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Summary
Section A presents the simulations results of the proposed tests, and Section B pro-

vides the proofs for the theorems and technical lemmata.

A. SIMULATIONS

In this section, we conduct a simulation study for evaluating the performance of our
methodology. The algorithm is summarized in Section 2. We consider the GARCH(1,1)-
model with time-varying parameters θ(i) = (α0(i), α1(i), β1(i))′,

θ(i) =


θ∗, i ≤ bnτ∗1 c,
θ∗ +H∆∗, bnτ∗1 c+ 1 ≤ i ≤ bnτ∗2 c,
θ∗, i > bnτ∗2 c,

with H0 : ∆∗ = 0 and H1 : ∆∗ > 0, where

i) H = (0, 1, 1)′ and α∗0 = 0.2, α∗1 = 0.5, β∗1 = 0.25,
ii) H = (0, 1, 1)′ and α∗0 = 0.3, α∗1 = 0.39, β∗1 = 0.6,
iii) H = (0, 1, 1)′ and α∗0 = 0.5, α∗1 = 0.07, β∗1 = 0.91,

and
X2
i = ζ2

i σ
2
i , σ2

i = α0(i) + α1(i)X2
i−1 + β1(i)σ2

i−1.

We now check the behaviour of the test under the null hypothesis H0 of no change.
We use the test proposed in Algorithm 1 in Section 2 with κ = κ′ = 0.1 and a grid
approximation of L = 10, 30, 50. In addition we also show the comparison with the
method in Chen and Hong (2016). We adopt the test statistics as in Equation (4.5) in
CH. We use the uniform kernel with the support [−1, 1]. The bandwidth here is selected
using a grid search and a cross validation method.

For N = 1000 replications and n ∈ {500, 1000, 2000}, δ ∈ {0.90, 0.95}, we obtain the
quantiles q̂W,0.90 ≈ 3.031, q̂W,0.95 ≈ 3.285 and the results given in Table A.1 (cf. Step
4 in the algorithm in Section 2). We can see from the table that as the sample size
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increases, the coverage probabilities approach the nominal level for both δ = 0.90, 0.95,
which illustrates that the asymptotic results hold true already for relatively small sample
sizes. We can see that with increasing L, the sizes would drop a bit. The CH test in the
most cases has slightly better sizes, but our method is still quite competitive.

Table A.1. The averaged acceptance rate under null hypothesis H0.
L = 10 i) ii) iii)
n / δ 0.90 0.95 0.90 0.95 0.90 0.95
500 0.944 0.970 0.932 0.976 0.924 0.968
1000 0.932 0.963 0.918 0.968 0.917 0.961
2000 0.911 0.955 0.910 0.965 0.912 0.957
L = 30 i) ii) iii)
n / δ 0.90 0.95 0.90 0.95 0.90 0.95
500 0.867 0.901 0.862 0.904 0.839 0.893
1000 0.892 0.905 0.880 0.911 0.890 0.906
2000 0.899 0.923 0.887 0.915 0.894 0.918
L = 50 i) ii) iii)
n / δ 0.90 0.95 0.90 0.95 0.90 0.95
500 0.836 0.842 0.833 0.861 0.825 0.883
1000 0.851 0.872 0.846 0.907 0.844 0.902
2000 0.886 0.916 0.881 0.919 0.890 0.924
CH i) ii) iii)
n / δ 0.90 0.95 0.90 0.95 0.90 0.95
500 0.831 0.911 0.824 0.902 0.845 0.892
1000 0.846 0.917 0.841 0.909 0.862 0.918
2000 0.883 0.930 0.886 0.922 0.896 0.941

To evaluate the test performance under the alternative, we consider δ = 0.95, 0.90 and
the cases

∆∗ ∈ {0.05, 0.1, 0.2}
with a shock period of τ∗2 − τ∗1 ∈ {0.1, 0.2}, where we have chosen τ∗1 = 0.5. The choice
of τ∗1 does not exert a significant influence on the performance of the test; therefore we
do not present the simulation results for different τ∗1 here. The test results of different
scenarios can be found in Table A.2 and A.3. It can be seen that our test shows good
power under the alternative hypothesis, which is robust against different choices of break
sizes and time length of breaks. We also find that as the sample size increases, the power
drastically increases. In Table A.3, we show the power of the CH test. The CH test
sometimes shows a better power than our test. As our test serves a different purpose of
identifying mildly explosive segments, we conclude that our method is complementary to
the CH test.
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Table A.2. The rejection rate of the test (test power) under the alternative H1 with
different ∆∗ and τ∗2 − τ∗1 . δ = 95%

L = 50 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.398 0.685 0.900 0.899 0.937 0.952
1000 0.681 0.696 0.912 0.926 1.000 1.000
2000 0.994 0.908 0.917 1.000 1.000 1.000

ii)
500 0.397 0.543 0.837 0.908 0.946 0.964
1000 0.846 0.865 0.875 0.969 0.981 1.000
2000 0.838 0.864 0.922 1.000 1.000 1.000

iii)
500 0.436 0.486 0.858 0.915 0.953 0.974
1000 0.811 0.817 0.863 0.957 0.990 1.000
2000 0.829 0.833 0.939 1.000 1.000 1.000

L = 30 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.321 0.436 0.828 0.886 0.917 0.939
1000 0.583 0.599 0.898 0.904 0.953 0.969
2000 0.812 0.826 0.912 1.000 1.000 1.000

ii)
500 0.357 0.475 0.830 0.902 0.930 0.949
1000 0.798 0.804 0.870 0.963 0.988 0.997
2000 0.805 0.819 0.904 1.000 1.000 1.000

iii)
500 0.431 0.577 0.845 0.901 0.949 0.958
1000 0.783 0.826 0.860 0.956 0.981 0.998
2000 0.792 0.831 0.924 1.000 1.000 1.000

L = 10 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.148 0.154 0.414 0.843 0.869 0.881
1000 0.176 0.195 0.491 0.877 0.938 0.896
2000 0.404 0.473 0.716 0.943 0.976 1.000

ii)
500 0.271 0.424 0.752 0.812 0.827 0.941
1000 0.414 0.668 0.799 0.830 0.853 0.962
2000 0.589 0.715 0.836 1.000 1.000 1.000

iii)
500 0.193 0.301 0.803 0.828 0.869 0.914
1000 0.288 0.716 0.834 0.851 0.916 0.937
2000 0.405 0.817 0.906 1.000 1.000 1.000
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Table A.3. The rejection rate of the test (test power) under the alternative H1 with
different ∆∗ and τ∗2 − τ∗1 . δ = 90%

L = 50 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.441 0.725 0.932 0.941 0.986 0.990
1000 0.722 0.771 0.956 0.955 1.000 1.000
2000 0.989 0.924 0.971 1.000 1.000 1.000

ii)
500 0.513 0.782 0.884 0.951 0.964 0.976
1000 0.890 0.903 0.913 0.994 1.000 1.000
2000 0.946 0.987 1.000 1.000 1.000 1.000

iii)
500 0.465 0.754 0.882 0.946 0.967 0.980
1000 0.832 0.858 0.927 1.000 1.000 1.000
2000 0.957 0.976 0.998 1.000 1.000 1.000

L = 30 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.388 0.506 0.834 0.914 0.937 0.950
1000 0.657 0.693 0.901 0.925 0.996 0.997
2000 0.883 0.894 0.923 1.000 1.000 1.000

ii)
500 0.395 0.701 0.875 0.932 0.957 0.962
1000 0.808 0.837 0.900 0.997 0.998 0.999
2000 0.939 0.972 0.995 1.000 1.000 1.000

iii)
500 0.435 0.486 0.858 0.934 0.951 0.977
1000 0.807 0.817 0.863 0.997 0.998 0.999
2000 0.941 0.831 0.945 1.000 1.000 1.000

L = 10 τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.187 0.205 0.486 0.863 0.911 0.893
1000 0.260 0.303 0.530 0.895 0.946 0.917
2000 0.456 0.547 0.814 0.957 1.000 1.000

ii)
500 0.336 0.491 0.762 0.839 0.861 0.956
1000 0.532 0.755 0.858 0.858 0.889 0.993
2000 0.651 0.824 0.849 1.000 1.000 1.000

iii)
500 0.275 0.608 0.851 0.873 0.923 0.936
1000 0.420 0.802 0.869 0.892 0.978 0.945
2000 0.571 0.930 0.956 1.000 1.000 1.000
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Table A.4. The rejection rate of the test (test power) under the alternative H1 with
different ∆∗ and τ∗2 − τ∗1 . (L = 30), δ = 95%, 90%, CH.

τ∗2 − τ∗1 = 0.1 τ∗2 − τ∗1 = 0.2
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.346 0.418 0.810 0.875 0.886 0.939
1000 0.563 0.541 0.893 0.911 0.913 0.995
2000 0.805 0.834 0.918 1.000 1.000 1.000

ii)
500 0.334 0.416 0.852 0.881 0.915 0.968
1000 0.783 0.875 0.880 0.939 0.968 0.987
2000 0.805 0.882 0.901 1.000 1.000 1.000

iii)
500 0.419 0.500 0.763 0.806 0.919 0.932
1000 0.625 0.776 0.839 0.847 0.936 0.981
2000 0.794 0.824 0.884 1.000 1.000 1.000
n/∆∗ ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2 ∆∗ = 0.05 ∆∗ = 0.1 ∆∗ = 0.2

i)
500 0.428 0.434 0.912 0.894 0.922 0.984
1000 0.609 0.697 0.898 0.943 0.938 1.000
2000 0.864 0.916 0.929 1.000 1.000 1.000

ii)
500 0.414 0.539 0.894 0.907 0.926 0.991
1000 0.817 0.893 0.915 0.954 0.980 0.996
2000 0.826 0.897 0.963 1.000 1.000 1.000

iii)
500 0.452 0.596 0.849 0.856 0.922 0.954
1000 0.768 0.847 0.875 0.953 0.961 0.998
2000 0.872 0.850 0.914 1.000 1.000 1.000
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B. TECHNICAL PROOFS AND LEMMATA

For some sequence (yj)j∈N of real numbers and some sequence (χj)j∈N of nonnegative
real numbers, we define the weighted seminorm

|y|χ,q :=
( ∞∑
j=1

χj |yj |q
)1/q

.

For some random variable Z, we define ‖Z‖q := (E|Z|q)1/q. If ‖·‖q is applied to a matrix,
this is meant by a component-wise operation. For the i.i.d. random variables ζi, i ∈ Z
used in the model definition (1.1), let Fi := (ζi, ζi−1, ...). With some abuse of notation,
we refer to Fi also as the σ algebra generated by the entries of Fi. For Xi = h(Fi), i ∈ Z
with some measurable function h, we define the functional dependence measure (cf. Wu
and Shao (2004)) as

δq(i) := ‖Xi −X∗i ‖q,
where X∗i = h(F∗i ) and F∗i := (ζi, ..., ζ1, ζ

∗
0 , ζ−1, ζ−2, ...) with ζ∗0 being an independent

copy of ζ0. It is worth noting that in the following context we add the superscript X as
δXq (i) for the dependence measure of the process X.

B.1. Existence of GARCH models

Proposition B.1. (Existence of the GARCH model) If Assumption 3.1 and H0

holds, then the following statements hold true.

(i) (1.1) has a unique stationary solution X2
i = H(Fi), i ∈ Z.

(ii) There exists q > 0 with ‖X2
0‖q ≤ D and δX

2

q (k) = O(ck) (recall that δX
2

q (k) is the
functional dependence measure of X2) for some 0 < c < 1.

(iii) λmax(B(θ)) < 1, where

B(θ) =


β1 β2 . . . . . . βs
1 0 . . . . . . 0
0 1 0 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 1 0

 .

Proof. (Proof of Proposition B.1:) Following the proof of Lemma 2.3 in Berkes
et al. (2003), there exists m ∈ N such that E log |Am(θ∗)Am−1(θ∗) . . . A1(θ∗)|2 < 0.
The function [0, δ)→ [0,∞), s(t, θ∗) = E|Am(θ∗)Am−1(θ∗) . . . A1(θ∗)|t2 fulfills s′(0, θ∗) =
E log |Am(θ∗)Am−1(θ∗) . . . A1(θ∗)|2 < 0, thus t 7→ s(t, θ∗) decreases in a neighborhood of
0. Since s(0) = 1, this implies that there exists 0 < q < δ such that

E|Am(θ∗)Am−1(θ∗) . . . A1(θ∗)|q2 = s(q, θ∗) < 1. (B.1)

Define

Pi := (X2
i , . . . , X

2
i−r+1, σ

2
i , . . . , σ

2
i−s+1)′,

ai(θ
∗) := (α∗0ζ

2
i , 0, . . . , 0, α

∗
0, 0, . . . , 0)′.

Following Section 3.1 in Wu and Min (2005), the model (1.1) admits the representation

Pi = Ai(θ
∗)Pi−1 + ai(θ

∗). (B.2)
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Therefore, Pi = Gζi,θ∗(Pi−1) with Gζi,θ∗(y) = Ai(θ
∗) · y + ai(θ

∗). Let Wn(y, θ∗) :=
Gζn,θ∗ ◦Gζn−1,θ∗ ◦ ... ◦Gζ1,θ∗(y). Then we have

Wn(y, θ∗)−Wn(y′, θ∗) = An(θ∗)An−1(θ∗) · ... ·A1(θ∗) · (y − y′).

Using the submultiplicativity of | · |2, we therefore have with (B.1) and some suitable
constant C > 0:

‖|Wn(y, θ∗)−Wn(y′, θ∗)|2‖q ≤ ‖|An(θ∗)An−1(θ∗) · ... ·A1(θ∗)|2‖q|y − y′|2
≤ C(s(q, θ∗)q/m)n|y − y′|2.

By Theorem 2 in Wu and Shao (2004), we obtain existence and a.s. uniqueness of X2
i =

H(t,Fi), ‖X2
0‖q < ∞ and δX

2

q (k) = O(ck) with some 0 < c < 1, i.e. (i) and (ii). (iii) is
due to Proposition 1 in Francq and Zakoïan (2004).

B.2. Proofs for asymptotic theory

Observe that

Lcn,τ1,τ2(θ) = Lcn,τ2(θ)− Lcn,τ1(θ), Lcn,r(θ) :=
1

n

bnrc∑
i=1

`(X2
i , Y

c
i , θ).

Define L(θ) := E`(X2
i , Yi, θ). This is well-defined due to Emax{−`(X2

i , Yi, θ), 0} < ∞
(cf. Francq and Zakoïan (2004), Proof of Theorem 2.1).

To prove Theorem 3.1, we introduce some notation. For some sequence of real-valued
random variables Wn, we write Wn

p→∞ if for each M ∈ N, P(Wn < M)→ 0 (n→∞).

Lemma B.1. Let Assumption 3.1 hold. Let κ > 0, and R := {(τ1, τ2) ∈ [0, 1]2 : τ1 <
τ2, |τ1 − τ2| ≥ κ}. For fixed k ∈ N, let Vk(θ) := {θ′ ∈ Θ : |θ′ − θ|1 < 1/k}. Define
W

(k)
i (θ) := infθ′∈Vk(θ) `(X

2
i , Yi, θ). Then:

(i) EW (k)
1 (θ) ∈ R ∪ {∞} and

lim inf
n→∞

inf
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c+1

W
(k)
i (θ) ≥ EW (k)

1 (θ) a.s.

(ii) L(θ∗) is finite and

sup
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c+1

`(X2
i , Yi, θ

∗)→ L(θ∗) a.s.

Proof. (i) Fix someM ∈ N. It holds that EW (k)
1 ∈ R∪{∞} and E[W

(k)
1 ∧M ] ∈ R since

Emax{−`(X2
1 , Y1, θ), 0} <∞. Define Sm :=

∑m
i=1W

(k)
i (θ)∧M . By the ergodic theorem,

we have

lim
m→∞

1

m
Sm = ES1 a.s.

It holds that bnτ2c → ∞ uniformly in τ2 ∈ [κ, 1], and thus

sup
τ2∈[κ,1]

∣∣Sbnτ2c
bnτ2c

− ES1

∣∣→ 0 a.s. (B.3)
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Furthermore we have that Sm
m is a.s. bounded. We conclude that

sup
τ1∈[0,1]

∣∣∣τ1 · (Sbnτ1cbnτ1c
− ES1

)∣∣∣→ 0 a.s. (B.4)

[Proof: Fix some ω ∈ Ω and let C > 0 be such that |Sm(ω)
m | ≤ C for all m ∈ N. For ε > 0,

sup
τ1∈[0,1]

∣∣∣τ1 ·(Sbnτ1cbnτ1c
−ES1

)∣∣∣ ≤ sup
τ1∈[ εC ,1]

∣∣∣τ1 ·(Sbnτ1cbnτ1c
−ES1

)∣∣∣+ sup
τ1∈[0, εC )

∣∣∣τ1 ·(Sbnτ1cbnτ1c
−ES1

)∣∣∣
The second term is bounded by ε

C ·C = ε, while for the first term we can choose n large
enough such that it is ≤ ε.]

With the decomposition

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c+1

W
(k)
i (θ) ∧M =

1

τ2 − τ1

[bnτ2c
n
·
Sbnτ2c

bnτ2c
− bnτ1c

nτ1
· τ1 ·

Sbnτ1c

bnτ1c

]
and (B.3), (B.4), supτ2∈[κ,1] |

bnτ2c
n − τ2| ≤ n−1 we obtain

inf
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c+1

W
(k)
i (θ) ∧M → E[W

(k)
1 (θ) ∧M ] a.s.

Since W (k)
i (θ) ≥W (k)

i ∧M and applying M →∞ on the r.h.s., we obtain

lim inf
n→∞

inf
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c+1

W
(k)
i (θ) ≥ EW (k)

1 (θ) a.s.

(ii) The argument follows the same lines as (i). We obtain convergence since no truncation
with M is needed.

Proof. (Proof of Theorem 3.1) We make use of some results obtained in the proof
of Theorem 2.1. in Francq and Zakoïan (2004). It was shown therein that L(θ) :=
E`(X2

i , Yi, θ) fulfills

E|`(X2
i , Yi, θ

∗)| <∞, ∀θ 6= θ∗ : L(θ) > L(θ∗). (B.5)

Let k ∈ N. We use the notation from Lemma B.1. Let θ 6= θ∗. By Beppo-Levi’s theorem,
we have

EW (k)
1 (θ) ↑ L(θ) > L(θ∗).

Thus, for each θ 6= θ∗ we can find k(θ) ∈ N such that EW (k(θ))
1 (θ) > L(θ∗).

Let ε > 0 and Θε := {θ ∈ Θ : |θ − θ∗| ≥ ε}. Then Θε is compact, and there exist
finitely many θ1, ..., θl with Θε ⊂

⋃l
i=1 Vk(θi)(θi). Let

δ := min{ inf
i=1,...,l

EW (k(θi))
1 (θi)− L(θ∗), 1} > 0.

Suppose that sup(τ1,τ2)∈R |θ̂n,τ1,τ2 − θ∗| ≥ ε. By the minimal property of θ̂n,τ1,τ2 and
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dividing by τ2 − τ1, we conclude that

0 ≥ inf
(τ1,τ2)∈R

1

τ2 − τ1
{
Lcn,τ1,τ2(θ̂n,τ1,τ2)− Lcn,τ1,τ2(θ∗)

}
= inf
i=1,...,l

inf
(τ1,τ2)∈R

inf
θ′∈Vk(θi)(θi)

1

τ2 − τ1
{Lcn,τ1,τ2(θ′)− Lcn,τ1,τ2(θ∗)}

≥ inf
i=1,...,l

inf
(τ1,τ2)∈R

inf
θ′∈Vk(θi)(θi)

Lcn,τ1,τ2(θ′)

τ2 − τ1
− sup

(τ1,τ2)∈R

Lcn,τ1,τ2(θ∗)

τ2 − τ1
(B.6)

We furthermore have:

inf
(τ1,τ2)∈R

inf
θ′∈Vk(θi)(θi)

Lcn,τ1,τ2(θ′)

τ2 − τ1

≥ inf
(τ1,τ2)∈R

inf
θ′∈Vk(θi)(θi)

Ln,τ1,τ2(θ′)

τ2 − τ1
− κ · sup

(τ1,τ2)∈R
sup
θ′∈Θ
|Lcn,τ1,τ2(θ′)− Ln,τ1,τ2(θ′)|

≥ inf
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c

W
(k(θi))
i (θi)

−κ · sup
(τ1,τ2)∈R

sup
θ′∈Θ
|Lcn,τ1,τ2(θ′)− Ln,τ1,τ2(θ′)|. (B.7)

By Lemma B.2(i),

P
(

sup
(τ1,τ2)∈R

sup
θ′∈Θ
|Lcn,τ1,τ2(θ′)− Ln,τ1,τ2(θ′)| > δ

8

)
= o(1). (B.8)

By Lemma B.1(i),

P
(

inf
i=1,...,l

inf
(τ1,τ2)∈R

1

n(τ2 − τ1)

bnτ2c∑
i=bnτ1c

W
(k(θi))
i (θi) ≤ L(θ∗) +

δ

2

)
= o(1). (B.9)

By Lemma B.1(ii),

P
(

sup
(τ1,τ2)∈R

Lcn,τ1,τ2(θ∗)

τ2 − τ1
≥ L(θ∗) +

δ

8

)
= o(1). (B.10)

Inserting (B.8), (B.9) into (B.7) and afterwards using (B.10), we have

P
(

sup
(τ1,τ2)∈R

|θ̂n,τ1,τ2 − θ∗| ≥ ε
)

≤ P
(

0 ≥ inf
i=1,...,l

inf
(τ1,τ2)∈R

inf
θ′∈Vk(θi)(θi)

Lcn,τ1,τ2(θ′)

τ2 − τ1
− sup

(τ1,τ2)∈R

Lcn,τ1,τ2(θ∗)

τ2 − τ1

)
≤ P

(
0 ≥ (L(θ∗) +

δ

2
)− δ

8
− (L(θ∗) +

δ

8
) =

δ

4

)
+ o(1) = o(1),

showing the assertion.

Proof. (Proof of Proposition 3.1) By Lemma B.3 and Lemma B.2, we have

sup
θ∈Θ

∣∣Lcn,τ∗1 ,τ∗2 (θ)− L̃n,τ∗1 ,τ∗2 (θ)
∣∣→ 0 a.s., (B.11)
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where

L̃n,τ∗1 ,τ∗2 (θ) =
1

n

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ)

and X̃i denotes a GARCH(r, s) process with constant parameters θ(i) ≡ θ̄∗ := θ∗+H∆∗.
The proof is now a simpler version of the proof of Lemma B.1 and Theorem 3.1. For the
sake of completeness, we provide here the main steps. For fixed k ∈ N, let Vk(θ) := {θ′ ∈
Θ : |θ′ − θ|1 < 1

k} and W
(k)
i := infθ′∈Vk(θ) `(X̃

2
i , Ỹi, θ). As in Lemma B.1, we obtain that

i) EW (k)
1 (θ) ∈ R ∪ {∞} and

lim inf
n→∞

1

n(τ∗2 − τ∗1 )

bnτ∗2 c∑
i=bnτ∗1 c+1

W
(k)
i (θ) ≥ EW (k)

1 (θ) a.s., (B.12)

ii) L̃(θ̄∗) is finite and

1

n(τ∗2 − τ∗1 )

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ̄

∗)→ L̃(θ̄∗), (B.13)

where L̃(θ) := E`(X̃2
i , Ỹi, θ) and ∀θ 6= θ̄∗, L̃(θ) > L̃(θ̄∗).

Let ε > 0. For θ 6= θ∗, we now construct k(θ) ∈ N such that EW (k(θ))
1 > L̃(θ̄∗) and define⋃l

i=1 Vk(θi)(θi) as a finite covering of Θε := {θ ∈ Θ : |θ − θ̄∗| ≥ ε}. Define

δ := min{ inf
i=1,...,l

EW (k(θi))
1 (θi)− L̃(θ̄∗), 1} > 0.

Suppose that |θ̂n,τ∗1 ,τ∗2 − θ̄
∗| ≥ ε. By the minimal property of θ̂n,τ∗1 ,τ∗2 , we have

0 ≥ Lcn,τ∗1 ,τ∗2 (θ̂n,τ∗1 ,τ∗2 )− Lcn,τ∗1 ,τ∗2 (θ̄∗)

≥ inf
i=1,...,l

inf
θ′∈Vk(θi)(θi)

Lcn,τ∗1 ,τ∗2 (θ′)− Lcn,τ∗1 ,τ∗2 (θ̄∗).

For n large enough, (B.11) and (B.12), (B.13) imply

0 ≥ inf
i=1,...,l

inf
θ′∈Vk(θi)(θi)

L̃n,τ∗1 ,τ∗2 (θ′)− L̃n,τ∗1 ,τ∗2 (θ̄∗)− δ

4

≥ inf
i=1,...,l

EW (k(θi))
1 (θi)− L̃(θ̄∗)− δ

2
≥ δ

2
,

a contradiction. Thus for n large enough, |θ̂n,τ∗1 ,τ∗2 − θ̄
∗| ≤ ε.

Proof. (Proof of Theorem 3.2) Let κ > 0 und define R := {(τ1, τ2) ∈ [0, 1]2 : τ1 <
τ2, |τ1 − τ2| ≥ κ}. By Theorem 3.1, we have

sup
(τ1,τ2)∈R

|θ̂n,τ1,τ2 − θ∗|1 → 0 a.s. (B.14)

Therefore, θ̂n,τ1,τ2 ∈ int(Θ) uniformly in (τ1, τ2) ∈ R for n large enough. Thus there
exists Θ̄ ⊂ int(Θ) with θ̂n,τ1,τ2 ∈ Θ̄ (for n large enough, (τ1, τ2) ∈ R.
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By a Taylor expansion, we have

θ̂n,τ1,τ2 − θ∗ = −[∇2
θL

c
n,τ1,τ2(θ̄)]−1∇θLcn,τ1,τ2(θ∗)

= −[(τ2 − τ1)V (θ∗) + Tn,τ1,τ2(θ̄n,τ1,τ2)]−1∇θLcn,τ1,τ2(θ∗), (B.15)

where Tn,τ1,τ2(θ̄n) = ∇2
θL

c
n,τ1,τ2(θ̄n)−(τ2−τ1)V (θ∗) and θ̄n,τ1,τ2 ∈ Θ with |θ̄n,τ1,τ2−θ∗|1 ≤

|θ̂n,τ1,τ2 − θ∗|1. By Lemma B.2 and Lemma B.5 and | bnτ2c−bnτ1cn − (τ1 − τ2)| ≤ 2n−1, we
have

sup
(τ1,τ2)∈R

|Tn,τ1,τ2(θ̄n,τ1,τ2)|1 ≤ sup
(τ1,τ2)∈R

|V (θ̄n,τ1,τ2)− V (θ∗)|1 +Op(log(n)3/2n−1/2).

(B.16)
By Lemma B.6(ii) applied to p = q and Θ̄, we obtain ι > 0, C > 0 and ρ ∈ (0, 1) such
that for |θ − θ∗|1 < ι,

|V (θ)− V (θ∗)|1 ≤ C(1 + ‖|Yi|q(ρj)j ,q‖1)(1 + Eζ2
0 ) · |θ − θ∗|1

≤ C(1 +
Dq

1− ρ
)(1 + Eζ2

0 ) · |θ − θ∗|1 =: C̃ · |θ − θ∗|1. (B.17)

Since E∇θ`(Yi, X2
i , θ
∗) = 0 (cf. Proposition B.2(iii)), Lemma B.2 and Lemma B.5, we

have
sup

(τ1,τ2)∈R
|∇θLcn,τ1,τ2(θ∗)|1 = Op(log(n)3/2n−1/2). (B.18)

Inserting (B.14) into (B.17), we obtain sup(τ1,τ2)∈R |Tn,τ1,τ2(θ̄n,τ1,τ2)|2 = op(1). From
(B.15) and (B.18) we obtain

sup
(τ1,τ2)∈R

|θ̂n,τ1,τ2 − θ∗|1 = Op(log(n)3/2n−1/2). (B.19)

By (B.15), we have∣∣θ̂n,τ1,τ2 − θ∗ + ((τ2 − τ1)V (θ∗))−1 · ∇θLcn,τ1,τ2(θ∗)
∣∣
2

≤ |((τ2 − τ1)V (θ∗) + Tn,τ1,τ2(θ̄n,τ1,τ2))−1|1 · |Tn,τ1,τ2(θ̄n,τ1,τ2)|1
×|((τ2 − τ1)V (θ∗))−1∇θLcn,τ1,τ2(θ∗)|1. (B.20)

Using (B.16), (B.17) and (B.19), we have sup(τ1,τ2)∈R |Tn,τ1,τ2(θ̄n,τ1,τ2)|1 = Op(log(n)3/2n−1/2).
Inserting this and (B.18) into (B.20), we obtain

sup
(τ1,τ2)∈R

∣∣θ̂n,τ1,τ2 − θ∗ + ((τ2 − τ1)V (θ∗))−1 · ∇θLcn,τ1,τ2(θ∗)
∣∣
1

= Op(log(n)3n−1).

Since sup(τ1,τ2)∈R |∇θLcn,τ1,τ2(θ∗)−∇θLn,τ1,τ2(θ∗)|1 = Op(n
−1) by Lemma B.2, the proof

is finished.

Proof. (Proof of Theorem 3.3) Let R := {(τ1, τ2) ∈ [0, 1]2 : τ1 < τ2, |τ1 − τ2| ≥ κ}.
By Lemma B.4 (applied with M = 2 + a′

4 , a = a′

4 ), we obtain C > 0, ρ ∈ (0, 1) and ι > 0
such that

δ
∇θ`(Z,θ∗)
M (k) ≤ Cρk,

and thus (component-wise) ∆
∇θ`(Z,θ∗)
M (k) ≤ C

1−ρρ
k. Let Wi := −V (θ∗)−1∇θ`(X2

i , Yi, θ
∗)

and S(j) :=
∑j
i=1Wi. By Proposition B.2(iii), EWi = 0 and

Σ = Cov(Wi) = V (θ∗)−1I(θ∗)V (θ∗)−1.
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By Corollary 1 in Wu and Zhou (2011), there exists a richer probability space and i.i.d.
V1, V2, . . . ∼ N(0, I(r+s+1)×(r+s+1)), a process (Ŝ(i))i=1,...,n and S0(i) =

∑i
j=1 Vj such

that (S(i))i=1,...,n
d
= (Ŝ(i))i=1,...,n and

max
i=1,...,n

|Ŝ(i)− Σ1/2S0(i)| = Op(n
1/min{M,4} log(n)3/2).

With Theorem 3.2 we obtain:

sup
(τ1,τ2)∈R

∣∣√n(τ2 − τ1)(θ̂n,τ1,τ2 − θ∗)− (n(τ2 − τ1))−1/2(S(bnτ2c)− S(bnτ1c))
∣∣

= Op(log(n)3n−1/2). (B.21)

By the Gaussian approximation result above, on D(R)r+s+1

(n(τ2 − τ1))−1/2(S(bnτ2c)− S(bnτ1c))
d
= (n(τ2 − τ1))−1/2(Ŝ(bnτ2c)− Ŝ(bnτ1c)) (B.22)

and

sup
(τ1,τ2)∈R

∣∣(n(τ2 − τ1))−1/2(Ŝ(bnτ2c)− Ŝ(bnτ1c))

−Σ1/2 · (n(τ2 − τ1))−1/2(S0(bnτ2c)− S0(bnτ1c))
∣∣

= Op(n
1

min{M,4}−
1
2 log(n)3/2). (B.23)

By Donsker’s theorem, it holds in D[0, 1]r+s+1 that n−1/2S0(bnrc) d→ B(r) with some
standard (r + s + 1)-dimensional Brownian motion B. We now apply the continuous
mapping theorem to

Φ : D[0, 1]r+s+1 → D(R)r+s+1, f 7→
[
(τ1, τ2) 7→ Σ1/2(f(τ2)− f(τ1))√

τ2 − τ1
]
.

Clearly, Φ is continuous with respect to the ‖ · ‖∞-norm since

‖Φ(f1)− Φ(f2)‖∞ = sup
(τ1,τ2)∈R

∣∣∣Σ1/2(f1(τ2)− f1(τ1))√
τ2 − τ1

− Σ1/2(f1(τ2)− f1(τ1))√
τ2 − τ1

∣∣∣
≤ 2(r + s+ 1)2 maxi,j(Σ

1/2)ij√
κ

‖f1 − f2‖∞.

We obtain on D(R)r+s+1 that

(n(τ2 − τ1))−1/2Σ1/2
{
S0(bnτ2c)− S0(bnτ1c)

}
= Φ(S0(bn·c) d→ Φ(B(·))

= Σ1/2

{
B(τ2)−B(τ1)

}
√
τ2 − τ1

. (B.24)

Combining (B.21), (B.22), (B.23) and (B.24), we obtain the result.

Proof. (Proof of Proposition 3.2) Using similar arguments as in the proof of The-
orem 3.1 (now with τ1 ≥ κ′ instead of τ2 − τ1 ≥ κ), we obtain

sup
τ1≥κ′

|θ̂n,0,τ1 − θ∗|
p→ 0. (B.25)
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(i) By Lemma B.2, Lemma B.5 and | bnτ1cnτ1
− 1| ≤ n−1, we have for fixed ι > 0,

sup
|θ−θ∗|2≤ι

sup
τ1≥κ′

|V̄n,τ1(θ)− V (θ)|1
p→ 0.

Plugging in θ = θ̄n,τ1 , we obtain

sup
τ1≥κ′

|V̄n,τ1(θ̂n,0,τ1)− V (θ̂n,0,τ1)|1
p→ 0

By Lipschitz continuity of V (·) (cf. (B.17)) and (B.25), we obtain the result.
(ii) Define g(x, y, θ) := ∇θ`(x, y, θ) ·∇θ`(x, y, θ)′ and g̃θ̃(ζ, y, θ) := g(Rζ(y, θ̃), y, θ), where
Rζ(y, θ) := ζ2σ2(y, θ). Let Θ̄ ⊂ int(Θ) be some compact set. Using Lemma B.6(ii) and
(B.55), it is easy to see that for any p > 0, one can find ι > 0, C > 0 and ρ ∈ (0, 1) such
that (component-wise),

sup
θ,θ̃∈Θ̄,|θ−θ̃|1<ι

|g̃θ̃(ζ, y, θ)− g̃θ̃(ζ, y
′, θ)|

≤ C(1 + |y|2p(ρj)j ,2p + |y′|2p(ρj)j ,2p)|y − y
′|p(ρj)j ,p(1 + ζ2)2. (B.26)

and

sup
θ,θ′,θ̃∈Θ̄,|θ−θ̃|1<ι,|θ′−θ̃|1<ι

|g̃θ̃(ζ, y, θ)− g̃θ̃(ζ, y, θ′)|
|θ − θ′|1

≤ C(1 + |y|p(ρj)j ,p)(1 + ζ2)2. (B.27)

In the following we will enlarge C, ρ and reduce ι if necessary without further notice. Note
that supθ∈Θ |∇θ(σ2(0, θ))| <∞ and thus (component-wise) supθ∈Θ |∇θ`(x, 0, θ)| ≤ C(1+
|x|). With Lemma B.6(iii) we conclude that (component-wise) supθ∈Θ |∇θ`(x, y, θ)| ≤
C(1 + |y|2(ρj)j ,1)(1 + |x|) · |y|(ρj)j ,1. Using again Lemma B.6(iii), we obtain

sup
θ∈Θ
|g(x, y, θ)− g(x, y′, θ)| ≤ C(1 + |y|5(ρj)j ,1 + |y′|5(ρj)j ,1)(1 + |x|)2 · |y − y′|(ρj)j ,1.

This shows that g has similar properties as ∇2
θ`, but with factors (1 + ζ2)2 in (B.26),

(B.27) instead of (1 + ζ2). Therefore, we obtain the same result as in (i) under the stated
moment condition.

Proof. (Proof of Corollary 3.3) By Proposition 3.1, we have

|θ̂n,τ∗1 ,τ∗2 − (θ∗ +H∆∗)|1
p→ 0. (B.28)

Furthermore, from Proposition 3.2 we have

Σ̄n,τ∗1
p→ Σ. (B.29)

Insertion into B̂n yields

B̂n ≥ B̂n(τ∗1 , τ
∗
2 )

=
√
n(τ∗2 − τ∗1 )(H ′Σ̄n,τ∗1H)−1/2

{
H ′θ̂n,τ∗1 ,τ∗2 −H

′θ∗
}

=
√
n(τ∗2 − τ∗1 )(H ′Σ̄n,τ∗1H)−1/2

{
H ′(θ̂n,τ∗1 ,τ∗2 − (θ∗ +H∆∗))

}
+
√
n(τ∗2 − τ∗1 )(H ′Σ̄n,τ∗1H)−1/2 ·H ′H∆∗.

Due to (B.28), the first summand is of smaller order than the second. By (B.29) and
since H ′H∆∗ > 0, the second summand converges to ∞. This proves the assertion.
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Proof. (Proof of Theorem 3.4) We first consider the case under H0. We use the
same notation as in the proof of Theorem 3.3, in particular, we use a Gaussian approxima-
tion of S(j) :=

∑j
i=1Wi by some process Σ

1/2
H S0, whereWi = −H ′V (θ∗)−1∇θ`(X2

i , Yi, θ
∗)

and ΣH = H ′ΣH. We apply the Bahadur representation from Theorem 3.2 to

θ̂n,τ1,τ2 − θ̂n,0,τ1 = {θ̂n,τ1,τ2 − θ∗} − {θ̂n,0,τ1 − θ∗},

which shows that

sup
(τ1,τ2)∈Rκ,κ′

∣∣√n(τ2 − τ1)
τ1
τ2
H ′(θ̂n,τ1,τ2 − θ̂n,0,τ1)

−{
√

τ1
nτ2(τ2 − τ1)

(S(bnτ2c)− S(bnτ1c))−
√
τ2 − τ1
nτ2τ1

S(bnτ1c)}
∣∣ = Op(

log(n)3

n1/2
).

(B.30)

We now define

Φ : D[0, 1]r+s+1→ D(Rκ,κ′)
r+s+1,

f 7→
[
(τ1, τ2) 7→ Σ1/2

{√ τ1
τ2(τ2 − τ1)

(f(τ2)− f(τ1))−
√
τ2 − τ1
τ2τ1

f(τ1)
}]
,

which is Lipschitz continuous with respect to the ‖ · ‖∞-norm. Thus we obtain on
D(Rκ,κ′)

r+s+1 that

Σ
1/2
H

[√ τ1
nτ2(τ2 − τ1)

(S0(bnτ2c)− S0(bnτ1c))−
√
τ2 − τ1
nτ2τ1

S0(bnτ1c)
]

= Φ(S0(bn·c) d→ Φ(B(·)) =
Σ

1/2
H√
τ2

{√ τ1
τ2 − τ1

{
B(τ2)−B(τ1)

}
−
√
τ2 − τ1
τ1

B(τ1)
}
.

(B.31)

From (B.30) and (B.31) and the continuous mapping theorem, we conclude that

sup
(τ1,τ2)∈Rκ,κ′

√
n(τ2 − τ1)

τ1
τ2
· Σ−1/2

H ·H ′(θ̂n,τ1,τ2 − θ̂n,0,τ1)

d→ sup
(τ1,τ2)∈Rκ,κ′

1
√
τ2

{√ τ1
τ2 − τ1

{
B(τ2)−B(τ1)

}
−
√
τ2 − τ1
τ1

B(τ1)
}
.

By Proposition 3.2, the result follows with Slutzky’s lemma.
We now consider the situation under the alternative H1. By Proposition 3.1, we have

|θ̂n,τ∗1 ,τ∗2 − (θ∗ +H∆∗)|1
p→ 0, (B.32)

and by Theorem 3.1 (note that the process Xi, i = 1, ..., bnτ∗1 c is based on the evolution
with parameter θ∗):

|θ̂n,0,τ∗1 − θ
∗|1

p→ 0, (B.33)

Furthermore, from Proposition 3.2 we have

Σ̄n,τ∗1
p→ Σ. (B.34)
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Insertion into B̂cpn yields

B̂cpn ≥ B̂cpn (τ∗1 , τ
∗
2 )

=

√
n(τ∗2 − τ∗1 )

τ∗1
τ∗2

(H ′Σ̄n,τ∗1H)−1/2
{
H ′θ̂n,τ∗1 ,τ∗2 −H

′θ̂n,0,τ∗1
}

=

√
n(τ∗2 − τ∗1 )

τ∗1
τ∗2

(H ′Σ̄n,τ∗1H)−1/2
{
H ′(θ̂n,τ∗1 ,τ∗2 − (θ∗ +H∆∗) + θ∗ − θ̂n,0,τ∗1 )

}
+

√
n(τ∗2 − τ∗1 )

τ∗1
τ∗2

(H ′Σ̄n,τ∗1H)−1/2 ·H ′H∆∗.

Due to (B.32) and (B.33), the first summand is of smaller order than the second. By
(B.34) and since H ′H∆∗ > 0, the second summand converges to ∞. This proves the
assertion.

B.3. Technical lemmata

From Francq and Zakoïan (2004) (the proof of Theorem 2.2, part (ii) therein), we directly
obtain (ii),(iii) of the following Proposition.

Proposition B.2. (Properties of I(θ), V (θ)) Let Assumption 3.1 hold. Assume that
µ4 := Eζ4

0 <∞. Then the following statements hold true.

(i) There exists ι > 0 such that for all θ ∈ Θ with |θ−θ∗| < ι, V (θ) and I(θ) are finite.
(ii) I(θ∗) is nonsingular. It holds that I(θ∗) = µ4−1

2 V (θ∗).
(iii) E∇θ`(X2

i , Yi, θ
∗) = 0.

Proof. (Proof of Proposition B.2) (i) By Proposition B.1, there exists q > 0 with
‖X2

0‖q < ∞. From the bounds (B.55) (applied with p = q) we conclude that V (θ), I(θ)
are finite as long as |θ − θ∗| is small enough.
(ii),(iii) This was already shown in Francq and Zakoïan (2004), see the proof step (ii) of
Theorem 2.2 (the missing 1

2 is due to the different formulation of the likelihood).

Lemma B.2. (Negligibility of truncation) Let Assumption 3.1 and H0 hold. Then
for g = ∇lθ`, l = 0, 1, 2 it holds that

(i)

sup
r∈[0,1]

sup
θ∈Θ

∣∣∣ bnrc∑
i=1

g(X2
i , Y

c
i , θ)−

bnrc∑
i=1

g(X2
i , Yi, θ)

∣∣∣ = Op(1).

(ii)

sup
r∈[0,1]

sup
θ∈Θ

1

n

∣∣∣ bnrc∑
i=1

g(X2
i , Y

c
i , θ)−

bnrc∑
i=1

g(X2
i , Yi, θ)

∣∣∣→ 0 a.s.

Proof. (Proof of Lemma B.2) Note that for arbitrary 0 < q̃ ≤ min{q, 1} and ran-
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dom variables Zi = (Zi1, Zi2, ...) with ‖Zi‖q ≤ D it holds that

‖|Zi|(ρj)j ,1‖q̃ ≤
( ∞∑
j=1

ρq̃j‖Zij‖q̃q̃
)1/q̃

≤ D(
1

1− ρq̃
)1/q̃ =: D̃(q̃).

Let

Wi := sup
θ∈Θ
|g(X2

i , Y
c
i , θ)− g(X2

i , Yi, θ)|.

By Lemma B.6(iii), we have with Hölder’s inequality for 0 < q′ ≤ q chosen such that
0 < q′(l + 3) ≤ 1:

‖Wi‖q′
=
∥∥ sup
θ∈Θ
|g(X2

i , Y
c
i , θ)− g(X2

i , Yi, θ)|
∥∥
q′

≤ C(1 + ‖|Yi|(ρj)j ,1‖
l+1
q′(l+3) + ‖|Y ci |(ρj)j ,1‖

l+1
q′(l+3)) · (1 + ‖X2

i ‖q′(l+3))‖|Yi − Y ci |(ρj)j ,1‖q′(l+3)

≤ C(1 + 2D̃(q′)l+1)(1 +D) ·
( ∞∑
j=i

ρq
′(l+3)j‖X2

j ‖
q′(l+3)
q′(l+3)

)1/(q′(l+3))

≤ C(1 + 2D̃(q′)l+1)(1 +D)D̃(q′(l + 3))ρi =: C̃ · ρi. (B.35)

Therefore, we have∥∥∥ sup
r∈[0,1]

sup
θ∈Θ

∣∣∣ bnrc∑
i=1

g(X2
i , Y

c
i , θ)−

bnrc∑
i=1

g(X2
i , Yi, θ)

∣∣∣∥∥∥
q′
≤
∥∥∥ n∑
i=1

Wi

∥∥∥
q′

≤
( n∑
i=1

∥∥Wi

∥∥q′
q′

)1/q′

≤ C̃
( n∑
i=1

(ρq
′
)i
)1/q′

<∞,

giving the result.
(ii) It holds that

sup
r∈[0,1]

sup
θ∈Θ

1

n

∣∣∣ bnrc∑
i=1

g(X2
i , Y

c
i , θ)−

bnrc∑
i=1

g(X2
i , Yi, θ)

∣∣∣ ≤ 1

n

n∑
i=1

Wi.

In the following we show that Wi → 0 (i → ∞) a.s.. Then the assertion follows with a
Cesaro sum argument. Let ε > 0 be arbitrary. Then with Markov’s inequality and (B.35),

∞∑
i=1

P(|Wi| > ε) ≤
∞∑
i=1

C̃q
′

εq′
ρq
′i <∞,

showing Wi → 0 with Borel-Cantelli’s lemma.

Lemma B.3. (Negligibility/Replacement of parameter change) Let Assumption
3.1 hold for θ∗, θ∗ + H ′∆∗ ∈ Θ. Let H1 hold. Let X̃i, σ̃i, i ≤ n denote a GARCH(r, s)
process following (1.1) with constant parameters θ(i) ≡ θ∗ + H ′∆∗ for all i ≤ n. Put
Ỹi = (X̃2

j : j ≤ i− 1). Then it holds that
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(i)

sup
θ∈Θ

∣∣∣ bnτ∗2 c∑
i=bnτ∗1 c+1

`(X2
i , Yi, θ)−

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ)

∣∣∣ = Op(1).

(ii)

sup
θ∈Θ

1

n

∣∣∣ bnτ∗2 c∑
i=bnτ∗1 c+1

`(X2
i , Yi, θ)−

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ)

∣∣∣→ 0 a.s.

Proof. (Proof of Lemma B.3) By Proposition B.1 applied to θ̄∗ := θ∗+H ′∆∗ ∈ Θ,
X̃i, i ≤ n is a stationary process and fulfills

P̃i = Ai(θ̄
∗)P̃i−1 + ai(θ̄

∗), i ≤ n,

where P̃i = (X̃2
i , ..., X̃

2
i−r+1, σ̃

2
i , ..., σ̃

2
i−s+1)′. Furthermore, for some q > 0 small enough,

‖|P̃0|2‖q <∞.
We now show that ‖X2

i ‖q is uniformly bounded for all i, and afterwards draw the
connection to X̃2

i . Under H1 the process Xi fulfills

Pi = Ai(θ̄
∗)Pi−1 + ai(θ̄

∗), i ∈ I := {i0 := bnτ∗1 c+ 1, ..., bnτ∗2 c}, (B.36)

where Pi = (X2
i , ..., X

2
i−r+1, σ

2
i , ..., σ

2
i−s+1)′. Until i = bnτ∗1 c, X2

i is stationary with pa-
rameter θ∗. By Proposition B.1, there exists q > 0 small enough such that ‖|Pi0−1|2‖q <
∞. Furthermore, from (B.36) we obtain for i ≥ i0 that

Pi =

i−i0∑
k=0

[
Ai(θ̄

∗) · ... ·Ai−k+1(θ̄∗)
]
ai−k(θ̄∗) +

[
Ai(θ̄

∗) · ... ·Ai0(θ̄∗)
]
Pi0−1.

Since θ̄∗ ∈ Θ, we conclude as in Proposition B.1 that for some (possibly small) q > 0
and some constant C > 0,

‖|Pi|2‖q ≤
i−i0∑
k=0

∥∥ ∣∣Ai(θ̄∗) · ... ·Ai−k+1(θ̄∗)
∣∣
2

∥∥
q

∥∥ |ai−k(θ̄∗)|2
∥∥
q

+
∥∥ ∣∣Ai(θ̄∗) · ... ·Ai0(θ̄∗)

∣∣
2

∥∥
q

∥∥|Pi0−1|2
∥∥
q

≤ C
∥∥ |a0(θ̄∗)|2

∥∥
q

i−i0∑
k=0

(
s(q, θ̄∗)q/m

)k
+
(
s(q, θ̄∗)q/m

)i−i0∥∥ |Pi0−1|2
∥∥
q
,

which shows that supi≥i0 ‖X
2
i ‖q ≤ supi≥i0 ‖ |Pi|2‖q <∞ is uniformly bounded for all i.

Connection to X̃2
i : We conclude that for i ∈ I,

Pi − P̃i = Ai(θ̄
∗) · ... ·Ai0(θ̄∗) · (Pi0−1 − P̃i0−1).

Since θ̄∗ ∈ Θ, we conclude as in Proposition B.1 that for some (possibly small) q > 0
and some constant C > 0,

‖ |Pi − P̃i|2‖q ≤ ‖ |Ai(θ̄∗) · ... ·Ai0(θ̄∗)|2‖q · ‖|Pi0−1 − P̃i0−1|2‖q
≤ C · (s(q, θ̄∗)q/m)i−i0‖|Pi0−1 − P̃i0−1|2‖q.

Since ‖|Pi0−1 − P̃i0−1|2‖q <∞, we conclude that

‖X2
i − X̃2

i ‖q ≤ ‖ |Pi − P̃i|2‖q ≤ C ′ρ̃i−i0 , i ∈ {i0, ..., bnτ∗2 c}, (B.37)
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where ρ̃ := s(q, θ̄∗)q/m, C ′ = C‖|Pi0−1 − P̃i0−1|2‖q.
Define

Wi := sup
θ∈Θ

∣∣`(X2
i , Yi, θ)− `(X̃2

i , Ỹi, θ)
∣∣.

We have shown that supi≤n ‖X2
i ‖q, supi≤n ‖X̃2

i ‖q ≤ D <∞ with some constant D, thus
we obtain from Lemma B.6(iii) that for 0 ≤ 3q′ ≤ q < 1,

‖Wi‖q′ ≤ C
(
1 + ‖|Yi|(ρj)j ,1‖3q′ + ‖|Ỹi|(ρj)j ,1‖3q′

)
· (1 + ‖X2

i ‖3q′)‖|Yi − Ỹi|(ρj)j ,1‖3q′

+C‖X2
i − X̃2

i ‖q′

≤ C(1 + 2D̃(q′)l+1)(1 +D) ·
( ∞∑
j=1

ρ3q′j‖X2
i−j − X̃2

i−j‖
3q′

3q′

)1/(3q′)

+C‖X2
i − X̃2

i ‖q′ , (B.38)

where D̃(q̃) := D( 1
1−ρq̃ )1/q̃ (cf. also the proof of Lemma B.2). Note that by (B.37), for

i ≥ i0,
‖X2

i − X̃2
i ‖q′ ≤ C ′ρ̃i−i0 ,

and thus
∞∑
j=1

ρ3q′j‖X2
i−j − X̃2

i−j‖
3q′

3q′ ≤
i−i0∑
j=1

ρ3q′j‖X2
i−j − X̃2

i−j‖
3q′

3q′ + (2D)3q′
∞∑

j=i−i0+1

ρ3q′j

≤ C ′
i−i0∑
j=1

ρ3q′j ρ̃3q′(i−j−i0) + (2D)3q′
∞∑

j=i−i0+1

ρ3q′j

≤ C ′max{ρ, ρ̃}3q
′(i−i0) + (2D)3q′ ρ

3q′(i−i0)

1− ρ3q′
.

Insertion of these results into (B.38) yields that there exists some constant C ′′ > 0 such
that

‖Wi‖q′ ≤ C ′′max{ρ, ρ̃}i−i0 . (B.39)
Therefore, we have∥∥∥ sup

θ∈Θ

∣∣∣ bnτ∗2 c∑
i=bnτ∗1 c+1

`(X2
i , Yi, θ)−

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ)

∣∣∣∥∥∥
q′

≤
∥∥∥ n∑
i=i0

Wi

∥∥∥
q′
≤
( n∑
i=i0

‖Wi‖q
′

q′

)1/q′

≤ C ′′
( n∑
i=i0

(max{ρ, ρ̃}q
′
)i−i0

)1/q′

<∞,

which proves the result.
(ii) The proof is similar to the proof of Lemma B.2(ii). Note that

sup
θ∈Θ

1

n

∣∣∣ bnτ∗2 c∑
i=bnτ∗1 c+1

`(X2
i , Yi, θ)−

bnτ∗2 c∑
i=bnτ∗1 c+1

`(X̃2
i , Ỹi, θ)

∣∣∣ ≤ 1

n

n∑
i=i0

Wi.

By (B.39),
∞∑
i=i0

P(|Wi| > ε) ≤
∞∑
i=i0

(C ′′)q
′

εq′
ρq
′(i−i0) <∞.
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This shows thatWi+i0−1 → 0 a.s. for i→∞. A Cesaro sum argument yields 1
n

∑n
i=i0

Wi →
0.

Let us use the abbreviation Zi := (X2
i , Yi). We now state results about the dependence

measure of the stationary processes g(Zi, θ), where g ∈ {∇θ`,∇2
θ`}.

Lemma B.4. (Dependence measures of ∇θ`, ∇2
θ`) Let Assumption 3.1 hold. Let

M ≥ 1. Assume that E|ζ0|2(M+a) < ∞ for some a > 0. Let g ∈ {∇θ`,∇2
θ`}. Then

there exists some C > 0, ρ ∈ (0, 1), ι > 0 such that

sup
|θ−θ∗|1<ι

δ
g(Z,θ)
M (k) ≤ Cρk, δ

sup|θ−θ∗|1<ι g(Z,θ)

M (k) ≤ Cρk.

Proof. (Proof of Lemma B.4) We only prove the second assertion, the first is nearly
the same. Let (X2

i )∗ = H(F∗i ) and Z∗i := ((X2
i )∗, Y ∗i ). Let κ = a

3 . Choose p > 0 small
enough such that (M+3κ)

κ p ≤ q. By Hoelder’s inequality ( M
M+3κ + κ

M+3κ + 2κ
M+3κ = 1)

and Lemma B.6(ii) there exists ι > 0, C > 0, ρ ∈ (0, 1) such that

δ
sup|θ−θ∗|1<ι |g(Z,θ)|
M (i)|

=
∥∥∥ sup
|θ−θ∗|1<ι

|g(Zi, θ)| − sup
|θ−θ∗|1<ι

|g(Z∗i , θ)|
∥∥∥
M

≤
∥∥∥ sup
|θ−θ∗|1<ι

|g(Zi, θ)− g(Z∗i , θ)|
∥∥∥
M

=
∥∥∥ sup
|θ−θ∗|1<ι

|g̃θ∗(ζi, Yi, θ)− g̃θ∗(ζi, Y ∗i , θ)|
∥∥∥
M

≤ C(1 + ‖|Yi|2p(ρj)j ,2p‖M+3κ
2κ

+ ‖|Y ∗i |
2p
(ρj)j ,2p

‖M+3κ
2κ

)‖|Yi − Y ∗i |
p
(ρj)j ,p

‖M+3κ
κ

(1 + ‖ζ2‖M+3κ)

≤ C(1 + 2
D2p

1− ρ
)(1 + ‖ζ2‖M+3κ) ·

∞∑
j=1

ρj‖X2
i−j − (X∗i−j)

2‖p(M+3κ)p
κ

≤ C̃ ·
i∑

j=1

ρj [δX
2

q (i− j)]p,

where C̃ := C(1 + 2D
2p

1−ρ )(1 + ‖ζ2‖M+3κ). By Proposition B.1(ii), it holds that δX
2

q (k) =

O(ck), which finishes the proof.

In the following we make use of results from Zhang and Wu (2017). Therefore we have
to define ∆Z

q (m) :=
∑∞
k=m δ

Z
q (k) and ‖Z‖q,α := supm≥0(m+ 1)α∆Z

q (m).

Lemma B.5. Let Assumption 3.1 hold. Additionally, assume that for some a′ > 0,
E|ζ0|4+a′ <∞. Then there exists ι > 0 such that for g = ∇lθ`, l = 1, 2, it holds that

sup
|θ−θ∗|1<ι

sup
r∈[0,1]

∣∣∣ 1
n

bnrc∑
i=1

{
g(X2

i , Yi, θ)− Eg(X2
i , Yi, θ)

}∣∣∣ = Op

(( log(n)3

n

)1/2)
.

Proof. (Proof of Lemma B.5) Let ι > 0 (is chosen below). Let Sj(θ) :=
∑j
i=1

{
g(X2

i , Yi, θ)−
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Eg(X2
i , Yi, θ)

}
, j = 1, ..., n. For fixed n ∈ N, choose d ∈ N such that 2d−1 ≤ n ≤ 2d. For

i = 0, 1, ..., d− 1, define

Φi(θ) := max
1≤k≤2d−i

|S2i·k(θ)− S2i(k−1)|.

By a dyadic expansion of j ∈ {1, ..., n} we obtain

max
j=0,...,n

|Sj(θ)| ≤
d−1∑
i=0

Φi(θ).

Note that

sup
|θ−θ∗|1<ι

sup
r∈[0,1]

∣∣∣ bnrc∑
i=1

{
g(X2

i , Yi, θ)− Eg(X2
i , Yi, θ)

}∣∣∣
≤
d−1∑
i=0

sup
|θ−θ∗|1<ι

Φi(θ).

Thus, for Q > 0, by stationarity,

P
(

sup
|θ−θ∗|1<ι

sup
r∈[0,1]

∣∣∣ bnrc∑
i=1

{
g(X2

i , Yi, θ)− Eg(X2
i , Yi, θ)

}∣∣∣ > Q(n log(n)3)1/2
)

≤
d−1∑
i=0

P
(

sup
|θ−θ∗|1<ι

Φi(θ) >
Q(n log(n)3)1/2

d

)
≤
d−1∑
i=0

2d−i · P
(

sup
|θ−θ∗|1<ι

|S2i(θ)| >
Q(n log(n)3)1/2

d

)
. (B.40)

Since θ∗ ∈ int(Θ), there exists ι1 > 0 such that Θ̄ := {θ ∈ Θ : |θ−θ∗|1 ≤ ι1} ⊂ int(Θ).
Apply Lemma B.6(ii) with p = q and Lemma B.4 applied to M = 2 + a′

4 , a = a′

4 ,
we obtain corresponding C > 0, ρ ∈ (0, 1), 0 < ι < ι1 such that the statements of the
Lemmata hold true.

We now use a simple chaining argument. Let Θn be a discretization of Θ ⊂ Rr+s+1

such that for each θ ∈ Θ there exists some θ′ ∈ Θn with |θ − θ′|1 ≤ n−1.
We conclude that for 1 ≤ m ≤ n, it holds that

P
(

sup
|θ−θ∗|1<ι

|Sm(θ)| > Q(n log(n)3)1/2

d

)
≤ P

(
sup

θ∈Θn,|θ−θ∗|1<ι
|Sm(θ)| > Q(n log(n)3)1/2

2d

)
+P
(

sup
θ,θ′∈Θ,|θ−θ′|1≤n−1,|θ−θ∗|1<ι,|θ′−θ∗|1<ι

|Sm(θ)− Sm(θ′)| > Q(n log(n)3)1/2

2d

)
=: In + IIn. (B.41)

By Lemma B.4 applied toM = 2+ a′

4 , a = a′

4 , we have ∆
sup|θ−θ∗|1<ι |g(Z,θ)|
M (k) = O(ρk)

and sup|θ−θ∗|1<ι ∆
g(Z,θ)
M (k) = O(ρk). Let α = 1

2 . Then

WM,α := ‖ sup
|θ−θ∗|1<ι

|g(Z, θ)|‖M,α = sup
m≥0

(m+ 1)α∆
sup|θ−θ∗|1<ι |g(Z,θ)|
M (m) <∞,
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and

W2,α := sup
|θ−θ∗|1<ι

‖g(Z, θ)‖2,α = sup
m≥0

(m+ 1)α sup
|θ−θ∗|1<ι

∆
g(Z,θ)
2 (m) <∞.

Note that l = 1 ∧ log #Θn ≤ (r + s + 1) log(n) and Qn1/2 log(n)3/2 ≥
√
mlW2,α +

m1/M l3/2WM,α & m1/2 log(m)1/2 +m1/M log(m)3/2 for Q large enough.
By applying Theorem 6.2 of Zhang andWu (2017) with q = M to (g(Zi, θ))θ∈Θ̃n,|θ−θ∗|1<ι,

we have with some constants Cα > 0:

In = P
(

sup
θ∈Θn,|θ−θ∗|1<ι

|Sm(θ)| > Q(n log(n)3)1/2

2d

)
≤

Cαm · lM/2WM
M,α

(Q/2d)M (n1/2 log(n)3/2)M
+ Cα exp

(
− Cα(Q/2d)2n log(n)3

mW 2
2,α

)
≤ O(m · n−M2 + n−2), (B.42)

for Q large enough, since d ≤ log2(n) + 1 and m ≤ n.
Since g(Zi, θ) = g̃θ∗(ζi, Yi, θ) and g(Zi, θ

′) = g̃θ∗(ζi, Yi, θ
′), we have with Lemma

B.6(ii):

sup
θ,θ′∈Θ̃,|θ−θ′|1≤n−1,|θ−θ∗|1<ι,|θ′−θ∗|1<ι

|g(Zi, θ)− g(Zi, θ
′)|

≤ C(1 + |Yi|p(ρj)j ,p)(1 + ζ2
i )n−1.

Thus ∥∥∥ sup
θ,θ′∈Θ,|θ−θ′|1≤n−1,|θ−θ∗|1<ι,|θ′−θ∗|1<ι

∣∣∣ m∑
i=1

{
E0g(Zi, θ)− E0g(Zi, θ

′)
}∣∣∣∥∥∥

1

≤ 2C(1 + ‖|Y0|p(ρj)j ,p‖1)(1 + Eζ2
0 )
m

n

≤ 2C(1 +
Dp

1− ρ
)(1 + Eζ2

0 )
m

n
= O(

m

n
).

With Markov’s inequality, we therefore obtain

IIn ≤
2C̃m

(Q/2d)n3/2 log(n)3/2
. (B.43)

Inserting (B.42) and (B.43) into (B.41) and then into (B.40), we obtain with some con-
stant C̃ > 0:

P
(

sup
|θ−θ∗|1<ι

sup
r∈[0,1]

∣∣∣ bnrc∑
i=1

{
g(X2

i , Yi, θ)− Eg(X2
i , Yi, θ)

}∣∣∣ > Q(n log(n)3)1/2
)

≤ C̃
d−1∑
i=0

2d−i ·
(

2i · n−M/2 + n−2 + 2i · n−3/2 log(n)1/2
)

≤ C̃dn ·
(
n−M/2 + n−2 + n−3/2 log(n)1/2

)
→ 0,

showing the assertion.
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B.4. Analytical properties of the likelihood

For the following results, we derive some analytical properties of the likelihood we use.
This allows us to separate analytical and stochastic treatment. For p > 0, some sequence
(yj)j∈N of real numbers and some sequence (χj)j∈N of nonnegative real numbers, define
the weighted seminorm

|y|χ,p :=
( ∞∑
j=1

χj |yj |p
)1/p

.

Later, we will plug in x = Xi and y = Yi into `(x, y, θ) and its derivatives. To make use
of all connections between x,y, define Rζ(y, θ) := ζ2σ2(y, θ), and

˜̀̃
θ(ζ, y, θ) := `(Rζ(y, θ̃), y, θ).

In the following Lemma B.6(ii), we collect some analytical properties of ˜̀̃
θ to calculate

functional dependence measures of `(X2
i , Yi, θ). The bounds in (iii) will be used to show

that the truncated likelihood `(X2
i , Y

c
i , θ) is near to `(X2

i , Yi, θ); for this argument we
cannot use the connection between X2

i and Yi.

Lemma B.6. θ 7→ σ2(y, θ) and θ 7→ `(x, y, θ) are three times continuously differentiable.
Let Θ̄ ⊂ int(Θ) be a compact subset. Then for any p > 0, there exists ι > 0 and C > 0,
ρ ∈ (0, 1) such that (component-wise),

(i) for l = 0, 1, 2, 3:

sup
θ∈Θ̄

|∇lθ(σ2(y, θ))|
σ2(y, θ)

≤ C(1+ |y|p(ρj)j ,p), sup
θ,θ̃∈Θ̄,|θ−θ̃|1<ι

σ2(y, θ̃)

σ2(y, θ)
≤ C(1+ |y|p(ρj)j ,p).

(ii) for l = 0, 1, 2,

sup
θ,θ̃∈Θ̄,|θ−θ̃|1<ι

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇

l
θ
˜̀̃
θ(ζ, y

′, θ)|

≤ C(1 + |y|2p(ρj)j ,2p + |y′|2p(ρj)j ,2p)|y − y
′|p(ρj)j ,p(1 + ζ2).

and

sup
θ,θ′,θ̃∈Θ̄,|θ−θ̃|1<ι,|θ′−θ̃|1<ι

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇lθ ˜̀̃

θ(ζ, y, θ
′)|

|θ − θ′|1
≤ C(1 + |y|p(ρj)j ,p)(1 + ζ2).

(iii) for l = 0, 1, 2,

sup
θ∈Θ
|∇lθ`(x, y, θ)−∇θ`(x, y′, θ)| ≤ C(1+ |y|l+1

(ρj)j ,1
+ |y′|l+1

(ρj)j ,1
)(1+ |x|) · |y−y′|(ρj)j ,1,

and
|`(x, y, θ)− `(x′, y, θ)| ≤ C|x− x′|.

Proof. (Proof of Lemma B.6) (i) From Proposition (B.1)(iii) we obtain that the
following explicit representation holds, where F (y, θ) := (α0 +

∑r
j=1 αjyj , 0, ..., 0)′:

σ2(y, θ) =

∞∑
k=0

(
B(θ)kF (yk→, θ)

)
1
, (B.44)
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where yk→ = (yk+1, yk+2, ...). We conclude that

σ2(y, θ) = α0

∞∑
k=0

(B(θ))11 +

r∑
j=1

αj

∞∑
k=0

(B(θ)k)11yk+j

k′=k+j
= α0

∞∑
k=0

(B(θ))11 +

∞∑
k′=1

( r∑
j=1

αj(B(θ)k
′−j)111k′≥j

)
yk′

=: c0(θ) +

∞∑
k′=1

ck′(θ)yj . (B.45)

From Proposition (B.1)(iii) we obtain that cj(θ) ≥ 0 satisfies

sup
θ∈Θ
|ck(θ)| ≤ C · ρk (B.46)

with some ρ ∈ (0, 1), C > 0 and c0(θ) ≥ σ2
min > 0 (due to α0 ≥ αmin > 0).

Furthermore we conclude that σ2(y, θ) is three times continuously differentiable w.r.t. θ
with

∇kθ(σ2(y, θ)) = ∇kθc0(θ) +

∞∑
k=1

∇kθck(θ) · yk, k ∈ {0, 1, 2, 3}, (B.47)

where (∇kθck(θ))k is still geometrically decaying with supθ∈Θ |∇lθcl(θ)|∞ ≤ C · ρk, say
(enlarge C > 0, ρ ∈ (0, 1) if necessary).

In the following we make use of some arguments that were already used in Francq and
Zakoïan (2004). Note that for j = 0, ..., r, we have ∂αjF (y, θ) ≤ 1

αj
F (y, θ) and thus

∂αjck(θ) ≤ 1

αj
ck(θ). (B.48)

For j = 1, ..., s, we have (’≤’ is meant component-wise)

∂βj (B(θ)k) =

k∑
i=1

B(θ)i−1(∂βjB(θ))B(θ)k−i ≤ 1

βj
kB(θ)k.

since ∂βjB(θ) ≤ 1
βj
B(θ). We therefore obtain

∂βjck(θ) ≤ 1

βj
k · ck(θ). (B.49)

From (B.48) and (B.49) we obtain the inequalities

∂θjck(θ) ≤ k + 1

θj
ck(θ).

Similar argumentations lead to the bounds for higher order derivatives (cf. also Francq
and Zakoïan (2004)):

∂θj1∂θj2 ck(θ) ≤ (k + 1)2

θj1θj2
ck(θ), ∂θj1∂θj2∂θj3 ck(θ) ≤ (k + 1)3

θj1θj2θj3
ck(θ).

If Θ̄ ⊂ int(Θ̃) is some compact subspace, we therefore obtain with C1 := max{ 1
θj

: j =
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1, ..., r + s+ 1, θ ∈ Θ̄} for arbitrary small p > 0:

∂θj (σ
2(y, θ))

σ2(y, θ)
≤ C1

∑∞
k=0(k + 1)ck(θ)∑∞

k=0 ck(θ)

≤ C1c0(θ)

σ2
min

+ C1

∞∑
k=1

(k + 1)
ck(θ)yk

c0(θ) + ck(θ)yk

≤ C1c0(θ)

σ2
min

+

∞∑
k=1

(k + 1)
(ck(θ)

c0(θ)

)p
ypk,

where we have used x
1+x ≤ x

s in the last inequality. Since ck(θ)s ≤ Cs(ρs)k, we can find
C̃ > 0, ρ̃ ∈ (0, 1) such that

sup
θ∈Θ̄

|∂θj (σ2(y, θ))|
σ2(y, θ)

≤ C̃(1 + |y|p(ρ̃j)j ,p),

and similarly for the higher order derivatives (component-wise):

sup
θ∈Θ̄

|∇lθ(σ2(y, θ))|
σ2(y, θ)

≤ C̃(1 + |y|p(ρ̃j)j ,p), l = 1, 2, 3.

For θ, θ̃ ∈ Θ̄ and arbitrary small p > 0, choose δ > 0 such that ρ̄ := (1 + δ)ρp < 1. Then
choose ι > 0 such that |θ − θ̃|1 < ι implies (component-wise) B(θ̃) ≤ (1 + δ)B(θ). For
|θ − θ̃| < ι, it then holds that ck(θ̃) ≤ (1 + δ)kck(θ). We conclude that

σ2(y, θ̃)

σ2(y, θ)
≤ c0(θ̃)

σ2
min

+

∞∑
k=1

ck(θ̃)yk
c0(θ) + ck(θ)yk

≤ c0(θ̃)

σ2
min

+

∞∑
k=1

ck(θ̃)

ck(θ)
·
(ck(θ)

c0(θ)

)p
ypk

≤ c0(θ̃)

σ2
min

+
Cp

σ2p
min

∞∑
k=1

((1 + δ)ρp)kypk.

We conclude that there exists C̄ > 0, ρ̄ ∈ (0, 1) such that

sup
θ,θ̃∈Θ̄,|θ−θ̃|1<ι

σ2(y, θ̃)

σ2(y, θ)
≤ C̄(1 + |y|p(ρ̄j)j ,p).

(ii) From the differentiability of θ 7→ σ2(y, θ) we obtain that θ 7→ `(x, y, θ) is three times
continuously differentiable and

`(x, y, θ) =
1

2

( x

σ2(y, θ)
+ log(σ2(y, θ))

)
, (B.50)

∇θ`(x, y, θ) =
∇θ(σ2(y, θ))

2σ2(y, θ)

(
1− x

σ2(y, θ)

)
, (B.51)

∇2
θ`(x, y, θ) =

[
− ∇θ(σ

2(y, θ))∇θ(σ2(y, θ))′

2(σ2(y, θ))2
+
∇2
θ(σ

2(y, θ))

2σ2(y, θ)

](
1− x

σ2(y, θ)

)
+
∇θ(σ2(y, θ))∇θ(σ2(y, θ))′

2(σ2(y, θ))2
· x

σ2(y, θ)
. (B.52)
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For the corresponding quantity ˜̀̃
θ we obtain

∇θ ˜̀̃
θ(ζ, y, θ) =

∇θ(σ2(y, θ))

2σ2(y, θ)

(
1− σ2(y, θ̃)

σ2(y, θ)
ζ2
)
.

By (i), we obtain that for p > 0, there exist constants ι > 0, C2 > 0, ρ2 ∈ (0, 1) such
that (component-wise):

sup
|θ−θ̃|1<ι

|∇θ ˜̀̃
θ(ζ, y, θ)| ≤ C2(1 + |y|p/2

(ρj2)j ,p/2
)(1 + (1 + |y|p/2

(ρj2)j ,p/2
)ζ2). (B.53)

By using

|y|p/2
(ρj2)j ,p/2

≤
∞∑
j=1

ρ
j/2
2 · ρj/22 ypj ≤ (

∞∑
j=1

ρj2)1/2(

∞∑
j=1

ρj2y
p
j )1/2

= (1− ρ2)−1/2|y|p/2
(ρj2)j ,p

, (B.54)

we can obtain the more compact form

sup
|θ−θ̃|1<ι

|∇θ ˜̀̃
θ(ζ, y, θ)| ≤ C3(1 + |y|p

(ρj2)j ,p
)(1 + ζ2).

with some new constant C3 > 0. Due to the similar structure, we can use similar tech-
niques to obtain (component-wise):

sup
|θ−θ̃|1<ι

|∇lθ ˜̀̃
θ(ζ, y, θ)| ≤ C3(1 + |y|p

(ρj2)j ,p
)(1 + ζ2) =: Mp(y, ζ), l = 1, 2, 3. (B.55)

From (B.47) we deduce that (component-wise) for l = 0, 1, 2 with some constant C4 >
0, uniformly in θ, θ′ ∈ Θ̄:

|∇lθ(σ2(y, θ))−∇lθ(σ2(y′, θ))| ≤ C4|y − y′|(ρj)j ,1, (B.56)

By using | 1
σ2(y,θ) −

1
σ2(y,θ) | ≤

1
σ4
min
|σ2(y, θ) − σ2(y′, θ)| and the very rough bounds

σ2(y, θ) ≥ σ2
min, (B.56) and (B.47), we obtain (component-wise) with some constant

C5 > 0:

sup
θ∈Θ̄

|∇θ ˜̀̃
θ(ζ, y, θ)−∇θ ˜̀̃

θ(ζ, y
′, θ)| ≤ C5(1 + |y|(ρj)j ,1 + |y′|(ρj)j ,1)2|y − y′|(ρj)j ,1(1 + ζ2)

Similar results can be obtained for higher derivatives (component-wise), l = 1, 2:

sup
θ∈Θ̄

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇θ ˜̀̃

θ(ζ, y
′, θ)|

≤ C5(1 + |y|(ρj)j ,1 + |y′|(ρj)j ,1)1+l|y − y′|(ρj)j ,1(1 + ζ2) =: Nl(y, y
′, ζ). (B.57)

Using (B.55) and (B.57), we have for l = 1, 2 and arbitrary small p′ > 0 (use min{1, x} ≤
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xp
′
):

sup
θ∈Θ̄

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇θ ˜̀̃

θ(ζ, y
′, θ)|

≤min{Mp(y, ζ) +Mp(y
′, ζ), Nl(y, y

′, ζ)}

= {Mp(y, ζ) +Mp(y
′, ζ)}min{1, Nl(y, y

′, ζ)

Mp(y, ζ) +Mp(y′, ζ)
}

≤ {Mp(y, ζ) +Mp(y
′, ζ)}

( Nl(y, ζ)

Mp(y, ζ) +Mp(y′, ζ)

)p′
= {Mp(y, ζ) +Mp(y

′, ζ)}1−p
′
Nl(y, ζ)p

′
.

Choosing p′ ∈ (0,min{1, p′(1 + l)}, we obtain

{Mp(y, ζ) +Mp(y
′, ζ)}1−p

′
≤ C1−p′

3 (1 + |y|p
(ρj2)j ,p

+ |y′|p
(ρj2)j ,p

)(1 + ζ2)1−p′ ,

Nl(y, y
′, ζ)p

′
≤ Cp

′

5 (1 + |y|p(ρpj),p + |y′|p(ρpj),p)|y − y
′|p(ρpj)j ,p(1 + ζ2)p

′
.

With (B.54), ρ3 := max{ρ2, ρ
p} and some constant C6 > 0

sup
θ,θ̃∈Θ̄,|θ−θ̃|1<ι

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇

l
θ
˜̀̃
θ(ζ, y

′, θ)| ≤ C6(1+|y|2p
(ρj3)j ,2p

+|y′|2p
(ρj3)j ,2p

)|y−y′|p
(ρj3)j ,p

(1+ζ2).

By using (B.55) and the mean value theorem, we obtain for l = 1, 2:

sup
θ,θ′,θ̃∈Θ̄,|θ−θ̃|1<ι,|θ′−θ̃|1<ι

|∇lθ ˜̀̃
θ(ζ, y, θ)−∇lθ ˜̀̃

θ(ζ, y, θ
′)|

|θ − θ′|1

≤ sup
|θ̄−θ̃|1<ι

|∇l+1
θ

˜̀̃
θ(ζ, y, θ̄)|∞ ≤Mp(y, ζ),

giving the result.
(iii) Using the representations (B.51), (B.52) and the inequalities (B.56), (B.47) and
σ2(y, θ) ≥ σ2

min, the first inequality is an immediate consequence. The second inequality
follows since

|`(x, y, θ)− `(x′, y, θ)| ≤ 1

2σ2(y, θ)
|x− x′|.
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