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ABSTRACT

This dissertation mainly focuses on revenue management problems that focus on demand

learning and sharing economy. It includes three major chapters.

In Chapter 1, we consider a platform that charges commission rates and subscription fees

to sellers and buyers for facilitating transactions but does not directly control the transaction

prices, which are endogenously determined. Buyers and sellers are divided into types, and

we represent the compatibility between different types using a bipartite network. Traders

are heterogeneous in terms of their valuations, and different types have possibly different

value distributions. Buyers may have additional value for trading with some seller types.

The platform chooses commissions/subscriptions to maximize its revenues. Two salient fea-

tures of most online platforms are that they do not dictate the transaction prices, and use

commissions/subscriptions for extracting revenues. We shed light on how these commis-

sions/subscriptions should be set in networked markets. Using tools from convex optimiza-

tion and combinatorial optimization, we obtain tractable methods for computing the optimal

commissions/subscriptions and provide insights into the platform’s revenues, buyer/seller

surplus, and welfare. We provide a tractable convex optimization formulation to obtain the

revenue-maximizing commissions/subscriptions, and establish that, typically, different types

should be charged different commissions/subscriptions depending on their network positions.

We establish that the latter result holds even when the traders on each side have identical

value distributions, and in this setting we provide lower and upper bounds on the platform’s

revenues in terms of the supply-demand imbalance across the network. Motivated by simpler

schemes used in practice, we show that the revenue loss can be unbounded when all traders

on the same side are charged the same commissions/subscriptions, and bound the revenue

loss in terms of the supply-demand imbalance across the network. Charging only buyers

or only sellers leads to at least half of the optimal revenues, when different types on the

same side can be charged differently. Our results highlight the suboptimality of commonly

used payment schemes, and showcase the importance of accounting for the compatibility be-
x



tween different user types. Under mild assumptions, we establish that a revenue-maximizing

platform achieves at least 2/3 of the maximum achievable social welfare.

In Chapter 2, we consider the markdown pricing problem of a firm that sells a product

to a mixture of myopic and forward-looking customers. The firm faces an uncertainty about

the customers’ forward-looking behavior, arrival pattern, and valuations for the product,

which we collectively refer to as the demand model. Over a multiperiod sales season, the

firm sequentially marks down the product’s price and makes demand observations to learn

the underlying demand model. Because forward-looking customers create an intertemporal

dependency, we identify that the keys to achieving good profit performance are: (i) judi-

ciously accumulating information on the demand model, (ii) preserving the market size in

early sales periods, and (iii) limiting the impact of the firm’s learning on the forward-looking

customers. Based on these, we construct and analyze markdown policies that exhibit near-

optimal performance under a wide variety of forward-looking customer behaviors. Moreover,

contrary to common intuition, we show that forward-looking customers can improve the

performance of a learning policy: if the customers are forward-looking, the firm’s profit loss

due to demand model uncertainty can asymptotically vanish, whereas if the customers are

myopic, the firm’s profit loss is nonnegligible in the same asymptotic setting.

In Chapter 3, we consider a platform in which multiple sellers offer their products for sale

over a time horizon of T periods. Each seller sets its own price. The platform collects a frac-

tion of the sales revenue, and provides price-setting incentives to the sellers to maximize its

own revenue. The demand for each seller’s product is a function of all sellers’ prices and some

customer features. Initially, neither the platform nor the sellers know the demand function,

but they can learn about it through sales observations: each seller observes its own sales,

whereas the platform observes all sellers’ sales as well as the customer feature information. In

this setting, the platform faces a trade-off between exploiting its informational advantage and

revealing information to facilitate demand learning. Measuring the platform’s performance

by comparing its expected revenue with the full-information optimal revenue, we design poli-

xi



cies that enable the platform to judiciously manage information revelation and price-setting

incentives. Perhaps surprisingly, a simple “do-nothing” policy does not always exhibit poor

revenue performance and can perform exceptionally well under certain conditions. With

a more conservative policy that reveals information to make price-setting incentives more

effective, the platform can always protect itself from large revenue losses caused by demand

model uncertainty. We develop a strategic reveal-and-incentivize policy that combines the

benefits of the aforementioned policies, and thereby achieves asymptotically optimal revenue

performance as T grows large.

xii



CHAPTER 1

OPTIMAL COMMISSIONS AND SUBSCRIPTIONS IN

NETWORKED MARKETS

1.1 Introduction

Platforms facilitating the exchange of goods and services between individuals are prevalent:

one can purchase goods from others on eBay, arrange accommodation through Airbnb, find

temporary projects/workers on online labor markets such as Upwork. The revenue models

favored by these platforms vary. To facilitate the transactions, some of these platforms

charge a commission (a percentage of the total transaction amount) to agents participating

in a transaction, while others charge a subscription fee (a flat fee that users pay to gain

access to the platform), or a combination of both. For example, most third-party sellers

on Amazon pay a $39.99 monthly subscription fee plus per-item selling fees (which vary by

category),1 whereas Airbnb charges a 3% commission to the property owners (hosts) and a

0%-20% commission to the travelers (guests) whenever a property is rented. Hence, often

the revenues of these platforms depend not only on the chosen commissions/subscriptions,

but also on the prices at which buyers/sellers choose to transact.

However, most platforms do not dictate the transaction prices. Instead, buyers and sellers

determine at which price the goods or services will be exchanged: hosts decide on the price

per night for their properties on Airbnb, sellers set prices for their goods on Amazon, and

freelancers set their hourly rates on online labor markets. These prices depend on seller/buyer

characteristics as well as the amount of supply-demand in the market for comparable goods

and services. For instance, on Airbnb the (reservation) value of potential guests (hosts)

looking for short-term rentals (offering their properties) might depend on features such as

the neighborhood and the number of bedrooms. Moreover, not all buyers and sellers on a

platform are compatible with each other: a business traveler going to NYC is likely interested

1. Source: https://services.amazon.com/selling/faq.html
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in renting a property in Manhattan and not in the Bronx, whereas a leisure traveler might

be interested in either. The number of compatible hosts (guests) for each guest (host) type

impacts the final transaction prices. Thus, the imbalance of supply-demand across different

types complicates the choice of commissions and subscriptions for the platform.

The objective of this paper is to understand how platforms should design commission

rates and subscription fees with the objective of maximizing their revenues in markets where

not all buyers and sellers are compatible. Our contribution is threefold: (i) we introduce a

stylized model capturing the main features of the platform’s problem and characterize the

revenue-optimal commissions/subscriptions (which exploit the compatibility structure), (ii)

we study the impact of the compatibility structure on the surplus of market participants

(buyers, sellers, and platform), and (iii) we analyze the implications of using even simpler

commission/subscription schemes.

In our model, buyers and sellers are divided into finitely many types, each of which has

some mass of infinitesimal agents. Not all buyer and seller types are compatible, and the

compatibility between these types is represented by a bipartite network: nodes on one side

correspond to buyer types, nodes on the other side correspond to seller types, and edges

capture compatibility between different types of buyers and sellers. Each seller has a unit

of good/service to offer, and each buyer demands at most one unit of the good/service from

a compatible seller. These compatibilities can capture taste differences (e.g., a buyer may

be interested only in the types of goods/services a subset of the sellers offer), geographical

restrictions (e.g., being able to provide/receive services only in certain neighborhoods or

cities), or other sources of mismatch (e.g., a mismatch between the desired and available

skills in online labor markets). Buyers’ valuations consist of an idiosyncratic term and a

common term. The former term determines a buyer’s valuation for transacting with any

compatible seller and is drawn from a known (buyer) type-specific distribution. The latter

term depends only on the type of the seller a buyer transacts with, and captures possible

quality differences among seller types. Similarly, each seller has a reservation value for

2



selling her good to any compatible buyer, which is also drawn from a (seller) type-specific

distribution. Thus, the preferences of the buyers/sellers are summarized by the valuations

for the good they demand/supply and by the compatibility network. The platform chooses

the commissions and subscriptions, which are possibly type-specific. To capture the fact

that the platform does not dictate the prices, we assume that, after the commissions and

subscriptions are chosen by the platform, the transaction prices and equilibrium trades are

determined endogenously in a competitive equilibrium.

We then provide a tractable optimization problem for obtaining the optimal commission

rates and the subscription fees in the networked market described above. The problem of

choosing revenue-maximizing commissions/subscriptions admits a natural nonconvex opti-

mization formulation. We provide a convex relaxation of this formulation (which can thus be

efficiently solved) and show that this relaxation is tight. Using the optimal dual solution of

this relaxed problem, optimal commissions/subscriptions can be constructed in a tractable

way. We establish that the optimal commissions/subscriptions are not unique, and the set of

optimal commissions/subscriptions can be characterized by a system of linear inequalities.

Using these inequalities we establish that it is always possible to maximize revenues by rely-

ing only on subscriptions and, in the absence of vertically differentiated sellers, the optimal

revenues can also be achieved by using only commissions. Moreover, in general, optimal

fees are type-dependent and both sides of the market must be charged. Notice that in the

simpler setting where there is only one type of buyer and one type of seller, to maximize

revenues it would suffice to charge payments only to one side. Thus, naively, the same result

may be expected to hold in general settings as well. Our finding illustrates that taking into

account the underlying compatibility network leads to significantly different insights, and is

fundamental for a platform’s commission/subscription design problem.

To isolate the impact of the network structure on the average surplus of different buyer/seller

types, we study settings where traders on each side of the market share identical value distri-

butions and sellers are not vertically differentiated. Intuitively, the buyer types that are the

3



“most supply-constrained” are the ones whose average surplus is the lowest, the second most

supply-constrained buyers have the second-lowest surplus, and so on. While this is intuitive,

it is not a priori clear how to define the most supply-constrained types in a setting where

not all buyers and sellers are compatible with each other. We make this intuition precise,

by providing an appropriate measure of seller scarcity that takes into account the network

structure. Our result allows us to rank buyer types according to their average surplus (and

we show that a similar result applies to seller types as well). Moreover, by leveraging this

result we also characterize how the revenues of the platform change as a function of the

populations of seller/buyer types. In particular, we show that it is least profitable to expand

the buyer types who have the lowest average surplus (as they are already the ones who are

the most under-supplied), and that it is most profitable to expand the seller types whose

average surplus is the highest.

We then explore the impact of the network structure on the revenues of the platform. We

show that networks that satisfy a weighted variant of Hall’s marriage condition (see, e.g.,

(1)) maximize the revenues among all networks with the same number of types, populations,

and value distributions. Moreover, for any other network, the revenues of the platform can

be lower bounded by measuring to what degree this condition is violated.

Motivated by the revenue schemes adopted by many real-world platforms, we study what

happens if we restrict ourselves to using simpler commission/subscription schemes. We show

that if we require using the same commissions/subscriptions for all buyers and similarly

for all sellers, the revenue loss can be unbounded when agent types have heterogeneous

value distributions. However, if all buyer types have the same value distribution and so

do all seller types, then the revenue loss can be bounded in terms of the supply-demand

imbalance induced by the network structure. We show that, in general, charging commis-

sions/subscriptions only to one side of the market also leads to much lower revenues than

optimal, even when different types on the same side are charged differently. This time,

however, the revenue loss is not unbounded for heterogeneous distributions: it is possible
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to guarantee at least half of the optimal revenues by charging fees only to one side of the

market. We illustrate these findings with an example motivated by Airbnb, which calibrates

some of our model primitives with real data. It is worth highlighting that our observations

are consistent with the trending practice of Amazon, Airbnb, and Alibaba, which charge

heterogeneous commissions/subscriptions to sellers and buyers in their marketplaces.

While the focus of this paper is on the revenue maximization problem of the platform,

it is also worth considering the welfare consequences of using revenue-maximizing commis-

sions/subscriptions. Although we can show that the welfare under the revenue-maximizing

commissions/subscriptions can be arbitrarily bad in general, we also establish that the wel-

fare achieved by a platform using revenue-maximizing commissions/subscriptions is lower

bounded under reasonable assumptions. In particular, if the value distributions of sell-

ers and buyers are uniform, then the welfare under the optimal commissions/subscriptions

is at least 75% of the maximum welfare. In addition, under Assumption 3 and mild as-

sumptions on the value distributions, we show that the welfare induced by the optimal

commissions/subscriptions is at least 66% of the optimal welfare.

Overall, our results shed light on the design of revenue-maximizing commissions/subscriptions

for platforms and highlight the importance of explicitly taking into account the structure

of the compatibility network for this purpose. We establish that doing so leads to qualita-

tively different insights into the optimal commission/subscription structures (e.g., it is no

longer revenue-maximizing to have agents only on one side pay to use the platform). At the

same time, the underlying network structure has a first-order impact on the revenues of the

platform as well as the surplus of its users.

Select proofs are provided in the online appendix. Remaining technical details can be

found in our e-companion.
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1.2 Literature Review

The seminal papers by (2, 3) and (4) study how a platform should set commissions/subscriptions

in two-sided markets by taking into account network externalities. This framework is later

extended by (5) to multi-sided markets. In these papers, the payoff of each agent is given

by an exogenously specified function of the number of participants in her own group as well

as the other groups. By contrast, in our setting, buyers and sellers trade at endogenously

determined prices that are influenced by the platform’s choice of commissions/subscriptions.

Hence, the network externalities do not admit a closed-form expression in terms of the

number of traders who participate in the market. Moreover, the number of participants

in different groups (types) are related through nontrivial equilibrium constraints. This has

two important implications. First, the optimal commissions/subscriptions no longer admit a

direct characterization in terms of first-order optimality conditions in the revenue optimiza-

tion problem. Second, our equilibrium conditions add a matching element to the existing

models of revenue maximization in platforms, thereby contributing to one of the main future

research directions suggested by (5). In our setting, we establish that the problem of find-

ing the revenue-maximizing commissions/subscriptions can be formulated in terms of the

marginal traders of each buyer/seller type, which is consistent with a similar observation

by (5). In contrast to the previous literature, we provide a tractable convex optimization

formulation for obtaining the optimal commissions/subscriptions. Furthermore, our work

explicitly considers a compatibility network, and sheds light on the dependence of the plat-

form’s revenues and the surplus of market participants on the network structure. In addition,

we contribute to this literature by studying the limitations and scope of different commis-

sion/subscription schemes in networked markets.

Our paper closely relates to the models of buyer-seller networks; see, e.g., (6), (7), (8),

(9), (10). In these models, each node of an underlying (bipartite) network corresponds to a

trader, and the edges of the network encode which agents can trade with which other agents.

A recent and growing literature has explored variants of these models in order to study
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intermediation and bargaining in networked systems (e.g., (11), (12), (13)), competition in

networked Cournot markets (e.g., (14), (15), (16), (17)), inefficiencies due to barriers to trade

in networked markets (e.g. (18), (19), (20)). In a recent paper, (21) provides a thorough

review of this literature. Our paper complements these works by exploring how a platform

can influence the trading outcome by appropriately designing commissions/subscriptions in

a trading network. The recent literature has also explored other controls that platforms

can use to improve their operations. For instance, (22) study how the platforms should

control which sellers and buyers are visible to each other, and provides algorithms for the

solutions of the induced decision problems. By contrast, in this paper we control only the

commissions/subscriptions, and doing so leads to very different decision problems for the

platform.

Our work is also related to the burgeoning literature in operations management that

studies service platforms. A branch of this literature focuses on decentralized markets, and

uses control levers other than pricing to influence the market outcomes (e.g., (23, 24, 25)).

In our work, we also focus on a decentralized market but, in contrast to the aforementioned

papers, we use commissions/subscriptions to study the platform’s revenue maximization

problem. (26) explore the design of commissions in a similar manner to our work, albeit in

a setting with no underlying compatibility network – which plays a key role in our analysis

and results. (27) study the performance of commission contracts for an on-demand platform.

In their model, the platform chooses a commission contract that determines the wages that

the sellers collect as a function of the prices that the customers pay. They show that there

exists a linear contract that achieves 75% of the optimal profit. Among other application

areas, this literature has also made a substantial impact on the operations of ride-sharing

platforms (e.g., (28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38)). In our setting a key difference

is that the transaction prices are determined endogenously, whereas this literature mainly

assumes that these quantities are determined by the platform. Finally, (39) consider a

dynamic setting where buyers and suppliers are also divided into types, and the value of the
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match between two agents depends on their types. In their setting, the platform has full

control over matches, and its objective is to maximize welfare. By contrast, we study a static

setting where matches occur in a decentralized fashion, and the platform seeks to maximize

its revenues by optimally designing commissions/subscriptions.

1.3 Model and Preliminary Results

We consider a platform that provides a marketplace for buyers and sellers to trade with each

other. Buyers and sellers are divided into finitely many types, denoted by B = {1, . . . ,m}

and S = {1, . . . , n}, respectively. To capture taste differences or other trade frictions, we

assume that not all types of buyers and sellers are compatible. Compatibility between types

is represented using a compatibility network, i.e., an undirected bipartite graph G(B∪S, E),

where the edge set E defines the potential trading opportunities between sellers and buyers.

Without loss of generality, we consider networks in which each node has degree at least one.

We denote the set of neighbors of type i ∈ B ∪ S in G(B ∪ S, E) by NE(i). Similarly, we

denote by NE(X) the set of all neighbors of types in set X ⊆ B ∪ S that do not belong to

X, i.e., NE(X) := {j : (i, j) ∈ E, i ∈ X, j /∈ X}.

Buyers/sellers are infinitesimal, and we denote the total mass of buyers of type j ∈ B

by bj > 0, and the total mass of sellers of type i ∈ S by si > 0. Each seller supplies an

(infinitesimal) unit amount of an indivisible service or product and, similarly, each buyer

seeks to purchase the same unit amount from a compatible seller. Thus, each buyer can

transact with at most one seller, and vice versa.

The value a buyer of type j derives from transacting with a compatible seller of type i

consists of two terms. The first term captures her idiosyncratic value for transacting with

any compatible seller. We assume that buyers of the same type are heterogeneous in terms

of this value component, and the cumulative distribution function of the idiosyncratic term

is given by Fbj : [0, v̄bj ] → [0, 1] for type j ∈ B buyers. Here the upper bound v̄bj on

the support is such that v̄bj ∈ R+ ∪ {∞}, where with some abuse of notation v̄bj = ∞
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captures distributions with unbounded support. The second term captures the possible

vertical differentiation among the sellers; i.e., some seller types may have higher quality, or

the buyers may find their (service or product) offerings more attractive. In order to model

vertical differentiation, we assume that all buyers (of all types) incur the same disutility

from transacting with lower-quality sellers, and introduce parameters c = {ci}i∈S ∈ Rn+ to

capture the disutility from transacting with different seller types. More precisely, using these

parameters, we represent the value of a type-j buyer from transacting with a compatible type-

i seller by vb − ci, where vb is the idiosyncratic payoff term for the buyer that is distributed

according to Fbj .

We assume that sellers do not have preferences over different types of buyers with whom

they are compatible. Thus, a seller’s (reservation) value for providing service consists only

of her idiosyncratic term, which is the same for any compatible buyer. We assume that

the values of type-i sellers are distributed according to Fsi : [0, v̄si ] → [0, 1], where v̄si ∈

R+ ∪ {∞}.

We impose the following assumption on the value distributions Fsi(·) and Fbj (·), which

we keep throughout the paper.

Assumption 1. The value distributions are nonatomic. Furthermore, we assume that Fsi(v)

and Fbj (v) are continuously differentiable and strictly increasing in v ∈ (0, v̄si) and v ∈

(0, v̄bj ) for all i ∈ S and j ∈ B. Finally, we assume that (reservation) values have bounded

means, i.e.,
∫ v̄si
0 1− Fsi(x)dx <∞,

∫ v̄bj
0 1− Fbj (x)dx <∞, for all i ∈ S, j ∈ B.

Observe that under this assumption, functions Fbj and Fsi are invertible. For every j ∈ B

and i ∈ S, let F−1
bj

: [0, 1] → [0, v̄bj ] and F−1
si : [0, 1] → [0, v̄si ] denote the corresponding

inverse functions, i.e.,

F−1
bj

(Fbj (x)) = x for x ∈ [0, v̄bj ], and F
−1
si (Fsi(x)) = x for x ∈ [0, v̄si ]. (1.1)

To state our analytical results more conveniently, we extend the domains of the value
9



distributions to R: for every j ∈ B we let Fbj (v) = 1 for v ≥ v̄bj and Fbj (v) = 0 for

v ≤ 0, and similarly for sellers. (Note that the ranges of the inverse functions F−1
bj

and F−1
si

are respectively restricted to [0, v̄bj ] and [0, v̄si ], and hence these functions are well defined

despite the domain extension of Fbj and Fsi .)

The platform can charge fees to buyers and sellers for facilitating transactions. In par-

ticular, we assume that the platform chooses commission rates (a percentage of the total

transaction price) and subscription fees (lump-sum transfers to access the market, which

are independent of the transaction amount). We assume that these commission rates and

subscription fees are identical for all agents with the same type, but we allow them to be dif-

ferent across types. Formally, given a trading network G(B∪S, E), we denote by (γ,µ) with

γ,µ ∈ R|S|+|B| the platform’s commission and subscription vectors, where γsi (γbj) repre-

sents the commission rate and µsi (µbj) represents the subscription fee charged to type-i sellers

(type-j buyers), respectively. We focus on nonnegative commissions/subscriptions, and de-

note the set of feasible commission rates by Γ = {γ : γsi ∈ [0, 1], γbj ∈ [0,∞), ∀i ∈ S,∀j ∈ B},

and the set of feasible subscription fees by U = {µ : µsi , µbj ∈ [0,∞), ∀i ∈ S,∀j ∈ B}.

To illustrate the effect of these commissions/subscriptions on agents’ utilities, suppose

that a type-i seller offers her product/service at price p, and that a type-j buyer transacts

with her. The buyer makes a payment of p(1 + γbj) to the platform for this transaction,

and the seller receives p(1 − γsi ). In addition, to transact through the platform the buyer

(seller) makes a lump-sum transfer of µbj (µsi ) to the platform. If the buyer has value vb

and the seller has (reservation) value vs, their utilities as a result of this transaction are

vb − p(1 + γbj)− µbj − ci and p(1− γsi )− µsi − vs, respectively.

The buyers and sellers can choose not to participate in the platform, in which case their

utility is normalized to zero. We assume that all buyers and sellers are utility-maximizing;

i.e., given commissions/subscriptions and prices, the trade of any agent maximizes her utility.

Note that utility-maximizing buyers and sellers trade only if doing so results in nonnegative

utility.
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In contrast to most of the recent literature on two-sided markets that either suppresses

the role of prices or views prices as a decision of the platform, a novel feature of our model

is that we allow prices to be formed endogenously. This is a key feature of many real-world

platforms such as Airbnb, Upwork, eBay, etc., where the transaction prices are not dictated

by the platform. To capture the endogenous nature of the prices formally, we focus on the

competitive equilibria of the trading network, which we define next.

Definition 1. Given a commission-subscription pair (γ,µ) ∈ Γ×U chosen by the platform,

a competitive equilibrium (p,x, qs, qb) is a tuple that consists of a price vector p ∈ R|S|+

(where pi denotes the price of the products/services offered by sellers of type i ∈ S), supply

and demand vectors qs ∈ R|S|, qb∈ R|B| (where qsi /qbj represent the total quantities sup-

plied/demanded by type-i sellers/type-j buyers), and a flow vector x ∈ R|E| (where xij indi-

cates the aggregate amount of products/services supplied by type-i sellers to type-j buyers),

and that satisfies the following constraints:

qsi = siFsi

(
(1− γsi )pi − µsi

)
, ∀i ∈ S, (1.2a)

qbj = bj

[
1− Fbj

(
min

i′:(i′,j)∈E
{(1 + γbj)pi′ + ci′}+ µbj

)]
, ∀j ∈ B, (1.2b)

qsi =
∑

j′:(i,j′)∈E
xij′ , qbj =

∑
i′:(i′,j)∈E

xi′j , ∀i ∈ S, j ∈ B, (1.2c)

xij ≥ 0, ∀(i, j) ∈ E; xij = 0, ∀i 6∈ arg min
i′:(i′,j)∈E

{(1 + γbj)pi′ + ci′}, j ∈ B. (1.2d)

We denote by X (γ,µ) the set of competitive equilibria, i.e.,

X (γ,µ) := {(p,x, qs, qb) : Conditions (1.2a)–(1.2d) are satisfied}.

Condition (1.2a) states that, given price pi, all type-i sellers who have nonnegative surplus

from trading (i.e., who have values of at most (1−γsi )pi−µsi ) will participate and transact in

the market. Thus, the total mass of type-i sellers who participate and transact in the market

is qsi = siFsi

(
(1− γsi )pi − µsi

)
. Similarly, all buyers of type j ∈ B with nonnegative surplus
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from trading will participate in the market. It can be readily seen that a buyer receives the

highest surplus from trading with a compatible seller of type i for which (1 + γbj)pi + ci is

minimized. Thus, it follows that buyers with values of at least mini′:(i′,j)∈E{(1 + γbj)pi′ +

ci′} + µbj find it optimal to participate in the market. Hence, consistent with Condition

(1.2b), the total mass of type-j buyers who participate and transact in the market is given by

qbj = bj
[
1−Fbj

(
mini′:(i′,j)∈E{(1+γbj)pi′+ci′}+µbj

)]
. Condition (1.2c) is the market-clearing

condition: in equilibrium, there should be a feasible allocation of goods such that each seller

who is willing to sell her product is able to do so, and each buyer who demands a product is

able to buy it from compatible sellers with the lowest price. Finally, Condition (1.2d) ensures

that the allocation of goods is consistent with buyers’ preferences; i.e., buyers transact only

with sellers who maximize their surplus.

Observe that here we abstract away information frictions and implicitly assume that

buyers and sellers have full information about the prices available on the platform. In

addition, we restrict attention to outcomes where all sellers of the same type offer the same

price. Note that this is always the case in equilibrium: if sellers of the same type were to

offer different prices, then all compatible buyers would demand goods from sellers who offer

the lowest price. Thus, the sellers with higher prices would not find a buyer, and the market

would not clear.

Next, we establish that, for any given commissions/subscriptions, an equilibrium exists

and is essentially unique. That is, the mass of buyers (sellers) of each type transacting in

any equilibrium is identical, and the equilibrium price of any seller type that is involved in

some transactions is also identical, although there might exist several feasible flows that lead

to the same outcome. We leverage this uniqueness result in Section 1.4, when studying the

platform’s revenue maximization problem.

Proposition 1. For any (γ,µ) ∈ Γ × U , there exists a vector (p,x, qs, qb) such that

(p,x, qs, qb) ∈ X (γ,µ). Furthermore, given (γ,µ), all competitive equilibria share the same

supply-demand vector (qs, qb). In addition, each seller type that transacts nonzero quantities
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in these equilibria always offers the same prices; i.e., the vector (pi)i:qsi>0 is the same in all

equilibria.

In Appendix 1.9, we show that for given commissions/subscriptions, an equilibrium can be

constructed by solving a convex optimization problem. This result is analogous to the classic

competitive equilibrium models where the allocation can be solved via a convex optimization

problem and the price vector is determined by the corresponding dual variables; see, e.g.,

(6).

How should the platform choose commissions/subscriptions to maximize its revenues?

We proceed by formulating the platform’s revenue maximization problem:

Vopt = max
(γ,µ,p,x,qs,qb)

∑
i,j:(i,j)∈E

(γsi + γbj)pixij +
∑

i,j:(i,j)∈E
(µsi + µbj)xij (1.3a)

s.t. (p,x, qs, qb) ∈ X (γ,µ), (1.3b)

(γ,µ) ∈ Γ× U . (1.3c)

Consider a feasible solution (γ,µ,p,x, qs, qb) to this problem. Constraint (1.3c) ensures that

(γ,µ) correspond to feasible commission-subscription vectors. Constraint (1.3b) implies that

the tuple (p,x, qs, qb) is an equilibrium under the vector of commissions and subscriptions

(γ,µ). In the objective, the first term corresponds to the revenue obtained through the

commissions in the aforementioned equilibrium, whereas the second term corresponds to the

revenue due to subscription fees. In this problem, the objective is not concave in the decision

variables and the feasible set is not convex.

Note that, in principle for given (γ,µ), the equilibria in X (γ,µ) could lead to differ-

ent revenues for the platform. We conclude this section with an immediate corollary of

Proposition 1, which establishes that this is never the case.

Corollary 1. For given (γ,µ) ∈ Γ× U , all (p,x, qs, qb) ∈ X (γ,µ) yield the same revenue

for the platform.
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Hereafter, we denote by V (γ,µ) the platform’s revenues achieved under commission-

subscription pair2 (γ,µ). We refer to (γ,µ) such that V (γ,µ) = Vopt as an optimal

commission-subscription vector.

1.4 Revenue Maximization via Commissions and Subscriptions

The nonconvexity of the platform’s revenue maximization problem poses a potential challenge

to finding the optimal commissions/subscriptions. In this section, we first establish that de-

spite this nonconvexity, under mild assumptions, the optimal commissions/subscriptions can

still be obtained in a tractable way by solving a convex relaxation of the platform’s revenue

maximization problem (Section 1.4.1). We then explore the impact of the network structure

on the surplus of different buyer/seller types and on the platform’s revenues (Section 1.5).

1.4.1 Finding the Optimal Commissions and Subscriptions

Given an equilibrium (p,x, qs, qb) ∈ X (γ,µ), we refer to the trading buyer (seller) of type

j ∈ B (i ∈ S) with the lowest (highest) valuation as the marginal buyer (seller) of this type.

It can be seen that the valuation of the type-j marginal buyer is given by

vmbj := F−1
bj

(1− qbj/bj), (1.4)

and the valuation of the type-i marginal seller by

vmsi := F−1
si (qsi /si). (1.5)

In equilibrium, marginal agents must have nonnegative surplus; otherwise they would prefer

not to trade, thus violating the equilibrium conditions. Suppose that ci = 0 for all i ∈ S.

Then, the nonnegativity of marginal type-j buyer’s surplus implies that the net transfer from

2. It can be shown that V (γ,µ) is not concave in its arguments, either. See Appendix 1.13 of (40) for an
example.
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her to the rest of the market (that is, to the sellers and the platform) must be at most equal

to her value vmbj . Similarly, the net transfer from the rest of the market to the marginal

type-i seller must be at least vmsi . Since all trading agents of the same type make the same

payment, it follows that, in equilibrium, all trading type-j buyers pay at most vmbj , and all

trading type-i sellers receive at least vmsi . These observations together with (1.4) and (1.5)

imply that the platform’s revenue is at most ∑j∈B F
−1
bj

(
1−

qbj
bj

)
qbj −

∑
i∈S F

−1
si

(
qsi
si

)
qsi .

When ci > 0, the same reasoning still applies but any buyer who transacts with a type-i

seller pays ci units less, as each such buyer experiences a disutility of ci units from such

a transaction. These observations suggest that in equilibrium (p,x, qs, qb) ∈ X (γ,µ) the

revenue of the platform is upper bounded by3,4

h(qs, qb) :=
∑
j∈B

F−1
bj

1−
qbj
bj

 qbj −∑
i∈S

F−1
si

(
qsi
si

)
qsi −

∑
i∈S

ciq
s
i . (1.6)

We formalize this discussion (for arbitrary {ci ≥ 0}i∈S) in the proof of Theorem 1.

We provide our characterization of the optimal commissions/subscriptions under the fol-

lowing additional assumption on the value distributions, which we impose for the remainder

of the paper.

Assumption 2. The functions uF−1
bj

(1−u) and −uF−1
si (u) are strictly concave in u ∈ [0, 1]

for all i ∈ S and for all j ∈ B.

Focusing momentarily on the buyers, it can be seen that the concavity of uF−1
bj

(1−u) is

equivalent to the regularity of buyers’ value distributions. Regularity is a standard assump-

tion in mechanism design that renders optimal mechanism design problems tractable. Since

3. In fact, in general, the marginal sellers and buyers have zero surplus, and h(qs, qb) captures the
revenues of the platform. The only exception is when the value distributions are bounded and, for some
i ∈ S, the equilibrium price pi for type-i sellers is higher than their maximum (reservation) value, which
induces positive surplus for them under certain commissions/subscriptions. However, such outcomes are not
revenue-maximizing.

4. Without loss of generality, in case of v̄bj
= ∞, we define F−1

bj
(1 − qbj/bj)qbj = 0 for qbj = 0. In Lemma

4(ii) of (40), we prove that function F−1
bj

(1− qbj/bj)qbj is continuous at qbj = 0 under Assumptions 1 and 2.
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in our setting the market has two sides, in addition to the regularity of buyers’ valuations,

we require sellers’ (reservation) values to satisfy a closely related condition. Assumption 2

holds for a broad class of distributions, including uniform, exponential, generalized Pareto,

Weibull, and (truncated) normal distributions.

Note that, under Assumption 2, h(qs, qb) is a concave function of its argument. Exploit-

ing this concavity, we next provide a convex relaxation of the revenue maximization problem

in (1.3):

Ṽopt = max
x,qs,qb

∑
j∈B

F−1
bj

1−
qbj
bj

 qbj −∑
i∈S

F−1
si

(
qsi
si

)
qsi −

∑
i∈S

ciq
s
i (1.7a)

s.t.
∑

i:(i,j)∈E
xij − qbj = 0, ∀j ∈ B, (1.7b)

qsi −
∑

j:(i,j)∈E
xij = 0, ∀i ∈ S, (1.7c)

qbj ≤ bj , ∀j ∈ B, (1.7d)

qsi ≤ si, ∀i ∈ S, (1.7e)

xij ≥ 0, ∀(i, j) ∈ E. (1.7f)

This relaxation is obtained by first replacing the objective of (1.3) with the upper bound

h(qs, qb) on revenues, and then relaxing constraint (1.3c)—(γ,µ) ∈ Γ×U—as well as some of

the equilibrium constraints in (1.3b). In particular, this formulation imposes the equilibrium

flow constraint (1.2c) (plus nonnegativity), ensures that the equilibrium supply (demand) of

each type is less than the mass of sellers (buyers) of the relevant type (as implied by (1.2a)

and (1.2b)), and relaxes the remaining equilibrium constraints in (1.2). Given Assumption

2, problem (1.7) is a tractable convex optimization problem that can be interpreted as a min-

cost network flow problem with convex edge costs captured in terms of −F−1
bj

(1− qbj/bj)qbj ,

F−1
si (qsi /si)qsi , and ciqsi .

Observe that by Assumption 2 the objective function is strictly concave in (qs, qb), and
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hence all optimal solutions to (1.7) share the same supply-demand vector (q̄s, q̄b). Also, note

that after replacing the objective and relaxing the constraints, the resulting problem max-

imizes revenues by searching over supply-demand vectors (qs, qb) and a flow vector x, and

neither the prices p nor the commissions/subscriptions (γ,µ) appear in the new formulation.

That is, the formulation does not guarantee that a feasible solution (x, qs, qb) coincides with

the equilibrium flow, supply, and demand vectors under some commissions/subscriptions. We

say that the tuple (qs, qb) is implementable, if there exist commissions/subscriptions (γ,µ)

and a price-flow vector (p,x) such that (p,x, qs, qb) ∈ X (γ,µ). While a priori it is not clear

whether (q̄s, q̄b) associated with an optimal solution of problem (1.7) is implementable, our

next result establishes that this is indeed the case and that our relaxation is tight.

Theorem 1. Let (x̄, q̄s, q̄b) denote an optimal solution to (1.7). Then:

(i) Optimization problem (1.7) is a tight relaxation of problem (1.3), i.e., optimal solutions

to (1.3) exist and they achieve an objective value of Vopt = Ṽopt. Moreover, any optimal

solution to (1.3) must have supply-demand vectors equal to (q̄s, q̄b).

(ii) The optimal commission-subscription vector is not unique. Fix a commission-subscription

vector (γ,µ) ∈ Γ × U with γsi < 1 for all i ∈ S, and let γ̃si := 1
1−γsi

, µ̃si := µsi
1−γsi

for

all i ∈ S, and γ̃bj := 1
1+γbj

, µ̃bj :=
µbj

1+γbj
for all j ∈ B. Then (γ,µ) is an optimal

commission-subscription pair if and only if there exists a price vector p ∈ R|S|+ that
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satisfies the following system of inequalities:

pi − µ̃si − F−1
si

(
q̄si
si

)
γ̃si = 0, ∀i : q̄si > 0, (1.8a)

pi − µ̃si ≤ 0, ∀i : q̄si = 0, (1.8b)

pi + µ̃bj + ciγ̃
b
j − F

−1
bj

1−
q̄bj
bj

 γ̃bj = 0, ∀(i, j) : x̄ij > 0, (1.8c)

pi + µ̃bj + ciγ̃
b
j − F

−1
bj

1−
q̄bj
bj

 γ̃bj ≥ 0, ∀(i, j) : x̄ij = 0, (1.8d)

γ̃si ≥ 1, µ̃si ≥ 0, pi ≥ 0, ∀i ∈ S, (1.8e)

γ̃bj ≥ 0, γ̃bj ≤ 1, µ̃bj ≥ 0, ∀j ∈ B. (1.8f)

In the proof of the first part of the theorem, we establish that the upper bound on

the revenue provided in (1.6) gives precisely the revenues of the platform for (qs, qb) =

(q̄s, q̄b). This in turn implies that in the special case where ci = 0 for all i ∈ S, under the

optimal commissions/subscriptions all trading type-j buyers (type-i sellers) pay (receive)

exactly vmbj (vmsi ), and the corresponding marginal agents have zero surplus. Moreover, the

theorem provides a systematic approach to constructing optimal commissions/subscriptions.

In particular, first an optimal solution to (1.7) can be obtained, and then a feasible solution

to the system of inequalities in (1.8) can be constructed (e.g., by solving a linear program).

Using the corresponding γ̃ and µ̃, optimal commissions/subscriptions are obtained after a

simple transformation: γsi = 1−1/γ̃si , γbj = 1/γ̃bj−1, µsi = µ̃si (1−γsi ), and µbj = µ̃bj(1+γbj).

Given any optimal solution (x̄, q̄s, q̄b) to problem (1.7), Theorem 1 implies that vector

(q̄s, q̄b) is unique. Consider a corresponding dual optimal vector (θb,θs,ηb,ηs,π) to con-

straints (1.7b)–(1.7f) that maximizes∑j∈B[sgn(q̄bj)−sgn(bj−q̄bj)](θbj+ηbj)+
∑
i∈S [−sgn(q̄si )+

sgn(si− q̄si )](θsi −ηsi ), where sgn(·) is the sign function. It is worth noting that such a vector

(θb,θs,ηb,ηs,π) is unique (see Lemma 5 in Section 1.12.1 of (40)). We proceed by explicitly

constructing some optimal commission-subscription pairs using this dual multiplier.
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Corollary 2. Given the optimal dual vector {θbj}j and {θsi }i above, an optimal commission-

subscription pair (γ,µ) ∈ Γ× U can be obtained by

(i) Setting γ = 0, and µsi = θsi −F−1
si

(
q̄si
si

)
, µbj = F−1

bj

(
1−

q̄bj
bj

)
− θbj for all i ∈ S, j ∈ B.

(ii) Setting µ = 0, and γsi = 1 − F−1
si

(
q̄si
si

)
/θsi , γbj = F−1

bj

(
1−

q̄bj
bj

)
/θbj − 1 for all i ∈ S,

j ∈ B, provided that ci = 0 for all i ∈ S.

Corollary 2 shows that the revenue-maximizing outcome can always be implemented

with subscriptions only. Hence, the platform does not need to consider more complicated

schemes that involve both commissions and subscriptions. On the other hand, it is not

always possible to maximize revenues only with commissions (see Section 1.14.2 in (40)

for a counterexample). That said, Corollary 2 establishes that, in the absence of vertical

differentiation among the seller types, the revenues can be maximized by relying only on

commissions as well.5 Interestingly, in both cases using the primal and dual optimal solutions

of (1.7) yields the optimal commissions/subscriptions.

We also notice that the optimal payment structure can be type-dependent; i.e., different

agent types, even on the same side, are exposed to different commissions/subscriptions. It

is not clear what type of revenue loss should be expected if attention is restricted to offering

identical commissions/subscriptions to all participants on one side of the market. We revisit

this point in Section 1.6.

Figure 1.1 illustrates the optimal commissions/subscriptions characterized in Corollary 2

for a simple network. In this example, the platform finds it optimal to target different types

with different commissions/subscriptions. It can also be seen that depending on their network

5. We emphasize that this case just provides a sufficient condition, and in more general settings it is still
possible to rely on commissions for revenue maximization. For instance, consider a network with 2 seller
types and 2 buyer types with unit populations. Let the value distributions be Fsi

(v) = Fbj
(v) = v for

v ∈ [0, 1], j ∈ {1, 2}. We generated 10000 problem instances where each ci is independently drawn from
U [0, 1]. We then used Theorem 1(ii) to test whether the optimal revenues can be constructed using only
commissions. When the underlying network is a complete bipartite graph, we observe that in 84.2% of the
instances optimal revenues can be achieved using only commissions. When one of the edges is missing, this
percentage is even higher: 91.8%.
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S B
1qs1 = 0.23, γs1 = 0.68 (or µs1 = 0.54)

2qs2 = 0.23, γs2 = 0.68 (or µs2 = 0.54)

3qs3 = 0.32, γs3 = 0.62 (or µs3 = 0.61)

4qs4 = 0.40, γs4 = 0.57 (or µs4 = 0.67)

1 qb1 = 0.46, γb1 = 0.84 (or µb1 = 0.67)

2 qb2 = 0.32, γb2 = 0.86 (or µb2 = 0.86)

3 qb3 = 0.20, γb3 = 0.94 (or µb3 = 1.11)

4 qb4 = 0.20, γb4 = 0.94 (or µb4 = 1.11)

Figure 1.1: Consider a network with 4 buyer and 4 seller types, with value distributions
Fsi(v) = Fbj (v) = 1 − exp(−v2), where i, j = 1, 2, 3, 4 for all v ∈ [0,∞). Let ci = 0 for all
i ∈ S. Denote the population vectors by s = (1, 1, 1, 1) and b = (2, 2, 2, 2). The revenue-
maximizing commissions (or subscriptions) given in Corollary 2 as well as the corresponding
mass of buyers/sellers of each type that trade are reported in the figure. The equilibrium
prices for the sellers are (p1, p2, p3, p4) = (0.8, 0.8, 0.99, 1.19). The flow associated with the
highlighted edges is given by x11 = x21 = 0.23, x32 = 0.32, and x43 = x44 = 0.20. All other
edges have zero flow (trade) under the optimal solution.

position some types may be involved in more trades than others, and not all compatible types

of buyers/sellers trade.

Remark: The idea of finding the optimal transfers to the platform by formulating the

platform’s problem over allocations (i.e., the mass of different types of agents who partici-

pate in the market) appeared previously in (5). That paper, unlike ours, does not shed light

on when these transfers can be tractably computed or offer a tractable approach to the con-

struction of optimal transfers. Moreover, in our setting, due to market-clearing conditions

the set of implementable allocations are further restricted through “flow constraints” (1.7b)

and (1.7c), whereas no analogous restriction is present in (5). Finally, a key assumption in

(5) is that the platform can choose a positive or negative transfer to any type of agent. This

flexibility guarantees that, for any given allocation, there will exist transfers that implement

this allocation, i.e., transfers such that the given allocation will indeed be the equilibrium al-

location under those transfers. However, once the allowable commissions/subscriptions (and

hence the transfers that can be charged by the platform) are restricted (e.g., to nonnegative

values), it is no longer true that any allocation can be implemented, i.e., that given any
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allocation (qb, qs) one can find commissions/subscriptions (γ,µ) such that (qb, qs) are the

equilibrium demand/supply under (γ,µ). (In fact, it can be shown that the set of imple-

mentable equilibrium supply-demand vectors constitutes a nonconvex subset of R|B|+|S|.)

Theorem 1 implies that in order to find optimal commissions/subscriptions, the restriction

to nonnegative transfers is without loss of optimality. This is because (1.7) remains a relax-

ation of (1.3) even if nonnegativity of transfers is not imposed in the latter problem. This

observation also implies that, unlike in the literature on two-sided markets (see, e.g., (3)),

in our setting the platform does not benefit from setting transfers below costs (which are

assumed to be zero) on one side of the market.

1.5 Impact of the Network Structure

This section is devoted to understanding the impact of the compatibility network structure

on the traders’ surplus and on the platform’s revenues, when the platform employs optimal

commissions/subscriptions. In order to isolate the effect of the network structure, throughout

this section we conduct our analysis under the following homogeneity assumption.

Assumption 3. The value distributions are homogeneous on each side, i.e., Fsi(v) = Fs(v)

and Fbj (v) = Fb(v) for all v ∈ R, j ∈ B, i ∈ S, and the disutility vector is equal to zero,

i.e., ci = 0 for all6 i ∈ S.

It is worth noting that we still allow for populations of different sizes for different types.

Agents’ Surplus and Network Positions. We first focus on the impact of the com-

patibility network structure on the average surplus of the different buyer/seller types under

revenue-optimal commissions and subscriptions. We start by characterizing the average equi-

librium surplus of a trader type in terms of the valuation of its marginal agents. Recall that

under a vector of optimal commissions and subscriptions, marginal buyers (sellers) have zero

6. The results of this section extend to settings with homogeneous taste parameters, i.e., ci = c for all
i ∈ S.
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surplus in equilibrium (see the discussion after Theorem 1 for the case of ci = 0 for all

i ∈ S). Moreover, all trading agents of the same type make the same payments to the plat-

form as they purchase/sell the good at the same price and face the same commissions and

subscriptions. In light of this, the equilibrium surplus of a buyer of type j ∈ B (seller of type

i ∈ S) with valuation v is given by max{v− vmbj , 0}, where v
m
bj

(vmsi ) denotes the valuation of

the marginal buyer of type j (seller of type i). Consequently, in equilibrium, the aggregate

surplus of buyers of type j ∈ B can be given by bj
∫ v̄bj
vmbj

(v− vmbj )dFbj (v), and that of sellers of

type i ∈ S can be given by si
∫ vmsi
0 (vmsi − v)dFsi(v). Finally, the average surplus of a type can

be calculated by dividing its aggregate surplus by its population (e.g.,
∫ v̄bj
vmbj

(v − vmbj )dFb(v)

for j ∈ B). Notice that, by Theorem 1, all optimal commission/subscription schemes lead to

the same (qs, qb), which in turn implies that all optimal schemes induce the same marginal

agents and thus the same surplus for any given agent.

It can be readily seen from the above discussion that if the valuation of the marginal

buyer (seller) of a given type is large, then the corresponding average surplus is small (large).

Therefore, in the rest of the subsection we focus on understanding the impact of the com-

patibility network structure on the valuations of the marginal agents of different types. It is

worth noting that, while it is possible to efficiently compute the valuations of the marginal

agents for a given problem instance by solving problem (1.7), a priori the impact of the

network structure on the values of the marginal agents of different types is not clear. Our

next result provides an answer to this question.

Theorem 2. Suppose that Assumption 3 holds. Given a network G(B ∪ S, E) and a popu-

lation profile (s, b), define S(0) = S, B(0) = B, and E(0) = E. For τ = 1, 2, . . . , let Bτ and

Sτ be iteratively defined as follows:

Bτ = arg min
B⊆B(τ−1)

 ∑
i∈N

E(τ−1)(B)
si

/
 ∑
j∈B

bj

 and Sτ = NE(τ−1)(Bτ ),
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where B(τ) = B(τ−1)\Bτ , S(τ) = S(τ−1)\Sτ , and E(τ) =
{

(i, j) ∈ E : i ∈ S(τ) and j ∈ B(τ)
}
.

Here, the arg min operator stands for the largest set B that achieves the minimum, if there

are multiple such sets.7 If j1 ∈ Bτ1, j2 ∈ Bτ2 (similarly i1 ∈ Sτ1, i2 ∈ Sτ2) with τ1 ≤ τ2,

then the marginal agent of type j1 (i1) has a weakly higher valuation than the marginal agent

of type j2 (i2) under optimal commissions/subscriptions.8

The key quantity for ranking the valuations of the marginal agents of different types is

the scarcity of sellers experienced by different types of buyers. In particular, to obtain our

ranking, we first identify an induced subgraph that consists of a set of buyers and their

neighboring sellers such that the ratio of the sellers’ population to the buyers’ population

is the smallest. Intuitively, the buyers in this subgraph are those that are the most supply-

constrained. As all seller (buyer) types have the same value distribution, under optimal

commissions/subscriptions the seller (buyer) types in this subgraph correspond to those that

have the highest (lowest) trade amount per unit of population, qsi /si (qbj/bj). Consequently,

the valuations of the marginal buyers and sellers in this subgraph are the largest, and the

average surplus of the aforementioned buyers (sellers) is the smallest (largest). We then

remove these buyers/sellers from the network, and repeat this procedure for the induced

subnetwork in order to identify a subset of types whose marginal agents have the second-

largest valuations, and so on. We illustrate Theorem 2 in the following simple example.

Example 1. Consider the network in Figure 1.1, and recall that all seller types have a

population of size one and all buyer types have a population of size two. The subset of

buyers B for which the quantity
∑
i∈NE(B) si∑
j∈B bj

= |N(B)|
2|B| is the smallest is given by B1 = {3, 4}.

7. We establish in the proof that the largest set is uniquely defined. This result follows from the fact
that, if two sets achieve the minimum, then so does their union.

8. In fact, in the appendix we prove a stronger version of this result, where when τ1 < τ2 the valuation
of the marginal agent of type j1 is strictly higher than that of the marginal agent of type j2. A similar
result holds on the seller side: there exists some τ̄ such that all seller types in Sτ with τ ≤ τ̄ have marginal
valuations that are equal to v̄si , i.e., the upper bound of the value distribution of sellers. For τ1, τ2 > τ̄ ,
the marginal agents of different seller types in Sτ1 and Sτ2 admit a strict ranking. Here τ̄ is characterized
in terms of the underlying value distributions. Moreover, except for cases where all sellers of a certain type
trade under the optimal commissions/subscriptions (which necessitates bounded seller value distributions),
we have that τ̄ = 0, and a strict ranking of all seller types can be obtained.
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Figure 1.1 shows that, under optimal commissions/subscriptions, we have that qb3 = qb4 <

qbj for j /∈ B1. Given that all buyer types have the same populations, this implies that

the marginal agents of buyer types in B1 have the highest valuations. This observation is

consistent with Theorem 2. Similarly, S1 = N(B1) = {4}, and qs4 is the highest among the

seller types; thus, the valuation of the type-4 marginal seller is the highest.

It is worth noting that the subgraphs constructed in Theorem 2 also shed light on which

seller types have higher prices under revenue-maximizing commissions/subscriptions. We

summarize this observation in the next result.

Proposition 2. Suppose Assumption 3 holds. Consider the optimal commissions/subscriptions

given in Corollary 2 (i) or (ii), and any competitive equilibrium (p,x, qs, qb) induced under

these commissions/subscriptions. The equilibrium prices are such that pi1 ≥ pi2 for any

i1 ∈ Sτ1, i2 ∈ Sτ2 and τ2 ≥ τ1, where the inequality is strict if τ1 6= τ2.

Intuitively, for small τ , many buyers compete with each other, thereby driving the prices

higher. As τ increases, competition on the seller side intensifies (as there are fewer buyers

per seller). As a result, the equilibrium price decreases in τ .

Remark: We conclude this section by pointing out that the ranking of network compo-

nents obtained in Theorem 2 is closely related to optimization over polymatroids. For a

nondecreasing submodular (set) function ρ : 2S → R defined on the subsets of some finite

ground set S, the set given by P ′ = {y ∈ R|S|+ : ∑i∈S′ yi ≤ ρ(S′), ∀S′ ⊂ S} is a polymatroid.9

To see how the platform’s revenue maximization problem in (1.7) is related to polymatroids,

it is necessary to consider an alternative formulation of this problem.

Suppose that we try to identify an optimal solution to (1.7) in two steps. First, we

assign a mass of compatible sellers to each buyer type so that a seller is allowed to trade

only with the buyer type she is assigned to. This assignment is made in a way that ensures

9. ρ is a nondecreasing submodular function if ρ(A) ≤ ρ(B) for A ⊂ B ⊂ S, and ρ(A) + ρ(B) ≥
ρ(A ∪B) + ρ(A ∩B) for any A,B ⊂ S.
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that the value distribution of the sellers assigned to each buyer is still Fs(·). The set P =

{qb : (x, qs, qb) satisfies (1.7b), (1.7c), (1.7e), and (1.7f)}, captures the feasible assignments

of sellers to buyers that respect the underlying compatibility structure. Here, qbj is the mass

of sellers assigned to type-j buyers, and we point out that not all of these sellers necessarily

trade (as we do not impose (1.7d) in the definition of P , and in principle the total mass of

sellers assigned to type-j buyers may be greater than the population of this buyer type).

Each buyer type together with the sellers assigned to it can now be viewed as a submarket.

In the second step, we maximize the revenues within each submarket. The maximum revenue

of the platform can be now expressed as the total of the revenues achieved from different

submarkets.

Let f(t) denote the maximum revenue the platform can achieve (by setting commis-

sions/subscriptions optimally) in a network with a single type of buyer/seller, assuming that

there are t units of sellers and 1 unit of buyers. Note that in the above construction if a

submarket consists of t′ units of sellers and b′ units of buyers, the associated revenues can

be expressed in terms of this function as b′f(t′/b′). Consequently, the revenue obtained un-

der a seller assignment vector y ∈ P (after we maximize revenues within each submarket)

is given by f̄(y) = ∑
j∈B bjf(yj/bj). In other words, the platform’s problem is equivalent

to maximizing f̄(y) over y ∈ P . On the other hand, by Assumption 2 the functions f(·)

and f̄(·) are concave. Moreover, by using Lemma 4.1 of (41), it can be shown that P can

equivalently be represented as follows:

P =

y :
∑
j∈B

yj ≤
∑

i∈NE(B)
si,∀B ⊂ B, yj ≥ 0,∀j ∈ B

 , (1.9)

which immediately implies that P is a polymatroid. Hence, the platform’s problem can

equivalently be expressed as the problem of maximizing a concave function over a polyma-

troid.

Such problems admit a special structure, and their optimal solutions can be expressed
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in terms of the bases of the underlying polymatroid. We refer to y ∈ P ′ as a base of a

polymatroid P ′, if ∑i∈S yi = ρ(S), where S again denotes the ground set. For y ∈ R|S|, let

T (y) denote the vector obtained after the entries of y are arranged in increasing order. Given

positive weights w = {wi}
|S|
i=1, a base y of P ′ is called lexicographically optimal with respect

to w, if T ({yi/wi}) is lexicographically greater than T ({ŷi/wi}) for any base ŷ of P ′. (42)

shows that when a concave quadratic function is maximized over a polymatroid, the optimal

solution corresponds to the base of this polymatroid with weight vectors related to the

coefficients of the objective function. Similarly, in the proof of Theorem 2 we show that when

the concave function f̄(y) is maximized over P , the optimal solution is a lexicographically

optimal base of P with weight vector w = b.10 Moreover, by borrowing algorithmic ideas on

the characterization of lexicographically optimal bases of polymatroids from (42), we show

that the corresponding base can actually be explicitly expressed as ỹj = bj∑
j′∈Bτ bj′

∑
i′∈Sτ si′

for j ∈ Bτ , where Bτ and Sτ are defined as in Theorem 2. By exploiting this connection,11

we obtain our ranking result given in Theorem 2.

Network Structure and Optimal Revenue. We next discuss the impact of the

network structure on the platform’s revenues. To obtain our results, we make use of the

following variant of Hall’s marriage condition.

Definition 2. We say that a network G(B∪S, E) with seller/buyer populations (s, b) satisfies

the weighted Hall’s marriage condition if

∑
i∈NE(B)

si ≥
∑
i∈S si∑
j∈B bj

∑
j∈B

bj for all B ⊂ B. (1.10)

Similarly, we say that the network satisfies the ε-marriage condition if for some ε ∈ [0, 1] we

10. Hence, at the optimal solution all sellers are assigned to a buyer type. Note that this does not mean
that all sellers trade, as the assignment merely identifies submarkets where subsets of buyers and sellers are
allowed to trade, and within each submarket only a subset of agents may trade. Proposition 10 in Appendix
1.9 characterizes the mass of buyers/sellers who trade in each submarket, using the optimal solution of the
aforementioned optimization problem.

11. The relevant results of (41) and (42) are also replicated in Section (1.12.1).)
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have that ∑
i∈NE(B)

si ≥ (1− ε)
∑
i∈S si∑
j∈B bj

∑
j∈B

bj for all B ⊂ B.

Hall’s marriage condition requires that |NE(B)| ≥ |B| for all B ⊂ B. A bipartite

network (which has two sides with equal cardinality) admits a perfect matching if and only

if it satisfies Hall’s marriage condition (see, e.g., (1)). Intuitively, this condition implies that

for any subset of nodes on one side, we have a sufficient number of nodes on the other side

to “cover” them.

It can be seen that (1.10) is a weighted version of this condition. In particular, we

assign a weight of bj/
∑
`∈B b` to each j ∈ B and a weight of si/

∑
`∈S s` to each i ∈ S, and

require the total weight for buyers in B to be smaller than the total weight of corresponding

sellers NE(B) on the other side of the market. In our setting, this condition ensures that

for any set of buyers B, the ratio of total available supply to total demand of B (i.e.,∑
i∈NE(B) si/

∑
j∈B bj ) is not smaller than the ratio of total supply to demand in the

market (i.e., ∑i∈S si/
∑
j∈B bj). In other words, the supply in the market is “balanced,” and

no set of buyers in the market is excessively deprived of it.

Given buyer/seller types B and S, and population profile (s, b), we denote by Vopt(E, s, b)

the optimal revenue that can be obtained for the network G(B ∪ S, E), i.e., the optimal

objective of (1.3) for this network. Furthermore, we denote by Vmax(s, b) the maximum

revenue that can be obtained by any edge set E, i.e.,

Vmax(s, b) := max
E⊆B×S

Vopt(E, s, b). (1.11)

Using this notation, we provide a tight upper bound on the platform’s revenues that holds

independently of the network structure, and a lower bound on the revenues of a given network

structure.

Theorem 3. Suppose that Assumption 3 holds. Fix the set of sellers S, the set of buyers
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B, and the population profile (s, b). Let s0 = ∑
i∈S si and b0 = ∑

j∈B bj denote the total

populations of sellers and buyers, respectively. Then:

(i) Vmax(s, b) = b0 max
r≤min

{
1, s0b0

} [F−1
b (1− r)− F−1

s

(
r

s0/b0

)]
r. Moreover, Vopt(E, s, b) =

Vmax(s, b) if and only if G(B ∪ S, E) satisfies the weighted Hall’s marriage condition.

(ii) If G = (B∪S, E) satisfies the ε-marriage condition, then Vopt(E, s, b) ≥ (1−ε)Vmax(s, b).

Note that this result implies that all networks with the same total population (s0, b0) of sellers

and buyers (and even with a possibly different number of seller/buyer types), admit the same

upper bound on the revenues (given by Vmax(s, b)). Moreover, this upper bound is achieved

(with appropriate commissions/subscriptions) when the weighted Hall’s marriage condition

holds. Intuitively, if the weighted Hall’s marriage condition holds, then every subset of buyer

types is exposed to a sufficient mass of sellers, and in this case the revenue the platform can

achieve (under optimal commissions/subscriptions) is larger than the revenues achievable

under any network structure. When this condition fails to hold, quantifying the extent of its

“failure” in terms of the ε-marriage condition, yields a lower bound on the optimal revenue.

Qualitatively, this result suggests that lower revenues can be expected in networks where

supply is distributed less evenly, e.g., when some buyers have access to a limited supply while

others have access to an abundant supply.

We next focus on a different question of practical relevance: if the platform could ex-

pand its market and increase the mass of traders of some type by a small amount (e.g.,

through ads), which types would improve the revenues most significantly and hence should

be targeted? Interestingly, the ranking obtained in Theorem 2 provides an answer to this

question.

Formally, let ∂
∂si
Vopt(E, s, b) denote the partial derivative of the platform’s optimal rev-

enues with respect to the size of the population of type-i sellers, whenever the revenue
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function Vopt(·) is differentiable with respect to si. Qualitatively, this quantity captures

how sensitive the optimal revenue of the platform is to the size of the population of type-i

sellers. Consider the set Ds := { ∂
∂si
Vopt(E, s, b)}i∈S , which is the set of partial derivatives

of the platforms optimal revenues with respect to the size of the population of sellers. For

τ = 1, 2, . . . , we refer to the set of seller types with the τ th-largest partial derivative val-

ues, i.e., {i ∈ S : ∂
∂si
Vopt(E, s, b) is among the τ th largest}, as the τ th-most profitable seller

types to expand. Analogously, we can define ∂
∂bj

Vopt(E, s, b) for j ∈ B, the set Db, and the

set of the τ th-least profitable buyer types to expand.

Corollary 3. Suppose that Assumption 3 holds. Fix population profile (s, b) and net-

work G(B ∪ S, E). Suppose that Vopt(E,y1,y2) is differentiable12 with respect to y1,y2 at

(y1,y2) = (s, b). Let Sτ and Bτ be defined as in Theorem 2. Then, Sτ corresponds to the

set of the τ th-most profitable seller types to expand, and Bτ corresponds to the set of the

τ th-least profitable buyer types to expand.

Intuitively, if a buyer type is among the most supply-constrained, then a small increase in

the population of the compatible seller types could lead to the most significant improvement

in the revenues of the platform. Note that the aforementioned set of sellers is given precisely

by S1. Corollary 3 supports this intuition, and shows that an (infinitesimal) increase in the

population of sellers in S1 leads to the highest improvement in the revenues of the platform.

The result further allows for ranking different seller types as well as buyer types in terms of

how sensitive the revenues of the platform are to their population sizes.

Consider a network that satisfies the weighted Hall’s marriage condition. It readily fol-

lows from (1.10) that for this network B1 = B and S1 = S. Thus, Corollary 3 implies that

for such networks, the impact of expanding any seller (similarly buyer) type (by an infinites-

imal amount) on the revenues of the platform is identical. Similarly, Theorem 2 implies that

12. Notice that we assumed differentiability of Vopt(E,y1,y2) at (y1,y2) = (s, b). This condition generi-
cally holds, and allows us to obtain an elementary proof of the claim by using the envelope theorem. Similar
results can be obtained after relaxing the differentiability condition by using the sensitivity analysis ideas
from convex optimization; see (43).
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all seller (similarly buyer) types have the same average surplus. Recall that the weighted

Hall’s marriage condition captures when the supply in the market is balanced. Thus, these

observations imply that when the supply and demand in the market are balanced, expand-

ing any seller (buyer) type has the same impact on the platform’s revenues, and all seller

(buyer) types have the same average surplus (under the optimal commissions/subscriptions).

However, when the supply and demand are not distributed in a balanced manner, different

types end up with a different average surplus and the platform’s revenues may be less/more

sensitive to sizes of certain populations (as shown in Theorem 2 and Corollary 3).

We conclude this section by providing a result to compare compatibility networks in

terms of the revenues that can be extracted from them.

Proposition 3. Suppose that Assumption 3 holds, and that we have two networks G(B ∪

S, E1) and G(B ∪ S, E2) that differ only in their edge set, and let (s, b) be the seller/buyer

populations. Suppose that the networks satisfy ∑i∈NE1(B) si ≥
∑
i∈NE2(B) si for all B ⊂ B.

Then, Vopt(E1, s, b) ≥ Vopt(E2, s, b).

Proposition 3 suggests a natural preorder on the network structures with the same seller/buyer

populations, i.e., G(B∪S, E1) � G(B∪S, E2) if∑i∈NE1(B) si ≥
∑
i∈NE2(B) si for all B ⊂ B.

Thus, our result states that the revenues in a larger network (in terms of this preorder) are

larger. Intuitively, this result implies that if every subset of buyer types has access to more

sellers in one of the networks, then the platform is able to extract more revenue from that

network. This result is consistent with Theorem 3 since the network that is larger in terms

of the partial order would satisfy the ε-marriage condition with a smaller ε. We illustrate

this result in Figure 1.2.

We conclude this section, by exploring how the optimal revenues of the platform change

as a function of the buyer’s/seller’s population sizes, the value distributions and the set of

connections. In light of Theorem 1, such a characterization boils down to sensitivity analysis

in (1.7). With some abuse of notation, we denote by Vopt(s,Fs, b,Fb, E) the parameterized

optimal revenue with respect to the population profile s = (s1, . . . , sn) and b = (b1, . . . , bm),
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Figure 1.2: Denote the network on the left (right) by GL (GR) and its edge set by EL (ER).
In both GL and GR, every node has a unit population, and all types have uniform valuations.
It can be checked that GL � GR. Proposition 3 implies that the platform can extract more
revenue from the network on the left. In fact, despite the number of edges being the same,
Vopt(EL, s, b) = 3

8 ≥
1
3 = Vopt(ER, s, b).

the value distribution function profile Fs = (Fs1 , . . . , Fsn) and Fb = (Fb1 , . . . , Fbm), and the

edge set E of network G(S ∪ B, E). The following result shows that the platform’s optimal

revenues change monotonically with population sizes, value distributions (in the sense of first

order stochastic dominance), and edge connections(in the sense of superset).

Lemma 1. The parameterized optimal revenue Vopt(s,Fs, b,Fb, E) satisfies the following

properties:

(i) Impact of the population size: Consider a buyer/seller population profile (b̃, s̃) such that

b̃ ≥ b and s̃ ≥ s, where the inequalities are entrywise. Then, Vopt(s̃,Fs, b̃,Fb, E) ≥

Vopt(s,Fs, b,Fb, E).

(ii) Impact of the value distribution: Consider a valuation profile (F̃b, F̃s) such that F̃bj (v) ≤

Fbj (v) for all v ≥ 0 and j ∈ B, and F̃si(v) ≥ Fsi(v) for all v ≥ 0 and i ∈ S. Then

Vopt(s, F̃s, b, F̃b, E) ≥ Vopt(s,Fs, b,Fb, E).

(iii) Impact of the edge set: Consider an edge set Ẽ ⊂ S × B such that Ẽ ⊃ E. Then

Vopt(s,Fs, b,Fb, Ẽ) ≥ Vopt(s,Fs, b,Fb, E)

The findings of this lemma are intuitive. The first part establishes that when the population

size of any seller or buyer type in the system becomes larger (all else being equal), the

platform is able to exploit this and extract higher revenues from the market. The second

part shows that if the value distribution of a buyer type increases or the (reservation) value
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distribution of a seller type decreases (both in the first order stochastic dominance sense),

then the revenues of the platform still increase. Note that the opposite effect of buyer/seller

distributions should be expected. If a buyer type’s distribution increases in the first order

stochastic dominance sense, then the buyers have higher values for products/service on

average and this allows the platform to extract more surplus. In contrast, if a seller type’s

distribution increases, then the reservation values become higher, and the sellers become more

reluctant to trade. This forces the platform to give up revenues. The last part indicates that

when the underlying trading network is larger, then the revenue increases. This monotonicity

is due to the fact that there are no trade frictions in our current model. Thus, larger network

gives the platform higher flexibility to guide the competitive equilibrium towards the one

with higher revenue return.

1.6 Suboptimality of Simpler Commission/Subscription Schemes

The optimal commission/subscription scheme derived in Theorem 1 typically requires charg-

ing payments to both sides of the market and treating buyer/seller types differently in terms

of their commissions/subscriptions. Consistent with these results, some platforms charge

different commissions/subscriptions to different types of sellers. For instance, in Amazon

and Alibaba (where third-party sellers also offer their products), commission rates depend

on the types of products offered.

However, simpler commission/subscription schemes are also observed in practice. Until

2016, Upwork charged a 10% flat commission rate to freelancers and nothing to clients.

Airbnb implements a slightly more complicated scheme by charging a flat commission rate

of 3% to hosts and heterogeneous commissions rates of 0%–20% to guests.

Motivated by these examples, we explore how simpler and practically appealing schemes

perform in terms of revenues relative to the optimal commissions/subscriptions. To that

end, we first study a setting where the platform is restricted to charging the same commis-

sions/subscriptions to all the agents on the same side of the market (Section 1.6.1). Then, we
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focus on settings where the platform can target different types with different commissions

and subscriptions, but is restricted to charging payments only to one side of the market

(Section 1.6.2). Finally, we illustrate our findings by focusing on a dataset that is represen-

tative of Airbnb bookings and explore how using different commission/subscription schemes

impacts the revenues of the platform (Section 1.6.3).

1.6.1 Homogeneous Commissions and Subscriptions

We first consider the case where the platform charges the same commissions/subscriptions to

all the agents on the same side of the market. Formally, we restrict attention to homogeneous

subscription fees µ = (µs1, µb1) and homogeneous commission rates γ = (γs1, γb1), and

define the problem of maximizing revenues using homogeneous commissions/subscriptions

as:

Vh = max
(γs1,γb1)∈Γ, (µs1,µb1)∈U

V (γs1, γb1, µs1, µb1), (1.12)

where, with some slight abuse of notation, V (γs1, γb1, µs1, µb1) = V (γ,µ) denotes the plat-

form’s revenues under the aforementioned commissions/subscriptions. Similarly, we denote

by Vh(sub) and Vh(com) the optimal revenue of the platform from using only homogeneous

subscriptions (i.e., setting γs = γb = 0) and from using only homogeneous commissions (i.e.,

setting µs = µb = 0), respectively.

Recall that Section 1.4.1 obtains optimal commissions/subscriptions by solving the convex

relaxation of the platform’s revenue maximization problem given in (1.7). This relaxation

is no longer tight when we restrict attention to homogeneous commissions/subscriptions,

as the fee homogeneity restriction is nontrivial. That is, in general, it is not possible to

construct homogeneous commissions/subscriptions that support the optimal solution of the

aforementioned relaxation.

Despite not being able to use the convex optimization problem of Section 1.4.1, approxi-
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mately optimal homogeneous commissions/subscriptions can be obtained in a tractable way

by defining a grid over the four decision variables (µs, µb, γs, γb), obtaining the equilibrium

for any tuple of parameters by solving a convex optimization problem (see Appendix 1.9),

and computing and comparing the corresponding revenues.

In light of Corollary 2, it may be appealing to search only over subscriptions or (when ci =

0 for all i ∈ S) only over commissions (as the corollary suggests that doing so is optimal when

the platform is not restricted to using homogeneous commissions/subscriptions). Example

2 illustrates that this leads to strictly lower revenues for the platform in the context of

homogeneous commissions/subscriptions.

Example 2. Consider a bipartite network with three seller types and three buyer types, with

the edge set given by E = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)}. The population profiles of sellers

and buyers are s = (7, 12, 20) and b = (70, 24, 20), respectively. All seller types have a value

distribution equal to Fs(v) = 1− exp
(
− v

40
)
, all buyer types have a value distribution equal

to Fb(v) = 1− exp
(
−( v50)5

)
, and we let c = (0, 0, 0). In this example, we obtain Vh/Vopt =

91.0%. Furthermore, if we use only commissions we have that Vh(com)/Vopt = 90.8%, and if

we use only subscriptions we have that Vh(sub)/Vopt = 87.8%.

There are two important takeaways from the above example. First, homogeneous commis-

sions/subscriptions are in general suboptimal and they can yield substantially lower revenues

relative to the ones given in Theorem 1, even for simple instances satisfying Assumption 3.

Second, Vh cannot be implemented using only commissions or only subscriptions and, more-

over, the revenues obtained by using only commissions or only subscriptions are different.

Given that restricting attention to homogeneous commissions/subscriptions is not with-

out loss of optimality, it is of interest to understand how large the revenue loss can be.

Proposition 4 addresses this question, by showing that in general this revenue loss can be

arbitrarily bad.

Proposition 4. For any ε > 0, there exists a problem instance such that Vh/Vopt < ε.
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Intuitively, when the platform is able to charge heterogeneous commissions/subscriptions,

it has some freedom to manage supply and demand differently for different submarkets. To

see this, consider a network that consists of two seller types with identical value distribu-

tions and ci’s, and two connected components. Assume that the first seller type faces a

set of buyers with larger value distributions (in the first-order stochastic dominance sense)

relative to the set of buyers the other seller type faces. If the platform restricts attention to

homogeneous commissions/subscriptions then either one component may end up with too

much supply or the other may end up with too little supply, and both outcomes lead to

a low aggregate revenue. By discriminating these seller types through the use of different

commissions/subscriptions, the platform can induce desired supply levels in these different

components and improve revenues.

In the proof of Proposition 4, we construct problem instances where the homogeneous

commissions/subscriptions perform arbitrarily bad, by considering settings where different

types have very different value distributions. One might ask whether a similar result could

be obtained if all types on the same side share the same value distribution and all sellers

share the same ci’s (i.e., if Assumption 3 holds). In fact, even though homogeneous commis-

sions/subscriptions are still suboptimal in that setting (see Example 2 for an illustration), it

is possible to obtain bounds on the revenue loss. In particular, by focusing on such problem

instances, Proposition 5 identifies two settings where the revenue loss due to homogeneous

commissions/subscriptions is bounded. This proposition as well as the rest of the results of

this section focus on problem instances with a fixed network and a given population profile

(s, b). As such, when we state our results we suppress the dependence of revenues on these

quantities (i.e., we use Vopt and Vmax as opposed to Vopt(E, s, b) and Vmax(s, b)).

Proposition 5. Suppose that Assumption 3 holds.

(i) If Fs(v) is concave in v ∈ [0, v̄s] and Fb(v) is convex in v ∈ [0, v̄b] with v̄b < ∞, then

for any network G(S ∪ B, E), we have that Vh ≥ 1
2Vopt.
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(ii) If the network satisfies the ε-marriage condition, then Vh ≥ (1− ε)Vmax.

This proposition provides lower bounds on the revenues achievable under the homoge-

neous commissions/subscriptions. In the first part, we show that at least half of the optimal

revenue can be obtained when the value distributions of traders are well behaved (e.g., an

exponential distribution for sellers, and a uniform one for buyers). Note that this bound

is independent of the network structure. On the other hand, in the second part we do not

make any assumption on the distributions but instead we provide a bound that depends on

the network structure. In particular, the second part of the proposition implies that if the

network satisfies the weighted Hall’s marriage condition, then using homogeneous commis-

sions/subscriptions is optimal. Moreover, when this condition does not hold, quantifying

by how much it is violated (in terms of the ε-marriage condition) allows us to bound the

revenue loss incurred by the platform. Note that, in this case, the bound is in terms of the

upper bound Vmax on revenues achievable for any network.

1.6.2 Charging Payments Only to One Side of the Market

We next restrict attention to commission/subscription schemes where the platform can

charge only one side of the market, while possibly still discriminating agent types in terms

of their commissions/subscriptions. Formally, let Γs = [0, 1]n, Γb = [0,∞)m, Us = [0,∞)n,

and Ub = [0,∞)m denote the space of feasible seller commission rates, buyer commission

rates, seller subscription fees, and buyer subscription fees, respectively. We denote by Vs

(Vb) the maximum revenue that the platform can obtain by charging payments only to sellers

(buyers). With some abuse of notation, these quantities are given as follows:

Vs = max
(γs,µs)∈Γs×Us

V (γs,0,µs,0),

Vb = max
(γb,µb)∈Γb×Ub

V (0,γb,0,µb).
(1.13)

It is worthwhile to mention that, as in the case of homogeneous commissions/subscriptions,
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we cannot rely on the relaxation in (1.7) to solve this problem. In other words, having zero

commissions/subscriptions on one side is a nontrivial restriction and, under this restric-

tion, it is not always possible to find commissions/subscriptions that support the optimal

solution of the aforementioned relaxation. Thus, for our numerical studies, we approxi-

mately characterize the revenue under one-sided extraction by constructing a grid of com-

missions/subscriptions and, for each commission-subscription vector in this grid, computing

the equilibrium and the corresponding revenue.

We proceed by illustrating that charging payments only to one side of the market is not

without loss of optimality. In particular, by focusing on a simple network structure, our next

example shows that the revenue loss relative to the optimal commissions/subscriptions of

Section 1.4.1 is nontrivial.

Example 3. Consider a complete bipartite network with three seller types and three buyer

types with population vectors s = (1, 1, 1) and b = (2, 2, 2), respectively. Let the value

distributions for type-i sellers be Fsi(v) = 1 − exp
(
−( vλsi )ksi

)
where ks = (3, 2, 1) and

λs = (20, 1, 0.1), let the value distributions for type-j buyers be Fbj (v) = 1− exp
(
−( v

λbj
)k
b
j

)
where kb = (3, 2, 1) and λb = (1, 5, 10), and let c = (0, 0, 0). In this example we obtain

Vb = 10.05, Vs = 8.84, and Vopt = 10.78, and hence Vs
Vopt

= 81.9% and Vb
Vopt

= 93.3%.

This example also illustrates why charging payments to both sides of the market is strictly

better than charging payments only to one side. To see this suppose that the platform charges

payments only to sellers, i.e., µb = γb = 0. It can be shown that in this example type-3

buyers have larger valuations in expectation than the other two buyer types. Thus, when the

platform does not charge any payments to buyers, too many type-3 buyers relative to other

types demand to trade with sellers on the other side of the market. On the other hand,

recall from Theorem 1 that at the revenue-maximizing outcome, the equilibrium supply

and demand levels are uniquely defined. Hence, when the induced buyer demand is too

high (under µb = γb = 0), it may overshoot the optimal amount identified in Theorem
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1, thereby leading to suboptimal revenues. By charging payments appropriately to the

buyers, the platform can reduce the demand of type-3 buyers to the optimal levels. In other

words, without charging commissions/subscriptions to both sides of the market, it may not

be feasible to achieve optimal supply/demand levels. A similar argument also reveals the

suboptimality of charging commissions/subscriptions only to the sellers.

In the previous subsection, we showed that when the platform is restricted to using ho-

mogeneous commissions/subscriptions, in general the revenue loss can be arbitrarily bad.

We conclude this section by establishing that, in contrast to the case of homogeneous com-

missions/subscriptions, if the platform charges payments only to one side of the market, the

revenue loss is always bounded. Furthermore, charging payments only to one side of the

market is without loss of optimality when agents’ valuations admit identical distributions

and there is no vertical differentiation among sellers.

Proposition 6. Suppose that the platform can charge payments only to one side of the

market.

(i) If the platform can choose whether to charge buyers or sellers, then at least half of the

optimal revenue can be obtained, i.e., max{Vs, Vb} ≥ 1
2Vopt.

(ii) If Fbj (v) = Fb(v) for all j ∈ B, we have that Vs = Vopt; if Fsi(v) = Fs(v) and ci = 0

for all i ∈ S, we have that Vb = Vopt.

To establish the first part of the result we start with the optimal subscriptions in Corollary

2, and set payments of the buyers or the sellers equal to zero. We show that in at least one of

the two cases, the induced subscription vector achieves at least half of the optimal revenues.

We also point out that part (i) of the proposition does not make any assumptions on the

network structure or the value distributions.

By contrast, the second part of the proposition focuses on settings where all agent types on

one side of the market have the same value distributions, but allows for arbitrary distributions

on the other side and for an arbitrary network structure. While in general charging payments
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to one side of the market leads to some revenue loss, part (ii) of Proposition 6 implies that

this conclusion changes when one side has homogeneous value distributions. In this case,

appropriate market prices induce the optimal trade levels on one side of the market, and the

choice of commissions/subscriptions induces optimal trade levels on the other side, thereby

eliminating any revenue loss.

1.6.3 Numerical Study

We now present an example motivated by Airbnb, an online marketplace that allows guests

to rent homes for short stays from hosts. Focusing on some regions of the city of Chicago,

we study the impact that different commission/subscription schemes have on the revenues

of the platform. It is worth clarifying that our objective in this section is not to provide a

detailed empirical study, which is beyond the scope of this paper. We recognize that Airbnb

has a large-scale complex operation, and our model does not capture all features of this

operation. However, we believe that this is a useful setting to illustrate the key ideas and

findings presented so far in a realistic and nontrivial networked market. To this end, we

remind the reader that the primitives of our model are the bipartite network that captures

the compatibility between different buyer/seller types, the populations of these types, their

value distributions, and the vector of disutilities for transacting with different seller types.

Whenever possible, we use publicly available Airbnb data13 to calibrate these primitives.

We proceed by explaining how we obtained each primitive of the model.

First, we define the network. Agent types are characterized by geographical locations and

the number of bedrooms of the supplied/demanded listings. In particular, we focus on three

regions of Chicago: North Side (N), West Side (W), and Central (C) (see Appendix 1.17 in

(40) for a map of neighborhoods contained in each region), which (according to the dataset)

13. In particular, we use the 2016–2017 listing data in Chicago obtained from
“http://insideairbnb.com/get-the-data.html”. The dataset has rich information on the host side, in-
cluding listing locations, host information, room availability, listed price, cleaning fee, number of reviews,
etc. Unfortunately, the dataset does not have any information on the guest side, and we make reasonable
assumptions to construct the relevant primitives for the guests.
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collectively contain more than 70% of the listings in the city. Within each region, we further

restrict attention to listings for entire homes (as opposed to listings that offer a room in a

home) that provide short-term rentals (the minimum length of stay requirement is no more

than seven days). Each host (seller) type is defined by the region and the number of bedrooms

in the listing: one bedroom (or studio), two bedrooms, three or more bedrooms. This gives

us in total 9 host types, defined by the set S = {Ns
1 , N

s
2 , N

s
3 , C

s
1 , C

s
2 , C

s
3 ,W

s
1 ,W

s
2 ,W

s
3 }. We

also define a guest (buyer) type per location and number of bedrooms, which also gives us

a total of nine types: B = {Nb
1 , N

b
2 , N

b
3 , C

b
1, C

b
2, C

b
3,W

b
1 ,W

b
2 ,W

b
3}. Here, Ns

2 is the type that

corresponds to hosts in the North Side whose listings have two bedrooms, and Nb
2 is the

type that corresponds to guests who target the North Side (for their stay) and require at

least two bedrooms (a similar interpretation applies to the remaining types). We assume

that each guest can be compatible only with host types whose listings have at least as many

bedrooms as the guest requires. We also assume that guests who target the West Side or

the North Side are compatible with the hosts in Central Chicago (which contains the main

tourist attractions of the city). The resulting compatibility network is depicted in Figure 1.3.

The hosts can black out some dates and not offer their property to guests on these dates.

The dataset contains information on the pre-rental nights available for each host (which is

the total number of available unbooked nights in the 365 days following the days on which

data was scraped). For each host type i ∈ S, we aggregate the yearly pre-rental nights over

all hosts of this type. We divide this quantity by 365 to obtain the (average daily) supply.

Rounding this number to the closest integer, we define the host population si for the relevant

type.14

The dataset also includes a single price for each listing. This is the host’s default price,

which the host may change for specific dates (such as holidays). Some hosts also require the

guests to pay a cleaning fee (also included in the dataset), which is paid per stay (regardless

14. There were 1, 161 listings satisfying our criteria (involving location, rental duration requirements, etc.),
and on average 84% of the nights were available on the hosts’ calendar, yielding a total supply of roughly
972 units.
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of the duration). We divide this quantity by the average stay length (which for Chicago

is 3.3 days; see (44)) and add it to the listing’s price. Airbnb keeps 3% of this sum as its

commission from the hosts (see (45)); thus, we define the remainder as the net transfer to

the host for a stay of one night. We assume that the reservation value of a host is equal to

this net transfer. Furthermore, we assume that for each host of type i ∈ S the reservation

values are drawn from an underlying Weibull distribution, Fsi(v) = 1 − exp
(
−
(
x
λsi

)ksi ).
For i ∈ S, using the aforementioned net transfers as our observations, we estimate the

parameters (λi, ki) of this distribution using a maximum likelihood estimator. Columns 3–5

of Table 1.1 summarize the host distribution and population parameters obtained.

Ns
1 Ns

2 Ns
3

Cs1

Cs2

Cs3

W s
1

W s
2

W s
3

N b
1 N b

2 N b
3

Cb1

Cb2

Cb3

W b
1

W b
2

W b
3

Figure 1.3: Chicago Compatibility
Network

Parameters Eq. prices

Loc Rm s λs ks b λb kb curr opt

N 1 147 147 5.73 168 230 25 125.9 139.2

N 2 146 190 5.67 88 267 25 167.8 183.7

N 3 124 324 4.73 36 416 25 263.9 295.2

C 1 121 211 5.31 68 238 25 172.1 190.2

C 2 100 290 6.35 43 322 25 253.8 276.1

C 3 16 482 4.51 4 654 25 449.9 513.1

W 1 104 132 6.57 180 217 25 116.4 128.8

W 2 128 188 5.68 73 266 25 166.0 181.4

W 3 86 342 4.87 35 436 25 302.1 332.8

Table 1.1: Host and Guest Informa-
tion

Next, we state our assumptions on the disutility vector, c. First, the most valuable

combination of property type and location is 3 (or more) bedroom apartments in Central

Chicago, and therefore we set c(Cs3) = 0. Second, we assume that a given property type

in Central Chicago is preferred to the same property type in the North and West Sides by

$50, i.e., c(Ns
x)− c(Csx) = 50 and c(W s

x)− c(Csx) = 50 for x ∈ {1, 2, 3}. Finally, we assume

that customers prefer more rooms to fewer rooms, and that each additional room is valued
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at $20, i.e., c(Xs
1)− c(Xs

2) = 20 and c(Xs
1)− c(Xs

3) = 40 for X ∈ {N,C,W}.

On the guest side, we similarly assume that the values come from a Weibull distribution

Fbj (v) = 1− exp
(
−
(
x
λbj

)kbj) for j ∈ B. Due to limited availability of information on guests,

we make two simplifying assumptions on the parameters of these distributions. First, we

assume that the coefficient of variation for value distribution of guests is 5% across all types,

which is equivalent to setting kbj = 25 for all j ∈ B. Second, for x ∈ {1, 2, 3} we assume

that the expected value of a guest of type Nb
x (minus the cost c(Ns

x)) is respectively 0%,

10%, and 20% higher than the expected value of a host of type Ns
x. We make the same

assumption for neighborhoods {C,W} as well. For instance, the expected value of a guest

who needs two bedrooms and targets the North Side (i.e., a guest of type Nb
2) minus c(Ns

2 )

is 10% higher than the expected (reservation) value of hosts who have 2-bedroom listings

in this area. Note that while for listings with 1 or 2 bedrooms the hotels may be a good

substitute, for 3-bedroom listings this is less likely to be the case. Hence, we assume that

the expected value of the guests relative to the reservation value of their hosts is higher for

this type of listing (20%) than for other types of listings. Taken together, our assumptions

pin down (λbj , kbj) for all j ∈ B.

The only part of the model that remains unspecified is the guest populations bj for j ∈ B.

We solve for the guest populations such that, in the induced equilibrium, the number of stays

in each region is consistent with the data. We do not have data on the exact number of

stays in each region. However, the Airbnb data includes the number of reviews (made in a

calendar year) for each of the listings. Following the model discussed in (46), we assume that

50% of the bookings result in a review and each property has at most 70% occupancy (in a

year). Using these assumptions, we obtain an estimate of the total number of stays in each

region per day. Our exploration on the Airbnb platform suggests that in Chicago, Airbnb

charges about 14% of the price and cleaning fee to the guests as the platform’s commission.

Using this information, together with the estimated value distributions, we solve for the guest

populations that match our estimated total number of stays in each region. This defines our
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guest population vector b. The guest parameters are reported in columns 6–8.

Given the primitives of the model, we analyze the performance of different commis-

sion/subscription schemes. Since Airbnb relies exclusively on commissions, we set all sub-

scription fees to zero. We consider three different settings: (i) a baseline model with homo-

geneous γs = 3% commission for the hosts and γb = 14% commission for the guests (which

is consistent with the observed data), (ii) optimal homogeneous commissions for both sides,

and (iii) optimal heterogeneous commissions for both sides. As Airbnb sets the guest com-

missions to be between 0% and 20% ((45)), in analyzing the second case, for both the host

and guest sides, we search the commissions over a grid over [0%, 20%] in a brute-force fash-

ion and obtain the commission pair that induces the largest revenues for the platform. In

the third case, we compute the optimal commission using the characterization provided in

Theorem15 1 and, whenever the commission rate for a type is above 20%, we set it equal to

20%.

In the first case, we compute the (daily) revenue of the platform to be Vcurr = $9.98×103.

In the second case, we obtain the homogeneous commission rates (γs, γb) = (15%, 13%),

yielding a daily revenue of Vh(com) = $12.3×103. In the third case, we obtain the commission

vectors

γs = (16%, 17%, 19%, 17%, 15%, 20%, 15%, 17%, 19%),

γb = (4%, 6%, 17%, 5%, 7%, 20%, 4%, 7%, 12%), (1.14)

which achieve a daily revenue of Vopt = $12.8× 103. The equilibrium prices in the baseline

and optimal settings are reported in the last two columns of Table 1.1. It can be seen that

the difference between prices in these two settings is of the order of 10%.

We point out that relative to the first scenario, charging optimal homogeneous commission

15. In this particular example, we show that the revenue-optimal solution can be implemented using
commissions only; i.e., we employ a commission vector of γ such that (γ,0) satisfies the system of inequalities
in part(ii) of Theorem 1.
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rates improves the revenues by Vh(com)
Vcurr

−1 = 23.5%. Similarly, targeting different types with

different commissions improves the revenues by Vopt
Vcurr

− 1 = 29.5%.

In summary, in this example, using the optimal homogeneous commissions may lead to

roughly 23% revenue improvement (relative to Vcurr), while an additional 6% (relative to

Vcurr) can be obtained using heterogeneous commissions. We also point out that in the

last two scenarios we analyzed, the commissions for the hosts are higher than those for the

guests, contrary to what we see in current practice. We emphasize that there may be other

considerations (e.g., competition with other short-term rental platforms) that incentivize

platforms to offer lower commissions to hosts (despite inducing suboptimal revenues), that

are beyond the scope of our model. Nevertheless, our observation suggests that from a purely

revenue point of view, it may be worthwhile to consider charging higher commissions to the

hosts and, at least in some regions, lower ones to the guests. 16

1.7 Welfare and Revenue Maximization

We next analyze the welfare implications of the platform’s choice of revenue-maximizing

commissions/subscriptions. We start by formally defining the aggregate welfare (that is, the

sum of the surpluses of the buyers, sellers, and the revenues of the platform).

Definition 3. For any commission-subscription vector (γ,µ) ∈ Γ×U that induces compet-

itive equilibrium (p,x, qs, qb) ∈ X (γ,µ), the associated welfare is given by:

W (γ,µ) :=
∑
j∈B

bj

∫ v̄bj
vmbj

vdFbj (v)−
∑
i∈S

si

∫ vmsi
0

vdFsi(v)−
∑
i∈S

ciq
s
i (1.15)

where vmbj and vmsi are as given in (1.4) and (1.5), respectively.

16. The results reported in this section are robust to the choice of c. To verify this, we randomly generated
1,000 instances of the disutility vector c such that c(Cs3) = 0, c(Ns

x)−c(Csx) ∼ U [30, 70], and c(W s
x)−c(Csx) ∼

U [30, 70] for x ∈ {1, 2, 3} and c(Xs
1) − c(Xs

2) ∼ U [0, 40], c(X2
2 ) − c(Xs

3) ∼ U [0, 40] for X ∈ {N,C,W}.
Consistent with the results of this section, we find that in these instances, relative to setting (i), setting (ii)
results in a 22.4%–25.1% increase in revenues, and setting (iii) (i.e., using optimal commissions) results in a
28.1%–30.7% increase in revenues.
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To see that (1.15) captures the welfare associated with (γ,µ), first note that since the

transfers from buyers to the sellers and the platform reduce the surplus of the former with

the same amount they increase the surpluses of the latter two, it follows that the welfare can

be equivalently expressed in terms of the total values of the buyers and sellers for the trades

they participate in. Recall that for given (γ,µ), all equilibria in X (γ,µ) share the same

supply-demand vector (qs, qb) (by Proposition 1). Hence, in all equilibria, the marginal

agents have the same values {vmbj , v
m
si }. Moreover, all buyers of type j (sellers of type i) who

have values higher (lower) than those of the marginal agent of their type, trade. Consider

the case where ci = 0 for all i ∈ S. The above observations imply that the aggregate value

that buyers of type j derive from the received goods/services is given by bj
∫ v̄bj
vmbj

vdFbj (v).

Similarly, the aggregate reservation value received by the sellers of type i who sell goods

is given by si
∫ vmsi
0 vdFsi(v). Subtracting the aggregate reservation values of all seller types

from the aggregate values of all buyer types yields the welfare function in (1.15) (with ci = 0

for all i ∈ S). When ci > 0 for some i ∈ S, it is necessary to take into account the disutility

the buyers incur when they trade with certain types of sellers. This is captured through the

−∑i∈S ciq
s
i term in the welfare function.

We first establish that welfare is maximized when the platform does not charge any

payments to buyers/sellers. This is because, in this case, there are no trade frictions due to

commissions/subscriptions, and in a competitive equilibrium goods are allocated efficiently.

Proposition 7. The maximum welfare is achieved by the commission-subscription vector

(γ,µ) = (0,0), i.e., Wopt := W (0,0) ≥ W (γ,µ) for any (γ,µ) ∈ Γ× U .

Recall that, for any given commissions/subscriptions, a corresponding equilibrium can

be obtained by solving a convex optimization program (see Appendix 1.9). Thus in light

of Proposition 7 we conclude that the maximum welfare can be computed by solving this

optimization problem for (γ,µ) = (0,0), obtaining the valuations of the marginal agents in

the equilibrium, and evaluating (1.15).
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Since the platform maximizes its revenues by employing nonzero commissions/subscriptions,

loss of social welfare can be expected under the optimal commissions and subscriptions. For-

mally, let (γ′,µ′) denote the revenue-maximizing commissions-subscriptions chosen by the

platform, and let Wr := W (γ′,µ′)
Wopt

be the ratio of the welfare associated with the revenue-

maximizing and socially optimal solutions. Our next result provides bounds on this welfare

ratio.

Proposition 8. Suppose that Wopt > 0. We have the following:

(i) For any ε > 0, there exists a problem instance such that Wr < ε.

(ii) Suppose that the value distributions are uniform, i.e., Fsi(v) = v
v̄si

for all v ∈ [0, v̄si ]

and Fbj (v) = v
v̄bj

for all v ∈ [0, v̄bj ]. Then, for any network G(S ∪ B, E), we have

Wr ≥ 3
4 . Moreover, this lower bound is tight.

(iii) Under Assumption 3, if Fs(v) concave in v ∈ [0, v̄s] and Fb(v) convex in v ∈ [0, v̄b],

then for any network G(S ∪ B, E), we have Wr ≥ 2
3 . Moreover, this lower bound is

tight.

This result assumes away the cases where the maximum achievable welfare is zero, since

in those cases no trade takes place in both revenue-maximizing and welfare-maximizing

outcomes. The first part of this result implies that in the worst case the welfare under

revenue-maximizing commissions/subscriptions can be arbitrarily low (relative to the socially

optimal level). The result is obtained by considering settings where different types have

very different value distributions, and the platform maximizes its revenue by imposing high

fees. These fees allow for adequately extracting revenue from the high-value buyers (or

low-value sellers) but, at the same time, they deter the majority of buyers/sellers from

trading, thereby inducing a low welfare. However, under additional assumptions on the value

distributions, Proposition 8 establishes that the welfare achieved under revenue-maximizing

commissions/subscriptions is not arbitrarily small. In particular, under uniform valuations,
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the revenue-maximizing commissions/subscriptions still yield at least 75% of the maximum

achievable welfare.17 If instead we have homogeneous value distributions that are convex for

buyers and concave for sellers, the welfare ratio is at least 66.7%.

1.8 Conclusion

In this paper, we consider a platform that facilitates trade between buyers and sellers. Differ-

ent types of buyers/sellers have different value distributions, and a bipartite network captures

which buyer/seller types are compatible. The platform charges commission rates and sub-

scription fees to the trading agents, but does not dictate the prices at which trades need to

occur. That is, the prices are determined endogenously and are only indirectly influenced

by the platform’s choice of commissions/subscriptions. In this setting, we study how the

platform should choose its commissions/subscriptions to maximize its revenues. We show

that, in general, the platform finds it optimal to target different buyer/seller types with

different commissions/subscriptions that depend on their value distributions and network

positions. Furthermore, charging agents only on one side of the market, or using identical

commissions/subscriptions for all agents on the same side (both common practices in real-

world platforms), may result in substantial revenue loss. We characterize how the network

structure impacts the surplus of different types and the revenues of the platform. We also

provide bounds on the revenue loss due to using simpler commission/subscription schemes.

Our results highlight the suboptimality of some commonly used payment schemes, and show-

case the importance of understanding the compatibility between different user types present

on the platform.

This paper opens up interesting future directions, of which we mention two. First, in

this work we assume that the population sizes are deterministic and known to the platform.

If there is only noisy information available on the population sizes, the platform’s prob-

17. Although, we are not aware of any formal connection, this ratio is reminiscent of the well-known price
of anarchy ratios in congestion games with linear edge costs (see, e.g., (47)).
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lem of choosing commissions/subscriptions becomes a challenging, yet important problem.

Second, many platforms impact the trades that take place not only by choosing commis-

sions/subscriptions, but also by facilitating a search protocol that allows buyers to find

compatible sellers. The design of such search protocols is likely to have a first-order impact

on the trading outcome, and promises to be an exciting future research direction.
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1.9 Auxiliary Results

In this section, we first establish that given commissions/subscriptions the corresponding

competitive equilibrium can be obtained through the optimal primal/dual solutions of a

convex optimization problem (see (1.16)). Then, we show that optimal solutions of both this

problem and the revenue optimization problem (1.7) can be characterized by maximizing a

concave function over a polymatroid. The solutions of such problems admit an interesting

structure, which we leverage in the subsequent sections to establish our key findings.

We start by presenting our equilibrium problem. Given (γ,µ) ∈ Γ×U such that γsi < 1 for

all i ∈ S, define functions F̃−1
si : [0, 1] →

[ µsi
1−γsi

,
v̄si+µ

s
i

1−γsi

]
and F̃−1

bj
: [0, 1] →

[ −µbj
1+γbj

,
−µbj+v̄bj

1+γbj

]
such that F̃−1

si (x) :=
F−1
si

(x)+µsi
1−γsi

and F̃−1
bj

(x) :=
F−1
bj

(x)−µbj
1+γbj

. Consider the following prob-

lem:18

max
x,qs,qb

∑
j∈B

∫ qbj
0

F̃−1
bj

(
1− z

bj

)
dz −

∑
i∈S

∫ qsi
0

F̃−1
si

(
z

si

)
dz −

∑
(i,j)∈E

ci

1 + γbj
xij (1.16a)

s.t.
∑

i:(i,j)∈E
xij = qbj , ∀j ∈ B, (1.16b)

∑
j:(i,j)∈E

xij = qsi , ∀i ∈ S, (1.16c)

qbj ≤ bj ∀j ∈ B, (1.16d)

qsi ≤ si, ∀i ∈ S, (1.16e)

xij ≥ 0, ∀(i, j) ∈ E. (1.16f)

In Section 1.12.1 of (40), we prove that for any optimal solution (x, qs, qb) to problem

(1.16), vector (qs, qb) is unique. Moreover, among all possible dual optimal solutions

(θb,θs,ηb,ηs,π) corresponding to constraints (1.16b)–(1.16f), we consider the one that max-

imizes∑j∈B[sgn(qbj)−sgn(bj−qbj)](θbj+ηbj)+∑i∈S [−sgn(qsi )+sgn(si−qsi )](θsi−ηsi ). Lemma

18. Observe that under Assumption 1, we have
∫ 0

0 F̃
−1
bj

(1− z/bj)dz = limq→0
∫ q

0 F̃
−1
bj

(1− z/bj)dz = 0 and∫ bj

0 F̃−1
bj

(1− z/bj)dz = limq→bj

∫ q
0 F̃
−1
bj

(1− z/bj)dz <∞.
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5 in Section 1.12.1 of (40) establishes that such a dual optimal vector (θb,θs,ηb,ηs,π) is

unique. We refer to problem (1.16) as the equilibrium problem, since its solutions correspond

to competitive equilibria.

Proposition 9. For any (γ,µ), the tuple (p,x, qs, qb) constitutes a competitive equilibrium

if and only if

(i) (x, qs, qb) is an optimal solution to the optimization problem (1.16);

(ii) the price vector p satisfies pi = θsi for all i such that qsi > 0 and maxj:(i,j)∈E{θbj −
ci

1+γbj
} ≤ pi ≤ θsi for all i such that qsi = 0, where (θb,θs,ηb,ηs,π) is the unique

special dual multiplier specified above.

Next we introduce a class of optimization problems involving polymatroids. Let g, h :

[0, 1]→ R ∪ {−∞,+∞} be functions such that |g(r)|, |h(r)| <∞ for all r ∈ [0, 1). Suppose

that these functions satisfy the following assumptions:

(1.91) g(r) is continuously differentiable, strictly concave in r ∈ (0, 1), continuous at r = 0,

and continuous at r = 1 if g(1) > −∞.

(1.92) h(r) is continuously differentiable, strictly convex in r ∈ (0, 1), continuous at r = 0,

and continuous at r = 1 if h(1) <∞. 19

(1.93) th(rt ) is strictly decreasing in t for r > 0 and jointly convex in (r, t)

∈
{

(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) <∞
}
.

(1.94) g′(0) > h′(0) ≥ 0 and g′(1) ≤ 0.

19. Given Assumptions (1.91) - (1.92), we let g′(r) and h′(r) be the derivative of g(r) and h(r) evaluated
at r ∈ (0, 1). With some abuse of notation, we let g′(0) := limr↓0 g

′(r), g′(1) := limr↑1 g
′(r), h′(0) :=

limr↓0 h
′(r), and h′(1) := limr↑1 h

′(r). Note that when g′(0) and h′(0) are finite, we can leverage the mean
value theorem to show that they respectively correspond to the right derivative g(r) and h(r) at r = 0.
Similarly, when g′(1) and h′(1) are finite, they correspond to the left derivative of g(r) and h(r) at r = 1.
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Define a function f : (0,∞)→ R, and correspondence ρ : (0,∞)⇒ R, which (for t > 0)

are given by

f(t) := max
r∈[0,min{1,t}]

g(r)− th
(
r

t

)
, (1.17)

ρ(t) := arg max
r∈[0,min{1,t}]

g(r)− th
(
r

t

)
. (1.18)

We have the following properties for f(·), ρ(·):

Lemma 2. Suppose that Assumptions (1.91)–(1.94) hold. Then:

(i) ρ(t) is a singleton for t > 0, and hence ρ(·) is a function. Moreover, ρ(t) is strictly

increasing in t. Define t0 = [g′]−1
(
h′(1)

)
with the convention [g′]−1(x) = 0 for x ≥

supx′∈(0,1) g
′(x′) and [g′]−1(x) = 1 for x ≤ infx′∈(0,1) g

′(x′). We have that ρ(t)/t = 1

for t ∈ (0, t0] and that ρ(t)/t is strictly decreasing in t for t > t0.

(ii) f(t) is continuous, strictly increasing, and strictly concave in (0,∞). Furthermore,

limt↓0 f(t) = g(0).

Using the first part of this lemma, when Assumptions (1.91)–(1.94) hold, we extend the

domain of f(·) to include 0 and, in particular, we let f(0) = limt↓0 f(t). Note that this

extension ensures that f(t) is still continuous, strictly increasing, and strictly concave for

t ≥ 0. In the remainder of the paper, in settings where Assumptions (1.91)–(1.94) hold, we

always focus on f(·) with the extended domain, which enjoys these properties. Thus, with

some abuse, when we invoke Lemma 2(ii), we conclude that f(t) has the aforementioned

properties for t ≥ 0. Similar to f(·), we extend the domain of ρ(·) and, in particular, we let

51



ρ(0) = limt↓0 ρ(t) = 0. We consider the following optimization problem:

max
y

∑
j∈B

bjf

(
yj
bj

)
(1.19a)

s.t.
∑
j∈B

yj ≤
∑

i∈NE(B)
si, ∀B ⊂ B, (1.19b)

yj ≥ 0, ∀j ∈ B. (1.19c)

Observe that under Assumptions (1.91)–(1.94) this problem has a strictly concave objective

(by Lemma 2) and its feasible set is the polymatroid P given in (1.9). Optimal solutions of

this problem admit a special structure, which we exploit in our subsequent analysis:

Lemma 3. The optimal solution to problem (1.19) is unique. Let y? be this solution.

Then y? is the lexicographically optimal base for polymatroid P = {y ≥ 0 : ∑j∈B yj ≤∑
i∈NE(B) si, ∀B ⊂ B} with respect to weight vector b. Moreover, y?j > 0 for all j ∈ B.

Furthermore, the solution to this problem (for appropriately chosen g(·), h(·)) sheds light

on the optimal solutions of the revenue optimization and equilibrium problems.

Proposition 10. Suppose that Assumptions 1, 2, and 3 hold and consider the associated

revenue optimization problem (1.7). Let f(·) be given as in (1.17), where g(r) := F−1
b (1−r)r

and h(r) := F−1
s (r)r for r ∈ [0, 1], and consider the associated problem (1.19).

(i) Assumptions (1.91)–(1.94) hold.

(ii) Let y? be the optimal solution to (1.19), and r? = {r?j}j∈B be such that r?j = ρ(y?j /bj).

Any optimal solution (x, qs, qb) of the revenue optimization problem (1.7) is such that

(i) qbj = r?j bj for all j ∈ B, and (ii) qsi =
r?j bj
y?j

si for all i ∈ S and j ∈ B such that

xij > 0.

(iii) The optimal objective value of (1.19) is the optimal revenue in (1.7), i.e., Vopt =∑
j∈B bjf

(
y?j
bj

)
.
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Proposition 11. Suppose that Assumptions 1, 2, and 3 hold. Suppose further that commis-

sions/subscriptions (γ,µ) are homogeneous, i.e., γbj = γb, µbj = µb, γsi = γs, µsi = µs for all

i ∈ S and j ∈ B, and consider the associated equilibrium problem (1.16). Let f(·) be given as

in (1.17), where g(r) :=
∫ r
0

1
1+γbF

−1
b (1− x)− µb

1+γbdx and h(r) :=
∫ r
0

1
1−γsF

−1
s (x) + µs

1−γsdx

for r ∈ [0, 1], and consider the associated formulation (1.19).

(i) Assumptions (1.91)–(1.93) hold. If µb + 1+γb
1−γsµ

s < F−1
b (1), then Assumption (1.94)

also holds.20

(ii) Let y? be the optimal solution to (1.19), and r? = {r?j}j∈B be such that r?j = ρ(y?j /bj).

Any optimal solution (x, qs, qb) of the equilibrium problem (1.16) is such that (i) qbj =

r?j bj for all j ∈ B, and (ii) qsi =
r?j bj
y?j

si for all i ∈ S and j ∈ B such that xij > 0.

(iii) The optimal objective value of (1.19) is the same as the optimal objective value of

problem (1.16).

1.10 Proofs of Results in Section 1.4

Proof of Theorem 2. As Assumptions 1, 2, and 3 hold, Proposition 10 implies that the

solution of the revenue optimization problem (1.7) can be characterized in terms of the

solution of (1.19), where f(·) is as in (1.17), and g(r) := F−1
b (1− r)r and h(r) := F−1

s (r)r

for r ∈ [0, 1]. That is, by Proposition 10, let y? > 0 be the unique optimal solution to this

problem21 and let r? = {r?j}j∈B be such that r?j = ρ(y?j /bj) (where ρ(·) is as in (1.18)). By

Lemma 3, it follows that y? is the lexicographically optimal base of the feasible set of (1.19)

(which we denote by P) with respect to weight vector b.

To establish the claim, we proceed in two steps. First, we show that the lexicographically

optimal base y? can be characterized in terms of the sets {Sτ ,Bτ} given in the theorem

statement. Then, we relate this characterization to the the ranking of the marginal agents.

20. Note that µb + 1+γb

1−γsµ
s ≥ F−1

b (1) yields the trivial equilibrium where no one trades in the system.

21. The problem of maximizing (Schur) concave functions over a polymatroid is also studied in (48). In
that paper, the author provides analytical solutions to a class of polymatroid optimization problems, and
establishes certain monotonicity properties of the optimal solutions.
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Step 1: Characterization of the lexicographically optimal base. The construction in the

theorem statement identifies a nonempty set Bτ at each step and removes the elements

of this set from B(τ−1). Since B is a finite set, it follows that in ` ≤ |B| iterations sets

{Bτ}`τ=1 and {Sτ}`τ=1 are constructed. Let the vector t′ = {t′j}j∈B be defined as t′j :=(∑
i∈N

E(τ−1)(Bτ ) si
)
/
(∑

k∈Bτ bk
)
for j ∈ Bτ and τ = 1, . . . , `. We claim that the vector

y′ := {t′jbj}j∈B is the unique lexicographically optimal base of polymatroid P under weight

vector b, i.e., y′ = y?.

In order to establish this claim, we employ Theorem 3.1 in (42), which establishes the

connection between vector y′ and the lexicographically optimal base of polymatroid P with

respect to weight vector b. (For the reader’s convenience, the statement of Theorem 3.1 in

(42) is replicated in Theorem 4 in Section (1.12.1) of (40).) To this end, first define the

vector va := (abj)j∈B for any a ≥ 0. Second, let the vector ua be a vector such that: (i)

uaj := abj if 0 ≤ a ≤ t′j , and (ii) uaj := t′jbj if a ≥ t′j . It can be readily seen that ua ≤ ua′

(where the inequality is entrywise) for 0 ≤ a ≤ a′. We claim that for any a ≥ 0, ua is a base

of the polymatroid Pa = {z ∈ P|z ≤ va} (where once again the inequality is entrywise).

Note that if this claim holds, then the above observations imply that the weight vector b and

vector t′ satisfy Conditions (3.1)–(3.5) of (42). Hence, Theorem 3.1 of (42) applies, and it

implies that y′ is the unique lexicographically optimal base of polymatroid P under weight

vector b.

Fix some a ≥ 0. We complete the proof of Step 1 by establishing that ua is a base of

Pa. Note that for any B ⊂ B we have that

∑
j∈B

uaj
(1)
≤

∑
j∈B

t′jbj
(2)=

∑̀
τ=1

∑
j∈B∩Bτ

t′jbj
(3)
≤

∑̀
τ=1

( ∑
i∈N

E(τ−1)(Bτ )
si

)∑
j∈B∩Bτ bj∑
j∈Bτ bj

(4)
≤

∑̀
τ=1

∑
i∈N

E(τ−1)(B∩Bτ )
si =

∑
i∈NE(B)

si.

(1.20)

Here, (1) uses the definition of ua, (2) follows since ∪`τ=1Bτ = B and the sets {Bτ} are
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disjoint, and (3) uses the definition of t′j . Finally, (4) follows since the definition of Bτ implies

that (∑i∈N
E(τ−1)(Bτ ) si)/(

∑
j∈Bτ bj) ≤ (∑i∈N

E(τ−1)(B′) si)/(
∑
j∈B′ bj) for any B′ ⊂ Bτ .

The inequality (1.20) together with the fact that ua ≤ va (which holds by the construction

of ua,va) implies that ua ∈ Pa.

Let B̄1 = {j| a ≤ t′j} and B̄2 = B \ B̄1. Note that by the definition of {Bτ}`τ=1 it follows

that t′j1 < t′j2 for j1 ∈ Bτ1 and j2 ∈ Bτ2 and τ1, τ2 ∈ {1, . . . , `} such that τ1 < τ2. Moreover,

t′j1 = t′j2 for j1, j2 ∈ Bτ for τ ∈ {1, . . . , `}. These observations imply that B̄1 = ∪`τ=`′+1Bτ

and B̄2 = ∪`′τ=1Bτ for some `′ ∈ {1, . . . , `}. By the definition of ua, we have that uaj = vaj

for j ∈ B̄1. Moreover, for τ ≤ `′ we have that Bτ ⊂ B̄2, and hence the definition of ua and

t′j imply that ∑k∈Bτ u
a
k = ∑

k∈Bτ t
′
kbk = ∑

i∈N
E(τ−1)(Bτ ) si = ∑

i∈Sτ si. Hence, we conclude

that ∑
k∈B

uak =
∑
k∈B̄1

vak +
`′∑
τ=1

∑
k∈Sτ

sk. (1.21)

Consider an arbitrary z ∈ Pa, and observe that

∑
k∈B

zk =
∑
k∈B̄1

zk +
`′∑
τ=1

∑
k∈Bτ

zk ≤
∑
k∈B1

vak +
`′∑
τ=1

∑
k∈NE(Bτ )

sk,

where we use zk ≤ vak for k ∈ B̄1 and the fact that ∑k∈Bτ zk ≤
∑
k∈NE(Bτ ) sk for any

z ∈ Pa ⊂ P . Together with (1.21), this implies that ua is a base of Pa. Hence, we conclude

that y′ = y?.

Step 2: Characterization of marginal agents. By Proposition 10, we have that
qbj
bj

= r?j =

ρ(y?j /bj) for all j ∈ B, which implies that the valuation of the marginal agent of type j ∈ B

is given by vmbj = F−1
b (1−

qbj
bj

) = F−1
b (1−ρ(y?j /bj)). By Lemma 2, ρ(·) is a strictly increasing

function, and hence the entries of the vector {ρ(y?j /bj)}j∈B admit the same ranking as the

entries of the vector {
y?j
bj
}j∈B (note that, by Proposition 10, the assumptions in Lemma 2
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are satisfied). Since y? = y′ by the definition of y′, these observations imply that

vmbj = vmbk for j, k ∈ Bτ with τ ∈ {1, . . . , `}, (1.22)

vmbj > vmbk for j ∈ Bτ1 , k ∈ Bτ2 , with τ1, τ2 ∈ {1, . . . , `} and τ1 < τ2. (1.23)

Thus, we have established that j ∈ Bτ if and only if type j’s marginal agent has the τth-

highest value among the values of marginal agents of all buyer types.

We next establish the ranking result for the marginal agents of seller types. By Theorem

1, under any optimal commission-subscription pair (γ,µ), the mass of agents who trade

(qb, qs), and therefore the marginal agents, are the same. Furthermore, by Proposition 6(ii),

and the fact that Assumption 3 holds, it follows that there exists an optimal commission-

subscription pair where γb = µb = 0. Consider such an optimal commission-subscription

pair, and note that since γb = µb = 0, under this solution the price trading buyers of type

j ∈ B pay is equal to vmbj = F−1
b

(
1−

qbj
bj

)
.

We claim that buyers in Bτ trade only with the sellers in Sτ , and vice versa. To see

this, first focus on τ = 1 and observe that buyers in B1 can trade only with sellers in

S1 = NE(0)(B1), as they are not adjacent to any other seller type. Since the price the

trading buyers in Bτ pay is given by vmbj for any j ∈ Bτ (by (1.22)), it follows by (1.23) that

type B1 buyers trade at the highest prices. Thus, if sellers of type S1 trade, then they trade

with buyers whose types belong to B1. On the other hand, by the construction in Proposition

10, it follows that all seller types involve in some trade at the revenue-maximizing solution.

Hence, it follows that all seller types in S1 have nonzero trade with some buyer type in B1, and

buyers in B1 trade only with sellers in S1 and vice versa. By induction, the same argument

implies that buyers in Bτ trade positive quantities with the sellers in Sτ . Thus, Proposition

10 implies that for any i ∈ Sτ we have that vmsi = F−1
s

(
qsi
si

)
= F−1

s

(
ρ(y?j /bj)
y?j /bj

)
for some

buyer type j ∈ Bτ . Moreover, since y?j = y′j = t′jbj , it follows that vmsi = F−1
s

(
ρ(t′j)
t′j

)
.

By Lemma 2, it follows that ρ(t)/t = 1 for 0 < t ≤ t0, where t0 is a constant that
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depends on the value distributions. Let T = {τ |t′j ≤ t0 for j ∈ Bτ }, and observe that

by construction of {t′j} we have that t′j > 0 for all j ∈ B and T = {1, . . . , τ̄} for some

τ̄ ∈ Z. Consider some τ ≤ τ̄ and i ∈ Sτ . It follows from the observations above that

vmsi = F−1
s (ρ(t′j)/t′j) = F−1

s (1) = v̄si . Next, consider τ > τ̄ and i ∈ Sτ . Observe that

Lemma 2 also implies that ρ(t)/t is strictly decreasing for t > t0. Hence, for such τ we have

that vmsi = F−1
s

(
ρ(t′j)
t′j

)
< v̄si where j ∈ Bτ . Moreover, vmsi is strictly decreasing in τ . These

observations together imply that

vmsi = v̄si for i ∈ Sτ , τ ≤ τ̄ , (1.24)

vmsi1
= vmsi2

for i1, i2 ∈ Sτ with τ ∈ {1, . . . , `}, (1.25)

vmsi1
> vmsi2

for i1 ∈ Sτ1 , i2 ∈ Sτ2 , with τ1, τ2 ∈ {1, . . . , `}, τ2 > τ̄ and τ1 < τ2.

(1.26)

Hence the claim follows.

Proof of Theorem 3. Proof of part (i). Let

f(t) := max
r∈[0,min{1,t}]

[
F−1
b (1− r)− F−1

s

(
r

t

)]
r (1.27)

for t > 0; note that f(·) is defined as in the statement of Proposition 10. Let V̄ (s, b) be

defined as V̄ (s, b) := b0f
(
s0
b0

)
where s0 and b0 are defined as in the statement of the theorem.

Therefore, we need to show that Vmax(s, b) = V̄ (s, b).

We first prove that Vmax(s, b) ≤ V̄ (s, b). Fix any arbitrary network G(S ∪ B, E) and,

by Proposition 10, let y? > 0 be the unique optimal solution to Problem (1.19) when f is
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defined as in (1.27). Then,

Vopt(E, s, b)
(a)=

∑
j∈B

bj

 ∑
j∈B

bj∑
j∈B bj

f

(
y?j
bj

) (b)
≤

∑
j∈B

bj

 f (∑j∈B y
?
j∑

j∈B bj

)

(c)
≤

∑
j∈B

bj

 f (∑i∈S si∑
j∈B bj

)
(d)= V̄ (s, b), (1.28)

where equality (a) follows from part (iii) of Proposition 10 (note that the assumptions

in the statement of the theorem imply that the assumptions in Proposition 10 hold). In-

equality (b) follows from the fact that f is strictly concave (Proposition 10 together with

Lemma 2). Inequality (c) follows from the fact that f is strictly increasing and that

y? is feasible and thus must satisfy ∑
j∈B y

?
j ≤

∑
i∈N(B)=S si. Finally, equality (d) fol-

lows from the fact that, by definition, V̄ (s, b) = b0f(s0
b0

). Therefore, we have established

that Vopt(E, s, b) ≤ V̄ (s, b) for any network G(S ∪ B, E) and, thus, we must have that

Vmax(s, b) = maxE⊆B×S Vopt(E, s, b) ≤ V̄ (s, b).

Next, let y be defined as yj := bj

∑
i∈S si∑
j∈B bj

for all j ∈ B. As the function f is strictly

concave (Lemma 2), inequality (b) in (1.28) holds by equality if and only if y? = y. Note

that, in fact, such a y is feasible for Problem (1.19) with f given by (1.27) (i.e. it satis-

fies constraints (1.19b) and (1.19c)) if and only if the network satisfies the weighted Hall’s

marriage condition; this readily follows from Definition 2. Moreover, by the definition of

y, we have that ∑j∈B yj = ∑
i∈S si, and thus inequality (c) in Equation (1.28) holds

with equality as well. Therefore, we have established that Vopt(E, s, b) = V̄ (s, b) if and

only if network G(S ∪ B, E) satisfies the weighted Hall’s marriage condition. Because a

complete bipartite network satisfies the weighted Hall’s marriage condition, we obtain that

Vmax(s, b) = maxE⊆B×S Vopt(E, s, b) ≥ V̄ (s, b). This completes the proof of part (i).

Proof of part (ii): By Claim (ii) in Proposition 5 we have that, if a network G(S ∪

B, E) satisfies the ε-marriage condition, then Vh(E, s, b) ≥ (1 − ε)Vmax(s, b) where Vh

is the revenue derived from the optimal homogeneous commissions/subscriptions. Hence,
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Vopt(E, s, b) ≥ Vh(E, s, b) ≥ (1− ε)Vmax(s, b), as desired.

Proof of Proposition 3. Let y?1,y?2 be optimal solutions to problem (1.19) associated

with networks G(S ∪ B, E1) and G(S ∪ B, E2), respectively, when f is defined as in the

statement of Proposition 10. As ∑i∈NE1(B) si ≥
∑
i∈NE2(B) si for all B ⊂ B, we have that

y?2 is a feasible solution for the problem associated with network G(S ∪ B, E1). Therefore,

by Proposition 10, we have that y?1 > 0, y?2 > 0 and

Vopt(E1, s, b) =
∑
j∈B

bjf

(
(y?1)j
bj

)
≥

∑
j∈B

bjf

(
(y?2)j
bj

)
= Vopt(E2, s, b),

which completes the proof.

1.11 Proofs of Results in Section 1.6

Proof of Proposition 5. Fix a network G(S ∪ B, E). To ease exposition, throughout the

rest of the proof we omit the dependence on the network in the notation.

With a slight abuse of notation, let V̄h(µb) denote the revenue under homogeneous com-

missions/commissions as a function of the buyers’ subscription fee µb, when µs, γb, and γs

are all set to zero, and define V̄h = maxµb≥0 V̄h(µb). Note that Vh ≥ V̄h, and therefore

it suffices to establish the results in parts (i) and (ii) using either V̄h or V̄h(µb) for some

µb ≥ 0. As v̄b < ∞, it suffices to consider µb ∈ [0, v̄b] as otherwise no trade will take place

and V̄h(µb) = 0 when µb > v̄b.

Before proceeding to the proofs of parts (i) and (ii) of this proposition, we establish a

couple of intermediate results that will be exploited later on.

Claim 1: V̄h(µb) = ∑
j∈B µ

bbjr
?
j (µb) for µb ∈ [0, v̄b], where r?j (µb) is defined as in (1.29). As

a first step in our proof, we provide an expression for V̄h(µb). We start by finding the optimal

equilibrium demand as a function of µb, which we denote by qb(µb). (With a slight abuse

of notation, in what follows we define the relevant quantities as functions of µb to make this

dependency explicit.)
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Fix µb ∈ [0, v̄b). By Proposition 11(i), Assumptions (1.91)–(1.94) hold. Using Proposi-

tion 11(ii), we know that the equilibrium demands are q?j (µb) = bjr
?
j (µb) where

r?j (µb) = arg max
r∈[0,min{1,y?j (µb)/bj}]

∫ r
0
F−1
b (1− x)− µb − F−1

s

 x

y?j (µb)/bj

 dx, (1.29)

and y?(µb) > 0 is the optimal solution to (1.19). By Lemma 3, y? is the lexicographically

optimal base of polymatroid P = {y ≥ 0 : ∑j∈B yj ≤
∑
i∈NE(B) si, ∀B ⊂ B}, which is

independent of µb. Therefore, we drop the dependency on µb in y?(µb), and define tj :=
y?j
bj

for all j ∈ B. Note that, as y?j > 0, we have that tj > 0. From expression (1.29), it follows

that r?j (v̄b) = 0 (corresponding to no trade in equilibrium). Therefore can use expression

(1.29) for all µb ∈ [0, v̄b].

Notice that the value of r?j (µb) can be found by solving a (strictly) concave maximization

problem. Using the first-order optimality condition, we can express r?j (µb) as

r?j (µb) = max
{
r : F−1

b (1− r)− F−1
s

(
r

tj

)
≥ µb, 0 ≤ r ≤ min{1, tj}

}
, ∀µb ∈ [0, v̄b].

(1.30)

Finally, the revenue can be expressed as

V̄h(µb) =
∑
j∈B

µbjq
?
j (µb) =

∑
j∈B

µbbjr
?
j (µb) for µb ∈ [0, v̄b]. (1.31)

Claim 2: The functions {µbr?j (µb)} are continuous, concave, and satisfy 0 ≤ µbr?j (µb) ≤ f(tj), for all µb ∈ [0, v̄b],

where f(·) is defined as in (1.32). Moreover, these bounds are tight. We now derive some prop-

erties of the functions µbr?j (µb) that we will later use to bound V̄h(µb)/Vopt. In what follows,

we show that the functions µbr?j (µb) are continuous and concave in µb ∈ [0, v̄b] for every
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j ∈ B, and that 0 ≤ r?j (µb) ≤ f(tj), where

f(t) := max
r∈[0,min{1,t}]

[
F−1
b (1− r)− F−1

s

(
r

t

)]
r for t > 0. (1.32)

Fix j. We first show that r?j (µb) is continuous, weakly decreasing, and concave in µb ∈

[0, v̄b]. Consider the expression in (1.30) and note that, the objective function r is jointly

continuous in (r, µb) and that the function F−1
b (1−r)−F−1

s ( rtj )−µb is also jointly continuous

in (r, µb). By the maximum theorem on page 116 of (49), the value function r?j (µb) is thus

continuous in µb ∈ [0, v̄b]. Moreover, the function F−1
b (1− r)− F−1

s

(
r
tj

)
is continuous and

strictly decreasing in r (recall that tj > 0 by definition). Thus, for any µb1 ≥ µb2 we have

that {r : F−1
b (1− r)− F−1

s

(
r
tj

)
≥ µb1, 0 ≤ r ≤ min{1, tj}} ⊂ {r : F−1

b (1− r)− F−1
s

(
r
tj

)
≥

µb2, 0 ≤ r ≤ min{1, tj}}, which implies that r?j (µb) is weakly decreasing in µb. Finally,

for any µb1, µb2 ∈ [0, v̄b], let r̄ := r?j

(1
2µ

b
1 + 1

2µ
b
2
)
, r1 := r?j

(
µb1
)
, and r2 := r?j

(
µb2
)
. Given

that functions F−1
b (1 − r) and −F−1

s (r) are concave, we have that F−1
b

(
1− (r1+r2)

2

)
−

F−1
s

(
r1+r2

2tj

)
≥ 1

2

(
F−1
b (1− r1)− F−1

s (r1tj )
)

+ 1
2

(
F−1
b (1− r2)− F−1

s (r2tj )
)
≥ 1

2µ
b
1 + 1

2µ
b
2.

Moreover, by definition of r1 and r2, we have that r1+r2
2 ≤ tj and r1+r2

2 ≤ 1 because both

r1, r2 ≤ min{1, tj}. This implies that r1+r2
2 ∈ {r : F−1

b (1− r)−F−1
s

(
r
tj

)
≥ µb1+µb2

2 , r ≤ tj}.

Thus, we have r̄ ≥ r1+r2
2 , and hence r?j (µb) is a concave function in µb ∈ [0, v̄b]. Therefore,

we have established that r?j (µb) is continuous, weakly decreasing, and concave, which implies

that the function µbr?j (µb) is continuous and concave in µb ∈ (0, v̄b].

Next, we obtain tight lower and upper bounds on µbr?j (µb). To that end, we start by

showing that maxµb∈[0,v̄b] µ
br?j (µb) = f(tj) for all j ∈ B, where f is defined as in (1.32).

Recall that we have defined tj as tj = y?j /bj . Let µ̄b := arg maxµb∈[0,v̄b] µ
br?j (µb). From

(1.30), we have that µ̄b ≤ F−1
b (1− r?j (µ̄b))−F−1

s

(
r?j (µ̄b)
tj

)
. Therefore, µ̄br?j (µ̄b) ≤ [F−1

b (1−

r?j (µ̄b))−F−1
s (

r?j (µ̄b)
tj

)]r?j (µ̄b) ≤ maxr∈[0,min{1,tj}][F
−1
b (1− r)−F−1

s ( rtj )]r = f(tj). To show

that this bound is tight, let r̄ := arg max r ∈ [0,min{1, tj}]
[
F−1
b (1− r)− F−1

s

(
r
tj

)]
r, and

consider µb = F−1
b (1 − r̄) − F−1

s ( r̄tj ). Notice that µb ∈ [0, v̄b] and, by (1.30), we have that
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r?j (µb) = r̄. Therefore, µbr?j (µb) = µbr̄ = [F−1
b (1 − r) − F−1

s ( r̄tj )]r̄ = f(tj). Finally, by

(1.30), it is immediate to see that r?j (µb)µb ≥ 0 and that it is equal to zero if µb ∈ {0, v̄b}.

Therefore, we conclude that 0 ≤ µbr?j (µb) ≤ f(tj), and that both these bounds are tight.

Proof of part (i): Vh
Vopt
≥ 1

2 . Define
(
b̃j
)
j∈B as b̃j := bjf(tj), and define r̃?j (µb) := bj

b̃j
r?j (µb)

for µb ∈ [0, v̄b]. Note that the function r̃?j (µb)µb is still concave in µb ∈ [0, v̄b] as b̃j is

a positive constant. Moreover, by using the tight upper bound on r?j , we conclude that

maxµb∈[0,v̄b] r̃
?
j (µb)µb = 1 for every j ∈ B. Let the weight vector w be defined as wj :=

b̃j∑
j′∈B b̃j′

for all j ∈ B. Then,

Vh
Vopt

(a)
≥

maxµb∈[0,v̄b]
∑
j∈B bjr

?
j (µb)µb∑

j∈B bjf(
y?j
bj

)

(b)=
maxµb∈[0,v̄b]

∑
j∈B b̃j r̃

?
j (µb)µb∑

j∈B b̃j

(c)= max
µb∈[0,v̄b]

∑
j∈B

wj r̃
?
j (µb)µb

(d)
≥ max

µb∈[0,v̄b]
min
j∈B

r̃?j (µb)µb, (1.33)

where inequality (a) follows from the fact that the numerator satisfies Vh ≥ maxµ∈[0,v̄b] V̄h(µ) =

maxµ∈[0,v̄b]
∑
j∈B bjr

?
j (µb)µb, and in the denominator we used Proposition 10(iii) to derive

Vopt = ∑
j∈B bjf(

y?j
bj

). Equality (b) follows from the definition of b̃ and, similarly, equal-

ity (c) follows from using the definition of w̃. Finally, inequality (d) follows by noting

that ∑j∈B wj = 1, wj ≥ 0 for all j ∈ B, which in turn implies that ∑j∈B wj r̃
?
j (µb)µb ≥

minj∈B r̃?j (µb)µb for all µb ∈ [0, v̄b].

Next, we provide a lower bound on maxµb∈[0,v̄b] minj∈B r̃?j (µb)µb. To ease notation, let

Hj(µb) := µbr̃?j (µb) for all µb ∈ [0, v̄b] and define two functions H,G : [0, v̄b] → [0, 1] where

H(µb) := minj∈BHj(µb) and G(µb) := min{µ
b

v̄b
, 1− µb

v̄b
} for µb ∈ [0, v̄b]. By Claim 2 above,

we have that Hj(µb) is continuous and concave for every µb ∈ [0, v̄b]. We conclude that

H(µb) is continuous and concave in µb ∈ [0, v̄b] because it is the minimum of a finite set

of continuous and concave functions. Moreover, as each Hj is continuous and concave, it is

differentiable almost everywhere, and thus H is differentiable almost everywhere. By Claim 2
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above, we also have that H(0) = H(v̄b) = 0. In addition, note that G(µb) is a piecewise

linear concave function, consisting of two pieces, and it is symmetric around µb = 1
2 v̄b where

it achieves its peak value of 1
2 .

We want to show that H
(1

2 v̄b
)
≥ G

(1
2 v̄b

)
= 1/2; this will imply the desired bound as

maxµb∈[0,v̄b] minj∈B r̃?j (µb)µb ≥ minj∈B r̃?j (1
2 v̄b)

1
2 v̄b = H(1

2 v̄b). In fact, we show a stronger

result: we show that H(µb) ≥ G(µb) for all µb ∈ [0, 1
2 v̄b]. (This trivially holds at µb = 0 as

H(0) = G(0).)

Suppose on the contrary that there exists µ̄ ∈ (0, 1
2 v̄b] such that H(µ̄) < G(µ̄), and

suppose that H is differentiable at µ̄. The latter is without loss of generality; as both H

and G are continuous in [0, v̄b] and H is differentiable almost everywhere. Next, we consider

different cases which cover different possible values of H ′(µ̄), and obtain contradictions in

each case:

(1) If H ′(µ̄) > 1
v̄b
, then by the concavity of H, we have that H(0) ≤ H(µ̄) +H ′(µ̄)(0− µ̄).

As H ′(µ̄)(0− µ̄) ≤ − µ̄
v̄b
, we have that H(µ̄) +H ′(µ̄)(0− µ̄) < G(µ̄)− µ̄

v̄b
= 0, and thus

0 = H(0) < 0, which is a contradiction.

(2) If 0 ≤ H ′(µ̄) ≤ 1
v̄b
, then, as we assumed that H is differentiable at µ̄, there exist j0 ∈ B

and ε > 0 such that H(µ) = Hj0(µ) for every µ ∈ (µ̄− ε, µ̄+ ε), and thus we must have

0 ≤ H ′j0(µ̄) ≤ 1
v̄b
. We argue that this contradicts maxx∈[0,v̄b]Hj0(x) = 1, which was

established in Claim 2 above. To that end, we use the fact that the concavity of Hj0(µ)

implies that Hj0(µ) ≤ Hj0(µ̄) +H ′j0(µ̄)(µ− µ̄), for any µ ∈ [0, v̄b]. Then, for µ ∈ [0, µ̄],

we have that Hj0(µ) ≤ Hj0(µ̄) < G(µ̄) < 1. Moreover, for any µ ∈ [µ̄, v̄b], we have that

H ′j0(µ̄)(µ− µ̄) ≤ 1
v̄b

(µ− µ̄), which implies that Hj0(µ) < G(µ̄) + 1
v̄b

(µ̃− µ̄) ≤ µ
v̄b
≤ 1.

Therefore, we have that Hj0(µ) < 1 for every µ ∈ [0, v̄b], and thus maxx∈[0,v̄b]Hj0(x) <

1, which is a contradiction.

(3) If − 1
v̄b
≤ H ′(µ̄) < 0, we follow an argument along the lines of the one in case (2). We

define j0 ∈ B as in (2), and then prove a contradiction to maxµ∈[0,v̄b]Hj0(µ) = 1. For
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any µ ∈ [0, µ̄], we have that H ′j0(µ̄)(µ− µ̄) ≤ − 1
v̄b

(µ− µ̄). As Hj0(µ̄) < G(µ̄) ≤ 1− µ̄
v̄b
,

we have that Hj0(µ) < (1 − µ̄
v̄b

) − 1
v̄b

(µ − µ̄) ≤ 1. For any µ ∈ [µ̄, v̄b], we have that

H ′j0(µ̄)(µ − µ̄) ≤ 0, which implies that Hj0(µ) ≤ Hj0(µ̄) < G(µ̄) < 1. Therefore, we

have that Hj0(µ) < 1 for every µ ∈ [0, v̄b], and thus maxx∈[0,v̄b]Hj0(x) < 1, which is a

contradiction.

(4) If H ′(µ̄) < − 1
v̄b
, the argument is similar to that in case (1). By the concavity of H, we

have that H(v̄b) ≤ H(µ̄)+H ′(µ̄)(v̄b−µ̄). Since H ′(µ̄)(v̄b−µ̄) < − 1
v̄b

(v̄b−µ̄) ≤ −1+ µ̄
v̄b
,

this leads to a contradiction as 0 = Hj0(v̄b) < G(µ̄)− 1 + µ̄
v̄b

= −1 + 2 µ̄v̄b < 0.

Therefore, we have established that H(µb) ≥ G(µb) for all µb ∈ [0, 1
2 v̄b]. To conclude the

proof, note that

Vh
Vopt

≥ max
µb∈[0,v̄b]

min
j∈B

r̃?j (µb)µb = max
µb∈[0,v̄b]

H(µb) ≥ H
(1

2 v̄b
)
≥ G

(1
2 v̄b

)
= 1

2 , (1.34)

where the first inequality follows from (1.33). Thus, we obtain that Vh ≥ 1
2Vopt, as desired.

Proof of Part (ii). Suppose that the network satisfies the ε-marriage condition for ε ∈ [0, 1).

(The claim holds trivially when ε = 1 because Vh ≥ 0.) By part (i) of Theorem 3, we

have that Vmax = (∑j∈B bj)f(t̃), where t̃ :=
∑
i∈S si∑
j∈B bj

and f is defined as in (1.32). Define

r̃ := arg maxr∈[0,min{1,t̃}]
[
F−1
b (1 − r) − F−1

s (r
t̃
)
]
r, and define µ̄b := F−1

b (1 − r̃) − F−1
s ( r̃

t̃
).

To obtain the desired lower bound, we consider the revenue V̄ (µ̄b) defined in (1.31) and use

lower bounds on
y?j
b?j

and r?j (µ̄b) (defined as in (1.30)) for all j ∈ B.

Claim (ii)-1:
y?j
b?j
≥ (1− ε)t̃ for all j ∈ B . Let vector y? > 0 be the optimal solution to

problem (1.19) and, as before, let tj :=
y?j
bj
. We further let the distinct values of tj ’s to be

given by 0 < t1 < t2 · · · < tl and let B̄1 = {j ∈ B :
y?j
bj

= t1}. This implies that

y?j
bj
≥ t1 =

∑
j∈B̄1

y?j∑
j∈B̄1

bj

(e)=
∑
i∈NE(B̄1) si∑
j∈B̄1

bj

(f)
≥ (1− ε)

∑
i∈S si∑
j∈B bj

= (1− ε)t̃ for every j ∈ B,

(1.35)
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where equality (e) follows from the fact that, by Lemma 3, vector y? is a lexicographically

optimal base in polymatroid P = {y ≥ 0 : ∑j∈B yj ≤
∑
j∈B bj ,∀B ⊂ B} and, by the

equivalence of item (i) and item (ii) of Theorem 3.2 in (42), we have that ∑j∈B̄1
y?j =∑

i∈NE(B̄1) si. Equality (f) follows directly from the definition of the ε-marriage condition.

Claim (ii)-2: r?j (µ̄b) ≥ (1− ε)r̃ for all j ∈ B . Let r?j := r?j (µ̄b) where r?j (µ̄b) is defined as

in (1.30). We want to show r?j ≥ (1 − ε)r̃ for all j ∈ B. As the F−1
b (1 − r) − F−1

s

(
r
tj

)
is

decreasing in r, then we have that one of the constraints in (1.30) must be binding, that is,

either µ̄b = F−1
b (1−r?j )−F−1

s (
r?j

y?j /bj
) or r?j =

y?j
bj
. If r?j =

y?j
bj
, then r?j =

y?j
bj
≥ (1−ε)t̃ follows

from (1.35), and thus 1
1−ε

r?j
t̃
≥ 1 ≥ r̃

t̃
, where the last inequality follows from the definition

of r̃. Hence, if r?j =
y?j
bj
, we have that r?j ≥ (1− ε)r̃.

Suppose that µ̄b = F−1
b (1 − r?j ) − F−1

s (
r?j

y?j /bj
). Recall that, by the definition of µ̄b, we

also have that µ̄b = F−1
b (1− r̃)− F−1

s ( r̃
t̃
) and, therefore,

F−1
b (1− r?j )− F−1

s

 r?j
y?j /bj

 = F−1
b (1− r̃)− F−1

s ( r̃
t̃
). (1.36)

We show that r?j ≥ (1− ε)r̃ by discussing the two subcases depending on whether
y?j
bj
≥ t̃ or

y?j
bj
< t̃. If

y?j
bj
≥ t̃, then (1.36) implies that r?j ≥ r̃ ≥ (1− ε)r̃. On the other hand, if

y?j
bj
< t̃,

then (1.36) implies that r?j < r̃. In this case, to show that rj
y?j /bj

≥ r̃
t̃
, suppose on the contrary

that
r?j

y?j /bj
< r̃

t̃
. Then, we have that F−1

s (
r?j

y?j /bj
) < F−1

s ( r̃
t̃
). Given r?j < r̃, we have that

F−1
b (1−r?j ) > F−1

b (1− r̃). This leads to a contradiction as µ̄b = F−1
b (1−r?j )−F−1

s (
r?j

y?j /bj
) >

F−1
b (1− r̃)− F−1

s ( r̃
t̃
) = µ̄b. Therefore, we have that

r?j
y?j /bj

≥ r̃
t̃
. As we established in Claim

(ii)-1 that
y?j
bj
≥ (1− ε)t̃, we have that 1

1−ε
r?j
t̃
≥

r?j
y?j /bj

≥ r̃
t̃
or equivalently r?j ≥ (1− ε)r̃.
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Finally, note that

Vh
(g)
≥ V̄h(µ̄b) (h)=

∑
j∈B

µ̄bbjr
?
j (µ̄b)

(i)
≥

∑
j∈B

µ̄bbj(1− ε)r̃
(j)
≥ (1− ε)

∑
j∈B

bj

[F−1
b (1− r̃)− F−1

s

(
r̃

t̃

)]
r̃

(k)= (1− ε)Vmax,

(1.37)

where inequality (g) follows from the definition of V̄h(µ̄b), and equality (h) follows from

(1.31). Inequality (i) follows from the fact rj ≥ (1 − ε)r̃ for all j ∈ B (Claim (ii)-1).

Inequality (j) follows from the fact that µ̄b = F−1
b (1 − r̃) − F−1

s ( r̃
t̃
). Equality (k) follows

from the definition of Vmax. This completes the proof that Vh ≥ (1− ε)Vmax.

1.12 Supporting Results

In Section 1.12.1, we first summarize all of the supporting results that are very useful to

establish the claims in this paper (including the results in Appendix 1.9). We provide the

proof of the supporting results in Section 1.12.2. The proofs of results in Appendix 1.9 is

provided in Section 1.12.3.

1.12.1 A General Optimization Framework and its Relationship to the

Equilibrium, Revenue Optimization Problems

In this section, we introduce an optimization framework that unifies all of the optimization

problems covered in this paper. We start by introducing the optimization framework, which

consists of a general optimization problem (which we call the "Framework Problem") and

some properties of its optimal solution. We then show how to formulate the equilibrium

and revenue optimization optimization problems in using this framework. Finally, we show

how, under the homogeneity assumption, the framework problem admits a polymatroid

formulation.

The Framework Problem. Define functions gj : [0, bj ]→ R∪{−∞,∞} with bj ∈ R+
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for all j ∈ B and hi : [0, si] → R ∪ {−∞,∞} with si ∈ R+ for all i ∈ S. Let w ∈ R|E|+ .

Consider the following optimization problem

max
(x,qs,qb)

∑
j∈B

gj(qbj)−
∑
i∈S

hi(qsi )−
∑

(i,j)∈E
wijxij (1.38a)

s.t.
∑

i:(i,j)∈E
xij = qbj ∀j ∈ B, (1.38b)

∑
j:(i,j)∈E

xij = qsi ∀i ∈ S, (1.38c)

qbj ≤ bj ∀j ∈ B, (1.38d)

qsi ≤ si ∀i ∈ S, (1.38e)

xij ≥ 0 ∀(i, j) ∈ E. (1.38f)

We assume that the functions gj and hi satisfy the following set of properties:

(1.12.1-1) For all j ∈ B, the function gj(q) is continuously differentiable and strictly

concave in q ∈ (0, bj), and continuous at q = 0. Whenever gj(bj) > −∞, we have that

gj is continuous at bj ;

(1.12.1-2) For all i ∈ S, the function hi(q) is continuously differentiable and strictly

convex in q ∈ (0, si), and continuous at q = 0. Whenever hi(si) <∞, we have that hi

is continuous at q = si; 22

(1.12.1-3) For all j ∈ B, we have that g′j(0) > −∞, g′j(bj) ≤ 0; for all i ∈ S, we have

that h′i(0) ∈ [0,∞) and that h′i(si) > −∞;

(1.12.1-4) For all j ∈ B, we have that gj(q) = bjg
(
q
bj

)
; for all i ∈ S, we have that

22. Given Assumptions (1.12.1-1) - (1.12.1-2), we let g′j(q) be the derivative of gj(q) evaluated at q ∈
(0, bj). With some abuse of notation, we let g′j(0) = limq↓0 g

′
j(q) and g′j(bj) = limq↑bj

g′j(q) for all j ∈ B.
Similarly, we let h′i(q) be the derivative of hi(q) evaluated at q ∈ (0, si), and we let h′i(0) = limq↓0 h

′
i(q)

and h′i(si) = limq↑si h
′
i(q) for all i ∈ S. Note that when g′j(0) and h′i(0) are finite, by applying the mean

value theorem, we can establish that they correspond to the right derivatives of gj(q) and hi(q) at q = 0.
Similarly, when g′j(bj) and h′i(si) are finite, they correspond to the left derivative of gj(q) at q = bj and the
left derivative of hi(q) at q = si, respectively.
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wij = wij′ ;

(1.12.1-5) For all i ∈ S, we have that hi(q) = sih
(
q
si

)
; for all j ∈ B, we have that

wij = wi′j ;

(1.12.1-6) For all (i, j) ∈ E, we have that wij = 0;

(1.12.1-7) For all i ∈ S, we have that h′i(0) = 0;

(1.12.1-8) For all j ∈ B, we have that g′j(0) > 0.

In the next result, we prove a list of properties related to optimization problem (1.38)

that we will later use to establish the main results in the paper.

Proposition 12. Consider the optimization problem defined in (1.38), and suppose that

Assumptions (1.12.1-1) and (1.12.1-2) hold. Then,

(i) There exists an optimal solution (x, qs, qb) to problem (1.38);

(ii) Let (x, qs, qb) be any optimal solution to problem (1.38). Define ∂gj(qbj) := {z ∈

R|gj(q′) ≤ gj(qbj)+z(q′−qbj),∀q′ ∈ [0, bj ]} for all j ∈ B and ∂hi(qsi ) := {z ∈ R|hi(q′) ≥

hi(qsi )+z(q′−qsi ),∀q′ ∈ [0, si]} for all i ∈ S. There exists a finite dual multiplier vector

(θb,θs,ηb,ηs,π) associated with constraints (1.38b)-(1.38f) such that the primal-dual
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solution pair (x, qs, qb) and (θb,θs,ηb,ηs,π) satisfies the KKT conditions

θbj + ηbj ∈ ∂gj(qbj), ∀j ∈ B, (1.39a)

θsi − ηsi ∈ ∂hi(qsi ), ∀i ∈ S, (1.39b)

θbj − θsi + πij − wij = 0, ∀(i, j) ∈ E, (1.39c)

qbj ≤ bj ⊥ ηbj ≥ 0 ∀j ∈ B, (1.39d)

qsi ≤ si ⊥ ηsi ≥ 0, ∀i ∈ S, (1.39e)

xij ≥ 0 ⊥ πij ≥ 0, ∀(i, j) ∈ E, (1.39f)∑
i:(i,j)∈E

xij = qbj , ∀i ∈ B, (1.39g)

∑
j:(i,j)∈E

xij = qsi , ∀j ∈ S. (1.39h)

Furthermore, every primal-dual solution pair (x, qs, qb) and (θb,θs,ηb,ηs,π) that

satisfies the KKT conditions in (1.39) is optimal in problem (1.38);

(iii) Suppose Assumption (1.12.1-3) holds. Let (x, qs, qb) be any optimal solution to problem

(1.38). Then {g′j(qbj) : j ∈ B} and {h′i(qsi ) : i ∈ S} have finite values. Moreover,

there exists a special dual multiplier vector (θb,θs,ηb,ηs,π) associated with constraints
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(1.38b)-(1.38f) such that

g′j(qbj)− θbj − ηbj = 0, ∀j ∈ B, (1.40a)

h′i(qsi )− θsi + ηsi = 0, ∀i ∈ S, (1.40b)

θbj − θsi + πij − wij = 0, ∀(i, j) ∈ E, (1.40c)

qbj ≤ bj ⊥ ηbj ≥ 0 ∀j ∈ B, (1.40d)

qsi ≤ si ⊥ ηsi ≥ 0, ∀i ∈ S, (1.40e)

xij ≥ 0 ⊥ πij ≥ 0, ∀(i, j) ∈ E, (1.40f)∑
i:(i,j)∈E

xij = qbj , ∀i ∈ B, (1.40g)

∑
j:(i,j)∈E

xij = qsi , ∀j ∈ S. (1.40h)

Furthermore, every primal-dual solution pair (x, qs, qb) and (θb,θs,ηb,ηs,π) for

which {g′j(qbj) : j ∈ B} and {h′i(qsi ) : i ∈ S} have finite values and that satisfies

the conditions in (1.40) is optimal in problem (1.38); 23

(iv) All primal optimal solutions (x, qs, qb) to problem (1.38) share the same vector (qs, qb);

(v) If Assumption (1.12.1-3) holds, then qbj < bj for all j ∈ B;

(vi) If Assumption (1.12.1-3) holds, the dual optimal solution (θs,θb,ηs,ηb,π) that satisfies

(1.40) is unique;

(vii) Suppose Assumption (1.12.1-3) and Assumption (1.12.1-4) hold. Every optimal solution

(x, qs, qb) satisfies the following: (a) if there exists i ∈ S such that xij , xij′ > 0, then
qbj
bj

=
qb
j′
bj′

; (b) if these exists i ∈ S such that xij > 0 and xij′ = 0, then
qbj
bj
≤

qb
j′
bj′

;

23. Note that in part (ii), if qbj = 0, then ∂gj(qbj) is not necessarily a singleton. Similarly, ∂hi(qsi ) is not
necessarily a singleton if qsi = 0 or qsi = si. Part (iii) focuses on particular sub/supergradients, and uses
them to define a special class of dual multipliers that satisfy the optimality conditions.
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(viii) Suppose Assumption (1.12.1-3) and Assumption (1.12.1-5) hold. Every optimal solution

(x, qs, qb) satisfies the following: (a) if there exists j ∈ B such that xij , xi′j > 0, then
qsi
si

= qs
i′
si′

; (b) if there exists j ∈ B such that xij > 0 and xi′j = 0, then qsi
si
≤

qs
i′
si′

.

(ix) Suppose Assumptions (1.12.1-3), (1.12.1-6), and (1.12.1-8) hold. Then the optimal

solution qs satisfies the following: (a) if Assumption (1.12.1-7) holds, then qsi > 0 for

all i ∈ S; (b) if Assumptions (1.12.1-4) - (1.12.1-5) hold and 0 ≤ h′(0) < g′(0), then

qsi > 0 for all i ∈ S;

The Equilibrium Problem and the Revenue Optimization Problem. We now

show how to relate the framework problem (1.38) to the equilibrium problem (1.16) and

the revenue optimization problem (1.7). The following lemma establishes how these two

problems fit into framework problem (1.38).

Lemma 4. (i) The equilibrium problem (1.16) can be formulated as an instance of the

framework problem (1.38) by defining gj(q) =
∫ q
0 F̃
−1
bj

(
1− x

bj

)
dx for all j ∈ B,

hi(q) =
∫ q
0 F̃
−1
si

(
x
si

)
dx for all i ∈ S, wij = ci

1+γbj
for all (i, j) ∈ E. Moreover,

under these definitions, if Assumption 1 holds, then Assumptions (1.12.1-1) -(1.12.1-3)

hold as well. In addition, if v̄bj > µbj for all j ∈ B,24 then Assumption (1.12.1-8) also

holds;

(ii) The revenue optimization problem (1.7) can be formulated as an instance of the frame-

work problem (1.38) by defining gj(q) = F−1
bj

(
1− q

bj

)
q for all j ∈ B, hi(q) =

F−1
si

(
q
si

)
q for all i ∈ S, wij = ci for all (i, j) ∈ E. Moreover, under these definitions,

if Assumption 1 - 2 hold, then Assumptions (1.12.1-1) - (1.12.1-3) and Assumptions

(1.12.1-7) - (1.12.1-8) hold.

Given that both the equilibrium problem (1.16) and the revenue optimization problem

(1.7) are instances of the framework problem (1.38), let (x, qs, qb) be any optimal solu-

tion to (1.38). We consider a special dual optimal solution (θb,θs,ηb,ηs,π) associated

24. If v̄bj
≤ µbj , this corresponds to a scenario where no trade happens at type-j buyers i.e. qbj = 0.
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with constraints (1.38b) - (1.38f) that maximizes ∑j∈B[sgn(qbj) − sgn(bj − qbj)](θbj + ηbj) +∑
i∈S [−sgn(qsi )+sgn(si−qsi )](θsi−ηsi ). The next result establishes that these dual multipliers

correspond to the unique dual multiplier identified in (1.40).

Lemma 5. In the equilibrium problem (1.16) and the revenue optimization problem (1.7),

given any primal solution (x, qs, qb), let (θb,θs,ηb,ηs,π) be a dual optimal solution that

maximizes ∑j∈B[sgn(qbj) − sgn(bj − qbj)](θbj + ηbj) + ∑
i∈S [−sgn(qsi ) + sgn(si − qsi )](θsi −

ηsi ). Then, (x, qs, qb) and (θb,θs,ηb,ηs,π) satisfy the conditions in (1.40). Moreover,

(θb,θs,ηb,ηs,π) is unique.

A Polymatroid Formulation for the Framework Problem under Additional

Assumptions. We next show that the framework problem (1.38) can be used to solve

the optimization problem (1.19), which involves maximizing a concave objective function

over a polymatroid. Problem (1.19) allows us to leverage existing results on optimizing

convex functions over polymatroids, which plays a key role in the derivation of our results

in Sections 1.4 and 1.6. To establish the connection between problem (1.38) and (1.19), we

first focus on f(·) defined in (1.17) (by setting f(0) = limt↓0 f(t)), and consider the following

optimization problem:

max
(y,z)

∑
j∈B

bjf

(
yj
bj

)
(1.41a)

s.t.
∑

i:(i,j)∈E
zij = yj , ∀j ∈ B (1.41b)

∑
j:(i,j)∈E

zij = si, ∀i ∈ S (1.41c)

zij ≥ 0, ∀(i, j) ∈ E. (1.41d)

Problem (1.41) can be used to obtain an optimal solution to problem (1.19), when function

f(·) is continuous, strictly increasing and strictly concave. Our next result formalizes this

claim.
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Proposition 13. When f(·) is continuous, strictly increasing, and strictly concave for t ≥ 0,

problem (1.41) and problem (1.19) share the same optimal vector y.

The next result establishes a connection between the framework problem (1.38) and

problem (1.19).

Proposition 14. Fix functions g(·) and h(·). Let functions {gj(·)}j∈B and {hi(·)}i∈S be

defined as gj(q) := bjg( qbj ) for all j ∈ B and hi(q) := sih( qsi ) for all i ∈ S. Consider

the corresponding framework problem (1.38). Suppose that Assumptions (1.12.1-1) - (1.12.1-

6) hold in this problem. Using g(·) and h(·), let f(·) be defined as in (1.17) i.e, f(t) =

maxr∈[0,min{1,t}] g(r) − th
(
r
t

)
for t > 0 with f(0) = limt↓0 f(t). Consider an instance of

problem (1.41) with function f(·). If function f(·) is continuous, strictly increasing and

strictly concave for t ≥ 0, then the following holds:

(i) let (x, qs, qb) be an optimal solution to problem (1.38). Construct a tuple (y, z, r)

such that (1) zij = xijsi
qsi

for all (i, j) ∈ E; (2) rj =
qbj
bj

for all j ∈ B; (3) yj = si
qsi
qbj for

all j ∈ B where i : xij > 0. Solution (y, z) is optimal in problem (1.41), and solution

rj is optimal in problem (1.17) with t = yj
bj

for all j ∈ B;

(ii) let (y, z) be an optimal solution to problem (1.41) and rj be an optimal solution

to problem (1.17) with t = yj
bj

for all j ∈ B. Construct a tuple (x, qs, qb) such that (1)

qbj = rjbj for all j ∈ B; (2) qsi = rjbj
yj
si for all i ∈ S where j : zij > 0; (3) xij = zijq

s
i

si

for all (i, j) ∈ E. Solution (x, qs, qb) is optimal in problem (1.38);

(iii) problem (1.41) and problem (1.38) share the same optimal objective values.

Known Results on Polymatroid Optimization.. Recall that problem (1.19) is max-

imizing a concave objective function over a polymatroid. In this section, we state Theorem

3.1 and Theorem 3.2 of (42) by restricting attention to our polymatroid P = {y : ∑j∈B yj ≤∑
i∈NE(B) si, ∀B ⊂ B, yj ≥ 0,∀j ∈ B}. We start by introducing some notation. Given a
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weight vector b, define vector vα ∈ RB+ for α ∈ R+ by vα := (αbj)j∈B (see (3.1) of (42)).

Vector u ≥ 0 is called a base of v with respect to polymatroid P if (i) u is an independent vec-

tor (i.e., a member) of P , (ii) u ≤ v, (iii) ∑j∈B u(j) = minB⊂B
∑
i∈NE(B) si+

∑
j∈B\B v(j).

Let uα be an independent vector of P satisfying the following two properties: uα is a base

of vα with respect to P for any α ∈ R+, and uα ≤ uβ (where the inequality is entrywise)

for 0 ≤ α ≤ β (see (3.2) - (3.3) of (42)). Let (t′j)j∈B be such that uα(j) = αbj for 0 ≤ α ≤ t′j

and uα(j) = t′jbj for t′j ≤ α (see (3.4) - (3.5) of (42)). (42) establishes the following:

Theorem 4. (Theorem 3.1 of (42)) Suppose that (t′j)j∈B satisfy the conditions above ((3.1)

- (3.5) of (42)). The vector y? defined by y? = (t′jbj)j∈B is the unique lexicographically

optimal base of polymatroid P with respect to a weight vector b.

Moreover, define dep(y, j) := ∩{B | j ∈ B ⊂ B, ∑j∈B yj = ∑
i∈NE(B) si} for all j ∈ B.

(42) establishes that

Theorem 5. (Theorem 3.2 of (42)) Let y be a base of P and b be a weight vector. Define

t′j = yj/bj for all j ∈ B and let the distinct numbers of t′j be given by c′1 < · · · < c′l.

Furthermore, define Bk ⊂ B by Bk = {j ∈ B : t′j ≤ c′k} for k ∈ {1, . . . , l}. Then the

following three conditions are equivalent:

(i) y is the lexicographically optimal base of P with respect to the weight vector b;

(ii) ∑j∈Bk yj = ∑
i∈NE(Bk) si for k ∈ {1, . . . , l};

(iii) ∅ 6= dep(y, j) ⊂ Bk for j ∈ Bk and k ∈ {1, . . . , l}.

We also use the results in (41) to establish a connection between the polyhedra Q =

{(y, z) : ∑i:(i,j)∈E zij = yj ,∀j ∈ B,
∑
j:(i,j)∈E zij ≤ si,∀i ∈ S, zij ≥ 0, ∀(i, j) ∈ E} and

P = {y : ∑j∈B yj ≤
∑
i∈NE(B) si,∀B ⊂ B, yj ≥ 0,∀j ∈ B}. Lemma 4.1 of (41) adapted to

our setting implies the following:

Lemma 6. Let y be a |B|-tuple of nonnegative real numbers. A necessary and sufficient

condition for the existence of z such that (y, z) ∈ Q is y ∈ P.
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1.12.2 Proofs of Results in Section 1.12.1

Proof of Proposition 12. We now proceed to prove each of the claims in the proposition.

Recall that, for every claim in this proposition, we are assuming that Assumptions (1.12.1-

1)-(1.12.1-2) holds.

Proof of claim (i). Let Z be the compact feasibility set characterized by constraints

(1.38b) - (1.38f) in problem (1.38). We have that Z 6= ∅ because 0 ∈ Z. Moreover, if

the function gj(q) is continuous in [0, bj ] for all j ∈ B and hi(q) is continuous in [0, si] for all

i ∈ S (recall that these functions are continuous in [0, bj) and [0, sj) by Assumptions (1.12.1-

1)-(1.12.1-2)), then the objective function∑j∈B gj(qbj)−
∑
i∈S hi(qsi )−

∑
(i,j)∈E wijxij is con-

tinuous in compact set Z. By the Weierstrass extreme value theorem, an optimal solution

(x, qs, qb) exists.

In the more general case, assume that not all functions gj are continous at bj or not all

functions hi are continuous at si, and define the following sets:

I = {i ∈ S : hi(si) <∞}, Ic = {i ∈ S : i 6∈ I},

J = {j ∈ B : gj(bj) > −∞}, Jc = {j ∈ B : j 6∈ J}. (1.42)

Using these sets, we can compactly express the “sup” version of problem (1.38) as follows.

Ỹ = sup
(x̄,q̄s,q̄b)∈Z


∑
j∈J

gj
(
q̄bj
)

+
∑
j∈Jc

gj
(
q̄bj
)
−
∑
i∈I

hi (q̄si )−
∑
i∈Ic

hi (q̄si )−
∑

(i,j)∈E
wij x̄ij

 .
(1.43)

Next, we will show that Ỹ is upper bounded, i.e. Ỹ <∞. For j ∈ B, define

Kb
j := max

{
max

q∈[0,12bj ]
gj(q), gj

(1
2bj

)
+ max
q∈[1

2bj ,bj ]
g′j

(1
2bj

)(
q − 1

2bj
)}

. (1.44)

By Assumption (1.12.1-1), function gj(·) is concave and differentiable in q ∈ (0, bj) and
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continuous at q = 0; therefore, Kb
j is well defined and, moreover, we have

gj(q) ≤ Kb
j <∞ for all q ∈ [0, bj ], j ∈ B. (1.45)

Similarly, for i ∈ S define

Ks
i := min

 min
q∈[0,12si]

hi(q), hi
(1

2si
)

+ min
q∈[1

2si,si]
h′i

(1
2si

)(
q − 1

2si
) . (1.46)

By Assumption (1.12.1-2), function h(·) is convex and differentiable in q ∈ (0, si) and con-

tinuous at q = 0; therefore Ks
i is well defined and, moreover, we have

hi(q) ≥ Ks
i > −∞ for all q ∈ [0, si], i ∈ S. (1.47)

Finally, note that

∑
(i,j)∈E

wij x̄ij ≥ 0 (1.48)

for any feasible x̄, as we have assumed wij ≥ 0. Putting together (1.45), (1.47) and (1.48),

it is easy to see that the objective function of problem (1.43) satisfies

Ỹ ≤
∑
j∈B

Kb
j −

∑
i∈S

Ks
i < ∞. (1.49)

By definition of the set Jc, we have that for any j ∈ Jc, function gj(q) is continuous in [0, bj)

and limq↑bj gj(q) = −∞; thus, there exists b̄j < bj such that for all q ≥ b̄j , gj(q) ≤ −3|Ỹ |−Y0

for some Y0 > 0. Similarly, for any i ∈ Ic, function hi(q) is continuous in q ∈ [0, si) with

limq↑si hi(q) = ∞, so there exists s̄i < si such that for all q ≥ s̄i, hi(q) ≥ 3|Ỹ | + Y0. As

a result, any feasible solution (x̄, q̄s, q̄b) ∈ Z in which there exists i ∈ Ic with q̄si ≥ s̄i or

j ∈ Jc with q̄bj ≥ b̄j cannot be optimal as, otherwise, the objective function value would
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satisfy Ỹ ≤ ∑
j∈J gj(q̄bj) + ∑

j∈Jc gj(q̄bj) −
∑
i∈I hi(q̄si ) −

∑
i∈Ic hi(q̄si ) ≤ −3|Ỹ | + Ỹ − Y0 ≤

−2|Ỹ | − Y0 < Ỹ .

Thus, we can construct Z0, a compact subset of Z, such that we know that the optimal

solution will be in Z0 as:

Z0 = Z ∩
{

(x̄, q̄s, q̄b) : q̄si ≤ s̄i,∀i ∈ Ic, q̄bj ≤ b̄j ,∀j ∈ Jc
}
, (1.50)

Thus, we can find the optimal solution to problem (1.43) by solving

sup
(x̄,q̄s,q̄b)∈Z0


∑
j∈J

gj(q̄bj) +
∑
j∈Jc

gj(q̄bj)−
∑
i∈I

hi (q̄si )−
∑
i∈Ic

hi (q̄si ))−
∑

(i,j)∈E
wij x̄ij

 .
(1.51)

In problem (1.51), we have Z0 6= ∅ because 0 ∈ Z0. Moreover, the objective function is

continuous in Z0. Thus, by the Weierstrass extreme value theorem, problem (1.51) has an

optimal solution (x, qs, qb). Since any solution vector with (x, qs, qb) 6∈ Z0 is not optimal,

this completes the proof that an optimal solution to optimization problem (1.38) exists.

Remark 1. When we discuss the properties of the optimal solutions to problem (1.38), unless

otherwise stated, we implicitly limit the feasible region of problem (1.38) to the compact subset

Z0 in (1.50) where the objective function (1.38a) is continuous.

Proof of claim (ii). We divide the proof into the following arguments.

(ii)-1: the strong Slater’s condition. We first show that the strong Slater’s condition is

satisfied, that is, there exists a feasible solution in the relative interior of the feasible region

(a feasible solution in which all inequality constraints in (1.38) are satisfied strictly). Let
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vector (x̂, q̂s, q̂b) be defined as

x̂ij := 1
2|E| min{s, b} for all (i, j) ∈ E, (1.52a)

q̂si :=
∑

j:(i,j)∈E
x̂ij for all i ∈ S, (1.52b)

q̂bj :=
∑

i:(i,j)∈E
x̂ij for all j ∈ B. (1.52c)

First, note that (1.52b) and (1.52c) ensure that equality constraints (1.38b) - (1.38c) are

satisfied. Second, by construction, x̂ij > 0 for all (i, j) ∈ E, and s > 0, b > 0 , the

constraint (1.38f) is strictly satisfied for all (i, j) ∈ E. Finally, note that

q̂si =
∑

j:(i,j)∈E
x̂ij = |NE(i)| 1

2|E| min{s, b} ≤ 1
2 min{s, b} < si.

A similar argument shows that q̂bj < bj . These observations jointly imply that the strong

Slater’s condition holds.

(ii)-2: alternative reformulation of the problem. We first define the negative of the objec-

tive function of problem (1.38) compactly as

f0(x, qs, qb) := −
[ ∑
j∈B

gj(qbj)−
∑
i∈S

hi(qsi )−
∑

(i,j)∈E
wijxij

]
, (1.53)

where we let the domain of function f0 be

dom(f0) := {(x, qs, qb) : constraints (1.38b) - (1.38f) are satisfied, f0(x, qs, qb) <∞}.

(1.54)

Recall from part (i) that there exists an optimal solution to problem (1.38) with finite
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objective value. Letting C = dom(f0), we can express problem (1.38) compactly as

min
(x,qs,qb)∈C

f0(x, qs, qb). (1.55)

We next argue that this formulation is a special case of the framework of (50), and in

particular, it satisfies the Assumptions (a) - (c) in page 273 of (50).

Assumption (a): We have C = dom(f0) by construction. We then establish that f0

is proper convex in C. To establish proper convexity, we need to establish three things:

(i) f0(x, qs, qb) > −∞ for all (x, qs, qb) ∈ C; (ii) there exists (x̂, q̂s, q̂b) ∈ C such that

f0(x̂, q̂s, q̂b) <∞; (iii) f0(x, qs, qb) is convex in C. We first show that f0(x, qs, qb) > −∞

for all (x, qs, qb) ∈ C. Recall from condition (1.45) in part (i) that there exists Kb
j < ∞

such that gj(qbj) ≤ Kb
j for all qbj ∈ [0, bj ]. Similarly, there exists Ks

i > −∞ such that

hi(qsi ) ≥ Ks
i > −∞ for all qsi ∈ [0, si] (from (1.47)). Moreover, wijxij is finite for all

xij ∈ R. These observations jointly imply that f0(x, qs, qb) > −∞ for all (x, qs, qb) ∈ C.

Next, we establish that there exists at least one (x̂, q̂s, q̂b) ∈ C such that f0(x̂, q̂s, q̂b) <∞.

Let (x̂, q̂s, q̂b) be the vector constructed in (1.52). Since q̂bj ∈ (0, bj) for all j ∈ B, it readily

follows from Assumption (1.12.1-1) that gj(q̂bj) is finite. Similarly, given q̂si ∈ (0, si) for all

i ∈ S, it follows that hi(q̂si ) is finite (Assumption (1.12.1-2)). These observations together

with x̂ij ∈ (0, 1
|E| min{s, b}) for all (i, j) ∈ E imply that f0(x̂, q̂s, q̂b) <∞. It can be readily

checked that Assumption (1.12.1-1) ensures that gj(q) is concave in {q ∈ [0, bj ] : gj(q) >

−∞}. Similarly, Assumption (1.12.1-2) ensures that hi(q) is convex in {q ∈ [0, si] : hi(q) <

∞}. Noting that wijxij is a linear function, we conclude that f0(x, qs, qb) is convex for

(x, qs, qb) ∈ C. Thus, f0(x, qs, qb) is proper convex in C.

Assumption (b) and (c): The constraint functions in (1.38b) - (1.38f) , which are defined in

the domain of R|S|+|B|+|E|, are all affine. Hence, it immediately follows that these constraint

functions are proper convex in R|S|+|B|+|E|. Moreover, since C ⊂ R|S|+|B|+|E|, we conclude

that Assumption (b) and (c) holds.
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(ii)- 2: necessity of the KKT conditions. Consider the Lagrangian associated with prob-

lem (1.55)(equivalently problem (1.38)), which can be expressed as:

L(x, qs, qb,θs,θb,ηs,ηb,ηs,π) := −
∑
j∈B

gj(qbj)− θbj(qbj − ∑
i:(i,j)∈E

xij

)
− ηbj

(
qbj − bj

)
−
∑
i∈S

−hi(qsi ) + θsi

(
qsi −

∑
j:(i,j)∈E

xij

)
− ηsi (qsi − si)


−

∑
(i,j)∈E

(
− wijxij + πijxij

)
. (1.56)

By the claim in part (i) of the proposition, there exists an optimal solution (x̄, q̄s, q̄b) to

problem (1.38) (equivalently to problem (1.55)) with finite objective value i.e., f0(x̄, q̄s, q̄b) >

−∞. Moreover, consider the vector (x̂, q̂s, q̂b) in (1.52). Since q̂bj ∈ (0, bj) for all j ∈ B,

q̂si ∈ (0, si) for all i ∈ S, and x̂ij ∈ (0, 1
|E| min{s, b}) for all (i, j) ∈ E, there exists a open

subset C̃ ⊂ C with (x̂, q̂s, q̂b) ∈ C̃ such that f0(x̃, q̃s, q̃b) < ∞ for all (x̃, q̃s, q̃b) ∈ C̃ (by

Assumption (1.12.1-1) - (1.12.1-2) and the fact that f0(x̂, q̂s, q̂b) < ∞). This observation

implies that (x̂, q̂s, q̂b) is in the relative interior of C, i.e., (x̂, q̂s, q̂b) ∈ ri(C). Thus, it readily

follows that ri(C) 6= ∅. Since the strong Slater’s condition holds, by Theorem 28.2 of (50),

there exists a Kuhn-Tucker vector (θ̄b, θ̄s, η̄b, η̄s, π̄) such that L(x̄, q̄s, q̄b, θ̄b, θ̄s, η̄b, η̄s, π̄) =

f0(x̄, q̄s, q̄b) (defined in page 274 of (50)).

To establish conditions (1.39a) - (1.39c), we let g̃j(q) := −gj(q) + θ̄bjq + η̄bjq for any

q ∈ [0, bj ] and j ∈ B, h̃i(q) := hi(q) − θ̄si q + η̄si q for any q ∈ [0, si] and i ∈ S, and

l̃ij(x) := (−θ̄bj+ θ̄si +wij− π̄ij)x for any x ≥ 0 and (i, j) ∈ E. At the optimal primal solution

(x̄, q̄s, q̄b), from the finiteness of {gj(q̄bj) : j ∈ B}, {hi(q̄si ) : i ∈ S} and (θ̄b, θ̄s, η̄b, η̄s, π̄),

it readily follows that {g̃j(q̄bj) : j ∈ B}, {h̃i(q̄si ) : i ∈ S} have finite values. We define

∂g̃j(q̄bj) := {z ∈ R|g̃j(q′) ≥ g̃j(q̄bj) + z(q′ − q̄bj),∀q′ ∈ [0, bj ]} for all j ∈ B, ∂h̃i(q̄si ) := {z ∈

R|h̃i(q′) ≥ h̃i(q̄si )+z(q′−q̄si ),∀q′ ∈ [0, si]} for all i ∈ S, and ∂l̃ij(x̄ij) := {−θ̄bj+θ̄si +wij−π̄ij}

for all (i, j) ∈ E.
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Before proceeding, we verify the conditions in Theorem 23.8 of (50). Recall that the

vector (x̂, q̂s, q̂b) in (1.52) satisfies that (x̂, q̂s, q̂b) ∈ ri(C). Moreover, since the constraints

functions in (1.38b) - (1.38f) are affine functions defined on the domain of R|S|+|B|+|E|, it

readily follows that (x̂, q̂s, q̂b) ∈ R|S|+|B|+|E|. Thus, Theorem 28.3(c) and Theorem 23.8 of

(50) jointly imply that 0 ∈ ∂g̃j(q̄bj) for all j ∈ B, 0 ∈ ∂g̃j(q̄si ) for all i ∈ S, and 0 ∈ ∂l̃ij(x̄ij)

for all (i, j) ∈ E.

We next verify condition (1.39a). For all j ∈ B, we first define ∂gj(q̄bj) := {z ∈ R|gj(q′) ≤

gj(q̄bj) + z(q′ − q̄bj),∀q′ ∈ [0, bj ]}. Since 0 ∈ ∂g̃j(q̄bj), by using the definition of ∂g̃j(q̄bj), we

obtain that g̃j(q′) ≥ g̃j(q̄bj) for all q′ ∈ [0, bj ]. From the definition of g̃j(qbj), it follows that

−gj(q′) + θ̄bjq
′+ η̄bjq

′ ≥ −gj(q̄bj) + θbj q̄
b
j + η̄bj q̄

b
j for all q′ ∈ [0, bj ], i.e., θ̄bj + η̄bj ∈ ∂gj(q̄bj). Thus,

condition (1.39a) holds.

In condition (1.39b), for all i ∈ S, we define ∂hi(q̄si ) := {z ∈ R|hi(q′) ≥ hi(q̄si ) + z(q′ −

q̄si ), ∀q′ ∈ [0, si]}. From 0 ∈ ∂h̃i(q̄si ), by using the definition of ∂h̃i(q̄si ), we obtain that

h̃i(q′) ≥ h̃i(q̄si ) for all q′ ∈ [0, si]. From the definition of h̃i(q̄si ), it follows that hi(q′)− θ̄si q′+

η̄si q
′ ≥ hi(qsi )− θ̄si qsi + η̄si q

s
i for all q′ ∈ [0, si]. Thus, we conclude that θ̄si − η̄si ∈ ∂hi(q̄si ) and

condition (1.39b) holds.

Condition (1.39c) follows immediately from 0 ∈ ∂l̃ij(x̄ij) and the definition that ∂l̃ij(x̄ij) =

{−θ̄bj + θ̄si + wij − π̄ij}.

Similarly, conditions (1.39d) - (1.39f) and conditions (1.39g) - (1.39h) follow respectively

from part (a) and part (b) in Theorem 28.3 of (50).

(ii)- 3: sufficiency of the KKT conditions. Let (x̄, q̄s, q̄b) and (θ̄b, θ̄s, η̄b, η̄s, π̄) be finite

vectors that satisfy the KKT conditions in (1.39). The optimality follows directly from

Theorem 28.3 of (50).

Proof of claim (iii). We divide the arguments into the following steps:

(iii)-1 necessity of the conditions By claim (i) of the proposition, there exists an optimal

solution (x, qs, qb) to problem (1.38) with a finite objective value. It readily follows that

{gj(qbj) : j ∈ B} and {hi(qsi ) : i ∈ S} are finite. By claim (ii) of the proposition, there exists
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a dual optimal solution (θb,θs,ηb,ηs,π) that satisfies conditions (1.39a) - (1.39h). We pick

any pair of the primal-dual optimal solutions (x, qs, qb) and (θb,θs,ηb,ηs,π).

We define the index sets J1 = {j ∈ B : qbj ∈ (0, bj)}, J2 = {j ∈ B : qbj = 0}, and

J3 = {j ∈ B : qbj = bj}. Similarly, we define the index sets I1 = {i ∈ S : qsi ∈ (0, si)},

I2 = {i ∈ S : qsi = 0} and I3 = {i ∈ S : qsi = si}.

Given (x, qs, qb), we initially set (θ̃b, θ̃s, η̃b, η̃s, π̃) := (θb,θs,ηb,ηs,π), and make local

adjustments to (θ̃b, θ̃s, η̃b, η̃s, π̃) for all i ∈ S and j ∈ B. We show that the adjustments

preserve conditions (1.39a) - (1.39h) and moreover, ensure conditions (1.40a) - (1.40b):

(1) for each j ∈ J1, it follows from Assumption (1.12.1-1) that gj(q) is continuously

differentiable in (0, bj). Thus, we have ∂gj(qbj) = {g′j(qbj)} and condition (1.39a) implies that

θ̃bj + η̃bj = g′j(qbj);

(2) for each j ∈ J2 such that qbj = 0, condition (1.39d) implies that ηbj = 0. Moreover,

we have θbj ∈ ∂gj(0) (by condition (1.39a)). We claim that g′j(0) is finite for this j. Recall

that g′j(0) > −∞ (Assumption (1.12.1-3)). To prove that g′j(0) < ∞, we assume towards

a contradiction that g′j(0) = ∞. We claim that this implies ∂gj(0) = ∅, which contradicts

with the fact that θbj ∈ ∂gj(0). Under the assumption that g′j(0) = ∞, suppose that there

exists z0 ∈ ∂gj(0) such that |z0| < ∞. By the continuity and the strict decreasingness of

g′j(q) in (0, bj) (Assumption (1.12.1-1)) and the fact that g′j(0) = limq↓0 g
′
j(q) =∞, it follows

that there exists some q0 ∈ (0, bj) such that g′j(q0) ≥ z0. Since gj(q) is continuous in [0, q0]

and differentiable in (0, q0), by the mean value theorem, there exists q1 ∈ (0, q0) such that
gj(q0)−gj(0)

q0−0 = g′j(q1). By the continuous differentiability and the strict concavity of gj(q)

in (0, bj) (Assumption (1.12.1-1)), we obtain that g′j(q1) > g′j(q0) ≥ z0. This implies that
gj(q0)−gj(0)

q0−0 > z0, thereby leading to a contradiction with z0 ∈ ∂gj(0). Thus, g′j(0) = ∞

implies that ∂gj(0) = ∅. Given the fact that θbj ∈ ∂gj(0), we have g′j(0) < ∞. From the

finiteness of gj(0) and g′j(0), the continuously differentiability and the strict concavity of

gj(q) in q ∈ (0, bj), continuity of gj(q) at q = 0, the definition ∂gj(0) = {z ∈ R|gj(q′) ≤

gj(0) + z(q′ − 0),∀q′ ∈ [0, bj ]}, and the fact that θbj ∈ ∂gj(0), it follows immediately that
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θbj ≥ g′j(0).

Let δ := θbj − g′j(0) ≥ 0. Given the current profile of (θ̃b, θ̃s, η̃b, η̃s, π̃) where (θ̃bj , η̃bj) =

(θbj , ηbj), we proceed by letting π̃ij := π̃ij +δ for all i : (i, j) ∈ E and θ̃bj := θ̃bj−δ. Among the

conditions in (1.39) that are impacted, it can be readily checked that conditions (1.39a) and

(1.39c) are still satisfied for this j and for any i : (i, j) ∈ E. Since qbj = 0, we have xij = 0 for

all i : (i, j) ∈ E. Thus, condition (1.39f) still holds for all i : (i, j) ∈ E. These observations

jointly imply that the adjustment of vector (θ̃b, θ̃s, η̃b, η̃s, π̃) in this step preserves conditions

(1.39a) - (1.39h). Moreover, the adjustment ensures that θ̃bj + η̃bj = g′j(qbj) for this j;

(3) for each j ∈ J3 such that qbj = bj , condition (1.39a) implies that θbj + ηbj ∈ ∂gj(qbj).

We claim that g′j(bj) is finite. By Assumption (1.12.1-3), we have g′j(bj) ≤ 0. To establish

g′j(bj) > −∞, we assume towards a contradiction that g′j(bj) = −∞. We claim the assump-

tion would imply ∂gj(bj) = ∅, which is a contradiction to θbj + ηbj ∈ ∂gj(qbj). To establish

the claim, under the assumption that g′j(bj) = −∞, suppose that there exists z0 ∈ ∂gj(bj)

such that |z0| < ∞. By the continuity and the strict decreasingness of g′j(q) in (0, bj), and

the fact that g′j(bj) = limq↑bj g
′
j(q) = −∞, it follows that there exists some q0 ∈ (0, bj)

such that g′j(q0) ≤ z0. Since gj(q) is continuous in [q0, bj ] and differentiable in (q0, bj),

by the mean value theorem, there exists q1 ∈ (q0, bj) such that gj(bj)−gj(q0)
bj−q0 = g′j(q1). By

the continuous differentiability and the strict concavity of gj(q) in (0, bj), we obtain that

g′j(q1) < g′j(q0) ≤ z0. This implies that gj(bj)−gj(q0)
bj−q0 < z0, thereby leading to a contradiction

with z0 ∈ ∂gj(bj). Thus, we conclude that g′j(bj) = −∞ implies ∂gj(bj) = ∅. By the fact

that θbj+ηbj ∈ ∂gj(qbj), it follows that g′j(bj) is finite. Given the finiteness of gj(bj) and g′j(bj),

the continuously differentiability and the strict concavity of gj(q) in q ∈ (0, bj), the continuity

of gj(q) at q = bj , the definition ∂gj(bj) = {z ∈ R|gj(q′) ≤ gj(bj) + z(q′ − bj),∀q′ ∈ [0, bj ]}

and θbj + ηbj ∈ ∂gj(bj), we obtain that θbj + ηbj ≤ g′j(bj).

Let δ := g′j(bj) − (θbj + ηbj) ≥ 0. Given the current profile of (θ̃b, θ̃s, η̃b, η̃s, π̃) where

(θ̃bj , η̃bj) = (θbj , ηbj) for this j, we let η̃bj := η̃bj + δ. Among the conditions in (1.39) that

are impacted, it can be readily checked that condition (1.39a) is still satisfied for this j.
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Moreover, since qbj = bj , condition (1.39d). These observations imply that the adjustment

of vector (θ̃b, θ̃s, η̃b, η̃s, π̃) in this step preserves the conditions (1.39a) - (1.39h). Moreover,

the adjustment ensures that θ̃bj + η̃bj = g′j(qbj) trivially holds.

(4) for each i ∈ I1, it follows from Assumption (1.12.1-2) that hi(q) is continuously

differentiable in (0, si). Thus, we have ∂hi(qsi ) = {h′i(qsi )} and condition (1.39b) implies that

θ̃si + η̃si = h′i(qsi ).

(5) for each i ∈ I2 such that qsi = 0, condition (1.39e) implies that ηsi = 0. Recall

that h′i(0) ∈ [0,∞) (by Assumption (1.12.1-3)). Given the finiteness of hi(0) and h′i(0), the

continuous differentiability and the strict convexity of hi(q) in q ∈ (0, si), the continuity of

hi(q) at q = 0, the definition ∂hi(0) = {z ∈ R|hi(q′) ≥ hi(0) + z(q′ − 0),∀q′ ∈ [0, si]}, and

the fact that θsi − ηsi ∈ ∂hi(qsi ) and ηsi = 0, it follows that θsi ≤ h′i(0).

Let δ := h′i(0)−θsi . Given the current profile of (θ̃b, θ̃s, η̃b, η̃s, π̃) where we have (θ̃si , η̃si ) =

(θsi , ηsi ) for this particular i, we let θ̃si := θ̃si + δ and π̃ij := π̃ij + δ. Among the conditions in

(1.39) that are impacted, it can be readily checked that condition (1.39b) and (1.39c) hold

for this i and for any j : (i, j) ∈ E. Since qsi = 0, we have xij = 0 for all j : (i, j) ∈ E, which

implies that condition (1.39f) still holds. Thus, the adjustments of vector (θ̃b, θ̃s, η̃b, η̃s, π̃)

in this step preserves conditions (1.39a) - (1.39h). Moreover, the adjustment also ensures

that θ̃si − η̃si = h′i(qsi ).

(6) for each i ∈ I3 such that qsi = si, condition (1.39b) implies that θ̃si − η̃si ∈ ∂hi(qsi ).

Before proceeding, given qsi = si, we show that h′i(si) is finite. Recall that h′i(si) > −∞

(Assumption (1.12.1-3)). To establish that h′i(si) < ∞, we assume towards a contradiction

that h′i(si) =∞. We claim that this would imply ∂hi(si) = ∅, which is a contradiction with

the fact that θ̃si − η̃si ∈ ∂hi(si). Under the assumption that h′i(si) =∞, suppose that there

exists some z0 ∈ ∂hi(si) such that z0 <∞. By the continuity and the strict increasingness

of h′i(q) in (0, si), and the fact that h′i(si) = limq↑si h
′
i(q) =∞, there exists q0 ∈ (0, si) such

that h′i(q0) ≥ z0. Since hi(q) is continuous in [q0, si] and differentiable in (q0, si), by the mean

value theorem, there exists q1 ∈ (q0, si) such that hi(si)−hi(q0)
si−q0 = h′i(q1). By the continuous

84



differentiability and the strict convexity of hi(q) in q ∈ (0, si), we obtain that h′i(q1) >

h′i(q0) ≥ z0. It follows that hi(si)−hi(q0)
si−q0 > z0 or equivalently hi(q0) < hi(si) + z0(q0 − si),

thereby leading to a contradiction with z0 ∈ ∂hi(si). Thus, we conclude that h′i(si) = ∞

implies ∂hi(si) = ∅. Since θ̃si − η̃si ∈ ∂hi(si), it immediately follows that h′i(si) is finite. From

the continuous differentiability and the strict convexity of hi(q) in q ∈ (0, si), the continuity

of hi(q) at q = si, the definition ∂hi(si) = {z ∈ R|hi(q′) ≥ hi(si) + z(q′ − si), ∀q′ ∈ [0, si]},

and the fact that θsi − ηsi ∈ ∂hi(si), we obtain that θsi − ηsi ≥ h′i(si).

Let δ := θsi − ηsi − h′i(si). Given the current profile of (θ̃b, θ̃s, η̃b, η̃s, π̃) where we have

(θ̃si , η̃si ) = (θsi , ηsi ) for this particular i, we let η̃si := η̃si + δ. Among the conditions in (1.39)

that are impacted, it can be readily checked that condition (1.39b) is satisfied for this i.

Moreover, since qsi = si, condition (1.39d) still holds. As a summary, we obtain that the

updated vector (θ̃b, θ̃s, η̃b, η̃s, π̃) still satisfies conditions (1.39a) - (1.39h). Moreover, the

adjustment ensures that θ̃si + η̃si = g′i(qsi ).

In summary of the adjustments in (1) - (6), the adjusted dual optimal vector (θ̃b, θ̃s, η̃b, η̃s, π̃)

satisfies conditions (1.39a) - (1.39h) and (1.40a) - (1.40b). Thus, we conclude that it satisfies

(1.40a) - (1.40h).

(iii)- 2: sufficiency of the conditions. Let (x, qs, qb) and (θb,θs,ηb,ηs,π) be a pair of

solutions such that {g′j(q̄bj) : j ∈ B} and {h′i(q̄si ) : i ∈ S} have finite values and the con-

ditions in (1.40) are satisfied in problem (1.38). It immediately follows that (x, qs, qb) and

(θb,θs,ηb,ηs,π) also satisfy the KKT conditions in (1.39a) - (1.39h). The sufficiency of the

conditions in (1.40) readily follows from part (ii) of the proposition statement.

Proof of claim (iv). To ease notation, denote the objective function for problem (1.38)

as f(x, qs, qb) := ∑
j∈B gj(qbj) −

∑
i∈S hi(qsi ) −

∑
(i,j)∈E wijxij . According to Remark 1,

it is without loss of optimality to consider the compact convex subset Z0 defined in (1.50)

where the objective function f(x, qs, qb) is continuous. Moreover, by Assumptions (1.12.1-

1) –(1.12.1-2), f is strictly concave in (qs, qb) for every (qs, qb) with qsi ∈ (0, si) for all

i ∈ S and qbj ∈ (0, bj) for all j ∈ B, and f is linear in x. Together with the continu-
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ity of f in Z0 and the fact that Z0 is compact, we conclude that f is strictly concave

in Z0. Suppose, towards a contradiction, that there exists two optimal solution vectors

(x0, qs0, q
b
0) ∈ Z0 and (x1, qs1, q

b
1) ∈ Z0 with (qs0, qb0) 6= (qs1, qb1). Pick any λ ∈ (0, 1) and

let (xλ, qsλ, q
b
λ) = λ(x1, qs1, q

b
1) + (1 − λ)(x0, qs0, q

b
0). Since set Z0 is compact, we have

(xλ, qsλ, q
b
λ) ∈ Z0, and thus, feasible in problem (1.38). By Jensen’s inequality, the objective

function satisfies f(qbλ, q
s
λ,xλ) > λ[f(qb1, qs1,x1)] + (1− λ)[f(qb0, qs0,x0)], which is a contra-

diction that (x0, qs0, q
b
0) and (x1, qs1, q

b
1) are optimal. As a result, for any pair of optimal

solutions (x0, qs0, q
b
0) and (x1, qs1, q

b
1) we must have (qs0, qb0) = (qs1, qb1) as desired.

Proof of claim (v). Let (x, qs, qb) and (θb,θs,ηb,ηs,π) respectively be a primal and a

dual optimal solution to problem (1.38) that satisfies the conditions in (1.40). Suppose,

towards a contradiction, that qbj = bj . Therefore, there must exist an i ∈ S for which

i : xij > 0 and thus qsi > 0. Then, we have

0
(a)
≥ g′j(bj)

(b)= θbj + ηbj
(c)
≥ θbj

(d)= θsi + wij
(e)= h′i(qsi ) + ηsi + wij

(f)
> h′i(0)

(g)
≥ 0,

(1.57)

where (a) follows directly from Assumption (1.12.1-3). Step (b) follows directly from the

condition in (1.40a). The inequality in (c) follows from the fact that ηbj ≥ 0 by condition

(1.40d). In step (d), given that xij > 0, we have πij = 0 by condition (1.40f). From

θbj−θsi +πij−wij = 0 in condition (1.40c), we obtain θbj = θsi +wij . Step (e) follows directly

from condition (1.40b). In step (f), we have ηsi ≥ 0 by condition (1.40e) and h′i(qsi ) > h′i(0)

by strict convexity of hi(·) in Assumption (1.12.1-2). By Proposition 12(iii), h′i(qsi ) is finite.

Step (g) follows directly from Assumption (1.12.1-3). Thus, we have qbj < bj for all j ∈ B.

Proof of claim (vi). Let (x, qs, qb) and (θb,θs,ηb,ηs,π) respectively be a primal and

dual optimal solution to problem (1.38) that satisfies the conditions in (1.40).

We first show the uniqueness of ηb. By Claim (v), we have qbj < bj for all j ∈ B. The,

by the complementarity condition in (1.40d), we must have ηbj = 0 for all j ∈ B.
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Next, we show that θb is unique. For that, we use the fact that ηbj = 0 together with

condition (1.40a) imply that θbj = g′j(qbj) for all j ∈ B. The uniqueness of θbj then follows

from the uniqueness of qbj in established in Claim (iv).

Next, we prove the uniqueness of (θs,ηs). Fix i ∈ S. If qsi = 0, then by condition

(1.40e) we have ηsi = 0, which further implies from condition (1.40b) that θsi = h′i(qsi ). The

uniqueness of (ηsi , θsi ) then follows from the uniqueness of qsi in Claim (iv). If qsi > 0, then

we can find j ∈ B such that xij > 0 and thus, πij = 0 by condition (1.40f). Using condition

(1.40c), this implies θsi + wij = θbj . The uniqueness of θsi then follows from the uniqueness

of θbj . By condition (1.40b), we have that ηsi = −h′i(qsi ) + θsi , and thus the uniqueness of ηsi
follows from the uniqueness of θsi and of qsi (established in Claim (iv)).

Finally, the uniqueness of π follows directly from condition (1.40c) and the uniqueness

of (θs,θb).

Proof of claim (vii). We prove the two parts of this claim.

Part (a): suppose that xij , xij′ > 0. Then, by the complementarity condition (1.40f),

we have πij = πij′ = 0. By Assumption (1.12.1-4), we have wi = wij = wij′ . Thus, by

condition (1.40c), we obtain

θbj = θsi + wi = θbj′ . (1.58)

As gj(q) = bjg
(
q
bj

)
by Assumption (1.12.1-4), we then must have g′j(q) = g′

(
q
bj

)
.

Suppose, towards a contradiction, that
qbj
bj
6=

qb
j′
bj′

. Assume, without loss of generality, that

qbj
bj
>

qb
j′
bj′

. By feasibility, we have that 1 ≥
qbj
bj
>

qb
j′
bj′

. Therefore, the complementarity condition

(1.40d) implies

ηbj ≥ 0 = ηbj′ . (1.59)

From (1.58) and (1.59), we obtain that θbj + ηbj ≥ θbj′ + ηbj′ . Using condition (1.40a), we have
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that θbj + ηbj = g′
(
qbj
bj

)
and θbj′ + ηbj′ = g′

(
qb
j′
bj′

)
. From (1.58) and (1.59), we further obtain

g′
qbj
bj

 ≥ g′
qbj′
bj′

 . (1.60)

However, from
qbj
bj
>

qb
j′
bj′

and the concavity of function g(·) (Assumption (1.12.1-1)), we obtain

g′
qbj
bj

 < g′
qbj′
bj′

 , (1.61)

which is a contradiction. Thus, we must have
qbj
bj

=
qb
j′
bj′

.

Part (b): suppose that xij > 0 and xij′ = 0. By the complementarity condition (1.40f),

we have πij = 0 ≤ πij′ . Condition (1.40c) implies θbj = θsi + wi ≥ θbj′ (recall that by

Assumption (1.12.1-4), we have wi = wij = wij′). Assume, towards a contradiction that,
qbj
bj
>

qb
j′
bj′

. We can then repeat the same argument as in part (a) to reach a contradiction

between g′
(
qbj
bj

)
≥ g′

(
qb
j′
bj′

)
and g′

(
qbj
bj

)
< g′

(
qb
j′
bj′

)
. Thus, we must have

qbj
bj
≤

qb
j′
bj′

, as

desired.

Proof of claim (viii). We prove the two parts of this claim.

Part (a): suppose that xij , xi′j > 0. Then, by complementarity condition (1.40f), we

have πij = πi′j = 0. By Assumption (1.12.1-5), we have wj = wij = wi′j . From condition

(1.40c), we obtain

θsi = θbj − wj = θsi′ , (1.62)

By Assumption (1.12.1-5), we have hi(q) = sih( qsi ), and thus h′i(q) = h′( qsi ). Suppose

towards contradiction that qsi
si
6= qs

i′
si′

. Without loss of generality, we assume qsi
si
>

qs
i′
si′

. By
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feasibility, we have 1 ≥ qsi
si
>

qs
i′
si′

. Thus, the complementary condition (1.40e) implies

ηsi ≥ 0 = ηsi′ . (1.63)

From (1.62) and (1.63), we obtain that θsi − ηsi ≤ θsi′ − η
s
i′ . Using condition (1.40b), we have

that θsi − ηsi = h′
(
qsi
si

)
and θsi′ − η

s
i′ = h′

(
qs
i′
si′

)
. By (1.62) and (1.63), we further obtain

h′
(
qsi
si

)
≤ h′

(
qsi′

si′

)
. (1.64)

However, with qsi
si
>

qs
i′
si′

and the strict convexity of function h(·) in Assumption (1.12.1-2),

we deduce that

h′
(
qsi
si

)
> h′

(
qsi′

si′

)
, (1.65)

which is a contradiction. Thus, we must have qsi
si

= qs
i′
si′

.

Part (b): suppose that xij > 0 and xi′j = 0. By condition (1.40f), we have πij = 0 ≤ πi′j

which further implies θsi = θbj − wj ≤ θsi′ by condition (1.40c) (recall that by Assumption

(1.12.1-5), we have wj = wij = wi′j). Suppose, towards a contradiction, that qsi
si
>

qs
i′
si′

and

repeat the same argument as part (a) to achieve a contradiction between h′
(
qsi
si

)
≤ h′

(
qs
i′
si′

)
and h′(q

s
i
si

) > h′
(
qs
i′
si′

)
. The contradiction implies that qsi

si
≤

qs
i′
si′

, as desired.

Proof of claim (ix). Let (x, qs, qb) and (θb,θs,ηb,ηs,π) respectively be a primal optimal

and a dual optimal solution to problem (1.38) that satisfies the conditions in (1.40). We

prove the two parts of this claim.

Part (a): by Assumption (1.12.1-6), we have wij = 0 for all (i, j) ∈ E. We start by

showing g′j(qbj) > 0 for all j ∈ B. Suppose, towards a contradiction, that there exists j ∈ B

such that g′j(qbj) ≤ 0. From g′j(0) > 0 (Assumption (1.12.1-8)), we know that qbj 6= 0 and thus

qbj > 0. Then, we can find i such that xij > 0 and thus qsi > 0. Given h′i(0) = 0 (Assumption
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(1.12.1-7)) and the strict convexity of hi(·) over (0, si) (Assumption (1.12.1-2)), we obtain

h′i(qsi ) > h′i(0) = 0. This would lead to the following contradiction

0
(h)
< h′i(qsi ) + ηsi

(i)= θsi
(j)= θbj

(k)= g′j(qbj)− ηbj
(l)= g′j(qbj)

(m)
≤ 0, (1.66)

where step (h) follows from h′i(qsi ) > 0 and ηsi ≥ 0 (the complementary condition (1.40e)).

Step (i) follows directly from condition (1.40b). In step (j), given xij > 0, we have πij = 0

by the complementary condition (1.40f), which further implies θsi = θbj by condition (1.40c).

Step (k) follows directly from condition (1.40a). In step (l), given qbj < bj established in

Claim (v), we have ηbj = 0 by the complementary condition (1.40d). Step (m) follows from

the assumption in this contradiction argument. By the contradiction in (1.66), we obtain

g′j(qbj) > 0 ∀j ∈ B. (1.67)

Next, we prove qsi > 0 for all i ∈ S. Suppose towards a contradiction that there exists

i ∈ S with qsi = 0. Pick any j with (i, j) ∈ E. Then, we can derive the following contradiction

0 (n)= h′i(0) (o)= θsi
(p)
≥ θbj

(q)= g′j(qbj)− ηbj
(r)
> 0, (1.68)

where step (n) follows directly from Assumption (1.12.1-7). In step (o), given that qsi = 0,

we first obtain ηsi = 0 by the complementary condition (1.40e). Using ηsi = 0, step (o)

follows from h′i(qsi ) − θsi + ηsi = 0 in condition (1.40b). The inequality in step (p) follows

from θsi − θbj = πij (condition (1.40c)) where we have πij ≥ 0 (condition (1.40f)). Step (q)

follows directly from condition (1.40a). In step (r), we obtain ηbj = 0 by condition (1.40d)

given qbj < bj in item (v). We also obtain g′j(qbj) > 0 from (1.67). The contradiction in (1.68)

implies that qsi > 0 for all i ∈ S.

Part (b): when Assumptions (1.12.1-4) - Assumptions (1.12.1-5) hold, we have gj(q) =

bjg( qbj ) and hi(q) = sih( qsi ), which implies that g′j(q) = g′( qbj ) and h′i(q) = h′( qsi ). With the
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assumption g′(0) > h′(0) ≥ 0, we suppose towards contradiction that there exists i ∈ S such

that qsi = 0. For all j such that (i, j) ∈ E, we deduce that

h′(0) (s)= θsi
(t)
≥ θbj

(u)= g′
qbj
bj

− ηbj (v)= g′
qbj
bj

 , (1.69)

where step (s) follows from condition (1.40b) given ηsi = 0 (the complementary condition

(1.40e)). Step (t) follows from θsi − θbj = πij (condition (1.40c)) and πij ≥ 0 (condition

(1.40f)). Step (u) follows from condition (1.40a). Step (v) follows from qbj < bj (Claim (v))

and ηbj = 0 (the complementary condition (1.40d)).

We discuss all possibilities on qbj to achieve a contradiction. If qbj > 0, then we can find

i0 : xi0j > 0 and qsi0 > 0. By the complementary condition (1.40f), we have πi0j = 0.

By condition (1.40c), this further implies θsi0 = θbj . From condition (1.40b), we obtain

θsi0 = h′(
qsi0
si0

) + ηsi0 with ηsi0 ≥ 0 (condition (1.40e)). Combining θbj = θsi0 = h′(
qsi0
si0

) with step

(s) - (t) in (1.69), we have h′(0) ≥ h′(
qsi0
si0

) + ηsi0 , which contradicts to the strict convexity of

function h given qsi0 > 0. If qbj = 0, then by (1.69), we have h′(0) ≥ g′(0) which contradicts

g′(0) > h′(0). Thus, we obtain qsi > 0 for all i ∈ S.

Proof of Lemma 4. Proof of Claim (i) One can easily verify that the equilibrium

problem (1.16) can be formulated as an instance of the framework problem (1.38) by defining

gj(q) =
∫ q

0
F̃−1
bj

(
1− x

bj

)
dx where F̃−1

bj
(q) =

F−1
bj

(q)− µbj
1 + γbj

∀j ∈ B, (1.70a)

hi(q) =
∫ q

0
F̃−1
si

(
x

si

)
dx where F̃−1

si (q) =
F−1
si (q) + µsi

1− γsi
∀i ∈ S. (1.70b)

and wij = ci
1+γbj

for all (i, j) ∈ E. We next verify that, under these definitions, Assumptions

(1.12.1-1) - (1.12.1-3) in problem (1.16). Moreover, if v̄bj > µbj , then Assumption (1.12.1-8)

holds.
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Verifying Assumption (1.12.1-1) in problem (1.16): We start by showing that gj(q) is

continuously differentiable in (0, bj). For any q ∈ (0, bj), we pick t1 ∈ (0, q) and rewrite

gj as:

gj(q) =
∫ t1

0
F̃−1
bj

(
1− x

bj

)
dx+

∫ q
t1
F̃−1
bj

(
1− x

bj

)
dx. (1.71)

By (1.70a), the first term in (1.71) satisfies
∫ t1
0 F̃−1

bj
(1− x

bj
)dx = 1

1+γbj

∫ t1
0 F−1

bj
(1− x

bj
)−µbjdx.

By using a change of variables, we have
∫ bj
0 F−1

bj
(1 − x

bj
)dx = bj

∫∞
0 (1 − Fbj (v))dv < ∞,

where the last inequality follows from Assumption 1. Thus, the first term in (1.71) is a finite

constant term.

Consider the second term in (1.71). Since the function F̃−1
bj

(1 − q
bj

) is continuously

differentiable in the compact set [t1, t2] for every t2 ∈ (q, bj); this follows from the fact that,

by Assumption 1, Fbj is continuously differentiable and strictly increasing in (0, v̄bj ) and so,

by the inverse function theorem, F−1
bj

and F̃−1
bj

are continuously differentiable in (0, bj). By

the fundamental theorem of calculus, function gj(q) is differentiable at q ∈ [t1, t2] ⊂ (0, bj)

for every t2 ∈ (q, bj). Moreover, the fundamental theorem of calculus also suggests that

the derivative function satisfies g′j(q) = F̃−1
bj

(1− q
bj

), which is continuous. Since q is picked

arbitrarily within (0, bj), we obtain that qj(q) is continuously differentiable in (0, bj).

We next show that gj(q) is strictly concave. Given that Fbj is differentiable and strictly

increasing in (0, v̄bj ) (Assumption 1), we obtain that F̃−1
bj

is strictly increasing (the inverse

function theorem). Thus, the derivative function g′j(q) = F̃−1
bj

(1− q
bj

) is strictly decreasing

in q ∈ (0, bj), which implies that function gj(q) is strictly concave in (0, bj).

We also need to verify the continuity of gj(q) at q = 0. Considering the case when

v̄bj <∞, we have that

0 ≤ lim
q↓0

∫ q
0
F−1
bj

(
1− x

bj

)
dx ≤ lim

q↓0
v̄bjq = 0. (1.72)
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From (1.70a), we have limq↓0
∫ q
0 F̃
−1
bj

(
1− x

bj

)
dx = 0.

When v̄bj =∞, consider (v, q) such that Fbj (v) = 1− q
bj
. Then,

∫ q
0
F−1
bj

(
1− x

bj

)
dx = bjv

(
1− Fbj (v)

)
+ bj

∫ ∞
v

(
1− Fbj (x)

)
dx. (1.73)

Moreover, the first term on the right hand side of (1.73) satisfies

v
(
1− Fbj (v)

)
= v

∫ ∞
v

F ′bj (x)dx ≤
∫ ∞

0
xF ′bj (x)dx−

∫ v
0
xF ′bj (x)dx

=
∫ ∞

0

(
1− Fbj (x)

)
dx−

∫ v
0

(
1− Fbj (x)

)
dx (1.74)

Thus, we deduce that

lim
q↓0

∫ q
0
F̃−1
bj

(
1− x

bj

)
dx

(a)= lim
v→∞

 bj

1 + γbj
v
(
1− Fbj (v)

)
+

bj

1 + γbj

∫ ∞
v

(
1− Fbj (x)

)
dx

−
lim
q↓0

1
1 + γbj

∫ q
0
µbjdx


(b)
≤

2bj
1 + γbj

[∫ ∞
0

(
1− Fbj (x)

)
dx− lim

v→∞

∫ v
0

(
1− Fbj (x)

)
dx
]
−

lim
q↓0

∫ q
0

1
1 + γbj

µbjdx


(c)= 0, (1.75)

where step (a) follows from (1.70a) and (1.73). In step (b), the first term follows directly

from (1.74) and
∫∞
v

(
1− Fbj (x)

)
dx =

∫∞
0
(
1− Fbj (x)

)
dx −

∫ v
0
(
1− Fbj (x)

)
dx based on

the finiteness of
∫∞
0
(
1− Fbj (x)

)
dx in Assumption 1. In step (c), the first term is zero

because of the finite expectation assumption of Fbj (·) in Assumption 1. The second term,

limq↓0
1

1+γbj

∫ q
0 µ

b
jdx, is also equal to zero.

To show limq↓0
∫ q
0 F̃
−1
bj

(1 − x
bj

)dx ≥ 0, we consider the expression in step (a) of (1.75).

Since bj
1+γbj

v
(
1− Fbj (v)

)
+ bj

1+γbj

∫∞
v

(
1− Fbj (x)

)
dx ≥ 0 and limq↓0

1
1+γbj

∫ q
0 µ

b
jdx = 0, we
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obtain that

lim
q↓0

∫ q
0
F̃−1
bj

(
1− x

bj

)
dx ≥ 0. (1.76)

Thus, from (1.70a), (1.75) and (1.76), we conclude that gj(q) is continuous at q = 0 with

gj(0) = 0.

To show the continuity of gj(q) at q = bj , we deduce that

gj(bj)
(d)= 1

1 + γbj

∫ bj
0

F−1
bj

(
1− x

bj

)
dx−

µbj

1 + γbj
bj

(e)=
bj

1 + γbj

∫ v̄bj
0

(
1− Fbj (x)

)
dx−

µbjbj

1 + γbj

(f)
∈

− µbjbj

1 + γbj
,∞

 , (1.77)

where step (d) follows from (1.70a). Step (e) follows from a change of variables. Step

(f) follows from the finite expectation in Assumption 1. Thus, the limiting point gj(bj) is

well-defined.

Verifying Assumption (1.12.1-2) in problem (1.16): We start showing that hi(q) is differ-

entiable in (0, si). Similar to the verification of Assumption (1.12.1-1), for any q ∈ (0, si),

we can pick t1 ∈ (0, q) such that we can rewrite hi(q) as:

hi(q) =
∫ q

0
F̃−1
si

(
x

si

)
dx =

∫ t1
0

F̃−1
si

(
x

si

)
dx+

∫ q
t1
F̃−1
si

(
x

si

)
dx. (1.78)

By (1.70b), the first term in (1.78) satisfies
∫ t1
0 F̃−1

si ( xsi )dx = 1
1−γsi

∫ t1
0 F−1

si ( xsi ) + µsidx. By

changing variable, we obtain that
∫ si
0 F−1

si ( xsi )dx = si
∫∞
0 (1 − Fsi(v))dv < ∞ where the

inequality follows from the finite expectation of Fsi in Assumption 1. Thus, the first term

in (1.78) is a finite constant.

By Assumption 1, Fsi is continuous differentiable. By the inverse function theorem,

F−1
si ( qsi ) and F̃−1

si ( qsi ) are continuously differentiable in q ∈ [t1, t2] for any t2 ∈ (q, si). By

the fundamental theorem of calculus, function hi(q) is differentiable in q ∈ [t1, t2] ⊂ (0, si)
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with the derivative function defined as h′i(q) = F̃−1
si ( qsi ) which is continuous. Since q is

picked arbitrarily in (0, si), we conclude that function hi(q) is continuously differentiable in

q ∈ (0, si).

To establish the convexity of function hi(q), note that by Assumption 1, Fsi is differen-

tiable and strictly increasing, which implies that F−1
si is differentiable and strictly increasing

(the inverse function theorem). Thus, F̃−1
si is strictly increasing. Thus, as the derivative

function h′i(q) = F̃−1
si ( qsi ) is strictly increasing in q ∈ (0, si), we conclude that function hi(q)

is strictly convex in (0, si).

To establish the continuity of hi(q) at q = 0, it is sufficient to show that the limiting point

is well-defined. Given (1.70b), we obtain that limq↓0
∫ q
0 F
−1
si ( xsi )dx = 0 and limq↓0

∫ q
0 µ

s
idx =

0. Thus, limq↓0
∫ q
0 F̃
−1
si ( xsi )dx = 0.

We next verify the continuity at q = si by deducing that

hi(si) =
∫ si
0
F̃−1
si

(
x

si

)
dx

(g)= 1
1− γsi

∫ si
0
F−1
si

(
x

si

)
dx+ µsi

1− γsi
si

(h)= si
1− γsi

∫ v̄si
0

(1− Fsi(x)) dx+ µsi
1− γsi

si
(i)
∈ (0,∞), (1.79)

where step (g) follows directly from (1.70b). Step (h) follows from the change of variables.

Step (i) follows from the finite expectation of distribution Fsi in Assumption 1.

Verifying Assumption (1.12.1-3) in problem (1.16): From (1.70), it readily follows that

lim
q↑bj

g′j(q) = lim
q↑bj

F̃−1
bj

(
1− q

bj

)
= lim

q↑bj

1
1 + γbj

F−1
bj

(
1− q

bj

)
−

µbj

1 + γbj
∈ (−∞, 0], ∀j ∈ B,

lim
q↓0

g′j(q) = lim
q↓0

F̃−1
bj

(
1− q

bj

)
= lim

q↓0
1

1 + γbj
F−1
bj

(
1− q

bj

)
−

µbj

1 + γbj
> −∞, ∀j ∈ B,

lim
q↓0

h′i(q) = lim
q↓0

F̃−1
si

(
q

si

)
= lim

q↓0
1

1− γsi
F−1
si

(
q

si

)
+ µsi

1− γsi
∈ [0,∞), ∀i ∈ S,

lim
q↑si

h′i(q) = lim
q↑si

F̃−1
si

(
q

si

)
= lim
q↑si

1
1− γsi

F−1
si

(
q

si

)
+ µsi

1− γsi
> −∞, ∀i ∈ S. (1.80)
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Verifying Assumption (1.12.1-8) in problem (1.16): If v̄bj > µbj for all j ∈ B, we deduce that

lim
q↓0

g′j(q) = lim
q↓0

F̃−1
bj

(
1− q

bj

)
= lim

q↓0
1

1 + γbj
F−1
bj

(
1− q

bj

)
−

µbj

1 + γbj
=

v̄bj − µ
b
j

1 + γbj
> 0.

(1.81)

Proof of Claim (ii). One can easily verify that the revenue optimization problem (1.7)

can be formulated as an instance of the framework problem where

gj(q) = F−1
bj

(
1− q

bj

)
q, ∀q ∈ [0, bj ], j ∈ B, (1.82a)

hi(q) = F−1
si

(
q

si

)
q, ∀q ∈ [0, si], i ∈ S, (1.82b)

and wij = ci for all (i, j) ∈ E. We next verify that under these definitions, Assumptions

(1.12.1-1) - (1.12.1-2), Assumption (1.12.1-3) and Assumptions (1.12.1-7) - (1.12.1-8) hold.

Verifying Assumption (1.12.1-1) in problem (1.7): Fbj is continuously differentiable in

(0, v̄bj ) by Assumption 1, which implies that F−1
bj

is continuously differentiable in (0, 1) (by

the inverse function theorem). Given (1.82a), we then obtain that gj(q) is continuously

differentiable in (0, bj) by Assumption 1.

Using the expression in (1.82a), the concavity of gj(q) follows directly from Assumption

2.

To establish the continuity of gj(q) at q = 0, we note that

0
(i)
≤ lim

q↓0
gj(q) = lim

q↓0
F−1
bj

(
1− q

bj

)
q

(j)
≤ lim

q↓0

∫ q
0
F−1
bj

(
1− x

bj

)
dx

(k)= 0, (1.83)

where step (i) follows from the non-negativity of F−1
bj

(1− q
bj

) in (0, bj), which is derived from

the non-negative support of distribution function Fbj in Assumption 1. In step (j), given the

differentiability and the strictly increasing property of Fbj (Assumption 1), we obtain that

F−1
bj

is strictly increasing by the inverse function theorem. Thus, function F−1
bj

(1 − q
bj

) is
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strictly decreasing in (0, bj) and step (j) holds. Step (k) follows as a special case of (1.75)

and (1.76) with γbj = µbj = 0. Thus, gj(q) is continuous at q = 0.

To show the continuity of gj(q) at q = bj , we directly use (1.82a) to deduce that gj(bj) =

limq↑bj gj(q) = limq↑bj F
−1
bj

(
1− q

bj

)
q = 0.

Verifying Assumption (1.12.1-2) in problem (1.7): By Assumption 1, Fsi is continuously

differentiable in (0, v̄si), which implies that F−1
si is continuous differentiable in (0, 1) (by the

inverse function theorem). Thus, based on (1.82b), hi(q) is continuously differentiable in

(0, si).

Using the expression in (1.82b), the convexity of hi(q) follows from Assumption 2.

To establish the continuity of hi(q) at q = 0, by (1.82), we obtain that hi(0) = limq↓0 hi(q) =

limq↓0 F
−1
si ( qsi )q = 0. For the continuity of hi(q) at q = si, when v̄si = ∞, we obtain that

limq↑si hi(q) = limq↑si F
−1
si (q

s
i
si

)q = v̄sisi = ∞. In comparison, when v̄si < ∞, we obtain

that limq↑si hi(q) = limq↑si F
−1
si (q

s
i
si

)q = v̄sisi < ∞. Thus, whenever hi(si) < ∞, hi(q) is

continuous at q = si.

Verifying Assumption (1.12.1-3) in problem (1.7): Recall first that gj(q) is continuous

differentiable in (0, bj). Moreover, gj(q) is continuous at q = 0 and q = bj with gj(0) =

gj(bj) = 0. By the Rolle’s theorem, there exists q0 ∈ (0, bj) such that g′j(q0) = 0. By the

strict concavity of gj(·) in (0, bj), we have g′j(q) ≤ 0 for all q ≥ q0. Thus, limq↑bj g
′
j(q) ≤

g′j(q0) = 0. We also have g′j(q) ≥ 0 for all q ≤ q0, which implies that g′j(0) = limq↓0 g
′
j(q) ≥

g′j(q0) = 0 > −∞.

Regarding h′i(0), we show that

0 = lim
q↓0

[
2F−1

si

(
q

si

)
− F−1

si

(
q

2si

)] (l)
≤ lim

q↓0
h′i(q)

(m)
≤ lim

q↓0

[
2F−1

si

(
2q
si

)
− F−1

si

(
q

si

)]
= 0,

(1.84)

where in step (l) and (m), by the convexity of hi(q), we consider the supporting hyperplanes

and obtain h′(q) ≥ h(q)−h(1
2q)

1
2q

in step (l) and h′i(q) ≤
hi(2q)−hi(q))

q in step (m). Based on
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(1.84), we obtain that limq↓0 h
′
i(q) = 0.

By the continuous differentiability and the strict increasiness of hi(q) in q ∈ (0, si), we

have h′i(q) > 0 for all q ∈ (0, si), which implies that h′i(si) = limq↑si ≥ h′i(q) ≥ 0 ≥ −∞.

Verifying Assumption (1.12.1-7) in problem (1.7): We can directly apply the expression

in (1.84) to obtain that limq↓0 h
′
i(q) = 0.

Verifying Assumption (1.12.1-8) in problem (1.7): Recall that function gj(q) = F−1
bj

(
1− q

bj

)
q

is a strictly concave differentiable function on (0, bj). Moreover, gj(q) is continuous at q = 0

and q = bj with g(0) = g(bj) = 0. By the Rolle’s theorem, there exists q0 with g′j(q0) = 0.

By strict concavity of gj(·), the derivative function satisfies g′j(q) > 0 for all q < q0. Thus,

we have limq↓0 g
′
j(q) > g′j(

1
2q0) ≥ g′j(q0) = 0.

Proof of Lemma 5. Recall from Lemma 4 that both the equilibrium problem (1.16) and

the revenue optimization problem (1.7) are instances of the framework problem (1.38) where

Assumption (1.12.1-3) holds. By Proposition 12(i) and Proposition 12(ii), there exists an

optimal primal-dual pair that satisfies the KKT conditions in (1.39). Let (x, qs, qb) be any

primal optimal solution to problem (1.38). Let (θb,θs,ηb,ηs,π) be any corresponding dual

optimal solution associated with constraints (1.38b) - (1.38f) that maximizes∑j∈B[sgn(qbj)−

sgn(bj − qbj)](θbj + ηbj) +∑
i∈S [−sgn(qsi ) + sgn(si − qsi )](θsi − ηsi ).

The finiteness of the optimal objective value in problem (1.38) implies that {gj(qbj) : j ∈

B} and {hi(qsi ) : i ∈ S} all have finite values. By Proposition 12(iii), {g′j(qbj) : j ∈ B} and

{h′i(qsi ) : i ∈ S} also have finite values. Moreover, it follows from Proposition 12(iii), there

exists another dual vector (θ̄b, θ̄s, η̄b, η̄s, π̄) that satisfies conditions (1.40a) - (1.40b). By

Proposition 12(vi), (θ̄b, θ̄s, η̄b, η̄s, π̄) is unique.

For any j ∈ B, suppose first that qbj ∈ (0, bj). It can be readily checked that [sgn(q̄bj)−

sgn(bj − q̄bj)](θbj + ηbj) = 0. From the continuously differentiability of gj in (0, bj) (by

Assumption (1.12.1-1)), we have ∂gj(qbj) = {g′j(qbj)}. From θbj + ηbj ∈ ∂gj(qbj) (condition
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(1.39a)) and θ̄bj + η̄bj = g′j(qbj) (condition (1.40a)), it follows that

if qbj ∈ (0, bj), then θbj + ηbj = g′j(qbj) = θ̄bj + η̄bj . (1.85)

Suppose instead that qbj = 0. It immediately follows that [sgn(qbj)− sgn(bj − qbj)](θbj + ηbj) =

−(θbj + ηbj). Recall that gj(0) and g′j(0) have finite values given the optimal solution is

such that qbj = 0. By condition (1.39a), we have θbj + ηbj ∈ ∂gj(0). From the continuous

differentiability and the strict concavity of gj(q) in q ∈ (0, bj), the continuity at q = 0

(Assumption (1.12.1-1)), and the fact that ∂gj(0) = {z ∈ R|gj(q′) ≤ gj(0) + z(q′ − 0),∀q′ ∈

[0, bj ]}, it follows that θbj + ηbj ≥ g′j(0). Together with the fact that θ̄bj + η̄bj = g′j(0) (by

condition (1.40a)), this implies that

if qbj = 0, then θbj + ηbj ≥ g′j(0) = θ̄bj + η̄bj . (1.86)

Suppose next that qbj = bj , which implies [sgn(qbj)− sgn(bj − qbj)](θbj + ηbj) = θbj + ηbj . Recall

that gj(bj) and g′j(bj) have finite values given the optimal solution qbj = bj . Given that

gj(q) is continuously differentiable and strictly concave in q ∈ (0, bj), continuous at q = bj

(Assumption (1.12.1-1)), ∂gj(bj) = {z ∈ R|gj(q′) ≤ gj(bj) + z(q′ − bj),∀q′ ∈ [0, bj ]} and

θbj + ηbj ∈ ∂gj(bj) (by condition (1.39a)) imply that θbj + ηbj ≤ g′j(bj). Together with the fact

θ̄bj + η̄bj = g′j(bj) (condition (1.40a)), this observation implies that

if qbj = bj , then θbj + ηbj ≤ g′j(bj) = θ̄bj + η̄bj . (1.87)

From (1.85), (1.86), and (1.87), we conclude that ∑j∈B[sgn(qbj) − sgn(bj − qbj)](θbj + ηbj) ≤∑
j∈B[sgn(qbj)− sgn(bj − qbj)](θ̄bj + η̄bj).

Similarly, for any i ∈ S, suppose first that qsi ∈ (0, si). It can be readily verified that

[−sgn(qsi )+sgn(si−qsi )](θsi −ηsi ) = 0. From the continuously differentiability of hi in (0, si)

(by Assumption (1.12.1-2)), we have ∂hi(qsi ) = {h′i(qsi )}. From θsi − ηsi ∈ ∂hi(qsi ) (condition
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(1.39b)) and θ̄si − η̄si = h′i(qsi ) (condition (1.40b)), we have that

if qsi ∈ (0, si), then θsi − ηsi = h′i(qsi ) = θ̄si − η̄si . (1.88)

Suppose instead that qsi = 0. It can be immediately verified that [−sgn(qsi ) + sgn(si −

qsi )](θsi − ηsi ) = θsi − ηsi . Recall that hi(0) and h′i(0) have finite values given the optimal

solution qsi = 0. Since hi(q) is continuously differentiable and strictly convex in q ∈ (0, si),

and continuous at q = 0 (Assumption (1.12.1-2)), it follows from ∂hi(0) = {z ∈ R|hi(q′) ≥

hi(0)+z(q′−0),∀q′ ∈ [0, si]} and θsi −ηsi ∈ ∂hi(qsi ) (condition (1.39b)) that θsi −ηsi ≤ h′i(0).

Given θ̄si − η̄si = h′i(0) (condition (1.40b)), we obtain that

if qsi = 0, then θsi − ηsi ≤ h′i(0) = θ̄si − η̄si . (1.89)

Suppose next that qsi = si, which implies [−sgn(qsi ) + sgn(si − qsi )](θsi − ηsi ) = −(θsi − ηsi ).

Recall that hi(si) and h′i(si) have finite values given the optimal solution qsi = si. Similar

to the arguments above, since hi(q) is continuously differentiable and strictly convex in

q ∈ (0, si) and continuous at q = si (Assumption (1.12.1-2)), from ∂hi(si) = {z ∈ R|hi(q′) ≥

hi(si) + z(q′− si),∀q′ ∈ [0, si]} and θsi − ηsi ∈ ∂hi(si) (condition (1.39b)), we have θsi − ηsi ≥

h′i(si). Together with θ̄si − η̄si = h′i(si) (condition (1.40b)), it follows that

if qsi = si, then θsi − ηsi ≥ h′i(si) = θ̄si − η̄si . (1.90)

In summary of (1.88), (1.89), and (1.90), we conclude that∑i∈S [−sgn(qsi )+sgn(si−qsi )](θsi−

ηsi ) ≤
∑
i∈S [−sgn(qsi ) + sgn(si − qsi )](θ̄si − η̄si ).

Given the primal optimal solution (x, qs, qb), since (θb,θs,ηb,ηs,π) maximizes∑j∈B[sgn(qbj)−

sgn(bj − qbj)](θbj + ηbj) +∑
i∈S [−sgn(qsi ) + sgn(si− qsi )](θsi − ηsi ), combining the observations

above, we obtain that θbj + ηbj = θ̄bj + η̄bj = g′j(qbj) for all j ∈ B and θsi − ηsi = θ̄si − η̄si = h′i(qsi )

for all i ∈ S. Since (θb,θs,ηb,ηs,π) satisfies conditions (1.39c) - (1.39h), it readily follows
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that (θb,θs,ηb,ηs,π) satisfies conditions (1.40c) - (1.40h). Thus, we conclude that the

primal-dual pair (x, qs, qb) and (θb,θs,ηb,ηs,π) satisfies conditions (1.40a) - (1.40h). By

Proposition 12(vi), (θb,θs,ηb,ηs,π) is unique.

Proof of Proposition 13. We first establish that, when function f(·) is strictly increas-

ing, it is without loss of optimality to relax constraint ∑j:(i,j)∈E zij = si to
∑
j:(i,j)∈E zij ≤

si for all i ∈ S in constraint (1.41c) of problem (1.41). In this relaxation problem, suppose

towards contradiction that there exists an optimal solution (y, z) where there exists i0 ∈ S

such that ∑j:(i0,j)∈E zi0j < si0 . We can pick any j0 : (i0, j0) ∈ E and strictly increase

the values of zi0j0 and yj0 by δ ∈ (0, si0 −
∑
j:(i0,j)∈E zi0j) such that zi0j0 := zi0j0 + δ and

yj0 := yj0 + δ without violating any constraint in the relaxation problem. Given the strictly

increasing property of f(·), this would strictly increase the optimal objective value of the

relaxation problem, thereby leading to a contradiction with the optimality of (y, z). Thus,

we can relax constraint (1.41c) to ∑j:(i,j)∈E zij ≤ si for all i ∈ S in problem (1.41). In the

remaining of the proof, we abuse terminology and refer to the relaxation of (1.41) we just

introduced as problem (1.41).

By applying Lemma 4.1 of (41) adapted to our setting, we establish that any solution

vector (y, z) is feasible in problem (1.41) if and only if y is feasible in problem (1.19). Given

that the objective functions of these two problems are the same, we conclude that problem

(1.41) and problem (1.19) share the same optimal solution vector y and the same optimal

objective values.

Proof of Proposition 14. We denote the optimal objective value for problem (1.38) by

Y
f
opt and the optimal objective value for problem (1.41) by Y aopt. We divide the proof of this

claim into the following steps. First, we show that the given an optimal solution (x, qs, qb)

to problem (1.38), we leverage the solution mapping in (i) to obtain a feasible solution (y, z)

to problem (that is, the mapping is well-defined) and, moreover, that (1.41) that satisfies

Y
f
opt ≤

∑
j∈B bjf(yjbj ) ≤ Y aopt. Then, given an optimal solution (y, z) to problem (1.41),
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we leverage the solution mapping in (ii) to obtain a well-defined feasible solution (x, qs, qb)

to problem (1.38) that satisfies Y aopt ≤
∑
j∈B bjg(

qbj
bj

) − ∑i∈S sih(q
s
i
si

) ≤ Y
f
opt. Finally, we

conclude that Y aopt = Y
f
opt and that the solution mappings in (i) and (ii) connect the optimal

solutions.

Step 1: Let (x, qs, qb) be an optimal solution to problem (1.38), and let (y, z, r) be

as constructed by ((i)) in the proposition statement. Then, (y, z) is a well-defined feasible

solution to problem (1.41), and solution rj is well-defined feasible solution to problem (1.17)

with t = yj
bj

for all j ∈ B.

To establish that the construction of (y, z, r) in ((i)) of the proposition statement is

well-defined, given Assumptions (1.12.1-1) -(1.12.1-6) and the strict concavity of f(·), we

first show that qsi > 0 for all i ∈ S and qbj > 0 for all j ∈ B. Under Assumptions (1.12.1-1) -

(1.12.1-6), we establish the following claim:

if there exists i0 ∈ S with qsi0 = 0 or j0 ∈ B with qbj0 = 0, then g′(0) ≤ h′(0). (1.91)

By Assumption (1.12.1-4), it follows from gj(q) = bjg( qbj ) that g′j(q) = g′( qbj ). Similarly, by

Assumption (1.12.1-5), it follows from hi(q) = sih( qsi ) that h
′
i(q) = h′( qsi ). From Assumption

(1.12.1-6), we have wij = 0 for all (i, j) ∈ E.

Suppose there exists i0 such that qsi0 = 0. Using the conditions in (1.40a) to (1.40f), we

first establish that qbj = 0 for all j such that (i0, j) ∈ E. Suppose, towards a contradiction,

that there exists j with (i0, j) ∈ E such that qbj > 0. By the complementary condition

(1.40e), qsi0 = 0 implies ηsi0 = 0, which further implies that h′(0) = θsi0 by condition (1.40b).

Given qbj > 0, we pick any i1 with xi1j > 0 and thus qsi1 > 0. By the complementary

condition (1.40f), xi0j = 0 and xi1j > 0 imply that πi0j ≥ 0 = πi1j , which further implies

that θsi0 ≥ θbj = θsi1 by condition (1.40c). Given that ηsi1 ≥ 0 (follows from condition (1.40e)),

then we have that θsi1 ≥ h′(
qsi1
si1

) by condition (1.40b). These observations jointly imply that

h′(0) = θsi0 ≥ θsi1 ≥ h′
(
qsi1
si1

)
. However, by the differentiability and the strict convexity
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of h(·) (Assumption (1.12.1-2)), h′(·) is strictly increasing, which implies h′(0) < h′
(
qsi1
si1

)
given qsi1 > 0, thereby leading to a contradiction. Thus, we establish that qbj = 0 for all j

such that (i0, j) ∈ E.

Next, given qsi0 = 0 and qbj = 0 for all j with (i0, j) ∈ E, we establish that g′(0) ≤ h′(0).

Pick any j with (i0, j) ∈ E. Given qbj = 0, we obtain that ηbj = 0 (by the complementary

condition (1.40d)), which further implies θbj = g′(0) (by condition (1.40a)). Moreover, as

θsi0−θ
b
j = πi0j by condition (1.40c) and πi0j ≥ 0 by condition (1.40f), it follows that θsi0 ≥ θbj .

As h′(0) = θsi0 (condition (1.40b)), we conclude that g′(0) ≤ h′(0).

Similarly, suppose that there exists j0 ∈ B with qbj0 = 0. We establish that qsi = 0 for

all i such that (i, j0) ∈ E by using an argument very similar to the one above. Suppose

towards contradiction that there exists i with (i, j0) ∈ E with qsi > 0. We pick any j1

with xij1 > 0 such that qbj1 > 0. Given qbj1 < bj1 (Proposition 12(v)) and qbj0 = 0, it

follows that ηbj1 = 0 and ηbj0 = 0 (the complementary condition (1.40d)). From condition

(1.40a), we obtain g′(0) = θbj0 and g′(
qbj1
bj1

) = θbj1 . Moreover, given xij0 = 0 and xij1 > 0,

we deduce that πij0 ≥ 0 = πij1 (by the complementary condition (1.40f)), which further

implies that θbj0 ≤ θsi = θbj1 (condition (1.40c)). These observations jointly imply that

g′(0) = θbj0 ≤ θbj1 = g′(
qbj1
bj1

). However, as g′(·) is strictly decreasing (Assumption (1.12.1-1)),

given that qbj1 > 0, it follows that g′(0) > g′(
qbj1
bj1

), thereby leading to a contradiction. Thus,

we conclude that qsi = 0 for all i such that (i, j) ∈ E.

Next, given qbj0 = 0 and qsi = 0 for all i with (i, j0) ∈ E, we establish g′(0) ≤ h′(0). Similar

to above, pick any i such that (i, j0) ∈ E. From h′(0) = θsi (condition (1.40b)), θbj0 = g′(0)

(condition (1.40a)), and θsi ≥ θbj0 (condition (1.40c)), we obtain that g′(0) ≤ h′(0).

In summary, we conclude that condition (1.91) holds.

To establish that qsi > 0 for all i ∈ S and qbj > 0 for all j ∈ B, suppose towards

contradiction that if there exists i with qsi = 0 or j with qbj = 0. By condition (1.91), we

have g′(0) ≤ h′(0). In problem (1.17) given any t > 0, by using the first order condition, we

obtain that the optimal solution satisfies r = 0 and f(t) = g(0) − th(0), thereby leading to
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a contradiction with the strictly concavity of function f(t). Thus, given that f(·) is strictly

concave, we conclude that

qsi > 0, ∀i ∈ S, qbj > 0, ∀j ∈ B. (1.92)

It is also worth noting that, when setting yj = si
qsi
qbj for all j ∈ B, we will obtain the same

value for yj regardless of which i we pick as long as xij > 0. This follows from Proposition

12(viii)). In fact, by Proposition 12(viii), it follows that

yj

qbj
= qsi

si
, ∀i : xij > 0. (1.93)

In summary of (1.92) and (1.93), the construction of (y, z, r) in (i) of the proposition state-

ment is well-defined.

We let vector (y, z, r) be defined in (i) of the proposition statement. To prove Y fopt ≤∑
j∈B bjf(yjbj ) ≤ Y aopt, we first establish that the constructed vector (y, z) is feasible in

optimization problem (1.41) and rj is feasible in problem (1.17) given t = yj
bj

for all j ∈ B.

To establish the feasibility of (y, z) in problem (1.41), we check constraints (1.41b) -

(1.41d):

(1) Constraint (1.41b): for all j ∈ B, given zij = xijsi
qsi

(by the construction of zij),

we have ∑i:(i,j)∈E zij = ∑
i:(i,j)∈E

si
qsi
xij . Next, we deduce that ∑i:(i,j)∈E

si
qsi
xij =∑

i:(i,j)∈E
yj
qbj
xij given yj

qbj
= si

qsi
for any i : xij > 0 (condition (1.93)). Aggregating

xij for ∑i:(i,j)∈E xij = qbj (by constraint (1.38b)), we obtain that ∑i:(i,j)∈E
yj
qbj
xij =

yj
qbj
qbj = yj . Thus, constraint (1.41b) holds.

(2) Constraint (1.41c): for all i ∈ S, given zij = xijsi
qsi

(by the construction of zij) and qsi =∑
j:(i,j)∈E xij (constraint (1.38c)), we deduce that ∑j:(i,j)∈E zij = ∑

j:(i,j)∈E
sixij
qsi

=
siq

s
i

qsi
= si. Thus, constraint (1.41c) holds.

(3) Constraint (1.41d): for all (i, j) ∈ E, given zij = xijsi
qsi

(by the construction of zij),
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xij ≥ 0 (constraint (1.38f)), and qsi > 0 (condition (1.92)), we establish that constraint

(1.41d) holds.

Next, to establish that the constructed solution rj =
qbj
bj

is feasible in problem (1.17) given

t = yj
bj

for all j ∈ B, we verify constraint rj ∈ [0,min{1, yjbj }]:

(1) Constraint 0 ≤ rj ≤ 1: given rj =
qbj
bj

(by the construction of rj) and qbj ≤ bj (constraint

(1.38d)), we have rj ≤ 1. Moreover, from qbj = ∑
i:(i,j)∈E xij (constraint (1.38b)) and

xij ≥ 0 (constraint (1.38f)), we establish that rj ≥ 0.

(2) Constraint rj ≤
yj
bj
: recall that rj =

qbj
bj

(by the construction of rj), yj = si
qsi
qbj (by the

construction of yj) and qsi ≤ si (constraint (1.38e)). Thus, we deduce that rj =
qbj
bj

=
qsi
si

yj
bj
≤ yj

bj
.

Step 2: Y
f
opt ≤ Y aopt. To show that Y fopt ≤

∑
j∈B bjf

(
yj
bj

)
≤ Y aopt, we deduce that

Y
f
opt

(a)=
∑
j∈B

bjg

qbj
bj

−∑
i∈S

sih

(
qsi
si

)

(b)=
∑
j∈B

bjg

qbj
bj

− ∑
j∈B

∑
i:(i,j)∈E

h

(
qsi
si

)
si
xij
qsi

=
∑
j∈B

bjg

qbj
bj

− ∑
j∈B

∑
i:xij>0

h

(
qsi
si

)
si
xij
qsi

(c)=
∑
j∈B

bjg

qbj
bj

− ∑
j∈B

∑
i:xij>0

h

qbj
yj

 yj

qbj
xij

(d)=
∑
j∈B

bj

[
g

qbj
bj

− yj
bj
h

qbj
bj

bj
yj

]
(e)
≤

∑
j∈B

bjf

(
yj
bj

) (f)
≤ Y aopt, (1.94)

where step (a) follows from the definition of Y fopt as the optimal objective value in prob-

lem (1.38) where gj(qbj) = bjg(
qbj
bj

) (Assumption (1.12.1-4)), hi(qsi ) = sih(q
s
i
si

) (Assumption
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(1.12.1-5)) and wij = 0 (Assumption (1.12.1-6)). Step (b) follows from ∑
j:(i,j)∈E xij = qsi

(constraint (1.38c)). In step (c), by condition (1.93), we can replace qsi
si

with
qbj
yj
. In step (d),

for each j ∈ B, we aggregate xij and implement the equation ∑i:(i,j)∈E xij = qbj (constraint

(1.38b)). Step (e) follows from the optimality of value function f(·) in problem (1.17) given

t = yj
bj

for all j ∈ B. Step (f) follows from the optimality of Y aopt in problem (1.41). In

summary, we conclude that Y fopt ≤
∑
j∈B bjf(yjbj ) ≤ Y aopt .

Step 3: let (y, z) be an optimal solution to problem (1.41) and rj be an optimal solution

to problem (1.17) with t = yj
bj

for all j ∈ B. We also let (x, qs, qb) be as constructed in (ii)

in the proposition statement. Then (x, qs, qb) is a well-defined feasible solution to problem

(1.38).

To establish that the construction in (ii) of the proposition statement is well-defined, we

need to show that the construction qsi = si
rjbj
yj

is valid for all i ∈ S. We first establish the

following claim:

for all i ∈ S, if zij1 , zij2 > 0, then
yj1
bj1

=
yj2
bj2

and rj1 = rj2 . (1.95)

Define the Lagrangian in problem (1.41) as

L(z̄, ȳ, θ̄, η̄, π̄) :=
∑
j∈B

bjf
( ȳj
bj

)
+
∑
j∈B

θ̄j

( ∑
i:(i,j)∈E

z̄ij − ȳj
)

−
∑
i∈S

η̄i

( ∑
j:(i,j)∈E

z̄ij − si
)

+
∑

(i,j)∈E
π̄ij z̄ij . (1.96)

We define the superdifferential of function f(·) evaluated at t as ∂f(t) = {z ∈ R | f(t0) ≤

f(t)+z(t0−t), ∀t0 > 0}. We further define ∂+f(t) = max{∂f(t)} and ∂−f(t) = min{∂f(t)}.

Based on the definition, we show that

if
yj1
bj1

<
yj2
bj2

, then ∂−f
(
yj1
bj

)
> ∂+f

(
yj2
bj

)
. (1.97)
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From the strict concavity of function f(·), we can pick t1, t2 ∈ R with yj1
bj1

< t1 < t2 <
yj2
bj2

such that (1) f ′(t1) and f ′(t2) exist by the almost-everywhere differentiability of f(·), and (2)

f ′(t1) > f ′(t2). By the strict concavity of f(·), we deduce that ∂−f(yj1bj ) ≥ f(yj1/bj1)−f(t1)
yj1/bj1−t1

≥

f ′(t1) and f ′(t2) ≥ f(yj2/bj2)−f(t2)
yj2/bj2−t2

≥ ∂+f(yj2bj ), which leads to ∂−f(yj1bj ) > ∂+f(yj2bj ). Thus,

condition (1.97) holds.

Letting (θ,η,π) be any dual optimal solution to problem (1.41), we obtain the following

subset of KKT conditions to facilitate our proof:

θj ∈ ∂f

(
yj
bj

)
, ∀j ∈ B, (1.98a)

θj − ηi + πij = 0, ∀(i, j) ∈ E, (1.98b)

zij ≥ 0 ⊥ πij ≥ 0, ∀(i, j) ∈ E. (1.98c)

For all i ∈ S, if zij1 , zij2 > 0, we deduce from condition (1.98c) that πij1 = πij2 = 0, which

further implies that θj1 = ηi = θj2 (condition (1.98b)). Based on condition (1.98a), we

have θj1 ∈ ∂f
(
yj1
bj1

)
and θbj2 ∈ ∂f

(
yj2
bj2

)
where θj1 = θj2 . Thus, it follows that yj1

bj1
= yj2

bj2

(condition (1.97)). In problem (1.17), recall that rj1 is the optimal solution given t = yj1
bj1

and

rj2 is the optimal solution given t = yj2
bj2

. Given the strict concavity of the objective function

in problem (1.17) (Assumption (1.12.1-1) - (1.12.1-2)) and linear constraints r ∈ [0,min{1, t}]

where t = yj1
bj1

= yj2
bj2

, we obtain that rj1 = rj2 . Thus, we conclude that condition (1.95)

holds. These observations imply that for all i ∈ S, the construction qsi = si
rjbj
yj

is valid for

any selected j : zij > 0. In fact, we have

qsi
si

=
rjbj
yj

, ∀j : zij > 0. (1.99)

We also establish that

yj > 0, ∀j ∈ B. (1.100)
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Suppose towards contradiction that there exists j0 ∈ B such that yj0 = 0. This implies that

zij = 0 for all i with (i, j) ∈ E. Pick any i : (i, j) ∈ E. Given ∑j:(i,j)∈E zij = si (constraint

(1.41d)), we can further pick j1 : zij1 > 0 such that yj1 > 0. By condition (1.98c), we

have πij0 ≥ 0 = πij1 , which further implies that θj0 ≤ ηi = θj1 (condition (1.98b)). From

θj0 ∈ ∂f(0), θj1 ∈ ∂f(yj1bj1
) (condition (1.98a)) and θj0 ≤ θj1 , we reach a contradiction with

condition (1.97).

These observations jointly imply that the construction of (x, qs, qb) in (ii) of the propo-

sition statement is well-defined.

Let (x, qs, qb) be the solution vector in (ii) of the proposition statement. To establish

Y aopt ≤
∑
j∈B bjg(

qbj
bj

) − ∑
i∈S sih(q

s
i
si

) ≤ Y
f
opt, we first show that (x, qs, qb) is feasible in

problem (1.38) by verifying constraints (1.38b) - (1.38f):

(1) Constraint (1.38b): for all j ∈ B, given xij = zij
qsi
si

(by construction), we first es-

tablish that ∑i:(i,j)∈E xij = ∑
i:(i,j)∈E zij

qsi
si
. From condition (1.99), it follows that∑

i:(i,j)∈E zij
qsi
si

= (∑i:(i,j)∈E zij)
rjbj
yj

. From ∑
i:(i,j)∈E zij = yj (constraint (1.41b)),

we obtain that (∑i:(i,j)∈E zij)
rjbj
yj

= rjbj . We also have rjbj = qbj (by the construction

of qbj). These observations jointly imply that ∑i:(i,j)∈E xij = qbj . Thus, constraint

(1.38b) holds.

(2) Constraint (1.38c): for all i ∈ S, given xij = zij
qsi
si

(by construction) and∑j:(i,j)∈E zij =

si (constraint (1.41c)), we establish that ∑j:(i,j)∈E xij = ∑
j:(i,j)∈E

zijq
s
i

si
= qsi . Thus,

constraint (1.38c) holds.

(3) Constraint (1.38d): for all j ∈ B, by using qbj = rjbj (the construction of qbj) and

rj ≤ 1 (the constraint in problem (1.17)), we obtain that
qbj
bj

= rj ≤ 1. Thus, constraint

(1.38d) holds.

(4) Constraint (1.38e): recall that qsi = si
rjbj
yj

for all i ∈ S (by the construction of qsi )

and that rj ≤
yj
bj

(the constraint in problem (1.17) given t = yj
bj
), it follows that

qsi
si

= rjbj
yj
≤ 1. Thus, constraint (1.38e) holds.
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(5) Constraint (1.38f): for all (i, j) ∈ E, from xij = zij
qsi
si

(the construction of xij) and

zij ≥ 0 (constraint (1.41d)), we conclude that constraint (1.38f) holds.

Summarizing, we conclude that the constructed solution (x, qs, qb) in (ii) of the proposition

statement is feasible in problem (1.38).

Step 4: Y aopt ≤ Y
f
opt. We verify Y aopt ≤

∑
j∈B bjg(

qbj
bj

) −∑i∈S sih(q
s
i
si

) ≤ Y
f
opt by showing

that

Y aopt
(g)=

∑
j∈B

bjf

(
yj
bj

)
(h)=

∑
j∈B

bj

[
g

qbj
bj

− yj
bj
h

qbj
bj

bj
yj

]

(i)=
∑
j∈B

bjg

qbj
bj

− ∑
j∈B

∑
i:(i,j)∈E

h

qbj
yj

 zij
(j)=

∑
j∈B

bjg

qbj
bj

−∑
i∈S

∑
j:zij>0

h

(
qsi
si

)
zij

(k)=
∑
j∈B

bjg

qbj
bj

−∑
i∈S

sih

(
qsi
si

) (l)
≤ Y

f
opt, (1.101)

where step (g) follows from the optimality of (y, z) in problem (1.41). Step (h) follows

from the optimality of rj in problem (1.17) given t = yj
bj

for all j ∈ B where rj =
qbj
bj

(the

construction of qbj). Step (i) follows from ∑
i:(i,j)∈E zij = yj (constraint (1.41b)). In step

(j), given qbj = rjbj (the construction of qbj), we first obtain that
qbj
yj

= rjbj
yj

. Moreover,

given that qsi
si

= rjbj
yj

for all j with zij > 0 (condition (1.99)), we can replace
qbj
yj

with qsi
si

in step (j). Step (k) follows from ∑
j:(i,j)∈E zij = si (constraint (1.41c)). Step (l) follows

from the optimality of the objective value Y fopt in problem (1.38) given that gj(q) = bjg( qbj )

(Assumption (1.12.1-4)) and hi(q) = sih( qsi ) (Assumption (1.12.1-5)).

Thus, we conclude that Y aopt ≤
∑
j∈B bjg(

qbj
bj

)−∑i∈S sih(q
s
i
si

) ≤ Y
f
opt.

Step 5: conclusion of the claim. By (1.94) and (1.101), we conclude that Y fopt = Y aopt,

which implies that claim (iii) holds. Moreover, this implies that the inequalities in step (e)

and step (f) of (1.94) and the inequality in step (l) of (1.101) are all tight. Thus, solu-

tion mappings in ((i)) and ((ii)) establish the connections of the optimal solutions between
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problem (1.38) and problem (1.41).

1.12.3 Proofs of Results in Appendix 1.9

Proof of Proposition 9. We proceed in two steps. The first step establishes necessity

and the second step establishes sufficiency.

Step 1: necessity. Given any (γ,µ) ∈ Γ×U , let (p,x, qs, qb) be any competitive equilib-

rium satisfying the equilibrium expressions (1.2a) - (1.2d). Recall the definitions F̃−1
si (x) =

F−1
si

(x)+µsi
1−γsi

and F̃−1
bj

(x) =
F−1
bj

(x)−µbj
1+γbj

. The equilibrium has the following properties:

(1) on the seller side, by the equilibrium expression (1.2a), we have

if (1− γsi )pi − µsi ≤ 0, then qsi
si

= 0, F̃−1
si

(
qsi
si

)
= F̃−1

si (0) ≥ pi;

if 0 < (1− γsi )pi − µsi < v̄si , then 0 < qsi
si
< 1, F̃−1

si

(
qsi
si

)
= pi;

if (1− γsi )pi − µsi ≥ v̄si , then
qsi
si

= 1, F̃−1
si

(
qsi
si

)
= F̃−1

si (1) ≤ pi. (1.102)

(2) on the buyer side, given that mini:(i,j)∈E{(1 + γbj)pi + ci}+ µbj ≥ 0 for all j ∈ B, by the

equilibrium expression (1.2b), we have

if min
i:(i,j)∈E

{(1 + γbj)pi + ci}+ µbj < v̄bj , then
qbj
bj
> 0, F̃−1

bj

1−
qbj
bj

 = min
i:(i,j)∈E

{pi + ci

1 + γbj
};

if min
i:(i,j)∈E

{(1 + γbj)pi + ci}+ µbj ≥ v̄bj , then
qbj
bj

= 0,

F̃−1
bj

1−
qbj
bj

 = F̃−1
bj

(1) ≤ min
i:(i,j)∈E

{pi + ci

1 + γbj
}. (1.103)

By Lemma 4(i), the equilibrium problem (1.16) can be formulated as an instance of the frame-

work problem (1.38) with gj(q) =
∫ q
0 F̃
−1
bj

(1− x
bj

)dx for all j ∈ B and hi(q) =
∫ q
0 F̃
−1
si ( xsi )dx

for all i ∈ S and wij = ci
1+γbj

for all (i, j) ∈ E, where Assumptions (1.12.1-1)-(1.12.1-3)

hold. By Assumption 1, the distribution functions Fbj and Fsi are continuously differen-
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tiable and strictly increasing respectively in (0, v̄bj ) and (0, v̄si), which implies that F−1
bj

and

F−1
si are continuously differentiable in (0, 1)(the inverse function theorem). Thus, F̃−1

bj
and

F̃−1
si are also continuously differentiable in (0, 1). In the framework problem (1.38), given

gj(q) =
∫ q
0 F̃
−1
bj

(1 − x
bj

)dx and hi(q) =
∫ q
0 F̃
−1
si ( xsi )dx, we obtain that g′j(q) = F̃−1

bj
(1 − q

bj
)

for q ∈ (0, bj) and h′i(q) = F̃−1
si ( qsi ) for q ∈ (0, si).

Next, given the framework problem (1.38), we verify that (p,x, qs, qb) satisfies conditions

(i) and (ii) in the proposition statement.

Step 1-1: condition (i). We first argue that (x, qs, qb) is a feasible solution to problem

(1.38). Given Fsi(v) ≤ 1 and Fbj (v) ≤ 1 for all v ∈ R, qsi ≤ si in constraint (1.38e) follows

from the equilibrium supply expression (1.2a), and qbj ≤ bj in constraint (1.38d) follows from

the equilibrium demand expression (1.2b). The equilibrium flow expressions (1.2c)-(1.2d)

guarantee constraints (1.38b), (1.38c), and (1.38f). Thus, we establish that (x, qs, qb) is

feasible in problem (1.38).

From the equilibrium tuple (p,x, qs, qb), we construct (θb,θs,ηb,ηs,π) as follows:

• θb: for all j ∈ B, we set θbj = F̃−1
bj

(1−
qbj
bj

);

• θs: for all i ∈ S, if (1 − γsi )pi − µsi ≤ 0, then we set θsi = F̃−1
si (q

s
i
si

); otherwise, we set

θsi = pi;

• ηb: for all j ∈ B, we set ηbj = 0;

• ηs: for all i ∈ S, if (1 − γsi )pi − µsi ≤ v̄si , then we set ηsi = 0; otherwise, we set

ηsi = pi − F̃−1
si (q

s
i
si

);

• π: for all (i, j) ∈ E, if xij > 0, then we set πij = 0; otherwise, we set πij =

θsi − θbj + ci
1+γbj

.

By Assumption 1, (1.102) and (1.103), it follows that vector (θb,θs,ηb,ηs,π) in this con-

struction has finite values. To establish that solution (x, qs, qb) and (θb,ηb,θs,ηs,π) are
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optimal in problem (1.38), it is sufficient to verify conditions (1.40a) - (1.40f) (Proposition

12(iii)):

(1) condition (1.40a): for all j ∈ B, since g′j(qbj) = F̃−1
bj

(1−
qbj
bj

), by construction of (θbj , ηbj),

we have θbj = F̃−1
bj

(1−
qbj
bj

) and ηbj = 0, which implies that condition (1.40a) is satisfied;

(2) condition (1.40b): for all i ∈ S, given h′i(qsi ) = F̃−1
si (q

s
i
si

), we consider the following three

cases: (2-i) if (1− γsi )pi − µsi ≤ 0, by construction, we have θsi = F̃−1
si (q

s
i
si

) and ηsi = 0,

which readily imply (1.40b); (2-ii) if 0 < (1− γsi )pi − µsi < v̄si , then condition (1.40b)

holds because we have θsi = pi (by the construction of θsi ), pi = F̃−1
si (q

s
i
si

) (condition

(1.102)), and ηsi = 0 (by the construction of ηsi ); (2-iii) if (1− γsi )pi − µsi ≥ v̄si , again

by the construction of (ηsi , θsi ), we have F̃−1
si (q

s
i
si

) = pi − ηsi and psi = θsi , which imply

that F̃−1
si (q

s
i
si

) = θsi − ηsi . Thus, condition (1.40b) holds ;

(3) condition (1.40c): for all (i, j) ∈ E, we discuss two cases: (3-i) if xij > 0, then

we have qbj > 0, which implies that mini:(i,j)∈E{(1 + γbj)pi + ci} + µbj < v̄bj and

F̃−1
bj

(1 −
qbj
bj

) = mini′:(i′,j)∈E{pi′ + ci
1+γbj
} (condition (1.103)). By the construction of

θbj , we have θbj = F̃−1
bj

(1−
qbj
bj

) = mini′:(i′,j)∈E{pi′ +
ci

1+γbj
}. Similarly, since xij > 0, we

have qsi > 0, which implies that (1− γsi )pi − µsi > 0 (condition (1.102)). This further

implies that pi = θsi (by the construction of θsi ). By the equilibrium expression (1.2d),

xij > 0 implies that mini′:(i′,j)∈E{pi′ +
ci′

1+γbj
} = pi + ci

1+γbj
. These observations jointly

imply that θbj = θsi + ci
1+γbj

. Moreover, when xij > 0, we have πij = 0 by construction.

Thus, we obtain that θbj − θsi + πij − ci
1+γbj

= 0, and condition (1.40c) follows; (3-ii) if

xij = 0, then condition (1.40c) follows from the construction of πij ;

(4) condition (1.40d): for all j ∈ B, recall that we have
qbj
bj
≤ 1 (since (x, qs, qb) is feasible

in problem (1.38)). Moreover, since ηbj = 0 by construction, condition (1.40d) holds;

(5) condition (1.40e): for all i ∈ S, recall that we have qsi
si
≤ 1 (since (x, qs, qb) is feasible

in problem (1.38)). We discuss the following two cases: (5-i) if (1− γsi )pi − µsi ≤ v̄si ,
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since ηsi = 0 by construction, condition (1.40e) holds; (5-ii) if (1 − γsi )pi − µsi > v̄si ,

given qsi = si and F̃−1
si (q

s
i
si

) ≤ pi (condition (1.102)), by construction, we have ηsi =

pi − F̃−1
si (q

s
i
si

) ≥ 0, which implies that ηsi (qsi − si) = 0. Thus, condition (1.40e) holds;

(6) condition (1.40f): for all (i, j) ∈ E, recall that we have verified xij ≥ 0 (constraint

(1.38f)). Given the construction of πij , we discuss two cases: (4-i) if xij > 0, then we

have πij = 0 by construction, and condition (1.40d) follows from πijxij = 0; (4-ii) if

xij = 0, given θbj = F̃−1
bj

(1 −
qbj
bj

) by construction, from condition (1.103), we obtain

that F̃−1
bj

(1 −
qbj
bj

) ≤ mini′:(i′,j)∈E{pi′ +
ci′

1+γbj
}. Thus, θbj ≤ mini′:(i′,j)∈E{pi′ +

ci′
1+γbj
}.

Note that if qsi = 0, we have (1−γsi )pi−µsi ≤ 0 (by condition (1.102)) and θsi = F̃−1
si (0)

(by the construction of θsi ). Thus, we have θsi = F̃−1
si (0) ≥ pi (by condition (1.102)). If

qsi > 0, then we have θsi = pi(by the construction of θsi ). As a result, our construction

of θsi satisfies θsi ≥ pi. These observations imply that πij = θsi − θbj + ci
1+γbj

≥ pi +
ci

1+γbj
− mini′:(i′,j)∈E{pi′ + ci′

1+γbj
} ≥ 0. With xij = 0, we establish xijπij = 0. Thus,

condition (1.40f) holds;

(7) condition (1.40g) and (1.40h): they follow directly from the equilibrium condtion (1.2c);

Using conditions (1.40a) - (1.40f) and Proposition 12(iii), we conclude that (x, qs, qb) is an

optimal solution to problem (1.16) and (θb,θs,ηb,ηs,π) is a corresponding dual optimal

solution.

Thus, it follows that if (p,x, qs, qb) is a competitive equilibrium, then condition (i) of

the proposition holds.

Step 1-2: condition (ii). To prove this claim, we first recall from the previous step that

(x, qs, qb) is a primal optimal solution and (θb,θs,ηb,ηs,π) is a corresponding dual opti-

mal solution to problem (1.38) that satisfies the conditions in (1.40). Recall from Lemma

4(i) that the equilibrium problem (1.16) can be formulated as an instance of the framework

problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-3) hold. By Lemma 5, any dual opti-

mal solution (θ̄b, θ̄s, η̄b, η̄s, π̄) associated with constraints (1.38b) - (1.38f) that maximizes
113



∑
j∈B[sgn(qbj)− sgn(bj − qbj)](θ̄bj + η̄bj) +∑

i∈S [−sgn(qsi ) + sgn(si − qsi )](θ̄si − η̄si ) is unique,

and satisfies the conditions in (1.40). By Proposition 12(vi), the constructed dual optimal

vector (θb,θs,ηb,ηs,π) that satisfies the conditions in (1.40) is the unique vector. Thus, it

follows that (θ̄b, θ̄s, η̄b, η̄s, π̄) = (θb,θs,ηb,ηs,π).

To establish condition (ii) in the proposition statement, for all i ∈ S, we discuss three

cases:

(1) If 0 < qsi < si, then we have pi = F̃−1
si (q

s
i
si

) (condition (1.102)). Moreover, qsi < si

also implies that ηsi = 0 by condition (1.40e). With h′i(qsi ) = F̃−1
si (q

s
i
si

), this implies that

F̃−1
si (q

s
i
si

) = θsi (condition (1.40b)). With F̃−1
si (q

s
i
si

) = pi (condition (1.102)), we obtain

pi = θsi ;

(2) If qsi = si, then we can pick any j : xij > 0 such that qbj > 0. By condition

(1.103), we obtain that mini:(i,j)∈E{(1 + γbj)pi + ci} + µbj < v̄bj and mini′:(i′,j)∈E{pi′ +
ci′

1+γbj
} = F̃−1

bj
(1 −

qbj
bj

). Recall that qbj < bj from Proposition 12 (v), which implies that

ηbj = 0 (by condition (1.40f)). Given g′j(qbj) = F̃−1
bj

(1 −
qbj
bj

), we have F̃−1
bj

(1 −
qbj
bj

) = θbj (by

condition (1.40a)). Furthermore, we have πij = 0 by condition (1.40f) and θsi + ci
1+γbj

= θbj

by condition (1.40c). Given xij > 0, the equilibrium expression (1.2d) implies pi + ci
1+γbj

=

mini′:(i′,j)∈E{pi′ + ci′
1+γbj
}. Thus, we obtain that pi + ci

1+γbj
= mini′:(i′,j)∈E{pi′ + ci′

1+γbj
} =

F̃−1
bj

(1−
qbj
bj

) = θbj = θsi + ci
1+γbj

, which suggests that pi = θsi ;

(3) If qsi = 0, then by condition (1.40e), we have ηsi = 0. We prove pi ≤ θsi by con-

tradiction. Suppose that pi > θsi . Since h′i(qsi ) = F̃−1
si (q

s
i
si

) (condition (1.40b)), we have

F̃−1
si (q

s
i
si

) = F̃−1
si (0) = θsi . However, we have pi ≤ F̃−1

si (0) (condition (1.102)). These obser-

vations imply F−1
si (0) = θsi < pi ≤ F−1

si (0), thereby leading to a contradiction. Thus, we

conclude that pi ≤ θsi .

Next, we prove maxj:(i,j)∈E{θbj −
ci

1+γbj
} ≤ pi for all j : (i, j) ∈ E. Recall that

mini′:(i′,j)∈E{pi′ + ci′
1+γbj
} ≥ F̃−1

bj
(1 −

qbj
bj

) (condition (1.103)), and g′j(qbj) = F̃−1
bj

(1 −
qbj
bj

).

Thus, it follows that F̃−1
bj

(1−
qbj
bj

) = θbj , since g′j(qbj) = θbj + ηbj (condition 1.103) and ηbj = 0
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(using condition (1.40d) and the fact that qbj < bj by Proposition 12(v)). This implies that

pi + ci
1+γbj

≥ mini′:(i′,j)∈E{pi′ +
ci′

1+γbj
} ≥ θbj . Thus, we obtain pi ≥ maxj:(i,j)∈E{θbj −

ci
1+γbj
}.

Thus, it follows that if (p,x, qs, qb) is a competitive equilibrium, then condition (ii) of

the proposition holds.

Step 2: sufficiency. Let vector (p,x, qs, qb) and (θb,θs,ηb,ηs,π) satisfy conditions (i)

and (ii) in the proposition statement. Together, these tuples satisfy conditions (1.40a) -

(1.40f) (by Lemma 5). Define F̃si : R ∪ {−∞,∞} → [0, 1] by F̃si(v) = Fsi((1 − γsi )v −

µsi ) for all i ∈ S and F̃bj : R ∪ {−∞,∞} → [0, 1] by F̃bj (v) = Fbj ((1 + γbj)v + µbj).

This definition is consistent with the inverse function definition F̃−1
si (x) =

F−1
si

(x)+µsi
1−γsi

and

F̃−1
bj

(x) =
F−1
bj

(x)−µbj
1+γbj

.

To establish that (p,x, qs, qb) ∈ X (γ,µ), we verify the equilibrium conditions (1.2a) -

(1.2d):

(1) to establish the equilibrium expression (1.2a), for all i ∈ S, we consider the following

two cases: (1)-(i) if qsi = 0, then we have ηsi = 0 (condition (1.40e)). Given h′i(qsi ) =

F̃−1
si (q

s
i
si

), by condition (1.40b), we also have F̃−1
si (0) = F̃−1

si (q
s
i
si

) = θsi . From condition

(ii) of the proposition statement, we conclude θsi ≥ pi. Given that function Fsi is

increasing and nonnegative in R (Assumption 1), it follows that F̃si is increasing and

has nonnegative values in R. These observations imply that 0 ≤ F̃si(pi) ≤ F̃si(θi) =

F̃si(F̃−1
si (0)) = 0. From the definition F̃si(v) = Fsi((1− γsi )v−µsi ), it also follows that

Fsi((1−γsi )pi−µsi ) = F̃si(pi) = 0 = qsi
si
. Thus, the equilibrium expression (1.2a) holds;

(1)-(ii) if qsi > 0, by using h′i(qsi ) = F̃−1
si (q

s
i
si

), and the fact that θsi = F̃−1
si (q

s
i
si

) + ηsi

(condition (1.40b)) and ηsi ≥ 0 (condition (1.40e)), we obtain θsi ≥ F̃−1
si (q

s
i
si

). Moreover,

qsi > 0 implies that pi = θsi (condition (ii) of the proposition statement). Given qsi > 0,

we also have qsi
si
≥ F̃si(θsi ), which follows from F̃−1

si (q
s
i
si

) = pi = θsi when qsi < si and

from F̃si(θsi ) ≤ 1 when qsi = si. Thus, we conclude that qsi
si
≥ F̃si(θsi ) = F̃si(pi) ≥

F̃si(F̃−1
si (q

s
i
si

)) = qsi
si
. Given the definition F̃si(v) = Fsi((1− γsi )v − µsi ), it follows that
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Fsi((1− γsi )pi − µsi ) = F̃si(pi) = qsi
si
, i.e., the equilibrium expression (1.2a) holds;

(2) to establish the equilibrium expression (1.2b), for all j ∈ B, we discuss the following two

cases: (2)-(i) if qbj = 0, we have ηbj = 0 by condition (1.40f). Given g′j(qbj) = F̃−1
bj

(1−
qbj
bj

),

we also have F̃−1
bj

(1) = F̃−1
bj

(1−
qbj
bj

) = θbj by condition (1.40a). Next we establish that

mini:(i,j)∈E{pi+
ci

1+γbj
} ≥ θbj . For all i : (i, j) ∈ E, if qsi = 0, then we have pi+ ci

1+γbj
≥ θbj

by condition (ii) of the proposition statement; and if qsi > 0, then we have pi = θsi

by condition (ii) of the proposition statement. Using θsi + ci
1+γbj

− πij = θbj (condition

(1.40c)) and πij ≥ 0 (condition (1.40f)), we obtain pi + ci
1+γbj

≥ θbj . Thus, we have

mini:(i,j)∈E{pi + ci
1+γbj
} ≥ θbj . Given that function Fbj is increasing and Fbj (v) ≤ 1

for all v ∈ R (Assumption 1), we obtain that F̃bj is strictly increasing with F̃bj (v) ≤ 1

for all v ∈ R. This further implies that 1 ≥ F̃bj (mini:(i,j)∈E{pi + ci
1+γbj
}) ≥ F̃bj (θ

b
j) =

F̃bj (F̃
−1
bj

(1)) = 1. Equivalently, we have Fbj (mini:(i,j)∈E{(1 + γbj)pi + ci} + µbj) =

F̃bj (mini:(i,j)∈E{pi + ci
1+γbj
}) = 1 = 1 −

qbj
bj
. Thus, the equilibrium expression (1.2b)

holds; (2)-(ii) if qbj > 0, we obtain qbj < bj (Proposition 12(v)), ηbj = 0 (condition

(1.40f)), and F̃−1
bj

(1−
qbj
bj

) = θbj (condition (1.40a)). This further implies that F̃bj (θ
b
j) =

F̃bj (F̃
−1
bj

(1 −
qbj
bj

)) = 1 −
qbj
bj
. Pick any i : xij > 0, and we obtain πij = 0 (condition

(1.40f)) and θsi + ci
1+γbj

= θbj (condition (1.40c)). Given pi = θsi by condition (ii) of

the proposition statement, we have pi + ci
1+γbj

= θbj . Furthermore, recall that we have

pi′ +
ci′

1+γbj
≥ θbj for all i′ : xi′j = 0 (condition (ii) of the proposition statement). Thus,

we have i ∈ arg mini′:(i′,j)∈E{pi′ + ci′
1+γbj
}, which implies that F̃bj (mini:(i,j)∈E{pi +

ci
1+γbj
}) = F̃bj (pi + ci

1+γbj
) = F̃bj (θ

s
i + ci

1+γbj
) = F̃bj (θ

b
j) = 1 −

qbj
bj
, or equivalently

Fbj (mini:(i,j)∈E{(1 + γbj)pi + ci}+µbj) = F̃bj (mini:(i,j)∈E{pi + ci
1+γbj
}) = 1−

qbj
bj
. Thus,

the equilibrium expression (1.2b) holds;

(3) the equilibrium expression (1.2c) follows directly from constraints (1.38b) and (1.38c)

in the framework problem (1.38);
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(4) We proceed by establishing the equilibrium expression (1.2d) for any (i, j) ∈ E. Not

that xij ≥ 0 follows from constraint (1.38f) in the framework problem (1.38).

Also note that, for any (i, j) ∈ E, we have θsi + ci
1+γbj

−θbj = πij ≥ 0 by condition (1.40c)

and (1.40d). Fix j ∈ B, if there exists i : xij > 0, then we have πij = 0 (condition

(1.40f)), which further implies θsi + ci
1+γbj

= θbj (condition (1.40f)). Thus, if xij > 0,

we have θbj = θsi + ci
1+γbj

= mini′:(i′,j)∈E{θsi′ +
ci′

1+γbj
}. Moreover, with xij > 0, we have

qsi > 0, which implies pi = θsi by condition (ii) of the proposition statement. Thus, it

follows that pi + ci
1+γbj

= θsi + ci
1+γbj

= mini′:(i′,j)∈E{θsi′ +
ci′

1+γbj
} = θbj .

We next establish that θbj ≤ mini′:(i′,j)∈E{pi′ + ci′
1+γbj
}. For i : (i, j) ∈ E such that

qsi = 0, condition (ii) of the proposition statement implies that θbj ≤ pi + ci
1+γbj

; for

i : (i, j) ∈ E such that qsi > 0, we have psi = θsi , which suggests that θbj ≤ θsi + ci
1+γbj

=

pi + ci
1+γbj

. Thus, we have θbj ≤ mini′:(i′,j)∈E{pi′ +
ci′

1+γbj
}.

These observations imply that if there exists (i, j) ∈ E with xij > 0, then

min
i′:(i′,j)∈E

{pi′ +
ci′

1 + γbj
} ≤ pi + ci

1 + γbj

= min
i′:(i′,j)∈E

{θsi′ +
ci′

1 + γbj
} = θbj ≤ min

i′:(i′,j)∈E
{pi′ +

ci′

1 + γbj
},

(1.104)

which implies that i ∈ arg mini′:(i′,j)∈E{(1 + γbj)psi′ + ci′}. Thus, the equilibrium

condition (1.2d) is also satisfied.

In summary, the equilibrium conditions (1.2a) - (1.2d) hold for (p,x, qs, qb) that satisfy

the requirements in (i) and (ii) of the proposition statement. Thus, we conclude that

(p,x, qs, qb) ∈ X (γ,µ).

Proof of Lemma 2. We proceed in the following seven steps. The first step establishes

that an optimal solution ρ(t) to problem (1.18) exists and is unique for t > 0. The second

117



step shows that function ρ(t) strictly increases in t for t > 0. The third step shows that
ρ(t)
t strictly decreases in t when t > t0 and ρ(t)

t = 1 for t ≤ t0. These three steps establish

claim (i) of the lemma statement. The fourth step establishes that the value function f(t)

is continuous in t > 0. In the fifth step, we prove that the optimal objective value f(t) is

strictly increasing in t > 0. The sixth step shows that f(t) is strictly concave in t > 0. In

the seventh step, we prove that f(t) satisfies limt↓0 f(t) = g(0). The last four steps establish

claim (ii) of the lemma statement.

Step 1: ρ(t) is well-defined. Given t > 0, problem (1.18) can be formulated as an instance

of the framework problem (1.38) where (1-i) gj(q) = bjg( qbj ) for all j ∈ B, hi(q) = sih( qsi )

for all i ∈ S and wij = 0 for all (i, j) ∈ E, (1-ii) bj = 1 for all j ∈ B and si = t for all i ∈ S,

and (1-iii) |B| = |S| = 1.

In this instance, it is clear that Assumption (1.91) is equivalent to Assumption (1.12.1-

1), and Assumption (1.92) is equivalent to Assumption (1.12.1-2). Thus, for any t > 0, by

Proposition 12(i), an optimal solution r? to problem (1.18) exists. Moreover, by Proposition

1.38(iv), any optimal solution r? to problem (1.18) is unique given t > 0. Equivalently, we

conclude that ρ(t) is well-defined for all t > 0.

Step 2: ρ(t) is strictly increasing in t > 0. In problem (1.18) given any t > 0, recall that

the objective function g(r) − th(rt ) is continuously differentiable and strictly concave in

r ∈ (0, 1) (Assumptions (1.91) - (1.92)). As before, we define g′(r) and h′(r) for r ∈ {0, 1}

in terms of the relevant limits, i.e., g′(0) = limr↓0 g
′(r) and similarly for the rest. Moreover,

by Assumption (1.94), we apply the first order optimality condition to problem (1.18) and

obtain that

ρ(t) = max
{
r ∈ [0,min{1, t}] : g′(r)− h′

(
r

t

)
≥ 0

}
. (1.105)

Using once more the fact that g′(0)− h′(0) > 0 (Assumption (1.94)), it immediately follows
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that for any t > 0, we have:

ρ(t) > 0. (1.106)

Next, we establish ρ(t) < 1. Note that if t < 1, then constraint r ∈ [0,min{1, t}] directly

implies ρ(t) < 1. Suppose instead that t ≥ 1, and observe that

g′(1)− h′
(1
t

) (a)
< g′(1)− h′ (0)

(b)
≤ 0, (1.107)

where step (a) follows from the strict increasing property of h′(r) in r ∈ (0, 1) (Assumption

(1.92)). Step (b) follows from g′(1) ≤ 0 and h′(0) ≥ 0 (Assumption (1.94)). Based on

condition (1.107), we conclude that by starting at r = 1 and decreasing r, the objective

value of problem (1.18) can be increased. Thus, we obtain

ρ(t) < 1. (1.108)

By (1.106) and (1.108), the optimality condition (1.105) can be further simplified to

ρ(t) = max
{
r ∈ [0, 1] : g′(r)− h′

(
r

t

)
≥ 0, r ≤ t

}
. (1.109)

By the continuous differentiability and the strict concavity of g(r) and −h(r) in (0, 1) (As-

sumption (1.91) - (1.92)), we obtain that g′(r) − h′(rt ) is continuous and decreasing in

r ∈ (0, 1). From condition (1.109), we deduce that

either g′(ρ(t))− h′
(
ρ(t)
t

)
= 0 or ρ(t) = t. (1.110)

We next prove that ρ(t) is strictly increasing for t > 0. We prove the claim by contradiction.

Suppose that for some 0 < t1 < t2, we have ρ(t1) ≥ ρ(t2). Recall that h′(r) is strictly

increasing in r (Assumption (1.92)). Moreover, by (1.106) and (1.108), we have ρ(t1), ρ(t2) ∈
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(0, 1) and by (1.109), we have ρ(t1) ≤ t1. Thus, given t2 > t1 > 0, it follows that

g′(ρ(t1))− h′
(
ρ(t1)
t2

)
> g′(ρ(t1))− h′

(
ρ(t1)
t1

)
. (1.111)

Since g′(r)− h′(rt ) is strictly decreasing in r for any r ∈ [0,min{1, t}] (Assumption (1.91) -

(1.92)) and ρ(t2) ≤ ρ(t1) ≤ t1 < t2, we also deduce that

g′(ρ(t2))− h′
(
ρ(t2)
t2

)
≥ g′(ρ(t1))− h′

(
ρ(t1)
t2

)
. (1.112)

On the other hand, (1.109), (1.111) and (1.112) collectively imply that

g′(ρ(t2))− h′
(
ρ(t2)
t2

)
> g′(ρ(t1))− h′

(
ρ(t1)
t1

)
≥ 0. (1.113)

With ρ(t2) ≤ ρ(t1) and ρ(t1) ≤ t1 < t2, we have ρ(t2) < t2. This observation,together with

the fact that g′(ρ(t2)) − h′
(
ρ(t2)
t2

)
> 0 (by (1.113)) implies that ρ(t2) does not satisfy the

optimality condition (1.110). Thus, we obtain a contradiction and conclude that ρ(t1) <

ρ(t2) whenever 0 < t1 < t2.

Step 3: ρ(t)
t = 1 for t ≤ t0 and ρ(t)

t is strictly decreasing for t > t0. By definition (see claim

(i) of the lemma statement), we have t0 = [g′]−1(h′(1)). By Assumption (1.94), we have

g′(1) ≤ 0 ≤ h′(0) < g′(0). Since h′(r) is strictly increasing in r (Assumption (1.92)). It

follows that h′(1) > h′(0) ≥ 0. By definition of [g′]−1 in the lemma statement and the fact

that g′(r) is strictly decreasing in r ∈ (0, 1) (Assumption (1.91)), it follows that there are

two possible cases for t0: if h′(1) ∈ (0, g′(0)), then t0 = [g′]−1(h′(1)) ∈ (0, 1); if h′(1) ≥ g′(0),

then t0 = 0. Note that in both cases, we have g′(t0)− h′(1) ≤ 0.

We proceed by proving the claims for t ≤ t0 and t > t0.

First consider t ≤ t0. Note that given t > 0, in this case we necessarily have t0 > 0,

and hence g′(t0) = h′(1). Since g′(r) is strictly decreasing in r ∈ (0, 1) (Assumption (1.91)),

we obtain that g′(t) ≥ g′(t0) = h′(1). Given that g′(r) − h′
(
r
t

)
is strictly decreasing in r
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(Assumption (1.91) - (1.92)), it follows that

g′(r)− h′
(
r

t

)
> g′(t)− h′(1) ≥ 0, ∀r ∈ [0, t). (1.114)

We prove ρ(t) = t by contradiction. Suppose that ρ(t) < t. From the optimality condition

(1.110), we have g′(ρ(t))− h′
(
ρ(t)
t

)
= 0, which contradicts condition (1.114) given ρ(t) < t.

Thus, we conclude that ρ(t) = t for all t ≤ t0.

Next, suppose t > t0, since g′(r) is strictly decreasing in r(Assumption (1.91)), we note

that

g′(t)− h′ (1) < g′(t0)− h′(1) ≤ 0. (1.115)

We proceed by showing that ρ(t) < t for all t > t0. By (1.109), we have ρ(t) ≤ t. Suppose

for a contradiction that ρ(t) = t. Observe that condition (1.109) implies that g′(ρ(t)) −

h′
(
ρ(t)
t

)
= g′(t) − h′ (1) ≥ 0, which leads to a contradiction to condition (1.115). Thus, it

follows that

ρ(t) < t. (1.116)

Finally, we establish that ρ(t)
t is strictly decreasing in t for t > t0. Suppose for a contradiction

that for some t1, t2 such that t0 < t1 < t2, we have ρ(t1)
t1
≤ ρ(t2)

t2
. This observation together

with the fact that ρ(t1) < ρ(t2) (which follows by step 2), the strict decreasingness of g′(r)

in r ∈ (0, 1)(Assumption (1.91)) and −h′(r) in r ∈ (0, 1)(Assumption (1.92)), implies that

g′(ρ(t1)) − h′
(
ρ(t1)
t1

)
> g′(ρ(t2)) − h′

(
ρ(t2)
t2

)
. By condition (1.109), we have g′(ρ(t2)) −

h′
(
ρ(t2)
t2

)
≥ 0. Thus,

g′(ρ(t1))− h′
(
ρ(t1)
t1

)
> 0. (1.117)
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Moreover from ρ(t1)
t1
≤ ρ(t2)

t2
and ρ(t2) < t2 (condition (1.116)), we have ρ(t1) ≤ t1

t2
ρ(t2) < t1,

which implies that

ρ(t1) < t1. (1.118)

However, conditions (1.117) and (1.118) imply that the optimality condition (1.110) cannot

be satisfied. Thus, we obtain a contradiction and conclude that ρ(t1)
t1

>
ρ(t2)
t2

for all t0 <

t1 < t2.

Step 4: value function f(t) is continuous in t > 0. To prove the continuity of f(t) in t >

0, it is sufficient to show that for any κ0 > 0, f(t) is continuous in t ≥ κ0.

Fix any κ0 > 0, we set X = {t : t ≥ κ0}, Y = {r : r ≥ 0} and Γ(t) = {r : 0 ≤ r ≤

1, r ≤ t} ⊂ Y . In what follows, we apply the Maximum theorem to establish that f(t) is

continuous in t (see page116 of (49)).

First observe that we have 0 ∈ Γ(t) for all t ∈ X, and Γ(t) is non-empty for all t ∈ X.

We claim that Γ(t) is both upper hemicontinuous and lower hemicontinuous in t for all

t ∈ X. To show the upper hemicontinuity of Γ(t), we establish that given any sequence

{(rk, tk) ∈ X×Y : k = 1, 2, . . . } that satisfies rk ∈ Γ(tk), limk→∞ rk = r, and limk→∞ tk =

t, we have r ∈ Γ(t). Since [0, 1] is a compact set, we have rk ∈ [0, 1] (by rk ∈ Γ(tk)), and

r = limk→∞ rk ∈ [0, 1]. Moreover, we also have rk ≤ tk (by rk ∈ Γ(tk)), which implies that

r = limk→∞ rk ≤ limk→∞ tk = t. Thus, it follows that r ∈ Γ(t), and we conclude that Γ(t)

is upper hemicontinuous at t for all t ∈ X.

To establish the lower hemicontinuity of Γ(t), we establish that given any r ∈ Γ(t)

and sequence {tk ∈ X : k = 1, 2, . . . } such that limk→∞ tk = t, there exists a sequence

{rk : k = 1, 2, . . . } such that rk ∈ Γ(tk) for all k and limk→∞ rk = r. Let rk = min{r, tk}

for all k. Since r ∈ Γ(t), it follows that r ≤ 1. Similarly, since tk ∈ X, we have tk > 0

and since r ∈ Γ(t), we have r ≥ 0. Using the definition of rk, those observations collectively

imply that rk ∈ [0, 1] for all k. Moreover, since rk = min{r, tk}, it follows that rk ≤ tk for
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all k. Thus, we conclude that rk ∈ Γ(tk) for all k. Moreover, given r ≤ t (by r ∈ Γ(t)) and

limk→∞ tk = t, we have limk→∞ rk = limk→∞min{r, tk} = r. Thus, it follows that Γ(t) is

lower hemicontinuous at t for all t ∈ X.

Note that the function g(r)− th(rt ) is not defined for r ≥ min{1, t}. We next construct

functions ĝ(r) and ĥ(r) such that ĝ(r) − tĥ(rt ) is well-defined and continuous in Y = {r :

r ≥ 0} and f(t) = maxr∈[0,min{1,t}] ĝ(r)− tĥ(rt ) for all t ∈ X.

Fix any K0 ∈ R++. If g(1) = −∞, we claim that limr↑1 g
′(r) = −∞. Suppose

limr↑1 g
′(r) = M for some M > −∞. By Assumption (1.94), we have limr↑1 g

′(r) = M ≤ 0.

Given that g′(r) is strictly decreasing in r ∈ (0, 1) (Assumption (1.91)), we have g′(r) ≥M

for r ∈ [1
2 , 1], which further implies that limr↑1 g(r) = limr↑1 g(1

2) +
∫ r

1
2
g′(x)dx ≥ g(1

2) +
1
2M > −∞, thereby leading to a contradiction to limr↑1 g(r) = −∞. Thus, it follows that

limr↑1 g
′(r) = −∞. Let r̄1 ∈ (0, 1) be a constant such that

g′(r) ≤ −K0 < 0, ∀r > r̄1. (1.119)

If g(1) > −∞, set r̄1 = 1. We define a continuous function ĝ : Y → R as follows:

ĝ(r) =


g(r) if r ≤ r̄1;

g(r̄1) if r > r̄1.
(1.120)

Similarly, if h(1) =∞, we claim that limr↑1 h
′(r) =∞. Suppose towards a contradiction

that limr↑1 h
′(r) = M for some M < ∞. Since h′(r) is strictly increasing in r ∈ (0, 1)

(Assumption (1.92)) and h′(0) ≥ 0 (Assumption (1.94)), we have h′(r) ≤M for all r ∈ [0, 1],

which implies that limr↑1 h(r) = limr↑1 h(1
2) +

∫ r
1
2
h′(x)dx ≤ h(1

2) + 1
2M < ∞, thereby

leading to a contradiction to limr↑1 h(r) = ∞. Thus, it follows that limr↑1 h
′(r) = ∞.

Since ρ(t) is strictly increasing in t ∈ X (established in step 2), ρ(t) > 0 for all t ∈ X (by

condition (1.106)), and g′(·) is strictly decreasing in r ∈ (0, 1) (Assumption (1.91)), we have
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t ≥ ρ(t) ≥ ρ(κ0) > 0, as well as,

g′(ρ(t)) ≤ g′(ρ(κ0)) < g′(0) ≤ ∞, ∀t ∈ X. (1.121)

Let r̄2 ∈ (0, 1) be a constant such that

h′(r) ≥ g′(ρ(κ0)) +K0, ∀r ≥ r̄2. (1.122)

If instead h(1) <∞, set r̄2 = 1. We define a continuous function ĥ : Y → R as follows:

ĥ(r) =


h(r) if r ≤ r̄2;

h(r̄2) if r > r̄2.
(1.123)

Recall that ρ(t) is the optimal solution to problem (1.17) for any t ∈ X. We claim that

ρ(t) ≤ r̄1 and ρ(t)
t ≤ r̄2 for all t ∈ X. Suppose towards contradiction that there exists t ∈ X

such that ρ(t) > r̄1. From g′(ρ(t)) ≤ −K0 (condition (1.119)) and h′(ρ(t)
t ) ≥ 0 (Assumption

(1.92) and (1.94) given ρ(t)
t ≥ 0), it follows that

g′(ρ(t))− h′
(
ρ(t)
t

)
≤ −K0 − h′

(
ρ(t)
t

)
< 0, (1.124)

thereby leading to a contradiction with the optimality condition (1.109).

Similarly, suppose towards contradiction that there exists t > 0 such that ρ(t)
t > r̄2.

From g′(ρ(t)) ≤ g′(ρ(κ0)) (condition (1.121)) and h′
(
ρ(t)
t

)
≥ K0 + g′(ρ(κ0)) (condition

(1.122)), we deduce that

g′(ρ(t))− h′
(
ρ(t)
t

)
≤ g′(ρ(κ0))−K0 − g′(ρ(κ0)) ≤ −K0 < 0, (1.125)

thereby leading to a contradiction with the optimality condition (1.109).

These observations jointly imply that, for all t ∈ X, instead of problem (1.17), f(t) can
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be defined as follows:

f(t) = max
r∈[0,min{1,t}]

ĝ(r)− tĥ
(
r

t

)
= max

r∈Γ(t)
ĝ(r)− tĥ

(
r

t

)
. (1.126)

Given the continuity of ĝ(r) − tĥ
(
r
t

)
in r ∈ Y (by definition of ĝ and ĥ), the upper and

lower hemicontinuity of Γ(t) in t ∈ X, and the fact that Γ(t) 6= ∅ for all t ∈ X, it follows by

the Maximum theorem (see page 116 of (49)) that f(t) is continuous in t for t ≥ κ0. Since

κ0 is picked arbitrarily in (0,∞), we conclude that f(t) is continuous in t for t > 0.

Step 5: f(t) is strictly increasing in t > 0. For any 0 < t1 < t2, we let ρ(t1) and ρ(t2) be

defined as in (1.18). Note that 0 < ρ(t1) < ρ(t2) (by step 2), Thus, it follows that

f(t1) = g(ρ(t1))− t1h
(
ρ(t1)
t1

)
(c)
< g(ρ(t1))− t2h

(
ρ(t1)
t2

)
(d)
≤ g(ρ(t2))− t2h

(
ρ(t2)
t2

)
= f(t2). (1.127)

Note that we have 0 < ρ(t1) ≤ t1 < t2, which implies that h(ρ(t1)
t2

) <∞ since h(r) <∞ for

r < 1. Step (c) follows from this observation and the fact that th(rt ) in strictly decreasing

in t > 0 for r > 0 (Assumption (1.93)). Step (d) follows from the optimality of ρ(t2) in

problem (1.17) with t = t2.

Step 6: f(t) is strictly concave in t > 0. For any t0, t1 > 0 with t0 6= t1, Let r1 = ρ(t1)

and r0 = ρ(t0). Since ρ(t) is strictly increasing in t > 0 (by step 2), we obtain that

ρ(t0) 6= ρ(t1). For any θ ∈ (0, 1), we set tθ = θt1 + (1 − θ)t0, rθ = θr1 + (1 − θ)r0,

and ρ(tθ) = arg maxr∈[0,min{1,tθ}] g(r) − tθh( rtθ ). By the construction of rθ, we have rθ ∈

[0,min{1, tθ}]. Since t1, t0 > 0, it follows that r1, r0 ∈ (0, 1) (by condition (1.106) and

(1.108)), which further implies that rθ ∈ (0, 1). By the strict concavity of g(·) in (0, 1)
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(Assumption (1.91)), we apply the Jensen’s inequality to obtain that

g(rθ) > θg(r1) + (1− θ)g(r0). (1.128)

Next, we establish that (rθ, tθ), (r1, t1), (r0, t0) ∈ {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}.

Recall that tx > 0 and rx ∈ [0,min{1, tx}] for x ∈ {0, 1, θ}. It is sufficient to prove that

h(rxtx ) < ∞ for all x ∈ {0, 1, θ}. If h(1) < ∞, by Assumption (1.92), h(r) is continuous in

r ∈ [0, 1], so the claim holds. Suppose h(1) = ∞. Since f(t) is continuous (and bounded)

at t = t1 and t = t0, and g(r0), g(r1) < ∞ given r0, r1 ∈ (0, 1), it readily follows that

r0 = ρ(t0) < t0 and r1 = ρ(t1) < t1, which further implies that rθ = θr1 + (1 − θ)r0 <

θt1 + (1 − θ)t0 = tθ. Since h(r) is continuous in r ∈ [0, 1) (by Assumption (1.92)), we

conclude that h(rxtx ) < ∞ for all x ∈ {0, 1, θ}. By the joint convexity of th(rt ) in (r, t) ∈

{(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞} (Assumption (1.93)), it follows from the Jensen’s

inequality that

tθh

(
rθ
tθ

)
≤ θt1h

(
r1
t1

)
+ (1− θ)t0h

(
r0
t0

)
. (1.129)

. We conclude that

f(tθ) = g(ρ(tθ))− tθh
(
ρ(tθ)
tθ

)
(e)
≥ g(rθ)− tθh

(
rθ
tθ

)
(f)
>
[
θg(r1) + (1− θ)g(r0)

]
−
[
θt1h

(
r1
t1

)
+ (1− θ)t0h

(
r0
t0

) ]
(g)= θf(t1) + (1− θ)f(t0), (1.130)

where step (e) follows from the optimality of ρ(tθ) in problem (1.17) given t = tθ. Step (f)

follows from (1.128) and (1.129). Step (g) follows from the optimality of r1 (given r1 = ρ(t1))

in problem (1.17) for t = t1 and the optimality of r0 (given r0 = ρ(t0)) in problem (1.17) for
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t = t0. Since θ, t1, t2 are arbitrary, from (1.130) we conclude that f(t) is strictly concave in

t for t > 0.

Step 7: limt↓0 f(t) = g(0). From 0 ≤ ρ(t) ≤ t, it readily follows that

lim
t↓0

ρ(t) = 0. (1.131)

Let th be a constant such that th = h(1
2) + minr∈[0,1] h

′(1
2)(r− 1

2). By the strictly convexity

of h(r) in r ∈ (0, 1) (Assumption (1.92)), it follows that h(r) ≥ h(1
2) + h′(1

2)(r− 1
2) ≥ th for

all r ∈ [0, 1]. Thus,

f(t) ≤ g(ρ(t))− tth, ∀t ∈ (0, 1]. (1.132)

Moreover, if t < 1, it is clear that r = 1
2t is feasible solution to problem (1.17). Thus, we

conclude that

f(t) ≥ g
(
t

2

)
− th

(1
2

)
, ∀t ∈ (0, 1). (1.133)

By (1.131), the upper bound in (1.132) satisfies limt↓0 g(ρ(t)) − tth = g(0) and the lower

bound in (1.133) satisfies limt↓0 g( t2) − th(1
2) = g(0). Thus, we conclude that limt↓0 f(t) =

g(0).

Proof of Lemma 3.Let y? be any optimal solution to problem (1.19). We first prove

that y? is a lexicographically optimal base using the framework provided by (42).

Given Assumptions (1.91) - (1.94), by Lemma 2(ii), function f(t) is continuous and

strictly concave in t ≥ 0. We define the superdifferential of function f(·) evaluated at t ≥ 0 as

∂f(t) = {z ∈ R | f(t0) ≤ f(t)+z(t0−t), ∀t0 ≥ 0}. We further define ∂+f(t) = max{∂f(t)}

and ∂−f(t) = min{∂f(t)}.

In the optimal solution y?, we let the distinct values of {
y?j
bj
}j∈B be given by t′1 < t′2 · · · <
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t′l. Given that y? is a feasible solution to problem (1.19), it follows that y? an element (or

independent vector) of P = {y : ∑
j∈B yj ≤

∑
i∈NE(B) si,∀B ⊂ B, yj ≥ 0,∀j ∈ B} (by

(2.5) of (42)). By Lemma 2.3 of (42), we have dep(y?, j) = ∩{B | j ∈ B ⊂ B, ∑j∈B y
?
j =∑

i∈NE(B) si}. By convention, we say dep(y?, j) = ∅ if ∑j′∈B y
?
j′ <

∑
i∈NE(B) si for all

B ⊂ B such that j ∈ B. Note that for dep(y?, j) 6= ∅, dep(y?, j) is the set of all elements

j′ ∈ B such that for some d > 0, the vector y′ ∈ R|B|+ defined by y′ = y? + dXj − dXj′ is an

independent vector of P (by (2.19) of (42)).

We claim that dep(y?, j) 6= ∅ for all j ∈ B. Suppose towards a contradiction that there

exists j ∈ B such that dep(y?, j) = ∅. Then ∑j′∈B yj′ <
∑
i∈NE(B) si for all B ⊂ B such

that j ∈ B. Since f(t) is strictly increasing in t ≥ 0 (by Lemma 2(ii)), it follows another

feasible solution can be obtained by increasing y?j and this solution improves the objective

function, thereby leading to a contradiction. Thus, we have

dep(y?, j) 6= ∅, ∀j ∈ B. (1.134)

Next, we claim that for all j1, j2 ∈ B, if
y?j1
bj1

<
y?j2
bj2

, then j2 6∈ dep(y?, j1). Suppose not,

and for some j1, j2 ∈ B with
y?j1
bj1

<
y?j2
bj2

, we have j2 ∈ dep(y?, j1).

Note that
y?j1
bj1

<
y?j2
bj2

implies that ∂−f(
y?j1
bj

) > ∂+f(
y?j2
bj

) > 0. To see this, first observe

that by the strict concavity of f(t) in t ≥ 0 (by Lemma 2(ii)), we can pick t1, t2 ∈ R

satisfying
y?j1
bj1

< t1 < t2 <
y?j2
bj2

such that (1) f ′(t1) and f ′(t2) exist by the almost-everywhere

differentiability of f(·), and (2) f ′(t1) > f ′(t2). Moreover, the strict concavity of f(t) in

t ≥ 0 also implies that ∂−f(
y?j1
bj

) ≥
f(y?j1/bj1)−f(t1)

y?j1
/bj1−t1

≥ f ′(t1) and f ′(t2) ≥
f(y?j2/bj2)−f(t2)

y?j2
/bj2−t2

≥

∂+f(
y?j2
bj

). Thus, ∂−f(
y?j1
bj

) > ∂+f(
y?j2
bj

) holds. Since f(t) is is strictly increasing in t ≥ 0 (by

Lemma 2(ii)), we obtain that ∂+f(
y?j2
bj

) > 0.

Next, we define a collection of sets J = {B ⊂ B : ∑j∈B y
?
j = ∑

i∈NE(B) si}. Pick δ > 0

small enough such that the following two conditions are satisfied: (1) δ < minB 6∈J {
∑
i∈NE(B) si−∑

j∈B yj}, and (2) ∂−f(
y?j1

+δ
bj

) > ∂+f(
y?j2
−δ
bj

) > 0. We construct a new vector ȳ such that
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ȳj1 := y?j1 + δ, ȳj2 := y?j2 − δ, and ȳj = y?j for all j 6= j1, j2. Given that j2 ∈ dep(y?, j1) and

that δ is small, we have ȳ ∈ P .

Define function H(y) = ∑
j∈B bjf

(
yj
bj

)
. By the strict concavity of function f(t) for

t ≥ 0, it follows that H(y) is strictly concave, and hence H(y?) < H(ȳ) + zᵀ(y? − ȳ)

for any z satisfying zj ∈ ∂f( ȳjbj ) for all j ∈ B. Since zᵀ(y? − ȳ) = −δzj1 + δzj2 ≤

−δ∂−f(
y?j1

+δ
bj

) + δ∂+f(
y?j2
−δ
bj

) < 0, we obtain that H(y?) < H(ȳ), which is a contradiction

to the optimality of y?. Thus,

if
y?j1
bj1

<
y?j2
bj2

, then j2 6∈ dep(y?, j1). (1.135)

For k = 1, . . . , l, define B̄(k) = {j ∈ B |
y?j
bj
≤ t′k}. Based on (1.134) and (1.135), it

follows that

∅ 6= dep(y?, j) ⊂ B̄(k), ∀j ∈ B̄(k), k = 1, . . . , l. (1.136)

Using the equivalence of item (i) and (iii) in Theorem 3.2 of (42), we conclude that y? is a

lexicographically optimal base of P with respect to weight vector b.

By Theorem 3.1 of (42), the lexicographically optimal base is unique. Since we have

established that an arbitrary optimal solution y? is the lexicographically optimal base of

P with respect to weight vector b, it follows that problem (1.19) admits a unique optimal

solution.

To establish that y?j > 0 for all j ∈ B, we suppose towards a contradiction that there

exists j ∈ B such that y?j = 0. By (1.134), dep(y?, j) 6= ∅. Thus, there exists j′ ∈ dep(y?, j).

By Theorem 4.1 of (42) and the subsequent discussion, y? is not a lexicographically optimal

base with respect to weight vector b, thereby leading to a contradiction. Thus, we conclude

that y?j > 0 for all j ∈ B.

Proof of Proposition 10. Proof of claim (i). By Lemma 4(ii), the revenue optimiza-
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tion problem (1.7) can be formulated as an instance of the framework problem (1.38) where

gj(q) = F−1
bj

(1 − q
bj

)q for all j ∈ B, hi(q) = F−1
si ( qsi )q for all i ∈ S and wij = ci for all

(i, j) ∈ E. Moreover, Assumptions (1.12.1-1)-(1.12.1-3) and Assumptions (1.12.1-7)-(1.12.1-

8) hold. From Fbj (·) = Fb(·), Fsi(·) = Fs(·), and ci = 0 (Assumption 3), we establish that

gj(q) = bjg( qbj ) for all j ∈ B and hi(q) = sih( qsi ) for all i ∈ S where g(r) = F−1
b (1− r)r and

h(r) = F−1
s (r)r. Thus, Assumptions (1.12.1-4) - (1.12.1-6) also hold.

Verifying Assumptions (1.91) - (1.92) in claim (i): Given gj(q) = bjg( qbj ) and hi(q) =

sih( qsi ), Assumption (1.91) - (1.92) follow from Assumptions (1.12.1-1) - (1.12.1-2).

Verifying Assumption (1.93) in claim (i): Note that by the continuous differentiability

and the strict increasingness of function Fs(·) in (0, v̄s) (Assumption 1), it follows that

F−1
s (·) is continuously differentiable and strictly increasing in (0, 1) (the inverse function

theorem). Moreover, F−1
s (r) is continuous at r = 0 and at r = 1 if v̄s < ∞. Given

th(rt ) = F−1
s (rt )r, it follows that th(rt ) is strictly decreasing in t for t ≥ r and r > 0.

We next verify the joint convexity of th(rt ) by discussing the following two cases: if

v̄s < ∞, then h(1) = F−1
s (1) < ∞. Following the notation of (51), we let dom(h) = [0, 1],

and dom(th(rt )) = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1]} = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}.

Since h(r) is continuous at r = 0 and r = 1 (by Assumption (1.92) established above) and

convex in r ∈ (0, 1), it follows that it is convex in dom(h). Using these observations, we

conclude that th(rt ) is jointly convex in (r, t) ∈ {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞} (by

the discussion in page 89 of (51)). Suppose instead that v̄s =∞. Then h(1) = F−1
s (1) =∞.

We let dom(h) = [0, 1) and dom(th(rt )) = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1)} = {(r′, t′) : t′ >

0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}. Since h(r) is convex in r ∈ (0, 1) and continuous at r = 0

(by Assumption (1.92)), it follows that h is convex in dom(h). Using this observation and

once again the discussion in page 89 of (51), we conclude that th(rt ) is jointly convex in

(r, t) ∈ {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}. Thus, it follows that Assumption (1.93)

holds.

Verifying Assumption (1.94) in claim (i): Note that by Assumption (1.12.1-7), we have
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h′i(0) = 0 for all i ∈ S. By Assumption (1.12.1-3), we have g′j(bj) ≤ 0 for all j ∈ B. By

Assumption (1.12.1-8), we have g′j(0) > 0 for all j ∈ B. Since gj(q) = bjg( qbj ) for all j ∈ B

and hi(q) = sih( qsi ) for all i ∈ S, we obtain g′j(q) = g′( qbj ) and h′i(q) = h′( qsi ), which further

implies that g′(0) > h′(0) = 0 and g′(1) ≤ 0. Thus, Assumption (1.94) holds.

Proof of claim (ii). We plan to leverage Proposition 13 and Proposition 14 to prove this

claim. Before proceeding, we first verify the conditions of Proposition 13 and Proposition

14 for f(·), g(·) and h(·) as in the statement of the proposition. Recall that Assumptions

(1.12.1-1) - (1.12.1-6) hold in the instance of the framework problem (1.38) associated with

problem (1.7) (see the first part of the proof). Using the first part of the proposition and

applying Lemma 2(ii), we conclude that f(t) is continuous, strictly increasing, and strictly

concave for t ≥ 0. These observations imply that the conditions in Proposition 13 and

Proposition 14 are satisfied.

Proposition 14 establishes that problem (1.41) is equivalent to problem (1.38) in the sense

that the optimal solutions of one can be mapped to the other as specified in the proposition.

By Proposition 13, we also have that problem (1.41) and problem (1.19) share the same

optimal solution vector y?, which is unique (by Lemma 3). Thus, given the mappings in

part (i) of Proposition 14, claim (ii) readily follows.

Proof of claim (iii). Let f(·), g(·) and h(·) be defined as in the statement of the proposi-

tion, and let {gj , hi} be as given in part (i). Consider the formulations of (1.38) and (1.41)

with these functions. By Proposition 13, problem (1.41) and problem (1.19) share the same

optimal solution vector y?, which implies that they also share the same optimal objective

value ∑j∈B bjf(
y?j
bj

). By Proposition 14(iii), it follows that the optimal objective value of

(1.41) is the same as that of problem (1.38). Since problem (1.38) is an instance of the latter

problem (with {gj , hi} given in part (i)), using the fact that the optimal objective value of

problem (1.7) is Vopt (by Theorem 1), we conclude that Vopt = ∑
j∈B bjf(

y?j
bj

).

Proof of Proposition 11. Proof of claim(i). By Lemma 4(i), the equilibrium problem
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(1.16) can be formulated as an instance of the framework problem (1.38) where gj(q) =∫ q
0 F̃
−1
bj

(1 − x
bj

)dx for all j ∈ B, hi(q) =
∫ q
0 F̃
−1
si ( xsi )dx for all i ∈ S, and wij = ci

1+γbj
for all (i, j) ∈ E. Moreover, Assumptions (1.12.1-1)- (1.12.1-3) hold in this instance of

the framework problem (1.38). Given the definition of F̃−1
bj

and F̃−1
si , we have gj(q) =∫ q

0
1

1+γbj
F−1
bj

(1− x
bj

)−
µbj

1+γbj
dx for all j ∈ B and hi(q) =

∫ q
0

1
1−γsi

F−1
si ( xsi ) + µsi

1−γsi
for all i ∈ S.

From Fbj (·) = Fb(·), Fsi(·) = Fs(·), ci = 0 (Assumption 3), γbj = γb, γsi = γs, µbj = µb,

and µsi = µs (by the assumptions of the proposition), it follows that gj(q) = bjg( qbj ),

hi(q) = sih( qsi ) and wij = ci = 0 where g(r) =
∫ r
0

1
1+γbF

−1
b (1 − x) − µb

1+γbdx and h(r) =∫ r
0

1
1−γsF

−1
s (x) + µs

1−γsdx as given in the statement of the proposition. These observations

imply that, for the aforementioned instance problem (1.38), Assumptions (1.12.1-4) - (1.12.1-

6) hold.

Verifying Assumptions (1.91)- (1.92) in claim (i): Given that gj(q) = bjg( qbj ) and hi(q) =

sih( qsi ), Assumptions (1.91) - (1.92) follow from Assumptions (1.12.1-1) - (1.12.1-2).

Verifying Assumption (1.93) in claim (i): Note that th(rt ) = t
∫ r/t
0

1
1−γsF

−1
s (x)+ µs

1−γsdx

by definition. By a change of variables, it follows that t
∫ r/t
0

1
1−γsF

−1
s (x) + µs

1−γsdx =∫ r
0

1
1−γsF

−1
s (xt ) + µs

1−γsdx. By Assumption 1, the distribution function Fs(v) is contin-

uously differentiable and strictly increasing in v ∈ (0, v̄s), which implies that F−1
s (r) is

continuously differentiable and strictly increasing in r ∈ (0, 1) (by the inverse function

theorem). Moreover, F−1
s (r) is continuous at r = 0 and at r = 1 if v̄s < ∞. Since

th(rt ) =
∫ r
0

1
1−γsF

−1
s (xt ) + µs

1−γsdx, it follows that th(rt ) is strictly decreasing in t for any

t ≥ r and r > 0.

We next verify the joint convexity of th(rt ) by discussing the following two cases: if v̄s <

∞, then h(1) = F−1
s (1) < ∞. Following the notation of (51), we let dom(h) = [0, 1], and

dom(th(rt )) = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1]} = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}. Note

that since h(r) is continuous at r = 0 and r = 1 (by Assumption (1.92) established above)

and convex in r ∈ (0, 1), it follows that it is convex in dom(h). Using these observations, we

conclude that th(rt ) is jointly convex in (r, t) ∈ {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞} (by
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the discussion in page 89 of (51)). Suppose instead that v̄s =∞. Then h(1) = F−1
s (1) =∞.

We let dom(h) = [0, 1), and dom(th(rt )) = {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1)} = {(r′, t′) : t′ >

0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}. Since h(r) is convex in r ∈ (0, 1) and continuous at r = 0 (by

Assumption (1.92)), it follows that h is convex in dom(h). Using this observation (and

once again the discussion in page 89 of (51)), we conclude that th(rt ) is jointly convex in

(r, t) ∈ {(r′, t′) : t′ > 0, r′t′ ∈ [0, 1], h(r′t′ ) < ∞}. Thus, it follows that Assumption (1.93)

holds.

Verifying Assumption (1.94) in claim (i): Observe that g′(r) = 1
1+γbF

−1
b (1 − r) − µb

1+γb

and h′(r) = 1
1−γsF

−1
s (r) + µs

1−γs . By assumption µb + 1+γb
1−γsµ

s < F−1
b (1), this observation

implies that g′(0) − h′(0) = 1
1+γbF

−1
b (1) − µb

1+γb −
µs

1−γs > 0. Since g′j(q) = g′( qbj ) and

h′i(q) = h′( qsi ), Assumption (1.12.1-3) implies that g′(1) ≤ 0 and h′(0) ≥ 0. Thus, we

conclude that Assumption (1.94) also holds.

Proof of claim (ii). We plan to apply Proposition 13 and Proposition 14 to establish this

claim. Before proceeding, we first establish the conditions in Proposition 13 and Proposition

14. Recall that Assumptions (1.12.1-1) -(1.12.1-6) hold in the instance of the framework

problem (1.38) associated with the equilibrium problem (1.16) (see the first part of the

proof). Using the first part of the proposition and applying Lemma 2(ii), we establish that

f(·) is continuous, strictly increasing, and strictly concave for t ≥ 0. These observations

jointly imply that the conditions in Proposition 13 and Proposition 14 are satisfied.

Proposition 14 establishes that problem (1.41) is equivalent to problem (1.38) in the

sense that the optimal solutions of one can be mapped to the optimal solutions of the

other as specified by the proposition statement. Moreover, Proposition 13 establishes that

problem (1.41) and problem (1.19) share the same optimal solution vector y?. Thus, given

the mapping in Proposition 14(i), we conclude that claim (ii) of the proposition statement

holds.

Proof of claim (iii). Let f(·), g(·), and h(·) be defined as in the statement of the proposi-

tion, and let {gj , hi} be as given in part (i). Consider the formulations of problem (1.38) and
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problem (1.41) with these functions. By Proposition 13, problem (1.41) and problem (1.19)

share the same optimal solution vector y?, which implies that they also share the same

optimal objective value ∑j∈B bjf(
y?j
bj

). By Proposition 14(iii), it follows that the optimal

objective value of problem (1.41) is the same as that of problem (1.38). Since problem (1.16)

is an instance of the latter problem (with {gj , hi} given in part (i)), these observations imply

that problem (1.16) and problem (1.19) have the same objective value, as claimed.

1.13 Proofs of Results in Section 1.3

We provide the proofs of the results from Section 1.3 in Section 1.13. In Section 1.13, we

illustrate that the revenue maximization problem (1.3) of the platform has an objective that

is not concave.

Proofs

Proof of Proposition 1. We prove the result in the following two steps.

Step 1: existence of competitive equilibrium. By Lemma 4(i), the equilibrium problem

(1.16) can be formulated as an instance of the framework problem (1.38) where Assumptions

(1.12.1-1) - (1.12.1-3) hold. By applying Proposition 12 (i), we establish that there exists

an optimal solution (x, qs, qb) to the equilibrium problem (1.16). Moreover, Proposition

12(iii) implies that there exists a dual optimal multipliers (θb,θs,ηb,ηs,π) that satisfies the

conditions in (1.40) such that θsi ≥ θbj −wij = θbj −
ci

1+γbj
for all (i, j) ∈ E. Thus, there exists

a vector p such that θsi ≥ pi ≥ θbj −
ci

1+γbj
. Proposition 9 implies that this p together with

the optimal solution (x, qs, qb) constitutes a competitive equilibrium. Thus, we conclude

that a competitive equilibrium exists.

Step 2: uniqueness. We apply Proposition 12 (iv) to establish that any optimal solution

vector (x, qs, qb) to the equilibrium problem (1.16) has the same (qs, qb). By Proposition

12(vi), we also obtain that the optimal dual vector (θs,θb) corresponding to constraints

(1.16c) - (1.16b) is unique. Given that pi = θsi for all i : qsi > 0 (Proposition 9(ii)), we
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establish that price vector (pi)i:qsi>0 is unique.

Proof of Corollary 1. Consider any commission-subscription profile (γ,µ) ∈ Γ × U , and

any associated competitive equilibrium (p,x, qs, qb) ∈ X (γ,µ). At this equilibrium, the

platform’s revenues can be expressed as follows:

∑
(i,j)∈E

(γsi + γbj)pixij +
∑

(i,j)∈E
(µsi + µbj)xij

(a)=
∑
j∈B

∑
i:xij>0

[
(1 + γbj)pi + ci + µbj

]
xij −

∑
i∈S

∑
j:xij>0

[(1− γsi )pi − µsi ]xij −
∑

(i,j):xij>0
cixij ,

(b)=
∑
j∈B

[
min

i:(i,j)∈E

{
(1 + γbj)pi + ci

}
+ µbj

] ( ∑
i:xij>0

xij

)

−
∑
i∈S

[(1− γsi )pi − µsi ]
( ∑
j:xij>0

xij

)
−

∑
(i,j):xij>0

cixij ,

(c)=
∑
j∈B

[
min

i:(i,j)∈E

{
(1 + γbj)pi + ci

}
+ µbj

]
qbj −

∑
i∈S

[(1− γsi )pi − µsi ] qsi −
∑
i∈S

ciq
s
i ,

(1.137)

where step (a) follows by adding and subtracting terms∑(i,j):xij>0 pixij and
∑

(i,j):xij>0 cixij ,

and rearranging the expressions. In step (b), we use the fact that, xkj > 0 implies that

k ∈ mini:(i,j)∈E{(1+γbj)pi+ci} by the equilibrium expression (1.2d). In step (c), we use the

fact that ∑i:(i,j)∈E xij = qbj and ∑j:(i,j)∈E xij = qsi (by the equilibrium expression (1.2c)).

By Proposition 1, the equilibrium supply-demand vector (qs, qb) and the equilibrium

price vector (pi)i:qsi>0 are unique. Thus, (1.137) implies that for any (γ,µ) ∈ Γ × U , all

equilibria in X (γ,µ) induce the same revenue, and the claim follows.

Nonconcavity of the Revenue Function

We leverage the equilibrium problem (1.16) to illustrate the nonconvexity of the platform’s

revenue function V (γ,µ) provided that the induced revenue for any competitive equilibrium

is unique (Corollary 1).
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Example 4. Consider a network with one seller type and one buyer type. Let the value dis-

tribution be Fs(v) = Fb(v) = 1− exp(−v) for v ≥ 0 and the population profile be s = b = 1

with c = 0. Consider the following three commission-subscription vectors (γs, γb, µs, µb) ∈

{(0, 0, 1, 1), (0, 0, 2, 2), (0, 0, 3, 3)}. Equilibria for these commissions-subscriptions can be ob-

tained by solving problem (1.16). The corresponding revenues can be computed using (1.3a)

and is given by V (0, 0, 1, 1) = 0.24, V (0, 0, 2, 2) = 0.07 and V (0, 0, 3, 3) = 0.01. Note that

since V (0, 0, 2, 2) < 1
2V (0, 0, 1, 1) + 1

2V (0, 0, 3, 3), it follows that V (γs, γb, µs, µb) is not con-

cave in (γs, γb, µs, µb).

1.14 Proofs of Results in Section 1.4

1.14.1 Proofs of Results in Section 1.4.1.

Proof of Theorem 1. Proof of claim (i). By Lemma 4(ii), the revenue optimization prob-

lem (1.7) can be formulated as an instance of the framework problem (1.38) where we define

gj(q) = F−1
bj

(
1− q

bj

)
q for all j ∈ B, hi(q) = F−1

si

(
q
si

)
q for all i ∈ S, and wij = ci for all

(i, j) ∈ E. Moreover, also by Lemma 4(ii), Assumptions (1.12.1-1) - (1.12.1-3) hold.

We prove claim (i) of this theorem using the following three steps. In step (i-1), we

establish that Vopt ≤ Ṽopt i.e., the optimal solution to problem (1.7) provides an upper

bound to the optimal revenue in problem (1.3). In step (i-2), we construct a feasible solution

to (1.3) that achieves a value of Ṽopt, which allows us to conclude that Vopt = Ṽopt. In step (i-

3), we show that any optimal solution to problem (1.3) must have the same supply/demand

vectors.

Step (i-1): Vopt ≤ Ṽopt Let (γ,µ) ∈ Γ×U feasible commission-subscription profile, and let

(p,x, qs, qb) be any induced competitive equilibrium that satisfies (p,x, qs, qb) ∈ X (γ,µ).
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By the equilibrium expressions (1.2a) - (1.2b), we first deduce that

[
min

i′:(i′,j)∈E
{(1 + γbj)pi′ + ci′}+ µbj

]
qbj

(a)= F−1
bj

1−
qbj
bj

 qbj , ∀j ∈ B,

[
(1− γsi )pi − µsi

]
qsi

(b)
≥ F−1

si

(
qsi
si

)
qsi , ∀i ∈ S, (1.138)

where equality (a) follows because: if qbj = 0, then we must have ∞ > mini′:(i′,j)∈E{(1 +

γbj)pi′+ ci′}+µbj ≥ v̄bj = F−1
bj

(1−
qbj
bj

) ≥ 0, and both sides of the expressions equal to zero; if

qbj > 0, given that qbj < bj (Proposition 12 (v)), we establish that 1−
qbj
bj
∈ (0, 1), which, from

the equilibrium expression (1.2b), further implies the equality mini′:(i′,j)∈E{(1 + γbj)pi′ +

ci′}+ µbj = F−1
bj

(
1−

qbj
bj

)
. Thus, the equality in step (a) holds.

Inequality (b) follows by similar arguments. If qsi = 0, then we have −∞ < (1− γsi )pi −

µsi ≤ 0 = F−1
si (q

s
i
si

), and both sides equal to zero. If qsi ∈ (0, si], we have (1 − γsi )pi − µsi ≥

F−1
si

(qsi
si

)
(the equilibrium expression (1.2a)), which further leads to the inequality in step

(b).

In Corollary 1, we show that all equilibria in X (γ,µ) yield the same revenue, and thus

V (γ,µ) is well-defined. Thus, we can obtain the following upper bound for the platform’s
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revenue function:

V (γ,µ) =
∑

(i,j)∈E
(γsi + γbj)pixij + (µsi + µbj)xij

(c)=
∑

(i,j)∈E
[(1 + γbj)pi + ci + µbj ]xij −

∑
(i,j)∈E

[(1− γsi )pi − µsi ]xij −
∑

(i,j)∈E
cixij

(d)=
[ ∑
j∈B

(
min

i′:(i′,j)∈E
{(1 + γbj)pi′ + ci′}+ µbj

)( ∑
i:(i,j)∈E

xij

)]

−
[ ∑
i∈S

(
(1− γsi )pi − µsi

)( ∑
j:(i,j)∈E

xij

)]
−

∑
(i,j)∈E

cixij

=
[ ∑
j∈B

(
min

i′:(i′,j)∈E
{(1 + γbj)pi′ + ci′}+ µbj

)
qbj

]

−
[ ∑
i∈S

(
(1− γsi )pi − µsi

)
qsi

]
−

∑
(i,j)∈E

cixij

(e)
≤

∑
j∈B

F−1
bj

(
1−

qbj
bj

)
qbj −

∑
i∈S

F−1
si

(
qsi
si

)
qsi −

∑
i∈S

ciq
s
i = h(qs, qb), (1.139)

where step (c) follows from adding and subtracting ∑(i,j)∈E pixij and ∑(i,j)∈E cixij . The

equality in (d) follows from the fact that, at equilibrium, if xij > 0, then (1 + γbj)pi + ci =

mini′:(i′,j)∈E{(1 + γbj)pi′ + ci′} (the equilibrium expression (1.2d)). Step (e) follows from

(1.138). Given that (p,x, qs, qb) ∈ X (γ,µ), we verify that (x, qs, qb) is feasible in problem

(1.38). Since Fsi(v) ≤ 1 for all v, the equilibrium expression (1.2a) implies that qsi ≤ si for

all i ∈ S. Thus, constraint (1.38e) is satisfied. With Fbj (v) ≤ 1 for all v, the equilibrium

expression (1.2b) implies that qbj ≤ bj for all j ∈ B. Thus, constraint (1.38d) is satisfied. The

equilibrium expression (1.2c) - (1.2d) ensure that constraints (1.38c), (1.38b),(1.38f) hold.

These observations jointly imply that (x, qs, qb) is feasible in problem (1.7).

To conclude, we highlight that the arguments in this proof mimic the intuition provided

in the main text where we (1) replace the objective function (1.3a) of problem (1.3) with

h(qs, qb), (2) drop (γ,µ) ∈ Γ× U in constraint (1.3c), and (3) relax constraint (1.3b) with

constraints (1.7b) - (1.7f). This allows us to formally establish that Vopt ≤ Ṽopt.
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Step (i-2): Vopt = Ṽopt. We now construct a feasible solution to (1.3) whose value is equal

to Ṽopt. Let (x̄, q̄s, q̄b) be a primal optimal solution to the framework problem (1.38) with

gj(q) := F−1
bj

(
1− q

bj

)
q, hi(q) := F−1

si

(
q
si

)
q and wij := ci (recall that this problem is

equivalent to the revenue optimization problem). Let (θb,θs,ηb,ηs,π) be a corresponding

dual optimal solution that satisfies the conditions in (1.40) (these dual variables correspond

to constraints (1.38b) - (1.38f), respectively). Recall from Proposition 12(vi) that the dual

optimal solution (θb,θs,ηb,ηs,π) is unique. Define the price vector p as

pi := θsi , ∀i ∈ S. (1.140)

We consider a subscription-only implementation in which we set the commission rates as

γ = 0 and then construct the following subscription fees

µsi = θsi − F−1
si

(
q̄si
si

)
, ∀i ∈ S, (1.141a)

µbj = F−1
bj

(
1−

q̄bj
bj

)
− θbj , ∀j ∈ B. (1.141b)

By construction, the commission profile γ = 0 ∈ Γ and thus is feasible. We next verify that

the constructed subscription profile in (1.141) satisfies µ ∈ U .

For all i ∈ S, by using Assumption 1, we obtain that Fsi is continuously differentiable

and strictly increasing in (0, v̄si), and by the implicit function theorem it follows that F−1
si

is continuously differentiable and strictly increasing in (0, 1). Proposition 12(iii) implies

that h′i(q̄si ) is finite. Recall that h′i(q) is continuous in (0, si) (Assumption (1.12.1-2)), and

h′i(0) = limq↓0 h
′
i(q), h′i(si) = limq↑si h

′
i(q) (by definition). Thus, there exists a sequence

{qk ∈ (0, si) : k = 1, 2, . . . } such that limk→∞ qk = q̄si and limk→∞ h′i(qk) = h′i(q̄si ). Given
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hi(q) = F−1
si ( qsi )q, we deduce that

θsi = h′i(q̄si ) + ηsi = lim
k→∞

h′i(qk) + ηsi

= lim
k→∞

[
F−1
si

]′ (qk
si

)
qk
si

+ F−1
si

(
qk
si

)
+ ηsi ≥ F−1

si

(
q̄si
si

)
, ∀i ∈ S.

(1.142)

Based on (1.141a) and (1.142), we have µsi ≥ 0 for all i ∈ S.

For all j ∈ B, we have q̄bj < bj (Proposition 12(v)), which, by the complementarity

condition (1.40d), implies that ηbj = 0. Given condition (1.40a), it follows that g′j(q̄bj) = θbj .

By Assumption 1, Fbj is continuously differentiable and strictly increasing in (0, v̄bj ), and

together with the implicit function theorem it follows that F−1
bj

is continuously differentiable

and strictly increasing in (0, 1). Proposition 12(iii) implies that g′j(q̄bj) is finite. Recall that

g′j(q) is continuous in (0, bj) (Assumption (1.12.1-1)), and g′j(0) = limq↓0 g
′
j(q), g′j(bj) =

limq↑bj g
′
j(q) (by definition). Thus, there exists a sequence {qk ∈ (0, bj) : k = 1, 2, . . . } such

that limk→∞ qk = q̄bj and limk→∞ g′j(qk) = g′j(q̄bj). Then

θbj = g′j(q̄bj) = lim
k→∞

g′j(qk)

= lim
k→∞

−
[
F−1
bj

]′ (1− qk
bj

)
qk
bj

+ F−1
bj

(
1− qk

bj

)
≤ F−1

bj

1−
q̄bj
bj

 , ∀j ∈ B.

(1.143)

From (1.141b) and (1.143), it follows that µbj ≥ 0, and we can conclude that (µs,µb) ∈ U .

Next, we verify that (p, x̄, q̄s, q̄b) satisfies the equilibrium conditions (1.2a)-(1.2d) under

the commissions-subscriptions vector (0,µ), where p and µ are as constructed above. To

establish expression (1.2a), for each i ∈ S, we have that

siFsi

(
pi − µsi

) (f)= siFsi

(
θsi − µsi

) (g)= siFsi

(
F−1
si

(
q̄si
si

))
= q̄si , (1.144)
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where (f) follows from pi = θsi (the construction of pi in (1.140)) and step (g) follows from

µsi = θsi − F−1
si ( q̄

s
i
si

) (construction of µsi in (1.141a)).

We show that condition (1.2b) holds for each j ∈ B by discussing two cases. First, if

q̄bj > 0, for all i with (i, j) ∈ E, we have pi+ ci ≥ θbj , which is derived from θsi + ci− θbj = πij

(condition (1.40c), πij ≥ 0 (condition (1.40f)) and pi = θsi (the construction of pi in (1.140)).

Pick any i with x̄ij > 0. By condition (1.40f), we have πij = 0, which implies that θsi +ci = θbj

by condition (1.40c). Thus, we have pi + ci = θbj (the construction of pi in (1.140)). In

summary of the arguments above, we obtain that that mini′:(i′,j)∈E{pi′+ ci′} = pi+ ci = θbj ,

which allows us to further deduce that

bj

[
1− Fbj

(
min

i′:(i′,j)∈E
{pi′ + ci′}+ µbj

)] (h)= bj

[
1− Fbj

(
θbj + µbj

)]
(i)= bj

[
1− Fbj

(
F−1
bj

(
1−

q̄bj
bj

))]
= q̄bj , (1.145)

where step (h) follows from mini′:(i′,j)∈E{pi′ + ci′} = θbj . Step (i) follows from the construc-

tion of µbj in (1.141b). Thus, the equilibrium expression (1.2b) holds.

Second, if q̄bj = 0, then we have x̄ij = 0 for all i with (i, j) ∈ E. Recall that θsi + ci−θbj =

πij ≥ 0 for all i with (i, j) ∈ E (condition (1.40c) and (1.40f)), and thus we establish that

θbj ≤ mini:(i,j)∈E{θsi + ci}. Given that pi = θsi (construction of pi in (1.140)), we obtain that

θbj ≤ mini:(i,j)∈E{pi + ci}. Thus, we can deduce that

0
(j)
≤ bj

[
1− Fbj

(
min

i′:(i′,j)∈E
{pi′ + ci′}+ µbj

)] (k)
≤ bj

[
1− Fbj

(
θbj + µbj

)]
(l)= bj

[
1− Fbj

(
F−1
bj

(
1−

q̄bj
bj

))] (m)= 0, (1.146)

where step (j) follows from the fact that Fbj (v) ∈ [0, 1] for all v ∈ R (Assumption 1). To

establish step (k), recall that θbj ≤ mini:(i,j)∈E{θsi +ci}; together with the increasing property

of Fbj (Assumption 1), we obtain the inequality. Step (l) follows from the construction of
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µbj in (1.141b). Step (m) follows from the fact that, in this case, we assumed q̄bj = 0. Thus,

we establish that the equilibrium expression (1.2b) holds.

The equilibrium constraint (1.2c) is guaranteed to hold by constraints (1.38b) and (1.38c).

Finally, we show that the equilibrium expression (1.2d) holds. Note that constraint

(1.38f) guarantees that x̄ij ≥ 0 for all (i, j) ∈ E. Moreover, for any (i, j) ∈ E with x̄ij > 0,

recall that we have established pi + ci = mini′:(i′,j)∈E{pi′ + ci′} when verifying that the

equilibrium expression (1.2b) hold. Thus, we have i ∈ arg mini′:(i′,j)∈E{pi′ + ci′}, which

guarantees the equilibrium expression (1.2d).

In summary, the equilibrium expressions (1.2a) - (1.2d) are satisfied and thus we have

(p, x̄, q̄s, q̄b) ∈ X (0,µ). Next, we show that the revenue induced by the subscription vector

µ ∈ U satisfies

V (0,µ) (m)=
∑

(i,j)∈E
(pi + ci + µbj)x̄ij −

∑
(i,j)∈E

(pi − µsi )x̄ij −
∑

(i,j)∈E
cix̄ij

(n)=

∑
j∈B

∑
i:x̄ij>0

(θbj + µbj)x̄ij

−
∑
i∈S

∑
j:x̄ij>0

(θsi − µsi )x̄ij

− ∑
(i,j):x̄ij>0

cix̄ij

(o)=
∑
j∈B

(θbj + µbj)q̄bj

−
 ∑
i∈S:q̄si>0

(θsi − µsi )q̄si

−∑
i∈B

ciq̄
s
i

(p)=
∑
j∈B

F−1
bj

1−
q̄bj
bj

 q̄bj −∑
i∈S

F−1
si

(
q̄si
si

)
q̄si −

∑
i∈S

ciq̄
s
i = h(q̄s, q̄b) (q)= Ṽopt,

(1.147)

where step (m) follows from reorganizing the revenue expression V (0,µ) = ∑
(i,j)∈E(µsi +

µbj)x̄ij by adding and subtracting the terms ∑(i,j)∈E pix̄ij and ∑(i,j)∈E cix̄ij . In step (n),

we first have pi = θsi for all i ∈ S (by the construction of pi in (1.140)). Whenever x̄ij > 0,

we have πij = 0 (condition (1.40f)) and θbj = θsi + ci (condition (1.40c)). Thus, for all

j ∈ B, we replace pi + ci with θbj in the first component and then replace pi with θsi in the

second component. In step (o), we use the fact that, by the equilibrium conditions, we have
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∑
i:x̄ij>0 x̄ij = q̄bj and x̄ij by ∑j:x̄ij>0 x̄ij = q̄si . Step (p) follows from the construction of

subscription vector µ in (1.141). Step (q) follows from the optimality of (x̄, q̄s, q̄b).

As (0,µ) ∈ Γ × U , we deduce that Vopt ≥ V (0,µ) = Ṽopt. Thus, we conclude that

Vopt = Ṽopt.

Step (i-3): (q̄s, q̄b) as the unique optimal equilibrium supply-demand vector. Recall that,

by Proposition 12(iv), for any optimal solution (x̄, q̄s, q̄b) to problem (1.38), vector (q̄s, q̄b) is

unique. Moreover, by the upper bound in (1.139), we have V (γ,µ) ≤ h(qs, qb) ≤ h(q̄s, q̄b) =

Vopt for all (γ,µ) ∈ Γ× U and all (p,x, qs, qb) ∈ X (γ,µ).

Let (γ,µ) be any revenue optimal commission-subscription profile. By the proof in step

2, must have V (γ,µ) = h(q̄s, q̄b) = Vopt. This further implies that h(q̄s, q̄b) = h(qs, qb) for

all (p,x, qs, qb) ∈ X (γ,µ). As all equilibria in X (γ,µ) share the same vector (q̄s, q̄b) (by

Proposition 1) and the uniqueness of (q̄s, q̄b), we conclude that (qs, qb) = (q̄s, q̄b).

Summarizing the arguments above, we conclude that claim (i) holds.

Proof of claim (ii). Let (x̄, q̄s, q̄b) be an optimal solution to problem (1.38). We prove

claim (ii) in three steps. In step (ii-1), we prove that the optimal commission-subscription

vector is not unique. In step (ii-2), we prove the the necessity of condition (1.8) and in step

(ii - 3), we prove the sufficiency of condition (1.8).

Step (ii-1): the optimal commission-subscription vector is not unique. Consider the con-

struction of p and µ) in (1.140) and (1.141), respectively. We have verified that (p, x̄, q̄s, q̄b) ∈

X (0,0,µs,µb).

Now consider an alternative commission-subscription profile (γs,0,0,µb) where γs sat-

isfies γsi pi = µsi for all i ∈ S. If there exists i ∈ S with pi = 0, then given that µsi ≥ 0, we

have pi − µsi ≤ 0, which implies that q̄si = siFsi(pi − µsi ) = 0. In this case, we would have

0 = pi = θsi = µsi = 0 (by the construction of pi in (1.140) and µsi in (1.141a)). Thus, we

could pick any γsi ∈ [0, 1) to make sure that γsi pi = µsi .

Next, we want to show that (p, x̄, q̄s, q̄b) ∈ X (γs,0,0,µb). Note that, since µb and

(p, x̄, q̄s, q̄b) haven’t changed, the equilibrium constraints (1.2b) - (1.2d) still hold. To
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establish the equilibrium constraint (1.2a), we deduce that

Fsi((1− γ
s
i )pi)

(r)= Fsi(pi − µ
s
i )

(s)= q̄si
si
, ∀i ∈ S, (1.148)

where (r) follows from the construction γsi pi = µsi and (s) follows from (1.144).

Moreover, for all i ∈ S, since (1 − γsi )pi = pi − µsi = F−1
si

(
q̄si
si

)
(condition (1.140) and

(1.141a)), the inequality in step (b) of (1.138) is tight, which further implies that step (e)

of (1.139) is tight. Thus, we have that V (γs,0,0,µb) = h(q̄s, q̄b) = Vopt and therefore the

optimal commission-subscription vector is not unique.

Step (ii-2): necessity. Let (γ,µ) ∈ Γ× U be an optimal commission-subscription profile,

and let p be such that (p, x̄, q̄s, q̄b) ∈ X (γ,µ). By the optimality of (γ,µ) we must have

that

V (γ,µ) = h(q̄s, q̄b) = Vopt. (1.149)

Given that γsi < 1 for all i ∈ S (by the theorem statement), let the vector (γ̃, µ̃) be defined

as:

γ̃si := 1
1− γsi

, µ̃si := µsi
1− γsi

, ∀i ∈ S, (1.150a)

γ̃bj := 1
1 + γbj

, µ̃bj :=
µbj

1 + γbj
, ∀j ∈ B. (1.150b)

Below we verify that conditions (1.8a) - (1.8f) are satisfied:

1. Condition (1.8a): for all i : q̄si > 0, in order for (1.149) to hold, the inequality in step

(b) of (1.138) must be tight i.e., (1− γsi )pi−µsi = F−1
si

(
q̄si
si

)
. By using the change of

notation in (1.150a), we obtain that pi − µ̃si − F−1
si ( q̄

s
i
si

)γ̃si = 0. Thus, condition (1.8a)

holds.

2. Condition (1.8b), for all i with q̄si = 0, by the equilibrium condition (1.2a), we have
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siFsi((1− γsi )pi − µsi ) = q̄si = 0, which suggests that (1− γsi )pi − µsi ≤ F−1
si

(
q̄si
si

)
= 0.

With the change of notation in (1.150a), we have pi − µ̃si ≤ 0 in condition (1.8b).

3. Condition (1.8c): for all (i, j) ∈ E with x̄ij > 0, we have q̄bj > 0. By Proposition 12(v),

we have that q̄bj < bj . By the equilibrium contraint (1.2b), we have mini′:(i′,j)∈E(1 +

γbj)pi′ + ci′ + µbj = F−1
bj

(1 −
q̄bj
bj

). Moreover, by the equilibrium constraint (1.2d), we

have (1 + γbj)pi + ci = mini′:(i′,j)∈E(1 + γbj)pi′ + ci′ . This implies that (1 + γbj)pi +

ci + µbj = F−1
bj

(1 −
q̄bj
bj

). By using the change of notation in (1.150b), we obtain

pi + µ̃bj + ciγ̃
b
j − F

−1
bj

(1−
q̄bj
bj

)γ̃bj = 0 in condition (1.8c).

4. Condition (1.8d): for all (i, j) ∈ E with x̄ij = 0, we first have (1 + γbj)pi + ci ≥

mini′:(i′,j)∈E(1 + γbj)pi′ + ci′ ≥ 0. When either q̄bj = 0 or q̄bj ≥ 0, we obtain that

mini′:(i′,j)∈E(1 + γbj)pi′ + ci′ + µbj ≥ F−1
bj

(1 −
q̄bj
bj

) by the equilibrium constraint in

(1.2b), which further implies that (1 + γbj)pi + ci + µbj ≥ F−1
bj

(1 −
q̄bj
bj

). Using the

notation in (1.150b), we obtain the inequality pi + µ̃bj + ciγ̃
b
j − F

−1
bj

(1 −
q̄bj
bj

)γ̃bj ≥ 0 in

(1.8d).

5. Condition (1.8e): given γ̃si = 1
1−γsi

and µ̃si = µsi
1−γsi

in (1.150a), with γsi ∈ [0, 1) and

µsi ≥ 0, we obtain γ̃si ≥ 1 and µ̃si ≥ 0. Moreover, from (p, x̄, q̄s, q̄b) ∈ X (γ,µ), we

have p ∈ Rn+ (Definition 1). Thus, condition (1.8e) holds.

6. Condition (1.8f): by γ̃bj = 1
1+γbj

and µ̃bj =
µbj

1+γbj
in (1.150b), we use γbj ≥ 0 and µbj ≥ 0

to deduce that 0 < γ̃bj ≤ 1 and µ̃bj ≥ 0. Thus, condition (1.8f) holds.

Summarizing the arguments (1.8a) - (1.8f), we complete the proof of the necessity step.

Step (ii-3): sufficiency. Suppose there exists (γ̃, µ̃) and p that satisfy conditions (1.8).

We want to prove that the commission-subscription profile (γ,µ) satisfying γ̃si = 1
1−γsi

,

µ̃si = µsi
1−γsi

for all i ∈ S and γ̃bj = 1
1+γbj

, µ̃bj =
µbj

1+γbj
for all j ∈ B would satisfy (γ,µ) ∈ Γ×U

and (p, x̄, q̄, q̄b) ∈ X (γ,µ) and, moreover, (γ,µ) is an optimal vector of commissions-

subscriptions.
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We start by showing that (γ,µ) ∈ Γ × U . By condition (1.8e), we have 0 < 1
γ̃si
≤ 1

for all i ∈ S, which implies that 1 − γsi ∈ (0, 1]. Using that µ̃si ≥ 0, we obtain that

µsi = µ̃si (1 − γsi ) ≥ 0. For all j ∈ B, from condition (1.8f), we have 1
γ̃bj
≥ 1, which implies

that 1 + γbj ≥ 1 or, equivalently, γbj ≥ 0. With µ̃bj ≥ 0, we have µbj = µ̃bj(1 + γbj) ≥ 0. Thus,

we can conclude that (γ,µ) ∈ Γ× U .

Next, we verify (p, x̄, q̄s, q̄b) ∈ X (γ,µ) by checking that the equilibrium conditions (1.2a)

- (1.2d) are satisfied:

1. Condition (1.2a): for all i ∈ S, with γ̃si = 1
1−γsi

and µ̃si = µsi
1−γsi

, we have that

Fsi

(
(1− γsi )pi − µsi

)
= Fsi( 1

γ̃si
pi− 1

γ̃si
µ̃si ). If q̄si > 0, by condition (1.8a), we obtain that

Fsi( 1
γ̃si
pi − 1

γ̃si
µ̃si ) = Fsi(F−1

si ( q̄
s
i
si

)) = q̄si
si
. Thus, Fsi

(
(1− γsi )pi − µsi

)
= q̄si

si
; if q̄si = 0,

by condition (1.8b), we have pi− µ̃si ≤ 0. As Fsi is increasing and Fsi(v) ∈ [0, 1] for all

v ∈ R (Assumption 1), we have that 0 ≤ Fsi( 1
γ̃si
pi − 1

γ̃si
µ̃si ) ≤ Fsi(0) = 0. Therefore,

we obtain that Fsi
(
(1− γsi )pi − µsi

)
= q̄si

si
and (1.2a) holds.

2. Condition (1.2b): for all (i, j) ∈ E, with γ̃bj = 1
1+γbj

and µ̃bj =
µbj

1+γbj
, condition (1.8c)

implies that (1+γbj)pi+ci+µbj = 1
γ̃bj

(pi+ µ̃bj+ciγ̃
b
j). Next, for all j ∈ B, we discuss the

following two possibilities: if q̄bj > 0, we pick any i with x̄ij > 0, and condition (1.8c)

implies that 1
γ̃bj

(pi+µ̃bj+ciγ̃bj) = F−1
bj

(1−
q̄bj
bj

). Moreover, for any i2 : x̄i2j = 0, condition

(1.8d) implies that 1
γ̃bj

(pi2 + µ̃bj+ci2 γ̃
b
j) ≥ F−1

bj
(1−

q̄bj
bj

). Thus, this allows us to conclude

that 1
γ̃bj

(pi+µ̃bj+ciγ̃bj) = mini′:(i′,j)∈E 1
γ̃bj

(pi′+µ̃bj+ci′ γ̃bj) = F−1
bj

(1−
q̄bj
bj

) or equivalently

(1 + γbj)pi+ ci+µbj = mini′:(i′,j)∈E{(1 + γbj)pi′ + ci′}+µbj = F−1
bj

(1−
q̄bj
bj

), which allows

us to conclude that Fbj (mini:(i,j)∈E{(1 + γbj)pi + ci} + µbj) = Fbj (F
−1
bj

(1 −
q̄bj
bj

)) =

1 −
q̄bj
bj
. If q̄bj = 0, then we have x̄ij = 0 for all i such that (i, j) ∈ E. By condition

(1.8d), we have that mini:(i,j)∈E 1
γ̃bj

(pi + µ̃bj + ciγ̃
b
j) ≥ F−1

bj
(1 −

q̄bj
bj

) or equivalently

mini′:(i′,j)∈E 1
γ̃bj

(pi′+ µ̃bj+ci′ γ̃
b
j) ≥ F−1

bj
(1−

q̄bj
bj

). As Fbj is increasing and Fbj (v) ∈ [0, 1]

for all v ∈ R (Assumption 1), we deduce that 1 ≥ Fbj (mini:(i,j)∈E{(1 + γbj)pi + ci} +
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µbj) ≥ F−1
bj

(Fbj (1−
q̄bj
bj

)) = 1. Thus, Fbj (mini:(i,j)∈E{(1 + γbj)pi + ci}) = 1 = 1−
q̄bj
bj
. In

both cases, we conclude that (1.2b) holds.

3. Condition(1.2c): given that (x̄, q̄s, q̄b) satisfy constraints (1.38d) and (1.38e), we con-

clude that (1.2c) holds.

4. Condition(1.2d): the constraint (1.38f) implies that x̄ij ≥ 0. While verifying the

equilibrium condition (1.2b) we established that, if x̄ij > 0, then (1 +γbj)pi+ ci+µbj =

mini′:(i′,j)∈E{(1 + γbj)pi′ + ci′}+ µbj . Thus, (1.2d) holds.

As the equilibrium conditions (1.2a) - (1.2d) are satisfied, we conclude that (p, x̄, q̄, q̄b) ∈

X (γ,µ).

Finally, we argue that (γ,µ) is optimal. By condition (1.8a), for any i such that q̄si > 0,

since γ̃si = 1
1−γsi

and µ̃si = µsi
1−γsi

, we have that (1 − γsi )pi − µsi = 1
γ̃si
pi − 1

γ̃si
µ̃si = F−1

si ( q̄
s
i
si

).

Thus, it follows that [(1 − γsi )pi − µsi ]q̄si = F−1
si ( q̄

s
i
si

)q̄si . By condition (1.8b), for any i with

q̄si = 0, we have [(1 − γsi )pi − µsi ]q̄si = 0 = F−1
si ( q̄

s
i
si

)q̄si . Since (p, x̄, q̄, q̄b) ∈ X (γ,µ), we

establish that the inequality in step (b) of (1.138) is tight, which further implies that step

(e) of (1.139) is tight. Thus, we conclude that V (γ,µ) = h(q̄s, q̄b) = Vopt.

This completes the the proof of claim (ii).

Proof of Corollary 2. By Lemma 4(ii), the revenue optimization problem (1.7) can be

viewed as an instance of the framework problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-

3) and Assumptions (1.12.1-7) - (1.12.1-8) hold. Let (x̄, q̄s, q̄b) be an optimal solution to

problem (1.7) and let (θb,θs,ηb,ηs,π) be a corresponding dual optimal solution in the corol-

lary statement, associated to constraints (1.38b) - (1.38f). By Lemma 5, (θb,θs,ηb,ηs,π)

is the unique dual optimal vector that satisfies the conditions in (1.40).

Claim (i) of the Corollary statement has been established in step (i-2) in the proof of

Theorem 1, when we constructed a feasible solution to (1.3) that is optimal.
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To establish claim (ii), consider the price vector p defined as

pi : = θsi , ∀i ∈ S. (1.151)

and define the commission-only implementation where we set the subscriptions to be zero,

i.e., µ = 0 and the commissions as

γsi := 1− 1
θsi
F−1
si

(
q̄si
si

)
∀i ∈ S, (1.152a)

γbj := 1
θbj
F−1
bj

1−
q̄bj
bj

− 1 ∀j ∈ B. (1.152b)

We first establish that (γs,γb) ∈ Γ. Given that ci = 0 for all i ∈ S, Assumption (1.12.1-6)

in the framework problem (1.38) holds. Note that θsi = h′i(q̄si ) + ηsi (condition (1.40b))

and ηsi ≥ 0 (condition (1.40e). By using Assumption 1, we obtain that Fsi is continuously

differentiable and strictly increasing in (0, v̄si), and by the inverse function theorem it follows

that F−1
si is continuously differentiable and strictly increasing in (0, 1). Proposition 12(iii)

implies that h′i(q̄si ) is finite. Recall that h′i(q) is continuous in (0, si) (Assumption (1.12.1-2)),

and h′i(0) = limq↓0 h
′
i(q), h′i(si) = limq↑si h

′
i(q) (by definition). Thus, there exists a sequence

{qk ∈ (0, si) : k = 1, 2, . . . } such that limk→∞ qk = q̄si and limk→∞ h′i(qk) = h′i(q̄si ). Given

that hi(q) = F−1
si ( qsi )q, we deduce that

θsi = h′i(q̄si ) + ηsi = lim
k→∞

h′i(qk) + ηsi

= lim
k→∞

[
F−1
si

]′ (qk
si

)
qk
si

+ F−1
si

(
qk
si

)
+ ηsi ≥ F−1

si

(
q̄si
si

)
, ∀i ∈ S.

(1.153)

Since q̄si > 0 (Proposition 12(ix)) and θsi is finite (Proposition 12(iii)), it follows that

F−1
si

( q̄si
si

)
> 0. From (1.152a), (1.153) and F−1

si

( q̄si
si

)
> 0, we conclude that 1 − γsi =

1
θsi
F−1
si

( q̄si
si

)
∈ [0, 1) and thus γsi ∈ [0, 1).
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Next, we show that γbj ≥ 0 for all j ∈ B. Given that q̄bj < bj (Proposition 12(v))

and ηbj = 0 (condition (1.40d)) for all j ∈ B, it follows that θbj = g′j(q̄bj) (by condition

(1.40a)). By Assumption 1, Fbj is continuously differentiable and strictly increasing in

(0, v̄bj ), and by the implicit function theorem it follows that F−1
bj

is continuously differentiable

and strictly increasing in (0, 1). Proposition 12(iii) implies that g′j(q̄bj) is finite. Recall that

g′j(q) is continuous in (0, bj) (Assumption (1.12.1-1)), and g′j(0) = limq↓0 g
′
j(q), g′j(bj) =

limq↑bj g
′
j(q) (by definition). Thus, there exists a sequence {qk ∈ (0, bj) : k = 1, 2, . . . } such

that limk→∞ qk = q̄bj and limk→∞ g′j(qk) = g′j(q̄bj). It follows that

θbj = g′j(q̄bj) = lim
k→∞

g′j(qk)

= lim
k→∞

−
[
F−1
bj

]′ (1− qk
bj

)
qk
bj

+ F−1
bj

(
1− qk

bj

)
≤ F−1

bj

1−
q̄bj
bj

 , ∀j ∈ B.

(1.154)

All that remains is to show that θbj > 0, which we do by contradiction. Suppose that

θbj ≤ 0. Recall that gj(q) = F−1
bj

(
1− q

bj

)
q in this instance of the framework problem (1.38)

associated to the revenue optimization problem (1.7). Given condition (1.154), it follows

that g′j(q̄bj) ≤ 0. From g′j(0) > 0 (Assumption (1.12.1-8)) and the strict decreasing property

of g′j(·) (Assumption (1.12.1-1)), this further implies that q̄bj > 0. Furthermore, we can find

i with x̄ij > 0. Given that h′i(0) = 0 (Assumption (1.12.1-7)) and the strictly increasing

property of h′i(·) (Assumption (1.12.1-2)), it follows that h′i(q̄si ) > 0. This implies that

there exists δ ∈ (0, x̄ij) such that we can decrease (q̄bj , q̄si , x̄ij) simultaneously by δ such that

x̄ij := x̄ij−δ, q̄si := q̄si −δ, and q̄bj := q̄bj−δ. This would strictly increase the objective value,

thereby leading to a contradiction with the optimality of (x̄, q̄s, q̄b). These observations

imply that θbj > 0 for all j ∈ B. Thus, we conclude that 1 + γbj = 1
θbj
F−1
bj

(
1 −

q̄bj
bj

)
≥ 1, or

correspondingly γbj ≥ 0. This allows us to conclude that (γs,γb) ∈ Γ, as desired.

Next, we verify that (p, x̄, q̄s, q̄b) ∈ X (γ,0) by showing that the equilibrium conditions

(1.2a) - (1.2d) are satisfied:
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(1) Condition (1.2a): for each i ∈ S, we deduce that

siFsi

(
(1− γsi )pi

) (a)= siFsi

(
(1− γsi )θsi

) (b)= siFsi

(
F−1
si

(
q̄si
si

))
= q̄si , (1.155)

where step (a) follows from pi = θsi in (1.151). Step (b) follows from the construction

of γsi in (1.152a). Thus, the equilibrium condition (1.2a) holds.

(2) Condition (1.2b): for all j ∈ B, we start from θsi ≥ θbj for all i with (i, j) ∈ E, which

is obtained from θsi − θbj + πij = 0 (condition (1.40c)) and πij ≥ 0 (condition (1.40d)).

For each j ∈ B, we discuss two cases. If q̄bj > 0, then for all i with x̄ij > 0, we have

πij = 0 (condition (1.40d)) and θbj = θsi (condition (1.40c)). Thus, it follows that

θbj = θsi = min
i′:(i′,j)∈E

{θsi′}, ∀i : x̄ij > 0. (1.156)

Then, condition (1.2b) is satisfied as

bj

[
1− Fbj

(
(1 + γbj) min

i′:(i′,j)∈E
{pi′}

)] (c)= bj

[
1− Fbj

(
(1 + γbj) min

i′:(i′,j)∈E
{θsi′}

)]
(d)= bj

[
1− Fbj

(
(1 + γbj)θbj

)]
(e)= bj

[
1− Fbj

(
F−1
bj

(
1−

q̄bj
bj

))]
= q̄bj , (1.157)

where step (c) follows from pi = θsi (the construction of pi in (1.140)). Step (d) follows

from condition (1.156). Step (e) follows from (1+γbj)θbj = F−1
bj

(1−
q̄bj
bj

) (the construction

of γbj in (1.152b)).

If q̄bj = 0, we have x̄ij = 0 for all i with (i, j) ∈ E. Recall that θsi ≥ θbj for all i

with (i, j) ∈ E (condition (1.40c) and (1.40f)) and pi = θsi (the construction of pi

in (1.140)). Then, it follows that θbj ≤ mini:(i,j)∈E{θsi } = mini:(i,j)∈E{pi}. Since

(1 + γbj)θbj = F−1
bj

(1 −
qbj
bj

) (the construction of γbj in (1.152b)), we have that (1 +
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γbj) mini:(i,j)∈E{pi} ≥ (1 + γbj)θbj = F−1
bj

(1−
qbj
bj

) = F−1
bj

(1), which further implies that

bj

[
1− Fbj

(
(1 + γbj) min

i′:(i′,j)∈E
{pi′}

)]
= bj

[
1− Fbj

(
F−1
bj

(
1
))]

= 0 = q̄bj . (1.158)

Thus, we conclude that condition (1.2b) holds.

(3) Condition (1.2c): constraints (1.38b) and (1.38c) guarantee that (1.2c) is satisfied.

(4) Condition (1.2d): for all (i, j) ∈ E, x̄ij ≥ 0 follows from constraint (1.38f). Moreover,

if x̄ij > 0, we have established that i ∈ arg mini′:(i′,j)∈E{θsi′} = arg mini′:(i′,j)∈E{pi′}

(when verifying condition (1.2b)). Thus, the equilibrium expression (1.2d) holds.

Therefore, we conclude that (p, x̄, q̄s, q̄b) ∈ X (γ,0).

To establish the optimality of (γs,γb), recall the upper bound in step (e) of (1.139) in

the proof of Theorem 1. For all i ∈ S, given that (1− γsi )pi = F−1
si ( q̄

s
i
si

) (by the construction

of γsi in (1.152a)), step (b) of (1.138) (in the proof of Theorem 1) is tight, which further

implies that step (e) of (1.139) (in the proof of Theorem 1) is also tight. Thus, we conclude

that V (γ,µ) = h(q̄s, q̄b) = Vopt.

Proof of Proposition 2. We prove the claim for the optimal subscription fees defined

in Corollary 2(i). The same arguments can be applied to establish the result for the optimal

commission rates defined in Corollary 2(ii).

Let µ be the optimal subscription fees defined in Corollary 2(i), and (p,x, qs, qb) be any

competitive equilibrium induced by (0,µ). By Theorem 1(i), it readily follows that (qs, qb)

is the unique optimal supply/demand vector for the revenue optimization problem (1.7). We

divide the proof arguments into the following steps.

Step 1: positivity of the equilibrium supply and the uniqueness of the price vector. We first

establish that the equilibrium supply vector satisfies that qsi > 0 for all i ∈ S. By Lemma

4(ii), the revenue optimization problem (1.7) can be viewed as an instance of the frame-

work problem (1.38) where Assumptions (1.12.1-1) -(1.12.1-3) and Assumptions (1.12.1-7)
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- (1.12.1-8) hold. Given that Fbj (v) = Fb(v), Fsi(v) = Fs(v) and cij = 0 (Assumption 3),

we have gj(q) = bjg( qbj ) with g(r) = F−1
b (1 − r)r, hi(q) = sih( qsi ) with h(r) = F−1

s (r)r,

and wij = ci = 0. This implies that Assumptions (1.12.1-4) - (1.12.1-6) hold. Thus, by

Proposition 12(ix), we establish that qsi > 0 for all i ∈ S. Combining Proposition 9 (ii) with

the observation that qs > 0, we obtain that equilibrium price vector p is unique.

Step 2: the connection with the dual optimal solution. Let (θb,θs,ηb,ηs,π) be a cor-

responding dual optimal solution specified in Corollary 2, associated with constraints (1.38b)

- (1.38f). By Lemma 5, (θb,θs,ηb,ηs,π) is the unique dual optimal vector that satisfies the

conditions in (1.40). Moreover, Step 1, together with (1.140) and the subsequent arguments

in Theorem 1, implies that the unique equilibrium price induced by the optimal subscription

fees µ is given as p = θs.

Step 3: the ranking of the equilibrium price vector. Let {(Sτ ,Bτ ) : τ = 1, . . . , `} be the

network components constructed in Theorem 2, where we established that all buyers in Bτ

only trade with sellers in Sτ . For any i1 ∈ Sτ1 , i2 ∈ Sτ2 with τ2 ≥ τ1, based on the

observations that qsi1 > 0 and qsi2 > 0, we can pick j1 ∈ Bτ1 with xi1j1 > 0 and j2 ∈ Bτ2
with xi2j2 > 0. We conclude the claim by deducing that

pi1
(a)= θsi1

(b)= θbj1
(c)= g′

qbj1
bj1

 (d)
≥ g′

qbj2
bj2

 (e)= θbj2
(f)= θsi2

(g)= pi2 , (1.159)

where step (a) and step (g) follow directly from the conclusion in step 2 of this proof. In step

(b) and step (f), we use the fact that xi1j1 , xi2j2 > 0, to obtain that πi1j1 = πi2j2 = 0 (by

condition (1.40f)). Together with wi1j1 = wi2j2 = 0 (by Assumption 3) and condition (1.40c),

we obtain equalities (b) and (f). In step (c) and step (e), we have that qbj1 < bj1 and qbj2 < bj2

(by Proposition 12(v)), which implies that ηbj1 = ηbj2 = 0 (by condition (1.40d)). From

condition (1.40a), equalities (c) and (e) readily follow. In (d), we use the fact that F−1
b (r) is

strictly increasing in r ∈ (0, 1) (by Assumption 1), F−1
b (1−

qbj1
bj1

) = v̄mbj1
≥ v̄mbj2

= F−1
b (1−

qbj2
bj2

)

(by the inequalities (1.22) - (1.23) in Theorem 2), and
qbj1
bj1
,
qbj2
bj2
∈ (0, 1). Note that these
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observations readily imply that
qbj1
bj1
≤

qbj2
bj2

. Given that g′(r) is strictly decreasing in r ∈ (0, 1)

(by Assumption (1.12.1-1)), inequality (d) immediately follows. When τ1 6= τ2, the strict

inequality (1.23) in Theorem 2 and the fact that F−1
b (r) is strictly increasing in r ∈ (0, 1)

imply that
qbj1
bj1

<
qbj2
bj2

and hence inequality (d) is strict.

Proof of Corollary 3. By Lemma 4(ii), the revenue optimization problem (1.7) can be

formulated as an instance of the framework problem (1.38) where gj(q) = F−1
bj

(1 − q
bj

)q

for all j ∈ B, hi(q) = F−1
si ( qsi )q for all i ∈ S and wij = ci for all (i, j) ∈ E. Moreover,

Assumptions (1.12.1-1) - (1.12.1-3), and Assumptions (1.12.1-7) - (1.12.1-8) hold. Given

Fbj (v) = Fb(v), Fsi(v) = Fs(v) and cij = 0 (Assumption 3), we have gj(q) = bjg( qbj )

with g(r) = F−1
b (1 − r)r, hi(q) = sih( qsi ) with h(r) = F−1

s (r)r, and wij = ci = 0. This

implies that Assumptions (1.12.1-4) - (1.12.1-6) hold. From Proposition 10(i), it follows that

Assumptions (1.91) - (1.94) also hold.

We let (x, qs, qb) be an optimal solution to problem (1.38) and (θs,θb,ηs,ηb,π) be

the corresponding dual optimal solution to constraints (1.38b) - (1.38f) that satisfies the

conditions in (1.40).

Step 1: the Lagrangian of the framework problem. In the framework problem (1.38), we

define the corresponding Lagrangian as

L(x̄, q̄s, q̄b, θ̄s, θ̄b, η̄s, η̄b, π̄, s, b) :=
∑
j∈B

bjg
 q̄bj
bj

− θ̄bj(q̄bj − ∑
i:(i,j)∈E

x̄ij

)
− η̄bj

(
q̄bj − bj

)
+
∑
i∈S

−sih
(
q̄si
si

)
+ θsi

(
q̄si −

∑
j:(i,j)∈E

x̄ij

)
− η̄si (q̄si − si)


+

∑
(i,j)∈E

(
− wij x̄ij + πij x̄ij

)
. (1.160)

For all i ∈ S, we deduce from (1.160) that

∂

∂si
Vopt(s, b) = −h

(
qsi
si

)
+ qsi
si
h′
(
qsi
si

)
+ ηsi . (1.161)
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Here, since Vopt(s, b) is differentiable at si (by the assumption of the corollary), we apply the

envelope theorem to problem (1.38) to obtain the right-hand-side expression. By Proposition

12(iii), h′(q
s
i
si

) has a finite value, and it follows that h(q
s
i
si

) is also finite at the optimal solution.

Similarly, for any j ∈ B, we deduce that

∂

∂bj
Vopt(s, b) = g

(
qj
bj

)
−
qj
bj
g′
(
qj
bj

)
. (1.162)

Since Vopt(s, b) is differentiable at bj (by the assumption of the corollary), the right-hand-

side expression follows from the envelope theorem. By Proposition 12(iii), g′(
qbj
bj

) is finite,

and it follows that g(qjbj ) is also finite at the optimal solution.

Let {(Sτ ,Bτ ) : τ = 1, . . . , l} be the set of components constructed in Theorem 2. Further-

more, let τ̄ be defined as in the proof of Theorem 2 (in the paragraph before (1.24)). Recall

that trades only happen between the sellers in Sτ and the buyers in Bτ for τ ∈ {1, 2, . . . , l}.

Step 2: the ranking of ∂
∂si
Vopt(s, b). Before proceeding, we establish that functionH(t) =

−h(t) + th′(t) is strictly increasing for t ∈ (0, 1). For any t1, t2 ∈ (0, 1) with t1 > t2, since

h(t) is continuously differentiable and strict convex in t ∈ (0, 1) (Assumption (1.92)), we

apply the mean value theorem to obtain that there exists h0 ∈ [h′(t1), h′(t2)] such that

h(t1) − h(t2) = h0(t1 − t2), which further implies that H(t1) − H(t2) = −h(t1) + h(t2) +

t1h′(t1) − t2h′(t2) = t1(h′(t1) − h0) + t2(h0 − h′(t2)) > 0. Thus, function H(t) is strictly

increasing for t ∈ {t′ : t′ ∈ [0, 1], |H(t′)| <∞}.

case 2-(i): if there exists τ ∈ {1, . . . , l} such that τ ≤ τ̄ . For any i ∈ Sτ , recalling (1.24)

of Theorem 2 that qsi = si, we can pick any j such that xij > 0 and j ∈ Bτ . Based on
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(1.161), we further deduce that

∂

∂si
Vopt(s, b) = − h

(
qsi
si

)
+ qsi
si
h′
(
qsi
si

)
+ ηsi

(a)= − h
(
qsi
si

)
+ qsi
si
h′
(
qsi
si

)
+ qsi
si
ηsi

(b)= − h
(
qsi
si

)
+ qsi
si
θsi

(c)= −h (1) + θbj
(d)= −h(1) + g′

qbj
bj

 , (1.163)

where step (a) follows from ηsi (qsi − si) = 0 (the complementary condition (1.40e)). Step

(b) follows from h′(q
s
i
si

) − θsi + ηsi = 0 (condition (1.40b)). In step (c), we first implement
qsi
si

= 1. Since xij > 0, we have πij = 0 (the complementary condition (1.40f)), which further

suggests that θsi = θbj (condition (1.40c)). In step (d), from qbj < bj (Proposition 12(v)), we

obtain that ηbj = 0 (the complementary condition (1.40d)). By condition (1.40a), we have

θbj = g′(
qbj
bj

).

For any i1 ∈ Sτ1 and i2 ∈ Sτ2 with τ1 < τ2 ≤ τ̄ . Pick any j1 : xi1j1 > 0 such that

j1 ∈ Bτ1 and j2 : xi2j2 > 0 such that j2 ∈ Bτ2 . Recall from (1.23) of Theorem 2 that
qbj1
bj1

<
qbj2
bj2

. By the strict decreasingness of g′(·) in (0, 1) (Assumption (1.92)), we obtain that

g′(
qbj1
bj1

) > g′(
qbj2
bj2

). By (1.163), it follows that ∂
∂si1

Vopt(s, b) > ∂
∂si2

Vopt(s, b);

case 2-(ii): if ther exists τ ∈ {1, 2, . . . , l} such that τ > τ̄ . For all i ∈ Sτ , recall from

the discussion before (1.24) of Theorem 2 that qsi < si. This implies that ηsi = 0(the

complementary condition (1.40e)).

Hence, for any i1 ∈ Sτ1 and i2 ∈ Sτ2 where τ̄ < τ1 < τ2. Condition (1.26) of The-

orem 2 establishes that
qsi1
si1

>
qsi2
si2

. From the strict increasingness of H(t) in t ∈ {t′ :

t′ ∈ [0, 1], |H(t′)| < ∞}, (1.161), and ηsi1 = ηsi2 = 0, we conclude that ∂
∂si1

Vopt(s, b) >
∂
∂si2

Vopt(s, b);

case 2-(iii): to complete the analysis, if there exists i1 ∈ Sτ1 and i2 ∈ Sτ2 where τ1 ≤

τ̄ < τ2. Combining the observations above, from qsi1 = si1 , η
s
i1
≥ 0, qsi2 < si2 , η

s
i2

= 0, the

strict increasingness of H(t) in t ∈ {t′ : t′ ∈ [0, 1], |H(t′)| <∞}, and (1.161), it follows that

155



∂
∂si1

Vopt(s, b) = H(1) + ηsi1 ≥ H(1) > H(
qsi2
si2

) = ∂
∂si2

Vopt(s, b).

Combining these observations, we conclude that ∂
∂si
Vopt(s, b) is the τ th highest if and

only if i ∈ Sτ .

Step 3: the ranking of ∂
∂bj

Vopt(s, b). From (1.162), we first establish that function G(t) =

g(t)− tg′(t) is strictly increasing in t ∈ (0, 1). For any t1, t2 ∈ (0, 1) where t1 > t2, we show

that G(t1) > G(t2). By the continuous differentiability and the strict concavity property of

function g(t) in (0, 1)(Assumption (1.91)), we can apply the mean value theorem to obtain

that there exists g0 ∈ [g′(t1), g′(t2)] such that g(t1)− g(t2) = g0(t1 − t2). This implies that

G(t1)−G(t2) = g(t1)−g(t2)− t1g′(t1)+ t2g′(t2) = t1(g0−g′(t1))+ t2g′(t2)−g0) > 0. Thus,

G(t) is strictly increasing in t ∈ {t′ ∈ [0, 1], |G(t′)| <∞}.

For any j1 ∈ Bτ1 and j2 ∈ Bτ2 with τ1 < τ2, recall from (1.23) of Theorem 2 that
qbj1
bj1

<
qbj2
bj2

. From (1.162) and the strict increasingness of G(t) in t ∈ {t′ ∈ [0, 1], |G(t′)| <∞},

we conclude that ∂
∂bj1

Vopt(s, b) = G(
qbj1
bj1

) < G(
qbj2
bj2

) = ∂
∂bj2

Vopt(s, b).

In summary, we conclude that ∂
∂bj

Vopt(s, b) is the τ th lowest if and only if j ∈ Bτ .

1.14.2 Counter Example for Commission-only Implementation.

Consider a complete bipartite network with 2 seller types and 2 buyer types. Let the popula-

tion profiles be given by s = (5.6, 3.8) and b = (4.2, 5.8), and the value distribution be defined

as Fsi(v) = v for all i ∈ {1, 2} and Fbj (v) = λbjv for j ∈ {1, 2} with (λb1 , λb2) = (0.7, 0.2).

Let the cost vector be (c1, c2) = (0.9, 0.7).
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The revenue optimization problem (1.7) can then be expressed as

max
(qs,qb,x)

1
0.7

(
1− qb1

4.2

)
qb1 + 1

0.2

(
1− qb2

5.8

)
qb2 −

qs1
5.6q

s
1 −

qs2
3.8q

s
2

− 0.9(x11 + x12)− 0.7(x21 + x22)

x11 + x12 = qs1, x21 + x22 = qs2, x11 + x21 = qb1, x12 + x22 = qb2,

qs1 ≤ 5.6, qs2 ≤ 3.8, qb1 ≤ 4.2, qb2 ≤ 5.8,

x11, x12, x21, x22 ≥ 0. (1.164)

Solving for the revenue optimal solution (1.7) (or, equivalently, (1.164)), we obtain the

following primal optimal solution (x̄, q̄s, q̄b) and dual optimal solution (θs,θb,ηs,ηb,π):

(q̄s1, q̄s2) = (1.15, 1.16), (q̄b1, q̄b2) = (0.17, 2.14),

(x̄11, x̄21, x̄12, x̄22) = (0.09, 0.08, 1.06, 1.08),

(θs1, θs2) = (0.41, 0.61), (θb1, θb2) = (1.31, 1.31),

(ηs1, ηs2) = (0, 0), (ηb1, ηb2) = (0, 0),

(π11, π21, π12, π22) = (0, 0, 0, 0). (1.165)

Suppose towards contradiction that there exists (γ,0) ∈ Γ × U and p ∈ Rn+ such that

(p, x̄, q̄s, q̄b) ∈ X (γ,0). By Theorem 1(ii), defining γ̃si := 1
1−γsi

, µ̃si := µsi
1−γsi

= 0 for all

i ∈ S, and γ̃bj := 1
1+γbj

and µ̃bj :=
µbj

1+γbj
= 0, vector (p, γ̃b) must satisfy conditions (1.8c) and

(1.8f).

With (q̄b1, q̄b2) = (0.17, 2.14) and (c1, c2) = (0.9, 0.7), conditions (1.8c) and (1.8f) corre-

spond to

p1 ≥ 0, p2 ≥ 0, γ̃b1 > 0, γ̃b2 > 0 (1.166a)

p1 − 0.47γ̃b1 = 0, p2 − 0.67γ̃b1 = 0, p1 − 2.26γ̃b2 = 0, p2 − 2.46γ̃b2 = 0, (1.166b)
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To show a contradiction, we use p1 − 2.26νb2 = 0 and p2 − 2.46νb2 = 0 to obtain that

p2 = 1.09p1. (1.167)

From p1 − 0.47νb1 = 0 and p2 − 0.67νb1 = 0, we obtain

p2 = 1.43p1. (1.168)

Thus, the only solution that can possibly satisfy (1.166) is (p1, p2, γ̃b1, γ̃
b
2) = (0, 0, 0, 0), which

contradicts the fact that γ̃b1, γ̃b2 > 0. Therefore, there is no (γ,0) ∈ Γ× U and p ∈ Rn+ such

that (p, x̄, q̄s, q̄b) ∈ X (γ,0).

1.15 Proofs of Results in Section 1.6

Proof of Proposition 4. The proof we will proceed as follows. We first define a class of

networks, indexed by n; the nth network in the class will consist of n buyer types and n seller

types. Let Vopt(n) denote the optimal revenue of the nth network, and let Vh(n) denote the

optimal revenue under homogeneous commissions-subscriptions of the the nth network. We

will show that Vh(n)/Vopt(n) ∈ O(1/n); we do so by providing a lower bound for Vopt(n)

and an upper bound for Vh(n). Therefore, we have that limn→∞ Vh(n)/Vopt(n)→ 0, which

implies our result.

Introducing the class of networks: Consider the following class of networks indexed by

n. The nth network is a collection of n network components (in particular, of components

i = 1, . . . , n) where the ith component G(Si ∪ Bi, Ei) consists of one seller type and one

buyer type (see the network below). We set ci = 0 for all i ∈ S. For each i ∈ {1, . . . , n}, we
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define the distributions as

Fsi(v) := min
{
v

v̄si
, 1
}
, for any v ≥ 0 with v̄si = 4n,

Fbi(v) := min
{
v

v̄bi
, 1
}
, for any v ≥ 0 with v̄bi = 4i. (1.169)

and the population sizes to be

si := v̄si8
−i bi := v̄bi16−i. (1.170)

S B
1

...

n

1

...

n

Simplifying the expressions for the equilibrium revenues. Next, we use the special struc-

ture of our networks to simplify the expressions for the revenues generated at equilib-

rium for any feasible commission-subscription pair (γ,µ) ∈ Γ × U where γsi < 1 for all

i ∈ S. By Proposition 1, there exists a price vector (pi)ni=1 with type-i supply given

by qsi = si min{ 1
v̄si

[(1 − γsi )pi − µsi ]+, 1} (condition (1.2a)), and type-i demand equal to

qbi = bi[1−min{ 1
v̄bi

[(1 + γbi )pi + µbi ], 1}] (as per (1.2b)), and flow conservation qsi = xii = qbi

(as per (1.2c)).

We can leverage the special structure of our instances to simplify these expressions by

considering the following two properties of the competitive equilibrium:

1. assuming (1−γsi )pi−µsi ≥ 0 for all i ∈ {1, . . . , n} is without loss of generality. Suppose

there exists i ∈ {1, . . . , n} such that (1− γsi )pi−µsi < 0, then we have qsi = 0 and thus

qbi = 0 and (1 + γbi )pi + µbi ≥ v̄bi . Given that γsi < 1, we can consider an alternative

equilibrium by increasing pi to the level where (1 − γsi )pi − µsi = 0. This does not
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change the equilibrium supply as qsi = 0 and thus, it is without loss of generality to

consider (1− γsi )pi − µsi ≥ 0 for all i ∈ {1, . . . , n};

2. assuming (1 − γsi )pi − µsi ≤ v̄si for all i ∈ {1, . . . , n} is without loss of optimality.

Suppose towards contradiction that there exits i such that (1− γsi )pi − µsi > v̄si . On

the supply side, the assumption implies that xii = qsi = si > 0. However, on the

demand side, given that 1+γbi
1−γsi

≥ 1 and µsi , µbi ≥ 0 (by feasibility of the commissions-

subscriptions) and 4n = v̄si ≥ v̄bi = 4i, the assumption implies that (1 + γbi )pi + µbi ≥

(1 + γbi )
v̄si+µ

s
i

1−γsi
+ µbi ≥ v̄bi , which further implies xii = qbi = 0. As a result, we achieve

a contradiction from 0 < xii = 0. Thus, we have (1− γsi )pi − µsi ≤ v̄si .

Leveraging these two simplifications, we end up with competitive equilibria where, for

i ∈ {1, . . . , n}, we have

si
1
v̄si

[(1− γsi )pi − µsi ] = xii = bi − bi min
{

1
v̄bi

[
(1 + γbi )pi + µbi

]
, 1
}
. (1.171)

Reorganizing the expression in (1.171) we can obtain the following expressions for (pi, xii)

for i ∈ {1, . . . , n}

pi =


bi−(bi/v̄bi)µ

b
i+(si/v̄si)µ

s
i

(si/v̄si)(1−γ
s
i )+(bi/v̄bi)(1+γbi )

, if 1+γbi
1−γsi

µsi + µbi ≤ v̄bi

µsi
1−γsi

, if 1+γbi
1−γsi

µsi + µbi ≥ v̄bi

xii =


(si/v̄si)

(1−γsi )bi−(bi/v̄bi)[(1−γ
s
i )µbi+(1+γbi )µsi ]

(si/v̄si)(1−γ
s
i )+(bi/v̄bi)(1+γbi )

if 1+γbi
1−γsi

µsi + µbi ≤ v̄bi

0 if 1+γbi
1−γsi

µsi + µbi ≥ v̄bi

(1.172)

To ease notation, define:

ri := 1 + γbi
1− γsi

− 1, (1.173a)

ξi := (ri + 1)µsi + µbi . (1.173b)
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Let Vi be the revenue generated by the ith network component G(Si∪Bi, Ei) in a competitive

equilibrium. We can show that the expression for Vi satisfies

Vi =
[
(γsi + γbi )pi + (µsi + µbi)

]
xii

(a)=



[
[1 + γbi − (1− γsi )] bi−(bi/v̄bi)µ

b
i+(si/v̄si)µ

s
i

(si/v̄si)(1−γ
s
i )+(bi/v̄bi)(1+γbi )

+ (µsi + µbi)
]

·(si/v̄si)
(1−γsi )bi−(bi/v̄bi)[(1−γ

s
i )µbi+(1+γbi )µsi ]

(si/v̄si)(1−γ
s
i )+(bi/v̄bi)(1+γbi )

if 1+γbi
1−γsi

µsi + µbi ≤ v̄bi

0 if 1+γbi
1−γsi

µsi + µbi ≥ v̄bi

(b)=



(si/v̄si)(bi/v̄bi)
[(si/v̄si)+(ri+1)(bi/v̄bi)]

2 · (v̄bi − ξi)[ribi + ξi(si/v̄si + bi/v̄bi)] if ξi ≤ v̄bi

0 if ξi ≥ v̄bi

(c)=
(si/v̄si)(bi/v̄bi)

[(si/v̄si) + (ri + 1)(bi/v̄bi)]2
· (v̄bi − ξi)+[ribi + ξi(si/v̄si + bi/v̄bi)]

(d)= 8−i16−i
[8−i + (1 + ri)16−i]2

(4i − ξi)+[4−iri + (8−i + 16−i)ξi]

= 8−i
[2i + (1 + ri)]2

(4i − ξi)+[4iri + (2i + 1)ξi], (1.174)

where step (a) follows from replacing with the expressions of pi and xii in (1.172). Step

(b) follows from reorganizing of the expression in step (a) using the changes of variables

ri = 1+γbi
1−γsi

− 1 and ξi = (ri + 1)µsi + µbi . Step (c) follows from writing the expression in step

(b) compactly as (v̄bi − ξi)+ = max{v̄bi − ξi, 0}. Step (d) follows from plugging in the values

of v̄si = 4n, v̄bi = 4i, si/v̄si = 8−i and bi/v̄bi = 16−i.

Abusing some notation, we can express the equilibrium revenue in network component

G(Si ∪ Bi, Ei) as a function of (ri, ξi) as:

Vi(ri, ξi) = 8−i
[2i + (1 + ri)]2

(4i − ξi)+[4iri + (2i + 1)ξi]. (1.175)

Lower bound on Vopt(n). We now derive a lower bound for the the optimal revenue under the
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heterogeneous commission-subscription pair. Consider a feasible commission-subscription

pair (γ,µ) where γsi = γbi = 0, µsi = 0, and µbi = 22i−1 for each i ∈ {1, . . . , n}. Based on

(1.173), this is equivalent to setting ri = 0 and ξi = 4i
2 for all i ∈ {1, . . . , n}. We further

deduce that

Vopt(n)
(e)
≥

n∑
i=1

Vi(ri, ξi)

=
n∑
i=1

8−i
[2i + (1 + ri)]2

(4i − ξi)+[4iri + (2i + 1)ξi]

= 1
4

n∑
i=1

2i
1 + 2i

(f)
≥ 1

8n, (1.176)

where in step (e), for any i ∈ S, since the constructed (γ,µ) satisfies that γsi = 0 < 1, we

leverage the simplified revenue expression in (1.175). Step (e) holds because the constructed

(r, ξ) is feasible but not necessarily optimal. Step (f) follows from 2i
1+2i ≥

1
2 for all i ∈

{1, . . . , n}.

Upper bound on Vh(n). In this case, we can only use one vector of commission-subscription

pair (γs, γb, µs, µb), which corresponds to homogeneous (r, ξ). If γs = 1, then we have

(1 − γs)pi − µs ≤ 0, which implies that qsi = 0 for all i ∈ S in any induced compet-

itive equilibrium and the platform’s revenue is zero. Consider any feasible homogeneous

commission-subscription pair (γs, γb, µs, µb) where γs < 1. Using the revenue expression in

(1.174), we derive the following upper bound for the optimal revenue

Vh(n)
(g)
≤ max

r,ξ≥0

n∑
i=1

8−i
[2i + (1 + r)]2

(4i − ξ)+[4ir + (2i + 1)ξ], (1.177)

where in inequality (g), when γs < 1, given the change of variables r = 1+γb
1−γs − 1 and

ξ = (r+1)µs+µb, we see that γs, γb, µs, µb ≥ 0 would imply r, ξ ≥ 0. Thus, the expression in

(1.177) is an upper bound for the platform’s revenue induced by homogeneous commissions-

subscription pair (γs, γb, µs, µb) with γs < 1. Moreover, it is easy to see that the upper
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bound expression (1.177) is at least 0, which implies that it is also an upper bound for any

feasible homogeneous commissions-subscription pair (γs, γb, µs, µb) with γs = 1. Thus, the

upper bound of Vh(n) in step (g) holds.

We denote (r, ξ) as the optimal solution for the upper bound optimization problem in

(1.177). Moreover, if ξ ≥ 4n, then the upper bound expression (1.177) is 0. Thus, it is

without loss of optimality to say that there exists sξ ∈ {0, . . . , n} and tξ ∈ [−1, 3 · 4sξ) such

that ξ = 4sξ + tξ. For any ξ ≥ 0, by considering the first order optimality condition for

the expression in (1.177) in component i ∈ {1, . . . , n}, we deduce that it is decreasing in r

for r ≥ (1 + 2i) − 2ξ 2i+1
4i . Thus, the upper bound expression (1.177) is decreasing in r for

r ≥ 2n+1. Thus, it is without loss of optimality to consider sr ∈ {0, . . . , n} and tr ∈ [−1, 2sr)

such that r = 2sr + tr. Following the expression transformation r = 2sr + tr and ξ = 4sξ + tξ

, we can further derive that

Vh(n)
(h)
≤

n∑
i=1

8−i
(2i + 1 + r)2 (4i − ξ)+[4ir + (2i + 1)ξ]

=
n∑
i=1

8−i
(2i + 1 + r)2

[
− (2i + 1)ξ2 + 4i(2i + 1− r)ξ + 16ir

]+
(i)
≤

n∑
i=1

8−i
(2i + 1 + r)2 16ir +

n∑
i=1

8−i
(2i + 1 + r)2

[
− (2i + 1)ξ2 + 4i(2i + 1− r)ξ

]+
(j)
≤

n∑
i=1

2ir
(2i + r)2 +

n∑
i=1

8−i
(2i + 1)2

[
− (2i + 1)ξ2 + 4i(2i + 1)ξ

]+
(k)=

n∑
i=1

1
2sr+tr

2i + 2i
2sr+tr + 2

+
n∑
i=1

8−i
2i + 1

ξ
[
4i − ξ

]+
(l)
≤

n∑
i=1

2
2sr−i + 2i−sr + 4− 1

2i
+

n∑
i=sξ

8−i
2i + 1

4i4sξ+1

≤ 2
[ sr∑
i=1

1
2sr−i

+
n∑

i=sr

1
2i−sr

]
+

n∑
i=sξ

1
4i−sξ−1

(m)
≤ 6 + 16

3 , (1.178)

where step (h) follows from implementing the upper bound of Vh(n) in (1.177). In step
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(i), we implement the following upper bound
[
− (2i + 1)ξ2 + 4i(2i + 1 − r)ξ + 16ir

]+ ≤[
− (2i + 1)ξ2 + 4i(2i + 1 − r)ξ

]+ + 16ir. In step (j), we implement 2i + 1 + r ≥ 2i + r

in the first expression, and we also implement 2i + 1 + r ≥ 2i + 1 and 2i + 1 − r ≤ 2i + 1

in the second expression. Step (k) follows from plugging in the expression r = 2sr + tr.

In step (l), we first implement inequalities 2sr+tr
2i ≥ 1

2 · 2
sr−i − 1

2i and 2i
2sr+tr ≥

1
2 · 2

i−sr

in the first expression. In the second expression, we have 4i − ξ ≤ 0 for all i ≤ sξ − 1,

we have −ξ2 + 4iξ ≤ 4iξ ≤ 4i4sξ+1. As a result of this derivation, we end up with the

upper bound expression in step (l). The inequality in step (m) follows from ∑sr
i=1

1
2sr−i ≤ 2,∑n

i=sr+1
1

2i−sr ≤ 1, and ∑n
i=sξ

1
4i−sξ−1 ≤ 16

3 .

Upper bound on Vh(n)/Vopt(n). We now combine the upper bound on Vh(n) with the lower

bound on Vopt(n) to obtain that

Vh(n)
Vopt(n) ≤

8
n

(
6 + 16

3

)
≤ 272

n

This allows us to derive that Vh(n)
Vopt(n) → 0 as n→∞, which implies our result.

Proof of Proposition 6. Proof of Claim (i): By Proposition 1, for any (0,µ) ∈ Γ×U , the

induced equilibrium supply-demand vector (qs, qb) is unique. Thus, we can define function

qsi : U → R+ for all i ∈ S and qbj : U → R+ for all j ∈ B such that (p,x, qs(µ), qb(µ)) ∈

X (0,µ). We consider the following lemma on the parametrized equilibrium supply-demand

vectors, the proof of which can be found in Section (1.15) of (40).

Lemma 7. For any µ ∈ U , we have

(i) for all j0 ∈ B, function qsi (µ) is weakly decreasing in µbj0 for all i ∈ S;

(ii) for all i0 ∈ S, function qbj(µ) is weakly decreasing in µsi0 for all j ∈ B.
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Let µ̄ = (µ̄s, µ̄b) denote the optimal subscription vector obtained from Theorem 1. Then

max{Vs, Vb} ≥ max

∑
i∈S

µsi q
s
i (µ̄s,0),

∑
j∈B

µbjq
b
j(0, µ̄b)


≥ 1

2

∑
i∈S

µ̄si q
s
i (µ̄s,0) +

∑
j∈B

µ̄bjq
b
j(0, µ̄b)


(a)
≥ 1

2

∑
i∈S

µ̄si q
s
i (µ̄s, µ̄b) +

∑
j∈B

µbjq
b
j(µ̄s, µ̄b)

 (b)= 1
2Vopt. (1.179)

where inequality (a) follows directly from Lemma 7, which proves that qsi (µ̄s,0) ≥ qsi (µ̄s, µ̄b)

and qbj(0, µ̄b) ≥ qbj(µ̄s, µ̄b). Equality (b) follows from the optimality of subscrition vector µ̄.

Proof of Claim (ii). By Lemma 4(ii), the revenue optimization problem (1.7) can be for-

mulated as an instance of the framework problem (1.38) where gj(q) = F−1
b (1 − q

bj
)q,

hi(q) = F−1
si ( qsi )q, and wij = ci. Moreover, Assumptions (1.12.1-1) - (1.12.1-3) and As-

sumptions (1.12.1-7) - (1.12.1-8) hold in this instance. Let (x̄, q̄s, q̄b) be an optimal solution

to problem (1.38). By Proposition 12(vi), there exists a unique dual optimal solution, which

we denote by (θb,θs,ηb,ηs,π) such that the primal/dual optimal pair satisfies (1.40a) -

(1.40h). Note that by Theorem 1, the optimal objective value of this problem is Vopt.

We prove the claim in the following two steps. In step (1), we show that Vs = Vopt when

we have Fbj (v) = Fb(v) for all j ∈ B. In step (2), we show that Vb = Vopt when we have

Fsi(v) = Fs(v) and ci = 0 for all i ∈ S.

Step 1: Vs = Vopt when Fbj (v) = Fb(v) for all j ∈ B: To establish the claim, we first show

that there exists γs ∈ Γs and µs ∈ Us such that for some p ≥ 0, we have (p, x̄, q̄s, q̄b) ∈

X (γs,0,µs,0). Then, we establish that the revenue of the platform induced at this equilib-

rium is given by Vopt.

Since Fbj (v) = Fb(v) for all j ∈ B, we have gj(qbj) = bjg( qbj ) with g(r) = F−1
b (1 − r)r.
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Thus, Assumption (1.12.1-4) holds. By Proposition 12(vii), for any i ∈ S, we have

q̄bj
bj

=
q̄bj′

bj′
, for all j and j′ : x̄ij > 0, x̄ij′ > 0. (1.180)

We claim that

F−1
b

1−
q̄bj
bj

 ≥ F−1
si

(
q̄si
si

)
+ ci, ∀(i, j) : x̄ij > 0. (1.181)

For some i ∈ S and j ∈ B such that x̄ij > 0, by Proposition 12(v), we have q̄bj < bj ,

which further implies that ηbj = 0 (by (1.40d)) and g′j(q̄bj) = θbj (by (1.40a)). Moreover,

by condition (1.40e), we have ηsi ≥ 0, which in turn implies θsi ≥ h′i(q̄si ) (by (1.40b)).

Lastly, since x̄ij > 0, we have πij = 0 by (1.40f) and θbj = θsi + ci by (1.40c). Recall

that we have gj(q) = F−1
b (1 − q

bj
)q and hi(q) = F−1

si ( qsi )q. Proposition 12(iii) implies that

g′j(q̄bj) and h′i(q̄si ) is finite. Recall that g′j(q) is continuous in (0, bj) (Assumption (1.12.1-

1)), and g′j(0) = limq↓0 g
′
j(q), g′j(bj) = limq↑bj g

′
j(q) (by definition). Thus, there exists a

sequence {q1
k ∈ (0, bj) : k = 1, 2, . . . } such that limk→∞ q1

k = q̄bj and limk→∞ g′j(q1
k) =

g′j(q̄bj). Similarly, recall that h′i(q) is continuous in (0, si) (Assumption (1.12.1-2)), and

h′i(0) = limq↓0 h
′
i(q), h′i(si) = limq↑si h

′
i(q) (by definition). Thus, there exists a sequence

{q2
k ∈ (0, si) : k = 1, 2, . . . } such that limk→∞ q2

k = q̄si and limk→∞ h′i(q2
k) = h′i(q̄si ). Using

Assumption 1, the fact that Fb and Fsi are continuously differentiable and strictly increasing

respectively in (0, v̄bj ) and (0, v̄si), and the inverse function theorem it follows that F−1
b and

F−1
si are continuously differentiable and strictly increasing in (0, 1). Using these observations,

it follows that:

g′j(q̄bj) = lim
k→∞

g′j(q1
k) = lim

k→∞

q1
k

bj

[
F−1
b

]′ (1−
q1
k

bj

)
+ F−1

b

(
1−

q1
k

bj

)
≤ F−1

b

1−
q̄bj
bj


h′i(q̄si ) = , lim

k→∞
h′i(q2

k) = lim
k→∞

q2
k

si

[
F−1
si

]′ (q2
k

si

)
+ F−1

si

(
q2
k

si

)
≥ F−1

si

(
q̄si
si

)
. (1.182)
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These observations imply that F−1
b (1 −

q̄bj
bj

) − F−1
s ( q̄

s
i
si

) ≥ g′j(q̄bj) − h′i(q̄si ) ≥ θbj − θsi = ci.

Since, we focused on any (i, j) such that x̄ij > 0, (1.181) follows.

Next, we construct (p,γs,µs) such that (p, x̄, q̄s, q̄b) ∈ X (γs,0,µs,0) then verify the

feasibility of (γs,µs). We set γs = 0, which clearly satisfies γs ∈ Γs. To construct µs,

for each i ∈ S, we consider two cases: (a) q̄si > 0: we pick any j : x̄ij > 0 and set

pi = F−1
b (1 −

q̄bj
bj

) − ci and µsi = F−1
b (1 −

q̄bj
bj

) − F−1
si ( q̄

s
i
si

) − ci. It can be seen from (1.180)

that it does not matter which j : x̄ij > 0 is chosen. By (1.181), we have that µsi ≥ 0

and pi ≥ 0; (b) q̄si = 0: we pick any j ∈ arg maxj′:(i,j′)∈E{F−1
b (1 −

q̄b
j′
bj′

) − ci} and let

pi = µsi = max{F−1
b (1−

q̄bj
bj

)− ci, 0}. In this case as well, we have pi, µsi ≥ 0 by construction.

Thus, we conclude that our construction satisfies that µs ∈ Us.

We claim that (p, x̄, q̄s, q̄b) ∈ X (γs,0,µs,0). To establish this claim, we check the

equilibrium expressions (1.2a)-(1.2d) for the constructed tuple:

(1) (1.2a): by construction of p and (γs,µs), we obtain that pi − µsi = F−1
s ( q̄

s
i
si

), which

implies that

siFsi

(
(1− γsi )pi − µsi

)
= siFsi

(
F−1
s

(
q̄si
si

))
= q̄si . (1.183)

(2) (1.2b): for any j ∈ B, if x̄i1j > 0 and x̄i2j > 0, then the constructions of pi1 and pi2
imply that pi1 + ci1 = F−1

b (1−
q̄bj
bj

) = pi2 + ci2 . Suppose instead that x̄i1j > 0 and for some

(i2, j) ∈ E, we have x̄i2j = 0. From the construction of pi1 , we have pi1 + ci1 = F−1
b (1−

q̄bj
bj

).

If q̄si2 > 0, by the feasibility of (x, qs, qb) in the instance of the framework problem that

corresponds to (1.7), for some j2 we have x̄i2j2 > 0. Proposition 12(vii) implies that
q̄bj
bj
≥

q̄bj2
bj2

.

Since we have pi2 + ci2 = F−1
b (1−

q̄bj2
bj2

), by construction of pi2 , and F
−1
b is strictly increasing

in (0, 1), we conclude that pi1 + ci1 = F−1
b (1−

q̄bj
bj

) ≤ F−1
b (1−

q̄bj2
bj2

) = pi2 + ci2 . Similarly, if

q̄i2 = 0, then by the construction of pi2 , we have pi2+ci2 = maxj′:(i2,j′)∈E F
−1
b (1−

q̄b
j′
bj′

). Since

(i2, j) ∈ E, we have that pi1 + ci1 = F−1
b (1−

q̄bj
bj

) ≤ maxj′:(i2,j′)∈E F
−1
b (1−

q̄b
j′
bj′

) = pi2 + ci2 .
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Combining these observations, we conclude that

if x̄ij > 0, then pi + ci = min
i′:(i′,j)∈E

{pi′ + ci′} = F−1
b

1−
q̄bj
bj

 . (1.184)

Next, we verify the equilibrium condition (1.2b). First note that for j such that q̄bj > 0,

(1.184) implies that

bj

[
1− Fb

(
min

i:(i,j)∈E
{pi + ci}

)]
= bj

1− Fb

F−1
b

(
1−

q̄bj
bj

) = q̄bj . (1.185)

Consider instead j such that q̄bj = 0. If there exists i0 : (i0, j) ∈ E with q̄si0 > 0, then we can

find j0 : x̄i0j0 > 0. Note that since q̄bj = 0, we have x̄i0j = 0, and Proposition 12(vii) implies

that
q̄bj
bj
≥

q̄bj0
bj0

. The strict increasingness of F−1
b in (0, 1) implies that F−1

b (1−
q̄bj
bj

) ≤ F−1
b (1−

q̄bj0
bj0

). Moreover, by x̄i0j0 > 0 and (1.184), it follows that pi0 + ci0 = mini:(i,j0)∈E{pi + ci} =

F−1
b (1−

q̄bj0
bj0

). These observations imply that

0 ≤ bj

[
1− Fb

(
min

i:(i,j)∈E
{pi + ci}

)]

= bj

1− Fb

F−1
b

(
1−

q̄bj0
bj0

) ≤ bj

1− Fb

F−1
b

(
1−

q̄bj
bj

) = q̄bj = 0. (1.186)

If for all i0 : (i0, j) ∈ E, we have q̄si0 = 0, then the construction of p implies that pi0 + ci0 =

maxj′:(i0,j′)∈E F
−1
b (1 −

q̄b
j′
bj′

) ≥ F−1
b (1 −

q̄bj
bj

) for any i0 such that (i0, j) ∈ E. Thus, we

conclude that

0 ≤ bj

[
1− Fb

(
min

i0:(i0,j)∈E
{pi0 + ci0}

)]
≤ bj

1− Fb

F−1
b

(
1−

q̄bj
bj

) = q̄bj = 0.

(1.187)

Using (1.185), (1.186) and (1.187), it follows that the equilibrium condition (1.2b) holds;

(3) (1.2c) follows directly from constraints (1.38b) and (1.38c) in the instance of the
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framework problem (1.38) that corresponds to (1.7);

(4) (1.2d): for any (i, j) ∈ E, by (1.38f), we have xij ≥ 0. This observation, together

with (1.184) implies (1.2d).

Summarizing, (1.2a) - (1.2d) hold for the constructed tuple, thereby implying that

(p, x̄, q̄s, q̄b) ∈ X (γs,0,µs,0). The fact that the revenue induced at this equilibrium is

equal to Vopt can be established by following the same steps as in the proof of Theorem

1. In particular, for all i ∈ S, given that (1 − γsi )pi − µsi = F−1
si ( q̄

s
i
si

) by construction, the

inequality in step (b) of (1.138) holds with equality (in the proof of Theorem 1). This in

turn implies that step (e) of (1.139) also holds with equality. These observations imply that

V (γs,0,µs,0) = h(q̄s, q̄b). Since the latter term is the optimal objective value of (1.7),

which is equal to Vopt by Theorem 1, we conclude that V (γs,0,γb,0) = Vopt.

Step 2: Vb = Vopt when Fsi(v) = Fs(v) and ci = 0 for all i ∈ S: To establish the claim,

we show that there exists γb ∈ Γb and µb ∈ Ub such that for some p ≥ 0, we have

(p, x̄, q̄s, q̄b) ∈ X (0,γb,0,µb). Then we show that the optimal revenue induced at this

competitive equilibrium is given by by Vopt.

When Fsi(v) = Fs(v) for all i ∈ S, we have hi(qsi ) = sih
(
q
si

)
where h(r) = F−1

s (r)r.

With ci = 0 for all i ∈ S, we establish that Assumption (1.12.1-5) holds. From Proposition

12(viii), we have

q̄si
si

=
q̄si′

si′
, for all i and i′ : x̄ij > 0, x̄i′j > 0. (1.188)

Given that ci = 0 for all i ∈ S, repeating the same arguments in (1.181) yields

F−1
bj

1−
q̄bj
bj

 ≥ F−1
s

(
q̄si
si

)
, ∀(i, j) : x̄ij > 0. (1.189)

To proceed, we construct (p,γb,µb) such that (p, x̄, q̄s, q̄b) ∈ X (0,γb,0,µb), and verify

the feasibility of (γb,µb). We first set pi = F−1
s ( q̄

s
i
si

) for all i ∈ S, which clearly satisfies
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pi ≥ 0. We then let γb = 0, which readily guarantees γb ∈ Γb. To construct µb, we consider

the following two cases: (a) for all j such that q̄bj > 0, we pick any i : x̄ij > 0 and let

µbj = F−1
bj

(1−
q̄bj
bj

)−F−1
s ( q̄

s
i
si

). From condition (1.188), it can be seen that it does not matter

which i : x̄ij > 0 is picked. By condition (1.189), it follows that µbj ≥ 0; (b) for all j such that

q̄bj = 0, we pick i ∈ arg mini′:(i′,j)∈E{pi′} such that µbj = max{F−1
bj

(1 −
q̄bj
bj

) − F−1
s ( q̄

s
i
si

), 0},

which again satisfies µbj ≥ 0. Thus, we conclude that our construction satisfies µb ∈ Ub.

We claim that (p,γb,µb) satisfies (p, x̄, q̄s, q̄b) ∈ X (0,γb,0,µb). To establish this claim,

we verify the equilibrium expressions (1.2a)-(1.2d):

(1) (1.2a): for any i ∈ S, given the construction of pi that satisfies pi = F−1
s ( q̄

s
i
si

), we

obtain that

siFs
(
pi
)

= siFs

(
F−1
s

(
q̄si
si

))
= q̄si ; (1.190)

(2) (1.2b): for all j ∈ B, if there exists i1, i2 such that x̄i1j > 0 and x̄i2j = 0, then
q̄si1
si1
≤

q̄si2
si2

(Proposition 12(viii)). By the strict increasingness of F−1
s (·) in (0, 1) and by

the construction of pi1 , pi2 , we establish that pi1 = F−1
s (

q̄si1
si1

) ≤ F−1
s (

q̄si2
si2

) = pi2 . Suppose

instead that x̄i1j > 0 and x̄i2j > 0, by Proposition 12(viii), we have
q̄si1
si1

=
q̄si2
si2

, which implies

that pi1 = F−1
s (

q̄si1
si1

) = F−1
s (

q̄si2
si2

) = pi2 . These observations imply that if x̄ij > 0, then

pi = mini′:(i′,j)∈E{pi′}. Moreover, if x̄ij > 0, we can deduce from the construction of pi and

µbj that pi + µbj = F−1
s ( q̄

s
i
si

) + µbj = F−1
bj

(1−
q̄bj
bj

). Combining these observations, we conclude

that

if x̄ij > 0, then pi + µbj = min
i′:(i′,j)∈E

{pi′}+ µbj = F−1
bj

1−
q̄bj
bj

 . (1.191)

Note that for all j ∈ B such that q̄bj > 0, (1.191) implies that

bj

[
1− Fbj

(
min

i:(i,j)∈E
{pi}+ µbj

)]
= bj

1− Fbj

F−1
bj

(
1−

q̄bj
bj

) = q̄bj . (1.192)
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Consider instead j such that q̄bj = 0. Since µbj = max{F−1
bj

(1 −
q̄bj
bj

) − F−1
s ( q̄

s
i
si

), 0} by

construction, it follows that pi + µbj = F−1
s ( q̄

s
i
si

) + µbj ≥ F−1
bj

(1 −
q̄bj
bj

). Using the weakly

increasingness of Fbj (v) in v ∈ R (by definition of Fbj ), we deduce that

0 ≤ bj

[
1− Fbj

(
min

i:(i,j)∈E
{pi}+ µbj

)]
≤ bj

1− Fbj

F−1
bj

(
1−

q̄bj
bj

) = q̄bj = 0.

(1.193)

From (1.192) and (1.193), we conclude that the equilibrium condition (1.2b) holds;

(3) (1.2c) follows directly from constraints (1.38b) and (1.38c) in the instance of the

framework problem (1.38) associated with problem (1.7);

(4) (1.2d): for any (i, j) ∈ E, xij ≥ 0 follows from (1.38f). Together with (1.191), this

implies that (1.2d) holds.

Summarizing the constructed tuple satisfies (1.2a) - (1.2d), we conclude that (p, x̄, q̄s, q̄b) ∈

X (0,γb,0,µb). We use the same steps as in the proof of Theorem 1 to establish that the

induced revenue at this competitive equilibrium is Vopt. In particular, for all i ∈ S, since

(1 − γsi )pi − µsi = F−1
si ( q̄

s
i
si

) by construction, we establish that the inequality in step (b) of

(1.138) (in the proof of Theorem 1) is tight. This also implies that step (e) of (1.139) (in

the proof of Theorem 1) holds. Thus, we conclude that V (0,γb,0,µb) = Vopt.

Proof of Lemma 7. Without loss of generality, we can assume that network G(S∪B, E)

is connected. (If it is not connected, we can prove the claims in each disjoint network

component.) Let µb−j be the subvector of µb obtained by excluding component µbj , and

define µs−i analogously. By Proposition 1, for any given µ ∈ U , the equilibrium supply-

demand vector (qs, qb) associated to fees (0,µ) is unique. In what follows, we fix γ = 0 and,

abusing some notation, we denote the supply-demand vector by its parameterized values

(qs(µ), qb(µ)) in a competitive equilibrium (p,x, qs(µ), qb(µ)) ∈ X (0,µ).

Given γ = 0, by Lemma 4(i), the equilibrium problem (1.16) can be formulated as an
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instance of the framework problem (1.38) where Assumptions (1.12.1-1) - (1.12.1-3) hold.

Given γ = 0, we abuse some notation by letting gj(q, µbj) =
∫ q
0 [F−1

bj
(1 − x

bj
) − µbj ]dx and

hi(q, µsi ) =
∫ q
0 [F−1

si ( xsi ) + µsi ]dx in this instance of the framework problem (1.38). Moreover,

we have wij = ci for all (i, j) ∈ E. We let (θb,θs,ηb,ηs,π) be the dual optimal solution

vector that satisfies the conditions in (1.40), where the dual variables correspond to con-

straints (1.38b) - (1.38f), respectively. By Proposition 12(vi), (θb,θs,ηb,ηs,π) is unique.

We denote the parameterized dual optimal solution as (θb(µ),θs(µ),ηb(µ),ηs(µ),π(µ)).

We divide the proof arguments in the following steps.

Step 1: continuity of qs(µ) and qb(µ) in µ ∈ U . We leverage the Maximum theorem (see

page 116 of (49)) to establish that qsi (µ) and qbj(µ) are continuous in µ ∈ U for all i ∈ S

and j ∈ B. Using the notation in their framework, we let X = U = {µ : µsi ≥ 0,∀i ∈

S, µbj ≥ 0,∀j ∈ B} and Y = {(x, qs, qb) : qsi ∈ [0, si], qbj ∈ [0, bj ], xij ∈ [0,max{si, bj}]}. By

Assumption 1, we have
∫ bj
0 F−1

bj
(1 − x

bj
)dx ∈ (0,∞) for all j ∈ B and

∫ si
0 F−1

si ( xsi ) ∈ (0,∞)

for all i ∈ S. Since Assumption (1.12.1-1) - (1.12.1-2) hold, we obtain that gj(q, µbj) is con-

tinuous in q ∈ [0, bj ] for all j ∈ B and hi(q, µsi ) is continuous in q ∈ [0, si] for all i ∈ S. Thus,

the objective function ∑j∈B gj(q̄bj , µbj) −
∑
i∈S hi(q̄si , µsi ) −

∑
(i,j)∈E cix̄ij are continuous in

(x̄, q̄s, q̄b) ∈ Y for all µ ∈ X. Let Γ(µ) = {(x̄, q̄s, q̄b) : constraints (1.38b) - (1.38f) hold.},

which is independent from µ and thus, both upper and lower hemicontinuous at µ ∈ U .

By the Maximum theorem (page 116 of (49)), the correspondence of the optimal solu-

tions Φ(µ) = {((x̄, q̄s, q̄b)) : (x̄, q̄s, q̄b) is optimal in problem (1.38) given µ} is upper hemi-

continuous at µ ∈ X. By definition of upper hemicontinuity, for any µ̄k, µ̄ ∈ X such

that µ̄k → µ̄ and (x̄k, q̄sk, q̄
b
k) ∈ Φ(µ̄k) such that (x̄k, q̄sk, q̄

b
k) → (x̄, q̄s, q̄b), we have

(x̄, q̄s, q̄b) ∈ Φ(µ̄). Note that since q̄sk = qs(µ̄k) and q̄s = qs(µ̄), we obtain that qs(µ) is

continuous in µ ∈ U . Similarly, since q̄bk = qb(µ̄k) and q̄b = qb(µ̄), we conclude that qb(µ)

is continuous in µ ∈ U .

Step 2: trading components under µ ∈ U . For any µ ∈ U , from the conditions in Propo-

sition 12(iii), we cluster sellers and buyers (S,B) into disjoint components {(Sk,Bk)}lk=1
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where (1) Bk ⊂ B is such that θbj(µ) = θbj′(µ) for all j, j′ ∈ Bk, and (2) Sk ⊂ S is such that

πij(µ) = 0 for all (i, j) ∈ E with i ∈ Sk and j ∈ Bk. By construction, we can match Sk

with Bk such that θsi (µ) + ci = θbj(µ) for i ∈ Sk and j ∈ Bk (condition (1.40c)). Note that

the degenerate cases are possible: (1) Sk 6= ∅ and Bk = ∅, which corresponds to qsi (µ) = 0

for all i ∈ Sk; (2) Sk = ∅ and Bk 6= ∅, which corresponds to qbj(µ) = 0 for all j ∈ Bk.

To ease notation, for any k ∈ {1, . . . , l}, we let tk := θbj(µ) for j ∈ Bk. Without loss of

generality, we sort the components (Sk,Bk) by increasing order of {tk}lk=1 i.e., t0 ≤ t1 <

t2 · · · < tl < tl+1 (for completion, let t0 = 0 and tl+1 = ∞). We show that if t1 = 0, this

corresponds to the case where qbj(µ) = 0 for j ∈ B1. Suppose towards contradiction that

there exits j ∈ B1 such that qbj(µ) > 0. Then, we can pick i with (i, j) ∈ E and qsi (µ) > 0,

which implies that πij(µ) = 0 (condition (1.40f) and θbj(µ) = θsi (µ) (condition (1.40c)). By

condition (1.40b), as qsi (µ) > 0, we obtain that θsi (µ) = F−1
si (q

s
i (µ))
si

) + µsi + ηsi > 0, which

further implies that θb1(µ) > 0, thereby leading to a contradiction to θbj(µ) = t1 = 0. Thus,

if t1 = 0, then qbj(µ) = 0, ∀j ∈ B1. (1.194)

It is also worth noting that

there exists no edge (i, j) ∈ E where i ∈ Sk1 , j ∈ Bk2 , and k1 < k2. (1.195)

To prove condition (1.195), suppose towards contradiction that there exists (i, j) ∈ E where

i ∈ Sk1 , j ∈ Bk2 , and k1 < k2. Given θsi (µ) + ci − πij(µ) = θbj(µ) (condition (1.40c))

and πij(µ) ≥ 0 (condition (1.40f)), we establish that θsi (µ) + ci ≥ θbj(µ). Moreover, given

tk1 = θsi (µ) + ci, tk2 = θbj(µ) and tk1 < tk2 , we have θsi (µ) + ci < θbj(µ), thereby leading to

a contradiction. Thus, condition (1.195) holds. Moreover, we also deduce that

xij = 0, ∀(i, j) ∈ E with i ∈ Sk1 , j ∈ Bk2 , k1 > k2. (1.196)
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To prove this claim, suppose towards contradiction that there exists (i, j) ∈ E with xij > 0

where i ∈ Sk1 , j ∈ Bk2 and k1 > k2. By condition (1.40f), we have πij(µ) = 0, thereby

leading to a contradiction with k1 = k2 (by the construction of clusters {(Sk,Bk)}lk=1).

By Proposition 1, we can consider the equilibrium price pi = θsi (µ) = tk − ci for all

i ∈ Sk and k ∈ {1, 2, . . . , l}. By (1.195) and (1.196), buyers in Bk only trade with sellers in

Sk and for all k ∈ {1, 2, . . . , l}. Moreover, if type-j buyers trade with type-i sellers where

i ∈ Sk and j ∈ Bk, they trade at a price of pi = tk − ci.

Step 3: proof of claim (i). For all j0 ∈ B, we apply a sensitivity analysis to establish that

qsi (µ) is weakly decreasing in µbj0 for all i ∈ S. Fix j0 ∈ B. We find the index k0 ∈ {1, . . . , l}

such that j0 ∈ Bk0 . To prove the claim, from the continuity of qs(µ) in µ ∈ U , it is

sufficient to establish that there exists δ0 > 0 such that, for any δ ∈ [0, δ0], any competitive

equilibrium (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃) induced by the alterantive subscription profile

µ̃ = (µs, µbj0 + δ,µb−j0) satisfies that qsi (µ̃) ≤ qsi (µ) for all i ∈ S.

We prove the claim by discussing the following two cases:

Case-(i-1): qbj0(µ) > 0. Pick any i with xij0 > 0 such that qsi0(µ) > 0 and thus πij0(µ) = 0

(by condition (1.40f)). Moreover, we can find the matching cluster Sk0 such that i ∈ Sk0 (by

construction). Since qbj0(µ) > 0, we have tk0 > 0 (by condition (1.194)). In the subnetwork

G(Sk0 ∪ Bk0 , Ek0) where Ek0 ⊂ E is the maximal edge set induced by (Sk0 ,Bk0), we take

the maximal connected component G(S ′k0
∪ B′k0

, E′k0
) such that j0 ∈ B′k0

. The goal is to

show that after we increase µbj0 by a small amount, it would only impact the trades in the

network component G(S ′k0
∪ B′k0

, E′k0
).

Recalling that the buyers in B′k0
only trade with the sellers in S ′k0

at a price of tk0 − ci

for all i ∈ S ′k0
, we have ∑j∈B′k0

qbj(µ)−∑i∈S ′k0
qsi (µ) = 0. Expressing qsi (µ) and qbj(µ) using

the equilibrium conditions in (1.2a) and (1.2b), we have

∑
j∈B′k0

bj [1− Fbj (tk0 + µbj)]−
∑
i∈S ′k0

siFsi(tk0 − ci − µ
s
i ) = 0. (1.197)
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By the continuity and the weakly increasingness of Fbj (v) and Fsi(v) in v ∈ R (by definition),

we obtain that function ∑j∈B′k0
bj(1−Fbj (t+ µbj))−

∑
i∈S ′k0

siFsi(t− ci− µsi ) is continuous

and weakly decreasing in t ∈ R. Moreover, as qbj0(µ) > 0 (the assumption in this case)

and qbj0(µ) < bj0 (Proposition 12(v)), it follows that tk0 + µbj0 ∈ (0, v̄bj0 ). As Fbj (v) is

stricly increasing in v ∈ (0, v̄bj ) (Assumption 1), we obtain that ∑j∈B′k0
bj(1−Fbj (t+µbj))−∑

i∈S ′k0
siFsi(t− ci − µsi ) is strictly decreasing in the neighborhood of t = tk0 . From (1.197)

and tk0−1 < tk0 (the ordering of tk), it follows that

∑
j∈B′k0

bj [1− Fbj (tk0−1 + µbj)]−
∑
i∈S ′k0

siFsi(tk0−1 − ci − µsi ) > 0. (1.198)

Fix δ0 > 0 small enough such that, if we further pick any δ ∈ [0, δ0] and set µ̃ = (µs, µbj0 +

δ,µb−j0), we obtain

∑
j∈B′k0

bj [1− Fbj (tk0 + µ̃bj)]−
∑
i∈S ′k0

siFsi(tk0 − ci − µ̃
s
i ) ≤ 0,

∑
j∈B′k0

bj [1− Fbj (tk0−1 + µ̃bj)]−
∑
i∈S ′k0

siFsi(tk0−1 − ci − µ̃si ) > 0. (1.199)

For any δ ∈ [0, δ0], by the continuity of function∑j∈B′k0
bj(1−Fbj (t+µ̃

b
j))−

∑
i∈S ′k0

siFsi(t−

ci − µ̃si ) in t ∈ R, there exists t̃k0 ∈ (tk0−1, tk0 ] such that

∑
j∈B′k0

bj [1− Fbj (t̃k0 + µ̃bj)]−
∑
i∈S ′k0

siFsi(t̃k0 − ci − µ̃
s
i ) = 0. (1.200)

To move from (p,x, qs(µ), qb(µ)) ∈ X (0,µ) to (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃), we consider

the following adjustment:

(1-1) adjust the equilibrium price p̃ such that p̃i = t̃k0 − ci for all i ∈ S ′k0
and p̃i = pi

for all i 6∈ S ′k0
. Given that t̃k0 ∈ (tk0−1, tk0 ], the price adjustment ensures that the buyers

in components Bk would still only trade with the sellers in components Sk for k 6= k0.
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Moreover, since the buyers in components Bk0/B
′
k0

are not connected with S ′k0
, they would

only trade with the sellers in Sk0/S
′
k0
. Finally, the buyers in components B′k0

would only

trade with the sellers in S ′k0
. By condition (1.195) and condition (1.196), this ensures that

incentive compatibility constraint in the equilibrium expression (1.2d) is preserved;

(1-2) adjust the equilibrium supply to qsi (µ̃) such that qsi (µ̃) = siFsi(t̃k0− ci− µ̃
s
i ) for all

i ∈ S ′k0
and qsi (µ̃) = qsi (µ) for all i 6∈ S ′k0

. This preserves the equilibrium expression (1.2a).

It is also worth noting that since t̃k0 ∈ (tk0−1, tk0 ] and µ̃s = µs, we have qsi (µ̃) ≤ qsi (µ) for

all i ∈ S ′k0
by the weak increasingness of Fsi(v) for v ∈ R (by definition);

(1-3) adjust the demand to qbj(µ̃) such that qbj(µ̃) = bj [1 − Fbj (t̃k0 + µ̃bj)] for j ∈ B′k0

and qbj(µ̃) = qbj(µ) for all j 6∈ B′k0
. Since t̃k0 ∈ (tk0−1, tk0 ], this preserves the equilibrium

expression (1.2b). Moreover, from µ̃b−j0 = µb−j0 , we have q
b
j(µ̃) ≥ qbj(µ) for all j ∈ B′k0

/{j0}

by the weak increasingness of Fbj (v) for v ∈ R (by definition). Moreover, by the supply-

demand balance condition in (1.200), we have qbj0(µ̃) ≤ qbj0(µ);

(1-4) adjust the flow to x̃ by sending a flow of qbj0(µ) − qbj0(µ̃) from j0 to satisfy the

supply decrease in i ∈ S ′k0
and the demand increase in j ∈ B′k0

/{j0}. By the connectedness of

G(S ′k0
∪B′k0

, E′k0
) and supply-demand balance equations (1.197) and (1.200), this adjustment

is feasible and the equilibrium expression (1.2c) and the non-negativity of the flow in the

equilibrium expression (1.2d) are preserved.

Summarizing, we now end up with another equilibrium (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃)

where qsi (µ̃) ≤ qsi (µ) for all i ∈ S;

Case-(i-2): qbj0(µ) = 0. Then, increasing µbj0 to µ̃bj0 = µbj0 + δ for any δ > 0 still returns

qbj0(µ̃) = 0 (by the equilibrium expression (1.2b) given the weak increasingness of Fbj0 (v) in

v ∈ R). The supply demand vector in the new competitive equilibrium does not change, so

we have qsi (µ̃) = qsi (µ) for all i ∈ S.

In summary of case-(1) and case-(2), we conclude that claim (i) holds.

Step 4: proof of claim (ii). We follow a similar sensitivity arguments as in claim (i). For

all i0 ∈ S, we show that qbj(µ) is weakly decreasing in µsi0 for all j ∈ B. We first fix
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any i0 ∈ S and find the component index k0 ∈ {1, . . . , l} such that i0 ∈ Sk0 . Given the

continuity of qb(µ) in µ ∈ U , it is sufficient to establish that there exists δ0 > 0 such that

for any δ ∈ [0, δ0], a competitive equilibrium (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃) induced by the

alternative subscription profile µ̃ = (µsi0 + δ,µs−i0 ,µ
b) satisfies qbj(µ̃) ≤ qbj(µ) for all j ∈ B.

We prove the claim by discussing the following two cases:

Case - (ii-1): qsi0(µ) ∈ (0, si). Pick any j with xi0j > 0 such that qbj0(µ) > 0 and πi0j(µ) =

0 (by condition (1.40f)). Moreover, we can find the matching cluster Bk0 such that j ∈ Bk0 .

In the subnetwork G(Sk0 ∪ Bk0 , Ek0) where Ek0 ⊂ E is the maximal edge set induced by

node set (Sk0 ,Bk0), we take the maximal connected component G(S ′k0
∪B′k0

, E′k0
) such that

i0 ∈ S ′k0
. The goal is to show that when we increase µsi0 by a small amount, it would only

impact the trades in network component G(S ′k0
∪ B′k0

, E′k0
).

Recall that the buyers in B′k0
only trade with the sellers in S ′k0

at a price pi = tk0− ci for

all i ∈ S ′k0
. It follows that ∑j∈B′k0

qbj(µ) −∑i∈S ′k0
qsi (µ) = 0. Expressing qsi (µ) and qbj(µ)

by the equilibrium expressions (1.2a) and (1.2b), we have

∑
j∈B′k0

bj [1− Fbj (tk0 + µbj)]−
∑
i∈S ′k0

siFsi(tk0 − ci − µ
s
i ) = 0. (1.201)

By the continuity and the weak increasingness of Fbj (v) and Fsi(v) in v ∈ R∪{−∞,∞} (by

definition), we obtain that function ∑j∈B′k0
bj(1 − Fbj (t + µbj)) −

∑
i∈S ′k0

siFsi(t − ci − µsi )

is continuous and weakly decreasing in t ∈ R ∪ {−∞,∞}. Moreover, since qsi0(µ) ∈ (0, si),

we have tk0 − ci − µsi0 ∈ (0, v̄si0 ). By the strict increasingness of Fsi(v) in v ∈ (0, v̄si)

(Assumption 1), this implies that ∑j∈B′k0
bj(1− Fbj (t + µbj))−

∑
i∈S ′k0

siFsi(t− ci − µsi ) is

strictly decreasing in the neighborhood of t = tk0 . Given condition (1.201) and tk0 < tk0+1

(by the ordering of tk), this implies that

∑
j∈B′k0

bj [1− Fbj (tk0+1 + µbj)]−
∑
i∈S ′k0

siFsi(tk0+1 − ci − µsi ) < 0. (1.202)
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Fix δ0 > 0 small enough such that if we further pick any δ ∈ [0, δ0] and let µ̃ = (µsi0 +

δ,µs−i0 ,µ
b), we obtain

∑
j∈B′k0

bj [1− Fbj (tk0 + µ̃bj)]−
∑
i∈S ′k0

siFsi(tk0 − ci − µ̃
s
i ) ≥ 0,

∑
j∈B′k0

bj [1− Fbj (tk0+1 + µ̃bj)]−
∑
i∈S ′k0

siFsi(tk0+1 − ci − µ̃si ) < 0. (1.203)

For any δ ∈ [0, δ0], by the continuity of function∑j∈B′k0
bj(1−Fbj (t+µ̃

b
j))−

∑
i∈S ′k0

siFsi(t−

ci − µ̃si ) in t, there exists t̃k0 ∈ [tk0 , tk0+1) such that

∑
j∈B′k0

bj [1− Fbj (t̃k0 + µ̃bj)]−
∑
i∈S ′k0

siFsi(t̃k0 − ci − µ̃
s
i ) = 0. (1.204)

To move from (p,x, qs(µ), qb(µ)) ∈ X (0,µ) to (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃), we consider

the following adjustment:

(2-1) adjust the equilibrium price p̃ such that p̃i = t̃k0 − ci for all i ∈ S ′k0
and p̃i = pi

for all i 6∈ S ′k0
. Given that t̃k0 ∈ [tk0 , tk0+1), the price adjustment ensures that buyers in

components Bk would still only trade with sellers in components Sk for k 6= k0. Moreover,

since buyers in components Bk0/B
′
k0

are not connected with S ′k0
, they would only trade

with sellers in Sk0/S
′
k0
. Finally, buyers in components B′k0

would only trade with S ′k0
. By

condition (1.195) and condition (1.196), this ensures that incentive compatibility constraint

in the equilibrium expression (1.2d) is preserved;

(2-2) adjust the equilibrium demand to qbj(µ̃) such that qbj(µ̃) = bj [1 − Fbj (t̃k0 + µ̃bj)]

for j ∈ B′k0
and qbj(µ̃) = qbj(µ) for all j 6∈ B′k0

. Since t̃k0 ∈ [tk0 , tk0+1), this preserves the

equilibrium expression (1.2b). Moreover, since µ̃b = µb, we have qbj(µ̃) ≤ qbj(µ) for all

j ∈ B′k0
by the weak increasingness of Fbj (v) for v ∈ R (by definition);

(2-3) adjust the equilibrium supply to qsi (µ̃) such that qsi (µ̃) = siFsi(t̃k0 − ci − µ̃
s
i ) for

all i ∈ S ′k0
and qsi (µ̃) = qsi (µ) for all i 6∈ S ′k0

. This preserves the equilibrium expression
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(1.2a). Since t̃k0 ∈ [tk0 , tk0+1) and µ̃s−i0 = µs−i0 , we obtain that qsi (µ̃) ≥ qsi (µ) for all

i ∈ S ′k0
/{i0} by the weak increasingness of Fsi(v) for v ∈ R (by definition). Moreover, by

the supply-demand balance condition in (1.200), we have qsi0(µ̃) ≤ qsi0(µ);

(2-4) adjust the flow to x̃ by sending a flow of qsi0(µ) − qsi0(µ̃) from i0 to satisfy the

supply increase in i ∈ S ′k0
/{i0} and the demand decrease in j ∈ B′k0

. By the connectedness

of G(S ′k0
∪ B′k0

, E′k0
) and the supply-demand balance equations (1.201) and (1.204), the

equilibrium condition (1.2c) and the non-negativity of the flow in the equilibrium condition

(1.2d) are preserved.

Case - (ii-2): qsi0(µ) = 0. Given the equilibrium price p, increasing µsi0 to µ̃si = µsi + δ

for any δ > 0 still results in qsi0(µ̃) = 0 (by the equilibrium expression (1.2a) and the weak

increasingness of Fsi0 (v) in v ∈ R). Thus, we have qbj(µ̃) = qbj(µ) for all j ∈ B;

Case - (ii-3): qsi0(µ) = si0 . We further discuss the following two subcases. If pi0 − µ
s
i0

=

F̃−1
si0

(
qsi0

(µ)
si0

), then we repeat the same arguments as in case - (ii-1) to establish that qbj(µ̃) ≤

qbj(µ) for all j ∈ B. If pi0 − µ
s
i0
> F̃−1

si0
(
qsi0

(µ)
si0

), given the equilibrium price p, increasing µsi0
by any δ ∈ (0, pi0−µ

s
i0
−F̃−1

si0
(
qsi0

(µ)
si0

)) still returns qsi0(µ̃) = si0 . Thus, we have q
b
j(µ̃) = qbj(µ)

for all j ∈ B.

In summary, we end up with another equilibrium (p̃, x̃, qs(µ̃), qb(µ̃)) ∈ X (0, µ̃) where

qbj(µ̃) ≤ qbj(µ) for all j ∈ B.

1.16 Proofs of Results in Section 1.7

Auxiliary Results

We start by providing an alternative expression for the welfare at an equilibrium.

Lemma 8. For any (γ,µ) ∈ Γ × U and any (p,x, qs, qb) ∈ X (γ,µ), the induced welfare
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W (γ,µ) satisfies

W (γ,µ) =
∑
j∈B

∫ qbj
0

F−1
bj

(
1− q

bj

)
dq −

∑
i∈S

∫ qsi
0

F−1
si

(
q

si

)
dq −

∑
i∈S

ciq
s
i . (1.205)

Proof of Lemma 8. By Assumption 1, Fbj and Fsi are continuously differentiable and

strictly increasing in (0, v̄bj ) and (0, v̄si), which implies that F−1
bj

and F−1
si are continuously

differentiable and strictly increasing in (0, 1) (by the inverse function theorem). We define

the differentiable functions ĝj : [0, bj ]→ R and ĥi : [0, si]→ R such that:

ĝj(q) = bj

∫ v̄bj
F−1
bj

(1−q/bj)
vdFbj (v), ∀j ∈ B, (1.206a)

ĥi(q) = si

∫ F−1
si

(q/si)

0
vdFsi(v), ∀i ∈ S. (1.206b)

It follows from Assumption 1 that ĝj is continuous and bounded function in [0, bj ] and ĥi

is a continuous and bounded function in [0, si]. By the definition of ĝi and the fact that

F−1
bj

(1) = v̄bj , we obtain that ĝ(0) = bj
∫ v̄bj
F−1
bj

(1)
vdFbj (v) = 0. Similarly, it also follows that

ĥi(0) = 0. Based on (1.206), we obtain:

ĝ′j(q) = d

dq

bj ∫ v̄bj
F−1
bj

(1−q/bj)
vdFbj (v)


(a)= F−1

bj

(
1− q

bj

)
F ′bj

(
F−1
bj

(
1− q

bj

)) [
F−1
bj

]′ (
1− q

bj

)
(b)= F−1

bj

(
1− q

bj

)
, (1.207)
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for all q ∈ (0, bj) and j ∈ B. Similarly,

ĥ′i(q) = d

dq

[
si

∫ F−1
si

(q/si)

0
vdFsi(v)

]
(c)= F−1

si

(
q

si

)
F ′si

(
F−1
si

(
q

si

))
,
[
F−1
si

]′ ( q
si

)
(d)= F−1

si

(
q

si

)
, (1.208)

for all q ∈ (0, si) and i ∈ S. Here step (a) and step (c) follow from Leibniz’s rule, and

step (b) and step (d) follow from the inverse function theorem. Since, ĝj , ĥi are continuous,

ĝj(0) = 0, ĥi(0) = 0, and F−1
bj

and F−1
si are continuously differentiable in (0, 1), using the

fundamental theorem of calculus, we obtain that

ĝj(q) =
∫ q

0
F−1
bj

(
1− x

bj

)
dx, ∀j ∈ B, (1.209a)

ĥi(q) =
∫ q

0
F−1
si

(
x

si

)
dx, ∀i ∈ S. (1.209b)

For any (p,x, qs, qb) ∈ X (γ,µ) and any (γ,µ) ∈ Γ×U , using the fact that vmbj = F−1
bj

(1−
qbj
bj

)

and vmsi = F−1
si (q

s
i
si

), we conclude that the induced welfare satisfies

W (γ,µ) (e)=
∑
j∈B

bj

∫ v̄bj
vmbj

vdFbj (v)−
∑
i∈S

si

∫ vmsi
0

vdFsi(v)−
∑

(i,j)∈E
cixij

(f)=
∑
j∈B

∫ qbj
0

F−1
bj

(
1− x

bj

)
dx−

∑
i∈S

∫ qsi
0

F−1
si

(
x

si

)
dx−

∑
(i,j)∈E

cixij

(g)=
∑
j∈B

∫ qbj
0

F−1
bj

(
1− x

bj

)
dx−

∑
i∈S

∫ qsi
0

F−1
si

(
x

si

)
dx−

∑
i∈S

ciq
s
i . (1.210)

Here step (e) follows from (1.15), step (f) follows from the definition of {vmbj , v
m
si }, (1.206)

and (1.209). Step (g) follows since ∑j:(i,j)∈E xij = qsi by the equilibrium condition (1.2c).

Thus, the claim holds.
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Using this alternative expression for welfare, the welfare maximization problem can be

stated as follows:

Wopt = max
(p,x,qs,qb,γ,µ)

∑
j∈B

∫ qbj
0

F−1
bj

(
1− q

bj

)
dq −

∑
i∈S

∫ qsi
0

F−1
si

(
q

si

)
dq −

∑
i∈S

ciq
s
i

(1.211a)

s.t. (p,x, qs, qb) ∈ X (γ,µ), (1.211b)

(γ,µ) ∈ Γ× U . (1.211c)

Following a similar approach to the revenue maximization problem, as opposed to solving

problem (1.211) directly, we consider the following (convex) optimization problem:

max
x,qs,qb

∑
j∈B

∫ qbj
0

F−1
bj

(
1− x

bj

)
dx−

∑
i∈S

∫ qsi
0

F−1
si

(
x

si

)
dx−

∑
(i,j)∈E

cixij (1.212a)

s.t.
∑

j:(i,j)∈E
xij = qsi ∀i ∈ S, (1.212b)

∑
i:(i,j)∈E

xij = qbj ∀j ∈ B, (1.212c)

qsi ≤ si ∀i ∈ S, (1.212d)

qbj ≤ bj ∀j ∈ B, (1.212e)

xij ≥ 0, ∀(i, j) ∈ E. (1.212f)

We proceed by establishing that the optimal objective values of problem (1.211) and problem

(1.212) coincide. Moreover, the maximum welfare is obtained for (γ,µ) = 0, and the welfare-

maximizing equilibrium can be characterized through the solution of (1.212).

Lemma 9. The optimal solution of problem (1.212) yields the trade amounts at a welfare-

maximizing equilibrium i.e., the optimal solution (x̄, q̄s, q̄b) to problem (1.212) is such that

for some price vector p, we have (p, x̄, q̄s, q̄b) ∈ X (0,0). Moreover, the maximum welfare

is achieved when (γ,µ) = 0 i.e., Wopt = W (0,0) ≥ W (γ,µ) for all (γ,µ) ∈ Γ× U .
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Proof of Lemma 9. Recall that problem (1.212) is an instance of the equilibrium problem

(1.16) where (γ,µ) = 0. Let (x̄, q̄s, q̄b) be an optimal solution to problem (1.212) and W0

be the corresponding optimal objective value. By Proposition 9, (x̄, q̄s, q̄b) is supported in a

competitive equilibrium for (γ,µ) = 0 i.e., there exists p such that (p, x̄, q̄s, q̄b) ∈ X (0,0).

On the other hand, by Lemma 8, the corresponding objective valueW0 of problem (1.212)

is such thatW (0,0) = W0. Note that eliminating constraint (1.211c) and relaxing constraint

(1.211b) (the equilibrium conditions (1.2a)-(1.2d)) to (1.212b) - (1.212f) yields (1.212). This

observation implies that problem (1.212) is a relaxation of problem (1.211). Hence, it follows

that

Wopt ≤ W0 = W (0,0). (1.213)

Since by (1.211), Wopt is the largest welfare obtained under any commissions-subscription

pair, it also follows that Wopt ≥ W (0,0). Thus, we conclude that W (0,0) = W0 = Wopt ≥

W (γ,µ) for any (γ,µ) ∈ Γ× U , and the claim follows.

1.16.1 Proof of Welfare Results

Proof of Proposition 7. The proof follows directly from Lemma 9.

Proof of Proposition 8. Proof of claim (i). To prove the claim, we consider a class of

problems indexed by n ∈ {1, 2 . . . }. Let problem instance n be a network with one seller type

and one buyer type where the population vector satisfies (sn, bn) = (n, 2n) and the disutility

parameter is c = 0. For this problem, we let v̄nb = 2, v̄ns = 1, and define buyer/seller value
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distributions Fnb : [0, v̄b]→ [0, 1] and Fns : [0, v̄s]→ [0, 1] such that

Fnb (v) =



n
2v, for 0 ≤ v ≤ 1

n

1− 1
2nv , for 1

n ≤ v ≤ 1

1− 1
n + 1

2nv, for 1 ≤ v ≤ 2

1, for v ≥ 2

(1.214a)

Fns (v) =


nv, for 0 ≤ v ≤ 1

n

1, for v ≥ 1
n .

(1.214b)

It can be readily checked that, the construction in (1.214) satisfies Assumption 1 and As-

sumption 2.

Since (sn, bn) = (n, 2n), it follows that

[Fnb ]−1
(

1− q

bn

)
− [Fns ]−1

(
q

sn

)
=


2− q − 1

n2 q, for 0 ≤ q ≤ 1,
1
q −

1
n2 q, for 1 ≤ q ≤ n.

(1.215)

It can be readily checked that [Fnb ]−1(1− q
bn

)−[Fns ]−1( qsn ) is strictly decreasing, continuously

differentiable in q ∈ (0, n), and continuous at q = 0 and q = n. Using this observation, and

the fact that in problem instance n, at most n units of buyers and sellers trade, it follows

from Lemma 9 that the maximum welfare in this problm instance is given by:

Wn
opt = max

q∈[0,n]

∫ q
0

[Fnb ]−1
(

1− x

bn

)
− [Fns ]−1

(
x

sn

)
dx. (1.216)

We denote by q̃ the optimal solution to problem (1.216). By applying the first order op-

timality condition to (1.216), we obtain [Fnb ]−1
(
1 − q̃

bn

)
= [Fns ]−1

(
q̃
sn

)
, which by (1.215)

implies that q̃ = n. Thus, the maximum welfare in problem instance n can be expressed as

Wn
opt =

∫ q̃
0

[Fnb ]−1
(

1− x

bn

)
− [Fns ]−1

(
x

sn

)
dx = lnn+ 1. (1.217)
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In comparison, from the expression (1.215), we deduce that the revenue optimization problem

(1.7) can be expressed as

V nopt = max
q∈[0,n]

[
[Fnb ]−1

(
1− q

bn

)
− [Fns ]−1

(
q

sn

)]
q. (1.218)

We let q̄ be the optimal solution to problem (1.218). Given the expression (1.215), by

applying the first order optimality condition in problem (1.218), we obtain that 2−2q̄− 2
n2 q̄ =

0, which implies that q̄ = n2

n2+1 . By Theorem 1, there exists (γn,µn) that supports q̄ in a

competitive equilibrium. Based on the expression (1.215), by Lemma 9, the induced welfare

satisfies

Wn(γn,µn) =
∫ q̄

0
F−1
b

(
1− x

bn

)
− F−1

s

(
x

sn

)
dx =

(
2q − q2

2 −
q2

2n2

) ∣∣∣∣ n2
n2+1

0

≤
(

2q − q2

2 −
q2

2n2

) ∣∣∣∣10 = 3
2 −

1
2n2 ≤

3
2 . (1.219)

As n→∞, we conclude that

Wn(γ′,µ′)
Wn
opt

→ 0. (1.220)

Hence, the claim follows.

Proof of claim (ii). Given Fsi(v) = v
v̄si

for all v ∈ [0, v̄si ] and Fbj (v) = v
v̄bj

for all

v ∈ [0, v̄bj ], it follows that F−1
bj

(u) = v̄bju and F−1
si (u) = v̄siu for u ∈ [0, 1]. We start

by providing alterantive representations of the revenue optimization problem (1.7) and the

welfare maximization problem (1.212).

Let Ab be a |B| × |E| binary matrix where for any j ∈ B, Abje = 1 if e = (i, j) ∈ E and

Abje = 0 otherwise. Note that the constraint ∑i:(i,j)∈E xij = qbj can be compactly expressed
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as

Abx = qb, (1.221)

where x and qb are column vectors of length |E| and |B| respectively.

Similarly, we let As be a |S| × |E| binary matrix such that for all i ∈ S, Asie = 1 if

e = (i, j) ∈ E and Asie = 0 otherwise, and represent the constraint ∑j:(i,j)∈E xij = qsi

compactly as

Asx = qs. (1.222)

Let s = (s)i∈S , b = (bj)j∈B, v̄s = (v̄si)i∈S and v̄b = (v̄bj )j∈B denote the vectors whose

entries correspond to the primitives of our model. Using this shorthand notation, we define

the following diagonal matrices

Λs = diag(s), Λb = diag(b), Λvs = diag(v̄s), Λvb = diag(v̄b), (1.223)

where diag(z) denotes the diagonal matrix, whose diagonal entries consist of the entries of

z for any given vector z. Based on (1.221),(1.222) and (1.223), constraints qsi ≤ si for all

i ∈ S and qbj ≤ bj for all j ∈ B can be compactly expressed as

(Λs)−1Asx ≤ 1, (Λb)−1Abx ≤ 1. (1.224)

Let vector c̃ ∈ R|E|+ be such that c̃e = ci if e = (i, j) ∈ E. We define (r,H ,A) such that

r = (Ab)ᵀv̄b − c̃, A =

(Λb)−1Ab

(Λs)−1As

 ,
H = (Ab)ᵀΛvb(Λb)−1Ab + (As)ᵀΛvs(Λs)−1As. (1.225)
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By construction, matrix H is symmetric. Since Λvb(Λb)−1 and Λvs(Λs)−1 are diagonal

matrices with positive entries, it follows that Λvb(Λb)−1 � 0 and Λvs(Λs)−1 � 0. Thus, we

conclude that, for all z ∈ R|E|,

zᵀHz = (Abz)ᵀΛvb(Λb)−1(Abz) + (Asz)ᵀΛvs(Λs)−1(Asz) ≥ 0, (1.226)

which implies that matrixH is positive semidefinite. Since Λvb(Λb)−1 � 0 and Λvs(Λs)−1 �

0, for all z ∈ R|E|, it follows that

if Abz 6= 0 or Asz 6= 0, then zᵀHz > 0. (1.227)

Using this notation, and the fact that the value distributions are uniform, the objective

function (1.7a) of the revenue optimization problem (1.7) can be expressed as follows:

∑
j∈B

F−1
bj

(
1−

qbj
bj

)
qbj −

∑
i∈S

F−1
si

(
qsi
si

)
qsi −

∑
(i,j)∈E

cixij

(a)=
∑
j∈B

v̄bj

(
1−

qbj
bj

)
qbj −

∑
i∈S

v̄si

(
qsi
si

)
qsi −

∑
(i,j)∈E

cixij

(b)=
[
v̄b − [Λvb(Λb)−1]ᵀqb

]ᵀ
qb − (qs)ᵀ[Λvs(Λs)−1]qs − c̃ᵀx

(c)=
[
(v̄b)ᵀAb − c̃ᵀ

]
x− xᵀ

[
(Ab)ᵀΛvb(Λb)−1Ab + (As)ᵀΛvs(Λs)−1As

]
x

(d)= xᵀ(r −Hx), (1.228)

where step (a) follows from F−1
bj

(u) = v̄bju and F−1
si (u) = v̄siu. Step (b) uses the matrix

notations in (1.223). Step (c) follows from (1.221) and (1.222). Step (d) follows from the

notations in (1.225).
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Consider the following convex quadratic program

Vopt = max
x

xᵀ(r −Hx) (1.229a)

s.t. Ax ≤ 1, (1.229b)

x ≥ 0. (1.229c)

It can be seen from (1.224) and (1.228) that problem (1.229) is equivalent to problem (1.7).

In particular, (1.229) is obtained from (1.7) by eliminating the equality constraints, and

given as an optimal solution x̄ to problem (1.229), by setting q̄b = Abx̄ and q̄s = Asx̄,

an optimal solution (x̄, q̄s, q̄b) to problem (1.7) can be obtained. Moreover, they share the

same optimal objective value.

Similarly, in the welfare maximization problem (1.212), the objective function (1.212a)

can be compactly expressed as

∑
j∈B

∫ q̄bj
0

F−1
bj

(
1− q

bj

)
dq −

∑
i∈S

∫ q̄si
0

F−1
si

(
q

si

)
dq −

∑
(i,j)∈E

cix̄ij

(e)=
∑
j∈B

v̄bj

(
1−

q̄bj
2bj

)
q̄bj −

∑
i∈S

v̄si

(
q̄si
2si

)
q̄si −

∑
(i,j)∈E

cix̄ij

(f)=
[
v̄b − 1

2[Λvb(Λb)−1]ᵀq̄b
]ᵀ
q̄b − 1

2(q̄s)ᵀ[Λvs(Λs)−1]q̄s − c̃ᵀx̄

(g)= ((v̄b)ᵀAb − c̃ᵀ)x̄− 1
2 x̄
ᵀ
[
(Ab)ᵀΛvb(Λb)−1Ab + (As)ᵀΛvs(Λs)−1As

]
x̄

(h)= x̄ᵀ(r − 1
2Hx̄), (1.230)

where step (e) follows from F−1
bj

(u) = v̄bju and F−1
si (u) = v̄siu. Step (f) uses the matrix

notations in (1.223). Step (g) follows from (1.221) and (1.222). Step (h) follows from the

notations in (1.225).
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Consider the following convex quadratic program

Wopt = max
x

xᵀ(r − 1
2Hx) (1.231a)

s.t. Ax ≤ 1, (1.231b)

x ≥ 0. (1.231c)

Using (1.224) and (1.230), the same arguments as before (see (1.229)) yield that the welfare

maximization problem (1.212) is equivalent to problem (1.231); the solution of one can be

used to construct a solution for the other, and they share the same optimal objective value.

Let x̄ be any optimal solution to problem (1.229) and x̃ be any optimal solution to prob-

lem (1.231). Note that if r ∈ R|E|− , then given that all entries in matrix H are nonnegative

(by the expression of H in (1.225)), the gradient of the objective function (1.229) satisfies

r − 2Hx ∈ R|E|− for all feasible x in problem (1.229). Similarly, the gradient of the objec-

tive function (1.231a) satisfies r −Hx ∈ R|E|− for all feasible x in problem (1.231). These

observations imply that x̄ = x̃ = 0. By the welfare expression (1.205) in Lemma 8, both the

maximum welfare and the welfare induced in the revenue-optimal implementation are zero.

Hence this case is ruled out under the assumptions of our proposition.

Without loss of generality, assume that vector r has at least one positive component. Let

Lv be the Lagrangian of problem (1.229) which satisfies

Lv(x,π,θ) = xᵀ(r −Hx)− πᵀ(Ax− 1) + θᵀx. (1.232)

Let x̄ be a primal optimal solution to problem (1.229) and (π̄, θ̄) be corresponding opti-

mal dual multipliers for constraints (1.229b) - (1.229c). Given the Lagrangian (1.232), the
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optimal primal-dual pair x̄ and (π̄, θ̄) satisfy the following KKT optimality conditions:

r − 2Hx̄−Aᵀπ̄ + θ̄ = 0, (1.233a)

π̄ ≥ 0 ⊥ Ax̄− 1 ≤ 0, (1.233b)

θ̄ ≥ 0 ⊥ x̄ ≥ 0. (1.233c)

When vector r has at least one positive component, we claim that x̄ 6= 0. Let e ∈ E be

such that re > 0. Suppose towards contradiction that x̄ = 0. By condition (1.233b), we

have π̄ = 0. Since θ̄ ≥ 0 (condition (1.233c)), it follows that re + θ̄e > 0, thereby leading

to a contradiction with condition (1.233a). Thus, we conclude that x̄ 6= 0. Since the entries

of Ab and As are nonnegative, x 6= 0, and x ≥ 0, it follows that Abx̄ 6= 0 and Asx̄ 6= 0.

Hence, by condition (1.227), we have

x̄ᵀHx̄ > 0. (1.234)

Set q̄s = Asx̄ and q̄b = Abx̄. By Theorem 1, there exists (γ′,µ′) that supports (x̄, q̄s, q̄b)

in a competitive equilibrium. By Lemma 8 and equation (1.230), the welfare induced by

revenue-maximum implementation can be compactly expressed as

W (γ′,µ′) = x̄ᵀ(r − 1
2Hx̄). (1.235)

Given the dual optimal solution π̄ from problem (1.229), consider the following La-

grangian relaxation problem for the welfare maximization problem (1.231) :

W̃opt = max
x

xᵀ(r − 1
2Hx)− π̄ᵀ(Ax− 1) (1.236a)

s.t. x ≥ 0. (1.236b)
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Since (1.236) is a relaxation to problem (1.231c), it follows that

Wopt ≤ W̃opt. (1.237)

Let L̃w be the corresponding Lagrangian to problem (1.236), given by

L̃w(x,θ) = xᵀ(r − 1
2Hx)− π̄ᵀ(Ax− 1) + θᵀx. (1.238)

We claim that (x̃, θ̃) such that x̃ = 2x̄ and θ̃ = θ̄ is an optimal solution to problem (1.236).

To establish this, it suffices to use the Lagrangian (1.238), and verify the KKT conditions:

r −Hx̃−Aᵀπ̄ + θ̃ (i)= 0, (1.239a)

θ̃ ≥ 0
(j)
⊥ x̃ ≥ 0. (1.239b)

Note that since (x̃, θ̃) = (2x̄, θ̄), it follows that r−Hx̃−Aᵀπ̄+θ̃ = r−2Hx̄−Aᵀπ̄+θ̄ = 0

(condition (1.233a)), and similarly θ̃ ≥ 0 ⊥ x̃ ≥ 0 (condition (1.233c)). Thus, both (i)

and (j) hold and (x̃, θ̃) is an optimal solution to problem (1.236).

Using these observations, we conclude that

W (γ′,µ′)
Wopt

(k)
≥ W (γ′,µ′)

W̃opt

(l)=
x̄ᵀ(r − 1

2Hx̄)
x̃ᵀ(r − 1

2Hx̃)− π̄ᵀ(Ax̃− 1)
(m)=

x̄ᵀ(r − 1
2Hx̄)− π̄ᵀ(Ax̄− 1)

x̃ᵀ(r − 1
2Hx̃)− π̄ᵀ(Ax̃− 1)

(n)=
x̄ᵀ(r − 2Hx̄−Aᵀπ̄) + x̄ᵀθ̄ + 3

2 x̄
ᵀHx̄+ π̄ᵀ1

x̃ᵀ(r −Hx̃−Aᵀπ̄) + x̃ᵀθ̃ + 1
2 x̃
ᵀHx̃+ π̄ᵀ1

(o)=
x̄ᵀ(r − 2Hx̄−Aᵀπ̄ + θ̄) + 3

2 x̄
ᵀHx̄+ π̄ᵀ1

x̃ᵀ(r −Hx̃−Aᵀπ̄ + θ̃) + 1
2 x̃
ᵀHx̃+ π̄ᵀ1

(p)=
3
2 x̄
ᵀHx̄+ π̄ᵀ1

4
2 x̄
ᵀHx̄+ π̄ᵀ1

(q)
≥

3
2 x̄
ᵀHx̄

4
2 x̄
ᵀHx̄

≥ 3
4 , (1.240)

where step (k) follows from (1.237). Step (l) follows directly from (1.235) and the optimality
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of x̃ in (1.236), and step (m) follows from (1.233b). In step (n), we add x̄ᵀθ̄ (where x̄ᵀθ̄ = 0

by (1.233c)) to the numerator and x̃ᵀθ̃ (where x̃ᵀθ̃ = 0 by (1.239b)) to the denominator,

and rearrange the terms. Step (o) follows by collecting common terms. Step (p) follows by

noting that r−2Hx̄−Aᵀπ̄+ θ̄ = 0 (condition (1.233a)), r−Hx̃−Aᵀπ̄+ θ̃ = 0 (condition

(1.239a)) and x̃ = 2x̄ (by construction). Step (q) uses the fact that π̄ᵀ1 ≥ 0 (condition

(1.233b)) and x̄ᵀHx̄ > 0 (condition (1.234)). Thus, as claimed, we have

W (γ′,µ′)
Wopt

≥ 3
4 . (1.241)

To show the tightness of (1.241), consider a network with one seller type and one buyer type.

Let the value distributions be Fs(v) = Fb(v) = min{1, v} for v ≥ 0 and the population profile

be s = b = 1. In this example, welfare maximization problem (1.231) can be expressed as

max
0≤x≤1

x− 1
2x

2 − 1
2x

2. (1.242)

By taking the first order optimality condition, it can be seen that the optimal solution x̃ of

(1.242) is given by x̃ = 1
2 and Wopt = 1

2 −
1
8 −

1
8 = 1

4 .

Similarly, the revenue optimization problem (1.229) can be expressed as

max
0≤x≤1

x− x2 − x2. (1.243)

By the first order optimality condition, it follows that the optimal solution x̄ to (1.243) is

given by x̄ = 1
4 . By (1.235), we obtain W (γ′,µ′) = 1

4 −
1
32 −

1
32 = 3

16 . Thus, we conclude

that W (γ′,µ′)
Wopt

= 3
4 , and the lower bound in (1.241) is tight.

Proof of claim (iii). Recall that the maximum welfare Wopt is achieved when (γ,µ) = 0

(by Lemma 9). Let (p̃, x̃, q̃s, q̃b) ∈ X (0,0) be any welfare-maximum equilibrium, obtained

from the equilibrium problem (1.16) with (γ,µ) = 0. Using Assumptions 1 - 3, we next

obtain an expression for the maximum welfare.
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Define g̃(r) =
∫ r
0 F
−1
b (1 − x)dx and h̃(r) =

∫ r
0 F
−1
s (x)dx. We let f̃(·) be defined as in

(1.17) i.e., f̃(t) = maxr∈[0,min{1,t}] g̃(r) − th̃(rt ) for t > 0. Assumptions 1 - 3 together with

Proposition 11(i) imply that Assumptions (1.91) - (1.93) hold for g̃(·) and h̃(·). Moreover,

since (γ,µ) = 0 and F−1
b (1) > 0, it follows that Assumption (1.94) also holds (Proposition

11(i)). We let f̃(0) = limt↓0 f̃(t) where the limit exists by Lemma 2(ii). Let ρ̃(·) be defined

as in (1.18) i.e., ρ̃(t) = arg maxr∈[0,min{1,t}] g̃(r) − th̃(rt ) for t > 0. Noting that ρ̃(t) ∈

[0,min{1, t}], we set ρ̃(0) = limt↓0 ρ̃(t) = 0.

Let y? be any optimal solution to problem (1.19) with f(·) = f̃(·), and let r̃j = ρ̃(
y?j
bj

)

be the optimal solution to problem (1.18) for t =
y?j
bj
, g(·) = g̃(·) and h(·) = h̃(·). Note that

by Lemma 3, vector y? > 0 is unique, and it is the lexicographically optimal base of the

polymatroid P = {y ≥ 0 : ∑j∈B yj ≤
∑
i∈NE(B) si, ∀B ⊂ B} with respect to weight vector

b. Note that Lemma 2(i) implies that for t > 0, we have ρ̃(t) ∈ (0, 1). Since y?j > 0 and

r̃j = ρ̃(
y?j
bj

), this observation implies that

r̃j ∈ (0, 1). (1.244)

Moreover, recalling the definitions of {g̃(·), h̃(·)} and the optimality condition (1.109) (in

step 2 of the proof of Lemma 2), we obtain that

r̃j = max

r ∈ [0, 1] : F−1
b (1− r)− F−1

s

 r

y?j /bj

 ≥ 0, r ≤
y?j
bj

 . (1.245)

Using this observation, we obtain

Wopt = W (0,0) (a)=
∑
j∈B

∫ q̃bj
0

F−1
b

(
1− x

bj

)
dx−

∑
i∈S

∫ q̃si
0

F−1
s

(
x

si

)
dx

(b)=
∑
j∈B

bj f̃

(
y?j
bj

)

(c)=
∑
j∈B

bj

∫ r̃i
0
F−1
b

(
1− x

)
− F−1

s

 x

y?j /bj

 dx
 . (1.246)
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Here, step (a) uses the fact that ci = 0 for all i ∈ S (Assumption 3), (p̃, x̃, q̃s, q̃b) ∈ X (0,0),

and Lemma 8. Recalling that (x̃, q̃s, q̃b) is an optimal solution to the equilibrium problem

(1.16) for (γ,µ) = 0 and y? is the optimal solution to problem (1.19) for f(·) = f̃(·),

Proposition 11(iii) implies that these instances of problem (1.16) and problem (1.19) share

the same optimal objective values. Thus, step (b) holds. Since for all j ∈ B, r̃j = ρ̃(
y?j
bj

) is

optimal in problem (1.17) with t =
y?j
bj
, g(·) = g̃(·) and h(·) = h̃(·), we obtain that f̃(

y?j
bj

) =

g̃(r̃j)−
y?j
bj
h̃( r̃j
y?j /bj

). By definition of g̃(·) and h̃(·), it follows that g̃(r̃j) =
∫ r̃i
0 F−1

b

(
1− x

)
dx

and
y?j
bj
h̃( r̃j
y?j /bj

) =
y?j
bj

∫ r̃j
y?
j
/bj

0 F−1
s (x)dx =

∫ r̃j
0 F−1

s ( x
y?j /bj

)dx (by a change of the variables).

Thus, step (c) follows.

Next, we consider the revenue optimization problem (1.7). Let (x̄, q̄s, q̄b) be an optimal

solution to problem (1.7). Define ḡ(r) = F−1
b (1−r)r and h̄(r) = F−1

s (r)r¸ . Let f̄(·) be defined

as in (1.17) i.e., f̄(t) = maxr∈[0,min{1,t}] ḡ(r) − th̄(rt ) for t > 0 given functions ḡ(·), h̄(·).

Using Assumptions 1 - 3, and applying Proposition 10(i), we conclude that Assumptions

(1.91) - (1.94) hold for g(·) = ḡ(·) and h(·) = h̄(·). We let f̄(0) = limt↓0 f̄(t), where

as before, the limit is well-defined by Lemma 2(ii). Let ρ̄(·) be defined as in (1.18) i.e.,

ρ̄(t) = arg maxr∈[0,min{1,t}] ḡ(r) − th̄(rt ) for t > 0. Noting that ρ̄(t) ∈ [0,min{1, t}], we set

ρ̄(0) = limt↓0 ρ̄(t) = 0.

Let ȳ be the optimal solution to problem (1.19) with f(·) = f̄(·). Note that ȳ > 0 is the

lexicographically optimal base for polymatroid P = {y ≥ 0 : ∑j∈B yj ≤
∑
i∈NE(B) si, ∀B ⊂

B} with respect to weight vector b (by Lemma 3). Since y? is also the lexicographically

optimal base, by the uniqueness of the lexicographically optimal base (Theorem 3.1 of (42)),

we have ȳ = y?. For all j ∈ B, let r̄j = ρ̄(
y?j
bj

) be the optimal solution to problem (1.18)

with t =
y?j
bj
.

For all j ∈ B, using the same arguments as in (1.244), we obtain that

r̄j ∈ (0, 1). (1.247)
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Moreover, recalling the definitions of {ḡ(·), h̄(·)} and the optimality condition (1.109) (in

step 2 of Lemma 2), we obtain that

r̄j = max
{
r ∈ [0, 1] : F−1

b (1− r)− F−1
s

 r

y?j /bj

− r[F−1
b ]′(1− r)

− r

y?j /bj

[
F−1
s

]′ r

y?j /bj

 ≥ 0, r ≤
y?j
bj

}
. (1.248)

By Theorem 1, there exists (γ′,µ′) that supports (x̄, q̄s, q̄b) in a competitive equilibrium. We

claim that q̄si > 0 for all i ∈ S. By Lemma 4(ii), the revenue optimization problem (1.7) can

be formulated as an instance of the framework problem (1.38) with functions {gj(·), hi(·)}

that satisfy Assumptions (1.12.1-1) -(1.12.1-3) and Assumption (1.12.1-8). Moreover, these

functions are given by gj(q) = F−1
bj

(1 − q
bj

)q, hi(q) = F−1
s ( qsi )q and wij = 0. By using

this observation, Assumption 3 and Assumption (1.12.1-6) also hold. Using this observation,

Proposition 12(ix) readily implies that q̄si > 0 for all i ∈ S. Since (x̄, q̄s, q̄b) is supported

in a competitive equilibrium, this implies that for any i ∈ S, there exists j ∈ B such that

x̄ij > 0. These observations, (1.247), Proposition 10(ii), and the definition of ȳ and r̄ imply

that q̄bj = r̄jbj > 0 and q̄si = r̄jbj
ȳj

= r̄jbj
y?j

for any j such that x̄ij > 0. Hence, we conclude the
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following:

W (γ′,µ′) (d)=
∑
j∈B

∫ q̄bj
0

F−1
b

(
1− x

bj

)
dx−

∑
i∈S

∫ q̄si
0

F−1
s

(
x

si

)
dx

(e)=
∑
j∈B

bj

∫ r̄i
0
F−1
b

(
1− x

)
dx−

∑
i∈S

 ∑
j:x̄ij>0

x̄ij
q̄si

 si ∫
q̄s
i
si

0
F−1
s (x) dx

(f)=
∑
j∈B

bj

∫ r̄i
0
F−1
b

(
1− x

)
dx−

∑
i∈S

∑
j:x̄ij>0

x̄ij
y?j
r̄jbj

∫ r̄j bj
y?
j

0
F−1
s (x) dx

(g)=
∑
j∈B

bj

∫ r̄i
0
F−1
b

(
1− x

)
dx−

∑
j∈B

∑
i:x̄ij>0

x̄ij
y?j

q̄bj

bj
y?j

∫ r̄j
0

F−1
s

 x

y?j /bj

 dx
(h)=

∑
j∈B

bj

∫ r̄i
0
F−1
b

(
1− x

)
dx−

∑
j∈B

bj

∫ r̄j
0

F−1
s

 x

y?j /bj

 dx
=

∑
j∈B

bj

∫ r̃i
0
F−1
b

(
1− x

)
− F−1

s

 x

y?j /bj

 dx
 . (1.249)

Here step (d) follows by using Lemma 8 and noting that (γ′,µ′) supports (x̄, q̄s, q̄b) in a

competitive equilibrium and ci = 0 for all i ∈ S (Assumption 3). In step (e), we apply a

change of variables in the integrals and use the fact that ∑j:x̄ij>0 x̄ij = q̄si since (x̄, q̄s, q̄b)

constitutes a trading outcome in a competitive equilibrium. Step (f) follows by using the

fact that q̄bj = r̄jbj > 0 and q̄si = r̄jbj
y?j

for any j ∈ B and i ∈ S such that x̄ij > 0. In step (g),

we use the same observation, and apply another change of variables in the second integral.

Step (h) follows once again using ∑i:x̄ij>0 x̄ij = q̄bj .

In what follows, we use the shorthand notation

Gj(r) = F−1
b

(
1− r

)
− F−1

s

 r

y?j /bj

 , for r ∈
[
0,min

{
1,
y?j
bj

}]
. (1.250)
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Note that using this notation, (1.245) and (1.248) can be expressed as follows:

r̃j = max
{
r ∈ [0, 1] : Gj(r) ≥ 0, r ≤

y?j
bj

}
, (1.251a)

r̄j = max
{
r ∈ [0, 1] : Gj(r) + rG′j(r) ≥ 0, r ≤

y?j
bj

}
. (1.251b)

We claim that 0 < r̄j ≤ r̃j for all j ∈ B. Since Fb(v) and Fs(v) are nonatomic and strictly

increasing in v ∈ (0, v̄b) and v ∈ (0, v̄s) respectively (Assumption 1), we have that F−1
b (r)

and F−1
s (r) strictly increase in r ∈ [0, 1]. Moreover, since the aforementioned functions

are also continuously differentiable respectively in v ∈ (0, v̄b) and v ∈ (0, v̄s) (Assumption

1), it follows that F−1
b (r) and F−1

s (r) are continuously differentiable in r ∈ (0, 1) (by the

inverse function theorem). It can be readily checked that if limr↓0[F−1
b ]′(r), limr↓0[F−1

s ]′(r)

have finite values, they correspond to the left derivatives F−1
b (r) and F−1

s (r) at r = 0.

Similarly, if limr↑1[F−1
b ]′(r), and limr↑1[F−1

s ]′(r) have finite values, they correspond to the

right derivatives of F−1
b (r) and F−1

s (r) at r = 1. Using these observations and the definition

of Gj , we conclude that

G′j(r) < 0 for all r ∈
(

0,min
{

1,
y?j
bj

})
,

Gj(r) is strictly decreasing in r ∈
[
0,min

{
1,
y?j
bj

}]
. (1.252)

For all j ∈ B, recall that r̄j ∈ (0, 1) (by condition (1.247)) and r̃j ∈ (0, 1) (by condition

(1.244)). Moreover, by (1.252), (and the definition of the derivatives of F−1
b and F−1

s at

the end points of their domain), we obtain that −r̄jG′j(r̄j) > 0. Using these observations,

together with (1.247), (1.251b) and (1.251a) readily imply that

0 < r̄j ≤ r̃j , (1.253)

for all j ∈ B. To proceed, fix an arbitrary j ∈ B and consider the following two cases:
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(1) if r̄j =
y?j
bj
, by (1.251a) and (1.253), we have r̃j =

y?j
bj
. Thus, it follows that

bj
∫ r̄j
0 Gj(x)dx

bj
∫ r̃i
0 Gj(x)dx

= 1; (1.254)

(2) if r̄j <
y?j
bj
, by (1.247), we have that r̄j < min{1,

y?j
bj
}. Using this observation, we

obtain

− r̄jG′j(r̄j)
(i)= Gj(r̄j)

(j)
≥ Gj(r̄j)−Gj(r̃j)

(k)
≥ −(r̃j − r̄j)G′j(r̄j). (1.255)

Here step (i) follows from (1.251b) using the continuous differentiability of Gj(r) (for r ∈

(0,min{1,
y?j
bj
})) and the fact that r̄j ∈ (0,min{1,

y?j
bj
}). Step (j) follows since Gj(r̃j) ≥ 0 by

(1.251a). Since Fb(v) and −Fs(v) are convex respectively in v ∈ [0, v̄b] and v ∈ [0, v̄s] (by

the assumption of the proposition), it follows that F−1
b (r) and −F−1

s (r) are concave, and

hence the function Gj(r) is concave in r ∈ [0,min{1,
y?j
bj
}]. Step (k) readily follows from the

concavity of function Gj(r).

Recall that by (1.253), we have r̄j > 0 and hence r̄j ∈ (0,min{1,
y?j
bj
}). Thus, (1.252)

implies that −G′j(r̄j) > 0, which together with (1.255) yields that r̄j ≥ r̃j− r̄j . Rearranging

the terms, we obtain:

r̄j ≥
1
2 r̃j > 0. (1.256)
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Since 0 < r̄j ≤ r̃j (by (1.253)), we deduce that

∫ r̃i
r̄j
Gj(x)dx

(l)
≤

∫ r̃i
r̄j
Gj(r̄j) +G′j(r̄j)(x− r̄j)dx

(m)
≤ Gj(r̄j)(r̃j − r̄j) + 1

2G
′
j(r̄j)(r̃j + r̄j)(r̃j − r̄j)− r̄jG′j(r̄j)(r̃j − r̄j)

(n)
≤ Gj(r̄j)(r̃j − r̄j) + 3

2 r̄jG
′
j(r̄j)(r̃j − r̄j)− r̄jG′j(r̄j)(r̃j − r̄j)

(o)
≤ 1

2Gj(r̄j)(r̃j − r̄j), (1.257)

where step (l) follows from the concavity of Gj(r) in r ∈ [0,min{1,
y?j
bj
}]. Step (m) follows

from integrating the expression in step (l). In step (n), we use condition (1.256) to obtain

that r̄j + r̃j ≤ 3r̄j , which we use to bound the second term. Step (o) follows from Gj(r̄j) =

−r̄jG′j(r̄j) by (1.255). Based on (1.256), we have

0
(p)
< r̄jGj(r̄j)

(q)
<

∫ r̄j
0

Gj(x)dx
(r)
≤

∫ r̃j
0

Gj(x)dx,

0
(s)
≤

∫ r̃i
r̄j
Gj(x)dx

(t)
≤ 1

2Gj(r̄j)(r̃j − r̄j)
(u)
≤ 1

2Gj(r̄j)r̄j . (1.258)

Here step (p) follows since r̄j ∈ (0,min{1,
y?j
bj
}), and Gj(r̄j) = −r̄jG′j(r̄j) > 0 by (1.252)

and (1.255). Recall that Assumption (1.91) and (1.92) hold for g̃(r) =
∫ r
0 F
−1
b (1− x)dx and

h̃(r) =
∫ r
0 F
−1
s (x)dx, hence, these functions are continuous at r = 0. Thus, it follows that∫ r

0 Gj(x)dx is continuous at r = 0. By the continuity and the strict decreasingness of Gj(r)

in r ∈ (0, r̄j) (condition (1.252)), step (q) follows. Both step (r) and step (s) follow since

Gj(r) ≥ 0 for r ∈ [0, r̃j ] (by condition (1.251a), (1.252) and (1.253)). Step (t) follows from

condition (1.257). Step (u) follows from (1.256).
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Note that (1.258) implies that

bj
∫ r̄j
0 Gj(x)dx

bj
∫ r̃i
0 Gj(x)dx

=
∫ r̄j
0 Gj(x)dx∫ r̄j

0 Gj(x)dx+
∫ r̃i
r̄j
Gj(x)dx

≥
Gj(r̄j)r̄j

Gj(r̄j)r̄j + 1
2Gj(r̄j)r̄j

= 1
1 + 1

2
= 2

3 .

(1.259)

Using (1.246), (1.249), (1.250), as well as (1.254) and (1.259), we conclude that

Wr = W (γ′,µ′)
Wopt

=
∑
j∈B bj

∫ r̄j
0 Gj(x)dx∑

j∈B bj
∫ r̃i
0 Gj(x)dx

≥ 2
3 , (1.260)

as claimed.

To show the tightness of the lower bound, consider a sequence of problem instances

indexed by n ∈ {2, 3, . . . }. In the problem instance n, we assume that there is only one

seller type and one buyer type, and the population vector satisfies (sn, bn) = (2n, 4n
2n−1). We

define the inverses of the value distribution functions as follows

[Fnb ]−1(u) =


2u, for 0 ≤ u ≤ 2n+1

4n ,

1 + 2
2n−1(1− u) + 1

n log
(
1 + n

(
1− (1− u) 4n

2n−1
))
, for 2n+1

4n ≤ u ≤ 1,

[Fns ]−1(u) = u, for u ∈ [0, 1]. (1.261)

It can be readily verified that [Fnb ]−1 and [Fns ]−1 satisfy
∫ 1
0 [Fnb ]−1(x)dx <∞ and

∫ 1
0 [Fns ]−1(x)dx <

∞. Moreover, [Fnb ]−1 and [Fns ]−1 are continuously differentiable and strictly increasing in

(0, 1). Using the inverse function theorem, we conclude that Assumption 1 holds. Similarly,

it can be readily verified that Assumptions 2 and 3 are satisfied by these distributions, and

Fnb is convex and Fns is concave in its domain. Hence, the conditions in part (iii) of the
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proposition hold. For any n ≥ 2, we have

[Fnb ]−1
(

1− q

bn

)
− [Fns ]−1

(
q

sn

)
=


1 + 1

n log (1 + n(1− q)) , for 0 ≤ q ≤ 1,

2− q, for 1 ≤ q ≤ 4n
2n−1 .

(1.262)

Let q̃ be the welfare-maximizing equilibrium trade quantity, which using (1.246) can be

given as q̃ = arg max0≤q≤ 4n
2n−1
{
∫ q
0 [Fnb ]−1(1 − x

bn
) − [Fns ]−1( xsn )dx}. Using the first order

conditions, we obtain that q̃ = 2. Similarly, we let q̄ be the revenue-maximizing equilibrium

trade quantity, which using Theorem 1 can be given as q̄ = arg max0≤q≤ 4n
2n−1
{[Fnb ]−1(1 −

q
bn

)q− [Fns ]−1( qsn )q}. By taking the first order condition, we have q̄ = 1. Denote the welfare

induced in the aforementioned outcomes respectively as Wn
opt and Wn(γ′,µ′). Using these

observations and Lemma 8, we can express the ratio of the induced welfares as follows:

Wn
r = Wn(γ′,µ′)

Wn
opt

=

∫ q̄
0 [Fnb ]−1

(
1− q

bn

)
− [Fns ]−1

(
q
sn

)
dq∫ q̃

0 [Fnb ]−1
(

1− q
bn

)
− [Fns ]−1

(
q
sn

)
dq

=
1 + (n+1) log(n+1)−n

n2

3
2 + (n+1) log(n+1)−n

n2

.

(1.263)

Note that limn→∞Wn
r = 2

3 . Thus, the lower bound is tight, and the claim follows.
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1.17 Neighborhood Map

Figure 1.4: Chicago Community Map
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CHAPTER 2

MARKDOWN POLICIES FOR DEMAND LEARNING WITH

FORWARD-LOOKING CUSTOMERS

2.1 Introduction

2.1.1 Background and Overview

Markdowns enable a seller to earn higher profits by segmenting the market over time. Start-

ing with a list price and carefully choosing the amount and timing of price reductions, the

seller can effectively price discriminate among customers and capture a substantial portion

of consumer surplus. But, the implementation of markdowns involves challenges that can

potentially offset the benefits. First of all, markdown management requires a basic under-

standing of how prices affect demand, which is typically formulated as a demand model that

gives the expected demand as a function of price. When selling a new product, the seller

does not necessarily have perfect information on the relationship between price and demand,

and needs to choose markdowns while facing demand model uncertainty. Secondly, another

key factor in markdown management is forward-looking customer behavior . Some patient

and savvy customers take markdowns into account while timing their purchasing decisions

and choose to wait for lower prices. Such forward-looking customer behavior decreases the

seller’s ability to price discriminate, thereby significantly influencing the demand model.

This paper studies the design of dynamic markdown policies in the presence of demand

model uncertainty and forward-looking customers. The particular markdown pricing problem

we consider has three key features: (a) there is a seller who dynamically marks down the price

of a product over a multiperiod time horizon; (b) the demand for the product is generated

by a heterogeneous mixture of forward-looking and myopic customers with different patience

levels; and (c) the seller initially knows neither the customers’ valuations nor the breakdown

of customers by patience level, but can learn them based on sequential demand observations.
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Regarding problem feature (b), the customers’ forward-looking behavior depends on their

patience levels as well as how they trade off buying now versus later. Patient customers

can look further into the future and strategically time their purchases—accordingly, we

hereafter use the terms “patient” and “forward-looking” interchangeably. Due to problem

feature (c), this problem entails a tradeoff between learning a demand model to increase

future profits versus earning immediate profits. To investigate this tradeoff, we consider

a Bayesian setting where the seller has a prior belief distribution on a number of demand

models, and we measure performance by the seller’s expected cumulative profit loss relative

to a clairvoyant who knows the underlying demand model with certainty. In an asymptotic

regime where the time horizon and market size are scaled up proportionally, we characterize

how the seller’s profit loss depends on the problem scale under various different settings.

We study two forms of forward-looking customer behavior: (i) an exogenous form where

the customers’ predictions of future prices depend only on the price history, and (ii) an

endogenous form where the customers’ predictions depend on the seller’s pricing policy as

well as the price history. Both forms of forward-looking customer behavior create intertem-

poral dependencies that complicate the classical exploration-exploitation tradeoff: due to

the price predictions of forward-looking customers, the seller’s cost of exploration spills over

into subsequent exploitation periods. In fact, when forward-looking customer behavior is

introduced into the problem formulation, we find that no admissible policy can achieve good

performance in general—this is fundamentally different from the traditional findings based

only on myopic customers. A key factor in improving the seller’s performance is based

on limiting the exploration cost that extends to later periods, and we design policies that

achieve this goal. In the case of exogenous forward-looking customer behavior, we analyze

two commonly used approaches, namely forced exploration and passive learning, and char-

acterize their performance. In the case of endogenous forward-looking customer behavior,

customers are strategic and fully anticipate the expected prices induced by the seller’s policy,

and we provide an asymptotic optimality analysis for this case as well. Perhaps surprisingly,
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we show that in this case, it is easier for the seller to limit the impact of early exploration

on the customers’ future purchasing decisions. Finally, we also study how forward-looking

customers might potentially benefit the firm from a learning perspective by delaying the

demand and creating further exploitation opportunities for the seller.

2.1.2 Practical Motivation

Markdown management and demand model uncertainty are observed in many sectors. For

example, firms selling fashion or high-technology products typically introduce their new

products with a list price and then gradually mark down the price to target customers who

are willing to pay less than the list price. A major challenge in the practical implementa-

tion of markdowns is that the demand for new fashion and high-technology products entails

significant uncertainty in advance of a selling season, because firms often have only partial

information on the customer preferences and potential market size for a new product. Thus,

a firm facing the aforementioned uncertainty runs the risk of marking down its product’s

price too early. As reported by McKinsey & Company, charging a low price for a new product

not only leaves potential revenues on the table but also reduces the product’s value in the

market, thereby making it virtually impossible to raise prices to higher levels (52). In addi-

tion, increasing prices causes further concerns from the seller’s perspective. First, deviating

from markdown pricing creates an incentive for customers to take advantage of resale oppor-

tunities. To curb such resale incentives, it is to the seller’s interest to use a markdown policy.

Second, a price increase can potentially result in media backlash and customer complaints,

which deter the seller from raising the price. Due to these challenges, judicious management

of markdowns has become a focus of attention in practice, making markdown optimization

a key feature of business analytics software and services (53, 54, 55)see, e.g.,. Motivated by

these markdown management applications, we focus on a theoretical problem formulation

with the hope of gaining high-level insights on markdown management in practice.
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2.1.3 Main Contributions and Qualitative Insights

Characterizing the impact of forward-looking customers on learning performance.

Our work identifies two effects of forward-looking customers on the tradeoff between learning

and earning in markdown pricing.

First, forward-looking customers introduce an intertemporal dependency through which

the seller’s early exploration efforts cause deviations from the best possible price path in

hindsight—this subsequently influences later purchasing decisions of forward-looking cus-

tomers. We establish that this intertemporal dependency leads to a fundamental difference

from the antecedent studies on dynamic pricing and demand learning that consider only

myopic customers (56, 57, 58, 59)see, e.g.,. In particular, we show that when the customers’

forward-looking behavior is exogenous and their memory includes the entire price history,

the seller could incur a large profit loss that is linear in the problem size (see Theorem 6(ii)).

This result highlights that in the worst case, forward-looking customers could severely hurt

a seller who faces demand model uncertainty.

Second, despite the aforementioned negative result obtained in the worst case, we also

discover a potential benefit of forward-looking customers from a learning perspective. To see

this, we note that a seller facing customers with different patience levels has an interesting

dilemma in pricing. When customers are myopic, it is easier for the seller to construct a

well-performing pricing policy. This is due to the straightforward purchasing behavior of

myopic customers. But, the impatient nature of myopic customers also poses a challenge to

the seller: any pricing error due to demand model uncertainty has an irreversible cost when

customers are myopic and impatient. By contrast, forward-looking customers can strategi-

cally delay their purchases. Thus, although forward-looking customer behavior might have

a negative impact on the seller’s profit performance under demand model uncertainty, it

can also potentially provide “cheaper” exploration opportunities to the seller due to delayed

demand. Our work compares the magnitude of these effects, showing that the impact of cus-

tomer impatience on the profit loss due to demand model uncertainty could be substantially
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higher than the impact of forward-looking customers. To that end, we characterize the best

achievable profit performance benchmarks when customers are extremely forward-looking

and when they are myopic, and we prove that these benchmarks stand in stark contrast

to previous results. As discussed in §2.4, under certain conditions, it is possible to design

markdown policies that achieve asymptotically vanishing profit loss when customers are ex-

tremely forward-looking (Theorem 10), whereas any policy has to incur a profit loss that

grows logarithmically in the problem size when customers are myopic (Corollary 4).

Based on these findings, we identify that the seller’s profit performance under demand

model uncertainty depends crucially on how forward-looking the customers are. To the best

of our knowledge, this comparison has not been addressed in the related literature.

Achieving asymptotic optimality under exogenous and endogenous forward-

looking customer behaviors. In view of the intertemporal dependency caused by forward-

looking customers, there are three crucial factors to consider in reducing the profit loss

due to demand model uncertainty: (i) collecting information about the demand model,

(ii) preserving the market size in early periods, and (iii) limiting the impact of the seller’s

exploration on forward-looking customers.

In the case of exogenous forward-looking behavior, the customers use a prediction func-

tion to infer the future price path, and make optimal purchasing decisions based on their

price predictions. In light of Theorem 6(ii), we observe that the intertemporal dependency

induced by forward-looking customer behavior could cause a large profit loss for the seller.

Despite this negative result, we identify conditions under which a forced exploration pol-

icy achieves asymptotic optimality. In Theorem 7, we establish that when customers have

bounded memory, the profit loss due to demand model uncertainty grows logarithmically in

the problem scale, which matches the best achievable growth rate of the profit loss in The-

orem 6(i). In Theorem 8, we establish that when the customers have unbounded memory

but have a prediction function satisfies a variant of Lipschitz continuity, the profit loss can

grow sublinearly in the problem size. Regarding this analysis, we reiterate that due to the

207



intertemporal dependency caused by forward-looking customers, the seller’s cost of explo-

ration is extended to later periods. As a major technical contribution, our analysis of the

customer memory and the properties of the forward-looking behavior in Theorems 7 and 8

sheds light on the importance of limiting the impact of the seller’s exploration on forward-

looking customers.

In the case of endogenous forward-looking behavior, the customers’ prediction of future

prices coincide with the expected price path induced by the seller’s policy. In this case,

the best achievable performance benchmark is based on a subgame perfect equilibrium as in

(60). Interestingly, in this case, it is easier for the seller to implement a strategy that limits

the impact of early exploration efforts on forward-looking customers. To that end, the seller

can announce and commit to a forced exploration policy. Due to the customers’ ability to

fully predict the policy-induced price path in this case, sufficient learning about the demand

model in the early periods allows the seller to implement the remaining price path in the

subgame perfect equilibrium, and thus, the customers who arrive later in the system would

not deviate from their optimal purchasing decisions. To formalize this intuition, we prove in

Theorem 9 that, under endogenous forward-looking customer behavior, the profit loss due

to demand model uncertainty grows logarithmically in the problem size, which matches the

best achievable growth rate of the profit loss in this case (see Proposition 15).

It is worth noting that our paper provides a novel treatment of modeling of forward-

looking customer behavior. Since there has been no standard answer to determine forward-

looking customer behavior in the presence of model uncertainty, we believe that our pa-

per sheds light on the seller’s performance outcomes under previously unexplored modeling

choices.

Organization of the paper. This subsection ends with a review of related litera-

ture. In §2.3, we present our problem formulation, and in §2.3.1, we construct our policies

and study their performance. subsection 2.4 presents our further analysis of the impact of

forward-looking customers. Finally, §3.6 provides a summary of the paper. All proofs are in
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appendices.

2.2 Related Literature

Our work is related to two streams of research: (i) markdown management and forward-

looking customer behavior, and (ii) dynamic pricing with demand model uncertainty and

learning.

Markdown management and forward-looking customer behavior. In the eco-

nomics literature, an early related study is by (61), who conjectured that customers’ forward-

looking behavior could eliminate a monopolistic seller’s market power, forcing the seller to

price at marginal cost. This notion, widely known as the Coase conjecture, is subsequently

studied in detail by (62) ((62), (63)) and (64). In the context of markdown management,

(65) demonstrated how markdowns help a monopolistic seller to capture a larger profit via

intertemporal pricing, whereas (60) considered the case of forward-looking customers, using

a game-theoretic approach to characterize how forward-looking customers influence a seller’s

markdown policy and profits. More recently, (66) empirically investigated optimal dynamic

pricing strategies in the presence of forward-looking customers. (67) studied intertemporal

pricing with forward-looking customers, proving the optimality of markdown policies when

high-value customers are impatient or when low-value customers are patient. (68) showed

that the profit loss caused by ignoring forward-looking customer behavior is substantial,

and from a seller’s perspective, price commitment in the form of pre-announced markdowns

can be more advantageous than a contingent pricing scheme. Following this work, (69),

(70), and (71) studied in detail the optimal structure of pre-announced markdown policies

in the presence of forward-looking customers. (72) formulated a dynamic pricing setting

where customers can strategically signal their willingness to pay, and studied the optimal

pricing policy in this setting. (73) and (74) analyzed the value and effectiveness of a seller’s

quick response capability when dealing with forward-looking customers. (75) analyzed price

commitment policies in a general setting, and identified a cyclic pricing structure under the
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optimal policy. On the other hand, (76) studied contingent pricing policies characterized

by subgame-perfect equilibria, showing that ignoring forward-looking customer behavior de-

creases a seller’s profits significantly in this context. (77) considered the case of product

variety and proved that ignoring forward-looking customer behavior results in significantly

suboptimal pricing and product portfolio choices. (78) analyzed a contingent price markdown

mechanism in a setting with forward-looking customers, and showed that it can outperform

the fixed-price mechanism and the pre-announced discount mechanism. (79) studied a struc-

tural model and empirically showed that retailers can benefit from implementing randomized

markdowns when customers can monitor prices. As in many of the studies mentioned above,

the markdown management problem we study entails forward-looking customer behavior;

i.e., in our setting, there exist customers who compare current and future prices to make

purchase decisions. But, unlike the aforementioned studies, our problem features demand

model uncertainty and dynamic learning faced by a seller in the presence of a mixture of

customers with heterogeneous patience levels. Our analysis quantifies the impacts of myopic

and forward-looking customer behaviors on the profit loss due to demand model uncertainty,

shedding light on how customer patience (or lack thereof) affects the performance of a dy-

namic pricing-and-learning policy (see §2.1.3 for further details).

Dynamic pricing with demand model uncertainty and learning. The tradeoff

between learning and earning has been studied extensively in the dynamic pricing literature.

In this context, (80) considered a partially observable Markov decision process framework for

dynamic pricing with demand learning and analyzed heuristic pricing policies that approxi-

mate the optimal policy structure. (56) studied a stochastic control framework for dynamic

pricing under demand model uncertainty, characterizing the optimal policy structure. (81)

formulated a general dynamic pricing framework in which a seller uses an aggregating algo-

rithm to predict the behavior of its customers, showing that the performance of the proposed

algorithm is robust to distributional assumptions on demand. (57) studied a dynamic pric-

ing problem with demand model uncertainty and designed well-performing heuristic policies
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based on dynamic programming. (58) showed that, in the context of dynamic pricing with

demand learning, a myopic policy can suffer from incomplete learning, which results in poor

profit performance; they also developed variants of the myopic policy that are asymptotically

optimal. Furthermore, (82), (83), and (59) studied dynamic pricing problems with paramet-

ric demand model uncertainty and designed asymptotically optimal policies that balance

the learn-and-earn tradeoff. (84) considered a Brownian stochastic control problem with

dynamic learning and a single price-change decision, and characterized the optimal policy

structure for this problem. More recently, (85) considered the case of finitely many price

changes in dynamic pricing with demand learning, characterizing the best achievable profit

performance and constructing asymptotically optimal policies in their setting. In the broader

context of operations management, (86) analyzed a planning problem where a seller learns

about market potential via advance sales, and showed how advance sales information influ-

ence capacity decisions, whereas (87) studied how uncertainty about quality costs influences

the design of vertically differentiated products. Our work investigates the interplay between

dynamic markdown management, demand learning, and forward-looking customer behavior.

First of all, to provide practical guidelines for markdown management, we characterize how

forward-looking customer behavior affects the design of well-performing markdown policies

under demand model uncertainty. Secondly, our work contrasts the effects of myopic and

forward-looking customer behaviors on the policy performance in a dynamic pricing-and-

learning setting (see §2.1.3 for a detailed explanation of our contributions).

2.3 Problem Formulation

Basic model elements. Consider a firm, called the seller, that sells a product over a

discrete time horizon of T periods. The product’s marginal cost is c ≥ 0, and the seller

can dynamically adjust the product’s price over the time horizon. There is a population of

potential customers who are heterogeneous in (a) their valuations (i.e., how much they are

willing to pay for the product), (b) their arrival times to the market, and (c) their patience
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levels (i.e., how many periods they are willing to stay in the market).

Regarding (a), the customers’ valuations follow a market density function λ : [0,∞) →

[0, λ̄], where λ̄ > 0.1 Customers discount their future utilities with a discount factor

δ ∈ (0, 1); therefore, if a customer with valuation v purchases the product κ periods from

the current period at price p, then s/he derives a utility of u(v, p, κ) = δκ(v − p). Regard-

ing (b), customers arrive gradually to the market over T periods. A customer with arrival

period τ ∈ {1, 2, . . . , T} joins the market in the beginning of period τ and starts considering

her/his purchasing options thereafter. Regarding (c), the seller faces customers with varying

patience levels. We represent a customer’s decision horizon by a variable called patience

w ∈ {0, 1, . . . , T − 1}, which denotes the number of periods the customer is willing to stay

in the market (not including the arrival period). The mass of customers arriving in period τ

with patience w is ατw, where ατw ∈ [0, 1] for all τ and w, and ∑T
τ=1

∑T−1
w=0 ατw = 1. Thus,

the heterogeneity in (b) and (c) is expressed as a matrix α whose (τ, w)th entry is ατw.

We formulate forward-looking customer behavior by considering customers who evaluate

their purchasing decisions within a specific time window. This formulation of patience follows

(70) and (75), who describe such time windows as the patience levels of customers. Look-

ing forward within their patience windows, customers make decisions by comparing their

utilities of purchasing in one of the periods in their patience level (or leaving the market

without a purchase). The tradeoff between making an immediate purchase and a potential

future purchase is also influenced by a discount factor δ, which is a standard way to model

forward-looking behavior; see, e.g., (60), (73), (77). In the antecedent work, a homogeneous

discount factor is usually considered to be induced by a competitive financial market, and

the heterogeneous patience levels correspond to idiosyncratic outside options of customers.

By introducing both the patience level and discount factor in our model, we obtain a fairly

general formulation of forward-looking customer behavior.

1. For simplicity, the value of
∫
v≥0 λ(v)dv can be normalized to 1, but we do not make this assumption

in our analysis.
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The seller cannot directly observe the heterogeneity in (a)-(c) and thus faces an uncer-

tainty about the demand model. We formulate this uncertainty as a prior belief distribution

on N hypotheses: the seller initially believes that, for i = 1, 2, . . . , N ,

(
λ(·),α, δ

)
=
(
λi(·),αi, δi

)
with probability bi,

where ∑N
i=1 b

i = 1, and bi ∈ [0, 1] for i = 1, 2, . . . , N . We let Hi :=
{(
λ(·),α, δ

)
=(

λi(·),αi, δi
)}

and refer to Hi as demand hypothesis i. Thus, bi is interpreted as the seller’s

prior belief that Hi is correct. For brevity, we also let θ = (θ1, . . . ,θN ), where θi :=(
λi(·),αi, δi

)
for i = 1, 2, . . . , N . We refer to θ as the problem parameter vector and suppose

that θ resides in a compact set Θ.

Price skimming and customer decisions. To implement intertemporal price differ-

entiation, the seller sequentially marks down the price of the product over T periods. That

is, letting pt be the product’s price in period t, we have p1 ≥ p2 ≥ · · · ≥ pT . A customer

arriving in period τ with patience w, hereafter called a type-(τ, w) customer, stays in the

market at most until the end of period τ + w or T , whichever is sooner. We denote by

Tτwt =
{
t + 1, . . . ,min{τ + w, T}

}
the set of remaining future periods for type-(τ, w) cus-

tomers as of period t ≥ τ . In any period t ≥ τ , a type-(τ, w) customer with valuation v

would compare the utility of an immediate purchase with the discounted utilities for making

a purchase in one of the periods in Tτwt. Neither the seller nor the customers know future

prices with certainty. Customers form a sequence of price predictions for future periods

and act according to those predictions. We denote by p̂s the customers’ price prediction for

period s ∈ Tτwt. Based on the price predictions {p̂s, s ∈ Tτwt}, a type-(τ, w) customer’s
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decision in period t is as follows:

customer decision =


purchase if u(v, pt, 0) ≥ max

{
0,maxs∈Tτwt{u(v, p̂s, s− τ)}

}
,

wait if maxs∈Tτwt{u(v, p̂s, s− τ)} ≥ max{0, u(v, pt, 0)},

abandon if max
{
u(v, pt, 0),maxs∈Tτwt{u(v, p̂s, s− τ)}

}
≤ 0.

(2.1)

To make an immediate purchase, a customer must obtain the highest utility from purchasing

in the current period (compared to purchasing in the future or abandoning the market). If

the customer finds it more attractive to purchase in any of the future periods within her/his

patience level, then s/he waits in the system. There is also a portion of customers who derive

nonpositive utility from buying in any period within their patience level. These customers

choose the outside option of no purchase and abandon the market immediately. Note that if

a customer does not look forward (or equivalently, has a patience level of w = 0) then s/he

either makes a purchase or abandons within her/his arrival period, depending on whether

s/he derives nonnegative utility for purchasing at the price charged in that period. Such a

myopic customer would never choose to wait.2

Forward-looking customers predict future prices as follows. Let p(t) = (p1, . . . , pt) be the

vectorized history of prices through period t. In period t, customers use prediction functions

{ρκt : κ = 1, 2, . . . } such that ρκt : [p, p̄]t → [p, p̄] is a continuous function that maps p(t)

to a price prediction p̂t+κ = ρκt
(
p(t)

)
for period t + κ, where p = c and p̄ ∈ (c,∞). Based

on this, we denote the customer prediction behavior by ρ = {ρκt : t, κ = 1, 2, . . . }, which

resides in a set P that satisfies a markdown condition on prices, i.e., p̂t+κ ≥ p̂t+κ+1 for all

t ∈ {1, . . . , T} and κ ∈ {1, 2, . . . }.3

We study both exogenous and endogenous prediction behaviors in this paper. In the case

2. Since the market density is finite, the marginal customers indifferent between two distinct decisions
have measure zero. Thus, the decisions of these marginal customers do not impact the aggregate demand.

3. For completeness, we let ρ0
t (p(t)) = pt for all p(t) ∈ [p, p̄]t, which is consistent with the fact that the

customers see the price pt before making purchasing decisions in period t.

214



of exogenous predictions, the customers do not necessarily know the seller’s pricing policy.

Thus, their prediction behavior ρ depends on the price history but not on the seller’s policy.

This model of prediction behavior is along a stream of theoretical and empirical research

literature in economics, marketing, and operations research. In some notable empirical

studies, price processes are typically assumed to be exogenous, which evolve adaptively

based on historical price observations; see, e.g., (88), (89), (66), (90). On the theory side,

(81) focused on limited strategic customer behavior, assuming a Markovian price process

that customers can anticipate. Moreover, (91) studied a framework of minimizing regret in

hindsight: in this framework, the decision maker chooses an action that only depends on the

history and achieves asymptotic optimality. For each period t, we have a general prediction

function ρκt (·), which includes all of these assumptions as special cases.

As an illustrative example, consider the setting below where, in every period, customers

infer a linear price trend induced by the price history p(t), making decisions based on their

most recent price predictions.

Example 5. (linear price prediction) In period t = 1, 2, . . . , T − 1, the customer pre-

diction behavior ρ = {ρκt : t, κ = 1, 2, . . . } satisfies ρκt
(
p(t)

)
= pt − βt

(
p(t)

)
κ for p(t) ∈

[p, p̄]t and κ ∈ {1, 2, . . . , T − t}, where βt
(
p(t)

)
= arg minβ∈R

{∑t
s=1[ps − pt − β(t− s)]2

}
.

Note that Example 5 is an illustrative instance of the general prediction behavior described

above. In general, our formulation also covers nonlinear prediction functions.

In the case of endogenous predictions, motivated by the notion of the rational expectation

equilibrium (92, 93)see, the customers know the seller’s pricing policy, and for any period

t, their predicted price path based on ρ coincides with the expected price path induced

by the seller’s policy. This assumption follows the existing literature on strategic customer

behavior in deterministic settings (60, 67, 68, 75)see, in which the customers are assumed to

know the seller’s pricing policy and can perfectly foresee the seller’s price path as well as the

behavior of all other customers. (Unlike the existing literature, it is also possible to consider

extensions of this model such that customers form sequences of prediction distributions that
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coincide with the distributions of future prices induced by the seller’s policy. For a brief

discussion on this extension, see §3.6.)

Demand observations. Given demand hypothesis i, price history p(t), and prediction

behavior ρ, we denote by Viτwt
(
p(t), ρ

)
⊆ [0,∞) the set of valuations of type-(τ, w) customers

remaining at the beginning of period t+ 1. This set of customers is inherited from the type-

(τ, w) customers who were in the market at the beginning of period t and chose to wait during

period t. Formally, for t ∈ {τ, . . . ,min{τ + w, T}}, said set corresponds to the customers

with valuations v ∈ Viτw(t−1)(p
(t−1), ρ) such that ui(v, p̂s, s − τ) ≥ max{0, ui(v, pt, 0)} for

some s ∈ Tτwt, where ui(v, p, κ) := (δi)κ(v−p) denotes the customers’ utility function under

Hi. Thus, we can express Viτwt
(
p(t), ρ

)
as follows:

Viτwt
(
p(t), ρ

)

=



{
v ∈ Viτw(t−1)

(
p(t−1), ρ

)
: max
s∈Tτwt

{ui(v, p̂s, s− τ)} ≥ max{0, ui(v, pt, 0)}
}

if τ ≤ t ≤ τ + w,

[0,∞) if t = τ − 1,

∅ otherwise,

for i ∈ {1, . . . , N}, τ ∈ {1, . . . , T}, w ∈ {0, . . . , T−1}, and t ∈ {1, . . . , T}. Let U iτwt
(
p(t), ρ

)
⊆

[0,∞) be the set of valuations of type-(τ, w) customers who are willing to make a purchase in

period t. This valuation set corresponds to the type-(τ, w) customers whose utility function

satisfies ui(v, pt, 0) ≥ 0 and ui(v, pt, 0) ≥ ui(v, p̂s, s− τ) for all s ∈ Tτwt. Therefore,

U iτwt(p(t), ρ) =
{
v ∈ Viτw(t−1)(p

(t−1), ρ) : ui(v, pt, 0) ≥ max{0, max
s∈Tτwt

ui(v, p̂s, s− τ)}
}
(2.2)

for i ∈ {1, . . . , N}, τ ∈ {1, . . . , T}, w ∈ {0, . . . , T − 1}, and t ∈ {1, . . . , T}. Consequently,

given the price history p(t) and customer prediction behavior ρ, the expected demand in
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period t under Hi is

dit
(
p(t), ρ

)
=

t∑
τ=1

T−1∑
w=0

αiτw

∫
U iτwt(p(t),ρ)

λi(v)dv for t = 1, . . . , T. (2.3)

Figure 2.1 illustrates customer choices and expected demand quantities in a simple two-

period setting.

Figure 2.1: The time horizon is T = 2, and the customer valuations follow a uniform
distribution; i.e., v ∼ U [0, 1]. The left panel illustrates the expected demand in period 1.
Impatient customers (w = 0) choose to purchase or abandon the market based on whether
their valuation v ≥ p1 or not, whereas patient customers (w = 1) purchase if v ≥ p1 +
δ

1−δ (p1− p̂2), wait if p̂2 ≤ v ≤ p1 + δ
1−δ (p1− p̂2), or abandon the market if v ≤ p̂2. The right

panel illustrates the expected demand in period 2, where all of the remaining customers and
the new customers make a purchase if their valuation v ≥ p2.

The seller’s demand realizations are subject to unobservable temporal shocks on the

market size, which are unexplained by the demand hypotheses. If the underlying hypothesis

is Hi then the demand realization in period t, denoted by Dt, is a random variable with

mean dit
(
p(t), ρ

)
and support [d, d̄], where −∞ < d < d̄ < ∞. Under Hi, letting εt =

Dt − dit
(
p(t), ρ

)
denote the demand shock in period t, we can decompose Dt as follows:

Dt = dit
(
p(t), ρ

)
+ εt for t = 1, . . . , T. (2.4)

To accommodate a general class of demand realizations, we suppose that {εt, t = 1, 2, . . .}
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follows a martingale difference sequence adapted to the filtration Ft = σ(D(t),p(t+1)), where

D(t) = (D1, . . . , Dt). This means that the temporal demand shock εt is allowed to depend on

the entire history of demand realizations and price decisions. Given dit
(
p(t), ρ

)
and Ft−1, we

denote the conditional probability density function of εt under Hi by Lit(·, dit(p(t), ρ)|Ft−1)

and suppose that Lit(x, dit(p(t), ρ)|Ft−1) ∈ [fd, f̄d] for all x ∈ [d, d̄], where f̄d > fd > 0.

Admissible policies, posterior beliefs, and induced probabilities. We denote the

set of all feasible belief vectors by B = {b = (b1, . . . , bN ) ∈ [0, 1]N ,∑N
i=1 b

i = 1} and define

an admissible policy as a sequence of non-anticipating functions π = {πt, t = 1, 2, . . .} such

that πt is a measurable mapping from B×[p, p̄]t−1 to [p, p̄] satisfying πt
(
b,p(t−1)

)
≤ pt−1 for

all b ∈ B and p(t−1) ∈ [p, p̄]t−1. Moreover, we denote by Π the set of all admissible policies

for the seller. For a policy π ∈ Π, we define the sequence of prices {pt ∈ [p, p̄], t = 1, 2, . . .}

and posterior beliefs {bt ∈ B, t = 1, 2, . . .} with the following iterative relations. In the

beginning of every period t, the seller selects pt = πt
(
bt,p

(t−1)
)
. After that, the seller

observes the demand realization Dt and computes bt+1 = (b1t+1, . . . , b
N
t+1) via Bayes’ rule:

bit+1 = νit(bt,D(t),p(t), ρ) := bit Lit(Dt, dit(p(t), ρ)|Ft−1)∑N
i′=1 b

i′
t Li

′
t (Dt, di

′
t (p(t), ρ)|Ft−1)

for i = 1, . . . , N. (2.5)

Thus, every policy π ∈ Π induces a probability measure on the sample space of posterior

beliefs. To see this, let

ψt(bt,p(t),y, ρ) =
∫
{ξ∈Rt : νit(bt,ξ,p(t),ρ)=yi,i=1,...,N}

[ N∑
i=1

bitLit(ξt, dit(p(t), ρ)|Ft−1)
]
dξt,

(2.6)

for all y ∈ B. Given b1 = b ∈ B, define Pbπρ{·} as follows: Pbπρ{b1 = b} = 1, and

Pbπρ{bt+1 ∈ dy | b1, . . . , bt, p1, . . . , pt} = ψt(bt,p(t),y, ρ) dy (2.7)

for all t = 1, 2, . . . , T , and y ∈ B.Rit
(
p(t), ρ

)
= (pt − c)dit

(
p(t), ρ

)
Performance met-

218



ric. We measure performance by the seller’s expected T -period profit loss relative to a

clairvoyant who knows the underlying demand model with certainty. To define this met-

ric for an exogenous customer prediction behavior ρ, we denote by Rit
(
p(t), ρ

)
= (pt −

c)dit
(
p(t), ρ

)
the seller’s expected profit in period t under Hi and ρ. Furthermore, we let

V i = maxπi∈Π
{∑T

t=1R
i
t(p(t), ρ)

}
be the seller’s optimal full-information T -period profit

under Hi. Thus, given the seller’s prior belief b1 = b, the T -period profit loss due to

demand model uncertainty under policy π, customer prediction behavior ρ, and demand

hypothesis i is

∆i
πρ = V i − Ebπρ


T∑
t=1

Rit(p(t), ρ)

, (2.8)

where Ebπρ{·} is the expectation operator associated with Pbπρ{·}. Consequently, if the cus-

tomer prediction behavior ρ is exogenous, the seller’s expected T -period profit loss due to

demand model uncertainty under policy π is

∆bπρ =
N∑
i=1

bi∆i
πρ. (2.9)

On the other hand, if the customer prediction behavior ρ is endogenous, the customers know

the seller’s policy π, and their price predictions coincide with the expected price path induced

by π. Formally, we consider a pair (ρ, π), consisting of a customer prediction behavior ρ and

a pricing policy π, that satisfies the following condition.

Assumption 4. (endogenous forward-looking customer behavior) For any t ∈ {1, . . . , T},

bt ∈ B, and p(t−1) ∈ [p, p̄]t−1 with p1 ≥ p2 ≥ · · · ≥ pt, the pair (ρ, π), consisting of customer

prediction behavior ρ ∈ P and pricing policy π ∈ Π, induces a price path (pt+1, . . . , pT ) that

satisfies ρκt (p(t)) = Ebπρ
{
pt+κ|p(t), bt

}
for all κ = 1, . . . , T − t.

The above condition follows the modeling assumptions in the existing literature on strate-

gic customer behavior, where customers form a sequence of predicted prices based on the
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knowledge of the seller’s pricing policy; see, e.g., (60), (67), (68), (75).

To measure performance, we again use the seller’s expected T -period profit loss relative

to a clairvoyant who knows the underlying demand model with certainty. To define the

clairvoyant benchmark in this case, consider a pair (ρi, πi) that satisfies the following two

properties under Hi: (i) πi ∈ arg maxπ∈Π
{∑T

t=1R
i
t(p(t), ρi)

}
, and (ii) (ρi, πi) satisfies

Condition 4. That is, the seller’s policy πi is optimal under Hi and ρi, and based on

the prediction behavior ρi, the customers’ purchasing decisions defined in (2.1) are also

optimal under Hi and πi. Thus, (ρi, πi) constitutes a subgame perfect equilibrium under

Hi.4 Without loss of generality, we choose the pair (ρi, πi) with an induced equilibrium

price path (pi1, . . . , piT ) under Hi such that V ieq = ∑T
t=1R

i
t(pi(t), ρi) is the seller’s optimal

full-information profit in equilibrium. Hence, given the seller’s prior belief b1 = b, the T -

period profit loss under policy π, customer prediction behavior ρ satisfying Condition 4, and

demand hypothesis i is

∆̃i
πρ = V ieq − Ebπρ

{ T∑
t=1

Rit(p(t), ρ)
}
. (2.10)

As a result, if the customer prediction behavior ρ is endogenous as described in Condition

4, the seller’s expected T -period profit loss due to demand model uncertainty is

∆̃bπρ =
N∑
i=1

bi∆̃i
πρ. (2.11)

Asymptotic regime. Because the problem described above defies exact solution, we study

an asymptotic regime in which the seller’s time horizon and market size grow proportionally

large. Consider a sequence of problems, indexed by k = 1, 2, . . . , such that in the kth problem

the number of periods and the customer population are scaled up by k; that is, we replace

T with Tk = kT and αi with kαi for all i ∈ {1, . . . , N}.5 This scaling can also be viewed as

4. We prove the existence of (ρi, πi) in Proposition 18 of Appendix 2.8.

5. In the kth problem of this asymptotic regime, kαiτw corresponds to the mass of type-(τ, w) customers
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increasing the frequency of pricing decisions in a fixed sales horizon. In this interpretation,

T represents the length of a sales season, and kT corresponds to the maximum number of

prices changes that the seller can implement. To ensure that the mass of customers arriving

between two pricing decisions does not become negligibly small in this asymptotic regime,

we assume that ∑Tk−1
w=0 kαiτw ∈ [α, α] for all τ ∈ {1, . . . , Tk} and i ∈ {1, . . . , N}, where

0 < α < α < ∞. (Without this assumption, it is possible to have virtually no customer

arrivals in the vast majority of periods, in which case the arrivals would be concentrated

on a few periods, yielding a regime where the number of pricing decisions effectively does

not grow.) In the case of exogenous forward-looking customer behavior, after adjusting the

definitions in (2.8)-(2.9) based on the above scaling, we let ∆bπρ(k) be the seller’s expected

profit loss in the kth problem. Similarly, in the case of endogenous forward-looking customer

behavior, upon adjusting the definitions (2.10)-(2.11) with the same scaling, we let ∆̃bπρ(k)

be the seller’s expected profit loss in the kth problem. With slight abuse of notation, we

also express the dependence of these metrics on the problem parameter vector θ by writing

∆bπρ(k,θ) and ∆̃bπρ(k,θ) instead of ∆bπρ(k) and ∆̃bπρ(k), respectively. In the subsequent

sections, we characterize the optimal growth rate of ∆̃bπρ(k) in terms of k.

2.3.1 Learning and Earning with Forward-looking Customers

Structure of Customer Valuation Sets

As a first step of our analysis, we study the structure of the valuation sets belonging to

customers remaining in the system and to those purchasing in each period.

Lemma 10. (interval structure of valuation sets) Let i ∈ {1, . . . , N} and k ∈ {1, 2, . . . }.

Set viτw(τ−1) = 0 and viτw(τ−1) =∞ for all τ ∈ {1, . . . , Tk} and w ∈ {0, . . . , Tk − 1}. Then,

under Hi, and the total mass of customers under Hi equals
∑Tk

τ=1
∑Tk−1
w=0 kαiτw = k for all i ∈ {1, . . . , N}.

221



for all t ∈ {τ} ∪ Tτwτ =
{
τ, . . . ,min{τ + w, Tk}

}
,

(i) Viτwt
(
p(t), ρ

)
=
[
viτwt(p(t), ρ), viτwt(p(t), ρ)

]
,

(ii) U iτwt
(
p(t), ρ

)
=
[
uiτwt(p(t), ρ), uiτwt(p(t), ρ)

]
,

where viτwt(p(t), ρ) = max
{
viτw(t−1)(p

(t−1), ρ), p̂min{τ+w,Tk}
}
,

viτwt(p(t), ρ) = min
{
viτw(t−1)(p

(t−1), ρ), maxs∈Tτwt
{
pt + (δi)s−t

1−(δi)s−t (pt − p̂s)
}}
,

uiτwt(p(t), ρ) = viτwt(p(t), ρ),

uiτwt(p(t), ρ) = viτw(t−1)(p
(t−1), ρ).

Lemma 10 characterizes the structure of Viτwt
(
p(t), ρ

)
and U iτwt

(
p(t), ρ

)
, namely the

valuation sets of customers who choose waiting and those who make a purchase, respectively.

Based on the definitions of these sets in (2.2), the above lemma proves that both sets are

intervals in [0,∞). This implies that the customers with valuations above an upper threshold

purchase immediately, whereas those with valuations below a lower threshold abandon the

market immediately. The customers whose valuations are between these lower and upper

thresholds neither purchase in the current period nor abandon immediately, because they

find it more beneficial to wait for the next period. Figure 2.2 illustrates these intervals in

the numerical example used in Figure 2.1.

2.3.2 Characterizing the Best Achievable Performance

In this subsection, we derive lower bounds on the smallest possible growth rate of the profit

loss due to demand model uncertainty in terms of the problem scale k. We obtain these

bounds for both exogenous and endogenous forms of forward-looking customer behavior.

The following result presents the best achievable profit performance in the case of exoge-

nous customer predictions.

Theorem 6. (lower bound on profit loss under exogenous customer predictions)

Let b ∈ B such that bi < 1 for all i ∈ {1, . . . , N}. Then,
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Figure 2.2: The left panel shows U i101(p1, ρ) and U i111(p1, ρ) (namely, the sets of type-(1,0)
and type-(1,1) customers who make a purchase in period 1) as well as Vi111(p1, ρ) (i.e., the set
of type-(1,1) customers who decide to wait in period 1); all other customers arriving in period
1 abandon the market immediately. The right panel displays U i202(p(2), ρ), U i212(p(2), ρ), and
U i112(p(2), ρ) (namely, the sets of type-(2,0), type-(2,1), and type-(1,1) customers who make
a purchase in period 2). Since period 2 is the last period, no customers choose to wait in
this period.

(i) there exists a constant c1 > 0 such that, under any policy π ∈ Π and any exogenous

customer prediction behavior ρ ∈ P,

sup
θ∈Θ
{∆bπρ(k,θ)} ≥ c1 log k

for k = 1, 2, . . . , and

(ii) there exist an exogenous customer prediction behavior ρ ∈ P and a constant c2 > 0

such that, under any policy π ∈ Π,

sup
θ∈Θ
{∆bπρ(k,θ)} ≥ c2k

for k = 1, 2, . . .

Theorem 6 provides two lower bounds on the profit loss: (i) a lower bound of order log k,

which holds for any exogenous ρ ∈ P, and (ii) a lower bound of order k, which holds for a

special class of exogenous prediction behaviors ρ ∈ P.
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Theorem 6(i) states that, for all exogenous customer prediction behaviors and all ad-

missible pricing policies, the profit loss grows at least logarithmically in the problem scale

k. The intuition behind this result is as follows: in the early periods, the seller has limited

information on the underlying demand model and is likely to make a pricing error. Due to

such pricing errors, customers with low patience levels abandon the market. Thus, missing

the opportunity to offer better prices to these customers results in a profit loss. Theo-

rem 6(i) provides a benchmark for good profit performance in our asymptotic setting: we

say that a policy is asymptotically optimal if the growth rate of its profit loss in k matches

the logarithmic growth rate of the lower bound in Theorem 6(i).

In contrast to Theorem 6(i), Theorem 6(ii) shows that there is an exogenous customer

prediction behavior such that the profit loss under any admissible pricing policy grows lin-

early in the problem scale k, which is the highest possible growth rate of the profit loss. This

finding establishes that the negative impact of forward-looking customers is excessively large

in the worst case. The problem instance used in the derivation of Theorem 6(ii) is one where

the customers have perfect memory, i.e., they use the entire price history when they make

predictions under ρ. In such problem instances, early markdowns have a lasting impact on

the customers’ forward-looking behavior. Even if the seller can gather sufficient demand

information later on, perfect customer memory poses the risk of incurring large profit losses

due to early pricing errors. Theorem 6(ii) formalizes this intuition.

The distinction between parts (i) and (ii) of Theorem 6 sheds a new light on the impact

of forward-looking customers on dynamic pricing with demand learning. In the absence of

forward-looking customers, (82) and (83) have constructed pricing policies with cumulative

losses growing logarithmically in the problem scale in their settings. Theorem 6(i) shows

that our setting is at least as complex as these settings in the literature because one cannot

achieve better performance in our setting. On top of this, Theorem 6(ii) establishes that

the introduction of forward-looking customers makes the learning-and-earning problem fun-

damentally more complex. There exist customer prediction behaviors that make the profit
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loss of all policies increase at the largest possible rate—this is not possible in the previously

studied settings with no forward-looking customers.

To complement Theorem 6, the next result characterizes the best achievable profit per-

formance in the case of endogenous customer predictions.

Proposition 15. (lower bound on profit loss under endogenous customer predic-

tions) Let b ∈ B such that bi < 1 for all i ∈ {1, . . . , N}. Then, there exists c3 > 0 such

that, under any policy π ∈ Π and any endogenous customer prediction behavior ρ ∈ P with

(ρ, π) satisfying Condition 4,

sup
θ∈Θ
{∆̃bπρ(k,θ)} ≥ c3 log k

for k = 1, 2, . . .

The intuition for Proposition 15 is similar to that for Theorem 6(i): early pricing errors

curtail potential profits from impatient customers, resulting in a logarithmically growing

profit loss relative to the case of full information.

In light of Theorem 6(ii) and Proposition 15, it is worth noting that the smallest growth

rate of the profit loss can be significantly higher in the case of exogenous customer predic-

tions. This is because if ρ is exogenous, the seller cannot directly influence the intertemporal

dependency induced by ρ. Therefore, the consequences of using a suboptimal price path in

early periods could spill over into later periods. However, if ρ is endogenous, the seller’s

pricing policy π influences ρ as customers perfectly predict the expected price path of the

policy π. This allows the seller to have further control over customer predictions and the

intertemporal dependency they induce. Thus, from a learning perspective, endogenous cus-

tomer predictions gives the seller an advantage to possibly improve performance. In the

subsequent sections, we investigate whether this advantage can indeed yield better learning

performance. To that end, we design and analyze policies that achieve the asymptotically

optimal performance benchmarks in Theorem 6 and Proposition 15.
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2.3.3 Asymptotically Optimal Policies for Exogenous Forward-looking

Behavior

In markdown management with demand model uncertainty, the early pricing decisions should

be not only informative but also market-preserving. If the seller selects a low price in the

early periods, this would reduce the product’s value in the market. As a consequence, high-

valuation customers would purchase the product at a low price, and a large portion of the

seller’s earning opportunities would be wasted. Thus, the success of a dynamic learning

policy relies on the existence of at least one market-preserving and informative price path,

which is formally described as follows.

Assumption 5. (informative market preservation under exogenous customer pre-

dictions) Let k ∈ {1, 2, . . . }, and for all i ∈ {1, . . . , N}, let pi = (pi1, pi2, . . . , piTk) be the opti-

mal full-information price path under Hi. Suppose that there is a price path p = (p1, . . . , pTk)

such that, given t ∈ {1, . . . , Tk} and ρ ∈ P, we have: (i) pt ≥ maxi∈{1,...,N}{pit}, and (ii)

there exists εd > 0 such that |dit(p(t), ρ)−di′t (p(t), ρ)| ≥ εd for all i, i′ ∈ {1, . . . , N} satisfying

i 6= i′.

Under Condition 5, the seller can differentiate between the distinct demand hypotheses

without dropping the price too early. This condition is essential to achieve a reasonable

profit performance: we prove in Appendix 2.9 that, without this condition, the profit loss

of any admissible policy can grow linearly in the problem size k; see Proposition 19(i). We

emphasize that this is the worst possible growth rate of the profit loss, meaning that no

pricing policy can perform well if there exists no price path that is informative and market-

preserving. Thus, throughout subsection 2.3.3, we focus on settings where Condition 5 holds.

2.3.4 Optimal Full-information Policy

The asymptotically optimal policies we design later in this subsubsection are based on the

optimal policy in case of full information. To express this policy, we recall that Rit(p(t), ρ) =
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(pt− c)dit(p(t), ρ) is the expected profit in period t under Hi. Hence, given the problem scale

k ∈ {1, 2, . . . }, the seller’s markdown pricing problem under Hi is given by

V i = max
π∈Π


Tk∑
t=1

Rit
(
p(t), ρ

). (2.12)

Formulating (2.12) as a dynamic program, we note that the Bellman equation that charac-

terizes the optimal full-information policy is

U it
(
p(t−1)) = max

pt∈[p,p̄]

{
Rit
(
p(t), ρ

)
+ U it+1

(
p(t)) : pt ≤ pt−1

}
for t = 1, 2, . . . , Tk, (2.13)

subject to the boundary condition U iTk+1
(
p(Tk)

)
= 0. Here, U it

(
p(t−1)

)
is the maximum

expected total profit in periods {t, t + 1, . . . , Tk} when the price history is p(t−1) at the

beginning of period t, and the seller knows that the underlying demand hypothesis is Hi.

Letting pi = (pi1, pi2, . . . , piTk) be the optimal full-information price path obtained by solving

(2.13), we note that there is a sequence of pricing functions ϕi = {ϕit : t = 1, 2, . . . , Tk} with

ϕit : [p, p̄]t−1 → [p, p] satisfying pit = ϕit(p(t−1)).

Based on the interval structure of customer valuation sets and the optimal policy in

case of full information, we now construct two policies that are motivated by commonly

used approaches to dynamic learning problems, namely a passive learning policy based on

the certainty-equivalence principle and a forced exploration policy that dedicates a certain

number of periods to learning.

Passive Learning: the Certainty-Equivalence Policy For all b ∈ B, define λb(·) =∑N
i=1 b

iλi(·), αb = ∑N
i=1 b

iαi, and δb = ∑N
i=1 b

iδi. Based on the seller’s belief bt in period t,

the certainty-equivalence policy, abbreviated CE, operates as if the problem parameter vector

θ =
(
λ(·),α, δ

)
were equal to θbt :=

(
λbt(·),αbt , δbt

)
. In period t ∈ {1, 2, . . . , Tk}, given the

seller’s belief bt and the price history p(t−1), CE chooses pt = ϕbtt (p(t−1)), where ϕbt (·) is the

optimal full-information pricing function in period t under Hb := {(λ,α, δ) = (λb,αb, δb)}
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for all b ∈ B. (For this construction, the readers are reminded that ϕbt (·) is the pricing

function in the optimal full-information solution.) Although CE is a forward-looking policy

that accounts for the dynamic evolution of the market size, it is myopic with regard to

demand learning: under CE, the seller’s belief is updated via Bayes’ rule (3.28), but while

choosing prices, CE ignores demand learning entirely and chooses prices as if beliefs will not

be updated in the future. Our next result characterizes the performance of CE.

Proposition 16. (profit loss of CE) Let π = CE, and b ∈ B such that bi < 1 for

all i ∈ {1, . . . , N}. Then, there exists a constant c4 > 0 such that, under any exogenous

customer prediction behavior ρ ∈ P,

sup
θ∈Θ
{∆bπρ(k,θ)} ≥ c4k

for k = 1, 2, . . .

Proposition 16 shows that CE performs very poorly in markdown management with demand

learning, incurring a profit loss that grows linearly in the problem scale k.

The antecedent literature contains theoretical results that establish the poor performance

of certainty-equivalence policies in dynamic pricing problems that involve demand learning;

see, e.g., (58), (59), (94). The reason why CE performs poorly in our setting is different.

The aforementioned studies showed that certainty-equivalence pricing policies suffer from

a phenomenon called “incomplete learning,” which makes the decision-maker’s beliefs (or

estimates) converge to incorrect values with positive probability. However, in our setting,

we observe that the poor performance of CE is caused by the markdown structure: even

if the seller gathers sufficient information about the demand model and completely avoids

the incomplete learning trap, it still needs to implement a markdown policy under demand

model uncertainty. Because CE is myopic in terms of demand learning, this policy causes

the seller to drop the price too early with positive probability. Consequently, the seller’s
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failure to preserve market size results in extensive profit loss.

Forced Exploration: the Learn-And-Then-Earn Policy

Let n ∈ {1, 2, . . . , Tk}. The learn-and-then-earn policy with parameter n, denoted by

LATE(n), charges the market-preserving experimental price path (p1, . . . , pn) in Condition

5 in the first n periods, whereas in the remaining periods it chooses prices assuming that the

most likely hypothesis in period n+ 1 is correct. To be precise, LATE(n) chooses pt = pt for

t ∈ {1, 2, . . . , n}. In the beginning of period n+1, LATE(n) infers the underlying hypothesis

by computing ı̂n = arg maxi∈{1,...,N}{bin+1}. Then, given that p(n) = p(n), LATE(n) con-

structs a price path p̃ = (p̃n+1, p̃n+2, . . . , p̃Tk) that maximizes ∑Tk
t=n+1R

ı̂n
t (p(t), ρ), namely

the expected full-information profit in periods {n + 1, . . . , Tk} under Hı̂n . In the remain-

der of the time horizon, LATE(n) chooses pt = p̃t for t ∈ {n + 1, n + 2, . . . , Tk}. This

means that LATE(n) divides the time horizon into two phases: the learning-and-market-

preservation phase in periods {1, . . . , n}, and the earning phase in periods {n + 1, . . . , Tk}.

In the learning-and-market-preservation phase, LATE(n) preserves the market size by charg-

ing a sequence of high experimental prices, and as shown below, this can yield a sufficiently

fast learning rate. In the earning phase, LATE(n) employs the optimal full-information price

path based on the inferred demand hypothesis, Hı̂n .

To study the performance of LATE(n), we first quantify its rate of learning. In the

following result, we characterize the convergence rate of beliefs for policies that ensure a

minimum positive difference of expected demand between the true hypothesis and other

hypotheses.

Lemma 11. (belief concentration under exogenous customer predictions) Let b ∈ B

such that bi < 1 for all i ∈ {1, . . . , N}. Then, there exist constants ζ > 0 and η > 0 such

that, under any exogenous customer prediction behavior ρ ∈ P,

Ebπρ{1− bit+1 |Hi} ≤ ζe−ηt
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for all t ∈ {1, 2, . . . }, i ∈ {1, . . . , N}, and π ∈ Π satisfying mini′ 6=i
{
|dis(p(s))− di′s (p(s))|

}
≥

εd almost surely for all s ∈ {1, . . . , t}, where εd is as given in Condition 5.

Lemma 11 presents an upper bound on the expected distance between the seller’s belief and

the underlying hypothesis. When the underlying demand hypothesis is Hi, this distance

converges to zero exponentially under policies that guarantee a minimum positive difference

between the expected demand under Hi and those under any other alternative Hi′ . We

recall that, under Condition 5, efficient learning is possible, and hence, the seller can employ

LATE(n) to simultaneously preserve the market price and learn about the demand model,

thereby achieving the belief concentration rate in Lemma 11. (As explained earlier, if Con-

dition 5 does not necessarily hold, then the seller runs the risk of incurring a profit loss

growing linearly in k under any given policy, making efficient learning impossible regardless

of the policy exercised.)

Although LATE(n) can attain rapid concentration of beliefs as characterized in Lemma

11, the asymptotic optimality of LATE(n) remains to be shown. To that end, we observe

that the customer prediction behavior ρ plays a vital role in the seller’s profit loss. From the

seller’s perspective, there are two main consequences of choosing suboptimal prices for learn-

ing purposes. On one hand, a suboptimal price directly affects the seller’s immediate profit.

On the other hand, suboptimal prices also have an indirect effect on the customers’ future

purchasing behavior, which can lead to further profit loss for the seller in the subsequent

periods. To study these effects, we consider two cases: one where the customer memory is

bounded, and another where it is unbounded.

Forced exploration with bounded customer memory. In practice, customers of-

ten have limited access to the past historical prices and may not be able to keep track of all

historical prices. Motivated by this observation, we consider a class of customer prediction

behaviors ρ that are based on bounded customer memory. In this case, we suppose that

customers have access to the latest τp prices charged by the seller, where τp is a positive

integer independent of the problem scale k. Formally, this corresponds to a subset of cus-
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tomer prediction behaviors in which only the most recent τp prices matter. This subset of

customer prediction behaviors can be expressed as

P1 =


ρ ∈ P : if ps = p̄s for s = max{1, t− τp}, . . . , t,

then ρκt (p(t)) = ρκt (p̄(t)) for κ = 0, 1, . . .

 ⊂ P. (2.14)

The prediction behaviors in (2.14) exhibit bounded memory because prices older than τp

periods do not affect the customers’ predictions of future prices. The following result provides

a performance guarantee for LATE(n) when the customer memory is bounded as in (2.14).

Theorem 7. (profit loss of LATE under exogenous customer predictions and

bounded customer memory) Let π = LATE(n) with n = d1
η log ke and η as given in

Lemma 11, and b ∈ B such that bi < 1 for all i ∈ {1, . . . , N}. Then, there exists a constant

c5 > 0 such that, under any exogenous customer prediction behavior ρ ∈ P1,

sup
θ∈Θ
{∆bπρ(k,θ)} ≤ c3 log k

for k = 2, 3, . . .

Theorem 7 shows that the profit loss of our learn-and-then-earn policy grows logarithmically

in the problem scale k for any exogenous customer prediction behavior with bounded cus-

tomer memory. This matches the order of the lower bound on the profit loss in Theorem 6(i),

implying that LATE(n) is asymptotically optimal in this case, as long as the policy parame-

ter n is selected carefully. The key insight here is that LATE(n) allows the seller to achieve

asymptotic optimality by simultaneously learning about the demand model, preserving the

market size, and controlling the forward-looking customer behavior.

Forced exploration with unbounded customer memory. We now relax the as-

sumption of bounded customer memory and consider the case when customers have access

to all past prices. As explained earlier, the main challenge in this case is that a suboptimal
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price charged early in the time horizon could have a significant impact on the subsequent

purchasing behavior of the customers. Recall that when customers have unbounded memory,

Theorem 6(ii) establishes that the worst-case profit loss under any given policy grows lin-

early in the problem scale k, which is the highest possible growth rate of the profit loss. The

reason behind this result is that, due to demand model uncertainty, the seller’s markdowns

in the early periods could be suboptimal, and the impact of this suboptimality on the later

purchasing behavior of forward-looking customers is so large that it causes an extreme profit

loss. In such a setting, no policy can achieve a profit loss growing sublinearly in k.

While unbounded customer memory can cause a large profit loss in general, we show

that, under mild regularity conditions on the customer prediction behavior, our learn-and-

then-earn policy achieves a sublinear profit loss, regardless of customer memory size. For

this purpose, consider the following subset of customer prediction behaviors: let

P2(a, r) =


ρ ∈ P : ρκt ∈ C and

∣∣∣ ∂∂psρκt (p(t))
∣∣∣ ≤ aκ

(
s
t

)1+r

for t, κ = 1, 2, . . . , and s = 1, . . . , t

 ⊂ P, (2.15)

for a > 0 and r > 0, where C denotes the set of continuously differentiable functions. The

set P2(a, r) captures the following properties for customer prediction behavior ρ: (i) range

of future price predictions grows with the prediction horizon κ (as the partial derivatives of

ρκt (·) are allowed to grow linearly in κ); (ii) the impact of a single historical price point on

future price predictions is limited, and more recent prices have a stronger impact on future

price predictions; and (iii) if two historical price paths p(t) and p̃(t) are significantly different

(e.g., |pis − p̃is| exceeds a positive constant for s = 1, . . . , t), then the difference in the future

price predictions based on p(t) and p̃(t) is allowed to grow linearly in terms of t, which

corresponds to a wide range of predictions. A simple example satisfying these regularity

conditions is the linear prediction function in Example 5.

The next result presents a performance guarantee for LATE(n) under the above regularity

conditions.
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Theorem 8. (profit loss of LATE under exogenous customer predictions and

unbounded customer memory) Let a > 0, r > 0, π = LATE(n) with n = d1
η log ke

and η as given in Lemma 11, and b ∈ B such that bi < 1 for all i ∈ {1, . . . , N}. Then, under

any exogenous customer prediction behavior ρ ∈ P2(a, r),

1
k

sup
θ∈Θ
{∆bπρ(k,θ)} → 0

as k →∞.

Theorem 8 states that, if the customer prediction behavior is exogenous and satisfies the

regularity conditions in P2(a, r), then the seller’s profit loss under LATE(n) is sublinear in

the problem size k. This stands in contrast to the linearly growing profit loss in Theorem

6(ii). Even though the worst-case impact of exogenous forward-looking customer behavior is

extremely detrimental to the seller, our learn-and-then-earn policy can substantially mitigate

this negative impact under mild regularity conditions.

2.3.5 Asymptotically Optimal Policies for Endogenous Forward-looking

Behavior

As in the preceding subsection, achieving asymptotic optimality in the case of endogenous

customer predictions depends on the existence of at least one market-preserving and infor-

mative price path, which we express in the following variant of Condition 5.

Assumption 6. (informative market preservation under endogenous customer

predictions) Let k ∈ {1, 2, . . . }. Suppose that there is a non-increasing price path p =

(p1, . . . , pTk) such that, given any set of subgame perfect equilibria {(ρi, πi) : i = 1, . . . , N}

with (ρi, πi) inducing a price path pi = (pi1, pi2, . . . , piTk) under Hi, any t ∈ {1, . . . , Tk}, and

any pair (ρ, π) inducing the price path (p1, . . . , pt) while satisfying Condition 4, we have: (i)

pt ≥ maxi∈{1,...,N}{pit}, and (ii) there exists εd > 0 such that |dit(p(t), ρ)− di′t (p(t), ρ)| ≥ εd

for all i, i′ ∈ {1, . . . , N} satisfying i 6= i′.
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The preceding condition describes a market-preserving price path that enables the seller to

distinguish between different demand hypotheses under endogenous customer predictions.

Like its earlier counterpart, this condition is key in achieving asymptotic optimality. To

establish its importance, we show that without Condition 6, the profit loss of any admissible

policy can grow linearly in the problem size k (see Proposition 19(ii) in Appendix 2.9). Thus,

in this subsubsection, we focus on settings in which Condition 6 holds.

To construct a version of LATE(n) for the case of endogenous customer predictions,

we let the seller announce and commit to the following policy: given n ∈ {1, 2, . . . , Tk},

and subgame perfect equilibrium price path (pi1, . . . , piTk) for each Hi, suppose that in the

first n periods, the seller uses the market-preserving price path (p1, . . . , pn) in Condition 6,

whereas in the remaining periods, the seller chooses the subgame perfect equilibrium price

path (pı̂nn+1, . . . , p
ı̂n
Tk

) assuming that the most likely hypothesis is Hı̂n in period n + 1 is

correct. Based on the definition of the profit loss in (2.10)-(2.11), we have the following

performance guarantee for this version of LATE(n).

Theorem 9. (profit loss of LATE under endogenous customer predictions) Let

π = LATE(n) with n = d1
η log ke with some η > 0, and b ∈ B such that bi < 1 for all

i ∈ {1, . . . , N}. Then, there exists a constant c6 > 0 such that, under any endogenous

customer prediction behavior ρ ∈ P with (ρ, π) satisfying Condition 4,

sup
θ∈Θ
{∆̃bπρ(k,θ)} ≤ c6 log k

for k = 2, 3, . . .

Comparing Theorem 9 with Proposition 15, we deduce that the above version of our learn-

and-then-earn policy is asymptotically optimal under endogenous forward-looking customer

behavior.

We emphasize that our performance guarantee in the case of endogenous customer pre-

dictions is stronger than the best achievable performance in the case of exogenous customer
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predictions, where the profit loss can grow linearly in the problem scale k (Theorem 6(ii)).

Given the customers’ knowledge of the seller’s policy in this case, this result might seem

surprising at first glance. But looking from a learning perspective, the situation is different.

As alluded to earlier, endogenous customer predictions are easier to control as the intertem-

poral dependency induced by forward-looking customers is more limited. By announcing and

committing to a policy, the seller takes advantage of the fact that the customers can foresee

the expected price path induced by the seller’s policy. In particular, in the periods following

the initial learning-and-market-preservation phase, the seller is able to avoid incurring large

losses by using the subgame perfect equilibrium price path. This results in zero profit loss

from the customers who arrive after the learning-and-market-preservation phase, helping the

seller achieve a tighter performance benchmark.

2.4 Do Forward-looking Customers Always Hurt Learning

Performance?

The preceding subsection demonstrates the potential negative impact of forward-looking

customers on learning performance as well as how this impact can be mitigated in different

settings. Based on these findings, a natural follow-up question is whether forward-looking

customers are always detrimental to the seller’s learning performance. This subsection in-

vestigates this question.

We show below that forward-looking customer behavior does not necessarily hurt the

performance of a learning policy. To that end, we establish that the seller’s learning efforts

may become more “costly” under myopic customer behavior. When customers are myopic,

the seller might benefit from their simple purchasing behavior. But, myopic customers are

also impatient, meaning that they could abandon the market because of an error in early

markdown decisions. Under demand model uncertainty, such markdown errors are inevitable

early in the time horizon. This results in irreversible profit losses because the seller cannot

offer another price to the myopic customers who left the market. When customers are
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forward-looking, the seller suffers from the negative impact of the customers’ forward-looking

behavior on profits. However, forward-looking customers are nevertheless patient. Therefore,

the seller has multiple opportunities to earn profits from forward-looking customers and can

exploit their patience while learning about the demand model. Consequently, errors in early

markdown decisions are less costly when customers are patient and forward-looking.

In what follows, we formalize this intuition in our setting. To provide a problem instance

where forward-looking customer behavior is beneficial for a dynamic learning policy, we use

the case where the customers’ valuations are uniformly distributed. We note that uniform

valuation distributions are closely connected to linear demand functions: for instance, in

our setting, a uniform valuation distribution induces a piecewise linear demand function in

each period, as long as the customers’ prediction function ρκt (·) is also linear. For purposes

of exposition and analytical tractability, such assumptions on the demand model have been

widely used in the antecedent literature; see e.g., (60), (59), and (83). With slight abuse of

notation, we let λi > 0 denote the uniform market density under demand hypothesis i. That

is, under Hi, the market density of valuation v is λi if v ∈ [0, v̄i] and zero otherwise, where

v̄i > 0. Accordingly, we let Θ′ ⊆ Θ denote the set of problem parameter vectors θ for which

the customers’ valuations are uniformly distributed as indicated above.

Myopic customers. To define the problem instances where all customers are myopic,

we let Θmyopic = {θ ∈ Θ′ : αiτw = 0 for all i, τ, w satisfying w 6= 0}. In this case, we have

the following.

Corollary 4. (profit loss with myopic customers) Let b ∈ B such that bi < 1 for

all i ∈ {1, . . . , N}. Then, there exists a constant c7 > 0 such that, under any customer

prediction behavior ρ ∈ P and any policy π ∈ Π,

sup
θ∈Θmyopic

{∆bπρ(k,θ)} ≥ c5 log k

for k = 1, 2, . . .
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Corollary 4 follows from the arguments developed in the proof of Theorem 6(i). This result

states that if all customers are myopic, the seller’s profit loss must grow at least logarithmi-

cally in the problem size k.

Extremely forward-looking customers. We now construct another case where cus-

tomers have the highest patience level (w = Tk− 1). To express the problem parameter vec-

tors for this case, we define Θforward-looking = {θ ∈ Θ′ : αiτw = 0 for all i, τ, w satisfying w 6=

Tk − 1}. For brevity, we suppress in the sequel the dependence of αiτw on w, and write αiτ

instead of αiτw (noting that w = Tk − 1 for all customers). With this simplification, the

nonzero entries of the arrival matrix αi are given by (α1
1, . . . , α

i
Tk

). We also define a cu-

mulative arrival matrix A whose (i, τ)th entry is Aiτ = ∑τ
s=1 α

i
s for i ∈ {1, . . . , N} and

τ ∈ {1, . . . , Tk}.

To represent extremely forward-looking customer behavior, we also consider a particular

set of exogenous customer prediction behaviors. We describe this set by constructing an

auxiliary scenario that serves as a hypothetical benchmark for the optimal full-information

prices. In this auxiliary scenario, we suppose that all customers are myopic in their pur-

chasing decisions but never abandon the market, which corresponds to the case when the

discount factor is not too large. Given the problem parameters λi, v̄i, αi under Hi, the

optimal price path in the auxiliary scenario is given by the following deterministic Bellman

equation:

Ū it (pt−1) = max
pt∈[p,p̄]

{
Rit(pt−1, pt) + Ū it+1(pt) : pt ≤ pt−1

}
(2.16)

for t = 1, 2, . . . , Tk, where: p0 = p̄, Ū iTk+1(pTk) = 0, Rit(pt−1, pt) = (pt − c)dit(pt−1, pt) and

dit(pt−1, pt) = λikαit(v̄i−pt)+λikAit−1(pt−1−pt) for all t = 1, . . . , Tk. The auxiliary scenario

above corresponds to a hypothetical case of myopic and patient customers; we emphasize

that we use this scenario as a benchmark to ultimately study the case of forward-looking and

patient customers. Let (p̄i1, . . . , p̄iTk) be the price path that satisfies the auxiliary Bellman

237



equation (2.16) under Hi. Recalling that the optimal full-information price path under Hi,

namely (pi1, . . . , piTk), is given by (2.13), we define a subset of exogenous customer prediction

behaviors as follows:

P3 =


ρ ∈ P2(a, r) : maxt=1,...,Tk{ρ

Tk−t
t (p(t))} ≤ piTk

, and

maxkt1≤t≤kt2{p
i
t − p̄it} ≥ −σk for i ∈ {1, . . . , N}

 ⊂ P, (2.17)

where a > 0, r > 0, t1 and t2 satisfy 0 < t1 ≤ t2 < T , and σk ≥ 0. In (2.17), the

first condition corresponds to extremely forward-looking customer behavior in the sense that

customers’ price predictions do not exceed the optimal full-information price at the end

of the time horizon. Under this condition, customers expect sufficiently low prices at the

end of the time horizon, and accordingly, they are inclined to stay in the market to take

advantage of marked-down prices. As a result, the first condition in (2.17) effectively limits

impatient customer abandonments. The second condition in (2.17) captures the impact of

the forward-looking customer behavior on the optimal full-information price path. We know

that forward-looking customers tend to delay their purchases as they might benefit from

waiting for a future purchase. Hence, the seller’s optimal strategy is to use a flatter price

path to limit the impact of the customers’ forward-looking behavior. By contrast, in the

auxiliary scenario, customers make purchases myopically, and thus, the seller uses steeper

price skimming to collect more profit. Based on this observation, the second condition in

(2.17) states that the optimal full-information price path (which uses flatter price reductions)

would not be significantly dominated by the auxiliary price path (which uses steeper price

reductions). Formally, this condition states that there is at least one period t in the window

[kt1, kt2] such that p̄it does not exceed pit by more than a tolerance parameter σk ≥ 0. This

condition is typically satisfied in settings where the forward-looking customer behavior is

significant. This is because, in such settings, the optimal full-information price path becomes

flatter whereas the auxiliary price path remains steeply decreasing (since it is unaffected by

the forward-looking customer behavior). Figure 2.3 illustrates how this condition is satisfied
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in a numerical example.

1 2 3 4 5
0

1

2

3

4

5

Figure 2.3: The figure displays the optimal full-information price path (p1, . . . , p5) that
satisfies (2.13), and the auxiliary price path (p̄1, . . . , p̄5) that satisfies (2.16). The time
horizon is 5 periods, and the marginal cost of production is c = 0. The market density for
customer valuation v equals 1 if v ∈ [0, 5], and 0 otherwise. The discount factor is δ = 0.5,
the fraction of customers arriving in each period is 0.2, and the customer prediction behavior
is as in Example 6. The first condition in (2.17) is satisfied because ρTt (p(t)) = 0, and the
second condition in (2.17) is satisfied because p4 ≥ p̄4.

Our next result shows that forward-looking customer behavior could have a possibly

unexpected effect on the seller’s profit loss due to demand model uncertainty.

Theorem 10. (profit loss with extremely forward-looking customers) Let π be

LATE(n) with n = d2
η log ke and η as given in Lemma 11, and b ∈ B such that bi < 1 for all

i ∈ {1, . . . , N}. Suppose that the customer prediction behavior ρ ∈ P3 with σk ≤ ϑke−
√
k,

ϑ > 0, 0 < t1 < t2 < T , a > 0, and r > 1. Then,

sup
θ∈Θforward-looking

{∆bπρ(k,θ)} → 0

as k →∞.

Theorem 10 stands in stark contrast to Corollary 4. When all customers are myopic

and impatient, the seller incurs a profit loss of order log k because it does not have sufficient

opportunities to learn about the underlying demand model before too many customers aban-

don the market. However, when customers are extremely forward-looking and patient, the

seller might benefit significantly from the opportunities to learn about the demand model in

the early sales periods while preserving the market size. This result suggests that, perhaps
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surprisingly, it is possible for the LATE(n) policy to achieve an asymptotically vanishing

profit loss when customers are forward-looking.

As explained earlier, the conditions in P3 correspond to the settings where the forward-

looking customer behavior is significant. To illustrate such settings, we provide below a

simple example.

Example 6. (a Markovian price prediction) Let p = c = 0. In period t = 1, 2, . . . , Tk−

1, the customer prediction behavior ρ = {ρκt : t, κ = 1, 2, . . . } satisfies ρκt (p(t)) =
(

1−δTk−t−κ
1−δTk−t

)
pt

for p(t) ∈ [p, p̄]t and κ ∈ {1, 2, . . . , Tk − t}, where δ = mini=1,...,N{δi}.

In Example 6, the price predictions depend only on the current price pt, and customers use

a markdown rate based on the possible discount rates. Figure 2.4 shows an instance of this

behavior.

2 4 6 8 10 12

0

2

4

6

8

10

Figure 2.4: The figure displays an instance of the customer prediction behavior ρ in Ex-
ample 6. The time horizon is 12 periods, and δ = 0.75. In period t = 8, the price predic-
tions {ρκt (p(t)), κ = 0, 1, 2, 3, 4} are shown by the dashed curve, where ρ0

t (p(t)) = pt and
ρ
Tk−t
t (p(t)) = 0.

We conclude the subsection by formally confirming that the setting in Example 6 is contained

in P3.

Lemma 12. (Markovian price predictions in P3) There exists θ ∈ Θforward-looking

such that the customer prediction behavior ρ in Example 6 is in P3 with σk = ϑke−
√
k and

ϑ > 0.
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2.4.1 Concluding Remarks

Summary. In this paper, we study a markdown management problem featuring demand

model uncertainty and a heterogeneous mixture of forward-looking and myopic customers.

Our analysis provides key insights into the impact of forward-looking customers on mark-

down pricing with demand learning. In the worst case, the seller may incur an extremely

large profit loss due to forward-looking customers. However, if the customers’ memory is

bounded or their price predictions endogenously depend on the seller’s pricing strategy,

then it is possible to substantially improve the revenue performance and achieve asymptotic

optimality. Accordingly, we design a forced exploration policy and prove that it is asymptot-

ically optimal in these cases. Furthermore, even when customers have unbounded memory,

we show that our forced exploration policy performs well under mild regularity conditions.

We also demonstrate that forward-looking customer behavior can sometimes improve the

performance of learning policy by delaying the demand of forward-looking and patient cus-

tomers. We hope that the insights gleaned from our theoretical analysis can help guide the

design of markdown policies for demand learning in practice.

More on endogenous customer predictions. One of our findings is that endoge-

nous forward-looking customer behavior provides an advantage to learning policies: as the

customers endogenously form a sequence of price predictions based on the seller’s pricing

policy, this actually adds a restriction to the customers’ forward-looking behavior, and thus

the seller has more control on the impact of forward-looking customers on later sales oppor-

tunities. It is possible to consider variants of this setting such that customers form sequences

of prediction distributions that coincide with the distributions of future prices induced by

the seller’s pricing policy. This variant of endogenous customer predictions adds even fur-

ther restriction on the customers’ forward-looking behavior, and our approach is applicable

this setting. In this case, the seller could still employ a forced exploration policy by first

accumulating information on the demand model and then implementing the subgame perfect

equilibrium price path. By the more restrictive prediction condition, the purchasing deci-
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sions of the customers who arrive in later periods will be the same as those in our current

analysis, resulting in similar theoretical performance guarantees. For purposes of exposition

and comparability with the extant literature, we use an endogenous prediction condition that

follows the commonly used modeling assumptions in the literature on strategic customers,

where customers form a sequence of predicted prices based on the knowledge of the seller’s

pricing policy (60, 67, 68, 75)see, for example,.
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2.5 Proofs of the Results in Section 2.3.1

For brevity in the following proofs, we suppress the dependence of the mathematical expres-

sions on ρ, and emphasize this dependence on ρ only when necessary.

Proof of Lemma 10. We first recall that, in period t, the set of remaining future pe-

riods for type-(τ, w) customers is Tτwt = {t + 1, . . .min{τ + w, Tk}}. In their purchasing

decisions, customers compare the discounted utilities ui(v, p̂s, s − t) for all s ∈ Tτwt, where

ui(v, p̂t+κ, κ) = (δi)κ(v − p̂t+κ) is the utility of purchasing in period t+ κ.

Note that a type-(τ, w) customer with valuation v chooses to wait in period t if and

only if maxs∈Tτwt
{

(δi)s−t(v − p̂s)
}
≥ v − pt and mins∈Tτwt

{
(δi)s−t(v − p̂s)

}
≥ 0. Because

prices are marked down, we deduce that the condition maxs∈Tτwt
{

(δi)s−t(v− p̂s)
}
≥ v− pt

is equivalent to v ≤ maxs∈Tτwt
{
pt + (δi)s−t

1−(δi)s−t (pt − p̂s)
}
, and furthermore, the condition

mins∈Tτwt
{

(δi)s−t(v− p̂s)
}
≥ 0 is equivalent to v ≥ p̂min{τ+w,Tk}. Because maxs∈Tτwt

{
pt+

(δi)s−t
1−(δi)s−t (pt − p̂s)

}
≥ pt ≥ p̂min{τ+w,Tk}, we conclude that a type-(τ, w) customer with

valuation v waits in period t if and only if v ∈ Viτwt
(
p(t)

)
= [viτwt(p(t)), viτwt(p(t))], where

viτwt(p(t)) = max
{
viτw(t−1)(p

(t−1)), p̂min{τ+w,Tk}
}
and

viτwt(p(t)) = min
{
viτw(t−1)(p

(t)),maxs∈Tτwt
{
pt + (δi)s−t

1−(δi)s−t (pt − p̂s)
}}

.

A type-(τ, w) customer with valuation v purchases in period t if and only if v−pt ≥ 0 and

v−pt ≥ maxs∈Tτwt
{

(δi)s−t(v−p̂s)
}
, which is equivalent to v ≥ pt+maxs∈Tτwt

{
(δi)s−t

1−(δi)s−t (pt−

p̂s)
}
. Thus, a type-(τ, w) customer with valuation v purchases in period t if and only if

v ∈ U iτwt(p(t)) = [uiτwt(p(t)), uiτwt(p(t))], where

uiτwt(p(t)) = min
{
viτw(t−1)(p

(t−1)),maxs∈Tτwt
{
pt + (δi)s−t

1−(δi)s−t (pt − p̂s)
}}

and uiτwt(p(t)) =

viτw(t−1)(p
(t)).

Proof of Theorem 6. Let Pb,iπ {·} = Pbπ{· |Hi} and Eb,iπ {·} = Ebπ{· |Hi} for all b ∈ B,

i ∈ {1, . . . , N}, and π ∈ Π. We prove the two claims stated in Theorem 6.

Proof of Theorem 6(i).

Step 1: Construct a problem instance θ ∈ Θ. Suppose that there are two hypotheses,
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namely H1 and H2. Thus, N = 2. Let p = c = 0 and p̄ = 2. Moreover, let T = 1;

hence, if the problem scale is k ∈ {1, 2, . . . } then the time horizon is Tk = k. Under the

problem scale k = 1, 2, . . . , let the arrival matrix αi satisfy αiτ0 = 1
k for all τ , and αiτw = 0

for all τ and w such that w ≥ 1. Under H1, let the market density function be λ1(v) = 2 for

all v ∈ [0, 4]. Under H2, let the market density function be λ2(v) = 1 for all v ∈ [0, 3]. By

construction, for any p(t) ∈ [0, 2]t, the expected demand in period t under H1 and H2 are

d1
t

(
p(t)) = kα1

t0
∫
v≥pt

λ1(v)dv = 4− 2pt,

d2
t

(
p(t)) = kα2

t0
∫
v≥pt

λ2(v)dv = 3− pt.

respectively. Based on this, the optimal full-information price path under the two hypotheses

are given by p1
t = arg maxpt∈[p,p̄]{pt(4− 2pt)} = 1 and p2

t = arg maxpt∈[p,p̄]{pt(3− pt)} = 3
2

for all t = 1, . . . Tk. For simplicity of notation, we denote the price optimizers by p1 = 1 and

p2 = 3
2 . Let d = min{4 − 2p̄, 3 − p̄} = 0 and d̄ = max{4 − 2p, 3 − p} = 4. Suppose that

the demand shocks {εt} follow a sequence of i.i.d. random variables with truncated standard

normal distribution. Denote by φ(·) and Φ(·) the standard normal density function and

the corresponding cumulative distribution function, respectively. If the underlying demand

hypothesis is Hi, the demand realization satisfies Dt = dit+εt ∈ [d, d̄]. Choose d = −2k+1+d

and d̄ = 2k+1 + d̄; thus, Φ(d − d) = Φ(−2k+1) ≤ 2−(k+1), and Φ(d̄ − d̄) = Φ(2k+1) =

1− Φ(−2k+1) ≥ 1− 2−(k+1). Consequently,

Φ(d̄− d̄)− Φ(d− d) ≥ 1− 2−k. (2.18)

Given t = 1, . . . , Tk, and ξ1, . . . , ξt ∈ [d, d̄], the demand density function under Hi satisfies

Pb,iπ
{
D1 ∈ dξ1, . . . , Dt ∈ ξt

}
=

t∏
s=1

φ
(
ξs − dis(p(s)

))
Φ
(
d̄− dis

(
p(s)

))
− Φ

(
d− dis

(
p(s)

))
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Step 2: Derive an expression for Kullback-Leibler divergence. Given π ∈ Π and ρ ∈ P,

let (p1, . . . , pTk) be the price path generated under π and ρ. The profit loss of π under H1

and H2 are

∆1
π(k) = Eb,1π


Tk∑
s=1

p1
sd

1
s

(
p1(s))− psd1

s

(
p(s))

= Eb,1π


Tk∑
s=1

p1
s(4− 2p1

s)− ps(4− 2ps)

 = Eb,1π


Tk∑
s=1

2(1− ps)2
, (2.19)

∆2
π(k) = Eb,2π


Tk∑
s=1

p2
sd

2
s(p2(s))− psd2

s(p(s))


= Eb,2π


Tk∑
s=1

p2
s(3− p2

s)− ps(3− ps)

 = Eb,2π


Tk∑
s=1

(3
2 − ps)

2
, (2.20)

respectively. Furthermore, the Kullback-Leibler divergence from P1
π to P2

π is given by

KL(P1
π,P2

π)

= Eb,1π

 log
 Tk∏
s=1

φ
(
Ds − d1

s

(
p(s)

))
Φ(d̄− d1

s

(
p(s)

))
− Φ

(
d− d1

s

(
p(s)

))/ φ
(
Ds − d2

s(ps)
)

Φ
(
d̄− d2

s

(
p(s)

))
− Φ

(
d− d2

s

(
p(s)

))


(a)= −1
2 Eb,1π


Tk∑
s=1

[
Ds − (4− 2ps)

]2 − [Ds − (3− ps)
]2+ Eb,1π

{
Gπ(Tk)

}
(b)= −1

2 Eb,1π

{ Tk∑
s=1

ε2
s −

[
εs − (1− ps)

]2}+ Eb,1π
{
Gπ(Tk)

}

= 1
2 Eb,1π


Tk∑
s=1

(1− ps)2
+ Eb,1π

{
Gπ(Tk)

}
(c)= 1

4∆1
π(k) + Eb,1π

{
Gπ(k)

}
,

where: Gπ(Tk) = ∑Tk
s=1− log[Φ(d̄−d1

s(p(s)))−Φ(d−d1
s(p(s)))]+log[Φ(d̄−d2

s(p(s)))−Φ(d−

d2
s(p(s)))], (a) follows by elementary algebra, (b) follows because Ds − (4− 2ps) = εs under

H1, and (c) follows from (2.19).

Step 3: Derive a lower bound on the profit loss. Letting η0 = 1
64 ∈ (0, 1), we consider
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two cases:

Case 1: KL(P1
π,P2

π) ≤ η0 log k + 1. Let Ii = [pi − 1
8 , p

i + 1
8 ], where p1 = 1 and p2 = 3

2 . By

construction, we have I1 ∩ I2 = ∅. Let the event Xt be such that

Xt =


1 if pt ∈ I1,

0 if pt 6∈ I1.

Then,

∆1
π(k) + ∆2

π(k) =
Tk∑
s=1

Eb,1π
{

2(1− ps)2}+ Eb,2π
{

(3
2 − ps)

2}
(d)
≥ η0

Tk∑
s=1

[
Pb,1π {ps 6∈ I1}+ Pb,2π {ps 6∈ I2}

]
(e)
≥ η0

Tk∑
s=1

[
Pb,1π {Xs = 0}+ Pb,2π {Xs = 1}

]
(f)
≥ η0

4 exp(−η0 log k − 1)kT = η0T
4e k

1−η0 ,

where: (d) follows because η0 = 1
64 , which implies that Eb,1π

{
2(1− ps)2

}
≥ 2

64P
b,1
π {ps 6∈ I1}

and Eb,2π
{

(3
2 − ps)

2
}
≥ 1

64P
b,2
π {ps 6∈ I2}; (e) follows because {Xs = 1} = {ps ∈ I1} ⊂ {ps 6∈

I2}; and (f) follows by Theorem 2.2 of (95, p. 90). Thus,

∆bπ(k) = b1∆1
π(k) + b2∆2

π(k) ≥ η0T
4e min{b1, b2}k1−η0 .
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Case 2: KL(P1
π,P2

π) > η0 log k + 1. Then,

Eb,1π
{
Gb,1π (k)

}
= Eb,1π


Tk∑
s=1
− log

[
Φ
(
d̄− d1

s(p(s))
)
− Φ

(
d− d1

s(p(s))
)]

+ log
[
Φ
(
d̄− d2

s(p(s))
)
− Φ

(
d− d2

s(p(s))
)]

(g)
≤ Eb,1π


Tk∑
s=1
− log

[
Φ
(
d̄− d1

s(p(s))
)
− Φ

(
d− d1

s(p(s))
)]

(h)
≤

Tk∑
s=1
− log

[
Φ
(
d̄− d̄)− Φ(d− d

)]
(i)
≤

Tk∑
s=1

1
Φ(d̄− d̄)− Φ(d− d)

− 1

(j)
≤ k

(
1

1−2−k − 1
)
≤ k

2k−1 ≤ 1,

where: (g) follows because log[Φ(d̄ − d2
s(p(s))) − Φ(d − d2

s(p(s)))] < 0; (h) follows because

logarithm is an increasing function, which implies that Φ(d̄ − d1
s(p(s))) ≥ Φ

(
d̄ − d̄) and

Φ(d−d1
s(p(s))) ≤ Φ(d−d); (i) follows because − log(x) ≥ 1

x − 1; and (j) follows from (2.18).

Consequently,

∆bπ(k) = b1∆1
π(k) + b2∆2

π(k)

≥ b1∆1
π(k) = 4b1

[
KL(P1

π,P2
π)− Eb,1π

{
G1
π(Tk)

}]
≥ 4b1η0 log k.

Choose c1 > 0 such that c1 < min{(1 − η0)η0
4e min{b1, b2}, 4b1η0}. Thus, for all k ≥ 1, we

have η0T
4e min{b1, b2}k1−η0 ≥ c1 log k and 4b1η0 log k > c1 log k. We conclude the proof by

noting that ∆bπ(k) = b1∆1
π(k) + b2∆2

π(k) ≥ c1 log k for all k = 1, 2, . . . .

Proof of Theorem 6(ii). To prove this result, we construct a problem instance. First,

suppose that there are two hypotheses, H1 and H2. Let T = 1; thus, if the problem scale is

k ∈ {1, 2, . . . } then the time horizon is Tk = k. In addition, we let p = c = 0 and p̄ = 5. For

each problem scale k ∈ {1, 2, . . . }, let the arrival matrix αi be such that αiτ(k−1) = 1
k for
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all τ , and αiτw = 0 for all τ and w such that w 6= k − 1. Under Hi, the customers’ discount

factor is δi = 1
100k , and the market density is a function λi(·) such that λi(v) equals 1 if

v ∈ [0, 3− i] and zero otherwise.

We first consider a customer prediction behavior ρ such that ρκt (p(t)) = p for all t

and κ. Given this customer prediction behavior ρ, denote by (pi1, . . . , piTk) the optimal

full-information price path. In this construction, since ατw = 0 for all w 6= k − 1 and

ρκt (p(t)) = p, every customer waits until the end of the sales horizon if no purchase is made,

and a customer with valuation v purchases in period t if and only if v − pt ≥ (δi)k−tv.

Considering the dynamic program (2.13), we deduce from Lemma 10 that

uiτwt(p(t)) = min
s∈{τ,...,t−1}

{
ps

1− (δi)k−s

}
, (2.21a)

uiτwt(p(t)) = min
s∈{τ,...,t}

{
ps

1− (δi)k−s

}
, (2.21b)

for τ ∈ {1, . . . , k − 1}, w = k − τ , and t ∈ {τ, . . . , k − 1}. Letting (p̃i1, . . . , p̃iTk) be a feasible

price path that satisfies p̃is = (3 − i)3k−s
3k for all s ∈ {1, . . . , k}, we obtain the following for

all s ∈ {1, . . . , k − 2}:

p̃is
1− (δi)k−s

= (3− i)(3k − s)
3k
(
1− (δi)k−s

)
(a)
≥ (3− i)(3k − s− 1)

3k
(
1− (δi)k−(s+1)

) =
p̃is+1

1− (δi)k−s−1 . (2.22)

To prove (a), it is sufficient to show that 1 − (1 − δi)(3k − s)(δi)k−s−1 − (δi)k−s ≥ 0. By

construction, δi = 1
100k . Because (1−δi)(3k−s)(δi)k−s−1 ≤ 3kδi ≤ 3

100 and (δi)k−s ≤ 1
100k ,

we deduce that 1− (1− δi)(3k− s)(δi)k−s−1− (δi)k−s ≥ 1− 3
100 −

1
100k > 0, which implies
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that (a) holds. By (2.21a)-(2.21b) and (2.22), we have the following:

uiτwt(p̃i(t)) =
p̃it−1

1− (δi)k−t+1 , (2.23a)

uiτwt(p̃i(t)) = p̃it
1− (δi)k−t

(2.23b)

for τ ∈ {1, . . . , k − 1}, t ∈ {τ, . . . , k − 1} and w = k − τ . By (2.3), Lemma 10, and

(2.23a)-(2.23b), we deduce that there exists k0 such that, for all k ≥ k0,

U i1(k)
(b)
≥

k−1∑
t=1

p̃it

[
(3− i) +

(t− 1)p̃it−1
1− (δi)k−t+1 −

tp̃it
1− (δi)k−t

]

+ p̃ik

[
(3− i) +

(k − 1)p̃ik−1
1− δi

− kp̃ik

]
(c)
≥

k∑
t=1

p̃it

[
(3− i) + (t− 1)p̃it−1 −

tp̃it
1− δi

]

(d)= (3− i)2
k∑
t=1

[
1 + (t− 1)[3k − (t− 1)]

3k − 100kt(3k − t)
(100k − 1)3k

]
3k − t

3k
(e)
≥ (3− i)2

(3k)2

k∑
t=1

[
(2t− 1)(3k − t)− 3t(3k − t)

100

]

= (3− i)2

(3k)2

k∑
t=1

[
6tk − 2t2 − (3k − t)− 9tk

100 + 3t2
100

]
(f)= (3− i)2

(3k)2

[(
3− 9

200

)
k2(k + 1)−

(
2
3 −

1
100

)
k(k + 1)

(
k + 1

2

)
− 3k2 + 1

2k(k + 1)
]

= (3− i)2

(3k)2

(
1379
600 k

3 − 318
600k

2 + 103
600k

)
(g)
≥ 137(3− i)2k3

60(3k)2 = 137
540(3− i)2k. (2.24)

To prove (b), we note that the constructed price path (p̃i1, . . . , p̃iTk) is a feasible solution

but not necessarily optimal, and that the expression on the right hand side of (b) is the

profit induced by the constructed feasible price path. To obtain (c), we first eliminate

the coefficient 1
1−(δi)k−t+1 in the term (t−1)p̃it−1

1−(δi)k−t+1 for t = 1, . . . , k. We next increase the

coefficient from 1
1−(δi)k−t to 1

1−δi in the term tp̃it
1−(δi)k−t for all t = 1, . . . , k − 1. Lastly, we
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increase the coefficient from 1 to 1
1−δi in the term kp̃ik. Aggregating the coefficient changes,

we end up with the expression on the right hand side of (c). Identity (d) follows directly

from plugging in p̃it = (3 − i)3k−t
3k and δi = 1

100k , and for inequality (e), we first note that
100k

100k−1 = 1 + 1
100k−1 and then use the fact that 3k−t

100k−1 ≤
3

100 . Identity (f) follows directly

from the calculation of the summation terms. For inequality (g), we first pick the smallest

integer k0 such that (1379
600 −

137
60 )k0 ≥ 318

600 . Then, (g) follows for all k ≥ k0.

By construction, the optimal full-information price paths under H1 and H2 are distinct;

i.e., letting pi(t) = (pi1, . . . , pit) for all i and t, we have p1(t) 6= p2(t) for all t = 1, . . . , Tk.

To prove a lower bound on ∆bπ(k), we construct a prediction behavior in the following two

cases:

Case 1: p(t) = p1(t) or p(t) = p2(t). Let ρκt (p(t)) = p. This construction is consistent with

the pi(t) being the optimal full-information price path. From (2.24), we obtain the following:

U i1(k) ≥ 137
540(3− i)2k for all k ≥ k0. (2.25)

Case 2: pt 6= pit for some i ∈ {1, 2} and t ∈ {1, . . . , Tk}. Consider a prediction behavior ρ be

such that ρκt (p(t)) = pt. Since the predicted price satisfies p̂s = pt for all s ∈ Tτwt, customers

with valuation v ≥ pt always make a purchase because v−pt ≥ (δi)κ(v−pt) = (δi)κ(v−p̂s) for

any s ∈ Tτwt. In comparison, customers with valuation v < pt leave the system immediately.

Thus, we effectively end up with a system where the full-information dynamic program in

(2.13) reduces to a repeated single-period problem, and the optimal price path (p̄i1, . . . , p̄iTk)

is given by p̄it = arg maxp∈[p,p̄](3 − i − p)p = 3−i
2 . In this case, the induced optimal profit

satisfies

U i1(k) = 1
4(3− i)2k for all k = 1, 2 . . . . (2.26)

Given that U i1(k) > U i1(k) for all k ∈ {1, 2, . . . } and i ∈ {1, 2}, we first choose a

positive constant C̃0 < min{b1, b2}mini∈{1,2},k∈{1,...,k0}{U
i
1(k) − U i1(k)}. Next, by (2.25)
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and (2.26), we have U i1(k)− U i1(k) ≥ 1
270k for all k ≥ k0. Based on this, we choose another

positive constant C̃1 < 1
270 min{b1, b2}. Let c4 = min{C̃0, C̃1}. Then, for any problem scale

k ∈ {1, 2 . . . } and for any policy π that generates a price path (p1, . . . , pTk), the profit loss

∆bπ(k) satisfies

∆bπ(k)
(h)
≥ Pbπ

{
p1 = p1

1
}
b2
[
U2

1 (k)− U2
1(k)

]
+ Pbπ

{
p1 = p2

1
}
b1
[
U1

1 (k)− U1
1(k)

]
+ Pbπ

{
p1 6= p1

1, p1 6= p2
1
}[
b1(U1

1 (k)− U1
1(k)) + b2(U2

1 (k)− U2
1(k))

]
(i)
≥ c4k.

To prove (h), note that the event {p1 = p1
1} implies {p1 6= p2

1}, in which case the expected

profit loss is at least b2
[
U2

1 (k) − U2
1(k)

]
. Similarly, the event {p1 = p2

1} implies {p1 6= p1
1},

in which case the expected profit loss is at least b1
[
U1

1 (k)−U1
1(k)

]
. Finally, the event {p1 6=

p1
1, p1 6= p2

1} implies that the expected profit loss is at least b1(U1
1 (k)−U1

1(k)) + b2(U2
1 (k)−

U2
1(k)). Inequality (i) holds because b2

[
U1

1 (k) − U1
1(k)

]
≥ c4k, b1

[
U1

1 (k) − U1
1(k)

]
≥ c4k,

and b1(U1
1 (k)− U1

1(k)) + b2(U2
1 (k)− U2

1(k)) ≥ c4k for i ∈ {1, 2} and k ∈ {1, 2 . . . }.

Proof of Proposition 15. The proof follows from the same problem instance and arguments

used to derive Theorem6(i).

Proof of Proposition 16. Given π = CE, we let Pb,iπ {·} = Pbπ{· |Hi} and Eb,iπ {·} =

Ebπ{· |Hi} for all b ∈ B and i ∈ {1, . . . , N}. To complete the proof, we first construct

a problem instance θ ∈ Θ. Suppose that there are two hypotheses, namely H1 and H2.

Therefore, we have N = 2. Let T = 1, implying that if the problem scale is k ∈ {1, 2, . . . }

then the time horizon is Tk = k. Moreover, let p = c = 0 and p̄ = 5. Under the problem

scale k ∈ {1, 2, . . . }, let the arrival matrix αi be such that αiτ0 = 1
k for all τ , and αiτw = 0 for

all τ and w such that w ≥ 1. We let the market density function under Hi be λi(v) = 1
3−i

for all v ∈ [0, 3− i]. By construction, for any p(t) ∈ [0, 5]t, the expected demand in period t
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under Hi is

dit(p(t)) = kαiτ0
∫
v≥pt

λi(v)dv =


3− i− 1

3−ipt if pt ≤ 3− i,

0 if pt ≥ 3− i.

for i = 1, 2. Note that, under Hi, the optimal full-information price path is given by

pit = arg maxp∈[p,p̄]
{
p(3 − i − 1

3−ip)
}

= (3−i)2

2 for all t = 1, . . . , Tk. Letting pi = (3−i)2

2 ,

we have pi ∈ [p, p̄] for i = 1, 2. We also have p1 > p2, and p1 ∫
v≥p1 λ1(v)dv = 2 >

1
4 = p2 ∫

v≥p2 λ2(v)dv. Expressing the prior belief b1 as b1 = (b, 1 − b) for b ∈ (0, 1), we

observe that the pricing decision under π = CE is given by the mapping b 7→ pb, where

pb = arg maxp
{
p
[
1 + b − ( b2 + 1−b

1 )p
]}

= 1+b
2−b . Note that pb is contained in [p1, p2] and is

increasing in b.

Let (b1, . . . , bTk) be the seller’s belief process, where bt = (bt, 1−bt), and (p1, . . . , pTk) be

the seller’s price process, both of which are induced by π = CE. The price process satisfies

pt = πt(bt,p(t−1)) = min{pbt , pt−1}. For any prior belief b1 = (b, 1− b) with b ∈ (0, 1), the

price induced by CE in period 1 satisfies p1 = 1+b
2−b < p1. Since prices are marked down, we

have pt ≤ p1 < p1 for all t ≥ 2. Let δv = 1
2(p1− p1)2 = 1

2
(
2− 1+b

2−b
)2
> 0, we further deduce

that the profit loss per period under H1 is

p1
∫
v∈[p1,2]

λ1(v)dv − pt
∫
v∈[pt,2]

λ1(v)dv = p1(2− 1
2p

1)− pt(2− 1
2pt)

= 2 + 1
2(pt − 2)2 − 2 = 1

2(p1 − pt)2 ≥ δv > 0

for all t = 1, . . . , Tk. Let c2 = bδv > 0. For all k = 1, 2 . . . , we conclude the proof by deriving

that

∆bπ(k) ≥ bEb,1π

{ Tk∑
t=1

[
p1(2− 1

2p
1)− pt(2− 1

2pt
)]}
≥ bδvk = c2k.

Proof of Lemma 11. Let Pb,iπ {·} = Pbπ{· |Hi} and Eb,iπ {·} = Ebπ{· |Hi} for all b ∈ B,
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i ∈ {1, . . . , N}, and π ∈ Π. We complete the proof in three steps.

Step 1: Derive a multiperiod belief updating inequality. Let i, j ∈ {1, . . . , N} such that

i 6= j, and t ∈ {1, 2, . . .}. For brevity, we suppress the dependence of dis(p(s)) on p(s) by

letting dis = dis(p(s)) for all s ∈ {1, 2, . . . , t}. Thus, under Hi, we have Ds = dis + εs for all

s, and

b
j
t+1 = b

j
1
∏t
s=1 L

j
s(Ds, djs|Fs−1)∑N

i′=1 b
i′
1
∏t
s=1 Li

′
s (Ds, di′s |Fs−1)

= 1

1 +∑
i′ 6=j

bi
′

1
b
j
1

exp
(∑t

s=1 log L
i′
s (Ds,di′s |Fs−1)
Ljs(Ds,djs|Fs−1)

)
≤ 1

1 + bi1
b
j
1

exp
(∑t

s=1 log L
i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

) . (2.27)

Step 2: Construct a martingale. For s = 1, 2, . . . , let Xs = Eb,iπ
[

log L
i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

]
and

Zs = log L
i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

−Xs. Define an identity function I : [d, d̄]→ [d, d̄] satisfying I(d) = d

for all d ∈ [d, d̄], and let u = max{|d|, |d̄|}. Set γ = ε2d
2u2 , where εd is as in the statement

of the lemma. Note that, for any pair of probability density functions µ, ν : [d, d̄] → R+

satisfying µ(x), ν(x) ∈ [fd, f̄d] for x ∈ [d, d̄] and |
∫ d̄
d xµ(x)dx −

∫ d̄
d xν(x)dx| ≥ εd, we have

the following:

∫ d̄
d

log µ(x)
ν(x)µ(x)dx

(a)
≥ 1

2‖µ− ν‖
2
1

(b)
≥

∥∥∥I(µ− ν)
∥∥∥2
1

2‖I‖2∞
(c)= 1

2u2

∣∣∣∣∣
∫ d̄
d

∣∣∣x(µ(x)− ν(x)
)∣∣∣dx∣∣∣∣∣

2

(d)
≥ 1

2u2

∣∣∣∣∣
∫ d̄
d
xµ(x)dx−

∫ d̄
d
xν(x)dx

∣∣∣∣∣
2
≥

ε2d
2u2 , (2.28)

where: ‖µ − ν‖1 =
∫ d̄
d |µ(x) − ν(x)|dx, ‖I(µ − ν)‖1 =

∫ d̄
d

∣∣∣I(x)
(
µ(x) − ν(x)

)∣∣∣dx, ‖I‖∞ =

253



supx∈[d,d̄] |I(x)|, (a) follows by Pinsker’s inequality, (b) follows by Hölder’s inequality, (c) fol-

lows because ‖I‖∞ = u, and (d) follows by Minkowski’s inequality. Since Lis(·, dis|Fs−1) and

Ljs(·, djs|Fs−1) are two probability density functions satisfying the above properties of µ(·)

and ν(·), we deduce that (3.200) holds for µ(·) = Lis(·, dis|Fs−1) and ν(·) = Ljs(·, djs|Fs−1).

That is, Xs ≥ γ = ε2d
2u2 for all s. Moreover, Zs satisfies the following properties for all s:

(i) |Zs| ≤ z̄, where z̄ = 2 log f̄d
f
d
> 0, and (ii) Eb,iπ [Zs|Fs−1] = Eb,iπ

[
log L

i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

−

Xs

∣∣∣∣Fs−1
]

= Eb,iπ
[

log L
i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

∣∣∣∣Fs−1
]
−Eb,iπ

[
log L

i
s(Ds,dis|Fs−1)
Ljs(Ds,djs|Fs−1)

∣∣∣∣Fs−1
]

= 0. As a result,

{Zs} is a bounded martingale difference sequence adapted to Fs.

Step 3: Derive an upper bound on the convergence rate. Let π ∈ Π be such that, under

π, we have |dis−d
j
s| ≥ εd > 0 for all s ∈ {1, 2, . . . , t}. Let At = ∑t

s=1Xs and Wt = ∑t
s=1 Zs.

By (3.199), we have

Eb,iπ {b
j
t+1} ≤ Eb,iπ

 1

1 + bi1
bj1

exp(At +Wt)

.

Letting Bt = {Wt ≤ −1
2At}, we deduce from the preceding inequality that

Eb,iπ {b
j
t+1} ≤ Eb,iπ

 1

1 + bi1
bj1

exp(At +Wt)
I{Bt}

+ Eb,iπ

 1

1 + bi1
bj1

exp(At +Wt)
I{Bct }


(e)
≤ Pb,iπ {Bt}+ Eb,iπ

 1

1 + bi1
bj1

exp(At +Wt)
I{Bct }


(f)
≤ Pb,iπ {Bt}+ Eb,iπ

 1

1 + bi1
bj1

exp(1
2At)

I{Bct }

, (2.29)

where: I{·} is the indicator function (i.e., given condition A, I{A} = 1 if A holds, and 0

otherwise); (e) follows because bi1
bj1

exp(At + Wt) ≥ 0, and Eb,iπ {I{Bt}} = Pb,iπ {Bt}; and (f)
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follows because At +Wt ≥ 1
2At on B

c
t . Under π, At ≥ γt. Therefore, (3.201) implies that

Eb,iπ {b
j
t+1} ≤ Pb,iπ {Bt}+ Eb,iπ

 1

1 + bi1
b
j
1

exp(1
2γt)

I{Bct }

 (g)
≤ Pb,iπ {Bt}+ bj

bi
exp(−1

2γt),

(2.30)

where (g) follows because I{Bct } ≤ 1. Note that

Pb,iπ {Bt} = Pb,iπ {Wt ≤ −1
2At}

(h)
≤ Pb,iπ {Wt ≤ −1

2γt}
(i)
≤ Pb,iπ {|Wt| ≥ 1

2γt}
(j)
≤ 2 exp(−γ

2t
2z̄ ), (2.31)

where: (h) follows because At ≥ γt, (i) follows because {Wt ≥ −1
2γt} ⊂ {|Wt| ≥ 1

2γt}, (j)

follows by the Azuma-Hoeffding inequality and the fact that |Ws−Ws−1| = |Zs| ≤ z̄ for all

s. Combining (3.202) and (3.203), we deduce that

Eb,iπ {b
j
t+1} ≤ 2 exp(−γ

2t
2z̄ ) + bj

bi
exp(−1

2γt) ≤
(

2 + bi

bj

)
exp(−ηt).

As a result, Eb,iπ {1 − bit+1} = ∑
j 6=i E

b,i
π {bjt+1} ≤ ζe−ηt, where ζ = maxi

{∑
j 6=i

(
2 + bi

bj

)}
,

and η = 1
2γmin{1, γz̄ }.

Proof of Theorem 7. Given π = LATE(n), we define Pb,iπ {·} = Pbπ{· |Hi} and Eb,iπ {·} =

Ebπ{· |Hi} for all b ∈ B and i ∈ {1, . . . , N}. Let θ ∈ Θ,M = maxi∈{1,...,N}
{

max{α, 1}
∫
v≥0 p̄λ

i(v)dv
}
,

and (p1, . . . , pTk) be the price path generated under π. Denote by giπ(τ) the profit to be col-

lected from the customers arriving in period τ under Hi. Then,

giπ(τ) =
Tk∑
t=τ

(pt − c)
Tk−1∑
w=0

kαiτw

∫
v∈U iτwt(p(t))

λi(v)dv.
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Because ∑Tk−1
w=0 kαiτw ≤ α, and ∑Tk

t=τ
∫
v∈U iτwt(p(t)) λ

i(v)dv ≤
∫
v≥0 λ

i(v)dv, we deduce that

giπ(τ) ≤ M for all τ = 1, . . . , Tk. Moreover, for every demand hypothesis i ∈ {1, . . . , N}

and problem scale k ∈ {1, 2, . . . }, we have the following upper bound for the optimal full-

information profit under Hi:

V i ≤
Tk∑
τ=1

Tk−1∑
w=0

kαiτw p̄
∫
v≥0

λi(v)dv
(a)
≤ Mk, (2.32)

where (a) follows because ∑Tk
τ=1

∑Tk−1
w=0 αiτw = 1 and maxi∈{1,...,N}

{ ∫
v≥0 p̄λ

i(v)dv
}
≤ M .

Let πi denote the optimal full-information policy under Hi, and (pi1, . . . , piTk) be the optimal

full-information price path generated under πi. We show that there exists c3 > 0 such that

∆1
π(k) = V 1 − Eb,1π

{∑Tk
t=1R

1
t (p(t))

}
≤ c3 log k for all k. To that end, consider an auxiliary

policy π̄ that generates a price path (p̄1, . . . , p̄Tk) satisfying p̄s = ps for s ∈ {1, . . . , n} and

p̄s = pı̂ns where ı̂n = arg maxi∈{1,...,N}{bin+1} for s ∈ {n + 1, . . . , Tk}. Note that the policy

π = LATE(n) and the auxiliary policy π̄ both use the experimental price path p(n) in the

first n periods. Consequently,

Pb,1π {ı̂n = i} = Pb,1π̄ {ı̂n = i} for i ∈ {1, . . . , N}. (2.33)

Moreover, after the initial experimental price path p(n), LATE(n) employs the optimal

price path under H1, whereas the auxiliary policy π̄ employs a feasible (but not necessarily

optimal) price path; hence,

Eb,1π

{ Tk∑
τ=1

g1
π(τ)

∣∣∣∣∣ ı̂n = 1
}
≥ Eb,1π̄

{ Tk∑
τ=1

g1
π̄(τ)

∣∣∣∣∣ ı̂n = 1
}
. (2.34)

In addition, since V 1 ≤Mk, we have

Eb,1π̄

{ Tk∑
τ=1

g1
π̄(τ)

∣∣∣∣∣ ı̂n = i

}
−Mk ≤ Eb,1π

{ Tk∑
τ=1

g1
π(τ)

∣∣∣∣∣ ı̂n = i

}
for all i 6= 1. (2.35)
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As a result,

∆1
π(k)

= V 1 −
N∑
i=1

Pb,1π {ı̂n = i}Eb,1π

{ Tk∑
τ=1

g1
π(τ)

∣∣∣∣∣ ı̂n = i

}

(b)
≤ V 1 −

N∑
i=1

Pb,1π̄ {ı̂n = i}Eb,1π̄

{ Tk∑
τ=1

g1
π̄(τ)

∣∣∣∣∣ ı̂n = i

}
+ Pb,1π̄ {ı̂n 6= 1}Mk

= ∆1
π̄(k) +Mk Pb,1π̄ {ı̂n 6= 1}

≤
∣∣∣∣∣Eb,1π̄

{ n+τp∑
τ=1

[
g1
π1(τ)− g1

π̄(τ)
]}∣∣∣∣∣+

∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n+τp+1

[
g1
π1(τ)− g1

π̄(τ)
]}∣∣∣∣∣+Mk Pb,1π̄ {ı̂n 6= 1},

(2.36)

where π1 is the optimal full-information policy under H1, and (b) follows from (2.33), (2.34),

and (2.35). Regarding the first term on the right hand side of (2.36), we note that

∣∣∣∣∣∣Eb,1π̄
{ n+τp∑
τ=1

[
g1
π1(τ)− g1

π̄(τ)
]}∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
n+τp∑
τ=1

g1
π1(τ)

∣∣∣∣∣∣+
∣∣∣∣∣∣Eb,1π̄

{ n+τp∑
τ=1

g1
π̄(τ)

}∣∣∣∣∣∣
(c)
≤ 2M(n+ τp),

(2.37)

where (c) follows because g1
π1(τ) ≤ M and g1

π̄(τ) ≤ M . Regarding the second term on the

right hand side of (2.36), we have

∣∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n+τp+1

[
g1
π1(τ)− g1

π̄(τ)
]}∣∣∣∣∣∣

≤
N∑
i=1

Pb,1π̄ {ı̂n = i}

∣∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n+τp+1

[
g1
π1(τ)− g1

π̄(τ)
] ∣∣∣∣∣ ı̂n = i

}∣∣∣∣∣∣
(d)
≤ 2Mk Pb,1π̄ {ı̂n 6= 1}+

∣∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n+τp+1

[
g1
π1(τ)− g1

π̄(τ)
] ∣∣∣∣∣ ı̂n = 1

}∣∣∣∣∣∣,
(2.38)

where (d) follows because g1
π1(τ) ≤M , g1

π̄(τ) ≤M , and Pb,1π̄ {ı̂n = 1} ≤ 1. By construction of
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the auxiliary policy π̄, if ı̂n = 1, we have p̄t = p1
t for all t ≥ n+τp+1. Thus, for all customers

arriving in period τ ≥ n + τp + 1, the future price predictions satisfy ρκt (p1(t)) = ρκt (p̄(t))

for all t ≥ τ and κ = 1, . . . , Tk − t, where p1(t) = (p1
1, . . . , p

1
t ) and p̄(t) = (p̄1, . . . , p̄t). By

Lemma 10(ii), this implies that, for all τ ≥ n + τp + 1 and t ≥ τ , the set of valuations of

type-(τ, w) customers who make a purchase in period t satisfies U1
τwt(p1(t)) = U1

τwt(p̄(t)).

As a result, we have Eb,1π̄
{∑Tk

t=n+τp+1[g1
π1(τ)−g1

π̄(τ)] | ı̂n = 1
}

= 0. Combining this identity

with (2.38), we obtain the following:

∣∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n+τp+1

[
g1
π1(τ)− g1

π̄(τ)
]}∣∣∣∣∣∣ ≤ 2Mk Pb,1π̄ {ı̂n 6= 1}

(e)
≤ 2Mk Pb,1π̄

{
1− b1n+1 ≥ 1

2
}

(f)
≤ 4Mk Eb,1π̄ {1− b

1
n+1}

(g)
≤ 4Mkζe−ηn, (2.39)

where (e) follows from {ı̂n 6= 1} ⊂ {b1n+1 ≤
1
2}, (f) follows by Markov’s inequality, and

(g) follows by Lemma 11. Regarding the third term on the right hand side of (2.36), the

arguments used to derive (2.39) imply that

Mk Pb,1π̄ {ı̂n 6= 1} ≤Mk Pb,1π̄
{

1− b1n+1 ≥ 1
2
}
≤ 2Mkζe−ηn. (2.40)

Finally, given that n = d1
η log ke, choose C̃1 > 0 such that 2M

(
1+ 1

η log k
)

+2Mτp+6ζM ≤

C̃1 log k for all k > 1. Combining (2.36), (2.37), (2.39), (2.40), we deduce that, for all

k = 2, 3, . . . ,

∆1
π(k) ≤ 2M(n+ τp) + 4Mkζe−ηn + 2Mkζe−ηn

(h)
≤ 2M(1 + 1

η ) log k + 2Mτp + 6ζM ≤ C̃1 log k, (2.41)

where (h) follows because n = d1
η log ke. Repeating the arguments used to derive (2.41) for

all demand hypotheses i 6= 1, we deduce that there exists C̃i > 0 such that ∆i
π(k) ≤ C̃i log k.
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Letting c3 = maxi∈{1,...,N}{C̃i}, we conclude that ∆bπ(k) = ∑N
i=1 b

i∆i
π(k) ≤ c3 log k for all

k = 2, 3, . . .

Proof of Theorem 8. Given π = LATE(n), let Pb,iπ {·} = Pbπ{· |Hi}, E
b,i
π {·} = Ebπ{· |Hi}

for all b ∈ B and i ∈ {1, . . . , N}. In addition, let (p1, . . . , pTk) be the price path gen-

erated under π, and giπ(τ) = ∑Tk
t=τ (pt − c)∑Tk−1

w=0 kαiτw
∫
v∈U iτwt(p(t)) λ

i(v)dv be the profit

to be collected from customers arriving in period τ under Hi. Moreover, let θ ∈ Θ, and

M = maxi∈{1,...,N}
{

max{α, 1}
∫
v≥0 p̄λ

i(v)dv
}
. Note that, by the arguments used to derive

(2.32), we have V i ≤ Mk for each demand hypothesis i ∈ {1, . . . , N} and problem scale

k ∈ {1, 2, . . . }.

We first prove that 1
k∆1

π(k) → 0. To prove said claim, let π̄ be an auxiliary policy such

that its price path (p̄1, . . . , p̄Tk) satisfies the following conditions: p̄s = ps for s ∈ {1, . . . , n},

and p̄s = pı̂ns where ı̂n = arg maxi∈{1,...,N}{bin+1} for s ∈ {n+ 1, . . . , Tk}. By the arguments

used to derive (2.36), we deduce the following for any n2 > n:

∆1
π(k) ≤ ∆1

π̄(k) +Mk Pb,1π̄ {ı̂n 6= 1}

≤
∣∣∣∣∣Eb,1π̄

{ n2∑
τ=1

g1
π1(τ)− g1

π̄(τ)
}∣∣∣∣∣+

∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n2+1

g1
π1(τ)− g1

π̄(τ)
}∣∣∣∣∣+Mk Pb,1π̄ {ı̂n 6= 1},

(2.42)

where π1 is the optimal full-information policy under H1, which generates the price path

(p1
1, . . . , p

1
Tk

). Regarding the first term on the right hand side of (2.42), we note that

∣∣∣∣∣Eb,1π̄
{ n2∑
τ=1

g1
π1(τ)− g1

π̄(τ)
}∣∣∣∣∣ ≤

∣∣∣∣∣
n2∑
τ=1

g1
π1(τ)

∣∣∣∣∣+
∣∣∣∣∣Eb,1π̄

{ n2∑
τ=1

g1
π̄(τ)

}∣∣∣∣∣ (a)
≤ 2Mn2, (2.43)

where (a) follows because g1
π(τ) ≤ M and g1

π̄(τ) ≤ M . Regarding the second term on the
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right hand side of (2.42), we have

∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n2+1

g1
π1(τ)− g1

π̄(τ)
}∣∣∣∣∣

≤
N∑
i=1

Pb,1π̄ {ı̂n = i}
∣∣∣∣∣Eb,1π̄

{ Tk∑
τ=n2+1

g1
π1(τ)−

Tk∑
τ=n2+1

g1
π̄(τ)

∣∣∣∣ ı̂n = i

}∣∣∣∣∣
(b)
≤ 2Mk Pb,1π̄ {ı̂n 6= 1}+

∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n2+1

g1
π1(τ)−

Tk∑
τ=n2+1

g1
π̄(τ)

∣∣∣∣ ı̂n = 1
}∣∣∣∣∣, (2.44)

where (b) follows because g1
π(τ) ≤ M , g1

π̄(τ) ≤ M , and Pb,1π̄ {ı̂n = 1} ≤ 1. By construction

of the auxiliary policy π̄, if ı̂n = 1, then for all customers arriving in period τ ≥ n2 + 1, the

profit loss g1
π1(τ)− g1

π̄(τ) is caused by two components:

(1) We denote by Lw(τ) the profit loss caused by customers who arrive in period τ and

wait for a longer time under policy π̄ than under policy π1. For any t ≥ τ ≥ n2 + 1,

we have

u1
τwt(p(t)) = min

l∈{τ,...t}

{
pl + max

s∈Tτwl

{
(δ1)s−l

1− (δ1)s−l
(
pl − ρs−ll

(
p(l)))}}, (2.45)

which is piecewise Lipschitz-continuous in p(t) ∈ [p, p̄]t. Note that p̄s = p1
s for all

s ∈ {n + 1, . . . , τ} under π̄. Moreover, because ρ ∈ P2(a, r), we have
∣∣∣ ∂∂psρκl (p(l))

∣∣∣ ≤
a
(
s
l

)1+r for s ≤ n, l ≥ τ ≥ n2 + 1, and κ ∈ {1, . . . , Tk − 1}. Thus,

∣∣∣∣∣ ∂∂psρκl (p(l))
∣∣∣∣∣ ≤ an1+rn−(1+r)

2 for s ≤ n and l ≥ n2 + 1. (2.46)

We deduce from (2.45) and (2.46) that there exists a constant ā ≥ maxκ∈{1,...,Tk}
{

(δ1)κ
1−(δ1)κκa

}
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such that

∣∣∣u1
τwt(p̄(t))− u1

τwt(p1(t))
∣∣∣ ≤ ān1+rn−(1+r)

2
t∑

s=1

∣∣∣p̄s − p1
s

∣∣∣ for w ∈ {0, 1, . . . , Tk − 1}.

(2.47)

Thus,

Lw(τ) ≤
Tk−1∑
w=0

kα1
τw

∣∣∣∣∣∣
Tk∑
t=τ

(p1
t − c)

∫ u1
τwt(p1(t))

u1
τwt(p̄(t))

λi(v)dv

∣∣∣∣∣∣
(c)
≤

Tk−1∑
w=0

kα1
τw

Tk∑
t=τ

p̄λ̄
∣∣∣u1
τwt(p̄(t))− u1

τwt(p1(t))
∣∣∣

(d)
≤

 Tk−1∑
w=0

kα1
τwp̄λ̄

 max
w∈{0,1,...,Tk−1}

{ Tk∑
t=τ

∣∣∣u1
τwt(p̄(t))− u1

τwt(p1(t))
∣∣∣ }

(e)
≤ αp̄λ̄ max

w∈{0,1,...,Tk−1}

{ Tk∑
t=τ

ān1+rn−(1+r)
2

n∑
s=1

∣∣∣p̄s − p1
s

∣∣∣}
(f)
≤ αp̄λ̄

kT ān1+rn−(1+r)
2

n∑
s=1

∣∣∣p1
s − p̄s

∣∣∣
 (g)
≤ 2αp̄2λ̄āTn2+rn−(1+r)

2 k, (2.48)

where (c) follows because p1
t−c ≤ p̄ and λi(v) ≤ λ̄, (d) follows from Hölder’s inequality,

(e) holds from (2.47) and the fact that ∑Tk−1
w=0 kα1

τw ≤ α, (f) follows because Tk − t ≤

kT , and (g) follows because |p̄s − p1
s| = p̄s − p1

s ≤ p̄.

(2) We denote by La(τ) the profit loss caused by customers who abandon under policy

π̄ but stay under policy π1. For customers arriving in period τ ≥ n2 + 1, we let

t̄τw = min{τ + w, Tk} and vτw(p(t̄τw)) = maxs∈{τ}∪Tτwτ {v
1
τws(p(s))}. By construc-

tion, vτw(p(t̄τw)) captures the marginal value of customers who are indifferent between

abandoning and staying in the system. By Lemma 10(i), we have

vτw(p(t̄τw)) = max
l∈{τ,...,t̄τw}

{
ρt̄τw−ll (p(l))

}
. (2.49)

Furthermore, because ρ ∈ P2(a, r), we obtain the following for s ≤ n and l ≥ n2 + 1:
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∣∣∣∣∂ρt̄τw−ll (p(l))
∂ps

∣∣∣∣ ≤ a(t̄τw − l)s1+rl−(1+r) ≤ aTkn
1+rn−(1+r)

2 . Thus,

ρt̄τw−ll (p̄(l))− ρt̄τw−ll (p1(l)) ≤
n∑
s=1

akTn1+rn−(1+r)
2

∣∣∣p̄s − p1
s

∣∣∣ for l ≥ n2 + 1. (2.50)

Based on the above, we further deduce that

La(τ)
(h)
≤

Tk−1∑
w=0

kα1
τwp̄

[ ∫ vwτ (p̄(t̄τw))

vwτ (p1(t̄τw))
λ1(v)dv

]+

(i)
≤

Tk−1∑
w=0

kα1
τwp̄λ̄

[
vwτ (p̄(t̄τw))− vwτ (p1(t̄τw))

]+
(j)
≤

Tk−1∑
w=0

kα1
τwp̄λ̄

[
max

l∈{τ,...,t̄τw}

{
ρt̄τw−ll (p̄(l))

}
− max
l∈{τ,...,t̄τw}

{
ρt̄τw−ll (p1(l))

}]+

(k)
≤

Tk−1∑
w=0

kα1
τwp̄λ̄

[
max

l∈{τ,...,t̄τw}

{
ρt̄τw−ll (p̄(l))− ρt̄τw−ll (p1(l))

}]+

(l)
≤ αp̄λ̄akTn1+rn−(1+r)

2
n∑
s=1
|p1
s − p̄s|

≤ 2αp̄2λ̄aTn2+rn−(1+r)
2 k, (2.51)

where (h) follows from a natural upper bound on the profit reduction due to the

abandonment under the suboptimal policy π̄, relative to the optimal π1; (i) follows

because λ1(v) ≤ λ̄ for v ≥ 0; (j) follows from (2.49); (k) follows because ρt̄τw−ll (p1(l)) ≤

maxl∈{τ,...,t̄τw}
{
ρt̄τw−ll (p1(l))

}
and the mapping x 7→ [x]+ = max{x, 0} is increasing;

and (l) follows from (2.50) and the fact that ∑Tk−1
w=0 kα1

τw ≤ α.

Let C̃1 = 4αp̄2λ̄max{ā, a}T . By (2.48) and (2.51), we have

g1
π1(τ)− g1

π̄(τ) ≤ Lw(τ) + La(τ) ≤ C̃1n
2+rn−(1+r)

2 k. (2.52)
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Combining (2.44) and (2.52), we further deduce that

∣∣∣∣∣Eb,1π̄
{ Tk∑
τ=n2+1

g1
π1(τ)− g1

π̄(τ)
}∣∣∣∣∣ ≤ 2Mk Pb,1π̄ {ı̂n 6= 1}+ C̃1Tn

2+rn−(1+r)
2 k2. (2.53)

Regarding the third term on the right hand side of (2.42) (which is also the first term on

the right hand side of (2.53)), we note that

Pb,1π̄ {ı̂n 6= 1}Mk
(m)
≤ Pb,1π̄

{
1− b1n+1 ≥

1
2

}
Mk

(n)
≤ 2Eb,1π̄ {1− b

1
n+1}

(o)
≤ 2ζe−ηnMk, (2.54)

where (m) follows because {ı̂n 6= 1} ⊂
{

1− b1n+1 ≥
1
2
}
, (n) follows from Markov’s inequality,

and (o) follows from Lemma 11. Now, by (2.42), (2.43), (2.53), and (2.54), we obtain the

following:

1
k

∆1
π(k) ≤ 1

k

[
2Mn2 + C̃1Tn

2+rn−(1+r)
2 k2 + 6ζe−ηnMk

]
. (2.55)

Recall that n = d1
η log ke and consider two cases:

Case 1: r ≥ 1. Let n2 = (1 + 1
η )k

1+ε
2 for some ε ∈ (0, 1

2). As k →∞, we have

2Mn2
k
≤ 2M

(
1 + 1

η

)
k−

1−ε
2 → 0, (2.56a)

C̃1Tn2+rn−(1+r)
2 k2

k
≤ C̃1T

(
1 + 1

η
log k

)2+r(
1 + 1

η

)−(1+r)
k1−1+ε

2 (1+r) → 0, (2.56b)

6ζe−ηnMk

k
≤ 6ζMk−1 → 0; (2.56c)
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Case 2: 0 < r < 1. Let n2 = (1 + 1
η )k1− r2 . As k →∞, we have

2Mn2
k
≤ 2M

(
1 + 1

η

)
k−

r
2 → 0, (2.57a)

C̃1Tn2+rn−(1+r)
2 k2

k
≤ C̃1T

(
1 + 1

η
log k

)2+r(
1 + 1

η

)−(1+r)
k−

1
2r(1−r) → 0, (2.57b)

6ζe−ηnMk

k
≤ 6ζMk−1 → 0. (2.57c)

Combining (2.55) with (2.56a)-(2.57c), we deduce that

1
k

∆1
π(k)→ 0. (2.58)

Finally, repeating the above arguments used to derive (2.58) for the demand hypotheses

i 6= 1, we conclude that

1
k

∆bπ(k)→ 0.

Proof of Theorem 9. Given π be the version of LATE(n) in §2.3.5, and ρ ∈ P such that

the pair (ρ, π) satisfies Condition 4, we define Pb,iπρ{·} = Pbπρ{· |Hi} and Eb,iπρ{·} = Eb,iπρ{· |Hi}

for all b ∈ B and i ∈ {1, . . . , N}. Let θ ∈ Θ,M = maxi∈{1,...,N}
{

max{α, 1}
∫
v≥0 p̄λ

i(v)dv
}
,

and (p1, . . . , pTk) be the price path generated under π. Denote by giπρ(τ) the profit to be

collected from the customers arriving in period τ under Hi. Then,

giπρ(τ) =
Tk∑
t=τ

(pt − c)
Tk−1∑
w=0

kαiτw

∫
v∈U iτwt(p(t),ρ)

λi(v)dv.

Because ∑Tk−1
w=0 kαiτw ≤ α, and ∑Tk

t=τ
∫
v∈U iτwt(p(t),ρ) λ

i(v)dv ≤
∫
v≥0 λ

i(v)dv, we deduce that

giπρ(τ) ≤ M for all τ = 1, . . . , Tk. Moreover, for every demand hypothesis i ∈ {1, . . . , N}

and problem scale k ∈ {1, 2, . . . }, we have the following upper bound for the optimal full-
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information profit under Hi:

V ieq ≤
Tk∑
τ=1

Tk−1∑
w=0

kαiτw p̄
∫
v≥0

λi(v)dv
(a)
≤ Mk, (2.59)

where (a) follows because ∑Tk
τ=1

∑Tk−1
w=0 αiτw = 1 and maxi∈{1,...,N}

{ ∫
v≥0 p̄λ

i(v)dv
}
≤ M .

Let (ρi, πi) be the subgame perfect equilibrium that induces the optimal full-information

profit V ieq for the seller under Hi, and (pi1, . . . , piTk) be the corresponding equilibrium price

path induced by the seller’s policy πi. To complete the proof, we first show that there exists

c6 > 0 such that ∆1
π(k) = V 1 − Eb,1π

{∑Tk
t=1R

1
t (p(t))

}
≤ c6 log k for all k ∈ {2, 3, . . . }. Note

that

V 1
eq −

N∑
i=1

Pb,1πρ {ı̂n = i}Eb,1πρ

{ Tk∑
τ=1

g1
πρ(τ)

∣∣∣∣∣ ı̂n = i

}

≤
∣∣∣∣∣Eb,1πρ

{ n∑
τ=1

[
g1
π1ρ1(τ)− g1

πρ(τ)
]}∣∣∣∣∣+

∣∣∣∣∣Eb,1πρ
{ Tk∑
τ=n+1

[
g1
π1ρ1(τ)− g1

πρ(τ)
]}∣∣∣∣∣, (2.60)

where (ρ1, π1) is the aforementioned pair of customers’ prediction behavior and the seller’s

policy, which constitutes the subgame perfect equilibrium under H1. Regarding the first

term on the right hand side of (2.60), we note that

∣∣∣∣∣∣Eb,1πρ
{ n∑
τ=1

[
g1
π1ρ1(τ)− g1

πρ(τ)
]}∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
n∑
τ=1

g1
π1ρ1(τ)

∣∣∣∣∣∣+
∣∣∣∣∣∣Eb,1πρ

{ n∑
τ=1

g1
πρ(τ)

}∣∣∣∣∣∣
(b)
≤ 2Mn, (2.61)

where (b) follows because g1
π1ρ1(τ) ≤ M and g1

πρ(τ) ≤ M . Regarding the second term on
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the right hand side of (2.60), we have

∣∣∣∣∣∣Eb,1πρ
{ Tk∑
τ=n+1

[
g1
π1ρ1(τ)− g1

πρ(τ)
]}∣∣∣∣∣∣

≤
N∑
i=1

Pb,1πρ {ı̂n = i}

∣∣∣∣∣∣Eb,1πρ
{ Tk∑
τ=n+1

[
g1
π1ρ1(τ)− g1

πρ(τ)
] ∣∣∣∣∣ ı̂n = i

}∣∣∣∣∣∣
(c)
≤ 2Mk Pb,1πρ {ı̂n 6= 1}+

∣∣∣∣∣∣Eb,1πρ
{ Tk∑
τ=n+1

[
g1
π1ρ1(τ)− g1

πρ(τ)
] ∣∣∣∣∣ ı̂n = 1

}∣∣∣∣∣∣, (2.62)

where (c) follows because g1
π1ρ1(τ) ≤ M , g1

πρ(τ) ≤ M , and Pb,1πρ {ı̂n = 1} ≤ 1. By construc-

tion of the version of LATE(n) in §2.3.5, if ı̂n = 1, we have pt = p1
t for all t ≥ n+ 1, and by

Condition 4, the future price predictions satisfy ρ1,κ
t (p1(t)) = ρκt (p̄(t)) = p1

t+κ for all t ≥ τ

and κ = 1, . . . , Tk − t, where p1(t) = (p1
1, . . . , p

1
t ) and p(t) = (p1, . . . , pt). By Lemma 10(ii),

this implies that, for all τ ≥ n + 1 and t ≥ τ , the set of valuations of type-(τ, w) customers

who make a purchase in period t satisfies U1
τwt(p1(t), ρ1) = U1

τwt(p(t), ρ). As a result, we

have Eb,1πρ
{∑Tk

t=n+1[g1
π1ρ1(τ)−g1

πρ(τ)] | ı̂n = 1
}

= 0. Combining this identity with (2.62), we

obtain the following:

∣∣∣∣∣∣Eb,1πρ
{ Tk∑
τ=n+1

[
g1
π1ρ1(τ)− g1

πρ(τ)
]}∣∣∣∣∣∣ ≤ 2Mk Pb,1πρ {ı̂n 6= 1}

(d)
≤ 2Mk Pb,1πρ

{
1− b1n+1 ≥ 1

2
}

(e)
≤ 4Mk Eb,1πρ {1− b1n+1}
(f)
≤ 4Mkζe−ηn, (2.63)

where (d) follows from {ı̂n 6= 1} ⊂ {b1n+1 ≤
1
2}; (e) follows from Markov’s inequality; (f)

follows from a straightforward modification of Lemma 11 stating that, given Condition 6,

Ebπρ{1− bin+1|Hi} ≤ ζe−ηn with η > 0 and ζ > 0 as in Lemma 11. Given that n = d1
η log ke,

choose C̃1 > 0 such that 2M
(
1 + 1

η log k
)

+ 6ζM ≤ C̃1 log k for all k > 1. Combining (2.60),
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(2.61), and (2.63), we deduce that, for all k = 2, 3, . . . ,

∆̃1
πρ(k) ≤ 2Mn+ 4Mkζe−ηn

(g)
≤ 2M(1 + 1

η ) log k + 4ζM ≤ C̃1 log k, (2.64)

where (g) follows because n = d1
η log ke. Repeating the arguments used to derive (2.64) for

all demand hypotheses i 6= 1, we deduce that there exists C̃i > 0 such that ∆i
πρ(k) ≤ C̃i log k.

Letting c6 = maxi∈{1,...,N}{C̃i}, we conclude that ∆̃bπρ(k) = ∑N
i=1 b

i∆̃i
πρ(k) ≤ c6 log k for

all k = 2, 3, . . .

2.6 Proofs of the Results in Section 2.4

As in the preceding section, we suppress the dependence of the mathematical expressions on

ρ for exposition purposes.

Proof of Corollary 4. The problem instance constructed in the proof of Theorem 6

uses a setting where all customers are myopic, and the proof follows by exactly the same

arguments.

Proof of Theorem 10. Given π = LATE(n), we define Pb,iπ {·} = Pbπ{· |Hi}, E
b,i
π {·} =

Ebπ{· |Hi} for all b ∈ B and i ∈ {1, . . . , N}. Denote by (p̃1, . . . , p̃Tk) the price path generated

under π. Let v̄ = max{v̄1, . . . , v̄N}, and assume without loss of generality that the maximum

valuations under different hypotheses ordered in the following way: v̄1 ≤ v̄2 ≤ · · · ≤ v̄N .

For simplicity of notation, we suppress the index w in all variables (e.g., we write αiτ instead

of αiτw) and also let Aiτ = ∑τ
s=1 α

i
s for all τ ∈ {1, . . . , Tk} and i ∈ {1, . . . , N}. Note that,

letting M = maxi∈{1,...,N}
{

max{α, 1}p̄λiv̄i
}
and repeating the arguments used to derive

(2.32), we have V i ≤Mk for i ∈ {1, . . . , N}.

To prove that ∆bπ(k) → 0 as k → ∞, we show that ∆i
π(k) → 0 as k → ∞ for all

i ∈ {1, . . . , N}. We complete the remainder of the proof in three steps.

Step 1: Derive a condition on p̄. For all i ∈ {1, . . . , N}, let πi be the optimal full-
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information policy under Hi that induces the price path (pi1, . . . , piTk). We first state the

following auxiliary proposition, the proof of which is deferred to Appendix 2.7.

Proposition 17. For every prediction behavior ρ ∈ P3, there exist k1 > 0, cv > 0, δp > 0

such that the optimal full-information price path (pi1, . . . , piTk) satisfies min{v̄i, p̄} − pit ≤

kcve
−δp
√
k for all i ∈ {1, . . . , N}, t ∈ {1, . . . , dkt1e}, and k ≥ k1.

Recalling that v̄1 ≤ v̄2 ≤ · · · ≤ v̄N , we show that p̄ < v̄2. Assume towards a contradiction

that p̄ ≥ v̄2. Then, by Proposition 17, we have min{v̄i, p̄}− pi1 ≤ kcve
−δp
√
k. Consequently,

for any p ∈ [maxi∈{1,...,N}{pi1}, p̄], the expected demand difference between H1 and H2 in

period 1 satisfies |d1
1(p)− d2

1(p)| ≤ |kα1
1(v̄1 − p)+| + |kα2

1(v̄2 − p)+| ≤ 2kαcve−δp
√
k, which

converges to zero as k →∞. This contradicts with Condition 5, and thus, we have p̄ < v̄2.

Step 2: Prove that ∆i
π(k)→ 0 as k →∞ for i ∈ {2, . . . , N}. Comparing the price paths

induced by π = LATE(n) and the optimal full-information policy πi, we deduce that

∆i
π(k) ≤

Tk∑
t=1

∣∣∣∣Eb,iπ {
Rit
(
pi(t)

)
−Rit

(
p̃(t))}∣∣∣∣

≤

∣∣∣∣∣∣
n∑
t=1

Rit
(
pi(t)

)
−Rit

(
p(t))∣∣∣∣∣∣+ Pb,iπ {ı̂n = i}

∣∣∣∣Eb,iπ {
U in+1

(
pi(n))− U in+1

(
p(n))}∣∣∣∣

+ Pb,iπ {ı̂n 6= i}

∣∣∣∣∣∣Eb,iπ


Tk∑
t=n+1

Rit
(
pi(t)

)
−Rit

(
p̃(t)


∣∣∣∣∣∣

(a)
≤

∣∣∣∣∣∣
n∑
t=1

Rit
(
pi(t)

)
−Rit

(
p(t))∣∣∣∣∣∣+

∣∣∣∣U in+1
(
pi(n))− U in+1

(
p(n))∣∣∣∣+ 2Mk Pb,iπ {ı̂n 6= i},

(2.65)

where (a) follows because Pb,iπ {ı̂n = i} ≤ 1 and V i ≤Mk for i ∈ {1, . . . , N}.

Regarding the first term on the right hand side of (2.65), we note that because ρ ∈ P3,

both uiτ t(p(t)) and uiτ t(p(t)) are piecewise Lipschitz-continuous functions. Thus, given kαiτ ≤

α and λi ≤ λ̄, there exists a constant ā = maxi∈{1,...,N}
{

1 + maxs∈{1,...,Tk}
{

(δi)s
1−(δi)s (1 +
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as)
}}

such that

n∑
t=1

t∑
τ=1

∣∣∣kαiτλi(uiτ t(pi(t))− uiτ t(p(t))
)∣∣∣ ≤ n2αλ̄ā

∥∥∥p(n) − pi(n)
∥∥∥1, (2.66a)

n∑
t=1

t∑
τ=1

∣∣∣kαiτλi(uiτ t(pi(t))− uiτ t(p(t))
)∣∣∣ ≤ n2αλ̄ā

∥∥∥p(n) − pi(n)
∥∥∥1. (2.66b)

As a result,

∣∣∣∣∣∣
n∑
t=1

Rit
(
pi(t)

)
−

n∑
t=1

Rit
(
p(t))∣∣∣∣∣∣

(b)=

∣∣∣∣∣∣
n∑
t=1

(pit − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(pi(t))− uiτ t(pi(t))

)
−

n∑
t=1

(pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
(c)
≤

∣∣∣∣∣∣
n∑
t=1

(pit − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(pi(t))− uiτ t(pi(t))

)
−

n∑
t=1

(pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(pi(t))− uiτ t(pi(t))

)∣∣∣∣∣∣
+

∣∣∣∣∣∣
n∑
t=1

(pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(pi(t))− uiτ t(pi(t))

)
−

n∑
t=1

(pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
(d)
≤
∥∥∥pi(n) − p(n)

∥∥∥1

n∑
τ=1

∣∣∣∣kαiτλi n∑
t=τ

(
uiτ t(pi(t))− uiτ t(pi(t))

)∣∣∣∣
+ p̄

n∑
t=1

t∑
τ=1

kαiτλ
i
∣∣∣∣uiτ t(pi(t))− uiτ t(p(t))

∣∣∣∣+ p̄
n∑
t=1

t∑
τ=1

kαiτλ
i
∣∣∣∣uiτ t(pi(t))− uiτ t(p(t))

∣∣∣∣
(e)
≤
∥∥∥pi(n) − p(n)

∥∥∥1

(
αλ̄v̄n+ p̄αλ̄ān2 + p̄αλ̄ān2

) (f)
≤ C̃0n

2
∥∥∥p(n) − pi(n)

∥∥∥1, (2.67)

where (b) follows becauseRit
(
p(t)

)
= (pt−c)dit

(
p(t)

)
with dit(p(t)) = ∑t

τ=1 kα
i
τλ
i
(
uiτ t(p(t))−

uiτ t(p(t))
)
given by (2.3); (c) follows by the triangle inequality; (d) follows by the Cauchy-

Schwarz inequality, the fact that the norm ‖ · ‖` is decreasing in ` (from which we deduce

that ‖xy‖1 ≤ ‖x‖2‖y‖2 ≤ ‖x‖1‖y‖1), and the fact that pt − c ≤ p̄; (e) follows from (2.66)

and the fact that kαiτ ≤ α, λi ≤ λ̄, ∑n
t=τ

[
uiτ t(pi(t)) − uiτ t(pi(t))

]
≤ v̄; and (f) follows from

letting C̃0 = αλ̄v̄ + 2p̄αλ̄ā.

To analyze the second term on the right hand side of (2.65), we introduce the following

notation: for a continuous function f(·), denote by ∂f(x) the subdifferential (superdiffer-
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ential) of f(·) at x if f(x) is locally convex (concave) at x. With slight abuse of notation,

we let
∣∣∣ ∂∂xf(x)

∣∣∣
?

= sup{∂f(x),−∂f(x)}. Noting that that the value function of the optimal

full-information policy is given by

U it (p(t−1)) = max
pt≤pt−1

(pt − c)
t∑

τ=1
kαiτλ

i
[
uiτ t(p(t))− uiτ t(p(t))

]
+ U it+1(p(t))

, (2.68)

for t ∈ {1, . . . , Tk}, we first derive the following:

∣∣∣∣∣∣ ∂∂ps (pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

(g)
≤ 2p̄αλ̄āTk for s = 1, . . . , t− 1, (2.69)

where (g) follows because pt−c ≤ p̄, kαiτ ≤ α, λi ≤ λ̄,
∣∣∣ ∂∂ps(uiτ t(p(t))−uiτ t(p(t))

)∣∣∣
?
≤ 2ā, and

t ≤ kT . Denote by Pt the set of optimal solutions to (2.68) and by Γt the set of induced dual

optimal solutions corresponding to constraint pt ≤ pt−1. Then, by the Karush-Kuhn-Tucker

condition of optimality, we have the following for all pt ∈ Pt and γt ∈ Γt:

γt ≤

∣∣∣∣∣∣ ∂∂pt (pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

+

∣∣∣∣∣∣ ∂∂ptU it+1(p(t))

∣∣∣∣∣∣
?

. (2.70)
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Next, we deduce that

∣∣∣∣∣∣∂U
i
t (p(t−1))
∂ps

∣∣∣∣∣∣
?

(h)
≤ sup

pt∈Pt,γt∈Γt


∣∣∣∣∣∣ ∂∂ps (pt − c)

t∑
τ=1

kαiτλ
i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

+

∣∣∣∣∣∣∂U
i
t+1(p(t)))
∂ps

∣∣∣∣∣∣
?


(i)
≤ sup

pt∈Pt

2p̄αλ̄āTk +

∣∣∣∣∣∣∂U
i
t+1(p(t))
∂ps

∣∣∣∣∣∣
?

 (j)
≤ 2p̄αλ̄āT 2k2 for s = 1, . . . , t− 2; (2.71a)

∣∣∣∣∣∣∂U
i
t (p(t−1))
∂pt−1

∣∣∣∣∣∣
?

(k)
≤ sup

pt∈Pt,γt∈Γt


∣∣∣∣∣∣ ∂

∂pt−1
(pt − c)

t∑
τ=1

kαiτλ
i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

+

∣∣∣∣∣∣∂U
i
t+1(p(t))
∂pt−1

∣∣∣∣∣∣
?

+ |γt|


(l)
≤ sup

pt∈Pt


∣∣∣∣∣∣ ∂

∂pt−1
(pt − c)

t∑
τ=1

kαiτλ
i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

+

∣∣∣∣∣∣∂U
i
t+1(p(t))
∂pt−1

∣∣∣∣∣∣
?

+

∣∣∣∣∣∣ ∂∂pt (pt − c)
t∑

τ=1
kαiτλ

i
(
uiτ t(p(t))− uiτ t(p(t))

)∣∣∣∣∣∣
?

+

∣∣∣∣∣∣ ∂∂ptU it+1(p(t))

∣∣∣∣∣∣
?


(m)
≤ sup

pt∈Pt

4p̄αλ̄āT 2k2 + 4p̄αλ̄āT 2k2 +

∣∣∣∣∣∣∂U
i
t+1(p(t))
∂pt

∣∣∣∣∣∣
?

 (n)
≤ 8p̄αλ̄āT 3k3. (2.71b)

To prove (h) and (k), we use Proposition 6 of (96). For this purpose, note that the objective

function in (2.68) is a piecewise Lipschitz-continuous, and the constraint functions (i.e., the

left hand sides of the constraints pt−pt−1 ≤ 0 and p−pt ≤ 0) are continuously differentiable

in (pt, pt−1). Viewing (p1, . . . , pt−1) as the problem parameter, we also note that the feasible

set of actions is uniformly compact. Furthermore, constraint pt ∈ [p, pt−1] satisfies Slater’s

condition, which implies the Mangasarian-Fromovitz constraint qualification (MFCQ). Based

on these, we deduce from Proposition 6 in (96) that (h) and (k) hold. On top of this, (i)

follows from (2.69), (j) and (n) follow from recursively applying the upper bound for at

most kT times, (l) follows from (2.70), and (m) follows from (2.69) and (2.71a). Letting
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C̃1 = 10p̄αλ̄āT 3, we deduce from (2.71) that

∣∣∣∣U in+1
(
pi(n))− U in+1

(
p(n))∣∣∣∣ ≤ C̃1k

3
∥∥∥p(n) − pi(n)

∥∥∥1, (2.72)

which is an upper bound on the second term on the right hand side of (2.65).

Regarding the third term of (2.65), we deduce that

2MkPb,iπ {ı̂n 6= i}
(o)
≤ 2Mk Pb,iπ

{
1− bin+1 ≥

1
2

}
(p)
≤ 4Mk Eb,iπ {1− bin+1}
(q)
≤ 4ζe−ηnMk, (2.73)

where (o) follows because {ı̂n 6= i} ⊂ {bin+1 ≤
1
2}, (p) follows from Markov’s inequality, and

(q) follows from Lemma 11.

Given that n = d2
η log ke, let k0 be the smallest positive integer such that d2

η log ke ≤ tk

for all k ≥ k0. For all k ≥ min{k0, k1}, we have

∆i
π(k)

(r)
≤ (C̃0n

2 + C̃1k
3)
∥∥∥pi(n) − p(n)

∥∥∥1 + 4ζe−ηnMk

(s)= (C̃0n
2 + C̃1k

3)
n∑
s=1

∣∣∣p̄− pis∣∣∣+ 4ζe−ηnMk

(t)
≤
[
C̃0

(
1 + 2

η
log k

)2
+ C̃1k

3
](

1 + 2
η

log k
)
kcve

−δp
√
k + 4ζM

k
,

where (r) follows from (2.66), (2.72), and (2.73); (s) follows because pt− pit ≤ p̄− pit; and (t)

follows from Proposition 17 and the fact that k ≥ max{k0, k1}. Consequently, as k →∞,

∆i
π(k)→ 0 for i ∈ {2, . . . , N}. (2.74)

Step 3: Prove that ∆1
π(k)→ 0 as k →∞. Note that, if v̄1 = v̄2 or p̄ < v̄1, then the

argument to prove that ∆1
π(k)→ 0 as k →∞ is exactly the same as the argument used for
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proving Step 2. Now, suppose that v̄1 ≤ p̄ < v̄2. Recalling that n = d2
η log ke, consider an

auxiliary policy π̄ that generates the price path (p̄1, . . . , p̄Tk) where p̄s = ps for s ∈ {1, . . . , n}

and p̄s = pı̂ns with ı̂n = arg maxi∈{1,...,N}{bin+1} for s ∈ {n+ 1, . . . , Tk}. Given that ρ ∈ P3,

we let n2 = dt1ke and recall that k0 is the smallest integer such that t1k ≥ 1 + 2
η log k for all

k ≥ k0. Because π̄ and π both employ the price path p(n) in the first n periods, we deduce

that

Pb,1π {ı̂n = i} = Pb,1π̄ {ı̂n = i} for i ∈ {1, . . . , N}. (2.75)

If π = LATE(n) correctly identifies that the underlying demand hypothesis is H1, then upon

charging the price path p(n) in the first n periods, π uses the optimal solution under H1.

However, π̄ uses a feasible (but not necessarily optimal) solution in this case. Thus,

Eb,1π

{ Tk∑
t=1

R1
t

(
p̃(t)) ∣∣∣∣∣ ı̂n = 1

}
≥ Eb,1π̄

{ Tk∑
t=1

R1
t

(
p̄(t)) ∣∣∣∣∣ ı̂n = 1

}
. (2.76)

If π does not correctly identify the underlying demand hypothesis, then we note that

Eb,1π

{ Tk∑
t=1

R1
t

(
p̃(t)) ∣∣∣∣∣ ı̂n 6= 1

}
≥ Eb,1π̄

{ Tk∑
t=1

R1
t

(
p̄(t)) ∣∣∣∣∣ ı̂n 6= 1

}
−Mk. (2.77)
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because V i ≤Mk. Consequently, we deduce that

∆1
π(k) = V 1 −

N∑
i=1

Pb,1π {ı̂n = i}Eb,1π

{ Tk∑
t=1

R1
t

(
p̃(t)) ∣∣∣∣∣ ı̂n = i

}

(u)
≤ V 1 −

N∑
i=1

Pb,1π̄ {ı̂n = i}Eb,1π̄

{ Tk∑
t=1

R1
t

(
p̄(t)) ∣∣∣∣∣ ı̂n = i

}
+Mk Pb,1π̄ {ı̂n 6= 1}

(v)
≤ Pb,1π̄ {ı̂n = 1}

∣∣∣∣∣Eb,1π̄
{ n2∑
t=1

R1
t

(
p1(t))− n2∑

t=1
R1
t

(
p̄(t)) ∣∣∣∣∣ ı̂n = 1

} ∣∣∣∣∣
+ Pb,1π̄ {ı̂n = 1}

∣∣∣∣∣Eb,1π̄
{ Tk∑
t=n2+1

R1
t

(
p1(t))− n2∑

t=1
R1
t

(
p̄(t)) ∣∣∣∣∣ ı̂n = 1

} ∣∣∣∣∣
+ Pb,1π̄ {ı̂n 6= 1}

∣∣∣∣∣Eb,1π̄
{ Tk∑
t=1

R1
t

(
p1(t))−R1

t

(
p̄(t)) ∣∣∣∣∣ ı̂n 6= 1

} ∣∣∣∣∣+Mk Pb,1π̄ {ı̂n 6= 1}

(w)
≤

n2∑
t=1

∣∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣∣+ Tk∑

t=n2+1

∣∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣∣

+ 2Mk Pb,1π̄ {ı̂n 6= 1}+Mk Pb,1π̄ {ı̂n 6= 1}

=
n2∑
t=1

∣∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣∣+ Tk∑

t=n2+1

∣∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣∣+ 3Mk Pb,1π̄ {ı̂n2 6= 1},

(2.78)

where (u) follows from (2.75), (2.76), and (2.77); (v) follows because V 1 = ∑Tk
t=1R

1
t (p1(t));

and (w) follows because Pb,1π̄ {ı̂n = 1} ≤ 1 and V i ≤Mk.

To analyze the first term on the right hand side of (2.78), we let k2 be the smallest

integer such that kcve−δp
√
k ≤ p̄ − v̄1 for all k ≥ k2 . Thus, for k ≥ max{k0, k1, k2} and

s ∈ {1, . . . , n2}, we have ps ≥ p2
s ≥ p̄ − kcve−δp

√
k > v̄1. This implies that u1

τs(p(s)) = v̄1

and u1
τs(p(s)) = v̄1 for all τ ∈ {1, . . . , n2} and s ∈ {τ, . . . , n2}, which further implies that

R1
s

(
p̄1(s)) = R1

s

(
p(s)) = R1

s

(
v̄1(s)) = 0 for s ∈ {1, . . . , n2}.
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Thus, by the arguments used to derive (2.67), we deduce that there exists C̃0 > 0 such that

n2∑
t=1

∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣ =

n2∑
t=1

∣∣∣R1
t

(
p1(t))−R1

t

(
v̄1(t))∣∣∣ ≤ C̃0n

2
2
∥∥∥p1(n) − v̄1(n)

∥∥∥1.

(2.79)

Regarding the second term on the right hand side of (2.78), we deduce from Lemma 10

that the following holds for all τ ∈ {1, . . . , Tk} and t ∈ {τ, . . . , Tk}:

u1
τt(p(t)) = min

l∈{τ,...,t}

{
pl + max

s∈Tτl

{
(δi)s−l

1− (δi)s−l
(
ps − ρs−ls (ps)

)}}
with Tτ l = {l + 1, . . . , Tk}.

(2.80)

Let

ũ1
τt(p(t)) = min

l∈{max{n2,τ},...,t}

{
pl + max

s∈Tτl

{
(δi)s−l

1− (δi)s−l
(
pl − ρs−ls (ps)

)}}
with Tτ l = {l + 1, . . . , Tk}.

(2.81)

By (2.80) and (2.81), u1
τt(p(t)) ≤ ũ1

τt(p(t)). Moreover, if ũ1
τt(p1(t)) > u1

τt(p1(t)), this implies

that

p1
n2 ≤ min

l∈{τ,...,max{n2,τ}}

{
pl + max

s∈Tτl

{
(δi)s−l

1− (δi)s−l
(
ps − ρs−ls (ps)

)}}
= u1

τt(p1(t)) < ũ1
τt(p1(t)) ≤ v̄1.

Thus,

0 ≤ ũ1
τt(p1(t))− u1

τt(p1(t)) ≤ v̄1 − p1
n2 . (2.82)

In addition, under π̄, we have

p̄1
s = p1

s for s ∈ {n+ 1, . . . , Tk}.

275



Because ρ ∈ P3, we have ρ ∈ P2(a, r), from which we deduce that
∣∣∣ ∂∂psρκl (pl)

∣∣∣ ≤ a
(
s
l

)1+r

for all s ≤ n, l ≥ τ ≥ n2 + 1, and κ ∈ {1, . . . , Tk − 1}. Thus,

∣∣∣∣∣ ∂∂psρκl (pl)
∣∣∣∣∣ ≤ an1+rn−(1+r)

2 for s ≤ n and l ≥ n2 + 1. (2.83)

By (2.57) and (2.83), there exists a constant ā ≥ 1 + maxκ∈{1,...,Tk}
{

(δ1)κ
1−(δ1)κ (1 + κa)

}
such

that

[
ũ1
τt(p̄1(t))− ũ1

τt(p1(t))
]+ ≤ ān1+rn−(1+r)

2
n∑
s=1

∣∣∣p1
s − p̄s

∣∣∣. (2.84)

Therefore, we deduce that

Tk∑
t=n2+1

∣∣∣R1
t

(
p1(t))−R1

t

(
p̄1(t))∣∣∣ (x)

≤
Tk∑
τ=1

α1
τ

Tk∑
t=max{n2+1,τ}

p̄kλ̄
[
u1
τt(p̄1(t))− u1

τt(p1(t))
]+

(y)
≤

Tk∑
τ=1

α1
τ

Tk∑
t=max{n2+1,τ}

p̄kλ̄
[
ũ1
τt(p̄1(t))− ũ1

τt(p1(t))
]+

+
Tk∑
τ=1

α1
τ

Tk∑
t=max{n2+1,τ}

p̄kλ̄
[
ũ1
τt(p1(t))− u1

τt(p1(t))
]+

(z)
≤

Tk∑
τ=1

α1
τ

Tk∑
t=max{n2+1,τ}

kp̄λ̄
n∑
s=1

ān1+rn−(1+r)
2

∣∣∣p̄1
s − p1

s

∣∣∣
+

Tk∑
τ=1

α1
τ

Tk∑
t=max{n2+1,τ}

kp̄λ̄|v̄1 − p1
n2|

(aa)
≤ p̄λ̄Tk2

ān1+rn−(1+r)
2

n∑
s=1
|p1
s − p̄s|

+ p̄λ̄Tk2
∣∣∣v̄1 − p1

n2

∣∣∣
(bb)
≤ 2p̄2λ̄ān2+rn−(1+r)

2 Tk2 + p̄λ̄Tk2
∣∣∣v̄1 − p1

n2

∣∣∣
(cc)= C̃1n

2+rn−(1+r)
2 k2 + C̃2k

2
∣∣∣v̄1 − p1

n2

∣∣∣, (2.85)

where (x) follows from a natural upper bound on the profit loss caused by the customers who

delay their purchase under π̄, (y) follows from adding and subtracting the term ũ1
τt(p1(t))
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and using the fact that the mapping x 7→ [x]+ = max{x, 0} is non-decreasing, (z) follows

from (2.82) and (2.84), (aa) follows because ∑Tk
τ=1 α

1
τ ≤ 1 and Tk − max{n2 + 1, τ} ≤ Tk,

(bb) follows because |p1
s− p̄s| ≤ 2p̄, and (cc) follows by setting C̃1 = 2p̄2λ̄āT and C̃2 = p̄λ̄T .

Regarding the third term on the right hand side of (2.78), we apply the argument used

to derive (2.73) to obtain the following:

Mk Pb,iπ {ı̂n2 6= 1} ≤ 2Mk ζe−ηn. (2.86)

Given that n = d2
η log ke and n2 = dt1ke, we deduce the following for all k ≥ max{k0, k1, k2}:

∆1
π(k)

(dd)
≤ C̃0n

2
2
∥∥∥p1(n2) − v̄1

∥∥∥1 + C̃1k
2n2+rn−(1+r)

2 + C̃2k
2|v̄1 − p1

n2|+ 6Mk ζe−ηn

(ee)
≤ C̃0(1 + t1k)3kcve−δp

√
k + C̃1

(
1 + 2

η
log k

)2+r
(t1k)−(1+r)k2

+ C̃2k
3cve−δp

√
k + 6ζM

k
, (2.87)

where (dd) follows from (2.78), (2.79), (2.85) and (2.86); and (ee) follows by noting that

n = d2
η log ke and n2 = dt1ke, and invoking Proposition 17, which implies that v̄1 − p1

` ≤

kcve
−δp
√
k for all ` ∈ {1, . . . , n2}. Because r > 1, each term on the right hand side of (2.87)

converges to 0 as k →∞. Thus,

∆1
π(k)→ 0 (2.88)

as k → ∞. From (2.74) and (2.88), we conclude that ∆bπ(k) = ∑N
i=1 b

i∆i
π(k) → 0 as

k →∞.

Proof of Lemma 12. As before, for simplicity of notation, we suppress the index w in all

variables (e.g., we write αiτ instead of αiτw) and also let Aiτ = ∑τ
s=1 α

i
s for all τ ∈ {1, . . . , Tk}

and i ∈ {1, . . . , N}. Consider the following problem instance θ: let αiτ = 1
Tk

such that

Aiτ = τ
Tk

for all τ = 1, . . . , Tk. Letting α = 1
2T , we also have kατ ≥ α for all τ = 1, . . . , Tk.
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Choose t1, t2 such that 0 < t1 < t2 < T . To show ρ ∈ P3, we verify the conditions

characterizing P3.

(1) Recall that ρκt (p(t)) =
(

1−δTk−t−κ
1−δTk−t

)
pt for p(t) ∈ [p, p̄]t and κ ∈ {1, 2, . . . , Tk − t}. To

prove that ρ ∈ P2(a, r) for some a > 0 and r > 1, choose a = 1 and r = 2 such that∣∣∣∣ ∂∂psρκt (p(t))
∣∣∣∣ = 0 ≤ aκ

(
s
t

)1+r for s = 1, . . . , t − 1, and
∣∣∣∣ ∂∂ptρκt (p(t))

∣∣∣∣ ≤ 1−δTk−t−κ
1−δTk−t

≤

1 ≤ aκ
(
t
t

)1+r. Thus,

ρ ∈ P2(a, r). (2.89)

(2) Because ρTk−tt (p(t)) =
(

1−δ0

1−δTk−t

)
pt = 0 ≤ mini∈{1,...,N}{pit}, we deduce that

ρ
Tk−t
t (p(t)) ≤ min

i∈{1,...,N}
{piTk}. (2.90)

(3) We know that dit(p(t)) = ∑t
τ=1 kα

i
τλ
i
(
uiτ t(p(t))− uiτ t(p(t))

)
for all t ≥ τ . By Lemma

10, we have

uiτ(τ−1)(p
(t)) = uiττ (p(t)) = v̄i, (2.91a)

uiτ(t+1)(p
(t)) = uiτ t(p(t))

= min
{
uiτ t(p(t)), pt + max

κ∈{1,...,Tk−t}

{
(δi)κ

1− (δi)κ
(
pt − ρκt

(
p(t)))}}

for t ∈ {τ, . . . , Tk − 1}, (2.91b)

uiτTk(p(Tk)) = pTk . (2.91c)
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Note that, for all t = 1, . . . , Tk − 1,

pt + (δi)Tk−t

1− (δi)Tk−t
(
pt − ρ

Tk−t
t

(
p(t))) ≤ pt + max

κ∈{1,...,Tk−t}

{
(δi)κ

1− (δi)κ
(
pt − ρκt

(
p(t)))}

(a)= max
κ∈{1,...,Tk−t}

{
pt + (δi)κδTk−t−κ(1− δκ)(

1− (δi)κ
)(

1− δTk−t
)pt

}
(b)
≤ max

κ∈{1,...,Tk−t}

{
pt + (δi)κ(δi)Tk−t−κ(1− (δi)κ)(

1− (δi)κ
)(

1− (δi)Tk−t
) pt

}

= pt + (δi)Tk−t

1− (δi)Tk−t
pt

(c)= pt + (δi)Tk−t

1− (δi)Tk−t
(
pt − ρ

Tk−t
t

(
p(t))),

(2.92)

where (a) and (c) follow because ρκt (p(t)) =
(

1−δTk−t−κ
1−δTk−t

)
pt, and (b) follows because

δ ≤ δi and the mapping x 7→ xTk−t−κ(1−xκ)
1−xTk−t

is monotone increasing in (0, 1). For

simplicity of notation, let

ξit = 1
1− (δi)Tk−t

for t = 1, . . . , Tk − 1, (2.93a)

ξiTk = 1. (2.93b)

From (2.91a)-(2.91c), (2.92) and (2.93a)-(2.93b), we obtain the following:

uiττ (p(τ)) = uiτ(τ−1)(p
(τ−1)) = v̄i, (2.94a)

uiτ(t+1)(p
(t+1)) = uiτ t(p(t)) = min{v̄i, ξiτpτ , . . . , ξitpt} for t ∈ {τ, . . . , Tk − 1},

(2.94b)

uiτTk(p(Tk)) = pTk . (2.94c)

Now, for any i ∈ {1, . . . , N}, denote by C = {p ∈ [0, v̄i]Tk : p1 ≥ . . . pTk} the set of
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feasible price paths. In addition, let

V̄ (p) =
Tk∑
t=1

pt
[
kAit−1λ

ipt−1 + kαitλ
iv̄i − kAitλipt

]
, (2.95a)

V (p, δi) =
Tk∑
t=1

pt

t∑
τ=1

kαiτλ
i
[
uiτ t(p(t), δi)− uiτ t(p(t), δi)

]
. (2.95b)

Denote by (p̄i1, . . . , p̄iTk) = arg maxp∈C
{
V̄ (p)

}
be the price path that maximizes

(2.95a). Similarly, for any i ∈ {1, . . . , N}, we let (pi1, . . . , piTk) ∈ arg maxp∈C
{
V (p, δi)

}
.

We deduce from (2.94a)-(2.94c) that limδi→0
{
uiτ t(p(t), δi)

}
= pt, limδi→0

{
uiτ t(p(t), δi)

}
=

pt−1, and

lim
δi→0

{
V (p, δi)

}
= V (p, 0) = V̄ (p) for p ∈ C. (2.96)

Next, we show that V (p, δi) is Lipschitz-continuous in p with a Lipschitz constant of

5k2T v̄i for all δi ∈ [0, 0.5]. By (2.94a)-(2.94c), we have the following for all δi ∈ [0, 0.5],

τ ∈ {1, . . . , Tk}, and t ∈ {τ, . . . Tk}:

∣∣∣uiτ t(p(t), δi)− uiτ t(p(t), δi)
∣∣∣ ≤ 2v̄i (2.97a)

∣∣∣uiτ t(p1(t), δi)− uiτ t(p2(t), δi)
∣∣∣ ≤ 2

t∑
l=1

∣∣∣p1
l − p

2
l

∣∣∣ (2.97b)

∣∣∣uiτ t(p1(t), δi)− uiτ t(p2(t), δi)
∣∣∣ ≤ 2

t∑
l=1

∣∣∣p1
l − p

2
l

∣∣∣ (2.97c)
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Consequetly, for all p1,p2 ∈ C, and δi ∈ [0, 0.5],

∣∣∣V (p1, δi)− V (p2, δi)
∣∣∣

(d)
≤
∣∣∣∣∣
Tk∑
t=1

p1
t

t∑
τ=1

kαiτλ
i
[
uiτ t(p1(t), δi)− uiτ t(p1(t), δi)

]

−
Tk∑
t=1

p2
t

t∑
τ=1

kαiτλ
i
[
uiτ t(p2(t), δi)− uiτ t(p2(t), δi)

]∣∣∣∣∣
(e)
≤

∣∣∣∣∣∣
Tk∑
t=1

p1
t

t∑
τ=1

kαiτλ
i
[
uiτ t(p1(t), δi)− uiτ t(p2(t), δi)

]
+
[
uiτ t(p2(t), δi)− uiτ t(p1(t), δi)

]∣∣∣∣∣∣
+

∣∣∣∣∣∣
Tk∑
t=1

(p1
t − p2

t )
t∑

τ=1
kαiτλ

i
[
uiτ t(p2(t), δi)− uiτ t(p2(t), δi)

]∣∣∣∣∣∣
(f)
≤ 5kT v̄i

Tk∑
t=1

∣∣∣p1
t − p2

t

∣∣∣ , (2.98)

where (d) follows by (2.95a)-(2.95b), (e) follows by the triangle inequality, and (f)

follows by (2.97a)-(2.97c). From (2.96) and (2.97a)-(2.97c), we conclude that there

exists a non-increasing sequence {δim, m = 1, 2, . . .} with limm→∞{δim} = 0 such that

V (p, δim) converges uniformly to V̄ (p). Letting pi(δim) ∈ arg maxp∈C
{
V (p, δim)

}
, we

have

lim
m→∞

{
pi(δim)

}
= p̄i, (2.99a)

lim
m→∞

{
ξit(δim)

}
= 1 for t ∈ {1, . . . , Tk}. (2.99b)

With σk = ϑke−
√
k, we deduce from (2.99a)-(2.99b) that there existsM ∈ N such that

for all m ≥M ,

pit − p̄it ≥ −σk for i ∈ {1, . . . , N} and t ∈ {1, . . . , Tk}. (2.100)

As a result, the prediction behavior ρ is in P3.
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2.7 Proofs of Auxiliary Results

Proof of Proposition 17. Denote by (p̄i1, . . . , p̄iTk) the price path characterized by the

Bellman equation (2.16). For ρ ∈ P3, there exists t0 ∈ [kt1, kt2] such that pit0 − p̄it0 ≥

−ϑke−
√
k. Thus,

min{v̄i, p̄} − pit0 ≤ min{v̄i, p̄} − p̄it0 + ϑke−
√
k. (2.101)

We complete the remainder of the proof in the following two steps.

Step 1: Derive an upper bound on min{v̄i, p̄} − p̄i` for ` = 1, . . . , Tk. Let βi` = 1
λiAi`

. For

the optimal solution to the Bellman equation (2.16), we state and prove the following lemma.

Lemma 13. (optimal policy in the auxiliary scenario) For all t = 1, 2, . . . , Tk define

a mapping ϕit : [p, p̄]→ [p, p̄] satisfying

ϕit(p) := min
{
v̄i − βit [sit−1(p) + qit(p)], p

}
for all p ∈ [p, p̄], (2.102)

where qit(p) = 1
2 [(1 + yit+1)v̄i − (βit − 2zit+1)sit−1(p)]/(βit − zit+1) for all p ∈ [p, p̄] and

t = 1, 2, . . . , Tk, βi` = 1
λiAi`

, and {yit} and {zit} are constructed via the following backward

iterations: yit = yit+1 −
1
2 [(1 + yit+1)(βit − 2zit+1)]/(βit − zit+1) and zit = 1

4(βit)2/(βit − zit+1)

for t = 1, 2, . . . , Tk, with yiTk+1 = ziTk+1 = 0. Then, p̄it = ϕit(p̄it−1) for all t = 1, 2, . . . , Tk,

where p̄i0 = min{v̄i, p̄}.

Proof of Lemma 13. For simplicity of notation, we suppress the scale parameter k in this

proof. We first prove that there exists l ∈ {1, 2, . . . , T} such that p̄i1 = · · · = p̄il > p̄il+1 >

· · · > p̄iT . Assume towards a contradiction that there exists s ∈ {2, 3, . . . , T − 1} such that

p̄is−1 > p̄is = p̄is+1. Let ε = 1
2(p̄is−1−p̄is) > 0, and consider the price path p̃ = (p̃1, p̃2, . . . , p̃T )

satisfying p̃s = p̄is + ε and p̃t = p̄it for all t ∈ {1, 2, . . . , T} \ {s}. By elementary algebra, we
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deduce that

T∑
t=1

Rit(p̃t−1, p̃t)−
T∑
t=1

Rit(p̄it−1, p̄
i
t)

= Ris(p̃s−1, p̃s) +Ris+1(p̃s, p̃s+1)−Ris(p̄is−1, p̄
i
s)−Ris+1(p̄is, p̄is+1)

(a)= Ris(p̄is−1, p̃s) +Ris+1(p̃s, p̄is+1)−Ris(p̄is−1, p̄
i
s)−Ris+1(p̄is, p̄is+1)

(b)= (p̃s − c)dis(p̄is−1, p̃s) + (p̄is+1 − c)dis+1(p̃s, p̄is+1)− (p̄is − c)dis(p̄is−1, p̄
i
s)

− (p̄is+1 − c)dis+1(p̄is, p̄is+1)

where (a) follows because p̃t = p̄it for all t ∈ {1, 2, . . . , T} \ {s}, and (b) follows because

Rit(pt−1, pt) = (pt − c)dit(pt−1, pt) for all t. Therefore,

T∑
t=1

Rit(p̃t−1, p̃t)−
T∑
t=1

Rit(p̄it−1, p̄
i
t)

= (p̃s − p̄is)dis(pis−1, p̃s) + (p̄is − c)
[
dis(p̄is−1, p̃s)− dis(p̄is−1, p̄

i
s)
]

+ (p̄is+1 − c)
[
dis+1(p̃s, p̄is+1)− dis+1(p̄is, p̄is+1)

]
(c)= εdis(p̄is−1, p̃s) + (p̄is − c)

[
dis(p̄is−1, p̃s) + dis+1(p̃s, p̄is+1)− dis(p̄is−1, p̄

i
s)− dis+1(p̄is, p̄is+1)

]
(d)= εdis(p̄is−1, p̃s) = ε

[
λiβis−1(p̄is−1 − p̃s) + λiαis(v̄i − p̄is)

]
> 0,

where (c) follows because p̃s = p̄is + ε and p̄is = p̄is+1, and (d) follows because di(p̄is−1, p̃s) +

di(p̃s, p̄is+1) = di(p̄is−1, p̄
i
s) + di(p̄is, p̄is+1). Thus, a price path p̄i cannot be optimal if there

exists s ∈ {2, 3, . . . , T − 1} such that p̄is−1 > p̄is = p̄is+1. Consequently, there exists l ∈

{1, 2, . . . , T} such that p̄i1 = · · · = p̄il > p̄il+1 > · · · > p̄iT .

We now prove the statement of the lemma by considering two cases for period t.

Case 1: t > l. We know that p̄it−1 > p̄it > · · · > p̄iT , which we use to derive a formula

for pit. Note that there is a one-to-one correspondence between pt−1 and sit−1(pt−1) =

λAit−1(v̄i − pt−1). Thus, we can employ sit−1(pt−1) as the state descriptor of the dynamic
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program characterized by (2.16). More formally, we let hit(s) = v̄i − s/(λAit), and define

Ũ it (s) = U it
(
hit−1(s)

)
for all s ∈ R. Therefore, Ũ it

(
sit−1(pt−1)

)
= U it (pt−1). With slight

abuse of notation, we suppress the dependence of sit−1(pt−1) and qit(pt−1) on pt−1, letting

sit−1 = sit−1(pt−1) and qit = qit(pt−1) for all t = 1, 2, . . . , T . To complete the proof for the

case where t > l, we use the following lemma, the proof of which is deferred to the end of

this section.

Lemma 14. (optimal prices and value function in the auxiliary scenario) For all

t > l,

p̄it = v̄i − βit (sit−1 + qit), (2.103a)

Ũ it (sit−1) = xit(v̄i − c)2 + yit(v̄i − c)sit−1 + zit(sit−1)2, (2.103b)

qit = 1
2 [(1 + yit+1)(v̄i − c)− (βit − 2zit+1)sit−1]/(βit − zit+1), (2.103c)

where:

xit = xit+1 + 1
4(1 + yit+1)2/(βit − zit+1), (2.104a)

yit = yit+1 − 1
2 [(1 + yit+1)(βit − 2zit+1)]/(βit − zit+1), (2.104b)

zit = 1
4(βit)2/(βit − zit+1), (2.104c)

with xiT+1 = yiT+1 = ziT+1 = 0.

By (2.103a) in Lemma 14, we deduce that the optimal solution in period t > l is ϕit(pt−1) =

v̄i − βit [sit−1(pt−1) + qit(pt−1)].

Case 2: t ≤ l. We know that the optimal solution in period t ≤ l is ϕit(pt−1) = pt−1.

Combining our findings in Cases 1 and 2, we conclude that the optimal solution in period

t ∈ {1, 2, . . . , T} is ϕit(pt−1) = min
{
v̄i − βit [sit−1(pt−1) + qit(pt−1)], pt−1

}
.

Having proven Lemma 13, we now complete the remainder of the proof of Proposition

17. In what follows, we prove by induction that min{v̄i, p̄}− p̄i` ≤ `(v̄1−c)(1−Gk−1/2)kT−`
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for all ` ∈ {1, . . . , Tk} and sufficiently large values of k (which are specified below). For the

base step, we apply Lemma 13 and obtain that

p̄i1 = ψi1(p̄i0) = min
{
p̄i0 −

qi1(p̄i0)
kλiAi1

, p̄i0

}
= p̄i0 −

qi1(p̄i0)
kλiAi1

. (2.105)

In the preceding identity, qi1(p̄) is given by

qi1(p̄i0) (a)= (1 + yi2)(v̄i − c)

2
(

1
kλiAi1

− zi2
) (b)= 2k2(λi)2(Ai1)2zi1(1 + yi2)(v̄i − c), (2.106)

where (a) and (b) follow by (2.103c) and (2.104c), respectively, in Lemma 14. Let Xi
t =

2kλiAitzit. Then, by (2.106), qi1(p̄) satisfies

qi1(p̄i0) = kλiAi1X
i
1(1 + yi2)(v̄i − c)

(c)
≤ kλiAi1(1 + yi1)(v̄i − c), (2.107)

where (c) follows by (2.104b) in Lemma 14, which implies that Xi
1(1 + yi2) = 1 + yi1. Now,

consider the following lemma, the proof of which is deferred to the end of this section.

Lemma 15. (coefficients of auxiliary value function) Given i ∈ {1, . . . , N}, the se-

quences {xit}, {yit}, and {zit} satisfy the following:

(i) Let k ∈ {1, 2, . . .}. Then, zit+1 < zit, and zit < 1/(2kλiAit) for t = 1, . . . , Tk. Further-

more, zit ≤ Mz for t = 1, . . . , Tk, where Mz is a positive constant that is independent

of k.

(ii) There exist positive constants K and G such that, if k ≥ K, then (1 + yit)/(1 + yit+1) ≤

1−Gk−1/2, and 1 + yit ≤ (1−Gk−1/2)kT−t for t = 1, . . . , Tk.

By Lemma 15(ii), we deduce that, if k ≥ K, then qi1(p̄i0) ≤ kλiAi1(v̄i − c)(1−Gk−1/2)kT−1.

Combining this inequality with (2.105), we further deduce that, if k ≥ K, then we have the
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following:

v̄i − p̄i1 = qi1(p̄i0)
kλiAi1

≤ (v̄i − c)(1−Gk−1/2)kT−1. (2.108)

For the induction step, assume that min{v̄i, p̄}− p̄i`−1 ≤ (`− 1)(v̄i− c)(1−Gk−1/2)kT−`+1,

where ` ≥ 2. Note that, if p̄i` = p̄i`−1, then

min{v̄i, p̄} − p̄i` = min{v̄i, p̄} − p̄i`−1

≤ (`− 1)(v̄i − c)(1−Gk−1/2)kT−`+1 ≤ `(v̄i − c)(1−Gk−1/2)kT−`.

(2.109)

On the other hand, if p̄i` < p̄i`−1, then we have

min{v̄i, p̄} − p̄i` = min{v̄i, p̄} − ϕi`(p̄
i
`−1) (d)=

qi`(p̄
i
`−1) + si`−1(p̄i`−1)

kλiAi`

(e)=
(1 + yi`+1)(v̄i − c) + si`−1(p̄i`−1)

kλiAi`

2kλiAi`
(

1
kλiAi`

− zi`+1

)
(f)= 2kλiAi`z

i
`

[
(1 + yi`+1)(v̄i − c) +

si`−1(p̄i`−1)
kλiAi`

]

(g)= Xi
`(1 + yi`+1)(v̄i − c) +

Xi
`s
i
`−1(p̄i`−1)
kλiAi`

,

(2.110)

where (d) follows by Lemma 13, and the fact that p̄i` < p̄i`−1; (e) and (f) follow by (2.103c)

and (2.104c), respectively, in Lemma 14; and (g) follows because Xi
` = 2kλiAi`z

i
`. Note that,

by the induction hypothesis, si`−1(p̄i`−1) = kλiAi`−1(v̄i− p̄i`−1) ≤ kλiAi`−1(`− 1)(v̄i− c)(1−
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Gk−1/2)kT−`+1. Therefore, (2.110) implies that, if k ≥ K, then

min{v̄i, p̄} − p̄i`
(h)
≤ (v̄i − c)(1−Gk−1/2)kT−` +

Xi
`s
i
`−1(p̄i`−1)
kλiAi`

(i)
≤ (v̄i − c)(1−Gk−1/2)kT−` + (`− 1)(v̄i − c)

Ai`−1
Ai`

(1−Gk−1/2)kT−`+1

≤ `(v̄i − c)(1−Gk−1/2)kT−`, (2.111)

where (h) follows by Lemma 15(ii) and the fact that Xi
` = (1 + yi`)/(1 + yi`+1); and (i)

follows because si`−1(p̄i`−1) ≤ kλiAi`−1(`−1)(v̄i−c)(1−Gk−1/2)kT−`+1 under the induction

hypothesis, and Xi
` ≤ 1 by Lemma 15(i). This implies that, if k ≥ K, then min{v̄i, p̄}− p̄i` ≤

`(v̄i − c)(1−Gk−1/2)kT−` for all ` = 1, . . . , Tk and all i ∈ {1, . . . , N}.

Step 2: Derive the desired upper bound on min{v̄i, p̄} − pit. Given t0 ∈ [kt1, kt2], we have

the following for all t ≤ t0 and k ≥ k1 = max{K, G2}:

min{v̄i, p̄} − pit
(j)
≤ min{v̄i, p̄} − pit0
(k)
≤ min{v̄i, p̄} − p̄it0 + ϑke−

√
k

(l)
≤ t0(v̄i − c)(1−Gk−1/2)kT−t0 + ϑke−

√
k

(m)
≤ kt2(v̄i − c)(1−Gk−1/2)(T−t2)k + ϑke−

√
k

(n)
≤ kt2(v̄i − c)e−

1
2G(T−t2)

√
k + ϑke−

√
k

(o)
≤ kcve

−δp
√
k,

where (j) follows because pit ≥ pit0 for t ≤ t0; (k) follows from (2.101); (l) follows from (2.111);

(m) follows because t0 ∈ [kt1, kt2], which implies that t0 ≤ kt2 and kT − t0 ≥ (T − t2)k;

(n) follows because (1 − Gk−1/2)
√
k ≤ e−G for k ≥ G2; and (o) follows by choosing δp ∈(

0,min
{

1, 1
2G(T − t2)

})
such that e−

1
2G(T−t2)

√
k ≤ e−δp

√
k and e−

√
k ≤ e−δp

√
k. To

complete the proof, we choose cv > 0 such that cv ≥ t2(maxi∈{1,...,N}{v̄i} − c) + ϑ for all
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k = 1, 2, . . .

Proof of Lemma 14. We prove the lemma by backward induction. For the base step, note

that AiT = 1, and

Ũ iT (siT−1) = max
pT

{
(pT − c) d

i
T

(
hiT−1(siT−1), pT

)}
= max

pT

{
(pT − c)

(
v̄i − pT
βiT

− siT−1

)}
(a)= max

qT

{
[v̄i − c− βiT (siT−1 + qT )]qT

}
,

(2.112)

where (a) follows by the change of variable qT = (v̄i − pT )/βiT − s
i
T−1. The maximizer of

the optimization problem on the right hand side of (2.112) is qiT = (v̄i− c−βiT s
i
T−1)/(2βiT ),

implying that the optimal price for period T is p̄iT = v̄i − βiT (siT−1 + qiT ). Therefore, the

optimal value function in period T is Ũ iT (siT−1) = xiT (v̄i−c)2 +yiT (v̄i−c)siT−1 +ziT (siT−1)2,

where: xiT = 1/(4βiT ), yiT = −1/2, and ziT = 4βiT . For the induction step, assume that

p̄ik = v̄i − βik (sik−1 + qik),

Ũ ik(sik−1) = xik(v̄i − c)2 + yik(v̄i − c)sik−1 + zik(sik−1)2,

for all k ∈ {t+ 1, t+ 2, . . . , T}. Consequently, we have the following for period t:

Ũ it (sit−1) = max
pt

{
(pt − c)dit

(
hit−1(sit−1), pt

)
+ Ũ it+1(sit)

}
= max

pt

{
(pt − c)

(
v̄i − pt
βit

− sit−1

)
+ Ũ it+1(sit)

}
(b)= max

qt

{
[v̄i − c− βit(sit−1 − qt)]qt + Ũ it+1(sit)

}
,
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where (b) follows by the change of variable qt = (v̄i − pt)/βit − sit−1. Thus,

Ũ it (sit−1) (c)= max
qt

{
− βitq2

t + (v̄i − c− βitsit−1)qt

+ xit+1(v̄i − c)2 + yit+1(v̄i − c)(sit−1 + qt) + zit+1(sit−1 + qt)2
}

= max
qt

{
(−βit + zit+1)q2

t +
[
(1 + yit+1)(v̄i − c)− (βit − 2zit+1)sit−1

]
qt

+ xit+1(v̄i − c)2 + yit+1(v̄i − c)sit−1 + zit+1(sit−1)2
}
, (2.113)

where (c) follows by the induction hypothesis and the fact that qt = (v̄i − pt)/βit − sit−1 =

sit− sit−1. By Lemma 15(i), we have zit+1 ≤ 1/(2λAit+1) < 1/(2λAit) < 1/(λAit) = βit , which

implies that −βit + zit+1 < 0. Hence, the maximization problem on the right hand side of

(2.113) has a concave objective function, and the associated maximizer is

qit =
(1 + yit+1)(v̄i − c)− (βit − 2zit+1)sit−1

2(βit − zit+1)
.

This implies that p̄it = v̄i − βit (sit−1 + qit). As a conclusion, the optimal value function in

period t is

Ũ it (sit−1) =
(
xit+1 +

(1 + yit+1)2

4(βit − zit+1)

)
(v̄i − c)2 +

(
yit+1 −

(1 + yit+1)(βit − 2zit+1)
2(βit − zit+1)

)
(v̄i − c)sit−1

+
(
zit+1 +

(βit − 2zit+1)2

4(βit − zit+1)

)
(sit−1)2

(d)= xit(v̄i − c)2 + yit(v̄i − c)sit−1 + zit(sit−1)2,

where (d) follows by (2.104a), (2.104b), and (2.104c).

Proof of Lemma 15. To simplify notation, we suppress the superscripts in {xit}, {yit}, and

{zit}.

We prove (i) by induction. For the base step, we first note that zTk+1 = 0, and that zTk =

1/(4kλ) < 1/(2kλ) = 1/(2kλATk). This implies that zTk+1 < zTk , and zTk < 1/(2kλATk).
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For the induction step, suppose that (i) holds for period t+ 1. Then,

zt = 1
4kλAt − (2kλAt)2zt+1

<
1

4kλAt −
2kλA2

t
At+1

<
1

4kλAt − 2kλAt
= 1

2kλAt
.

Furthermore, zt = 1/(4kλAt−4k2λ2A2
t zt+1) < zt+1, because −4k2λ2A2

t z
2
t+1 +4kλAtzt+1−

1 = −(1 − 2kλAtzt+1)2 < 0. This proves that zt+1 < zt, and zt < 1/(2kλAt) for t =

1, . . . , Tk. Now, since At ≥ α/k, we further have zt < 1/(2kλAt) ≤ Mz, where Mz =

1/(2αλ).

To prove (ii), we note that (2.104b) and (2.104c) in Lemma 14 implies that

1 + yt
1 + yt+1

= 1
2kλAt( 1

kλAt
− zt+1)

= 2kλAtzt.

Letting Xt = 2kλAtzt, the preceding identity becomes 1 + yt = Xt(1 + yt+1). Moreover,

letting rt = At/At+1 < 1, we deduce from (2.104c) in Lemma 14 that

Xt = 2kλAtzt = 1
2− 2kλAtzt+1

= 1
2− rtXt+1

for all t = 1, . . . , Tk − 1. Note that Xt > 0, and XTk = 2kλATkzTk = 1
2 . Because α ≤ kαt

for all t, we have rt ≤ (k − α)/k < 1 for all t ∈ {1, . . . , Tk}. Let γk = (k − α)/k, and define

a sequence {Yt} such that YTk = 1
2 , and

Yt−1 = 1
2− γkYt

for all t ≤ Tk.

Now, we find G > 0 and K > 0 such that, if k ≥ K, then maxt∈{1,...,Tk}{Xt} ≤ 1−Gk−1/2.

To that end, we first show by induction that, for all t ≤ Tk, (a) Yt−1 ≥ Yt, (b) Yt < 1,

and (c) Yt ≥ Xt. For the base step, note that, because γk > 0 and YTk > 0, we have

YTk−1 ≥ 1
2 = YTk . Moreover, YTk = 1

2 < 1, and YTk = XTk = 1
2 . Thus, (a-c) hold for

t = Tk. For the induction step, assume that (a-c) hold for period t + 1. Then, Yt−1 =
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1
2−γkYt ≥

1
2−γkYt+1

= Yt. In addition, Yt = 1
2−γkYt+1

< 1
2−γk < 1. Finally, since γk ≥ rt and

Yt+1 ≥ Xt+1, we have Yt = 1
2−γkYt+1

≥ 1
2−rtXt+1

= Xt. This proves that (a-c) hold for all

t ≤ Tk. Because the mapping y 7→ 1
2−γky is continuous on [ 1

2 , 1], we deduce from (a) and (b)

that there exists Y ∈ R such that limt→−∞{Yt} = Y = 1
2−γkY . Since Yt < 1 for all t ≤ Tk,

this implies that

lim
t→−∞

{Yt} = Y = 1−√1− γk
γk

= 1
1 +√1− γk

= 1
1 +

√
α/k

.

Consequently, letting K = α, we deduce the following if k ≥ K:

Y = 1
1 +

√
α/k

= 1−
√
α√

k +√α
≤ 1−

√
α

2
√
k
. (2.114)

By (iii), Yt ≥ Xt for all t ≤ Tk; hence, (2.114) implies that, if k ≥ K, then

max
t∈{1,...,Tk}

{Xt} ≤ max
t∈{1,...,Tk}

{Yt} ≤ Y ≤ 1−Gk−1/2,

where G = 1
2
√
α. As a result, (1 + yt)/(1 + yt+1) = Xt ≤ 1 − Gk−1/2, and 1 + yt =

Xt(1+yt+1) ≤ (1−Gk−1/2)kT−t(1+yTk+1) = (1−Gk−1/2)kT−t for all t ∈ {1, . . . , Tk}.

2.8 On Rational Expectation Equilibria

In this section, we discuss the existence of rational expectation equilibria in our problem

formulation, which includes the subgame perfect equilibria under Hi as special cases. For-

mally, a rational expectation equilibrium in the context of our setting is defined as follows.

(As before, we suppress the dependence of the mathematical expressions on ρ for purposes

of exposition.)

Definition 4. (rational expectation equilibrium) A rational expectation equilibrium is

a pair (ρ, π) consisting of a prediction behavior ρ and a pricing policy π such that for any

t ∈ {1, . . . , Tk}, bt ∈ B, and p(t−1) ∈ [p, p̄]t−1 with p1 ≥ p2 · · · ≥ pt−1, the pair (ρ, π)
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induces a price path (pt, . . . , pTk) satisfying the following three properties:

(i) optimality of the customers’ purchasing decisions (2.1) under the prediction behavior

ρ,

(ii) optimality of the seller’s pricing policy π; i.e., π ∈ arg maxπ̃∈Π Ebπ̃
{∑Tk

t=1Rt
(
bt,p

(t)
)}

,

(iii) consistency of predictions: Ebπ
{
ρκ` (p(`))|p(t−1), bt

}
= Ebπ

{
p`+κ|p(t−1), bt

}
for ` =

t, . . . , Tk − 1 and κ = 1, . . . , Tk − `.

In the following result, we prove the existence of rational expectation equilibria in our setting.

Proposition 18. (existence of equilibrium) There exists a rational expectation equilib-

rium in our setting.

Proposition 18 establishes that our general formulation accommodates a rational ex-

pectation equilibrium where the customers’ prediction behavior ρ and the seller’s pricing

policy π depend on each other. This is based on the assumption that every customer knows

with certainty the seller’s pricing policy as well as the other customers’ prediction behavior.

While our formulation subsumes this equilibrium as a special case, our goal is to shed light

not only on this case but also on a broader set of scenarios motivated by practical applica-

tions. Therefore, for certain parts of our analysis, we relax the assumption on the customers’

knowledge of the seller’s policy and other customers’ predictions and consider a more general

formulation.

Proof of Proposition 18. To describe the optimal policy under demand model uncertainty,

we first let Rt
(
bt,p

(t)
)

= (pt − c)
∑N
i=1 b

i
td
i
t

(
p(t)

)
be the seller’s expected profit in period

t. Given the problem scale k ∈ {1, 2, . . . }, the aforementioned optimal policy solves the

following markdown pricing problem:

V b = max
π∈Π

Ebπ


Tk∑
t=1

Rt
(
bt,p

(t)). (2.115)
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We can formulate (2.115) as a dynamic program in which the seller’s belief bt and price

history p(t−1) serve as state descriptors. Accordingly, the Bellman equation characterizing

the optimal policy can be expressed as

Ut
(
bt,p

(t−1)) = max
pt∈[p,p̄]

{
Rt(bt,p(t)) +

∫
y∈B

Ut+1(y, pt)ψ(bt,p(t),y) dy : pt ≤ pt−1

}

(2.116)

for t = 1, 2, . . . , Tk, subject to the boundary condition UTk+1
(
bTk+1,p

(Tk)
)

= 0. In the

Bellman equation (2.116), Ut
(
bt,p

(t−1)
)
is the maximum expected total profit in periods

{t, t+1, . . . , Tk} given that the seller’s belief and price history are bt and p(t−1), respectively,

at the beginning of period t.

For any prediction behavior ρ, we first show the existence of an optimal policy π. For any

t ∈ {1, . . . , Tk}, given state variable (p(t−1), bt) and prediction behavior ρ, this is equivalent

to show that there exists an optimal solution to the Bellman equation (2.116).

We prove this claim by induction. For ` = Tk, given that p1 ≥ p2 ≥ · · · ≥ p`−1 and

b`+1 ∈ B, we have U`+1(b`+1,p
(`)) = 0; hence, the function U`+1(b`+1,p

(`)) is continuous.

This implies that, for ` = Tk, the objective value function in (2.116) is continuous in p`. Given

that p` ∈ [p, p`−1], we deduce from Weierstrass’s extreme value theorem that there exists

an optimal solution to Bellman equation (2.116) for ` = Tk. By Berge’s maximum theorem,

the value function U`(b`,p(`−1)) is continuous at (b`,p(`−1)). Inductively, we replicate the

proof arguments to show that there exists an optimal solution to Bellman equation (2.116)

for all ` ∈ {1, . . . , Tk}. Moreover, the optimal policy π`(b`,p(`−1)) is upper hemicontinuous

for each ` ∈ {1, . . . , Tk}.

To complete the proof of the proposition, it is sufficient to show that given ` ∈ {1, . . . , Tk},

b` ∈ B, and p(`−1) ∈ [p, p̄]`−1 with p1 ≥ p2 ≥ · · · ≥ p`−1, there exists a prediction behavior

ρ and an optimal policy π such that condition (iii) in Definition 4 is satisfied. For each

` = 1, . . . , Tk, define a convex compact set P` = {(y`, . . . , yTk) ∈ [p, p`−1]Tk−`+1 : y` ≥ · · · ≥
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yTk}. We consider the class of constant prediction functions ρ where ρκt
(
p(`−1), x`, . . . , xt

)
=

yt+κ for all decreasing vectors (x`, . . . , xt) ∈ [p, p`−1]t−`+1 with t ∈ {`, . . . , Tk − 1}, κ ∈

{1, . . . , Tk−`}, and yt = (yt, . . . , yTk) ∈ Pt. Under this class of constant prediction behavior,

we define the correspondence Φ : Pt → 2Pt that maps yt ∈ Pt to the set of expected price

paths induced by the optimal policy π. To abuse some notation, we parameterize the optimal

solution πt(bt,p(t−1),yt) of (2.116) in terms of vector yt. Formally, we can express Φ(·) as

Φ(y`) =
{

(x`, . . . , xTk) : xt = Ebπρ
{
pt | b`,p(`−1)},

where pt = πt(bt,p(t−1),yt), for t = `, . . . , Tk

}
. (2.117)

Since πt(bt,p(t−1),yt) is upper hemicontinuous for all t ∈ {`, . . . , Tk}, it readily follows that

Φ(yt) is upper hemicontinuous. Since Pt is a compact set, it follows that Φ(yt) is closed.

By the closed graph theorem, the correspondence Φ(yt) is a closed graph. Thus, we deduce

from Kakutani’s fixed point theorem that there exists yt ∈ Pt such that yt ∈ Φ(yt).

Since the arguments can be applied to all t ∈ {1, . . . , Tk}, this completes the proof that

a rational expectation equilibrium exists.

2.9 Discussions about Conditions 5 and 6

In a markdown setting, the existence of a market-preserving and demand discriminative price

path in the early periods of sales horizons is crucial. If Condition 5 or Condition 6 is not

satisfied, the seller would potentially run into a situation where either there is no demand-

discriminative price or all demand-discriminative prices are too low. Thus, the seller would

either have insufficient information on the demand model or be unable to preserve the market

size in the early periods. Both of these outcomes would result in extensive profit loss. In the

next result, we quantify the amount of profit loss due to demand model uncertainty in this

scenario.

Proposition 19. (no market-preserving and informative price)
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(i) Suppose that Condition 5 does not necessarily hold. Let π ∈ Π, and b ∈ B such that

bi < 1 for all i ∈ {1, . . . , N}. Then, there exists a constant c8 > 0 such that, under

any exogenous customer prediction behavior ρ ∈ P,

sup
θ∈Θ
{∆bπρ(k,θ)} ≥ c8k (2.118)

for k = 1, 2, . . .

(ii) Now, suppose that Condition 6 does not necessarily hold. Let π ∈ Π, and b ∈ B such

that bi < 1 for all i ∈ {1, . . . , N}. Then, there exists c9 > 0 such that, under any

endogenous customer prediction behavior ρ ∈ P with (ρ, π) satisfying Condition 4,

sup
θ∈Θ
{∆̃bπρ(k,θ)} ≥ c9k (2.119)

for k = 1, 2, . . .

To derive Proposition 19, we quantify the impact of the profit reduction caused by either

insufficient demand information or marking down the price too early. This proposition

shows that, in the absence of Condition 5 or Condition 6, the profit loss due to demand

model uncertainty grows linearly in problem scale k, which is the highest possible growth

rate of the profit loss. Thus, this result shows why one needs Conditions 5 and 6 to achieve

good profit performance.

Proof of Proposition 19. As in preceding proofs, we suppress the dependence of the

mathematical expressions on ρ for brevity.

Proof of (i). We first construct a problem instance θ ∈ Θ. Let k ∈ {1, 2, . . . }, and

suppose that there are two hypotheses, namely H1 and H2. Thus, N = 2. Set c = 0, p = 0,

p̄ = 5. Let T = 1 such that Tk = k. Furthermore, let the arrival matrix αi be such that

αiτ0 = 1
Tk

and αiτw = 0 with w 6= 0 for τ = 1, . . . , Tk, and suppose that the possible market

density functions are as follows: λ1(v) = 1
2 for v ∈ [0, 4] and λ2(v) = 1

2 for v ∈ [7
2 , 4]. For
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simplicity of notation, we suppress the problem parameter vector θ in ∆bπ(k,θ) and write

∆bπ(k) instead.

In the above construction, regardless of customers’ prediction function ρ ∈ P, customers

come to the system, decide whether or not to pruchase, and then they leave the system.

Consequently, for any p(t) ∈ [0, 2]t, we deduce that the expected demand in period t under

H1 and H2 are

d1
t (p(t)) =

∫
pt≤v≤4

λ1(v)dv = 2− 1
2pt for pt ∈ [0, 4],

d2
t (p(t)) =

∫
pt≤v≤4

λ2(v)dv =


2− 1

2pt for pt ∈ [7
2 , 4],

1
4 for pt ∈ [0, 7

2),

respectively. The profit-maximizing prices under H1 and H2 are p1 = arg maxp∈[0,4]
{
p(2−

1
2p)

}
= 2 and p2 = arg maxp∈[7

2 ,4]
{
p(2 − 1

2p)
}

= 7
2 , respectively. Under these profit-

maximizing prices, we have d1
t (p1(t)) = 1 and d2

t (p2(t)) = 1
4 for all t = 1, . . . , Tk. In this

construction, we also have p1 > p2 and p1d1
t (p1(t)) = 2 > 7

8 = p2d2
t (p2(t)).

For any given policy π, let (b1, . . . , bTk) and (p̂1, . . . , p̂Tk) be the belief and price processes

induced by policy π, where bt = (bt, 1 − bt) for all t = 1, . . . , Tk. Moreover, given π ∈ Π,

we define Eb,iπ {·} = Ebπ{· |Hi} for all b ∈ B and i ∈ {1, . . . , N}. Consider the following two

cases:

Case 1: p1 < 3. By the markdown condition, we have p1 ≥ pt for all t = 1, . . . , Tk. Then,

∆bπ(k) ≥ (1− b)Eb,2π
{ Tk∑
t=1

p2d2
t (p2(t))− ptd2

t (p(t))
}

= (1− b)
Tk∑
τ=1

(
7
2 ·

1
4 − 3 · 1

4

)
= 1

8(1− b)k.

Case 2: p1 ≥ 3. In this case,

∆bπ(k) ≥ bEb,1π

{ Tk∑
τ=1

p1d1
t (p1(t))− ptd1

t (p(t))
}
≥ b

Tk∑
τ=1

(
2 · 1− 3 · 1

2

)
= 1

2bk.

Letting c8 = min{1
2b,

1
8(1− b)} > 0, we have ∆bπ(k) ≥ c8k for all k = 1, 2, . . . .
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Proof of (ii). Since the problem instance in the proof of (i) consists of customers with

w = 0, the same problem instance can be used to establish (ii).
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CHAPTER 3

TO INTERFERE OR NOT TO INTERFERE: INFORMATION

REVELATION AND PRICE-SETTING INCENTIVES IN A

MULTIAGENT LEARNING ENVIRONMENT

3.1 Introduction

3.1.1 Background and overview

Marketplace platforms enable a multitude of sellers provide their products or services to

customers. For example, in the accommodation industry, travelers use Airbnb to book

listings offered by individual hosts; in the freelancing industry, workers advertise their skills

on Upwork and arriving customers request their services. A notable feature of such platforms

is that in most cases, they do not control transaction prices—instead, sellers post prices for

their products or services, and arriving customers decide whether to purchase these products

or services. Platforms derive revenue by extracting commissions on marketplace transactions.

Fixed commission rates are stable, simple, and most importantly, credible to the participants.

As a result, under such commission contracts, how sellers pick their prices has a significant

impact on platforms’ revenues.

In this paper, we consider how a marketplace platform maximizes its revenue in the

context of demand model uncertainty. The platform and its sellers do not necessarily have

perfect information about the relationship between prices and demand, and they need to

learn this relationship from accumulating transaction data. Thus, the sellers typically have

a hard time determining prices to maximize their revenues, resulting in losses for both them-

selves and the platform. The sellers might potentially be better off relinquishing control to

the platform, because the platform has access to much more information. As large tech-

nology firms, platforms are able to collect rich contextual information such as customers’

browsing and consumption history, personal information, etc. The access to this informa-
298



tion allows platforms to estimate demand models more accurately. However, it is difficult

for the platform to make credible price recommendations to the sellers, because the sellers

would not necessarily believe that the platform is acting on the sellers’ best interest. Thus,

the platform must design incentives to motivate the sellers to choose their prices.

We consider two types of levers to accommodate the price-setting challenges under in-

formation asymmetry and demand model uncertainty. The first one is broadly related to

information revelation: a platform can actively disclose some market information to the par-

ticipating sellers to help them determine prices. For instance, Airbnb shares its estimated

demand function with the hosts (see 97), and Upwork frequently provides reports about the

popularity trend of different task categories to its freelancers (see 98). In contrast, Amazon

does not share any demand information with the sellers (see 99). The second tool that a

platform often uses is to offer price-setting incentives to its sellers. As an example, Airbnb

currently offers hosts monetary rewards to join its premium program, resulting in hosts

increasing their listing prices (see 100).

To study how to best use the aforementioned levers, we formulate a multi-period setting

with a finite population of sellers. In each period, the arriving customers are characterized by

a random and high-dimensional feature vector, and the sellers determine their own prices in

the marketplace. Each seller’s sales are generated by a demand model, which jointly depends

on the sellers’ prices and the customers’ features. A key characterization of our model is

that the sellers and the platform face different levels of demand model uncertainties at the

beginning. The platform knows about the demand models’ functional forms and is able to

observe the customers’ features, with the only uncertainty being the true demand model

parameters; in comparison, the sellers are not able to observe the customers’ features. The

platform designs a stopping rule on the timing of information revelation to the sellers, which

could be never or at a finite time. Once the platform’s market information is disclosed,

both the sellers and the platform share equal amount of information on the demand learning

process. Apart from the information revelation decision, the platform can offer reward
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contracts to the sellers as price-setting incentives throughout the time horizon. It is worth

noting that designing reward contracts before information revelation is challenging due to

the platform’s limited knowledge about the sellers’ decision process. In this setting, we

focus on the platform’s revenue after paying the rewards to the sellers (i.e., the operating

margin). We study the performance of different policies based on the cumulative regret over

T periods i.e., the gap between the platform’s T -period expected revenue under demand

model uncertainty and that in a clairvoyant case where the platform and the sellers have full

information about the demand model. Our analysis of this setting investigates the value of

information revelation in a demand learning environment.

3.1.2 Main contributions and qualitative insights

Policy analysis. Our work identifies a dilemma that a platform faces in demand-learning

environment. On one hand, the platform may seek to withhold information from sellers

to exploit its informational advantage, while on the other hand, the platform may wish to

share information to better manage the sellers’ price-setting incentives. Thus, the value and

timing of the platform’s information revelation are ex-ante unclear. We consider three types

of learning policies: (1) a do-nothing (DN) policy that reveals no information and offers no

price-setting incentives, (2) a reveal-and-incentivize (RI) policy that reveals all information

and offers price-setting incentives, and (3) a strategic-reveal-and-incentivize (SRI) policy

that judiciously chooses the time at which information is revealed and offers price-setting

incentives. The following table summarizes the regret results we derive for each policy.
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Table 3.1: Summary of Results

policy “good cases” “bad cases”

do-nothing (DN) regret ≈ −T regret ≈ T

reveal-and-incentivize (RI) regret ≈
√
T log(T ) regret ≈

√
T log(T )

strategic-reveal-and-incentivize (SRI) regret ≈ −T regret ≈
√
T log(T )

The poor performance of the do-nothing policy in the context of social optimality has been

studied in the antecedent literature. Setting the performance benchmark as the platform’s

full-information optimal revenue (as in Proposition 20), one might think that the same

intuition holds in our setting. Our analysis sheds a new light on this point: the preservation

of information asymmetry in the demand learning process might create an opportunity for

the platform to reduce its regret to a negative and linearly decreasing order of magnitude—

see Theorem 11(i). But without the platform’s intervention, the sellers might also update

their prices in a way that causes a linearly growing regret for the platform—see Theorem

11(ii). Because of its drastically different learning outcomes, the do-nothing policy is a risky

strategy for the platform. We characterize when the regret of the do-nothing policy turns

out to be negative (the “good cases” in Table 3.1) versus positive (the “bad cases” in Table

3.1)—see Proposition 21.

To avoid the aforementioned risks, the platform can give up its informational advantage

at the outset in exchange for higher accuracy in managing the sellers’ price-setting incentives

(see the reveal-and-incentivize policy in Algorithm 1). We establish that under this policy,

the platform is able to achieve a regret that grows sublinearly in terms of the time horizon

(see Theorem 12). This result highlights the benefit of information revelation in protecting

the platform from triggering large revenue loss due to demand model uncertainty. However,

the same result also suggests that this policy can be too conservative in trading informational

301



advantages for easier management of the sellers’ incentives.

Combining the merits of the two policies above, we include the strategic timing of in-

formation revelation in designing the price-setting incentives (see the strategic-reveal-and-

incentivize policy in Algorithm 2). The key observation in designing this type of policy is

that it is possible to incentivize the sellers to set a price profile that facilitates the plat-

form’s demand learning. After accumulating sufficient information on the demand models,

the platform can make a clever decision on the timing of information disclosure. We show

that this class of policy achieves a negative and linearly decreasing regret in the “good cases”

(see Theorem 13(i)), and is also robust against the “bad cases”, with a regret that grows

sublinearly in the time horizon (see Theorem 13(ii)).

Theoretical contributions. We make three theoretical contributions to the literature

on dynamic pricing with demand learning. First, our paper characterizes a dynamic learning

problem in a platform setting. A distinguishing feature that differentiates our work from

earlier studies is that the platform does not directly control the prices. In particular, few

papers have analyzed how information asymmetry creates both opportunities and challenges

for a central planner’s learning process. Second, noting that earlier related studies focus

on generalized linear demand models (see 101, 83, 102, 103), we extend the analysis of

demand learning to systems of general demand models. Identifying the key properties of the

empirical Fisher information matrix induced by estimation (see Assumption 13), we establish

an estimation convergence result in a fairly general demand framework (see Proposition 22).

We also show that some of the commonly used generalized linear demand models are special

cases of our setting (see Proposition 24). Third, we design dynamic learning policies that

do not use only the data generated in exploration periods. While restricting attention to

the samples in exploration periods provides analytical tractability, our paper studies a more

general setting without this restriction, allowing for non-i.i.d. samples.
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3.2 Literature Review

Our work is broadly related to three streams of literature: (i) managing service platforms,

(ii) dynamic pricing with demand learning, and (iii) multiagent learning and incentivizing

explorations.

Managing service platforms. Our paper is related to the burgeoning literature on ser-

vice platforms. In contrast to the central price-setting environment (see 5, 104, 105, 106, 107),

an important class of the papers in this field focus on indirect control levers. For example,

(108), (109), (110), and (111) focus mainly on how a platform should match the sellers and

the buyers to improve the system’s performance. In particular, (108) shows that focusing

only on operational efficiency can hurt the platform. (109) and (111) identify that by lim-

iting the agents’ access in the market, the platform can reduce the search cost and induce

higher market efficiency. (110) establishes that a forward-looking linear programming-based

matching policy outperforms myopic matching policies, and is asymptotically optimal in

large market regimes. Besides matching, (112) shows that to maximize profit given admis-

sion and repositioning controls, the platform sometimes needs to reject customers to induce

repositioning to high-demand markets. More recently, (27) and (113) characterize how a

platform can leverage commissions and subscriptions in the revenue maximization problem.

Information control is another tool that the platform can apply; see for example, (114),

(115), (116), (117). By contrast, our paper characterizes a setting where a platform needs to

jointly decide on the timing of information revelation and the offering of price-setting incen-

tives to induce matching under the challenge of demand model uncertainty. By addressing

the platform’s dilemma between preserving its informational advantage and managing the

complexities in price-setting incentives, our work quantifies the asymptotic revenue loss due

to demand model uncertainty.

Dynamic pricing and learning. Our paper is also related to the literature on dynamic

pricing with demand model uncertainty; see, e.g., (82), (101), (83), (103) and (102). These

papers assume that there is an underlying demand model whose parameters are unknown
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to a central planner, and formulate online learning problems based on commonly used es-

timation procedures such as ordinary least squares, maximum likelihood estimation, and

maximum quasi-likelihood estimation. There are also papers using Bayesian learning frame-

works: the central planner repeatedly updates its belief on a finite number of hypotheses

on the demand model; see for example, (80), (56), (57), (58). A common feature for both

streams of literature is that the central planner is assumed to have complete control over

the price-setting process. To address the exploration-exploitation trade-off, the central plan-

ner carefully controls price variations for the purpose of learning the demand model while

simultaneously limiting the profit loss caused by demand model uncertainty. By contrast,

our paper features a setting in which the platform has to rely on decentralized sellers to

determine their prices. Moreover, the information asymmetry between the platform and

the sellers creates an interesting trade-off between exploiting informational advantages and

managing price-setting incentives under demand model uncertainty. In a recent study, (87)

analyze a firm’s dynamic selling mechanism design problem under cost uncertainty. In their

paper, the firm has perfect knowledge about its customers’ incentive compatibility condi-

tions. By contrast, our paper considers a setting where the sellers’ incentives depend on the

platform’s information revelation decisions.

Multiagent learning and incentivizing exploration. Our work has a connection

with the literature on multiagent learning and incentivizing exploration. (118, 119), (120),

and (121) investigate information disclosure as a means of incentivizing exploration, and

they develop incentive-compatible algorithms for a social planner to achieve asymptotically

optimal regret. In comparison, (122) and (123) consider the optimal payment schemes that

incentivize customers to explore. In these two papers, the noisy reward information becomes

public to all following customers. While these papers all focus on social efficiency, our paper

studies the revenue management problem of a central planner (namely, the platform). We

show that the platform can leverage its informational advantage to benefit itself in a demand

learning environment.
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In the literature on multiagent learning, there are many studies that extend the reinforce-

ment learning algorithms to decentralized settings. These include the extension of mirror

descent algorithms (see, e.g., 124, 125, 126, 127, 128, 129, 130) and Q-learning (see, e.g.,

131, 132, 133, 134, 135, 136). In comparison, the economics and finance literatures explore

the frameworks of fictitious play (see, e.g., 137, 138, 139, 140, 141) and Bayesian equilib-

rium (see, e.g., 142, 143, 144, 145) from both theoretical and empirical perspectives. While

almost all of these papers focus on investigating the multiagent learning environment itself,

our work focuses on how a platform can leverage its informational advantage to guide the

sellers’ behavior in a multiagent learning setting.

3.3 Model Formulation

Basic model elements. We consider a marketplace platform that connects n sellers with

customers who arrive over a time horizon of T periods. In each period t ∈ {1, 2, . . . , T}, the

platform observes a feature vector ξt that characterizes the customers arriving in that period.

The feature vectors, {ξt : t = 1, 2, . . . , T}, are independent and identically distributed

random vectors, taking values in a compact set Ξ ⊂ Rκξ , where κξ ∈ N++.1 In practice, the

features may include the customers’ browsing records, consumption history, demographics,

or abstract metrics developed by the platform. In period t, each seller i ∈ {1, 2, . . . , n}

chooses a price pit ∈ [l, u], where 0 < l < u <∞. We denote by pt = (p1t, . . . , pnt) ∈ [l, u]n

the price profile of all sellers in period t.

The expected demand for seller i in period t depends on the price profile pt, the feature

vector ξt, and a parameter vector θ ∈ Θ, where Θ ⊂ Rκθ is a convex and compact set

with κθ ∈ N++. Let Qi : Rn × Rκξ × Rκθ → Rn be the demand function such that, given

(pt, ξt,θ) ∈ [l, u]n × Ξ × Θ, seller i’s expected demand in period t is Qi(pt, ξt,θ). We also

write Q = (Q1, . . . , Qn). The demand function Q incorporates many widely used demand

models in practice. In the example below, we present three such instances.

1. Here and later, we let N++ and Rd denote the the set of positive natural numbers and the d-dimensional
Euclidean space, respectively, where d ∈ N++. We also denote by N+ the set of non-negative natural numbers.
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Example 7. Let Θ = [θ, θ]κθ and Ξ = [ξ, ξ]κξ with θ > θ > 0 and ξ > ξ > 0. For any

(p, ξ,θ) ∈ [l, u]n × [ξ, ξ]κξ × [θ, θ]κθ , consider the following:

(i) (linear demand) Q(p, ξ,θ) = θ0 + θ1ξ− θ2p, where θ0 ∈ Rn, θ1 ∈ Rn×n,

and θ2 ∈ Rn×n.2

(ii) (multinomial logit demand) for all i ∈ {1, . . . , n}, Qi(p, ξ,θ) = exp(θ0i +

θ1iξi − θ2ipi)/[1 +∑n
j=1 exp(θ0j + θ1jξj − θ2jpj)], where θ0i, θ1i, θ2i ∈ R.3

(iii) (bilinear demand) Q(p, ξ,θ) = θ0 + θ1ξp − θ2p, where θ0 ∈ Rn, θ1 ∈

Rn×n, and θ2 ∈ Rn×n.4

We suppose that the demand function Q satisfies the following continuity conditions.

(These conditions hold in several special cases of our general formulation—see Proposition

23.)

Assumption 7. (smoothness of the demand function) For any (p, ξ,θ) ∈ [l, u]n ×

Ξ × Θ, the function Q satisfies Q(p, ξ,θ) ∈ Rn++ and is twice continuously differentiable.

Moreover, there exists some Lq > 0 such that for any i ∈ {1, . . . , n}, Qi has a Lq-Lipschitz

continuous gradient.

We assume that the demand realizations in period t are subject to an ex-ante unob-

servable temporal demand shock εt ∈ Rn. The process {εt : t = 1, 2 . . . } is a martingale

difference sequence adapted to the filtration {Ft : t = 0, 1, . . . }, where F0 = σ(ξ1) and

Ft = σ(ξ1, ε1, . . . , ξt, εt, ξt+1) for all t ∈ {1, 2, . . .}. We denote by Pξ,ε{·} the probability

measure governing the distribution of {ξt} and {εt}, and let Eξ,ε{·} be the expectation

operator associated with Pξ,ε{·}. Note that the demand shock εt can depend on the entire

2. In Example 7(i), κθ = n+ 2n2 and κξ = n, with a slight abuse of notation regarding the matrix space
Rn×(1+2n), which is isomorphic to the vector space Rn+2n2 . In general, κξ can take other values in N++.

3. In Example 7(ii), κθ = 3n and κξ = n.

4. In Example 7(iii), κθ = n(1 + 2n) and κξ = n2 with ξ ∈ Rn×n, where the matrix space Rn×n is
isomorphic to the vector space Rn2 .
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history of demand and feature realizations. Because {εt} is a martingale difference sequence

adapted to {Ft}, Eξ,ε{εt
∣∣∣Ft−1} = 0 for t ∈ {1, 2, . . .}. Moreover, we suppose that there

exists σ̄ ∈ (0,∞) such that Eξ,ε{‖εt‖22
∣∣∣Ft−1} ≤ σ̄2 for t ∈ {1, 2, . . .}. Given the demand

shock εt in period t, the realized demand profile in period t is

Dt = Q(pt, ξt,θ) + εt for t = 1, 2, . . . , T. (3.1)

Platform’s learning process. Let θ̃ denote a generic value of the demand parameter

vector. The platform knows the functional form of Q(·, θ̃) given θ̃ ∈ Θ, but does not know

the true demand parameter vector θ. The platform observes the customer features at the

beginning of each period before any decision is made. For all t ∈ {1, . . . , T}, denote by

Ht = (p1, ξ1,D1, . . . ,pt−1, ξt−1,Dt−1, ξt) the history of the platform’s observations up

to the beginning of period t. Based on these observations, the platform uses maximum

likelihood estimation to infer θ. To be precise, given the log-likelihood function `t(θ̃|Ht) =∑t−1
s=1 logPξ,ε{Ds −Q(ps, ξs, θ̃) ∈ dεs

∣∣∣ Fs−1} at the beginning of period t, the platform

solves the following problem to estimate θ:

θ̃t ∈ PΘ

arg max
θ̃

{
`t
(
θ̃
∣∣∣Ht)}

 for t = 1, 2, . . . , T, (3.2)

where PΘ denotes the projection mapping from Rκθ onto Θ.5 We suppose that the log-

likelihood function satisfies the following condition. We show in Proposition 24 that this

condition holds in several different special cases of our general formulation.

Assumption 8. (smoothness and concavity of the likelihood function) For any

T ≥ 2, t ∈ {1, . . . , T}, and {(ps, ξs,Ds) ∈ [l, u]m × Ξ × Rn : s = 1, . . . t}, the difference

`t(θ̃|Ht)− `t−1(θ̃|Ht−1) is twice continuously differentiable and weakly concave in θ̃ ∈ Θ.

Maximum likelihood estimation uses the functional form of the demand model Q(·, θ̃)

5. If the estimation problem admits multiple solutions, then without loss of generality the platform picks
any of them. As explained below, our policy admits a unique estimator with high probability.
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given a parameter vector θ̃ ∈ Θ. In practice, the platform is typically a large technology

firm that has the expertise of formulating a reasonable demand model and would thus know

the demand model’s functional form. This kind of estimation procedures that use the func-

tional form of a demand model have been widely used in the literature on dynamic pricing

and learning—see, e.g., (82) and (83). Such estimation procedures are also consistent with

the anecdotal observation that, as the platform collects more market information, its under-

standing of the relationship between prices and demand improves substantially (relative to

the individual sellers that have more limited information). Maximum likelihood estimation

is also based on the likelihood function. If such a likelihood function is not available, it is

possible to use maximum quasi-likelihood estimation instead—see, e.g., (103).

Platform’s admissible policies and revenue function. Because the platform does

not directly set the transaction prices, it must use other market tools to influence the sellers’

price-setting process. The levers we consider are (i) payments to the sellers, and (ii) disclosing

information.

The first lever is a monetary incentive in the price-setting process. While the sellers

determine their own prices, the platform can offer payments to the sellers such that it would

be incentive compatible for the sellers to follow the platform’s recommended prices. To

model such transfer payment schemes, we define W = {Wit : i ∈ {1, . . . , n}, t ∈ {1, . . . , T}}

where function Wit : [l, u]→ R+ is such that Wit(p) denotes the platform’s reward to seller

i in period t if the seller sets price p. We require Wit(p) ≥ 0 for any p ∈ [l, u] in this paper;

i.e., the platform does not penalize the sellers in the marketplace. A penalty can discourage

the sellers from participating in trading and hurt the reputation of the platform in the long

run.

The second lever for the platform relates to information disclosure. At the beginning of

the time horizon, the platform has an informational advantage over the sellers because it

observes the customer feature process {ξt}. To model information revelation, we define a

stopping time τ ∈ N++ ∪ {∞} that characterizes the period in which the platform decides
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to reveal its information to the sellers. Formally, we let τ be such that {τ ≤ t} ∈ Ft for

all t ∈ {1, . . . , T}. If τ < ∞, the platform gives up its informational advantage at the

beginning of period τ , and both the platform and the sellers have access to the same market

information as time moves forward. As a result of this information equivalence, the estimated

demand model Q(·, θ̃t) given the parameter estimate θ̃t becomes public knowledge in the

marketplace. This is consistent with practice, where it is common for platforms to share

their estimated demand models with the sellers (see 97).

Based on the above, we define an admissible policy for the platform as the pair of the

stopping rule on information revelation timing and the monetary rewards to the sellers; i.e.,

π = (τ,W). Consistent with the popular practice, we assume that each seller retains γ ∈

(0, 1) fraction of the revenue from the sales, while the platform receives 1− γ. Given policy

π, the sellers choose prices pt in period t, resulting in total revenue ∑n
i=1 pitQi(pt, ξt,θ), so

that the platform’s collected amount from the commissions is

R(pt, ξt,θ) :=
n∑
i=1

(1− γ)pitQi(pt, ξt,θ). (3.3)

The value in (3.3) must be reduced to account for the monetary reward offered to the sellers,

leading to the platform’s total expected revenue (i.e., the operating margin) in period t being

R(pt, ξt,θ) := R(pt, ξt,θ)−
n∑
i=1
Wit(pit). (3.4)

Sellers’ pricing decisions. In each period, the sellers select their own prices. For any

(pt, ξt,θ) ∈ [l, u]n×Ξ×Θ, when transactions happen in period t, the payment to seller i is

Rsi(pt, ξt,θ) := γpitQi(pt, ξt,θ). (3.5)

309



Under the platform’s offered reward contract Wit, seller i’s revenue in period t is

Rsi(pt, ξt,θ) := Rsi(pt, ξt,θ) +Wit(pit). (3.6)

We assume that the sellers are myopic and revenue-maximizing in each period. This

assumption reflects that the decentralized sellers are more risk-averse and focus more on

short-term benefits than the platform as a large-scale technology firm with longer a planning

horizon. Since the platform holds informational advantages over the sellers at the beginning

of the time horizon, depending on the platform’s information revelation decision τ , there are

two possible information regimes for the sellers:

Pre-disclosure regime: t < τ . In this regime, the platform has not yet revealed any in-

formation, so the sellers cannot observe the customer features in period t. With no access

to the market information, each seller i ∈ {1, . . . , n} approximates its unknown revenue

function Rsi(p,p−it, ξt,θ) in period t by some function R̃it(p), and then solves the following

approximate revenue optimization problem:

pit := arg max
p∈[l,u]

{
R̃it(p) +Wit(p)

}
. (3.7)

In problem (3.7), we make the following assumption on the approximate revenue function

R̃it.

Assumption 9. (smoothness of the approximate revenue function) For any i ∈

{1, . . . , n} and t ∈ {1, . . . , T}, the approximate revenue function R̃it(p) is continuously dif-

ferentiable in p ∈ [l, u], with |R̃it(p)| ≤M0
R and | ddpR̃it(p)| ≤M1

R for some M0
R,M

1
R > 0.

Before the platform discloses the information, it does not know how the sellers update

their prices; that is, it does not know what exactly R̃it is in (3.7). The platform only knows

that R̃it satisfies Assumption 9, and we show that this assumption holds in several commonly

studied multiagent learning frameworks in literature; see Proposition 25.
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Post-disclosure regime: t ≥ τ . After the platform discloses the market information to the

sellers, both the sellers and the platform share the same amount of information, and the

estimated demand model becomes more transparent to the sellers. Based on this, the sellers

start using the maximum likelihood estimate θ̃t in (3.2). That is, each seller i ∈ {1, . . . , n}

replaces θ with θ̃t in the revenue function (3.6), and maximizes its expected revenue knowing

that its competitors apply the same strategy. Formally, given (ξt, θ̃t) ∈ Ξ×Θ, the induced

profile pt in period t satisfies the following for all i ∈ {1, . . . , n}:

pit := arg max
p∈[l,u]

{
γpQi(p,p−it, ξt, θ̃t) +Wit(p)

}
. (3.8)

The induced price profile pt in (3.8) is a Nash equilibrium given the estimate θ̃t, the cus-

tomers’ features ξt, and the platform’s reward contracts Wt. Here, the sellers view the

estimate θ̃t as trustworthy because they have access to the same amount of market infor-

mation as the platform. Revealing the market information to the sellers and increasing the

transparency in the marketplace, the platform gains the benefit of more accurately managing

the price profile through the reward contracts.

Performance metric. Given the demand parameter vector θ, the platform’s admissible

policy π, and the induced price process {pt : t = 1, 2 . . . }, we let Pπθ{·} be a probability

measure such that

Pπθ {D1 ∈ dx1, . . . ,DT ∈ dxT } :=
T∏
t=1

Pξ,ε
{
Q(pt, ξt,θ) + εt ∈ dxt

∣∣∣Ft−1
}
, (3.9)

where x1, . . . ,xT ∈ Rn. Letting Eπθ{·} be the expectation operator associated with Pπθ{·}

and using the platform’s revenue function in (3.4), we express the platform’s expected revenue

under policy π as

V πθ (T ) := Eπθ


T∑
t=1
R(pt, ξt,θ)

 . (3.10)
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In the case of full information, the demand model Q, the feature process {ξt : t = 1, 2, . . . },

and the true demand parameter vector θ are all public knowledge to the platform and the

sellers. Given (ξt,θ) ∈ Ξ × Θ, we define the platform’s full-information optimal revenue in

period t as

R?(ξt,θ) := max
p?t ,W?

t (·)

n∑
i=1

(1− γ)p?itQi(p?t , ξt,θ)−
n∑
i=1
W?
it(p?it), (3.11a)

s.t. p?it ∈ arg max
p∈[l,u]

{
γpQi(p,p?−it, ξt,θ) +W?

it(p)
}

for i ∈ {1, . . . , n},

(3.11b)

W?
it(p) ≥ 0 for p ∈ [l, u], i ∈ {1, . . . , n}. (3.11c)

In problem (3.11), the platform offers a reward contract Wit to each seller i in period t so

that seller i finds it incentive compatible to follow the recommended price p?it; i.e., constraint

(3.11b) is satisfied.

The platform’s expected T -period regret under policy π uses the full-information optimal

revenue in (3.11) as a performance benchmark for the expected revenue in (3.10), and is given

by

∆π
θ(T ) := T Eξ,ε {R?(ξ,θ)} − V πθ (T ). (3.12)

Because the feature process {ξt : t = 1, 2, . . . } is identically and independently distributed,

the expectation in the benchmark term—i.e., first term on the right-hand side of (3.12)—

can be taken over the common distribution of the feature vectors ξ. Our definition of

the benchmark is essentially the second best solution in a mechanism design problem: the

platform can only implement a price profile that is incentive compatible for the sellers in the

marketplace. To evaluate the performance of the platform’s policy, we consider an asymptotic

setting in which we increase the time horizon T and quantify the growth of ∆π
θ(T ).
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3.4 Policy Design and Performance Analysis for the Platform

At the beginning of the time horizon, the platform has an informational advantage over the

sellers in the marketplace, causing a dilemma in its revenue management. On one hand,

the platform can exploit its informational advantage: with limited market information, the

sellers can mistakenly pick prices that further benefit the platform relative to the case of

full information. On the other hand, because the platform has limited knowledge on how

the sellers update their prices before the information disclosure, offering the price-setting

incentives accurately is much more difficult. Revealing the market information to the sellers

introduces more transparency in the marketplace, allowing the platform better to manage

the reward contracts. Because of this trade-off, it is ex-ante unclear whether the platform

should give up its informational advantage in exchange for more accurate management of

the price-setting incentives.

3.4.1 Full-information Optimal Policy

To analyze our performance benchmark, we first focus on the platform’s full-information

optimal policy in problem (3.11). Observe that problem (3.11) requires a solution including

a contract profile Wt and an incentive-compatible price profile pt. The platform’s goal is to

implement the best incentive-compatible price profile to achieve revenue optimality. For any

price profile that the platform intends to implement, the challenge is that the sellers would

not necessarily be incentivized to follow that price profile. Thus, we consider a natural class

of reward contracts that are incentive-compatible for the sellers: compensating the sellers

for what they would have gained from deviating from the recommended price profile. The

following result presents the key condition characterizing this class of reward contracts.

Proposition 20. (optimal reward contracts) Under Assumption 7, given t ∈ {1, . . . , T}
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and (ξt,θ) ∈ Ξ×Θ, (pθt ,Wθ
t ) is an optimal solution to problem (3.11) if and only if

Wθ
it(pθit) = γ

[
max
p∈[l,u]

{
pQi(p,pθ−it, ξt,θ)

}
− pθitQi(pθt , ξt,θ)

]
for i ∈ {1, . . . , n}. (3.13)

Proposition 20 suggests that any optimal reward contract needs to compensate each

seller for the opportunity cost of following the price recommendation. In the expression of

Wθ
it(pθit) in (3.13), γmaxp∈[l,u]

{
pQi(p,pθ−it, ξt,θ)

}
captures the maximum possible revenue

that seller i can extract from the transaction. In comparison, γpθitQi(pθt , ξt,θ) captures

the revenue that seller i collects under the platform’s recommended price profile pθt . The

difference between the two corresponds to the opportunity cost for seller i.

Using the optimality condition in Proposition 20 for problem (3.11), we define an optimal

price mapping ψ? : Ξ×Θ→ [l, u]n such that for any (ξ̃, θ̃) ∈ Ξ×Θ,

ψ?(ξ̃, θ̃) ∈ arg max
p̃∈[l,u]n

n∑
i=1

[
p̃iQi(p̃, ξ̃, θ̃)− γ max

pi∈[l,u]
p̃iQi(pi, p̃−i, ξ̃, θ̃)

]
. (3.14)

We impose the following condition on the optimal price mapping ψ.

Assumption 10. (Lipschitz stability) There exists some Lψ > 0 such that ψ?(ξ̃, θ̃) is a

Lψ-Lipschitz function of (ξ,θ) ∈ Ξ×Θ.

Assumption 10 specifies that the problem in (3.14) admits a unique solution, and more-

over, the optimal solution is Lipschitz in terms of its parameters. This assumption strength-

ens the continuity of the solution mapping ψ? by Berge’s maximum theorem, and is a com-

monly used assumption in the literature (see, e.g., 82, 83, 103). We also establish in Propo-

sition 23 that there are several special cases of our formulation that satisfy this condition.

Based on the structural insight of the optimality condition (3.13) in Proposition 20, we

note that given (ξt,θ) ∈ Ξ × Θ, the revenue-optimal price profile for the platform is pθt =

ψ?(ξt,θ). Because the optimality condition (3.13) needs to be satisfied only at the optimal

price profile, there are many ways to design optimal reward contracts. In the following result,
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we propose a class of piecewise quadratic reward contracts that satisfy (3.13).

Lemma 16. Let Lw > 0 be such that for all (p̃, ξ̃, θ̃) ∈ [l, u]n × Ξ × Θ and i ∈ {1, . . . , n},

Lw > | ∂
2

∂p̃2
i
Rsi(p̃, ξ̃, θ̃)|, where Rsi is as in (3.5). Let W p̃,ξ̃,θ̃ be such that for i ∈ {1, . . . , n},

W p̃,ξ̃,θ̃
i (x) = max{W̃ p̃,ξ̃,θ̃

i (x), 0}, where W̃ p̃,ξ̃,θ̃
i (x) = w0i + w1ix + w2ix2 for x ∈ [l, u] and

(w0i, w1i, w2i) satisfies

w0i + w1ip̃i + w2ip̃
2
i = γ

[
max
p∈[l,u]

{pQi(p, p̃−i, ξ̃, θ̃)} − p̃iQi(p̃, ξ̃, θ̃)
]
, (3.15a)

w1i + 2w2ip̃i = − ∂
∂p̃i

γp̃iQi(p̃, ξ̃, θ̃), (3.15b)

2w2i = −Lw. (3.15c)

In period t, given (ξt,θ) ∈ Ξ×Θ, let pθt = ψ?(ξt,θ). Then, Wpθt ,ξt,θ is an optimal reward

contract for problem (3.11).

The class of optimal reward contracts in Lemma 16 is uniquely determined by solving the

system of linear equations in (3.15). In particular, (3.15a) guarantees that the optimality

condition (3.13) holds.

Based on the definition of the price mapping ψ? in (3.14), the optimal contract Wθ
t (·)

in (3.13), and the revenue function R(·) in (3.4), the platform’s full-information optimal

revenue in period t is

R?(ξt,θ) = R(ψ?(ξt,θ), ξt,θ). (3.16)

3.4.2 The Do-Nothing Policy

Let us now analyze the performance of arguably the simplest policy for the platform, one in

which the platform does nothing. Under this policy, the platform does not provide any price-

setting incentives and does not reveal any information. We call this policy the do-nothing

(DN) policy and denote it by π0. Formally, this policy chooses (τ,W) such that τ = ∞
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and Ws = 0 for s = 1, . . . , T . Under π0, the sellers choose their prices according to (3.7),

which captures many multiagent learning frameworks. To study this policy, we first focus

on a natural reference point characterized by a Nash equilibrium.

Definition 5. (DN Nash Equilibrium) Given θ ∈ Θ, a DN Nash equilibrium is a price

profile p̄θ ∈ [l, u]n such that for any i ∈ {1, . . . , n},

p̄θi = arg max
pi∈[l,u]

{
γpiEξ,ε

{
Qi(pi, p̄θ−i, ξ,θ)

}}
. (3.17)

In a DN Nash equilibrium, each seller maximizes its ex-ante expected revenue before

feature realizations and does not want to deviate from it given the competitors’ price profile.

The expectation Eξ,ε{·} in (3.17) is taken over the common distribution of the customer

feature vectors ξ. We make the following set of assumptions on the DN Nash equilibria and

the price process induced by the DN policy of the platform.

Assumption 11. (existence and uniqueness of the DN Nash equilibrium) For i ∈

{1, . . . , n} and p−i ∈ [l, u]n−1, seller i’s expected revenue γpiEξ,ε
{
Qi(pi,p−i, ξ,θ)

}
is log-

concave in pi ∈ [l, u]. Moreover, letting Ūi(p) = ∂
∂pi

log
(
γpiEξ,ε

{
Qi(pi,p−i, ξ,θ)

})
for

i ∈ {1, . . . , n}, we have the following: ∑n
i=1(Ūi(p) − Ūi(p̃))(pi − p̃i) < 0 for p, p̃ ∈ [l, u]n

satisfying p 6= p̃.

Assumption 12. (convergence to the DN Nash equilibrium) If there is a unique DN

Nash equilibrium p̄θ ∈ int([l, u]n), then the induced price process {pt : t = 1, 2, . . . } under

the platform’s DN policy is such that pt → p̄θ almost surely as t→∞.

The conditions in Assumption 11 reflect the N -person concave game framework of (146).

From Theorems 1 and 2 of (146), we immediately deduce the existence and the uniqueness

of the DN Nash equilibrium. The main purpose of this assumption is to simplify our anal-

ysis of the DN Nash equilibrium by focusing on a single reference point under information

asymmetry. We establish in Proposition 23 that this assumption holds for several special
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cases of our formulation. To provide further structure on how the sellers choose their prices

with limited market information (i.e., how they solve problem (3.7)), we impose Assump-

tion 12 that specifies the convergence of the seller-induced price process {pt : t = 1, 2, . . . }.

This convergence property has both theoretical and practical foundations. Following the

antecedent literature (e.g., 137, 147, 129), we show in Proposition 25 that the convergence

property in Assumption 12 holds in several frameworks such as fictitious play, multiagent

mirror descent, and Bayesian equilibrium under mild conditions. Some empirical studies

(e.g., 139, 147) also describe such adaptive behavior in practice.

From the platform’s perspective, the DN Nash equilibrium provides a potential opportu-

nity to extract more revenues relative to the case of full information. The platform’s expected

revenue in the DN Nash equilibrium is Eξ,ε{R(p̄θ, ξ,θ)}, where the platform’s revenue func-

tion R is as in (3.4) and the DN Nash equilibrium p̄θ is as in Definition 5. In contrast, when

the demand model and the feature information are public knowledge in the marketplace, the

platform’s expected full-information optimal revenue is Eξ,ε{R?(ξ,θ)}, where R? is as in

(3.16). Comparing the platform’s revenues in these two information states, we characterize

the scenarios for the underlying demand parameter vector where the platform can benefit

from the DN Nash equilibrium:

Θ̃ =
{
θ̃ ∈ Θ : Eξ,ε

{
R?(ξ, θ̃)

}
< Eξ,ε

{
R(p̄θ̃, ξ, θ̃)

}}
. (3.18)

The set Θ̃ consists of all the scenarios in which the platform would strictly prefer the DN

Nash equilibrium to the case of full information. Accordingly, we hereafter refer to Θ̃ as the

beneficial set. We observe that Θ̃ plays an important role in characterizing the performance

of the DN policy.

Theorem 11. (performance of the DN policy) Let π0 be the DN policy of the platform.

Then, under Assumptions 7, 11, and 12, we have the following:

(i) If θ ∈ int(Θ̃), then there exist r0, C0 > 0 such that ∆π0
θ (T ) ≤ r0 − C0T for all
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T ∈ {1, 2 . . . }.

(ii) If θ ∈ int(Θ̃c), then there exist r1, C1 > 0 such that ∆π0
θ (T ) ≥ −r1 + C1T for

all T ∈ {1, 2 . . . }.6

Theorem 11 establishes two outcomes under the DN policy of the platform. In Theorem

11(ii), we identify that this policy can incur a large revenue loss due to demand model

uncertainty. When the demand parameter vector is in the complement of the beneficial

set, i.e., θ ∈ int(Θ̃c), the platform favors the case of full information over the DN Nash

equilibrium. If the platform does not intervene, the induced price process would move

towards the static price profile that is less preferred by the platform, causing a large revenue

loss due to demand model uncertainty. This insight is consistent with the earlier studies

characterizing the poor performance of a central planner’s no-intervention policy for selfish

agents (see, e.g., (148) and (118)). However, Theorem 11(i) also identifies a potential learning

benefit of the DN policy. When the demand parameter vector θ is inside the beneficial set Θ̃,

i.e., θ ∈ int(Θ̃), the platform prefers the DN Nash equilibrium to the case of full information.

In other words, if the platform uses the DN policy, this induces the sellers to choose prices

in a way that limits the platform’s regret. Because the sellers try to maximize their ex-ante

expected revenue before feature realizations, the platform’s cost for preserving the sellers’

incentive compatibility is significantly reduced, resulting in a low revenue loss due to demand

model uncertainty. This insight stands in stark contrast to the common intuition about the

DN policy.

To illustrate the intuition behind Theorem 11, we present a problem instance.

6. The analysis of the boundary case where θ ∈ ∂Θ is deferred to Appendix 3.7. We show that in this
boundary case, the growth rate of regret depends on the convergence speed of the price process. Furthermore,
we provide some numerical evidence in Figure 3.2 that the boundary case can be negligible.
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Example 8. Consider the following instance of Example 7(iii):

Q(p, ξ,θ) =

10

10

−

 3 −1

−1 3

+

 1 θ12

θ21 1


ξ11 ξ12

ξ21 ξ22



p1

p2

 , (3.19)

where θ = (θ12, θ21), ξ =
(
ξ11 ξ12
ξ21 ξ22

)
, ξ12 = 2X1− 1, ξ21 = 2X2− 1, X1, X2 ∼ Beta

( 1
10 ,

1
10
)
,

and ξ11 = ξ22 = −1
2(ξ12 + ξ21). Moreover, we let γ = 0.9 and εt ∼ N (0, In) for all

t ∈ {1, 2 . . . }.

In the setting of Example 8, suppose that the sellers apply an online mirror descent

algorithm (see (3.25) for details). As shown in Figure 3.1, the DN policy can perform

extremely well or extremely poorly (Figure 3.1) in different special cases of Example 8.
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Figure 3.1: The graphs show the platform’s T -period regret under the do-nothing policy
in two special cases of Example 8. In panel (a), θ = (0, 0), whereas in panel (b),
θ = (1, 1). The sellers uses the online mirror descent algorithm specified in (3.25) with
ηt = 5

t , where Θ = [−0.5, 1.5]2, Ξ = [−1, 1]2, l = 1, and u = 3. The displayed regret values
are computed by averaging the realized regret over 5000 sample paths.

Existence of the beneficial set. Note that one difference between our paper and the

extant literature such as (148) and (122) is that the sellers’ incentives can be influenced

by the platform’s information revelation decision. The drastically different performance

outcomes for the DN policy suggest that from a learning perspective, the potential benefit

of the policy comes with a nontrivial risk. Thus, it is crucial to have a better understanding

about the beneficial set. To that end, there are two key issues that need to be addressed:

the existence of the beneficial set, and the estimation of its location. We study the existence

of the beneficial set in the remainder of this section, and defer the analysis of its estimation

to Section 3.4.4.

To provide some insight into when the beneficial set exists, we study the stochasticity of
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the feature process. Towards this direction, we first develop the following condition under

which the beneficial set Θ̃ is empty.

Lemma 17. (condition for the nonexistence of the beneficial set) Under Assumptions

7 and 11, if there exists some constant vector ξ̄ ∈ Ξ such that ξt = ξ̄ for any t ∈ {1, 2 . . . },

then Θ̃ = ∅.

For any demand parameter vector θ̃ ∈ Θ, when the feature vector ξt is a constant ξ̄, the

platform can implement the DN-Nash equilibrium by not offering any reward profile to the

sellers (i.e., setting Wt = 0), which is a feasible reward contract in problem (3.11). More-

over, the DN-Nash equilibrium p̄θ̃ satisfies the incentive compatibility constraints (3.11b),

suggesting that the price profile p̄θ̃ is feasible in (3.11). Thus, from the definition of the

beneficial set Θ̃ in (3.18), the platform’s full-information optimal revenue R?(ξ̄, θ̃) always

dominates the DN-Nash equilibrium revenue R(p̄θ̃, ξ̄, θ̃).

In contrast, when the feature process {ξt : t = 1, 2, . . . } is stochastic, the beneficial

set Θ̃ may become non-empty. To provide some analytical insight, we focus on a class of

problem instances from Example 7(iii), which allows us to find the closed-form solutions.

Given matrix θ1, we define Jθ1 = θ1 + Λ(θ1) and Λ(θ1) = diag(θ1). Furthermore, given

θ1,θ2, we also let θξ̃ = θ1 +θ2ξ̃, Λξ̃ = diag(θξ̃), Gξ̃ = 2−γ
4 (θξ̃+θᵀ

ξ̃
)+ γ

4 (θᵀ
ξ̃
Λ−1
ξ̃
θξ̃+Λ−1

ξ̃
),

and H ξ̃ = [(1− γ
2 )I + γ

4 (θᵀ
ξ̃
Λ−1
ξ̃

+ Λ−1
ξ̃
θξ̃)] for any ξ̃ ∈ Ξ. From the simplicity of notations,

we can summarize the expressions of the expected full-information revenue Eξ,ε
{
R?(ξ,θ)

}
and the DN Nash equilibrium revenue Eξ,ε

{
R(p̄θ, ξ,θ)

}
in the following result.

Lemma 18. In Example 7(iii), let θ = (θ0,θ1,θ2) and ξ be the random feature such that

Eξ,ε{ξ} = 0. 7

(i) Assuming that the diagonal entries of θ1 are positive and J−1
θ1
θ0 ∈ int([l, u]n), the

7. In the following two results, we impose assumptions on the concavity of the objective functions and on
the interior property of the price solution to simplify the analytical solutions.
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platform’s expected revenue from the DN Nash equilibrium p̄θ satisfies

Eξ,ε
{
R(p̄θ, ξ,θ)

}
= (1− γ)θᵀ0

[1
2[J−1

θ1
]ᵀ + 1

2[J−1
θ1

]− [J−1
θ1

]ᵀθ1[J−1
θ1

]
]
θ0. (3.20)

(ii) Assuming that for any p̃ ∈ [l, u]n and ξ̃ ∈ Ξ, the diagonal entries for θξ̃ are positive,

Gξ̃ � 0, 1
2G
−1
ξ̃
H ξ̃θ0 ∈ int([l, u]n) and 1

2Λ−1
ξ̃
θ0 − 1

2(θξ̃ − Λξ̃)p̃ ∈ int([l, u]n), the

platform’s expected full-information optimal revenue satisfies

Eξ,ε
{
R?(ξ,θ)

}
= θ
ᵀ
0Eξ,ε

{1
4HξG

−1
ξ Hξ −

γ

4Λ−1
ξ

}
θ0, (3.21)

Given the closed-form expressions in Lemma 18, we observe that whether the beneficial set

Θ̃ is non-empty depends crucially on the eigendecomposition structure of matrix X(θ1,θ2)

below

X(θ1,θ2) = Eξ,ε
{1

4HξG
−1
ξ Hξ −

γ

4Λ−1
ξ

]
− (1− γ)

[1
2[J−1

θ1
]ᵀ + 1

2[J−1
θ1

]− [J−1
θ1

]ᵀθ1[J−1
θ1

]
}
.

(3.22)

From the expression ofX(θ1,θ2) in (3.22), we observe that the inequality Eξ,ε
{
R?(ξ,θ)

}
<

Eξ,ε
{
R(p̄θ, ξ,θ)

}
is equivalent to θᵀ0X(θ1,θ2)θ0 < 0. Towards this direction, we summarize

our observation in the following result.

Proposition 21. (Sufficient and necessary condition for existence of the ben-

eficial set) In the problem instances of Example 7(iii) from Lemma 18, we let λ(θ1,θ2)

be the vector of eigenvalues for matrix X(θ1,θ2), and let U(θ1,θ2) be the corresponding

eigenvector matrix. We also let V(θ1,θ2) = {y ◦ y : y = U(θ1,θ2)ᵀθ0, (θ0,θ1,θ2) ∈ Θ}8

and V?(θ1,θ2) be its corresponding dual cone. Then, we have that Θ̃ 6= ∅ if and only if there

exists (θ0,θ1,θ2) ∈ Θ such that λ(θ1,θ2) 6∈ V?(θ1,θ2).

8. In the definition of V(θ1,θ2), “◦” is the Hadamard product.

322



In the following figure, we numerically demonstrate the shape of the beneficial set Θ̃ from

Example 8. With θ = (θ12, θ21), by we let δ(θ) = Eξ,ε{R?(ξ,θ)} − Eξ,ε{R(p̄θ, ξ,θ)} be

the difference of the expected platform’s full-information optimal revenue and the expected

revenue from the DN Nash equilibrium. We then plot δ(θ) in Figure 3.2 and furthermore,

provide some numerical insight into the structure of the beneficial set Θ̃ in Figure 3.2.

0
0.25

0.5
0.75

1

0.25
0.5

0.75
1

−0.5

−0.25

0

0.25

0.5

θ12
θ21

δ(θ)

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

θ12

θ21

 

 

Boundary of Θ̃

int(Θ̃c)

int(Θ̃)

Figure 3.2: Consider the problem instance specified in Example 8.

3.4.3 Reveal-And-Incentivize Policy

In this section, we consider a class of policies in which the platform reveals its private informa-

tion to the sellers at the beginning of the time horizon. The main purpose of this particular

type of information revelation decision is to maximize the transparency in the marketplace

and improve the platform’s ability to manage the sellers’ price-setting incentives. Once
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the platform gives up its informational advantages, both the sellers and the platform have

the same amount of market information, and the only uncertainty in the marketplace is in

terms of the demand parameter vector. Given the sellers’ incentive compatibility conditions

specified in problem (3.8), the platform is able to more accurately design the price-setting

incentives in the remaining planning season. As a result, the key challenge becomes the

classical exploration-exploitation trade-off in the demand learning process.

Under the RI policy, the platform reveals the market information in the first period i.e.,

τ = 1. Moreover, it focuses on the following two types of reward contracts: (i) the exploration

reward contracts W0
t and (ii) the exploitation reward contracts W?

t . The purpose of the

exploration reward contracts W0
t is to incentivize the sellers to pick a price profile that is

informative in demand learning. To construct the exploration reward contracts in period t,

the platform first randomly picks a price profile p0
t that satisfies p0

it = l + (u− l)Xit where

Xit ∼ Bernoulli(1
2) is i.i.d across seller i in period t (a random extreme point of [l, u]n).

We consider the class of reward contracts specified in Lemma 16: given (p0
t , ξt, θ̃t), we let

W0
t = Wp0

t ,ξt,θ̃t . The key idea is that it is incentive compatible for the sellers to follow the

price profile p0
t under the contracts W0

t . In contrast to the exploration reward contracts,

the purpose of the exploitation reward contracts W?
t is to incentivize the sellers to follow the

certainty-equivalent price profile p?t = ψ?(ξt, θ̃t) given (ξt, θ̃t) ∈ Ξ× Θ. We again consider

the class of the reward contracts in Lemma 16 and let W?
t = Wp?t ,ξt,θ̃t . Summarizing the

designs of the reward contracts above, we proceed to formally define the platform’s RI policy.
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Algorithm 1 reveal-and-incentive policy
1: Initiate t = 0 and τ = 1

2: t← t+ 1

3: repeat

4: if t ≤ d
√
T log(T )e then

5: set Wt = W0
t

6: else

7: set Wt = W?
t

8: end if

9: update the maximum likelihood estimator θ̃t+1 ∈ PΘ
{

arg maxθ̃
{
`t
(
θ̃
∣∣∣Ht)}};

10: until t = T

In summary of the RI policy, after the platform reveals the market information at the

beginning of the planning season, the platform devotes the first d
√
T log(T )e periods to

implement the exploration reward contracts and the remaining periods to implement the

exploitation contracts.

Before evaluating the performance of the platform’s RI policy, we study the convergence

of the estimator process. Given that we have a general demand model Q with a general

noise process {εt} in this paper, we need to impose some further structures. We summarize

the technical conditions below and verify in Proposition 24 later in this section that some

widely-applied problem instances of Example 7(i) - (iii), all satisfy these conditions. Given

the twice continuous differentiability of `t(·) in Assumption 8, we can further denote by

It(θ̃|Ht) the induced empirical Fisher information matrix: for any i, j ∈ {1, . . . , κθ}, the

(i, j)th component of It(θ̃|Ht) is given by − ∂2
∂θi∂θj

`t(θ̃|Ht). For the rest of the paper, we

consider the following conditions on It(θ̃|Ht).

Assumption 13. (Information accumulation) There exists λ̄I , κI > 0 such that for

any T ≥ 2, t ∈ {1, . . . , T}, and Ht induced by {(ps, ξs,Ds) : s = 1, . . . t}, we have
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(i) λmax
{
It(θ̃|Ht)− It−1(θ̃|Ht−1)

}
≤ λ̄I for any θ̃ ∈ Θ;

(ii) 1
κI
It(θ̃2|Ht) � It(θ̃1|Ht) � κIIt(θ̃2|Ht) for any θ̃1, θ̃2 ∈ Θ.

Moreover, there exists λ0, k0 > 0 such that given the true demand parameter vector θ ∈ Θ,

if policy π induces a price path {ps : s = 1, 2, . . . , t} such that for some Tt ⊂ {1, . . . , t} with

|Tt| = τ(t) ∈ N++, the price vector {ps : s ∈ Tt} are i.i.d with Cov(ps) � 0 for s ∈ Tt, then

Pπθ
{
λmin (It (θ|Ht)) ≤ λ0τ(t)

}
≤ k0

τ(t) . (3.23)

There are several conditions that specified above. Assumption 13(i) characterizes the uni-

form boundedness of the eigenvalues for the per-period empirical Fisher information matrix.

Assumption 13(ii) defines a variant of the self-concordant condition from convex optimiza-

tion, which has been established in the class of generalized linear demand models in the

dynamic learning literature (e.g., see 101, 83, 103, 102). Condition (3.23) connects the

growth rate of the information matrix’s minimum eigenvalue with the number of i.i.d sam-

ples. Under Assumption 13, we can characterize the convergence of the demand parameter

vector’s estimator θ̃t under the RI policy.

Proposition 22. (Convergence of the estimator) Under Assumptions 8 and 13, let π1

be the RI policy. There exists K1 > 0 such that for any T ≥ 2 and t ∈ {2, . . . , T}, we have

τ(t) = min{t, d
√
T log(T )e} and moreover,

Eπ1
θ

{
‖θ̃t − θ‖22

}
≤ K1

log(t)
τ(t) . (3.24)

Proposition 22 establishes the convergence rate of the estimator θ̃t. We highlight three

aspects of this convergence result. First, given the generalized linear demand models in

the demand learning literature (e.g., see 101, 83, 103, 102), our paper makes an important

extension to the generalized demand model. By showing that Assumption 13 holds for

Example 7(i)-(iii) in Proposition 24 of Section 3.5.2, we establish that our framework problem
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covers these generalized linear demand models as special cases. Second, it is worth pointing

out that the analysis in (82) and (103) is based on the critical assumption that the estimator

is evaluated only with the i.i.d random samples from the exploration periods. Since {‖θ̃t −

θ‖22 : t = 1, 2, . . . } is not necessarily monotone if we include non-i.i.d samples in the online

estimation procedure, it is ex-ante unclear whether the convergence arguments still hold.

By establishing the consistency of the estimator, our work largely relaxes this assumption

by including the entire up-to-date sample history in the online procedure. Third, note

that this particular relaxation also better fits our model setting: from the implementation

perspective, it is much easier for the platform to share the demand models that the sellers

can verify simply with the entire samples.

Based on the observation in Proposition 22 and our design of the RI policy specified in

Algorithm 1, we establish the performance for the RI policy in the following result.

Theorem 12. (Performance of the RI policy) Under Assumptions 7, 8, 10, and 13, let

π1 be the platform’s RI policy. There exist r2, C2 > 0 such that ∆π1
θ (T ) ≤ r2 +C2

√
T log(T )

for all T ∈ {1, 2, . . . }.

The key idea in Theorem 12 is to balance the regret induced in the exploration and ex-

ploitation periods. By setting the length of the exploration periods to be d
√
T log(T )e, we en-

sure that the regret induced in the exploration periods is bounded above byO(
√
T log(T )). In

the exploitation periods, given the estimator convergence property in Proposition 22, we can

establish that the per-period regret caused by estimation error is bounded byO(
√

log(T )
T ). As

a result, the regret from the exploitation periods can be upper bounded O(
√
T log(T )). Note

that this argument allows us to improve the asymptotic regret bound from O(
√
T log(T )) in

the past literature (e.g., see 101, 83, 103). To numerically illustrate the performance of the

RI policy, we again explore the problem instance of Example 8 (as in Figure 3.1).
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Figure 3.3: Consider the two problem instances of Example 8 in Figure 3.1.

From the learning perspective, we observe by comparing the regret plots in Figure 3.1

and Figure 3.3 that the RI policy is very conservative. The plot in Figure 3.3 suggests that

when θ ∈ int(Θ̃c), the platform effectively avoids large regret by providing more accurate

price-setting incentives under the challenge of the exploration-exploitation trade-off. In

comparison, when θ ∈ int(Θ̃), it is perhaps equally interesting to observe from Figure 3.3

that the RI policy limits the platform’s opportunity to exploit its informational advantages

over the sellers. The key takeaway is that while the conservativeness of the RI protects the

platform from incurring large regret, it simultaneously eliminates the opportunity for the

platform to benefit from its informational advantages.
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3.4.4 Strategic-Reveal-And-Incentivize Policy

Observe that either the DN policy of the RI policy covers only one of the two ends in terms

of information revelation, which is either too risky or too conservative. In this section,

we consider the strategic-reveal-and-incentivize(SRI) policy which more carefully manages

the timing of information revelation. We want to highlight that there are two hurdles to

overcome in the designing of the SRI policy. The first one is about the statistical evaluation

of whether θ ∈ int(Θ̃) in the demand learning process. Since the platform’s preference for

the DN Nash equilibrium depends on whether θ ∈ int(Θ̃), challenges are induced by the

fact that the true demand parameter vector θ are unknown to the platform throughout the

planning season. Thus, it is crucial for the platform to avoid any false positive error that

causes failure to intervene. The second challenge is induced by the fact that the platform

has limited knowledge about the sellers’ pricing decision process before it reveals the market

information. As a result, while the platform holds information advantages, it is impossible for

the platform to accurately offer price-setting incentives for the purpose of price coordination.

To address these two challenges, we design the SRI policy such that it includes three types

of reward contracts and an statistical test on θ ∈ int(Θ̃). The three types of reward contracts

include: (i) the exploration reward contracts W0
t , (ii) the protective exploitation reward

contracts W?
t , and (iii) the do-nothing contracts WDN

t . In the exploration contracts W0
t ,

given the platform’s limited knowledge about the sellers’ approximate revenue functions R̃it

(i.e., the uniform bounds M0
R and M1

R for function values and its derivatives in Assumption

9), we let W0
it(p) = M0

R + M1
Ru + ZitM

1
Rp where Zit = 2Xit − 1 and Xit ∼ Bernoulli(1

2)

for any i ∈ {1, . . . , n} and any p ∈ [l, u]. The main goal of exploration reward contracts W0
t

is to incentivize the sellers to pick a price profile pt ∈ {l, u}n that is i.i.d. In comparison,

to design the protective exploitation reward contracts W?
t , we leverage the construction in

Lemma 16 again and let W?
t = Wp?t ,ξt,θ̃t such that given (ξt, θ̃t) ∈ Ξ × Θ, it is incentive-

compatible for the sellers to pick the certainty-equivalence price profile p?t = ψ?(ξt, θ̃t). The

do-nothing reward contracts are defined as WDN
t = 0. Besides the reward contracts, the
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SRI policy includes a statistical testing procedure on estimating whether θ ∈ int(Θ̃). From

the definition of the beneficial set Θ̃ in (3.18), given the demand parameter vector’s estimator

θ̃t in period t, we let the statistical test 1
t
∑t
s=1

[
R?(ξs, θ̃t)−R(p̄θ̃t , ξs, θ̃t)

]
< 0 to evaluate

whether θ ∈ int(Θ̃). It is worth highlighting that the SRI policy relies on the following two

observations: (1) despite the fact that the platform has limited knowledge about the sellers’

revenue maximization problems before its information disclosure, it is still possible to offer

price-setting incentives to achieve the exploration purpose; (2) there is an efficient statistical

testing procedure to evaluate the location of the true demand parameter vector relative to

the beneficial set.

Summarizing all of the components above, we formally define the SRI policy below.
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Algorithm 2 strategic-reveal-and-incentivize policy
1: Initiate t = 0

2: repeat

3: t← t+ 1

4: set Wt = W0
t

5: until t = d
√
T log(T )e

6: Update the estimator θ̃t+1 ∈ PΘ
{

arg maxθ̃
{
`t
(
θ̃
∣∣∣Ht)}}

7: if 1
t
∑t
s=1

[
R?(ξs, θ̃t)−R(p̄θ̃t , ξs, θ̃t)

]
< 0 then

8: set τ =∞

9: else

10: set τ = d
√
T log(T )e+ 1

11: end if

12: repeat

13: t← t+ 1

14: if t ≥ τ , then Wt = W?
t

15: if t ≤ τ , then Wt = WDN
t

16: Update the estimator θ̃t+1 = maxθ̃∈Θ `t(θ̃|Ht);

17: until t = T

Observe that the SRI policy has an exploration stage and an exploitation stage. In

the first d
√
T log(T )e periods, the main purpose for the platform is to collect informative

price samples and learn about the demand parameter vector. Although the platform cannot

accurately manage the price-setting incentives due to its limited knowledge about the sellers’

decision-making process, it is still able to incentivize the sellers to pick informative prices

by offering the exploration reward contracts W0
t . At the end of the exploration period

(or the beginning of period t = d
√
T log(T )e + 1), the platform evaluates whether θ ∈

int(Θ̃). Note that in the statistical test 1
t
∑t
s=1

[
R?(ξs, θ̃t) − R(p̄θ̃t , ξs, θ̃t)

]
< 0, it is

sufficient for the platform to rely only the the feature history {ξs : s = 1, . . . t} and the
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update-to-date estimator θ̃t. Given the estimator θ̃t, we can also estimate the DN Nash

equilibrium price profile by p̄θ̃t and the platform’s corresponding long-run expected revenue

by 1
t
∑t
s=1R(p̄θ̃t , ξs, θ̃t). In comparison, the platform’s expected full-information revenue

can be estimated by 1
t
∑t
s=1R?(ξs, θ̃t). If the testing outcome is 1

t
∑t
s=1

[
R?(ξs, θ̃t) −

R(p̄θ̃t , ξs, θ̃t)
]
< 0, which suggests that θ̃ ∈ int(Θ̃), then the platform would continue to

hide the market information from the sellers (i.e., τ =∞) and move on with the do-nothing

reward contracts WDN
t . Alternatively, the platform would reveal the market information

to the sellers (i.e., τ = d
√
T log(T )e+ 1) and exploitation reward contracts W?

t .

The SRI policy allows the platform to be strategic about whether to reveal its market

information, which should combine the merits of the aforementioned policies. Towards this

direction, we summarize the performance of the SRI policy from the learning perspective in

the following result.

Theorem 13. (Performance of the SRI policy) Under Assumptions 7 - 13, let π2 be

the SRI policy.

(i) If θ ∈ int(Θ̃), then there exist r3, C3 > 0 such that ∆π2
θ (T ) ≤ r3 − C3T for

all T ∈ {1, 2, . . . }.

(ii) If θ ∈ int(Θ̃c), then there exist r4, C4 > 0 such that ∆π2
θ (T ) ≤ r4+C4

√
T log(T )

for all T ∈ {1, 2 . . . }.

By comparing Theorem 13 with Theorem 11 in Section 3.4.2 and Theorem 12 in Section

3.4.3, we immediately observe that the SRI policy addresses the disadvantages in both the

DN policy and the RI policy. In the “good” cases (i.e., θ ∈ int(Θ̃)), the SRI policy allows

the platform to exploit its informational advantages with high confidence and achieve a

total regret of O(−T ). In contrast, when the platform faces the “bad” cases (i.e., θ ∈

int(Θ̃c)), the SRI policy protects the platform from failing to intervene, and the strategy

of active coordination of the market incurs a regret of O(
√
T log(T )). These properties

demonstrate that by gathering enough sufficient knowledge before making a strategic decision
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on information revelation, the platform improves the robustness of performance via the SRI

policy.

To illustrate this observation from a numerical perspective, we use the aforementioned

problem instance to generate the regret plot for the SRI policy.
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Figure 3.4: Consider the same problem instances of Example 8 as in Figure 3.1.

The numerical performance in Figure 3.4 suggests that the SRI policy allows the platform

to exploit the informational advantages in the case of θ ∈ int(Θ̃), which outperforms the

regret of RI policy (as shown in Figure 3.3) and delivers a comparable outcome to that from

the DN policy (see Figure 3.1). In the case of θ ∈ int(Θ̃c), Figure 3.4 shows that the SRI

policy helps the platform avoid the large revenue loss due to demand model uncertainty as

demonstrated in the DN policy (see Figure 3.1). Meanwhile, like the RI policy (see Figure

3.3), the SRI policy achieves a regret of sublinear order (see Figure 3.4). The numerical
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example summarizes the success of the SRI policy against both “good” and “bad” scenarios.

3.5 Connecting the Examples and the Assumptions

Since the results that we have established in this paper depend on Assumptions 7 - 13, it

is important to understand whether these assumptions can apply to problem instances such

as the ones in Example 7(i) - (iii). In this section, we establish the connection between the

problem instances and the assumptions of the paper.

3.5.1 Assumptions related to the Demand Model

We first focus on Assumptions 7, 10, and 11, which characterize properties of the demand

model Q. In the following result, we establish that these assumptions admit a nontrivial set

of problem instances.

Proposition 23. There exists non-empty subset of problem instances of Example 7(i) - (iii)

in which Assumptions 7, 10, and 11 hold.

We would like to point out that the continuity conditions in Assumption 7 and the con-

cavity conditions in Assumption 11 can cover a very broad class of problem instances beyond

Example 7(i) - (iii). In comparison, the main purpose of Lipschitz stability condition in As-

sumption 10 is to facilitate the analysis of the technical results. Without this assumption, we

believe that the regret upper bound in Theorem 12 and Theorem 13(ii) could change from

O(
√
T log(T )) to O(T

2
3 log

1
4 (T )), which is still sublinear in terms of the number of periods

T .

3.5.2 Assumptions related to the Platform’s Learning Process

Next, we consider the Assumptions 8 and 13 regarding the platform’s learning process. We

use the following result to establish that these two assumptions in Example 7(i) - (iii).

Proposition 24. Consider problem instances of Example 7(i) - (iii) with i.i.d feature process

{ξt : t = 1, 2 . . . } satisfying Cov(ξt) � 0 for all t ∈ {1, 2 . . . }.
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(i) Under the linear demand model in Example 7(i), if the demand noise process

{εt : t = 1, 2, . . . } follow a multivariate normal distribution i.e., εt ∼ N (0,Σt)

where the eigenvalues of the covariance matrix Σt are uniformly bounded by [λε, λε]

for some λε > λε > 0, then Assumption 8 and Assumption 13 hold.

(ii) Under the multinomial logit demand model in Example 7(ii), Assumption 8 and

Assumption 13 hold.

(iii) Under the variation class of linear demand model in Example 7(iii) with the

same demand noise process {εt : t = 1, 2, . . . } as in part (i), Assumption 8 and

Assumption 13 hold.

3.5.3 Assumptions related to the Sellers’ Pricing Decisions.

In this section, we bridge the gap between the sellers’ approximate revenue optimization

problems in (3.7) and some widely-applied multiagent learning frameworks in the literature.

Multiagent reinforcement learning. One class of multiagent learning models ex-

tends the reinforcement learning algorithms into the decentralized setting. For example,

(131), (132), (133) (134),(135), and (136) applied Q-Learning algorithms into the settings

of cooperative and non-cooperative games. More recently, based on (149)), the extensions

to the multiagent mirror descent algorithms have also been investigated by (124), (125),

(126), (127), (128), (129) and (130). Using the multiagent mirror descent framework as an

example in our setting, we can fit the approximate revenue optimization problem (3.7) into

this framework by defining

R̃i(t+1)(p) = ηtg̃itp−Mhi(p, pit). (3.25)

In (3.25), functionMhi(p, p̃) is the Bregman divergence which can be expressed asMhi(x, y) =

hi(x)− hi(y)− h′i(y)(x− y) for some continuously differentiable lh-strongly convex function

hi : R → R for some lh > 0. It can be easily observed that when hi(x) = 1
2x

2 and
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Wit(p) = 0 for any p ∈ [l, u], then solving problem (3.7) in the scenario with an inte-

rior optimal solution is the same as the online stochastic gradient descent algorithm i.e.,

pi(t+1) = pit + ηtg̃it. Random value g̃it captures seller i’s perceived direction of updating

her price to improve her revenue in the next iteration. We assume that |g̃it| < σ̄g for some

σ̄g > 0 and Eξ,ε{g̃it|F0
t−1} =

∂
∂pit

Eξ,ε{Rsi(pt,ξt,θ)|F0
t−1}

Eξ,ε{Rsi(pt,ξt,θ)|F0
t−1}

where F0
t = σ(ε1 . . . , εt). In this im-

plementation, Eξ,ε{g̃it|F0
t−1} can treated as the normalized derivative for seller i’s expected

revenue function (3.5) in the next period. Since function (3.25) is one-dimensional, it is

sufficient to use g̃it to capture the perceived direction of revenue improvement. It is worth

noting that the multiagent mirror descent algorithm framework makes the assumption that

the perceived direction of price update is unbiased under filtration F0
t . Relaxation of this

assumption is allowed as long as the biased estimations of the gradient directions diminishes.

The exogenous step length ηt captures the sellers’ willingness to update their prices in each

period.

Fictitious play. The approximate revenue optimization problem in (3.7) can also be

implemented in the fictitious play framework: each agent chooses a strategy given the em-

pirical distribution of the competitors’ strategies (e.g., see 137, 138, 139, 140, 141, 150, 151,

152, 153). For example, we can implement the most classical setting in (137): for any seller

i in period t, let R̃it(p) be such that the maximizer pit = arg maxp∈[l,u] R̃it(p) satisfies

pit = arg max
p∈Si

R̃i(p, b̃it), (3.26)

where in (3.26), Si ⊂ [l, u] is a finite subset. Vector b̃it is considered as seller i’s observed

empirical distribution over the competitors’ price profile i.e., b̃it = (b̃it(p−i))p−i∈S−i where

we let b̃it(p̃−i) = ηti(p̃−i)∑
p̃−i∈S−i

ηti(p̃−i)
and ηti(p−i) be the total number of observations for price

profile p−i ∈ S−i in period t. Function R̃i(p, b̃it) can be perceived as seller i’s expected

payoff induced by belief vector b̃it i.e., R̃i(p, b̃it) = ∑
p̃−i∈S−i bit(p̃−i)Eξ,ε{Rsi(p, p̃−i, ξt,θ)}.

Similar as before, the fictitious play framework assumes that the bias mainly comes from the
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the price profile induced by the competitors.

Bayesian equilibrium. Besides the two learning frameworks above, we can further

consider Bayesian equilibrium models to capture the sellers’ pricing decisions in (3.7), which

has a more rigorous economic foundation. Based on the seminal paper by (143) for example,

we implement an extension of the dynamic pricing paper (58) into a multiagent learning

setting: we assume that there is a finite number of possibilities of the demand models

{Q(k)
i (p,θ(k)) : k = 0, . . . , K} for seller i given K ∈ N+ and p ∈ [l, u]n. We assume

that Q(k)
i (p,θ(k)) is twice continuously differentiable in p ∈ [l, u]n for any k ∈ {0, . . . , K}.

Every possible demand model from a seller’s perspective is formed at the beginning. Since

the sellers are not able to observe customers features {ξt : t = 1, 2 . . . }, we assume that

θ(0) = θ and Q(0)
i (p,θ(0)) = Eξ,ε{Q(p, ξ,θ)] for any p ∈ [l, u]n without loss of generality.

Let bit = (b(k)
it )Kk=0 ∈ [0, 1]K+1 be seller i’ belief distribution over the possibility of the true

demand models Q in period t where ∑K
k=0 b

(k)
it = 1. For the approximate revenue function

R̃it(p), we can define

R̃it(p) = γp
K∑
k=0

b
(k)
it Q

(k)
i (p,p−it,θ(k)), (3.27)

where p−it is the competitor’s induced price profile for any i ∈ {1, . . . , n} and k ∈ {0, . . . , K}.

Seller i observes demand realization Dit = Q
(0)
i (pt,θ(0)) + νit where the demand noise

νit = Qi(pt, ξt,θ) − Q(0)
i (p,θ(0)) + εit is induced by both the customers features and the

exogenous demand shock. Given filtration F0
t = σ(ε1, . . . , εt), we can make a stronger

assumption that Dit is uniformly bounded for simplicity of analysis. We also assume that

seller i has full knowledge about the likelihood function L(k)
it {Dit, Q

(k)
i (pt,θ(k))|F0

t−1} =

Pξ,ε{Dit − Q
(k)
i (pt, ξt,θ(k)) ∈ dεit

∣∣∣ F0
t−1} ∈ [f, f ] for some f > f > 0, and moreover,
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updates her belief via the Bayes’ rule

bki(t+1) =
b
(k)
it L

(k)
it

{
Dit, Q

(k)
i (pt,θ(k))|F0

t−1

}
∑K
k′=0 b

(k′)
it L

(k′)
it

{
Dit, Q

(k′)
i (pt,θ(k′))|F0

t−1

} . (3.28)

Establishing the assumptions in multiagent learning frameworks. In all three

frameworks above, we can focus on settings where Assumption 11 holds such that we have

a unique DN Nash equilibrium. Moreover, we can assume that the DN Nash equilibrium

satisfies p̄θ ∈ int([l, u]n). In the following result, we show that smoothness property in

Assumption 9 and the convergence property in Assumption 12 are broadly satisfied in the

aforementioned multiagent learning frameworks.

Proposition 25. (i) Under the multiagent mirror descent framework in (3.25),

Assumption 9 holds. Moreover, if ∑∞s=1 ηs =∞ and ∑∞s=1 η
2
s <∞, then Assump-

tion 12 also holds.

(ii) Under the fictitious play framework in (3.26), Assumption 9 holds if R̃it with a

maximizer satisfying (3.26) belongs to a compact subspace of C1([l, u]). Moreover,

if the game in Definition 5 is a finite weighted potential game and p̄θ ∈ S, then

Assumption 12 holds.9

(iii) Under the Bayesian equilibrium framework in (3.27), Assumption 9 holds.

If there exists δd > 0 such that |Q(k)
i (p,θ(k)) − Q

(k′)
i (p,θ(k′))| ≥ δd for any

p ∈ [l, u]n, any k, k′ ∈ {0, . . . , K} with k 6= k′, and any i ∈ {1, . . . , n}, then

Assumption 12 holds.

3.6 Conclusion

This paper investigates how a platform can leverage information disclosure and payments

to maximize its revenue under the challenge of demand model uncertainty and information

9. The definition of the ordinal potential game is defined in (154).
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asymmetry. Our analysis sheds light on the value of information revelation from the per-

spective of demand learning and revenue management. While we establish that the DN

policy can perform poorly in some settings, we establish the opportunities for the platform

to exploit the information asymmetry in a demand learning environment. At the other

extreme, if the platform is willing to blindly trade its informational advantages for more

accurate management of the price-setting incentives, it is able to avoid large revenue loss

due to demand model uncertainty. However, such a policy is shown to be too conservative

sometimes. We develop a policy on the timing of information revelation and the offering of

price-setting incentives such that the platform can exploit the informational advantages and

simultaneously avoid large revenue loss in general. We hope that this insight can help guide

the effort of price coordination under demand uncertainty in practice.

3.7 The Boundary Scenario θ ∈ ∂Θ̃

Recall that in Theorem 11 of Section 3.4.2 and Theorem 13 of Section 3.4.4, we have estab-

lished the regret for the case of θ ∈ int(Θ̃) and θ ∈ int(Θ̃c). In this section, we consider the

special case that remains to be discussed. As the special case, the demand parameter vector

θ is located on the boundary of the beneficial set Θ̃ i.e., θ ∈ ∂Θ̃ where

∂Θ̃ = {θ̃ : Eξ,ε{R?(ξ, θ̃)} = Eξ,ε{R(p̄θ̃, ξ, θ̃)}}. (3.29)

In the boundary case θ ∈ ∂Θ̃, we explore the connection between the growth of regret and

the induced price process {ps : s = 1, 2, . . . , T}. If we take the multiagent mirror descent

in 3.25 as an example, we observe that the regret depends on the step length parameter ηt

from (3.25). We summarize our observation in the following result.

Theorem 14. (Performance of policies for the boundary case) Let π0 be the plat-

form’s DN policy and π2 be the SRI policy. Abusing some notation, let η0 =∞ be a dummy

parameter such that 1
η0

= 0. Suppose that Assumptions 7 - 13 hold and that θ ∈ ∂Θ̃.
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(i) There exists C5 > 0 such that ∆π0
θ (T ) ≤ C5

[∑T
t=1 max

{ 1
ηt
− 1
ηt−1

, 0
}

+∑T
t=1 ηt

]
for any T ∈ {1, 2, . . . }.

(ii) There exists C6, C7 > 0 such that ∆π2
θ (T ) ≤ C6

[∑T
t=1 max

{ 1
ηt
− 1

ηt−1
, 0
}

+∑T
t=1 ηt

]
+ C7

√
T log(T ) for any T ∈ {1, 2 . . . }.

The proof of Theorem 14 is delayed to the Appendix Section 3.9. In this result, we show

that when the demand parameter vector θ is on the boundary of the beneficial set Θ̃, then

the induced regret depends on the convergence speed of the price process {ps : s = 1, 2, . . . }

i.e., the step length process {ηt : t = 1, 2, . . . }. It is worth noticing that if for some ε > 0,

we take step length ηt = t−(1
2+ε) for any i ∈ {1, . . . , n} and t ∈ {1, . . . , T} (which satisfies

the condition in Proposition 25(i)), then we recover the classical result about the sublinear

growth of regret from Theorem 14, i.e., ∆π0
θ (T ),∆π2

θ (T ) ∼ O(T
1
2+ε).

3.8 Proof of Results in Section 3.4

Proof of Proposition 20. Fix any t ∈ {1, . . . , T}, we prove the claim by establishing the

sufficiency and the necessity.

Before proceeding, we let (p̄t,W̄t) be any optimal solution to problem (3.11) and Wθ
t

satisfy the expression in (3.13). For any i ∈ {1, . . . , n} and t ∈ {1, . . . , T}, we obtain that

γp̄itQi(p̄t, ξt,θ) + W̄it(p̄it)
(a)= max

pit∈[l,u]

{
γpitQi(pit, p̄−it, ξt,θ) + W̄it(pit)

}
(b)
≥ max

pit∈[l,u]

{
γpitQi(pit, p̄−it, ξt,θ)

}
(c)= γp̄itQi(p̄t, ξt,θ) +Wθ

it(p̄it), (3.30)

where step (a) follows directly from constraint (3.11b) in problem (3.11). Step (b) follows

from the fact that W̄it(pit) ≥ 0 for all i ∈ {1, . . . , n} and pit ∈ [l, u]. In step (c), we can

leverage the expression ofWθ
it(p̄it) in (3.13) to obtain the equation given that p̄t is an optimal
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price profile to problem (3.11). From (3.30),we obtain that

W̄it(p̄it) ≥ Wθ
it(p̄it), ∀i ∈ {1, . . . , n}. (3.31)

Next, to establish Wθ
it(p̄it) = W̄it(p̄it), we proceed to show that

R?(ξt,θ) (d)=
n∑
i=1

(1− γ)p̄itQi(p̄t, ξt,θ)− W̄it(p̄it)

=
n∑
i=1

p̄itQi(p̄t, ξt,θ)−
 n∑
i=1

γp̄itQi(p̄t, ξt,θ) + W̄it(p̄it)


=
n∑
i=1

p̄itQi(p̄t, ξt,θ)−
 n∑
i=1

max
pit∈[l,u]

{
γpitQi(pit, p̄−it, ξt,θ) + W̄it(pit)

}
(e)
≤

n∑
i=1

p̄itQi(p̄t, ξt,θ)−
 n∑
i=1

max
pit∈[l,u]

{
γpitQi(pit, p̄−it, ξt,θ)

}
=

n∑
i=1

p̄itQi(p̄t, ξt,θ)−
 n∑
i=1

γp̄itQi(p̄t, ξt,θ) +Wθ
it(p̄it)


=

n∑
i=1

(1− γ)p̄itQi(p̄t, ξt,θ)−Wθ
it(p̄it)

(f)
≤ R?(ξt,θ), (3.32)

where step (d) follows directly from the optimality of (p̄t,W̄t) in problem (3.11) given the

expression of the platform’s revenue function in (3.4). Step (e) follows from constraint (3.11b)

in problem (3.11). Step (e) follows from the fact that W̄it(pit) ≥ 0 for any i ∈ {1, . . . , n} and

pit ∈ [l, u]. Step (f) follows from the optimality of R?(ξt,θ). Summarizing the observations

in (3.32), we obtain that the inequality in step (e) is tight, which suggests that

n∑
i=1
W̄it(p̄it) =

n∑
i=1
Wθ
it(p̄it). (3.33)

Summarizing (3.31) and (3.33), we conclude that

W̄it(p̄it) = Wθ
it(p̄it), ∀i ∈ {1, . . . , n}. (3.34)
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To establish the sufficiency claim, from the equality in (3.34) and the fact that W̄t is an

optimal reward contract, we conclude that if Wθ
t satisfies (3.13), then it is also optimal.

To establish the necessity claim, from the fact that the optimal solution (p̄t,W̄t) to prob-

lem (3.11) is selected arbitrarily, we can readily leverage the equality in (3.34) to establish

that it must satisfy the expression in (3.13).

Proof of Lemma 16. Fix any t ∈ {1, . . . , T} and (pt, ξt,θ) ∈ [l, u]n × Ξ × Θ with

pt = ψ?(ξt,θ). From the construction of W̃ p̃,ξ̃,θ̃ in (3.15) for any (p̃, ξ̃, θ̃) ∈ [l, u]n×Ξ×Θ,

we observe that W̃pt,ξt,θ admits a unique solution of (w0it, w1it, w2it) for any i ∈ {1, . . . , n}.

This further implies that the reward profile Wpt,ξt,θ is well-defined in (pt, ξt,θ) ∈ [l, u]n ×

Ξ×Θ with pt = ψ?(ξt,θ). Moreover, the construction also suggests thatWpt,ξt,θ
i (p) ≥ 0 for

all i ∈ {1, . . . , n} and p ∈ [l, u]. Given that pt is the optimal price profile in problem (3.16),

we leverage condition (3.15a) to show that for any i ∈ {1, . . . , n}, we have W̃pt,ξt,θ
i (pit) >

0, and thus, Wpt,ξt,θ
i (pit) = W̃pt,ξt,θ

i (pit). This allows us to conclude that Wpt,ξt,θ(pt)

satisfies the property in Proposition 20. Summarizing the observations above, we obtain

that the construction of Wpt,ξt,θ is well-defined and optimal in problem (3.16).

Proof of Theorem 11. Let π be the platform’s DN policy and {ps : s = 1, 2, . . . } be

the price process induced by the sellers solving the approximate optimization problem (3.7)

under policy π. Since {ξs : s = 1, 2, . . . } are i.i.d, we let ξ be the generic random variable.

We prove the two claims in this theorem.

Step 1: Proof of claim (i). If θ ∈ int(Θ̃), we have Eξ,ε
{
R?(ξ,θ) − R(p̄θ, ξ,θ)

}
< 0

(by the strict inequality in (3.18)). We let c0 be a positive constant such that c0 =

−Eξ,ε
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
. As a first step, we establish the following upper bound
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for ∆π
θ(T ):

∆π
θ(T ) (a)= TEξ,ε

{
R?(ξ,θ)

}
− V πθ (T )

(b)= TEξ,ε

{
R?(ξ,θ)

}
− Eπθ


T∑
t=1
R(pt, ξt,θ)


(c)= TEξ,ε

{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
− Eπθ


T∑
t=1
R(pt, ξt,θ)−R(p̄θ, ξt,θ)


(d)
≤ − c0T + Eπθ


T∑
t=1
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

 , (3.35)

where step (a) follows from the definition of ∆π
θ(T ) in (3.12). In step (b), since pt is the

price process induced by the sellers under the platform’s DN policy π, we have V πθ (T ) =

Eπθ
{∑T

t=1R(pt, ξt,θ)
}
(by the definition in (3.10)). In step (c), we add and subtract a com-

mon term Eπθ
{∑T

t=1R(p̄θ, ξt,θ)
}
. It is worth noting that since p̄θ is the unique DN Nash

equilibrium (i.e., a static price profile) given θ, we obtain that Eπθ
{∑T

t=1R(p̄θ, ξt,θ)
}

=

Eξ,ε
{∑T

t=1R(p̄θ, ξt,θ)
}
. Furthermore, since {ξs : s = 1, 2, . . . } are i.i.d, we can also obtain

that Eξ,ε
{∑T

t=1R(p̄θ, ξt,θ)
}

= TEξ,ε
{
R(p̄θ, ξ,θ)

}
. Together, we have Eπθ

{∑T
t=1R(p̄θ, ξt,θ)

}
=

TEξ,ε
{
R(p̄θ, ξ,θ)

}
. Step (d) follows readily from the fact that c0 = −Eξ,ε

{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
>

0.

By Assumption 12, we have pt → p̄θ almost surely as t → ∞. Recall that function

R(p̃, ξ̃,θ) is a continuously differentiable function in (p̃, ξ̃) ∈ [l, u]n × Ξ under policy π. By

applying the continuous mapping theorem, for any ξ ∈ Ξ, this implies that R(pt, ξ,θ) →

R(p̄θ, ξ,θ) almost surely as t → ∞. Leveraging the uniform boundedness of R(p̃, ξ̃,θ) in

the compact set [l, u]n × Ξ × Θ, we can leverage the uniform integrable property to show

that Eπθ
{
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

}
→ 0 as t→∞. Thus, there exists t′0 > 0 such that

Eπθ
{
R(pt, ξt,θ)−R(p̄, ξt,θ)

}
≤ c0

2 , ∀t ≥ t′0. (3.36)

By letting R̄ = max(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×Θ̃R(p̃, ξ̃, θ̃), we pick t0 ≥ t′0 to be the smallest integer
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such that for all T ≥ t0, we have −c02 (T + t′0) + 2t′0R̄ < 0. Given the positive constants

t0, t′0, we can further pick a constant C0 ∈ (0, c02 ) such that for any T ≥ t0,

− C0T ≥ −
c0
2 (T + t′0) + 2t′0R̄ (3.37)

Summarizing the aforementioned arguments, for any T ≥ t0, we can establish that

∆π
θ(T )

(e)
≤ − c0T + c0

2 (T − t′0) + 2t′0R̄

= − c0
2 (T + t′0) + 2R̄t′0

(f)
≤ −C0T, (3.38)

where in step (e), from step (d) of (3.35), for all t ≥ t′0, we have Eπθ
{
R(pt, ξt,θ) −

R(p̄θ, ξt,θ)
}
≤ c0

2 (by (3.36)), and for all t ≤ t′0, we have Eπθ
{
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

}
≤

2R̄ (by construction of the uniform upper bound R̄). Step (f) follows directly from (3.37).

We also pick a positive constant r0 ≥ 2R̄t0 such that for any T ≤ t0,

∆π
θ(T ) ≤ r0. (3.39)

Based on the observations in (3.38) and (3.39), given the selected positive constants r0, C0,

we can conclude that

∆π
θ(T ) ≤ r0 − C0T, ∀T ∈ N. (3.40)

This completes the proof of Claim (i).

Step 2: Proof of Claim (ii). If θ ∈ int(Θ̃c), we have Eξ,ε
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
> 0.
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By letting c1 = Eξ,ε
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
> 0, we can establish that

∆π
θ(T ) (g)= TEξ,ε

{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
− Eπθ


T∑
t=1
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

 ,
(h)
≥ c1T − Eπθ


T∑
t=1
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

 , (3.41)

where step (g) follows from the same arguments as in step (a) - (c) of (3.35). step (h) follows

from the fact that c1 = Eξ,ε
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
> 0.

By using the same arguments as in Claim (i), we can show that Eπθ
[
R(pt, ξt,θ) −

R(p̄θ, ξt,θ)
]
→ 0 as t→∞. This allows us to pick a positive integer t′1 such that

Eπθ
[
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

]
≤ c1

2 , ∀t ≥ t′1. (3.42)

Given R̄ = max(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×ΘR(p̃, ξ̃, θ̃), we further let t1 be the smallest integer with

t1 ≥ t′1 such that for all T ≥ t1, c12 (T + t′1) − 2t′1R̄ > 0. This allows us to pick a constant

C1 ∈ (0, c12 ) such that

C1T ≤
c1
2 (T + t′1)− 2R̄t′1, ∀T ≥ t1. (3.43)

Thus, for all T ≥ t1, we have

∆π
θ(T )

(i)
≥ c1T −

c1
2 (T − t′1)− 2R̄t′1

(j)
≥ C1T, (3.44)

where in step (i), note that for all t ≥ t′1, we have EπθR(pt, ξt,θ)−R(p̄θ, ξt,θ)
]
≤ c1

2 , and

for all t ≤ t′1, we have Eπθ
[
R(pt, ξt,θ) − R(p̄θ, ξt,θ)

]
≤ 2R̄. Combining with step (h) of

(3.41), we obtain the inequality in step (i). Step (j) follows immediately from (3.43) .
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Lastly, we can pick r1 ≥ 2R̄t1 such that for all T ≤ t1,

∆π
θ(T ) ≥ −r1. (3.45)

Summarizing (3.44) and (3.45), for the selected r1, C1 > 0, we have

∆π
θ(T ) ≥ −r1 + C1T, ∀T ∈ N. (3.46)

This completes the proof of Claim (ii).

Proof of Lemma 17. Given that there exists some ξ̄ ∈ Ξ such that ξt = ξ̄ for any

t ∈ {1, . . . , T}, we establish Θ̃ = ∅ by contradiction. Given the definition of the beneficial

set Θ̃ in (3.18), suppose towards a contradiction that Θ̃ 6= ∅. Then there exists θ̃ ∈ Θ̃ such

that

R?(ξ̄, θ̃) (a)= max
p∈[l,u]n

n∑
i=1

piQi(p, ξ̄, θ̃)− max
p̃i∈[l,u]

γp̃iQi(p̃i,p−i, ξ̄, θ̃)

(b)
< R(p̄θ̃, ξ̄, θ̃) (c)=

n∑
i=1

(1− γ)p̄θ̃i Qi(p̄θ̃, ξ̄, θ̃), (3.47)

where step (a) follows directly from the expression of optimal revenue R?(ξ̄, θ̃) from problem

(3.11) and the property of the optimal reward contracts W θ̃
t in (3.13) of Proposition 20. In

step (b), we let p̄θ̃ be the DN Nash equilibrium in Definition 5 given θ̃ ∈ Θ̃, and the

inequality here follows immediately from the assumption that θ̃ ∈ Θ̃. In step (c), given the

DN Nash equilibrium p̄θ̃ and the expression of the platform’s revenue function R in (3.4)

(where Wt = 0 under the DN policy π), we immediately obtain the equality in step (c).
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Meanwhile, we can also show that

R?(ξ̄, θ̃) (d)= max
p∈[l,u]n

n∑
i=1

piQi(p, ξ̄, θ̃)− min
p̃i∈[l,u]

γp̃iQi(p̃i,p−i, ξ̄, θ̃)

(e)
≥ max

p∈[l,u]n

n∑
i=1

piQi(p, ξ̄, θ̃)− γpiQi(p, ξ̄, θ̃)

(f)
≥

n∑
i=1

(1− γ)p̄θ̃i Qi(p̄θ̃, ξ̄, θ̃), (3.48)

where step (d) follows from the same argument as in step (a) of (3.47). In step (e), the

inequality follows immediately from eliminating the minimization problem from the two-

stage optimization problem on the left hand side. In step (f), since the DN Nash equilibrium

p̄θ̃ is a feasible solution in the left-hand-side maximization problem, the inequality readily

follows.

Summarizing (3.47) and (3.48), we reach a contradiction, which allows us to conclude

that Θ̃ = ∅.

Proof of Lemma 18. Given that {ξs : s = 1, 2, . . . } are i.i.d, we let ξ be the correspond-

ing common random vector. Proof of Claim (i). In Example 7(iii), given θ = (θ0,θ1,θ2),

p ∈ [l, u]n and Eξ,ε{ξ} = 0, we observe that

Eξ,ε
{
Q(p, ξ,θ)

}
= θ0 − θ1p. (3.49)

By the definition of the DN Nash equilibrium (in Definition 5), the positivity of matrix

θ1’s diagonal entries (by the lemma statement), the expression Jθ1 = θ1 + diag(θ1), and

the condition that J−1
θ1
θ0 ∈ int([l, u]n) (by the lemma statement), we obtain the following

closed-form expression for the DN Nash equilibrium:

p̄θ = J−1
θ1
θ0. (3.50)
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The observations above allow us to deduce that the platform’s expected revenue from the

DN Nash equilibrium can be expressed as

Eξ,ε
{
R(p̄θ, ξ,θ)

} (a)= (1− γ)[p̄θ]ᵀ(θ0 − θ1p̄
θ)

(b)= (1− γ)
[
J−1
θ1
θ0
]ᵀ (θ0 − θ1J

−1
θ1
θ0)

(c)= (1− γ)θᵀ0
[1
2[J−1

θ1
]ᵀ + 1

2J
−1
θ1
− [J−1

θ1
]ᵀθ1J

−1
θ1

]
θ0, (3.51)

where in step (a), given the expression of Eξ,ε
{
Q(p, ξ,θ)

}
in (3.49), the platform’s revenue

in DN Nash equilibrium follows from the revenue function R in (3.4) and the fact that

Wt = 0 in the equilibrium. In step (b), we use p̄θ in (3.50) to obtain the expression on the

right hand side. Step (c) follows directly from reorganizing the expression.

Summarizing the arguments above, we conclude the proof of Claim (i).

Proof of Claim (ii). To establish this claim, we deduce the expression of Eξ,ε{R?(ξ,θ)}.

In Example 7(iii), for any (p̃, ξ̃) ∈ [l, u]n × Ξ, we have Q(p̃, ξ̃,θ) = θ0 − θξp̃ where θ =

(θ0,θ1,θ2), θξ̃ = θ1 + θ2ξ̃ and Λξ̃ = diag(θξ̃). Thus, for any ξ̃ ∈ Ξ, we can establish that

R?(ξ̃,θ) (d)= max
p∈[l,u]n

n∑
i=1

piQi(p, ξ̃,θ)− max
p̃i∈[l,u]

{
γp̃iQi(p̃i,p−i, ξ̃,θ)

}
(e)= max

p∈[l,u]n
pᵀ(θ0 − θξ̃p)− γ

4

[
θ0 − (θξ̃ −Λξ̃)p

]ᵀ
Λ−1
ξ̃

[
θ0 − (θξ̃ −Λξ̃)p

]
,

(3.52)

where in step (d), we apply the expression of the optimal revenue R? from problem (3.11)

and the property of the optimal reward contracts Wθ
t in (3.13) of Proposition 20 to obtain

this expression. In step (e), given that the diagonal entries of θξ are positive (by the lemma

statement), the inner optimization problem on the left hand side is a concave maximization

problem for all i ∈ {1, . . . , n}. Considering the first-order optimality condition and the

assumption that 1
2Λ−1

ξ̃
θ0 − 1

2(θξ̃ − Λξ̃)p̃ ∈ int([l, u]n) for any p̃ ∈ [l, u]n and ξ̃ ∈ Ξ (by

the lemma statement), we can establish that the optimal solution of the inner maximization
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problems is located in the interior point of [l, u] for each i ∈ {1, . . . , n}. After some arithmetic

calculation, we obtain the expression on the right hand side of step (e).

Given the notations Gξ̃ = 2−γ
4 (θξ̃ + θᵀ

ξ̃
) + γ

4 (θᵀ
ξ̃
Λ−1
ξ̃
θξ̃ + Λ−1

ξ̃
) and H ξ̃ = [(1 − γ

2 )I +
γ
4 (θᵀ

ξ̃
Λ−1
ξ̃

+ Λ−1
ξ̃
θξ̃)], we can use (3.52) to show that R?(ξ̃,θ) satisfies

R?(ξ,θ) = max
p∈[l,u]n

−pᵀGξp+ [Hξθ0]ᵀp− γ

4θ
ᵀ
0Λ−1

ξ θ0, (3.53)

From the assumptions Gξ̃ � 0 and 1
2G
−1
ξ̃
H ξ̃θ0 ∈ int([l, u]n) (by the lemma statement), we

use the first-order optimality condition to compute the closed-form optimal price profile as

ψ?(ξ̃,θ) = 1
2G
−1
ξ̃
H ξ̃θ0. (3.54)

Based on the expression of R? in (3.53) and the expression of ψ? in (3.54), the induced

expected full-information optimal revenue satisfies

Eξ,ε {R?(ξ,θ)} = θ
ᵀ
0Eξ,ε

{1
4HξG

−1
ξ Hξ −

γ

4Λ−1
ξ

}
θ0. (3.55)

With the aforementioned arguments, we conclude the proof of Claim (ii).

Proof of Proposition 21. We first establish the sufficiency arguments. Given the sym-

metric matrix X(θ1,θ2) in (3.22), we consider the eigendecomposition

X(θ1,θ2) = U(θ1,θ2)Λ(θ1,θ2)U(θ1,θ2)ᵀ. (3.56)

To prove the sufficiency, we assume that there exists (θ0,θ1,θ2) ∈ Θ that satisfies λ(θ1,θ2) 6∈

V?(θ1,θ2). Given V(θ1,θ2) in the proposition statement, the corresponding dual cone

V?(θ1,θ2) can be expressed as

V?(θ1,θ2) = {v : 〈v, z〉 ≥ 0, ∀z ∈ V(θ1,θ2)} . (3.57)
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We let y = U(θ1,θ2)ᵀθ0. Since (θ0,θ1,θ2) ∈ Θ, we can directly leverage the definition of

V(θ1,θ2) in the proposition statement to obtain that

y ◦ y ∈ V(θ1,θ2). (3.58)

This allows us to further deduce that

0
(a)
> 〈λ(θ1,θ2),y ◦ y〉 =

n∑
k=1

λk(θ1,θ2)y2
k

(b)= yᵀΛ(θ1,θ2)y

(c)= θ
ᵀ
0U (θ1,θ2)Λ(θ1,θ2)U(θ1,θ2)ᵀθ0

(d)= θ
ᵀ
0X(θ1,θ2)θ0, (3.59)

where in step (a), based on the assumption that λ(θ1,θ2) 6∈ V?(θ1,θ2), we leverage the

definition of V?(θ1,θ2) from (3.57) and the observation that y ◦y ∈ V(θ1,θ2) (by (3.58)) to

obtain the strict inequality. Step (b) follows from the notation of Λ(θ1,θ2) as the diagonal

eigenvalue matrix. In step (c), we implement the construction that y = U(θ1,θ2)ᵀθ0. Step

(d) follows immediately from the definition X(θ1,θ2) = U(θ1,θ2)Λ(θ1,θ2)U(θ1,θ2)ᵀ.

By the strictly inequality in (3.59), we have that Θ̃ 6= ∅, we establish that θ ∈ Θ̃. Thus,

we can conclude that Θ̃ 6= ∅.

We next establish establish the necessity arguments. Given that Θ̃ 6= ∅, there exists (θ0,θ1,θ2) ∈

Θ such that θᵀ0X(θ1,θ2)θ0 < 0. To establish the necessity, we need to show that there ex-

ists (θ0,θ1,θ2) ∈ Θ that satisfies λ(θ1,θ2) 6∈ V?(θ1,θ2). Using the eigendecomposition

X(θ1,θ2) = U(θ1,θ2)Λ(θ1,θ2)U(θ1,θ2)ᵀ, we can establish that

0 > θ
ᵀ
0X(θ1,θ2)θ0 = θ

ᵀ
0U(θ1,θ2)Λ(θ1,θ2)U(θ1,θ2)ᵀθ0. (3.60)

By letting y = U(θ1,θ2)ᵀθ0, we immediately obtain that y ◦ y ∈ V(θ1,θ2) (by definition

of V(θ1,θ2)). With 〈λ(θ1,θ2),y ◦ y〉 = yᵀΛ(θ1,θ2)y < 0, it follows that λ(θ1,θ2) 6∈

V?(θ1,θ2).
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Proof of Proposition 22. Let π be the RI policy, and {ps : s = 1, 2, . . . , } be the price

process induced by the sellers under policy π. To ease some notation, for any θ̃ ∈ Θ, T ≥ 2

and t ∈ {1, . . . , T}, we suppress the history information Ht in the expressions of `t(θ̃|Ht)

and It(θ̃|Ht) to obtain the more concise expressions `t(θ̃) and It(θ̃). Define `0(θ̃) = 0. For

any t ∈ {1, 2 . . . , }, we let gt(θ̃) be defined as

gt(θ̃) = `t(θ̃)− `t−1(θ̃). (3.61)

Step 1: the unconstrained maximum likelihood estimator in period t. For any T ≥ 2 and

t ∈ {1, . . . , T}, given the history information Ht, we denote by θ̃ut+1 the unconstrained

maximum likelihood estimator without projection onto Θ i.e.,

θ̃
u
t+1 = arg max

θ̃

`t(θ̃). (3.62)

Recalling that κθ is the dimension of the demand parameter vector and λ̄I is the constant

in Assumption 13(i), we pick any κ1 > 1
2κθλ̄I and define event A = {‖∇`t(θ)‖2 ≤ κ1t}. For

any T ≥ 2, t ∈ {1, . . . , T} and δ ≥ 0, we let τ(t) = min{t, d
√
T log(T )e} and deduce that

Pπθ
{
‖θ̃ut+1 − θ‖22 > δ

}
≤ Pπθ

{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≤ λ0τ(t)

}
+ Pπθ

{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t)

}
≤ Pπθ {λmin(It(θ)) ≤ λ0τ(t)}

+ Pπθ
{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), A

}
+ Pπθ

{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), Ac

}
. (3.63)

In the following arguments, we develop an upper bound for each term in the expression

of (3.63). Step 2: upper bound for Pπθ{λmin(It(θ)) ≤ λ0τ(t)}. For simplicity of notation,

we let I0(θ̃) = 0 and λmin(I0(θ̃)) = 0 for any θ̃ ∈ Θ. By construction, given the total
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periods T , the set of exploration periods Tt up to period t under the RI policy can be

expressed as Tt = {1, . . . , τ(t)} where τ(t) = min{t, d
√
T log(T )e}. By the inequality (3.23)

in Assumption 13, we readily obtain that there exists positive constants λ0, k0 such that for

any T ≥ 2 and t ∈ {1, . . . , T},

Pπθ
{
λmin(It(θ̃)) ≤ λ0τ(t)

}
≤ k0

τ(t) . (3.64)

Step 3: upper bound for Pπθ{‖θ̃
u
t+1 − θ‖2 > δ, λmin(It(θ)) ≥ λ0τ(t), A}. We develop an

upper bound for the second term of (3.63) in the following auxiliary result.

Lemma 19. Let π be the RI policy. There exists K ′1, K ′2 > 0 such that for any T ≥ 2,

t ∈ {1, . . . , T} and δ ≥ 0, with τ(t) = min{t, d
√
T log(T )}, we have

Pπθ
{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), A

}
≤ K ′1t

κθδ
κθ
2 exp

{
−K ′2

δ

max{1,
√
δ}
τ(t)

}
.

(3.65)

Step 4: upper bound for Pπθ{‖θ̃
u
t+1 − θ‖2 ≥ δ, λmin(It(θ)) ≥ λ0τ(t), Ac}. Similar to the

previous step, we deduce an upper bound for the third term of (3.63) in the following result

Lemma 20. Let π be the RI policy. There exists K ′3, K ′4 > 0 such that for any T ≥ 2,

t ∈ {1, . . . , T} and δ ≥ 0, with τ(t) = min{t, d
√
T log(T )}, we have

Pπθ
{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), Ac

}
≤ K ′3 exp

{
−K ′4t

}
. (3.66)

Step 5: concluding the upper bound for Eπθ{‖θ̃t+1 − θ‖22}. Given that Θ is a compact

set, we let δθ = maxθ̃1,θ̃2∈Θ ‖θ̃1 − θ̃2‖22, which is a finite constant. Combining the obser-

vations from step 2 - 4, for any T ≥ 2, t ∈ {1, 2 . . . } and τ(t) = min{t, d
√
T log(T )e}, we
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establish that

Eπθ
{
‖θ̃t+1 − θ‖22

}
=
∫ ∞

0
Pπθ
(
‖θ̃t+1 − θ‖22 > x

)
dx

(a)
≤

∫ δθ
0

Pπθ
(
‖θ̃t+1 − θ‖22 > x, λmin(It(θ)) ≤ λ0τ(t)

)
dx

+
∫ δθ
0

Pπθ
(
‖θ̃t+1 − θ‖22 > x, λmin(It(θ)) ≥ λ0τ(t), A

)
dx

+
∫ δθ
0

Pπθ
(
‖θ̃t+1 − θ‖22 > x, λmin(It(θ)) ≥ λ0τ(t), Ac

)
dx

(b)
≤

∫ δθ
0

Pπθ
(
λmin(It(θ)) ≤ λ0τ(t)

)
dx

+
∫ δθ
0

Pπθ
(
‖θ̃ut+1 − θ‖22 > x, λmin(It(θ)) ≥ λ0τ(t), A

)
dx

+
∫ δθ
0

Pπθ
(
‖θ̃ut+1 − θ‖22 > x, λmin(It(θ)) ≥ λ0τ(t), Ac

)
dx

(c)
≤

∫ δθ
0

k0
τ(t)dx+

∫ (κθ+1) log(t)
K′2τ(t) ∧1

0
1dx

+
∫ 1

(κθ+1) log(t)
K′2τ(t) ∧1

K ′1t
κθx

κθ
2 exp

{
−K ′2xτ(t)

}
dx

+
∫ δθ∨1

1
K ′1t

κθx
κθ
2 exp

{
−K ′2

√
xτ(t)

}
dx+

∫ δθ
0

K ′3 exp
{
−K ′4t

}
dx

(d)
≤ δθk0

τ(t) + (κθ + 1) log(t)
K ′2τ(t)

+ K ′1
t

+ δθK
′
5 exp

{
− 1

4K
′
2
√
t
}

+ δθK
′
3 exp

{
−K ′4t

}
(e)
≤ K1

log(t+ 1)
τ(t+ 1) , (3.67)

where in in step (a), we decompose the probability Pπθ(‖θ̃t+1 − θ‖22 ≥ x) into three com-

ponents. Note that since δθ = maxθ̃1,θ̃2∈Θ ‖θ̃1 − θ̃2‖22, we have Pπθ{‖θ̃t+1 − θ‖22 > x} = 0

for any x > δθ. In step (b), we observe that in the first term, event {‖θ̃t+1 − θ‖22 ≥

x, λmin(It(θ)) ≤ λ0τ(t)} implies {λmin(It(θ)) ≤ λ0τ(t)}. In the second term and the third

term, given that θ̃ut+1 is the unconstrained maximum likelihood estimator, we observe that

event {‖θ̃t+1 − θ‖22 ≥ x} implies event {‖θ̃ut+1 − θ‖22 ≥ x}. Summarizing the two observa-

tions above, we obtain the inequality in step (b). In step (c), we have three terms on the left
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hand side. The first term follows directly from Pπθ(λmin(It(θ)) ≤ λ0τ(t)) ≤ k0
τ(t) (by (3.64)).

In the second term of step (c), we break the integral further into three components: (1) when

x ≤ (κθ+1) log(t)
K ′2τ(t) ∧ 1, the integrand is upper bounded by 1; (2) when x ∈ [ (κθ+1) log(t)

K ′2τ(t) ∧ 1, 1],

together with (3.65) in Lemma 19, the integrand satisfies that x
max{1,

√
x} = x in the second

component; and (3) when x ≥ 1, we have x
max{1,

√
x} =

√
x in the integrand. The third

term of step (c) follows readily from (3.66) of Lemma 20. In step (d), the first two terms

follow from direct integration. In the third term, the integrand is upper bounded by K ′1
t . In

the fourth term, given T ≥ 2, we have τ(t) = min{t, d
√
T log(T )e} ≥ 1

2
√
t > 1

4
√
t. We can

further pick K ′5 > 0 such that K ′5 exp{−1
4K
′
2
√
t} ≥ K ′1δ

κθ
2
θ tκθ exp{−K ′2

√
t} for any t ≥ 1.

Step (e) follows readily from the fact that we can pick K1 > 0 such that the inequality holds

in this step for any T ≥ 2 and t ∈ {1, . . . , T}.

Summarizing the observations above, we conclude the claim of this proposition.

Proof of Theorem 12. Let π be the platform’s RI policy and {ps : s = 1, 2, . . . } be

the price process induced by the sellers under policy π. Before proving the claim, we first

establish the following auxiliary result.

Lemma 21. For any (p̃, ξ̃, θ̃) ∈ [l, u]n × Ξ × Θ, if the mapping ψ? in (3.14) satisfies

Assumption 10, then under the reward contractsW p̃,ξ̃,θ̃ in Lemma 16, there exists a constant

Kψ > 0 such that for any θ̃, θ̄ ∈ Θ and ξ̃ ∈ Ξ then we have

∣∣∣R(ψ?(ξ̃, θ̃), ξ̃, θ̄)−R(ψ?(ξ̃, θ̄), ξ̃, θ̄)
∣∣∣ ≤ Kψ‖θ̃ − θ̄‖22. (3.68)

Under the RI policy π, we focus on the reward contract in Lemma 16. Given the expres-

sion of the platform’s revenue function R(p̃, ξ̃, θ̃) in (3.4), by the continuity of the demand

function Q(p̃, ξ̃, θ̃) and the reward contracts W p̃,ξ̃,θ̃ from Lemma 16 in terms of (p̃, ξ̃, θ̃) ∈

[l, u]n×Θ×Ξ, we obtain thatR(p̃, ξ̃, θ̃) is continuous in (p̃, ξ̃, θ̃) ∈ [l, u]n×Θ×Ξ. As a result,

there exists a positive constant R̄ such that R(p̃, ξ̃, θ̃) ≤ R̄ for any (p̃, ξ̃, θ̃) ∈ [l, u]n×Θ×Ξ.
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We conclude the claim by deducing that

∆π
θ(T ) = Eπθ


T∑
t=1
R?(ξt,θ)

− V πθ (T )

(a)= Eπθ


T∑
t=1
R(ψ?(ξt,θ), ξt,θ)−R(pt, ξt,θ)


(b)
≤ Eπθ


d
√
T log(T )e∑
t=1

∣∣∣∣R(ψ?(ξt,θ), ξt,θ)−R(pt, ξt,θ)
∣∣∣∣


+ Eπθ


T∑

t=d
√
T log(T )e+1

∣∣∣∣R(ψ?(ξt,θ), ξt,θ)−R(ψ?(ξt, θ̃t), ξt,θ)
∣∣∣∣


(c)
≤ 2R̄(

√
T log(T ) + 1) +Kψ

T∑
t=2

Eπθ
{
‖θ̃t − θ‖22

}
(d)
≤ 2R̄(

√
T log(T ) + 1) +Kψ

T∑
t=2

K1
log(t)

min{
√
T log(T ), t}

≤ 2R̄(
√
T log(T ) + 1) +Kψ

T∑
t=2

K1
log(t)√
T log(T )

+Kψ

T∑
t=1

K1
log(t)
t

(e)
≤ 2R̄(

√
T log(T ) + 1) +KψK1

√
T log(T ) +KψK1 log(T )2 (f)

≤ C2
√
T log(T ),

(3.69)

where step (a) follows directly from the expression of R?(ξt,θ) in (3.16) and the definition of

V πθ in (3.10). Step (b) follows from dividing the summation expression further into two terms.

In step (c), the first term follows readily from the observation that R(ψ?(ξt,θ), ξt,θ) −

R(pt, ξt,θ) ≤ 2R̄ for all t ∈ {1, . . . , d
√
T log(T )e} given the uniform upper bound R̄. The

second term of step (c) follows from (3.68) in Lemma 21. Step (d) follows directly from

inequality (3.24) in Proposition 22 where we have τ(t) = min{t, d
√
T log(T )e}. In step (e),

both the second term and the third term follow from the fact that log(t) ≤ log(T ). In step

(f), we can pick C2 > 4R̄+ 4K1Kψ > 0 such that the inequality stands in this step.

With the aforementioned arguments, we conclude the proof of the claim in this theorem.
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Proof of Theorem 13. Let π be the platform’s SRI policy and {ps : s = 1, . . . , T} be the

price process induced by the sellers under policy π. To evaluate the performance of the SRI

policy, we first develop a supporting result to facilitate our proof of the claim.

Lemma 22. Let π be the SRI policy. There exists k2,M2, K2 > 0 such that for any T ≥ 2

and t ∈ {2, . . . , T}, with τ(t) = min{t, d
√
T log(T )e}, we have that

Eπθ

{
‖θ̃t − θ‖22

}
≤ K2

log(t)
τ(t) . (3.70)

Moreover, the platform’s information revelation timing τ under policy π satisfies that

(i) if θ ∈ int(Θ̃), there exists K̄0 > 0 such that for any T ≥ 2,

Pπθ
{
τ = d

√
T log(T )e+ 1

}
≤ K̄0√

T log(T )
; (3.71)

(ii) if θ ∈ int(Θ̃c), there exists K̄1 > 0 such that for any T ≥ 2,

Pπθ
{
τ =∞

}
≤ K̄1√

T log(T )
. (3.72)

Based on the observations in Lemma 22, we prove this theorem by establishing Claim (i)

and Claim (ii).
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Proof of Claim (i). If θ ∈ int(Θ̃), we first establish that

∆π
θ(T ) = Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)


+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)


= Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)


+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


Pπθ
{
τ = d

√
T log(T )e+ 1

}
(3.73)

To proceed, we develop an upper bound for each of the three terms in the last expression of

(3.73). In the first term of (3.73), by letting R̄ = max(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×ΘR(p̃, ξ̃, θ̃), we can

establish that

Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)

 = Eπθ


d
√
T log(T )e∑
t=1

∣∣∣∣R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣


≤ 2R̄(
√
T log(T ) + 1). (3.74)

For the second term of (3.73), given the positive constant K̄0 in (3.71) of Lemma 22, we first

note that there exists τ ′0 > 0 such that for any T ≥ τ ′0, we have 1 − K̄0√
T
≤ 1

2 . Next, based

on the probability upper bound in (3.71), we deduce that

Pπθ
{
τ =∞

}
= 1− Pπθ

{
τ = d

√
T log(T )e+ 1

}
≥ 1

2 . (3.75)
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To proceed, we let τ ′1 be the smallest positive constant such that T−(d
√
T log(T )e+1) ≥ 1

2T

for any T ≥ τ ′1. Given the aforementioned positive constants τ ′0, τ ′1, for any T ≥ max{τ ′0, τ ′1},

we can show that

Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(a)= Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(p̄θ, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R(p̄θ, ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(b)= Eξ,ε


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(p̄θ, ξt,θ)

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R(p̄θ, ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(c)
≤ −1

2c0TP
π
θ

{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R(p̄θ, ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(d)
≤ −1

2c0TP
π
θ

{
τ =∞

}
+ 1

4c0TP
π
θ

{
τ =∞

} (e)
≤ −1

8c0T, (3.76)

where step (a) follows from adding and subtracting the same term

Eπθ{
∑T
d
√
T log(T )e+1R(p̄θ, ξt,θ)|τ =∞}Pπθ{τ =∞}. In step (b), we replace the expectation

measure from Eπθ{·|τ = ∞} to Eξ,ε{·} in the first term given the independence of features

{ξt} from the event {τ =∞}. In step (c), from the assumption that θ ∈ int(Θ̃) and that {ξt}

are i.i.d, there exists a positive constant c0 such that c0 = Eξ,ε
{
R(p̄θ, ξ,θ)−R?(ξ,θ)

}
> 0.

Moreover, since T−(d
√
T log(T )e+1) ≥ 1

2T for T ≥ τ ′1, step (c) immediately follows. In step

(d), under Assumption 12, we can leverage the continuous mapping theorem to establish that

Eπθ{R(pt, ξt,θ)|τ = ∞} → Eπθ{R(p̄θ, ξt,θ)|τ = ∞} as t → ∞. This allows us to further
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pick a positive constant τ ′2 such that Eπθ{R(p̄θ, ξt,θ) − R(pt, ξt,θ)|τ = ∞} ≤ 1
4c0 for all

t ≥ d
√
T log(T )e+ 1 ≥ τ ′2. Step (e) follows readily from the inequality in (3.75).

For the third term of (3.73), we deduce that

Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1

Pπθ
{
τ = d

√
T log(T )e+ 1

}

(f)= Eπθ


T∑

t=d
√
T log(T )e+1

R(ψ?(ξt,θ), ξt,θ)−R(ψ?(ξt, θ̃t), ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


Pπθ
{
τ = d

√
T log(T )e+ 1

}
(g)
≤

T∑
t=d
√
T log(T )e+1

KψEπθ
{
‖θ̃t − θ‖22

∣∣∣ τ = d
√
T log(T )e+ 1

}
Pπθ
{
τ = d

√
T log(T )e+ 1

}

≤
T∑

t=d
√
T log(T )e+1

KψEπθ
{
‖θ̃t − θ‖22

} (h)
≤ KψK2T

log(T )√
T log(T )

≤ K̄3
√
T log(T ),

(3.77)

where in step (f), conditional on τ = d
√
T log(T )e+1, the first component in the expectation

term follows from the expression of R?(ξt,θ) in (3.16), and the second component follows

from the fact that pt = ψ?(ξt, θ̃t) under the SRI policy π. In step (g), we replicate the same

proof arguments as in Lemma 21 in the proof of Theorem 12 to establish that there exists

a positive constant Kψ such that R(ψ?(ξt,θ), ξt,θ) −R(ψ?(ξt, θ̃t), ξt,θ) ≤ Kψ‖θ̃t − θ‖22.

Step (h) follows directly from the inequality in (3.70) of Lemma 22.

Summarizing (3.74), (3.76) and (3.77), we can find τ ′3 > 0 and C3 < 1
16c0 such that

2R̄(
√
T log(T ) + 1) − 1

8c0T + K̄3
√
T log(T ) ≤ −C3T for all T ≥ τ ′3. Thus, for any T ≥

max{τ ′0, τ ′1, τ ′2, τ ′3}, we establish that

∆π
θ(T ) ≤ −C3T. (3.78)
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Furthermore, there exists r3 > 2R̄max{τ ′0, τ ′1, τ ′2, τ ′3} such that for any T ≤ max{τ ′0, τ ′1, τ ′2, τ ′3},

∆π
θ(T ) ≤ r3. (3.79)

In summary of (3.78) and (3.79), we conclude that

∆π
θ(T ) ≤ r3 − C3T, ∀T ≥ 2. (3.80)

Proof of Claim (ii). If θ ∈ int(Θ̃c), we first replicate the arguments in (3.73) to establish

the following upper bound on ∆π
θ(T ):

∆π
θ(T ) = Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)


+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)


= Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)


+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


Pπθ
{
τ = d

√
T log(T )e+ 1

}
. (3.81)

To proceed, we develop upper bounds on the three terms in the last expression of (3.81).

Recalling that R̄ = max(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×ΘR(p̃, ξ̃, θ̃), we can readily deduce that the first
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term of (3.81) satisfies

Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)

 ≤ 2R̄(
√
T log(T ) + 1). (3.82)

In the second term of (3.81), we can show that

Eπθ


T∑

t=d
√
T log(T )e+1

R(p?t , ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

} (i)
≤ 2R̄TPπθ

{
τ =∞

}

(j)
≤ 2R̄T K̄1√

T log(T )

≤ 4R̄K̄1
√
T ,

(3.83)

where step (i) follows from the observation that R?(ξt,θ)−R(pt, ξt,θ) ≤ 2R̄. In step (j),

the inequality follows directly from (3.71) of Lemma 22.

In the third term of (3.81), we obtain that

Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1

Pπθ
{
τ = d

√
T log(T )e+ 1

}

(k)= Eπθ


T∑

t=d
√
T log(T )e+1

R(ψ?(ξt,θ), ξt,θ)−R(ψ?(ξt, θ̃t), ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


Pπθ
{
τ = d

√
T log(T )e+ 1

}
(l)
≤

T∑
t=d
√
T log(T )e+1

KψEπθ

{
‖θ̃t − θ‖22

∣∣∣∣ τ = d
√
T log(T )e+ 1

}
Pπθ
{
τ = d

√
T log(T )e+ 1

}

≤
T∑

t=d
√
T log(T )e+1

KψEπθ

{
‖θ̃t − θ‖22

}

(m)
≤ KψK2T

log(T )
d
√
T log(T )e

≤ K̄3
√
T log(T ), (3.84)
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where in step (k), conditional on τ = d
√
T log(T )e + 1, the first component follows readily

from the expression of R?(ξt,θ) in (3.16), and the second component follows from the

observation that pt = ψ?(ξt, θ̃t) under the platform’s SRI policy π. In step (l), we can again

replicate the arguments and apply Lemma 21 in the proof of Theorem 12 to establish that

there exists a positive constant Kψ > 0 such that R(ψ?(ξt,θ), ξt,θ)−R(ψ?(ξt, θ̃t), ξt,θ) ≤

Kψ‖θ̃t − θ‖22. Step (m) follows readily from the inequality in (3.70) of Lemma 22.

In summary of (3.82), (3.83), and (3.84), we obtain that there exists C4 = 4R̄+ 4R̄K̄1 +

2K̄3 > 0 such that

∆π
θ(T ) ≤ C4

√
T log(T ), ∀T ≥ 2. (3.85)

3.9 Proofs of Results in Section 3.5.

Proof of Proposition 23. To prove the claim for Example 7(i), we establish Assumptions

7 and Assumption 11 for the following problem instance:

Q(p̃, ξ̃, θ̃) =

12 + θ̃

12 + θ̃

+

1 0

0 1


ξ̃
ξ̃

−
 5 −1

−1 5


p̃1

p̃2

 , (3.86)

where ξ̃ ∈ [−1, 1], [p̃1, p̃2] ∈ [0, 2]2, θ̃ ∈ [−1, 1], and γ = 0.1. Note that in this problem

instance, we have [l, u] = [0, 2]2, Ξ = [−1, 1], Θ = [−1, 1], and ξ ∼ U [−1, 1].

Assumption 7 in Example 7(i). It can be easily checked that Q(p̃, ξ̃, θ̃) ∈ R2
++, and that

it is twice continuously differentiable for any (p̃, ξ̃, θ̃) ∈ [0, 2]2 × [−1, 1]× [−1, 1]. Moreover,

since [0, 2]2× [−1, 1]× [−1, 1] is a compact set, together with the observation that gradient of

Qi(p̃, ξ̃, θ̃) is differentiable in (p̃, ξ̃, θ̃), we obtain that there exists Lq > 0 such that Qi(p̃, ξ̃, θ̃)

has a Lq-Lipschitz continuous gradient.

Summarizing the arguments above, we obtain that Assumption 7 holds in this instance.
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Assumption 10 in Example 7(i). With some arithmetic calculation, we obtain that the

optimization problem for (3.14) in this problem instance yields a unique optimal solution

ψ?(ξ̃, θ̃) = 0.9998
10.0002(12 + ξ̃ + θ̃)

1

1

 . (3.87)

From the expression above, we can immediately establish that there exists Lψ > 0 such that

ψ?(ξ̃, θ̃) is Lψ-Lipschitz continuous in (ξ̃, θ̃) ∈ [−1, 1]× [−1, 1].

Assumption 11 in Example 7(i). From (3.86), we note that

Eξ,ε
{
Q(p̃, ξ, θ̃)

}
=

12 + θ̃

12 + θ̃

−
 5 −1

−1 5


p̃1

p̃2

 , (3.88)

which implies that log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is a concave function in p̃i ∈ [0, 2] for i ∈ {1, 2}.

Moreover, we can also check that ∑2
i=1 log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is strictly concave in p̃ ∈

[0, 2]2. By Theorem 5 of (146) (with r = 1), it implies that the system satisfies the diag-

onally strictly concave property specified in the statement of this assumption holds. Thus,

Assumption 11 holds in this instance.

To prove the claim for Example 7(ii), we establish Assumptions 7 and Assumption 11 for

the following problem instance:

Q1(p̃, ξ̃, θ̃) = exp(θ̃ + ξ̃ − p̃1)/[1 +
2∑
j=1

exp(θ̃ + ξ̃ − p̃j)],

Q2(p̃, ξ̃, θ̃) = exp(θ̃ + ξ̃ − p̃2)/[1 +
2∑
j=1

exp(θ̃ + ξ̃ − p̃j)]. (3.89)

where ξ̃ ∈ [−1, 1], [p̃1, p̃2] ∈ [0, 2]2, θ̃1 ∈ [1, 2], and γ = 0.1. In this problem instance, we

have [l, u] = [0, 2]2, Ξ = [−1, 1], Θ = [1, 2], and ξ ∼ U [−1, 1].

Assumption 7 in Example 7(ii). We can easily check that Q(p̃, ξ̃, θ̃) is twice continuously

differentiable in (p̃, ξ̃, θ̃) ∈ [0, 3]2 × [−1, 1]2 × [1, 2]2. From (3.89), we readily observe that
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Q(p̃, ξ̃, θ̃) ∈ [0, 1]2 for any (p̃, ξ̃, θ̃) ∈ [0, 3]2 × [−1, 1]2 × [1, 2]2. Given that it is a compact

set, together with the observation that gradient of Qi(p̃, ξ̃, θ̃) is continuous, we obtain that

there exists Lq > 0 such that Qi(p̃, ξ̃, θ̃) has a Lq-Lipschitz continuous gradient. Thus,

Assumption 7 holds.

Assumption 10 in Example 7(ii). From the construction of the problem instance, we can

easily verify that maxpi∈[0,2] piQi(pi, p̃−i, ξ̃, θ̃) is a concave maximization problem in pi ∈

[0, 2] for any (p̃−i, ξ̃, θ̃) ∈ [0, 2] × [−1, 1] × [1, 2] and i ∈ {1, 2}, which allows us to deduce

that its maximizer is unique. For simplicity of notation, we let this maximizer as p̄i. Next,

we plan to leverage Corollary 4 of (155) to establish that maxpi∈[0,2] piQi(pi, p̃−i, ξ̃, θ̃) is

continuously differentiable in p̃−i ∈ [0, 2] for any (ξ̃, θ̃) ∈ [−1, 1] × [1, 2] and i ∈ {1, 2}. To

see this, given that p̃iQi(p̃i, p̃−i, ξ̃, θ̃) is continuously differentiable in p̃i ∈ [−0.01, 2.01] (we

look at a larger compact set) and that ∂
∂p̃−i

p̃iQi(p̃i, p̃−i, ξ̃, θ̃) is continuously differentiable in

[p̃i, p̃−i] ∈ [−0.01, 2.01]2 in this problem instance, together with the observation that p̄i =

arg maxpi∈[−0.01,2.01] piQi(pi, p̃−i, ξ̃, θ̃) is the unique maximizer for any (p−i, ξ̃, θ̃) ∈ [0, 2] ×

[−1, 1] × [1, 2], we have that ∂
∂p̃−i

p̃iQi(p̃i, p̃−i, ξ̃, θ̃) is a singleton at p̃i = p̄i. Thus, we can

apply Corollary 4(iii) of (155) to establish that maxpi∈[0,2] piQi(pi, p̃−i, ξ̃, θ̃) is continuously

differentiable in p̃−i ∈ [0, 2] for any (ξ̃, θ̃) ∈ [−1, 1]× [1, 2] and i ∈ {1, 2, }.

To proceed, we look at optimization problem (3.14) and that the objective function has

an Hessian matrix in terms of p̃ ∈ [0, 2]2 whose eigenvalue is uniformly negative for any

ξ̃ × θ̃ ∈ [−1, 1] × [1, 2]. For simplicity of notation, we let H(f(p̃)) be the Hessian matrix

of any function f(p̃) evaluated at p̃. We also let λ(H) be the set of eigenvalues of matrix

H. With some calculation, we can show that for any (p̃, ξ̃, θ̃) ∈ [0, 2]2 × [−1, 1]× [1, 2], the
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eigenvalue for the objective function of optimization problem (3.14) satisfies

max
{
λ
{
H
( 2∑
i=1

p̃iQi(p̃, ξ̃, θ̃)
)
− max
pi∈[l,u]

p̃iQi(pi, p̃−i, ξ̃, θ̃)
}}

≤ max
{
λ
{
H
( 2∑
i=1

p̃iQi(p̃, ξ̃, θ̃)
)}
−min

{
λ
{
H
( 2∑
i=1

γ max
pi∈[l,u]

p̃iQi(pi, p̃−i, ξ̃, θ̃)
}}

≤ −0.01 + 0.05γ ≤ −0.005. (3.90)

From (3.90), we conclude that the optimizer ψ?(ξ̃, θ̃) of problem (3.14) in this instance is

uniquely determined by (ξ̃, θ̃) ∈ [−1, 1]×[1, 2]. Moreover, since the eigenvalue of the objective

function is uniformly negative, we plan to leverage Theorem 3.1 of (156) to establish the

Lipschitz stability. We need to verify Assumptions 1-4 of (156). The continuity condition in

Assumption 1 holds since the optimizer and the value function of optimization problem (3.14)

are both continuous in (ξ̃, θ̃) ∈ [−1, 1] × [1, 2] (by applying the Berge’s maximum theorem

and the fact that the optimizer is unique). The singleton condition in Assumption 2 has been

established by the uniqueness of optimal solution to problem (3.14) for any (ξ̃, θ̃) ∈ [−1, 1]×

[1, 2]. To check Assumption 3, given that there are no equality constraints, we let u+
i = 1

and u−i = −1 for i ∈ {1, 2}. For each i ∈ {1, 2}, we have u+
i

∂
∂pi

(−pi+ l)+u−i
∂
∂pi

(pi−u) < 0.

Thus, Assumption 3 holds. The strong second order condition in Assumption 4 holds directly

by the uniform upper bound value in (3.90). Summarizing Assumptions 1-4 of (156), we can

apply Theorem 3.1 to establish that there exists Lψ > 0 such that ψ?(ξ̃, θ̃) is Lψ-Lipschitz

in (ξ̃, θ̃) ∈ [−1, 1]× [1, 2].

Assumption 11 in Example 7(iii). We note that

Eξ,ε
{
Qi(p̃, ξ, θ̃)

}
= Eξ,ε

exp(θ̃i + ξi − p̃i)/[1 +
2∑
j=1

exp(θ̃j + ξj − p̃j)]

 , ∀i ∈ {1, 2}.

(3.91)

Since logQi(p̃, ξ̃, θ̃) is jointly log-concave in (p̃, ξ̃), which implies that logEξ,ε{Qi(p̃, ξ, θ̃)}
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is concave in p̃ ∈ [1, 3]2, which that log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is a log-concave function for

i ∈ {1, 2}. Moreover, we can easily check that∑2
i=1 log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is strictly concave

in p̃ ∈ [1, 3]2. Again, by applying Theorem 5 of (146) (with r = 1), we show that the system

satisfies the diagonally strictly concave property (specified in this assumption). Thus, this

problem satisfies Assumption 11.

To prove the claim for Example 7(iii), we consider the following instance

Q(p̃, ξ̃, θ̃) =

12

12

−
 5 −1

−1 5


p̃1

p̃2

+

θ̃ 0

0 θ̃


ξ̃ 0

0 ξ̃


p̃1

p̃2

 , (3.92)

where ξ̃ ∈ [0, 1], [p̃1, p̃2] ∈ [0, 2]2, θ̃ ∈ [0, 1], and γ = 0.1. In this problem instance, we have

[l, u] = [0, 2]2, Ξ = [−1, 1], Θ = [0, 1], and ξ ∼ U [0, 1].

Assumption 7 in Example 7(iii). It can be easily checked that Q(p̃, ξ̃, θ̃) ∈ R2
++ is twice

continuously differentiable for any (p̃, ξ̃, θ̃) ∈ [0, 2]2× [−1, 1]× [0, 1]. Moreover, since [0, 2]2×

[−1, 1] × [0, 1] is a compact set, together with the observation that gradient of Qi(p̃, ξ̃, θ̃)

is differentiable in (p̃, ξ̃, θ̃), we obtain that there exists Lq > 0 such that Qi(p̃, ξ̃, θ̃) has a

Lq-Lipschitz continuous gradient. Thus, Assumption 7 holds in this instance.

Assumption 10 in Example 7(i). With some arithmetic calculation, we obtain that the

optimization problem for (3.14) in this problem instance yields a unique optimal solution

ψ?(ξ̃, θ̃) =
12
[
1− 1

20(1 + ξ̃θ̃)/(5− ξ̃θ̃)2
]

9− 3ξ̃θ̃ + 1
20(1 + ξ̃θ̃)2/(5− ξ̃θ̃)2

1

1

 . (3.93)

From the expression above, we can immediately establish that there exists Lψ > 0 such that

ψ?(ξ̃, θ̃) is Lψ-Lipschitz continuous in (ξ̃, θ̃) ∈ [−1, 1]× [0, 1].
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Assumption 11 in Example 7(i). From (3.86), we note that

Eξ,ε
{
Q(p̃, ξ, θ̃)

}
=

12

12

−
 5 −1

−1 5


p̃1

p̃2

 , (3.94)

which implies that log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is a log-concave function in p̃i ∈ [0, 2] for i ∈ {1, 2}.

Moreover, we can also check that∑2
i=1 log p̃iEξ,ε{Qi(p̃, ξ, θ̃)} is strictly concave in p̃ ∈ [0, 2]2.

By Theorem 5 of (146) (with r = 1), it implies that the system satisfies the diagonally strictly

concave property specified in the statement of this assumption holds. Thus, Assumption 11

holds in this instance.

Proof of Proposition 24. Proof of Claim (i).

To verify Assumption 8 in Claim (i), for any θ̃ ∈ Θ and t ∈ N++, we suppress the his-

tory information Ht = {(ps, ξs,Ds) : s = 1, . . . , t} in the expressions of the log-likelihood

function `t(θ̃|Ht) and empirical fisher information matrix It(θ̃|Ht) for simplicity of notation.

Under Example 7(i), the log-likelihood function in period t can be expressed as

`t(θ̃) = − nt

2 log 2π − t

2 log det(Σt)

−
t∑

s=1

1
2[Ds − (θ̃0 + θ̃1ξs − θ̃2ps)]ᵀΣ−1

s [Ds − (θ̃0 + θ̃1ξs − θ̃2ps)]. (3.95)

For simplicity of notations, for s ∈ {1, 2, . . . }, we define gs(θ̃) = `s(θ̃) − `s−1(θ̃) where

`0(θ̃) = 0, and we let M(ps, ξs) = (1, ξs,−ps)(1, ξs,−ps)ᵀ. After some arithmetic cal-

culation, we deduce that the corresponding empirical Fisher information matrix can be

expressed as

It(θ̃) =
t∑

s=1
Σ−1
s ⊗M(ps, ξs). (3.96)

It can be readily verified from the expression (3.95) that gt(θ̃) is twice continuously differen-
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tiable in θ̃ = (θ̃0, θ̃1, θ̃2) ∈ Θ. Moreover, since Σs � 0 and (1, ξs,−ps)(1, ξs,−ps)ᵀ � 0 for

all s ∈ N+, from the expression in (3.96), we can immediately verify that It(θ̃)−It−1(θ̃) � 0.

By definition, since matrix It(θ̃)− It(θ̃) is precisely the negative Hessian function of gt(θ̃),

we obtain that gt(θ̃) is weakly concave in θ̃ ∈ Θ.

To verify Assumption 13 in Claim (i), we first establish Assumption13(i), given that [l, u]n

and Ξ are compact sets and that λmin(Σs) ≥ λε for any s ∈ {1, 2 . . . }, we observe that there

exists λ̄I > 1
λε

max(p,ξ)∈[l,u]n×Ξ max‖x‖22=1 ‖(1, ξ
ᵀ,pᵀ)x‖22. Thus, for any t ∈ N++ and any

θ̃ ∈ Θ̃,

λmax
(
It(θ̃)− It−1(θ̃)

) (a)
≤ λmax(Σ−1

t )λmax((1, ξ,p)(1, ξ,p)ᵀ)
(b)
≤ 1

λε
max

(p,ξ)∈[l,u]n×Ξ
max
‖x‖22=1

‖(1, ξᵀ,pᵀ)x‖22 ≤ λ̄I , (3.97)

where in step (a), given the expression of It(θ̃) in (3.96), we can apply the maximum

eigenvalue property of the matrix Kronecker product. Step (b) follows from the fact that

λmax(Σ−1
t ) ≥ 1

λε
and that λ̄I > 1

λε
max(p,ξ)∈[l,u]n×Ξ max‖x‖22=1 ‖(1, ξ

ᵀ,pᵀ)x‖22.

To establish Assumption13(ii), we first observe from (3.96) that It(θ̃) does not depend

on θ̃. By letting κI = 1, we can immediately establish that 1
κ1
It(θ̃1) � It(θ̃2) � 1

κI
It(θ̃1)

for any θ̃1, θ̃2 ∈ Θ, t ∈ N++ and {(ps, ξs) ∈ [l, u]n × Ξ : s = 1, 2 . . . , t}.

To establish the inequality in (3.23), we plan to leverage the matrix Freedman inequality.

Fixing T ≥ 2 and t ∈ {1, . . . , T}, we let {ps : s = 1, 2, . . . , t} be the price process induced by

the sellers under policy π. Recalling that Tt is the set of random exploration periods with

|Tt| = τ(t) ∈ N+, we let Tt = {t1, . . . , tτ(t)}. Note that there exists a random vector ξ with

Cov(ξ) � 0 such that ξt` = ξ for all ` ∈ {1, . . . , τ(t)}. Under policy π, there exists a random

price vector p̃ with Cov(p̃) � 0 such that pt` = p for all ` ∈ {1, . . . , τ(t)}.

WithM(ps, ξs) = (1, ξs,−ps)(1, ξs,−ps)ᵀ for all s ∈ {1, 2, . . . }, for any ` ∈ {1, . . . , τ(t)},
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we simplify the notation and define

K` = Σ−1
t`
⊗M(pt` , ξt`),

J` =
∑̀
s=1
Ks. (3.98)

To proceed, we define filtration F̃s = Fts for all s ∈ {1, . . . , `}. Based on (3.98), for any

` ∈ {1, . . . , τ(t)}, we further define

X` = −K` + Eπθ
{
K`|F̃`−1

}
,

Y` =
∑̀
s=1

Xs,

W` =
∥∥∥ ∑̀
s=1

X2
s

∥∥∥2. (3.99)

Before we can establish the claim, we need to establish some properties for {X` : ` =

1, . . . , τ(t)}, ∑τ(t)
`=1 E

π
θ

{
K`
∣∣∣F̃`−1

}
and Wτ(t) in (3.100) - (3.103).

By construction, we have Eπθ
{
X`
∣∣∣F̃`−1

}
= 0 and Y` = ∑`

s=1Xs = −J` + Eπθ
{
J`|F̃`−1

}
.

Thus, {Ys : s = 1, 2, . . . } is a matrix martingale and {Xs : s = 1, 2, . . . } is the corresponding

martingale difference sequence adapted to filtration {F̃s : s = 1, 2, . . . }. As a result of this,

there exists λ̄M > 0 such that for all ` ∈ {1, . . . , τ(t)},

λmax (X`)
(c)
≤
∣∣∣∣λmax(Σ−1

t`

)∣∣∣∣∣∣∣∣λmax(M(pt` , ξt`)
)∣∣∣∣

+
∣∣∣∣λmax(Σ−1

t`

)∣∣∣∣∣∣∣∣λmax(Eπθ{M(pt` , ξt`)|F̃t−1
})∣∣∣∣ (d)

≤ λ̄M , (3.100)

where in step (c), the upper bound follows from applying the eigenvalue property of Kro-

necker product of matrices given the expressions of X` in (3.99) and K` in (3.98). In step (d),

since the eigenvalues of each component on the left hand side of the inequality are uniformly

bounded, we can pick λ̄M > 0 large enough such that the inequality holds uniformly.
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For simplicity of notation, we let (p, ξ) be the random vector such that (ps, ξs) = (p, ξ)

for all s ∈ Tt under policy π. Denote by (p̄, ξ̄) the corresponding mean value of (p, ξ). We

can proceed to establish the following expression

τ(t)∑
`=1

Eπθ
{
K`
∣∣∣F̃`−1

} (e)=
τ(t)∑
`=1

Σ−1
t`
⊗


1 ξ̄

ᵀ −p̄ᵀ

ξ̄ ξ̄ξ̄
ᵀ −ξ̄p̄ᵀ

−p̄ −p̄ξ̄ᵀ p̄p̄ᵀ

+
τ∑
`=1

Σ−1
t`
⊗


0 0 0

0 Cov (ξ) 0

0 0 Cov (p)

 ,

(3.101)

where in step (e), for each ` ∈ {1, . . . , τ(t)}, given the expression of K` in (3.98), we decom-

pose the expectation of K` into the two components in (3.101).

Moreover, we can establish that

λmin

( τ(t)∑
`=1

Eπθ
{
K`
∣∣∣F̃`−1

})
(f)
≥ τ(t)

λε
min
‖y‖22=1

{
(y0 + yᵀ1 ξ̄ + yᵀ2p̄)2 + yᵀ1Cov (ξ)y1 + yᵀ2Cov (p)y2

}
(g)= τ(t)

λε

[
(ȳ0 + ȳᵀ1 ξ̄ + ȳᵀ2p̄)2 + ȳᵀ1Cov (ξ) ȳ1 + ȳᵀ2Cov (p) ȳ2

]
(h)= λ̄yτ(t), (3.102)

where in step (f), based on the expression of ∑τ(t)
`=1 E

π
θ

{
K`
∣∣∣F̃`−1

}
in (3.101) and the assump-

tion that λmin(Σ−1
t`

) ≥ 1
λε

for any ` ∈ {1, . . . , τ(t)} (by the proposition statement), we apply

the Rayleigh quotient to obtain the inequality on the right hand side. In step (g), we let

ȳ = arg min|y|22=1(y0 + yᵀ1 ξ̄ + yᵀ2p̄)2 + yᵀ1Cov (ξ)y1 + yᵀ2Cov (p)y2. In step (h), we define

the positive constant λ̄y = 1
λε

[(ȳ0 + ȳᵀ1 ξ̄ + ȳᵀ2p̄)2 + ȳᵀ1Cov (ξ) ȳ1 + ȳᵀ2Cov (p) ȳ2].

Next, given that [l, u]n and Ξ are compact sets and that the matrix 2-norm ‖ · ‖2 is

370



equivalent to the matrix’s maximum eigenvalue, there exists a constant λ̄W = 4λ̄2
I such that

Wτ(t) =
∥∥∥ τ(t)∑
`=1

X2
`

∥∥∥2 ≤
τ(t)∑
`=1

∥∥∥(−K` + Eπθ
{
K`
∣∣∣F̃`−1

})2∥∥∥2

≤
τ(t)∑
`=1

∥∥∥K`∥∥∥2
2 +

∥∥∥K`∥∥∥2

∥∥∥Eπθ{K`∣∣∣F̃`−1
}∥∥∥2 +

∥∥∥Eπθ{K`∣∣∣F̃`−1
}∥∥∥2

∥∥∥K`∥∥∥2 +
∥∥∥Eπθ{K`∣∣∣F̃`−1

}∥∥∥2
2

(i)
≤ λ̄W τ(t), (3.103)

where step (i) follows from the fact that the eigenvalue for each component in the left hand

side of the inequality is upper bounded by λ̄2
I . Given that λ̄W = 4λ̄2

I , step (i) readily follows.

Based on the observations that the dimension of the matrices in {Ys : s = 1, 2, . . . }

(defined in (3.99)) is n(n+κξ+1), we leverage the properties in (3.100), (3.102) and (3.103),

together with the matrix Freedman inequality to obtain that for any δ ≥ 0 and σ ≥ 0,

Pπθ
{
λmax

(
Yτ(t)

)
≥ δ, Wτ(t) ≤ σ2

}
≤ n(n+ κξ + 1) exp

{
−δ2/2

σ2
2 + λ̄M δ/3

}
. (3.104)

Based on (3.104), by picking δ = 1
2 λ̄yτ(t), σ2

2 = λ̄W τ(t), and kλ =
1
8 λ̄

2
y

λ̄W+1
6 λ̄M λ̄y

, we can show
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that

n(n+ κξ + 1) exp {−kλτ(t)}
(j)
≥ Pπθ

{
λmax

(
Yτ(t)

)
≥ 1

2 λ̄yτ(t), Wτ(t) ≤ λ̄W τ(t)
}

(k)= Pπθ
{
λmax

(
Yτ(t)

)
≥ 1

2 λ̄yτ(t)
}

(l)
≥ Pπθ

λmax
(
−Jτ(t)

)
+ λmin

( τ(t)∑
`=1

Eπθ
{
K`
∣∣∣∣F̃`−1

})
≥ 1

2 λ̄yτ(t)


(m)= Pπθ

−λmin
(
Jτ(t)

)
+ λmin

( τ(t)∑
`=1

Eπθ
{
K`
∣∣∣∣F̃`−1

})
≥ 1

2 λ̄yτ(t)


= Pπθ

λmin
(
Jτ(t)

)
≤ λmin

( τ(t)∑
s=1

Eπθ
{
K`
∣∣∣∣F̃`−1

})
− 1

2 λ̄yτ(t)


(n)
≥ Pπθ

{
λmin

(
Jτ(t)

)
≤ 1

2 λ̄yτ(t)
}
. (3.105)

where step (j) follows directly from the matrix freedman inequality in (3.104) given the

selected values δ = 1
2 λ̄yτ(t), σ2

2 = λ̄W τ(t), and kλ =
1
8 λ̄

2
y

λ̄W+1
6 λ̄M λ̄y

. In step (k), the equality

follows from the property that Wτ(t) ≤ λ̄W τ(t) almost surely (by (3.103)). In step (l),

from the expression of Y`, X` (defined in (3.99)) and J` (defined in (3.98)), we obtain that

Yτ(t) = −Jτ(t) + ∑τ(t)
`=1 E

π
θ

{
K`
∣∣∣F̃`−1

}
. The inequality in step (l) follows from the fact that

λmax(Yτ(t)) ≥ λmax(−Jτ(t)) + λmin(∑τ(t)
`=1 E

π
θ

{
K`
∣∣∣F̃`−1

}
). Step (m) follows from the fact

that λmax(−Jτ(t)) = −λmin(Jτ(t)). Step (n) follows directly from (3.102).

Based on the expression of It in (3.96) and Jτ(t) in (3.98), we can readily establish that

It � Jτ(t). By picking λ0 = 1
2 λ̄y and k0 > 0 such that n(n + κξ + 1) exp {−kλz} ≤ k0

z for

all z ∈ {1, 2, . . . , }, we complete the verification of (3.23) by deducing that

Pπθ

{
λmin (It) ≤ λ0τ(t)

}
= Pπθ

{
λmin (It) ≤

1
2 λ̄yτ(t)

}
(o)
≤ Pπθ

{
λmin

(
Jτ(t)

)
≤ 1

2 λ̄yτ(t)
}
≤ k0

τ(t) . (3.106)

where in step (o), since the symmetric matries It and Jτ(t) satisfy It � Jτ(t) � 0, we obtain
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that λmin(It − Jτ(t)) ≥ 0, which further implies that λmin(It) ≥ λmin(Jτ(t)) + λmin(It −

Jτ(t)) ≥ λmin(Jτ(t)).

Proof of Claim (ii).

To verify Assumption 8 in Claim (i), for simplicity of notation, we suppress the history

information Ht in the expressions of the log-likelihood function `t(θ̃|Ht) and its correspond-

ing empirical information matrix It(θ̃|Ht). Under Example 7(ii), the log-likelihood function

can be expressed as

`t(θ̃) =
t∑

s=1

n∑
i=1

Dis(θ̃0i + θ̃1iξ̃is − θ̃2ipis)−
t∑

s=1
log

1 +
n∑
j=1

exp
{

(θ̃0j + θ̃1j ξ̃js − θ̃2j p̃js)
} .

(3.107)

We define two matrices (1) M(ps, ξs) = (1, ξs,−ps)(1, ξs,−ps)ᵀ, and (2) B(ps, ξs, θ̃)

be such that Bii(ps, ξs, θ̃) = Qi(ps, ξs, θ̃)[1 − Qi(ps, ξs, θ̃)] for all i ∈ {1, . . . , n} and

Bij(ps, ξs, θ̃) = Qi(ps, ξs, θ̃)Qj(ps, ξs, θ̃) for all i 6= j. With some arithmetic derivation, we

obtain that the empirical Fisher information matrix It(θ̃) associated with the log-likelihood

function `t(θ̃) in (3.107) satisfies

It(θ̃) =
t∑

s=1
B(ps, ξs, θ̃)⊗M(ps, ξs). (3.108)

Letting gt(θ̃) = `t(θ̃)− `t−1(θ̃) for all t ∈ N+, we can immediately establish that gt(θ̃) is a

twice continuously differentiable function in θ̃ ∈ Θ. Moreover, it can be easily verified that for

any (p̃, ξ̃, θ̃) ∈ [l, u]n×Ξ×Θ, matrix B(p̃, ξ̃, θ̃) is symmetric and strictly diagonal dominant

with each diagonal component being strictly positive. This implies that B(pt, ξt, θ̃) � 0 for

all θ̃ ∈ Θ. Together with the observation thatM(p̃, ξ̃) � 0 for any (p̃, ξ̃) ∈ [l, u]n × Ξ, we

obtain that It(θ̃) − It−1(θ̃) � 0, from which we conclude that gt(θ̃) is weakly concave in

θ̃ ∈ Θ.

To verify Assumption 13 in Claim (ii), we first show that Assumption13(i) holds. For
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any p̃ ∈ [l, u]n, ξ̃ ∈ Ξ and θ̃ ∈ Θ, there exists a compact subset B ⊂ (0, 1)n×n such that

B(p̃, ξ̃, θ̃) ∈ B. Since all entries of B(p̃, ξ̃, θ̃) are continuous in (p̃, ξ̃, θ̃) for all possible

(p̃, ξ̃, θ̃) ∈ [l, u]n × Ξ×Θ, there exists λB > λB > 0 such that

min
‖x‖22=1

min
(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×Θ

xᵀB(p̃, ξ̃, θ̃)x = λB > 0,

max
‖x‖22=1

max
(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×Θ

xᵀB(p̃, ξ̃, θ̃)x = λB > 0. (3.109)

To proceed, we can pick λ̄I > 0 such that λ̄I > 1
λB

max(p̃,ξ̃)∈[l,u]n×Ξ max‖x‖22=1 ‖(1, ξ̃
ᵀ
, p̃ᵀ)x‖22.

As a result, for all t ∈ N++, we can deduce that

λmax
(
It(θ̃)− It−1(θ̃)

) (p)= λmax
(
B(pt, ξt, θ̃)⊗M(pt, ξt)

)
≤ max

(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×Θ
λmax

(
B(p̃, ξ̃, θ̃)⊗M(p̃, ξ̃)

)
= max

(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×Θ
max
‖x‖22=1

xᵀ
[
B(p̃, ξ̃, θ̃)⊗M(p̃, ξ̃)

]
x ≤ λ̄I ,

(3.110)

where step (p) follows directly from (3.108). With the observations above, we establish

Assumption 13(i).

To establish Assumption13(ii), we pick a positive constant κI > 0 such that λB− 1
κI
λB >

0 and λB − κIλB < 0. This allows us to establish that 1
κI
It(θ̃2) � It(θ̃1) � κIIt(θ̃2) for

all θ̃1, θ̃2 ∈ Θ.

The verification the inequality in (3.23) is similar to that of Claim (i). Given T ≥ 2,

t ∈ {1, . . . , T} and Tt = {t1, . . . , tτ(t)}, for any ` ∈ {1, . . . , τ(t)}, we define

K` = B(pt` , ξt` ,θ)⊗M(pt` , ξt`),

J` =
∑̀
s=1
Ks. (3.111)
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Under filtration F̃` = Ft` for any ` ∈ {1, . . . , τ(t)}, we further define the stochastic process

X` = −K` + Eπθ
{
K`|F̃`−1

}
,

Y` =
∑̀
s=1

Xs,

W` =
∥∥∥ ∑̀
s=1

X2
s

∥∥∥2. (3.112)

We develop the sufficient conditions on X`,
∑`
s=1 Eπθ

{
Ks
∣∣∣∣F̃s−1

}
, and W` such that we can

apply the matrix Freedman’s inequality.

By construction of X` in (3.112), we immediately verify that Eπθ
{
X`
∣∣∣F̃`−1

}
= 0. More-

over, given the expression ofX`, Y` in (3.112) and J` in (3.111), we also have Y` = ∑`
s=1Xs =

−J`+Eπθ
{
J`|F̃`−1

}
. Thus, {Ys : s = 1, 2, . . . } is a matrix martingale and {Xs : s = 1, 2, . . . }

is the corresponding martingale difference sequence adapted to filtration {F̃s : s = 1, 2 . . . }.

Given that both [l, u]n and Ξ are both compact sets, there exists λ̄M > 0 such that for all

` ∈ {1, . . . , τ(t)},

λmax (X`)
(q)= λmax

(
−K` + Eπθ

{
K`|F̃`−1

})
(r)
≤ λmax (−K`) + λmax

(
Eπθ
{
K`|F̃`−1

})
≤
∣∣∣∣λmax(B(pt` , ξt` ,θ)

)∣∣∣∣∣∣∣∣λmax(M(pt` , ξt`)
)∣∣∣∣

+
∣∣∣∣λmax(B(pt` , ξt` ,θ)

)∣∣∣∣∣∣∣∣λmax(M(pt` , ξt`)
)∣∣∣∣

(s)
≤ λ̄M , (3.113)

where step (q) follows from the definition of X` in (3.112). In step (r), we implement the

observation that K` is the symmetric matrix. Step (s) follows from the observations that

B(pt` , ξt` ,θ) andM(pt` , ξt`) have uniformly bounded eigenvalues.

Since {(ps, ξs) : s ∈ Tt} are i.i.d, we denote by (p, ξ) be the random vector such that
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(ps, ξs) = (p, ξ) for any s ∈ Tt. This allows us to establish that

τ(t)∑
`=1

Eπθ
{
K`
∣∣∣F̃`−1

} (t)=
τ(t)∑
`=1

Eπθ
{
B(p, ξ,θ)⊗M(p, ξ)

}
, (3.114)

where step (t) follow from the observation that {(ps, ξs) : s ∈ Tt} are i.i.d. With (3.114),

we can show that

λmin

τ(t)∑
`=1

Eπθ
{
K`
∣∣∣F̃`−1

} (u)
≥

τ(t)∑
`=1

λmin

(
Eπθ
{
B(p, ξ,θ)⊗M(p, ξ)

})

(v)
≥ λB

τ(t)∑
`=1

λmin

(
Eπθ
{
M(p, ξ)

})
(w)= λ̄yτ(t). (3.115)

where step (u) follows from the the symmetry of matrix K` for ` ∈ {1, . . . , τ(t)}. Step (v)

follows from the fact that λmin(B(p̃, ξ̃,θ)) ≥ λB . In step (w), based on the expression

M(p̃, ξ̃) = (1, ξ̃,−p̃)(1, ξ̃,−p̃)ᵀ, we further let (p̄, ξ̄) be the mean value of (p, ξ). Similar to

the arguments in (3.101) - (3.102), we let ȳ = arg min|y|22=1(y0+yᵀ1 ξ̄+yᵀ2p̄)2+yᵀ1Cov (ξ)y1+

y
ᵀ
2Cov (p)y2. Recalling that Cov(ξ) � 0 and Cov(p) � 0, given the definition of λB in

(3.109), there exists a positive constant λ̄y = λB [(ȳ0 + ȳ
ᵀ
1 ξ̄ + ȳ

ᵀ
2p̄)2 + ȳ

ᵀ
1Cov (ξ) ȳ1 +

ȳ
ᵀ
2Cov (p) ȳ2]. Thus, we have that λmin

(
Eπθ
[
M(p, ξ)

])
≥ min|y|22=1(y0 + y

ᵀ
1 ξ̄ + y

ᵀ
2p̄)2 +

y
ᵀ
1Cov (ξ)y1 + yᵀ2Cov (p)y2 = λ̄y/λB .

By replicating the same arguments as in (3.103), we can pick λ̄W = 4λ̄2
I such that

Wτ(t) ≤ λ̄W τ(t). (3.116)

Given (3.113), (3.115) and (3.116), we apply the matrix Freedman inequality and replicate
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the same arguments as in (3.105) to establish that there exists k0, λ0 > 0 such that

Pπθ
{
λmin (It) ≤ λ0τ(t)

}
≤ k0

τ(t) (3.117)

Summarizing the observations above, we complete the proof of Claim (ii).

Proof of Claim (iii).

To verify Assumption 8 in Claim (i), for any θ̃ ∈ Θ and t ∈ N++, we suppress the his-

tory information Ht = {(ps, ξs,Ds) : s = 1, . . . , t} in the expressions of the log-likelihood

function `t(θ̃|Ht) and the empirical fisher information matrix It(θ̃|Ht) for simplicity of no-

tation.

Under Example 7(iii), the log-likelihood function in period t can be expressed as

`t(θ̃) = − nt

2 log 2π − t

2 log det(Σt)

−
t∑

s=1

1
2[Ds − (θ̃0 − θ̃1ps + θ̃2ξsps)]ᵀΣ−1

s [Ds − (θ̃0 − θ̃1ps + θ̃2ξsps)].

(3.118)

With gt(θ̃) = `t(θ̃)−`t−1(θ̃), by repeating the same arguments as in Claim ((i)), we can read-

ily verify that it is twice continuously differentiable and weakly concave in θ̃ = (θ̃0, θ̃1, θ̃2) ∈

Θ.

To verify Assumption 13 in Claim (iii), it is worth noting that in Example 7(iii), we have

Q(p̃, ξ̃, θ̃) = θ̃0 − θ̃1p̃ + θ̃2ξ̃p̃. By letting ỹ = ξ̃p̃, the demand model in Example 7(iii)

can be reformulated as an instance of Example 7(i):

Q̃(p̃, ỹ, θ̃) = θ̃0 − θ̃1p̃+ θ̃2ỹ. (3.119)

Let vec(·) be the vector form of a matrix. Given the policy-induced price process {ps : s =

1, 2, . . . } and the set of random exploration periods Tt, there exists a random vector ξ̃ with
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Cov(vec(ξ)) � 0 such that ξt` = ξ for all ` ∈ {1, . . . , τ(t)}. Moreover, under policy π, there

exists a random price vector p̃ such that pt` = p for all ` ∈ {1, . . . , τ(t)} with Cov(p) � 0.

We obtain that the covariance matrix of the random vector y satisfies

Cov(y) = Cov(ξp) � 0. (3.120)

Then we can repeat exactly the same proof arguments above to establish that Assumption

13 also holds for Example 7(iii).

With the arguments above, we establish that the classes of instances in Example 7(iii)

satisfy Assumption 13.

Proof of Proposition 25. Proof of Claim (i). To establish Assumption 9, by (3.25),

we have R̃i(t+1)(p) = ηtg̃itp−Mhi(p, pit). From
∑∞
s=1 η

2
s <∞, we obtain that there exists

η̄ > 0 such that ηs ≤ η̄ for any s ∈ {1, 2, . . . }. By the instance set-up below (3.25), we have

|g̃it| ≤ σ̄g for some σ̄g ≥ 0. Given that p ∈ [l, u] and that Mhi(p, pit) = hi(p) − hi(pit) −

h′i(pit)(p− pit) with continuously differentiable function hi(·), we immediately observe that

there exists M̄0 > 0 such that |Mhi(p, pit)| ≤ M̄0 for any i ∈ {1, . . . , n}, p, pit ∈ [l, u]. Thus,

we can pick M0
R ≥ η̄σ̄gu + M̄0 > 0 such that |R̃i(t+1)(p)| ≤ M̄ for any i ∈ {1, . . . , n},

t ∈ {1, 2, . . . }, and p ∈ [l, u]. Given that d
dpR̃i(t+1)(p) = ηtg̃it + h′i(p) − h′i(pit), by the

continuously differentiable of function hi(·) and that p, pit ∈ [l, u], there exists M1
R > 0 such

that | ddpR̃i(t+1)(p)| ≤M1
R for any i ∈ {1, . . . , n}, t ∈ {1, 2, . . . }, and p ∈ [l, u].

To establish Assumption 12, we divide the proof arguments in the following steps.

Step (i) -1: establish an equivalent expression for the price process in (3.25). Let π be the

platform’s DN policy. It is worth noting that under this policy, the reward contract satisfies

Wit(p) = 0 for all p ∈ [l, u], i ∈ {1, . . . , n}, and t ∈ {1, 2 . . . }. Moreover, the expectation

operator Eξ,ε{·} is equivalent to Eπθ{·}.
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By definition, from (3.25), we have g̃it be such that

Eξ,ε{g̃it|F0
t−1} = ∂

∂pit
log(Eξ,ε{Rsi(pt, ξt,θ)|F0

t−1}), (3.121)

where Rsi(pt, ξt,θ) = γpitQi(pt, ξt,θ). Based on the definition of the Bregman divergence

Mhi(x, y) = hi(x)− hi(y)− h′i(y)(x− y) in (3.25), for all i ∈ {1, . . . , n}, the price process in

(3.25) satisfies

pi(t+1) = arg max
p∈[l,u]

{
ηtg̃itp−Mhi(p, pit)

}

= arg max
p∈[l,u]

{
ηtg̃itp− hi(p) + hi(pit) + h′i(pit)(p− pit)

}

= arg max
p∈[l,u]

{
[h′i(pit) + ηtg̃it]p− hi(p)

}
, (3.122)

We define the convex conjugate for hi(·) and its corresponding maximizer respectively as:

h?i (v) = max
p∈[l,u]

{vp− hi(p)}, ∀v ∈ R

Qi(v) = arg max
p∈[l,u]

{vp− hi(p)}, ∀v ∈ R. (3.123)

Based on (3.122) and (3.123), the price process {ps : s = 1, 2, . . . } induced by the sellers

from solving (3.25) under policy π satisfies that for any i ∈ {1, . . . , n} and t ∈ {1, 2, . . . },

ỹi(t+1) = h′i(pit) + ηtg̃it, (3.124a)

pi(t+1) = Qi(ỹi(t+1)). (3.124b)

Step (i) -2: define the Fenchel-Young inequality gap. Based on (3.123), the Fenchel-Young

inequality suggests that h?i (v) + hi(p)− vp ≥ 0. We define the gap induced by the Fenchel-
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Young inequality as

Fi(p, v) = h?i (v) + hi(p)− vp, ∀p ∈ R, v ∈ R. (3.125)

Recall from the discussions in (3.25) that hi(·) is a continuously differentiable and lh-strongly

convex function on [l, u] for all i ∈ {1, . . . , n}. Note that the lh-strongly convexity of function

hi(p) in p ∈ R implies that function h?i (v) is 1
lh
-strongly smooth in v ∈ R. From the definition

of function Fi(p, v) in (3.125), we summarize the following property for the next step.

Lemma 23. For all p, v ∈ R, and i ∈ {1, . . . , n}, function Fi(p, v) satisfies

Fi(p, v) ≤ Fi(p, v′) + (v − v′)([h?i ]′(v′)− p) + 1
2lh

(v − v′)2, ∀v′ ∈ R. (3.126)

In a compact form, for all p,v ∈ Rn, we define ηt = (η1t, . . . , ηnt), g̃t = (g̃1t, . . . , g̃nt),

h(p) = ∑n
i=1 hi(pi), and Q(v) = (Q1(v1), . . . , Qn(vn)). Moreover, we define that

F (p,v) =
n∑
i=1

Fi(pi, vi). (3.127)

Step (i)-3: show that the price process pt is recurrent in the neighborhood of p̄θ in expectation.

For any ε > 0, the goal of this step is to establish

sup
{
t ∈ N : Eπθ

{
F (p̄θ,∇h(pt))

}
< ε

}
= ∞. (3.128)

Recall that g̃it is such that Eξ,ε{g̃it|F0
t−1} = ∂

∂pit
log(Eξ,ε{Rsi(pt, ξt,θ)|F0

t−1}) whereRsi(pt, ξt,θ) =

γpitQi(pt, ξt,θ) and the expectation measure Eξ,ε{·} is induced by {(ε̃s, ξs) : s = 1, 2, . . . }.

Given F0
t = σ(ε1, . . . , εt) and the equivalence of Eξ,ε{·} and Eπθ{·}, for all i ∈ {1, . . . , n},

we define ḡit = Eπθ{g̃it|F
0
t−1} for simplicity of notation. We establish the following auxiliary

lemma to support our proof.

Lemma 24. Let π be the platform’s DN policy with seller-induced price process {ps : s =
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1, 2, . . . } under policy π, and let p̄θ be the unique DN Nash equilibrium defined in Definition

5. For any t ∈ {1, 2, . . . , }, we further let (pt+1, ỹt+1) be the process defined in (3.124). For

any i ∈ {1, . . . , n}, we have

(i) Fi(p̄θi , h′i(pi(t+1))) ≤ Fi(p̄θi , ỹi(t+1));

(ii) Eπθ
{
Fi(p̄θi , h′i(pi(t+1)))|F0

t−1

}
≤ Fi(p̄θi , h′i(pit))+ηtḡit(pit− p̄θi )+ 1

2lhE
π
θ

{
η2
t g̃

2
it|F0

t−1
}
.

Before proceeding, we also clarify the following notations

Ūi(pt)
(a)= ∂

∂pit
log(pitEξ,ε{Qi(pt, ξt,θ)})

(b)= ∂

∂pit
log(γpitEπθ{Qi(pt, ξt,θ)|F0

t−1})
(c)= ḡit. (3.129)

where step (a) follows from the definition of Ūi(pt) in Assumption 11. In step (b), given F0
t−1

and price vector pt, the only uncertainty is induced by ξt. We also replace the expectation

operator from Eξ,ε{·} to Eπθ{·} in step (b). Step (c) follow follows directly from the definition

of ḡit.

By letting g̃t = (g̃it)ni=1, ḡt = (ḡit)ni=1, and δt = g̃t − ḡt, we have that

Eπθ
{
δt

∣∣∣∣F0
t−1

} (d)= 0 (3.130a)

Eπθ
{
‖δt‖22

∣∣∣∣F0
t−1

} (e)
≤ nσ̄2

g < ∞, (3.130b)

where in step (d), the equation follows directly from the definition of g̃t and ḡt. Step (e)

follow readily from the assumptions that |g̃it| ≤ σ̄g.

To prove the claim in (3.128), we assume towards a contradiction that there exists τε

such that Eπθ
[
F (p̄θ,∇h(pt))

]
≥ ε for all t ≥ τε. Then there exists cε > 0 such that for all
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t ≥ τε, we have

0 > −cε
(f)
> Eπθ


n∑
i=1

(Ūi(pt)− Ūi(p̄θ))(pit − p̄θi )

 (g)= Eπθ


n∑
i=1

Ūi(pt)(pit − p̄θi )

 ,
(3.131)

where in step (f), from the assumption that Eπθ
[
F (p̄θ,∇h(pt))

]
≥ ε, we have pt 6= p̄θ for

any t ≥ τε, by continuity property and the condition in Assumption 11, this implies that

there exists cε > 0 such that ∑n
i=1(Ūi(pt) − Ūi(p̄θ))(pit − p̄θi ) < −cε for any t ≥ τε. Step

(g) follows from p̄θ being in the interior of [l, u]n (by Assumption 11), which further implies

that Ūi(p̄θ) = 0 for all i ∈ {1, . . . , n} (by the first order optimality condition).

Thus, for all t ≥ τε, we have

Eπθ


n∑
i=1

ḡit(pit − p̄θi )

 (h)
< −c̄ε, (3.132)

where in step (h), given ḡit = Ūi(pt) (by (3.129)) and the inequality in (3.131), the inequality

naturally follows.

Based on (3.132) and the definition that F (p,v) = ∑n
i=1 Fi(pi, vi) in (3.127), we can

proceed to establish that

Eπθ
{
F (p̄θ,∇h(pt+1))

} (i)
≤ Eπθ

{
F (p̄θ,∇h(pt))

}
+ Eπθ

{
ηtḡ
ᵀ
t (pt − p̄θ)

}
+ 1

2lh
Eπθ
{
‖ηtg̃t‖22

}
,

(j)
≤ Eπθ

{
F (p̄θ,∇h(pt))

}
− cεηt + 1

2lh
Eπθ
{
‖ηtg̃t‖22

}
,

(k)
≤ Eπθ

{
F (p̄θ,∇h(p1))

}
−

 t∑
s=1

ηs

(cε − 1
2lh

Eπθ

{∑t
s=1 η

2
s‖g̃s‖22∑t

s=1 ηs

]}
,

(3.133)

where step (i) follows directly from Lemma 24(ii). In step (j) follows from (3.132). Step (k),

we inductively iterate through step (i) - (j), and then reorganize the expression.

Within the last-step expression in (3.133), we show that there exists a nonnegative ran-
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dom variable G̃ with Eπθ{G̃} <∞ such that as t→∞,

t∑
s=1

η2
s‖g̃s‖22

(l)→ G̃ a.s., (3.134)

where in step (l), we notice that {∑t
s=1 η

2
s‖g̃s‖22 : t = 1, 2, . . . } is a nonnegative submartin-

gale series, and that Eπθ
{∑t

s=1 η
2
s‖g̃s‖22

}
= Eπθ

{∑t
s=1 η

2
s‖ḡs‖22

}
+ Eπθ

{∑t
s=1 η

2
s‖δs‖22

}
≤(∑∞

s=1 η
2
s

) (
Ū + nσ̄2

g

)
<∞ for all t ∈ N+∪{∞} where Ū = ∑n

i=1 supp∈[l,u]n |Ūi(p)|. By the

Doob’s martingale convergence theorem, the nonnegative random sequence ∑t
s=1 η

2
s‖g̃s‖22

converges to a nonnegative random variable G̃ almost surely.

This allows us to establish that as t→∞,

Eπθ

{∑t
s=1 η

2
s g̃

2
is∑t

s=1 ηs

}
(m)−→ 0, (3.135)

where step (m) follows from the observation that Eπθ{G̃} < ∞ and the assumption that∑t
s=1 ηis →∞ as t→∞.

From (3.133) and (3.135), with ∑t
s=1 ηs →∞ as t→∞, we have

Eπθ
{
F (p̄θ,∇h(pt))

}
−→ −∞, (3.136)

which is a contradiction to the observation Eπθ
{
F (p̄θ,∇h(pt))

}
≥ 0 (by the nonnegativity

of the Fenchel-Young inequality gap). Thus, the induced price process {pt} is recurrent in

the neighborhood of p̄θ i.e., condition (3.128) holds.

Step (i)-4: conclude the convergence of the price process. To prove the convergence on

the price process {pt}, we prove that Eπθ{F (p̄θ,∇h(pt))} → 0 as t → 0. This is equiv-

alent to show that for any ε > 0, there exists τ > 0 such that for any t ≥ τ , we have

Eπθ{F (p̄θ,∇h(pt))} ≤ ε. Fix any ε > 0, for any t ∈ {s : Eπθ{F (p̄θ,∇h(ps)} ≤ ε}, we discuss

the following two possible cases:

(1) if Eπθ
{
F (p̄θ,∇h(pt))

}
≥ ε

2 , we can repeat the same arguments as in (3.131) - (3.132)
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to establish that there exists a uniform constant c ε
2
> 0 such that

Eπθ


n∑
i=1

ḡit(pit − p̄θi )

 < −c ε
2
. (3.137)

(2) if Eπθ
{
F (p̄θ,∇h(pt))

}
≤ ε

2 , then from the diagonal strict concavity condition in

Assumption 11, we naturally have

Eπθ


n∑
i=1

ḡit(pit − p̄θi )

 ≤ 0. (3.138)

Since ηs → 0 as s→∞ for all i ∈ {1, . . . , n}, there exists a positive integer τ1 such that

for all s ≥ τ1, we have ηs ≤ 2lh
n(Ū2+σ̄2

g)c
ε
2
, and moreover,

1
2lh

Eπθ
{
‖ηsg̃s‖22

} (n)= 1
2lh

Eπθ
{
‖ηs(ḡs + δs)‖22

}
(o)= 1

2lh
Eπθ

{
‖ηsḡs‖22

}
+ 1

2lh
Eπθ{‖ηsδs‖

2
2}

(p)
≤

n(Ū2 + σ̄2
g)

2lh
η2
s

(q)
≤ c ε

2
ηs, (3.139)

where step (n) follows from the equation g̃s = ḡs + δs. Step (o) holds because Eπθ{δs} =

0 (from (3.130)). Step (p) follows from the definition that ‖g̃is‖22 ≤ Ū2 where Ū =∑n
i=1 supp∈[l,u]n |Ūi(p)| and the observation that Eπθ{‖δs‖

2
2} ≤ nσ̄2

g (from (3.130)). Step

(q) holds because ηs ≤ 2lh
n(Ū2+σ̄2

g)c
ε
2
.

Similarly, there exists positive integer τ2 such that for any s ≥ τ2, we have that ηs ≤
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√
lhε

n(Ū2+σ̄2
g) , and that

1
2lh

Eπθ
{
‖ηsg̃s‖22

} (r)= 1
2lh

Eπθ
{
‖ηs(ḡs + δs)‖22

}
= 1

2lh
Eπθ

{
‖ηsḡs‖22

}
+ 1

2lh
Eπθ{‖ηsδs‖

2
2}

(t)
≤

n(Ū2 + σ̄2
g)

2lh
η2
s

(u)
≤ ε

2 , (3.140)

where step (r) - (t) follows from the same arguments as in step (n) - (p) above. Step (u)

follows from the fact that ηs ≤
√

lhε
n(Ū2+σ̄2

g) .

We can pick any τ ∈ {s : Eπθ{F (p̄θ,∇h(ps)} ≤ ε} with τ ≥ max{τ1, τ2} (by the

recurrent property established in the previous step). In case of Eπθ
{
F (p̄θ,∇h(pτ ))

}
≤ ε

2 ,

by summarizing Lemma 24(ii), (3.137), and (3.139), such that

Eπθ
{
F (p̄θ,∇h(pτ+1))

}
≤ Eπθ

{
F (p̄θ,∇h(pτ ))

}
− c ε

2
ηt + c ε

2
ηt ≤ ε. (3.141)

In case of Eπθ
{
F (p̄θ,∇h(pt))

}
≤ ε

2 , then by summarizing Lemma 24(ii), (3.138), and (3.140),

we obtain that

Eπθ
{
F (p̄θ,∇h(pτ+1))

}
≤ Eπθ

{
F (p̄θ,∇h(pτ ))

}
+ 0 + ε

2 ≤ ε. (3.142)

Summarizing the arguments above, we observe that for any ε > 0, there exists a pos-

itive integer τ such that for any t ≥ τ , we have Eπθ
{
F (p̄θ,∇h(pt))

}
< ε. Thus, we have

Eπθ
[
F (p̄θ,∇h(pt))

]
≤ ε. Since ε can be arbitrarily chosen, we conclude the proof that as

t→∞,

Eπθ
{
F (p̄θ,∇h(pt))

}
→ 0. (3.143)
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To establish the almost sure convergence of the price process {ps : s = 1, 2, . . . }. Consider

a random process {X̃s : s = 1, 2, . . . } where

X̃t = F (p̄θ,∇h(pt+1)) +
∞∑

s=t+1

n(Ū2 + σ̄2
g)

2lh
η2
s . (3.144)

By construction, we have X̃t ≥ 0 for all t ∈ {1, 2, . . . }. To establish that X̃t is a super-

martingale adapted to filtration F0
t , we verify that

Eπθ
{
X̃t

∣∣∣∣F0
t−1

} (v)= Eπθ
{
F (p̄θ,∇h(pt+1))

∣∣∣∣F0
t−1

}
+

∞∑
s=t+1

n(Ū2 + σ̄2
g)

2lh
η2
s

(w)
≤ F (p̄θ,∇h(pt)) + ηtḡ

ᵀ
t (pt − p̄θ) + Eπθ

{
η2
t ‖g̃2

t ‖22|F0
t−1

}
+

∞∑
s=t+1

n(Ū2 + σ̄2
g)

2lh
η2
s

(x)
≤ F (p̄θ,∇h(pt)) +

n(Ū2 + σ̄2
g)

2lh
η2
t +

∞∑
s=t+1

n(Ū2 + σ̄2
g)

2lh
η2
s

= F (p̄θ,∇h(pt)) +
∞∑
s=t

n(Ū2 + σ̄2
g)

2lh
η2
s = X̃t−1, (3.145)

where step (v) follows from the definition of X̃t in (3.144). Step (w) follows directly from

Lemma 24(ii). In step (x), we leverage the observation that ḡᵀt (pt − p̄θ) ≤ 0 (by the strict

diagonal concavity condition in Assumption 11) and 1
2lh‖ηtg̃t‖

2
2 ≤

n(Ū2+γ2σ̄2
g)

2lh η2
t (the same

as step (n) - (p) of (3.139)).

Based on (3.145) and the nonnegativity of X̃t, we apply Doob’s martingale convergence

theorem to conclude that there exists random variable X̃ such that

X̃t → X̃, a.s. (3.146)
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Moreover, we have

Eπθ
{
X̃
}

= Eπθ
{

lim
t→∞

X̃t

}
(y)= Eπθ

{
lim
t→∞

F (p̄θ,∇h(pt+1))
}

(z)
≤ lim inf

t→∞
Eπθ
{
F (p̄θ,∇h(pt+1))

}
(a)= 0, (3.147)

where step (y) follows from the definition of X̃t in (3.144) from which we obtain limt→∞ X̃t =

limt→∞ F (p̄θ,∇h(pt)). Step (z) follows from directly from Fatou’s lemma. Step (a) follows

directly from (3.143).

Leveraging the observations above and the nonegative of X̃, we obtain that X̃ = 0 almost

surely, which further suggests that F (p̄θ,∇h(pt))→ 0 almost surely as t→∞. This allows

us to conclude that pt → p̄θ almost surely.

Proof of Claim (ii). By the proposition statement, R̃it belongs to a compact subspace of

C1([l, u]) for any i ∈ {1, . . . , n} and t ∈ {1, . . . , T} and T ∈ {1, 2 . . . }. This readily implies

that there exists M0
R,M

1
R > 0 such that supp∈[l,u] |R̃it(p)| ≤M0

R and supp∈[l,u] | ddpR̃it(p)| ≤

M1
R. Thus, Assumption 9 holds.

Note that the game specified in the DN Nash equilibrium in Definition 5 is a finite

weighted potential game in which the unique Nash equilibrium price profile satisfies p̄θ ∈ S.

By leveraging Theorem 2.4 of (154), we immediately obtain that the price dynamics {pt : t =

1, 2, . . . } in (3.26) has a fictitious play property: a game satisfies the fictitious play property

if every fictitious process converges in beliefs to equilibrium ((see 157)). By the fictitious play

property, fictitious play dynamics in (3.26) which induces the price process {pt : t = 1, 2, . . . }

converges almost surely to the unique DN Nash equilibrium p̄θ in Definition 5 as t→∞.

Proof of Claim (iii). To prove the claim, we first establish the following supporting lemma

on belief convergence. For simplicity of notation, we define event H0 = {Eξ,ε{Q(·, ξ̃,θ)} =
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Q(0)(·,θ(0))}.

Lemma 25. Suppose that there exists δd > 0 such that |Q(k)
i (p,θ(k))−Q(k′)

i (p,θ(k′))| ≥ δd

for any p ∈ [l, u]n, any k, k′ ∈ {0, . . . , K} with k 6= k′, and any i ∈ {1, . . . , n}. Given

bi1 ∈ (0, 1)K+1 with i ∈ {1, . . . , n}, there exists a constant ζ, η > 0 such that for any

i ∈ {1, . . . , n} and t ∈ {1, 2, . . . },

Eπθ
{

1− b(0)
it |H0

}
≤ ζ exp{−ηt}. (3.148)

From Lemma 25, for any ε > 0, we can establish that for any t ∈ {1, 2, . . . , },

Pπθ

{
sup
s≥t
{1− b(0)

is } > ε|H0)
} (a)
≤

∞∑
s=t

Pπθ
{

1− b(0)
is > ε|H0

}
(b)
≤ 1

ε

∞∑
s=t

Eπθ
{

1− b(0)
is |H0

}
(c)
≤ 1

ε

∞∑
s=t

ζ exp{−ηs}

≤ ζ exp{−ηt}
∞∑
s=t

exp{−η(s− t)}, (3.149)

where step (a) follows from implementing the probability union bound. Step (b) holds

because of the Markov’s inequality. Step (c) follows directly from the conclusion of Lemma

25.

From (3.149), we can establish

0 ≤ Pπθ

{
lim
t→∞

sup
s≥t
{1− b(0)

is } > ε|H0)
}
≤ lim

t→∞
ζ exp{−ηt}

∞∑
s=t

exp{−η(s− t)} = 0,

(3.150)

which by definition, says that b(0)
it converges to 1 almost surely as t → ∞ for any i ∈

{1, . . . , n}. This also implies that b(k)
it converges to 0 almost surely as t → ∞ for any

i ∈ {1, . . . , n} and k ∈ {1, . . . , K}.
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To proceed, for any t ∈ {1, 2, . . . }, we know that the induced price process pt in period

t satisfies that for any i ∈ {1, . . . , n},

pit = arg max
p∈[l,u]

γp
K∑
k=0

b
(k)
it Q

(k)
i (p,p−it,θ(k)). (3.151)

For simplicity of notation, we consider function F : [0, 1]n(K+1) × [l, u]n → Rn in which for

any i ∈ {1, . . . , n}, Fi(b,p) satisfies

Fi(b,p) = ∂

∂pi

γpi K∑
k=0

b
(k)
it Q

(k)
i (p,θ(k))

 . (3.152)

Given that the DN-Nash equilibrium p̄θ ∈ int([l, u]n), we let b̄ = (b̄(k)
i )i,k be such that

b̄
(0)
i = 1 and b̄(k)

i = 0 for all k ∈ {1, . . . , K} and i ∈ {1, . . . , n}. From the definition of DN

Nash equilibrium in Definition 5, by applying the first order optimality condition, we obtain

that

F (b̄, p̄θ) = 0. (3.153)

We continue to define the corresponding Jacobian of function F as

JF (b,p) = [ ∂
∂pj

Fi(b,p)]i,j∈{1,...,n}. From strict diagonal dominance property (Assumption

11), we know that there exists open set B ⊂ Rn(K+1) such that the corresponding Jacobian

matrix J(b,p) is invertible for any (b,p) ∈ B × [l, u]n. By the implicit function theorem,

there exists a differentiable function g : B → Rn such that for any b ∈ B,

F (b, g(b)) = 0. (3.154)

Given bt → b̄ almost sure as t → ∞, by the continuously mapping theorem, we establish

that g(bt) → g(b̄) almost surely as t → ∞. Since b̄ ∈ B, p̄θ = g(b̄) and pt = g(bt), we

conclude the proof that pt → p̄θ almost surely.
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3.10 Proof of Results in Section 3.7.

Proof of Theorem 14. Proof of Claim (i). In proving this result, we borrow some notations

in the proof arguments of Proposition 25(i). We let π be the platform’s DN policy under

which the seller induces the price process {ps : s = 1, 2, . . . } through the multiagent mirror

descent framework in (3.25). From Assumptions 11 and 12, we let p̄θ ∈ int([l, u]n) be the

DN Nash equilibrium. Given filtration F0
t = σ(εs : s = 1, . . . , t), we can show that for any

T ≥ 2,

∆π
θ(T ) (a)= TEπθ

{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
− Eπθ


T∑
t=1
R(pt, ξt,θ)−R(p̄θ, ξt,θ)

 ,
(b)= Eπθ


T∑
t=1
R(p̄θ, ξt,θ)−R(pt, ξt,θ)


(c)= (1− γ)Eπθ


T∑
t=1

n∑
i=1

p̄θi E
π
θ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− pitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
(3.155)

where step (a) follows from exactly the same arguments as in step (a) - (c) of (3.35). In

step (b), given θ ∈ ∂Θ̃, we have Eπθ{R
?(ξ,θ)} = Eξ,ε{R?(ξ,θ)} = Eξ,ε{R(p̄θ, ξ,θ)} =

Eπθ{R(p̄θ, ξ,θ)} (by definition of ∂Θ̃ in (3.29)), which implies that step (b) holds. In step

(c), under the platform’s DN policy π, we have Wit(p) = 0 for all i ∈ {1, . . . , n} and any

p ∈ [l, u]. We also observe that pt is determined conditional on F0
t−1. Together with the

platform’s revenue expression in (3.3) and (3.4), we obtain the equality in this step.

Next, for any T ≥ 2 and t ∈ {1, . . . , T}, given F0
t−1, we develop an upper bound for

p̄θi E
π
θ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− pitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
in the last term of (3.155). For any

i ∈ {1, . . . , n}, we let Ūi(p) = ∂
∂pi

log
(
γpiEξ,ε

{
Qi(pi,p−i, ξ̃,θ)

})
for any p ∈ [l, u]n. Recall

that conditional on F0
t−1, the induced price profile pt is given. Abusing some notation, we

can let Ūi(pt) = ∂
∂pit

log
(
γpitEπθ

{
Qi(pit,p−it, ξ̃,θ)

∣∣∣F0
t−1

})
. From Assumption 11, we have
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∑n
i=1(Ūi(pt)− Ūi(p̄θ))(pit − p̄θi ) < 0 given filtration F0

t−1. This allows us to establish that

0 >
n∑
i=1

(Ūi(pt)− Ūi(p̄θ))(pit − p̄θi ) (d)=
n∑
i=1

Ūi(pt)(pit − p̄θi ), (3.156)

where step (d) follows from applying first order optimality condition to the DN Nash equi-

librium in Definition 5 to obtain Ūi(p̄θ) = 0 for all i ∈ {1, . . . , n} given that p̄θ ∈ int([l, u]n).

For simplicity of notations, we define Fi(pi, vi) = h?i (vi) + hi(pi) − vipi given the con-

tinuously differentiable lh-strongly convex function hi(·) and its conjugate h?i (·) for any

pi ∈ [l, u] and vi ∈ R (as in (3.125) of Proposition 25). Leveraging Lemma 24(ii) in the proof

arguments of Proposition 25), we can establish that

Eπθ
{
Fi(p̄θi , h′i(pi(t+1))

} (e)
≤ Eπθ

{
Fi(p̄θi , h′i(pit))

}
+ Eπθ

{
ηtŪi(pt)(pit − p̄θi )

}
+ 1

2lh
n(Ū2 + σ̄2

g)η2
t

(f)
≤ Eπθ

{
Fi(p̄θi , h′i(pit))

}
+ Eπθ

{
ηtŪi(pt)(pit − p̄θi )

}
+ Ḡη2

t , (3.157)

where in step (e), based on Lemma 24(ii), we have ḡit = Ui(pt) (from (3.129)) and Eπθ{η
2
t g̃

2
it} ≤

n(Ū2 + σ̄2
g)η2

t where Ū = maxi∈{1,...,n},p∈[l,u]n Ūi(p) (from step (n) - (p) of (3.139)). In step

(f), we define a positive constant Ḡ = 1
2lhn(Ū2 + σ̄2

g).

Moreover, we can also establish that

(1− γ)p̄θi Eπθ
{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− (1− γ)pitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
(1− γ)p̄θi Eπθ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}

(g)=
γp̄θi E

π
θ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− γpitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
γp̄θi E

π
θ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
(h)
≤ log γp̄θi Eπθ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− log γpitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
(i)
≤ −Ūi(pt)(pit − p̄θi ). (3.158)

where step (g) follows from the property that γ ∈ (0, 1). Step (h) follows from the ob-
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servation that x−y
x ≤ log(xy ) for any x, y > 0. In step (i), we leverage the assumption

that function log γpiEπθ{Qi(p, ξt,θ)
∣∣∣F0
t−1} is concave in pi ∈ [l, u] and the definition that

Ūi(pt) = ∂
∂pit

log(γpitEξ,ε{Qi(pt, ξt,θ)|F0
t−1}) (by Assumption 11).

From the arguments above, we can establish that

Eπθ

{
(1− γ)p̄θi Eπθ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− (1− γ)pitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}}
(j)
≤ Eπθ

{
(1− γ)p̄θi Eπθ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
·
[
− Ūi(pt)(pit − p̄θi )

]}
(k)= R̄iEπθ

{
− Ūi(pt)(pit − p̄θi )

}
(l)
≤ R̄i

ηt
Eπθ

{
Fi(p̄θi , h′i(pit))− Fi(p̄θi , h′i(pi(t+1)))

}
+ Ḡηt, (3.159)

where step (j) follows from the observation in (3.158). In step (k), we define a positive

constant R̄i = (1−γ)p̄θi Eξ,ε{Qi(p̄θ, ξ,θ)}. By the i.i.d property of {ξs}, we also obtain that

R̄i = (1− γ)p̄θi Eπθ{Qi(p̄
θ, ξ̃,θ)|F0

t−1}. In step (l), we can directly leverage the observation

in (3.157) to establish the inequality.

To conclude the arguments for this claim, we show that

∆π
θ(T ) ≤ (1− γ)Eπθ


T∑
t=1

n∑
i=1

p̄θi E
π
θ

{
Qi(p̄θ, ξt,θ)

∣∣∣F0
t−1

}
− pitEπθ

{
Qi(pt, ξt,θ)

∣∣∣F0
t−1

}
(m)
≤ Eπθ


n∑
i=1

T∑
t=1

R̄i
ηt
Fi(p̄θi , h′i(pit))−

R̄i
ηt
Fi(p̄θi , h′i(pi(t+1))) + Ḡηt


(n)= Eπθ


n∑
i=1

T+1∑
t=1
R̄iFi(p̄θi , h′i(pit))

(
1
ηt
− 1
ηt−1

)+ Eπθ


n∑
i=1

T∑
t=1

Ḡηt


(j)
≤ C0

5
T∑
t=1

max
{

1
ηt
− 1
ηt−1

, 0
}

+ C1
5
T∑
t=1

ηt, (3.160)

where step (m) follows readily from the inequality in (3.159). In step (n), we reorganize

the terms in the summation. Note that in this step, we abuse some notation to define

two dummy variables η0 = ηT+1 = ∞ such that 1
η0

= 1
ηT+1

= 0. In step (j), we choose
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C0
5 >

∑n
i=1 R̄i maxp,p̃∈[l,u]2 Fi(p, p̃) and C1

5 > nḠ such that step (i) readily follows.

Summarizing the aforementioned arguments, we pick C5 ≥ max{C0
5 , C

1
5} such that for

any T ≥ 2, we have ∆π
θ(T ) ≤ C5

[∑T
t=1 max

{ 1
ηt
− 1

ηt−1
, 0
}

+∑T
t=1 ηt

]
.

Proof of Claim (ii). Let π be the platform’s SRI policy under which the sellers induce

the price process {ps : s = 1, 2, . . . } by applying the multiagent mirror descent framework

in (3.25). We also let p̄θ ∈ int([l, u]n) be the DN Nash equilibrium in Definition 5. By the

i.i.d property, we let ξ be a random vector that ξt = ξ for all t ∈ {1, 2 . . . , }. Since θ ∈ ∂Θ̃,

we first show that

Eπθ
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

} (a)= Eξ,ε
{
R?(ξ,θ)−R(p̄θ, ξ,θ)

}
= 0, (3.161)

where in step (a), since the only uncertainty in the expression is ξ̃, the expectation operator

Eπθ{·} can be replaced with Eξ,ε{·}.

Next, we establish that

∆π
θ(T ) (b)= Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)


+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


Pπθ
{
τ = d

√
T log(T )e+ 1

}
, (3.162)

where in step (b), we leverage the same arguments as in (3.73) of Theorem 13’s proof

arguments.

In the first term of (3.162), we define a positive constant
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R̄ = max(p̃,ξ̃,θ̃)∈[l,u]n×Ξ×ΘR(p̃, ξ̃, θ̃) > 0, which allows us to immediately establish that

Eπθ


d
√
T log(T )e∑
t=1

R?(ξt,θ)−R(pt, ξt,θ)

 ≤ 2R̄
(√

T log(T ) + 1
)
. (3.163)

In the second term of (3.162), there exits C0
6 , C

1
6 > 0 such that

Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(c)
≤ Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(p̄θ, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

+ Eπθ


T∑

t=d
√
T log(T )e+1

R(p̄θ, ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(d)= Eπθ


T∑

t=d
√
T log(T )e+1

R(p̄θ, ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ =∞

Pπθ
{
τ =∞

}

(e)
≤ C0

6
T∑
t=1

max
{

1
ηt
− 1
ηt−1

, 0
}

+ C1
6
T∑
t=1

ηt (3.164)

where in step (c), we add and subtract a common term Eπθ{
∑T
t=d
√
T log(T )e+1R

?(ξt,θ) −

R(p̄θ, ξt,θ)
∣∣∣τ =∞}Pπθ{τ =∞} to get the right-hand-side expression. In step (d), given the

i.i.d property of {ξt}, we have that

Eπθ{R
?(ξt,θ)|τ = ∞} = Eπθ{R

?(ξt,θ)} and Eπθ{R(p̄θ, ξt,θ)|τ = ∞} = Eπθ{R(p̄θ, ξt,θ)}.

From the observation in (3.161), we immediately obtain that the first term in step (d) is

zero. In step (e), given that Pπθ{τ = ∞} ≤ 1, since the SRI policy is the same as the DN

policy conditional on τ = ∞, for t ≥
√
T log(T ), we can directly leveraging the conclusion

from Claim (i) to establish that there exists C0
6 , C

1
6 > 0 such that the inequality in this step

holds.
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In the third term of (3.162), we show that there exists C7 > 0,

Eπθ


T∑

t=d
√
T log(T )e+1

R?(ξt,θ)−R(pt, ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1

Pπθ
{
τ = d

√
T log(T ) + 1e

}

(f)
≤ Eπθ


T∑

t=d
√
T log(T )e+1

R(ψ?(ξt,θ), ξt,θ)−R(ψ?(ξt, θ̃t), ξt,θ)
∣∣∣∣τ = d

√
T log(T )e+ 1


(g)
≤ C7

√
T log(T ). (3.165)

In step (f), we leverage the fact that R?(ξt,θ) can be implemented by the price profile

ψ?(ξt,θ). Moreover, conditional on τ = d
√
T log(T )e + 1, for any t ≥ d

√
T log(T )e + 1,

the price profile pt satisfies pt = ψ?(ξt, θ̃t) (by Algorithm 2). Moreover, we have Pπθ{τ =

d
√
T log(T ) + 1e} ≤ 1. Step (g) follows from the same derivation as in (3.77) of Theorem 13

for some positive constant K6 > 0. Summarizing (3.162), (3.163), (3.164) and (3.165), we

conclude that there exists positive constants C6 = max{C0
6 , C

1
6}, C7 such that

∆π
θ(T ) ≤ C6

[ T∑
t=1

max
{

1
ηt
− 1
ηt−1

, 0
}

+
T∑
t=1

ηt

]
+ C7

√
T log(T ). (3.166)

This completes the proof.

3.11 Supporting Results

Proof of Lemma 19. To prove the claim, for any t ∈ {1, 2, . . . }, we divide the arguments

into the following steps.

Step 1: establish an upper bound for ‖θ̃ut+1 − θ‖It(θ). Recall that `t(θ̃) is the log-likelihood

function in period t and θ̃ut+1 is the unconstrained maximum likelihood estimator. We first

consider the Taylor expansion to `t(θ̃
u
t+1) to the second order: given the true demand pa-
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rameter vector θ, there exists θ̄t+1 such that

`t(θ̃
u
t+1) = `t(θ) +∇`t(θ)ᵀ(θ̃ut+1 − θ)− 1

2(θ̃ut+1 − θ)ᵀIt(θ̄t+1)(θ̃ut+1 − θ). (3.167)

Given the dimension of the demand parameter vector κθ, for any positive semidefinite matrix

A ∈ Rκθ×κθ and vector x ∈ Rκθ , we define ‖x‖A = ‖A
1
2x‖2. Recall from the lemma state-

ment that for any T ≥ 2 and t ∈ {1, . . . , T}, we let τ(t) = min{t,
√
T log(T )}. Conditional

on λmin(It(θ)) ≥ λ0τ(t), we deduce that

‖∇`t(θ)‖I−1
t (θ)‖θ̃

u
t+1 − θ‖It(θ)

(a)= ‖I−
1
2

t (θ)∇`t(θ)‖2‖I
1
2
t (θ)(θ̃ut+1 − θ)‖2

(b)
≥ ∇`t(θ)ᵀ(θ̃ut+1 − θ)
(c)
≥ 1

2(θ̃ut+1 − θ)ᵀIt(θ̄t+1)(θ̃ut+1 − θ)
(d)
≥ 1

2κI
(θ̃ut+1 − θ)ᵀIt(θ)(θ̃ut+1 − θ) (e)= 1

2κI
‖θ̃ut+1 − θ‖2It(θ)

(3.168)

where step (a) and step (e) follow directly from the definition ‖x‖It(θ) = ‖I
1
2
t (θ)x‖2 and

‖x‖I−1
t (θ) = ‖I−

1
2

t (θ)x‖2. Step (b) follows directly from Cauchy-Schwarz inequality. In

step (c), by leveraging the definition that θ̃ut+1 = arg maxθ̃ `t(θ̃), we have `t(θ̃
u
t+1) ≥ `t(θ).

Together with the equation in (3.167), step (c) readily follows. Step (d) follows from As-

sumption 13(ii). In summary of the observation in (3.168), we have

2κI‖∇`t(θ)‖I−1
t (θ) ≥ ‖θ̃

u
t+1 − θ‖It(θ). (3.169)

Step 2: an upper bound for Pπθ
{
‖∇`t(θ)‖I−1

t (θ) > δt, λmin(It(θ)) ≥ λ0τ(t), A
}
. Before pro-

ceeding, we first develop some notations. For any s ∈ {1, 2 . . . } and any δ ≥ 0, we let

δs = 1
2κI

√
λ0τ(s)δ. We further let {ỹs : s = 1, 2, . . . } be a stochastic process where ỹs
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satisfies

ỹs = δs

‖I−1
s (θ)∇`s(θ)‖It(θ)

I−1
s (θ)∇`s(θ). (3.170)

Given the definition in (3.170), for any s ∈ {1, 2, . . . }, if ‖∇`s(θ)‖I−1
s (θ) > δs, it immediately

follows that

‖ỹs‖2Is(θ)
(e)= ∇`s(θ)ᵀI−1

s (θ)Is(θ)I−1
s (θ)∇`s(θ)

‖I−1
s (θ)∇`s(θ)‖2Is(θ)

δ2
s

(f)=
‖I−1
s (θ)∇`s(θ)‖2Is(θ)

‖I−1
s (θ)∇`s(θ)‖2Is(θ)

δ2
s

(g)= δ2
s ,

(3.171)

where step (e) and step (f) respectively follow from the definition in (3.170) and the def-

inition of the matrix norm ‖ · ‖Is(θ). Step (g) follows directly from the assumption that

‖∇`s(θ)‖I−1
s (θ) > δs ≥ 0. Recalling that δs = 1

2κI

√
λ0τ(s)δ, if we further have λmin(Is(θ)) ≥

λ0τ(s), together with the observation in (3.171), we would obtain that

‖ỹs‖22 ≤
λmin(Is(θ))
λ0τ(s) ‖ỹs‖22 ≤

1
λ0τ(s)‖ỹs‖

2
Is(θ) = δ

4κ2
I

(3.172)

Given the positive constant λ̄I in Assumption 13(i) and the positive constant κI in

Assumption 13(ii), we pick ζ1 large enough such that ζ1 ≥ exp { λ̄I
2κIζ1}, and then set ν =

max{
√
δ, 1}. For any deterministic vector y ∈ Rκθ , we define a sequence {Zys : s = 1, 2, . . . }

where Zys satisfies

Zys = exp
{

1
ζ1ν

(
yᵀ∇`s(θ)− 1

2y
ᵀIs(θ)y

)}
. (3.173)

Based on the definition of the {ỹs : s = 1, 2 . . . } in (3.170) and {Zys : s = 1, 2, . . . } in
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(3.173), for any T ≥ 2, t ∈ {1, . . . , T} and τ(t) = min{t,
√
T log(T )}, we can establish that

Pπθ
{
‖∇`t(θ)‖I−1

t (θ) > δt, λmin(It(θ)) ≥ λ0τ(t), A
}

(h)= Pπθ

δt∇`t(θ)ᵀI−1
t (θ)∇`t(θ)

‖I−1
t (θ)∇`t(θ)‖It(θ)

>
δ2
t∇`t(θ)ᵀI−1

t (θ)∇`t(θ)
‖I−1
t (θ)∇`t(θ)‖2It(θ)

, λmin(It(θ)) ≥ λ0τ(t), A


(i)= Pπθ

{
δt∇`t(θ)ᵀI−1

t (θ)∇`t(θ)
‖I−1
t (θ)∇`t(θ)‖It(θ)

>
δ2
t∇`t(θ)ᵀI−1

t (θ)It(θ)I−1
t (θ)∇`t(θ)

‖I−1
t (θ)∇`t(θ)‖2It(θ)

,

λmin(It(θ)) ≥ λ0τ(t), A
}

(j)
≤ Pπθ

{
ỹ
ᵀ
t∇`t(θ) ≥ ỹᵀt It(θ)ỹt, λmin(It(θ)) ≥ λ0τ(t), A

}

= Pπθ

{
1
ζ1ν

ỹ
ᵀ
t∇`t(θ) ≥ 1

ζ1ν
ỹ
ᵀ
t It(θ)ỹt, λmin(It(θ)) ≥ λ0τ(t), A

}

= Pπθ

{
exp

{
1
ζ1ν

ỹ
ᵀ
t∇`t(θ)

}
≥ exp

{
1
ζ1ν

ỹ
ᵀ
t It(θ)ỹt

}
, λmin(It(θ)) ≥ λ0τ(t), A

}
(k)= Pπθ

{
exp

{
1
ζ1ν

(
ỹ
ᵀ
t∇`t(θ)− 1

2 ỹ
ᵀ
t It(θ)ỹt

)}
≥ exp

{
1

2ζ1ν
ỹ
ᵀ
t It(θ)ỹt

}
,

λmin(It(θ)) ≥ λ0τ(t), A
}

(l)= Pπθ

{
Z
ỹt
t ≥ exp

{
1

2ζ1ν
ỹ
ᵀ
t It(θ)ỹt

}
, λmin(It(θ)) ≥ λ0τ(t), A

}
(m)= Pπθ

{
Z
ỹt
t ≥ exp

{
δ2
t

2ζ1ν

}
, λmin(It(θ)) ≥ λ0τ(t), A

}
, (3.174)

where step (h) follows from the equivalence of events on both sides of the equation given

that ‖∇`t(θ)‖2I−1
t (θ) = ‖I−1

t (θ)∇`t(θ)‖2It(θ) > 0. In step (i), on the right hand side of

the inequality of the first event, we multiply an identity matrix It(θ)I−1
t (θ) = I in the

numerator to obtain the equivalent expression. In step (j), we implement the expression of

ỹt from (3.170) in the first inequality, and then replace the strict inequality with the weak

inequality. In step (k), we divide a common term exp{ 1
2ζ1ν ỹ

ᵀ
t It(θ)ỹt} on both sides of the

first inequality. Step (l) follows from the definition of Zyt in (3.173). In step (m), since

‖ỹt‖It(θ) = δt (by (3.171)), it follows that ỹᵀt It(θ)ỹt = ‖ỹt‖2It(θ) = δ2
t .
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To develop an upper bound for the expression P{Zỹtt ≥ exp{ δ2
t

2ζ1ν }, λmin(It(θ)) ≥

λ0τ(t), A}, we want to consider some deterministic vector y that is close to the stochastic

vector ỹt, and then leverage the supermartingale property of Zyt , which we would establish

below.

Step 3: establish that {Zys : s = 1, 2 . . . } is a supermartingale adapted to {Fs : s = 0, 1, . . . }.

Before proceeding, we first show that {Zys : s = 1, 2, . . . } in (3.173) is a supermartingale

adapted to the filtration {Fs : s = 0, 1, . . . } where Fs = σ(ξ1, ε1, . . . , ξs, ε̃s, ξ̃s+1). Fixing

δ ≥ 0, for any deterministic vector y such that ‖y‖22 ≤ δ
4κ2
I
, with gs(θ) = `s(θ)− `s−1(θ)
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and Js(θ) = Is(θ)− Is−1(θ), we can establish that

Eπθ

[
exp

{
1
ζ1ν

yᵀ∇gs(θ)
}∣∣∣∣Fs−1

]
(n)= 1 + 1

ζ1ν
yᵀEπθ

[
∇gs(θ)

∣∣∣∣Fs−1
]

+
∞∑
k=2

1
k!E

π
θ

( 1
ζ1ν

yᵀ∇gs(θ)
)k ∣∣∣∣Fs−1


(o)= 1 +

∞∑
k=2

1
k!E

π
θ

( 1
ζ1ν

yᵀ∇gs(θ)
)k ∣∣∣∣Fs−1


(p)
≤ 1 +

∞∑
k=2

1
k!E

π
θ

( 1
ζ1ν

yᵀ∇gs(θ)
)2 ∣∣∣∣Fs−1

k2

(q)= 1 + Eπθ

( 1
ζ1ν

yᵀ∇gs(θ)
)2 ∣∣∣∣Fs−1

 · ∞∑
k=2

1
k!E

π
θ

( 1
ζ1ν

yᵀ∇gs(θ)
)2 ∣∣∣∣Fs−1

k2−1

(r)= 1 + 1
2ζ2

1ν
2y
ᵀEπθ

[
∇gs(θ)∇gs(θ)ᵀ

∣∣∣∣Fs−1
]
y

·
∞∑
k=2

2
k!

(
1

ζ2
1ν

2y
ᵀEπθ

[
∇gs(θ)∇gs(θ)ᵀ

∣∣∣∣Fs−1
]
y

)k
2−1

(s)
≤ 1 + 1

2ζ2
1ν

2y
ᵀEπθ

[
Js(θ)

∣∣∣∣Fs−1
]
y

·
∞∑
k=2

1
k(k − 1)

2
(k − 2)!

(
1

ζ2
1ν

2y
ᵀEπθ

[
Js(θ)

∣∣∣∣Fs−1
]
y

)k
2−1

(t)
≤ 1 + 1

2ζ2
1ν

2y
ᵀEπθ

[
Js(θ)

∣∣∣∣Fs−1
]
y ·

∞∑
k=2

1
(k − 2)!

(
λ̄I
√
δ

2κIζ1ν

)k−2

(u)
≤ 1 + 1

2ζ1ν2y
ᵀEπθ

[
Js(θ)

∣∣∣∣Fs−1
]
y

(v)
≤ exp

{
1

2ζ1ν
yᵀEπθ

[
Js(θ)

∣∣∣∣Fs−1
]
y

}
, (3.175)

where step (n) follows from directly applying the Taylor expansion. Step (o) follows from

the observation that Eπθ[∇gs(θ)|Fs−1] = 0. Step (p) follows from the observation that

for any k ≥ 2, we have
[
Eπθ[( 1

ζ1ν
yᵀ∇gs(θ))k|Fs−1]

] 1
k ≤

[
Eπθ[( 1

ζ1ν
yᵀ∇gs(θ))2|Fs−1]

]1
2 . In

step (q), we move a common expression Eπθ[( 1
ζ1ν
yᵀ∇gs(θ))2|Fs−1] out of the summation

term. In step (r), since y is a deterministic vector, we have Eπθ[( 1
ζ1ν
yᵀ∇gs(θ))2|Fs−1] =
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1
ζ2
1ν

2y
ᵀEπθ[∇gs(θ)∇gt(θ)ᵀ|Fs−1]y. In step (s), given that gs(θ) = `s(θ) − `s−1(θ) and

Js(θ) = Is(θ)− Is−1(θ), we leverage the observation

Eπθ[∇gs(θ)∇gs(θ)ᵀ|Fs−1] = Eπθ[Js(θ)|Fs−1] to deduce the inequality in this step. In step

(t), for k ≥ 2, we have 1
k(k−1) ≤ 1. Moreover, we also have yᵀEπθ[Js(θ)|Fs−1]y ≤ λ̄I‖y‖22 (by

Assumption 13(i)). Together with the fact that ‖y‖22 ≤ δ
4κ2
I
, we can establish step (t). In step

(u), since
√
δ ≤ max{

√
δ, 1} = ν (by construction), exp { λ̄I

√
δ

2κIζ1ν } = ∑∞
k=2

1
(k−2)!(

λ̄I
√
δ

2κIζ1ν )k−2

(by the Taylor expansion), and ζ1 ≥ exp { λ̄I
2κIζ1} (by construction), step (u) immediately

follows from the observation that ζ1 ≥
∑∞
k=2

1
(k−2)!(

λ̄I
√
δ

ζ1ν
)k−2. Step (v) follows from ν =

max{
√
δ, 1} ≥ 1 (by construction).

Based on the observation in (3.175), for any y that satisfies ‖y‖22 ≤
δ2
0

4κ2
I
, we establish

that the stochastic process {Zys : s = 1, 2, . . . } in (3.173) is a supermartingale adapted to

{Fs : s = 0, 1 . . . }:

Eπθ [Zys |Fs−1] (w)= Eπθ

[
exp

{
1
ζ1ν

(
yᵀ∇`s(θ)− 1

2y
ᵀIs(θ)y

)}∣∣∣∣Fs−1

]

= exp
{

1
ζ1ν

(
yᵀ∇`s−1(θ)− 1

2y
ᵀIs−1(θ)y

)}

·Eπθ

[
exp

{
1
ζ1ν

(
yᵀ(∇`s(θ)−∇`s−1(θ))− 1

2y
ᵀ(Is(θ)− Is−1(θ))y

)}∣∣∣∣Fs−1

]
(x)= exp

{
1
ζ1ν

(
yᵀ∇`s−1(θ)− 1

2y
ᵀIs−1(θ)y

)}

· Eπθ

[
exp

{
1
ζ1ν

(
yᵀ∇gs(θ)− 1

2y
ᵀJs(θ)y

)}∣∣∣∣Fs−1

]
(y)
≤ exp

{
1
ζ1ν

(
yᵀ∇`s−1(θ)− 1

2y
ᵀIs−1(θ)y

)} (z)= Z
y
s−1, (3.176)

where step (w) follows from the definition of Zys in (3.173). In step (x), given Fs−1 =

σ(ξ1, ε1, . . . , ξs−1, ε̃s−1, ξs), we separate the deterministic and the stochastic components

of ∇`s(θ) and Is(θ) i.e., ∇gs(θ) = ∇`s(θ)−∇`s−1(θ) and Js(θ) = Is(θ)− Is−1(θ). Step

(y) readily follows from (3.175). Step (z) follows immediately from the definition of Zys−1 in

(3.173).
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Step 4: develop a cover on the set {y : ‖y‖22 ≤ δ
4κ2
I
}. For any T ≥ 2 and t ∈ {1, . . . , T},

we want to cover the random vector ỹt with some small balls with fixed centers. We first let

L(y) = yᵀ∇`t(θ)− 1
2y
ᵀIt(θ)y, which is a concave function in y ∈ Rκθ . Let ỹt be defined as

in (3.170). Under the event that {‖∇`t(θ)‖I−1
t (θ) > δt, λmin(It(θ)) ≥ λ0τ(t), A}, we have

L(ỹt)− L(y) (a)= ∇`t(θ)ᵀ(ỹt − y)− 1
2 ỹ
ᵀ
t It(θ)ỹt + 1

2y
ᵀIt(θ)y

= ∇`t(θ)ᵀ(ỹt − y) + 1
2(ỹt − y)ᵀIt(θ)(ỹt − y)− ỹᵀt It(θ)(ỹt − y)

(b)= ∇`t(θ)ᵀ(ỹt − y) + 1
2(ỹt − y)ᵀIt(θ)(ỹt − y)

− δt

‖I−1
t (θ)∇`t(θ)‖It(θ)

∇`t(θ)ᵀ(ỹt − y)

(c)
≤ max

{
∇`t(θ)ᵀ(ỹt − y), 0

}
+ 1

2(ỹt − y)ᵀIt(θ)(ỹt − y)

(d)
≤ ‖∇`t(θ)‖2‖ỹt − y‖2 + 1

2(ỹt − y)ᵀIt(θ)(ỹt − y)
(e)
≤ ‖∇`t(θ)‖2‖ỹt − y‖2 + 1

2 λ̄I t‖ỹt − y‖
2
2, (3.177)

where step (a) follows from the definition of L(y). Step (b) follows directly from the

expression of ỹt in (3.170) to the third term of the expression. In step (c), given the

event that {‖∇`t(θ)‖I−1
t (θ) > δt, λmin(It(θ)) ≥ λ0τ(t), A}, we have ‖∇`t(θ)‖I−1

t (θ) =

‖I−1
t (θ)∇`t(θ)‖It(θ) > δt. By combining the first and the third term, we obtain step (c).

Step (d) follows directly from the Jensen’s inequality i.e., ∇`t(θ)ᵀ(ỹt−y) ≤ ‖∇`t(θ)‖2‖ỹ−

y‖2. In step (e), since λmax(Jt(θ)) ≤ λ̄I (by Assumption 13(i)), it follows that λmax(It(θ)) ≤

λ̄t. By applying the Rayleigh quotient rule, we establish step (e).

Summarizing the observations above, given the event A = {‖∇`t(θ)‖2 ≤ κ1t} with

κ1 > 1
2κθλ̄I , there exists a positive constant L̄ = κ1 + 1

2 λ̄I such that

L(ỹt)− L(y) ≤ L̄, ∀‖ỹt − y‖2 ≤
1
t
. (3.178)
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We divide the set Yδ = {y : ‖y‖22 ≤ δ
4κ2
I
} into finitely many balls with radius 1

t . To cover

Yδ with these balls, we can compute that the hypercube that covers the set Yδ has a length

of
√
δ

κI
. As a result, after some arithmetic calculation, we can cover set Yδ by a total of

K̄(δ, t) =
(√

δt
κI

)κθ balls. Let {B(ȳk) : k = 1, . . . , K̄(δ, t)} be the set of the balls where ȳk is

the center for the kth ball for any k ∈ {1, . . . , K̄(δ, t)}.

Step 5: conclude the claim on the upper bound. Combining (3.174), (3.176) and (3.178),

we obtain that

Pπθ

{
Z
ỹt
t ≥ exp

{
δ2
t

2ζ1ν

}
, λmin(It(θ)) ≥ λ0τ(t), A

}

(f)
≤

K̄(δ,t)∑
k=1

Pπθ

{
Z
ỹt
t ≥ exp

{
δ2
t

2ζ1ν

}
, λmin(It(θ)) ≥ λ0τ(t), A, ỹt ∈ B(ȳk)

}

(g)
≤

K̄(δ,t)∑
k=1

Pπθ

{
Z
ȳk
t ≥ exp

{
− L̄

ζ1ν

}
exp

{
δ2
t

4ζ1ν

}
, λmin(It(θ)) ≥ λ0τ(t), A, ỹt ∈ B(ȳk)

}

≤
K̄(δ,t)∑
k=1

Pπθ

{
Z
ȳk
t ≥ exp

{
− L̄

ζ1ν

}
exp

{
δ2
t

4ζ1ν

}}

(h)
≤

K̄(δ,t)∑
k=1

Eπθ
[
Z
ȳk
t

]
exp

{
L̄

ζ1

}
exp

{
− δ2

t

4ζ1ν

}
(i)
≤ K̄(δ, t) exp

{
L̄

ζ1

}
exp

{
− λ0

16κ2
Iζ1

δ

max{1,
√
δ}
τ(t)

}
, (3.179)

where step (f) follows from the union bound given the fact that {‖ỹt‖2It(θ) = δ2
t } ⊂ {‖ỹt‖22 ≤

δ
4κ2
I
} ⊂ ∪Knk=1{ỹy ∈ B(ȳk)}. In step (g), for any ỹt ∈ B(ȳk), we have ‖ỹt− ȳk‖2 ≤ 1

t , which

implies that L(ȳk) ≤ L(ỹt) + L̄, or equivalently Zỹtt ≥ exp(− L̄
ζ1ν

)Zȳkt given the definition of

Z
y
t in (3.173) for any y. Step (h) follows directly from the Markov’s inequality and the fact

that ν = max{
√
δ, 1} ≥ 1. In step (i), by using the tower property to the supermartingale

Z
ȳk
t , we obtain that Eπθ

{
Z
ȳk
t

}
≤ 1. Combining with the facts that δt = 1

2κI

√
λ0τ(t)δ and

ν = max{1, δ}, we obtain the upper bound expression in step (i).
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Based on (3.174), (3.179), and δt = 1
2κI

√
λ0τ(t)δ, we establish that

Pπθ

{
‖∇`t(θ)‖I−1

t (θ) >
1

2κI

√
λ0τ(t)δ, λmin(It(θ)) ≥ λ0τ(t), A

}

= Pπθ
{
‖∇`t(θ)‖I−1

t (θ) > δt, λmin(It(θ)) ≥ λ0τ(t), A
}

≤ K̄(δ, t) exp
{
L̄

ζ1

}
exp

{
− λ0

16κ2
Iζ1

δ

max{1,
√
δ}
τ(t)

}
. (3.180)

Summarizing all of the observations above, we conclude that

Pπθ
{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), A

}
(j)
≤ Pπθ

{
‖θ̃ut+1 − θ‖2It(θ) > λ0τ(t)δ, λmin(It(θ)) ≥ λ0τ(t), A

}
≤ Pπθ

{
‖θ̃ut+1 − θ‖It(θ) >

√
λ0τ(t)δ, λmin(It(θ)) ≥ λ0τ(t), A

}
(k)
≤ Pπθ

{
‖∇`t(θ)‖I−1

t (θ) >
1

2κI

√
λ0τ(t)δ, λmin(It(θ)) ≥ λ0τ(t), A

}
(l)
≤ K̄(δ, t) exp

{
L̄

ζ1

}
exp

{
− λ0

16κ2
Iζ1

δ

max{1,
√
δ}
τ(t)

}
(m)
≤ K ′1t

κθδ
κθ
2 exp

{
−K ′2

δ

max{1,
√
δ}
τ(t)

}
(3.181)

where step (j) follows from λmin(It(θ)) ≥ λ0τ(t). Step (k) follows directly from the inequal-

ity in (3.169). Step (l) follows from the inequality in (3.180). In step (m), we leverage the

fact that K̄(δ, t) =
(
δt
κI

)κθ . Step (m) follows from picking K ′1 =
( 1
κI

)κθ and K ′2 = λ0
16κ2

Iζ1
.

This concludes the proof of this claim.

Proof of Lemma 20. To prove the claim, for any T ≥ 2 and t ∈ {1, . . . , T}, in the

expression Pπθ{‖θ̃t+1 − θ‖2 > δ, λmin(It(θ)) ≥ λ0τ(t), Ac}, we abuse some notation by

letting g′kt(θ) = (∇gt(θ))k for k ∈ {1, . . . , κθ} where κθ is the dimension of the demand

parameter vector θ and gt(θ) = `t(θ)− `t−1(θ). Given the positive constants κθ and λ̄I , we

pick a positive constnt ζ2 large enough such that ζ2 ≥ exp{
√
κθλ̄I
ζ2
}. For any y ∈ {−1, 1},
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we deduce that

Eπθ

[
exp

{
y

ζ2
g′kt(θ)

}∣∣∣∣Ft−1

]
(a)= 1 + y

ζ2
Eπθ

[
g′kt(θ)

∣∣∣∣Ft−1
]

+
∞∑
k=2

1
k!E

π
θ

( y
ζ2
g′kt(θ)

)k ∣∣∣∣Ft−1


= 1 +

∞∑
k=2

1
k!E

π
θ

( y
ζ2
g′kt(θ)

)k ∣∣∣∣Ft−1



≤ 1 +
∞∑
k=2

1
k!E

π
θ

( y
ζ2
g′kt(θ)

)2 ∣∣∣∣Ft−1

k2

= 1 + Eπθ

( y
ζ2
g′kt(θ)

)2 ∣∣∣∣Ft−1

 · ∞∑
k=2

1
k!E

π
θ

( y
ζ2
g′kt(θ)

)2 ∣∣∣∣Ft−1

k2−1

(b)= 1 + y2

2ζ2
2
Eπθ

[
(g′kt(θ))2

∣∣∣∣Ft−1
]

·
∞∑
k=2

2
k!

(
y2

ζ2
2
Eπθ

[
(g′kt(θ))2

∣∣∣∣Ft−1
])k

2−1

(c)
≤ 1 + κθλ̄Iy

2

2ζ2
2
·
∞∑
k=2

1
(k − 2)!


√
κθλ̄I
ζ2

k−2

(d)
≤ 1 + κθλ̄Iy

2

2ζ2
≤ exp

{
κθλ̄I
2ζ2

y2
}
, (3.182)

where the derivations for steps (a) - (b) follow from the same arguments as step (n) - (s) in

(3.175) of Lemma 19. In step (c), given that Eπθ[(g′kt(θ))2|Ft−1] is the kth diagonal entry of

matrix Eπθ[Jt(θ)|Ft−1] where Jt(θ) = It(θ)−It−1(θ), from the fact that the trace of matrix

Eπθ[Jt(θ)|Ft−1] is the sum of its eigenvalue upper bounded by the positive constants κθλ̄I ,

we obtain that Eπθ[(g′kt(θ))2|Ft−1] ≤ κθλ̄I . This observation readily implies that step (c)

holds. Step (d) follows immediately from the selection of ζ2 which satisfies ζ2 ≥ exp{
√
κθλ̄I
ζ2
}.

Based on (3.182), for any y ∈ {−1, 1}, we establish that

exp

 1
ζ2

 t∑
s=1

g′ks(θ)y − κθλ̄I t

2 y2
 ≤ 1. (3.183)
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Thus, for any T ≥ 2 and t ∈ {1, . . . , T}, we conclude the claim by showing that

Pπθ
{
‖θ̃ut+1 − θ‖22 > δ, λmin(It(θ)) ≥ λ0τ(t), Ac

}
(e)
≤ Pπθ {‖∇`t(θ)‖1 ≥ κ1t}

(f)
≤

κθ∑
k=1

Pπθ


∣∣∣∣ t∑
s=1

g′kt(θ)
∣∣∣∣ ≥ κ1t


(g)
≤

κθ∑
k=1

Pπθ


t∑

s=1
g′kt(θ) ≥ κ1t

+
κθ∑
k=1

Pπθ

−
t∑

s=1
g′kt(θ) ≥ κ1t


(h)=

κθ∑
k=1

Pπθ

exp

 1
ζ2

 t∑
s=1

g′kt(θ)− 1
2κθλ̄I t

 ≥ exp
{
κ1t− 1

2κθλ̄I t
ζ2

}
+

κθ∑
k=1

Pπθ

exp

 1
ζ2

− t∑
s=1

g′kt(θ)− 1
2κθλ̄I t

 ≥ exp
{
κ1t− 1

2κθλ̄I t
ζ2

}
(i)
≤

κθ∑
k=1

exp
{
−
κ1t− 1

2κθλ̄I t
ζ2

}
Eπθ

exp

 1
ζ2

 t∑
s=1

g′kt(θ)− 1
2κθλ̄I t




+
κθ∑
k=1

exp
{
−
κ1t− 1

2κθλ̄I t
ζ2

}
Eπθ

exp

 1
ζ2

− t∑
s=1

g′kt(θ)− 1
2κθλ̄I t




(j)
≤ 2κθ exp

{
−
κ1t− 1

2κθλ̄I t
ζ2

} (k)
≤ K ′3 exp

{
−K ′4t

}
, (3.184)

where step (e) follows readily from the observation that event Ac implies {‖∇`t(θ)‖2 ≥ κ1t}

and the fact that ‖`t(θ)‖2 ≤ ‖`t(θ)‖1. In step (f), since ∇`t(θ) = ∑t
s=1∇gs(θ) (by Assump-

tion 8) and the that event {‖∑t
s=1∇gs(θ)‖1 ≥ κ1t} implies event ∪κθk=1{|

∑t
s=1 g

′
ks(θ)| ≥

κ1t}, the inequality immediately follows. Step (g) follows directly from applying the union

bound. In step (h), we leverage the facts that the events on the left hand side of the equation

is equivalent to the right hand side. Step (i) follows from the Markov’s inequality. In step

(j), we implement the inequality in (3.183) where we respectively pick y ∈ {1,−1}. In step

(k), we pick positive constants K ′3 = 2κθ and K ′4 = κ1−1
2κθλ̄I
ζ2

, and the inequality readily

follows. This concludes the proof of the claim.

Proof of Lemma 21. By the lemma statement, for any (p̃, ξ̃, θ̃) ∈ [l, u]n×Ξ×Θ and i ∈
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{1, . . . , n}, we consider the reward contract W p̃,ξ̃,θ̃
i in Lemma 16, which has a Lw-Lipschitz

sub(sup)-derivative. Moreover, recall that Qi(p, ξ̃, θ̃) has a Lq-Lipschitz continuous gradient

(by Assumption 7). we immediately obtain that there exists LR > 0 such that R(p̃, ξ̃, θ̃)

has LR-Lipschitz sup-gradients. Abusing some notation, we pick one sup-gradient, denoted

as ∇p̃R(p̃, ξ̃, θ̃) in p̃ for any (p̃, ξ̃, θ̃) ∈ [l, u]n × Ξ × Θ. Given the true demand parameter

vector θ ∈ Θ and the optimal price mapping ψ? in (3.14), for any (p̃, ξ̃) ∈ [l, u]n × Ξ, we

can establish that

R(ψ?(ξ̃,θ), ξ̃,θ) ≤ R(p̃, ξ̃,θ) +∇p̃R(p̃, ξ̃,θ)ᵀ(ψ?(ξ̃,θ)− p̃) + LR
2 ‖ψ

?(ξ̃,θ)− p̃‖22.

(3.185)

To proceed, we can further show that

R(ψ?(ξ̃,θ), ξ̃,θ)−R(p̃, ξ̃,θ)
(a)
≤ ∇p̃R(p̃, ξ̃,θ)ᵀ(ψ?(ξ̃,θ)− p̃) + LR

2 ‖ψ
?(ξ̃,θ)− p̃‖22

(b)
≤ [∇p̃R(p̃, ξ̃,θ)−∇p̃R(ψ?(ξ̃,θ), ξ̃,θ)]ᵀ(ψ?(ξ̃,θ)− p̃) + LR

2 ‖ψ
?(ξ̃,θ)− p̃‖22

(c)
≤ ‖∇p̃R(p̃, ξ̃,θ)−∇p̃R(ψ?(ξ̃,θ), ξ̃,θ)‖2‖ψ?(ξ̃,θ)− p)‖2 + LR

2 ‖ψ
?(ξ̃,θ)− p̃‖22

(d)
≤ 3LR‖ψ?(ξ̃,θ)− p̃‖22, (3.186)

where step (a) follows directly from (3.185) and the fact that R(ψ?(ξ̃,θ), ξ̃,θ) ≥ R(p̃, ξ̃,θ)

for any (p̃, ξ̃) ∈ [l, u]n×Ξ. In step (b), given the optimality of ψ?(ξ̃,θ) in problem (3.14), the

inequality from the observation that ∇p̃R(ψ?(ξ̃,θ), ξ̃,θ)ᵀ(p̃−ψ?(ξ̃,θ)) ≤ 0 (the optimality

condition). In step (c), we leverage Cauchy-Schwarz inequality to establish the inequality.

Step (d) follows the selected gradient ∇p̃R is LR-Lipschitz continuous, which readily implies

that ‖∇p̃R(ψ?(ξ̃,θ), ξ̃,θ)−∇p̃R(p̃, ξ̃,θ)‖2 ≤ 2LR‖ψ?(ξ̃,θ)− p̃‖2. Together with the last

term, the inequality follows.

For any θ̃ ∈ Θ, if we pick p̃ = ψ?(ξ̃, θ̃), we can leverage the observation in (3.186) and
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the Lψ-Lipschitz continuity of ψ?(ξ̃, θ̃) (by Assumption 10) to establish that ‖ψ?(ξ̃, θ̃) −

ψ?(ξ̃,θ)‖2 ≤ Lψ‖θ̃ − θ‖2. As a result, there exists a positive constant Kψ = 3LRL2
ψ such

that

∣∣∣R(ψ?(ξ̃, θ̃), ξ̃,θ)−R(ψ?(ξ̃,θ), ξ̃,θ)
∣∣∣ ≤ 3LR‖ψ?(ξ̃,θ)− ψ?(ξ̃, θ̃)‖22 ≤ Kψ‖θ̃ − θ‖22.

(3.187)

This completes the proof of the lemma.

Proof of Lemma 22. Proof of the probability bound in (3.70). We first look at the

expectation bound in (3.70). For any T ≥ 2, we let π be the SRI policy and {ps : s =

1, . . . , T} be the price process induced by the sellers under policy π. By the design of the

SRI policy (see Algorithm 2), for any t ∈ {1, . . . , d
√
T log(T )e} and i ∈ {1, . . . , n}, the

exploration profile W0
t induces a price profile pt that satisfies pit = l + (u − l)Xit where

Xit ∼ Bernoulli(1
2) are i.i.d across i, t. It is worth noting that the induced price process

under the exploration reward contract follows the same distribution as that in the RI policy

in the first d
√
T log(T )e periods. Thus, we can directly replicate the same arguments as in

Proposition 22 to establish that there exists K2 > 0 such that for any T ≥ 2, t ∈ {1, . . . , T}

and τ(t) = min{t,
√
T log(T )},

Eπθ
{
‖θ̃t − θ‖22

}
≤ K2

log(t)
τ(t) . (3.188)

.

Proof of Claim (i). For any (ξ̃, θ̃) ∈ Ξ×Θ, we let ∆(ξ̃, θ̃) = R?(ξ̃, θ̃)−R(p̄θ̃, ξ̃, θ̃). Our

goal is to establish that ∆(ξ̃, θ̃) is continuous in (ξ̃, θ̃) ∈ Ξ × Θ. Given the expression of

R?(ξ̃, θ̃) in (3.16), since Qi(p̃, ξ̃, θ̃) is continuous in the compact set [l, u]n × Ξ × Θ, we

can leverage the maximum theorem to deduce that R?(ξ̃, θ̃) is continuous in θ̃ ∈ Θ. Next,

we establish that R(p̄θ̃, ξ̃, θ̃) is also continuous in θ̃ ∈ Θ. Fix any θ̃ ∈ Θ, it is sufficient
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to show that for any θ̃k → θ̃, we have p̄θ̃k → p̄θ̃. Suppose towards a contradiction that

this is not the case. We can find subsequence {nk : k = 1, 2, . . . } such that p̄θ̃nk → p̄

where p̄ 6= p̄θ̃. From the expression in (3.5), we obtain that Rsi(p̃, ξ̃, θ̃) = γp̃iQi(p̃, ξ̃, θ̃)

is differentiable in (p̃, ξ̃, θ̃) ∈ [l, u]n × Ξ× Θ. We further let R̄si(p̃, θ̃) = Eξ,ε{Rsi(p̃, ξ̃, θ̃)}

in which we recall that Eξ,ε{·} is the expectation taken over the i.i.d feature vector ξ̃. It

readily follows that R̄si(p̃, θ̃) is differentiable in (p̃, θ̃) ∈ [l, u]n × Θ. We next consider

the value function Wi(p̃−i, θ̃) = maxpi∈[l,u] R̄si(pi, p̃−i, θ̃) for any (p̃−i, θ̃) ∈ [l, u]n−1 × Ξ

and i ∈ {1, . . . , n}. By the maximum theorem, Wi(p̃−i, θ̃) is continuous in (p̃−i, θ̃) ∈

[l, u]n−1 × Θ. Given that p̄θ̃nk → p̄, we obtain that Wi(p̄
θ̃nk
−i , θ̃nk) → Wi(p̄−i,θ) as

nk → ∞ for any i ∈ {1, . . . , n}. Note that by definition, we have Wi(p̄
θ̃nk
−i , θ̃nk) =

maxpi∈[l,u] R̄si(pi, p̄
θ̃nk
−i , θ̃nk) = R̄si(p̄

θ̃nk
i , p̄

θ̃nk
−i , θ̃nk), which by the continuity property, fur-

ther implies that Wi(p̄−i, θ̃) = maxpi∈[l,u] R̄si(pi, p̄−i, θ̃) = R̄si(p̄i, p̄−i, θ̃) for any i ∈

{1, . . . , n}. Thus, p̄ is also a DN Nash equilibrium. This is a contradiction to the observa-

tion that p̄θ̃ is the unique DN Nash equilibrium given θ̃. Thus, we conclude that p̄θ̃k → p̄θ̃

as θ̃k → θ̃ and moreover, R(p̄θ̃, ξ̃, θ̃) is continuous in θ̃ ∈ Θ. Summarizing the observations

above, we establish that ∆(ξ̃, θ̃) is continuous in θ̃ ∈ Θ.

To proceed, given that the demand parameter vector satisfies θ ∈ int(Θ̃), for any δ > 0

that is small enough, we consider Bδ = {θ̃ : ‖θ̃ − θ‖22 ≤ δ} where Bδ ⊂ int(Θ̃), and Bcδ

be the complement of set Bδ. There exists ε > 0 such that Eξ,ε{∆(ξ, θ̃)} + ε = 0. Since

∆(ξ̃, θ̃) is continuous in θ̃ ∈ Θ, we can find ε0 ∈ (0, ε3) and δ0 > 0 such that for any θ̃ ∈ Bδ0 ,

we have
∣∣∣Eξ,ε{∆(ξ, θ̃)}+ ε

∣∣∣ < ε0. This allows us to establish that, for any θ̃ ∈ Bδ0 , we have

Eξ,ε{∆(ξ, θ̃)} ≤ ε0 − ε ≤ −2
3ε ≤ −ε0, which further suggests that

{
θ̃ : Eξ,ε{∆(ξ, θ̃)} ≥ −ε0

}
⊂

{
θ̃ : θ̃ ∈ Bcδ0

}
=

{
θ̃ : ‖θ̃ − θ‖22 ≥ δ0

}
. (3.189)

Next, for simplicity of notation, we define the probability measure dµt(θ̃) = Pπθ(θ̃t = θ̃).

Recall that {∆(ξs, θ̃) : s = 1, . . . , t} are i.i.d and that ∆(ξ̃, θ̃) is uniformly bounded by 2R̄
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for any (ξ̃, θ̃) ∈ Ξ×Θ.

Under the SRI policy π, we develop an upper bound on Pπθ
{
‖θ̃d
√
T log(T )e+1−θ‖

2
2 ≥ δ0

}
.

For any simplicity of notation, we let τ0 = d
√
T log(T )e. For any T ≥ 2, given the maximum

likelihood estimator θ̃τ0+1, the unconstrained estimator θ̃uτ0+1 and event A = {‖∇`τ0(θ)‖2 ≤

κ1τ0} for some positive constant κ1 > 1
2κθλ̄I where κθ is the dimension of the demand

parameter vector θ and λ̄I is the positive constant in Assumption 13, we can establish that

Pπθ
{
‖θ̃τ0+1 − θ‖22 > δ0

} (a)
≤ Pπθ

{
λmin(Iτ0(θ)) ≤ λ0τ0

}
+ Pπθ

{
‖θ̃uτ0+1 − θ‖22 > δ0, λmin(Iτ0(θ)) ≥ λ0τ0, A

}
+ Pπθ

{
‖θ̃uτ0+1 − θ‖22 > δ0, λmin(Iτ0(θ)) ≥ λ0τ0, A

c
}

(b)
≤ k0

τ0

+K ′1(τ0)κθδ
κθ
2

0 exp
{
−K ′2

δ0
max{1,

√
δ0}

τ0

}

+K ′3 exp
{
−K ′4τ0

}
(c)
≤ M2

τ0
, (3.190)

where in step (a), we leverage the same arguments as in (3.63) of Proposition 22. Similarly,

in step (b), we can again replicate the same proof arguments in (3.64) (by Assumption 13),

in (3.65) (by Lemma 19), and in (3.66) (by Lemma 20) of Proposition 22 to establish the

inequality in the right-hand-side expression. Step (c) follows from the observation that the

highest order in the previous step is O(1/tau0) where τ0 = d
√
T log(T )e. Thus, we can pick

a positive constant M2 large enough such that the inequality in this step holds.

To proceed, given that τ0 = d
√
T log(T )e, we complete the proof of this claim by showing
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that

Pπθ
{
τ = τ0 + 1

} (d)=
∫
θ̃∈Θ

Pπθ

 1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≥ 0
∣∣∣∣θ̃τ0+1 = θ̃

 dµτ0+1(θ̃)

(e)=
∫
θ̃∈Θ

Pπθ


∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≥ ε0,

1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≥ 0
∣∣∣∣∣θ̃τ0+1 = θ̃

dµτ0+1(θ̃)

+
∫
θ̃∈Θ

Pπθ

{∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≤ ε0,

1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≥ 0
∣∣∣∣∣θ̃τ0+1 = θ̃

}
dµτ0+1(θ̃)

(f)
≤

∫
θ̃∈Θ

Pπθ


∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≥ ε0

∣∣∣∣∣θ̃τ0+1 = θ̃

 dµτ0+1(θ̃)

+
∫
θ̃∈Θ

Pπθ
{
Eξ,ε{∆(ξ, θ̃)} ≥ −ε0

∣∣∣∣θ̃τ0+1 = θ̃
}
dµτ0+1(θ̃)

(g)
≤

∫
θ̃∈Θ

4R̄2

τ0ε20
dµτ0+1(θ̃) +

∫
θ̃∈Θ

Pπθ
{
‖θ̃ − θ‖22 ≥ δ0

∣∣∣∣θ̃τ0+1 = θ̃
}
dµτ0+1(θ̃)

(h)
≤ 4R̄2

τ0ε20
+ Pπθ

{
‖θ̃τ0+1 − θ‖22 ≥ δ0

}
(i)
≤ 4R̄2

τ0ε20
+ M2

τ0
(j)
≤ K̄0

τ0
, (3.191)

where step (d) follows directly from the stopping rule on τ under the SRI policy in period

τ0 + 1 (see Algorithm 2). In step (e), we decompose the event on the left hand side of

the step into two on the right hand side. Step (f) follows from the following two obser-

vations: (1) event
{ ∣∣∣ 1

τ0

∑τ0
s=1 ∆(ξs, θ̃) − Eξ,ε{∆(ξ, θ̃)}

∣∣∣ ≥ ε0, 1
τ0

∑τ0
s=1 ∆(ξs, θ̃) ≥ 0

}
im-

plies event
{∣∣∣ 1
τ0

∑τ0
s=1 ∆(ξs, θ̃) − Eξ,ε{∆(ξ, θ̃)}

∣∣∣ ≥ ε0
}
, and (2) event

{∣∣∣ 1
τ0

∑τ0
s=1 ∆(ξs, θ̃) −

Eξ,ε{∆(ξ, θ̃)}
∣∣∣ ≤ ε0, 1

τ0

∑τ0
s=1 ∆(ξs, θ̃) ≥ 0

}
implies event

{
Eξ,ε{∆(ξ, θ̃)} ≥ −ε0

}
. In step

(g), the first term follows directly from applying Chebyshev’s inequality on the random vari-

able 1
τ0

∑τ0
s=1 ∆(ξs, θ̃). In the second term, we leverage the observation in (3.189). Step (h)
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follows from direct integration. In step (i), we leverage the inequality in (3.190) to establish

the right-hand-side expression. In step (j), we pick a positive constant K̄0 > 4R̄2

ε20
+M2 such

that the inequality in this step follows.

With τ0 = d
√
T log(T )e and (3.191), this completes the proof of Claim (i).

To prove Claim (ii), we can replicate the same arguments as in Claim (i). For any δ > 0,

we consider Bδ = {θ̃ : ‖θ̃ − θ‖22 ≤ δ} where Bδ ⊂ int(Θ̃c), and let Bcδ be the complement

of set Bδ. Given that the demand parameter vector satisfies θ ∈ int(Θ̃c), there exists ε > 0

such that Eξ,ε{∆(ξ, θ̃)}−ε = 0. Since ∆(ξ̃, θ̃) is continuous in θ̃ ∈ Θ, we can find ε0 ∈ (0, ε3)

and δ0 > 0 such that for any θ̃ ∈ Bδ0 , we have
∣∣∣Eξ,ε{∆(ξ, θ̃)} − ε

∣∣∣ < ε0. This allows us to

establish that, for any θ̃ ∈ Bδ0 , we have Eξ,ε{∆(ξ, θ̃)} ≥ −ε0 + ε ≥ 2
3ε ≥ ε0, which further

suggests that

{
θ̃ : Eξ,ε{∆(ξ, θ̃)} ≤ ε0

}
⊂

{
θ̃ : θ̃ ∈ Bcδ0

}
=

{
θ̃ : ‖θ̃ − θ‖22 ≥ δ0

}
. (3.192)

We again let τ0 = d
√
T log(T )e for simplicity of notation. By using the same probability

upper bound on Pπθ{‖θ̃τ0+1 − θ‖22 > δ0} as in (3.190), we repeat the same arguments as in
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(3.191) to establish that there exists K̄1 > 0 such that for any T ≥ 2,

Pπθ
{
τ =∞

} (k)=
∫
θ̃∈Θ

Pπθ

 1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≤ 0
∣∣∣∣θ̃τ0+1 = θ̃

 dµτ0+1(θ̃)

(l)=
∫
θ̃∈Θ

Pπθ


∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≥ ε0,

1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≤ 0
∣∣∣∣∣θ̃τ0+1 = θ̃

dµτ0+1(θ̃)

+
∫
θ̃∈Θ

Pπθ

{∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≤ ε0,

1
τ0

τ0∑
s=1

∆(ξs, θ̃) ≤ 0
∣∣∣∣∣θ̃τ0+1 = θ̃

}
dµτ0+1(θ̃)

(m)
≤

∫
θ̃∈Θ

Pπθ


∣∣∣∣ 1
τ0

τ0∑
s=1

∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}
∣∣∣∣ ≥ ε0

∣∣∣∣∣θ̃τ0+1 = θ̃

 dµτ0+1(θ̃)

+
∫
θ̃∈Θ

Pπθ
{
Eξ,ε{∆(ξ, θ̃)} ≤ ε0

∣∣∣∣θ̃τ0+1 = θ̃
}
dµτ0+1(θ̃)

(n)
≤

∫
θ̃∈Θ

4R̄2

τ0ε20
dµτ0+1(θ̃) +

∫
θ̃∈Θ

Pπθ
{
‖θ̃ − θ‖22 ≥ δ0

∣∣∣∣θ̃τ0+1 = θ̃
}
dµτ0+1(θ̃)

(o)
≤ 4R̄2

τ0ε20
+ Pπθ

{
‖θ̃τ0+1 − θ‖22 ≥ δ0

}
(p)
≤ K̄1

τ0
, (3.193)

where step (k) - (l) follow from the same arguments as in step (d) - (e) in (3.191). Simi-

lar to step (f) of (3.191), step (m) follows from the following two observations: (1) event{ ∣∣∣ 1
τ0

∑τ0
s=1 ∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}

∣∣∣ ≥ ε0, 1
τ0

∑τ0
s=1 ∆(ξs, θ̃) < 0

}
implies event{∣∣∣ 1

τ0

∑τ0
s=1 ∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}

∣∣∣ ≥ ε0
}
, and (2) event{∣∣∣ 1

τ0

∑τ0
s=1 ∆(ξs, θ̃)− Eξ,ε{∆(ξ, θ̃)}

∣∣∣ ≤ ε0, 1
τ0

∑τ0
s=1 ∆(ξs, θ̃) < 0

}
implies event{

Eξ,ε{∆(ξ, θ̃)} ≤ ε0
}
. In step (n), the first term follows directly from applying Chebyshev’s

inequality on the random variable 1
τ0

∑τ0
s=1 ∆(ξs, θ̃). The second term follows directly from

the observation in (3.192). Step (n) follows from direct integration. In step (o), we leverage

the inequality in (3.190) to establish the right-hand-side expression. In step (p), we pick a
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positive constant K̄1 > 4R̄2

ε20
+M2 such that the inequality in this step follows.

With τ0 = d
√
T log(T )e, this completes the proof of Claim (ii).

Proof of Lemma 23. To prove the claim, we deduce that for all p, v ∈ R and i ∈ {1, . . . , n},

Fi(p, v) = hi(p) + h?i (v)− vp
(a)
≤ hi(p) + h?i (v′)− vp+ (v − v′)[h?i ]′(v′) + 1

2lh
(v − v′)2

(b)= hi(p) + h?i (v′)− v′p− (v − v′)p+ (v − v′)[h?i ]′(v′) + 1
2lh

(v − v′)2

(c)= Fi(p, v′) + (v − v′)([h?i ]′(v′)− p) + 1
2lh

(v − v′)2, (3.194)

where step (a) follows from inequality h?i (v) ≤ h?i (v′)+(v−v′)[h?i ]′(v′)+ 1
2lh (v−v′)2 induced

from 1
lh
-strongly smoothness of the Fenchel conjugate h?i (v) for all v ∈ R. In step (b), the

equality follows readily from subtracting and adding the same term v′p to both sides of the

expressions. In step (c), we apply the definition Fi(p, v′) = hi(p) + h?i (v′)− v′p in (3.125) to

simplify the expression.

Proof of Lemma 24. Proof of Claim (i). By definition of Fi(p, v) in (3.125), it is sufficient

to show h?i (h′i(pi(t+1)))− p̄θi h′i(pi(t+1)) ≤ h?i (ỹi(t+1))− p̄θi ỹi(t+1). Note that we have

h?i (ỹi(t+1))− h?i (h′i(pi(t+1)))
(a)
≥ [h?i ]′(h′i(pi(t+1)))(ỹi(t+1) − h

′
i(pi(t+1)))

(b)= pi(t+1)(ỹi(t+1) − h
′
i(pi(t+1))), (3.195)

where (a) follows from the convexity of the Fenchel conjugate h?i (v) for all v ∈ R. Step (b)

follows readily from the fact that [h?i ]′(h′i(pi(t+1))) = pi(t+1).

For any i ∈ {1, . . . , n}, there are three possibilities for (yi(t+1), h
′
i(pi(t+1))) given the lo-

cation of pi(t+1) in the interval [l, u]: (1) if pi(t+1) ∈ (l, u), then we have yi(t+1) = h′i(pi(t+1))

by the first order condition at the interior point in (3.124); (2) if pi(t+1) = u, then yi(t+1) ≥
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h′i(pi(t+1)); (3) if pi(t+1) = l, then yt+1 ≤ h′i(pi(t+1)). Given that p̄θ is in the interior of

[l, u]n (by Assumption 11), in all three scenarios, we have

pi(t+1)(ỹi(t+1) − h
′
i(pi(t+1))) ≥ p̄θi (ỹi(t+1) − h

′
i(pi(t+1))). (3.196)

Summarizing (3.195) and (3.196), we have h?i (ỹi(t+1)) − h?i (h′i(pi(t+1))) ≥ p̄θi (ỹi(t+1) −

h′i(pi(t+1))), which from the definition of Fi(p, v) in (3.125), immediately implies that

Fi(p̄θi , h′i(pi(t+1))) ≤ Fi(p̄θi , ỹi(t+1)). (3.197)

This completes the proof of Claim (i).

Proof of Claim (ii). Given the platform’s DN policy π, the expectation operator Eξ,ε{·}

can be replaced with Eπθ{·}. To prove this claim, we first establish the following inequality

Eπθ
{
Fi(p̄θi , h′i(pi(t+1)))

∣∣∣∣F0
t−1

} (c)
≤ Eπθ

{
Fi(p̄θi , ỹi(t+1))

∣∣∣∣F0
t−1

}
(d)
≤ Eπθ

{
Fi(p̄θi , h′i(pit))|F0

t−1
}

+ Eπθ
{(
ỹi(t+1) − h

′
i(pit)

)
(pit − p̄θi )

∣∣∣∣F0
t−1

}
+ Eπθ

{
1

2lh
(ỹi(t+1) − h

′
i(pit)2

∣∣∣∣F0
t

}
,

(e)= Fi(p̄θi , h′i(pit)) + ηtḡit(pit − p̄θi ) + 1
2lh

Eπθ
{
η2
t g̃

2
it

∣∣∣∣F0
t−1

}
,

(3.198)

where step (c) follows directly from the inequality in (3.197). In step (d), we implement

inequality (3.194) (from Lemma 23). In step (e), conditional on F0
t−1, pt is known. By

implementing the equation that ỹi(t+1) = h′i(pit) + ηtg̃it (from (3.124)) and the fact that

ḡit = Eπθ{g̃it|F
0
t−1}, we obtain the right-hand-side expression in step (e).

This completes the proof of Claim (ii).
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Proof of Lemma 25. Let π be the platform’s DN policy. For simplicity of notation, we

define Pπ,0θ {·} = Pπθ{·|Q(·,θ) = Eξ,ε[Q(·, ξ̃,θ(0))]}. We complete the proof in three steps.

Step 1: Derive a multi-period belief updating inequality. Let k ∈ {1, . . . , K} and t ∈

{1, 2, . . .}. Thus, under Q(0)(p,θ(0)) = Eξ,ε{Q(p, ξ̃,θ)}, we have for all s ∈ {1, 2, . . . },

and

b
(k)
i(t+1) =

b
(k)
i1
∏t
s=1 L

(k)
is (Dis, Q

(k)
i (ps,θ(k)))|F0

s−1)∑K
k′=0 b

(k′)
i1

∏t
s=1 L

(k′)
is (Dis, Q

(k′)
i (ps,θ(k′)))|F0

s−1)

= 1

1 +∑
k′ 6=k

b
(k′)
i1
b
(k)
i1

exp
(∑t

s=1 log L
(k′)
is (Dis,Q

(k′)
i (ps,θ(k′))|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k))|F0

s−1)

)

≤ 1

1 + b
(0)
i1
b
(k)
i1

exp
(∑t

s=1 log L
(0)
is (Dis,Q

(0)
i (ps,θ(0))|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k))|F0

s−1)

) . (3.199)

Step 2: Construct a martingale. For s = 1, 2, . . . , letXs = Eπθ
[

log L
(0)
is (Dis,Q

(k)
i (ps,θ(0))|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k))|F0

s−1)

]

and Zs = log L
(0)
is (Dis,Q

(k)
i (ps,θ(0))|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ0)|F0

s−1)
− Xs. Since the demand realization Dis is uni-

formly bounded, we let d, d be constants such that Dis ∈ [d, d] for all i ∈ {1, . . . , n} and

s ∈ {1, 2 . . . , }. We define an identity function I : [d, d] → [d, d] satisfying I(x) = x for all

x ∈ [d, d], and let u = max{|d|, |d|}. Set γ = δ2
d

2u2 , where δd is as in the statement of the

lemma. Note that, for any pair of probability density functions µ, ν : [d, d]→ R+ satisfying

µ(x), ν(x) ∈ [f, f ] for x ∈ [d, d] and |
∫ d
d xµ(x)dx−

∫ d
d xν(x)dx| ≥ δd, we have the following:

∫ d
d

log µ(x)
ν(x)µ(x)dx

(a)
≥ 1

2‖µ− ν‖
2
1

(b)
≥

∥∥∥I(µ− ν)
∥∥∥2
1

2‖I‖2∞
(c)= 1

2u2

∣∣∣∣∣
∫ d
d

∣∣∣x(µ(x)− ν(x)
)∣∣∣dx∣∣∣∣∣

2

(d)
≥ 1

2u2

∣∣∣∣∣
∫ d
d
xµ(x)dx−

∫ d
d
xν(x)dx

∣∣∣∣∣
2
≥

δ2
d

2u2 , (3.200)
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where: ‖µ − ν‖1 =
∫ d
d |µ(x) − ν(x)|dx, ‖I(µ − ν)‖1 =

∫ d
d

∣∣∣I(x)
(
µ(x) − ν(x)

)∣∣∣dx, ‖I‖∞ =

supx∈[d,d] |I(x)|, (a) follows by Pinsker’s inequality, (b) follows by Hölder’s inequality, (c)

follows because ‖I‖∞ = u, and (d) follows by Minkowski’s inequality. Since

L(0)
is (·, Q(0)

i (ps,θ(0))|F0
s−1) and L(k)

is (·, Q(k)
i (ps,θ(k))|F0

s−1) are two probability density func-

tions satisfying the above properties of µ(·) and ν(·), we deduce that (3.200) holds for µ(·) =

L(0)
is (·, Q(0)

i (ps,θ(0))|F0
s−1) and ν(·) = L(k)

is (·, Q(k)
i (ps,θ(k))|F0

s−1). That is, Xs ≥ γ = δ2
d

2u2

for all s. Moreover, Zs satisfies the following properties for all s: (i) |Zs| ≤ z̄, where

z̄ = 2 log f
f > 0, and (ii) Eπθ

{
Zs|F0

s−1

}
= Eπθ

[
log L

(0)
is (Dis,Q

(0)
i (ps,θ(0)|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k))|Fs−1)

−Xs
∣∣∣∣Fs−1

]

= Eπθ
[

log L
(0)
is (Dis,Q

(0)
i (ps,θ(0)|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k)|F0

s−1)

∣∣∣∣Fs−1
]
−Eπθ

[
log L

(0)
is (Dis,Q

(0)
i (ps,θ(0)|F0

s−1)
L(k)
is (Dis,Q

(k)
i (ps,θ(k)|F0

s−1)

∣∣∣∣F0
s−1

]
= 0. As

a result, {Zs} is a bounded martingale difference sequence adapted to Fs.

Step 3: Derive an upper bound on the convergence rate. Let π ∈ Π be such that, under

π, we have |Q(0)
i (ps,θ(0)) − Q

(k)
i (ps,θ(k))| ≥ δd > 0 for all s ∈ {1, 2, . . . , t}. Let At =∑t

s=1Xs and Wt = ∑t
s=1 Zs. By (3.199), we have

Eπθ{b
(k)
i(t+1)} ≤ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(At +Wt)

.

Letting Bt = {Wt ≤ −1
2At}, we deduce from the preceding inequality that

Eπθ{b
(k)
i(t+1)} ≤ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(At +Wt)
I{Bt}

+ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(At +Wt)
I{Bct }


(e)
≤ Pπθ{Bt}+ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(At +Wt)
I{Bct }


(f)
≤ Pπθ{Bt}+ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(1
2At)

I{Bct }

, (3.201)

where: I{·} is the indicator function (i.e., given condition A, I{A} = 1 if A holds, and 0
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otherwise); (e) follows because b
(0)
i1
b
(k)
i1

exp(At + Wt) ≥ 0, and Eπθ{I{Bt}} = Pπθ{Bt}; and (f)

follows because At +Wt ≥ 1
2At on B

c
t . Under π, At ≥ γt. Therefore, (3.201) implies that

Eπθ{b
(k)
i(t+1)} ≤ Pπθ{Bt}+ Eπθ

 1

1 + b
(0)
i1
b
(k)
i1

exp(1
2γt)

I{Bct }

 (g)
≤ Pπθ{Bt}+

b
(k)
i1
b
(0)
i1

exp(−1
2γt),

(3.202)

where (g) follows because I{Bct } ≤ 1. Note that

Pπθ{Bt} = Pπθ{Wt ≤ −
1
2At}

(h)
≤ Pπθ{Wt ≤ −

1
2γt}

(i)
≤ Pπθ{|Wt| ≥

1
2γt}

(j)
≤ 2 exp(−γ

2t
2z̄ ), (3.203)

where: (h) follows because At ≥ γt, (i) follows because {Wt ≥ −1
2γt} ⊂ {|Wt| ≥ 1

2γt}, (j)

follows by the Azuma-Hoeffding inequality and the fact that |Ws−Ws−1| = |Zs| ≤ z̄ for all

s. Combining (3.202) and (3.203), we deduce that

Eπθ{b
(k)
i(t+1)} ≤ 2 exp(−γ

2t
2z̄ ) +

b
(k)
i1
b
(0)
i1

exp(−1
2γt) ≤

(
2 +

b
(0)
i1
b
(k)
i1

)
exp(−ηt).

As a result, Eπθ{1− b
i
t+1} = ∑

j 6=i Eπθ{b
(k)
i(t+1)} ≤ ζe−ηt, where ζ = maxi

{∑
j 6=i

(
2 + b

(0)
i1
b
(k)
i1

)}
,

and η = 1
2γmin{1, γz̄ }.
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