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ABSTRACT

The manner in which nucleosomes stack to form higher order chromatin is critical to bi-

ological regulation of gene expression, but remains poorly understood. Throughout this

work, we utilize multiple coarse-grained models to characterize chromatin structure across

length-scales, and lend physical interpretation to experimental results. Our simulations

reveal that classical, ideal models for chromatin structure are not thermodynamically sta-

ble, and that chromatin displays a wide range of heteromorphic structures at equilibrium

which span the range between these ideal models. We combine these simulation results with

Bayesian maximum a-posteriori estimation to augment the interpretability of related cryo-

electron microscopy techniques which have heretofore been used to characterize chromatin

fiber structure. We further extend these simulations to fibers of chromatin bearing H4K16

acylations, which are epigenetic marks understood to drive increases in gene expression in

vivo. Our results demonstrate that, although all H4K16 acylations significantly alter chro-

matin fiber structure, the resulting structural variation is small compared to the natural

heterogeneity present in each fiber at equilibrium. Lastly, we develop and validate a novel

method to directly compare and contrast chromatin structural measurements obtained by

complementary Hi-C and IF-sSMLM measurements, and demonstrate this method’s utility

on simulated chromatin structures. In total, our work both adds considerable detail to the

field of chromatin folding, and provides clear avenues for future developments of combined

computational and experimental techniques.
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CHAPTER 1

INTRODUCTION

The study of gene expression, and the factors which influence and regulate it, has remained a

central topic in biology for decades.1,2 It has become increasingly apparent that, beyond the

primary sequence of nucleotide bases, the secondary and higher-order structure of chromatin

influences gene expression by affecting the availability of DNA to the nucleoplasm and selec-

tively allowing site-specific binding of transcription factors.3 These higher-order structures

are known to be modified by epigenetic changes such as histone modifications, which in turn

are known to stably and heritably modify gene expression patterns.4 However, mechanistic

understandings of how these epigenetic changes affect gene expression have frequently eluded

researches due to the complexity of the involved biophysical interactions, and the difficulty

of probing single-molecule interactions in vivo in biological systems.4 The few mechanistic

insights to-date on the influence of molecular interactions on multiscale chromatin structure

have enabled the development of new treatments for cancer, as well as better understanding

of autoimmunity, neurological and developmental disorders..5,6

Classical models for multiscale chromatin organization entail a system of "hierarchical

folding", in which the 2-nanometer scale DNA helix wraps around an octomer of histone

proteins forming a 10-nanometer scale nucleosome. Nucleosomes stack on each other to

form a 30-nanometer scale fiber, which is then folded into successively larger structures.7–10

Though in vitro structure probing techniques have produced evidence for regular organization

up to the 30-nanometer scale,11–13 experiments with greater than four nucleosomes have

produced inconsistent results across a range of experimental conditions, and have generally

been unable to produce a cohesive picture of chromatin structure at the 30 nanometer scale

with molecular detail.14,15

Longer samples of DNA and histones, on the scale of several and tens of kilobases, were

found to condense in vitro in low salt conditions into fibers roughly 30 nanometers wide by

1



Finch and Klug in 1976.8 Though these fibers lacked the long-range crystalline order nec-

essary for definitive structure determination through x-ray diffraction techniques, electron-

microscope-assisted probing methods showed that the chromatin had arranged into densely

packed, left-handed helical fibers, with a helical pitch of 11 nanometers and an approxi-

mate width of 30 nanometers. These fibers appeared to have approximately six nucleosomes

per turn, and due to the low pitch angle of the helix, the authors argued that this struc-

ture represented a solenoidal arrangement of the fiber, where successive nucleosomes contact

each other and spiral in an outer shell around the central axis. Several subsequent analyses

corroborated Finch and Klug’s conclusions. Different groups reported non-variance of the

diameter of the fiber with DNA linker length, a unique feature of solenoid-like geometries,

and the geometric difficulty of forming fibers at the highest end of the observed diameter

range with alternative models.16–19 The bulk of these studies entailed width and length

analyses of fibers reconstituted in vitro under low-salt conditions and containing more than

12 nucleosomes.

In recent years, however, competing models of the so-called 30-nm fiber have emerged.

These include the two-start zig-zag structure. In vitro studies in which the fiber diameter

was found to correlate with linker length supported a model for the fiber in which linker

DNA crosses through the central fiber axis in every successive nucleosome.20–22 These re-

sults matched those predicted if the 30-nm fiber consisted of stacked tetranucleosomal units,

similar to those reported by Schalch et al.,13 which entails straight DNA between nucle-

osomes and contact between every other nucleosome (i ± 2). More recent high-resolution

cryo-electron microscopy studies of six- and twelve-nucleosome arrays have appeared to con-

firm that this zig-zag persists to larger nucleosome arrays.23,24

Discrepancies between these results and those supporting solenoidal structures have been

suggested to arise from the choice of linker histone variant (H1 in zig-zags and H5 in solenoids)

due to longer nucleosome repeat lengths (NRLs) promoting solenoid structures, and the ad-
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dition of divalent cations.24,25 However, it is not immediately clear which of these structures

is most reflective of in vivo chromatin, since histone H1, divalent cations, and a broad spec-

trum of nucleosome repeat lengths are present in human nuclei..26,27 Furthermore, some

evidence suggests that 30 nanometer fibers may exhibit a heteromorphic mix of both struc-

tures, with some straight DNA linkers and some bent.28,29 For these reasons, the structure

and relevance of the 30-nanometer fiber has remained a subject of controversy.23,30,31

Further clouding inquiry into the structure of chromatin at the 30-nm scale are studies

which suggest that, in vivo, no “30-nanometer fiber” exists at all. Multiple in vivo cryo-

electron microscopy studies across several cell lines18,19,32 revealed irregular fibers 20- to

30-nanometer-wide, in loose arrangements with mostly straight linker DNA and significantly

lower linear density than in vitro arrays. This view has been further supported by modern

cryo-electron microscopy tomography scans over large regions of nuclei, which indicate that

the most frequent diameters of chromatin fibers in vivo are between 6 and 24 nanometers,

and that these numbers are highly irregular.31 As summarized by Maeshima et al., the

presence of 30-nanometer fibers may simply be an artifact of the dilute conditions of in

vitro studies, which may prevent the interdigitation of adjacent fibers.33,34 Furthermore,

as summarized by Zhou et al., crystallization methods such as vapor diffusion, which have

produced tight zig-zag-like structures,13,23 sample oligonucleosome arrays under artificially

tight-packed conditions, thereby producing misleadingly dense arrays which are inconsistent

with arrays’ ability to cross-link in solution.30

The lack of an easily-defined well-ordered oligonucleosome structure constitutes a signif-

icant challenge to intuitive interpretation of the effects of biological forces upon local gene

structure. If chromatin underwent a binary transition between two pseudo-crystalline heli-

cal structures in response to, for example, the addition of a particular epigenetic mark to

histones, it would be straightforward to analyze these factors’ effects on gene promoter struc-

ture, genetic disease structural pathology, etc. The emerging picture of oligonucleosome-scale
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chromatin structure as shifting distributions of disordered structures, of varying diameters

and helical arrangements, does not lend itself to such straightforward analysis. However,

methods to characterize and quantify disorder are well-known within the field of computa-

tional materials modeling, offering a possibility to describe the distributions of disordered

chromatin states by molecular simulation.

Most simulation work to date on oligonucleosome arrays has focused on fiber-like arrange-

ments, typically using models that rely on approximations of mean electrostatic potentials

to account for nucleosome-nucleosome and nucleosome-DNA interactions, and representing

linking DNA as a worm-like chain.35,36 These mesoscale models have been used to extract

important trends in fiber organization. Grigoryev et al. described an increase in fiber uni-

formity, increased linear density, and frequency of i ± 2 contacts upon addition of a linker

histone, implying an increase in zig-zag character during condensation. The authors also

observed both an increase in i ± 1 and i ± 2 contacts upon addition of magnesium, implying

both an increase in condensation and increased structural heterogeneity of fibers caused by

increased linker DNA flexibility.28 Perisic et al. qualitatively characterized the dependence

of fiber structure on NRL and linker histone presence, concluding that three regimes exist

of fiber stability: short NRL fibers (≤ 182 bp) fold into tight, non-LH-dependent zig-zags

with a narrow width ( 25nm), medium NRL fibers (191 ≤ NRL ≤ 209) fail to converge to

consistent structures independent of their initialization conditions, but converge to zig-zags

upon addition of linker histones, and long NRL fibers (218 ≤ NRL ) fail to converge to

history-independent structures regardless of initialization condition.37 These results for the

conditional instability of the solenoid structure are partially supported by simulations us-

ing a non-electrostatic mesoscale model parameterized to match high-resolution nucleosome

geometry, which showed similarly convergence of fibers with NRL 169 bp to zig-zag-like

arrangements and the difficulty of converging longer NRL arrays into regular fiber arrange-

ments.38
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Recent work exploring the range of stability of 30-nm fiber structures has also identified

a range of conditions in which 30-nm helices are not stable. Simulated oligonucleosome

arrays with multiple linker lengths exhibted significant polymorphism and a reduction of

fiber regularity,29 in keeping with theoretical findings which suggest that regular fibers are

a unique feature of uniform-NRL arrays.26,27 Variation in linker length by as few as 5bp

has been shown experimentally to induce changes in nucleosomal linker number (effective

DNA writhe) by as much as 0.5 turns, inducing significant shifts in fiber structure.39 These

experiments have also shown that changes in linker DNA rigidity resulting from the binding

of non-histone proteins also disrupt fiber regularity.40
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CHAPTER 2

AN INTRINSICALLY DISORDERED MODEL FOR

CHROMATIN FIBERS PREDICTED BY MESOSCALE

SIMULATION

2.1 Introduction

Closely-spaced arrays of nucleosomes exhibit short-range stacking interactions which induce

an effective width along the contour of chromosomal DNA, producing what is generally

termed the chromatin fiber. Chromatin fibers of varying dimensions and geometries have

been observed forming in vitro via 2D and 3D electron microscopy,8,24,25 X-ray crystal-

lography,13,23 and in situ via cryo-electron microscopy tomography.31 These fibers are un-

derstood to be stabilized by direct internucleosomal contacts such as between H4 tails and

nucleosomes’ acidic patch, with the most frequent interactions occurring within 5 or fewer

internucleosome spacings.28,41,42 In the light of recent findings that probes of chromatin

structure at this length-scale such as ATAC-Seq are strongly correlated with levels of gene

expression,43–45 a fundamental understanding of chromatin fiber structure is essential for

elucidating the structure-function relationships inherent in gene expression.

Ideal, zero-entropy models have emerged for the structure of the chromatin fiber, and

have enabled researchers to develop intuition regarding the physics underlying the fiber’s

formation and stability. Though many models have emerged, the two which have most suc-

cessfully stood the test of time are the 1-start solenoid, with approximately six nucleosomes

per helical turn joined by bent linker DNA,8,16,25 and the 2-start zig-zag, with approximately

two nucleosomes per turn joined by straight linker DNA.21,23,24 Both of these models pre-

scribed that fibers were dominated by specific internucleosome interactions, with the solenoid

stabilized by 1-2 interactions and the zig-zag stabilized by 1-3 interactions. However, the

relevance of these ideal structures to biological phenomena remains a topic of debate, es-
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pecially as the dilute and low-salt conditions optimal for in vitro imaging are unlikely to

represent the conditions of the nucleoplasm.33,34

Despite these models’ conceptual simplicity, they have come under significant stress due

to a growing body of contrary experimental evidence. 3D electron microscopy measurements

have observed that chromatin fibers in situ appear to display a wide range of diameters pri-

marily < 22nm,31,46 inconsistent with the ∼ 30nm fiber widths observed in vitro.16,25 Fur-

thermore, variants on chromatin conformation capture methods such as Hi-CO and Micro-C

have failed to detect the regularity of contact frequencies at the single nucleosome level

which is demanded by such ideal fiber models.47 EM-assisted nucleosome interaction cap-

ture (EMANIC) results also demonstrate that nucleosomes interact stochastically with up

to at least 6 of their neighbors,28 indicating that the network of nucleosome interactions is

disordered even in vitro.

In this work, we use extensive mesoscale molecular dynamics simulations to demonstrate

that although the dynamics of local nucleosome rearrangements are slowed by steric colli-

sions, chromatin fibers broadly display smooth, nearly barrier-free free energy landscapes

across collective variables which capture folding between the ideal solenoid and ideal zig-zag

structures. Our findings quantitatively confirm previous conjectures that the ideal zig-zag

structure is dramatically more thermodynamically stable than the ideal solenoid for NRLS

177, 187, 197 and 207, and that the addition of linker histones reverses this relationship.

We also show that highly heterogeneous local interactions can lead to relatively consistent

fiber structures at the population average level for each given NRL. Lastly, we present a

Bayesian framework for the quantitative inference of NRL from in silico measurements of

fiber parameters based on our previous modeling results.

Previous simulation studies utilizing mesoscale chromatin models have provided great

insight into the nature of chromatin fiber structure and its variability with respect to

NRL, linker histone model and geometry, nucleosome representation, and other considera-
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tions.36,38,48–51 However, prior attempts at characterizing the relative stability of chromatin

fiber structures have generally stopped short of quantifying the free energy differences be-

tween the ideal solenoid, ideal zig-zag and disordered intermediate structures.37,38 Other

studies have described an increase in fiber uniformity, linear density, and an increased fre-

quency of i ± 2 contacts upon addition of linker histone.28 Our work expands upon these

findings to more extensively characterize the regime of disordered fiber structures thought

to be relevant to in vivo chromatin.

2.2 Methods

We represent chromatin using the 1CPN coarse-grained oligonucleosome model,52 which

treats the nucleosome as a single rigid body with a complex internucleosome interaction

potential parameterized against the electrostatic and histone tail-mediated inter-nucleosomal

potential of the 3SPN.2C-AICG model.53 DNA is treated as a charged, twistable worm-like

chain with a bending persistence length of 50 nm and a twisting persistence length of 75

nm. Electrostatics are treated at the level of Oosawa-Manning theory, combining the Debye-

Hückel linearization of the Poisson-Boltzman equation with a fractional reduction in surface

charge for DNA bases in order to match the salt-dependence of DNA’s persistence length.52

Precise quantification of the free energy difference between solenoid and zig-zag structures

presents a significant computational challenge, due to the complexity of the highly ordered

endpoint structures, and the long timescales (> 10µs, vs. a timestep of 60fs) over which

the 1CPN model reaches equilibrium. Furthermore, it is not clear a priori that either of

these crystalline structures are representative of the equilibrium distribution of states of

biologically-relevant chromatin. To address both of these concerns, we have chosen to use

two methods to analyze this system. First, parallel tempering is used to characterize the

equilibrium distribution of structures. Second, an adaptation of the method of Maragliano

et al. is used to calculate the free energy of oligonucleosome arrays along a transition path
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between the solenoid and zig-zag explicitly defined in collective variable space.54

The first method accelerates sampling of the equilibrium distribution of states through

parallel simulation of the system across a range of temperatures, augmented with temperature-

exchange Monte Carlo moves, but is not capable of forcing chromatin into either of the ideal

fiber structures alone.52,55 These simulations are complemented by use of the second method,

which, although originally developed for analyzing reaction pathways resulting from conver-

gence of the Finite Temperature String method,56,57 is able to determine the potential of

mean force along any general transition path defined parametrically in multiple collective

variables. Since the potential of mean force is constructed through parallel umbrella sam-

pling simulations along the transition path, the method efficiently samples phase space and

is capable of strongly biasing the system into even thermodynamically unstable structures

through selection an appropriately large spring constant.

2.2.1 Simulation Details

The transition path free energy sampling method used here is implemented using the SSAGES

software package for enhanced sampling.58 For a set of N collective variables, the position of

the system in collective variable space is denoted by

θ(r) = (θ1(r), ..., θN (r)), (2.1)

where r ∈ Rn are the Cartesian coordinates of all n particles within the simulation,

and θi(r) is the value of the i-th collective variable evaluated for the given configuration

r. A transition path is defined as a multivariate parametric function of the path variable

α ∈ [0, 1], which maps this path variable onto corresponding values of collective variables
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along the path, and is given by

z(α) = (z1(α), ..., zN (α)). (2.2)

For this function to describe a reversible thermodynamic path between the solenoid and

zig-zag structures, z(α) must be continuous, differentiable, and chosen so that

z(0) = θ(rsolenoid) (2.3)

z(1) = θ(rzig−zag), (2.4)

where rsolenoid and rzig−zag are the Cartesian coordinates of the simulated system when

in the ideal solenoid and ideal zig-zag structures, respectively. As in Maragliano et al.,54 a

bias is introduced to the potential of the form

Ubiased(r, α) = Uunbiased(r) +
N∑
j=1

kj
2
(θj(r)− zj(α))

2 (2.5)

The potential of mean force along the chosen path is constructed through parallel simu-

lation at multiple values of α, here chosen by Gauss-Legendre quadrature.59 At all values of

α, the mean force in the jth collective variable is calculated as

∣∣∣∣∂F (z)

∂zj

∣∣∣∣
z=z(α)

= kj

∫ T

0
(zj(α)− θj(r(t)))dt, (2.6)

where F (z) represents the Helmholtz free energy of the system at the position z in collective

variable-space, and T represents the total simulation time for any given simulation. When

this method is applied to a path returned by convergence of the Finite Temperature String

method, it can be assumed that this mean force is parallel to the transition path.54 For any

other path z(α), this assumption is violated, and the reconstructed free energy along the
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path must be corrected by integrating only the component of the mean force which is parallel

to the path. This can be written as

F (z (α))− F (z (α0)) =

∫ α

α0

∂F (z(α′))
∂α′

dα′

=
N∑
j=1

∫ α

α0

∂zj(α
′)

∂α′
·

(
∂F (z)

∂zj

∣∣∣∣
z=z(α′)

)
dα′ (2.7)

We now define the set of collective variables θ(r), and the transition path in those vari-

ables z(α). Here we use the set of 22 angles between every ith, i+1st, and i+2nd nucleosome’s

center of mass (henceforth referred to as ‘trinucleosome angles’), as well as the radius of gyra-

tion (Rg) of the entire fiber. Variations in these trinucleosome angles control the possibility

of forming i ± 2 contacts, characteristic of the difference between the zig-zag and solenoid

structures,28 while varying Rg induces fibers to condense or decondense, thereby improving

sampling.

To construct a transition path z(α) in collective variable space which avoids steric clashes,

we find it convenient to first construct the full structures of fibers intermediate between the

ideal solenoid and zig-zag endpoints (i.e., r(α) ∈ Rn). Once these intermediate structures

are defined, z(α) is determined straightforwardly. θ(r(α)) is calculated for each intermediate

structure, and z(α) is calculated by a cubic spline between each value of θ(r(α)) for all

α ∈ [0, 1].

To actually construct these intermediate fibers, we note that both the ideal solenoid and

zig-zag structures are only specific cases of the much larger class of helical fibers which can

be geometrically defined by several parameters: helical pitch, helical diameter, azimuthal

rotation angle (also referred to as helical angle), nucleosome tilt, and path of the linker

DNA16,24 (Fig. 2.7). Intermediate fibers can be constructed by choosing parameters be-

tween those of the ideal solenoid and ideal zig-zag. For simplicity, we choose to linearly
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interpolate these helical parameters between the ideal solenoid (α = 0) and zig-zag (α = 1)

(Fig. 2.1). For any choice of helical parameters calculated by this interpolation, we use a

custom modification of the 1CPN initialization Python script to calculate the positions and

orientations of all nucleosomes in the defined fiber and construct an input LAMMPS data

file. LAMMPS simulations are conducted for these input structures for zero timesteps, to

verify that no steric clashes occur. The linear interpolation in helical pitch was replaced with

a downwards-parabolic interpolation to reduce steric hindrance.

We consider several nucleosome repeat lengths, spanning from 177 to 207 base pairs.

To supplement our analysis, unbiased simulations of identical fibers were performed using

replica exchange, to sample the equilibrium distribution of states of these fibers. In ad-

dition, we tested the effect of adding linker histones to the fiber for each of these repeat

lengths. Linker histones are known to promote fiber condensation in vitro and alter linker

DNA geometry;25,49,60 they have a qualitative effect on the geometry of entire fibers.61 For

computational expedience in these simulations, the linker histone was represented differ-

ently than in prior work using the 1CPN model. The globular head of the linker histone was

represented as a single charged bead, fixed to the dyad, interacting with linker DNA via elec-

trostatics and an excluded-volume term. The effect of the C-terminal tail was included by

altering the parameters of the anisotropic gaussian interaction of the nucleosome dyad with

the linker DNA, which was originally parameterized to account for the H3 tail-DNA inter-

actions. This representation was parameterized to optimally reproduce the force-extension

characteristics of the 1CPN dinucleosome bound by the linker histone variant H1.4, using

the electrostatic model of Luque et al..52,60 Though some details regarding linker DNA in-

teractions are lost with this representation, quantities averaged at the level of nucleosome

center of mass positions are largely unaffected.
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2.3 Results

2.3.1 Chromatin exhibits NRL-dependent, LH-dependent disordered fiber

structures

The free energy landscape resulting from our unbiased simulations is shown in Fig. 2.3

for several choices of uniform NRL that are abundant in human cells.26 These free energy

surfaces can be visually classified into one of two categories. The first category, relevant to

NRLs 197 and 207 bp, consists of free energy surfaces with only one significant free energy

minimum in these collective variables. The second category, relevant to NRLs 167, 177 and

187, exhibits two or more free energy minima. Notably, none of the free energy minima for

any of the NRLs sampled without linker histone contained either of the ideal fiber structures.

Instead, every free energy minimum lies at a significantly higher radius of gyration and, when

visualized, represented a disordered fiber state with transient contacts (Figure 3 insets). For

nearly all NRLs sampled here and in both categories, the free energy minima lie in broad

basins spanning a large range of trinucleosome angles, typically on the order of 60 degrees

with less than 3 kT variation in free energy. This variation is much larger than would be

expected if a single, uniform fiber were the most stable configuration, and in fact is more than

50% of the difference between the ideal zig-zag and ideal solenoid themselves (approximately

100 degrees). As such, we conclude that these simulations do not support the existence of

any uniform fiber structure, and instead support the perspective that these chromatin fibers

exist in an ensemble of disordered structures which vary under thermal motion.

The free energy surface of the fiber with NRL 187 and with 100% LH saturation using

an electrostatic model for LH 1.436 is shown in Figure 2.3f. A free energy minimum appears

at a lower radius of gyration than for any of the fibers simulated without linker histone; the

corresponding free energy basin clearly includes the collective variable values of the ideal

solenoid fiber. However, the free energy basin corresponding to this minimum is extremely
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broad in trinucleosome angle, spanning approximately 25-160 degrees with less than 3kBT

variation. This behavior is commensurate with experiments which have demonstrated that in

vitro, linker histone addition induces significant fiber condensation.16,25,62 However, although

these structures are condensed with nucleosomes primarily along the outside of the fibers

and DNA located centrally and tightly bound to the LH tails, they are not uniform fibers.

Instead, even the LH-bearing fibers display a wide range of trinucleosome angles, indicative

of a condensed but heteromorphic fiber. Since these fibers have nearly the same linear density

and width as the solenoids, they are consistent with experimental electron microscopy results

which to-date have been taken as indicative of a solenoid-like geometry, even though these

simulations do not recapitulate an ideal solenoid-like geometry.25

While our replica-exchange simulations describe the thermodynamically stable ensem-

ble of chromatin structures, and lend support to the theory of chromatin as intrinsically

disordered, they do not answer key questions. First, if chromatin were to be found in a

30-nm-wide fiber, what would the most likely structure be? The free energy differences be-

tween the two ideal fiber structures, obtained through the path umbrella sampling method,

are shown in Table 1. For fibers with any NRL without linker histones, the ideal zig-zag

is more stable than the ideal solenoid, with a free energy difference greater than 75 kT for

every NRL. By contrast, the ideal solenoid is found to be more stable than the ideal zig-zag

in all fibers with any NRL when linker histones are present, also by free energy differences

on the order of 100 kT. Since the linker histones’ positive charge is expected to promote

more condensed structures where DNA is highly compact, and the ideal solenoid structure

is marginally more compact in linear density and radius of gyration than the ideal zig-zag

structure, this result is consistent with our physical intuition.

The full free energy curves resulting from umbrella sampling (Fig. 2.2a) with no linker

histone exhibit monotonic decreases in free energy from each ideal structure, before leveling

out in the broad free energy well identified by the previous unbiased sampling. Note that
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Table 2.1: Free energy of the solenoid to zig-zag transition by fiber type (in kT). Negative
entries imply the zig-zag is more stable than the solenoid for the corresponding combination
of parameters.

NRL (bp) 177 187 197 207
-LH -185.0 -75.7 -113.1 -150.0
+LH 164.4 582.0 715.6 310.5

the path variable, α, depends nonlinearly on the radius of gyration (Rg) and trinucleosome

angle; all minima in Figure 2.2a correspond to slightly different CV positions within the

same free energy basins described in Figure 3. Though chromatin is not constrained in

biological systems to fold along the path used here for umbrella sampling, these results

demonstrate that there exists at least one folding path from each ideal fiber structure to a

disordered structure along which the free energy is always decreasing. As such, chromatin

would not likely encounter any free energy barrier to unfolding from either of these proposed

ideal structures. This absence of any energetic barriers to the decondensation of condensed

chromatin fiber structures suggests that chromatin is unlikely to remain kinetically trapped

in these condensed structures for any appreciable time.

2.3.2 Helical Analysis of Disordered Chromatin

Chromatin which lies in the convex free energy well described in the previous section does not

adopt a well-ordered 30-nm fiber conformation. Instead, its structure dynamically changes

throughout the simulations, sampling a wide range of configurations which cannot be trivially

classified as belonging to either ideal fiber structure. To provide a quantitative analysis of

these disordered fibers that is intuitively coherent with historical perspectives of chromatin

fiber structure, we calculated the distributions of several structural quantities which are

commonly used to define the ideal structures. Since the ideal fiber structures are typically

defined in terms of helical parameters, including helical pitch, gyre, and diameter,16 we
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calculated the distributions of these same properties of chromatin fibers from our unbiased

simulations for all NRLs. Further explanation of these structural properties is given in Figure

2.7.

Though helical parameters are sufficient to fully define an ideal helical fiber structure,

their definition is not clear in any thermal simulation which does not have perfect axis-

symmetry. In previous studies, the fiber axis was approximated by parametric polynomial

fitting, which allows approximate calculation of fiber length and width.51 However, it is

unclear a priori what order of polynomial must be used for each simulated fiber: under-fitting

fails to capture the curvature of the fiber, while over-fitting causes the estimated helical axis

to reflect the sub-fiber-scale structural variations, capturing zig-zagging of nucleosomes as

curvature of the helical axis.

We provide here an alternative method for estimating the fiber helical axis and for cal-

culating the fibers’ helical parameters, with minimal assumptions. Working backwards from

our goal: a continuous, differentiable interpolating curve can be generated from any set of

points that estimate the central helical axis using B-splines. B-splines are piecewise-smooth

curves which interpolate all points (knots) in an ordered set by a set of cubic curves, and are

both continuous and differentiable at the knots. Higher-order splines could be constructed

that are continuous in higher-order derivatives, but cubic splines represent the lowest-order

polynomial fit which still returns a curve with the desirable properties of being continuous

and differentiable everywhere. As such, if we had a set of points that lie on the helical axis

of a simulated chromatin fiber, we could construct a minimal approximation of the axis itself

that is continuous and differentiable everywhere by cubic splines.

To create such a set of points along the helical axis, we posit that, for an ideal cylindrical

geometry with a constant helical gyre, points along the central axis may be generated by

taking the average of some number N of consecutive nucleosomes’ centers of mass. As shown

in SI1, N = 6 is the minimum number of nucleosomes required to accurately estimate the
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helical angle of both the ideal solenoid and ideal zig-zag structures, and creates accurate

estimates of the helical axis for fibers with any value of helical gyre greater than that of the

solenoid (66.4 degrees).

For a random sub-sampling of timesteps taken from the previous unbiased simulations,

the helical axis was calculated via this method. The three helical parameters identified

previously – pitch, gyre, and diameter – were calculated as follows. The position along the

helical axis closest to each nucleosome was tabulated for every nucleosome. Helical pitch

between any two consecutive nucleosomes was calculated as the length of the spline between

these axis-points. Helical diameter was calculated as twice the length of the normal vector

between each nucleosome and its axis-point, plus 7.5 nm to account for the approximate

remaining width of the nucleosome beyond its center of mass. Lastly, helical gyre was

calculated as the dihedral angle between consecutive normal vectors along the axis. Because

sharp turns in the helical axis sometimes occurred, resulting in poor estimation of helical gyre,

these normal vectors were corrected by the inverse of the net rotation of the fiber axis tangent

between the (i+1)st and ith nucleosome centers (SI1). This procedure returns uniform helical

angles of 66 and 193 degrees for the ideal solenoid and ideal zig-zag, respectively, nearly

identical to those used to define the ideal structures.

The equilibrium distribution of helical parameters calculated in this manner for simulated

chromatin fibers is shown in Figure 2.4. It is apparent from these distributions of both

helical parameters that the 1CPN model does not predict any regular helical arrangement.

Each distribution of angles spans a range from 50◦-200◦, including both the 66.4◦ of the

ideal solenoid and the 193◦ of the ideal zig-zag, whereas regular fiber arrangements would

exhibit a narrow distribution peaked around their mean values. Furthermore, the distribution

of helical angles is extremely similar across all NRLs, implying very little dependence of

solenoid- or zig-zag-character on NRL. Additionally, in the absence of linker histone, the

distributions of fiber diameter for all NRLs is nearly gaussian, with standard deviations as
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large as 10 nanometers, which is inconsistent with a regular fiber arrangement.

The average diameter of these simulated fibers without linker histones increases linearly

with linker length (R2 = 0.96), with a best-fit slope of 0.26 nm per bp of linker DNA (Figure

2.4). It is difficult to directly compare this result to experiments, since it is known that

nucleosome arrays reconstituted in vitro without linker histone do not form well-defined

fibers for all NRLs.25 However, our data matches quantitatively with the consensus linear

relationship between fiber diameter and linker length reported by Athey et al. from a review

of experimental electron microscopy studies of embedded and sectioned chromatin.21 The

similarity between our results and this body of experimental data lends further support

to the general applicability of our analysis, though it is unclear if this linear relationship,

originally reported for non-mammalian chromatin, extends to human chromatin in vivo.

2.3.3 Comparison to in situ analyses of human chromatin

Unlike the uniform-NRL nucleosome arrays simulated here, biological chromatin exhibits a

wide distribution of NRLs.26 With these helical parameters calculated for all NRL values

from 157 to 207, it is possible to make predictions regarding the in vivo distribution of

helical parameters across a range of NRLs. Although the full human genome exhibits a wide

distribution of NRLs,26 recent nucleosome positioning studies have determined that local

regions of the genome have highly uniform NRLs.63 As such, the ensembles of fiber diameters

determined by in situ measurement would be expected to be similar to a weighted sum of the

individual diameter distributions for uniform arrays of each NRL, weighted by the biological

abundance of that NRL. The distributions of fiber parameters calculated previously for each

NRL were averaged with weights equal to the estimated in vivo abundances of NRLs26 to

construct an ideal fiber diameter distribution in the absence of linker histone. This combined

distribution is largely independent of the exact choice of estimated NRL distribution.

The resulting free-energy landscape of helical parameters predicted for biological chro-
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matin is shown in Figure 2.5. Significantly, this distribution of predicted in vivo fiber diame-

ters (95% CI [11.3 nm, 29.9 nm]) compares favorably with experimental measurements of in

vivo chromatin fiber diameters at low chromatin volume contents measured by ChromEMT

(95% CI [5 nm, 24 nm]).31 Furthermore, this distribution predicts no energy barriers between

locally solenoid-like and zig-zag-like structures, and no local maxima between their corre-

sponding helical angles. The calculated free energy difference between the ideal solenoid and

zig-zag structures from this analysis is approximately 2.1 kT per nucleosome. This number

compares well to that calculated using umbrella sampling (Table 2.1) with no linker histones,

predicting that the zig-zag is 50.4 kT more stable than the solenoid for 24-nucleosome ar-

rays. This per-nucleosome free energy difference is easily overcome thermally, and in the

absence of an energy barrier, our results imply that biological chromatin fibers freely and

regularly undergo dynamic transitions between locally zig-zag-like and locally solenoid-like

structures. This is consistent with prior results, which predict heteromorphic fibers,28 and

supports the claim that fiber-scale chromatin structure is inherently dynamic, and cannot

be described by a static set of structure factors.

Since our results predict that chromatin fibers’ physical dimensions vary with microscopic

structural parameters, they also allow us to reverse this relationship: given a particular ex-

perimental measurement of fiber dimensions, e.g. from electron microscopy, we can predict

the most likely local NRL of the fiber which would have produced that measurement. We

apply the method of maximum a posteriori estimation to predict the most likely NRL of

the chromatin fiber This predicted variance of fiber physical dimensions with microscopic

structural parameters also allows us to reverse this relationship: given a particular experi-

mental measurement of fiber dimensions, e.g. from electron microscopy, we can predict the

most likely local NRL of the fiber which would have produced that measurement. We apply

the method of maximum likelihood estimation to predict the NRL most likely to produce

fibers of specific values of fiber linear density (nucleosomes per 11nm along the central axis)
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and diameter. In this method, the equilibrium probability distribution of fiber structures

for every NRL is first weighted by the prior probability of that NRL occurring in vivo,26

as is done in Figure 2.5. Then, the weighted likelihood distribution with highest value is

determined for each pair of linear density and fiber diameter. The results of this process are

shown in Figure 2.6.

Several trends can be inferred from these results. Fibers with moderate linear density of

approximately 2.3 nucleosomes per nm, but with small diameters less than 15nm, primarily

exhibit short NRLs less than 170bp. Fibers with both a wide diameter greater than 20nm

but with low linear density, 1.75 nucleosomes per nm, predominantly exhibit long NRLs

greater than 195bp. Other combinations of fiber geometry exhibit NRLs between 175bp

and 190bp. These intermediate NRLs are predicted as most likely for a very wide range of

measured structures. This can be understood from the wide distribution of states for these

NRLs; our model predicts these fibers to be highly heterogeneous with wide probability

distributions, while fibers with most other linker lengths are restricted to narrower ranges of

structures which strongly indicate those linker lengths’ presence, and are highly unlikely to

take on extreme values of linear density or diameter (as can be observed from Figure 2.4).

Note, however, that it is unclear if the direct application of this analysis to experimental data

is likely to produce meaningful NRL distributions; this analysis is limited by the assumptions

of equivalence of local fiber structure between perfectly uniform-NRL and non-uniform-NRL

oligonucleosome arrays in vivo, and that no LH is bound to the fiber. Improvements could

be made upon this analysis by including linker histone effects, which would require accurate

experimental measurements of the concentration of bound linker histone in the nucleus,

as well as LH binding energies to predict the prior probability of LH being bound to a

fiber. Additionally, accurate determination of hyperlocal NRL distributions, such as the

dependence of sequential linker lengths on each other, would allow accurate characterization

of non-uniform-NRL fiber structures. In order for these results to be scientifically meaningful,
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the results described here must be consistent with the established body of experimental data

regarding chromatin conformation. To ensure that this work can aid the broader scientific

community in interpreting chromatin’s structural characteristics, we will directly address key

experimental findings which our model may lend valuable insight into. Conveniently, this

will highlight common pitfalls which limit the generality of experiments performed under a

variety of conditions.

2.4 Discussion

In this study, the free energy landscape of short chromatin fibers with respect to the ideal

zig-zag and solenoid conformations were examined. Recent work has challenged both the

physiological relevance and thermodynamic stability of these ideal structures.28,30,31,33 To

directly address questions of their stability, we designed a suite of enhanced sampling molec-

ular dynamics simulations to explictly quantify the relative free energy of both ideal struc-

tures. Furthermore, we characterized the structural variation within the range of disordered,

fiber-like states stable at equilibrium.

The folding path between the ideal zig-zag and solenoid depicted in Fig. ?? represents a

path through structural space which sufficiently constrains the molecular degrees of freedom

of the fiber to enforce continuous folding between the endpoints. Previous computational

studies have suggested that disordered or heteromorphic fibers are preferred over ideal con-

figurations, with vanishingly few demonstrating a thermodynamically stable solenoid struc-

ture.36,38,48–51 Using a model which was designed to reproduce the free energy characteristics

of internucleosome interactions, we have determined that the ideal solenoid is less thermo-

dynamically stable than the ideal zig-zag by 3.2− 7.7kBT per nucleosome in the absence of

linker histones.
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2.4.1 Consistency with Experimental Results

In order for these results to be scientifically meaningful, the results described here must be

consistent with the established body of experimental data regarding chromatin conforma-

tion. Previous experimental investigations have established that chromatin compaction is

dependent upon approximately three critical parameters: linker histone stoichiometry, NRL,

and salt. The stoichiometry of the linker histone is the dominant factor, greatly increasing

chromatin compaction in vitro regardless of other factors.25,28,38,62 Subsequently, NRL de-

termines the range of feasible fiber structures, with short NRLs enforcing an upper bound on

fiber diameters and linear density in the presence of LH in vitro.16,25,28,37 However, in situ

cryo-electron microscopy tomography studies have not confirmed any binary of chromatin

fiber diameters,31,46 and experiments on Thyone and Necturus chromatin samples without

defined linker histone stoichiometry revealed a systematic, linear relationship between NRL

and fiber diameter.21,22

Our results are in total consistent with these experimental findings. We do not detect

condensed fibers in the absence of linker histones, and, at least for NRL 187, the 1CPN

model predicts a highly dense fiber with diameter of approximately 25 nm. However, we

do not find evidence supporting that these 30-nm fibers are uniform in helical ordering (i.e.

are near-ideal solenoids), finding instead that they exhibit a broad range of trinucleosome

angles inconsistent with a uniform solenoid model, as proposed by Routh et al.. Furthermore,

our findings match surprisingly well fiber diameter measurements of Thyone and Necturus

chromatin, with a linear increase in fiber diameter of 0.23nm/bp, compared to previously

reported trends of 0.2322 and 0.31.21 The average trinucleosome angles reported here are

also commensurate with those found for the electrostatic chromatin model by Perisic et

al., although we report significantly larger variability of this metric than observed in that

study.37 This may be due to the explicit parametrization of the 1CPN model to quantitatively

account for the free energy of nucleosome breathing, absent in the electrostatic model.52
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Extensive equilibrium simulations of chromatin fibers with LH were not feasible due to the

computational expense of this model, although it has already been demonstrated that the

1CPN model recaptures the salt-dependent compaction of chromatin with and without linker

histone.52

2.4.2 Chromatin is pliable and dynamic, with large conformation changes

inducible by small added forces

The free energy surfaces shown in Figure 2.3 imply that chromatin fibers can be deformed

significantly without significant expenditure of free energy. For example, only approximately

4kT of free energy would be required to increase the NRL 187 bp, 24 nucleosome fiber’s

radius of gyration from the 18 nm well to the 32 nm well, an increase of approximately 80%.

With the addition of linker histones, this deformability is maintained or even increased: the

Rg can be increased from 12 nm to 25 nm by a 4kT deformation, over a 100% increase in

polymer size. These small quantities of energy are well within that achievable by the binding

of single proteins to chromatin: for example, heterochromatin protein 1’s (HP1’s) binding

affinity to nucleosome surfaces has been reported as approximately -1.52 kT, and two bound

HP1 proteins can dimerize with an energy of -4kT.64,65 Both this high deformability and the

intrinsic disorder of the fibers at equilibrium are results of the wide, mostly flat character of

the minima of chromatin’s free energy surface; the restoring forces driving chromatin to its

most stable configuration are weak enough to be overcome both by thermal fluctuations and

small applied forces.

This perspective of chromatin as easily deformed is consistent with the insights gained

from single-molecule force microscopy experiments.66–68 Significant experimental efforts have

characterized the mechanical response of chromatin fibers to high stress (> 6 pN), un-

der which it has been suggested that individual nucleosomes become unstable and frag-

ment. Multiple authors have also identified a low-force regime (0.5-4 pN) in which the
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force-extension curve is linear, which has been associated with the separation of individual

inter-nucleosome contacts. Our free energy surfaces, obtained at 0 pN of tensile force, are

more relevant to the very-low force regime (< 1 pN, and < 0.5 pN especially) in which exper-

imental data are more scarce, but available. Notably, several studies that reported results

in this very-low-force regime found extension of chromatin fibers with 15-25 nucleosomes

on the order of tens of nanometers to hundreds of nanometers under applied forces of less

than 0.4 pN. There are multiple possible explanations for this phenomenon, and it has been

suggested that below 0.5 pN the chromatin fiber may not be fully aligned with the applied

force, or that rotational fluctuations and entropic contributions may be present.68 However,

this finding is also at least consistent with the disordered chromatin fiber model described

by the free energy surfaces in Figure 3, which is expected to exhibit linear extension of up

to 100% with a total applied work of the same order of magnitude.

2.5 Conclusions

The results presented here are consistent with recent proposals that the chromatin fiber is

dynamic in vitro. Our simulations suggest that highly uniform configurations such as the

ideal zig-zag or ideal solenoid fibers are not thermodynamically stable, but that the addition

of linker histones stabilizes a condensed, non-uniform fiber that would be indistinguishable

from these ideal structures under (non-tomographic) electron microscopy. The disordered en-

semble of structures described by our simulations also recapitulates the trends of chromatin

fiber diameters with NRL determined experimentally for chromatin in situ by electron mi-

croscopy. These disordered fibers contain mostly straight linker DNA and predominantly

i ± 2 and i ± 3 transient contacts, but are highly deformable under thermal motion, unlike

previously proposed ideal fiber structures.

We have provided a quantitative thermodynamic description of the relative stability

of ideal fiber structures, finding that the zig-zag fiber is more stable than the solenoid
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in the absence of linker histone, and that this relationship is reversed in the presence of

linker histone. However, both our and others’ results suggest that this is not biologically

relevant; fiber uniformity is not observed in vivo, and is not expected to be stable under

these simulations.

We find that uniform-NRL oligomers do exhibit multiple free-energy minima for several

NRLs, but that none of these metastable states could serve as a kinetic trap restricting those

oligomers to an ideal-fiber-like state. Furthermore, we confirm that for several biologically

relevant NRLs, there exists at least one transition path from both the ideal zig-zag and

the ideal solenoid structures to the disordered miminum-free-energy structures along which

the free energy monotonically decreases, lending further support to the interpretation that

chromatin is unlikely to remain kinetically trapped in an ideal-fiber-like structure.

Our simulations also provide a useful platform for understanding the nature of chromatin

structure explicitly in vivo. Previous mesoscale simulations have largely recapitulated mea-

sured in vitro "30-nanometer" chromatin fiber diameters, but past models have not been

shown to be consistent with ChromEMT experiments, which do not detect such thick fibers.

By contrast, our mesoscale model predicts a disordered ensemble of chromatin structures

which nearly perfectly matches the NRL-dependent distribution of fiber diameters measured

in situ, for all NRLs from 167 bp through 207 bp. Though our model is consistent with re-

cent experimental results that show the zig-zag structure to be the most stable of condensed

fiber structures - the zig-zag is more stable than the solenoid, our model also indicates that

this condensed structure is energetically unfavorable by tens of kT compared to disordered

structures.

The disordered chromatin structures described here may be thought of as analogous

to a "native state" structure, in that chromatin which is not disrupted by other forces

may sample the ensemble of structures described here computationally. When chromatin is

influenced by an external event, such as through protein binding or an epigenetic alteration,
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chromatin would begin to sample a slightly altered ensemble of structures, with this new

ensemble dependent upon the nature of the external event. This manner of conceptualizing

chromatin, as sampling ensembles of disordered structures, may provide insights into other

complex biological phenomena in the future.

2.6 Figures

Figure 2.1: The range of reference structures used for umbrella sampling. Left: the ideal
solenoid. Linker DNAs follow a parabolic path between their ith nucleosome exiting site and
their i+1th nucleosome entering site. Center left: the intermediate structure at α = 0.31.
The helical pitch has been increased to reduce steric clashes, and the helical angle has
significantly increased. Center right: the intermediate structure at α = 0.62. The helical
pitch is now decreasing to drive fiber condensation. The nucleosomes are now primarily
tilted facing in the left-handed-helix direction, as is the case in the zig-zag and not the
solenoid. Linker DNAs are nearlly fully extended. Right: the ideal zig-zag. Linker DNAs
are straight and connect two opposing, tightly-contacting stacks of nucleosomes.
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Figure 2.2: a) The free energy along the transition path for LH-free arrays. The central
peak in each curve is present at the value of the path parameter α at which the Rg hits a
maximum. Vertical alignment of each curve is performed for visual effect, and should not
be interpreted physically. b) The free energy along the reaction coordinate for LH-bound
arrays. The central peak is still present in these curves, but occurs at a much higher free
energy, hundreds of kT higher than either endpoint. Additionally, the free energy of the
fibers decreases monotonically as the transition path approaches either endpoint.
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Figure 2.3: The free energy surfaces of 24-nucleosome fibers, obtained by unbiased REMD.
a-e) The free energy surfaces corresponding fibers with uniform NRL, 167bp-207bp, without
linker histone. Insets are visualizations of representative timesteps corresponding to each
local minimum of free energy connected via solid black lines. The red circle and blue square
represent the collective variable values of the ideal solenoid and ideal zig-zag structures,
respectively.16,24 f) The free energy surface correspond to NRL 187bp with linker histone.
As discussed in the text, this surface is significantly more rough than those for fibers without
LH, and is the only one to include Rg values as low as either of the ideal fiber structures.
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Figure 2.4: a) Fiber diameter distributions for several NRLs for LH-free fibers. Fibers of
each NRL exhibit highly gaussian distributions of diameters, with longer DNA linkers in-
ducing wider fibers and less uniform distributions (larger variance in each distribution). b)
Variation of mean fiber diameter with linker length. Taken together, the average diameter
for fibers of each NRL varies linearly with linker length (R2 = 0.96), with a best-fit slope of
0.26 nm per bp of linker DNA. Our data matches quantitatively with the linear relationship
calculated by Athey et al. from a review of EM experimental studies embedded and sectioned
chromatin.21 An alternative relationship determined by Williams et al. from experimental
x-ray scattering data is also shown.22 Although the constants of these empirical fits differ
significantly, their slopes, which are characteristic of the specific conformation of the chro-
matin fiber, is well-reproduced by our simulations. Error bars on simulation data represent
one standard deviation of the equilibrium distribution. c,d) Helical angle distributions for
several NRLs for LH-free fibers. Fibers of nearly all NRLs above 163 bp show a tall peak
near 120o, indicating a mode of 3 nucleosomes per turn in a left-handed helix. With NRLs
below 163 bp, fibers exhibit a bimodal distribution of helical angles, with a peak near 240o

and a shoulder at 120o. This can be interpreted as a mixture of left-handed and right-handed
helices, both with nearly 3 nucleosomes per turn. Error bars again represent one standard
deviation.
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Figure 2.5: The combined free energy surface over helical parameters, weighted by the in vivo
distribution of NRLs.26 Angles less than 180o imply a left-handed helix. Concentric circles
around the central axis are labelled with the corresponding helical radius, in nanometers.
The free energy surface exhibits a broad, smooth basin centered on a diameter of 14 nm and
an angle of 140o, but which extends from 80o to 225o with no energy barriers greater than
1kT across its span. The hole in the distribution at r < 4nm is present due to the correction
made for the approximate width of each nucleosome.
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Figure 2.6: Maximum a posteriori estimates of the NRL for chromatin fibers of different
dimensions. A: At any point in this graph, the color corresponds to the NRL with the
highest likelihood of having produced that density and diameter, or equivalently, the NRL
with the lowest prior-weighted free energy at that density and diameter. Regions are colored
according to the value of the NRL, as shown in the color-coded histogram of B.
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2.7 Supplementary Information

SI1: Calculation of helical parameters Informed by prior approaches where the fiber

axis was approximated by polynomial fitting,51 the helical parameters of equilibrium fibers

were calculated as follows. For every successive set of 6 nucleosomes along the fiber, a

corresponding average point on the fiber axis was estimated by a weighted average of the

set’s centers of mass. An unweighted average of N centers of mass closely approximates

the location of the fiber axis position for helical angles in the range 2π
N ≤ θh ≤ 2π(N−1)

N ,

but is a poor estimator outside of this range. To achieve higher fidelity in estimation of

helical properties from simulation data, a set of symmetric but non-uniform weights were

calculated by solving the linear system of equations requiring that the weighted sum of every

6 nucleosomes perfectly estimates the fiber axis for the ideal solenoid, with θh = 66.4. The

resulting fiber axis estimation scheme accurately estimates the ideal axis location with error

less than 20% for all helical angles, and with error less than 5% in the range 50.0◦ ≤ θh ≤

310.0◦.

The resulting points calculated on the fiber axis were joined by cubic splines to produce

a continuous representation of the axis. The local helical parameters of every nucleosome

in each timestep of the simulations were calculated as follows. All points generated via this

method will have a consistent systematic error (i.e., a finite distance from the true helical

axis), which decreases for increasing values of N. Any chosen value of N will exhibit periodic

points of perfect theoretically accuracy at values of θgyre = 2πk
N |k ∈ [1, 2, ..., N − 1],
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Figure 2.7: A diagram of the helical geometry of chromatin fibers. Nucleosomes spiral in a
left-handed helix around a central axis (yellow) in a geometry defined by four parameters:
helical pitch, helical gyre, helical radius, and nucleosome tilt. The figure is labelled as
follows: ellipsoids E1 and E2 represents the plane perpendicular to the central axis which
includes nucleosome center N1 and N2, respectively. The closest points on the central axis to
nucleosome N1 and N2 are labelled O1 and O2. The helical radius is defined as the length of
segment ∥O1N1∥. The helical gyre (or helical angle) is given by the dihedral angle between
O1N1 and O2N2, labelled here as A1. The helical pitch is defined as the rise along the
central axis per full revolution of 2π radians, and can be calculated by pitch = 2π

A1∥O1O2∥.
The helical tilt is given by the angle between the plane of each nucleosome and the central
axis, labelled here as angle A2.
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Figure 2.8: Theoretical accuracy of central axis estimation from nucleosome position aver-
aging. These curves are calculated as the distance between the midpoint of N points arrayed
uniformly along the unit circle, spaced by the helical angle, and the center of the unit circle.
A curve with uniformly zero residual distance is a perfect estimator of the central axis posi-
tion. Estimates become increasingly accurate as more nucleosomes are used in estimation in
the calculation, though this reduces the extent to which the fiber axis tracks the real path
of each nucleosome through space.
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CHAPTER 3

SIMULATING THE EFFECTS OF ACYLATIONS ON

GENE-SCALE CHROMATIN STRUCTURE

3.1 Author Contributions

This chapter includes products of the combined efforts of the authors of [69], which should

be considered preliminary until peer review.

Molecular simulations were designed, conducted, and interpreted by A.E.C. and Y.W.

under advisement by J.D.P. In vitro transcription analysis was performed by S.N. under

supervision by R.S. Single molecule force microscopy experiments were conducted by J.F.

and N.M. under advisement by H.D. Single molecule FRET probing was performed by H.N.

under supervision by B.F. A.E.C. and Y.W. wrote this summary of computational findings

to be included in [69], with Y.W. contributing the section on 1CPN re-parametrization.

3.2 Introduction

Chromatin structure in the nucleus is strongly influenced by the presence of epigenetic marks,

and specifically histone post-translational modifications, on the histones which comprise the

nucleosome core particle. These epigenetic marks form the basis for phase separation be-

tween heterochromatin and euchromatin at the longest length-scales of chromatin structure,

and play an integral role in the epigenetic silencing and activation of gene expression net-

works.70–73 These epigenetic marks influence chromatin structure either by directly medi-

ating changes in histone-histone or histone-DNA interactions, or by altering the specifics of

nucleosome-ligand binding,74,75 although it has been recently proposed that this categorical

distinction may in part be artificial.76

H4K16Ac, or the acetylation of the 16th lysine of histone H4, is one of the most biologi-
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cally abundant epigenetic marks in human cells and has been the subject of extensive study

to-date.41,77–81 H4K16 acetylation is enriched at active genes and enhancers in actively-

transcribed chromatin compartments, and is understood to play a role in transcription acti-

vation.77,81 This transcriptional activation has been theorized to result from a disruption of

contacts between the H4K16 residue and the acidic patch of adjacent nucleosomes, result-

ing in decompaction of chromatin arrays in vitro.41,62,78,82 This model for the mechanism

of H4K16Ac’s action is supported by findings that H4K16Ac’s presence correlates with in-

creases in chromatin accessibility, and overall decompaction in vitro.62,77,78 This perspective

on H4K16Ac’s mechanism of biological action has generally persisted despite complicat-

ing experimental findings that chromatin in vivo is not extensively decompacted by this

mark.76,81,83

Two closely related epigenetic marks, H4K16 propionylation (H4K16Pr) and H4K16 bu-

tyrylation (H4K16Bu), have recently been identified in human cell lines, but their biological

roles and mechanisms of action remain unclear.84–86 H4K16Pr is enriched in cerebrocorti-

cal neuroepithelium and hippocampal primordium during critical, H4K16Ac-dependentent

stages of embryonic neruodevelopment, likely from KAT8 activity in the presence of ex-

cess propionyl-CoA.87,88 H4K16Bu is deposited on histones in the presence of the p300-

CBP complex and excess butyryl-CoA, and has been associated with transcriptionally ac-

tive genes.89–91 While it has been suggested that such lysine butyrylations may escape

acetylation-dependent histone removal mechanisms, the implications of such effects have not

been extensively explored.89

In this work, we characterize the range of structural variation induced by H4K16 acyla-

tions in kilopasepair-scale chromatin fibers, to shed light on the potential differential mech-

anisms of their action. We utilize extensive mesoscale molecular dynamics simulations to

predict resulting molecular structures, in concert with single molecule structure probing ex-

periments and in vitro transcription assays to both parametrize and validate our simulations.
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Ultimately, our work demonstrates that both H4K16 butyrylation and propionylation induce

categorically similar structural rearrangements in mesoscale chromatin to that induced by

acetylation, with reduced chromatin compaction and nucleosome stacking regularity. Fur-

thermore, we show that the structural differences between chromatin bearing each acylation

are relatively small, and as such are unlikely to drive significant differences in biological

effects.

Previous simulation and experimental studies have clarified the exact molecular mecha-

nisms by which acetylation disrupts the interaction between the H4K16 residue and adjacent

nucleosome acidic patches.41,92,93 Prior work has also quantified the free energy landscape of

nucleosome-nucleosome interactions with and without H4K16 acetylation.Funke2016a, 53,94

This work extends such analyses to include the H4K16Pr and H4K16Bu modifications.

3.3 Reparametrization of 1CPN for Acylated Nucleosomes

We performed simulations of isolated chromatin fibers with 12 nucleosomes and a uniform

DNA linker length of 30 bp (i.e. NRL 177) in the LAMMPS95 molecular dynamics software

using the 1CPN (1-Cylinder-Per-Nucleosome) chromatin polymer model..52,96 This model

allows simulation of kilobasepair-scale segments of chromatin by explicitly treating each

nucleosome core as a single rigid body with a complex interaction potential,97 and treat-

ing linker DNA as short segments of a Twistable Stretchable Worm-like Chain (TSWC).

1CPN was explicitly parameterized to reproduce experimental and in silico measurements

of the internucleosome interaction energy, and the free energy characteristics of linker DNA

breathing. Furthermore, this model was designed to be easily integrated with new data

on the behavior of nucleosomes bearing specific epigenetic marks,52,53 and already includes

parameters for the explicit treatment of nucleosomes with fully acetylated H4 tails.

We developed a series of additional parameters for the 1CPN model to represent H4K16Ac,

H4K16Pr, and H4K16Bu in silico to directly reproduce our accompanying experimental force
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spectrometry results[69]. These parameters were developed as follows. First, we performed

umbrella sampling simulations of two nucleosomes bearing H4K16Ac using the 3SPN98

(3-sites-per-nucleotide)/AICG99(atomic-interaction-based coarsed-grained) model, following

the procedure established previously for 1CPN parametrization.52,53 H4K16 acetylation is

modeled by neutralizing the positive charge on the corresponding lysine residues. This

procedure produces free energy profiles for four independent internucleosome orientations

(stacked, rotated stack, side-side, and rotated-side orientations). The resulting stacked free

energy profile matches the well depth and minimum poition of the experimental free energy

profile within 0.05 kcal/mol and 1 Å(in experiments, the minimum value is 1.292 kcal/mol,

and the minimum position is 68.7 Å; in simulations, the minimum value is 1.243 kcal/mol).

Zewdie interaction parameters for H4K16Ac nucleosomes were derived from these free energy

profiles via least-squares regression52 and are shown in Figure 3.1.

After obtaining the Zewdie potential parameters for H4K16Ac, we obtain the Zewdie

potential parameters for H4K16Pr and H4K16Bu as a combination of both experimental

results and simulation results. Upon inspection of the free energy profile of H4K16Ac in

comparison to the unmodified profile, it is clear that the only significant differences occur

in the stacked orientation, with a corresponding shift in both the well depth and minimum

position. All three other orientations (rotated-stacked, side-side, and rotated-side) show no

significant difference in well depth or minimum position. This matches our intuition of the

mechanism of action of H4K16 acylations, which are thought to interrupt interactions with

adjacent nucleosomes’ acidic patches in the stacked configuration, and therefore should only

cause significant energetic alterations when in the stacked orientation.41,92,93 In accordance

with these findings, we derive the Zewdie parameters for H4K16Pr and H4K16Bu such that

the stacked free energy position and minimum are matched with the experimental results,

while treating the free energy profiles of the other three orientations as identical to H4K16Ac.

Similarly to the unmodified treatment, this also corresponds to a linear transformation of the
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original Zewdie potential of H4K16Ac. To make the treatment consistent, we also carry out

the transformation for H4K16Ac to fit its experiments, but the effect should be minimal as

the difference between the free energy value and position in simulations and in experiments

on stacked orientation is very small.

To ensure sampling of both locally- and globally-stable structures, several additional

computational techniques were employed. First, all simulations were performed with Replica

Exchange Molecular Dynamics (REMD) with 36 parallel replicas, spanning a geometric tem-

perature range from 300K to 700K, enforced via a Langevin thermostat, as described in ref.

[52]. Replica exchange moves were proposed every 50,000 timesteps and accepted accord-

ing to the corresponding Metropolis criterion, as implemented in the LAMMPS REPLICA

package. In order to ensure a more complete exploration of possible structures, the Langevin

damping coefficient was increased from 2000fs to 14144fs, which was found to hasten simu-

lation convergence while maintaining the correct Maxwell-Boltzmann distribution of instan-

taneous velocities.

Simulation convergence was identified by convergence of the distribution of sedimentation

coefficients within each simulation. For all marks, the average sedimentation coefficient

across all replicas converged to a small neighborhood around the long-time average within

∼ 5000 timesteps, followed by oscillation around this mean. Analyses were performed on

the following 15,000 timesteps, with a resulting production simulation time of 45µs per

replica, or > 4.5ms total simulation time per acylation across all replicas and temperatures.

However, it must be noted that this quantification of simulation time may under-represent

the extent of possible structural changes observed in silico, due to both the use of REMD,

and changes to the Langevin damping coefficient, both of which result in faster exploration

of structures than would otherwise occur within the nominal simulation time.

Without postprocessing, only 1/36th of the simulated data obeys the canonical distribu-

tion of states at 300K, corresponding to the lowest temperature replicate used in REMD.
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To utilize the remaining fraction of the data without biasing our analyses toward unstable

and high-temperature structures , all simulated timesteps across all replicas were reweighted

to the 300K canonical distribution via the Multistate Bennett Acceptance Ratio (MBAR)

method, as implemented in PyMBAR.100 All distributions and averages of simulation prop-

erties referenced hereafter are calculated by analysis of these reweighted distributions.

3.4 Results

3.4.1 Linear and Non-linear Structural Variation in Acylated Chromatin

To quantify the structural variation across the acylations observed in simulated chromatin,

we calculate a suite of descriptive collective variables (CVs) for all structures from each

simulation, each of which provides a unique quantification of chromatin fiber shape and

size. The exact collective variables are defined in Table 3.1. These include a suite of 3 CVs

which quantify fiber size, 6 variables which quantify fiber surface area accessible to particles

of different sizes, and the expected instantaneous FRET efficiency. Specifically, radius of

gyration, end-to-end distance, and sedimentation coefficient are all canonical parameters

for describing polymer size and chromatin fiber compaction. All surface areas calculated

here are Lee-Richards molecular surface areas, and are reported for two categories: Linker

DNA surfaces, and nucleosome surfaces. Furthermore, to quantify accessibility across scales

of potential ligands, we calculate the accessibility to probe molecules ranging from solvent

molecules, to transcription factors, to external nucleosomes. The full distributions of all of

these quantities for all acylations are given in [69].

Sedimentation Coefficient, or S20,w, is an experimentally-measurable quantification of

fiber compaction directly related to the speed of fiber sedimentation during analytical ultra-

centrifugation experiments. Usefully, S20,w can also be calculated from computational mod-

eling results via the Kirkwood Approximation,101 and has seen significant prior use in the
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literature to compare simulated chromatin fiber structures with experimental equivalents.

We show the distributions of S20,w for all acylations in Figure 3.3. Most notably, we find

that all acylations exhibit broad, overlapping distributions of S20,w, with intra-acylation

variation significantly greater than inter-acylation variation. These results concur with prior

experiments which demonstrated in vitro that 12-nucleosome arrays with NRL 177 sample

an extremely wide range of S20,w across at least 50 − 80Sv, albeit for different salt con-

ditions than studied here.30 We find that, on average, propionylated fibers are the most

compact, followed by unmodified fibers, butyrylated fibers, and acetylated fibers following

as the least compact. However, this comparatively small variation alone is unlikely to yield

an unambigious structural interpretation of the observed transcriptional variance.

Rather than individually analyze the distributions of other variables introduced in Table

3.1, we may simultaneously identify the key modes of structural variation across chromatin

fibers of all acylations via principal component analysis (PCA). PCA is a linear dimen-

sionality reduction technique which identifies the independent modes of correlated motion,

called Principal Components, which best describe variation in a set of variables. We perform

principal component analysis (PCA) on the sets of CV values for each mark, reweighted to

the Canonical Ensemble at 300K. The loading of each CV corresponding to each principal

component of the pooled data is further given in Table 3.2.

Notably, the eigenvalues of the principal components indicate that roughly 70% of all

structural variation across all acylations can be explained by linear variation in the first

principal component, followed by 15% of all variation explained by the second principal

component, with all other principal components contributing less than 15% of the variation

of the data set. We find that the first principal component strongly correlates with standard

measures of compaction, with nearly equal loadings for Re, Rg, and S20,w. Furthermore,

we find that these standard measures of fiber compaction also present with a generalized

increase in fiber surface area, as demonstrated by the high loading of NASANuc.
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Unexpectedly, this first principal component has almost no correlation to variation in fret

efficiency with a loading of −0.026, implying that this highly dominant form of collective

motion is nearly independent of relative donor-acceptor positioning. This counterintuitive

result directly implies that nucleosomal rearrangement during overall fiber condensation is at

least partially organized, such that the i±2 contacts such as between the donor and acceptor

nucleosomes rearrange almost completely independently of these global condensation events.

Supporting this proposition, we find that simulated FRET efficiency is highly correlated with

principal component 2 (loading of 0.604). PC 2 corresponds with a rearrangement of fiber

surfaces which preserves overall fiber size and condensation, but significantly increases the ac-

cessibility of Linker DNA to the nucleoplasm (loading of 0.703 for NASADNA). Conversely,

it can be said that when i± 2 nucleosomes move closer together within range of FRET, this

is highly correlated with the exposure of linker DNA to the surrounding solution.

To better understand how local fiber structures can enable this counter-intuitive in-

dependence of donor-acceptor distances from global fiber condensation, we calculate the

orientation-dependent potential of mean force between the donor and acceptor nucleosomes

for each acylation, as shown in Figure 3.5. To provide a more information-rich description,

we calculate distances between the donor and acceptor nucleosomes’ centers-of-mass in two

orthogonal spatial axes, here termed "X" and "Y", which are defined as follows. The positive

Y axis is defined in all simulation timesteps to be distance along the vector from the Donor

nucleosome COM through the top face of the nucleosome, perpendicular to the Donor dyad

axis. The positive X axis is defined in all simulation timesteps as a projection of the vector

pointing directly from the Donor COM to the Acceptor COM onto the plane perpendicular

to the Y axis. As such, the position of the Donor COM is always (0,0) in all timesteps, and

its top face normal is always identically oriented in the (0,1) direction. By construction, the

Acceptor position is defined to always lie at a positive X location, and is generally excluded

from the region around (0,0) by strong excluded volume interactions with the donor nucle-
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osome. By calculating the free energy profile in these axes (Figure 3.5), we may explicitly

identify conserved binding sites, accounting for the aspherical shape of nucleosome particles.

Surprisingly, despite the general lack of long-range order such as that described by the

ideal zig-zag or solenoid conformations, we find that the acceptor nucleosome lies in one

of at least four well-defined local free energy minima, or binding sites, around the donor

nucleosome within a clear first solvation shell. We term these positional sites (A) Stacked,

(B) Reverse-stacked, (C) Side-side associated, and (D) Improper-stacked. Though the exact

positions of these free energy minima vary by acylation, their schematic position is highly

conserved.

We find that the Stacked and Reverse-stacked binding are the most stable configura-

tions for H4K16, H4K16Bu, and H4K16Ac, while H4K16Pr’s most stable configuration is

side-side associated. Notably, of these four binding sites, both Stacked and Reverse-Stacked

are within range of FRET (i.e. R < R0 ≈ 90Å). The Improper-Stacked orientation, sta-

ble in all acylations except H4K16Ac, lies with its free energy minimum at approximately

EFRET = 0.1, and Side-side associated nucleosomes are significantly beyond the range of

FRET (EFRET ≪ 0.1).

H4K16Ac is the only acylation which exhibits significant disordered structures, with a

broad pool of possible states at ∆G0 ≈ 6kT above the free energy minimum, yet also exhibits

the most stable stacked orientation of any acylated fiber. This is unexpected, since H4K16Ac

nucleosomes exert the weakest direct attraction of any system studied here, and therefore

have the lowest stabilizing forces of site A due to direct donor-acceptor attraction. However,

these results indicate that the apparently lower stability of stacked binding in H4K16Pr and

H4K16Bu is due to the increased stabilization of non-canonical binding structures (C and D),

which are stabilized by the many-body interactions with nucleosomes other than the donor

and acceptor. Acetylated chromatin fibers maintain sufficient internucleosome attraction to

promote donor-acceptor binding, but are not sufficiently attractive to evolve higher-order
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structures necessary for the stabilization of binding sites B-D.

Furthermore, these results elucidate the origin of our previous finding that expansion of

the fiber (PC1) is not correlated with changes in donor-acceptor distances (EFRET ) For all

acylations, the Acceptor nucleosome generally sits within one of the previously described

conserved binding sites, regardless of overall fiber condensation. Furthermore, we find that

variation in PC1, i.e. overall fiber condensation, does not cause the acceptor nucleosome to

shift systematically between these four sites, resulting in the small EFRET loading of PC1.

These findings are further supported by our FRET experiments, which show that H4K16Ac

fibers have a larger fraction of acceptor nucleosomes within FRET range of the donor, and

closer spatial binding of the acceptor nucleosome than is present in H4K16Pr or H4K16Bu.

3.4.2 Diffusion landscapes

While principal component analysis can identify correlated structural variation within chro-

matin fibers, it is not capable of identifying whether these principal components dominate

the slowest collective motions of the chromatin fibers. To elucidate the fiber kinetics, we

show the results of diffusion mapping analysis for each isolation in Figure 3.6. For all acyla-

tions, we find that the slowest collective motions, i.e. the first several diffusion eigenvectors,

exhibit a wide, stable central pool of structures, surrounded by rare diversions to specific

condensed diffusion states. Importantly, we find significant energy barriers, up to 10kBT ,

between the broad diffusive pool and these rare condensed states, implying that these states

were only effectively sampled due to the replica exchange molecular dynamics methodology

discussed previously, and that transitions between these states may be rarely detected in

experiment.

For all acylations, these rare diffusion states are, on average, more compact than the

central pool, and also exhibit significant ordering. None of these states, however, can be

simply classified as canonical structures such as the zigzag or solenoid proposed in the prior
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literature, and instead display a wide array of semi-regularity with mixtures of straight and

bent linker DNA. We find 2 such compact states for H4K16Ac fibers, 3 compact states for

H4K16Bu, and 4 compact states each for H4K16Pr and H4K16. However, such numbers

must not be taken as a quantitative estimate of the total number of condensed states per

acylations, since these simulations were not explicitly designed to discover such rare and

kinetically-trapped states.

These results have significant similarity with the findings of MFD analysis performed by

Kilic et al. in ref. [94]. In that study, it was also found that the kinetic landscape of chro-

matin fibers in vitro is dominated by a large, stable pool of disordered states, complemented

by rare departures to condensed and ordered states. Furthermore, they identified very long

time scales (100µs − 5ms, with some > 100ms) for these order-disorder transitions, which

similarly implies significant free energy barriers inherent to these fiber rearrangements. How-

ever, we have insufficient data to identify a direct correlation between the diffusive states

observed in simulation and the states proposed by Kilic et al., and as such, we cannot claim

that the structures we identify in silico are identical to those found in experiment.

These diffusion maps also provide some insight as to the effect of acylation on chro-

matin kinetics. The diffusive landscapes of all acylations have very similar shapes, with all

exhibiting the aforementioned rare departures into condensed states. For acetylated fibers

only, these rare states directly correspond to significant changes in fret efficiency, which is

not exhibited by any other acylation. However, few systematic differences beyond this can

be described, and we do not find that departures to these rare, condensed states correlates

strongly with other structural parameters beyond the correlations implied by PCA.
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3.5 Relation between in vitro transcription and structural

variation

Our simulations demonstrate straightforwardly the impact of the modified internucleoso-

mal interaction caused by the acylations studied here. Whether quantified by individual

compaction parameters such as average sedimentation coefficient or by the first principal

component of our data set, we find a direct relationship between interaction well depth and

overall compaction, confirming that stronger internucleosomal interactions cause more com-

pact fibers. However, our simulations also demonstrate that the structural variation within

each acylation is significantly greater than the variation between different acylations. Fur-

thermore, we find that the DNA origami experiments are in fact consistent with our reported

fret measurements, despite their apparent contradiction: we similarly find in silico a nonlin-

ear relationship between internucleosomal interaction energy and stability of donor-acceptor

pair structures (i± 2 interactions). Furthermore, the kinetic landscape all of our chromatin

simulations qualitatively matches that described in closely related experimental measure-

ments based on Fret efficiency, entailing a predominantly disordered fiber which undergoes

rare condensation events in which it becomes temporarily more ordered.

Unlike structural variables which may be calculated at all timesteps within a simulation,

and therefore may be compared to experimental measurements, in vitro transcription data

can only be assessed from the perspective of a single quantity per experiment, and even

then is only meaningful as an average over multiple samples. However, we may ask: what

combination of structural properties best explains the average variation of transcription rates

between each acylation? That is, are there meaningful groups of collective variables which

are linearly correlated with transcription rates in our dataset?

Naive inspection of the collective variables introduced earlier does provide some insight

into transcription, as all measures rank unmodified, butyrylated, and acetylated fibers in

descending order of fiber compaction, which corresponds directly to their transcriptional
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ordering. However, none of these variables match the order of magnitude of variation found in

transcription rate, nor do any of them correctly place propionylated fibers relative to all other

PTMs. To identify if, instead, a combination of these CVs may better explain the variation

of transcription rate between acylations, we performed an exploratory analysis to identify

potentially meaningful groups of these CVs, combining both a quantitative optimization of

variable exponents with a regularization requirement which enforces a qualitative preference

for simple groups containing few variables and integer exponents. We report several of the

simplest of such collective groups in Table 3.3.

Surprisingly, we find that all seven groups share a nearly identical qualitative interpre-

tation: transcriptional rate is proportional to linker DNA accessibility in competition with

the binding of external protein ligands. This model is consistent with the details of our IVT

experiments: transcriptional activation by the GAL-VP16 System is initiated by association

of the DNA-binding domain of GAL to the chromatin scaffold, which may bear a rate related

to the available surface area of linker DNA around the promoter region.102,103 However, a

systematic evaluation of the mechanism underlying these relationships is beyond the scope

of this work. This analysis is necessarily qualitative, since this method of collective group

discovery is guaranteed to produce results, even if performed on completely randomized data.

Instead, we draw attention to the shared qualitative interpretation of these collective groups,

which we believe may warrant further study in further research.

3.6 Discussion and conclusions

In our in vitro transcription model, we see a nonlinear effect of the addition of methyl groups

onto the acyl modification of the H4K16 residue. The addition of a plain acetyl group to

this lysine dramatically increases transcription rate, with every additional methyl group

further diminishing this transcriptional gain. Our DNA origami experiments demonstrate

that these acylations directly reduce the interaction energy between stacked nucleosomes,
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with increasing numbers of methyl groups similarly minimizing the magnitude of this effect.

Counter-intuitively, however, our FRET efficiency measurements show that this modification

of interaction energy does not have a linear effect on the stability of i± 2 contacts, throwing

into question the validity of simple hypotheses correlating transcriptional activity to fiber

compaction.

However, our mesoscale simulations further support our claim that this is a true feature

of chromatin dynamics, verifying both that direct fiber compaction does not predict the

stability of i ± 2 contacts, and suggesting that transcription rate is best explained by a

competition between linker DNA accessibility to transcriptional machinery and competitive

association by external protein complexes.

Our proposed relationship between transcriptional rate and chromatin molecular surface

area is not dissimilar from other relationships proposed in the literature. Almassalha et

al. found significant association between the lifetime of colorectal cancer patients and a

chromatin structural property which they refer to as chromatin fractal dimension, which they

interpret as a relationship between transcriptionally available surface area and chromatin

density.104–106 Furthermore, it is in line with findings that genes’ expression have a power-

law dependence upon the accessibility of their promoters with an exponent of ∼ 1.7, and

this fit achieves an R2 = 0.71.107
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3.7 Tables

Collective Variable Variable Name

S20,w Sedimentation Coefficient (Svedbergs)

Rg Radius of Gyration (m)

Re End-to-End Distance (m)

NASANuc Nucleosomal nucleosome-accessible surface area (m2)

NASADNA Linker DNA’s nucleosome-accessible surface area (m2)

SASANuc Nucleosomal solvent-accessible surface area (m2)

SASADNA Linker DNA’s solvent-accessible surface area (m2)

EFRET In silico instantaneous FRET efficiency

Table 3.1: Structural Collective Variables. Each of these structural CVs were used in the
principal component analysis. The first three variables each measure overall fiber com-
paction, while the following four measure the accessibility of different parts of the chromatin
fiber to probe molecules of different sizes. The last CV, EFRET , represents the average
instantaneous FRET efficiency between probe molecules located on the 4th and 6th nucleo-
some of the 12 nucleosome fibers, in direct analogy to single molecule fluorescence detection
experiments.69
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CV PC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8

S20,w -0.441 -0.010 0.023 -0.193 -0.168 -0.015 0.467 0.722

Rg 0.435 0.039 0.021 0.159 -0.058 0.631 -0.330 0.522

Re 0.368 -0.161 -0.03 -0.085 -0.863 -0.293 0.003 -0.007

NASANuc 0.433 -0.140 -0.122 0.135 0.117 0.262 0.802 -0.184

NASADNA 0.080 0.703 0.610 0.276 -0.116 -0.091 0.167 -0.024

SASANuc 0.416 -0.093 -0.047 0.226 0.395 -0.661 -0.033 0.414

SASADNA 0.336 0.291 0.048 -0.876 0.179 -0.019 0.007 0.011

EFRET -0.026 0.604 -0.778 0.130 -0.092 -0.045 0.013 0.021

Table 3.2: Principal Component loadings. For each principal component, entries in each row
represents the component of that PC parallel to each corresponding CV. All 8 PCs represent
an orthonormal basis for the chosen collective variable space.

Collective Group Dimensions Un Bu Pr Ac

IVT Transcription - 1 1.05 1.34 1.56

Rg m 1.00 1.06 1 1.13

Re m 1 1.23 1.12 1.49

1/S20,w Sv−1 1.01 1.05 1 1.10

0.5 PC1 - PC2 - 1 1.32 2.98 7.87

SASADNA/NASANuc - 1 1.18 1.20 1.27

SASADNA ∗
(

RgRe
NASADNA

)0.2
m2 1 1.21 1.31 1.49

SASADNA
NASADNA

- 1 1.27 1.69 1.75

Table 3.3: Transcription-correlated collective groups. Each group represents a function of
previously defined CVs which bears quantitative resemblance to measured IVT values. All
groups present have been normalized by the smallest value for any acylation for comparison
to IVT results. Note that, although theoretical support for any one of these groups has not
yet been produced, the qualitative interpretation of all groups are highly similar.
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3.8 Figures
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Figure 3.1: Zewdie potential fit to experimental results. For each mark, the free energy
profile for three separate orientations is compared to the experimentally-determined free
energy profile. As described in text, zewdie parameters were chosen to ensure a match
between the modelled and experimental minimum position and energy.
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Figure 3.2: Computed EFRET peak positions compared to experiment. Both experimental
and computed EFRET distributions were approximated by a 2-fold gaussian mixture model,
and the means of both gaussian distributions are reported for each acylation. Statistical
uncertainties are reported by vertical lines for experiment and simulation datapoints, though
these uncerainties are smaller than the marker for simulated data.
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Figure 3.3: Sedimentation coefficient distributions by epigenetic mark. Histograms for each
mark are shown, with vertical dashed lines corresponding to the mean value of each distri-
bution. Dashed black line represents the mean S20,w reported in ref. [30] for their central
histogram peak, for 12 × 177 NRL chromatin arrays at 100mM [MgCl2]. All distributions
represent the combined results of all 36 temperature replicas and 3 random seeds, reweighted
to the canonical distribution at 300K by MBAR.
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Figure 3.4: Scatterplot of the first two principal components of the acylated chromatin fiber
structures. Although all distributions are highly overlapping, fibers with weaker internu-
cleosome interactions (such as H4K16Ac, purple, and H4K16Bu, grey) are located at more
positive values of PC1, indicating less compact configurations. There exists a weaker cor-
relation between acylation and PC2, which correlates with regular stacking ordering and
accessibility of linker DNA to solution.
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Figure 3.5: Free energy surfaces of donor-acceptor FRET probe-marked nucleosomes. Dis-
tance in the Y-axis represents donor-acceptor displacement parallel to the normal vector
extending from the top face of the donor nucleosome. Distance in the X-axis represents the
component of the donor-acceptor displacement orthogonal to this Y-axis. The red ellipse on
each plot represents the level set of EFRET = 0.1, which effectively separates "bound" and
"unbound" structures as they have been labelled in the corresponding experimental EFRET
distributions.
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Figure 3.6: Diffusion maps of structural variation for each acylation. Each diffusion map
can be described as having a broad, central pool of states which can freely interconvert.
Fibers bearing each acylation experiences slow, rare diversions to more condensed states,
visible as partially connected trails of points leading away from the central structures. Each
scatterplot is colored by sedimentation coefficient to illustrate that these rare structures are
more condensed than typical structures. Pictured structures are representative of typical
stuctures near their respective local free energy minima.
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Figure 3.7: Geometry of the 2-body free energy surfaces. The Y axis is defined as the normal
of the donor nucleosomal plane, and therefore the orientation of the donor nucleosome is
always planar to the X axis. The X axis is defined as the vector in the orthogonal plane to
the donor normal which points most directly towards the COM of the acceptor nucleosome.
The acceptor nucleosome orientation is not defined by this projection.
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CHAPTER 4

IN SILICO METHOD FOR CROSS-COMPARISON OF

EPIGENETIC SSMLM

IMAGING AND HI-C ANALYSIS

4.1 Introduction

Developments over the past several decades in experimental structure probing methods have

led to significant improvements in our understanding of chromatin organization. Specifically,

the development and refinement of high-throughput chromatin conformation capture (Hi-C)

methods have enabled quantitative insights hierarchical organization of chromatin from the

range of inter-chromosomal interactions to sub-kilobasepair interaction patterns.70,108,109 Hi-

C methods have also been instrumental in the development of key biophysical phenomena

such as cohesin-dependent loop extrusion, and have played a key role in the establishment

of the consensus of chromatin as a fractal polymer.108,110–112

However, the immense power of Hi-C techniques have come with drawbacks; increases in

Hi-C data resolution require exponential increases in high-throughput sequencing reads in

order to resolve the frequency of rare contacts, which in turn requires very large numbers of

cells and high sequencing costs.70,108,109 Furthermore, the method’s reliance on population-

average structure has precluded the identification of structural features which in single cells

deviate strongly from the population-average behavior. Heroic efforts have been made to ex-

tend the method to single-cells, with113–115 However, the overall paucity of read counts have

significantly hampered the interpretability of supra-megabasepair structure, which critically

depends on the detection of interactions across logarithmic scales of frequency.116–118 Some

groups have made great strides in statistical imputation techniques, by which the sparse

dataset of cell-by-cell Hi-C data would be augmented by nonlinear local averaging of similar

datapoints via classical statistics and machine learning methods.119–122 It remains unclear if
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the mechanistic insights based on these imputed single-cell datasets are widely applicable or

verifiable without dramatic advances in experimental techniques.These inherent difficulties

have created significant demand for alternative experimental approaches or data analysis

methods which may provide complementary insight into single-cell chromatin structure.

Recent advances in super-resolution optical microscopy techniques123–125 have provided

a naturally complementary approach to understanding chromatin structure in single cells,

via either DNA hybridization approaches126–128 or immunofluorescence/spectroscopic single

molecule localization microscopy (IF-sSMLM).129–133 FISH-based chromatin tracing tech-

niques on the contrary provide spatial information about gene loci across entire chromosomes,

but require highly involved sequential fixation, hybridization, and imaging steps in addition

to a highly expensive library of oligonucleotide labels, which together appear to have made

widespread adoption of these techniques challenging to the scientific community.134 sSMLM

techniques leverage the capabilities of switchable fluorescent antibody tags to localize and

discriminate multiple epitopes simultaneously in single cells with typical spatial resolutions

below 100 nm, and with the potential to measure time-domain information and with spatial

resolution beyond the diffraction limit. Such techniques have already seen applications mea-

suring histone modification dynamics and segregation across heterochromatin and euchro-

matin domains, among other insights.129,135–137 However, traditional IF-sSMLM techniques

which target epigenetic marks carry the significant drawback that sequence information is

generally lost, which creates significant difficulties for both interpreting the effect of observed

biophysical phenomena on specific genes, and for comparing any gained single-cell insights

to sequencing-based techniques like Hi-C.

In this work, we employ a hybrid top-down, bottom-up approach and develop a tech-

nique to extract maximal information from IF-sSMLM data to enable quantitative predic-

tions about limiting Hi-C maps from single-cell sSMLM data. In this approach, we utilize

a nucleosome-resolution polymer model for chromatin structure to construct and validate a
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direct relationship between the plaid pattern of Hi-C contact maps and fluorescence colocal-

ization observed in IF-sSMLM images. The result of our work is a pipeline which incorporates

ChIP-Seq data and IF-sSMLM images to construct a most probable contact map of the un-

derlying chromatin polymer based entirely on definite, analytical formulas and bottom-up

polymer modeling, thereby providing preliminary estimates of the results of otherwise ex-

pensive and difficult Hi-C experiments for further interpretation. Additionally, we develop a

novel machine learning technique, utilizing Convolutional Neural Networks (CNNs), to per-

form the same projection of IF-sSMLM images to Hi-C characteristics beyond the accuracy

limits of the described analytical method. Lastly, we discuss the long-term potential of this

class of methods in describing single-cell characteristics and chromatin structure.

4.2 Methods

We derive here our analytical framework for the interpretation of contact-map structure from

IF-sSMLM images. The framework we describe here explicitly references a nucleosome-scale

polymer model, but is generally applicable to any representation of chromatin structure which

includes the positions of individual nucleosomes. We first discuss methods for producing in

silico contact maps and IF-sSMLM images, and derive formulas for two descriptive statistics

which are measurable by both methods: the molar contact ratio, which captures epigenetic

mark separation, and the chromatin fractal dimension, which captures the chromatin density

heterogeneity. Lastly, we introduce the polymer model for chromatin which we use to produce

chromatin structures to which we apply our proposed analysis methods.

4.2.1 Chromatin representation

Suppose we analyze a chromatin fiber consisting in a set of N nucleosomes. Let r⃗(t) =

(⃗r1(t), r⃗2(t), ..., r⃗N (t)) represent the set of all instantaneous positions of all nucleosomes in

the chromatin fiber at instant t, i.e. Monte Carlo step t. For any epigenetic mark α, let the
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binary-valued composition vector x⃗α of size 1 × N represent the index of each nucleosome

bearing mark α, with a total of marked nucleosomes termed Nα.

4.2.2 Analysis Methods

4.2.3 Contact Functions and Mapping

Given any such representation of the positions of each nucleosome in a segment of chromatin,

we can derive an expression for its corresponding contact map as follows. We define a contact

function h(⃗ri(t), r⃗j(t)) between any two nucleosomes i and j which has the properties:

lim
∥⃗ri(t)−r⃗j(t)∥→∞

h(⃗ri(t), r⃗j(t)) = 0 (4.1)

lim
∥⃗ri(t)−r⃗j(t)∥→0

h(⃗ri(t), r⃗j(t)) = 1 (4.2)

This contact function tracks if any two nucleosomes are in physical contact with each

other, and would likely contribute sequencing reads in a Hi-C experiment. After choosing

an exact functional form for h(⃗ri(t), r⃗j(t)), one may calculate an in silico contact map by

averaging the value of this function for all pairs of nucleosomes over a statistical ensemble

of instantaneous structures, or Monte Carlo steps. Since multiple different contact functions

have been employed by different authors71,138,139 without appreciable effect on their results,

we employ an efficient grid-based contact function equivalent to that adopted by MacPherson

et al.:71

g(⃗ri(t), r⃗j(t)) =


1, c(⃗ri(t)) = c(⃗rj(t))

0, otherwise
(4.3)

where c(⃗ri(t)) represents the cell in the 3-dimensional simulation grid which contains the

location r⃗i(t). The cumulative sum of the contact functions between all genomic loci is

binned at a pre-defined resolution (here chosen to be 10 kbp), and tracked throughout the
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simulation. The final matrix of contact frequencies across the simulated region is plotted on

a logarithmic scale to produce a contact map, in a fashion equivalent to the construction of

a Hi-C map from Next-Generation Sequencing (NGS) read counts.108

4.2.4 Deriving the Molar Contact Ratio from Hi-C Data

In order to determine estimates of the contact maps of chromatin segments based on their

IF-sSMLM images, it is necessary to define which key characteristics of contact maps are

valuable to reproduce. As discussed by prior authors,70,108,112 one key feature of Hi-C

maps is the “plaid pattern" of alternating nuclear subcompartments, which represents the

separation of heterochromatin and euchromatin in the nucleus. This plaid pattern is typically

quantified by the first principal component of the Hi-C maps for 21 of all 23 chromosomes,

and has been observed in single cells,126 justifying its investigation here. The second primary

feature of Hi-C contact maps is the relationship between genomic distance between loci and

their contact frequency, typically quantified as a power law relation which has been argued

to reflect the fractal globule structure of chromatin.70,108,112,140,141 Further details of Hi-

C contact maps include patterns of chromatin loops and topologically associating domains

(TADs). However, the nature of this genomic distance relationship and of TAD structure in

single cells remains a point of significant controversy, with experimental evidence indicating

that these population-wide characteristics are likely not reflective of single-cell chromatin

structures.110,111,126,127 As such, we have chosen to neglect treatment of TADs in this study,

and consider the genomic distance relationship or fractal dimension only as a special case

in our analysis. Given this, we seek to define descriptive statistics which can be calculated

for both Hi-C contact maps and for IF-sSMLM images and which capture both the plaid

pattern and the fractal structure of the underlying chromatin.

We can define a quantification of the Hi-C map plaid pattern which is amenable to

estimation from IF-sSMLM as follows. Suppose that the results of a Hi-C experiments are
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represented as a matrix of Hi-C contact frequencies A with resolution δ and shape N
δ ×N

δ . In

the ideal case, the experimental data A may be conceptually related to the contact function

h defined previously as:

Ai,j = Mtotal

〈
h(⃗ri, r⃗j)

〉
exp (4.4)

where Mtotal is the total number of sequencing reads detected, and the average is taken

over all digested cells in a Hi-C experiment. This is necessarily a simplification, and does

not include sources of variation based on varying read count per cell, sequencing detection

efficiency and biases, and others.

Let us define C(α, β) as the sum number of contacts detected in this experiment between

all genetic loci with marks α and β. C(α, β) can be determined from the composition vectors

and the experimental data matrix A via the formula

Cexp(α, β) = x⃗⊤αAx⃗β , (4.5)

This same quantity may also be calculated for a simulated chromatin segment. For a

given spatial trajectory of T Monte Carlo steps of a segment of chromatin and the contact

function g defined in Equation 4.3, we construct a simulated contact matrix Asim as

Asim
i,j = T

〈
g(⃗ri(t), r⃗j(t))

〉
t<T . (4.6)

From this and the composition vectors, we determine

Csim(α, β) = x⃗⊤αA
simx⃗β (4.7)

=
T∑
t=0

∑
i∈Nα

∑
j∈Nβ

g(⃗ri(t), r⃗j(t)) (4.8)

To quantify the Hi-C plaid pattern, we define a quantity which we term the ‘molar contact
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ratio’ between genomic regions marked α and β as:

Rα(β, α) =
C(α, β)

C(α, α)
(4.9)

This quantity, which is defined R(β, α) ∈ [0,∞), is a measure of the relative frequency

of ‘self-other’ to ‘self-self’ contacts, and is similar to other dimensionless parameters which

quantify the extent of phase separation in chromatin.142 For a fixed sequence of epigenetic

marks, an increase in R(β, α) corresponds with a weakening of the plaid pattern, while a

decrease in R(β, α) causes the plaid pattern to become more prominent.

This ratio can be calculated either from an in silico chromatin trajectory using Equation

4.8 or from a Hi-C contact matrix using Equation 4.5, leading to two formulas for its value:

Rsim(β, α) =

∑T
t=0

∑
i∈Nα

∑
j∈Nβ

g(⃗ri(t), r⃗j(t))∑T
t=0

∑
i∈Nα

∑
j∈Nα

g(⃗ri(t), r⃗j(t))
(4.10)

Rexp(β, α) =
x⃗⊤αAx⃗β

x⃗α
⊤Ax⃗α

(4.11)

We note that, by construction, Rsim(β, α) = Rexp(β, α) exactly if the following assump-

tions hold:

1. Equation 4.4 holds true; i.e., there exists a contact function h(⃗ri, r⃗j) whose average

value is linearly related to the number of measured contacts between loci i and j.

2. g(⃗ri(t), r⃗j(t)) = h(⃗ri, r⃗j ; i.e. the simulated contact function is an exact approximation

of the true contact function.

3. The resolution of the experimental contact matrix A and the experimentally-determined

sequence of epigenetic marks, x⃗α, are taken at the same resolution as their in silico

analogs.

4. The in silico polymer model exactly reproduces the experimental distribution of pair-
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wise contact frequencies.

This molar contact ratio has several useful properties. First, it is internally normalized

and scale-independent, so that the absolute number of sequencing reads or resolution of

a Hi-C dataset does not systematically affect its characteristic molar contact ratios. For

example, both doubling the number of sequencing reads (Mtotal) from a Hi-C experiment and

doubling the duration of a simulation (T ) would result in doubling both the numerator and

denominator of Equation 4.10, yielding the same value for Rα(β, α). Secondly, it is defined

relative to epigenetic marks whose sequence can be determined by other methods external

to Hi-C itself (e.g., ChIP-seq), unlike other compartmentalization measures such as the first

principal component of the Hi-C matrix which defines nuclear subcompartments A and B,108

whose positions along the genome depend upon the values of the Hi-C experiment itself.

Lastly, the quantities in its numerator and denominator have direct physical interpretation,

namely as "how many times throughout a given experiment do loci i and j collide with each

other?", which allows us to calculate the ratio via multiple routes, such as the spatially-

based analysis of Equation 4.10 or the sequencing-based analysis of Equation 4.11, and

apply physics-based arguments to approximate their value. It is this inherent flexibility and

transferability which allows us to estimate Rα(β, α) from IF-sSMLM images.

4.2.5 In silico IF-sSMLM Imaging

To derive in silico sSMLM images from ensembles of simulated polymer structures, we design

a computational procedure which mimics the experimental procedures which are in common

across multiple sSMLM studies.129,143–145 We divide the experimental procedure into three

sections which we will replicate: (1) immunofluorescence staining, (2) photophysics approx-

imation, and (3) image collection. Our approach is ultimately similar to that used by other

authors146 for in silico SMLM image generation, but enabled us to construct images in an

automated, high-throughput manner via a command-line interface (CLI).
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During our immunofluorescence staining stage, we select a random subset of marked nu-

cleosomes to become bound with reversibly-switchable fluorescent tags. We treat this by

first defining an average fluorophore concentration, ρ
f
α, for use in imaging. For each im-

age of the simulation box with volume V , ρfαV individual epitopes (i.e., nucleosomes with

mark α) are randomly selected as “tagged" by fluorophores. Experimentally, the concen-

tration of fluorophores are carefully chosen to produce ρ
f
α values as bounded by practical

considerations; low values of ρfα lead to slow image acquisition times, while high values of

ρ
f
α may lead to overlapping point-spread functions (PSFs) in individual imaging timesteps,

thereby preventing the resolution of individual fluorophores from the diffraction-limited raw

data. For each image, we randomly select an average fluorophore concentration, ρfα, from an

experimentally-relevant range based on heuristics provided to us by the authors of Brenner

et al.143 for each image. This procedure produces a set of fluorophore-tagged nucleosomes,

termed here Fα, with cardinality |Fα| = ρ
f
αV for each epigenetic mark.

Once all fluorescent-tagged nucleosomes are selected, the next step of our imaging pro-

cedure is the treatment of the relevant photophysics of sSMLM imaging. In experiments

utilizing reversibly-switchable fluorophores, each fluorophore molecule undergoes stochastic

transitions between fluorescently active and inactive states before ultimately photobleach-

ing, which irreversibly renders the molecule permanently inactive. While the molecule is

in an active state, its fluorescence can be identified by a detector as the appearance of a

wide, isolated PSF, while all inactive states are generally indetectable. Each separate PSF

identified in a single imaging timestep is termed a single “localization".146,147 The result

of these complex photophysical dynamics is that each fluorophore will produce a random

number of detectable fluorescent localizations before photobleaching, which can be empiri-

cally described as a Poisson distribution with parameter γα dependent on both the intrinsic

photophysics of each fluorophore and the experimental details of the measurement.147

We assume here that the average number of localizations per fluorophore takes a single,
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constant value for each mark and each image, but is constant with respect to all other

variables and conditions. For each labelled fluorophore i, we draw the number of observed

fluorescent localizations liα from a Gaussian distribution with mean and variance equal to γα,

and draw an independent value of γα for each mark and each image from the reasonable range

γα ∈ [10, 20]. We use the normal approximation to the Poisson distribution to enable testing

of the possible influence of non-Poissonian statistics for liα on our analysis pipeline, which

can describe the photophysics in some systems.148,149 Our testing indicated that deviations

of the observed photobleaching behavior from Poisson statistics did not yield a measurable

reduction in analysis accuracy.

Performing this procedure for all tagged nucleosomes yields the total number of localiza-

tions Lα originating from fluorophores bound to mark α as:

Lα =
∑
j∈Fα

l
j
α = N

(
γαρ

f
αV, γαρ

f
αV
)

(4.12)

Before image collection can begin, each generated localization j must be assigned both

a centroid position r⃗′j and a positional uncertainty σj before being recorded on an in silico

detector. Experimentally, the positional uncertainty is determined by both the width of

the PSF and by the number of photons collected from each localization. Since photon-by-

photon counting statistics lie outside the scope of this work, we avoid directly modeling the

diffraction-limited image and individual photon bursts, and instead sample each uncertainty

from a Gaussian distribution, whose parameters are selected from a range chosen to match

reasonable values observed in experiments.143 Once the uncertainty of each localization is

determined, the centroid of that localization is sampled from a second Gaussian distribution,

centered at the exact corresponding nucleosome position, with width equal to the localization

uncertainty. The location and uncertainties of all localizations is then saved explicitly for

further analysis.

For the final image collection stage of the in silico sSMLM imaging process, we first
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prepare an in silico “detector" array, 500 pixels by 500 pixels, with two channels, one for

each fluorophore type. We imprint this detector array with the uncertainty distribution of

each detected localization by adding to it a Gaussian mask, centered at each localization’s

position and with width given by its positional uncertainty. The final detector array is lastly

converted into a single PNG by recasting the continuous-valued RGB channels into 8-bit

integers, using OpenCV,150 to create images analogous to classical experimental sSMLM

images for visual inspection and later processing. Exact positions and uncertainties all

localizations are also saved.

4.2.6 Estimating the Molar Contact Ratio from sSMLM images

We seek an estimator for the molar contact ratio which can be determined from individual

sSMLM images, or their corresponding sets of localizations and uncertainties. However, the

locations of individual nucleosomes are not accessible to us, which are required to evaluate

prior equations such as 4.8. We notice that equation 4.8 may be rewritten as

Csim(α, β) = NαNβ

T∑
t=0

〈
g(⃗ri(t), r⃗j(t))

〉
sim , (4.13)

with the contact function averaged over all simulated pairs of nucleosomes i and j bearing

marks α and β, respectively. Inspired by this form, we propose the following estimators,

Ĉ(α, β) and R̂α(β, α), based on a transformation of the contact function introduced in

Equation 4.3:

Ĉ(α, β) =
NαNβ

LαLβ

∑
i∈Lα

∑
j∈Lβ

g′(r⃗′i, r⃗′j) (4.14)

R̂α(β, α) =
Ĉ(α, β)

Ĉ(α, α)
. (4.15)

The contact function g′(r⃗′i, r⃗′j) is a grid-base contact function with the same form as
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in Equation 4.3, with the prime denoting that the grid used here is a 2-dimensional grid

defined at analysis-time over the sSMLM image. This imaging grid need not necessarily use

the exact same side length l as the 3D grid which was used in the polymer simulation.

The motivation for the choice of these estimators is straightforward. If in some subregion

of an IF-sSMLM image there exist lα localizations, then

n̂α =
lαNα

Lα
(4.16)

is a Maximum Likelihood Estimator for the number of nucleosomes within that same subre-

gion, discounting the contribution of localization uncertainties. Since the grid-based contact

function we employ directly relates the subpopulations of colocalized nucleosomes to num-

bers of internucleosome contacts, this estimator enables a relationship between colocation

of fluorescent localizations to be approximately correlated with numbers of internucleosome

contacts. The exact contribution of localization uncertainty to contact probability may fur-

ther be explicitly calculated for any pair of localizations, as their distance is a Rice-distributed

random variable.151 However, the effect of uncertainty is not straightforward when counting

contacts among more than two localizations, or positionally correlated localizations such as

those studied here, and therefore approximations such as those in equation 4.15 are necessary.

The prefactor before the summation in Equation 4.14 renormalizes the weight of every

‘detected’ contact to account for the fact that the number of localizations associated with a

mark is related to, but not equivalent to, the number of nucleosomes with that mark. As such,

so long as the quantity of nucleosomes for any given mark is known (e.g., through previous

ChIP-seq and mass spectrometry data), this estimator accounts for variation in the degree of

labelling between different fluorophores and temporal variation in localization frequency that

may occur due to photobleaching throughout an experiment. More complex methods which

link the number of localizations in a sSMLM image with the underlying number of bound

target molecules were investigated, but ultimately were not found to significantly improve
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on the accuracy of this simple method.

4.2.7 Polymer Model

We treat chromatin as a statistical block copolymer wherein each nucleosome is represented

as an explicit bead, and each nucleosome bears exactly one of two possible epigenetic marks,

α or β. In this paper, we follow the approach of MacPherson et al.71 and partition the

genome into 200-basepair (bp) bins, each representing a separate nucleosome, and represent

each of these bins as a single particle. Although more marks or alternative representations

could be used, it has been previously shown that this minimal representation is sufficient

to induce heterochromatin-euchromatin microphase separation – the primary phenomenon

of interest in this study.71 This representation allows us to represent the sequence of the

chromatin polymer as a binary-valued vector.

The potential energy function of our polymer model can be decomposed into bonded and

nonbonded potential terms,

U (⃗r) = Ub(⃗r) + Unb(⃗r), (4.17)

representing respectively the interactions between sequential nucleosomes along the chromo-

some backbone (i.e., between the jth and the (j+1)th nucleosomes), and the net interactions

between all other pairs of nucleosomes. We calculate Unb(⃗r) using the Theoretically-Informed

Coarse Grained (TICG) model for block copolymers,152 a polymer mean-field technique orig-

inally developed to study phase separation in polymer blends and block copolymers. A vari-

ation on this model has recently been used by MacPherson et al.71 to model HP1-dependent

phase separation behavior in chromatin. Non-bonded interactions in this model are calcu-

lated via a field-theoretic Hamiltonian based on the local density of the polymer calculated
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over a cubic grid with side length 3
√
Vc = 29.7nm:

Unb(⃗r) = Vc
∑

c∈ grid
χs(ϕα,c(⃗r) + ϕβ,c(⃗r))

2

+ χαβϕα,c(⃗r)ϕβ,c(⃗r) (4.18)

where Vc is the volume of cell c, χs is the polymer-solvent interaction parameter representing

the free energy between nucleosomes and the solvent (nucleoplasm), and χαβ is the Flory-

Huggins interaction parameter between monomers of types α and β.153,154 ϕi,c is the volume

fraction of nucleosomes with mark i in grid cell c, which is calculated for each cell as

ϕα,c(⃗r) =
∑
i≤N

νnuc
Vc

1c(⃗ri) (4.19)

where νnuc is the volume of an individual nucleosome, and 1c(⃗ri) is an indicator function

which equals 1 if r⃗i is within the cell c, and 0 otherwise. Of all terms, only χαβ and χs are

undetermined constants.

The value of χα,β determines the propensity of chromatin with different marks to mix,

and therefore is of critical importance to the phenomenon of phase separation. If χα,β is

positive, nucleosomes with different epigenetic marks effectively repel each other, leading to

a preference for ‘self-self’ contacts throughout the polymer. If the value of χα,β is sufficiently

large and positive, the energy of this repulsion overcomes the entropic tendency toward mix-

ing of components and, in block co-polymers and in polymer blends, the polymer solution

phase-separates into separate regions enriched in different marks (α or β) compared to the

bulk composition.152,155 The representation of the nonbonded interaction of Eqn 4.18 enables

the modeling of such nonbonded-interaction-induced phase separations, as well as thermo-

dynamically complete density fluctuations, while remaining fast enough (computationally

O(N)) to permit the simulation of chromosome-scale segments of the genome (∼ 100 Mbp
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or generally > 100, 000 nucleosomes).

Following the strategy of MacPherson et al.,71 we model the bonded energy Ub(⃗r) as a

Discretized Shearable-Stretchable Worm-like Chain (DSSW), which is a variant of the tra-

ditional worm-like chain which enables more accurate reproduction of the persistence length

characteristics of semi-rigid polymers.156 The polymer-solvent interaction parameter, χs,

sets the magnitude of density fluctuations throughout the simulated polymer, but its value

is not known exactly for chromatin in vivo. Recent ChromEMT results31 have confirmed that

interphase chromatin density varies across a wide range from roughly ∼ 0% to 50% by vol-

ume across individual nuclei, indicating that large, positive values of χs which would prevent

significant density variation would not be physical.31 We follow the insights of MacPherson

et al.,71 who note that a small, positive value of χs such as 1 (kBT ) enforces positive com-

pressibility of the polymer, while still allowing the density to still vary significantly between

different regions of the polymer. As such, we set χs to 1 kBT for these simulations.

4.2.8 Epigenetic Sequence Generation

Epigenetic marks are not completely randomly arranged along the genome. By a variety of

biological mechanisms, nucleosomes with any particular epigenetic mark tend to be found

close to other nucleosomes with the same mark – i.e., the probabilities of nearby nucleosomes

having any particular epigenetic mark are correlated.157–159 As the genomic distance between

two nucleosomes increases, this correlation decreases in strength.

We reproduce this short-range sequence correlation using the treatment of ‘random-

block’ statistical copolymers developed by Fredrickson et al.160,161 and further developed

by Khokhlov et al..162,163 In this treatment, the copolymer sequence is treated as the prod-

uct of a Markov-step growth process in which the probability of a specific monomer type

(i.e., epigenetic mark) being present at position i is determined by the monomer type present
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at position i− 1, with a Markov transition probability matrix p given by

p =

pαα pαβ

pβα pββ

 . (4.20)

This arises naturally in the case of synthetic copolymers produced by polymerization

in a medium containing two or more reactive species, but the statistics which govern these

sequences can be used to describe other polymers.162,163

Conveniently, for any given an average monomer fraction (e.g., xα, the mole fraction

of monomer type α), this theoretical model has only one degree of freedom.160 We fix this

remaining degree of freedom by specifying λ, the nontrivial eigenvalue of p, which may

vary between -1 and 1. This λ, termed the sequence correlation parameter or the sequence

blockiness, controls the short-range correlations of the sequence,160,161 with high values

resulting in sequences with successive long repeats of α or β and low or negative values

resulting in alternation between the monomer types.164 Though additional, longer-range

sequence correlations can exist and can affect the thermodynamic properties of statistical

polymers, it has been found that this model is sufficient to reproduce much of the effects of

sequence inhomogeneity on statistical copolymer structure.162,163

The exact procedure by which we generate polymer sequences is as follows. First, we

determine the elements of the matrix p which satisfies the given the values of xα and λ by

solving the linear system of constraints (e.g., as given by Rumantysev et al.164):

xαpαα + (1− xα)pαβ = xα (4.21)

pαα + pββ + 1 = λ (4.22)

pαα + pβα = 1 (4.23)

pαβ + pββ = 1 (4.24)
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The composition of the first monomer is chosen randomly with p(α) = xα. Then, the

composition of all remaining monomer units are determined by successive random number

generation and comparison to the appropriate entries in the matrix p. In this manner, many

different copolymer sequences obeying a specified xα and λ can be efficiently generated.

4.2.9 Parameter selection

Our chromatin model is, after the above simplifications, fully defined by a set of four unde-

termined parameters. Three, introduced previously, are χα,β , the Flory-Huggins interaction

parameter, xα, the monomer fraction of α-marked nucleosomes, and λ, the sequence corre-

lation parameter of the chromatin backbone. The fourth, ρ, is the polymer volume fraction

which fixes the number of cells in the grid for any chosen number of nucleosomes N, and

thereby sets the average volume fraction across all gridcells – i.e.

ρ =
〈
ϕα,c(⃗r) + ϕβ,c(⃗r)

〉
c∈grid (4.25)

However, these parameters do not take single, universal values which accurately describe

chromatin in all contexts. ρ varies spatially and with the cell cycle,31 while λ and xα vary

across different epigenetic marks and cell type.80 χα,β empirically represents the effects of

both direct interactions between nucleosomes marked with α and β, and their indirect inter-

actions mediated by trans-acting ligands such as HP1α,71,165 whose population cannot be

assumed constant across contexts. To capture this diversity in chromatin’s characteristics,

we generate polymer sequences and perform Monte Carlo simulation for 5,000 discrete com-

binations of values for each of these parameters chosen from within a range of biologically

plausible values.

We determine plausible boundaries for each parameter as follows. xα is a mole fraction

which by definition ranges between 0 and 1; we additionally restrict this range to exclude the
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homopolymer end-member systems (xα = 0 and xα = 1), which are not of interest in this

study. The range for χα,β was chosen empirically based on preliminary polymer simulations

which identified that the most significant changes in copolymer morphology appeared to

occur in the range χα,β ∈ [−5, 10]; we slightly expanded this range to χα,β ∈ [−15, 15] to

ensure further structural variation wasn’t missed.

We base our bounds on ρ upon the findings of Ou et al. in [31], which found that in

mitotic U2OS nuclei, the distribution of chromatin volume fraction is approximately gaussian

between 12% and 52%, with less than 5% of regions having a density greater than 45%. From

these results, we choose the limits of simulated ρ to 10% and 40%, with the slightly more

restrictive upper bound due to numerical issues caused by chromatin volume fractions above

approximately 40%.

To determine reasonable bounds of λ, we computed Maximum Likelihood Estimates of

the value of λ from a set of experimental ChIP-Seq sequences, chosen by convenience as the 12

epigenetic marks listed in the ENCODE database for HCT116 cells. Following the strategy

of MacPherson et al.,71 we first pool the Chip-Seq read-counts into 200bp bins, representing

approximately individual nucleosomes. We then binarize this Chip-Seq data according to a

threshold which we adjust until the fraction of marked nucleosomes equals that determined by

mass spectrometry.80 For each resulting vector of epigenetic mark locations, we determined

the Maximum Likelihood Estimate of λ given total fraction of that epigenetic mark. It was

found that the values of λ across the 12 chosen epigenetic marks varied between 0.55 and

0.8, a range which we used identically to select candidate parameter values for sequence
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generation. The resulting parameter ranges are

χα,β ∈ [−15, 15] (4.26)

ρ ∈ [0.1, 0.45] (4.27)

xα ∈ (0, 1) (4.28)

λ ∈ [0.55, 0.8] (4.29)

For each of the 5,000 simulations, we select individual values for the parameter set ρ, χα,β , xα, λ

by Latin Hypercube Sampling, which randomly samples the parameter space while also en-

suring uniform coverage of subspaces and minimizing any spurious random correlation of the

parameters.166

4.2.10 Monte Carlo Simulation

To ensure structural equilibration of the simulated chromatin polymer, we employ a mixture

of four global and local Monte Carlo moves. Following the strategy of MacPherson et al.,71

these moves are 1. Translation, 2. (End) Rotation, 3. Crankshaft, 4. Pivoting. We observe

an autocorrelation time of τ ≈ 800 cycles for long-range interaction counts (i.e., the product

ϕiϕj). Simulations are conducted for the lesser of 36,000,000 Monte Carlo cycles or 24

hours wall-time, typically ∼ 360, 000 cycles, or tsim ≈ 450τ , to ensure equilibration of slow

structural modes.

4.3 Results

4.3.1 Charaterizing the range of simulation results.

To characterize the range of computational results across all 5,000 simulations, we use the

spatial contact matrix calculate the observed molar contact ratio for each simulation, and
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plot this as a function of each of the four simulation parameters defined previously (χαβ ,

xα, ρ, and λ). As shown in Figure 4.2A-B, molar contact ratio is most heavily influenced

by the heterogeneous interaction strength χαβ and polymer composition xα, and is much

less affected by polymer density and sequence blockiness. Below an interaction strength of

approximately 2.5kBT (where kB is the Boltzmann constant), the molar contact ratio is

almost exclusively determined by the composition of the polymer. At and above interaction

strengths of 5kBT , the molar contact ratio decreases as repulsion increases as expected.

However, no discernible trend between molar contact ratio and either polymer density ρ or

sequence blockiness λ can be readily determined.

To quantify if a phase separation may be occurring at high interaction strengths, we

calculate an order parameter as which we define as:

S = R (β, α)R(α, β) =
C (α, β)2

C(α, α)C(β, β)
(4.30)

For all systems, S ∈ [0, 1]. S = 1 implies a compositionally homogeneous system, while

a S = 0 describes a system which is perfectly phase separated, in which there is no spatial

overlap between monomers of different types. The values of S for all simulations are shown in

Figure 4.2C-D, plotted against the same simulation parameters. As before, the system order

is almost wholly determined by the heterogeneous interaction strength χαβ and polymer

composition. For simulations where χαβ < 5, there exists a wide range of compositions

centered on xA = 0.5 for which the system is mostly homogeneous. For χαβ ≥ 5, the

system is heterogeneous and remains separated for all compositions. There is no discernible

relationship between this order parameter and either polymer density or sequence blockiness.
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4.3.2 Validating Analytical Molar Contact Ratio Prediction

We performed the procedure described previously to estimate the molar contact ratio from

sSMLM images derived from each of the 5,000 simulations. For each simulation, 10 evenly-

spaced simulation snapshots were selected for imaging, 10 imaging parameters were randomly

generated, and an sSMLM image was generated for each pair of frame and imaging parameter,

for a total of 500,000 images. To assess the accuracy of this analytical method, we show

in Figure 4.3 the value of these predictions plotted against the ground truth contact ratio

calculated from the spatial Hi-C Matrix via Equation 4.11. The majority of data points

are extremely well-predicted, having very small residuals from the line of zero residuals.

However, there also exists a large body of data points for which the analytical prediction

vastly overestimates the contact ratio. To explain this, when these data are colored by the

order parameter introduced earlier (also show in Figure 4.3), it is revealed that this phase

separation order parameter is extremely predictive of the estimation error: the contact ratio

is greatly overestimated in strongly phase separated systems, and is accurately predicted in

homogeneous systems.

Furthermore, this relationship between prediction error and the order parameter S is

highly systematic (i.e., nonrandom), which suggests that knowledge of the order parameter

itself may be used to correct the prediction. We show the result of such a correction in in

Figure 4.4A, where we scale each predicted contact ratio by Sγ , where γ = 0.65, and is a con-

stant which was tuned manually until the manifold of predictions appeared to collapse onto

the line of zero residuals. This demonstrates that a priori knowledge of this order parameter

can be used to correct the analytical prediction, resulting in extremely high accuracy. We

also show the same correction applied using the estimated order parameter Ŝ, defined as

Ŝ = R̂(β, α)R̂(α, β) (4.31)
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and derived purely from the IF-sSMLM images. However, as shown in Figure 4.4B, if we

have no a priori knowledge of the order parameter and must instead estimate it directly

from the results of the analytical prediction, the resulting correction performs very poorly.

4.3.3 Machine Learning-based Contact Ratio Prediction

This prediction difficulty in highly phase-separated systems raises a fundamental question: do

two-color/ two-mark IF-sSMLM images of these systems simply contain enough information

to predict the molar contact ratio beyond the limits achieved analytically in Figure 4.4?

That is, can any method of analysis perform significantly better at predicting contact map

characteristics than we have achieved here? To begin to answer this question, we design

and train a convolutional neural network (CNN) to predict molar contact ratio from sSMLM

images, aided by our previous analytical estimation, as well as two other measures: the

polymer density ρ and the interaction strength χαβ . Though the failure of the CNN would

not prove this estimation task impossible, a success of the CNN would prove that sufficient

information is encoded in the sSMLM images to accurately determine the contact ratio, even

if a broadly applicable analytical method still eludes us.

We base the structure of our CNN on that of VGG-16, which was originally developed

for general image classification.167 We replace VGG-16’s terminal softmax layer with a fully-

connected layer to ensure the CNN performs regression instead of classification. As shown

in Figure 4.6A, we also add a secondary input layer after all convolutional layers to provide

additional engineered features to the network which may improve prediction. Three alterna-

tive versions of this secondary input layer were designed and tested: ’Fully Featured (FF)’,

’Minimally Featured (MF)’, and ’Non-featured (NF)’. The FF network was provided with a

vector of 6 features which were calculated before training and appended to each image in the

training set: [R̂(β, α),R̂(α, β),Ŝ,xa,xb,λ], under the reasoning that these quantities have the

possibility of being estimated when the IF-sSMLM data is combined with ChIP-Seq data.
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The MF network included a more restrictive set of only 3 features: [R̂(β, α),R̂(α, β),Ŝ], which

may all be analytically determined from the IF-sSMLM images via equations 4.14, 4.15 and

4.31 without any additional experiments. Lastly, to verify if the above features improved

the network’s prediction accuracy, the NF network was designed to have no secondary input

layer. All networks used an output layer with four nodes, and the network was trained with

a Mean-Squared Error loss function against a set of 4 output values: Rsim(β, α), Rsim(α, β),

χαβ , and ρ, which were derived from the input parameters for each simulation corresponding

to each image. All activation functions are rectified linear (ReLU) except for the final linear

layer.

Of the 500,000 images which were generated, 400,000 were used for training and 100,000

were used for evaluating test performance. Learning rates were optimized by using a loga-

rithmic sweep from 0.01 to 1e-6, and the learning rate which trained to the smallest minimum

testing error was used for further analysis.

After 900 training epochs, the learning-rate-optimized FF, MF and NF networks achieved

a whitened RMSE testing error of 0.593, 0.599, and 2.15 respectively, compared to 4.0 ex-

pected for a random network. The significant improvement in error of the Minimally Featured

network over the Non-Featured network demonstrates that the inclusion of the analytical

estimates (R̂(β, α),R̂(α, β), and Ŝ) as a feature significantly improves the network’s ability

to learn the correct mapping between image and molar contact ratio. Furthermore, the sig-

nificantly smaller improvement in RMSE of the Fully-Featured network over the Minimally-

Featured network suggests that the inclusion of the additional sequence-based features is

not meaningful in improving prediction accuracy of the molar contact ratio. Furthermore,

we show in Figure 4.6B that the prediction accuracy of the MF network on the testing set

achieves a RMSE on Rsim(β, α) prediction of less than 0.5 over the majority of data points.

The MF network also demonstrates an increase in error when performing predictions on high

Rsim(β, α) images, but this increase is marginal compared to that observed for the analytical
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prediction as seen in Figure 4.3.

4.3.4 Predicting Hi-C Matrices from sSMLM Images

Beyond the prediction of the molar contact ratio, these methods may furthermore be used to

derive an approximation of the Hi-C matrix itself. This may be valuable in cases such as the

analysis of ensembles of single cells for which single-cell Hi-C is not feasible, or to estimate

variation of the Hi-C matrix in time when paired with live-cell imaging data.

Inspired by the form of Equation 4.11, we define Apairwise as a sum of contributions

from each pair of epigenetic marks:

Apairwise =
∑
α∈M

∑
β≥α

vαβx⃗αx⃗
⊤
β (4.32)

where vαβ is a scalar constant for each pair of α, β in the ordered set of marks M such

that β ≥ α. We can determine the values of each vαβ by relating these to a set of measured

or predicted molar contact ratios by substituting Eqn 4.32 into Eqn 4.11:

Ra(b, a) =
x⃗Ta

(∑
α∈M

∑
β≥α vαβx⃗αx⃗

⊤
β

)
x⃗b

x⃗Ta

(∑
α∈M

∑
β≥α vαβx⃗αx⃗

⊤
β

)
x⃗a

(4.33)

=

∑
α∈M

∑
β≥α vαβx⃗

T
a x⃗αx⃗

⊤
β x⃗b∑

α∈M
∑

β≥α vαβx⃗
T
a x⃗αx⃗

⊤
β x⃗a

(4.34)

For a system with M different marks, this yields a total of 1
2

(
M2 +M

)
simultaneous

linear equations and 1
2

(
M2 +M

)
unknown scalars. We solve for all vαβ values by matrix

inversion, and substitute into equation 4.32 to construct each Hi-C Matrix. A typical recon-

structed Hi-C matrix is shown in Figure 4.6B. Notably, equation 4.32 will be most accurate

in approximating the simulated Hi-C matrix for systems where all genetic loci in the under-

lying chromatin polymer engage only in pairwise additive interactions. Furthermore, this
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equation does not enforce a power law dependence of the contact probability – though it

may be trivially modified to enforce one, if there is reason to believe that a particular power

law would best describe a given system.

To quantitatively compare the Hi-C matrices resulting from this method with the ground-

truth simulated observable, we calculate the Pearson’s Correlation Coefficients (PCC) and

Stratified Correlation Coefficients (SCC) for all pairs of predicted/observed matrices from

the aforementioned polymer simulations which were in the holdout set of the CNN training,

i.e., which were not used for training the CNN.139,168 To establish a meaningful range of

SCC and PCC values, we also calculate these correlation coefficients between simulation

replicas (i.e., different Monte Carlo initial seeds), and a negative control in which a Hi-C

Matrix was constructed with no plaid pattern, but which has the exact genetic distance

dependence (i.e., power law) as the ground-truth. To these, we compare both the Apairwise

calculated with the analytical contact ratio estimation, and the Apairwise calculated from

the CNN contact ratio estimation.

The distributions of these correlation coefficients are shown in Figure 4.6C. Despite the

statistical similarity of each simulation performed with a different random seed, these simu-

lations only achieve a median SCC of 0.26, showing a significant influence of finite sampling

length on this measure, and stressing the importance of averaging structural properties over

multiple random seeds, even after extensive relaxation of polymer simulations. Both the

CNN and the analytical prediction achieve median SCCs comparably large (0.14 and 0.16

respectively). Though the Hi-C prediction accuracy of the CNN is unexpectedly lower than

that of the analytical prediction, the difference is not statistically significant at this sample

size (p = 0.08). As has been noted by other authors, the PCC is a poor measurement of Hi-C

similarity, and is heavily dominated by the similarity of the genomic distance dependence of

the Hi-C matrix.139,168
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4.4 Discussion

Of primary interest in this system is the propensity of chromatin-like statistical polymers

to phase-separate under different biological conditions. Although the average block length

of charged historical copolymers has been shown to have significant impact on their phase

characteristics, we have found that the limited range of sequence blockiness for biological

sequences (λ ∈ [0.5, 0.9]) largely prevents this parameter from having any significant effect on

phase separation. Instead, we find that phase separation in our system is determined almost

exclusively by the heterogeneous interaction parameter χαβ and the monomer fraction xα,

with very little influence from sequence blockiness λ or polymer density ρ. Additionally, The

polymer system appears to undergo virtually all structural change which has impact on Hi-C

descriptive statistics within the range −5 < χαβ < 10, though further investigation would

be necessary to determine the exact details such as the critical solution conditions of this

polymer system.

Although there exist comparable methods in the literature, we do believe that the analyses

performed here provide unique advantages over these alternatives. In the work by Xu et

al.,129 the composition of chromatin ‘nanoclusters’ is analyzed by examination of the self-self

Radial Distribution Function (RDF) of each mark. However, this work primarily examines

binary ‘colocalization’ of different epigenetic marks, and does not approach the topic of

quantitative comparison to Hi-C experiments.

Bintu et al.127 achieved significantly higher accuracy can be achieved on Hi-C prediction

in single cells than is demonstrated here. However, this experimental method requires exten-

sive sequential hybridization and super resolution imaging, which may be to experimentally

intensive for many applications. Our analysis methods would be most appropriate when

faster, cheaper analysis is needed, and a lower level of accuracy can be tolerated.

We acknowledge that there are several means by which these analysis methods could be

improved. Although we have investigated their performance across a wide range of simulation
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and imaging conditions, it is not immediately certain how well they generalize to different

polymer models. Coarse-grained polymer models for chromatin span a wide range of res-

olutions and approaches to key structural properties, including the long-range interactions

which drive phase separation and the genomic distance dependence of contact frequency (i.e.,

power law); further work is needed to demonstrate that these methods retain high accuracy

in these other systems. Furthermore, our analysis was restricted to chromatin systems in

which nucleosomes have exactly one of 2 possible epigenetic marks. Although these meth-

ods performed well even on chromatin with compositions far from equimolar, an extension

of these methods to systems with multiple marks of interest may be very useful for future

scientific inquiry.

This system of analysis reveals a new approach to single cell contact mapping more

broadly. Methods which produce Hi-C contact maps at a single cell level have gained sig-

nificant interest in recent years,114,122,169 as they provide the hold to reveal cell-to-cell vari-

ability in chromatin folding states, a structural basis for transcriptional variation, and more.

Classical single-cell Hi-C techniques113 are limited compared to bulk Hi-C techniques by

their inherently low read-counts, which makes it difficult to identify key structural features

including TADs and heterochromatin/euchromatin domains. Recently, it has been shown

that 3D STORM (Stochastic Optical Reconstruction Microscopy) imaging, combined with

high-throughput sequential hybridization with fluorescent probes has Significant promise

to reproduce Hi-C contact maps on a single cell basis – bypassing the read-count limit of

classical techniques.127

This work approaches these techniques via an alternative avenue, quantitatively esti-

mating the strength of heterochromatin/euchromatin phase separation on a single cell basis

via sSMLM imaging with no sequential hybridization. When combined with other infor-

mation available about the genome of interest, this method also yields a single-cell Hi-C

contact map, though its reproduction provides useful information about chromatin struc-
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ture at very different length scales than other methods – focusing on long-range rather than

short-range interactions. We believe that future methods may be able to take advantage of

both categories of insights, providing information on long-range chromatin phase separation

as demonstrated in this work, in addition to short range contact features analyzable by other

methods.

4.5 Conclusions

In this work, we have investigated the variation of Hi-C contact matrices by probing a

convenient polymer model, and have characterize the variation of key descriptive statistics

regarding these matrices as a function of the undetermined parameters of that model. We

have also derived analytical and machine learning based methods for characterizing, and

directly reproducing these Hi-C matrices from in silico sSMLM images. We see this work

as providing a framework in which sSMLM analysis can compliment Hi-C analysis as part

of broader scientific inquiry, and we believe that it provides a benchmark for comparison of

future analytical methods.
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4.6 Figures

Selection of Simulation 
Parameters 

Selection of Imaging 
Parameters 

𝜒𝛼,𝛽, 𝜌, 𝑥𝛼, 𝜆 Values 

Polymer Monte-Carlo 
Simulation 

Thermodynamic Ensemble 
of Polymer Structures 

Fluorophore parameters 
• 𝜇𝑢𝑛𝑐𝑒𝑟𝑡, 𝜎𝑢𝑛𝑐𝑒𝑟𝑡  
• 𝜇𝑁𝐿𝑜𝑐

, 𝜎𝑁𝐿𝑜𝑐
 

• Concentration 

STORM Image Generation 
 

𝜒 = 1 𝜒 = 5 𝜒 = 15 

A) B) 

𝜒 = 1 𝜒 = 5 𝜒 = 15 

Figure 4.1: The overall simulation and analysis workflow. Separate boxes represent mean-
ingful milestones in the process. A) Molecular simulation workflow To characterize the
full range of structures feasible in the given polymer model, we first select values for the 4
simulation parameters across a wide biologically-relevant range. Once the values are selected
and the polymer sequence is generated, Polymer Monte Carlo simulation is performed for
the system until the simulation reaches the specified number of timesteps. Structures from
throughout the simulation duration are combined to reflect the full statistical ensemble of
chromatin structures. B) Imaging analysis workflow. To reflect the range of potential
imaging conditions, values for all imaging parameters are selected from a range derived from
comparable experiments. Individual simulated chromatin structures are selected for imag-
ing. Lastly, the in silico sSMLM imaging procedure is performed, producing super-resolution
images for every pair of chromatin structures and imaging parameters.
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Figure 4.2: Trends of molar contact ratio and order parameter S with simulation parameters.
A) and B) show the trend in the molar contact ratio RA(B,A) as a function of the four
key simulation parameters: χAB , monomer fraction of a (xA), Sequence blockiness (λ), and
polymer volume fraction (ρ). A) clearly shows that contact ratio is strongly controlled by
χAB and xA. Below approximately χAB = 0, the contact ratio is below 1 if and only
if B is the most abundant monomer species (i.e., xA > 0.5). In the case of repulsive
interactions (χAB > 0), the space of systems with RA(B,A) expands, as mixing between
different monomer types becomes increasingly energetically disfavorable. B) shows that
there is little, if any, discernable correlation between the molar contact ratio and either
ρ or λ. C) and D) show trends of the order parameter S as functions of the same four
simulation parameters. Similarly, χAB and xA strongly control this phase-separation order
parameter, where the fully homogeneous systems are restricted to systems with attractive
A-B interactionsχAB < 0 and near-equimolar quantities of monomers A and B (xA ≈ 0.5).
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Figure 4.3: Validation scatterplot of the analytical predictions. Each point represents the
true contact ratio averaged over each simulation, and the median of all contact ratios an-
alytically estimated from all sSMLM images generated from structures resulting from that
simulation. Each point is colored by the value of the order parameter S for the correspond-
ing simulation. As can be clearly seen, the residual between each prediction and the line of
perfect prediction (red dashed line) is a nearly monotonic function of this order parameter
– high values of S correspond to accurate estimation, and low values of S correspond to
overestimation. Systems with compositions xα < 0.05 or xα > 0.95 have been omitted for
visual clarity.
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Figure 4.4: Corrected analytical predictions. A) Correction via ground-truth. Each
analytical prediction, as shown in Figure 4.3, is multiplied by Sγ , with S calculated directly
from simulated contact frequencies. The resulting correction where γ = 0.65 is shown. Larger
exponents result in underestimation of the contact ratios for highly phase-separated systems,
but slightly better estimation for extremely high contact ratio systems (i.e., Rα(β, α) ≥ 2.0).
B) Correction without additional characterization. Each analytical prediction is
multiplied by Ŝγ , using the median across all sSMLM images of the analytically-estimated
values of Rα(β, α) and Rβ(α, β). Each prediction is colored by this estimated Ŝ. No value
of γ resulted in meaningful correction of the predictions, since there is no apparent trend
between estimated Ŝ and prediction accuracy. The correction shown uses γ = 100.
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Figure 4.5: Convolutional Neural Network design and validation. A) Structure of the
CNN. In addition to the convolutional elements which are unchanged from VGG-16,167 an
additional layer of inputs, corresponding to the set {xα, Rα(β, α), Rβ(α, β)} for each sSMLM
image, is added before the fully-connected layers. Furthermore, the final layer of the CNN
is changed from a softmax layer to a fully-connected layer. B) Validation accuracy. To
demonstrate the reproducibility of the CNN estimation, plot the average of all predictions
in a 1000-element sliding window over the validation set, ordered by true contact ratio (solid
blue line). An envelope with width ±1σ within this sliding window is shown in light blue.
A 95% confidence interval (t-interval) on the value of the mean of each sliding window is
shown in dark blue. For all contact ratios across all simulations, the mean across each sliding
window is within ±1σ of the line of perfect prediction, implying extremely high prediction
accuracy across all systems studied here.
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Figure 4.6: Comparison of simulated vs. predicted Hi-C maps. A) Simulated Hi-C map.
B) Typical Hi-C map predicted from STORM analysis. Since Apairwise does not
include a genomic distance dependence, there is no stripe of enriched contact frequency
along the main diagonal. Despite this, the overall contact map shows marked similarity with
the simulation results shown in A. C) Correlation coefficients of the Hi-C Matrix
prediction. SCC and PCC values calculated between the consensus simulated Hi-C matrix
averaged across three random seeds, and the Hi-C matrices determined by each method
discussed in text. Notably, the median SCC between individual simulations is within the
interquartile range of both the Hi-C matrices predicted using both the CNN-based and the
analytical predictions. All three lie significantly above the ‘null’ prediction of a Hi-C matrix
with no plaid pattern.
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CHAPTER 5

CONCLUSIONS

5.1 Summary of contributions

This dissertation investigates the structural insights into chromatin which may be gained

through combinations of molecular simulation and experimental data. We have used en-

hanced sampling techniques to shed light on the thermodynamic stability of mesoscale chro-

matin fiber structures, and the relationship between stable, disordered structures and the

ideal models which they have been theorized to resemble. This work furthermore levered

these results to enable the Bayesian inference of nucleosome repeat lengths from in situ

measurements of chromatin fiber diameters.

Subsequently, we used these insights into the structural disorder of chromatin fibers

to characterize the structural effects of histone acylations. Our work shows that H4K16

acylations all have similar impacts on chromatin fiber structures compared to unmodified

chromatin, with acetylated, butyrylated, and propionylated chromatin forming increasingly

compact fibers in that respective order. Our simulations also show that chromatin fiber

dynamics are dominated by slow, rare transitions into more compact fiber arrangements,

commensurate with prior experimental reports.

Lastly, we demonstrated a method to directly impute Hi-C contact maps based on

IF-sSMLM imaging of chromatin. This technique is highly accurate in reproducing the

heterochromatin-euchromatin phase separation, and its accuracy is further enhanced through

the use of machine learning techniques. Overall, our work serves as an example of how novel

simulation techniques and modes of analysis can significantly enrich scientific insights from

experimental data beyond the measurement resolution of those data.
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5.2 Future Directions

Significant future directions of research based upon this work include the incorportation of

free energetic details of short chromatin fibers into coarse grained polymer models for chro-

matin. By providing computational mechanisms for the coupling of epigenetic compaction at

large scales and short-range structures, researchers may be able to glean insight into the rela-

tionship between short-range structural modifications such as the binding of linker histones

and sliding of nucleosomes along the DNA backbone with the liquid-liquid phase separations

which drive nuclear subcompartmentalization. We believe that the work presented here lays

the foundation for such future investigations.
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