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The continuum model for an ensemble of dielectric spheres. Blue dot: Kelvin

image point. Red segment: Neumann image line representing polarization effects.

(a) Electrostatic energy between two dielectric spheres. Points: numerical solu-
tion [1]; lines: Coulomb (blue) and polarization (1st and 3rd order nearly overlap)
contributions. Ratios of charges and permittivities: Q1 = Q2 = 15 and €, /€out
is 10. (b) Regimes of interactions: purely repulsive versus attractive at small
separation. The first and third order theories nearly overlap. . . . . . . . .. ..
(a) Electrostatic energy between three spheres in a triangular arrangement (¢ =
—0.25, Q2 = Q3 = 1, €n/€out = 10). Lines: predictions of multiple scattering
theory; points: numerical solution. (b) Stability diagram for close contact trian-
gular configuration with Qo = —Q1 . . . . . . . . . . ...
Electrostatic cohesive energy of a NaCl type lattice composed of charged, polar-
izable colloids, nano-particles, etc. The cations and anions have opposite charges
and same radii, and form close contacts. Curves: first and second order polariza-
tion contributions. . . . . .. ..o Lo
System size (L) dependence of the first order polarization energy for a NaCl-type
lattice, with €, /eout = 1.3. - -« . . o L L

A schematic of general integral problems. € is the exterior region and the interior
P
region I consists of different arbitrary-shaped bodies. I' = |J p;, where P is the

total number of bodies and p; is the region occupied by ithzb(l)dy. The boundary
the interior region is denoted as JI'. Confined geometries can also be considered
as shown in Fig. 3.6(b). . . . . . . ..
Model electrostatic problems for (a) two polarizable spherical dielectric bod-
ies, (b) a polarizable dielectric sphere inside a cylindircal cavity in a dielectric
medium, and (c¢) two polarizable dielectric cubes. The color maps show the in-
duced bound surface charge density, (o), in units of ¢/ (E()RQ). In (a), the two
spheres have the same relative permittivity €¢; = eo = 15 and the same radius
r1 = ro = R, the relative permittivity of the medium is €, = 1, the point charges
are Q1 = 10g (body on the right), Q9 = ¢ (body on the left), and the center
to center distance is d/R = 2.5. In (b), the relative permittivities of the sphere
and the cylindrical cavity are unity, while the relative permittivity of the medium
is 2. The point charge on the sphere is ¢ while the cylinder has no surface free
charge density, the length and radius of cylinder is 10R and R; the radius of the
sphere is 0.5R and its located at the center of the cylinder’s axis. In (c), the side
of cubes is R, the center to center distance is d/R = 2.0, the surface free charge
densities are —1/47 for the left cube and 1/47 for the right cube, and the relative
permittivities of cubes and medium are the same as those in (a). . . . . . . . ..
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(a) Comparison between numerical and analytical results of calculating the elec-
trostatic forces between two dielectric spherical bodies as a function of their center
to center distance. Negative value means attractive force. (b) The scaling be-
haviors and computational time spent on solving for the surface bound charge
densities and calculating body forces on particles using our numerical approach as
a function of surface DoFs, tested on a single CPU core of Intel Xeon E5-1607 v3
@ 3.1GHz. The inset numbers 1 and 2 indicate the scaling of O(N) and O(N?)
respectively. For comparison purpose, it is assumed that the break-even point
between O(N) and O(NlogN) is at 100 DoF's. (c) Strong scaling of solving the

model electrostatic problem using our numerical approach tested on Blues at ANL. 35

Relative errors of the body forces on unit dielectric spheres calculated from simula-
tions compared to their analytical values for different DoFs/Sphere, as a function
of center to center distance between two spheres. . . . . . ... ... ...

Velocity in the x—direction due to three point particles driven by point forces in a
30 x 30 x 30 domain. The point-forces are located in x1 = (—5,0,0), xo = (0,0,0)
and x1 = (+5,0,0), with a strength of f,, = 1/3 along the x—direction. The GgEm
solution is obtained using o = 0.1 and a global mesh of 15 x 15 x 15. . . . . . .
CPU scalability test on ANL’s LCRC Blues supercomputer. The pFE-GgEm
algorithm is used to calculate the velocity field due to 100 particles that are
randomly distributed in a 30 x 30 x 30 domain. For the GgEm, o« = 0.1 and
the mesh is 60 x 60 x 60 with HEX20 elements. The total number of degrees of
freedom are approximately 2.9 million. . . . . . . . . .. ... L.
(a) Typical in-plane MSDs for DNA molecules with contour length of 21 pm,
42 pm and 84 pm confined in a slit, respectively. (b) Confined chain diffusion
coefficient as a function of the confinement Ry pyue/H. . . . . .. ...
Cross-channel geometry, where a Poiseuille driven flow is generated by imposing
a pressure gradient between the inlet and outlet boundaries. An elongational
flow, with to Wi = vA = 10, is applied to three 21 pym long DNA chains. The
fluid system for the pFE-GgEm has 180,317 degrees of freedom with a = 0.1 and
HEX20 elements under a P2 — P! scheme. We also include the contour of the
magnitude of the imposed solvent velocity, ug, in a z = 0 plane, highlighting the
stagnation point. . . . . . ... L Lo
Molecular stretch in the y—direction for the three DNA chains as a function of
the time and the reaction coordinate ¢. Snapshots of typical molecular arrange-
ments are included in the inset with their corresponding locations along the cross-
channel domain. . . . . . . . . . ...
Time snapshots of ten suspended finite-size particles sedimenting in a squared
channel. The simulation is done using a IB-pFE-GgEm formalism. The FEM
mesh, for the global contribution, has a 145,696 degrees of freedom, for a a = 0.1
and domain size of 300 x 100x 100. The IB particle discretization are 218 nodes for
the spheres, while 278 nodes for the cylinders for a total of 2,600 tracking points.
The node separation for the particles’ surfaces are between hp;, = 1.246247 and
hmax = 5.402710; the smoothing parameter of the IB is 1.0/0.75hmin. -+ . . . .
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Fluid velocity contours during the sedimentation of the of ten suspended finite-
size particles a squared channel. The contours represent the magnitude of the
fluid velocity along the sedimentation direction. During the sedimentation, the
hydrodynamic interactions induce fluid velocities in an opposite direction (dark
blue colors). Solids near the center of the channel sediment at a faster rate than
the solids near the walls. . . . . . . . . ... ... 69

Electrostatic potential along centers of discrete point charges in a 30 x 30 x 30
domain. The point charges are located in z1 = (—5,0,0) (Q1 = +1) , 9 =
(0,0,0) (@2 = —2) and z3 = (+5,0,0) (3 = +1). The GgEm solution is

obtained using o« = 0.35 and a global mesh of 15 x 15 x 15. . . . . . . . . .. .. 81
First—order gradient of the electrostatic potential in Fig. 5.1. . . . . . . . .. .. 82
Second-order gradient of the electrostatic potential in Fig. 5.1. . . . . . . .. .. 83

Electrostatic potential along centers of discrete point charges in a 20 x 20 x 10
domain with zero potential on boundaries solved by COMSOL using different
meshes. The point charges are located in z1 = (—2,0,0) (@1 = +1) and x9 =
(42,0,0) (Q2 = —1). . . 84
Electrostatic potential along centers of discrete point charges in a 20 x 20 x 10
domain with zero potential on boundaries solved by the NP-GgEm solver using
different meshes for the global solution and corresponding « for the local solution.

The point charges are located in 1 = (—2,0,0) (@1 = +1) and x9 = (42,0,0)

(Q2 = —1). The inset figure compares the potential around the point charge at

1 = (—2,0,0) solved by COMSOL and NP-GgEm using different meshes. . . . 85
Average solving time of the Poisson system using COMSOL and NP-GgEM using
different meshes. Tests are performed on Intel(R) Core(TM) i7-4790 CPU@3.60GHZ
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Cation and Anion concentration near an ion penetrable charged particle with
charge density p(r) as a function of the distance from the particle for different

ionic strengths or Debye lengths. Cj is the far-field ion concentration at a given
Debye length. . . . . . . . 88

Stability diagram for dimer and trimers. Clusters of like-charged particles in close
contacts are stabilized by surface charge polarization. The parameter regimes in
which the close-contact particle aggregates are stabilized are highlighted with
colored shades. The boundaries between different regimes are identified by com-
puting the gradient of energy with respect to particle displacements. Notice that
all particles here are positively charged and the different charge amount is labeled
by red and blue color. . . . . . ... .. 93
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Top panel shows the evolution of velocities of three representative particles as a
function of time in the target trajectory (solid line) and in the trajectory gener-
ated by the simulation using inversely calculated charges (dotted line). Middle
and bottom panels show the evolution of the fitness function and charges of 10
individual particles, respectively, as a function of the number of fitness function
evaluations. Every optimization step contains complete trajectories of ten elec-
trostatically charged granular particles. . . . . . . . ... ..o
Evolution of charges and initial velocities for ten individual particles as a func-
tion of the number of fitness function evaluations when the initial velocities are
unknown. (a) Evolution of charges in the first optimization; (b) Evolution of
initial velocities in the first optimization; (c) Evolution of charges in the second
optimization. . . . . . . . ... e
Particle charges as a function of particle number. Red, blue, and black dots rep-
resent true charges, calculated charges in the absence of the external electric field,
and calculated charges in the presence of the external electric field, respectively.
(a), (b) The evolution of charges and initial velocities of three individual particles
as a function of the number of fitness function evaluations; (c), (d) The evolution
of charges and initial velocities of four individual particles as a function of the
number of fitness function evaluations; (e) and (f) show snapshots of three parti-
cles moving in vacuum environment from experiment (e) and simulations (f), and
the time interval between two consecutive snapshots is 5 ms; (g) and (h) show
snapshots of four particles moving in vacuum environment from experiment (g)
and simulations (h), and the time interval between two consecutive snapshots is

Snapshot of the spherical cavity of radius R containing spherical particles with
& = 10%. The spherical particles radius is rg, while the size of the cylindrical
particles is determined by ro and ho. The surface of the particles is given by
a collection of discrete nodes that are connected to six neighbors (“trimesh”),
similar to boundary element discretizations, and with a characteristic node sepa-
ration of a ~ h ~ gl_Bl‘ The neighboring nodes are connected with surface springs
(black); each node is also connected to the particle center-of-mass (red spring). A
repulsive Lennard-Jones excluded volume is included on each surface node, shown
schematically in the particles’ cross section by the blue circles. The characteristic
size of the repulsion is given by 6 =2.2a. . . . . . . . ... ... L.
Number density of the particles within a spherical cavity of radius R = 15 as a
function of the particle concentration. (top) spheres with rg = 3; and (bottom)
cylinders with ro = 2.62 and h = 2r¢. Snapshots for &y = 10% are shown for
both systems, while the number density of HI “beads” is included in the inset.

Orientational order parameter \ of cylindrical particles within a spherical cavity

of R = 15. The radius of cylinders is ro = 2.62 and the height ho = 2ro = 5.24.
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Short-time diffusion coefficients for sphere particles (rg = 3) that are confined in
a spherical cavity with R = 15: (top) Radial diffusivity and (bottom) Tangential
diffusivity. The coefficients are normalized by the diffusivity of spherical particles
in bulk at infinite dilution, kgT'/(67nrg). The orange dashed line represents the
averaged “inner” diffusivities for ®gp = 10%. The filled shadow area around
each curve represents their respective statistical error. The diffusion coefficients
for r/a < 2.3 at dp = 20% are missing because there are not enough particles

appearing in this zone for the diffusivity measurement due to the layered structure.124

Short-time diffusion coefficients for point-particles (“beads”, rg = 1) that are
confined in a spherical cavity with R = 10: Radial and tangential diffusivities
for HI (left) and free-draining (right) particles. The inset shows the long-time
diffusion coefficient as a function of the particle concentration. . . . . . . . . ..
Short-time diffusion coefficients for: (left) cylindrical particles with ro = 2.62 and
hco = 2ro = 5.24 confined in a spherical cavity with R = 15 and (right) spherical
particles with rg = 3 confined in a spherical cavity with R = 30. The particle
concentration is ®gy = 5% and the results for spherical particles with rg = 3
confined in a spherical cavity with R = 15 are included for comparative purposes.
The filled shadow area on each curve represents their respective statistical error.
Mean square displacement as a function of time for finite-size particles suspended
in a spherical particle of size R = 15. (top) spheres with a radius rg = 3 and
(bottom) cylinders with ro = 2.62 and h¢o = 2r¢. In the inset is the evolution
of the mean square displacement for point-particles (“beads”) suspended in a
spherical cavity of radius R = 10. In each figure, the MSDs for &y = 15% of
the other particle shape are included for comparison purposes. The filled shadow
area around each curve represents their respective statistical error. . . . . . . . .
Sphere representation with the Immersed Boundary method: (top) Normalized
sedimenting velocity of a spherical particle between two parallel walls as a function
of the distance between the particle and the nearest wall. Analytical data are
taken from Ref. [216]. (center) Diffusion coeflicient of a spherical particle with
rg = 3 that is confined in a spherical cavity of size R = 15. SD data are taken
from Ref. [213]. (bottom) zy—plane diffusion coefficient for a spherical particle
with radius rg = 3 in the center of a slit with heights H = 12, 15, and 20.
Analytical data are taken from Ref. [228]. . . . . ... ... ... ... ...
Time evolution of the standard deviation of the sphere moment of inertia as a
function of the spring stiffness. The particle volume fraction is g = 20%, the
particle radius is rg = 3 and the number of surface nodes on each particle is 20.
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Snapshots of the spherical cavity of radius R containing spherical and cylindrical
particles with ¢pp = 0.2 for fraction of cylinders 1) = N /N being 0.25 and 0.75.
The spherical particles radius is rg, while the size of the cylindrical particles is
determined by r and h¢. The surface of the particles is given by a collection of
discrete nodes that are connected to six neighbors, similar to boundary element
discretizations, and with a characteristic node separation of a ~ h ~ fﬁgl A
repulsive Lennard-Jones excluded volume is included on each surface node, shown
schematically in the particles’ cross section by the black circles. The characteristic
size of the repulsion is given by 0 =2.2a. . . . . . . . ... 0oL
Particle number density in the mixture of spherical and cylindrical particles within
a spherical cavity of radius R = 15 as a function of radial distance. The radii of
spheres and cylinders are rg = 3 and ro = 2.62, respectively. The cylinder has
an aspect ratio of 2, i.e., ho = 2ro = 5.24. (A): Number density of all particles
scaled with the maximum density nt/max(nr) for particle concentrations ¢ =
5%, 10%, 15%, and 20% (from left to right). For each particle concentration,
different fractions of cylinders 1 are displayed along with the pure sphere (0%)
and pure cylinder (100%) cases. (B): Relative number density of only spherical
particles scaled with the total density ng/nT for various particle concentrations
¢ = 5%, 10%, 15%, and 20% (from left to right). (C): Relative number density of
only cylindrical particles scaled with the total density nc/np for various particle
concentrations ¢ = 5%, 10%, 15%, and 20% (from left to right). . . . . .. ..
Orientational order parameter A of cylindrical particles within a spherical cavity
of R =15 as a function of radial distance for particle concentration ¢ = (A) 5%,
(B) 10%, (C) 15%, and (D) 20%. The radius of cylinders are ro = 2.62 and the
height ho =2rc =524, . . . . .. ...
Radial mobility Mg (left) and tangential mobility My (right) for mixture of cylin-
drical particles with ro = 2.62 and ho = 2r¢ = 5.24, and spherical with rg = 3
confined in a spherical cavity of R = 15 for various particle concentrations, ¢, and
different fraction of cylinders v. Both components of mobility are normalized by
the mobility of spherical particles in the bulk at infinite dilution My for ¢t — 0.
The error bars represent the statistical error. . . . . . . . ... .. ... ....
(A) Mean square displacement as a function of time for mixture of spherical
and cylindrical particles that are confined in a spherical cavity with R = 15 for
various particle concentrations ¢ with varying fraction of cylinders. Solid and
dashed lines are the results for ¢ = 25, and 75 % fraction of cylinders. (B) short
time mobility scaled with the mobility of spherical particles in bulk at infinite
dilution My plotted against v, (C) sub-diffusive (at intermediate time) mobility
scaled with the mobility of spherical particles in bulk at infinite dilution My
plotted against ¢, (D) sub-diffusive exponent « plotted against ¢, and (E) time
scale to make transition between diffusive to sub—diffusive behavior plotted as a
function of fraction of cylinders for various valuesof ¢. . . . . . . ... .. ...
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Stability diagrams for dimers (left) and trimers (right). Clusters of homopo-
lar particles in close contacts are stabilized by surface charge polarization. The
parameter regimes for stabilized close-contact aggregates are highlighted with
colored shades. The boundaries between different regimes are identified by com-
puting the gradient of energy with respect to particle displacements. Note that
all particles here are positively charged and the different charge amount is labeled
by red and blue color.[3] . . . . . ...
Energy landscape for a four particle aggregate with two species (@1 and Q3)
and ()1 > Q2. The ratio between dielectric permittivities of particles and the
embedding medium is €, /€out = 15, while particles’ geometrical distribution and
charges are varied smoothly. Note that all particles here are positively charged
and the different charge amount is labeled by red and blue color. In this figure,
R is the distance between centers of any two of the three particles with the same
charge (o, and H is the distance between the particle with charge ()1 and the
plane formed by other three particles. . . . . . . . . . . .. ... ... .. ...,
Resistance coefficient A for two particles sedimenting along (blue line) and per-
pendicular (black line) to their line of centers. Without electrostatic interac-
tions, A increases as particles’ center-to-center separation R increases (solid lines).
Coulombic interaction forces charged particles with equal signs to repel and even-
tually sediment far from each other, resulting in A = 1 at steady state. Electro-
static polarizability could agglomerate charged particles with equal signs depend-
ing on specific values of €, /€out and Q1/Q9 and the phase diagram for dimers,
resulting in A(R = 2a) at steady state. This figure includes three scenarios (dot-
ted lines) with €,/eout = 15 and @Q1/Q2 = [5/1,10/1,15/1] for electrostatic
polarizability. . . . . . Lo
Fraction for monomer, dimer, trimer, tetramer, and pentamer for initial and
steady state configurations (left) and time to reach steady state configuration
(right). Blue bar and line are results for free-draining particles, while red bar and
line are for hydrodynamically interactive particles. Two species are considered
with Q1 = 410, Q2 = +1, and € /eout = 15. . . . . . . . ..o
Position and momentum configuration of sedimenting particles after twenty parti-
cle sedimenting time for NV = 200. The arrow vectors represent the instantaneous
velocities of the particles. A scale bar is plotted at the upper-right corner in
each panel to show the scale of velocity vectors. The figure includes results for
free-draining particles (left column) and hydrodynamically interacting particles
(right column), where top and side views of the particles are shown with the cor-
responding observed agglomerates. Two species are considered with )1 = +10,
Qo =+1,and € /eout =15, .« « . o Lo
Particle trajectories after restarting from the configuration of HI system in Fig.
9.5 for another twenty particle sedimentating time with HI(right column) and
without HI (left column). The simulation time from zero to twenty is shown as

a continuous color gradient from blue to red. For lower panels, the yaxis lable
should be z(a) . . . . . . ..
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9.7 Sedimentation of polarizable particles in a Stokes fluid confined in a cylindrical
cavity. (upper panel) Radial distance between the center of the particles and the
cylinder axis as a function of time, for the case of two particles; solid lines are
for Q1/Q2 = 1, and dashed line is for Q1/Q2 = 50 and €y, = 3. (lower panel)
Radial distance between the center of mass of blue particles shown in the insets
and the cylinder axis as a function of time, and the red lines are for the “up”
configuration (3-up), while the blue ones are for the “down” initial arrangement
(3-down); for Qreq/Qulue = 10, solid lines are for polarizable particles, dotted
lines are for charged particles without polarization, and dashed lines correspond
free-draining particles; for Qreq/@plue = 50, dash-dot black line is for charged
particles with HI and polarization. In the insets, color contours representing the
surface charge are included. On the right hand side of the plots, the systems’
snapshots show the paths of particles during sedimentation and clustering. . . . 173
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ABSTRACT

Electrostatic and hydrodynamic interactions have profound impact on the structural and
dynamic properties of a vast set of colloidal and biological systems. However, challenges
are presented toward developing efficient numerical methods to describe these interactions
due to their long-range and many-body nature. In this work, we develop several numerical
models to describe electrostatic interactions with the consideration of the polarization effect
in dry/deionized systems, to model hydrodynamic interactions and their coupling with ther-
mal fluctuations for Brownian particles in suspensions, and to simulate the electrokinetic
phenomena for charged particles suspended in ionic solutions. We then apply these efficient
numerical approaches on several applications. First, we combine an evolutionary optimiza-
tion strategy CMA-ES with a particle dynamics simulator based on the electrostatics models
and successfully obtain the charges on granular polarizable particles based on a given set
of experimental trajectories. Second, we examine the structure and dynamics of hydrody-
namically interacting finite-size Brownian particles in a spherical cavity and systematically
study how lubrication, long-range hydrodynamics, particle volume fraction and shape affect
the equilibrium structure and the diffusion behavior of these confined particles. The ob-
servations from this study suggest that the shape of biomolecules, particles and polymers
could determine their mobility and diffusion inside cells and tissues. Lastly, we examine the
effect of electrostatic polarization on the dynamics of hydrodynamically interacting particles
during sedimentation in unconfined and confined Stokes fluids. It is found that as particles
agglomerate because of the electrostatic interactions and polarization effects, their collec-
tive motions are concomitantly modified by hydrodynamic interactions and fluid flows. It is
also found that, when sedimenting in a confined geometry, dynamics of charged polarizable
particles are strongly affected by the dielectric permittivities of the particle, fluid, and the
confining geometry. These findings serve as a fundamental build up to understand the effect
of hydrodynamic and electrostatic interactions on a wide range of applications including

dynamics of biological entities in vascular environments and particle dynamics during water
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filtration and purification.
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CHAPTER 1
INTRODUCTION

Electrostatic and hydrodynamic interactions are ubiquitous in nature and technology. Exam-
ples include DNA molecules that are usually negatively charged due to their sugar-phosphate
backbones, microfluidics that are used to precisely control the transport and self-assembly
of colloidal particles, and Janus membranes that are used to harvest power from salinity
gradient, etc. Although these two interactions can influence the structural and dynamic
properties of materials in profound ways, they present challenges toward developing effi-
cient numerical methods to describe them due to their long-range and many-body nature.
And classical descriptions of these two interactions may break down and need additional
corrections under certain circumstances. For example, in the case of describing the electro-
static interactions between charged objects in dry or deionized solvent, Coulombic energy
can be insufficient when the dielectric polarization effect is significant. In another case of
describing electrostatic interactions in ionic solution, Poisson-Boltzmann (PB) theory and
Debye-Huckle equation (Linearized PB) are widely used to include the ionic screening ef-
fect, however, the underlying assumption of these theories can be invalid in many modern
applications such as nanofluidics that are only 10nm wide in the confined dimension.

In this dissertation, we present several new numerical approaches and implementations to
tackle the electrostatic and hydrodynamic interactions to while overcoming the limitations
of classical theories. The dissertation, is organized into eight main chapters, among which,
Chapter 2 - 5 describe the numerical methods to solve electrostatic and hydrodynamic in-
teractions and Chapter 6 - 9 present the applications studied using the numerical methods
proposed.

In Chapter 2, we derive an analytical, perturbative theory of the polarization and the
electrostatic interactions by relying on a generalized image method. The theory considers an
ensemble of dielectric spheres of arbitrary charges, sizes and dielectric permittivity immersed

in a continuum dielectric medium. We validate and measure the accuracy of the theory
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by comparing its predictions to full-blown numerical solutions. Then we demonstrate the
importance of polarizability for clusters of dielectric spheres, as well as a periodic crystal of
charged dielectric spheres arranged into a NaCl-type lattice. This analytical framework for
understanding the consequences of polarization will enable molecular simulations of large
systems of polarizable particles.

In Chapter 3, we present a numerical approach to solve the polarization and electrostatic
interactions based on boundary integral methods. The approach overcomes the limitations
of the analytical theory in Chapter 2 and allows calculations of the polarization effect in an
ensemble of arbitrary-shaped dielectric objects within confined /unconfined systems. We first
formulate the governing PDE;, i.e., Poisson equation, in terms of integral equations which are
then solved using the Boundary Element Method (BEM) to avoid explicitly including the
embedding space exterior to the bodies. Then we employ a parallel computational approach
that relies on using scalable open source libraries and utilizes a kernel-independent Fast
Multipole Method (FMM) to evaluate the integrals in O(V) operations, with O(/N) memory
cost, thereby substantially improving the scalability and efficiency of computational integral
methods. And finally, we demonstrate the accuracy, efficiency, and scalability of the proposed
approach using several test cases and show that it can enable highly efficient and accurate
simulations.

In Chapter 4, we present an efficient O(N') computational approach to model the dynam-
ics of hydrodynamically interacting Brownian particles confined in arbitrary geometries. A
parallel finite element Stokes’ solver is the center of the algorithm. Once it is combined with
the General geometry Ewald-like method (GgEm), a mid-point time integration scheme and
a Chebyshev polynomial approximation, for the fluctuation-dissipation theorem, results in
an scalable algorithm - the pFE-GgEm algorithm. The pFE-GgEm algorithm shows excel-
lent parallel performance (linear) as a function of the number of CPUs. We validate the
algorithm by comparing its solutions to theoretical solutions in a simple geometry (for the

Stokes’ solver), and by calculating the diffusion coefficients of slit-confined DNA molecules



(for the mid-point scheme, eigenvalues of the diffusion tensor and the Chebyshev polynomial
approximation). It is also shown that the pFE-GgEm algorithm is capable of handling com-
plex geometries under non-equilibrium conditions by studying the behavior of DNA chains
under an elongational flow in a cross-channel geometry. And finally, the proposed algorithm
is combined with the Immersed Boundary method, the IB-pFE-GgEm approach, to simulate
finite-size particles of arbitrary shape confined in any geometries.

In Chapter 5, we present a numerical approach to describe the electrokinetic phenomena
in confined ionic solutions. Conventionally, the PB theory is usually used to calculate the
electric potential and Helmholtz-Smoluchowski theorem is commonly utilized to model the
electroosmotic flow. And these methods are based on assumptions of thin electric double
layer (EDL) and equal number of co-ions and counterions in the bulk. However, these
methods are no longer valid to describe the electrokinetic phenomena in systems where the
thickness of EDL is comparable to the channel size in the confined dimension and leads
to imbalanced co- and counter ions. We attempt to overcome these limitations by directly
solve the Poisson equation for electrostatic potential, the Stokes equations for fluid field and
the Nernst-Planck equation for ion concentration. The proposed approach is then validated
against analytical and other numerical solutions for several test systems. It is found that the
proposed approach can successfully recover the diffusion and convection process of continuum
ionic field as well as its interactions with the electrostatic field.

In Chapter 6, we combine an evolutionary optimization strategy CMA-ES with a particle
dynamics simulator, which utilizes the electrostatic energy model presented in Chapter 2
and Chapter 3, to obtain the charges on granular polarizable particles based on a given
set of experimental trajectories. The proposed strategy is demonstrated in the context of
several problems. In the first problem, the initial position and velocities of all particles are
given, and the algorithms are used to infer the particles’ charges. In the second and third
problems, both the particles’ charges and initial velocities are unknown, and it is shown that

the evolutionary optimization can be used to successfully determine the particles’ charges



and their initial velocities. In the fourth problem, the evolutionary optimization strategy
is applied to extract the charges from experimentally observed trajectories, and the charges
are found to be within the ranges reported in previous experimental measurements from the
literature. The proposed strategy could be extended to more complex systems containing
electrostatically charged granular particles and we envision that it can find applications in
material property measurements and material designs.

In Chapter 7, we examine how lubrication, long-range hydrodynamics, particle volume
fraction and shape affect the equilibrium structure and the diffusion of suspended spherical
and cylinderical particles confined in a spherical cavity. It is found that once the particle vol-
ume fraction is greater than 10%, the particles start to form layered aggregates that greatly
influence particle dynamics. Hydrodynamic interactions strongly influence the particle dif-
fusion by inducing spatially dependent short-time diffusion coefficients, stronger wall effects
on the particle diffusion towards the walls, and a sub-diffusive regime —caused by crowding—
in the long-time particle mobility. The level of asymmetry of the cylindrical particles con-
sidered here is enough to induce an orientational order in the layered structure, decreasing
the diffusion rate and facilitating a transition to the crowded mobility regime at low particle
concentrations. The results discussed in this chapter offer fundamental insights into the
diffusion and distribution of globular and fibrillar proteins inside cells.

In Chapter 8, we extend the study in Chapter 7 to the case of mixtures of spheres and
cylinders. Indeed, in applications (e.g. cytoplasm or colloidal suspensions) one rarely deals
with systems of pure mono-disperse spheres, and it is therefore of interest to consider how
mixtures behave relative to their pure counterparts. It is found that introducing cylinders in
a background of spheres, i.e. particles with a simple degree of anisotropy, has a pronounced
influence on the structure and dynamics of the particles. First, increasing the fraction
of cylinders induces a particle segregation effect, where spheres are pushed towards the
wall and cylinders remain near the center of the cavity. This segregation leads to a lower

mobility for the spheres relative to that encountered in a system of pure spheres at the same



volume fraction. Second, the diffusive-to-anomalous transition and the degree of anomaly —
quantified by the power low exponent in the mean square displacement vs. time relation —
both increase as the fraction of cylinders becomes larger. These findings are of relevance for
studies of diffusion in the cytoplasm, where proteins exhibit a distribution of size and shapes
that could lead to some of the effects identified in the simulations reported here.

In Chapter 9, we examine the effect of electrostatic polarization on the dynamics of hy-
drodynamically interacting particles during sedimentation in unconfined and confined Stokes
fluids. This particular problem serves as a fundamental build up to understand the effect
of hydrodynamic and electrostatic interactions on a wide range of applications including
dynamics of biological entities in vascular environments and particle dynamics during water
filtration and purification. It is found that charged particles with equal signs will form stable
clusters depending on their charge ratio and the difference between dielectric permittivities
of the particle and the fluid. Stability conditions for this cluster formation are inherited dur-
ing the dynamical evolution of the sedimenting particles. As particles agglomerate because
of the electrostatic interaction and polarization effect, their collective motions are concomi-
tantly modified by HI and fluid flows. It is also found that, when sedimenting in a confined
geometry, dynamics of charged polarizable particles are strongly affected by the dielectric
permittivities of particles, fluid, and the confining geometry.

Finally, in Chapter 10, we present an overview summarizing the proposed numerical
approaches and their applications. The general conclusion of this dissertation is that classical
continuum theories may fail to describe the electrostatic and hydrodynamic interactions in
varieties of soft matter systems and that we have developed alternative efficient numerical

models instead to handle them.



CHAPTER 2
NUMERICAL APPROACH: AN ANALYTIC APPROACH TO
DIELECTRIC POLARIZATION

2.1 Abstract

Surface charging or polarization can strongly affect the nature of interactions between
charged dielectric objects, particularly when sharp dielectric discontinuities are involved.
By relying on a generalized image method, we derive an analytical, perturbative theory of
the polarization and the interactions between charged particles in many-body systems. The
validity and accuracy of the theory are established by comparing its predictions to full-blown
numerical solutions. The importance of polarizability is then demonstrated for clusters of
dielectric spheres, as well as a periodic crystal of charged dielectric spheres arranged into a
NaCl-type lattice. The analytical framework for understanding the consequences of polar-

ization will enable molecular simulations of large systems of polarizable particles.

2.2 Introduction

Electrostatic interactions are ubiquitous in nature and technology [4, 5]. Free charges, such
as ions, respond to applied electric fields by generating a net current, whereas uncharged
materials become polarized and generate additional electric fields whose magnitude and
effects on charged and uncharged objects are largely determined by the relative dielectric
permittivity of the material and its surroundings.

The dielectric response to an applied field changes abruptly at an interface where surface
charges accumulate when both sides of the interface respond differently. Charge accumula-
tion can influence the interactions between dielectric objects in profound ways. Examples
include the aggregation or dispersion of charged granular materials [6, 7], colloids [5], and

nano-particles [8]. It also plays a central role in the clustering of dust involved in the early
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Figure 2.1: The continuum model for an ensemble of dielectric spheres. Blue dot: Kelvin
image point. Red segment: Neumann image line representing polarization effects.

stages of planet formation [9, 10, 11].

Important efforts have sought to capture polarization effects in numerical calculations [12,
13, 14, 15, 16]. Some of the latest and more numerically-efficient approaches use explicit
surface-charge elements to highlight the importance of polarization in charged colloidal par-
ticle assemblies [14,15]. Numerical methods, however, become unwieldy for studying po-
larization and its many consequences in large many-body system. This work presents a
tractable and general analytical theory of many-body polarizability based on the extension
of a multiple scattering formalism that obviates the need for surface charges and, instead,
describes their overall influence of electrostatic interactions through analytical functions of
only particle positions. As such, the theory is particularly well suited for description of

many-body systems.

2.3 Models and methods

We consider an ensemble of dielectric spheres immersed in a continuum dielectric medium
with dielectric permittivity eyyt, as illustrated in Fig. 2.1. A sphere i centered at R; has
dielectric constant €, ;, radius a;, and charge @;. The theoretical underpinnings of our pro-
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posed approach are discussed in Refs. [17, 18]. For simplicity, the spheres have uniform radii
and dielectric constants, but different charges at the centers. However, the new formalism
applies for different sizes and dielectric permittivities. The electrostatic energy for an arbi-
trary particle configuration is given by a multiple scattering series with terms of increasing

complexity that depend on the relative positions of an increasing number of particles [17, 18],

E=FE1+Ey+E3+E4+... (2.1)

2
where £ =), 82_21($ - %) includes effectively contributions from Bohr solvation ener-

gies, which represent the interactions between the induced surface charges and the source

charges at the centers of the spheres. The second term in the series, Fo, designates the

effective two-body contributions, which equal the bare Coulomb energy between charges,

1 QiQ; QiQ; .
Ey =35 Zi,j WRZJ—RH The term E3 = ZiJw' m includes the lowest-order polar-

ization contributions to the energy, where the geometrical kernel I;;; is given by

€; ds 1
T — (]~ Sn / k Vi 29
ikj = ( Gout) dmRy — 1| M — le) (2:2)

Here dSy, is the surface element of the kth particle, r; is the position vector, and V. is the
gradient with respect to rp. The terms in Fj3 include the interaction between the surface
charges induced by each source charge on all other charges in the system, thereby representing
the effective interaction between two charges as mediated by the polarization arising at
spherical interfaces. In principle, the source charge and the field charge can reside on the
same sphere, but the scattering surface must be associated with a distinct particle.
Similarly, Fy4 represents the second-order polarization contributions due to the interaction
between two charges mediated by two polarized surfaces. Higher order terms follow in
a similar manner, and all include geometrical kernels of the form lig,kyis Likykoksjs €0C-
as defined in Appendix. 2.6.1 (Eq. (2.13)). The theory has the important feature that
these kernels are analytic function of the particle positions, thereby enabling straightforward

8



calculation of the forces acting on all particles and facilitating a physical interpretation of
individual terms in the expansion of Eq. (2.1).

A key extension of the theory, introduced in this work, is the summation of an infinite
series of contributions in Eq. (2.1), resulting the conversion of two-dimensional integrals
over surface charges into an equivalent form that involves considerably more tractable one-
dimensional integrals over line charge densities. Ref. [18] and Appendix 2.6.1 show how the
integral kernels I, Likgj, Likkk; --- with identical first (i) and last (j) indices and with

repeated internal (k) indices can be re-summed altogether, yielding

2
t oy [! 1
Ligj + Ligkj + Liggrg + - = Em((ﬁ,t? — gt g/o df 9 )Dikj7 (2.3)

where € = (e — €out)/(€in + €out), 9 = 1/(1 + €m/cout), t = ap/\/RigRjk, Dij = (1 +
2 —2fRy - f{jk)l/Q, and R;; and Rjk are unit vectors pointing along the directions of
R;i and R, respectively. The term o £42 0 parentheses represents the contribution from
an image charge placed at the Kelvin point [19], which is conventionally used to represent
the electrostatic field generated by the surface charge on a conducting sphere (see Fig. 2.1).
The generalization here to describe the field produced by the dielectric spheres consists of a
contribution from the image at the Kelvin point and augmented by an image line segment
between the center of the sphere and the Kelvin point (see Fig. 2.1). The contribution
from the line segment was first documented by Neumann [20] over 130 years ago, and has
been rediscovered several times [21, 22, 23] in different contexts, including the description
of hydrodynamic interactions between small spherical particles in the neighborhood of large
spherical particles [24]. Our work derives the analytic generalization of this image line charge
construct to describe the many-body electrostatic interaction energy for a system with an
arbitrary number of spherical particles — a generalization that is required for the evaluation
of E4, Fs, and all higher order contributions. In Appendix 2.6.1, iterative yet explicit

expressions are provided for the kernels needed to evaluate these higher order many-body



interactions. The magnitude of subsequent terms in Eq. (2.1) decreases as the number of
intervening scattering surfaces increases. The convergence rate is governed by the mismatch
in the dielectric permittivity €, /€out , which determines the amount of surface charge, and
the ratio between the sphere radius and the average inter-sphere separation, which measures

the strength of electric field. The contributions Ep(n > 2) to the total energy
E = Ei + Ey + E3(g)e + Eg(g)€® + ... (2.4)
scale in the limit of large inter-particle separations as

5 B a3m-2)
Ep =~ (d> kpT (2.5)

where lp = €2/(4meoutkpgT) is the Bjerrum length, a is the radius of the particles, and d
is the average separation between particles. The exponent 3 arises because the dominant
component of the polarization at large separations is given by the dipole moment, which is
proportional to the volume of the particles. Note that here we use the standard definition for
the Bjerrum length to illustrate the scaling dependence of energy on the different parameters.
The actual system energy should scale quadratically with the charge per particle.

The polarization effects can be understood by considering a point charge ()1 placed at
R , in the neighborhood of a dielectric sphere at the origin. The total electrostatic potential
includes the Coulomb contribution and the contribution coming from the induced surface
charge, which equals the sum of contributions from the Kelvin point and the Neumann line.
The full expression for the electrostatic potential at position Ry is derived from Eq. (2.3). If
the separations R1 and R2 are large, the dominant term is given by Qlﬁ\/%fig . f{l,
with t = a/v/R1 Ry [18]. This is precisely the electrostatic field generated by a surface
charge dipole 1j—gQ1t3. Higher order multipole terms may be constructed similarly, but the
multipole expansion converges slowly at very short separations.

The field generated from a single scattering surface is greatly simplified in three limits:

10



(1) when the dielectric permittivity approaches infinity, €, — oo, the result reduces to that
for a conducting sphere; (2) when the radius a asymptotically approaches infinity, the result

reduces to that for a flat surface; and (3) when the electrostatic field acts on the source

1

_ g :
112 tng(tg;g’O)), where B is the

charge, the self-energy emerges in closed form, Q%e%(

incomplete Beta function.

2.4 Results

We next illustrate examples showing the importance of polarization effects. First, consider
the interaction between two identical dielectric spheres with charges )1 and Q9 . The
Born solvation energy FE7 only shifts the energy by a constant and is inconsequential to
the present discussion. The bare Coulomb energy Eo = Q1Q2/R1o for two like charges is
purely repulsive, while the dominant polarization contribution E3 becomes attractive if the
particle’s dielectric constant ¢, exceeds the medium value €4yt , this term can formally be

written as

f(a/Ry9;¢)

Fa — (02 1+ 02
3= (Q1 +@3) Rio

(2.6)

The factor Q% (Q%) originates from the interaction between the charge Q1 (Q2) and its image
charges on particle 2 (1) The function f(a, R) is given by Eq. (2.3), which depends on the
details of surface charges, is negative (attractive), and is generally much smaller than unity.

The ratio between E3 and Fo may be written as E3/Fo = (Q1/Q2+ Q2/Q1)f(a/R12;€).
The interaction between the particles is therefore dominated asymptotically by the repulsive
Coulomb contribution. However, E3 may become more substantial than FE9 for sufficiently
large charge asymmetry at short separations between the particles. This is confirmed by
calculations presented in Fig. 2.2, for Q1 = Q2 = 15 and €y, /€out = 10, where at small
separations the energy becomes purely attractive, owing to the surface charge polarization.
Our results agree quantitatively with those obtained by full-blown numerical solution of the

surface charges, where indeed the lowest order polarization contribution E3 captures much
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of the polarization effect, and appears to be nearly 100 times faster than the numerical
calculations.

A “phase” diagram designating the nature of two particle interactions is generated by
varying the ratios €, /€out and @Q1/Q2. Fig. 2.2 demonstrates the existence of a widening
window of attraction as €, /€out or @1/Q2 increases, since a growth in either of them favors
a stronger polarization interaction. Fig. 2.2(a) suggests that different orders of polarization
contributions exhibit an oscillatory convergent behavior, and that E3 alone is sufficient for
small €y, /€out, for which a closed-form expression is provided in Appendix 2.6.1.

We next consider aggregates of three particles, with charges (1, 9 = —@1 and Q3 ,
arranged in a close-packed triangular configuration. The convergence rate of our theory is
demonstrated in Fig. 2.3(a), and a stability diagram is presented in Fig. 2.3(b). The close-
packed triangular configuration is unstable for all values of ()3 in the absence of polarization
effects, a consequence of the frustration experienced by particle 3 which repels particle 1 (2)
for positive (negative) Q)3 . However, this frustration can be alleviated by sufficiently large
polarization effects. Energy landscape and gradient calculations indeed show that increasing
dielectric permittivity opens a stability window for finite (03 , and the region of stability is
symmetric with respect to inverting the sign of Q3.

For larger clusters with NV particles, the number of n-body terms is given by combinato-
rial factors of order N™ , which raises concerns on convergence. Our calculations, however,
indicate that the condition of charge neutral system at large separations improves the con-
vergence rate for higher order terms. So the growth of the combinatorial factor poses no
problems. This feature is demonstrated for the worst possible case, i.e., that of N — oo
particles. Thus, we calculate the cohesive energy for a crystal of charged, polarizable par-
ticles arranged into a NaCl lattice. The “cationic” and “anionic” particles have equal size
and form close contacts. Furthermore, in practice, since most of the contributions retained
formally involve terms that vanish essentially when the separation between spheres is high,

a distance cutoff can be introduced to reduce the number of terms to be evaluated.
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Figure 2.2: (a) Electrostatic energy between two dielectric spheres. Points: numerical solu-
tion [1]; lines: Coulomb (blue) and polarization (1st and 3rd order nearly overlap) contribu-
tions. Ratios of charges and permittivities: Q1 = Q2 = 15 and €, /€ont is 10. (b) Regimes
of interactions: purely repulsive versus attractive at small separation. The first and third

order theories nearly overlap.
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Figure 2.3: (a) Electrostatic energy between three spheres in a triangular arrangement (Q1 =
—0.25, Q2 = Q3 = 1, €n/€out = 10). Lines: predictions of multiple scattering theory;
points: numerical solution. (b) Stability diagram for close contact triangular configuration
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Figure 2.4: Electrostatic cohesive energy of a NaCl type lattice composed of charged, polar-
izable colloids, nano-particles, etc. The cations and anions have opposite charges and same
radii, and form close contacts. Curves: first and second order polarization contributions.

The cohesive energy for ordinary crystals is the average Coulomb energy per site, the
Madelung constant that equals —0.437 [25]. The many-body polarization corrections begin
with Fsg , followed by E}j , etc. This particularly system is interesting because the convergence
rate with respect to order is low due to the large number of combinatorial factors and the
long range nature of the Coulomb energy. We therefore examine these issues by studying
the dependence of cohesive energy on system size and by extrapolating to an infinite lattice.
The largest system considered contains 93 particles (Using an odd number of particles allows
us to identify a particle at the center of the crystal and, to calculate the cohesive energy, we
only need to evaluate the n-body terms to which this central point participates). Fig. 2.4
demonstrates that the first order contribution F3 is negative for €, /€y > 1 and positive for
€in/€out < 1. The second order contribution Ey instead exhibits a maximum at €, /equt = 1
and is always negative. As expected, for the wide range of € values investigated, E3 is much
smaller than Fo, and Ej is even smaller, presumably due to massive cancellations from the
crystal’s symmetry at large distances. Our results represent the only available estimate of

polarization effects in a nanocrystal, and additional, computationally-intensive convergence

15



studies should be pursued in the future. We postulate that the relative stability of different
types of lattices might be altered by the contributions of E3 and Fj , particularly in the

presence of defects.

2.5 Conclusions

In summary, we have developed an analytic perturbative approach for evaluating the po-
larization energy for a many-body collection of charged dielectric spheres embedded in a
dielectric medium. The polarization-induced interactions between these spheres depend on
the ratio of dielectric constants for the spheres and the medium, and the ratio of the distance
between particles and the radii of the particles. In some cases, polarization completely alters
the qualitative behavior; e.g., the interaction energy for a two-particle cluster can switch
from repulsive to attractive, depending on the charge asymmetry and dielectric contrast. In
other cases, polarization leads to stable configurations that otherwise could not occur in its
absence, e.g., three-particle closepacked arrangements. The polarization energy of the largest
system considered here, namely a densely packed ionic-crystal in the form of an NaCl lattice,
allows us to predict a generalized, permittivity-dependent Madelung constant that goes be-
yond existing predictions based solely on Coulombic interactions. These calculations imply
that the polarization energy can become quite significant for aggregates of highly polariz-
able objects, and is thus relevant for study of the stability and kinetics of charged granular
materials, colloids, and nanoparticles. All the examples described here consider cases where
the charges are placed at the center of particles, but the methodology can be readily applied
to particles with arbitrary charge distributions to enable, in principle, investigations of the
effects of polarization on the rotation of clusters of particles. The generalized image expan-
sion introduced here could be further extended to describe the interactions among infinite
dielectric cylinders, for which only the normal Kelvin images are needed. Furthermore, the
methodology could also be applied to study the influence of electrostatic polarization on ion

aggregation near a flat interface by representing the polarizable ion by a dielectric sphere,
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and to study the polarization (image) effects on the ionic clouds surrounding a pair of highly
charged interacting colloidal particles. Practical applications of our theory to clusters of
specific systems, of course, will require inclusion of all other types of interactions.

For example, the presence of van der Waals interactions yields contributions whose magni-
tude in the lowest order depends on the ratio of the Hamaker constant A [4] to the product
of charges. The relative importance of the polarization term follows from its ratio with
the leading order Coulomb interaction. As our theory demonstrates, polarization effects
generally involve many-body particle interactions whose magnitude we can now evaluate
analytically. Such effects may help interpret the nature of nonpairwise additive interactions
that have been discussed in the literature on colloidal materials [5]. Importantly, the energy
expressions developed here only depend on the particle positions and are thus ideally suited
for molecular dynamics simulations and theoretical work. A subsequent paper will compare

our calculations with experimentally determined trajectories of charged dielectric objects.
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2.6 Appendix

2.6.1 Multi-scattering formalism of electrostatic energy between dielectric

particles

In what follows we provide explicit expressions for the electrostatic energy of an ensemble of
dielectric spheres that are used in the main manuscript. The multi-scattering formalism of
refs. [17, 18] expands the energy for an ensemble of dielectric spheres as a sum of terms of

increasing complexity, which reads

E=FE1+FEy+LE3+FEy+--- (2.7)

B — 2 Q_zz( L _L) (2.8)

8Teout ; a; \ €out €in

1 . .
E2 _ QZQ] (29)
8Teout i ’Ri —Rj’
1
E3 = 3 > QiQjLik; (2.10)
T€out ik
1
Ey=g > QiQiLikykyj (2.11)
eout ;o ko,
(2.12)

Here, Ep is equivalent to the Born solvation term, Fs is the usual (bare) Coulomb energy,
and F3, Ey4, etc. are polarization contributions. The indices ¢, j, k etc. run over all particles
in the system. The kernels I;j;, I;k,k,j, etc. are integrals over the particle surfaces, and are
given by
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€ dS 1
L= (1— 0 / LA v/ 2.13
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-\ 2 ds ds 1
Likyhoj = | 1— Sin /$-vk / k2 V= (2.14)
€out 4 ’Rz — I'kl{ 1 4 ’Rk‘l — er{ ‘I‘k — R]‘

(2.15)

These terms can be understood as interactions between the - and j-th particles mediated
('scattered’) by the ki-, ko-th particles. The higher order terms L, koksi » Likykokskyj MAY
be constructed analogously. Starting from the terms for E3, each higher order polarization
energy term involves one additional surface integral. In Ref. [18], it is shown that these
surface integral terms can be converted into one-dimensional line integrals. Specifically, note

that
Eikj = Likj + Likkj + Likkkj + -

2
tk o [ —1) 1
—e—t (5, gt 9/ dffo
VR Ry ( f 0 Dig;

where € = (€éin — €out) / (€in + €out) , g = 1/ (1 + €in/€out) .t = a/\/Rig, Ry,j and Dy =
. \1/2
<1 +f2 - 2Ry - R; k> . The first term in the bracket represents a contribution from the

(2.16)

image charge at the Kelvin point, and the second term represents a contribution from the
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Neumann image line. By following the same analysis, it is further found that

Eikikoj = ( ikiko; + Likykoko; + Likykokoky; T )

T Likykkgy + Likykikoko; T Likyky kokokoj+- )

+

( ikykykykoy T Likykykykokoy T Liky byl kgkokoj+- )

)

+

2 2
by thy —2g /tl -1 oy (T2 -1 1
=e—— 22 (4§, o —gt dfi 7 S, 2 —gt 9/ dfafd
/Rikl Rk‘gj f1,t9 1 0 1 fa,t5 2 0 2 Dikl o

1
= S

Vil Bryj " Dikykyj o1
2.1

Here t1 = a/\/R; i, R ky» and to = a/\/Ry, p, By, In the last line, we have introduced

the shorthand notation

t
_ —2g g—1
Ty =6y, 2 — g1, /0 dfp f? (2.18)

The kernel is given by D 1,; = ‘ fle’kl + Rkl ko T fgf{kQ j‘ . Similarly, for a generic term

involving n bodies, we have

1
< A SRy S P — (2.19)

Eilrkooker o = ———— _
e R R Dikyky: k-

It is shown in Ref. [18] that an iterative formula generates the kernel D,, involving n-particles

Dy =Dp_1+ <f7%_1 + an—lcnm—l) n—2+2fn—1 Z Cn,i H f] Di1 (2-20)

i=n—2

~

where ¢, 1 = Ry 1+ 'Rn—l,n—Q represent the cosine of angle between vec- tors con-

necting two consecutive particle pairs. Using the above expressions, the total energy for a
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system of polarizable spheres may be written

E=FE+ Ey+ ZQZQj ikj + Z Ql@j zk:lk‘y o (2'21)

8me
out ik ko

The terms in the bracket are the first order, the second order polarization contributions, etc.
Eq. (2.21) has been used in this manuscript for calculating polarization contributions
to the energy of particle aggregates and NaCl-type lattices. For particle aggregates, the
expressions provided above are sufficient. For the NaCl lattice, we have investigated the
system size dependence for the cohesion energy systematically, and found that both the first
and the second order polarization energies scale according to 1/L, L being the size; a cubic
system is used and L is the edge length normalized by particle diameter. The size dependence
for €, /€out is shown in fig. 2.5. The result can be fitted by the form ¢y 4+ ¢o/L. The values
reported in the manuscript correspond to ¢, the extrapolated value for an infinite crystal.
The first order polarization energy for a two-particle case can be written compactly, and
can be used to derive an explicit expression to the stability diagram. To see this, we note

that the total energy for two particles can be written as

Q@ , <Q1+Q2>( - iB<t2;g,0)> (2.22)

C AmequR T 8meout R 29

where R is the separation distance between two spheres. For ()1 and ()9 of the same sign, the
interaction is repulsive at large separations, and becomes attractive when dE/dR = 0. The
solution R* only depends on Q1/Q2 and €y, /€out. The relation between Q1/Q2 and €1/ €out
at the stability boundary is obtained by setting R* (Q1/Q2, €in/€out) = 1/2, i.e., by using
the condition that the two particle touch each other. By direct differentiation, the critical

relation can be resolved to be

@ _p, (p?- 1)1/2 (2.23)

Q2
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Figure 2.5: System size (L) dependence of the first order polarization energy for a NaCl-type
lattice, with €y, /€ous = 1.3.

9(1 4 €)3(e—1)71

D =
4(1 4 €)(1 4 4¢) — 9e41/(1+)B(1/4; g, 0)

(2.24)

The above result can be used to generate the first order stability boundary curve in Fig. 2.2(b).
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CHAPTER 3
NUMERICAL APPROACH: AN ACCELERATED
NUMERICAL APPROACH TO DIELECTRIC POLARIZATION

3.1 Abstract

Large classes of materials systems in physics and engineering are governed by electrostatic
interactions. Continuum or mesoscale descriptions of such systems can be cast in terms of
integral equations, whose direct computational evaluation requires O (N 2) operations, where
N is the number of unknowns. Such a scaling, which arises from the many-body nature of
the relevant Green’s function, has precluded wide-spread adoption of integral methods for
solution of large-scale scientific and engineering problems. In this work, a parallel computa-
tional approach is presented that relies on using scalable open source libraries and utilizes a
kernel-independent Fast Multipole Method (FMM) to evaluate the integrals in O(N) opera-
tions, with O(/N) memory cost, thereby substantially improving the scalability and efficiency
of computational integral methods. We demonstrate the accuracy, efficiency, and scalability
of our approach in the contest of an electrostatic problem involving polarizable dielectric
bodies in an unbounded dielectric medium. The results from several test cases show that
our proposed parallel approach, which is built on a kernel-independent FMM, can enable
highly efficient and accurate simulations and allow for considerable flexibility in a broad

range of applications.

3.2 Introduction

Massively parallel computer hardware, and the corresponding software, have enabled solution
of increasingly complex problems in science and engineering. Such problems are often cast in
terms of partial differential equations (PDEs). In many cases, it is convenient to formulate

the PDEs in terms of integral equations, which can then be solved by relying on a variety of
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numerical methods. For the particular case of boundary integral equations, the Boundary
Element Method (BEM)[26] has found numerous applications in physical problems ranging
from solids and fluids[27], to multiphase materials|28], heat transfer[29], electrostatics|[12],
and magnetostatics. For example, BEMs were used in fluid problems to study the motion
and deformation of bubbles[30] and to determine the phase diagram of complex fluids[31];
BEMs have also been used to address three-dimensional (3D) linear elasticity problems in-
volving particles embedded in a binder [32], and in crack analysis in 3D time harmonic
elastodynamics[33]. BEMs are particularly well-suited for problems that involve bodies em-
bedded in an infinite medium, with the boundary condition that the relevant potential decays
to zero at infinity. If the embedding space is homogeneous and the governing equations for
the underlying physics are linear, BEMs are frequently used in order to avoid explicitly in-
cluding the embedding space exterior to the bodies. In this work, we consider this kind of
problem as an explicit test case: dielectric bodies embedded in an infinite dielectric medium.
However, our proposed method is widely applicable to problems in which the mathematical
formulation can be cast in terms of a boundary integral equation.

In electrostatics, a class of problems is concerned with the electrostatic polarization of
finite-size dielectric bodies embedded in an infinite dielectric medium. Free charges carried
by these bodies, or free point charges in the medium, are sources of electrostatic fields.
Because the relative permittivity of the medium is usually different from those of the bodies,
the electrostatic field is discontinuous across the interface between a body and the medium.
As a consequence, bound surface charges are induced on the interface to compensate for the
discountinuity in the electrostatic field. In order to calculate the induced bound charges
on the interface, a BEM was originally proposed using a variational approach[12] to solve
the underlying Poisson equation . In numerical simulations of the polarizable bodies, BEMs
have been used for stationary or mobile dielectrics[37, 38, 39, 40, 1]. A central aspect of
this class of problems is the calculation of the distribution of bound surface charge density

through solutions of a linear system of equations Ax = b, where A is a dense matrix whose
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entries depend on the geometry of the dielectric bodies, = represents the induced bound
surface charge density, and b represents contributions from free charges on the dielectric
bodies, or free point charges in the exterior medium. The iterative Generalized Minimal
Residual Method (GMRES)[41] provides an efficient numerical method to solve the resulting
dense linear system of equations[42]. However, the matrix-vector multiplication in each
GMRES iteration has a computational complexity of O(N 2) in any direct implementation.
In Refs. [1, 42], the matrix-vector multiplication is accelerated using a fast Ewald solver, i.e.,
the particle-particle particle-mesh method (PPPM or P3M)[43], which offers a computational
complexity of O(NlogN).

In this work, we have developed an efficient and scalable parallel computational approach
for BEMs that is built on the scalable parallel libraries libMesh (http://libmesh.github.io)[44]
and ScalFMM (http://scalfmm-public.gforge.inria.fr)[45]. The boundary integrals are accel-
erated using a kernel-independent fast multipole method (FMM)[46] with O(N) compu-
tational complexity. This kernel-independent FMM is an interpolation-based FMM that
utilizes Chebyshev interpolation and low-rank approximation, and can also be used for ker-
nels that are known only numerically. It was first developed for non-oscillatory kernels and
later extended for oscillatory kernels[47]. Our approach to boundary integrals also adopts a
matrix-free method that requires no explicit storage of a global matrix, thus enabling sim-
ulations with a memory cost of only O(N). The corresponding software is is made freely
available to potential users. In the remainder of this chapter, we first introduce the general
boundary integral problem. We then discuss methods for the electrostatic problem, and our
implementations of BEM; We apply our computational approach to several model problems
and test its accuracy, efficiency, and scalability. We conclude with a summary and sugges-
tions for future directions for improvements of the proposed approaches, and elaborate on

several research areas and physical phenomena to which our approach could be applied.
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® ™

Figure 3.1: A schematic of general integral problems. () is the exterior region and the
P
interior region I' consists of different arbitrary-shaped bodies. I' = |J p;, where P is the

=1
total number of bodies and p; is the region occupied by ith body. The boundary the interior
region is denoted as OI'. Confined geometries can also be considered as shown in Fig. 3.2(b).

3.3 Methods

3.3.1 General integral problems

Many integral problems share similar configurations to those shown schematically in Fig. 3.1.
Space is divided into an exterior region {2 and an interior region I' consisting of the union of
different bodies with arbitrary shapes, for example dielectric or ferroelectric/ferromagnetic
bodies. It is assumed here that there are no intersections or contacts between any two
bodies. In most problems, the solution is obtained from functions f(r) obtained from the
integral over the boundary of all bodies (9I') of a kernel K (r,r’) and a source function g(r).
The kernel is derived from a Green’s function that represents the underlying physics of a
delta-function source; thus

fo)y= [ K(r,"g()d*' (3.1)
or

In numerical integration of the above integral using a Gaussian quadrature rule, f(r;)
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can then in general be expressed as

N

flr) =Y K(ryx))0;. (3.2)

j=1
Equation (3.2) is exactly the type of summation for which the FMM is used, with O(N') com-
putational complexity rather than the O(N 2) complexity that results from using the direct
method over all points r; and r;. The kernel-independent FMM enables fast computation

of the integral with arbitrary kernels for a variety of problems.

3.3.2  Electrostatic problem

A large class of systems in materials science involve polarizable metal oxide colloidal or
nanoparticles in a dielectric continuum. The presence of a particle exerts an electrostatic
field on nearby particles, leading to their polarization, which then propagates throughout
the entirety of the system in a cooperative manner. Under some circumstances, polarization
interactions can in fact lead to attractive forces between charged particles having the same
charge, a feature that has been revealed in striking detail for metalic oxide micro-particles[7].
Here we consider polarizable dielectric bodies p; embedded in an infinite dielectric medium
Q). Dielectric polarization arises on the surface of the bodies when the relative permittivities
of the bodies are different from that of the medium. Bound surface charges are then induced
because of the discontinuity of the electrostatic field across the interfaces between bodies and
medium. In the following, we first review key equations that facilitate implementation of
the BEM. For details on the derivation of the method, we refer to Refs. [12, 1]. The relative
permittivity of the medium is ¢, the relative permittivity of ¢th body is ¢;, and the point
charge carried by the i-th particle is ;. In this method, @); is represented by an equivalent
surface free charge density oy on the surface of each body (see section IV.I in Ref. [1]). In

the particular case of spherical bodies, o = Q;/ (47?7“22) on the ith body with radius r;. The

27



induced bound surface charge density o}, can then be calculated by solving

Adb = b, (33)
where
Aoy = €0y + A Ep - n, (3.4)
with
L e 35
= op(r’)d°r'. .
" dmey Jor jr— P 0

In the above equations, € = (€; + €y)/2, Ae; = e — €;, €0 is the permittivity of vacuum, n
is the outward-pointing normal unit vector at the interface between a body and the medium,
and E is the electrostatic field that arises from the bound surface charge density o;. The
integral is performed only on the surfaces of all dielectric bodies (OT'). The right-hand side
b in Eq. (3.3) is obtained from

b=(1- EZ')O'f — EoAEZ’Ef -n, (3.6)

with

1 r—r
E — ( - - / d2 /
I 4re /ar |r—r’|3af(r> ’

r—r pp(r) 5,
+/Q T d r>, (3.7)

|I‘ — €m

where E ¢ is the electrostatic field that arises only from the free charges, oy is the surface

free charge density on the surface of the dielectric bodies, and py is the volume free charge

density in the medium €2. In our examples, only free charges carried by the dielectric bodies

are considered, and there are no free volume charges in the medium, so the second term in

Eq. (3.7) is absent. Once we obtain the total surface charge density o = o + 0, and total

electrostatic field E = E; + Ej, on the surface of the dielectric bodies (9I'), the force vector
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acting on the ith body, F;, can be calculated by a boundary integral over the surface of i-th
body,

e r 21‘ .
F, /8p f(r)d (3.8)

%

where f(r) is the surface force density on the surface of the body,

f(r) = epoE(r). (3.9)

3.4 Implementations

In the electrostatic problem, because dielectric polarization occurs at the interface, only the
surface of dielectric bodies, rather than their volume, is discretized with a triangular mesh
using CUBIT. Constant monomial shape functions is used to approximate variables such as
surface charges and electrostatic fields in each element. The boundary integration on each
element is done using a one-point quadrature rule: the quadrature point in each element is
set to be the centroid of that element, and the weight is the surface area corresponding to
that element. If the dielectric bodies are spheres, the surface area is calculated analytically
as the spherical area; if the dielectric bodies are not spheres, the surface area is approximated
by the flat area of each triangular element. The point where variables are approximated in
each element is set to be the same as the quadrature point. The linear system of equations
Eq. (3.3) is solved using GMRES in a matrix-free form provided by libMesh and PETSc,
i.e., we do not explicitly form the matrix A, rather, we define the action of matrix-vector
multiplication Aoy, that is used in each GMRES iteration. The most computationally expen-
sive part in the matrix-vector multiplication is calculating the electrostatic fields, which is a
boundary integral with the kernel multiplied by the surface charge densities [see Eqs. (3.5)
and (3.7)]. In a direct method, the computational complexity of the matrix-vector multipli-
cation is O(N?). In Refs. [1, 42], a fast Ewald solver is used to reduce the complexity to

O(NlogN); in our implementation, FMM is used to further reduce the complexity to O(V).
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In the following subsections, boundary integration and parallelization are presented.

3.4.1 Integrals accelerated by FMM

For the numerical implementation of the boundary integrals that arise when calculating
electrostatic fields, we use Eq. (3.5) as an example for the discretization. The electrostatic

field vector at the jth element that arises from the bound surface charge density is

N
E] = 47360 3 ‘:.j__:kﬁggak n \/gﬂjnj , (3.10)
k=1k#j 170 — 7k
where N is the total number of boundary elements (here also the Dof because of the constant
monomial shape function used here), a; and aj, are the surface areas of the j-th and £-th
element, H; is the mean curvature at j-th element, and n; is the unit outward-pointing
normal vector at the centroid of the j-th element. The first term in Eq. (3.10) is the
contribution from all source elements except for the target element itself, and the second term
is a correction term that replaces the original singular term when j = k. This approximate
correction works reasonably well for arbitrary geometries (see section IV.B in Ref. [1]). For
spherical surfaces, H; = 1/r, where 7 is the radius of sphere to which the j-th element
belongs; for cylindrical lateral surfaces, H; = 1/(2r), where r is the radius of the cylinder;
for flat surfaces, H; = 0, which means the correction term is zero.
The kernel used in the summation in Eq. (3.10) is

I'Z'—I'j

K(rj,r;) = 3.

J (3.11)

r; — 1l

It is also from Eqgs.(3.4) and (3.6) that the normal unit vector is associated with target points
rather than source points, and is outside of the boundary integral. We also note that the
above kernel in Eq. (3.11) is the spatial derivative of 1/r kernel. Because the 1/r kernel

and its spatial derivatives, i.e. the forces from the 1/r potential, are already implemented
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in ScalFMM, we can take advantage of its highly optimized algorithm specifically designed
for the symmetric 1/r kernel to perform boundary integrals for the electrostatic problem,
which is more efficient than our current implementation for the boundary integrals in the

magnetostatic problem.

3.4.2 Parallelization

In our parallel implementation, we use a serial mesh, i.e. every processor has a copy of the
boundary mesh, but the data structures, such as matrices and vectors, used to solve the linear
system of equations are partitioned and distributed among all processors automatically in
libMesh during the parallel solution using PETSc. A parallel mesh is needed only if storing
mesh data on a each processor consumes too much memory, which may be the case for
problems with billions of DoFs. We use METIS[55] as the partitioner for data structures
associated with the mesh. For the electrostatic problem, only one partitioner is necessary
and the main parallelization is implemented in building the right-hand side b, performing
matrix-vector multiplication in each GMRES iteration, and calculating the force vectors on
the dielectric bodies, i.e., every processor calculates its own contribution to the right-hand
side, to the matrix-vector product, and to the force vectors.

For the parallelization of FMM in the electrostatic problem, one strategy is to partition
only the source points, i.e., every processor has a copy of the coordinates of all target points
on the boundary mesh, as well as coordinates, and normal unit vectors of only local source
points. We then perform serial FMM calculations on every processor, which means that
we first calculate the contributions from local source points to all target points. We then
let all processors communicate and sum up contributions from every processor and assign
integrated values to all target points. An alternative strategy would share a similar concept,
but partition only target points and keeps on every processor a local copy of information
from all source points. The specific choice between the above two strategies that is better

suited for the problem at hand depends on whether the number of target points or number
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of source points is largest. If the number of source (target) points is larger than that of
target (source) points, we choose to partition the source (target) points, i.e., the larger set
of points, because this can reduce the computational time and the memory cost of storing
particles on every processor. Most of the times we found the number of source points is
larger than the number of target points, because the number of quadrature points is mostly
larger than that of nodal points, so we choose to partition the source points in our parallel
implementation. Since a constant monomial shape function is used here, the quadrature
point (source point) in each element is also the point (target point) where variables, such as
charge densities and electrostatic fields, are approximated, i.e. target points are the same as
source points. In order to use the TSM model in ScalFMM and the strategy of partitioning
only target/source points, all quadrature points are inserted into the octree first as target
points, and then they are inserted into the same octree again as source points, along with
information of associated physical values and quadrature weights. We then partition only
the target points; each processor keeps a copy of all source points along with the information
of physical values and quadrature weights, and we perform FMM in serial on every processor.

We also note that ScalFMM has its own strategy for parallelization of FMM, in which
both target and source points are partitioned based on their Morton ordering[56]. The idea is
to map 3D points in the octree to those in a 1D array based on the z-value of each point, and
then to partition all points based on the index of their 1D representation. After partitioning,
local points are inserted into the octree on each processor, and each processor then performs
FMM and communicates with other processors[57]. This strategy consumes less memory
than the previous two methods, but its implementation is more involved. Therefore, we
have not considered it here, and will examine it in future developments of our computational
approach, where we will also compare its parallel efficiency with methods that partition only
target/source points. In the following section, we test our computational approach for the
electrostatic problem by applying it to several model problems, and we compare the results

with analytical solutions. These comparisons serve to demonstrate the accuracy, efficiency,
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and scalability of our parallel approach.

3.5 Results and discussions

We verified our method and implementation with a few model calculations for which there
are analytical as well as numerical literature solutions: specifically, two dielectric spheres
with surface-bound free charges, and a sphere inserted in a cylindrical cavity in a dielectric
medium. In addition, we tested our method on a model problem for which there exists
no analytical solution in closed form, namely two dielectric cubes with uniform surface free
charges. The results are shown in Fig. 3.2, and Fig. 3.2(a) shows the solution for the problem
of two spherical dielectric bodies. We also varied the center-to-center distance between two
spheres and calculated the electrostatic forces at each distance using our numerical approach
and an analytical expression[59, 18] (see Fig . 3.3(a)). Figure 3.2(b) shows the solution for
the dielectric sphere inside a cylindrical cavity in a dielectric medium. The polarization
effect on the sphere is turned off by setting its relative permittivity to be the same as that of
the medium; note that this problem is equivalent to that of a point charge inside a dielectric
cylinder. Our results are in good agreement with analytical solutions as well as with previous
numerical results from Ref. [12]. Figure 3.2(c) shows results for the two dielectric cubes. In
particular, the bound surface charge densities accumulate on the corners and edges of the
cubes, rather than on the faces with a max/min value of 4/- 0.49. To better show the
polarization effect on cubic faces, the color range is set to 4+/- 0.04 in Fig. 3.2(c).

Figure 3.3(a) shows the comparison between our numerical method and an analytical
method of calculating body forces on two dielectric spherical bodies as a function of their
center-to-center distance (particle separation). For the numerical method, the surface DoFs
on each body are varied to test the accuracy, while the relative tolerance for the iterative
solver GMRES is set to 107 in all cases (further decreasing the relative tolerance improves
numerical results little). The relative errors for the body force are shown in Fig. 3.4. As

the number of degrees of freedom increases, the relative errors decreases significantly when
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Figure 3.2: Model electrostatic problems for (a) two polarizable spherical dielectric bodies,
(b) a polarizable dielectric sphere inside a cylindircal cavity in a dielectric medium, and
(c) two polarizable dielectric cubes. The color maps show the induced bound surface charge
density, (o), in units of ¢/ (eORz). In (a), the two spheres have the same relative permittivity
€1 = €9 = 15 and the same radius r; = ro = R, the relative permittivity of the medium is
em = 1, the point charges are 1 = 10q (body on the right), Q2 = ¢ (body on the left), and
the center to center distance is d/R = 2.5. In (b), the relative permittivities of the sphere
and the cylindrical cavity are unity, while the relative permittivity of the medium is 2. The
point charge on the sphere is ¢ while the cylinder has no surface free charge density, the
length and radius of cylinder is 10R and R; the radius of the sphere is 0.5R and its located
at the center of the cylinder’s axis. In (c), the side of cubes is R, the center to center distance
is d/R = 2.0, the surface free charge densities are —1/47 for the left cube and 1/47 for the
right cube, and the relative permittivities of cubes and medium are the same as those in (a).
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Figure 3.3: (a) Comparison between numerical and analytical results of calculating the
electrostatic forces between two dielectric spherical bodies as a function of their center to
center distance. Negative value means attractive force. (b) The scaling behaviors and
computational time spent on solving for the surface bound charge densities and calculating
body forces on particles using our numerical approach as a function of surface DoF's, tested
on a single CPU core of Intel Xeon E5-1607 v3 @ 3.1GHz. The inset numbers 1 and 2
indicate the scaling of O(N) and O(N?) respectively. For comparison purpose, it is assumed
that the break-even point between O(N) and O(NlogN) is at 100 DoFs. (c) Strong scaling

of solving the model electrostatic problem using our numerical approach tested on Blues at
ANL.
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Figure 3.4: Relative errors of the body forces on unit dielectric spheres calculated from
simulations compared to their analytical values for different DoFs/Sphere, as a function of
center to center distance between two spheres.

d/R > 2.8. They decrease marginally when d/R < 2.5, and there are known difficulties in
calculating forces accurately when two spheres are very close to each other because of large
discretization errors, and adaptive mesh refinement is a technique to efficiently improve the
accuracy in this situation[l]. The relative errors do not always decrease when 2.5 < d/R <
2.8; under the same number of degrees of freedoms, for example 5004 DoF's/Sphere, they are
even larger when 2.7 < d/R < 3.0 than those when d/R > 3.0. This is because the body
forces are nearly zero at these locations as shown by analytical solutions, and they are orders
of magnitude smaller than those at other locations and thus more sensitive to discretization
errors, which makes the relative errors large while the absolute error is very small.
Including polarization effects results in very different electrostatic interactions compared
to those when only bare Coulombic interactions are included, especially when particle sepa-
rations are small. These issues have been reported in past theoretical and numerical studies.
In the particular case considered in Fig. 3.3, even though the surface free-charge densities on

both bodies are all positive, the electrostatic interactions may exhibit attractive forces be-
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tween the bodies when their center-to-center distance (d/R) is less than 2.74. Note that the
bare Coulomb interaction consists of only repulsive forces, so it is crucial that the effects of
dielectric polarization be included in calculations of electrostatic interactions for simulations
of colloidal bodies, lest the underlying physics not be captured correctly.

Figure 3.3(b) shows the total computational time spent on assembling the right-hand-side
of Eq. (3.3), solving the linear system of equations iteratively using GMRES, and calculating
the body forces on one particle. As before, the order of Chebyshev polynomial is 5 in all cases.
We can see that as surface DoFs increase, the computational time increases linearly, which
is similar to that of the boundary integral using FMM in the magnetostatic simulation, and
it confirms the O(N) complexity of our method. In each case, because the distance between
two particles is different from those in other cases, the box size for the octree is also different.
The octree height in each case is tuned to achieve optical FMM performance, and the height
generally increases as the surface DoF's increase. Compared to PPPM and the particle-
mesh Ewald method[60] (PME) with O(NlogN) complexity, FMM-based methods exhibit
better computational complexity; Figure 3.3(b) shows that they have a clear advantage
in high-performance computing of large-scale simulations with millions of unknowns. In
addition, FMM-based methods are mesh-free approaches and more efficient for heterogeneous
systems (e.g., systems with electrostatic polarization), where the mesh-based approaches
such as PPPM and PME that require an evenly spaced FFT-mesh become slow and memory-
intensive[61].

Figure 3.3(c) shows strong scaling for up to 512 processors for solving the electrostatic
problem when the surface DoF's on each particle are 0.36 M and 1.95 M. Overall, the com-
putational times decrease as number of processor increases, and they are slightly larger than
for ideal scaling when the number of processors is less than four. The difference between the
computational time and ideal scaling increases as the number of processors increases. For the
case with 0.36 M DoFs using 256 and 512 processors, the computational times were found

to reach a plateau, while the strong scaling shows better performance for 1.95 M DoFs. In
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order to investigate what prevented good scaling (i.e., closer to ideal) for larger numbers of
processors, we performed a detailed profiling of our code. We found that the time spent on
inserting all source particles and FMM calculations on all source points dominate the total
time, while the communication time spent on gathering all information of source points to
every processor is much smaller. This observation shows that the plateau in strong scaling
is the result of our parallel strategy of partitioning only target points and keeping a copy of
all source points on every processor, so that all source points need to be inserted into the
octree. This dominates the insertion time. In addition, FMM calculations have an O(N)
complexity, where N = N¢/np + Ny since we only partition target points, N¢/np is the
number of target points per processor and Ny is the number of all source points. In the
electrostatic case, Ny = Ny because of the one-point quadrature rule used in the boundary
integration. So the FMM calculation time is dominated by calculations over source points,
even if there are much fewer target points when the number of processors (np) is reasonably
large. One strategy to recover better scaling for larger numbers of processors would be to
create a separate partitioner for FMM, and to distribute both target and source points to
every processor according to their Morton index. There will then be two partitioners in
the simulation: one for FMM, and one for boundary elements. The challenge is then to
create a mapping between the two partitioners to couple FMM with the boundary element
calculation. Because our current parallel implementation shows very good scaling up to 128
processors, and quite good scaling for 1.95 M DoFs up to 512 processors, we believe our
implementation is more than adequate for most applications. Further improvements to our

parallel implementation will be performed in future work.

3.6 Conclusions

We have developed accurate, efficient, and scalable parallel computational approaches for
integral problems based on the open source libraries libMesh and ScalFMM. The problems

considered here all contain integrals of Green’s functions over the boundary of the relevant
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domains, which exhibit a computational complexity of O(N 2) in direct implementations. To
facilitate wider usage of these methods, we accelerated the computation of the boundary
integrals using a kernel-independent FMM to achieve O(N) computational complexity, and
also with a memory cost of O(NV), resulting in significant gains in computational speed as
well as in efficient memory utilization.

We note that FMMs have been used previously for boundary integrals and BEM[62, 63,
64], as well as combining with GMRES [32, 65]. However, there are few publicly available
parallel codes using these techniques, in particular highly efficient and scalable ones. Our
work is aimed at providing such a code framework, which we developed with the following
features in mind: first, the code must run in parallel for large-scale problems with good
parallel performances; second, it must be available for general distribution, at http://ime-
code.uchicago.edu as part of the Continuum-Particle Simulation Suite (COPSS) from the
Midwest Integrated Center for Computational Materials (MICCoM); third, it should provide
convenient interfaces for computational researchers who are not familiar with acceleration
techniques or parallelizations to focus on the underlying physical problems, as opposed to
software engineering. Our computational approaches open up numerous possibilities and will
enable efficient modeling for a variety of large-scale many-body problems, such as dynamics
of colloids and interactions of magnetic bodies, to explore new physics and functions of ma-
terials. Further improvements can be made on our computational approaches, such as using
the parallelization strategy in ScalFMM with the concept of Morton ordering and compare

its performance with partitioning only target /source points as in our current implementation.
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CHAPTER 4
NUMERICAL APPROACH: AN ACCELERATED STOKES’
SOLVER TOWARDS SCALABLE BROWNIAN DYNAMICS OF
HYDRODYNAMICALLY INTERACTING OBJECTS IN
GENERAL GEOMETRIES

4.1 Abstract

An efficient parallel Stokes’s solver has been developed for complete description of hydrody-
namic interactions between Brownian particles in bulk and confined geomteries. A Langevin
description of the particle dynamics is adopted, where the long-range interactions are in-
cluded using a Green’s function formalism. A scalable parallel computational approach is
presented, where the general geometry Stokeslet is calculated following a matrix-free al-
gorithm using the General geometry Ewald-like method. Our approach employs a highly-
efficient iterative finite-element Stokes’ solver for the accurate treatment of long-range hy-
drodynamic interactions in arbitrary confined geometries. A combination of mid-point time
integration of the Brownian stochastic differential equation, the parallel Stokes’ solver, and
a Chebyshev polynomial approximation for the fluctuation-dissipation theorem lead to an
O(N) parallel algorithm. We illustrate the new algorithm in the context of the dynamics of
confined polymer solutions under equilibrium and non-equilibrium conditions. The method
is then extended to treat suspended finite size particles of arbitrary shape in any geometry

using an Immersed Boundary approach.

4.2 Introduction

The dynamics of suspended objects in confined geometries, such as colloidal particles or
polymeric molecules, is important for a wide range of applications, including enhanced oil

recovery, biology, materials design and medicine. For example, in modern genomic technolo-
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gies, such as DNA sequencing or optical mapping, individual DNA molecules can be directly
manipulated in microfluidic and nanofluidic devices, where hydrodynamic effects play a key
role [66, 67, 68, 69, 70]. Another set of applications, involving lab-on-a-chip devices, aim
to manipulate cell and particle suspensions through the precise design of flow conduits and
accurate control of flow rates and hydrodynamic forces [71, 72]. From a physical point of
view, many intriguing rheological behaviors in suspensions, including foam formation [73],
shear thickening [74], solidification [75] and shear induced migration [76, 77, 78] have been
traced back to hydrodynamic effects. Similarly, in the context of intracellular motion, the
effects of crowding are of considerable interest and are believed to be caused by hydrody-
namic interactions [79, 80, 81, 82, 83, 84, 85, 86]. The precise mechanisms that underpin
such phenomena, however, remain poorly understood, particularly when they arise at high
concentrations. Efficient methods and algorithms capable of accurately capturing hydrody-
namic interactions and their influence on microstructure evolution are necessary in order to
describe the dynamics of concentrated particle suspensions, and for design of fluidic devices.

Brownian Dynamics (BD) is generally used for problems that are characterized by a broad
separation of length and time scales - on the order of several orders of magnitude, between
the relaxation times of suspended particles or molecules and those of the solvent. The
system is evolved through the integration of the Fokker-Planck equation for the probability
distribution function, which incorporates a force balance for the suspended particles and the
fluid, coupled through the fluctuation-dissipation theorem [87, 88]. A representative system
is provided by a 21 pym DNA molecule suspended in an aqueous solution. The characteristic
size of the molecule is 18 x 1010 m), and it has a relaxation time of 0.1 seconds. In contrast,
the fluid has a characteristic diffusion time, i.e., the time required for the fluid molecule to
diffuse its own size, of 1071° seconds. Simulations that include a solvent explicitly would
be impractical. In BD, the fluid is represented as a continuum governed by the Stokes
momentum equations [89, 90, 91, 88]. In such a system, the motion of each particle is

influenced by that of all other particles, and it is mediated by hydrodynamic interactions
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(HI), which are long-ranged. Explicit expressions to calculate HI are only available in free
space and for simple geometries; for the general cases encountered in micro- or nano-fluidic
devices, hydrodynamic forces must be obtained numerically.

BD simulations have been used extensively to study the dynamics of macromolecules
and colloids [92, 93, 94, 95|, the transport of DNA [96, 97, 98, 99, 100, 68], and the
flow behavior of colloidal dispersions [101, 102, 103]. Such simulations are computation-
ally demanding, and most simulations to date have been limited to small systems in un-
bounded domains or in simple geometries. Over the last two of decades, increasingly ef-
ficient methods and algorithms have been developed to evaluate HI. These include Stokes
solvers [104, 105], Stokesian Dynamics (SD) [106, 107, 108], Lattice Boltzmann method
(LBM) [109, 110, 111, 112], dissipative particle dynamics (DPD) [113, 114] and Green’s
functions based methods [104, 115, 116, 117, 95, 94, 118]. Fluid particle methods, DPD,
and fluid mesh methods, LBM, are widely used and preferred by several authors. DPD can
coarse grain the solvent molecules and greatly reduces the number of solvent particles and
increased time intervals compared to classical molecular dynamics (MD). However, correct
implementation of confining walls, i.e., no-slip boundary conditions, is not a trivial task in
DPD. LBM only gives approximate solutions to incompressible Stokes flow since it requires
a finite Reynold number Re. LBM also needs complementary methods to properly model
complex geometries and eliminate viscosity-dependent errors [119, 120]; however, the im-
plementation of these complementary methods are complicated. Another issue with LBM
is that it become fluid element dependent as the concentration of suspended particles in-
creases. In practice, as the concentration increases, the number of fluid elements has to
increase consistently, thereby increasing the computational cost. The General geometry
Ewald-like (GgEm) method [118] is of particular interest to our work because it directly
solves Stokes equation (Re = 0) and is able to handle arbitrary geometries and no slip
boundary conditions efficiently. GgEm uses the linear character of the momentum equations

to split the contributions of long-range interactions into a local and a global calculation,
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following the general philosophy of the Ewald split. It resolves short-range particle-particle
interactions precisely, while far-field interactions are evaluated on a mesh using a Compu-
tational Fluid Dynamics approach. The GgEm method has been used for simulations of
confined DNAs [68], of DNA pore translocation [95, 121], of charged dipoles [122] and poly-
electrolytes [123], of suspensions of rigid and deformable particles [124, 125] and of active
suspensions [126, 127, 128].

As helpful as the GgEm method has been, its implementation is challenging, particu-
larly in highly parallel algorithms. The purpose of this chapter is to introduce an efficient
and scalable computational implementation, and to publicly release the corresponding soft-
ware. To do so, we rely on a finite element formulation for the far-field contributions, using
distributed memory parallelization methods that include a direct LU analytic solver for sys-
tems with less than one million degrees of freedom, and a fast parallel iterative solver, with
hybrid preconditioning, for larger systems. Our parallel Stokes” solver is combined with
GgEm, a mid-point integration scheme, and a Chebyshev polynomial approximation for the
fluctuation-dissipation theorem, to arrive at an efficient O(/N') and completely scalable paral-
lel BD algorithm. In what follows we offer a detailed explanation of our proposed approach,
including a discussion of important numerical issues and general aspects of the algorithm.
We then illustrate its use in the context of confined polymer solutions and finite-size particle
dynamics. More specifically, we calculate the diffusion of polymers in a slit geometry, and
demonstrate that the correct Zimm scaling is obtained [91, 129]. We then simulate flowing
polymers in a cross-channel geometry, and show how the method can be used in arbitrary
domain shapes. We also show results for the dynamics of finite-sized particles using an

Immersed Boundary-GgEm formulation.
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4.3 Methods

4.3.1 The Fokker-Planck and the Brownian dynamics equations

The stochastic differential equation that governs the dynamics of N suspended beads in a
viscous solvent is obtained from the force balance
omU

= = £11 + £ 4 gFV 4 gother (4.1)

for each bead v = 1,..., N, where fff is the hydrodynamic force, f,ﬁg is the Brownian force,
f,fjv are excluded volume forces (bead-bead and bead-wall), ff,’ther are other external (non-
Hydrodynamic and non-Brownian) forces that may apply (e.g. spring, electrostatic or mag-
netostatic forces), U is the translational velocity. Re is assumed to be zero and inertial
effects are neglected, therefore the left hand size of Eqn. (4.1) is equal to zero.

In a Lagrangian frame of reference, the evolution equation for the probability distribution

function, v (x,t), for the bead positions is a convection-diffusion equation of the Fokker-

Planck type [87]:

oY 0 1 0 0

—_ = R+ -—D-F —-D-— 4.2

ot~ OR [(” T EsT ) w} Tor P arY (4.2)
where R = (x1,X9,...,X,) is a 3N vector containing the spatial coordinates of the beads, k

is a diagonal 3N x 3N tensor with the diagonal components of the imposed velocity gradient
VU, D is the 3N x 3N diffusion tensor, F is a 3N vector with the non-Brownian and non-
hydrodynamic components of the force, kg is Boltzmann’s constant and 7" the temperature.

The diffusion tensor is given by D = kg7 M, where M is the mobility tensor that includes
the Stokes’ drag and the pair-wise Stokeslets that account for the hydrodynamic interactions
between beads. Note that the time evolution of ¢, according to the Fokker-Planck equation,
is due to convection —first term on the right-hand side — and diffusion — second term on the

right-hand side — of the probability density. This is particularly important, because once this
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equation is transformed to produce an equivalent stochastic differential equation, convective
and diffusive terms will be generated. Each of these terms imposes particular challenges for
their efficient numerical integration.

Assuming a continuous probability density, using the Chapman-Kolmogorov equation
together with the introduction of a Wiener process, an equivalent stochastic differential

equation for the motion of the beads is obtained as follows [88],

dR = U0+M-F+%-D dt + V2B - dW, (4.3)
where Ug denotes a 3N vector with the unperturbed fluid velocity at the bead’s position
and U = M - F contains the fluctuating velocities from the hydrodynamic interactions; this
is a convective term. The divergence of the diffusion tensor a% - D is the drift resulting
from the configuration-dependent mobility of the confined particles; this is the first diffusive
term. Finally, dW is a random vector, the components of which are obtained from a real-
valued Gaussian distribution with zero mean and variance dt. It is coupled to the diffusion
tensor through the fluctuation-dissipation theorem: D = B - BT, Consequently, the term
V2B -dW - the second diffusive term — represents the Brownian displacement, which results
from collisions between the beads and the surrounding molecules in the fluid.

Three issues must be addressed in order to arrive at an efficient numerical algorithm for
Eqn. (4.3). First, the mobility/diffusion tensor cannot be constructed explicitly; this would
result in a O(N 2) algorithm. This implies that the fluctuating velocity, U, the divergence of
the diffusion tensor, V - D, and the diffusion tensor decomposition, B, must be implemented
in a matrix-free scheme. In our proposed algorithm, we use (i) the General geometry Ewald-
like method (GgEm) for a matrix-free product of the mobility tensor with any vector, M - F;
(ii) a mid-point algorithm, proposed by Fixman [130], that avoids the explicit calculation
of V - D; and (iii) a Chebyshev polynomial approximation for the B - dW product, also

proposed by Fixman [131], that uses GgEm to avoid the explicit calculation of D. The
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entire algorithm scales as O(N) and enables one to handle arbitrarily shaped systems by
relying on GgEm [118]. In addition, we also rely on parallel finite element methods and

parallel libraries to achieve the above tasks.

General geometry Ewald-like method (GgEm)

A velocity field, U = (uy,ug,...,uy) = M- F, driven by a distribution of forces at the bead
positions, F = (f1, fs, ..., fj7), can be calculated directly by recognizing that, for zero Re, the

force balance on the fluid is reduced to the Stokes’s momentum equations:

—Vp+uViu = —p/, (4.4)

V-u = 0, (4.5)

where g is the fluid viscosity, u(x) is the fluid velocity field generated by a force density
pf (x) = lej\le f,0(x — x,) and p is the corresponding pressure. The inclusion of the Dirac
delta function, §(x), in the force density implies that we are assuming, for the moment being,
that the forces exerted by the beads on the fluid are singular point-forces.

Similar to conventional particle-mesh Ewald methods [132], GgEm uses the linear char-

acter of Stokes’ equation to re-define the force density in Eqn. (4.4):

P! (x) = p] (%) + pj (). (4.6)
where the “local” density is
N
pl(x) = D 160x = x0) = g(x — %)} (x), (4.7)

46



while the “global” density is given by
ph(x) =" g(x — x)f(x). (4.8)
v

The “screening” function, g(x), must satisfy [, space g(x) = 1 and it is chosen in a way
that the local density contribution to the velocity field decays exponentially. We have found

that [118] a modified Gaussian function of the type

o3 225 2 9
a“r e 49

results in an exponentially decaying “local” velocity field over a length scale a~ L

Ignoring the confining walls, a Green’s function calculation can be carried out to obtain

the local contribution according to

w(x) =Y Gyx—x,)-f, (4.10)

where Gj(x) is a screened Green’s function given by

1 xx7 [erfc(ar)
Gilx) = g [+ 72 [—} oy
4.11
1 XX7 | 200 2,2
i [_Wme }

where r = |x].

Note that the aim here is to calculate the product of the mobility/diffusion tensor and
a forcing vector. In doing so, the physical characteristics of such a tensor, its positive
definiteness and self-adjoint form, must be preserved. As the concentration of beads is
increased, using a point-force model does not ensure such limits. We can, however, introduce
a point-force regularization using the same form of the modified Gaussian over a new length

scale & —1 For & “1—-3q / rt/ 2, the maximum fluid velocity is equal to that of a particle with
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radius a and the pair mobility remains positive-definite. Introducing this regularization in
the local contribution is trivial because it only modifies the screened Green’s function as

follows

Gﬁ(x) _ % [5 N g} [erfgfr) B erf(rozr)} .

1 XX 26 _ 2.2 200 _ 2,2
i _} NP e asrs |
i 8y [ 2 LT1/26 12¢ }

The functions GZR and G; decay exponentially on the length scale o~ L. In practice, the
local velocity field can be computed, as is done in Ewald-like methods, by only considering
the neighbors of each particle. On the other hand, the “global” contribution to the velocity
field, ug(x), which is driven by the force density pg(x), is obtained numerically by solving

the Stokes equations:

—Vpg+uv2ug = —pg, (4.13)

V-ou, = 0. (4.14)

This requires that u; + ug satisfy the appropriate boundary conditions at the domain walls
and boundaries. For example, a Dirichlet boundary condition, where the wall velocity is given
by u(xw), results in a boundary condition for the global contribution uy(x) = u(xw) —
u;(x), for x € xw.

The global solution is obtained on a set of M discrete points on a mesh; in this regard,
GgEm resembles a Particle-Particle-Particle-Mesh (PPPM) method, where the assignment
function is replaced by the delta function. Several techniques (finite differences, finite el-
ements, spectral methods) can be used to find the global contribution; after the mesh is
resolved, interpolation is used to get the value of the global velocity at position x. As men-
tioned earlier, in GgEm, M - F is determined implicitly, requiring O(N) operations. For the
point-force version, M = M7 | as required by the self-adjoint character of Stokes’ equations.
For the regularized version, M = M7 if the boundary condition on ug remains the same
as for the point-force version, at the cost of violating the no-slip boundary condition for
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points within ~ ¢! from the wall (which would normally be prevented by excluded volume

interactions).

Mid-point integration algorithm

To avoid the explicit calculation of V-D, we adopt Fixman’s mid-point algorithm [89], where

the time evolution from time ¢ to time ¢ + dt requires an intermediate step t*:

R* = R(t) + % [Up(R) + M(R) - F(R)] At (4.15)
+5VID(R)B(R) - AW (1) |

R(t + At) = R(t) + [Ug(R*) + M(R*) - F(R*)] At
(4.16)

+V2D(R*)B™HR) - dW(¢)

Chebyshev polynomial approximation

Finally, the diffusion tensor decomposition is carried out using a Chebyshev polynomial ap-
proximation as proposed by Fixman [130], which guarantees that the fluctuation-dissipation
theorem is satisfied. When combined with the GgEm, it results in a matrix-free algorithm
because it only requires matrix-vector products. This method has been widely implemented
in previous studies with unbounded or periodic domains [92, 98, 76, 118, 68]. Here we only
present a brief summary of the algorithm, and highlight some of the key issues that arise in
our scalable numerical implementation.

An operation over a matrix, f(M), can be approximated by a linear combination of

Chebyshev polynomials as follows
L
fM) => " aC (4.17)
=0
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where a; and L are the coeflicients and order of the approximation, respectively, and

Cyo = 1, (4.18)
Ci = dgM +dpl, (4.19)
Ciy1 = 2dM+dpI)C; — Cp_y. (4.20)

The parameters d, and dj, depend on the span of the approximation and are defined by

2
dy = —— (4.21)

>\max - )‘min
. )\max + )‘min

)\max - )‘min

dy = : (4.22)

where [Ain, Amaz] 18 the range of eigenvalues of M where the approximation takes effect.
For the mid-point algorithm, we require calculation of y = f(M) - dw. This can then be

expressed in terms of a series of matrix-vector products given by

L
y=f(M)-dw =) ag (4.23)
=0
where
X) = dw, (4.24)
%1 = (dgM+ dyI) - dw, (4.25)
X141 = 2(dgM + dpD)%; — Xp_1. (4.26)

The convergence rate of this polynomial approximation depends on both the condition
number of the matrix and the accuracy of the evaluation of its eigenvalues. The well-
conditioned character of the diffusion tensor is related to its positive-definite form, which is

guaranteed by using GgEm and a point-force regularization. More important is the proper
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calculation (or estimation) of the limiting eigenvalues. This procedure cannot rely on an
explicit construction of the tensor, and it should be scalable and parallelizable. In our
present numerical implementation, the eigenvalues, A\, and Apax, are calculated by using
the open-source software package SLEPc [133]. It is capable of rapidly solving upper and
lower bounds of eigenvalues for large systems on parallel computers. SLEPc also provides
a variety of solution methods in a matrix-free way. Therefore, combining pFE-GgEm with

SLEPc results in a O(NV) scalable parallel algorithm.

4.3.2  Parallel FEM Stokes flow solver

To be able to accommodate complex confining geometries, we discretize the Stokes problem
Eqn. (4.13) using the P2 — P! Taylor-Hood mixed element for u — p [134]. This is a stable
element that is a staple of Stokes discretizations. The discrete Stokes equation in this basis
has the following form

4 51 [a) (7 , (4.27)

B 0 D 0

Q
where 1, p and ﬁg; are the vectors of FEM coefficients for the velocity, pressure and global
forcing, respectively; A is the Laplacian operator and B is the divergence operator discretized
using the FEM basis, both incorporating whichever boundary conditions are imposed on the
velocity and pressure, respectively.
Once the bead positions are determined and f)g is formed, the Stokes solver determines

1 and evaluates it at the bead positions to obtain U. This procedure implicitly defines
the mobility tensor M. Since M is applied repeatedly in the time-stepper and the Cheby-
shev approximation, it is crucial to have an efficient solver for Eqn. (4.27) that can handle

sufficiently fine discretizations, necessary for resolving complicated confining geometries of

large-size containers.
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subDirect solver

For meshes with moderate numbers of degrees of freedom Ny, the best approach to solve
Eqn. (4.27) is to use a direct solver, such as the LU factorization @ = LAU, where L and
U are lower- and upper-triangular, respectively, and A is diagonal. The advantage of this
approach is that the matrix has to be factored only once, and the factors can be reused
repeatedly to compute the action of M, including inside the Chebyshev operator expansion,
using back- and forward-solves U and L, respectively.

The main limitations of this approach is that the L,U factors have to be explicitly
computed and stored, consuming O(N }?) time and O(N }%) storage, respectively. The solves
with L and U can also consume O(N},) time and can introduce substantial serialization
among the processors in a parallel setting. While parallel direct solver packages, such as
SuperLU Dist [135] allow for moderately large systems to be solved in reasonable time by
partitioning the factor matrices among processor memories, the direct approach is funda-
mentally unscalable: storage requirements with Ny, ~ 5.0 x 10° exceed 16G B, a typical RAM

size for many commodity machines.

[terative solver

Modern scalable parallel solvers for sparse linear systems such as Eqn. (4.27) are usually
implemented using Krylov subspace methods (KSP). These are a family of algorithms that
rely solely on the availability of a subroutine implementing the matrix-vector product Quw
to solve Qw = h [136]. Because of this, KSP are highly parallelizable, provided an efficient
pre-conditioner is available. Popular members of the KSP family are the conjugate-gradient
method (CG), which is applicable to symmetric positive- (in)definite systems only, and the
more flexible generalized minimal residual method (GMRES). It is useful, albeit not exactly
accurate, to think of a pre-conditioner as an operator P that approximates the inverse to
@ so that PQ) =~ I at least in the sense of a better clustering of the resulting spectrum.

PETSc implements a wide variety of KSP methods as well as a number of general-purpose
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pre-conditioners, or makes pre-conditioners from other packages available through a uniform
API. This allows the user to quickly experiment with different combinations of solvers and
fine-tune the solver parameters without changing the code.

Since @ in (4.27) is not positive definite, CG is inapplicable, but the more flexible GMRES
can work well, given a good pre-conditioner for ). Multigrid methods and other general-
purpose pre-conditioners are not very effective for ) due to its indefinite nature and a
zero diagonal pressure block. However, PETSc provides effective tools for building pre-
conditioners out of block methods based on decompositions such as the natural velocity-
pressure split.

Generally, the most effective pre-conditioners for the discrete Stokes system [137] exploit

the Schur complement matrix S = —BA~'BT | obtained from a factorization of Q:

A BT A A I A~1BT
B BAl T S I
x T
Indeed, inverting the block matrices left to right leads to an exact solution to Q) =
Y Y
in terms of solutions to the subsystems:
g
Az=f, Sy=9g— Bz, Ax=f— BTy, (4.28)
T
defining the action of operator =P . The first and the last systems involve the
Y g

solves with the discrete Laplacian, which can be effectively preconditioned by a multigrid
method or, even more simply, using /LU (0) — an incomplete LU factorization with zero
fill applied locally on each processor [136]. The middle (negatively-definite) system also

responds well to GMRES, provided that S can be applied efficiently without forming the
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matrix, and that an effective pre-conditioner for S can be obtained.

Many common pre-conditioners for Stokes are approximate solution operators P obtained
by solving the three systems above inexactly using Krylov solvers s on the blocks of ). This
is done by replacing A~ and S~! in the three systems of Eqn. (4.28) by applications of
k(A) and KJ(S’ ), respectively. The Schur pre-conditioner itself is applied only approximately
using k(A) to define

~

Sy = —Br(A)BTy.

Varying degrees of accuracy are required of the different x, and frequently only a few it-
erations (or even one) are necessary for an effective pre-conditioner; in particular, each
occurrence of k(A) potentially denotes a different solver.

The main difficulty is in preconditioning S in such a way that the overall solver per-
formance does not degrade with mesh refinement. A classical approach to preconditioning
S or S consists of using the pressure mass matriz My, which is simply the classical mass
matrix for the pressure finite-element basis; in our case it is the mass matrix in the P! basis
of piecewise linear continuous functions. Mass matrices have many desirable properties; in
particular, they are symmetric, positive-definite, have positive entries. Many Stokes solvers
use — My, to precondition S very successfully, since —M, 18 generally has very good spectral
properties, making KSP converge rather well.

Since —My, is a good pre-conditioner for S, it is spectrally similar to S and can in
some sense replace S. Using this observation we were able to devise a particularly effective
pre-conditioner for Eqn. (4.27) that replaces S by —M,. This solves the problem of precon-
ditioning the middle system in Eqn. (4.28), since M), is well pre-conditoned by the diagonal
lumped mass matrix Mp, which contains the row sums of M, on its diagonal. At the same
time, the use of M), eliminates the need for the relatively expensive application of x(A) in
the definition of the action of S on vectors.

Whenever pressure boundary conditions are used, it is important to observe that the

lower-right block in Eqn. (4.27) is not actually zero, but contains rows of the negative

o4



identity matrix corresponding to the mesh nodes where this boundary condition is applied.
In that case, we add those rows to —M),, which remains negative-definite. In fact, we use a
penalty formulation of all Dirichlet boundary conditions, which adds large negative diagonal
entries to —M), and, incidentally, preserves the symmetry of A. In particular, we can use
CG with ILU(0) or its Cholesky variant ICC(0) for both x(A) and xMp. While ILU(0) is
not guaranteed to preserve the symmetry or the definiteness of the preconditioned operator,
in our experience this does not cause a problem. In case CG fails to converge, the more
robust GMRES can be used.

An additional simplification of P can be obtained by dropping the last of the three factors
and inverting the remaining two using  in place of inverses. This is a rather common
approximation (see [137]), which might increase the number of GMRES iterations needed

for convergence, but makes each application of P considerably cheaper, since it omits the

| f
intermediate z. Concretely, the action of our pre-conditioner P is defined as P =
g
x
, where & and y are computed as follows:
Y

x=2z—-kr(A), y=—kr(Mpy)(g— Bzx).

The effectiveness of KSP methods depends on the particular right-hand side vector in
ﬁf

the system being solved. For the specific case of 91 GMRES preconditioned with the P
0

described above proves to be extremely effective, outperforming all other iterative methods
we are aware of.

Finally, we note that as defined above P is, in fact, a nonlinear operator, since it contains
possibly under-converged KSP applications in it. This might cause GMRES to diverge,
although this hasn’t happened in our experience. In that case the more robust flexible

GMRES or FGMRES should be used (see [136]).
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Solver configuration and comparison

In our software, the selection of direct solver or iterative solver can be done by simply chang-
ing runtime parameters, depending on the specific demands of the problem — most commonly,
the size of the computational mesh. Moreover, all of the iterative solver parameters can be
controlled in this manner, allowing the user to fine-tune the solver to a specific problem. We
provided defaults, however, that we found to be the most effective. These can be nonetheless
overridden at runtime thanks to PETSc’s flexible command-line options system. In particu-
lar, by default x(A) above is CG preconditioned with ILU(0) on each processor’s local block,
and solved to the relative tolerance 1075 on the residual. CG is also used in k(Mp), likewise
preconditioned with ILU(0) and to the same relative tolerance of 1070, These settings are
used in all of the numerical experiments here whenever the iterative solver is employed. All
of these settings can be easily overridden on the command line using the PETSc options
database system.

We compared direct and iterative solvers using 128 CPU cores of Intel Xeon E5-2698v3
@ 2.3GHz on Blues at Argonne National Laboratory (ANL). We observe that, for problem
sizes up to 1.2 million degrees of freedom, the direct solver performs better than iterative
solvers. For systems with 0.32, 0.64, and 1.2 million degrees of freedom, the Stokes solution
takes 0.083, 0.18, and 0.55 seconds, respectively, using a direct LU solver (in the preparation
step, the LU decomposition takes 80, 225, and 1036 seconds, respectively). On the other
hand, the iterative Stokes solution takes 6, 10, and 29 seconds, respectively, for the same
system sizes. For a problem size with 2.4 million degrees of freedom, the direct solver was
unable to provide a one-step Stokes solve and hung in the LU decomposition process for at
least 6 hours. The iterative solver, for systems with 2.4, 9.7, and 16.1 million degrees of

freedom, took during one step Stokes solve 57, 218, and 625 seconds, respectively.
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4.3.8 pFE-GgEm routines and libraries

The parallel finite element GgEm (pFE-GgEm) routines are built using open source libraries,
thereby facilitating usage of our routines. We list the required libraries and the repositories

to download our pFE-GgEm routines:
e the finite element method is built using libMesh [44] and PETSc [138, 54, 139],

e for systems with less than one million fluid degrees of freedom, we recommend a direct

solver such as the distributed-memory SuperLU Dist [135, 140, 141],
e the scalable eigenvalue calculation uses SLEPc [133],

e the pFE-GgEm routines can be downloaded at http://ime-code.uchicago.edu as part
of the Continuum-Particle Simulation Suite (COPSS) from the Midwest Integrated

Center for Computational Materials (MICCoM).

4.4 Results

Multiple levels of validations of our parallel finite element GgEm solver (pFE-GgEM) are
in order. We start from the Stokes’s solver precision and scalability, and follow with the
convergence and precision of the full BD code. We will include, however, two systems that

illustrate the capability of these open-source and available routines.

4.4.1  Scalability and Stokes’ flow validation

Accounting for the fact that GgEm is a proven and validated method, we wish to verify
that the parallel FEM solver is correct and that the scalability of the system will allow its
implementation to large systems (even though we already pointed out that the pFE-GgEm
method permits the study of confined, non-equilibrium systems).

We start by locating three point particles in an infinite cubic domain, the boundary of

which is unconstrained, so that an analytic solution, using the free space Green’s function or
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Figure 4.1: Velocity in the z—direction due to three point particles driven by point forces in
a 30 x 30 x 30 domain. The point-forces are located in x; = (=5,0,0), xo = (0,0,0) and
x1 = (+5,0,0), with a strength of f, = 1/3 along the z—direction. The GgEm solution is
obtained using o = 0.1 and a global mesh of 15 x 15 x 15.

Oseen tensor, is accessible. In order to make the solutions comparable, we set the exact values
on the domain boundaries evaluated from the analytic method as the boundary conditions
of the numerical method. It also helps to identify whether the boundary conditions for the
GgEm solution are solved appropriately. The point-forces are located in x; = (=5,0,0),
x9 = (0,0,0) and x; = (+5,0,0) in a 30 x 30 x 30 cube.

We used the bead hydrodynamic radius a as the characteristic length scale. The bead
diffusion time a?¢/kgT is the characteristic time ({ = 67 pa is the Stokes drag coefficient);
they result in a characteristic force kg7 /a and velocity kgT'/a(. The point-forces have a
strength of f,, = 1/3 along the z—direction. Figure 4.1 shows the velocity in the x—direction
along centers of the beads calculated with GgEm and the analytical solution. The figure
includes the GgEm local and global contributions for a solution with a = 0.1, and a global
mesh with a resolution of 1/v/2a (15 x 15 x 15 mesh). The inset shows the relative error

between the solutions, where the maximum error is of order 1072.
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Figure 4.2: CPU scalability test on ANL’s LCRC Blues supercomputer. The pFE-GgEm
algorithm is used to calculate the velocity field due to 100 particles that are randomly
distributed in a 30 x 30 x 30 domain. For the GgEm, o = 0.1 and the mesh is 60 x 60 x 60
with HEX20 elements. The total number of degrees of freedom are approximately 2.9 million.

The parallel scalability of the pFE-GgEM algorithm is tested by placing 100 beads at
random in a 30 x 30 x 30 domain, using o = 0.1 and a 1/\/§a mesh resolution, i.e. 60x60 x 60
mesh. The FEM mesh results in approximately 2.9 million degrees of freedom from the
P? — P! FEM formulation using hexahedron elements with 20 nodes (HEX20) [104]. An
iterative solver described in Section 4.3.2 — (F)GMRES with a custom Schur complement-
based pre-conditioner — is used to solve Stokes’ equations. Simulations are carried out at
ANL’s LCRC Blues cluster, and the CPU time is measured as a function of the number of
CPUs used for the calculation. Figure 4.2 shows the CPU time as a function of the number
of CPUs for this system. As shown in the figure, the pFE-GgEm algorithm follows closely

the ideal power law scaling of —1.
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4.4.2  Confined DNA solutions

We now proceed to show how the pFE-GgEm algorithm translates into a full BD simula-
tion. We start by calculating the diffusion coefficient of slit-confined DNA molecules. This
simulation serves to validate the correct calculation of the diffusive terms in the stochastic
differential equation. Both terms, the gradient of the diffusion tensor and the Chebyshev
polynomial approximation, must be correct in order to obtain the proper diffusion coefficient
and the Zimm scaling for the confined molecules.

The DNA model that we use was previously parametrized [76, 98, 142, 97]. A DNA
molecule is described by a bead-spring chain composed of N, beads, with hydrodynamic
radius a, that are connected by Ny = N — 1 worm-like springs [143, 144]. The force between

two connecting beads ¢ and j is given by:

knT S\ —2 Ay - .
_ kpT (1_2) _Hﬂ] Xij. (4.20)

0T 2y

wl

q0 qo0 | 7ij

where x;; = X; — X;, 735 = |X;j], b is the Kuhn length and gg = N}, ;b is the maximum
spring length (N, k,s 1s the number of Kuhn segments per spring). Consequently, the contour
length of the DNA molecule is L = Ngqg. A DNA chain behaves as an ideal Gaussian chain at
short scales (over the Kuhn segment). Therefore, a Gaussian bead-to-bead excluded volume
is used as follows [97, 142]

37“3-
J
— 4.30

] 3/2
U = §Uk;BTN]3,S < > exp

4 S2

where v is the excluded volume parameter, related to the type of solvent, and Sg = Ng, Sb% /6
is the radius of gyration of an ideal chain consisting of N} ; Kuhn segments.

The confining walls impose excluded volume interactions to the DNA beads. We use an
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empirical bead-wall repulsive potential [76] of the type:

Awall (h — §1)® ifh <6
pyall _ Shot. (= Owanl) wall (431)

0 if B> Syl

where h represents the perpendicular distance between bead ¢ and the wall, Ay, = 25kgT
is the strength of this repulsion and dy,; = N 11,/5 Qbk /2.

Following past studies [97], the model parameters used here are a = 0.077 pm, by, =
0.106 pm, v = 0.0012 ,um3, and Nj o = 19.8. Three different molecular weights are simulated,
namely a 21 ym (Ng = 10), a 42 um (Ns = 20) and a 84 pm (Ng = 40) long DNA molecule.
The molecules are confined between two parallel walls with a separation of H = 2 pum between
them. The domain is periodic in the non-confined directions with a 20 pum period. Ten
chains were randomly distributed within the domain with a volume fraction of ¢ < 0.02%,
to ensure that the system is in the dilute regime. The GgEm parameters are o = 0.1 and
a mesh resolution of 1/4/2a, resulting in a 37 x 37 x 4 HEX20 mesh and 89,913 degrees of
freedom.

We measure the center-of-mass in—plane mean squared displacement (MSD) in order to
obtain the chain diffusion coefficient, i.e. <Ax%7cm> + <A;1:%7cm> = 4Dt (see Figure 4.3).
In the bulk, the diffusion coefficients of these DNA molecules are [145]: Dy 21 ym =
0.53 pm? /s, Dyulk,42 ym = 0.37 pm? /s and Dyuik,84 ym = 0.22 pm? /s; the radii of gyration
are Ry pulk,21 pm = 0.594 pm, Ry ik 42 ym = 0.85 pm and Ry 84 yum = 143 pm. Con-
finement and HI affect the value of the diffusion coefficient: it decreases due to the decrease
of the chain mobility that is induced by the walls, and it follows a (R pu/H )~2/3 [145]
scaling. Figure 4.3(a) shows typical MSD curves for the different DNA chains; the corre-
sponding diffusion coefficients are plotted as a function of the confinement in Fig. 4.3(b). The
calculated diffusion coefficients are Dgjit 91 ym = 0.3395 pm? /s, Dgit,42 ym = 0.2104 pm? /s
and Dyt 84 ym = 0.0713 pm? /s, which are the same as those reported in previous re-

ports [145, 97]. They follow the correct Zimm scaling [91, 129], ensuring that the “noise”
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and the HI are correctly calculated.

We now proceed to illustrate how the pFE-GgEm algorithm is capable of handling a
complex geometry under non-equilibrium conditions. To do this, we study the behavior
of of 21 um long DNA chains under an elongational flow within a cross-channel geometry.
Figure 4.4 shows the geometry and contours of the magnitude of the imposed fluid velocity
at a z = 0 plane. To impose the elongation, a Poiseuille flow is generated by applying a
pressure gradient AP = P;, — Pyt between the inlet and outlet boundaries. A fluid viscosity
1 =1 cp is used; the strength of the flow field is characterized by a Weissenberg number
Wi = Ay, where A is the longest relaxation time of the DNA chain and 7 is the characteristic
shear rate [95]. Three individual molecules were located near an inlet boundary, and their
center of mass was then followed.

We measure the instantaneous molecular “stretch” of chain v along the y-direction, Sy 4,
according to

Sy,y = max(Y,) —min(Yy), (4.32)

where Y, is a N}, vector with the y—Cartesian coordinates of the beads of chain v =1, ..., 3.

We plot the molecular stretch as a function of time and a reaction coordinate ¢, defined as

follows )
% +Tem if ZTem € [_%7 _173:]
o= % — ZTem I Tem € [l“f, Lm} (4.33)
\%_%‘i"ycm’ if zem € [_%7%} )

where L, = 50.82 ym and [, = 5.39 pm.

Figure 4.5 shows the instantaneous molecular stretch, along the y—direction, of the three
DNA chains. Two main observations can be made from the figure. First, in the early
stages (t < 0.05 s), the Sy values fluctuate around a value that corresponds to the initial
configuration of the DNA chains. During this period, the chains are moving from the left

inlet to the stagnation point under the elongational flow. Therefore, these chains are poorly
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Figure 4.3: (a) Typical in-plane MSDs for DNA molecules with contour length of 21 um,
42 pm and 84 pm confined in a slit, respectively. (b) Confined chain diffusion coefficient as
a function of the confinement Ry 1,/ H.
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stretched, and the fluctuations are mainly due to the Brownian motion and the HI. The
stretch gradually increases to high values after a certain residency time. This maximum
stretch, however, differs from chain to chain according to their positions along the flow lines.
For instance, the chains represented by the black lines do not approach the stagnation point,
and their elongation is low. On the other hand, blue and red chains manage to pass through
the stagnation point, where the elongation is maximum, and their stretch is high. As a
function of the reaction coordinate, the molecular stretch grows at approximately the same
value of the reaction coordinate, namely ¢ = 23 pm, which delimits the entrance of the
“cross section”. Within this section, these chains undergo a sharp velocity reduction and the

transition from being elongated in the z—direction to being elongated in the y—direction.

4.4.8 Sedimentation of finite size particles: Immersed

Boundary-pFE-GgEm

Our pFE-GgEm algorithm is generalizable to treat finite size particles through the Immersed
Boundary (IB) method developed by Peskin [146, 66]. This generalization was applied
previously by Pranay et al. [125] for a GgEm implementation that uses finite differences
and fast Fourier transforms. Here, we use a IB-pFE-GgEm that can handle confined, large-
scale suspensions of finite-size particles of arbitrary shape in an arbitrary geometry.

In the IB method, the force distributions at moving solids, interfaces or membranes are
discretized as distributions of regularized point-forces, where the length scale for “smoothing”
the delta function scales as the grid spacing used to represent the moving entities. That is,
if h is a characteristic length for the node spacing or element size on the surface, then we
relate this scale with the regularization scale of the GgEm, i.e. &g ~ h~!. This ensures that
the force density associated with each node, on the surface, is spread over the length scale
of the associated elements, thereby preventing fluid from penetrating the membrane surface.
Similar to conventional IB methods, in the IB-GgEm the simulation results are insensitive

to the choice of the regularization parameter if £h = O(1). Details of the IB-GgEM can be
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Figure 4.5: Molecular stretch in the y—direction for the three DNA chains as a function of
the time and the reaction coordinate ¢. Snapshots of typical molecular arrangements are
included in the inset with their corresponding locations along the cross-channel domain.
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found in the work of Pranay et. al [125]
As mentioned above, the forces exerted by a boundary immersed in a fluid are then

modeled as a set of regularized point forces, just as is done in the regular GgEM. In particular:

s N
plp(x) = > £ 0m(x — x,), (4.34)

v=1

where Npg is the number of nodes (beads) that are used to represent the suspended solids, ;g
is the regularization modified Gaussian that includes &g and fyC is the constitutive force that
is used to describe the particles. The fluid velocity field comes from the numerical solution
of the Stokes” equation driven by this force density. We use the pFE-GgEm algorithm to
efficiently calculate the dynamics of the particles. Recall that in traditional IB methods, the
fluid mesh must be selected to resolve the fI_Bl scale; using GgEm prevents this, because the
fluid mesh resolves the o1 scale [125], thereby increasing the performance of the algorithm.

We test the IB-pFE-GgEm approach by simulating the sedimentation of ten solid particles
in a channel with rectangular symmetry. Seven cylinders and three spheres are initialized
in a particular distribution, as shown in Fig. 4.6. The solids are modeled using 218 nodes
for the spheres and 278 nodes for the cylinders, resulting in a total of 2,600 tracking points.
The pFE-GgEm mesh, for the global contribution, has 145,696 degrees of freedom, for a
a = 0.1 and domain size of 300 x 100 x 100. The node separation for the particles’ surfaces
are between hp;, = 1.246247 and hpax = 5.402710; the smoothing parameter of the 1B
is &g = 1.0/0.75h . We assume that the particles are “rigid”, where each node point
(tracking bead) on the particle is linked to its neighboring nodes by elastic springs with a
prescribed large stiffness constant. In addition, all of the nodes are connected to its geometric
center-of-mass point by an elastic spring. For simplicity, we assume that each link is a linear

spring, and the force acting on the point ¢ by the point j is given by

£9 = & (ryj —ro) —2, (4.35)
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Figure 4.6: Time snapshots of ten suspended finite-size particles sedimenting in a squared
channel. The simulation is done using a IB-pFE-GgEm formalism. The FEM mesh, for
the global contribution, has a 145,696 degrees of freedom, for a @ = 0.1 and domain size of
300 x 100 x 100. The IB particle discretization are 218 nodes for the spheres, while 278 nodes
for the cylinders for a total of 2,600 tracking points. The node separation for the particles’
surfaces are between hpi, = 1.246247 and hpax = 5.402710; the smoothing parameter of
the IB is 1.0/0.75h iy -

=1 t=

where k is the spring elastic constant and 7 is the equilibrium spring size for each specific
situation. For each particle, a spring network is formed, which generates the internal nodal
force on each of the tracking beads to resist the deformation of the particles.

A time sequence of the particle’s positions is shown in Fig. 4.6. Fluid velocity contours are
also included in Fig. 4.7. One can appreciate that, as expected, particles located at the center
of the channel sediment faster than those closer to the walls, due to the higher mobility, i.e.
the fluid velocity is zero at the walls. The HI prevent the solids from sedimenting at the same
rate, and change their relative orientation due to the different fluid resistances. The induced
fluid velocity includes regions where the velocity goes against the sedimenting direction

(negative values in Fig. 4.7), which is a typical characteristic of sedimenting systems [147].
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Figure 4.7: Fluid velocity contours during the sedimentation of the of ten suspended finite-
size particles a squared channel. The contours represent the magnitude of the fluid velocity
along the sedimentation direction. During the sedimentation, the hydrodynamic interactions
induce fluid velocities in an opposite direction (dark blue colors). Solids near the center of
the channel sediment at a faster rate than the solids near the walls.
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4.5 Conclusions

We have developed an efficient O(N) computational approach to model the dynamics of
hydrodynamically interacting Brownian or micron-sized particles in arbitrary geometries. A
parallel finite element Stokes’ solver is the center of the algorithm. Once it is combined with
the General geometry Ewald-like method (GgEm), a mid-point time integration scheme and
a Chebyshev polynomial approximation, for the fluctuation-dissipation theorem, results in
an scalable algorithm - the pFE-GgEm algorithm. The approximations within these meth-
ods reduce the precision on the fluctuation-dissipation theorem. However, the Chebyshev
approximation has been used extensively in confined and unconfined systems and its perfor-
mance is excellent. On the other hand, GgEm resolves Stokes equations with satisfactory
precision. In particular, a 10% tolerance in the Chebyshev polynomial approximation and
a proper selection of the GgEm alpha and mesh parameters result in the correct diffusion
regime and diffusivities within a 5% error of the analytical or experimental values. In con-
clusion, it is always better to sacrifice the precision than the computational performance, i.e.
N3 [148] vs NlogN or N. The finite element formulation in pFE-GgEm has a distributed
memory parallelization, that may use a direct LU analytical solver or a fast parallel iterative
solver with pre—conditioning.

The pFE-GgEm algorithm shows excellent parallel performance (linear) as a function of
the number of CPUs. We validated the algorithm by comparing its solutions to theoretical
solutions in a simple geometry (for the Stokes’ solver), and by calculating the diffusion
coefficients of slit-confined DNA molecules (for the mid-point scheme, eigenvalues of the
diffusion tensor and the Chebyshev polynomial approximation).

It was also shown that the pFE-GgEm algorithm is capable of handling complex geome-
tries under non-equilibrium conditions by studying the behavior of DNA chains under an
elongational flow in a cross-channel geometry. Finally, the proposed algorithm was combined
with the Immersed Boundary method, the IB-pFE-GgEm approach, to simulate finite-size

particles of arbitrary shape in any geometry. To illustrate the use of IB-pFE-GgEm, we
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presented results for the sedimentation of solid particles in a rectangular channel.

We stress that the proposed algorithms are built on top of open-source libraries, such
as libMesh (a framework for parallel mesh management and FEM discretization of PDEs),
PETSc (parallel linear and non-linear equation solvers) and SLEPc (eigenvalue calculations).
We have provided convenient interfaces and building blocks for computational researchers

that will facilitate implementations of our routines in available BD simulation codes.

71



CHAPTER 5
NUMERICAL APPROACH: A HYBRID
FINITE-DIFFERENCE-FINITE-ELEMENT APPROACH TO
THE POISSON-NERNST-PLANCK-STOKES EQUATION

5.1 Abstract

Classical Poisson-Boltzmann theory breaks down when the characteristic length of a confined
system is comparable to the thickness of the diffusion layer, and thus fails to describe the
complete electrostatic profiles of extremely confined systems. Relying on a hybrid Finite-
Different-Finite-Element-method, we derive an efficient numerical approach to solve the elec-
trostatic and hydrodynamic interactions for systems composed of discrete charged objects
suspended in confined ionic solutions. The validity and accuracy of the method are then
established by comparing its predictions to both analytic and other numerical solutions.
The numerical framework will enable the study of electrokinetic phenomena in extremely

confined systems.

5.2 Introduction

With the fast advancement of fabrication technology, nanofluidics have attracted growing
interest in many applications, such as salinity gradient power generation [149, 150, 151,
152], single-molecule analysis and manipulation of DNA [153, 154], and nanoparticle detec-
tion [155], etc. Nanofluidics are usually referred to devices whose one or more dimensions
are less than 100 nm [156] and thus fluids are confined to volumes smaller than their char-
acteristic scaling lengths. Under such confinement, the electrokinetic motions of charged
nanoparticles and the surrounding ionized liquids behave drastically different from those
in microchannels and give rise to fascinating electrokinetic phenomena that remain poorly

understood [157, 158, 159].
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The common challenge to understand the electrokinetic phenomena computationally in
nanofluidic devices is a proper theoretical approach that resolves the dynamics of both fluid
and charged species over a wide range of time and length scales [123]. For example, typical ion
radius is in the order of 1 A while the length scale for nanoparticles of interest could be in the
order of 10 nm. Conventionally, Poisson-Boltzmann equation is usually used to calculate the
electric potential and Helmholtz-Smoluchowski theorem is commonly utilized to model the
electroosmotic flow within microfluidics [160]. And these methods are based on assumptions
of thin electric double layer (EDL) and equal number of co-ions and counterions in the bulk.
However, these methods are no longer valid to describe the electrokinetic phenomena in
nanofluidics because, in these systems, the thickness of EDL is comparable to the channel
size in the confined dimension and leads to imbalanced co- and counter ions[161]. A few
attempts have been taken to resolve these problems. Qian and Aluru proposed a modified
Poisson-Boltzmann equation based on the electrochemical potential correction extracted
from ion distributions in a smaller channel using molecular dynamics (MD) to account for
ion-wall and ion-solvent interactions. Using this hybrid approach, they are able to predict ion
distributions in larger channels with good accuracy [162, 163]. However, their method are not
applicable to systems with nanoparticles and the MD approach may be too expensive to be
practical for large systems. Movahed and Li proposed to directly solve the Poisson equation
for electrostatic potential, the Navier-Stokes equations for fluid velocity and the Nernst-
Planck equation for ion concentration [161, 164, 165]. However, their model neglected the
Brownian motion of nanoparticles and their implementation were limited to small systems
since they relied on the conventional finite-element solver supported by COMSOL. In this
chapter, we propose a hybrid finite-difference-finite-element method (FD-FEM) as well as

an efficient implementation to resolve these issues.
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5.3 Models and methods

The system considered in this chapter consists of IV, discrete charged particles, with valence
z; and hydrodynamic radius a for the i-th particle, suspended in a solution that includes
Nijon continuum ion species with diffusion coefficient Dj, valence z; and concentration ¢; for
the j-th ion species. The proposed mathematical model resolves the dynamical coupling of
discrete charged particles and continuum electrolytes.

Dynamics of the discrete charged particles follow the stochastic differential equation
Eq. 4.3. As discussed in Section. 4.3, a mid-point integration scheme and the Chebyshev
polynomial approximation can be used to avoid the explicit calculation of the mobility tensor
M and its derivative 81}{/[. The key to this procedure eventually collapses to resolving the
velocity field, U, from the Stokes equation (see Eq. 4.4) with the corresponding force density
F. Using the pFE-GgEm approach described in Section. 4.3.1, one can resolve the global
and local velocity field from the global and local force density respectively. For the model
considered here, the “local” force density is

NP
pl ) = lom (€ 1x —xil) — gl [x — x| (5.1)

]

while the “global” density is given by

Np Nion
py(x) =Y gmlam, Ix —x;)fi + eNg > 2 Cj(x)E(x), (5.2)
i J

where f; is the total non-hydrodynamic and non-Brownian force exerts on the ¢-th discrete

charged particle, g (v, x) is a modified Gaussian for the point-force (Hydrodynamics),

_ (—a%2)2 _ 2.2 5.3
gH(Oé,T’) 7T(3/2)€ [ a-r ]7 ( * )

ap is the GgEm parameter for the point-force, {7 = /7/3a is the regularization param-
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eter for the point-force and E(x) is the electric field induced by discrete charged particles,
continuum ions and external electric field if existed (see Section 5.3.1).

The evolution of the continuum ions has to follow the momentum and mass balances,
resulting in a convection-diffusion equation for the j-th ion species:

aC;

The total flux of the j-th ion species, j;, is defined as a sum of convection and diffusion
fluxes. The latter are given by the Nernst-Planck diffusion, resulting in

) zie
Jj = VCj — D][VCJ + k;_TCjV(D]’ (5.5)

where v is the fluid velocity and @ is the electrostatic potential induced by discrete charged
particles, continuum ions and external electric field if existed (see Section 5.3.1). Combin-
ing Eq. 5.4 and Eq. 5.5, one can reach the Poisson-Nernst-Planck-Stokes (PNP-Stokes)
equation (notice that V - v = 0 for incompressible flow),

aC;

==~V VCj+ D;V?C) + Dizie/(kpT)[C;V2® + VCj - VO, (5.6)

where kp is Boltzmann’s constant and 7' is the absolute temperature. In the rest of this
Section, we will first discuss how to resolve the total electrostatic potential ® (see Sec. 5.3.1)
and then present a hybrid approach of finite-difference and finite-element method to evolve

Equation. 5.6 (see Sec. 5.3.2).

5.3.1 Nernst-Planck-GgEm for continuum salt model

The electrostatic potential, ®(x), is given by the poisson equation

v2p(x) = L) (5.7)

€0€
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where € is the vacuum permmitivity, € is the solvent relative permittivity, and p(x) is the
total charge density contributed by both continuum ions and discrete charged particles. The
latter are considered as "regularized” point charges, where the charge density is distributed

through a Gaussian function,
63 2 2
9p(€E,%x) = 3/26Xp( plx]%) (5.8)

where £ = 3/a ensures the total charge of a particle is distributed throughout itself. The

resulting total charge density is given by

NP Nlon
Zezng {E, X — %) + Z eNAZ]C (x), (5.9)
=1 7=1

where N4 is Avogadro’s number. Similar to the GgEm method applied to the Stokes problem
(see Section 4.3.1), the total charge density is decomposed to a local (free-space) contribution
and a global (bounded) contribution. The idea is that, given that Poisson’s equation is linear,
summation of the resulting local and global electrostatic potential is equivalent to the total

electrostatic potential, i.e.,

P(x) = O;(x) + Py(x). (5.10)

The local charge density is given by

x) =Y ezilgp(lp x — x;) — gpo,x — x7)], (5.11)
-1

where gp(a,x) is a smoothing function that "screens” the local contribution over a distance
of 1/ and must satisfy the condition [, space 9E(@; X)dx = 1. The most common selection

for g is a Gaussian function

&3 2 2
9p(@,X) = —gzexp(—a”x[%). (5.12)
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The local electrostatic potential induced by this local charge density can be resolved analyt-

ically ignoring the walls,

Np
P;(x) = Z eziGiR(x - X;), (5.13)
i=1

where GlR(x) is the free-space Green’s function for the Poisson’s equation with the charge
density defined as Eq. 5.11:
Gﬁ(x) 1 [erf(§E|X\) B erf(a|x])

N dmege

! (5.14)

| ]

In practice, we only need to consider the neighboring discrete charged particles of local x to
resolve the local electrostatic potential at x. On the other hand, the global charge density

is given by
Nion

Np
pg(x) = ezigplonx —x;) + > eNyzCj(x), (5.15)
i=1 j=1
The global electrostatic potential is obtained numerically by Solving the Poisson’s equation

pg(x)
€oe

V20, (x) = — (5.16)

This requires that ®; + ®4 satisfies the appropriate boundary conditions. For example, a
Dirichlet boundary condition, where the electrostatic potential at a wall is given by ®(xyy),
results in a boundary condition for the global contribution ®4(x) = ®(xy) — ®;(x) for
x € xypy. Several techniques (finite differences, finite elements, spectral methods) can be
used to find the global contribution. In this work, finite element method is employed for its
ability to handle complex geometries and boundary conditions. Once the global solution on
mesh is resolved, interpolation is used to get the value of global electrostatic potential at

any position x.
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5.3.2 A hybrid Finite-Difference-Finite-Element approach

For a system of interest, Eq. 5.6, Eq. 4.4 and Eq. 5.7 are coupled and need to be resolved
together. The characteristic variables for the system can be set by the discrete charged
particles: hydrodynamic radius, a for length, particle diffusion time, 67777@3 /(kBT), for time,
e/(4megea) for electrostatic potential, e/a®, for volume charge density, velocity fluctuation,
kpT/(6mna?) for velocity, M (molar) for ion concentration and kgT'/(6mna) for diffusion
coefficient. With these characteristic variables, the governing equations are reduced to their

non-dimensionless forms respectively,

1 o f
_ _ = — 5.17
Vp+ —Vu P’ (5.17)
V-u = 0, (5.18)
V20(x) = —4mp(x), (5.19)
dc; 2 2
It = DjV cj—Vv- VC]' + Djzk)\B/a[ij O + VCj -V, (5.20)

where A\p = €2/(4megekgT) is the so-called Bjerrum length which defines the ratio between
electrostatic force and thermal forces. A semi-implicit Euler time integration scheme is
used to evolve the Nernst-Planck equation Eq. 5.20, where the Crank-Nicolson method is

employed for the linear Laplacian operator and the nonlinear terms are considered explicitly

At

)‘BD ¥
= S DRI(V2e) T+ (VPep)] + [-v - V) + SR

[, V2P + Ve, - VO,
(5.21)

Rearrange the equation, one can get

)\BDkaAt
a

1 1
[ex — §DkAtV2ck]t+At = e+ QDkAtVQCk —Atv- Ve + (V2@ +Vep,- V).

(5.22)
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Then we follow a Finite-element method (FEM) to resolve ion concentration cj, at ¢t + At
using Eq. 5.22 at given ion concentration ¢y, electrostatic potential ® and velocity field u at

t. The weakform of such FEM scheme is given by

[/Q{NTNdU + %DAI%/QVNT - VN}dvlcyns = /Q{ctN(mass)

+ %DAt(—(Vc)t . VN)(diffusion)
— At(v') - VN - N(convection)

n AB - Da- z - At

+ (Vo) - (V®)!) - N}du(electrostatics).

(- Vo)

The solution, c’}jAt, to Eq. 5.22 will then contribute to the global charge density (Eq. 5.15)
and the global force density (Eq. 5.2) at time t+At, thus leading to impact on the electrostatic

@H—At

potential, and the velocity field ul At The hybrid finite-difference-finite-element

approach can be summarized as follows:
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Algorithm 1: Hybrid Finite-Difference-Finite-Element Algorithm
initialization:

° szo(z’ =1,..., Np): coordinates of all discrete charged particles
) C§:O<X) (7 =1,..., Njon): ion concentration of all ion species at all mesh nodes

o &'=0(x): electrostatic potential at all mesh nodes

(Relaxation:)

while t < ., do
Solve Eq. 5.22 for all j =1, ..., Njop with v = 0: get c§+At;

Solve Eq. 5.19: get PttAL,

=1+ At;

end
(Time integration:)
Reset t = 0;

while t < tfinal do
Solve Eq. 5.22 for all j =1, ..., Njon: get c§+At(j =1,..., Non);

Solve Eq. 5.19: get @HN, EHN;
Solve Eq. 5.17: get ut+At;

Solve Eq. 4.3: get Rf+dt(i =1,...,Np);

t=t+ At

end

5.4 Results

5.4.1 Accuracy and efficiency of the GgEm-accelerated Poisson’s solver

Similar to the validation for the GgEm-accelerated Stokes’ solver (see Sec. 4.4.1), we start by
comparing the solution from the GgEm-accelerated Poisson’s solver with analytic solutions.
To do this, we locate three discrete charged particles in an infinite cubic domain with the
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Figure 5.1: Electrostatic potential along centers of discrete point charges in a 30 x 30 x 30
domain. The point charges are located in z7 = (—5,0,0) (Q1 = +1) , zo9 = (0,0,0)
(Q2 = —2) and z3 = (+5,0,0) (Q3 = +1). The GgEm solution is obtained using o = 0.35
and a global mesh of 15 x 15 x 15.

absence of continuum ions. The boundaries of the domain are unconstrained so that the
analytic solution, calculated using the free space Green’s function, is accessible. In order
to make the solutions comparable, we set the analytic solution on the boundaries as the
boundary conditions of our numerical Poisson’s solver. It also helps to identify whether the
boundary conditions are satisfied appropriately in the numerical solver. In dimensionless
unit defined in Sec. 5.3.2, the point-charges are located in 1 = (—=5,0,0) (Q1 = +1) ,
79 = (0,0,0) (Q2 = —2) and 3 = (+5,0,0) (Q3 = +1) in a 30 x 30 x 30 cube.

Figure 5.1 shows the electrostatic potential along centers of the discrete charges calculated
by the GgEm-accelerated Poisson’s solver and by the analytic solution. For the numerical
solver, the total solution is the sum of the local solution calculated using o = 0.35 and the
global solution calculated using a mesh with the resolution of 15 x 15 x 15. The result shows
that the total solution overlaps with the analytic solution well. The first- and second-order

spacial gradients of the electrostatic potential are required in the Nernst Planck equation,
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Figure 5.2: First—order gradient of the electrostatic potential in Fig. 5.1.

Eq. 5.20, and thus need to be validated as well. Figure 5.2 shows the z-direction gradient
of the electrostatic potential, i.e., negative electric field in the x-direction, and Figure 5.3
shows the second order gradient, i.e., Laplacian of the electrostatic potential, along centers
of the discrete charges. The results verify that both the first- and second-order gradients of
the electrostatic potential are correctly recovered by the GgEm-accelerated Poisson’s solver.

The efficiency of the Poisson’s solver is examined by comparing its accuracy and speed
with the commercial software, COMSOL [? ], in solving the same benchmark system. The
benchmark system has two discrete point charges in a cubit domain of size 20 x 20 x 10.
The electrostatic potential on domain boundaries are set to be zero and the point charges
are placed in z1 = (—2,0,0) (Q1 = 1) and 29 = (2,0,0) (Q2 = —1). Figure 5.4 shows the
electrostatic potential solved by COMSOL using meshes of different resolution. The most
coarse mesh leads to a degree of freedom (DOF) of 18501 and the finest mesh used leads
to a DOF of 85715. The result shows that the solution associated with a coarse mesh (low
DOF) has nontrivial errors, especially near the point charges. This is as expected since

traditional FEM requires fine space discretization near the charge source. Figure 5.5 shows
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Figure 5.3: Second-order gradient of the electrostatic potential in Fig. 5.1.

the electrostatic potential solved by the GgEm-accelerated Poisson’s solver using meshes of
different resolution. The minimum mesh size, Ly, , satisfies Lyyi, <= 1/v/2a. The result
shows that the numerical solver is insensitive to the global mesh as long as « is chosen
appropriately. Consequently, the numerical Poisson’s solver can resolve the electrostatic
potential accurately, even near the point charges (see the inset figure in Figure 5.5), with
significantly coarser mesh than COMSOL, and thus requires less computational power.

We continue our analysis by comparing the solving time of COMSOL and the GgEm-
accelerated Poisson’s solver for the benchmark system above. Figure 5.6 shows that, for both
solvers, the solving time increases linearly with the DOF. However, the computation time
of the GgEm-accelerated solver is two orders less than that of COMSOL for the same DOF.
This, together with the observation that the GgEm-accelerated Poisson’s solver requires
much less DOF to resolve the Poisson system accurately, shows the remarkable efficiency of

the GgEm-accelerated Poisson’s solver.
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Figure 5.4: Electrostatic potential along centers of discrete point charges in a 20 x 20 x 10
domain with zero potential on boundaries solved by COMSOL using different meshes. The
point charges are located in 1 = (—2,0,0) (Q1 = +1) and x9 = (+2,0,0) (Q2 = —1).
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Figure 5.5: Electrostatic potential along centers of discrete point charges in a 20 x 20 x 10
domain with zero potential on boundaries solved by the NP-GgEm solver using different
meshes for the global solution and corresponding « for the local solution. The point charges
are located in 1 = (—2,0,0) (Q1 = +1) and x9 = (+2,0,0) (Q2 = —1). The inset figure
compares the potential around the point charge at z1 = (—2,0,0) solved by COMSOL and
NP-GgEm using different meshes.
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Figure 5.6: Average solving time of the Poisson system using COMSOL and NP-GgEM using
different meshes. Tests are performed on Intel(R) Core(TM) i7-4790 CPU@3.60GHZ with 8
Cores and 16G Memory.
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Figure 5.7: Electrostatic potential induced by an ion penetrable charged particle with charge
density p(r) as a function of the distance from the particle for different ionic strengths or
Debye lengths. ¢. = 1 (in characteristic electrostatic potential unit)
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Figure 5.8: Cation and Anion concentration near an ion penetrable charged particle with
charge density p(r) as a function of the distance from the particle for different ionic strengths
or Debye lengths. (Y is the far-field ion concentration at a given Debye length.

5.4.2 Validation of Nernst-Planck-GgEm

We continue the validation of the Nernst-Planck-GgEm (NP-GgEm) solver by comparing
its results to analytical solutions for a system composed of discrete charges suspended
in a 1:1 electrolyte. More specifically, we aim to validate the electrostatic potential sur-
rounding an ion-penetrable charged particle at equilibrium. The ion-penetrable charged
particle has a radius of 1 (in characteristic length unit, a) and a volume charge density of
p(r) = 7r?,)—?/’2exp(—32r2) (in characteristic charge density unit, e/a3), where r is the distance
to the particle center in the characteristic length unit. Under this definition, the electrostatic
potential on particle surface in a deionized solution is 1 (in characteristic electrostatic po-

tential unit, e/(4megea)). The approximate analytic solution to this system has been derived

by Ohshima et. al. [? 7 |:

8(r) = o expl-n(r — D), (523)
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where k1 = ) p (Debye length, in characteristic length unit) and ¢q is the surface potential

defined as:

1
bo = 47rexp(—/f)/0 rp(r)sinh(kr)dr. (5.24)

Figure 5.7 shows a comparison between the electrostatic potential induced by the ion pen-
etrable charged particle with charge density p(r) solved from Ohshima’s analytic method
and the NP-GgEm solver at different Debye lengths or ionic strengths. The good agreement
between the solutions show that the NP-GgEm solver can recover the electrostatic profile
at equilibrium accurately. Figure 5.8 shows the concentration distributions of both cations
and anions in this validation system solved by the NP-GgEm solver. As expected, the con-
centration of cations is significantly lower than that of anions near the positively charged
particle. And this difference shrinks as the distance to the particle center increases, leading
to a neutral bulk solution in the bulk. The unneutral solution, i.e., diffusion layer, near
the particle spans over a few Debye lengths, which match with predictions from classical

electrical double layer theory [160].

5.5 Conclusions

We have presented a computational approach to study discrete charged particles suspended
in confined ionic solutions. In this approach, the electrostatic and hydrodynamic coupling
between continuum ion, charged particles and confined walls are fully considered. For the
electrostatic and hydrodynamic interactions, an Ewald-like method is developed to solve the
respective governing equations while satisfying arbitrary boundary conditions in complex ge-
ometries. For the continuum ions, the convection-diffusion equation is solved simutaneously
considering the Nernst-Planck diffusion, thus enabling systems at or far from equilibrium.
For the discrete charged objects, a stochastic partial differential equation is used to integrate
their motions by coupling the hydrodynamic interactions with thermal fluctuations. With

the method described here, it is possible to perform efficient simulations of discrete charged
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objects embedded in charged solvents and find applications in a wide variety of situations

involving the physics of polymeric and colloidal systems in micro- and nano- scales.
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CHAPTER 6
APPLICATION: EVOLUTIONARY STRATEGY FOR
INVERSE CHARGE MEASUREMENTS OF DIELECTRIC
PARTICLES

6.1 Abstract

We report a computational strategy to obtain the charges of individual dielectric particles
from experimental observation of their interactions as a function of time. This strategy uses
evolutionary optimization to minimize the difference between trajectories extracted from
experiment and simulated trajectories based on many-particle force fields. The force fields
include both Coulombic interactions and dielectric polarization effects that arise due to
particle-particle charge mismatch and particle-environment dielectric contrast. The strategy
was applied to systems of free falling charged granular particles in vacuum, where electro-
static interactions are the only driving forces that influence the particles’ motion. We show
that when the particles’ initial positions and velocities are known, the optimizer requires only
an initial and final particle configuration of a short trajectory in order to accurately infer
the particles’ charges; when the initial velocities are unknown and only the initial positions
are given, the optimizer can learn from multiple frames along the trajectory to determine
the particles’ initial velocities and charges. While the results presented here offer a proof-
of-concept demonstration of the proposed ideas, the proposed strategy can be extended to

more complex systems of electrostatically charged granular matter.

6.2 Introduction

Electrostatically charged granular particles are important in a wide variety of applica-
tions, ranging from particulate matter pollution to industrial handling of pharmaceuti-

cal products, food grains, and inks for printing and additive manufacturing, to name a
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few[166, 167]. Granular dielectric particles often acquire charge through tribocharging or
contact electrification[168, 169, 170, 171, 172, 173, 174, 175]; the charges they carry can
significantly affect their dynamics and their interactions with the surrounding environment.
In order to better understand how such charged, polarizable particles interact, it is there-
fore of fundamental importance to make detailed measurements of their actual charge[176].
Recently developed experimental techniques have made attempts to determine the charges
of individual particles in a vacuum environment using free-fall videography[177, 178, 6].
In those experiments, particles falling under the influence of gravity were filmed as they
interacted in a vacuum tube. In one experiment, by accelerating charged particles in a
horizontal electrical field and analyzing approximately ~ 104 trajectories[178], the average
particle charges were estimated by relying on the relationship between acceleration, mass,
and charge. In another experiment, by identifying the relative positions of two particles
and fitting Kepler-like orbits[7] to their motion, it was possible to determine their charges.
The interactions that arise amongst polarizable particles are inherently many-body, and it is
therefore essential that new approaches be developed that are capable of taking such effects
into account. In this chapter, an approach is proposed that is capable of simultaneously
measuring the charges of many individual particles from a single set of trajectories (i.e.,
the trajectories of the particles from a single experiment, as opposed to an ensemble of tra-
jectories from many different experiments). The approach relies on two advances: (1) the
availability of new numerical algorithms and new analytical expressions capable of describing
polarizability effects on interacting particles [38, 39, 179, 40, 1, 180, 181, 182, 18, 59], and
(2) the availability of modern evolutionary computation strategies [183, 184, 185, 186] that

enable direct interpretation of experimental data from numerical computer experiments.
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Figure 6.1: Stability diagram for dimer and trimers. Clusters of like-charged particles in
close contacts are stabilized by surface charge polarization. The parameter regimes in which
the close-contact particle aggregates are stabilized are highlighted with colored shades. The
boundaries between different regimes are identified by computing the gradient of energy with
respect to particle displacements. Notice that all particles here are positively charged and
the different charge amount is labeled by red and blue color.

6.3 Models and methods

6.5.1 Inverse problem

To computationally determine charges on granular particles from a given single set of target
trajectories assembled on a time-sequence of Ny frames, we adopt an evolutionary optimiza-
tion technique that seeks to minimize a fitness function. Here that function f is defined as
the deviation between trial trajectories generated in each optimization step and the target

set of experimental or computational trajectories:

Ny
f= Z Z| ztrlal -T target| ’ (6'1)

Ny £

()

where Ny excludes the initial configuration, Nj is the number of granular particles, 7.,
i,trial

(F)

i target ATC the positions of the i-th particle at k-th frame in the trial and the target

and r
trajectories, respectively. If the masses of the particles are known, the trial trajectories can
be obtained using simulations with a suitable force field, i.e. in this case the electrostatic

interactions, which include pair-wise Coulombic forces and many-body dielectric polarization
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contributions. The bare Coulombic interaction can be attractive or repulsive, depending on
the sign of the charges. Polarization effects, however, are purely attractive when the inter-
nal dielectric permittivity of materials is greater than that of the medium, and are purely
repulsive in the opposite case [59]. This polarization-induced attraction is summarized in
Fig. 6.1 for two and three particles of equal-sign charge. The figure shows the conditions,
éinB/€out and @Q1/Q2, under which two and three particles will form stable (attractive) ag-
gregates. The boundary between the stable and unstable states is calculated using a recently
developed analytical, perturbative theory [59](see Sec. 6.3.2 below). It is clear that dielec-
tric polarization can strongly influence the nature of interactions between charged dielectric
objects, particularly when sharp dielectric discontinuities are involved. In this chapter, we
use the recently proposed analytical formalism (image method) to calculate electrostatic
interactions between polarizable granular dielectric particles, and we have implemented the
resulting electrostatic force field into LAMMPS (http://lammps.sandia.gov)[187] to simulate
trajectories of the particles.

A Covariance Matrix Adaption Evolution Strategy (CMA-ES) is adopted, and we rely
on the open source library libcmaes (https://github.com/beniz/libcmaes)[188] to extract the
charges through an iterative optimization process. We address the inverse problem under
two scenarios. In the first, the initial velocities of the particles are known, but their charges
are not. The search variables are therefore the N, charges. In the second scenario, both
the initial velocities and charges of the particles are unknown, so there are in total 4NN,
search variables (IVp charges and 3N, velocities in 3-dimensional (3D) space). As our results
demonstrate, the proposed strategy is able to determine the charges of the particles under
both scenarios. It is difficult to know how many local optimum may be encountered in
the fitness landscape. In our simulations, we find that the optimizer can be trapped in
one of several optimum during a series of consecutive optimizations for the test cases in
Sec. 6.4.2 and 6.4.3, which suggests that multiple optimum are generally accessible. To help

the optimizer escape a local optimum, and move towards the global optimum, we restart the
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optimization and rescale all search variables as shown in Sec. 6.4.2 and 6.4.3. Mathematically,
the global optimum is found when the fitness function decays to zero; numerically, the global
optimum is found when the fitness function is smaller than a tolerance. The value of the
tolerance depends on the underlying errors in the experimental trajectories as well as on the

numerical approximations involved in the particle simulations.

6.3.2 Image method

Image method is an analytical method capable of describing polarizability effects on inter-
acting particles. We consider N spherical particles, with radius a and dielectric permittivity
€in, embedded in a continuum with dielectric permittivity eout. In principle, our approach
may be used for polydispersed particles with different €, and a, but we will limit the dis-
cussion in this chapter to monodispersed systems of equally sized spheres. The i—th particle
carries a point charge Q;(X;) = z;e at the center, where z; is the valence and e is the el-
ementary charge, which implies a homogeneous free surface charge density on the particle.
Note, however, that in future work it should also be possible to pursue the proposed inverse
calculations using numerical methods - such as those proposed in Chapter. 3 - that take
inhomogeneous free charge distributions into account. In this chapter, we use the numerical
method to calculate the induced surface charges on particles and found that the induced
surface charges are inhomogeneous and their distribution changes as particles move along
the trajectory as shown in Fig. 6.5.

The main interactions between the particles are the usual pairwise Coulombic interac-
tions. However, when the particles are in close proximity, they induce surface charges, that
give rise to additional interactions. We recently developed a systematic multiple-scattering
formalism [18, 59] to describe this polarization interaction. In this formalism, the polar-
ization energy is grouped in terms according to the number of interacting particles. The
lowest-order of the polarization energy, i.e., the three-body terms FEj3, is contributed to by

3 particles. The higher-order terms Ey, Ex involve four-body, five-body interactions, etc.;
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the two-body terms are reserved for the normal pairwise Coulombic interaction. Symboli-
cally, the total electrostatic energy, Fg, for an ensemble of dielectric spheres may then be
written as Fgp = E9 + E3 + E4 + ---, where each term in such an expansion involves a
summation over all possible two-body, three-body, four-body, and so on, permutations. The
key point to note about this multi-body expansion for Ef is that all interaction terms only
depend on the particle positions. The references to surface charges are avoided by replacing
the induced charges by the gradient of the electrostatic potential, therefore the degrees of
freedom are greatly reduced. Furthermore, the forces on the particles can be computed via
differentiation with respect to the particle positions, which enables N—body particle simu-
lations. Three terms are preserved for the electrostatic multibody potential in the particle
simulations, which have been shown to be essential in describing particle interactions in the

presence of polarization[18, 59, 180].

6.3.3 CMA-ES

CMA-ES is one type of evolutionary optimization algorithm[189] that does not require deriva-
tive information of the fitness function, so it enables minimizing a broad range of fitness
functions that have no analytical forms. In general, the idea of evolutionary optimization is
to first generate a sample of random search variables every generation following a Gaussian
distribution, then select the best search variables that produce the most optimized value
of the fitness function. This process is then iterated until the fitness function is within a
target convergence criterion. In CMA-ES, the mean and covariance matrix of the search
variables as well as the step size are updated every generation to achieve fast and suc-
cessful optimization. CMA-ES has found many applications in various materials design

problems[190, 191, 192, 193, 194, 195].
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6.3.4 Particle simulation

We consider spherical granular particles in a 3D vacuum environment, where only electro-
static interactions are the driving force for their motions. Recent experiments|7] in a similar
setting have observed striking phenomena of aggregation and motion of charged granular
particles, from which we adopt the particles’ parameters for our simulations. Specifically,
the particles are monodisperse and have relative dielectric constants of 15, diameters of 260
pum, and mass densities of 3800 kg/ m3. No thermal fluctuation or Brownian motion of the
particles is included; the particles are in vacuum and have diameters of hundreds of microns.
The system may become chaotic when it is evolved over time scales longer than those used in
this chapter. However, a short-time trajectory without chaotic behavior (maximum of 25 ms
in this work) is sufficient to successfully extract the charges of particles using our proposed
strategy. We also neglect the particles’ rotational motion and only account for their transla-
tional motion because particles studied in this work have spherical shapes. The charges on
every particle are assumed to be uniformly distributed and the electrostatic interactions that
include both Coulombic interaction and polarization effect are calculated using the aforemen-
tioned image charge method[182, 18, 59]. To simulate the trajectories of granular particles,
Newton’s equation of motion is integrated by the velocity-Verlet algorithm in LAMMPS with
a time step of 1 us. For the electrostatic interaction, the boundary condition is such that
the electrical potential decays to zero at infinity. The particles are simulated in the NVFE
ensemble without periodic boundary conditions. In test problems, the initial positions of
the particles are randomly generated while ensuring there are no overlaps between any two
particles. For the test problems with 10 and 30 particles in this work, the target trajectories
are generated by simulations with initial velocities all set to zero. For the problem with ten
particles, the particles’ charges are +1, £2, £3, 44, and + 5 pC (picoCoulomb), respectively.
After t = 0, particles start to move under the influence of the electrostatic forces. For the
problems with 10 and 30 particles, the dynamic simulations is run for 2000 steps (2 ms) and
we sample and store the trajectories with a frequency of 1 frame per 10 steps (10 ps). There
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are no collisions between any two particles in the trajectories, so tribocharging phenomena
are avoided. The trajectories generated by these simulation are then imported as the target
trajectories to the optimization program for inverse calculation of charges on the ten and 30
particles, respectively.

As alluded to earlier, in this work we assume that it is sufficient to assume a uniform
charge distributions on the particles’ surface, which is equivalent to placing a point charge in
the center of the spherical particle according to Gauss’ law[18, 59]. In reality, the free charges
on particles’ surface may be distributed inhomogeneously[196]. According to Ref. [196],
immediately after the contact, the surface charge distributions are inhomogeneous in the
contact areas; after 2.2 hours, they become uniform. In our experiments, the particles are
placed and stabilized in the chamber for more than 3 hours before their free fall begins, such
that the surface charge distributions are uniform. During free fall, there are collisions and
contacts between particles, and charges are expected to be inhomogeneous in contact areas.
Because the contact area is much smaller than the total surface area of each particle, however,
the charges can be reasonably assumed to be mostly uniform on the particles’ surfaces.
As a result, the charge non-uniformity has a minor effect on the particles’ trajectories.
Ideally, we would include charge non-uniformity in our simulations and estimate charges
on individual patches on all particles; this could be done by relying on numerical methods
such as those introduced in Chapter. 3, but at greater computational expense. If there are
many patches of charges, we conjecture that the number of solutions for the charges that
can match experimental trajectories will still be one (with nonzero external electric field),
or two (without external electric field, where the signs of the charges will be opposite in the
two solutions). As the number of patches increases, the fitness function landscape becomes
rougher, and the number of iterations to converge and the associated computational cost
increases. Thus, using an efficient electrostatic solver (see Chapter 3) would help reduce the
computational cost for this problem. However, in view of the lack of systematic experimental

data on how the charges are really distributed on the particles during their free fall, we

98



find it difficult to assume a certain pattern of non-uniform surface charge distributions on
the particles. By instead assuming a uniform distribution, we are still able to produce
simulated trajectories that agree very well with experimental trajectories, serving to validate
our assumptions. Although the free surface charges are assumed to be homogeneous, we find
that the induced surface charges on particles are inhomogeneous by calculating induced
charges using the numerical method, and the distribution of the induced surface charges

changes as particles move as shown in Fig. 6.5.

6.4 Results and discussions

6.4.1 Known initial velocities

We first study the inverse problem when the charges of the particles are the only unknowns;
the known particles’ initial positions and velocities are used to start the simulation. In our
test case, we first generate trajectories of ten charges with assigned charges, and we use a
single final frame at ¢ = 2 ms with the final positions of the particles, so Ny in Eq. (6.1) is 1.
The true (assigned) charges of the particles are +1, +£2, 43, +4, and +5 pC, respectively, and
the aim of this first example is to demonstrate that the evolutionary optimization process can
correctly recover those charges from knowledge of the particles” masses, initial positions and
velocities. We use the following three parameters in the CMA-ES evolutionary optimization.
The initial values for charges are set to zero; the initial search step is 2, and the number
of offsprings is 10. Figure 6.2(top) shows the velocities of three representative particles as
a function of time throughout the simulated trajectory. One can see that the trajectory
generated by the simulation using inversely calculated charges (dotted line) agrees well with
the target trajectory (solid line). Figures 6.2(middle) and 6.2(bottom) show the evolution of
the fitness function and the estimated charges of ten particles as a function of the number
of fitness function evaluations. The fitness function decreases as the number of evaluations

increases, and it converges to about 2 x 1072 after 110 generations (~ 1100 fitness function
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Figure 6.2: Top panel shows the evolution of velocities of three representative particles as a
function of time in the target trajectory (solid line) and in the trajectory generated by the
simulation using inversely calculated charges (dotted line). Middle and bottom panels show
the evolution of the fitness function and charges of 10 individual particles, respectively, as
a function of the number of fitness function evaluations. Every optimization step contains
complete trajectories of ten electrostatically charged granular particles.
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evaluations). The deviation between trial and target particle trajectories becomes smaller
as the optimization proceeds, and the trial charges on the particles gradually evolve to their
target values. When the fitness function reaches a plateau, the particles’ charges stabilize at
the correct values of £1, 42, +3, +4, and +5 pC, respectively.

To examine how the initial guess for the particle charges affects convergence, we chose four
different starting values, i.e., 0 pC, 1 pC, 10 pC, and 100 pC, and examined the evolution
of our optimization while keeping all other CMA-ES parameters constant. For an initial
guess of 0 pC, 1 pC, and 10 pC, all three optimizations yielded correct estimates of the
charges, but the number of generations to reach convergence increased as values of particle
charges in the initial guess increased. When the initial guess is 100 pC, the optimizer cannot
reach convergence in a single optimization, i.e., the estimated charges at the end of the first
optimization are of a different order of magnitude. These findings serve to illustrate that
it is critical to choose values for the initial particle’s charges that are of the same order of
magnitude as the target value, otherwise, rescaling the search variables multiple times is
necessary to achieve convergence, as shown in Sec. 6.4.2.

In this test case, we also find that using only the Coulombic interactions (i.e. neglect
polarization interactions) leads to 10% error in the inversely calculated charges. We note
that the importance of polarization depends on i) the ratio between the dielectric constant
of the particles and that of their surrounding environment, and ii) the charge ratio between
interacting particles. The polarization effect becomes more important when the dielectric
ratio or charge ratio increases. In the first problem considered here, the dielectric ratio is
15 and the maximum charge ratio is 5. According to Fig. 6.1, with this combination of
parameters, the polarization effect is not too strong, which is consistent with the 10% error
that is observed when polarization is neglected. However, for particles with dielectric ratios
that are larger than 15 and charge ratios that are above 5, neglecting polarization effects
leads to errors that are much larger than 10%; in those cases, polarization effects must be

taken into account. Moreover, attractions and adhesions between like-charged particles were
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observed in Ref. [7], where polarization was shown to play a central role.

6.4.2 Unknown initial velocities

Accurately recording both positions and velocities of granular particles using videography is
challenging. In most experiments, only the particles’ positions are recorded. It is of course
possible to approximate velocities at every frame using a finite difference approximation,
but that may lead to a loss of accuracy. It is therefore of interest to explore the use of only
information about the positions of the particles for inverse determination of their charge.
We find that, when the particles’ initial velocities are unknown, using multiple frames from
the particles’ trajectories to evaluate the fitness function can enable such inverse charge
calculation. Specifically, 20 consecutive frames are selected from the initial stage of the
simulated trajectories for ten particles (having the same charges as above) at an interval of
10 ps; Ny in Eq. (6.1) is set to 20. The parameters for performing the CMA-ES evolutionary
optimization are as follows: the charges and initial velocities are set to zero for all particles,
the initial search step is 2, and the number of offsprings is 10. Figure 6.3 shows the evolution
of the charges and initial velocities as a function of the number of fitness function evaluations.
As the optimization progresses, the initial velocities are estimated to be close to their true
values, as shown in Fig. 6.3(b). Unfortunately, however, there are significant deviations
between the estimated charges and their true values, even when the charges stabilize at the
end of the optimization process (about 200 generations), see Fig. 6.3(a). The converged
value of the fitness function for Fig. 6.3(a) and (b) is 1.28 um.

The estimated initial velocities at the end of the optimization process in Fig. 6.3(b) are on
the order of 1073 to 10~* m/s, while the charges are on the order of 10° pC. Thus there is a
difference of about 3 to 4 orders of magnitude between the numerical values of the estimated
charges and the initial velocities. This points to a numerical artifact of the optimization
process as originally implemented; for successful optimization using CMA-ES; it is essential

that variables be rescaled in order to ensure that all numerical values of the search parameters
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Figure 6.3: Evolution of charges and initial velocities for ten individual particles as a function
of the number of fitness function evaluations when the initial velocities are unknown. (a)
Evolution of charges in the first optimization; (b) Evolution of initial velocities in the first
optimization; (c¢) Evolution of charges in the second optimization.
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are of the same order of magnitude [197]. Then a second optimization simulation is started
by setting initial values for the search parameters to those corresponding to the last step
of the previous simulation; in the subsequent simulation, we re-scale the search variables
for initial velocities by 10_4, i.e., if one of the initial velocities in the optimizer is 1, then
its value fed to the dynamical simulation is 10~%. The results of this second optimization
process are shown in Fig. 6.3(c). One can appreciate that the charges evolve rapidly towards
their true values after about 30 generations (300 fitness function evaluations). At the end of
the optimization process, the charges agree very well with their true values and the converged
value of the fitness function for Fig. 6.3(c) is 3.69 x 10~%m, serving to demonstrate that the
inverse calculation process can accurately estimate charges from known trajectories, even if

the particles’ initial velocities are unknown.

6.4.3 Random charges

To further test the robustness and applicability of our proposed strategy, a third test was per-
formed on a system of 30 particles with randomly assigned charges, drawn from a Gaussian
distribution with zero mean and a standard deviation of 5 pC. Their values are represented by
red dots in Fig. 6.4. True trajectories were then generated from simulations using these ran-
dom charges and zero initial velocities as inputs. We applied the evolutionary optimization
strategy to this problem assuming unknown charges and unknown initial velocities. Mul-
tiple optimization simulations were performed consecutively to rescale the search variables
properly. As can be seen in Fig. 6.4, upon convergence most of the estimated charges (blue
dots) do not agree particularly well with their true values (red dots). In fact for the 13-th to
30-th particles, the signs of the estimated charges are just the opposite of their true values.
On the other hand, the absolute values of the estimated charges agree well with the true
values. This happens because of the symmetry of the system, i.e., a trajectory remains the
same when the particles’ charges all have reverse signs (the mass and shape for all particles

are the same).
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Figure 6.4: Particle charges as a function of particle number. Red, blue, and black dots
represent true charges, calculated charges in the absence of the external electric field, and
calculated charges in the presence of the external electric field, respectively.

To resolve the sign problem, an external electric field was applied to break the charge
symmetry during the generation of model trajectories. The evolutionary optimization strat-
egy was then used on these new trajectories. Fig. 6.4 shows that after optimization with
applied field, the charges obtained through the optimization process (black dots) agree very
well with the target values. This result shows that by breaking the charge symmetry by
applying an electric field, the evolutionary optimization strategy can correctly recover the
charges of the particles. We have also varied the magnitude of the applied field from 0.1 to
100 V/pum, and found that all values lead to the correct sign of the charges. The difference
between various magnitudes of the applied field is that larger electric fields can generate a
trajectory that is different from that without a field within a shorter amount of time. Since
the only good of applying a field is to determine the sign of a charge (and not its magnitude),

such differences have no influence on our results.
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Figure 6.5: (a), (b) The evolution of charges and initial velocities of three individual particles
as a function of the number of fitness function evaluations; (c), (d) The evolution of charges
and initial velocities of four individual particles as a function of the number of fitness function
evaluations; (e) and (f) show snapshots of three particles moving in vacuum environment from
experiment (e) and simulations (f), and the time interval between two consecutive snapshots
is 5 ms; (g) and (h) show snapshots of four particles moving in vacuum environment from
experiment (g) and simulations (h), and the time interval between two consecutive snapshots

is 4 ms.
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6.4.4 Application to experimental trajectories

Lastly, we apply the evolutionary optimization strategy to experimental data to (i) calculate
charges on granular particles in experiments, and (ii) reproduce the experimental trajecto-
ries using simulations. A set of trajectories for three granular particles and another set of
trajectories for four granular particles are chosen from the experimental data. The data set,
which consists of 25 frames, covers a span of 25 ms. Data were captured from videography;
a particle tracking technique was applied to extract the coordinates of all particles. The
time interval between consecutive frames is 1 ms. In the trajectory with three particles,
two particles are always in contact with each other, while the third particle moves freely
around the other two; in the trajectories with four particles, particles are always in contact
with their neighbors. A bond is formed between the two sticking particles by short-range
cohesive forces, including van der Waals forces or capillary forces due to absorbed molecular
layers[177, 198, 199]. These short range interactions are strong enough to hold the two par-
ticles together without relative translational and rotational momentum between each other.
To reproduce this behavior, a rigid bond is implemented in the simulations between the
sticking particles. The length of the rigid bond is set to the diameter of one granular particle
and is maintained in every simulation step using the SHAKE algorithm[200]. The charge
on each particle is kept constant in particle simulations, because charge transfer between
particles is negligible during the short trajectory time of 25 ms[7]. The coordinates of three
and four particles extracted from experiments are then fed as the target trajectory into the
optimizer, and the optimization strategy is applied. Note that in this case the signs of the
particles” velocities can be inferred from experimental data, and we constrain the sign of the
search variables for initial velocities in the optimization program to increase efficiency.
Figures 6.5(a), 6.5(b), 6.5(c), and 6.5(d) show the evolution of charges and initial ve-
locities as the optimization proceeds, for three and four particles, respectively. The results
presented here are from the last optimization simulation in a set of consecutive calculations.
In the first few simulations, the fitness function decreases to a plateau at the end of each
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simulation. However, the fitness function is still large and on the order of 102. Moreover,
there is a difference of about three orders of magnitude between some of the search vari-
ables. These consecutive simulations are merely used to properly rescale all search variables;
we then feed the final charges and initial velocities to the particle simulation to generate
a simulated set of trajectories of three and four particles. Figures 6.5(e) and 6.5(f) show
six snapshots of three particles from experiments and simulation, respectively. The induced
surface charge density (0,,) on every particle is calculated using a parallel O(/N) numerical
solver for electrostatic polarization (see Chapter 3). We obtain excellent agreement between
the simulated and experimental trajectories of the particles. The charges on the three par-
ticles are obtained as 1.785, -1.338, and 2.0 pC, respectively (from left to right in the first
snapshot in Fig. 6.5(f)). They could also be -1.785, 1.338, and -2.0 pC because of the symme-
try of the system. The range of calculated charges is consistent with that inferred in previous
experimental results[7]; the experimental charge distributions P(gq) have tails up to several
million electron charges (1066 ~ 0.16 pC). It is also found that the two bound particles
carry opposite charge, and the Coulombic attraction force helps bind them together. For the
set of trajectories comprising four dielectric granular particles, Figs 6.5(g) and 6.5(h) show
six snapshots from experiments and simulations, respectively. Excellent agreement is again
found between both, serving to demonstrate the applicability of our proposed optimization
strategy for inverse charge calculations. The charges on the four particles are obtained as
29.97x1073, -9.37x 1073, -5.12x1073, and -1.37x 1072 pC, respectively (from right to left
in the first snapshot in Fig. 6.5(h)). They could also be of positive sign because of the sym-
metry of the system. The range of calculated charges is consistent with that inferred from
previous experimental measurements[7]. Note that the magnitudes of the charges for four
particles are much smaller than those for three particles, and the signs of the four particles’
charges are the same, indicating that polarizability is essential for describing the physics of
the particles considered here. The converged values of the fitness function for Figs. 6.5(a) and

6.5(c) are 13.66 um and 48.5 pm, respectively, which are larger than those for Fig. 6.3. The
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converged values in Fig. 6.3 are relatively small, because i) the target trajectory is generated
by simulation and the trajectory data are an exact representation of the simulated particles’
motion; ii) there is no error from the numerical simulation results, since the models used in
generating the trajectory and in optimizations are identical. The relatively large converged
values in Fig. 6.5 when fitting the experimental data are likely due to errors from experimen-
tal measurements and approximations used in the numerical model. The experimental errors
are from vibrations of the camera and the particles’ position tracking process; note that the
resulting errors in the particles’ positions are on the order of 10 ym. The approximations in
the numerical model include using rigid bonds to connect sticking particles, and assuming a

homogeneous free surface charge density on each particle.

6.5 Conclusions

In summary, we have combined an evolutionary optimization strategy CMA-ES with a par-
ticle dynamics simulator to obtain the charges on granular polarizable particles based on a
given set of experimental trajectories. The availability of a polarizable force field for electro-
statically interacting charged granular particles is central to the particle dynamics simulator;
electrostatic polarization and Coulombic interactions can in some cases have opposite signs,
and lead to trajectories that are very different from those observed in the absence of polariz-
ability effects. The proposed strategy was demonstrated in the context of several problems.
In the first problem, the initial position and velocities of all particles were given, and the
algorithms were used to infer the particles’ charges. In the second and third problems, both
the particles’ charges and initial velocities were unknown, and it was shown that the evolu-
tionary optimization can be used to successfully determine the particles’ charges and their
initial velocities. In the fourth problem, the evolutionary optimization strategy was applied
to extract the charges from experimentally observed trajectories, and the charges were found
to be within the ranges reported in previous experimental measurements from the literature.

The proposed strategy could be extended to more complex systems containing electro-
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statically charged granular particles. For example, using a recently developed parallel O(N)
numerical solver for electrostatic polarization interactions among arbitrary-shaped parti-
cles (see Chapter 3), the evolutionary optimization strategy could be applied to determine
charges not only of spherical particles, but also on arbitrarily-shaped particles with uniform
or nonuniform surface charge distributions, and including rotational motion. The proposed
strategy could also be used to determine the charges of particles in micro- or nano-fluid en-
vironments by coupling the strategy with a recently developed parallel O(N) Stokes’ solver
for hydrodynamically interacting objects in general geometries[201]. We envision that our
proposed strategy could find applications in material property measurements and material

designs.
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CHAPTER 7
APPLICATION: STRUCTURE AND DYNAMICS OF
HYDRODYNAMICALLY INTERACTING FINITE-SIZE
BROWNIAN PARTICLES IN A SPHERICAL CAVITY:
SPHERES AND CYLINDERS

7.1 Abstract

The structure and dynamics of confined suspensions of particles of arbitrary shape is of
interest in multiple disciplines, from biology to engineering. Theoretical studies are often
limited by the complexity of long-range particle-particle and particle-wall forces, including
many-body fluctuating hydrodynamic interactions. Here, we report a computational study
on the diffusion of spherical and cylindrical particles confined in a spherical cavity. We
rely on an Immersed-Boundary General geometry Ewald-like method to capture lubrication
and long-range hydrodynamics, and include appropriate non-slip conditions at the confining
walls. A Chebyshev polynomial approximation is used to satisfy the fluctuation-dissipation
theorem for the Brownian suspension. We explore how lubrication, long-range hydrodynam-
ics, particle volume fraction and shape affect the equilibrium structure and the diffusion
of the particles. It is found that once the particle volume fraction is greater than 10%, the
particles start to form layered aggregates that greatly influence particle dynamics. Hydrody-
namic interactions strongly influence the particle diffusion by inducing spatially dependent
short-time diffusion coefficients, stronger wall effects on the particle diffusion towards the
walls, and a sub-diffusive regime —caused by crowding— in the long-time particle mobility.
The level of asymmetry of the cylindrical particles considered here is enough to induce an
orientational order in the layered structure, decreasing the diffusion rate and facilitating a
transition to the crowded mobility regime at low particle concentrations. Our results offer

fundamental insights into the diffusion and distribution of globular and fibrillar proteins
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inside cells.

7.2 Introduction

Diffusion under confinement is central to multiple physical, chemical and biological systems,
including colloidal and protein suspensions, devices for particle separation, and transport
through membranes. A model system to study the diffusion and structure of highly con-
centrated particles under confinement could offer insights into the dynamics of crowded
macromolecules, such as proteins, inside cells where they typically occupy 20 to 40% of the
cytoplasm volume [202].

Previous studies have shown that crowding between macromolecules affects reaction
rates of equilibrium reactions [202, 203, 204, 205, 206], and hinders the diffusion of intra-
cellular particles [207]. In vivo experiments, using fluorescence recovery after photo-bleaching
(FRAP) techniques, have reported that the apparent diffusion coefficient for green fluores-
cent proteins (GFP) in E. Coli’s cytoplasm is about 11 times lower than that in water [?
? 208]. Even though a variety of intracellular activities, namely metabolism, cellular home-
ostasis, signaling, transcription, translation and locomotion, strongly depend on diffusion of
the intracellular macromolecules, the mechanisms behind the hindered diffusion are not fully
understood. A review by Skolnick, discussed several factors that could lead to hindrance, in-
cluding the viscosity of cytoplasm, steric effects, hydrodynamic interactions (HI), and other
short-range interactions between particles [209]. A significant effort that relied on Brownian
simulations of 50 types of macromolecules modeled as spheres inside E. Coli’s cytoplasm
was able to reproduce the translational diffusion coefficient of GFP [210, 83]. The authors
demonstrated that steric repulsions cannot explain the hindered diffusion and suggested that
electrostatic and other short-range interactions are essential variables to consider. However,
short-range interactions modeled as Van der Waals potentials can always be tuned to match
experimental results, and these authors were unable to provide conclusive remarks regarding

the effects of short- and long-range HI. In other work, BD simulations considering fluctuating
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HI have been performed in the bulk [79], confirming that HI plays a nontrivial role in the
hindering of macromolecular diffusion. Unfortunately, the mobility variations induced by
confinement was not considered in this work. Confinement, using a network of wall particles
that are constrained by a predefined potential, was included in a subsequent study to repre-
sent a cell membrane [211]. In that work, the non-slip boundary condition was not strictly
satisfied, allowing the flow to penetrate the membrane, and driving a tangential component
of the particle average velocity. From the hydrodynamic interactions point of view, previous
efforts were centered on the study of the dynamics of single or many particles immersed in
an unconfined viscous fluid [? 7 ? ? 7 7 7 7 2227 ? | and of particles moving near
a wall or confined in a slit and cylindrical geometries [? 7 2 7 2 7 ? 7 7 ]. Recently,
a theoretical study was performed by Zia et. al. to model the behavior of a concentrated
colloidal dispersion confined in a spherical cavity [213]. Their framework relies on a set of
hydrodynamic tensors that capture far- and near-field (lubrication) hydrodynamics between
particles and walls. The authors studied the structure and diffusion of hydrodynamically
interacting spherical particles confined in a spherical cavity following a Stokesian dynamics
(SD) approach [212]. They found that the confinement, crowding and HI collectively lead to
an anisotropic micro-structure, which then induce position-dependent and anisotropic short-
and long-time dynamics. That study was, however, limited to spherical particles.

We have developed an efficient computational framework to perform BD simulations of
arbitrarily shaped particles confined in any type of geometry. We use an Immersed-Boundary
(IB) method to represent the suspended particles, a parallel Finite Element General geom-
etry Ewald-like method (pFE-GgEm) [201] to calculate the confined Green’s functions, and
a Chebyshev polynomial approximation to satisfy the fluctuation-dissipation theorem. In
this chapter, we use this methodology to study how steric repulsion, short- and long-range
hydrodynamic interactions, confinement, particle volume fraction and particle shape affect
the structure and the diffusion of spherical and cylindrical finite-size particles confined in a

spherical cavity. The cylinders are selected to break the three-dimensional symmetry of the
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particles, a feature that is common in protein structures.

The paper starts with a description of the particle model, the geometry, the methods
and the dimensionless variables to characterize the system. The BD and the IB-pFE-GgEm
methods are briefly summarized. We then proceed to present and discuss the results, in-
cluding the spatial and orientational ordering of the particles and the short- and long-time

diffusion behavior. We finish the paper with a summary of the most important findings.

7.3 Models and methods

Let’s consider N mono-disperse and semi-rigid particles embedded in a viscous fluid of viscos-
ity 1, confined in an spherical cavity of radius R. Under a zero Reynolds number condition,

the N-body force/torque balance on the particles is:
FI 4 FB 4 FC 4 FEV L Fert — (7.1)

where FH is the 6N hydrodynamic force/torque vector, FJB is the Brownian force /torque

FEV represents the

vector, FC is the force /torque vector containing configurational forces,
force/torque vector due to excluded volume interactions, and Fért includes all external
forces/torques.

The evolution of the suspended particles, from Eqn. (7.1), is carried out through the
grand mobility or resistance tensors that relate the hydrodynamic forces/torques to the
translational and rotational velocities of the particles [105, 214, 215]. SD [107, 108, 216]
and boundary integral methods (BIM) [105, 104] have been used extensively to solve this
“mobility problem”. The regularized Stokeslets [116], the accelerated BIM [217], and the
Immersed Boundary (IB) [146, 218] approaches all provide computational efficiency and
simplicity, typically to improve (or avoid) the calculation of the single- and double-layer

hydrodynamic potentials of the suspended particles. In particular, the IB method represents

the surfaces of the suspended solids as a distribution of discrete force densities that, together
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with a surface force description and Stokes equations, generate the temporal evolution of the
suspended particles. This is the approach that we use in this chapter.

The surface of each suspended particle is discretized into a set of Nig nodes that consti-
tute a mesh, similarly to boundary element methods [104]. On the surface nodes, we define
structural spring potentials that maintain particle shape, volume and surface. The force

balance on each of the N particles is then translated into the Nyg surface nodes as follows,
th 8120 eV —o, (7.2)

for every node v = 1, ..., Nig; where f,fl is the hydrodynamic force, fyB is the Brownian force,

flj,EV is the force from all the excluded volume interactions:

fVC is the constitutive force and
particle-particle and particle—wall.
Assuming that the probability density for the nodal positions is a continuous density for

the Fokker-Planck equation [87], an equivalent stochastic differential equation for the motion

of the nodes is written as follows [88],

0
dR:{M-FJrﬁ-D]dt—F\@B-dW, (7.3)
where R = (x1,X9, ..., XN« NIB) denotes a 3N x Nyg vector containing the spatial coordi-

nates of the nodes, D = kgTM is the 3N x 3N diffusion tensor, kp is Boltzmann constant,
T is the absolute temperature and M is the (3N x Nig)x (3N x Nig) mobility tensor. In
addition, U = M - F contains the 3N fluctuating velocities from the hydrodynamic inter-
actions and F is the 3N x Ny vector that contains the non-HI and non-Brownian forces
on the nodes. The divergence of the diffusion tensor aiR - D is the drift resulting from the
configuration-dependent mobility of the confined particles and dW is a random vector, the
components of which are obtained from a real-valued Gaussian distribution with zero mean
and variance dt; dW is coupled to the diffusion tensor through the fluctuation-dissipation
theorem: D = B - BT
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In IB methods, the force distributions at moving solids are discretized as distributions
of regularized point-forces. The “smoothing” function for the the delta function scales as
the distance between the surface nodes that are used to represent the moving particles.

Consequently, the structural forces on the particles, fVC , define a force density as follows

Nip
pip(x) =D £ (x)0m(a,x —xy), (7.4)

v=1

where d1g(a, x) is a smoothing function that is a modified Gaussian (details available in [125]).
The regularization parameter g in d1g is related to the characteristic length h for the node
spacing on the particle surface, i.e, &g ~ h=1 ~ a=1. The rational behind dg(a,x) is to en-
sure that the regularized force on each node is spread over the length scale of the associated
surface elements, thereby preventing fluid from penetrating the particle surface.

In this work, we consider the particles as “semi-rigid”, where each node on the particle is
linked to its neighboring nodes by elastic springs with a prescribed large stiffness constant.
The nodes are also connected to the particle center-of-mass by an elastic spring to conserve
the desired shape. For simplicity, we assumed that each link is a linear spring, where the

force acting on the point v by the point u is given by

X
Vi

Here k is the spring elastic constant, qq is the equilibrium spring size for each specific
situation, Xy, = X, — X, and ryy, = |xyu|. For each particle, a spring network is formed (see
Fig. 7.1), resulting in an internal nodal force that resists the deformation of the particles. In
addition, at each surface node of each particle a purely repulsive Lennard-Jones (LJ) force is
added to account for particle-particle and particle-wall excluded volume interactions. This
LJ force comes from two contributions: 1) interactions with nodes from a different particle;

2) interactions with the wall. And it is equivalent to the negative gradient of the LJ potential
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which is defined by

VI () = dkpT {(%)u - (%)6] +kpT, (7.6)

for r < 21/645 and zero otherwise. Here, r is the Euclidean distance between nodes of two
different particles or between the node and walls, and ¢ = 2.2a is chosen empirically to
guarantee that each surface node has an excluded volume of radius a. The translational
and rotational velocity of particles are calculated by integrating the velocity over the surface
mesh of each particle, thereby satisfying the force and torque balance. For completeness,
we include a validation of our IB approach in the Appendix: (i) fulfillment of Stokes’ law of
particles under confinement, (ii) validation of the fluctuation-dissipation theorem (diffusion
of particles), (iii) consistency of the particle shape as a function of the spring constants.

In what follows, we use dimensionless variables for all results and discussions. We use
a as the characteristic length scale and the nodal spacing diffusion time, a%¢ JkBT, as the
characteristic time scale. We set kg7 as the scale for energy and kgT'/a for the force. The
friction coefficient ( is related to the fluid viscosity 1 and a through Stokes’ law: ( = 6mna,
and the nodal diffusion coefficient is Do = kgT'/(.

Our simulation method, denoted by IB-pFE-GgEm, is an O(N) algorithm that in-
cludes hydrodynamic interactions for confined, large-scale suspensions of finite-size particles
of arbitrary shape. Details can be found in our previous work [201]. Briefly, the O(V)
algorithm consists of three major components: (a) pFE-GgEm routines to calculate the
Green’s function (Stokeslet) for any geometry, (b) Fixman’s mid-point algorithm for time
integration and (c) the Chebyshev polynomial approximation for the fluctuation dissipa-
tion theorem. The parallel finite element GgEm (pFE-GgEm) routines are built using open
source libraries, thereby facilitating usage of our software. The routines can be downloaded
at http://miccomcodes.org as part of the Continuum-Particle Simulation Suite (COPSS)

from the Mid-west Integrated Center for Computational Materials (MICCoM).
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center-of-mass
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@, =10% 4

Figure 7.1: Snapshot of the spherical cavity of radius R containing spherical particles with
®pp = 10%. The spherical particles radius is rg, while the size of the cylindrical particles
is determined by ro and ho. The surface of the particles is given by a collection of dis-
crete nodes that are connected to six neighbors (“trimesh”), similar to boundary element
discretizations, and with a characteristic node separation of a ~ h ~ 5531. The neighboring
nodes are connected with surface springs (black); each node is also connected to the particle
center-of-mass (red spring). A repulsive Lennard-Jones excluded volume is included on each
surface node, shown schematically in the particles’ cross section by the blue circles. The
characteristic size of the repulsion is given by o = 2.2a.
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7.4 Results

We consider spheres and cylinders, of equal volume, that are suspended in a spherical cavity
of radius R = 15. The particles’ radius is rg = 3 (volume Vi = 4/ 37?7’%), while the cylinders’
size is determined by ro = 2.62 and hg = 2r¢ (volume Vi = WT%hc). Figure 7.1 shows
the details of the system. According to our semi-rigid particle model, there are two ways to
define the particle concentration in a cavity of volume V. One uses the hydrodynamic volume
fraction, ®gr = NVp/V, and a second one is based on the excluded volume effective size,
dpy = NVgy/V. Each surface node has an excluded volume of radius a, thus each spherical
particle has an excluded volume of Vigy = 4/37(rg +a)3 and each cylindrical particle has an
excluded volume of Viy = 7(rc+a)?(ho+2a). We use the hydrodynamic volume fraction as
the relevant scale for particle concentration. In this work, @y = [5%, 10%, 15%, 20%] which
is equivalent to Py = [12%, 24%, 36%, 48%)]. The lower volume concentration selected in the
work is 5%, which is the limiting volume fraction between dilution and finite concentration
regimes. We found that all the results of dilute systems, starting from infinite dilution, is
close to the limiting volume fraction of 5%. We start our analysis by exploring the structure
of the particles using the particle number density as a function of radial position within
the cavity. The number density (the probability that a particle is at a specific location) is
calculated by discretizing the spherical cavity into m bins (spherical shells) with an even
spacing in the radial direction. The shell radius of the i-th bin is b; = (i + 0.5)R/m. The
particle number density n(r;) =< N(r;)/V; >, where N(r;) is the number of particles at
shell that is located a distance r; from the center of the cavity, V; is the volume of the shell
and <> represents an ensemble average over time. Figure 7.2 shows the number density of
the particles within the cavity as a function of particle concentration. Figure 7.2(top) is for
spherical particles, while Fig. 7.2(bottom) is for the cylindrical ones. At low concentrations,
&y = 5%, the number density is uniform throughout the cavity and goes to zero once the
particles are in contact with the wall. Notice that the maximum density is at r ~ 10.5,

which is smaller than wall contact. In our model, particles can never “touch” the wall
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because of the strong repulsive Lennard-Jones potential. As the concentration increases,
the probability of finding particles near the wall increases, forming a layered structure. At
moderate concentrations, gy = 10%, 15%, particles start to form the first layer next to the
wall, and inner particles prefer to stay near the center of the cavity where the steric effects
with the particles in the first layer are the weakest. At higher concentrations, gy = 20%,
particles form a second layer, since there is not enough space at the center to accommodate
them. Thus the layered structure becomes more pronounced, and the layer separation is
determined by the particle size. In the figure, we include the number density of a “bead”
system where particles are represented as spheres with an excluded volume with radius a.
The spherical cavity has a radius of R = 10a. In this system, particles interact only through
far-field hydrodynamics and steric repulsions. However the layered structure is also observed,
becoming a characteristic of highly concentrated confined systems.

Cylindrical particles exhibits an orientational distribution within the cavity. Similar
to liquid crystalline systems [219, 220], we define an orientational order parameter \ =
%(3 cos? ) — 1), where cosf = %, m is the vector parallel to the cylinder’s centerline
and n is the vector pointing from the cavity center to the cylinder’s center-of-mass. A
random /disordered structure is characterized by A = 0, whereas for ordered morphologies
A = 1, when all cylinders are aligned parallel to the radial direction of the spherical cavity
(radial phase), and A\ = —1/2 when all cylinders are aligned perpendicular to the radial
direction of the spherical cavity (concentric phase). Figure 7.3 shows the orientational order
parameter of cylindrical particles within the cavity as a function of particle concentration.
A major result is that for all concentrations the cylinders are in a disordered state at the
center of the cavity and oriented concentrically near the wall. For &y = 5%, the disordered
morphology spans all locations in the cavity, whereas for ®y; = 15% two concentric regions
are observed, separated by a layer where the cylinders are oriented following a < 6 >= 35°
or 145°. Interestingly, the radial-centripetal ordering, A = 1, is never observed; we believe

this is due to small aspect ratio of the cylindrical particles.
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Figure 7.2: Number density of the particles within a spherical cavity of radius R = 15 as a
function of the particle concentration. (top) spheres with rg = 3; and (bottom) cylinders
with 7o = 2.62 and h = 2r¢. Snapshots for @y = 10% are shown for both systems, while
the number density of HI “beads” is included in the inset.
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Figure 7.3: Orientational order parameter A of cylindrical particles within a spherical cavity
of R = 15. The radius of cylinders is ro = 2.62 and the height ho = 2rg = 5.24.

We now proceed to analyze the short- and long-scale diffusive behavior in an attempt to
delineate the consequences of long- and short-range HI on the dynamics of the particles. The
short-time diffusion coefficient and the mean squared displacement (MSD) of the particles
are used to quantify these effects. The particles are suspended in a viscous fluid under zero
Reynolds number conditions; they interact with other particles and walls through the HI.
Recall that under these conditions, momentum transport is infinitely fast [78, 94, 126, 68].
Previous studies of confined suspensions have shown that there are multiple factors that
originate from HI that should affect the diffusion (mobility) of the particles: (i) the reduction
of the particle mobility due to confinement — particles in the bulk diffuse faster than in
confined geometries —, (ii) the space dependent mobility due to the non-slip conditions at
the walls — particle diffusion is zero at the walls —, and (iii) the decrease of particle mobility
as the concentration increases — there is an interplay between lubrication and long-range HI
that becomes important as the average inter-particle distance decreases [? 7 7 213]. We
seek to quantify and determine the consequences of such factors in a cavity enclosure using

our model.
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We start by measuring the particles’ radial and tangential short-time diffusivities within
the cavity as a function of particle concentration. These transport coefficients are calcu-
lated from the relation between MSD and time from Stokes—Einstein following a directional

decomposition [221], i.e.

(AxE)(r;) = 2Dg(r;)dt, (7.7)

(AxF)(r;) = 4Dp(r;)dt, (7.8)

for t — 0 and where Ax = x(t + dt) — x(t), the radial displacement Axg = Ax - x/|x|,
the tangential displacement Axp = Ax — Axg, Dgr(r;) and Dp(r;) are the instantaneous
radial and tangential short-time diffusivities at a distance r; from the center of the cavity,
and dt is an infinitesimal time interval. Dy(r;) and Dp(r;) are blocked averaged during a
typical simulation at each shell, and then averaged over independent simulations. Figure 7.4
summarizes the diffusion coefficients within the cavity for spherical particles as a function
of concentration. In the figure, the diffusivities are normalized by the bulk value, which is
defined as single particle diffusivity at infinite dilution.

We find that the confinement hinders the particle diffusion in both directions. The
highest value for the particle diffusivity at &y = 5% is around 60% of the bulk value.
The lower particle mobility is directly related to the long-range character of the HI and the
non-slip conditions at the walls. As the particle concentration increases, lubrication forces
begin to dominate and particle diffusion decreases monotonically. In addition, the short-
time coefficients are not constant within the cavity, showing sudden decrease as the particles
approach the wall. For &y = 10%, we calculated the averaged “inner” coefficients, which
are represented by the orange dashed lines in Fig. 7.4. Importantly, the decrease in particle
mobility at the walls has a stronger effect on the radial diffusion coefficient, indicated by 1)
the radial particle mobility decreases at r = 7, when compared with the tangential diffusivity

that “feels” the presence of the walls at » = 9, ii) the radial diffusivity decreases by 0.2 from
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Figure 7.4: Short-time diffusion coefficients for sphere particles (rg = 3) that are confined in
a spherical cavity with R = 15: (top) Radial diffusivity and (bottom) Tangential diffusivity.
The coefficients are normalized by the diffusivity of spherical particles in bulk at infinite
dilution, kgT'/(67nrg). The orange dashed line represents the averaged “inner” diffusivities
for &y = 10%. The filled shadow area around each curve represents their respective statis-
tical error. The diffusion coefficients for r/a < 2.3 at @y = 20% are missing because there
are not enough particles appearing in this zone for the diffusivity measurement due to the
layered structure.
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r(a) = 7 to the wall contact, whereas the tangential diffusivity only decreases by about 0.12.
For a spherical particle near the walls, it is easier to diffuse concentrically than radially.
Finally, note that for &gy = 20% the coefficients adopt a non monotonic character, which is
correlated with the layered structure of particle density in the cavity. The diffusivity data for
r(a) < 2.3 is missing for the case of ¢y = 20% because the short-time diffusion coefficient
at a given location is measured on particles that appear at the location; in other words, the
diffusion coefficients are measured conditionally on particle density, which is close to zero in
this region (see Fig. 7.2(top)). Similar observations have also been reported by Zia et. al.
using a Stokesian dynamics (SD) approach [213].

In Fig. 7.5 we include the short-time diffusion coefficients of spheres with an excluded
volume confined to a spherical cavity, with and without long-range HI (no lubrication forces).
Our intention is to change the level of the particle description to isolate the HI contributions.
Free draining point-particles do not undergo a space dependent diffusion and the concentra-
tion perturbs the diffusion rate only weakly. For HI point particles, the mobility decreases
monotonically as the particles approach the walls and the diffusion rate has a stronger depen-
dence on concentration. Consequently, long-range HI and the zero mobility at the walls are
responsible for the non-uniform particle diffusion inside the cavity. Lubrication, on the other
hand, imposes a directionality on the short-time mobility — radial diffusion is different than
concentric diffusion near the walls — and correlates the particle diffusion with the layered
density at high volume fractions. The observed behavior is consistent with the experimental
findings [? 7 |.

It is of interest to compare the short-time diffusion coefficient between spherical and
cylindrical particles and to validate the effects of the level of confinement. Figure 7.6 includes
the short-time diffusion coefficients for cylindrical particles (left) in a cavity with R = 15
and for spherical particles (right) in a cavity with R = 30. In the figure, gy = 5% and
the results for spherical particles in a cavity with R = 15 are included for reference. Similar

to the spherical particles, the cylinders exhibit position-dependent diffusion coefficients, and
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Figure 7.5: Short-time diffusion coefficients for point-particles (“beads”, rg = 1) that are
confined in a spherical cavity with R = 10: Radial and tangential diffusivities for HI (left)
and free-draining (right) particles. The inset shows the long-time diffusion coefficient as a
function of the particle concentration.

radial diffusion is affected strongly by the presence of the walls when compared to tangential
diffusion. Interestingly, the shape of the cylindrical particles has an important effect on
the rate of diffusion. Recall that the cylinders and spheres have the same volume, and
that the diffusion coefficients are normalized by the bulk diffusivity of spherical particles.
Consequently, the short-time diffusion of particles of equal volume is decreased when the
geometrical symmetry is broken. Finally, decreasing the level of confinement does not change
the qualitative behavior of the short-time mobility but, as the confinement decreases, the
inner diffusion coefficients approach the bulk value.

Finally, we examine the long time diffusive behavior. We use a generalized Stokes-Einstein
relation where the MSD is linearly correlated with a mobility coefficient following a power
law by:

((R(t) — R(0))%) = M1, (7.9)
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Figure 7.6: Short-time diffusion coefficients for: (left) cylindrical particles with ro = 2.62
and hgo = 2ro = 5.24 confined in a spherical cavity with R = 15 and (right) spherical
particles with rg = 3 confined in a spherical cavity with R = 30. The particle concentration
is gp = 5% and the results for spherical particles with rg = 3 confined in a spherical cavity
with R = 15 are included for comparative purposes. The filled shadow area on each curve

represents their respective statistical error.
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where R is the 3V particle coordinate vector, M is the particle mobility coefficient and «
is the power law exponent that characterizes the type of particle transport. For isotropic
diffusion, if & = 1 the particles are diffusive and M = 6D, where D is the particle long-
time diffusion coefficient. If o # 1, the transport of Brownian particles is said to be in
the anomalous diffusion regime: a < 1 is sub-diffusive, while o > 1 is super-diffusive. For
confined systems, as t — oo, the walls impose long-time restrictions on the mobility along
the confined direction. Therefore, for particles confined in a spherical cavity, the MSD should
reach a plateau on a time scale corresponding to the particle diffusion time over the cavity
size.

Figure 7.7 shows the MSD of spherical (top) and cylindrical (bottom) particles in a
cavity of R = 15 as a function of particle concentration. The time scale in Fig. 7.7 is in
a diffusion time unit, a®¢ JkRT, where ( = 6mna. In the figures, we include the results for
by = 15% of the other particle shape for comparison purposes. The MSDs are collected
from ten independent simulations with different random seeds; the particles were able to
diffuse more than 300 a diffusion times. As expected, the MSD exhibits diffusive behavior
as t — 0 and a plateau when MSD~ 200 ~ R? at 7, where 7p is characteristic particle
diffusion time over the cavity. At low concentrations, the diffusive behavior, for spheres
and cylinders, spans from ¢ = 0 to t = 7 (for 5% spheres, 7 ~ 300 in a®¢/kgT units).
As the particle concentration is increased, the diffusion rate decreases; it is correlated with
the short-time behavior, as indicated by the monotonic shift of the MSDs in Fig. 7.7. For
spherical particles at &gy > 15%, there is clear sub-diffusive regime over more than two
decades that increases as the concentration is increased. Interestingly, the sub-diffusive
regime for cylindrical particles starts at @y = 10%. Note that the MSD for cylindrical
particles at &gy = 15% is almost equal to the MSD for spherical particles at g = 20%. In
the inset, we have included the MSD of spheres with excluded volume but no lubrication,
to show how the sub-diffusive regime is never observed when only long-range HI is included,

thereby suggesting that the sub-diffusive regime is a lubrication effect. It is then natural
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to attribute this anomalous diffusion to crowding, driven by short-range HI. This regime
is then characterized by the diffusion-to-crowding transition mic time, and by the power
law exponent a.. In this regime, there are two major features: ;o and « decrease as the
particle concentration increases. In particular, mic = 20 and a = 0.85 for cylinders at
&y = 10%, while i = 5 and a = 0.65 for cylinders at &y = 15%. After the highly
concentrated systems enter the crowding regime, and given the fact that there are three
dimensional restrictions in their mobility as ¢ approaches 7p, the particles transition from
the slow rate sub-diffusive behavior to the plateau. In Appendix 7.6.3, we show that our
mean square displacements for spheres agree with the isotropic mean square displacement
analysis reported in literature [213, 212], both qualitatively and quantitatively. Ref.[213]
reported both sub-diffusive and super-diffusive regimes at intermediate time scales, where

the latter was only observed for high-concentration systems.

7.5 Conclusions

We have used an Immersed Boundary approach to study the structure and dynamics of
suspended spherical and cylinderical particles confined in a spherical cavity.

At low concentrations, the particle number density distribution is uniform in the interior
of the cavity. As the concentration increases, a layered structure appears. Cylindrical
particles exhibit a random orientation at low concentrations, and at the center of the cavity,
for all concentrations. Excluded volume interactions at the wall force the cylinders to orient
concentrically. Interestingly, at high concentrations the layered morphology of the cylinders
is correlated with concentric layers that are separated by a layer of cylinders oriented at an
average angle of 35 with respect to the radial direction. Cylinders are never found forming
radial morphologies within the spherical cavity.

We used a multiple hydrodynamical description of the suspended particles to determine
the specific influence of hydrodynamic interactions during the dynamic of the particles (dif-

fusion/mobility): (i) free draining point-particles, (ii) long-range hydrodynamic “beads” and
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Figure 7.7: Mean square displacement as a function of time for finite-size particles suspended
in a spherical particle of size R = 15. (top) spheres with a radius rg = 3 and (bottom)
cylinders with ro = 2.62 and ho = 2rc. In the inset is the evolution of the mean square
displacement for point-particles (“beads”) suspended in a spherical cavity of radius R =
10. In each figure, the MSDs for &y = 15% of the other particle shape are included for
comparison purposes. The filled shadow area around each curve represents their respective
statistical error.
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(iii) finite size particles considering lubrication and long-range HI. We found that long-range
HI leads to a position-dependent diffusion of the particles inside the cavity; the particles
diffuse faster near the center of the cavity and slower near the walls. The HI also decrease
the global mobility of the suspended particles, when compared with their diffusion in the
bulk. The increase in particle concentration also results in a decrease of the particles’ dif-
fusion coefficients; this effect is observed for free-draining and HI particles. However, the
concentration decrease of the diffusion rate is stronger when HI are considered. Lubrication
forces, or short-range HI, influence the dynamics of highly concentrated suspensions; they
generate a direction dependent diffusion, where particles diffuse at a lower rate when moving
towards the walls than when moving parallel to the walls. The non-slip conditions at the
walls, i.e. zero particle mobility, work synergistically with lubrication forces, resulting in an
stronger wall dependence of the diffusion coefficients in the radial direction.

Regarding the long—time dynamics, lubrication gives rise to a sub-diffusive regime at
high particle concentrations. The sub-diffusive regime, characterized by the diffusion-to-
crowding transition time and the mobility power law exponent, becomes more prominent as
the concentration increases.

Introducing cylindrical particles has two major consequences: (i) cylindrical particles
have lower short-time diffusion coefficients and (ii) the crowding regime is observed at lower
concentrations compared with spheres of equal volume. These observations suggest that the
shape of bio-molecules, particles and polymers could determine their mobility and diffusion

inside cells and tissues.

7.6 Appendix

7.6.1 Suspended Brownian spheres with the IB-pFE-GgEm

There are three important validations that are in order to verify the Immersed Boundary

approach that we used in this work. We start by verifying the fulfillment of Stokes’ law by
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measuring the sedimentation velocity of a spherical particle that is confined between two
parallel walls. Analytical values for this velocity are extracted from previous works [2227 7
, 225, 226, 227, 216]. For the specific IB-pFE-GgEm calculation, the particle radius rg = 5
and the wall distance is H = 15. Periodic boundary condition (PBC) is enforced in the
unconfined directions, which are set to a length of 200 (> H) to avoid the influence of the
particle periodic images. The surface of the spherical particle is discretized using 119 surface
nodes, resulting in a nodal separation between h i, = 1.33408 and hipax = 1.90539 and a
smoothing parameter {g = 1/0.76h . For the calculation we used a GgEm parameter
aGgem = 0.2 and a mesh resolution with a spacing of 1/ v2a. The resulting mesh was
60 x 60 x 6 HEX20 elements with 324,886 degrees of freedom. The particle is initially
located at (0, 0, d) between the two parallel walls and it moves parallel to the walls under a
sedimenting force with a body force density of (0, 0, 1). The particle’s sedimenting velocity
(U | ‘) is calculated by averaging particle’s velocities over 100 time steps. Figure 7.8(top) shows
the sedimenting velocity, normalized by Stokes’ velocity U] I /Uy, as a function of normalized
location ((d — R)/H). According to the results, the IB-pFE-GgEm provides an excellent
agreement with analytical values.

In addition to Stokes’ law, it is important to verify that our combined approach, between
the IB-pFE-GgEm, Fixman’s mid-point algorithm and the Chebyshev polynomial approx-
imation, is satisfying the Fluctuation-Dissipation Theorem. A sphere that is confined in a
spherical cavity and between parallel walls offers a scenario to validate the connection be-
tween the diffusion and the fluctuating tensors and the proper calculation of the mobility gra-
dients inside the confined geometries. First, we used three different particle discretizations,
using 20, 40 and 60 nodes, for the sphere of size rg = 3 that is confined in a spherical cavity
of size R = 15. Figure 7.8(center) shows the comparison between the short-time diffusion
coefficient of the sphere computed through our IB-pFE-GgEm algorithm and SD algorithm
previously reported in literature [213]. These results suggest that even with poor surface

descriptions, as long as the IB parameter is appropriately chosen, the IB-pFE-GgEm follows
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Figure 7.8: Sphere representation with the Immersed Boundary method: (top) Normalized
sedimenting velocity of a spherical particle between two parallel walls as a function of the
distance between the particle and the nearest wall. Analytical data are taken from Ref. [216].
(center) Diffusion coefficient of a spherical particle with rg = 3 that is confined in a spherical
cavity of size R = 15. SD data are taken from Ref. [213]. (bottom) zy—plane diffusion
coefficient for a spherical particle with radius rg = 3 in the center of a slit with heights
H =12, 15, and 20. Analytical data are taken from Ref. [228].
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the correct fluctuating short-time behavior. Finally, the long-time diffusion for a sphere con-
fined in a slit as a function of the separation between the walls is shown in Fig. 7.8(bottom).
Analytical and numerical solutions for this coefficient had been well assessed in the liter-
ature [228, 229, 230, 231]. For the IB-pFE-GgEm, the particle is initially located at the
mid-plane between two parallel walls. During the particle’s Brownian movement, its motion
is restricted to the plane of symmetry. The surface of the spherical particle is discretized
using 20 surface nodes (hyiy = 2.19826, hmax = 2.52608 and g = 1/0.35h;,). The slit
mesh resulted in 60 x 60 x 4 HEX20 elements with 228,872 degrees of freedom. To cal-
culate the error bars of the MSD, five independent simulations for each confinement ratio
are performed with a constant time step of 0.002 [232]. The diffusion coefficients from the

IB-pFE-GgEm shows an excellent agreement with analytical and numerical results.

7.6.2 Rigidity of the suspended particle

In our Immersed Boundary description of the finite-size particles, each surface node is linked
to its neighboring nodes and the center-of-mass through linear springs with a prescribed
stiffness constant k. This parameter controls the stiffness (shape) of particles. If the springs
are too weak, particles are deformable and special care must be done to forbid fluid penetra-
tion. On the other hand, if the springs are too stiff, the forces acting on surface nodes will
be too large, requiring very small time steps to ensure numerical stability. We performed
simulations of spherical particles that are confined in a spherical cavity at high concentra-
tions varying the particle stiffness. We measured the particles” moment of inertia for each

particle v as follows:

Ng
L(t) =Y rj(t)? (7.10)
j=1

where I,,(t) is the moment of inertia of particle v at time ¢ and r;(¢) is the distance between
node j on surface and the particle center-of-mass. Rigid spheres will have an equal and

constant moment of inertia. On the other hand, our semi-rigid particles will show a variation
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in I,,(t). Figure 7.9 shows the averaged standard deviation of moment of inertia as a function
of time for particles with different & for ®y; = 20%. The standard deviation is calculated
by

N 2
omi(t) = \/ZV1 (IV(;\? —1,(0) : (7.11)

where I,,(0) is the moment of inertia of particle v at time 0, which corresponds to a perfect
sphere. As one can observe from the figure, in the case that k£ = 10, the moment of inertia
jumps from 0.05 to 0.06 at ¢ ~ 10, indicating & = 10 is not stiff enough to maintain particle
shape. As the stiffness is increased the shape variations decrease. In this work, we used a

k = 200 for all simulations.

7.6.3  Comparison of MSD with literature results

The equilibrium structure and diffusion in concentrated hydrodynamically interacting spher-
ical particles confined in a spherical cavity was studied using SD by Aponte-Rivera et al.[213].
There are differences between methods in our and their work such as particles models, HI
models, etc. However, one can draw both quantitative and qualitative agreements between
results from two methods. Here we present the comparison of isotropic MSD at different
volume fractions (Fig.15a in Ref. [213] and the top panel in Fig.7.7 in this work). Qualita-
tively, a short-time diffusive regime and a long-time plateau for systems at all concentrations
are observed in both works. At intermediate times, a sub-diffusive region emerges for highly
concentrated systems only. To make a semi-quantitative comparison, we convert the MSD
data in Ref. [213] to those with the units used in our work at the same level of excluded
volume crowding. Specifically, the length and time reported by Aponte-Rivera et al. is nor-
malized by the radius of a sphere with radius rs and the characteristic diffusion time ¢g of a
sphere with radius 7, respectively (tg = r2/Dg, where Dy = kgT/6mnrs). By multiplying
the time, MSD, and volume fraction in the their work by 72, 2, and (rs/rs + a)® (rs = 3a),

respectively, we can compare the isotropic MSD directly. For example, for the system with
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Figure 7.9: Time evolution of the standard deviation of the sphere moment of inertia as
a function of the spring stiffness. The particle volume fraction is gy = 20%, the particle
radius is rg = 3 and the number of surface nodes on each particle is 20.
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the highest concentration in Ref. [213] (40% in their work and 17% after conversion to our
unit; the converted value will be reported in round brackets in the following), the short-time
diffusive regime lasts from t ~ 1073 (1072) to ~ 10~ (10°) while the MSD increases from
1073 (1072) to 10~ (10°); the intermediate sub-diffusive regime lasts from t ~ 10~ (10Y)
to t ~ 101 (10%) while the MSD increases from 107! (10°) to 10° (101); the MSD reaches
the plateau 10! (102) at t ~ 10 (10%). Good agreement is found between our MSD data

and those reported in Ref. [213].

137



CHAPTER 8
APPLICATION: SHAPE INDUCED SEGREGATION AND
ANOMALOUS PARTICLE TRANSPORT UNDER SPHERICAL
CONFINEMENT

8.1 Abstract

Colloid or nanoparticle mobility under confinement is of central importance to a wide range
of physical and biological processes. Here, we introduce a minimal model of particles in a hy-
drodynamic continuum to examine how particle shape and concentration affect the transport
of particles in spherical confinement. Specifically, an immersed boundary—General geometry
Ewald-like approach is adopted to simulate the dynamics of spheres and cylinders under
the influence of short- and long-range fluctuating hydrodynamic interactions with appro-
priate non-slip conditions at the confining walls. An efficient O(NN) parallel finite element
algorithm is used, thereby allowing simulations at high concentrations, while a Chebyshev
polynomial approximation is implemented in order to satisfy the fluctuation—dissipation the-
orem. A concentration—dependent anomalous diffusion is observed for suspended particles.
It is found that introducing cylinders in a background of spheres, i.e. particles with a simple
degree of anisotropy, has a pronounced influence on the structure and dynamics of the par-
ticles. First, increasing the fraction of cylinders induces a particle segregation effect, where
spheres are pushed towards the wall and cylinders remain near the center of the cavity.
This segregation leads to a lower mobility for the spheres relative to that encountered in
a system of pure spheres at the same volume fraction. Second, the diffusive-to-anomalous
transition and the degree of anomaly — quantified by the power law exponent in the mean
square displacement vs. time relation — both increase as the fraction of cylinders becomes
larger. These findings are of relevance for studies of diffusion in the cytoplasm, where pro-

teins exhibit a distribution of size and shapes that could lead to some of the effects identified
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in the simulations reported here.

8.2 Introduction

) Colloidal and nanoparticle diffusion in confined environments arises in a wide range of sci-
entific and engineering systems, including living cells, mesoporous materials, or microfluidic
devices [222, 233, 234, 235, 236]. It is also of interest for energy generation processes that
rely on salinity or electrostatic gradients in pores [149, 150, 152, 237]. In the particular case
of the cytoplasm, the diffusion of biomolecules underpins a variety of intracellular metabolic,
translational and locomotion processes, to name a few. [238, 239, 208, 202, 202]. Inter-
estingly, particle diffusion in these confined systems is often found to be severely hindered
and anomalous [240, 241, 81]. The mechanisms behind those observations, however, remain
poorly understood.

Several literature studies have examined particle mobility in living cells [242, 83] by
relying on Brownian dynamics (BD) simulations. In such studies, biological macromolecules
have been represented as spheres, and numerical simulations have found evidence of hindered
diffusion, in agreement with experimental results. Majority of previous studies, however,
have failed to consider hydrodynamic interactions between particles or between particles
and the confining walls. Some exceptions are provided by the work of Ando et al. [79] and
Chow et al. [211], who included hydrodynamic interactions between particles, but did not
enforce the no-slip boundary condition at the walls. More recently, Stokesian dynamics (SD)
simulations of spheres by Aponte-Rivera et al. [212, 213] considered both far— and near—
field (lubrication) hydrodynamic interactions (HI) between particles and walls. The authors
demonstrated that HI have a pronounced influence on the local structure and the short—time
and long—time diffusive behavior of particle suspensions. The framework employed by these
authors relied on SD, and was restricted to a homogeneous system of spherical particles [213].

Recently, we have introduced an efficient computational approach in order to overcome

some of the limitations of other available numerical approaches for hydrodynamic interac-
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tions. In particular, this approach can be easily extended to particles of arbitrary shape
dispersed in a confined geometry also of arbitrary shape [201?7 ]. An Immersed-Boundary
(IB) method is used to represent the suspended finite—sized particles. A parallel Finite
Element General geometry Ewald-like method (pFE-GgEm) [201] is used to calculate the
confined Green’s functions, which relies on a Chebyshev polynomial approximation to satisfy
the fluctuation-dissipation theorem. In Chapter 7, we relied on this approach to compare
the structure of pure spherical and pure cylindrical particles confined in a spherical cavity.
It was found that cylindrical particles diffuse slower as compared to spherical particles of the
same volume and at the same volume fraction, and that for cylinders the transition from the
diffusive to the sub-diffusive regime occurs at a lower volume fraction.

The studies mentioned above focused on pure spheres or cylinders confined in a spherical
cavity. The more relevant case of mixtures of spheres and cylinders was not considered.
Indeed, in applications (e.g. cytoplasm or colloidal suspensions) one rarely deals with sys-
tems of pure mono-disperse spheres, and it is therefore of interest to consider how mixtures
behave relative to their pure counterparts. Note that limited experimental evidence with
mixtures of particles of different sizes and shapes indicates that cells exhibit preferential
accumulation of some particles near the nucleus [244, 245]. In those cases, size based seg-
regation was explained on the basis of a “sieving effect” that has been advanced in the dry
granular segregation literature [246, 247]. An explanation for shape-based segregation was
not proposed in that work. Other experimental work, including a study of centrifugation of
colloidal rods and spheres [248], and a study in which milli-meter sized glass beads and rods
were subject to strong vibration [249], have also reported segregation effects based on parti-
cle shape, and proposed that hydrodynamic forces based on the different shapes contribute
to that segregation.

Our particular goal here is to provide a standard against which past and future obser-
vations of segregation and diffusion can be compared by simulating mixtures of particles of

equal volume but having a spherical or a cylindrical aspect ratio h./r. = 2. By doing so,
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we seek to rationalize past reports with new evidence for size-based segregation and mobil-
ity gradients in systems where dimensions and interactions are perfectly controlled, thereby
eliminating or avoiding some of the complexity that arises in laboratory experiments. The
outline of this chapter is as follows: in Section 8.3 we describe our numerical setup and
methodology. Our results on the structure and dynamics of mixtures of spheres and cylin-
ders are presented in Section 8.4. We conclude the manuscript with a discussion of our

findings in Section 8.5, along with a possible outlook for future studies.

8.3 Models and methods

The system considered here consists of N semi-rigid particles embedded in a viscous fluid
of viscosity n that are enclosed in a spherical cavity of radius R. The equations of motion

under the condition of zero Reynolds number and zero Stokes number are given by
FI 4 FB L ¥C L FEV LRt — ¢ (8.1)

where FH is the 6N vector containing the hydrodynamic force/torque, FB is the Brow-
nian force/torque, FC is the force/torque containing configuration terms, FEV represents
force /torque excluded volume contributions and F¢* includes any external force/torque.
Evolution of the suspended particles, using Eqn. (8.1), is achieved using the grand mo-
bility or resistance tensors that relate the hydrodynamic force/torque with the translational
and rotational velocities of the particles [105, 214, 215]. Approaches like SD [107, 108, 216]
and boundary integral methods (BIM) [105, 104] are used extensively to solve the “mobility
problem”. The regularized Stokeslets [116], the accelerated BIM [217] and the Immersed
Boundary (IB) [146, 218, 250, 251, 252] provide examples of numerical methods developed
to improve computational efficiency by simplifying or avoiding the calculation of the single-
and double-layer hydrodynamic potentials of suspended particles. On the case of the Im-

mersed Boundary (IB) approach, the surfaces of the suspended solids are represented by a
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distribution of discrete force densities on a surface mesh (Npg immersed boundary nodes)
that, together with a surface force description and Stokes equations, leads to the evolution
of the suspended particles. This is the approach that we use in this chapter.

The probability distribution function for the surface mesh positions in a Lagrangian
frame of reference evolves according to a convection-diffusion equation of the Fokker-Planck
type [87]. We assume a continuous probability density and use the Chapman-Kolmogorov
equation white noise to obtain an equivalent stochastic differential equation for the motion

of the mesh points [88]

dR = U0+M-F+%-D dt + V2B - dW, (8.2)
where Ug denotes a 3(N x Nig) vector of the unperturbed fluid velocity generated by
external pressure differences or shear at the mesh point positions; M is the mobility tensor
that includes the Stokes’ drag and the pair-wise Stokeslets accounting for the hydrodynamic
interactions between mesh points; D = kgTM is the (3N x Nig) x (3N x Nyg) diffusion
tensor; F is a 3(N x Nyg) vector of the non-Brownian and non-hydrodynamic forces; kg is
the Boltzmann constant; 7" is the temperature; M -F is a convection term that represents the
bead velocities arising from hydrodynamic interactions; the divergence of the diffusion tensor,
0/0R - D, is the first diffusive term resulting from the configuration-dependent mobility of
the confined mesh points; dW is a random vector, the components of which are obtained
from a real-valued Gaussian distribution with zero mean and variance dt, and it is coupled
to the diffusion tensor through the fluctuation-dissipation theorem, D = B - BT and finally,
the second diffusive term, v/2B - dW, represents the Brownian displacement that results
from collisions between mesh points and the surrounding (implicit) solvent.

The main challenge in simulating a stochastic process using Eqn. (8.2) is the fact that
the mobility tensor, M, cannot be constructed explicitly under confinement for arbitrary

geometries. This implies that the fluctuating velocity, U, the divergence of the diffusion
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tensor, V-D, and the diffusion tensor decomposition, B, must be implemented in a way such
that the scheme is matrix-free. To address this issue, we have developed an efficient O(N)
numerical algorithm, parallel Finite Element - General Geometry Ewald-like Method (pFE-
GgEm)[201]. The algorithm uses (i) the General geometry Ewald-like method (GgEm)[118]
for a matrix-free product of the mobility tensor with any vector, M - F; (ii) a mid-point
algorithm, proposed by Fixman[130], that avoids the explicit calculation of V- D; and (iii) a
Chebyshev polynomial approximation for the B - dW product that uses GgEm to avoid the
explicit calculation of D. The algorithm is able to handle arbitrarily shaped confining walls.

Each particle is represented by a discretized surface, whose details are available in Chap-
ter 7. Using the Immersed Boundary (IB) method [125], the force distributions at these

particles are discretized as distributions of regularized point-forces. In particular,

Nip
pla(x) = > £50m(x —x0). (8.3)

v=1

where f,gj represents the constitutive force acting on v-th surface node (point force with an
excluded volume of radius a), Nig represents the number of surface nodes that are used
to represent the suspended finite-size particles, dig is the modified Gaussian regularization
function. The regularization parameter &g in g is related to the characteristic length h
for the node spacing on the particle surface, i.e. &g ~ h~1t ~ 1. By doing this, we ensure
that the regularized force on each node is spread over the length scale of the associated
surface elements to prevent fluid from ”penetrating” the particles.

The volume of spheres and cylinders is the same. Each surface node is linked to the
neighboring node as well as to the center-of-mass point of the particle using an elastic spring
with stiffness k. A spring network is formed for every particle, which results in an internal
nodal force that resists deformation and maintains its shape. At the same time, a repulsive
Lennard-Jones (LJ) potential is used for particle-particle and particle-wall excluded volume

interactions. The ratio between mesh and particle size controls the number of surface nodes
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on each particle. Increasing the number of nodes improves accuracy but also increases the
computational cost. In Chapter 7, we showed that a spring stiffness k& = 200 is sufficient to
simulate “semi-rigid” particles, where despite the high concentration of particles, excluded
volume interactions do not alter the particle shape. In addition, we found that particle
discretization at the level of Nyp = 20 is enough to avoid fluid penetration, satisfy Stokes’
law and provide the correct diffusional behavior. In this chapter, however, we use spheres
and cylinders discretized with Ny = 88 to ensure extremely high accuracy.

In what follows, the characteristic units are: a for length, a2¢ /kBT for time, kT for
the energy and kpT/a for the force. (, the node friction coefficient is related to the fluid
viscosity n and a through Stokes’ law, i.e., ( = 67na, and the unit diffusivity, Dy, is defined

as the diffusivity of a sphere in an infinite fluid with viscosity 7, i.e., Dy = kg1 /6mna.

8.4 Results

We consider different particle mixtures of spheres and cylinders suspended in a Newtonian
viscous fluid within a spherical cavity of radius R = 15. The spherical particle has a radius
rs = 3, leading to a hydrodynamic volume of Vi = 4/ 37rrg’. The cylinders have an aspect
ratio of 2, i.e., he = 2r¢, where r, = 2.62 is the radius and h. is the height. Figure 8.1 shows
several details of our simulations and representative snapshots for ¢ = 0.2 with different
cylinder fractions.

In our semi-rigid particle model, there are two ways to define the particle concentration in
a cavity of volume V. A hydrodynamic volume fraction can be defined as ¢ = NpVp/V;
a second one is based on the excluded volume, ¢py = NpVgy/V, where for spheres and
cylinders we have Vipy = 4/37(rg 4+ a)® and Vigy = 7(r¢ + a)?(he + 2a), respectively. In
the remainder of the article, we will use the hydrodynamic volume fraction ¢gy (referred to
as ¢ in the rest of the paper) to denote the concentration of the particles. In this work, we

explore ¢ = [5%, 10%, 15%, 20%)]; this would correspond to ¢opyv = [12%, 24%, 36%, 48%).
p ) P EV )
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Figure 8.1: Snapshots of the spherical cavity of radius R containing spherical and cylindrical
particles with ¢y = 0.2 for fraction of cylinders ¢ = N¢ /N7 being 0.25 and 0.75. The
spherical particles radius is rg, while the size of the cylindrical particles is determined by
rc and ho. The surface of the particles is given by a collection of discrete nodes that
are connected to six neighbors, similar to boundary element discretizations, and with a
characteristic node separation of a ~ h ~ fﬁgl. A repulsive Lennard-Jones excluded volume
is included on each surface node, shown schematically in the particles’ cross section by the
black circles. The characteristic size of the repulsion is given by o = 2.2a.
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Figure 8.2: Particle number density in the mixture of spherical and cylindrical particles
within a spherical cavity of radius R = 15 as a function of radial distance. The radii of
spheres and cylinders are rg = 3 and ro = 2.62, respectively. The cylinder has an aspect
ratio of 2, i.e., hg = 2ro = 5.24. (A): Number density of all particles scaled with the
maximum density np/max(nt) for particle concentrations ¢ = 5%, 10%, 15%, and 20%
(from left to right). For each particle concentration, different fractions of cylinders v are
displayed along with the pure sphere (0%) and pure cylinder (100%) cases. (B): Relative
number density of only spherical particles scaled with the total density ng/nr for various
particle concentrations ¢ = 5%, 10%, 15%, and 20% (from left to right). (C): Relative
number density of only cylindrical particles scaled with the total density nc/np for various
particle concentrations ¢ = 5%, 10%, 15%, and 20% (from left to right).

8.4.1 Structure of sphere and cylinder mizture.

We begin by analyzing the structure of mixtures through the local particle number density.
To calculate it, the spherical cavity is discretized into m evenly-spaced spherical shells along
the radial direction, leading to a shell radius of the i-th shell that is given by b, = (i +
0.5)R/m. The particle number density is then given by n(r;) = (N(r;)/V;), where N(r;) is
the number of particles in the ¢ — th shell with volume Vj;, and is at a distance r; from the
center of the cavity; () represents the ensemble average over time. We calculate the number
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density for all particles, only spheres, and only cylinders, and denote them by ny, ng, and
nc, respectively.

Figure 8.2 displays the number density for particles within the cavity for various particle
concentrations ¢ and different fractions of cylinders for each ¢. Figure 8.2A shows the
number density for all particles np(r) within the cavity for various particle concentrations
¢ and different fractions of cylinders . Cases with ¢ = 0% and 100% cylinders refer to
packings with pure spheres and cylinders, respectively. The density of particles is scaled
with the maximum number density for each case. A common observation is that the scaled
density profiles exihibit a peak close to the wall, decreases in the bulk and then increases
at the center of the cavity. For low concentration, ¢ = 5%, the peak in scaled number
density near the wall is independent of ¢, while it decreases with v in the bulk. At particle
concentration ¢ = 10%, the scaled density shows a peak at the center, decreasing with
increasing r and increasing again near the wall. A similar observation can also be drawn
for the case of ¢ = 15%. Note that for the two cases (¢ = 10,15%) the scaled density at
the center is higher than that near the wall. Another common feature of these two cases is
that the difference between the two scaled densities decreases with increasing 1, implying
that the addition of cylinders enhances the heterogeneity in the local density. At the highest
concentration considered here ¢ = 20%, we observe a layered structure with two distinct
peaks at r = 3 and 10, along with a depletion zone in the regions r < 2 and 5 < r < 7. The
peak position of the layered structure for the pure cylinder case is slightly different compared
to other fractions, and the difference between the two peaks decreases with increasing .

To further understand the local particle density, we analyze the relative density of spheres
and cylinders. Figure 8.2 (middle row) displays the number density of spheres relative to
the total density as a function of r for various values of ¢ and ¢ = 25, 50, and 75% for
each case. We observe that the scaled sphere density relative to the total number density
ng/np is highest close to the wall and decreases with increasing fraction of cylinders. ng/np

decreases with increasing fraction of cylinders in the bulk and is always greater than zero
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for low particle concentrations ¢ = 5% and 10%. ng/np becomes zero for higher particle
concentrations ¢ = 15% and 20% at large cylinder fraction (75%); only cylinders are found
in this range of r, as confirmed by no/np being equal to 1, as shown in Fig. 8.2 (bottom
row). These two observations demonstrate that only cylinders are present in the interior of
the cavity and that spheres are close to the wall. Another point to note is that the numerical
values of the scaled densities for v = 25% and 50% in the bulk are more ”separated”
compared to the differences between ¢ = 50% and 75%.

These results serve to establish the equilibrium segregation of spheres to the walls induced
by a subtle difference in particle shape but for the same particle volume. As a side note,
we mention here that the difference in particle volume may not be the only reason for the
observed segregation in experiments [245].

Next, we analyze the orientational order parameter for different particle concentrations
and cylinder fractions. The orientational order parameter is defined as A = %(3 cos? 6 — 1),
where cos = m - n/(||m|| - ||n||), m is the vector parallel to the centerline of the cylinder and
n is the vector connecting the cavity center and the cylinder’s center-of-mass. A parameter
A is often used in liquid crystalline systems to quantify the nematic ordering [253, 220];
A = 0 corresponds to a random/disordered configuration, whereas A is unity for ordered
morphologies, with the cylinder axis being coaxial with the radial direction of the spherical
cavity (radial phase), and A = —1/2 when all cylinders are aligned transversal to the radial
direction (concentric phase). Figure 8.3 displays A for various particle concentrations with
different fractions of cylinders. A common observation is that, very close to the wall, the
order parameter is A = —1/2 irrespective of the volume fraction, indicating a concentric
phase close to the wall. We also find that A fluctuates around zero in the bulk for low
volume fractions, i.e, ¢ = 5%, 10%, indicating a disordered configuration of cylinders. For
moderate concentrations, ¢ = 15%, A is zero close to center and is negative with increasing
r, reaching a minimum and increasing further with r to reach a maximum value of 0.5; A

then decreases with r reaching -0.5 close to the wall. For the highest concentration, we find
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Figure 8.3: Orientational order parameter A of cylindrical particles within a spherical cavity
of R = 15 as a function of radial distance for particle concentration ¢ = (A) 5%, (B) 10%, (C)
15%, and (D) 20%. The radius of cylinders are r¢ = 2.62 and the height ho = 2rg = 5.24.

that A\ = —1/2 at both the center and close to the wall, and we also find a depletion zone
with no particles for r < 2. For this concentration, we find another ordered state with A ~ 1
in the region 7 < r < 10. The ordered morphology arises from segregation in the cavity.
At the highest volume fraction ¢ = 20%, the cylinders display ordered morphologies, i.e.,
perpendicular to the radial direction very close to the wall and parallel to the radial direction
for 7 < r < 10. With increasing v, the cylinders push the spheres to the wall in order to
minimize free volume and gain orientational order.

Excluded volume potential calculations yield 10.88kgT for a single sphere, 2.3kgT" for

a cylinder oriented perpendicular to the cavity wall, and 1.01kgT for a cylinder oriented
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parallel to the cavity wall. These numbers imply that the cylinder oriented parallel to the
cavity wall (A = —0.5) would be the most preferable configuration, which explains A = —0.5
irrespective of the volume fraction ¢ and fraction of cylinders ¥. At low volume fractions,
both the spheres and cylinders are found in the bulk with cylinders oriented parallel to
the cavity wall. However, as the volume fraction increases, cooperative effects related to
the ordering of cylinders in the bulk lead the spheres to segregate to the cavity wall. Also
note that, even though we demonstrate the layering of particles in the density profiles and
structure in the orientational order parameter, the system is not crystalline; instead, it is still

fluid-like, and particles diffuse throughout the system, as discussed in the following section.

8.4.2  Local mobility of the particles in the cavity.

As mentioned earlier, recent experiments [? 7 221, 254] and simulations [212, 213] suggest
that confinement can lead to anisotropic self-diffusion, which is not the case for unconfined
suspensions. To examine this, mobilities (short-time diffusivity) in both the radial and

tangential directions are calculated using the Einstein—Stokes relation [221]

(Axq (1)) (ri) = 2MR(ry)t, (8.4)

(AxA () (r;) = 4Mp(rt, (8.5)

for short-time ¢t — 0; Ax = x(t + dt) — x(t), Axg = Ax - x/|x|, AxT = Ax — AxR denote
the radial and tangential displacements, respectively. Mg (r;) and Mrp(r;) correspond to the
instantaneous radial and tangential mobilities at radial location r; in an infinitesimal time
interval dt. Instantaneous radial and tangential mobilities are averaged in each shell during
a simulation, and then over 10 independent realizations.

Figure 8.4 displays both the radial MR and tangential Mp components of mobility within
the cavity for mixtures of spherical and cylindrical particles as a function of radial distance

for various particle concentrations. Note that the two components are normalized by the
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Figure 8.4: Radial mobility Mg (left) and tangential mobility Mp (right) for mixture of
cylindrical particles with ro = 2.62 and hg = 2rg = 5.24, and spherical with rg = 3
confined in a spherical cavity of R = 15 for various particle concentrations, ¢, and different
fraction of cylinders v. Both components of mobility are normalized by the mobility of
spherical particles in the bulk at infinite dilution Mgy for ¢ — 0. The error bars represent
the statistical error.
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mobility of a spherical particle at infinite dilution Mgyy. A few observations can be drawn:
mobilities along both directions are not constant along the radial direction; instead, the
particles diffuse fastest at the cavity center and slowest at the cavity wall. Second, both
Mg and M decrease with increasing particle concentration due to enhanced many-body
hydrodynamic interactions with ¢. Next, the peaks and trough in mobility appear at the
same radial position, corresponding to the local particle density as shown in Fig. 8.2, thereby
revealing a correlation between structure and dynamics. This becomes particularly apparent
for the case of ¢ = 20%, where a layered structure for both My and M corresponds to
a similar density profile as observed in Fig. 8.2, e.g., the dip in mobility at 2 < r < 7
corresponds to the peak in p in the same radial range. Both Mg and M7 display the
expected decrease with increasing ¢ close to the wall for all cylinder fractions. For ¢ = 5
and 10%, we observe an expected decrease in mobility with ¢ in the bulk as well. In contrast,
for higher particle concentrations (¢= 15%), the mobility does not exhibit a decrease with
¢ in the bulk, and mobility for ¢ = 20% at radial location r ~ 5 becomes equal or even
larger than that for ¢ = 15%. Taken together, these observations reveal that a structural

inhomogeneity leads to unexpected inhomogeneities in the corresponding mobility.

8.4.3 Long time mobility of the particles.

The displacement of a Brownian particle in a confined system is hindered, and thus the mean
square displacement (MSD) over time is lower than that observed in a bulk system [211, 213].
Chapter 7 showed that a change in shape from spherical to cylindrical at constant volume
fraction leads to slower particle diffusion. The question that arises here is: how does the
fraction of cylinders in a mixture affect long-time dynamics?

Fig. 8.5A shows the average MSDs for mixtures at different particle concentrations. The
MSD of each system is calculated from ten independent simulations in which the particles
diffuse for more than 300 particle diffusion times within the cavity. A couple of observations

can be drawn. First, the MSDs grow linearly as short times, ¢ — 0, and reach a plateau
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Figure 8.5: (A) Mean square displacement as a function of time for mixture of spherical and
cylindrical particles that are confined in a spherical cavity with R = 15 for various particle
concentrations ¢ with varying fraction of cylinders. Solid and dashed lines are the results
for ¢ = 25, and 75 % fraction of cylinders. (B) short time mobility scaled with the mobility
of spherical particles in bulk at infinite dilution My plotted against ¢, (C) sub-diffusive (at
intermediate time) mobility scaled with the mobility of spherical particles in bulk at infinite
dilution Mg plotted against v, (D) sub-diffusive exponent « plotted against ¢, and (E) time
scale to make transition between diffusive to sub—diffusive behavior plotted as a function of
fraction of cylinders for various values of ¢.

in the long time limit, £ — oco. Second, at intermediate times, particle motion becomes
sub—diffusive for systems with ¢ > 10%.
To analyze the diffusion behavior in detail we express the MSD as the generalized Stokes-

Einstein relation

((R(t) — R(0))?) = Mt (8.6)

where R is the 3NV, particle coordinate vector, M; is the generalized particle mobility co-
efficient and ¢ is the power law exponent that characterizes whether the particle motion is
sub—diffusive (a < 1), diffusive (av = 1) or super-diffusive (o > 1). For the case of (o = 1),
the mobility My is the diffusion coefficient.

Figure 8.5B-E displays our findings for the mean square displacement. Short time mo-
bility (Fig. 8.5B) and sub—diffusive mobility (Fig. 8.5C) decrease with increasing cylinder

fraction ¢ and particle concentration ¢. The dependence of My/Myy and M /Myg on par-
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ticle concentration ¢ is monotonic; however, the dependence on cylinder fraction is weak at
smaller cylinder fraction v and becomes strong beyond 50%, showing a smooth to "rigid”
transition at ¢ = 50%. Note that for the case of ¢ = 5%, sub—diffusion is not observed at
any cylinder fraction ¢. On the other hand, the sub—diffusive—exponent a (Fig. 8.5D) that
characterizes the strength of sub—diffusive behavior decreases with both ¢ and ¢. In the
case of short—time and sub—diffusive mobilities My/Myy and M, /Mo, the dependence on
1 is monotonic; however, the correlation gets less pronounced with increasing particle con-
centration. Finally, the transition time, defined as the time at which the system transitions
from the short—time diffusive to the intermediate time sub—diffusive regime, is displayed
in Fig. 8.5E. We observe that for ¢ = 0.1 the transition time decreases strongly with the
cylinder fraction and becomes nearly independent of cylinder fraction for higher particle
concentrations.

To explain the smooth to rigid transition as observed in both My/Myy and M /My, we
refer to the scaled density profiles with increasing ¢). We observe that the scaled densities
np/max(ng) for ¢ = 0 and 25% are similar but then drop drastically for ¢ > 50%, which
affects the mobility in both the diffusive and sub-diffusive cases. On the other hand, for
the transition time between the diffusive to the sub—diffusive regime (i.e. roughly the time
needed for particles to diffuse a distance nearly equal to the radius), collisions between
particles slow down their motion, leading to sub—diffusive behavior. It follows that the
transition time would decrease with increasing particle concentration ¢. Further, at low ¢,
changing shape from spheres (¢ = 0) to (¢» = 100%) to cylinders, due their larger aspect ratio
the latter should feel each other at shorter—time scales, compared to what is seen for spheres,
and hence yield a transition time that decreases with 1. At larger ¢, the system is so dense
that even for different packings, i.e., sphere—sphere, sphere—cylinder and cylinder—cylinder

cases, the particle interaction time scales become similar.

154



8.5 Conclusions

We have studied the structure and dynamics of mixtures of finite size in mixtures of spherical
and cylindrical particles confined in a spherical cavity. An Immersed Boundary-General ge-
ometry Ewald-like Method (IB-GgEm) approach was used in the corresponding calculations,
thereby taking into account hydrodynamic interactions between particles and between parti-
cles and confining walls. By systematically varying the cylinder fraction at different particle
concentrations, it was found that particle shape has a pronounced effect on both the struc-
ture and dynamics of confined Brownian suspensions. Our results suggest that introducing
non—spherical particles affects the local structure and local dynamics and global dynamics
in different ways. At a local level, particles are found to segregate based on shape, with
cylinders adopting conformations with high orientational order. At a global level, cylinders
give rise to pronounced differences in the short-time mobility, the sub—diffusive behavior
at intermediate timescales, and the transition time from diffusive to sub-diffusive behavior.
Particle concentration has a strong effect on such transitions. To start with, the mobility
shows a smooth to stiff transition at 50% cylinder fraction for all particle concentrations
and the sharpness of this transition increases with particle concentration. Secondly, the
sub-diffusive slope and sub—diffusive exponent show mixed features as a function of cylin-
der fraction. The slope shows a smooth to stiff transition similar to that of the short time
mobility. The exponent decreases smoothly with increasing cylinder fraction. In both cases,
the dependence on the cylinder fraction is insensitive to particle concentration. Lastly, the
transition time from the diffusive to sub—diffusive regime depends strongly on the cylinder
fraction for low particle concentrations (¢ = 0.1); that dependence weakens with increasing
particle concentration.

As an outlook, the role of aspect ratio and electrostatic interaction on particle mobility

in confined mixtures will be considered in future that arise in a realistic cell environment.
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CHAPTER 9
APPLICATION: ON THE HYDRODYNAMICS OF
POLARIZABLE PARTICLES

9.1 Abstract

Electrokinetic forces are central to the dynamics of far-from-equilibrium charged colloidal
systems, dominating biological homeostasis and offering engineering routes for control in
biotechnology. Dissipative and conservative forces sway the structure and interaction of
particles, thereby mediating active and passive physical-chemical reactions at the molecular
level. Here, we report a theoretical study on the sedimentation of charged particles including
contributions from the Coulombic forces, the surface charge polarization, and hydrodynamic
interactions. This model serves to illustrate how the directional motion of particulate clus-
ters, moving in a low Reynolds fluid flow, is strongly correlated with the interactions between
the constituent particles. We found the equilibrium conditions for homopolar particles to
aggregate, forming clusters that are stabilized by surface charge polarization. These are
determined by the charge ratio between particles and by the difference between dielectric
constants of the fluid and the particles. Interestingly, far-from-equilibrium sedimenting par-
ticles inherit the conditions to form agglomerates, resulting in accelerated sedimentation
rates. In a confined suspension, the dielectric contrast between the fluid and the confin-
ing walls significantly affects the sedimentation dynamics and the directional migration of
the particles toward or away from the surfaces. The results presented in this work ordain
the central role of surface charge polarization during the dynamics of charged entities at

molecular and colloidal scales.
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9.2 Introduction

Having charged and polarizable particles, with different amounts of charges and dielectric
permittivities, immersed in a Stokes fluid, with its own dielectric permittivity, is a com-
mon scenario in biological systems, including blood flows, protein suspensions, cytoplasm,
and lymph, and during water filtration/purification in macropores of the soil. The asso-
ciated problem is non-trivial to attack for the reason that interactions between particles
include both electrostatic (conservative) and hydrodynamic (dissipative) interactions. The
dielectric permittivity of charged particles are usually different from that of the fluid, giving
rise to electrostatic polarization and induced surface charges on particles. If one further
considers particles moving under confinement, it becomes extremely challenging to study
hydrodynamic interactions (HI), in general confined geometries, together with the induced
surface charges on particles and arbitrarily-shaped walls. Dynamics of particles with reg-
ular shapes considering HI in unconfined and confined domains are well assessed in the
literature[255, 256, 257, 258, 216, 212]; however, how electrostatic effects and polarizabil-
ity affect the dynamics of hydrodynamically interacting charged dielectric particles, in both
unconfined and confined domains, remains poorly understood.

Electrostatic interactions are ubiquitous in both natural and industrial settings [4, 5].
Free charges respond to applied electric fields by generating a net current, whereas dielectric
materials become polarized and generate bound surface charges. These, in turn, give rise
to additional electric fields, the magnitude and effects of which on the surrounding charged
objects are largely determined by the relative dielectric permittivity of the materials and
its surroundings. At the interface between two regions with different dielectric properties,
surface charges will accumulate in response to an applied external electric field. Charge
accumulation can influence the interactions between dielectric objects in profound ways.
Examples include the aggregation or dispersion of colloids [5], charged granular materials [6,
7], and nano-particles [8]. Charge accumulation also plays a central role in understanding

colloidal dispersion stability, crystallization by secondary bonding, and the clustering of
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dust involved in the early stages of planet formation [9, 259, 11]. The majority of previous
works on charged particles (equilibrium and far from equilibrium) limited considerations of
electrostatic forces and energies to the direct Coulombic interactions, for which charges with
equal signs repel, while charges with opposite signs attract [261, 262, 123, 122]. We present
an extension of the electrostatic interaction that includes electrostatic polarizability, where
charged particles (or any entities such as molecules, fibers, etc.) embedded in a media with
a different dielectric permittivity induce additional electrostatic forces between them.
Recent theoretical and numerical works have sought to explain the nature of interactions
between polarizable particles [59, 18, 263, 180, 14, 40, 1]. Among a number of intriguing
findings, it has been shown that under certain circumstances, particles having the same
charge can in fact experience attractive forces, which eventually may lead to the clustering
phenomena [7]. Past efforts in studying many-body interactions between polarizable particles
have been limited to the case of particles moving in vacuum [6, 7]. The effects of HI
arise when particles are suspended in a solvent. In the rheological community, previous
efforts have been directed at studying the electrodynamical response of charged particle
suspensions [264, 265, 266, 267, 268, 269, 270]. In the present work, we examine how coupled
hydrodynamics and electrostatic polariziability affect the interactions between particles in
many-body systems. Specifically, we explore these effects during sedimentation of positively

charged particles in a solvent under a zero Reynolds number condition.

9.3 Models and methods

We consider N spherical particles, with hydrodynamic radius a and dielectric permittivity
€in, embedded in a Stokes fluid with viscosity p and dielectric permittivity eoyt. In principle,
our approach may be used for poly-dispersed particles with different ¢, or a, but we limit
the discussion in this work to mono-dispersed systems of spheres with the same properties.
Each i-th particle carries a point charge Q;(x;) = z;e at the center, where z; is the valence

and e is the elementary charge. This implies that the free surface charge density on each
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particle’s surface is uniform according to Gauss law.

The main interactions between particles are the usual pairwise Coulombic interactions.
However, when the particles are in close proximity, they induce surface charges, giving rise to
the polarization interaction. In Chapter 2 we show a systematic multiple-scattering formal-
ism [17, 59, 18] to describe the polarization interactions. In this formalism, the polarization
energy is grouped according to the number of interacting particles. The lowest order po-
larization energy, the three-body terms E3, are participated by three particles. The higher
order terms involve Ey, Ej5 for four-body, five-body interactions, etc. The two-body terms are
reserved for the normal pairwise Coulombic interaction. Symbolically, the total electrostatic
energy, F, for an ensemble of dielectric spheres may be written as Fp = Eo+E3+E4+-- -,
where each term in such an expansion involves a summation over all possible two-body,
three-body, four-body, and so on, permutations. The key point to note about the multi-
body expansion for E'g is that all interaction terms only depend on particles’ positions. The
references to surface charges are avoided by replacing the induced charges by the gradient
of the electrostatic potential, therefore the degrees of freedom are greatly reduced. Further-
more, forces on particles can be computed via differentiation with respect to the particles’
positions, which enables N-body simulations with molecular dynamic or hydrodynamic evo-
lution schemes. A second point to note is that an image charge method, based on consecutive
construction of image lines, can be introduced for an efficient and fast evaluation of contribu-
tions from surface charges [59, 18]. It transforms the two-dimensional surface charge integral
to a one-dimensional line integral. This allows us to show that each single N-body term
is smaller than a typical (N — 1)-body term by a factor proportional to ¢ (a/R)>, where
¢ = (€in — €out) / (€ + €out) and R is the average particle separation. As a consequence,
the expansion for Ep represents a series that converges sufficiently fast as number of terms
increases.

The focus of this chapter is to understand the collective dynamics of charged dielectric

particles embedded in a Stokes fluid with a different dielectric permittivity from that of the
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particles and the effects of hydrodynamic and electrostatic interactions on particle dynamics.
As a proof of concept, we impose a constant sedimenting force on the particles. Given the
fact that the particle size ranges from hundreds of nanometers to few microns, the relevant
regime for fluid flow is inertialess, i.e. nearly zero Reynolds number flow. Therefore, the
force/torque balance for all particles reduces to FH4FS+FCLFP 4 FEV = 0, where FH are
the hydrodynamic forces/torques acting on the particles due to the motion of the particles
relative to the fluid, FS are the sedimenting forces, FC and FF are the electrostatic forces
that arise from the Coulombic interaction and electrostatic polarization, and FEV are the
excluded volume forces/torques. Note that each F = (fj, Ty, ...,fN,TN)T is a 6N vector
that includes forces f; and torques T, on each particle i =1, ..., N.

In the Stokes limit, the hydrodynamic forces/torques acting on the particles are given
by FH = —Rpy - U, where U = (U, Qq,--- ,UN,QN)T is the 6N particle translational
and rotational velocity vector and Rpy is the 6N x 6N configuration-dependent multi-
body hydrodynamic resistance tensor.[255, 215, 256] Particle dynamics is obtained from the
particle translational and rotational velocity, which is a solution of the following the mobility

problem,

Rpy-U=b=F>+F°+FF +FFY, (9.1)

that results in a 6N x 6N linear system of equations where the coefficient matrix Rpyy and
the known vector b depend only on particle locations.

We use two different approaches to solve the mobility problem in the unconfined space.
For the case of two sedimenting particles (N = 2), approximate expressions for the resistance
tensor [257, 258] are used; for N > 2, a Stokesian dynamics [107] approach accelerated by
the General geometry Ewald-like method (GgEm) [95, 118, 126, 127, 68| is used. Details
of the SD-GgEm for a periodic domain are included in Appendix 9.6.1. Both solutions
were verified and validated with direct integral formulations resolved through the boundary
element method [104]. For particle dynamics in the confined space, GgEm with the immersed

boundary method [201] coupled with the electrostatic polarization solver [180] is used.
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9.4 Results and discussions

We use a few examples to illustrate how electrostatic polarization and HI collectively af-
fect the dynamics of sedimenting particles. We expect that because of the electrostatic
polarizability, particle agglomerates will form; therefore, it is important to know the en-
ergy landscape and phase diagram for the formation of dimers, trimers, tetramers, etc.
In other words, there is a set of equilibrium states resulting from the electrostatic forces.
These states should be a function of €, /equt (€in and €qyt are the dielectric permittivities
of particles and background continuous medium, respectively) and the charge ratio between
particles. The relevant questions are: how do HI perturb these equilibrium states and vice
versa? Are the clustering conditions, at equilibrium states, applicable to the dynamical sys-
tem at non-equilibrium states? And, how confining walls introduce another level of control
to the dynamics of sedimenting particles? We start to answer these questions by analyzing
the stability diagram for lower order clusters with electrostatic polarization, and continuing

with their implications on the dynamics of sedimenting particles.

9.4.1 FElectrostatic polarization

We start with the qualitative effects of electrostatic polarization. The normal Coulomb
interaction can be attractive or repulsive, depending on the signs of particle charges. The
electrostatic interactions with polarization effects among particles with equal signs, however,
can be attractive when the dielectric permittivities of particles are larger than that of the
embedding medium, and can be repulsive in the opposite case. According to the Image
Method in Chapter 2, at the scaling level, we may write the energy of a two particle system

with the same radius, a, and the same dielectric constant, €, as

Q102 n 1

E FEa ~
2+ 53 dmeout 12 dmeout 19

¢ (1 +@3) fla/Ruz). (9:2)
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where € = 1—¢;,/€out, R12 is the center-to-center separation between particles, and f(a/R12)
is a function that captures the shape of the surface charge distribution, which is gen-
erally a small quantity of order (a/R)3. For a two particle system, the ratio between
the lowest order polarization energy FE3 and the Coulomb energy E9 can be written as
Es/Es = €(Q1/Q2 + Q2/Q1) f(a/R12). Therefore, if €, /€out > 1 or Q1/Q2 > 1, the con-
tribution from polarization may exceed that from the Coulombic term. As a result, for those
cases, the homopolar particles (charges with equal signs) may actually attract each other at
sufficiently small separations.

This polarization-induced attraction is summarized in Fig. 9.1 for two and three homopo-
lar particles. The figure shows the conditions, €, /eout and QQ1/Q2, for two and three particles
to form agglomerates. The boundary between the stable and unstable states are calculated
using the image method with up to the fourth order polarization contribution. Whereas
dimers occur naturally as a function of the distance between the particles for specific values
of €n/€ont and Q1/Q2, trimer formation includes two additional degrees of freedom: the
geometrical arrangement and the particle type. Note that the phase diagram in Fig. 9.1 for
three particles is calculated for two species (@1 and (QJ3) only, where Q1 > Q3. The con-
dition, @)1 > @9, is not arbitrary as we find that the triangular trimer is the only possible
configuration for two species if and only if the magnitudes of charges on two particles with
the same charge are smaller than that on the third particle. Recall that the conditions for
attractive electrostatic interaction with polarization effect are €, /eout > 1 or Q1/Q2 > 1,
therefore in a three particle system with three different species, a trimer will form only if
the magnitude of charge on one of the particles is larger than that on the other two particles
and this trimer will always form a triangular shape.

For tetramers, we present the energy landscape for two species with @)1 > @9 and
€in/€out = 15 as shown in Fig. 9.2. These conditions are set to achieve significant polarization
effects. Similar to the trimer, there are specific conditions for the charge ratio and the

geometrical distribution of particles with smaller amount of charge (low-charged particles)
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Figure 9.1: Stability diagrams for dimers (left) and trimers (right). Clusters of homopolar
particles in close contacts are stabilized by surface charge polarization. The parameter
regimes for stabilized close-contact aggregates are highlighted with colored shades. The
boundaries between different regimes are identified by computing the gradient of energy
with respect to particle displacements. Note that all particles here are positively charged
and the different charge amount is labeled by red and blue color.[3]

around the particle with larger amount of charge (high-charged particle) to form stable
tetramers. In Fig. 9.2, the energy is normalized by the in-plane configuration (H = 0) where
the low-charged particles surround the high-charged particle and form a triangular shape on
the same plane. This configuration shows a local minimum in the energy landscape. Once
H # 0, the geometrical arrangement that results in the global energy minimum is that of a
tetrahedron (H = £1). And the energy landscape is symmetric about H = 0. The above
analysis shows the importance of the geometrical arrangements to form stable agglomerates.
Symmetric geometrical distributions, like lines or lattices, are unstable configurations for
many particle systems. In addition, there are particular sequences between high- and low-

charged particles to form stable clusters.

9.4.2 Sedimentation in an unconfined domain

We next discuss the dynamics of sedimenting particles. The force balance for a single spher-
ical particle in a gravitational field suspended in a Stokes fluid reduces to FH+ F S=0 along
the direction of the gravity. The hydrodynamic force on the particle is defined by FH = ¢ Uy

from Stokes’s law, where ¢ = 6mau is the drag coefficient, a is the radius of the sphere, pu is
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Figure 9.2: Energy landscape for a four particle aggregate with two species (@1 and ()2) and
Q1 > Q2. The ratio between dielectric permittivities of particles and the embedding medium
is €in/€out = 15, while particles’ geometrical distribution and charges are varied smoothly.
Note that all particles here are positively charged and the different charge amount is labeled
by red and blue color. In this figure, R is the distance between centers of any two of the
three particles with the same charge (Qo, and H is the distance between the particle with
charge ()1 and the plane formed by other three particles.

the viscosity of the fluid, and Uj is the sedimenting velocity of the isolated particle. For two
sedimenting particles, Stokes’ law is usually generalized in terms of a resistance coefficient
A defined from the force balance as FH = ¢(AUj. It is known that A =~ 0.64659 for equally
sized spheres sedimenting along to the line of centers when they are touching (R = 2a), while
A = 0.71581 for spheres sedimenting perpendicular to the line of centers (with an additional
torque that prevents the particles to rotate) with R = 2a [255, 256]. In both situations,
A — 1 as R — oo. According to these values, sedimenting particles with an equal velocity
will exert a lower hydrodynamic drag on the fluid than that in the case of single particle.
Conversely, sedimenting particles in a constant gravitational field will sediment faster as
their separation becomes smaller; the sedimenting velocity U — Uq as the separation be-
tween particles goes to infinity. Figure 9.3 shows the value of the resistance coefficient A for
non-electrostatically interacting particles as a function of the separation R for two particles

sedimenting along (blue) and perpendicular (black) to the line of centers. These coefficients
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Figure 9.3: Resistance coefficient A for two particles sedimenting along (blue line) and per-
pendicular (black line) to their line of centers. Without electrostatic interactions, A in-
creases as particles’ center-to-center separation R increases (solid lines). Coulombic inter-
action forces charged particles with equal signs to repel and eventually sediment far from
each other, resulting in A = 1 at steady state. Electrostatic polarizability could agglomerate
charged particles with equal signs depending on specific values of €, /€t and QQ1/Q2 and the
phase diagram for dimers, resulting in A(R = 2a) at steady state. This figure includes three
scenarios (dotted lines) with €y, /eout = 15 and @Q1/Q2 = [5/1,10/1,15/1] for electrostatic
polarizability.

are calculated using the approximate solution of the resistance tensor [257, 258|.

For charged particles with equal signs, the inclusion of Coulombic interactions implies
that the particles will repel each other and eventually they will sediment independently with
U = Uy as their separation goes to infinity. On the other hand, electrostatic polarizability
will affect the sedimenting velocity according to €y, /€out and Q1/Q2. Once the conditions for
stable dimers are satisfied, inheriting from the phase diagram in Fig. 9.1, effect of electrostatic
polarizability will force the particles to sediment together and faster than that in the pure

Coulombic case. As a consequence, for two polarizable particles, the resistance coefficient as
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a function of the separation between particles will be a step function from A\(R = 2a) to A = 1
at a stepping distance Rg. In Fig. 9.3, we include the resistance coeflicient for particles with
€in/€out = 15 and three different charge ratios Q1/Q2 = [5/1,10/1,15/1]. The charge ratio,
at a constant €, /€out, determines whether particles attract or repel each other. It is therefore
not surprising that the stepping distance Rg, which is a function of )1/Q2, corresponds to
the location where the electrostatic energy reaches maximum, i.e., where electrostatic force
is zero. From our calculations, Rg(Q1/Q2 = 10) = 2.74a, Rg(Q1/Q2 = 5) = 2.27a and
Rg(Q1/Q2 = 15) = 3.09a.

Now we turn to the situation where N polarizable particles are sedimenting in a con-
stant gravitational field in an unconfined fluid domain. In what follows, we will use the
particle hydrodynamic radius a as the characteristic length scale, 74 = a/Uj as the char-
acteristic time scale, €2/(4meoua?) as the characteristic electrostatic force, and 6rpally as
the characteristic hydrodynamic force. For completeness, 87ma2U0 is the characteristic hy-
drodynamic torque and 20/ 37Tua2 Uy is the characteristic particle Stresslet. Let’s consider a
system of N sedimenting particles with a dielectric permittivity that satisfies €, /€qut = 15.
Two different species both of positive charge are considered, and half of the particles carry
Q1 = +10 and the other half carry ()9 = +1. The particles are sedimenting in an infinite
fluid and are initially distributed at z = 0 in a 40 x 40 plane. According to the stability
conditions from the polarizability phase diagrams in Fig. 9.1, €, /éout = 15 and Q1/Q2 = 10
satisfy the “stability“ conditions for cluster formation. Recall that for N > 2, there are
additional geometrical constrains for this agglomerates to form. We perform simulations
using a Stokesian dynamics-GgEm algorithm (details are included in Appendix 9.6.1), and
let the particles sediment one hundred characteristic time. Statistics are collected over 20
independent simulations for each system.

Our first focus is to investigate the effects of HI on the dynamics of cluster formation and
particle arrangement. Non-hydrodynamically interacting particles will serve as the scenario

for comparison, and we call these sedimenting particles as free-draining (FD) particles. There

166



is no point in comparing Coulombic-only to polarizable particles because it is a trivial exten-
sion of the two particle case, as all particles will simply repel each other with pure Coulombic
interaction. Figure 9.4 shows the initial and final histograms of particle arrangement during
the sedimentation of N = 200 particles. In the histogram, “one“ denotes particles sedi-
menting independently, “two” denotes dimers, so on and so forth. At ¢ = 0, the random
positioning of particles in the 40 x 40 plane results in the presence of some dimers and trimers.
These are counted as Q1 — Q9 dimers and Q9 — Q1 — 2 trimers. As particles sediment, the
number of dimers gets reduced considerably, while the number of agglomerates with N > 2
increases for both HI and FD particles. Note that the number of HI particles that sediment
individually is higher than that for the FD particles. On the other hand, for FD particles
the number of individual particles is conserved, while the number of clusters with N > 2
increases, including a higher percentage of trimers, tetramers and agglomerates with N > 5
than that for HI particles; HI particles form trimers and tetramers in a much lower fraction
than that for FD particles. Before we expand the reasons behind these differences between
HI and FD particles, Fig. 9.4 also includes the time required to reach a steady state cluster
distribution as a function of N. The time is quantified in terms of the characteristic time
Tg. We observe that FD particles reach their steady state distribution faster than that for
HI particles. Both types of system show an asymptotic behavior as N — oo.

To understand these observations, we analyze the equilibrated particle configurations
after twenty characteristic times in Fig. 9.5 for HI and FD particles. Both HI and FD
particles start from the same initial random distribution at the z = 0 plane. The first point
to notice is that all FD particles sediment in a constant z-plane, as there are no HI between
particles. Therefore, they interact only electrostatically in a two-dimensional (2D) plane,
and because we ignore their Brownian motions, there are no forces that make the particles
to escape that z-plane. As a consequence, FD particles form only 2D clusters and follow
a concentric-like distribution as shown in the xy-view in Fig. 9.5-FD. In this distribution,

individual high-charge particles located at the periphery form clear concentric rings and there
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Figure 9.4: Fraction for monomer, dimer, trimer, tetramer, and pentamer for initial and
steady state configurations (left) and time to reach steady state configuration (right). Blue
bar and line are results for free-draining particles, while red bar and line are for hydrody-
namically interactive particles. Two species are considered with ()1 = +10, Q2 = +1, and

€in/€out = 15.
is a sharp transition from the high-charge particles to the clusters and individual low-charge
particles that are located at the center. As the FD particles have a lower dimensionality, the
conditions for cluster formation are easily satisfied, which explains why N > 2 agglomerates
are observed with a higher probability (see Fig. 9.4). We include some of the in-plane
agglomerates of FD particles in Fig. 9.5. Similar to the stability conditions for trimers and
tetramers, the in-plane particles must satisfy a “low-charge particles surrounding a high-
charge particle” rule. A notable observation is that the distribution of FD particles shows
a self-similar behavior with respect to time. The time to reach steady state distribution,
where the number of clusters, i.e., monomer, dimer, trimer, etc., remains nearly unchanged,
is between two and four characteristic time. After this time regime, the only thing that
changes is the separation distances between clusters due to electrostatic interactions.
Dynamics of hydrodynamically interacting particles is completely different, as every mov-
ing particle generates fluid flows that is transported by momentum diffusion and instantly
affects dynamics of other particles. The dynamics of N particles is now coupled together by
HI in a collective way. The resulting flow fields will disrupt the in-plane configuration, as it
is shown in the zy-plane in Fig. 9.5-HI. After twenty particle sedimenting time, the particles

are dispersed along the sedimenting direction over a distance about 100 times their sizes.
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Figure 9.5: Position and momentum configuration of sedimenting particles after twenty
particle sedimenting time for N = 200. The arrow vectors represent the instantaneous
velocities of the particles. A scale bar is plotted at the upper-right corner in each panel
to show the scale of velocity vectors. The figure includes results for free-draining particles
(left column) and hydrodynamically interacting particles (right column), where top and side
views of the particles are shown with the corresponding observed agglomerates. Two species
are considered with Q1 = 410, Q2 = +1, and €y, /€gut = 15.
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In the xy-plane, the particle configuration is also different compared to the FD case. The
concentric distribution with clear ring structures at the periphery no longer persists. High-
charge particles sedimenting individually are still “on average” found in the periphery, but
the transition between them and the clusters in the center is no longer sharp and it resembles
a diffusive pattern. Particles sedimenting individually at the periphery of the distribution
are left behind along the sedimenting direction, and clusters near the center sediment faster
according to Fig. 9.3. This is also evidenced by the larger z-component velocities of particles
in the clusters compared to those individual particles at periphery shown in Fig. 9.5-HI. An-
other difference between HI and FD cases is that the HI particles only form dimers, trimers,
and tetramers, with decreasing cluster fraction as N increases. Contrary to the FD case,
the tetramer follows the global minimum in the energy landscape in Fig. 9.2 by forming a
tetrahedron. Three-dimensional (3D) clustering have higher degrees of freedom and is harder
to form than that for 2D clusters, which explains why the number of clusters is smaller and
why it takes more time to reach the steady-state distribution for HI particles than that for
FD particles.

So far we have discussed the differences in cluster formation and particle arrangement
between FD and HI systems after sedimenting from an initial 2D configuration. Next we
show the differences between FD and HI systems after sedimenting from a 3D configuration,
to further emphasize the effect of hydrodynamic interaction on the collective motion of
sedimenting particles. To do this, we restart the simulation with and without HI from the
very instant shown in Fig. 9.5-HI, i.e., the particle configuration after sedimenting from a 2D
configuration for twenty particle sedimenting time. During the simulation, we remove the
motion of the center of mass (CoM) of all 200 particles at every time step to obtain particle
trajectories relative to the CoM of the system. In Fig. 9.6, we plot the trajectories of FD and
HI particles in the xy and xz plane during twenty particle sedimenting time since restarting
from the 3D configuration. By our definition in this case, the CoM of particles stays at the

origin all the time. In the xy-plane, high-charge individual particles at the periphery are
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Figure 9.6: Particle trajectories after restarting from the configuration of HI system in Fig.
9.5 for another twenty particle sedimentating time with HI(right column) and without HI
(left column). The simulation time from zero to twenty is shown as a continuous color
gradient from blue to red. For lower panels, the yaxis lable should be z(a)

pushed further away from the center, while clusters and individual low-charge particles at
the center show marginal movement in both FD and HI systems. However, most particles
at the periphery in the FD case move faster and further away from the center compared
to those in the HI case, due to the absence of viscous effects in the FD system. In the
xz-plane, the trajectories of the FD and HI particles show completely different patterns. In
the FD system, individual high-charge particles at the periphery move against the center
along straight trajectories, while the particles near the center mostly remain still. In the
HI system, clusters and low-charge particles near the center sediment faster than individual
high-charge particles at the periphery. Consequently, both particles near and away from the
center move against the but in opposite directions to the CoM. These observations confirm

the significant effect of HI on the collective motion of sedimenting particles.
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9.4.3 Sedimentation in a confined domain

We now proceed to study the sedimentation of polarizable particles in a quiescent fluid
confined in a cylindrical cavity. Two polarizable particles are placed in a cylinder, where
the particles’ movement is driven by gravity and electrostatic interactions (see Fig. 9.7).
The radius of cylinder in 3 and its length is 40. Periodic boundary conditions are enforced
in the longitudinal direction. The origin (0, 0, 0) is located at the center of cylinder axis;
the initial positions of the particles are (-1.2, 0, -18.8) and (1.2, 0, 18.8). The dielectric
permittivity of the fluid eg;q = 2 to represent an oil solvent and ey, € [2,80] to model
various materials. The dielectric permittivity of particles ¢, = 30, similar to an oxide and
defining €, /€equiq = 15. The charges on particles are Q1 = Q2 = +50. We use Q1/Q2 =1
to make the system symmetric with respect to the cylinder axis. As the particles sediment,
they can migrate towards the center of the cylinder or towards the walls — changing their
radial distance. When ey, = 2, there is no electrostatic polarization on the interface
between the wall and the fluid, i.e. the dielectric ratio between the wall and the fluid is one.
Therefore, the particles repel each other and sediment slowly towards the walls as shown in
Fig. 9.7(top). As eyy increases, the electrostatic polarization at the wall-fluid interfaces
increases, inducing negative charges at the surfaces, thereby driving a faster migration of
the particles towards the walls. Therefore, as €y, — 00, the particle migration towards
the walls becomes stronger (see Fig. 9.7). We also use a stable condition from Fig. 9.1, for
instance Q1/Q2 = 50 and €, /€out = 15, where the polarization between the particles will
now compete with the polarization effects at the wall-fluid interface. In Fig. 9.7(top) we
included the case with a weak wall polarization, €,,,;; = 3. In this situation, the inter-particle
attraction is strong enough to overcome the attraction from the wall, and particles sediment
forming a cluster at the center of the cylinder. The sedimentation is two-fold faster due to
(i) the dimmer formation and (ii) the mobility at the center of the cylinder is higher than
the mobility near the walls.

We finish the discussion simulating three particles in the cylindrical cavity. Firstly, a

172



ook Contact with walls _ ____ _ e
. et

Radial distance
N

12—
€waII_3—//J.-...~"~1—.2___ panﬁlff_g_
1.0F = =~~~ = ~ Contact beiwen particles af the center . -
0 50 100 150 200
Y| I Contactwithwalls |
S8
(] —
g 1.6 i 2
% 1.4 _
.-5 F AQred/QBlue
o \~\~\- Qred/QBlue 50 ¢
1 .0 —_—— — - ::-___-:-___-:'___'E'_—_-E-___‘

Contact betwen particles at the center

0 50 Time (a/U,) 100 150

Figure 9.7: Sedimentation of polarizable particles in a Stokes fluid confined in a cylindrical
cavity. (upper panel) Radial distance between the center of the particles and the cylinder axis
as a function of time, for the case of two particles; solid lines are for Q1/Q2 = 1, and dashed
line is for Q1/Q2 = 50 and ey, = 3. (lower panel) Radial distance between the center of
mass of blue particles shown in the insets and the cylinder axis as a function of time, and
the red lines are for the “up” configuration (3-up), while the blue ones are for the “down”
initial arrangement (3-down); for Q eq/@piue = 10, solid lines are for polarizable particles,
dotted lines are for charged particles without polarization, and dashed lines correspond free-
draining particles; for Qoq/@plue = 50, dash-dot black line is for charged particles with HI
and polarization. In the insets, color contours representing the surface charge are included.
On the right hand side of the plots, the systems’ snapshots show the paths of particles during
sedimentation and clustering.
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third particle is placed above and bellow two particles, as shown in Fig. 9.7(bottom). The
radius and dielectric permittivity of the particles are equal, €y, = 80, and @ eq/@piue = 10.
Similar to the two particles case, the polarization effects at the wall-fluid interface dominate
during the sedimentation and the particles migrate towards the walls. However, the rates
of sedimentation and migration depends strongly on the configuration and inter-particle
interactions. In the Fig. 9.7(bottom), we compare the two particle migration with the three
particle cases: “3-up” and “3-down”. We observe that when the 3rd particle is above the
other two, the time it takes for the 1st and 2nd particles to approach the wall is less than that
when the 3rd particle is absent. This originates from the fact that the 3rd particle moves
along the cylinder axis and sediments faster than the other two [255]; therefore, as the 3rd
particle approaches the other two, it pushes them towards the wall. On the other hand, when
the 3rd particle is below the other two, the 1st and 2nd particles will first approach each
other at 0 < t < 15 and then approach the wall at ¢ > 15. The initial attraction between
the 1st and 2nd particles is caused by the back-flow behind the 3rd particle. The attractive
motions between the 1st and 2nd particles then slows down and they repel each other as their
repulsive electrostatic interaction dominates. At ¢ > 30, they gradually approach the wall
at a rate that is nearly the same as that when the 3rd particle is absent, because the axial
distance between the 3rd particle and the other two increases as time increases (the 1st and
2nd particles sediments at a lower rate as they approach cylinder wall [255]) and the HI from
the 3rd particle to the other two becomes less important. The dotted red and blue lines in
Fig. 9.7(bottom) correspond to situations without polarization effects. The particles migrate
towards the wall faster because the repulsive forces between the 1st and 2nd particles are
larger. The different migration between polarizable and non-polarizable particles highlights
the importance of surface charge polarization during dynamics. For completness, The dashed
red and blue lines correspond to cases without HI (free draining). The particles undergo
free-falling in the cylindrical cavity with only electrostatic interaction and their motions are

independent; the mobility is also independent of the radial direction. Without HI, the 1st
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and 2nd particles approach the wall at an increasing rate. This is because the hydrodynamic
drag on particles when they approach the wall is absent for FD particles. We also performed
a simulation with the “3-down’ configuration and Q,.q/®@plue = 50 with €,,,; = 3 to study
particle clustering. The results are included in Fig. 9.7(bottom) and are represented by the
black dash-dot line; particle trajectories are included for completeness. In this case, the
two particles form a dimer while the 3rd particle is repeled and sediments faster along the
cylinder axis. What we intent to demonstrate is that heterogeneous dielectric properties of
materials (particle, fluid, and confining wall), the electrostatic polarization effect, and the HI
cooperatively affect particle dynamics in the confined geometry; they not only open serious
degrees of freedom for particle mobility and migration, but also novel routes for engineering

control and optimization of particulate transport.

9.5 Conclusions

We studied the effect of electrostatic polarization on the dynamics of hydrodynamically
interacting particles during sedimentation in unconfined and confined Stokes fluids. This
particular problem serves as a fundamental build up to understand the effect of hydrody-
namic and electrostatic interactions on a wide range of applications including dynamics of
biological entities in vascular environments and particle dynamics during water filtration
and purification. We found that charged particles with equal signs will form stable clusters
depending on their charge ratio and the difference between dielectric permittivities of the
particle and the fluid. Stability conditions for this cluster formation are inherited during the
dynamical evolution of the sedimenting particles. As particles agglomerate because of the
electrostatic interaction and polarization effect, their collective motions are concomitantly
modified by HI and fluid flows. Without HI, sedimenting particles will remain the zy-plane
only configuration; with HI, agglomerates with N > 2 sediment faster than individual par-
ticles, and particles no longer remain the zy-plane only configuration and their positions

along the sedimenting direction are different. Moreover, it takes longer time to form stable
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agglomerates in HI case than that in FD case, and the number of agglomerates with N > 2
is smaller in HI case when particles reach steady state distribution. For the confined geome-
try, we studied sedimenting particles confined in a cylindrical cavity and demonstrated that
dynamics of charged polarizable particles is strongly affected by the dielectric permittivities

of the particle, fluid, and the confining geometry.

9.6 Appendix

9.6.1 Stokesian-Dynamics GgEm

Consider N rigid particles of hydrodynamic radius a suspended in an incompressible New-
tonian fluid of viscosity 7 and density p. The motion of the fluid is governed by the Navier-
Stokes equations, while the motion of the particles is described by the N-body Langevin
equation [90]:

dU
m-d—tp:Fh+FC+FB, (9.3)

where m is the mass/moment of inertia tensor, of dimension 6N x 6N, Uy is the particle
translational /rotational velocity vector, Fh, F¢, and FPB are the hydrodynamic, conservative,

and Brownian force/torque vectors of dimension 6N. For one particle these vectors will be

Up Flh
Up,2 E 2h
Ups Fh
Up=| " and F" = i , (9.4)
QPJ 1
Qp72 T2h
Qp73 T??

where U), ; is the translational velocity, €2, ; is the angular velocity, F; Z-h is the hydrodynamic

h - .
force and T3" is the hydrodynamic torque.
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In the absence of particle inertia and ignoring Brownian forces, (9.3) reduces to
F!' £ F¢ = 0. (9.5)

At low particle Reynolds numbers, the hydrodynamic forces and torques acting on the par-
ticles in a suspension undergoing a bulk linear flow that can be written as [see for example
215, 105]

F' = —Rpy - (Up — u™®) — Rpg : (—E), (9.6)

where u® is the fluid bulk linear translational /rotational velocity at the particle center, E>
is the externally imposed rate-of-strain tensor, and Rpyy and Rpp are the configuration-
dependent components of the multi-body hydrodynamic resistance tensor. For one particle

the fluid velocity vector will be

where u7 is the translational fluid velocity and w?® is the fluid angular velocity.

We proceed to describe the methodology for solving what is known as the mobility prob-
lem [255, 215], which is calculating the particle translational and rotational velocities, given
the conservative (non-hydrodynamic) forces/torques acting on the particles. As in Stokesian
Dynamics (SD) simulations, the hydrodynamic force/torque vector is split into far-field and

near-field parts as [272, 273, 107, 274, 275, 276, 277]

h b, wh
F&o= Fg+Fy
= Fj— Ry (Up—u™) — Rpgur ¢ (-E). (9.8)
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The near-field or lubrication forces are added in a pair-wise additive manner, whenever two
particles, or a particle and a wall are within a specified cutoff separation. The lubrication
interactions are added via the near-field resistance tensors. The addition of the lubrication
corrections is described in detail in a latter section, but for the purpose of describing the
overall formalism, it is suffice to mention that there are analytical expressions for the near-
field resistance tensors. The only unknowns in the problem are the far-field hydrodynamic

forces/torques and the particle velocities.

Far-field hydrodynamic interactions

In conventional SD, the far-field component of the hydrodynamic force/torque vector is
calculated by explicitly calculating the hydrodynamic resistance tensor. This involves an
O(N?) calculation of the N-particle mobility tensor, and an O(N3) inversion. To avoid
this, we use the methodology of Accelerated Stokesian Dynamics (ASD) [108], and directly
compute the far-field force/torque vector, as a product of the resistance tensor and a known
velocity. The different steps involved in calculating the far-field force/torque vector are
outlined below.

The far-field hydrodynamic forces/torques are solved in an iterative manner. We begin by
assuming values for the far-field hydrodynamic forces, torques, and stresslets for all particles.
In Stokes flow, the velocity at any point in the fluid can be expressed using Green’s functions

in a very general form as

N

u(x) = u™(x) + Z £(x—xy) - Fy, (9.9)

v=1

where x represents the cartesian coordinates, u is the disturbance velocity at any point x,
and F, is the hydrodynamic force/torque/stresslet exerted by particle v on the fluid. &(x) is
a Green’s tensor which relates the hydrodynamic force and its moments to the disturbance

velocity. It should be noted that (9.9) is just a schematic representation, and the actual
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calculation of the disturbance velocity will be described in detail later.
The motion of a particle immersed in a flow field described by (9.9) can be calculated
using Faxen’s relations that relate the hydrodynamic forces and higher moments on a particle

v to the particle velocity and the disturbance velocity [255], i.e.

F, = —6mna (Up,y — u™(xy)) + 6mnaH (u(x) — u™(x)), (9.10)

where H is a known functional operator acting on the disturbance velocity. In conventional
Stokesian Dynamics, (9.9) and (9.10) are used to eliminate the fluid velocity and thus relate
the particle velocity U directly to the forces F. However, this involves the expensive O(N 2)
calculation. Equations (9.9) and (9.10) are iteratively solved using a method such as GMRES
[See for example 278, 279] to get a converged value for the far-field forces/torques/stresslets.
Fast convergence is achieved by using the forces calculated in the previous time step as the
initial guess.

Once the far-field hydrodynamic forces/toques are calculated, (9.8) can be used to solve
for the particle velocities, Uj. Note that while solving for the far-field forces, (9.10), we have
assumed that the particle velocities are known. The particle velocities from the previous
time step can be used to calculate the hydrodynamic forces in (9.10). Alternatively, the
particle velocities can also be calculated iteratively. This would begin with a guess for
the particle velocities and far-field hydrodynamic forces, and for the value of the particle
velocities chosen, the far-field force is calculated, which is then used in the force balance to
get an improved estimate of the particle velocities. However, it has been shown that the
former method yields satisfactory results [108].

In describing the general methodology for calculating the particle velocities, we have
glossed over the details on the calculation of the disturbance velocity (9.9) and implementing

the operator in Faxen’s formulae (9.10). We shall now describe these two steps in more detail.
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Disturbance velocity and its derivatives

Consider the Stokes equations for the disturbance created by N point forces,

—Vp+nViux) = —p(x), (9.11)

Vu(x): = 0, (9.12)

where the force density is defined by

N

p(x) = Z d(x —x,)F,, (9.13)

v=1

where F,, is the force exerted by the particle on the fluid at x,. For an unbounded domain,

the disturbance velocity field is given by

N
ux) =Y G(x-x,) Fy, (9.14)

v=1

where G(x) is the free-space Green’s function of Stokes equations, also known as the stokeslet,

and it is given by

G(x) = 87T1W (6+75). (9.15)

where 4 is the 3 x 3 identity matrix and r = |x].
To treat bounded domains, we use the General geometry Ewald-like method (GgEm) [118].

The GgEm starts with the restatement of the force-density expression in (9.13):

p(x) = pi(x) + py(x). (9.16)

similar to conventional P3M methods. Here the “local” density is

N
pi(x) =) B [6(x —xp) — g(x — x0)], (9.17)

v=1

180



which drives the local contribution of the velocity field, u;(x); and, the “global” density is

N
py(x) = fy[g(x—xu)], (9.18)
v=1

responsible for the global contribution of the velocity field, uy(x). By linearity u(x) =

u;(x) + ug(x).

The local velocity, u;(x), is calculated assuming an unbounded domain:

N
u(x) = Z Gi(x —xy) - fy, (9.19)

where G;(x) is composed of a free-space Stokeslet minus a smoothed Stokeslet obtained from
the solution of Stokes equations with the forcing term given by the function pg(x). For the

Stokes equations we found that a modified Gaussian

Oég 2,2
— — e 152 — o%? 9.20
9(r) = ~gze ") [5/2 7] (9.20)

yields a simple expression for G;(x):

1 [5 xx] erfc(ar) 1 [5 XX:| 2_ae( 22).

= -l —atr (9.21)

r2 r B 81

Because G;(x) decays exponentially on the length scale a1

, in practice the local velocity
can be computed, as in normal Ewald methods, by only considering near-neighbors to each
particle v [132].

The global velocity is due to the force distribution py(x). In Ewald formulations this
solution is given in Fourier space. For a general domain, on the other hand, we find the
solution to Stokes’ equation numerically, requiring that u; +uy satisfy appropriate boundary

conditions. At a no-slip boundary we would require ug(x) = —u;(x). For problems with

periodic boundary conditions, Fourier techniques can be used to guarantee the periodicity
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of the global velocity ug. The periodicity on the local velocity, u;, is obtained using the
minimum image convention. The solution is obtained on a set of M discrete points on
a mesh; in this regard, GGEM resembles a P3M method where the assignment function is
replaced by the delta function [280, 132]. Many techniques (finite differences, finite elements,
spectral methods) can be used to find the global contribution; after the mesh is resolved,
interpolation can be used to get the value of the global velocity at the location x;, of each
point [132].

The above description was assuming point forces, and is suitable for studying polymeric
systems, where the force can be assumed to act at the center of a bead. For simulating
particle suspensions, this assumption is only valid in the dilute regime, where inter-particle
separation is considerably larger than the particle size. For concentrated dispersions, it is
necessary to include the fact that the point forces are not concentrated at the center of the
particle, but rather distributed on the surface of each particle. So, the disturbance velocity

(9.14) changes to [215, 105]

N
u(x) = Vzl /S Glx—x) Fuly)dsily) 9.22)

where integral is over S, the surface of the particle. Expanding the Green’s function inside

the integral in (9.22) in moments about the center of the particle, x,, [275]

N

u(x) :szl {/S,, G(x —xy) - Fu(y)dS,(y)+
s c’bﬁcy G = Y)ly=x, ¥y —x) Fu(y)dSu(y) |, (9.23)

where the monopole or zeroth moment is the total force acting on the particle v, the first
moment or dipole can be split into symmetric and anti-symmetric parts corresponding to the

Stresslet and Rotlet respectively, and so on [See for example 215, 105, 256]. The disturbance
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velocity can thus be written as a sum of force moments as [275, 107]

XN:KHG V2>G F,+R- Ty+<1+aZV2>K s] (9.24)

where the F and T are the force and torque (vectors) exerted by the particle on the fluid
and S is the stress (tensor) exerted by the particle on the fluid. The tensors R and K are
the anti-symmetric (Rotlet) and symmetric (Stresslet) derivatives of the Stokeslet or Green’s

function of Stokes equations, they are given by

Rij(x) = ezﬂc (Vk‘G’Lj() ijik(X))a (9.25)

Kijp(x) = §(vaz’j(X)+ijik(X))- (9.26)

With (9.24) the local contribution to the velocity, u;, according to the GGEM methodology
will be

N 2 2
X) = Z {(1 + %V2) G -F,+R;- Ty, + (1 + T_OV2> K;- Sl/} ) (9.27)
v=1

Green’s function, R; and K;, are calculated from (9.21), they are listed below. The global
contribution for the velocity, ug, is calculated numerically by solving Stokes equations (9.12)

with the following force density

py(x) = 3 [(1 + %ﬁw) g(r)Fy, + Vg(r) x T, + (1 + %W) Vy(r) - sy} . (9.28)

v=1

where 7 = |x — x| and the derivatives account for the distribution of point forces on the
surface of the particle. For example, to calculate the disturbance velocity at the center of
particle v, a force density given by (9.28) is distributed at the centre of all particles and
their periodic neighbors, including particle v. Next, the force density on the particles is
interpolated on to mesh points within a certain cut-off distance, which is identical to the
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cut-off distance taken in the local calculations. Now that the force density is distributed on to
regular mesh points, we solve Stokes equations (9.12) numerically to obtain the disturbance
velocity on the mesh points due to all particles and their periodic neighbors. In the presence
of any bounding surfaces, boundary conditions are enforced while solving Stokes equations.
For example, to enforce no-slip we required u(x) = u;(x) 4+ ug(x) = 0.

The solution is obtained on M discrete points on a mesh, and interpolated on to the
center of each particle to find the disturbance velocity at the particle center. The criteria
for selection of a are reported elsewhere [118, 127, 281]. It should be noted that while
calculating the global part of the disturbance velocity on particle v, we included the forcing
due to the particle itself, along with its periodic neighbors. However, we only want the
disturbance velocity due to its periodic neighbors and other particles. To correct for this, we
subtract the global contribution of the velocity distribution due to particle v. This is done
by calculating the product of the global Green’s function and its derivatives, calculated at

the limit of zero separation, and the respective force moments. This self-correction is given

by
. CL2 2 a2 2
Ugelf (X) = lim Kl +5V ) Gg-Fv+ Ry Ty + (1 + 1V ) K, - Syl , (9.29)
where
1 xx1 erf(ar) 1 XX 200 (_42,2)
Gy(x) = g [0+ | g 18- ] - (9:30)

To complete the iterative scheme described earlier, we require a new estimate for the

forces and torques to be calculated using Faxen’s relations. These are explicitly written as

(IQ
F(xy) = —6mna(Up—u™) + 6mna (1 + EV2) [y (%) + ug(xy)], (9.31)
T(x,) = —8mna’ (2 —w™) + Amna’V x [ (xy) +ug(xy)], (9.32)
(l2
S(xy) = 2—307r77aE00 + ?71’7”]@3 (1 + 1—0V2) [e)(x) + eg(x0)], (9.33)
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where e is the rate-of-strain tensor. The local velocity and its gradients are calculated
analytically, combining (9.27) and (9.33).

Solving Stokes equations yields the global velocity on M mesh points. We first compute
the Laplacian of the global velocity on all mesh points by taking finite differences around
5 neighboring mesh points in each direction. Thus, both the global velocity, ug, and its
Laplacian, V2ug, are known at every mesh point. These two quantities are sufficient to
calculate all derivatives in at the centre of each particle. The coarse global mesh is sufficiently
accurate for the calculation of the derivatives since the global velocity decays slowly on the

length scale of o~ 1.

Near-field (lubrication) interactions

The near-field or lubrication corrections are calculated as in traditional Stokesian Dynam-
ics [107]. Lubrication corrections are added for every pair of particles (particle-particle (pp)),
which are within a certain cut-off separation. Lubrication corrections are included by adding
exact two-body resistance tensors to the far-field many-body resistance tensor. Since the far-
field part of the exact resistance tensor is already accounted for by the many-body resistance
tensor, a two-body far-field resistance tensor must be subtracted in order to avoid double
counting [275, 107]. This far-field two-body resistance tensor is calculated by inverting a
two-body mobility tensor, constructed to the same order (in multipole expansion) as the

far-field many-body resistance tensor, i.e.,

The exact solutions (Rpp) are reported in literature as series solutions or tabulated data
[7 283, 284, 284, 258, 257]. For the case of equal-sized spheres, the data is fit with simple
rational expressions, accurate (R2 > 0.999) to a surface-surface separation of 0.01a.

The second part of the lubrication correction is to subtract the far-field two body compo-
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nent already included in the many-body resistance tensor. To do this, a two-body mobility
tensor is constructed and inverted, to the same order of approximation as in (9.24). To

describe how this tensor is constructed, consider the grand mobility tensor, M, defined

by [257]
U Myr Myt Muys F
Q | =|Mgr Mor Mgs || T |- (9.35)
-E Mgr Mgr MEgs —S

For sphere-sphere far-field interactions, the different components of (9.35) are calculated as

functions of the Green’s function or Stokeslet [215, 105], for two given spheres v and u are

defined by
v CL2 9 aQ )
Myp = (1+5Vo) (1+ 5 Vi G(xu,Xp), (9.36)
2
a
My = (HEV%) R(Xy,Xy), (9.37)
Vi a’ 2 a? 2
Mys = (1+5 Vo) (1+5Ve K(xy, %), (9.38)
Mt = Vi x R(xy,xu), (9.39)
2
a
Mg = Vi x (HEV%‘) K(xy, %), (9.40)
v a’ 2 a’ 2
Mgg = (1+ 35V ) Ve (1+ 5V K(xy,x;)| + (9.41)

CL2 92 CL2 92

with the remaining terms calculated using symmetry property of the grand mobility tensor.
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Inverting the far-field tensor, gives a far-field two-body (2B) resistance tensor, expressed as

F U U
= x| e |=Rp| e
Rosru Ropro RoBre U
= | Rru Rsro Ropre || @ | (9.43)
Bsu Ropso RoBse ~E

Note that in general, REy; # [MFU]_l and so on. The sub-scripts are merely used to denote
the appropriate parts of the two-body resistance tensor. Extracting the relevant components
from the particle-particle and particle-wall resistance tensors, and subtracting it from the

exact solutions as in (9.34), yields the lubrication corrections Ry ¢ and Rpg pf-

Smoothed Green’s function moments

In order to obtain the local-contribution from (9.27) and (9.33) the moments from the

smoothed Green’s function are needed. These functions come from the use of

a3 2,2
_ (=a®r%) 1579 — o 2y2 9.44
9(r) = “ge") [5/2 ). (9.44)

as the smearing function, which yields

1 x;x ;7 erfe(ar T;Ti7 200 (2.2
Ghij(x) = 8 { [51‘]‘ + ;2‘7] ﬁ ) _ [5@' - %] ﬁe( @ )}. (9.45)
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From the definitions (9.26), the smoothed local-moments are given by

1 2erfe(ar da e(—0%r?)
Riijh(x) = 15 {[5Mﬂy‘—<%jwk}-——;é——z-%[5ﬁﬂv‘—<%jxk};7; =
4@3 2.2
[0k — O3k ﬁe( “r )} : (9.46)

2.2
1 zix 7 2erfe(or) TirjrE] da el=0"r)
Ky i1(x) = 6mn {[%‘%‘ —3 73 ] 3 [5’?3‘% 33 ] Jr o 2
;T dad 2,2
[&jxk + 05 — 2ZT—J2]€:| %e(ia ' )} : (9.47)

The local-Laplacians by

2
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The local-curls by
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The local-Laplacians of the Curl by
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For the global contribution we need the following functions for the force density (9.28)

5
(Vg(r)); = _%e(—am) E _ azrz} - (9.55)
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where r = |x].
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CHAPTER 10
CONCLUSIONS

In conclusion, this dissertation has shown various numerical approaches developed to re-
solve the long-range and many-body electrostatic and hydrodynamic interactions in the
continuum scale. Specifically, we have developed models to describe dielectric polarization,
hydrodynamic interactions and their coupling with thermal fluctuations, and electrokinetic
phenomena in extremely confined systems. We have also build some applications based on
these approaches and derived new perspectives for the respective systems.

In Chapter 2, we derived an analytical method to describe the electrostatic interactions
and polarization effects for dielectric spheres embedded in an unconfined continuum. The
model was used to demonstrate the importance of polarizability for clusters of dielectric
spheres, as well as periodic crystal of charged dielectric spheres arranged into a NaCl-type
lattice. In Chapter 3, we developed an O(N) numerical solver based on the Induced Charge
Computation (ICC) method, the Boundary Element Method (BEM) and the Fast Multipole
Method (FMM) to solve the electrostatic and polarization effects for arbitrarily-shaped par-
ticles embedded in a confined or unconfined continuum. In Chapter 4, we developed an effi-
cient O(N) computational approach, parallel-Finite-Element-General-geometry-Eward like-
method (pFE-GgEm), to resolve hydrodynamic interactions in confined systems and their
coupling with thermal fluctuations. We then illustrated its use in the context of confined
polymer solutions and finite-size particle dynamics. More specifically, we calculated the dif-
fusion of polymers in a slit geometry, and demonstrated that the correct Zimm scaling is
obtained. We then simulated flowing polymers in a cross-channel geometry, and show how
the method can be used in arbitrary domain shapes. We also showed results for the dynam-
ics of finite-sized particles using an Immersed Boundary-GgEm formulation. In Chapter 5,
we developed a numerical approach to solve the electrostatic and hydrodynamic interac-
tions with the consideration of ionic screening. The proposed approach was then validated

for several systems with analytical solutions and also compared with COMSOL in terms
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of accuracy and CPU speed. It was found that the approach can successfully recover the
diffusion and convection process of continuum ionic field, as well as its interactions with the
electrostatic field. In Chapter 6, we proposed a new strategy that coupled the evolution-
ary optimization algorithm (optimizer), CMA-ES, with a particle dynamics simulator based
on the electrostatic force field developed in Chapter 2 and Chapter 3 to measure charges
carried by granular particles from experimental trajectories directly. We found that the
strategy could successfully measure charges on multiple polarizable dielectric particles using
particle’ trajectories from experiments. In Chapter 7, we studied the structure and dynamics
of suspended finite size particles confined in a spherical cavity relying on the IB-pFE-GgEm
approach developed in Chapter 4. We found that particles started to form a layered structure
in the cavity in the high-concentration conditions. We also found that particle shape, concen-
tration, confinement, short- and long-range HI contributed to the hindered and anomalous
diffusion of confined Brownian particles collectively. This study was extended in Chapter 8 to
the case of mixtures of spherical and cylinderical particles to mimic more realistic biological
systems. We found that increasing the fraction of cylinders induced a particle segregation
effect, where spheres were pushed towards the wall and cylinders remain near the center
of the cavity. We also found that the diffusive-to-anomalous transition and the degree of
anomaly both increased as the fraction of cylinders becomes larger. Finally, in Chapter 9,
we examined the collective effect of hydrodynamic and electrostatic interactions on the clus-
tering and sedimentation dynamics of charged polarizable particles. We found that charged
particles with equal signs would form stable clusters depending on their charge ratio and
the difference between dielectric permittivities of the particle and the fluid. We also found
that as particles agglomerate because of the electrostatic interaction and polarization effect,

their collective motions were concomitantly modified by HI and fluid flows.
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