(1—u) < (1+0)p E 10g< € )1 +e .
JsR,0, o0
u€l0,1] k#i,j k#i,j (1 +6Z2]_9rk>
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Proof. First we have

1 14+ e ¢

(a—c)ANY(b—rc) < a—b10g1+eb—c

<la—e) Vb —o), (3.61)

for any a,b,c € R. To see why (3.61) holds, let us study the function f(§) = log(1+ exp(x+
§)) — log(1 + exp(z)) — dexp(z)/(1 + exp(z)) for any x. Note that f'(5) = exp(x + §)/(1 +
exp(z + 0)) — exp(x)/(1 + exp(x)) is positive when § > 0 and negative when 6 < 0. Since
£(0) = 0, we have f(§) > 0. As a result, we have exp(z)/(1+exp(z)) < 6~ log((1+exp(x+
9))/(1 4+ exp(x))) when § > 0 and the direction of the inequality is reversed when § < 0.
WLOG, we assume a—b > 0. Then the first inequality of (3.61) is proved by taking x = b—c¢
and 6 = a — b and second one is proved by taking x = a —c and § = —(a — b).

Recall the definition of G; j 1. g, in (3.52). Then

‘G/ ( )’ O, — 0 L OO, O =0r)+0r,—Or
7,’.]7k,9,74 T /r,] 9’[‘1 - 0’]"] g 1 + 697-] —erk 1 + 6u(9TZ —GTJ)+9TJ _erk
< tgri - ‘97‘]- 1/1(97«1 - Qrk) — ¢(er _ erk) (362>
2
e (3.63)

Here (3.62) is due to the observation that both terms are in the interval [¢)(0y, — 6y, ) AY(0r; —
Or ) 0 (Or; = Ory )V p(Or; —0r) )] for any u € [0, 1], where the first term is due to (3.61) and the
second term is due to the monotonicity of exp(z)/(1+exp(z)). Hence the difference between
these two terms are bounded by |¢(0r; — 0r,) —1(6r; — 6r,)| in absolute value. (3.63) is

due to ¥/(z) < 1/4. Following the line of discretization, let u, = 2,a=1,..,n. Then for
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< 1/n. Thus,

any u € [0,1], let a(u) = argmin [, [u — uq|. We have ‘u — Ug(u)

| (A = PG jge g (1) — Gijk0,r(Ua(u)))
oy

+ (A = PGk gr(L— ) = Gy jror(1— Ugu)))]

2
<2

<2

? (n—2) ‘u — Ug(y) (3.64)

67‘1‘ - 07“3'

97“1‘ - 07“3'
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Then

sup Z AirGi i,5,k,0, r(u) + AjkGi,j,kﬂ,r(l —u)

UE[O 1] k#l j
6,.—0 O . —0p
1 TP UTE) (1 J k
ngmg( e A +e 5 ) (3.65)
7] 1 _|_ e 2 - rk
+ Sl[lop1 PR Gi ko) + (Aj — )G gr(l—u)
ue k7ézj
— 0,.—0
(1_’_67‘7; Tk)(1+eTJ T‘k)
< lo
< pk;:' g i, 2
) l+e 2z
2
+2|0r, —0r;| + mex > (Aik = P)Gijik o (ua) + (Ajr — P)Gi e pr(1 — ta)
=
(3.66)
.—0
1 ri =0 (1 Tk 2
§p210g< +6 U +6 5 )+2 Ti_e’l’j
k;ﬁz . 9ri+9rj 0
) l+e 2z
_'_C plogn max Z G; ,j,k@r(ua) + G ,jk@r(l _ua)Z (3.67)
ey
9 _0 71-_071
1 ri k(1 3Tk 2 2 1
§p210g< +e )( +e > )+2 eri_e’rj _|_C¢é eri_erj plogn
g Ory+0rj BV 1/n
5J 1 + GT_ Tk
(3.68)
6,.—0 O . —0p
1 i UTE) (] J k
:(1+<5)leog< e A +e 5 ) (3.69)
k,‘ .. 9T1+9Tj
#27] <].+€2 —9%)

with probability at least 1 — O(n 1Y) for some constants C7,C% > 0 and § = o(1). (3.65)

is due to Lemma 3.7.8. (3.66) comes from (3.64). (3.67) and (3.68) are a consequence of
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Lemma 3.7.5 and Lemma 3.7.8. (3.69) is because of Lemma 3.7.8 and

Qri—gr 07"'797"]{1,
p—l Zlog(1+e Hired ) p > plogn > 1,
9 P 2 Lo Or;+0r.; 2. ~Bvil/n BV1/n
r; YTy k#i,5 14+e L _erk

2

which concludes the proof.

]

Lemma 3.7.10. Assume m — o0 and 1 < Cy = O(1). For any constant C > 0.
there exist constants C1,Cy > 0, § = o(1) such that for any 6* € O,(5,Cy), any r* € &,

and i # j € [n] such that |07, — 07,

? J

< C', we have

inf
. 2
CQLP(Q;} - ‘9:%)2
> C exp 3 in L — (1+06)2Lp > Gy jpger(1/2)

k#i.j

for n large enough. Here p*(7) s defined as in (3.36).

Proof. By Neyman-Pearson Lemma, the optimal procedure is the likelihood ratio test:

P(g*vr*) (?# T*> + P(e*,r*(%])) (?# T*(lvj))
2
]P)(Q*,r*) <€n(9*, T*> > ﬁn(9*7 T*<Z,j))> + P(Q*,r*(i,j)) (én(e*, 7’*) < 671(8*, T*(l’j)))
2

inf
T

We only need to lower bound Pgs 1) <€n(9*, r*) > ln (6%, r*(i’j))) and the other term can

be bounded similarly. WLOG, assume i < j and 7} = a < 7‘;? =b. Let

B L NN St (S
Kkl = Yikl Ongr( — Yikl) 0g1_¢(02_9:*), # 1, J,
k
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Zy1 = Yjkl 10gW*—9*k) (1= yjk1) 10g w(e* — 9* ) k#i,]

and

V(0 —ba) — (6 — 63)
201 = Yiji log m + (1 = yij1) log 1— (0% — 9;;)'

To simplify notation, we use P4(-) as P(gs ,+)(-[A) and E4[-] as E(g« ,)[-|A]. Then
.. L _
Py <€n(9*,7’*) > fn(Q*,T*(l’j))> =P | > | AijZou+ D Al +AjpZiy | >0

=1 ki.j

Let 50 = w(e;f; — 9;%/) for any i # j'. Define

vps(u) = log Eg q exp [u | AjiZot + Y AinZi + AjnZin

k#i.j
= Ajjvo e+ (u Z Azkykr Z A]kykr
k#ij k#i,j

where

U 1—u 1—u U 1+ 692_9;;
vy, r* (u) = 1Og [Mz](l - p“Zj) + MZ] (1 - /L’L]) ] = - 1Og eu(%—eg‘) n e(l_u)(02_9Z>

1- 1—
Ve (1) = log |l ™+ (1= i) (1= pig) ™) = =G g e (1= )
_ 1— 1—
U, o+ (u) = log [qukujk U (1= ) (1 = ) “] = —G 1o ().

vpx(u) is the conditional cumulant generating function of A;;Zo1 +> 2y j AikZgr + A; 52kl
We also have v -« (u), vy, ,+ (u), U, p+ (u) as the cumulant generating functions of Zg1, Z1, 711
respectively. Define

Uys = arg m>18 v ().

Since cumulant generating functions are convex and v,+(0) = v+(1) = 0, it can be seen
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easily that v}, € (0,1) and depends on A. Following the change-of-measure argument in the

proof of Lemma 8.4 and Lemma 9.3 of [21], we have

L

Pa | Y| AjZo+ Y AinZi+ AjZi | 20
=1 Wi

> exp (—uﬁ*T + Ly« (uﬁ*)) Qa0 Z AijZOZ + Z A2 + Aijkl <T
=1 ki j
(3.70)

for any T in (3.70) to be determined later and Q4 is a measure under which Zy;, Zy;, Zj,1 €

[L], k # 1,7 are all independent given A and follow
Qu(Zy =) = e"r* 0 Py (2 = 5),

Qu(Zpy = ) = s VWP y (71 = )k £ i, 5,k € [nl],

Qa(Zy = ) = "5 e By (Zyy = 5) k£ i,j,k € [n].

Furthermore, by definition of ., the expectation of A;;Zy + Zk;«éi,j A2 +Aijk;l under
Q4 is 0.

We can compute the 2nd and 4th moments under @ 4, denoted as Varg ,(-) and rg ,(-)
respectively:

(67 — 052> 0= %)
)2ty 65=07)

Varg , (Zor) = v = (uys) = 4pij(1 = pug) 5
(1 = pij + Hij)

= 4(0; — 65)20/ (1 - 2u5)(0; — 6;) (3.71)
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(65 — 65)%e V%)

V Zu) = v ik (1 — 1 .
ar(@A( kl) k: ¥ ( ) 273 k( g k) ((1 B Mzk)eur*( ) N ,uz-k)Q
— (0 — o) 2y ((1 — )0 + Ut O — ) k#i,j,k € [n], (3.72)

(6% — 0*)2 —ury (07 —05)
(1= pj)e ™= 0o 4 pujp)?

= (0 — 0% (upeb + (L= up )5 — 05 ) k£, k € [n) (3.73)

Varg,, (Z) = Vi (o) = i (1= i)

and

k4 (Zor) = Qa ((Zoz — @A(Zoz))4) = Ve () + 30 e (uf)?
(05 — 0)*e> e %)

2u¥, (0% —0F .
(1= pag)e® r Cam0) 2

= 4(0% — 05) 20 o () + 30 e (i) < T(O5 — 05) 0 (1= 2up) (05 — 03)) . (3.74)

< 16445 (1 — pij)

+ 31/6/77,* (U/i* )2

kQu(Zr) = Qa <(Zkl - QA(Zkl))4> (05 = 032V e (ue) + 307 ()

< 40 — ) ((1 — )0 w0 — e;fz) kA4, 4k € [n] (3.75)

Q4 (Zry) = Qa ((Zkz - QA(ZM))4> (05 — 32T e (uge) + 30 ()

< 40 — ) (u;*(a;; (1=t — 0:,‘;;> kA4, k€ [n]. (3.76)

Let Fq be the event on which the following holds:

u€(0,1]

inf k; A/ (L= W) +uy = 07) + Ay (uby + (1 = w)o — 07) >

/ p
Clﬁ vV 1/n’
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p
sup >~ A (1= ) + by — 07 )P+ Ay (wby + (1= w)by — 07)% < Céﬁ v in
’U,E[O,l] ki,

for some constants Oi, C’é > (0. We shall choose C’i, C’é to make F7 happen with probability

at least 1 — O(n~1%) by Lemma 3.7.7. Therefore, we shall choose T as

T= |L AijVarQA(Zol) + Z AikvarQA(Zkl) + AjkVarQA (Zkl)

k#i,j
p(0; — 6;)?
< Pp—— 07
- \/03 BV 1/n

on Fj for some constant C§ > 0 using (3.71)-(3.73). With this choice of T, the Q 4 measure
can be lower bounded by some constant Cfl > 0 on Fi. This can be seen by bounding the

4th moment approximation bound using Lemma 3.7.4 :

Ak (Z01)3* + Y Aikkiy (Ze)¥ + Ajprg , (Zig)3/

_ 3/2
(LAZ-jVarQA(Z()l) + L Zk;ﬁz,j AikVarQA(Zkl) + AjkVar@A(Zk1)>

Z A ¢/ ((1_u* )0*+u* f* — p* )3/4+A- ¢/ (u* 9*+(1—u* )0*_0* )3/4
C/L k;él,_] ik r* a r*vp ’l";:: ]k r*’a k b TZ:

5 3/2
(L Dkt Aikt! (1= 1 )05 + wfuly — 07) + Agp! (wfe + (1= uf)) — 9?;;>>
(3.77)
» ~1/4
e (s 3.78
- CG( 6v1/n> o

on Fi for some constants C%, Cf > 0 and this bound tends to 0. (3.77) is due to (3.71)-(3.73)
and (3.74)-(3.76). (3.78) is a consequence of Lemma 3.7.7.
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Now we turn to Lv,«(uy.). Let Fo be the event on which the following holds:

sup > (A Gyjgopr (1= 1) + AjpGy g oo e (1))
UG[O 1] k’?él ]

S@+0)2p Y G e (1/2).
k#i.j

By Lemma 3.7.9, there exists 6 = o(1) independent of i, j,0*, r* such that 7 holds with

probability at least 1 — O(n~19). Then, on this event,

vpr(upe) > = sup | Ay pe(u) = Y (A e (1) + A g+ (1))
UG[O,I] k;fél,j
1+ efa—0y

0 —05) 4 (1w (65—0;)

> —A;; sup log

u€[0,1]
— sup Y (ApGij o (1 —u) + AjpGy j g ge (1)
UG[O 1 ki, j
> —CL|6% — 6517 — (1+61)2p > Gijprar(1/2) (3.79)
k#i.j
> —(1+6)2p Y Gijrpra=(1/2) (3.80)
k#i.j
for some &5 = o(1). (3.79) comes from
1—}—6‘19* 0* — o* 0* _ p*

log

*|2

Slogcosha2 b < cosh -2 b—lSC’H@Z—

for some constant C5 > 0 when |6} — 6’;}"’ < C. (3.80) is because of Lemma 3.7.8 and

ﬂ\/Li/n > 1. Note that &, can also be chosen independent of i, j, 6%, r*
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Thus, we can further lower bound (3.70) on F; N Fa:

L
Pa D [ AijZo+ D A+ AjpZi | =0
I=1 ki,
, ” (9* _ 9*)2
> Cyexp C3L ﬁ\/l/ + Lvps (u)s)
(05652 _
> Ozlle (ot Lp 5V1/ LSUpuG[O 1]< AijVO,r* (u)_Zk;Ai,j(Aika,r* (u)+Ajka,r* (u)))

(05 — 03)°
szlexp \/Cl ﬁ\/l/ (1—}—(52 QLPk; Gljk&* (1/2)
Y]

which finishes the proof. O]
Now we are ready to prove the lower bound part of Theorem 3.3.2.

Proof of Theorem 3.3.2 (lower bound). We remark that p > co(8 V )logn necessarily im-
plies 0 < § = o(1). It also implies n A 71 > 1 and % = 0(1) which will be useful in the

proof. Recall the definition of r*(4J) in (3.36) for any r* € &, and 4, j € [n] such that i # j.
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For any 6* € ©,(3,Cy), we have

inf sup Eg« o) [K(7,7)]
T 66

> mf— Z Z ]P 0* * (7/"\2 < 7/"\3‘,7“;( > 7";) +]P(9*,7“*) <?’L > ?j,’f’;‘k < T;)

r EGn 1<z<]<n

1nf— Z Z P 9* * (?Z < ?j,?”;;k > 7";) +P(9*77‘*) (?Z > ?j,?“;'k < 7’;)

1<2<]<n 'r €6,

1 2
Zﬁ Z n(n —1) Z

1<a<b<n 1<i<j<n
1 Z ) ]P)(Q*,T*)(?# T*) + ]P)(e* ( 7é r* Z j )
inf
(n=2)0 &~ 7 2
rer; =a,r; =b
1 - 2
> -
~ 2n n(n—1) Z Z
a=1 1<i<j<n "(Bvn—1)
be[n]\{a}:la—b|<1V P

| By (FE 1) Py iy (F # 76D

Ci(Bvn—t)

where C] > 0 is a constant. Note that for any a,b € [n] such that [a — b] <1V I

/ —1
we have |07 — 0| < Cy | BV G@vaT) ) _ o(1). Then by Lemma 3.7.10, we have
a b Lp

. 1 n
1%f ;sug E(&*,r*)[ r,r) > on E n(n ) Z Z
r*eGy, a=1 1<i<j<n ch(Bvn—1)
be[n]\{a}:la—bl<1vy/ = m—

C/ Lp 0* _ 0* 2 1 + 0279}2 1 0;:79;:‘
C4 exp —\/ 2 (a_lb) —(1+5/1)Lp210g< . *>(*+6 D) ) ;
BVn P <1 .\ ea—ge _9*)
7 e

(3.81)
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for some constant C’é, C’é > 0 and some 6’1 = o(1). We are going to simplify the second term

in the exponent. We have

« Oatoy s
(1+ ela=0k)(1 + e~ O 4 ek — 2720
Z log 05+0F . Z o5 +0r 2 (3.82)
kb (1+e2—9k) ka,b (1+6 gy )
x_ % 05+05 %
5 Z (cosh 9“29b —1e b0y
ktab ( M—a*)z
’ 1—'— e 2 k
0 — 07)2 0y + 05
oA s (B ) s
k#a,b
9% — * 2
St SIS (3.80)
k#a

for some 04 = 0(1), 5 = o(1). Here (3.82) uses log(1+z) < z. In (3.83) we use 0 — 0} = o(1)
and coshz —1 = (1+ O(x))%2 when z = o(1). From Lemma 3.7.6 we know };., V(0F —
ww(,x(H — 1‘ = O(t) when t = o(1),
we obtain (3.84). Using > ;. V(05 —05) =< nA B! again and the fact ’92‘; - 0;} > 3, there

0r) < nA B~1>> 1. Then using this and the fact sup,,

exists a constant Cfl > () such that

CyLp(05—07)?
vn—1 c!
B < 4

p(05—0;) - '
—(4—211:7% V(65 — 07) ,/ﬂL\/’;nﬁff

Therefore, for an arbitrarily small constant § > 0, we have constant Cf > 0, such that (3.81)
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can be lower bounded by

CLLp(6; — 67)?2 Lp(0; — 0;)*
C3exp _\/ : @v(;—l = (L Gy Y w0 - 6))
k#a

c! Lp(6% — 67)?
Z Cl ex . 1 +6/ + 4 a b
3 XP 3 Lpﬂz 4Va(9*)
Bvn—1
Lp(0; — 03
> ! _ a b ) .
> Cr exp (1+49) 1V, (0%) (3.85)
So far, we obtain
inf sup E g« o) [K(7,7)]
T orreG,
IO 2 : Lp(0; — 0;)*
> = _ Ta 7hl
S 5 Y ae( el
a=1 1<i<j<n cr(pvn—1)
be[n]\{a}:|a—b|<1V W
(3.86)

Vv
l\D|H

- / Lp(6;; — 0;)?
2; ) > 2 C%em3<—(1+5}l%VR§#L—>

1<i<j<n b=a+1
& Lp(e* 0:, 1)
4V, (6%) '

Hence, we obtain the exponential rate.

~

¥ |

2
In the following we are going to derive the polynomial rate for the regime 5](/17 nﬂ — < 1.
Ci(Bvnt)

Note that for any a,b € [n] such that |[a —b] <1V I

, we have

Lp(0; — 0;)> _ Lpp* 1VBWF1 <1
4V (0%)  ~ Bl Lpp? )~

205



Then from (3.86), there exist some constant Cf;, CL > 0 such that

) - 1 2 ,
lr%f T*Sélg E(G*,T*) [K(T,T)] 2 % Z m Z Z 06
n a=1 1<i<i<n / —1
beln]\{a}:ja—b|<1vy/ L)
' - LpB?
> % 1V Gi8vnl) vnl)
2 LpB?
Bvnl
>ChlnAy | =t |,
! \  LpA?
2
where the last inequality is due to BL\/LnB—T < 1 and the fact that the loss is at most n. O

3.7.83  Proof of Theorem 3..1

The following two lemmas are needed for the proof of Theorem 3.4.1. Recall that g@%) _
L . .
L% 21:11 Yijl: 1 #J € [n].

Lemma 3.7.11. There exists a constant Cy > 0 such that for any 0* € ©y,(8,Cy) and

r* e Gy,

logn

< (1 I

i wer. — 07,
setiean |70~ Pt 7 O)

holds with probability at least 1 — O(n~19).

Proof. This can be seen directly by standard Hoeffding’s inequality and union bound argu-

ment. [
Lemma 3.7.12. For Ly such that loLﬁ — 00 and constant M > 1, there exists 0 < 6y = o(1)

and 0 < 61 = o(1) such that for any 0* € ©,(8,Cy), any r* € &y,

) — (e — %) <6
setl e [ ¥ )| < 0o
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and

ﬁ {@ C 5171' C E}
i=1

hold with probability at least 1 — O(n_lo), where

& = {iem:uy <v-2m)},
j i

& = {je[n]:Q:;ZH:ff%—ZM—él}.

Proof. This is a direct consequence of Lemma 3.7.11 and M = O(1). O
Now we are ready to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Let F (0) be the event on which Lemma 3.7.12 holds. We will always
work on this high probability event throughout the proof. Also, we will assume the regime
nf — oo. The case § < 1/n is trivial since we only have one league S7 = [n] if M is chosen
to be a large enough constant.

To start the exposition, we define a series of quantities iteratively for all k € [K — 1],

with the base case Sy = Sy = S = So=0,u9 =40 =0. Let

i = |{i € NSy 1d € 1.

i = |{i e M\Se1 5 e g}

Sp. = {’L S [n]\gk_l : (1 + —121> ptz('_) < h} , (3.87)
Sp = { & ]\ 1 - (1 - %) n® < h} | (3.89)
0
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( )
ul®) = max riii € [”]\Sk—latz( ) < M :
()
\ 0 )

We make several remarks about these definition. The above definitions have essentially
constructed another partition Si, Sé, ... using wgk), comparing to Algorithm 1 using wgk).
The relationship between .S;. and S,; will be made clear during the exposition. In fact, they
will be equal with high probability. We should keep in mind that the partition using wgk)/
is not a bona fide one since the definition uses E and Sy which involve the knowledge of
0*. However, this can be used in theoretical exploration. Our strategy is to show certain
properties hold for partitions Sl/<;’ then S} = S,’C with high probability and thus inherits those

properties.

We start with some simple but crucial facts which will act as building blocks in the proof.

(- ) and L (k) has the following monotonicity property: for any i, j € [n]\§ —1 such that

Z

) 1B <4 R) (3.89)

This is direct from the definition.
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e For any i € [n]\S)_1,

+ 1, (3.90)

which comes from ¢:"/ —

=
Il
—N
<.
m
=
/
o)
T
—
=
|
[«%)
—
VAN
>
|
D
=N %
ok
A
=
_l_
[«%)
—
——

e We have

{i € [n]\Sk_1 : ri < ﬂ} =S C S C {z € [n]\Sk_1 : ri < u(k)} : (3.91)

Here S}, C Sk is due to monotonicity (3.89) and tgk) < tl(- ) by definition. Recall
h = pM/j. Using (3.90), for any i € S}, we have tik) < tgk) + 2%1 1< —B 4
()
o N _ 0
2%1 +1< %. Hence, we have S;. C {2 € [n\Sg_1:7] < u(k)}.
()0
° tl(.k), tg ), Sk Sk w ,W are measurable with respect to the o-algebra generated by

S, .—1- This is direct from the definition.
Now, we will prove the following statements by induction on k:

e With probability at least 1 — O(kn~10),
Sy C Sp C Sy (3.92)

for all 0 < k/ < k.

e With probability at least 1 — O(kn~10),

1.7 1

0.11

>l
C() 1+F

i

Bl

(3.93)

for all 1 <k’ <k and |Sy| = 0.
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e With probability at least 1 — O(kn~10),

for all 0 < k' < k.

e With probability at least 1 — O(kn~10),

— 0.29 1 M
Sl < 12+ + — 3.95
‘ k | Co 1_ 00_122 3 ( )
0
for all 0 < &/ < k.
e With probability at least 1 — O(kn~10),
Sy = S} (3.96)

for all 0 < k' < k.

Now, suppose (3.92) - (3.96) hold until £ — 1, which is the case for k = 1. In the following,

we are going to establish (3.92) - (3.96) for k one by one.

(Establishment of (3.92)). Recall that we assume F() holds. On the intersection of all high

probability events before k, we have §k_1 =51 U...USE_1. We sandwich w(k) by

i

wl(k) = Z Az‘j]l {j S @} < wl(k) < Z Aijﬂ {j € E} = wzgk).
JEM\Sk_1 JEMN\Sk—1

Recall the definition of S; in Algorithm 1. Then we have S;. = {z € [n]\Sk_1 : wgk) < h}.
<

7

Hence, {z € [n]\Sk_1 W < h} C S; C {2 e [n]\Sk_1 - w®) h}. To prove (3.92), by
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the definitions in (3.87) and (3.88), we only need to show
‘ S k . 5 0.11 k
{z € n\Sp_y s wM < h} c {z e [n\S,_; : (1 . 7) ) < h} ,

{z € \S_y - (1 + O%) P < h} c {z e \Gp_1 - w® < h} |
0

a sufficient condition of which is the following event:

Fk) = {Vi € [n]\S;_1 such that ptz(k) < g : wgk) < h}
ﬂ {Vi e [n]\S)_; such that ptgk) > g 1= 0—121> ptgk) < wl(k)}
g 2 )i
ﬂ{Vz’e[ \Sj_1 suchthatpt(_k)g g :Jgh}
. &K h (k) 0.11\ (k)
ﬂ {VZ € [n]\S),_; such that pt(k) > 5 wz(k) <|1 2 >ptZ )}

Hence to prove (3.92), we only need to analyze P <]:(k)).

Note that for any j € [n ]\Sk 1 we have r > u*~1) according to the definition of Sk_1
n (3.91). Thus

w = 3 ayn{e; > 6r oM+ o},

G€M\Sk_1
r *>qk—1)

wl(k) = Z Aij]I{G;f > 9;( +2M — (51}.
JEM\Sk-1
rr>ukl

On the other hand, recall that wgk_l)/ = ZjGSk—lﬁE Ayl {j € &1} which only involves

Ajj such that r;f < u*=Y due to (3.91). By (3.91) and induction hypothesis of (3.92) we
further know uM) < ... < u =1 As a result, wgl)’ wk

u\t) < s ey W
o . (1) (k1)
Since Sj,_1 is determined by w; ", ..., w;

are independent of wgk) , wgk).

, it is also independent of wgk), wgk).
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Therefore, conditional on gk—la we have

wz(k)|§k—1 ~ Binomial(tz(k),p),

w§k>|§k_1 ~ Binomial(tg ),p).

Recall that Cy > 1 is a constant and h = pM /S > logn since p/(logn) — oo by assump-
tion. By Bernstein inequality for the Binomial distributions together with a union bound

argument, we have P (F(k)\gk_l) > 1 — 0O(n~1Y). Since this holds for all gk—la we have

Therefore, we have proved (3.92).

(Establishment of (3.93)). We first present a simple fact from induction hypothesis:

{z’ € [n],r] < M} c Sy C {z € [n],r; < u(k_l)}. (3.97)

The first containment is because (3.91) and (3.92) hold up to k — 1. To prove the second

containment, we only need to show u(!) < ... < u(k=1) Notice that from (3.93) and (3.94)

Sk_1’ > w(#=2) — 4(k=2) " On the other hand, from (3.92) for k — 1,

{z’ €n]:r;> u(k_Q),r;" < u(/f—l)}

for k — 1, we have

< yk=1) — o (k=2), Hence, we have

we have ‘Sk—l‘ <

ulk=1) > 4 (k=2) and similarly we can show w1 > 40 for any | < k — 2, which proves

u(®) <...< ulk=1),
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Using (3.97), we have

(k) M
S = [0 € NGy () <
(1+011)6
: _ . M
> RRicn]:rf>ulk 1),'{36[71] r £ i) )9* >9* +2M — 51}‘ —_—
()7

For any ¢ € [n], since 6* € ©,,(, Cy), we have

Hj €[] : v} > ulbD B7e 2 07 4 2M — 51}’ < FMC—O_B&J _ k1)
Hence,
Si| > [3i € > Dt < M fM—fle LD
N <1 + ﬂ) g L O
s
>_ M fM —51J (k1) _ D)
(1 + %) 3 CoP
0
>

1.7+ 1 M
Co 1+%4 ) 5
0

(Establishment of (3.94)). From (3.92), we have ‘S_k\&‘ < ulk) -

(k) _ (k) < 0.29M
to show u(¥) u\®) < CoB

We are going to prove

>e*

9(’61)—

213

ulk). Hence, we only need

(3.98)



First, by (3.94) for £ —1, (3.93), and (3.91), we have Hz e [n]: ub- < ri < u(k)}‘ > | S|

which leads to u®) > u(*=1). Let b € [n] be the index such that Ty = u®) + 1. Then it

0.11

means b € [n]\Sj_1 and tl() ) > ﬁ By the definition of tl(.k), for any i € [n]\Sk_1,
B
0

we have

Hj € [n] 7% > w1V 02, >9;';.<+2M—51}' > ){] e [n\Sy_q : j eﬁ}] =),
J %

which implies 6* — > 0% +2M — §;. This means
w(k—1) 14 (F) T

)

0% ) > O+ 2M — 61 + #F)g,

Considering the b index here, we have

M
* *
(1 + 2 )
0
Then using (3.94) for k — 1, we have
6= > 0* +2M -3¢ +L—OQ9M>9* +2M -6 (3.100)
wk=1) — wlk) 11 1 011 ’ = uk) L ’
<1 + o2 )
0
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which proves (3.98). Then for any i, € [n]\Sj_; such that u*) < i< r;-‘, we have

)_tg ) _ {l € [n\Sk_1 9;:* > 0;‘; —|—2M—51H — Hl e [n\Sk_1 0;% > Q:f: +2M—51H

) J

Vv

{7«7 > WD 6 4 2M — 5y > 6 > 0, +2M—51H
i l J

v

7 J

9** - 9**
T r;

Z - J
Cop

where in the first inequality we use (3.97) and in the second inequality we use (3.98). The

last two inequalities are due to 0* € ©,(8,Cp). As a result,

M _ M

NG
T ) < ( 2 )P ez )P _ 029
T Co - OB

(3.101)

(Establishment of (3.95)). We first have

|Sk| < u®) — (B < (k) — <u(k1) B 0(/%3?)

due to induction hypothesis on (3.94) for £ — 1 and {Z €n]:r < u(k_l)} C Sj_1. By the

definition of u(¥), similar to the proof of (3.99), we can show

* *
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which implies
m — ukF=1) < + )
B 1- 912 g
Co
Therefore,
0.29 1 M
iz | 5

5 < [2+ |
Co 1—702—

(Establishment of (3.96)). Define

Flk) _ min___ S Ayl {j c 51’1-} > h
iE[n]:r;‘>u(k) FESK -

(%) which implies Sy, C S;.. We only need to show

1

We are going to show the event F(*) is a sufficient condition for (3.96). By definition,
since S, C [n]\Sk_1, we have wZ( y <w

S]/{ C Sk. Note that for any 4 such that r > uk) | we have

wgk)l = Z Aij]l {j S 5171'} > Z Aij]l {] S @} > h,
JE€Sk

JESK

which means i ¢ S,{C as F®) is assumed to be true. Hence to show S]/ﬂ C S, we only need

k3 *k k
rk = eu(m A0

to show ) N{i € [n] : r} < W} C S).. Note that due to (3.94), for any 4, j € [n], such that
> —0.29M. Then for

*
1
k) we have r;f > ulk), 07 — 0
1

rfgu()andr;-‘>u(
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any i such that r; < uk), we have

W ®) = Sai{iest— Y Ayl{jeéy)

JE€Sk FEMN\Sk—1

> — Z I{j €&}

j€[n]:r}‘>ﬂ

>- ) I{jedy}

Jj€ [n]r;‘ >u(k)

JEn]ry> (k)

=0,

where first inequality is due to (3.91). Hence we have S N {i € [n] : r} < W} C S which
leads to Sy = S} As a result, to establish (3.96), we only need to analyze P (.F(k)’>.
The analysis of P (.7: (k) > is similar to that of P (]—" (k)> in the establishment of (3.92).

By a similar independence argument, we have

> Ayl {j e&}

JE€Sk

Si_1 ~ Binomial (’ SN é

»)

for any 4 € [n] such that r} > u(®). From (3.100), we have

ulF) — o (k=1) > —2]%0_551. (3.102)

Together with (3.91) and (3.97), we have

5061

> Hje[n]:u(k—n <t <u® 7, 20**+2M+<51H > u®) kD) > =2
j i 006
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Recall that h = pM/f and p/(Blogn) — oco. By Bernstein inequality, we have

P <~F<k)l|§k—1> =P min Z AZ]]I {j € @} >h gk—l >1-— O(n_lo).

i€[n]ir} >ulk) JES,

Since this holds for all Sj,_;, we have P <}"(k)’> >1-0(n1),

(Establishment of (3.92) - (3.96) for K ). We have (3.92) - (3.96) hold for each k € [K — 1]
with probability at least 1 — O(n~9). For the last partition, Si = [n]\Sx_1. Let Sk be
the set obtained by Algorithm 1 before the terminating condition [n] — |S1] 4 ... 4+ |Sk 1| <
}SKJ‘ /2 is met. Sg 1,5k can be similarly defined and (3.92) - (3.96) should also be

satisfied by Sk 1. Therefore,

31Sk1] 3, ——\ 3 0.29 1 M
1Sk | < =< |Skal <5 [ 2+ —
2 9 ) D) C _0.12 ’
0 1 EOT B
1.7 1 M
!SK!>|SK,1}>’SK1‘2 Co 1o | B

and

So far, we have establish (3.92) - (3.96) for any k € [K]. Now we are ready to use them

to prove the conclusions in Theorem 3.4.1.

1. Conclusion 1 is a consequence of (3.92) and (3.95).

2. For Conclusion 2, by (3.102) we have u(k=2) < Uh—1) < ulkb=1) < U,

A\
s
A\
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U(k41)- Together with (3.92) and (3.97), we have

7 —

{z’ €n] w2 < ¥ < u(l-c+1)} C Sp_1USKUSk41 C {Z e [n]: uF2 < P < u(k+1)}.

Therefore, using (3.102), for any 7 such that uk-1) < i < ulk),

{je[n]:

c {j € ] :u(k_l) B 1.51M <t < m+ 1.51M}

C {j € [n]: ulk=2) < T’;f < u<k+1)} C Sp—1USKpU Sk

For k =1 or K, only oneside needs to be considered and the property still holds due

to the gap between ﬁ and u(1) as well as the gap between u B and u(K-2).

. For Conclusion 3, by (3.92) and (3.97), we have

{i € [n]:ulb—b <of < ﬂ} C S C {@ € [n]: Wkl < ri < W} (3.103)

Using (3.102), we have

max {7} :i € S} < ulf) < u* Y <min {17 10 € Sp49}.

Same results can be established for max {r;‘ :i € Sp} < min {r¥:ie S} for any | >

k+2.

Ek)l only involves j such that

jE E This implies that the definition of S,’g only involves information of (4;;, g};) )

. For Conclusion 4, for any k and any i, the definition of w

such that 7, — 07, > 2M — 6. Thus S],i' can be used as the S;, in Theorem 3.4.1.
j i
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5. For Conclusion 5, note that for any k € [K] and i € S, we have

M
{iem:i -on1< 5 fnsy

M
> '{jE[n]:V?—rﬁS—}ﬂSk

> [{iem: i - rjl <

where the last inequality is by (3.103). Again by (3.103), we have uf~1) < ri < ulk).

From (3.102) we know u®) — u(*=1) > M /(2CyB). Then we have

M M T N
HJ € [n]: |9:~} - ‘9;}‘ < 7} ﬂSk‘ > 5008 max{u(k_l) — D) (%) —ﬂ}
0.21M
>
CoB
where the last inequality is by (3.94).
The proof is complete. O

3.7.4  Proofs of Lemma 3.4.1, Lemma 3.4.2 and Lemma 3.4.3

We first prove Lemma 3.4.1 below.

Proof of Lemma 3.4.1. Recall that 7 is obtained by sorting {Zje[n]\{i} Rl'j} - Define

i€[n]

Si= Y. Ry

j€n]\{i}

and

Sf: Z R;kj.

jeln]\{i}

220



Observe that

*=pn — s
r; =n—s;,

Thus
K ") = >, H{Rz‘j # R%k;}
1<i<j<n
1 ~
=— Z ’H{si—sf—(sj—sj) >r;-<—r;f}—]l{0>r;-k—r;f}‘
1<i<j<n
1
Sﬁ Z I4|s; — f—(/s\j—s;f)‘ > rf—r;‘}
1<i<j<n
1 —~
< - Z ]I{‘ ri =15 <15 sz\+‘sj—sj“}
1<i<i<n
1 n—1
ZEZ Z ]I{k<|sZ s:‘|+‘sj s;‘}
k=1 1<i<j<n
r;kfr; =k
1= k k
<2y ¥ ffsm-sifer{i<fs-s)
k=1 1<i<j<n
r;‘—r;f‘:k
9 n n—1 L A non
553D IR EEICE EE= 3y SHUE R
i=1 k=1 =1 k=1
4 & 4 & 4
S ILERIEES DD o LYV BERD I LT
i=1 =1 je[n]\{i} 1<i#j<n
which completes the proof. O]

Next, we prove Lemma 3.4.2.
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Proof of Lemma 3.4.2. Recall £ = {(i,j) 1 <i<j<n¢Y(—M)< ygjl,) < ¢(M)} Then

on the event where Lemma 3.7.12 holds, £ can be written as

5:{(i,j):1§i<j§n,

0.« — 0 x
T T

< M/2}Lid<€ N {(z’,j) L MJ2 <

0.« — 0 x
T T

< 1.1M})

which implies A;; = A;;1{(i,j) € £}. Moreover, on the event where Theorem 3.4.1 holds,
S = Sp, k € [K] by Conclusion 4. This proves £(F)(9) = /(¥)(9) with probability at least
1—0(n=8). 6%) and 8% are equivalent up to a common shift since the Hessian in local

MLE is well conditioned with probability at least 1 — O(n~8) due to Lemma 3.7.14. O

Finally, we need to prove Lemma 3.4.3, which requires us to first establish a few extra

lemmas.

Lemma 3.7.13. For any integer constant C > 1, define a matriz M € {0,1}""" such that

M;; =1{|i — j| <n/C}. Let Ly be its Laplacian matriz such that

—M;j, iti#]

YoMy, ifi=j.

[Lmlij; =

Let Ain, 1 (£ar) be the second smallest eigenvalue of Lyy, i.e.,

ul'Lyu

Ami Ly) = min
mm,J_( ) u;é(),]l%u:() HUH

Then there exists another constant C' > 0 that only depends on C such that

2
1 > li—jl<n (T — x;)
“Amin | (L) = inf —C > .
n mln,J_( M) ZERD n =
]IZIZO
Jz[=1

Proof. We partition [n] into 4C consecutive blocks such that each block contains either
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[n/4C or |n/4C| consecutive indices. Let these blocks be a sequence of disjoint sets
By, ...; Byc such that max;ep, @ < minjep j if k& < . The idea is to lower bound the
summation over the diagonal region by a sequence of square regions. Thus, for any = €
R, 112 = 0, ||z|| = 1, we have

2
1 2ji—jl<n (x; — z)
—alLyr = lizil<g ’
n

n

> Yo (@i—ay)?

k,l€[4C]:|k—1|<1i€By,j€B;

1B | Bi : :
> (Myay |y ) (s

kle[4CT:|k—1|<1 1€By €D i€By,

v
SRS

= > (p1zk + PRz — 29kY1)
kIC[ACTk—1|<1

where we denote

& | B
Yk = Z \/—%,Zkz Z m?,pk:T-

1€By, 1€By
For any k € [4C], we define

yk+\/pk2k—y;% yk—\/kak—yi
, and wop, = : (3.104)

2py, 2py,

Wok—1 =
Note that for any k,[ € [4C], we have

9 9 9 9
DDk <<w2k—1 —woy_1)" 4 (wag_1 — woy)” + (wa, — woy_1)” + (wop — woyy) >
_ 5 (2 2 2 2\ 4
pipg (2 (wag_y + wy +wyy_y + wiy, (wog—1 + way) (wor_1 + woy)

ko, *l YEYl
= DIk (—+—— —)
Pk P PEpl

= P12k + PR — 29K
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Then we have

> (D12k + Pr2 — 2uky1)
k1€ [AC): k—1|<1

2 2 2 2
= > PiPk ((w2k—1 —wy—1)” + (wogp—1 — way)” + (wop — woy—1)” + (way, — wyy) > :
kl€[ACTk—1|<1
Note that w is a function of y, z, p which by definition satisfy: Zigl Y. =0, Zigl 2 =1,

mingcpyo1 Pk = 1/(50), Zégl pr = 1, and y]% < ppz; for all k € [4C]. Define a parameter

space 1.
e, e, e,

T=q(zp): Y yp=0,Y 2z =1 min pp>1/(5C), Y pp =1, and yj < pyz;, Vk € [AC]
k=1 k=1 kel4C] k=1

Then we have

>‘min L(‘CM>

)

n
> inf
(y,z.p)eT

2 2 2 2
> Pipk <(w2k71 — w9 —1)" + (wop—1 — woy)” + (wop, — wop—1)” + (w9, — woy) ) ,
kle[4C):|k—1|<1
(3.105)

where w is defined in (3.104).

Since T only depends on C, the quantity (3.105) also only depends on C'. Then, (3.105)
is equal to some constant C/ > 0 only depending on C. We are going to show C’ > 0.
Otherwise, let the infimum of (3.105) be achieved at some w with (y, z,p) € T. Then, we
must have wop_1 = wyj_1 = wep = wy; for any k,l € [4C] such that |k —1] < 1. This
has two immediately implications. First, for any k € [4C], since wyp_1 = wgy, we have

y]% = pr2zk and wg = yx/(2py), Second, since wop, = wy( 1) for any k € [4C" — 1], there
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exists some ¢ such that y;./pp = ¢ for all k € [4C]. Together with y,% = pr2E, we obtain
Api. = 2, for all k € [C]. Since Zigl z;, = 1 and Zigl pr. = 1, we conclude ¢ = +1. Then
using yy./pr = ¢, we have Zigl Y = 02%21 pr = ¢ # 0, which is a contradiction with

2%21 Y. = 0. As a result, we obtain %)‘min,L(ﬁM> >C' > 0. O

Lemma 3.7.14. Under the assumptions in Lemma 3.4.3,

T *
: u' H(n™)u
/\min,J_(H(n*)) = 111 ( 2 2 mp
u#():]l%u:() HUH

with probability at least 1 — O(n~19), where H(n*) is the Hessian matriz of the objective
(8.27), defined by

D ieim)\iy B (f =), i =],

=B (nf —n}), i #

Proof. We can decompose H(n*) into stochastic part H(n*) — E(H(n*)) ans deterministic

part E(H(n*)) and bound them separately. We first look at the stochastic part. Note that

H(n*) —E(H(n*)) = D —E(D) = > (Bjj — pij)¥' (0} — n})(Eij + Ejj)
i<j

where D = diag{D1, ..., Dm} = diag{3> ;41 Bij (0] — 05), s X jotem Brmg?’ (i — 1) 15

E;j is an m x m matrix and has 1 on the entry (i,j) and 0 otherwise. We also have
1(Bij—pij)¥' (nf —15)(Eij+Eji)llop < 1 and | Zi<j(Bz'j—pij)%/(”%k—”;)Q(EiﬁEji)Q||op <

mp. By matrix Bernstein inequality in [103], we have

t2/2
P> (Bij = pij)(Eij + Eji)llop > t | < 2mexp <_m n L) ‘
1<j P

225



Taking t = C’{\/ mp logn for some large enough constant C’i > (0, we have

1Y " (Bij = pij)¥' (nf = m5)(Eij + Eji)llop < C1v/mplogn

1<j

with probability at least 1 — O(n_lo). Standard concentration using Bernstein inequality

also yields

|ID =E(D)llop < C3v/mplogn
for some constant C’é > (0 with probability at least 1 — O(nflo). Thus the stochastic part
1H (%) = E(H (")) llop < (C1 + C3)/mplogn = o(mp) (3.106)

with probability at least 1 — O(n~19).
For the deterministic part, we first choose a constant integer C’ > 0 such that for any

li — 7] < %, pij = p- Thus for any unit vector z € R™ such that ]l%x =0,

+TE(H(n*))x _ 2i<] pij’ (nf — U;)(IZ - xj)2
m N m
Sicjli-jl<m p¥' (0 =) (i — x5)°
>
m
Yoicili—il<m (x; — :rj)2
e (3.107)
m
oL (3.108)

where (3.107) uses the boundedness of 7] — n;,: (3.108) is a consequence of Lemma 3.7.13
and C’ is a constant independent of m and n. Combing (3.106) and (3.108) concludes the

proof. O]

The proof of Lemma 3.4.3 is given below.

L(n;—n3)?
2(W5 (n*)+W;(

Proof of Lemma 3.4.3. Since ) = mpL(n; — 77;?)2, we only need to consider
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the situation where mpL(n;} —77;-‘)2 is greater than a sufficiently large constant, since otherwise

we can use the trivial bound P (ﬁZ < ﬁ]) < 1. Define

_ o 2ielm)\) Bty — vl — )
1= > ieimp\{jy B’ (0 —nf)

Following the same argument used in the proof of Theorem 3.2 of [21] (see Equations (78),
(79) and (81) of [21]), we have

7 — il V[0 — 5] < 0A, (3.109)

with probability at least 1 — O(n™7) — eXp(—A3/2me) — exp ( A mpr>, where
1/4

A = min (772* — 77;, (W) / ) and § > 0 is some sufficiently small constant. In fact,

the bound (3.109) has only been established in [21] with a random graph that satisfies p;; = p
for all 1 <i < j < m. To establish (3.109) under the more general setting of interest, we

first have

Amin, L(H(n")) = min  ——35— 2 mp, (3.110)
u;éO:]l}Fnu:O HUH

with high probability, where H(n*) is the Hessian matrix of the objective (3.27). This is
established in Lemma 3.7.14. Note that (3.110) is the only difference between the proofs of

the current setting and the setting in [21]. With (3.109), we have

P (7 <7;) < P(%—n}‘f—(ﬁi—né“) > (1—5)A)
7 \3)2 2 mp
+0(n~ ") + exp(—A°/*Lmp) + exp < A mpL—log(n - m)> )

Define

ZZe N\ iy P (nf =)

B =
im\{iy B! (0] —ny)

-1

{B Diefm\ {5} P (nf — )
> iefm\{j} B! (0 —np)

227



By Bernstein’s inequality, we have P(B € B¢) < O(n~7) for some &' = o(1). We then have

IN

Since

P (7 =) — (i —nf) > (1= 9)A)

sup P e\ B ~ w*(n}‘ —*?71*))

BeB > iefm\{j} B (0} —nf)

+Zle[m]\{i} Biy(giy — v —np)) N
> iem)\{iy Ba?' (nf —nf)

— * )2
o (_(1 20)L(n; —3) >+O<n7)'

(1- (S)A‘B> +0(n)

2(Wi(n*) + W;(n*))

log(n +m)

1 —20)L(n* —n*)?
exp(—A%2 Lmp) + exp (—A2mpLL) < exp (—( )L — 1)) ) +0(n™ "),

2(Wi(n*) + W;(n*))

we obtain the desired conclusion.
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CHAPTER 4
POSTERIOR CONTRACTION OF BAYESIAN LOW-RANK
MATRIX ESTIMATION

4.1 Introduction

This chapter collects several results of our ongoing research about Bayesian low-rank matrix
estimation.
Consider the following model:

X=My+Z2 (4.1)

ind

where X, My, Z € RP*4, Zij o~ N(O,O’Q). Given the observation matrix X, how do we
estimate the signal M which has a low-rank structure? Several other statistical problems
are also directly related to the low-rankness of the underlying signal, for example, matrix
completion [16, 17, 43, 46, 69, 110], reduced rank regression [14, 104, 106], and the more
general trace regression [35, 45, 56, 90]. These problems, while different at first glance, all
fit into the general model (1.2) with different linear operator .A. Besides being the identity
operator in our model (4.1), in matrix completion, A can be defined as the partial observation
operator at some but not all entries of Mp; in trace regression, A becomes the inner product
of a sequence of sensing matrices A; with M. In this thesis, however, we restrict ourselves to
the simplest possible model (4.1) and hope to find and build tools along the way to eventually
solve the most ambitious problem (1.2) in a Bayesian way completely.

To solve (4.1), it is known that frequentist method like nuclear norm minimization can

achieve the optimal rate of convergence, see |38, 39, 50| for details. To be more specific, one

can solve the following optimization:

— . 1
M = argmin o [|X — M3+ A M. (4.2)

229



for some A > 0 and this can be shown to achieve the minimax optimal rate:

—_ 2
inf sup E {HM - MOH ] = orgmax{p, ¢} (4.3)
M MoeM(p,q,ro) F
where the parameter space M(p, q,r) = {M € RP*?: rank(M) < r}.
For comparison, another class of problems, sparse vector estimation, or Gaussian sequence
model, have several striking structural resemblances to the low-rank matrix estimation prob-

lem. In sparse vector estimation, we have the model
X=0+7 (4.4)

where X € RP is the observation of some sparse vector 6 € RP perturbed by Gaussian noise
ind

Z; """ N(0,02). Tt is the folklore of the statistics community that this problem can be solved

by ¢1 norm regularization:
0 in 21X — 02+ A )9 (45)
= arg min — — .
geeRP 2 1

for some A\ > 0. Besides the similarity of the optimal frequentists’ solution, both (4.2)
and (4.5) have a thresholding representation, that is, (4.2) amounts to soft thresholding of
singular values of X and (4.5) boils down to soft thresholding of the entries of X.

Given existing frequentists’ results for (4.1), we ask that is there a Bayesian method
that is also provably rate optimal? This chapter is devoted to give, at least partially, a
positive answer to this problem. Theoretical works to investigate posterior distributions
have been extensively studied. Specifically, proving that the posterior of some certain prior
concentrates around the true signal under proper conditions provides a link between the
frequentists’ world and Bayesians’ world, see [8, 53, 59, 98] and references therein for some

classical results on posterior contraction in classical Bayesian and Bayesian nonparametrics.
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Despite the huge success in these fields, research in posterior contraction in Bayesian high
dimensional statistics has just begun. As the counterpart of low-rank matrix estimation, a
provably optimal fully Bayesian estimator for sparse vector estimation is proposed in [20].
A general framework for constructing optimal prior and proof of posterior contraction for a
wide class of problems called structured linear models is proposed in [49]. To achieve adap-
tivity, both priors in these works involve two steps, a model selection prior which selects the
underlying structure and a heavy-tailed Laplace prior conditioned on the sampled structure.
Our proposed rank-adaptive prior to solve the low-rank estimation problem in Section 4.4
also consists of similar two steps. Though quite general, the theory in [49] cannot be directly
applied to our low-rank setting. This is in contrast to the resemblance of the problem struc-
ture of low-rank estimation and sparse vector estimation. This is because the structure space
in the structured linear models in [49] is discrete and finite while in our low-rank setting it is
not (there are uncountably many possible singular vectors). Another perspective is that we
can view low-rankness as a kind of "sparsity". It is "sparse" under an unknown basis (after
some unknown orthogonal transformations). On the other hand, sparse vectors are sparse
under a given basis (the canonical basis in RP), which makes the problem a lot easier.
Using Bayesian methods to solve low-rank estimation has appeared as early as [40, 51,
67, 66, 107] in econometrics literature. Some literatures not only put prior on the signal, but
also put a prior on the covariance structure of the noise. These literature requires knowledge
of rg and is thus not rank-adaptive. Rank-adaptive procedures appear in [6, 71, 93, 111].
Roughly speaking, these priors approach the problem by factoring M = LR where L €
RP*" R € R" 9 and put priors on L and R, then use the product of the posterior mean
of L and R to estimate the signal. To achieve rank adaptivity, they fix a large r and then
use a low-rank approximation to the estimator. Interested readers can resort to [3] for a
short survey. Bayesian matrix completion [4] and Bayesian tensor estimation [100] have also

appeared in recent literature. Most existing work in this area focuses on methodology and
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computation. Little is known about the statistical properties of the posteriors using the
framework of posterior contraction. For the theoretical result in [3], the bound of the risk
using the prior in [6] is obtained. However, the bound is not optimal and it involves the
magnitude of the signal. Similarly, the theoretical result in [4] requires the low-rank signal
to be bounded, which is also not optimal. In fact, when the signal is bounded, a trivial
estimator M = 0 can already achieve the optimal rate. Whether or not there is a rank-
adaptive fully Bayesian procedure that is rate optimal without any boundedness condition
is still an open problem and that is our main target to achieve.

We now introduce the structure of this chapter. Section 4.2 outlines the framework of
posterior contraction of a Bayesian procedure, which enables us to explore optimality of
different priors. Section 4.3 proposes a prior that is provably optimal when we know rg. To
be able to adapt to unknown r(, Section 4.4 investigates the performance of a rank-adaptive
prior and gives some preliminary result for the special case that the unknown rq is 1. Some
useful technical lemmas and proofs are illustrated in Section 4.5 and Section 4.6.

We close this section by introducing some notation that will be used in the paper. For
an integer d, we use [d| to denote the set {1,2,...,d}. Given two numbers a,b € R, we
use a Vb = max(a,b) and a A b = min(a,b). We also write ay = max(a,0). For two

< by, or ap = O(by) means a, < Cby, for some constant

~Y

positive sequences {ayn}, {bn}, an
C' > 0 independent of n, a, = Q(b,) means b, = O(ay), and a, < by, means a, < b, and
bn S apn. For a set S, we use I{S} to denote its indicator function and |S| to denote its
cardinality. For a vector v € RY, its norms are defined by ||v||; = Zle lvil, vl = 2?21 "022

and [|v|| o, = maxj<;<q|v;|. For a matrix A, its operator norm is defined by [|A|| and its

oo
Frobenius norm is defined by ||A|| . The inner product of two vectors or matrices is defined
as (z,y) = tr(zTy). The notation P, E,n are used for generic probability and expectation

whose distribution is determined from the context.
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4.2 Optimal Rate and Posterior Contraction

Model and Minimax Rate Recall the model in (4.1). Without loss of generality, we
assume the noise in Z has unit variance, i.e. ¢ = 1 and X, M), Z are square matrices, i.e.

p = q throughout the chapter. Then the minimax rate in (4.3) becomes

—_~ 2
inf  sup Ky [HM — MOH ] = rop- (4.6)
M MyeM(p,ro) E

Moreover, we will only consider the case when rg < p since this is the only nontrivial regime.
Posterior Contraction In a Bayesian procedure, we have a prior distribution 7(M) on

the unknown parameter My and the likelihood is 7(X|M) where X is our observations. Then

the posterior distribution is given by

[ T(X|M)m(dM)
(M € BIX) = e

where B is some measurable set.

From the view of a frequentist, we can assume X is generated from a true parameter
M. If we have chosen a good prior 7, then 7(M € B|X) should be large when B is a small
neighborhood of M. For a prior with optimal contraction rate, the size of B should scale
proportionally to the minimax optimal rate. Specifically, for our model (4.1), we will show
that

swp  Eygy [7(1M = Mo|F = Cropl X) (47)
MOEM(]?,’I’O)

can be arbitrarily small by choosing the constant C' not depending on p, rg, Mg, X.
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4.3 When ry is Known

4.3.1 The Prior

In this section, we will propose a prior that has optimal posterior contraction rate when r
is known.

For any My € M(p,rg), we have a singular value decomposition My = UODOVOT where
Up, Vo € O(p, o) = {U € RP*70 . T/ = I} and Dy € R™0*70 is a diagonal matrix. Here
O(p,rp) is called the Stiefel manifold. Enlightened by this decomposition, we propose the

following prior m(M):
e Sample U € RP*"0 from the uniform distribution on O(p, r¢);
e Sample V € RP*"0 from the uniform distribution on O(p, r();

e Sample matrix D € R"0*"0 from the matrix Laplace distribution

(D) xexp | —p Z D?j = exp(—p||D| p)
1<4,5<rg

for some constant p > 0;
e U, V. D are independent and M = U Dv7T,

This prior is a product measure on O(p, () X O(p,r) x R"0*70 We can in fact write down
the exact density of this prior with respect to 7(dU) x w(dV') x dD, where 7(dU) and 7(dV)
are the uniform distribution on O(p,r) and dD is the Lebesgue measure on R"0*"0;

m(dM) = exp (—p | D]l ) w(dU)w(dV) dD (4.8)

2
27"0/2T (r2)

2
p'Or(r5/2)

where I'(a) = f0+oo 2% le™® dz. a > 0 is the gamma function. Note that our prior D is not
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a diagonal matrix like Dy in the singular value decomposition of M. Given this prior, we
are ready to state the main theorem, indicating that the posterior under the given prior is

indeed concentrated around the truth at an optimal rate.

Theorem 4.3.1. Using the prior in (4.8), there exists constant C > 0 independent of ro, p, p

such that for any d > 0,

swp E |x(||M — My|[3 = Crop|X)| <6 (4.9)
MoeM(p,ro)

for all large enough rq, p.

Theorem 4.3.1, to the best of our knowledge, is the first posterior contraction result on
Bayesian low-rank matrix estimation that achieves the optimal rate. There is no boundedness
condition on the true signal M and the contraction holds for any My € M(p,rg). The proof
of Theorem 4.3.1 relies on a pilling argument that pills the set {M : ||M — MOH% > Crop}
into slices and bound each slice separately. As one of the building blocks when bounding
the posterior probability of each slice, a recent result in random matrix theory has been
used, characterizing the distribution of the singular values of the submatrix of a uniformly

distributed orthogonal matrix. The details of the proof is presented in Section 4.6.

4.4 Rank Adaptation

4.4.1 A Modified Prior

Though being rate optimal, the prior in Section 4.3 requires the knowledge, at least a close
upper bound of the rank of the signal. To come up with a prior that is rank-adaptive, we
need to put a prior on the rank. We also need make some slight modification on the prior

distribution of the matrix conditional on a given rank. Our hierarchical prior is given below:

I(r)

e Sample rank r from 7(r) o 0 /2) exp(—7rp)l{r € [p]} for some constant 7 > 0;
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e Conditional on the sampled rank r, sample M, € RP*P such that M, = UTDTVTT where
Uy, Vy are uniformly distributed on O(p, r); D, follows the matrix Laplace distribution

restricted on the space of r x r diagonal matrix, i.e. D, o exp (—p1 /> Dz ”> and

Uy, D,,V, are all independent.

Note that we have D, restricted to be diagonal instead of letting D, be any matrix in R"*"
in the previous section when rq is known. We will see later in the proof, the restriction to
diagonal matrix is crucial to achieve rank adaptation. However, we are still not able to prove
this prior is rate optimal for general rg even when rg is known for the same reason we are
not able to completely prove this prior is rank-adaptive for general ry. Therefore, we still
need the prior in Section 4.3 to have a complete result for general r(.

Though proving this prior is rank-adaptive is a very hard problem, we have made some
significant progress during the process and we believe some partial results may play an
important role on the journey to fully solve it. One of the most critical step in the proof is
to reduce the calculation of a probability from rank r,r > rg to rg. This requires a result
from matrix analysis linking diagonal elements of a matrix to its singular values. Though
very close to the finish line, the only complete result we can prove is when the true rank
rog = 1. This seems pretty specific, but the majority of our proof of Theorem 4.4.1 does not
require rg = 1. The only step that we need rg = 1 is the last step which will be clear later

in the proof in Section 4.6.

Theorem 4.4.1. Assume rg = 1. For any T > 0, there exists constant C' > 0 independent

of p,p such that for any § > 0,

sup  Er(r>14+C|X)] <6 (4.10)
MOEM(pvl)
and
sup  E|7(||M — My||% > Cp|X)| < 3§ (4.11)
MDEM(pal)
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for all large enough p.

To facilitate the proof of Theorem 4.3.1 and Theorem 4.4.1, we need to articulate some
lemmas in the next section. Note that these lemmas are actually quite general and do not
need the condition rg = 1.

4.5 Some Technical Lemmas

Lemma 4.5.1. For any U,V € O(p,7),Uy,Vy € O(p,1p), D € R™" Dy € R"0*70,
T 7|
|vov? ooV || = 1D, U V) + g V)

T T 2 2 T T 2
where f(D,U, V) = HD — vTU DV VHF,g(U, V) = || Dol|% — HU U DoV, VHF

Lemma 4.5.2. For any matrices M € M(p,r), My € M(p,rg),

M — My >‘
Z, )| S Vo llZ]]
‘< |M — Mo||

Lemma 4.5.3. For any U,V € O(p,r),Uy, Vi € O(p,19), Dy € R"0*T0_ et
hU) = te[DE (I — UFUUTUy) Dy).

Then
hU) VR(V) < g(U. V) <2[h(U) V h(V)]

Lemma 4.5.4. Suppose U € RP*P is uniformly distributed on the orthogonal group O(p),
then the top left r x r submatriz with r < p/2 can be represented as 01205 where 01,09 €

R™ " are uniformly distributed on O(r), ¥ = diag{o1,...,0r} € R™" is a diagonal matriz
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with the joint density of (o1, ...,0r) being

r

p=r 4l
p(o1, .y o) X H(l - UZZ) 272 H

i=1 1<J

Ug—ajz)ﬂ{l > 01,...,0p >0} (4.12)

and O1,09,% are independent.

Lemma 4.5.5. Suppose (o1, ...,0y) follows the distribution in (4.12), then for any constants

Wi, ..., wyr >0 and a > b >0,

P(>7_q wi(1 —o?)
P(> i wi(l —o?)

a) 94\ "(P—7)/2
< [ ==
5= (%)

Lemma 4.5.6. Let U,V € O(p) and S.7° N2 =1,\; > 0,i € [rg]. Then, if

i=1""

IA[IA

p T 2
B 91 poRvens
i=1 \j=1
for some t > 0, we have
2
ro
1 -3t < max Z )‘jU’ZjVij
Scllies \i=1
1S|=ro J

The following Corollary is a direct consequence of Lemma 4.5.6 and union bound.

. . . r 2
Corollary 4.5.1. Let U,V be some random matrices distributed on O(p) and )% Ny =
1,A; > 0,7 € [rg] and r > ry. Then,

r o 2 D T0o T0 2
S EETES 91 b SRV I RN G e FEETED o D SRV
i=1 \j=1 i=1 \j=1

for any t > 0.
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4.6 Proofs

4.6.1 Proof of Theorem 4.3.1

Proof of Theorem 4.3.1. There exists constants Co,C3 > 0 such that for any C' > 0 and

C1 > 0 large enough, we have

E |n(I1M — Moli} = CroplX)|
P(I1Z] > C1v/p)

+ ZE 7w [+ DCrop = 1M = Mo|[F = 1CroplX | T{]1 21| < C1 v}
< Cyexp(—C3C1p) (4.13)

+ZE[ [0+ D)Crop > M = My|[} > 1Crop| X[ T{1 2]l < Crv/pY|  (419)

where (4.13) is from standard random matrix theory.The choice of C' and C7 will be specified
later in the proof. All we need to do now is to bound each term in the series (4.14). Next,

note that for any M € M(p,ro)

2 2 2
|X — M|z = [|M — Myl + | Z]|% — 2(Z, M — M)

M — My

— ||M — M||? —2<Z,—
H OHF ||M— MOHF

2
>||M— Mol + 12113

2 2 2 2 2
<M = Mol + 2v/2r0 [|[Z][ |M = Mol p + | 2] < 2[|M = Mol[7= + 2ro | 21" + [|Z]I%

5 1v=Mollp

2 2
> | M — My|l% — 2v/2r0 | ZI| | M — Mol p + 1211 F > —4ro 217 + 12| %

(4.15)
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where (4.15) uses Lemma 4.5.2. Thus using Bayesian formula, we have

m |1+ 1)Crop > 1M = Myl > 1CroplX | 1{1|2] < Cr/p}

1 —M|J7
f(l+1)(]rop2||M—M0H%21()r0p €xp (—#F> w(dM)
- P 1{Z]| < C1/p}
Jexp (—W) 7 (dM)

1M~ Mo
JaevCropz3-atolg zicrop P <‘—4— m(dM)

J exp (= M = My|[}) m(aM)

2
ST ) z| < 01/}

2 1 T D HM—M“H
< 3017'02)"[([ )C )P>HM—MOH >lCr0pex|) (—TP 7.(( ]M)
]7'”) — 0P 1 T 2 ||M—M ||2
e o l C Z M — M, >lC () Ol

2
fHM_MOH%<lC§“p eXp (_ ||M - MO”F) 7T<dM)

where (4.16) is a result of (4.15). The following of the proof is devoted to bound the integral
ratio in (4.17).

Recall that in Lemma 4.5.1, we have

|IM — My|% = f(D,U,V) + g(U,V)

2 2
- HD - UTUODOVOTVHF + |1 Doll% - ”UTUODOVOTVHF . (4.18)

Leveraging the expression of the prior in (4.8) , we can further upper bound the integral
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ratio in (4.17) by % where

I =

2
HUDVT—MOH
F

exp | - - — 1Dl | dDx(A)m(dV)

/g(UyV)<(l+1)CTop /f(D7U,V)<(l+1)CT‘op

and

Ty =

2
exp {— HUDVT - MOHF — oDl p| dD7(AU)r(aV)

/g(U,V)glCrop/m /f(D,U,V)SZCmp/w

We then give upper bound for I{ and lower bound for Iy respectively. We first look at

the inner integral with respect to D. To upper bound that in II;, we have

2
|vDvT — g
/ x| E—plID|f | dD
f(DUV)<(1+1)Crop 8
2
|vDvT — gy
_/ exp | - i plupv? - ag
conleo v -], oo
i -2
2 |[vpvT - gy
<’ exp (p |Mollp) [ exp |- Plap
F(D,UV)<(1+1)Crop 16
2 U,V ) DUV
= 17 exp (—p | Mo|| p) exp (_M) / o {_f( )] .
16 F(DUV)<(14+1)Crop 16

(4.20)

1% D%
< W exp (—p Mol e (25 ) [ ep |- PIE T ap aa1)
16 1D %< (1+1)Crop 16
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UDVT M| ~ i i
I - olle ,ng triangle inequality, (4.20)

where (4.19) uses p HUDVT — MOHF < 4p2 +
is a result of (4.18) and (4.21) is an application of change of variable. Now we lower bound

the inner integral of Is:

2
exp {— HUDVT - MOHF —pIDlp| dD

/f(D,U,V)SlCmp/lG
> exp (g(U.V) |

exp |~ f(D,U,V) = p/J(D,UV) ~ p HUTMOVHF] dD
f(D,UV)<ICrop/16

(4.22)
= ATV e exp (—g(,v)) / exp |~ DI} = p 1Dl | 4D (4.23)
ID||%<ICrop/16
> ¢ PNV MoV g ey (g (0, V))e_pz/ exp [—QHDH%] dD (4.24)
|D||%<ICrop/16

where (4.22) uses (4.18) and triangle inequality; (4.23) is due to an change of variable; (4.24)
comes from p||D|p < p? + || D|[3-
Now we can upper bound I /I5:

_IDIE
O e o
€

B fpcicrpne @ [~2IDIE] D
uyv
y fg(U,V)S(l—i—l)Cmp exp [_9(16 )] m(dU)m(dV)
Jywvy<icrop/i6 P [~9(U V) + p | Mol p — p[[UT MoV || o] w(dU)m(aV)
1D|I3
< 5 DI <1)Crop &P {_ TGF] D o) <(41)Crgp D [—ﬂUﬂ’)ﬁ] m(dU)m(dV)

f||DH%§lCrop/16 exp [—2 HDH%] dD Jgw.v)<icrop/16 &P [=9(U, V)] w(dU)x(dV)

(4.25)

where (4.25) holds since p || My||p — p HUTMOVHF > 0. All we need to do now is to bound

the integral ratio with respect to D and the integral ratio with respect to U, V..
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To bound the ratio with respect to D, note that when 16b < a,

1D )
e |0 ey [ o 10

2 T Vb 2 (4.26)
fHDII%Sb CXp [_2 ”DHF} dD fo beXp [—21’2] 270 L dr
foﬁ exp [—%} 20 de
= fo, /b/2 exp [—21’2] T%—l da
B2 e [ 2] ot
- ( b ) Va b 21 (4.27)
Jo'exp [—a 2} 0 dx
a (2761)7«3/2 (4.28)

where (4.26) changes the integral in polar coordinates; (4.27) is an application of change of
variable and (4.28) comes from 16b < a. Plugging in a = (I + 1)Crop,b = [Crgp/16, we
obtain an upper bound of 8T8. Finally, we examine the integral ratio with respect to U and

v,

fg(U,V)S(H—l)CTp eXp [_g 16 } dUdV
fg(U V)<ICrp/16 XP [—g(U, V)] dUdV

fh <(I+1)Crp “XP _%(ih(v) audv (4.20)
- fh V)<iCrp/64 €XP [=2(h(U) V h(V))] dUdV '
fh <(14+1)Crp ©XP [ h3_(2])} exp —h:(),—‘z/] dvdv
- fh V)<ICrp/64 €XP [—2h(U)] exp [-2h(V)] dUdV
h(U) 2

fh <(+1)Crp eXp[ 39 dU
- fh(U)SlC’rp/M exp [—2h(U)] dU

< exp <l(igp) {W(h(U) < (I +1)Crp) }2.

243



Here (4.29) is a consequence of Lemma 4.5.3. Therefore we are left to bound

7w (h(U) < (14 1)Crgp)
T (h(U) < Crop/64)
m(tr(Do(I — U UUTUG) Dy) < (1 + 1)Crop)
7 (tr(Do(I — UTUUT Up)Dy) < ICrop/64)
_ m(tr(Do(f — UnUy) Do) < (1+1)Crop) (4.30)
m(tr(Do(I — U1Uf;) Do) < 1Crop/64) '
w(tr((I — $2)0T DyOy) < (1 + 1)Crop)
m(tr((I — $2)0I Dy0y) < ICrop/64)

(4.31)

where Uqq is the upper left corner rg x rg submatrix of U, Op is uniformly distributed on
O(rg), X is a diagonal matrix whose entries follow the distribution in (4.12) and ¥ and Oy
are independent. Here (4.30) holds since U is uniformly distributed on O(p,r() and (4.31)
comes from Lemma 4.5.4.

Let p; € R"0X70 § € [rg] be the rows of O1. By Lemma 4.5.5 and the independence

between O1 and (o1, ..., 0p), we have

w (S5 o D3pit1 — o) < 1+ 1Cropln)

. < 2567”0(17*7"0)/2.
T (Z 0 Dopz(l — 0} ) < lC’rop/64\Ol)

1 170(p—70)/2
< {128(1 + 7)}

(4.32)
Then

m(h(U) < (I +1)Crqp)
= (W(0) < [Crop/64)

m(351% T DEpi(1-03)<(141)Cropl 01
ﬂ-(E:glplTD(%pi(1—0?)<10r0p/64|01)
7 (X1 p! Dgpi(1 — 0?) < 1Crop/64)
10 —02) <
< o5grolp—ro)/2 ~(Z2 17 [ Dipi(1 — o) < 1Crop/6410: )
77(2@0117 Dopz/\ < ICrop/64)

E

m (ZZO P D3pi(1—0?) < lC’Top/64|Ol>

= 2567"0(27—7"0)/2
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Combining all previous arguments, taking C' > 48012 + 192 we have arrived at:

7 [+ )Crop = |M = Mol = 1Cropl X | 1421 <c, )

2 ICrgp 2 ICrgp 2
< 3CITPe= 8 5P e 16 87025670 (P—70)

< o’ exp [— (% - 3012 - 6) ropl

502 [Crop
< P — .
< e’f exp ( 5 )

Thus, by (4.13) and (4.14), we get

E [#(|IM — My|l} > Crop|X)|

o0
c
< Cyexp(—C3C1p) + €’ > exp (— 320p>
=1

C
< Cyexp(—C3C1p) + 2697 exp (— ;Ep) .

Since C'1, Cy, Cs, p are all constants, then as long as C' > 48012 +192, we can make the bound

as small as possible by taking p and rg large which completes the proof. O]

4.6.2  Proof of Theorem 4.4.1

Proof of Theorem 4.4.1. We show (4.10) only since (4.11) is a direct corollary of (4.10) and
a slight modification in the proof of Theorem 4.3.1.

We first write the proof with general r¢ and switch to the specific rg = 1 when we need it
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in the last step. Similar to the proof of Theorem 4.3.1, for any C, C; > 0, we need to bound

Exgy [7(r 2 (1+C)rol X)L z1<1 5
r) [ exp (—%) m(dM;)
2 Ea

2
>(14C)ro m(ro) [ exp (—HLM#HF) m(dMyy)

Lzi<cyym)

O Jexp ( XMl g,
< > exp(—7(r—r0)p)Euy . X 2 Lyzi<envmy
r>(14+C)ro 1“(7(*59)2) [ exp (—%) 7(dMp,)

Lo fexp (_ ||Mr—4Mo||%> r(dM,)

< Y exp(—(r— CDrp)esp((2C7 + PYrgp)
< eXp — (T — 1 Tp eXp 1 T T'Op ”
r>(1+C)rg 1"1;7(17(/))2) Jexp (_ [ My — MOH%) m(dMpg)

(4.33)

where (4.33) can be derived using similar arguments in (4.16). By (4.8), we have

(_ w_;lw) r(dM,)

(= 1M, — Mol ) w(d M)

r/2 U, D VI~ My ||?
n'o? fUT,WGOprerexp(—" 2 O“F—p||Dr||F)dDm<dUr>w<dw>

r/2
WpT fUro,Vron(p,ro) Jrro exp ( HUTODTOV MOHF p HDTOHF) dDyom (AU ) (dVirg)

<_ |V DV Mo
1

[ ) HDTHF) 4D, =(dU,)r(dV;)

< pr—ro

2
fUTO,Vron(p,ro) Jrro exp ( HUTODTOVT MOHF —r ||D7"0||F> dDpm(dUpq )7 (d Vi)

(4.34)

where 7(dU,), m(dV;.) are uniformly distributed on O(p,r) and dD; is the Lebesgue measure

on R"*" diagonal matrices. The remaining of the proof is devoted to bound the integral

ratio in (4.34).

246



Let A, be the diagonal part of U;?FMOVT. Then, Lemma 4.5.1 can be modified to be

Leveraging (4.35), We first lower bound the inner integral on the denominator, using similar

2
UMV = Mo = 1Dy = Al + D3 — 140113 (4.35)

arguments as in the proof of Theorem 4.3.1,

/ exp <—’
R0

2 2 2
— exp (~(I1DolF = 1A l13)) /]R D (= [1Drg = Argllf = p [ Droll ) ADr,

2 2 2
> exp (—(1DollF — I18rl1%) = pllAr 1) /R . &0 (=D l[F: = 0 1Dro ) Dy,
> e exp (—~(1DollF — I18n1%) = pl1Ar exp (2| Dy }) D
= OllF rollp) = PIISrollp ) o, &P rollF ro

_ 2
— (m/2)"0/ %" exp (= (1DolF — 1 AnlF) = £ 118501 )

2
UTODTO‘/’FZ(; - MOHF - P ||DT0||F) dDp,

Now we upper bound the inner integral on the numerator, still using similar arguments

in the proof of Theorem 4.3.1,

1 2
/T exp (_Z ‘ UTDrVrT - MOHF P ||D7“||F) dDy

1
= [ ewn(—)

Lo (-
= exp—ﬂ

2

< o (plol) [ e (
22 IDoll% = A F Lo

= e exp (—p || Mpl|p) exp | — 3 o P —g IDrlE | dDy

DallZ — IIALN12
222 e (—p [ Mol ) exp (_n ol ~ | rnF).

T 2
U:DVE = M|+ o]

U DVE = Mo

U, D VT — MOHF - p’ U, D VT

dD
F) "

2
0l o

UTD?”VTT - MOHF - P HMOHF) dD,
;|

2
U, D VT — MOHF> dDy

8
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Thus, we can upper bound the ratio in (4.34) by

Doll%—||A ]2
,  Ju.vieomr exp GM) m(dU;)m(dV;)
fUTovVToGO(pm) exp (_<HD0H%’ - ||A7‘0||%7)> 7 (dUry)m(dVirg)
e i e 10l 0 (1= T (S 00 <8t) a

= 47(r/2) 2 €
Jo™%° exp(— | Dol3- )P (1—2201(2 \UVi) )d'f

A7 (7 )2) 2 e3P

ot o > exp(— || Dol )P (1 >, (Z A\ Uw%) < 24t> dt
0+oo exp(— HDOH%t)IP’ (1 — ZZ 1 (25021 )‘jUijVij> < t) dt

(4.36)

0]

where \; = Dy j;j/ [|Dollp and (Ujj)1<i j<p> (Vij)i<i j<p are independently uniformly dis-
tributed on O(p) and (4.36) have used Corollary 4.5.1.

Up till this point, we haven’t used rg = 1 yet. However, in the following, we need to

upper bound

P (1 - (2 AjUijvij)2 < 24t)
IP>(1—ZZ 1(2 A Uwvw> §t>

and we have to assume g = 1 since we do not have a proof for general rgy yet. When rg =1,
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we have

P (1 - Zz 1 <Z Aj UZ]VZ]> < 24t> B P (1 _ U121V121 < 24t)

2  P(1-UVE <t
P(l—Zz 1(227021 AjUisz'j) S’f) (1 -vivi <)

P(1- U} <24)P(1-VZ <24t) (P (Beta Tl,% )
- PO - U121 < t/2)P(1 - V121 <t/2) P <Beta S5 % )<t )
fo(24t)/\1(1 B )_1/2 p;lfldx 2 fo(24t)/\1( o)1 xp 1y, 2
-1 2 1 p—1 2
B 2f}/1—(24t)/\1(1 —y)'7 Ty - 27 f\l/(T)( y)'T Ly .
N fo(t/z)/\lx%_ldx - fo(t/z) AL PRl (4.37)
2% foli 1= (2401 IpT_lfl dz ’ < 2% fo(24t)/\1 x%*l dx ’
fo(t/z)m x%*l da - fo(t/Q)/\l x%fl da
(L @a) AT\ .
- (2gmara) =w

where (4.37) uses a change of variable z =1 —y? and 1 +y < 2.

Combining all the pieces, we have proved

Epgy [m(r > 1+ C1X))]
<P (2] > C1vp) +Bagy [0 2 1+ CIXLz1<01 7

< Cyexp (—C3C1p)

< Cyexp (—=C3C1p) + C'(C, p)pexp [—p ((1 +C)(r—CF) —20f — 7 - 5)} (4.38)
where C’(C, p) is some positive constant depending on C and p. Thus, by choosing 7, C, Cq
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5+30%
T—C% ’

which completes the proof. n

such that 7 — 012 >0,C > we can make (4.38) as small as possible when p is large,

4.6.3  Proof of Technical Lemmas

Proof of Lemma 4.5.1. Note the following chain of equalities:

2
HUDVT _ UoDoVOTHF — | D||% + | Dol|% — 2tr (VDTUTUODOVOT>
2
= DI ~ 2t (DTUT UV ) + [UT VoDV V]|
2
+1DollF — ||[vT o DoV V|

= f(D,U,V)+¢g(U,V).

Proof of Lemma 4.5.2. By Von Neumann trace inequality, we have

M — My M — My
2 =i )| <190 3=l
|M — My|| g |M — My||

R
Since M € M(p,r), My € M(p,r), HJ\]/\#;J\%HL has at most r + 7y non-zero singular values.
—Mollp

An application of Cauchy-Schwarz inequality and the fact that % has unit Frobenius
F

norm concludes the proof. O

Proof of Lemma 4.5.3. To show the first inequality, note that

tr(DEVEVVIVyDUE UUT Uy) < te(DEVEVVIVyDy).
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Then

h(V) = tr(DE Do) — tr(DEVEVVIV D)

< tr(DE Do) — tr(DEVEVVTVoDoUF UUT Uy) = g(U, V)

and similarly for h(U).

To show the second inequality, note that
tr(VE VVIVyDE (1 — UF UUTUy) D) < tr(DE (1 — U UUTUy) Dyy).
Then

g(U, V) = tr(DE Do) — tr(DEVEVV TV DoUL UUT Uy)
= tr(DE Do) — tr(DEVEVVIVa Do) + te(DEVEVVTVyDg) — tr(DE VI vV IV DoUE UUT )
— tr(DE (I = Vi VVTVy) Do) + te(VE VvV TV DE (1 — T UuUTUy) Do)

< (V) + h(U) < 2[(U) V h(V)].

Proof of Lemma 4.5.4. We write U into block matrix first,

U U
U— 11 12

Ug1 Ugg

where Uy € R™" Uy € R (7)), By equation (5) in [34], We can write down the

distribution of the r non-zero eigenvalues (71, ..., T;) of Ujs U1T2,

Topr_1
p(T1, . T) o [[T; 7201 — 1)~ 1/2 17 -75|1{1>11,... T > 0}
i=1 i<j
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by plugging in f = 1 and v = —1 in equation (5) of [34], representing the corresponding
Altland-Zirnbauer symmetry classes listed in Table II of [34] since our setting falls into the
regime of circular real ensemble of random matrix theory.

Note that U11U1T1 + U12U1T2 = I, thus (/T =T, ...,/1 —T}) is the set of singular values
of U11. A change of variable argument leads to the density expression of the singular values
of Uy in (4.12).

Finally, it is easy to see that Uj; has the same distribution as VU VT for any V,V ¢
O(r). Thus, the left and right singular matrix of U1 must also be uniformly distributed on
O(r). Take the singular value decomposition of U1y = LYRT | where the diagonal entries
of ¥ has been proved to follow (4.12) and take O, Oy uniformly distributed on O(r) and
independent of Uj;. We see that OjL has the same distribution as L which is uniform,
similarly for RTOg . Moreover, note that O1L is actually independent of L and RTO, is

independent of R. Let O; = O1L, Oy = O9R concludes the proof. n

Proof of Lemma 4.5.5. Without loss of generality, we can assume » ., _;w; = 1. Define
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Ai=1-— 02-2, then a change of variable argument on the denominator leads to

P(> iy wi(l — o7)
P(Yoi—y wi(l—o7)
p—r _r+1 92 9

o\PoT il
fl—agzgzlwigg [Ti= (1 —0;) 2 2 Hi<j |o —Uj’

0<oy,...,00<1

a)
b)

IA|IN

g
O'

p— r+1
T = 1 s
fzz wi A <b Hz 1/\ T—\. j|
0<>\11, SAr<1
i_m
fl a<ZT 1 Wio; 21_[2 1(1_02) 2 H'L<j |01 |
< or(p—1)/2__0<o1,0r<1 e (4.39)
le WA <b Hz 1)‘ : ’ Hz<j ’)‘2 )‘]‘
0<Ay,...,Ar<1
p—r_r+l
r(p—r)/2 fl—aéZé”:l wio? [Tim1(1 = 0i) 27 Hi<j |0 — 0}l
2a 0<o1,...,0r<1
=\ = il (4.40)
fzr 1 wiAi<a Hz 1)‘ ’ ’ Hi<j|/\i_)‘j|
0<A1,..sAp<a/b
77ﬂ
(p 7_/2 fl a<Z 1 WO} HZ 1(1_0-1) 2 Hz<] ‘O-Z_ |
2a 0<ot,.. ,ar<1
<(7 = (4.41)
Jsr swin<a iz N ® 2 Ty 12 = Ayl
0<A,.. ,)\T<1
p—r __ 'r+1
_ <2_“) oo (4.42)
b p—r_r+l :
flfagz _q wit; Hz 1(1_t) 2 2 Hz'<j 1t _tjl
0<ty,...,tr<1
0\ T(07)/2
< (f) (4.43)

where (4.39) uses 1 — 022 < 2(1 —oy),

01.2 —O’?’ < 2|o; — 0y and 1/y/T=X; > 1; (4.40) is
due to a rescaling of the variables; (4.41) comes from a/b > 1; (4.42) uses t; = 1 — \; and

(4.43) is a consequence of t; > tzz. O

Proof of Lemma 4.5.6. Let A = diag{\1, ..., \rg,0,...,0} € RP*P A = UAVT e RP*P.

Thus, A is a matrix with at most rank rg and (A1,..., Ay, 0,...,0) are its singular values.
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The condition given is equivalent to

p
ey
i=1

and our goal is to prove
1 -3t < max » A2
i <5
By Sing-Thompson Theorem, see [29, 99, 101], the absolute values of the diagonal ele-

ments of A, A = (|A11], ...,

ie. Z;{:l fli < Zé{:l yii, k € [p] where AY y¥ are vectors by permuting A and y such that
the coordinates are in descending order. By Theorem 10.2 in [109], there exists a vector
z € RP such that A < z and z is majorized by v, i.e. x is weakly majorized by y and

]z?:l T = Z];:1 y;. Thus, we have

x=yD

where D is a doubly stochastic matrix using Theorem 10.8 in [109]. Furthermore, using the
fact that a doubly stochastic matrix can be written as a convex combination of permutation

matrices (Birkhoff’s Theorem), we have

=Y co(y)

ocSy

where desp ¢e = l,c6 > 0; o(y) is a vector obtained by permuting the elements of y
according to the permutation operator o; Sy refers to the permutation group of order p.

Then the condition implies
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Using

we have

Therefore, there exists a permutation o* such that

S o lloly) — ot ) < 2t.

oeSy

By Cauchy-Schwartz,

> colloly) — o™ ()l < V2,

which leads to

Y cooly) —o*(y)| < V2t

o€S)

by Triangle inequality, which is equivalent to
lz — o™ (y)|| < V2t.

Note that ¢*(y) is only supported on at most r( entries. We define a set S* C [p] of size rq

such that it covers the support. Then, we have

i€[p]\S*
Thus,
p
S A=Y 2 Y Beioi- Y a2siow
1€S* i=1 1€[p]\S* i€[p]\S*
which completes the proof. O]
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