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ABSTRACT

The thesis consists of three topics. The first two topics are both about ranking under the

Bradley-Terry-Luce (BTL) model. We first study the problem of top-k ranking, which is to

optimally identify the set of top-k players from pairwise comparisons. We derive the minimax

rate with respect to a normalized Hamming loss. The maximum likelihood estimator (MLE)

is shown to achieve both optimal partial recovery and optimal exact recovery. On the other

hand, we show another popular algorithm, the spectral method, is in general sub-optimal.

Then we come to the problem of full ranking, which needs to provide the full rank of all

players instead of just the top k. The minimax rate of this ranking problem is derived with

respect to the Kendall’s tau distance. The minimax rate of full ranking under this loss

exhibits a phase transition between an exponential rate and a polynomial rate depending on

the magnitude of the signal-to-noise ratio of the problem. To achieve the minimax rate, we

propose a divide-and-conquer ranking algorithm that first divides the n players into groups

of similar skills and then computes local MLE within each group. The third topic, instead,

is about rank, where a Bayesian method for low-rank matrix estimation is proposed. We

also explore the possibility of rank adaptation by proposing a rank-adaptive prior and have

some preliminary results for the special case when the underlying signal is of rank 1.

vii



CHAPTER 1

INTRODUCTION

Given partially observed pairwise comparison data from n players, we are interested in

ranking the players according to their skills by aggregating the comparison results. This

high-dimensional statistical estimation problem has important applications in many areas

such as recommendation systems [7, 18], sports and gaming [9, 33, 58, 83, 84, 95], web

search [32, 42], social choices [74, 79, 81, 82, 92], psychology [28, 76, 102], information

retrieval [19, 72], etc. Two natural questions people can ask in the ranking problem is how

to identify the top-k players, which we refer to as top-k ranking and how to give a full rank

of all players, which we call full ranking. In this thesis, we will investigate both of the two

problems thoroughly.

To formulate the ranking problem mathematically, we focus on arguably one of the most

widely used parametric models, the Bradley-Terry-Luce (BTL) model [11, 77]. That is,

suppose each player is associated with a skill parameter w∗i > 0, we observe L games played

between players i and j, and the outcome is modeled by

yijl
ind∼ Bernoulli

(
w∗i

w∗i + w∗j

)
, l ∈ [L]. (1.1)

where [L] = {1, 2, ..., L} and i < j. We only observe outcomes from a small subset of pairs.

This subset E is modeled by edges generated by an Erdős-Rényi random graph [44] with

connection probability p on the n players. More details of the model will be given in later

chapters. With the observations {yijl}(i,j)∈E,l∈[L], our goal is to optimally recover either

the set of players with the largest skill parameters w∗i ’s or the full rank of w∗i ’s.

Besides the above mentioned two ranking problems, we have also investigated the problem

of low-rank matrix estimation. Low-rank matrices find its applications in many areas such

as machine learning [5, 41], signal processing [2, 36], finance [54, 78], and quantum states
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tomography [55], etc. The central statistical problem is to estimate low-rank matrices from

noisy or even incomplete and indirect observations. At its most general form, the statistical

model of low-rank matrix estimation can be written as

X = A(M0) + Z (1.2)

where M0 is some unknown p × q matrix with a potentially low-rank structure, A is a

given linear measurement operator (can be fixed or random) that maps Rp×q to Rs×t,

Z ∈ Rs×t is the noise and X ∈ Rs×t is our observation. In this thesis, we study the simplest

possible specialization of (1.2) when A is the identity operator which corresponds to direct

observation of a noisy version of each entry of M0. While the statistical properties of this

problem have been extensively studied in the frequentists’ world, little is known about its

Bayesian counterpart. We aim to analyze a Bayesian procedure in low-rank matrix estimation

leveraging the posterior contraction framework [52]. A more detailed introduction of this

topic will be outlined in Chapter 4.

We briefly introduce the content of the remaining chapters.

In Chapter 2, we study the problem of top-k ranking. We derive the minimax rate

with respect to a normalized Hamming loss. This provides the first result in the literature

that characterizes the partial recovery error in terms of the proportion of mistakes for top-k

ranking. We also derive the optimal signal-to-noise ratio condition for the exact recovery of

the top-k set. The maximum likelihood estimator (MLE) is shown to achieve both optimal

partial recovery and optimal exact recovery. On the other hand, we show another popular

algorithm, the spectral method, is in general sub-optimal. Our results complement the recent

work by [25] that shows both the MLE and the spectral method achieve the optimal sample

complexity for exact recovery. It turns out the leading constants of the sample complexity

are different for the two algorithms. Another contribution that may be of independent

interest is the analysis of the MLE without any penalty or regularization for the BTL model.
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This closes an important gap between theory and practice in the literature of ranking. This

chapter is adapted from the author’s paper [21].

In Chapter 3, we come to the problem of full ranking. For the first time in the liter-

ature, the minimax rate of this ranking problem is derived with respect to the Kendall’s

tau distance that measures the difference between two rank vectors by counting the number

of inversions. The minimax rate of ranking exhibits a transition between an exponential

rate and a polynomial rate depending on the magnitude of the signal-to-noise ratio of the

problem. To the best of our knowledge, this phenomenon is unique to full ranking and has

not been seen in any other statistical estimation problem. To achieve the minimax rate, we

propose a divide-and-conquer ranking algorithm that first divides the n players into groups

of similar skills and then computes local MLE within each group. The optimality of the

proposed algorithm is established by a careful approximate independence argument between

the two steps. This chapter is adapted from the author’s paper [22].

In Chapter 4, we discuss a Bayesian procedure to estimate low-rank matrices. Given the

data matrix generated from a low-rank matrix perturbed by Gaussian noise, we propose a

Bayesian estimator with optimal posterior contraction rate. We also explore the possibility

of rank adaptation by proposing a rank-adaptive prior and have some preliminary results for

the special case when the underlying signal is of rank 1.
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CHAPTER 2

PARTIAL RECOVERY FOR TOP-K RANKING: OPTIMALITY

OF MLE AND SUB-OPTIMALITY OF SPECTRAL METHOD

2.1 Introduction

In this chapter, our goal is to study the statistical limits of both partial and exact recovery

of the top-k ranking problem under the BTL model.

Theoretical properties of the top-k ranking problem have been studied by [24, 62, 97,

23, 63, 86, 25] and references therein. The literature is mainly focused the problem of exact

recovery. That is, to investigate the signal-to-noise ratio condition under which one can

recovery the top-k set exactly with high probability. For this purpose, the state-of-the-art

result is obtained by the recent work [25]. It was shown by [25] that both the MLE and the

spectral method can perfectly identify the top-k players under optimal sample complexity

up to some constant factor. This discovery was also verified by a numerical experiment that

shows almost identical performances of the two methods. The results of [25] lead to the

following intriguing research questions. What is the leading constant factor of the optimal

sample complexity? Are the MLE and the spectral method still optimal if we take the leading

constant into consideration?

In this paper, we give complete answers to the above questions. Our results show that

while the MLE achieves a leading constant that is information-theoretically optimal, the

spectral method only achieves a sub-optimal constant. In particular, the MLE achieves

exact recovery when

npL∆2 > 2.001V (κ)
(√

log k +
√

log(n− k)
)2
, (2.1)
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and the spectral method requires

npL∆2 > 2.001V (κ)
(√

log k +
√

log(n− k)
)2
.

In the above two formulas, the constant 2.001 should be understood as any constant larger

than 2. ∆ is the logarithmic gap of the skill parameters between the top-k group and the

rest of the players. The parameter κ is the dynamic range of the skill vector that will be

defined in Section 2.2. The performances of the two methods are precisely characterized

by the two functions V (κ) and V (κ), which are understood to be the effective variances of

the two algorithms. The two functions satisfy the strict inequality that V (κ) > V (κ) for

all κ > 0, and the equality V (κ) = V (κ) only holds when κ = 0. We also establish an

information-theoretic lower bound that shows the MLE constant V (κ) is optimal, and it

characterizes the phase transition boundary of exact recovery for the top-k ranking problem.

We would like to emphasize that our results do not contradict the conclusions of [25]. On

the contrary, the current paper complements and refines the results of [25]. The optimality

claim made by [25] on both the MLE and the spectral method only refers to the order of

the sample complexity. Our results show that the performances of the two algorithms can

be drastically different when the dynamic range parameter κ is strictly positive. We are

also able to explain why the numerical experiment conducted in [25] demonstrates nearly

identical performances of the MLE and the spectral method. Note that the experiment in

[25] was conducted with the skill parameters w∗i only taking two possible values, e∆ or 1,

depending on whether i belongs to the top-k group or not. We show in Section 2.5 that this

configuration of w∗ is asymptotically equivalent to κ = 0, which is the only case that makes

V (κ) = V (κ), and thus the nearly identical performances of the two algorithms are actually

expected by our theory. As long as w∗ deviates from this simple two-piece structure, our

extensive numerical experiments in this paper show that the MLE always dominates the

spectral method, and the advantage of the MLE is usually quite significant.
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In addition to the exact recovery results, we have also obtained a series of results for

partial recovery. We observe that top-k ranking can be viewed as a clustering problem.

That is, one wants to cluster the players into two groups of sizes k and n− k, respectively.

Therefore, it is more natural to consider the problem of partial recovery by analyzing the

proportion of players that are clustered into a wrong group. Clearly, this problem is more

relevant in practice, since one rarely expects any real application where top-k ranking can be

done without any error. From a mathematical point of view, the partial recovery problem is

more general and we will show in Section 2.3 that an optimal partial recovery error bound

will lead to the optimal exact recovery condition (2.1). To the best of our knowledge, a

systematic study of partial recovery for top-k ranking has never been done in the literature.

Our paper is perhaps the first work that formulates the top-k ranking problem into a decision-

theoretic framework and derives the minimax optimal partial recovery error rate. Similar

to the results of exact recovery, we show that the MLE is also optimal for partial recovery.

It has an exponential error bound with respect to a normalized Hamming loss. The error

exponent is shown to depend on the variance function V (κ). In comparison, the spectral

method still achieves a sub-optimal error rate for partial recovery, with the error exponent

depending on V (κ).

Recently, a few papers provide sharp analysis of spectral methods on some high-dimensional

estimation problems and show spectral methods can achieve optimal theoretical guarantees

just as MLEs. For example, it was shown by [1] that spectral clustering achieves optimal

community detection for a special class of stochastic block models (SBMs). The paper [73]

proved spectral clustering is also optimal under Gaussian mixture models. We emphasize

that the results of both papers imply that not only the order of the sample complexity of

spectral clustering is optimal, but even the leading constant is optimal, at least in the setting

of SBMs and Gaussian mixture models. The results of the current paper, however, show

that the optimality of spectral methods may not hold under more complicated settings such

6



as the BTL model.

Finally, we discuss another contribution of the paper that may be of independent interest.

That is, we are able to give a sharp analysis of the MLE under the BTL model. Previous

analyses of the MLE in the literature [24, 86, 25] all impose some additional regularization

to address the challenge that the Hessian of the log-likelihood function is not well behaved.

Whether the vanilla MLE works theoretically without any penalty or regularization remains

an open problem. Our analysis solves this open problem by relating a regularized MLE to

an `∞-constrained MLE. This allows us to show that the solution to the `∞-constrained

MLE lies in the interior of the constraint. Thus, we can conclude that the `∞-constrained

MLE is equivalent to the vanilla MLE in its original form. This equivalence then leads to

the desired control of the spectrum of the Hessian matrix, which is the most critical step of

our analysis.

The rest of the paper is organized as follows. We introduce the setting of the problem in

Section 2.2. The results of the MLE and the spectral method will be given in Section 2.3 and

Section 2.4, respectively. We then comprehensively compare the two methods in Section 2.5

by numerical experiments. Section 2.6 presents a minimax lower bound for partial recovery.

In Section 2.7, we analyze the error rates of the MLE and the spectral method for each

individual parameter. The proofs of our main results are given in Sections 2.8-2.11, with

Section 2.8 for the analysis of the MLE, Section 2.9 for the analysis of the spectral method,

Section 2.10 for the proofs of the lower bounds, and Section 2.11 for the proof of local error

rates. Finally, a few technical lemmas will be given and proved in Section 2.12.

We close this section by introducing some notation that will be used in the paper. For

an integer d, we use [d] to denote the set {1, 2, ..., d}. Given two numbers a, b ∈ R, we use

a ∨ b = max(a, b) and a ∧ b = min(a, b). We also write a+ = max(a, 0). For two positive

sequences {an}, {bn}, an . bn or an = O(bn) means an ≤ Cbn for some constant C > 0

independent of n, an = Ω(bn) means bn = O(an), and an � bn means an . bn and bn . an.
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We also write an = o(bn) when lim supn
an
bn

= 0. For a set S, we use I {S} to denote its

indicator function and |S| to denote its cardinality. For a vector v ∈ Rd, its norms are defined

by ‖v‖1 =
∑d
i=1 |vi|, ‖v‖2 =

∑d
i=1 v

2
i and ‖v‖∞ = max1≤i≤d |vi|. The notation 1d means a

d-dimensional column vector of all ones. For any v ∈ Rd, we write ave(v) = d−11Td v. Given

p, q ∈ (0, 1), the Kullback-Leibler divergence is defined by D(p‖q) = p log p
q +(1−p) log 1−p

1−q .

For a natural number n, Sn is the set of permutations on [n]. The notation P and E are used

for generic probability and expectation whose distribution is determined from the context.

2.2 Models and Methods

The BTL Model. We start by introducing the setting of our problem. Consider n players,

and each one is associated with a positive latent skill parameter w∗i for i ∈ [n]. The compar-

ison scheme of the n players is characterized by an Erdős-Rényi random graph A ∼ G(n, p).

That is, Aij
iid∼ Bernoulli(p) for all 1 ≤ i < j ≤ n. For a pair (i, j) that is connected by the

random graph and Aij = 1, we observe L games played between i and j. The outcome of

the games is modeled by the Bradley-Terry-Luce (BTL) model (1.1). Our goal is to identify

the top-k players whose skill parameters w∗i ’s have the largest values.

To formulate this problem from a decision-theoretic point of view, we reparametrize the

BTL model (1.1) by a sorted vector θ∗ and a rank vector r∗. A sorted vector θ∗ satisfies

θ∗1 ≥ θ∗2 ≥ · · · ≥ θ∗n, and a rank vector r∗ is an element of permutation r∗ ∈ Sn. Then, the

BTL model (1.1) can be equivalently written as

yijl
ind∼ Bernoulli(ψ(θ∗r∗i − θ

∗
r∗j

)), l = 1, · · · , L. (2.2)

where ψ(·) is the sigmoid function ψ(t) = 1
1+e−t . In the original representation, we have

w∗i = exp(θ∗r∗i
) for all i ∈ [n]. With (3.2), the top-k ranking problem is to identify the subset

{i ∈ [n] : r∗i ≤ k} from the random comparison data. This is a typical semiparametric
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problem because of the presence of the nuisance parameter θ∗.

Loss Function for Top-k Ranking. Our goal is to study optimal top-k ranking in terms

of both partial and exact recovery. We thus introduce a loss function to quantify the error

of top-k ranking. Given any r̂, r∗ ∈ Sk, define the normalized Hamming distance by

Hk(r̂, r∗) =
1

2k

(
n∑

i=1

I {r̂i > k, r∗i ≤ k}+
n∑

i=1

I {r̂i ≤ k, r∗i > k}
)
. (2.3)

The definition (3.6) gives a natural loss function for top-k ranking, since Hk(r̂, r∗) can be

equivalently written as the cardinality of the symmetric difference of the sets {i ∈ [n] : r̂i ≤

k} and {i ∈ [n] : r∗i ≤ k} normalized by 2k. The value of Hk(r̂, r∗) is always within the unit

interval [0, 1]. Moreover, Hk(r̂, r∗) = 0 if and only if {i ∈ [n] : r̂i ≤ k} = {i ∈ [n] : r∗i ≤ k}.

The loss function (3.6) can be related to various quantities previously defined in the

literature. One of the most popular distances to compare two rank vectors is the Kendall’s

tau distance, defined as

K(r̂, r∗) =
1

n

∑

1≤i<j≤n
I
{
sign(r̂i − r̂j)sign(r∗i − r∗j ) < 0

}
.

Since K(r̂, r∗) counts all pairwise differences in the ranking relation, it is a stronger distance

than (3.6). While K(r̂, r∗) = 0 requires r̂ = r∗, Hk(r̂, r∗) = 0 only requires the two top-k

sets are identical regardless of the actual ranks of the members of the sets. In fact, the study

of the BTL model under K(r̂, r∗), called full ranking, is also a very interesting problem, and

will be considered in Chapter 3.

As we have discussed in Section 2.1, the top-k ranking problem can be thought of as a

special variable selection problem. Variable selection under the normalized Hamming loss has

recently been studied by [15, 85]. Consider either a Gaussian sequence model or a regression

model with coefficient vector β∗ ∈ Rp that satisfies either β∗j = 0 or |β∗j | > a. The papers

9



[15, 85] consider estimating β∗ under the loss

Hs(β̂, β∗) =
1

2s




p∑

j=1

I
{
|β̂j | > a, β∗j = 0

}
+

p∑

j=1

I
{
β̂j = 0, |β∗j | > a

}

 ,

where s is the number of β∗j ’s that are not zero. One can clearly see the similarity between the

two loss functions Hk(r̂, r∗) and Hs(β̂, β∗). Similarly, the loss Hs(β̂, β∗) only characterizes

the estimation error of the set {j ∈ [p] : |β∗j | > a}, and Hs(β̂, β∗) = 0 if and only if

{j ∈ [p] : |β̂j | > a} = {j ∈ [p] : |β∗j | > a}.

Parameter Space. For the nuisance parameter θ∗ of the model (3.2), it is necessary that

there exists a positive gap between θ∗k and θ∗k+1 for the top-k set {i ∈ [n] : r∗i ≤ k} to be

identifiable. We introduce a parameter space for this purpose. For any 0 ≤ ∆ ≤ κ, define

Θ(k,∆, κ) = {θ ∈ Rn : θ1 ≥ · · · ≥ θn, θk − θk+1 ≥ ∆, θ1 − θn ≤ κ} .

For any θ∗ ∈ Θ(k,∆, κ), a positive ∆ guarantees that there is a separation between the

group of top-k players and the rest. The number κ is called dynamic range of the problem.1

This is a very important quantity, since it is closely related to the effective variance of the

problem. Our results will give the exact dependence of the top-k ranking error on both ∆

and κ.

MLE and Spectral Method. We study and compare the performances of two algorithms

in the paper. The first algorithm is based on the maximum likelihood estimator (MLE). For

any i < j, we use the notation ȳij = 1
L

∑L
l=1 yijl. Then, the negative log-likelihood function

1. For readers who are familiar with [25], we note that our definitions of ∆ and κ are slightly different
from those in [25].

10



is given by

`n(θ) =
∑

1≤i<j≤n
Aij

[
ȳij log

1

ψ(θi − θj)
+ (1− ȳij) log

1

1− ψ(θi − θj)

]
. (2.4)

Define the MLE,

θ̂ ∈ argmin
θ:1Tn θ=0

`n(θ). (2.5)

It can be shown that θ̂ is unique as long as the comparison graph is connected. Then, set r̂ to

be the rank of players based on θ̂. In other words, find any r̂ ∈ Sn such that θ̂σ̂1
≥ · · · ≥ θ̂σ̂n

is satisfied, where σ̂ is the inverse of r̂. We emphasize that the MLE (2.5) is written in its

vanilla version, without any constraint or penalty. To the best of our knowledge, (2.5) has

not been previously analyzed in the literature.

Another popular algorithm for ranking is the spectral method, also known as Rank

Centrality proposed by [86]. Define a matrix P ∈ Rn×n by

Pij =





1
dAij ȳji, i 6= j,

1− 1
d

∑
l∈[n]\{i}Ailȳli, i = j,

(2.6)

where d needs to be at least the maximum degree of the random graph A. Through-

out the paper, we just set d = 2np, same as the convention in [25], which is because

2np > maxi∈[n]
∑
j∈[n]\{i}Aij with high probability due to concentration. We also adopt

the convention of notation that Aij = Aji and ȳij = 1 − ȳji for each (i, j) pair. One can

check that P is a transition matrix of a Markov chain. To see why P is useful, we can

compute the conditional expectation of P given the random graph A,

P ∗ij =





1
dAijψ(θ∗r∗j

− θ∗r∗i ), i 6= j,

1− 1
d

∑
l∈[n]\{i}Ailψ(θ∗r∗l

− θ∗r∗i ), i = j.

11



The stationary distribution induced by the Markov chain P ∗ is

(π∗)T =

(
exp(θ∗r∗1

)
∑n
i=1 exp(θ∗r∗i

)
, · · · ,

exp(θ∗r∗n)
∑n
i=1 exp(θ∗r∗i

)

)
.

One can easily check that (π∗)TP ∗ = (π∗)T . Since π∗ preserves the order of {θ∗r∗i }, the set

with the k largest π∗i ’s is the top-k group. With the sample version P , we can first compute

its stationary distribution π̂, and then find any r̂ ∈ Sn such that π̂σ̂1
≥ · · · ≥ π̂σ̂n , with σ̂

being the inverse of r̂.

2.3 Results for the MLE

We study the property of MLE in this section. Our first result gives theoretical guarantees

for (2.5) under both `2 and `∞ loss functions.

Theorem 2.3.1. Assume p ≥ c0
log n
n for some sufficiently large constant c0 > 0 and κ ≤ c1

for some constant c1 > 0. Then, for the estimator θ̂ defined by (2.5), we have

n∑

i=1

(θ̂i − θ∗r∗i )2 ≤ C
1

pL
, (2.7)

max
i∈[n]
|θ̂i − θ∗r∗i |

2 ≤ C
log n

npL
, (2.8)

for some constant C > 0 only depending on c1 with probability at least 1−O(n−7) uniformly

over all r∗ ∈ Sn and all θ∗ ∈ Θ(k, 0, κ) such that 1Tn θ∗ = 0.

Let us give some comments on the assumptions and conclusions of Theorem 2.3.1. We

have established that the MLE achieves the error rates O
(

1
pL

)
and O

(
log n
npL

)
for the squared

`2 loss and the squared `∞ loss, respectively. Both error rates are known to be optimal in the

literature [86, 25]. Since the BTL model (3.2) is defined through pairwise differences of θ∗i ’s,

the model parameter is only identifiable up to a constant shift. We therefore require both

12



1Tn θ̂ = 0 and 1Tn θ
∗ = 0 so that the two vectors are properly aligned. Note that the results

for parameter estimation do not need a positive ∆, and we only assume θ∗ ∈ Θ(k, 0, κ). The

condition p ≥ c0
log n
n is imposed for the random graph A to be well behaved in terms of both

its degrees and the eigenvalues of the graph Laplacian. In fact, p & log n
n is necessary to

ensure the random graph is connected. Otherwise, ranking and parameter estimation would

be impossible due to the identifiability issue caused by the lack of comparison between

disconnected graph components. In the rest of the paper, some of the results will require

a slightly stronger condition np
log n → ∞, but we will give very detailed remarks on when

and why it will be needed. Last but not least, we require that the dynamic range κ to be

bounded by a constant. One can certainly allow κ to tend to infinity, but the rates (2.7)

and (2.8) would depend on κ exponentially [86, 25]. This is because the eigenvalues of the

Hessian of the objective function of (2.5) will be exponentially small when κ diverges. In fact,

when κ → ∞, it is not clear whether MLE still leads to optimal error rates for parameter

estimation. In this paper, we will focus on the case κ = O(1). We will see in later theorems

that even with κ = O(1), the exact value of κ still plays a fundamental role in top-k ranking.

To the best of our knowledge, Theorem 2.3.1 is the first result in the literature that gives

optimal rates for parameter estimation by vanilla MLE under the BTL model. Previous

results in the literature including [24, 86, 25] all work with regularized MLE

θ̂λ = argmin
θ:1Tn θ=0

[
`n(θ) +

λ

2
‖θ‖2

]
. (2.9)

In particular, the recent paper [25] shows that θ̂λ also achieves the optimal rates (2.7) and

(2.8) for a λ that is chosen appropriately, though in practice it is known that the vanilla

MLE performs very well. Theorem 2.3.1 shows that penalty is not needed for the MLE to

be optimal, thus closing a gap between theory and practice.

The proof of Theorem 2.3.1 is built upon the elegant leave-one-out technique in [25]. We
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first show that with a sufficiently small λ, a (sub-optimal) `∞ bound for θ̂λ can be transferred

to θ̂. Then, we apply a leave-one-out argument to derive the optimal rates (2.7) and (2.8).

We also note that our leave-one-out argument is actually different from the form used in

[25]. While the leave-one-out argument in [25] is applied together with a gradient descent

analysis, we do not need to follow this gradient descent analysis because of the `∞ bound

that has already been obtained. As a result, we are able to remove the additional technical

assumption logL = O(log n) that is imposed in [25]. A detailed analysis of the MLE will be

given in Section 2.8.

Next, we study the theoretical property of r̂, the rank induced by the MLE θ̂. Without

loss of generality, let us assume k ≤ n
2 throughout the paper. The case k > n

2 can be dealt

with by a symmetric bottom-k ranking problem. Before presenting the error bound for the

loss function Hk(r̂, r∗), we need to introduce a few notation. We first define the effective

variance of the MLE by

V (κ) = max
κ1+κ2≤κ
κ1,κ2≥0

n

kψ′(κ1) + (n− k)ψ′(κ2)
. (2.10)

Recall that ψ(t) = 1
1+e−t is the sigmoid function so that ψ′(t) = ψ(t)ψ(−t). Since κ = O(1),

we have V (κ) � 1. Then, the signal-to-noise ratio is defined by

SNR =
npL∆2

V (κ)
.

Note that SNR is a function of n, k, p, L,∆, but we suppress the dependence for simplicity

of notation. The following theorem shows that Hk(r̂, r∗) has an exponential rate with SNR

appearing in the exponent.

Theorem 2.3.2. Assume np
log n → ∞ and κ ≤ c1 for some constant c1 > 0. Then, for the
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rank vector r̂ that is induced by the MLE (2.5), there exists some δ = o(1), such that

Hk(r̂, r∗) ≤ C exp


−1

2

(√
(1− δ)SNR

2
− 1√

(1− δ)SNR
log

n− k
k

)2

+


 , (2.11)

for some constant C > 0 only depending on c1 with probability 1 − o(1) uniformly over all

r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆, κ).

The error exponent of (2.11) is complicated. We present a special case of the bound when

k � n to help understand the result.

Corollary 2.3.1. Assume np
log n → ∞, κ = O(1) and k � n. Then, as long as SNR → ∞,

the rank vector r̂ induced by the MLE (2.5) satisfies

Hk(r̂, r∗) ≤ exp

(
−(1− o(1))

SNR
8

)
, (2.12)

with probability 1− o(1) uniformly over all r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆, κ).

Under the additional assumption k � n, the top-k ranking problem can be viewed as

a clustering or community detection problem, with the goal to divide the n players into

two groups of sizes k and n − k, respectively. The exponential convergence rate (2.12) is

in a typical form of optimal clustering error [108, 75]. It is intuitively clear that a larger

SNR leads to a faster convergence rate. When the sizes of the two clusters are of different

orders, one can obtain a more general convergence rate in the form of (2.11). The extra

term log n−k
k characterizes the unbalancedness of the two clusters. We note that for variable

selection under Hamming loss [15, 85], the optimal rate is very similar to the form of (2.11).

This is because variable selection can also be thought of as clustering with two clusters of

sizes s and p− s, whose orders can potentially be different.

Theorem 2.3.2 and Corollary 2.3.1 together reveal an interesting phenomenon for top-k

ranking. The result shows that the top-k ranking problem can be very different for different
15



orders of k. We note that in order to successfully identify the majority of the set {i ∈

[n] : r∗i ≤ k}, we need to have Hk(r̂, r∗) → 0. When k = n/4, Corollary 2.3.1 shows that

Hk(r̂, r∗)→ 0 is achieved when SNR→∞. In comparison, when k = 5, Theorem 2.3.2 shows

that Hk(r̂, r∗) → 0 when SNR > (1 + ε)2 log n for some arbitrarily small constant ε > 0.

In other words, in terms of partial recovery consistency, top-quarter ranking is an easier

problem than top-5 ranking. In general, a larger SNR is required for a smaller k according

to the formula (2.11).

Compared with Theorem 2.3.1, we need a slightly stronger condition np
log n → ∞ for

Theorem 2.3.2 and Corollary 2.3.1. If we only assume p ≥ c0
log n
n , the 1 − δ factor in the

exponent of (2.11) can be replaced by 1 − ε with some ε of constant order. The constant ε

can be made arbitrarily small as long as c0 is sufficiently large.

The proof of Theorem 2.3.2 relies on a very interesting lemma that is stated below.

Lemma 2.3.1. Suppose r̂ is a rank vector induced by θ̂, we then have

Hk(r̂, r∗) ≤ 1

k
min
t∈R


 ∑

i:r∗i≤k
I
{
θ̂i ≤ t

}
+
∑

i:r∗i>k

I
{
θ̂i ≥ t

}

 .

The inequality holds for any r∗ ∈ Sn.

We will prove Lemma 2.3.1 in Section 2.12. This inequality shows that the error of ranking

θ̂ is bounded by the error of any thresholding rule. Using this result, we immediately obtain

that

EHk(r̂, r∗) ≤ 1

k
min
t∈R


 ∑

i:r∗i≤k
P(θ̂i ≤ t) +

∑

i:r∗i>k

P(θ̂i ≥ t)


 .

We then obtain the exponential error bound (2.11) by carefully analyzing the probability

P(θ̂i ≤ t) (or P(θ̂i ≥ t)) for each i ∈ [n]. The analysis of P(θ̂i ≤ t) is quite involved. We

need to first obtain a local linear expansion of the MLE at each coordinate, and then apply

the leave-one-out technique introduced by [25] to decouple the dependence between the data
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and the coefficients of the local linear expansion. The details will be given in Section 2.8.

The result of Theorem 2.3.2 immediately implies a condition for exact recovery of the

top-k set. By the definition of Hk(r̂, r∗), it is easy to see that

Hk(r̂, r∗) ∈ {0, (2k)−1, 2(2k)−1, 3(2k)−1, · · · , 1}. (2.13)

Then as long as Hk(r̂, r∗) < (2k)−1, we must have Hk(r̂, r∗) = 0. Under the condition that

the right hand side of (2.11) is smaller than (2k)−1, we obtain exact recovery of the top-k

set. This result is stated as follows.

Theorem 2.3.3. Assume np
log n →∞, κ = O(1), and

npL∆2

V (κ)
> (1 + ε)2

(√
log k +

√
log(n− k)

)2
, (2.14)

for some arbitrarily small constant ε > 0. Then, for the rank vector r̂ that is induced by the

MLE (2.5), we have Hk(r̂, r∗) = 0 with probability 1− o(1) uniformly over all r∗ ∈ Sn and

all θ∗ ∈ Θ(k,∆, κ).

We remark that the condition np
log n → ∞ can be relaxed to p ≥ c0

log n
n for a suf-

ficiently large universal constant c0 without affecting the conclusion of Theorem 2.3.3.

The result of Theorem 2.3.3 improves the exact recovery threshold obtained in the liter-

ature. The paper [25] proves that the MLE exactly recovers the top-k set when npL∆2 >

C
(√

log k +
√

log(n− k)
)2

for some sufficiently large constant C > 0. We complement the

result of [25] by showing that the leading constant should be 2V (κ), an increasing function

of the dynamic range κ. Moreover, the symmetry of k and n − k in (2.14) agrees with the

understanding that top-k ranking and bottom-k ranking are mathematically equivalent.

The next theorem shows that the exact recovery threshold (2.14) is optimal, and cannot

be further improved.
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Theorem 2.3.4. Assume np
log n →∞, κ = O(1), (log n)8 = O(L), and

npL∆2

V (κ)
< (1− ε)2

(√
log k +

√
log(n− k)

)2
, (2.15)

for some arbitrarily small constant ε > 0. Then, we have

lim inf
n→∞ inf

r̂
sup
r∗∈Sn

θ∗∈Θ(k,∆,κ)

P(θ∗,r∗) (Hk(r̂, r∗) > 0) ≥ 0.95,

where we use the notation P(θ∗,r∗) for the data generating process (3.2).

The proof of Theorem 2.3.4 relies on a precise lower bound characterization of the max-

imum of dependent binomial random variables. The extra assumption L & (log n)8 allows

us to apply a high-dimensional central limit theorem [27] for this purpose. Without this

additional technical condition, we are not aware of any probabilistic tool to deal with the

maximum of dependent binomial random variables.

Theorem 2.3.3 and Theorem 2.3.4 together nail down the phase transition boundary of

exact recovery, which is npL∆2

V (κ)
= 2

(√
log k +

√
log(n− k)

)2
. Thus, the MLE is an optimal

procedure that achieves this boundary. The lower bound result of Theorem 2.3.4 also suggests

that the partial recovery error rate obtained in Theorem 2.3.2 cannot be improved, since

otherwise one would obtain a better SNR condition for exact recovery in Theorem 2.3.3. A

rigorous minimax lower bound for partial recovery will be given in Section 2.6.

2.4 Results for the Spectral Method

In this section, we study the theoretical property of the spectral method, also known as rank

centrality [86]. Let π̂ be the stationary distribution of the Markov chain with transition

probability (3.5). The estimation error of π̂ has already been investigated by [86, 25]. For

both `2 and `∞ loss functions, it has been shown by [25] that π̂ achieves the optimal rates
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(2.7) and (2.8) after an appropriate scaling. We therefore directly study the accuracy of the

rank vector r̂ induced by π̂. This is where we can see the difference between the MLE and

the spectral method.

We first define the effective variance of the spectral method,

V (κ) = max
κ1+κ2≤κ
κ1,κ2≥0

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2

(kψ(κ1) + (n− k)ψ(−κ2))2/n
. (2.16)

Note that V (κ) � 1 when κ = O(1). The signal-to-noise ratio is defined by

SNR =
npL∆2

V (κ)
.

The error rate of the spectral method with respect to Hk(r̂, r∗) is stated as follows.

Theorem 2.4.1. Assume np
log n → ∞ and κ ≤ c1 for some constant c1 > 0. Then, for the

rank vector r̂ that is induced by the stationary distribution of the Markov chain (3.5), there

exists some δ = o(1), such that

Hk(r̂, r∗) ≤ C exp


−1

2




√
(1− δ)SNR

2
− 1√

(1− δ)SNR
log

n− k
k




2

+


 , (2.17)

for some constant C > 0 only depending on c1 with probability 1 − o(1) uniformly over all

r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆, κ).

The formula (2.17) characterizes the convergence rate of partial recovery of the top-k set

by the spectral method. It can be compared with the MLE error bound (2.11). The only

difference lies in the effective variance of the two methods. We will show in Lemma 2.5.1

that V (κ) ≥ V (κ) and the equality only holds when κ = 0. Therefore, the spectral method is

not optimal in general. Detailed comparisons of the two algorithms will be given in Section

2.5.
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By the property (2.13), we immediately obtain an exact recovery result from Theorem

2.4.1.

Theorem 2.4.2. Assume np
log n →∞, κ = O(1), and

npL∆2

V (κ)
> (1 + ε)2

(√
log k +

√
log(n− k)

)2
, (2.18)

for some arbitrarily small constant ε > 0. Then, for the rank vector r̂ that is induced by

the stationary distribution of the Markov chain (3.5), we have Hk(r̂, r∗) = 0 with probability

1− o(1) uniformly over all r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆, κ).

It has been shown in [25] that the spectral method exactly recovers the top-k set when

npL∆2 > C
(√

log k +
√

log(n− k)
)2

for some sufficiently large constant C > 0. Without

specifying the constant C, one cannot tell the difference between the MLE and the spectral

method. In view of the lower bound result given by Theorem 2.3.4, the exact recovery

threshold (2.18) of the spectral method does not achieve the phase transition boundary for

a general κ. A careful reader may wonder whether this is resulted from a loose analysis in

the proof. Our next result shows that the sub-optimality of the spectral method is intrinsic.

Theorem 2.4.3. Assume np
log n →∞, κ ≤ c1 for some constant c1 > 0, k →∞ and

npL∆2

V (κ)
< (1− ε)2

(√
log k +

√
log(n− k)

)2
, (2.19)

for some arbitrarily small constant ε > 0. Then, for the rank vector r̂ that is induced by the

stationary distribution of the Markov chain (3.5), we have

lim inf
n→∞ sup

r∗∈Sn
θ∗∈Θ(k,∆,κ)

P(θ∗,r∗) (Hk(r̂, r∗) > 0) ≥ 0.95.
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Moreover, there exists some δ = o(1), such that

sup
r∗∈Sn

θ∗∈Θ(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗) ≥ C exp


−1

2




√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k




2

+


 ,

(2.20)

for some constant C > 0 only depending on c1 and ε.

Theorem 2.4.3 shows that the results of Theorem 2.4.1 and Theorem 2.4.2 on the per-

formance of spectral method are sharp, under the additional condition that k → ∞. The

conclusion of Theorem 2.4.3 can also be extended to the case of k = O(1) via a similar

argument that is used in the proof of Theorem 2.3.4, as long as the technical condition

(log n)8 = O(np) is further imposed.

To close this section, we remark that all the theorems we have obtained for the spec-

tral method can be stated under the weaker assumption p ≥ c0
log n
n for some sufficiently

large universal constant c0 > 0, as long as the δ in (2.17) and (2.20) are replaced by some

sufficiently small constant.

2.5 Comparison of the Two Methods

In this section, we compare the MLE and the spectral method based on the results obtained

in Section 2.3 and Section 2.4. The statistical properties of the two methods in terms of

partial and exact recovery are characterized by the two variance functions V (κ) and V (κ),

respectively. We first give a direct comparison of the two functions by plotting them together

with different values of k/n. We observe in Figure 2.1 that V (κ) ≥ V (κ) for all κ ≥ 0. This

inequality is rigorously established by the following lemma.

Lemma 2.5.1. For V (κ) and V (κ) defined in (2.10) and (2.16), respectively, we have

V (κ) ≥ V (κ),
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Figure 2.1: The functions V (κ) and V (κ) with k/n ∈ {0.15, 0.25, 0.5}. In the first row, we
plot the functions for κ ∈ [0, 5]. The second row plots the same functions for κ ∈ [0, 10] in
a logarithmic scale to better illustrate the global structure. Recall the definition of V (κ) in
(2.10) and V (κ) in (2.16). It is very interesting that both V (κ) and V (κ) have a point at
which the derivative is not continuous. Before this critical point, the optimization of V (κ)
is achieved by (κ∗1, κ

∗
2) = (0, κ). Right after the critical point, κ∗1 is immediately bounded

away from 0 and κ∗2 is immediately bounded away from κ. The same property also holds for
V (κ). Moreover, the critical point occurs earlier as k/n becomes larger (when k/n ≤ 1/2).

for all κ ≥ 0. Moreover, the equality holds if and only if κ = 0.

Proof. Recall the definition of V (κ) in (2.10) and V (κ) in (2.16) and the roles of κ1, κ2 in

the maximization. By Jensen’s inequality, we have

k eκ1

(1+eκ1)2 + (n− k) e−κ2

(1+e−κ2)2

keκ1 + (n− k)e−κ2
≥


k

eκ1

1+eκ1 + (n− k) e−κ2

1+e−κ2

keκ1 + (n− k)e−κ2




2

. (2.21)

Another way to see the above inequality is to construct a random variable X such that

P
(
X = 1

1+eκ1

)
= keκ1

keκ1+(n−k)e−κ2
and P

(
X = 1

1+e−κ2

)
=

(n−k)e−κ2

keκ1+(n−k)e−κ2
. Then, (2.21) is
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equivalent to EX2 ≥ (EX)2. The inequality (2.21) can be rearranged into

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2

(kψ(κ1) + (n− k)ψ(−κ2))2/n
≥ n

kψ′(κ1) + (n− k)ψ′(κ2)
. (2.22)

Taking maximum over κ1 and κ2 on both sides, we obtain the inequality V (κ) ≥ V (κ).

When κ = 0, we obviously have V (κ) = V (κ). When κ > 0, we need to show V (κ) 6= V (κ).

The optimization of V (κ) must be achieved by some (κ∗1, κ
∗
2) 6= (0, 0). For such (κ∗1, κ

∗
2), the

constructed random variable X has a positive variance, and thus both inequalities (2.21)

and (2.22) are strict. We then have

V (κ) ≥ kψ′(κ∗1)(1 + eκ
∗
1)2 + (n− k)ψ′(κ∗2)(1 + e−κ

∗
2)2

(kψ(κ∗1) + (n− k)ψ(−κ∗2))2/n

>
n

kψ′(κ∗1) + (n− k)ψ′(κ∗2)

= V (κ).

The proof is complete.

The comparison between V (κ) and V (κ) shows that the spectral method is not optimal

in general. The rate in (2.17) and (2.20) has a worse error exponent than that of (2.11) for

partial recovery and requires a larger signal-to-noise ratio threshold for exact recovery. In

fact, the difference V (κ)− V (κ) eventually grows exponentially fast as a function of κ. See

Figure 2.1.

Note that both V (κ) and V (κ) are the worst-case effective variances with respect to the

parameter space Θ(k,∆, κ) for the two algorithms. In Section 2.7, we will further show

that the MLE outperforms the spectral method for each θ∗ ∈ Θ(k,∆, κ). This conclusion

is supported by extensive numerical experiments. We set n = 200, p = 0.25, L = 20 and

k = 50 throughout the experiments.

In our first experiment, we consider θ∗ ∈ Rn that has four pieces, with the three change-

23



points located at {25, 50, 200}. The values of the four pieces are set as 10, 10− τ , 10− τ −∆

and 0, respectively, where τ = θ∗1 − θ∗k ∈ {1, 4} and ∆ is varied from 0.01 to 5. We apply

both the MLE and the spectral method to the data. Figure 2.2 shows the results for both
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Figure 2.2: The partial recovery error (left) and the exact recovery probability (right) for the
MLE and the spectral method. The parameter θ∗ is chosen to be a piecewise constant vector
of four pieces of sizes 25, 25, 75, 75. The plots are obtained by averaging 100 independent
experiments.

partial and exact recovery. We observe that the MLE consistently outperforms the spectral

method.

In the second experiment, we consider θ∗ ∈ Rn that has four pieces, with the three

change-points located at {50(1 − ρ), 50, 50 + 150ρ}. The values of the four pieces are set

as 10, 6, 6 − ∆ and 0, respectively. The parameter ρ is chosen in {0.1, 0.5, 0.9} and ∆ is

varied from 0.01 to 3. The performance of the two methods for partial and exact recovery

are plotted in Figure 2.3. Again, the MLE always outperforms the spectral method.
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Figure 2.3: The partial recovery error (left) and the exact recovery probability (right) for the
MLE and the spectral method. The parameter θ∗ is chosen to be a piecewise constant vector
of four pieces of sizes 50(1 − ρ), 50ρ, 150(1 − ρ), 150ρ. The plots are obtained by averaging
100 independent experiments.

Next, we consider a θ∗ ∈ Rn that has a more complicated structure. We fix θ∗1 =

10, θ∗200 = 0, generate θ∗2, · · · , θ∗50 from Uniform[6, 10] and generate θ∗51, · · · , θ∗199 from Uniform[0, 6−

∆], and we vary ∆ from 0.01 to 2. We find even for such randomly generated θ∗’s, the MLE
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Figure 2.4: The partial recovery error (left) and the exact recovery probability (right) for
the MLE and the spectral method. The parameter θ∗ is randomly generated from some
distribution. The plots are obtained by averaging 100 independent experiments.

always outperforms the spectral method. The results are summarized in Figure 2.4 for both

partial and exact recovery.

In summary, we are able to confirm that the MLE is a much better algorithm than
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the spectral method under various scenarios. Our results complement the analysis in [25].

It is claimed in [25] that both the MLE and the spectral method are optimal in terms of

the order of the exact recovery threshold. In addition, the paper conducts a very curious

numerical experiment that shows the performances of the MLE and the spectral method are

nearly identical. We note that the θ∗ chosen in the numerical experiment of [25] is a piecewise

constant vector with only two pieces. We will explain why this choice leads to nearly identical

performances of the two algorithms. Let us first conduct a similar experiment to replicate

this conclusion. We continue to use the setting n = 200, p = 0.25, L = 20 and k = 50.

Then, choose θ∗ such that θ∗1 = · · · = θ∗50 = ∆ and θ∗51 = · · · = θ∗200 = 0. Figure 2.5 plots

the results of partial and exact recovery with ∆ varied from 0.01 to 0.55. For both partial

0.0 0.1 0.2 0.3 0.4 0.5
Delta

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Pa
rti

al
 re

co
ve

ry
 e

rro
r

MLE
Spectral

0.0 0.1 0.2 0.3 0.4 0.5
Delta

0.0

0.2

0.4

0.6

0.8

1.0

Ex
ac

t r
ec

ov
er

y 
pr

ob
ab

ilit
y

MLE
Spectral

Figure 2.5: The partial recovery error (left) and the exact recovery probability (right) for
the MLE and the spectral method. The parameter θ∗ is chosen to be a piecewise constant
vector of two pieces of sizes 50 and 150. The plots are obtained by averaging 100 independent
experiments.

recovery and exact recovery, the results are indeed nearly identical for the two algorithms.

This phenomenon can be easily explained by our theory. For θ∗ ∈ Θ(k,∆, κ) with only

two pieces, we must have κ = ∆. When ∆ = o(1), we have V (κ) = (1 + o(1))V (0) and

V (κ) = (1 + o(1))V (0). This leads to the relation V (κ) = (1 + o(1))V (κ), and thus the

spectral method has the same asymptotic error exponent for partial recovery and achieves

the optimal phase transition boundary for exact recovery. When ∆ does not tend to zero but
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of a constant order, we have SNR & npL� log n, and the error bound (2.17) already leads

to exact recovery because of the large value of SNR. In either case, the spectral method is

optimal. Let us summarize the optimality of the spectral method under this special situation

by the following corollary.

Corollary 2.5.1. Assume np
log n →∞ and κ = ∆ ≤ c1 for some constant c1 > 0. Then, for

the rank vector r̂ that is induced by the stationary distribution of the Markov chain (3.5),

there exists some δ = o(1), such that

Hk(r̂, r∗) ≤ C exp


−1

2

(√
(1− δ)SNR

2
− 1√

(1− δ)SNR
log

n− k
k

)2

+


 ,

for some constant C > 0 only depending on c1 with probability 1 − o(1) uniformly over all

r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆,∆). Moreover, as long as

npL∆2

V (κ)
> (1 + ε)2

(√
log k +

√
log(n− k)

)2
,

for some arbitrarily small constant ε > 0. Then, Hk(r̂, r∗) = 0 with probability 1 − o(1)

uniformly over all r∗ ∈ Sn and all θ∗ ∈ Θ(k,∆,∆).

To close this section, we remark that according to the equality condition of Lemma 2.5.1,

the two-piece θ∗, or equivalently κ = ∆, is essentially the only situation where the spectral

method is optimal and performs as well as the MLE. Moreover, since both functions V (κ)

are V (κ) are increasing, the setting with κ = ∆ leads to the smallest effective variance and

thus provides the two algorithms with the most favorable scenario.

2.6 Minimax Lower Bound of Partial Recovery

The purpose of this section is to show that the partial recovery error rate (2.11) achieved

by the MLE cannot be improved from a minimax perspective. We are able to establish
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a matching lower bound for Theorem 2.3.2 using a slightly more general parameter space.

Define

Θ′(k,∆, κ) = {θ ∈ Rn : θ1 ≥ · · · ≥ θn, θk − θk+2 ≥ ∆, θ1 − θn ≤ κ} . (2.23)

Compared with Θ(k,∆, κ), the new definition (2.23) imposes a gap between θk and θk+2. It

is clear that Θ(k,∆, κ) ⊂ Θ′(k,∆, κ), and the only difference of Θ′(k,∆, κ) is the ambiguity

of θk+1. The player ranked at the (k+1)th position does not necessarily has a gap from either

the top group or the bottom group. Though this additional uncertainty clearly better models

scenarios in many real applications of top-k ranking, the main reason we adopt the slightly

larger parameter space is to have a clean lower bound analysis. Directly establishing a lower

bound for Θ(k,∆, κ) is still possible, but it requires some additional technical assumptions

that make the problem unnecessarily involved.

Throughout this section, we assume that (2.15) holds. This is the regime of partial

recovery, since exact recovery is impossible by Theorem 2.3.4. We first remark that with a

slight modification of the proof of Theorem 2.3.2, the MLE can be shown to achieve the same

error rate (2.11) over the parameter space Θ′(k,∆, κ) as well. Thus, the space Θ′(k,∆, κ)

does not increase the statistical complexity of the problem.

Our lower bound analysis is based on the two least favorable vectors θ′, θ′′ ∈ Θ′(k,∆, κ).

They are constructed as follows. Let ρ = o(1) be a vanishing sequence that tends to zero with

a sufficiently slow rate. We define κ∗1 and κ∗2 such that the optimization (2.10) is achieved

at (κ1, κ2) = (κ∗1, κ
∗
2). Then, define θ′i = κ∗1 for 1 ≤ i ≤ k − ρk, θ′i = 0 for k − ρk < i ≤ k,

θ′i = −∆ for k < i ≤ k + ρ(n − k) and θ′i = −κ∗2 for k + ρ(n − k) < i ≤ n. For θ′′, we let

θ′′i = θ′i for all i ∈ [n]\{k + 1} and set θ′′k+1 = 0. We will show that there exist r′, r′′ ∈ Sn,

so that the hardness of top-k ranking is characterized by an optimal testing problem,

inf
0≤φ≤1

[
E(θ′′,r′′)φ+

n− k − 1

k
E(θ′,r′)(1− φ)

]
. (2.24)
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Moreover, there exists some i ∈ [n], such that the two rank vectors r′, r′′ satisfy θ′
r′j

= θ′′
r′′j

for all j ∈ [n]\{i}. For the ith entry, we have θ′
r′i

= −∆ and θ′′
r′′i

= 0. The reduction of the

top-k ranking problem to the testing problem (2.24) is the most important step in our lower

bound analysis. A rigorous argument will be given in Section 2.10.

The testing problem (2.24) can be roughly understood as to test whether the ith player

belongs to the top-k set or not. The two hypotheses receive different weights 1 and n−k−1
k

because of the definition of the loss function Hk(r̂, r∗). The optimal procedure to (2.24) is

given by the likelihood ratio test

φ = I

{
dP(θ′,r′)
dP(θ′′,r′′)

≥ k

n− k − 1

}
,

according to Neyman-Pearson lemma. Since the vectors {θ′
r′i
}i∈[n] and {θ′′

r′′i
}i∈[n] only

differ at the ith entry, the likelihood ratio statistic only depends on {ȳij}j∈[n]\{i} and

{Aij}j∈[n]\{i}. Therefore, the testing error (2.24) is relatively easy to quantify. A sharp

lower bound can be obtained by a large deviation analysis.

Theorem 2.6.1. Assume np
log n → ∞, κ ≤ c1 for some constant c1 > 0, and (2.15) holds

for some arbitrarily small constant ε > 0. Then, there exists some δ = o(1), such that

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗) ≥ C exp


−1

2

(√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k

)2

+


 ,

for some constant C > 0 only depending on c1 and ε.

2.7 Local Error Rates

So far, our study of the top-k ranking problem has been conducted under the minimax

decision-theoretic framework laid out in Section 2.2. The upper and lower bounds for the

MLE and the spectral method are established uniformly over the parameter space Θ(k,∆, κ).
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To complement the minimax results, in this section, we present local error rates for the MLE

and the spectral method, which leads to a refined comparison between the two popular

methods.

Local Error Rate for the MLE. To analyze the statistical property of the MLE for each

individual θ, we first need to generalize the effective variance (2.10). For any θ ∈ Rn and

any i ∈ [n], define

Vi(θ) =
n∑n

j=1 ψ
′(θi − θj)

. (2.25)

With the help of Vi(θ), for any subset S ⊂ [n], we also define

R1(S, θ, t, δ) =
∑

i∈S
exp

(
−(1− δ)(θi − t)2

+npL

2Vi(θ)

)
, (2.26)

R2(S, θ, t, δ) =
∑

i∈S
exp

(
−(1− δ)(t− θi)2

+npL

2Vi(θ)

)
. (2.27)

Theorem 2.7.1. Assume np
log n →∞, κ ≤ c1 for some constant c1 > 0. Then, for the rank

vector r̂ that is induced by the MLE (2.5), any small constant 0 < δ < 0.1, any r∗ ∈ Sn and

any θ∗ ∈ Θ(k, 0, κ), we have

E(θ∗,r∗)Hk(r̂, r∗) ≤ C1

(
inf
t

R1([k], θ∗, t, δ) +R2([n]\[k], θ∗, t, δ)
k

+ n−3
)
, (2.28)

where C1 > 0 is a constant only depending on c1 and δ. Moreover, we also have

E(θ∗,r∗)Hk(r̂, r∗) ≥ C2

(
inf
t

R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ)
k

)
, (2.29)

for some constant C2 > 0 only depending on c1 and δ, if we additionally assume that

inft(R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ))→∞.

Theorem 2.7.1 gives matching upper and lower bounds for the error of the MLE for
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each individual θ∗ ∈ Θ(k, 0, κ) and r∗ ∈ Sn, except for the additional n−3 term and an

arbitrarily small δ. We remark that the n−3 term in the upper bound can be replaced

by n−C for an arbitrarily large constant C. The upper bound (2.28) can be viewed as

an extension of Theorem 2.3.2, though the δ in Theorem 2.3.2 is allowed to vanish be-

cause of the less general setting. The lower bound (2.29) requires an extra condition

inft(R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ))→∞, which implies the error rate is of higher

order than O(k−1). It plays the same role as the condition (2.19) in Theorem 2.4.3. This

assumption covers most interesting partial recovery cases, since O(k−1) is already the error

rate of exact recovery.

Let t∗ be a minimizer of the right hand side of (2.28) or (2.29). Then, we can interpret
∑k
i=1 exp

(
− (θ∗i−t∗)2

+npL

2Vi(θ∗)

)
as the order of the number of top k players that are ranked

among the bottom group, and
∑n
i=k+1 exp

(
− (t∗−θ∗i )2

+npL

2Vi(θ∗)

)
as the order of the number of

bottom n− k players that are ranked in the top group.

A careful reader may notice that the error rate in Theorem 2.7.1 does not have a clear

dependence on the signal gap θ∗k−θ∗k+1. This is because the current error rate depends on θ
∗

more explicitly rather than just the difference between θ∗k and θ∗k+1. Even when θ∗k = θ∗k+1,

it is still possible that the right hand side of (2.28) converges to zero as long as the majority

of {θ∗i }1≤i≤k are separated from most of {θ∗i }k+1≤i≤n.

Local Error Rate for the Spectral Method. To present a similar local error rate for

the spectral method, we also need to generalize the effective variance (2.16). For any θ ∈ Rn

and any i ∈ [n], define

V i(θ) =
n
∑n
j=1 ψ

′(θi − θj)(1 + eθj−θi)2

(∑n
j=1 ψ(θj − θi)

)2
. (2.30)
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We also introduce two quantities similar to (2.26) and (2.27),

R1(S, θ, t, δ) =
∑

i∈S
exp

(
−(1− δ)(θi − t)2

+npL

2V i(θ)

)
,

R2(S, θ, t, δ) =
∑

i∈S
exp

(
−(1− δ)(t− θi)2

+npL

2V i(θ)

)
.

Theorem 2.7.2. Assume np
log n →∞, κ ≤ c1 for some constant c1 > 0. Then, for the rank

vector r̂ that is induced by the stationary distribution of the Markov chain (3.5), any small

constant 0 < δ < 0.1, any r∗ ∈ Sn and any θ∗ ∈ Θ(k, 0, κ), we have

E(θ∗,r∗)Hk(r̂, r∗) ≤ C1

(
inf
t

R1([k], θ∗, t, δ) +R2([n]\[k], θ∗, t, δ)
k

+ n−3
)
, (2.31)

where C1 > 0 is a constant only depending on c1 and δ. Moreover, we also have

E(θ∗,r∗)Hk(r̂, r∗) ≥ C2

(
inf
t

R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ)
k

)
, (2.32)

for some constant C2 > 0 only depending on c1 and δ, if we additionally assume that

inft(R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ))→∞.

Similar to Theorem 2.7.1, Theorem 2.7.2 also gives matching upper and lower bounds for

the error of the spectral method for each individual θ∗ ∈ Θ(k, 0, κ) and r∗ ∈ Sn.

Let us remark that the results of Theorem 2.7.1 and Theorem 2.7.2 can be further ex-

tended beyond the setting of Erdős-Rényi graph and exactly L comparisons on each edge.

To be specific, we can consider a random graph Aij ∼ Bernoulli(pij) independently for all

1 ≤ i < j ≤ n. For each edge, we observe Lij independent games. Then, as long as

maxij pij ≤ C minij pij and maxij Lij ≤ C minij Lij hold for some constant C > 0, the

results of Theorem 2.7.1 and Theorem 2.7.2 continue to hold with Vi(θ)
npL and V i(θ)

npL replaced
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by
∑
j∈[n]\{i}

pij
Lij

ψ(θi−θj)ψ(θj−θi)
(∑

j∈[n]\{i} pijψ(θi−θj)ψ(θj−θi)
)2 and

∑
j∈[n]\{i}

pij
Lij

ψ(θi−θj)ψ(θj−θi)
(

1+e
θj−θi

)2

(∑
j∈[n]\{i} pijψ(θj−θi)

)2 , respectively.

Comparison of the Two Methods for each θ∗. Theorem 2.7.1 and Theorem 2.7.2 allow

us to give a refined comparison between the MLE and the spectral method. By ignoring the

n−3 term in the upper bounds and the δ in each exponent, we can write the error rates of

the MLE and the spectral method as

inf
t

1

k




k∑

i=1

exp

(
−(θ∗i − t)2

+npL

2Vi(θ∗)

)
+

n∑

i=k+1

exp

(
−(t− θ∗i )2

+npL

2Vi(θ∗)

)
 , (2.33)

and

inf
t

1

k




k∑

i=1

exp

(
−(θ∗i − t)2

+npL

2V i(θ∗)

)
+

n∑

i=k+1

exp

(
−(t− θ∗i )2

+npL

2V i(θ∗)

)
 . (2.34)

It is clear that the only difference between (2.33) and (2.34) lies in the difference of the

variance functions (2.25) and (2.30), whose comparison is given by the following lemma.

Lemma 2.7.1. For any θ∗ ∈ R and any i ∈ [n], we have Vi(θ∗) ≤ V i(θ
∗). The equality

holds if and only if θ∗1 = ... = θ∗n.

Proof. Notice the following chain of equalities and inequality,

Vi(θ
∗) =

n∑
j∈[n] ψ

′(θ∗j − θ∗i )

=
n
(∑

j∈[n] e
θ∗j−θ∗i

)

(∑
j∈[n] ψ

′(θ∗j − θ∗i )
)(∑

j∈[n] e
θ∗j−θ∗i

)

≤
n
(∑

j∈[n] ψ
′(θ∗j − θ∗i )(1 + e

θ∗j−θ∗i )2
)

(∑
j∈[n] ψ(θ∗j − θ∗i )

)2
(2.35)

= V i(θ
∗),

where (2.35) is by Cauchy-Schwarz inequality on the denominator. According to the equality
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condition of the Cauchy-Schwarz inequality, we know that Vi(θ∗) = V i(θ
∗) only when θ∗1 =

... = θ∗n.

To close this section, we discuss two special cases of θ∗, under which the error rates

recover the results of Theorem 2.3.2, Theorem 2.4.1, and Corollary 2.5.1.

Example 2.7.1. According to the proof of Theorem 2.4.3 and the construction discussed in

Section 2.6, the least favorable θ∗ ∈ Θ(k,∆, κ) takes the following form: θ∗i = κ1 for all

1 ≤ i ≤ k − ρk, θ∗i = 0 for k − ρk < i ≤ k, θ∗i = −∆ for k < i ≤ k + ρ(n − k) and

θ∗i = −κ2 for k + ρ(n − k) < i ≤ n. Here, κ1 and κ2 are maximizers of either (2.10) for

the MLE or (2.16) for the spectral method, and ρ is a sufficiently small constant. For this

θ∗, the formulas (2.33) and (2.34) recover the minimax rates obtained in Theorem 2.3.2 and

Theorem 2.4.1.

Example 2.7.2. Another interesting θ∗ is the two-piece model θ∗ ∈ Θ(k,∆,∆). By the

translational invariance of the variance functions, we can consider θ∗i = ∆ for all 1 ≤ i ≤ k

and θ∗i = 0 for all k < i ≤ n. We discuss the consequence of this choice of θ∗ under two

situations. First, consider ∆ = o(1), and one can check that Vi(θ∗) = (1 + o(1))4 and

V i(θ
∗) = (1 + o(1))4 for all i ∈ [n], which implies the equivalence of error rates of the MLE

and the spectral method. Second, consider ∆ lower bounded by some constant. In this case,

both the formulas (2.33) and (2.34) are o(k−1), which implies both the MLE and the spectral

method achieve exact recovery with high probability. As shown in Corollary 2.5.1, the spectral

method is actually optimal for θ∗ ∈ Θ(k,∆,∆). We are therefore able to give a theoretical

justification of the numerical experiment of [25].

2.8 Analysis of the MLE

In this section, we analyze the MLE (2.5), and prove Theorem 2.3.1, Theorem 2.3.2, and

Theorem 2.3.3. Since the BTL model (3.2) is invariant to a shift of the model parameter, we
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can assume 1Tn θ∗ = 0 without loss of generality. For simplicity of notation, we also assume

r∗i = i for each i ∈ [n], and thus we have θ∗r∗i
= θ∗i . Recall the convention of notation that

Aij = Aji and ȳij = 1 − ȳji for any i < j. We also set Aii = 0 for all i ∈ [n]. Throughout

the analysis, we will repeatedly use the properties that both ψ(t) and ψ′(t) are bounded

continuous functions with bounded Lipschitz constants.

The section is organized as follows. We will first give a brief overview of the techniques

and the main steps of the analysis in Section 2.8.1. We then present a few technical lemmas

in Section 2.8.2. In Section 2.8.3, we establish an important result on the `∞ bound of the

MLE. Theorem 2.3.1 will be proved in Section 2.8.4. Finally, we prove Theorem 2.3.2 and

Theorem 2.3.3 in Section 2.8.5.

2.8.1 Overview of the Techniques

A major difficulty of analyzing the MLE is to control the spectrum of the Hessian matrix

of the negative log-likelihood function. Recall the definition of `n(θ) in (2.4). Its Hessian

∇2`n(θ) = H(θ) ∈ Rn×n is given by the formula

Hij(θ) =





∑
l∈[n]\{i}Ailψ

′(θi − θl), i = j,

−Aijψ′(θi − θj), i 6= j.

It can be viewed as the Laplacian of the weighted random graph {ψ′(θi − θj)Aij}. For θ

that satisfies maxi<j |θi− θj | = O(1), the spectrum of H(θ) can be well controlled via some

standard random matrix tool [103]. The property maxi<j |θi−θj | = O(1) certainly holds for

θ∗ ∈ Θ(k,∆, κ). However, when analyzing the Taylor expansion of `n(θ), we actually need

to understand H(θ) for θ that is a convex combination between θ̂ and θ∗. Since the MLE

is defined without any constraint or regularization, there is no such control for θ̂. Our first

step is to establish the following proposition that shows ‖θ̂ − θ∗‖∞ is bounded with high
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probability even though the MLE has no constraint or regularization.

Proposition 2.8.1. Under the setting of Theorem 2.3.1, we have

‖θ̂ − θ∗‖∞ ≤ 5, (2.36)

with probability at least 1−O(n−7).

The proof of Proposition 2.8.1 borrows strength from the property of a regularized MLE.

Recall the definition of θ̂λ in (2.9). This is the version of MLE that has been analyzed by

[25]. We will choose λ = n−1 in order that θ̂λ is close to θ̂. Following the techniques in [25],

we can first show ‖θ̂λ−θ∗‖∞ ≤ 4 with high probability. The presence of the penalty in (2.9)

is crucial for the result ‖θ̂λ − θ∗‖∞ ≤ 4 to be established. Next, we have an argument to

show that the two estimators θ̂λ and θ̂ are sufficiently close. This leads to the bound (2.36).

A detailed proof of Proposition 2.8.1 will be given in Section 2.8.3.

The result of Proposition 2.8.1 is arguably the most important step in the analysis of the

MLE. It directly leads to the control of the spectrum of H(θ). Then, the first bound (2.7) of

Theorem 2.3.1 can be obtained by a Taylor expansion of the objective function `n(θ). The

second bound (2.8) of Theorem 2.3.1 and Theorem 2.3.2 requires an entrywise analysis of θ̂,

and is therefore more complicated. We need to take advantage of the powerful leave-one-out

argument in [25]. The intuition of the leave-one-out technique has been thoroughly discussed

in [25], and we do not repeat it here. We would like to emphasize that our version of the

leave-one-out argument is in fact different from the form introduced in [25]. We do not need

to combine the leave-one-out argument with a gradient descent analysis as in [25]. This helps

us to avoid the extra technical condition logL = O(log n) in [25] when proving the theorems.
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2.8.2 Some Technical Lemmas

Let us present a few technical lemmas that facilitate our analysis of the MLE. The first

two lemmas are concentration properties of the random graph A ∼ G(n, p). We define

LA = D − A to be the graph Laplacian of A, where D is a diagonal matrix whose entries

are given by Dii =
∑
j∈[n]\{i}Aij .

Lemma 2.8.1. Assume p ≥ c0 log n
n for some sufficiently large c0 > 0. We then have

1

2
np ≤ min

i∈[n]

∑

j∈[n]\{i}
Aij ≤ max

i∈[n]

∑

j∈[n]\{i}
Aij ≤ 2np,

and

λmin,⊥(LA) = min
u6=0:1Tnu=0

uTLAu
‖u‖2 ≥ np

2
,

λmax(LA) = max
u6=0

uTLAu
‖u‖2 ≤ 2np

with probability at least 1−O(n−10).

Lemma 2.8.2. Assume p ≥ c0 log n
n for some sufficiently large c0 > 0. For any fixed {wij},

we have

max
i∈[n]

∑

j∈[n]\{i}
w2
ij(Aij − p)2 ≤ Cnp max

i,j∈[n]
|wij |2,

and

max
i∈[n]


 ∑

j∈[n]\{i}
wij(Aij − p)




2

≤ C(log n)2 max
i,j∈[n]

|wij |2 + Cp log nmax
i∈[n]

∑

j∈[n]

w2
ij ,

for some constant C > 0 with probability at least 1−O(n−10).

With λmin,⊥(LA) shown to be well behaved, the next lemma establishes a similar control

for λmin,⊥(H(θ)).
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Lemma 2.8.3. Assume p ≥ c0 log n
n for some sufficiently large c0 > 0. For any θ ∈ Rn that

satisfies maxi∈[n] θi −mini∈[n] θi ≤M , we have

λmin,⊥(H(θ)) ≥ 1

8
e−Mnp,

with probability at least 1−O(n−10).

Finally, we need a few concentration inequalities.

Lemma 2.8.4. Assume κ = O(1) and p ≥ c0 log n
n for some sufficiently large c0 > 0. Then,

we have
n∑

i=1


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

≤ C
n2p

L
,

max
i∈[n]


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

≤ C
np log n

L
,

max
i∈[n]

∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))2 ≤ C

np

L
,

for some constant C > 0 with probability at least 1 − O(n−10) uniformly over all θ∗ ∈

Θ(k, 0, κ).

The proofs of the four lemmas above will be given in Section 2.12.

2.8.3 Proof of Proposition 2.8.1

As we have outlined in Section 2.8.1, the main argument to bound ‖θ̂ − θ∗‖∞ is to first

derive a bound for ‖θ̂λ − θ∗‖∞, where θ̂λ is the penalized MLE defined in (2.9). Then, we

only need to show θ̂λ and θ̂ are close with λ as small as λ = n−1. We first state a lemma

that bounds ‖θ̂λ − θ∗‖∞.
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Lemma 2.8.5. Under the setting of Theorem 2.3.1, for the estimator θ̂λ with λ = n−1, we

have

‖θ̂λ − θ∗‖∞ ≤ 4,

with probability at least 1−O(n−7).

We first prove Proposition 2.8.1 with the help of Lemma 2.8.5. We then prove Lemma

2.8.5 at the end of this section.

Proof of Proposition 2.8.1. Define a constraint MLE as

θ̂con = argmin
1Tn θ=0:‖θ−θ∗‖∞≤5

`n(θ). (2.37)

By Lemma 2.8.5, θ̂λ is feasible for the constraint of (2.37). We then have

`n(θ̂λ) ≥ `n(θ̂con). (2.38)

We apply Taylor expansion, and obtain

`n(θ̂con) = `n(θ̂λ) + (θ̂con − θ̂λ)T∇`n(θ̂λ) +
1

2
(θ̂λ − θ̂con)TH(ξ)(θ̂λ − θ̂con),

where ξ is a convex combination of θ̂con and θ̂λ. By Lemma 2.8.5, we know that ‖θ̂λ−θ∗‖∞ ≤

4. We also have ‖θ̂con − θ∗‖∞ ≤ 5 by the definition of θ̂con. Thus, ‖ξ − θ∗‖∞ ≤ 5. By

Lemma 2.8.3, we get the lower bound

`n(θ̂con) ≥ `n(θ̂λ) + (θ̂con − θ̂λ)T∇`n(θ̂λ) + c1np‖θ̂con − θ̂λ‖2, (2.39)

for some constant c1 > 0. By (2.38) and (2.39), we have

‖θ̂con − θ̂λ‖2 ≤
|(θ̂con − θ̂λ)T∇`n(θ̂λ)|

c1np
.
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By Cauchy-Schwarz inequality and the fact that ∇`n(θ̂λ) + λθ̂λ = 0, we have

‖θ̂con − θ̂λ‖2 ≤
‖∇`n(θ̂λ)‖2

(c1np)2
=
λ2‖θ̂λ‖2
(c1np)2

. nλ2

(c1np)2
. n−1.

Finally, since

‖θ̂con − θ∗‖∞ ≤ ‖θ̂λ − θ∗‖∞ + ‖θ̂con − θ̂λ‖ ≤ 4 +
c2√
n
≤ 9

2
,

the minimizer of (2.37) is in the interior of the constraint. By the convexity of (2.37), we

have θ̂con = θ̂, and thus the desired conclusion ‖θ̂ − θ∗‖∞ ≤ 5 is obtained.

Proof of Lemma 2.8.5. Our proof largely follows the arguments in [25] that analyze the

regularized MLE. Since we only need to show ‖θ̂λ − θ∗‖∞ ≤ 4 rather than the optimal

rate, the condition on L imposed by [25] is not needed anymore. This requires a few minor

changes in the proof of [25]. We still write down every step of the proof for the result to be

self-contained.

Define a gradient descent sequence

θ(t+1) = θ(t) − η
(
∇`n(θ(t)) + λθ(t)

)
. (2.40)

We also need to introduce a leave-one-out gradient descent sequence. Define

`
(m)
n (θ) =

∑

1≤i<j≤n:i,j 6=m
Aij

[
ȳij log

1

ψ(θi − θj)
+ (1− ȳij) log

1

1− ψ(θi − θj)

]

+
∑

i∈[n]\{m}
p

[
ψ(θ∗i − θ∗m) log

1

ψ(θi − θm)
+ ψ(θ∗m − θ∗i ) log

1

ψ(θm − θi)

]
.
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With the objective `(m)
n (θ), we define

θ(t+1,m) = θ(t,m) − η
(
∇`(m)

n (θ(t,m)) + λθ(t,m)
)
. (2.41)

We initialize both (2.40) and (2.41) by θ(0) = θ(0,m) = θ∗ and use the same step size

η = 1
λ+np . Note that 1Tn θ∗ = 0 implies 1Tn θ(t) = 1Tn θ

(t,m) = 0 for all t. See Section 4.3 of

[26]. We will establish the following bounds,

max
m∈[n]

‖θ(t,m) − θ(t)‖ ≤ 1, (2.42)

‖θ(t) − θ∗‖ ≤
√

n

log n
, (2.43)

max
m∈[n]

|θ(t,m)
m − θ∗m| ≤ 1. (2.44)

It is obvious that (2.42), (2.43) and (2.44) hold for t = 0. We use a mathematical induction

argument to show (2.42), (2.43) and (2.44) for a general t. Let us suppose (2.42), (2.43) and

(2.44) are true, and we need to show the same conclusions continue to hold for t+ 1.

First, we have

θ(t+1) − θ(t+1,m) = (1− ηλ)(θ(t) − θ(t,m))− η(∇`n(θ(t))−∇`(m)
n (θ(t,m)))

= ((1− ηλ)In − ηH(ξ)) (θ(t) − θ(t,m))− η
(
∇`n(θ(t,m))−∇`(m)

n (θ(t,m))
)
,

where ξ is a convex combination of θ(t) and θ(t,m). By (2.42) and (2.44), we have

‖θ(t) − θ∗‖∞ ≤ max
m∈[n]

‖θ(t,m) − θ(t)‖+ max
m∈[n]

|θ(t,m)
m − θ∗m| ≤ 2, (2.45)

and

‖θ(t,m) − θ∗‖∞ ≤ ‖θ(t) − θ∗‖∞ + ‖θ(t,m) − θ(t)‖ ≤ 3. (2.46)
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We thus have ‖ξ − θ∗‖∞ ≤ 3, and we can apply Lemma 2.8.3 to obtain the bound

‖ ((1− ηλ)In − ηH(ξ)) (θ(t) − θ(t,m))‖ ≤ (1− ηλ− c1ηnp)‖θ(t) − θ(t,m)‖, (2.47)

for some constant c1 > 0. We also note that

‖∇`n(θ(t,m))−∇`(m)
n (θ(t,m))‖2

= (
∑

j∈[n]\{m}
Ajm(ȳjm − ψ(θ∗j − θ∗m))

−
∑

j∈[n]\{m}
(Ajm − p)(ψ(θ

(t,m)
j − θ(t,m)

m )− ψ(θ∗j − θ∗m)))2

+
∑

j∈[n]\{m}

(
Ajm(ȳjm − ψ(θ∗j − θ∗m))− (Ajm − p)(ψ(θ

(t,m)
j − θ(t,m)

m )− ψ(θ∗j − θ∗m))
)2

≤ C1
np log n

L
+ C1np log n‖θ(t,m) − θ∗‖2∞, (2.48)

for some constant C1 > 0 by Lemma 2.8.2 and Lemma 2.8.4. We combine the two bounds

(2.47) and (2.48), and obtain

‖θ(t+1) − θ(t+1,m)‖ ≤ (1− ηλ− c1ηnp)‖θ(t) − θ(t,m)‖

+η

√
C1np log n

(
L−1 + ‖θ(t,m) − θ∗‖2∞

)

≤ (1− c1ηnp) + η
√
C1np log n

(
L−1 + 9

)
(2.49)

≤ 1 (2.50)

where the inequality (2.49) is by (2.42) and (2.46). The inequality (2.50) requires that
√
C1np log n

(
L−1 + 9

)
≤ c1np, which is implied by the condition that p ≥ c0 log n

n for some

sufficiently large c0 > 0. We thus have proved (2.42) for t+ 1.
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Next, we have

θ(t+1) − θ∗ = θ(t) − θ∗ − η
(
∇`n(θ(t)) + λθ(t)

)

= (1− ηλ)(θ(t) − θ∗)− η
(
∇`n(θ(t))−∇`n(θ∗)

)
− ηλθ∗ − η∇`n(θ∗)

= ((1− ηλ)In − ηH(ξ)) (θ(t) − θ∗)− ηλθ∗ − η∇`n(θ∗),

where ξ is abused for a vector that is a convex combination of θ(t) and θ∗. Since by (2.45)

we get ‖ξ − θ∗‖∞ ≤ ‖θ(t) − θ∗‖∞ ≤ 2, we can use Lemma 2.8.3 to obtain the bound

((1− ηλ)In − ηH(ξ)) (θ(t) − θ∗) ≤ (1− ηλ− c2ηnp)‖θ(t) − θ∗‖, (2.51)

for some constant c2 > 0. We also note that

‖∇`n(θ∗)‖2 =
n∑

i=1


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

≤ C2
n2p

L
, (2.52)

for some constant C2 > 0 with high probability by Lemma 2.8.4. Combine the bounds (2.51)

and (2.52), and we obtain

‖θ(t+1) − θ∗‖ ≤ (1− ηλ− c2ηnp)‖θ(t) − θ∗‖+ η

√
C2
n2p

L
+ ηλ‖θ∗‖

≤ (1− c2ηnp)
√

n

log n
+ η

√
C2
n2p

L
+ ηλ‖θ∗‖

≤
√

n

log n
,

where the last inequality is due to η
√
C2

n2p
L + ηλ‖θ∗‖ . 1√

Lp
+ 1
n3/2p

= o

(
ηnp

√
n

log n

)
by

the choice of η and λ. Hence, (2.43) holds for t+ 1.
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Finally, we have

θ
(t+1,m)
m − θ∗m = θ

(t,m)
m − θ∗m + ηp

∑

j∈[n]\{m}

(
ψ(θ∗m − θ∗j )− ψ(θ

(t,m)
m − θ(t,m)

j )
)
− ληθ(t,m)

m

= θ
(t,m)
m − θ∗m + ηp

∑

j∈[n]\{m}
ψ′(ξj)(θ∗m − θ∗j − θ

(t,m)
m + θ

(t,m)
j )− ληθ(t,m)

m

=


1− ηλ− ηp

∑

j∈[n]\{m}
ψ′(ξj)


 (θ

(t,m)
m − θ∗m)− ληθ∗m

+ηp
∑

j∈[n]\{m}
ψ′(ξj)(θ

(t,m)
j − θ∗j ),

where ξj is a scalar between θ∗m − θ∗j and θ
(t,m)
m − θ

(t,m)
j . By (2.46), we have |ξj − θ∗m +

θ∗j | ≤ |θ∗m − θ∗j − θ
(t,m)
m + θ

(t,m)
j | ≤ 6, which implies ‖ξ‖∞ is bounded. We then have

∑
j∈[n]\{m} ψ

′(ξj) ≥ c3n for some constant c3 > 0, and thus

∣∣∣∣∣∣


1− ηλ− ηp

∑

j∈[n]\{m}
ψ′(ξj)


 (θ

(t,m)
m − θ∗m)

∣∣∣∣∣∣
≤ (1− ηλ− c3ηnp)|θ(t,m)

m − θ∗m|. (2.53)

We also have

∣∣∣∣∣∣
∑

j∈[n]\{m}
ψ′(ξj)(θ

(t,m)
j − θ∗j )

∣∣∣∣∣∣
≤ ‖θ(t,m) − θ∗‖1 ≤

√
n‖θ(t,m) − θ∗‖ ≤ √n

(
1 +

√
n

log n

)
,

(2.54)

where the last inequality is by (2.42) and (2.43). Combine the bounds (2.53) and (2.54), and

we get

|θ(t+1,m)
m − θ∗m| ≤ (1− ηλ− c3ηnp)|θ(t,m)

m − θ∗m|+ ηp
√
n

(
1 +

√
n

log n

)
+ λη|θ∗m|

≤ (1− c3ηnp) + ηp
√
n+ ηp

n√
log n

+ λη|θ∗m|

≤ 1,
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where the last inequality is because of ηp
√
n+ ηp n√

log n
+ λη|θ∗m| = o (ηnp) by the choice of

η and λ. Hence, (2.44) holds for t+ 1.

To summarize, we have shown that (2.42), (2.43) and (2.44) hold for all t ≤ t∗ with

probability at least 1−O(t∗n−10). The reason why we have the probability 1−O(t∗n−10) is

because we need to apply Lemma 2.8.2 with a different weight at each iteration to show (2.48).

Note that the bound (2.45) holds for all t ≤ t∗ as well and we thus have ‖θ(t∗) − θ∗‖∞ ≤ 2.

With a standard optimization result for a strongly convex objective function, we have

‖θ(t∗) − θ̂λ‖ ≤
(

1− λ

λ+ np

)t∗
‖θ̂λ − θ∗‖.

See Lemma 6.7 of [25]. By triangle inequality, we have

‖θ̂λ − θ∗‖∞ ≤ ‖θ(t∗) − θ̂λ‖+ ‖θ(t∗) − θ∗‖∞ ≤
(

1− λ

λ+ np

)t∗√
n‖θ̂λ − θ∗‖∞ + 2.

Since
(

1− λ
λ+np

)
≤ 1 − 1

1+n2 , we can take t∗ = n3 in order that
(

1− λ
λ+np

)t∗√
n ≤ 1

2 .

This implies ‖θ̂λ − θ∗‖∞ ≤ 4 with probability at least 1−O(n−7) as desired.

2.8.4 Proof of Theorem 2.3.1

We give separate proofs for the conclusions (2.7) and (2.8) in this section.

Proof of (2.7) of Theorem 2.3.1. By the definition of θ̂, we have `n(θ∗) ≥ `n(θ̂). We then

apply Taylor expansion and obtain

`n(θ̂) = `n(θ∗) + (θ̂ − θ∗)T∇`n(θ∗) +
1

2
(θ̂ − θ∗)TH(ξ)(θ̂ − θ∗),

where ξ is a convex combination of θ̂ and θ∗. By Proposition 2.8.1, we have ‖θ̂− θ∗‖∞ ≤ 5,

which implies ‖ξ− θ∗‖∞ ≤ 5. Thus, we can apply Lemma 2.8.3 and get 1
2(θ̂− θ∗)TH(ξ)(θ̂−

θ∗) ≥ c1np‖θ̂− θ∗‖2 for some constant c1 > 0. Together with `n(θ∗) ≥ `n(θ̂) and a Cauchy-
45



Schwarz inequality, we have ‖θ̂− θ∗‖2 ≤ ‖∇`n(θ∗)‖2
(c1np)2 . Use (2.52) and Lemma 2.8.4, we obtain

the desired conclusion that ‖θ̂ − θ∗‖2 . 1
Lp .

The proof of (2.8) is more involved. It is based on a leave-one-out argument that is very

different from the one used in [25]. Let us decompose the objective function `n(θ) as

`n(θ) = `
(−m)
n (θ−m) + `

(m)
n (θm|θ−m), (2.55)

where we use θm ∈ R for the mth entry of θ and θ−m ∈ Rn−1 for the remaining entries.

The two functions in (2.55) are defined as

`
(−m)
n (θ−m) =

∑

1≤i<j≤n:i,j 6=m
Aij

[
ȳij log

1

ψ(θi − θj)
+ (1− ȳij) log

1

1− ψ(θi − θj)

]
,

`
(m)
n (θm|θ−m) =

∑

j∈[n]\{m}
Amj

[
ȳmj log

1

ψ(θm − θj)
+ (1− ȳmj) log

1

1− ψ(θm − θj)

]
.

Define

θ
(m)
−m = argmin

θ−m:‖θ−m−θ∗−m‖∞≤5
`
(−m)
n (θ−m). (2.56)

We first present an `2 norm bound for θ(m)
−m. We also use H(−m)(θ−m) for the Hessian matrix

∇2`
(−m)
n (θ−m).

Lemma 2.8.6. Under the setting of Theorem 2.3.1, there exists some constant C > 0 such

that

max
m∈[n]

‖θ(m)
−m − θ∗−m − am1n−1‖2 ≤ C

1

pL
,

with probability at least 1−O(n−9), where am = ave(θ
(m)
−m − θ∗m).

Proof. The proof is very similar to that of (2.7), since θ(m)
−m can be thought of as a constrained
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MLE on a subset of the data. By the definition of θ(m)
−m, we have

`
(−m)
n (θ∗−m) ≥ `

(−m)
n (θ

(m)
−m)

= `
(−m)
n (θ∗−m) + (θ

(m)
−m − θ∗−m − am1n−1)T∇`(−m)

n (θ∗−m)

+
1

2
(θ

(m)
−m − θ∗−m − am1n−1)TH(−m)(ξ)(θ

(m)
−m − θ∗−m − am1n−1),

where ξ is a convex combination of θ(m)
−m and θ∗−m. In the above Taylor expansion, we

have also used the property that `(−m)
n (θ−m) = `

(−m)
n (θ−m + c1n−1), ∇`(−m)

n (θ−m) =

∇`(−m)
n (θ−m + c1n−1) and H(−m)(θ−m) = H(−m)(θ−m + c1n−1) for any c ∈ R. Since

‖ξ − θ∗−m‖∞ ≤ ‖θ
(m)
−m − θ∗−m‖∞ ≤ 5, we can apply Lemma 2.8.3 to the subset of the data,

and obtain

1

2
(θ

(m)
−m−θ∗−m−am1n−1)TH(−m)(ξ)(θ

(m)
−m−θ∗−m−am1n−1) ≥ c1np‖θ(m)

−m−θ∗−m−am1n−1‖2,

with probability at least 1−O(n−10) for some constant c1 > 0. By Cauchy-Schwarz inequal-

ity, we have

‖θ(m)
−m − θ∗−m − am1n−1‖2 ≤

‖∇`(−m)
n (θ∗−m)‖2
(c1np)2

.

Apply (2.52) and Lemma 2.8.4 to the subset of the data, and we obtain that ‖θ(m)
−m − θ∗−m−

am1n−1‖2 ≤ C 1
pL with probability at least 1− O(n−10). Finally, a union bound argument

leads to the desired result.

With the help of Lemma 2.8.6, we are ready to prove (2.8).

Proof of (2.8) of Theorem 2.3.1. By Proposition 2.8.1, we have ‖θ̂−m − θ∗−m‖∞ ≤ ‖θ̂ −

θ∗‖∞ ≤ 5, and thus θ̂−m is feasible for the constraint of (2.56). By the definition of θ(m)
−m,
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we have

`
(−m)
n (θ̂−m) ≥ `

(−m)
n (θ

(m)
−m)

= `
(−m)
n (θ̂−m) + (θ

(m)
−m − θ̂−m − ām1n−1)T∇`(−m)

n (θ̂−m)

+
1

2
(θ

(m)
−m − θ̂−m − ām1n−1)TH(−m)(ξ)(θ

(m)
−m − θ̂−m − ām1n−1),

where ām = ave(θ
(m)
−m − θ̂−m) and ξ is a convex combination of θ(m)

−m and θ̂−m. Since both

θ
(m)
−m and θ̂−m satisfy the constraint of (2.56), we must have ‖ξ− θ∗−m‖∞ ≤ 5. Then, we can

apply Lemma 2.8.3 to the subset of the data, and obtain

1

2
(θ

(m)
−m−θ̂−m−ām1n−1)TH(−m)(ξ)(θ

(m)
−m−θ̂−m−ām1n−1) ≥ c1np‖θ(m)

−m−θ̂−m−ām1n−1‖2,

for some constant c1 > 0. By Cauchy-Schwarz inequality, we have

‖θ(m)
−m − θ̂−m − ām1n−1‖2 ≤

‖∇`(−m)
n (θ̂−m)‖2
(c1np)2

.

For each i ∈ [n]\{m}, by the decomposition (2.55), we have

∂

∂θi
`
(−m)
n (θ−m) =

∂

∂θi
`n(θ)− ∂

∂θi
`
(m)
n (θm|θ−m).

Since ∇`n(θ̂) = 0, we have

∂

∂θi
`
(−m)
n (θ−m)|θ=θ̂ = − ∂

∂θi
`
(m)
n (θm|θ−m)|θ=θ̂ = −Ami(ȳmi − ψ(θ̂m − θ̂i)).
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We therefore have the bound

‖∇`(−m)
n (θ̂−m)‖2 =

∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ̂m − θ̂i))2

≤ 2
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))2

+2
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ∗i )− ψ(θ̂m − θ̂i))2

≤ 2
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))2 + 2‖θ̂ − θ∗‖2∞

∑

i∈[n]\{m}
Ami

≤ 2
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))2 + 4np‖θ̂ − θ∗‖2∞,

where the last inequality is by Lemma 2.8.1. This implies

max
m∈[n]

‖θ(m)
−m − θ̂−m − ām1n−1‖2 ≤

maxm∈[n]
∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))2

(c1np)2/2

+
‖θ̂ − θ∗‖2∞
c21np/4

.

Since we need a bound for maxm∈[n] ‖θ
(m)
−m − θ̂−m − am1n−1‖2, we need to quantify the

difference between am and ām. Recall that am = ave(θ
(m)
−m − θ∗m). Since 1Tn θ̂ = 1Tn θ

∗ = 0,

we have

‖am1n−1 − ām1n−1‖2 = (n− 1)(ave(θ̂−m − θ∗−m))2 =
(θ̂m − θ∗m)2

n− 1
≤ ‖θ̂ − θ

∗‖2∞
n− 1

.

We then have

max
m∈[n]

‖θ(m)
−m − θ̂−m − am1n−1‖2 ≤ C1

maxm∈[n]
∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))2

n2p2

+C1
‖θ̂ − θ∗‖2∞

np
, (2.57)
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for some constant C1 > 0.

Next, let us derive a bound for ‖θ̂−θ∗‖2∞ in terms of maxm∈[n] ‖θ
(m)
−m− θ̂−m−am1n−1‖2.

We introduce the notation

f (m)(θm|θ−m) =
∂

∂θm
`
(m)
n (θm|θ−m) = −

∑

i∈[n]\{m}
Ami(ȳmi − ψ(θm − θi)),

g(m)(θm|θ−m) =
∂2

∂θ2
m
`
(m)
n (θm|θ−m) =

∑

i∈[n]\{m}
Amiψ(θm − θi)ψ(θi − θm).

By the definition of θ̂, we know that `n(θ̂) = minθ:1Tn θ=0 `n(θ). Since `n(θ) = `n(θ + c1n)

for any c ∈ R, we also have `n(θ̂) = minθ `n(θ). This allows us to compare the value of the

objective `n(θ) at θ̂ with any vector that is not necessarily centered. We then have

`
(m)
n (θ∗m|θ̂−m) + `

(−m)
n (θ̂−m) ≥ `n(θ̂),

which implies

`
(m)
n (θ∗m|θ̂−m) ≥ `

(m)
n (θ̂m|θ̂−m)

= `
(m)
n (θ∗m|θ̂−m) + (θ̂m − θ∗m)f (m)(θ∗m|θ̂−m) +

1

2
(θ̂m − θ∗m)2g(m)(ξ|θ̂−m),

where ξ is a scalar between θ∗m and θ̂m. By Proposition 2.8.1, |ξ − θ∗m| ≤ |θ̂m − θ∗m| ≤

‖θ̂−θ∗‖∞ ≤ 5. Therefore, for any i ∈ [n]\{m}, |ξ−θ̂i| ≤ |ξ−θ∗m|+|θ∗m−θ∗i |+|θ̂i−θ∗i | ≤ 10+κ.

This implies 1
2g

(m)(ξ|θ̂−m) ≥ c2np for some constant c2 > 0 with the help of Lemma 2.8.1.

We then have the bound

(θ̂m − θ∗m)2 ≤ |f
(m)(θ∗m|θ̂−m)|2

(c2np)2
. (2.58)
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We bound |f (m)(θ∗m|θ̂−m)| by

|f (m)(θ∗m|θ̂−m)| =

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ̂i))

∣∣∣∣∣∣

≤

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣∣∣∣
(2.59)

+

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣
(2.60)

+

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ

(m)
i + am)− ψ(θ∗m − θ̂i))

∣∣∣∣∣∣
. (2.61)

We use Lemma 2.8.2 to bound (2.60). We have

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣

≤ p

∣∣∣∣∣∣
∑

i∈[n]\{m}
(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣
(2.62)

+

∣∣∣∣∣∣
∑

i∈[n]\{m}
(Ami − p)(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣
(2.63)

≤ p
√
n‖θ(m)
−m − θ∗−m − am1n−1‖+ C2 log n‖θ(m)

−m − θ∗−m − am1n−1‖∞

+C2

√
p log n‖θ(m)

−m − θ∗−m − am1n−1‖

≤ (p
√
n+ C2

√
p log n)‖θ(m)

−m − θ∗−m − am1n−1‖+ C2 log n‖θ̂ − θ∗‖∞

+C2 log n‖θ(m)
−m − θ̂−m − am1n−1‖.
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With the help of 2.8.1, we can also bound (2.61), and we get

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ

(m)
i + am)− ψ(θ∗m − θ̂i))

∣∣∣∣∣∣

≤
√ ∑

i∈[n]\{m}
Ami‖θ(m)

−m − θ̂−m − am1n−1‖

≤ C3
√
np‖θ(m)

−m − θ̂−m − am1n−1‖. (2.64)

Plug the bounds into (2.58), and we have

‖θ̂ − θ∗‖∞ ≤
maxm∈[n]

∣∣∣
∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣
c2np

+
(p
√
n+ C2

√
p log n) maxm∈[n] ‖θ

(m)
−m − θ∗−m − am1n−1‖

c2np

+
(C2 log n+ C3

√
np)‖θ(m)

−m − θ̂−m − am1n−1‖
c2np

+
C2 log n‖θ̂ − θ∗‖∞

c2np
.

Since np ≥ c0 log n for some sufficiently large c0, we obtain the bound

‖θ̂ − θ∗‖∞ ≤ C4

maxm∈[n]

∣∣∣
∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣
np

+C4

p
√
nmaxm∈[n] ‖θ

(m)
−m − θ∗−m − am1n−1‖
np

+C4
(log n+

√
np)‖θ(m)

−m − θ̂−m − am1n−1‖
np

. (2.65)
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Let us plug the above bound into (2.57). Then, after some rearrangement, we obtain

max
m∈[n]

‖θ(m)
−m − θ̂−m − am1n−1‖ ≤ C5

maxm∈[n]

√∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))2

np

+C5

maxm∈[n]

∣∣∣
∑
i∈[n]\{m}Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣
np
√
np

+C5

maxm∈[n] ‖θ
(m)
−m − θ∗−m − am1n−1‖

n
√
p

.

By Lemma 2.8.4 and Lemma 2.8.6, we have

max
m∈[n]

‖θ(m)
−m − θ̂−m − am1n−1‖ ≤ C7

√
1

npL
. (2.66)

Now we can plug the bound (2.66) back into (2.65), and together with Lemma 2.8.4 and

Lemma 2.8.6, we have

‖θ̂ − θ∗‖∞ ≤ C8

√
log n

npL
, (2.67)

which is the desired conclusion. Tracking all the probabilistic events that we have used

in the proof, we can conclude that both (2.66) and (2.67) hold with probability at least

1−O(n−7).

2.8.5 Proofs of Theorem 2.3.2 and Theorem 2.3.3

In the proof of (2.8), we have established the byproduct (2.66). This bound turns out to

be extremely important for us to establish the result of Theorem 2.3.2. We therefore list it,

together with its consequence, as a lemma.

Lemma 2.8.7. Under the setting of Theorem 2.3.1, there exists some constant C > 0 such

that

max
m∈[n]

‖θ(m)
−m − θ̂−m − am1n−1‖2 ≤ C

1

npL
,
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max
m∈[n]

‖θ(m)
−m − θ∗−m − am1n−1‖2∞ ≤ C

log n

npL
,

with probability at least 1 − O(n−7), where am = ave(θ
(m)
−m − θ∗m) and θ

(m)
−m is defined by

(2.56).

Proof. The first conclusion has been established in (2.66). The second conclusion is a con-

sequence of the inequality

max
m∈[n]

‖θ(m)
−m − θ∗−m − am1n−1‖2∞ ≤ 2 max

m∈[n]
‖θ(m)
−m − θ̂−m − am1n−1‖2 + 2‖θ̂ − θ∗‖2∞,

and (2.67).

Now we are ready to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. When the error exponent is of constant order, the bound is also

a constant, and the result already holds since Hk(r̂, r∗) ≤ 1. Therefore, we only need

to consider the case when the error exponent tends to infinity. We first introduce some

notation. Define

η =
1

2
− V (κ)

(1− δ̄)∆2npL
log

n− k
k

, (2.68)

where δ̄ = o(1) is chosen such that η > 0. The specific choice of δ̄ will be specified in the

proof. Then let

∆̄i =





min

(
η(θ∗k − θ∗k+1) + θ∗i − θ∗k,

(
log n
np

)1/4
)
, 1 ≤ i ≤ k,

min

(
(1− η)(θ∗k − θ∗k+1) + θ∗k+1 − θ∗i ,

(
log n
np

)1/4
)
, k + 1 ≤ i ≤ n.

(2.69)

Since the diverging error exponent implies SNR → ∞, we have mini∈[n] ∆̄2
iLnp → ∞ and

maxi∈[n] ∆̄i → 0.

The proof involves several steps. In the first step, we need to derive a sharp probabilistic

bound for |f (m)(θ∗m|θ̂−m)|. In the proof of (2.8) of Theorem 2.3.1, we have shown that
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|f (m)(θ∗m|θ̂−m)| can be bounded by the sum of (2.59), (2.61), (2.62) and (2.63). For (2.59),

we can use Hoeffding’s inequality and Lemma 2.8.1 and obtain the bound

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣∣∣∣
≤ C1

√
x
∑
i∈[n]\{m}Ami

L
≤ C2

√
xnp

L
, (2.70)

with probability at least 1−O(n−10)− e−x. Take x = ∆̄
3/2
m Lnp, and we have

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ȳmi − ψ(θ∗m − θ∗i ))

∣∣∣∣∣∣
≤ C2

√
∆̄

3/2
m (np)2, (2.71)

with probability at least 1−O(n−10)− e−∆̄
3/2
m Lnp. Since we have already shown (2.61) can

be bounded by (2.64) with probability at least 1−O(n−10), an application of Lemma 2.8.7

implies that

∣∣∣∣∣∣
∑

i∈[n]\{m}
Ami(ψ(θ∗m − θ

(m)
i + am)− ψ(θ∗m − θ̂i))

∣∣∣∣∣∣
≤ C3

√
1

L
, (2.72)

with probability at least 1 − O(n−7). By Cauchy-Schwarz inequality, we can bound (2.62)

by p
√
n‖θ(m)
−m − θ∗−m − am1n−1‖. With the help of Lemma 2.8.6, we have

p

∣∣∣∣∣∣
∑

i∈[n]\{m}
(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣
≤ C4

√
np

L
, (2.73)

with probability at least 1−O(n−9). For (2.63), we use Bernstein’s inequality, and we have

∣∣∣∣∣∣
∑

i∈[n]\{m}
(Ami − p)(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣

≤ C5
√
px‖θ(m)

−m − θ∗−m − am1n−1‖+ C5x‖θ(m)
−m − θ∗−m − am1n−1‖∞, (2.74)
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with probability at least 1 − e−x. We choose x = min
(

∆̄2
mLnp

np
log n , 7 log n

)
. Then, with

the help of Lemma 2.8.6 and Lemma 2.8.7, we have

∣∣∣∣∣∣
∑

i∈[n]\{m}
(Ami − p)(ψ(θ∗m − θ∗i )− ψ(θ∗m − θ

(m)
i + am))

∣∣∣∣∣∣

≤ C6
1√
L

√
min

(
∆̄2
mLnp

np

log n
, 7 log n

)
+ C6

√
log n

npL
min

(
∆̄2
mLnp

np

log n
, 7 log n

)
,(2.75)

with probability at least 1−O(n−7)− exp
(
−∆̄2

mnpL
np

log n

)
. Combining the bounds (2.71)-

(2.75), we obtain a bound for |f (m)(θ∗m|θ̂−m)|. This also implies a bound for |θ̂m − θ∗m|

because of the inequality (2.58).

In the second step, we define

θ̄m = θ∗m −
f (m)(θ∗m|θ̂−m)

g(m)(θ∗m|θ̂−m)
. (2.76)

We need to show θ̄m and θ̂m are close. By Proposition 2.8.1, ‖θ̂ − θ∗‖∞ ≤ 5, and thus

g(m)(θ∗m|θ̂−m) ≥ c1np for some constant c1 > 0, so that we have the bound |θ̄m − θ∗m| ≤
|f (m)(θ∗m|θ̂−m)|

c1np
. In fact, given the inequality (2.58), we can choose c1 to be sufficiently small

so that |θ̂m − θ∗m| ≤ |f
(m)(θ∗m|θ̂−m)|

c1np
is also true. Therefore, we can express θ̄m and θ̂m as

θ̄m = argmin

|θm−θ∗m|≤
|f(m)(θ∗m|θ̂−m)|

c1np

¯̀(m)
n (θm|θ̂−m),

θ̂m = argmin

|θm−θ∗m|≤
|f(m)(θ∗m|θ̂−m)|

c1np

`
(m)
n (θm|θ̂−m),

where

¯̀(m)
n (θm|θ̂−m) = `

(m)
n (θ∗m|θ̂−m) + (θm − θ∗m)f (m)(θ∗m|θ̂−m) +

1

2
(θm − θ∗m)2g(m)(θ∗m|θ̂−m).
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Recall the definition of `(m)
n (θm|θ−m) in (2.55) and the display afterwards. We will show θ̄m

and θ̂m are close by bounding the difference between the two objective functions. By Taylor

expansion, we have

∣∣∣`(m)
n (θm|θ̂−m)− ¯̀(m)

n (θm|θ̂−m)
∣∣∣ =

1

2
(θm − θ∗m)2

∣∣∣g(m)(ξ|θ̂−m)− g(m)(θ∗m|θ̂−m)
∣∣∣ ,

where ξ is a scalar between θm and θ∗m. We then have

∣∣∣g(m)(ξ|θ̂−m)− g(m)(θ∗m|θ̂−m)
∣∣∣

=

∣∣∣∣∣∣
∑

i∈[n]\{m}
Amiψ(ξ − θ̂i)ψ(θ̂i − ξ)−

∑

i∈[n]\{m}
Amiψ(θ∗m − θ̂i)ψ(θ̂i − θ∗m)

∣∣∣∣∣∣

≤ |ξ − θ∗m|
∑

i∈[n]\{m}
Ami

≤ C7|θm − θ∗m|np,

where the last inequality uses Lemma 2.8.1. Therefore, for any θm that satisfies |θm−θ∗m| ≤
|f (m)(θ∗m|θ̂−m)|

c1np
, the difference between the two objective functions can be bounded by

∣∣∣`(m)
n (θm|θ̂−m)− ¯̀(m)

n (θm|θ̂−m)
∣∣∣ ≤ C7np

2
|θm − θ∗m|3 ≤

C7np

2

(
|f (m)(θ∗m|θ̂−m)|

c1np

)3

.
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By Pythagorean identity, ¯̀(m)
n (θ̂m|θ̂−m) = ¯̀(m)

n (θ̄m|θ̂−m)+1
2g

(m)(θ∗m|θ̂−m)(θ̂m−θ̄m)2. Then,

1

2
g(m)(θ∗m|θ̂−m)(θ̂m − θ̄m)2

= ¯̀(m)
n (θ̂m|θ̂−m)− ¯̀(m)

n (θ̄m|θ̂−m)

≤ `
(m)
n (θ̂m|θ̂−m)− ¯̀(m)

n (θ̄m|θ̂−m) +
C7np

2

(
|f (m)(θ∗m|θ̂−m)|

c1np

)3

≤ `
(m)
n (θ̄m|θ̂−m)− ¯̀(m)

n (θ̄m|θ̂−m) +
C7np

2

(
|f (m)(θ∗m|θ̂−m)|

c1np

)3

≤ 2
C7np

2

(
|f (m)(θ∗m|θ̂−m)|

c1np

)3

.

Since g(m)(θ∗m|θ̂−m) ≥ c1np, we obtain the bound

(θ̂m − θ̄m)2 ≤ 2C7

c41

(
|f (m)(θ∗m|θ̂−m)|

np

)3

.

Since |f (m)(θ∗m|θ̂−m)| has been shown to be bounded by the sum of (2.71)-(2.75), we have

|θ̂m − θ̄m| ≤ δ∆̄m, (2.77)

for some δ = o(1) with probability at least 1−O(n−7)−exp(−∆̄
3/2
m Lnp)−exp

(
−∆̄2

mnpL
np

log n

)

under the condition that ∆̄m = o(1) and np
log n →∞.

In the third step, we need to show that f (m)(θ∗m|θ̂−m)

g(m)(θ∗m|θ̂−m)
in the definition of θ̄m can be

replaced by f (m)(θ∗m|θ∗−m)

g(m)(θ∗m|θ∗−m)
with a negligible error. By triangle inequality, we can bound

|f (m)(θ∗m|θ̂−m)−f (m)(θ∗m|θ∗−m)| by the sum of (2.72), (2.73) and (2.75). Given the fact that

g(m)(θ∗m|θ∗−m) & np, we have

|f (m)(θ∗m|θ̂−m)− f (m)(θ∗m|θ∗−m)|
g(m)(θ∗m|θ∗−m)

≤ δ∆̄m, (2.78)

58



for some δ = o(1) with probability at least 1 − O(n−7) − exp
(
−∆̄2

mnpL
np

log n

)
under the

assumption that npL∆̄2
m → ∞ and np

log n → ∞. Note that we can choose the same δ to

accommodate the two bounds (2.77) and (2.78). We also need to give a sharp approximation

to g(m)(θ∗m|θ̂−m). We have

∣∣∣g(m)(θ∗m|θ̂−m)− g(m)(θ∗m|θ∗−m)
∣∣∣

≤
∣∣∣g(m)(θ∗m|θ̂−m)− g(m)(θ∗m|θ

(m)
−m − am1n−1)

∣∣∣

+
∣∣∣g(m)(θ∗m|θ

(m)
−m − am1n−1)− g(m)(θ∗m|θ∗−m)

∣∣∣

≤
√ ∑

i∈[n]\{m}
Ami‖θ(m)

−m − am1n−1 − θ̂−m‖+ p
√
n‖θ(m)
−m − am1n−1 − θ∗‖

+
∑

i∈[n]\{m}
(Ami − p)

∣∣∣θ(m)
i − am − θ∗i

∣∣∣ .

By Lemma 2.8.1, Lemma 2.8.6 and Lemma 2.8.7, the first two terms can be bounded by

C8

√
np
L with probability at least 1−O(n−7). To bound the third term, we can use Lemma

2.8.2, and then
∑
i∈[n]\{m}(Ami − p)

∣∣∣θ(m)
i − am − θ∗i

∣∣∣ can be bounded by

C8

√
p log n‖θ(m)

−m − am1n−1 − θ∗‖+ C8 log n‖θ(m)
−m − am1n−1 − θ∗‖∞,

with probability at least 1−O(n−10). By Lemma 2.8.6 and Lemma 2.8.7, the above display

is at most C9

√
log n
L + C9

(log n)3/2
√
npL

with probability at least 1 − O(n−7). Combining our

bounds, we obtain

∣∣∣g(m)(θ∗m|θ̂−m)− g(m)(θ∗m|θ∗−m)
∣∣∣ .

√
np

L
+

(log n)3/2
√
npL

. (2.79)

Since g(m)(θ∗m|θ∗−m) & np, we have

∣∣∣g(m)(θ∗m|θ̂−m)− g(m)(θ∗m|θ∗−m)
∣∣∣

g(m)(θ∗m|θ∗−m)
≤ δ, (2.80)
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for some δ = o(1) with probability at least 1 − O(n−7). Note that we can choose the same

δ to accommodate the three bounds (2.77), (2.78) and (2.80).

In the last step, we will apply Lemma 2.3.1 with t = (1−η)θ∗k+ηθ∗k+1 to finish the proof.

Recall the definition of η in (2.68). For any i ≤ k, we have

P
(
θ̂i ≤ (1− η)θ∗k + ηθ∗k+1)

)

≤ P
(
θ̂i − θ∗i ≤ −η(θ∗k − θ∗k+1)− (θ∗i − θ∗k)

)

≤ P
(
θ̄i − θ∗i ≤ −(1− δ)∆̄i

)
+ P

(
|θ̄i − θ̂i| > δ∆̄i

)

≤ P

(
−
f (i)(θ∗i |θ∗−i)
g(i)(θ∗i |θ∗−i)

≤ −(1 + δ2 − 3δ)∆̄i

)
+ P

(
|θ̄i − θ̂i| > δ∆̄i

)

+P




∣∣∣g(i)(θ∗i |θ̂−i)− g(i)(θ∗i |θ∗−i)
∣∣∣

g(i)(θ∗i |θ∗−i)
> δ


+ P

(
|f (i)(θ∗i |θ̂−i)− f (i)(θ∗i |θ∗−i)|

g(i)(θ∗i |θ∗−i)
> δ∆̄i

)

≤ P

(
−
f (i)(θ∗i |θ∗−i)
g(i)(θ∗i |θ∗−i)

≤ −(1− 3δ)∆̄i

)
+O(n−7) (2.81)

+ exp(−∆̄
3/2
i Lnp) + exp

(
−∆̄2

inpL
np

log n

)
,

where the last inequality is due to (2.77), (2.78) and (2.80). Define the event

Ai =

{
A :

∣∣∣∣∣

∑
j∈[n]\{i}Aijψ(θ∗i − θ∗j )ψ(θ∗j − θ∗i )

p
∑
j∈[n]\{i} ψ(θ∗i − θ∗j )ψ(θ∗j − θ∗i )

− 1

∣∣∣∣∣ ≤ δ

}
.

By Bernstein’s inequality, we have P(A ∈ Aci ) ≤ O(n−7) for some δ = o(1). Again, we shall
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adjust the value of δ so that (2.77), (2.78) and (2.80) are still true. We then have

P

(
−
f (i)(θ∗i |θ∗−i)
g(i)(θ∗i |θ∗−i)

≤ −(1− 3δ)∆̄i

)

≤ sup
A∈Ai

P

( ∑
j∈[n]\{i}Aij(ȳij − ψ(θ∗i − θ∗j ))

∑
j∈[n]\{i}Aijψ(θ∗i − θ∗j )ψ(θ∗j − θ∗i )

≤ −(1− 3δ)∆̄i

∣∣∣A
)

+ P(A ∈ Aci )

≤ sup
A∈Ai

exp


−

1
2(1− 3δ)2∆̄2

i

(
L
∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )
)2

L
∑
j∈[n]\{i}Aijψ′(θ∗i − θ∗j ) + 1−3δ

3 ∆̄iL
∑
j∈[n]\{i}Aijψ′(θ∗i − θ∗j )


(2.82)

+O(n−7)

= exp


−1 + o(1)

2
∆̄2
iLp

∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )


+O(n−7) (2.83)

≤ exp


−1 + o(1)

2
(η(θ∗k − θ∗k+1) + (θ∗i − θ∗k))2Lp

∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )


 (2.84)

+O(n−7)

≤ exp


−1 + o(1)

2
(∆̄ + (θ∗i − θ∗k))2Lp

∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )


+O(n−7). (2.85)

The bound (2.82) is by Bernstein’s inequality. We then use the definition of Ai to obtain

the expression (2.83). To see why (2.84) is true, note that when ∆̄2
i =

√
log n
np , the first

term of (2.83) can be absorbed into O(n−7). Finally, in (2.85), we have used the notation

∆̄ = min

(
η(θ∗k − θ∗k+1),

(
log n
np

)1/4
)
. For each j ∈ [n], define

hj(t) =
(
∆̄ + t

)2
ψ′(t+ θ∗k − θ∗j ), for all t ≥ 0.

The derivative of this function is

h′j(t) =
(
∆̄ + t

)
ψ′(t+ θ∗k − θ∗j )

[
2 + (∆̄ + t)(1− 2ψ(t+ θ∗k − θ∗j ))

]
.

Since maxj,k |θ∗k − θ∗j | = O(1), we can find a sufficiently small constant c2 > 0, such that
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hj(t) is increasing on [0, c2]. Moreover, there exists another small constant c3 > 0 such that

mint∈(c2,κ] hj(t) ≥ c3. With this fact, we can bound the exponent of (2.85) as

(∆̄ + (θ∗i − θ∗k))2Lp
∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )

≥ Lp
∑

j∈[n]\{i}
min

(
∆̄2ψ′(θ∗k − θ∗j ), c3

)

≥ Lp(k − 1) min
(

∆̄2ψ′(θ∗1 − θ∗k), c3

)
+ Lp(n− k) min

(
∆̄2ψ′(θ∗k − θ∗n), c3

)

= Lp∆̄2 ((k − 1)ψ′(θ∗1 − θ∗k) + (n− k)ψ′(θ∗k − θ∗n)
)

(2.86)

≥ (1 + o(1))Lpmin

(
η2∆2,

√
log n

np

)
n

V (κ)

where the equality (2.86) uses the fact that ∆̄→ 0. Therefore, we can further bound (2.85)

as

exp

(
−1 + o(1)

2
Lpmin

(
η2∆2,

√
log n

np

)
n

V (κ)

)
+O(n−7)

≤ exp

(
−(1 + o(1))η2∆2npL

2V (κ)

)
+O(n−7).

The last inequality holds because when min

(
η2∆2,

√
log n
np

)
=
√

log n
np , the first term be-

comes exp
(
− (1+o(1))L

√
np log n

2V (κ)

)
, which can be absorbed byO(n−7). Since exp(−∆̄

3/2
i Lnp)+

exp
(
−∆̄2

inpL
np

log n

)
≤ exp

(
− (1+o(1))η2∆2npL

2V (κ)

)
+O(n−7), we have

P
(
θ̂i ≤ (1− η)θ∗k + ηθ∗k+1)

)
≤ exp

(
−(1− δ′)η2∆2npL

2V (κ)

)
+O(n−7), (2.87)

with some δ′ = o(1) for all i ≤ k. With a similar argument, we also have

P
(
θ̂i ≥ (1− η)θ∗k + ηθ∗k+1)

)
≤ exp

(
−(1− δ′)(1− η)2∆2npL

2V (κ)

)
+O(n−7), (2.88)
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for all all i ≥ k + 1. It can be checked that the δ′ above is independent of the δ̄ in the

definition of η. Now we can choose η as in (2.68) with δ̄ = δ′. By Lemma 2.3.1, we have

EHk(r̂, r∗) ≤ exp

(
−(1− δ̄)η2∆2npL

2V (κ)

)
+
n− k
k

exp

(
−(1− δ̄)(1− η)2∆2npL

2V (κ)

)
+O(n−7)

≤ 2 exp


−1

2

(√
(1− δ̄)SNR

2
− 1√

(1− δ̄)SNR
log

n− k
k

)2

+O(n−7).

By Markov’s inequality, the above bound implies

Hk(r̂, r∗) ≤ exp


−1

2

(√
(1− δ1)SNR

2
− 1√

(1− δ1)SNR
log

n− k
k

)2

+O(n−6),

for some δ1 = o(1) with high probability. One can take, for example,

δ1 = δ̄ +
1√

(1−δ̄)SNR
2 − 1√

(1−δ̄)SNR
log n−k

k

.

When O(n−6) dominates the bound, we have Hk(r̂, r∗) = O(n−6), which implies Hk(r̂, r∗) =

0 since Hk(r̂, r∗) ∈ {0, (2k)−1, 2(2k)−1, 3(2k)−1, · · · , 1}. Therefore, we always have

Hk(r̂, r∗) ≤ 2 exp


−1

2

(√
(1− δ1)SNR

2
− 1√

(1− δ1)SNR
log

n− k
k

)2

 ,

with high probability for some δ1 = o(1). The proof is complete.

Proof of Theorem 2.3.3. With some rearrangements, the condition is equivalent to

npL∆2

2(1 + ε)V (κ)

(
1

2
− (1 + ε)V (κ)

npL∆2
log

n− k
k

)2

> log k.
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Since ε is a constant, it implies

npL∆2

2V (κ)

(
1

2
− V (κ)

(1− δ)npL∆2
log

n− k
k

)2

> (1 + ε) log k,

for any δ = o(1). Therefore, Hk(r̂, r∗) = o(k−1) when k → ∞. Given the fact that

Hk(r̂, r∗) ∈ {0, (2k)−1, 2(2k)−1, 3(2k)−1, · · · , 1}, we must have Hk(r̂, r∗) = 0. When k =

O(1), the condition implies npL∆2

2V (κ)
> (1 + ε′) log n for some constant ε′ > 0. This leads

to the fact that
(

1
2 −

V (κ)
(1−δ)npL∆2 log n−k

k

)2
> c1 for some constant c1 > 0. Therefore,

Hk(r̂, r∗) = o(1) = o(k−1), which implies Hk(r̂, r∗) = 0.

2.9 Analysis of the Spectral Method

We prove results for the spectral method in this section. This includes Theorem 2.4.1,

Theorem 2.4.2 and Theorem 2.4.3. The proofs of Theorem 2.4.1 and Theorem 2.4.2 are

given in Section 2.9.1, and then we prove Theorem 2.4.3 in Section 2.9.2.

2.9.1 Proofs of Theorem 2.4.1 and Theorem 2.4.2

The proof of Theorem 2.4.1 relies on a leave-one-out argument introduced by [25]. Without

loss of generality, we consider r∗i = i so that θ∗r∗i
= θ∗i . Following [25], we define a transition

matrix P (m) for each m ∈ [n]. For any i 6= j, P (m)
ij = Pij if i 6= m and j 6= m and otherwise

P
(m)
ij = p

dψ(θ∗i − θ∗j ). For any i ∈ [n], P (m)
ii =

∑
j∈[n]\{i} P

(m)
ij . Let π(m) be the stationary

distribution of P (m). The following `2 norm bound has essentially been proved in [25].

Lemma 2.9.1. Under the setting of Theorem 2.4.1, there exists a constant C > 0 such that

max
m∈[n]

‖π(m) − π̂‖ ≤ C
1

n

√
log n

npL
,
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max
m∈[n]

‖π(m) − π∗‖∞ ≤ C
1

n

√
log n

npL
,

max
m∈[n]

‖π(m) − π∗‖ ≤ C
1

n

√
1

pL
,

with probability at least 1−O(n−4).

Proof. By Lemma 5.6 and Lemma 5.7 of [25], one can obtain ‖π(m)−π̂‖ ≤ C1

√
log n
npL ‖π∗‖∞+

‖π̂ − π∗‖∞ for some constant C1 > 0 with probability at least 1−O(n−5). Theorem 2.6 of

[25] gives the bound ‖π̂− π∗‖∞ ≤ C2

√
log n
npL ‖π∗‖∞ with probability at least 1−O(n−5). A

union bound argument together with the fact that ‖π∗‖∞ � n−1 leads to the first conclusion.

The second conclusion is a consequence of triangle inequality. By Theorem 5.2 of [25], we

have ‖π̂ − π∗‖ ≤ C3
1
n

√
1
pL with probability at least 1 − O(n−1). Thus, we obtain the last

conclusion by applying triangle inequality again.

We also need a lemma that relates the asymptotic variance of π̂i to the function V (κ).

Lemma 2.9.2. For any positive κ1, κ2 = O(1), we have

min
x1,...,xk∈[0,κ1]
xk+1,...,xn∈[0,κ2]

(
∑k
i=1 ψ(xi) +

∑n
i=k+1 ψ(−xi))2

∑k
i=1 ψ

′(xi)(1 + exi)2 +
∑n
i=k+1 ψ

′(xi)(1 + e−xi)2

=
(kψ(κ1) + (n− k)ψ(−κ2))2

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2
,

for n that is sufficiently large.

Proof. The problem is equivalent to the solution of the following: the optimum of the problem

min
x1,...,xk∈[1,M1]
xk+1,...,xn∈[1,M2]

(
∑k
i=1

2xi
1+xi

+
∑n
i=k+1

2
1+xi

)2

∑k
i=1 xi +

∑n
i=k+1

1
xi

= min
x1,...,xk∈[1,M1]
xk+1,...,xn∈[1,M2]

f(x1, · · · , xn)

is obtained at x1 = ... = xk = M1, xk+1 = ... = xn = M2. We will show that for any given

xk+1, ..., xn ∈ [1,M2], the function is minimized at x1 = ... = xk = M1. Moreover, for any
65



given x1, ..., xk, the function is minimized at xk+1 = ... = xn = M2. We only need to prove

the former claim and the latter one can be proved similarly. Define

g(x1, · · · , xk) =

(∑k
i=1

2xi
1+xi

+ α
)2

∑k
i=1 xi + β

,

where α =
∑n
i=k+1

2
1+xi

, β =
∑n
i=k+1

1
xi
. We first analyze the behavior of g(x1, · · · , xk) at

each coordinate. By direct calculation, we have

∂ log g(x1, · · · , xk)

∂x1
=

4

(1 + x1)2(
∑k
i=1

2xi
1+xi

+ α)
− 1
∑k
i=1 xi + β

=
4(
∑k
i=1 xi + β)− (1 + x1)2(

∑k
i=1

2xi
1+xi

+ α)

(1 + x1)2(
∑k
i=1

2xi
1+xi

+ α)(
∑k
i=1 xi + β)

.

The sign of the partial derivative is determined by its numerator

4(
k∑

i=1

xi + β)− (1 + x1)2(
k∑

i=1

2xi
1 + xi

+ α)

= −




k∑

i=2

2xi
1 + xi

+ α + 2


x2

1 −




k∑

i=2

4xi
1 + xi

+ 2α− 2


x1

+4(
k∑

i=2

xi + β)−




k∑

i=2

2xi
1 + xi

+ α


 ,

which is a quadratic decreasing function of x1 ∈ [1,M1]. Therefore, g(x1, · · · , xk) is either

monotone of x1 ∈ [1,M1], or it is first increasing then decreasing. This implies that the

optimum is achieved either at x1 = 1 or x1 = M1. Since g(x1, · · · , xk) is symmetric, we

therefore know that the optimizer must satisfy (x1, · · · , xk) ∈ {1,M1}k. Using symmetry

again, we can conclude that the value of minx1,··· ,xk∈[1,M1] g(x1, · · · , xk) is determined by the

number of coordinates that takeM1. For i ∈ [k], we define gi to be the value of g(x1, · · · , xk)

with x1 = · · · = xi = M1 and xi+1 = · · · = xk = 1. We now need to show gi is nonincreasing
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in i ∈ [k]. Note that

gi ≥ gi+1 ⇐⇒
(i 2M1
M1+1 + k − i+ α)2

iM1 + k − i+ β
≥

(M1−1
M1+1 + i 2M1

M1+1 + k − i+ α)2

M1 − 1 + iM1 + k − i+ β

⇐⇒ M1 − 1

iM1 + k − i+ β
≥

(M1−1
M1+1)2

(i 2M1
M1+1 + k − i+ α)2

+
2(M1−1
M1+1)

i 2M1
M1+1 + k − i+ α

⇐⇒ (M1 + 1)2

iM1 + k − i+ β
− M1 − 1

(i 2M1
M1+1 + k − i+ α)2

− 2(M1 + 1)

i 2M1
M1+1 + k − i+ α

≥ 0

⇐⇒
(iM1−1
M1+1 + k + α)(M1 + 1)2

i(M1 − 1) + k + β
− M1 − 1

iM1−1
M1+1 + k + α

− 2(M1 + 1) ≥ 0

⇐⇒ i(M1 − 1) + (k + α)(M1 + 1)

i(M1 − 1) + k + β
− M1 − 1

i(M1 − 1) + (k + α)(M1 + 1)
− 2 ≥ 0

⇐=
i(M1 − 1) + (k + β)(M1 + 1)

i(M1 − 1) + k + β
− M1 − 1

i(M1 − 1) + (k + β)(M1 + 1)
− 2 ≥ 0 (2.89)

⇐⇒ −i(M1 − 1) + (k + β)(M1 − 1)

i(M1 − 1) + k + β
− M1 − 1

i(M1 − 1) + (k + β)(M1 + 1)
≥ 0

⇐=
−i+ (k + β)

i(M1 − 1) + k + β
− 1

i(M1 − 1) + (k + β)(M1 + 1)
≥ 0

⇐⇒ (k + β)2(M1 + 1) ≥ i(M1 − 1) + i2(M1 − 1) + (2i+ 1)(k + β)

⇐= (k + β)2(M1 + 1) ≥ (k − 1)2(M1 − 1) + (k − 1)(M1 − 1) + (2k − 1)(k + β)

⇐⇒ k2(M1 + 1) + 2β(M1 + 1)k + β2(M1 + 1) ≥ k2(M1 + 1) + (−M1 + 2β)k − β

⇐⇒ (2β + 1)M1k + β2(M1 + 1) + β ≥ 0

where the last display is trivially true. We have used α ≥ β for the step (2.89). Therefore,

minx1,··· ,xk∈[1,M1] g(x1, · · · , xk) = gk, and the proof is complete.

Now we are ready to prove Theorem 2.4.1.

Proof of Theorem 2.4.1. When the error exponent is of constant order, the bound is also

a constant, and the result already holds since Hk(r̂, r∗) ≤ 1. Therefore, we only need

to consider the case when the error exponent tends to infinity. We first introduce some
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notation. Define

η =
1

2
− V (κ)

(1− δ̄)∆2npL
log

n− k
k

, (2.90)

where δ̄ = o(1) is chosen so that η > 0 is satisfied. The specific choice of δ̄ will be determined

later in the proof. We will continue to use the notation ∆̄i that is defined in (2.69). Since the

diverging exponent implies SNR→∞, we have mini∈[n] ∆̄2
iLnp→∞ and maxi∈[n] ∆̄i → 0.

Since π̂ is the stationary distribution of P , we have π̂TP = π̂T . This implies that for any

m ∈ [n], we have
∑n
j=1 Pjmπ̂j = π̂m. We can equivalently write this identity as

π̂m =

∑
j∈[n]\{m} Pjmπ̂j

1− Pmm
=

∑
j∈[n]\{m}Ajmȳmj π̂j∑
j∈[n]\{m}Ajmȳjm

.

We approximate π̂m by

π̄m =

∑
j∈[n]\{m}Ajmȳmjπ

∗
j∑

j∈[n]\{m}Ajmȳjm
. (2.91)

The approximation error can be bounded by

|π̂m − π̄m| ≤

∣∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳmj(π̂j − π

(m)
j )

∑
j∈[n]\{m}Ajmȳjm

∣∣∣∣∣∣
(2.92)

+

∣∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳmj(π

(m)
j − π∗j )

∑
j∈[n]\{m}Ajmȳjm

∣∣∣∣∣∣
. (2.93)

The two terms (2.92) and (2.93) share a common denominator, which can be lower bounded

by

∑

j∈[n]\{m}
Ajmȳjm ≥

∑

j∈[n]\{m}
Ajmψ(θ∗j − θ∗m)−

∣∣∣∣∣∣
∑

j∈[n]\{m}
Ajm(ȳjm − ψ(θ∗j − θ∗m))

∣∣∣∣∣∣
.

(2.94)

By Lemma 2.8.1 and Lemma 2.8.4, we have
∑
j∈[n]\{m}Ajmȳjm ≥ c1np for some constant
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c1 > 0 with probability at least 1−O(n−10). With this lower bound, we then bound (2.92)

as

∣∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳmj(π̂j − π

(m)
j )

∑
j∈[n]\{m}Ajmȳjm

∣∣∣∣∣∣
≤

√∑
j∈[n]\{m}A1j ȳ

2
mj‖π̂ − π(m)‖

c1np

≤

√∑
j∈[n]\{m}A1j‖π̂ − π(m)‖

c1np

≤ C1
1

n

√
log n

(np)2L
,

with probability at least 1−O(n−4). In the last inequality, we have used Lemma 2.8.1 and

Lemma 2.9.1. For (2.93), we can bound it as

∣∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳmj(π

(m)
j − π∗j )

∑
j∈[n]\{m}Ajmȳjm

∣∣∣∣∣∣

≤

∣∣∣
∑
j∈[n]\{m}Ajm(ȳmj − ψ(θ∗m − θ∗j ))(π

(m)
j − π∗j )

∣∣∣
c1np

+
p
∣∣∣
∑
j∈[n]\{m} ψ(θ∗m − θ∗j )(π

(m)
j − π∗j )

∣∣∣
c1np

+

∣∣∣
∑
j∈[n]\{m}(Ajm − p)ψ(θ∗m − θ∗j )(π

(m)
j − π∗j )

∣∣∣
c1np

.

We bound the three terms above separately. For the first term, we use Hoeffding’s inequality

(Lemma 2.12.1), and get

∣∣∣
∑
j∈[n]\{m}Ajm(ȳmj − ψ(θ∗m − θ∗j ))(π

(m)
j − π∗j )

∣∣∣
c1np

≤ C2

√
x
L

∑
j∈[n]\{m}Ajm(π

(m)
j − π∗j )2

np
,

(2.95)
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with probability at least 1− e−x. By Lemma 2.8.1 and Lemma 2.9.1, we have

√√√√
∑

j∈[n]\{m}
Ajm(π

(m)
j − π∗j )2 ≤ ‖π(m) − π∗‖∞

√ ∑

j∈[n]\{m}
Ajm ≤ C3

1

n

√
log n

L
,

with probability at least 1−O(n−4). Taking x = ∆̄2
mnpL

√
npL
log n , we have

∣∣∣
∑
j∈[n]\{m}Ajm(ȳmj − ψ(θ∗m − θ∗j ))(π

(m)
j − π∗j )

∣∣∣
c1np

≤ C4
1

n
∆̄m

(
log n

Lnp

)1/4

,

with probability at least 1 − O(n−4) − exp
(
−∆̄2

mnpL
√

npL
log n

)
. Next, for the second term,

we apply Lemma 2.9.1 and get

p
∣∣∣
∑
j∈[n]\{m} ψ(θ∗m − θ∗j )(π

(m)
j − π∗j )

∣∣∣
c1np

≤ ‖π
(m) − π∗‖
c1
√
n

≤ C5
1

n

√
1

npL
,

with probability at least 1 − O(n−4). For the third term, we use Bernstein’s inequality

(Lemma 2.12.2), and get

∣∣∣
∑
j∈[n]\{m}(Ajm − p)ψ(θ∗m − θ∗j )(π

(m)
j − π∗j )

∣∣∣
c1np

≤ C6

√
px‖π(m) − π∗‖

np
+ C6

x‖π(m) − π∗‖∞
np

,

(2.96)

with probability at least 1 − e−x. We choose x = min
(

∆̄2
mLnp

np
log n , 4 log n

)
. Then, with

the help of Lemma 2.9.1, we have

∣∣∣
∑
j∈[n]\{m}(Ajm − p)ψ(θ∗m − θ∗j )(π

(m)
j − π∗j )

∣∣∣
c1np

≤ C7
1

n

1

np
√
L

√
min

(
∆̄2
mLnp

np

log n
, log n

)
+ C7

1

n

1

np

√
log n

npL
min

(
∆̄2
mLnp

np

log n
, log n

)
,

(2.97)
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with probability at least 1−O(n−4)− exp
(
−∆̄2

mnpL
np

log n

)
.

To summarize, we have proved that

|π̂m − π̄m|
π∗m

≤ δ(1− e−∆̄m), (2.98)

for some δ = o(1) with probability at least

1−O(n−4)− exp

(
−∆̄2

mnpL
np

log n

)
− exp

(
−∆̄2

mnpL

√
npL

log n

)

under the assumption that ∆̄m = o(1), npL∆̄2
m →∞ and np

log n →∞.

Next, we note that by the definition of π̄m, we have

π̄m − π∗m =

∑
j∈[n]\{m}Ajm(ȳmj − ψ(θ∗m − θ∗j ))(π∗j + π∗m)

∑
j∈[n]\{m}Ajmȳjm

. (2.99)

By Lemma 2.8.4 and the inequality (2.94), the denominator of (2.99) satisfies

∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳjm∑

j∈[n]\{m}Ajmψ(θ∗j − θ∗m)
− 1

∣∣∣∣∣ ≤ δ, (2.100)

for some δ = o(1) with probability at least 1−O(n−10). Note that we can choose the same

δ to accommodate both bounds (2.98) and (2.100).

We will apply Lemma 2.3.1 with

t =
e(1−η)θ∗k+ηθ∗k+1

∑n
j=1 e

θ∗j
(2.101)
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to finish the proof. Recall the definition of η in (2.90). For i ≤ k, we have

P


π̂i ≤

e(1−η)θ∗k+ηθ∗k+1

∑n
j=1 e

θ∗j




= P
(
π̂i − π∗i
π∗i

≤ e(1−η)θ∗k+ηθ∗k+1−θ∗i − 1

)

≤ P
(
π̂i − π∗i
π∗i

≤ e−∆̄i − 1

)

≤ P
(
π̄i − π∗i
π∗i

≤ −(1− δ)(1− e−∆̄i)

)
+ P

( |π̄i − π̂i|
π∗i

> δ(1− e−∆̄i)

)

≤ P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)




+P
( |π̄i − π̂i|

π∗i
> δ(1− e−∆̄i)

)
+ P

(∣∣∣∣∣

∑
j∈[n]\{i}Ajiȳji∑

j∈[n]\{i}Ajiψ(θ∗j − θ∗i )
− 1

∣∣∣∣∣ > δ

)

≤ P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)




+O(n−4) + exp

(
−∆̄2

inpL
np

log n

)
+ exp

(
−∆̄2

inpL

√
npL

log n

)
, (2.102)

where the last inequality is by (2.98) and (2.100). Define the event

Ai = {A :

∣∣∣∣∣∣∣

∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )
(

1 + e
θ∗j−θ∗i

)2

p
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2
− 1

∣∣∣∣∣∣∣
≤ δ,

∣∣∣∣∣

∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

p
∑
j∈[n]\{i} ψ(θ∗j − θ∗i )

− 1

∣∣∣∣∣ ≤ δ}. (2.103)
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Then, by Bernstein’s inequality, we have

P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)




≤ sup
A∈Ai

P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)
∣∣∣A




+P(A ∈ Aci )

≤ exp


−

(1− o(1))Lp∆̄2
i

(∑
j∈[n]\{i} ψ(θ∗j − θ∗i )

)2

2
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2


+O(n−4) (2.104)

≤ exp


−

(1− o(1))Lp(∆̄ + θ∗i − θ∗k)2
(∑

j∈[n]\{i} ψ(θ∗j − θ∗i )
)2

2
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2


+O(n−4). (2.105)

The inequality (2.105) is by the same argument that leads to (2.84) and (2.85). We use the

notation ∆̄ = min

(
η(θ∗k − θ∗k+1),

(
log n
np

)1/4
)

in (2.105). Define

hi(t) =
(∆̄ + t)2

(∑
j∈[n]\{i} ψ(θ∗j − θ∗k − t)

)2

∑
j∈[n]\{i} ψ′(t+ θ∗k − θ∗j )

(
1 + e

θ∗j−θ∗k−t
)2
, for all t ≥ 0.

Though hi(t) is a complicated function, by the fact that ∆̄ = o(1) and maxj,k |θ∗j − θ∗k| ≤

κ = O(1), one can directly analyze the derivative of hi(t) to conclude that there exists some

small constant c2 > 0 such that hi(t) is increasing on [0, c2]. Moreover, there also exists a
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small constant c3 > 0 such that mint∈[c2,κ] hi(t) ≥ c3n. This implies

Lp(∆̄ + θ∗i − θ∗k)2
(∑

j∈[n]\{i} ψ(θ∗j − θ∗i )
)2

2
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2

≥
Lp∆̄2

(∑
j∈[n]\{i} ψ(θ∗j − θ∗k)

)2

2
∑
j∈[n]\{i} ψ′(θ∗k − θ∗j )

(
1 + e

θ∗j−θ∗k
)2
∧ c3npL

2

=
Lp∆̄2

(∑
j∈[n]\{i} ψ(θ∗j − θ∗k)

)2

2
∑
j∈[n]\{i} ψ′(θ∗k − θ∗j )

(
1 + e

θ∗j−θ∗k
)2
,

where the last inequality is due to the fact that ∆̄ = o(1). We further bound the above

exponent by

Lp∆̄2
(∑

j∈[n]\{i} ψ(θ∗j − θ∗k)
)2

2
∑
j∈[n]\{i} ψ′(θ∗k − θ∗j )

(
1 + e

θ∗j−θ∗k
)2

= (1− o(1))
Lp∆̄2

(∑n
j=1 ψ(θ∗j − θ∗k)

)2

2
∑n
j=1 ψ

′(θ∗k − θ∗j )
(

1 + e
θ∗j−θ∗k

)2

≥ (1− o(1))
Lp∆̄2

2

min
κ1+κ2≤κ
κ1,κ2≥0

min
x1,··· ,xk∈[0,κ1]
xk+1,··· ,xn∈[0,κ2]

(∑k
j=1 ψ(xj) +

∑n
j=k+1 ψ(−xj)

)2

∑k
j=1 ψ

′(xj)(1 + exj )2 +
∑n
j=k+1 ψ

′(xj)(1 + e−xj )2

= (1− o(1))
Lp∆̄2

2
min

κ1+κ2≤κ
κ1,κ2≥0

(kψ(κ1) + (n− k)ψ(−κ2))2

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2
(2.106)

= (1− o(1))
Lpn∆̄2

2V (κ)
.

The equality (2.106) is due to Lemma 2.9.2. With the above analysis of the error exponent,
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we can further bound (2.105) as

exp

(
−1− o(1)

2
Lpmin

(
η2∆2,

√
log n

np

)
n

V (κ)

)
+O(n−4)

≤ exp

(
−(1− o(1))η2∆2npL

2V (κ)

)
+O(n−4).

The last inequality holds because when min

(
η2∆2,

√
log n
np

)
=
√

log n
np , the first term be-

comes exp

(
− (1−o(1))L

√
np log n

2V (κ)

)
, which can be absorbed by O(n−4). Since

exp

(
−∆̄2

inpL
np

log n

)
+ exp

(
−∆̄2

inpL

√
npL

log n

)
≤ exp

(
−(1− o(1))η2∆2npL

2V (κ)

)
+O(n−4)

, we have

P


π̂i ≤

e(1−η)θ∗k+ηθ∗k+1

∑n
j=1 e

θ∗j


 ≤ exp

(
−(1− δ1)η2∆2npL

2V (κ)

)
+O(n−4), (2.107)

with some δ1 = o(1) for all i ≤ k. With a similar argument, we also have

P


π̂i ≥

e(1−η)θ∗k+ηθ∗k+1

∑n
j=1 e

θ∗j


 ≤ exp

(
−(1− δ1)(1− η)2∆2npL

2V (κ)

)
+O(n−4), (2.108)

for all all i ≥ k + 1. It can be checked that the δ1 above can be set independent of the δ̄ in

the definition of η. Now we choose η as in (2.90) with δ̄ = δ1. By Lemma 2.3.1, we have

EHk(r̂, r∗) ≤ exp

(
−(1− δ̄)η2∆2npL

2V (κ)

)
+
n− k
k

exp

(
−(1− δ̄)(1− η)2∆2npL

2V (κ)

)
+O(n−4)

≤ 2 exp


−1

2




√
(1− δ̄)SNR

2
− 1√

(1− δ̄)SNR
log

n− k
k




2
+O(n−4).
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By Markov’s inequality, the above bound implies

Hk(r̂, r∗) ≤ exp


−1

2




√
(1− δ′)SNR

2
− 1√

(1− δ′)SNR
log

n− k
k




2
+O(n−3),

for some δ′ = o(1) with high probability. One can take, for example,

δ′ = δ̄ +
1√

(1−δ̄)SNR
2 − 1√

(1−δ̄)SNR
log n−k

k

.

When O(n−3) dominates the bound, we have Hk(r̂, r∗) = O(n−3), which implies Hk(r̂, r∗) =

0 since Hk(r̂, r∗) ∈ {0, (2k)−1, 2(2k)−1, 3(2k)−1, · · · , 1}. Therefore, we always have

Hk(r̂, r∗) ≤ 2 exp


−1

2




√
(1− δ′)SNR

2
− 1√

(1− δ′)SNR
log

n− k
k




2
 ,

with high probability with some δ′ = o(1). The proof is complete.

Proof of Theorem 2.4.2. The proof is the same as that of Theorem 2.3.3.

2.9.2 Proof of Theorem 2.4.3

To prove Theorem 2.4.3, we need two additional lemmas. The first lemma can be viewed as

a reverse version of the inequality in Lemma 2.3.1.

Lemma 2.9.3. Suppose r̂ is a rank vector induced by θ̂, we then have

Hk(r̂, r∗) ≥ 1

k
max
t∈R

min


 ∑

i:r∗i≤k
I
{
θ̂i < t

}
,
∑

i:r∗i>k

I
{
θ̂i > t

}

 .

The inequality holds for any r∗ ∈ Sn.
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Proof. Following the proof of Lemma 2.3.1, we have

2kHk(r̂, r∗) = 2 max




k∑

i=1

I {r̂i > k},
n∑

i=k+1

I {r̂i ≤ k}




≥ 2 max




k∑

i=1

I
{
θ̂i < θ̂(k)

}
,

n∑

i=k+1

I
{
θ̂i > θ̂(k+1)

}



≥ 2 min
t

max




k∑

i=1

I
{
θ̂i < t

}
,

n∑

i=k+1

I
{
θ̂i > t

}

 (2.109)

= 2 max
t

min




k∑

i=1

I
{
θ̂i < t

}
,

n∑

i=k+1

I
{
θ̂i > t

}

 . (2.110)

where (2.109) and (2.110) follow the same argument that leads to (2.232) and (2.233).

Proof of Theorem 2.4.3. We first note that condition (2.19) necessarily implies ∆ = o(1).

Throughout the proof, we assume κ = Ω(1) and there exists some δ1 = o(1) such that

√
(1 + δ1)SNR

2
− 1√

(1 + δ1)SNR
log

n− k
k
→∞. (2.111)

The case with κ = o(1) or SNR not satisfying (2.111) will be addressed at the end of the

proof.

Choose κ1, κ2 ≥ 0 such that we have both κ1 + κ2 ≤ κ and

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2

(kψ(κ1) + (n− k)ψ(−κ2))2/n
= V (κ).

Let ρ = o(1) be a vanishing number that will be specified later. Since k →∞ and κ = Ω(1),

one can easily check that κ2 = Ω(1). Define θ∗i = κ1 for all 1 ≤ i ≤ k − ρk, θ∗i = 0 for

k − ρk < i ≤ k, θ∗i = −∆ for k < i ≤ k + ρ(n− k) and θ∗i = −κ2 for k + ρ(n− k) < i ≤ n.

For the simplicity of proof, we choose ρ so that both ρk and ρ(n− k) are integers. Define r∗
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to be r∗i = i,∀i ∈ [n]. Then we have

sup
r∈Sn

θ∈Θ(k,∆,κ)

E(θ,r)Hk(r̂, r) ≥ E(θ∗,r∗)Hk(r̂, r∗).

We will utilize several results established in the proof of Theorem 2.4.1. Define

η =
1

2
− V (κ)

(1 + δ̄)∆2npL
log

n− k
k

, (2.112)

for δ̄ = o(1). The specific choice of δ̄ will be specified later in the proof. Also define

t = e
(1−η)θ∗

k
+ηθ∗

k+1
∑n
j=1 e

θ∗j
= e−η∆

∑n
j=1 e

θ∗j
. Then, by Lemma 2.9.3, we have

Hk(r̂, r∗) ≥ 1

k
min




k∑

i=1

I {π̂i < t},
n∑

i=k+1

I {π̂i > t}




≥ 1

k
min


 ∑

k−ρk<i≤k
I {π̂i < t},

∑

k<i≤k+ρ(n−k)

I {π̂i > t}


 .

For any δ > 0, define the function φ(δ) =

√
(1+δ)SNR

2 − 1√
(1+δ)SNR

log n−k
k . It suffices to

show there exists some constant C > 0 such that

P(θ∗,r∗)


 ∑

k−ρk<i≤k
I {π̂i < t} ≥ Ck exp

(
−φ(δ̄)2

2

)
 ≥ 1− o(1), (2.113)

and P(θ∗,r∗)


 ∑

k<i≤k+ρ(n−k)

I {π̂i > t} ≥ Ck exp

(
−φ(δ̄)2

2

)
 ≥ 1− o(1). (2.114)

Suppose both inequalities hold, we have

P(θ∗,r∗) (Hk(r̂, r∗) > 0) ≥ 1− o(1).
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By Markov’s inequality, we also have

E(θ∗,r∗)Hk(r̂, r∗) ≥ C exp

(
−φ(δ̄)2

2

)
P(θ∗,r∗)

(
Hk(r̂, r∗) ≥ C exp

(
−φ(δ̄)2

2

))

≥ C

2
exp

(
−φ(δ̄)2

2

)
.

Therefore, we obtain the desired conclusions.

In the rest of the proof, we are going to establish (2.113). Recall the definition of π̄ in

(2.91). For any k − ρk < i ≤ k, define the event F as

Fi =

{
|π̂i − π̄i|
π∗i

≤ δ0(1− e−η∆) and

∣∣∣∣∣

∑
j∈[n]\{i}Ajiȳji∑

j∈[n]\{i}Ajiψ(θ∗j − θ∗i )
− 1

∣∣∣∣∣ ≤ δ0

}
.

Using a similar argument that leads to (2.98) and (2.100), we can show that there exists

some δ0 = o(1) not dependent on δ̄, such that

P(θ∗,r∗)(Fi) ≥ 1−
(
O(n−4) + exp

(
−η2∆2npL

np

log n

)
+ exp

(
−η2∆2npL

√
npL

log n

))
.

(2.115)
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Suppose Fi holds, we then have

I {π̂i < t} = I



π̂i <

e(1−η)θ∗k+ηθ∗k+1

∑n
j=1 e

θ∗j





= I
{
π̂i − π∗i
π∗i

≤ e(1−η)θ∗k+ηθ∗k+1−θ∗i − 1

}

= I
{
π̂i − π∗i
π∗i

≤ e−η∆ − 1

}

≥ I
{
π̄i − π∗i
π∗i

≤ −(1 + δ0)(1− e−η∆)

}

≥ I





∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + δ0)2(1− e−η∆)





≥ I





∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + δ0)2η∆



. (2.116)

We use the notation Li for the indicator function on the right hand side of (2.116). In other

words, we have shown that

∑

k−ρk<i≤k
I {π̂i < t} ≥

∑

k−ρk<i≤k
LiIFi

≥
∑

k−ρk<i≤k
Li −

∑

k−ρk<i≤k
IFci .

By (2.115), we have

E


 ∑

k−ρk<i≤k
IFci


 ≤ O(n−3) +ρk exp

(
−η2∆2npL

np

log n

)
+ρk exp

(
−η2∆2npL

√
npL

log n

)
.

Since the above bounds is of smaller order than k exp

(
−η2∆2npL

2V (κ)

(
np

log n

)1/4
)
, we can use
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Markov’s inequality and obtain

P(θ∗,r∗)


 ∑

k−ρk<i≤k
IFci ≤ k exp

(
−η

2∆2npL

2V (κ)

(
np

log n

)1/4
)
 ≥ 1− o(1). (2.117)

To lower bound
∑
k−ρk<i≤k Li, we define

A =

{
A : ∀k − ρk < i ≤ k,

∣∣∣∣∣∣∣

∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )
(

1 + e
θ∗j−θ∗i

)2

p
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2
− 1

∣∣∣∣∣∣∣
≤ δ0, (2.118)

∣∣∣∣∣

∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

p
∑
j∈[n]\{i} ψ(θ∗j − θ∗i )

− 1

∣∣∣∣∣ ≤ δ0, (2.119)

∣∣∣∣∣∣
∑

k−ρk<j<k
Ajiψ

′(θ∗i − θ∗j )(1 + e
θ∗j−θ∗i )2

∣∣∣∣∣∣
≤ 2ρkp+ 10 log n

}
.

(2.120)

By Bernstein’s inequality and union bound, we have P(A ∈ A) ≥ 1−O(n−3). From now on,

we use the notation PA for the conditional probability P(θ∗,r∗)(·|A) given A. For any s > 0,

P(θ∗,r∗)


 ∑

k−ρk<i≤k
Li ≥ s


 ≥ P(A ∈ A) inf

A∈A
PA


 ∑

k−ρk<i≤k
Li ≥ s


 . (2.121)

To study PA
(∑

k−ρk<i≤k Li ≥ s
)
, we define the set S = {i ∈ [n] : i ≤ k − ρk or i > k}.
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Note that for each k − ρk < i ≤ k, we have Li ≥ Li,1 − Li,2 − Li,3, where

Li,1 = I





∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)2η∆





Li,2 = I





∑
k−ρk<j<iAji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≥ δ′(1 + δ0)2η∆





Li,3 = I





∑
i<j≤k Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≥ δ′(1 + δ0)2η∆



,

for some δ′ = o(1) whose value will be determined later. We are going to control each term

separately.

(1). Analysis of Li,1. Note that conditional on A, {Li,1}k−ρk<i≤k are all independent

Bernoulli random variables. We have Li,1 ∼ Bernoulli(pi), where pi = E(θ∗,r∗)(Li,1|A). By

Chebyshev’s inequality, we have

PA


 ∑

k−ρk<i≤k
Li,1 ≥

1

2

∑

k−ρk<i≤k
pi


 ≥ 1− 4∑

k−ρk<i≤k pi
.

By Lemma 2.9.4 stated and proved at the end of the section, we can lower bound each pi by

pi = PA



∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)2η∆




≥ C1 exp

(
−(1 + δ2)η2∆2npL

2V (κ)
− C ′1η

√
∆2npL

V (κ)

)
,

for some constants C1, C
′
1 > 0 and some δ2 = o(1) that are not dependent on η. By (2.111),

there exists some δ3 = o(1) such that

∑

k−ρk<i≤k
pi ≥ C1k exp

(
−(1 + δ3)η2∆2npL

2V (κ)

)
. (2.122)
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To obtain (2.226), we need to set ρ that tends to zero sufficiently slow so that it can be

absorbed into the exponent. Note that condition (2.19) is equivalent to

(1 + ε)SNR
2

(
1

2
− 1

(1 + ε)SNR
log

n− k
k

)2

< log k.

Since ε is a constant, it implies

SNR
2

(
1

2
− 1

(1 + δ̄)SNR
log

n− k
k

)2

< (1− ε′)−1 log k,

for some constant ε′ > 0. As a result, under the condition that k →∞, we have

∑

k−ρk<i≤k
pi ≥

∑

k−ρk<i≤k
C1 exp

(
−(1 + δ3)(1− ε′) log k

)
≥ k

ε′
2 →∞.

Hence, we have proved

inf
A∈A

PA


 ∑

k−ρk<i≤k
Li,1 ≥

1

2
C1k exp

(
−(1 + δ2)η2∆2npL

2V (κ)
− C ′1η

√
∆2npL

V (κ)

)
 ≥ 1− o(1).

(2). Analysis of Li,2. By (2.221)-(2.223) and Bernstein’s inequality, we can bound

E(Li,2|A) by

e


−

(
δ′(1+δ0)2η∆L

∑
j∈[n]\{i} Ajiψ(θ∗j−θ

∗
i )
)2

2

(
L
∑
k−ρk<j<i Ajiψ′(θ∗i −θ

∗
j )(1+e

θ∗j−θ
∗
i )2+ 1

3 δ
′(1+δ0)2η∆L

∑
j∈[n]\{i} Ajiψ(θ∗j−θ

∗
i )

)



≤ exp


−

(
δ′(1 + δ0)2η∆L

∑
j∈[n]\{i} pψ(θ∗j − θ∗i )

)2

4
(

2Lρkp+ 10 log n+ 1
3δ
′(1 + δ0)2η∆L

∑
j∈[n]\{i} pψ(θ∗j − θ∗i )

)


 .

Now we set δ′ = max{ρ1
2 ,∆

4
3 ,
(

log n
np

)1
2}. Then, there exists some constant C2, C3 > 0 such
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that

E(Li,2|A) ≤ exp
(
−C2ρ

−1
2npLη2∆2

)
≤ exp

(
−C3ρ

−1/2η
2∆2npL

2V (κ)

)
.

Then,

E


 ∑

k−ρk<i≤k
Li,2

∣∣∣∣∣A


 ≤ ρk exp

(
−C3ρ

−1/2η
2∆2npL

2V (κ)

)
.

By Markov inequality, we have

inf
A∈A

PA


 ∑

k−ρk<i≤k
Li,2 ≥ ρk exp

(
−1

2
C3ρ
−1/2η

2∆2npL

2V (κ)

)
 ≤ exp

(
−1

2
C3ρ
−1/2η

2∆2npL

2V (κ)

)
.

(2.123)

(3). Analysis of Li,3. By a similar argument, we also have

inf
A∈A

PA


 ∑

k−ρk<i≤k
Li,3 ≥ ρk exp

(
−1

2
C3ρ
−1/2η

2∆2npL

2V (κ)

)
 ≤ exp

(
−1

2
C3ρ
−1/2η

2∆2npL

2V (κ)

)
.

(2.124)

Now we can combine the above analyses of Li,1, Li,2 and Li,3. Since ρ = o(1), the bounds

(2.227) and (2.228) are of smaller order than (2.226). We have

inf
A∈A

PA


 ∑

k−ρk<i≤k
Li ≥ C4k exp

(
−(1 + δ2)η2∆2npL

2V (κ)
− C ′1η

√
∆2npL

V (κ)

)
 ≥ 1− o(1),

(2.125)

for some constant C4 > 0. Then (2.220) and (2.224) lead to

P(θ∗,r∗)


 ∑

k−ρk<i≤k
I {π̂i < t} ≥ C4k exp

(
−(1 + δ2)η2∆2npL

2V (κ)
− C ′1η

√
∆2npL

V (κ)

)
 ≥ 1− o(1).

(2.126)
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We are going to show it leads to (2.113) by selecting an appropriate δ̄ as follows. We

write η = ηδ̄ = 1
2 −

V (κ)
(1+δ̄)∆2npL

log n−k
k to make the dependence on δ̄ explicit. Recall that

δ2 and C ′1 are independent of the δ̄ in the definition of ηδ̄. First we can let δ̄ > δ1, then we

have

(1 + δ2)η2
δ̄
∆2npL

2V (κ)
+ C ′1ηδ̄

√
∆2npL

V (κ)
≤


1 + δ2 + 2C ′1

(
ηδ̄

∆2npL

V (κ)

)−1
2


 η2

δ̄
∆2npL

2V (κ)

≤


1 + δ2 + 2C ′1

(
ηδ1

∆2npL

V (κ)

)−1
2


 η2

δ̄
∆2npL

2V (κ)

≤ (1 + δ4)
η2
δ̄
∆2npL

2V (κ)
,

for some δ4 = o(1) not dependent on δ̄. Here the second inequality is due to the fact that

ηδ is in increasing function of δ, and the last inequality is due to (2.111). Then we can

let δ̄ ≥ δ4 to have the above expression to be upper bounded by
(
1 + δ̄

) η2
δ̄
∆2npL

2V (κ)
. Hence,

(2.230) leads to

P(θ∗,r∗)


 ∑

k−ρk<i≤k
I {π̂i < t} ≥ C4k exp

(
−

(1 + δ̄)η2
δ̄
∆2npL

2V (κ)

)
 ≥ 1− o(1), (2.127)

witch establishes (2.113).

Similar to (2.230), we can establish

P(θ∗,r∗)


 ∑

k<i≤k+ρ(n−k)

I {π̂i > t} ≥ C4(n− k)e

(
− (1+δ2)(1−ηδ̄)2∆2npL

2V (κ)
−C ′1(1−ηδ̄)

√
∆2npL

V (κ)

)


≥ 1− o(1).
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Due to (2.111), we have (1− ηδ̄) ∈ [0, 1], then

(1 + δ2)(1− ηδ̄)2∆2npL

2V (κ)
+ C ′1(1− ηδ̄)

√
∆2npL

V (κ)
≤ (1 + δ2)(1− ηδ̄)2∆2npL

2V (κ)
+ C ′1

√
∆2npL

V (κ)

≤ (1 + δ5)
(1− ηδ̄)2∆2npL

2V (κ)
,

for some δ5 = o(1) not dependent on δ̄. Since (1−ηδ̄)2∆2npL/(2V (κ)) = η2
δ̄
∆2npL/(2V (κ))+

2 log n−k
k /(1 + δ̄), we have

(n− k) exp

(
−(1 + δ2)(1− ηδ̄)2∆2npL

2V (κ)
− C ′1ηδ̄

√
∆2npL

V (κ)

)

≥ k exp

(
log

n− k
k
− (1 + δ5)

(1− ηδ̄)2∆2npL

2V (κ)

)

= k exp

(
δ̄ − δ5
1 + δ̄

log
n− k
k
− (1 + δ5)

η2
δ̄
∆2npL

2V (κ)

)
.

By letting δ̄ ≥ δ5 and using the same argument as in obtaining (2.127), we have

P(θ∗,r∗)


 ∑

k<i≤k+ρ(n−k)

I {π̂i > t} ≥ C4k exp

(
−

(1 + δ̄)η2
δ̄
∆2npL

2V (κ)

)
 ≥ 1− o(1), (2.128)

which establishes (2.114). To sum up, we can choose δ̄ = max{δ1, δ4, δ5} to establish (2.113)

and (2.114).

The above proof assumes that κ = Ω(1) and SNR satisfies (2.111). When these two con-

ditions do not hold, we need to slightly modify the argument. When (2.111) is not satisfied,

there must exist some small constant ε̄ > 0 such that

√
(1+ε̄)SNR

2 − 1√
(1+ε̄)SNR

log n−k
k =

O(1). We can then take ρ to be a sufficiently small constant, and the proof will go through

with some slight modification. When κ = o(1), we can simply construct θ∗ by θ∗i = 0 for

1 ≤ i ≤ k and θ∗i = −∆ for k + 1 ≤ i ≤ n.
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Finally, we state and prove Lemma 2.9.4 to close this section.

Lemma 2.9.4. Assume np
log n →∞, κ = O(1), ρ = o(1), k →∞ and (2.19) holds for some

arbitrarily small constant ε > 0. Choose κ1, κ2 ≥ 0 such that we have both κ1 + κ2 ≤ κ and

kψ′(κ1)(1 + eκ1)2 + (n− k)ψ′(κ2)(1 + e−κ2)2

(kψ(κ1) + (n− k)ψ(−κ2))2/n
= V (κ).

Define θ∗i = κ1 for all 1 ≤ i ≤ k − ρk, θ∗i = 0 for k − ρk < i ≤ k, θ∗i = −∆ for k + 1 ≤ i ≤

k+ ρ(n− k) and θ∗i = −κ2 for k+ ρ(n− k) < i ≤ n and S = {i ∈ [n] : i ≤ k − ρk or i > k}.

There exists some constants C1 > 0 such that for any δ̃ = o(1), there exists C2 > 0 and

δ1 = o(1) such that for any η < 1/2 and any A ∈ A where A is defined in (2.221)-(2.223),

we have

P



∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + δ̃)η∆

∣∣∣∣∣A




≥ C1 exp

(
−1 + δ1

2
η2

+SNR− C2η+

√
SNR

)
. (2.129)

for any k − ρk < i ≤ k.

Proof. We suggest readers to go through the proof of Lemma 2.10.3 in Section 2.10.2 first.

The proof of Lemma 2.9.4 basically follows that of Lemma 2.10.3. We will omit repeated

details in the proof of Lemma 2.10.3 and only present key steps and calculations specific to

this Lemma 2.9.4.

We denote qj = ψ(θi− θj). Then 1 + e
θ∗j−θ∗i = 1/qj and ψ(θj − θi) = 1− qj . Then what

we need to lower bound can be written as

PA


∑

`∈[L]

∑

j∈S
Aji

qj − yij`
qj

≥ Lt′

 ,

where t′ = (1 + δ′)η∆
∑
j∈[n]\{i} p(1 − qj) for some δ′ = o(1) due to (2.221)-(2.223), and
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PA is the conditional probability given A. Note that δ′ can be chosen independent of η. We

remark that

SNR = (1 + δ′′)
L∆2(

∑
j∈[n]\{i} p(1− qj))2

∑
j∈S p

1−qj
qj

due to ρ = o(1) for some δ′′ = o(1) independent of η. We still first consider the regime when

η
√

SNR→∞, (2.130)

This implies η ∈ (0, 1/2).

The conditional cumulant of
∑
j∈S Aji

qj−yijl
qj

for each l ∈ [L] is

ν(u) =
∑

j∈S
Aji log

(
qje

u(qj−1)

qj + (1− qj)eu
)

=
∑

j∈S
Aji

[
−u1− qj

qj
+ log((1− qj)eu/qj + qj)

]
.

The function ν(u) acts as the same role as K(u) in the proof of Lemma 2.10.3. Define

u∗ = arg min
u≥0

(
Lν(u)− uLt′

)
.

Its first derivative is

ν′(u) =
∑

j∈S
Aji




(1−qj)
qj

eu/qj

(1− qj)eu/qj + qj
− 1− qj

qj


 .

Following the same argument in the proof of Lemma 2.10.3, we need to pin down a range

for u∗. First due to (2.130) and ν′(0) = 0, we have t′ > 0 and thus ν′(0)− t′ < 0. Now for

u = o(1), we can approximate ν′(u) by Taylor expansion and obtain

1− δ2 ≤
ν′(u)

ν′(u)
≤ 1 + δ2, (2.131)
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for some 0 < δ2 = o(1), where ν′(u) =
∑
j∈S p

1−qi
qi

u. Note that we can replace Aji by

p because of the condition A ∈ A. Then we consider ũ = 2t′∑
j∈S p

1−qi
qi

, which is o(1) since

∆ = o(1) and ρ = o(1). Therefore,

ν′(ũ)− t′ ≥ (1− δ2)ν′(ũ)− t′ = (1− δ2)t′ > 0.

This implies that u∗ ∈
(

0, 2t′∑
j∈S p

1−qi
qi

)
. Thus u∗ = o(1).

When u = o(1), ν(u) also follows a second order Taylor expansion such that:

1− δ3 ≤
ν(u)

ν̄(u)
≤ 1 + δ3,

where ν̄(u) = 1
2

∑
j∈S p

1−qj
qj

u2 and δ3 = o(1) due to (2.221)-(2.223).

Following the change-of-measure argument in the proof of Lemma 2.10.3, the probability

of interest can be lower bounded by

exp
(
−u∗T + Lν(u∗)− Lu∗t′

)
QA


0 ≤

L∑

l=1

∑

j∈S
Zjl − Lt′ ≤ T


 ,

where QA is a measure under which Zjl are all independent given A and follow

QA(Zjl = s) = eAjiu
∗s−Ajiνj(u∗)PA

(
Aji

qj − yijl
qj

= s

)

and νj(u) = −u1−qj
qj

+ log((1 − qj)e
u/qj + qj). Then for each Zjl such that Aij = 1, its

second and 4th moment under QA can be analyzed:

QA((Zjl −QA(Zjl))
2) = ν′′j (u∗) =

1− qj
qj

eu
∗/qj

[(1− qj)eu
∗/qj + qj ]2

∈ (C ′1, C
′
2), (2.132)
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QA((Zjl −QA(Zjl))
4) = ν′′′′j (u∗) + 3ν′′j (u∗) ≤ (3 + C ′4)ν′′j (u∗) ≤ C ′3, (2.133)

where (2.133) comes from

ν′′′′j (u) =
1− qj
q3
j

eu/qj
(1− qj)3e3u/qj − 3(1− qj)2qje

2u/qj − 3(1− qj)q2
j e

2u/qj + q3
j

[(1− qj)eu/qj + qj ]5

≤ max
j∈S

1/q2
j ν
′′(u) ≤ C ′4ν

′′(u).

Now, to lower bound Lν(u∗)− Lu∗t′:

Lν(u∗)− Lu∗t′ ≥ L(1− δ3)
1

2

∑

j∈S
p

1− qj
qj

u∗2 − Lu∗t′

≥ L min
u∈(0,1)


(1− δ3)

1

2

∑

j∈S
p

1− qj
qj

u∗2 − u∗t′

 (2.134)

≥ −1

2

Lt′2

(1− δ3)
∑
j∈S p

1−qj
qj

≥ −1 + δ4
2

η2SNR,

where (2.134) is achieved at u = t′

(1−δ3)
∑
j∈S p

1−qj
qj

and δ4 = o(1) since ρ = o(1). This gives

us the desired exponent. We remark that δ4 is independent of η.

To choose T , observe that

VarQA


∑

l∈[L]

∑

j∈S
Zjl


 ≤ C̃1npL,

for some constant C̃1 > 0 using (2.221) - (2.223) , (2.132) and ρ = o(1). Thus we choose

T =

√
C̃1npL, which leads to a term C2η

√
SNR in the exponent for some C2 > 0 independent

of η.

Finally, to lower bound the QA measure, we only need to verify the vanishing property
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of the 4th moment approximation bound in Lemma 3.7.4:

√√√√√L
∑

j∈S
Aji

(
QA((Zj1 −QA(Zj1)4)

(L
∑
j∈S AjiQA((Zj1 −QA(Zj1)2))2

)3/4

≤ C̃2(npL)−1/4 (2.135)

where (2.135) is by (2.132), (2.133) and ρ = o(1). To summarize, we have proved

PA


∑

l∈[L]

∑

j∈S
Aji

qj − yijl
qj

≥ Lt′

 ≥ C1 exp

(
−1 + δ5

2
η2SNR− C2η

√
SNR

)

for some constant C1, C2 > 0 and δ5 = o(1), when (2.130) holds. This δ5 can be used as the

δ1 in (2.129). We remark that C1, C2, δ5 are all independent of η.

Finally, when

η
√

SNR ≤ C3

for some constant C3 > 0. This condition, together with (2.221)-(2.223) and ρ = o(1),

implies that

Lt′ ≤ C4

√√√√L
∑

j∈S
Aji

1− qi
qi

.

Therefore,

PA


∑

l∈[L]

∑

j∈S
Aji

qj − yijl
qj

≥ Lt′

 ≥ PA



∑

l∈[L]

∑

j∈S
Aji

qj − yijl
qj

≥ C5

√√√√L
∑

j∈S
Aji

1− qi
qi




≥ c1 − o(1) (2.136)

where (2.136) comes from Lemma 3.7.4. The 4th moment approximation can be checked to

be of order (npL)−1/4 similarly as in (2.135) using (2.221)-(2.223) and ρ = o(1) since the
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second and fourth moment of qj−yijl
qj

are at the constant order under measure PA, which

completes the proof.

2.10 Proofs of Lower Bounds

This section collects the proofs of lower bound results of the paper. The lower bound for

exact recovery is proved in Section 2.10.1, and the partial recovery lower bound is proved in

Section 2.10.2.

2.10.1 Proof of Theorem 2.3.4

The key mathematical argument in the proof of Theorem 2.3.4 is to characterize the maxi-

mum of dependent binomial random variables. For this purpose, we need a high-dimensional

central limit theorem result by [27]. The following lemma is adapted from [27] for our pur-

pose.

Lemma 2.10.1. Consider independent random vectors X1, · · · , Xn ∈ Rd with mean zero.

Assume there exist constants c1, c2, C1, C2 > 0 such that

min
i,j

EX2
ij ≥ c1,

max
i,j

E exp(|Xij |/C1) ≤ 2,

(log(nd))7 ≤ C2n
−(1+c2).

Then, there exist independent Gaussian vectors Z1, · · · , Zn satisfying EZi = 0 and Cov(Zi) =

Cov(Xi), such that

sup
t∈R

∣∣∣∣∣P
(

max
j∈[d]

n∑

i=1

Xij ≤ t

)
− P

(
max
j∈[d]

n∑

i=1

Zij ≤ t

)∣∣∣∣∣ ≤ Cn−c,
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for some constants c, C > 0 only depending on c1, c2, C1, C2.

With the above Gaussian approximation, we only need to analyze the maximum of de-

pendent Gaussian random variables. The following lemma can be found in [57].

Lemma 2.10.2. Consider Z = (Z1, · · · , Zn)T ∼ N(0,Σ). Then, for any α ∈ (0, 1), there

exists some constant Cα > 0 such that for all n ≥
√

2πe3 log 1/α,

P

(
max
i∈[n]

Zi > λ1/2
√

2 log n− log log n− Cα − Λ1/2Φ−1(1− α)

)
≥ 1− 2α,

where λ = mini∈[n] Σii −
maxi∈[n]

∑
j∈[n]\{i}Σ2

ij

λmin(Σ)
and Λ = maxi∈[n] Σii.

Now we are ready to prove Theorem 2.3.4.

Proof of Theorem 2.3.4. We first note that the condition (2.15) implies that ∆ = o(1).

Choose κ1, κ2 ≥ 0 such that we have both κ1 + κ2 ≤ κ and

n

kψ′(κ1) + (n− k)ψ′(κ2)
= V (κ).

We first consider the case k → ∞ and κ = Ω(1). In this case, one can easily check that

κ2 = Ω(1). Our least favorable θ∗ ∈ Θ(k,∆, κ) is constructed as follows. Let ρ = o(1) be a

vanishing number that will be specified later. Define θ∗i = κ1 for all 1 ≤ i ≤ k − ρk, θ∗i = 0

for k−ρk < i ≤ k, θ∗i = −∆ for k < i ≤ k+ρ(n−k) and θ∗i = −κ2 for k+ρ(n−k) < i ≤ n.

For the simplicity of proof, we choose ρ so that both ρk and ρ(n− k) are integers. Consider

a subset Rk,ρ ⊂ Sn that is defined by

Rk,ρ = {r ∈ Sn : ri = i for all i ≤ k − ρk or i > k + ρ(n− k)} . (2.137)
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We then have the lower bound

inf
r̂

sup
r∗∈Sn

θ∗∈Θ(k,∆,κ)

P(θ∗,r∗) (Hk(r̂, r∗) > 0) ≥ inf
r̂

sup
r∗∈Rk,ρ

P(θ∗,r∗) (Hk(r̂, r∗) > 0) .

For each z = {zi}k−ρk<i≤k+ρ(n−k) ∈ {0, 1}ρn, we define Qz as a joint probability of the

observations {Aij} and {yijl}. To sample data from Qz, we first sample A ∼ G(n, p), and

then for any (i, j) such that Aij = 1, sample yijl ∼ Bernoulli(ψ(µi(z)−µj(z))) independently

for l ∈ [L]. The vector µ(z) is defined by µi(z) = θ∗i for all i ≤ k − ρk or i > ρ(n − k) and

µi(z) = ∆I {zi = 1} for all k − ρk < i ≤ k + ρ(n− k). Then, we have

inf
r̂

sup
r∗∈Rk,ρ

P(θ∗,r∗) (Hk(r̂, r∗) > 0) ≥ inf
ẑ

sup
z∗∈Zk

Qz∗ (ẑ 6= z∗)

≥ inf
ẑ

1

|Zk|
∑

z∗∈Zk
Qz∗(ẑ 6= z∗),

where

Zk =

{
z = {zi}k−ρk<i≤k+ρ(n−k) ∈ {0, 1}ρn :

∑

i

zi = ρk

}
.

The Bayes risk 1
|Zk|

∑
z∗∈Zk Qz∗(ẑ 6= z∗) is minimized by

ẑ = argmin
z∈Zk

`n(µ(z)), (2.138)

where

`n(µ(z)) =
∑

1≤i<j≤n
Aij

[
ȳij log

1

ψ(µi(z)− µj(z))
+ (1− ȳij) log

1

1− ψ(µi(z)− µj(z))

]
.

It suffices to lower bound the probability Qz∗(ẑ 6= z∗) for the estimator (2.138) and for each

z∗ ∈ Zk. By symmetry, the value of Qz∗(ẑ 6= z∗) is the same for any z∗ ∈ Zk. We therefore
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can set z∗i = I {i ≤ k} without loss of generality. Define

N (z∗) =

{
z ∈ Zk :

∑

i

I {zi 6= z∗i } = 2

}
.

Then, we have

Qz∗(ẑ 6= z∗) ≥ Qz∗

(
min

z∈N (z∗)
`n(µ(z)) < `n(µ(z∗))

)
.

By direct calculation, we have

`n(µ(z))− `n(µ(z∗))

=
∑

1≤i<j≤n
Aij(ȳij − ψ(µi(z

∗)− µj(z∗)))(µi(z∗)− µj(z∗)− µi(z) + µj(z))

+
∑

1≤i<j≤n
AijD

(
ψ(µi(z

∗)− µj(z∗))‖ψ(µi(z)− µj(z))
)
.

For any z ∈ N (z∗), there exists some k − ρk < a ≤ k and some k < b ≤ k + ρ(n− k) such
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that za = 0, zb = 1 and zi = z∗i for all other i’s. Then,

∑

1≤i<j≤n
AijD

(
ψ(µi(z

∗)− µj(z∗))‖ψ(µi(z)− µj(z))
)

≤
k−ρk∑

i=1

AiaD(ψ(κ1)‖ψ(κ1 + ∆)) +
n∑

i=k+ρ(n−k)+1

AiaD(ψ(−κ2)‖ψ(−κ2 + ∆))

+

k−ρk∑

i=1

AibD(ψ(κ1 + ∆)‖ψ(κ1)) +
n∑

i=k+ρ(n−k)+1

AibD(ψ(−κ2 + ∆)‖ψ(−κ2))

+
k∑

i=k−ρk+1

AiaD(ψ(0)‖ψ(∆)) +

k+ρ(n−k)∑

i=k+1

AiaD(ψ(−∆)‖ψ(0))

+
k∑

i=k−ρk+1

AibD(ψ(∆)‖ψ(0)) +

k+ρ(n−k)∑

i=k+1

AibD(ψ(0)‖ψ(−∆)) + AabD(ψ(∆)‖ψ(−∆))

≤ (1 + δ)(1− ρ)p [kD(ψ(κ1)‖ψ(κ1 + ∆)) + (n− k)D(ψ(−κ2)‖ψ(−κ2 + ∆))] (2.139)

+(1 + δ)(1− ρ)p [kD(ψ(κ1 + ∆)‖ψ(κ1)) + (n− k)D(ψ(−κ2 + ∆)‖ψ(−κ2))]

+(1 + δ)ρp [kD(ψ(0)‖ψ(∆)) + (n− k)D(ψ(−∆)‖ψ(0))]

+(1 + δ)ρp [kD(ψ(∆)‖ψ(0)) + (n− k)D(ψ(0)‖ψ(−∆))] + (1 + δ)pD(ψ(∆)‖ψ(−∆))

≤ (1 + δ)2(1− ρ)p∆2 [kψ′(κ1) + (n− k)ψ′(κ2)
]

+ (1 + δ)2ρp∆2n

4
(2.140)

≤ (1 + δ)3p∆2 n

V (κ)
. (2.141)

The inequality (2.139) holds with probability at least 1−O(n−10) by Bernstein’s inequality.

The inequality (2.140) is a Taylor expansion argument with the help of ∆ = o(1). We obtain

(2.141) by the choice that ρ = o(1). Note that we can choose some δ = o(1) to make all of

(2.139), (2.140) and (2.141) hold. We also have

∑

1≤i<j≤n
Aij(ȳij − ψ(µi(z

∗)− µj(z∗)))(µi(z∗)− µj(z∗)− µi(z) + µj(z))

= −∆
∑

i∈[n]\{a}
Aia(ȳia − Eȳia) + ∆

∑

i∈[n]\{b}
Aib(ȳib − Eyib).
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Therefore,

min
z∈N (z∗)

`n(µ(z))− `n(µ(z∗))

≤ − max
(1−ρ)k<a≤k

∆
∑

i∈[n]\{a}
Aia(ȳia − Eȳia) + ∆ min

k<b≤k+ρ(n−k)

∑

i∈[n]\{b}
Aib(ȳib − Eyib)

+(1 + δ)3p∆2 n

V (κ)
,

with probability at least 1−O(n−10). This leads to the bound

Qz∗

(
min

z∈N (z∗)
`n(µ(z)) < `n(µ(z∗))

)

≥ Qz∗

(
max

(1−ρ)k<a≤k

∑

i∈[n]\{a}
Aia(ȳia − Eȳia)

− min
k<b≤k+ρ(n−k)

∑

i∈[n]\{b}
Aib(ȳib − Eyib) > (1 + δ)3p∆

n

V (κ)

)
−O(n−10)

≥ Qz∗

(
max

(1−ρ)k<a≤k

∑

i∈[n]\{a}
Aia(ȳia − Eȳia)− min

k<b≤k+ρ(n−k)

∑

i∈[n]\{b}
Aib(ȳib − Eyib)(2.142)

>
√

2(1− ε/2)

√
np

LV (κ)

(√
log k +

√
log(n− k)

))
−O(n−10)

≥ Qz∗


 max

(1−ρ)k<a≤k

∑

i∈[n]\{a}
Aia(ȳia − Eȳia) >

√
2(1− ε/2)

√
np

LV (κ)

√
log k


 (2.143)

+Qz∗


− min

k<b≤k+ρ(n−k)

∑

i∈[n]\{b}
Aib(ȳib − Eyib) >

√
2(1− ε/2)

√
np

LV (κ)

√
log(n− k)




−1−O(n−10),

where we have used the condition of the theorem to derive (2.142). The last inequality (2.143)

is by union bound P(A ∩ B) ≥ P(A) + P(B)− 1. To lower bound (2.143), we introduce the
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notation

Ta =
∑

i∈[n]\{a}
Aia(ȳia − Eȳia), (1− ρ)k < a ≤ k.

The covariance structure of {Ta}(1−ρ)k<a≤k can be quantified by the matrix Σ ∈ R(ρk)×(ρk),

which is defined by Σab = Cov(Ta, Tb|A). We then construct a vector S = {Sa}(1−ρ)k<a≤k

that is jointly Gaussian conditioning on A. The conditional covariance of S is also Σ. By

Lemma 2.10.1, we have

Qz∗


 max

(1−ρ)k<a≤k

∑

i∈[n]\{a}
Aia(ȳia − Eȳia) >

√
2(1− ε/2)

√
np

LV (κ)

√
log k


(2.144)

≥ P

(
max

(1−ρ)k<a≤k
Sa >

√
2(1− ε/2)

√
np

LV (κ)

√
log k

)
−O

(
1

(log n)c

)
. (2.145)

To see how Lemma 2.10.1 implies (2.145), we can take Xla = 1√
np

∑
i∈[n]\{a}Aia(yial −

Eyial). Conditioning on A, we observe that {Xla} is independent across l ∈ [L]. The

conditional variance of Xla given A is bounded away from zero with high probability by

Lemma 2.8.1. Moreover, one can find a constant C > 0, such that E
[
exp(|Xla|/C)

∣∣A
]
≤ 2

by Hoeffding’s inequality. Then, we can apply Lemma 2.10.1 for a given A and obtain (2.145)

under the condition L > (log n)8. We need Lemma 2.10.2 to lower bound the probability in

(2.145). For each a,

Σaa = Var(Ta|A)

=
1

L

∑

i∈[n]\{a}
Aiaψ

′(µi(z∗)− µa(z∗))

=
ψ′(κ1)

L

k−ρk∑

i=1

Aia +
1

4L

k∑

i=k−ρk+1

Aia +
ψ′(κ2)

L

k+ρ(n−k)∑

i=k+1

Aia +
ψ′(∆)

L

n∑

i=k+ρ(n−k)+1

Aia.
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By Lemma 2.8.1, we have

max
(1−ρ)k<a≤k

Σaa ≤
1

4L

∑

i∈[n]\{a}
Aia ≤

np

2L
, (2.146)

with probability at least 1 − O(n−10). Similar to the proof of Lemma 2.8.1, we can use

Bernstein’s inequality and a union bound argument to obtain that

min
(1−ρ)k<a≤k

Σaa ≥ min
(1−ρ)k<a≤k


ψ
′(κ1)

L

k−ρk∑

i=1

Aia +
ψ′(κ2)

L

k+ρ(n−k)∑

i=k+1

Aia




≥ (1− δ)(1− ρ)p

L

(
kψ′(κ1) + (n− k)ψ′(κ2)

)

=
(1− δ)(1− ρ)pn

LV (κ)
, (2.147)

for some δ = o(1) with probability at least 1−O(n−10). For each a 6= b,

Σab = Cov(Ta, Tb|A) = Aab
ψ′(µa(z∗)− µb(z∗))

L
.

Then, Bernstein’s inequality and a union bound argument, we have

max
a

∑

b:b 6=a
Σ2
ab ≤

1

16L2
max

(1−ρ)k<a≤k

∑

b:b 6=a
Aab ≤ C1

ρkp+ log n

L2
, (2.148)

with probability at least 1−O(n−10). We can also obtain a similar bound for maxa
∑
b:b 6=a Σab.

This allows us to give a lower bound on λmin(Σ):

λmin(Σ) ≥ min
(1−ρ)k<a≤k

Σaa −max
a

∑

b:b6=a
Σab ≥

(1− δ)(1− ρ)pn

LV (κ)
− C2

ρkp+ log n

L
≥ c1

pn

L
.

(2.149)

To apply Lemma 2.10.2, we shall choose ρ that satisfies both log(ρk) = (1 + o(1)) log k and

ρ = o(1). The existence of such ρ is guaranteed by k →∞. With the bounds (2.146)-(2.149),
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we can apply Lemma 2.10.2, and obtain

P

(
max

(1−ρ)k<a≤k
Sa >

√
2(1− ε/2)

√
np

LV (κ)

√
log k

)
≥ 0.98−O(n−1).

We then obtain the desired lower bound for (2.144). A similar argument also leads to

Qz∗


− min

k<b≤k+ρ(n−k)

∑

i∈[n]\{b}
Aib(ȳib − Eyib) >

√
2(1− ε/2)

√
np

LV (κ)

√
log(n− k)




≥ 0.99−O
(

1

(log n)c

)
.

Therefore, Qz∗(ẑ 6= z∗) ≥ 0.95 and we obtain the desired conclusion.

The above proof assumes that k →∞ and κ = Ω(1). When these two conditions do not

hold, we need to slightly modify the argument. Let us briefly discuss two cases. In the first

case, k = O(1) and κ = Ω(1). In this case, we can construct θ∗ by θ∗i = 0 for 1 ≤ i ≤ k,

θ∗i = −∆ for k < i ≤ k+ ρ(n− k) and θ∗i = −κ for k+ ρ(n− k) < i ≤ n. In the second case,

κ = o(1), and then we can take θ∗ with θ∗i = 0 for 1 ≤ i ≤ k and θ∗i = −∆ for k < i ≤ n.

The remaining part of the proof will go through with similar arguments, and we will omit

the details.

2.10.2 Proof of Theorem 2.6.1

We first establish a lemma that lower bounds the error of a critical testing problem.

Lemma 2.10.3. Assume np
log n →∞, κ = O(1), ρ = o(1), k →∞ and (2.15) holds for some

arbitrarily small constant ε > 0. Choose κ1, κ2 ≥ 0 such that we have both κ1 + κ2 ≤ κ and

n

kψ′(κ1) + (n− k)ψ′(κ2)
= V (κ).

Define θi = κ1 for 1 ≤ i ≤ k − ρk, θi = 0 for k − ρk < i ≤ k, θi = −∆ for k + 2 ≤
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i ≤ k + ρ(n − k) and θi = −κ2 for k + ρ(n − k) < i ≤ n. Suppose we have independent

Ai ∼ Bernoulli(p) and zil ∼ Bernoulli(ψ(θi)) for all i ∈ [n]\{k+ 1} and l ∈ [L]. Then, there

exists some δ = o(1) such that

P




L∑

l=1

∑

i∈[n]\{k+1}
Ai

[
zil log

ψ(θi + ∆)

ψ(θi)
+ (1− zil) log

1− ψ(θi + ∆)

1− ψ(θi)

]
≥ log

k

n− k − 1




≥ C exp


−1

2

(√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k

)2

+


 ,

for some constant C > 0.

Proof. We first consider the case

√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k
→∞, (2.150)

for some δ = o(1) to be specified later. Throughout the proof, we use PA for the conditional

distribution P(·|A). We use the notation

Zl =
∑

i∈[n]\{k+1}
Ai

[
zil log

ψ(θi + ∆)

ψ(θi)
+ (1− zil) log

1− ψ(θi + ∆)

1− ψ(θi)

]
.

Its conditional cumulant generating function is

K(u) =
∑

i∈[n]\{k+1}
Ai log

(
ψ(θi)

1−uψ(θi + ∆)u + (1− ψ(θi))
1−u(1− ψ(θi + ∆))u

)
.

Define

u∗ = argmin
u≥0

(
LK(u)− u log

k

n− k − 1

)
.
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By direct calculation, we have

K ′(0) = −
∑

i∈[n]\{k+1}
AiD(ψ(θi)‖ψ(θi + ∆)).

K ′(1) =
∑

i∈[n]\{k+1}
AiD(ψ(θi + ∆)‖ψ(θi)).

By Bernstein’s inequality,

K ′(0) ≤ −(1− δ1)p
∑

i∈[n]\{k+1}
D(ψ(θi)‖ψ(θi + ∆)), (2.151)

K ′(1) ≥ (1− δ1)p
∑

i∈[n]\{k+1}
D(ψ(θi + ∆)‖ψ(θi)), (2.152)

with some δ1 = o(1) for probability at least 1 − O(n−1). Given that ∆ = o(1), which is

implied by (2.15), and ρ = o(1), we have
∑
i∈[n]\{k+1}D(ψ(θi)‖ψ(θi+∆)) = (1+o(1)) n∆2

2V (κ)

and
∑
i∈[n]\{k+1}D(ψ(θi + ∆)‖ψ(θi)) = (1 + o(1)) n∆2

2V (κ)
. With the condition (2.150), we

know that LK ′(0) − log k
n−k−1 < 0 and LK ′(1) − log k

n−k−1 > 0. Thus, we must have

u∗ ∈ (0, 1). In fact, the range of u∗ can be further narrowed down. We apply a Taylor

expansion of K ′(u) as a function of ∆ near 0, and we obtain

K ′(u) =
∑

i∈[n]\{k+1}
Ai

[
−1

2
ψ′(θi)∆2 + ψ′(θi)u∆2 +O(|∆|3)

]
.

Note that the remainder term O(|∆|3) can be bounded by |∆|3 up to some constant uniformly

for all u ∈ (0, 1). By Bernstein’s inequality, we have

K ′(u) ≥ −(1 + δ1)

(
1

2
− u
)
np∆2

V (κ)
, (2.153)

for all u ∈ (0, 1/2) with probability at least 1 − O(n−1). By (2.153), there exists δ′ = o(1)
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such that

K ′
(

1

2
− 1

(1 + δ′)SNR
log

n− k
k

)
> 0,

and therefore, we must have

u∗ ∈
(

0,
1

2
− 1

(1 + δ′)SNR
log

n− k
k

)
. (2.154)

We also introduce a quadratic approximation for K(u), which is

K(u) =
np∆2

2V (κ)
(u2 − u).

It can be shown that

1− δ2 ≤
K(u)

K(u)
≤ 1 + δ2, (2.155)

uniformly over all u ∈ (0, 1) for some δ2 = o(1) with probability at least 1 − O(n−1). The

inequality (2.155) can be obtained by a Taylor expansion argument followed by Bernstein’s

inequality, similar to the approximation obtained in (2.153).

Define a probability distribution QA, under which Z1, · · · , ZL are i.i.d. given A and

follow

QA(Zl = s) = PA(Zl = s)eu
∗s−K(u∗),

for any s. It fact, each Zl, under the measure QA can be written as the sum of several

independent random variables, i.e. Zl =
∑
i∈[n]\{k+1} Zil where

QA(Zil = s) = eAiu
∗s−AiKi(u∗)PA

(
Ai

[
zil log

ψ(θi + ∆)

ψ(θi)
+ (1− zil) log

1− ψ(θi + ∆)

1− ψ(θi)

]
= s

)
,

and Ki(u) = log
(
ψ(θi)

1−uψ(θi + ∆)u + (1− ψ(θi))
1−u(1− ψ(θi + ∆))u

)
. Then for each
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Zil such that Ai = 1, we can compute its second and 4th moment as

QA((Zil −QA(Zil))
2) = K ′′i (u∗) = ψ′(θi)∆2 eu

∗∆

(1− ψ(θi) + eu
∗∆ψ(θi))2

∈ (C ′1∆2, C ′2∆2),

(2.156)

QA((Zil −QA(Zil))
4) = K ′′′′i (u∗) + 3K ′′i (u∗)2 ≤ ∆2K ′′i (u∗) + 3K ′′i (u∗)2, (2.157)

where C ′1, C
′
2 > 0 in (2.156) are some constants and we have used

K ′′′′i (u∗) = ψ′(θi)∆4eu
∗∆

× ψ(θi)
3e3u∗∆ − 3ψ(θi)ψ

′(θi)e2u∗∆ − 3ψ′(θi)(1− ψ(θ∗))eu
∗∆ + (1− ψ(θi))

3

(1− ψ(θi) + ψ(θi)eu
∗∆)5

≤ ψ′(θi)∆4eu
∗∆ 1

(1− ψ(θi) + ψ(θi)eu
∗∆)2

= ∆2K ′′i (u∗)

in (2.157).

Define A to be the event of A that (2.151), (2.152), (2.153), (2.155) and

1

2
np ≤

∑

i∈[n]\{k+1}
Ai ≤ 2np, (2.158)

all hold. We know that P(A ∈ A) ≥ 1−O(n−1).

With the above preparations, we can lower bound P
(∑L

l=1 Zl ≥ log k
n−k−1

)
by

inf
A∈A

PA




L∑

l=1

Zl ≥ log
k

n− k − 1


P(A ∈ A) ≥ 1

2
inf
A∈A

PA




L∑

l=1

Zl ≥ log
k

n− k − 1


 .
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For any A ∈ A, a change-of-measure argument leads to the lower bound

PA




L∑

l=1

Zl ≥ log
k

n− k − 1




= exp

(
LK(u∗)− u∗ k

n− k − 1

)

×QA


I





L∑

l=1

Zl − log
k

n− k − 1
≥ 0



 exp


−u∗(

L∑

l=1

Zl − log
k

n− k − 1
)






≥ exp

(
−u∗T + LK(u∗)− u∗ log

k

n− k − 1

)
QA


0 ≤

L∑

l=1

Zl − log
k

n− k − 1
≤ T


 ,

for any T > 0 to be specified. We first lower bound the exponent LK(u∗)−u∗ log k
n−k−1 by

LK(u∗)− u∗ log
k

n− k − 1
= min

u∈(0,1)

(
LK(u)− u log

k

n− k − 1

)

≥ min
u∈(0,1)

(
L(1 + δ2)K(u)− u log

k

n− k − 1

)

≥ −1

2

(√
(1 + δ3)SNR

2
− 1√

(1 + δ3)SNR
log

n− k
k

)2

,

for some δ3 = o(1). We then need to choose an appropriate T so that the probability

QA
(

0 ≤∑L
l=1 Zl − log k

n−k−1 ≤ T
)
can be bounded below by some constant. To achieve

this purpose, we note that

VarQA




L∑

l=1

Zl


 = L

∑

i∈[n]\{k+1}
AiK

′′
i (u∗) ≤ C1∆2L

∑

i∈[n]\{k+1}
Ai ≤ 2C1∆2Lnp,

for some constant C1 > 0 due to (2.156), where VarQA is the variance operator under the

measure QA. Thus, we set T =
√

2C1∆2Lnp. With this choice, and by (2.154), we have

u∗T ≤
√

2C1∆2Lnp

(
1

2
− 1

(1 + δ′)SNR
log

n− k
k

)
.
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Therefore, u∗T is at most the order of the square-root of the desired exponent, and thus it

is negligible.

Finally, we need to show QA
(

0 ≤∑L
l=1 Zl − log k

n−k−1 ≤ T
)
is lower bounded by some

constant. Note that the definition of u∗ implies that
∑L
l=1 Zl − log k

n−k−1 has mean zero

under QA. By the definition of T , we have

QA


0 ≤

L∑

l=1

Zl − log
k

n− k − 1
≤ T




≥ QA


0 ≤

L∑

l=1

Zl − log
k

n− k − 1
≤

√√√√√Var




L∑

l=1

Zl

∣∣∣∣∣A







= QA


0 ≤

L∑

l=1

∑

i∈[n]\{k+1}
Zil − log

k

n− k − 1
≤

√√√√√Var




L∑

l=1

∑

i∈[n]\{k+1}
Zil

∣∣∣∣∣A





 .

We apply the central limit theorem in Lemma 3.7.4 to bound the above probability. The

4th moment approximation bound in Lemma 3.7.4 is

√√√√√L
∑

i∈[n]\{k+1}
Ai

(
K ′′′′i (u∗) + 3K ′′i (u∗)2

(L
∑
i∈[n]\{k+1}AiK ′′i (u∗))2

)3/4

≤

√√√√√L
∑

i∈[n]\{k+1}
Ai

(
∆2K ′′i (u∗) + 3K ′′i (u∗)2

(L
∑
i∈[n]\{k+1}AiK ′′i (u∗))2

)3/4

(2.159)

≤

√√√√√L
∑

i∈[n]\{k+1}
Ai

(
C ′2 + 3C ′22

(L
∑
i∈[n]\{k+1}AiC ′1)2

)3/4

(2.160)

≤ C2


L

∑

i∈[n]\{k+1}
Ai



−1/4

(2.161)

which tends to zero by (2.158). We have used (2.157) in (2.159), (2.156) in (2.160). We thus
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have

QA


0 ≤

L∑

l=1

Zl − log
k

n− k − 1
≤ T


 ≥ P (0 ≤ N(0, 1) ≤ 1)− o(1),

which is bounded below by a constant. To summarize, we have shown that

P




L∑

l=1

Zl ≥ log
k

n− k − 1




≥ C3 exp


−1

2

(√
(1 + δ4)SNR

2
− 1√

(1 + δ4)SNR
log

n− k
k

)2



for some δ4 = o(1) and some constant C3 > 0 when (2.150) holds with δ = δ4.

To close the proof, we need a different argument when

√
(1 + δ4)SNR

2
− 1√

(1 + δ4)SNR
log

n− k
k
≤ C4,

for some constant C4 > 0. This condition, together with Bernstein’s inequality, implies that

L∑

l=1

E(Zl|A)− log
k

n− k − 1
≥ −C5

√
Lnp∆2, (2.162)

with probability at least 1 − O(n−1). Define A to be an event of A such that both (2.158)

and (2.162) hold. It is clear that P(A) ≥ 1−O(n−1). We then have

P




L∑

l=1

Zl ≥ log
k

n− k − 1


 ≥ 1

2
inf
A∈A

PA




L∑

l=1

Zl ≥ log
k

n− k − 1




≥ 1

2
inf
A∈A

PA




L∑

l=1

(Zl − E(Zl|A)) ≥ C5

√
Lnp∆2


(2.163)

≥ c1 − o(1), (2.164)

for some constant c1 > 0. The inequality (2.163) is by (2.162). For (2.164), we use the
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Gaussian approximation in Lemma 3.7.4, and the 4th moment approximation bound is of

order
(
L
∑
i∈[n]\{k+1}Ai

)−1/4
by similar calculation as in (2.161) under measure PA, which

tends to zero by (2.158). The proof is complete.

Proof of Theorem 2.6.1. We first note that the condition (2.15) implies that ∆ = o(1).

Choose κ1, κ2 ≥ 0 such that we have both κ1 + κ2 ≤ κ and

n

kψ′(κ1) + (n− k)ψ′(κ2)
= V (κ).

We first consider the case k → ∞ and κ = Ω(1). In this case, one can easily check that

κ2 = Ω(1). Our least favorable θ′, θ′′ ∈ Θ′(k,∆, κ) is constructed as follows. Let ρ = o(1) be

a vanishing number that will be specified later. Define θ′i = κ1 for all 1 ≤ i ≤ k− ρk, θ′i = 0

for k− ρk < i ≤ k, θ′i = −∆ for k < i ≤ k+ ρ(n− k) and θ′i = −κ2 for k+ ρ(n− k) < i ≤ n.

For the simplicity of proof, we choose ρ so that both ρk and ρ(n − k) are integers. For θ′′,

we set θ′′i = θ′i for all i ∈ [n]\{k + 1} and θ′′k+1 = 0. Recall the definition of the subset

Rk,ρ ⊂ Sn in (2.137). We then have

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗) ≥ inf
r̂

sup
r∗∈Rk,ρ
θ∗∈{θ′,θ′′}

E(θ∗,r∗)Hk(r̂, r∗)

≥ inf
r̂

1

2

∑

θ∗∈{θ′,θ′′}

1∣∣Rk,ρ
∣∣
∑

r∗∈Rk,ρ
E(θ∗,r∗)Hk(r̂, r∗).

That is, we first lower bound the minimax risk by the Bayes risk. Since

Hk(r̂, r∗) ≥ 1

2k

∑

k−ρk<i≤k+ρ(n−k)

(I {r̂i > k, r∗i ≤ k}+ I {r̂i ≤ k, r∗i > k}) ,
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we have

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗)

≥ inf
r̂

1

2

∑

θ∗∈{θ′,θ′′}

1∣∣Rk,ρ
∣∣
∑

r∗∈Rk,ρ
E(θ∗,r∗)

1

2k

∑

k−ρk<i≤k+ρ(n−k)

(I {r̂i > k, r∗i ≤ k}+ I {r̂i ≤ k, r∗i > k})

≥ 1

4k
∣∣Rk,ρ

∣∣
∑

k−ρk<i≤k+ρ(n−k)

inf
r̂

∑

θ∗∈{θ′,θ′′}




∑

r∗∈Rk,ρ
r∗i≤k

P(θ∗,r∗)(r̂i > k) +
∑

r∗∈Rk,ρ
r∗i≥k+2

P(θ∗,r∗)(r̂i ≤ k)




≥ 1

4k
∣∣Rk,ρ

∣∣
∑

k−ρk<i≤k+ρ(n−k)

inf
r̂




∑

r∗∈Rk,ρ
r∗i≤k

P(θ′′,r∗)(r̂i > k) +
∑

r∗∈Rk,ρ
r∗i≥k+2

P(θ′,r∗)(r̂i ≤ k)



.

At this point, we need to introduce some extra notation. For any r, r′ ∈ Sn, we define

the Hamming distance without normalization as H(r, r′) =
∑n
i=1 I

{
ri 6= r′i

}
. For each

k − ρk < i ≤ k + ρ(n− k), we can partition the set Rk,ρ into three disjoint subsets. Define

R(1)
k,ρ =

{
r ∈ Rk,ρ : ri ≤ k

}
,

R(2)
k,ρ =

{
r ∈ Rk,ρ : ri = k + 1

}
,

R(3)
k,ρ =

{
r ∈ Rk,ρ : ri ≥ k + 2

}
.

It is easy to see that Rk,ρ = ∪3
j=1R

(j)
k,ρ. We note that the three subsets all depend on the

index i, but we shall suppress this dependence to avoid notational clutter. For any r ∈ R(2)
k,ρ,
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define

N2→1(r) =
{
r′′ ∈ R(1)

k,ρ : H(r, r′′) = 2
}
,

N2→3(r) =
{
r′ ∈ R(3)

k,ρ : H(r, r′) = 2
}
.

Since for any different permutations, the smallest Hamming distance between them is 2,

N2→1(r) and N2→3(r) can be understood as neighborhoods r within R(1)
k,ρ and R(3)

k,ρ, re-

spectively. It is easy to check that {N2→1(r)}
r∈R(2)

k,ρ

are disjoint subsets, and they form a

partition of R(1)
k,ρ. Similarly, {N2→3(r)}

r∈R(2)
k,ρ

are disjoint subsets, and form a partition of

R(3)
k,ρ. With these notation, we have

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗)

≥ 1

4k
∣∣Rk,ρ

∣∣
∑

k−ρk<i≤k+ρ(n−k)

inf
r̂

∑

r∈R(2)
k,ρ


 ∑

r′′∈N2→1(r)

P(θ′′,r′′)(r̂i > k) +
∑

r′∈N2→3(r)

P(θ′,r′)(r̂i ≤ k)




=
1

4k
∣∣Rk,ρ

∣∣
∑

k−ρk<i≤k+ρ(n−k)

inf
r̂

∑

r∈R(2)
k,ρ

∑

r′′∈N2→1(r)
r′∈N2→3(r)

(
1

n− k − 1
P(θ′′,r′′)(r̂i > k) +

1

k
P(θ′,r′)(r̂i ≤ k)

)

≥ 1

4k(n− k − 1)
∣∣Rk,ρ

∣∣
∑

k−ρk<i≤k+ρ(n−k)

∑

r∈R(2)
k,ρ

∑

r′′∈N2→1(r)
r′∈N2→3(r)

inf
0≤φ≤1

[
E(θ′′,r′′)φ+

n− k − 1

k
E(θ′,r′)(1− φ)

]
,

where we have used the fact |N2→1(r)| = k and |N2→3(r)| = n−k−1 to obtain the equality
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in the above display. To this end, it suffices to give a lower bound for the testing problem

inf
0≤φ≤1

[
E(θ′′,r′′)φ+

n− k − 1

k
E(θ′,r′)(1− φ)

]
, (2.165)

for any r′′ ∈ N2→1(r) and any r′ ∈ N2→3(r) with any r ∈ R(2)
k,ρ and any k − ρk < i ≤

k + ρ(n− k).

For the two probability distributions in (2.165), the probability P(θ′′,r′′) is the BTL model

with parameter {θ′′
r′′i
}i∈[n] and the probability P(θ′,r′) is the BTL model with parameter

{θ′
r′i
}i∈[n]. It turns out the two vectors {θ′′

r′′i
}i∈[n] and {θ′r′i}i∈[n] only differ by one entry. To

see this, let i and j′ be the two coordinates that r and r′ differ and let i and j′′ be the two

coordinates that r and r′′ differ. Then, r′ and r′′ differ at the ith, the j′th and the j′′th

coordinates. This immediately implies θ′
r′l

= θ′′
r′′l

for all l ∈ [n]\{i, j′, j′′}. By the definitions

ofN2→1 andN2→3, we have r′i = rj′ , r
′
j′ = k+1, r′j′′ = rj′′ and r′′i = rj′′ , r

′′
j′ = rj′ , r

′′
j′′ = k+1.

Moreover, we also have rj′ ≥ k + 2 and rj′′ ≤ k. We remind the readers that all the three

coordinates are in the interval [k−ρk+1, k+ρ(n−k)]. According to the definitions of θ′ and

θ′′, we then have θ′
r′
j′′

= θ′′
r′′
j′′

= 0 and θ′
r′
j′

= θ′′
r′′
j′

= −∆. For the only different coordinate,

we have θ′
r′i

= −∆ and θ′′
r′′i

= 0.

Since {θ′′
r′′i
}i∈[n] and {θ′

r′i
}i∈[n] only differ by a single coordinate, the testing problem

(2.165) is equivalent to

inf
0≤φ≤1

[
E(θ′′,r̄)φ+

n− k − 1

k
E(θ′,r̄)(1− φ)

]
, (2.166)

where r̄i = i for all i ∈ [n]. The equivalence between (2.165) and (2.166) can be obtained

by the existence of a simultaneous permutation that maps the two vectors {θ′′
r′′i
}i∈[n] and
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{θ′
r′i
}i∈[n] to θ

′′ and θ′. By Neyman-Pearson lemma, we can lower bound (2.166) by

P(θ′′,r̄)

(
dP(θ′,r̄)
dP(θ′′,r̄)

≥ k

n− k − 1

)
. (2.167)

This probability can be lower bounded by

C exp


−1

2

(√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k

)2

+


 ,

with some constant C > 0 and some δ = o(1) according to Lemma 2.10.3. Since

|R(2)
k,ρ|/|R(k,ρ)| = (1− ρ)n,

we have

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗)

≥ C1ρ exp


−1

2

(√
(1 + δ)SNR

2
− 1√

(1 + δ)SNR
log

n− k
k

)2

+


 ,

for some constant C1 > 0. When the exponent diverges, we can choose ρ that tends to zero

sufficiently slow so that it can be absorbed into the exponent. Otherwise, we can simply set

ρ to be a sufficiently small constant, and the above proof will still go through. One can use

a similar argument as Lemma 2.10.3 to show (2.167) is bounded below by some constant. In

this case, we have inf r̂ sup r∗∈Sn
θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗) bounded below by some constant as

desired.

Finally, we briefly discuss how to modify the proof when either k →∞ or κ = Ω(1) does

not hold. When k → ∞ and κ = o(1), we can take θ′i = 0 for 1 ≤ i ≤ k and θ′i = −∆ for

k < i ≤ n. The vector θ′′ is still defined according to θ′′i = θ′i for all i ∈ [n]\{k + 1} and

112



θ′′k+1 = 0. The proof will go through with some slight modifcation. When k = O(1), the

condition (2.15) is equivalent to SNR < (1− ε)2 log n for some constant ε > 0, and we only

need to prove a constant minimax lower bound. This is obviously true becasue

inf
r̂

sup
r∗∈Sn

θ∗∈Θ′(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗) ≥ inf
r̂

sup
r∗∈Sn

θ∗∈Θ(k,∆,κ)

E(θ∗,r∗)Hk(r̂, r∗)

≥ inf
r̂

sup
r∗∈Sn

θ∗∈Θ(k,∆,κ)

1

2k
P(θ∗,r∗) (Hk(r̂, r∗) > 0) ,

which is lower bounded by a constant by Theorem 2.3.4 and the condition that k = O(1).

2.11 Proofs of Local Error Rates

In this section, we prove Theorem 2.7.1 and Theorem 2.7.2.

2.11.1 Proof of Theorem 2.7.1

We first give Lemma 2.11.1 to characterize entrywise tail behaviors of the MLE (2.5) which

is crucial to the upper bound in Theorem 2.7.1.

Lemma 2.11.1. Assume np
log n → ∞ and κ = O(1). Then, for the rank vector r̂ that is

induced by the MLE (2.5), for any small constant 0.1 > δ > 0, there exists some constant

C > 0, such that for any t ∈ R, any θ∗ ∈ Θ(k, 0, κ), r∗ ∈ Sn, we have

P(θ∗,r∗)

(
θ̂i ≤ t

)
≤ C exp


−

(1− δ)(θ∗r∗i − t)
2
+npL

2Vr∗i
(θ∗)


+ Cn−7, r∗i ≤ k; (2.168)

P(θ∗,r∗)

(
θ̂i ≥ t

)
≤ C exp


−

(1− δ)(t− θ∗r∗i )2
+npL

2Vr∗i
(θ∗)


+ Cn−7, r∗i ≥ k + 1 (2.169)

Proof. The proof follows the proof of Theorem 2.3.2 with slight modifications. Without loss
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of generality, we can assume r∗i = i for all ∈ [n]. Let

∆̄i =





min

(
(θ∗i − t)+,

(
log n
np

)1/4
)
, 1 ≤ i ≤ k,

min

(
(t− θ∗i )+,

(
log n
np

)1/4
)
, k + 1 ≤ i ≤ n.

(2.170)

We only need to prove (2.168) since (2.169) can be proved similarly.

Consider any m ∈ [k]. When (θ∗m − t)2
+npL ≤ c′ for some large enough constant to be

specified later, we can directly bound the probability using the trivial bound 1. Thus, we

only need to consider the regime when (θ∗m − t)2
+npL > c′.

Following the proof of Theorem 2.3.2, we have (2.71)-(2.77) and (2.79) hold. Note that

we now have ∆̄2
mLnp > c′ instead of ∆̄2

mLnp→∞ which is needed in the proof of Theorem

2.3.2. As a consequence, we now have (2.78) and (2.80) hold with δ = 4C4e
κ/
√
c′ instead of

some o(1) as in the proof of Theorem 2.3.2. To sum up, with this δ, we have

|θ̂m − θ̄m| ≤ δ∆̄m, (2.171)

|f (m)(θ∗m|θ̂−m)− f (m)(θ∗m|θ∗−m)|
g(m)(θ∗m|θ∗−m)

≤ δ∆̄m, (2.172)
∣∣∣g(m)(θ∗m|θ̂−m)− g(m)(θ∗m|θ∗−m)

∣∣∣
g(m)(θ∗m|θ∗−m)

≤ δ, (2.173)

hold with probability at least 1−O(n−7)− exp(−∆̄
3/2
m Lnp)− exp

(
−∆̄2

mnpL
np

log n

)
. We can

make δ to be an arbitrarily small constant by setting c′ large as κ = O(1).
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Then for any i ≤ k, by the same argument as in the proof of Theorem 2.3.2, we have

P
(
θ̂i ≤ t

)

≤ P
(
θ̂i − θ∗i ≤ −(θ∗i − t)

)

≤ P
(
θ̄i − θ∗i ≤ −(1− δ)∆̄i

)
+ P

(
|θ̄i − θ̂i| > δ∆̄i

)

≤ P

(
−
f (i)(θ∗i |θ∗−i)
g(i)(θ∗i |θ∗−i)

≤ −(1− 3δ)∆̄i

)
+O(n−7) (2.174)

+ exp(−∆̄
3/2
i Lnp) + exp

(
−∆̄2

inpL
np

log n

)
,

which has the same upper bound as in (2.81). We then have the same (2.82) and the event

Ai as in the proof of Theorem 2.3.2. As a result,

P

(
−
f (i)(θ∗i |θ∗−i)
g(i)(θ∗i |θ∗−i)

≤ −(1− 3δ)∆̄i

)

≤ sup
A∈Ai

exp


−

1
2(1− 3δ)2∆̄2

i

(
L
∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )
)2

L
∑
j∈[n]\{i}Aijψ′(θ∗i − θ∗j ) + 1−3δ

3 ∆̄iL
∑
j∈[n]\{i}Aijψ′(θ∗i − θ∗j )




+O(n−7)

= exp


−1− δ′

2
∆̄2
iLp

∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )


+O(n−7) (2.175)

≤ exp


−1− δ′

2
(θ∗i − t)2Lp

∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j )


+O(n−7) (2.176)

= exp

(
− 1− δ′′

2Vi(θ∗)
(θ∗i − t)2npL

)
+O(n−7) (2.177)

where δ′, δ′′ are able to be any small constant (by adjusting c′). We use the definition of Ai to

obtain the expression (2.175). To see why (2.176) is true, note that when ∆̄2
i =

√
log n
np , the

first term of (2.175) can be absorbed into O(n−7). (2.177) comes from
∑
j∈[n]\{i} ψ

′(θ∗i−θ∗j )∑
j∈[n] ψ

′(θ∗i−θ∗j )
=

1 + o(1).
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Since exp(−∆̄
3/2
i Lnp) + exp

(
−∆̄2

inpL
np

log n

)
≤ exp

(
− 1+o(1)

2Vi(θ∗)
(θ∗i − t)2npL

)
+ O(n−7),

we have for any small constant δ > 0, there exists some constant C > 0, such that

P
(
θ̂i ≤ t

)
≤ C exp

(
− 1− δ

2Vi(θ∗)
(θ∗i − t)2npL

)
+ Cn−7, (2.178)

for all i ≤ k which completes the proof.

Proof of (2.28) of Theorem 2.7.1. The upper bound (2.28) is a straightforward consequence

of Lemma 2.3.1 and Lemma 2.11.1. We have

E(θ∗,r∗)Hk(r̂, r∗)

≤ C
1

k




k∑

i=1

exp

(
−(1− δ)(θ∗i − t)2

+npL

2Vi(θ∗)

)
+

n∑

i=k+1

exp

(
−(1− δ)(t− θ∗i )2

+npL

2Vi(θ∗)

)
+ Cn−6.

The rest of the section focuses on the lower bound (2.29). The proof follows the proof of

Theorem 2.3.4 with some modification. We include it below for completeness.

Proof of (2.29) of Theorem 2.7.1. We are going to prove

E(θ∗,r∗)Hk(r̂, r∗) & R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)
k

(2.179)

where t∗ is the unique solution such that R1([k], θ∗, t∗,−δ) = R2([n]\[k], θ∗, t∗,−δ). We

first show the existence and uniqueness of t∗. Note that R1([k], θ∗, t,−δ) increases with t

while R2([n]\[k], θ∗, t,−δ) decreases with t. Moreover, since limt→−∞R1([k], θ∗, t,−δ) =

limt→+∞R2([n]\[k], θ∗, t,−δ) = 0, such t∗ must exist due to continuity. The uniqueness

comes from R1([k], θ∗, t,−δ), as a function of t, is strictly increasing on (−∞, θ∗1] and

R2([n]\[k], θ∗, t,−δ), as a function of t, is strictly decreasing on [θ∗n,+∞) and θ∗1 ≥ θ∗n.
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Define

S1(t) =
{
i ∈ [n] : i ≤ k, (θ∗i − t)+ ≤ (log n/np)1/4

}
, (2.180)

S2(t) =
{
i ∈ [n] : i ≥ k + 1, (t− θ∗i )+ ≤ (log n/np)1/4

}
.

Since we assume inft(R1([k], θ∗, t,−δ) +R2([n]\[k], θ∗, t,−δ))→∞, we must have

R1([k], θ∗, t∗,−δ)→∞ (2.181)

and hence,
R1(S1(t∗), θ∗, t∗,−δ)
R1([k], θ∗, t∗,−δ) ≥ 1

2
,
R1(S2(t∗), θ∗, t∗,−δ)
R1([n]\[k], θ∗, t∗,−δ) ≥

1

2
. (2.182)

This is because R1([k], θ∗, t∗,−δ)−R1(S1(t∗), θ∗, t∗,−δ) ≤ n−6 and R2([n]\[k], θ∗, t∗,−δ)−

R2(S2(t∗), θ∗, t∗,−δ) ≤ n−6 by the definition of S1(t∗), S2(t∗) and np/ log n→∞.

Now by Lemma 2.9.3, we have

Hk(r̂, r∗) ≥ 1

k
min




k∑

i=1

I
{
θ̂i < t∗

}
,

n∑

i=k+1

I
{
θ̂i > t∗

}



≥ 1

k
min


 ∑

i∈S1(t∗)

I
{
θ̂i < t∗

}
,
∑

i∈S2(t∗)

I
{
θ̂i > t∗

}

 . (2.183)

It suffices to show there exists some constant C > 0 such that

P(θ∗,r∗)


1

k

∑

i∈S1(t∗)

I
{
θ̂i < t∗

}
≥ 4C

k
R1(S1(t∗), θ∗, t∗,−δ)


 ≥ 3/4 (2.184)

and P(θ∗,r∗)


1

k

∑

i∈S2(t∗)

I
{
θ̂i > t

}
≥ 4C

k
R2(S2(t∗), θ∗, t∗,−δ)


 ≥ 3/4. (2.185)
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This is because

E(θ∗,r∗)Hk(r̂, r∗)

≥ C
R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)

k

× P(θ∗,r∗)

(
Hk(r̂, r∗) ≥ C

R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)
k

)
(2.186)

≥ C
R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)

k

× P(θ∗,r∗)



∑
i∈S1(t∗) I{θ̂i<t∗}

k ≥2C
k R1([k],θ∗,t∗,−δ) and∑

i∈S2(t∗) I{θ̂i>t}
k ≥2C

k R2([n]\[k],θ∗,t∗,−δ)


 (2.187)

≥ C
R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)

k

× P(θ∗,r∗)



∑
i∈S1(t∗) I{θ̂i<t∗}

k ≥4C
k R1(S1(t∗),θ∗,t∗,−δ) and∑

i∈S2(t∗) I{θ̂i>t}
k ≥4C

k R2(S2(t∗),θ∗,t∗,−δ)


 (2.188)

≥ C

2

R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)
k

. (2.189)

Therefore, we obtain the desired conclusion. (2.186) is a consequence of Markov inequality;

(2.187) comes from (2.183) and the choice of t∗; (2.188) is due to (2.182); (2.184) and (2.185)

lead to (2.189).

In the rest of the proof, we are going to establish (2.184) and then (2.185) can be proved

similarly. Define

S′1(ρ, t∗) =

{
i ∈ S1(t∗) : ρ |S1(t∗)| indices in S1(t∗) with the smallest

(θ∗i − t∗)2
+

Vi(θ∗)

}

(2.190)

for some small enough constant ρ > 0 to be specified later. That is, S′1(ρ, t∗) is a subset of

S1(t∗) of size ρ |S1(t∗)| with the smallest (θ∗i−t∗)2
+

Vi(θ∗)
values. We remark that condition (2.181)

and (2.182) necessarily imply
∣∣S′1(ρ, t∗)

∣∣ → ∞ when ρ is a constant. We shall also assume
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ρ
∣∣S′1(ρ, t∗)

∣∣ is an integer. Furthermore, note that the definition of S′1(ρ, t∗) implies:

R1(S1(t∗), θ∗, t∗,−δ) ≥ R1(S′1(ρ, t∗), θ∗, t∗,−δ) ≥ ρR1(S1(t∗), θ∗, t∗,−δ). (2.191)

Therefore, to establish (2.184), we only need to show

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

I
{
θ̂i < t∗

}
≥ C ′R1(S′1(ρ, t∗), θ∗, t∗,−δ)


 ≥ 3/4. (2.192)

for some constant C ′ > 0. The remaining proof is then devoted to proving (2.192).

Recall the definition of θ̄ in (2.76). Define ∆̃i = (θ∗i − t∗)+ ∨ α
√

1
npL where α is some

large enough constant to be determined later. Define the event Fi as

Fi ={|θ̂i − θ̄i| ≤
δ0
3

∆̃i,
|f (i)(θ∗i |θ̂−i)− f (i)(θ∗i |θ∗−i)|

g(i)(θ∗i |θ∗−i)
≤ δ0

3
∆̃i,

∣∣∣g(i)(θ∗i |θ̂−i)− g(i)(θ∗i |θ∗−i)
∣∣∣

g(i)(θ∗i |θ∗−i)
≤ δ0

3
}.

When (θ∗i − t∗)2
+npL > α, using a similar argument that leads to (2.171)-(2.173), we can

show that there exists some constant δ0 > 0, such that

P(θ∗,r∗)(Fi) ≥ 1−
(
O(n−7) + exp

(
−∆̃2

inpL
np

log n

)
+ exp

(
−∆̃

3/2
i npL

))
. (2.193)

When (θ∗i − t∗)2
+npL ≤ α, we can show

P(θ∗,r∗)(Fi) ≥ 1−
(
O(n−7) + e−(npL)1/4

+ e−
√

log n
)
. (2.194)

instead. To establish it, we can choose x = (npL)1/4 in (2.70) and x =
√

log n in (2.75) and

then follow the same proof of (2.77), (2.78), and (2.80) as in the proof of Theorem 2.3.2. In
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both cases, this δ0 can be made arbitrarily small by setting α large.

Assuming Fi is true, we can use arguments similar to the establishment of (2.81) to have

I
{
θ̂i < t∗

}
≥ I

{∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))
∑
j∈[n]\{i}Ajiψ′(θ∗j − θ∗i )

≤ −(1 + δ0)(θ∗i − t∗)+

}
.

Define the RHS of the above display as Li. Then we have shown that

∑

i∈S′1(ρ,t∗)

I
{
θ̂i < t∗

}
≥

∑

i∈S′1(ρ,t∗)

LiIFi ≥
∑

i∈S′1(ρ,t∗)

Li −
∑

i∈S′1(ρ,t∗)

IFci . (2.195)

By (2.193) and (2.194), we have

E




∑

i∈S′1(ρ,t∗)

IFci




≤ O(n−6) +
∑

i:i∈S′1(ρ,t∗),(θ∗i−t∗)2
+npL>α

(
exp

(
−∆̃2npL

np

log n

)
+ exp

(
−∆̃3/2npL

))

+
∑

i:i∈S′1(ρ,t∗),(θ∗i−t∗)2
+npL≤α

(
exp

(
−(npL)1/4

)
+ exp

(
−
√

log n
))

.

Using θ∗i − t∗ ≤ (log n/np)1/4 for i ∈ S1(t∗) and np/ log n → ∞, we see that the above

bound is of smaller order than

n−5.9 +
∑

i∈S′1(ρ,t∗)

exp

[
− ∆̃2

inpL

2V i(θ∗)

((
np

log n

)1/9

∧ (log n)1/5

)]
,

and we can use Markov’s inequality and obtain

P(θ∗,r∗)




∑

i∈S′i(t∗)
IFci ≤ n−5.9 +

∑

i∈S′1(ρ,t∗)

e
− ∆̃2

i npL

2Vi(θ
∗)

((
np

logn

)1/9
∧(log n)1/5

)
 ≥ 1− o(1).

(2.196)
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Now to lower bound
∑
i∈S′1(ρ,t∗) Li, we define

A =

{
A : ∀i ∈ S1(t∗),

∣∣∣∣∣

∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )

p
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

− 1

∣∣∣∣∣ ≤ δ0, (2.197)

∣∣∣∣∣∣∣

∑

j∈S′1(ρ,t∗)

Ajiψ
′(θ∗i − θ∗j )

∣∣∣∣∣∣∣
≤ 2ρkp+ 10 log n

}
. (2.198)

By Bernstein’s inequality and union bound, we have P(A ∈ A) ≥ 1 − O(n−10). From

now on, we use the notation PA for the conditional probability P(θ∗,r∗)(·|A) given A. For

any s > 0,

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

Li ≥ s


 ≥ P(A ∈ A) inf

A∈A
PA




∑

i∈S′1(ρ,t∗)

Li ≥ s


 . (2.199)

Now we study PA
(∑

i∈S′1(ρ,t∗) Li ≥ s
)
. Define S = [n]\S′1(ρ, t∗). Note that for each i ∈

S′1(ρ, t∗), we have Li ≥ Li,1 − Li,2 − Li,3, where

Li,1 = I

{∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))
∑
j∈[n]\{i}Ajiψ′(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)∆̃i

}
,

Li,2 = I

{∑
j∈S′1(ρ,t∗):j<iAji(ȳij − ψ(θ∗i − θ∗j ))
∑
j∈[n]\{i}Ajiψ′(θ∗j − θ∗i )

≥ δ′(1 + δ0)∆̃i

}
,

Li,3 = I

{∑
j∈S′1(ρ,t∗):i<j Aji(ȳij − ψ(θ∗i − θ∗j ))
∑
j∈[n]\{i}Ajiψ′(θ∗j − θ∗i )

≥ δ′(1 + δ0)∆̃i

}

for some small constant δ′ > 0 whose value will be determined later. We are going to control

each term separately.

(1). Analysis of Li,1. Note that conditional on A, {Li,1}i∈S′1(ρ,t∗) are all independent

Bernoulli random variables. We have Li,1 ∼ Bernoulli(pi), where pi = E(θ∗,r∗)(Li,1|A). By
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Chebyshev’s inequality, we have

PA




∑

i∈S′1(ρ,t∗)

Li,1 ≥
1

2

∑

i∈S′1(ρ,t∗)

pi


 ≥ 1− 4∑

i∈S′1(ρ,t∗) pi
.

By Lemma 2.11.2, we can lower bound each pi by

pi = PA



∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)2∆̃i




≥ C1 exp


−1 + δ2

2

∆̃2
inpL

Vi(θ∗)
− C ′1

√
∆̃2
inpL

Vi(θ∗)


 ,

for some constants C1, C
′
1 > 0 and some small constant δ2 > 0. Note that δ2 can be an

arbitrarily small constant by making δ′ and ρ small as well as making α large. Thus we can

choose δ′, ρ small enough and α large enough to let δ2 < δ/2. Then we have

∑

i∈S′1(ρ,t∗)

pi ≥ C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

Vi(θ∗)
− C ′1

√
∆̃2
inpL

Vi(θ∗)




≥ C1R1(S′1(ρ, t∗), θ∗, t∗,−δ) (2.200)

≥ C1ρR1(S1(t∗), θ∗, t∗,−δ). (2.201)

where (2.200) can be achieved by setting α large and (2.201) comes from (2.191). As a result,

under the condition (2.181), we have
∑
i∈S′1(ρ,t∗) pi →∞.

Hence, we have proved

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,1 ≥
1

2
C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

Vi(θ∗)
− C ′1

√
∆̃2
inpL

Vi(θ∗)





 ≥ 1− o(1).

(2). Analysis of Li,2. By (2.197)-(2.198) and Bernstein’s inequality, we can bound
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E(Li,2|A) by

exp


−

(
δ′(1 + δ0)2∆̃iL

∑
j∈[n]\{i}Ajiψ

′(θ∗j − θ∗i )
)2

2
(
L
∑
j∈S′1(ρ,t∗):j<iAjiψ

′(θ∗i − θ∗j ) + 1
3δ
′(1 + δ0)2∆̃iL

∑
j∈[n]\{i}Ajiψ′(θ∗j − θ∗i )

)




≤ exp


−

(
δ′(1 + δ0)2∆̃iL

∑
j∈[n]\{i} pψ

′(θ∗j − θ∗i )
)2

4
(

2Lρkp+ 10 log n+ 1
3δ
′(1 + δ0)2∆̃iL

∑
j∈[n]\{i} pψ′(θ∗j − θ∗i )

)


 .

Now we set δ′ = ρ1/8, and make ρ small enough to ensure (2.201). Then, there exists some

constants C2, C3 > 0 such that

E(Li,2|A) ≤ exp
(
−C2ρ

−1
2npL∆̃2

i

)
≤ exp

(
−C3ρ

−1/2 ∆̃2
inpL

2Vi(θ∗)

)
.

due to ∆̃i = o(1) and np/ log n→∞. Then,

E




∑

i∈S′1(ρ,t∗)

Li,2

∣∣∣∣∣A


 ≤

∑

i∈S′1(ρ,t∗)

exp

(
−C3ρ

−1/2 ∆̃2
inpL

2Vi(θ∗)

)
.

By Markov inequality, we have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,2 ≥
∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2Vi(θ∗)

)


≤

∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2Vi(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL
2Vi(θ∗)

) . (2.202)
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(3). Analysis of Li,3. By a similar argument, we also have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,3 ≥
∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2Vi(θ∗)

)


≤

∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2Vi(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL
2Vi(θ∗)

) . (2.203)

Now we can combine the above analyses of Li,1, Li,2 and Li,3. Since we are allowed to

choose ρ to be an arbitrarily small constant, we shall make

∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2Vi(θ∗)

)
≤ 1

8
C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

Vi(θ∗)
− C ′1

√
∆̃2
inpL

Vi(θ∗)




and
∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2Vi(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL
2Vi(θ∗)

) ≤ 1

16
.

Thus, we have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li ≥ C4

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

Vi(θ∗)
− C ′1

√
∆̃2
inpL

Vi(θ∗)





 ≥ 7

8
− o(1),

(2.204)

for some constant C4 > 0. Then (2.195), (2.196), (2.199) together with (2.181) lead to

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

I
{
θ̂i < t∗

}
≥ C4

2

∑

i∈S′1(ρ,t∗)

e
−1+δ2

2

∆̃2
i npL

Vi(θ
∗) −C ′1

√
∆̃2
i npL

Vi(θ
∗)


 ≥ 7

8
− o(1).

(2.205)
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Finally, (2.192) follows from (2.201) which completes the proof.

We state Lemma 2.11.2 to close this section. Its proof is essentially the same as the proof

of Lemma 2.9.4 and hence is omitted here.

Lemma 2.11.2. Assume np
log n →∞, κ = O(1). Recall the definition of S′1(ρ, t∗) in (2.190),

S = [n]\S′1(ρ, t∗) and ∆̃i = (θ∗i − t∗)+ ∨ α
√

1
npL . There exists some constants C1, C2 > 0

such that for any small constant 0.1 > δ̃ > 0, there exists constant δ1 > 0 such that for

any constant α > 0, i ∈ S′1(ρ, t∗), any A ∈ A where A is defined in (2.197)-(2.198), any

θ∗ ∈ Θ(k, 0, κ) and any r∗ ∈ Sn, we have

P(θ∗,r∗)



∑
j∈S Aji(ȳij − ψ(θ∗r∗i

− θ∗r∗j ))
∑
j∈[n]\{i}Ajiψ′(θ∗r∗j

− θ∗r∗i )
≤ −(1 + δ̃)∆̃i

∣∣∣∣∣A




≥ C1 exp


−1 + δ1

2

∆̃2
inpL

Vr∗i
(θ∗)

− C2

√√√√ ∆̃2
inpL

Vr∗i
(θ∗)


 . (2.206)

Moreover, δ1 is able to be arbitrarily small if δ̃ and ρ are small enough.

2.11.2 Proof of Theorem 2.7.2

We first give Lemma 2.11.3 to characterize entrywise tail behaviors of the spectral method

(3.5) which is crucial to the upper bound in Theorem 2.7.2.

Lemma 2.11.3. Assume np
log n → ∞ and κ = O(1). Then, for the rank vector r̂ that is

induced by the stationary distribution of the Markov chain (3.5), for any small constant

0.1 > δ > 0, there exists some constant C > 0, such that for any t ∈ R, any θ∗ ∈ Θ(k, 0, κ),

r∗ ∈ Sn, we have

P(θ∗,r∗)


π̂i ≤

et

∑
j∈[n] e

θ∗j


 ≤ C exp


−

(1− δ)(θ∗r∗i − t)
2
+npL

2V r∗i
(θ∗)


+ Cn−4, r∗i ≤ k; (2.207)
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P(θ∗,r∗)


π̂i ≥

et

∑
j∈[n] e

θ∗j


 ≤ C exp


−

(1− δ)(t− θ∗r∗i )2
+npL

2V r∗i
(θ∗)


+ Cn−4, r∗i ≥ k + 1

(2.208)

Proof. The proof follows the proof of Theorem 2.4.1 with slight modifications. Without loss

of generality, we can assume r∗i = i for all ∈ [n]. Define ∆̄i as in (2.170). We only need to

prove (2.207) since (2.208) can be proved similarly.

Consider any m ∈ [k]. When (θ∗m − t)2
+npL ≤ c′ for some large enough constant to be

specified later, we can directly bound the probability using the trivial bound 1. Thus, we

only need to consider the regime when (θ∗m − t)2
+npL > c′.

Following the proof of Theorem 2.4.1, we have (2.91)-(2.102) and (2.100) hold. Note that

we now have ∆̄2
mLnp > c′ instead of ∆̄2

mLnp→∞ which is needed in the proof of Theorem

2.4.1. As a consequence, we now have (2.98) hold with δ = 4C4e
κ/
√
c′ instead of some o(1)

as in the proof of Theorem 2.4.1. To sum up, with this δ, we have

|π̂m − π̄m|
π∗m

≤ δ(1− e−∆̄m), (2.209)
∣∣∣∣∣

∑
j∈[n]\{m}Ajmȳjm∑

j∈[n]\{m}Ajmψ(θ∗j − θ∗m)
− 1

∣∣∣∣∣ ≤ δ, (2.210)

hold with probability at least 1−O(n−4)− exp
(
−∆̄2

mnpL
np

log n

)
− exp

(
−∆̄2

mnpL
√

npL
log n

)
.

We can make δ to be an arbitrarily small constant by setting c′ large as κ = O(1).
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Then for any i ≤ k, by the same argument as in the proof of Theorem 2.4.1, we have

P


π̂i ≤

et

∑n
j=1 e

θ∗j




= P
(
π̂i − π∗i
π∗i

≤ e−(θ∗i−t) − 1

)

≤ P
(
π̂i − π∗i
π∗i

≤ e−∆̄i − 1

)

≤ P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)




+O(n−4) + exp

(
−∆̄2

inpL
np

log n

)
+ exp

(
−∆̄2

inpL

√
npL

log n

)
,

which has the same upper bound as in (2.102). We then have the same (2.104) as in the

proof of Theorem 2.4.1 which leads to

P



∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1− δ)2(1− e−∆̄i)




≤ exp


−

(1− o(1))Lp∆̄2
i

(∑
j∈[n]\{i} ψ(θ∗j − θ∗i )

)2

2
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2


+O(n−4)

= exp

(
−(1− δ2)npL∆̄2

i

2V i(θ∗)

)
+O(n−4)

≤ exp

(
−(1− δ2)npL(θ∗i − t)2

+

2V i(θ∗)

)
+O(n−4)

with δ1, δ2 > 0 being some constant that can be arbitrarily small. The last inequal-

ity holds because when min

(
(θ∗i − t)2

+,
√

log n
np

)
=
√

log n
np , then the first term becomes

exp

(
− (1−δ2)L

√
np log n

2V i(θ∗)

)
, which can be absorbed by O(n−4). Since exp

(
−∆̄2

inpL
np

log n

)
+
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exp
(
−∆̄2

inpL
√

npL
log n

)
≤ exp

(
− (1−δ2)(θ∗i−t)2

+npL

2V i(θ∗)

)
+O(n−4), we have

P


π̂i ≤

et

∑n
j=1 e

θ∗j


 ≤ 2 exp

(
−(1− δ2)(θ∗i − t)2

+npL

2V i(θ∗)

)
+O(n−4), (2.211)

for all i ≤ k. The proof is complete.

Proof of (2.31) of Theorem 2.7.2. The upper bound (2.31) is a straightforward consequence

of Lemma 2.11.3 in the same way as the proof of (2.28) of Theorem 2.7.1, and hence is

omitted here.

The rest of the section focuses on the lower bound (2.29). The proof follows the proof

of Theorem 2.3.4 with some modification and is also very similar to the proof of (2.29) of

Theorem 2.7.1. We include it below for completeness.

Proof of (2.32) of Theorem 2.7.2. To prove the lower bound (2.32), we are going to show

E(θ∗,r∗)Hk(r̂, r∗) & R1([k], θ∗, t∗,−δ) +R2([n]\[k], θ∗, t∗,−δ)
k

(2.212)

where t∗ is the unique solution such that R1([k], θ∗, t∗,−δ) = R2([n]\[k], θ∗, t∗,−δ). The

existence and uniqueness of t∗ follow the same argument as in the proof of (2.29) of Theorem

2.7.1. Recall the definition of S1(t) in (2.180). Since we assume inft(R1([k], θ∗, t,−δ) +

R2([n]\[k], θ∗, t,−δ))→∞, we have

R1([k], θ∗, t∗,−δ)→∞. (2.213)

The proof of (2.212) follows the proof of Theorem 2.4.3. We will omit repeated details

128



and only present the differences. Define

S
′
1(ρ, t∗) =

{
i ∈ S1(t∗) : ρ |S1(t∗)| indices in S1(t∗) with the smallest

(θ∗i − t∗)2
+

V i(θ∗)

}

(2.214)

for some small enough constant ρ > 0 to be specified later. Following the same argument as

in the proof of (2.29) of Theorem 2.7.1, we only need to show

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

I {π̂i < t} ≥ C ′R1(S
′
1(ρ, t∗), θ∗, t∗,−δ)


 ≥ 3/4. (2.215)

for some constant C ′ > 0. The remaining proof is then devoted to proving (2.215).

Recall the definition of π̄ in (2.91). Define ∆̃i = (θ∗i − t∗)+ ∨ α
√

1
npL where α is some

large enough constant to be determined later. Define the event F i as

F i =

{
|π̂i − π̄i|
π∗i

≤ δ0(1− e−∆̃i) and

∣∣∣∣∣

∑
j∈[n]\{i}Ajiȳji∑

j∈[n]\{i}Ajiψ(θ∗j − θ∗i )
− 1

∣∣∣∣∣ ≤ δ0

}
.

When (θ∗i − t∗)2
+npL > α, using a similar argument that leads to (2.209)-(2.210), we can

show that there exists some constant δ0 > 0, such that

P(θ∗,r∗)(F i) ≥ 1−
(
O(n−4) + exp

(
−∆̃2

inpL
np

log n

)
+ exp

(
−∆̃2

inpL

√
npL

log n

))
. (2.216)

When (θ∗i − t∗)2
+npL ≤ α, we can show

P(θ∗,r∗)(F i) ≥ 1−
(
O(n−4) + e−(np/ log n)1/2

+ e−
√

log n
)
. (2.217)

instead. To establish it, we can choose x = (np/ log n)1/2 in (2.95) and x =
√

log n in (2.96)

and then follow the same proof of (2.98) and (2.100) as in the proof of Theorem 2.3.2. In

both cases, this δ0 can be made arbitrarily small by setting α large.
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Assuming F i is true, we can use arguments similar to the establishment of (2.116) to

have

I {π̂i < t} ≥ I





∑
j∈[n]\{i}Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + δ0)2α

√
1

npL



.

(2.218)

Define the RHS of the above display as Li.

∑

i∈S′1(ρ,t∗)

I {π̂i < t} ≥
∑

i∈S′1(ρ,t∗)

LiIF i ≥
∑

i∈S′1(ρ,t∗)

Li −
∑

i∈S′1(ρ,t∗)

IFci . (2.219)

By (2.216) and (2.217), we have

E




∑

i∈S′1(ρ,t∗)

IFci




≤ O(n−3) +
∑

i:i∈S′1(ρ,t∗),(θ∗i−t∗)2
+npL>α

exp

(
−∆̃2

inpL
np

log n

)
+ exp

(
−∆̃2

inpL

√
npL

log n

)

+
∑

i:i∈S′1(ρ,t∗),(θ∗i−t∗)2
+npL≤α

exp
(
−(np/ log n)1/2

)
+ exp

(
−
√

log n
)
.

Since the above bound is of smaller order than

n−2.9 +
∑

i∈S′1(ρ,t∗)

exp

[
− ∆̃2

inpL

2V i(θ∗)

((
np

log n

)1/4

∧ (log n)1/4

)]
,

we can use Markov’s inequality and obtain

P(θ∗,r∗)




∑

i∈S′i(t∗)
IFci ≤ n−2.9 +

∑

i∈S′1(ρ,t∗)

e
− ∆̃2

i npL

2V i(θ
∗)

((
np

logn

)1/4
∧(log n)1/4

)
 ≥ 1− o(1).

(2.220)
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Now to lower bound
∑
i∈S′1(ρ,t∗) Li, we define

A =

{
A : ∀i ∈ S1(t∗),

∣∣∣∣∣∣∣

∑
j∈[n]\{i}Aijψ

′(θ∗i − θ∗j )
(

1 + e
θ∗j−θ∗i

)2

p
∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

(
1 + e

θ∗j−θ∗i
)2
− 1

∣∣∣∣∣∣∣
≤ δ0, (2.221)

∣∣∣∣∣

∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

p
∑
j∈[n]\{i} ψ(θ∗j − θ∗i )

− 1

∣∣∣∣∣ ≤ δ0, (2.222)

∣∣∣∣∣∣∣

∑

j∈S′1(ρ,t∗)

Ajiψ
′(θ∗i − θ∗j )(1 + e

θ∗j−θ∗i )2

∣∣∣∣∣∣∣
≤ 2ρkp+ 10 log n

}
.

(2.223)

By Bernstein’s inequality and union bound, we have P(A ∈ A) ≥ 1−O(n−3). From now

on, we use the notation PA for the conditional probability P(θ∗,r∗)(·|A) given A. For any

s > 0,

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

Li ≥ s


 ≥ P(A ∈ A) inf

A∈A
PA




∑

i∈S′1(ρ,t∗)

Li ≥ s


 . (2.224)

Now we study PA
(∑

i∈S′1(ρ,t∗) Li ≥ s
)
. Define S = [n]\S′1(ρ, t∗). Note that for each i ∈

S
′
1(ρ, t∗), we have Li ≥ Li,1 − Li,2 − Li,3, where

Li,1 = I





∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)2∆̃i



,

Li,2 = I





∑
j∈S′1(ρ,t∗):j<iAji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≥ δ′(1 + δ0)2∆̃i



,

Li,3 = I





∑
j∈S′1(ρ,t∗):i<j Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≥ δ′(1 + δ0)2∆̃i





for some small constant δ′ > 0 whose value will be determined later. We are going to control
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each term separately.

(1). Analysis of Li,1. Note that conditional on A, {Li,1}i∈S′1(ρ,t∗) are all independent

Bernoulli random variables. We have Li,1 ∼ Bernoulli(pi), where pi = E(θ∗,r∗)(Li,1|A). By

Chebyshev’s inequality, we have

PA




∑

i∈S′1(ρ,t∗)

Li,1 ≥
1

2

∑

i∈S′1(ρ,t∗)

pi


 ≥ 1− 4∑

i∈S′1(ρ,t∗) pi
.

By Lemma 2.11.4, we can lower bound each pi by

pi = PA



∑
j∈S Aji(ȳij − ψ(θ∗i − θ∗j ))(1 + e

θ∗j−θ∗i )
∑
j∈[n]\{i}Ajiψ(θ∗j − θ∗i )

≤ −(1 + 2δ′)(1 + δ0)2∆̃i




≥ C1 exp


−1 + δ2

2

∆̃2
inpL

V i(θ∗)
− C ′1

√
∆̃2
inpL

V i(θ∗)


 ,

for some constants C1, C
′
1 > 0 and some small constant δ2 > 0. Note that δ2 can be an

arbitrarily small constant by making δ′ and ρ small as well as making α large. Thus we can

choose δ′, ρ small enough and α large enough to let δ2 < δ/2. Then we have

∑

i∈S′1(ρ,t∗)

pi ≥ C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

V i(θ∗)
− C ′1

√
∆̃2
inpL

V i(θ∗)




≥ C1R1(S
′
1(ρ, t∗), θ∗, t∗,−δ) (2.225)

≥ C1ρR1(S1(t∗), θ∗, t∗,−δ). (2.226)

by the same argument as in the proof of (2.29) of Theorem 2.7.1. As a result, under the

condition (2.213), we have
∑
i∈S′1(ρ,t∗) pi →∞.
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Hence, we have proved

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,1 ≥
1

2
C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

V i(θ∗)
− C ′1

√
∆̃2
inpL

V i(θ∗)





 ≥ 1− o(1).

(2). Analysis of Li,2. By (2.221)-(2.223) and Bernstein’s inequality, we can bound

E(Li,2|A) by

e

−
(
δ′(1+δ0)2∆̃iL

∑
j∈[n]\{i} Ajiψ(θ∗j−θ

∗
i )
)2

2

(
L
∑
j∈S′1(ρ,t∗):j<i Ajiψ

′(θ∗i −θ
∗
j )(1+e

θ∗j−θ
∗
i )2+ 1

3 δ
′(1+δ0)2∆̃iL

∑
j∈[n]\{i} Ajiψ(θ∗j−θ

∗
i )

)

≤ exp


−

(
δ′(1 + δ0)2∆̃iL

∑
j∈[n]\{i} pψ(θ∗j − θ∗i )

)2

4
(

2Lρkp+ 10 log n+ 1
3δ
′(1 + δ0)2∆̃iL

∑
j∈[n]\{i} pψ(θ∗j − θ∗i )

)


 .

Now we set δ′ = ρ1/8, and make ρ small enough to ensure (2.226). Then, there exists some

constants C2, C3 > 0 such that

E(Li,2|A) ≤ exp
(
−C2ρ

−1
2npL∆̃2

i

)
≤ exp

(
−C3ρ

−1/2 ∆̃2
inpL

2V i(θ∗)

)
.

Then,

E




∑

i∈S′1(ρ,t∗)

Li,2

∣∣∣∣∣A


 ≤

∑

i∈S′1(ρ,t∗)

exp

(
−C3ρ

−1/2 ∆̃2
inpL

2V i(θ∗)

)
.

By Markov inequality, we have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,2 ≥
∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2V i(θ∗)

)


≤

∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2V i(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL

2V i(θ∗)

) . (2.227)
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(3). Analysis of Li,3. By a similar argument, we also have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li,3 ≥
∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2V i(θ∗)

)


≤

∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2V i(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL

2V i(θ∗)

) . (2.228)

Now we can combine the above analyses of Li,1, Li,2 and Li,3. Since we are allowed to

choose ρ to be an arbitrarily small constant, we shall make

∑

i∈S′1(ρ,t∗)

exp

(
−1

2
C3ρ
−1/2 ∆̃2

inpL

2V i(θ∗)

)
≤ 1

8
C1

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

V i(θ∗)
− C ′1

√
∆̃2
inpL

V i(θ∗)




and
∑
i∈S′1(ρ,t∗) exp

(
−C3ρ

−1/2 ∆̃2
i npL

2V i(θ∗)

)

∑
i∈S′1(ρ,t∗) exp

(
−1

2C3ρ
−1/2 ∆̃2

i npL

2V i(θ∗)

) ≤ 1

16
.

Thus, we have

inf
A∈A

PA




∑

i∈S′1(ρ,t∗)

Li ≥ C4

∑

i∈S′1(ρ,t∗)

exp


−1 + δ2

2

∆̃2
inpL

V i(θ∗)
− C ′1

√
∆̃2
inpL

V i(θ∗)





 ≥ 7

8
− o(1),

(2.229)

for some constant C4 > 0. Then (2.219), (2.220), (2.224) together with (2.213) lead to

P(θ∗,r∗)




∑

i∈S′1(ρ,t∗)

I {π̂i < t} ≥ C4

2

∑

i∈S′1(ρ,t∗)

e
−1+δ2

2

∆̃2
i npL

V i(θ
∗)−C

′
1

√
∆̃2
i npL

V i(θ
∗)


 ≥ 7

8
− o(1).

(2.230)
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Finally, (2.215) follows from (2.226) which completes the proof.

We state Lemma 2.11.4 to close this section. Its proof is essentially the same as the proof

of Lemma 2.9.4 and hence is omitted here.

Lemma 2.11.4. Assume np
log n →∞, κ = O(1). Recall the definition of S′1(ρ, t∗) in (2.214),

S = [n]\S′1(ρ, t∗) and ∆̃i = (θ∗i − t∗)+ ∨ α
√

1
npL . There exists some constants C1, C2 > 0

such that for any small constant 0.1 > δ̃ > 0, there exists constant δ1 > 0 such that for

any constant α > 0, i ∈ S′1(t∗), any A ∈ A where A is defined in (2.221)-(2.223), any

θ∗ ∈ Θ(k, 0, κ) and any r∗ ∈ Sn, we have

P(θ∗,r∗)




∑
j∈S Aji(ȳij − ψ(θ∗r∗i

− θ∗r∗j ))(1 + e
θ∗
r∗j
−θ∗

r∗i )
∑
j∈[n]\{i}Ajiψ(θ∗r∗j

− θ∗r∗i )
≤ −(1 + δ̃)∆̃i

∣∣∣∣∣A




≥ C1 exp


−1 + δ1

2

∆̃2
inpL

V r∗i
(θ∗)

− C2

√√√√ ∆̃2
inpL

V r∗i
(θ∗)


 . (2.231)

Moreover, δ1 is able to be arbitrarily small if δ̃ and ρ are small enough.

2.12 Proofs of Technical Lemmas

In this section, we prove Lemma 2.3.1, Lemma 2.8.1, Lemma 2.8.2, Lemma 2.8.3 and Lemma

2.8.4. We first list some additional technical results that will be needed in the proofs.

Lemma 2.12.1 (Hoeffding’s inequality). For independent random variables X1, · · · , Xn that

satisfy ai ≤ Xi ≤ bi, we have

P

(
n∑

i=1

(Xi − EXi) ≥ t

)
≤ exp

(
− 2t2∑n

i=1(bi − ai)2

)
,

for any t > 0.
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Lemma 2.12.2 (Bernstein’s inequality). For independent random variables X1, · · · , Xn that

satisfy |Xi| ≤M and EXi = 0, we have

P

(
n∑

i=1

Xi ≥ t

)
≤ exp

(
−

1
2t

2

∑n
i=1 EX2

i + 1
3Mt

)
,

for any t > 0.

Lemma 2.12.3 (Central limit theorem, Theorem 2.20 of [91]). If Z ∼ N(0, 1) and W =
∑n
i=1Xi where Xi are independent mean 0 and Var(W ) = 1, then

sup
t
|P(W ≤ t)− P(Z ≤ t)| ≤ 2

√√√√3
n∑

i=1

(
EX4

i

)3/4
.

Proof of Lemma 2.3.1. Without loss of generality, we consider r∗i = i so that θ∗1 ≥ · · · ≥ θ∗n.

Then, we can write the loss as 2kHk(r̂, r∗) =
∑k
i=1 I {r̂i > k} +

∑n
i=k+1 I {r̂i ≤ k}. Since

r̂ ∈ Sn, we must have
∑k
i=1 I {r̂i > k} =

∑n
i=k+1 I {r̂i ≤ k}. This implies

2kHk(r̂, r∗) = 2 min




k∑

i=1

I {r̂i > k},
n∑

i=k+1

I {r̂i ≤ k}




≤ 2 min




k∑

i=1

I
{
θ̂i ≤ θ̂(k+1)

}
,

n∑

i=k+1

I
{
θ̂i ≥ θ̂(k)

}



≤ 2 max
t

min




k∑

i=1

I
{
θ̂i ≤ t

}
,

n∑

i=k+1

I
{
θ̂i ≥ t

}

 (2.232)

= 2 min
t

max




k∑

i=1

I
{
θ̂i ≤ t

}
,

n∑

i=k+1

I
{
θ̂i ≥ t

}

 (2.233)

≤ 2 min
t




k∑

i=1

I
{
θ̂i ≤ t

}
+

n∑

i=k+1

I
{
θ̂i ≥ t

}

 .

The inequality (2.232) uses the fact that θ̂(k) ≥ θ̂(k+1) where {θ(i)}ni=1 are the order statistics
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with θ̂(1) being the largest and θ̂(n) being the smallest. The equality (2.233) holds since
∑k
i=1 I

{
θ̂i ≤ t

}
is a nondecreasing function of t and

∑n
i=k+1 I

{
θ̂i ≥ t

}
is a nonincreasing

function of t.

Proof of Lemma 2.8.1. The first conclusion is a direct consequence of Bernstein’s inequality

and a union bound argument. The second and third conclusion is a standard property of

random graph Laplacian [103].

Proof of Lemma 2.8.2. To see the first conclusion, we note that E(Aij − p)2 ≤ p and

Var((Aij − p)2) . p, and thus we can apply Bernstein’s inequality followed by a union

bound argument to obtain the desired result. The second conclusion is a direct consequence

of Bernstein’s inequality and a union bound argument.

Proof of Lemma 2.8.3. For any u ∈ Rn such that 1Tnu = 0,

uTH(θ)u =
∑

1≤i<j≤n
Aijψ(θi − θj)ψ(θj − θi)(ui − uj)2.

Since ψ(θi− θj)ψ(θj− θi) ≥ 1
4e
−M , we have λmin,⊥(H(θ)) ≥ 1

4e
−Mλmin,⊥(LA). By Lemma

2.8.1, we obtain the desired result.

Proof of Lemma 2.8.4. Let U =
{
u ∈ Rn :

∑
i∈[n] u

2
i ≤ 1

}
be the unit ball in Rn. Then

there exists a subset of V ⊂ U such that for any u ∈ U , there is a v ∈ V satisfying

‖u− v‖ ≤ 1/2. Moreover, we also have log |V| ≤ C ′n for some constant C ′. See Lemma 5.2
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of [105]. Then for any u ∈ U , with the corresponding v ∈ V , we have

n∑

i=1

ui


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




=
n∑

i=1

vi


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))


+

n∑

i=1

(ui − vi)


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




≤
n∑

i=1

vi


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))


+

1

2

√√√√√
n∑

i=1


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

.

Maximize u and v on both sides of the inequality, after rearrangement, we have

√√√√√
n∑

i=1


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

≤ 2 max
v∈V

n∑

i=1

vi


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




= 2 max
v∈V

∑

i<j

Aij(vi − vj)(ȳij − ψ(θ∗i − θ∗j )).

Conditional on A, applying Hoeffding’s inequality and union bound on the last line, we have

n∑

i=1


 ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))




2

≤ C ′′
(log n+ n) maxv∈V

∑
i<j Aij(vi − vj)2

L

≤ C ′′
(log n+ n)λmax(LA)

L

with probability at least 1−O(n−10). By Lemma 2.8.1, we obtain the desired bound for the

first conclusion.

The second conclusion is a direct application of Hoeffding’s inequality and a union bound

argument.
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The proof of the third conclusion is similar to that of the first one. Define Ui =
{
u ∈ Rn−1 :

∑
j∈[n]\{i}Aiju

2
j ≤ 1

}
. Conditioning on A, one can think of Ui as a unit

ball with dimension
∑
j∈[n]\{i}Aij − 1. Then, there exists a subset Vi ⊂ Ui such that

for any u ∈ Ui, there is a v ∈ Vi that satisfies ‖u − v‖ ≤ 1
2 . Moreover, we also have

log |Vi| ≤ 2
∑
j∈[n]\{i}Aij by Lemma 5.2 of [105]. For any u ∈ Ui, with the corresponding

v ∈ Vi, following a similar argument of the proof of the first conclusion, we have

√ ∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))2 ≤ 2 max

v∈Vi

∑

j∈[n]\{i}
Aijvij(ȳij − ψ(θ∗i − θ∗j )),

which implies

√
max
i∈[n]

∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))2 ≤ 2 max

i∈[n]
max
v∈Vi

∑

j∈[n]\{i}
Aijvij(ȳij − ψ(θ∗i − θ∗j )).

Applying Hoeffding’s inequality and union bound, we have

max
i∈[n]

∑

j∈[n]\{i}
Aij(ȳij − ψ(θ∗i − θ∗j ))2 ≤ C1

log n+ maxi∈[n]
∑
j∈[n]\{i}Aij

L
,

with probability at least 1−O(n−10). Finally, applying Lemma 2.8.1, we obtain the desired

bound for the third conclusion, which concludes the proof.
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CHAPTER 3

OPTIMAL FULL RANKING FROM PAIRWISE COMPARISONS

3.1 Introduction

In this chapter, we study the problem of full ranking, the estimation of the entire rank

vector r∗. To the best of our knowledge, theoretical analysis of full ranking under the BTL

model has not been considered in the literature yet. We rigorously formulate the full ranking

problem from a decision-theoretic perspective, and derive the minimax rate with respect to a

loss function that measures the difference between two permutation vectors. To be specific,

our main result of the paper shows that

inf
r̂∈Sn

sup
r∗∈Sn

EK(r̂, r∗) �





exp (−Θ(Lpβ)) , Lpβ > 1,

n ∧
√

1
Lpβ , Lpβ ≤ 1,

(3.1)

where Sn is the set of all rank vectors of size n, K(r̂, r∗) is the Kendall’s tau distance that

counts the number of inversions between two ranks, and β is the minimal gap between skill

parameters of different players. The precise definitions of these quantities will be given in

Section 3.2. The minimax rate (3.1) exhibits a transition between an exponential rate and

a polynomial rate. This is a unique phenomenon in the estimation of a full rank vector. In

contrast, under the same BTL model, the minimax rate of estimating the skill parameters is

always polynomial [86, 25], and the minimax rate of top-k ranking is always exponential [21].

Whether (3.1) is exponential or polynomial depends on the value of Lpβ that plays the role

of signal-to-noise ratio. When Lpβ > 1, the exponential minimax rate is a consequence of

the discreteness of a rank vector. On the other hand, when Lpβ ≤ 1, the discrete nature of

ranking is blurred by the noise, and thus estimating the rank vector is effectively estimating

a continuous parameter, which leads to a polynomial rate. A more detailed statement of the

minimax rate (3.1) with an explicit exponent in the regime of exponential rate will be given
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in Section 3.3.

Achieving the minimax rate (3.1) is a nontrivial problem. To this end, we propose a

divide-and-conquer algorithm that first partitions the n players into several leagues and then

computes a local MLE using games in each league. Finally, a full rank vector is obtained by

aggregating local ranking results from all leagues. The divide-and-conquer technique is the

basis of efficient algorithms for all kinds of sorting problems [94, 65, 68]. Our adaption of this

classical technique in the optimal full ranking is motivated by both information-theoretic and

computational considerations. From an information-theoretic perspective, games between

players whose skill parameters are significantly different from each other have little effect

on the final ranking result. This phenomenon can be revealed by a simple local Fisher

information calculation of each player. The league partition step groups players with similar

skill parameters together, thus maximizing information in the follow-up step of local MLE.

From a computational perspective, the local MLE computed within each league involves an

objective function whose Hessian matrix is well conditioned, a property that is crucial for

efficient convex optimization. The description and the analysis of our algorithm are given in

Section 3.4.

Before the end of the introduction section, let us also remark that the more general

problem of permutation estimation has also been considered in various other settings in the

literature [12, 13, 30, 31, 87, 47, 80, 48, 88]. For instance, in the problem of noisy sorting

[13, 80], one assumes a data generating process that satisfies P(yijl = 1) > 1
2 + γ when r∗i <

r∗j . In the feature matching problem [31, 30], it is assumed that Xi−Yr∗i ∼ N (0, σ2
i ) for some

permutation r∗, and the goal is to match the two data sequences X and Y by recovering the

unknown permutation. An extension of this problem, called shuffled regression, assumes that

the response variable yi and regression function xTr∗i
β are linked by an unknown permutation.

Estimation of the unknown permutation in shuffled regression has been considered by [87].

The rest of the paper is organized as follows. We introduce the problem setting in
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Section 3.2. The minimax rate of the full ranking is presented in Section 3.3. In Section 3.4,

we introduce and analyze a divide-and-conquer algorithm that achieves the minimax rate.

Numerical studies of the algorithm are given in Section 3.5. In Section 3.6, we discuss a few

extensions and future projects that are related to the paper. Finally, Section 3.7 collects

technical proofs of the results of the paper.

We close this section by introducing some notation that will be used in the paper. For

an integer d, we use [d] to denote the set {1, 2, ..., d}. Given two numbers a, b ∈ R, we

use a ∨ b = max(a, b) and a ∧ b = min(a, b). For any x ∈ R, bxc stands for the largest

integer that is no greater than x and dxe is the smallest integer that is no less than x.

For two positive sequences {an}, {bn}, an . bn or an = O(bn) means an ≤ Cbn for some

constant C > 0 independent of n, an = Ω(bn) means bn = O(an), and we use an � bn

or an = Θ(bn) when both an . bn and bn . an hold. We also write an = o(bn) when

lim supn
an
bn

= 0. For a set S, we use I {S} to denote its indicator function and |S| to

denote its cardinality. We use the notation S = S1 ]S2 to denote a partition of S such that

S1∩S2 = ∅ and S = S1∪S2. For a vector v ∈ Rd, its norms are defined by ‖v‖1 =
∑d
i=1 |vi|,

‖v‖2 =
∑d
i=1 v

2
i and ‖v‖∞ = max1≤i≤d |vi|. For a matrix A ∈ Rn×m, we use ‖A‖op for its

operator norm, which is the largest singular value. The notation 1d means a d-dimensional

column vector of all ones. Given p, q ∈ (0, 1), the Kullback-Leibler divergence is defined by

D(p‖q) = p log p
q +(1−p) log 1−p

1−q . For a natural number n, Sn is the set of permutations on

[n]. The notation P and E are used for generic probability and expectation whose distribution

is determined from the context.

3.2 A Decision-Theoretic Framework of Full Ranking

The BTL Model. Consider n players, each associated with a positive latent skill param-

eter w∗i for i ∈ [n]. The games played among the n players are modeled by an Erdős-Rényi

random graph A ∼ G(n, p). To be specific, we have Aij
iid∼ Bernoulli(p) for all 1 ≤ i < j ≤ n.
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For any pair (i, j) such that Aij = 1, we observe the outcomes of L games played between i

and j, modeled by the Bradley-Terry-Luce (BTL) model (1.1). Our goal is to estimate the

ranks of the n players.

To formulate the problem of full ranking from a decision-theoretic perspective, we can

reparametrize the BTL model (1.1) by a sorted vector θ∗ and a rank vector r∗. A sorted

vector θ∗ satisfies θ∗1 ≥ θ∗2 ≥ · · · ≥ θ∗n, and a rank vector r∗ is an element of the permutation

set Sn. We have

yijl
ind∼ Bernoulli(ψ(θ∗r∗i − θ

∗
r∗j

)), l = 1, · · · , L, (3.2)

where ψ(·) is the sigmoid function ψ(t) = 1
1+e−t . In the original representation (1.1), we

have w∗i = exp(θ∗r∗i
) for all i ∈ [n]. With (3.2), the full ranking problem is to estimate the

rank vector r∗ from the random comparison data.

Loss Function for Full Ranking. To measure the difference between an estimator r̂ ∈

Sn and the true r∗ ∈ Sn, we introduce the Kendall’s tau distance, defined by

K(r̂, r∗) =
1

n

∑

1≤i<j≤n
I
{
sign(r̂i − r̂j)sign(r∗i − r∗j ) < 0

}
, (3.3)

where sign(x) represents the sign of x and nK(r̂, r∗) counts the number of inversions between

r̂ and r∗. Another distance is the normalized `1 loss, defined as

F(r̂, r∗) =
1

n

n∑

i=1

|r̂i − r∗i | , (3.4)

also known as the Spearman’s footrule. The two loss functions can be related by the following

inequality,
1

2
F(r̂, r∗) ≤ K(r̂, r∗) ≤ F(r̂, r∗). (3.5)
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See [37] for the derivation of (3.5). The inequality (3.5) establishes an equivalence between

the estimation of the vector r∗ and that of the matrix of pairwise relation I{r∗i < r∗j}, a key

fact that we will explore in constructing an optimal algorithm.

Recall the normalized Hamming loss in top-k ranking in Chapter 2,

Hk(r̂, r∗) =
1

2k

(
n∑

i=1

I {r̂i > k, r∗i ≤ k}+
n∑

i=1

I {r̂i ≤ k, r∗i > k}
)
. (3.6)

The comparison between (3.3) and (3.6) reveals the key difference between the two problems.

While top-k ranking only requires a correct classification of the two groups, the quality of

the full ranking depends on the accuracy of each individual |r̂i − r∗i |. It is easy to see that

K(r̂, r) = 0 implies Hk(r̂, r∗) = 0, but the opposite direction is not true.

Regularity of Skill Parameters. For the nuisance parameter θ∗ of the model (3.2), it is

necessary that the skill parameters of neighboring players θ∗i and θ∗i+1 are separated so that

the identification of the ranks is possible. We introduce a parameter space that serves for

this purpose. For any β > 0 and any C0 ≥ 1, define

Θn(β, C0) =

{
θ ∈ Rn : θ1 ≥ · · · ≥ θn, 1 ≤

|θi − θj |
β|i− j| ≤ C0 for any i 6= j

}
.

In other words, neighboring θ∗i and θ∗i+1 are required to be separated by at least β. The

magnitude of β then characterizes the difficulty of full ranking. The number C0 characterizes

the regularity of the space of sorted vectors Θn(β, C0). The special case Θn(β, 1) only consists

of fully regular θ’s that can be written as θi = α − βi. Throughout the paper, we assume

that C0 ≥ 1 is an absolute constant, but allow β to be a function of the sample size n, with

the possibility that β → 0.

The assumption θ∗ ∈ Θn(β, C0) implies that the numbers θ∗1, · · · , θ∗n to be roughly evenly

spaced. This assumption, which can be certainly relaxed, allows us to obtain relatively clean
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formulas of the minimax rate of full ranking. By restricting our focus to the space Θn(β, C0),

we will develop a clear but nontrivial understanding of the full ranking problem in this paper.

The extension of our results beyond θ∗ ∈ Θn(β, C0) will be briefly discussed in Section 3.6.

3.3 Minimax Rates of Full Ranking

In this section, we present the minimax rate of full ranking under the BTL model. To better

understand the results, we first derive the minimax rate of full ranking under a Gaussian

pairwise comparison model in Section 3.3.1. This allows us to highlight some of the unique

and nontrivial features of the BTL model by comparing the minimax rates of the two different

distributions. Readers who are already familiar with the BTL model can directly start with

Section 3.3.2.

3.3.1 Results for a Gaussian Model

Consider the same comparison scheme modeled by the Erdős-Rényi random graph A ∼

G(n, p). For any pair (i, j) such that Aij = 1, we independently observe

yij ∼ N (θ∗r∗i − θ
∗
r∗j
, σ2). (3.7)

The joint distribution of {Aij} and {yij}, under the above generating process, is denoted by

P(θ∗,σ2,r∗). Estimation of the rank vector r∗ ∈ Sn under the Gaussian model (3.7) is much

less complicated than the same problem under (3.2), because of the separate parametrization

of mean and variance.

Theorem 3.3.1. Assume θ∗ ∈ Θn(β, C0) for some constant C0 ≥ 1 and np
log n →∞. Then,
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for any constant δ that can be arbitrarily small, we have

inf
r̂∈Sn

sup
r∗∈Sn

E(θ∗,σ2,r∗)K(r̂, r∗) &





1
n−1

∑n−1
i=1 exp

(
− (1+δ)np(θ∗i−θ∗i+1)2

4σ2

)
, npβ2

σ2 > 1,

n ∧
√

σ2

npβ2 ,
npβ2

σ2 ≤ 1.

Moreover, let r̂ be the rank obtained by sorting the MLE θ̂, and then

sup
r∗∈Sn

E(θ∗,σ2,r∗)K(r̂, r∗) .





1
n−1

∑n−1
i=1 exp

(
− (1−δ)np(θ∗i−θ∗i+1)2

4σ2

)
+ n−5, npβ2

σ2 > 1,

n ∧
√

σ2

npβ2 ,
npβ2

σ2 ≤ 1.

Both inequalities are up to constant factors only depending on C0 and δ.

Theorem 3.3.1 characterizes the statistical fundamental limit of full ranking under the

Gaussian comparison model. The result holds for each individual θ∗ ∈ Θn(β, C0). It is

interesting to note that the minimax rate exhibits a transition between an exponential rate

and a polynomial rate. By scrutinizing the proof, the constant δ can be replaced by some

sequence δn = o(1). Therefore, consider a special example θ∗ ∈ Θn(β, 1), and the minimax

rate (ignoring the n−5 term) can be simplified as





exp

(
− (1+o(1))npβ2

4σ2

)
, npβ2

σ2 > 1,

n ∧
√

σ2

npβ2 ,
npβ2

σ2 ≤ 1.

(3.8)

The behavior of (3.8) is illustrated in Figure 3.1. The quantity npβ2

σ2 plays the role of the

signal-to-noise ratio of the ranking problem. In the high SNR regime npβ2

σ2 > 1, the diffi-

culty of the ranking problem is dominated by whether the data can distinguish each r∗i from

its neighboring values. Therefore, ranking is essentially a hypothesis testing problem, which

leads to an exponential rate. In the low SNR regime npβ2

σ2 ≤ 1, the discrete nature of ranking

is absent because of the noise level. The recovery of r∗ is equivalent to the estimation of a
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Figure 3.1: Illustration of the the minimax rate of full ranking.

continuous vector in Rn, which is essentially a parameter estimation problem. The polyno-

mial rate n ∧
√

σ2

npβ2 is the usual minimax rate for estimating an n-dimensional parameter

under the `1 loss. It is also worthing noting that the rate (3.8) implies that the rank vector

can be exactly recovered when npβ2

σ2 > C log n for any constant C > 4. This is because

in this regime, we have K(r̂, r∗) = o(n−1) with high probability by a direct application of

Markov’s inequality. According to the definition of K(r̂, r∗), we know K(r̂, r∗) = o(n−1)

implies K(r̂, r∗) = 0.

The upper bound of Theorem 3.3.1 involves an extra n−5 term in the high SNR regime.

According to the proof, the number 5 in the exponent can actually be replaced by an arbi-

trarily large constant. The n−5 term does not contribute to the high-probability bound. By

a direct application of Markov’s inequality, when npβ2

σ2 →∞, we have

K(r̂, r∗) . 1

n− 1

n−1∑

i=1

exp

(
−

(1− δ)np(θ∗i − θ∗i+1)2

4σ2

)
, (3.9)

with probability 1− o(1). Notice that the high-probability bound (3.9) does not involve the

n−5. This is because when K(r̂, r∗) is nonzero, it must be at least n−1 by the definition of

the loss function. Therefore, n−5 can always be absorbed into the other term of the upper
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bound.

We also remark that the condition np
log n → ∞ guarantees that the random graph A is

connected with high probability. It is well known that when p ≤ c log n
n for some sufficiently

small constant c > 0, the random graph has several disjoint components, which makes

the comparisons between different components impossible. The condition np
log n → ∞ can

be slightly relaxed to np
log n > C for some sufficiently large constant that depends on δ by

carefully tracking the dependence among all constants in the proof, but we will just assume
np

log n →∞ throughout the paper to avoid this lengthy exercise of constants tracking.

An optimal estimator that achieves the minimax rate is the rank vector induced by the

MLE, which is defined by

θ̂ ∈ argmin
θ

∑

1≤i<j≤n
Aij

(
yij − (θi − θj)

)2
. (3.10)

We note that the parameter θ∗ in (3.7) is identifiable up to a global shift. We may put an

extra constraint 1Tn θ = 0 in the least-squares estimator above, so that θ̂ is uniquely defined.

However, this constraint is actually not essential, since even without it, the rank vector r̂

induced by θ̂ is still uniquely defined. To study the property of θ̂, we introduce a diagonal

matrix D ∈ Rn×n whose entries are given by Dii =
∑
j∈[n]\{i}Aij . Then, LA = D − A is

the graph Laplacian of A. A standard least-squares analysis of (3.10) leads to the fact that

up to some global shift,

θ̂ ∼ N
(
θ∗, σ2L†A

)
, (3.11)

where L†A is the generalized inverse of LA. The covariance matrix of (3.11) is optimal

by achieving the intrinsic Cramér-Rao lower bound of the problem [10]. Without loss of

generality, we can assume r∗i = i for each i ∈ [n]. Then, by the definition of the loss function
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(3.3), we have

EK(r̂, r∗) =
1

n

∑

1≤i<j≤n
P
(
r̂i > r̂j

)
=

1

n

∑

1≤i<j≤n
P
(
θ̂i > θ̂j

)
,

and each P
(
θ̂i > θ̂j

)
can be accurately estimated by a Gaussian tail bound under the dis-

tribution (3.11), which then leads to the upper bound result of Theorem 3.3.1. A detailed

proof of Theorem 3.3.1, including a lower bound analysis, is given in Section 3.7.1.

3.3.2 Some Intuitions for the BTL Model

Before stating the minimax rate for the BTL model, we discuss a few key differences that

one can expect from the result. Without loss of generality, we assume r∗i = i for all i ∈ [n]

throughout the discussion to simplify the notation. Let us consider a problem of oracle

estimation of the skill parameter of the first player θ∗1. To be specific, we would like to

estimate θ∗1 by assuming that θ∗2, · · · , θ∗n are known. The Fisher information of this problem

can be shown as

Ioracle(θ∗1) = Lp
n∑

j=2

ψ′(θ∗1 − θ∗j ). (3.12)

The formula (3.12) characterizes the individual contribution of each player to the overall

information in estimating θ∗1. That is, the information from the games between 1 and j is

quantified by Lpψ′(θ∗1 − θ∗j ). Since ψ′(t) = et

(1+et)2 ≤ e−|t|, we have

ψ′(θ∗1 − θ∗j ) ≤ exp
(
−|θ∗1 − θ∗j |

)
.

In other words, ψ′(θ∗1− θ∗j ) is an exponentially small function of the skill difference |θ∗1− θ∗j |.

This means for players whose skills are significantly different from θ∗1, their games with Player

1 offers little information in the inference of θ∗1.

This phenomenon can be intuitively understood from the following simple example illus-
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trated in Figure 3.2. Consider four players with specific skill parameters (θ∗1, θ
∗
2, θ
∗
3, θ
∗
4) =

2

41

3Therefore, as long as M tends to infinity, even with an arbitrarily slow rate, (12) and (13)

imply that

Ioracle(✓⇤1) = (1 + o(1))Lp
X

jM/�
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P
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Figure 3.2: A comparison graph of four players.

(201, 200, 199, 0), and we would like to compare the first two players. With the direct link

between 1 and 2 missing, the only way to compare Players 1 and 2 is through their perfor-

mances against Players 3 and 4. Since both θ∗1 − θ∗4 = 201 and θ∗2 − θ∗4 = 200 are very large

numbers, it is very likely that Player 4 will lose all games against Players 1 and 2. On the

other hand, we have θ∗1 − θ∗3 = 2 and θ∗2 − θ∗3 = 1, and thus Player 3 is likely to lose more

games against Player 1 than against Player 2. Therefore, we can conclude that Player 1 is

stronger than Player 2 based on their performances against Player 3, and the games against

Player 4 offer essentially no information for this purpose. This example clearly illustrates

that closer opponents are more informative.

Mathematically, for any θ∗ ∈ Θn(β, C0) and any M > 0, it can be easily shown that

Ioracle(θ∗1) ≤ (1 +O(e−M ))Lp
∑

j≤M/β

ψ′(θ∗1 − θ∗j ). (3.13)

Therefore, (3.12) and (3.13) imply that

Ioracle(θ∗1) = (1 +O(e−M ))Lp
∑

j≤M/β

ψ′(θ∗1 − θ∗j ). (3.14)

There is no need to consider the games against players with j > M/β. Moreover, we also

observe from (3.14) that the parameter β plays two different roles in the BTL model:

1. The parameter β is the minimal gap between different players, and it quantifies the
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signal strength of the BTL model.

2. The number 1/β quantifies the number of close opponents of each player, and thus p/β

can be understood as the effective sample size of the BTL model.

While the first role is also shared by the β in the Gaussian comparison model (3.7), the

second role dramatically distinguishes the BTL model from its Gaussian counterpart. The

effective sample size of the Gaussian model is np, compared with p/β of the BTL model.

This critical difference is a consequence of the nonlinearity of the logistic function. Increasing

β magnifies the signal but reduces the effective sample size at the same time. The precise

role of β in full ranking under the BTL model will be clarified by the formula of the minimax

rate.

3.3.3 Results for the BTL Model

To present the minimax rate of full ranking under the BTL model, we first introduce some

new quantities. For any i ∈ [n], define

Vi(θ
∗) =

n∑
j∈[n]\{i} ψ′(θ∗i − θ∗j )

. (3.15)

The quantity (3.15) is interpreted as the variance function of the ith best player. With

a slight abuse of notation, the expectation associated with the BTL model is denoted as

E(θ∗,r∗).

Theorem 3.3.2. Assume θ∗ ∈ Θn(β, C0) for some constant C0 ≥ 1 and p
(β∨n−1) log n

→∞.

Then, for any constant δ that can be arbitrarily small, we have

inf
r̂∈Sn

sup
r∗∈Sn

E(θ∗,r∗)K(r̂, r∗) &





1
n−1

∑n−1
i=1 exp

(
− (1+δ)npL(θ∗i−θ∗i+1)2

4Vi(θ∗)

)
, Lpβ2

β∨n−1 > 1,

n ∧
√

β∨n−1

Lpβ2 ,
Lpβ2

β∨n−1 ≤ 1.
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Moreover, let r̂ be the rank computed by Algorithm 2, and then if additionally L
log n → ∞,

we have

sup
r∗∈Sn

E(θ∗,r∗)K(r̂, r∗) .





1
n−1

∑n−1
i=1 exp

(
− (1−δ)npL(θ∗i−θ∗i+1)2

4Vi(θ∗)

)
+ n−5, Lpβ2

β∨n−1 > 1,

n ∧
√

β∨n−1

Lpβ2 ,
Lpβ2

β∨n−1 ≤ 1.

Both inequalities are up to constant factors only depending on C0 and δ.

Similar to Theorem 3.3.1, the result of Theorem 3.3.2 holds for each individual θ∗ ∈

Θn(β, C0), and the minimax rate also exhibits a transition between an exponential rate and

a polynomial rate. To better understand the minimax rate formula, we use Lemma 3.7.6 to

quantify the order of the variance function Vi(θ∗). There exist constants C1, C2 > 0, such

that

C1

(
β ∨ 1

n

)
≤ Vi(θ

∗)
n
≤ C2

(
β ∨ 1

n

)
.

Therefore, when β . n−1, the minimax rate (ignoring the n−5 term) can be simplified as





exp
(
−Θ(nLpβ2)

)
, nLpβ2 > 1,

n ∧
√

1
nLpβ2 , nLpβ2 ≤ 1.

(3.16)

The formula (3.16) also exhibits a transition between a polynomial rate and an exponential

rate. Its behavior can be illustrated by Figure 3.1 with SNR being Θ(nLPβ2). It is worth

noting that the condition L
log n → ∞ is not needed when β . n−1, and the minimax rate

can be achieved by ranking the MLE,1

θ̂ = argmax
θ

[
ȳij log

1

ψ(θi − θj)
+ (1− ȳij) log

1

1− ψ(θi − θj)

]
, (3.17)

where ȳij = 1
L

∑L
l=1 yijl.

1. The error rate (3.16) for the MLE (3.17) is an immediate consequence of Lemma 3.4.3.
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In comparison, when β & n−1, the minimax rate (ignoring the n−5 term) is simplified

into 



exp (−Θ(Lpβ)) , Lpβ > 1,

n ∧
√

1
Lpβ , Lpβ ≤ 1.

(3.18)

Compared with the minimax rate (3.8) for the Gaussian comparison model, the dependence

of (3.18) on β is weaker. This is a consequence of the dual roles of β discussed in Section

3.3.2. In fact, by writing

Lpβ = Lβ−1pβ2,

we can directly observe the effects of β−1p and β2 as the effective sample size and the signal

strength, respectively. On the other hand, the number of total players n has very little effect

on the minimax rate formula.

The condition p
(β∨n−1) log n

→∞ required by Theorem 3.3.2 can be equivalently written

as np
log n →∞ and p

β log n →∞. Compared with the setting of Theorem 3.3.1, an additional

condition p
β log n → ∞ is assumed for the BTL model. This condition can be seen as a

consequence of the Fisher information formula (3.14) that statistical inference on the skill

parameter of each player only depends on the player’s close opponents. In other words, for

each θ∗i , the information is available in the games on the local graph

Ai =

{
Ajk : |r∗j − r∗i | ≤

M

β
, |r∗k − r∗i | ≤

M

β

}
. (3.19)

All the other games have little information in the statistical inference of θ∗i . Therefore, it

is required that the local graph Ai is connected. The condition p
β log n →∞ guarantees the

connectivity of Ai for all i ∈ [n]. Note that the size of the local graph is O(β−1), which

again justifies that the effective sample size of the BTL model is p/β instead of pn in the

Gaussian case. Since the local graph Ai is unknown, the additional L
log n → ∞ assumption

is needed in the upper bound to estimate it or its surrogate.
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3.4 A Divide-and-Conquer Algorithm

We introduce a fully adaptive and computationally efficient algorithm for ranking under

the BTL model in this section. We first outline the main idea in Section 3.4.1. Details of

the algorithm are presented in Section 3.4.2, and the statistical properties are analyzed in

Section 3.4.3.

3.4.1 An Overview

In the Gaussian comparison model, we first compute the global MLE for the skill param-

eters via the least-squares optimization (3.10), and then rank the players according to the

estimators of the skills. This simple idea does not generalize to the BTL model, since the

statistical information of each player concentrates on its close opponents, a phenomenon

that is discussed in Section 3.3.2. Therefore, instead of using the global MLE, we should

maximize likelihood functions that are only defined by players whose abilities are close. This

modification not only addresses the information-theoretic issue of the BTL model that we

just mentioned, but it also leads to Hessian matrices that are well conditioned, a property

that is critical for efficient convex optimization.

For Player i, the set of close opponents that are sufficient for optimal statistical inference

is given by Ai defined in (3.19). Suppose the knowledge of Ai was available, we could

compute the local MLE using games only against players in Ai. This idea is roughly correct,

but there are several nontrivial issues that we need to solve before making it actually work.

The first issue lies in the identifiability of the BTL model that θ∗i can only be estimated up

to a translation, which makes the comparison between θ̂i obtained from Ai and θ̂j obtained

from Aj meaningless. The second issue is that the set Ai is unknown, and we need a

data-driven procedure to identify the close opponents of each player.

We propose an algorithm that first partitions the n players into several leagues and then

use local MLE to compare the skills of players within the same league. The league partition
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is data-driven, and serves as a surrogate for the local graphs Ai’s. Moreover, for two players

i and j in the same league, the MLEs of their skill parameters are computed using the same

set of opponents, and thus θ̂i − θ̂j is a well-defined estimator of θ∗i − θ∗j .

Another key idea we use in our proposed algorithm is that the estimation of r∗ is closely

related to the estimation of the pairwise relation matrix R∗ defined as

R∗ij = I{r∗i < r∗j} for all 1 ≤ i 6= j ≤ n. (3.20)

For any estimator of R∗, it can be converted into an estimator of the rank vector r∗ according

to Lemma 3.4.1. As a result, we shall focus on constructing a good estimator for all the

pairwise relations {I{r∗i < r∗j}}i<j .

This divide-and-conquer algorithm, which will be described in Section 3.4.2, resembles

typical strategies adopted in professional sports such as European football leagues where

different teams are put into different leagues according to their skill level and teams only

need to compete with other teams within the same league, which not only saves resources,

but also leads to more accurate ranking of the teams. It is computationally efficient and we

will show the algorithm achieves the minimax rate of full ranking.

3.4.2 Details of The Proposed Algorithm

We first decompose the set [L] by {1, · · · , L1} and {L1 + 1, · · · , L}. Games in the first set

are used as preliminary games for league partition, and games in the second set are used

for computing the MLE. Under the condition L
log n → ∞, we can set the number L1 as

L1 = d√L log ne. Define

ȳ
(1)
ij =

1

L1

L1∑

l=1

yijl and ȳ
(2)
ij =

1

L− L1

L∑

l=L1+1

yijl
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as the summary statistics in {1, · · · , L1} and {L1 + 1, · · · , L}, respectively.

The proposed algorithm consists of four steps, which we describe in detail below before

presenting the whole procedure in Algorithm 2.

Step 1: League Partition. For each i ∈ [n], we define

w
(1)
i =

∑

j∈[n]

AijI{ȳ(1)
ij ≤ ψ(−2M)}, (3.21)

where M is some sufficiently large constant. The indicator I{ȳ(1)
ij ≤ ψ(−2M)} describes

the event that Player i is completely dominated by Player j in the preliminary games. The

quantity w(1)
i then counts the number of players who have dominated Player i. If w(1)

i is

sufficiently small, Player i should belong to the top league since only few or no players could

dominate Player i. Indeed, the first league is defined by

S1 =
{
i ∈ [n] : w

(1)
i ≤ h

}
, (3.22)

where h is chosen as h = pM
β . A data-driven h will be described in the Section 3.4.5.

Similarly, w(2)
i and the second league S2 can be defined by replacing [n] with [n]\{S1}

in (3.21) and (3.22). Sequentially, we compute w
(k+1)
i and Sk+1 based on players in

[n]\ (S1 ∪ · · · ∪ Sk) for all k ≥ 1. This procedure will terminate as soon as the number

of the players who are yet to be classified is small enough, at which point all of the remain-

ing players will be grouped together into the last league. The entire procedure of league

partition is described in Algorithm 1.

Step 2: Local MLEs and Within-League Pairwise Relation Estimation. Having

obtained the league partition S1, · · · , SK , we need to compare players in the same league

in the next step. Given the ambiguity between neighboring leagues, we shall also compare
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Algorithm 1: A league partition algorithm

Input : {Aij ȳ(1)
ij }1≤i<j≤n and {Aij}1≤i<j≤n; M and h

Output: A partition of [n]: S1, · · · , SK such that [n] = ]Kk=1Sk

1 For i in [n], compute w(1)
i ←∑

j∈[n]AijI{ȳ
(1)
ij ≤ ψ(−2M)}.

Set S1 ←
{
i ∈ [n] : w

(1)
i ≤ h

}
and k = 1.

2 While n− (|S1|+ · · ·+ |Sk|) > |Sk|/2,
For each i ∈ [n]\ (S1 ∪ · · · ∪ Sk),

compute w(k+1)
i ←∑

j∈[n]\(S1∪···∪Sk)AijI{ȳ
(1)
ij ≤ ψ(−2M)}.

Set Sk+1 ←
{
i ∈ [n]\ (S1 ∪ · · · ∪ Sk) : w

(k+1)
i ≤ h

}
and k ← k + 1.

3 Set K ← k − 1 and SK ← SK ∪ ([n]\ (S1 ∪ · · · ∪ SK−1)).

players if the leagues they belong to are next to each other. Therefore, for each k ∈ [K − 1],

we need to compute the MLE for {θ∗r∗i }i∈Sk∪Sk+1
. This leads to the comparison between

any two players in Sk ∪ Sk+1. Define

E =
{

(i, j) : 1 ≤ i < j ≤ n, ψ(−M) ≤ ȳ
(1)
ij ≤ ψ(M)

}
. (3.23)

For each k ∈ [K − 1], the local negative log likelihood function is given by

`(k)(θ) =
∑

(i,j)∈E
i,j∈Sk−1∪Sk∪Sk+1∪Sk+2

Aij

[
ȳ

(2)
ij log

1

ψ(θi − θj)
+ (1− ȳ(2)

ij ) log
1

1− ψ(θi − θj)

]
.

(3.24)

When k = 1 or k = K − 1, we use the notation S0 = SK+1 = ∅. Note that the negative

log likelihood function is only defined for edges in E . In other words, only games between

close opponents are considered. Moreover, some of the top players in Sk may have close

opponents in the previous league Sk−1, and some of the bottom players in Sk+1 may have

close opponents in the next league Sk+2. The likelihood should include these games as well
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for optimal inference of the parameters {θ∗r∗i }i∈Sk∪Sk+1
. The MLE is defined by

θ̂(k) ∈ argmin `(k)(θ), (3.25)

which is any vector that minimizes `(k)(θ). Then, for any i ∈ Sk and any j ∈ Sk ∪Sk+1, set

Rij = I{θ̂(k)
i > θ̂

(k)
j }.

Note that {θ̂(k)
i }i∈Sk∪Sk+1

is defined only up to a common translation, but even with such

ambiguity, the comparison indicator Rij is uniquely defined.

We also remark that the computation of the MLE (3.25) is a straightforward convex

optimization. It can be shown that the Hessian matrix of the objective function is well

conditioned (Lemma 3.7.14), and thus a standard gradient descent algorithm converges to

the optimum with a linear rate [25, 21].

Step 3: Cross-League Pairwise Relation Estimation. Consider i and j that belong

to Sk and Sl respectively with |k − l| ≥ 2. This is a pair of players that are separated by at

least an entire league between them. For all such pairs, we set

Rij = I{k < l}.

Combined with the entries that are computed in Step 2, all upper triangular entries of the

matrix R have been filled. The remaining entries of R can be filled according to the rule

Rij +Rji = 1.

Step 2 and Step 3 together serve the purpose of estimating the pairwise relation matrix

R∗ defined in (3.20). Illustrated in Figure 3.3, the matrix R∗ can be decomposed into blocks

{R∗Sk×Sl}k<l according to the league partition {Sk}k∈[K]. The yellow blocks close to the
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diagonal are estimated by the procedure described in Step 2. In Figure 3.3, the data used

in the two local MLEs (k = 1 and k = 4) are marked by different patterns for illustration.

For example, when k = 4, we obtain estimators for R∗S4×S4
and R∗S4×S5

based on the local

MLE that involves observations from {(i, j) ∈ E : i, j ∈ S3 ∪ S4 ∪ S5 ∪ S6}. The blue blocks

are away from the diagonal and are estimated in Step 3. The remaining blocks in the lower

triangular part are estimated according to Rij +Rji = 1.

Figure 3.3: Illustration of Step 2 and Step 3.

Step 4: Full Rank Estimation. In the last step, we convert the pairwise relations

estimator R into a rank estimator. First, compute the score for the ith player by

si =
∑

j∈[n]\{i}
Rij .

Then, the rank estimator r̂ is obtained by sorting the scores {si}i∈[n].

The whole procedure of full ranking is summarized as Algorithm 2.
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Algorithm 2: A divide-and-conquer full ranking algorithm

Input : {Aij ȳ(1)
ij }1≤i<j≤n, {Aij ȳ

(2)
ij }1≤i<j≤n and {Aij}1≤i<j≤n; M and h

Output: A rank vector r̂ ∈ Sn

1 Run Algorithm 1 and obtain the partition [n] = ]Kk=1Sk.
Set S0 = SK+1 = ∅.

2 For k ∈ [K − 1],
compute the local MLE θ̂(k) according to (3.25).
For i ∈ Sk and j ∈ Sk ∪ Sk+1,

set Rij ← I{θ̂(k)
i > θ̂

(k)
j }.

3 For k ∈ [K − 2] and l ∈ [k + 2 : K],
For (i, j) ∈ Sk × Sl,

set Rij ← 1.
For i ∈ [n] and j ∈ [i+ 1 : n],

set Rji ← 1−Rij .
4 For i ∈ [n],

compute si ←
∑
j∈[n]\{i}Rij .

Sort {si}i∈[n] from high to low and obtain a full rank vector r̂.

3.4.3 Statistical Properties of Each Step

The purpose of this section is to prove the upper bound result of Theorem 3.3.2 by analyzing

the statistical properties of Algorithm 2. The four components of the algorithm will be

analyzed separately. We will first analyze Step 4 in Section 3.4.3, then Step 1 in Section

3.4.3, followed by Step 3 in Section 3.4.3 and finally Step 2 in Section 3.4.3. The results of

these individual components will be combined to derive the minimax optimality of Algorithm

2, presented in Section 3.4.4.

From Pairwise Relations to Full Ranking (Step 4).

We first establish a result that clarifies the role of Step 4 of Algorithm 2. Consider any

matrix R ∈ {0, 1}n×n that satisfies Rij + Rji = 1 for any i 6= j. Let r̂ be the rank vector

obtained by sorting {∑j∈[n]\{i}Rij}i∈[n] from high to low. The error of r̂ is controlled by

the following lemma.
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Lemma 3.4.1. For any r∗ ∈ Sn, define its pairwise relation matrix R∗ such that R∗ij =

I{r∗i < r∗j}. Then, we have

K(r̂, r∗) ≤ 4

n

∑

1≤i6=j≤n
I{Rij 6= R∗ij}.

Lemma 3.4.1 is a deterministic inequality that bounds the error of the rank estimation

by the estimation error of pairwise relations. It implies that to accurately rank n players, it

is sufficient to accurately estimate the pairwise relations between all pairs.

Statistical Properties of League Partition (Step 1).

The partition output by Algorithm 1 satisfies several nice properties that are stated by the

following theorem.

Theorem 3.4.1. Assume θ∗ ∈ Θn(β, C0) for some constant C0 ≥ 1, L
log n → ∞ and

p
(β∨n−1) log n

→ ∞. Let {Sk}k∈[K] be the output of Algorithm 1 with L1 = d√L log ne,

1 ≤M = O(1) and h = pM
β . Then, there exist some constants C1, C2, C3 > 0 only depending

on C0 such that the following conclusions hold with probability at least 1−O(n−9):

1. Boundedness: For any k ∈ [K] and any i, j ∈ Sk−1 ∪Sk ∪Sk+1, we have |θ∗r∗i − θ
∗
r∗j
| ≤

C1M . Recall the convention that S0 = SK+1 = ∅;

2. Inclusiveness: For any k ∈ [K] and any i ∈ Sk, we have
{
j ∈ [n] : |r∗i − r∗j | ≤

C2M
β

}
⊂

Sk−1 ∪ Sk ∪ Sk+1;

3. Separation: For any i ∈ Sk and j ∈ Sl such that l − k ≥ 2, we have θ∗r∗i
> θ∗r∗j

;

4. Independence: For any k ∈ [K], we have Sk = Šk. Here, {Šk}k∈[K] is a partition

that is measurable with respect to the σ-algebra generated by {(Aij , ȳ(1)
ij ) : |θ∗r∗i − θ

∗
r∗j
| >

1.9M};
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5. Continuity: For any k ∈ [K − 1] and any i ∈ Sk−1 ∪ Sk ∪ Sk+1 ∪ Sk+2, we have∣∣∣∣
{
j ∈ [n] : |θ∗r∗i − θ

∗
r∗j
| ≤ M

2

}
∩ (Sk−1 ∪ Sk ∪ Sk+1 ∪ Sk+2)

∣∣∣∣ ≥ C3

(
M
β ∧ n

)
.

We give some remarks on each conclusion of Theorem 3.4.1. The first conclusion asserts

that the skill parameters of players from the neighboring leagues are close to each other.

This property is complemented by the second conclusion that the close opponents of each

player are either from the same league, the previous league, or the next league. In other

words, for any k ∈ [K] and any i ∈ Sk, the local graph {Ajk : j, k ∈ Sk−1 ∪ Sk ∪ Sk+1}

can be viewed as a data-driven surrogate of Ai defined in (3.19). Moreover, the second

conclusion also implies that |Sk−1 ∪ Sk ∪ Sk+1| & 1
β ∧ n, from which we can deduce the

bound K = O (nβ ∨ 1) that controls the number of iterations Algorithm 1 needs before it is

terminated.2 Conclusion 3 implies that the partition {Sk}k∈[K] is roughly correlated with

the true rank in the sense that it correctly identifies the comparisons between players who

do not belong to neighboring leagues. Conclusion 4 shows that almost all of the randomness

of the partition is from that of {(Aij , ȳ(1)
ij ) : θ∗r∗i

−θ∗r∗j ≤ −1.9M}. This fact leads to a crucial

independence property in the later analysis of the local MLE. Conclusions 1, 2, 4, and 5

are crucial in the analysis of Step 2 in Section 3.4.3, while Conclusion 3 will be used in the

analysis of Step 3 in Section 3.4.3.

The proof of Theorem 3.4.1 is a delicate mathematical induction argument that iteratively

explores the asymptotic independence between consecutive constructions of leagues. To be

specific, the random variable

w
(k+1)
i =

∑

j∈[n]\(S1∪···∪Sk)

AijI{ȳ(1)
ij ≤ ψ(−2M)}

2. We can in fact prove a stronger result that 1
β ∧ n . |Sk| . 1

β ∧ n uniformly for all k ∈ [K] with
probability at least 1−O(n−9).
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can be sandwiched between w
(k+1)
i and w

(k+1)
i

3. We show that both w
(k+1)
i and w

(k+1)
i ,

when conditioning on the previous leagues S1, · · · , Sk, approximately follow Binomial dis-

tributions. Essentially, the Aij ’s that contribute to the summation of w(k+1)
i are disjoint

from the Aij ’s that lead to the constructions of S1, · · · , Sk, which then implies an asymp-

totic independence property between
(
w

(k+1)
i , w

(k+1)
i

)
and S1, · · · , Sk. This phenomenon

Figure 3.4: Illustration of the independence property of Algorithm 1.

is illustrated in Figure 3.4. In the picture, we use the orange block to denote S1 ∪ · · · ∪ Sk,

the set that has already been partitioned. The next step of the algorithm is to construct

the (k+ 1)th league from [n]\(S1 ∪ · · · ∪ Sk), which is the blue block. From the positions of

w
(k+1)
i ’s, we observe that the construction of Sk+1 depends on Aij ’s that are in the yellow

area. On the other hand, since the area on the left hand side of the dashed curve satisfies

ȳ
(1)
ij ≤ ψ(−2M), the construction of the first k leagues only depends on Aij ’s that are in

the grey area. The independence property can be easily seen from the separation between

3. Here w(k+1)
i is defined as

∑
j∈[n]\(S′1∪···∪S′k)AijI{θ∗r∗j ≥ θ

∗
r∗i

+ 2M + δ1}, for some quantity δ1 such that

I{θ∗r∗j ≥ θ∗r∗i + 2M + δ1} is smaller than I{ȳ(1)ij ≤ ψ(−2M)} for all pairs (i, j) with high probability, and

S′1 ∪ · · · ∪ S′k is another partition of [n] that is equal to S1 ∪ · · · ∪ Sk with high probability. w(k+1)
i is defined

similarly. See proof of Theorem 3.4.1 for details.
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the grey and the yellow areas. A rigorous proof of Theorem 3.4.1, which is based on this

argument, will be given in Section 3.7.3.

Statistical Properties of Cross-League Estimation (Step 3).

The analysis of Step 3 is quite straightforward following the results from the league par-

tition. Assume the Conclusion 3 of Theorem 3.4.1 holds. Then for any i ∈ Sk and

j ∈ Sl such that l − k ≥ 2, we have R∗ij = 1. Since Rij = 1 for all such pairs, we

have
∑
k∈[K−2]

∑
l∈[k+2:K] I

{
Rij 6= R∗ij , i ∈ Sk, j ∈ Sl

}
= 0.

Statistical Properties of Local MLEs (Step 2).

The main challenge of analyzing the local MLE is the dependence between the partition

{Sk}k∈[K] and the likelihood (3.24). We are going to use Conclusion 4 of Theorem 3.4.1 to

resolve this issue. Define

Ǎij = AijI{|θ∗r∗i − θ
∗
r∗j
| ≤M/2}+ AijI

{
(i, j) ∈ E ,M/2 < |θ∗r∗i − θ

∗
r∗j
| < 1.1M

}
,

and

ˇ̀(k)(θ) =
∑

i,j∈Šk−1∪Šk∪Šk+1∪Šk+2

Ǎij

[
ȳ

(2)
ij log

1

ψ(θi − θj)
+ (1− ȳ(2)

ij )
1

1− ψ(θi − θj)

]
.

The maximizer of ˇ̀(k)(θ) is denoted by

θ̌(k) ∈ argmin ˇ̀(k)(θ). (3.26)

The introduction of ˇ̀(k)(θ) and θ̌(k) is to disentangle the dependence of the MLE on the

league partition. By Theorem 3.4.1, we know that Sk = Šk for all k ∈ [K]. The concentration

164



of {ȳ(1)
ij } implies that {|θ∗r∗i − θ

∗
r∗j
| ≤ M/2} ⊂ {(i, j) ∈ E} ⊂ {|θ∗r∗i − θ

∗
r∗j
| ≤ 1.1M} for all

1 ≤ i < j ≤ n. Therefore, we have

I {(i, j) ∈ E} = I{|θ∗r∗i − θ
∗
r∗j
| ≤M/2}+ I

{
(i, j) ∈ E ,M/2 < |θ∗r∗i − θ

∗
r∗j
| < 1.1M

}
.

We can thus conclude that `(k)(θ) = ˇ̀(k)(θ) for all θ with high probability. The result is

formally stated below.

Lemma 3.4.2. Assume θ∗ ∈ Θn(β, C0) for some constant C0 ≥ 1, L
log n → ∞ and

p
(β∨n−1) log n

→ ∞. Let {Sk}k∈[K] be the output of Algorithm 1 with L1 = d√L log ne,

1 ≤ M = O(1) and h = pM
β . Then, with probability at least 1 − O(n−8), we have

`(k)(θ) = ˇ̀(k)(θ) for all θ and for all k ∈ [K]. As a consequence {θ̂(k)
i }i∈Sk∪Sk+1

and

{θ̌(k)
i }i∈Sk∪Sk+1

are equivalent up to a common shift.

With Lemma 3.4.2, it suffices to study (3.26) for the statistical property of the MLE. Note

that {Ǎij} is measurable with respect to the σ-algebra generated by {(Aij , ȳ(1)
ij ) : |θ∗r∗i −θ

∗
r∗j
| <

1.1M}. Theorem 3.4.1 shows that {Šk} is measurable with respect to the σ-algebra generated

by {(Aij , ȳ(1)
ij ) : |θ∗r∗i −θ

∗
r∗j
| > 1.9M}. We then reach a very important conclusion that {Ǎij},

{ȳ(2)
ij } and {Šk} are mutually independent, and therefore we can analyze θ̌(k) by conditioning

on the partition {Šk}. To be more specific, for any i, j ∈ Šk ∪ Šk+1 such that θ∗r∗i
> θ∗r∗j

,

since Rij = I
{
θ̌

(k)
i > θ̌

(k)
j

}
, we will provide an upper bound for P

(
θ̌

(k)
i < θ̌

(k)
j

∣∣∣{Šk}k∈[K]

)
.

To this end, we state a result that characterizes the performance of the MLE under a

BTL model with bounded skill parameters. Consider a random graph with independent

edges Bij ∼ Bernoulli(pij) for 1 ≤ i < j ≤ m. For each Bij = 1, observe i.i.d. yijl ∼

Bernoulli(ψ(η∗i − η∗j )) for l = 1, · · · , L. Let ȳij = 1
L

∑L
l=1 yijl, and we define the MLE by

η̂ ∈ argmin
∑

1≤i<j≤m
Bij

[
ȳij log

1

ψ(ηi − ηj)
+ (1− ȳij) log

1

1− ψ(ηi − ηj)

]
. (3.27)
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Lemma 3.4.3. Assume η∗1 > · · · > η∗m and η∗1 − η∗m ≤ κ. There exists some constant

c ∈ (0, 1) such that pij = p for all |i − j| ≤ cm and pij ≤ p otherwise. As long as
mp

log(m+n)
→ ∞ and κ = O(1), then for any δ > 0 that is sufficiently small, there exists a

constant C > 0 such that

P
(
η̂i < η̂j

)
≤ C

[
exp

(
−

(1− δ)L(η∗i − η∗j )2

2(Wi(η∗) +Wj(η∗))

)
+ n−7

]
,

for all 1 ≤ i < j ≤ m, where Wi(η
∗) = 1∑

j∈[m]\{i} pijψ′(η
∗
i−η∗j )

for all i ∈ [m].

The proof of Lemma 3.4.3, which relies on a recently developed leave-one-out technique

in the analysis of the BTL model [25, 21], will be given in Section 3.7.4.

By conditioning on {Šk}, the statistical property of (3.26) is a direct consequence of

Lemma 3.4.3. Note that P
(
θ̌

(k)
i < θ̌

(k)
j

∣∣∣{Šk}k∈[K]

)
is a function of {Šk}k∈[K], and we will

establish a uniform upper bound for this conditional probability for any partition {Šk}k∈[K]

satisfying the following conditions:

(i) For any k ∈ [K] and any i, j ∈ Šk−1 ∪ Šk ∪ Šk+1, we have |θ∗r∗i − θ
∗
r∗j
| ≤ C1M ;

(ii) For any k ∈ [K] and any i ∈ Šk, we have
{
j ∈ [n] : |r∗i − r∗j | ≤

C2M
β

}
⊂ Šk−1 ∪ Šk ∪

Šk+1;

(iii) For any k ∈ [K − 1] and any i ∈ Šk−1 ∪ Šk ∪ Šk+1 ∪ Šk+2, we have the relation
∣∣∣
{
j ∈ [n] : |θ∗r∗i − θ

∗
r∗j
| ≤ M

2

}
∩ (Šk−1 ∪ Šk ∪ Šk+1 ∪ Šk+2)

∣∣∣ ≥ C3

(
M
β ∧ n

)
.

Note that we use the convention Š0 = ŠK+1 = ∅ and C1, C2, C3 are the same constants

in Theorem 3.4.1. Consider any partition {Šk}k∈[K] satisfying the three conditions above.

When applying Lemma 3.4.3, by Conditions (i) and (ii), we have κ = 2C1M and m =

|Šk−1∪ Šk∪ Šk+1∪ Šk+2| � 1
β ∧n. We also know that for any i, j ∈ Šk−1∪ Šk∪ Šk+1∪ Šk+2

such that |θ∗r∗i − θ
∗
r∗j
| ≤ M

2 , we have Ǎij = Aij ∼ Bernoulli(p). Then, Condition (iii) implies

the existence of a band in {(r∗i , r∗j ) : i, j ∈ Šk−1 ∪ Šk ∪ Šk+1 ∪ Šk+2} with width at least
166



cm for some constant c > 0, such that Ǎij ∼ Bernoulli(p) for all pairs in the band. For any

other (i, j), we have Ǎij ∼ Bernoulli(pij) with pij ≤ p. Having checked the conditions of

Lemma 3.4.3, we obtain the following result for the local MLE (3.26),

P
(
θ̌

(k)
i < θ̌

(k)
j

∣∣∣{Šk}k∈[K]

)
≤ C


exp


−

(1− δ)npL(θ∗r∗i
− θ∗r∗j )2

2(Vr∗i
(θ∗) + Vr∗j

(θ∗))


+ n−7


 , (3.28)

for any i, j ∈ Šk ∪ Šk+1 such that θ∗r∗i
> θ∗r∗j

. Recall the definition of Vi(θ∗) in (3.15). The

constant δ in (3.28) can be made arbitrarily small with a sufficiently large M . To derive

(3.28) from Lemma 3.4.3, we only need to show

p
∑

j∈[n]\{i}
ψ′(θ∗i − θ∗j ) ≤

(
1 +O(e−C2M )

) ∑

j∈(Šk−1∪Šk∪Šk+1∪Šk+2)\{i}
pijψ

′(θ∗r∗i − θ
∗
r∗j

),

for all i ∈ Šk ∪ Šk+1. This is true by a similar argument that leads to (3.14), together with

Condition (ii). Finally, by Theorem 3.4.1, Conditions (i)-(iii) hold for {Šk}k∈[K] with high

probability, and thus (3.28) is a high-probability bound. A similar bound to (3.28) also holds

for (3.25) by the conclusion of Lemma 3.4.2.

3.4.4 Analysis of Algorithm 2

With the help of Lemma 3.4.1, Theorem 3.4.1, Lemma 3.4.2 and Lemma 3.4.3, we are ready

to prove that Algorithm 2 achieves the minimax rate of full ranking.

Proof of Theorem 3.3.2 (upper bound). Let G be the event that the conclusions of Theorem

3.4.1 and Lemma 3.4.2 hold. We have P(Gc) = O(n−8). In addition, we use the notation Š

for the event that {Šk}k∈[K] satisfies Conditions (i)-(iii) listed in Section 3.4.3. It is clear

that G ⊂ Š.
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By Lemma 3.4.1, we have

EK(r̂, r∗) ≤ 4

n

∑

1≤i6=j≤n
P(Rij 6= R∗ij).

It suffices to give a bound for P(Rij 6= R∗ij) for every pair i 6= j. Note that we have

P(Rij 6= R∗ij) ≤ P
(
Rij 6= R∗ij ,G

)
+ P(Gc). Then.

P(Rij 6= R∗ij ,G) =
K∑

k=1

K∑

l=1

P(Rij 6= R∗ij ,G, i ∈ Sk, j ∈ Sl)

=
∑

(k,l)∈[K]2:|k−l|≤1

P(Rij 6= R∗ij ,G, i ∈ Sk, j ∈ Sl)

+
∑

(k,l)∈[K]2:|k−l|≥2

P(Rij 6= R∗ij ,G, i ∈ Sk, j ∈ Sl).

The second term above is zero. This is due to the analysis of Step 3 in Section 3.4.3 which

shows
∑

(k,l)∈[K]2:|k−l|≥2 I{Rij 6= R∗ij , i ∈ Sk, j ∈ Sl} = 0 under the event G. Hence, we

only need to study the first term. Without loss of generality, consider θr∗i > θ∗r∗j
. Then, the

event {Rij 6= R∗ij ,G, i ∈ Sk, j ∈ Sk} is equivalent to {θ̂(k)
i < θ̂

(k)
j ,G, i ∈ Sk, j ∈ Sk}, which
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is further equivalent to {θ̌(k)
i < θ̌

(k)
j ,G, i ∈ Šk, j ∈ Šk} by the definition of G. We thus have

P(Rij 6= R∗ij ,G) =
∑

(k,l)∈[K]2:|k−l|≤1

P(θ̌
(k)
i < θ̌

(k)
j ,G, i ∈ Šk, j ∈ Šl)

≤
∑

(k,l)∈[K]2:|k−l|≤1

P(θ̌
(k)
i < θ̌

(k)
j , Š, i ∈ Šk, j ∈ Šl)

=
∑

(k,l)∈[K]2:|k−l|≤1

P
(
θ̌

(k)
i < θ̌

(k)
j

∣∣∣Š, i ∈ Šk, j ∈ Šl
)
P
(
Š, i ∈ Šk, j ∈ Šl

)

≤ C


e
−

(1−δ)npL(θ∗
r∗i
−θ∗
r∗j

)2

2(Vr∗i
(θ∗)+Vr∗j

(θ∗))
+ n−7




∑

(k,l)∈[K]2:|k−l|≤1

P
(
Š, i ∈ Šk, j ∈ Šl

)

≤ C


exp


−

(1− δ)npL(θ∗r∗i
− θ∗r∗j )2

2(Vr∗i
(θ∗) + Vr∗j

(θ∗))


+ n−7


 ,

for some constant C > 0 and some δ > 0 that is arbitrarily small. The second last inequality

above is by Lemma 3.4.3, or more specifically, (3.28), as we show (3.28) holds for any

{Šk}k∈[K] satisfying Conditions (i)-(iii) listed in Section 3.4.3. Since P(Gc) = O(n−8), we

obtain the bound

P(Rij 6= R∗ij) ≤ 2C


exp


−

(1− δ)npL(θ∗r∗i
− θ∗r∗j )2

2(Vr∗i
(θ∗) + Vr∗j

(θ∗))


+ n−7


 , (3.29)

for all i 6= j.

Summing the bound (3.29) over all i 6= j, we have

EK(r̂, r∗) ≤ 8C

n

∑

1≤i6=j≤n
exp


−

(1− δ)npL(θ∗r∗i
− θ∗r∗j )2

2(Vr∗i
(θ∗) + Vr∗j

(θ∗))


+ 8Cn−6

=
8C

n

∑

1≤i6=j≤n
exp

(
−

(1− δ)npL(θ∗i − θ∗j )2

2(Vi(θ∗) + Vj(θ∗))

)
+ 8Cn−6. (3.30)
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Now it is just a matter of simplifying the expression (3.30). We consider the following two

cases: Lpβ2

β∨n−1 ≤ 1 and Lpβ2

β∨n−1 > 1.

First, we consider the case Lpβ2

β∨n−1 ≤ 1. By Lemma 3.7.6 proved in Section 3.7.2, there

exist constants c1, c2 > 0, such that

c1

(
β ∨ 1

n

)
≤ Vi(θ

∗)
n
≤ c2

(
β ∨ 1

n

)
, (3.31)

for all θ∗ ∈ Θn(β, C0) and all i ∈ [n]. Then, for each i ∈ [n],

∑

j∈[n]\{i}
exp

(
−

(1− δ)npL(θ∗i − θ∗j )2

2(Vi(θ∗) + Vj(θ∗))

)
≤

∑

j∈[n]\{i}
exp

(
− 1

3c2
(i− j)2 Lpβ2

β ∨ n−1

)

≤
∫ ∞

0
exp

(
− 1

3c2
x2 Lpβ2

β ∨ n−1

)
dx

=

√
3πc2

4

√
β ∨ n−1

Lpβ2
,

and we have EK(r̂, r∗) .
√

β∨n−1

Lpβ2 . The definition of the loss function implies EK(r̂, r∗) ≤ n,

and thus we obtain the rate n ∧
√

β∨n−1

Lpβ2 when Lpβ2

β∨n−1 ≤ 1.

Next, we consider the case Lpβ2

β∨n−1 > 1. For any |i − j| ≤ C0

√
c2/c1, we have Vj(θ∗) ≤

(1 + δ′)Vi(θ∗) for some δ′ = o(1). This is by the definition of the variance function and the

fact that supx

∣∣∣ψ
′(x+∆)
ψ′(x)

− 1
∣∣∣ . |∆| for ∆ = o(1). Therefore, we have

∑

1≤i 6=j≤n:|i−j|≤C0

√
c2/c1

exp

(
−

(1− δ)npL(θ∗i − θ∗j )2

2(Vi(θ∗) + Vj(θ∗))

)

.
n−1∑

i=1

exp

(
−

(1− 2δ)npL(θ∗i − θ∗i+1)2

4Vi(θ∗)

)
,
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By (3.31), we also have

∑

1≤i6=j≤n:|i−j|>C0

√
c2/c1

exp

(
−

(1− 2δ)npL(θ∗i − θ∗j )2

2(Vi(θ∗) + Vj(θ∗))

)

.
∑

1≤i6=j≤n:|i−j|>C0

√
c2/c1

exp

(
−(1− 2δ)pLβ2(i− j)2

2c2(β ∨ n−1)

)

. n exp

(
−(1− 2δ)pLβ2C2

0

2c1(β ∨ n−1)

)

.
n−1∑

i=1

exp

(
−

(1− 2δ)npL(θ∗i − θ∗i+1)2

4Vi(θ∗)

)
.

The desired bound for EK(r̂, r∗) immediately follows by summing up the above bounds.

3.4.5 A Data-Driven h.

Our proposed algorithm relies on a tuning parameter h = pM
β that is unknown in practice.

This quantity can be replaced by a data-driven version, defined as

ĥ =
1

n

∑

1≤i<j≤n
AijI{1.2M ≤ |ψ−1(ȳ

(1)
ij )| ≤ 1.8M}. (3.32)

A standard concentration result implies that ĥ � pM
β with high probability. Moreover, by

defining

ȟ =
1

n

∑

1≤i<j≤n
1.1M<|θ∗

r∗i
−θ∗

r∗j
|<1.9M

AijI{1.2M ≤ |ψ−1(ȳ
(1)
ij )| ≤ 1.8M},

it can be shown that ĥ = ȟ with high probability. Since ȟ is measurable with respect

to the σ-algebra generated by {(Aij , ȳ(1)
ij ) : 1.1M < |θ∗r∗i − θ

∗
r∗j
| < 1.9M}, we still have the

asymptotic independence property between the league partition and local MLE after h being

replaced by ĥ in Algorithm 1. Therefore, with a data-driven ĥ being used in the proposed
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algorithm, the upper bound conclusion of Theorem 3.3.2 still holds.

3.5 Numerical Results

In this section, we conduct numerical experiments to study the statistical and computational

properties of Algorithm 2.

Simulation Setting. In our experiment, we consider θ∗ ∈ Rn with n = 1000. In partic-

ular, we set θ∗i = −βi for all i ∈ [n] with some β ∈ [0.001, 0.05]. The range of β implies

that the dynamic range θ∗1 − θ∗1000 takes value in [0.999, 49.95]. We assume the true rank is

the identity permutation, i.e., r∗i = i for all i ∈ [n]. We also consider three different (L,L1)

pairs: (50, 10), (75, 15), (100, 20) in Algorithm 2.

Implementation. In the implementation of Algorithm 2, we set M = 5. For the choice of

h, though the recommended data-driven estimator (3.32) works for the theoretical purpose,

it may not be a sensible choice for a data set with a moderate size. Note that withM = 5, we

have ψ(1.2M) = 0.9975274 and ψ(1.8M) = 0.9998766, respectively, and thus the indicator

I{1.2M ≤ |ψ−1(ȳ
(1)
ij )| ≤ 1.8M} is usually zero in (3.32). To address this issue, we set h by

h = 0.4× 1

n

∑

1≤i<j≤n
AijI

{
ψ(−M) ≤ ȳ

(1)
ij ≤ ψ(M)

}
.

The computation of the local MLE (3.25) is implemented by the MM algorithm [60]. All sim-

ulations are implemented in Python (along with NumPy package, whose backend is written

in C) using a 2019 MacBook Pro, 15-inch, 2.6GHz 6-core Intel Core i7.

Accuracy of League Partition. We first study Algorithm 1, which is Step 1 of Algorithm

2. The purpose of Algorithm 1 is to divide all players into K leagues. The average value of

K from 50 independent experiments is reported in Figure 3.5. This number increases with
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β linearly, which agrees with our theoretical bound K = OP(nβ ∨ 1).
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Figure 3.5: The number of leagues obtained by Algorithm 1. The orange curve is mostly
overlapped by the green curve.

To quantify the accuracy of Algorithm 1, we define the following metric,

Epartition =





1
K−2

∑K−1
k=2 I

{
max

{
r∗i : i ∈ ∪k′<kSk′

}
> min

{
r∗i : i ∈ ∪k′>kSk′

}}
, K ≥ 3,

0, K < 3.

The quantity Epartition is essentially designed to verify the Conclusion 3 in Theorem 3.4.1,

and we expect that Epartition should be 0 with high probability. Note that Conclusion 3 of

Theorem 3.4.1 guarantees the correctness of the cross-league pairwise relation estimation,

which is Step 3 of Algorithm 2. For each combination of (β, L, L1), we generate independent

data and repeat the experiments 50 times. It turns out that Epartition is always 0, which

agrees with the theoretical property of the league partition.

Statistical Error. Next, we study the ranking error of the proposed divide-and-conquer

algorithm (Algorithm 2) under the Kendall’s tau distance defined by (3.3). For comparison,

we also implement the global MLE and the spectral method. The MLE outputs the rank of
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the entries of θ̂ that maximizes the negative log-likelihood function

∑

1≤i<j≤n
Aij

[
ȳij log

1

ψ(θi − θj)
+ (1− ȳij) log

1

1− ψ(θi − θj)

]
, (3.33)

where ȳij = 1
L

∑L
l=1 yijl. The spectral method, also known as Rank Centrality, is a ranking

algorithm proposed by [86]. Define a matrix P ∈ Rn×n by

Pij =





1
dAij ȳji, i 6= j,

1− 1
d

∑
l∈[n]\{i}Ailȳli, i = j,

where d is set to be twice the maximum degree of the random graph A. Note that P is the

transition matrix of a Markov chain. Let π̂ be the stationary distribution of this Markov

chain, and the spectral method outputs the rank of the entries of the vector π̂.

Both the MLE and the spectral method have been studied for parameter estimation

[86, 25] and top-k ranking [25, 21] under the BTL model. However, to the best of our

knowledge, the statistical properties of the two methods for full ranking have not been

studied in the literature. The recent work [25] has established the estimation errors of the

skill parameter for both the MLE and the spectral method. Their results involve a factor

of eO(nβ) in the estimation error under an `∞ loss, which suggests that the MLE and the

spectral method may not perform well when the dynamic range nβ diverges.

We implement the MLE, the spectral method, and the divide-and-conquer algorithm for

various combinations of β and L. The results of each setting are computed by averaging

across 50 independent experiments. As shown in Figure 3.6, the spectral method is sig-

nificantly worse than the MLE and the divide-and-conquer algorithm. The performance of

the spectral method may be explained by the eO(nβ) factor in the `∞ norm error bound

obtained by [25], though the exact relation between the `∞ error and the full ranking error

is not clear to us. On the other hand, the error curves of the MLE and the divide-and-
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Figure 3.6: Statistical error under Kendall’s tau. Left: (L,L1) = (50, 10); Middle: (L,L1) =
(75, 15); Right: (L,L1) = (100, 20).

conquer algorithm are very close. Since the divide-and-conquer algorithm has been proved

to be minimax optimal, the simulation results suggest that the MLE may also enjoy such

statistical optimality.

The current analysis of the MLE [25, 21] crucially depends on the spectral property of

the Hessian matrix H(θ∗) of the objective (3.33). It is known that the condition number

of H(θ∗) on the subspace orthogonal to 1n is of order eO(nβ), which explains the eO(nβ)

factor in the `∞ estimation error of the MLE [25]. However, our simulation study reveals

that the error bound of [25] can be potentially loose. The definition of the Kendall’s tau

distance suggests that a sharp analysis of the MLE requires a careful study of the random

variable θ̂r∗i − θ̂r∗j
. We conjecture that the variance of θ̂r∗i − θ̂r∗j

should be approximately

proportional to (er∗i
− er∗j

)TH(θ∗)†(er∗i − er∗j
), where ej is the jth canonical vector with

all entries being 0 except that the jth entry is 1. Since H(θ∗) can be viewed as the graph

Laplacian of some random weighted graph, there may exist random matrix tools to study

(er∗i
− er∗j )TH(θ∗)†(er∗i − er∗j ) directly without using the naive condition number bound, and

we leave this interesting direction as a future project.

In comparison, our divide-and-conquer algorithm does not need to solve the global MLE.

Since the objective function of each local MLE is well conditioned (Lemma 3.7.14), Algorithm

2 is provably optimal in addition to its good performance in simulation.
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Figure 3.7: Running time comparison. Left: (L,L1) = (50, 10); Middle: (L,L1) = (75, 15);
Right: (L,L1) = (100, 20).

Computational Cost. Finally, we compare the computational costs of the three methods.

The average time needed to run the three algorithms is given in Figure 3.7. The spectral

method, though suffers from its unsatisfactory statistical error, is the fastest, partly because

finding the stationary distribution is just a single line of code using a NumPy function

whose backend is C. The running time of the MLE grows rapidly as β increases. This can

be explained by the growing condition number of the Hessian matrix H(θ∗). While the

condition number may not affect the statistical error of the MLE, it does have a rather

strong effect on its computational cost. On the other hand, the running time for the divide-

and-conquer method (Algorithm 2) first increases with β, and then stabilizes. This is the

effect of Algorithm 1, which divides a large difficult problem into many small sub-problems,

and after that each small sub-problem can be conquered efficiently. In fact, we can further

improve the computational efficiency by solving the sub-problems in parallel. The initial

increase of the running time of Algorithm 2 is because of the additional league partition

step. Recall that the league partition step divides the players into K = OP(nβ ∨ 1) subsets.

When β is small, we have a very small K. According to the formula (3.24), the local MLE

is as difficult as the global MLE whenever K ≤ 4. In this regime, the divide-and-conquer

method is more time consuming because of the additional league partition step. On the

other hand, as β grows, the computational advantage of the divide-and-conquer strategy
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becomes significant. This makes our proposed algorithm scalable to large data sets, while

preserving the statistical optimality, which concludes the divide-and-conquer algorithm as

the best overall method among the three.

3.6 Discussion

In this paper, the problem of ranking n players from partial comparison data under the

BTL model has been investigated. We have derived the minimax rate with respect to the

Kendall’s tau distance. A divide-and-conquer algorithm is proposed and is proved to achieve

the minimax rate. In this section, we discuss a few directions along which the results of the

paper can be extended.

The first extension one can consider is to assume that Aij ∼ Bernoulli(pij) independently

for all 1 ≤ i < j ≤ n. For this more general comparison graph, as long as we assume that

all pij ’s are of the same order in the sense that maxij pij ≤ C minij pij for some constant

C > 0, Theorem 3.3.2 continues to hold with Vi(θ
∗)

np replaced by

1∑
j∈[n]\{i} pijψ′(θ∗i − θ∗j )

,

and all the technical arguments in the proofs will still go through.

Another important condition that we impose throughout the paper is the regularity of

the skill parameters θ∗ ∈ Θn(β, C0). It assumes that |θ∗i − θ∗j | � β|i − j|, which roughly

describes that players with different skills are evenly distributed in the population. Without

this condition, we conjecture that the minimax rate under the Kendall’s tau loss should be

inf
r̂∈Sn

sup
r∗∈Sn

E(θ∗,r∗)K(r̂, r∗) � 1

n

∑

1≤i<j≤n
exp

(
−

(1 + o(1))npL(θ∗i − θ∗j )2

2(Vi(θ∗) + Vj(θ∗))

)
.

In fact, this formula has already appeared in the upper bound analysis (3.30) and can be
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simplified to the result of Theorem 3.3.2 when θ∗ ∈ Θn(β, C0). Extending the result of

Theorem 3.3.2 beyond the condition θ∗ ∈ Θn(β, C0) is possible by some necessary modifi-

cations of the league partition step described in Algorithm 1. Without |θ∗i − θ∗j | � β|i− j|,

the partition formula Sk = {i ∈ [n]\(S1 ∪ · · · ∪ Sk−1) : w
(k)
i ≤ h} should be replaced

by Sk = {i ∈ [n]\(S1 ∪ · · · ∪ Sk−1) : w
(k)
i ≤ hk} for some sequence {hk} to account for

the non-regularity of θ∗. Intuitively, the size of each |Sk| should adaptively depend on the

local density of the skill parameters in the neighborhood from which it is selected. Then,

the major difficulty is to find a data-driven {ĥk} that estimates the local density. When

|θ∗i − θ∗j | � β|i − j|, we can just use the global estimator (3.32). Without this assumption,

estimating {hk} is a much harder problem. In [61], it is assumed that the skill parameters

θ∗1, · · · , θ∗n are i.i.d drawn from some distribution F instead of being fixed parameters, and

the authors have studied the problem of estimating F , which is called the skill distribution,

from the partial pairwise comparison data. Under this formulation, the estimation of the

parameters {hk} can be linked to the problem of local bandwidth selection in kernel density

estimation [64]. We leave this direction of research as one of our future projects.

A restriction of the BTL model is that it can only deal with pairwise comparison. One

extension from pairwise comparison to multiple comparison is the popular Plackett-Luce

model [89, 77]. Suppose there is a subset of J players S = {i1, i2, · · · , iJ}. Under the

Plackett-Luce model, the probability that j is selected among S is given by the formula
exp(θj)∑
i∈S exp(θi)

. Statistical analysis of ranking under the Plackett-Luce model is a problem that

has been rarely explored. Both the minimax rate and the construction of optimal algorithms

are important open problems.

The ranking problem has also been studied under nonparametric comparison models. For

example, a nonparametric stochastically transitive model was proposed by [96, 97] and the

problems of estimating the mean matrix and top-k ranking have been investigated. However,

full ranking is still a problem that has not been well studied under nonparametric models.

178



One of the few works that we are aware of is [80] that assumes P(yijl = 1) > 1
2 + γ when

r∗i < r∗j . An investigation of full ranking under more general nonparametric settings is

another direction to be explored.

3.7 Proofs

3.7.1 Proof of Theorem 3.3.1

We prove Theorem 3.3.1 in this section. We first state and prove a few lemmas.

Lemma 3.7.1. Assume p ≥ c0 log n
n for some sufficiently large c0 > 0. Then, we have

‖A− E(A)‖op ≤ C
√
np, (3.34)

‖D − E(D)‖op ≤ C
√
np log n (3.35)

for some constant C > 0 with probability at least 1−O(n−10).

Proof. Bound (3.34) is a direct consequence of Theorem 5.2 in [70] and Bound (3.35) is from

standard concentration of sums of i.i.d. Bernoulli random variables.

Lemma 3.7.2. Assume p ≥ c0 log n
n for some sufficiently large c0 > 0. Then, we have

np− 2C
√
np log n ≤ λmin,⊥(LA) = min

u6=0,1Tnu=0

uTLAu
‖u‖ ,

np+ 2C
√
np log n ≥ λmax,⊥(LA) = max

u 6=0,1Tnu=0

uTLAu
‖u‖

for some constant C > 0 with probability at least 1−O(n−10).

Proof. Note the decomposition

LA = ELA +D − ED − (A− EA)
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and λmin,⊥(ELA) = λmax,⊥(ELA) = np. By Lemma 3.7.1, we have

‖D − ED − (A− EA)‖op ≤ 2C
√
np log n

with probability at least 1−O(n−10) for some C > 0. The Lemma can be seen immediately

by Weyl’s inequality.

We introduce another notation r∗(i,j) ∈ Sn to be the element in Sn having

r
∗(i,j)
k =





r∗k, if k 6= i, j

r∗j , if k = i

r∗i , if k = j

. (3.36)

That is, r∗(i,j) is a permutation by swapping the i, jth position in r∗ while keeping other

positions fixed.

Lemma 3.7.3. Assume np
log n →∞. There exists δ = o(1), such that for any θ∗ ∈ Θn(β, C0),

any r∗ ∈ Sn, any i, j ∈ [n], i 6= j, we have

inf
r̂

P(θ∗,σ2,r∗) (r̂ 6= r∗) + P(θ∗,σ2,r∗(i,j))

(
r̂ 6= r∗(i,j)

)

2

& min



1,

√√√√ σ2

np(θ∗r∗i
− θ∗r∗j )2

exp


−

(1 + δ)np(θ∗r∗i
− θ∗r∗j )2

4σ2







Proof. Assume r∗i = a < r∗j = b and thus θ∗a ≥ θ∗b . Let F be the event about A on which

Lemma 3.7.1 holds. We have P (F) > 1/2. To simplify notation, let PA(·) = P(θ∗,σ2,r∗)(·|A)

be the conditional probability. For any A, by Neyman-Pearson Lemma, the optimal proce-
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dure is given by the likelihood ratio test. Then

inf
r̂

P(θ∗,σ2,r∗) (r̂ 6= r∗) + P(θ∗,σ2,r∗(i,j))

(
r̂ 6= r∗(i,j)

)

2

≥ P (F) inf
A∈F

PA

(
dP(θ∗,σ2,r∗(i,j))
dP(θ∗,σ2,r∗)

≥ 1

)

& inf
A∈F

PA(−4Aij(θ
∗
a − θ∗b + wij) +

∑

k 6=i,j
−Aik(θ∗a − θ∗b + 2wik)

+
∑

k 6=i,j
Ajk(θ∗b − θ∗a + 2wjk) ≥ 0)

= inf
A∈F

PA
(
N (0,

σ2

Dii +Djj + 2Aij
) ≥ |θa − θb|

2

)

& min

{
1,

√
σ2

np(θ∗a − θ∗b )2
exp

(
−(1 + δ)np(θ∗a − θ∗b )2

4σ2

)}
(3.37)

for some δ = o(1), where (3.37) comes from standard Gaussian tail bound and Lemma

3.7.1.

Now we are ready to state the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. We prove the theorem for any θ∗ ∈ Θn(β, C0). Note that condi-

tional on A, the solution of the least squares problem (3.10) can be written as

θ̂ = c1n + θ∗r∗ + Z,

where θ∗r∗ = (θ∗r∗1
, ..., θ∗r∗n)T , Z ∼ N (0, σ2L†A) and c1n is a global shift of the skill parameters.

Let xij = ei − ej where {e1, ..., en} are the standard basis of Rn. Let F be the event about
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A when Lemma 3.7.2 holds. Then

E(θ∗,σ2,r∗) [K(r̂, r∗)] =
1

n

∑

1≤i<j≤n
P(θ∗,σ2,r∗)

(
sign(r̂i − r̂j)sign(r∗i − r∗j ) < 0

)

=
1

n

∑

1≤i<j≤n
P(θ∗,σ2,r∗)

(
sign(θ̂i − θ̂j)sign(r∗i − r∗j ) > 0

)

≤ 1

n

∑

1≤i<j≤n
sup
A∈F

P
(
N (0, σ2xTijL

†
Axij) >

∣∣∣∣θ∗r∗i − θ
∗
r∗j

∣∣∣∣ |A
)

+O(n−9)

≤ 1

n

∑

1≤i<j≤n
sup
A∈F

min





1,

√√√√√
σ2xTijL

†
Axij

2π(θ∗r∗i
− θ∗r∗j )2

exp


−

(θ∗r∗i
− θ∗r∗j )2

2σ2xTijL
†
Axij








+O(n−9)

≤ 1

n

∑

1≤i<j≤n
min



1,

√√√√σ2(np− 2C
√
np log n)−1

π(θ∗r∗i
− θ∗r∗j )2

exp


−

(np− 2C
√
np log n)(θ∗r∗i

− θ∗r∗j )2

4σ2







(3.38)

+O(n−9)

. 1

n

∑

1≤i<j≤n
min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1− δ′1)np(θ∗i − θ∗j )2

4σ2

)}
+ n−9

for some δ′1 = o(1) independent of θ∗, σ2 and r∗, where (3.38) is due to Lemma 3.7.2.
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We first consider the high signal-to-noise ratio regime, where npβ2

σ2 > 1. In this scenario,

∑

1≤i<j≤n
min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1− δ′1)np(θ∗i − θ∗j )2

4σ2

)}

≤
n−1∑

i=1

n∑

j=i+1

exp

(
−

(1− δ′1)np(θ∗i − θ∗j )2

4σ2

)

≤
n−1∑

i=1

exp

(
−

(1− δ′1)np(θ∗i − θ∗i+1)2

4σ2

)
n∑

j=i+1

exp

(
−

(1− δ′1)np[(θ∗i − θ∗j )2 − (θ∗i − θ∗i+1)2]

4σ2

)

≤
n−1∑

i=1

exp

(
−

(1− δ′1)np(θ∗i − θ∗i+1)2

4σ2

)
n∑

j=i+1

exp

(
−(1− δ′1)np(j − i− 1)β2

4σ2

)

.
n−1∑

i=1

exp

(
−

(1− δ′1)np(θ∗i − θ∗i+1)2

4σ2

)

where the last inequality is due to summation of an exponentially decaying series. This gives

the exponential rate in high signal-to-noise ratio regime.

Now, when npβ2

σ2 ≤ 1,

∑

1≤i<j≤n
min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1− δ′1)np(θ∗i − θ∗j )2

4σ2

)}

≤
n−1∑

i=1

∑

k≥1

∑

j>i

(k−1)

√
σ2

npβ2<j−i≤k
√

σ2

npβ2

min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1− δ′)np(θ∗i − θ∗j )2

4σ2

)}

.

√
σ2

npβ2

n−1∑

i=1


∑

k≥0

exp

(
−(1− δ′)k2

4

)
 . n

√
σ2

npβ2
∧ n2

where the last inequality also comes from summing an exponentially decaying series and n2

is a trivial upper bound. This finishes the proof of the upper bound.

Now we look at the lower bound. For any r∗ ∈ Sn, we have r∗(i,j) ∈ Sn defined as in
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(3.36). Then for any θ∗ ∈ Θn(β, C0),

inf
r̂

sup
r∗∈Sn

E(θ∗,σ2,r∗) [K(r̂, r∗)]

≥ inf
r̂

1

n

∑

1≤i<j≤n

1

n!

∑

r∗∈Sn

P(θ∗,σ2,r∗)

(
sign(r̂i − r̂j)sign(r∗i − r∗j ) < 0

)

= inf
r̂

1

n

∑

1≤i<j≤n

1

n!

∑

1≤a<b≤n

∑

r∗:{r∗i ,r∗j }={a,b}
P(θ∗,σ2,r∗)

(
sign(r̂i − r̂j)sign(r∗i − r∗j ) < 0

)

≥ 1

n

∑

1≤i<j≤n

2

n(n− 1)

∑

1≤a<b≤n

1

(n− 2)!

∑

r∗:r∗i =a,r∗j=b

inf
r̂

P(θ∗,σ2,r∗) (r̂i 6= a) + P(θ∗,σ2,r∗(i,j)) (r̂i 6= b)

2

& 1

n

∑

1≤i<j≤n

2

n(n− 1)

∑

1≤a<b≤n

1

(n− 2)!

∑

r∗:r∗i =a,r∗j=b

min

{
1,

√
σ2

np(θ∗a − θ∗b )2
exp

(
−(1 + δ′)np(θ∗a − θ∗b )2

4σ2

)}

(3.39)

=
1

n

∑

1≤a<b≤n
min

{
1,

√
σ2

np(θ∗a − θ∗b )2
exp

(
−(1 + δ′)np(θ∗a − θ∗b )2

4σ2

)}

for some δ′ = o(1), where (3.39) comes from Lemma 3.7.3.

We still consider the high signal-to-noise ratio case first.

∑

1≤i<j≤n
min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1 + δ′)np(θ∗i − θ∗j )2

4σ2

)}

≥
n−1∑

i=1

√
σ2

np(θ∗i − θ∗i+1)2
exp

(
−

(1 + δ′)np(θ∗i − θ∗i+1)2

4σ2

)

&
n−1∑

i=1

exp

(
−

(1 + δ)np(θ∗i − θ∗i+1)2

4σ2

)
(3.40)

where δ in (3.40) can be chosen arbitrarily small when npβ2/σ2 > 1, which concludes the
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exponential lower bound.

For the polynomial lower bound when signal-to-noise ratio is small,

∑

1≤i<j≤n
min

{
1,

√
σ2

np(θ∗i − θ∗j )2
exp

(
−

(1 + δ′)np(θ∗i − θ∗j )2

4σ2

)}

&
n∑

i=1

∑

j 6=i
|j−i|≤

√
σ2

npβ2

min

{
1,

√
σ2

np(θi − θj)2
exp

(
−(1 + δ′)np(θi − θj)2

4σ2

)}

&
n∑

i=1

n ∧



√

σ2

npβ2




which concludes the proof.

3.7.2 Proof of Theorem 3.3.2

This section proves Theorem 3.3.2. Since the upper bound part of the proof has already been

given in Section 3.4.3, we only need to establish the lower bound. First of all, we establish

a few lemmas.

Lemma 3.7.4 (Central limit theorem, Theorem 2.20 of [91]). If Z ∼ N (0, 1) and W =
∑n
i=1Xi where Xi are independent mean 0 and Var(W ) = 1, then

sup
t
|P(W ≤ t)− P(Z ≤ t)| ≤ 2

√√√√3
n∑

i=1

(
EX4

i

)3/4
.

Lemma 3.7.5. Assume p ≥ c0
log n
n for some sufficiently large constant c0 > 0. For any

fixed {wijk}, i, j ∈ [n], k ∈ K where K is a discrete set with cardinality at most nc1 for some

constant c1 > 0. Assume maxi,j∈[n],k∈K
∣∣wijk

∣∣ ≤ c2 and

p min
i∈[n],k∈K

∑

j∈[n]\{i}
w2
ijk ≥ c3 log n
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for some constants c2, c3 > 0. Then there exists constants C1, C2 > 0, such that for any

i ∈ [n],

max
k∈K

∑

j∈[n]\{i}
(Aij − p)wijk ≤ C1

√
p log nmax

k∈K

∑

j∈[n]

w2
ijk

with probability at least 1− C2n
−10.

Proof. For any constant C ′1 > 0, by Bernstein’s inequality, we have

P


max
k∈K

∑

j∈[n]\{i}
(Aij − p)wijk > C ′1

√
p log nmax

k∈K

∑

j∈[n]

w2
ijk




≤ |K|max
k∈K

e

−
C′21 p lognmaxk∈K

∑
j∈[n] w

2
ijk

2p
∑
j∈[n]\{i} w2

ijk
+ 2

3 maxi,j∈[n],k∈K|wijk|C′1
√
p lognmaxk∈K

∑
j∈[n] w

2
ijk

≤ nc1 exp

(
−C
′2
1

C ′2
log n

)

for some constant C ′2 > 0. Thus we can set C ′1 large enough to make the theorem holds.

Lemma 3.7.6. Assume 1 ≤ C0 = O(1) and 0 < β = o(1). For any constant α > 0, there

exists constants C1, C2 > 0 such that for any θ ∈ Θn(β, C0),

C1
1

β ∨ 1/n
≤ inf
θ0∈[θn,θ1]

n∑

i=1

ψ′(θ0 − θi)α ≤ sup
θ0∈[θn,θ1]

n∑

i=1

ψ′(θ0 − θi)α ≤ C2
1

β ∨ 1/n

for n large enough.

Proof. Define

Rθ(x, t1, t2) = {i : t1 ≤ |θi − x| < t2} (3.41)

It is easy to see that there exist constants C ′1, C
′
2 > 0 such that for any θ ∈ Θn(β, C0),

C ′1
β ∨ 1/n

≤ inf
x∈[θn,θ1]

|Rθ(x, 0, 1)| (3.42)
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and

sup
t∈N

sup
x∈[θn,θ1]

|Rθ(x, t, t+ 1)| ≤ C ′2
β ∨ 1/n

(3.43)

Thus

inf
θ0∈[θn,θ1]

n∑

i=1

ψ′(θ0 − θi)α ≥ inf
θ0∈[θn,θ1]

∑

i∈Rθ(θ0,0,1)

ψ′(θ0 − θi)α

= inf
θ0∈[θn,θ1]

∑

i∈Rθ(θ0,0,1)

[
eθ0−θi

(
1 + eθ0−θi

)2

]α
≥ inf
θ0∈[θn,θ1]

∑

i∈Rθ(θ0,0,1)

1

4α
e−α|θ0−θi|

≥ inf
θ0∈[θn,θ1]

|Rθ(θ0, 0, 1)| 1

4α
e−α ≥ C ′3

β ∨ 1/n

for some constant C ′3 > 0. On the other hand,

sup
θ0∈[θn,θ1]

n∑

i=1

ψ′(θ0 − θi)α = sup
θ0∈[θn,θ1]

∑

t≥0

∑

i∈Rθ(θ0,t,t+1)

ψ′(θ0 − θi)α

≤ sup
θ0∈[θn,θ1]

∑

t≥0

∑

i∈Rθ(θ0,t,t+1)

e−α|θ0−θi| ≤ sup
θ0∈[θn,θ1]

∑

t≥0

|Rθ(θ0, t, t+ 1)| e−αt

≤ C ′4
β ∨ 1/n

for some constant C ′4 > 0, which concludes the proof.

Lemma 3.7.7. Assume p ≥ c0(β ∨ 1
n) log n for some sufficiently large constant c0 > 0 and

1 ≤ C0 = O(1). For any constant α > 0, there exist constants C1, C2, C3 > 0 such that for

any r ∈ Sn, i 6= j ∈ [n], and θ ∈ Θn(β, C0),

inf
u∈[0,1]

∑

k 6=i,j
Aikψ

′(uθri + (1− u)θrj − θrk)α ≥ C1
p

β ∨ 1/n
(3.44)

and

sup
u∈[0,1]

∑

k 6=i,j
Aikψ

′(uθri + (1− u)θrj − θrk)α ≤ C2
p

β ∨ 1/n
(3.45)
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with probability at least 1−O(n−10) for n large enough.

Proof. We remark that p ≥ c0(β ∨ 1
n) log n necessarily implies 0 < β = o(1). We only give

the proof of (3.45). The inf part (3.44) can be proved similarly. For (3.45),

sup
u∈[0,1]

∑

k 6=i,j
Aikψ

′(uθri + (1− u)θrj − θrk)α

≤ C ′1p
β ∨ 1/n

+ sup
u∈[0,1]

∑

k 6=i,j
(Aik − p)ψ′(uθri + (1− u)θrj − θrk)α (3.46)

for some constant C ′1 > 0, where (3.46) uses Lemma 3.7.6. To bound the second term in

(3.46), we use standard discretization technique. Let ua = a
n , a ∈ [n]. Then for any u ∈ [0, 1],

let a(u) = arg mina∈[n] |u− ua|. We have
∣∣∣u− ua(u)

∣∣∣ ≤ 1/n. Observe that for any u ∈ [0, 1],

∣∣∣∣∣∣
∑

k 6=i,j
(Aik − p)

(
ψ′(uθri + (1− u)θrj − θrk)α − ψ′(ua(u)θri + (1− ua(u))θrj − θrk)α

)
∣∣∣∣∣∣

≤ α sup
ξ∈[u∧ua(u),u∨ua(u)]

∑

k 6=i,j
ψ′(ξθri + (1− ξ)θrj − θrk)α

∣∣∣u− ua(u)

∣∣∣
∣∣∣θri − θrj

∣∣∣ (3.47)

≤ C ′2nβ
n

1

β ∨ 1/n
≤ C ′2

p

β ∨ 1/n
(3.48)

for some constant C ′2 > 0, where (3.47) is due to mean value theorem and
∣∣ψ′′(x)

∣∣ ≤ ψ′(x)

while (3.48) comes from Lemma 3.7.6. Therefore,

sup
u∈[0,1]

∑

k 6=i,j
Aikψ

′(uθri + (1− u)θrj − θrk)α

≤ C ′3p
β ∨ 1/n

+ max
a∈[n]

∑

k 6=i,j
(Aik − p)ψ′(uaθri + (1− ua)θrj − θrk)α (3.49)

≤ C ′3p
β ∨ 1/n

+ C ′4
√
p log n max

a∈[n]

∑

k 6=i,j
ψ′(uaθri + (1− ua)θrj − θrk)2α (3.50)

≤ C ′5p
β ∨ 1/n

(3.51)

188



for some constants C ′3, C
′
4, C

′
5 > 0 with probability at least 1 − O(n−10), where (3.49) is

due to (3.48) and p
β∨1/n

& log n � 1. (3.50) comes from Lemma 3.7.6,
∣∣ψ′(x)

∣∣ ≤ 1/4 and

Lemma 3.7.5. (3.51) is a consequence of Lemma 3.7.6 and log n . p
β∨1/n

, which concludes

the proof.

To proceed with our proof for the lower bound, we define

Gi,j,k,θ,r(u) = log
(1 + eθri−θrk )u(1 + e

θrj−θrk )1−u

1 + e
uθri+(1−u)θrj−θrk

. (3.52)

This term is a key ingredient in the exponent of the rate. We first derive some properties of

this term.

Lemma 3.7.8. Assume 1 ≤ C0 = O(1) and 0 < β = o(1). For any constant C > 0,

there exist constants C1, C2, C3 > 0 such that for any θ ∈ Θn(β, C0), any r ∈ Sn and any

i 6= j ∈ [n] such that
∣∣∣θri − θrj

∣∣∣ ≤ C, the following hold for n large enough,

sup
u∈[0,1]

sup
k 6=i,j

Gi,j,k,θ,r(u) ≤ C1, (3.53)

sup
u∈[0,1]

∑

k 6=i,j
Gi,j,k,θ,r(u) +Gi,j,k,θ,r(1− u) ≤

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
, (3.54)

sup
u∈[0,1]

∑

k 6=i,j
Gi,j,k,θ,r(u)2 +Gi,j,k,θ,r(1− u)2 ≤ C2

(θri − θrj )4

β ∨ 1/n
, (3.55)

C3

∣∣∣θri − θrj
∣∣∣
2

β ∨ 1/n
≤
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
≤ C2

∣∣∣θri − θrj
∣∣∣
2

β ∨ 1/n
. (3.56)
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Proof. We first look at (3.53). Note that

Gi,j,k,θ,r(u) = log
ψ(uθri + (1− u)θrj − θrk)

ψ(θri − θrk)uψ(θrj − θrk)1−u

≤ log
ψ(uθri + (1− u)θrj − θrk)

ψ(θri − θrk) ∧ ψ(θrj − θrk)

= log
(1 + eθri−θrk )

e
(1−u)(θri−θrj )

+ eθri−θrk
∨ log

(1 + e
θrj−θrk )

e
−u(θri−θrj )

+ e
θrj−θrk

≤ C

where the last inequality comes from
∣∣∣θri − θrj

∣∣∣ ≤ C.

Now we look at (3.54).

sup
u∈[0,1]

∑

k 6=i,j
Gi,j,k,θ,r(u) +Gi,j,k,θ,r(1− u)

= sup
u∈[0,1]

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

1 + e
uθri+(1−u)θrj−θrk + e

(1−u)θri+uθrj−θrk + e
θri+θrj−2θrk

≤ sup
u∈[0,1]

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

1 + 2e
θri+θrj

2 −θrk + e
θri+θrj−2θrk

=
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
.

To see (3.55), we first note that

Gi,j,k,θ,r(u)

= u log(1 + eθri−θrk ) + (1− u) log(1 + e
θrj−θrk )− log(1 + e

uθri+(1−u)θrj−θrk )

≥ 0
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by Jensen’s inequality. Therefore,

sup
u∈[0,1]

∑

k 6=i,j
Gi,j,k,θ,r(u)2 +Gi,j,k,θ,r(1− u)2 ≤ sup

u∈[0,1]

∑

k 6=i,j
(Gi,j,k,θ,r(u) +Gi,j,k,θ,r(1− u))2

≤
∑

k 6=i,j




log
(1 + eθri−θrk )(1 + e

θrj−θrk )
(

1 + e
θri+θrj

2 −θrk
)2




2

(3.57)

where (3.57) can be derived similarly as in the proof of (3.54). To upper bound (3.57), recall

the definition of Rθ(·, ·, ·) in (3.41). We have that for any k such that rk ∈ Rθ(
θri+θrj

2 , t, t+1),

log
(1 + eθri−θrk )(1 + e

θrj−θrk )
(

1 + e
θri+θrj

2 −θrk
)2

= log


cosh(

θri+θrj
2 − θrk) + cosh

θri−θrj
2

cosh(
θri+θrj

2 − θrk) + 1




≤ cosh
θri−θrj

2 − 1

cosh(
θri+θrj

2 − θrk) + 1
≤
C ′1(θri − θrj )2

et
(3.58)

for some constant C ′1 > 0. (3.58) can be seen from coshx ≤ 1 + C ′2x
2 for some constant

C ′2 > 0 when |x| ≤ C/2. and the fact that t ≤ |
θri+θrj

2 − θrk | ≤ t + 1. Therefore, using

(3.43) and (3.58),

∑

k 6=i,j




log
(1 + eθri−θrk )(1 + e

θrj−θrk )
(

1 + e
θri+θrj

2 −θrk
)2




2

≤
∑

t≥0

∑

k:rk∈Rθ(
θri+θrj

2 ,t,t+1)

C ′21 (θri − θrj )4

e2t
≤
C ′3(θri − θrj )4

β ∨ 1/n

for some constant C ′3 > 0. The upper bound of (3.56) can be proved similarly.
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Finally, we turn to the lower bound of (3.56). Note that we also have coshx ≥ 1 +C ′4x
2

for some constant C ′4 > 0 when |x| ≤ C/2. Therefore, when rk ∈ Rθ(
θri+θrj

2 , 0, 1),

log
(1 + eθri−θrk )(1 + e

θrj−θrk )
(

1 + e
θri+θrj

2 −θrk
)2

= log


1 +

cosh
θri−θrj

2 − 1

cosh(
θri+θrj

2 − θrk) + 1




≥ cosh
θri−θrj

2 − 1

cosh
θri−θrj

2 + cosh(
θri+θrj

2 − θrk)
≥ C ′5

∣∣∣θri − θrj
∣∣∣
2

(3.59)

for some constant C ′5 > 0, where the first inequality is due to the fact that log(1 + x) ≥

x/(1 + x) for any x > −1. Thus,

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
≥

∑

k:rk∈Rθ(
θri+θrj

2 ,0,1)
k 6=i,j

log
(1 + eθri−θrk )(1 + e

θrj−θrk )
(

1 + e
θri+θrj

2 −θrk
)2

≥
(∣∣∣∣Rθ(

θri + θrj
2

, 0, 1)

∣∣∣∣− 2

)
C ′5
∣∣∣θri − θrj

∣∣∣
2
≥
C ′6
∣∣∣θri − θrj

∣∣∣
2

β ∨ 1/n
(3.60)

for some constant C ′6 > 0, where (3.60) is a result of (3.42) and (3.59).

Lemma 3.7.9. Assume p
log n(β∨1/n)

→ ∞ and 1 ≤ C0 = O(1). For any constant C1 > 0,

there exists δ = o(1) and constant C2 > 0, such that for any θ ∈ Θn(β, C0), any r ∈ Sn

and any i 6= j ∈ [n] such that
∣∣∣θri − θrj

∣∣∣ ≤ C1, the following holds with probability at least

1−O(n−10) for n large enough,

sup
u∈[0,1]

∑

k 6=i,j
AikGi,j,k,θ,r(u)+AjkGi,j,k,θ,r(1−u) ≤ (1+δ)p

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
.
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Proof. First we have

ψ(a− c) ∧ ψ(b− c) ≤ 1

a− b log
1 + ea−c

1 + eb−c
≤ ψ(a− c) ∨ ψ(b− c), (3.61)

for any a, b, c ∈ R. To see why (3.61) holds, let us study the function f(δ) = log(1 + exp(x+

δ))− log(1 + exp(x))− δ exp(x)/(1 + exp(x)) for any x. Note that f ′(δ) = exp(x+ δ)/(1 +

exp(x + δ)) − exp(x)/(1 + exp(x)) is positive when δ > 0 and negative when δ < 0. Since

f(0) = 0, we have f(δ) ≥ 0. As a result, we have exp(x)/(1+exp(x)) ≤ δ−1 log((1+exp(x+

δ))/(1 + exp(x))) when δ > 0 and the direction of the inequality is reversed when δ < 0.

WLOG, we assume a−b > 0. Then the first inequality of (3.61) is proved by taking x = b−c

and δ = a− b and second one is proved by taking x = a− c and δ = −(a− b).

Recall the definition of Gi,j,k,θ,r in (3.52). Then

∣∣∣G′i,j,k,θ,r(u)
∣∣∣ =

∣∣∣θri − θrj
∣∣∣
∣∣∣∣∣

1

θri − θrj
log

1 + eθri−θrk

1 + e
θrj−θrk

− e
u(θri−θrj )+θrj−θrk

1 + e
u(θri−θrj )+θrj−θrk

∣∣∣∣∣

≤
∣∣∣θri − θrj

∣∣∣
∣∣∣ψ(θri − θrk)− ψ(θrj − θrk)

∣∣∣ (3.62)

≤
∣∣∣θri − θrj

∣∣∣
2
. (3.63)

Here (3.62) is due to the observation that both terms are in the interval [ψ(θri−θrk)∧ψ(θrj−

θrk), ψ(θri−θrk)∨ψ(θrj−θrk)] for any u ∈ [0, 1], where the first term is due to (3.61) and the

second term is due to the monotonicity of exp(x)/(1+exp(x)). Hence the difference between

these two terms are bounded by
∣∣∣ψ(θri − θrk)− ψ(θrj − θrk)

∣∣∣ in absolute value. (3.63) is

due to ψ′(x) ≤ 1/4. Following the line of discretization, let ua = a
n , a = 1, ..., n. Then for
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any u ∈ [0, 1], let a(u) = arg mina∈[n] |u− ua|. We have
∣∣∣u− ua(u)

∣∣∣ ≤ 1/n. Thus,

|
∑

k 6=i,j
(Aik − p)(Gi,j,k,θ,r(u)−Gi,j,k,θ,r(ua(u)))

+ (Ajk − p)(Gi,j,k,θ,r(1− u)−Gi,j,k,θ,r(1− ua(u)))|

≤ 2
∣∣∣θri − θrj

∣∣∣
2

(n− 2)
∣∣∣u− ua(u)

∣∣∣ ≤ 2
∣∣∣θri − θrj

∣∣∣
2
. (3.64)
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Then

sup
u∈[0,1]

∑

k 6=i,j
AikGi,j,k,θ,r(u) + AjkGi,j,k,θ,r(1− u)

≤ p
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
(3.65)

+ sup
u∈[0,1]

∑

k 6=i,j
(Aik − p)Gi,j,k,θ,r(u) + (Ajk − p)Gi,j,k,θ,r(1− u)

≤ p
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2

+ 2
∣∣∣θri − θrj

∣∣∣
2

+ max
a∈[n]

∑

k 6=i,j
(Aik − p)Gi,j,k,θ,r(ua) + (Ajk − p)Gi,j,k,θ,r(1− ua)

(3.66)

≤ p
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
+ 2

∣∣∣θri − θrj
∣∣∣
2

+ C ′1
√
p log n max

a∈[n]

∑

k 6=i,j
Gi,j,k,θ,r(ua)2 +Gi,j,k,θ,r(1− ua)2 (3.67)

≤ p
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
+ 2

∣∣∣θri − θrj
∣∣∣
2

+ C ′2
∣∣∣θri − θrj

∣∣∣
2
√

p log n

β ∨ 1/n

(3.68)

= (1 + δ)p
∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
(3.69)

with probability at least 1 − O(n−10) for some constants C ′1, C
′
2 > 0 and δ = o(1). (3.65)

is due to Lemma 3.7.8. (3.66) comes from (3.64). (3.67) and (3.68) are a consequence of
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Lemma 3.7.5 and Lemma 3.7.8. (3.69) is because of Lemma 3.7.8 and

p
1

∣∣∣θri − θrj
∣∣∣
2

∑

k 6=i,j
log

(1 + eθri−θrk )(1 + e
θrj−θrk )

(
1 + e

θri+θrj
2 −θrk

)2
& p

β ∨ 1/n
�
√

p log n

β ∨ 1/n
� 1,

which concludes the proof.

Lemma 3.7.10. Assume p
log n(β∨1/n)

→ ∞ and 1 ≤ C0 = O(1). For any constant C > 0.

there exist constants C1, C2 > 0, δ = o(1) such that for any θ∗ ∈ Θn(β, C0), any r∗ ∈ Sn

and i 6= j ∈ [n] such that
∣∣∣∣θ∗r∗i − θ

∗
r∗j

∣∣∣∣ ≤ C, we have

inf
r̂

P(θ∗,r∗) (r̂ 6= r∗) + P(θ∗,r∗(i,j))

(
r̂ 6= r∗(i,j)

)

2

≥ C1 exp


−

√√√√C2Lp(θ
∗
r∗i
− θ∗r∗j )2

β ∨ 1/n
− (1 + δ)2Lp

∑

k 6=i,j
Gi,j,k,θ∗,r∗(1/2)




for n large enough. Here r∗(i,j) is defined as in (3.36).

Proof. By Neyman-Pearson Lemma, the optimal procedure is the likelihood ratio test:

inf
r̂

P(θ∗,r∗) (r̂ 6= r∗) + P(θ∗,r∗(i,j))

(
r̂ 6= r∗(i,j)

)

2

=
P(θ∗,r∗)

(
`n(θ∗, r∗) ≥ `n(θ∗, r∗(i,j))

)
+ P(θ∗,r∗(i,j))

(
`n(θ∗, r∗) ≤ `n(θ∗, r∗(i,j))

)

2

We only need to lower bound P(θ∗,r∗)

(
`n(θ∗, r∗) ≥ `n(θ∗, r∗(i,j))

)
and the other term can

be bounded similarly. WLOG, assume i < j and r∗i = a < r∗j = b. Let

Zkl = yikl log
ψ(θ∗b − θ∗r∗k)

ψ(θ∗a − θ∗r∗k)
+ (1− yikl) log

1− ψ(θ∗b − θ∗r∗k)

1− ψ(θ∗a − θ∗r∗k)
, k 6= i, j,
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Z̄kl = yjkl log
ψ(θ∗a − θ∗r∗k)

ψ(θ∗b − θ∗r∗k)
+ (1− yjkl) log

1− ψ(θ∗a − θ∗r∗k)

1− ψ(θ∗b − θ∗r∗k)
, k 6= i, j

and

Z0l = yijl log
ψ(θ∗b − θ∗a)

ψ(θ∗a − θ∗b )
+ (1− yijl) log

1− ψ(θb − θ∗a)

1− ψ(θ∗a − θ∗b )
.

To simplify notation, we use PA(·) as P(θ∗,r∗)(·|A) and EA[·] as E(θ∗,r∗)[·|A]. Then

PA
(
`n(θ∗, r∗) ≥ `n(θ∗, r∗(i,j))

)
= PA




L∑

l=1


AijZ0l +

∑

k 6=i,j
AikZkl + AjkZ̄kl


 ≥ 0


 .

Let µi′j′ = ψ(θ∗r∗
i′
− θ∗r∗

j′
) for any i′ 6= j′. Define

νr∗(u) = logEA



exp


u


AijZ01 +

∑

k 6=i,j
AikZk1 + AjkZ̄k1









= Aijν0,r∗(u) +
∑

k 6=i,j
Aikνk,r∗(u) +

∑

k 6=i,j
Ajkν̄k,r∗(u)

where

ν0,r∗(u) = log
[
µuij(1− µij)1−u + µ1−u

ij (1− µij)u
]

= − log
1 + eθ

∗
a−θ∗b

eu(θ∗a−θ∗b ) + e(1−u)(θ∗a−θ∗b )

νk,r∗(u) = log
[
µujkµ

1−u
ik + (1− µjk)u(1− µik)1−u

]
= −Gi,j,k,θ∗,r∗(1− u)

ν̄k,r∗(u) = log
[
µuikµ

1−u
jk + (1− µik)u(1− µjk)1−u

]
= −Gi,j,k,θ∗,r∗(u).

νr∗(u) is the conditional cumulant generating function of AijZ01 +
∑
k 6=i,j AikZkl +AjkZ̄kl.

We also have ν0,r∗(u), νk,r∗(u), ν̄k,r∗(u) as the cumulant generating functions of Z01, Zk1, Z̄k1

respectively. Define

u∗r∗ = arg min
u≥0

νr∗(u).

Since cumulant generating functions are convex and νr∗(0) = νr∗(1) = 0, it can be seen
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easily that u∗r∗ ∈ (0, 1) and depends on A. Following the change-of-measure argument in the

proof of Lemma 8.4 and Lemma 9.3 of [21], we have

PA




L∑

l=1


AijZ0l +

∑

k 6=i,j
AikZkl + AjkZ̄kl


 ≥ 0




≥ exp (−u∗r∗T + Lνr∗(u
∗
r∗))QA


0 ≤

L∑

l=1


AijZ0l +

∑

k 6=i,j
AikZkl + AjkZ̄kl


 ≤ T




(3.70)

for any T in (3.70) to be determined later and QA is a measure under which Z0l, Zkl, Z̄kl, l ∈

[L], k 6= i, j are all independent given A and follow

QA(Z0l = s) = eu
∗
r∗s−ν0,r∗(u∗r∗)PA (Z0l = s) ,

QA(Zkl = s) = eu
∗
r∗s−νk,r∗(u∗r∗)PA (Zkl = s) , k 6= i, j, k ∈ [n],

QA(Z̄kl = s) = eu
∗
r∗s−ν̄k,r∗(u∗r∗)PA

(
Z̄kl = s

)
, k 6= i, j, k ∈ [n].

Furthermore, by definition of u∗r∗ , the expectation of AijZ0l+
∑
k 6=i,j AikZkl+AjkZ̄kl under

QA is 0.

We can compute the 2nd and 4th moments under QA, denoted as VarQA(·) and κQA(·)

respectively:

VarQA(Z0l) = ν′′0,r∗(u
∗
r∗) = 4µij(1− µij)

(θ∗a − θ∗b )2e2u∗r∗(θ
∗
a−θ∗b )

((1− µij)e2u∗
r∗(θ

∗
a−θ∗b ) + µij)2

= 4(θ∗a − θ∗b )2ψ′
(
(1− 2u∗r∗)(θ

∗
a − θ∗b )

)
, (3.71)
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VarQA(Zkl) = ν′′k,r∗(u
∗
r∗) = µik(1− µik)

(θ∗a − θ∗b )2eu
∗
r∗(θ

∗
a−θ∗b )

((1− µik)eu
∗
r∗(θ

∗
a−θ∗b ) + µik)2

= (θ∗a − θ∗b )2ψ′
(

(1− u∗r∗)θ∗a + u∗r∗θ
∗
b − θ∗r∗k

)
, k 6= i, j, k ∈ [n], (3.72)

VarQA(Z̄kl) = ν̄′′k,r∗(u
∗
r∗) = µjk(1− µjk)

(θ∗a − θ∗b )2e−u
∗
r∗(θ

∗
a−θ∗b )

((1− µjk)e−u
∗
r∗(θ

∗
a−θ∗b ) + µjk)2

= (θ∗a − θ∗b )2ψ′
(
u∗r∗θ

∗
a + (1− u∗r∗)θ∗b − θ∗r∗k

)
, k 6= i, j, k ∈ [n] (3.73)

and

κQA(Z0l) = QA
(

(Z0l −QA(Z0l))
4
)

= ν′′′′0,r∗(u
∗
r∗) + 3ν′′0,r∗(u

∗
r∗)

2

≤ 16µij(1− µij)
(θ∗a − θ∗b )4e2u∗r∗(θ

∗
a−θ∗b )

[(1− µij)e2u∗
r∗(θ

∗
a−θ∗b ) + µij ]2

+ 3ν′′0,r∗(u
∗
r∗)

2

= 4(θ∗a − θ∗b )2ν′′0,r∗(u
∗
r∗) + 3ν′′0,r∗(u

∗
r∗)

2 ≤ 7(θ∗a − θ∗b )4ψ′
(
(1− 2u∗r∗)(θ

∗
a − θ∗b )

)
, (3.74)

κQA(Zkl) = QA
(

(Zkl −QA(Zkl))
4
)
≤ (θ∗a − θ∗b )2ν′′k,r∗(u

∗
r∗) + 3ν′′k,r∗(u

∗
r∗)

2

≤ 4(θ∗a − θ∗b )4ψ′
(

(1− u∗r∗)θ∗a + u∗r∗θ
∗
b − θ∗r∗k

)
, k 6= i, j, k ∈ [n] (3.75)

κQA(Z̄kl) = QA
(

(Z̄kl −QA(Z̄kl))
4
)
≤ (θ∗a − θ∗b )2ν̄′′k,r∗(u

∗
r∗) + 3ν̄′′k,r∗(u

∗
r∗)

2

≤ 4(θ∗a − θ∗b )4ψ′
(
u∗r∗θ

∗
a + (1− u∗r∗)θ∗b − θ∗r∗k

)
, k 6= i, j, k ∈ [n]. (3.76)

Let F1 be the event on which the following holds:

inf
u∈[0,1]

∑

k 6=i,j
Aikψ

′((1− u)θ∗a + uθ∗b − θ∗r∗k) + Ajkψ
′(uθ∗a + (1− u)θ∗b − θ∗r∗k) ≥ C ′1

p

β ∨ 1/n
,

199



sup
u∈[0,1]

∑

k 6=i,j
Aikψ

′((1− u)θ∗a + uθ∗b − θ∗r∗k)3/4 +Ajkψ
′(uθ∗a + (1− u)θ∗b − θ∗r∗k)3/4 ≤ C ′2

p

β ∨ 1/n

for some constants C ′1, C
′
2 > 0. We shall choose C ′1, C

′
2 to make F1 happen with probability

at least 1−O(n−10) by Lemma 3.7.7. Therefore, we shall choose T as

T =

√√√√√L


AijVarQA(Z01) +

∑

k 6=i,j
AikVarQA(Zk1) + AjkVarQA(Z̄k1)




≤
√
C ′3L

p(θ∗a − θ∗b )2

β ∨ 1/n

on F1 for some constant C ′3 > 0 using (3.71)-(3.73). With this choice of T , the QA measure

can be lower bounded by some constant C ′4 > 0 on F1. This can be seen by bounding the

4th moment approximation bound using Lemma 3.7.4 :

√√√√√L
AijκQA(Z01)3/4 +

∑
k 6=i,j AikκQA(Zkl)

3/4 + AjkκQA(Z̄kl)
3/4

(
LAijVarQA(Z01) + L

∑
k 6=i,j AikVarQA(Zk1) + AjkVarQA(Z̄k1)

)3/2

≤

√√√√√√√C ′5L

∑
k 6=i,j Aikψ′

(
(1− u∗r∗)θ∗a + u∗r∗θ

∗
b − θ∗r∗k

)3/4
+ Ajkψ

′
(
u∗r∗θ

∗
a + (1− u∗r∗)θ∗b − θ∗r∗k

)3/4

(
L
∑
k 6=i,j Aikψ′((1− u∗r∗)θ∗a + u∗r∗θ

∗
b − θ∗r∗k) + Ajkψ

′(u∗r∗θ
∗
a + (1− u∗r∗)θ∗b − θ∗r∗k)

)3/2

(3.77)

≤ C ′6

(
L

p

β ∨ 1/n

)−1/4

(3.78)

on F1 for some constants C ′5, C
′
6 > 0 and this bound tends to 0. (3.77) is due to (3.71)-(3.73)

and (3.74)-(3.76). (3.78) is a consequence of Lemma 3.7.7.

200



Now we turn to Lνr∗(u∗r∗). Let F2 be the event on which the following holds:

sup
u∈[0,1]

∑

k 6=i,j
(AikGi,j,k,θ∗,r∗(1− u) + AjkGi,j,k,θ∗,r∗(u))

≤ (1 + δ′1)2p
∑

k 6=i,j
Gi,j,k,θ∗,r∗(1/2).

By Lemma 3.7.9, there exists δ′1 = o(1) independent of i, j, θ∗, r∗ such that F2 holds with

probability at least 1−O(n−10). Then, on this event,

νr∗(ur∗) ≥ − sup
u∈[0,1]


−Aijν0,r∗(u)−

∑

k 6=i,j
(Aikνk,r∗(u) + Ajkν̄k,r∗(u))




≥ −Aij sup
u∈[0,1]

log
1 + eθ

∗
a−θ∗b

eu(θ∗a−θ∗b ) + e(1−u)(θ∗a−θ∗b )

− sup
u∈[0,1]

∑

k 6=i,j
(AikGi,j,k,θ∗,r∗(1− u) + AjkGi,j,k,θ∗,r∗(u))

≥ −C ′7
∣∣θ∗a − θ∗b

∣∣2 − (1 + δ′1)2p
∑

k 6=i,j
Gi,j,k,θ∗,r∗(1/2) (3.79)

≥ −(1 + δ′2)2p
∑

k 6=i,j
Gi,j,k,θ∗,r∗(1/2) (3.80)

for some δ′2 = o(1). (3.79) comes from

log
1 + eθ

∗
a−θ∗b

eu(θ∗a−θ∗b ) + e(1−u)(θ∗a−θ∗b )
≤ log cosh

θ∗a − θ∗b
2

≤ cosh
θ∗a − θ∗b

2
− 1 ≤ C ′7

∣∣θ∗a − θ∗b
∣∣2

for some constant C ′7 > 0 when
∣∣θ∗a − θ∗b

∣∣ ≤ C. (3.80) is because of Lemma 3.7.8 and
p

β∨1/n
� 1. Note that δ′2 can also be chosen independent of i, j, θ∗, r∗.
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Thus, we can further lower bound (3.70) on F1 ∩ F2:

PA




L∑

l=1


AijZ0l +

∑

k 6=i,j
AikZkl + AjkZ̄kl


 ≥ 0




≥ C ′4 exp


−

√
C ′3Lp

(θ∗a − θ∗b )2

β ∨ 1/n
+ Lνr∗(u

∗
r∗)




≥ C ′4e
−
√
C ′3Lp

(θ∗a−θ∗b )2

β∨1/n
−L supu∈[0,1]

(
−Aijν0,r∗(u)−∑k 6=i,j(Aikνk,r∗(u)+Ajkν̄k,r∗(u))

)

≥ C ′4 exp


−

√
C ′3Lp

(θ∗a − θ∗b )2

β ∨ 1/n
− (1 + δ′2)2Lp

∑

k 6=i,j
Gi,j,k,θ∗,r∗(1/2)


 .

which finishes the proof.

Now we are ready to prove the lower bound part of Theorem 3.3.2.

Proof of Theorem 3.3.2 (lower bound). We remark that p ≥ c0(β ∨ 1
n) log n necessarily im-

plies 0 < β = o(1). It also implies n∧β−1 � 1 and β∨1/n
Lp = o(1) which will be useful in the

proof. Recall the definition of r∗(i,j) in (3.36) for any r∗ ∈ Sn and i, j ∈ [n] such that i 6= j.
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For any θ∗ ∈ Θn(β, C0), we have

inf
r̂

sup
r∗∈Sn

E(θ∗,r∗) [K(r̂, r)]

≥ inf
r̂

1

n!

∑

r∗∈Sn

1

n

∑

1≤i<j≤n
P(θ∗,r∗)

(
r̂i < r̂j , r

∗
i > r∗j

)
+ P(θ∗,r∗)

(
r̂i > r̂j , r

∗
i < r∗j

)

= inf
r̂

1

n

∑

1≤i<j≤n

1

n!

∑

r∗∈Sn

P(θ∗,r∗)

(
r̂i < r̂j , r

∗
i > r∗j

)
+ P(θ∗,r∗)

(
r̂i > r̂j , r

∗
i < r∗j

)

≥ 1

n

∑

1≤a<b≤n

2

n(n− 1)

∑

1≤i<j≤n

1

(n− 2)!

∑

r∗:r∗i =a,r∗j=b

inf
r̂

P(θ∗,r∗)(r̂ 6= r∗) + P(θ∗,r∗(i,j))(r̂ 6= r∗(i.j))

2

≥ 1

2n

n∑

a=1

2

n(n− 1)

∑

1≤i<j≤n

∑

b∈[n]\{a}:|a−b|≤1∨
√

C′1(β∨n−1)

Lpβ2

1

(n− 2)!

∑

r∗:r∗i =a,r∗j=b

inf
r̂

P(θ∗,r∗)(r̂ 6= r∗) + P(θ∗,r∗(i,j))(r̂ 6= r∗(i.j))

2
,

where C ′1 > 0 is a constant. Note that for any a, b ∈ [n] such that |a− b| ≤ 1∨
√

C ′1(β∨n−1)

Lpβ2 ,

we have
∣∣θ∗a − θ∗b

∣∣ ≤ C0

(
β ∨

√
C ′1(β∨n−1)

Lp

)
= o(1). Then by Lemma 3.7.10, we have

inf
r̂

sup
r∗∈Sn

E(θ∗,r∗) [K(r̂, r)] ≥ 1

2n

n∑

a=1

2

n(n− 1)

∑

1≤i<j≤n

∑

b∈[n]\{a}:|a−b|≤1∨
√

C′1(β∨n−1)

Lpβ2

C ′3 exp


−

√
C ′2Lp(θ∗a − θ∗b )2

β ∨ n−1
− (1 + δ′1)Lp

∑

k 6=a,b
log

(1 + eθ
∗
a−θ∗k)(1 + eθ

∗
b−θ∗k)

(
1 + e

θ∗a+θ∗
b

2 −θ∗k
)2


 ,

(3.81)
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for some constant C ′2, C
′
3 > 0 and some δ′1 = o(1). We are going to simplify the second term

in the exponent. We have

∑

k 6=a,b
log

(1 + eθ
∗
a−θ∗k)(1 + eθ

∗
b−θ∗k)

(
1 + e

θ∗a+θ∗
b

2 −θ∗k
)2

≤
∑

k 6=a,b

eθ
∗
a−θ∗k + eθ

∗
b−θ∗k − 2e

θ∗a+θ∗
b

2 −θ∗k
(

1 + e
θ∗a+θ∗

b
2 −θ∗k

)2
(3.82)

= 2
∑

k 6=a,b

(cosh
θ∗a−θ∗b

2 − 1)e
θ∗a+θ∗

b
2 −θ∗k

(
1 + e

θ∗a+θ∗
b

2 −θ∗k
)2

= (1 + δ′2)
(θ∗a − θ∗b )2

4

∑

k 6=a,b
ψ′
(
θ∗a + θ∗b

2
− θ∗k

)
(3.83)

= (1 + δ′3)
(θ∗a − θ∗b )2

4

∑

k 6=a
ψ′(θ∗a − θ∗k) (3.84)

for some δ′2 = o(1), δ′3 = o(1). Here (3.82) uses log(1+x) ≤ x. In (3.83) we use θ∗a−θ∗b = o(1)

and coshx − 1 = (1 + O(x))x
2

2 when x = o(1). From Lemma 3.7.6 we know
∑
k 6=a ψ

′(θ∗a −

θ∗k) � n ∧ β−1 � 1. Then using this and the fact supx

∣∣∣ψ
′(x+t)
ψ′(x)

− 1
∣∣∣ = O(t) when t = o(1),

we obtain (3.84). Using
∑
k 6=a ψ

′(θ∗a− θ∗k) � n∧β−1 again and the fact
∣∣θ∗a − θ∗b

∣∣ ≥ β, there

exists a constant C ′4 > 0 such that

√
C ′2Lp(θ∗a−θ∗b )2

β∨n−1

Lp(θ∗a−θ∗b )2

4

∑
k 6=a ψ′(θ∗a − θ∗k)

≤ C ′4√
Lpβ2

β∨n−1

.

Therefore, for an arbitrarily small constant δ > 0, we have constant C ′5 > 0, such that (3.81)
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can be lower bounded by

C ′3 exp


−

√
C ′2Lp(θ∗a − θ∗b )2

β ∨ n−1
− (1 + δ′3)

Lp(θ∗a − θ∗b )2

4

∑

k 6=a
ψ′(θ∗a − θ∗k)




≥ C ′3 exp


−


1 + δ′3 +

C ′4√
Lpβ2

β∨n−1



Lp(θ∗a − θ∗b )2

4Va(θ∗)




≥ C ′5 exp

(
−(1 + δ)

Lp(θ∗a − θ∗b )2

4Va(θ∗)

)
. (3.85)

So far, we obtain

inf
r̂

sup
r∗∈Sn

E(θ∗,r∗) [K(r̂, r)]

≥ 1

2n

n∑

a=1

2

n(n− 1)

∑

1≤i<j≤n

∑

b∈[n]\{a}:|a−b|≤1∨
√

C′1(β∨n−1)

Lpβ2

C ′5 exp

(
−(1 + δ)

Lp(θ∗a − θ∗b )2

4Va(θ∗)

)

(3.86)

≥ 1

2n

n∑

a=1

2

n(n− 1)

∑

1≤i<j≤n

∑

b=a+1

C ′5 exp

(
−(1 + δ)

Lp(θ∗a − θ∗b )2

4Va(θ∗)

)

≥ C ′5
2n

n∑

a=1

exp

(
−(1 + δ)

Lp(θ∗a − θ∗a+1)2

4Va(θ∗)

)
.

Hence, we obtain the exponential rate.

In the following we are going to derive the polynomial rate for the regime Lpβ2

β∨n−1 ≤ 1.

Note that for any a, b ∈ [n] such that |a− b| ≤ 1 ∨
√

C ′1(β∨n−1)

Lpβ2 , we have

Lp(θ∗a − θ∗b )2

4Va(θ∗)
. Lpβ2

n ∧ β−1

(
1 ∨ β ∨ n

−1

Lpβ2

)
. 1.
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Then from (3.86), there exist some constant C ′6, C
′
7 > 0 such that

inf
r̂

sup
r∗∈Sn

E(θ∗,r∗) [K(r̂, r)] ≥ 1

2n

n∑

a=1

2

n(n− 1)

∑

1≤i<j≤n

∑

b∈[n]\{a}:|a−b|≤1∨
√

C′1(β∨n−1)

Lpβ2

C ′6

≥ C ′6
2


1 ∨

√
C ′1(β ∨ n−1)

Lpβ2




≥ C ′7


n ∧

√
β ∨ n−1

Lpβ2


 ,

where the last inequality is due to Lpβ2

β∨n−1 ≤ 1 and the fact that the loss is at most n.

3.7.3 Proof of Theorem 3.4.1

The following two lemmas are needed for the proof of Theorem 3.4.1. Recall that ȳ(1)
ij =

1
L1

∑L1
l=1 yijl, i 6= j ∈ [n].

Lemma 3.7.11. There exists a constant C1 > 0 such that for any θ∗ ∈ Θn(β, C0) and

r∗ ∈ Sn,

max
i∈[n],j∈[n],i 6=j

∣∣∣∣ȳ
(1)
ij − ψ(θ∗r∗i − θ

∗
r∗j

)

∣∣∣∣ ≤ C1

√
log n

L1

holds with probability at least 1−O(n−10).

Proof. This can be seen directly by standard Hoeffding’s inequality and union bound argu-

ment.

Lemma 3.7.12. For L1 such that L1
log n →∞ and constantM ≥ 1, there exists 0 < δ0 = o(1)

and 0 < δ1 = o(1) such that for any θ∗ ∈ Θn(β, C0), any r∗ ∈ Sn,

max
i∈[n],j∈[n],i 6=j

∣∣∣∣ȳ
(1)
ij − ψ(θ∗r∗i − θ

∗
r∗j

)

∣∣∣∣ ≤ δ0
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and
n⋂

i=1

{
E1,i ⊂ E1,i ⊂ E1,i

}

hold with probability at least 1−O(n−10), where

E1,i =
{
j ∈ [n] : ȳ

(1)
ij ≤ ψ(−2M)

}
,

E1,i =

{
j ∈ [n] : θ∗r∗j ≥ θ∗r∗i + 2M + δ1

}
,

E1,i =

{
j ∈ [n] : θ∗r∗j ≥ θ∗r∗i + 2M − δ1

}
.

Proof. This is a direct consequence of Lemma 3.7.11 and M = O(1).

Now we are ready to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Let F (0) be the event on which Lemma 3.7.12 holds. We will always

work on this high probability event throughout the proof. Also, we will assume the regime

nβ →∞. The case β . 1/n is trivial since we only have one league S1 = [n] if M is chosen

to be a large enough constant.

To start the exposition, we define a series of quantities iteratively for all k ∈ [K − 1],

with the base case S0 = S0 = S′0 = S̃0 = ∅, u(0) = u(0) = 0. Let

t
(k)
i =

∣∣∣
{
j ∈ [n]\S̃k−1 : j ∈ E1,i

}∣∣∣ ,

t
(k)
i =

∣∣∣
{
j ∈ [n]\S̃k−1 : j ∈ E1,i

}∣∣∣ ,

Sk =

{
i ∈ [n]\S̃k−1 :

(
1 +

0.11

C2
0

)
pt

(k)
i ≤ h

}
, (3.87)

Sk =

{
i ∈ [n]\S̃k−1 :

(
1− 0.11

C2
0

)
pt

(k)
i ≤ h

}
, (3.88)
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u(k) = max




r∗i : i ∈ [n]\S̃k−1, t

(k)
i ≤ M(

1− 0.12
C2

0

)
β




,

u(k) = max




r∗i : i ∈ [n]\S̃k−1, t

(k)
i ≤ M(

1 + 0.11
C2

0

)
β




,

w
(k)′
i =

∑

j∈Sk∩E1,i
AijI

{
j ∈ E1,i

}
,

S′k =
{
i ∈ [n]\S̃k−1 : w

(k)′
i ≤ h

}
,

S̃k = ]km=1S
′
m.

We make several remarks about these definition. The above definitions have essentially

constructed another partition S′1, S
′
2, ... using w

(k)′
i comparing to Algorithm 1 using w(k)

i .

The relationship between Sk and S′k will be made clear during the exposition. In fact, they

will be equal with high probability. We should keep in mind that the partition using w(k)′
i

is not a bona fide one since the definition uses E1,i and Sk which involve the knowledge of

θ∗. However, this can be used in theoretical exploration. Our strategy is to show certain

properties hold for partitions S′k, then Sk = S′k with high probability and thus inherits those

properties.

We start with some simple but crucial facts which will act as building blocks in the proof.

• t(k)
i and t(k)

i has the following monotonicity property: for any i, j ∈ [n]\S̃k−1 such that

r∗i ≤ r∗j ,

t
(k)
i ≤ t

(k)
j , t

(k)
i ≤ t

(k)
j . (3.89)

This is direct from the definition.
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• For any i ∈ [n]\S̃k−1,

0 ≤ t
(k)
i − t

(k)
i ≤ 2δ1

β
+ 1, (3.90)

which comes from t
(k)
i − t

(k)
i =

∣∣∣∣
{
j ∈ [n]\S̃k−1 : 2M − δ1 ≤ θ∗r∗j

− θ∗r∗i < 2M + δ1

}∣∣∣∣ .

• We have

{
i ∈ [n]\S̃k−1 : r∗i ≤ u(k)

}
= Sk ⊂ Sk ⊂

{
i ∈ [n]\S̃k−1 : r∗i ≤ u(k)

}
. (3.91)

Here Sk ⊂ Sk is due to monotonicity (3.89) and t
(k)
i ≤ t

(k)
i by definition. Recall

h = pM/β. Using (3.90), for any i ∈ Sk, we have t(k)
i ≤ t

(k)
i + 2δ1

β + 1 ≤ h(
1−0.11

C2
0

)
p

+

2δ1
β + 1 ≤ M(

1−0.12
C2

0

)
β
. Hence, we have Sk ⊂

{
i ∈ [n]\S̃k−1 : r∗i ≤ u(k)

}
.

• t(k)
i , t(k)

i , Sk, Sk, u(k), u(k) are measurable with respect to the σ-algebra generated by

S̃k−1. This is direct from the definition.

Now, we will prove the following statements by induction on k:

• With probability at least 1−O(kn−10),

Sk′ ⊂ Sk′ ⊂ Sk′ (3.92)

for all 0 ≤ k′ ≤ k.

• With probability at least 1−O(kn−10),

∣∣∣Sk′
∣∣∣ ≥


1.7

C0
+

1

1 + 0.11
C2

0


M

β
(3.93)

for all 1 ≤ k′ ≤ k and |S0| = 0.
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• With probability at least 1−O(kn−10),

∣∣∣Sk′\Sk′
∣∣∣ ≤ u(k′) − u(k′) ≤ 0.29M

C0β
(3.94)

for all 0 ≤ k′ ≤ k.

• With probability at least 1−O(kn−10),

∣∣Sk′
∣∣ ≤


2 +

0.29

C0
+

1

1− 0.12
C2

0


M

β
(3.95)

for all 0 ≤ k′ ≤ k.

• With probability at least 1−O(kn−10),

Sk′ = S′k′ (3.96)

for all 0 ≤ k′ ≤ k.

Now, suppose (3.92) - (3.96) hold until k − 1, which is the case for k = 1. In the following,

we are going to establish (3.92) - (3.96) for k one by one.

(Establishment of (3.92)). Recall that we assume F (0) holds. On the intersection of all high

probability events before k, we have S̃k−1 = S1 ∪ . . . ∪ Sk−1. We sandwich w(k)
i by

w
(k)
i =

∑

j∈[n]\S̃k−1

AijI
{
j ∈ E1,i

}
≤ w

(k)
i ≤

∑

j∈[n]\S̃k−1

AijI
{
j ∈ E1,i

}
= w

(k)
i .

Recall the definition of Sk in Algorithm 1. Then we have Sk =
{
i ∈ [n]\S̃k−1 : w

(k)
i ≤ h

}
.

Hence,
{
i ∈ [n]\S̃k−1 : w

(k)
i ≤ h

}
⊂ Sk ⊂

{
i ∈ [n]\S̃k−1 : w

(k)
i ≤ h

}
. To prove (3.92), by

210



the definitions in (3.87) and (3.88), we only need to show

{
i ∈ [n]\S̃k−1 : w

(k)
i ≤ h

}
⊂
{
i ∈ [n]\S̃k−1 :

(
1− 0.11

C2
0

)
pt

(k)
i ≤ h

}
,

{
i ∈ [n]\S̃k−1 :

(
1 +

0.11

C2
0

)
pt

(k)
i ≤ h

}
⊂
{
i ∈ [n]\S̃k−1 : w

(k)
i ≤ h

}
,

a sufficient condition of which is the following event:

F (k) =

{
∀i ∈ [n]\S̃k−1 such that pt(k)

i ≤ h

2
: w

(k)
i ≤ h

}

⋂{
∀i ∈ [n]\S̃k−1 such that pt(k)

i >
h

2
:

(
1− 0.11

C2
0

)
pt

(k)
i ≤ w

(k)
i

}

⋂{
∀i ∈ [n]\S̃k−1 such that pt(k)

i ≤ h

2
: w

(k)
i ≤ h

}

⋂{
∀i ∈ [n]\S̃k−1 such that pt(k)

i >
h

2
: w

(k)
i ≤

(
1 +

0.11

C2
0

)
pt

(k)
i

}
.

Hence to prove (3.92), we only need to analyze P
(
F (k)

)
.

Note that for any j ∈ [n]\S̃k−1 we have r∗j > u(k−1) according to the definition of Sk−1

in (3.91). Thus

w
(k)
i =

∑

j∈[n]\S̃k−1

r∗j>u
(k−1)

AijI
{
θ∗j ≥ θ∗i + 2M + δ1

}
,

w
(k)
i =

∑

j∈[n]\S̃k−1

r∗j>u
(k−1)

AijI
{
θ∗j ≥ θ∗i + 2M − δ1

}
.

On the other hand, recall that w(k−1)′
i =

∑
j∈Sk−1∩E1,i AijI

{
j ∈ E1,i

}
which only involves

Aij such that r∗j ≤ u(k−1) due to (3.91). By (3.91) and induction hypothesis of (3.92) we

further know u(1) ≤ ... ≤ u(k−1). As a result, w(1)′
i , ..., w

(k−1)′
i are independent of w(k)

i , w
(k)
i .

Since S̃k−1 is determined by w(1)′
i , ..., w

(k−1)′
i , it is also independent of w(k)

i , w
(k)
i .
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Therefore, conditional on S̃k−1, we have

w
(k)
i |S̃k−1 ∼ Binomial(t(k)

i , p),

w
(k)
i |S̃k−1 ∼ Binomial(t(k)

i , p).

Recall that C0 ≥ 1 is a constant and h = pM/β � log n since p/(β log n)→∞ by assump-

tion. By Bernstein inequality for the Binomial distributions together with a union bound

argument, we have P
(
F (k)|S̃k−1

)
≥ 1−O(n−10). Since this holds for all S̃k−1, we have

P
(
F (k)

)
≥ 1−O(n−10).

Therefore, we have proved (3.92).

(Establishment of (3.93)). We first present a simple fact from induction hypothesis:

{
i ∈ [n], r∗i ≤ u(k−1)

}
⊂ S̃k−1 ⊂

{
i ∈ [n], r∗i ≤ u(k−1)

}
. (3.97)

The first containment is because (3.91) and (3.92) hold up to k − 1. To prove the second

containment, we only need to show u(1) ≤ . . . ≤ u(k−1). Notice that from (3.93) and (3.94)

for k − 1, we have
∣∣∣Sk−1

∣∣∣ ≥ u(k−2) − u(k−2). On the other hand, from (3.92) for k − 1,

we have
∣∣∣Sk−1

∣∣∣ ≤
∣∣∣
{
i ∈ [n] : r∗i > u(k−2), r∗i ≤ u(k−1)

}∣∣∣ ≤ u(k−1) − u(k−2). Hence, we have

u(k−1) ≥ u(k−2) and similarly we can show u(l+1) ≥ u(l) for any l ≤ k − 2, which proves

u(1) ≤ . . . ≤ u(k−1).
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Using (3.97), we have

∣∣∣Sk
∣∣∣ =

∣∣∣∣∣∣∣∣




i ∈ [n]\S̃k−1 : t

(k)
i ≤ M(

1 + 0.11
C2

0

)
β





∣∣∣∣∣∣∣∣

≥

∣∣∣∣∣∣∣∣




i ∈ [n] : r∗i > u(k−1),

∣∣∣∣
{
j ∈ [n] : r∗j > u(k−1), θ∗r∗j ≥ θ∗r∗i + 2M − δ1

}∣∣∣∣ ≤
M(

1 + 0.11
C2

0

)
β





∣∣∣∣∣∣∣∣
.

For any i ∈ [n], since θ∗ ∈ Θn(β, C0), we have

∣∣∣∣
{
j ∈ [n] : r∗j > u(k−1), θ∗r∗j ≥ θ∗r∗i + 2M − δ1

}∣∣∣∣ ≤ r∗i −
⌊

2M − δ1
C0β

⌋
− u(k−1).

Hence,

∣∣∣Sk
∣∣∣ ≥

∣∣∣∣∣∣∣∣




i ∈ [n] : r∗i > u(k−1), r∗i ≤

M(
1 + 0.11

C2
0

)
β

+

⌊
2M − δ1
C0β

⌋
+ u(k−1)





∣∣∣∣∣∣∣∣

≥ M(
1 + 0.11

C2
0

)
β

+

⌊
2M − δ1
C0β

⌋
+ u(k−1) − u(k−1)

≥


1.7

C0
+

1

1 + 0.11
C2

0


M

β
.

(Establishment of (3.94)). From (3.92), we have
∣∣∣Sk\Sk

∣∣∣ ≤ u(k)−u(k). Hence, we only need

to show u(k) − u(k) ≤ 0.29M
C0β

.

We are going to prove

θ∗
u(k−1)

≥ θ∗
u(k) + 2M − δ1. (3.98)
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First, by (3.94) for k− 1, (3.93), and (3.91), we have
∣∣∣
{
i ∈ [n] : u(k−1) ≤ r∗i ≤ u(k)

}∣∣∣ ≥ |Sk|

which leads to u(k) ≥ u(k−1). Let b ∈ [n] be the index such that r∗b = u(k) + 1. Then it

means b ∈ [n]\S̃k−1 and t(k)
b > M(

1+0.11
C2

0

)
β
. By the definition of t(k)

i , for any i ∈ [n]\S̃k−1,

we have

∣∣∣∣
{
j ∈ [n] : r∗j ≥ u(k−1), θ∗r∗j > θ∗r∗i + 2M − δ1

}∣∣∣∣ ≥
∣∣∣
{
j ∈ [n]\S̃k−1 : j ∈ E1,i

}∣∣∣ = t
(k)
i ,

which implies θ∗
u(k−1)+t

(k)
i

> θ∗r∗i
+ 2M − δ1. This means

θ∗
u(k−1) > θ∗r∗i + 2M − δ1 + t

(k)
i β.

Considering the b index here, we have

θ∗
u(k−1) ≥ θ∗

u(k)+1
+ 2M − δ1 +

M(
1 + 0.11

C2
0

) . (3.99)

Then using (3.94) for k − 1, we have

θ∗
u(k−1)

≥ θ∗
u(k)+1

+ 2M − δ1 +
M(

1 + 0.11
C2

0

) − 0.29M ≥ θ∗
u(k) + 2M − δ1, (3.100)
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which proves (3.98). Then for any i, j ∈ [n]\S̃k−1 such that u(k) ≤ r∗i < r∗j , we have

t
(k)
j − t

(k)
i =

∣∣∣∣
{
l ∈ [n]\S̃k−1 : θ∗r∗l

≥ θ∗r∗j + 2M − δ1
}∣∣∣∣−

∣∣∣
{
l ∈ [n]\S̃k−1 : θ∗r∗l

≥ θ∗r∗i + 2M − δ1
}∣∣∣

=

∣∣∣∣
{
l ∈ [n]\S̃k−1 : θ∗r∗i + 2M − δ1 > θ∗r∗l

≥ θ∗r∗j + 2M − δ1
}∣∣∣∣

≥
∣∣∣∣
{
r∗l ≥ u(k−1) : θ∗r∗i + 2M − δ1 > θ∗r∗l

≥ θ∗r∗j + 2M − δ1
}∣∣∣∣

≥
∣∣∣∣
{
l ∈ [n] : θ∗r∗i + 2M − δ1 > θ∗r∗l

≥ θ∗r∗j + 2M − δ1
}∣∣∣∣

≥
θ∗r∗i
− θ∗r∗j
C0β

≥
r∗j − r∗i
C0

,

where in the first inequality we use (3.97) and in the second inequality we use (3.98). The

last two inequalities are due to θ∗ ∈ Θn(β, C0). As a result,

u(k) − u(k) ≤

M(
1−0.12

C2
0

)
β
− M(

1+0.11
C2

0

)
β

C0
≤ 0.29M

C0β
. (3.101)

(Establishment of (3.95)). We first have

∣∣Sk
∣∣ ≤ u(k) − u(k−1) ≤ u(k) −

(
u(k−1) − 0.29M

C0β

)

due to induction hypothesis on (3.94) for k− 1 and
{
i ∈ [n] : r∗i ≤ u(k−1)

}
⊂ S̃k−1. By the

definition of u(k), similar to the proof of (3.99), we can show

θ∗
u(k−1)

≤ θ∗
u(k)

+ 2M − δ1 +
M(

1− 0.12
C2

0

)
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which implies

u(k) − u(k−1) ≤ 2M

β
+

M(
1− 0.12

C2
0

)
β

.

Therefore,
∣∣Sk
∣∣ ≤


2 +

0.29

C0
+

1

1− 0.12
C2

0


M

β
.

(Establishment of (3.96)). Define

F (k)′ =



 min
i∈[n]:r∗i>u

(k)

∑

j∈Sk
AijI

{
j ∈ E1,i

}
> h



 .

We are going to show the event F (k)′ is a sufficient condition for (3.96). By definition,

since Sk ⊂ [n]\S̃k−1, we have w(k)′
i ≤ w

(k)
i which implies Sk ⊂ S′k. We only need to show

S′k ⊂ Sk. Note that for any i such that r∗i > u(k), we have

w
(k)′
i =

∑

j∈Sk
AijI

{
j ∈ E1,i

}
≥
∑

j∈Sk
AijI

{
j ∈ E1,i

}
> h,

which means i /∈ S′k as F (k)′ is assumed to be true. Hence to show S′k ⊂ Sk, we only need

to show S′k ∩{i ∈ [n] : r∗i ≤ u(k)} ⊂ Sk. Note that due to (3.94), for any i, j ∈ [n], such that

r∗i ≤ u(k) and r∗j > u(k), we have r∗j > u(k), θ∗r∗i
− θ∗r∗j ≥ θ∗

u(k)
− θ∗

u(k) ≥ −0.29M . Then for
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any i such that r∗i ≤ u(k), we have

w
(k)′
i − w(k)

i =
∑

j∈Sk
AijI

{
j ∈ E1,i

}
−

∑

j∈[n]\S̃k−1

AijI
{
j ∈ E1,i

}

≥ −
∑

j∈[n]:r∗j>u
(k)

I
{
j ∈ E1,i

}

≥ −
∑

j∈[n]:r∗j>u
(k)

I
{
j ∈ E1,i

}

= −
∑

j∈[n]:r∗j>u
(k)

I
{
θ∗r∗j ≥ θ∗r∗i + 2M − δ1

}

= 0,

where first inequality is due to (3.91). Hence we have S′k ∩ {i ∈ [n] : r∗i ≤ u(k)} ⊂ Sk which

leads to Sk = S′k. As a result, to establish (3.96), we only need to analyze P
(
F (k)′

)
.

The analysis of P
(
F (k)′

)
is similar to that of P

(
F (k)

)
in the establishment of (3.92).

By a similar independence argument, we have


∑

j∈Sk
AijI

{
j ∈ E1,i

}


∣∣∣∣∣S̃k−1 ∼ Binomial

(∣∣∣Sk ∩ E1,i
∣∣∣ , p
)

for any i ∈ [n] such that r∗i > u(k). From (3.100), we have

u(k) − u(k−1) ≥ 2M − δ1
C0β

. (3.102)

Together with (3.91) and (3.97), we have

∣∣∣Sk ∩ E1,i
∣∣∣ ≥

∣∣∣∣
{
j ∈ [n] : u(k−1) ≤ r∗j ≤ u(k), θ∗r∗j ≥ θ∗r∗i + 2M + δ1

}∣∣∣∣ ≥ u(k) − u(k−1) ≥ 2M − δ1
C0β

.
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Recall that h = pM/β and p/(β log n)→∞. By Bernstein inequality, we have

P
(
F (k)′|S̃k−1

)
= P


 min
i∈[n]:r∗i≥u(k)


∑

j∈Sk
AijI

{
j ∈ E1,i

}

 > h

∣∣∣∣∣S̃k−1


 ≥ 1−O(n−10).

Since this holds for all S̃k−1, we have P
(
F (k)′

)
≥ 1−O(n−10).

(Establishment of (3.92) - (3.96) for K). We have (3.92) - (3.96) hold for each k ∈ [K − 1]

with probability at least 1 − O(n−9). For the last partition, SK = [n]\S̃K−1. Let SK,1 be

the set obtained by Algorithm 1 before the terminating condition [n]− |S1|+ ...+
∣∣SK,1

∣∣ ≤
∣∣SK,1

∣∣ /2 is met. SK,1, SK,1 can be similarly defined and (3.92) - (3.96) should also be

satisfied by SK,1. Therefore,

|SK | ≤
3
∣∣SK,1

∣∣
2

≤ 3

2

∣∣SK,1
∣∣ ≤ 3

2


2 +

0.29

C0
+

1

1− 0.12
C2

0


M

β
,

|SK | ≥
∣∣SK,1

∣∣ ≥
∣∣∣SK,1

∣∣∣ ≥


1.7

C0
+

1

1 + 0.11
C2

0


M

β

and
{
i ∈ [n] : r∗i > u(K−1)

}
⊂ SK ⊂

{
i ∈ [n] : r∗i > u(K−1)

}
.

So far, we have establish (3.92) - (3.96) for any k ∈ [K]. Now we are ready to use them

to prove the conclusions in Theorem 3.4.1.

1. Conclusion 1 is a consequence of (3.92) and (3.95).

2. For Conclusion 2, by (3.102) we have u(k−2) < u(k−1) < u(k−1) < u(k) < u(k) <
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u(k+1). Together with (3.92) and (3.97), we have

{
i ∈ [n] : u(k−2) < r∗i ≤ u(k+1)

}
⊂ Sk−1∪Sk∪Sk+1 ⊂

{
i ∈ [n] : u(k−2) < r∗i ≤ u(k+1)

}
.

Therefore, using (3.102), for any i such that u(k−1) < r∗i ≤ u(k),

{
j ∈ [n] :

∣∣∣r∗i − r∗j
∣∣∣ ≤ 1.51M

C0β

}

⊂
{
j ∈ [n] : u(k−1) − 1.51M

C0β
≤ r∗j ≤ u(k) +

1.51M

C0β

}

⊂
{
j ∈ [n] : u(k−2) < r∗j ≤ u(k+1)

}
⊂ Sk−1 ∪ Sk ∪ Sk+1.

For k = 1 or K, only oneside needs to be considered and the property still holds due

to the gap between u(2) and u(1) as well as the gap between u(K−1) and u(K−2).

3. For Conclusion 3, by (3.92) and (3.97), we have

{
i ∈ [n] : u(k−1) < r∗i ≤ u(k)

}
⊂ Sk ⊂

{
i ∈ [n] : u(k−1) < r∗i ≤ u(k)

}
. (3.103)

Using (3.102), we have

max {r∗i : i ∈ Sk} ≤ u(k) < u(k+1) < min {r∗i : i ∈ Sk+2} .

Same results can be established for max
{
r∗i : i ∈ Sk

}
< min

{
r∗i : i ∈ Sl

}
for any l >

k + 2.

4. For Conclusion 4, for any k and any i, the definition of w(k)′
i only involves j such that

j ∈ E1,i. This implies that the definition of S′k only involves information of (Aij , ȳ
(1)
ij )

such that θ∗r∗j
− θ∗r∗i ≥ 2M − δ1. Thus S′k can be used as the Šk in Theorem 3.4.1.
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5. For Conclusion 5, note that for any k ∈ [K] and i ∈ Sk, we have

∣∣∣∣
{
j ∈ [n] : |θ∗r∗i − θ

∗
r∗j
| ≤ M

2

}
∩ Sk

∣∣∣∣ ≥
∣∣∣∣
{
j ∈ [n] : |r∗i − r∗j | ≤

M

2C0β

}
∩ Sk

∣∣∣∣

≥
∣∣∣∣
{
j ∈ [n] : |r∗i − r∗j | ≤

M

2C0β
, u(k−1) < r∗j ≤ u(k)

}∣∣∣∣ .

where the last inequality is by (3.103). Again by (3.103), we have u(k−1) < r∗i ≤ u(k).

From (3.102) we know u(k) − u(k−1) > M/(2C0β). Then we have

∣∣∣∣
{
j ∈ [n] : |θ∗r∗i − θ

∗
r∗j
| ≤ M

2

}
∩ Sk

∣∣∣∣ ≥
M

2C0β
−max

{
u(k−1) − u(k−1), u(k) − u(k)

}

≥ 0.21M

C0β

where the last inequality is by (3.94).

The proof is complete.

3.7.4 Proofs of Lemma 3.4.1, Lemma 3.4.2 and Lemma 3.4.3

We first prove Lemma 3.4.1 below.

Proof of Lemma 3.4.1. Recall that r̂ is obtained by sorting
{∑

j∈[n]\{i}Rij
}
i∈[n]

. Define

ŝi =
∑

j∈[n]\{i}
Rij ,

R̂ij = I
{
ŝi > ŝj

}
= I

{
r̂i < r̂j

}

and

s∗i =
∑

j∈[n]\{i}
R∗ij .
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Observe that

r∗i = n− s∗i ,

we have

R̂ij = I
{
ŝi > ŝj

}
= I

{
ŝi − s∗i + s∗i > ŝj − s∗j + s∗j

}
= I

{
ŝi − s∗i − (ŝj − s∗j ) > r∗i − r∗j

}
.

Thus

K(r̂, r∗) =
1

n

∑

1≤i<j≤n
I
{
R̂ij 6= R∗ij

}

=
1

n

∑

1≤i<j≤n

∣∣∣I
{
ŝi − s∗i − (ŝj − s∗j ) > r∗i − r∗j

}
− I
{

0 > r∗i − r∗j
}∣∣∣

≤ 1

n

∑

1≤i<j≤n
I
{∣∣∣ŝi − s∗i − (ŝj − s∗j )

∣∣∣ ≥
∣∣∣r∗i − r∗j

∣∣∣
}

≤ 1

n

∑

1≤i<j≤n
I
{∣∣∣
∣∣∣r∗i − r∗j

∣∣∣ ≤ |ŝi − s∗i |+
∣∣∣ŝj − s∗j

∣∣∣
∣∣∣
}

=
1

n

n−1∑

k=1

∑

1≤i<j≤n∣∣∣r∗i−r∗j
∣∣∣=k

I
{
k ≤ |ŝi − s∗i |+

∣∣∣ŝj − s∗j
∣∣∣
}

≤ 1

n

n−1∑

k=1

∑

1≤i<j≤n∣∣∣r∗i−r∗j
∣∣∣=k

I
{
k

2
≤ |ŝi − s∗i |

}
+ I
{
k

2
≤
∣∣∣ŝj − s∗j

∣∣∣
}

≤ 2

n

n∑

i=1

n−1∑

k=1

I
{
k

2
≤ |ŝi − s∗i |

}
≤ 4

n

n∑

i=1

n∑

k=1

I {k ≤ |ŝi − s∗i |}

=
4

n

n∑

i=1

|ŝi − s∗i | ≤
4

n

n∑

i=1

∑

j∈[n]\{i}

∣∣∣Rij −R∗ij
∣∣∣ =

4

n

∑

1≤i 6=j≤n
I
{
Rij 6= R∗ij

}

which completes the proof.

Next, we prove Lemma 3.4.2.
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Proof of Lemma 3.4.2. Recall E =
{

(i, j) : 1 ≤ i < j ≤ n, ψ(−M) ≤ y
(1)
ij ≤ ψ(M)

}
. Then

on the event where Lemma 3.7.12 holds, E can be written as

E =
{

(i, j) : 1 ≤ i < j ≤ n,
∣∣∣θr∗i − θr∗j

∣∣∣ ≤M/2
}
]
(
E ∩

{
(i, j) : M/2 <

∣∣∣θr∗i − θr∗j
∣∣∣ < 1.1M

})

which implies Ǎij = AijI {(i, j) ∈ E}. Moreover, on the event where Theorem 3.4.1 holds,

Šk = Sk, k ∈ [K] by Conclusion 4. This proves `(k)(θ) = ˇ̀(k)(θ) with probability at least

1 − O(n−8). θ̌(k) and θ̂(k) are equivalent up to a common shift since the Hessian in local

MLE is well conditioned with probability at least 1−O(n−8) due to Lemma 3.7.14.

Finally, we need to prove Lemma 3.4.3, which requires us to first establish a few extra

lemmas.

Lemma 3.7.13. For any integer constant C ≥ 1, define a matrix M ∈ {0, 1}n×n such that

Mij = I {|i− j| ≤ n/C}. Let LM be its Laplacian matrix such that

[LM ]ij =





−Mij , if i 6= j

∑
lMil, if i = j.

Let λmin,⊥(LM ) be the second smallest eigenvalue of LM , i.e.,

λmin,⊥(LM ) = min
u6=0,1Tnu=0

uTLMu

‖u‖ .

Then there exists another constant C ′ > 0 that only depends on C such that

1

n
λmin,⊥(LM ) = inf

x∈Rn
1Tnx=0
‖x‖=1

∑
|i−j|≤ n

C
(xi − xj)2

n
≥ C ′.

Proof. We partition [n] into 4C consecutive blocks such that each block contains either
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dn/4Ce or bn/4Cc consecutive indices. Let these blocks be a sequence of disjoint sets

B1, ..., B4C such that maxi∈Bk i < minj∈Bl j if k < l. The idea is to lower bound the

summation over the diagonal region by a sequence of square regions. Thus, for any x ∈

Rn,1Tnx = 0, ‖x‖ = 1, we have

1

n
xTLMx =

∑
|i−j|≤ n

C
(xi − xj)2

n

≥ 1

n


 ∑

k,l∈[4C]:|k−l|≤1

∑

i∈Bk,j∈Bl
(xi − xj)2




=
∑

k,l∈[4C]:|k−l|≤1


 |Bl|

n

∑

i∈Bk
x2
i +
|Bk|
n

∑

i∈Bl
x2
i − 2


∑

i∈Bk

xi√
n




∑

i∈Bl

xi√
n






=
∑

k,l∈[4C]:|k−l|≤1

(plzk + pkzl − 2ykyl) ,

where we denote

yk =
∑

i∈Bk

xi√
n
, zk =

∑

i∈Bk
x2
i , pk =

|Bk|
n

.

For any k ∈ [4C], we define

w2k−1 =
yk +

√
pkzk − y2

k

2pk
, and w2k =

yk −
√
pkzk − y2

k

2pk
. (3.104)

Note that for any k, l ∈ [4C], we have

plpk

(
(w2k−1 − w2l−1)2 + (w2k−1 − w2l)

2 + (w2k − w2l−1)2 + (w2k − w2l)
2
)

= plpk

(
2
(
w2

2k−1 + w2
2k + w2

2l−1 + w2
2k

)
− 2 (w2k−1 + w2k) (w2l−1 + w2l)

)

= plpk

(
zk
pk

+
zl
pl
− 2

ykyl
pkpl

)

= plzk + pkzl − 2ykyl.
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Then we have

∑

k,l∈[4C]:|k−l|≤1

(plzk + pkzl − 2ykyl)

=
∑

k,l∈[4C]:|k−l|≤1

plpk

(
(w2k−1 − w2l−1)2 + (w2k−1 − w2l)

2 + (w2k − w2l−1)2 + (w2k − w2l)
2
)
.

Note that w is a function of y, z, p which by definition satisfy:
∑4C
k=1 yk = 0,

∑4C
k=1 zk = 1,

mink∈[4C] pk ≥ 1/(5C),
∑4C
k=1 pk = 1, and y2

k ≤ pkzk for all k ∈ [4C]. Define a parameter

space T :

T =



(y, z, p) :

4C∑

k=1

yk = 0,
4C∑

k=1

zk = 1, min
k∈[4C]

pk ≥ 1/(5C),
4C∑

k=1

pk = 1, and y2
k ≤ pkzk, ∀k ∈ [4C]



 .

Then we have

1

n
λmin,⊥(LM )

≥ inf
(y,z,p)∈T
∑

k,l∈[4C]:|k−l|≤1

plpk

(
(w2k−1 − w2l−1)2 + (w2k−1 − w2l)

2 + (w2k − w2l−1)2 + (w2k − w2l)
2
)
,

(3.105)

where w is defined in (3.104).

Since T only depends on C, the quantity (3.105) also only depends on C. Then, (3.105)

is equal to some constant C ′ ≥ 0 only depending on C. We are going to show C ′ > 0.

Otherwise, let the infimum of (3.105) be achieved at some w with (y, z, p) ∈ T . Then, we

must have w2k−1 = w2l−1 = w2k = w2l for any k, l ∈ [4C] such that |k − l| ≤ 1. This

has two immediately implications. First, for any k ∈ [4C], since w2k−1 = w2k, we have

y2
k = pkzk and wk = yk/(2pk), Second, since w2k = w2(k+1) for any k ∈ [4C − 1], there
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exists some c such that yk/pk = c for all k ∈ [4C]. Together with y2
k = pkzk, we obtain

c2pk = zk for all k ∈ [C]. Since
∑4C
k=1 zk = 1 and

∑4C
k=1 pk = 1, we conclude c = ±1. Then

using yk/pk = c, we have
∑4C
k=1 yk = c

∑4C
k=1 pk = c 6= 0, which is a contradiction with

∑4C
k=1 yk = 0. As a result, we obtain 1

nλmin,⊥(LM ) ≥ C ′ > 0.

Lemma 3.7.14. Under the assumptions in Lemma 3.4.3,

λmin,⊥(H(η∗)) = min
u6=0:1Tmu=0

uTH(η∗)u
‖u‖2 & mp

with probability at least 1 − O(n−10), where H(η∗) is the Hessian matrix of the objective

(3.27), defined by

Hij(η
∗) =





∑
l∈[m]\{i}Bilψ

′(η∗i − η∗l ), i = j,

−Bijψ′(η∗i − η∗j ), i 6= j.

Proof. We can decompose H(η∗) into stochastic part H(η∗) − E(H(η∗)) ans deterministic

part E(H(η∗)) and bound them separately. We first look at the stochastic part. Note that

H(η∗)− E(H(η∗)) = D − E(D)−
∑

i<j

(Bij − pij)ψ′(η∗i − η∗j )(Eij + Eji)

where D = diag{D1, ..., Dm} = diag{∑j 6=1Bijψ
′(η∗1 − η∗j ), ...,

∑
j 6=mBmjψ

′(η∗m − η∗j )};

Eij is an m × m matrix and has 1 on the entry (i, j) and 0 otherwise. We also have

‖(Bij−pij)ψ′(η∗i−η∗j )(Eij+Eji)‖op ≤ 1 and ‖∑i<j(Bij−pij)2ψ′(η∗i−η∗j )2(Eij+Eji)
2‖op ≤

mp. By matrix Bernstein inequality in [103], we have

P


‖
∑

i<j

(Bij − pij)(Eij + Eji)‖op > t


 ≤ 2m exp

(
− t2/2

mp+ t
3

)
.
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Taking t = C ′1
√
mp log n for some large enough constant C ′1 > 0, we have

‖
∑

i<j

(Bij − pij)ψ′(η∗i − η∗j )(Eij + Eji)‖op ≤ C ′1
√
mp log n

with probability at least 1 − O(n−10). Standard concentration using Bernstein inequality

also yields

‖D − E(D)‖op ≤ C ′2
√
mp log n

for some constant C ′2 > 0 with probability at least 1−O(n−10). Thus the stochastic part

‖H(η∗)− E(H(η∗))‖op ≤ (C ′1 + C ′2)
√
mp log n = o(mp) (3.106)

with probability at least 1−O(n−10).

For the deterministic part, we first choose a constant integer C ′ > 0 such that for any

|i− j| ≤ n
C ′ , pij = p. Thus for any unit vector x ∈ Rm such that 1Tmx = 0,

xTE(H(η∗))x
m

=

∑
i<j pijψ

′(η∗i − η∗j )(xi − xj)2

m

≥
∑
i<j,|i−j|≤m

C′
pψ′(η∗i − η∗j )(xi − xj)2

m

& p

∑
i<j,|i−j|≤m

C′
(xi − xj)2

m
(3.107)

& p (3.108)

where (3.107) uses the boundedness of η∗1 − η∗m; (3.108) is a consequence of Lemma 3.7.13

and C ′ is a constant independent of m and n. Combing (3.106) and (3.108) concludes the

proof.

The proof of Lemma 3.4.3 is given below.

Proof of Lemma 3.4.3. Since
L(η∗i−η∗j )2

2(Wi(η∗)+Wj(η∗))
� mpL(η∗i − η∗j )2, we only need to consider
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the situation wherempL(η∗i−η∗j )2 is greater than a sufficiently large constant, since otherwise

we can use the trivial bound P
(
η̂i < η̂j

)
≤ 1. Define

η̃j = η∗j −
∑
l∈[m]\{j}Bjl(ȳjl − ψ(η∗j − η∗l ))
∑
l∈[m]\{j}Bjlψ′(η∗j − η∗l )

.

Following the same argument used in the proof of Theorem 3.2 of [21] (see Equations (78),

(79) and (81) of [21]), we have

|η̂i − η̃i| ∨ |η̂j − η̃j | ≤ δ∆, (3.109)

with probability at least 1− O(n−7)− exp(−∆3/2Lmp)− exp
(
−∆2mpL mp

log(n+m)

)
, where

∆ = min

(
η∗i − η∗j ,

(
log(n+m)

mp

)1/4
)

and δ > 0 is some sufficiently small constant. In fact,

the bound (3.109) has only been established in [21] with a random graph that satisfies pij = p

for all 1 ≤ i < j ≤ m. To establish (3.109) under the more general setting of interest, we

first have

λmin,⊥(H(η∗)) = min
u 6=0:1Tmu=0

uTH(η∗)u
‖u‖2 & mp, (3.110)

with high probability, where H(η∗) is the Hessian matrix of the objective (3.27). This is

established in Lemma 3.7.14. Note that (3.110) is the only difference between the proofs of

the current setting and the setting in [21]. With (3.109), we have

P
(
η̂i < η̂j

)
≤ P

(
η̃j − η∗j − (η̃i − η∗i ) > (1− δ)∆

)

+O(n−7) + exp(−∆3/2Lmp) + exp

(
−∆2mpL

mp

log(n+m)

)
.

Define

B =

{
B :

∣∣∣∣∣

∑
l∈[m]\{j} pjlψ

′(η∗j − η∗l )
∑
l∈[m]\{j}Bjlψ′(η∗j − η∗l )

− 1

∣∣∣∣∣ ≤ δ,

∣∣∣∣∣

∑
l∈[m]\{i} pilψ

′(η∗i − η∗l )
∑
l∈[m]\{i}Bilψ′(η∗i − η∗l )

− 1

∣∣∣∣∣ ≤ δ′
}
.
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By Bernstein’s inequality, we have P(B ∈ Bc) ≤ O(n−7) for some δ′ = o(1). We then have

P
(
η̃j − η∗j − (η̃i − η∗i ) > (1− δ)∆

)

≤ sup
B∈B

P

(
−
∑
l∈[m]\{j}Bjl(ȳjl − ψ(η∗j − η∗l ))
∑
l∈[m]\{j}Bjlψ′(η∗j − η∗l )

+

∑
l∈[m]\{i}Bil(ȳil − ψ(η∗i − η∗l ))
∑
l∈[m]\{i}Bilψ′(η∗i − η∗l )

> (1− δ)∆
∣∣∣B
)

+O(n−7)

≤ exp

(
−

(1− 2δ)L(η∗i − η∗j )2

2(Wi(η∗) +Wj(η∗))

)
+O(n−7).

Since

exp(−∆3/2Lmp) + exp

(
−∆2mpL

mp

log(n+m)

)
. exp

(
−

(1− 2δ)L(η∗i − η∗j )2

2(Wi(η∗) +Wj(η∗))

)
+O(n−7),

we obtain the desired conclusion.
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CHAPTER 4

POSTERIOR CONTRACTION OF BAYESIAN LOW-RANK

MATRIX ESTIMATION

4.1 Introduction

This chapter collects several results of our ongoing research about Bayesian low-rank matrix

estimation.

Consider the following model:

X = M0 + Z (4.1)

where X,M0, Z ∈ Rp×q, Zij
ind∼ N(0, σ2). Given the observation matrix X, how do we

estimate the signal M0 which has a low-rank structure? Several other statistical problems

are also directly related to the low-rankness of the underlying signal, for example, matrix

completion [16, 17, 43, 46, 69, 110], reduced rank regression [14, 104, 106], and the more

general trace regression [35, 45, 56, 90]. These problems, while different at first glance, all

fit into the general model (1.2) with different linear operator A. Besides being the identity

operator in our model (4.1), in matrix completion, A can be defined as the partial observation

operator at some but not all entries of M0; in trace regression, A becomes the inner product

of a sequence of sensing matrices Ai withM0. In this thesis, however, we restrict ourselves to

the simplest possible model (4.1) and hope to find and build tools along the way to eventually

solve the most ambitious problem (1.2) in a Bayesian way completely.

To solve (4.1), it is known that frequentist method like nuclear norm minimization can

achieve the optimal rate of convergence, see [38, 39, 50] for details. To be more specific, one

can solve the following optimization:

M̂ = arg min
M

1

2
‖X −M‖2F + λ ‖M‖∗ (4.2)
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for some λ > 0 and this can be shown to achieve the minimax optimal rate:

inf
M̂

sup
M0∈M(p,q,r0)

E
[∥∥∥M̂ −M0

∥∥∥
2

F

]
� σ2r0 max{p, q} (4.3)

where the parameter spaceM(p, q, r) = {M ∈ Rp×q : rank(M) ≤ r}.

For comparison, another class of problems, sparse vector estimation, or Gaussian sequence

model, have several striking structural resemblances to the low-rank matrix estimation prob-

lem. In sparse vector estimation, we have the model

X = θ + Z (4.4)

where X ∈ Rp is the observation of some sparse vector θ ∈ Rp perturbed by Gaussian noise

Zi
ind∼ N(0, σ2). It is the folklore of the statistics community that this problem can be solved

by `1 norm regularization:

θ̂ = arg min
θ∈Rp

1

2
‖X − θ‖2 + λ ‖θ‖1 (4.5)

for some λ > 0. Besides the similarity of the optimal frequentists’ solution, both (4.2)

and (4.5) have a thresholding representation, that is, (4.2) amounts to soft thresholding of

singular values of X and (4.5) boils down to soft thresholding of the entries of X.

Given existing frequentists’ results for (4.1), we ask that is there a Bayesian method

that is also provably rate optimal? This chapter is devoted to give, at least partially, a

positive answer to this problem. Theoretical works to investigate posterior distributions

have been extensively studied. Specifically, proving that the posterior of some certain prior

concentrates around the true signal under proper conditions provides a link between the

frequentists’ world and Bayesians’ world, see [8, 53, 59, 98] and references therein for some

classical results on posterior contraction in classical Bayesian and Bayesian nonparametrics.
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Despite the huge success in these fields, research in posterior contraction in Bayesian high

dimensional statistics has just begun. As the counterpart of low-rank matrix estimation, a

provably optimal fully Bayesian estimator for sparse vector estimation is proposed in [20].

A general framework for constructing optimal prior and proof of posterior contraction for a

wide class of problems called structured linear models is proposed in [49]. To achieve adap-

tivity, both priors in these works involve two steps, a model selection prior which selects the

underlying structure and a heavy-tailed Laplace prior conditioned on the sampled structure.

Our proposed rank-adaptive prior to solve the low-rank estimation problem in Section 4.4

also consists of similar two steps. Though quite general, the theory in [49] cannot be directly

applied to our low-rank setting. This is in contrast to the resemblance of the problem struc-

ture of low-rank estimation and sparse vector estimation. This is because the structure space

in the structured linear models in [49] is discrete and finite while in our low-rank setting it is

not (there are uncountably many possible singular vectors). Another perspective is that we

can view low-rankness as a kind of "sparsity". It is "sparse" under an unknown basis (after

some unknown orthogonal transformations). On the other hand, sparse vectors are sparse

under a given basis (the canonical basis in Rp), which makes the problem a lot easier.

Using Bayesian methods to solve low-rank estimation has appeared as early as [40, 51,

67, 66, 107] in econometrics literature. Some literatures not only put prior on the signal, but

also put a prior on the covariance structure of the noise. These literature requires knowledge

of r0 and is thus not rank-adaptive. Rank-adaptive procedures appear in [6, 71, 93, 111].

Roughly speaking, these priors approach the problem by factoring M = LR where L ∈

Rp×r, R ∈ Rr×q and put priors on L and R, then use the product of the posterior mean

of L and R to estimate the signal. To achieve rank adaptivity, they fix a large r and then

use a low-rank approximation to the estimator. Interested readers can resort to [3] for a

short survey. Bayesian matrix completion [4] and Bayesian tensor estimation [100] have also

appeared in recent literature. Most existing work in this area focuses on methodology and
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computation. Little is known about the statistical properties of the posteriors using the

framework of posterior contraction. For the theoretical result in [3], the bound of the risk

using the prior in [6] is obtained. However, the bound is not optimal and it involves the

magnitude of the signal. Similarly, the theoretical result in [4] requires the low-rank signal

to be bounded, which is also not optimal. In fact, when the signal is bounded, a trivial

estimator M̂ = 0 can already achieve the optimal rate. Whether or not there is a rank-

adaptive fully Bayesian procedure that is rate optimal without any boundedness condition

is still an open problem and that is our main target to achieve.

We now introduce the structure of this chapter. Section 4.2 outlines the framework of

posterior contraction of a Bayesian procedure, which enables us to explore optimality of

different priors. Section 4.3 proposes a prior that is provably optimal when we know r0. To

be able to adapt to unknown r0, Section 4.4 investigates the performance of a rank-adaptive

prior and gives some preliminary result for the special case that the unknown r0 is 1. Some

useful technical lemmas and proofs are illustrated in Section 4.5 and Section 4.6.

We close this section by introducing some notation that will be used in the paper. For

an integer d, we use [d] to denote the set {1, 2, ..., d}. Given two numbers a, b ∈ R, we

use a ∨ b = max(a, b) and a ∧ b = min(a, b). We also write a+ = max(a, 0). For two

positive sequences {an}, {bn}, an . bn or an = O(bn) means an ≤ Cbn for some constant

C > 0 independent of n, an = Ω(bn) means bn = O(an), and an � bn means an . bn and

bn . an. For a set S, we use I {S} to denote its indicator function and |S| to denote its

cardinality. For a vector v ∈ Rd, its norms are defined by ‖v‖1 =
∑d
i=1 |vi|, ‖v‖2 =

∑d
i=1 v

2
i

and ‖v‖∞ = max1≤i≤d |vi|. For a matrix A, its operator norm is defined by ‖A‖ and its

Frobenius norm is defined by ‖A‖F . The inner product of two vectors or matrices is defined

as 〈x, y〉 = tr(xT y). The notation P, E, π are used for generic probability and expectation

whose distribution is determined from the context.
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4.2 Optimal Rate and Posterior Contraction

Model and Minimax Rate Recall the model in (4.1). Without loss of generality, we

assume the noise in Z has unit variance, i.e. σ = 1 and X,M0, Z are square matrices, i.e.

p = q throughout the chapter. Then the minimax rate in (4.3) becomes

inf
M̂

sup
M0∈M(p,r0)

EM0

[∥∥∥M̂ −M0

∥∥∥
2

F

]
� r0p. (4.6)

Moreover, we will only consider the case when r0 � p since this is the only nontrivial regime.

Posterior Contraction In a Bayesian procedure, we have a prior distribution π(M) on

the unknown parameterM0 and the likelihood is π(X|M) where X is our observations. Then

the posterior distribution is given by

π(M ∈ B|X) =

∫
B π(X|M)π(dM)∫
π(X|M)π(dM)

where B is some measurable set.

From the view of a frequentist, we can assume X is generated from a true parameter

M0. If we have chosen a good prior π, then π(M ∈ B|X) should be large when B is a small

neighborhood of M0. For a prior with optimal contraction rate, the size of B should scale

proportionally to the minimax optimal rate. Specifically, for our model (4.1), we will show

that

sup
M0∈M(p,r0)

EM0

[
π(‖M −M0‖2F ≥ Cr0p|X)

]
(4.7)

can be arbitrarily small by choosing the constant C not depending on p, r0,M0, X.
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4.3 When r0 is Known

4.3.1 The Prior

In this section, we will propose a prior that has optimal posterior contraction rate when r0

is known.

For any M0 ∈ M(p, r0), we have a singular value decomposition M0 = U0D0V
T
0 where

U0, V0 ∈ O(p, r0) = {U ∈ Rp×r0 : UTU = I} and D0 ∈ Rr0×r0 is a diagonal matrix. Here

O(p, r0) is called the Stiefel manifold. Enlightened by this decomposition, we propose the

following prior π(M):

• Sample U ∈ Rp×r0 from the uniform distribution on O(p, r0);

• Sample V ∈ Rp×r0 from the uniform distribution on O(p, r0);

• Sample matrix D ∈ Rr0×r0 from the matrix Laplace distribution

π(D) ∝ exp


−ρ

√ ∑

1≤i,j≤r0
D2
ij


 = exp(−ρ ‖D‖F )

for some constant ρ > 0;

• U, V,D are independent and M = UDV T .

This prior is a product measure on O(p, r0)×O(p, r0)×Rr0×r0 . We can in fact write down

the exact density of this prior with respect to π(dU)×π(dV )×dD, where π(dU) and π(dV )

are the uniform distribution on O(p, r0) and dD is the Lebesgue measure on Rr0×r0 :

π(dM) =
1

2πr
2
0/2Γ(r2

0)

ρr
2
0Γ(r2

0/2)

exp (−ρ ‖D‖F ) π(dU)π(dV ) dD (4.8)

where Γ(a) =
∫ +∞

0 xa−1e−x dx, a > 0 is the gamma function. Note that our prior D is not
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a diagonal matrix like D0 in the singular value decomposition of M0. Given this prior, we

are ready to state the main theorem, indicating that the posterior under the given prior is

indeed concentrated around the truth at an optimal rate.

Theorem 4.3.1. Using the prior in (4.8), there exists constant C > 0 independent of r0, p, ρ

such that for any δ > 0,

sup
M0∈M(p,r0)

E
[
π(‖M −M0‖2F ≥ Cr0p|X)

]
< δ (4.9)

for all large enough r0, p.

Theorem 4.3.1, to the best of our knowledge, is the first posterior contraction result on

Bayesian low-rank matrix estimation that achieves the optimal rate. There is no boundedness

condition on the true signalM0 and the contraction holds for anyM0 ∈M(p, r0). The proof

of Theorem 4.3.1 relies on a pilling argument that pills the set {M : ‖M −M0‖2F ≥ Cr0p}

into slices and bound each slice separately. As one of the building blocks when bounding

the posterior probability of each slice, a recent result in random matrix theory has been

used, characterizing the distribution of the singular values of the submatrix of a uniformly

distributed orthogonal matrix. The details of the proof is presented in Section 4.6.

4.4 Rank Adaptation

4.4.1 A Modified Prior

Though being rate optimal, the prior in Section 4.3 requires the knowledge, at least a close

upper bound of the rank of the signal. To come up with a prior that is rank-adaptive, we

need to put a prior on the rank. We also need make some slight modification on the prior

distribution of the matrix conditional on a given rank. Our hierarchical prior is given below:

• Sample rank r from π(r) ∝ Γ(r)
Γ(r/2)

exp(−τrp)I {r ∈ [p]} for some constant τ > 0;
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• Conditional on the sampled rank r, sampleMr ∈ Rp×p such thatMr = UrDrV
T
r where

Ur, Vr are uniformly distributed on O(p, r); Dr follows the matrix Laplace distribution

restricted on the space of r× r diagonal matrix, i.e. Dr ∝ exp
(
−ρ
√∑r

i=1D
2
r,ii

)
and

Ur, Dr, Vr are all independent.

Note that we have Dr restricted to be diagonal instead of letting Dr be any matrix in Rr×r

in the previous section when r0 is known. We will see later in the proof, the restriction to

diagonal matrix is crucial to achieve rank adaptation. However, we are still not able to prove

this prior is rate optimal for general r0 even when r0 is known for the same reason we are

not able to completely prove this prior is rank-adaptive for general r0. Therefore, we still

need the prior in Section 4.3 to have a complete result for general r0.

Though proving this prior is rank-adaptive is a very hard problem, we have made some

significant progress during the process and we believe some partial results may play an

important role on the journey to fully solve it. One of the most critical step in the proof is

to reduce the calculation of a probability from rank r, r ≥ r0 to r0. This requires a result

from matrix analysis linking diagonal elements of a matrix to its singular values. Though

very close to the finish line, the only complete result we can prove is when the true rank

r0 = 1. This seems pretty specific, but the majority of our proof of Theorem 4.4.1 does not

require r0 = 1. The only step that we need r0 = 1 is the last step which will be clear later

in the proof in Section 4.6.

Theorem 4.4.1. Assume r0 = 1. For any τ > 0, there exists constant C > 0 independent

of ρ, p such that for any δ > 0,

sup
M0∈M(p,1)

E [π(r ≥ 1 + C|X)] ≤ δ (4.10)

and

sup
M0∈M(p,1)

E
[
π(‖M −M0‖2F ≥ Cp|X)

]
≤ δ (4.11)
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for all large enough p.

To facilitate the proof of Theorem 4.3.1 and Theorem 4.4.1, we need to articulate some

lemmas in the next section. Note that these lemmas are actually quite general and do not

need the condition r0 = 1.

4.5 Some Technical Lemmas

Lemma 4.5.1. For any U, V ∈ O(p, r), U0, V0 ∈ O(p, r0), D ∈ Rr×r, D0 ∈ Rr0×r0,

∥∥∥UDV T − U0D0V
T
0

∥∥∥
2

F
= f(D,U, V ) + g(U, V )

where f(D,U, V ) =
∥∥∥D − UTU0D0V

T
0 V

∥∥∥
2

F
, g(U, V ) = ‖D0‖2F −

∥∥∥UTU0D0V
T
0 V

∥∥∥
2

F
.

Lemma 4.5.2. For any matrices M ∈M(p, r),M0 ∈M(p, r0),

∣∣∣∣
〈
Z,

M −M0

‖M −M0‖F

〉∣∣∣∣ ≤
√
r + r0 ‖Z‖ .

Lemma 4.5.3. For any U, V ∈ O(p, r), U0, V0 ∈ O(p, r0), D0 ∈ Rr0×r0, let

h(U) = tr[DT
0 (I − UT0 UUTU0)D0].

Then

h(U) ∨ h(V ) ≤ g(U, V ) ≤ 2[h(U) ∨ h(V )]

Lemma 4.5.4. Suppose U ∈ Rp×p is uniformly distributed on the orthogonal group O(p),

then the top left r× r submatrix with r ≤ p/2 can be represented as O1ΣOT2 where O1, O2 ∈

Rr×r are uniformly distributed on O(r), Σ = diag{σ1, ..., σr} ∈ Rr×r is a diagonal matrix
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with the joint density of (σ1, ..., σr) being

p(σ1, ..., σr) ∝
r∏

i=1

(1− σ2
i )

p−r
2 − r+1

2
∏

i<j

∣∣∣σ2
i − σ2

j

∣∣∣ I {1 > σ1, ..., σr > 0} (4.12)

and O1, O2,Σ are independent.

Lemma 4.5.5. Suppose (σ1, ..., σr) follows the distribution in (4.12), then for any constants

w1, ..., wr > 0 and a > b > 0,

P(
∑r
i=1wi(1− σ2

i ) ≤ a)

P(
∑r
i=1wi(1− σ2

i ) ≤ b)
≤
(

2a

b

)r(p−r)/2

Lemma 4.5.6. Let U, V ∈ O(p) and
∑r0
i=1 λ

2
i = 1, λi ≥ 0, i ∈ [r0]. Then, if

1− t ≤
p∑

i=1




r0∑

j=1

λjUijVij




2

for some t > 0, we have

1− 3t ≤ max
S⊂[p]
|S|=r0

∑

i∈S




r0∑

j=1

λjUijVij




2

.

The following Corollary is a direct consequence of Lemma 4.5.6 and union bound.

Corollary 4.5.1. Let U, V be some random matrices distributed on O(p) and
∑r0
i=1 λ

2
i =

1, λi ≥ 0, i ∈ [r0] and r ≥ r0. Then,

P


1− t ≤

r∑

i=1




r0∑

j=1

λjUijVij




2

 ≤

(
p

r0

)
P


1− 3t ≤

r0∑

i=1




r0∑

j=1

λjUijVij




2



for any t > 0.
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4.6 Proofs

4.6.1 Proof of Theorem 4.3.1

Proof of Theorem 4.3.1. There exists constants C2, C3 > 0 such that for any C > 0 and

C1 > 0 large enough, we have

E
[
π(‖M −M0‖2F ≥ Cr0p|X)

]

≤ P(‖Z‖ > C1
√
p)

+
∞∑

l=1

E
[
π
[
(l + 1)Cr0p ≥ ‖M −M0‖2F ≥ lCr0p|X

]
I {‖Z‖ ≤ C1

√
p}
]

≤ C2 exp(−C3C1p) (4.13)

+
∞∑

l=1

E
[
π
[
(l + 1)Cr0p ≥ ‖M −M0‖2F ≥ lCr0p|X

]
I {‖Z‖ ≤ C1

√
p}
]

(4.14)

where (4.13) is from standard random matrix theory.The choice of C and C1 will be specified

later in the proof. All we need to do now is to bound each term in the series (4.14). Next,

note that for any M ∈M(p, r0)

‖X −M‖2F = ‖M −M0‖2F + ‖Z‖2F − 2 〈Z,M −M0〉

= ‖M −M0‖2F − 2

〈
Z,

M −M0

‖M −M0‖F

〉
‖M −M0‖F + ‖Z‖2F





≤ ‖M −M0‖2F + 2
√

2r0 ‖Z‖ ‖M −M0‖F + ‖Z‖2F ≤ 2 ‖M −M0‖2F + 2r0 ‖Z‖2 + ‖Z‖2F

≥ ‖M −M0‖2F − 2
√

2r0 ‖Z‖ ‖M −M0‖F + ‖Z‖2F ≥
‖M−M0‖2F

2 − 4r0 ‖Z‖2 + ‖Z‖2F
(4.15)
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where (4.15) uses Lemma 4.5.2. Thus using Bayesian formula, we have

π
[
(l + 1)Cr0p ≥ ‖M −M0‖2F ≥ lCr0p|X

]
I {‖Z‖ ≤ C1

√
p}

=

∫
(l+1)Cr0p≥‖M−M0‖2F≥lCr0p

exp

(
−‖X−M‖

2
F

2

)
π(dM)

∫
exp

(
−‖X−M‖

2
F

2

)
π(dM)

I {‖Z‖ ≤ C1
√
p}

≤

∫
(l+1)Cr0p≥‖M−M0‖2F≥lCr0p

exp

(
−‖M−M0‖2F

4

)
π(dM)

∫
exp

(
−‖M −M0‖2F

)
π(dM)

e3r0‖Z‖2I {‖Z‖ ≤ C1
√
p}

(4.16)

≤ e3C2
1r0p

∫
(l+1)Cr0p≥‖M−M0‖2F≥lCr0p

exp

(
−‖M−M0‖2F

4

)
π(dM)

∫
exp

(
−‖M −M0‖2F

)
π(dM)

≤ e3C2
1r0pe−

lCr0p
8

∫
(l+1)Cr0p≥‖M−M0‖2F≥lCr0p

exp

(
−‖M−M0‖2F

8

)
π(dM)

∫
‖M−M0‖2F≤

lCr0p
8

exp
(
−‖M −M0‖2F

)
π(dM)

(4.17)

where (4.16) is a result of (4.15). The following of the proof is devoted to bound the integral

ratio in (4.17).

Recall that in Lemma 4.5.1, we have

‖M −M0‖2F = f(D,U, V ) + g(U, V )

=
∥∥∥D − UTU0D0V

T
0 V

∥∥∥
2

F
+ ‖D0‖2F −

∥∥∥UTU0D0V
T
0 V

∥∥∥
2

F
. (4.18)

Leveraging the expression of the prior in (4.8) , we can further upper bound the integral
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ratio in (4.17) by I1
I2 where

I1 =

∫

g(U,V )≤(l+1)Cr0p

∫

f(D,U,V )≤(l+1)Cr0p
exp


−

∥∥∥UDV T −M0

∥∥∥
2

F

8
− ρ ‖D‖F


 dDπ(dU)π(dV )

and

I2 =
∫

g(U,V )≤lCr0p/16

∫

f(D,U,V )≤lCr0p/16
exp

[
−
∥∥∥UDV T −M0

∥∥∥
2

F
− ρ ‖D‖F

]
dDπ(dU)π(dV )

We then give upper bound for I1 and lower bound for I2 respectively. We first look at

the inner integral with respect to D. To upper bound that in I1, we have

∫

f(D,U,V )≤(l+1)Cr0p
exp


−

∥∥∥UDV T −M0

∥∥∥
2

F

8
− ρ ‖D‖F


 dD

=

∫

f(D,U,V )≤(l+1)Crp
exp


−

∥∥∥UDV T −M0

∥∥∥
2

F

8
+ ρ

∥∥∥UDV T −M0

∥∥∥
F




× exp
[
−ρ
∥∥∥UDV T −M0

∥∥∥
F
− ρ

∥∥∥UDV T
∥∥∥
F

]
dD

≤ e4ρ2
exp (−ρ ‖M0‖F )

∫

f(D,U,V )≤(l+1)Cr0p
exp


−

∥∥∥UDV T −M0

∥∥∥
2

F

16


 dD (4.19)

= e4ρ2
exp (−ρ ‖M0‖F ) exp

(
−g(U, V )

16

)∫

f(D,U,V )≤(l+1)Cr0p
exp

[
−f(D,U, V )

16

]
dD

(4.20)

≤ e4ρ2
exp (−ρ ‖M0‖F ) exp

(
−g(U, V )

16

)∫

‖D‖2F≤(l+1)Cr0p
exp

[
−‖D‖

2
F

16

]
dD (4.21)
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where (4.19) uses ρ
∥∥∥UDV T −M0

∥∥∥
F
≤ 4ρ2 +

‖UDV T−M0‖2
F

16 and triangle inequality, (4.20)

is a result of (4.18) and (4.21) is an application of change of variable. Now we lower bound

the inner integral of I2:

∫

f(D,U,V )≤lCr0p/16
exp

[
−
∥∥∥UDV T −M0

∥∥∥
2

F
− ρ ‖D‖F

]
dD

≥ exp (−g(U, V ))

∫

f(D,U,V )≤lCr0p/16
exp

[
−f(D,U, V )− ρ

√
f(D,U, V )− ρ

∥∥∥UTM0V
∥∥∥
F

]
dD

(4.22)

= e−ρ‖UTM0V ‖F exp (−g(U, V ))

∫

‖D‖2F≤lCr0p/16
exp

[
−‖D‖2F − ρ ‖D‖F

]
dD (4.23)

≥ e−ρ‖UTM0V ‖F exp (−g(U, V )) e−ρ
2
∫

‖D‖2F≤lCr0p/16
exp

[
−2 ‖D‖2F

]
dD (4.24)

where (4.22) uses (4.18) and triangle inequality; (4.23) is due to an change of variable; (4.24)

comes from ρ ‖D‖F ≤ ρ2 + ‖D‖2F .

Now we can upper bound I1/I2:

I1
I2
≤ e5ρ2

∫
‖D‖2F≤(l+1)Cr0p

exp

[
−‖D‖

2
F

16

]
dD

∫
‖D‖2F≤lCr0p/16

exp
[
−2 ‖D‖2F

]
dD

×
∫
g(U,V )≤(l+1)Cr0p

exp
[
−g(U,V )

16

]
π(dU)π(dV )

∫
g(U,V )≤lCr0p/16 exp

[
−g(U, V ) + ρ ‖M0‖F − ρ

∥∥UTM0V
∥∥
F

]
π(dU)π(dV )

≤ e5ρ2

∫
‖D‖2F≤(l+1)Cr0p

exp

[
−‖D‖

2
F

16

]
dD

∫
‖D‖2F≤lCr0p/16

exp
[
−2 ‖D‖2F

]
dD

∫
g(U,V )≤(l+1)Cr0p

exp
[
−g(U,V )

16

]
π(dU)π(dV )

∫
g(U,V )≤lCr0p/16 exp [−g(U, V )] π(dU)π(dV )

(4.25)

where (4.25) holds since ρ ‖M0‖F − ρ
∥∥∥UTM0V

∥∥∥
F
≥ 0. All we need to do now is to bound

the integral ratio with respect to D and the integral ratio with respect to U, V .
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To bound the ratio with respect to D, note that when 16b ≤ a,

∫
‖D‖2F≤a

exp

[
−‖D‖

2
F

16

]
dD

∫
‖D‖2F≤b

exp
[
−2 ‖D‖2F

]
dD

=

∫√a
0 exp

[
−x2

16

]
xr

2
0−1 dx

∫√b
0 exp

[
−2x2

]
xr

2
0−1 dx

(4.26)

≤
∫√a

0 exp
[
−x2

16

]
xr

2
0−1 dx

∫√b/2
0 exp

[
−2x2

]
xr

2
0−1 dx

=

(
2a

b

)r2
0/2

∫√a
0 exp

[
−x2

16

]
xr

2
0−1dx

∫√a
0 exp

[
− bax2

]
xr

2
0−1dx

(4.27)

≤ (
2a

b
)r

2
0/2 (4.28)

where (4.26) changes the integral in polar coordinates; (4.27) is an application of change of

variable and (4.28) comes from 16b ≤ a. Plugging in a = (l + 1)Cr0p, b = lCr0p/16, we

obtain an upper bound of 8r
2
0 . Finally, we examine the integral ratio with respect to U and

V ,

∫
g(U,V )≤(l+1)Crp exp

[
−g(U,V )

16

]
dUdV

∫
g(U,V )≤lCrp/16 exp [−g(U, V )] dUdV

≤
∫
h(U)∨h(V )≤(l+1)Crp exp

[
−h(U)∨h(V )

16

]
dUdV

∫
h(U)∨h(V )≤lCrp/64 exp [−2(h(U) ∨ h(V ))] dUdV

(4.29)

≤
∫
h(U),h(V )≤(l+1)Crp exp

[
−h(U)

32

]
exp

[
−h(V )

32

]
dUdV

∫
h(U),h(V )≤lCrp/64 exp [−2h(U)] exp [−2h(V )] dUdV

≤





∫
h(U)≤(l+1)Crp exp

[
−h(U)

32

]
dU

∫
h(U)≤lCrp/64 exp [−2h(U)] dU





2

≤ exp

(
lCrp

16

){
π (h(U) ≤ (l + 1)Crp)

π (h(U) ≤ lCrp/64)

}2

.
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Here (4.29) is a consequence of Lemma 4.5.3. Therefore we are left to bound

π (h(U) ≤ (l + 1)Cr0p)

π (h(U) ≤ lCr0p/64)

=
π(tr(D0(I − UT0 UUTU0)D0) ≤ (l + 1)Cr0p)

π(tr(D0(I − UT0 UUTU0)D0) ≤ lCr0p/64)

=
π(tr(D0(I − U11U

T
11)D0) ≤ (l + 1)Cr0p)

π(tr(D0(I − U11U
T
11)D0) ≤ lCr0p/64)

(4.30)

=
π(tr((I − Σ2)OT1 D0O1) ≤ (l + 1)Cr0p)

π(tr((I − Σ2)OT1 D0O1) ≤ lCr0p/64)
(4.31)

where U11 is the upper left corner r0 × r0 submatrix of U , O1 is uniformly distributed on

O(r0), Σ is a diagonal matrix whose entries follow the distribution in (4.12) and Σ and O1

are independent. Here (4.30) holds since U is uniformly distributed on O(p, r0) and (4.31)

comes from Lemma 4.5.4.

Let pi ∈ Rr0×r0 , i ∈ [r0] be the rows of O1. By Lemma 4.5.5 and the independence

between O1 and (σ1, ..., σr0), we have

π
(∑r0

i=1 p
T
i D

2
0pi(1− σ2

i ) ≤ (l + 1)Cr0p|O1

)

π
(∑r0

i=1 p
T
i D

2
0pi(1− σ2

i ) ≤ lCr0p/64|O1
) ≤

[
128(1 +

1

l
)

]r0(p−r0)/2

≤ 256r0(p−r0)/2.

(4.32)

Then

π (h(U) ≤ (l + 1)Cr0p)

π (h(U) ≤ lCr0p/64)

=

E

[
π
(∑r0

i=1 p
T
i D

2
0pi(1−σ2

i )≤(l+1)Cr0p|O1

)

π
(∑r0

i=1 p
T
i D

2
0pi(1−σ2

i )≤lCr0p/64|O1

) π
(∑r0

i=1 p
T
i D

2
0pi(1− σ2

i ) ≤ lCr0p/64|O1

)]

π
(∑r0

i=1 p
T
i D

2
0pi(1− σ2

i ) ≤ lCr0p/64
)

≤ 256r0(p−r0)/2
E
[
π
(∑r0

i=1 p
T
i D

2
0pi(1− σ2

i ) ≤ lCr0p/64|O1

)]

π
(∑r0

i=1 p
T
i D

2
0piλi ≤ lCr0p/64

)

= 256r0(p−r0)/2
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Combining all previous arguments, taking C ≥ 48C2
1 + 192 we have arrived at:

π
[
(l + 1)Cr0p ≥ ‖M −M0‖2F ≥ lCr0p|X

]
1{‖Z‖≤C1

√
p}

≤ e3C2
1r0pe−

lCr0p
8 e5ρ2

e
lCr0p

16 8r
2
0256r0(p−r0)

≤ e5ρ2
exp

[
−
(
lC

16
− 3C2

1 − 6

)
r0p

]

≤ e5ρ2
exp

(
− lCr0p

32

)
.

Thus, by (4.13) and (4.14), we get

E
[
π(‖M −M0‖2F ≥ Cr0p|X)

]

≤ C2 exp(−C3C1p) + e5ρ2
∞∑

l=1

exp

(
− lCr0p

32

)

≤ C2 exp(−C3C1p) + 2e5ρ2
exp

(
−Cr0p

32

)
.

Since C1, C2, C3, ρ are all constants, then as long as C ≥ 48C2
1 +192, we can make the bound

as small as possible by taking p and r0 large which completes the proof.

4.6.2 Proof of Theorem 4.4.1

Proof of Theorem 4.4.1. We show (4.10) only since (4.11) is a direct corollary of (4.10) and

a slight modification in the proof of Theorem 4.3.1.

We first write the proof with general r0 and switch to the specific r0 = 1 when we need it
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in the last step. Similar to the proof of Theorem 4.3.1, for any C,C1 > 0, we need to bound

EM0

[
π(r ≥ (1 + C)r0|X)1{‖Z‖≤C1

√
p}
]

≤
∑

r≥(1+C)r0

EM0




π(r)
∫

exp

(
−‖X−Mr‖2F

2

)
π(dMr)

π(r0)
∫

exp

(
−‖X−Mr0‖2

F
2

)
π(dMr0)

1{‖Z‖≤C1
√
p}




≤
∑

r≥(1+C)r0

exp(−τ(r − r0)p)EM0




Γ(r)
Γ(r/2)

∫
exp

(
−‖X−Mr‖2F

2

)
π(dMr)

Γ(r0)
Γ(r0/2)

∫
exp

(
−‖X−Mr0‖2

F
2

)
π(dMr0)

1{‖Z‖≤C1
√
p}




≤
∑

r≥(1+C)r0

exp(−(τ − C2
1)rp) exp((2C2

1 + τ)r0p)

Γ(r)
Γ(r/2)

∫
exp

(
−‖Mr−M0‖2F

4

)
π(dMr)

Γ(r0)
Γ(r0/2)

∫
exp

(
−‖Mr0 −M0‖2F

)
π(dMr0)

(4.33)

where (4.33) can be derived using similar arguments in (4.16). By (4.8), we have

Γ(r)
Γ(r/2)

∫
exp

(
−‖Mr−M0‖2F

4

)
π(dMr)

Γ(r0)
Γ(r0/2)

∫
exp

(
−‖Mr0 −M0‖2F

)
π(dMr0)

=

πr0/2

ρr0

∫
Ur,Vr∈O(p,r)

∫
Rr exp

(
−‖UrDrV

T
r −M0‖2

F
4 − ρ ‖Dr‖F

)
dDrπ(dUr)π(dVr)

πr/2
ρr
∫
Ur0 ,Vr0∈O(p,r0)

∫
Rr0 exp

(
−
∥∥Ur0Dr0V Tr0 −M0

∥∥2
F
− ρ ‖Dr0‖F

)
dDr0π(dUr0)π(dVr0)

≤ ρr−r0

∫
Ur,Vr∈O(p,r)

∫
Rr exp

(
−‖UrDrV

T
r −M0‖2

F
4 − ρ ‖Dr‖F

)
dDrπ(dUr)π(dVr)

∫
Ur0 ,Vr0∈O(p,r0)

∫
Rr0 exp

(
−
∥∥Ur0Dr0V Tr0 −M0

∥∥2
F
− ρ ‖Dr0‖F

)
dDr0π(dUr0)π(dVr0)

(4.34)

where π(dUr), π(dVr) are uniformly distributed on O(p, r) and dDr is the Lebesgue measure

on Rr×r diagonal matrices. The remaining of the proof is devoted to bound the integral

ratio in (4.34).
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Let ∆r be the diagonal part of UTr M0Vr. Then, Lemma 4.5.1 can be modified to be

∥∥∥UrMrV
T
r −M0

∥∥∥
2

F
= ‖Dr −∆r‖2F + ‖D0‖2F − ‖∆r‖2F . (4.35)

Leveraging (4.35), We first lower bound the inner integral on the denominator, using similar

arguments as in the proof of Theorem 4.3.1,

∫

Rr0
exp

(
−
∥∥∥Ur0Dr0V Tr0 −M0

∥∥∥
2

F
− ρ ‖Dr0‖F

)
dDr0

= exp
(
−(‖D0‖2F − ‖∆r0‖2F )

)∫

Rr0
exp

(
−‖Dr0 −∆r0‖2F − ρ ‖Dr0‖F

)
dDr0

≥ exp
(
−(‖D0‖2F − ‖∆r0‖2F )− ρ ‖∆r0‖F

)∫

Rr0
exp

(
−‖Dr0‖2F − ρ ‖Dr0‖F

)
dDr0

≥ e−ρ
2

exp
(
−(‖D0‖2F − ‖∆r0‖2F )− ρ ‖∆r0‖F

)∫

Rr0
exp

(
−2 ‖Dr0‖2F

)
dDr0

= (π/2)r0/2e−ρ
2

exp
(
−(‖D0‖2F − ‖∆r0‖2F )− ρ ‖∆r0‖F

)

Now we upper bound the inner integral on the numerator, still using similar arguments

in the proof of Theorem 4.3.1,

∫

Rr
exp

(
−1

4

∥∥∥UrDrV Tr −M0

∥∥∥
2

F
− ρ ‖Dr‖F

)
dDr

=

∫

Rr
exp(−1

4

∥∥∥UrDrV Tr −M0

∥∥∥
2

F
+ ρ

∥∥∥UrDrV Tr −M0

∥∥∥
F

− ρ
∥∥∥UrDrV Tr −M0

∥∥∥
F
− ρ

∥∥∥UrDrV Tr
∥∥∥
F

) dDr

≤
∫

Rr
exp

(
−1

4

∥∥∥UrDrV Tr −M0

∥∥∥
2

F
+ ρ

∥∥∥UrDrV Tr −M0

∥∥∥
F
− ρ ‖M0‖F

)
dDr

≤ e2ρ2
exp (−ρ ‖M0‖F )

∫

Rr
exp

(
−1

8

∥∥∥UrDrV Tr −M0

∥∥∥
2

F

)
dDr

= e2ρ2
exp (−ρ ‖M0‖F ) exp

(
−‖D0‖2F − ‖∆r‖2F

8

)∫

Rr
exp

(
−1

8
‖Dr‖2F

)
dDr

= 23r/2πr/2e2ρ2
exp (−ρ ‖M0‖F ) exp

(
−‖D0‖2F − ‖∆r‖2F

8

)
.
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Thus, we can upper bound the ratio in (4.34) by

4r(π/2)
r−r0

2 e3ρ2

∫
Ur,Vr∈O(p,r) exp

(
−‖D0‖2F−‖∆r‖2F

8

)
π(dUr)π(dVr)

∫
Ur0 ,Vr0∈O(p,r0) exp

(
−(‖D0‖2F − ‖∆r0‖2F )

)
π(dUr0)π(dVr0)

= 4r(π/2)
r−r0

2 e3ρ2

∫ +∞
0 exp(−‖D0‖2F t)P

(
1−∑r

i=1

(∑r0
j=1 λjUijVij

)2
≤ 8t

)
dt

∫ +∞
0 exp(−‖D0‖2F t)P

(
1−∑r0

i=1

(∑r0
j=1 λjUijVij

)2
≤ t

)
dt

≤ 4r(π/2)
r−r0

2 e3ρ2
(
p

r0

)∫ +∞
0 exp(−‖D0‖2F t)P

(
1−∑r0

i=1

(∑r0
j=1 λjUijVij

)2
≤ 24t

)
dt

∫ +∞
0 exp(−‖D0‖2F t)P

(
1−∑r0

i=1

(∑r0
j=1 λjUijVij

)2
≤ t

)
dt

(4.36)

where λj = D0,jj/ ‖D0‖F and (Uij)1≤i,j≤p, (Vij)1≤i,j≤p are independently uniformly dis-

tributed on O(p) and (4.36) have used Corollary 4.5.1.

Up till this point, we haven’t used r0 = 1 yet. However, in the following, we need to

upper bound

P
(

1−∑r0
i=1

(∑r0
j=1 λjUijVij

)2
≤ 24t

)

P
(

1−∑r0
i=1

(∑r0
j=1 λjUijVij

)2
≤ t

)

and we have to assume r0 = 1 since we do not have a proof for general r0 yet. When r0 = 1,
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we have

P
(

1−∑r0
i=1

(∑r0
j=1 λjUijVij

)2
≤ 24t

)

P
(

1−∑r0
i=1

(∑r0
j=1 λjUijVij

)2
≤ t

) =
P
(
1− U2

11V
2
11 ≤ 24t

)

P
(
1− U2

11V
2
11 ≤ t

)

≤ P(1− U2
11 ≤ 24t)P(1− V 2

11 ≤ 24t)

P(1− U2
11 ≤ t/2)P(1− V 2

11 ≤ t/2)
=



P
(
Beta(p−1

2 , 1
2) ≤ 24t

)

P
(
Beta(p−1

2 , 1
2) ≤ t/2

)




2

=



∫ (24t)∧1

0 (1− x)−1/2x
p−1

2 −1 dx
∫ (t/2)∧1

0 (1− x)−1/2x
p−1

2 −1 dx




2

≤



∫ (24t)∧1

0 (1− x)−1/2x
p−1

2 −1 dx
∫ (t/2)∧1

0 x
p−1

2 −1 dx




2

=




2
∫ 1√

1−(24t)∧1
(1− y2)

p−1
2 −1 dy

∫ (t/2)∧1
0 x

p−1
2 −1 dx




2

≤




2
p−1

2
∫ 1√

1−(24t)∧1
(1− y)

p−1
2 −1 dy

∫ (t/2)∧1
0 x

p−1
2 −1 dx




2

(4.37)

=


2

p−1
2
∫ 1−
√

1−(24t)∧1
0 x

p−1
2 −1 dx

∫ (t/2)∧1
0 x

p−1
2 −1 dx




2

≤


2

p−1
2
∫ (24t)∧1

0 x
p−1

2 −1 dx
∫ (t/2)∧1

0 x
p−1

2 −1 dx




2

=

(
2

(24t) ∧ 1

(t/2) ∧ 1

)p−1

≤ 96p−1

where (4.37) uses a change of variable x = 1− y2 and 1 + y ≤ 2.

Combining all the pieces, we have proved

EM0
[π(r ≥ 1 + C|X)]

≤ P (‖Z‖ > C1
√
p) + EM0

[
π(r ≥ 1 + C|X)1{‖Z‖≤C1

√
p}
]

≤ C2 exp (−C3C1p)

+
∑

r≥1+C

exp(−(τ − C2
1)rp) exp((2C2

1 + τ)p)ρr−14r(π/2)
r−1

2 e3ρ2
(
p

1

)
96p−1

≤ C2 exp (−C3C1p) + C ′(C, ρ)p exp
[
−p
(

(1 + C)(τ − C2
1)− 2C2

1 − τ − 5
)]

(4.38)

where C ′(C, ρ) is some positive constant depending on C and ρ. Thus, by choosing τ, C, C1
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such that τ − C2
1 > 0, C >

5+3C2
1

τ−C2
1
, we can make (4.38) as small as possible when p is large,

which completes the proof.

4.6.3 Proof of Technical Lemmas

Proof of Lemma 4.5.1. Note the following chain of equalities:

∥∥∥UDV T − U0D0V
T
0

∥∥∥
2

F
= ‖D‖2F + ‖D0‖2F − 2tr

(
V DTUTU0D0V

T
0

)

= ‖D‖2F − 2tr
(
DTUTU0D0V

T
0 V

)
+
∥∥∥UTU0D0V

T
0 V

∥∥∥
2

F

+ ‖D0‖2F −
∥∥∥UTU0D0V

T
0 V

∥∥∥
2

F

= f(D,U, V ) + g(U, V ).

Proof of Lemma 4.5.2. By Von Neumann trace inequality, we have

∣∣∣∣
〈
Z,

M −M0

‖M −M0‖F

〉∣∣∣∣ ≤ ‖Z‖
∥∥∥∥

M −M0

‖M −M0‖F

∥∥∥∥
∗
.

Since M ∈ M(p, r),M0 ∈ M(p, r), M−M0
‖M−M0‖F

has at most r + r0 non-zero singular values.

An application of Cauchy-Schwarz inequality and the fact that M−M0
‖M−M0‖F

has unit Frobenius

norm concludes the proof.

Proof of Lemma 4.5.3. To show the first inequality, note that

tr(DT
0 V

T
0 V V TV0D0U

T
0 UU

TU0) ≤ tr(DT
0 V

T
0 V V TV0D0).
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Then

h(V ) = tr(DT
0 D0)− tr(DT

0 V
T
0 V V TV0D0)

≤ tr(DT
0 D0)− tr(DT

0 V
T
0 V V TV0D0U

T
0 UU

TU0) = g(U, V )

and similarly for h(U).

To show the second inequality, note that

tr(V T0 V V TV0D
T
0 (I − UT0 UUTU0)D0) ≤ tr(DT

0 (I − UT0 UUTU0)D0).

Then

g(U, V ) = tr(DT
0 D0)− tr(DT

0 V
T
0 V V TV0D0U

T
0 UU

TU0)

= tr(DT
0 D0)− tr(DT

0 V
T
0 V V TV0D0) + tr(DT

0 V
T
0 V V TV0D0)− tr(DT

0 V
T
0 V V TV0D0U

T
0 UU

TU0)

= tr(DT
0 (I − V T0 V V TV0)D0) + tr(V T0 V V TV0D

T
0 (I − UT0 UUTU0)D0)

≤ h(V ) + h(U) ≤ 2[h(U) ∨ h(V )].

Proof of Lemma 4.5.4. We write U into block matrix first,

U =



U11 U12

U21 U22




where U11 ∈ Rr×r, U12 ∈ Rr×(p−r). By equation (5) in [34], We can write down the

distribution of the r non-zero eigenvalues (T1, ..., Tr) of U12U
T
12,

p(T1, ..., Tr) ∝
r∏

i=1

T
p−r

2 −1
2

i (1− Ti)−1/2
∏

i<j

∣∣Ti − Tj
∣∣ I {1 > T1, ..., Tr > 0}
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by plugging in β = 1 and γ = −1 in equation (5) of [34], representing the corresponding

Altland-Zirnbauer symmetry classes listed in Table II of [34] since our setting falls into the

regime of circular real ensemble of random matrix theory.

Note that U11U
T
11 +U12U

T
12 = I, thus (

√
1− T1, ...,

√
1− Tr) is the set of singular values

of U11. A change of variable argument leads to the density expression of the singular values

of U11 in (4.12).

Finally, it is easy to see that U11 has the same distribution as V U11Ṽ
T for any V, Ṽ ∈

O(r). Thus, the left and right singular matrix of U11 must also be uniformly distributed on

O(r). Take the singular value decomposition of U11 = LΣRT , where the diagonal entries

of Σ has been proved to follow (4.12) and take Õ1, Õ2 uniformly distributed on O(r) and

independent of U11. We see that Õ1L has the same distribution as L which is uniform,

similarly for RT ÕT2 . Moreover, note that Õ1L is actually independent of L and RT Õ2 is

independent of R. Let O1 = Õ1L,O2 = Õ2R concludes the proof.

Proof of Lemma 4.5.5. Without loss of generality, we can assume
∑r
i=1wi = 1. Define

252



λi = 1− σ2
i , then a change of variable argument on the denominator leads to

P(
∑r
i=1wi(1− σ2

i ) ≤ a)

P(
∑r
i=1wi(1− σ2

i ) ≤ b)

=

∫
1−a≤∑r

i=1 wiσ
2
i

0<σ1,...,σr<1

∏r
i=1(1− σ2

i )
p−r

2 − r+1
2
∏
i<j |σ2

i − σ2
j |

∫∑r
i=1 wiλi≤b

0<λ1,...,λr<1

∏r
i=1 λ

p−r
2 − r+1

2
i

1√
1−λi

∏
i<j |λi − λj |

≤ 2r(p−r)/2

∫
1−a≤∑r

i=1 wiσ
2
i

0<σ1,...,σr<1

∏r
i=1(1− σi)

p−r
2 − r+1

2
∏
i<j |σi − σj |

∫∑r
i=1 wiλi≤b

0<λ1,...,λr<1

∏r
i=1 λ

p−r
2 − r+1

2
i

∏
i<j |λi − λj |

(4.39)

=

(
2a

b

)r(p−r)/2
∫

1−a≤∑r
i=1 wiσ

2
i

0<σ1,...,σr<1

∏r
i=1(1− σi)

p−r
2 − r+1

2
∏
i<j |σi − σj |

∫ ∑r
i=1 wiλi≤a

0<λ1,...,λr<a/b

∏r
i=1 λ

p−r
2 − r+1

2
i

∏
i<j |λi − λj |

(4.40)

≤
(

2a

b

)r(p−r)/2
∫

1−a≤∑r
i=1 wiσ

2
i

0<σ1,...,σr<1

∏r
i=1(1− σi)

p−r
2 − r+1

2
∏
i<j |σi − σj |

∫∑r
i=1 wiλi≤a

0<λ1,...,λr<1

∏r
i=1 λ

p−r
2 − r+1

2
i

∏
i<j |λi − λj |

(4.41)

=

(
2a

b

)r(p−r)/2
∫

1−a≤∑r
i=1 wiσ

2
i

0<σ1,...,σr<1

∏r
i=1(1− σi)

p−r
2 − r+1

2
∏
i<j |σi − σj |

∫
1−a≤∑r

i=1 witi
0<t1,...,tr<1

∏r
i=1(1− ti)

p−r
2 − r+1

2
∏
i<j |ti − tj |

(4.42)

≤
(

2a

b

)r(p−r)/2
(4.43)

where (4.39) uses 1 − σ2
i ≤ 2(1 − σi),

∣∣∣σ2
i − σ2

j

∣∣∣ ≤ 2
∣∣σi − σj

∣∣ and 1/
√

1− λi > 1; (4.40) is

due to a rescaling of the variables; (4.41) comes from a/b > 1; (4.42) uses ti = 1 − λi and

(4.43) is a consequence of ti > t2i .

Proof of Lemma 4.5.6. Let Λ = diag{λ1, ..., λr0 , 0, ..., 0} ∈ Rp×p, A = UΛV T ∈ Rp×p.

Thus, A is a matrix with at most rank r0 and (λ1, ..., λr0 , 0, ..., 0) are its singular values.
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The condition given is equivalent to

1− t ≤
p∑

i=1

A2
ii

and our goal is to prove

1− 3t ≤ max
S⊂[p]
|S|=r0

∑

i∈S
A2
ii.

By Sing-Thompson Theorem, see [29, 99, 101], the absolute values of the diagonal ele-

ments ofA, Ã = (|A11| , ...,
∣∣App

∣∣) is weakly majorized by its singular values y = (λ1, ..., λr0 , 0, ..., 0),

i.e.
∑k
i=1 Ã

↓
i ≤

∑k
i=1 y

↓
i , k ∈ [p] where Ã↓, y↓ are vectors by permuting Ã and y such that

the coordinates are in descending order. By Theorem 10.2 in [109], there exists a vector

x ∈ Rp such that Ã ≤ x and x is majorized by y, i.e. x is weakly majorized by y and
∑p
i=1 xi =

∑p
i=1 yi. Thus, we have

x = yD

where D is a doubly stochastic matrix using Theorem 10.8 in [109]. Furthermore, using the

fact that a doubly stochastic matrix can be written as a convex combination of permutation

matrices (Birkhoff’s Theorem), we have

x =
∑

σ∈Sp
cσσ(y)

where
∑
σ∈Sp cσ = 1, cσ ≥ 0; σ(y) is a vector obtained by permuting the elements of y

according to the permutation operator σ; Sp refers to the permutation group of order p.

Then the condition implies

1− t ≤
p∑

i=1

Ã2
i ≤

p∑

i=1

x2
i =

∑

σ,σ′∈Sp
cσcσ′

〈
σ(y), σ′(y)

〉
.
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Using
〈
σ(y), σ′(y)

〉
= 1−

∥∥σ(y)− σ′(y)
∥∥2

2
,

we have
∑

σ,σ′∈Sp
cσcσ′

∥∥σ(y)− σ′(y)
∥∥2 ≤ 2t.

Therefore, there exists a permutation σ∗ such that

∑

σ∈Sp
cσ ‖σ(y)− σ∗(y)‖2 ≤ 2t.

By Cauchy-Schwartz,
∑

σ∈Sp
cσ ‖σ(y)− σ∗(y)‖ ≤

√
2t,

which leads to ∥∥∥∥∥∥
∑

σ∈Sp
cσσ(y)− σ∗(y)

∥∥∥∥∥∥
≤
√

2t

by Triangle inequality, which is equivalent to

‖x− σ∗(y)‖ ≤
√

2t.

Note that σ∗(y) is only supported on at most r0 entries. We define a set S∗ ⊂ [p] of size r0

such that it covers the support. Then, we have

∑

i∈[p]\S∗
x2
i ≤ 2t.

Thus,
∑

i∈S∗
A2
ii =

p∑

i=1

Ã2
i −

∑

i∈[p]\S∗
Ã2
i ≥ 1− t−

∑

i∈[p]\S∗
x2
i ≥ 1− 3t

which completes the proof.
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