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ABSTRACT

For high-dimensional data, two of the most important questions are the question of algorithmic

optimality, which asks for the optimal algorithm within a certain class of computationally fea-

sible procedures, and the question of statistical optimality, which asks for the optimal statistical

procedure under a generating model. In this thesis the question of algorithmic optimality is inves-

tigated for the class of iterative thresholding algorithms on sparse and low rank structures under

the framework of restricted optimality. The question of statistical optimality is investigated for the

high-dimensional sparse changepoint detection problem and the contaminated density estimation

problem under the minimax framework.
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CHAPTER 1

INTRODUCTION

Data are numerical information collected through different manners. In a statistical problem, we

typically have repeated observations on a single object, and the goal is to distill different kind of

knowledge about the underlying object through statistical analysis on the data, where the knowl-

edge could for example be in the form of estimates of underlying parameters of a statistical model.

High-dimensional data are observations made on complicated objects for which the number of un-

derlying parameters is large compared to the amount of observations we have. And without any

assumptions on the model or any prior knowledge on the nature of the underlying object, the ques-

tion of distilling knowledge about a complicated objects from a limited amount of data is typically

ill-posed. Therefore different kind of simplifying assumptions are made, within which sparsity is

a dominating example. The sparsity assumption states that although the potential model class is

big, the true model should be simple in its nature, involving only a small number of non-zero pa-

rameters. The sparsity assumption comes with its own challenges, both algorithmic and statistical,

which we now expand on.

Since most statistical procedures work in searching for some parameter in a parameter space

that best fits the data according to some standard, it is naturally formulated into an optimization

problem. With the sparsity assumption, the parameter space becomes all vectors that has sparsity

smaller than some value, and therefore the optimization problem becomes:

min
x∈Rd ,‖x‖0≤s

f(x),

with some sparsity level s and some loss function f. The algorithmic difficulty then lies in the

fact that the constraint ‖x‖0 ≤ s is non-convex. Classical results in optimization show that it

is computationally hard to solve this problem globally (i.e. to find the global optimum) even

within the class of quadratic loss functions (see [1]). However, such a negative statement is not

enough for statistical applications for the following reasons. Firstly, the loss functions appearing
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in statistical applications are typically well-conditioned when restricted to sparse parameters, and

thus are rather well-behaved. Secondly, we are not aiming to solve the optimization problem

globally, but are usually satisfied if the loss function value is low enough. Thirdly, instead of a

qualitative statement, we care more about a quantitative characterization of the difficulty of the

problem in statistical applications. We will provide partial answers to these challenges within the

class of iterative thresholding algorithms in Chapter 2. Chapter 3 studies the relation between the

constrained approach and the factorized approach for solving low-rank optimization problem.

The statistical challenge associated with sparsity lies in the task of determining the optimal

(or near optimal) statistical procedures within all possible statistical procedures for a wide range

of generating models where sparsity can play a role. Such a task of course depends on our stan-

dard for comparing different procedures, and we mainly work under the minimax framework in

search for the statistical procedures with the optimal (or near optimal) worst-case performance.

The optimal statistical performance is then used as a benchmark against which different practi-

cal statistical procedures are compared to. In the literature, the question of statistical optimality

is investigated thoroughly for the sparse gaussian sequence model and the sparse linear model,

where a wide range of phenomena are revealed that are believed to be universal for models with

sparsity. Then, many other models are studied where sparsity either interacts with other structures

of the underlying parameters, or interacts with different data generating mechanisms. For each

of these special models, the interest is to discover new phenomena not covered in these universal

ones. Chapter 4 contains such a study of statistical optimality under a model where the sparsity

structure interacts with the changepoint structure. Chapter 5 studies statistical optimality under a

contaminated density estimation model.

For notation, we use lowercase letters for vectors and uppercase letters for matrices. Notation

specific to each chapter is introduced in the starting section of the chapter.
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CHAPTER 2

BETWEEN HARD AND SOFT THRESHOLDING: OPTIMAL

ITERATIVE THRESHOLDING ALGORITHMS

In this chapter, we consider the problem of analyzing the performance of iterative thresholding

algorithms used on sparse constrained optimization problem, and provide a framework to compare

the performance of different thresholding operators.1

2.1 Introduction

Consider the general problem of sparse optimization, where we seek to optimize a likelihood func-

tion or loss function subject to a sparsity constraint,

min
x∈Rd ,‖x‖0≤s

f(x).

Here f :Rd→R is the target function that we would like to minimize, while the constraint ‖x‖0≤ s

requires that the solution vector x has at most s many nonzero entries. Similarly, we may work with

a matrix parameter X ∈ Rn×m and search for a low-rank solution,

min
X∈Rn×m,rank(X)≤s

f(X).

Optimization problems over a sparsity constraint or a rank constraint are ubiquitous in high-

dimensional statistics and machine learning. Sparsity of a vector parameter x represents the idea

that we can model the data using a small fraction of the available features, which, for instance,

may correspond to covariates in a regression model or to basis expansion terms in a nonparametric

function estimation problem. Similarly, a rank constraint on a matrix parameter X might corre-

spond to an underlying factor model with a small number of factors. We will focus on problems

1. This work is joint with Rina Foygel Barber and published in [2].
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where f is a differentiable function, as is often the case for many likelihood models and other loss

functions.

In this chapter, we will study the iterative thresholding approach, where gradient steps that

lower the value of the target function f are alternated with thresholding steps to enforce the sparsity

constraint—for instance, hard thresholding sets all but the largest s entries to zero, while soft

thresholding shrinks all values towards zero equally until the sparsity constraint is satisfied. (The

same ideas apply to a rank constraint, by thresholding or shrinking singular values instead of vector

entries. For simplicity, we will primarily discuss the sparse minimization problem, and will return

to the low-rank problem later on.)

For sparse minimization of a differentiable target function f(x), many existing algorithms can

be broadly described as iterating steps of the following form:


Gradient step: x′t = xt−1−ηt ·∇f(xt−1) for some step size ηt ,

Sparsity step: xt = some sparse (or nearly sparse) approximation to x′t .
(2.1)

Our aim is to characterize the type of thresholding operators that are likely to be most successful

at converging to a good solution, i.e. to a value of f(x) that is as low as possible. Is an iterative

thresholding algorithm most likely to succeed if we use hard thresholding, soft thresholding, or yet

another form of thresholding to enforce the sparsity constraint?

We find that the worst-case performance of a thresholding operator, relative to a broad class of

target functions f that we may want to minimize, is fully characterized by a simple measure that we

call the relative concavity. The relative concavity studies the behavior of the sparse thresholding

map x′t 7→ xt in the iterative algorithm (2.1), viewed as an approximate projection onto the space of

s-sparse vectors. Using relative concavity as a tool to evaluate and compare different thresholding

operators, we find that commonly used thresholding operators, for example hard thresholding and

soft thresholding, are indeed suboptimal. Instead, we characterize a general class of thresholding

operators, lying between hard thresholding and soft thresholding, that we show to be optimal. This

class includes `q norm thresholding, where q ∈ (0,1) is chosen adaptively relative to the particular
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problem; furthermore, choosing q = 2/3 is “universal” in the sense that it is nearly optimal across

all sparse thresholding problems. We also develop the reciprocal thresholding operator, which

enjoys the same optimality guarantees as `q thresholding, but with a closed-form equation for

the iterative thresholding step. These simple and efficient iterative thresholding methods are then

applied to the statistical setting of sparse linear regression problem:

y = Xθ0 + z, (2.2)

and are shown to match the Lasso in terms of the resulting guarantee on estimating the true mean

vector Xθ0.

2.2 Problem formulation

To rigorously formulate the problem, we need to specify the assumptions on the objective function,

the class of algorithms under consideration, and the optimization guarantee of interest.

Restricted strong convexity and restricted smoothness In many problems in high-dimensional

statistics, we aim to optimize loss functions that may be very poorly conditioned in general, but

nonetheless exhibit convergence properties of a well-conditioned function when working only with

sparse or approximately sparse vectors. This behavior is captured in the notions of restricted

strong convexity and restricted smoothness (see e.g. Negahban et al. [3], Loh and Wainwright [4]

for background). A differentiable function f : Rd → R satisfies restricted strong convexity with

parameter α at sparsity level s, abbreviated as (α,s)-RSC, if

f(y)≥ f(x)+ 〈∇f(x),y− x〉+ α

2
‖x− y‖22 for all x,y ∈ Rd with ‖x‖0 ≤ s,‖y‖0 ≤ s.
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Similarly, f satisfies restricted smoothness with parameter β at sparsity level s, abbreviated as

(β ,s)-RSM, if

f(y)≤ f(x)+ 〈∇f(x),y− x〉+ β

2
‖x− y‖22 for all x,y ∈ Rd with ‖x‖0 ≤ s,‖y‖0 ≤ s.

Our results will focus on κ = β/α , the condition number of the function f (at the given sparsity

level s).

Iterative thresholding algorithms After initializing at any point x0 ∈ Rd , an iterative thresh-

olding algorithm proceeds by alternating between taking a gradient descent step, and applying a

thresholding operator:

xt = Ψs
(
xt−1−ηt∇f(xt−1)

)
, (2.3)

where Ψs : Rd → {x ∈ Rd : ‖x‖0 ≤ s} is some thresholding operator that enforces s-sparsity at

each step. For example, the “hard thresholding” operator ΨHT
s , is defined to be the operator that

truncates any vector z ∈ Rd to its s largest entries, i.e.

(
Ψ

HT
s (z)

)
i =


zi, i ∈ S,

0, i 6∈ S,

where S⊂ {1, . . . ,d} indexes the s largest-magnitude entries of z.2

Step size choice Throughout this chapter, we will primarily study this generalized iterative

thresholding algorithm under the choice of a universal fixed step size η = 1/β , where β is the

restricted smoothness parameter for the function f. When β is unknown, we will also consider the

2. To be fully precise, in the case of a tie between different entries of z, we may need to choose which entries to
keep and which to set to zero. This choice will not matter from the point of view of our theoretical analysis, and from
this point on, we will assume that we have fixed some map z 7→ S, mapping each vector z ∈ Rd to a set S⊂ {1, . . . ,d}
corresponding to the indices of the s largest entries, so that |S| = s and mini∈S |zi| ≥ max j 6∈S |z j|, for every z. For
instance, in the case of a tie between zi and z j for the position of the sth largest-magnitude entry, we might follow the
rule that we choose to keep entry i if i < j and to keep entry j otherwise. Since the exact choice of the rule for breaking
ties is not relevant for our results here, we will implicitly assume it to be fixed for the remainder of this chapter.
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following adaptive choice of step size based on exact line search:


Define x̃t(η) = Ψs

(
xt−1−η∇f(xt−1)

)
,

Choose ηt = max
{

η ≥ 0 : f(x̃t(η))≤ f(xt−1)+ 〈x̃t(η)− xt−1,∇f(xt−1)〉+ 1
2η
‖x̃t(η)− xt−1‖22

}
,

Set xt = x̃t(ηt).

(2.4)

Note that, since xt−1 and x̃t(η) are both s-sparse, the curvature condition

f(x̃t(η))≤ f(xt−1)+ 〈x̃t(η)− xt−1,∇f(xt−1)〉+
1

2η
‖x̃t(η)− xt−1‖22 (2.5)

is necessarily satisfied for any η ≤ 1
β

due to the restricted smoothness property. Therefore we

will always have ηt ≥ 1
β

. Intuitively, the rule not only helps us get rid of the need to know β ,

but also allows the algorithm to take larger step size for more progress when possible. In practice,

we would consider using a backtracking line search, that is, starting from a large step size and

iteratively shrinking it until condition (2.5) is satisfied. In this way, condition (2.5) is similar to the

classical Armijo rule for backtracking line search. For simplicity of our theoretical result we do

not treat inexact linesearch in the following.

Restricted optimality It is well known that, due to the nonconvexity of the sparsity constraint

‖x‖0 ≤ s, computationally feasible algorithms cannot be guaranteed to find the global minimum,

min‖x‖0≤s f(x)—at least, not without strong assumptions. In other words, it may be the case that

limt→∞ f(xt) is strictly larger than min‖x‖0≤s f(x). However, Jain et al. [5]’s analysis of the iterative

hard thresholding algorithm proves that IHT achieves a weaker optimization guarantee, converging

to a loss value that is at least as small as the best value attained under a more restricted constraint

‖x‖0 ≤ s′ where s′ < s. In this work, we will refer to this type of result as a restricted optimality

guarantee, where the output of an s-sparse optimization algorithm is guaranteed to perform well

relative to a more restrictive s′-sparsity constraint, for some s′ < s. In particular, we will be inter-

ested in the sparsity ratio s′/s—the ratio between the sparsity level s used in the algorithm, versus
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the level s′ appearing in the guarantee. We will assess a thresholding operator Ψs based on its abil-

ity to guarantee restricted optimality relative to a sparsity level s′ that is as close to s as possible,

i.e. a sparsity ratio ρ = s′/s that is as close to 1 as possible.

Related works on iterative thresholding algorithms There exists a vast literature on the prop-

erties of iterative thresholding algorithms, especially iterative hard thresholding, regarding the op-

timization properties and statistical guarantees of these algorithms. Recent results in this area

include the work of Blumensath and Davies [6], Jain et al. [5], Chen and Wainwright [7], Bhatia

et al. [8], Jain et al. [9], Cai et al. [10], Kyrillidis and Cevher [11]. Accelerated forms of the iterative

hard thresholding algorithm are studied in Kyrillidis and Cevher [12], Blumensath [13], Khanna

and Kyrillidis [14]. In particular, Khanna and Kyrillidis [14] finds substantial theoretical and em-

pirical improvement over the original non-accelerated version of the algorithm. Nguyen et al. [15]

studies iterative hard thresholding in the context of stochastic gradient descent, where at each step

t we only have access to a noisy vector that approximates the true current gradient, ∇f(xt). The

works mentioned here also consider thresholding algorithms for the low-rank setting, truncating

singular values instead of vector entries. More broadly, Nguyen et al. [15]’s work considers ap-

proximate thresholding procedures and more general definitions of sparsity.

Related works on penalized methods for sparsity The sparse optimization problem can alter-

nately be approximated by a penalized minimization problem,

min
x∈Rd

{f(x)+λR(x)} ,

where R(x) is a sparsity-promoting regularizer, and λ is tuning parameters controlling the pe-

nalization or constraint. Of course, choosing R(x) = ‖x‖0 would reduce to the original target

optimization problem, but these minimizations are generally only feasible to solve if R(x) is some

relaxation of the sparsity constraint/penalty. For example, the Lasso [16] uses a convex regularizer,

R(x) = ‖x‖1, which enjoys many strong guarantees of accurate estimation of the true sparse signal
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x and of its support. More recently, many nonconvex penalties have been proposed that reduce the

shrinkage bias of the Lasso, at the cost of a more challenging optimization problem, such as the

SCAD [17] and MCP [18] penalties. The `q norm, for q ∈ (0,1), has also been extensively studied

as a compromise between the convex but biased `1 norm (as in the Lasso), and the theoretically

optimal but computationally infeasible `0 norm (i.e. the sparsity constraint, ‖x‖0 ≤ s). Results for

the `q norm include work by Chartrand [19], Foucart and Lai [20], Kabashima et al. [21], Lai and

Wang [22]. Zheng et al. [23]’s recent work studies the `q norm using the framework of approx-

imate message passing to characterize its superior performance relative to the convex `1 norm.

While the resulting optimization problem is nonconvex for these alternatives to the `1 norm, Loh

and Wainwright [4] show that restricted strong convexity in the objective function f is sufficient to

outweigh bounded concavity in the penalty, to ensure successful optimization within a small error

tolerance.

2.3 Convergence guarantee for iterative thresholding algorithms

To state our main convergence result, we have to first define the relative concavity of a thresholding

operator.

Relative concavity of a thresholding operator Let s∈ {1, . . . ,d} be any fixed sparsity level and

let ρ ∈ [0,1]. We define the relative concavity of an s-sparse thresholding operator Ψs relative to

sparsity proportion ρ as

γs,ρ(Ψs) = sup

{
〈y−Ψs(z),z−Ψs(z)〉
‖y−Ψs(z)‖22

: y,z ∈ Rd , ‖y‖0 ≤ ρs, y 6= Ψs(z)

}
.

Note that 〈y−Ψs(z),z−Ψs(z)〉
‖y−Ψs(z)‖2

2
is the coefficient of projection when projecting z−Ψs(z) onto y−

Ψs(z), and measures how much these two vectors align. To understand the term “relative con-

cavity” in the name, we note that if Ψs were a projection operator to some convex constraint set

C , then we would have 〈y−Ψs(z),z−Ψs(z)〉 ≤ 0 for any y ∈ C , by the properties of convex
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projections. For sparse estimation, the constraint ‖x‖0 ≤ s is not convex; any positive values of

〈y−Ψs(z),z−Ψs(z)〉 with ‖y‖0 ≤ s measure the extent to which the thresholding operator Ψs

behaves differently from a convex projection. By taking a more restrictive constraint on y, namely

‖y‖0 ≤ ρs rather than ‖y‖0 ≤ s, we reduce this measure of concavity; the relative concavity of Ψs

will be smaller for lower values of ρ .

Relative concavity and convergence We now examine how the relative concavity of Ψs relates

to the convergence behavior of iterative thresholding with a fixed step size. The main message,

casted informally, is this:

Given sparsity levels s and s′ = ρs, and an s-sparse thresholding operator Ψs, the

condition γs,ρ(Ψs) ≤ 1
2κ

is both necessary and sufficient for restricted optimality to

hold relative to sparsity level s′.

Our first theorem accounts for the sufficiency of the condition.

Theorem 2.3.1. Consider any objective function f : Rd → R, any sparsity levels s ≥ s′, and any

s-sparse thresholding operator Ψs. Assume the objective function f satisfies (α,s)-RSC and (β ,s)-

RSM. Let ρ = s′/s and κ = β/α , and assume that

γs,ρ(Ψs)<
1

2κ
.

Then, for any s-sparse x0 ∈Rd and any s′-sparse y ∈Rd , the iterated thresholding algorithm (2.3)

initialized at x0 and run with fixed step size η = 1/β satisfies

min
t=1,...,T

f(xt)≤ f(y)+
(

1−1/κ

1−2γs,ρ(Ψs)

)T
· β

2
‖x0− y‖22

for each T ≥ 1. The same result holds for the iterative thresholding algorithm with adaptive step

size (2.4).

In other words, the condition γs,ρ(Ψs) <
1

2κ
guarantees restricted optimality on the class of κ-
10



conditioned objective functions at sparsity proportion ρ . Next, we examine the necessity of the

bound on γs,ρ(Ψs). The following result proves that, if γs,ρ(Ψs)>
1

2κ
, then there exists an objec-

tive function f(x) on which the restricted optimality guarantee fails, when we run iterative thresh-

olding with fixed step size η = 1
β

.

Theorem 2.3.2. Consider any sparsity levels s ≥ s′, any s-sparse thresholding operator Ψs, and

any constants β ≥ α > 0. Let ρ = s′/s and κ = β/α , and assume that

γs,ρ(Ψs)>
1

2κ
.

Then there exists an objective function f(x) that satisfies (α,s)-RSC and (β ,s)-RSM, and an s-

sparse x0 ∈ Rd and s′-sparse y ∈ Rd , such that the iterated thresholding algorithm (2.3) run with

step size η = 1/β and initialization point x0 satisfies

lim
t→∞

f(xt)> f(y).

This result is proved by constructing an objective function f and an s-sparse point x0, such that

f(x0) > f(y), but x0 is a stationary point of the iterated thresholding algorithm, i.e. by initializing

at x0, we obtain xt = x0 for all t ≥ 1. This proves that the iterated thresholding algorithm does not

satisfy restricted optimality (at the given sparsity levels), since it is trapped at an s-sparse point x0

whose objective value is strictly worse than that of the s′-sparse point y.

2.4 Upper and lower bounds on relative concavity

We have now seen that the relative concavity γs,ρ(Ψs) fully characterizes the worst-case perfor-

mance of the thresholding operator Ψs in the gradient descent algorithm, with a convergence guar-

antee in Theorem 2.3.1 and a matching lower bound in Theorem 2.3.2 (assuming a fixed step size).

In this next section, we turn to the question of investigating the relative concavity in greater detail,

in order to determine which thresholding operators are most likely to lead to successful optimiza-

11



tion. Along the way, we will focus on the following questions:

• What is the relative concavity of commonly used thresholding operators, for example, hard

thresholding and soft thresholding?

• What is the best (i.e. lowest) possible relative concavity γs,ρ(Ψs) among all thresholding

operators Ψs, and which thresholding operators are optimal?

Throughout this section, for providing upper and lower bounds on γs,ρ(Ψs), we will assume with-

out comment that s,s′ ∈ {1, . . . ,d} are two sparsity levels satisfying 1≤ s′ ≤ s≤ d and s+ s′ ≤ d,

and we will define ρ = s′/s as usual.

2.4.1 Relative concavity of hard and soft thresholding

First, we consider hard thresholding, Ψs = ΨHT
s . The following result computes the relative con-

cavity for the hard thresholding operator:

Lemma 2.4.1. The relative concavity of hard thresholding is given by

γs,ρ(Ψ
HT
s ) =

√
ρ

2

for every sparsity proportion ρ ∈ (0,1].

In particular, with Lemma 2.4.1, the condition γs,ρ(Ψ
HT
s ) < 1

2κ
becomes ρ < 1

κ2 . In light of

Theorems 2.3.1 and 2.3.2, we see that for iterative hard thresholding algorithm, ρ < 1
κ2 is necessary

and sufficient to guarantee restricted optimality with sparsity level s and s′, tightening the condition

obtained in Jain et al. [5] where they prove restricted optimality with the sparsity proportion ρ =

1
32κ2 .

We might wonder whether the highly discontinuous nature of the hard thresholding function

might not be ideal—by smoothing out the discontinuity, could we attain better performance? How-

ever, we find that any continuous thresholding operator with respect to the Euclidean distance in

Rd is necessarily worse than hard thresholding:
12



Lemma 2.4.2. For any continuous map Ψs : Rd → {x ∈ Rd : ‖x‖0 ≤ s}, its relative concavity

satisfies

γs,ρ(Ψs)≥ 1

for every sparsity proportion ρ ∈ (0,1].

In particular, since κ ≥ 1, the condition γs,ρ(Ψs)<
1

2κ
never holds if Ψs is continuous. Comparing

to Theorem 2.3.2, we see that no continuous operator can guarantee restricted optimality at any

sparsity ratio ρ , even in the ideal setting where f is well-conditioned. This includes soft threshold-

ing at a fixed sparsity level, i.e., the map ΨST
s that shrinks all entries of z equally until the desired

sparsity level is reached:

(
Ψ

ST
s (z)

)
i =


zi−λ , zi > λ ,

0, |zi| ≤ λ ,

zi +λ , zi <−λ ,

taking λ ≥ 0 to be the smallest value s.t. ‖ΨST
s (z)‖0 ≤ s.

In practice, it is much more common to implement soft thresholding at a fixed λ , rather than at a

fixed s. We will discuss the fixed-λ formulation of soft thresholding later on, in Section 2.4.6.

2.4.2 Optimal value of relative concavity

In this section we turn to the question of optimality: what is the optimal value of relative concavity

among all thresholding operators at a given sparsity proportion ρ? We will establish that

inf
Ψs:Rd→{x∈Rd :‖x‖0≤s}

γs,ρ(Ψs) =
ρ

1+ρ
.

That is, the lowest relative concavity among all thresholding operators at a given sparsity propor-

tion ρ is exactly ρ

1+ρ
. Since this is much smaller than

√
ρ

2 when ρ is small, we see that hard

thresholding is suboptimal.

We start with the following lower bound for all thresholding operators:
13



Lemma 2.4.3. For any map Ψs : Rd→{x∈Rd : ‖x‖0 ≤ s} and any sparsity proportion ρ ∈ (0,1],

the relative concavity is lower-bounded as

γs,ρ(Ψs)≥
ρ

1+ρ
.

To show that this lower bound is indeed tight, we will consider `q thresholding and establish

upper bound for its relative concavity that matches this lower bound with proper choices of q. `q

thresholding encourage sparsity without exerting too much shrinkage by constraining the `q norm

of the vector after thresholding for some q ∈ (0,1). To be precise, let

P̀ q(z; t) = argmin
{
‖x− z‖2 : ‖x‖q ≤ t

}
denote projection to the `q ball, where ‖x‖q = (∑i |xi|q)1/q is the `q “norm” (in fact a nonconvex

function since q < 1). Then define

Ψ
`q
s (z) = P̀ q(z; t(z)), where t(z) = sup

{
t : ‖P̀ q(z; t)‖0 ≤ s

}
.

In words, Ψ
`q
s (z) projects z to an `q ball whose radius is chosen to be as large as possible while

still ensuring s-sparsity.3 The following result computes the relative concavity for `q thresholding:

Lemma 2.4.4. The relative concavity of `q thresholding Ψ
`q
s is equal to

γs,ρ(Ψ
`q
s ) =

ρ

min{1,(2−q
q )2(1−ρ)}

4q(1−q)
(2−q)2 (1+

√
1+(2−q

q )2 ρ

min{1,(2−q
q )2(1−ρ)}

)

3. Note that P̀ q(z; t) may be non-unique. To be fully precise, we define Ψ
`q
s (z) by first fixing some map z 7→ S,

the possibly non-unique support of its largest s entries, and then defining t(z) and choosing the possibly non-unique
projection P̀ q(z; t(z)) in such a way that the nonzero entries in the projection are exactly on this support.
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for every sparsity proportion ρ ∈ (0,1). In particular, if we choose

q =
2(1−ρ)

3−ρ
,

then the resulting thresholding operator attains the lowest possible relative concavity,

γs,ρ(Ψ
`q
s ) =

ρ

1+ρ
, for q =

2(1−ρ)

3−ρ
.

In addition, the universal choice q = 2/3 yields relative concavity equal to,

γs,ρ(Ψ
`2/3
s ) =

ρ

min{1,4(1−ρ)}
1
2 +

1
2

√
1+ 4ρ

min{1,4(1−ρ)}

≤ ρ

min{1,4(1−ρ)}
, for all ρ ∈ (0,1).

Now we provide some explanation for this result. If we are allowed to choose q depend on ρ ,

then the choice q =
2(1−ρ)

3−ρ
would lead to a relative concavity of ρ

1+ρ
, which exactly matches the

lower bound in Lemma 2.4.3. Of course this specific choice of q is chosen for a specific sparsity

proportion ρ and might not work well for other values of the sparsity proportion. To avoid this

drawback or the need to tune the parameter q, one can have the universal choice q = 2/3. Due to

the expression for γs,ρ(Ψ
`2/3
s ), we see that γs,ρ(Ψ

`2/3
s )≈ ρ when ρ is small, thus nearly matching

the lower bound ρ

1+ρ
.

In particular, with the optimal value of relative concavity γs,ρ =
ρ

1+ρ
, the condition γs,ρ < 1

2κ

becomes ρ < 1
2κ−1 . In light of Theorem 2.3.1 and Theorem 2.3.2, we see that ρ < 1

2κ−1 is both

necessary and sufficient for restricted optimality to hold with sparsity proportion ρ . Compare this

with the condition ρ < 1
κ2 required by hard thresholding, we see that the dependence on condition

number is greatly improved!
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2.4.3 A general class of thresholding operators

Now that we have seen that `q thresholding operators enjoy good properties in terms of relative

concavity, we can ask whether there are other thresholding operators of such optimal and near-

optimal properties. In this section we address this problem by showing `q thresholding can be

characterized as a special case of a larger class of thresholding operators, which all enjoy the same

optimality properties in the sense of their relative concavity. Consider any nonincreasing function

σ : [1,∞)→ [0,1],

which we call the “shrinkage function”, which will determine the amount of shrinkage on each

entry of a vector z at the thresholding step. Defining the support S and thresholding level τ =

maxi6∈S |zi| as before, we then define the thresholding operator Ψs;σ as

(
Ψs;σ (z)

)
i =


zi− τσ

(
|zi|/τ

)
, i ∈ S,

0, i 6∈ S.

In other words, for entry i∈ S, σ
(
|zi|/τ

)
determines the relative amount of shrinkage on this entry.

The intuitive meaning of σ is illustrated in Figure 2.1. (If τ = 0, i.e. z is already s-sparse, then we

would simply take Ψs;σ (z) = z; we will ignore this case from this point on.)

Note that since σ is nondecreasing, the maximum shrinkage occurs when |zi|= τ exactly; the

amount of shrinkage in this setting is governed by σ(1).

We can now examine the relationship of the choice of σ to the relative concavity:

Lemma 2.4.5. For any nonincreasing shrinkage function σ : [1,∞)→ [0,1] such that 0 < σ(1)< 1

and

t 7→ σ(t)(t−σ(t)) is nondecreasing over t ≥ 1, (2.6)
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Figure 2.1: An illustration of the definition of the relative shrinkage function σ (for simplicity
we use thresholding level τ = 1 in this illustration). Here we use the relative shrinkage function
σ(t) = t−

√
t2−1
2 , corresponding to the reciprocal thresholding operator defined in Section 2.4.4.

the thresholding operator Ψs;σ has relative concavity

γs,ρ(Ψs;σ ) =

ρ

min{1,(1−ρ)/σ(1)2}

2σ(1)
(
1−σ(1)

)(
1+
√

1+ ρ/σ(1)2

min{1,(1−ρ)/σ(1)2}

) .

In particular, the resulting operator attains the lowest possible relative concavity,

γs,ρ(Ψs;σ ) =
ρ

1+ρ
,

if and only if σ(1) = 1−ρ

2 . If instead we take a universal shrinkage level σ(1) = 1
2 , then the relative
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concavity is given by

γs,ρ(Ψs;σ ) =

ρ

min{1,4(1−ρ)}
1
2 +

1
2

√
1+ 4ρ

min{1,4(1−ρ)}

≤ ρ

min{1,4(1−ρ)}
.

Examining the definition of this general family of thresholding operators, we can see that `q

thresholding corresponds to setting

σ(t) = t−
(

the larger-magnitude root x of the equation t = x+ q(2−2q)1−q/(2−q)2−q

x1−q

)
,

for which we have σ(1) = q
2−q and which satisfies (2.6). We also have that σ(1) = 1

2 corre-

sponds to the “universal” choices q = 2/3, and σ(1) = 1−ρ

2 (the optimal value) corresponds to

the ρ-specific choices q =
2(1−ρ)

3−ρ
. As a consequence, the previous result for `q thresholding,

Lemma 2.4.4, is simply special case of this more general lemma.

On the other hand, the hard thresholding operator ΨHT
s can be obtained by setting σ(t) = 0 for

all t ∈ [1,∞), but this does not satisfy the assumption σ(1)> 0 required in the lemma. However, if

we informally consider fixing ρ > 0 and taking a limit σ(1)→ 0 in the upper bound in the lemma,

we see

lim
σ(1)→0

ρ

min{1, 1−ρ

σ(1)2
}

2σ(1)(1−σ(1))

(
1+
√

1+ ρ

σ(1)2 min{1, 1−ρ

σ(1)2
}

) =

√
ρ

2
,

obtaining the relative concavity of hard thresholding calculated earlier.

2.4.4 Reciprocal thresholding and minimal shrinkage

Practically, for two thresholding operators with the same restricted optimality guarantees, i.e. with

the exact same value of relative concavity, we may favor the one that exerts smaller amount of

shrinkage. Thus it makes sense to ask among the general class of thresholding operators defined in

Section 2.4.3, which operators exert the minimal amount of shrinkage? Consider all operators of
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the form Ψs;σ , with some fixed value of σ(1)∈ (0,1/2]. For any σ satisfying the assumption (2.6),

for all t ≥ 1 we have

σ(t)(t−σ(t))≥ σ(1)(1−σ(1)).

For convenience, we reparametrize this equation by setting c = 1− 2σ(1) ∈ [0,1), and so we are

considering all nonincreasing functions σ : [1,∞)→ [0,1] that satisfy σ(1) = 1−c
2 and

σ(t)(t−σ(t))≥ σ(1)(1−σ(1)) =
1− c2

4
.

Thus, we must have

σ(t)≥ t−
√

t2− (1− c2)

2
(2.7)

for all t ≥ 1.

This motivates a new family of thresholding operators, reciprocal thresholding with parameter

c, which is designed to make the inequality (2.7) an equality. To be specific, we define reciprocal

thresholding with parameter c to be

Ψ
RT,c
s = Ψs;σ with shrinkage function σ(t) =

t−
√

t2− (1− c2)

2
.

To apply this operator to some vector z ∈ Rd , we first let S ⊂ {1, . . . ,d} be the indices of the

largest s entries of z (with our usual caveat about needing to establish some rule for breaking ties)

and let τ = maxi6∈S |zi| be the magnitude of the (s+1)-st largest entry of z. Then Ψ
RT,c
s (z) operates

entry-wise as follows:

(
Ψ

RT,c
s (z)

)
i =


sign(zi) ·

(
1
2 |zi|+ 1

2

√
|zi|2− τ2(1− c2)

)
, if i ∈ S,

0, if i 6∈ S.
(2.8)
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Here the thresholded value
(
Ψ

RT,c
s (z)

)
i is equal to the larger-magnitude root t of the equation

zi = t +
τ2 · 1−c2

4
t

, (2.9)

hence the name “reciprocal thresholding”.

As before, to avoid the need for selecting c adaptively, we might want to consider some fixed

choices. At one extreme, taking c = 1 yields Ψ
RT,1
s = ΨHT

s , the hard thresholding operator. At the

other extreme, taking c = 0 defines the “universal” reciprocal thresholding operator:

Ψ
RT
s = Ψ

RT,0
s .

For any z ∈ Rd , ΨRT
s operate entry-wise as:

(
Ψ

RT
s (z)

)
i =


sign(zi) ·

(
1
2 |zi|+ 1

2

√
|zi|2− τ2

)
, if i ∈ S,

0, if i 6∈ S.
(2.10)

The following lemma calculates the relative concavity of Ψ
RT,c
s and ΨRT

s as a direct conse-

quence of Lemma 2.4.5.

Lemma 2.4.6. For any sparsity proportion ρ ∈ (0,1], the thresholding operator Ψ
RT,c
s with pa-

rameter c = ρ has relative concavity equal to

γs,ρ(Ψ
RT,ρ
s ) =

ρ

1+ρ
.

The reciprocal thresholding operator ΨRT
s has relative concavity equal to

γs,ρ(Ψ
RT
s ) =

ρ

min{1,4(1−ρ)}
1
2 +

1
2

√
1+ 4ρ

min{1,4(1−ρ)}

≤ ρ

min{1,4(1−ρ)}

for every sparsity proportion ρ ∈ (0,1).
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Thus, Ψ
RT,c
s with c = ρ is exactly optimal among all thresholding operators relative to the sparsity

proportion ρ (as is Ψ
`q
s with q =

2(1−ρ)
3−ρ

), while ΨRT
s is near optimal when ρ is small (as is Ψ

`2/3
s ).

2.4.5 An illustrative comparison

Through the development in this section, we see that there are three important benchmarks for

relative concavity: the bound
√

ρ/2 attained by hard thresholding ΨHT
s , the near otpimal bound

ρ

min{1,4(1−ρ)}
1
2+

1
2

√
1+ 4ρ

min{1,4(1−ρ)}

attained by reciprocal thresholding ΨRT
s and `2/3 thresholding Ψ

`2/3
s , and the

optimal value ρ

1+ρ
. In this section we provide a comparison between these three values.

The left-hand plot of Figure 2.2 displays the three values of relative concavity as functions of

the sparsity proportion ρ . We see that at small values ρ ≈ 0, the relative concavity of reciprocal

thresholding and `2/3 thresholding is nearly identical to the optimal bound ρ

1+ρ
, and is substan-

tially better than the relative concavity for hard thresholding, given by
√

ρ/2. At larger values of

ρ , the relative concavity for hard thresholding is instead lower.

To view this comparison in another light, given any fixed thresholding operator Ψs with certain

relative concavity, and given an objective function f with condition number κ , for what sparsity

ratio ρ = s′/s is the iterative thresholding algorithm guaranteed to achieve restricted optimality?

Using the condition γs,ρ(Ψs) ≤ 1
2κ

, for each relative concavity γs,ρ we can solve for the largest

possible κ for which restricted optimality is assured, as a function of ρ .

This is illustrated in the right-hand plot of Figure 2.2, where we see that the reciprocal thresh-

olding operator ΨRT
s and the `2/3 thresholding operator achieve a nearly-optimal sparsity ratio ρ

when the condition number κ is large and ρ is correspondingly close to zero, while hard thresh-

olding ΨHT
s is closer to optimal for κ and ρ close to 1. Thus, we can conclude that reciprocal

thresholding and `2/3 thresholding offer stronger theoretical guarantees when κ > 2, while hard

thresholding may be better for very well-conditioned problems where 1≤ κ < 2. (Empirically, we

have observed that it is often the case that the three perform nearly identically in “generic” prob-

lems, and only show substantial differences in problems constructed to mimic our lower bound

result, Theorem 2.3.2, for example, in linear regression problems where a small subset of the fea-
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Figure 2.2: A comparison of three values of relative concavity: the optimal relative concavity
(attained by, for instance, Ψ

RT,c
s with c = ρ , or by Ψ

`q
s with q =

2(1−ρ)
3−ρ

); the relative concavity

obtained by the “universal” operators, including ΨRT
s and by `2/3 thresholding; and the relative

concavity of hard thresholding. The left plot shows the relative concavity as a function of the
sparsity proportion ρ . The right plot shows the largest possible condition number κ of the objective
function f for which a restricted optimality guarantee can be attained (Theorems 2.3.1 and 2.3.2
show that γs,ρ(Ψs)≤ 1

2κ
is necessary and sufficient for a restricted optimality guarantee).

tures are generated to have covariance structure similar to the construction in Theorem 2.3.2.)

2.4.6 A closer look at soft thresholding

In many applications, it is common to use a sparsity-inducing penalty rather than an explicit spar-

sity constraint. For example, we may solve

x̂ = arg min
x∈Rd

{
f(x)+λ‖x‖1

}
,

which is known as the Lasso [16] in the context of regression problems. More generally, we can

consider

x̂λ = arg min
x∈Rd

{
f(x)+λR(x)

}
, (2.11)
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where R : Rd → R is any proper convex function acting as a regularizer. This class of problems

can be solved iteratively with a proximal gradient method,

xt = ProxληR

(
xt−1−η∇f(xt−1)

)
, (2.12)

where for any t ≥ 0, the proximal map is defined as

ProxtR(z) = arg min
x∈Rd

{
1
2
‖x− z‖22 + tR(x)

}
.

Note that convexity of R(x) ensures continuity of the proximal map. More properties of the prox-

imal map and the proximal method can be found in [24]. Examining the iterations of proximal

gradient descent (2.12), we see that it is very similar to the iterative thresholding method (2.3) for

a fixed sparsity level s (using some particular thresholding operator Ψs); we simply replace the

thresholding operator Ψs with the proximal map ProxληR.

In particular, if we consider R(x) = ‖x‖1, the resulting proximal map is known as “soft thresh-

olding”, and can be computed with elementwise shrinkage:

(
Proxt‖·‖1

(z)
)

i =


zi− t, zi > t,

0, |zi| ≤ t,

zi + t, zi <−t.

Now, recall that in Section 2.4.1, we considered a “soft thresholding” operator at a fixed sparsity

level s, which we can now rewrite as

Ψ
ST
s (z) = Proxt‖·‖1

(z) where t ≥ 0 is the smallest value s.t. ‖Proxt‖·‖1
(z)‖0 ≤ s.

We might ask whether the suboptimal worst-case performance of iterative thresholding with the

operator ΨST
s , as established by Lemma 2.4.2 and Theorem 2.3.2, is due to the unusual definition
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of ΨST
s , using a fixed sparsity level s, rather than the usual form of soft thresholding where we

would iterate (2.12) at a fixed value of λ in order to minimize f(x)+λ‖x‖1.

In fact, we will now see that this is not the case—even if we use a fixed λ rather than a fixed

sparsity level s, we can still find worst-case examples where restricted optimality is not achieved.

Theorem 2.4.1. Let d ≥ 2, let β ≥ α > 0, and let R : Rd → R be a proper convex function that

satisfies the following assumptions:

For any z ∈ Rd and any t′ > t ≥ 0, if ‖ProxtR(z)‖0 < d then ‖Proxt ′R(z)‖0 < d. (2.13)

There exist v,w ∈ Rd that are both dense, i.e., ‖v‖0 = ‖w‖0 = d, with w ∈ ∂R(v). (2.14)

Then there exists an objective function f(x) that satisfies (α,d)-RSC and (β ,d)-RSM, and a 1-

sparse vector y ∈ Rd , such that defining x̂λ as in (2.11),

For all λ ≥ 0, either ‖x̂λ‖0 = d or f(x̂λ )> f(y).

In other words, this result means there is no value of λ that produces a solution that is both sparse

(at any sparsity level < d) and has an objective function value at least as good as the best 1-sparse

solution y.

We remark that our conditions (2.13) and (2.14) on the regularizer R are satisfied by many

common regularizers—for example, the `1 norm (Lasso), any `p norm for 1 ≤ p ≤ ∞, the elastic

net (a combination of the `1 and `2 norms), the weighted `1 norm, and many others. To help

interpret the first condition (2.13), this essentially requires that a sparse solution x̂λ will stay sparse

if we increase the penalty parameter λ , as we would expect for any sparsity-promoting regularizer.

This theorem implies that, just as continuous thresholding operators Ψs at a fixed level s can

fail to attain restricted optimality in a worst-case scenario, the same holds for regularization with

convex penalties (such as soft thresholding with the `1 norm). An open question remains here,

namely, is there a measure in the style of relative concavity, which can characterize the worst-case

performance of penalty functions R (covering both convex and nonconvex penalty functions, just
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as relative concavity treats both continuous and non-continuous thresholding operators)?

2.5 Iterative thresholding for low-rank matrices

We next extend our analysis of iterative thresholding methods to the setting of a low-rank con-

straint. In fact, our results carry over fully into this setting. Given a rank constraint, rank(X) ≤ s,

the hard thresholding operator is defined as

Ψ̃
HT
s : X 7→U ·diag(ΨHT

s (d)) ·V>,

where X = U ·diag(d) ·V> is the singular value decomposition of X .4 That is, hard thresholding

is performed on the singular values of the matrix X , rather than on its entries. Of course, we can

extend this to any thresholding operator—given any Ψs : Rmin{n,m}→{x∈Rmin{n,m} : ‖x‖0 ≤ s},

we can “lift” this thresholding operator to the matrix setting by defining

Ψ̃s : X 7→U ·diag(Ψs(d)) ·V>. (2.15)

Of course, its possible to construct a rank-s thresholding operator Ψ̃s that is not of the form given

in (2.15), for example, if Ψ̃s does not preserve the left and right singular vectors of Z.

We next extend our convergence results, Theorems 2.3.1 and 2.3.2, to the low-rank setting.

In order to do so, we need to define the matrix version of relative concavity—this definition is

analogous to the vector case, with rank constraints in place of sparsity constraints:

γ̃s,ρ(Ψ̃s) = sup

{
〈Y − Ψ̃s(Z),Z− Ψ̃s(Z)〉
‖Y − Ψ̃s(Z)‖2F

: Y,Z ∈ Rn×m, rank(Y )≤ ρs,Y 6= Ψ̃s(Z)

}
.

As for the vector case, relative concavity is necessary and sufficient for guaranteeing restricted

4. In the case of repeated singular values, the singular value decomposition will not be unique, and we assume
that we have some mechanism for specifying a specific singular value decomposition. This is analogous to the sparse
vector problem, where if the sth largest entry in z is not unique, we need to assume some mechanism for breaking ties
and choosing the support of the thresholded vector.
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optimality—in fact, the proofs of these are completely identical to the vector case. For complete-

ness, we state the results here, for the matrix version of the iterated thresholding algorithm:

Xt = Ψ̃s
(
Xt−1−ηt∇f(Xt−1)

)
, (2.16)

with either fixed step size ηt = 1/β or adaptive step size defined as in (2.4).

Theorem 2.5.1. Consider any objective function f : Rn×m→ R, any ranks s≥ s′, and any rank-s

thresholding operator Ψ̃s. Assume the objective function f satisfies (α,s)-RSC and (β ,s)-RSM rel-

ative to the rank constraint.5 Let ρ = s′/s and κ = β/α , and assume that γ̃s,ρ(Ψ̃s)<
1

2κ
. Then, for

any X0,Y ∈ Rn×m with rank(X0)≤ s and rank(Y )≤ s′, the iterated thresholding algorithm (2.16)

run with step size η = 1/β and initialization point X0 satisfies

min
t=1,...,T

f(Xt)≤ f(Y )+

(
1−1/κ

1−2γ̃s,ρ(Ψ̃s)

)T

· β
2
‖X0−Y‖2F

for each T ≥ 1.

Theorem 2.5.2. Consider any ranks s≥ s′, any rank-s thresholding operator Ψ̃s, and any constants

β ≥ α > 0. Let ρ = s′/s and κ = β/α , and assume that γ̃s,ρ(Ψ̃s) >
1

2κ
. Then there exists an

objective function f(X) that satisfies (α,s)-RSC and (β ,s)-RSM relative to the rank constraint,

and matrices X0,Y ∈Rn×m with rank(X0)≤ s and rank(Y )≤ s′, such that the iterated thresholding

algorithm (2.16) run with step size η = 1/β and initialization point X0 satisfies

lim
t→∞

f(Xt)> f(Y ).

In other words, just as for the sparse optimization problem, the relationship between relative con-

cavity and condition number gives a necessary and sufficient condition for guaranteed convergence.

We note that these results apply to any rank-s thresholding operator Ψ̃s, whether or not it can be

5. In the low-rank setting, the RSC and RSM conditions are defined with rank in place of sparsity—specifically,
we are assuming that α

2 ‖X−Y‖2
F ≤ f(Y )− f(X)−〈∇f(X),Y −X〉 ≤ β

2 ‖X−Y‖2
F whenever rank(X)≤ s, rank(Y )≤ s.
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constructed by “lifting” a s-sparse thresholding operator as in (2.15).

Next, how can we calculate relative concavity of a thresholding operator in the matrix setting?

For simplicity, from this point on we assume that we are working with ranks s ≥ s′ ≥ 1 with

s+ s′ ≤min{n,m}. For this question, we will again see that results from the sparse setting transfer

to the low-rank setting. First, we have the same lower bound uniformly over all operators:

Lemma 2.5.1. For any map Ψ̃s : Rn×m→{X ∈Rn×m : rank(X)≤ s} and any sparsity proportion

ρ ∈ (0,1], the relative concavity is lower-bounded as

γ̃s,ρ(Ψ̃s)≥
ρ

1+ρ
.

Furthermore, if we restrict our attention to “lifted” thresholding operators of the form (2.15), the

relative concavity of Ψs is inherited by the lifted operator Ψ̃s—as long as we restrict ourselves to

s-sparse thresholding operators Ψs that satisfy a natural sign condition:

For any z ∈ Rd and any a ∈ {±1}d , Ψs
(
diag(a) · z

)
= diag(a) ·Ψs(z). (2.17)

This effectively means that Ψs(z) preserves the signs of z, but the signs of z do not affect the amount

of shrinkage in the thresholded vector Ψs(z). For example, this requires that Ψs(−z) = −Ψs(z).

Under this assumption, the relative concavity of Ψs carries over into the matrix setting.

Lemma 2.5.2. Let Ψs be a s-sparse thresholding operator satisfying the sign condition (2.17), and

let Ψ̃s be the lifted thresholding operator defined in (2.15). Then for every sparsity proportion

ρ ∈ (0,1],

γ̃s,ρ(Ψ̃s) = γs,ρ(Ψs).

It is obvious that all the thresholding operators we have considered satisfy the sign condition (2.17).

Thus, all the results of relative concavity that we have proved in the sparse setting, carry over di-

rectly to the low-rank setting. In particular, as for the sparse setting, the hard thresholding operator
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has relative concavity

γ̃s,ρ(Ψ̃
HT
s ) =

√
ρ

2
, (2.18)

while any thresholding operator Ψ̃s;σ constructed with some shrinkage function σ satisfying σ(1)=

1/2 and the conditions of Lemma 2.4.5, such as the reciprocal thresholding operator, Ψ̃RT
s , or `q

thresholding with q = 2/3, Ψ̃
`2/3
s , satisfy

γ̃s,ρ(Ψ̃s;σ ) = γ̃s,ρ(Ψ̃
`2/3
s ) = γ̃s,ρ(Ψ̃

RT
s )≤ ρ

min{1,4(1−ρ)}
.

If the desired rank proportion ρ = s′/s is fixed in advance, then as before, choosing reciprocal

thresholding with parameter c= ρ , or `q thresholding with q= 2(1−ρ)
3−ρ

, we again obtain the optimal

relative concavity of ρ

1+ρ
. As before, we can conclude that reciprocal thresholding and `2/3 each

offer lower relative concavity than hard thresholding whenever ρ is small—and, correspondingly,

are a safer choice for objective functions f whose condition number is not close to 1.

2.6 Sparse linear regression

Now that we have discussed the deterministic optimization setting in depth, it is natural to ask what

is the implication of these guarantee for a statistically random setting. In this section, we apply our

developed machinery to the concrete statistical setting of sparse linear regression. We work with

the Gaussian linear model

y = Xθ0 + z (2.19)

where X ∈Rn×p is a fixed design matrix, θ0 ∈Rp is the true coefficient vector assumed to be fixed

and s0-sparse, and z ∼ N(0,σ2In) is the noise vector, with fixed unknown noise level σ2 > 0. In

this section we will mainly be interested in prediction error, i.e. how well we can estimate the true

mean vector Xθ0. One way of capturing the conditioning of the design matrix is by the following

28



definition: at some given sparsity level s, we define a set of design matrices X (α,β ,s) as

X (α,β ,s) =

{
X ∈ Rn×p : the map θ 7→ θ

>
(

X>X
2n

)
θ satisfies (α,s)-RSC and (β ,s)-RSM

}
.

(2.20)

As usual, we will be interested in the condition number κ = β/α . A similar definition is the

restricted eigenvalue condition on the design matrix X , which constrains X to the following set

XRE(κ,s0) =

{
X ∈ Rn×p : max

j=1,...,p

‖X j‖2√
n
≤ 1, and θ

>
(

X>X
2n

)
θ ≥ 1

2κ
‖θ‖22

for all θ ∈ Rd with ‖θ‖1 ≤ 4max|S|=s0
‖θS‖1

}
. (2.21)

To gain some intuition for when these conditions may hold, for a design matrix X whose rows

are i.i.d. draws from a normal distribution N(0,Σ), Raskutti et al. [25, Theorem 1] show that the

population-level eigenvalues of the covariance Σ are approximately preserved in the design matrix,

at any sparsity level s� n
log(p) .

Computational lower bound In terms of prediction error, the optimal method, `0 constrained

least squares method, is not computable. Thus from the lower bound side, it is of interest to ask

what is the lowest prediction error achievable in the class of computational feasible estimator.

Recently, Zhang et al. [26] provide a partial answer to this question, restricting to the class of

s0 sparse estimator. Their main result (see Theorem 1 in Zhang et al. [26]) states the following

(informally):

Under the assumption that NP * P \ poly, for any δ ∈ (0,1), under some assumption

on n,d,s0 and for any κ in a wide range, there exists a design matrix X ∈XRE(κ,s0)

such that for any computational efficient methods, the maximum prediction error (over

all s0 sparse θ0) is lower bounded by (up to some constant) κ · σ2s1−δ

0 log(d)
n .

Thus if we restrict ourselves to all computationally feasible s0 sparse estimator, then the best

achievable squared prediction error is of order κ · σ2s0 log(d)
n .
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Upper bounds for iterative thresholding methods In this section we establish prediction error

bounds for iterative thresholding algorithm. First we provide some intuition on how to connect re-

stricted optimality guarantee with statistical performance. It is well known that the global optimum

of `0-constrained least squared loss, i.e.

θ̂ ∈ arg min
‖θ‖0≤s0

‖y−Xθ‖22,

achieves a squared prediction error scaling as σ2s0 log(d)
n . For iterative thresholding algorithms,

since we only have restricted optimality rather than global optimality, we are forced to work over a

constraint at a larger sparsity s≥ s0 to guarantee ‖y−X θ̂‖22 ≤min‖θ‖0≤s0
‖y−Xθ‖22. The statisti-

cal price one has to pay for this computational strategy is the inflation in noise level corresponding

to the inflation in sparsity—that is, we have error on s many nonzero coefficients, rather than s0

many—so the final upper bound for prediction error would scale as σ2s log(d)
n instead of σ2s0 log(d)

n ,

where s is chosen to be the smallest sparsity level that guaratees restricted optimality relative to

the lower sparsity level s′ = s0. Now recall from Section 2.4 that, while hard thresholding offers

restricted optimality guarantees at sparsity levels s ∼ κ2s0, the optimal and near-optimal thresh-

olding operators (for example reciprocal thresholding and `2/3 thresholding) improves this scaling

to s ∼ κs0. This allows us to improve the upper bound for squared prediction error from scaling

as κ2 to κ , when we switch our method from iterative hard thresholding, to iterative thresholding

with an operator Ψs that enjoys a lower relative concavity. Indeed in Jain et al. [5], it is shown

that iterative hard thresholding achieves a prediction error upper bounded by κ2 · σ2s0 log(d)
n . In

view of our lower bound result Theorem 2.3.2, which states that the restircted optimality guarantee

is tight, we postulate that the corresponding prediction error bound is also tight for iterative hard

thresholding method.

Now we formulate this rigorously. Consider the iterative thresholding algorithm with some

thresholding operator Ψs applied to the objective function f(θ) = 1
2n‖y−Xθ‖22, whose iteration
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takes the form

θ̂t = Ψs
(
θ̂t−1 +ηt ·

1
n

X>(y−X θ̂t−1)
)
. (2.22)

As usual, for the step size we may choose ηt = 1/β if β is known, or we may choose ηt adaptively

as in (2.4). We will work with any thresholding operator Ψs satisfying

γs,ρ(Ψs)≤ ρ for all ρ ∈ (0,1/2). (2.23)

From Section 2.4, we see that on the one hand, this condition rules out hard thresholding and any

continuous thresholding operator; on the other hand, it is satisfied by the reciprocal thresholding

operator, ΨRT
s , by `q thresholding with q = 2/3, Ψ

`2/3
s , and by any shrinkage operator Ψs;σ where

σ(1) = 1/2 and σ satisfies the conditions of Lemma 2.4.5. We now present our result for this

setting:

Theorem 2.6.1. Suppose that y=Xθ0+N(0,σ2In), where θ0 is s0-sparse, and where X belongs to

the set X (α,β ,s), where s =Cκs0 for some C > 2. Suppose that Ψs is any s-sparse thresholding

operator satisfying (2.23).

Let θ̂t be the estimate produced at step t of the iterative thresholding algorithm (2.22) initialized

at some s-sparse θ̂0 ∈Rd . Let θ̃t ∈ argmin
θ∈{θ̂1,...,θ̂t}

1
2n‖y−Xθ‖22, that is, θ̃t is the best estimate

seen before time t, relative to the loss function f(θ) = 1
2n‖y−Xθ‖22.

Then, for any δ > 0 and any t ≥ 1,

1
n
‖X(θ̃t −θ0)‖22 ≤ κ · 28Cσ2s0 log(d)

n
+

12σ2 log(1/δ )

n
+

(
1−1/κ

1−2/Cκ

)t
·2β‖θ̂0−θ0‖22,

with probability at least 1−δ .

Since t can be taken to be large (each iteration is very cheap), the dominant term is the first one, so

we essentially have
1
n
‖X(θ̃t −θ0)‖22 . κ · σ

2s0 log(d)
n

.

Comparing with the upper bound for iterative hard thresholding, we see that we now attains the
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ideal κ , rather than κ2, scaling.

Comparison with Lasso The Lasso estimate of θ0, given by the convex optimization problem

θ̂ ∈ arg min
θ∈Rd

{
1
2
‖y−Xθ‖22 +λ‖θ‖1

}
,

is proved in Bickel et al. [27] to achieve a squared prediction error bounded as

1
n
‖X(θ̂ −θ0)‖22 . κ · σ

2s0 log(d)
n

(2.24)

with a penalty parameter value λ ∼ σ

√
log(d)

n , under the assumption that X ∈XRE(κ,s0). Com-

pared with Lasso, due to Theorem 2.6.1, iterative thresholding algorithms with proper thresholding

operators, for example the simple and efficient reciprocal thresholding, achieve the same squared

prediction error bound. Moreover, both Lasso and iterative reciprocal thresholding method are

guaranteed to give an estimator that is O(κs0) sparse (this sparsity level for Lasso is proved in

Bickel et al. [27, Eqn. (7.9)]), and thus nearly match the computational lower bound with a gap in

sparsity. An open question for future work is whether the larger sparsity level, i.e. O(κs0) rather

than s0, is unavoidable to achieve the squared prediction error κ · σ
2s0 log(d)

n , or whether there may

be an O(s0)-sparse and computationally efficient estimator that achieves this bound.
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CHAPTER 3

AN EQUIVALENCE BETWEEN CRITICAL POINTS FOR RANK

CONSTRAINTS VERSUS LOW-RANK FACTORIZATIONS

In this chapter we consider low-rank optimization problem, and establish a near equivalent relation

between the critical points of the constrained approach and of the factorized approach.1

3.1 Introduction

Consider the following low rank optimization problem

min
X∈Rm×n

{
f(X) : rank(X)≤ r

}
, (3.1)

for a differentiable function f : Rm×n→ R. Due to a wide range of applications, this type of op-

timization problem has been studied extensively in the past decade. Two common approaches in

low-rank optimization problems are either working directly with a rank constraint on the matrix

variable, or optimizing over a low-rank factorization so that the rank constraint is implicitly en-

sured. When working with the full variable, a standard approach is to treat the rank-constrained

set as a subset of the Euclidean space Rm×n, and apply constrained optimization algorithms. As

our central example of this work, we consider the projected gradient descent method (also known

as iterative hard thresholding, see Jain et al. [5]):

X ←Pr
(
X−η∇f(X)

)
, (3.2)

where Pr(·) denotes projection to the rank-r constraint (calculated by taking the top r components

of a singular value decomposition). Note that Pr is just Ψ̃HT
r in the notation of Chapter 2. On the

1. The work presented in this chapter can be found in [28] and is under revision. It is joint with Wooseok Ha and
Rina Foygel Barber.
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other hand, if we work instead in the factorized setting, we would aim to solve

min
A∈Rm×r,B∈Rn×r

f(AB>). (3.3)

For instance, we might apply any unconstrained optimization techniques to this minimization,

which attempt to update each of the two factors A,B. In contrast to the full-dimensional approach,

these methods implicitly explore the space of low rank matrix manifold embedded in Rm×n. Com-

paring these options naturally raises the following question: is there a connection between the

output of full-dimensional approaches such as PGD (3.2) versus factorized approaches aiming to

solve (3.3)? In this chapter, we give a postive answer to this question by establishing an equiva-

lence between the critical points of the factorized approach and the constrained approach. Casted

informally, our main result is as follows:

Any second-order stationary point (SOSP) of the factorized objective function g(A,B)=

f(AB>), must also be a fixed point of projected gradient descent on the original objec-

tive function f(X).

We will see in the following that, as a consequence of this result, these two approaches (factorized

and constrained), treated more or less separately in the literature, can in fact be considered to be

equivalent for a wide class of low-rank optimization problems, and thus lead to the same guarantees

in a range of settings.

Notation Throughout this chapter, f : Rm×n→R is a twice-differentiable objective function. Its

gradient ∇f(X) is represented as a matrix in Rm×n while its second derivative ∇2f(X) : Rm×n×

Rm×n → R will be written as a quadratic form, i.e., ∇2f(X)
(
X1,X2

)
. We will work also with

g(A,B) = f(AB>), the function defining the factorized problem. Writing g : Rm×r×Rn×r → R,

the first derivative ∇g(A,B) =
(
∇Ag(A,B),∇Bg(A,B)

)
lies in Rm×r ×Rn×r, while the second

derivative ∇2g(A,B) is a quadratic form mapping from
(
Rm×r×Rn×r)× (Rm×r×Rn×r) to R.

For a matrix X , we write, respectively, ‖X‖F and ‖X‖ to denote the Frobenius norm and the
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spectral norm, while ‖X‖2,∞ will be denoted as the largest `2 norm of any row. The `0 norm,

‖ · ‖0, will denote the number of nonzero entries in a vector. If rank(X) ≤ r, we will write X =

UX · diag{σ1, . . . ,σr} ·V>X to denote a (possibly non-unique) singular value decomposition of X ,

with σ1 ≥ ·· · ≥ σr.

3.2 Main result

We now turn to our main result, relating critical points of factorized optimization of g(A,B) =

f(AB>) to the fixed points of PGD on the full-dimensional problem f(X). Before proceeding, we

need one additional piece of notation that allow us to quantify the smoothness of f on the space of

low-rank matrices:

βlocal(X) = lim
ε→0

 sup
0<‖Y−X‖F≤ε

rank(Y )≤r

f(Y )− f(X)−〈∇f(X),Y −X〉
1
2‖X−Y‖2F

 . (3.4)

Note that, if f is twice differentiable, then βlocal(X)≤‖∇2f(X)‖. This local curvature measure will

relate to the step size of PGD, since the step size for PGD is typically chosen with respect to the

curvature of f—in particular, if the second derivative of f is globally bounded by some β , then a

constant step size η ≤ 1/β ensures that each step of PGD will make progress towards minimizing

f.

As a starting point in establishing relations between the critical points of the constrained and

the factorized approach, the following inclusion is straightforward:

Lemma 3.2.1. Let (A,B) ∈ Rm×r×Rn×r. If X = AB> is a critical point of minrank(X)≤r f(X),

then the pair (A,B) is a FOSP of the factorized objective function g(A,B).

In words, any fixed point of the PGD is a first-order stationary point (FOSP) of the factorized ob-

jective function. Our main theoretical result to follow establish a partial converse to this inclusion,

proving that any second-order stationary point (SOSP) of the factorized objective function g(A,B)

must also be a fixed point of projected gradient descent on the original function f(X).
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Theorem 3.2.1. Assume that f is twice differentiable, and let (A,B) ∈ Rm×r×Rn×r.

(a) If (A,B) is a SOSP of the factorized objective function g(A,B), then X = AB> is a fixed

point of the projected gradient descent algorithm on minrank(X)≤r f(X) with any step size

η ≤ 1/βlocal(X).

(b) Conversely, if (A,B) is not a SOSP of g, then X = AB> is not a local minimum of

minrank(X)≤r f(X).

This result, together with some other readily obtained relations, actually establishes the following

chain of inclusion for a second differentiable f:


Local minima

of min
rank(X)≤r

f(X)

⊆
AB> for SOSPs

(A,B) of g(A,B)

⊆


Fixed pts. of PGD

on min
rank(X)≤r

f(X)

with η ≤ 1/βlocal

⊆


Critical pts.

of min
rank(X)≤r

f(X)

⊆
AB> for FOSPs

(A,B) of g(A,B)

 .

3.3 Convergence guarantees

In this section, we investigate the implications of our main result Theorem 3.2.1 on the landscape

of the factorized problem (3.3). Before stating our explicit result, some discussion on the different

type of guarantee and different type of assumption is needed. From strongest to weakest, the three

main styles of guarantees that appear in the literature are:

• Global optimality: the algorithm converges to a global minimizer.

• Local optimality, or basin of attraction: if initialized near a global minimizer, then the algo-

rithm converges to that global minimizer.

• Restricted optimality: the algorithm converges to a matrix X that satisfies f(X) ≤ f(X ′) for

any rank-r′ matrix X ′, where r′ < r is a strictly lower rank constraint.

To simplify our comparison of these three styles of guarantees, we will consider the setting where

the original objective function f satisfies the α-RSC condition and the β -RSM condition defined
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in Section 2.2 with respect to the rank constraint r. We recall the definition here for completeness.

We say that f satisfies α-RSC with respect to the rank constraint r if for all X ,Y ∈ Rm×n with

rank(X), rank(Y )≤ r,

f(Y )≥ f(X)+ 〈∇f(X),Y −X〉+ α

2
‖X−Y‖2F. (3.5)

We say f satisfies β -RSM with respect to the rank constraint r if for all X ,Y with rank(X), rank(Y )≤

r,

f(Y )≤ f(X)+ 〈∇f(X),Y −X〉+ β

2
‖X−Y‖2F. (3.6)

Throughout this section, we will always write κ = β/α to denote the rank-restricted condition

number of f. Note that κ ≥ 1 always. We will consider two different regimes for the condition

number κ:

Near-isometry (κ ≈ 1) vs. Arbitrary conditioning (κ � 1).

We can expect to see κ ≈ 1 in certain well-behaved problems, for instance the matrix sensing

problem, where f(X) represents matching X with random linear measurements of the form 〈Ai,X〉,

where e.g., the measurement matrices Ai have i.i.d. entries. In general, however, most problems do

not have κ ≈ 1.

In some cases, the restricted strong convexity and/or restricted smoothness conditions might

not be satisfied globally (i.e., for all rank-r matrices), but is satisfied for a more restricted subset of

matrices X ,Y ; in these settings we may write, for instance, that f satisfies α-RSC over a particular

subset.

We also need to consider a second important distinction between different classes of problems.

In many statistical settings, we may have an objective function f(X) that comes from a data like-

lihood, where E[f(X)] is minimized at some true low-rank parameter matrix X?. When this is the

case, it is common to see ‖∇f(X?)‖ ≈ 0. In other settings, though, there might not be any natural

underlying low-rank structure, and the gradient ∇f(X) is large at any low-rank X . We will therefore
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distinguish between two scenarios:

Vanishing gradient ( min
rank(X)≤r

‖∇f(X)‖ ≈ 0) vs. Arbitrary gradient ( min
rank(X)≤r

‖∇f(X)‖� 0).

3.3.1 Existing results

We now summarize the existing results as well as our own findings, for the different types of

assumptions and different styles of guarantees outlined above:

• Near-isometry + Vanishing gradient⇒ Global optimality.

For the most well-behaved problems, where the objective function f(X) exhibits both near-

isometry and a vanishing gradient, it is possible to prove convergence to an (approximate)

globally optimal estimate X̂ . For full-dimensional projected gradient descent algorithm, this

has been established in the case of a least squares objective [29]; for factorized algorithms,

an analogous result (no spurious local minima) has been established for certain least squares

objectives [30, 31, 32, 33, 34] and more generally for functions f with a near-isometry prop-

erty [35]. (We will show in the present work that under near-isometry + vanishing gradient,

both full-dimensional and factorized approaches contain no spurious local minima.)

• Arbitrary conditioning + Vanishing gradient⇒ Local optimality.

With a non-ideal condition number κ > 1, assuming a vanishing gradient condition is suf-

ficient to prove a local optimality result, or the existence of basin of attraction, both for

full-dimensional PGD [36] and for factorized approaches [7]; in the stronger setting of a

near-isometry and a vanishing gradient, the local optimality result for factorized approaches

has been also established by many works, including Candes et al. [37], Zheng and Lafferty

[38, 39], Tu et al. [40], Bhojanapalli et al. [41], Jain et al. [42]. Note that all of the previous

local optimality results for factorized problems are built upon identifying local region of at-

traction for globally optimal solution X̂ in the factorized space (A,B). (We will give in the

present work the local region of attraction in the full-dimensional representations X = AB>.)
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• Arbitrary conditioning + Arbitrary gradient⇒ Restricted optimality.

In the most challenging setting, where we allow both arbitrary condition number κ and

an arbitrarily large gradient, restricted optimality guarantees can still be obtained. This is

established for the full-dimensional PGD algorithm [5, 2], as well as its variants, such as

approximate low-rank projection [43, 44], and projection with debiasing step [45]; for sparse

problems specifically, the analogous restricted optimality result has been established [46].

On the other hand, there is no known result for restricted optimality guarantees within the

factorized approach. (We will show in the present work that it holds also for the factorized

approach.)

This extensive literature has enabled us to understand the landscape of the nonconvex low-rank

optimization problem, but the various results have been proved somewhat disjointly, using very

different techniques for analyzing full-dimensional PGD type algorithms versus factorized algo-

rithms. It is natural to ask whether this collection of results can be unified into a single framework.

Our main result, Theorem 3.2.1, allows us to connect established results between PGD algorithms

and factorized algorithms, allowing us to establish simpler proofs of some existing results, and

provide new results in certain settings. Overall, it is the goal of this section to provide a broader

view of the landscape of results known for low-rank optimization problems through the lens of the

equivalence between PGD and factorized algorithms established in Theorem 3.2.1.

3.3.2 Results for global and local optimality

In the special case of least squares objective, i.e., f(X) = 1
2‖A (X)− b‖2F for a linear operator

A : Rm×n → Rp, Oymak et al. [29] show that, in the near-isometry setting (κ ≈ 1), projected

gradient descent offers a global convergence guarantee starting from any initialization point. Here

we extend some of their technical tools to general functions f(X). We will write Rm×n
rank(r) to denote

the set of m×n matrices with rank ≤ r.

Lemma 3.3.1. Suppose that f : Rm×n → R satisfies α-RSC (3.5) over a subset X ⊆ Rm×n
rank(r),
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where α > 0. If X0,X1 ∈X are both fixed points of PGD run with step size η0 > 0 or η1 > 0,

respectively, then one of the following must hold:

• X0 = X1, or

• rank(X0) = r and rank(X1)< r and ‖∇f(X0)‖
σr(X0)

≥ 2α , or

• rank(X1) = r and rank(X0)< r and ‖∇f(X1)‖
σr(X1)

≥ 2α , or

• rank(X0) = rank(X1) = r and

‖∇f(X0)‖
σr(X0)

+
‖∇f(X1)‖

σr(X1)
≥ 2α.

We also verify a simple result:

Lemma 3.3.2. Suppose that f : Rm×n → R satisfies β -RSM (3.6) over an open subset X ⊆

Rm×n
rank(r). If X̂ is a global minimizer (i.e., f(X̂) = minrank(X)≤r f(X)) and X̂ ∈ X , then X̂ is a

fixed point of projected gradient descent run with rank constraint r and any step size η ≤ 1/β .

These lemmas will allow us to easily prove global optimality and local optimality results under

the appropriate assumptions. We now turn to the question of obtaining global and local optimal-

ity results for PGD and factorized algorithms. While results of this flavor are already known in

the literature (see Section 3.3.1 for some references), our goal here is to give extremely short and

clean proofs that illuminate the connection between the full-dimensional and factorized represen-

tations of the optimization problem, and thereby also highlight the utility of our main result, The-

orem 3.2.1. In some cases, our work also establishes guarantees in a broader setting than previous

results.

Global optimality

In the setting where f(X) satisfies the near-isometry property, with condition number κ < 2, we

can obtain global optimality guarantees for both PGD and factorized methods whenever ‖∇f(X)‖
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is sufficiently small, i.e., the vanishing gradient condition. (See Section 3.3.1 for related existing

results in the literature.)

Theorem 3.3.1. Assume that f(X) satisfies α-RSC (3.5) and β -RSM (3.6) over an open subset

X ⊆ Rm×n
rank(r), and that β < 2α . Suppose X̂ is a global minimizer, i.e., f(X̂) = minrank(X)≤r f(X).

If X̂ ∈X and X̂ satisfies

Either rank(X̂)< r, or rank(X̂) = r and ‖∇f(X̂)‖< (2α−β ) ·σr(X̂) ,

then

• X̂ is the unique fixed point of PGD in X for any step size 1/(2α) < η ≤ 1/β in the case

that rank(X̂)< r, or in the case rank(X̂) = r, for any step size satisfying

1

2α− ‖∇f(X̂)‖
σr(X̂)

< η ≤ 1
β
. (3.7)

• If X = AB> ∈X where (A,B) is a SOSP of g(A,B), then X = X̂ .

Note that, in the case that rank(X̂) = r, due to the condition ‖∇f(X̂)‖< (2α−β ) ·σr(X̂) the inter-

val (3.7) given for step size η is always non-empty. Theorem 3.3.1 proves that global optimality

guarantees can be achieved as long as κ < 2, i.e., the map f is a near-isometry. This type of as-

sumption on κ is crucial to achieving global optimality guarantees. For instance, Zhang et al. [47,

Example 3] construct an example of objective function f(X) with β = 3α , i.e., κ = 3, where there

exists a fixed point X that is not globally optimal. This proves that κ < 3 is necessary for achieving

a global optimality guarantee, while our work shows κ < 2 is sufficient. While it is not the goal

of the present work, an interesting open question is to close the gap between these necessary and

sufficient conditions to identify an exact correspondence between condition number and the global

optimality guarantee; see also Zhang et al. [48] for the sufficient and necessary conditions when

rank r = 1.
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Local optimality

Next we turn to the local optimality guarantees, i.e., the existence of local region of attraction, that

can be obtained when f exhibits a vanishing gradient, but may have an arbitrarily large condition

number κ . (See Section 3.3.1 for related existing results in the literature.)

Theorem 3.3.2. Assume that f(X) satisfies α-RSC (3.5) over a subset X ⊆Rm×n
rank(r). Assume that

X̂ is a global minimizer, i.e., f(X̂) = minrank(X)≤r f(X), that X̂ ∈X , and that X̂ satisfies

Either rank(X̂)< r, or rank(X̂) = r and ‖∇f(X̂)‖< α ·σr(X̂) .

Let

N =

{
X ∈X : rank(X)< r or

‖∇f(X)‖
σr(X)

< 2α

}
in the case that rank(X̂)< r, or

N =

{
X ∈X : rank(X)< r or

‖∇f(X̂)‖
σr(X̂)

+
‖∇f(X)‖

σr(X)
< 2α

}

in the case that rank(X̂) = r. Then:

• For any fixed point X of PGD with any step size η > 0, if X ∈N , then X = X̂ .

• If X = AB> ∈N where (A,B) is a SOSP of g(A,B), then X = X̂ .

We note that X̂ ∈N by the assumptions of the theorem. In this setting where κ may be arbitrarily

large, global optimality does not hold in general (as shown by Zhang et al. [47]’s counterexample,

discussed in Section 3.3.2 above). Nonetheless, the results in Theorem 3.3.2 still ensure the exis-

tence of regions of attraction N within which the global minimum X̂ will be discovered, for both

the full-dimensional and factorized methods.

To compare with the existing results, the first part of Theorem 3.3.2 (for fixed points of PGD)

is an immediate result given the work in Barber and Ha [36]. Next, turning to the second part of

the result, on the SOSPs of the factorized approach, some related results in the existing literature
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have shown that certain rank-constrained problems exhibit local region of attraction near the global

minimum X̂ [37, 38, 39, 40, 41, 42]. While these problems satisfy the near-isometry property with

κ ≈ 1, our result in Theorem 3.3.2 extends to a broader setting with an arbitrarily large condition

number κ . Chen and Wainwright [7] have also established local convergence guarantees under

conditions similar to restricted strong convexity and smoothness, but the difference is that they

work with RSC and RSM type conditions defined directly on the factorized variable pair (A,B). In

addition, many of these works address the positive semidefinite setting, X = AA>, rather than the

generic setting X = AB> considered here.

3.3.3 A restricted optimality guarantee

In this last setting, we will make no assumptions on either the gradient or the condition number,

i.e., it may be possible that ‖∇f(X̂)‖ is large and the condition κ is large as well. (See Section 3.3.1

for related existing results in the literature.)

Under such assumptions, to the best of our knowledge, there is no guaranteed result to solve

the low-rank minimization problem either locally or globally—identifying a region of attraction

in a deterministic way is a nontrivial task. Therefore, we may wish to instead establish a weaker

restricted optimality guarantee, which entails proving that the algorithm converges to some matrix

X satisfying

f(X)≤ min
rank(Y )≤r′

f(Y ),

where the rank r′ < r proves a more restrictive constraint. In a statistical setting where we are

aiming to recover some true low-rank parameter, we might think of r′ as the true underlying rank,

while r≥ r′ is a relaxed rank constraint that we place on our optimization scheme. More generally,

we are simply aiming to show that optimizing over rank r, while not ensuring the best rank-r

solution, is competitive with the best lower-rank solution.

Under these conditions, Theorem 2.5.1 and equation (2.18) together prove that any fixed point

X of PGD with step size η = 1/β satisfies restricted optimality with respect to any rank r′ < r/κ2.
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Based on our main result, Theorem 3.2.1, the same guarantee also holds for any SOSP of the

factorized problem. For completeness, we restate their result along with the new extension to the

factorized problem:

Theorem 3.3.3. Assume that f(X) satisfies α-RSC (3.5) and β -RSM (3.6) over an open subset

X ⊆ Rm×n
rank(r). Let κ = β/α . Then:

• [2] For any fixed point X ∈X of PGD with step size η = 1/β ,

f(X)≤ min
rank(Y )<r/κ2,Y∈X

f(Y ), (3.8)

i.e., X satisfies restricted optimality with respect to any rank r′ < r/κ2 within X .

• For any X = AB> ∈X where (A,B) is a SOSP of the factorized problem g(A,B),

f(AB>)≤ min
rank(Y )<r/κ2,Y∈X

f(Y ),

i.e., X = AB> satisfies restricted optimality with respect to any rank r′ < r/κ2 within X .

Conversely, Theorem 2.5.2 and equation (2.18) also establish that this factor of κ2 is sharp in

general (on all low-rank matrices), i.e., restricted optimality cannot be guaranteed relative to rank

r′ > r/κ2. Here we establish the analogous result for the factorized problem. For completeness,

we state the two results together.

Theorem 3.3.4. For any parameters β ≥ α > 0 and any rank r′ > r/κ2, there exists a function

f : Rm×n→ R satisfying α-RSC (3.5) and β -RSM (3.6) over Rm×n
rank(r), such that:

• [2] There exists a fixed point X of PGD with step size η = 1/β , such that

f(X)> min
rank(Y )≤r′

f(Y ).
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• There exists a second-order stationary point (A,B) of the factorized problem, such that

f(AB>)> min
rank(Y )≤r′

f(Y ).

Unlike the restricted optimality guarantee above (Theorem 3.3.3), this converse result does not

follow directly from Theorem 2.5.2, and instead requires a new construction.
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CHAPTER 4

MINIMAX RATES IN SPARSE, HIGH-DIMENSIONAL CHANGEPOINT

DETECTION

In this chapter we change gear to a statistical problem where the sparsity interacts with the change-

point structure. In particular, we study the detection of a sparse change in a high-dimensional mean

vector and establish the worst-case difficulty of the problem.1

4.1 Introduction

The problem of changepoint detection has a long history [e.g. 50], but has undergone a remarkable

renaissance over the last 5–10 years. This has been driven in part because these days sensors and

other devices collect and store data on unprecedented scales, often at high frequency, which has

placed a greater emphasis on the running time of changepoint detection algorithms [51, 52]. But it

is also because nowadays these data streams are often monitored simultaneously as a multidimen-

sional process, with a changepoint in a subset of the coordinates representing an event of interest.

Examples include distributed denial of service attacks as detected by changes in traffic at certain

internet routers [53] and changes in a subset of blood oxygen level dependent contrast in a subset

of voxels in fMRI studies [54]. Away from time series contexts, the problem is also of interest, for

instance in the detection of chromosomal copy number abnormality [55, 56]. Key to the success of

changepoint detection methods in such settings is the ability to borrow strength across the different

coordinates, in order to be able to detect much smaller changes than would be possible through

observation of any single coordinate in isolation.

We consider the model where, for some n≥ 2, we observe a p×n matrix X that can be written

as

X = θ +E, (4.1)

1. The work presented in this chapter can be found in [49] and is to appear in the Annals of Statistics. It is joint
with Chao Gao and Richard Samworth.
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where θ ∈ Rp×n is deterministic and the entries of E are independent N(0,1) random variables.

We wish to test the null hypothesis that the columns of θ are constant against the alternative that

there exists a time t0 ∈ {1, . . . ,n−1} at which these mean vectors change, in at most s out of the

p coordinates. The difficulty of this problem is governed by a signal strength parameter ρ2 that

measures the squared Euclidean norm of the difference between the mean vectors, rescaled by
t0(n−t0)

n ; this latter quantity can be interpreted as an effective sample size. The goal is to identify

the minimax testing rate in ρ2 as a function of the problem parameters p, n and s, and we denote

this by ρ∗(p,n,s)2; this is the signal strength at which we can find a test making the sum of the

Type I and Type II error probabilities arbitrarily small by choosing ρ2 to be an appropriately large

multiple of ρ∗(p,n,s)2 (where the multiple is not allowed to depend on p, n and s), and at which

any test has error probability sum arbitrarily close to 1 for a suitably small multiple of ρ∗(p,n,s)2.

We are going to see that, despite the seemingly simplicity of the model, it already captures

many subtleties of the interaction between the sparsity and the changepoint structure. In speicifc,

we reveal a particularly subtle form of the exact minimax testing rate in the above problem, namely

ρ
∗(p,n,s)2 �


√

p log log(8n) if s≥
√

p log log(8n),

s log
(

ep log log(8n)
s2

)
∨ log log(8n) if s <

√
p log log(8n).

This result provides a significant generalization of two known special cases in the literature, namely

ρ∗(1,n,1)2 and ρ∗(p,2,s)2; see Section 4.2 for further discussion. Although our initial optimal

testing procedure depends on the sparsity level s, which would often be unknown in practice, we

show in Theorem 4.3.2 that it is possible to construct an adaptive test that achieves exactly the same

rate (but is a little more complicated to describe). Exact asymptotic constant are also obtained for

the dense regime.

Related work Most prior work on multivariate changepoint detection has proceeded without

a sparsity condition and in an asymptotic regime with n growing to infinity with the dimension

fixed, including Basseville and Nikiforov [57], Csörgő and Horváth [58], Ombao et al. [59], Aue
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et al. [60], Kirch et al. [61], Zhang et al. [55] and Horváth and Hušková [62]. Bai [63] studied

the least squares estimator of a change in mean for high-dimensional panel data. Jirak [64], Cho

and Fryzlewicz [65], Cho [66] and Wang and Samworth [56] have all proposed CUSUM-based

methods for the estimation of the location of a sparse, high-dimensional changepoint. Aston and

Kirch [67] introduce a notion of efficiency that quantifies the detection power of different statistics

in high-dimensional settings. Enikeeva and Harchaoui [68] study the sparse changepoint detection

problem in an asymptotic regime in which p→ ∞, and at the same time s→ ∞ with s/p→ ∞ and

the sample size not too large; we compare their results with ours in Section 4.3.3. Further related

work on high-dimensional changepoint problems include the detection of changes in covariance

[e.g. 60, 69, 70] and in sparse dynamic networks [71]. We emphasize that in this work we focus

entirely on the offline version of the changepoint testing problem, where the entire data stream

is observed prior to the statistician attempting to determine whether or not a change in mean has

occurred. For recent work on the corresponding online problem, where the data are observed

sequentially and one wishes to declare a change as soon as possible after it has occured, see, e.g.,

Xie and Siegmund [72] and Chen et al. [73].

Notation For d ∈ N, we write [d] := {1, . . . ,d}. Given a,b ∈ R, we write a∨ b := max(a,b)

and a∧ b := min(a,b). We also write a . b to mean that there exists a universal constant C > 0

such that a ≤ Cb; moreover, a � b means a . b and b . a. For a set S, we use 1S and |S| to

denote its indicator function and cardinality respectively. For a vector v = (v1, . . . ,vd)
T ∈ Rd , we

define the norms ‖v‖1 := ∑
d
`=1 |v`|, ‖v‖

2 := ∑
d
`=1 v2

` and ‖v‖∞ := max`∈[d] |v`|, and also define

‖v‖0 := ∑
d
`=11{v` 6=0}. Given two vectors u,v ∈ Rd and a positive definite matrix Σ ∈ Rd×d ,

we define 〈u,v〉−1
Σ

:= uT Σ−1v and ‖v‖
Σ−1 := (vT Σ−1v)1/2 and omit the subscripts when Σ = Id .

More generally, the trace inner product of two matrices A,B ∈ Rd1×d2 is defined as 〈A,B〉 :=

∑
d1
`=1 ∑

d2
`′=1 A``′B``′ , while the Frobenius and operator norms of A are given by ‖A‖F :=

√
〈A,A〉

and ‖A‖op := smax(A) respectively, where smax(·) denotes the largest singular value. The total

variation distance between two probability measures P and Q on a measurable space (X ,A )
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is defined as TV(P,Q) := supA∈A |P(A)−Q(A)|. Moreover, if P is absolutely continuous with

respect to Q, then the Kullback–Leibler divergence is defined as D(P‖Q) :=
∫
X log dP

dQ dP, and

the chi-squared divergence is defined as χ2(P‖Q) :=
∫
X

( dP
dQ −1

)2 dQ. The notation P and E are

generic probability and expectation operators whose distribution is determined from the context.

4.2 Problem formulation

Recall that we consider the observation of a p× n matrix X = θ + E, where n ≥ 2, where θ

is deterministic and where each entry of the error matrix E is an independent N(0,1) random

variable. In other words, writing Xt and θt for the tth columns of X and θ respectively, we have

Xt ∼ Np(θt , Ip) independently across t. The goal is to test whether or not the sequence {θt}t∈[n]

has a changepoint. We define the parameter space of signals without a changepoint by

Θ0(p,n) :=
{

θ ∈ Rp×n : θt = µ for some µ ∈ Rp and all t ∈ [n]
}
.

For s ∈ [p] and ρ > 0, the space consisting of signals with a sparse structural change at time

t0 ∈ [n−1] is defined by

Θ
(t0)(p,n,s,ρ) :=

{
θ = (θ1, . . . ,θn) ∈ Rp×n :

θt = µ1 for some µ1 ∈ Rp for all 1≤ t ≤ t0,

θt = µ2 for some µ2 ∈ Rp for all t0 +1≤ t ≤ n,

‖µ1−µ2‖0 ≤ s,
t0(n− t0)

n
‖µ1−µ2‖2 ≥ ρ

2
}
.

In the definition of Θ(t0)(p,n,s,ρ), the parameters p and n determine the size of the problem, while

t0 is the location of the changepoint. The quantities s and ρ parametrize the sparsity level and the

magnitude of the structural change respectively. It is worth noting that ‖µ1−µ2‖2 is normalized by

the factor t0(n−t0)
n , which plays the role of the effective sample size of the problem. To understand

this, consider the problem of testing the changepoint at location t0 when p = 1. Then the natural
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test statistic is
1
t0

t0
∑
t=1

Xt −
1

n− t0

n

∑
t=t0+1

Xt ,

whose variance is n
t0(n−t0)

. Hence the difficulty of changepoint detection problem depends on the

location of the changepoint. Through the normalization factor t0(n−t0)
n , we can define a common

signal strength parameter ρ across different possible changepoint locations. Taking a union over

all such changepoint locations, the alternative hypothesis parameter space is given by

Θ(p,n,s,ρ) :=
n−1⋃
t0=1

Θ
(t0)(p,n,s,ρ).

We will address the problem of testing the two hypotheses

H0 : θ ∈Θ0(p,n), H1 : θ ∈Θ(p,n,s,ρ). (4.2)

To this end, we let Ψ denote the class of possible test statistics, i.e. measurable functions ψ :

Rp×n→ [0,1]. We also define the minimax testing error by

R(ρ) := inf
ψ∈Ψ

{
sup

θ∈Θ0(p,n)
Eθ ψ(X)+ sup

θ∈Θ(p,n,s,ρ)
Eθ

(
1−ψ(X)

)}
,

where we use Pθ and Eθ to denote probabilities and expectations under the data generating pro-

cess (4.1). Our goal is to determine the order of the minimax rate of testing in this problem, as

defined below.

Definition 4.2.1. We say ρ∗ = ρ∗(p,n,s) is the minimax rate of testing if the following two con-

ditions are satisfied:

1. For any ε ∈ (0,1), there exists Cε > 0, depending only on ε , such that R(Cρ∗)≤ ε for any

C >Cε .

2. For any ε ∈ (0,1), there exists cε > 0, depending only on ε , such that R(cρ∗) ≥ 1− ε for

any c ∈ (0,cε).
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Special cases Some special cases of ρ∗(p,n,s) are well understood in the literature. For instance,

when p = s = 1, we recover the one-dimensional changepoint detection problem. [74] showed that

ρ
∗(1,n,1)2 � log log(8n). (4.3)

The rate (4.3) involves an iterated logarithmic factor, in constrast to a typical logarithmic factor

in the minimax rate of sparse signal detection [e.g., 75, 76, 77]. Another solved special case is

when n = 2. In this setting, we observe X1 ∼ Np(µ1, Ip) and X2 ∼ Np(µ2, Ip), and the problem is

to test whether or not µ1 = µ2. Since X1−X2 is a sufficient statistic for µ1−µ2, the problem can

be further reduced to a sparse signal detection problem in a Gaussian sequence model. For this

problem, [78] established the minimax detection boundary

ρ
∗(p,2,s)2 �


√

p if s≥√p

s log
(

ep
s2

)
if s <

√
p.

(4.4)

It is interesting to notice the elbow effect in the rate (4.4). Above the sparsity level of
√

p, one

obtains the parametric rate that can be achieved using the test that rejects H0 if ‖X1−X2‖22 >

2p+c
√

p for an appropriate c > 0. It is straightforward to extend both rates (4.3) and (4.4) to cases

where either p or n is of a constant order. However, the general form of ρ∗(p,n,s) is unknown in

the statistical literature.

4.3 Minimax detection boundary

The main result of this chapter is given by the following theorem.

Theorem 4.3.1. The minimax rate of the detection boundary of the problem (4.2) is given by

ρ
∗(p,n,s)2 �


√

p log log(8n) if s≥
√

p log log(8n)

s log
(

ep log log(8n)
s2

)
∨ log log(8n) if s <

√
p log log(8n).

(4.5)
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It is important to note that the minimax rate (4.5) is not a simple sum or multiplication of

the rates (4.3) and (4.4) for constant p or n. The high-dimensional changepoint detection prob-

lem differs fundamentally from both its low-dimensional version and the sparse signal detection

problem.

We observe that the minimax rate exhibits the two regimes in (4.5) only when p≥ log log(8n),

since if p < log log(8n), then the condition s ≥
√

p log log(8n) is empty, and (4.5) has just one

regime. Compared with the rate (4.4), the phase transition boundary for the sparsity s becomes√
p log log(8n). In fact, the minimax rate (4.5) can be obtained by first replacing the p in (4.4)

with p log log(8n), and then adding the extra term (4.3).

The dependence of (4.5) on n is very delicate. Consider the range of sparsity where

loglog(8n)
log(e log log(8n))

∨
√

p
(log log(8n))C

. s .
√

p log log(8n),

for some universal constant C > 0. The rate (4.5) then becomes

ρ
∗(p,n,s)2 � s log(e log log(8n)).

That is, it grows with n at a log loglog(·) rate. To the best of our knowledge, such a triple iterated

logarithmic rate has not been found in any other problem before in the statistical literature.

Last but not least, we remark that when p or n is a constant, the rate (4.5) recovers (4.3) and

(4.4) as special cases.

4.3.1 Upper bound

To derive the upper bound, we need to construct a testing procedure. We emphasize that the goal

of hypothesis testing is to detect the existence of a changepoint; this is in contrast to the problem

of changepoint estimation [65, 56, 79], where the goal is to find the changepoint’s location.

If we knew that the changepoint were between t and n− t +1, it would be natural to define the
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Cumulative Sum (CUSUM)-type statistic

Yt :=
(X1 + . . .+Xt)− (Xn−t+1 + . . .+Xn)√

2t
. (4.6)

Note that the definition of Yt does not use the observations between t +1 and n− t. This allows Yt

to detect any changepoint in this range, regardless of its location. The existence of a changepoint

implies that Eθ (Yt) 6= 0. Since the structural change only occurs in a sparse set of coordinates, we

threshold the magnitude of each coordinate Yt( j) at level a≥ 0 to obtain

At,a :=
p

∑
j=1

{
Yt( j)2−νa

}
1{|Yt( j)|≥a},

where νa := E
(
Z2 ∣∣ |Z| ≥ a

)
is the conditional second moment of Z ∼ N(0,1), given that its

magnitude is at least a. See [78] for a similar strategy for the sparse signal detection problem.

Note that At,0 = ∑
p
j=1
{

Yt( j)2−1
}

has a centered χ2
p distribution under H0.

Since the range of the potential changepoint locations is unknown, a natural first thought is to

take a maximum of At,a over t ∈ [n/2]. It turns out, however, that in high-dimensional settings

it is very difficult to control the dependence between these different test statistics at the level of

precision required to establish the minimax testing rate. A methodological contribution of this

work, then, is the recognition that it suffices to compute a maximum of At,a over a candidate set

T of locations, because if there exists a changepoint at time t0 and t0/2 < t̃ ≤ t0 for some t̃ ∈ T ,

then ‖Eθ (Ỹt)‖ and ‖Eθ (Yt0)‖ are of the same order of magnitude. This observation reflects a key

difference between the changepoint testing and estimation problems. To this end, we define

T :=
{

1,2,4, . . . ,2blog2(n/2)c
}
,

so that |T |= 1+ blog2(n/2)c. Then, for a given r ≥ 0, the testing procedure we consider is given

by

ψ ≡ ψa,r(X) := 1{maxt∈T At,a>r}. (4.7)
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The theoretical performance of the test (4.7) is given by the following theorem. We use the notation

r∗(p,n,s) for the rate function on the right-hand side of (4.5).

Proposition 4.3.1. For any ε ∈ (0,1), there exists C > 0, depending only on ε , such that the testing

procedure (4.7) with a2 = 4log
(

ep log log(8n)
s2

)
1{s<
√

p log log(8n)} and r =Cr∗(p,n,s) satisfies

sup
θ∈Θ0(p,n)

Eθ ψ + sup
θ∈Θ(p,n,s,ρ)

Eθ (1−ψ)≤ ε,

as long as ρ2 ≥ 32Cr∗(p,n,s).

Just as the minimax rate (4.5) has two regimes, the testing procedure (4.7) also uses two dif-

ferent strategies. In the dense regime s≥
√

p log log(8n), we have a2 = 0 and thus (4.7) becomes

simply ψ = 1{maxt∈T ‖Yt‖2−p>r}. In the sparse regime s <
√

p log log(8n), a thresholding rule is

applied at level a, where a2 = 4log
(

ep log log(8n)
s2

)
. We discuss adaptivity to the sparsity level s in

Section 4.3.3.

4.3.2 Lower bound

We show that the testing procedure (4.7) is minimax optimal by stating a matching lower bound.

Proposition 4.3.2. For any ε ∈ (0,1), there exists c > 0, depending only on ε , such that R(ρ) ≥

1− ε whenever ρ2 ≤ cr∗(p,n,s).

The most important factor in the minimax rate (4.5) is p log log(8n), which appears in both the

sparse and the dense regimes as well as the phase transition boundary. We illustrate why this term

is necessary by giving the lower bound construction for s = p. The construction considers a p×n

random matrix θ = (θ jt) with distribution denoted by ν , generated according to the following

sampling process:

1. Let k ∼ Unif({0,1,2, . . . ,blog2(n/2)c});

2. Let u1, . . . ,up
iid∼ Unif({−1,1}), independent of k, and let u := (u1, . . . ,up)

T ;
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3. Given (k,u), define θ jt := 2−k/2βu j for j ∈ [p], t ∈ [2k], where β > 0 will be specified later,

and set θ jt := 0 otherwise.

The lower bound is then obtained through calculating the second moment of the likelihood ratio

between the null and the alternative mixture.

4.3.3 Adaptation to sparsity

The testing procedure (4.7) that achieves the minimax detection rate depends on knowledge of the

sparsity s. In this section, we present an alternative procedure that is adaptive to s. The idea is to

take supremum over a grid of sparsity levels. Recall the definition of the testing procedure ψa,r in

(4.7), and let us makes the dependence on s explicit by writing

ψ
(s) := ψa(s),r(s),

where a2(s) := 4log
(

ep log log(8n)
s2

)
1{s<
√

p log log(8n)} and r(s) := Cr∗(p,n,s) as in Proposition

4.3.1. Then our adaptive test is defined by

ψadaptive := max
s∈S

ψ
(s),

where

S :=
{

1,2,4, . . . ,2

⌈
log2

(√
p log log(8n)

)⌉
−1}∪{p}.

The choice of this particular grid for S is not essential (we could also take S := [p]), but it reduces

computation.

Theorem 4.3.2. For any ε ∈ (0,1), there exists C > 0, depending only on ε , such that the testing

procedure ψadaptive satisfies

sup
θ∈Θ0(p,n)

Eθ ψadaptive + sup
θ∈Θ(p,n,s,ρ)

Eθ (1−ψadaptive)≤ ε,
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as long as ρ2 ≥ 64Cr∗(p,n,s).

Theorem 4.3.2 shows that the minimax detection boundary (4.3.1) can be achieved adaptively

without the knowledge of the sparsity level s. In the literature, changepoint detection with unknown

sparsity was also investigated by [68]. Their procedure has a vanishing testing error as long as

ρ
2 & min

(√
p log p+

√
p log logn,s log

p
s

)
, (4.8)

under the additional assumptions that p,s→ ∞, s/p→ 0, and logn
s log(p/s) → 0. Comparing (4.8)

with the optimal rate (4.3.1), we see that [68] successfully identified the
√

p log logn term in the

dense regime and the s log p term in the sparse regime. However, we can also observe that the
√

p log p term is not necessary, and the rate (4.8) is in general not sharp without the assumption

logn
s log(p/s) → 0, especially when the sparsity level s is around

√
p log logn.

4.3.4 Asymptotic constants

A notable feature of our minimax detection boundary derived in Theorem 4.3.1 is that the rate is

non-asymptotic, meaning that the result holds for arbitrary n≥ 2, p ∈ N and s ∈ [p]. On the other

hand, if we are allowed to make a few asymptotic assumptions, we can give explicit constants for

the lower and upper bounds. In this subsection, therefore, we let both the dimension p and the

sparsity s be functions of n, and we consider asymptotics as n→ ∞.

Theorem 4.3.3 (Dense regime). Assume that s2/(p log logn)→ ∞ as n→ ∞. Then, with

ρ = ξ (p log logn)1/4 ,

we have R(ρ)→ 0 when ξ >
√

2 and R(ρ)→ 1 when ξ <
√

2.

Theorem 4.3.4 (Sparse regime). Assume that s2/p→ 0 and s/ log logn→∞ as n→∞. Then, with

ρ = ξ

√
s log

(
p log logn

s2

)
,
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we have R(ρ)→ 0 when ξ >
√

2 and R(ρ)→ 1 when ξ < 1.

Theorem 4.3.3 characterizes the exact asymptotic minimax rate in the dense regime. On the other

hand, under the current formulation, there is no exact constant in the sparse regime, and a different

scaling of sparsity is needed in order to pin down the exact constant, and we therefore leave it as

an open problem for future research.
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CHAPTER 5

DENSITY ESTIMATION WITH CONTAMINATION: MINIMAX RATES

AND ADAPTATION

This chapter considers the problem of density estimation with contamination under the point-wise

loss. The worst-case difficulty of the problem and possibility for adaption are studied.1

5.1 Introduction

Nonparametric density estimation is a well-studied classical topic [81, 82, 83]. In this chapter, we

consider this classical statistical task with a twist. Instead of assuming i.i.d. observations from a

true density f , we assume

X1, ...,Xn ∼ (1− ε) f + εg, (5.1)

where g is a density not related to f , and the goal is to estimate f (x0) at some x0 ∈ R. In other

words, for each observation, there is an ε probability that the observation is sampled from a distri-

bution not related to the density of interest.

This problem naturally appears in both the robust statistics and the multiple testing literature.

In robust statistics literature, g is recognized as the contamination distribution, and the task is

interpreted as robustly estimating a density f with contaminated data points [84]. In multiple

testing literature, f and g are respectively recognized as null density and alternative density, and

the task is interpreted as estimating null density at a point [85]. In this chapter, we adopt the name

“contamination" to refer to both g and the observations generated from it.

The nature of the problem heavily depends on the assumptions put on f and g. When there is no

constraint on the contamination distribution g, the data generating process (5.1) is also recognized

as Huber’s ε-contamination model [86, 87]. Recent work on nonparametric estimation in such

a setting includes [84, 88], and the influence of contamination on minimax rates is investigated

1. Work in this chapter is joint with Chao Gao and published in [80].
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by [89, 84]. On the other hand, in the literature of multiple testing, it is more common to put

parametric structural assumptions on the alternative g, and optimal rates of estimating the null

density f are investigated by [90, 91].

In this chapter, we explore this problem with connections to nonparametric density estimation

literature in mind. Specifically, the density function f is assumed to have a Hölder smoothness β0

(it is also possible to put other kinds of assumptions, for example shape constraints, see [92, 93,

94]). Both cases of structured and arbitrary contamination are considered and fundamental limit of

this problem is studied by establishing the minimax rate. The theory of adaptation in both settings

are also investigated.

Notation For a,b ∈R, let a∨b = max(a,b) and a∧b = min(a,b). For an integer m, [m] denotes

the set {1,2, ...,m}. For a positive real number x, dxe is the smallest integer no smaller than x and

bxc is the largest integer no larger than x. For two positive sequences {an} and {bn}, we write

an . bn or an = O(bn) if an ≤ Cbn for all n with some consntant C > 0 independent of n. The

notation an� bn means we have both an . bn and bn . an. Given a set S, |S| denotes its cardinality,

and 1S is the associated indicator function. We use P and E to denote generic probability and

expectation whose distribution is determined from the context. The notation E(X : S) stands for

E(X1S). The class of infinitely differentiable functions on R is denoted by C ∞(R). For two

probability measures P and Q, the chi-squared divergence is defined as χ2(P,Q) =
∫ dP2

dQ − 1,

and the total variation distance is defined as TV(P,Q) = supB |P(B)−Q(B)|. Throughout the

chapter, C, c and their variants denote generic constants that do not depend on n. Their values may

change from place to place. For an integer k, we use f (k) to denote the k’th derivative of a k’th

differentiable function f , with the convention f (0) = f .

5.2 Results with structured contamination

Consider i.i.d. observations X1, ...,Xn ∼ (1− ε) f + εg. The goal is to estimate f at a given point.

Without loss of generality, we aim to estimate f (0). In other words, for every i ∈ [n], we have
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Xi ∼ f with probability 1− ε and Xi ∼ g with probability ε . Thus, there are approximately nε

observations that are not related to the density function f , which are referred to as contamination.

To study the fundamental limit of estimating f with contaminated data, we need to specify

appropriate regularity conditions on both f and g. We first define the Hölder class by

Σ(β ,L) =

{
f : R→ R

∣∣∣∣∣ ∣∣∣ f (bβc)(x1)− f (bβc)(x2)
∣∣∣≤ L|x1− x2|β−bβc for any x1,x2 ∈ R

}
.

Here, β stands for the smoothness parameter, and L stands for the radius of the function space.

The Hölder class of density functions is defined as

P(β ,L) =

{
f : R→ [0,∞)

∣∣∣∣∣ f ∈ Σ(β ,L),
∫

f = 1

}
.

Finally, we define the class of mixtures in the form of (1− ε) f + εg by

M (ε,β0,β1,L0,L1,m) =
{
(1− ε) f + εg

∣∣∣ f ∈P(β0,L0),g ∈P(β1,L1),g(0)≤ m
}
.

This class is indexed by several parameters. Throughout this chapter, we refer to ε as contamination

proportion and m as contamination level at 0. The pair (β0,L0) controls the smoothness of the

density function f that we want to estimate, and the pair (β1,L1) controls the smoothness of the

contamination density g. Among the six numbers, ε and m are allowed to depend on the sample

size n, but the numbers β0,β1,L0,L1 are all assumed to be constants that do not depend on n

throughout this chapter. It is also assumed that ε ≤ 1/2.

5.2.1 minimax rates

The minimax risk of estimation is defined as (notice that we suppress the dependence on n for R)

R(ε,β0,β1,L0,L1,m) = inf
f̂ (0)

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

EX1,...,Xn∼p

(
f̂ (0)− f (0)

)2
,
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where the notation p(ε, f ,g) is used to denote the density (1− ε) f + εg. Later in this chapter,

we will shorthand E
X1,...,Xn

i.i.d∼ p
by Epn . Obviously, the minimax risk becomes smaller if ε gets

smaller or n gets larger. Besides the role of ε and n, the other model indices are also expected to

affect the difficulty of the problem, as listed in the following.

• The smoothness of f : From classical density estimation theory, we know the smoother f is,

the easier it is to estimate f (0).

• The level of g(0): Intuitively, the smaller g(0) is, the smaller its influence is on f (0), and

thus the easier the problem is.

• The smoothness of g: Intuitively, the smoother g is, the less the contamination effect can

spread, and thus the easier it is to account for the effect of g in the contamination model.

Now we present the following theorem of minimax rate, that justifies our intuition above.

Theorem 5.2.1. Under the setting above, we have

R(ε,β0,β1,L0,L1,m)� [n
− 2β0

2β0+1 ]∨ [ε2(1∧m)2]∨ [n−
2β1

2β1+1 ε

2
2β1+1 ]. (5.2)

In other words, R(ε,β0,β1,L0,L1,m) can be upper bounded by a constant multiple of the right

hand side of (5.2) and lower bounded by another constant multiple of the right hand side of (5.2),

where the constants only depend on β0,β1,L0,L1.

Theorem 5.2.1 completely characterizes the difficulty of estimating f (0) with contaminated

data. The three terms in the rate (5.2) have different but very clear meanings. The first term

n
− 2β0

2β0+1 is the classical minimax rate of estimating a smooth function at a given point without

contamination. The second term ε2(1∧m)2 is proportional to the squared of the product of con-

tamination level and contamination proportion. The last term n
− 2β1

2β1+1 ε

2
2β1+1 is perhaps the most

interesting. Here the effect of ε is powered by an exponent depending on β1, and it stands for

the interaction between the contamination proportion and the contamination smoothness. The fact
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that it does not depend on m implies that we have to pay this price with contaminated data even if

g(0) = 0.

Upper bound Define the following class of kernel functions

Kl(L) =

{
K : R→ R

∣∣∣∫ K = 1,
∫

x jK(x)dx = 0 for all j ∈ [l],

‖K‖∞∨
∫

K2∨
∫
|x|l |K(x)|dx≤ L

}
.

which collects all bounded and squared integrable kernel functions of order l. The minimax rate

(5.2) can be achieved by a simple kernel density estimator that takes the form

f̂h(0) =
1

n(1− ε)

n

∑
i=1

1
h

K
(

Xi
h

)
. (5.3)

with some kernel function K ∈Kbβ0∨β1c(L) and the bandwidth choice

h = n
− 1

2β0+1 ∧n
− 1

2β1+1 ε
− 2

2β1+1 .

This estimator is slightly different from the classical kernel density estimator because it is normal-

ized by 1
n(1−ε)

instead of 1
n . The knowledge of the contamination proportion ε is very critical to

achieve the minimax rate (5.2). Later, we will show in Section 5.2.2 that the minimax rate (5.2)

cannot be achieved if ε is not known. Compared with the optimal bandwidth of order n
− 1

2β0+1 in

classical nonparametric function estimation, the h in the structured contamination setting is always

smaller. The choice of bandwidth is a consequences of the specific bias-variance tradeoff under the

structured contamination model. As an interesting contrast, in the case of arbitrary contamination,

the optimal choice of bandwidth is always larger than the usual one, see Section 5.3.

Lower Bounds The lower bound of the first two terms in the minimax rate can be readily ob-

tained. On the other hand, the derivation of the lower bound corresponding to the third term
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R(ε,β0,β1,L0,L1,m)& n
− 2β1

2β1+1 ε

2
2β1+1 is rather intricate. The construction considers the follow-

ing four functions, where the terms in blue and the term in red correspond to the blue functions

and the red function plotted in figure 5.1.

f (x) = f0(x),

f̃ (x) = f0(x)+
ε

1− ε
c2

[
hβ0l

(x
h

)
−hβ0l

(
2(x− c4)

h

)
−hβ0l

(
2(x+ c4)

h

)]
,

g(x) = c1a(c1x)+c2

[
hβ0l

(x
h

)
−hβ0l

(
2(x− c4)

h

)
−hβ0l

(
2(x+ c4)

h

)]
−c3h̃β1b

(
x

h̃

)
,

g̃(x) = c1a(c1x),

where the constants c1,c2,c3,c4 are chosen properly so that the constructed functions are well-

defined densities in the desired function classes.

A dominant feature of this constructions is that g is a perturbation of g̃ with two levels of per-

turbation, respectively with bandwidth h and h̃, while usual lower bound proof in nonparametric

estimation involves perturbing a function at a single bandwidth level. The first level of perturba-

tion hβ0l
( x

h
)

serves to cancel the effect of the corresponding perturbation on f , while the second

perturbation−h̃β1b
(

x
h̃

)
serves to ensure the constraint of contamination level. Indeed, if we relate

h and h̃ through the equation hβ0 � h̃β1 , then it is direct that g̃(0) = g(0) = 0. In other words, the

constructed contamination density functions g and g̃ both have contamination level 0. An illustra-

tion of this construction with a two-level perturbation is given by Figure 5.1. The colors of the plot

correspond to those in the formulas.

5.2.2 Adaptation theory

To achieve the minimax rate in Theorem 5.2.1, the kernel density estimator (5.3) requires the

knowledge of contamination proportion ε and smoothness (β0,β1). In this section, we discuss

adaptive procedures to estimate f (0) without the knowledge of these parameters. However, adap-

tation to ε or to (β0,β1) is not free, and one can only achieve slower rates than the minimax rate
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Figure 5.1: An illustration of the construction of g.

(5.2). The adaptation cost varies for each different scenario. A summary of our results is listed

below.

• When the contamination proportion is unknown, the best possible rate is

n
− 2β0

2β0+1 ∨ ε
2.

• When the smoothness parameters are unknown, the best possible rate is

( n
logn

)− 2β0
2β0+1

∨[ε2(1∧m)2
]
∨

( n
logn

)− 2β1
2β1+1

ε

2
2β1+1

 .
• When both the contamination proportion and the smoothness are unknown, the best possible

rate becomes

(
n

logn

)− 2β0
2β0+1

∨ ε
2.

Compared with the minimax rate (5.2), the ignorance of the contamination proportion implies that

m is replaced by 1 in the rate, while the ignorance of the smoothness implies that n is replaced by

n/ logn in the rate.
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Unknown contamination proportion

The kernel density estimator (5.3) depends on ε in two ways: the normalization through 1
n(1−ε)

and the optimal choice of bandwidth h. Without the knowledge of ε , we consider the following

estimator

f̂h(0) =
1
n

n

∑
i=1

1
h

K
(

Xi
h

)
. (5.4)

The first difference between (5.4) and (5.3) is the normalization. When ε is not given, we can only

use 1
n in (5.4). Moreover, the choice of h in (5.4) cannot depend on ε .

Theorem 5.2.2. For the estimator f̂ (0) = f̂h(0) with some K ∈Kbβ0∨β1c(L) and h = n
− 1

2β0+1 , we

have

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2
. n
− 2β0

2β0+1 ∨ ε
2.

With the choice h = n
− 1

2β0+1 , f̂h becomes the classical nonparametric density estimator. The

contamination results in an extra ε2 in the rate compared with the classical nonparametric minimax

rate, regardless of the values of m and β1. In view of the form of the minimax rate (5.2), the rate

given by Theorem 5.2.2 can be obtained by replacing the ε2(1∧m)2 in (5.2) with ε2. A matching

lower bound for adaptivity to ε is given by the following theorem.

Theorem 5.2.3. Consider two models M (ε,β0,β1,L0,L1,m) and M (ε̃,β0,β1,L0,L1,m) with dif-

ferent contamination proportions. For any estimator f̂ (0) that satisfies

sup
p(ε, f ,g)∈M (ε̃,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2
≤Cε̃

2,

for some constant C > 0, there must exist another constant C′ > 0, such that for ε ≥C′ε̃ , we have

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2
& ε

2.

Theorem 5.2.3 shows that it is impossible to achieve a rate that is faster than ε2 even over only two

different contamination proportions.
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Unknown smoothness

In this section, we consider the case that the smoothness numbers are unknown, but the contami-

nation proportion is given. In view of the kernel density estimator (5.3) that achieves the minimax

rate, we can still use the normalization by 1
n(1−ε)

because of the knowledge of ε , but the bandwidth

h needs to be picked in a data-driven way. For a given h, define

f̂h(0) =
1

n(1− ε)

n

∑
i=1

1
h

K
(

Xi
h

)
.

With a discrete set H and some constant c1 > 0, Lepski’s method [95, 96, 97] selects a data-driven

bandwidth through the following procedure,

ĥ = max

{
h ∈H : | f̂h(0)− f̂l(0)| ≤ c1

√
logn

nl
,∀l ≤ h, l ∈H

}
. (5.5)

In words, we choose the largest bandwidth below which the variance dominates. If the set that

is maximized over is empty, we will use the convention ĥ = 1
n . The estimator f̂ĥ(0) that uses a

data-driven bandwidth enjoys the following guarantee.

Theorem 5.2.4. Consider the adaptive kernel density estimator f̂ (0) = f̂ĥ(0) with the bandwidth

defined by (5.5). In (5.5), we set H =
{

1, 1
2 , · · · ,

1
2m

}
such that 1

2m ≤ 1
n < 1

2m−1 and c1 to be a

sufficiently large constant. The kernel K is selected from Kl(L) with a large constant l≥bβ0∨β1c.

Then, we have

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2

.

( n
logn

)− 2β0
2β0+1

∨[ε2(1∧m)2
]
∨

( n
logn

)− 2β1
2β1+1

ε

2
2β1+1

 .
Lepski’s method is known to be adaptive over various nonparametric classes, and it can achieve

minimax rates up to a logarithmic factor without knowing the smoothness parameter [98]. Theorem

5.2.4 shows that this is also the case with contaminated observations. With an adaptive kernel
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density estimator normalized by 1
n(1−ε)

, the minimax rate (5.2) is achieved up to a logarithmic

factor in Theorem 5.2.4.

A comparison between the adaptive rate given by Theorem 5.2.4 and the minimax rate (5.2)

reveals two differences. The first adaptation cost is given by
(

n
logn

)− 2β0
2β0+1 , compared with

n
− 2β0

2β0+1 in (5.2). Previous work in adaptive nonparametric estimation [99, 98, 100] implies that

this cost is unavoidable for adaptation to smoothness. The second adaptation cost is given by(
n

logn

)− 2β1
2β1+1

ε

2
2β1+1 , compared with n

− 2β1
2β1+1 ε

2
2β1+1 in (5.2). In the next theorem, we show that

this adaptations cost is also unavoidable without the knowledge of the smoothness parameters.

Theorem 5.2.5. Consider two models M (ε,β0,β1,L0,L1,m) and M (ε, β̃0, β̃1, L̃0, L̃1,m) with dif-

ferent smoothness parameters. Assume that β0 ≤ β̃0, β1 < β̃1, β0 ≥ β1 and nε2 ≥ (logn)2. For

any estimator f̂ (0) that satisfies

sup
p(ε, f ,g)∈M (ε,β̃0,β̃1,L̃0,L̃1,m)

Epn

(
f̂ (0)− f (0)

)2
≤C

(
n

logn

)− 2β̃1
2β̃1+1

ε

2
2β̃1+1 ,

for some constant C > 0, we must have

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2
&

(
n

logn

)− 2β1
2β1+1

ε

2
2β1+1 .

Unknown contamination proportion and unknown smoothness

When both the contamination proportion and the smoothness are unknown, we consider Lepski’s

method with a kernel density estimator normalized by 1
n . Define

f̂h(0) =
1
n

n

∑
i=1

1
h

K
(

Xi
h

)
.

Then, a data-driven bandwidth ĥ is selected according to (5.5). Again, if the set that is maximized

over is empty in (5.5), we will use the convention ĥ = 1
n . Note that this is a fully data-driven
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estimator that is adaptive to both the contamination proportion and the smoothness. It enjoys the

following guarantee.

Theorem 5.2.6. Consider the adaptive kernel density estimator f̂ (0) = f̂ĥ(0) with the bandwidth

defined by (5.5). In (5.5), we set H =
{

1, 1
2 , · · · ,

1
2m

}
such that 1

2m ≤ 1
n < 1

2m−1 and c1 to be a

sufficiently large constant. The kernel K is selected from Kl(L) with a large constant l≥bβ0∨β1c.

Then, we have

sup
p(ε, f ,g)∈M (ε,β0,β1,L0,L1,m)

Epn

(
f̂ (0)− f (0)

)2
.

(
n

logn

)− 2β0
2β0+1

∨ ε
2.

Compared with the minimax rate in Theorem 5.2.1, the rate in Theorem 5.2.6 can be understood

as replacing n and ε2(1∧m)2 respectively by n/ logn and ε2 in (5.2). In view of the results in both

Section 5.2.2 and Section 5.2.2, this rate
(

n
logn

)− 2β0
2β0+1 ∨ε2 in Theorem 5.2.6 cannot be improved

by any procedure that is adaptive to both contamination proportion and smoothness.

5.3 Results for arbitrary contamination

In this section, we study the contamination model without any structural assumption on the con-

tamination distribution:

X1, . . . ,Xn ∼ (1− ε)Pf + εG

where Pf is a distribution on R that has a density function f , and G is an arbitrary contamination

distribution. This leads to the following model space

M (ε,β0,L0) =
{
(1− ε)Pf + εG

∣∣∣ f ∈P(β0,L0) and G is an arbitrary distribution
}
.

This is often referred to as Huber’s ε-contamination model [86, 87]. Nonparametric function

estimation under Huber’s ε-contamination model has recently been studied by [84, 88] for global
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loss functions. Here our focus is on the local estimation of f (0).

5.3.1 Minimax rates

The corresponding minimax risk is defined by

R(ε,β0,L0) = inf
f̂ (0)

sup
p(ε, f ,g)∈M (ε,β0,L0)

Epn

(
f̂ (0)− f (0)

)2
.

In contrast to the minimax rate studied in Section 5.2.1, we only have one parameter ε that indexes

the influence of the contamination for R(ε,β0,L0).

Theorem 5.3.1. Under the setting above, we have

R(ε,β0,L0)� [n
− 2β0

2β0+1 ]∨ [ε
2β0

β0+1 ]. (5.6)

The minimax rate given by Theorem 5.3.1 only involves two terms. The first term n
− 2β0

2β0+1 is

the classical minimax rate for nonparametric estimation. The second term ε

2β0
β0+1 characterizes the

influence of contamination. It is worth noticing that the smoothness index of f appears both in

n
− 2β0

2β0+1 and ε

2β0
β0+1 . A larger value of β0 implies a less influence of the contamination. This is in

contrast to the rate of R(ε,β0,β1,L0,L1,m) in Theorem 5.2.1.

The phase transition boundary of R(ε,β0,L0) occurs at ε = n
− β0+1

2β0+1 . Below this level, we have

R(ε,β0,L0) � n
− 2β0

2β0+1 , and the contamination has no influence on the classical minimax rate.

When ε is above n
− β0+1

2β0+1 , the rate becomes ε

2β0
β0+1 , dominated by the contamination of data. Since

we have about nε contaminated observations in expectation, an optimal procedure can achieve the

classical minimax rate n
− 2β0

2β0+1 with at most nε ≤ n
β0

2β0+1 contaminated data points. Note that the

number n
β0

2β0+1 is an increasing function of β0.

For the upper bound of the minimax rate, we consider the kernel density estimator f̂h(0) =

1
n ∑

n
i=1

1
hK
(

Xi
h

)
with the choice of bandwidth h= n

− 1
2β0+1 ∨ε

1
β0+1 . It is interesting to note that this

choice of bandwidth is always larger than or equal to n
− 1

2β0+1 . Recall that when the contamination
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is smooth, the optimal bandwidth is smaller than n
− 1

2β0+1 . The lower bound part of Theorem 5.3.1

can be viewed as an application of Theorem 5.1 in [89].

5.3.2 Adaptation to either contamination proportion or smoothness

The key to adaptation to either contamination proportion or smoothness is the following risk de-

composition

E
(

f̂h(0)− f (0)
)2

.
1
nh
∨h2β0 ∨ ε2

h2 �

(
ε2

h2 +
1

nh

)
+h2β0, (5.7)

of the kernel density estimator f̂h(0) =
1
n ∑

n
i=1

1
hK
(

Xi
h

)
. The first term ε2

h2 +
1

nh is a decreasing

function of h with a possibly unknown ε , while the second term h2β0 is an increasing function of h

with a possibly unknown β0. If we know ε but do not know β0, then we can use Lespki’s method

with ε2

h2 +
1
nh as a reference curve. On the other hand, if we know β0 but do not know ε , we can

then use a reverse version of Lepski’s method with h2β0 as a reference curve. Specifically, when ε

is known but β0 is unknown, we use

ĥ = max

{
h ∈H : | f̂h(0)− f̂l(0)| ≤ c1

(√
logn

nl
+

ε

l

)
,∀l ≤ h, l ∈H

}
. (5.8)

If the set that is maximized over is empty, we take ĥ = 1
n . When β0 is known but ε is unknown, we

use

ĥ = min

{
h ∈H : | f̂h(0)− f̂l(0)| ≤ c1lβ0,∀l ≥ h, l ∈H

}
. (5.9)

If the set that is minimized over is empty, we take ĥ = 1.

Theorem 5.3.2. Consider the adaptive kernel density estimator f̂ (0) = f̂ĥ(0) with the bandwidth

ĥ given by (5.8) or (5.9). In either case, we set H =
{

1, 1
2 , · · · ,

1
2m

}
such that 1

2m ≤ 1
n < 1

2m−1 and

c1 to be a sufficiently large constant. The kernel K is selected from Kl(L) with a large constant
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l ≥ bβ0c. Then, we have

sup
p(ε, f ,g)∈M (ε,β0,L0)

Epn

(
f̂ (0)− f (0)

)2
.

(
logn

n

) 2β0
2β0+1

∨ ε

2β0
β0+1 .

With one of ε and β0 given, Theorem 5.3.2 guarantees adaptive estimation with the rate
(

logn
n

) 2β0
2β0+1 ∨

ε

2β0
β0+1 . Compared with the minimax rate in Theorem 5.3.1, we have an extra logarithmic factor due

to the ignorance of either ε or β0. This logarithmic factor cannot be removed by any adaptive pro-

cedure in view of the results of [99, 98, 100].

5.3.3 Adaptation to both contamination proportion and smoothness?

When both contamination proportion and smoothness are unknown, the adaptation theory with

arbitrary contamination is completely different from the case with structured contamination. Since

there is no constraint on the contamination distribution, a model with (ε,β0) can also be written as

a different model with (ε̃, β̃0). As a consequence, we can prove the following lower bound.

Lemma 5.3.1. For any constants c1,c2 > 0, there exists a constant c0, such that for any β0, β̃0≤ c1,

and any L0, L̃0 ≥ c2, and any estimator f̂ (0), one of the following lower bounds must be true,

sup
p(ε, f ,g)∈M (ε,β0,L0)

Epn

(
f̂ (0)− f (0)

)2
≥ c0ε

2β̃0
β̃0+1 ,

sup
p(0, f ,g)∈M (0,β̃0,L̃0)

Epn

(
f̂ (0)− f (0)

)2
≥ c0ε

2β̃0
β̃0+1 .

As we will show in the following, this specific form of lower bound in this lemma has a profound

implication, in that an adaptive estimation rate that is a function of an individual class is impossible!

As a first step, the following definition formulates what adaptivity means in our specific setting.

Definition 5.3.1. An estimator f̂ (0) is called (c1,c2,c3,r1(·),r2(·)) rate adaptive if the following
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holds: for any n≥ 1, any ε ≤ 1/2, any β0 ≤ c1 and any L0 ≤ c2, we have

sup
p(ε, f ,g)∈M (ε,β0,L0)

Epn

(
f̂ (0)− f (0)

)2
≤ c3n−r1(β0)∨ ε

r2(β0). (5.10)

As concrete examples, when the contamination distribution is restricted to those with density func-

tions that are Hölder smooth, it is shown in Theorem 5.2.6 that adaptive estimation is possible with

some r1(β0)<
2β0

2β0+1 and r2(β0) = 2. When the contamination distribution is arbitrary, Theorem

5.3.2 shows that adaptive estimation is possible over (ε,β0) if either ε or β0 is fixed (known) with

some r1(β0) <
2β0

2β0+1 and r2(β0) =
2β0

β0+1 . In contrast, the following theorem shows that such a

goal is impossible for any r1(·) and r2(·) when both ε and β0 are unknown.

Theorem 5.3.3. For any constants c1,c2,c3 > 0 and any positive functions r1(·) and r2(·), there

is no estimator f̂ (0) that is (c1,c2,c3,r1(·),r2(·)) rate adaptive.

In conclusion, when the contamination is arbitrary, the theory of adaptation to both contamination

proportion and smoothness is qualitatively different from adaptation to only one of them. In com-

parison, when the contamination is structured, that difference is just quantitative according to the

results in Section 5.2.2. Therefore, in order to achieve sensible error rates adaptively in a robust

density estimation context, we need to either assume a given contamination proportion, a given

smoothness index, or a structured contamination distribution.
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CHAPTER 6

DISCUSSION

Here we discuss several loose ends left in the above chapters. For Chapter 2, the most outstanding

problem lies in extending the lower bound to the class of all computationally feasible method, not

only the class of iterative thresholding algorithms. In particular, could we show that it is impossible

to achieve a restricted optimality guarantee better then what is achieved by the iterative reciprocal

thresholding algorithm in the class of all computationally feasible method? In Chapter 3, we

show that the factorized approach have the same restricted optimality guarantee as the projected

gradient descent method, which is sub-optimal. So the first question is whether it is possible

to construct an algorithm that only uses matrix multiplication and can still achieve the optimal

restricted optimality guarantee. The second question lies in whether it is possible to generalize

the equivalence relation to other settings, including problems with other types of reparametrization

or problems with additional constraints other than the low-rank constraint. For Chapter 4, some

natural extensions of the sparse changepoint detection problem that still require thorough study are

data with temporal and spatial dependence and data arriving in an online fashion. Moreover, there

is the question of pinning down the optimal constant in the sparse regime. Finally, let us conclude

with the following:

Perhaps statistical research is the process of coming up with statements that, if true,

change the way we look at data.
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