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Consider a network with 4 buyer and 4 seller types, with value distributions
Fs.(v) = Fbj(v) = 1 — exp(—v?), where i,j = 1,2,3,4 for all v € [0,00). Let
¢i = 0 for all i € S. Denote the population vectors by s = (1,1,1,1) and
b = (2,2,2,2). The revenue-maximizing commissions (or subscriptions) given
in Corollary 2 as well as the corresponding mass of buyers/sellers of each type
that trade are reported in the figure. The equilibrium prices for the sellers are
(p1,p2,p3,p4) = (0.8,0.8,0.99,1.19). The flow associated with the highlighted
edges is given by w11 = x91 = 0.23, x32 = 0.32, and x43 = x44 = 0.20. All other
edges have zero flow (trade) under the optimal solution. . . . . . ... ... ..
Denote the network on the left (right) by G, (Gg) and its edge set by E, (ER). In
both G, and G R, every node has a unit population, and all types have uniform
valuations. It can be checked that Gy > Gpg. Proposition 3 implies that the
platform can extract more revenue from the network on the left. In fact, despite
the number of edges being the same, Vi (Ep, s,b) = % > % = Vopt(ER, 8,b).

Chicago Compatibility Network . . . . . . . .. .. ... ... ... ... ..
Chicago Community Map . . . . . . . . . . ...

The time horizon is T' = 2, and the customer valuations follow a uniform distri-
bution; i.e., v ~ U[0, 1]. The left panel illustrates the expected demand in period
1. Impatient customers (w = 0) choose to purchase or abandon the market based
on whether their valuation v > p; or not, whereas patient customers (w = 1)
purchase if v > p1 + %(pl —pa), wait if po < v < p1+ 1%5(191 —p2), or abandon
the market if v < po. The right panel illustrates the expected demand in period
2, where all of the remaining customers and the new customers make a purchase
if their valuation v > po. *[-bex] . . . . . . ... o
The left panel shows L[{Ol (p1, p) and Ul 11 (p1, p) (namely, the sets of type-(1,0) and
type-(1,1) customers who make a purchase in period 1) as well as Vi{1(p1, p) (i-e.,
the set of type-(1,1) customers who decide to wait in period 1); all other customers
arriving in period 1 abandon the market immediately. The right panel displays
Z/{%OQ(p(Q), 0), Z/{%u(p@), p), and L{{u(p@), p) (namely, the sets of type-(2,0), type-
(2,1), and type-(1,1) customers who make a purchase in period 2). Since period
2 is the last period, no customers choose to wait in this period. *[-bex] . . . . .
The figure displays the optimal full-information price path (p1,...,ps) that sat-
isfies (2.13), and the auxiliary price path (pi,...,ps) that satisfies (2.16). The
time horizon is 5 periods, and the marginal cost of production is ¢ = 0. The
market density for customer valuation v equals 1 if v € [0, 5], and 0 otherwise.
The discount factor is 6 = 0.5, the fraction of customers arriving in each period is
0.2, and the customer prediction behavior is as in Example 6. The first condition
in (2.17) is satisfied because p;(p(t)) = 0, and the second condition in (2.17) is
satisfied because pg > pg. *[-bex|] . . . ..
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The figure displays an instance of the customer prediction behavior p in Example
6. The time horizon is 12 periods, and § = 0.75. In period t = 8, the price
predictions {pf(p(t)), k = 0,1,2,3,4} are shown by the dashed curve, where

pg(p(t)) = p; and ptTk_t(p(t)) =0. ¥[-6ex] . . ...

The graphs show the platform’s T-period regret under the do-nothing policy in
two special cases of Example 8. In panel (a), @ = (0,0), whereas in panel (b),
0 = (1,1). The sellers uses the online mirror descent algorithm specified in (3.25)
with n; = %, where © = [-0.5,152, 2 = [-1,1]2, l = 1, and u = 3. The
displayed regret values are computed by averaging the realized regret over 5000
sample paths. . . . . . ..
Consider the problem instance specified in Example 8. . . . . . .. .. ... ..
Consider the two problem instances of Example 8 in Figure 3.1. . . . . . . . ..
Consider the same problem instances of Example 8 as in Figure 3.1. . . . . ..
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ABSTRACT

This dissertation mainly focuses on revenue management problems that focus on demand
learning and sharing economy. It includes three major chapters.

In Chapter 1, we consider a platform that charges commission rates and subscription fees
to sellers and buyers for facilitating transactions but does not directly control the transaction
prices, which are endogenously determined. Buyers and sellers are divided into types, and
we represent the compatibility between different types using a bipartite network. Traders
are heterogeneous in terms of their valuations, and different types have possibly different
value distributions. Buyers may have additional value for trading with some seller types.
The platform chooses commissions/subscriptions to maximize its revenues. Two salient fea-
tures of most online platforms are that they do not dictate the transaction prices, and use
commissions/subscriptions for extracting revenues. We shed light on how these commis-
sions/subscriptions should be set in networked markets. Using tools from convex optimiza-
tion and combinatorial optimization, we obtain tractable methods for computing the optimal
commissions/subscriptions and provide insights into the platform’s revenues, buyer/seller
surplus, and welfare. We provide a tractable convex optimization formulation to obtain the
revenue-maximizing commissions/subscriptions, and establish that, typically, different types
should be charged different commissions/subscriptions depending on their network positions.
We establish that the latter result holds even when the traders on each side have identical
value distributions, and in this setting we provide lower and upper bounds on the platform’s
revenues in terms of the supply-demand imbalance across the network. Motivated by simpler
schemes used in practice, we show that the revenue loss can be unbounded when all traders
on the same side are charged the same commissions/subscriptions, and bound the revenue
loss in terms of the supply-demand imbalance across the network. Charging only buyers
or only sellers leads to at least half of the optimal revenues, when different types on the
same side can be charged differently. Our results highlight the suboptimality of commonly

used payment schemes, and showcase the importance of accounting for the compatibility be-
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tween different user types. Under mild assumptions, we establish that a revenue-maximizing
platform achieves at least 2/3 of the maximum achievable social welfare.

In Chapter 2, we consider the markdown pricing problem of a firm that sells a product
to a mixture of myopic and forward-looking customers. The firm faces an uncertainty about
the customers’ forward-looking behavior, arrival pattern, and valuations for the product,
which we collectively refer to as the demand model. Over a multiperiod sales season, the
firm sequentially marks down the product’s price and makes demand observations to learn
the underlying demand model. Because forward-looking customers create an intertemporal
dependency, we identify that the keys to achieving good profit performance are: (i) judi-
ciously accumulating information on the demand model, (ii) preserving the market size in
early sales periods, and (iii) limiting the impact of the firm’s learning on the forward-looking
customers. Based on these, we construct and analyze markdown policies that exhibit near-
optimal performance under a wide variety of forward-looking customer behaviors. Moreover,
contrary to common intuition, we show that forward-looking customers can improve the
performance of a learning policy: if the customers are forward-looking, the firm’s profit loss
due to demand model uncertainty can asymptotically vanish, whereas if the customers are
myopic, the firm’s profit loss is nonnegligible in the same asymptotic setting.

In Chapter 3, we consider a platform in which multiple sellers offer their products for sale
over a time horizon of T" periods. Each seller sets its own price. The platform collects a frac-
tion of the sales revenue, and provides price-setting incentives to the sellers to maximize its
own revenue. The demand for each seller’s product is a function of all sellers’ prices and some
customer features. Initially, neither the platform nor the sellers know the demand function,
but they can learn about it through sales observations: each seller observes its own sales,
whereas the platform observes all sellers’ sales as well as the customer feature information. In
this setting, the platform faces a trade-off between exploiting its informational advantage and
revealing information to facilitate demand learning. Measuring the platform’s performance

by comparing its expected revenue with the full-information optimal revenue, we design poli-

xi



cies that enable the platform to judiciously manage information revelation and price-setting
incentives. Perhaps surprisingly, a simple “do-nothing” policy does not always exhibit poor
revenue performance and can perform exceptionally well under certain conditions. With
a more conservative policy that reveals information to make price-setting incentives more
effective, the platform can always protect itself from large revenue losses caused by demand
model uncertainty. We develop a strategic reveal-and-incentivize policy that combines the
benefits of the aforementioned policies, and thereby achieves asymptotically optimal revenue

performance as T' grows large.

xii



CHAPTER 1
OPTIMAL COMMISSIONS AND SUBSCRIPTIONS IN
NETWORKED MARKETS

1.1 Introduction

Platforms facilitating the exchange of goods and services between individuals are prevalent:
one can purchase goods from others on eBay, arrange accommodation through Airbnb, find
temporary projects/workers on online labor markets such as Upwork. The revenue models
favored by these platforms vary. To facilitate the transactions, some of these platforms
charge a commission (a percentage of the total transaction amount) to agents participating
in a transaction, while others charge a subscription fee (a flat fee that users pay to gain
access to the platform), or a combination of both. For example, most third-party sellers
on Amazon pay a $39.99 monthly subscription fee plus per-item selling fees (which vary by
category),! whereas Airbnb charges a 3% commission to the property owners (hosts) and a
0%-20% commission to the travelers (guests) whenever a property is rented. Hence, often
the revenues of these platforms depend not only on the chosen commissions/subscriptions,
but also on the prices at which buyers/sellers choose to transact.

However, most platforms do not dictate the transaction prices. Instead, buyers and sellers
determine at which price the goods or services will be exchanged: hosts decide on the price
per night for their properties on Airbnb, sellers set prices for their goods on Amazon, and
freelancers set their hourly rates on online labor markets. These prices depend on seller /buyer
characteristics as well as the amount of supply-demand in the market for comparable goods
and services. For instance, on Airbnb the (reservation) value of potential guests (hosts)
looking for short-term rentals (offering their properties) might depend on features such as
the neighborhood and the number of bedrooms. Moreover, not all buyers and sellers on a

platform are compatible with each other: a business traveler going to NYC is likely interested

1. Source: https://services.amazon.com/selling/faq.html
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in renting a property in Manhattan and not in the Bronx, whereas a leisure traveler might
be interested in either. The number of compatible hosts (guests) for each guest (host) type
impacts the final transaction prices. Thus, the imbalance of supply-demand across different
types complicates the choice of commissions and subscriptions for the platform.

The objective of this paper is to understand how platforms should design commission
rates and subscription fees with the objective of maximizing their revenues in markets where
not all buyers and sellers are compatible. Our contribution is threefold: (i) we introduce a
stylized model capturing the main features of the platform’s problem and characterize the
revenue-optimal commissions/subscriptions (which exploit the compatibility structure), (ii)
we study the impact of the compatibility structure on the surplus of market participants
(buyers, sellers, and platform), and (iii) we analyze the implications of using even simpler
commission /subscription schemes.

In our model, buyers and sellers are divided into finitely many types, each of which has
some mass of infinitesimal agents. Not all buyer and seller types are compatible, and the
compatibility between these types is represented by a bipartite network: nodes on one side
correspond to buyer types, nodes on the other side correspond to seller types, and edges
capture compatibility between different types of buyers and sellers. Each seller has a unit
of good/service to offer, and each buyer demands at most one unit of the good/service from
a compatible seller. These compatibilities can capture taste differences (e.g., a buyer may
be interested only in the types of goods/services a subset of the sellers offer), geographical
restrictions (e.g., being able to provide/receive services only in certain neighborhoods or
cities), or other sources of mismatch (e.g., a mismatch between the desired and available
skills in online labor markets). Buyers’ valuations consist of an idiosyncratic term and a
common term. The former term determines a buyer’s valuation for transacting with any
compatible seller and is drawn from a known (buyer) type-specific distribution. The latter
term depends only on the type of the seller a buyer transacts with, and captures possible

quality differences among seller types. Similarly, each seller has a reservation value for
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selling her good to any compatible buyer, which is also drawn from a (seller) type-specific
distribution. Thus, the preferences of the buyers/sellers are summarized by the valuations
for the good they demand/supply and by the compatibility network. The platform chooses
the commissions and subscriptions, which are possibly type-specific. To capture the fact
that the platform does not dictate the prices, we assume that, after the commissions and
subscriptions are chosen by the platform, the transaction prices and equilibrium trades are
determined endogenously in a competitive equilibrium.

We then provide a tractable optimization problem for obtaining the optimal commission
rates and the subscription fees in the networked market described above. The problem of
choosing revenue-maximizing commissions/subscriptions admits a natural nonconvex opti-
mization formulation. We provide a convex relaxation of this formulation (which can thus be
efficiently solved) and show that this relaxation is tight. Using the optimal dual solution of
this relaxed problem, optimal commissions/subscriptions can be constructed in a tractable
way. We establish that the optimal commissions/subscriptions are not unique, and the set of
optimal commissions/subscriptions can be characterized by a system of linear inequalities.
Using these inequalities we establish that it is always possible to maximize revenues by rely-
ing only on subscriptions and, in the absence of vertically differentiated sellers, the optimal
revenues can also be achieved by using only commissions. Moreover, in general, optimal
fees are type-dependent and both sides of the market must be charged. Notice that in the
simpler setting where there is only one type of buyer and one type of seller, to maximize
revenues it would suffice to charge payments only to one side. Thus, naively, the same result
may be expected to hold in general settings as well. Our finding illustrates that taking into
account the underlying compatibility network leads to significantly different insights, and is
fundamental for a platform’s commission/subscription design problem.

To isolate the impact of the network structure on the average surplus of different buyer /seller
types, we study settings where traders on each side of the market share identical value distri-

butions and sellers are not vertically differentiated. Intuitively, the buyer types that are the
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“most supply-constrained” are the ones whose average surplus is the lowest, the second most
supply-constrained buyers have the second-lowest surplus, and so on. While this is intuitive,
it is not a priori clear how to define the most supply-constrained types in a setting where
not all buyers and sellers are compatible with each other. We make this intuition precise,
by providing an appropriate measure of seller scarcity that takes into account the network
structure. Our result allows us to rank buyer types according to their average surplus (and
we show that a similar result applies to seller types as well). Moreover, by leveraging this
result we also characterize how the revenues of the platform change as a function of the
populations of seller /buyer types. In particular, we show that it is least profitable to expand
the buyer types who have the lowest average surplus (as they are already the ones who are
the most under-supplied), and that it is most profitable to expand the seller types whose
average surplus is the highest.

We then explore the impact of the network structure on the revenues of the platform. We
show that networks that satisfy a weighted variant of Hall’'s marriage condition (see, e.g.,
(1)) maximize the revenues among all networks with the same number of types, populations,
and value distributions. Moreover, for any other network, the revenues of the platform can
be lower bounded by measuring to what degree this condition is violated.

Motivated by the revenue schemes adopted by many real-world platforms, we study what
happens if we restrict ourselves to using simpler commission /subscription schemes. We show
that if we require using the same commissions/subscriptions for all buyers and similarly
for all sellers, the revenue loss can be unbounded when agent types have heterogeneous
value distributions. However, if all buyer types have the same value distribution and so
do all seller types, then the revenue loss can be bounded in terms of the supply-demand
imbalance induced by the network structure. We show that, in general, charging commis-
sions/subscriptions only to one side of the market also leads to much lower revenues than
optimal, even when different types on the same side are charged differently. This time,

however, the revenue loss is not unbounded for heterogeneous distributions: it is possible
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to guarantee at least half of the optimal revenues by charging fees only to one side of the
market. We illustrate these findings with an example motivated by Airbnb, which calibrates
some of our model primitives with real data. It is worth highlighting that our observations
are consistent with the trending practice of Amazon, Airbnb, and Alibaba, which charge
heterogeneous commissions/subscriptions to sellers and buyers in their marketplaces.

While the focus of this paper is on the revenue maximization problem of the platform,
it is also worth considering the welfare consequences of using revenue-maximizing commis-
sions/subscriptions. Although we can show that the welfare under the revenue-maximizing
commissions/subscriptions can be arbitrarily bad in general, we also establish that the wel-
fare achieved by a platform using revenue-maximizing commissions/subscriptions is lower
bounded under reasonable assumptions. In particular, if the value distributions of sell-
ers and buyers are uniform, then the welfare under the optimal commissions/subscriptions
is at least 75% of the maximum welfare. In addition, under Assumption 3 and mild as-
sumptions on the value distributions, we show that the welfare induced by the optimal
commissions/subscriptions is at least 66% of the optimal welfare.

Overall, our results shed light on the design of revenue-maximizing commissions/subscriptions
for platforms and highlight the importance of explicitly taking into account the structure
of the compatibility network for this purpose. We establish that doing so leads to qualita-
tively different insights into the optimal commission/subscription structures (e.g., it is no
longer revenue-maximizing to have agents only on one side pay to use the platform). At the
same time, the underlying network structure has a first-order impact on the revenues of the
platform as well as the surplus of its users.

Select proofs are provided in the online appendix. Remaining technical details can be

found in our e-companion.



1.2 Literature Review

The seminal papers by (2, 3) and (4) study how a platform should set commissions/subscriptions
in two-sided markets by taking into account network externalities. This framework is later
extended by (5) to multi-sided markets. In these papers, the payoff of each agent is given
by an exogenously specified function of the number of participants in her own group as well
as the other groups. By contrast, in our setting, buyers and sellers trade at endogenously
determined prices that are influenced by the platform’s choice of commissions/subscriptions.
Hence, the network externalities do not admit a closed-form expression in terms of the
number of traders who participate in the market. Moreover, the number of participants
in different groups (types) are related through nontrivial equilibrium constraints. This has
two important implications. First, the optimal commissions/subscriptions no longer admit a
direct characterization in terms of first-order optimality conditions in the revenue optimiza-
tion problem. Second, our equilibrium conditions add a matching element to the existing
models of revenue maximization in platforms, thereby contributing to one of the main future
research directions suggested by (5). In our setting, we establish that the problem of find-
ing the revenue-maximizing commissions/subscriptions can be formulated in terms of the
marginal traders of each buyer/seller type, which is consistent with a similar observation
by (5). In contrast to the previous literature, we provide a tractable convex optimization
formulation for obtaining the optimal commissions/subscriptions. Furthermore, our work
explicitly considers a compatibility network, and sheds light on the dependence of the plat-
form’s revenues and the surplus of market participants on the network structure. In addition,
we contribute to this literature by studying the limitations and scope of different commis-
sion/subscription schemes in networked markets.

Our paper closely relates to the models of buyer-seller networks; see, e.g., (6), (7), (8),
(9), (10). In these models, each node of an underlying (bipartite) network corresponds to a
trader, and the edges of the network encode which agents can trade with which other agents.

A recent and growing literature has explored variants of these models in order to study
6



intermediation and bargaining in networked systems (e.g., (11), (12), (13)), competition in
networked Cournot markets (e.g., (14), (15), (16), (17)), inefficiencies due to barriers to trade
in networked markets (e.g. (18), (19), (20)). In a recent paper, (21) provides a thorough
review of this literature. Our paper complements these works by exploring how a platform
can influence the trading outcome by appropriately designing commissions/subscriptions in
a trading network. The recent literature has also explored other controls that platforms
can use to improve their operations. For instance, (22) study how the platforms should
control which sellers and buyers are visible to each other, and provides algorithms for the
solutions of the induced decision problems. By contrast, in this paper we control only the
commissions/subscriptions, and doing so leads to very different decision problems for the
platform.

Our work is also related to the burgeoning literature in operations management that
studies service platforms. A branch of this literature focuses on decentralized markets, and
uses control levers other than pricing to influence the market outcomes (e.g., (23, 24, 25)).
In our work, we also focus on a decentralized market but, in contrast to the aforementioned
papers, we use commissions/subscriptions to study the platform’s revenue maximization
problem. (26) explore the design of commissions in a similar manner to our work, albeit in
a setting with no underlying compatibility network — which plays a key role in our analysis
and results. (27) study the performance of commission contracts for an on-demand platform.
In their model, the platform chooses a commission contract that determines the wages that
the sellers collect as a function of the prices that the customers pay. They show that there
exists a linear contract that achieves 75% of the optimal profit. Among other application
areas, this literature has also made a substantial impact on the operations of ride-sharing
platforms (e.g., (28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38)). In our setting a key difference
is that the transaction prices are determined endogenously, whereas this literature mainly
assumes that these quantities are determined by the platform. Finally, (39) consider a

dynamic setting where buyers and suppliers are also divided into types, and the value of the
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match between two agents depends on their types. In their setting, the platform has full
control over matches, and its objective is to maximize welfare. By contrast, we study a static
setting where matches occur in a decentralized fashion, and the platform seeks to maximize

its revenues by optimally designing commissions/subscriptions.

1.3 Model and Preliminary Results

We consider a platform that provides a marketplace for buyers and sellers to trade with each
other. Buyers and sellers are divided into finitely many types, denoted by B = {1,...,m}
and S = {1,...,n}, respectively. To capture taste differences or other trade frictions, we
assume that not all types of buyers and sellers are compatible. Compatibility between types
is represented using a compatibility network, i.e., an undirected bipartite graph G(BUS, E),
where the edge set E defines the potential trading opportunities between sellers and buyers.
Without loss of generality, we consider networks in which each node has degree at least one.
We denote the set of neighbors of type i € BUS in G(BUS, E) by Ng(i). Similarly, we
denote by Ng(X) the set of all neighbors of types in set X C BUS that do not belong to
X,ie, Np(X):={j:(i,j) e E,ie X,j¢& X}

Buyers/sellers are infinitesimal, and we denote the total mass of buyers of type j € B
by b; > 0, and the total mass of sellers of type i € § by s; > 0. Each seller supplies an
(infinitesimal) unit amount of an indivisible service or product and, similarly, each buyer
seeks to purchase the same unit amount from a compatible seller. Thus, each buyer can
transact with at most one seller, and vice versa.

The value a buyer of type j derives from transacting with a compatible seller of type ¢
consists of two terms. The first term captures her idiosyncratic value for transacting with
any compatible seller. We assume that buyers of the same type are heterogeneous in terms
of this value component, and the cumulative distribution function of the idiosyncratic term
is given by Fbj : [O,Ebj] — [0,1] for type j € B buyers. Here the upper bound Up,; on
the support is such that v, € Ry U {oo}, where with some abuse of notation Up; = 00
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captures distributions with unbounded support. The second term captures the possible
vertical differentiation among the sellers; i.e., some seller types may have higher quality, or
the buyers may find their (service or product) offerings more attractive. In order to model
vertical differentiation, we assume that all buyers (of all types) incur the same disutility
from transacting with lower-quality sellers, and introduce parameters ¢ = {c¢;};cs € R’} to
capture the disutility from transacting with different seller types. More precisely, using these
parameters, we represent the value of a type-j buyer from transacting with a compatible type-
1 seller by vy, — ¢;, where vy, is the idiosyncratic payoff term for the buyer that is distributed
according to Fbj-

We assume that sellers do not have preferences over different types of buyers with whom
they are compatible. Thus, a seller’s (reservation) value for providing service consists only
of her idiosyncratic term, which is the same for any compatible buyer. We assume that
the values of type-i sellers are distributed according to Fs; : [0,vs,] — [0, 1], where v5, €
Ry U{oo}.

We impose the following assumption on the value distributions Fi,(-) and Fy (-), which

we keep throughout the paper.

Assumption 1. The value distributions are nonatomic. Furthermore, we assume that Fs,(v)
and Fbj(v) are continuously differentiable and strictly increasing in v € (0,0s,) and v €
(O,Ebj) foralli € S and j € B. Finally, we assume that (reservation) values have bounded

Vs, Uy, . .
means, i.e., f(;) "1 —Fs,(z)dz < oo, fy 71— Fbj(x)dx < oo, forallie S,j € B.
Observe that under this assumption, functions Fbj and F§, are invertible. For every j € B
and ¢ € S, let Fb;l : [0,1] — [O,ﬁbj] and Fgl : [0,1] — [0,7s,] denote the corresponding
inverse functions, i.e.,

szl(Fbj () = for @ € [0, ], and Fy,1(Fy,(2)) =  for @ € [0, ). (1.1)

To state our analytical results more conveniently, we extend the domains of the value
9



distributions to R: for every j € B we let Fbj(v) = 1 for v > v, and Fy, (v) = 0 for
v < 0, and similarly for sellers. (Note that the ranges of the inverse functions £, b; Land F 55 1
are respectively restricted to [0, 77bj] and [0, Us,], and hence these functions are well defined
despite the domain extension of Fj, and F si-)

The platform can charge fees to buyers and sellers for facilitating transactions. In par-
ticular, we assume that the platform chooses commission rates (a percentage of the total
transaction price) and subscription fees (lump-sum transfers to access the market, which
are independent of the transaction amount). We assume that these commission rates and
subscription fees are identical for all agents with the same type, but we allow them to be dif-
ferent across types. Formally, given a trading network G(BUS, E'), we denote by (v, p) with
Y, € RISIHIBI the platform’s commission and subscription vectors, where ? (7?) repre-
sents the commission rate and z; ( ,u?) represents the subscription fee charged to type-i sellers
(type-j buyers), respectively. We focus on nonnegative commissions/subscriptions, and de-
note the set of feasible commission rates by I' = {~ : 7/ € [0, 1], 7? € [0,00), Vi € §,Vj € B},
and the set of feasible subscription fees by U = {p : pf, u?- € [0,00), Vi € §,Vj € B}.

To illustrate the effect of these commissions/subscriptions on agents’ utilities, suppose
that a type-i seller offers her product/service at price p, and that a type-j buyer transacts
with her. The buyer makes a payment of p(1 + ’y?) to the platform for this transaction,
and the seller receives p(1 — 7). In addition, to transact through the platform the buyer
(seller) makes a lump-sum transfer of u? (1) to the platform. If the buyer has value v,
and the seller has (reservation) value vg, their utilities as a result of this transaction are
v — p(1 + 7?) - ,u? —¢; and p(1 — ) — puf — vs, respectively.

The buyers and sellers can choose not to participate in the platform, in which case their
utility is normalized to zero. We assume that all buyers and sellers are utility-maximizing;
i.e., given commissions/subscriptions and prices, the trade of any agent maximizes her utility.
Note that utility-maximizing buyers and sellers trade only if doing so results in nonnegative

utility.
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In contrast to most of the recent literature on two-sided markets that either suppresses
the role of prices or views prices as a decision of the platform, a novel feature of our model
is that we allow prices to be formed endogenously. This is a key feature of many real-world
platforms such as Airbnb, Upwork, eBay, etc., where the transaction prices are not dictated
by the platform. To capture the endogenous nature of the prices formally, we focus on the

competitive equilibria of the trading network, which we define next.

Definition 1. Given a commission-subscription pair (v, ) € I' XU chosen by the platform,
a competitive equilibrium (p, x, g%, qb) is a tuple that consists of a price vector p € ]R'f'
(where p; denotes the price of the products/services offered by sellers of type i € S), supply
and demand vectors g° € ]R|S|,qb€ RIBI (where qf/q? represent the total quantities sup-
plied/demanded by type-i sellers/type-j buyers), and a flow vector & € RIE] (where x;; indi-
cates the aggregate amount of products/services supplied by type-i sellers to type-j buyers),

and that satisfies the following constraints:

¢ = sif((=0Pmi—p), Vies, (1.20)
qg’. = b {1 — by, <i/:(lr_}r’1]i.r)1€E{(1 + 7?)]%" +ept+ ugﬂ, Vj e B, (1.2b)
qf = Z .’L‘Z'j/, qé) = Z xi’j’ VZ c S,j S B, (12(3)
j:(i,j")erE i':(i'",j)eE
i > 0, VY(i,j)€E; w;j=0, Vig argmin {(1 +7§?)Pi/ +cp}, jeB. (1.2d)
(i j)eE

We denote by X (v, p) the set of competitive equilibria, i.e.,
X(v,p) = {(p,w,qs,qb) : Conditions (1.2a)—(1.2d) are satisfied}.

Condition (1.2a) states that, given price p;, all type-i sellers who have nonnegative surplus
from trading (i.e., who have values of at most (1 —~7)p; — ) will participate and transact in
the market. Thus, the total mass of type-i sellers who participate and transact in the market

is ¢f = s;F%, ((1 — )i — p,f) Similarly, all buyers of type j € B with nonnegative surplus
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from trading will participate in the market. It can be readily seen that a buyer receives the
highest surplus from trading with a compatible seller of type i for which (1 + fy?)pi + ¢; is
minimized. Thus, it follows that buyers with values of at least miny.(; jyep{(1 + 7?)pi’ +
cirt + ,u? find it optimal to participate in the market. Hence, consistent with Condition
(1.2b), the total mass of type-j buyers who participate and transact in the market is given by
q? =, {1—Fbj (mini’:(i',j)eE{(1+7§?)pz"+ci’}+ﬂ?‘)} . Condition (1.2¢) is the market-clearing
condition: in equilibrium, there should be a feasible allocation of goods such that each seller
who is willing to sell her product is able to do so, and each buyer who demands a product is
able to buy it from compatible sellers with the lowest price. Finally, Condition (1.2d) ensures
that the allocation of goods is consistent with buyers’ preferences; i.e., buyers transact only
with sellers who maximize their surplus.

Observe that here we abstract away information frictions and implicitly assume that
buyers and sellers have full information about the prices available on the platform. In
addition, we restrict attention to outcomes where all sellers of the same type offer the same
price. Note that this is always the case in equilibrium: if sellers of the same type were to
offer different prices, then all compatible buyers would demand goods from sellers who offer
the lowest price. Thus, the sellers with higher prices would not find a buyer, and the market
would not clear.

Next, we establish that, for any given commissions/subscriptions, an equilibrium exists
and is essentially unique. That is, the mass of buyers (sellers) of each type transacting in
any equilibrium is identical, and the equilibrium price of any seller type that is involved in
some transactions is also identical, although there might exist several feasible flows that lead
to the same outcome. We leverage this uniqueness result in Section 1.4, when studying the

platform’s revenue maximization problem.

Proposition 1. For any (y,u) € T X U, there exists a vector (p,a:,qs,qb) such that
(p,x,q°, qb) € X(v, ). Furthermore, given (7, p), all competitive equilibria share the same

supply-demand vector (q°, qb). In addition, each seller type that transacts nonzero quantities
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in these equilibria always offers the same prices; i.e., the vector (pi)i:q$>0 is the same in all
(2

equilibria.

In Appendix 1.9, we show that for given commissions/subscriptions, an equilibrium can be
constructed by solving a convex optimization problem. This result is analogous to the classic
competitive equilibrium models where the allocation can be solved via a convex optimization
problem and the price vector is determined by the corresponding dual variables; see, e.g.,
(6).

How should the platform choose commissions/subscriptions to maximize its revenues?

We proceed by formulating the platform’s revenue maximization problem:

Vopt = max > i+ Y+ i)y (1.3a)
P aT) (i g)eE i.ji(i-7)€E

st. (px.q%,q") € X(v, ). (1.3b)

(v,p) e xU. (1.3¢)

Consider a feasible solution (v, &, p, x, ¢°, qb) to this problem. Constraint (1.3c) ensures that
(7, p) correspond to feasible commission-subscription vectors. Constraint (1.3b) implies that
the tuple (p,x, q°, qb) is an equilibrium under the vector of commissions and subscriptions
(7, ). In the objective, the first term corresponds to the revenue obtained through the
commissions in the aforementioned equilibrium, whereas the second term corresponds to the
revenue due to subscription fees. In this problem, the objective is not concave in the decision
variables and the feasible set is not convex.

Note that, in principle for given (v, ), the equilibria in X(v, p) could lead to differ-
ent revenues for the platform. We conclude this section with an immediate corollary of

Proposition 1, which establishes that this is never the case.

Corollary 1. For given (v,u) € T' x U, all (p,x,q*, qb) € X(v,n) yield the same revenue

for the platform.
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Hereafter, we denote by V (=, ) the platform’s revenues achieved under commission-

2

subscription pair® (v,u). We refer to (v,p) such that V(vy,u) = Vo as an optimal

commission-subscription vector.

1.4 Revenue Maximization via Commissions and Subscriptions

The nonconvexity of the platform’s revenue maximization problem poses a potential challenge
to finding the optimal commissions/subscriptions. In this section, we first establish that de-
spite this nonconvexity, under mild assumptions, the optimal commissions/subscriptions can
still be obtained in a tractable way by solving a convex relaxation of the platform’s revenue
maximization problem (Section 1.4.1). We then explore the impact of the network structure

on the surplus of different buyer/seller types and on the platform’s revenues (Section 1.5).

1.4.1 Finding the Optimal Commissions and Subscriptions

Given an equilibrium (p, x, g%, qb) € X (v, pn), we refer to the trading buyer (seller) of type
j € B (i € S) with the lowest (highest) valuation as the marginal buyer (seller) of this type.

It can be seen that the valuation of the type-j marginal buyer is given by
oy = Fy, (1= q5/b)), (1.4)
and the valuation of the type-i marginal seller by
vyl = Fo N a} /50)- (1.5)

In equilibrium, marginal agents must have nonnegative surplus; otherwise they would prefer
not to trade, thus violating the equilibrium conditions. Suppose that ¢; = 0 for all 7 € S.

Then, the nonnegativity of marginal type-j buyer’s surplus implies that the net transfer from

2. It can be shown that V' (v, i) is not concave in its arguments, either. See Appendix 1.13 of (40) for an
example.
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her to the rest of the market (that is, to the sellers and the platform) must be at most equal
to her value vg’;. Similarly, the net transfer from the rest of the market to the marginal
type-i seller must be at least vy’ Since all trading agents of the same type make the same
payment, it follows that, in equilibrium, all trading type-j buyers pay at most vg;‘, and all
trading type-i sellers receive at least vg!. These observations together with (1.4) and (1.5)
imply that the platform’s revenue is at most > ;e Fb;1 < — ZS) q? — YieS Fszl <C£) q.
When ¢; > 0, the same reasoning still applies but any buyer who transacts with a type-:
seller pays c¢; units less, as each such buyer experiences a disutility of ¢; units from such

a transaction. These observations suggest that in equilibrium (p, x, q¢*, qb) € X(v,p) the

revenue of the platform is upper bounded by3-4

b s
b ~1 G b 1[4
ha*.q’) = > F (1 - bj) 4 — > F; (;) 4G — > g (1.6)
jeB J €S ¢ €S
We formalize this discussion (for arbitrary {¢; > 0};cs) in the proof of Theorem 1.
We provide our characterization of the optimal commissions/subscriptions under the fol-
lowing additional assumption on the value distributions, which we impose for the remainder

of the paper.

Assumption 2. The functions ubel(l —u) and —uF 1 (u) are strictly concave inu € [0, 1]
¥l 7

for alli € S and for all j € B.

Focusing momentarily on the buyers, it can be seen that the concavity of uFy 1 (1 —wu)is
j
equivalent to the regularity of buyers’ value distributions. Regularity is a standard assump-

tion in mechanism design that renders optimal mechanism design problems tractable. Since

3. In fact, in general, the marginal sellers and buyers have zero surplus, and h(q*,q") captures the
revenues of the platform. The only exception is when the value distributions are bounded and, for some
1 € S, the equilibrium price p; for type-i sellers is higher than their maximum (reservation) value, which
induces positive surplus for them under certain commissions/subscriptions. However, such outcomes are not
revenue-maximizing.

4. Without loss of generality, in case of v, = oo, we define Fb;1(1 — qé?/bj)qé? =0 for q;? = 0. In Lemma
4(ii) of (40), we prove that function Fb;1(1 - q?/bj)qg is continuous at q;? = 0 under Assumptions 1 and 2.
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in our setting the market has two sides, in addition to the regularity of buyers’ valuations,
we require sellers’ (reservation) values to satisfy a closely related condition. Assumption 2
holds for a broad class of distributions, including uniform, exponential, generalized Pareto,
Weibull, and (truncated) normal distributions.

Note that, under Assumption 2, h(g?, qb) is a concave function of its argument. Exploit-

ing this concavity, we next provide a convex relaxation of the revenue maximization problem

in (1.3):

b
~ o q; o qs
Vopt = max, E Fb.l (1 - bj) Q?'_ E :Fsil (;) 4 — § :CiQf (1.7a)
i

z.9%9"  jeB J i€S €S
s.t. > wmi—q) =0, VjeB (1.7b)
ir(i,j)€E
G- >, wy; =0, VieS, (1.7¢)
J:(i,j)EE
@ <bj, VieB (1.7d)
G <s;, Vies, (1.7¢)

This relaxation is obtained by first replacing the objective of (1.3) with the upper bound
h(q®, q") on revenues, and then relaxing constraint (1.3¢)—(+, u) € I'xU—as well as some of
the equilibrium constraints in (1.3b). In particular, this formulation imposes the equilibrium
flow constraint (1.2¢) (plus nonnegativity), ensures that the equilibrium supply (demand) of
each type is less than the mass of sellers (buyers) of the relevant type (as implied by (1.2a)
and (1.2b)), and relaxes the remaining equilibrium constraints in (1.2). Given Assumption
2, problem (1.7) is a tractable convex optimization problem that can be interpreted as a min-
cost network flow problem with convex edge costs captured in terms of —F; b; 1(1 — q? / bj)qé?,
Fy M gf /si)af, and ciqf.

Observe that by Assumption 2 the objective function is strictly concave in (g%, ¢?), and
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hence all optimal solutions to (1.7) share the same supply-demand vector (g*, cjb). Also, note
that after replacing the objective and relaxing the constraints, the resulting problem max-
imizes revenues by searching over supply-demand vectors (q°, qb) and a flow vector @, and
neither the prices p nor the commissions/subscriptions (-, ) appear in the new formulation.
That is, the formulation does not guarantee that a feasible solution (z, g*, qb) coincides with
the equilibrium flow, supply, and demand vectors under some commissions/subscriptions. We
say that the tuple (g%, qb) is implementable, if there exist commissions/subscriptions (v, )
and a price-flow vector (p, ) such that (p, x, g%, qb) € X (v, p). While a priori it is not clear
whether (g°, (jb) associated with an optimal solution of problem (1.7) is implementable, our

next result establishes that this is indeed the case and that our relaxation is tight.
Theorem 1. Let (z,q°, (jb) denote an optimal solution to (1.7). Then:

(i) Optimization problem (1.7) is a tight relazation of problem (1.3), i.e., optimal solutions
to (1.3) ewist and they achieve an objective value of Vopr = Vopt- Moreover, any optimal

solution to (1.3) must have supply-demand vectors equal to (q°, cjb).

(ii) The optimal commission-subscription vector is not unique. Fizr a commission-subscription

vector (v, ) € I' x U with v <1 for alli € S, and let 77 := 1%75, fif = 15175 for
b 7 7
. N | ~b . _Hy . . ,
all v € S, and 7} = 714—7?7 fi = e for all j € B. Then (v,u) is an optimal

commission-subscription pair if and only if there exists a price vector p € R'_f' that
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satisfies the following system of inequalities:

73
pi—ﬂf—Fs_il (Z’) ¥ =0, Vi:g >0, (1.8a)
1
pi—fi; <0, Vi:gl =0, (1.8b)
i
pi+ﬂ2+ciﬂ~y§?—Fb;1< —bj) =0, V(i.j): 7 >0, (1.8¢)
b b 2\
- - -1 - N =
pi+ iy + iy — By ( —b‘;) G =0, V(i,j):zy; =0, (1.8d)
o> 1, g >0, p >0, Vies, (1.8¢)
#>0 <1 @ >0 vjieB (1.8f)

In the proof of the first part of the theorem, we establish that the upper bound on
the revenue provided in (1.6) gives precisely the revenues of the platform for (q° ,qb) =
(@°, (jb). This in turn implies that in the special case where ¢; = 0 for all 7 € S, under the
optimal commissions/subscriptions all trading type-j buyers (type-i sellers) pay (receive)
exactly vg; (vg’f), and the corresponding marginal agents have zero surplus. Moreover, the
theorem provides a systematic approach to constructing optimal commissions/subscriptions.
In particular, first an optimal solution to (1.7) can be obtained, and then a feasible solution
to the system of inequalities in (1.8) can be constructed (e.g., by solving a linear program).
Using the corresponding 4 and fi, optimal commissions/subscriptions are obtained after a
simple transformation: v = 1—1/%7, 7? = 1/7?— L, pf = pi(1—~7), and ,u? = /1?(14—7?).

Given any optimal solution (&, @®, (jb) to problem (1.7), Theorem 1 implies that vector
(q®, q_[b) is unique. Consider a corresponding dual optimal vector (Ob, 05,1, ns, ) to con-
straints (1.7b)—(1.7f) that maximizes Zjeg[sgn((j?)—sgn(bj—(j?)](9?+77?)+Z¢65[—sgn((jf)+
sgn(s; —q; )] (07 —n7), where sgn(-) is the sign function. It is worth noting that such a vector
(Ob, 05,1, n°, ) is unique (see Lemma 5 in Section 1.12.1 of (40)). We proceed by explicitly

constructing some optimal commission-subscription pairs using this dual multiplier.
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Corollary 2. Given the optimal dual vector {Q?}j and {07 }; above, an optimal commission-

subscription pair (v, ) € I' X U can be obtained by

_ b
. . _ o — q; . .
(i) Setting v =0, and i = 0} —Fsi1 (Z;), u? = Fbj1 ( — bj) —9? foralli e S, jeB.
e b
(ii) Setting p =0, and v{ =1 — Fszl (2)/6";, 7? = Fb;1 ( - Zj)/@? —1 foralli €S,
j € B, provided that ¢; =0 for alli € S.

Corollary 2 shows that the revenue-maximizing outcome can always be implemented
with subscriptions only. Hence, the platform does not need to consider more complicated
schemes that involve both commissions and subscriptions. On the other hand, it is not
always possible to maximize revenues only with commissions (see Section 1.14.2 in (40)
for a counterexample). That said, Corollary 2 establishes that, in the absence of vertical
differentiation among the seller types, the revenues can be maximized by relying only on
commissions as well.? Interestingly, in both cases using the primal and dual optimal solutions
of (1.7) yields the optimal commissions/subscriptions.

We also notice that the optimal payment structure can be type-dependent; i.e., different
agent types, even on the same side, are exposed to different commissions/subscriptions. It
is not clear what type of revenue loss should be expected if attention is restricted to offering
identical commissions/subscriptions to all participants on one side of the market. We revisit
this point in Section 1.6.

Figure 1.1 illustrates the optimal commissions/subscriptions characterized in Corollary 2
for a simple network. In this example, the platform finds it optimal to target different types

with different commissions/subscriptions. It can also be seen that depending on their network

5. We emphasize that this case just provides a sufficient condition, and in more general settings it is still
possible to rely on commissions for revenue maximization. For instance, consider a network with 2 seller
types and 2 buyer types with unit populations. Let the value distributions be Fj,(v) = Fy,(v) = v for
v € [0,1], 7 € {1,2}. We generated 10000 problem instances where each ¢; is independently drawn from
UJ0,1]. We then used Theorem 1(ii) to test whether the optimal revenues can be constructed using only
commissions. When the underlying network is a complete bipartite graph, we observe that in 84.2% of the
instances optimal revenues can be achieved using only commissions. When one of the edges is missing, this
percentage is even higher: 91.8%.
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Figure 1.1: Consider a network with 4 buyer and 4 seller types, with value distributions
Fs,(v) = £y, (v) = 1 — exp(—v?), where 7, j = 1,2,3,4 for all v € [0,00). Let ¢; = 0 for all
i € §. Denote the population vectors by s = (1,1,1,1) and b = (2,2,2,2). The revenue-
maximizing commissions (or subscriptions) given in Corollary 2 as well as the corresponding
mass of buyers/sellers of each type that trade are reported in the figure. The equilibrium
prices for the sellers are (p1,p2,p3,p4) = (0.8,0.8,0.99,1.19). The flow associated with the
highlighted edges is given by x17 = 91 = 0.23, x32 = 0.32, and x43 = 244 = 0.20. All other
edges have zero flow (trade) under the optimal solution.

position some types may be involved in more trades than others, and not all compatible types

of buyers/sellers trade.

Remark: The idea of finding the optimal transfers to the platform by formulating the
platform’s problem over allocations (i.e., the mass of different types of agents who partici-
pate in the market) appeared previously in (5). That paper, unlike ours, does not shed light
on when these transfers can be tractably computed or offer a tractable approach to the con-
struction of optimal transfers. Moreover, in our setting, due to market-clearing conditions
the set of implementable allocations are further restricted through “flow constraints” (1.7b)
and (1.7c), whereas no analogous restriction is present in (5). Finally, a key assumption in
(5) is that the platform can choose a positive or negative transfer to any type of agent. This
flexibility guarantees that, for any given allocation, there will exist transfers that implement
this allocation, i.e., transfers such that the given allocation will indeed be the equilibrium al-
location under those transfers. However, once the allowable commissions/subscriptions (and
hence the transfers that can be charged by the platform) are restricted (e.g., to nonnegative

values), it is no longer true that any allocation can be implemented, i.e., that given any
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allocation (qb, q?®) one can find commissions/subscriptions (-, ) such that (qb, q?®) are the
equilibrium demand/supply under (v, u). (In fact, it can be shown that the set of imple-
mentable equilibrium supply-demand vectors constitutes a nonconvex subset of RIB |+|‘S|.)
Theorem 1 implies that in order to find optimal commissions/subscriptions, the restriction
to nonnegative transfers is without loss of optimality. This is because (1.7) remains a relax-
ation of (1.3) even if nonnegativity of transfers is not imposed in the latter problem. This
observation also implies that, unlike in the literature on two-sided markets (see, e.g., (3)),
in our setting the platform does not benefit from setting transfers below costs (which are

assumed to be zero) on one side of the market.

1.5 Impact of the Network Structure

This section is devoted to understanding the impact of the compatibility network structure
on the traders’ surplus and on the platform’s revenues, when the platform employs optimal
commissions/subscriptions. In order to isolate the effect of the network structure, throughout

this section we conduct our analysis under the following homogeneity assumption.

Assumption 3. The value distributions are homogeneous on each side, i.e., Fs,(v) = Fs(v)
and Fy, (v) = Fp(v) forallv € R, j € B, i € S, and the disutility vector is equal to zero,
ie.,ci=0 foralllicS.

It is worth noting that we still allow for populations of different sizes for different types.

Agents’ Surplus and Network Positions. We first focus on the impact of the com-
patibility network structure on the average surplus of the different buyer/seller types under
revenue-optimal commissions and subscriptions. We start by characterizing the average equi-
librium surplus of a trader type in terms of the valuation of its marginal agents. Recall that

under a vector of optimal commissions and subscriptions, marginal buyers (sellers) have zero

6. The results of this section extend to settings with homogeneous taste parameters, i.e., ¢; = ¢ for all
1€S.
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surplus in equilibrium (see the discussion after Theorem 1 for the case of ¢; = 0 for all
i € S). Moreover, all trading agents of the same type make the same payments to the plat-
form as they purchase/sell the good at the same price and face the same commissions and
subscriptions. In light of this, the equilibrium surplus of a buyer of type j € B (seller of type
i € §) with valuation v is given by max{v — vg;, 0}, where vg; (vg)) denotes the valuation of
the marginal buyer of type j (seller of type 7). Consequently, in equilibrium, the aggregate

Vp .
surplus of buyers of type j € B can be given by b; | U;{ (v— Ug;)dej(v), and that of sellers of
J

m

type i € S can be given by s; féj % (vg —v)dFs,(v). Finally, the average surplus of a type can
be calculated by dividing its aggregate surplus by its population (e.g., fzgf (v — vgjl)de(v)
for j € B). Notice that, by Theorem 1, all optimal commission/ subscriptiorjl schemes lead to
the same (q°, qb), which in turn implies that all optimal schemes induce the same marginal
agents and thus the same surplus for any given agent.

It can be readily seen from the above discussion that if the valuation of the marginal
buyer (seller) of a given type is large, then the corresponding average surplus is small (large).
Therefore, in the rest of the subsection we focus on understanding the impact of the com-
patibility network structure on the valuations of the marginal agents of different types. It is
worth noting that, while it is possible to efficiently compute the valuations of the marginal
agents for a given problem instance by solving problem (1.7), a priori the impact of the
network structure on the values of the marginal agents of different types is not clear. Our

next result provides an answer to this question.

Theorem 2. Suppose that Assumption 3 holds. Given a network G(BUS, E) and a popu-
lation profile (s,b), define SO) = S, BO) = B, and EO) = B Forr= 1,2,..., let By and

Sr be iteratively defined as follows:

B = argmin ( Z si) /( Z bj> and Sr=Np- (Br),

BQB(T*U (7__1 ]EB
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where B(T) = BT—IN\B,, 8(7) = ST-IN\S, and E(T) = {(i,j) ceE:ieS8 andje B(T)}.
Here, the arg min operator stands for the largest set B that achieves the minimum, if there
are multiple such sets.” If j; € B, jo € Bry, (similarly i1 € Sy, 12 € Spy) with 71 < 79,
then the marginal agent of type j1 (i1) has a weakly higher valuation than the marginal agent

of type jo (i2) under optimal commissions/subscriptions.8

The key quantity for ranking the valuations of the marginal agents of different types is
the scarcity of sellers experienced by different types of buyers. In particular, to obtain our
ranking, we first identify an induced subgraph that consists of a set of buyers and their
neighboring sellers such that the ratio of the sellers’ population to the buyers’ population
is the smallest. Intuitively, the buyers in this subgraph are those that are the most supply-
constrained. As all seller (buyer) types have the same value distribution, under optimal
commissions/subscriptions the seller (buyer) types in this subgraph correspond to those that
have the highest (lowest) trade amount per unit of population, ¢ /s; (q? /b;). Consequently,
the valuations of the marginal buyers and sellers in this subgraph are the largest, and the
average surplus of the aforementioned buyers (sellers) is the smallest (largest). We then
remove these buyers/sellers from the network, and repeat this procedure for the induced
subnetwork in order to identify a subset of types whose marginal agents have the second-

largest valuations, and so on. We illustrate Theorem 2 in the following simple example.

Example 1. Consider the network in Figure 1.1, and recall that all seller types have a

population of size one and all buyer types have a population of size two. The subset of

YieNg(B)Si _ [N(B)|
jeBbj 2[B|

buyers B for which the quantity is the smallest is given by By = {3,4}.

7. We establish in the proof that the largest set is uniquely defined. This result follows from the fact
that, if two sets achieve the minimum, then so does their union.

8. In fact, in the appendix we prove a stronger version of this result, where when 7 < 75 the valuation
of the marginal agent of type ji is strictly higher than that of the marginal agent of type js. A similar
result holds on the seller side: there exists some 7 such that all seller types in S; with 7 < 7 have marginal
valuations that are equal to vs,, i.e., the upper bound of the value distribution of sellers. For 7i,72 > T,
the marginal agents of different seller types in S;, and S;, admit a strict ranking. Here 7 is characterized
in terms of the underlying value distributions. Moreover, except for cases where all sellers of a certain type
trade under the optimal commissions/subscriptions (which necessitates bounded seller value distributions),
we have that 7 = 0, and a strict ranking of all seller types can be obtained.
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Figure 1.1 shows that, under optimal commissions/subscriptions, we have that qg = qZ <
q? for 7 & Bi. Given that all buyer types have the same populations, this implies that
the marginal agents of buyer types in B1 have the highest valuations. This observation is
consistent with Theorem 2. Similarly, S1 = N(By) = {4}, and qj is the highest among the

seller types; thus, the valuation of the type-4 marginal seller is the highest.

It is worth noting that the subgraphs constructed in Theorem 2 also shed light on which
seller types have higher prices under revenue-maximizing commissions/subscriptions. We

summarize this observation in the next result.

Proposition 2. Suppose Assumption 8 holds. Consider the optimal commissions/subscriptions
given in Corollary 2 (i) or (ii), and any competitive equilibrium (p,x,q®, qb) induced under
these commissions/subscriptions. The equilibrium prices are such that p;; > p;, for any

11 € Sry, 19 € Sy, and T > 11, where the inequality is strict if | # To.

Intuitively, for small 7, many buyers compete with each other, thereby driving the prices
higher. As 7 increases, competition on the seller side intensifies (as there are fewer buyers

per seller). As a result, the equilibrium price decreases in 7.

Remark: We conclude this section by pointing out that the ranking of network compo-
nents obtained in Theorem 2 is closely related to optimization over polymatroids. For a
nondecreasing submodular (set) function p : 25 5 R defined on the subsets of some finite
ground set S, the set given by P’ = {y € R'f' Y ies yi < p(S"),¥S" € S} is a polymatroid.?
To see how the platform’s revenue maximization problem in (1.7) is related to polymatroids,
it is necessary to consider an alternative formulation of this problem.

Suppose that we try to identify an optimal solution to (1.7) in two steps. First, we
assign a mass of compatible sellers to each buyer type so that a seller is allowed to trade

only with the buyer type she is assigned to. This assignment is made in a way that ensures

9. p is a nondecreasing submodular function if p(A) < p(B) for A € B C S, and p(4) + p(B) >
p(AUB) + p(ANB) for any A, B C S.

24



that the value distribution of the sellers assigned to each buyer is still Fs(-). The set P =
{q": (x,q%, q") satisfies (1.7b), (1.7¢), (1.7¢), and (1.7f)}, captures the feasible assignments
of sellers to buyers that respect the underlying compatibility structure. Here, q? is the mass
of sellers assigned to type-j buyers, and we point out that not all of these sellers necessarily
trade (as we do not impose (1.7d) in the definition of P, and in principle the total mass of
sellers assigned to type-j buyers may be greater than the population of this buyer type).
Each buyer type together with the sellers assigned to it can now be viewed as a submarket.
In the second step, we maximize the revenues within each submarket. The maximum revenue
of the platform can be now expressed as the total of the revenues achieved from different
submarkets.

Let f(t) denote the maximum revenue the platform can achieve (by setting commis-
sions/subscriptions optimally) in a network with a single type of buyer/seller, assuming that
there are t units of sellers and 1 unit of buyers. Note that in the above construction if a
submarket consists of ¢’ units of sellers and &’ units of buyers, the associated revenues can
be expressed in terms of this function as b f(¢'/b'). Consequently, the revenue obtained un-
der a seller assignment vector y € P (after we maximize revenues within each submarket)
is given by f(y) = >jeBbjf(y;/b;j). In other words, the platform’s problem is equivalent
to maximizing f(y) over y € P. On the other hand, by Assumption 2 the functions f(-)
and f(-) are concave. Moreover, by using Lemma 4.1 of (41), it can be shown that P can

equivalently be represented as follows:

P=<y: Zng Z si,VBCB, y;>20,VjeB;, (1.9)
JjeB i€Ng(B)

which immediately implies that P is a polymatroid. Hence, the platform’s problem can
equivalently be expressed as the problem of maximizing a concave function over a polyma-
troid.

Such problems admit a special structure, and their optimal solutions can be expressed
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in terms of the bases of the underlying polymatroid. We refer to y € P’ as a base of a
polymatroid P, if ¥;cqy; = p(S), where S again denotes the ground set. For y € RIS |, let
T'(y) denote the vector obtained after the entries of y are arranged in increasing order. Given
positive weights w = {wi}lﬂl? a base y of P’ is called lezicographically optimal with respect
to w, if T({y;/w;}) is lexicographically greater than T'({§;/w;}) for any base § of P’. (42)
shows that when a concave quadratic function is maximized over a polymatroid, the optimal
solution corresponds to the base of this polymatroid with weight vectors related to the
coefficients of the objective function. Similarly, in the proof of Theorem 2 we show that when
the concave function f(y) is maximized over P, the optimal solution is a lexicographically
optimal base of P with weight vector w = b.19 Moreover, by borrowing algorithmic ideas on

the characterization of lexicographically optimal bases of polymatroids from (42), we show
bj
for j € B, where B; and &7 are defined as in Theorem 2. By exploiting this connection,

that the corresponding base can actually be explicitly expressed as g; = >i'es, Sit

11
we obtain our ranking result given in Theorem 2.
Network Structure and Optimal Revenue. We next discuss the impact of the

network structure on the platform’s revenues. To obtain our results, we make use of the

following variant of Hall’s marriage condition.

Definition 2. We say that a network G(BUS, E) with seller/buyer populations (s, b) satisfies

the weighted Hall’s marriage condition if

Z S > ?62? Z b for all B C B. (1.10)
ieNg(B) j€BY jeB

Similarly, we say that the network satisfies the e-marriage condition if for some e € [0, 1] we

10. Hence, at the optimal solution all sellers are assigned to a buyer type. Note that this does not mean
that all sellers trade, as the assignment merely identifies submarkets where subsets of buyers and sellers are
allowed to trade, and within each submarket only a subset of agents may trade. Proposition 10 in Appendix
1.9 characterizes the mass of buyers/sellers who trade in each submarket, using the optimal solution of the
aforementioned optimization problem.

11. The relevant results of (41) and (42) are also replicated in Section (1.12.1).)
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have that

dooosi > (1—5)§:Z€‘S? > b; for all B C B.
i€Ng(B) 2jeBbj jcp

Hall’'s marriage condition requires that |[Ng(B)| > |B| for all B C B. A bipartite
network (which has two sides with equal cardinality) admits a perfect matching if and only
if it satisfies Hall’s marriage condition (see, e.g., (1)). Intuitively, this condition implies that
for any subset of nodes on one side, we have a sufficient number of nodes on the other side
to “cover” them.

It can be seen that (1.10) is a weighted version of this condition. In particular, we
assign a weight of b;/> e by to each j € B and a weight of s;/>ycs sp to each i € S, and
require the total weight for buyers in B to be smaller than the total weight of corresponding
sellers Np(B) on the other side of the market. In our setting, this condition ensures that
for any set of buyers B, the ratio of total available supply to total demand of B (i.e.,
YieNg(B) i/ Xjepbj ) is not smaller than the ratio of total supply to demand in the
market (i.e., >jcs 5/ > jepbj). In other words, the supply in the market is “balanced,” and
no set of buyers in the market is excessively deprived of it.

Given buyer/seller types B and S, and population profile (s, b), we denote by Vi (E, s, b)
the optimal revenue that can be obtained for the network G(B U S, F), i.e., the optimal
objective of (1.3) for this network. Furthermore, we denote by Viuaz(s,b) the maximum

revenue that can be Obtained by any edge set E, i.e.,
max(37 ) mai};S opt( ) S, ) ( )

Using this notation, we provide a tight upper bound on the platform’s revenues that holds
independently of the network structure, and a lower bound on the revenues of a given network

structure.

Theorem 3. Suppose that Assumption 3 holds. Fix the set of sellers S, the set of buyers
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B, and the population profile (s,b). Let sg = Y ;esS; and by = > jeBb; denote the total

populations of sellers and buyers, respectively. Then:

, -1 -1
(1) Vinaz(s,b) = by maxrémin{l,l‘j—g} {Fb (1—7r)— Fy (sO;boﬂ r. Moreover, Vop(E, s,b) =
Vinaz(8,b) if and only if G(BUS, E) satisfies the weighted Hall’s marriage condition.

(it) If G = (BUS, E) satisfies the e-marriage condition, then Vop (E, 8,b) > (1—¢)Vinaz(s, b).

Note that this result implies that all networks with the same total population (sg, by) of sellers
and buyers (and even with a possibly different number of seller /buyer types), admit the same
upper bound on the revenues (given by Vinez(s,b)). Moreover, this upper bound is achieved
(with appropriate commissions/subscriptions) when the weighted Hall’s marriage condition
holds. Intuitively, if the weighted Hall’s marriage condition holds, then every subset of buyer
types is exposed to a sufficient mass of sellers, and in this case the revenue the platform can
achieve (under optimal commissions/subscriptions) is larger than the revenues achievable
under any network structure. When this condition fails to hold, quantifying the extent of its
“failure” in terms of the e-marriage condition, yields a lower bound on the optimal revenue.
Qualitatively, this result suggests that lower revenues can be expected in networks where
supply is distributed less evenly, e.g., when some buyers have access to a limited supply while
others have access to an abundant supply.

We next focus on a different question of practical relevance: if the platform could ex-
pand its market and increase the mass of traders of some type by a small amount (e.g.,
through ads), which types would improve the revenues most significantly and hence should
be targeted? Interestingly, the ranking obtained in Theorem 2 provides an answer to this
question.

Formally, let %Vopt(E ,8,b) denote the partial derivative of the platform’s optimal rev-

enues with respect to the size of the population of type-i sellers, whenever the revenue
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function Vipi(-) is differentiable with respect to s;. Qualitatively, this quantity captures
how sensitive the optimal revenue of the platform is to the size of the population of type-i
sellers. Consider the set Dy := {%Vopt(E ,8,b)}ics, which is the set of partial derivatives
of the platforms optimal revenues with respect to the size of the population of sellers. For
7 =1,2,..., we refer to the set of seller types with the Tth—largest partial derivative val-
ues, ie, {i€S: %Vopt(E, s,b) is among the rth largest}, as the rth_most profitable seller
types to expand. Analogously, we can define %Vopt(E ,8,b) for j € B, the set Dy, and the
j

set of the 7!-least profitable buyer types to expand.

Corollary 3. Suppose that Assumption 3 holds. Fiz population profile (s,b) and net-
work G(BU S, E). Suppose that Vopi(E,y1,y2) is differentiable!? with respect to yy,ys at
(y1,y2) = (s,b). Let S; and B; be defined as in Theorem 2. Then, Sy corresponds to the
set of the 7th most profitable seller types to expand, and By corresponds to the set of the

rth Jeast profitable buyer types to expand.

Intuitively, if a buyer type is among the most supply-constrained, then a small increase in
the population of the compatible seller types could lead to the most significant improvement
in the revenues of the platform. Note that the aforementioned set of sellers is given precisely
by S1. Corollary 3 supports this intuition, and shows that an (infinitesimal) increase in the
population of sellers in Sp leads to the highest improvement in the revenues of the platform.
The result further allows for ranking different seller types as well as buyer types in terms of
how sensitive the revenues of the platform are to their population sizes.

Consider a network that satisfies the weighted Hall’s marriage condition. It readily fol-
lows from (1.10) that for this network By = B and S; = S. Thus, Corollary 3 implies that
for such networks, the impact of expanding any seller (similarly buyer) type (by an infinites-

imal amount) on the revenues of the platform is identical. Similarly, Theorem 2 implies that

12. Notice that we assumed differentiability of V,,:(E,y1,ys) at (y;,ys) = (s,b). This condition generi-
cally holds, and allows us to obtain an elementary proof of the claim by using the envelope theorem. Similar
results can be obtained after relaxing the differentiability condition by using the sensitivity analysis ideas
from convex optimization; see (43).
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all seller (similarly buyer) types have the same average surplus. Recall that the weighted
Hall’s marriage condition captures when the supply in the market is balanced. Thus, these
observations imply that when the supply and demand in the market are balanced, expand-
ing any seller (buyer) type has the same impact on the platform’s revenues, and all seller
(buyer) types have the same average surplus (under the optimal commissions/subscriptions).
However, when the supply and demand are not distributed in a balanced manner, different
types end up with a different average surplus and the platform’s revenues may be less/more
sensitive to sizes of certain populations (as shown in Theorem 2 and Corollary 3).

We conclude this section by providing a result to compare compatibility networks in

terms of the revenues that can be extracted from them.

Proposition 3. Suppose that Assumption & holds, and that we have two networks G(B U
S,E1) and G(BUS, E3) that differ only in their edge set, and let (s,b) be the seller/buyer
populations. Suppose that the networks satisfy EiGNEl (B)Si 2 ZiENEz (B) Si for all B C B.
Then, Vopt(E1,8,b) > Vopi(Eo, s, b).

Proposition 3 suggests a natural preorder on the network structures with the same seller /buyer
populations, i.e., G(BUS, E1) = G(BUS, E3) if ZiGNEl (B) Si = EiGNEz(B) s; for all B C B.
Thus, our result states that the revenues in a larger network (in terms of this preorder) are
larger. Intuitively, this result implies that if every subset of buyer types has access to more
sellers in one of the networks, then the platform is able to extract more revenue from that
network. This result is consistent with Theorem 3 since the network that is larger in terms
of the partial order would satisfy the e-marriage condition with a smaller e. We illustrate
this result in Figure 1.2.

We conclude this section, by exploring how the optimal revenues of the platform change
as a function of the buyer’s/seller’s population sizes, the value distributions and the set of
connections. In light of Theorem 1, such a characterization boils down to sensitivity analysis
in (1.7). With some abuse of notation, we denote by Vi, (s, Fs, b, Fy, E) the parameterized

optimal revenue with respect to the population profile s = (s1,...,s,) and b = (by,...,bp),
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Figure 1.2: Denote the network on the left (right) by G (Gr) and its edge set by Ef, (ER).
In both G, and G'R, every node has a unit population, and all types have uniform valuations.
It can be checked that G = G . Proposition 3 implies that the platform can extract more
revenue from the network on the left. In fact, despite the number of edges being the same,
Vopt(EL, 8,b) = 3 > & =V, (ER, 5,b).

the value distribution function profile Fs = (F,, ..., Fs,) and Fy, = (I}, ..., Fp ), and the
edge set E of network G(S U B, E). The following result shows that the platform’s optimal
revenues change monotonically with population sizes, value distributions (in the sense of first

order stochastic dominance), and edge connections(in the sense of superset).

Lemma 1. The parameterized optimal revenue Vout(s, Fs, b, Fy, E) satisfies the following

properties:

(i) Impact of the population size: Consider a buyer/seller population profile (b, 8) such that
b > b and § > s, where the inequalities are entrywise. Then, Vopt (8, Fs, b, Fy, E) >

VOpt(S7FS7 b> Fva)

(ii) Impact of the value distribution: Consider a valuation profile (Fy, Fs) such that Fbj (v) <
Fbj(v) for allv >0 and j € B, and Fs,(v) > Fs,(v) for allv >0 and i € S. Then
VOpt(S7 FS7 b7 Fb) E) Z VOpt(Sa F37 b7 Fb7 E)

(iii) Impact of the edge set: Consider an edge set E C S x B such that E > E. Then

Vopt(87F87b7 Fb7E) Z vOpt(Sstabv Fb7E>

The findings of this lemma are intuitive. The first part establishes that when the population
size of any seller or buyer type in the system becomes larger (all else being equal), the
platform is able to exploit this and extract higher revenues from the market. The second

part shows that if the value distribution of a buyer type increases or the (reservation) value
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distribution of a seller type decreases (both in the first order stochastic dominance sense),
then the revenues of the platform still increase. Note that the opposite effect of buyer/seller
distributions should be expected. If a buyer type’s distribution increases in the first order
stochastic dominance sense, then the buyers have higher values for products/service on
average and this allows the platform to extract more surplus. In contrast, if a seller type’s
distribution increases, then the reservation values become higher, and the sellers become more
reluctant to trade. This forces the platform to give up revenues. The last part indicates that
when the underlying trading network is larger, then the revenue increases. This monotonicity
is due to the fact that there are no trade frictions in our current model. Thus, larger network
gives the platform higher flexibility to guide the competitive equilibrium towards the one

with higher revenue return.

1.6 Suboptimality of Simpler Commission/Subscription Schemes

The optimal commission/subscription scheme derived in Theorem 1 typically requires charg-
ing payments to both sides of the market and treating buyer/seller types differently in terms
of their commissions/subscriptions. Consistent with these results, some platforms charge
different commissions/subscriptions to different types of sellers. For instance, in Amazon
and Alibaba (where third-party sellers also offer their products), commission rates depend
on the types of products offered.

However, simpler commission/subscription schemes are also observed in practice. Until
2016, Upwork charged a 10% flat commission rate to freelancers and nothing to clients.
Airbnb implements a slightly more complicated scheme by charging a flat commission rate
of 3% to hosts and heterogeneous commissions rates of 0%-20% to guests.

Motivated by these examples, we explore how simpler and practically appealing schemes
perform in terms of revenues relative to the optimal commissions/subscriptions. To that
end, we first study a setting where the platform is restricted to charging the same commis-
sions/subscriptions to all the agents on the same side of the market (Section 1.6.1). Then, we
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focus on settings where the platform can target different types with different commissions
and subscriptions, but is restricted to charging payments only to one side of the market
(Section 1.6.2). Finally, we illustrate our findings by focusing on a dataset that is represen-
tative of Airbnb bookings and explore how using different commission/subscription schemes

impacts the revenues of the platform (Section 1.6.3).

1.6.1 Homogeneous Commissions and Subscriptions

We first consider the case where the platform charges the same commissions/subscriptions to
all the agents on the same side of the market. Formally, we restrict attention to homogeneous
subscription fees p = (4°1, uP1) and homogeneous commission rates v = (7°1,4%1), and
define the problem of maximizing revenues using homogeneous commissions/subscriptions

as:

Vi, = max V(v*1,7%1, 1°1, 1), (1.12)
(v*17%1)€l, (us1,ub1)eld
where, with some slight abuse of notation, V (y51,~4%1, 151, u?1) = V (v, ) denotes the plat-
form’s revenues under the aforementioned commissions/subscriptions. Similarly, we denote
by Vh(sub) and Vh(com) the optimal revenue of the platform from using only homogeneous
subscriptions (i.e., setting v* = 7b = 0) and from using only homogeneous commissions (i.e.,
setting pu® = ub = 0), respectively.

Recall that Section 1.4.1 obtains optimal commissions/subscriptions by solving the convex
relaxation of the platform’s revenue maximization problem given in (1.7). This relaxation
is no longer tight when we restrict attention to homogeneous commissions/subscriptions,
as the fee homogeneity restriction is nontrivial. That is, in general, it is not possible to
construct homogeneous commissions/subscriptions that support the optimal solution of the
aforementioned relaxation.

Despite not being able to use the convex optimization problem of Section 1.4.1, approxi-
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mately optimal homogeneous commissions/subscriptions can be obtained in a tractable way
by defining a grid over the four decision variables (u*, ,ub, ~5, fyb), obtaining the equilibrium
for any tuple of parameters by solving a convex optimization problem (see Appendix 1.9),
and computing and comparing the corresponding revenues.

In light of Corollary 2, it may be appealing to search only over subscriptions or (when ¢; =
0 for all i € §) only over commissions (as the corollary suggests that doing so is optimal when
the platform is not restricted to using homogeneous commissions/subscriptions). Example
2 illustrates that this leads to strictly lower revenues for the platform in the context of

homogeneous commissions/subscriptions.

Example 2. Consider a bipartite network with three seller types and three buyer types, with
the edge set given by E = {(1,1), (1,2), (2,2), (2,3), (3,3)}. The population profiles of sellers
and buyers are s = (7,12,20) and b = (70,24, 20), respectively. All seller types have a value
distribution equal to Fg(v) = 1 — exp (_vao)f all buyer types have a value distribution equal
to Fp(v) =1 —exp (—(%)5>, and we let ¢ = (0,0,0). In this evample, we obtain V},/Vopt =
91.0%. Furthermore, if we use only commissions we have that Vh(com)/VOpt = 90.8%, and if

we use only subscriptions we have that Vh(sub)/VOPt = 87.8%.

There are two important takeaways from the above example. First, homogeneous commis-
sions/subscriptions are in general suboptimal and they can yield substantially lower revenues
relative to the ones given in Theorem 1, even for simple instances satisfying Assumption 3.
Second, V}, cannot be implemented using only commissions or only subscriptions and, more-
over, the revenues obtained by using only commissions or only subscriptions are different.

Given that restricting attention to homogeneous commissions/subscriptions is not with-
out loss of optimality, it is of interest to understand how large the revenue loss can be.
Proposition 4 addresses this question, by showing that in general this revenue loss can be

arbitrarily bad.

Proposition 4. For any € > 0, there exists a problem instance such that Vy, [Vop < €.
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Intuitively, when the platform is able to charge heterogeneous commissions/subscriptions,
it has some freedom to manage supply and demand differently for different submarkets. To
see this, consider a network that consists of two seller types with identical value distribu-
tions and ¢;’s, and two connected components. Assume that the first seller type faces a
set of buyers with larger value distributions (in the first-order stochastic dominance sense)
relative to the set of buyers the other seller type faces. If the platform restricts attention to
homogeneous commissions/subscriptions then either one component may end up with too
much supply or the other may end up with too little supply, and both outcomes lead to
a low aggregate revenue. By discriminating these seller types through the use of different
commissions/subscriptions, the platform can induce desired supply levels in these different
components and improve revenues.

In the proof of Proposition 4, we construct problem instances where the homogeneous
commissions/subscriptions perform arbitrarily bad, by considering settings where different
types have very different value distributions. One might ask whether a similar result could
be obtained if all types on the same side share the same value distribution and all sellers
share the same ¢;’s (i.e., if Assumption 3 holds). In fact, even though homogeneous commis-
sions/subscriptions are still suboptimal in that setting (see Example 2 for an illustration), it
is possible to obtain bounds on the revenue loss. In particular, by focusing on such problem
instances, Proposition 5 identifies two settings where the revenue loss due to homogeneous
commissions/subscriptions is bounded. This proposition as well as the rest of the results of
this section focus on problem instances with a fixed network and a given population profile
(s,b). As such, when we state our results we suppress the dependence of revenues on these

quantities (i.e., we use Vopr and Vinaz as opposed to Vo (£, s,b) and Vipgz(s, b)).
Proposition 5. Suppose that Assumption 3 holds.

(1) If Fs(v) is concave in v € [0,vs] and Fy(v) is convex in v € [0, 0] with vy, < 0o, then

for any network G(S U B, E), we have that Vj, > %Vopt-
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(i1) If the network satisfies the e-marriage condition, then Vi, > (1 — €)Vipaz.

This proposition provides lower bounds on the revenues achievable under the homoge-
neous commissions/subscriptions. In the first part, we show that at least half of the optimal
revenue can be obtained when the value distributions of traders are well behaved (e.g., an
exponential distribution for sellers, and a uniform one for buyers). Note that this bound
is independent of the network structure. On the other hand, in the second part we do not
make any assumption on the distributions but instead we provide a bound that depends on
the network structure. In particular, the second part of the proposition implies that if the
network satisfies the weighted Hall’s marriage condition, then using homogeneous commis-
sions/subscriptions is optimal. Moreover, when this condition does not hold, quantifying
by how much it is violated (in terms of the e-marriage condition) allows us to bound the
revenue loss incurred by the platform. Note that, in this case, the bound is in terms of the

upper bound Vj;4; on revenues achievable for any network.

1.6.2 Charging Payments Only to One Side of the Market

We next restrict attention to commission/subscription schemes where the platform can
charge only one side of the market, while possibly still discriminating agent types in terms
of their commissions/subscriptions. Formally, let I'* = [0, 1]™, rb = [0,00)™, U = [0,00)",
and U = [0,00)™ denote the space of feasible seller commission rates, buyer commission
rates, seller subscription fees, and buyer subscription fees, respectively. We denote by Vi
(V3) the maximum revenue that the platform can obtain by charging payments only to sellers
(buyers). With some abuse of notation, these quantities are given as follows:
Vs = max V(v%,0,u°,0),

S7 S 61—‘5 Z/{S
(7%,m2) €l x (1.13)

V, = max V 0,7b,0,p,b )
P (pub)ertan ( )

It is worthwhile to mention that, as in the case of homogeneous commissions/subscriptions,
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we cannot rely on the relaxation in (1.7) to solve this problem. In other words, having zero
commissions/subscriptions on one side is a nontrivial restriction and, under this restric-
tion, it is not always possible to find commissions/subscriptions that support the optimal
solution of the aforementioned relaxation. Thus, for our numerical studies, we approxi-
mately characterize the revenue under one-sided extraction by constructing a grid of com-
missions/subscriptions and, for each commission-subscription vector in this grid, computing
the equilibrium and the corresponding revenue.

We proceed by illustrating that charging payments only to one side of the market is not
without loss of optimality. In particular, by focusing on a simple network structure, our next
example shows that the revenue loss relative to the optimal commissions/subscriptions of

Section 1.4.1 is nontrivial.

Example 3. Consider a complete bipartite network with three seller types and three buyer
types with population vectors s = (1,1,1) and b = (2,2,2), respectively. Let the value

distributions for type-i sellers be Fs,(v) = 1 — exp (_(;S)kf) where k* = (3,2,1) and

b
A% =(20,1,0.1), let the value distributions for type-j buyers be Fbj(v) =1—exp (—(;\’b)kﬂ>
J
where kb = (3,2,1) and Al = (1,5,10), and let ¢ = (0,0,0). In this example we obtain

Vi = 1005, Vs = 8.84, and Vop = 10.78, and hence p/%; = 81.9% and 5 = 93.3%.

op

This example also illustrates why charging payments to both sides of the market is strictly
better than charging payments only to one side. To see this suppose that the platform charges
payments only to sellers, i.e., ub = 7b = 0. It can be shown that in this example type-3
buyers have larger valuations in expectation than the other two buyer types. Thus, when the
platform does not charge any payments to buyers, too many type-3 buyers relative to other
types demand to trade with sellers on the other side of the market. On the other hand,
recall from Theorem 1 that at the revenue-maximizing outcome, the equilibrium supply
and demand levels are uniquely defined. Hence, when the induced buyer demand is too

high (under ub = 'yb = 0), it may overshoot the optimal amount identified in Theorem
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1, thereby leading to suboptimal revenues. By charging payments appropriately to the
buyers, the platform can reduce the demand of type-3 buyers to the optimal levels. In other
words, without charging commissions/subscriptions to both sides of the market, it may not
be feasible to achieve optimal supply/demand levels. A similar argument also reveals the
suboptimality of charging commissions/subscriptions only to the sellers.

In the previous subsection, we showed that when the platform is restricted to using ho-
mogeneous commissions/subscriptions, in general the revenue loss can be arbitrarily bad.
We conclude this section by establishing that, in contrast to the case of homogeneous com-
missions/subscriptions, if the platform charges payments only to one side of the market, the
revenue loss is always bounded. Furthermore, charging payments only to one side of the
market is without loss of optimality when agents’ valuations admit identical distributions

and there is no vertical differentiation among sellers.

Proposition 6. Suppose that the platform can charge payments only to one side of the

market.

(i) If the platform can choose whether to charge buyers or sellers, then at least half of the

optimal revenue can be obtained, i.e., max{Vs, V},} > %Vopt-

(ii) If Fy, (v) = Fy(v) for all j € B, we have that Vs = Voue; if Fs;(v) = Fs(v) and ¢; = 0

forallt € S, we have that Vi, = Vipt.

To establish the first part of the result we start with the optimal subscriptions in Corollary
2, and set payments of the buyers or the sellers equal to zero. We show that in at least one of
the two cases, the induced subscription vector achieves at least half of the optimal revenues.
We also point out that part (i) of the proposition does not make any assumptions on the
network structure or the value distributions.

By contrast, the second part of the proposition focuses on settings where all agent types on
one side of the market have the same value distributions, but allows for arbitrary distributions

on the other side and for an arbitrary network structure. While in general charging payments
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to one side of the market leads to some revenue loss, part (ii) of Proposition 6 implies that
this conclusion changes when one side has homogeneous value distributions. In this case,
appropriate market prices induce the optimal trade levels on one side of the market, and the
choice of commissions/subscriptions induces optimal trade levels on the other side, thereby

eliminating any revenue loss.

1.6.3 Numerical Study

We now present an example motivated by Airbnb, an online marketplace that allows guests
to rent homes for short stays from hosts. Focusing on some regions of the city of Chicago,
we study the impact that different commission/subscription schemes have on the revenues
of the platform. It is worth clarifying that our objective in this section is not to provide a
detailed empirical study, which is beyond the scope of this paper. We recognize that Airbnb
has a large-scale complex operation, and our model does not capture all features of this
operation. However, we believe that this is a useful setting to illustrate the key ideas and
findings presented so far in a realistic and nontrivial networked market. To this end, we
remind the reader that the primitives of our model are the bipartite network that captures
the compatibility between different buyer/seller types, the populations of these types, their
value distributions, and the vector of disutilities for transacting with different seller types.
Whenever possible, we use publicly available Airbnb datal3 to calibrate these primitives.
We proceed by explaining how we obtained each primitive of the model.

First, we define the network. Agent types are characterized by geographical locations and
the number of bedrooms of the supplied/demanded listings. In particular, we focus on three
regions of Chicago: North Side (N), West Side (W), and Central (C) (see Appendix 1.17 in

(40) for a map of neighborhoods contained in each region), which (according to the dataset)

13. In  particular, we use the 2016-2017 listing data in Chicago obtained from
“http://insideairbnb.com/get-the-data.html”. The dataset has rich information on the host side, in-
cluding listing locations, host information, room availability, listed price, cleaning fee, number of reviews,
etc. Unfortunately, the dataset does not have any information on the guest side, and we make reasonable
assumptions to construct the relevant primitives for the guests.
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collectively contain more than 70% of the listings in the city. Within each region, we further
restrict attention to listings for entire homes (as opposed to listings that offer a room in a
home) that provide short-term rentals (the minimum length of stay requirement is no more
than seven days). Each host (seller) type is defined by the region and the number of bedrooms
in the listing: one bedroom (or studio), two bedrooms, three or more bedrooms. This gives
us in total 9 host types, defined by the set S = {N{, N5, N5, C{,C5,C3, W, W35 Wi}, We
also define a guest (buyer) type per location and number of bedrooms, which also gives us
a total of nine types: B = {Nf, NS, Ng, Ci’, CS, C’g, W{’, W2b, W?l)’} Here, N5 is the type that
corresponds to hosts in the North Side whose listings have two bedrooms, and NS is the
type that corresponds to guests who target the North Side (for their stay) and require at
least two bedrooms (a similar interpretation applies to the remaining types). We assume
that each guest can be compatible only with host types whose listings have at least as many
bedrooms as the guest requires. We also assume that guests who target the West Side or
the North Side are compatible with the hosts in Central Chicago (which contains the main
tourist attractions of the city). The resulting compatibility network is depicted in Figure 1.3.

The hosts can black out some dates and not offer their property to guests on these dates.
The dataset contains information on the pre-rental nights available for each host (which is
the total number of available unbooked nights in the 365 days following the days on which
data was scraped). For each host type ¢ € S, we aggregate the yearly pre-rental nights over
all hosts of this type. We divide this quantity by 365 to obtain the (average daily) supply.
Rounding this number to the closest integer, we define the host population s; for the relevant
type.14

The dataset also includes a single price for each listing. This is the host’s default price,
which the host may change for specific dates (such as holidays). Some hosts also require the

guests to pay a cleaning fee (also included in the dataset), which is paid per stay (regardless

14. There were 1, 161 listings satisfying our criteria (involving location, rental duration requirements, etc.),
and on average 84% of the nights were available on the hosts’ calendar, yielding a total supply of roughly
972 units.
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of the duration). We divide this quantity by the average stay length (which for Chicago
is 3.3 days; see (44)) and add it to the listing’s price. Airbnb keeps 3% of this sum as its
commission from the hosts (see (45)); thus, we define the remainder as the net transfer to
the host for a stay of one night. We assume that the reservation value of a host is equal to
this net transfer. Furthermore, we assume that for each host of type i € S the reservation
values are drawn from an underlying Weibull distribution, Fs,(v) = 1 — exp < — ( )\% )kf )
For i € S, using the aforementioned net transfers as our observations, we estimate the
parameters (A;, k;) of this distribution using a maximum likelihood estimator. Columns 3-5

of Table 1.1 summarize the host distribution and population parameters obtained.

Parameters Eq. prices

Loc | Rm s| A° k° b| A | K| curr opt
N 1| 147 | 147 | 5.73 | 168 | 230 | 25 | 125.9 | 139.2
N 2| 146 | 190 | 5.67 | 88 | 267 | 25 | 167.8 | 183.7
N 31124 | 324 | 473 | 36 | 416 | 25 | 263.9 | 295.2
C 1] 121 | 211 | 531 | 68 | 238 | 25 | 172.1 | 190.2
C 2| 100 | 290 | 6.35 | 43 | 322 | 25 | 253.8 | 276.1
C 3| 16 | 482 | 4.51 4| 654 | 25 | 449.9 | 513.1
W 1] 104 | 132 | 6.57 | 180 | 217 | 25 | 116.4 | 128.8
W 2| 128 | 188 | 5.68 | 73 | 266 | 25 | 166.0 | 181.4
W 3| 86| 342 | 487 | 35| 436 | 25 | 302.1 | 332.8

Figure 1.3: Chicago Compatibility Table 1.1: Host and Guest Informa-

Network tion

Next, we state our assumptions on the disutility vector, c. First, the most valuable

combination of property type and location is 3 (or more) bedroom apartments in Central
Chicago, and therefore we set ¢(C§) = 0. Second, we assume that a given property type
in Central Chicago is preferred to the same property type in the North and West Sides by
$50, i.e., ¢(NS) — c(C3) = 50 and ¢(W3) — ¢(C5) = 50 for x € {1,2,3}. Finally, we assume
that customers prefer more rooms to fewer rooms, and that each additional room is valued
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at $20, i.e., c(X{) — ¢(X3) =20 and ¢(X7{) — ¢(X3) =40 for X € {N,C,W}.

On the guest side, we similarly assume that the values come from a Weibull distribution
Fbj (v) =1—exp <— (fb)k? > for j € B. Due to limited availability of information on guests,
we make two simplifyiljlg assumptions on the parameters of these distributions. First, we
assume that the coefficient of variation for value distribution of guests is 5% across all types,
which is equivalent to setting k? = 25 for all j € B. Second, for z € {1,2,3} we assume
that the expected value of a guest of type N2 (minus the cost ¢(N£)) is respectively 0%,
10%, and 20% higher than the expected value of a host of type N3. We make the same
assumption for neighborhoods {C, W} as well. For instance, the expected value of a guest
who needs two bedrooms and targets the North Side (i.e., a guest of type N§) minus ¢(N5)
is 10% higher than the expected (reservation) value of hosts who have 2-bedroom listings
in this area. Note that while for listings with 1 or 2 bedrooms the hotels may be a good
substitute, for 3-bedroom listings this is less likely to be the case. Hence, we assume that
the expected value of the guests relative to the reservation value of their hosts is higher for
this type of listing (20%) than for other types of listings. Taken together, our assumptions
pin down ()‘?’ k:?) for all j € B.

The only part of the model that remains unspecified is the guest populations b; for j € B.
We solve for the guest populations such that, in the induced equilibrium, the number of stays
in each region is consistent with the data. We do not have data on the exact number of
stays in each region. However, the Airbnb data includes the number of reviews (made in a
calendar year) for each of the listings. Following the model discussed in (46), we assume that
50% of the bookings result in a review and each property has at most 70% occupancy (in a
year). Using these assumptions, we obtain an estimate of the total number of stays in each
region per day. Our exploration on the Airbnb platform suggests that in Chicago, Airbnb
charges about 14% of the price and cleaning fee to the guests as the platform’s commission.

Using this information, together with the estimated value distributions, we solve for the guest

populations that match our estimated total number of stays in each region. This defines our
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guest population vector b. The guest parameters are reported in columns 6-8.

Given the primitives of the model, we analyze the performance of different commis-
sion/subscription schemes. Since Airbnb relies exclusively on commissions, we set all sub-
scription fees to zero. We consider three different settings: (i) a baseline model with homo-
geneous v* = 3% commission for the hosts and fyb = 14% commission for the guests (which
is consistent with the observed data), (ii) optimal homogeneous commissions for both sides,
and (iii) optimal heterogeneous commissions for both sides. As Airbnb sets the guest com-
missions to be between 0% and 20% ((45)), in analyzing the second case, for both the host
and guest sides, we search the commissions over a grid over [0%, 20%] in a brute-force fash-
ion and obtain the commission pair that induces the largest revenues for the platform. In
the third case, we compute the optimal commission using the characterization provided in
Theorem!® 1 and, whenever the commission rate for a type is above 20%, we set it equal to
20%.

In the first case, we compute the (daily) revenue of the platform to be Veypy = $9.98 x 103.
In the second case, we obtain the homogeneous commission rates (’ys,'yb) = (15%, 13%),

yielding a daily revenue of Vh( = $12.3x103. In the third case, we obtain the commission

com)

vectors

~% = (16%, 17%,19%, 17%, 15%, 20%, 15%, 17%, 19%),

= (4%, 6%, 17%, 5%, 7%, 20%, 4%, 7%, 12%), (1.14)

which achieve a daily revenue of Vj,;; = $12.8 x 103. The equilibrium prices in the baseline
and optimal settings are reported in the last two columns of Table 1.1. It can be seen that
the difference between prices in these two settings is of the order of 10%.

We point out that relative to the first scenario, charging optimal homogeneous commission

15. In this particular example, we show that the revenue-optimal solution can be implemented using
commissions only; i.e., we employ a commission vector of 4 such that (v, 0) satisfies the system of inequalities
in part(ii) of Theorem 1.
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com)

rates improves the revenues by —- —1 =23.5%. Similarly, targeting different types with

different commissions improves the revenues by V"pt —1=29.5%.

In summary, in this example, using the optimal homogeneous commissions may lead to
roughly 23% revenue improvement (relative to Viysr), while an additional 6% (relative to
Veurr) can be obtained using heterogeneous commissions. We also point out that in the
last two scenarios we analyzed, the commissions for the hosts are higher than those for the
guests, contrary to what we see in current practice. We emphasize that there may be other
considerations (e.g., competition with other short-term rental platforms) that incentivize
platforms to offer lower commissions to hosts (despite inducing suboptimal revenues), that
are beyond the scope of our model. Nevertheless, our observation suggests that from a purely
revenue point of view, it may be worthwhile to consider charging higher commissions to the

hosts and, at least in some regions, lower ones to the guests. 16

1.7 Welfare and Revenue Maximization

We next analyze the welfare implications of the platform’s choice of revenue-maximizing
commissions/subscriptions. We start by formally defining the aggregate welfare (that is, the

sum of the surpluses of the buyers, sellers, and the revenues of the platform).

Definition 3. For any commission-subscription vector (v, u) € I' X U that induces compet-

itive equilibrium (p, x, g°, qb) € X(v, ), the associated welfare is given by:

=3 b / vdFy, (v Z si / vdFy,(v) — 3 ciqf (1.15)

jeB bj €S

where vg? and v{' are as given in (1.4) and (1.5), respectively.

16. The results reported in this section are robust to the choice of ¢. To verify this, we randomly generated
1,000 instances of the disutility vector ¢ such that ¢(C5) = 0, ¢(N3)—c(C2) ~ U[30,70], and c¢(W2)—c(C2) ~
U[30,70] for = € {1,2,3} and ¢(X$) — ¢(X35) ~ U[0,40], ¢(X32) — ¢(X3) ~ U[0,40] for X € {N,C,W}.
Consistent with the results of this section, we find that in these instances, relative to setting (i), setting (ii)
results in a 22.4%-25.1% increase in revenues, and setting (iii) (i.e., using optimal commissions) results in a
28.1%—-30.7% increase in revenues.
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To see that (1.15) captures the welfare associated with (v, @), first note that since the
transfers from buyers to the sellers and the platform reduce the surplus of the former with
the same amount they increase the surpluses of the latter two, it follows that the welfare can
be equivalently expressed in terms of the total values of the buyers and sellers for the trades
they participate in. Recall that for given (v, ), all equilibria in X'(7, p) share the same
supply-demand vector (qs,qb) (by Proposition 1). Hence, in all equilibria, the marginal
agents have the same values {v?}, vg'}. Moreover, all buyers of type j (sellers of type i) who
have values higher (lower) than those of the marginal agent of their type, trade. Consider
the case where ¢; = 0 for all ¢ € §. The above observations imply that the aggregate value
that buyers of type j derive from the received goods/services is given by b; f:}ﬁf vdej (v).
Similarly, the aggregate reservation value received by the sellers of type ¢ whoj sell goods
is given by s; fé) i vdFs,(v). Subtracting the aggregate reservation values of all seller types
from the aggregate values of all buyer types yields the welfare function in (1.15) (with ¢; =0
for all i € §). When ¢; > 0 for some i € S, it is necessary to take into account the disutility
the buyers incur when they trade with certain types of sellers. This is captured through the
—Yies ¢iqf term in the welfare function.

We first establish that welfare is maximized when the platform does not charge any

payments to buyers/sellers. This is because, in this case, there are no trade frictions due to

commissions/subscriptions, and in a competitive equilibrium goods are allocated efficiently.

Proposition 7. The mazimum welfare is achieved by the commission-subscription vector

(v, ) =(0,0), i.e., Wopt :=W(0,0) = W(v,p) for any (v,p) €T xU.

Recall that, for any given commissions/subscriptions, a corresponding equilibrium can
be obtained by solving a convex optimization program (see Appendix 1.9). Thus in light
of Proposition 7 we conclude that the maximum welfare can be computed by solving this
optimization problem for (7, ) = (0, 0), obtaining the valuations of the marginal agents in

the equilibrium, and evaluating (1.15).
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Since the platform maximizes its revenues by employing nonzero commissions/subscriptions,
loss of social welfare can be expected under the optimal commissions and subscriptions. For-
mally, let (7', ') denote the revenue-maximizing commissions-subscriptions chosen by the
platform, and let W, := % be the ratio of the welfare associated with the revenue-
maximizing and socially optimal solutions. Our next result provides bounds on this welfare

ratio.
Proposition 8. Suppose that Wy, > 0. We have the following:
(i) For any e > 0, there exists a problem instance such that W; < e.

(i) Suppose that the value distributions are uniform, i.e., Fs,(v) = % for all v € [0, vs,]
and Fbj(v) = % for all v € [O,T)bj]. Then, for any network G(S U B, E), we have
j
W, > % Moreover, this lower bound is tight.
(iii) Under Assumption 3, if Fs(v) concave in v € [0,vs] and Fy(v) convex in v € [0,1p),
then for any network G(S U B, E), we have W, > % Moreover, this lower bound is

tight.

This result assumes away the cases where the maximum achievable welfare is zero, since
in those cases no trade takes place in both revenue-maximizing and welfare-maximizing
outcomes. The first part of this result implies that in the worst case the welfare under
revenue-maximizing commissions/subscriptions can be arbitrarily low (relative to the socially
optimal level). The result is obtained by considering settings where different types have
very different value distributions, and the platform maximizes its revenue by imposing high
fees. These fees allow for adequately extracting revenue from the high-value buyers (or
low-value sellers) but, at the same time, they deter the majority of buyers/sellers from
trading, thereby inducing a low welfare. However, under additional assumptions on the value
distributions, Proposition 8 establishes that the welfare achieved under revenue-maximizing

commissions/subscriptions is not arbitrarily small. In particular, under uniform valuations,
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the revenue-maximizing commissions/subscriptions still yield at least 75% of the maximum
achievable welfare.1” If instead we have homogeneous value distributions that are convex for

buyers and concave for sellers, the welfare ratio is at least 66.7%.

1.8 Conclusion

In this paper, we consider a platform that facilitates trade between buyers and sellers. Differ-
ent types of buyers/sellers have different value distributions, and a bipartite network captures
which buyer/seller types are compatible. The platform charges commission rates and sub-
scription fees to the trading agents, but does not dictate the prices at which trades need to
occur. That is, the prices are determined endogenously and are only indirectly influenced
by the platform’s choice of commissions/subscriptions. In this setting, we study how the
platform should choose its commissions/subscriptions to maximize its revenues. We show
that, in general, the platform finds it optimal to target different buyer/seller types with
different commissions/subscriptions that depend on their value distributions and network
positions. Furthermore, charging agents only on one side of the market, or using identical
commissions/subscriptions for all agents on the same side (both common practices in real-
world platforms), may result in substantial revenue loss. We characterize how the network
structure impacts the surplus of different types and the revenues of the platform. We also
provide bounds on the revenue loss due to using simpler commission/subscription schemes.
Our results highlight the suboptimality of some commonly used payment schemes, and show-
case the importance of understanding the compatibility between different user types present
on the platform.

This paper opens up interesting future directions, of which we mention two. First, in
this work we assume that the population sizes are deterministic and known to the platform.

If there is only noisy information available on the population sizes, the platform’s prob-

17. Although, we are not aware of any formal connection, this ratio is reminiscent of the well-known price
of anarchy ratios in congestion games with linear edge costs (see, e.g., (47)).
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lem of choosing commissions/subscriptions becomes a challenging, yet important problem.
Second, many platforms impact the trades that take place not only by choosing commis-
sions/subscriptions, but also by facilitating a search protocol that allows buyers to find
compatible sellers. The design of such search protocols is likely to have a first-order impact

on the trading outcome, and promises to be an exciting future research direction.
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1.9 Auxiliary Results

In this section, we first establish that given commissions/subscriptions the corresponding
competitive equilibrium can be obtained through the optimal primal/dual solutions of a
convex optimization problem (see (1.16)). Then, we show that optimal solutions of both this
problem and the revenue optimization problem (1.7) can be characterized by maximizing a
concave function over a polymatroid. The solutions of such problems admit an interesting
structure, which we leverage in the subsequent sections to establish our key findings.

We start by presenting our equilibrium problem. Given (v, u) € I'xU such that 7 < 1 for
b —

s g s - —ub
all i € S, define functions F 10,1 — [ i Usiﬂiz] and Fb_-l : [0,1] — [ &
j

1= 19 1+ 1490
~1 b
. Fo o) +us _ Fy (o) —p3
such that Fg L) = 511(_7)5% and Fbjl(x) = ]14_7“7(;] Consider the following prob-
J
lem:18

max, Z/% ( Z)dz_z/qz ol <Z>d2—(.’z be” (1.16a)

x,q°,q" i€S inee 117

st Y m; = q), VjEB, (1.16b)
(i.j)eE

> wj = ¢, Vies, (1.16¢)
(i.j)eE

@} < b VieB, (1.16d)

4G < s, VieS, (1.16¢)

ri; > 0, V(i,j) €L (1.16f)

In Section 1.12.1 of (40), we prove that for any optimal solution (w,qs,qb) to problem
(1.16), vector (q°,q%) is unique. Moreover, among all possible dual optimal solutions

(6°,6%, nb, n®, ) corresponding to constraints (1.16b)—(1.16f), we consider the one that max-

imizes Zjeg[sgn(qj)—sgn(b —qj)](ﬁb—i-n])—l—zzeg[ sgn(qi)+sgn(s;—qf)](07 —n7). Lemma

18. Observe that under Assumptlon 1, we have fo Y(1 = 2/b;)dz = lim,_o fo (1 —z/bj)dz =0 and
fo F L1~ 2/b, )dz = limg, [o F, Y1 — z/b, )dz<oo
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5 in Section 1.12.1 of (40) establishes that such a dual optimal vector (Ob,Os,nb,nS,ﬂ') is
unique. We refer to problem (1.16) as the equilibrium problem, since its solutions correspond

to competitive equilibria.

Proposition 9. For any (v, i), the tuple (p, x, q°, qb) constitutes a competitive equilibrium
if and only if

(i) (x, g%, qb) is an optimal solution to the optimization problem (1.16);

ii) the price vector p satisfies p; = 67 for all i such that ¢ > 0 and max,..; ; b —
i i i J:(i,5)eEY;

1375} < p; < 03 for all i such that ¢¢ = 0, where (6°,0° n°,® ) is the unique

special dual multiplier specified above.

Next we introduce a class of optimization problems involving polymatroids. Let g,h :
[0,1] = RU{—00, 400} be functions such that |g(r)|, |h(r)| < oo for all r € [0,1). Suppose

that these functions satisfy the following assumptions:

(1.91) g(r) is continuously differentiable, strictly concave in r € (0, 1), continuous at r = 0,

and continuous at r = 1 if g(1) > —oc.

(1.92) h(r) is continuously differentiable, strictly convex in r € (0,1), continuous at r = 0,

and continuous at r = 1 if h(1) < co. 19

1.93) th(%) is strictly decreasing in ¢ for » > 0 and jointly convex in (r, ¢
t

€ {(r’,t’): t/ >O,%,l € [0,1], h(;—,,) < oo}

(1.94) ¢'(0) > K (0) > 0 and ¢'(1) < 0.

19. Given Assumptions (1.91) - (1.92), we let ¢’(r) and h'(r) be the derivative of g(r) and h(r) evaluated
at r € (0,1). With some abuse of notation, we let ¢’(0) := lim, o ¢'(r), ¢'(1) := lim,41 ¢'(r), K'(0) :=
lim, o A/(r), and A/(1) := lim,q1 A'(r). Note that when ¢’(0) and h’(0) are finite, we can leverage the mean
value theorem to show that they respectively correspond to the right derivative g(r) and h(r) at r = 0.
Similarly, when ¢’(1) and A/(1) are finite, they correspond to the left derivative of g(r) and h(r) at r = 1.
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Define a function f : (0,00) — R, and correspondence p : (0,00) = R, which (for ¢ > 0)

are given by

r
JO) = | o p9(r) —th <t> ’ (1.17)

r
p(t) ;== arg re[Ofrﬁ%ﬁLt}] g(r) —th (t) : (1.18)

We have the following properties for f(-), p(-):
Lemma 2. Suppose that Assumptions (1.91)—(1.94) hold. Then:

(i) p(t) is a singleton for t > 0, and hence p(-) is a function. Moreover, p(t) is strictly
increasing in t. Define tg = [¢/]7! (h’(l)) with the convention [¢'| Y (z) = 0 for x >
SUP,/e(0,1) d(@") and [¢'] Y(z) =1 for z < inf e (0,1) g (x'). We have that p(t)/t = 1

for t € (0,tg] and that p(t)/t is strictly decreasing in t for t > tg.

(it) f(t) is continuous, strictly increasing, and strictly concave in (0,00). Furthermore,

limy 0 £(t) = 9(0).

Using the first part of this lemma, when Assumptions (1.91)—(1.94) hold, we extend the
domain of f(-) to include 0 and, in particular, we let f(0) = limy|q f(¢). Note that this
extension ensures that f(¢) is still continuous, strictly increasing, and strictly concave for
t > 0. In the remainder of the paper, in settings where Assumptions (1.91)—(1.94) hold, we
always focus on f(-) with the extended domain, which enjoys these properties. Thus, with
some abuse, when we invoke Lemma 2(ii), we conclude that f(¢) has the aforementioned

properties for ¢ > 0. Similar to f(-), we extend the domain of p() and, in particular, we let
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p(0) = lim; g p(t) = 0. We consider the following optimization problem:

max dobif (Z‘j) (1.19a)

jeB

s.t. Z Yj < Z s;, VB CB, (1.19b)
JjeB i€Ng(B)
yj = 0, Vj € B. (1.19¢)

Observe that under Assumptions (1.91)—(1.94) this problem has a strictly concave objective
(by Lemma 2) and its feasible set is the polymatroid P given in (1.9). Optimal solutions of

this problem admit a special structure, which we exploit in our subsequent analysis:

Lemma 3. The optimal solution to problem (1.19) is unique. Let y* be this solution.
Then y* is the lexicographically optimal base for polymatroid P = {y > 0 : YijeBYj <

ZieNE(B) si, YB C B} with respect to weight vector b. Moreover, y}* >0 forall j € B.

Furthermore, the solution to this problem (for appropriately chosen g(-), h()) sheds light

on the optimal solutions of the revenue optimization and equilibrium problems.

Proposition 10. Suppose that Assumptions 1, 2, and 3 hold and consider the associated
revenue optimization problem (1.7). Let f(-) be given as in (1.17), where g(r) := Fb_l(l—r)r

and h(r) := F;Y(r)r forr € [0,1], and consider the associated problem (1.19).
(i) Assumptions (1.91)—(1.94) hold.

(i) Let y* be the optimal solution to (1.19), and v* = {r7};ep be such that r5 = p(yj/b;).

Any optimal solution (x,q®, qb) of the revenue optimization problem (1.7) is such that
*

b.
(i) q? = r}fbj for all j € B, and (i) ¢ = Tg*]si for alli € S and j € B such that
J

l‘l’j > 0.

(iii) The optimal objective value of (1.19) is the optimal revenue in (1.7), i.e., Vopr =

yx
Sientif (7).
92



Proposition 11. Suppose that Assumptions 1, 2, and 3 hold. Suppose further that commis-
sions/subscriptions (7, ) are homogeneous, i.e., ’y? =~b, u?- = ub, v =%, wi = p® for all

1 €S and j € B, and consider the associated equilibrium problem (1.16). Let f(-) be given as

n (1.17), where g(r) == [§ —=5 L} (1—x)—%dm and h(r) == [§ === 7 SF () +

fo 1—+—7 1=®

for r €[0,1], and consider the associated formulation (1.19).

(i) Assumptions (1.91)-(1.93) hold. If ub + 1+73p < By Y1), then Assumption (1.94)

also holds.?0

(i) Let y* be the optimal solution to (1.19), and v* = {r7};ep be such that 5 = p(y}/b;).

Any optimal solution (x,q®, qb) of the equilibrium problem (1.16) is such that (i) q? =

<P
r;bj forall j € B, and (ii) ¢} = rg]/*j ; for alli € S and j € B such that x;; > 0.
J

(iii) The optimal objective value of (1.19) is the same as the optimal objective value of

problem (1.16).

1.10 Proofs of Results in Section 1.4

Proof of Theorem 2. As Assumptions 1, 2, and 3 hold, Proposition 10 implies that the
solution of the revenue optimization problem (1.7) can be characterized in terms of the
solution of (1.19), where f(-) is as in (1.17), and g(r) := Fb_l(l —7)r and h(r) == F71(r)r
for r € [0,1]. That is, by Proposition 10, let y* > 0 be the unique optimal solution to this
problem?! and let r* = {r7}jep be such that r¥ = p(y7/b;) (where p(-) is as in (1.18)). By
Lemma 3, it follows that y* is the lexicographically optimal base of the feasible set of (1.19)
(which we denote by P) with respect to weight vector b.

To establish the claim, we proceed in two steps. First, we show that the lexicographically
optimal base y* can be characterized in terms of the sets {S;,B;} given in the theorem

statement. Then, we relate this characterization to the the ranking of the marginal agents.

20. Note that u® + }f—z:,w" > Fb_l(l) yields the trivial equilibrium where no one trades in the system.

21. The problem of maximizing (Schur) concave functions over a polymatroid is also studied in (48). In
that paper, the author provides analytical solutions to a class of polymatroid optimization problems, and
establishes certain monotonicity properties of the optimal solutions.

93



Step 1: Characterization of the lexicographically optimal base. The construction in the

theorem statement identifies a nonempty set B, at each step and removes the elements
of this set from B("~Y. Since B is a finite set, it follows that in ¢ < |B| iterations sets
{BT}f.Zl and {ST}ézl are constructed. Let the vector ¢/ = {t}}jeg be defined as t; =
(ZiENE(Tfl)(Br) si)/(zke& bk> for 7 € B and 7 = 1,...,/. We claim that the vector
y = {t;-bj } jeB is the unique lexicographically optimal base of polymatroid P under weight
vector b, i.e., y' = y*.

In order to establish this claim, we employ Theorem 3.1 in (42), which establishes the
connection between vector 4’ and the lexicographically optimal base of polymatroid P with
respect to weight vector b. (For the reader’s convenience, the statement of Theorem 3.1 in
(42) is replicated in Theorem 4 in Section (1.12.1) of (40).) To this end, first define the
vector v := (abj);ep for any a > 0. Second, let the vector u® be a vector such that: (i)
u? =abjif 0 <a < t;-, and (ii) u? = t;-bj if a > t;-. It can be readily seen that u® < u?
(where the inequality is entrywise) for 0 < a < a’. We claim that for any a > 0, u? is a base
of the polymatroid P, = {z € P|z < v%} (where once again the inequality is entrywise).
Note that if this claim holds, then the above observations imply that the weight vector b and
vector ' satisfy Conditions (3.1)—(3.5) of (42). Hence, Theorem 3.1 of (42) applies, and it
implies that 4 is the unique lexicographically optimal base of polymatroid P under weight
vector b.

Fix some a > 0. We complete the proof of Step 1 by establishing that u® is a base of

P.. Note that for any B C B we have that

> @ v ® & >jeBnB, b
RS WIED VD MRS Ol (I I L e
jeB jeB T=1j€eBNB; =1 iENE(Tq)(BT) jeB Y5
(1.20)
4 L
< > > s = Si-
TZliENE(Tfl)(BﬁBT) iENg(B)

Here, (1) uses the definition of u®, (2) follows since U!_;B; = B and the sets {B;} are
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disjoint, and (3) uses the definition of t;. Finally, (4) follows since the definition of B; implies
that (Nien (8, 1)/ (XjeB, b)) < (Zien (B 5i)/(Zjep by) for any B' C Br.
The inequality (1.20) together with the fact that u® < v® (which holds by the construction
of u®, v%) implies that u® € P,.

Let By = {jl a < t;} and By = B\ By. Note that by the definition of {B;}¢_; it follows
that t;i < t;Q for j1 € By, and jg € By, and 71,7 € {1,...,¢} such that 71 < 7. Moreover,
t;-l = t}z for j1,jo € By for 7 € {1,...,£}. These observations imply that By = U£:£’+1BT
and By = Ug:lBT for some ¢/ € {1,...,¢}. By the definition of u®, we have that u? =v¢

J
for j € By. Moreover, for 7 < ¢’ we have that B; C By, and hence the definition of u% and

t;- imply that Y pcp uf = XreB, t%bk =>ieN (r_1)(Br) Si = Yics. s;. Hence, we conclude
pT=1=7 4

that

[/
Suf= Y Y Y (1.21)

keB keB, T=1keS;

Consider an arbitrary z € P,, and observe that

Dz = Z%Jrf: > % < sz‘%i > Sk

keB kEBl T=1keB, keB 7=1 k‘ENE(Bq—)

where we use z;, < vf for k € B1 and the fact that YkeBr %k S 2keNp(B,) Sk for any

z € Py C P. Together with (1.21), this implies that u® is a base of P,. Hence, we conclude

that y' = y*.
b
Step 2: Characterization of marginal agents. By Proposition 10, we have that % = 7’; =
J

p(y; /b;) for all j € B, which implies that the valuation of the marginal agent of type j € B
b

is given by 'Ug; = Fb_l( — Z—j) = Fb_l(l —p(y;f/bj)). By Lemma 2, p(+) is a strictly increasing
j

function, and hence the entries of the vector {p(y}f /b;)}jep admit the same ranking as the

*
entries of the vector {%}jé B (note that, by Proposition 10, the assumptions in Lemma 2
j
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are satisfied). Since y* = ¢’ by the definition of ', these observations imply that

vy, =vp, forj k€ By with 7e{l,... .0} (1.22)

vg; > vg; for j € Br,k € By, with 71, e{l,...,¢} and 7 <. (1.23)

Thus, we have established that j € B if and only if type j’s marginal agent has the 7th-
highest value among the values of marginal agents of all buyer types.

We next establish the ranking result for the marginal agents of seller types. By Theorem
1, under any optimal commission-subscription pair («, @), the mass of agents who trade
(qb, q°), and therefore the marginal agents, are the same. Furthermore, by Proposition 6(ii),
and the fact that Assumption 3 holds, it follows that there exists an optimal commission-
subscription pair where 'yb = ,u,b = 0. Consider such an optimal commission-subscription
pair, and note that since 'yb = p,b = 0, under this solution the price trading buyers of type

b
jEBpayisequaltovg;L:Fb_1< —Z;:).

We claim that buyers in B; trade only with the sellers in S;, and vice versa. To see
this, first focus on 7 = 1 and observe that buyers in By can trade only with sellers in
81 = Ng)(B1), as they are not adjacent to any other seller type. Since the price the
trading buyers in B; pay is given by vg; for any j € By (by (1.22)), it follows by (1.23) that
type B1 buyers trade at the highest prices. Thus, if sellers of type &7 trade, then they trade
with buyers whose types belong to B1. On the other hand, by the construction in Proposition
10, it follows that all seller types involve in some trade at the revenue-maximizing solution.
Hence, it follows that all seller types in S1 have nonzero trade with some buyer type in By, and

buyers in Bj trade only with sellers in S1 and vice versa. By induction, the same argument

implies that buyers in B trade positive quantities with the sellers in §r. Thus, Proposition

5 % /b;
10 implies that for any i € S; we have that v = F; ! (ql) = F;! (p;yj/éj)> for some
% 5 /95

t
buyer type j € Br. Moreover, since y; = yg = t;-bj, it follows that vy = Fil (p(t/))
J
By Lemma 2, it follows that p(t)/t = 1 for 0 < t < tg, where ¢y is a constant that
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depends on the value distributions. Let 7 = {T|t;~ < tg for j € B }, and observe that
by construction of {tg} we have that t;- > 0 forall j € Band T = {1,...,7} for some
7 € Z. Consider some 7 < 7 and 7 € S;. It follows from the observations above that

vyl = F;l(p(t;»)/tg) = F;1(1) = o5, Next, consider 7 > 7 and i € Sr. Observe that

Lemma 2 also implies that p(t)/t is strictly decreasing for ¢t > ty. Hence, for such 7 we have

t
that v?f = Iy 1 (p(t,] )> < vs; where j € Br. Moreover, vg? is strictly decreasing in 7. These
J

observations together imply that

vy, =vs; fori€ Sy, 7T, (1.24)
v?}l :UZZQ for i1,i9 € S with 7€ {1,...,¢}, (1.25)

v?}l >v?}2 for iy € Sry,i2 € Spy, with 7, e{l,...,¢}, m™>7 and 7 <™.
(1.26)
Hence the claim follows. O

Proof of Theorem 3. Proof of part (i). Let
ft) = max {Fb_l(l —r)— F; 1 <r>} r (1.27)
r€[0,min{1,t}] t

for ¢ > 0; note that f(-) is defined as in the statement of Proposition 10. Let V(s,b) be
defined as V (s, b) := by f (‘%) where sg and bg are defined as in the statement of the theorem.
Therefore, we need to show that Viae (s, b) = V (s, b).

We first prove that Vinae(s,b) < V(s,b). Fix any arbitrary network G(S U B, E) and,

by Proposition 10, let y* > 0 be the unique optimal solution to Problem (1.19) when f is
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defined as in (1.27). Then,

@ b, v ® N (ZieBY;
V(2,00 = (Zb)sz(b) - (ij)f(w)

JjEeB JjeB JjEeB

(©) Yiessi) @

< b f(’ez> ~ V(s,b), (1.28)
(jGZB j) ZjEBbj

where equality (a) follows from part (iii) of Proposition 10 (note that the assumptions
in the statement of the theorem imply that the assumptions in Proposition 10 hold). In-
equality (b) follows from the fact that f is strictly concave (Proposition 10 together with
Lemma 2). Inequality (c¢) follows from the fact that f is strictly increasing and that

* is feasible and thus must satisfy > ;cp y]*- < Yien(B)=s Si- Finally, equality (d) fol-
lows from the fact that, by definition, V(s,b) = bgf (z—g). Therefore, we have established
that Vopr(E,s,b) < V(s,b) for any network G(S U B, E) and, thus, we must have that

Vinaz(8,b) = maxpcpxs Vopt(E, 8,b) < V(s,b).

Next, let y be defined as y; = b, %165 " for all j € B. As the function f is strictly
concave (Lemma 2), inequality (b) in (1.28) holds by equality if and only if y* = y. Note
that, in fact, such a y is feasible for Problem (1.19) with f given by (1.27) (i.e. it satis-
fies constraints (1.19b) and (1.19¢)) if and only if the network satisfies the weighted Hall’s
marriage condition; this readily follows from Definition 2. Moreover, by the definition of
y, we have that Y ;cpy; = Yies s, and thus inequality (c) in Equation (1.28) holds
with equality as well. Therefore, we have established that Vo (E,s,b) = V (s, b) if and
only if network G(S U B, E) satisfies the weighted Hall’s marriage condition. Because a
complete bipartite network satisfies the weighted Hall’s marriage condition, we obtain that
Vinaz(8,b) = maxpcpys Vopt(E, 8,b) > V(s,b). This completes the proof of part (i).

Proof of part (ii): By Claim (ii) in Proposition 5 we have that, if a network G(S U

B, E) satisfies the e-marriage condition, then Vi (E,s,b) > (1 — ¢)Vipaz(s,b) where V},

is the revenue derived from the optimal homogeneous commissions/subscriptions. Hence,
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Vopt (E, 8,b) > Vi, (E,8,b) > (1 — €)Vinaz(s, b), as desired. O

Proof of Proposition 3. Let y7,y5 be optimal solutions to problem (1.19) associated
with networks G(S U B, E1) and G(S U B, E9), respectively, when f is defined as in the
statement of Proposition 10. As ZiENEl (B) Si = ZiGNEQ (B) si for all B C B, we have that
Y5 is a feasible solution for the problem associated with network G(S U B, E1). Therefore,

by Proposition 10, we have that y} > 0, y5 > 0 and

(¥7);
b;

Vopt(El,S,b) = Z bjf(

jeB

) > ijf<(yb§j)j> = Vopt(F2,8,b),

jeB

which completes the proof. O

1.11 Proofs of Results in Section 1.6

Proof of Proposition 5. Fix a network G(S U B, E). To ease exposition, throughout the
rest of the proof we omit the dependence on the network in the notation.

With a slight abuse of notation, let Vh(ub) denote the revenue under homogeneous com-
missions/commissions as a function of the buyers’ subscription fee ub, when 1%, fyb, and ~*
are all set to zero, and define V}, = max Vh(,ub). Note that V}, > V},, and therefore
it suffices to establish the results in parts (i) and (ii) using either Vj, or V},(u?) for some
,ub > 0. As v, < 00, it suffices to consider ub € [0, p) as otherwise no trade will take place
and Vj, (%) = 0 when 1P > o,

Before proceeding to the proofs of parts (i) and (ii) of this proposition, we establish a
couple of intermediate results that will be exploited later on.

Claim 1: Vj,(ub) = >jeB ubbjrj*(ub) for pb € [0, 7], where T]*(ub) is defined as in (1.29). As

a first step in our proof, we provide an expression for Vh(ub). We start by finding the optimal
equilibrium demand as a function of %, which we denote by qb(,ub). (With a slight abuse
of notation, in what follows we define the relevant quantities as functions of ub to make this

dependency explicit.)
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Fix u® € [0,7;). By Proposition 11(i), Assumptions (1.91)-(1.94) hold. Using Proposi-

tion 11(ii), we know that the equilibrium demands are q}((ub) = bjr;f(ub) where

r*(ub) = arg max Fy 1 —x) — b - F_ (*x) dz, (1.29)
’ r€[0,min{1,y¥(ub)/b;}] / Y; <'ub)/bj

and y* (%) > 0 is the optimal solution to (1.19). By Lemma 3, y* is the lexicographically
optimal base of polymatroid P = {y > 0 : 2jeBYj < 2ieNg(B) Sis VB C B}, which is
independent of ,ub Therefore, we drop the dependency on u in y*(u ) and define t; := Zlf
for all j € B. Note that, as y; > 0, we have that ¢; > 0. From expression (1.29), it follows
that ’I“;(@b) = 0 (corresponding to no trade in equilibrium). Therefore can use expression
(1.29) for all ub € [0, 2"].

Notice that the value of r;f(pb) can be found by solving a (strictly) concave maximization

problem. Using the first-order optimality condition, we can express r;f(,ub) as
— — r . _
r}*(ub) = max {r  Fy Ya—r)—F! <t]> >l 0<r< mln{l,tj}}, Vub € [0, T).
(1.30)

Finally, the revenue can be expressed as

=> u]qj => ubb iy for 1® € [0, 5y). (1.31)
jEB jEB

Claim 2: The functions {ubr;(ub)} are continuous, concave, and satisfy 0 < ,ubr}(,ub) < f(t;), for all b e

where f(-) is defined as in (1.32). Moreover, these bounds are tight. We now derive some prop-

erties of the functions ,ubr;(ub) that we will later use to bound Vj,(1%)/ Vopt- In what follows,

we show that the functions ubrj(ub) are continuous and concave in u? € [0,7] for every
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j € B, and that 0 < r;f(,ub) < f(t;), where

— 1 _ .y _ 1 (T
ft) '_re[ogiﬁl,t}} Fo(1—r) = F <t>}7"f0rt>(). (1.32)

Fix 5. We first show that r;f(ub) is continuous, weakly decreasing, and concave in ,ub €
[0,v3]. Consider the expression in (1.30) and note that, the objective function r is jointly
continuous in (r, u?) and that the function F; b_l (1—r)—F;1 (%) — i is also jointly continuous
n (r, u). By the maximum theorem on page 116 of (49), the value function r;f(ub) is thus
continuous in u € [0, 7). Moreover, the function F, b Ya—r) —F1 (t:) is continuous and

strictly decreasing in r (recall that ¢; > 0 by definition). Thus, for any pli > ug we have
that {r: [, (l—r) Fg ( ) >,LL1, 0 <7 <min{l,¢;}} C{r: F, (l—r)—Fs_1<%) >

J

,ug, 0 <7 < min{l,¢;}}, which implies that r-(u ) is weakly decreasing in 1b. Finally,
for any ul{,ug € [0,vp], let 7 := r; (2:“1 + %,u%) r| = r (ul), and ro = 7‘ (,u2> Given
that functions Fljl(l —r) and —F;1(r) are concave, we have that Fl; (1 - W) -

— —1 _
ot (52) 2 (R 1m0 = UG + 4 (71— o) = BN = b+ b

Moreover, by definition of 1 and ro, we have that w < t; and % < 1 because both
r1,r2 < min{1,¢;}. This implies that 52 € {r: Fy (1 —7) - F_l(t%) > M, r<t;}.
Thus, we have 7 > %, and hence r?(ub) is a concave function in ,ub € [0,vp]. Therefore,
we have established that rj*-(ub) is continuous, weakly decreasing, and concave, which implies
that the function ubr}((ub) is continuous and concave in ub € (0, 7).

Next, we obtain tight lower and upper bounds on ubr*(ub). To that end, we start by
showing that MAax be(o 3] ,ubr (ub) = f(t;) for all j € B, where f is defined as in (1.32).

Recall that we have defined ¢; as t; = y;/bj. Let @b := argmax 1be(0,5,] b r; *(ub). From

* (b
(1.30), we have that b < Fb_l(l—r}((ﬂb)) —F1 (rjgft )>. Therefore, ji° r; *(ab) < [Fb_l(l—

J

that this bound is tight, let 7 := argmax r € [0, min{1,¢;}] {Fb_l(l —r)—F;1 <t7;>} r, and

r* (b
P~ F DI () < mas, o mingue By (0 =) — s M(E)r = £(t7). To show

consider b = Fgl(l —7)—F; <t£) Notice that u® € [0,7p) and, by (1.30), we have that
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T}*(ub) = 7. Therefore, ,ubr;(ub) = ubr = [Fb_l(l —r) — Fs_l(%)]f = f(t;). Finally, by

(1.30), it is immediate to see that r}f(ub),ub > 0 and that it is equal to zero if ub € {0,7;}.

Therefore, we conclude that 0 < ,ubr;(ub) < f(t;), and that both these bounds are tight.

. \% 7 7 - b
Proof of part (i): W’;t > % . Define (bj)jeB as bj := b; f(t;), and define r}?(ub) = B;r;(ub)

for ub € [0,7]. Note that the function f}*(ub)ub is still concave in ub € [0,7p] as Ej is

a positive constant. Moreover, by using the tight upper bound on 7%, we conclude that
Max b 3] f*(ub),ub = 1 for every j € B. Let the weight vector w be defined as w; :=

b7~ for all 7 € B. Then,

jIEB j/
Vi (@) maxynepn g Xies b (O o) max e ) Sien by ()"
= yx o T,
Vopt YjeB bjf([Tj) 2jeBb)
p (@
(:C) max Zw >  max mlnrj(,u ),ub (1.33)
[O’Ub jen bE[OUb]JEB

where inequality (a) follows from the fact that the numerator satisfies V;, > max ¢ (9 3] Vi(p) =
Max,,c0,5,] 2jeB bjrg*(u )b, and in the denominator we used Proposition 10(iii) to derive
Vopt = >jeBbjf (Zg) Equality (b) follows from the definition of b and, similarly, equal-
ity (c) follows from using the definition of w. Finally, inequality (d) follows by noting
that > jcpwj = 1, w; > 0 for all j € B, which in turn implies that 3-,cp wjf;(ub)ub >
minjeg f;(ub)ub for all u° € [0, Tp).

Next, we provide a lower bound on max LOE[0,5] min;ep F}((,ub) 1P, To ease notation, let
H; (uP) = ubf"j*(pb) for all b € [0,73] and define two functions H, G : [0, 7] — [0, 1] where
H(pb) = min;cp Hj(,ub) and G(uP) := mln{“ 1-— 7:} for pb € [0,7,). By Claim 2 above,
we have that H; (1) is continuous and concave for every u? € [0,7,). We conclude that
H (,ub) is continuous and concave in ub € [0,7p] because it is the minimum of a finite set

of continuous and concave functions. Moreover, as each H; is continuous and concave, it is

differentiable almost everywhere, and thus H is differentiable almost everywhere. By Claim 2

62



above, we also have that H(0) = H(t) = 0. In addition, note that G(uP) is a piecewise
linear concave function, consisting of two pieces, and it is symmetric around ,ub = %Eb where
it achieves its peak value of %

We want to show that H (%@b) > G (%ﬁb)

1/2; this will imply the desired bound as
max, be(g 5, MijeB f;(ub)pb > minjep f;(%ﬁb)%f)b = H(%T;b). In fact, we show a stronger
result: we show that H(u?) > G(ub) for all u € |0, %171,]. (This trivially holds at u® = 0 as
H(0) = G(0).)

Suppose on the contrary that there exists u € (0, %T)b] such that H(u) < G(n), and
suppose that H is differentiable at . The latter is without loss of generality; as both H
and G are continuous in [0, vp] and H is differentiable almost everywhere. Next, we consider

different cases which cover different possible values of H’(ji), and obtain contradictions in

each case:

(1) If H'(p) > %b, then by the concavity of H, we have that H(0) < H () + H'(12)(0 — fa).
As H'(p)(0—f) < —%, we have that H (1) + H'(1)(0 — i) < G(j1) — 17% =0, and thus
0 = H(0) < 0, which is a contradiction.

(2) fO< H'(in) < %b, then, as we assumed that H is differentiable at [, there exist jo € B
and € > 0 such that H(u) = Hj,(u) for every p € (ji —¢, ji+¢€), and thus we must have
0< H;‘o (1) < %b. We argue that this contradicts max, g 3,1 5, (x) = 1, which was
established in Claim 2 above. To that end, we use the fact that the concavity of H (1)
implies that H (1) < Hj,(j1) +H§-O (u)(p— ), for any p € [0,vp]. Then, for p € [0, al,
we have that Hj (1) < Hj,(ft) < G(ji) < 1. Moreover, for any p € [ji, 0], we have that
H () (1 — 1) < (i — ), which implies that Hjo (1) < G(f) + 3-(2 — i) < & < 1.
Therefore, we have that Hjy () < 1 for every p € [0, vy, and thus max, (g 3,1 Hjy(7) <

1, which is a contradiction.

(3) If —%b < H'(j1) < 0, we follow an argument along the lines of the one in case (2). We

define jo € B as in (2), and then prove a contradiction to MAX, 0 ] Hj () = 1. For
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any p € [0, i, wehavethatH ( Y p—p) < —%b(u—,a) As Hj (1) < G(n2) < E,

v

=

we have that Hj (u) < (1 — %“‘—b) — 177;(“ — 1) < 1. For any p € [, vy, we have that
Hj/-o(ﬂ)(u — 1) < 0, which implies that Hj, (1) < Hj (i1) < G() < 1. Therefore, we
have that Hj (1) <1 for every pu € [0, 0], and thus max (g 5,1 Hj,(z) < 1, which is a

contradiction.

(4) If H'(j1) < —=, the argument is similar to that in case (1). By the concavity of H, we
R L < 14+ £,
this leads to a contradiction as 0 = Hj,(v) < G(11) — 1+ 1—% =—-1+ 2@% < 0.

Therefore, we have established that H(ub) > G(ub) for all u e [0, %Eb]. To conclude the

proof, note that

7 ! CORKICORE
> max minr = max H > H=v,| > G(=v) = =, 1.34
Vopt = o i P () ain (1’ > b b 5 (1.34)

where the first inequality follows from (1.33). Thus, we obtain that V}, > %Vopta as desired.

Proof of Part (ii). Suppose that the network satisfies the e-marriage condition for € € [0, 1).

(The claim holds trivially when ¢ = 1 because V}, > 0.) By part (i) of Theorem 3, we
have that Vipgr = (Xjepb;) f(1), where t := % and f is defined as in (1.32). Define

jeBYj

T = arg max,.e o min{1,7}] [F (1—7r)— Fs_l(%)}r, and define fi? := Fy Y -7 —Fr 1(%)

To obtain the desired lower bound, we consider the revenue V(ji?) defined in (1.31) and use

lower bounds on Z* and 775 (& 5) (defined as in (1.30)) for all j € B.

*

Claim (ii)-1: y—l > (1 —¢)t for all j € B . Let vector y* > 0 be the optimal solution to
bj

problem (1.19) and, as before, let t; := y—] We further let the distinct values of ¢;’s to be
given by 0 < t; < tg--- < t; and let By = {j eB: yj = t1}. This implies that
Zjeél yj*' (e) EieNE(Bl) Si

2 ieS Si - :
] = =—— = —|——F— > (l-g=—="—=(1—-e)t for every j € B,
Xjep b > jeBy b > jeBbj

yj
b

\Y
V=

(1.35)
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where equality (e) follows from the fact that, by Lemma 3, vector y* is a lexicographically
optimal base in polymatroid P = {y > 0 : Yicpy; < Xjepbj, VB C B} and, by the
equivalence of item (i) and item (i) of Theorem 3.2 in (42), we have that >ich, y; =
Yic Np(By) Siv Equality (f) follows directly from the definition of the e-marriage condition.

Claim (ii)-2: r}f(ﬁb) > (1—¢)iforall j€B . Letr}:= r;f(ﬂb) where r;(/]b) is defined as

n (1.30). We want to show r7 > (1 — )7 for all j € B. As the Fb_l(l —r)— F;! (Z;) is

decreasing in r, then we have that one of the constraints in (1.30) must be binding, that is,

) _ 1 _1, 73 Yy Yy Y5 -
either pr:F (1—7“}()—F5 L ;b ) or rj*-:b—;. Ifrj*-:b—;,then szfj > (1—¢)t follows
from (1.35), and thus —8 tj >1>1= 7, where the last inequality follows from the definition

of 7. Hence, if r¥ = zj we have that 17 > (1 —e)7.
J *

Suppose that b = Fb_ (1— Tj) - Fs_l(y:i%). Recall that, by the definition of fi’, we
/0

also have that i = bel(l —7) — Fs_l(%) and, therefore,

). (1.36)

)

rx
B - - B ( ﬁb) = Rl - Y
yj/ gl

*

We show that r* > (1 —e)7 by discussing the two subcases depending on whether ﬁ >t or
bj

y]

In

<t If y] > ¢, then (1.36) implies that r > 7 > (1 —¢)7. On the other hand, if J <1,
j

then (1.36) 1mphes that rj < 7. In this case, to show that W > L ;, suppose on the contrary
5195

*

N * N
that :—J < L. Then, we have that Fs_l(:—],) < Fs_l(ﬁ). Given r*¥ < 7, we have that
yj/b_] t y-/b J
Fb_l(l—r*) > Fb_l(l 7). This leads to a contradiction as ji” = Fy~ L1- ;)—F;l(lg;%) >
N * N
By Y1-7) - F; 1(%) — iP. Therefore, we have that y:;b- > %. As we established in Claim
777
yj B 7"* 7";-( 7 . * L \a
(ii)-1 that b, > (1 —¢e)¢, we have that — 6 + = i > % or equivalently r7 > (1 — ).
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Finally, note that

(1.37)

where inequality (g) follows from the definition of V}, (i), and equality (k) follows from
(1.31). Inequality (i) follows from the fact r; > (1 — )7 for all j € B (Claim (ii)-1).
Inequality (5) follows from the fact that i’ = . Y1—7) - F; 1(’%) Equality (k) follows
from the definition of V4. This completes the proof that Vi, > (1 — )Vinaz. O

1.12 Supporting Results

In Section 1.12.1, we first summarize all of the supporting results that are very useful to
establish the claims in this paper (including the results in Appendix 1.9). We provide the
proof of the supporting results in Section 1.12.2. The proofs of results in Appendix 1.9 is

provided in Section 1.12.3.

1.12.1 A General Optimization Framework and its Relationship to the
Equilibrium, Revenue Optimization Problems

In this section, we introduce an optimization framework that unifies all of the optimization
problems covered in this paper. We start by introducing the optimization framework, which
consists of a general optimization problem (which we call the "Framework Problem") and
some properties of its optimal solution. We then show how to formulate the equilibrium
and revenue optimization optimization problems in using this framework. Finally, we show
how, under the homogeneity assumption, the framework problem admits a polymatroid
formulation.

The Framework Problem. Define functions g; : [0,b;] — RU{—00, 00} with b; € R4
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for all j € B and h; : [0,s;] - RU{—00,00} with s; € Ry for alli € S. Let w € ]R'fl.

Consider the following optimization problem

max, Zgj(qﬁ)—Zhi(qf)— Y wny (1.38a)
(:B,q q ) jeB icS (i,j)GE

st. Y. wy; = ¢} VjiEB (1.38b)
i:(i,j)eE

> wij = q VieS, (1.38c)
Ji(ig)€eE

¢} < b VjeB, (1.38d)

g < s Vi€eS, (1.38¢)

vij > 0 V(i,j) € E. (1.38f)

We assume that the functions g; and h; satisfy the following set of properties:

(1.12.1-1) For all j € B, the function g;(q) is continuously differentiable and strictly
concave in q € (0,b;), and continuous at ¢ = 0. Whenever g;(b;) > —oo, we have that

gj 1s continuous at bj;

(1.12.1-2) For all i € S, the function h;(q) is continuously differentiable and strictly
convex in ¢ € (0, s;), and continuous at ¢ = 0. Whenever h;(s;) < oo, we have that h;

is continuous at g = s;; 42

(1.12.1-3) For all j € B, we have that g}(O) > —00, g}(bj) < 0; for all 7 € S, we have

that 1/(0) € [0,00) and that hj(s;) > —oo;

(1.12.1-4) For all j € B, we have that g;(q) = bjg (%); for all i € S, we have that

22. Given Assumptions (1.12.1-1) - (1.12.1-2), we let gj(g) be the derivative of g;(q) evaluated at ¢ €
(0,b;). With some abuse of notation, we let g7(0) = limgo gj(q) and g;(b;) = limg, g;(q) for all j € B.
Similarly, we let h}(g) be the derivative of h;(¢q) evaluated at ¢ € (0,s;), and we let h,(0) = limg o h}(q)
and hi(s;) = limgs, hi(q) for all i € S. Note that when g¢7(0) and h{(0) are finite, by applying the mean
value theorem, we can establish that they correspond to the right derivatives of g;(¢) and h;(q) at ¢ = 0.
Similarly, when g’(b;) and hj(s;) are finite, they correspond to the left derivative of g;(¢) at ¢ = b; and the
left derivative of h;(q) at ¢ = s;, respectively.
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(1.12.1-5) For all i € S, we have that h;i(q) = s;h (%), for all j € B, we have that
w” = U)Z/L77

(1.12.1-6) For all (4,7) € E, we have that w;; = 0;

(1.12.1-7) For all i € S, we have that h/(0) = 0;

(1.12.1-8) For all j € B, we have that g}(O) > 0.

In the next result, we prove a list of properties related to optimization problem (1.38)

that we will later use to establish the main results in the paper.

Proposition 12. Consider the optimization problem defined in (1.38), and suppose that

Assumptions (1.12.1-1) and (1.12.1-2) hold. Then,
(i) There exists an optimal solution (x,q®, qb) to problem (1.38);

(ii) Let (x,q° q") be any optimal solution to problem (1.38). Define agj(q?) = {z €
R|gj(q") < g~(q§)—|—z(q’—q§),Vq’ € 0,051} for all j € B and 0hi(q}) := {z € Rlh;(¢') >
hi(q})+2(d'—q7),Vq' € (0,54} foralli € S. There exists a finite dual multiplier vector

(8°,0% 0, n°, ) associated with constraints (1.38b)-(1.38f) such that the primal-dual
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solution pair (x,q®, qb) and (Ob, 05,1, n°, ) satisfies the KKT conditions

0+ € 9gi(q), VieB, (1.39a)
0; —n; € Ohi(q]), Vi€S, (1.39h)
0 — 05 +mij —wy; = 0, VY(,j)€E, (1.39¢)
¢ <b L >0 VieB (1.30d)
¢ < s L m >0 VieS, (1.39)
vy >0 L my >0, V(,j)€E, (1.39f)

> @y =q; VieB, (1.39)
i:(i,j)eE

Sy o= qf, VjeS. (1.30h)
ji(ij)eE

Furthermore, every primal-dual solution pair (w,qs,qb) and (Ob,Os,nb,nS,ﬂ') that

satisfies the KKT conditions in (1.39) is optimal in problem (1.38);

(iii) Suppose Assumption (1.12.1-3) holds. Let (x,q®, qb) be any optimal solution to problem
(1.38). Then {gé(q?) : j € B} and {hl(q}) : i € S} have finite values. Moreover,

there exists a special dual multiplier vector (Hb, 6%, nb, n®, ) associated with constraints
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(1.38b)-(1.38f) such that

gy -0 —nb =0, VjeB, (1.40a)
higf) —0f +uf =0, Vies, (1.40Db)
0 — 05 +mij —wy; = 0, V(,j)€E, (1.40¢)
¢ <b L ) >0 VieB, (1.40d)
¢ < s L m >0 VieS, (1.40e)
vy >0 L omy >0, Y(i,j)€E, (1.40f)

> owy =4 VieB, (1.40g)
i:(i,j)eE

Y. wy = ¢, ViES. (1.40h)
ji(i.j)€E

Furthermore, every primal-dual solution pair (a:,qs,qb) and (Ob,Hs,nb,nS,Tr) for
which {g}(q?) : j € B} and {hi(¢?) : i € S} have finite values and that satisfies

the conditions in (1.40) is optimal in problem (1.38); 23

(iv) All primal optimal solutions (x, q°, qb) to problem (1.38) share the same vector (q*, qb);

(v) If Assumption (1.12.1-3) holds, then q? < bj forall j € B;
(vi) If Assumption (1.12.1-3) holds, the dual optimal solution (6°, 6%, ns. nb, ) that satisfies
(1.40) is unique;

(vii) Suppose Assumption (1.12.1-3) and Assumption (1.12.1-4) hold. Every optimal solution

b
qJ

(x, qS,qb) satisfies the following: (a) if there exists i € S such that Tij, Ty > 0, then
b b b ,
z% = %; (b) if these exists i € S such that x;; > 0 and z;0 =0, then l% < q‘j;

23. Note that in part (ii), if q;? = 0, then Jy; (q;?) is not necessarily a singleton. Similarly, Oh;(¢F) is not
necessarily a singleton if ¢ = 0 or ¢ = s;. Part (iili) focuses on particular sub/supergradients, and uses
them to define a special class of dual multipliers that satisfy the optimality conditions.

70



(viii) Suppose Assumption (1.12.1-3) and Assumption (1.12.1-5) hold. Every optimal solution
(x,q®, qb) satisfies the following: (a) if there exists j € B such that xij,x;; > 0, then

S
g—i = S—Z (b) if there exists j € B such that z;; > 0 and x; = 0, then q’ <& Sy

(ix) Suppose Assumptions (1.12.1-3), (1.12.1-6), and (1.12.1-8) hold. Then the optimal
solution q° satisfies the following: (a) if Assumption (1.12.1-7) holds, then qi > 0 for
all i € S; (b) if Assumptions (1.12.1-4) - (1.12.1-5) hold and 0 < W' (0) < ¢'(0), then

g >0 forallicS;

The Equilibrium Problem and the Revenue Optimization Problem. We now
show how to relate the framework problem (1.38) to the equilibrium problem (1.16) and
the revenue optimization problem (1.7). The following lemma establishes how these two

problems fit into framework problem (1.38).

Lemma 4. (i) The equilibrium problem (1.16) can be formulated as an instance of the
framework problem (1.38) by defining g;(q) = J§F (1 — > dx for all j € B,
hi(q) = fgﬁszl (S%) dx for all i € S, w;; = ?ny;’ for all (i,5) € E. Moreover,
under these definitions, if Assumption 1 holds, then Assumptions (1.12.1-1) -(1.12.1-3)
hold as well. In addition, if Up; > u? for all j € B,** then Assumption (1.12.1-8) also
holds;

(7i) The revenue optimization problem (1.7) can be formulated as an instance of the frame-
work problem (1.38) by defining g;(q) = F (1 — > q for all j € B, hi(q) =
Fs;l (s%) q for alli € S, wij = ¢; for all (i,j) € E. Moreover, under these definitions,
if Assumption 1 - 2 hold, then Assumptions (1.12.1-1) - (1.12.1-3) and Assumptions
(1.12.1-7) - (1.12.1-8) hold.

Given that both the equilibrium problem (1.16) and the revenue optimization problem
(1.7) are instances of the framework problem (1.38), let (x,q® ,qb) be any optimal solu-

tion to (1.38). We consider a special dual optimal solution (Bb,es,nb,ns,ﬂ') associated

24. Tt oy, < #?7 this corresponds to a scenario where no trade happens at type-j buyers i.e. qé? =0.
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with constraints (1.38b) - (1.38f) that maximizes Zjeg[sgn(q?) — sgn(b; — q?)](Q? + 7];’) +
Yiesl—sgn(q])+sgn(s;—q;)](07 —n;). The next result establishes that these dual multipliers

correspond to the unique dual multiplier identified in (1.40).

Lemma 5. In the equilibrium problem (1.16) and the revenue optimization problem (1.7),
given any primal solution (m,qs,qb), let (Ob,es,nb,ns,ﬂ) be a dual optimal solution that
magimizes yeplson(l) — sonlb; — )04 + 1) + Siesl-son(a?) + son(s; — g0} -
n7). Then, (m,qs,qb) and (Gb,Os,nb,nS,ﬂ') satisfy the conditions in (1.40). Moreover,

(Ob, 05,1, n°, ) is unique.

A Polymatroid Formulation for the Framework Problem under Additional
Assumptions. We next show that the framework problem (1.38) can be used to solve
the optimization problem (1.19), which involves maximizing a concave objective function
over a polymatroid. Problem (1.19) allows us to leverage existing results on optimizing
convex functions over polymatroids, which plays a key role in the derivation of our results
in Sections 1.4 and 1.6. To establish the connection between problem (1.38) and (1.19), we
first focus on f(-) defined in (1.17) (by setting f(0) = lim; ¢ f()), and consider the following

optimization problem:

max Y b;f (‘qu]) (1.41a)

(yaz) ]EB ]
s.t. Z Zij = Yj, VjeB (1.41b)
i:(i,))eE
> zij=s, YVieS (1.41c)
J:(i.j)eE
Zij >0, V(Z,]) € FE. (1.41d)

Problem (1.41) can be used to obtain an optimal solution to problem (1.19), when function
f(+) is continuous, strictly increasing and strictly concave. Our next result formalizes this

claim.
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Proposition 13. When f(-) is continuous, strictly increasing, and strictly concave fort > 0,

problem (1.41) and problem (1.19) share the same optimal vector y.

The next result establishes a connection between the framework problem (1.38) and

problem (1.19).

Proposition 14. Fiz functions g(-) and h(-). Let functions {g;(-)}jep and {h;(-)}ies be
defined as g;(q) = bjg(g) for all j € B and hi(q) := Sih(s%) for all i € §. Consider

<

the corresponding framework problem (1.38). Suppose that Assumptions (1.12.1-1) - (1.12.1-
6) hold in this problem. Using g(-) and h(-), let f(-) be defined as in (1.17) i.e, f(t) =
MaX,.c [0 min{1,t}] 9(r) — th (%) fort > 0 with f(0) = limy o f(t). Consider an instance of
problem (1.41) with function f(-). If function f(-) is continuous, strictly increasing and

strictly concave for t > 0, then the following holds:

(i) let (x,q", qb) be an optimal solution to problem (1.38). Construct a tuple (y,z,r)

. b
B for all (i, ) € F; (2) rj = g for all j € B; (3) yj = Sk} for

such that (1) z; = .

all j € B where i : x;5 > 0. Solution (y, z) is optimal in problem (1.41), and solution

r; 4s optimal in problem (1.17) with t = Z—j forall j € B;

(ii) let (y,2) be an optimal solution to problem (1.41) and r; be an optimal solution

to problem (1.17) with t = %j for all j € B. Construct a tuple (x,q®, q") such that (1)

S
Zij9;
S

' Y . )
q;? =rjbj forall j € B; (2) ¢] = Tg]/—jjsi foralli € S where j : z;; > 0; (8) x;; =

for all (i,7) € E. Solution (x, q°, qb) is optimal in problem (1.38);

(iii) problem (1.41) and problem (1.38) share the same optimal objective values.

Known Results on Polymatroid Optimization.. Recall that problem (1.19) is max-
imizing a concave objective function over a polymatroid. In this section, we state Theorem
3.1 and Theorem 3.2 of (42) by restricting attention to our polymatroid P = {y : >jeBYj <

YieNg(B) Si»VB C Byy; > 0,Vj € B}. We start by introducing some notation. Given a
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weight vector b, define vector v, € R§ for « € Ry by vq 1= (abj)jep (see (3.1) of (42)).
Vector u > 0 is called a base of v with respect to polymatroid P if (i) w is an independent vec-
tor (i.e., a member) of P, (ii) w < v, (iii) Xjegu(j) = minpcp Xieny(B) Sit 2 e\ BY0)-
Let uy be an independent vector of P satisfying the following two properties: u,, is a base
of vo with respect to P for any a € Ry, and uq < ug (where the inequality is entrywise)
for 0 < o < 3 (see (3.2) - (3.3) of (42)). Let (t;')jeB be such that uq(j) = ab; for 0 < a < t;

and uq(j) = t;-bj for t.li <« (see (3.4) - (3.5) of (42)). (42) establishes the following:

Theorem 4. (Theorem 3.1 of (42)) Suppose that (t;')jeB satisfy the conditions above ((5.1)
- (3.5) of (42)). The vector y* defined by y* = (t;-bj)jeg is the unique lexicographically

optimal base of polymatroid P with respect to a weight vector b.

Moreover, define dep(y, j) :==N{B |j € B CB, Yjcpyj = Y ieNg(B) s;} for all j € B.
(42) establishes that

Theorem 5. (Theorem 3.2 of (42)) Let y be a base of P and b be a weight vector. Define
t;- = y;j/bj for all j € B and let the distinct numbers of t;- be given by ¢f < --- < cg.
Furthermore, define B, C B by B, = {j € B : t;- < ¢} for k€ {1,...,1}. Then the
following three conditions are equivalent:

(i) y is the lexicographically optimal base of P with respect to the weight vector b

(it) YjeB, ¥j = XieNg(B,) Si for k€ {1,...,1};

(iii) O # dep(y, j) C By, for j € B and k € {1,...,1}.

We also use the results in (41) to establish a connection between the polyhedra Q =
{(y,z) : Zi:(i,j)EE Zij = yj,Vj e B, Zj:(i,j)EE Zij < 54, Vi € S, Zij > O,V(i,j) € E} and
P={y:Yjepy; < YieNg(B) S VB C B,y; = 0,Vj € B}. Lemma 4.1 of (41) adapted to

our setting implies the following:

Lemma 6. Let y be a |B|-tuple of nonnegative real numbers. A necessary and sufficient

condition for the existence of z such that (y,z) € Q isy € P.
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1.12.2  Proofs of Results in Section 1.12.1

Proof of Proposition 12. We now proceed to prove each of the claims in the proposition.
Recall that, for every claim in this proposition, we are assuming that Assumptions (1.12.1-
1)-(1.12.1-2) holds.

Proof of claim (i). Let Z be the compact feasibility set characterized by constraints

(1.38b) - (1.38f) in problem (1.38). We have that Z # () because 0 € Z. Moreover, if
the function g;(g) is continuous in [0, b;] for all j € B and h;(q) is continuous in [0, s;] for all
i € S (recall that these functions are continuous in [0,b;) and [0, s;) by Assumptions (1.12.1-

1)-(1.12.1-2)), then the objective function };cp gj(q?)—zieg hi(a;) =22 j)e E wijij is con-

i.5)
tinuous in compact set Z. By the Weierstrass extreme value theorem, an optimal solution
(x,q°, qb) exists.

In the more general case, assume that not all functions g; are continous at b; or not all

functions h; are continuous at s;, and define the following sets:

I={ieS:hi(s;) <oo}, [‘={ieS:i¢gl},

J={jeB:gjb;)>—occ}, J={jeB:j&J}. (1.42)

Using these sets, we can compactly express the “sup” version of problem (1.38) as follows.

Y = sup Z 9; ((j?) + Z 9j (%’) — Zhi (@) — Z hi (G7) — Z Wi Ti;

(z,q°.g°)eZ | jeJ jeJe iel ielc (i,j)€E
(1.43)
Next, we will show that Y is upper bounded, i.e. Y < co. For j € B, define
Kb = rnax{ max ¢i(q), g; <1b') + max ¢ (1b~> (q — 16') } (1.44)
T J ) J J J J : :
’ q€[0,5b;] 2 gelbbibj) 0 \2 2

By Assumption (1.12.1-1), function g;(-) is concave and differentiable in ¢ € (0,b;) and
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continuous at g = 0; therefore, Kg is well defined and, moreover, we have
gj(q) < K’ <ooforallgel0,b], jeB. (1.45)
Similarly, for ¢ € § define

1 1 1
K7 = min{ min h;(q),h; (sz> + min A} <5Z> <q - si) : (1.46)
q€[0, 354 2 q€($5,5:] 2 2

By Assumption (1.12.1-2), function A(-) is convex and differentiable in ¢ € (0, s;) and con-

tinuous at ¢ = 0; therefore K is well defined and, moreover, we have

hi(q) > K > —oc forall ¢ € [0,s;], i € S. (1.47)
Finally, note that
(i.j)eE

for any feasible &, as we have assumed w;; > 0. Putting together (1.45), (1.47) and (1.48),

it is easy to see that the objective function of problem (1.43) satisfies

vV < YK=Y K < o (1.49)

jeB 1€S
By definition of the set J¢, we have that for any j € J¢, function g;(q) is continuous in [0, b;)
and lim gy, gj(q) = —oo; thus, there exists b; < b; such that for all ¢ > b, g;(q) < —3|Y|-Yp
for some Yy > 0. Similarly, for any i € ¢, function h;(q) is continuous in ¢ € [0, s;) with
limgy,. hi(q) = oo, so there exists 5; < s; such that for all ¢ > 5;, hi(q) > 3IV| + Yy As
a result, any feasible solution (&, q* ,qb) € Z in which there exists i € I¢ with ¢ > 5; or

j € J¢ with q‘? > Bj cannot be optimal as, otherwise, the objective function value would
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satisfy ¥ < Yie 7 95(0) + Sjege 95(@)) — ier hi(@) — Liere hi(q)) < 3|V +Y = ¥p <
—2|)~/| ~Yp<Y.
Thus, we can construct 2, a compact subset of Z, such that we know that the optimal

solution will be in Z( as:
Zo=20{@®q",d"):q <s,Viel g} <b,VieJ}, (1.50)

Thus, we can find the optimal solution to problem (1.43) by solving

sup Ng@)+ Y @) =S (@) - X h (@) - Y wiEy

(2,g°,g°)€2y |jeJ jeJe icl iclc (i,j)eE

(1.51)

In problem (1.51), we have Zy # () because 0 € Z;. Moreover, the objective function is
continuous in Zy. Thus, by the Weierstrass extreme value theorem, problem (1.51) has an
optimal solution (x, q°, qb). Since any solution vector with (x, q°, qb) ¢ Z( is not optimal,

this completes the proof that an optimal solution to optimization problem (1.38) exists.

Remark 1. When we discuss the properties of the optimal solutions to problem (1.38), unless
otherwise stated, we implicitly limit the feasible region of problem (1.38) to the compact subset

2y in (1.50) where the objective function (1.38a) is continuous.

Proof of claim (ii). We divide the proof into the following arguments.

(ii)-1: the strong Slater’s condition. We first show that the strong Slater’s condition is

satisfied, that is, there exists a feasible solution in the relative interior of the feasible region

(a feasible solution in which all inequality constraints in (1.38) are satisfied strictly). Let
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vector (Z,q°, Qb) be defined as

. I .

Tij = mmln{s, b} for all (i,7) € E, (1.52a)

G = Y. #&jforallies, (1.52b)
j:(ij)eE

Qvi= > i foralljeB (1.52¢)
i(i,)eE

First, note that (1.52b) and (1.52c) ensure that equality constraints (1.38b) - (1.38¢c) are
satisfied. Second, by construction, #;; > 0 for all (i,j) € E, and s > 0, b > 0, the

constraint (1.38f) is strictly satisfied for all (7, 7) € E. Finally, note that

1 1
@ = D, #ij=|Ng(i)|5= min{s, b} < -min{s, b} < s;.
= 2|F| 2
J:(i.5)€E

A similar argument shows that (j? < bj. These observations jointly imply that the strong

Slater’s condition holds.

(ii)-2: alternative reformulation of the problem. We first define the negative of the objec-

tive function of problem (1.38) compactly as

folz.q*.q") = —[Zgj(qﬁ?)—Zhi(qf)— > wz’j%’j}a (1.53)

jeB €S (1,))eE

where we let the domain of function fy be

dom(fy) = {(x,q°,q") : constraints (1.38b) - (1.38f) are satisfied, fo(x,q*,q") < oo}
(1.54)

Recall from part (i) that there exists an optimal solution to problem (1.38) with finite
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objective value. Letting C' = dom(fjy), we can express problem (1.38) compactly as

: b
min folx,q°,q°). 1.55
(z.q°.g")€C ( ) 15

We next argue that this formulation is a special case of the framework of (50), and in
particular, it satisfies the Assumptions (a) - (c¢) in page 273 of (50).

Assumption (a): We have C' = dom(fg) by construction. We then establish that fj
is proper convex in C'. To establish proper convexity, we need to establish three things:
(i) fo(a:,qs,qb) > —oo for all (w,qs,qb) € C; (ii) there exists (:f:,qs,c}b) € C such that
fo(z, (}S,f]b) < oo; (iil) fo(x,q®, qb) is convex in C'. We first show that fo(:c,qs,qb) > —00
for all (x,q®, q") € C. Recall from condition (1.45) in part (i) that there exists K;-’ < 00
such that gj(q?) < Kjl-’ for all q? € [0,b;]. Similarly, there exists K7 > —oo such that
hi(¢;) = Ki > —oo for all ¢; € [0,s;] (from (1.47)). Moreover, w;jz;; is finite for all
z;; € R. These observations jointly imply that fo(z, q°.q") > —oo for all (z,q%, ¢%) € C.
Next, we establish that there exists at least one (&, ¢°, f]b) € C such that fo(z, §°, f]b) < 00.
Let (&, q°, f]b) be the vector constructed in (1.52). Since c]? € (0,0;) for all j € B, it readily
follows from Assumption (1.12.1-1) that gj(cj?) is finite. Similarly, given ¢ € (0, s;) for all
i € S, it follows that h;(g;) is finite (Assumption (1.12.1-2)). These observations together
with #;; € (0, ‘—]a min{s, b}) for all (¢,5) € E imply that fo(&, ¢°, f]b) < oo. It can be readily
checked that Assumption (1.12.1-1) ensures that g;(q) is concave in {q € [0,b;] : g;(q) >
—oo}. Similarly, Assumption (1.12.1-2) ensures that h;(q) is convex in {q € [0, s;] : h;(q) <
oo}. Noting that w;jz;; is a linear function, we conclude that fo(z, q*,q%) is convex for
(x, g%, qb) € C. Thus, fo(x, g, qb) is proper convex in C.

Assumption (b) and (c¢): The constraint functions in (1.38b) - (1.38f) , which are defined in
the domain of RISIHBI+E ‘, are all affine. Hence, it immediately follows that these constraint
functions are proper convex in RISITBITIE NMoreover, since € ¢ RISIFIBIHIEL we conclude

that Assumption (b) and (c¢) holds.
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(ii)- 2: necessity of the KKT conditions. Consider the Lagrangian associated with prob-

lem (1.55)(equivalently problem (1.38)), which can be expressed as:

L(x.q*.q".0%6" 0" 0" 0’ m) == = 3 9]'(61?)—9?(‘1?— > fﬂw‘) =) (4] = b))
JEB i:(i,j)€E
= > | —hila)) + 98(% > ﬂfij) — i (@ — si)
i€S j:(i,j)eE
— Z < — WL + 7Tm$w> (1.56)
(i.j)eE

By the claim in part (i) of the proposition, there exists an optimal solution (x,g®, g )

problem (1.38) (equivalently to problem (1.55)) with finite objective value i.e., fo(x, g%, q ) >
—o00. Moreover, consider the vector (&,§°, %) in (1.52). Since (j? € (0,b;) for all j € B,

7€ (0,s;) forall i € S, and 2;; € (0, | min{s, b}) for all (i,7) € E, there exists a open

|E
subset C' C C with (z?:,qs,c}b) e C such that fo(:i',(js,(j ) < oo for all (513,?18,?1 ) € C (by
Assumption (1.12.1-1) - (1.12.1-2) and the fact that fo(&,q®%, @) < oo). This observation
implies that (&, ¢°, c}b) is in the relative interior of C| i.e., (&, ¢°, qb) € ri(C). Thus, it readily

follows that ri(C) # 0. Since the strong Slater’s condition holds, by Theorem 28.2 of (50),

there exists a Kuhn-Tucker vector (éb, 6° 7 n®, ) such that L(x, g°, q*,6°,6° 7 0, ) =
fo(@, @, @") (defined in page 274 of (50)).
To establish conditions (1.39a) - (1.39¢), we let g;(q) = —g;(q) + é?q + ﬁ?q for any

q € [0,bj] and j € B, hi(q) = hi(q) — 03¢ + nfq for any ¢ € [0,s;] and i € S, and
lm( x):=(— 9b+68+w” m;j)x for any x > 0 and (i, j) € E. At the optimal primal solution
(z,q°,q"), from the finiteness of {gj(cjj) cj € B}, {hi(q) i € S} and (0 0° b s, ),
it readily follows that {gj(cj?) . j € B}, {hi(@F) : i € S} have finite values. We define
09;(3)) = {z € Rlgj(¢) > §;(72) + 2(¢' — @), ¥q' € [0,b;]} for all j € B, 9hi(g}) := {= €
R|hi(q") > hi(qF)+2(¢' @), ¥q € [0,s;]} foralli € S, and 8l~ij(fij) = {—§?+§Z~S+wij—ﬁij}
for all (i, ) € E.
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Before proceeding, we verify the conditions in Theorem 23.8 of (50). Recall that the
vector (&, q°, Qb) in (1.52) satisfies that (&, ¢°, f]b) € ri(C'). Moreover, since the constraints
functions in (1.38b) - (1.38f) are affine functions defined on the domain of RISITIBIFIE]
readily follows that (&, ¢°, c}b) € RISIHIBI+IE] Thus, Theorem 28.3(c) and Theorem 23.8 of
(50) jointly imply that 0 € agj(qg) for all j € B, 0 € 9g;(q}) for all i € S, and 0 € 0l;(%;5)
for all (7,7) € E.

We next verify condition (1.39a). For all j € B, we first define agj((jg’-) ={z e Rlg(¢) <
gj(Q?) +2(¢ — cj?),Vq’ € [0,b5]}. Since 0 € 8%(@?), by using the definition of 9g; (cj?), we
obtain that g;(¢') > gj(cj?) for all ¢ € [0,b;]. From the definition of §; (q?), it follows that
—gj(q’) + égq' —|—77?q’ > —gj(cj?) + Gg?q_? —1—77?@? for all ¢’ € [0, bil, ie., é? + 77? € agj@?). Thus,
condition (1.39a) holds.

In condition (1.39b), for all i € S, we define Oh;(q7) := {z € R|h;(¢") > hi(q}) + 2(¢' —
cjf),Vq’ € [0,si]}. From 0 € 8ﬁi(q_f), by using the definition of 8%(@?), we obtain that
ﬁi(q/) > iLl(Qf) for all ¢’ € [0, s;]. From the definition of Bi(cjf), it follows that h;(¢') — é‘fq’—i—
ﬁfq' > hi(q}) — équ +n7q; for all ¢ €10, s;]. Thus, we conclude that G_f —1n; € 0hi(q;) and
condition (1.39b) holds.

Condition (1.39c¢) follows immediately from 0 € 8l~ij (z;7) and the definition that 5’l~2-j (7i5) =
{00+ 6; + wij — 75}

Similarly, conditions (1.39d) - (1.39f) and conditions (1.39g) - (1.39h) follow respectively
from part (a) and part (b) in Theorem 28.3 of (50).

(ii)- 3: sufficiency of the KKT conditions. Let (, ¢°, %) and (éb, 6°.n%, 7%, %) be finite

vectors that satisfy the KKT conditions in (1.39). The optimality follows directly from
Theorem 28.3 of (50).

Proof of claim (iii). We divide the arguments into the following steps:

(iii)-1 necessity of the conditions By claim (i) of the proposition, there exists an optimal

solution (x, g%, qb) to problem (1.38) with a finite objective value. It readily follows that

{gj(q?) :j € B} and {h;(¢}) : i € S} are finite. By claim (ii) of the proposition, there exists
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a dual optimal solution (6°, 8%, n® n% ) that satisfies conditions (1.39a) - (1.39h). We pick
any pair of the primal-dual optimal solutions (x, g*, qb) and (Hb, 0%, n°, ns, ).

We define the index sets J1 = {j € B : q? € (0,05)}, Jo = {j € B : q]b = 0}, and
J3={j€eB: q? = b;}. Similarly, we define the index sets I1 = {i € S : ¢/ € (0,s;)},
Ih={icS:¢=0}and I3 ={i € S:¢q = s;}.

Given (z, ¢°, ¢%), we initially set (0 0°. 7", 7, &) == (6°,0°, b, n® =), and make local
adjustments to (9 6°, 7", 7%, %) for all i € S and j € B. We show that the adjustments
preserve conditions (1.39a) - (1.39h) and moreover, ensure conditions (1.40a) - (1.40b):

(1) for each j € Jp, it follows from Assumption (1.12.1-1) that g;(¢) is continuously
differentiable in (0, b;). Thus, we have dg; (q?) = {gg(q?)} and condition (1.39a) implies that
0%+ 1) = ¢(a}):

(2) for each j € Jo such that q? = 0, condition (1.39d) implies that 77? = 0. Moreover,
we have 9? € 9g;(0) (by condition (1.39a)). We claim that g}(O) is finite for this j. Recall
that g;(O) > —oo (Assumption (1.12.1-3)). To prove that g}(()) < 00, we assume towards
a contradiction that g}(O) = 00. We claim that this implies 0g;(0) = ), which contradicts
with the fact that 0? € 9g;(0). Under the assumption that gé-(()) = 00, suppose that there
exists zg € 0g;(0) such that |z0| < oo. By the continuity and the strict decreasingness of
g}(q) in (0,b;) (Assumption (1.12.1-1)) and the fact that g;-(O) = limg|g gg-(q) = 00, it follows
that there exists some go € (0,b;) such that g}(qg) > 20. Since g;(g) is continuous in [0, qo

and differentiable in (0, qg), by the mean value theorem, there exists q; € (0, qg) such that

95(q0)—g;(0)
q0—0

n (0,b;) (Assumption (1.12.1-1)), we obtain that g}(ql) > g3(q0) > zp. This implies that

9;(q0)—g;(0)
q0—0

implies that dg;(0) = 0. Given the fact that 0? € dg;(0), we have g}(O) < oo. From the

= g;-(ql). By the continuous differentiability and the strict concavity of g;(q)
> 20, thereby leading to a contradiction with 29 € dg;(0). Thus, g}(O) = 00

finiteness of g;(0) and gé-(O), the continuously differentiability and the strict concavity of
gj(q) in g € (0,b;), continuity of g;(q) at ¢ = 0, the definition 0g;(0) = {2 € R\gj(q’) <

g9;(0) + z(¢' — 0),¥¢" € [0,b;]}, and the fact that 9? € 0g;(0), it follows immediately that
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6% > g/(0).

Let 6 := 9? - gg( ) > 0. Given the current profile of (9 0", 7t 7%, %) where ((9],77])
(8?, 77?), we proceed by letting 7;; := 7;; +0 for all i : (i, j) € E and 93’ = é? — 0. Among the
conditions in (1.39) that are impacted, it can be readily checked that conditions (1.39a) and
(1.39¢) are still satisfied for this j and for any i : (i,j) € E. Since q;? = 0, we have z;; = 0 for
all i : (i,j) € E. Thus, condition (1.39f) still holds for all i : (i,5) € E. These observations
jointly imply that the adjustment of vector (0 0,7, 1, 70) in this step preserves conditions
(1.39a) - (1.39h). Moreover, the adjustment ensures that éb + 17? = gé(q?) for this j;

(3) for each j € Jg such that q? b;

j, condition (1.39a) implies that 9b + 77] € 8gj(qj)

We claim that g}(b /) is finite. By Assumption (1.12.1-3), we have 9; (bj) < 0. To establish
gj(b ) > —o0, we assume towards a contradiction that g](b ) = —oo0. We claim the assump-
tion would imply 0g;(b;) = 0, which is a contradiction to 9;’- + 77? € 8gj(q§?). To establish
the claim, under the assumption that g}(bj) = —o0, suppose that there exists zg € dg;(b;)
such that |zg| < co. By the continuity and the strict decreasingness of g;(q) in (0,b;), and
the fact that g}-(bj) = limgp, gg-(q) = —o0, it follows that there exists some qo € (0,0;)
such that g}(qo) < 2. Since g;(q) is continuous in [go, b;] and differentiable in (qo,b;),
by the mean value theorem, there exists g1 € (qo,b;) such that w = g}(ql). By

the continuous differentiability and the strict concavity of g;(q) in (0,b;), we obtain that

95(bj)—9;(q0)
g—CIO

with zg € dg;(bj). Thus, we conclude that gj(bj) = —oo implies dg;(b;) = (). By the fact

9; (1) < 9; '(q0) < 29. This implies that < < 20, thereby leading to a contradiction
that 9b+77] € 8gj(q]) it follows that gj(b ) is finite. Given the finiteness of g;(b;) and g](b ),
the continuously differentiability and the strict concavity of g;(q) in ¢ € (0, b;), the continuity
of gi(q) at ¢ = bj, the definition dg;(b;) = {z € R|g;(¢’) < g(b;) + 2(¢' — bj),¥¢' € [0,b;]}
and Qb + 77] € 0g;(b;), we obtain that 49b + 77j < gj(bj).

Let § := gj(b') - (0? + nj) > 0. Given the current profile of (éb,és,f)b,ﬁs,ﬁ') where
(9],77]) (GJ,nJ) for this j, we let ﬁ? = ﬁ? + §. Among the conditions in (1.39) that

are impacted, it can be readily checked that condition (1.39a) is still satisfied for this j.

83



Moreover, since q? = bj, condition (1.39d). These observations imply that the adjustment
of vector (éb, 0°, 70, 7s, 7t) in this step preserves the conditions (1.39a) - (1.39h). Moreover,
the adjustment ensures that ég -+ ﬁ? = gg(qé’) trivially holds.

(4) for each i € Iy, it follows from Assumption (1.12.1-2) that h;(q) is continuously
differentiable in (0, s;). Thus, we have dh;(¢}) = {h}(¢})} and condition (1.39b) implies that
B+ 7 = W(a))

(5) for each i € Ip such that ¢i = 0, condition (1.39¢) implies that n = 0. Recall
that h,(0) € [0,00) (by Assumption (1.12.1-3)). Given the finiteness of ;(0) and £%(0), the
continuous differentiability and the strict convexity of h;(q) in g € (0, s;), the continuity of
hi(q) at ¢ = 0, the definition 9h;(0) = {z € R|h;(¢') > h;(0) + z(¢' — 0),V¢ € [0, 5]}, and
the fact that 67 — n? € dh;(¢]) and 1 = 0, it follows that 6 < h.(0).

Let & := h,(0)—67. Given the current profile of (éb, 6°, 7", 7®, %) where we have (02,75) =
(67,m7) for this particular 7, we let 9~f = éf + 6 and 7;; := 7;; + 9. Among the conditions in
(1.39) that are impacted, it can be readily checked that condition (1.39b) and (1.39¢) hold

for this i and for any j : (i,j) € E. Since ¢; = 0, we have z;; = 0 for all j : (i, ) € E, which
.0

i
implies that condition (1.39f) still holds. Thus, the adjustments of vector (éb * b s, %)
in this step preserves conditions (1.39a) - (1.39h). Moreover, the adjustment also ensures
that 0 — ¢ = hi(g3).

(6) for each i € I3 such that ¢; = s;, condition (1.39b) implies that QNf — 77 € 0hi(q}).
Before proceeding, given ¢f = s;, we show that hj(s;) is finite. Recall that hl(s;) > —oo
(Assumption (1.12.1-3)). To establish that hl(s;) < co, we assume towards a contradiction
that hf(s;) = co. We claim that this would imply dh;(s;) = 0, which is a contradiction with
the fact that 6 — 7 € 9h;(s;). Under the assumption that h}(s;) = oo, suppose that there
exists some zg € 0h;(s;) such that zg < co. By the continuity and the strict increasingness
of hi(q) in (0,s;), and the fact that h}(s;) = limgq, 2} (q) = oo, there exists gg € (0, s;) such
that hf(go) > z0. Since h;(g) is continuous in [go, s;] and differentiable in (go, $;), by the mean

hi(qo)

value theorem, there exists q; € (qo, s;) such that %

i—q0 = hé(Ql). By the continuous
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differentiability and the strict convexity of h;(q) in ¢ € (0,s;), we obtain that hf(g1) >
hi(qo) > z. It follows that qulo() > zg or equivalently h;(qo) < hi(s;) + z0(q0 — s;),
thereby leading to a contradiction with zg € 9h;(s;). Thus, we conclude that h(s;) = oo
implies Oh;(s;) = (). Since éf —7f € Ohy(s;), it immediately follows that h/(s;) is finite. From
the continuous differentiability and the strict convexity of h;(¢) in g € (0, s;), the continuity
of hi(q) at g = s;, the definition Oh;(s;) = {z € R|h;(¢") > hi(s;) + 2(¢ — s;),Yq' € [0, 5]},
and the fact that 67 — n? € Oh;(s;), we obtain that 0 — n? > hl(s;).

b,é ,7~7 , 1%, 7) where we have

Let § := 0 —n? — hl(s;). Given the current profile of (8
(02,73) = (0%,m3) for this particular i, we let 77f := ¥ + 6. Among the conditions in (1.39)
that are impacted, it can be readily checked that condition (1.39b) is satisfied for this .
Moreover, since ¢f = s;, condition (1.39d) still holds. As a summary, we obtain that the
updated vector (éb,és,ﬁb,ﬁs,ﬁ') still satisfies conditions (1.39a) - (1.39h). Moreover, the
adjustment ensures that éf + 77 = gi(q?).

In summary of the adjustments in (1) - (6), the adjusted dual optimal vector (0 6°. 7t 7,
satisfies conditions (1.39a) - (1.39h) and (1.40a) - (1.40b). Thus, we conclude that it satisfies
(1.40a) - (1.40h).

(iii)- 2: sufficiency of the conditions. Let (m,qs,qb) and (Ob,Os,nb,nS,w) be a pair of

solutions such that {gg(q_g’) : j € B} and {h(¢7) : i € S} have finite values and the con-
ditions in (1.40) are satisfied in problem (1.38). It immediately follows that (z, ¢°, ¢%) and
(8°,0° 1P, n°, ) also satisfy the KKT conditions in (1.39a) - (1.39h). The sufficiency of the
conditions in (1.40) readily follows from part (ii) of the proposition statement.

Proof of claim (iv). To ease notation, denote the objective function for problem (1.38)

as f(x,q° q%) = >jeB gj(q?) — Yieshi(q]) — > (i,j)eE WijTij. According to Remark 1,
it is without loss of optimality to consider the compact convex subset Z( defined in (1.50)
where the objective function f(x, g®, qb) is continuous. Moreover, by Assumptions (1.12.1-
1) (1.12.1-2), f is strictly concave in (g%, g%) for every (g°,q%) with q; € (0,s;) for all

1 € S and q? € (0,b;) for all j € B, and f is linear in @. Together with the continu-
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ity of f in Zy and the fact that Z is compact, we conclude that f is strictly concave
in Zy. Suppose, towards a contradiction, that there exists two optimal solution vectors
(20,45, q) € 20 and (1,45, ¢%) € Zo with (qf,q}) # (g5,4%). Pick any A € (0,1) and
let (w/\,qi,qu\) = )\(:cl,q‘f,ql{) + (1 — /\)(mo,qg,qg). Since set Z is compact, we have
(), g3, qg) € 2y, and thus, feasible in problem (1.38). By Jensen’s inequality, the objective
function satisfies f(qg, q3, ) > Af(gh, a, 21)] + (1= N)[f(g}, gf, zo)], which is a contra-
diction that (xo, qf), qg) and (x1,q7, qu) are optimal. As a result, for any pair of optimal
solutions (xo, q{, qg) and (x1, g7, qlf) we must have (g{, q8) = (q7, qli) as desired.

Proof of claim (v). Let (x, q°, qb) and (Ob, 6°, nb,ns,ﬂ') respectively be a primal and a

dual optimal solution to problem (1.38) that satisfies the conditions in (1.40). Suppose,
towards a contradiction, that q? = b;. Therefore, there must exist an ¢ € S for which

i:xj; >0 and thus g7 > 0. Then, we have

(@)

0 & (b) © 5 @ (e) (f) (9)

gib)) = 040 > 00 2 05 +wy = hi()) +uf +wij > Ri0) >0,

(1.57)

where (a) follows directly from Assumption (1.12.1-3). Step (b) follows directly from the
condition in (1.40a). The inequality in (c) follows from the fact that 7]? > 0 by condition
(1.40d). In step (d), given that x;; > 0, we have m;; = 0 by condition (1.40f). From
6? — 07 +m;; —w;; = 0 in condition (1.40c), we obtain «9?- = 07 +w;j. Step (e) follows directly
from condition (1.40b). In step (f), we have n{ > 0 by condition (1.40e) and &}(q?) > h%(0)
by strict convexity of h;(+) in Assumption (1.12.1-2). By Proposition 12(iii), h(¢?) is finite.
Step (g) follows directly from Assumption (1.12.1-3). Thus, we have q? < b; for all j € B.

Proof of claim (vi). Let (w,qs,qb) and (Ob,Os,nb,ns,ﬂ') respectively be a primal and

dual optimal solution to problem (1.38) that satisfies the conditions in (1.40).
We first show the uniqueness of n°. By Claim (v), we have q? < bj for all j € B. The,

by the complementarity condition in (1.40d), we must have 77? =0 forall j € B.
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Next, we show that 0t is unique. For that, we use the fact that 77? = 0 together with
condition (1.40a) imply that 9? = g;(q?) for all 7 € B. The uniqueness of 9;7- then follows
from the uniqueness of q? in established in Claim (iv).

Next, we prove the uniqueness of (8°,n%). Fix i € §. If ¢f = 0, then by condition
(1.40e) we have nf = 0, which further implies from condition (1.40b) that 65 = hl(q7). The
uniqueness of (n7,67) then follows from the uniqueness of ¢f in Claim (iv). If ¢f > 0, then
we can find j € B such that z;; > 0 and thus, 7;; = 0 by condition (1.40f). Using condition
(1.40c), this implies 07 + w;; = 9?. The uniqueness of 67 then follows from the uniqueness
of 9?. By condition (1.40b), we have that nf = —h/(¢7) + 67 , and thus the uniqueness of n?
follows from the uniqueness of 7 and of ¢; (established in Claim (iv)).

Finally, the uniqueness of 7 follows directly from condition (1.40c) and the uniqueness
of (65,6°).

Proof of claim (vii). We prove the two parts of this claim.

Part (a): suppose that z;j, T > 0. Then, by the complementarity condition (1.40f),

we have m; = m;; = 0. By Assumption (1.12.1-4), we have w; = w;; = w;y. Thus, by
condition (1.40c), we obtain
0% = 607 +w; = 6. (1.58)

As gij(q) = bjg< ) by Assumption (1.12.1-4), we then must have gj(q) =4 <bqj)

b b
) q°
Suppose, towards a contradiction, that % =+ bl Assume, without loss of generality, that
j
qb b b q%;
b—] L. By feasibility, we have that 1 > ] > bi Therefore, the complementarity condition
J J
(1.40d) implies
b b

From (1.58) and (1.59), we obtain that 9? + 7]? > 6;’ + 77?,. Using condition (1.40a), we have
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Q

b b
that 9? + 77? =d <ZJ> and 9?/ + 77?, =4 (;:) From (1.58) and (1.59), we further obtain
J J

b b
| qj) /<qj/)
J12 =42 (1.60)
(bj bis
b b

) q°
However, from # > b—”: and the concavity of function g(-) (Assumption (1.12.1-1)), we obtain

J
b b
a; q;

g2 <d (L), (1.61)

which is a contradiction. Thus, we must have lT = L.

Part (b): suppose that z;; > 0 and z;5 = 0. By the complementarity condition (1.40f),

we have Tij = 0<m

;j7-  Condition (1.40c) implies 9? = 07 +w; > 9?, (recall that by

Assumption (1.12.1-4), we have w; = wj; = w;;r). Assume, towards a contradiction that,
b b
% > bi: We can then repeat the same argument as in part (a) to reach a contradiction
J J
b b b b b b
) q’ ) q. ; q;
between ¢ <Cb]j> > g (bj:) and ¢’ (Z;) <d (éj) Thus, we must have Z—; < %, as
desired.

Proof of claim (viii). We prove the two parts of this claim.

Part (a): suppose that x;;,7;; > 0. Then, by complementarity condition (1.40f), we

i
have m;; = my; = 0. By Assumption (1.12.1-5), we have w; = w;; = wy ;. From condition

(1.40¢), we obtain

0f = 00 —w; = 03, (1.62)

By Assumption (1.12.1-5), we have h;(q) = sih(s%), and thus hi(q) = R'(L). Suppose

S
S
9
Sil

s s s
towards contradiction that g—ii =+ Without loss of generality, we assume g—i > Z—z; By
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s s
feasibility, we have 1 > % > g—i;. Thus, the complementary condition (1.40e) implies
i i

n; > 0 = nj (1.63)

From (1.62) and (1.63), we obtain that 67 —n;7 < 6 —n;. Using condition (1.40b), we have
that 67 — nf = 1’ (Z{) and 605 — 05 = b’ (gz:) By (1.62) and (1.63), we further obtain

5 s
W <q1> <1 (ql’) . (1.64)
S; Si/

and the strict convexity of function h(-) in Assumption (1.12.1-2),

$ 5
% <q2> >0 <q1> , (1.65)
S Si/

S S
. . c . : q

which is a contradiction. Thus, we must have —Z? = 3.
i i

S S

. ; q.

However, with L 2
SZ S'i/

we deduce that

Part (b): suppose that ;; > 0 and z;; = 0. By condition (1.40f), we have m;; = 0 < m;;
which further implies 0] = 9? —w; < 07 by condition (1.40c) (recall that by Assumption
(1.12.1-5), we have wj = wjj = wi/j). Suppose, towards a contradiction, that Z—’i > -+ and

S
repeat the same argument as part (a) to achieve a contradiction between A’ (Z’) <n (’)
7

S,L'/

and A’ (%) > 1 <q%’> The contradiction implies that % < Z—?;, as desired.

Proof of claim (ix). Let (x, ¢°, qb) and (Hb, 05,1, ns, ) respectively be a primal optimal

and a dual optimal solution to problem (1.38) that satisfies the conditions in (1.40). We
prove the two parts of this claim.

Part (a): by Assumption (1.12.1-6), we have w;; = 0 for all (i,7) € E. We start by
showing gg(q;’) > (0 for all j € B. Suppose, towards a contradiction, that there exists j € B
such that g;(qg’) < 0. From g} (0) > 0 (Assumption (1.12.1-8)), we know that qg? # 0 and thus

qg? > 0. Then, we can find i such that z;; > 0 and thus ¢f > 0. Given h;(0) = 0 (Assumption
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(1.12.1-7)) and the strict convexity of h;(-) over (0,s;) (Assumption (1.12.1-2)), we obtain

.(q7) > h(0) = 0. This would lead to the following contradiction

~—

0 @ n@en Cou Qe Quah-n C g o )
where step (h) follows from h(¢f) > 0 and 7 > 0 (the complementary condition (1.40e)).
Step (i) follows directly from condition (1.40b). In step (j), given z;; > 0, we have 7;; = 0
by the complementary condition (1.40f), which further implies 6] = 9;’. by condition (1.40c).
Step (k) follows directly from condition (1.40a). In step (1), given q? < b; established in
Claim (v), we have n? = 0 by the complementary condition (1.40d). Step (m) follows from

the assumption in this contradiction argument. By the contradiction in (1.66), we obtain
gi(d}) >0 VjeB (1.67)

Next, we prove ¢ > 0 for all i € S. Suppose towards a contradiction that there exists

i € S with ¢ = 0. Pick any j with (¢, j) € E. Then, we can derive the following contradiction

()

(»)
no) Qoo S Lo —nt o, (1.68)

where step (n) follows directly from Assumption (1.12.1-7). In step (o), given that ¢ = 0,
we first obtain 7 = 0 by the complementary condition (1.40e). Using 7/ = 0, step (o)
follows from hf(gf) — 67 + n? = 0 in condition (1.40b). The inequality in step (p) follows
from 07 — 9? = 7;j (condition (1.40c)) where we have 7;; > 0 (condition (1.40f)). Step (q)
follows directly from condition (1.40a). In step (r), we obtain 77? = 0 by condition (1.40d)
given qg? < bj in item (v). We also obtain gg(qg’) > 0 from (1.67). The contradiction in (1.68)
implies that ¢ > 0 for all i € S.

Part (b): when Assumptions (1.12.1-4) - Assumptions (1.12.1-5) hold, we have g;(q) =
bjg(b%) and h;(q) = sih(s%), which implies that g}(q) = gl(b%) and hl(q) = h’(s%). With the
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assumption ¢’(0) > h/(0) > 0, we suppose towards contradiction that there exists i € S such

that ¢ = 0. For all j such that (i,7) € E, we deduce that

o) @ @ @y (%) L@y (Zg) (1.69)

where step (s) follows from condition (1.40b) given 77 = 0 (the complementary condition
(1.40e)). Step (t) follows from 67 — 9? = m;j (condition (1.40c)) and m;; > 0 (condition
(1.40f)). Step (u) follows from condition (1.40a). Step (v) follows from q? < b; (Claim (v))
and 77? = 0 (the complementary condition (1.40d)).

We discuss all possibilities on q? to achieve a contradiction. If q? > 0, then we can find
i © Tjp; > 0 and ¢i > 0. By the complementary condition (1.40f), we have m; ; = 0.
By condition (1.40c), this further implies 67 = 9?. From condition (1.40b), we obtain
07 = h/(f‘;) +n;, with n7 > 0 (condition (1.40e)). Combining 9? =07 = h/(zi[;) with step
(s) - (t) in (1.69), we have h'(0) > K/ (fg) + n;,,» which contradicts to the strict convexity of
function h given ¢ > 0. If q? = 0, then by (1.69), we have h'(0) > ¢/(0) which contradicts

¢'(0) > 1/(0). Thus, we obtain ¢7 > 0 for all i € S.

Proof of Lemma 4. Proof of Claim (i) One can easily verify that the equilibrium

problem (1.16) can be formulated as an instance of the framework problem (1.38) by defining

L
—~
=
~—

I

9~ x -1 j ' .
F; 1——|d h F, =—= VjeB, 1.70
/O b ( b > T where b; (q) 1_1_7(? J ( a)

J
Fi Y q) +ps

Vi : 1.70b
o ieS (1.70b)

hi(q) = /Oq Fszl <m> dx where Fgl(q) =

Si

G

1+7§-’
(1.12.1-1) - (1.12.1-3) in problem (1.16). Moreover, if Up; > u?-, then Assumption (1.12.1-8)

and w;; = for all (i,7) € E. We next verify that, under these definitions, Assumptions

holds.
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Verifying Assumption (1.12.1-1) in problem (1.16): We start by showing that g;(q) is

continuously differentiable in (0,b;). For any ¢ € (0,b;), we pick 1 € (0,q) and rewrite
gj as:

. r .| z
gia)= | By, <1 - bj) dx + /t1 F, (1 -~ bj) da. (1.71)

By (1.70a), the first term in (1.71) satisfies fgl Flgl(l—bﬁj)dx = ﬁ 51 Flgl(l—bﬁj)—ugdm
By using a change of variables, we have fgj Fb;1(1 — %)dw = b; Jo°(1 — Fpy.(v))dv < oo,
where the last inequality follows from Assumption 1. Thus, the first term in (1.71) is a finite
constant term.

Consider the second term in (1.71). Since the function sz T - %) is continuously
differentiable in the compact set [t1,to] for every to € (q,b;); this follows from the fact that,
by Assumption 1, Fbj is continuously differentiable and strictly increasing in (0, T_)bj) and so,
by the inverse function theorem, F; b; Land F, b;l are continuously differentiable in (0,b;). By
the fundamental theorem of calculus, function g;(¢) is differentiable at ¢ € [t1,t2] C (0,0;)
for every to € (q,b;). Moreover, the fundamental theorem of calculus also suggests that
the derivative function satisfies g;(q) = Fb; 11— %), which is continuous. Since ¢ is picked
arbitrarily within (0,b;), we obtain that g;(¢) is continuously differentiable in (0, b;).

We next show that g;(q) is strictly concave. Given that F) b; is differentiable and strictly

increasing in (0, @bj) (Assumption 1), we obtain that Fl: Uis strictly increasing (the inverse
J

function theorem). Thus, the derivative function gg-(q) = Fb_l(l — ) is strictly decreasing
j j

in ¢ € (0,b;), which implies that function g;(q) is strictly concave in (0, b;).
We also need to verify the continuity of g;(¢) at ¢ = 0. Considering the case when

Up,; < 00, We have that

< limy.q = 0. (1.72)

q
0 < lim [ F! (1—”“") dr <
b ql0 7

qd0 JO J j
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From (1.70a), we have lim,q J§ Fl:l (1 — > dr = 0.
j
When v); = oo, consider (v, q) such that Fj.(v) =1 — ¢-. Then,

[ (1- b) de=bjo (1= Fy () +b; [ (1= Fy(@)de.  (173)

Moreover, the first term on the right hand side of (1.73) satisfies

v(l—Fbj(v)) = U/UOO Féj(x)dx < /OooxFéj(x)dx—/vaFéj(x)dx
_ /OOO (1- Fy (@) do - /0” (1 F,(@)dr  (174)

Thus, we deduce that

i 1214
i [ (1)

a) . b] j 1 q b
OB 1—F (v)) + 1—F de| — |1
v55 1+7§)v( (%) 1+7§?/v (1= iy ) w] {(}%1+7§?/0 1
(b)  2b; 00 v g 1
Z 2 [ 1= F (2)) do — 1i 1—F, d}—l‘ bd
= T lh ()=t (= Ay ) e {;ﬁ}/o o
©) 0, (1.75)

where step (a) follows from (1.70a) and (1.73). In step (b), the first term follows directly
from (1.74) and [ (1= Fy, () de = [§° (1= Fy,(2)) de = [§ (1= Fy,()) dz based on
the finiteness of [ (1 — Fbj(x)> dr in Assumption 1. In step (c), the first term is zero
because of the finite expectation assumption of Fbj(') in Assumption 1. The second term,
limg o 1+ b fO ubd:c is also equal to zero.

To show limg g J§ Fb; (1-— %)dx > 0, we consider the expression in step (a) of (1.75).

b 00 b, —
1+ng1} (1 — Fbj(v)) I (1 — £y, (I)) dx > 0 and hmqw = O pide =0, we

. b;
Since L
T4

93



obtain that
. 9~ 1
lim [~ Fp7 (1= =) dx >0. (1.76)

Thus, from (1.70a), (1.75) and (1.76), we conclude that g;(q) is continuous at ¢ = 0 with

g9;(0) = 0.

To show the continuity of g;(q) at ¢ = b;, we deduce that

b
d 1 by x 2
9i(b)) = b/ B (1= e — T,
_ b b
T b (f b
(i)l]b/bj (1—Fbj(a:)) dx — i 2 (€> —M]ij,oo , (1.77)

where step (d) follows from (1.70a). Step (e) follows from a change of variables. Step
(f) follows from the finite expectation in Assumption 1. Thus, the limiting point g;(b;) is
well-defined.

Verifying Assumption (1.12.1-2) in problem (1.16): We start showing that h;(q) is differ-

entiable in (0,s;). Similar to the verification of Assumption (1.12.1-1), for any ¢ € (0, s;),

we can pick t1 € (0,¢) such that we can rewrite h;(q) as:

q - T t1 - T q - €T
h; :/F_,l—d:/F_.l—d /F‘.l—d. 1.
i(q) g s <Sz> T 0 s\ T+ s s € (1.78)

By (1.70b), the first term in (1.78) satisfies fgl Fszl(s%)dx = 1—1’%5 0751 Fs_ll(s%) + pidx. By

changing variable, we obtain that [ Fszl(s%)dx = 5; [(°(1 — Fs;(v))dv < oo where the
inequality follows from the finite expectation of Fs, in Assumption 1. Thus, the first term
in (1.78) is a finite constant.

By Assumption 1, Fj; is continuous differentiable. By the inverse function theorem,
stl(s%) and Fszl(s%) are continuously differentiable in ¢ € [t1,t9] for any to € (gq, s;). By

the fundamental theorem of calculus, function h;(q) is differentiable in g € [t1,t2] C (0, s;)
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with the derivative function defined as hf(q) = F, ” 1(%) which is continuous. Since ¢ is
(2

picked arbitrarily in (0, s;), we conclude that function h;(q) is continuously differentiable in
q € (0,s;).

To establish the convexity of function h;(q), note that by Assumption 1, Fy, is differen-
tiable and strictly increasing, which implies that F 1 is differentiable and strictly increasing
(the inverse function theorem). Thus, F 5 lis strictly increasing. Thus, as the derivative
function hf(q) = F, 5 1(5%> is strictly increasing in ¢ € (0, s;), we conclude that function h;(q)
is strictly convex in (0, s;).

To establish the continuity of h;(q) at ¢ = 0, it is sufficient to show that the limiting point
is well-defined. Given (1.70b), we obtain that lim I Fszl(s%)dx = 0 and lim J§ pfdr =
0. Thus, limg i F;ll(s%)dx =0.

We next verify the continuity at ¢ = s; by deducing that

where step (g) follows directly from (1.70b). Step (h) follows from the change of variables.
Step (i) follows from the finite expectation of distribution Fj, in Assumption 1.

Verifying Assumption (1.12.1-3) in problem (1.16): From (1.70), it readily follows that

b
: o q . 1 -1 q Hy .
hmg/' q) = hmF'1 (1—) = lim F (1—)— € (—00,0], VjebhB,
oty 99 ’ albj 10 b b; g € (ool

. ! T = | q T
Eﬁ)lgj(q) = hmFbj (1—()) = lim
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Verifying Assumption (1.12.1-8) in problem (1.16): If Up; > ,ulj? for all j € B, we deduce that

b -~ b
; 1 I Up; — M5
limg3(q) = limFb_,1 1—4) = lim befl 14 _ 1 ;= Jibﬂ > 0
j b ¢l0 1442 % bj 1+ 1+7;

(1.81)

Proof of Claim (ii). One can easily verify that the revenue optimization problem (1.7)

can be formulated as an instance of the framework problem where

9;(q) = Fb;l (1 - bq> g, Vqel[0,b)], jeB, (1.82a)
J
hi(q) = Fy;! (j) g, Vgel0,s], i €S, (1.82b)
2

and w;; = ¢; for all (i,j) € . We next verify that under these definitions, Assumptions
(1.12.1-1) - (1.12.1-2), Assumption (1.12.1-3) and Assumptions (1.12.1-7) - (1.12.1-8) hold.

Verifying Assumption (1.12.1-1) in problem (1.7): Fy; is continuously differentiable in
(0, Ebj) by Assumption 1, which implies that F, b;1 is continuously differentiable in (0,1) (by
the inverse function theorem). Given (1.82a), we then obtain that g;(q) is continuously
differentiable in (0, ;) by Assumption 1.

Using the expression in (1.82a), the concavity of g;(q) follows directly from Assumption

To establish the continuity of g;(q) at ¢ = 0, we note that

(4) () q
0 < limgj(q) = limFy ! (1 - q) ¢ < lim [ F! (1 - I) @ o (183
a0 i qloJo b
where step (i) follows from the non-negativity of F, bfl(l — ) in (0,b;), which is derived from
j j
the non-negative support of distribution function Fbj in Assumption 1. In step (j), given the
differentiability and the strictly increasing property of Fy, (Assumption 1), we obtain that

Fb_-l is strictly increasing by the inverse function theorem. Thus, function bel(l — ) is
J J J
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strictly decreasing in (0,b;) and step (j) holds. Step (k) follows as a special case of (1.75)
and (1.76) with ’y? = M? = 0. Thus, gj(g) is continuous at ¢ = 0.

To show the continuity of g;(q) at ¢ = b;, we directly use (1.82a) to deduce that g;(b;) =
. : -1
hqubj 9; (q) = hqubj Fbj (1 - ) q = 0.

Verifying Assumption (1.12.1-2) in problem (1.7): By Assumption 1, Fj; is continuously

differentiable in (0, vs;), which implies that Fg’ is continuous differentiable in (0,1) (by the
inverse function theorem). Thus, based on (1.82b), h;(g) is continuously differentiable in
(0, 7).

Using the expression in (1.82b), the convexity of h;(q) follows from Assumption 2.

To establish the continuity of h;(q) at ¢ = 0, by (1.82), we obtain that h;(0) = lim o h;(q) =
limg o Fszl(s%)q = 0. For the continuity of h;(q) at ¢ = s;, when v5, = 0o, we obtain that
limgpg, hi(q) = limgpg, F, Zl(s—l)q = Us;5; = 00. In comparison, when vs, < 0o, we obtain
that limgpg, hi(q) = limgpg, s?l(?i-)q = ¥g;5; < oo. Thus, whenever h;(s;) < oo, hi(q) is
continuous at g = s;.

Verifying Assumption (1.12.1-3) in problem (1.7): Recall first that g;(¢) is continuous

differentiable in (0,b;). Moreover, g;(q) is continuous at ¢ = 0 and ¢ = b; with g;(0) =
gj(b;j) = 0. By the Rolle’s theorem, there exists gy € (0,b;) such that gﬁ(qo) = 0. By the
strict concavity of g;(-) in (0,b;), we have gg-(q) < 0 for all ¢ > gp. Thus, liqubj g;- (q) <
g}(qg) = 0. We also have g;(q) > 0 for all ¢ < qg, which implies that g;(()) = limg g g}(q) >
95(q0) = 0> —oo.

Regarding %.(0), we show that

_ (g N Dy 1(2a\ _ 1(a)| _
0= [QF <52) b (%)] = it =i RRe ) R ) 0

(1.84)

where in step (1) and (m), by the convexity of h;(q), we consider the supporting hyperplanes

—h(i ) _h
and obtain h'(q) > h(q)12(2q) in step (1) and hj(q) < M in step (m). Based on
2
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(1.84), we obtain that limgq j(q) = 0.
By the continuous differentiability and the strict increasiness of h;(q) in ¢ € (0,s;), we
have hj(q) > 0 for all g € (0, s;), which implies that h(s;) = limgg, > Ri(q) >0 > —oo.

Verifying Assumption (1.12.1-7) in problem (1.7): We can directly apply the expression

in (1.84) to obtain that lim, o h}(¢) = 0.

Verifying Assumption (1.12.1-8) in problem (1.7): Recall that function g;(q) = Fl;l <1 —
j

is a strictly concave differentiable function on (0, ;). Moreover, g;(q) is continuous at ¢ = 0
and ¢ = b; with g(0) = g(b;) = 0. By the Rolle’s theorem, there exists gy with g} (qo) = 0.
By strict concavity of g;(-), the derivative function satisfies g}(q) > 0 for all ¢ < qg. Thus,

we have limg g}(q) > g}(%QO) > 9;'(%) = 0. -

Proof of Lemma 5. Recall from Lemma 4 that both the equilibrium problem (1.16) and
the revenue optimization problem (1.7) are instances of the framework problem (1.38) where
Assumption (1.12.1-3) holds. By Proposition 12(i) and Proposition 12(ii), there exists an
optimal primal-dual pair that satisfies the KKT conditions in (1.39). Let (x, g%, q”) be any
primal optimal solution to problem (1.38). Let (Ob, 0%, 1, n*, 7) be any corresponding dual
optimal solution associated with constraints (1.38b) - (1.38f) that maximizes 3¢ B[sgn(q;?) -
sgn(b — g)I(0% + 1) + Lies[—sgn(qf) + sgn(s; — ¢})) (0 —f).

The finiteness of the optimal objective value in problem (1.38) implies that {gj(q?) 1j €
B} and {h;(¢}) : i € S} all have finite values. By Proposition 12(iii), {g} (q?) :j € B} and
{n(g}) : i € S} also have finite values. Moreover, it follows from Proposition 12(iii), there
exists another dual vector (éb, 6°, b, 7®, &) that satisfies conditions (1.40a) - (1.40b). By
Proposition 12(vi), (éb, 6", nb, n®, %) is unique.

For any j € B, suppose first that q? € (0,b). It can be readily checked that [sgn(q_?) —
sgn(bj — qg)](ﬁ;’ + 77?) = 0. From the continuously differentiability of g; in (0,b;) (by

Assumption (1.12.1-1)), we have 8gj(q?-) = {gg(q;))} From 9?- + 77? € 8gj(q?-) (condition
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(1.39a)) and ég + ﬁ? = g;(q?) (condition (1.40a)), it follows that
if ¢} € (0,b;), then 04 + 0% = gi(¢}) = 05+, (1.85)

Suppose instead that q? = 0. It immediately follows that [sgn(qg) —sgn(bj — q?)](@? + 77?) =
—(92’- + 77?) Recall that g;(0) and gé»(O) have finite values given the optimal solution is
such that q? = 0. By condition (1.39a), we have 9? + 77? € 0g;(0). From the continuous
differentiability and the strict concavity of g;(q) in ¢ € (0,b;), the continuity at ¢ = 0
(Assumption (1.12.1-1)), and the fact that dg;(0) = {z € R|g;(¢’) < g;(0) + z(¢' = 0),V¢ €
[0,b5]}, it follows that 9? + 77? > g}(O). Together with the fact that éé’ + 77? = g;(O) (by

condition (1.40a)), this implies that
if ¢} =0, then 0% + 15 > ¢5(0) = 6%+ 7). (1.86)

Suppose next that q? = b;, which implies [sgn(q?) —sgn(bj — q?)](&? + 77?) = 9? + 77?. Recall
that g;(b;) and g}(bj) have finite values given the optimal solution q? = b;. Given that
g;(q) is continuously differentiable and strictly concave in g € (0,b;), continuous at q = b;
(Assumption (1.12.1-1)), dg;(b;) = {z € Rlg;(d') < gj(bj) + z(¢' — b;),Vq € [0,b;]} and
9? + 77? € dg;j(b;) (by condition (1.39a)) imply that 9? + 77? < g;-(bj). Together with the fact

é? + ﬁ? = g}(bj) (condition (1.40a)), this observation implies that
if q? = bj, then ij_ + 77? < g}-(bj) = 6’? + ﬁ?. (1.87)

From (1.85), (1.86), and (1.87), we conclude that Zjeg[sgn(q?) — sgn(bj — q?)}(@? + 77?) <
Sjenlsgn(al) — sgn(b; — a}))(8) +11?).

Similarly, for any i € S, suppose first that ¢; € (0,s;). It can be readily verified that
[—sgn(q])+sgn(s; —q;)|(07 —nj) = 0. From the continuously differentiability of h; in (0, s;)

(by Assumption (1.12.1-2)), we have dh;(¢f) = {h.(¢})}. From 67 —n? € Oh;(¢?) (condition
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(1.39b)) and 65 — 73f = h}(gf) (condition (1.40b)), we have that
if ¢7 € (0,s;), then 67 —n? = hi(¢f) = 07 — 7. (1.88)

Suppose instead that ¢ = 0. It can be immediately verified that [—sgn(q]) + sgn(s; —
g0 —n?) = 67 — nf. Recall that h;(0) and hf(0) have finite values given the optimal
solution ¢ = 0. Since h;(q) is continuously differentiable and strictly convex in g € (0, s;),
and continuous at ¢ = 0 (Assumption (1.12.1-2)), it follows from 9h;(0) = {z € R|h;(¢') >
hi(0)+2(¢"—0),Yq¢" € [0,s;]} and 67 —n? € Oh;(q}) (condition (1.39b)) that 67 —nF < hl(0).

Given 6% — 7% = h%(0) (condition (1.40b)), we obtain that
1 nl 1
if ¢ =0, then 67 —nf < hi(0) = 07 — 0. (1.89)

Suppose next that ¢; = s;, which implies [—sgn(q]) + sgn(s; — ¢7)|(0] —n?) = — (07 —n7).
Recall that h;(s;) and h}(s;) have finite values given the optimal solution ¢ = s;. Similar
to the arguments above, since h;(q) is continuously differentiable and strictly convex in
q € (0,s;) and continuous at ¢ = s; (Assumption (1.12.1-2)), from dh;(s;) = {z € R|h;(¢’) >
hi(si)+2(d — s;),Yq' € [0, s;]} and 67 —n? € Oh;(s;) (condition (1.39b)), we have 5 —n? >

h;(s;). Together with 6f — ¥ = hl(s;) (condition (1.40b)), it follows that
if ¢ = s;, then 07 —nf > hi(s;) = 07 —7?. (1.90)

In summary of (1.88), (1.89), and (1.90), we conclude that >;cs[—sgn(qf)+sgn(s;i—q;)](0F—
nf) < Yies[—sgn(af) + sgn(s; — af)|(0F — 77).

Given the primal optimal solution (x, g*, qb), since (Gb, 05,1, n°, 7r) maximizes Zjelg[sgn(q?)—
sgn(b; — q?)](@? + 77?) + Y iesl—sgn(q}) + sgn(s; — ¢7)](0F —n?), combining the observations
above, we obtain that 6’? —H]? = é? —i—ﬁ? = gé(q?) for all j € B and 05 —n? = 05 —7f = hi(qf)

for all i € S. Since (8°,0%,nb,n*, ) satisfies conditions (1.39¢) - (1.39h), it readily follows
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that (8°,0% nb, n® ) satisfies conditions (1.40c) - (1.40h). Thus, we conclude that the
primal-dual pair (x, g*, qb) and (Hb,Hs,nb,nS,Tr) satisfies conditions (1.40a) - (1.40h). By

Proposition 12(vi), (Hb, Bs,nb,ns,r) is unique. O

Proof of Proposition 13. We first establish that, when function f(-) is strictly increas-
ing, it is without loss of optimality to relax constraint Zj:(i,j)eE zjj = 8; to Zj:(i,j)eE zij <
s; for all i € S in constraint (1.41c) of problem (1.41). In this relaxation problem, suppose
towards contradiction that there exists an optimal solution (y, z) where there exists ig € S

such that Zj (

(i0,f)€E Zioj < Sig- We can pick any jg : (ig,jo) € E and strictly increase

the values of 2, and y;, by § € (0, s;, — 2 ji(io.j)EE Zjoj) such that z; ;= 2, + 0 and
Yjo := Yj, + 0 without violating any constraint in the relaxation problem. Given the strictly
increasing property of f(-), this would strictly increase the optimal objective value of the
relaxation problem, thereby leading to a contradiction with the optimality of (y, z). Thus,

we can relax constraint (1.41c) to 32;.; sep zij < i for all i € S in problem (1.41). In the

]
remaining of the proof, we abuse terminology and refer to the relaxation of (1.41) we just
introduced as problem (1.41).

By applying Lemma 4.1 of (41) adapted to our setting, we establish that any solution
vector (y, z) is feasible in problem (1.41) if and only if y is feasible in problem (1.19). Given
that the objective functions of these two problems are the same, we conclude that problem

(1.41) and problem (1.19) share the same optimal solution vector y and the same optimal

objective values. O

Proof of Proposition 14. We denote the optimal objective value for problem (1.38) by

Yj;t and the optimal objective value for problem (1.41) by We divide the proof of this

; 4.
claim into the following steps. First, we show that the given an optimal solution (x, g°, qb)
to problem (1.38), we leverage the solution mapping in (i) to obtain a feasible solution (y, z)
to problem (that is, the mapping is well-defined) and, moreover, that (1.41) that satisfies

Yoj;t < YjeB bjf(gé—j) < Y5 Then, given an optimal solution (y,z) to problem (1.41),
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we leverage the solution mapping in (ii) to obtain a well-defined feasible solution (x, g°, qb)

b s
to problem (1.38) that satisfies Y, < 3 jep bjg(g—;) — YiesS Sih(%) < Yoj;t. Finally, we
conclude that Y, = Yoj;t and that the solution mappings in (i) and (ii) connect the optimal

solutions.

Step 1: Let (a:,qs,qb) be an optimal solution to problem (1.38), and let (y,z,r) be
as constructed by ((i)) in the proposition statement. Then, (y,z) is a well-defined feasible
solution to problem (1.41), and solution r; is well-defined feasible solution to problem (1.17)
with t = %j for all j € B.

To establish that the construction of (y,z,7) in ((i)) of the proposition statement is
well-defined, given Assumptions (1.12.1-1) -(1.12.1-6) and the strict concavity of f(-), we
first show that ¢7 > 0 for all ¢ € S and q? > ( for all j € B. Under Assumptions (1.12.1-1) -

(1.12.1-6), we establish the following claim:
if there exists ig € S with ¢, = 0 or jo € B with qu'o =0, then ¢’(0) < A/(0).  (1.91)

By Assumption (1.12.1-4), it follows from g;(q) = bjg(b%) that gﬁ(q) = g’(b%). Similarly, by
Assumption (1.12.1-5), it follows from h;(q) = Sih(s%) that h}(q) = h'(s%). From Assumption
(1.12.1-6), we have w;; = 0 for all (4,j) € E.

Suppose there exists ig such that qfo = 0. Using the conditions in (1.40a) to (1.40f), we
first establish that q? = 0 for all j such that (ig,j) € E. Suppose, towards a contradiction,
that there exists j with (ig,7) € E such that q? > 0. By the complementary condition
(1.40e), q;, = 0 implies 7 = 0, which further implies that h'(0) = 07 by condition (1.40b).
Given q? > 0, we pick any i1 with z; ; > 0 and thus qfl > (0. By the complementary
condition (1.40f), ;,; = 0 and x;,; > 0 imply that m;; > 0 = m; ;, which further implies
that 67 > 9? = 07 by condition (1.40c). Given that 7 > 0 (follows from condition (1.40e)),
¢
5

then we have that 67 > h'(<1) by condition (1.40b). These observations jointly imply that
i

ran (4 . S . .
W(0) =65 =067 = h (%) However, by the differentiability and the strict convexity
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of h(-) (Assumption (1.12.1-2)), h/(-) is strictly increasing, which implies /'(0) < A/ (?)

i
given qfl > 0, thereby leading to a contradiction. Thus, we establish that q? = 0 for all j
such that (ig,7) € E.

Next, given ¢; =0 and q? = 0 for all j with (ig, j) € E, we establish that ¢’(0) < 1/(0).
Pick any j with (ig,j) € E. Given qé? = 0, we obtain that 77? = 0 (by the complementary
condition (1.40d)), which further implies 9? = ¢'(0) (by condition (1.40a)). Moreover, as
o5 —0?- = Tjy; by condition (1.40c) and ;;; > 0 by condition (1.40f), it follows that 67 > 05?.
As W(0) = 67 (condition (1.40b)), we conclude that g'(0) < 1 (0).

Similarly, suppose that there exists jp € B with q?o = 0. We establish that ¢ = 0 for
all 4 such that (i,jg) € E by using an argument very similar to the one above. Suppose
towards contradiction that there exists ¢ with (4,jp) € £ with ¢ > 0. We pick any j;
with x;;, > 0 such that q?l > 0. Given q?l < bj, (Proposition 12(v)) and q?o =0, it
follows that 77?1 = 0 and 77?0 = 0 (the complementary condition (1.40d)). From condition

b
(1.40a), we obtain ¢'(0) = 9?0 and g’(%) = 9?1. Moreover, given z;;, = 0 and ;5 > 0,
we deduce that m;;, > 0 = m;;, (by the complementary condition (1.40f)), which further

implies that 9?0 < 07 = 0?1 (condition (1.40c)). These observations jointly imply that

b
g (0) = 6’?0 < 9;?1 = g’(gj—,l). However, as ¢'(-) is strictly decreasing (Assumption (1.12.1-1)),
71

b

. . q; . ..
given that q?l > 0, it follows that ¢/(0) > ¢’ (bj—l), thereby leading to a contradiction. Thus,
i1

we conclude that ¢i = 0 for all i such that (i,7) € E.

Next, given q?o = 0and ¢/ = 0 for all i with (¢, jo) € E, we establish ¢’(0) < 1/(0). Similar
to above, pick any ¢ such that (i, jo) € E. From A'(0) = 67 (condition (1.40b)), 9?0 = ¢'(0)
(condition (1.40a)), and 67 > 0?0 (condition (1.40c)), we obtain that ¢’(0) < A’(0).

In summary, we conclude that condition (1.91) holds.

To establish that ¢ > 0 for all i € S and q? > 0 for all j € B, suppose towards
contradiction that if there exists ¢ with ¢ = 0 or j with q? = 0. By condition (1.91), we
have ¢/(0) < h/(0). In problem (1.17) given any ¢t > 0, by using the first order condition, we

obtain that the optimal solution satisfies » = 0 and f(t) = g(0) — th(0), thereby leading to
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a contradiction with the strictly concavity of function f(¢). Thus, given that f(-) is strictly

concave, we conclude that
¢ >0,¥ieS, ¢>0 VjeB (1.92)

It is also worth noting that, when setting y; = %q? for all j € B, we will obtain the same
value for y; regardless of which ¢ we pick as long as x;; > 0. This follows from Proposition
12(viii)). In fact, by Proposition 12(viii), it follows that

YU iy o, (1.93)
45 Si
In summary of (1.92) and (1.93), the construction of (y, z,r) in (i) of the proposition state-
ment is well-defined.

We let vector (y, z,7) be defined in (i) of the proposition statement. To prove Yoj;t

YjeBbif (Zg—J) < Y, we first establish that the constructed vector (y,z) is feasible in
j

optimization problem (1.41) and r; is feasible in problem (1.17) given t = g—J for all j € B.
j

To establish the feasibility of (y,z) in problem (1.41), we check constraints (1.41b) -

(1.41d):
1) Constraint (1.41b): for all j € B, given z;; = Tij i by the construction of z;

1] @ ]
we have ;. (i.j)eE %ij = > (i.j)eE qsxw Next, we deduce that >_,. (i,§)EE qs% =
Zi:(i,j)eE ?a:ij given % —g for any i : 2;; > 0 (condition (1.93)). Aggregating

J ] €

zij for 3 j\eE Tij = qj (by constraint (1.38b)), we obtain that Xii(ij)eE %xij =
j

%q;’ = y;. Thus, constraint (1.41b) holds.
J

ijSi

(2) Constraint (1.41c): for alli € S, given z;; = xqf (by the construction of z;;) and ¢; =

Y ji(i,j)eE Tij (constraint (1.38¢)), we deduce that 32;.; e Zij = Xj.(ij)eE % =

séql = s;. Thus, constraint (1.41¢) holds.

ijSi

(3) Constraint (1.41d): for all (i,j) € E, given z;; = zqf (by the construction of z;;),
104




x;; > 0 (constraint (1.38f)), and ¢ > 0 (condition (1.92)), we establish that constraint

(1.41d) holds.

b
Next, to establish that the constructed solution r; = % is feasible in problem (1.17) given
j

t= %] for all j € B, we verify constraint r; € [0, min{1, div).
J J

b
(1) Constraint 0 < r; < 1: givenr; Z—J (by the construction of r;) and qb < b; (constraint
(1.38d)), we have r; < 1. Moreover, from q? = Yi:(i,j)eE vij (constraint (1.38b)) and

x;; > 0 (constraint (1.38f)), we establish that r; > 0.

, ¢

(2) Constraint r; < %j recall that r; = b (by the construction of r;), y; = 7% (by the
construction of y;) and ¢ < s; (constraint (1.38e)). Thus, we deduce that r; = g—J =
%G Yi ~ Yi
sl S0

opt = we deduce that

Step 2: v/, < Yoy To show that Y, opt <YjeBbif (bj) s

b
(a) qj q;
Yo = 2 big bj —gg%h (Z)
J i
b S .
S ZJ -2 > h<qz>5ix?
jeB J j€Bi:(ij)eE \ % 4
b s .
- Soe(i) - ¥ (%) s
jeB bj jeBixy;>0 \ % ‘i
b b
Cyne(f]-T % h(q)yb
jeB J jEB ;>0 J) 4
b b
(d) G\ _Yi, (LY
- Zb][g(-)_b b s ]
jeB j j j Yj
(¢) g\ ()
< z:@f(;) < va, (1.94)
jeB J

where step (a) follows from the definition of Yf pt s the optimal objective value in prob-

b
lem (1.38) where gj(q?) = bjg(Z—;) (Assumption (1.12.1-4)), h;(q}) = sih(%) (Assumption
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(1.12.1-5)) and w;; = 0 (Assumption (1.12.1-6)). Step (b) follows from 3; (~b') cETij = G
(constraint (1.38¢)). In step (c), by condition (1.93), we can replace Wlth . In step (d),
for each j € B, we aggregate z;; and implement the equation 3=;. (i,j)eE Tij = q (constraint
(1.38b)). Step (e) follows from the optimality of value function f(-) in problem (1.17) given

t = %—j for all j € B. Step (f) follows from the optimality of Y, in problem (1.41). In

a

summary, we conclude that Y, opt < Z]eBb f( ) < Yopt -

Step 3: let (y, z) be an optimal solution to problem (1.41) and r; be an optimal solution
to problem (1.17) with ¢ = z—j for all j € B. We also let (z, ¢*, ¢%) be as constructed in (ii)
in the proposition statement. Then (x, ¢°, qb) is a well-defined feasible solution to problem
(1.38).

To establish that the construction in (ii) of the proposition statement is well-defined, we
need to show that the construction ¢ = 32% is valid for all © € §. We first establish the

following claim:

for all i € S, if 25, 245, > 0, then Y — Yk apq Tj = Tijy- (1.95)

b] 1 b] 2

Define the Lagrangian in problem (1.41) as
_ Yy _ _
L(z,7, be(”)+29< > Zz‘j—yj)
JjeB JjeB i:(i,)er

—Zm( > zij—si)Jr > Wijzij (1.96)

€S ji(ij)eE (i,j)eE

We define the superdifferential of function f(-) evaluated at ¢t as 0f(t) = {z € R | f(tg) <

f(t)+z(tg—t), Vtg > 0}. We further define 04 f(t) = max{0f(t)} and 0— f(t) = min{0f(¢)}.

Based on the definition, we show that

it L Y2 tpen o f > o, f (%2 (1.97)
b]2 J b

b] 1 J
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From the strict concavity of function f(-), we can pick t1,t3 € R with y“ <t <ty < Yiz
]

bjy

such that (1) f/(t1) and f’(t2) exist by the almost-everywhere differentiability of f(-), and (2 )
f(jy /i) —f(t1)

>

) — yplby—t =

F(t1) and f'(tg) > f(yﬁ;/gij_t; 2 > f(y ), which leads to 8_f(bij1) > 8+f(yg—f). Thus,

condition (1.97) holds.

f'(t1) > f'(t2). By the strict concavity of f(-), we deduce that d_ f(

Letting (8, n, ) be any dual optimal solution to problem (1.41), we obtain the following

subset of KKT conditions to facilitate our proof:

0, € of <‘ZJ> vj e B, (1.98)
J

0j—mi+m; =0, V(i,j)€E, (1.98b)

zij 2 0 L my =0, V(i,j) € E. (1.98c¢)

For all i € S, if z;j,, 5, > 0, we deduce from condition (1.98c) that m;; = m;;, = 0, which
further implies that 0;, = n; = 0}, (condition (1.98b)). Based on condition (1.98a), we
have 0, € 0f (#2) and 6}, € Of (72 ) where 6}, = 0, Thus, it follows that 1 — 12

J1

(condition (1.97)). In problem (1.17), recall that r;, is the optimal solution given ¢ = zj—l and
71

Tj, is the optimal solution given ¢ = Zé Given the strict concavity of the objective function

in problem (1.17) (Assumption (1.12.1—1) - (1.12.1-2)) and linear constraints € [0, min{1, ¢}]

where ¢ = Y1 — ijﬂ, we obtain that 7, = rj,. Thus, we conclude that condition (1.95)
72

S
=

.
holds. These observations imply that for all 7 € S, the construction ¢ = szzﬁ is valid for
J

any selected j : z;; > 0. In fact, we have

s b
LR N R TR (1.99)
S Yj
We also establish that
yj >0, Vj € B. (1.100)
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Suppose towards contradiction that there exists jo € B such that y;, = 0. This implies that

z;j = 0 for all i with (i,j) € E. Pick any i : (4,7) € E. Given >j:(6,f)EE ij = Si (constraint

iJ
(1.41d)), we can further pick ji : z;; > 0 such that y; > 0. By condition (1.98¢c), we
have m;;, > 0 = m;;,, which further implies that 6, < n; = 0;, (condition (1.98b)). From
0, € 0f(0), 0, € 8f(gj—:i) (condition (1.98a)) and 0, < 6;,, we reach a contradiction with
condition (1.97).

These observations jointly imply that the construction of (x, g*, qb) in (ii) of the propo-
sition statement is well-defined.

Let (x, q°, qb) be the solution vector in (ii) of the proposition statement. To establish

b

Yopr < XjeB bjg(g—;) — Yies Sih(%) < Yoj;t, we first show that (a:,qs,qb) is feasible in

problem (1.38) by verifying constraints (1.38b) - (1.38f):

S

(1) Constraint (1.38b): for all j € B, given x;; = ZZJ 5 (by construction), we first es-
tablish that 32;.; yep®ij = Xi(ij)eE ziﬂ%' From condition (1.99), it follows that

. rib; :
Si(ig)eB Zij 2t = (Tigig)eE Zij) e From ¥ jyep 2ij = yj (constraint (1.41Db)),

bi — r;bj. We also have r;b; = q? (by the construction

. T4
we obtain that (3;.(; j)er zzj);—]

of q?) These observations jointly imply that Zi:(i,j)e ETij = q;?. Thus, constraint
(1.38b) holds.

S

(2) Constraint (1.38¢c): foralli € S, given ;; = Z%J 5 (by construction) and ¥ .(; i\eE 2ij =

zZ.
”ql = ¢;. Thus,

si (constraint (1.41c)), we establish that 32;.; hep ®ij = 2.3 j)eE ~3

constraint (1.38¢) holds.

(3) Constraint (1.38d): for all j € B, by using q? = 1ib; (bthe construction of q?) and
7; < 1 (the constraint in problem (1.17)), we obtain that b—J = rj < 1. Thus, constraint

(1.38d) holds.

(4) Constraint (1.38e): recall that ¢ = sZ 1 for all i € S (by the construction of ¢f)
and that r; < Zbl—J (the constraint in problem (1.17) given t = y—J), it follows that
J .7

%ii = % < 1. Thus, constraint (1.38¢) holds.
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(5) Constraint (1.38f): for all (4,7) € E, from z;; = zwq (the construction of x;;) and

zjj > 0 (constraint (1.41d)), we conclude that constraint (1.38f) holds.

Summarizing, we conclude that the constructed solution (a, g%, g°) in (ii) of the proposition
statement is feasible in problem (1.38).
&
Step 4: i, < Yoj;t We verify Yy, < Yjep b]g(bi) >ies Si ( ) < YOJ;t by showing

that

b b
a (9 yi\ (h) G\ i, [90
v J%a 7T\ J%a ’[ (%’) b \bj }

b
(4) 45
Uy bg|P) -2 ¥ h( )
jeB i) jeBiijeE \Yi
b
() 45 q
Dy () -2 % n(%)s
jeB J i€S J:2;5>0 5
b
(k) q; @\ O
® > big bi - sih <Z> < Yof;t, (1.101)
jeB J €S ¢

where step (g) follows from the optimality of (y,z) in problem (1.41). Step (h) follows
- b

from the optimality of r; in problem (1.17) given t = Y for all j € B where ri = % (the
j j

construction of q?) Step (i) follows from 3;.; syep zij = y; (constraint (1.41b)). In step

b
T4

(j), given q? = r;jb; (the construction of qj), we first obtain that Z—J = L Moreover,
J

S b b S
given that Z—i = % for all j with z;; > 0 (condition (1.99)), we can replace Z—; with Z—ii
in step (j). Step (k) follows from 33;.; ep 2ij = si (constraint (1.41c)). Step (1) follows

v/
opt

(Assumption (1.12.1-4)) and h;(q) = s;h(L ) (Assumptlon (1.12.1-5)).

from the optimality of the objective value Y, in problem (1.38) given that g;(¢) = b;jg(s-)

j
Thus, we conclude that Yy, <3 jep bjg( ) >ieS Si ( ) < Yé;t

Step 5: conclusion of the claim. By (1.94) and (1.101), we conclude that YOJ;t = Yoo,

which implies that claim (iii) holds. Moreover, this implies that the inequalities in step (e)
and step (f) of (1.94) and the inequality in step (1) of (1.101) are all tight. Thus, solu-

tion mappings in ((i)) and ((ii)) establish the connections of the optimal solutions between
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problem (1.38) and problem (1.41). O

1.12.3  Proofs of Results in Appendix 1.9

Proof of Proposition 9. We proceed in two steps. The first step establishes necessity
and the second step establishes sufficiency.

Step 1: necessity. Given any (v, ) € T' XU, let (p, x, q¢°, qb) be any competitive equilib-

rium satisfying the equilibrium expressions (1.2a) - (1.2d). Recall the definitions F. % Lz) =
Fol (@) . Fy (@) —p o .
——s— and I, b, (x) = le The equilibrium has the following properties:

¢ J

5
(1) on the seller side, by the equilibrium expression (1.2a), we have
a; A1 (4 _ et
if (1 =97 )p; —pi <0, then =+ =0, F, |-+ )=F, (0)>p;
SZ 7 7

S
if 0< (1 —=n7)pi — 1 < s, then 0 < & < 1, Ey (q’>_pz,
S YOS

S S -
R S S T ) Fgl(qz):Fgﬁ(l)gm. (1102
1

(2) on the buyer side, given that mini:(i,j)eE{(l + 7?)]%’ +ci}t+ u? > 0 for all j € B, by the

equilibrium expression (1.2b), we have

b b
~ q; C;
if min {(1+7)p +c}+u < Up;, then J>0, Flli--2) = {p —};
i:(1,j)eE g ! J ' b bj (7]) a 1+7§?
b
i min {(1+2)pi+ i} + 4 > vy, then bi =0,
1,7)€
Fb—l 1— qi — Fb_l (1) <  min { + Ci } (1103)
i b i = i:(ij)eE 140

By Lemma 4(i), the equilibrium problem (1.16) can be formulated as an instance of the frame-
work problem (1.38) with g;(q) = JTF (1 - —)d:ﬂ for all j € B and h;(q) = J§ F;Zl(s%)da:

for all i € S and w;; = 5 for all (2,]) € E, where Assumptions (1.12.1-1)-(1.12.1-3)

1+7j

hold. By Assumption 1, the distribution functions Fbj and Fj, are continuously differen-
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tiable and strictly increasing respectively in (0, ﬁbj) and (0, Vs, ), which implies that F, b_,l and
j

F1 are continuously differentiable in (0, 1)(the inverse function theorem). Thus, bel and
¢ J

E 5 I are also continuously differentiable in (0,1). In the framework problem (1.38), given

gj(a) = J§ By, (1~ bl)dx and hy(q) = J§ F5;'(3)de, we obtain that g}(¢) = F (1~ )

J

RN

for ¢ € (0,b5) and hl(q) = Fj, (S%) for g € (0, s;).
Next, given the framework problem (1.38), we verify that (p, x, q°, qb) satisfies conditions
(i) and (ii) in the proposition statement.

Step 1-1: condition (i). We first argue that (x, q°, qb) is a feasible solution to problem

(1.38). Given Fs,(v) <1 and Fy, (v) < 1forall v € R, ¢/ < s;in constraint (1.38¢) follows
from the equilibrium supply expression (1.2a), and qb < b; in constraint (1.38d) follows from
the equilibrium demand expression (1.2b). The equilibrium flow expressions (1.2c)-(1.2d)
guarantee constraints (1.38b), (1.38c), and (1.38f). Thus, we establish that (x,q®, ") is
feasible in problem (1.38).

From the equilibrium tuple (p, x, g°, qb), we construct (Ob, 05, n% ns, ) as follows:
e 0% forall j € B, we set 0% = F, (1 — 72);
- ; 5=, 5;);

o 0% forallie S, if (1 —~7)p; — pi <0, then we set 07 = Sil(gl) otherwise, we set

07 = pi;
o n: for all j € B, we set n? =0;

o0’ forallic S, if (1 —-77)p; —pi < vs;, then we set 7 = 0; otherwise, we set

S

1097 ).
772' :pZ_FS7,1<571)7

o m: for all (4,j) € E, if z;; > 0, then we set m;; = 0; otherwise, we set m;; =
05 — 60 + iy
1+7J

By Assumption 1, (1.102) and (1.103), it follows that vector (Hb, 08,nb,n5,7'r) in this con-

struction has finite values. To establish that solution (x, q°, qb) and (Ob, nb, 0%, 1% ) are
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optimal in problem (1.38), it is sufficient to verify conditions (1.40a) - (1.40f) (Proposition

12(iif)):

(1)

(2)

(4)

(5)

condition (1.40a): for all j € B, since gg(qg’) = Fbgl(l — Z—?) by construction of (6’3,77])
we have Qb Fb la- Zf) and n? = 0, which implies that condition (1.40a) is satisfied;
condition (1.40b): for alli € S, given hi(q$) = F, 5 1(%{), we consider the following three
cases: (2-i) if (1 —~7)p; — p < 0, by construction, we have 67 = Fgl(i—f) and 77 = 0,
which readily imply (1.40b); (2-ii) if 0 < (1 —~;)p; — pi < Us;, then condition (1.40b)
holds because we have 6 = p; (by the construction of 67), p; = F 5 (S—Z) (condition

(1.102)), and 77 = 0 (by the construction of n?); (2-iii) if (1 —~7)p; — pi > vs;, again

by the construction of (n7,67), we have FS_Z (q—l) = p; —n; and p{ = 07, which imply
that F ( ) = 07 —n?. Thus, condition (1.40b) holds ;

condition (1.40c): for all (i,j) € E, we discuss two cases: (3-i) if z;; > 0, then

we have q? > 0, which implies that mini:(i,j)eE{(l + 'yé?)pi + ¢+ ,u?- < p, and
b

oy | q; .
By (1-5) = mmi':(icj)eE{pi

137&;} (condition (1.103)). By the construction of
J

&
Hb we have 9b (1 - —]) ming.; Hep{py + %} Similarly, since x;; > 0, we

have g7 > 0, which 1mp11es that (1 —~7)p; — pf >0 (condltlon (1.102)). This further

implies that p; = 07 (by the construction of 67). By the equilibrium expression (1.2d),

i;j > 0 implies that ming. i ;e p{py + T b} = 1+ 3

. Moreover, When zij >0, we have m;; = 0 by construction.

imply that 6’? =07 + lfvl?
j

Thus, we obtain that 9? — 07 + i — = 0, and condition (1.40c) follows; (3-ii) if

1+ b
r;; = 0, then condition (1.40c) follows from the construction of 7;;;

b
condition (1.40d): for all j € B, recall that we have % <1 (since (x, g%, qb) is feasible
j

in problem (1.38)). Moreover, since 17? = 0 by construction, condition (1.40d) holds;

condition (1.40e): for all ¢ € S, recall that we have g—i < 1 (since (z, g%, q°) is feasible

in problem (1.38)). We discuss the following two cases: (5-1) if (1 —~7)p; — p < vs;,
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since 77 = 0 by construction, condition (1.40e) holds; (5-ii) if (1 —~7)p; — pi > vs;,
given ¢¥ = s; and F 5 1(Z—i) < p; (condition (1.102)), by construction, we have 7] =

i — F*I(g) > 0, which implies that 77 (g} — s;) = 0. Thus, condition (1.40e) holds;

54

(6) condition (1.40f): for all (i,j) € E, recall that we have verified z;; > 0 (constraint
(1.38f)). Given the construction of 7;;, we discuss two cases: (4-i) if z;; > 0, then we

have m;; = 0 by construction, and condition (1.40d) follows from 7;;z;; = 0; (4-ii) if
b

zi; = 0, given 9? = Fb;l(l — Z—j) by construction, from condition (1.103), we obtain

b

~ 1 q; . ¢ - i
that Fbj (1-— é) < mmi’:(i’,j)eE{pi’ + ?;?} Thus, 05? < mmi’:(i’,j)eE{pi’ + ?;?}
Note that if ¢f = 0, we have (1—~)p; —pi < 0 (by condition (1.102)) and 6 = Fs_il(O)
(by the construction of 65). Thus, we have 65 = F,,-1(0) > p; (by condition (1.102)). If

Sq

q; > 0, then we have 67 = p;(by the construction of 67). As a result, our construction

of 07 satisfies 67 > p;. These observations imply that m;; = 07 — 0?- + 1f7’? > pi +
J
G

Cib — ming. i jep{py + /b} > 0. With z;; = 0, we establish z;;m;; = 0. Thus,
I4; L4;

condition (1.40f) holds;

(7) condition (1.40g) and (1.40h): they follow directly from the equilibrium condtion (1.2¢);

Using conditions (1.40a) - (1.40f) and Proposition 12(iii), we conclude that (z, ¢°, %) is an
optimal solution to problem (1.16) and (ob,es n’. s ,7) is a corresponding dual optimal
solution.

Thus, it follows that if (p, x, q°, qb) is a competitive equilibrium, then condition (i) of
the proposition holds.

Step 1-2: condition (ii). To prove this claim, we first recall from the previous step that

(xz,q*, qb) is a primal optimal solution and (Ob, 05, nb, n®, ) is a corresponding dual opti-
mal solution to problem (1.38) that satisfies the conditions in (1.40). Recall from Lemma
4(i) that the equilibrium problem (1.16) can be formulated as an instance of the framework
problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-3) hold. By Lemma 5, any dual opti-

mal solution (éb, 6°,nb.n°, &) associated with constraints (1.38b) - (1.38f) that maximizes
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Sjeslson(al) — sgn(v; — N+ ) + Siesl-sgn(af) + sgn(s; — a](F; ) is wniaue,
and satisfies the conditions in (1.40). By Proposition 12(vi), the constructed dual optimal
vector (Ob, 6°, nb, n®, ) that satisfies the conditions in (1.40) is the unique vector. Thus, it
follows that (éb,G 7,05, T) = (Ob,OS,nb,nS,ﬂ').

To establish condition (ii) in the proposition statement, for all ¢ € S, we discuss three
cases:

(1) If 0 < ¢ < s, then we have p; = stl(ﬁ) (condition (1.102)). Moreover, ¢f < s;
also implies that 7{ = 0 by condition (1.40e). With h}(¢}) = F ( ) this implies that
stl(%) = 67 (condition (1.40b)). With FS: (s—i) = p; (condition (1.102)), we obtain
pi = 05;

(2) If ¢ = s;, then we can pick any j : x;; > 0 such that q? > 0. By condition

(1.103) we obtain that min;.; »yep{(1 + yg)pi + ¢} + /J? < vp; and ming. ;e p{pi +

b
(1 Z—J) Recall that q? < bj from Proposition 12 (v), which implies that
j

1+7

- b - b

'r]j = 0 (by condition (1.40f)). Given g;(q?) = Fb;1(1 — %)’ we have Fbgl( — Z—j) 9?- (by
b
1+ b =0
by condition (1.4()(:). Given z;; > 0, the equilibrium expression (1.2d) implies p; + e —

1+7;?

Ci/ .
1+’y§? b=

condition (1.40a)). Furthermore, we have m;; = 0 by condition (1.40f) and 07 +

ming. 7 nep{py + ’-1. Thus, we obtain that p; 14?% = ming, i Hep{py +
J

1+ [
—1 ¢ b c
Fbj (1 bj> = ‘9] 07 + 1+Z’y§?’ which suggests that p; = 07

(3) If ¢ = 0, then by condition (1.40e), we have 7 = 0. We prove p; < 67 by con-
tradiction. Suppose that p; > 6%. Since hl(¢f) = Fgl(g) (condition (1.40b)), we have

Fsll(q’ ) = 13’5:1(0) = 07. However, we have p; < Fs_il(()) (condition (1.102)). These obser-

54

vations imply F L) = 07 < p; < Fg, 1(0), thereby leading to a contradiction. Thus, we

conclude that p; < 67.

Next, we prove maxj:(@-’j)eE{G? -1 < p; for all j : (i,j) € E. Recall that

1+ 2

¢ b

] . ~ q
mingr, ;s ) eE{Pz’ + 1 } > ( — f;) (condition (1.103)), and gg(qg) = Fbjl(l — %)

b

Thus, it follows that Fb; (1-— E) = 9b since g;(q?) = 9? + 77? (condition 1.103) and 77? =0
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(using condition (1.40d) and the fact that q? < bj by Proposition 12(v)). This implies that
C; . Ci/ b . ) b C;
T > ming. iy jyep{py + @} > ¢]. Thus, we obtain p; > max;,(; jyep{0; — 1+7?}.

Thus, it follows that if (p,x, ¢°, qb) is a competitive equilibrium, then condition (ii) of

pi +

the proposition holds.

Step 2: sufficiency. Let vector (p,a:,qs,qb) and (Gb,HS,nb,ns,Tr) satisfy conditions (i)

and (ii) in the proposition statement. Together, these tuples satisfy conditions (1.40a) -
(1.40f) (by Lemma 5). Define Fy;, : R U {—00,00} — [0,1] by Fi,(v) = Fys,((1 — 7f)v —

ps) for all i € S and Fbj : RU {—00,00} — [0,1] by Fbj(v) = Fp,((1+ 7?)21 + u?).
7F71(I)+uf and

Si

This definition is consistent with the inverse function definition ﬁgl(m) = s
(2

| F, (@)=
Ha) = —L——
J 1+'Vj
To establish that (p,x, ¢%, %) € X (v, ), we verify the equilibrium conditions (1.2a) -

(1.2d):

(1) to establish the equilibrium expression (1.2a), for all i € S, we consider the following
two cases: (1)-(i) if ¢/ = 0, then we have { = 0 (condition (1.40e)). Given hf(g}) =
Fgl(g—f), by condition (1.40b), we also have stl(()) = ﬁgl(g) = 67. From condition

(ii) of the proposition statement, we conclude 6 > p;. Given that function Fj, is

increasing and nonnegative in R (Assumption 1), it follows that Fy, is increasing and

has nonnegative values in R. These observations imply that 0 < Fj,(p;) < Fy,(6;) =

Fsi(Fs_il(O)) = 0. From the definition Fy,(v) = Fs,((1—#)v — pf), it also follows that

Fo,(1—~5)p; — i) = Fs;(p;) =0 = g Thus, the equilibrium expression (1.2a) holds;

(1)-(ii) if ¢ > 0, by using hl(q}) = Fgl(q—;), and the fact that 67 = Fszl(g—f) +n?

Si
(condition (1.40b)) and 17 > 0 (condition (1.40e)), we obtain 6 > Fs_zl(%) Moreover,
¢; > 0 implies that p; = 67 (condition (ii) of the proposition statement). Given ¢ > 0,
we also have Z—i > F, s;(07), which follows from F 5 1(%) = p; = 07 when ¢j < s; and
from Fy;(0¢) < 1 when ¢f = s;. Thus, we conclude that % > Fy,(09) = Fs,(p;) >

Fsi(F_l(ﬁ)) = g Given the definition Fj,(v) = Fy,((1 — 7%)v — uf), it follows that

S; Si

115



S

Fo,(1 = ~9)p; — pf) = Fs,(p;) = %, i.e., the equilibrium expression (1.2a) holds;

to establish the equilibrium expression (1.2b), for all 7 € B, we discuss the following two
- b

cases: (2)-(i) if q? = 0, we have 77? = 0 by condition (1.40f). Given gg(qg’) = bel( —%),
j

we also have Fbgl(l) = Fbgl( - E) = Qb by condition (1.40a). Next we establish that

9b

1+7§’ -

by condition (ii) of the proposition statement; and if ¢; > 0, then we have p; = 67

mini:(i,j)EE{pi—i_l_ﬁyb} > 9?. Foralli: (i,j) € E,if ¢; = 0, then we have p;+
j

¢ .. _pb iy
Tt mij = ¢ (condition
(1.40c)) and m;; > 0 (condition (1.40f)), we obtain p; + 14?7,) > Gb. Thus, we have
J
ming,; e p{pi + 1 } > 6’b Given that function Fj is increasing and Fp, (v (v) <1

by condition (ii) of the proposition statement. Using 67 +

for allv € R (Assurnptlon 1), we obtain that Fbj is strictly increasing with F; bj( v) <1
for all v € R. This further implies that 1 > Fbj(mini;(i,j)eE{pi + ﬁ}) > Fbj(Q?) =
Fbj(ﬁl);l(l)) = 1. Equivalently, we have Fbj(mini:(i,j)eE{(l + 7?)1%’ + ¢} + ug) =
b
— . C; o . q; .1 . .
£y, (ming.; nepipri + @}) =1=1- é Thus, the equilibrium expression (1.2b)
holds; (2)-(ii) if qg > 0, we obtain q? < bj (Proposition 12(v)), 77? = 0 (condition
- b -
(1.40f)), and Fl; L1- Z—J) = 9? (condition (1.40a)). This further implies that Fy, (9?) =
j

L b
Fbj(Fb_,l( — Z—;)) =1- Z—j. Pick any 7 : ;; > 0, and we obtain m;; = 0 (condition

(1.40f)) and 67 + 1+i (9? (condition (1.40c)). Given p; = 67 by condition (ii) of

the proposition stabtement7 we have p; = Qb Furthermore, recall that we have

1+b

P+ 155 7 > Hb for all ¢/ : x; ;=0 (condltlon (ii) of the proposition statement). Thus,
J

we have ¢ € argming, ;s ;) eE{pz’ + T b} which implies that Fb :(4,7) eE{pz

(mi

b
_ 1
b’

) = ( + 13@) = Fbj(ef + ) = Fbj((??) = or equivalently
. ‘ ¢
Fy, (ming,; jep{(1+72pi +ci} + 1) = Fy, (ming; e plpi + 1371?}) = 1— 4. Thus,
J

'l
1+'yb 1447

the equilibrium expression (1.2b) holds;

the equilibrium expression (1.2¢) follows directly from constraints (1.38b) and (1.38c)

in the framework problem (1.38);
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(4) We proceed by establishing the equilibrium expression (1.2d) for any (i,7) € E. Not

that z;; > 0 follows from constraint (1.38f) in the framework problem (1.38).

Also note that, for any (i, j) € E, we have 65 + m;j > 0 by condition (1.40c)

and (1.40d). Fix j € B, if there exists i : 2;; > 0, then we have 7;; = 0 (condition

(1.40f)), which further implies 6 + b = Qb (condition (1.40f)). Thus, if zi; > 0,

1+

b _ Ci
we have 07 = 07 + e = ming. ;) 6E{HS + T b} Moreover, with x;; > 0, we have

q; > 0, which imphes pl = 07 by condition (ii) of the proposition statement. Thus, it

)=

follows that p; + = 95 + = ming, :(4,5) GE{

1+ 1+ 1+ 2

We next establish that 6? < mlni’:(i’,j)eE{pi’ + %Z;b} For i : (i,7) € E such that

q; = 0, condition (ii) of the proposition statement ijmplies that 0? < p; + ﬁgb, for

i: (z’,j) € I such that ¢f > 0, we have p§ = 67, which suggests that (9? <07+ 1%7? —

pi + 1+ Tl Thus, we have eb < ming,y yep{py + T b}

These observations imply that if there exists (7, j) € E with x;; > 0, then

Ci

e 1+7b} =pit 1+

cpr
R AR e R I Ui

(1.104)

which implies that i € argming.y Hep{(1 + 7?)]9?, + ¢y }. Thus, the equilibrium

condition (1.2d) is also satisfied.

In summary, the equilibrium conditions (1.2a) - (1.2d) hold for (p,x,q®, ") that satisfy

the requirements in (i) and (i) of the proposition statement. Thus, we conclude that

(p,x,q° q") € X (v, ). =

Proof of Lemma 2. We proceed in the following seven steps. The first step establishes

that an optimal solution p(t) to problem (1.18) exists and is unique for ¢ > 0. The second
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step shows that function p(t) strictly increases in ¢ for ¢ > 0. The third step shows that
@ strictly decreases in ¢t when t > tg and @ =1 for t < tg. These three steps establish
claim (i) of the lemma statement. The fourth step establishes that the value function f(¢)
is continuous in ¢ > 0. In the fifth step, we prove that the optimal objective value f(t) is
strictly increasing in ¢ > 0. The sixth step shows that f(¢) is strictly concave in ¢ > 0. In
the seventh step, we prove that f(t) satisfies lim; o f(¢) = g(0). The last four steps establish

claim (ii) of the lemma statement.

Step 1: p(t) is well-defined. Given ¢ > 0, problem (1.18) can be formulated as an instance

S5

of the framework problem (1.38) where (1-i) gj(q) = jg(b%) for all j € B, hi(q) = s;h(L)
for all i € S and w;; = 0 for all (i,7) € £, (1-ii) bj = 1 for all j € Band s; =t foralli € S,
and (1-iii) |B| = |S| = 1.

In this instance, it is clear that Assumption (1.91) is equivalent to Assumption (1.12.1-
1), and Assumption (1.92) is equivalent to Assumption (1.12.1-2). Thus, for any ¢ > 0, by
Proposition 12(i), an optimal solution r* to problem (1.18) exists. Moreover, by Proposition
1.38(iv), any optimal solution 7* to problem (1.18) is unique given ¢ > 0. Equivalently, we
conclude that p(t) is well-defined for all ¢ > 0.

Step 2: p(t) is strictly increasing in ¢ > 0. In problem (1.18) given any ¢ > 0, recall that

the objective function g(r) — th(%) is continuously differentiable and strictly concave in
r € (0,1) (Assumptions (1.91) - (1.92)). As before, we define ¢'(r) and h/(r) for r € {0,1}
in terms of the relevant limits, i.e., g’(0) = lim, | ¢'(r) and similarly for the rest. Moreover,
by Assumption (1.94), we apply the first order optimality condition to problem (1.18) and

obtain that

o) = max {7“ € [0,min{1,7}] : ¢'(r) — 1’ (;) > o} . (1.105)

Using once more the fact that ¢’(0) — h/(0) > 0 (Assumption (1.94)), it immediately follows
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that for any ¢t > 0, we have:

p(t) > 0. (1.106)

Next, we establish p(t) < 1. Note that if ¢ < 1, then constraint r € [0, min{1,¢}] directly

implies p(t) < 1. Suppose instead that ¢ > 1, and observe that

—~
=

1\ (a) b

g1 =1 (t) 2 41 -1 0 < o (1.107)

where step (a) follows from the strict increasing property of h/(r) in r € (0,1) (Assumption
(1.92)). Step (b) follows from ¢'(1) < 0 and A'(0) > 0 (Assumption (1.94)). Based on
condition (1.107), we conclude that by starting at » = 1 and decreasing r, the objective

value of problem (1.18) can be increased. Thus, we obtain
p(t) < 1. (1.108)

By (1.106) and (1.108), the optimality condition (1.105) can be further simplified to

o) = max {7“ €0,1]: g'(r) = I (Z) >0, r< t}. (1.109)

By the continuous differentiability and the strict concavity of g(r) and —h(r) in (0,1) (As-
sumption (1.91) - (1.92)), we obtain that ¢'(r) — h/(%) is continuous and decreasing in

r € (0,1). From condition (1.109), we deduce that

p(t)

either ¢'(p(t)) — A’ ( ;

) =0or p(t) =t. (1.110)

We next prove that p(t) is strictly increasing for ¢ > 0. We prove the claim by contradiction.
Suppose that for some 0 < t; < to, we have p(t1) > p(te). Recall that A'(r) is strictly

increasing in r (Assumption (1.92)). Moreover, by (1.106) and (1.108), we have p(t1), p(t2) €
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(0,1) and by (1.109), we have p(t1) < t;. Thus, given to > t1 > 0, it follows that

o (plt1)) — I (”(“)) > ¢ (pltr) — (”(“)) | (1a11)

to 4]

Since ¢(r) — 1/ (%) is strictly decreasing in r for any r € [0, min{1,¢}] (Assumption (1.91) -

(1.92)) and p(t2) < p(t1) < t1 < t2, we also deduce that

2 12

o (plt)) — I (’)“2)) > ¢ (pltr) — I ('O(“)) | (1.112)

On the other hand, (1.109), (1.111) and (1.112) collectively imply that

J(olt2)) ~ (”@“‘)) > g p(tr)) — W (”“”) > 0. (1.113)

12 i1

With p(ta) < p(t1) and p(t1) < t1 < to, we have p(t2) < to. This observation,together with

the fact that ¢/(p(to)) — A’ (p(tt;)> > 0 (by (1.113)) implies that p(t2) does not satisfy the

optimality condition (1.110). Thus, we obtain a contradiction and conclude that p(t1) <

p(ta) whenever 0 < t1 < to.

Step 3: @ =1 for t <tpand @ is strictly decreasing for ¢ > tg. By definition (see claim

(i) of the lemma statement), we have tg = [¢/]"}(h/(1)). By Assumption (1.94), we have
g (1) <0 < KW(0) < ¢'(0). Since h'(r) is strictly increasing in r (Assumption (1.92)). It
follows that A’(1) > h’(0) > 0. By definition of [¢/] ! in the lemma statement and the fact
that ¢/(r) is strictly decreasing in r € (0,1) (Assumption (1.91)), it follows that there are
two possible cases for tg: if /(1) € (0,¢/(0)), then tg = [¢/]"1(W/ (1)) € (0,1); if /(1) > ¢/(0),
then tg = 0. Note that in both cases, we have ¢'(ty) — h'(1) < 0.

We proceed by proving the claims for t < tg and ¢t > t.

First consider t < t3. Note that given ¢ > 0, in this case we necessarily have tg > 0,
and hence ¢'(ty) = h/(1). Since ¢/(r) is strictly decreasing in r € (0,1) (Assumption (1.91)),

we obtain that ¢/(t) > ¢'(tg) = h/(1). Given that ¢'(r) — A’ (%) is strictly decreasing in r
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(Assumption (1.91) - (1.92)), it follows that

Jr) -1 (Z) S g ()= (1) >0, Vrelo). (1.114)

We prove p(t) =t by contradiction. Suppose that p(t) < t. From the optimality condition
(1.110), we have ¢'(p(t)) — 1 (p(gf)) = 0, which contradicts condition (1.114) given p(t) < t.
Thus, we conclude that p(t) =t for all ¢ < .

Next, suppose t > tg, since ¢'(r) is strictly decreasing in 7(Assumption (1.91)), we note

that

gt —h (1) <d'(tg) —n'(1) <0. (1.115)

We proceed by showing that p(t) < ¢ for all ¢t > tg. By (1.109), we have p(t) < t. Suppose
for a contradiction that p(t) = t. Observe that condition (1.109) implies that ¢'(p(t)) —
' (p(;ﬁ)) = ¢'(t) — b’ (1) > 0, which leads to a contradiction to condition (1.115). Thus, it

follows that
p(t) < t. (1.116)

Finally, we establish that 2 ( ) ; is strictly decreasing in ¢ for t > tg. Suppose for a contradiction
that for some t1, t9 such that tg < t1 < t2, we have 2 ( 1) <P ( ) This observation together
with the fact that p(t1) < p(te) (which follows by step 2), the strict decreasingness of ¢'(r)
in r € (0,1)(Assumption (1.91)) and —A/(r) in r € (0,1)(Assumption (1.92)), implies that
J (p(t1)) — ( tl)) > ¢ (p(ta)) — (p(tt;)> By condition (1.109), we have ¢'(p(t2)) —
W (22)) = 0. Thus,

g (p(tr)) — 1 () > 0. (1.117)



Moreover from %11) < % and p(ta) < t9 (condition (1.116)), we have p(t1) < %p(tg) <ty,

which implies that
p(t) < t1. (1.118)

However, conditions (1.117) and (1.118) imply that the optimality condition (1.110) cannot
be satisfied. Thus, we obtain a contradiction and conclude that %11) > %22) for all g <
t1 < to.

Step 4: value function f(t) is continuous in ¢ > 0. To prove the continuity of f(¢) in ¢ >

0, it is sufficient to show that for any xg > 0, f(¢) is continuous in ¢ > k.

Fix any kg > 0, weset X ={t: ¢t > kb, Y ={r:r>0tand I'(t) = {r: 0 <r <
L,r <t} C Y. In what follows, we apply the Maximum theorem to establish that f(t) is
continuous in ¢ (see pagell6 of (49)).

First observe that we have 0 € I'(¢) for all t € X, and I'(¢) is non-empty for all t € X.
We claim that I'(¢) is both upper hemicontinuous and lower hemicontinuous in ¢ for all
t € X. To show the upper hemicontinuity of I'(¢), we establish that given any sequence
{(rp,tr) € X xY 1 k=1,2,...} that satisfies 7. € ['(¢3.), limp_,oo 7, = 7, and limy,_, ot} =
t, we have r € I'(t). Since [0, 1] is a compact set, we have r;, € [0,1] (by r;, € T'(;)), and
r =limy_,o 7 € [0, 1]. Moreover, we also have r;. <t (by rj € I'(t,)), which implies that
r=limy_, 7 < limg_ ot =t. Thus, it follows that » € I'(¢), and we conclude that T'(t)
is upper hemicontinuous at ¢ for all t € X.

To establish the lower hemicontinuity of I'(¢), we establish that given any r € T'(¢)
and sequence {t; € X : k = 1,2,...} such that lim;_, tx = ¢, there exists a sequence
{ri : k =1,2,...} such that r, € I'(t;) for all k£ and limj_,,,rp = r. Let rp = min{r,t;}
for all k. Since r € I'(¢), it follows that » < 1. Similarly, since ¢}, € X, we have t;, > 0
and since r € I'(¢), we have r > 0. Using the definition of 7, those observations collectively

imply that r;. € [0,1] for all k. Moreover, since rj, = min{r, ¢}, it follows that r; < t; for
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all k. Thus, we conclude that 7. € I'(¢) for all k. Moreover, given r < t (by r € I'(t)) and
limy,_,o t3, = t, we have limy_, o 7. = limy._, o, min{r, ¢t} = r. Thus, it follows that I'(¢) is
lower hemicontinuous at ¢ for all ¢t € X.

Note that the function g(r) — th(%) is not defined for » > min{1,¢}. We next construct

(
functions §(r) and A(r) such that §(r) — tﬁ(%) is well-defined and continuous in Y = {r :
r =0} and f(t) = max,c[o minf1,¢) 9(r) — th(F) for all t € X.

Fix any Ko € Ryy. If g(1) = —oo, we claim that lim,4 ¢'(r) = —oco. Suppose
lim,41 ¢'(r) = M for some M > —oco. By Assumption (1.94), we have lim,; ¢(r) = M < 0.
Given that ¢/(r) is strictly decreasing in € (0,1) (Assumption (1.91)), we have ¢'(r) > M
for r € [%, 1], which further implies that lim,4; g(r) = lim,qq g(%) + /T ¢ (x)dx > g(%) +

2
%M > —o0, thereby leading to a contradiction to lim,41 g(r) = —oo. Thus, it follows that

lim, 41 ¢'(r) = —oco. Let 71 € (0,1) be a constant such that
gd(r)< —Ky<0, Yr>f. (1.119)
If g(1) > —o0, set 71 = 1. We define a continuous function §: Y — R as follows:

g(r) = o) s (1.120)
g(ry) ifr>ry.

Similarly, if h(1) = co, we claim that lim,41 h/(r) = co. Suppose towards a contradiction
that lim,4y h/(r) = M for some M < oo. Since h'(r) is strictly increasing in r € (0,1)
(Assumption (1.92)) and //(0) > 0 (Assumption (1.94)), we have h/(r) < M for all r € [0, 1],
which implies that lim,.qq h(r) = lim,qq h($) + fg W(x)dr < h(3) + M < oo, thereby
leading to a contradiction to lim,4; h(r) = oo. Thus, it follows that lim,4q h'(r) = oco.
Since p(t) is strictly increasing in ¢ € X (established in step 2), p(t) > 0 for all t € X (by

condition (1.106)), and ¢(-) is strictly decreasing in r € (0, 1) (Assumption (1.91)), we have
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t > p(t) > p(kg) > 0, as well as,
g (p(t) < d'(p(ro)) < ¢'(0) < o0, VieX. (1.121)
Let 79 € (0,1) be a constant such that
W(r) > g (p(ko)) + Ko, Vi > 7. (1.122)
If instead h(1) < oo, set 7o = 1. We define a continuous function h:Y — R as follows:

R h(r) if r <ry;
h(r) = (1.123)
h(r) if r > ro.

Recall that p(t) is the optimal solution to problem (1.17) for any ¢t € X. We claim that
p(t) <71 and @ <19 for all t € X. Suppose towards contradiction that there exists ¢ € X
such that p(t) > 71. From ¢’(p(t)) < —Kj (condition (1.119)) and h'(@) > 0 (Assumption

(1.92) and (1.94) given 2% > 0), it follows that

g (p(t) =1 <p(t)> < —Ko— I (p(tt)> <0, (1.124)

t

thereby leading to a contradiction with the optimality condition (1.109).

Similarly, suppose towards contradiction that there exists ¢ > 0 such that %t) > 79.
From ¢'(p(t)) < ¢'(p(kg)) (condition (1.121)) and A’ (p&t)) > Ko + ¢'(p(kg)) (condition
(1.122)), we deduce that

(t)

J (1)) — W (p

: ) < ¢(olw0) — Ko — g (pla)) < —Ko < 0, (1.125)

thereby leading to a contradiction with the optimality condition (1.109).

These observations jointly imply that, for all ¢ € X, instead of problem (1.17), f(¢) can
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be defined as follows:

ft) = max ]Q(T) — th (r) = max §(r) —th <> . (1.126)

r€[0,min{1,t} t rel(t)

Given the continuity of §(r) — th (%) in r € Y (by definition of § and h), the upper and
lower hemicontinuity of I'(¢) in ¢ € X, and the fact that T'(¢) # 0 for all t € X it follows by
the Maximum theorem (see page 116 of (49)) that f(¢) is continuous in ¢ for ¢ > kg. Since
kQ is picked arbitrarily in (0,00), we conclude that f(¢) is continuous in ¢ for ¢ > 0.

Step 5: f(t) is strictly increasing in ¢t > 0. For any 0 < t1 < tg, we let p(t1) and p(t2) be

defined as in (1.18). Note that 0 < p(t1) < p(t2) (by step 2), Thus, it follows that

f(t1) = g(p(t1)) — t1h <p(tt11)>
0 g(p(t1)) — tah <p§;1)>
: alptiz)) = tah <P(tt22)> = flt), (1.127)

Note that we have 0 < p(t1) < t1 < t9, which implies that h(%;)) < oo since h(r) < oo for
r < 1. Step (c) follows from this observation and the fact that th(%) in strictly decreasing
int > 0 for r > 0 (Assumption (1.93)). Step (d) follows from the optimality of p(¢2) in
problem (1.17) with t = t».

Step 6: f(t) is strictly concave in t > 0. For any tg,t; > 0 with tg # t1, Let r1 = p(t1)

and rg = p(tg). Since p(t) is strictly increasing in ¢ > 0 (by step 2), we obtain that
p(tg) # p(t1). For any 6 € (0,1), we set tyg = 0t1 + (1 — O)tg, rg = Or1 + (1 — O)ry,
and p(tg) = argmax,cjo min{1,t,}] 9(r) — t@h(%). By the construction of ry, we have ry €
[0, min{1,ty}]. Since t1,tg > 0, it follows that r1,79 € (0,1) (by condition (1.106) and

(1.108)), which further implies that ry € (0,1). By the strict concavity of g() in (0,1)
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(Assumption (1.91)), we apply the Jensen’s inequality to obtain that

g(rg) > Og(r1) + (1 —0)g(ro). (1.128)

Next, we establish that (rg,tg), (r1,t1), (ro,to) € {(+',¢)) : t/ > 0,;—,, € [0,1], h(%,,) < o0}
Recall that t; > 0 and 7, € [0,min{1,%;}] for z € {0,1,0}. Tt is sufficient to prove that
h(%) < oo for all x € {0,1,0}. If h(1) < oo, by Assumption (1.92), h(r) is continuous in
r € [0,1], so the claim holds. Suppose h(1) = oo. Since f(t) is continuous (and bounded)
at t = t1 and t = tg, and g(rg),g(r1) < oo given rg,71 € (0,1), it readily follows that
ro = p(tp) < to and r1 = p(t1) < t1, which further implies that rg = 6ry + (1 — 0)rg <
0ty + (1 — 0)tg = ty. Since h(r) is continuous in r € [0,1) (by Assumption (1.92)), we
conclude that h(%) < oo for all z € {0,1,0}. By the joint convexity of th(}) in (r,t) €
{0 t) > 0,77;—,, € [0,1], h(;—,/) < oo} (Assumption (1.93)), it follows from the Jensen’s

inequality that

toh <m> < Ot1h (“) +(1-0)tgh (m) . (1.129)
ty t1 to

. We conclude that

F(ts) = glplts)) — toh (p“”)

lg
(e)
> glrg) — toh (tZ)

2 Jogtrn) + (1= 0)g(r0)] — [ourn (;) (1= B)ioh <tO> |

0
9D g1(t1) + (1 - 0)(t0). (1.130)

where step (e) follows from the optimality of p(ty) in problem (1.17) given ¢t = ty. Step (f)

follows from (1.128) and (1.129). Step (g) follows from the optimality of r1 (given r1 = p(t1))

in problem (1.17) for ¢ = ¢1 and the optimality of rq (given rg = p(tg)) in problem (1.17) for
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t = tg. Since 6,11, t9 are arbitrary, from (1.130) we conclude that f(t) is strictly concave in
t for t > 0.

Step 7: limy g f(t) = g(0). From 0 < p(t) < ¢, it readily follows that

lim p(t) = 0. 1.131
tlﬁ}p() ( )

Let tj, be a constant such that ¢;, = h(%) +min,.¢[g q] h’(%)(r ). By the strictly convexity
) h

_1
2
of h(r) in r € (0,1) (Assumption (1.92)), it follows that h(r) > (%) + h’(%)(r — %) > 1y, for

all r € [0,1]. Thus,

F(t) < glp(t)) — tty,, Ve (0,1]. (1.132)

Moreover, if t < 1, it is clear that r = %t is feasible solution to problem (1.17). Thus, we
conclude that

£#) > g (;) _th (;) L Ve (0,1). (1.133)

By (1.131), the upper bound in (1.132) satisfies limy o g(p(t)) — tt}, = g(0) and the lower

bound in (1.133) satisfies limy g(%) - th(%) = ¢(0). Thus, we conclude that lim; o f(t) =

g(0). O

Proof of Lemma 3.Let y* be any optimal solution to problem (1.19). We first prove
that y* is a lexicographically optimal base using the framework provided by (42).

Given Assumptions (1.91) - (1.94), by Lemma 2(ii), function f(¢) is continuous and
strictly concave in ¢ > 0. We define the superdifferential of function f(-) evaluated at t > 0 as
of(t) ={zeR| f(tg) < f(t)+=z(tg—t), Vtg > 0}. We further define 04 f(t) = max{df(t)}
and 0— f(t) = min{0f(¢)}.

In the optimal solution y*, we let the distinct values of {Z—j} jen be given by th<th--- <
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t7. Given that y* is a feasible solution to problem (1.19), it follows that y* an element (or
independent vector) of P ={y : Yjepyj < Xieny(p) s, VB C B, yj =2 0,Vj € B} (by
(2.5) of (42)). By Lemma 2.3 of (42), we have dep(y*,j) = {B|j € B C B, ¥jepy; =
YieNg(B) si}. By convention, we say dep(y*,j) = 0 if Xjcp y;, < YieNg(B) i for all
B C B such that j € B. Note that for dep(y*,j) # 0, dep(y*,j) is the set of all elements
4" € B such that for some d > 0, the vector y’ € R'f' defined by y' = y* + dX; — de/ is an
independent vector of P (by (2.19) of (42)).

We claim that dep(y*,j) # 0 for all j € B. Suppose towards a contradiction that there
exists j € B such that dep(y*,j) = 0. Then Yjcpyj < YieNy(B) i for all B C B such
that j € B. Since f(t) is strictly increasing in ¢ > 0 (by Lemma 2(ii)), it follows another
feasible solution can be obtained by increasing y}f and this solution improves the objective

function, thereby leading to a contradiction. Thus, we have

dep(y*,j) #0, VjeB. (1.134)

*

Next, we claim that for all ji,jo € B, if “Zj—l < bﬂ’ then jo & dep(y™,j1). Suppose not,
1 o

<
*

*

o o Yy : :
and for some j1, jo € B with 32 < $2, we have jo € dep(y*, j1).
i1 i
*

Note that yﬁ < Zﬁ implies that 0_ f( by ) > 0 f(%) > 0. To see this, first observe

that by the strict concavity of f(¢) in ¢ > 0 (by Lemma 2(ii)), we can pick t1,t3 € R
satisfying Zj—l <t <ty < ZJ—Q such that (1) f/(t1) and f’(to) exist by the almost-everywhere
J1 J2
differentiability of f(-), and (2) f/(t1) > f’(t2). Moreover, the strict concavity of f(t) in
f3, /bjy)—f(t1) / F(j, /bjy) = F(t2)
> > 2
yﬁl/bjl_tl f ( ) and f (t2> - y;2/bj2_t2
(9_|_f(%) Thus, 0— f(%) > 0 f(%) holds. Since f(t) is is strictly increasing in ¢t > 0 (by

*

Lemma 2(ii)), we obtain that 84.]’(%) > 0.
j

t > 0 also implies that a_f(yj%?) >

Next, we define a collection of sets J = {B C B : Zjepy; = Sieny(B) Sit- Pick 6 >0
small enough such that the following two conditions are satisfied: (1) 0 < mingg 7{¥;cn,(B) 5i—
) =0
YjeBYj), and (2) 8_f(yj%) > a+f(y]12)7j) > 0. We construct a new vector y such that
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Yj, == Yj, +0, U, =y;, — 6, and y; = y7 for all j # j1, jo. Given that j € dep(y*, ;1) and
that ¢ is small, we have y € P.
Define function H(y) = Y ;epbjf (zj) By the strict concavity of function f(t) for

t > 0, it follows that H(y) is strictly concave, and hence H(y*) < H(y) + 2T(y* — y)

for any z satisfying z; € 8f(b—3:) for all j € B. Since 2T(y* —y) = —0zj + 0z}, <
j

x40 -0
—(58_f(yj%)j )+ 53+f(y9%j ) < 0, we obtain that H(y*) < H(y), which is a contradiction

to the optimality of y*. Thus,

v
if 1% < TJQ then jo & dep(y*, j1). (1.135)
J1 J2

For k = 1,...,1, define B%) = {j € B| %; < t).}. Based on (1.134) and (1.135), it

follows that
0 # dep(y*,j) ¢ BX vjeB® r=1,..1 (1.136)

Using the equivalence of item (i) and (iii) in Theorem 3.2 of (42), we conclude that y* is a
lexicographically optimal base of P with respect to weight vector b.

By Theorem 3.1 of (42), the lexicographically optimal base is unique. Since we have
established that an arbitrary optimal solution y* is the lexicographically optimal base of
P with respect to weight vector b, it follows that problem (1.19) admits a unique optimal
solution.

To establish that y}f > ( for all j € B, we suppose towards a contradiction that there
exists j € B such that y;( = 0. By (1.134), dep(y*, j) # 0. Thus, there exists j' € dep(y*, j).
By Theorem 4.1 of (42) and the subsequent discussion, y* is not a lexicographically optimal
base with respect to weight vector b, thereby leading to a contradiction. Thus, we conclude

that y}* > ( for all j € B. O

Proof of Proposition 10. Proof of claim (i). By Lemma 4(ii), the revenue optimiza-
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tion problem (1.7) can be formulated as an instance of the framework problem (1.38) where
gilq) = Fb;1(1 — b%)q for all j € B, h;(q) = Fgl(sii)q for all i € S and w;; = ¢; for all
(i,7) € E. Moreover, Assumptions (1.12.1-1)-(1.12.1-3) and Assumptions (1.12.1-7)-(1.12.1-
8) hold. From Fbj(') = Fp(-), Fs,(-) = Fs(-), and ¢; = 0 (Assumption 3), we establish that
9i(q) = jg(b%) for all j € B and h;(q) = Sih<3%) for all i € S where g(r) = Fb_l(l —7)r and

h(r) = F;Y(r)r. Thus, Assumptions (1.12.1-4) - (1.12.1-6) also hold.

Verifying Assumptions (1.91) - (1.92) in claim (i): Given g;(q) = jg(b%) and h;(q) =

sih(s%), Assumption (1.91) - (1.92) follow from Assumptions (1.12.1-1) - (1.12.1-2).

Verifying Assumption (1.93) in claim (i): Note that by the continuous differentiability

and the strict increasingness of function Fs(-) in (0,vs) (Assumption 1), it follows that

F

~1(.) is continuously differentiable and strictly increasing in (0,1) (the inverse function
theorem). Moreover, F; 1(r) is continuous at 7 = 0 and at r = 1 if 05 < oco. Given
th(f) = Fs_l(%)r, it follows that th(%) is strictly decreasing in ¢ for ¢ > r and r > 0.

We next verify the joint convexity of th(%) by discussing the following two cases: if

s < 00, then h(1) = F; (1) < oo. Following the notation of (51), we let dom(h) = [0, 1],
and dom(th(%)) = {(',t') : ¥/ > 0,5 € [0,1]} = {(/,') - ¥' > 0, € [0,1],h(%) < oo}.

Since h(r) is continuous at r = 0 and r = 1 (by Assumption (1.92) established above) and
convex in r € (0,1), it follows that it is convex in dom(h). Using these observations, we
conclude that ¢th(%) is jointly convex in (r,t) € {(+/,t)) : t/ > 0,77;—,, € [0, 1],h(7£—,,) < oo} (by
the discussion in page 89 of (51)). Suppose instead that o5 = co. Then h(1) = F; (1) = oo.
We let dom(h) = [0,1) and dom(th(})) = {('.t) : ¢/ > O,%,, e [0,1)} = {0 )t/ >

0,%,/ € [0, 1],h(;—,/) < oo}. Since h(r) is convex in r € (0,1) and continuous at 7 = 0
(by Assumption (1.92)), it follows that h is convex in dom(h). Using this observation and
once again the discussion in page 89 of (51), we conclude that th(F}) is jointly convex in

(r,t) € {(",t)) -t > 0,7 € [0,1],h(’) < oo} Thus, it follows that Assumption (1.93)

holds.

Verifying Assumption (1.94) in claim (i): Note that by Assumption (1.12.1-7), we have
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h.(0) = 0 for all i € S. By Assumption (1.12.1-3), we have g](b ) <0 forall j € B. By

Assumption (1.12.1-8), we have gj(O) > 0 for all j € B. Since g;(q) = bjg(¢) for all j € B

<.

and h;(q) = Sih(s%) for all i € S, we obtain gj(q) = ¢'(£) and h}(q) = h'(L), which further

] ’L

implies that ¢/(0) > //(0) = 0 and ¢/(1) < 0. Thus, Assumption (1.94) holds.

Proof of claim (ii). We plan to leverage Proposition 13 and Proposition 14 to prove this

claim. Before proceeding, we first verify the conditions of Proposition 13 and Proposition
14 for f(-), g(-) and h(-) as in the statement of the proposition. Recall that Assumptions
(1.12.1-1) - (1.12.1-6) hold in the instance of the framework problem (1.38) associated with
problem (1.7) (see the first part of the proof). Using the first part of the proposition and
applying Lemma 2(ii), we conclude that f(t) is continuous, strictly increasing, and strictly
concave for ¢ > 0. These observations imply that the conditions in Proposition 13 and
Proposition 14 are satisfied.

Proposition 14 establishes that problem (1.41) is equivalent to problem (1.38) in the sense
that the optimal solutions of one can be mapped to the other as specified in the proposition.
By Proposition 13, we also have that problem (1.41) and problem (1.19) share the same
optimal solution vector y*, which is unique (by Lemma 3). Thus, given the mappings in
part (i) of Proposition 14, claim (ii) readily follows.

Proof of claim (iii). Let f(-), g(-) and h(-) be defined as in the statement of the proposi-

tion, and let {g;, h;} be as given in part (i). Consider the formulations of (1.38) and (1.41)
with these functions. By Proposition 13, problem (1.41) and problem (1.19) share the same
optimal solution vector y*, which implies that they also share the same optimal objective
value Y- ;e bjf (Zj*) By Proposition 14(iii), it follows that the optimal objective value of
(1.41) is the same as that of problem (1.38). Since problem (1.38) is an instance of the latter
problem (with {g;,h;} given in part (i)), using the fact that the optimal objective value of

problem (1.7) is Vope (by Theorem 1), we conclude that Vot = 3 bjf(z—j) O

Proof of Proposition 11. Proof of claim(i). By Lemma 4(i), the equilibrium problem
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(1.16) can be formulated as an instance of the framework problem (1.38) where g;(q) =
q -1 ; —_ 4 -1 ; o= G
s Fbj (1 - %)dm for all j € B, hi(q) = Jy Fy, (S%)d:c for all i € S, and w;; = Tt
for all (i,7) € E. Moreover, Assumptions (1.12.1-1)- (1.12.1-3) hold in this instance of

the framework problem (1.38). Given the definition of be I and stl, we have g;(q) =

b
q_1 p—1 Hj :
I @Fbj (1—%)—1+{ygdxforalljEBandhi() i = ’yFSz (& )—i—l foralleS

From Fbj(‘) = Fy(+), Fs,(-) = Fs(-), ¢; = 0 (Assumption 3), 7j = AP, v o= 7‘9, uj =,

and pf = p° (by the assumptions of the proposition), it follows that g;(q) = bjg(g),
-1 b

hi(q) = Sih(s%) and w;; = ¢; = 0 where g(r) = I ﬁvab (1—2x)— ﬁiybdx and h(r) =

J§ 55 F (@)

imply that, for the aforementioned instance problem (1.38), Assumptions (1.12.1-4) - (1.12.1-

statement of the proposition. These observations

6) hold.

Verifying Assumptions (1.91)- (1.92) in claim (i): Given that g;(q) = bjg(¢ ) and h;(q) =

sih(L ) Assumptions (1.91) - (1.92) follow from Assumptions (1.12.1-1) - (1.12.1—2).

Verifying Assumption (1.93) in claim (i): Note that th(%) = tfr/t 1 Fo () + 1&; dz

by definition. By a Change of variables, it follows that ¢ [ r/t _173 FNx) + f%d:c =

1 _
Jo 1_775FS 1(%) 1

uously differentiable and strictly increasing in v € (0,7s), which implies that F (r) is

75 dx. By Assumption 1, the distribution function Fs(v) is contin-

continuously differentiable and strictly increasing in r € (0,1) (by the inverse function
theorem). Moreover, F; '(r) is continuous at r = 0 and at r = 1 if 55 < oo. Since
th(%) = ) 1%78175_1(%) + f’f%daz, it follows that th(%) is strictly decreasing in ¢ for any
t>randr>0.

We next verify the joint convexity of th(%) by discussing the following two cases: if v5 <
0o, then h(1) = F;7 (1) < oco. Following the notation of (51), we let dom(h) = [0,1], and
dom(th(})) = {('. t) - t' > O,;—,, e [0,1]} = {(',¢) : ¢ >0, 7;, € [0,1],h(F ) < oo}. Note
that since h(r) is continuous at r = 0 and r = 1 (by Assumption (1.92) established above)
and convex in r € (0, 1), it follows that it is convex in dom(h). Using these observations, we
conclude that th(%) is jointly convex in (r,t) € {(+',¢) : ¢/ > 0, ;, € [0,1], h(r—,) < oo} (by
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the discussion in page 89 of (51)). Suppose instead that o5 = co. Then h(1) = F; (1) = oc.
We let dom(h) = [0,1), and dom(th(})) = {(+/,¥') : ¢’ > O,%,, e [0,1)} = {(,t): ¥ >
0,7;—,/ € |0, 1],h(;—,/) < oo}. Since h(r) is convex in r € (0,1) and continuous at r = 0 (by
Assumption (1.92)), it follows that h is convex in dom(h). Using this observation (and

once again the discussion in page 89 of (51)), we conclude that th(%) is jointly convex in

(r,t) e {(' V)t > 0,77;—,, € [0,1],h(7£—,/) < o00}. Thus, it follows that Assumption (1.93)

holds.
b
Verifying Assumption (1.94) in claim (i): Observe that ¢'(r) = ﬁbeb_l(l —r)— Hlfj
s b
and h'(r) = 1%78}73_1(7“) + 1573. By assumption u® + }tzs ps < Fb_l(l), this observation
. . 1 -1 b s .
implies that ¢/(0) — 1/(0) = mFb (1) — ﬁTb - fﬁﬁ > 0. Since g}(q) = g'(b%) and

hi(q) = h’(s%), Assumption (1.12.1-3) implies that ¢’(1) < 0 and A’(0) > 0. Thus, we
conclude that Assumption (1.94) also holds.

Proof of claim (ii). We plan to apply Proposition 13 and Proposition 14 to establish this

claim. Before proceeding, we first establish the conditions in Proposition 13 and Proposition
14. Recall that Assumptions (1.12.1-1) -(1.12.1-6) hold in the instance of the framework
problem (1.38) associated with the equilibrium problem (1.16) (see the first part of the
proof). Using the first part of the proposition and applying Lemma 2(ii), we establish that
f(+) is continuous, strictly increasing, and strictly concave for ¢ > 0. These observations
jointly imply that the conditions in Proposition 13 and Proposition 14 are satisfied.

Proposition 14 establishes that problem (1.41) is equivalent to problem (1.38) in the
sense that the optimal solutions of one can be mapped to the optimal solutions of the
other as specified by the proposition statement. Moreover, Proposition 13 establishes that
problem (1.41) and problem (1.19) share the same optimal solution vector y*. Thus, given
the mapping in Proposition 14(i), we conclude that claim (ii) of the proposition statement
holds.

Proof of claim (iii). Let f(-), g(-), and h(-) be defined as in the statement of the proposi-

tion, and let {g;, h; } be as given in part (i). Consider the formulations of problem (1.38) and
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problem (1.41) with these functions. By Proposition 13, problem (1.41) and problem (1.19)
share the same optimal solution vector y*, which implies that they also share the same
optimal objective value }7;c50;f (zg) By Proposition 14(iii), it follows that the optimal
objective value of problem (1.41) is the same as that of problem (1.38). Since problem (1.16)

is an instance of the latter problem (with {g;, h;} given in part (i)), these observations imply

that problem (1.16) and problem (1.19) have the same objective value, as claimed. O

1.13 Proofs of Results in Section 1.3

We provide the proofs of the results from Section 1.3 in Section 1.13. In Section 1.13, we
illustrate that the revenue maximization problem (1.3) of the platform has an objective that

is not concave.

Proofs

Proof of Proposition 1. We prove the result in the following two steps.

Step 1: existence of competitive equilibrium. By Lemma 4(i), the equilibrium problem

(1.16) can be formulated as an instance of the framework problem (1.38) where Assumptions
(1.12.1-1) - (1.12.1-3) hold. By applying Proposition 12 (i), we establish that there exists
an optimal solution (x,q*, qb) to the equilibrium problem (1.16). Moreover, Proposition

12(iii) implies that there exists a dual optimal multipliers (Hb, 05,1, n*, 7) that satisfies the

conditions in (1.40) such that 67 > 0? —w;j = 9? - 137” for all (7, ) € E. Thus, there exists
J

G

a vector p such that 07 > p; > 9?- T Proposition 9 implies that this p together with
the optimal solution (x,q®, qb) constitutes a competitive equilibrium. Thus, we conclude
that a competitive equilibrium exists.

Step 2: uniqueness. We apply Proposition 12 (iv) to establish that any optimal solution

vector (z, g%, qP) to the equilibrium problem (1.16) has the same (q®, g”). By Proposition
12(vi), we also obtain that the optimal dual vector (6%, Ob) corresponding to constraints

(1.16c) - (1.16b) is unique. Given that p; = 67 for all i : ¢ > 0 (Proposition 9(ii)), we
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establish that price vector (p;);.qs>0 is unique. O
(2

Proof of Corollary 1. Consider any commission-subscription profile (v, ) € I' x U, and
any associated competitive equilibrium (p,a:,qs,qb) € X(v,u). At this equilibrium, the

platform’s revenues can be expressed as follows:

S i+ Y (i + i

(i,j)GE (i,j)€E
Z Z [ l‘l"yj pz+cz+ﬂj] Lij — Z Z (1=27)p ﬂz]xm Z Cilig,
jeB x>0 1€8 J:x4;>0 (i,§):245>0
(b) : b b
= ~min (L +97)pi +cip + 1y ( > %’)
jeB ZZ(ZJ)EE{ } i:xij>0
= > [ =4)pi — 1] ( > %’j) - > gy,
€S Jix;i>0 (i,j):xij>0
(©) .
= ~min {<1+v§)p¢+6i}+u?] & = > [(1 =i -3 ag,
jeB LE(ii)eE i€S i€S

(1.137)

where step (a) follows by adding and subtracting terms Z(L J):ay >0 Pilij and Z(L §):i>0 CiTijy
and rearranging the expressions. In step (b), we use the fact that, x;; > 0 implies that
k € min.; Hep{(1 —1—7?)])2- +¢; } by the equilibrium expression (1.2d). In step (c), we use the
fact that Yii(ij)eE Tij = q? and Y ji(ij)eE Tij = q; (by the equilibrium expression (1.2c)).
By Proposition 1, the equilibrium supply-demand vector (g ,qb) and the equilibrium
price vector <pi>i5qf>0 are unique. Thus, (1.137) implies that for any (v, u) € T' x U, all

equilibria in X (7, p) induce the same revenue, and the claim follows. ]

Nonconcavity of the Revenue Function

We leverage the equilibrium problem (1.16) to illustrate the nonconvexity of the platform’s
revenue function V (v, p) provided that the induced revenue for any competitive equilibrium

is unique (Corollary 1).
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Example 4. Consider a network with one seller type and one buyer type. Let the value dis-
tribution be Fs(v) = Fp(v) = 1 — exp(—v) for v > 0 and the population profile be s = b =1
with ¢ = 0. Consider the following three commission-subscription vectors (75,42, u, ub) €
{(0,0,1,1),(0,0,2,2),(0,0,3,3)}. Equilibria for these commissions-subscriptions can be ob-
tained by solving problem (1.16). The corresponding revenues can be computed using (1.3a)
and is giwen by V(0,0,1,1) = 0.24, V(0,0,2,2) = 0.07 and V(0,0,3,3) = 0.01. Note that
since V (0,0,2,2) < %V(O, 0,1,1) + %V(O, 0,3,3), it follows that V (v*,+%, u®, ub) is not con-

cave in (v5, 4%, 1%, ). O

1.14 Proofs of Results in Section 1.4

1.14.1 Proofs of Results in Section 1.4.1.

Proof of Theorem 1. Proof of claim (i). By Lemma 4(ii), the revenue optimization prob-

lem (1.7) can be formulated as an instance of the framework problem (1.38) where we define
9i(q) = Fb;l (1 - bq]> q for all j € B, h;(q) = FS_Z,1 (S%) q for all i € S, and w;; = ¢; for all
(i,7) € E. Moreover, also by Lemma 4(ii), Assumptions (1.12.1-1) - (1.12.1-3) hold.

We prove claim (i) of this theorem using the following three steps. In step (i-1), we
establish that Vi, < Vopt i.e., the optimal solution to problem (1.7) provides an upper
bound to the optimal revenue in problem (1.3). In step (i-2), we construct a feasible solution
to (1.3) that achieves a value of Vopta which allows us to conclude that Vi, = Vopt' In step (i-
3), we show that any optimal solution to problem (1.3) must have the same supply/demand
vectors.

Step (i-1): Vopr < Vopt Let (v, ) € I'xU feasible commission-subscription profile, and let

(p,x,q°, qb) be any induced competitive equilibrium that satisfies (p, x, q°, qb) € X(v,p).
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By the equilibrium expressions (1.2a) - (1.2b), we first deduce that

b
; b bl b (@ 1 4\ ‘
s s| s ® -1 Qf S )
[(1—%‘)2%—%}%‘ > Fy, S ) 4 ViesS, (1.138)
7

where equality (a) follows because: if qg? = 0, then we must have oo > ming, s iyc {1+
b

fy?)pi/ +cp} —l—,u? > Oy, = Fl;l(l - Z—J) > 0, and both sides of the expressions equal to zero; if
j j

b
2 € (0,1), which, from

q? > 0, given that q? < b; (Proposition 12 (v)), we establish that 1 —
j

the equilibrium expression (1.2b), further implies the equality ming:. ;1 e {1+ ’yg)pi/ +
b
_%

b -1
Ci’}‘l',uj:Fbj ( D

). Thus, the equality in step (a) holds.
j

Inequality (b) follows by similar arguments. If g7 = 0, then we have —oo < (1 —~7)p; —
pi <0 = FS—il(%), and both sides equal to zero. If ¢ € (0, s;], we have (1 —~7)p; — pi >
Fy 1(%) (the equilibrium expression (1.2a)), which further leads to the inequality in step
(b).

In Corollary 1, we show that all equilibria in X' (7, pt) yield the same revenue, and thus

V (7, i) is well-defined. Thus, we can obtain the following upper bound for the platform’s
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revenue function:

Viv.p) = > (Vf+7?)pi90ij+(ﬂf+ug)$ij
(i,j)eE
DS (e — X (= — e = S e
(i,j)eE (i.j)eE (i,j)€E
(d) b b ]
= 14+ ~: il + it + i
J%%? ( ~(H%IEE{( ) MJ) <i:(i§):€E$ J>
- [Z ((1 — % )pi Mz)< > xzy)] - > iz
€S j:(i,5)EE (i,j)eE
= 1+ b il + il + b b]
jg,g( i AUy + e} u])qj
- lz ((1 - 'Yf)pi ) ] Z CiTij
€S (i,j)€E
(e) ¢’
< ZF = ¢i — > F, — Y ciqf = hig®. "), (1.139)
jeB ( bJ > €S (81 ) 1€S

where step (c) follows from adding and subtracting Z(Lj)e £ pi%ij and Z(z’,j)e g ¢iwij. The
equality in (d) follows from the fact that, at equilibrium, if x;; > 0, then (1 + 'y?)pi +c =
ming., . Hep{(l + 7?)191-/ + ¢y} (the equilibrium expression (1.2d)). Step (e) follows from
(1.138). Given that (p,x, q°, qb) € X(v, ), we verify that (x, q°, qb) is feasible in problem
(1.38). Since Fs;(v) <1 for all v, the equilibrium expression (1.2a) implies that ¢; < s; for
all i € §. Thus, constraint (1.38e) is satisfied. With Fb,(v) < 1 for all v, the equilibrium
expression (1.2b) implies that qb < bj for all j € B. Thus, constraint (1.38d) is satisfied. The
equilibrium expression (1.2c¢) - (1.2d) ensure that constraints (1.38¢), (1.38b),(1.38f) hold.
These observations jointly imply that (x, g°, qb) is feasible in problem (1.7).

To conclude, we highlight that the arguments in this proof mimic the intuition provided
in the main text where we (1) replace the objective function (1.3a) of problem (1.3) with
h(g®, q"), (2) drop (v, ) € T x U in constraint (1.3¢), and (3) relax constraint (1.3b) with

constraints (1.7b) - (1.7f). This allows us to formally establish that Vips < Vopt.

138



Step (i-2): Vopr = Vopt- We now construct a feasible solution to (1.3) whose value is equal

to Vopt- Let (x,q%, f]b) be a primal optimal solution to the framework problem (1.38) with
-1
gj(Q) = Fbj <1— b%

equivalent to the revenue optimization problem). Let (Ob, 05, 1", ns, ) be a corresponding

>q, hi(q) = F;il (s%) q and w;j = ¢; (recall that this problem is

dual optimal solution that satisfies the conditions in (1.40) (these dual variables correspond
to constraints (1.38b) - (1.38f), respectively). Recall from Proposition 12(vi) that the dual

optimal solution (Hb, 05,1, n°, 7r) is unique. Define the price vector p as
pi = 05, Vies. (1.140)

We consider a subscription-only implementation in which we set the commission rates as

~ = 0 and then construct the following subscription fees

75
i =05 — F, ! (Z@) , Vies, (1.141a)
1
7
b= be( _ bj) — 0 VjeB (1.141b)

By construction, the commission profile v = 0 € I' and thus is feasible. We next verify that
the constructed subscription profile in (1.141) satisfies p € U.

For all 7 € S, by using Assumption 1, we obtain that Fs, is continuously differentiable
and strictly increasing in (0, vs;), and by the implicit function theorem it follows that Fg 1
is continuously differentiable and strictly increasing in (0,1). Proposition 12(iii) implies
that h}(g;) is finite. Recall that h}(¢) is continuous in (0, s;) (Assumption (1.12.1-2)), and
hi(0) = limgyo hi(q), Rj(s;) = limgpg hi(g) (by definition). Thus, there exists a sequence

{ar € (0,5;) : K =1,2,...} such that limj_, g = ¢ and limy_, hl(qr) = hi(g). Given
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hi(q) = Fs_il(s%)q, we deduce that

07 = hi(q))+nf = klggohé(ng)Jrnf

q5
= lim [Fy; ] <q’“> +Fy, (q’f)mi > Fl <q2> VieS.
k—o0 ¢ S; ] S S; ¢ S;

Based on (1.141a) and (1.142), we have pf > 0 forall i € S.

For all j € B, we have (j? < b; (Proposition 12(v)), which, by the complementarity
condition (1.40d), implies that 77? = 0. Given condition (1.40a), it follows that gg((jg’) = 9?.

By Assumption 1, Fbj is continuously differentiable and strictly increasing in (0, Ebj), and
together with the implicit function theorem it follows that F; b}l is continuously differentiable
and strictly increasing in (0, 1). Proposition 12(iii) implies that g} (q?) is finite. Recall that
g;(q) is continuous in (0,b;) (Assumption (1.12.1-1)), and ¢%(0) = limg g3(q), g;(bj) =
lim g, g;(q) (by definition). Thus, there exists a sequence {q; € (0,b;) : k =1,2,...} such

that limj_qc g = §7 and limy_,o g (qr,) = ¢}(@}). Then

b _  1=by s /
0 = gj(g5) = lim gj(qy)

-b
. -1V di \ 4k -1 qg —1 qj :
— — _ k) 2k _dk) < ot .
khm {Fbj } <1 b’) b, Fbj (1 b~> b; ( b*)’ 1€eB

(1.143)

From (1.141b) and (1.143), it follows that ,u? > 0, and we can conclude that (u®, u?) e U.
Next, we verify that (p, &, q®, g°) satisfies the equilibrium conditions (1.2a)-(1.2d) under
the commissions-subscriptions vector (0, @), where p and p are as constructed above. To

establish expression (1.2a), for each i € S, we have that

(T _
SiF5i<pi_:uz> (— SZFSZ(QZ _Mf) (:) SiFSi(FSZI<;)> a@, (1.144)
(3

140



where (f) follows from p; = 67 (the construction of p; in (1.140)) and step (g) follows from
wi =07 — stl(g) (construction of yf in (1.141a)).

We show that condition (1.2b) holds for each j € B by discussing two cases. First, if
cj? > 0, for all i with (i,j) € E, we have p; +¢; > 9?, which is derived from 67 4 ¢; — 9? = Tjj
(condition (1.40c), 7;; > 0 (condition (1.40f)) and p; = 67 (the construction of p; in (1.140)).
Pick any ¢ with z;; > 0. By condition (1.40f), we have m;; = 0, which implies that 6 +c; = 9?
by condition (1.40c). Thus, we have p; + ¢; = 6? (the construction of p; in (1.140)). In

summary of the arguments above, we obtain that that min. ;s ;e p{py +cy} = pi+c; = 9?,

which allows us to further deduce that

; b\ b b
b] {1 — Fbj (i’;(zr'?}r)leE{pi/ + Ci/} + ,l@)} = bj [1 - Fbj (Qj + 'U’j)}

2ofi-n (50 - 4 0

where step (h) follows from ming. s nep{py + ¢y} = 9?. Step (i) follows from the construc-
tion of M? in (1.141b). Thus, the equilibrium expression (1.2b) holds.

Second, if (j? = 0, then we have 7;; = 0 for all 7 with (i, j) € E. Recall that 7 +¢; — 9?- =
m;; > 0 for all 4 with (4,7) € E (condition (1.40c) and (1.40f)), and thus we establish that
6? < ming.; Hep{f; +ci}. Given that p; = 6 (construction of p; in (1.140)), we obtain that

9;? < ming.(; )ep{pi + ¢i}. Thus, we can deduce that

0 (2 b; [1 ~ B, (i’:(?}r)leE{pi/ + ey} + ﬂ?)] @ bj {1 - B, <9§’ + u?)}
0,1y, (1 (1= 2))] @, (1140

J

where step (j) follows from the fact that Fy, (v) € [0,1] for all v € R (Assumption 1). To
establish step (k), recall that 0;’- < ming,(; j)e 107 +c;}; together with the increasing property

of Fbj (Assumption 1), we obtain the inequality. Step (1) follows from the construction of
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,u? in (1.141b). Step (m) follows from the fact that, in this case, we assumed q? = 0. Thus,
we establish that the equilibrium expression (1.2b) holds.

The equilibrium constraint (1.2c¢) is guaranteed to hold by constraints (1.38b) and (1.38c).

Finally, we show that the equilibrium expression (1.2d) holds. Note that constraint
(1.38f) guarantees that z;; > 0 for all (i, j) € E. Moreover, for any (i, j) € E with z;; > 0,
recall that we have established p; + ¢; = mini/:(i/,j )e pipy + ¢y} when verifying that the
equilibrium expression (1.2b) hold. Thus, we have i € argming. s yep{py + ¢y}, which
guarantees the equilibrium expression (1.2d).

In summary, the equilibrium expressions (1.2a) - (1.2d) are satisfied and thus we have
(p,x,q°, (jb) € X(0, p). Next, we show that the revenue induced by the subscription vector

p € U satisfies

(m) _ _ _
VO,p) = Y itttz — Y (- )T - > ol

(i.j)eE (i,j)eE (i.j)eE

(n) _

= 1> > ‘9 + /“L] Tig| = 1> Do ( Drigl = Dl ity
_jeB i:24;>0 i€S i T4 >0 (4,5):24;>0

© | _ ) i

= @5+ S0P —uHg| - Y g
LjeB 1€85:4; >0 ieB

») a @ -

- Z F ( b ) (j? o Z Fsz ( ) 0 Z CzQz = qs’qb) = Vopt,
jeB J €S Si €S

where step (m) follows from reorganizing the revenue expression V(0, ) = X j)ep (1 +
M?‘)fz‘j by adding and subtracting the terms >2(; j)ep Pi%ij and 3 ;e ¢iZij- In step (n),
we first have p; = 07 for all i € S (by the construction of p; in (1.140)). Whenever z;; > 0,
we have 7;; = 0 (condition (1.40f)) and Gb 07 4 ¢; (condition (1.40c)). Thus, for all
J € B, we replace p; + ¢; with 9? in the first component and then replace p; with 67 in the

second component. In step (o), we use the fact that, by the equilibrium conditions, we have
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Zi:a—%j>0 Ty = q? and ;; by Zj:@.j>0 T;; = q;. Step (p) follows from the construction of
subscription vector g in (1.141). Step (q) follows from the optimality of (z, g%, g°).

As (0,p) € I' x U, we deduce that Vi > V(0, ) = Vopt- Thus, we conclude that
Vopt = Vopt.

Step (i-3): (q°, ?]b) as the unique optimal equilibrium supply-demand vector. Recall that,

by Proposition 12(iv), for any optimal solution (&, g°, ¢°) to problem (1.38), vector (g%, g) is
unique. Moreover, by the upper bound in (1.139), we have V (v, 1) < h(q*, ¢%) < h(q®, ") =
Vopt for all (y,p) € I' x U and all (p, x, q°, qb) € X(vy, ).

Let (v, i) be any revenue optimal commission-subscription profile. By the proof in step
2, must have V (v, n) = h(g?, qb) = Vopt- This further implies that h(q®, (jb) = h(q®, qb) for
all (p,x,q%, q") € X(v,p). As all equilibria in X (v, ) share the same vector (g%, q%) (by
Proposition 1) and the uniqueness of (g*, F]b), we conclude that (g*, qb) =(q°, qb).

Summarizing the arguments above, we conclude that claim (i) holds.

Proof of claim (ii). Let (&, g*, c__lb) be an optimal solution to problem (1.38). We prove

claim (ii) in three steps. In step (ii-1), we prove that the optimal commission-subscription
vector is not unique. In step (ii-2), we prove the the necessity of condition (1.8) and in step
(ii - 3), we prove the sufficiency of condition (1.8).

Step (ii-1): the optimal commission-subscription vector is not unique. Consider the con-

struction of p and p) in (1.140) and (1.141), respectively. We have verified that (p, Z, ¢°, ?]b) €
X(0,0, p°, ).

Now consider an alternative commission-subscription profile (%0, 0, pb) where v* sat-
isfies 7p; = pi for all i € S. If there exists ¢ € S with p; = 0, then given that p > 0, we
have p; — pf < 0, which implies that ¢ = s;Fs;(p; — i) = 0. In this case, we would have
0 =p; =07 = pi = 0 (by the construction of p; in (1.140) and p; in (1.141a)). Thus, we
could pick any v/ € [0,1) to make sure that vp; = p.

Next, we want to show that (p,ic,(_f,(}b) € X(’)/S,O,O,ub). Note that, since p? and

(p,w,qs,(}b) haven’t changed, the equilibrium constraints (1.2b) - (1.2d) still hold. To
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establish the equilibrium constraint (1.2a), we deduce that

—
=
S~—

(5) @

Fs,(L=9)pi) = Fs;(pi —pi) = 5, VieS, (1.148)

where (r) follows from the construction v7p; = pf and (s) follows from (1.144).

Moreover, for all i € S, since (1 —~7)p; = p; — pi = Fszl (Z’j) (condition (1.140) and
(1.141a)), the inequality in step (b) of (1.138) is tight, which further implies that step (e)
of (1.139) is tight. Thus, we have that V(~%,0,0, ,LLb) = h(q°®, (__Ib) = Vopt and therefore the

optimal commission-subscription vector is not unique.

Step (ii-2): necessity. Let (v, ) € I' X U be an optimal commission-subscription profile,

and let p be such that (p,x, q°, (jb) € X(v, ). By the optimality of (v, ) we must have

that

V(iv.p) = h(@*.q") = Vo (1.149)

Given that 77 < 1 for all i € S (by the theorem statement), let the vector (7, ft) be defined

as:

1 3
Fom e =t Vies 1.150
Vi = [ [— 5 i €S, ( a)
b
b 1 b oy .
A7 = . = —2— VjeB. (1.150b)
J 1 +’y§’ J 1 'y?

Below we verify that conditions (1.8a) - (1.8f) are satisfied:

1. Condition (1.8a): for all 7 : g7 > 0, in order for (1.149) to hold, the inequality in step
(b) of (1.138) must be tight i.e., (1 —~7)p; —puf = F1 (glj) By using the change of
notation in (1.150a), we obtain that p; — i — F_.l(g—ij)f?f = 0. Thus, condition (1.8a)

holds.

2. Condition (1.8b), for all < with ¢ = 0, by the equilibrium condition (1.2a), we have
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5iFs; (1 =~)p; — pf) = @ = 0, which suggests that (1 —~7)p; — pi < 1175_1.1 (2) =0.

With the change of notation in (1.150a), we have p; — fif < 0 in condition (1.8b).

3. Condition (1.8c): for all (i, j) € E with z;; > 0, we have (j? > (. By Proposition 12(v),

we have that qj < bj. By the equilibrium contraint (1.2b), we have miny. (i f)e g1+
&

7j>Pi/ + ¢y + /{j = Fb_- (1— b—]) Moreover, by the equilibrium constraint (1.2d), we
J J

have (1 + ’y?)pi + ¢ = minz”:(i’,j)eE(l + ’y?)pi/ + ¢;. This implies that (1 + ’y?)pi +
a;

ci + ,u?- = szl( - E) By using the change of notation in (1.150b), we obtain

pi + ﬁ? + cﬂ? — Fbgl( - Z—j)vj’ = 0 in condition (1.8c).

4. Condition (1.8d): for all (i,7) € E with z;; = 0, we first have (1 + ’yg)pi +c¢ >
min"-(z"j)eE(l + 7?)]%" + ¢y > 0. When either (jj 0 or cjb > 0, we obtain that
ming.r yep(l + 75 DYpir + cp + ub > F L1 - b§> by the equilibrium constraint in
(1.2b), which further implies that (1 + Vj)Pz‘ + ¢ + N?’ > Fbgl(l — Z—?) Using the
notation in (1.150b), we obtain the inequality p; + ,&? + cﬁ? — szl( — b)yj >0 in
(1.8d).

5. Condition (1.8e): given 4 = == and i = M;S in (1.150a), with v € [0,1) and

= = W
pi > 0, we obtain 47 > 1 and if > 0. Moreover, from (p,:i,f]s,(]b) € X(v,p), we

have p € R"! (Definition 1). Thus, condition (1.8e) holds.

6. Condition (1.8f): by ﬁj) - 1+1'y and ﬂ? - 1+{y '
J

to deduce that 0 < 7b <1 and ub > 0. Thus, condition (1.8f) holds.

n (1.150b), we use 7? > 0 and /J? >0

Summarizing the arguments (1.8a) - (1.8f), we complete the proof of the necessity step.

Step (ii-3): sufficiency. Suppose there exists (¥, 1) and p that satisfy conditions (1.8).

We want to prove that the commission-subscription profile (v, p) satisfying 57 = 1%7?,
1
b

Lgb = K
14457 1 1+b

and (p,i',(j,f]b) € X(v,un) and, moreover, (’7,/,1,) is an optimal vector of commissions-

i = 155;5 for all 7 € S and 7? = for all j € B would satisfy (v, u) € I' xU

subscriptions.
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We start by showing that (v, ) € T' x U. By condition (1.8e), we have 0 < %s <1
for all i € &, which implies that 1 —~7 € (0,1]. Using that i > 0, we obtain that
pi = jii(1 —~7) > 0. For all j € B, from condition (1.8f), we have $ > 1, which implies
that 1 + 7? > 1 or, equivalently, 7? > 0. With ﬂ? > 0, we have M?‘ = ,aj?(l + 75’) > 0. Thus,
we can conclude that (v, ) € I' x U.

Next, we verify (p, x, q°, (_]b) € X (=, p) by checking that the equilibrium conditions (1.2a)
- (1.2d) are satisfied:

I
7 —F, we have that

Fs, ((1 v )pi — ) FSZ( 5P ~sﬂf). If g7 > 0, by condition (1.8a), we obtain that
Fsi(f’pi — 15[%9) FSz(FZ (Zzl)) = %’z Thus, Fj, ((1 — )i — Mz) SZN if ¢¢ =0,

by condition (1.8b), we have p; — i < 0. As Fj, is increasing and Fj,(v) € [0, 1] for all

1. Condition (1.2a): for all i € S, with 77 = ;== and i = =

v € R (Assumption 1), we have that 0 < Fsi(%pi — ~1sﬁf) < F,(0) = 0. Therefore,
we obtain that F, ((1 — 7 )pi — ,uz> q;: and (1.2a) holds.

b

2. Condition (1.2b): for all (i,j) € E, with ’y? = %7 and ﬁlj’- = 1_'1:3'71), condition (1.8¢)
J

(pz+,uj —1—02%) Next, for all j € B, we discuss the

implies that (1 +7§?)pi +¢; —I—,u? = lb

]

following two possibilities: if (j? > 0, we pick any i with ;; > 0, and condition (1.8c)
&

implies that %',(ppL ﬁg’-—l—cﬂ?) = Fy (1——]) Moreover, for any is : 7;,; = 0, condition

70
(1.8d) implies that 4 (sz —|—,uj +012’Y]) > F Y- Z—J) Thus, this allows us to conclude
j
b

1 b s , b b 14 G :

that %(pi+uj+ci7j) = ming. (i ;e ’?—?(pi/—i—uj—i—ci/yj) = Fbj (1— é) or equivalently
b
: - q; :
(1 —|—fy§?)pi +¢ +,u§’- = mmi’:(i’,j)eE{(l —{—fy?)pi/ +cir} ‘H{?’ = Fbjl(l — é), which allows
. -1

us to conclude that Fj, (min.; nep{(1 + ’y?)pi + ¢} + ,u?) = Iy (F, (1 - E)) =

70
L— g If cj? = 0, then we have z;; = 0 for all 7 such that (i, j) € E. By condition

j

g0
(1.8d), we have that min;(; jecp %(pl + [L? + cﬂ?) > Fbgl(l — Z—j) or equivalently
j
ming.y Hep %(M’*‘ﬁ?‘f‘ci/’y?) > Fbgl( qj) As Fy is increasing and Fp, (v) €10,1]
J
for all v € R (Assumption 1), we deduce that 1 > Fbj(mmi:(z‘,j)eE{(l + yj)pi +ci}+
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7
bj'

=b
-1 q; .
) > By~ (Fp;(1—57)) = 1. Thus, Iy (ming,; j)epi(1 +pi+e}) =1=1-

both cases, we conclude that (1.2b) holds.

In

3. Condition(1.2¢c): given that (Z,q®, @°) satisfy constraints (1.38d) and (1.38¢), we con-

clude that (1.2c) holds.

4. Condition(1.2d): the constraint (1.38f) implies that z;; > 0. While verifying the
equilibrium condition (1.2b) we established that, if 7;; > 0, then (1 —{—’y?)pi +c+ u? =

ming, ;e p{(1+ yg)pi/ +cpt+ M?- Thus, (1.2d) holds.

As the equilibrium conditions (1.2a) - (1.2d) are satisfied, we conclude that (p, z, g, (jb) €

X (v, ).

Finally, we argue that (-, u) is optimal. By condition (1.8a), for any i such that ¢} > 0,

3 g 1 ~ /’Ls 1 1 ~ -1 qs
since 77 = == and fif = l—lfyf’ we have that (1 —~7)p; — pf = 5Pi — ,?—fuf = Fg (S—z)

Thus, it follows that [(1 —~7)p; — pilg; = Fszl(g)cjf By condition (1.8b), for any ¢ with

g = 0, we have [(1 —7)p; — pflgf = 0 = F ({)gf. Since (p,%,4,3") € X(v,p), we
establish that the inequality in step (b) of (1.138) is tight, which further implies that step
(e) of (1.139) is tight. Thus, we conclude that V (v, u) = h(g*,q") = Vopt-

This completes the the proof of claim (ii). O

Proof of Corollary 2. By Lemma 4(ii), the revenue optimization problem (1.7) can be
viewed as an instance of the framework problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-
3) and Assumptions (1.12.1-7) - (1.12.1-8) hold. Let (z,q*,g") be an optimal solution to
problem (1.7) and let (Bb, 0%, n’. ns, 7) be a corresponding dual optimal solution in the corol-
lary statement, associated to constraints (1.38b) - (1.38f). By Lemma 5, (8%, 0% n° n°, m)
is the unique dual optimal vector that satisfies the conditions in (1.40).

Claim (i) of the Corollary statement has been established in step (i-2) in the proof of

Theorem 1, when we constructed a feasible solution to (1.3) that is optimal.
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To establish claim (ii), consider the price vector p defined as

pi:= 0], VYieS. (1.151)

and define the commission-only implementation where we set the subscriptions to be zero,

i.e., p = 0 and the commissions as

s 1 9 :
S
A @ .
A= ﬁFbj 1-2)-1 vjes (1.152D)
j J

We first establish that (v%,4%) € T. Given that ¢; = 0 for all i € S, Assumption (1.12.1-6)
in the framework problem (1.38) holds. Note that 6 = h}(q7) + n (condition (1.40b))
and 77 > 0 (condition (1.40e). By using Assumption 1, we obtain that Fj, is continuously
differentiable and strictly increasing in (0, Us, ), and by the inverse function theorem it follows
that Fg 1'is continuously differentiable and strictly increasing in (0,1). Proposition 12(iii)
implies that A} (q?) is finite. Recall that h}(q) is continuous in (0, s;) (Assumption (1.12.1-2)),
and h}(0) = limg hj(q), hi(s;) = limgps, hi(q) (by definition). Thus, there exists a sequence
{ar € (0,s;) : K =1,2,...} such that limj_,, g = ¢ and limy_, hl(qr) = hi(g}). Given
that h;(q) = F;il(s%)q, we deduce that

07 = hi(@)+n; = lim hi(gy) +

| Gk i q .
~ lim [Fo P o> (%) vies
Jim [£]' (S) SR (Si)w > F, <52>, i

(1.153)

Since g > 0 (Proposition 12(ix)) and 67 is finite (Proposition 12(iii)), it follows that
Fsil((ii) > 0. From (1.152a), (1.153) and F§1(§> > 0, we conclude that 1 — 7 =

Sg

%F{f(%) € [0,1) and thus v} € [0, 1).
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Next, we show that 7? > 0 for all j € B. Given that q? < b; (Proposition 12(v))
and 77;? = 0 (condition (1.40d)) for all j € B, it follows that 953 = g;((j?) (by condition
(1.40a)). By Assumption 1, Fbj is continuously differentiable and strictly increasing in
(0, @bj), and by the implicit function theorem it follows that F b; Lis continuously differentiable
and strictly increasing in (0,1). Proposition 12(iii) implies that g;- ((j?) is finite. Recall that
g}(q) is continuous in (0,b;) (Assumption (1.12.1-1)), and g}(O) = limg g}(q), g}(bj) =
lim g, g}-(q) (by definition). Thus, there exists a sequence {q; € (0,b;) : k = 1,2,...} such

that limy_ ., q1 = q‘? and limy._, o g}(qk) = gé((j?) It follows that

b _  1=by 9 /
0j = g;(@j) = lm g;(q)

)
. -1 dr \ dk -1 qr; -1 4j .
— — T _ i) <« _ 4 ]
khm {Fbj } (1 bj) b, —I—Fbj (1 b-) Fbj (1 bj) , VjeB

(1.154)

All that remains is to show that 9?- > 0, which we do by contradiction. Suppose that
9? < 0. Recall that g;(q) = Fb;1 <1 - l%) ¢ in this instance of the framework problem (1.38)
associated to the revenue optimization problem (1.7). Given condition (1.154), it follows
that g;(cj?) < 0. From g}(O) > 0 (Assumption (1.12.1-8)) and the strict decreasing property
of gg() (Assumption (1.12.1-1)), this further implies that Q? > (. Furthermore, we can find
i with Z;; > 0. Given that }(0) = 0 (Assumption (1.12.1-7)) and the strictly increasing
property of h.(-) (Assumption (1.12.1-2)), it follows that h/(g7) > 0. This implies that
there exists 0 € (0, 7;;) such that we can decrease (cj?, q;,7;;) simultaneously by d such that

Tjj =2 —0,q = q; — 0, and cjg = q‘? —¢. This would strictly increase the objective value,

thereby leading to a contradiction with the optimality of (x, q° ,(}b). These observations
o

imply that 9? > 0 for all 7 € B. Thus, we conclude that 1 + ”y? = #bel( — Z—J) > 1, or
J J J

correspondingly 7?

> 0. This allows us to conclude that (v%,~?) € T, as desired.
Next, we verify that (p, Z, q°, c__lb) € X(v,0) by showing that the equilibrium conditions

(1.2a) - (1.2d) are satisfied:
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(1)

Condition (1.2a): for each i € S, we deduce that

ef) ® .7, <F (Zﬁ)) — @, (1.155)

where step (a) follows from p; = 67 in (1.151). Step (b) follows from the construction

siFs,; ((1 - %'S)pz) @ i Fs; <(1 —7;)

of 77 in (1.152a). Thus, the equilibrium condition (1.2a) holds.

Condition (1.2b): for all j € B, we start from 67 > 9? for all ¢ with (¢,7) € F, which
is obtained from 67 — 9? +m;j = 0 (condition (1.40c)) and 7;; > 0 (condition (1.40d)).
For each j € B, we discuss two cases. If (jg? > 0, then for all ¢ with z;; > 0, we have

m;; = 0 (condition (1.40d)) and 0?- = 07 (condition (1.40c)). Thus, it follows that

b = 95 = 051, Vi:zi: > 0. 1.156
J i (rr};I)leE{ '} LTy ( )

Then, condition (1.2b) is satisfied as

b [1 — Fp, ((1 + 7]) mln {py})} 1 — Fp, ((1 + vj) mln {0 })}
j_1 - B, ((1 + vé?)em

_ ~b
OFS ~1 a4y _ b
2 bil1 -, (Fbj (1 - bj))] ¢, (1.157)

where step (c) follows from p; = 67 (the construction of p; in (1.140)). Step (d) follows
?

from condition (1.156). Step (e) follows from (1—1—7])6[’ (1——) (the construction
b;

of 7% in (1.152b)).

If cj? = 0, we have z;; = 0 for all 7 with (i,j) € E. Recall that 07 > 6? for all 4
with (7,7) € E (condition (1.40c) and (1.40f)) and p; = 6 (the construction of p;
n (1.140)). Then, it follows that 9? < ming; nep{fi} = ming; jep{pi}. Since

(1+ 7?)(92’- = Fb_l( — Z—j) (the construction of fy;? in (1.152b)), we have that (1 +
j j
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7?) ming.; nep{pit = (1+ 7?)0? = Fb;1(1 — ZT) = Fbgl(l), which further implies that

b; {1—Fbj ((1+7§?)i/:(?}1)1€]3{p,./})] — b, {1—Fbj (szl(l)ﬂ — 0 = ¢ (1158)

Thus, we conclude that condition (1.2b) holds.
(3) Condition (1.2¢): constraints (1.38b) and (1.38¢c) guarantee that (1.2c) is satisfied.

(4) Condition (1.2d): for all (i,j) € E, z;; > 0 follows from constraint (1.38f). Moreover,
if Zj; > 0, we have established that i € argming,y cp{05} = argming. jep{py}

(when verifying condition (1.2b)). Thus, the equilibrium expression (1.2d) holds.

Therefore, we conclude that (p, Z, q°, E]b) € X(v,0).

To establish the optimality of (%, ~?), recall the upper bound in step (e) of (1.139) in
the proof of Theorem 1. For all i € S, given that (1 —~7)p; = stl(%) (by the construction
of vf in (1.152a)), step (b) of (1.138) (in the proof of Theorem 1) is tight, which further
implies that step (e) of (1.139) (in the proof of Theorem 1) is also tight. Thus, we conclude
that V (v, ) = h(@*, @) = Vopt. O

Proof of Proposition 2. We prove the claim for the optimal subscription fees defined
in Corollary 2(i). The same arguments can be applied to establish the result for the optimal
commission rates defined in Corollary 2(ii).

Let p be the optimal subscription fees defined in Corollary 2(i), and (p, x, ¢°, qb) be any
competitive equilibrium induced by (0, p). By Theorem 1(i), it readily follows that (g*, qb)
is the unique optimal supply/demand vector for the revenue optimization problem (1.7). We
divide the proof arguments into the following steps.

Step 1: positivity of the equilibrium supply and the uniqueness of the price vector. We first

establish that the equilibrium supply vector satisfies that ¢ > 0 for all ¢ € S. By Lemma
4(ii), the revenue optimization problem (1.7) can be viewed as an instance of the frame-

work problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-3) and Assumptions (1.12.1-7)
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- (1.12.1-8) hold. Given that By, (v) = Fyp(v), Fs;(v) = Fs(v) and ¢;; = 0 (Assumption 3),
we have g;(q) = jg(b%) with g(r) = Fb_l(l —r)r, hi(q) = sih(s%) with h(r) = F;1(r)r,
and w;; = ¢; = 0. This implies that Assumptions (1.12.1-4) - (1.12.1-6) hold. Thus, by
Proposition 12(ix), we establish that ¢; > 0 for all i € S. Combining Proposition 9 (ii) with
the observation that g® > 0, we obtain that equilibrium price vector p is unique.

Step 2: the connection with the dual optimal solution. Let (Bb, 05,1, ns, 7) be a cor-

responding dual optimal solution specified in Corollary 2, associated with constraints (1.38b)
- (1.38f). By Lemma 5, (Ob, 6°, nb, n®, ) is the unique dual optimal vector that satisfies the
conditions in (1.40). Moreover, Step 1, together with (1.140) and the subsequent arguments
in Theorem 1, implies that the unique equilibrium price induced by the optimal subscription
fees p is given as p = 6°.

Step 3: the ranking of the equilibrium price vector. Let {(S7,B7) : 7 = 1,...,¢} be the

network components constructed in Theorem 2, where we established that all buyers in B
only trade with sellers in &;. For any i1 € &7, i9 € Spy with 79 > 71, based on the
observations that qfl > 0 and qu > 0, we can pick j1 € By with z; ;, > 0 and jo € By,

with z;,j, > 0. We conclude the claim by deducing that

b\ (d b
biy (i) 9151 @ 9?1 (i) g/ (q]l> (Z) g/ (%> (i) 9?2 (i) 9%92 (: Digs (1.159)

b b

~—

where step (a) and step (g) follow directly from the conclusion in step 2 of this proof. In step

(b) and step (f), we use the fact that x; ; , 7., > 0, to obtain that m; ;; = m;,;, = 0 (by

condition (1.40f)). Together with w;, j, = wj,j, = 0 (by Assumption 3) and condition (1.40c),

we obtain equalities (b) and (f). In step (c) and step (e), we have that q?l < bj, and q?Q < bj,

(by Proposition 12(v)), which implies that 7]?1 = 77?2 = 0 (by condition (1.40d)). From

condition (1.40a), equalities (c) and (e) readily follow. In (d), we use the fact that F, Ly is
b

b
strictly increasing in r € (0, 1) (by Assumption 1), Fb_l(l—bf) =ut >t = Fb_l( —ZJ—Q)
72
b

(by the inequalities (1.22) - (1.23) in Theorem 2), and qj%, e (0,1). Note that these

<
—
=
N
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b b
. . q; q; . . . . .
observations readily imply that - < ;2. Given that ¢/(r) is strictly decreasing in r € (0,1)
i1~ Vi

(by Assumption (1.12.1-1)), inequality (d) immediately follows. When 71 # 79, the strict
inequality (1.23) in Theorem 2 and the fact that Fy~ L(r) is strictly increasing in r € (0,1)

b b

. q; q; . . . .
imply that 3*- < ;** and hence inequality (d) is strict. O
i1 Vi

Proof of Corollary 3. By Lemma 4(ii), the revenue optimization problem (1.7) can be
formulated as an instance of the framework problem (1.38) where g;(q) = Fb;1(1 — b%-)q
for all j € B, hi(q) = Fszl(s%)q for all i € S and w;; = ¢; for all (4,j) € E. Moreover,
Assumptions (1.12.1-1) - (1.12.1-3), and Assumptions (1.12.1-7) - (1.12.1-8) hold. Given
Fbj(v) = Fy(v), Fs;(v) = Fs(v) and ¢;; = 0 (Assumption 3), we have g;(¢q) = jg(b%)
with g(r) = Fb_l(l —r)r, hi(q) = Sih(s%) with h(r) = F;1(r)r, and w;j = ¢; = 0. This
implies that Assumptions (1.12.1-4) - (1.12.1-6) hold. From Proposition 10(i), it follows that
Assumptions (1.91) - (1.94) also hold.

We let (w,qs,qb) be an optimal solution to problem (1.38) and (03,0b,n5,nb,7r) be
the corresponding dual optimal solution to constraints (1.38b) - (1.38f) that satisfies the
conditions in (1.40).

Step 1: the Lagrangian of the framework problem. In the framework problem (1.38), we

define the corresponding Lagrangian as

-b
s b asab s _p — 4\ (- _ b/~
L@.q.q".6".0 77" 7.5.b) = 3 |bjg (bj')_e?(q?_ p> i) =) ()~ by)
i:(1,5) el

q; _ _ s
b | (B) i@ ¥ a)-na-s

L J:(i,§)€E

+ > (—wijasijmiji«ij). (1.160)
(i.)eE

For all i € S, we deduce from (1.160) that

LBy
Sq

0 q;

Si

<q28> + 5. (1.161)
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Here, since Vi¢(s, b) is differentiable at s; (by the assumption of the corollary), we apply the
envelope theorem to problem (1.38) to obtain the right-hand-side expression. By Proposition
12(iii), o (%) has a finite value, and it follows that h(%) is also finite at the optimal solution.

Similarly, for any j € B, we deduce that

4 —g(Y) Yy (U

Since Vopt (s, b) is differentiable at b; (by the assumption of the corollary), the right-hand-
side expression follows from the envelope theorem. By Proposition 12(iii), ¢’ (Zf) is finite,
and it follows that g(g—j) is also finite at the optimal solution.

Let {(S7,B7) : 7 =1,...,1} be the set of components constructed in Theorem 2. Further-
more, let 7 be defined as in the proof of Theorem 2 (in the paragraph before (1.24)). Recall
that trades only happen between the sellers in S; and the buyers in B, for 7 € {1,2,...,1}.

Step 2: the ranking of %Vopt(s, b). Before proceeding, we establish that function H (t) =

—h(t) + th'(t) is strictly increasing for ¢ € (0,1). For any t1,t9 € (0,1) with ¢; > to, since
h(t) is continuously differentiable and strict convex in ¢t € (0,1) (Assumption (1.92)), we
apply the mean value theorem to obtain that there exists hg € [h/(t1), ' (t2)] such that
h(t1) — h(te) = ho(t1 — t2), which further implies that H(t1) — H(to) = —h(t1) + h(te) +
t1h! (1) — tah! (to) = t1 (R (t1) — ho) + ta(hg — R/(t2)) > 0. Thus, function H(t) is strictly
increasing for t € {t' : ¢/ € [0,1],|H(¢')| < oo}.

case 2-(i): if there exists 7 € {1,...,{} such that 7 < 7. For any i € Sy, recalling (1.24)

of Theorem 2 that ¢7 = s;, we can pick any j such that z;; > 0 and j € Br. Based on
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(1.161), we further deduce that

9 5 s 5
oy Vort(5:0) = — (Zz) + Zzih’ <Z@Z> + s
0 o () e (1) 5
S5 Sg S5 S5
IR AYE e b (@ (D
Don (L) pfiey 2 _hy 0t Y —n)+g (L), (1163)
Si S; bj

where step (a) follows from 77 (¢] — s;) = 0 (the complementary condition (1.40e)). Step

)
(b) follows from A/ (z—{) — 07 + 17 = 0 (condition (1.40b)). In step (c), we first implement

4 _

s> = 1. Since z;5 > 0, we have 7;; = 0 (the complementary condition (1.40f)), which further

suggests that 07 = 6’? (condition (1.40c)). In step (d), from q? < b; (Proposition 12(v)), we

obtain that 77? = 0 (the complementary condition (1.40d)). By condition (1.40a), we have
b

00 = ¢/ (3).

For any 11 € &7 and i € Sr, with 71 < 79 < 7. Pick any j1 : 7,5 > 0 such that
J1 € Bry and jo : 4,5, > 0 such that jo € Br. Recall from (1.23) of Theorem 2 that
Zjél < Zjb? By the strict decreasingness of ¢’(+) in (0,1) (Assumption (1.92)), we obtain that
g () > g/(Z%). By (1.163), it follows that 52-Vope(s,b) > 52 Vopr(s, b):

case 2-(ii): if ther exists 7 € {1,2,...,l} such that 7 > 7. For all i € S;, recall from
the discussion before (1.24) of Theorem 2 that ¢ < s;. This implies that n] = 0(the
complementary condition (1.40e)).

Hence, for any i; € Sy and ia € Sy, where 7 < 71 < 79. Condition (1.26) of The-

. q; 4, . . .
orem 2 establishes that =L > 2. From the strict increasingness of H(t) in t € {t

i Sig
t' e [0,1],|H(#")| < oo}, (1.161), and n;, = n;, = 0, we conclude that %Vopt(s,b) >
i1
%Vopt(sa b);
case 2-(iii): to complete the analysis, if there exists i1 € S and iy € Sy, where 77 <

7 < 7. Combining the observations above, from qfl = Si 'r]fl > 0, qf2 < Siys 77;92 =0, the

strict increasingness of H(t) int € {t' : ¢/ € [0,1],|H(#')| < oo}, and (1.161), it follows that
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q;,
B%Vopt(sa b) = H( ) + 778 > H(l) > H( §> Vopt(s b)
Combining these observations, we conclude that %Vopt(s, b) is the rth highest if and
only if 7 € Sr.

Step 3: the ranking of %Vopt(s, b). From (1.162), we first establish that function G(t) =

g(t) — tg'(t) is strictly increasing in t € (0,1). For any t1,ts € (0,1) where 1 > to, we show
that G(t1) > G(t2). By the continuous differentiability and the strict concavity property of
function g(t) in (0, 1)(Assumption (1.91)), we can apply the mean value theorem to obtain
that there exists gg € [¢/(t1), ¢’ (t2)] such that g(t1) — g(t2) = go(t1 — t2). This implies that
G(t1) = G(ta) = g(t1) —g(ta) —t19'(t1) +t2g'(t2) = t1(g90 — ¢'(t1)) +t29'(t2) — go) > 0. Thus,
G(t) is strictly increasing in ¢t € {t/ € [0,1],|G(¥)| < co}.

For any j1 € B and jo € Br, with 7 < 79, recall from (1.23) of Theorem 2 that

b
gjl < ZjQ From (1.162) and the strict increasingness of G(¢) int € {t' € [0,1],|G(¥)| < oo},
1 2
&
we conclude that %Vopt(s, b) = G(b—l) < G(qu) B—Vopt(s b).
i1

In summary, we conclude that Wvopt(s, b) is the Tth lowest if and only if j € B.. [
j

1.14.2  Counter Example for Commission-only Implementation.

Consider a complete bipartite network with 2 seller types and 2 buyer types. Let the popula-
tion profiles be given by s = (5.6, 3.8) and b = (4.2,5.8), and the value distribution be defined
as Fg,(v) = v for all i € {1,2} and Fbj(v) = Ay, for j € {1,2} with (A, \p,) = (0.7,0.2).

Let the cost vector be (c1,c2) = (0.9,0.7).
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The revenue optimization problem (1.7) can then be expressed as

1 1
sy a7 (1 f) ke gy (- ) - o - e
—0.9(z11 + z12) — 0.7(z21 + x292)
v+ w2 =qf, w1 +tas =3, w1+t =qf, @12+ w22 = b,
¢l <56, ¢5<38, ¢f<42 ¢§<58,

r11, 212, ¥21, 22 = 0. (1.164)

Solving for the revenue optimal solution (1.7) (or, equivalently, (1.164)), we obtain the

following primal optimal solution (z, g%, qb) and dual optimal solution (6%, 6b, ns. nb, ):

@@ = (115,116, (@) = (0.17,2.14),
(%11, %21, T12,722) = (0.09,0.08,1.06,1.08),

(67,65) = (0.41,0.61), (6%,63) = (1.31,1.31),

(i,m3) = (0,0), (},13) = (0,0),

(711, m21, ™12, m22) = (0,0,0,0). (1.165)

Suppose towards contradiction that there exists (,0) € I' x i and p € R’} such that

(p,Z,q%,q") € X(v,0). By Theorem 1(ii), defining 3P o= 1%%5, o= lf—’%s = 0 for all

b
s - . e
1+37? = 0, vector (p,4?) must satisfy conditions (1.8¢) and

i€ S, and ﬁ? = ﬁ and ,:Lg. =
J
(1.85).
With ((jll’,q_g) = (0.17,2.14) and (c1,c2) = (0.9,0.7), conditions (1.8¢) and (1.8f) corre-

spond to

p1 > 0,p2 > 0,50 > 0,55 > 0 (1.166a)

p1—0473 = 0, pa— 06730 = 0, p1 —2.2658 = 0, py—2.4635 = 0, (1.166b)
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To show a contradiction, we use p1 — 2.267/3 =0 and pg — 2.46V§’ = 0 to obtain that

p2 = 1.09p1. (1.167)
From p1 — ().47yi’ =0 and pg — 0.671/% = 0, we obtain

p2 = 1.43p1. (1.168)

Thus, the only solution that can possibly satisfy (1.166) is (p1, p2, '7%, '?3) = (0,0,0,0), which
contradicts the fact that %’ : %’ > 0. Therefore, there is no (v,0) € I' x U and p € Rl such

that (p,z, g%, ") € X(,0).

1.15 Proofs of Results in Section 1.6

Proof of Proposition 4. The proof we will proceed as follows. We first define a class of
networks, indexed by n; the nt network in the class will consist of n buyer types and n seller
types. Let Vop¢(n) denote the optimal revenue of the nt" network, and let Vj,(n) denote the
optimal revenue under homogeneous commissions-subscriptions of the the nt? network. We
will show that V},(n)/Vope(n) € O(1/n); we do so by providing a lower bound for Vi¢(n)
and an upper bound for V,(n). Therefore, we have that limy, o0 Vi, (n)/Vopt(n) — 0, which
implies our result.

Introducing the class of networks: Consider the following class of networks indexed by

n. The nt" network is a collection of n network components (in particular, of components
i = 1,...,n) where the i*" component G(S; U B;, E;) consists of one seller type and one

buyer type (see the network below). We set ¢; = 0 for all i € S. For each i € {1,...,n}, we
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define the distributions as

,1} ., for any v > 0 with v, = 4",

o

—~

S—

I

. 3
S|
»

Fp,(v) == min z_;;i, 1} , for any v > 0 with vy, = 4%, (1.169)
and the population sizes to be
si = 0,8 " by i=10),167", (1.170)
S B

Simplifying the expressions for the equilibrium revenues. Next, we use the special struc-

ture of our networks to simplify the expressions for the revenues generated at equilib-
rium for any feasible commission-subscription pair (v,u) € I' x U where 77 < 1 for all
i € S. By Proposition 1, there exists a price vector (p;)i; with type-i supply given
by ¢ = s; min{%j[(l — v9)p;i — pf]T, 1} (condition (1.2a)), and type-i demand equal to
qg’ = b;[1 — min{i-%bi[(l + %b)pz- + u?], 1}] (as per (1.2b)), and flow conservation ¢} = z;; = qg’
(as per (1.2¢)).

We can leverage the special structure of our instances to simplify these expressions by

considering the following two properties of the competitive equilibrium:

1. assuming (1 —~7)p; —pf > 0foralli € {1,...,n} is without loss of generality. Suppose
there exists ¢ € {1,...,n} such that (1 —~7)p; — pf < 0, then we have ¢; = 0 and thus
qg-’ =0 and (1 + ’yzb)pi + u? > vp,. Given that 77 < 1, we can consider an alternative

equilibrium by increasing p; to the level where (1 — ~7)p; — pi = 0. This does not
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change the equilibrium supply as ¢ = 0 and thus, it is without loss of generality to

consider (1 —~7)p; —pi >0 for alli € {1,...,n};

2. assuming (1 —77)p; — pi < vs, for all i € {1,...,n} is without loss of optimality.
Suppose towards contradiction that there exits ¢ such that (1 —~7)p; — pf > vs;. On

the supply side, the assumption implies that x;; = ¢ = s; > 0. However, on the

’Yz

demand side, given that > 1 and p, ub > 0 (by feasibility of the commissions-
subscriptions) and 4" = v5; > vy, = 4%, the assumption implies that (1 + %b Yp;i + ,u? >
(1+ %) 2 ﬂ% + ,u > Up,;, which further implies z;; = qg’ = 0. As a result, we achieve

a contradlctlon from 0 < z;; = 0. Thus, we have (1 —7)p; — pf < vs,.
Leveraging these two simplifications, we end up with competitive equilibria where, for

i€{l,...,n}, we have

st 0= =il = = b= { b ] b )

Reorganizing the expression in (1.171) we can obtain the following expressions for (p;, z;;)

forie{1,...,n}

(Si/@si)(1—’Yf)+(bi/17bi)(1+,y§))7 if — ,Ys,ul + 1 < Ubi

1525, if fzgul + b > o,
Ty = (5i/ i) (lv(i)ll;l”sz()b(zl/ib’;; [)(Jlr(b;y;S T)J:Z)(l(r;;)l = ! 14?8 it HJZ = (1.172)
0 if }Jrzg i+ /L? > Up,
To ease notation, define:
T = itzg -1, (1.173a)
& = (ri + V)pf + pl. (1.173b)
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Let V; be the revenue generated by the it" network component G (S;UB;, E;) in a competitive

equilibrium. We can show that the expression for V; satisfies

Vi = [0 +0)pi + (uf + )| i

b1 sy b (BT )+ (50 /s s b
[+ = =) (5 07/ L g 47)
oy )b — (b3 /o, ) (17 ) g+ (1497 45 140 _
(@ ) i) ) B (LD) i 5+ < B,
0 if %j} i g > oy,
si/vs; ) (b; /v _ _ _ . _
0 [(si/v;)/ <f~3<+1§<5 /)vb - (0F = €lribi + €ilsi/Vsq + bifOy)] i & <,
0 if & > vy,
(o) (8:/s;)(bi/v;) b oA L e e -
B [(s4/vs;) + (1 + 1)(bl-/qui)]2 (07 = &) T ribi + &i(si/vs; + bz/vbi)]
(d) 8716~ i et — —ive.
&) i + (2 4+ 1) (1174)

SR P

where step (a) follows from replacing with the expressions of p; and z;; in (1.172). Step

(b) follows from reorganizing of the expression in step (a) using the changes of variables

r; = ?_% —land & = (r; + ) + ,ui?. Step (c) follows from writing the expression in step

(b) compactly as (vi — &)t = max{@g? —¢&;,0}. Step (d) follows from plugging in the values
of Ug; = 4", 1y, = 4", 5; /s, = 8" and b; /v, = 167",
Abusing some notation, we can express the equilibrium revenue in network component

G(S; U B;, E;) as a function of (r;,&;) as

—1

T a8 i+ @) 1175)

Vi(ri, &) =

Lower bound on Vyp(n). We now derive a lower bound for the the optimal revenue under the
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heterogeneous commission-subscription pair. Consider a feasible commission-subscription
pair (v, p) where 77 = %b =0, uf =0, and ,ug-’ =221 for each i € {1,...,n}. Based on
(1.173), this is equivalent to setting r; = 0 and §; = 4% for all i € {1,...,n}. We further

deduce that

—~
QN
~—

Vopt(n) > Z ‘/Z(Thél)

(4" — &) T[4 + (28 + 1)g)

|
NgE
S

“n, (1.176)

where in step (e), for any i € S, since the constructed (v, p) satisfies that 77 = 0 < 1, we

leverage the simplified revenue expression in (1.175). Step (e) holds because the constructed

2i

(r,&) is feasible but not necessarily optimal. Step (f) follows from 5 o

{1,...,n}.

Upper bound on Vj(n). In this case, we can only use one vector of commission-subscription

> 1 forall i €

pair (vs,yb,,us,,ub), which corresponds to homogeneous (r,§). If v = 1, then we have
(1 = ~%)p; — p® < 0, which implies that ¢; = 0 for all i/ € S in any induced compet-
itive equilibrium and the platform’s revenue is zero. Consider any feasible homogeneous
commission-subscription pair (v?, fyb, TS ,ub) where v* < 1. Using the revenue expression in
(1.174), we derive the following upper bound for the optimal revenue

(9) n 8!

Vp(n) < max 1:21 [224_(14_7“)]2(42 — O A + (2 +1)g], (1.177)

b
where in inequality (g), when v® < 1, given the change of variables r = %J_r”;s — 1 and

€= (r+1)p*+ub, we see that v*, 7%, 1, b > 0 would imply 7, € > 0. Thus, the expression in

(1.177) is an upper bound for the platform’s revenue induced by homogeneous commissions-

subscription pair (7* AP, 75 ub) with v¥ < 1. Moreover, it is easy to see that the upper
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bound expression (1.177) is at least 0, which implies that it is also an upper bound for any
feasible homogeneous commissions-subscription pair (75,71’, TS ,ub) with 7% = 1. Thus, the
upper bound of V,(n) in step (g) holds.

We denote (r,&) as the optimal solution for the upper bound optimization problem in
(1.177). Moreover, if & > 4" then the upper bound expression (1.177) is 0. Thus, it is
without loss of optimality to say that there exists s¢ € {0,...,n} and t¢ € [-1,3- 4%¢) such
that £ = 4% + te. For any § > 0, by considering the first order optimality condition for
the expression in (1.177) in component ¢ € {1,...,n}, we deduce that it is decreasing in r
for r > (1 +2%) — 2¢ 214—7;1 Thus, the upper bound expression (1.177) is decreasing in r for
r > 2" Thus, it is without loss of optimality to consider s, € {0,...,n} and t, € [—1,25")
such that r = 2% +t,.. Following the expression transformation r = 257 +¢, and £ = 4% +1¢

, we can further derive that

V) € 30 Bty @ 1)
n (4 — r
h TS (241 4r)?
n 8! : o ;1
=Y @D 421 - 16°
 arig el @S L@ g6
(i) n 8—2 ) n 8—i . L +
<Y 16 2+ +4Q 11—
—2221(21+1+) r+izzl(22+1+r)2[ @+ D&+ 42+ 7’)5}
G & 2 nooogt - e +
D I S Il P DI L L
- Z:Z:l(QZ—i—T) ;(2Z+1)2[ ( )6 ( )S]
= st > +D €4 ¢
Sl v 2L { |
- i 128r ’L+2’L Sp +4 “=
roo ] nool nooo
52{2 st 2 i—sJ—‘_.Z =1
—1 2 —~ 2 — iS¢
1= 1=5p i=s¢
(m) 1
< 6+36, (1.178)

where step (h) follows from implementing the upper bound of Vj,(n) in (1.177). In step
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(i), we implement the following upper bound { — 2P+ D+ 421 —r)E+ 162'7“}Jr
[ — (2T 1)+ 421 - r)ﬁrr + 16%r. In step (j), we implement 2¢ + 1 + 7 > 2! 47
in the first expression, and we also implement 2! + 147 > 20 +1and 20 +1 —r < 20 +1

in the second expression. Step (k) follows from plugging in the expression r = 25 + ;.

In step (1), we first implement inequalities 2 ;Z't?“ > 5 1.gsr—i_ ? and QST_ZH > % . Qi 5r

in the first expression. In the second expression, we have 4t — § < Oforall i <s¢—1,

we have —&2 + 4%¢ < 4i¢ < 4145t As a result of this derivation, we end up with the

upper bound expression in step (1). The inequality in step (m) follows from 7", 253 - < 2,
1 16
Pt gsr < 1 and S se e 1S3

Upper bound on Vj,(n)/Vopt(n). We now combine the upper bound on Vj,(n) with the lower

bound on Vi (n) to obtain that

Vi, (n) < 8 (6+ 16) < 272
. <

Vi(n)

This allows us to derive that V(1) — 0 as n — oo, which implies our result. O
opt

Proof of Proposition 6. Proof of Claim (i): By Proposition 1, for any (0, ) € I' x U, the

induced equilibrium supply-demand vector (q°, q ) is unique. Thus, we can define function
$:U — R foralli €S and q? U — RT for all j € B such that (p,x,q*(p), q"(p)) €
X (0, ). We consider the following lemma on the parametrized equilibrium supply-demand

vectors, the proof of which can be found in Section (1.15) of (40).
Lemma 7. For any p € U, we have
(i) for all jo € B, function q;(p) is weakly decreasing in ,u?o forallieS;

ii) for allig € S, function qb ) is weakly decreasing in pu_ for all j € B.
J 20
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Let p = (p®, [Lb) denote the optimal subscription vector obtained from Theorem 1. Then

max{Vs, Vj} > maX{quz i°,0), > ulgb(o, }

€S jeB

1
> 5 |20 e (A.0) + 3 jija}(0. )

ZES jeB

(@) 1 0 1

> 5 |2 e (B ah)+ 3 pbdhpt, ph)| = 5 Vopt- (1.179)
LieS jeB

where inequality (a) follows directly from Lemma 7, which proves that ¢; (1*,0) > ¢f(p?, ﬂb)
and qé?(O, ab) > q?(ﬂs, i?). Equality (b) follows from the optimality of subscrition vector f.

Proof of Claim (ii). By Lemma 4(ii), the revenue optimization problem (1.7) can be for-

mulated as an instance of the framework problem (1.38) where g;(¢) = F~ T - b%)q,
hi(q) = Fszl(s%)q, and w;; = ¢;. Moreover, Assumptions (1.12.1-1) - (1.12.1-3) and As-
sumptions (1.12.1-7) - (1.12.1-8) hold in this instance. Let (&, g®, g°) be an optimal solution
to problem (1.38). By Proposition 12(vi), there exists a unique dual optimal solution, which
we denote by (Ob,HS .n.n° ,7) such that the primal/dual optimal pair satisfies (1.40a) -
(1.40h). Note that by Theorem 1, the optimal objective value of this problem is Vj.

We prove the claim in the following two steps. In step (1), we show that Vs = Vi when
we have Fbj(v) = Fy(v) for all j € B. In step (2), we show that Vj, = Vj,x when we have
Fs,(v) = Fs(v) and ¢; =0 for all i € S.

Step 1: Vs = Vopt when Fbj(v) = Fy(v) for all j € B: To establish the claim, we first show

that there exists v* € I'Y and p® € U® such that for some p > 0, we have (p, x, E]S,(_]b) €
X (v*,0,%,0). Then, we establish that the revenue of the platform induced at this equilib-
rium is given by Vo

Since Fbj(v) = Fy(v) for all j € B, we have gj(q;?) = bjg(¢) with g(r) = Fb_l(l — 7).

J
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Thus, Assumption (1.12.1-4) holds. By Proposition 12(vii), for any i € S, we have

¢ @
bj — bj/ for all j and j: Z;; > 0,Z;; > 0. (1.180)
We claim that
@ &
Fb—l _ bi > Fs_l-l (;) +¢i, V(i,7) 12 > 0. (1.181)
] (3

For some i € § and j € B such that z;; > 0, by Proposition 12(v), we have q‘? < bj,
which further implies that 7]? = 0 (by (1.40d)) and g;(cj?) = 6? (by (1.40a)). Moreover,
by condition (1.40e), we have 17 > 0, which in turn implies 6 > hi(g?) (by (1.40b)).
Lastly, since z;; > 0, we have m;; = 0 by (1.40f) and 6? = 07 + ¢; by (1.40c). Recall
that we have g;(q) = Fb_l(l — bij)q and h;(q) = Fszl(s%)q. Proposition 12(iii) implies that
g;(qg) and hf(g?) is finite. Recall that gg-(q) is continuous in (0,b;) (Assumption (1.12.1-
1)), and 93(0) = limg gé(q), g}(bj) = limgpy, gé(q) (by definition). Thus, there exists a
sequence {qi € (0,bj) : k = 1,2,...} such that limy_, q]i = (j? and limy_, gg(q]%) =
gé(@?) Similarly, recall that hf(g) is continuous in (0,s;) (Assumption (1.12.1-2)), and
hi(0) = limgyo hi(q), Rj(s;) = limgpg hi(q) (by definition). Thus, there exists a sequence
{¢? €(0,s;) : k=1,2,...} such that limj,_,,, ¢7 = ¢ and limy_, . hi(q2) = hi(qf). Using
Assumption 1, the fact that [y, and Fj,; are continuously differentiable and strictly increasing
respectively in (0, '175].) and (0, vg;), and the inverse function theorem it follows that Fy~ L and
Fg L are continuously differentiable and strictly increasing in (0,1). Using these observations,

i

it follows that:

At (g} ql%: 1/ Q;lc 1 q,ﬁ 1 7’
G = i ) = g B (1)t (10 < mt (-

—00 k—o0 0 j j j
hi(@) =, lim hi(gf) = lim q’%[F‘.l}/ WY gt (B) 5 ot (4 (1.182)
E "k—oo ! k—o0 §; 5 S; 5 s ) 5i S;



These observations imply that Fb_l( — Zf) — F;l(g—;j) > g;((j;’) — hi(gF) > 9? — 07 = ¢;.
Since, we focused on any (7, j) such that z;; > 0, (1.181) follows.

Next, we construct (p,~*, u¥) such that (p, z, tjs,(jb) € X(v%,0, %, 0) then verify the
feasibility of (4%, u®). We set v* = 0, which clearly satisfies v* € I'*. To construct p?®,

for each i € S, we consider two cases: (a) ¢i > 0: we pick any j : 7;; > 0 and set

70 70 75
P = Fb_l(l — Z—]) —¢; and pf = Fb_l( — Z—J) — Fs_.l(%) — ¢;. It can be seen from (1.180)
J 7 1 )

that it does not matter which j : 7;; > 0 is chosen. By (1.181), we have that u; > 0

_ . , _ a5
and p; > 0; (b) ¢ = 0: we pick any j € argmax;.(; iep{fy 11— ﬁ) — ¢;} and let
70
i = = max{bel(l - g—]) —¢;,0}. In this case as well, we have p;, i > 0 by construction.
j

Thus, we conclude that our construction satisfies that pu® € U*®.

We claim that (p,:f:,?]‘s,c}b) € X(~%,0,u% 0). To establish this claim, we check the
equilibrium expressions (1.2a)-(1.2d) for the constructed tuple:

(1) (1.2a): by construction of p and (v*, u*), we obtain that p; — puf = Fgl(g—f), which

implies that

(T _
siFs; (L= )pi — f) = siFs, (FS 1 <Z>> = . (1.183)

(2) (1.2b): for any j € B, if 7;,; > 0 and ;,; > 0, then the constructions of p; and p;,
nd
imply that p;, +c¢;, = Fb_l(l — Z—j) = Pjy + Ciy- Suppose instead that z; ; > 0 and for some
b
(i2,7) € E, we have T;,; = 0. From the construction of p;,, we have p;, +¢;, = bel( — Z—j)

If cij > 0, by the feasibility of (x, q®, qb) in the instance of the framework problem that
corresponds to (1.7), for some jo we have z;,;, > 0. Proposition 12(vii) implies thatgf > Z%.
Since we have p;, +c¢j, = F~ 1( — Zjbz), by construction of p;,, and F, b_l is strictly increasing
in (0,1), we conclude that p;, +¢;, = Fb_l(l — (Zf) < Fb_l( — Zjbz) = Pj, + Ci,. Similarly, if

q.
i, = 0, then by the construction of p;,, we have p;, +c¢;, = Max,r.(;, ik Fb_l(l—%). Since

b =b
. -1 q; -1 25
(i2,7) € E, we have that p;, +¢;; = Fj~ (1 — é) < maxjr.(, ineg (1-— —b;/) = Diy + Ciy-
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Combining these observations, we conclude that

)

q.
if7;; >0, thenp; +¢; = min {py+cyy=F1{1-=L]|. 1.184
' bt i’:(i’,j)EE{pZ/ =k ( (1.184)

Next, we verify the equilibrium condition (1.2b). First note that for j such that cj? > 0,
(1.184) implies that

b
1-F, (Fbl( _ZQ)I — ¢, (1.185)

Consider instead j such that cj? = 0. If there exists ig : (ig,j) € E with cjfo > 0, then we can

by 1= min o) <1,

find jo : 7,5, > 0. Note that since Q? = 0, we have 7;,; = 0, and Proposition 12(vii) implies

) b i
that z—; > %2. The strict increasingness of Fb’1 in (0, 1) implies that Fl;1< _ ‘l%) < Fgl(l _
b
q; _ . .
bj—@). Moreover, by Z;yj, > 0 and (1.184), it follows that p;; + ¢;y = ming(; jo)ep{pi + cit =
70
F, b_l(l - Zj—o) These observations imply that
o<t )
@ a
— b -1 2Jo 1= -1(1_ 2 -
“yfr-m (-0 < n a1 (-] - 4 -0 0

If for all ig : (ig,j) € E, we have q;, = 0, then the construction of p implies that p;; + ¢;, =

,b *b
_ q. — q; . .
max . i, iner Iy T - WJ:) > Fy L1 - é) for any ig such that (ig,j) € E. Thus, we
conclude that
7
0 <b;|1—F, min {p; +c; < b |1—F F—1<1_J) _ &0
! ’ <io:(io,j)€E{pZO ZO}) J b ( b b qj

Using (1.185), (1.186) and (1.187), it follows that the equilibrium condition (1.2b) holds;

(3) (1.2¢c) follows directly from constraints (1.38b) and (1.38¢c) in the instance of the
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framework problem (1.38) that corresponds to (1.7);

(4) (1.2d): for any (i,j) € E, by (1.38f), we have x;; > 0. This observation, together
with (1.184) implies (1.2d).

Summarizing, (1.2a) - (1.2d) hold for the constructed tuple, thereby implying that
(p,x,q° ,qb) € X(v%,0,u%,0). The fact that the revenue induced at this equilibrium is
equal to Vit can be established by following the same steps as in the proof of Theorem
1. In particular, for all i € S, given that (1 —~7)p; — pf = Fszl(g) by construction, the
inequality in step (b) of (1.138) holds with equality (in the proof of Theorem 1). This in
turn implies that step (e) of (1.139) also holds with equality. These observations imply that
V(v*%,0,u%,0) = h(E]S,f]b). Since the latter term is the optimal objective value of (1.7),
which is equal to Vot by Theorem 1, we conclude that V(v*,0, ~b. 0) = Vopt.

Step 2: Vi = Vo when F, (v) = Fs(v) and ¢; = 0 for all i € S: To establish the claim,

we show that there exists 'yb e I' and ub € U’ such that for some p > 0, we have
(p,:f:,[]‘s,c}b) € X(O,'yb,O,ub). Then we show that the optimal revenue induced at this
competitive equilibrium is given by by Vip.

When Fy,(v) = Fs(v) for all i € S, we have h;(¢]) = s;h (s%) where h(r) = F;1(r)r.
With ¢; = 0 for all i € S, we establish that Assumption (1.12.1-5) holds. From Proposition

12(viii), we have
L= foralliandi':Z;j; >0,Zy; >0 (1.188)

Given that ¢; = 0 for all i € S, repeating the same arguments in (1.181) yields

S5

70 75
( — ?) > <q2> , V(i,7) 75 > 0. (1.189)

To proceed, we construct (p, ~P, p,b) such that (p, z, q°, (jb) € X(O,'yb, 0, /J,b), and verify

the feasibility of (’yb, p,b). We first set p; = Fy 1(%) for all i« € S, which clearly satisfies
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p; > 0. We then let 'yb = 0, which readily guarantees 'yb e I'’. To construct p,b , we consider

the following two cases: (a) for all j such that q‘? > 0, we pick any i : 7;; > 0 and let

bj S

which 7 : 7;; > 0 is picked. By condition (1.189), it follows that M? > 0; (b) for all j such that

_b _s
,u?- = Fbgl( - q—J) — Fﬁl(g—’l) From condition (1.188), it can be seen that it does not matter

b _
_ . . . -1 q; _ qf
q;? = 0, we pick ¢ € argming.; j)ep{py} such that ,u?- = maX{Fbj (1-— é) — Fy 1(87)’0}’

which again satisfies ,u?

We claim that (p,'yb, ub) satisfies (p, , q°, (jb) € X(0, ~b.0, y,b). To establish this claim,

> 0. Thus, we conclude that our construction satisfies p,b cub.

we verify the equilibrium expressions (1.2a)-(1.2d):
4
Si

(1) (1.2a): for any i € S, given the construction of p; that satisfies p; = F; (%), we

obtain that

S

75
(o) =i (7 (£)) = (1.190)

(2) (1.2b): for all j € B, if there exists i,ig such that z;; > 0 and 7;,; = 0, then

q; q;, . . : _ .

ﬁ < i (Proposition 12(viii)). By the strict increasingness of F; () in (0,1) and by
a 1,

the construction of p;,, p;,, we establish that p;, = Fs_l(—l) < Fy 1(5—2) = Pj,. Suppose
i2

Sil
. _ _ . qa qa; D .
instead that z;,; > 0 and z;,; > 0, by Proposition 12(viii), we have =L = =2, which implies
i ia
qa qa . . o
that p;, = Fs_l(sz—,l) = Fs_l(;T-Q) = pj,. These observations imply that if z;; > 0, then
1 2

pi = ming, 1 5)e pipi}. Moreover, if 7;; > 0, we can deduce from the construction of p; and

s b
,ug’- that p; + ,u?- =Fy 1(Z—i) + u?- = Fb; L1 - Z—j) Combining these observations, we conclude

that

=b
- b . b -1 4q;
if z;5 >0, then p; + p; = i’:(zr'p;'r)leE{pi,} + ;= Fbj (1 - ‘7) : (1.191)

Note that for all j € B such that (j? > 0, (1.191) implies that

b
-1 q; b
1— R, (Fbj (1—bj>)] = . (1.192)
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_l? —g
Consider instead j such that (j? = 0. Since /J;’- = maX{Fb;1(1 — Z—J) - Fgl(%),O} by
] (2

i b
construction, it follows that p; + ,u?- = Fs_l(%) + u? > Fl;l(l - Z—j) Using the weakly
i j j

increasingness of Fbj(v) in v € R (by definition of F; bj), we deduce that

~b
1 —r (1T 2 2 =0

< b

lq ; , b
0 < b [1 Fy, <¢;(%1)%E{p’} +u]>

From (1.192) and (1.193), we conclude that the equilibrium condition (1.2b) holds;

(3) (1.2¢) follows directly from constraints (1.38b) and (1.38¢c) in the instance of the
framework problem (1.38) associated with problem (1.7);

(4) (1.2d): for any (i,j) € E, x;; > 0 follows from (1.38f). Together with (1.191), this
implies that (1.2d) holds.

Summarizing the constructed tuple satisfies (1.2a) - (1.2d), we conclude that (p, , g°, E]b) €
X(O,’yb, 0, ub). We use the same steps as in the proof of Theorem 1 to establish that the
induced revenue at this competitive equilibrium is Vj,¢. In particular, for all ¢ € S, since
(I =)pi — i = Fg, 1(2—{) by construction, we establish that the inequality in step (b) of
(1.138) (in the proof of Theorem 1) is tight. This also implies that step (e) of (1.139) (in

the proof of Theorem 1) holds. Thus, we conclude that V' (0, ~b.0, ,u,b) = Vopt- m

Proof of Lemma 7. Without loss of generality, we can assume that network G(SUB, E)
is connected. (If it is not connected, we can prove the claims in each disjoint network
component.) Let p,b_ j be the subvector of ub obtained by excluding component ,ué’-, and
define p® ; analogously. By Proposition 1, for any given p € U, the equilibrium supply-
demand vector (g, qb) associated to fees (0, p) is unique. In what follows, we fix v = 0 and,
abusing some notation, we denote the supply-demand vector by its parameterized values

(q*(p), q"(w)) in a competitive equilibrium (p, x, ¢%(u), ¢°(p)) € X(0, ).

Given v = 0, by Lemma 4(i), the equilibrium problem (1.16) can be formulated as an
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instance of the framework problem (1.38) where Assumptions (1.12.1-1) - (1.12.1-3) hold.
Given v = 0, we abuse some notation by letting gj(q,u?) = fg[Fb;1(1 — %) — u?]d:c and
hi(g 1) = [ [FSZI(S%) + pf]dz in this instance of the framework problem (1.38). Moreover,
we have w;; = ¢; for all (i,j) € E. We let (Ob, 05,1, ns, 7) be the dual optimal solution
vector that satisfies the conditions in (1.40), where the dual variables correspond to con-
straints (1.38b) - (1.38f), respectively. By Proposition 12(vi), (8°,0%,nb, n® =) is unique.
We denote the parameterized dual optimal solution as (8°(w), 05(p), b (1), n°(), ().
We divide the proof arguments in the following steps.

Step 1: continuity of ¢°(p) and q(p) in g € U. We leverage the Maximum theorem (see

page 116 of (49)) to establish that ¢;(p) and q?(u) are continuous in p € Y for all : € S
and j € B. Using the notation in their framework, we let X = U = {p : pi > 0,Vi €
S,ub>0,¥j € B} and Y = {(x, 4% ¢") : ¢} € [0,5i], 4% € [0,b;], ;5 € [0, max{s;, b}]}. By
Assumption 1, we have fé)j Fb;1(1 - %)dw € (0,00) for all j € B and [y Fszl(s%) € (0,00)
for all i € S. Since Assumption (1.12.1-1) - (1.12.1-2) hold, we obtain that g; (q,u?) is con-
tinuous in ¢ € [0, b;] for all j € B and h;(q, ii) is continuous in g € [0, s;] for all i € S. Thus,
the objective function };cp gj(cj?, ,u?) — Yies hi(@, 1) — 2(i,j)eE CiTij are continuous in
(2,q°,@") € Y for all p e X. Let D(p) = {(&,q°,q") : constraints (1.38b) - (1.38f) hold.},
which is independent from g and thus, both upper and lower hemicontinuous at pu € U.
By the Maximum theorem (page 116 of (49)), the correspondence of the optimal solu-
tions ®(p) = {((&,¢%, @) : (&, %, q") is optimal in problem (1.38) given p} is upper hemi-
continuous at p € X. By definition of upper hemicontinuity, for any p;,p € X such
that i, — p and (Zy,q5.qh) € ®(fy,) such that (Z4,q.q}) — (2,4°,"), we have
(Z,¢°,q") € ®(z). Note that since q;. = q°(py) and @° = q°(p), we obtain that ¢°(u) is
continuous in p € Y. Similarly, since (_]z = qb(ﬂk) and g = qb(ﬂ), we conclude that qb(p)
is continuous in pu € U.

Step 2: trading components under g € U. For any p € U, from the conditions in Propo-

sition 12(iii), we cluster sellers and buyers (S, B) into disjoint components {(Sk,Bk)}f{::l
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where (1) Bj, C B is such that 9?(u) = 6?,(u) for all j, j' € B, and (2) S, C S is such that
mij(p) = 0 for all (i,j) € E with i € S}, and j € Bj. By construction, we can match S,
with By such that 67 (p) +¢; = 0?(u) for i € §;, and j € By, (condition (1.40c)). Note that
the degenerate cases are possible: (1) Sy # 0 and By, = ), which corresponds to ¢j(p) =0
for all i € Si; (2) S = 0 and By, # 0, which corresponds to q?(u) =0 for all j € B,..

To ease notation, for any k € {1,...,1}, we let ¢, := Gﬁ(p) for j € By.. Without loss of
generality, we sort the components (Sj, Bj.) by increasing order of {tk}§.€:1 ie, tg <t <
to--- < t; < tj4q (for completion, let tp = 0 and ¢;,1 = 00). We show that if 1 = 0, this
corresponds to the case where q?(u) = 0 for j € By. Suppose towards contradiction that
there exits j € By such that q?(p,) > 0. Then, we can pick ¢ with (¢, j) € E and ¢ (p) > 0,
which implies that 7;;(p) = 0 (condition (1.40f) and 9?(;1,) = 07(p) (condition (1.40c)). By
condition (1.40b), as ¢(p) > 0, we obtain that 67 (p) = F;l(%’:))) + pf +nf > 0, which

further implies that 9%’(;;) > 0, thereby leading to a contradiction to 9?(;0 =t1 = 0. Thus,
if t1 =0, then ¢}(u) =0, Vj€ By. (1.194)

It is also worth noting that
there exists no edge (i, j) € E where i € S, j € By,,and k1 < ko. (1.195)

To prove condition (1.195), suppose towards contradiction that there exists (i, ) € E where
i € Spyy J € By, and ky < ka. Given 65 (p) + ¢; — mi(p) = 6%(p) (condition (1.40c))
and 7;;(p) > 0 (condition (1.40f)), we establish that 07 (u) + ¢; > 9?(/1). Moreover, given
thy, = 07 (1) + ¢, thy = 9?(u) and ty, < ty,, we have 07 (u) +¢; < 9?(;&), thereby leading to

a contradiction. Thus, condition (1.195) holds. Moreover, we also deduce that

r;j =0, V(i,j) € Ewithi € Sy, j€ By, k1 > ka. (1.196)
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To prove this claim, suppose towards contradiction that there exists (i, j) € £ with x;; >0
where i € Sy, j € By, and k1 > kg. By condition (1.40f), we have m;;(u) = 0, thereby
leading to a contradiction with k1 = ko (by the construction of clusters {(Ss, Bk)}i::l).

By Proposition 1, we can consider the equilibrium price p; = 67(pn) = t — ¢; for all
i€Sand ke {1,2,...,1l}. By (1.195) and (1.196), buyers in B}, only trade with sellers in
Si. and for all k € {1,2,...,1}. Moreover, if type-j buyers trade with type-i sellers where
1 € S and j € By, they trade at a price of p; =t — ¢;.

Step 3: proof of claim (i). For all jy € B, we apply a sensitivity analysis to establish that

q; (p) is weakly decreasing in u?-o foralli € S. Fix jo € B. We find the index kg € {1,...,1}
such that jo € By,. To prove the claim, from the continuity of ¢*(u) in p € U, it is
sufficient to establish that there exists dg > 0 such that, for any § € [0, §p], any competitive
equilibrium (p, &, ¢°(f2), ¢°(f2)) € X(0, 1) induced by the alterantive subscription profile
o= (p?, “2'0 + 0, ub_jo) satisfies that ¢ (1) < ¢j(p) foralli € S.

We prove the claim by discussing the following two cases:

Case-(i-1): q?o(u) > 0. Pick any @ with x;;, > 0 such that ¢; (@) > 0 and thus 7, (@) = 0

(by condition (1.40f)). Moreover, we can find the matching cluster Sy, such that i € Sy, (by
construction). Since q?o(u) > 0, we have t;,, > 0 (by condition (1.194)). In the subnetwork
G(Sky Y By, Ex,) where Ep, C E is the maximal edge set induced by (Sy,, By, ), we take
the maximal connected component G (8,;0 U B;qy E]’CO) such that jg € B;CO. The goal is to
show that after we increase 'u?'o by a small amount, it would only impact the trades in the
/ I

network component G (Sk0 U By, Ek())'

Recalling that the buyers in B;CO only trade with the sellers in Sl/co at a price of tg, — ¢
for alli € S,'CO, we have ZjGBZO q;?(u) - 2165;20 q; () = 0. Expressing ¢; (p) and q;?(u,) using

the equilibrium conditions in (1.2a) and (1.2b), we have

> bill = Fy (b + D] = D siF;(tgy —ci —pf) = 0. (1.197)
jeB}CO z’eS,’CO
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By the continuity and the weakly increasingness of £, (v) and F,(v) in v € R (by definition),
we obtain that function ZjEB;qO bj(1—Fp, (t+ /Lg)) — ZiESIQO ;i Fs,(t — ¢; — p1) is continuous
and weakly decreasing in t € R. Moreover, as q?o(u) > 0 (the assumption in this case)
and q?o(u) < bj, (Proposition 12(v)), it follows that t, + u?o e (0, @bjo). As Fy, (v) is
stricly increasing in v € (0, ﬂbj) (Assumption 1), we obtain that ngBﬁg bj(1— By, (t—{—,u?-)) —
0
Ziesllg 8;Fs;(t — ¢; — i) is strictly decreasing in the neighborhood of ¢ = ;. From (1.197)
0

and tj, 1 < ty, (the ordering of ¢;), it follows that

Z b Fb 2fk‘o 1t :u])] Z SiFSi(tko—l —C /J’ZS> > 0. (1198>
JjeB;, ko ZES,’CO

Fix dp > 0 small enough such that, if we further pick any ¢ € [0, dp] and set o = (u®, ué’-o +

0, p,b_jo), we obtain

> bl = Fy, (try + D] = D2 siFsi(tyg —ci— i) < 0,

JjeB; ko ZESIQO
> bi[l = Fy (thg1 + 5] = 3 siFys;(tgy—1 — ci — jif) > 0. (1.199)
jEBZO ieS,’go

. . . ~b
For any § € [0, dg], by the continuity of function EjGBQO bi(1 —F, (t—l—,uj)) _Eie‘gllco siFs;(t—

— fif) in t € R, there exists {ko € (tko—l»tko] such that

> bt = Fy (B + D] = - siFs;(fy — ¢ — fif) = 0. (1.200)
J'GBZO ieS,’CO

To move from (p, @, q* (1), ¢"(1)) € X(0, 1) to (b, &, q°(i), ¢"(i)) € X(0, f2), we consider

the following adjustment:
(1-1) adjust the equilibrium price p such that p; = iy, — ¢; for all i € S]/CO and p; = p;
for all ¢ ¢ Sllfo' Given that fko € (tky—1,tk,], the price adjustment ensures that the buyers

in components Bj, would still only trade with the sellers in components S;. for k # k.
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Moreover, since the buyers in components By, / B;CO are not connected with S,;O, they would
only trade with the sellers in Sy, /S/lfo' Finally, the buyers in components B;CO would only
trade with the sellers in S]’CO. By condition (1.195) and condition (1.196), this ensures that
incentive compatibility constraint in the equilibrium expression (1.2d) is preserved,;

(1-2) adjust the equilibrium supply to ¢ (f) such that ¢ (f1) = s;F, (fko —c; — f17) for all
1€ 82;0 and ¢; (ft) = ¢j (p) for all 7 ¢ S,;O. This preserves the equilibrium expression (1.2a).
It is also worth noting that since Zy, € (tg,_1,tx,) and @* = p®, we have ¢f(f) < ¢j(p) for
all i € Sllﬂo by the weak increasingness of Fi,(v) for v € R (by definition);

(1-3) adjust the demand to q?(,&,) such that q?(ﬂ) = bj[1 - Fy, (T, + /lg’)] for j € B;CO
and q?(ﬂ) = q?(u) for all j & B;co. Since fko € (tgy—1,tk)> this preserves the equilibrium
expression (1.2b). Moreover, from [l,lljo = ulijo, we have qg(ﬁ) > q?(p,) for all j € B%O/{jo}
by the weak increasingness of Fj, (v) for v € R (by definition). Moreover, by the supply-
demand balance condition in (1.200), we have q?o(ﬁ) < qé?o(u);

(1-4) adjust the flow to & by sending a flow of q?o (pn) — q?o(ﬂ) from jgy to satisfy the
supply decrease in i € S,’co and the demand increase in j € B;fo /{jo}. By the connectedness of
G(S,’COUB;CO, E,’CO) and supply-demand balance equations (1.197) and (1.200), this adjustment
is feasible and the equilibrium expression (1.2c¢) and the non-negativity of the flow in the
equilibrium expression (1.2d) are preserved.

Summarizing, we now end up with another equilibrium (p, &, ¢°(fz), ¢°(f2)) € X(0, z)
where ¢ (f1) < ¢ (p) for all i € S;

Case-(i-2): q?o(u) = 0. Then, increasing 'u?'o to [LS’-O = “go + 6 for any ¢ > 0 still returns

q?o (ft) = 0 (by the equilibrium expression (1.2b) given the weak increasingness of Fbjo (v) in
v € R). The supply demand vector in the new competitive equilibrium does not change, so
we have ¢f(f1) = ¢;(p) for alli € S.

In summary of case-(1) and case-(2), we conclude that claim (i) holds.

Step 4: proof of claim (ii). We follow a similar sensitivity arguments as in claim (i). For

all ig € S, we show that q?(u) is weakly decreasing in ,ufo for all j € B. We first fix
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any i9 € S and find the component index kg € {1,...,l} such that iy € Sj,. Given the
continuity of qb(p,) in p € U, it is sufficient to establish that there exists dg > 0 such that
for any & € [0, dg], a competitive equilibrium (p, &, ¢°(fz), ¢°(&)) € X(0, ) induced by the
alternative subscription profile oo = (5 + 6, u2; , 1 b) satisfies q]( ) < qj( p) for all j € B.
We prove the claim by discussing the following two cases:

Case - (ii-1): ¢ (1) € (0, ;). Pick any j with @; > 0 such that q?o(u) > 0and m;,;(p) =

0 (by condition (1.40f)). Moreover, we can find the matching cluster By, such that j € By, .
In the subnetwork G(Sy, U By, Ey,,) where Ej, C E is the maximal edge set induced by
node set (S, B, ), we take the maximal connected component G (S,’€0 U B]’GO, E]’CO) such that
10 € Sllfo' The goal is to show that when we increase ufo by a small amount, it would only
impact the trades in network component G (Sl/q) U B;CO, El/co)‘

Recall that the buyers in B;CO only trade with the sellers in S]/CO at a price p; = ty, —¢; for
all i € Sl,ﬂo‘ It follows that 216320 q?(u) - Zi€5;20 q;(p) = 0. Expressing ¢;(p) and q?(u)

by the equilibrium expressions (1.2a) and (1.2b), we have

> bl = Fy (try + 1] = D2 siFsi(tyg —ci—pf) = 0. (1.201)
jGBZO z‘eS,’CO

By the continuity and the weak increasingness of Fp, (v) and Fy,(v) in v € RU{—00,00} (by
definition), we obtain that function ZjGB;CO bi(1 — Fy,(t + ug)) - ZZ-ES]/CO 5iFs;(t —¢; — 1)
is continuous and weakly decreasing in ¢ € R U {—o00,00}. Moreover, since ¢; (1) € (0, s;),
we have tg, —¢; — pj € (O,T)Sio). By the strict increasingness of F (v) in v € (0,vs,)
(Assumption 1), this implies that Zjel’ﬁ'ﬁgo bj(1— Fy, (t+ M?)) - Z,L'GSIQO 5;iFs,(t — c; — pi) is
strictly decreasing in the neighborhood of t = #;,,. Given condition (1.201) and #, < t3,41

(by the ordering of ¢;,), this implies that

Z b Fb tk0+1 + :u])] Z S’iFSi (tk0—|—1 —C — /J’ZS> < 0. (1202>
JjeB;, ko zGS,’CO
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Fix dp > 0 small enough such that if we further pick any § € [0,d0] and let o = (1 +

0, ,us_z-o, ;J,b), we obtain

> bl = Fy (thy + D] = D2 siFsiltyg —ci— i) > 0,

JjeB; ko ZES,/CO
> bi[l = Fy (trgr1 + 5] = D siFs;(tgy1 —ci— jif) < 0. (1.203)
JjeB; ko 1681'60

o . -b
For any § € [0, dg], by the continuity of function 216320 bi(1 _Fbj (t—l—,uj)) _Ziesiizo siFs; (t—

— [if) in ¢, there exists fg, € [tg,, tg,+1) such that

> bi[l = Fy, (g + D] = D2 siFs;(fyg — ci — i) = 0. (1.204)
jEBZO ieS,’CO

To move from (p,w,qs(u),qb(p,)) € X(0,pu) to (p,x,q°(Ir), qb(ﬁ)) € X(0, i), we consider
the following adjustment:

(2-1) adjust the equilibrium price p such that p; = Eko —¢; for all i € Sllﬁo and p; = p;
for all 7 ¢ S,;O. Given that fko € [tgy thy+1), the price adjustment ensures that buyers in
components Bj, would still only trade with sellers in components Sj. for k # ky. Moreover,
since buyers in components By, /B;Co are not connected with Sl’fo’ they would only trade
with sellers in Sy, / Sl/m' Finally, buyers in components B;CO would only trade with S]’CO. B
condition (1.195) and condition (1.196), this ensures that incentive compatibility constraint
in the equilibrium expression (1.2d) is preserved;

(2-2) adjust the equilibrium demand to q]( ft) such that qj( fr) = b;[1 — Fy, (T, + u])]
for j € Bko and qj(p,) = qj(p,) for all j & Bko' Since fy, € [tk tg,+1), this preserves the

equilibrium expression (1.2b). Moreover, since fi

— pb, we have q?(ﬂ) < q?(u) for all
J € B;CO by the weak increasingness of Fbj(v) for v € R (by definition);
(2-3) adjust the equilibrium supply to ¢;(ft) such that ¢;(f1) = s;Fs, (fko —¢; — i7) for

all i € S]’CO and ¢ (1) = ¢;(p) for all i & S]’CO. This preserves the equilibrium expression
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(1.2a). Since g, € [tg,,tgy+1) and P2, = pnZ,,, we obtain that ¢i(f) = ¢j(p) for all
i€ S,’CO /{io} by the weak increasingness of F;(v) for v € R (by definition). Moreover, by
the supply-demand balance condition in (1.200), we have qfo(ﬁ) < qfo(p);

(2-4) adjust the flow to & by sending a flow of ¢; (1) — ¢; () from 4o to satisfy the
supply increase in i € S,’CO /{ip} and the demand decrease in j € B//fo' By the connectedness
of G(S;CO U B;CO,EIQ;O) and the supply-demand balance equations (1.201) and (1.204), the
equilibrium condition (1.2¢) and the non-negativity of the flow in the equilibrium condition
(1.2d) are preserved.

Case - (ii-2): qfo(u) = 0. Given the equilibrium price p, increasing i to fij = pj + 9

for any § > 0 still results in ¢; () = 0 (by the equilibrium expression (1.2a) and the weak
increasingness of F, (v) in v € R). Thus, we have qg(ﬂ,) = qg(u) for all j € B;

Case - (ii-3): qfo(p,) = si,. We further discuss the following two subcases. If p;y — pf =

s
S ( in (/J,)
SZ'O si()

), then we repeat the same arguments as in case - (ii-1) to establish that q?([l,) <

%y (1)
81'0

q?(u,) for all j € B. If p;, — ufo > F _1( ), given the equilibrium price p, increasing ufo

SZ‘O

by any ¢ € (O,pio—ufo—ﬁ_l(qigfom)) still returns ¢; (1) = s;,. Thus, we have q?(ﬂ) = q?(u)

Sio .
for all j € B.
In summary, we end up with another equilibrium (p, &, ¢°(iz), ¢°(jz)) € X (0, 1) where

qg(ﬂ,) < q?(y,) for all j € B. O

1.16 Proofs of Results in Section 1.7

Auxiliary Results

We start by providing an alternative expression for the welfare at an equilibrium.

Lemma 8. For any (v,pn) € I' x U and any (p,x,q°,q°) € X (v, ), the induced welfare
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W (v, i) satisfies

b s
q; q;
Wew = % [TE (1= - X [P FNE)dg- Seg (209

jeB J i€S K i€S
Proof of Lemma 8. By Assumption 1, Fbj and F§, are continuously differentiable and
strictly increasing in (0, Eb].) and (0, vs;), which implies that bel and F-1 are continuously

7 7

differentiable and strictly increasing in (0,1) (by the inverse function theorem). We define

the differentiable functions g; : [0,b;] — R and hi - [0,5;] — R such that:

R Up . )

3i(q) = b; /Fjl(l—q/b)vdej(v)’ Vj € B, (1.206a)
bj J

- FyHq/si

hi(q) :Si/o i (q/S)UdFSi(v), VieS. (1.206b)

It follows from Assumption 1 that §; is continuous and bounded function in [0, b;] and hi

is a continuous and bounded function in [0,s;]. By the definition of g; and the fact that
Vp .

Fb_,l(l) = Up,, we obtain that g(0) = b, bejl(l) vdFy, (v) = 0. Similarly, it also follows that
J b
j

~

h;(0) = 0. Based on (1.206), we obtain:

oy — 4l [
hlo =2 [b] /F —1<1q/bj)”dej<”>]

bj
(@) 1 q\ v (-1 q 17 q
) )T (-
O p-1(_ 2 (1.207)
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for all ¢ € (0,b) and j € B. Similarly,

@D 1 <q> , (1.208)

for all ¢ € (0,s;) and ¢ € S. Here step (a) and step (c) follow from Leibniz’s rule, and

step (b) and step (d) follow from the inverse function theorem. Since, gj, iLl are continuous,

g;(0) =0, hi(0) = 0, and Fb_-l and F; 1 are continuously differentiable in (0,1), using the
7 7

fundamental theorem of calculus, we obtain that

q
0:(q) = F, 1— = ' 1.2
aj(a) = | %( %>m,w6& (1.209)
/ ( ) dr, Yies. (1.209D)
b
For any (p, , q%, q°) € X (v, ) and any (v, ) € ['xU, using the fact that vg; = bel(l—%)
j j
and v{! = F, Szl(q’z) we conclude that the induced welfare satisfies

W (v, 1) (i) Z bj /Zl; ?Jde ZS’L/ vdFs, (v Z CiTij

jeB  7%; (i,j)€E

Z/%lG_}m_z/ ()m_(z -

i,j)€E
W s [T e (-2, “pt ()4 @ 1.210
= b T, $_ZO si \, IB—ZCZC]Z'. (1.210)
jeB 0 ! J €S ¢ €S
Here step (e) follows from (1.15), step (f) follows from the definition of {vg';,v?;}, (1.206)

and (1.209). Step (g) follows since 3_;.(; j)ep %ij = ¢; by the equilibrium condition (1.2c).
Thus, the claim holds. O
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Using this alternative expression for welfare, the welfare maximization problem can be

stated as follows:

Wopt = max Z/O Fy (1—)dq—2/ql ( )dq—chqZ

(pa€’37q87qb7’7»ﬂ) ]68 €S €S
(1.211a)
st. (p,x,q% q") € X(v, ), (1.211b)
(v, ) €T xU. (1.211c)

Following a similar approach to the revenue maximization problem, as opposed to solving

problem (1.211) directly, we consider the following (convex) optimization problem:

max, Z / F! (1 - ) dr — Z/ ( ) dz — <z,§éE Ciij (1.212a)

s.t. Y wmj = ¢ VieS, (1.212b)
j:(ij)EE

S oz =dq) VieB, (1.212¢)
(i.j)eE

g < s; Vi€S, (1.212d)

¢ < b VjeB (1.212¢)

zij = 0, V(ij)€E. (1.212f)

We proceed by establishing that the optimal objective values of problem (1.211) and problem
(1.212) coincide. Moreover, the maximum welfare is obtained for (v, ) = 0, and the welfare-

maximizing equilibrium can be characterized through the solution of (1.212).

Lemma 9. The optimal solution of problem (1.212) yields the trade amounts at a welfare-

mazximizing equilibrium i.e., the optimal solution (, t_]s,c_jb) to problem (1.212) is such that

for some price vector p, we have (p,x,q°,q ) € X(0,0). Moreover, the maximum welfare
W(

is achieved when (v, ) = 0 d.e., Wope = W(0,0) > W (v, ) for all (y,pn) €' x U.
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Proof of Lemma 9. Recall that problem (1.212) is an instance of the equilibrium problem
(1.16) where (v, ) = 0. Let (2,q°,q") be an optimal solution to problem (1.212) and W
be the corresponding optimal objective value. By Proposition 9, (z, g°, E]b) is supported in a
competitive equilibrium for (7, ) = 0 i.e., there exists p such that (p, Z, q¢*, E]b) € X(0,0).

On the other hand, by Lemma 8, the corresponding objective value W of problem (1.212)
is such that W (0,0) = Wj. Note that eliminating constraint (1.211c) and relaxing constraint
(1.211Db) (the equilibrium conditions (1.2a)-(1.2d)) to (1.212b) - (1.212f) yields (1.212). This
observation implies that problem (1.212) is a relaxation of problem (1.211). Hence, it follows

that

Wopt < Wo = W(0,0). (1.213)

Since by (1.211), Wy is the largest welfare obtained under any commissions-subscription
pair, it also follows that W, > WW(0,0). Thus, we conclude that W(0,0) = Wy = Wy >

W(~, p) for any (7, ) € I' x U, and the claim follows. O]

1.16.1 Proof of Welfare Results

Proof of Proposition 7. The proof follows directly from Lemma 9. [

Proof of Proposition 8. Proof of claim (i). To prove the claim, we consider a class of

problems indexed by n € {1,2...}. Let problem instance n be a network with one seller type
and one buyer type where the population vector satisfies (s, by) = (n,2n) and the disutility

parameter is ¢ = 0. For this problem, we let v;' = 2, vy = 1, and define buyer/seller value
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distributions Fy' : [0,vp] — [0,1] and F{ : [0,vs] — [0, 1] such that

Flv) = an’ - (1.214a)

1, for v > 2

. nv, for0<wv< %
Fiv) = (1.214b)
1, for v > %

It can be readily checked that, the construction in (1.214) satisfies Assumption 1 and As-
sumption 2.

Since (sp, bp) = (n,2n), it follows that

2—qg—-1q, for0<qg<l,
(=) — (L) = ! (1.215)
—n—12q, for 1 <gq <n.

Q=

It can be readily checked that [F}'] 11— %) —[Fm~t (%) is strictly decreasing, continuously
differentiable in ¢ € (0,n), and continuous at ¢ = 0 and ¢ = n. Using this observation, and
the fact that in problem instance n, at most n units of buyers and sellers trade, it follows

from Lemma 9 that the maximum welfare in this problm instance is given by:

q x T
W, = max / Fr —1<1 - ) —[F" _1<>dx. 1.216
opt gel0.n] Jo [ b] by, [ s] Sn ( )
We denote by ¢ the optimal solution to problem (1.216). By applying the first order op-
timality condition to (1.216), we obtain [Fb”]*l(l — %) = [FS”]*I(%), which by (1.215)

implies that § = n. Thus, the maximum welfare in problem instance n can be expressed as

T, = /j[Fﬁ]*(pé) —[Fg]_1<x)dx = lnn+1. (1.217)

Sn
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In comparison, from the expression (1.215), we deduce that the revenue optimization problem

(1.7) can be expressed as

Sn

opt = maX] [[Fgl]l(l — bi) — [Fﬁ}l(qﬂ q. (1.218)

We let ¢ be the optimal solution to problem (1.218). Given the expression (1.215), b

applying the first order optimality condition in problem (1.218), we obtain that 2—2¢— %cj =
0, which implies that ¢ = —#—. By Theorem 1, there exists (4", u") that supports ¢ in a

competitive equilibrium. Based on the expression (1.215), by Lemma 9, the induced welfare

satisfies

2 2 _n=
W?’L n’ n — / F 1(1 33') F- 1(x>d — 2 _q7_ q n2+1
(7 /J’) 0 b b s S T q 9 m2 ) |
2 2 1
q q 3 1 3
§<2q 2‘2>\0:2‘2nz§2 (1.219)

As n — oo, we conclude that

wn / /
WO ) g, (1.220)
opt
Hence, the claim follows.
Proof of claim (ii). Given Fy;(v) = 7= for all v € [0,05] and Fy (v) = 7- for all
g J

€ [O,Ebj], it follows that szl(u) = Up;u and stl(u) = vgu for v € [0,1]. We start
by providing alterantive representations of the revenue optimization problem (1.7) and the
welfare maximization problem (1.212).

Let AP be a |B| x |E| binary matrix where for any j € B, A?e =1life=(i,j) € E and

A?-e = 0 otherwise. Note that the constraint Zi:(i,j)e ETij = q? can be compactly expressed
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as
Al = g, (1.221)

where & and g° are column vectors of length |E| and |B| respectively.
Similarly, we let A° be a |S| x |E| binary matrix such that for all i € S, A, = 1 if
e = (i,7) € E and A2, = 0 otherwise, and represent the constraint Zj:(z‘,j)eE Tij = qa

compactly as
A’z = q°. (1.222)

Let s = (8)ics, b = (bj)jeB, v° = (Vs;)ies and ob = (@bj)jeB denote the vectors whose
entries correspond to the primitives of our model. Using this shorthand notation, we define

the following diagonal matrices
A® = diag(s), AY = diag(b), AV = diag(v*), A = diag(2?), (1.223)

where diag(z) denotes the diagonal matrix, whose diagonal entries consist of the entries of
z for any given vector z. Based on (1.221),(1.222) and (1.223), constraints ¢; < s; for all

1 €S and q? < bj for all j € B can be compactly expressed as
(A TAasz <1, (A TAbz <1 (1.224)

Let vector ¢ € R'f‘ be such that ¢, = ¢; if e = (i,j) € E. We define (r, H, A) such that

Ab 71Ab
r=(A)Te" —e, A= 49 ,
(AS)_lAS
H = (A)TAY (AD) 714D 1 (A%)TAY (A%) 1A%, (1.225)
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b s
By construction, matrix H is symmetric. Since AU (A?)~1 and A" (A®%)~1 are diagonal
b s
matrices with positive entries, it follows that AY (A?)~1 = 0 and AV (A%)~! = 0. Thus, we

conclude that, for all z € RIE |,
2THz = (Ab2)TAY(AD) "1 (Ab2) + (A%2)TAY (A%)"L(A%2) > o, (1.226)

which implies that matrix H is positive semidefinite. Since A (AY)~1 = 0and AV (A5)~1

0, for all z € R|E‘, it follows that
if A’z+£0o0r A%z #0, then z2THz > 0. (1.227)

Using this notation, and the fact that the value distributions are uniform, the objective

function (1.7a) of the revenue optimization problem (1.7) can be expressed as follows:

b
25 (1-2)d-na (B - T e
@ - (1_ G\
Ly (o) S <SZ> R
® { ~ AT (Ab) } TIAY (A%)Yg® — &Ta
9 (@At -] @ - T{(Ab)TA“ (AD) LA 4 (A%)TAY (A%) A% |2
9 2T - Ha), (1.228)

where step (a) follows from Fbgl(u) = Up,u and Fszl(u) = Ug;u. Step (b) uses the matrix
notations in (1.223). Step (c) follows from (1.221) and (1.222). Step (d) follows from the

notations in (1.225).
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Consider the following convex quadratic program

Vopt = max xT(r — Hzx) (1.229a)
st. Az <1, (1.229b)
x> 0. (1.229¢)

It can be seen from (1.224) and (1.228) that problem (1.229) is equivalent to problem (1.7).
In particular, (1.229) is obtained from (1.7) by eliminating the equality constraints, and
given as an optimal solution & to problem (1.229), by setting qb = Abz and q’ = A’z,
an optimal solution (z, g%, (]b) to problem (1.7) can be obtained. Moreover, they share the
same optimal objective value.

Similarly, in the welfare maximization problem (1.212), the objective function (1.212a)

can be compactly expressed as

~b ~S
9 -1 q % 1[4 _
IO o (R LD O S ) LD SRS

jeB €S (i,j)eE
- B
() _ 4G\ (G- _
2 Enl- )t gef)i X o
JjEB J €S ¢ (i,j)eE
(f) T, 1

Do (a1 - @)Y (A% gt - e

—~
~

g «ﬁ%rAb—er-;wTkA%TA“XA%—¥Ab+(AﬂTAW(Aﬂ—FASw

1

h
2T(r - SHa), (1.230)

—~
~—

where step (e) follows from szl(u) = Op,u and F;ll(u) = vUs;u. Step (f) uses the matrix
notations in (1.223). Step (g) follows from (1.221) and (1.222). Step (h) follows from the

notations in (1.225).
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Consider the following convex quadratic program

1
Wopt = max xT(r — §Hm) (1.231a)
st. Az <1, (1.231b)
x> 0. (1.231¢)

Using (1.224) and (1.230), the same arguments as before (see (1.229)) yield that the welfare
maximization problem (1.212) is equivalent to problem (1.231); the solution of one can be
used to construct a solution for the other, and they share the same optimal objective value.

Let & be any optimal solution to problem (1.229) and & be any optimal solution to prob-
lem (1.231). Note that if r € R'_El then given that all entries in matrix H are nonnegative
(by the expression of H in (1.225)), the gradient of the objective function (1.229) satisfies
r—2Hx € ]R',E‘ for all feasible @ in problem (1.229). Similarly, the gradient of the objec-
tive function (1.231a) satisfies r — Ha € ]R|_E| for all feasible @ in problem (1.231). These
observations imply that & = & = 0. By the welfare expression (1.205) in Lemma 8, both the
maximum welfare and the welfare induced in the revenue-optimal implementation are zero.
Hence this case is ruled out under the assumptions of our proposition.

Without loss of generality, assume that vector  has at least one positive component. Let

Ly be the Lagrangian of problem (1.229) which satisfies
Ly(x,7,0)=aT(r — Hz) —nwT(Az — 1)+ 0Tx. (1.232)

Let & be a primal optimal solution to problem (1.229) and (7, 8) be corresponding opti-

mal dual multipliers for constraints (1.229b) - (1.229¢). Given the Lagrangian (1.232), the
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optimal primal-dual pair Z and (7, 8) satisfy the following KKT optimality conditions:

r—2Hz - AT +6 = 0, (1.233a)
x>0 1 Ax—-1 <0, (1.233D)
6 >0 L x>0 (1.233c)

When vector r has at least one positive component, we claim that @ # 0. Let e € E be
such that re > 0. Suppose towards contradiction that & = 0. By condition (1.233b), we
have @ = 0. Since @ > 0 (condition (1.233c)), it follows that r. + fe > 0, thereby leading
to a contradiction with condition (1.233a). Thus, we conclude that & # 0. Since the entries
of A and A% are nonnegative, z # 0, and & > 0, it follows that A’Z # 0 and A%z # 0.

Hence, by condition (1.227), we have
zTHz > 0. (1.234)

Set ¢° = A%z and @° = APz. By Theorem 1, there exists (v, ') that supports (z, g%, (jb)
in a competitive equilibrium. By Lemma 8 and equation (1.230), the welfare induced by

revenue-maximum implementation can be compactly expressed as

Wy, @) = &T(r ;Hm). (1.235)

Given the dual optimal solution 7v from problem (1.229), consider the following La-

grangian relaxation problem for the welfare maximization problem (1.231) :
- 1 _
Wopt = max xT(r — §H:1:) — 7wl (Ax — 1) (1.236a)

st. x>0. (1.236D)
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Since (1.236) is a relaxation to problem (1.231c), it follows that

Let £, be the corresponding Lagrangian to problem (1.236), given by

Ly(x,0)=2xT(r — ;Haz) — 7T (Az — 1)+ 0Tx. (1.238)

We claim that (&, @) such that & = 2& and @ = @ is an optimal solution to problem (1.236).
To establish this, it suffices to use the Lagrangian (1.238), and verify the KKT conditions:
r—Hz—AT"+6 = 0, (1.239a)

~ ()
6>0 1 z > 0. (1.239D)

—~
~

Note that since (&, 0) = (2&, 0), it follows that r— Hz — ATn+0 = r—2Hz— AT +60 = 0
(condition (1.233a)), and similarly & > 0 L & > 0 (condition (1.233c)). Thus, both (i)
and (j) hold and (&, ) is an optimal solution to problem (1.236).

Using these observations, we conclude that

zT(r—2Hz — ATw) + 270 + 32THz + 771
&T(r— Hz — ATw) + 270 + J2THz + 771
zT(r —2Hz — ATw +0) + 32THz + 771
&T(r— Hi — ATm +0) + s&THz + 771
32THz + 771 (9 3zTHz

== 4- _ _ 2 4- _ 2
QwTHzc + 7Tl éwTH:c

z

—
S
~

—
=

, (1.240)

B~ w

where step (k) follows from (1.237). Step (1) follows directly from (1.235) and the optimality
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of & in (1.236), and step (m) follows from (1.233b). In step (n), we add 7@ (where T8 = 0
by (1.233c)) to the numerator and 7@ (where 70 = 0 by (1.239b)) to the denominator,
and rearrange the terms. Step (o) follows by collecting common terms. Step (p) follows by
noting that r —2Hz — AT7w +6 = 0 (condition (1.233a)), r — HZ — AT 46 = 0 (condition
(1.239a)) and & = 2x (by construction). Step (q) uses the fact that w771 > 0 (condition

(1.233b)) and &THx > 0 (condition (1.234)). Thus, as claimed, we have
(1.241)

To show the tightness of (1.241), consider a network with one seller type and one buyer type.

Let the value distributions be Fs(v) = F(v) = min{1, v} for v > 0 and the population profile

be s = b = 1. In this example, welfare maximization problem (1.231) can be expressed as
Lo 19

e R 1.242
0ees T Tt T " (1.242)

By taking the first order optimality condition, it can be seen that the optimal solution & of
(1.242) is given by & = % and Wopr =5 -5 -5 =17

Similarly, the revenue optimization problem (1.229) can be expressed as

max x — x> — x°. (1.243)
0<z<1

By the first order optimality condition, it follows that the optimal solution Z to (1.243) is

given by T = % By (1.235), we obtain W (~v/, u/) = % — 3% — 3% = 1% Thus, we conclude
/

that %’,) = %, and the lower bound in (1.241) is tight.

opt

Proof of claim (iii). Recall that the maximum welfare Wy, is achieved when (v, ) = 0

(by Lemma 9). Let (p,Z, q°, E]b) € X(0,0) be any welfare-maximum equilibrium, obtained
from the equilibrium problem (1.16) with (v, ) = 0. Using Assumptions 1 - 3, we next

obtain an expression for the maximum welfare.
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Define g(r) = [j Fb_l(l — 2)dx and h(r) = [§ FyYx)dz. We let f(-) be defined as in
(1.17) ie., f(t) = MaX,.c (0 min{1,}] 9(7) — th(%) for t > 0. Assumptions 1 - 3 together with
Proposition 11(i) imply that Assumptions (1.91) - (1.93) hold for §(-) and A(-). Moreover,
since (v, ) = 0 and F,~ 1(1) > 0, it follows that Assumption (1.94) also holds (Proposition
11(i)). We let f(0) = limy | f(t) where the limit exists by Lemma 2(ii). Let () be defined
as in (1.18) i.e., p(t) = argmax,c(o min{1,1)) 9(r) — tﬁ(%) for t > 0. Noting that p(t) €
[0, min{1,¢}], we set 5(0) = limy o p(t) = 0.

Let y* be any optimal solution to problem (1.19) with f(-) = f(-), and let 7= ﬁ(zg)
be the optimal solution to problem (1.18) for ¢ = g£7 g(:) = §(-) and h(-) = h(-). Note that
by Lemma 3, vector y* > 0 is unique, and it is the lexicographically optimal base of the
polymatroid P = {y > 0: ¥ ;cpy; < YieNg(B) Sis VB C B} with respect to weight vector
b. Note that Lemma 2(i) implies that for ¢ > 0, we have p(t) € (0,1). Since y}f > 0 and

*
T = ,5(%), this observation implies that
J
7; € (0,1). (1.244)

Moreover, recalling the definitions of {j(-),2(-)} and the optimality condition (1.109) (in

step 2 of the proof of Lemma 2), we obtain that

*
F= maxdre 01 B 0—n-F [0 ) 20 < B (o)
yj/bj b

Using this observation, we obtain

_ () G "\ 5 (% (7
Wopt = W(0,0) & Z/O F (1 bj)da: Z/O F; <Si>dx

jeB 1€S

b (VF

v xni()
jeB J

(o) i1 @
.7%3] /0 (=) (yj/bj) ]
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Here, step (a) uses the fact that ¢; = 0 for all i € S (Assumption 3), (p, &, @°, Qb) € X(0,0),
and Lemma 8. Recalling that (&, q°, Qb) is an optimal solution to the equilibrium problem
(1.16) for (v,p1) = 0 and y* is the optimal solution to problem (1.19) for f(-) = f(-),
Proposition 11(iii) implies that these instances of problem (1.16) and problem (1.19) share
*) is
) —
1), it follows that g(rj) = f() b < — x)d:c

the same optimal objective values. Thus, step (b) holds. Since for all j € B, 7; = j(

optimal in problem (1.17) with ¢t = ijj, g(:) = §(-) and h(-) = h(-), we obtain that f(
(

@" Q@*Q@‘é_d

a(7j) — 3 V(g */b ). By definition of §(-) and A

’f‘ .

and y; A */b ) = y” fo F Y (x)de = fgj Fs_l(ﬁ)d:c (by a change of the variables).
Thus, step (c) follows.

Next, we consider the revenue optimization problem (1.7). Let (z, q¢°, (]b) be an optimal
solution to problem (1.7). Define g(r) = Fb_l(l—r)r and h(r) = F; 1 (r)r. Let f(-) be defined
as in (1.17) ie., f(t) = MaX,.¢ [0, min{1,t}] 9(r) — tﬁ(%) for ¢t > 0 given functions g(-), k().
Using Assumptions 1 - 3, and applying Proposition 10(i), we conclude that Assumptions
(1.91) - (1.94) hold for g(-) = g(-) and h(-) = h(-). We let f(0) = limy | f(t), where
as before, the limit is well-defined by Lemma 2(ii). Let p(-) be defined as in (1.18) i.e
p(t) = argmax, cjo min{1,,}) 9(r) — th(%) for t > 0. Noting that p(¢) € [0, min{1,¢}], we set
p(0) = lim o (1) = 0.

Let g be the optimal solution to problem (1.19) with f(-) = f(-). Note that g > 0 is the
lexicographically optimal base for polymatroid P = {y > 0: 3 ;cpy; < e Ng(B) Si- VB C
B} with respect to weight vector b (by Lemma 3). Since y* is also the lexicographically
optimal base, by the uniqueness of the lexicographically optimal base (Theorem 3.1 of (42)),

*

we have y = y*. For all j € B, let T = p( ) be the optimal solution to problem (1.18)

with ¢t = yj

J
For all j € B, using the same arguments as in (1.244), we obtain that

Fie(0,1). (1.247)
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Moreover, recalling the definitions of {g(-), ()} and the optimality condition (1.109) (in

step 2 of Lemma 2), we obtain that

r; = max\sr Fl ) - B . —r[F T
I O i
y5/bj 7] (@ﬁ/%‘) =0 bj}‘ (1:245)

By Theorem 1, there exists (v, u) that supports (z, g°, qb) in a competitive equilibrium. We
claim that g; > 0 for all i € S. By Lemma 4(ii), the revenue optimization problem (1.7) can
be formulated as an instance of the framework problem (1.38) with functions {g;(-), h;(-)}
that satisfy Assumptions (1.12.1-1) -(1.12.1-3) and Assumption (1.12.1-8). Moreover, these
functions are given by g;(q) = Fb;1(1 — b%)q, hi(q) = Fs_l(s%)q and w;; = 0. By using
this observation, Assumption 3 and Assumption (1.12.1-6) also hold. Using this observation,
Proposition 12(ix) readily implies that ¢; > 0 for all i € S. Since (.’TB,EIS,(}b) is supported
in a competitive equilibrium, this implies that for any ¢ € S, there exists j € B such that
T;; > 0. These observations, (1.247), Proposition 10(ii), and the definition of g and 7 imply
b

that q‘? =7jb; > 0and ¢ = %T] = % for any j such that z;; > 0. Hence, we conclude the
j
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following;:

1oy (d) q_? —-1({4_ T _ R x
Wy, ) & Z/O F (1 bj)dx %;S/O F; (S)dx

jeB

) ij/orin_l<1—$)dx—Z > Tij S; ?iFgl(m)dx
jeB

i€S | jiz;>0 a 0
s * il
) > bj/ F[;1<1 - x)da: -y > x”y‘z) Vi F7l () da
jeg =70 i€S jiag>0 3% 70
(9) i1 _ ?J;( bj (i 1 =
Z Z bj/o Fy (1 —ac)dx— Z Z xzj_—b—*/o F Ny dx
jeB jeBiz>0 1Y Y5795
(h) Ti —1 T -1 x
h %bj/o Bl (1—)de — %bj/o F s, ) 4
je je j
T x
- Y0, / Fl(1—a)— k! ( ) dx] . (1.249)
j b :
P AN (D

Here step (d) follows by using Lemma 8 and noting that (v/, u’) supports (Z, g°, Qb) in a
competitive equilibrium and ¢; = 0 for all i € S (Assumption 3). In step (e), we apply a
change of variables in the integrals and use the fact that Zj:jij>0 T;; = q; since (z, q°, Qb)
constitutes a trading outcome in a competitive equilibrium. Step (f) follows by using the
fact that q_? =7jb; > 0and ¢; = T;;] for any j € B and i € S such that z;; > 0. In step (g),
we use the same observation, and apply another change of variables in the second integral.
Step (h) follows once again using >z >0 Tij = cj?.

In what follows, we use the shorthand notation

Gj(r) = Fb—1(1 — r) — F 1 (y;;bj) , forre [O,min{l, ?H : (1.250)

J
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Note that using this notation, (1.245) and (1.248) can be expressed as follows:

*
7 o= maX{re 0,1]: Gj(r) = 0, r < ?Z]}, (1.251a)
J y*
i = max{r 0] G0 Gy > 0r < PL 2w
J

We claim that 0 < 7; < #; for all j € B. Since [}(v) and Fs(v) are nonatomic and strictly
increasing in v € (0,v;) and v € (0, vs) respectively (Assumption 1), we have that F,” 1(7’)
and F. 8_1(7“) strictly increase in r € [0,1]. Moreover, since the aforementioned functions
are also continuously differentiable respectively in v € (0,v,) and v € (0,v5) (Assumption
1), it follows that Fb_l(r) and F; (r) are continuously differentiable in r € (0,1) (by the
inverse function theorem). It can be readily checked that if lim,. o[£} (r), lim, 10[Fs /()
have finite values, they correspond to the left derivatives Fb_l(r) and F;1(r) at r = 0.
Similarly, if lim,.q [Fy 1(r), and lim,q [Fg 1(r) have finite values, they correspond to the
right derivatives of F, bfl(r) and F;Y(r) at 7 = 1. Using these observations and the definition

of G, we conclude that

*
G}(r) <0 forall re <O,min{1, ?}) :

J y*
o,min{LbJH. (1.252)

G j(r) is strictly decreasing in r € :
J

For all j € B, recall that 7; € (0,1) (by condition (1.247)) and 7; € (0,1) (by condition
(1.244)). Moreover, by (1.252), (and the definition of the derivatives of Fy~ Dand F;1 at
the end points of their domain), we obtain that —FJG;- (7;) > 0. Using these observations,

together with (1.247), (1.251b) and (1.251a) readily imply that
0 <7 < 7y (1.253)

for all 7 € B. To proceed, fix an arbitrary j € B and consider the following two cases:
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*

(1) if 7 = 42, by (1.251a) and (1.253), we have 7j = y-. Thus, it follows that
J J

bi fo’ Gj(x)dx

— = 1:
bj fgl Gj(x)dx

Y

(1.254)

(2) if r; < %, by (1.247), we have that 7; < min{l1, y—J} Using this observation, we
j j
obtain

(k)
—1G(r) = Gy = Gyr) - Gy(T) =

— (75 — 7)G5(75).- (1.255)
Here step (i) follows from (1.251b) using the continuous differentiability of G;(r) (for r €
(0, min{1, yj*})) and the fact that 7; € (0, min{1, yj*}) Step (j) follows since G ;(7;) > 0 by
(1.251a). Since Fj(v) and —Fs(v) are convex respectively in v € [0,03] and v € [0,v5] (by
the assumption of the proposition), it follows that bel(r) and —F;1(r) are concave, and
hence the function G;(r) is concave in 7 € [0, min{1, zj*}] Step (k) readily follows from the
concavity of function G(r).

Recall that by (1.253), we have 7; > 0 and hence 7; € (0, min{1, yj*}) Thus, (1.252)
implies that —G;. (7;) > 0, which together with (1.255) yields that 7; > 7; — ;. Rearranging

the terms, we obtain:

7> - > 0. (1.256)
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Since 0 < 7; < 7; (by (1.253)), we deduce that

T (0 7y
/F» Gi(z)dr < . G’j(fj)—l—G}(fj)(x—fj)dx
(m)
< Gj(ry)(ry —75) + G( () + 7)) = 75) = 7G5 (75) (F) — 75)

(n)

< Gy —75) + TG ) — ) = G ) 7))
(0)
= ;Gj(rj>(fj — 1) (1.257)

where step (1) follows from the concavity of Gj(r) in r € [0, min{1, y—]}] Step (m) follows
j

from integrating the expression in step (1). In step (n), we use condition (1.256) to obtain

that 7; +7; < 37, which we use to bound the second term. Step (o) follows from G(7;) =

—FjG;-(fj) by (1.255). Based on (1.256), we have

(s) /7 @1 w1
0 < /T Gj(z)dr < SG(r) (T —15) < 5G(F)T;. (1.258)

Here step (p) follows since 7; € (0, min{1, yj*}), and G;(r;) = —Fng(fj) > 0 by (1.252)
and (1.255). Recall that Assumption (1.91) and (1.92) hold for §(r) = [§ Fb_l(l — z)dz and
h(r) = [§ FyY(x)dx, hence, these functions are continuous at r = 0. Thus, it follows that
Jo Gj(x)dx is continuous at r = 0. By the continuity and the strict decreasingness of G ;(r)
in 7 € (0,7;) (condition (1.252)), step (q) follows. Both step (r) and step (s) follow since
Gj(r) > 0 for r € [0,7;] (by condition (1.251a), (1.252) and (1.253)). Step (t) follows from
condition (1.257). Step (u) follows from (1.256).
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Note that (1.258) implies that

b o’ Gila)de _ Jy! Gj(a)da - Gj(75)r _ 2
b Jo' Gjla)dr 7 G(a)de + [ G(x)de Gj(r)rj+ 3Gy 1+5 3
(1.259)
Using (1.246), (1.249), (1.250), as well as (1.254) and (1.259), we conclude that
I I FJG‘ d 9
W, — W', u) _ 2jeB Jf0~ ](x) z > 5 (1.260)

Wopt Yjenbj fo' Gjlx)dx

as claimed.

To show the tightness of the lower bound, consider a sequence of problem instances
indexed by n € {2,3,...}. In the problem instance n, we assume that there is only one
seller type and one buyer type, and the population vector satisfies (s, bn) = (2n, %) We

define the inverses of the value distribution functions as follows

2u, for 0 < u < 22+
[Fl?]_l(u) = 5 ) . 2—1 — 4dn

Lt g (L= w) + log (1 n (1= (1= wgy)) . for 2t <w <1,
[FM " Yu) = u, foruel0,1]. (1.261)

It can be readily verified that [ng]_l and [F7] ™! satisfy [§ [Fgl]_l(x)dx < ocoand [§[FP]) " (z)de <
0o0. Moreover, [Fb”]_l and [F?]~1 are continuously differentiable and strictly increasing in
(0,1). Using the inverse function theorem, we conclude that Assumption 1 holds. Similarly,
it can be readily verified that Assumptions 2 and 3 are satisfied by these distributions, and

F}' is convex and Fj' is concave in its domain. Hence, the conditions in part (iii) of the
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proposition hold. For any n > 2, we have

(i ) () < | Lo e

on 2—gq, forlﬁqﬁﬁﬁl.

(1.262)

Let ¢ be the welfare-maximizing equilibrium trade quantity, which using (1.246) can be
given as § = argmaxogqué%l{foq[]?ﬂ—l(l — ) - [Fg]—l(%)dx} Using the first order
conditions, we obtain that ¢ = 2. Similarly, we let ¢ be the revenue-maximizing equilibrium
trade quantity, which using Theorem 1 can be given as ¢ = argmax <q<gin {l an]—l(l _
%)q —[F. g]_l(%)q}. By taking the first order condition, we have ¢ = 1. Denote the welfare
induced in the aforementioned outcomes respectively as WOT;)LL and W (~', u'). Using these

observations and Lemma 8, we can express the ratio of the induced welfares as follows:

0 Wn(~', i) B fg[Fg‘]—l <1 — bi) - [an]—l (;i)dq B 14 (n+1)log(n+1)—n

W, n’
T n " 3 +1)1 +1)—n"
L O R N O e
(1.263)
Note that limy o0 W' = % Thus, the lower bound is tight, and the claim follows. O
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1.17 Neighborhood Map
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Figure 1.4: Chicago Community Map

202



CHAPTER 2
MARKDOWN POLICIES FOR DEMAND LEARNING WITH
FORWARD-LOOKING CUSTOMERS

2.1 Introduction

2.1.1 Background and Overview

Markdowns enable a seller to earn higher profits by segmenting the market over time. Start-
ing with a list price and carefully choosing the amount and timing of price reductions, the
seller can effectively price discriminate among customers and capture a substantial portion
of consumer surplus. But, the implementation of markdowns involves challenges that can
potentially offset the benefits. First of all, markdown management requires a basic under-
standing of how prices affect demand, which is typically formulated as a demand model that
gives the expected demand as a function of price. When selling a new product, the seller
does not necessarily have perfect information on the relationship between price and demand,
and needs to choose markdowns while facing demand model uncertainty. Secondly, another
key factor in markdown management is forward-looking customer behavior. Some patient
and savvy customers take markdowns into account while timing their purchasing decisions
and choose to wait for lower prices. Such forward-looking customer behavior decreases the
seller’s ability to price discriminate, thereby significantly influencing the demand model.
This paper studies the design of dynamic markdown policies in the presence of demand
model uncertainty and forward-looking customers. The particular markdown pricing problem
we consider has three key features: (a) there is a seller who dynamically marks down the price
of a product over a multiperiod time horizon; (b) the demand for the product is generated
by a heterogeneous mixture of forward-looking and myopic customers with different patience
levels; and (c) the seller initially knows neither the customers’ valuations nor the breakdown

of customers by patience level, but can learn them based on sequential demand observations.
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Regarding problem feature (b), the customers’ forward-looking behavior depends on their
patience levels as well as how they trade off buying now versus later. Patient customers
can look further into the future and strategically time their purchases—accordingly, we
hereafter use the terms “patient” and “forward-looking” interchangeably. Due to problem
feature (c), this problem entails a tradeoff between learning a demand model to increase
future profits versus earning immediate profits. To investigate this tradeoff, we consider
a Bayesian setting where the seller has a prior belief distribution on a number of demand
models, and we measure performance by the seller’s expected cumulative profit loss relative
to a clairvoyant who knows the underlying demand model with certainty. In an asymptotic
regime where the time horizon and market size are scaled up proportionally, we characterize
how the seller’s profit loss depends on the problem scale under various different settings.
We study two forms of forward-looking customer behavior: (i) an ezxogenous form where
the customers’ predictions of future prices depend only on the price history, and (ii) an
endogenous form where the customers’ predictions depend on the seller’s pricing policy as
well as the price history. Both forms of forward-looking customer behavior create intertem-
poral dependencies that complicate the classical exploration-exploitation tradeoff: due to
the price predictions of forward-looking customers, the seller’s cost of exploration spills over
into subsequent exploitation periods. In fact, when forward-looking customer behavior is
introduced into the problem formulation, we find that no admissible policy can achieve good
performance in general—this is fundamentally different from the traditional findings based
only on myopic customers. A key factor in improving the seller’s performance is based
on limiting the exploration cost that extends to later periods, and we design policies that
achieve this goal. In the case of exogenous forward-looking customer behavior, we analyze
two commonly used approaches, namely forced exploration and passive learning, and char-
acterize their performance. In the case of endogenous forward-looking customer behavior,
customers are strategic and fully anticipate the expected prices induced by the seller’s policy,

and we provide an asymptotic optimality analysis for this case as well. Perhaps surprisingly,
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we show that in this case, it is easier for the seller to limit the impact of early exploration
on the customers’ future purchasing decisions. Finally, we also study how forward-looking
customers might potentially benefit the firm from a learning perspective by delaying the

demand and creating further exploitation opportunities for the seller.

2.1.2 Practical Motivation

Markdown management and demand model uncertainty are observed in many sectors. For
example, firms selling fashion or high-technology products typically introduce their new
products with a list price and then gradually mark down the price to target customers who
are willing to pay less than the list price. A major challenge in the practical implementa-
tion of markdowns is that the demand for new fashion and high-technology products entails
significant uncertainty in advance of a selling season, because firms often have only partial
information on the customer preferences and potential market size for a new product. Thus,
a firm facing the aforementioned uncertainty runs the risk of marking down its product’s
price too early. As reported by McKinsey & Company, charging a low price for a new product
not only leaves potential revenues on the table but also reduces the product’s value in the
market, thereby making it virtually impossible to raise prices to higher levels (52). In addi-
tion, increasing prices causes further concerns from the seller’s perspective. First, deviating
from markdown pricing creates an incentive for customers to take advantage of resale oppor-
tunities. To curb such resale incentives, it is to the seller’s interest to use a markdown policy.
Second, a price increase can potentially result in media backlash and customer complaints,
which deter the seller from raising the price. Due to these challenges, judicious management
of markdowns has become a focus of attention in practice, making markdown optimization
a key feature of business analytics software and services (53, 54, 55)see, e.g.,. Motivated by
these markdown management applications, we focus on a theoretical problem formulation

with the hope of gaining high-level insights on markdown management in practice.
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2.1.3 Main Contributions and Qualitative Insights

Characterizing the impact of forward-looking customers on learning performance.
Our work identifies two effects of forward-looking customers on the tradeoff between learning
and earning in markdown pricing.

First, forward-looking customers introduce an intertemporal dependency through which
the seller’s early exploration efforts cause deviations from the best possible price path in
hindsight—this subsequently influences later purchasing decisions of forward-looking cus-
tomers. We establish that this intertemporal dependency leads to a fundamental difference
from the antecedent studies on dynamic pricing and demand learning that consider only
myopic customers (56, 57, 58, 59)see, e.g.,. In particular, we show that when the customers’
forward-looking behavior is exogenous and their memory includes the entire price history,
the seller could incur a large profit loss that is linear in the problem size (see Theorem 6(ii)).
This result highlights that in the worst case, forward-looking customers could severely hurt
a seller who faces demand model uncertainty.

Second, despite the aforementioned negative result obtained in the worst case, we also
discover a potential benefit of forward-looking customers from a learning perspective. To see
this, we note that a seller facing customers with different patience levels has an interesting
dilemma in pricing. When customers are myopic, it is easier for the seller to construct a
well-performing pricing policy. This is due to the straightforward purchasing behavior of
myopic customers. But, the impatient nature of myopic customers also poses a challenge to
the seller: any pricing error due to demand model uncertainty has an irreversible cost when
customers are myopic and impatient. By contrast, forward-looking customers can strategi-
cally delay their purchases. Thus, although forward-looking customer behavior might have
a negative impact on the seller’s profit performance under demand model uncertainty, it
can also potentially provide “cheaper” exploration opportunities to the seller due to delayed
demand. Our work compares the magnitude of these effects, showing that the impact of cus-

tomer impatience on the profit loss due to demand model uncertainty could be substantially
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higher than the impact of forward-looking customers. To that end, we characterize the best
achievable profit performance benchmarks when customers are extremely forward-looking
and when they are myopic, and we prove that these benchmarks stand in stark contrast
to previous results. As discussed in §2.4, under certain conditions, it is possible to design
markdown policies that achieve asymptotically vanishing profit loss when customers are ex-
tremely forward-looking (Theorem 10), whereas any policy has to incur a profit loss that
grows logarithmically in the problem size when customers are myopic (Corollary 4).

Based on these findings, we identify that the seller’s profit performance under demand
model uncertainty depends crucially on how forward-looking the customers are. To the best
of our knowledge, this comparison has not been addressed in the related literature.

Achieving asymptotic optimality under exogenous and endogenous forward-
looking customer behaviors. In view of the intertemporal dependency caused by forward-
looking customers, there are three crucial factors to consider in reducing the profit loss
due to demand model uncertainty: (i) collecting information about the demand model,
(ii) preserving the market size in early periods, and (iii) limiting the impact of the seller’s
exploration on forward-looking customers.

In the case of exogenous forward-looking behavior, the customers use a prediction func-
tion to infer the future price path, and make optimal purchasing decisions based on their
price predictions. In light of Theorem 6(ii), we observe that the intertemporal dependency
induced by forward-looking customer behavior could cause a large profit loss for the seller.
Despite this negative result, we identify conditions under which a forced exploration pol-
icy achieves asymptotic optimality. In Theorem 7, we establish that when customers have
bounded memory, the profit loss due to demand model uncertainty grows logarithmically in
the problem scale, which matches the best achievable growth rate of the profit loss in The-
orem 6(i). In Theorem 8, we establish that when the customers have unbounded memory
but have a prediction function satisfies a variant of Lipschitz continuity, the profit loss can

grow sublinearly in the problem size. Regarding this analysis, we reiterate that due to the
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intertemporal dependency caused by forward-looking customers, the seller’s cost of explo-
ration is extended to later periods. As a major technical contribution, our analysis of the
customer memory and the properties of the forward-looking behavior in Theorems 7 and 8
sheds light on the importance of limiting the impact of the seller’s exploration on forward-
looking customers.

In the case of endogenous forward-looking behavior, the customers’ prediction of future
prices coincide with the expected price path induced by the seller’s policy. In this case,
the best achievable performance benchmark is based on a subgame perfect equilibrium as in
(60). Interestingly, in this case, it is easier for the seller to implement a strategy that limits
the impact of early exploration efforts on forward-looking customers. To that end, the seller
can announce and commit to a forced exploration policy. Due to the customers’ ability to
fully predict the policy-induced price path in this case, sufficient learning about the demand
model in the early periods allows the seller to implement the remaining price path in the
subgame perfect equilibrium, and thus, the customers who arrive later in the system would
not deviate from their optimal purchasing decisions. To formalize this intuition, we prove in
Theorem 9 that, under endogenous forward-looking customer behavior, the profit loss due
to demand model uncertainty grows logarithmically in the problem size, which matches the
best achievable growth rate of the profit loss in this case (see Proposition 15).

It is worth noting that our paper provides a novel treatment of modeling of forward-
looking customer behavior. Since there has been no standard answer to determine forward-
looking customer behavior in the presence of model uncertainty, we believe that our pa-
per sheds light on the seller’s performance outcomes under previously unexplored modeling
choices.

Organization of the paper. This subsection ends with a review of related litera-
ture. In §2.3, we present our problem formulation, and in §2.3.1, we construct our policies
and study their performance. subsection 2.4 presents our further analysis of the impact of

forward-looking customers. Finally, §3.6 provides a summary of the paper. All proofs are in
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appendices.

2.2 Related Literature

Our work is related to two streams of research: (i) markdown management and forward-
looking customer behavior, and (ii) dynamic pricing with demand model uncertainty and
learning.

Markdown management and forward-looking customer behavior. In the eco-
nomics literature, an early related study is by (61), who conjectured that customers’ forward-
looking behavior could eliminate a monopolistic seller’s market power, forcing the seller to
price at marginal cost. This notion, widely known as the Coase conjecture, is subsequently
studied in detail by (62) ((62), (63)) and (64). In the context of markdown management,
(65) demonstrated how markdowns help a monopolistic seller to capture a larger profit via
intertemporal pricing, whereas (60) considered the case of forward-looking customers, using
a game-theoretic approach to characterize how forward-looking customers influence a seller’s
markdown policy and profits. More recently, (66) empirically investigated optimal dynamic
pricing strategies in the presence of forward-looking customers. (67) studied intertemporal
pricing with forward-looking customers, proving the optimality of markdown policies when
high-value customers are impatient or when low-value customers are patient. (68) showed
that the profit loss caused by ignoring forward-looking customer behavior is substantial,
and from a seller’s perspective, price commitment in the form of pre-announced markdowns
can be more advantageous than a contingent pricing scheme. Following this work, (69),
(70), and (71) studied in detail the optimal structure of pre-announced markdown policies
in the presence of forward-looking customers. (72) formulated a dynamic pricing setting
where customers can strategically signal their willingness to pay, and studied the optimal
pricing policy in this setting. (73) and (74) analyzed the value and effectiveness of a seller’s
quick response capability when dealing with forward-looking customers. (75) analyzed price

commitment policies in a general setting, and identified a cyclic pricing structure under the
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optimal policy. On the other hand, (76) studied contingent pricing policies characterized
by subgame-perfect equilibria, showing that ignoring forward-looking customer behavior de-
creases a seller’s profits significantly in this context. (77) considered the case of product
variety and proved that ignoring forward-looking customer behavior results in significantly
suboptimal pricing and product portfolio choices. (78) analyzed a contingent price markdown
mechanism in a setting with forward-looking customers, and showed that it can outperform
the fixed-price mechanism and the pre-announced discount mechanism. (79) studied a struc-
tural model and empirically showed that retailers can benefit from implementing randomized
markdowns when customers can monitor prices. As in many of the studies mentioned above,
the markdown management problem we study entails forward-looking customer behavior;
i.e., in our setting, there exist customers who compare current and future prices to make
purchase decisions. But, unlike the aforementioned studies, our problem features demand
model uncertainty and dynamic learning faced by a seller in the presence of a mixture of
customers with heterogeneous patience levels. Our analysis quantifies the impacts of myopic
and forward-looking customer behaviors on the profit loss due to demand model uncertainty,
shedding light on how customer patience (or lack thereof) affects the performance of a dy-
namic pricing-and-learning policy (see §2.1.3 for further details).

Dynamic pricing with demand model uncertainty and learning. The tradeoff
between learning and earning has been studied extensively in the dynamic pricing literature.
In this context, (80) considered a partially observable Markov decision process framework for
dynamic pricing with demand learning and analyzed heuristic pricing policies that approxi-
mate the optimal policy structure. (56) studied a stochastic control framework for dynamic
pricing under demand model uncertainty, characterizing the optimal policy structure. (81)
formulated a general dynamic pricing framework in which a seller uses an aggregating algo-
rithm to predict the behavior of its customers, showing that the performance of the proposed
algorithm is robust to distributional assumptions on demand. (57) studied a dynamic pric-

ing problem with demand model uncertainty and designed well-performing heuristic policies
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based on dynamic programming. (58) showed that, in the context of dynamic pricing with
demand learning, a myopic policy can suffer from incomplete learning, which results in poor
profit performance; they also developed variants of the myopic policy that are asymptotically
optimal. Furthermore, (82), (83), and (59) studied dynamic pricing problems with paramet-
ric demand model uncertainty and designed asymptotically optimal policies that balance
the learn-and-earn tradeoff. (84) considered a Brownian stochastic control problem with
dynamic learning and a single price-change decision, and characterized the optimal policy
structure for this problem. More recently, (85) considered the case of finitely many price
changes in dynamic pricing with demand learning, characterizing the best achievable profit
performance and constructing asymptotically optimal policies in their setting. In the broader
context of operations management, (86) analyzed a planning problem where a seller learns
about market potential via advance sales, and showed how advance sales information influ-
ence capacity decisions, whereas (87) studied how uncertainty about quality costs influences
the design of vertically differentiated products. Our work investigates the interplay between
dynamic markdown management, demand learning, and forward-looking customer behavior.
First of all, to provide practical guidelines for markdown management, we characterize how
forward-looking customer behavior affects the design of well-performing markdown policies
under demand model uncertainty. Secondly, our work contrasts the effects of myopic and
forward-looking customer behaviors on the policy performance in a dynamic pricing-and-

learning setting (see §2.1.3 for a detailed explanation of our contributions).

2.3 Problem Formulation

Basic model elements. Consider a firm, called the seller, that sells a product over a
discrete time horizon of T' periods. The product’s marginal cost is ¢ > 0, and the seller
can dynamically adjust the product’s price over the time horizon. There is a population of
potential customers who are heterogeneous in (a) their valuations (i.e., how much they are

willing to pay for the product), (b) their arrival times to the market, and (c) their patience
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levels (i.e., how many periods they are willing to stay in the market).

Regarding (a), the customers’ valuations follow a market density function A : [0, 00) —
[0, )], where A > 0.1 Customers discount their future utilities with a discount factor
d € (0,1); therefore, if a customer with valuation v purchases the product x periods from
the current period at price p, then s/he derives a utility of u(v,p, k) = 6"(v — p). Regard-
ing (b), customers arrive gradually to the market over T' periods. A customer with arrival
period 7 € {1,2,...,T} joins the market in the beginning of period 7 and starts considering
her /his purchasing options thereafter. Regarding (c), the seller faces customers with varying
patience levels. We represent a customer’s decision horizon by a variable called patience
w € {0,1,...,T — 1}, which denotes the number of periods the customer is willing to stay
in the market (not including the arrival period). The mass of customers arriving in period 7

with patience w is ary, where ary, € [0, 1] for all 7 and w, and Zle ijll iy = 1. Thus,

the heterogeneity in (b) and (c) is expressed as a matrix o whose (7, w)™

entry is airy.
We formulate forward-looking customer behavior by considering customers who evaluate
their purchasing decisions within a specific time window. This formulation of patience follows
(70) and (75), who describe such time windows as the patience levels of customers. Look-
ing forward within their patience windows, customers make decisions by comparing their
utilities of purchasing in one of the periods in their patience level (or leaving the market
without a purchase). The tradeoff between making an immediate purchase and a potential
future purchase is also influenced by a discount factor §, which is a standard way to model
forward-looking behavior; see, e.g., (60), (73), (77). In the antecedent work, a homogeneous
discount factor is usually considered to be induced by a competitive financial market, and
the heterogeneous patience levels correspond to idiosyncratic outside options of customers.

By introducing both the patience level and discount factor in our model, we obtain a fairly

general formulation of forward-looking customer behavior.

1. For simplicity, the value of fv>0 A(v)dv can be normalized to 1, but we do not make this assumption
in our analysis. -
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The seller cannot directly observe the heterogeneity in (a)-(c) and thus faces an uncer-
tainty about the demand model. We formulate this uncertainty as a prior belief distribution

on N hypotheses: the seller initially believes that, for i = 1,2,..., N,
(M), @, 8) = (X(-), @, 6") with probability b,

where Zf\;lbi = 1, and b* € [0,1] for i = 1,2,...,N. We let H; = {()\(-),a,5) =
(/\i(-), al, 52)} and refer to H; as demand hypothesis i. Thus, b’ is interpreted as the seller’s
prior belief that H; is correct. For brevity, we also let 8 = (01, ., 6N ), where 0 =
()\i(-), o, 5i) fori =1,2,..., N. We refer to 8 as the problem parameter vector and suppose
that @ resides in a compact set O.

Price skimming and customer decisions. To implement intertemporal price differ-
entiation, the seller sequentially marks down the price of the product over T periods. That
is, letting p; be the product’s price in period ¢, we have p; > p2 > --- > pp. A customer
arriving in period 7 with patience w, hereafter called a type-(T,w) customer, stays in the
market at most until the end of period 7 + w or T', whichever is sooner. We denote by
Trwt = {t +1,...,min{7 + w, T}} the set of remaining future periods for type-(7,w) cus-
tomers as of period ¢ > 7. In any period t > 7, a type-(7,w) customer with valuation v
would compare the utility of an immediate purchase with the discounted utilities for making
a purchase in one of the periods in T;¢. Neither the seller nor the customers know future
prices with certainty. Customers form a sequence of price predictions for future periods
and act according to those predictions. We denote by pg the customers’ price prediction for

period s € Tryt. Based on the price predictions {ps,s € Trut}, a type-(7,w) customer’s

213



decision in period t is as follows:

purchase if u(v, pt,0) > max {O, maxge7., AUV, Ps, 5 — T)}},
customer decision =4 wait if maxer,,, {u(v, s, s — 7)} = max{0, u(v, pr, 0)},
abandon if max {u(v,pt, 0), maxge7s, AUV, Ps, s — 7')}} <0.

(2.1)

To make an immediate purchase, a customer must obtain the highest utility from purchasing
in the current period (compared to purchasing in the future or abandoning the market). If
the customer finds it more attractive to purchase in any of the future periods within her/his
patience level, then s/he waits in the system. There is also a portion of customers who derive
nonpositive utility from buying in any period within their patience level. These customers
choose the outside option of no purchase and abandon the market immediately. Note that if
a customer does not look forward (or equivalently, has a patience level of w = 0) then s/he
either makes a purchase or abandons within her/his arrival period, depending on whether
s/he derives nonnegative utility for purchasing at the price charged in that period. Such a
myopic customer would never choose to wait.2

Forward-looking customers predict future prices as follows. Let pt) = (p1,--.,pt) be the
vectorized history of prices through period ¢. In period ¢, customers use prediction functions
{pf : k =1,2,...} such that pf : [p,p]® — [p,p] is a continuous function that maps p®)
to a price prediction pi4, = pf (p(t)) for period ¢ + x, where p = c and p € (¢, 00). Based
on this, we denote the customer prediction behavior by p = {pf : t,x = 1,2,...}, which
resides in a set P that satisfies a markdown condition on prices, i.e., Prtr > Dr4r+1 for all
te{l,...,T}and k € {1,2,...}.3

We study both exogenous and endogenous prediction behaviors in this paper. In the case

2. Since the market density is finite, the marginal customers indifferent between two distinct decisions
have measure zero. Thus, the decisions of these marginal customers do not impact the aggregate demand.

3. For completeness, we let p? (p(t)) = p, for all p® e [p, p|t, which is consistent with the fact that the
customers see the price p; before making purchasing decisions in period t.
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of exogenous predictions, the customers do not necessarily know the seller’s pricing policy.
Thus, their prediction behavior p depends on the price history but not on the seller’s policy.
This model of prediction behavior is along a stream of theoretical and empirical research
literature in economics, marketing, and operations research. In some notable empirical
studies, price processes are typically assumed to be exogenous, which evolve adaptively
based on historical price observations; see, e.g., (88), (89), (66), (90). On the theory side,
(81) focused on limited strategic customer behavior, assuming a Markovian price process
that customers can anticipate. Moreover, (91) studied a framework of minimizing regret in
hindsight: in this framework, the decision maker chooses an action that only depends on the
history and achieves asymptotic optimality. For each period ¢, we have a general prediction
function pf’(-), which includes all of these assumptions as special cases.

As an illustrative example, consider the setting below where, in every period, customers
infer a linear price trend induced by the price history p(t), making decisions based on their

most recent price predictions.

Example 5. (linear price prediction) In period t = 1,2,...,T — 1, the customer pre-
diction behavior p = {p§f : t,x = 1,2,...} satisfies pf(p(t)> = pr — B¢ (p(t)>/<; for p(t) €
[g,ﬁ]t and k € {1,2,...,T —t}, where 5t<p(t)> = arg mingecg { 22:1[298 —pt — Pt — s)]Z}.
Note that Example 5 is an illustrative instance of the general prediction behavior described
above. In general, our formulation also covers nonlinear prediction functions.

In the case of endogenous predictions, motivated by the notion of the rational expectation
equilibrium (92, 93)see, the customers know the seller’s pricing policy, and for any period
t, their predicted price path based on p coincides with the expected price path induced
by the seller’s policy. This assumption follows the existing literature on strategic customer
behavior in deterministic settings (60, 67, 68, 75)see, in which the customers are assumed to
know the seller’s pricing policy and can perfectly foresee the seller’s price path as well as the
behavior of all other customers. (Unlike the existing literature, it is also possible to consider

extensions of this model such that customers form sequences of prediction distributions that
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coincide with the distributions of future prices induced by the seller’s policy. For a brief
discussion on this extension, see §3.6.)

Demand observations. Given demand hypothesis 4, price history p(t), and prediction
behavior p, we denote by Viwt (p(t), p) C [0, 00) the set of valuations of type-(7, w) customers
remaining at the beginning of period ¢+ 1. This set of customers is inherited from the type-
(7, w) customers who were in the market at the beginning of period ¢ and chose to wait during
period t. Formally, for ¢ € {7,... , min{r + w,T}}, said set corresponds to the customers

t-1)

with valuations v € V* (t—l)(p( ,p) such that u’(v,ps,s — 7) > max{0, u’(v, p,0)} for

TW
some s € Trwt, where u' (v, p, k) == (6')"(v—p) denotes the customers’ utility function under

H;. Thus, we can express V;wt (p(t), p) as follows:

Vi (21, )
{v € Viw(t_1)<p(t*1),p) : Sglﬁ};t{ui(v,ﬁs, s — 1)} > max{0,u’ (v, pt, 0)}}

if r<t<rt4w,

[0, 00) ift=7-1,

0 otherwise,

fori € {1,....N},re{l,.... Thwe{0,...,.T-1},andt € {1,..., T} LetU,,(p"), p)
[0, 00) be the set of valuations of type-(7, w) customers who are willing to make a purchase in
period ¢. This valuation set corresponds to the type-(7,w) customers whose utility function
satisfies u’ (v, p,0) > 0 and u*(v, pg,0) > ul(v, ps, s — 7) for all s € Try¢. Therefore,

;‘wt(p(t),p) = {U € Viw(t_l)(p(tfl),p) : ui(v,pt, 0) > max{0, max ui(v,ﬁs,s — T)}}

s€lrwt

(2.2)

fori e {1,...., N}, 7€ {1,...., T}, we{0,...,T — 1}, and t € {1,...,T}. Consequently,

given the price history p(t) and customer prediction behavior p, the expected demand in

216



period t under H; is

t T-1

( ) Z Z Tw/z (v)dv fort=1,...,T. (2.3)

7=1w=0 th

Figure 2.1 illustrates customer choices and expected demand quantities in a simple two-

period setting.
[ purchase [[Jwait I abandon 1 yet to arrive

market | N
density Larrivals in
J period 1

0 71 1

valuation
[ purchase [Iwait Mabandon: already left

N
w=1 ‘ arrivals in
market w=10 \ | period 2

density | ‘ w=1 arrivals in
3 w=0 period 1
0 P2
valuation

Figure 2.1: The time horizon is T = 2, and the customer valuations follow a uniform
distribution; i.e., v ~ UJ0,1]. The left panel illustrates the expected demand in period 1.
Impatient customers (w = 0) choose to purchase or abandon the market based on whether
their valuation v > p; or not, whereas patient customers (w = 1) purchase if v > p; +
1%5(191 —pa), wait if po <v < pp+ 1%5(1)1 — pa), or abandon the market if v < pg. The right
panel illustrates the expected demand in period 2, where all of the remaining customers and
the new customers make a purchase if their valuation v > po.

The seller’s demand realizations are subject to unobservable temporal shocks on the
market size, which are unexplained by the demand hypotheses. If the underlying hypothesis
is H; then the demand realization in period ¢, denoted by Dy, is a random variable with
mean dé(p(t),p) and support [cj,(ﬂ, where —0o < d < d < oo. Under Hj, letting &; =

— df; (p(t), p) denote the demand shock in period ¢, we can decompose Dy as follows:
Dy =dj(p®,p) +2 fort=1,....T. (2.4)

To accommodate a general class of demand realizations, we suppose that {e¢, t = 1,2,...}
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follows a martingale difference sequence adapted to the filtration F; = O'(D(t) , p(Hl)), where
D) = (D1, ..., D). This means that the temporal demand shock &; is allowed to depend on
the entire history of demand realizations and price decisions. Given df; (p(t), p) and F;_1, we
denote the conditional probability density function of ¢; under H; by L,’;(-, di (p(t), P) | Ft—1)
and suppose that E%(x,dé(p(t),p)lft_l) €lfy fq] for all = € [d, d], where f; > fq>0.
Admissible policies, posterior beliefs, and induced probabilities. We denote the
set of all feasible belief vectors by B = {b = (b!,... bV) € [0,1]V, Z?Ll b' =1} and define
an admissible policy as a sequence of non-anticipating functions 7= = {m, t = 1,2,...} such
that 7 is a measurable mapping from B x [p, Pl to [p, p| satisfying 7 (b,p(t—l)) < p¢_1 for
all b € B and p(t_l) € [p, ﬁ]t_l. Moreover, we denote by II the set of all admissible policies
for the seller. For a policy 7 € II, we define the sequence of prices {p; € [p,p], t =1,2,...}
and posterior beliefs {b; € B, t = 1,2,...} with the following iterative relations. In the
beginning of every period t, the seller selects py = m¢ (bt,p(t_1)>. After that, the seller

observes the demand realization D; and computes b;41 = (b% SRERR ,bi\_fH) via Bayes’ rule:

i1 =1vi(by, DY plV) p) .=

fori=1,...,N. (2.5)

Thus, every policy w € II induces a probability measure on the sample space of posterior
beliefs. To see this, let

N . . .
vi(br,p\ y, [ wicice die™, p)|Fi)] der,

p) B /{geRt : Vg(btagap(t)7p):yi7i:17"'7N}

=1
(2.6)
for all y € B. Given by = b € B, define P {-} as follows: P2 {b; = b} = 1, and
ng{bt+1 €dy|by,....by,p1,....pt} = vi(br, 0y, p) dy (2.7)

for all t = 1,2,...,T, and y € B.R%(p(t),p) = (pt — c)d%(p(t),p) Performance met-
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ric. We measure performance by the seller’s expected T-period profit loss relative to a
clairvoyant who knows the underlying demand model with certainty. To define this met-
ric for an exogenous customer prediction behavior p, we denote by R% (p(t), ,0) = (pr —
c)d%' (p(t), p) the seller’s expected profit in period ¢t under H; and p. Furthermore, we let
Vi= max iy { ZtT:I R%(p(t), p)} be the seller’s optimal full-information T-period profit
under H;. Thus, given the seller’s prior belief by = b, the T-period profit loss due to
demand model uncertainty under policy m, customer prediction behavior p, and demand

hypothesis i is
. . b T .
A21'/) =V'— Ewp Z R%(p(t)a P) ¢ (2.8)
t=1

where E2 o1} is the expectation operator associated with PP o1} Consequently, if the cus-
tomer prediction behavior p is exogenous, the seller’s expected T-period profit loss due to

demand model uncertainty under policy 7 is
b N . .
Ar,= > bZA%p. (2.9)
1=1

On the other hand, if the customer prediction behavior p is endogenous, the customers know
the seller’s policy 7, and their price predictions coincide with the expected price path induced
by 7. Formally, we consider a pair (p, 7), consisting of a customer prediction behavior p and

a pricing policy 7, that satisfies the following condition.

Assumption 4. (endogenous forward-looking customer behavior) Foranyt € {1,...,T},
b € B, and p(t_l) € [p, Pl =Y with p1 > po > - -+ > py, the pair (p, ), consisting of customer
prediction behavior p € B and pricing policy m € 11, induces a price path (pry1,...,pr) that

satisfies pf(p(t)) = Egp{pt+,{|p(t), bt} forallk=1,...,T —t.

The above condition follows the modeling assumptions in the existing literature on strate-

gic customer behavior, where customers form a sequence of predicted prices based on the
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knowledge of the seller’s pricing policy; see, e.g., (60), (67), (68), (75).

To measure performance, we again use the seller’s expected T-period profit loss relative
to a clairvoyant who knows the underlying demand model with certainty. To define the
clairvoyant benchmark in this case, consider a pair (pi, 7Ti) that satisfies the following two
properties under H;: (i) 7' € arg maXWGH{Zthl R%(p(t),pi)}, and (ii) (p’,7") satisfies
Condition 4. That is, the seller’s policy 7’ is optimal under H; and pi, and based on
the prediction behavior pi, the customers’ purchasing decisions defined in (2.1) are also
optimal under H; and 7*. Thus, (pi, 7Ti) constitutes a subgame perfect equilibrium under
H;.* Without loss of generality, we choose the pair (p!,7?) with an induced equilibrium
price path (p’i, o ,p%p) under H; such that Veiq = Ethl R%(pi(t), p') is the seller’s optimal
full-information profit in equilibrium. Hence, given the seller’s prior belief by = b, the T-
period profit loss under policy m, customer prediction behavior p satisfying Condition 4, and

demand hypothesis ¢ is
~ . b T . t
Agrp = Velq - E?Tp{ Z R%(p( )7p)}' (2.10)
t=1

As a result, if the customer prediction behavior p is endogenous as described in Condition

4, the seller’s expected T-period profit loss due to demand model uncertainty is
~ b N o~ e
A7, = VAL, (2.11)
1=1

Asymptotic regime. Because the problem described above defies exact solution, we study
an asymptotic regime in which the seller’s time horizon and market size grow proportionally
large. Consider a sequence of problems, indexed by £ = 1,2, ..., such that in the f;th problem
the number of periods and the customer population are scaled up by k; that is, we replace

T with Tj, = kT and o with ka’ for all i € {1,..., N}.5 This scaling can also be viewed as

4. We prove the existence of (p, %) in Proposition 18 of Appendix 2.8.

7
TW
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increasing the frequency of pricing decisions in a fixed sales horizon. In this interpretation,
T represents the length of a sales season, and kT corresponds to the maximum number of
prices changes that the seller can implement. To ensure that the mass of customers arriving
between two pricing decisions does not become negligibly small in this asymptotic regime,

5’“:_01]%43“) € |a,al for all 7 € {1,...,T;} and ¢ € {1,..., N}, where

we assume that
0 < a<a< oo (Without this assumption, it is possible to have virtually no customer
arrivals in the vast majority of periods, in which case the arrivals would be concentrated
on a few periods, yielding a regime where the number of pricing decisions effectively does
not grow.) In the case of exogenous forward-looking customer behavior, after adjusting the
definitions in (2.8)-(2.9) based on the above scaling, we let Agp(k) be the seller’s expected
profit loss in the kth problem. Similarly, in the case of endogenous forward-looking customer
behavior, upon adjusting the definitions (2.10)-(2.11) with the same scaling, we let Ag’m(l{:)
be the seller’s expected profit loss in the | th problem. With slight abuse of notation, we
also express the dependence of these metrics on the problem parameter vector 8 by writing
A?rp(k’,e) and Agp(k,e) instead of Agp(k) and Agp(k), respectively. In the subsequent

sections, we characterize the optimal growth rate of Ag (k) in terms of k.
2.8.1 Learning and Farning with Forward-looking Customers

Structure of Customer Valuation Sets

As a first step of our analysis, we study the structure of the valuation sets belonging to

customers remaining in the system and to those purchasing in each period.

Lemma 10. (interval structure of valuation sets) Leti € {1,...,N} andk € {1,2,...}.

Set in(r—l) =0 and @i’w(T—l) =o0 forallT€{1,...,T}).} andw € {0,...,T). — 1}. Then,
under H;, and the total mass of customers under H; equals Zf’;l 5:01 kal, =k forallie {1,...,N}.
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for allt € {7} U Trwr = {T, ..., min{7 + w,Tk}},

(1) Lot (P10) = [0kt (@), p), 0l (01, )]

(if) Lot (PY,0) = [l (D), p), ke (0D, )]

where Qg'wt(p(t)>p) = max {in(t—l)(p(t—l)’p)’ ﬁmin{T—kw,Tk}}v
. . i\s—t
i i

Uth(p(t)v p) = min {UTw(t_l)(p(t_l), P, MaXscT i {pt + %(pt - ﬁs)}}a

=1

Urqt (p(t)7 p) = Vrwt (p(t)v p)7

1

ﬂiwt (p(t) p) = @Tw(t—l) (p(t_l)

, P)-

Lemma 10 characterizes the structure of V;wt (p(t>, p) and Z/{iwt (p(t>, p), namely the
valuation sets of customers who choose waiting and those who make a purchase, respectively.
Based on the definitions of these sets in (2.2), the above lemma proves that both sets are
intervals in [0, 00). This implies that the customers with valuations above an upper threshold
purchase immediately, whereas those with valuations below a lower threshold abandon the
market immediately. The customers whose valuations are between these lower and upper
thresholds neither purchase in the current period nor abandon immediately, because they
find it more beneficial to wait for the next period. Figure 2.2 illustrates these intervals in

the numerical example used in Figure 2.1.

2.3.2  Characterizing the Best Achievable Performance

In this subsection, we derive lower bounds on the smallest possible growth rate of the profit

loss due to demand model uncertainty in terms of the problem scale k. We obtain these

bounds for both exogenous and endogenous forms of forward-looking customer behavior.
The following result presents the best achievable profit performance in the case of exoge-

nous customer predictions.

Theorem 6. (lower bound on profit loss under exogenous customer predictions)

Let b € B such that b < 1 for alli € {1,...,N}. Then,
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Figure 2.2: The left panel shows U{Ol(pl, p) and Z/lfn(pl, p) (namely, the sets of type-(1,0)
and type-(1,1) customers who make a purchase in period 1) as well as Vi (p1, p) (i-e., the set
of type-(1,1) customers who decide to wait in period 1); all other customers arriving in period
1 abandon the market immediately. The right panel displays U%O2 (p(Q), ), U§12(p(2), p), and
Z/{f12(p(2), p) (namely, the sets of type-(2,0), type-(2,1), and type-(1,1) customers who make
a purchase in period 2). Since period 2 is the last period, no customers choose to wait in

this period.

(i) there exists a constant c; > 0 such that, under any policy m € Il and any exogenous

customer prediction behavior p € B3,
sup {A2 (k. 0)} > ¢1 logk
0co

fork=1,2,..., and

(ii) there exist an exogenous customer prediction behavior p € P and a constant co > 0

such that, under any policy © € 11,
sup{Agp(k’, 0)} > cok
6co

fork=1,2 ...

Theorem 6 provides two lower bounds on the profit loss: (i) a lower bound of order log k,

which holds for any exogenous p € B, and (ii) a lower bound of order k, which holds for a

special class of exogenous prediction behaviors p € 3.
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Theorem 6(i) states that, for all exogenous customer prediction behaviors and all ad-
missible pricing policies, the profit loss grows at least logarithmically in the problem scale
k. The intuition behind this result is as follows: in the early periods, the seller has limited
information on the underlying demand model and is likely to make a pricing error. Due to
such pricing errors, customers with low patience levels abandon the market. Thus, missing
the opportunity to offer better prices to these customers results in a profit loss. Theo-
rem 6(i) provides a benchmark for good profit performance in our asymptotic setting: we
say that a policy is asymptotically optimal if the growth rate of its profit loss in £ matches
the logarithmic growth rate of the lower bound in Theorem 6(i).

In contrast to Theorem 6(i), Theorem 6(ii) shows that there is an exogenous customer
prediction behavior such that the profit loss under any admissible pricing policy grows lin-
early in the problem scale k, which is the highest possible growth rate of the profit loss. This
finding establishes that the negative impact of forward-looking customers is excessively large
in the worst case. The problem instance used in the derivation of Theorem 6(ii) is one where
the customers have perfect memory, i.e., they use the entire price history when they make
predictions under p. In such problem instances, early markdowns have a lasting impact on
the customers’ forward-looking behavior. Even if the seller can gather sufficient demand
information later on, perfect customer memory poses the risk of incurring large profit losses
due to early pricing errors. Theorem 6(ii) formalizes this intuition.

The distinction between parts (i) and (ii) of Theorem 6 sheds a new light on the impact
of forward-looking customers on dynamic pricing with demand learning. In the absence of
forward-looking customers, (82) and (83) have constructed pricing policies with cumulative
losses growing logarithmically in the problem scale in their settings. Theorem 6(i) shows
that our setting is at least as complex as these settings in the literature because one cannot
achieve better performance in our setting. On top of this, Theorem 6(ii) establishes that
the introduction of forward-looking customers makes the learning-and-earning problem fun-

damentally more complex. There exist customer prediction behaviors that make the profit
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loss of all policies increase at the largest possible rate—this is not possible in the previously
studied settings with no forward-looking customers.
To complement Theorem 6, the next result characterizes the best achievable profit per-

formance in the case of endogenous customer predictions.

Proposition 15. (lower bound on profit loss under endogenous customer predic-
tions) Let b € B such that b <1 foralli e {1,...,N}. Then, there exists c3 > 0 such
that, under any policy m € Il and any endogenous customer prediction behavior p € B with

(p, ) satisfying Condition 4,

sup{AD,(k,0)} > c3loghk
0O

fork=1,2 ...

The intuition for Proposition 15 is similar to that for Theorem 6(i): early pricing errors
curtail potential profits from impatient customers, resulting in a logarithmically growing
profit loss relative to the case of full information.

In light of Theorem 6(ii) and Proposition 15, it is worth noting that the smallest growth
rate of the profit loss can be significantly higher in the case of exogenous customer predic-
tions. This is because if p is exogenous, the seller cannot directly influence the intertemporal
dependency induced by p. Therefore, the consequences of using a suboptimal price path in
early periods could spill over into later periods. However, if p is endogenous, the seller’s
pricing policy m influences p as customers perfectly predict the expected price path of the
policy m. This allows the seller to have further control over customer predictions and the
intertemporal dependency they induce. Thus, from a learning perspective, endogenous cus-
tomer predictions gives the seller an advantage to possibly improve performance. In the
subsequent sections, we investigate whether this advantage can indeed yield better learning
performance. To that end, we design and analyze policies that achieve the asymptotically

optimal performance benchmarks in Theorem 6 and Proposition 15.
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2.3.3  Asymptotically Optimal Policies for Exogenous Forward-looking
Behavior

In markdown management with demand model uncertainty, the early pricing decisions should
be not only informative but also market-preserving. If the seller selects a low price in the
early periods, this would reduce the product’s value in the market. As a consequence, high-
valuation customers would purchase the product at a low price, and a large portion of the
seller’s earning opportunities would be wasted. Thus, the success of a dynamic learning
policy relies on the existence of at least one market-preserving and informative price path,

which is formally described as follows.

Assumption 5. (informative market preservation under exogenous customer pre-
dictions) Let k € {1,2,...}, and foralli € {1,... N}, let p' = (pzi,pé, . ,p%wk) be the opti-
mal full-information price path under H;. Suppose that there is a price path p = (p1, ... ,ka)
such that, given t € {1,...,T}} and p € P, we have: (i) pr > maxie{lp_"]\;}{pg}, and (ii)
there exists €5 > 0 such that |dé(p(t), p) —dgl(p(t), p)| > ¢4 foralli,i’ € {1,..., N} satisfying
i # i

Under Condition 5, the seller can differentiate between the distinct demand hypotheses
without dropping the price too early. This condition is essential to achieve a reasonable
profit performance: we prove in Appendix 2.9 that, without this condition, the profit loss
of any admissible policy can grow linearly in the problem size k; see Proposition 19(i). We
emphasize that this is the worst possible growth rate of the profit loss, meaning that no
pricing policy can perform well if there exists no price path that is informative and market-

preserving. Thus, throughout subsection 2.3.3, we focus on settings where Condition 5 holds.

2.8.4  Optimal Full-information Policy

The asymptotically optimal policies we design later in this subsubsection are based on the
optimal policy in case of full information. To express this policy, we recall that R% (p(t), p) =
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(pr — c)d% (p(t), p) is the expected profit in period ¢ under H;. Hence, given the problem scale

ke {1,2,...}, the seller’s markdown pricing problem under H; is given by

. T
V= max { t_zl R} (p(t), p) } (2.12)

Formulating (2.12) as a dynamic program, we note that the Bellman equation that charac-

terizes the optimal full-information policy is

Ui (pl'=Y) = R [Ri(pY.p) + Ui (PV) i pr <} fort=1,2,.... T (213)
subject to the boundary condition U%;ﬁl (p(Tk)> = (0. Here, Uti (p(t_l)) is the maximum
expected total profit in periods {t,¢ + 1,...,T}} when the price history is p(t_l) at the
beginning of period ¢, and the seller knows that the underlying demand hypothesis is H;.
Letting p! = (p’i, p%, o pZTk) be the optimal full-information price path obtained by solving
(2.13), we note that there is a sequence of pricing functions ¢’ = {gp% t=1,2,...,T}} with

o [p,plt !

— [p,P) satisfying p} = go%'(p(t_l)).

Based on the interval structure of customer valuation sets and the optimal policy in
case of full information, we now construct two policies that are motivated by commonly
used approaches to dynamic learning problems, namely a passive learning policy based on
the certainty-equivalence principle and a forced exploration policy that dedicates a certain
number of periods to learning.

Passive Learning: the Certainty-Equivalence Policy For all b € B, define )\b(~) =
Zg\il bi)\i(-), ab = ZiNzl bal, and §b = Zf\il b'6%. Based on the seller’s belief b; in period t,
the certainty-equivalence policy, abbreviated CE, operates as if the problem parameter vector
6= ()\(-), Q, (5) were equal to 6% := ()\bt(-), abt, 5bt>. In period t € {1,2,...,T}}, given the
seller’s belief by and the price history p(tfl), CE chooses pr = gp?t (p(tfl)), where 4,0?() is the

optimal full-information pricing function in period ¢ under Hy, := {(\, a,8) = (A%, a®, %)}
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for all b € B. (For this construction, the readers are reminded that ¢P(-) is the pricing
function in the optimal full-information solution.) Although CE is a forward-looking policy
that accounts for the dynamic evolution of the market size, it is myopic with regard to
demand learning: under CE, the seller’s belief is updated via Bayes’ rule (3.28), but while
choosing prices, CE ignores demand learning entirely and chooses prices as if beliefs will not

be updated in the future. Our next result characterizes the performance of CE.

Proposition 16. (profit loss of CE) Let 7 = CE, and b € B such that b < 1 for
alli € {1,...,N}. Then, there exists a constant ¢y > 0 such that, under any exogenous

customer prediction behavior p € 5B,

sup {Agp(kz, 0)} > c4k
0co

fork=1,2 ...

Proposition 16 shows that CE performs very poorly in markdown management with demand
learning, incurring a profit loss that grows linearly in the problem scale k.

The antecedent literature contains theoretical results that establish the poor performance
of certainty-equivalence policies in dynamic pricing problems that involve demand learning;
see, e.g., (58), (59), (94). The reason why CE performs poorly in our setting is different.
The aforementioned studies showed that certainty-equivalence pricing policies suffer from
a phenomenon called “incomplete learning,” which makes the decision-maker’s beliefs (or
estimates) converge to incorrect values with positive probability. However, in our setting,
we observe that the poor performance of CE is caused by the markdown structure: even
if the seller gathers sufficient information about the demand model and completely avoids
the incomplete learning trap, it still needs to implement a markdown policy under demand
model uncertainty. Because CE is myopic in terms of demand learning, this policy causes

the seller to drop the price too early with positive probability. Consequently, the seller’s
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failure to preserve market size results in extensive profit loss.

Forced Exploration: the Learn-And-Then-Earn Policy
Let n € {1,2,...,7}}. The learn-and-then-earn policy with parameter n, denoted by
LATE(n), charges the market-preserving experimental price path (p1,...,py) in Condition
5 in the first n periods, whereas in the remaining periods it chooses prices assuming that the
most likely hypothesis in period n+ 1 is correct. To be precise, LATE(n) chooses py = p; for
t € {1,2,...,n}. In the beginning of period n+ 1, LATE(n) infers the underlying hypothesis
by computing i, = arg maXie{l,...,N}{bZH}- Then, given that p(”) = p(”), LATE(n) con-
structs a price path p = (Pp+1,Pn+2, - - -,Pr;,) that maximizes ZtTinJrl R%” (p(t), p), namely
the expected full-information profit in periods {n + 1,...,T}} under H; . In the remain-
der of the time horizon, LATE(n) chooses py = p for t € {n + 1,n+2,...,T;.}. This
means that LATE(n) divides the time horizon into two phases: the learning-and-market-
preservation phase in periods {1,...,n}, and the earning phase in periods {n +1,...,T}}.
In the learning-and-market-preservation phase, LATE(n) preserves the market size by charg-
ing a sequence of high experimental prices, and as shown below, this can yield a sufficiently
fast learning rate. In the earning phase, LATE(n) employs the optimal full-information price
path based on the inferred demand hypothesis, H; .

To study the performance of LATE(n), we first quantify its rate of learning. In the
following result, we characterize the convergence rate of beliefs for policies that ensure a
minimum positive difference of expected demand between the true hypothesis and other

hypotheses.

Lemma 11. (belief concentration under exogenous customer predictions) Letb € B
such that b' < 1 for all i € {1,...,N}. Then, there exist constants ¢ > 0 and n > 0 such

that, under any exogenous customer prediction behavior p € B,
E2 {1—bi | H;} <ce ™
TP t+1 1y =

229



forallt €{1,2,... }, i €{l,...,N}, and 7 € Il satisfying miny_; {|d§(p(s)) - dg(p(s))|} >

eq almost surely for all s € {1,...,t}, where €4 is as given in Condition 5.

Lemma 11 presents an upper bound on the expected distance between the seller’s belief and
the underlying hypothesis. When the underlying demand hypothesis is H;, this distance
converges to zero exponentially under policies that guarantee a minimum positive difference
between the expected demand under H; and those under any other alternative H;. We
recall that, under Condition 5, efficient learning is possible, and hence, the seller can employ
LATE(n) to simultaneously preserve the market price and learn about the demand model,
thereby achieving the belief concentration rate in Lemma 11. (As explained earlier, if Con-
dition 5 does not necessarily hold, then the seller runs the risk of incurring a profit loss
growing linearly in k& under any given policy, making efficient learning impossible regardless
of the policy exercised.)

Although LATE(n) can attain rapid concentration of beliefs as characterized in Lemma
11, the asymptotic optimality of LATE(n) remains to be shown. To that end, we observe
that the customer prediction behavior p plays a vital role in the seller’s profit loss. From the
seller’s perspective, there are two main consequences of choosing suboptimal prices for learn-
ing purposes. On one hand, a suboptimal price directly affects the seller’s immediate profit.
On the other hand, suboptimal prices also have an indirect effect on the customers’ future
purchasing behavior, which can lead to further profit loss for the seller in the subsequent
periods. To study these effects, we consider two cases: one where the customer memory is
bounded, and another where it is unbounded.

Forced exploration with bounded customer memory. In practice, customers of-
ten have limited access to the past historical prices and may not be able to keep track of all
historical prices. Motivated by this observation, we consider a class of customer prediction
behaviors p that are based on bounded customer memory. In this case, we suppose that
customers have access to the latest 7, prices charged by the seller, where 7, is a positive

integer independent of the problem scale k. Formally, this corresponds to a subset of cus-
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tomer prediction behaviors in which only the most recent 73, prices matter. This subset of

customer prediction behaviors can be expressed as

p€P: if ps = ps for s = max{1,t —1p},...,¢,
P1 = P (2.14)
then pf(p(t)) = pf(f)(t)) for k =0,1,...
The prediction behaviors in (2.14) exhibit bounded memory because prices older than 7,

periods do not affect the customers’ predictions of future prices. The following result provides

a performance guarantee for LATE(n) when the customer memory is bounded as in (2.14).

Theorem 7. (profit loss of LATE under exogenous customer predictions and
bounded customer memory) Let 1 = LATE(n) with n = [%bg k] and n as given in
Lemma 11, and b € B such that b* < 1 forallie{1,... ,N}. Then, there exists a constant

cs5 > 0 such that, under any erogenous customer prediction behavior p € B,

sup {Agp(k‘, 0)} <c3logk
0co

fork=23,...

Theorem 7 shows that the profit loss of our learn-and-then-earn policy grows logarithmically
in the problem scale k for any exogenous customer prediction behavior with bounded cus-
tomer memory. This matches the order of the lower bound on the profit loss in Theorem 6(i),
implying that LATE(n) is asymptotically optimal in this case, as long as the policy parame-
ter n is selected carefully. The key insight here is that LATE(n) allows the seller to achieve
asymptotic optimality by simultaneously learning about the demand model, preserving the

market size, and controlling the forward-looking customer behavior.

Forced exploration with unbounded customer memory. We now relax the as-
sumption of bounded customer memory and consider the case when customers have access

to all past prices. As explained earlier, the main challenge in this case is that a suboptimal
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price charged early in the time horizon could have a significant impact on the subsequent
purchasing behavior of the customers. Recall that when customers have unbounded memory,
Theorem 6(ii) establishes that the worst-case profit loss under any given policy grows lin-
early in the problem scale k, which is the highest possible growth rate of the profit loss. The
reason behind this result is that, due to demand model uncertainty, the seller’s markdowns
in the early periods could be suboptimal, and the impact of this suboptimality on the later
purchasing behavior of forward-looking customers is so large that it causes an extreme profit
loss. In such a setting, no policy can achieve a profit loss growing sublinearly in k.

While unbounded customer memory can cause a large profit loss in general, we show
that, under mild regularity conditions on the customer prediction behavior, our learn-and-
then-earn policy achieves a sublinear profit loss, regardless of customer memory size. For

this purpose, consider the following subset of customer prediction behaviors: let

. O k() I+r
pEP :pf el and pF(P\")| <ak
Pola,r) = & =D Loy (2.15)
fort,k=1,2,..., and s =1,...,t

+l®w

for a > 0 and r > 0, where C denotes the set of continuously differentiable functions. The
set Po(a,r) captures the following properties for customer prediction behavior p: (i) range
of future price predictions grows with the prediction horizon x (as the partial derivatives of
py(+) are allowed to grow linearly in x); (ii) the impact of a single historical price point on
future price predictions is limited, and more recent prices have a stronger impact on future
price predictions; and (iii) if two historical price paths p(t) and f)(t) are significantly different
(e.g., [pt — pi| exceeds a positive constant for s = 1,...,t), then the difference in the future
price predictions based on p(t) and i)(t) is allowed to grow linearly in terms of ¢, which
corresponds to a wide range of predictions. A simple example satisfying these regularity
conditions is the linear prediction function in Example 5.

The next result presents a performance guarantee for LATE(n) under the above regularity

conditions.
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Theorem 8. (profit loss of LATE under exogenous customer predictions and
unbounded customer memory) Let a > 0, r > 0, 7 = LATE(n) with n = (%log k]
and n as given in Lemma 11, and b € B such that bi< 1 foralli e {1,...,N}. Then, under

any exogenous customer prediction behavior p € Pa(a,r),

1
= sup{AL (k,8)} — 0
k gco

as k — 00.

Theorem 8 states that, if the customer prediction behavior is exogenous and satisfies the
regularity conditions in PBa(a,r), then the seller’s profit loss under LATE(n) is sublinear in
the problem size k. This stands in contrast to the linearly growing profit loss in Theorem
6(ii). Even though the worst-case impact of exogenous forward-looking customer behavior is
extremely detrimental to the seller, our learn-and-then-earn policy can substantially mitigate

this negative impact under mild regularity conditions.

2.8.5  Asymptotically Optimal Policies for Endogenous Forward-looking
Behavior

As in the preceding subsection, achieving asymptotic optimality in the case of endogenous
customer predictions depends on the existence of at least one market-preserving and infor-

mative price path, which we express in the following variant of Condition 5.

Assumption 6. (informative market preservation under endogenous customer
predictions) Let k € {1,2,...}. Suppose that there is a non-increasing price path p =
(P1,---,pTy,) such that, given any set of subgame perfect equilibria {(p, 7" :i=1,...,N}
with (p', 7 inducing a price path p' = (pzi,p%, o ,p%ﬂk) under H;, any t € {1,...,T}.}, and
any pair (p, ) inducing the price path (p1,...,pt) while satisfying Condition 4, we have: (i)
pr > maxie{l,...,N}{pg}, and (ii) there exists €5 > 0 such that |d§(p(t),p) — dél(p(t),p)] > €

foralli,i' € {1,..., N} satisfying i # 1.
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The preceding condition describes a market-preserving price path that enables the seller to
distinguish between different demand hypotheses under endogenous customer predictions.
Like its earlier counterpart, this condition is key in achieving asymptotic optimality. To
establish its importance, we show that without Condition 6, the profit loss of any admissible
policy can grow linearly in the problem size k (see Proposition 19(ii) in Appendix 2.9). Thus,
in this subsubsection, we focus on settings in which Condition 6 holds.

To construct a version of LATE(n) for the case of endogenous customer predictions,
we let the seller announce and commit to the following policy: given n € {1,2,...,T}},
and subgame perfect equilibrium price path (pzi, . p’Tk) for each H;, suppose that in the
first n periods, the seller uses the market-preserving price path (p1,...,pyn) in Condition 6,
whereas in the remaining periods, the seller chooses the subgame perfect equilibrium price
path (pffﬂ, . ,p%f ) assuming that the most likely hypothesis is H; in period n 4 1 is
correct. Based on the definition of the profit loss in (2.10)-(2.11), we have the following

performance guarantee for this version of LATE(n).

Theorem 9. (profit loss of LATE under endogenous customer predictions) Let
m = LATE(n) with n = [%log k] with some n > 0, and b € B such that b < 1 for all
i € {1,...,N}. Then, there exists a constant cg > 0 such that, under any endogenous

customer prediction behavior p € B with (p, ) satisfying Condition 4,

sup {AD (k. 0)} < cgloghk
0cO

fork=23,...

Comparing Theorem 9 with Proposition 15, we deduce that the above version of our learn-
and-then-earn policy is asymptotically optimal under endogenous forward-looking customer
behavior.

We emphasize that our performance guarantee in the case of endogenous customer pre-

dictions is stronger than the best achievable performance in the case of exogenous customer
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predictions, where the profit loss can grow linearly in the problem scale k& (Theorem 6(ii)).
Given the customers’ knowledge of the seller’s policy in this case, this result might seem
surprising at first glance. But looking from a learning perspective, the situation is different.
As alluded to earlier, endogenous customer predictions are easier to control as the intertem-
poral dependency induced by forward-looking customers is more limited. By announcing and
committing to a policy, the seller takes advantage of the fact that the customers can foresee
the expected price path induced by the seller’s policy. In particular, in the periods following
the initial learning-and-market-preservation phase, the seller is able to avoid incurring large
losses by using the subgame perfect equilibrium price path. This results in zero profit loss
from the customers who arrive after the learning-and-market-preservation phase, helping the

seller achieve a tighter performance benchmark.

2.4 Do Forward-looking Customers Always Hurt Learning
Performance?

The preceding subsection demonstrates the potential negative impact of forward-looking
customers on learning performance as well as how this impact can be mitigated in different
settings. Based on these findings, a natural follow-up question is whether forward-looking
customers are always detrimental to the seller’s learning performance. This subsection in-
vestigates this question.

We show below that forward-looking customer behavior does not necessarily hurt the
performance of a learning policy. To that end, we establish that the seller’s learning efforts
may become more “costly” under myopic customer behavior. When customers are myopic,
the seller might benefit from their simple purchasing behavior. But, myopic customers are
also impatient, meaning that they could abandon the market because of an error in early
markdown decisions. Under demand model uncertainty, such markdown errors are inevitable
early in the time horizon. This results in irreversible profit losses because the seller cannot

offer another price to the myopic customers who left the market. When customers are
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forward-looking, the seller suffers from the negative impact of the customers’ forward-looking
behavior on profits. However, forward-looking customers are nevertheless patient. Therefore,
the seller has multiple opportunities to earn profits from forward-looking customers and can
exploit their patience while learning about the demand model. Consequently, errors in early
markdown decisions are less costly when customers are patient and forward-looking.

In what follows, we formalize this intuition in our setting. To provide a problem instance
where forward-looking customer behavior is beneficial for a dynamic learning policy, we use
the case where the customers’ valuations are uniformly distributed. We note that uniform
valuation distributions are closely connected to linear demand functions: for instance, in
our setting, a uniform valuation distribution induces a piecewise linear demand function in
each period, as long as the customers’ prediction function pf(-) is also linear. For purposes
of exposition and analytical tractability, such assumptions on the demand model have been
widely used in the antecedent literature; see e.g., (60), (59), and (83). With slight abuse of
notation, we let A’ > 0 denote the uniform market density under demand hypothesis i. That
is, under H;, the market density of valuation v is A if v € [0, Ei] and zero otherwise, where
o' > 0. Accordingly, we let ® C © denote the set of problem parameter vectors @ for which
the customers’ valuations are uniformly distributed as indicated above.

Myopic customers. To define the problem instances where all customers are myopic,
we let Opyopic = {0 € e aiw = 0 for all i, 7, w satisfying w # 0}. In this case, we have

the following.

Corollary 4. (profit loss with myopic customers) Let b € B such that b < 1 for
all i € {1,...,N}. Then, there ezists a constant c; > 0 such that, under any customer

prediction behavior p € P and any policy m € 11,
sup {Agp(k, 0)} > cslogk
aeemyopic

fork=1,2,...
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Corollary 4 follows from the arguments developed in the proof of Theorem 6(i). This result
states that if all customers are myopic, the seller’s profit loss must grow at least logarithmi-
cally in the problem size k.

Extremely forward-looking customers. We now construct another case where cus-
tomers have the highest patience level (w = T}, — 1). To express the problem parameter vec-
tors for this case, we define Ogyward-looking = {0 € 0 :al,, =0 for all i, 7, w satisfying w #

T — 1}. For brevity, we suppress in the sequel the dependence of o, on w, and write a’

instead of al,, (noting that w = T}, — 1 for all customers). With this simplification, the

nonzero entries of the arrival matrix o' are given by (oz%, o ,o/Tk). We also define a cu-
mulative arrival matrix A whose (i,7)™ entry is AL = S7_;al for i € {1,...,N} and
T € {1,...,Tk}.

To represent extremely forward-looking customer behavior, we also consider a particular
set of exogenous customer prediction behaviors. We describe this set by constructing an
auxiliary scenario that serves as a hypothetical benchmark for the optimal full-information
prices. In this auxiliary scenario, we suppose that all customers are myopic in their pur-
chasing decisions but never abandon the market, which corresponds to the case when the
discount factor is not too large. Given the problem parameters A, ¢, o’ under H;, the
optimal price path in the auxiliary scenario is given by the following deterministic Bellman

equation:

Ui (pr—1) = max {Ri(py—1,p1) + Ufa(pe) 1o < pro1 ) (2.16)

pt€(p.p]
for t =1,2,..., T}, where: pg = p, U]i“k+1(ka) =0, Ri(pt—1,pt) = (ot — )di(pi—1,pt) and
di(pr—1,pt) = Nhak(v' —pg) + N kAL (pr_1—pt) forallt = 1,..., Tj,. The auxiliary scenario
above corresponds to a hypothetical case of myopic and patient customers; we emphasize
that we use this scenario as a benchmark to ultimately study the case of forward-looking and

patient customers. Let (13?[, ceey ﬁZTk) be the price path that satisfies the auxiliary Bellman

237



equation (2.16) under H;. Recalling that the optimal full-information price path under H;,
namely (p’i, cee pgﬂk% is given by (2.13), we define a subset of exogenous customer prediction
behaviors as follows:

T.—t 7
B3 = p € Pala,r) : maxtzl,...7Tk{Ptk (p(t))} < Py, and B, (2.17)

maxktlgtgm{p% —}3%} > —op, forie{l,...,N}
where a > 0, r > 0, t; and 9 satisfy 0 < t1 < tg < T, and o5, > 0. In (2.17), the
first condition corresponds to extremely forward-looking customer behavior in the sense that
customers’ price predictions do not exceed the optimal full-information price at the end
of the time horizon. Under this condition, customers expect sufficiently low prices at the
end of the time horizon, and accordingly, they are inclined to stay in the market to take
advantage of marked-down prices. As a result, the first condition in (2.17) effectively limits
impatient customer abandonments. The second condition in (2.17) captures the impact of
the forward-looking customer behavior on the optimal full-information price path. We know
that forward-looking customers tend to delay their purchases as they might benefit from
waiting for a future purchase. Hence, the seller’s optimal strategy is to use a flatter price
path to limit the impact of the customers’ forward-looking behavior. By contrast, in the
auxiliary scenario, customers make purchases myopically, and thus, the seller uses steeper
price skimming to collect more profit. Based on this observation, the second condition in
(2.17) states that the optimal full-information price path (which uses flatter price reductions)
would not be significantly dominated by the auxiliary price path (which uses steeper price
reductions). Formally, this condition states that there is at least one period ¢ in the window
[kt1, kto] such that 131’; does not exceed p% by more than a tolerance parameter o, > 0. This
condition is typically satisfied in settings where the forward-looking customer behavior is
significant. This is because, in such settings, the optimal full-information price path becomes
flatter whereas the auxiliary price path remains steeply decreasing (since it is unaffected by
the forward-looking customer behavior). Figure 2.3 illustrates how this condition is satisfied
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in a numerical example.
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Figure 2.3: The figure displays the optimal full-information price path (p1,...,ps) that
satisfies (2.13), and the auxiliary price path (pi,...,p5) that satisfies (2.16). The time
horizon is 5 periods, and the marginal cost of production is ¢ = 0. The market density for
customer valuation v equals 1 if v € [0,5], and 0 otherwise. The discount factor is § = 0.5,
the fraction of customers arriving in each period is 0.2, and the customer prediction behavior
is as in Example 6. The first condition in (2.17) is satisfied because ptT(p(t)) = 0, and the
second condition in (2.17) is satisfied because py > py.

Our next result shows that forward-looking customer behavior could have a possibly

unexpected effect on the seller’s profit loss due to demand model uncertainty.

Theorem 10. (profit loss with extremely forward-looking customers) Let 7w be
LATE(n) with n = [% log k] and n as given in Lemma 11, and b € B such that b < 1 for all
i€{l,...,N}. Suppose that the customer prediction behavior p € B3 with o}, < ﬁke*‘/g,

9>0,0<t;<to<T,a>0, andr > 1. Then,

sup {Agp(k, 6)} — 0

S eforward-looking

as k — 00.

Theorem 10 stands in stark contrast to Corollary 4. When all customers are myopic
and impatient, the seller incurs a profit loss of order log k because it does not have sufficient
opportunities to learn about the underlying demand model before too many customers aban-
don the market. However, when customers are extremely forward-looking and patient, the
seller might benefit significantly from the opportunities to learn about the demand model in

the early sales periods while preserving the market size. This result suggests that, perhaps

239



surprisingly, it is possible for the LATE(n) policy to achieve an asymptotically vanishing
profit loss when customers are forward-looking.

As explained earlier, the conditions in B3 correspond to the settings where the forward-
looking customer behavior is significant. To illustrate such settings, we provide below a

simple example.

Example 6. (a Markovian price prediction) Letp =c=0. In periodt =1,2,..., T} —
Ty —t—K
1, the customer prediction behavior p = {pf : t,k =1,2,...} satisfies pf(p(t)) = <%)pt

for plt) € p, plt and k € {1,2,...,T) —t}, where § = minizl,m,N{éi}.

In Example 6, the price predictions depend only on the current price p¢, and customers use

a markdown rate based on the possible discount rates. Figure 2.4 shows an instance of this

10
predicted price
8 / sequence
S /
N

observed price
sequence N

behavior.

2r \

0 . . . . . 'y
2 4 6 8 10 12

Figure 2.4: The figure displays an instance of the customer prediction behavior p in Ex-
ample 6. The time horizon is 12 periods, and § = 0.75. In period ¢ = 8, the price predic-
tions {pf(p(t)) k = 0,1,2,3,4} are shown by the dashed curve, where p?(p(t)) = pt and

Ty—t 7
pe* (pW) = 0.
We conclude the subsection by formally confirming that the setting in Example 6 is contained

in P3.

Lemma 12. (Markovian price predictions in B3) There exists @ € Oforward-looking
such that the customer prediction behavior p in Example 6 is in B3 with o}, = ke VE and

> 0.
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2.4.1 Concluding Remarks

Summary. In this paper, we study a markdown management problem featuring demand
model uncertainty and a heterogeneous mixture of forward-looking and myopic customers.
Our analysis provides key insights into the impact of forward-looking customers on mark-
down pricing with demand learning. In the worst case, the seller may incur an extremely
large profit loss due to forward-looking customers. However, if the customers’ memory is
bounded or their price predictions endogenously depend on the seller’s pricing strategy,
then it is possible to substantially improve the revenue performance and achieve asymptotic
optimality. Accordingly, we design a forced exploration policy and prove that it is asymptot-
ically optimal in these cases. Furthermore, even when customers have unbounded memory,
we show that our forced exploration policy performs well under mild regularity conditions.
We also demonstrate that forward-looking customer behavior can sometimes improve the
performance of learning policy by delaying the demand of forward-looking and patient cus-
tomers. We hope that the insights gleaned from our theoretical analysis can help guide the
design of markdown policies for demand learning in practice.

More on endogenous customer predictions. One of our findings is that endoge-
nous forward-looking customer behavior provides an advantage to learning policies: as the
customers endogenously form a sequence of price predictions based on the seller’s pricing
policy, this actually adds a restriction to the customers’ forward-looking behavior, and thus
the seller has more control on the impact of forward-looking customers on later sales oppor-
tunities. It is possible to consider variants of this setting such that customers form sequences
of prediction distributions that coincide with the distributions of future prices induced by
the seller’s pricing policy. This variant of endogenous customer predictions adds even fur-
ther restriction on the customers’ forward-looking behavior, and our approach is applicable
this setting. In this case, the seller could still employ a forced exploration policy by first
accumulating information on the demand model and then implementing the subgame perfect

equilibrium price path. By the more restrictive prediction condition, the purchasing deci-
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sions of the customers who arrive in later periods will be the same as those in our current
analysis, resulting in similar theoretical performance guarantees. For purposes of exposition
and comparability with the extant literature, we use an endogenous prediction condition that
follows the commonly used modeling assumptions in the literature on strategic customers,
where customers form a sequence of predicted prices based on the knowledge of the seller’s
pricing policy (60, 67, 68, 75)see, for example,.
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2.5 Proofs of the Results in Section 2.3.1

For brevity in the following proofs, we suppress the dependence of the mathematical expres-

sions on p, and emphasize this dependence on p only when necessary.

Proof of Lemma 10. We first recall that, in period ¢, the set of remaining future pe-
riods for type-(7,w) customers is Tryt = {t + 1,...min{7 + w, T} }}. In their purchasing
decisions, customers compare the discounted utilities ui(v, ps,s —t) for all s € Tryt, where
U (U, o, k) = (69)F(v — Pray) is the utility of purchasing in period t + k.

Note that a type-(7,w) customer with valuation v chooses to wait in period ¢ if and
only if maxger {(5i)8_t(v —ﬁs)} > v —pt and minger {(5i)3_t(v — 135)} > 0. Because
prices are marked down, we deduce that the condition maxgc7. . {((5i)s_t(v —]35)} >v—pt

i\S—t

is equivalent to v < maxger,, . {pt + W(m — ]55)}, and furthermore, the condition

minger {(5i)s—t(v —]35)} > 0 is equivalent to v > ﬁmin{T—&—w,Tk}' Because maxge7 . {pt—l—

(5i)57t
1_(51‘)3—1&

valuation v waits in period ¢ if and only if v € V2, (p(t) ) = [t (p"), v, (p®)], where

(pr — ]38)} > Pt 2 Pminfrw, T} We conclude that a type-(7,w) customer with

int (p(t)) = max {in(t—l) (p(t_l))aﬁmin{T—i—w,Tk}} and
. . 18—t
Ug’wt(p(t)) = min {@;w(t—l) (p(t))7 MaXscT .t {pt + %(pt - ]58)}}
A type-(7,w) customer with valuation v purchases in period ¢ if and only if v —p; > 0 and
51’ s—t

v—pt > maxeeT, . {(51)5—75(1)—}53)}, which is equivalent to v > pi+maxser . {1_(52.)8%(]%_

]55)} Thus, a type-(7,w) customer with valuation v purchases in period ¢ if and only if

v € ULy (pM) = [ul,y (p1)), Tl (pM)], where
1\s—t

uly (p1) = min {@iw(tfl)(ll(t_l)), maxer..,, {pr + %(m — ps)}} and @, (p1) =

@iw(t—l)(p(t))' .

Proof of Theorem 6. Let P2/{.} = PO{.| H;} and EY'{-} = E8{.| H;} for all b € B,
i€ {l,...,N}, and m € II. We prove the two claims stated in Theorem 6.

Proof of Theorem 6(1).

Step 1: Construct a problem instance @ € ©. Suppose that there are two hypotheses,
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namely Hj and Hg. Thus, N = 2. Let p = ¢ = 0 and p = 2. Moreover, let T' = 1;
hence, if the problem scale is k € {1,2,...} then the time horizon is T}, = k. Under the
problem scale k = 1,2,..., let the arrival matrix o satisfy aio = % for all 7, and aiw =0
for all 7 and w such that w > 1. Under Hy, let the market density function be M (v) = 2 for
all v € [0,4]. Under Ha, let the market density function be A2(v) =1 for all v € [0,3]. By

construction, for any p(t) € [0, Q]t, the expected demand in period ¢t under Hy and Ho are

At (p) = holy [ N )do =1~ 2,

d? (p(t)) = kaZy /vat A2(v)dv = 3 — py.

respectively. Based on this, the optimal full-information price path under the two hypotheses
are given by p% = argmax, [, 7| {pt(4—2p)} =1 and p% = argmax, e[, 5 {pe(B3—p1)} = %
forall t =1,...T}. For simplicity of notation, we denote the price optimizers by pt =1and
P’ = % Let @ = min{4 — 2p,3 — p} = 0 and @ = max{4 — 2p,3 — p} = 4. Suppose that
the demand shocks {e;} follow a sequence of i.i.d. random variables with truncated standard
normal distribution. Denote by ¢(-) and ®(-) the standard normal density function and
the corresponding cumulative distribution function, respectively. If the underlying demand
hypothesis is H;, the demand realization satisfies D; = d%—i—et € [d, (ﬂ Choose d = —2FT1 4+
and d = 281 4 3: thus, ®(d — 0) = ®(—2FF1) < 2=(F+D) and &(d — 0) = ®(2FH1) =

1 — ®(—2F1) > 1 — 2=kt Consequently,

O(d—0)—P(d—2d)>1—27F (2.18)

Givent =1,..., T}, and &, ..., & € [d, d], the demand density function under H; satisfies

- t
PYUDy e dgy,... . Dre &) =]
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Step 2: Derive an expression for Kullback-Leibler divergence. Given 7 € Il and p € I3,

let (p1,..., ka) be the price path generated under 7 and p. The profit loss of © under Hi

and Ho are

T,
:Egvl{ S pl(a—2pl) — ps(4 — 2ps) } Ebl{ 3201 - ps) } (2.19)

s=1
T
A2(k) = 22 30 p2a2(p2)) - pad( <>>}
s=1
Tk Tk
ZEQ’Q{ > pE(3—p2) — ps(3 ps)} ZEbQ{ >3 p5)2}, (2.20)
s=1 s=1

where: Gr(T},) = X4k, — log[@(d—d}(p(*))) — @ (d— db(p(*)))] +log[@(d — d2(p(*))) — @ (d—
d? (p(s)))], (a) follows by elementary algebra, (b) follows because Dg — (4 — 2ps) = €5 under
Hjy, and (c) follows from (2.19).

Step 3: Derive a lower bound on the profit loss. Letting 79 = g € (0,1), we consider
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two cases:

Case 1: KL(PL,P2) < nologk + 1. Let I = [p° — £, p + &], where p! = 1 and p? =

construction, we have I1 N 12 = (). Let the event X; be such that

1 ifp eI,
X = bt
0 ifpy &It
Then,
Ty,
AL(k) + AZ(k) = > EXMH2(1 - ps)?} + E22{(3 — ps)?*}
s=1
@ Tk
> > [P2 ps ¢ I'} + P2 {ps ¢ 17}]
s=1
e Lk

v

s=1

V=

o Y [PR{As = 0} + PR {xs = 1}]

1 oxp(—r log k — 1)ET = BLp1=m0,

3
2 .

By

where: (d) follows because 7y = 6%1’ which implies that Eg’l{Q(l — ps)2} > %Pg’l{ps 4 Il}

)
dE22(3 - pg)2) > L P22 21 (e) follows b =1} = !
an 7T{(2 ps)}_mﬂ{psgl},(e)oows ecause {Xs =1} = {ps € '} C {ps &
)

I?}; and (f) follows by Theorem 2.2 of (95, p.90). Thus,

Al(k) = 0 AL (k) + 0P A2 (k) > BT min{p! b2}k,
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Case 2: KL(PL P2) > nglogk + 1. Then,

s=1

Ty,
E2N{GY (k)} = E?’l{ > —log [CP(J— di(p"))) — o(d - di(p(s)))}
+log | @(d - d2(p)) — o (d - d§<p<s>>)]}

T
< E%l{ > ~log (d = di(pl)) - @(d - d§<p<8>))]}

s=1
h) Tk _
<) > —log [@(d —0)—P(d— 0)]
s=1
(i) T 1
< S —1
TS (d—0) - 2(d—2)
§))
< k(lé—k 1> < 2’?121 <1

where: (g) follows because log[®(d — dg(p(s))) — &(d — d%(p(s)))] < 0; (h) follows because
logarithm is an increasing function, which implies that ®(d — dl(p(®))) > QD(J — ) and
®(d—dL(p®))) < ®(d—2); (i) follows because — log(z) > %— 1; and (j) follows from (2.18).

Consequently,

Al (k) = b1 AL(K) + b2 A2 (k)

> B'AL(k) = 4! [KL(PL, PZ) — E2N{GL(T})}| > 4blmologh.

Choose ¢1 > 0 such that ¢; < min{(1 — )72 min{b!, 52}, 4b'n}. Thus, for all k > 1, we
have %’el min{b, B2} k170 > ¢ logk and 4b'nglogk > ¢1logk. We conclude the proof by
noting that A2 (k) = b1 AL(k) + 02A2(k) > c1logk for all k = 1,2, ...

Proof of Theorem 6(ii). To prove this result, we construct a problem instance. First,

suppose that there are two hypotheses, H1 and Ho. Let T' = 1; thus, if the problem scale is
k€ {1,2,...} then the time horizon is T}, = k. In addition, we let p = c=0and p = 5. For

each problem scale k € {1,2,...}, let the arrival matrix a’ be such that ai(k—l) = % for
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all 7, and a’,, = 0 for all 7 and w such that w # k — 1. Under Hj, the customers’ discount
factor is 8% = ﬁ, and the market density is a function \’(-) such that \’(v) equals 1 if
€ (0,3 —i] and zero otherwise.

We first consider a customer prediction behavior p such that pf(p(t)) = p for all ¢

and k. Given this customer prediction behavior p, denote by (pzi, e ,p?fk) the optimal
full-information price path. In this construction, since ary = 0 for all w # k — 1 and

Py (p(t)) = p, every customer waits until the end of the sales horizon if no purchase is made,
and a customer with valuation v purchases in period t if and only if v — p;y > (5i)k*t

Considering the dynamic program (2.13), we deduce from Lemma 10 that

. (p®)) = i _bs
Urt(P) se{ﬁf.l.fi_l}{1—(5i)ks}’ (2:21a)
i (p®)y = mi b
sh?) = i { i) a2t

forre{l,....k—1}, w=k—r7,and t € {r,...,k — 1}. Letting (ﬁi,...,ﬁ%ﬂk) be a feasible

price path that satisfies p% = (3 — )3k  for all s € {1,...,k}, we obtain the following for

all s € {1,...,k —2}:

e (3=9)(Bk—s)
1 — (gi)k=s 3k(1—((5l) )
NS N, 02

( (57)k—(s+1) ) 1= (60)ks— L

To prove (a), it is sufficient to show that 1 — (1 — §°)(3k — s)(67)k =51 — (§1)F=5 > 0. By
construction, §° = ﬁ Because (1—46%)(3k—s)(61)F =571 < 3kd? < —0 and (01)F=s < 100k’
1

we deduce that 1 — (1 —6%)(3k — s)(69)F—s—1 — (1) > 1 — 100 To0% > 0, which implies
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that (a) holds. By (2.21a)-(2.21b) and (2.22), we have the following:

i pi_
ik (1)) = 1_(;);#1 (2.23a)
() = (];2) — (2.23b)

for € {1,....,k =1}, t € {r,...,k — 1} and w = k — 7. By (2.3), Lemma 10, and
(2.23a)-(2.23b), we deduce that there exists kg such that, for all k& > kg,

O iy L (t=Dpi tp
Ui(k) > t:zjlpt l(?’ — i)+ 1— (5i)kzt+1 I (ﬁ)k—t]
I PRLET H

i ~ . = tﬁ%
> > b3 =)+ (t—1)pi1 - -y

[1 L (E=1)[3k —(r—1)]  100kt(3k — t)] Sk — ¢

= 3k ~ (100k — 1)3k ] 3k
<§) (:)23_]{)@22 t:Zl l(% Bk - 375(311:)0— t)]
— (323;;22231 lﬁtk — 22 — 3k —t) — 93’8 fé?)]
U (3(3;)'2)2 K _ 23())13@: +1) - @ _ 1(1)0>k(k 4 1)<k + ;) _ 32 ;wf +1)
2
- (?EBk)Z2 (1630709k 25;& * é?}‘ék)
To prove (b), we note that the constructed price path (ﬁ’i, . ,ﬁ%ﬂk) is a feasible solution

but not necessarily optimal, and that the expression on the right hand side of (b) is the

profit induced by the constructed feasible price path. To obtain (c), we first eliminate

(t—1)pi_,

the coefficient W for t = 1,...,k. We next increase the

W in the term
. 1 .
coefficient from — (o to ;=5 in the term W forallt =1,...,k — 1. Lastly, we
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1 -
10

increase the coefficient from 1 to in the term kﬁ};. Aggregating the coefficient changes,

we end up with the expression on the right hand side of (c¢). Identity (d) follows directly

from plugging in ]3% =(3-— i)gglzt and &' = ﬁ, and for inequality (e), we first note that
#Igﬁl =1+ m and then use the fact that 186“% < 13W Identity (f) follows directly
from the calculation of the summation terms. For inequality (g), we first pick the smallest
integer kg such that (% — %)ko > % Then, (g) follows for all k£ > k.

By construction, the optimal full-information price paths under H1 and Ho are distinct;
i.e., letting pi(t) = (p?[, . ,p%) for all ¢ and ¢, we have pl(t) #* pz(t) forall t = 1,...,T}.
To prove a lower bound on Ag(k), we construct a prediction behavior in the following two
cases:

Case 1: p(t) = pl(t) or p(t) = p2(t>. Let pf(p(t)) = p. This construction is consistent with

the pi(t) being the optimal full-information price path. From (2.24), we obtain the following:

137

2
> —(3 — > kp. .
Z 50 (3 —14)%k for all k > kg (2.25)

Ui (k)
Case 2: py # pi for some i € {1,2} and t € {1,...,T}}. Consider a prediction behavior p be
such that pff (p(t)) = p¢. Since the predicted price satisfies ps = py for all s € T, customers
with valuation v > py always make a purchase because v—p; > (69)%(v—p;) = (6%)"(v—ps) for
any s € Tryt. In comparison, customers with valuation v < p; leave the system immediately.
Thus, we effectively end up with a system where the full-information dynamic program in
(2.13) reduces to a repeated single-period problem, and the optimal price path (ﬁi, o ﬁ%ﬂk)
is given by ﬁ% = arg maxpe[g,ﬁ](?) —i—p)p = % In this case, the induced optimal profit

satisfies
; 1
Ui (k) = (3 - i)k forall k=1,2.... (2.26)
Given that Uj(k) > U{(k) for all k € {1,2,...} and i € {1,2}, we first choose a

positive constant Cpy < min{blab2}minz’e{l,Q},ke{l,..mo}{Uf(k?) — U%(k)}. Next, by (2.25)
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and (2.26), we have Ut (k) — U4 (k) > ﬁk for all £ > kg. Based on this, we choose another
positive constant C < ﬁ min{b!, b?}. Let ¢4 = min{Cy, C1}. Then, for any problem scale
k€ {1,2...} and for any policy 7 that generates a price path (p1,...,pr,), the profit loss
Ab (k) satisfies
ab() 2 P2{p1 = pi pb?[UF (k) = UT (k)| +P2{p1 = p1 o' [U] (k) — Ui (k)]
+ P2 {p # ptopy # T [0 (UL (R) = UL (R)) + (U7 (k) - U (k)]
(é) cak.
To prove (h), note that the event {p; = p%} implies {p1 # p%}, in which case the expected
profit loss is at least b {U%(k‘) - Q%(k)} Similarly, the event {p; = p?} implies {p1 # pi},
in which case the expected profit loss is at least b [Ull(k:) -U %(k;)} Finally, the event {p; #
pl,p1 # pt} implies that the expected profit loss is at least b' (U{ (k) — UL (k)) + b2 (UL (k) —
UR(k)). Tnequality (i) holds because b2 UL (k) — UL (k)| > csk, b |[UL(K) — UL (k)] > ek,
and bL(UL (k) — UL (k) + b2 (UE(k) — U3 (k)) > cqk for i € {1,2} and k € {1,2...}. O

Proof of Proposition 15. The proof follows from the same problem instance and arguments

used to derive Theorem6(i). O

Proof of Proposition 16. Given 7 = CE, we let ]P’g’i{'} = P2{.| H;} and E?{Z{} =
E2{.|H;} for all b € B and i € {1,...,N}. To complete the proof, we first construct
a problem instance 8 € ©. Suppose that there are two hypotheses, namely Hi; and Hs.
Therefore, we have N = 2. Let T' = 1, implying that if the problem scale is k € {1,2,...}
then the time horizon is T}, = k. Moreover, let p = ¢ = 0 and p = 5. Under the problem

scale k € {1,2,...}, let the arrival matrix o be such that o’ = % for all 7, and a’,, = 0 for

all 7 and w such that w > 1. We let the market density function under H; be X(v) = %

for all v € [0,3 —¢]. By construction, for any p(t) € [0, 5]t, the expected demand in period ¢
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under H; is

| . . 3—i—Llp if pr<3—4
ajp") = kaly [ N()dv = s
V2Pt 0 if pr>3—i.

for © = 1,2. Note that, under H;, the optimal full-information price path is given by

. _2 ' .
Pfg = argmaxpe[gﬁ] {p(3 — 7 — ﬁp)} — (3—2@) for all t = 1,...,T}. Letting pi = @_TZ),

we have pi € [p,p] for i = 1,2. We also have pt > p?, and p! fU2p1 Mwydv = 2 >
21[ = p? Jysp2 A2(v)dv. Expressing the prior belief by as by = (b,1 — b) for b € (0,1), we
observe that the pricing decision under 7 = CE is given by the mapping b — pb where
P = arg max, {p[l +b— (% + IT_b)p” = H'b Note that p? is contained in [pt,p?] and is
increasing in b.

Let (b1, ..., by, ) be the seller’s belief process, where by = (b, 1 —bt), and (p1, ..., pr,) be
the seller’s price process, both of which are induced by m = CE. The price process satisfies
pt = Wt(bt,p(t_l)) — min{p”, p;_1}. For any prior belief by = (b,1 — b) with b € (0, 1), the

1—|—b

price induced by CE in period 1 satisfies p1 = < pl. Since prices are marked down, we

have p; < p1 < p! for all t > 2. Let 6, = Q(p —p1)? = %( — i_lg) > 0, we further deduce

that the profit loss per period under Hj is

_ 1 _ ol 1.1\ _1
P g M@ [ N @) =gl @ = 30 (2= )

“2 4 dn 2 2= 40 20>

forallt =1,...,T}. Let e = bdy, > 0. Forall k =1,2..., we conclude the proof by deriving

that

=

APy > bEgal{ [pl (2-30!) — (2~ ;pt)” > bk = cok. O

t=1

Proof of Lemma 11. Let ]Pg’i{-} = P2{.| H;} and EQ”{} — Eb{.| H;} for all b € B,
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ie{l,...,N}, and 7 € II. We complete the proof in three steps.

Step 1: Derive a multiperiod belief updating inequality. Let ,j € {1,..., N} such that

i # j,and t € {1,2,...}. For brevity, we suppress the dependence of dé(p(s)) on p(s) by
letting d% = di(p(®)) for all s € {1,2,...,t}. Thus, under H;, we have Dg = d. + ¢4 for all

s, and

VT LD, & Fe 1)
1 — - . -
LTSN W T £1(Ds, dE [ F1)
1

t s(DSad |]:S 1)
L2 exp<zs 11og g(Ds,dﬂfs_n)

1

1 1 < t 1 (D87d“]:8 1))
oy P\ 2= log L E )

(2.27)

Step 2: Construct a martingale. For s = 1,2,..., let Xg = E?T’ [log m and
Zs=lo gm — Xs. Define an identity function I : [d, d] — [d, d] satisfying I(d) = d
for all d € [d,d], and let u = max{|d|, |d|}. Set vy = —‘12 where €, is as in the statement
of the lemma. Note that, for any pair of probability density functions u,v : [d, cZ] — RT
satisfying pu(z),v(x) € [, fq] for x € [d,d] and ]fgxu(x)dx - fgxy(x)daﬂ > €4, we have

the following:

@)1
v)dr > *||M—V||1

/ log

o |1 -v)|;

ST 2

(Q 2u2 / ‘ )‘dw

S Qi / u(z )dm—/jmu(m)de > 2651 (2.28)

where: [l = vl = If lu(e) = v(@)ldo, 1160 = )l = I 1@ (u@) = (@) |d, [Toc =
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SUD,c[4.d] |I(x)], (a) follows by Pinsker’s inequality, (b) follows by Holder’s inequality, (c) fol-
lows because ||I||so = u, and (d) follows by Minkowski’s inequality. Since £%(-,d%|Fs_1) and
Eg(-, d‘§|]-“5f1) are two probability density functions satisfying the above properties of u(-)
and v(-), we deduce that (3.200) holds for pu(-) = L£1(-,dL|Fs_1) and v(-) = L(-, d|Fs_1).

2
That is, Xg > v = ;ﬁ for all s. Moreover, Zg satisfies the following properties for all s:
LL(Ds,di| Fs 1)
cgs(DSad(Js‘fsfl)

.7:31} = 0. As a result,

(i) |Zs| < z, where z = 210g§—d > 0, and (ii) Eg’i[ZsLFSfl] = Eg’i[log
d

£é(DS7dé|fS—1) ‘czs(DS?dé‘]:s—l)
Lg(DSud‘g']:Sfl) ‘Cé(Ds»d(Js‘]:sfl)
{Zs} is a bounded martingale difference sequence adapted to Fs.

X, fsl} _ g [1og

}_31] = Eg’i [log

Step 3: Derive an upper bound on the convergence rate. Let w € II be such that, under

7, we have |di —d)| > e > 0 forall s € {1,2,...,t}. Let Ay = ¥t _| X and Wi = ¥L_, Zs.
By (3.199), we have

o . 1
E?r’l{bgﬂ} < Eg’z{ b }
1+ b—%exp(At + W)

Letting By = {W; < —%At}, we deduce from the preceding inequality that

o . 1 : 1
B {4} < E”{ ; H{Bt}} + E”{ ; H{Bf}}
1+ b—} exp(A; + Wh) 1+ b—} exp(A; + Wy)
1 1
) 4. - 1
< PYY{Bi} + E?r7l{ T H{Bf}}
L+ 5 exp(Ae + Wy)
1
M, . 1
< P2{B;} + Eg’z{ ; H{Bf}}, (2.29)

b 1
1+ é exp(jAt)

where: I{-} is the indicator function (i.e., given condition A, I{A} = 1 if A holds, and 0

otherwise); (e) follows because Zg-exp(At + W) > 0, and Eg’i{H{Bt}} = ]P’g’i{Bt}; and (f)
1
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follows because Ay + Wy > %At on Bf. Under 7, Ay > ~t. Therefore, (3.201) implies that

L - , 1 (8) . ;
B2 {bl1} < Pr'{Bi} +E$’#{ T H{Bf}} < PR{Bi} + 5 exp(=371),
1+ +exp(571)
by
(2.30)
where (g) follows because I{ Bf} < 1. Note that
b,i b,i 1 () b,i 1
PP B} =P {W; < _QAt} < P < _§7t}

) ..

< PRH{IWy| = gt}

() 2

< 2exp(— L), (2.31)

where: (h) follows because A; > ~t, (i) follows because {W; > —%'yt} C {|We| > %”yt}, ()
follows by the Azuma-Hoeffding inequality and the fact that |[Ws — Ws_1| = | Zs| < z for all
s. Combining (3.202) and (3.203), we deduce that

. . 2 j %
EEI (b1} < 2exp(~3) + Y exp(~dat) < (24 ) exp(—np).

As a vesult, E¥' {1 — b1} = ;4 Ee' {0 1} < Ce™™, where ¢ = max; { S (2 + %) 1,
and n = %’y min{1, 1}. O

Proof of Theorem 7. Given 7 = LATE(n), we define P?’i{~} = P2{.| H;} and E?ﬂ{} =
E2{ | H;}forallb e Bandi e {1,...,N}. Let@ € ©, M = maX;e(q, . N} { max{a, 1} fvzoﬁ)\i(v)dv},
and (p1,...,pr,) be the price path generated under 7. Denote by g% (7) the profit to be col-

lected from the customers arriving in period 7 under H;. Then,

_ T}, T—1 _ _
i(r) = - Koy [ A,
9r(T) t:ZT(pt c) wg() Qrw velll,,,(p®) (v)dv
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T 71 . o T . .
Because >, F ; kal,, < @, and > *_ fveuiwt(P(t)) N(w)dv < [,>0 A" (v)dv, we deduce that
gi(t) < M for all 7 = 1,...,T). Moreover, for every demand hypothesis i € {1,...,N}
and problem scale k € {1,2,...}, we have the following upper bound for the optimal full-

information profit under H;:

Vi<y Y k:oszp/ (v Mk, (2.32)
7=1 w=0
where (a) follows because ZT 1 ZTk ! al, =1 and maxie{lva}{fvzoﬁ)\i(v)dv} < M.

Let 7% denote the optimal full-information policy under H;, and (pzi, e p’Tk) be the optimal
full-information price path generated under . We show that there exists ¢3 > 0 such that
ALk)y=v1- Eg’l{ ZtTil R} (p(t))} < c3logk for all k. To that end, consider an auxiliary
policy 7 that generates a price path (p1,...,pr,) satisfying ps = ps for s € {1,...,n} and
ps = p where i, = arg maXie{l,...,N}{b%—s-l} for s € {n+1,...,T}}. Note that the policy
m = LATE(n) and the auxiliary policy © both use the experimental price path p(”> in the

first n periods. Consequently,
PO (4, =i} =P, =i} forie{1,... N} (2.33)

Moreover, after the initial experimental price path p(”), LATE(n) employs the optimal
price path under Hy, whereas the auxiliary policy 7 employs a feasible (but not necessarily

optimal) price path; hence,

}>Eb1{%gw

T=1

E“{Zgﬂ

= 1}. (2.34)

In addition, since V1 < ME, we have

Ty
:*—AMSE%{Zm#ﬂ

T=1

b.1 I 1
M{Z%@%
=1

in = @} for all ¢ # 1. (2.35)
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As a result,

Ar (k)

b = z} + PG, £ 1} Mk

L X bif <
=V - Z Pﬂ.’ {in = 1} Eﬂ" { Z g7r<7-)
=1 7=1

(b) Nopio e
vty Bblg, =i ED { S5 gl(r)
=1 7=1

= AL(k) + MEPY (3, £ 13
n+7p T
B2 S [ohar) -] |+ [ B2 S [l - abto] |+ aerrt g, £ 2,

T=n+T1p+1

=1

(2.36)

where 7! is the optimal full-information policy under Hy, and (b) follows from (2.33), (2.34),

and (2.35). Regarding the first term on the right hand side of (2.36), we note that

b’l 7’L+Tp 1 l n—l—Tp ) b’]_ ’I’L"‘Tp l (C)
Kz z_:l gk (r) = gz (7)] ¢| < 2_31 g1 (T)] + | EZ 2—31 gi(m) b < 2M(n+ 1),
(2.37)

where (c) follows because g}rl(T) < M and gi(7) < M. Regarding the second term on the

right hand side of (2.36), we have

T,

23 [sh - aheo)] }'

T=n+T7p+1

Ty
23 ) - sho)

T
T=n+T1p+1

N
b1 A .
< E P2 {ip =i}
=1

(d) I
< 2MEPY i, £ 1) + Eg’l{ > o) =g ()] |in = 1} :
T=n+T1p+1

(2.38)

where (d) follows because g71T1(7') < M, gk(r) < M, and ]Pg’l{in = 1} < 1. By construction of
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the auxiliary policy 7, if 7, = 1, we have p; = p% for all ¢ > n+7p+1. Thus, for all customers
arriving in period 7 > n + 7, 4 1, the future price predictions satisfy pf(pl(t)) = pf(ﬁ(t))
forallt > 7and k = 1,..., T} — t, where pl(t) = (p%,...,p%) and ﬁ(t) = (p1,...,pt). By
Lemma 10(ii), this implies that, for all 7 > n + 7, + 1 and ¢ > 7, the set of valuations of
type-(7,w) customers who make a purchase in period t satisfies M}wt (pl(t)) = L{let(f)(t)).
As a result, we have Eg’l{ Z?§n+7p+1[g;1 (1) — gk (7)] | in = 1} = 0. Combining this identity

with (2.38), we obtain the following:

(e)
< 2MKPY (i # 1} < 2MEP2{1 by > 5}

()
< AMREXY{1- b}

2{ S [l - )]}

T=n+T7p+1

<§) AMkCe ™", (2.39)

where (e) follows from {i,, # 1} C {bL 41 < %}, (f) follows by Markov’s inequality, and
(g) follows by Lemma 11. Regarding the third term on the right hand side of (2.36), the

arguments used to derive (2.39) imply that
MEPY i £ 1} < MEP2 1 -0}y > ) < 2Mb¢e™™. (2.40)

Finally, given that n = [% log k7, choose C7 > 0 such that 2]\/[(1 + % log k) +2MT1p+6¢(M <
Cylogk for all k > 1. Combining (2.36), (2.37), (2.39), (2.40), we deduce that, for all
k=23,...,

AL(k) <2M(n + 7)) + 4AMECe™ ™ 4+ 2MECe™

(h) .
< 2M(1+ %) logk +2M7,+6(M < Cilogk, (2.41)

where (h) follows because n = (% log k]. Repeating the arguments used to derive (2.41) for

all demand hypotheses i # 1, we deduce that there exists C; > 0 such that Al (k) < C;logk.
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Letting c3 = maxie{leN}{CN’Z-}, we conclude that Al(k) = Zij\il b'AL(K) < c3logk for all

k=23,... O

Proof of Theorem 8. Given m = LATE(n), let Pg’i{-} = Po{. | H;}, EZ”{} — Eb{.| H;}
for all b € B and i € {1,...,N}. In addition, let (p1,...,p7;) be the price path gen-

erated under 7, and gi (1) = ZfﬁT(pt —0) Zg’“;ol kol (p®) A(v)dv be the profit

w Jyell, .,
to be collected from customers arriving in period 7 under H;. Moreover, let 8 € O, and
M =max;c(1 . N {max{@, 1} [y>0 ﬁAi(v)dv}. Note that, by the arguments used to derive
(2.32), we have V' < Mk for each demand hypothesis i € {1,..., N} and problem scale
ke{l,2,...}.

We first prove that %A}T(k) — 0. To prove said claim, let 7 be an auxiliary policy such
that its price path (p1, ..., py, ) satisfies the following conditions: ps = ps for s € {1,...,n},
and pg = pi” where 7, = arg maXz‘e{l,...,N}{b%Jrl} for s € {n+1,...,T}}. By the arguments

used to derive (2.36), we deduce the following for any ng > n:

AL(Ek) < AL(k) + MEP2 (3, # 1}

<

n T;
B S ahin -} + B2 S st - ahin |+ arwebt, £ ),
=1

T=no+1

(2.42)

where 7! is the optimal full-information policy under Hj, which generates the price path
(pi,- .. ,plTk). Regarding the first term on the right hand side of (2.42), we note that

n2

Z g71r1 (1)

T=1

(a)
< 2Mng,  (2.43)

o2 2 o) - g}T<r>H <

+ |22 Tﬁlg}r(r)}

where (a) follows because gi(7) < M and gl(r) < M. Regarding the second term on the

259



right hand side of (2.42), we have

2 > ghir)— o

T=ng+1

N ba b1 <k e
<> Pr{in=i} Ex { Yo gm(m) = > gx(n)|in= 1}
=1 T=n9o+1 T=no+1
® b,1 b,1 o 1 d 1
< 2MEPY {in # 1} + ‘Eﬂv { Yoogalm) = > gz(n)|in = 1} . (2.44)
T=ng+1 T=ng+1

where (b) follows because gk(1) < M, gk(7) < M, and Pg’l{in = 1} < 1. By construction
of the auxiliary policy 7, if ;, = 1, then for all customers arriving in period 7 > no + 1, the

profit loss g71T1(7') — gk (7) is caused by two components:

(1) We denote by Ly, (7) the profit loss caused by customers who arrive in period 7 and
wait for a longer time under policy @ than under policy 7!, For any t > 7 > ng + 1,

we have

7k (p(t)): min p; + max (51)5—l<p _ps—l(p(l))> (2.45)
Tt el PP e 1= (s \PL A : .

which is piecewise Lipschitz-continuous in p(t) € [p, ﬁ]t. Note that ps = p% for all

se€{n+1,...,7} under 7. Moreover, because p € Pao(a,r), we have ’aipspf(p(l))’ <

1
a(%) JrrfOl“SSTL,l272n2+17andﬁe{lv"wTk_l}' Thus,

O (p)

a—pspl < an1+rn2_(1+r> for s <nandl>ng+ 1. (2.46)

\k

We deduce from (2.45) and (2.46) that there exists a constant @ > max,.c¢y 7} {1(—(6)1)
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such that

t
— — — _ —(1+ _
[t (P1) — k(" )| < an'+ 70y TS |~ pl| for we {0,1,.... T 1.
s=1

(2.47)
Thus,
P o ')
2 _ / N (v)d
“ bt | 200 ) 0
Tk, 1 )
< Z kO‘Tw Zp/\’uﬂut th(pl(t))’

(d) Tk L _ 1 1)
< | Y kag,pA max {Z‘ Urt(PY) = Uz (P )‘}

w=0 E{O,l, oI — 1}

n
< aph max {Z‘ b, _1+T Z’ pé‘}
s=1

we{0,1,....Tp—1}
)

< ap A(k:T—nHT (1+47) Zj] ‘s])

2ap )\aTn2+rn2_(1+r)k:, (2.48)
where (c) follows because pj —c < p and X (v) < 5\, (d) follows from Hoélder’s inequality,
(e) holds from (2.47) and the fact that ZTk Lk L, <@, (f) follows because T}, — t <

kT, and (g) follows because |ps — pi| = ps — pL < p.

(2) We denote by Lg(7) the profit loss caused by customers who abandon under policy

7 but stay under policy wl.

For customers arriving in period 7 > no + 1, we let
trw = min{7 +w, T},} and QTw(p(tTw)) = MaAXse (7} UTrwr {Q}'ws(p(s))} By construc-
tion, v q, (p@m)) captures the marginal value of customers who are indifferent between

abandoning and staying in the system. By Lemma 10(i), we have

(trw)y — trw—l (1)
vr(pT7)) zqi??f%m}{”l » M)}, (2.49)

Furthermore, because p € Ba(a,r), we obtain the following for s < n and | > ng + 1:
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’ap?w—l(p@) 147)

9 ‘ < a(trw — l)erl_(Hr) < aTpnl™ n2(

. Thus,

_ n
_ —(1 _
p}f”” l(p(l)) B p}gm l(pl(l)) <y aan1+rn2 (14r) ‘ps _pé‘ for I >ng +1. (2.50)

s=1

Based on the above, we further deduce that

g Z kaiwgﬂl max {,0;”” l(p(l))}— max {p;m Z(Pl(l))}

{7 trw) 1€{T o brw}

(k Tk: 1 . l
TW ™ *(l) tTw -1 1([)
lle{g?ﬁm} {’Ol ") —p™ (P )}

n
< @ﬁx\ak:TnlJrrnQ_(HT) > Ips — Bs|
s=1

< 2@ﬁ2XaTn2+rn;(1+T)k, (2.51)

where (h) follows from a natural upper bound on the profit reduction due to the

abandonment under the suboptimal policy 7, relative to the optimal 7 (i) follows
3\ : ETw_l

because AL (v) < X for v > 0; (j) follows from (2.49); (k) follows because P (ptW)) <

maxje - o4 {pt”” l(pl(l))} and the mapping = +— [JU]+ = max{z, 0} is increasing;

and (1) follows from (2.50) and the fact that ZTk L L, <a.

Let C1 = 4ap’Amax{a,a}T. By (2.48) and (2.51), we have

g71T1(T) - g%(T) < Ly(1) + Lo(7) < C~’1n2+rn2_(1+r)k‘. (2.52)
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Combining (2.44) and (2.52), we further deduce that

b k b A 1
Ef;l{ 2 g}m—g%(r)} < AMKEY (in # 1} + CrTn® Tny 2 (253)

T=ng+1

Regarding the third term on the right hand side of (2.42) (which is also the first term on

the right hand side of (2.53)), we note that
b1 (m) b1 1 1 (n) b1 1 (o) -
P2 in # 13Mk < PRN1— by 2 5 oMk < 2B2{1—bh 0} < 2e MMk, (254)

where (m) follows because {2, # 1} C {1 — bk 112> %}, (n) follows from Markov’s inequality,
and (o) follows from Lemma 11. Now, by (2.42), (2.43), (2.53), and (2.54), we obtain the
following:

1
k

Ar(k) < +[2Mng + CrTn* "y ()2 6Ce™ " ME|. (2.55)

| =

Recall that n = [% log k| and consider two cases:

1y, ke 1
Case 1: r > 1. Let no = (1 + ﬁ)k z for some € € (0,5). As k — oo, we have

2M 1 —e
"2 2]\/_/(1 + ) KT 0, (2.56a)
n
5 2 _(H_r)k‘? ) 1 24r 1 —(14r) .
Gifn 2 < C1T<1 + ~log k) (1 + ) RIS 00 (2.56D)
n n
—MME
6ce™ "Mk < 6¢cMEL S 0; (2.56¢)
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Case 2: 0 <r < 1. Let ng = (1 + %)kl_g. As k — oo, we have

2 1\, _r
no §2M<1+n>k_2_>0’ (2.57a)
A P 24T —(1+7) ;2 3 2+r —(1+r)
Giln 22 Y oar 1+717logk> <1+n> k() 0, (2.57D)
~MM ALk
% <6CME™t = 0. (2.57c)

Combining (2.55) with (2.56a)-(2.57¢c), we deduce that
L\
EAﬂ(k) — 0. (2.58)

Finally, repeating the above arguments used to derive (2.58) for the demand hypotheses

1 # 1, we conclude that

1
%Ag(k) —~0. O

Proof of Theorem 9. Given 7 be the version of LATE(n) in §2.3.5, and p € B such that
the pair (p, 7) satisfies Condition 4, we define ng{} = ]P’gp{- | H;} and Eg’pl{} = Eg’pl{ | H;}
forallb € Bandi € {1,...,N}. Let 0 € ©, M = max;c(y {max{a, 1} fvzoﬁki(v)dv},
and (p1,...,p7,) be the price path generated under 7. Denote by g%p(T) the profit to be

collected from the customers arriving in period 7 under H;. Then,

. Ty Tr—1 ’ ’
gL (1) = Pt —C kol / . A(v)dv.
71'[)( ) t;_( ) wz:() TW ’UEUf.wt(p(t),,O) ( )

Because Zg’“:_ol kal, <@, and ZQT A(v)dv < Ju>0 A (v)dv, we deduce that

fveuj”wt (p(t) 7/))
g%p(T) < M for all 7 = 1,...,T}. Moreover, for every demand hypothesis i € {1,..., N}

and problem scale k € {1,2,...}, we have the following upper bound for the optimal full-
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information profit under H;:

) Ty Tp—1 . (a)
Vi< Y ka;wﬁ/ Ni(v)dv < Mk, (2.59)
7=1 w=0 v20

where (a) follows because Zf’;l 25’“:_01 ab, =1 and maxX;e (1 N} { Ju>0 ﬁAi(v)dv} < M.

Let (p', ") be the subgame perfect equilibrium that induces the optimal full-information
profit Veiq for the seller under H;, and (pzi, e pZTk) be the corresponding equilibrium price
path induced by the seller’s policy 7. To complete the proof, we first show that there exists
¢ > 0 such that AL(k) = VI —EX'{ sk RI(p™)} < cglogk for all k € {2,3,... }. Note

< |E{ 32 [ohr() = shoto)] |+ |2 S [ohi ) - ot}

T=n+1

that

N T,
1 b,lya - wb,1 1
Veq o Z ]P)ﬂ'}) {in =1} ET{"p { Z gﬂ'p(T)
1=1 =1

. (2.60)

where (pl, 71) is the aforementioned pair of customers’ prediction behavior and the seller’s
policy, which constitutes the subgame perfect equilibrium under Hj. Regarding the first

term on the right hand side of (2.60), we note that
(b)
< 2Mn, (2.61)

< +

5{ 32 [aha0) -~ sholo)]

T=1

n n
> dhia)] + B 3 k() }
T=1 T=1

where (b) follows because g71T1p1 (1) < M and g711.p(7') < M. Regarding the second term on
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the right hand side of (2.60), we have

T,
Egg{ > (90,1 () = gry(7)] }|

T=n+1

b1 b,1 o 1
Z P {Zn =i} Ex { X [gﬂlpl (1) gﬂp(T):|
=n-+

where (c) follows because g}rlpl(T) < M, g711-p(7') < M, and Pg’/}{in = 1} < 1. By construc-

(2 2MEPY {4 # 1} + , (2.62)

{ % [ 7) — gL (1)

tion of the version of LATE(n) in §2.3.5, if i, = 1, we have p; = p% for all t > n+1, and by
Condition 4, the future price predictions satisfy pi P ptt)y = pf(i)(t)) =ph, forallt > 7
and k = 1,...,T}) —t, where pl(t) = (p%, - ,p%) and p(t) = (p1,...,pt). By Lemma 10(ii),
this implies that, for all 7 > n+ 1 and ¢t > 7, the set of valuations of type-(7,w) customers
who make a purchase in period ¢ satisfies L{let(pl(t), pl) = L{let(p(t), p). As a result, we
have Eg’[}{ ZtTin+1[g71T1p1 (1) — g}rp(T)] |2, = 1} = 0. Combining this identity with (2.62), we

obtain the following;:

(d)
<oMEPE {in # 1} < 2MEPE {1 - b} 1 > §}

Ty,
2 3 o001~ shotr)]

T=n+1

(e)
< kELI (1 - b))

(f) N
< AMkCe™ M, (2.63)

where (d) follows from {i, # 1} C {b} 11 < %}, (e) follows from Markov’s inequality; (f)
follows from a straightforward modification of Lemma 11 stating that, given Condition 6,
Egp{l —b£L+1|HZ-} < (e withn > 0 and ¢ > 0 as in Lemma 11. Given that n = f% log k],

choose C > 0 such that 2M(1 + % log k) +6¢M < C1logk for all k > 1. Combining (2.60),
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(2.61), and (2.63), we deduce that, for all k =2,3,...,
- - (g) 1 .
AL (k) < 2Mn + 4Mk¢e™ < 2M(1+ L)logk +4¢M < Cilogh,  (2.64)

where (g) follows because n = [% log k]. Repeating the arguments used to derive (2.64) for
all demand hypotheses i # 1, we deduce that there exists C; > 0 such that A% p(k:) < C;logk.
Letting cg = maXie{l,...,N}{éi}v we conclude that Agp(k‘) =N, biA%p(k‘) < cglogk for

all k=23, .. 0

2.6 Proofs of the Results in Section 2.4

As in the preceding section, we suppress the dependence of the mathematical expressions on

p for exposition purposes.

Proof of Corollary 4. The problem instance constructed in the proof of Theorem 6
uses a setting where all customers are myopic, and the proof follows by exactly the same

arguments. O

Proof of Theorem 10. Given 7 = LATE(n), we define Pg’i{-} = Pb{.| H;}, Eg’l{} =
E?r{ | H;} forallb € Band i € {1,...,N}. Denote by (p1,...,Pr,) the price path generated
under 7. Let v = max{z_)l, e ,TJN }, and assume without loss of generality that the maximum
valuations under different hypotheses ordered in the following way: ot < 92 < ... < V.
For simplicity of notation, we suppress the index w in all variables (e.g., we write Ozi instead
of al,) and also let AL = >°T_;al forall 7 € {1,...,T}} and i € {1,...,N}. Note that,
letting M = max;cqy w3 {max{a, 1}13)\i7§i} and repeating the arguments used to derive
(2.32), we have V' < Mk fori € {1,...,N}.

To prove that AB(k) — 0 as k — oo, we show that Al(k) — 0 as k — oo for all

i€ {l,...,N}. We complete the remainder of the proof in three steps.

Step 1: Derive a condition on p. For all ¢ € {1,...,N}, let 7' be the optimal full-
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information policy under H; that induces the price path (pzi, ce p%wk) We first state the

following auxiliary proposition, the proof of which is deferred to Appendix 2.7.

Proposition 17. For every prediction behavior p € B3, there exist k1 > 0, ¢y > 0, dp > 0
such that the optimal full-information price path (pli, o ,p%vk) satisfies min{o', p} — pé <
kepe™9VE for alli € {1,... N}, t€ {1,..., [kt1]}, and k > k.

Recalling that ol < 72 <0< oN , we show that p < 72, Assume towards a contradiction
that p > ©2. Then, by Proposition 17, we have min{z’;i,ﬁ} —p’i < l{;cve—‘sp\/ﬁ. Consequently,
for any p € [max;c 1,...N} {pi},ﬁ], the expected demand difference between H; and Ho in
period 1 satisfies |d}(p) — d3(p)| < |kat(@! — p)*| + [ka? (22 — p)F| < 2k@cve_§P‘/E, which
converges to zero as k — oo. This contradicts with Condition 5, and thus, we have p < 92

Step 2: Prove that AL (k) — 0 as k — oo for i € {2,..., N}. Comparing the price paths

induced by m = LATE(n) and the optimal full-information policy 7*, we deduce that

) Ty o :
Ak < 3 [ Ri(p) — Ri(p) )
t=1
<| 3 Bi(p'0) — Bi(p )|+ B2 (i = 1 [E2 0y () - U (6 )

t=1

+ P2 iy, # i}

b Iy ‘
s 3 o) i)

t=n+1

(2)
< +

> Ai(p0) - Ri(p)
t=1

Ut (p) U (o) 23088 i ),

(2.65)

where (a) follows because Pg’i{in =i} <land V' < Mkforie {1,...,N}.
Regarding the first term on the right hand side of (2.65), we note that because p € B3,
both ul, (p") and ., (p")) are piccewise Lipschitz-continuous functions. Thus, given kol <

@ and \' < )\, there exists a constant a = max;cf1 . N} {1 +maxger 1) {1(68:)8(1 +
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as) }} such that

T (2.66a)
t=171=1
n o . :
>3 [k N (uky(p') — uby(p11))| < nP@ralp™ - pi)]| . (2.66b)
t=171=1
As a result,
) - 5 o)
t=1 t=1
() n t n t
2 Yk - o) X kabx (uy(p) — why(p)) = (e ) 3l (ahy (1) - u%(p%)‘
t=1 =1 t=1 =1
91§ ~ i (i (i) i) _ y ~ i (g (i) (v
< 00— o) X kalX (aky(p ) — ub (00 ) = Y- (b — ) 3 kal (ah (1) — iy (6
t=1 =1 t=1 =1
2 e = o) 3 kb (wh (p) — b (00 ) = 3 (bt — ) D kXl (1 (p(1) uﬁ<p“>>)|
t=1 =1 t=1 =1
(d)

< ™ —pm] (045\1771 + paran? + paﬁan“‘) < Con? o) — pin)|

(2.67)

where (b) follows because R} (p(t)) = (pt—c)d, (p(t)) with d%(p(t)) =3t kal) (ﬂ’Tt (pt)—
uly (p(t))) given by (2.3); (c) follows by the triangle inequality; (d) follows by the Cauchy-
Schwarz inequality, the fact that the norm || - ||, is decreasing in ¢ (from which we deduce
that ||lzyll1 < ||z|]2llyll2 < [|z]/1]|y|l1), and the fact that p; — ¢ < p; (e) follows from (2.66)
and the fact that kol <@, \' <\, 20 [Uit(pi(t)) - Qit(Pi(t))] < v; and (f) follows from
letting Cy = @\U + 2pa\a.

To analyze the second term on the right hand side of (2.65), we introduce the following

notation: for a continuous function f(-), denote by J0f(z) the subdifferential (superdiffer-
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ential) of f(-) at x if f(z) is locally convex (concave) at . With slight abuse of notation,
we let ‘%f(x))* = sup{df(z), —0f(z)}. Noting that that the value function of the optimal

full-information policy is given by
. t S : :
U Y) = max {(pr—e) 3 kol [k (p") — uly(p)] + Ufa (0™ . (2.68)
Pt=Pt—1 =1

fort € {1,...,T}.}, we first derive the following:

(g) -
< 2palaTk fors=1,....,t—1, (2.69)

*

> kol X () — uy (1) )

T=1

0
T%(Pt - C)

aim@gt(p(t))_ggt(p(t))) ’* < 2a, and

t < kT. Denote by P; the set of optimal solutions to (2.68) and by I'; the set of induced dual

where (g) follows because pr—c < p, kal <@, A < A,

optimal solutions corresponding to constraint p; < ps—1. Then, by the Karush-Kuhn-Tucker

condition of optimality, we have the following for all p; € Py and v € T'y:

9 il (B i (D)
0% 5= ) X kalN (w6 ) —adtp") )

0

iUfﬂ(P(t))

2.70
o (2.70)

_I_

*

*
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Next, we deduce that

oUf (pt=1))

dps N
(h) o t - UL, (p1))
ptEPt,WtGFt{ 8])3 Z1 ) i ) . Ops
(i) _ Ut (pt) ()
< sup | 2paialk + M < 2pa)\aT2k:2 fors=1,...,t—2; (2.71a)
pEP: Ops

ouf (ptt=b)
Opi—1
(k) {
< sup

pt€PL, el

(1) {
< sup

ptEP:

0 il . oU} 1 (p")
- ini(=t (N 0 (1) t+1
apt—l (pt C) 7; k;O[TA (uTt(p ) QTt (p )) '* + apt—l

0 ¢ - - ou! (p(t))
_ iyi (=t ()N i a(t) t+1
1 (pt — ) ;::1 koA <u7t (") —ur(p )) ‘* + g1

+|%|}
*

+ | +=—Uis1(p
apt t+1

9 i (B i (D)
g =) 2 kel (@) - s )|

(m) 2,2 | gy =r27.2
< sup | 4dpadaT“k* + dparaT“k” +
PtEP:

9 Ug+1 (P(t) )
Opt

)
‘ } < 8paal>k>. (2.71D)

To prove (h) and (k), we use Proposition 6 of (96). For this purpose, note that the objective
function in (2.68) is a piecewise Lipschitz-continuous, and the constraint functions (i.e., the
left hand sides of the constraints p; —p;—1 < 0 and p—p; < 0) are continuously differentiable
in (p¢, pr—1). Viewing (p1,...,pr—1) as the problem parameter, we also note that the feasible
set of actions is uniformly compact. Furthermore, constraint p; € [p, p;—1] satisfies Slater’s
condition, which implies the Mangasarian-Fromovitz constraint qualification (MFCQ). Based
on these, we deduce from Proposition 6 in (96) that (h) and (k) hold. On top of this, (i)
follows from (2.69), (j) and (n) follow from recursively applying the upper bound for at
most k7" times, (1) follows from (2.70), and (m) follows from (2.69) and (2.71a). Letting
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Cy = 10paral, we deduce from (2.71) that

U%H(Pi(")) - Uﬁﬂ(ﬁ("))‘ < (jlk‘gHP(n) —p'™ T (2.72)
which is an upper bound on the second term on the right hand side of (2.65).
Regarding the third term of (2.65), we deduce that
bigs 4 bi i 1
2MEPY {in # i} < 2MEP'S1 — by q > 3
(p) b :
2 AMKE {1~ b, )
(a)
< 4Ce” "M ME, (2.73)

where (o) follows because {i, # i} C {b/, 11 < %}, (p) follows from Markov’s inequality, and
(q) follows from Lemma 11.

Given that n = [% log k], let kg be the smallest positive integer such that (% log k| < tk

for all k > kg. For all £k > min{kq, k1}, we have
i ST 2 Ay |ain) _ o (n) —nmn
AL(k) < (Con® + C1k%) |p pU|, +4¢e™ " Mk
n .
© (Gon? + k%) S [ — ph| +4Ce ™" Mk

s=1

W, (2 N 2 ACM
< [C <1 + " log k’) + Cﬂﬂﬂ <1 + Elog k) kcve_(sp‘/E + Ck’

~

where (1) follows from (2.66), (2.72), and (2.73); (s) follows because p; — p} < p—p}; and (t)

follows from Proposition 17 and the fact that & > max{kq, k1}. Consequently, as k — oo,
AL(k) =0 forie{2,...,N}. (2.74)

Step 3: Prove that A}r(k:) — 0 as k — oo. Note that, if 2% = 2 or p < o1, then the

argument to prove that AL(k) — 0 as k — oo is exactly the same as the argument used for
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proving Step 2. Now, suppose that o1 < p < 92. Recalling that n = (% log k], consider an
auxiliary policy 7 that generates the price path (py, . .. ,ﬁTk) where pg = pg for s € {1,...,n}
and pg = pf;” with i, = arg maXie{l,...,N}{b%Jrl} fors € {n+1,...,T}}. Given that p € B3,
we let ng = [t1k] and recall that kg is the smallest integer such that t1k > 1+ % log k for all
k > kg. Because ™ and 7 both employ the price path p(n) in the first n periods, we deduce

that
P24, =i} = P2, =i} forie{1,... N} (2.75)

If 7 = LATE(n) correctly identifies that the underlying demand hypothesis is H1, then upon
charging the price path p(”) in the first n periods, m uses the optimal solution under Hj.

However, 7 uses a feasible (but not necessarily optimal) solution in this case. Thus,

; —1}>Eb71{§’“331(—<t>)
n = Z B t\P

t=1

b f 5 /(1)
Ez ZRt<p )

t=1

in = 1}. (2.76)

If m does not correctly identify the underlying demand hypothesis, then we note that

T,
in # 1} > Ef_;’l{ > Ri(p!")

t=1

b1 f 1
]E7T ZRt(p )

t=1

in # 1} — Mk. (2.77)
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because Vi < Mk. Consequently, we deduce that

T3

AL(k) ZIP’bl{z —z}]Ebl{; 1) |0 —i}
v —Zpg’l{in:z’}ﬂig’l{i 1 (B )zn—z}Jer]P’bl{zn;él}
i—1 t=1
(v) 2

i # 1} | + MEP2 0, £ 1}

< P2a, = 13 ’ Eﬁ’l{ %: R} (p'®) - Z R} (")

=1

t
T
PR = S R A) - X )

b, b
+P7 {in # 1} | Ex

t=1
w) ™ T;
(S) tf:l R} (') _R%(pl(t))’ 3 iﬂ ‘R%(pl(t)) _ Rt1<p1(t))’
= =noy

+2MEPY G, £ 1) + MEP2 i, # 1}

n T
: Hpl®) - Rg(@1<t>)’+ 3 ’Rg(put))_ Rl}(ﬁuw)’wmpg’l{%7A1},

t=no+1

t=1
(2.78)

where (u) follows from (2.75), (2.76), and (2.77); (v) follows because V1 = Ztkl Rl (p 1(t)y.
and (w) follows because ]P’g’l{in =1} <1land V! < Mk,

To analyze the first term on the right hand side of (2.78), we let k2 be the smallest
integer such that k:cve_ép\/E < p—ol for all k > ko . Thus, for k > max{ko, k1, ko} and
s € {l,...,na}, we have pg > pS > 5 — keye 0P VE - 51, This implies that uTs(p(s)) =l

and ul (p()) =l forall 7 € {1,...,no} and s € {r,...,no}, which further implies that

RI(p'"™) = Ri(p"™) = RI(v') =0 for s € {1,... ,na}.
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Thus, by the arguments used to derive (2.67), we deduce that there exists Cp > 0 such that

> (R} (p1) = B ()] = X |1 (1) 5 (510)] < Condp!®) — ).
(2.79)

Regarding the second term on the right hand side of (2.78), we deduce from Lemma 10
that the following holds for all 7 € {1,...,T}} and t € {7,..., T} }:

i\s—I
71 (o (t)y — . (6") o s—l(8 . _
Ur(p) fin {pz +§€1aﬁ<l{1 — o) (ps — 05 (o ))}} with 7oy ={l+1,..., T} }.

(2.80)

it (p) =

= min
le{max{no,7},....t} SETH

{pz + max {18;2;;_1(191 - /)ﬁl(ps))}} with Ty ={l+1,..., T} }.

(2.81)

By (2.80) and (2.81), ﬂ;t(p(t)) < ﬂit(p(t)). Moreover, if ﬂ;t(pl(t)) > ﬂ}t(pl(t)), this implies

that

i\ s—1
i - (0")° sls _ 1 1) L1ty < -1
Poy S o Wi {pﬁfe@rﬁ{p(éi)s—l (ps — P! (0")) Ure(p) < ir(p) <0
Thus,

0 < ap(p'") —an (') < o' —pl,. (2:82)
In addition, under 7, we have
pr=pl forse{n+1,...,T;}.
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1+
Because p € B3, we have p € Pao(a,r), from which we deduce that laipspf(pl)’ <a (%) "

foralls <mn,l>7>no+1,and k € {1,...,T), — 1}. Thus,

aapf(pl) < an1+rn;(1+r) for s <nand !> ng + 1. (2.83)
DPs
\x
By (2.57) and (2.83), there exists a constant @ > 1+ max,cy 7,1 {1(—5(6)1)"@(1 + KJCL)} such
that
1 -1(t 1o 1T b, —(147) = [ 1
an @) —al (') " <an' oy TN ol bl (2.84)
s=1
Therefore, we deduce that
Tk (x) Ty, Ty, _ +
’Rt( )) — R} (ﬁl(t))‘ <> ar ) ﬁm[ﬂ;t(f?l(ﬂ) - ﬂ}t(Pl(t))}

t=no+1 =1 t=max{ng+1,7}

® & o T[-1 (=1(¢) 1, 1)\ T
< Z Qr Z ﬁk)\{aTt(p ) - aTt(p )}
7=1  t=max{no+1,7}
o o 2[1 1 o1\
+ Z Oz71. Z ﬁk/\[aﬂf(pl(t)) - H7t<p <t))}
=1 t=max{na+1,7}
(z) Tk Ty, _n ()
<> a; > kpA > an'n " ’ps 1‘
T=1 t=max{no+1,7} s=1
Ty, Ty, B
X ar 3 kP
=1 t=max{na+1,7}

a _ n
< p/\Tk:2<a 7y (147) Z Il — ps)+pATk2\v —p@\

(bb) -
< 2p Aan?t

(cc)

(H—T)Tk2 p)\TkQ‘v —pm‘

Crn® Ty R 4 Con?[ot — . (2.85)

where (x) follows from a natural upper bound on the profit loss caused by the customers who

delay their purchase under 7, (y) follows from adding and subtracting the term ﬁ;t (pl(t))
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and using the fact that the mapping z +— [#]T = max{x,0} is non-decreasing, (z) follows
from (2.82) and (2.84), (aa) follows because szzl ol <1 and T}, — max{no + 1,7} < T},
(bb) follows because |p§ —ps| < 2p, and (cc) follows by setting C7 = 2p*AaT and Cy = pAT.

Regarding the third term on the right hand side of (2.78), we apply the argument used

to derive (2.73) to obtain the following:
MEPY {4, # 1} < 2Mk e, (2.86)

Given that n = (% log k| and ng = [t1k], we deduce the following for all & > max{kq, k1, k2 }:

(dd) . . _ _
ALk) < Con%le("2> — o', + C1k*n* T, (4) 4 Cor?js! — phy| +6Mk Ce ™

(ce) T TR T
< Cp(1+ tlk)3kcvei PVE 4+ (4 (1 + —log k;) (tlk)*( Jrr)]{;
n

6

+C’2k3cve_5p\/g—|— o

(2.87)

where (dd) follows from (2.78), (2.79), (2.85) and (2.86); and (ee) follows by noting that
n = (% log k| and ng = [t1k], and invoking Proposition 17, which implies that v — p% <
k:cve*‘sp\/g forall £ € {1,...,n2}. Because r > 1, each term on the right hand side of (2.87)

converges to 0 as k — oco. Thus,
AL(k) =0 (2.88)

as k — oo. From (2.74) and (2.88), we conclude that A2(k) = Zfil V'AL(E) — 0 as

k — oo. O

Proof of Lemma 12. As before, for simplicity of notation, we suppress the index w in all

variables (e.g., we write o’ instead of a’,,) and also let AL = YT_; ol forall 7 € {1,...,T}}

and i € {1,...,N}. Consider the following problem instance 0: let ai = Tik such that

Ag = le forall 7 =1,...,T}. Letting a = %, we also have ko > a forall 7 =1,...,T}.
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Choose t1,t9 such that 0 < t; < tog < T. To show p € B3, we verify the conditions

characterizing 3.

(1) Recall that pf(p(t)) <1_5Tk_t_n)pt for p) € [p,p)! and k € {1,2,...,T} —t}. To

1—5Tk7t
prove that p € PBa(a,r) for some a > 0 and r > 1, choose a = 1 and r = 2 such that

) t 16Tk —t=r
e (o) < TP <

1
‘8?)Spf(p(t))’ =0< cm(%) T for s = 1,...,t—1, and

1< cm(%) 1+T. Thus,

p € Pala,r). (2.89)

(2) Because ptTk_t(p(t)> B (1_1(;7510—75)]?75 =0< minie{lw.’N}{pg}, we deduce that

Tk—t (t) . 7
pr* () < el N}{ka}- (2.90)

(3) We know that d%(p(t)) =Yt kal\! (ﬂit(p(t)) — @it(p(t))) for all t > 7. By Lemma

T

10, we have

Mi(T*l)(p(t)) =i, (p")) =, (2.91a)
ﬂi(tﬂ)(P(t)) = uly (P(t))
= min { @, (p'*) @ e )
min {u7t<p )th + ne{ll,l.l.?:%c—t} {1 — (52-)% (pt Pt (p ))}}
fort € {r,..., T — 1}, (2.91D)

i

uby (pF)) = pr,. (2.91¢)
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Note that, forall t =1,..., 7). — 1,

51' Tp—t B 52 K )
e (P 00)) <o e O (o (6) )
& max {p + (5i)K§Tk_t_H<1 — M) p }

ref{l,....T—t} t (1 — (y’)n) (1 _ 5kat> t

—~
~

(b) (5i)n(5i)Tk—t—n(1 _ (5i)n) }

<

= well Tt} {p =) (1 - @)
(&)Tk*t

= pt + Wﬁt

(© COR Tyt

= pt+ 1_(52’)Tk—t(pt - Ptk (p(t))>a

(2.92)

where (a) and (c) follow because pf(p(t)) — <1I5?‘CT:T> pt, and (b) follows because
ka—t—r-c(l_xn)

i .
0 < ¢' and the mapping z — T

is monotone increasing in (0,1). For

simplicity of notation, let

: 1
£%IW fOrtzl,,Tk—l, (293&)

& =1 (2.93b)

From (2.91a)-(2.91c¢), (2.92) and (2.93a)-(2.93b), we obtain the following:

e (p7)) = ul ) =7, (2.94a)

)@Y = uby(p) = min{o’, lpr, . Elpr} fort € {r,.. Ty — 1},
(2.94Db)

by (pV)) = pr,. (2.94c)

Now, for any i € {1,..., N}, denote by C = {p € [0, 0]k : p; > ...p7,} the set of
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feasible price paths. In addition, let

_ Ty S o -
V(p) = > pi kA1 Npp—1 + ki N0 — EAIN py] (2.952)
t=1
. T, t Lo . . .
Vip.o') =Y p > kaiXi[uly(p®,6") — uly(pl"), o). (2.95b)
t=1 71=1

Denote by (ﬁli, o ,ﬁiTk) = argmaxpec {V(p)} be the price path that maximizes
(2.95a). Similarly, forany i € {1,..., N}, welet (pzi, o ,pgﬂk) € arg maxpec {V(p, 62)}
We deduce from (2.94a)-(2.94c) that limg;_, {Qit(p(t), 52)} = pt, limgi {ﬂlft (p(t), (52)} =

pt—1, and

lim {V(p,5")} = V(p,0) = V(p) forpeC. (2.96)
0'—0
Next, we show that V(p, §i) is Lipschitz-continuous in p with a Lipschitz constant of
5k2T%' for all 6% € [0,0.5]. By (2.94a)-(2.94c), we have the following for all 6 € [0,0.5],

Te{l,...,Ty},and t € {7,... T} }:

(P, 0) — uly(p1), 6)| < 20° (2.97a)
| o | t
by (pt"), 6) — uly (p*, 01| <23 o} = pf| (2.97h)
=1
| o | t
uby (), 6%) — uby (p*), 61| <237 |} — #| (2.97¢)
=1
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Consequetly, for all p!,p? € C, and &’ € [0,0.5],

V(p',d") — V(p®, o7

@ Lk -t . . :
< | ook Y kak [k (p10,61) — k'O, 67|
t=1 71=1

Le ot o . . .
<3 3 [ (P05 — a2,
t=1 71=1

(e) | Tk t o , , . . . . .
< |2 X kx|t (p! 0,60 — il (p0, )| + |uky(p20),87) - uly (p10), 57 |
t=1 7=1
Tk t . . ‘
+ > (0f —p7) Y kel [ulﬂs(p?(t), o) — uby (p?7, 52)}
t=1 T7=1

() ;i & 12

< BkT?" ‘Pt —pil, (2.98)
t=1

where (d) follows by (2.95a)-(2.95b), (e) follows by the triangle inequality, and (f)

follows by (2.97a)-(2.97c). From (2.96) and (2.97a)-(2.97c), we conclude that there

exists a non-increasing sequence {6%,, m = 1,2,...} with limy,_c0{0%,} = 0 such that

V(p, 0t ) converges uniformly to V(p). Letting p’(5%,) € arg maxpec {V(p, 57%)}, we

have

Jim {p'(0,) ) =7 (2.992)
im {&f(0,)} =1 forte{1,...,T}}. (2.99b)

With o, = 19]{?6_\/%, we deduce from (2.99a)-(2.99b) that there exists M € N such that

for all m > M,

pi—pi>—op forie{l,...,N}and te{l,... T}}. (2.100)

As a result, the prediction behavior p is in B3. O
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2.7 Proofs of Auxiliary Results

Proof of Proposition 17. Denote by (ﬁl, e 713%%) the price path characterized by the
Bellman equation (2.16). For p € ‘B3, there exists tg € [k, kta] such that p;‘;o — 13%0 >
— ke Vk, Thus,

min{v’, p} — péo < min{?’, p} — ]3%0 + Oke VE. (2.101)

We complete the remainder of the proof in the following two steps.

Step 1: Derive an upper bound on min{#’,p} — pﬂg for ¢ =1,...,Ty. Let 5} = /\i{%. For

the optimal solution to the Bellman equation (2.16), we state and prove the following lemma.

Lemma 13. (optimal policy in the auxiliary scenario) For allt = 1,2,...,T}. define

a mapping 4 : [p, p] — [p,p] satisfying
ei(p) = min{v' = B{[si_1(p) + ¢}(p)], p} for allp € [p,p), (2.102)

where qj(p) = 3[(1+ yj )0 — (B = 22{41)s1_1(0)]/ (B — 2{41) for all p € [p.p] and

t=1,2,....,Ty, ﬁé = and {yi} and {z}} are constructed via the following backward

_1
N A’
iterations: yj = yi1 — Y1+ vl 1)(5 — 254,101/ — #441) and 5 = JED2/B - )
fort=1,2,... T}, with yéﬂlﬁl = z%kJrl = 0. Then, ]5% = cp%(ﬁ%_l) forallt=1,2,...,T},

where ply = min{v’, p}.

Proof of Lemma 13. For simplicity of notation, we suppress the scale parameter £ in this
proof. We first prove that there exists [ € {1,2,...,T} such that ﬁ:Ll =... = ﬁl‘ > ﬁ%_ﬂ >
cee > 13%1. Assume towards a contradiction that there exists s € {2,3,...,7 — 1} such that
152,.971 > Pl = ]52,+1. Lete = %(ﬁgil—;ﬁg) > 0, and consider the price path p = (p1, p2, ..., D7)

satisfying pg = ﬁé + ¢ and p, = 15%' for all t € {1,2,...,T}\ {s}. By elementary algebra, we
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deduce that

T T

Z pt 1,Pt) Z Pt 1,pt

=1 =1

= Ry(Ps—1,Ds) + Ry 1(Dss Ps+1) — Re(Ds—1,Ps) — Ror1(Ds, Pst1)
Q) S S S

= Ry(Ds—1,Ds) + Ryp1(Ps, Ds11) — Re(Ps—1,Ds) — Re1(Dss Psy1)

b) B . 5 L . B - - . L
= (s — c)dg(ps—1,Ds) + (Psy1 — ©)dsy1(Ps Ds11) — (P — €)ds(Ps—1,Ds)

—~

— (Ps41 — ©)dg11(Ds, Ds+1)

where (a) follows because p, = pi for all t € {1,2,...,T}\ {s}, and (b) follows because

R%(pt_bpt) = (pt — C)d%(pt_l,pt) for all . Therefore,

T

T
Z pt 1.Dt) Z pt 1;pt

t=1 t=1
= (s — D)y (D1, Bs) + (P — O) | dy(Pl—1, Bs) — db(Ps—1,PL)]
+ (Phst1 —¢) [dé—l—l(ﬁ&ﬁls—kl) - dé+1(l3§,ﬁé+1)}
) . ~ P . R . o . Py . o
= edl(Py—1.Ds) + (P — O)|ds (Pl Bs) + diy1 (s Poi1) — db(Ps—1,PL) — disy1 (P Pisi1))]
D _gi5 5= NG (5 — 5+ Nad (5 — 5 0
= edy(ps—1,Ps) = 5[ Bs—1(Ds—1 — D) + Mg (v ps)} >V,
where (c) follows because pg, = pl + € and pl, = ﬁéﬂ, and (d) follows because d'(p’,_q, ) +
d’ (f)s,ﬁgﬂ) = di(ﬁéil,ﬁ;) + di(ﬁg,ﬁngl). Thus, a price path p' cannot be optimal if there
exists s € {2,3,...,T — 1} such that ﬁg_l > ]3?9 = ﬁiﬂ- Consequently, there exists | €
{1,2,...,T} such that pj =~ =p} > pj.; > > ph.

We now prove the statement of the lemma by considering two cases for period t.
Case 1: t > I. We know that ﬁ_l > ﬁt > e > ﬁ%, which we use to derive a formula
for pf;. Note that there is a one-to-one correspondence between py_1 and s%_l(pt_l) =

AA%_l(ﬁi — pt—1). Thus, we can employ 3%_1(pt,1) as the state descriptor of the dynamic
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program characterized by (2.16). More formally, we let hi(s) = o' — s/(AA%), and define
Ui(s) = Ug( 7%_1(3)) for all s € R. Therefore, U} (s%_l(pt_1)> = U}(pt—1). With slight
abuse of notation, we suppress the dependence of sé_l(pt,l) and qg (pt—1) on ps_1, letting
5%—1 = s,’;_l(pt_l) and q%' = qg(pt_l) forall t = 1,2,...,T. To complete the proof for the
case where t > [, we use the following lemma, the proof of which is deferred to the end of

this section.

Lemma 14. (optimal prices and value function in the auxiliary scenario) For all

t>1,

Py = 0 — B (si_1 +dq}), (2.103a)
Ul(si_1) = xi(0' — o) + yf(v" — c)sf_1 + 2f(sf_1)?, (2.103b)
g = S(1L+yi)(® — ) — (Bf — 2241)si_1)/ (B — 211), (2.103c)

where:
vi = i+ 1+ yi)? /(B = #), (2.104a)
vt = vier — 510+ vl (B — 220401/ (8F = 20), (2.104b)
o = 1B/ (B = 2i41), (2.104c)

with m%url = 3/%"+1 = z%ﬂH = 0.

By (2.103a) in Lemma 14, we deduce that the optimal solution in period t > [ is <pf; (pt—1) =
o' = B si_1(pe—1) + ¢t (pe—1))-

Case 2: t <. We know that the optimal solution in period ¢ <[ is gp%(pt,l) =pi_1.

Combining our findings in Cases 1 and 2, we conclude that the optimal solution in period

te{1,2,...,T}is gj(pr—1) = min {0" = B [si_y (pr—1) + g} (pe—1)], pr—1}- 0

Having proven Lemma 13, we now complete the remainder of the proof of Proposition

17. In what follows, we prove by induction that min{’, 5} —}32 < (ot —o)(1—GE Y2kt
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for all ¢ € {1,...,T}} and sufficiently large values of & (which are specified below). For the

base step, we apply Lemma 13 and obtain that

i (i i (=
i i L d®y) S q1(pp)
p1 = ¥1(Pp) = min {po B AT ,po} PO~ niat (2.105)

In the preceding identity, ¢} (p) is given by

ai(7b) (21<+ W= B o200 2040241 +44) (0 - o), (2.106)

where (a) and (b) follow by (2.103c) and (2.104c), respectively, in Lemma 14. Let X} =
2kN' ALzl Then, by (2.106), ¢} (p) satisfies

q1(po) = kA ATXT(1+95)(0" — ¢) < kX AY(1+y1) (0" —¢), (2.107)
where (c) follows by (2.104b) in Lemma 14, which implies that X} (1 + y4) = 1 4 y}. Now,

consider the following lemma, the proof of which is deferred to the end of this section.

Lemma 15. (coefficients of auxiliary value function) Given i € {1,..., N}, the se-

quences {xi}, {yi}, and {2}} satisfy the following:

(i) Let k € {1,2,...}. Then, z§+1 <zl and zb < 1/(2kN'AY) fort = 1,...,Ty. Further-
more, z% < M, fort =1,..., T}, where M, is a positive constant that is independent

of k.

(i) There exist positive constants K and G such that, if k > K, then (14 y})/(1 + y§_~_1) <

1—GE™ Y2 and 14yl < (1 — GVt fort =1,... Ty,

By Lemma 15(ii), we deduce that, if k > K, then ¢} (ph) < kAN AL (37 — ¢)(1 — GE—1/2)kT—1,

Combining this inequality with (2.105), we further deduce that, if £ > IC, then we have the
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following;:

7 — pl = 61 (P0) _ (@ — )(1 — Gk~ Y/2)RT -1, (2.108)

For the induction step, assume that min{’, p} —232_1 < (0=1)(0" —¢)(1 — Gk /2T —t+1,

where ¢ > 2. Note that, if ]5@ = ﬁé_l, then

min{o’, p} — = min{o", p} — 5},
< (E — 1)(?72 _ C)(l _ Gk—1/2>k‘T—€—‘r1 < é(i_}l . C)(l . Gk’_l/Q)kT_E.
(2.109)

On the other hand, if ]32 < ]5%71, then we have

S y S o d) qi(ﬁi_ )—I—Si_ (]51_ )
min{o’, 5} — ) = min{o’, 5} — ¢h(py_y) = L]
kATAY

—~

' i Sp1(Py_y)
(o) (1 +yp) (@ =) + TRNAL

2 A () 5= )

(€)oo \i gi i i\ sy (1)
= 2kN'A 1 —c) + —————==
20| (14 ypy )@ —¢) FNAL
(8) i i (=i X§32—1(5@—1)
= Xp(1+ypq)(v _C)+—k:)\iA2 ,
(2.110)

where (d) follows by Lemma 13, and the fact that ;5} < ]5%_1; (e) and (f) follow by (2.103c)
and (2.104c), respectively, in Lemma 14; and (g) follows because Xé = QkAiAézé. Note that,

by the induction hypothesis, 5%—1@2—1) = k)\iA%_l(ﬂi —]3};_1) < k)\iA%_l(f —1)(T" —)(1—
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Gk~ Y2)KT=t+1  Therefore, (2.110) implies that, if k > K, then

_ T Xigi (5
min{o, 5} — f € (5 — )(1 - GV W
kALAG |
Do A
Qo a1 VBT (1)@ — o) (=GR
14
< UV — o) (1 — Gk 2RT=E (2.111)

where (h) follows by Lemma 15(ii) and the fact that Xé = (1+ yé)/(l + yé+1); and (i)

follows because 3271 (ﬁ%fl) < k)\iAzfl (0—1) (3" —¢)(1— Gk~1/2)FT=t+1 ypder the induction

hypothesis, and Xé < 1 by Lemma 15(i). This implies that, if & > K, then min{¢’, p} —ﬁ% <

(' =) (1 = GE YR forall ¢ = 1,... Ty and all i € {1,..., N}.

Step 2: Derive the desired upper bound on min{#’, p} — p%. Given tg € [kty, kta], we have

the following for all ¢ < ¢y and k > k1 = max{K, G?}:

)

min{@iaﬁ} - p% S min{6i7p} - p%o

(k) . .
< min{?’, p} — p, + dke VE

1 .
(g) to(3" — ¢)(1 — Gk Y2)FT~t0 4 ge—VE

@ kto (' — ) (1 — GE=Y2)(T—t2)k 4 o=V
(;) kto (0" — c)e_%G(T_tQ)\/% + ke VE
(%) kcue_épﬂ,

where (j) follows because p} > p%o for t < tg; (k) follows from (2.101); (1) follows from (2.111);

(m) follows because ty € [kt1, kto]|, which implies that tg < kto and kT — tg > (T — t9)k;

(n) follows because (1 — Gk_l/z)‘/E < e G for k > G2; and (o) follows by choosing op €
(O,min{l,%G(T - t2)}> such that e_%G(T_tQ)\/E < 6’57?‘/% and e’\/E < e"sp\/%. To

complete the proof, we choose ¢, > 0 such that ¢, > tg(maxie{lqu}{@i} —¢) + 9 for all
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k=1,2,... O

Proof of Lemma 14. We prove the lemma by backward induction. For the base step, note
that A%ﬂ =1, and
i (o i (i i v —pp
Up(s77—1) = max {(pp — o) dp (Wr_y (shr_1),p7) } = max < (pp — o) | —L — sl
Pr Pr B
(a)

= r%%x {[T}l —C— 5%(3%_1 + QT)]QT}a

(2.112)

where (a) follows by the change of variable gy = (v — pr)/ 5% - 8%71. The maximizer of
the optimization problem on the right hand side of (2.112) is qéﬂ = (00 —c— ﬁ%sgﬂ_l)/(Qﬁ%),
implying that the optimal price for period T is ﬁT =7l — 5%(5%_1 + qép) Therefore, the
optimal value function in period 7" is U%(siTil) = x%(z‘;l —c)? —I—y%(f)i - c)s%ﬂil + ziT(siTil)Q,

where: l‘ZT = 1/(46%), y% = —1/2, and z% = 46%. For the induction step, assume that

P =" — B}, (sj_1 + a}),

Ok(sp1) = 240" = 0 + (0" = ©)sj,_y + 2} (s 1),

for all k € {t+ 1,t+2,...,T}. Consequently, we have the following for period ¢:

szi(s%—l) = Hzlg?x {(Pt - C)d% (h%—l(sg—l)apo + UZH(S%)}
R (CRE]C=E Ry R )
(b)

= max {[0" = ¢ = Bi(st—1 — a)lar + Ui (sh) },
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where (b) follows by the change of variable ¢ = (¢° — p;)/f} — si_;. Thus,

Ui (si-) < max { = Bia? + (0" = c = Bisi_1)a

+ 241 (0" — c)? + Ui (0 — o) (si_1 + @) + zt1(si—1 + %)2}
= max {(—5; + Z%—Fl)QtQ + [(1 + i) (0" — o) — (Bt — 22%4—1)3%—1]%

+ 2l (8 — )2 gl (0 —c)siq + Z§+1(S%—1)2}7 (2.113)

where (c) follows by the induction hypothesis and the fact that ¢; = (2° — P)/ 5% — 3%—1 =
st —st_;. By Lemma 15(i), we have Z§+1 < 1/(2)\A?’;+1) < 1/(20\A%) < 1/(AAL) = B¢, which
implies that —ﬂg + zg 11 < 0. Hence, the maximization problem on the right hand side of

(2.113) has a concave objective function, and the associated maximizer is

(1+yi )@ —c) — (BF — 220, 1)st_y

. )~ |
2(8f — 2{41)

This implies that ]5% =7 — B; (8%_1 + q%) As a conclusion, the optimal value function in

period t is

o Y 0 RN AN S S 17 TS0 S N
Uz<3%1>=(a:%+1+. U7 i - o2 4 (4 - )05 5 —)si 4
A8t — #441) 2(8f — 2{11)

(6] — 22§+1)2> i \2
4(@% _ Z%-H) (st—1)
(d) 2

= 20" = ¢ +yp(0" — e)sio1 + 2i(si-1)%,

+ (Zg‘i‘l -+

where (d) follows by (2.104a), (2.104b), and (2.104c). O

Proof of Lemma 15. To simplify notation, we suppress the superscripts in {x%}, {y%}, and
{2}
We prove (i) by induction. For the base step, we first note that 27, 11 = 0, and that 27, =

1/(4]€)\) < l/(2k)\) = 1/(2k/\ATk) This implies that 2T +1 < 2Ty and 2T, < 1/(2/{2/\ATk)
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For the induction step, suppose that (i) holds for period ¢ 4+ 1. Then,

| 1 1 1
T WAy — ZRAAD 1 gy 4, _ 27 S MAA; — 2KAA; | 2EAA;

t+1

Furthermore, zp = 1/(4kAA; —4k> 2 A2211) < 2441, because —4k2)\2A%th+1 +4kNAsze 1 —
1=—-(1- Zk)\AtzHl)Q < 0. This proves that z;y1 < z¢, and 2z < 1/(2kAA;) for t =
1,...,T). Now, since Ay > a/k, we further have z; < 1/(2kAA;) < M., where M, =
1/(2a)).

To prove (ii), we note that (2.104b) and (2.104c) in Lemma 14 implies that

L+ye 1

= T = 2kANAszs.

Letting Xy = 2kAA;z¢, the preceding identity becomes 1 + v = X¢(1 + y441). Moreover,

letting ry = Ay /A1 < 1, we deduce from (2.104c¢) in Lemma 14 that

1 1

Xy = 2kAAyzy — -
t B Y oA Az 2 — i Xe

forall ¢ =1,...,Tp — 1. Note that Xy > 0, and X7, = 2kAAp, 27, = % Because a < kay
for all t, we have ry < (k —a)/k < 1forallt e {1,...,T}}. Let ;. = (k — a)/k, and define

a sequence {Y;} such that Yy, = %, and
1
Yi 1=——— forallt <T;.

Now, we find G > 0 and K > 0 such that, if k > K, then max;cgq 7 {X¢} <1- Gk—1/2,
To that end, we first show by induction that, for all ¢ < Ty, (a) Y;—1 > Y, (b) ¥} < 1,
and (c) Y3 > X;. For the base step, note that, because 75 > 0 and Y7, > 0, we have
Yr,o1 2 % = Yr,. Moreover, Yp, = % < 1,and Yy = Xp, = % Thus, (a-c) hold for
t = Tj,. For the induction step, assume that (a-c) hold for period ¢t + 1. Then, Y;_1 =
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1 1
2=y Yir1 < 0

= X;. This proves that (a-c) hold for all

1 > 1 = Yt In addition, Y;f =

. . >
Y 2 7Y < 1. Finally, since v > r¢ and

1 1
> = >
}/%+1 = )(t_|_17 we have Y% 2_’7kY;§+1 = 2_7"tXt+1

1
2=y

that there exists Y € R such that lims, oo{Y?} =Y = o= g Since Yy < 1 for all t < T},

t <T}. Because the mapping y — is continuous on |5, 1], we deduce from (a) and (b)

D= NI

this implies that

1—V1—% 1 1

ol I VT 14 Jafk

li i} =Y =
im0
Consequently, letting K = «, we deduce the following if & > IC:

% va e (2.114)

1
:1+\/ﬂ:1_@+\/5_1_2\/?

By (iii), Y; > X; for all ¢ < T},; hence, (2.114) implies that, if £ > K, then

max {X¢} < max {Y} <Y <1-— Gk:_l/z,
te{l,...,Tk}{ t} o tG{l,...,Tk}{ t} B o
where G = %\/Q As a result, (1+y)/(1+yq1) = Xp <1 -Gk~ Y2 and 1+ y; =

Xe(L+y1) < Q=GR V2=t (1 gy 1)) = (1-GE~ V)t forall t € {1,...,T}}. O

2.8 On Rational Expectation Equilibria

In this section, we discuss the existence of rational expectation equilibria in our problem
formulation, which includes the subgame perfect equilibria under H; as special cases. For-
mally, a rational expectation equilibrium in the context of our setting is defined as follows.
(As before, we suppress the dependence of the mathematical expressions on p for purposes

of exposition.)

Definition 4. (rational expectation equilibrium) A rational expectation equilibrium is
a pair (p, ) consisting of a prediction behavior p and a pricing policy © such that for any
t € {l,.... Ty}, by € B, and p*=V) € [p,p]"~! with p1 > po--+ > p_1, the pair (p, )
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induces a price path (py, . .. ,ka) satisfying the following three properties:

(i) optimality of the customers’ purchasing decisions (2.1) under the prediction behavior

P;
(ii) optimality of the seller’s pricing policy 7; i.e., T € arg maXzcyy Eg{ ZtTil Ry (bt, p(t)) }7

(iii) consistency of predictions: Eg{p?(p(gmp(t_l),bt} = Eg{p4+,§|p(t_1),bt} for € =

t,....,T. —landk=1,...,T) — (.
In the following result, we prove the existence of rational expectation equilibria in our setting.

Proposition 18. (existence of equilibrium) There exists a rational expectation equilib-

rium in our setting.

Proposition 18 establishes that our general formulation accommodates a rational ex-
pectation equilibrium where the customers’ prediction behavior p and the seller’s pricing
policy ™ depend on each other. This is based on the assumption that every customer knows
with certainty the seller’s pricing policy as well as the other customers’ prediction behavior.
While our formulation subsumes this equilibrium as a special case, our goal is to shed light
not only on this case but also on a broader set of scenarios motivated by practical applica-
tions. Therefore, for certain parts of our analysis, we relax the assumption on the customers’
knowledge of the seller’s policy and other customers’ predictions and consider a more general

formulation.

Proof of Proposition 18. To describe the optimal policy under demand model uncertainty,
we first let Ry (bt,p<t)> = (pt — ¢ Zz’]\il bf;d% (p(t)) be the seller’s expected profit in period
t. Given the problem scale k € {1,2,...}, the aforementioned optimal policy solves the

following markdown pricing problem:

mell

Ty
VP = max ]ES;{ SRy (bt,p(t)) } (2.115)
t=1
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We can formulate (2.115) as a dynamic program in which the seller’s belief b; and price
history p(t_l) serve as state descriptors. Accordingly, the Bellman equation characterizing

the optimal policy can be expressed as

Uy (br, pV) = o {Rt(bt,p(t)) + /yeB Upi1(y.p1) ¢ (b, P y) dy : py < pH}

(2.116)

for t = 1,2,..., T}, subject to the boundary condition Up, 41 (ka+1,p(Tk)> = 0. In the
Bellman equation (2.116), Uy (bt, p(t_l)) is the maximum expected total profit in periods
{t,t+1,...,T}.} given that the seller’s belief and price history are b; and p(tfl), respectively,
at the beginning of period .

For any prediction behavior p, we first show the existence of an optimal policy 7. For any
t € {l,...,T}}, given state variable (p(tfl), b;) and prediction behavior p, this is equivalent
to show that there exists an optimal solution to the Bellman equation (2.116).

We prove this claim by induction. For ¢ = T}, given that p;y > py > --- > py_1 and
by, 1 € B, we have Ug+1(bg+1,p(€)) = 0; hence, the function Ug+1(bg+1,p(£)) is continuous.
This implies that, for ¢ = T}, the objective value function in (2.116) is continuous in p,y. Given
that p, € [p,py_1], we deduce from Weierstrass’s extreme value theorem that there exists
an optimal solution to Bellman equation (2.116) for ¢ = T}.. By Berge’s maximum theorem,
the value function Uy(by, p~1) is continuous at (by, p(g_l)). Inductively, we replicate the
proof arguments to show that there exists an optimal solution to Bellman equation (2.116)
for all ¢ € {1,...,T}}. Moreover, the optimal policy (b, p(f_l)) is upper hemicontinuous
for each ¢ € {1,...,T}}.

To complete the proof of the proposition, it is sufficient to show that given ¢ € {1,...,T}.},
by € B, and p(e_l) € [p, ﬁ]g_l with p; > p9 > -+ > py_1, there exists a prediction behavior
p and an optimal policy 7 such that condition (iii) in Definition 4 is satisfied. For each

t=1,..., T}, define a convex compact set Py = {(y, ..., y1;,) € pope_ )Ty > >
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ka}. We consider the class of constant prediction functions p where pf (p(g_l), Ty, ... ,xt) =
Y4 for all decreasing vectors (zy,...,x¢) € [p, )t with t e {¢,..., T, — 1}, K €
{1,...,Tp— L}, and y; = (yt, - - -, y7;,) € Pe- Under this class of constant prediction behavior,
we define the correspondence @ : P; — 2Pt that maps y; € P; to the set of expected price
paths induced by the optimal policy 7. To abuse some notation, we parameterize the optimal

solution ¢(bg, p™1) y,) of (2.116) in terms of vector y;. Formally, we can express ®(-) as

D(yy) :{(xg, ap) T = Egp{pt | bg,p(€—1)}7

where p; = wt(bt,p(t_l),yt), fort=1¢,... ,Tk}. (2.117)

Since ¢ (by, plt=1), y;) is upper hemicontinuous for all t € {¢, ..., T}.}, it readily follows that
®(y;) is upper hemicontinuous. Since Py is a compact set, it follows that ®(y;) is closed.
By the closed graph theorem, the correspondence ®(y;) is a closed graph. Thus, we deduce
from Kakutani’s fixed point theorem that there exists y; € Py such that y; € ®(y;).

Since the arguments can be applied to all ¢t € {1,...,T}.}, this completes the proof that

a rational expectation equilibrium exists. O

2.9 Discussions about Conditions 5 and 6

In a markdown setting, the existence of a market-preserving and demand discriminative price
path in the early periods of sales horizons is crucial. If Condition 5 or Condition 6 is not
satisfied, the seller would potentially run into a situation where either there is no demand-
discriminative price or all demand-discriminative prices are too low. Thus, the seller would
either have insufficient information on the demand model or be unable to preserve the market
size in the early periods. Both of these outcomes would result in extensive profit loss. In the
next result, we quantify the amount of profit loss due to demand model uncertainty in this

scenario.

Proposition 19. (no market-preserving and informative price)
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(i) Suppose that Condition 5 does not necessarily hold. Let m € I, and b € B such that
W< 1 foralli € {1,...,N}. Then, there exists a constant cg > 0 such that, under

any exogenous customer prediction behavior p € 3,

sup {AY (k,0)} > csk (2.118)
6co

fork=1,2 ...

(ii) Now, suppose that Condition 6 does not necessarily hold. Let m € 11, and b € B such
that b < 1 for all i € {1,...,N}. Then, there exists cg > 0 such that, under any

endogenous customer prediction behavior p € B with (p, ) satisfying Condition 4,
sup {AL (k,0)} > cok (2.119)
0co

fork=1,2,...

To derive Proposition 19, we quantify the impact of the profit reduction caused by either
insufficient demand information or marking down the price too early. This proposition
shows that, in the absence of Condition 5 or Condition 6, the profit loss due to demand
model uncertainty grows linearly in problem scale k, which is the highest possible growth
rate of the profit loss. Thus, this result shows why one needs Conditions 5 and 6 to achieve

good profit performance.

Proof of Proposition 19. As in preceding proofs, we suppress the dependence of the
mathematical expressions on p for brevity.

Proof of (i). We first construct a problem instance 8 € ©. Let k € {1,2,...}, and
suppose that there are two hypotheses, namely Hy and Hy. Thus, N = 2. Set ¢ =0, p =0,
p = 5. Let T' =1 such that T}, = k. Furthermore, let the arrival matrix a' be such that
aio = T% and aiw =0 with w # 0 for 7 =1, ..., T}, and suppose that the possible market

density functions are as follows: A(v) = % for v € [0,4] and \?(v) = % for v € [%,4]. For
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simplicity of notation, we suppress the problem parameter vector € in Ag(k’, 0) and write
AL (k) instead.

In the above construction, regardless of customers’ prediction function p € 3, customers
come to the system, decide whether or not to pruchase, and then they leave the system.
Consequently, for any p(t) € |0, Q]t, we deduce that the expected demand in period ¢ under
H{ and Hs are

atp") = [ Mo =2—fp forp e 0.4

pr<v<4
2~ In forpr e 3.4

@) = [ Ao =
P) = ey N 0 1 for py € [0, 5),

respectively. The profit-maximizing prices under Hj and Hy are p! = arg Max;,c o 4] {p(2 —
7

%p)} — 2 and p? = AIgmax, 7 4 {p(2 — %p)} = 5, respectively. Under these profit-
maximizing prices, we have d%(pl(t)) =1 and d%(pQ(t)) = % forall t = 1,...,T}. In this
construction, we also have p! > p? and pld} (pl(t)) =2> % = p2d? (p2(t)).

For any given policy 7, let (b, ..., by, ) and (p1,...,Pr, ) be the belief and price processes
induced by policy m, where by = (by, 1 — by) for all ¢ = 1,... T}.. Moreover, given 7 € II,
we define Eg’l{} —E2{.|H;} forallbe Bandi € {1,...,N}. Consider the following two

cases:

Case 1: p1 < 3. By the markdown condition, we have py > p; for all t =1,...,7}. Then,

T Te 17 1 1\ 1
Ab(k) > (1-D)EL2 S P @) — pd (@) b = (1 =) S (5= =3-2) ==(1 - b)k.
t=1 =1 2 4 4 8

Case 2: p1 > 3. In this case,

Tk Tk
A 2 VEE s rH) — pdbp) 20 3 (2013 5) = Jok

T=1 T=1

Letting cg = min{%b, %(1 —b)} >0, we have Ab(k) > cgk forall k =1,2,....
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Proof of (ii). Since the problem instance in the proof of (i) consists of customers with

w = 0, the same problem instance can be used to establish (ii). O
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CHAPTER 3
TO INTERFERE OR NOT TO INTERFERE: INFORMATION
REVELATION AND PRICE-SETTING INCENTIVES IN A
MULTIAGENT LEARNING ENVIRONMENT

3.1 Introduction

3.1.1 Background and overview

Marketplace platforms enable a multitude of sellers provide their products or services to
customers. For example, in the accommodation industry, travelers use Airbnb to book
listings offered by individual hosts; in the freelancing industry, workers advertise their skills
on Upwork and arriving customers request their services. A notable feature of such platforms
is that in most cases, they do not control transaction prices—instead, sellers post prices for
their products or services, and arriving customers decide whether to purchase these products
or services. Platforms derive revenue by extracting commissions on marketplace transactions.
Fixed commission rates are stable, simple, and most importantly, credible to the participants.
As a result, under such commission contracts, how sellers pick their prices has a significant
impact on platforms’ revenues.

In this paper, we consider how a marketplace platform maximizes its revenue in the
context of demand model uncertainty. The platform and its sellers do not necessarily have
perfect information about the relationship between prices and demand, and they need to
learn this relationship from accumulating transaction data. Thus, the sellers typically have
a hard time determining prices to maximize their revenues, resulting in losses for both them-
selves and the platform. The sellers might potentially be better off relinquishing control to
the platform, because the platform has access to much more information. As large tech-
nology firms, platforms are able to collect rich contextual information such as customers’

browsing and consumption history, personal information, etc. The access to this informa-
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tion allows platforms to estimate demand models more accurately. However, it is difficult
for the platform to make credible price recommendations to the sellers, because the sellers
would not necessarily believe that the platform is acting on the sellers’ best interest. Thus,
the platform must design incentives to motivate the sellers to choose their prices.

We consider two types of levers to accommodate the price-setting challenges under in-
formation asymmetry and demand model uncertainty. The first one is broadly related to
information revelation: a platform can actively disclose some market information to the par-
ticipating sellers to help them determine prices. For instance, Airbnb shares its estimated
demand function with the hosts (see 97), and Upwork frequently provides reports about the
popularity trend of different task categories to its freelancers (see 98). In contrast, Amazon
does not share any demand information with the sellers (see 99). The second tool that a
platform often uses is to offer price-setting incentives to its sellers. As an example, Airbnb
currently offers hosts monetary rewards to join its premium program, resulting in hosts
increasing their listing prices (see 100).

To study how to best use the aforementioned levers, we formulate a multi-period setting
with a finite population of sellers. In each period, the arriving customers are characterized by
a random and high-dimensional feature vector, and the sellers determine their own prices in
the marketplace. Each seller’s sales are generated by a demand model, which jointly depends
on the sellers’ prices and the customers’ features. A key characterization of our model is
that the sellers and the platform face different levels of demand model uncertainties at the
beginning. The platform knows about the demand models’ functional forms and is able to
observe the customers’ features, with the only uncertainty being the true demand model
parameters; in comparison, the sellers are not able to observe the customers’ features. The
platform designs a stopping rule on the timing of information revelation to the sellers, which
could be never or at a finite time. Once the platform’s market information is disclosed,
both the sellers and the platform share equal amount of information on the demand learning

process. Apart from the information revelation decision, the platform can offer reward
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contracts to the sellers as price-setting incentives throughout the time horizon. It is worth
noting that designing reward contracts before information revelation is challenging due to
the platform’s limited knowledge about the sellers’ decision process. In this setting, we
focus on the platform’s revenue after paying the rewards to the sellers (i.e., the operating
margin). We study the performance of different policies based on the cumulative regret over
T periods i.e., the gap between the platform’s T-period expected revenue under demand
model uncertainty and that in a clairvoyant case where the platform and the sellers have full
information about the demand model. Our analysis of this setting investigates the value of

information revelation in a demand learning environment.

3.1.2  Main contributions and qualitative insights

Policy analysis. Our work identifies a dilemma that a platform faces in demand-learning
environment. On one hand, the platform may seek to withhold information from sellers
to exploit its informational advantage, while on the other hand, the platform may wish to
share information to better manage the sellers’ price-setting incentives. Thus, the value and
timing of the platform’s information revelation are ex-ante unclear. We consider three types
of learning policies: (1) a do-nothing (DN) policy that reveals no information and offers no
price-setting incentives, (2) a reveal-and-incentivize (RI) policy that reveals all information
and offers price-setting incentives, and (3) a strategic-reveal-and-incentivize (SRI) policy
that judiciously chooses the time at which information is revealed and offers price-setting

incentives. The following table summarizes the regret results we derive for each policy.
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Table 3.1: Summary of Results

policy “good cases” “bad cases”

do-nothing (DN) regret &~ —T regret = T
reveal-and-incentivize (RI) regret &~ /T log(T) | regret ~ /T log(T)
strategic-reveal-and-incentivize (SRI) regret ~ =T regret ~ /1 log(T)

The poor performance of the do-nothing policy in the context of social optimality has been
studied in the antecedent literature. Setting the performance benchmark as the platform’s
full-information optimal revenue (as in Proposition 20), one might think that the same
intuition holds in our setting. Our analysis sheds a new light on this point: the preservation
of information asymmetry in the demand learning process might create an opportunity for
the platform to reduce its regret to a negative and linearly decreasing order of magnitude—
see Theorem 11(i). But without the platform’s intervention, the sellers might also update
their prices in a way that causes a linearly growing regret for the platform—see Theorem
11(ii). Because of its drastically different learning outcomes, the do-nothing policy is a risky
strategy for the platform. We characterize when the regret of the do-nothing policy turns
out to be negative (the “good cases” in Table 3.1) versus positive (the “bad cases” in Table
3.1)—see Proposition 21.

To avoid the aforementioned risks, the platform can give up its informational advantage
at the outset in exchange for higher accuracy in managing the sellers’ price-setting incentives
(see the reveal-and-incentivize policy in Algorithm 1). We establish that under this policy,
the platform is able to achieve a regret that grows sublinearly in terms of the time horizon
(see Theorem 12). This result highlights the benefit of information revelation in protecting
the platform from triggering large revenue loss due to demand model uncertainty. However,

the same result also suggests that this policy can be too conservative in trading informational
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advantages for easier management of the sellers’ incentives.

Combining the merits of the two policies above, we include the strategic timing of in-
formation revelation in designing the price-setting incentives (see the strategic-reveal-and-
incentivize policy in Algorithm 2). The key observation in designing this type of policy is
that it is possible to incentivize the sellers to set a price profile that facilitates the plat-
form’s demand learning. After accumulating sufficient information on the demand models,
the platform can make a clever decision on the timing of information disclosure. We show
that this class of policy achieves a negative and linearly decreasing regret in the “good cases”
(see Theorem 13(i)), and is also robust against the “bad cases”, with a regret that grows
sublinearly in the time horizon (see Theorem 13(ii)).

Theoretical contributions. We make three theoretical contributions to the literature
on dynamic pricing with demand learning. First, our paper characterizes a dynamic learning
problem in a platform setting. A distinguishing feature that differentiates our work from
earlier studies is that the platform does not directly control the prices. In particular, few
papers have analyzed how information asymmetry creates both opportunities and challenges
for a central planner’s learning process. Second, noting that earlier related studies focus
on generalized linear demand models (see 101, 83, 102, 103), we extend the analysis of
demand learning to systems of general demand models. Identifying the key properties of the
empirical Fisher information matrix induced by estimation (see Assumption 13), we establish
an estimation convergence result in a fairly general demand framework (see Proposition 22).
We also show that some of the commonly used generalized linear demand models are special
cases of our setting (see Proposition 24). Third, we design dynamic learning policies that
do not use only the data generated in exploration periods. While restricting attention to
the samples in exploration periods provides analytical tractability, our paper studies a more

general setting without this restriction, allowing for non-i.i.d. samples.
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3.2 Literature Review

Our work is broadly related to three streams of literature: (i) managing service platforms,
(ii) dynamic pricing with demand learning, and (iii) multiagent learning and incentivizing
explorations.

Managing service platforms. Our paper is related to the burgeoning literature on ser-
vice platforms. In contrast to the central price-setting environment (see 5, 104, 105, 106, 107),
an important class of the papers in this field focus on indirect control levers. For example,
(108), (109), (110), and (111) focus mainly on how a platform should match the sellers and
the buyers to improve the system’s performance. In particular, (108) shows that focusing
only on operational efficiency can hurt the platform. (109) and (111) identify that by lim-
iting the agents’ access in the market, the platform can reduce the search cost and induce
higher market efficiency. (110) establishes that a forward-looking linear programming-based
matching policy outperforms myopic matching policies, and is asymptotically optimal in
large market regimes. Besides matching, (112) shows that to maximize profit given admis-
sion and repositioning controls, the platform sometimes needs to reject customers to induce
repositioning to high-demand markets. More recently, (27) and (113) characterize how a
platform can leverage commissions and subscriptions in the revenue maximization problem.
Information control is another tool that the platform can apply; see for example, (114),
(115), (116), (117). By contrast, our paper characterizes a setting where a platform needs to
jointly decide on the timing of information revelation and the offering of price-setting incen-
tives to induce matching under the challenge of demand model uncertainty. By addressing
the platform’s dilemma between preserving its informational advantage and managing the
complexities in price-setting incentives, our work quantifies the asymptotic revenue loss due
to demand model uncertainty:.

Dynamic pricing and learning. Our paper is also related to the literature on dynamic
pricing with demand model uncertainty; see, e.g., (82), (101), (83), (103) and (102). These

papers assume that there is an underlying demand model whose parameters are unknown
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to a central planner, and formulate online learning problems based on commonly used es-
timation procedures such as ordinary least squares, maximum likelihood estimation, and
maximum quasi-likelihood estimation. There are also papers using Bayesian learning frame-
works: the central planner repeatedly updates its belief on a finite number of hypotheses
on the demand model; see for example, (80), (56), (57), (58). A common feature for both
streams of literature is that the central planner is assumed to have complete control over
the price-setting process. To address the exploration-exploitation trade-off, the central plan-
ner carefully controls price variations for the purpose of learning the demand model while
simultaneously limiting the profit loss caused by demand model uncertainty. By contrast,
our paper features a setting in which the platform has to rely on decentralized sellers to
determine their prices. Moreover, the information asymmetry between the platform and
the sellers creates an interesting trade-off between exploiting informational advantages and
managing price-setting incentives under demand model uncertainty. In a recent study, (87)
analyze a firm’s dynamic selling mechanism design problem under cost uncertainty. In their
paper, the firm has perfect knowledge about its customers’ incentive compatibility condi-
tions. By contrast, our paper considers a setting where the sellers’ incentives depend on the
platform’s information revelation decisions.

Multiagent learning and incentivizing exploration. Our work has a connection
with the literature on multiagent learning and incentivizing exploration. (118, 119), (120),
and (121) investigate information disclosure as a means of incentivizing exploration, and
they develop incentive-compatible algorithms for a social planner to achieve asymptotically
optimal regret. In comparison, (122) and (123) consider the optimal payment schemes that
incentivize customers to explore. In these two papers, the noisy reward information becomes
public to all following customers. While these papers all focus on social efficiency, our paper
studies the revenue management problem of a central planner (namely, the platform). We
show that the platform can leverage its informational advantage to benefit itself in a demand

learning environment.
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In the literature on multiagent learning, there are many studies that extend the reinforce-
ment learning algorithms to decentralized settings. These include the extension of mirror
descent algorithms (see, e.g., 124, 125, 126, 127, 128, 129, 130) and Q-learning (see, e.g.,
131, 132, 133, 134, 135, 136). In comparison, the economics and finance literatures explore
the frameworks of fictitious play (see, e.g., 137, 138, 139, 140, 141) and Bayesian equilib-
rium (see, e.g., 142, 143, 144, 145) from both theoretical and empirical perspectives. While
almost all of these papers focus on investigating the multiagent learning environment itself,
our work focuses on how a platform can leverage its informational advantage to guide the

sellers’ behavior in a multiagent learning setting.

3.3 Model Formulation

Basic model elements. We consider a marketplace platform that connects n sellers with
customers who arrive over a time horizon of T" periods. In each period ¢t € {1,2,...,T}, the
platform observes a feature vector &; that characterizes the customers arriving in that period.
The feature vectors, {&; : t = 1,2,...,T}, are independent and identically distributed
random vectors, taking values in a compact set = C R, where kg € Ny .} In practice, the
features may include the customers’ browsing records, consumption history, demographics,
or abstract metrics developed by the platform. In period t, each seller i € {1,2,...,n}
chooses a price p; € [l,u], where 0 < I < u < co. We denote by p; = (p1¢, ..., pnt) € [I,u]”
the price profile of all sellers in period t.

The expected demand for seller ¢ in period ¢ depends on the price profile p;, the feature
vector &, and a parameter vector @ € O, where ® C R" is a convex and compact set
with kg € Npy. Let Q; : R" x R"¢ x R — R" be the demand function such that, given
(pg, &4, 0) € [[,u]™ x = x O, seller i’s expected demand in period t is Q;(p¢, &, 0). We also
write Q@ = (Q1,...,Qn). The demand function @ incorporates many widely used demand

models in practice. In the example below, we present three such instances.

1. Here and later, we let N, . and R¢ denote the the set of positive natural numbers and the d-dimensional
Euclidean space, respectively, where d € N . We also denote by N the set of non-negative natural numbers.
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Example 7. Let © = [0,0]" and = = [£,£]"¢ with @ > 0 > 0 and € > &€ > 0. For any

(p,&,0) € [l,u]™ x [£,€]7¢ x [0,0]%0, consider the following:

(i) (linear demand) Q(p,§,0) = 60y + 61 — O2p, where 6 € R", 61 € R™*™,

and @9 € R"*" 2

(i7) (multinomial logit demand) for alli € {1,...,n}, Q;(p,&,0) = exp(by; +

0146 — i) [[1+ Xy exp(boj + 01565 — O2jp;)], where Oy, 014,02 € R

(iii) (bilinear demand) Q(p,£,8) = 6o + 61£p — O2p, where By € R”, 6 €

R™ " qnd @ € RM>1 4

We suppose that the demand function @ satisfies the following continuity conditions.
(These conditions hold in several special cases of our general formulation—see Proposition

23.)

Assumption 7. (smoothness of the demand function) For any (p,&,0) € [l,u]™ x
2 x O, the function Q satisfies Q(p,&,0) € R, and is twice continuously differentiable.
Moreover, there exists some Ly > 0 such that for any i € {1,...,n}, Q; has a Lg-Lipschitz

continuous gradient.

We assume that the demand realizations in period ¢ are subject to an ex-ante unob-
servable temporal demand shock e; € R™. The process {e; : t = 1,2...} is a martingale
difference sequence adapted to the filtration {F; : ¢t = 0,1,...}, where Fy = o(&;) and
Fr=o0(&1,€1,- -, &, €,&41) for all t € {1,2,...}. We denote by P¢ o{-} the probability
measure governing the distribution of {£;} and {e;}, and let E¢ .{-} be the expectation

operator associated with P¢ .{-}. Note that the demand shock €; can depend on the entire

2. In Example 7(i), kg = n+ 2n? and k¢ = n, with a slight abuse of notation regarding the matrix space
R™*(142n) which is isomorphic to the vector space R"+2%. In general, ke can take other values in N .

3. In Example 7(ii), kg = 3n and kg = n.

4. In Example 7(iii), x9 = n(1 + 2n) and kg = n? with & € R™ ", where the matrix space R"*" is
isomorphic to the vector space R,
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history of demand and feature realizations. Because {e;} is a martingale difference sequence
adapted to {Fi}, E¢ c{ey ‘ Fi—1} =0 for t € {1,2,...}. Moreover, we suppose that there
exists o € (0,00) such that E£’5{||€t||% ’thl} < &% for t € {1,2,...}. Given the demand

shock &; in period t, the realized demand profile in period ¢ is
Dt = Q(pt,ﬁt,0)+€t for t = 1,2,...,T. (31)

Platform’s learning process. Let 8 denote a generic value of the demand parameter
vector. The platform knows the functional form of Q(-, é) given 0 € O, but does not know
the true demand parameter vector 8. The platform observes the customer features at the
beginning of each period before any decision is made. For all t € {1,...,T}, denote by
He = (p1,&1, D1, ..., pi—1,&1—1, Dt—1,&;) the history of the platform’s observations up
to the beginning of period t. Based on these observations, the platform uses maximum
likelihood estimation to infer @. To be precise, given the log-likelihood function ¢;(8|H;) =
Zi;ll logPg {Ds — Q(ps, &, 0) € des ’ Fs—1} at the beginning of period ¢, the platform

solves the following problem to estimate 6:
0; € Po {argpaax {ét@’?{t)}} fort =1,2,....T, (3.2)
(7]

where Pg denotes the projection mapping from R0 onto 0.5 We suppose that the log-
likelihood function satisfies the following condition. We show in Proposition 24 that this

condition holds in several different special cases of our general formulation.

Assumption 8. (smoothness and concavity of the likelihood function) For any
T>2te{l,....T}, and {(ps. &5, Ds) € [L,u]" x = xR" : s = 1,...t}, the difference

04(B|Hy) — li—1(8|Hy—1) is twice continuously differentiable and weakly concave in 6 € ©.

Maximum likelihood estimation uses the functional form of the demand model Q(-,8)

5. If the estimation problem admits multiple solutions, then without loss of generality the platform picks
any of them. As explained below, our policy admits a unique estimator with high probability.
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given a parameter vector @ € ©. In practice, the platform is typically a large technology
firm that has the expertise of formulating a reasonable demand model and would thus know
the demand model’s functional form. This kind of estimation procedures that use the func-
tional form of a demand model have been widely used in the literature on dynamic pricing
and learning—see, e.g., (82) and (83). Such estimation procedures are also consistent with
the anecdotal observation that, as the platform collects more market information, its under-
standing of the relationship between prices and demand improves substantially (relative to
the individual sellers that have more limited information). Maximum likelihood estimation
is also based on the likelihood function. If such a likelihood function is not available, it is
possible to use maximum quasi-likelihood estimation instead—see, e.g., (103).

Platform’s admissible policies and revenue function. Because the platform does
not directly set the transaction prices, it must use other market tools to influence the sellers’
price-setting process. The levers we consider are (i) payments to the sellers, and (ii) disclosing
information.

The first lever is a monetary incentive in the price-setting process. While the sellers
determine their own prices, the platform can offer payments to the sellers such that it would
be incentive compatible for the sellers to follow the platform’s recommended prices. To
model such transfer payment schemes, we define W = {W;; i € {1,...,n},t € {1,...,T}}
where function Wj; : I, u| — Ry is such that W;;(p) denotes the platform’s reward to seller
i in period ¢ if the seller sets price p. We require Wi;(p) > 0 for any p € [, u] in this paper;
i.e., the platform does not penalize the sellers in the marketplace. A penalty can discourage
the sellers from participating in trading and hurt the reputation of the platform in the long
run.

The second lever for the platform relates to information disclosure. At the beginning of
the time horizon, the platform has an informational advantage over the sellers because it
observes the customer feature process {£;}. To model information revelation, we define a

stopping time 7 € N4y U {oco} that characterizes the period in which the platform decides
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to reveal its information to the sellers. Formally, we let 7 be such that {r < t} € F; for
all t € {1,...,T}. If 7 < oo, the platform gives up its informational advantage at the
beginning of period 7, and both the platform and the sellers have access to the same market
information as time moves forward. As a result of this information equivalence, the estimated
demand model Q(-, 975) given the parameter estimate 8; becomes public knowledge in the
marketplace. This is consistent with practice, where it is common for platforms to share
their estimated demand models with the sellers (see 97).

Based on the above, we define an admissible policy for the platform as the pair of the
stopping rule on information revelation timing and the monetary rewards to the sellers; i.e.,
m = (1, V). Consistent with the popular practice, we assume that each seller retains vy €
(0,1) fraction of the revenue from the sales, while the platform receives 1 —~. Given policy
7, the sellers choose prices p; in period ¢, resulting in total revenue -7 | p;;@Q;(py, &, 0), so

that the platform’s collected amount from the commissions is

R(pt>£t7 Z p’LtQ’L pt7€t7 ) (33)

=1

The value in (3.3) must be reduced to account for the monetary reward offered to the sellers,

leading to the platform’s total expected revenue (i.e., the operating margin) in period ¢ being

R(I’t» Et’ 0) = R(plb Eta 0) - Z W’Lt(plt) (34)
i=1

Sellers’ pricing decisions. In each period, the sellers select their own prices. For any

(pg, &, 0) € [1,u]™ x Z x ©, when transactions happen in period ¢, the payment to seller i is

Rsi(ptaftﬂe) = 7pitQi<pt7€t70)' (35)

309



Under the platform’s offered reward contract Wj;, seller ¢’s revenue in period ¢ is

R8i<pt7€t70) = Rsi(ptvghe) + Wit<pit)' (36)

We assume that the sellers are myopic and revenue-maximizing in each period. This
assumption reflects that the decentralized sellers are more risk-averse and focus more on
short-term benefits than the platform as a large-scale technology firm with longer a planning
horizon. Since the platform holds informational advantages over the sellers at the beginning
of the time horizon, depending on the platform’s information revelation decision 7, there are
two possible information regimes for the sellers:

Pre-disclosure regime: ¢t < 7. In this regime, the platform has not yet revealed any in-

formation, so the sellers cannot observe the customer features in period ¢. With no access
to the market information, each seller i € {1,...,n} approximates its unknown revenue
function Rs,(p,p_i;, &, 0) in period t by some function Rj¢(p), and then solves the following

approximate revenue optimization problem:

pit = argmax { Rit(p) + Wit(p)} - (3.7)
pE[l,u]

In problem (3.7), we make the following assumption on the approximate revenue function

Ry

Assumption 9. (smoothness of the approximate revenue function) For any i €
{1,...,n} and t € {1,..., T}, the approzimate revenue function R (p) is continuously dif-

ferentiable in p € [1,u], with |Ri(p)| < M]% and ‘d%éit(?)‘ < M}{ for some MO,M}% > 0.

Before the platform discloses the information, it does not know how the sellers update
their prices; that is, it does not know what exactly Ry is in (3.7). The platform only knows
that R;; satisfies Assumption 9, and we show that this assumption holds in several commonly

studied multiagent learning frameworks in literature; see Proposition 25.
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Post-disclosure regime: ¢ > 7. After the platform discloses the market information to the

sellers, both the sellers and the platform share the same amount of information, and the
estimated demand model becomes more transparent to the sellers. Based on this, the sellers
start using the maximum likelihood estimate 8y in (3.2). That is, each seller i € {1,...,n}
replaces @ with 0y in the revenue function (3.6), and maximizes its expected revenue knowing
that its competitors apply the same strategy. Formally, given (&, ét) € = x O, the induced

profile p; in period ¢ satisfies the following for all i € {1,...,n}:

Pyt = agmax {10Qi(p. it &, 01) + Wit(p) } - (3-8)
pe|t,u

The induced price profile p; in (3.8) is a Nash equilibrium given the estimate 6;, the cus-
tomers’ features &;, and the platform’s reward contracts W;. Here, the sellers view the
estimate 0 as trustworthy because they have access to the same amount of market infor-
mation as the platform. Revealing the market information to the sellers and increasing the
transparency in the marketplace, the platform gains the benefit of more accurately managing
the price profile through the reward contracts.

Performance metric. Given the demand parameter vector 8, the platform’s admissible
policy 7, and the induced price process {p; : t = 1,2...}, we let PR{-} be a probability

measure such that

T
3{Di €dx1,... Dy € dep} = [[Pe{Qp.€.0) + e €dmy|Fia},  (3.9)
t=1

where x1,...,xzp € R". Letting Eg{-} be the expectation operator associated with Pg{-}
and using the platform’s revenue function in (3.4), we express the platform’s expected revenue

under policy 7 as

T
VE(T) = Ej {ZR(pt,Et,H)}. (3.10)



In the case of full information, the demand model @, the feature process {&; :t =1,2,...},
and the true demand parameter vector @ are all public knowledge to the platform and the
sellers. Given (&;,60) € = x O, we define the platform’s full-information optimal revenue in

period t as

R*(€t7 9) = *m&u*( Z(l )pthZ ptaétv Z zt pzt (3].18,)
Py Wi() i

s.t. pft € arg[rlnfﬁx {vp@i(p,pfit,ét, 0) + Z*t(p)} forie{1,...,n},
pE|l,u

(3.11b)

%(p) >0 forpe[l,u], ie{l,... ,n} (3.11c)

In problem (3.11), the platform offers a reward contract W;; to each seller i in period ¢ so
that seller 4 finds it incentive compatible to follow the recommended price pf; i.e., constraint
(3.11b) is satisfied.

The platform’s expected T-period regret under policy 7 uses the full-information optimal

revenue in (3.11) as a performance benchmark for the expected revenue in (3.10), and is given

by
AG(T) == TE¢{R*(£,0)} — Vg (T). (3.12)

Because the feature process {&; : t = 1,2,...} is identically and independently distributed,
the expectation in the benchmark term—i.e., first term on the right-hand side of (3.12)—
can be taken over the common distribution of the feature vectors £ Our definition of
the benchmark is essentially the second best solution in a mechanism design problem: the
platform can only implement a price profile that is incentive compatible for the sellers in the
marketplace. To evaluate the performance of the platform’s policy, we consider an asymptotic

setting in which we increase the time horizon 7" and quantify the growth of Ag(T).
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3.4 Policy Design and Performance Analysis for the Platform

At the beginning of the time horizon, the platform has an informational advantage over the
sellers in the marketplace, causing a dilemma in its revenue management. On one hand,
the platform can exploit its informational advantage: with limited market information, the
sellers can mistakenly pick prices that further benefit the platform relative to the case of
full information. On the other hand, because the platform has limited knowledge on how
the sellers update their prices before the information disclosure, offering the price-setting
incentives accurately is much more difficult. Revealing the market information to the sellers
introduces more transparency in the marketplace, allowing the platform better to manage
the reward contracts. Because of this trade-off, it is ex-ante unclear whether the platform
should give up its informational advantage in exchange for more accurate management of

the price-setting incentives.

3.4.1  Full-information Optimal Policy

To analyze our performance benchmark, we first focus on the platform’s full-information
optimal policy in problem (3.11). Observe that problem (3.11) requires a solution including
a contract profile W; and an incentive-compatible price profile p;. The platform’s goal is to
implement the best incentive-compatible price profile to achieve revenue optimality. For any
price profile that the platform intends to implement, the challenge is that the sellers would
not necessarily be incentivized to follow that price profile. Thus, we consider a natural class
of reward contracts that are incentive-compatible for the sellers: compensating the sellers
for what they would have gained from deviating from the recommended price profile. The

following result presents the key condition characterizing this class of reward contracts.

Proposition 20. (optimal reward contracts) Under Assumption 7, givent € {1,...,T}
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and (&;,0) € Zx 0, (p9, W) is an optimal solution to problem (3.11) if and only if

WhPS) = 7[;?@}5] {in(p,p(iit,Et,O)}—pZQi(pf,ﬁt,O)] Jorie{l,....n}. (3.13)

Proposition 20 suggests that any optimal reward contract needs to compensate each
seller for the opportunity cost of following the price recommendation. In the expression of
Wg(pZ) in (3.13), v mMaXpe(; ] {in(p,po_Z-t, &, 9)} captures the maximum possible revenue
that seller ¢ can extract from the transaction. In comparison, prQi(p? ,&;,0) captures
the revenue that seller ¢ collects under the platform’s recommended price profile p? . The
difference between the two corresponds to the opportunity cost for seller .

Using the optimality condition in Proposition 20 for problem (3.11), we define an optimal

price mapping ¢* : Z x © — [I,u]" such that for any (£,0) € Z x O,

w*(éaé> € argmax Z ﬁlQ’L(ﬁ?éaé>_’y max ﬁlQZ(plai)—wsaé) : (314)
pelu]™ =1 pi€ll,u

We impose the following condition on the optimal price mapping .

Assumption 10. (Lipschitz stability) There exists some Ly, > 0 such that V*(€,0) is a

Ly-Lipschitz function of (§,6) € = x ©.

Assumption 10 specifies that the problem in (3.14) admits a unique solution, and more-
over, the optimal solution is Lipschitz in terms of its parameters. This assumption strength-
ens the continuity of the solution mapping ¢* by Berge’s maximum theorem, and is a com-
monly used assumption in the literature (see, e.g., 82, 83, 103). We also establish in Propo-
sition 23 that there are several special cases of our formulation that satisfy this condition.

Based on the structural insight of the optimality condition (3.13) in Proposition 20, we
note that given (&;,0) € = x O, the revenue-optimal price profile for the platform is pf =
> (&;,0). Because the optimality condition (3.13) needs to be satisfied only at the optimal
price profile, there are many ways to design optimal reward contracts. In the following result,
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we propose a class of piecewise quadratic reward contracts that satisfy (3.13).

Lemma 16. Let Ly, > 0 be such that for all (p,€,0) € [l,u]* x Ex O andi € {1,...,n},

(
Ly > ]5% (P, €,0)|, where Rs, is as in (3.5). Let WPED e such that fori e {1,...,n},
Néé 0
W) =

aX{W?’E’e(a:), 0}, where Wp (z) = wo; + wyx + woz? for x € [I,u] and

(woj, wyj, wo;) satisfies

wo; + wiiP; + waPs = 7 prélﬁi]{in(p,ﬁ_i,é,é)}—@Qz(ﬁ;éé) : (3.15a)
w1 + 2weP; = _3%7131'621'(137%79)7 (3.15b)
QUJQZ‘ = —Lw. (3.15C)

In period t, given (£;,0) € = x O, let pte = *(&;,0). Then, )/Vp"?’gh'9 is an optimal reward

contract for problem (3.11).

The class of optimal reward contracts in Lemma 16 is uniquely determined by solving the
system of linear equations in (3.15). In particular, (3.15a) guarantees that the optimality
condition (3.13) holds.

Based on the definition of the price mapping * in (3.14), the optimal contract Wf()
n (3.13), and the revenue function R(-) in (3.4), the platform’s full-information optimal

revenue in period t is

R*<€t70) = R(w*(étae)vfbe)' (316>

3.4.2 The Do-Nothing Policy

Let us now analyze the performance of arguably the simplest policy for the platform, one in

which the platform does nothing. Under this policy, the platform does not provide any price-

setting incentives and does not reveal any information. We call this policy the do-nothing

(DN) policy and denote it by my. Formally, this policy chooses (7, W) such that 7 = oo
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and Ws = 0 for s = 1,...,T. Under 7, the sellers choose their prices according to (3.7),
which captures many multiagent learning frameworks. To study this policy, we first focus

on a natural reference point characterized by a Nash equilibrium.

Definition 5. (DN Nash Equilibrium) Given 8 € ©, a DN Nash equilibrium is a price

profile p? € [l,u]™ such that for any i € {1,...,n},

= arg {10iEe.c {Qipi0%;.€.0)}}. (3.17)
pPi€|l,u

In a DN Nash equilibrium, each seller maximizes its ex-ante expected revenue before
feature realizations and does not want to deviate from it given the competitors’ price profile.
The expectation E¢ ({-} in (3.17) is taken over the common distribution of the customer
feature vectors §. We make the following set of assumptions on the DN Nash equilibria and

the price process induced by the DN policy of the platform.

Assumption 11. (existence and uniqueness of the DN Nash equilibrium) For i €
{1,...,n} and p_; € [l,u]"’l, seller i’s expected revenue vpi]Eg,E{Qi(pi,p,i,E, 0)} is log-
concave in p; € [l,u]. Moreover, letting U;(p) = %log (VpiE&s {Qi(pi,p_i,é,e)}) for

i € {1,...,n}, we have the following: ¥ 1 (U;(p) — U;(p))(pi — Bi) < 0 for p,p € [I,u]"

satisfying p # P.

Assumption 12. (convergence to the DN Nash equilibrium) If there is a unique DN
Nash equilibrium p® € int([l, u]™), then the induced price process {p; : t = 1,2,...} under

the platform’s DN policy is such that p; — 139 almost surely as t — oo.

The conditions in Assumption 11 reflect the N-person concave game framework of (146).
From Theorems 1 and 2 of (146), we immediately deduce the existence and the uniqueness
of the DN Nash equilibrium. The main purpose of this assumption is to simplify our anal-
ysis of the DN Nash equilibrium by focusing on a single reference point under information

asymmetry. We establish in Proposition 23 that this assumption holds for several special
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cases of our formulation. To provide further structure on how the sellers choose their prices
with limited market information (i.e., how they solve problem (3.7)), we impose Assump-
tion 12 that specifies the convergence of the seller-induced price process {p; : t =1,2,...}.
This convergence property has both theoretical and practical foundations. Following the
antecedent literature (e.g., 137, 147, 129), we show in Proposition 25 that the convergence
property in Assumption 12 holds in several frameworks such as fictitious play, multiagent
mirror descent, and Bayesian equilibrium under mild conditions. Some empirical studies
(e.g., 139, 147) also describe such adaptive behavior in practice.

From the platform’s perspective, the DN Nash equilibrium provides a potential opportu-
nity to extract more revenues relative to the case of full information. The platform’s expected
revenue in the DN Nash equilibrium is E£7€{R(]_)0, £,0)}, where the platform’s revenue func-
tion R is as in (3.4) and the DN Nash equilibrium ﬁe is as in Definition 5. In contrast, when
the demand model and the feature information are public knowledge in the marketplace, the
platform’s expected full-information optimal revenue is E¢ {R*(&,0)}, where R* is as in
(3.16). Comparing the platform’s revenues in these two information states, we characterize
the scenarios for the underlying demand parameter vector where the platform can benefit

from the DN Nash equilibrium:

6 — {ée@ | B¢ {R*(€.0)) <E£,€{R(ﬁ9,§,0)}}. (3.18)

The set © consists of all the scenarios in which the platform would strictly prefer the DN
Nash equilibrium to the case of full information. Accordingly, we hereafter refer to © as the
beneficial set. We observe that © plays an important role in characterizing the performance

of the DN policy.

Theorem 11. (performance of the DN policy) Let mg be the DN policy of the platform.

Then, under Assumptions 7, 11, and 12, we have the following:

(i) If @ € int(©), then there exist ro, Cy > 0 such that Ago (T) <rg— CoT for all
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Te{l,2...}.

(ii) If @ € int(©°), then there exist r1,C1 > 0 such that AQ(T) > —r1 + C1T for
allT €{1,2...}.9

Theorem 11 establishes two outcomes under the DN policy of the platform. In Theorem
11(ii), we identify that this policy can incur a large revenue loss due to demand model
uncertainty. When the demand parameter vector is in the complement of the beneficial
set, i.e., O € int((:)c), the platform favors the case of full information over the DN Nash
equilibrium. If the platform does not intervene, the induced price process would move
towards the static price profile that is less preferred by the platform, causing a large revenue
loss due to demand model uncertainty. This insight is consistent with the earlier studies
characterizing the poor performance of a central planner’s no-intervention policy for selfish
agents (see, e.g., (148) and (118)). However, Theorem 11(i) also identifies a potential learning
benefit of the DN policy. When the demand parameter vector 6 is inside the beneficial set ©,
ie., 0 € im((:))7 the platform prefers the DN Nash equilibrium to the case of full information.
In other words, if the platform uses the DN policy, this induces the sellers to choose prices
in a way that limits the platform’s regret. Because the sellers try to maximize their ex-ante
expected revenue before feature realizations, the platform’s cost for preserving the sellers’
incentive compatibility is significantly reduced, resulting in a low revenue loss due to demand
model uncertainty. This insight stands in stark contrast to the common intuition about the
DN policy.

To illustrate the intuition behind Theorem 11, we present a problem instance.

6. The analysis of the boundary case where 8 € 00 is deferred to Appendix 3.7. We show that in this
boundary case, the growth rate of regret depends on the convergence speed of the price process. Furthermore,
we provide some numerical evidence in Figure 3.2 that the boundary case can be negligible.
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Example 8. Consider the following instance of Example 7(iii):

Qp.£.0) — 10 113 -1 N 1 012) [&11 €12 P1 | (3.19)

10 -1 3 Bo1 1 §21 22 D2

where 6 = (012,021), & = (gi gg), €12 = 2X1 — 1, {1 = 2X9 — 1, X1, X ~ Beta ({5, 15),
and §11 = &2 = —%(512 + &1). Moreover, we let v = 0.9 and €; ~ N(0,1,) for all

te{l,2...}.

In the setting of Example 8, suppose that the sellers apply an online mirror descent
algorithm (see (3.25) for details). As shown in Figure 3.1, the DN policy can perform

extremely well or extremely poorly (Figure 3.1) in different special cases of Example 8.
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Figure 3.1: The graphs show the platform’s T-period regret under the do-nothing policy
in two special cases of Example 8. In panel (a), 8 = (0,0), whereas in panel (b),

0 = (1,1). The sellers uses the online mirror descent algorithm specified in (3.25) with

n = %, where © = [-0.5,1.5]2, 2= [~1,1]?, 1 = 1, and u = 3. The displayed regret values
are computed by averaging the realized regret over 5000 sample paths.

Existence of the beneficial set. Note that one difference between our paper and the
extant literature such as (148) and (122) is that the sellers’ incentives can be influenced
by the platform’s information revelation decision. The drastically different performance
outcomes for the DN policy suggest that from a learning perspective, the potential benefit
of the policy comes with a nontrivial risk. Thus, it is crucial to have a better understanding
about the beneficial set. To that end, there are two key issues that need to be addressed:
the existence of the beneficial set, and the estimation of its location. We study the existence
of the beneficial set in the remainder of this section, and defer the analysis of its estimation
to Section 3.4.4.

To provide some insight into when the beneficial set exists, we study the stochasticity of
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the feature process. Towards this direction, we first develop the following condition under

which the beneficial set © is empty.

Lemma 17. (condition for the nonexistence of the beneficial set) Under Assumptions
7 and 11, if there exists some constant vector & € Z such that & = € for any t € {1,2...},

then © = ().

For any demand parameter vector @ € ©, when the feature vector &, is a constant &, the
platform can implement the DN-Nash equilibrium by not offering any reward profile to the
sellers (i.e., setting W; = 0), which is a feasible reward contract in problem (3.11). More-
over, the DN-Nash equilibrium 1_99 satisfies the incentive compatibility constraints (3.11b),
suggesting that the price profile ﬁé is feasible in (3.11). Thus, from the definition of the
beneficial set © in (3.18), the platform’s full-information optimal revenue R*(€,0) always
dominates the DN-Nash equilibrium revenue R(f)é, £.,0).

In contrast, when the feature process {&; : ¢t = 1,2,...} is stochastic, the beneficial
set © may become non-empty. To provide some analytical insight, we focus on a class of
problem instances from Example 7(iii), which allows us to find the closed-form solutions.

Given matrix 61, we define Jg, = 61 + A(01) and A(01) = diag(61). Furthermore, given

< . 2— _ _
01,02, we also let 07 = 01 +602€, Az = diag(6g), Gz = TW(eéJreé)Jrz}(e%Aé 1¢9E+Aé b,
and Hé =[1-$HI+ %(HgAé_l + Agleé)] for any € € Z. From the simplicity of notations,

we can summarize the expressions of the expected full-information revenue IE&E{R*(f , 0)}

and the DN Nash equilibrium revenue ]E&E{R(ﬁe, &, 0)} in the following result.

Lemma 18. In Example 7(iii), let @ = (0g,01,602) and € be the random feature such that

Eﬁ,e{é} =0.7

(i) Assuming that the diagonal entries of @1 are positive and J;lleo € int([l,u]™), the

7. In the following two results, we impose assumptions on the concavity of the objective functions and on
the interior property of the price solution to simplify the analytical solutions.
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platform’s expected revenue from the DN Nash equilibrium 1_90 satisfies
~ 1. 1, _ _
Beo{R(B%£0)) = (1-6] |51 117 + 51751~ (75, TT6117511] 6. (3:20)

(ii) Assuming that for any p € [I,u]" and &€ € =, the diagonal entries for OE are positive,

Gz ~ 0, %G?Héeo e int([l,u]") and %Agleo — %(9é —Ap)p € int([l.u]"), the

platform’s expected full-information optimal revenue satisfies
1 —1 Y A1
Beo{R*(€.0)| —6]Ec e { [ HeGE ' He — 1A'} 60, (3.21)

Given the closed-form expressions in Lemma 18, we observe that whether the beneficial set
© is non-empty depends crucially on the eigendecomposition structure of matrix X (01,09)

below

1 _ _ 1. 1, B B
X(61,62) = Eee {4H5G€ He (A 1} ~1=7 {2[']911]T +5M6,1 - [Jell]Tel[Jell]} '

(3.22)

From the expression of X (01, 02) in (3.22), we observe that the inequality EE,E{R*(& 9)} <
E,S’e{R(j)g, &, 9)} is equivalent to 08X(91, 02)0y < 0. Towards this direction, we summarize

our observation in the following result.

Proposition 21. (Sufficient and necessary condition for existence of the ben-
eficial set) In the problem instances of Example 7(iii) from Lemma 18, we let A(01,602)
be the vector of eigenvalues for matriz X (01,02), and let U(01,02) be the corresponding
eigenvector matriz. We also let V(01,03) = {yoy :y =U(601,02)T0y, (609,01,03) € @}8
and V*(01,09) be its corresponding dual cone. Then, we have that © #  if and only if there
exists (0, 01,02) € © such that A(01,02) & V*(61,09).

8. In the definition of V(61, 02), “o” is the Hadamard product.
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In the following figure, we numerically demonstrate the shape of the beneficial set © from
Example 8. With 8 = (612,021), by we let () = E¢ {R*(€,0)} — E¢ {R(p%,£,0)} be
the difference of the expected platform’s full-information optimal revenue and the expected
revenue from the DN Nash equilibrium. We then plot §(8) in Figure 3.2 and furthermore,

provide some numerical insight into the structure of the beneficial set O in Figure 3.2.

;Boundéry of ©
0.8

0.6
0.4

0.2

0 02 04 06 08 10,

Figure 3.2: Consider the problem instance specified in Example 8.

3.4.3 Reveal-And-Incentivize Policy

In this section, we consider a class of policies in which the platform reveals its private informa-
tion to the sellers at the beginning of the time horizon. The main purpose of this particular
type of information revelation decision is to maximize the transparency in the marketplace

and improve the platform’s ability to manage the sellers’ price-setting incentives. Once
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the platform gives up its informational advantages, both the sellers and the platform have
the same amount of market information, and the only uncertainty in the marketplace is in
terms of the demand parameter vector. Given the sellers’ incentive compatibility conditions
specified in problem (3.8), the platform is able to more accurately design the price-setting
incentives in the remaining planning season. As a result, the key challenge becomes the
classical exploration-exploitation trade-off in the demand learning process.

Under the RI policy, the platform reveals the market information in the first period i.e.,
7 = 1. Moreover, it focuses on the following two types of reward contracts: (i) the exploration
reward contracts W? and (ii) the exploitation reward contracts Wj. The purpose of the
exploration reward contracts Wg is to incentivize the sellers to pick a price profile that is
informative in demand learning. To construct the exploration reward contracts in period t,
the platform first randomly picks a price profile p? that satisfies p?t =1+ (u—10)X;; where
Xt ~ Bernoulli(%) is i.i.d across seller ¢ in period ¢ (a random extreme point of [[,u]™).
We consider the class of reward contracts specified in Lemma 16: given (p?,gt, ét), we let
W? = Wp? &0 The key idea is that it is incentive compatible for the sellers to follow the
price profile p? under the contracts W? In contrast to the exploration reward contracts,
the purpose of the exploitation reward contracts W7 is to incentivize the sellers to follow the
certainty-equivalent price profile p; = ¢*(&;, 0;) given (£;,0;) € = x ©. We again consider
the class of the reward contracts in Lemma 16 and let W} = Wp;’gt’ét. Summarizing the

designs of the reward contracts above, we proceed to formally define the platform’s RI policy.
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Algorithm 1 reveal-and-incentive policy
1: Initiatet =0and 7 =1

2 t+—t+1

3: repeat

4: if t < [{/Tlog(T)| then

5: set Wy = W?

6: else

7 set Wi = Wy

8 end if

9:  update the maximum likelihood estimator ét+1 € 73@{ arg maxg {Et (é’?—lt) }},

10: until t =T

In summary of the RI policy, after the platform reveals the market information at the
beginning of the planning season, the platform devotes the first [(/T log(T)] periods to
implement the exploration reward contracts and the remaining periods to implement the
exploitation contracts.

Before evaluating the performance of the platform’s RI policy, we study the convergence
of the estimator process. Given that we have a general demand model Q with a general
noise process {€;} in this paper, we need to impose some further structures. We summarize
the technical conditions below and verify in Proposition 24 later in this section that some
widely-applied problem instances of Example 7(i) - (iii), all satisfy these conditions. Given
the twice continuous differentiability of £;(-) in Assumption 8, we can further denote by
T;(0|H;) the induced empirical Fisher information matrix: for any 4,5 € {1,...,rp}, the

)th

(i, j)" component of Z;(8|H;) is given by —aga—éﬂt(él?lt). For the rest of the paper, we
i0Uj

consider the following conditions on Zy(0|Hy).

Assumption 13. (Information accumulation) There exists A\f,k; > 0 such that for

any T >2,t€{1,...,T}, and Hy induced by {(ps, &, Ds) : s =1,...t}, we have
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(i) Mnax{Ti(O1Ht) — Tt 1(8]Hy—1)} < Ap for any 6 € ©;
(i) T1(02[He) < Ty(01|Hy) = wTy(B2[Hy) for any 61,04 € ©.

Moreover, there exists Ay, kg > 0 such that given the true demand parameter vector @ € O,
if policy 7 induces a price path {ps:s=1,2,...,t} such that for some Ty C {1,...,t} with

|Tt| = 7(t) € Ny, the price vector {pg : s € T} are i.i.d with Cov(pg) > 0 for s € T¢, then

B { Mo (T2 01H2)) < dor(t)} < (3.23)

There are several conditions that specified above. Assumption 13(i) characterizes the uni-
form boundedness of the eigenvalues for the per-period empirical Fisher information matrix.
Assumption 13(ii) defines a variant of the self-concordant condition from convex optimiza-
tion, which has been established in the class of generalized linear demand models in the
dynamic learning literature (e.g., see 101, 83, 103, 102). Condition (3.23) connects the
growth rate of the information matrix’s minimum eigenvalue with the number of i.i.d sam-
ples. Under Assumption 13, we can characterize the convergence of the demand parameter

vector’s estimator 8; under the RI policy.

Proposition 22. (Convergence of the estimator) Under Assumptions 8 and 13, let 71

be the RI policy. There exists K1 > 0 such that for any T > 2 and t € {2,...,T}, we have

7(t) = min{t, [\/T'log(T)]} and moreover,

log(t)
T(t)

0 2
Egl{llat—ellz} < Ki (3.24)
Proposition 22 establishes the convergence rate of the estimator ;. We highlight three
aspects of this convergence result. First, given the generalized linear demand models in
the demand learning literature (e.g., see 101, 83, 103, 102), our paper makes an important
extension to the generalized demand model. By showing that Assumption 13 holds for

Example 7(i)-(iii) in Proposition 24 of Section 3.5.2, we establish that our framework problem
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covers these generalized linear demand models as special cases. Second, it is worth pointing
out that the analysis in (82) and (103) is based on the critical assumption that the estimator
is evaluated only with the i.i.d random samples from the exploration periods. Since {||9t —
6|3 :t=1,2,...} is not necessarily monotone if we include non-i.i.d samples in the online
estimation procedure, it is ex-ante unclear whether the convergence arguments still hold.
By establishing the consistency of the estimator, our work largely relaxes this assumption
by including the entire up-to-date sample history in the online procedure. Third, note
that this particular relaxation also better fits our model setting: from the implementation
perspective, it is much easier for the platform to share the demand models that the sellers
can verify simply with the entire samples.

Based on the observation in Proposition 22 and our design of the RI policy specified in

Algorithm 1, we establish the performance for the RI policy in the following result.

Theorem 12. (Performance of the RI policy) Under Assumptions 7, 8, 10, and 13, let
w1 be the platform’s RI policy. There exist ro, Cy > 0 such that Agl (T) < ro+Coy/Tlog(T)
forallT € {1,2,...}.

The key idea in Theorem 12 is to balance the regret induced in the exploration and ex-
ploitation periods. By setting the length of the exploration periods to be [1/T log(T)], we en-
sure that the regret induced in the exploration periods is bounded above by O(1/T'log(7T)). In
the exploitation periods, given the estimator convergence property in Proposition 22, we can
establish that the per-period regret caused by estimation error is bounded by O( %) As
a result, the regret from the exploitation periods can be upper bounded O(4/T'log(7T)). Note
that this argument allows us to improve the asymptotic regret bound from O(v/T log(T)) in
the past literature (e.g., see 101, 83, 103). To numerically illustrate the performance of the

RI policy, we again explore the problem instance of Example 8 (as in Figure 3.1).
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Figure 3.3: Consider the two problem instances of Example 8 in Figure 3.1.

From the learning perspective, we observe by comparing the regret plots in Figure 3.1
and Figure 3.3 that the RI policy is very conservative. The plot in Figure 3.3 suggests that
when @ € int((:)c), the platform effectively avoids large regret by providing more accurate
price-setting incentives under the challenge of the exploration-exploitation trade-off. In
comparison, when 6 € int((:)), it is perhaps equally interesting to observe from Figure 3.3
that the RI policy limits the platform’s opportunity to exploit its informational advantages
over the sellers. The key takeaway is that while the conservativeness of the RI protects the

platform from incurring large regret, it simultaneously eliminates the opportunity for the

platform to benefit from its informational advantages.
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3.4.4  Strategic- Reveal-And-Incentivize Policy

Observe that either the DN policy of the RI policy covers only one of the two ends in terms
of information revelation, which is either too risky or too conservative. In this section,
we consider the strategic-reveal-and-incentivize(SRI) policy which more carefully manages
the timing of information revelation. We want to highlight that there are two hurdles to
overcome in the designing of the SRI policy. The first one is about the statistical evaluation

of whether € € int(©) in the demand learning process. Since the platform’s preference for
the DN Nash equilibrium depends on whether 8 € int((:)), challenges are induced by the
fact that the true demand parameter vector 8 are unknown to the platform throughout the
planning season. Thus, it is crucial for the platform to avoid any false positive error that
causes failure to intervene. The second challenge is induced by the fact that the platform
has limited knowledge about the sellers’ pricing decision process before it reveals the market
information. As a result, while the platform holds information advantages, it is impossible for
the platform to accurately offer price-setting incentives for the purpose of price coordination.

To address these two challenges, we design the SRI policy such that it includes three types
of reward contracts and an statistical test on 8 € int(C:)). The three types of reward contracts
include: (i) the exploration reward contracts WY, (ii) the protective exploitation reward
contracts WY, and (iii) the do-nothing contracts WP N In the exploration contracts WY,
given the platform’s limited knowledge about the sellers’ approximate revenue functions Rjy
(i.e., the uniform bounds Ml% and M}z for function values and its derivatives in Assumption
9), we let W%(p) = MI% + M}zu + Zit]\/[}gp where Z;; = 2X;; — 1 and X3 ~ Bernoullz’(%)
for any i € {1,...,n} and any p € [, u]. The main goal of exploration reward contracts W?
is to incentivize the sellers to pick a price profile p; € {l,u}" that is i.i.d. In comparison,
to design the protective exploitation reward contracts W}, we leverage the construction in
Lemma 16 again and let W} = WP: €60t such that given (&;,0;) € Z x O, it is incentive-

compatible for the sellers to pick the certainty-equivalence price profile p; = *(&;, ét). The

do-nothing reward contracts are defined as W? N — 0. Besides the reward contracts, the
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SRI policy includes a statistical testing procedure on estimating whether 8 € int(©). From
the definition of the beneficial set © in (3.18), given the demand parameter vector’s estimator
0, in period t, we let the statistical test % Z?;:l {R*(Es, ét) — R(foét, &, ét)} < 0 to evaluate
whether 0 € int(0). It is worth highlighting that the SRI policy relies on the following two
observations: (1) despite the fact that the platform has limited knowledge about the sellers’
revenue maximization problems before its information disclosure, it is still possible to offer
price-setting incentives to achieve the exploration purpose; (2) there is an efficient statistical
testing procedure to evaluate the location of the true demand parameter vector relative to

the beneficial set.

Summarizing all of the components above, we formally define the SRI policy below.
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Algorithm 2 strategic-reveal-and-incentivize policy
1: Initiate t =0

2: repeat

3 t—t+1

4:  set Wy = W?

5. until ¢ = [/T log(T)]

6: Update the estimator ét+1 € P@{ arg maxp {ft (9’7{0 }}
7 if § YL [R*(€s>ét) - R(ﬁét,fs,ét)} < 0 then

8 set7T=o00

9: else

10:  set 7= [y/Tlog(T)] +1

11: end if

12: repeat

13: t+t+1

14:  if t > 7, then Wy = W

15:  if ¢t < 7, then W; = WPN

16:  Update the estimator 8;41 = maxg,_ g (40 Hy);

17: until t =T

Observe that the SRI policy has an exploration stage and an exploitation stage. In
the first [(/Tlog(T)] periods, the main purpose for the platform is to collect informative
price samples and learn about the demand parameter vector. Although the platform cannot
accurately manage the price-setting incentives due to its limited knowledge about the sellers’
decision-making process, it is still able to incentivize the sellers to pick informative prices
by offering the exploration reward contracts W? At the end of the exploration period
(or the beginning of period t = [\/ﬁg(Tﬂ + 1), the platform evaluates whether 8 €
int(©). Note that in the statistical test %22:1 {R*(és,ét) — R(ﬁét,és,ét)] < 0, it is
sufficient for the platform to rely only the the feature history {£, : s = 1,...t} and the
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update-to-date estimator ;. Given the estimator 6y, we can also estimate the DN Nash
equilibrium price profile by ﬁét and the platform’s corresponding long-run expected revenue
by %22:1 R(f?ét,ﬁ s ét) In comparison, the platform’s expected full-information revenue
can be estimated by %22:1 R*(€,4,0;). If the testing outcome is %2221 [R*(és,ét) —
R(j)ét, £, ét)] < 0, which suggests that 8 € int((:)), then the platform would continue to
hide the market information from the sellers (i.e., 7 = c0) and move on with the do-nothing
reward contracts W? N Alternatively, the platform would reveal the market information
to the sellers (i.e., 7 = [{/T'log(T)] + 1) and exploitation reward contracts Wj.

The SRI policy allows the platform to be strategic about whether to reveal its market
information, which should combine the merits of the aforementioned policies. Towards this
direction, we summarize the performance of the SRI policy from the learning perspective in

the following result.

Theorem 13. (Performance of the SRI policy) Under Assumptions 7 - 13, let w9 be
the SRI policy.

(i) If @ € int(©), then there exist r3,C3 > 0 such that Ag*(T) < 13— C3T for
alTe{1,2,...}.

(ii) If@ € int(©°), then there existry, Cy > 0 such that AGH(T) < ry+Cyy/Tlog(T)
forallT € {1,2...}.

By comparing Theorem 13 with Theorem 11 in Section 3.4.2 and Theorem 12 in Section
3.4.3, we immediately observe that the SRI policy addresses the disadvantages in both the
DN policy and the RI policy. In the “good” cases (i.e., @ € int(©)), the SRI policy allows
the platform to exploit its informational advantages with high confidence and achieve a
total regret of O(—T'). In contrast, when the platform faces the “bad” cases (i.e., 8 €
int((:)c)), the SRI policy protects the platform from failing to intervene, and the strategy

of active coordination of the market incurs a regret of O(y/T'log(T")). These properties

demonstrate that by gathering enough sufficient knowledge before making a strategic decision
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on information revelation, the platform improves the robustness of performance via the SRI
policy.
To illustrate this observation from a numerical perspective, we use the aforementioned

problem instance to generate the regret plot for the SRI policy.
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Figure 3.4: Consider the same problem instances of Example 8 as in Figure 3.1.

The numerical performance in Figure 3.4 suggests that the SRI policy allows the platform
to exploit the informational advantages in the case of 6 € int((:)), which outperforms the
regret of RI policy (as shown in Figure 3.3) and delivers a comparable outcome to that from
the DN policy (see Figure 3.1). In the case of @ € int(6°), Figure 3.4 shows that the SRI
policy helps the platform avoid the large revenue loss due to demand model uncertainty as

demonstrated in the DN policy (see Figure 3.1). Meanwhile, like the RI policy (see Figure

3.3), the SRI policy achieves a regret of sublinear order (see Figure 3.4). The numerical
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example summarizes the success of the SRI policy against both “good” and “bad” scenarios.

3.5 Connecting the Examples and the Assumptions

Since the results that we have established in this paper depend on Assumptions 7 - 13, it
is important to understand whether these assumptions can apply to problem instances such
as the ones in Example 7(i) - (iii). In this section, we establish the connection between the

problem instances and the assumptions of the paper.

3.5.1 Assumptions related to the Demand Model

We first focus on Assumptions 7, 10, and 11, which characterize properties of the demand
model Q. In the following result, we establish that these assumptions admit a nontrivial set

of problem instances.

Proposition 23. There exists non-empty subset of problem instances of Example 7(i) - (iii)

in which Assumptions 7, 10, and 11 hold.

We would like to point out that the continuity conditions in Assumption 7 and the con-
cavity conditions in Assumption 11 can cover a very broad class of problem instances beyond
Example 7(i) - (iii). In comparison, the main purpose of Lipschitz stability condition in As-
sumption 10 is to facilitate the analysis of the technical results. Without this assumption, we
believe that the regret upper bound in Theorem 12 and Theorem 13(ii) could change from
O(M) to (’)(T% log%(T)), which is still sublinear in terms of the number of periods
T.

3.5.2  Assumptions related to the Platform’s Learning Process

Next, we consider the Assumptions 8 and 13 regarding the platform’s learning process. We

use the following result to establish that these two assumptions in Example 7(i) - (iii).

Proposition 24. Consider problem instances of Example (i) - (i) with i.i.d feature process
{& :t=1,2...} satisfying Cov(&;) = 0 for allt € {1,2...}.
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(i) Under the linear demand model in Example 7(i), if the demand noise process
{et : t = 1,2,...} follow a multivariate normal distribution i.e., e¢ ~ N(0, %)
where the eigenvalues of the covariance matriz Xy are uniformly bounded by [Ae, Ae]

for some A\e > A¢ > 0, then Assumption 8 and Assumption 13 hold.

(ii) Under the multinomial logit demand model in Example 7(ii), Assumption 8 and

Assumption 13 hold.

(iii) Under the variation class of linear demand model in Example 7(iii) with the
same demand noise process {e¢ : t = 1,2,...} as in part (i), Assumption 8 and

Assumption 13 hold.

3.5.8  Assumptions related to the Sellers’ Pricing Decisions.

In this section, we bridge the gap between the sellers’ approximate revenue optimization
problems in (3.7) and some widely-applied multiagent learning frameworks in the literature.

Multiagent reinforcement learning. One class of multiagent learning models ex-
tends the reinforcement learning algorithms into the decentralized setting. For example,
(131), (132), (133) (134),(135), and (136) applied Q-Learning algorithms into the settings
of cooperative and non-cooperative games. More recently, based on (149)), the extensions
to the multiagent mirror descent algorithms have also been investigated by (124), (125),
(126), (127), (128), (129) and (130). Using the multiagent mirror descent framework as an
example in our setting, we can fit the approximate revenue optimization problem (3.7) into

this framework by defining

Ry (0) = mgitp — Mp,(p, pit). (3.25)

In (3.25), function M}, (p, p) is the Bregman divergence which can be expressed as M}, (z,y) =

hi(x) — hi(y) — hl(y)(z — y) for some continuously differentiable [j,-strongly convex function

hi : R — R for some l;, > 0. It can be easily observed that when h;(z) = %xQ and
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Wit(p) = 0 for any p € [l,u], then solving problem (3.7) in the scenario with an inte-
rior optimal solution is the same as the online stochastic gradient descent algorithm i.e.,
Pi(t+1) = Pit T MtJit- Random value g;; captures seller ¢’s perceived direction of updating

her price to improve her revenue in the next iteration. We assume that |g;| < o4 for some

%Egs{Rsi (pe.&:.0)| FP 1}
Ege{Rs; (P1.€:.0)| 71 }

plementation, Eg,s{giﬂf?_l} can treated as the normalized derivative for seller i’s expected

Gg > 0and B¢ {gi| L1} = where FY = o(e1 ..., €¢). In this im-
revenue function (3.5) in the next period. Since function (3.25) is one-dimensional, it is
sufficient to use g;; to capture the perceived direction of revenue improvement. It is worth
noting that the multiagent mirror descent algorithm framework makes the assumption that
the perceived direction of price update is unbiased under filtration .7-",9. Relaxation of this
assumption is allowed as long as the biased estimations of the gradient directions diminishes.
The exogenous step length 7; captures the sellers’ willingness to update their prices in each
period.

Fictitious play. The approximate revenue optimization problem in (3.7) can also be
implemented in the fictitious play framework: each agent chooses a strategy given the em-
pirical distribution of the competitors’ strategies (e.g., see 137, 138, 139, 140, 141, 150, 151,
152, 153). For example, we can implement the most classical setting in (137): for any seller

i in period t, let R;;(p) be such that the maximizer p; = arg MaX,c() ] Rjt(p) satisfies

pit = argmax R;(p, byy), (3.26)
PES;
where in (3.26), S; C [I,u] is a finite subset. Vector by is considered as seller i’s observed

empirical distribution over the competitors’ price profile i.e., by = (by (P—i))p_,es_; Where

we let biy(p_;) =

tip .

;P _Zl —— and n!(p_;) be the total number of observations for price
Zf’—ies—i n; (P—s) ¢

profile p_; € S_; in period t. Function R;(p,b;;) can be perceived as seller i’s expected
payof induced by belicf vector by i.c., Ri(p, bir) = Tp._es., bit(P—i)Ee c{Rs; (p. i, &1, )}

Similar as before, the fictitious play framework assumes that the bias mainly comes from the
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the price profile induced by the competitors.

Bayesian equilibrium. Besides the two learning frameworks above, we can further
consider Bayesian equilibrium models to capture the sellers’ pricing decisions in (3.7), which
has a more rigorous economic foundation. Based on the seminal paper by (143) for example,
we implement an extension of the dynamic pricing paper (58) into a multiagent learning
setting: we assume that there is a finite number of possibilities of the demand models
{ng)(p, O(k)) :k =0,...,K} for seller i given K € Nj and p € [l,u]”. We assume
that Ql(k) (p, O(k)) is twice continuously differentiable in p € [l,u]" for any k € {0,..., K}.
Every possible demand model from a seller’s perspective is formed at the beginning. Since
the sellers are not able to observe customers features {&; : ¢ = 1,2...}, we assume that
60 = g and QZ(O)(p, 6(0)) = E¢ {Q(p, &, 0)] for any p € [I,u]" without loss of generality.
Let by = (bgf ))5:0 € [0, 1]5+1 be seller i’ belief distribution over the possibility of the true

(k) _

demand models @ in period ¢ where Z?:O b;;’ = 1. For the approximate revenue function

R (p), we can define

~ K
Rup) = v S 00W (p.p_sy. 00, (3.27)
k=0

where p_;; is the competitor’s induced price profile for any ¢ € {1,...,n}and k € {0,..., K}.
(0)

Seller i observes demand realization Dy = Q; (pt,H(O)) + vj; where the demand noise
vit = Qi(py, &4, 0) — QZ(O) (p, 0(0)) + ¢4 is induced by both the customers features and the
exogenous demand shock. Given filtration ]:]9 = o(eq,...,&t), we can make a stronger
assumption that D;; is uniformly bounded for simplicity of analysis. We also assume that
seller 4 has full knowledge about the likelihood function £g€ ){Dit,Q(k) (pt,O(k>)|f?_1} =

7

Pe {Dit — Ql(-k)(pt,ét,e(k)) € dey ‘ fto_l} € [f, f] for some f > f > 0, and moreover,
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updates her belief via the Bayes’ rule

o bz(f) ng){Dit, ng)(pt, 9<k))|f191}
i(t+1) — / / / , .

(3.28)

Establishing the assumptions in multiagent learning frameworks. In all three
frameworks above, we can focus on settings where Assumption 11 holds such that we have
a unique DN Nash equilibrium. Moreover, we can assume that the DN Nash equilibrium
satisfies p? € int([Z,u]™). In the following result, we show that smoothness property in
Assumption 9 and the convergence property in Assumption 12 are broadly satisfied in the

aforementioned multiagent learning frameworks.

Proposition 25. (i) Under the multiagent mirror descent framework in (3.25),
Assumption 9 holds. Moreover, if Y021 ns = 00 and Y2324 772 < o0, then Assump-

tion 12 also holds.

(i) Under the fictitious play framework in (3.26), Assumption 9 holds if Ry with a
magimizer satisfying (3.26) belongs to a compact subspace of C1([l,u]). Moreover,
if the game in Definition 5 is a finite weighted potential game and 130 € S, then

Assumption 12 holds.”

(ii) Under the Bayesian equilibrium framework in (3.27), Assumption 9 holds.
/

If there exists 64 > 0 such that |Q§k)(p,0(k)) - ng)(p,e(k/m > 04 for any

p € [Lu]", any kK € {0,...,K} with k # k', and any i € {1,...,n}, then

Assumption 12 holds.

3.6 Conclusion

This paper investigates how a platform can leverage information disclosure and payments

to maximize its revenue under the challenge of demand model uncertainty and information

9. The definition of the ordinal potential game is defined in (154).
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asymmetry. Our analysis sheds light on the value of information revelation from the per-
spective of demand learning and revenue management. While we establish that the DN
policy can perform poorly in some settings, we establish the opportunities for the platform
to exploit the information asymmetry in a demand learning environment. At the other
extreme, if the platform is willing to blindly trade its informational advantages for more
accurate management of the price-setting incentives, it is able to avoid large revenue loss
due to demand model uncertainty. However, such a policy is shown to be too conservative
sometimes. We develop a policy on the timing of information revelation and the offering of
price-setting incentives such that the platform can exploit the informational advantages and
simultaneously avoid large revenue loss in general. We hope that this insight can help guide

the effort of price coordination under demand uncertainty in practice.

3.7 The Boundary Scenario 6 € 90

Recall that in Theorem 11 of Section 3.4.2 and Theorem 13 of Section 3.4.4, we have estab-
lished the regret for the case of 8 € int(0) and € int(6°). In this section, we consider the
special case that remains to be discussed. As the special case, the demand parameter vector

0 is located on the boundary of the beneficial set O i.e., @ € 9O where

00 = {0:Ee (R 0)} = Ee (R €0)}}. (3.29)

In the boundary case 8 € 9O, we explore the connection between the growth of regret and
the induced price process {py : s = 1,2,...,T}. If we take the multiagent mirror descent
in 3.25 as an example, we observe that the regret depends on the step length parameter 7

from (3.25). We summarize our observation in the following result.

Theorem 14. (Performance of policies for the boundary case) Let 7y be the plat-
form’s DN policy and w9 be the SRI policy. Abusing some notation, let ng = oo be a dummy

parameter such that 77% = 0. Suppose that Assumptions 7 - 13 hold and that 8 € 90O.
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(i) There exists C5 > 0 such that Ag®(T) < Cj [Zg;l max {%— m%l, O}—i—ZtT:l m]

forany T € {1,2,...}.

(ii) There exists Cg,C7 > 0 such that AZQ(T) < 6’6[22;1 max{% — ﬁ,O} +
Ethl m} + C7y/Tlog(T) for any T € {1,2...}.

The proof of Theorem 14 is delayed to the Appendix Section 3.9. In this result, we show
that when the demand parameter vector @ is on the boundary of the beneficial set ©, then
the induced regret depends on the convergence speed of the price process {p,: s =1,2,...}
i.e., the step length process {n; : t = 1,2,...}. It is worth noticing that if for some ¢ > 0,
we take step length n; = =3+ for any ¢ € {1,...,n} and t € {1,...,T} (which satisfies
the condition in Proposition 25(i)), then we recover the classical result about the sublinear

growth of regret from Theorem 14, i.e., Ag*(T), Ag?(T) ~ (’)(T%"“).

3.8 Proof of Results in Section 3.4

Proof of Proposition 20. Fix any ¢t € {1,...,T}, we prove the claim by establishing the
sufficiency and the necessity.
Before proceeding, we let (py, Wy) be any optimal solution to problem (3.11) and Wf
satisfy the expression in (3.13). For any i € {1,...,n} and ¢t € {1,...,T}, we obtain that
(a)

1Dt Qi(Py, &1, 0) + Wit (pir) = pmax {10t Qi(pit: P—it. &1, 0) + Wit (pir) |
it )
)

> max {ypQi(pir, P_it, €,9)
pite[lvu]

(©)

= 51 Qi(By, &1, 0) + Wi(Bir), (3.30)

where step (a) follows directly from constraint (3.11b) in problem (3.11). Step (b) follows
from the fact that Wi;(p;s) > 0 for all i € {1,...,n} and p;; € [I,u]. In step (c), we can

leverage the expression of Wg (pit) in (3.13) to obtain the equation given that p; is an optimal
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price profile to problem (3.11). From (3.30),we obtain that
Witlpie) = Wh(Bi), Vi€ {L.....n}. (3:31)

Next, to establish W 2 (Pit) = Wit(pit), we proceed to show that

n

R*(€,0) = Y (1 —)piuQi(Pr. &.6) — Wit(pit)

1=1

—~
~—

= > piQi(py, &.6) — ZVﬁitQi(Z_’bgtae)+Wit(ﬁit)]

= > piQi(py, &.6) — Z max]{szth(pr P_it, &, 0) + (pzt)}]

i=1 Li=1 Pit€llu

(e) B

< ZpZtQZ ptvstv ) Z max {’YpitQi(pibp—itvétve)}
i—1 li= 1 pit€llu

3

Z PitQi (D, &1, 0) — Z YPit Qi (D, &t 0) + Wg(ﬁz‘t)]

Li=1

(f)
— it Qi(Br, &, 0) — Wh(pir) < R*(£,0), (3.32)

I
1 M: i

where step (d) follows directly from the optimality of (p;, W}) in problem (3.11) given the
expression of the platform’s revenue function in (3.4). Step (e) follows from constraint (3.11b)
in problem (3.11). Step (e) follows from the fact that W;;(p;z) > 0 for any i € {1,...,n} and
pit € [l,u]. Step (f) follows from the optimality of R*(&;,0). Summarizing the observations

n (3.32), we obtain that the inequality in step (e) is tight, which suggests that

n n

> Wilbie) = 3 Wi(pi) (3.33)
1=1 1=1

Summarizing (3.31) and (3.33), we conclude that

Wit(bir) = Wh(pi), Yie{l,...,n}. (3.34)
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To establish the sufficiency claim, from the equality in (3.34) and the fact that Wy is an

optimal reward contract, we conclude that if W? satisfies (3.13), then it is also optimal.

To establish the necessity claim, from the fact that the optimal solution (p;, W¢) to prob-

lem (3.11) is selected arbitrarily, we can readily leverage the equality in (3.34) to establish

that it must satisfy the expression in (3.13). O

Proof of Lemma 16. Fix any t € {1,...,T} and (p;,&;,0) € [[,u]” x E x © with
p; = ¥*(&;,60). From the construction of Wﬁ’é’é in (3.15) for any (p, £,0) ¢ [Lul" x=x 0O,
we observe that WP admits a unique solution of (wg;¢, wijt, woir) for any ¢ € {1,...,n}.
This further implies that the reward profile WPt6::9 is well-defined in (pg, &4, 0) € [1,u]™ x
Ex 0 with p; = ¢¥*(&;,0). Moreover, the construction also suggests that Wipt’gt’e(p) > ( for
alli € {1,...,n} and p € [l,u]. Given that p; is the optimal price profile in problem (3.16),
we leverage condition (3.15a) to show that for any i € {1,...,n}, we have Wlpt’gt’e(pit) >
0, and thus, szt’gt’e(pit) = Wft’ét’a(pit). This allows us to conclude that WP::0(p,)
satisfies the property in Proposition 20. Summarizing the observations above, we obtain

that the construction of WPt is well-defined and optimal in problem (3.16). O

Proof of Theorem 11. Let 7 be the platform’s DN policy and {p, : s = 1,2,...} be
the price process induced by the sellers solving the approximate optimization problem (3.7)
under policy 7. Since {&€g: s =1,2,...} are i.i.d, we let & be the generic random variable.

We prove the two claims in this theorem.

Step 1: Proof of claim (i). If @ € int(©), we have Eg’s{'R*(S,B) - R(f)e,ﬁ,e)} <0
(by the strict inequality in (3.18)). We let ¢y be a positive constant such that ¢y =
—E¢e {R*(E,B) — R(]‘)O,E,G)}. As a first step, we establish the following upper bound
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for AQ(T):

@ TEg,e{R*(Ea 0>} _vg()

(b) 4
= TEge{R*(S 0) } {Z (Pt &+, 0)

Ap(T)

T
(QTE&E{R*(S,G)—R(pe,ﬁ } {Z (Pt &, 6) R(p”,&ﬁ)}

(d) I
< _COT+]E70T {ZR(pt7£t70> _R<p07£t70>} ) (335>

t=1

where step (a) follows from the definition of Ag(T) in (3.12). In step (b), since p; is the

price process induced by the sellers under the platform’s DN policy 7, we have VJ (T) =

EW{ ST R(py, &, 0)} (by the definition in (3.10)). In step (c), we add and subtract a com-

mon term EO{ Z 1 R(p &4, )} It is worth noting that since p? is the unique DN Nash
equilibrium (i.e., a static price profile) given 6, we obtain that Eg{ Zle R(f)o,ft, 0)} =

Eﬁ,s{ Z?:l R(f)e, &, 9)} Furthermore, since {£€4 : s = 1,2,... } are i.i.d, we can also obtain

that Eé,s{ Zle R(foe, &, 0)} = T]ES’E{R@G, &, 0)} Together, we have EZ{ E?:l R(i)a, &, 0)} =
TEg’E{R(ﬁO, £, 0)} Step (d) follows readily from the fact that cg = —E¢ ¢ {R*(E, 0) - R(p?, ¢, 0)} >
0.

By Assumption 12, we have p; — i)a almost surely as t — oo. Recall that function
R(p, €, 0) is a continuously differentiable function in (p,€) € [I,u]” x Z under policy 7. By
applying the continuous mapping theorem, for any & € =, this implies that R(p;, &,60) —
R(ﬁa,é ,0) almost surely as t — co. Leveraging the uniform boundedness of R(p, €,0) in
the compact set [[,u]" x Z x O, we can leverage the uniform integrable property to show

that ]Eg{”l%(pt,ft, 0) — R(p. ¢, 0)} — 0 as t = co. Thus, there exists ¢, > 0 such that

_ C
Eg{R(pt,ﬁt,O)—R(p,ﬁt,H)} <D vzt (3.36)

By letting R = MAX (5, & G)e[lu]n xEx O R(p, €, 0), we pick tg > t( to be the smallest integer
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such that for all T > tg, we have — (T + t) + 2t67_€ < 0. Given the positive constants

to, th, we can further pick a constant Cy € (0, %) such that for any 7' > ¢,
0 2

c —
—CyT > —EO(T 1)) + 2thR

(3.37)
Summarizing the aforementioned arguments, for any T" > tg, we can establish that
T (e) €0 / I 5
€0 / 54/ (f)
= — §(T +1ty) + 2Rty < —CoT, (3.38)

where in step (e), from step (d) of (3.35), for all ¢ > {{, we have EE{R(pt,ﬁt,H) -
R(p%.€:,0)} <% (by (3.36)), and for all ¢ < £f,, we have E§{R(py. £&;,0) —R(p?,€&,.0)} <
2R (by construction of the uniform upper bound R). Step (f) follows directly from (3.37).

We also pick a positive constant rg > 2Rty such that for any T < tg,

AR(T) < rp. (3.39)

Based on the observations in (3.38) and (3.39), given the selected positive constants rq, C,

we can conclude that

AG(T) < ro—CoT, VT €N. (3.40)

This completes the proof of Claim (i).

Step 2: Proof of Claim (ii). If @ € int(6°), we have Eg o {R*(€,0) — R(p?,€,0)} > 0.
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By letting ¢1 = Eg,s{R*(ﬁ, 0) — R(ﬁa, &, 0)} > 0, we can establish that

T
Ag(T) (i) TE&,E{R*<€>0) _R(f’07€70 } {Z ptaEt’ R(peagtve)} ’

t

t=1

=1
(h) I
> CIT - Ez {Z R(pta €t7 ) p €t7 } (341)

where step (g) follows from the same arguments as in step (a) - (c) of (3.35). step (h) follows
from the fact that ¢j = E&S{R*(g, 0) - R(p.£.0)} > 0.
By using the same arguments as in Claim (i), we can show that Ej [R(pt,ft,O) —

R(pY, €&, 9)] — 0 as t — oo. This allows us to pick a positive integer ¢} such that

_ c1
Given R = MAX (5 & B\ e[lu]n xEx O R(p, €, 0), we further let t; be the smallest integer with
t1 > t’l such that for all T" > tq, %(T + t’l) — 2t’17_€ > (. This allows us to pick a constant

Cy € (0,%) such that

o7 < %(T—i—tl) — 2R}, VT >t. (3.43)
Thus, for all T' > t1, we have
(4) _ W)
AJ(T) > eiT — %(T — ) —2Rty = 4T, (3.44)

where in step (i), note that for all t+ > #}, we have EpR(ps, &1, 0) — R(ﬁe,ét, 0)} < S, and
for all ¢t < ¢}, we have Eg {R(pt,ét,e) — R(i)e,ét, 0)} < 2R. Combining with step (h) of

(3.41), we obtain the inequality in step (i). Step (j) follows immediately from (3.43) .
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Lastly, we can pick r; > 2R¢; such that for all T < ¢,

5(T) > —r1. (3.45)

Summarizing (3.44) and (3.45), for the selected r1,C7 > 0, we have

Ag(T) > —rm+Ci1T, VT eN. (3.46)

This completes the proof of Claim (ii). O

Proof of Lemma 17. Given that there exists some & € = such that & = € for any
t € {1,...,T}, we establish 0=>0 by contradiction. Given the definition of the beneficial

set © in (3.18), suppose towards a contradiction that 6 # (). Then there exists 0 € © such

that
R*<§7é) (i) max ZpZQZ(paéaé) — max WﬁZQZ(ﬁ%pfz?éaé)
O oA (0 & DB =
<R@%.E6) Y S (1-plQi” € 6), (3.47)

where step (a) follows directly from the expression of optimal revenue R* (€, é) from problem
(3.11) and the property of the optimal reward contracts Wté in (3.13) of Proposition 20. In
step (b), we let f)é be the DN Nash equilibrium in Definition 5 given 8 € ©, and the
inequality here follows immediately from the assumption that @ € ©. In step (c), given the
DN Nash equilibrium j)é and the expression of the platform’s revenue function R in (3.4)

(where Wy = 0 under the DN policy 7), we immediately obtain the equality in step (c).
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Meanwhile, we can also show that

() .

> > (1-pQi(3".€.0) (3.48)

where step (d) follows from the same argument as in step (a) of (3.47). In step (e), the
inequality follows immediately from eliminating the minimization problem from the two-

stage optimization problem on the left hand side. In step (f), since the DN Nash equilibrium

p? is a feasible solution in the left-hand-side maximization problem, the inequality readily

follows.
Summarizing (3.47) and (3.48), we reach a contradiction, which allows us to conclude

that © = 0. O

Proof of Lemma 18. Given that {£,:s=1,2,...} arei.i.d, we let £ be the correspond-

ing common random vector. Proof of Claim (i). In Example 7(iii), given 8 = (6, 01,02),

p € [l,u]" and E¢ .{£} = 0, we observe that

E¢{Q(p.£.0)} =60 — 01p. (3.49)

By the definition of the DN Nash equilibrium (in Definition 5), the positivity of matrix

01’s diagonal entries (by the lemma statement), the expression Jg, = 61 + diag(61), and

the condition that J 5190 € int([l,u]™) (by the lemma statement), we obtain the following
1

closed-form expression for the DN Nash equilibrium:

p’ = Jg5'6. (3.50)
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The observations above allow us to deduce that the platform’s expected revenue from the

DN Nash equilibrium can be expressed as

—~

a

Bee (R%.€.0)) 2 (1-)p%T(60 - 0:15%)
= (1-7) [J;lleor (60 — 01J51100)

1. 1__ _ _
(1-7)6] [2[J911]T s Tl =T e Tg 60, 351)

— —~
()
~ ~ ~—

where in step (a), given the expression of Eé’s{Q(p, &, 0)} in (3.49), the platform’s revenue
in DN Nash equilibrium follows from the revenue function R in (3.4) and the fact that
W; = 0 in the equilibrium. In step (b), we use p? in (3.50) to obtain the expression on the
right hand side. Step (c¢) follows directly from reorganizing the expression.

Summarizing the arguments above, we conclude the proof of Claim (i).

Proof of Claim (ii). To establish this claim, we deduce the expression of E¢ . {R*(&,0)}.

In Example 7(iii), for any (p,€) € [I,u]" x Z, we have Q(p,€,0) = 6y — 0¢p where 6 =

(69,601,09), Oé =0 + 05€ and Aé = diag(Oé). Thus, for any € € =, we can establish that

—
~—

—~
~—

2 s, - oo sgn] 5 -0
pgﬁi{]n p"(6o 9517) 490 (95 Aé)p A£ ) (05 Aé’)pa

(3.52)

where in step (d), we apply the expression of the optimal revenue R* from problem (3.11)
and the property of the optimal reward contracts Wte in (3.13) of Proposition 20 to obtain
this expression. In step (e), given that the diagonal entries of 8¢ are positive (by the lemma
statement), the inner optimization problem on the left hand side is a concave maximization
problem for all i« € {1,...,n}. Considering the first-order optimality condition and the
assumption that %Agleo - %(05 - AE)i) € int([l,u]") for any p € [I,u]” and € € = (by

the lemma statement), we can establish that the optimal solution of the inner maximization
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problems is located in the interior point of [/, u] for each ¢ € {1,...,n}. After some arithmetic
calculation, we obtain the expression on the right hand side of step (e).

Given the notations Gg = QTTV(OE + 9%) + %(OEAgleé + Agl) and Hg = (1—$HI+

%(OgAgl + Agleg)], we can use (3.52) to show that R*(€, @) satisfies

R'(6.6) = max —pTGep+ [Hebol'p - ~07A¢ 60, (3.53)

From the assumptions GE >~ 0 and %GEIH EOO € int([l, u]") (by the lemma statement), we

use the first-order optimality condition to compute the closed-form optimal price profile as

V'(E.6) = JG;'H,

;G Hgbo. (3.54)

Based on the expression of R* in (3.53) and the expression of * in (3.54), the induced

expected full-information optimal revenue satisfies
* _ T 1 -1 !
Ee e {R7(£,0)} = 0)E¢ ZH‘SGE H¢ - ZAﬁ 0. (3.55)

With the aforementioned arguments, we conclude the proof of Claim (ii). [

Proof of Proposition 21. We first establish the sufficiency arguments. Given the sym-

metric matrix X (01, 602) in (3.22), we consider the eigendecomposition

X (61,02) =U(61,02)A(01,02)U(01,602)T. (3.56)

To prove the sufficiency, we assume that there exists (6g, 01, 02) € O that satisfies X\(61,02) &
V*(01,62). Given V(61,02) in the proposition statement, the corresponding dual cone

V*(01,602) can be expressed as

V*(el,eg) = {v:(v,2) >0, V2 €V(61,09)}. (3.57)
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We let y = U(01,02)70). Since (0, 601,02) € O, we can directly leverage the definition of

V(601,02) in the proposition statement to obtain that

yoy € V(01,09). (3.58)

This allows us to further deduce that

(a) i (b) T
0 > (A(01,02),y = > Ni(01,62)y; = yTA(61,62)y
k=1
©) o1 1. D g7
= 0,U(01,02)A(01,02)U(01,02)T6) = 6,X(601,02)0y, (3.59)

where in step (a), based on the assumption that A(61,02) & V*(01,02), we leverage the
definition of V*(01, 62) from (3.57) and the observation that yoy € V(01,603) (by (3.58)) to
obtain the strict inequality. Step (b) follows from the notation of A(61,682) as the diagonal
eigenvalue matrix. In step (c), we implement the construction that y = U (61, 02)70q. Step
(d) follows immediately from the definition X (61,09) = U (61,02)A(01,02)U(61,02)7.

By the strictly inequality in (3.59), we have that © +# 0, we establish that @ € ©. Thus,
we can conclude that © # (.

We next establish establish the necessity arguments. Given that S # (), there exists (0, 01,02) €

O such that BSX (01,02)0y < 0. To establish the necessity, we need to show that there ex-
ists (0p,01,02) € © that satisfies A(01,02) ¢ V*(01,602). Using the eigendecomposition
X(01,05) =U(01,05)A(01,02)U(61,02)T, we can establish that

0 > 6)X(01,02)00 = O[U(01,62)A(01,62)U(01,62)76y. (3.60)

By letting y = U(61,02)76p, we immediately obtain that y oy € V(01,602) (by definition
of V(01,602)). With (X(01,02),y oy) = yTA(601,02)y < 0, it follows that A(01,02) &
V*(61,02). O
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Proof of Proposition 22. Let 7 be the RI policy, and {p, : s = 1,2,...,} be the price
process induced by the sellers under policy 7. To ease some notation, for any 8 € ©, T > 2
and t € {1,...,T}, we suppress the history information H; in the expressions of Et(9|7-[t)
and Z;(0|Hy) to obtain the more concise expressions £;(0) and Z;(0). Define £y(0) = 0. For

any t € {1,2...,}, we let g:(0) be defined as

gt(8) = (0) — £1-1(8). (3.61)

Step 1: the unconstrained maximum likelihood estimator in period ¢. For any T' > 2 and

t € {1,...,T}, given the history information H;, we denote by é&-l the unconstrained

maximum likelihood estimator without projection onto © i.e.,

0, = arg max 01(0). (3.62)
0

Recalling that kg is the dimension of the demand parameter vector and A is the constant
in Assumption 13(i), we pick any x1 > %595\1 and define event A = {||V{(0)|]2 < k1t}. For
any T'> 2, t € {l,...,T} and 6 > 0, we let 7(¢) = min{¢, [{/T log(T")|} and deduce that

Pg {11641 — 613 > 6} < Pg {11611 — 613 > 6, \nin(Z4(8)) < Xo7(1) |
+Pg{[1041 — 013 > 6, Ain (Z4(8)) > No7(t)}
< PG {Anin(Z(0)) < Ao7 (1)}
+P5 {[1041 — 013 > 6, Ain(Z:(8)) > No7(t), A}

+Pg {11041 — 015 > 0, Amin (Z4(6)) > Xo7(1), A} (3.63)

In the following arguments, we develop an upper bound for each term in the expression

of (3.63). Step 2: upper bound for Pg{ ), (Z+(8)) < Ao7(t)}. For simplicity of notation,

we let Zo(0) = 0 and \in(Zo(0)) = 0 for any & € ©. By construction, given the total
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periods T, the set of exploration periods 7; up to period ¢ under the RI policy can be

expressed as Ty = {1,...,7(t)} where 7(t) = min{t, [\/T'log(T")]}. By the inequality (3.23)
in Assumption 13, we readily obtain that there exists positive constants \g, kg such that for

any T'>2and t € {1,...,T},

P { hin T1(0)) < dor(t)} < (3.64)

Step 3: upper bound for P§{[|0;1 — 0|2 > 8, \in (Z1(8)) > o7 (1), A}. We develop an

upper bound for the second term of (3.63) in the following auxiliary result.
Lemma 19. Let m be the RI policy. There exists K1, K4 > 0 such that for any T > 2,

te{l,....,T} and § > 0, with 7(t) = min{t, [\/Tlog(T)}, we have

Pg{Hé?—i—l — 013 > 6, A\pin(Ze(6)) > AOT(t%A} < Kit”%%e exp {—KédT(t)} :
max{1,vd}

(3.65)

Step 4: upper bound for Pg{||é?+1 —0ll2 > 6, \pin(Z(0)) > Ao7(t), A°}. Similar to the

previous step, we deduce an upper bound for the third term of (3.63) in the following result

Lemma 20. Let m be the RI policy. There exists Ké,Kfl > 0 such that for any T > 2,

te{l,....,T} and § > 0, with 7(t) = min{t, [\/Tlog(T)}, we have
B3 1011 — 01 > 5 Anin(T0)) 2 dor(t), A} < Khep{-Kit}).  (3:66)

Step 5: concluding the upper bound for Ez{HéHl —0||3}. CGiven that © is a compact

set, we let g = maxg g co 101 — 02]|3, which is a finite constant. Combining the obser-

vations from step 2 - 4, for any 7" > 2, ¢t € {1,2...} and 7(t) = min{¢, [{/T log(T)]}, we
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establish that

E5{ (10,0 — 02} = [ Pr([16,0y —6]2 > 2 )d
0111041 =057 = , To 10¢11 — 0[5 > 7 )dv
(a) ) ~
<[5 (16041 — 013 > 2 \nin (T:(6)) < Nor(1) e
5g 5
+ [ 23 (10111 - 013 > 2 Ain(T:0)) = Nor(1), A ) e

5g 5
+ [ 23 (10011 — 013 > 2 Anin(Ti(0)) = Mo7(0), A7) da

—~
=

[ B (hnin(@(0) < dor(t))

99 T (1Y% 2
+ [ 85 (18111 — 613 > 2, \nin(Ti(6)) = Mo7(1), 4) do

dg -
+ / P5 (16141~ 013 > 2 \uin(Z1(8)) > Aor (1), A°) di

(kg+1) log(t)
%/ / Kyr(1) Al1dx
+

kg
ﬁﬁeﬂ)bg( D K{t"022 exp {—Kém-(t)} dx
KIT(t)

oV K )
—i—/l o Kit“GxTQ exp{—Ké\/ET(t)}da:—l—/ogKéexp{—Kflt}dx

(i) dgko (kg +1)log(t)
—T(t) K57 (t)
+ﬁ+5 KL 1K’\f bg K* K/
; 056Xp—42t+03exp—4t
(€ log(t+1)
< Ki—————~,
T(t+1)

(3.67)

where in in step (a), we decompose the probability IP’”(HéHl — 0|3 > =) into three com-
ponents. Note that since dg = maxg 5 o 101 — 623, we have P {H9t+1 03> 2} =0
for any © > dg. In step (b), we observe that in the first term, event {||@s41 — 0|3 >
T, Anin(Ze(0)) < Ao7(t) } implies { A, (Z:(0)) < Ag7(t)}. In the second term and the third
term, given that é;ﬁrl is the unconstrained maximum likelihood estimator, we observe that
event {||@;41 — 0|3 > 2} implies event {||é:§b+1 — 0|3 > 2}. Summarizing the two observa-

tions above, we obtain the inequality in step (b). In step (c), we have three terms on the left
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hand side. The first term follows directly from Pg (X, (Z¢(0)) < Ao7(t)) < % (by (3.64)).
In the second term of step (c¢), we break the integral further into three components: (1) when
x < % A1, the integrand is upper bounded by 1; (2) when x € [% A1, 1],
together with (3.65) in Lemma 19, the integrand satisfies that m = z in the second
component; and (3) when z > 1, we have m = /x in the integrand. The third
term of step (c) follows readily from (3.66) of Lemma 20. In step (d), the first two terms

!/
follow from direct integration. In the third term, the integrand is upper bounded by —* Kl n

the fourth term, given 7" > 2, we have 7(t) = min{t, [\/M]} > %\/Z > %\/1_5 We can
further pick K > 0 such that K} exp{—leKé\/i} > Kié‘?gt“@ exp{—K}+/t} for any t > 1.
Step (e) follows readily from the fact that we can pick K1 > 0 such that the inequality holds
in this step for any 7> 2 and t € {1,...,T}.

Summarizing the observations above, we conclude the claim of this proposition. O

Proof of Theorem 12. Let 7 be the platform’s RI policy and {pg : s = 1,2,...} be
the price process induced by the sellers under policy m. Before proving the claim, we first

establish the following auxiliary result.

Lemma 21. For any (p,€,0) € [l,u]” x 2 x O, if the mapping * in (3.14) satisfies
Assumption 10, then under the reward contracts Wﬁ’é’é in Lemma 16, there exists a constant

Ky, > 0 such that for any 0,0 € © and € € = then we have

Under the RI policy 7, we focus on the reward contract in Lemma 16. Given the expres-
sion of the platform’s revenue function R(p, €, 0) in (3.4), by the continuity of the demand
function Q(p, €, 0) and the reward contracts YWP: P£:9 from Lemma 16 in terms of (p,€,0) €

[1,u]" x© x =, we obtain that R(p, €, 8) is continuous in (p, €, 0) € [I,u]* x O xE. As a result,

there exists a positive constant R such that R(p, €,0) < R for any (p,€,0) € [I,u]" x © x Z.
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We conclude the claim by deducing that

T

Ag(T) = Eg {Z R*(&t, 9)} - Vg (T)

t=1

T
= Eg {Z R(¢*(€t7 0)v€t> 0) - R(pta St: 0)}

R(67(61.0).1.6) ~ Rip1. & 0)}

T -
S RWE0).610) ~ R (€00). & 0)}
t=[+/Tlog(T)]+1

T

) _ N
< 2R(y/Tlog(T) + 1 +K¢ZE5{H0t—9H%}
t=2
D o K, 3K
< 2 +1)+
- ( o8 wtzzg 1min{ Tlog(T),t}
( (
e) _
< 2R(

T)+1)

T)+1)
gﬁﬁmmﬂwmimlﬂw+%i&m@

T)+1)

_|_
=
SaE
—

(

log(t)

t=2 T'log(T) !
(

(f)
VT log(T) + 1) + Ky K1/ Tlog(T) + KKy log(T)? < Cay/Tlog(T),

(3.69)

where step (a) follows directly from the expression of R*(&;, 0) in (3.16) and the definition of
Vg in (3.10). Step (b) follows from dividing the summation expression further into two terms.
In step (c), the first term follows readily from the observation that R(¢*(&;,8),&;,0) —
R(ps, &,0) < 2R forall t € {1,..., (\/ﬁg(Tﬂ} given the uniform upper bound R. The
second term of step (c) follows from (3.68) in Lemma 21. Step (d) follows directly from
inequality (3.24) in Proposition 22 where we have 7(t) = min{t, [/T'log(T)]}. In step (e),
both the second term and the third term follow from the fact that log(t) < log(7’). In step
(f), we can pick Oy > 4R + 4K 1Ky, > 0 such that the inequality stands in this step.

With the aforementioned arguments, we conclude the proof of the claim in this theorem.

]
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Proof of Theorem 13. Let 7 be the platform’s SRI policy and {pg: s =1,...,T} be the
price process induced by the sellers under policy 7. To evaluate the performance of the SRI

policy, we first develop a supporting result to facilitate our proof of the claim.

Lemma 22. Let m be the SRI policy. There exists ko, Mo, K9 > 0 such that for any T > 2

and t € {2,..., T}, with 7(t) = min{t, [\/T 1log(T)]}, we have that

Ez{nét - en%} < 10 (3.70)

Moreover, the platform’s information revelation timing T under policy w satisfies that

(i) if @ € int(O©), there ewists Ko > 0 such that for any T > 2,

Pg{T: (,/Tlog(TﬂH} < K (3.71)

Tlog(T)
(i) if @ € int(©°), there exists K1 > 0 such that for any T > 2,

Pg{T = oo} < Tl[ig(T)' (3.72)

Based on the observations in Lemma 22, we prove this theorem by establishing Claim (i)

and Claim (ii).
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Proof of Claim (i). If 8 € int(0), we first establish that

[T log(T)]
70T<T) = Eg Z R*(éta 0) - R(pt7 5257 0)

T
+Eg { Z R*(&;,0) — R(pys. &4, 9)}
t=[

[T log(T)]
R*(&:,0) — R(py, &+, 0)

t=[/Tlog(T)]+1
T

Z R*(gtve) - R<pt7£t>0) T = (\/F{(T)] + 1}
t=[/Tlog(T)]+1

Pg{r — [T log(T)] + 1} (3.73)

+ Eg

T
+E} 3 R*(£;,0) — Ripy, &, 0)|r = o0 Pg{r _ oo}

To proceed, we develop an upper bound for each of the three terms in the last expression of
(3.73). In the first term of (3.73), by letting R = MAX (5, & G)e[lu]" xZx O R(p, €, 0), we can

establish that

[v/Tlog(T)] [v/Tlog(T)]
Rl L RGO -Reu&o)| “Ept L R*(6.6) ~ R(p1.&.6)
t= t=
< 2R(\/Tlog(T) + 1). (3.74)

For the second term of (3.73), given the positive constant /K in (3.71) of Lemma 22, we first

note that there exists 7'6 > 0 such that for any 7" > 7'6, we have 1 — \/—% < % Next, based

on the probability upper bound in (3.71), we deduce that

(3.75)

DO | —

]P’Z{T:oo} = I—Pg{T:[ Tlog(Tﬂ%—l} >
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To proceed, we let 7] be the smallest positive constant such that 7'— ([/T log(T)]+1) %T
/
i},

for any T' > 7-1 Given the aforementioned positive constants 7'0, 7'1, for any T' > max{ro,

we can show that

T
Ej { > R*(&:,0) — R(pt,&4,0)|7 =
t=[y/T1og(T)]+1

m}pg{T .

(a) d
2 g Z R*(€,.0) — R(BY.£,.0)|7 = Pg{T — oo}
t=[ Tlog
T 0 _ <
+E { <p 7£t’0)_R(pt7£t70)7—OO}]P)Q{TOO}
V/Tlog(T)]+1
g { R*(&,0) — R(p%, &, 9)} P’é{r = oo}
[/Tlog(T)]+1
+E7T{ Z R<1_707€t70) _R<pt7€t70) TOO}Pg{TOO}
[v/Tlog(T)]+1
@ 1
< —2COTP5{T = oo}
d (7]
+Eg Z R(i? 7£t7 0) - R<pt7£t70) T=0 Pg{T = OO}
=[/Tlog(T)]+1
(d) 1 1 (e) 1
< —qatFp{r—ocp+ qarPh{r —oo} < - air (3.76)

where step (a) follows from adding and subtracting the same term

{E[W " R(PY. &, 0)|r = oo }Pg{7T = oo}. In step (b), we replace the expectation
measure from Eg{-|7 = oo} to E¢ o{-} in the first term given the independence of features
{&,} from the event {7 = oo}. Instep (c), from the assumption that @ € int(6) and that {£,}
are 1.1i.d, there exists a positive constant cp such that ¢cg = Eg’E{R(pB, £,0)-R*(g, 9)} >0
Moreover, since T — ([/T log(T)]+1) > %T for T > 71, step (c) immediately follows. In step
(d), under Assumption 12, we can leverage the continuous mapping theorem to establish that

E{R(ps, &, 0)|7 = oo} — Ej {R(p ,&4,0)|T = 0o} as t — oo. This allows us to further
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pick a positive constant 74 such that Eg{R(f)B,Et,O) — R(py, &,0)|7 = 00} < 21100 for all
t > [\/T1og(T)] + 1 > 75. Step (e) follows readily from the inequality in (3.75).

For the third term of (3.73), we deduce that

T = [/Tlog(T)] + 1} P’é{r = [y Tlog(T)] + 1}

T
Eg { Z R*(£t= 9) - R(pt7 €t7 0)
=

Tlog(T)]+1

T
) Eg { > R(V* (&, 6),£&4,0) — R(U*(&,61), &, 0)
t=[

Tlog(T)]+1

Pg{T — [/Tlog(T)] + 1}
T
< > KuEp{Iee— 03 | r = [y/Tlog(T)) + 1}Pg{r = [yTlog(T)] + 1)
t=[/Tlog(T)]+1
T

i (h) log(T _
> KEp1e -0} < Kyt BT < Ry Tiog(r),
t=[/Tlog(1)]+1 T'log(T)

7= [\/Tlog(T)] + 1}

—~
~

IN

(3.77)

where in step (f), conditional on 7 = [/T log(T")] +1, the first component in the expectation
term follows from the expression of R*(&;,6) in (3.16), and the second component follows
from the fact that p; = ¥*(&, 0;) under the SRI policy 7. In step (g), we replicate the same
proof arguments as in Lemma 21 in the proof of Theorem 12 to establish that there exists
a positive constant K, such that R(V* (&, 0),&;,0) — R(P*(&;, 0;),£,,0) < K¢Hét — 03
Step (h) follows directly from the inequality in (3.70) of Lemma 22.

Summarizing (3.74), (3.76) and (3.77), we can find 74 > 0 and C5 < %co such that
2R(y/Tlog(T) + 1) — %COT + K3/Tlog(T) < —C3T for all T > 74. Thus, for any T >

max{Té, T{, Té, Té}, we establish that

AJT) < —CsT. (3.78)
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Furthermore, there exists r3 > 2R max{7, 71, 79, T4 } such that for any 7' < max{7), 7], 79, 75},

AJ(T) < r3. (3.79)

In summary of (3.78) and (3.79), we conclude that

AJ(T) < r3—CsT, VT >2. (3.80)

Proof of Claim (ii). If 8 € int(6°), we first replicate the arguments in (3.73) to establish

the following upper bound on AZ(T):

[V/T 1og(T)]
o(T) =Eg

Z R*(gtae) R(pt7£t79)}

t=1
T
+Eg Z R*(Ebe) - R(pt7£t70)
t=[/Tlog(T)]+1
[v/Tlog(T)]
> R¥(&:,0) — R(ps, &4, 0)

t=1

— Ej

T
+Eg{ > R*(&;,0) — R(py, &, 0) Too}[Pg{Too}
t=[\/Tlog(T)]+1

T
+Ep { > R*(&1,0) — R(py, &, 0)|7 = [ Tlog(T)] + 1}
t=[/Tlog(T)]+1

Pg{T — [/Tlog(T)] + 1}. (3.81)

To proceed, we develop upper bounds on the three terms in the last expression of (3.81).

Recalling that R = max(gb,é,é)e[l,u]anx@R(@é’é)’ we can readily deduce that the first
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term of (3.81) satisfies

[v/Tlog(T)] B
Egd S RMEn0) - R(pn&.0){ < R(/Tlog(T)+1).  (3.82)
=1

In the second term of (3.81), we can show that

n 3 \ . W
Eg > R(pi,&t:0) — R(pt, &, 0)|7 = o0 PQ{T = oo} < ZRT]PB{T = oo}
t=[/Tlog(T)]+1
2 om0
Tlog(T)
< ARKVT,

(3.83)

where step (i) follows from the observation that R*(&;,0) — R(py, &, 0) < 2R. In step (j),

the inequality follows directly from (3.71) of Lemma 22.

In the third term of (3.81), we obtain that
7= [/Tlog(T)] + 1} Pg{r — [T log(T)] + 1}

7= [yTlog(T)] + 1}

T
Eg { Z R*(£t7 0) - R(pt7 éta 0)
t=[/Tlog(T)]+1

T ~
®) Eg { > R(V*(&4,0).&4.0) — R(V™ (&4, 04),&4,0)
t=[/Tlog(T)]+1

Pa{r = y/T1og(T)] +1
T

—~
o~
~—

7= [\/Tlog(T)] + 1}[?75{7 = f\/ﬁg(Tﬂ + 1}

DS leﬁzz{nét—en%
t=[+/Tlog(T)]+1

T
< % Ksz{Het—eH%}

t=[/Tlog(T)]+1

(2) K¢K2Tlog(T)ﬂ < K3\/Tlog(T), (3.84)

[\/T log(T
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where in step (k), conditional on 7 = [{/Tlog(T")] + 1, the first component follows readily
from the expression of R*(&;,0) in (3.16), and the second component follows from the
observation that p; = ¥*(&;, 0;) under the platform’s SRI policy 7. In step (1), we can again
replicate the arguments and apply Lemma 21 in the proof of Theorem 12 to establish that
there exists a positive constant K, > 0 such that R(¢*(&;, 0), &, 0) — R(V* (&, 0;),£,,0) <
K¢||ét —0|)3. Step (m) follows readily from the inequality in (3.70) of Lemma 22.

In summary of (3.82), (3.83), and (3.84), we obtain that there exists Cy = 4R +4R K7 +

2K3 > 0 such that

AYT) < Cyy/Tlog(T), VT > 2. (3.85)

3.9 Proofs of Results in Section 3.5.

Proof of Proposition 23. To prove the claim for Example 7(i), we establish Assumptions

7 and Assumption 11 for the following problem instance:

o 12+0 1 0| (¢ 5 —1) (5
Q(pvgae) = ~ + - ) (386)
1246 0 1) \é 1 5 ) \p
where £ € [—1,1], [p1,p2] € [0,2]%, 6 € [-1,1], and v = 0.1. Note that in this problem
instance, we have [I,u] = [0,2]?, 2 =[-1,1], © = [-1,1], and & ~ U[-1, 1].

Assumption 7 in Example 7(i). It can be easily checked that Q(p, &, ) € R%_ 1, and that

it is twice continuously differentiable for any (p,€,80) € [0,2]? x [—1,1] x [—1,1]. Moreover,
since [0,2]% x [—1,1] x [~1, 1] is a compact set, together with the observation that gradient of
Qi (P, €, 0) is differentiable in (P, £, #), we obtain that there exists Lg > 0 such that Q;(p, £,0)
has a Lg-Lipschitz continuous gradient.

Summarizing the arguments above, we obtain that Assumption 7 holds in this instance.
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Assumption 10 in Example 7(i). With some arithmetic calculation, we obtain that the

optimization problem for (3.14) in this problem instance yields a unique optimal solution

. 0.9998 - - |1
V*(€,0) = (12+ &£+ 0) . (3.87)
10.0002 1

From the expression above, we can immediately establish that there exists L, > 0 such that
V*(€,0) is Ly-Lipschitz continuous in (€,0) € [-1,1] x [-1,1].

Assumption 11 in Example 7(i). From (3.86), we note that

o 1246 5 —1) (51
EE,E{Q(Z)>€70)} = | ) (388)
12+6 —1 5 | \po

which implies that log p;E¢ - {Q;(D, &, 6)} is a concave function in p; € [0,2] for i € {1,2}.
Moreover, we can also check that 222:1 log ﬁiEE’E{Qi(f),é,é)} is strictly concave in p €
0,2]2. By Theorem 5 of (146) (with # = 1), it implies that the system satisfies the diag-
onally strictly concave property specified in the statement of this assumption holds. Thus,
Assumption 11 holds in this instance.

To prove the claim for Example 7(ii), we establish Assumptions 7 and Assumption 11 for

the following problem instance:

2
Q1(D,&.0) = exp(0+E—p1)/[1+ > exp(0+& —p))],
=1
2
Q2(p.£,0) = exp(0+&—pa)/[L+ Y exp(d + & —pj)]. (3.89)
=1

where £ € [—1,1], [p1,p2] € [0,2]%, 61 € [1,2], and v = 0.1. In this problem instance, we
have [I,u] = [0,2)%, 2= [-1,1], © = [1,2], and £ ~ U[-1, 1].

Assumption 7 in Example 7(ii). We can easily check that Q(p, €, ) is twice continuously

differentiable in (p,&,0) € [0,3)% x [—1,1]? x [1,2]%. From (3.89), we readily observe that
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Q(p,€,0) € [0,1]? for any (p,£,0) € [0,3)% x [—1,1]2 x [1,2]%. Given that it is a compact
set, together with the observation that gradient of Q;(p, £, é) is continuous, we obtain that
there exists Ly > 0 such that Qi(fo,é,é) has a Lg-Lipschitz continuous gradient. Thus,
Assumption 7 holds.

Assumption 10 in Example 7(ii). From the construction of the problem instance, we can

easily verify that mMax;, 0,2] ;i Qi(pi, P f 9) is a concave maximization problem in p; €
0, 2] for any (ﬁ_i,ﬁ,e) € [0,2] x [-1,1] x [1,2] and ¢ € {1,2}, which allows us to deduce
that its maximizer is unique. For simplicity of notation, we let this maximizer as p;. Next,
we plan to leverage Corollary 4 of (155) to establish that max,, c10,2] piQi(pi i, €,0) is
continuously differentiable in 5_; € [0,2] for any (€,0) € [—1,1] x [1,2] and i € {1,2}. To
see this, given that p;Q;(p;, p—i, &, 0) is continuously differentiable in §; € [—0.01,2.01] (we
look at a larger compact set) and that 6%131@1'(]52" p_i, &, 0) is continuously differentiable in
[pi,p—;] € [—0.01, 2.01]2 in this problem instance, together with the observation that p; =
arg max, c[_0.01,2.01] piQi(pi.P—i, €, 0) is the unique maximizer for any (p_;,&,0) € [0,2] x
[—1,1] x [1,2], we have that %ﬁiQi(ﬁi,ﬁ_i,f, f) is a singleton at p; = p;. Thus, we can
apply Corollary 4(iii) of (155) to establish that max,, c o 9] iQi(pis D—i, é, é) is continuously
differentiable in p_; € [0,2] for any (£,0) € [-1,1] x [1,2] and i € {1,2,}.

To proceed, we look at optimization problem (3.14) and that the objective function has
an Hessian matrix in terms of p € [0, 2]2 whose eigenvalue is uniformly negative for any
€ x 0 e [—1,1] x [1,2]. For simplicity of notation, we let H(f(p)) be the Hessian matrix
of any function f(p) evaluated at p. We also let \(H) be the set of eigenvalues of matrix

H. With some calculation, we can show that for any (p,€,60) € [0,2]2 x [—1,1] x [1,2], the
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eigenvalue for the objective function of optimization problem (3.14) satisfies
maX{ { (ZPZQZ €.0 > - e piQi(pi

e 7 (sp-060)}
< max{ { <ZpZQZi) )}_min{A{H<§:17pflé%]ﬁicgi(pi’ﬁ_i’é’é)}}

< —0.01 4+ 0.05y < —0.005. (3.90)

From (3.90), we conclude that the optimizer ¥*(€,6) of problem (3.14) in this instance is
uniquely determined by (£, ) € [—1,1]x[1,2]. Moreover, since the eigenvalue of the objective
function is uniformly negative, we plan to leverage Theorem 3.1 of (156) to establish the
Lipschitz stability. We need to verify Assumptions 1-4 of (156). The continuity condition in
Assumption 1 holds since the optimizer and the value function of optimization problem (3.14)
are both continuous in (£,0) € [~1,1] x [1,2] (by applying the Berge’s maximum theorem
and the fact that the optimizer is unique). The singleton condition in Assumption 2 has been
established by the uniqueness of optimal solution to problem (3.14) for any (£,0) € [—1,1] x
[1,2]. To check Assumption 3, given that there are no equality constraints, we let uj =1
and u; = —1fori € {1,2}. For each i € {1,2}, we have u;" 8]) (— pz—l—l)jtuZ o (p; —u) < 0.
Thus, Assumption 3 holds. The strong second order condition in Assumption 4 holds directly
by the uniform upper bound value in (3.90). Summarizing Assumptions 1-4 of (156), we can
apply Theorem 3.1 to establish that there exists L,, > 0 such that @Z)*(f , 9) is Lyy-Lipschitz
in (£,0) € [~1,1] x [1,2].

Assumption 11 in Example 7(iii). We note that

2
Eg,e{Qi(iJ,&é)} = E¢e {eXp(éi +& =) /[1+ D exp(f; +&; —ﬁj)]} . Vie{l,2}.

j=1
(3.91)

Since log Q; (P, €, 0) is jointly log-concave in (p, &), which implies that log E¢ {Qi(P) €, 0)}
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is concave in p € [1,3]%, which that logﬁiEE’E{Qi(ﬁ,E,é)} is a log-concave function for
i € {1,2}. Moreover, we can easily check that 222:1 log piEe¢ {Q4(D, &, 6)} is strictly concave
in p € [1,3]2. Again, by applying Theorem 5 of (146) (with = 1), we show that the system
satisfies the diagonally strictly concave property (specified in this assumption). Thus, this
problem satisfies Assumption 11.

To prove the claim for Example 7(iii), we consider the following instance

¢ 0\ (m

3 ; (3.92)
0 &) \p2

Q(i)aéaé) = - +
12 1 5 ) \po

0
0
where & € [0, 1], [p1,po] € [0,2]%, 8 € [0,1], and v = 0.1. In this problem instance, we have
[1,u] = 10,22, 2=[-1,1], © = [0, 1], and & ~ U[0,1].

Assumption 7 in Example 7(iii). It can be easily checked that Q(p,£,0) € ]Ri L s twice

continuously differentiable for any (p, €, 0) € [0,2]? x [—1,1] x [0, 1]. Moreover, since [0, 2] x
[—1,1] x [0,1] is a compact set, together with the observation that gradient of Q;(p,&,0)
is differentiable in (p,€,0), we obtain that there exists Ly > 0 such that Q;(p, £,0) has a
Lg-Lipschitz continuous gradient. Thus, Assumption 7 holds in this instance.

Assumption 10 in Example 7(i). With some arithmetic calculation, we obtain that the

optimization problem for (3.14) in this problem instance yields a unique optimal solution

[5-E0° (1
_ (3.93)

From the expression above, we can immediately establish that there exists L, > 0 such that

Y (€,0) is Ly-Lipschitz continuous in (€,0) € [-1,1] x [0,1].
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Assumption 11 in Example 7(i). From (3.86), we note that

o 12 5 —1) (51
E{,E{Q(pa 67 6)} = - ’ (394)
12 1 5 ) \p

which implies that log p;E¢ - {Q;(D, &, 0)} is a log-concave function in p; € [0, 2] for i € {1,2}.
Moreover, we can also check that 212:1 log piE¢ {Qi (D, &, 0)} is strictly concave in p € [0, 2]2.
By Theorem 5 of (146) (with 7 = 1), it implies that the system satisfies the diagonally strictly

concave property specified in the statement of this assumption holds. Thus, Assumption 11

holds in this instance. O

Proof of Proposition 24. Proof of Claim (i).

To verify Assumption 8 in Claim (i), for any 0cOandte N4 4, we suppress the his-

tory information Hy = {(pg, &g, Ds) : s = 1,...,t} in the expressions of the log-likelihood
function ¢;(0|H;) and empirical fisher information matrix Zy (@|H;) for simplicity of notation.

Under Example 7(i), the log-likelihood function in period ¢ can be expressed as

0(0) = — T;t log 21 — élog det(34)

¢
- ;[Ds — (80 + 61&, — 02p )TN Ds — (B + 1€, — 02p,)].  (3.95)
s=1

For simplicity of notations, for s € {1,2,...}, we define g5(8) = £5(0) — s_1(0) where
(o(0) = 0, and we let M(p,, &) = (1,&,, —ps)(1,&,, —p,)T. After some arithmetic cal-
culation, we deduce that the corresponding empirical Fisher information matrix can be

expressed as

t
Z(0) = Y v, © M(pg, &) (3.96)
s=1

It can be readily verified from the expression (3.95) that g;(8) is twice continuously differen-
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tiable in @ = (0, 81,02) € ©. Moreover, since g = 0 and (1,&,, —p,)(1, &4, —p,)T = 0 for
all s € N, from the expression in (3.96), we can immediately verify that Z;(0)—Z;_1(8) = 0.
By definition, since matrix Z;(8) — Z;(8) is precisely the negative Hessian function of g;(0),
we obtain that g¢(6) is weakly concave in 6 € ©.

To verify Assumption 13 in Claim (i), we first establish Assumption13(i), given that [I, u]"

and = are compact sets and that Ay, (Xs) > A for any s € {1,2...}, we observe that there
exists Ay > i MAaX (p,¢)ell,u)t x E MAX|| 521 H(l,fT,pT)mH%. Thus, for any ¢t € N4 and any

0o,

Amaz (It(é) _It—l(é)) (%) )\max(zt_l))\max((l,€>p>(1>£7p)T)

(b) 1

< max _ max [[(LET,pNzl} < A\, (3.97)

Ae (pEE[Lu]"xE |x|2=1

where in step (a), given the expression of Z;(€) in (3.96), we can apply the maximum
eigenvalue property of the matrix Kronecker product. Step (b) follows from the fact that
Amaz (D7 1) > i and that A; > f WNAX () 1] x = MAX 2 (1, €T, pT)|3.

To establish Assumption13(ii), we first observe from (3.96) that Z;(0) does not depend
on 6. By letting k7 = 1, we can immediately establish that %It(él) =< T;(02) = %It(él)
for any 01,0 € ©,t € Ny and {(p,, &) € [L,u]" xZ:5=1,2...,t}.

To establish the inequality in (3.23), we plan to leverage the matrix Freedman inequality.
FixingT'> 2 and t € {1,...,T}, welet {p,: s =1,2,...,t} be the price process induced by
the sellers under policy w. Recalling that 7; is the set of random exploration periods with
|Te| = 7(t) € Ny, we let Ty = {t1,...,¢;(4)}. Note that there exists a random vector £ with
Cov(€) = O such that §, = { forall £ € {1,...,7(t)}. Under policy 7, there exists a random
price vector p with Cov(p) = 0 such that p;, = p for all £ € {1,...,7(?)}.

With M(pg, €5) = (1,&,,—pg)(1,&,, —p)T foralls € {1,2,...}, forany £ € {1,...,7(¢)},
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we simplify the notation and define

’CK = Et_Zl®M(ptg7£tg)a

{
T = > Ks (3.98)
s=1

To proceed, we define filtration Fy = Fi, for all s € {1,...,¢}. Based on (3.98), for any

te{l,...,7(t)}, we further define

X, = —IC5+IE75{IC€\]:“€_1},

/
}/é = ZX87
s=1
Y4
Wy = | ZIXSQHQ. (3.99)
S=

Before we can establish the claim, we need to establish some properties for {X, : ¢ =
Lm0}, Sp EF{K|Fy1} and W) in (3.100) - (3.103).

By construction, we have EZ{Xg’]:"g,l} =0and Y, = Zg:l Xs=—-Tp+ Eg{jg]]:"g,l}.
Thus, {Ys: s =1,2,...} is a matrix martingale and { X, : s = 1,2,... } is the corresponding
martingale difference sequence adapted to filtration {]:"s :s=1,2,...}. As a result of this,

there exists A\j; > 0 such that for all £ € {1,...,7(t)},

(©)

Amax (Xe) S

s (55| [ (M1, €1)|

+ e (25| s (BB { M1, €)1 B} )] 3100

where in step (c), the upper bound follows from applying the eigenvalue property of Kro-
necker product of matrices given the expressions of Xy in (3.99) and Ky in (3.98). In step (d),
since the eigenvalues of each component on the left hand side of the inequality are uniformly

bounded, we can pick A\j; > 0 large enough such that the inequality holds uniformly.
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For simplicity of notation, we let (p, &) be the random vector such that (pg, &) = (p, &)
for all s € 7; under policy . Denote by (p, €) the corresponding mean value of (p,&). We

can proceed to establish the following expression

(1) ) 1 —pT ] 0 0 0
= E§{Kel Fo1 s g £ & —¢&pT +£:212t}1® 0 Cov(¢) O
—p —p&" ppT 0 0 Cov(p)
(3.101)

where in step (e), for each ¢ € {1,...,7(t)}, given the expression of Iy in (3.98), we decom-
pose the expectation of Ky into the two components in (3.101).

Moreover, we can establish that

(1) )
(=1

(f) T(t)

> T ||;||1é11 {( yo +yl€ +ylp)? +ylCov (&) yy +y3Cov (p )yQ}

(9) T)Et) {(yo + 1€+ 9Ip)2 + 4] Cov (€) 5y + 53 Cov (p )w}

= A (3.102)

where in step (f), based on the expression of Z;g% Eg{ng'ﬁg_l} in (3.101) and the assump-
tion that Amin(E&l) > %6 forany ¢ € {1,...,7(¢t)} (by the proposition statement), we apply
the Rayleigh quotient to obtain the inequality on the right hand side. In step (g), we let
y = arg m1n|y|2 1 (o + yl€+ y2p) +y{Cov (€) y1 +ylCov (p) yo. In step (h), we define
the positive constant )\y = X:[(yo + y1£ + y%j)) + @1000 (& yy + Q;Cov (p) ya).

Next, given that [[,u]™ and = are compact sets and that the matrix 2-norm || - ||2 is
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equivalent to the matrix’s maximum eigenvalue, there exists a constant S\W = 4;\% such that

() () ]
Wy =| X 42, < 3 (= Ko B3 Zia})

IN

7(t) ~ 3 R
3 [l + el e {71}, + [=a{icd 7ol + =5 {7}

—
IN=
=

A (t), (3.103)

where step (i) follows from the fact that the eigenvalue for each component in the left hand
side of the inequality is upper bounded by 5\% Given that Ay = 4N2, step (i) readily follows.

Based on the observations that the dimension of the matrices in {Ys : s = 1,2,...}
(defined in (3.99)) is n(n+ k¢ +1), we leverage the properties in (3.100), (3.102) and (3.103),

together with the matrix Freedman inequality to obtain that for any 6 > 0 and o > 0,

—02/2
W{A Yon) >0, W < 2}<nn—|—n +1)expld ——L= % 3.104
b1 Amaz (Yor) = 6 Wy S0 < n(nt rg + 1) exp S ST (3.104)
1y 5 A
Based on (3.104), by picking 6 = 5,7 (t), 03 = A\y7(t), and ky = ﬁ, we can show
WTg My
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that

n(n+re + 1) exp{—ky7(t)} > Py

where step (j) follows directly from the matrix freedman inequality in (3.104) given the

152 |
m. In step (k), the equality

follows from the property that W) < A\ 7(t) almost surely (by (3.103)). In step (1),

selected values § = %S\yT(t), 03 = A\y7(t), and ky =

from the expression of Yy, X, (defined in (3.99)) and J, (defined in (3.98)), we obtain that
Yoy =—Tr@) + Zzi? Eg{/@‘]}g_l}. The inequality in step (1) follows from the fact that
Amaz(Yr (1)) 2 Amaz (=T 1)) + Amm(zgg ]Eg{ng‘]:"g_l}). Step (m) follows from the fact
that Anaz(—=T7 (1)) = —Amin(Tr(r))- Step (n) follows directly from (3.102).

Based on the expression of Z; in (3.96) and 7, ;) in (3.98), we can readily establish that
It = J-1)- By picking Ao = %E\y and ko > 0 such that n(n + rkg + 1) exp {—k 2z} < /%0 for

all z € {1,2,...,}, we complete the verification of (3.23) by deducing that

]P)g{/\min (Zy) < )‘OT(t)} =Py {)‘min (Zy) < ;)‘yT(t)}

—
S
=

(3.106)

VAN
~
B
—
>

s
3
VS
“
=
N—
AN
\
>
Neg
3
=
N
——
IN

where in step (0), since the symmetric matries Z; and jT(t) satisfy Z; > jr(t) > 0, we obtain
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that Apin(Zy — jT(t)) > 0, which further implies that A,;,(Z¢) > )\mm(jT(t)) + Ain (L —

jT(t)) > )‘min(jr(t))-
Proof of Claim (ii).

To verify Assumption 8 in Claim (i), for simplicity of notation, we suppress the history

information Hy in the expressions of the log-likelihood function ft(é|7-[t) and its correspond-
ing empirical information matrix Z;(@|H;). Under Example 7(ii), the log-likelihood function

can be expressed as

t n
((8) = > Y Dis(foi + 01:&is — 2ipis) — Y log (1 + ) exp {(90j + 01585 — 923'153'5)}) :
s=1i=1 s=1 J=1

(3.107)

We define two matrices (1) M(p,,&,) = (1,&, —py)(1, &, —py)T, and (2) B(p,,£s,0)

be such that Bii(p87€5>é) = Qi(psaﬁsaé)[l - Qz(psaésaé)] for all @ € {1,,%} and
B;j(ps; &, 0) = Q;(ps, &s, é)Qj (ps, &5, 0) for all i # j. With some arithmetic derivation, we

obtain that the empirical Fisher information matrix Z;(0) associated with the log-likelihood

function £4(0) in (3.107) satisfies

t
7(8) = Y B(ps, £y 0) @ M(p,, £,). (3.108)
s=1

Letting g¢+(0) = £4(0) — ;_1(0) for all t € N4, we can immediately establish that g¢(0) is a
twice continuously differentiable function in @ € ©. Moreover, it can be easily verified that for
any (p,€,0) € [I,u]” x = x O, matrix B(p, €, 0) is symmetric and strictly diagonal dominant
with each diagonal component being strictly positive. This implies that B(py, &;,6) = 0 for
all @ € ©. Together with the observation that M(p, &) = 0 for any (p,€) € [I,u]” x =, we
obtain that Z;(0) — Z;_1(0) > 0, from which we conclude that g;(8) is weakly concave in
6 co.

To verify Assumption 13 in Claim (ii), we first show that Assumptionl3(i) holds. For
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any p € [I,u]”, € € Z and 0 € O, there exists a compact subset B C (0,1)"*" such that
B(p,€,0) € B. Since all entries of B(p,£,0) are continuous in (p,&,0) for all possible

(P, €,0) € [I,u]™ x = x O, there exists Ag > Ag > 0 such that

min - min zTB(p.£.0)x = Ag > 0,
||w||%:1 (i)agve)e[l,u]anX@

max __ max mTB(f),é,é)m = \g > 0. (3.109)
|2 [3=1 (p.&0)€lul"x=x6

To proceed, we can pick 5\1 > (0 such that 5\1 > ﬁ MaX 5 )¢ [1,u]n x= 18X || )|2=1 I|(1, ET,ﬁT)wH%.

nx=

As a result, for all £ € Ny, we can deduce that

—
=

Amaz (It(é) - It—l(é)> = Amax (B(ptv & é) ® M(py, €t))

. max Amaz (B(f?, é, é) ® ,/\/l(f)’ é))
(p,€,0)€[l,u]" xExO

IN

_ _ max max J;T{B(f),g,é)@)/\/l(f)’é)]m < A
(P,€,0)€[l,u]"x=x0 ||z||3=1

where step (p) follows directly from (3.108). With the observations above, we establish
Assumption 13(i).

To establish Assumption13(ii), we pick a positive constant £y > 0 such that Ag— K%X B>
0 and Agp — kA < 0. This allows us to establish that H%It(ég) =< T;(01) = KkT(05) for
all 01,05 € O.

The verification the inequality in (3.23) is similar to that of Claim (i). Given 7" > 2,

te{l,....,T}and Ty = {tl,...,tT(t)}, for any ¢ € {1,...,7(t)}, we define

’Cf - B(ptg7£t470) & M(ptgastg)v

¢
T = Y Ks (3.111)
s=1
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Under filtration Fy = Fy, for any £ € {1,...,7(t)}, we further define the stochastic process

Xy = _’CZ+E5{’CZ|J}Z—1},
¢
}/f = ZXS7
s=1
0
We=|| ZIXEHQ. (3.112)
S=

We develop the sufficient conditions on Xy, Zf,:l Eg{ICS

.7}5_1}, and Wy such that we can
apply the matrix Freedman’s inequality.

By construction of X, in (3.112), we immediately verify that Eg{X g’f"g,l} = 0. More-
over, given the expression of Xy, Yy in (3.112) and Jy in (3.111), we also have Y, = Zg:l Xs =
—jg+Eg{jg|fg_1}. Thus, {Ys : s =1,2,...}is a matrix martingale and { X5 : s =1,2,...}
is the corresponding martingale difference sequence adapted to filtration {]:" s:s=12...}.

Given that both [I,u]" and Z are both compact sets, there exists Ay > 0 such that for all

re{l,..., Tt}

9 N (—’Cz + Eg{’C€|f€—l}>

Amaz (Xp)
< M (<K) + M (B {171}
< [onas (Bt €1, 0)) | Nnas (M1, £2,))|
+ P (B(y €40:0)) A (Mp. )|

(s) -
< AN (3.113)

~—

where step (q) follows from the definition of X, in (3.112). In step (r), we implement the
observation that Ky is the symmetric matrix. Step (s) follows from the observations that
B(py,,&t,,0) and M(py,,&;,) have uniformly bounded eigenvalues.

Since {(ps,&s) : s € T} are i.i.d, we denote by (p, &) be the random vector such that
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(ps, &) = (p, &) for any s € T;. This allows us to establish that

(1) 0™
Ep{iFia) ¥ L Ep{Br.c.0) 0 Mp.0)) (3114)

~

=1

where step (t) follow from the observation that {(ps, &) : s € T¢} are i.i.d. With (3.114),

we can show that

A (2(: 5 (K| Fr 1}) < Amin (B3 { B(p.€,6) 0 M(p.€) })

25 (3.115)

where step (u) follows from the the symmetry of matrix ICy for ¢ € {1,...,7(t)}. Step (v)
follows from the fact that Ay, (B(D,€,0)) > Ap. In step (w), based on the expression
M(p, &) = (1,€ —p)(1,& —p)T, we further let (p, €) be the mean value of (p, £). Similar to
the arguments in (3.101) - (3.102), we let y = arg min|y‘%:1(yo+y{é+y£13)2+y{00@ (&) y1+
yJCov (p) yo. Recalling that Cov(€) = 0 and Couv(p) = 0, given the definition of Ag in
(3.109), there exists a positive constant A, = Ag[(7o + y1€ + @;13)2 + y{Cov (&) Yy +
yJCov (p) yo]. Thus, we have that /\mm(Eg {M(p, 5)}) > min‘yg:l(yo +ylé +yip)? +
y1Cov (&) y1 +y3Cov (p) y2 = A\y/Ap.

By replicating the same arguments as in (3.103), we can pick Ay = 4;\% such that
WT(t) S AwT(t). (3.116)

Given (3.113), (3.115) and (3.116), we apply the matrix Freedman inequality and replicate

376



the same arguments as in (3.105) to establish that there exists kg, A\g > 0 such that

B { Amin (71) < N ()} < f(‘;) (3.117)

Summarizing the observations above, we complete the proof of Claim (ii).

Proof of Claim (iii).

To verify Assumption 8 in Claim (i), for any 0 € © and t € N, we suppress the his-

tory information Hy = {(pg, &g, Ds) : s = 1,...,t} in the expressions of the log-likelihood
function £;(0|H;) and the empirical fisher information matrix Zy(@|H;) for simplicity of no-
tation.

Under Example 7(iii), the log-likelihood function in period ¢ can be expressed as

~ t t
0(0) = — % log 2m — = log det(%)
t
1 . i ~ o ~
- Z §[DS —(68p — 01ps + 02€sps)]TZs 1[Ds —(68p — 01ps + 92€sps)]'
s=1

(3.118)

With g(8) = £;(0)—{;_1(8), by repeating the same arguments as in Claim ((i)), we can read-
ily verify that it is twice continuously differentiable and weakly concave in 8 = (90, 61, é2) €

©.

To verify Assumption 13 in Claim (iii), it is worth noting that in Example 7(iii), we have

QD,€,0) = 0y — 01p + 0:€p. By letting § = £p, the demand model in Example 7(iii)

can be reformulated as an instance of Example 7(i):

Q(p,9,0) = 6y — 01D+ 023. (3.119)

Let vec(-) be the vector form of a matrix. Given the policy-induced price process {py : s =

1,2,...} and the set of random exploration periods 7, there exists a random vector é with
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Cov(vec(§)) = 0 such that &, = & for all £ € {1,...,7(¢)}. Moreover, under policy 7, there
exists a random price vector p such that p;, = p for all £ € {1,...,7(t)} with Cov(p) = 0.

We obtain that the covariance matrix of the random vector y satisfies

Cov(y) = Cov(€p) > 0. (3.120)

Then we can repeat exactly the same proof arguments above to establish that Assumption
13 also holds for Example 7(iii).
With the arguments above, we establish that the classes of instances in Example 7(iii)

satisfy Assumption 13. O

Proof of Proposition 25. Proof of Claim (i). To establish Assumption 9, by (3.25),

we have Ri(t+1)(p) = mGup — Mp,(p, pir). From 3352 ng < 00, we obtain that there exists
1 > 0 such that ng <7 for any s € {1,2,...}. By the instance set-up below (3.25), we have
|it] < ag for some 64 > 0. Given that p € [l,u] and that My, (p,pit) = hi(p) — hi(pit) —
R, (pit)(p — pit) with continuously differentiable function %;(-), we immediately observe that
there exists My > 0 such that | Mp, (p; pit)| < My for any i € {1,...,n}, p, pit € [I,u]. Thus,
we can pick M]% > fogu + My > 0 such that |Ri(t+1)(p)| < M for any i € {1,...,n},
t € {1,2,...}, and p € [l,u]. Given that d%ﬁi(tjtl)(p) = mgit + hi(p) — hi(pit), by the
continuously differentiable of function h;(-) and that p, p; € [I,u], there exists M}% > 0 such
that [ 5 R(y1)(p)] < M} for any i € {1,...,n}, t € {1,2,...}, and p € 1, u].
To establish Assumption 12, we divide the proof arguments in the following steps.

Step (i) -1: establish an equivalent expression for the price process in (3.25). Let 7 be the

platform’s DN policy. It is worth noting that under this policy, the reward contract satisfies
Wit(p) = 0 for all p € [l,u], i € {1,...,n}, and t € {1,2...}. Moreover, the expectation

operator Eg¢ o{-} is equivalent to Eg{-}.
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By definition, from (3.25), we have g;; be such that

0
log(Eg e { Rs; (1. &1, 0)|F1}), (3.121)

Ee e {Git|Fr 1} = o
1

where R, (ps,&t,0) = vpirQi(py, &4, 0). Based on the definition of the Bregman divergence
My, (z,y) = hi(x) — hi(y) — hi(y)(z —y) in (3.25), for all i € {1,...,n}, the price process in
(3.25) satisfies

Dj(t4+1) = argax {mﬁz‘tp — My, (p,pit)}
pe(l,y]

= arg E;ﬂ&ﬁx {megier — hi(p) + hipie) + Wi(pie) (0 — pie) |
pellu

= arg [Ilnaix {[Pi(pit) + mditlp — hi(p)} (3.122)
pell,u

We define the convex conjugate for h;(-) and its corresponding maximizer respectively as:

hi(v) = max {vp—hi(p)}, Yo €eR
pE[l,u]

Q;(v) = argmax{vp — hi(p)}, Vv eR. (3.123)
pEllu]

Based on (3.122) and (3.123), the price process {ps : s = 1,2,...} induced by the sellers

from solving (3.25) under policy 7 satisfies that for any ¢ € {1,...,n} and t € {1,2,...},

Tigtr1) = hi(pit) +mdit, (3.124a)

Di(t+1) = Qi(gi(t—i—l))‘ (3.124b)

Step (i) -2: define the Fenchel-Young inequality gap. Based on (3.123), the Fenchel-Young

inequality suggests that A} (v) + h;(p) — vp > 0. We define the gap induced by the Fenchel-
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Young inequality as
Fi(p,v) = hi(v)+hi(p) —vp, YpeR,veR. (3.125)

Recall from the discussions in (3.25) that h;(-) is a continuously differentiable and [j-strongly
convex function on [[, u] for alli € {1,...,n}. Note that the [},-strongly convexity of function
hi(p) in p € R implies that function A} (v) is i—strongly smooth in v € R. From the definition

of function Fj;(p,v) in (3.125), we summarize the following property for the next step.

Lemma 23. For all p,v € R, and i € {1,...,n}, function F;(p,v) satisfies
1
Fi(p,v) < Ei(p,v)+ (v =) [R])@) —p) + (v — )2, W eR. (3.126)

20,

In a compact form, for all p,v € R", we define ny = (014, .-, nt)s G¢ = (G1ts - - Gnt),

h(p) = X1 1 hi(pi), and Q(v) = (Q1(v1), ..., @Qn(vn)). Moreover, we define that
F(p,v) = > Fi(pi, vi)- (3.127)

Step (i)-3: show that the price process p; is recurrent in the neighborhood of 130 in expectation.

For any € > 0, the goal of this step is to establish

sup {t eN:Ej {F(ﬁe, Vh(pt))} < 6} = 00. (3.128)

Recall that g;; is such that Eg,e{ﬁiﬂqu} = % log(E¢ o { Rs; (Pt &t 0)|FY_}) where R, (py, &;,0) =
YpitQi (Pt &, @) and the expectation measure E¢ o{-} is induced by {(€s5,£5) : s = 1,2,... }.
Given Fy = o(eq,...,et) and the equivalence of E¢ ¢{-} and Eg{-}, for all i € {1,...,n},
we define g;; = Eg{ flz’tfftoq} for simplicity of notation. We establish the following auxiliary

lemma to support our proof.

Lemma 24. Let w be the platform’s DN policy with seller-induced price process {ps : s =
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1,2,...} under policy 7, and let 130 be the unique DN Nash equilibrium defined in Definition
5. Foranyt e {1,2,...,}, we further let (py11,Ys11) be the process defined in (3.124). For

any i € {1,...,n}, we have
(i) Fi(0f, W (piges1)) < Fi0f Gie1)s
(ii) Eg{ﬂ(ﬁf, hg(]%(t+1)))!7:?1} < F(p?, hé(]?z't))ﬂ?t%(pit—ﬁf)+ﬁE5 {mzflizt!]:?q}-
Before proceeding, we also clarify the following notations

- a) 0
Uitp) 5 lox(ruBe o{Qi(pr-1.0))

—~
~

0 c
5o 08B Qilpr: €. O FL) < i (3120)

where step (a) follows from the definition of U;(p;) in Assumption 11. In step (b), given ]-"?71
and price vector p;, the only uncertainty is induced by &;. We also replace the expectation
operator from E¢ o{-} to Eg{-} in step (b). Step (c) follow follows directly from the definition
of git.

By letting g; = (9it)j=1, 9t = (Git)j=1, and 8¢ = g; — gy, we have that

Ej {at'ﬁ?_l} 9 (3.130a)
™ ol 0 1 @ o
E} {||6t||2‘]-"t1} < ne? < oo, (3.130D)
where in step (d), the equation follows directly from the definition of g; and g;. Step (e)
follow readily from the assumptions that |g;| < 7.

To prove the claim in (3.128), we assume towards a contradiction that there exists 7¢

such that Eg [F (p?, Vh(pt))} > ¢ for all t > 7.. Then there exists ¢ > 0 such that for all
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t > 7., we have

0> ¢ & Ez{i(@(w)—mp"))(pn—pz } W g {Z pn—m},

i=1
(3.131)

where in step (f), from the assumption that Eg [F(f)e, Vh(pt))} > €, we have p; # p? for
any t > 7, by continuity property and the condition in Assumption 11, this implies that
there exists ¢c > 0 such that Y7 (U;(py) — U; %)) (pir — pz) —ce for any ¢t > 7. Step
(g) follows from p? being in the interior of [l,u]™ (by Assumption 11), which further implies
that U;(p?) = 0 for all i € {1,...,n} (by the first order optimality condition).

Thus, for all t > 7., we have

. _ (h)  _
Ed {Z Git(Pit — p?)} < —Ce, (3.132)
=1
where in step (h), given g;; = U;(p;) (by (3.129)) and the inequality in (3.131), the inequality
naturally follows.
Based on (3.132) and the definition that F(p,v) = X% | F;(p;,v;) in (3.127), we can

proceed to establish that

1

B3 { P, Vhipn))} < Ep{ PP Vitw) | + B {mal e~ 2%} + 5 Ep{ I3}

—~
~—

_ 1 .
< E3{F(p’. Vh<pt>>} —can + 5 g { Il .

(k) 1 t 2 112
“afrionm) - (5o (a0

(3.133)

where step (i) follows directly from Lemma 24(ii). In step (j) follows from (3.132). Step (k),
we inductively iterate through step (i) - (j), and then reorganize the expression.

Within the last-step expression in (3.133), we show that there exists a nonnegative ran-
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dom variable G with EJ{G} < oo such that as t — oo,
Lo Q &
> uslgsls = G as., (3.134)

where in step (1), we notice that {SL_; 72[|gsl|13 : t = 1,2,...} is a nonnegative submartin-
gale series, and that Ef {{_, nfllg.l3} = Bf {Si-1 nillal3} + Bf {51 nilosl3} <
( ot 773) (U+na ) < oo for all t € Ny U{oc} where U = Y7 L1 SUPpe[u) n |U;(p)|. By the
Doob’s martingale convergence theorem, the nonnegative random sequence S°L_; 12|1g|13
converges to a nonnegative random variable G almost surely.

This allows us to establish that as ¢ — oo,

EQ{W} ), (3.135)

where step (m) follows from the observation that ]Eg{é} < oo and the assumption that
2221 Nis — 00 as t — 00.

From (3.133) and (3.135), with 3-!_; s — 00 as t — 0o, we have
B3| F(”, Vh(py) | — —oc, (3.130)

which is a contradiction to the observation Eg {F (p?, Vh(pt))} > 0 (by the nonnegativity
of the Fenchel-Young inequality gap). Thus, the induced price process {p;} is recurrent in
the neighborhood of p i.e., condition (3.128) holds.

Step (i)-4: conclude the convergence of the price process. To prove the convergence on

the price process {p;}, we prove that Ej {F(p ,Vh(p;))} — 0 ast — 0. This is equiv-
alent to show that for any € > 0, there exists 7 > 0 such that for any ¢t > 7, we have
Eg{F(i)g, Vh(ps))} <e Fixany e >0, forany t € {s: Eg{F(i)g, Vh(ps)} < €}, we discuss
the following two possible cases:

(1) if Eg {F(p Vh(pt))} 5, we can repeat the same arguments as in (3.131) - (3.132)

383



to establish that there exists a uniform constant ce > () such that

n

Eg {Z 9it(pit — 15?)} < —ce. (3.137)
1=1

(2) if Eg {F (ﬁe,Vh(pt))} < §, then from the diagonal strict concavity condition in

Assumption 11, we naturally have

{En: 1(pir — P?) } < 0. (3.138)

Since g — 0 as s — oo for all i € {1,...,n}, there exists a positive integer 71 such that

20,

for all s > 71, we have ng < W

ce, and moreover,

1 T ~ 112 (ﬁ) 1 T — 2
%Ee{ﬂﬁsgsﬂz} = %E9{|\?7s(gs+5s)”2}

© 1 org o 21 o Lo 2

() n(U*+52) ,
—— s
20,

where step (n) follows from the equation gg = g; + ds. Step (o) holds because E§{ds} =
0 (from (3.130)). Step (p) follows from the definition that ||[gis[|3 < U? where U =

2251 SUPpe] ) n |U;(p)| and the observation that E7 {H58H2} < na (from (3.130)). Step
—2#66
— n(U%*+062) 2

Similarly, there exists positive integer 7o such that for any s > 79, we have that ns <

(q) holds because 75 <
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_ e
(02 153)" and that

1 T ~ 112 _)
51, 5 {Insgsl3} =

—
=3

1
20,
- —~ 12 L 2
%E0{||nsgs||2}+% o1lnsdsll3}
n(02+6§) 9
2, UB

Eg {[Ins(gs + 85113 }

IN=

INE
N

(3.140)

where step (r) - (t) follows from the same arguments as in step (n) - (p) above. Step (u)

[ lpe
follows from the fact that ng < (02153

We can pick any 7 € {s : Eg{F(z_?O,Vh(ps)} < €} with 7 > max{r, ™} (by the
recurrent property established in the previous step). In case of Ej {F (PP, Vh(pT))} <3,

by summarizing Lemma 24(ii), (3.137), and (3.139), such that

B { F(3°. Vhip- 1)} < EF{F(B®.Vh(p )} —cqmtegm < e (3141

In case of Eg {F(i)e, Vh(pt))} < §, then by summarizing Lemma 24(ii), (3.138), and (3.140),

we obtain that

B3P’ Vip, 1)} < B3P Vi) 4045 < e (3142)

Summarizing the arguments above, we observe that for any € > 0, there exists a pos-
itive integer 7 such that for any ¢t > 7, we have Ej {F(ﬁa, Vh(pt))} < €. Thus, we have

Ep [F (p?, Vh(pt))} < €. Since € can be arbitrarily chosen, we conclude the proof that as

t — 00,

EQ{F(I‘?G,W(M))} — 0. (3.143)
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To establish the almost sure convergence of the price process {pg : s = 1,2,...}. Consider

a random process {Xs :s=1,2,...} where

. < p(U?+52)
Xi = F@? Vh(p) + X Tgﬂg- (3.144)
s=t+1 h

By construction, we have X; > 0 for all ¢t € {1,2,...}. To establish that X; is a super-

martingale adapted to filtration F?, we verify that

~ (v) _ S n(UP+o )
Bp (XA} YR {FG? Ym0 R+ Y
s=t+1 h
@)

o0 n((72+6§) 9

< F° Vh(p) + mg] (0 — 7))+ BR U IGTIBIFL |+ S g
s=t+1
() n(U2 + g2 < n(U?+ 52
< Pt vapy) + %) o Dyp sy M%) o 22
s=t+1
n(U? + 0y 2) -
F(p Vh(p) +ZTU,§ = X¢-1, (3.145)
s=t

where step (v) follows from the definition of X; in (3.144). Step (w) follows directly from
Lemma 24(ii). In step (x), we leverage the observation that gtT (py — 130) < 0 (by the strict
diagonal concavity condition in Assumption 11) and ﬁ“ntgtﬂg < whg (the same
as step (n) - (p) of (3.139)).

Based on (3.145) and the nonnegativity of X;, we apply Doob’s martingale convergence

theorem to conclude that there exists random variable X such that

X; =X, as. (3.146)
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Moreover, we have

) = ma o X
W gz lim P, Vhpe))

<t int B3 { P, Th(py1)))
@, (3.147)
where step (y) follows from the definition of X; in (3.144) from which we obtain limg_ o Xy =
limy 500 F(P?, Vh(py)). Step (2) follows from directly from Fatou’s lemma. Step (a) follows
directly from (3.143).

Leveraging the observations above and the nonegative of X, we obtain that X = 0 almost
surely, which further suggests that F(p?, Vh(p;)) — 0 almost surely as ¢t — co. This allows
us to conclude that p; — 139 almost surely.

Proof of Claim (ii). By the proposition statement, R;; belongs to a compact subspace of

CY([l,u]) for any i € {1,...,n} and t € {1,...,T} and T € {1,2...}. This readily implies
that there exists M, M} > 0 such that SUPpe|l,u] |Ri+(p)| < MY and SUDpe (1] \d%ﬁiit(p)l <
M}% Thus, Assumption 9 holds.

Note that the game specified in the DN Nash equilibrium in Definition 5 is a finite
weighted potential game in which the unique Nash equilibrium price profile satisfies 130 eS.
By leveraging Theorem 2.4 of (154), we immediately obtain that the price dynamics {p; : t =
1,2,...} in (3.26) has a fictitious play property: a game satisfies the fictitious play property
if every fictitious process converges in beliefs to equilibrium ((see 157)). By the fictitious play
property, fictitious play dynamics in (3.26) which induces the price process {p; : t = 1,2,...}
converges almost surely to the unique DN Nash equilibrium 130 in Definition 5 as t — oo.

Proof of Claim (iii). To prove the claim, we first establish the following supporting lemma

on belief convergence. For simplicity of notation, we define event Hy = {E¢ {Q(:, £.0)) =
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Q(O)(.79(0))}'

/
Lemma 25. Suppose that there exists 65 > 0 such that |Q§k> (p, B(k)) — ng )(p, 9<k,))| > 04
for any p € [l,u]", any k, k' € {0,..., K} with k # k', and any i € {1,...,n}. Given
b1 € (071)K+1 with i € {1,...,n}, there exists a constant (,n > 0 such that for any

ie{l,...,n} andt € {1,2,...},
Ej {1 _ b§§>|HO} < Cexp{—nt}. (3.148)

From Lemma 25, for any € > 0, we can establish that for any t € {1,2,...,},

Py {sgli{l — bl(.g)} > €|Ho)} (%) > Py {1 — bgg) > e|H0}

s=t

) 1

INS
o

gEg {1 _ b§2)|H0}

NS
o |
M8

¢ exp{—ns}

i
~

< Cexplomt} Y exp{(s — 1)}, (3.149)

s=t

where step (a) follows from implementing the probability union bound. Step (b) holds
because of the Markov’s inequality. Step (c) follows directly from the conclusion of Lemma
25.

From (3.149), we can establish

o0
0 < Py {tli%loiili{l g 6Illfo)} < Jim Cexp{—nt} 3 exp{-n(s - )} = 0,

s=t

(0)

which by definition, says that b;," converges to 1 almost surely as ¢ — oo for any i €

{1,...,n}. This also implies that bgf ) converges to 0 almost surely as t — oo for any

ie{l,...,n}and k€ {1,...,K}.
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To proceed, for any ¢t € {1,2,...}, we know that the induced price process p; in period

t satisfies that for any i € {1,...,n},

k) ;
pit = argmax vp > by Q" (p,p_i, 6W)). (3.151)
pe(lul k=0
For simplicity of notation, we consider function F : [0, 1]*5+1) x [, u]® — R™ in which for

any i € {1,...,n}, F;(b,p) satisfies

o K
Fi(b,p) = o i 3 8 p, o) | (3.152)
v k=0

Given that the DN-Nash equilibrium p? € int([l,u]"), we let b = (Bz(k))i,k be such that
0 =1 and 8¥) =0 forall k € {1,..., K} and i € {1,...,n}. From the definition of DN
Nash equilibrium in Definition 5, by applying the first order optimality condition, we obtain

that
F(b,p%) =o. (3.153)

We continue to define the corresponding Jacobian of function F' as
Jp(b,p) = [%Fi(bvp)]i,je{l,...,n}- From strict diagonal dominance property (Assumption
11), we know that there exists open set B C R(E+1) qych that the corresponding Jacobian
matrix J(b, p) is invertible for any (b,p) € B x [l,u]". By the implicit function theorem,

there exists a differentiable function g : B — R" such that for any b € B,
F(b, g(b)) = O. (3.154)

Given by — b almost sure as t — 0o, by the continuously mapping theorem, we establish
that g(bs) — ¢(b) almost surely as t — oco. Since b € B, p? = ¢(b) and p; = g(by), we
conclude the proof that p; — ﬁe almost surely. O
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3.10 Proof of Results in Section 3.7.

Proof of Theorem 14. Proof of Claim (i). In proving this result, we borrow some notations

in the proof arguments of Proposition 25(i). We let m be the platform’s DN policy under
which the seller induces the price process {pg : s =1,2,...} through the multiagent mirror
descent framework in (3.25). From Assumptions 11 and 12, we let p% € int([l,u]") be the
DN Nash equilibrium. Given filtration ]_—tO =o(es:s=1,...,t), we can show that for any
T>2,

T
AB(T) @TES{R*(&,e) R(p° 50} {Z (p1.£1.6) R(ﬁ",st,m},

t=1

t=1

T
© gz {Z R(®%.&.0) - Ripy, &, 9)}

t=1i=1

T n
‘Q(l—v)Ez{ZZ pPEp {Qi(p% &, 0)|Fi- 1}—pz-th{Qi<pt,et70>\f9_1}}

(3.155)

where step (a) follows from exactly the same arguments as in step (a) - (¢) of (3.35). In
step (b), given 6 € 90, we have EJ{R*(¢,0)} = Ee AR*(£,0)} = Ege{R(p ,€,.0)) =
g{R(f) ,&€,0)} (by definition of 9O in (3.29)), which implies that step (b) holds. In step
(c), under the platform’s DN policy 7, we have W;;(p) = 0 for all i € {1,...,n} and any
p € [l,u]. We also observe that p; is determined conditional on .7-"?_1. Together with the
platform’s revenue expression in (3.3) and (3.4), we obtain the equality in this step.

Next, for any T > 2 and t € {1,...,T}, given ]:1&0—17 we develop an upper bound for
ﬁng {Qi(ﬁe, &, 0)‘.7—"?71} — pitlEp {Qi(pt, &, 0)‘.7—"?71} in the last term of (3.155). For any
i€ {l,...,n}, welet U;(p) = 3@% log (vpi]E&g {Qi(pi,p_i,é, 9)}) for any p € [I,u]". Recall
that conditional on }"to 1, the induced price profile p; is given. Abusing some notation, we

can let U;(p;) = 8p log (ypltIEB {Qz(pzt, i, £.0) ’]—"t 1}) From Assumption 11, we have
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S (Ui(py) — U; %)) (pir — D; 9) < 0 given filtration FP . This allows us to establish that

n

0 > S (Uilpe) - Ui (it — ) & Enj (i — ), (3.156)
i=1 =

where step (d) follows from applying first order optimality condition to the DN Nash equi-
librium in Definition 5 to obtain U;(p?) = 0 for all i € {1,... n} given that p? € int([l, u]").
For simplicity of notations, we define F(p;,v;) = hi(v;) + hij(p;) — vip; given the con-
tinuously differentiable Ij,-strongly convex function h;(-) and its conjugate hJ(-) for any
€ [l,u] and v; € R (as in (3.125) of Proposition 25). Leveraging Lemma 24(ii) in the proof

arguments of Proposition 25), we can establish that

—
~—

_ ¢ _ - _ 1 _
EG{ B! i)} < BR{EG Bwin)) ) + B Uil vis — )} + gm0 + 35007
(f

< B3| Fo?. o))} + B {mTioo) s — o)} + G, (3157

~—

where in step (e), based on Lemma 24(ii), we have g;; = U;(p;) (from (3.129)) and Eg{nfgft} <
n(U? +5§)17252 where U = maX;e (1, . n}pelluln U;(p) (from step (n) - (p) of (3.139)). In step
(f), we define a positive constant G = mn(U2 + 63).

Moreover, we can also establish that

(1 = NP EG] Qi(B%. £.0)/ Fy | — (1 = 1)pitBg{ Qulpr. &1, 0)|Fy |
(1= NP EF Qi(p%. £.0) 7L, |
W 7 oEn{Q@(p £1,60)| FL 1} _VPitEg{Qi(pt,ﬁt,H)‘fP_l}

B RG] Qie, &, 0) AL, )

(Z) log vp; EW{Qz(p &4,0 ‘]:t 1}—logvpitEZ{Qi(pt,Etﬁ)\f?1}

—~

7

< ~Ui(py)(pir — 79). (3.158)

~—

where step (g) follows from the property that v € (0,1). Step (h) follows from the ob-
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. T—y . .
servation that =—< < log(3) for any z,y > 0. In step (i), we leverage the assumption

x
Y
that function log yp;EG{Q;(p, &+, 0)‘}"750_1} is concave in p; € [l,u] and the definition that
Ui(py) = 5o log(1pitEe {Qi(p1, &1, 0)|F{_1}) (by Assumption 11).

From the arguments above, we can establish that

3] (- 03 { 0,071} - (- B {Qitor €. 0|71 |

() -

< w{0’01 | [ - Giwot - 9]

® RiEg{ — Ui(py) (it — ﬁ?)}

(1) ﬁ’z s -0 1/ -0 1/ ~

< mEO{Fi(pi by (pit)) — Fi(p; 7hi(pi(t+1)))} + G, (3.159)

where step (j) follows from the observation in (3.158). In step (k), we define a positive
constant R; = (1 —v)ﬁng’E{Qi(j)o, £,0)}. By thei.i.d property of {&€,}, we also obtain that
Ri=(1— 7)]5? g{Qi(ﬁe, £€,0)|F |} In step (1), we can directly leverage the observation
in (3.157) to establish the inequality.

To conclude the arguments for this claim, we show that
n
AR(T) < (1-7) z{z > fE3{ Qi(p%. £.0)\ 71 | —pith{@mst,e>]f?_1}}
=1
(m) "R Ri . .
< Ez{ > L FiBl i (pie)) = S EB] b)) + G
t=1
T+

1
®) gz {Z RiE (0}, i (pir) <1 B 1)} = {

8

n

U -1

1=1t=1

XT: Gﬁt}

T 1 1 T
< Cy Zmax{—,O}—FC%Zm, (3.160)
e -1 t=1

where step (m) follows readily from the inequality in (3.159). In step (n), we reorganize

the terms in the summation. Note that in this step, we abuse some notation to define

1 _ 1
10 Nr+1

two dummy variables 79 = 1741 = 00 such that = 0. In step (j), we choose
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0(5) >3 R, max

ppellu? Fi (p,p) and C3 > nG such that step (i) readily follows.

Summarizing the aforementioned arguments, we pick C5 > maX{Cg , 051} such that for
any T' > 2, we have Ag(T) < Cs {Zg;l max {% — ﬁ, O} + Z%F:1 17,5}
Proof of Claim (ii). Let m be the platform’s SRI policy under which the sellers induce

the price process {pg : s = 1,2,...} by applying the multiagent mirror descent framework
in (3.25). We also let p? € int([l,u]™) be the DN Nash equilibrium in Definition 5. By the
i.i.d property, we let € be a random vector that & = & for all t € {1,2...,}. Since 8 € 90,
we first show that
_ (a) _
Bp{R€.0)-RG%.¢.0)) B {R7€0)-RGP.E0)) =0 (6
where in step (a), since the only uncertainty in the expression is €, the expectation operator

g1} can be replaced with E¢ o{-}.

Next, we establish that

/T log(T)]
> RY&.0) —R(p &)

t=1

T
+ Ej Z R*(&;,0) — R(py, &, 0)|T = 00 Pg{T = oo}
t

=[/Tlog(T)]+1

T
+ Eg { > R*(&,0) — R(py, &, 0) |7 = [/ T'log(T)] + 1}
t=T

Tlog(T)]+1

Pg{T _ [/Tlog(T)] + 1}, (3.162)

where in step (b), we leverage the same arguments as in (3.73) of Theorem 13’s proof
arguments.

In the first term of (3.162), we define a positive constant
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R = MAX (5 & B)e(lu]? xExO R(p,€,0) > 0, which allows us to immediately establish that

[/ TTog(T)] )
t=1

In the second term of (3.162), there exits Cg, Cé > 0 such that

OO}P;;{TOO}
w}Pg{Tm}
oo}Pg{Too}

T
Eg { > R*(&;,0) — R(py, &, 0)|7 =
t=[/Tlog(T)]+1

(c) I
< EZ{ Z R*(£,6) — R(p°,£,6)|7 =

t=[ Tlog

R(®%.€.0) — R(p;. &.0)|m =

+E“{
[T log(T)]+1

< EZ{ Z R(p°,€&:,0) — R(py, €. 0) Too}n»g{T oo}
=[vTlog(T)]+1
(e) 1 1 L T
< 4 Zmax{_70}+06 > (3.164)
t=1 o M—1 =1

where in step (c¢), we add and subtract a common term Ef {Zt [/ TToR(T] 41 R*(&:,0) —
R(j)o, &, )‘7’ = oo }Pg{T = 0o} to get the right-hand-side expression. In step (d), given the
i.i.d property of {&;}, we have that

Ej{R"(&. 0)|r = oo} = EJ{R*(¢:,6)} and EJ{R(p?. &, 6)|r = oo} = EJ{R(5’,&;,6)}.
From the observation in (3.161), we immediately obtain that the first term in step (d) is
zero. In step (e), given that PR{7 = oo} < 1, since the SRI policy is the same as the DN
policy conditional on 7 = oo, for t > \/m , we can directly leveraging the conclusion
from Claim (i) to establish that there exists C’g, C’é > 0 such that the inequality in this step
holds.
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In the third term of (3.162), we show that there exists C'7 > 0,

T
Eg { Z R*(£t7 0) - R(pt7 £t7 0)
t

= T10g<Tﬂ+1}Pg{7( Tlog(T)JrH}
=[+/T log(T)]+1

T
g { Z R<w*(€t73)7£t79) - R(w*(Sbét)agtve)
t

=[v/Tlog(T)]+1

7= [yTlog(T)] + 1}
Y o TToa(T), (3.165)

In step (f), we leverage the fact that R*(&;,60) can be implemented by the price profile
*(&;,0). Moreover, conditional on 7 = (\/ﬁg(Tﬂ + 1, for any t > (\/ﬁg(Tﬂ + 1,
the price profile p; satisfies p; = 1*(&;,0;) (by Algorithm 2). Moreover, we have Po{r =
[\/T'log(T)+1]} < 1. Step (g) follows from the same derivation as in (3.77) of Theorem 13
for some positive constant Kg > 0. Summarizing (3.162), (3.163), (3.164) and (3.165), we

conclude that there exists positive constants Cg = max{C’g, C’%}, C7 such that

AJ(T) < cﬂi max {1 - 1,0} + i m] + Cyy/Tlog(T). (3.166)

t=1 mo M—1 =1

This completes the proof. O

3.11 Supporting Results

Proof of Lemma 19. To prove the claim, for any t € {1,2,...}, we divide the arguments
into the following steps.

Step 1: establish an upper bound for [0, | — 01|z, (p)- Recall that (4(8) is the log-likelihood

function in period ¢ and 6y, 11 is the unconstrained maximum likelihood estimator. We first

consider the Taylor expansion to Et(é?+1) to the second order: given the true demand pa-
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rameter vector @, there exists ét+1 such that
- . 1 - _ -
(4(0341) = ((0) + VL(0)T(0y4 — 0) — 5(9&1 —0)TZ(6141)(6;41 — 0).  (3.167)

Given the dimension of the demand parameter vector kg, for any positive semidefinite matrix
1
A € RF07F0 and vector & € R0, we define ||x|/ 4 = ||A§zc||2. Recall from the lemma state-

ment that for any 7> 2 and t € {1,...,T}, we let 7(¢t) = min{¢, /7T log(T)}. Conditional
on Apin(Zt(0)) > A\g7(t), we deduce that

~u a) 1 .
V0611618151 ~ 0y 2 17, 2 (0)V(6) 5177 (8) Bi1 — )3

(0) ~u
> V0(0)T(0}y1 — 0)

vV
N —

(04,1 — 0)TZ1(0:41)(0 11 — 0)

1 ~U ~U (6 ]. ~U 2
Tm(atﬂ —0)71,(0)(0;1 - 0) = %Hgt—kl =017,

(3.168)

—
Ve
S~—

where step (a) and step (e) follow directly from the definition |[z||z,9) = HI%(O)w”Q and
||:1:||It—1(0) = ||Z, %<0>CU||2 Step (b) follows directly from Cauchy-Schwarz inequality. In
step (c), by leveraging the definition that 8}, ; = arg maxg 0:(8), we have £4(8;,1) > (+(0).
Together with the equation in (3.167), step (c) readily follows. Step (d) follows from As-

sumption 13(ii). In summary of the observation in (3.168), we have
241 |V0O) | 1(9) > 10}1 — Olza) (3.169)

Step 2: an upper bound for Pg{||V€t(0)||I_1(0) > 0ty Amin(Ze(0)) > AT (1), A}. Before pro-
¢

ceeding, we first develop some notations. For any s € {1,2...} and any § > 0, we let

ds = 2K11/>\OT( s)6. We further let {g, : s = 1,2,...} be a stochastic process where g
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satisfies

. Os 1
s = — Z,7(0)Vis(0). 3.170
Y | Zs 1(9)Ws(9)||zt(9) (B)VE:(6) ( )

Given the definition in (3.170), for any s € {1,2,...}, if || V/s(0) ) > Js, it immediately

H 18—1 C
follows that

(6 V(0TI NO)T(0)T (0)VL(0) 5 (1) 1T OVL(O)F ) )
||ys||z ) — 1 0y = 1 ds = Oy,
‘ IZ5H(0)VLs(0)]17 ) I1Z5(8)V£s(6) 13

where step (e) and step (f) respectively follow from the definition in (3.170) and the def-
inition of the matrix norm [ - ||z ). Step (g) follows directly from the assumption that
||V€5(9)||IS_1(0) > 0g > 0. Recalling that 05 = T/lq Ao7(s)d, if we further have A, (Zs(0)) >
Ao7($), together with the observation in (3.171), we would obtain that

0

)‘min(I( ))
a0 < 19l = e

07(s)

19,013 < (3.172)

Given the positive constant A\; in Assumption 13(i) and the positive constant x in
Assumption 13(ii), we pick (1 large enough such that ¢; > exp {2/;\%}, and then set v =
max{+/d,1}. For any deterministic vector y € R we define a sequence {Z¥ : s =1,2,...}

where ZY satisfies

7Y — exp {ﬁly (yTWS(e) _ ;yT IS(H)y) } (3.173)

Based on the definition of the {§, : s = 1,2...} in (3.170) and {Z¥ : s = 1,2,...} in
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(3.173), for any 7' > 2, t € {1,...,T} and 7(t) = min{t, /T log(T)}, we can establish that

25 { IV ()11 g) > 31 Ain(T(6) = Nor(t), A

B pr {&vm JTZ,1(0)V14(6) N SIVL(0)TZ, 1 (8)VI4(0)

—~

) )\min<It(0)) > )‘OT(t)v A}

- 17,1 (0)VE4(6) |7, 0 1Z; 1 (0)V L (0)I13, 4,
) pr {&ewt( )L (0)VA(6) _ 0FVL(O)TT, (0)T(0)Z, 1(0)V((6)
12 L(0)V44(6)ll,0) 17,1 (0)V ()12, 4, ’

Aain(Z1(6)) = Ao (). A}

—
INS

Pg{ﬂgv@(e) > Yl Lt(0)Yp, Anin(Z2(0)) > AOT(t%A}
(0051, Muin T2 (6)) = Mor(0). A}
o] wtw)} > exp { 4] :ftw).@t} nin(Z1(8)) = AT (t). A}

2C ytIt(e) } )

~ 2
W g o {2 (0D = dar(o), 4], (3.174)

where step (h) follows from the equivalence of events on both sides of the equation given

that [VE(0)17 1 )

the inequality of the first event, we multiply an identity matrix 7Z;(0)Z, 1(9) = [ in the

- ||1;1(9)wt(9)||_?[t(0) > 0. In step (i), on the right hand side of

numerator to obtain the equivalent expression. In step (j), we implement the expression of
y; from (3.170) in the first inequality, and then replace the strict inequality with the weak
inequality. In step (k), we divide a common term exp{ ﬁ@g Z:(0)y, } on both sides of the
first inequality. Step (1) follows from the definition of Z7 in (3.173). In step (m), since
191ll7,(0) = 6t (by (3.171)), it follows that §{Z:(6)y; Hgtni@ = 67.
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. 2

To develop an upper bound for the expression P{Z}* > exp{%},/\mm(ﬂ(e)) >
Ao7(t), A}, we want to consider some deterministic vector y that is close to the stochastic
vector 4, and then leverage the supermartingale property of Z, which we would establish

below.

Step 3: establish that {Z¥ : s = 1,2...} is a supermartingale adapted to {Fs:5=0,1,...

Before proceeding, we first show that {Z¢ : s = 1,2,...} in (3.173) is a supermartingale

adapted to the filtration {Fs : s = 0,1,...} where Fs = o(&71,€1, - .- ,és,és,és+1). Fixing

§ > 0, for any deterministic vector y such that ||y||3 < &, with g5(0) = (5(0) — (5_1(0)
T

399



and Js(0) = Zs(0) — Zs_1(0), we can establish that

1
EZ [exp {Cl’/yTVQS(O)} Fsl]
@4 tEr [0 F S e [ o) |7
= +C17Vy 0_ gs( ) 8_1:|+k§::2]d 9 CliVy gs( ) s—1
00 [ k
(©) lonl( L 1
- 1+/§2k!E0 _(ClVy Vgs(9>> }—s—l_
_ k
(p) 0 q 1 2 2
SmTol T
< 1+/§2k!E0 (Clyy Vgs(0>> Fs—1
_ 2 2 k-1
D1y m5 (L) [Foa]- S LEg | (yvae) 7|
= 1+ Eg ClVy Js s—1 = X 0 C1Vy Js s—1
(Q 1+ 2C2 5Y Ee {VQS(O)VQS(G)T fs—l} )
E_q
2L TE”[V (0)Vgs(0)T|F ] i
]{gk, C121/2y 0| VIs 9s s—1|Y
(s) | [—
< 1+ C%VQy Eg {js(e) ]:s—l} Y
< 2 1 v [ 70 31
(1) | x AVE O\
TRT )
<1+ 5 12 5Y EO |:\78(0) fs—1:| Y kz::z (k‘—2)' (2/{ICIV>
(u) 1
T
< 1+ 2<1y2y Ea {\73(0) Jrsl} Yy
(v)
< eXp{yTEZ [%(9) Fs—1} y}, (3.175)

where step (n) follows from directly applying the Taylor expansion. Step (o) follows from
the observation that E§[Vgs(#)|Fs—1] = 0. Step (p) follows from the observation that
for any k> 2, we have [S5(( Ly V,(0)H1F,Al]F < [E5l(pyTVas0)21F: 1]
step (q), we move a common expression Eg[(ﬁ%yTVgs(O))Q\fs_l] out of the summation

term. In step (r), since y is a deterministic vector, we have Eg[(ﬁ%yTVgs(O))afs,l] =
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22V EGIV 95 (0)Vau(0)TIFs 1]y, Tn step (s), given that gs(8) = £5(6) — £s-1(6) and
Js(0) = Zs(0) — Zs—1(0), we leverage the observation
E5[Vgs(0)Vgs(0)T|Fs—1] = Ef[Ts(0)|Fs—1] to deduce the inequality in this step. In step

(t), for k > 2, we have % < 1. Moreover, we also have yTEZ[Js(0)|Fs—1]y < Arllyl3 (by

Assumption 13(i)). Together with the fact that ||y||3 < &, we can establish step (t). In step
17 —
(), since v/§ < max{v/§,1} = v (by construction), exp {2?;]1\(/15:/} = Xh=2 (k—lz)! (Qi\ﬁl}\éb/lgv)k_2

(by the Taylor expansion), and (1 > exp{%} (by construction), step (u) immediately

follows from the observation that ¢; > >72, ﬁ(%ﬁ)k—Z Step (v) follows from v =

max{+/d,1} > 1 (by construction).

2
Based on the observation in (3.175), for any y that satisfies |y||3 < % we establish

90
45%’
that the stochastic process {Z¢ : s = 1,2,...} in (3.173) is a supermartingale adapted to
{Fs:s=0,1...}:

w 1 1
Ej (7Y Fs1] 2 Ej [exp {clv <yTwS(9) _ 2yTIS(0)y)} f“]
= exp {le (yTWs—1(9) - yTIs—l(H)y)}

x 1 1
@) exp {V (yTWs—1(9) - 2yTIs—1(9)y>}

E} [exp {cllu (y7Vas() - ;yTjs(O)y)}

R Pl CACRICEEARION | B (3.176)
where step (w) follows from the definition of Z¢ in (3.173). In step (x), given Fs 1 =
o(&1,€1,...,€4_1,Es-1,&5), we separate the deterministic and the stochastic components
of VIs(0) and Zs(0) i.e., Vgs(0) = VIs(0) — Vis_1(0) and Js(0) = Z5(0) — Zs_1(0). Step
(v) readily follows from (3.175). Step (z) follows immediately from the definition of Z¥ ; in
(3.173).

401



Step 4: develop a cover on the set {y : ||ly||3 < &} Forany T'> 2 and t € {1,...,T},
i

we want to cover the random vector y; with some small balls with fixed centers. We first let
L(y) = yTVi(0) — %yTIt(O)y, which is a concave function in y € R". Let g; be defined as
in (3.170). Under the event that {|]V€t(0)\|1;1(9) > 0ty Amin(Ze(0)) > Ao7(t), A}, we have

L)~ Dy) Y V0O) @ — )~ J5ITO + L0y
= VOO)T (5~ ) + 55— 9O, — v) — 5ITHO) 5, )

O G 00) e — )+~ — ) TTO) 51~ )
Ot i
N Vi (0)T _
OGS +(0)T (7 —y)
(c)

< wax {V0(0)T (51— ).0} + 55— )T TO) @ — v

(d) 1
< [|[V4(0)]2]|g: — yll2 + 5(% —y)TT(0)(9: — y)

(e) 5 1-
< IVa®l2l9: = yll2 + SArtllg: — yll3, (3.177)

where step (a) follows from the definition of L(y). Step (b) follows directly from the
expression of g; in (3.170) to the third term of the expression. In step (c), given the
event that {HV&(H)\|I;1(9) > Oty Amin(Zt(0)) > Ao7(t), A}, we have ]|V€t(9)\|zt_1(0) =
HIt_l(O)Vét(O)HIt(e) > §;. By combining the first and the third term, we obtain step (c).
Step (d) follows directly from the Jensen’s inequality i.e., VI (0)T(g; —y) < ||VL(0)]2]|y —
yllo. Instep (e), since Apaz (J:(0)) < Ar (by Assumption 13(i)), it follows that Apae (Z4(0)) <
At. By applying the Rayleigh quotient rule, we establish step (e).

Summarizing the observations above, given the event A = {||V{(0)|2 < k1t} with
K1 > %/{9;\1, there exists a positive constant L = k1 + %5\] such that
1
t

L(g) — L(y) < L, V|g:—yll2 < (3.178)
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We divide the set V5 = {y : |ly[3 < &} into finitely many balls with radius % To cover
T
Vs with these balls, we can compute that the hypercube that covers the set Vs has a length

of \H/—Ig As a result, after some arithmetic calculation, we can cover set Vs by a total of

K(5,t) = (\[t) balls. Let {B(yy) : k=1,...,K(5,t)} be the set of the balls where ¥y, is
the center for the &t ball for any k € {1,..., K(0,t)}.

Step 5: conclude the claim on the upper bound. Combining (3.174), (3.176) and (3.178),

we obtain that

- 2
B {20 > e {2 Ain@0) 2 dor(0. 4]

() K& 5 67
<3 {2 = oo {5 b @) = raro) A4 € B |

(9) I_(k(i) 7 L ) _ _
s (g an{-Elen [} o > urt. e o)
< k(:f)IPg{szkZGXP{—@LV}eX {42;}}

2 S al)en{ oo

(g f((é,t)exp{fl}e p{ 162(I)Clmax{i v ()} (3.179)

where step (f) follows from the union bound given the fact that {||'§/t||%t(0) =672} {1913 <
» 2} C U 119y € B(yg)}. Instep (g), for any g; € B(yy,), we have [|g; —ypll2 < %, which
1mphes that L(y) < L(9;) + L, or equivalently Zt Ui > exp(—C—)Zlgy * given the definition of
Z¥ in (3.173) for any y. Step (h) follows directly from the Markov’s inequality and the fact
that v = max{\/_ 1} > 1. In step (i), by using the tower property to the supermartingale
Ztyk’, we obtain that Eg{Z;”k} < 1. Combining with the facts that d; = 2/{ Ao7(t)6 and

v =max{1,d}, we obtain the upper bound expression in step (i).
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Based on (3.174), (3.179), and 0; = 2H Ao7(t)d, we establish that

- 1
B3 {IV40) 1) > 5 Mor 08 M 210)) 2 o). 4]

= BRIVl (g) > oo Amin(Ti(6)) = Dor(2), 4}

< K(é,t)exp{é}exp{ 162‘;41 max{‘i 7 ()} (3.180)

Summarizing all of the observations above, we conclude that

]P) { ét+1 - 0“2 >0, >‘mzn<It(0>> 2 )‘07<t>7A}

—~
I/\a

z{nem — 0117,(8) > AT ()5, Ain(Ze(8)) = N7 (1), A}
5 {1811~ Bllzi0) > VAT, Ain(Zi(6)) = Aor(t), A

(k)
Dp {nwt iz-t(6) > 5o VP07 (O5 M Z8)) > (1), 4|

i K(0,t) exp { } exp {— A ’ T(t)}
- G 16k%¢1 max{1, 3}
(2) K|706F exp {_Kénm{i\/g}>7<t)} (3.181)

where step (j) follows from A, (Z¢(0)) > Ao7(t). Step (k) follows directly from the inequal-

ity in (3.169). Step (1) follows from the inequality in (3.180). In step (m), we leverage the

fact that K (4,t) = (%)He. Step (m) follows from picking K| = (%})@ and K} = 162%§1'
T

This concludes the proof of this claim. n

Proof of Lemma 20. To prove the claim, for any 7> 2 and ¢t € {1,...,T}, in the
expression Pg{||0s11 — Oll2 > 6, Anin(Ze(0)) > Ao7(t), A°}, we abuse some notation by
letting ¢7.,(0) = (Vg¢(0))g for k € {1,...,kg} where kg is the dimension of the demand
parameter vector @ and g;(0) = £;(0) — ¢;_1(0). Given the positive constants rg and \j, we

pick a positive constnt (o large enough such that (o > exp{iv'zg)‘f}. For any y € {—1,1},

404



we deduce that

a > 1
E§ lexp {529249)}’51] Dy CyQEZ [g;ct(e)‘}_tl} + > 8
k=2""

k
<5~J292t(9)> ’Ftll

— 143 55 |( Lokto)) |7
i B €2

<1 —E% || Z4).(0 ‘ _
< +k§2k! 9 (CQth( )) Fi—1

N

=1+Ej

9
Yy g | T
(CQth(O)> )Ft—l} '];MEG

2
(é%ﬁ(‘%) ‘Ft—ll

®, Vo
= 1t 5 (60 7
k1
0.9} 2 y2 - p 2
kz::2 A <€»22 0 {(gkt(e)) ‘FtlD
= k—2

(c) 1 /{9)\13/2 ‘ i 1 /ig)\]
- 23 k-2 G
(d) H@j\IyQ Ii@j\] 2
< 1+ 2%, < exp{ 26 y }, (3.182)

where the derivations for steps (a) - (b) follow from the same arguments as step (n) - (s) in
(3.175) of Lemma 19. In step (c), given that ]Eg[(gfﬂt(H))Qlft_l] is the k" diagonal entry of
matrix Eg[J:(0)|F;—1] where J;(8) = Z4(0) —Z;—1(0), from the fact that the trace of matrix
Eg[J:(6)|F;—1] is the sum of its eigenvalue upper bounded by the positive constants kg,
we obtain that Eg[(g;ﬁ(O))2|ft_1] < kpAr. This observation readily implies that step (c)
holds. Step (d) follows immediately from the selection of (o which satisfies (3 > exp{@}.

¢
Based on (3.182), for any y € {—1, 1}, we establish that

t )
expd (X ghaO)y - S22 ) E < 1 (318
G2 s=1 2
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Thus, for any 7> 2 and ¢t € {1,...,T}, we conclude the claim by showing that

Pg {10711 — 013 > 0, \nin (Z4(8)) > Mo (1), A°}

Py {[IVE(0)l[1 = it}

Kg t
Z Ph { > g;ct(e)‘ > fﬂt}

= s=1

Kg t Ko t ,

SOPEY g1(0) = matp+ > PRI gi(0) > kat
s=1 k=1 s=1

Ko t 1.5
w $ Pg{exp{ (Z 1@;]t>} Zexp{fmw}}
k=1 2 ©)

kg 1 - t— Lot
+ Z Pg 4 exp Z gkt — —KgAst > exp {El 264 }
=1 2 (2

I/\s

(1) Lo K1t — 5KpA Tt 1 -
< Z exp {—W} exp { (Z g1.+(0 2&9)\125) }]
k=1 G
=6 kit — kgt 1 -
+ > exp {—W} Eg exp{ ( Z 95 (0 259)\[15) }]
= G2 G2
() t— SkgArt) ()
< 2Ky exp{—mg@]} < Kb exp{—Kth}, (3.184)
2

where step (e) follows readily from the observation that event A€ implies {||V/{¢(0)|2 > k1t}
and the fact that ||€;(0)[|2 < ||€¢(8)]1. In step (f), since V£(0) = 3-8 _; Vgs(0) (by Assump-
tion 8) and the that event {||>_; Vgs(0)||1 > w1t} implies event Uzezl{\ Y1 g5.(0)] >
k1t}, the inequality immediately follows. Step (g) follows directly from applying the union
bound. In step (h), we leverage the facts that the events on the left hand side of the equation
is equivalent to the right hand side. Step (i) follows from the Markov’s inequality. In step

(j), we implement the inequality in (3.183) where we respectively pick y € {1, —1}. In step

_L1.N
(k), we pick positive constants K5 = 2rg and K) = 143127:9/\1’ and the inequality readily
follows. This concludes the proof of the claim. O
Proof of Lemma 21. By the lemma statement, for any (p,€,0) € [I,u]* x=Ex0 and i €
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{1,...,n}, we consider the reward contract Wlp £0 in Lemma 16, which has a Ly,-Lipschitz
sub(sup)-derivative. Moreover, recall that Q;(p, €, 0) has a Lg-Lipschitz continuous gradient
(by Assumption 7). we immediately obtain that there exists Lg > 0 such that R(p,&,0)
has Lp-Lipschitz sup-gradients. Abusing some notation, we pick one sup-gradient, denoted
as VpR(D, £€.0) in p for any (p,€,0) € [I,u]” x = x ©. Given the true demand parameter

vector @ € © and the optimal price mapping ¥* in (3.14), for any (p,€) € [I,u]" x Z, we

can establish that

R(U(E,0).6.0) < R(D.E6) + VyR(D.E O)T(WH(E0) ~ p) + % [v*(.0) ~pll3
(3.185)

To proceed, we can further show that

R(V*(€.6),€,0) —R(D,E.0)
R

(a) . . g
< VpR(p.E 0T E0) ~ p) + R (E 0) — b3

®) = & * (& p * (& ~ LR iz ~112

(¢) N . . . L N

< [VpR(5.€.6) — VR (€ 6).& 0)]allv" (€.6) - p)ls + 0" (€.6) - bl

(d) _

< 3Lg|v*(€,0) - Bl3, (3.186)

where step (a) follows directly from (3.185) and the fact that R(¢*(€,0),€,0) > R(p, €, 0)
for any (P, €) € [I,u]” x Z. In step (b), given the optimality of ¢*(£, 8) in problem (3.14), the
inequality from the observation that VﬁR(w*(é, 0),£,0)T(p—*(€,0)) < 0 (the optimality
condition). In step (c), we leverage Cauchy-Schwarz inequality to establish the inequality.
Step (d) follows the selected gradient VR is Lg-Lipschitz continuous, which readily implies
that [|[VaR(1*(€,0),€,0) — VpR(D, &, 0)||2 < 2Ly|[¢*(€,0) — p|2. Together with the last
term, the inequality follows.

For any 0 € O, if we pick p = ¥*(€,0), we can leverage the observation in (3.186) and
407



the Ly-Lipschitz continuity of Y*(€,0) (by Assumption 10) to establish that |[¢*(€,80) —
V*(€,0)||2 < L¢\|é — 0||2. As a result, there exists a positive constant K, = BLRL%} such

that

(3.187)

This completes the proof of the lemma. m

Proof of Lemma 22. Proof of the probability bound in (3.70). We first look at the

expectation bound in (3.70). For any 7' > 2, we let m be the SRI policy and {p, : s =
1,...,T} be the price process induced by the sellers under policy m. By the design of the
SRI policy (see Algorithm 2), for any t € {1,..., (\/CW(T)W} and ¢ € {1,...,n}, the
exploration profile W? induces a price profile p; that satisfies p;y = | + (u — 1) X;+ where
Xt ~ Bernoulli(%) are i.i.d across i,t. It is worth noting that the induced price process
under the exploration reward contract follows the same distribution as that in the RI policy
in the first [{/7T log(T')] periods. Thus, we can directly replicate the same arguments as in

Proposition 22 to establish that there exists K9 > 0 such that for any 7> 2, ¢t € {1,...,T}

and 7(t) = min{t, \/M}a

~ log(t
w3{16, o) < 2

T(t)

(3.188)

Proof of Claim (i). For any (£,0) € Z x O, we let A(€,0) = R*(€,0) —R(f)é,é, 6). Our

goal is to establish that A(€,8) is continuous in (€,0) € Z x ©. Given the expression of
R*(€,0) in (3.16), since Q;(p,&,0) is continuous in the compact set [I,u]" X Z x O, we
can leverage the maximum theorem to deduce that R*(€,0) is continuous in 6 € ©. Next,

we establish that R(ﬁe,é ,0) is also continuous in @ € ©. Fix any 6 € O, it is sufficient
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to show that for any ék — 0, we have ﬁék — faé. Suppose towards a contradiction that
this is not the case. We can find subsequence {nj : kK = 1,2,...} such that i)énk — P
where p # 139. From the expression in (3.5), we obtain that R, (D, €,0) = vp;Q;(p,€,0)
is differentiable in (p,€,0) € [I,u]” x = x ©. We further let Rs, (P, 0) = E¢ {Rs; (p,€,0)}
in which we recall that E¢ .{-} is the expectation taken over the i.i.d feature vector £ Tt
readily follows that R, (p,0) is differentiable in (p,0) € [I,u]” x ©. We next consider
the value function Wj(p_;, 0) = mMax,, [, Rs;(pi, i, 0) for any (p_;,0) € [Lu]*! x =
and i € {1,...,n}. By the maximum theorem, W;(p_;,0) is continuous in (p_;,0) €
[1,u]"1 x ©. Given that i)énk — p, we obtain that Wl(ﬁ%k,énk) — W;(p_;,0) as

O, -
n; — oo for any ¢ € {1,...,n}. Note that by definition, we have W;(p_;* . 0,,) =

_ 0, - _ 0, 0, -
max,, ¢ ] Rs; (pi,D_;",0n,) = Rs;(p; *.P_;",6n,), which by the continuity property, fur-

ther implies that W;(p_;, ) = mMax,, (1,4 ﬁsi(pi,f?_i,é) = ﬁsi(ﬁi,ﬁ_i,é) for any i €
{1,...,n}. Thus, p is also a DN Nash equilibrium. This is a contradiction to the observa-
tion that @é is the unique DN Nash equilibrium given 0. Thus, we conclude that ﬁék — ﬁé
as ék — 0 and moreover, R(i)é, £, é) is continuous in 0 € ©. Summarizing the observations
above, we establish that A(E , é) is continuous in 0 € O.

To proceed, given that the demand parameter vector satisfies @ € int(©), for any § > 0
that is small enough, we consider B; = {0 : ||@ — 0||3 < 8} where B; C int(0), and B§
be the complement of set Bs. There exists € > 0 such that Ege{A(f,é)} +¢e = 0. Since
A(E, é) is continuous in @ € O, we can find ¢y € (0,%5) and dg > 0 such that for any 0c Bs,,

we have ‘Eg’E{A(é, 0)} + e‘ < €p. This allows us to establish that, for any 0 € Bg,, we have

E¢ {A(E, 0)} <ep—c< —%6 < —¢0, which further suggests that
{é Fe {A£,0)} > —eo} c {é .0 € Bgo} _ {é 10— 0|3 > 50}. (3.189)

Next, for simplicity of notation, we define the probability measure d,ut(é) = Pg(ét = é)
Recall that {A(€,,0) : s =1,...,t} are i.i.d and that A(£,0) is uniformly bounded by 2R
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for any (€,0) € = x ©.

Under the SRI policy 7, we develop an upper bound on Pg{ Hé( J/TTog(T)

2
Tlog(T)]+1 —0lz = 50}'

For any simplicity of notation, we let 79 = [/T'log(7T")]. For any T' > 2, given the maximum

likelihood estimator 8,1, the unconstrained estimator é?o 11 and event A = {||Vl7,(0)|2 <

k179} for some positive constant k1 > %@5\ 7 where kg is the dimension of the demand

parameter vector @ and \j is the positive constant in Assumption 13, we can establish that

Pg {11641 — 0[3 > 0}

< PB{ Anin T (6)) < Moo}
+ g {11651 — 0113 > 60, Amin(Zry (8)) > Moo, A}

+ Pg {”ég(ﬂrl - 0”% > 607 /\mzn(IT()(O)) Z >\07-07Ac}
k

—~
=
=

S _
70
+ K1 (7 )“95%0 exp —K'—50 T
e *max{1,v/0}
—|—K§exp{ — Kfp’o}
(c)
< 22 (3.190)
70

where in step (a), we leverage the same arguments as in (3.63) of Proposition 22. Similarly,

in step (b), we can again replicate the same proof arguments in (3.64) (by Assumption 13),

in (3.65) (by Lemma 19), and in (3.66) (by Lemma 20) of Proposition 22 to establish the

inequality in the right-hand-side expression. Step (c) follows from the observation that the

highest order in the previous step is O(1/taug) where 79 = [4/T log(T)]. Thus, we can pick

a positive constant M» large enough such that the inequality in this step holds.

To proceed, given that 7y = [{/T log(T)|, we complete the proof of this claim by showing
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T0+1 = é} dMTO+1(é)

]P)z{T:T()—f—l} ) /06 { zzo: (€, 0)

(i) /ée@ 0{

—ZA&S, ) >0(0

70 s—

e {
— A(
- SZI (:.0)
() ) ~
e PO{ ™ Z A6 0) ~ EeAE0))| 2
" /ée@ Fo {EE,E{A(E,é)} >

(9) AR? .
< d / W{ 0_0|2>
= /069752 fry+1(8) + beo L0 | I3 > do

E Z A€, ) Eg,e{A<s,é>}| >«

T0+1 - 9}d,u7—0+1 (9)

Z A(€,.0) ~ Be o{A(E.0)}] <

70 4

7'0—|—1 = é}dﬂm—kl (é)

070+1 = é} dﬂToJrl(é)

€0 éToJrl 0} dpirg+1(6)

6
011 = }dumﬂ 6)

(h) 4R?

< 3 +]P’7T{H‘970+1 0|5 > 50}
TOEO

(i) 4R? My

< S5 +—=
TOED 70

() Ky

< (3.191)
70

where step (d) follows directly from the stopping rule on 7 under the SRI policy in period
70 + 1 (see Algorithm 2). In step (e), we decompose the event on the left hand side of
the step into two on the right hand side. Step (f) follows from the following two obser-
vations: (1) event { ‘1 0 A(E,,0) — E&E{A(E,é)}‘ > €, %OZ LA(E,,0) > O} im-
plies event {‘?10 S AL, 0) - Ee {A( (€,6) }‘ > 60}, and (2) event le 0 A(E,,0) -
IE&E{A(E,é)}’ < €, % S AL, 0) > O} implies event {Eg A, 0)) > —6()} In step
(g), the first term follows directly from applying Chebyshev’s inequality on the random vari-
able ?10 S0 A(&s,0). In the second term, we leverage the observation in (3.189). Step (h)
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follows from direct integration. In step (i), we leverage the inequality in (3.190) to establish
the right-hand-side expression. In step (j), we pick a positive constant Ky > 4:%2 + M such
that the inequality in this step follows.

With 79 = (\/ﬁg(Tﬂ and (3.191), this completes the proof of Claim (i).

To prove Claim (ii), we can replicate the same arguments as in Claim (i). For any § > 0,

we consider By = {0 : |0 — 0||3 < §} where By C int(6°), and let B§ be the complement
of set By. Given that the demand parameter vector satisfies @ € int(©€), there exists £ > 0
such that E¢ ({A(E, )} —e = 0. Since A(€, 8) is continuous in @ € O, we can find €y € (0, 5)
and 6y > 0 such that for any 8 € Bg,, we have ’EE)E{A(E,é)} - e‘ < €9. This allows us to
establish that, for any 8 € Bg,, we have E¢ {A(E, 0)} > —co+¢e> %5 > g0, which further

suggests that
{é Fe {A(€,0)} < eo} c {é .0 Bgo} _ {é 10— 0|3 > 50}. (3.192)

We again let 79 = [/T'log(T")] for simplicity of notation. By using the same probability

upper bound on Pg{Héerl — 0|3 > 6y} as in (3.190), we repeat the same arguments as in
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(3.191) to establish that there exists K7 > 0 such that for any 7' > 2,

T0+1 = é} d//JToJrl(é)

rifr=oe} & [ 7o {L 5 a0

(l:) /ée@ 0{

z A€08) ~ Eg(AE0)} >

T0 S—
?0 Z A 537 < 0|0 7'0—|—1 = 0}du¢0+1(9)
s=
)} <
+ ée@ { 7_0 Z A 587 EE,E‘{A(Sae)}’ > €0,
_ Z A 657 <0 T0-|-1 = é}dﬂm-i-l(é)

(m) 70
< [ Pz{l
6c0o T0 o=

- Z: A(€,,0) — Eg,E{A(g,é)}‘ > ¢
+ o PB{Eec(aE0) <o

(n) 4R?

éT0+1 = é} d,uTo—l—l(é)

éT()-l-l = é} dNTO+1(é>

= 6co 19 60 o 16 +/ Po {”0 113 > 6o 070+1 9} dpiry+1(0)
(0) 4R2 By
< s+ P { 161 — 01 = 6o
7—060
) K
< o (3.193)
70

where step (k) - (1) follow from the same arguments as in step (d) - (e) in (3.191). Simi-
lar to step (f) of (3.191), step (m) follows from the following two observations: (1) event
{ %zm A(£,,0) — Bg AAE.0)} > o, L 57, A(€,,0) < 0} implics event

{’ A€, 0) — E¢ {A(E, 0) }‘ > 60} and (2) event
{’ A(Es ) Ee, {A(E, 6 }‘ < €p, 710 A(Es, ) } implies event
{EE E{A( £,0) < 60} In step (n), the first term follows directly from applying Chebyshev’s

inequality on the random variable 7_—10 220:1 A(E,, é) The second term follows directly from
the observation in (3.192). Step (n) follows from direct integration. In step (o), we leverage

the inequality in (3.190) to establish the right-hand-side expression. In step (p), we pick a
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_ 52
positive constant K1 > % + M> such that the inequality in this step follows.
0

With 79 = [/T'log(T")], this completes the proof of Claim (ii). O

Proof of Lemma 23. To prove the claim, we deduce that for all p,v € Randi € {1,...,n},

Fi(p,v) = hi(p) + hi(v) —vp

(a)

< halp) + 1) = vp+ (0 =) () + (o =)

@hm»+ww®—wp—w—wm+uww0wﬁw®+iﬁv—uﬁ
1

:QE@w@+@—WWMﬁ@5—m+2%@—UF, (3.194)

—

where step (a) follows from inequality A (v) < hf(v')+ (v —0")[AF] (V') + ﬁ(v —v")? induced
from i—strongly smoothness of the Fenchel conjugate h(v) for all v € R. In step (b), the
equality follows readily from subtracting and adding the same term v'p to both sides of the
expressions. In step (c), we apply the definition Fj(p,v’) = h;(p) + hF(v") — ¢'p in (3.125) to

simplify the expression. O

Proof of Lemma 24. Proof of Claim (i). By definition of Fj(p,v) in (3.125), it is sufficient

to show h;(h;(pz-(Hl))) - ﬁ?hg(pi(wl)) < hf(?jz’(wl)) - ﬁfgi(Hl). Note that we have

(a)
h;(gi(t‘f‘l)) - h;(hg(pi(t—&-l))) > [hﬂ%h;(pi(t—i—l)))(gi(t-H) - hé(pi(tﬂ)))
b
o Pi(1+1) ie1) — i Pie41))); (3.195)

where (a) follows from the convexity of the Fenchel conjugate i} (v) for all v € R. Step (b)
follows readily from the fact that k] (A} (Pi(t+1))) = Pigt41)-

For any i € {1,...,n}, there are three possibilities for (Yi(t+1)» h;(pi(Hl))) given the lo-
cation of p;(;, 1) in the interval (I, u]: (1) if p;4.1) € (I, u), then we have y; ;1) = h;(pi<t+1))

by the first order condition at the interior point in (3.124); (2) if Pi(t+1) = Us then Yi(t+1) =
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hg(pi(Hl)); (3) if Pi(t+1) = [, then yry1 < hg(pz-(Hl)). Given that p? is in the interior of

[l,u]™ (by Assumption 11), in all three scenarios, we have

Piter1) i) — PiPiges1) = B Wigern) — PiPigesn)- (3.196)

Summarizing (3.195) and (3.196), we have 7 (J;(441)) — h;(hg(pi(Hl))) > ﬁ?(?jz’(ﬁrl) —

h (Pi(¢+1))), which from the definition of Fj(p,v) in (3.125), immediately implies that

Fi(p?, Wi (Pie1)) < Fz'(ﬁ?,ﬂi(tﬂ))- (3.197)

This completes the proof of Claim (i).

Proof of Claim (ii). Given the platform’s DN policy m, the expectation operator E¢ o{-}

can be replaced with Eg{-}. To prove this claim, we first establish the following inequality

—~

Eg {Fi(p?7h§(l’i(t+1)))‘f?1} < Ed {Fi(p?aﬂi(tﬂ))’ftol}
d
< Eg {Fi(p?, hj(pir))| Ft—1 |

+Eg {(gi(t—i—l) — hi(pit)) (pit — PY)

~

—~
~—

f?l}
r
+Eg {%L(yi(t—H) - h;(pit)Q’}—to} ;

()

‘Fto—l} )

(3.198)

~ _ ~ 1 .
Fi(B9, hl(pit)) + megae (pir — 72 + %EZ {77?9%

where step (c) follows directly from the inequality in (3.197). In step (d), we implement
inequality (3.194) (from Lemma 23). In step (e), conditional on F{ ;, p; is known. By
implementing the equation that g ) = h:(pit) + megir (from (3.124)) and the fact that
git = Eg{giﬂf?_l}, we obtain the right-hand-side expression in step (e).

This completes the proof of Claim (ii). O
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Proof of Lemma 25. Let 7 be the platform’s DN policy. For simplicity of notation, we

deﬁne]P’e{} Pe{-1Q(-,0) =

Step 1: Derive a multi-period belief updating inequality. Let k£ € {1,...,

Ee [Q(, £, 0(0))]}. We complete the proof in three steps.

{1,2,...}. Thus, under Q¥ (p,

and

K} and t €
6(0)) = Eg,e{Q(p,é,O)}, we have for all s € {1,2,...},

k k
(o b £ (0,01 <ps,ek>>| )
i(4+1) =
YK §1>n £ (D1, QM (py, 00)) | FO_))
B 1
N (k') R 9(k))| 0
b (ZS,Q ) (p, ) Fo_1
1+ gy 2 mp<22:1gls
K7k 38 =P (04,0 ’“(ps,o%)\fﬂ )
1
< . (3.199)
- (0) 0 (0)\| 0
b; 3 ( 257Q (p57 )‘]:—1)
1+ -4 exp(Z log £is . )
by = LD (01,0 (9,00 FO )
\ (0)
Step 2: Construct a martingale. For s = 1,2, ..., let Xg = Ew{log 5)( ZS’Q (ps’e )|fs()_1)
is ( 287Q (psa ))l}—s—l)
0(0))[ F0
and Zs = log ZS ( ZS’Q ( 5 Wms) Xs. Since the demand realization D;g is uni-
7,5 ( ZS7Q (psag )|}—?71)

formly bounded, we let d,d be constants such that D;, € [d,d] for all i € {1,...,

se{l,2...,

€ [d,d], and let u = max{|d|,|d|}. Set v =

lemma. Note that, for any pair of probability density functions u, v

p(),v(x) €

/ log

}. We define an identity function I :

d, d) —

@1
d$>gﬂu—Wh

W vl

- 2%

¢ d

© 502 /d ‘:v(u(a:)— )‘dl’

(g) 211¢ /d (x)dx — /dd:m/(x)dx 2 > 2(}?7

n} and

[d,d] satisfying I(x) = z for all
2

i %, where §,4 is as in the statement of the
. [d,d) — RT satisfying

|f, f] for z € [d, d] and |f§xu(:p)dw - fgxu(x)dﬂ > 64, we have the following:



where: || — vl = J§ (@) — v(@)lde, |1(n— )1 = [§]1(2)(n(z) = v(@))|dz, [Tl =
SUD,c[4.d] |I(x)], (a) follows by Pinsker’s inequality, (b) follows by Holder’s inequality, (c)

follows because ||I||cc = u, and (d) follows by Minkowski’s inequality. Since

£l

18

(- 7Q( )(p 600 )|}'O 1) and ng)(-, Qz(k) (Pss O(k))|fg_1) are two probability density func-

tions satisfying the above properties of p(-) and v(+), we deduce that (3.200) holds for u(-) =

200,01, 00) 70 and v() = £ Q1 (py, 09| FL,). That is, X, > 5 = 24

18 18 7

for all s. Moreover, Z, satisfies the following properties for all s: (i) |Zs|] < Zz, where
_ (0) (0) (0)| £0
= 0 ‘C ( zst (p 0 |]: 71)
z:210gf>0,and(11)IE7T{Z |f0_}:E7f[1g s =) _ |7
! A A T
(0)( 0 0 ‘ (0)| 0
7(,8 ( ZSaQ (ps70(k)|]:%—l) .F51:| _E’]é’ |:10g £ZS ( ZS,QEk)( 379(’{)']:50—1) F2_1:| = 0 AS
1‘5 ( zSaQi (ps,e |]:5_1) is ( iin (Psae |]:s—1)
a result, {Z} is a bounded martingale difference sequence adapted to Fs.

= Ep | log

Step 3: Derive an upper bound on the convergence rate. Let m € II be such that, under

7, we have |Q§O)(ps,0(0)) Q( )(p 6N > 6, > 0 for all s € {1,2,...,t}. Let A; =
Sl Xgand Wy = X!, Zs. By (3.199), we have

(k) 1
otli(1)} < Eg{ N0 }
1+ b@) exp(As + W)

11

Letting By = {W; < —%At}, we deduce from the preceding inequality that

k 1 1
U Ez{ o I{Bt}} + Ez{ o I{Bf}}
1+ %1) exp(Ay + W) 1+ (k ; exp(A + W)
zl 21
(e) v s 1 C
< ]P)B{Bt} +E0 b(o) I{Bt}
1+ (k ;exp(Ar + Wy)
zl

2 P3{B;} + E} ! I{B¢ 3.201
=10 t} + kg (0) { t} ) ( . )

bi 1
1+ b(k) exp(5At)
il

where: I{-} is the indicator function (i.e., given condition A, [{A} = 1 if A holds, and 0
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(0)

otherwise); (e) follows because Zfl exp(Ar + Wy) > 0, and EG{I{Bt}} = Pg{Bt}; and (f)
71

follows because Ay + Wy > %At on Bf. Under 7, A; > ~t. Therefore, (3.201) implies that

(k) 1 N b 1
O{bz’(t+1 } <Pg{Bi} +Eg 1) I{B;} Po{ Bt} + 7) exp(— 5775)7
1+ (k) eXp(Q'yt) bzl
(3.202)
where (g) follows because I{Bf} < 1. Note that
(h)
918t} = Pg{W; < —*At} < Pg{W; < —ﬂt}
(i)
< Bj(IWl > 1)
() 2
< Qexp(—é—z), (3.203)

where: (h) follows because A; > ~t, (i) follows because {W; > —%'yt} C {|W| > %”yt}, ()
follows by the Azuma-Hoeffding inequality and the fact that [Ws — Ws_1| = | Zs| < Z for all

s. Combining (3.202) and (3.203), we deduce that

P (k) (0)
(k) vt b 1 b;
O{bz‘(t+1)} < 2exp(— . )+ b((ll)) exp(—?ﬂf) < (2 + b(%)> exp(—nt).

iy 7 (k) 77t bZ(O)
As aresult, EF{1 — b, ,} = 2 g{bi(t+1 } < ¢e™", where ¢ = max; { 2jti (2 + Uf))}

and n = Q'y min{1, 1}. O
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