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ABSTRACT

Nearly all high-throughput ‘omic’ data are influenced by technical and biological factors
unknown to the researcher, which, if unaccounted for, can severely obfuscate estimation of
and inference on the effects of interest. While the importance of this problem has precipitated
the development of many methods that attempt to correct for these latent factors, most are
designed for gene expression data and are not amenable for modern, complex experimental
designs. In this thesis, we develop novel and provably accurate methodology to estimate and
perform inference on the coefficients of interest in a multivariate linear model in the presence
of latent covariates. Chapter 2 discusses this problem in the context of DNA methylation
in which latent cell type typically confounds the covariate of interest. We then provide the
first methods amenable to experimental designs with complex sample correlation structures
in Chapters 3 and 4. Lastly, motivated by untargeted LC-MS metabolomic data, we present
the first method to account for both unobserved covariates and non-random missing data in

Chapter 5.
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CHAPTER 1
INTRODUCTION

It is an incredibly exciting time to be involved in biology. The development of high-
throughput technologies has provided biologists with a cornucopia of genetic, proteomic
and metabolomic data that have the potential to elucidate the genetic components of phe-
notypes and the mediation of environmental exposures. While collecting these data often
warrants a PhD in itself, it is only the germ of such research. The next step is to try to
answer the looming question that still remains: how do we make sense of all of these data?
This thesis provides novel statistical methodology to navigate this deluge of data.

While we consider many types of “omic” data in this thesis, this work is best motivated
by DNA methylation data. DNA methylation is an example of an epigenetic modification
in which a methyl group is added to the base cytosine in nuclear DNA. Such a cytosine,
which may or may not be methylated, is called a CpG site. The presence or absence of
a methyl group on a particular CpG may have consequence on the expression of certain
genes in the cell, which can lead to disease or other phenotypes. Consider the ostensibly
simple experiment of measuring the blood DNA methylation of n = 100 asthmatics and
healthy controls across p = 800,000 CpG sites in an effort to identify asthma-dependent
DNA methylation patterns. If we ignore observed nuisance covariates like the intercept, a
simple model relating asthma status X € {0,1}" to blood methylation levels y, € R" at

CpGg=1,...,pis

Yyg=XBg+Ay (9g=1,...,p)

Our goal is to estimate and perform inference on the effect due to asthma, (4.
In classical multivariate regression, E (Ag) =0,V (Ag) = agfn and Atq,..., A, are
independent. Estimation and inference under these assumptions is well-understood (Gosset

1908, Benjamini & Hochberg 1995). However, DNA methylation data, like all omic data, are
1



not this simple. For example, DNA methylation is cell type dependent (Titus et al. 2017),
meaning y1,...,Yp are actually weighted averages of blood cell type-specific methylation
levels, where the weights are each individual’s cellular proportions. Unfortunately, cell type
is typically too expensive or impossible to measure and is therefore rarely observed by the
researcher. This is further complicated by the fact cell type confounds! asthma status, since
asthmatics tend to have different blood cell proportions than healthy controls (Stein et al.
2016). Besides cell type, other examples of latent covariates (i.e. latent factors) that can
influence y1, . . . , yp include sample batch, reagent quality and machine performance, to name
a few. If we let C = (c1---¢,) € R™K contain the K latent factors, a more reasonable

model for yq, ..., yp would therefore be

yg=XPBy+Cly+ey, E(eg) =0, V(eg)=0iln (9=1,...,p) "

e1,...,ep are independent.

In this model,

E(yg) = X8 +E(C) Ly (9=1,....p)

Cov ([ygl; ynl;) = €5V () &y + oyl (g=h) (9.h=1,....pii=1,....n),

where [ygL. is the ith element of y4. Consequently, accounting for C' when estimating and
performing inference on 3, mitigates biases and reduces the correlation between test statistics
for different CpG sites. In general, the methods we develop in this thesis are designed to
estimate 85 in Model (1.1)? as accurately as when C' is observed.

The problem of latent covariates in high throughput data is well known to be one of the

most critical impediments to reproducible research (Leek et al. 2010, Jaffe & Irizarry 2014).

1. We use the term “confounder” throughout this thesis to mean any variable that is associated with both
the independent and dependent variables. It does not imply a causal relationship.

2. The assumption on V (e,) in Model (1.1) is not necessary. We consider the model V (e,) = v,,1B1 +
-+ 04, By for known By, ..., By in Chapter 3.



Evidently, recovering C from Model (1.1) is hopeless if the number of genomic units p = 1,
because it would be impossible to distinguish variation due to X from that due to C. The
key observation is that C in Model (1.1) is shared across all genomic units g = 1,...,p >> 1,
since all p measurements from a single sample i € {1,...,n} are influenced by sample i’s
latent cell type, batch number, etc. Therefore, one can potentially recover C' (or more
precisely, the column space of C) if p is suitably large, which is generally the case in the
omic data we consider.

Given the importance of this problem, an impressive number of methods have been
developed to attempt to solve it (Leek & Storey 2007, 2008, Gagnon-Bartsch & Speed 2012,
Sun et al. 2012, Gagnon-Bartsch et al. 2013, Wang et al. 2017, Lee et al. 2017, Fan & Han
2017, Wang et al. 2017, Gerard & Stephens 2018). However, nearly all of these methods are
motivated by gene expression data with independent samples ¢ = 1,...,n, and therefore tend
to fail when applied to other types of omic data or experimental designs. In this thesis, each
chapter contains novel methodology to estimate and perform inference on 4 from Model
(1.1)2 in the presence of the latent matrix C', which is applicable to gene expression, DNA
methylation, proteomic and metabolomic data with potentially correlated samples.

Chapter 2 is motivated by DNA methylation data from Nicodemus-Johnson et al. (2016)
in which latent cell type appears to confound the effect of asthma status. We prove that
previously proposed methods tend to underestimate the extent of this confounding, which
biases their estimates for 3, and inflates their test statistics. We then propose the method
BCconf, which we prove corrects said bias and inflation, and also returns estimates for 3,
are asymptotically equivalent to the ordinary least squares estimator when C' in Model (1.1)
is observed. We demonstrate the utility of our method by showing BCconf better accounts
for latent cell type in the aforementioned data from Nicodemus-Johnson et al. (2016) than
existing methods.

Chapter 3 is motivated by DNA methylation data from McKennan et al. (2018), in which

methylation levels from different samples were correlated. We therefore developed CBCV



and CorrConf: provably accurate and computationally efficient methods to choose K and
recover C' in omic data when V (eg) from Model (1.1) is not a multiple of I,,. To the best of
our knowledge, these are the first methods to choose K or recover C' in such data, and has
application in longitudinal data, multi-tissue data, data with multiple treatment conditions
and data with related individuals.

In Chapter 4, we analyze longitudinal DNA methylation methylation data to show that
race/ethnicity-associated blood methylation patterns are primarily genetically determined.
These, along with other results, suggest that blood DNA methylation patterns are robust to
many environmental exposures during the first seven years of life. In this chapter, we also
extend the false sign rate paradigm introduced in Stephens (2016) and developed a novel
inference paradigm for longitudinal DNA methylation data.

Lastly, in Chapter 5, we propose (to the best of our knowledge) the first method to
estimate and perform inference on f; in Model (1.1) when entries of y, are missing not

at random, which has application to untargeted liquid chromatography-mass spectrometry

(LC-MS) metabolomic data.

1.1 Notation used throughout this thesis

Let n > 0 be an integer. We define 1,,,0, € R" to be the vectors of all ones and zeros,
I, € R™" to be the identity matrix, [n] = {1,...,n} and [z]; to be the ith element
of z € R". For M € R"™™, we let [M];; be the (i,7) element of M, and define Py,
and P]ﬁ to be the orthogonal projections matrices onto Im (M) = {Mwv:v € R™} and
ML = {veR": MTy=0}. If d = dim (ML> > 0, we define Q) € R™% to be a
matrix whose columns form an orthonormal basis for M=+, i.e. P = Q MQ}/‘,. We use
the relation X QY if the two random variables, vectors or matrices X and Y have the
same distribution, X, g X if the sequence X1, X9, ... converges in distribution to X and

X~ (p,G)ifE(X)=pand V(X) =G.



CHAPTER 2
ACCOUNTING FOR UNOBSERVED COVARIATES WITH
VARYING DEGREES OF ESTIMABILITY IN HIGH
DIMENSIONAL BIOLOGICAL DATA

2.1 Introduction

Suppose we observe data Y € RP*"™ where the number of genomic units, p, is on the order of
or larger than the sample size, n. For example, in most DNA methylation data, the number
of studied methylation sites, p, is between 10% and 10° and n is tens to hundreds. Assume

the true model for Y is

Ypxn = Bpdegxd+prKngK+Ep><n (2.1a)

Epsn ~ MNysn (0, Zpsp, In), 5 = diag (a%, o af)) (2.1b)

where 3 = (,61 e Bp)T e RP¥d X e R™4 contains the covariates of interest and C €
R contains the K unobserved covariates. Our goal is to estimate and perform inference
on the coefficients of interest, B1,...,8) € RY,

Under model (2.1), the naive ordinary least squares estimate of 3,

1 1

_ — T _
Yi-YX (X'X) ' =g+ L{(X"X) ' X"C} +EX (X"X) ' =B+ LQ" + By,
is biased by LQT, where @ = (XX )_1 XT'C is the ordinary least squares coefficient
estimate for the regression of C on to X. The bias induced by L and €2 is often consequential
in biological data. For example, in DNA methylation studies where disease status is the
covariate of interest, DNA methylation Y depends on the latent cellular heterogeneity of

the n samples (Jaffe & Irizarry 2014), and cellular heterogeneity often depends on disease

status X (Fahy 2002, Stein et al. 2016). Ignoring unobserved covariates C when analyzing
5)



these types of data can therefore drastically affect the interpretation of results.

There have been a number of methods proposed to estimate and correct for the latent
factors C' in model (2.1) (Leek & Storey 2008, Gagnon-Bartsch & Speed 2012, Gagnon-
Bartsch et al. 2013, Sun et al. 2012, Houseman et al. 2014, Lee et al. 2017). While these
methods perform well on selected datasets, they either do not have the requisite theory to
justify downstream inference on 31, ..., 3, (Leek & Storey 2008, Sun et al. 2012, Houseman
et al. 2014, Lee et al. 2017), or they require the practitioner to have prior knowledge regarding
which coefficients 31, . . ., B) are zero (Gagnon-Bartsch & Speed 2012, Gagnon-Bartsch et al.
2013).

Recently, Fan & Han (2017), Wang et al. (2017) proposed methods that first compute L,
an estimate of L, from Y P& = L (P)J(-C>T + EP)%. They then estimate €2 by regressing
Y] on to f/, and finally estimate 31,...,8, by subtracting the estimated bias LOT from
Y. The advantage of this estimation paradigm is obvious: it decouples the estimation of L
and B1, ..., By without requiring the practitioner to have prior knowledge regarding which
coefficients B31,...,8p are zero. These articles are quite remarkable because when their
assumptions hold, the authors prove that they can perform inference on 3y,...,3p that is
as accurate as when C' is known. However, it has been observed that these methods tend to
inflate test statistics and beget anti-conservative inference in both simulated and real data
(van Iterson et al. 2017).

One source of the discrepancy between theory and practice is that the aforementioned
articles assume that all K of the non-zero eigenvalues of Z = P)J(-C (p_lLTL) CTP)J(- are
on the order of the number of samples, n, and are overtly larger than the average residual
variance p~ 1 (0% + 4 012)). If these assumptions were valid, there would be an unambigu-
ous gap between the Kth and [K + 1]st eigenvalues of pilP)%YTYP)%. However, this rarely
occurs in practice (Cangelosi & Goriely 2007, Owen & Wang 2016, Wang et al. 2017). When
these eigenvalue assumptions are violated, we show that previous methods’ techniques to

estimate € from the regression of Y] on to L are sensitive to the error in the estimated



design matrix L, which begets inaccurate estimates of B1,...,8,. In practice, some of the
non-zero eigenvalues of Z will not be large if the sample size is not sufficiently large, if
some of the K latent covariates do not influence the response of every genomic unit, or if
some of the latent covariates are correlated with the covariate of interest X, since this will
dampen P)%C . The latter is common in DNA methylation data because unobserved cellular
heterogeneity is often correlated with X (Jaffe & Irizarry 2014).

The purpose of this chapter is to fill the described gap in the literature by studying
the unobserved covariate problem when some or all of the K non-zero eigenvalues of Z are
not exceedingly large. We prove that when the eigenvalues fall below a certain threshold,
then for fixed g € {1,...,p}, previous methods have a propensity to inflate type I error
when testing the null hypothesis Hy , : B; = 0, and even tend to falsely reject Hp 4, with
probability tending to 1 when using the conservative Bonferroni correction. We then provide
alternative estimators for 31, ..., By and prove that when 3 is suitably sparse, our estimators
are asymptotically equivalent to the ordinary least squares estimators obtained using the
design matrix (X C), regardless of the size of the eigenvalues of Z. We lastly use simulated
data and real DNA methylation data from Nicodemus-Johnson et al. (2016) to show that
latent covariates with ostensibly “small” effects can be detrimental to inference if not properly
accounted for, and that our method can better account for latent covariates than the leading
competitors. An R package called BCconf that implements our method is freely available

for download from GitHub. The proofs of all results can be found in Section 2.7.

2.2 The model, our estimation procedure and intuition

2.2.1 Notation

In addition to the notation defined in Section 1.1, we define [G],, € R™ and [G],, € R" to

be the rth row and sth column of the matrix G € R™*"™ in this chapter.



2.2.2 A model for the data

Let Y € RP*™ be the observed data, where [Y],; is an observation at genomic unit g € [p]

gi
in sample 7 € [n]. Let X € R™*? be an observed, full rank matrix containing the covariates
of interest and define B = (,81 e ,Bp)T € RP*? to be their corresponding coefficients across
all p genomic units. We also define an additional covariate matrix C € R"*E and let
L € RP*K be its corresponding coefficient. We assume that C is unobserved but K is
known. Evidently, K is rarely known in true data applications. While we acknowledge that
estimating K is a challenging problem, there is a large body of work devoted to estimating
it (Leek & Storey 2008, Onatski 2010, Gagnon-Bartsch & Speed 2012, Owen & Wang 2016,

McKennan & Nicolae 2018b). We discuss how different values of K affect our downstream

estimates in Section 2.4. We assume (2.1) is the true model for Y, and we define
p=p ! (a%+---+a§). (2.2)
We also define
Q= (X"X) ' X"CeR”E  Cy=PyCeRVE (2.3)

to be the ordinary least squares coefficient estimates and residuals from the regression of
C on to X, respectively. We have not assumed an explicit relationship between C' and X,

because one can always decompose C' as
C = PxC + P5C = XQ + Cs.

A more general model for Y would be Y = 8X '+ MZ" + LC" + E, where Z € R™"*"
contains observed nuisance covariates, like the intercept or technical covariates, whose coef-

ficients [M], ,...,[M],, are not of interest. We can get back to model (2.1) by multiplying

p*

Y on the right by a matrix whose columns form an orthonormal basis for the null space
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of Z"'. Therefore, we work exclusively with model (2.1) and assume any observed nuisance

factors have already been rotated out, as they would be in ordinary least squares.

2.2.83  Estimating 3 when C is unobserved

We break Y into two independent pieces using a technique proposed in Sun et al. (2012):

Y =YX (X"X) ' =B+ LQ" + E, (2.4)

Ys =Y Py = LCJ + Ey (2.5)

where 1 = EX (XTX)_1 and Fy = EP)J(- are independent because XTP)J(- = 0 and
E ~ MNpxn(0,%,1,). The matrix Y7 is the ordinary least squares estimate of B that

ignores C', and the rows of Ey lie on an n — d dimensional linear subspace of R". We now

describe how to use Y7 and Y3 to derive the ordinary least squares estimates of 31,...,08p
when C' is observed. This will provide a template for estimating B31,...,8p when C is
unobserved.

Algorithm 2.1 (Ordinary least squares when C is observed). Let Y; € RP*? Y, € RPX™,
X e R gnd C € RWE pe giwen. Our goal is to use ordinary least squares to estimate

and perform inference on B1,...,Bp, the rows of B € RP*d,

(a) Set Cy = P)%C. Use Yy to estimate ¥ = diag (0%, o ,012,) and L as

(495)" = (0 —d = ) RIS, PA, ), 9=

LS — 504 (C3Cy) !

where [Yg]g* € R"™ is the gth row of Ys.

(h) Set @ = (X*X) ' XTC.



(c) Define the ordinary least squares estimate of By to be

B = vi],, — Q [f/OLS]g* (9=1,....p) (2.6)

where [Yl]g* e R? and [IALOLS} e RE are the gth rows of Y1 and j}OLS, respectively.
gx*
It is straightforward to derive the asymptotic properties of the estimators defined in

Algorithm 2.1. In Step (a),
Ef;)LS =04+ o0p(1l) as n — oo, LOS MNy,y {L, 3, (CQTCQ)A} .

Since Fs is independent of Eq, both of these estimates are independent of Y]. This implies

that for all g € [p], the asymptotic distribution of ,ég)LS is

(&QLS)_l {(x™x)"+a(cic,) ™! QT}_1/2 (8215 — 8,) 2 7+ 0p(1)

as n — 0o, where Z ~ Ny (0, ;).

A property of the ordinary least squares estimate B!JOLS is
B = Vi), — QEQMS = (XTPEX) T XTRAY], (9=1..p)

That is, B;)LS depends only on the column space C, meaning we may replace C with CW as
input in Algorithm 2.1 for any invertible matrix ¥ € REXK In particular, we may choose
W so that n_102TC’2 = n_lCTP)J(-C = Ig. This parametrization of C|, and therefore Co,
is convenient because it suggests that a reasonable estimate of Cy when C' is unobserved is
a scalar multiple of the first K right singular vectors of Ys. Using this intuition, we now
present our method to estimate and perform inference on Bq,..., 3y when C is unobserved.

This is described in Algorithm 2.2, which mimics the three steps of Algorithm 2.1.

Algorithm 2.2 (Estimation and inference when C' is unobserved). Let Y| € RP xd 'y, e
10



RP*" X € R"¥4 gnd K > 1 be given. Our goal is to estimate and perform inference on

B1,-..,Bp, the rows of B € RP*4,

(a) Let Yo = U diag (71,...,7,) VT be the singular value decomposition of Yo where 11 >
o> 7, >0 and UTU = VIV = I,. Define Cy = n'/2([V],q -+ [V].), where

(V.1 is the kth column of V. € R™ ™. Estimate ¥ = diag (0%, . ,03) and L as

62 = (n—d—K) ' VIl PE Wl (9=1,....p) (2.7)

L=%:C, (CJCy) (2.8)

(b) Define p=p~' (6 +--+63) and
T PG ot B
A = np [L} [L} L (k=1 K, (2.9)

where [IA}} is the kth column of L € RP*X Estimate Q as

xk

Q- YL (iTi)l aing {A/ (=) o Aw/ (b —0) ) (2.10)

(c) Estimate By as

By = Wil ~Q[L] (=10 (2.11)

2 N o
Just like the estimates (6§LS> and LOLS, 63 and L defined in (2.7) and (2.8) and are
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independent of Y7. To perform inference on B¢, we assume

~1/2

6,0 {(XTx)‘1 Iy (égéz)_l QT} (Bg _ ﬁg> ~Ny(0,1)) (g=1,....p).

2.2.4  Intuition regarding Step (b) of Algorithm 2.2

The estimates of 03 (g =1,...,p) and L in Step (a) of Algorithm 2.2 are similar to those
used in Sun et al. (2012), Gagnon-Bartsch et al. (2013), Lee et al. (2017), Wang et al. (2017).
However, the estimate of € in Step (b) is different from those used in previous methods.
Recall from (2.4) that Y1 = B8+ LQT + Eq. If 3 is sufficiently sparse, Sun et al. (2012),
Gagnon-Bartsch et al. (2013), Lee et al. (2017), Wang et al. (2017) propose using variations

of the following estimator to recover €2:
A N fama—1
Qshrunk _ yTp (LTL) . (2.12)

That is, they ignore the uncertainty in L when regressing Y7 on to L. To see why this is
imprudent, let R = L — L be the residual and suppose for sake of argument that L ~ 0.
Then the regression coefficients from the regression Y; ~ L should be very close to 0, since
L ~ R is independent of Y;. In other words, existing estimates of § are shrunk towards 0.
We quantify the shrinkage exactly in Section 2.3.3 and use that result to derive an inflation
term, I' = diag {5\1/(5\1 — D) Ak — ﬁ)} We then use T to inflate the shrunken
estimate Q52K which allows us to better estimate 84, .. ., Bp in Step (c) of Algorithm 2.2.

The importance of the inflation term I' in (2.10) is related to how informative the data
are for C. The estimate A\, (k = 1,..., K) defined in (2.9) is the kth largest eigenvalue of
p*1Y2TY2, and can therefore be viewed as an estimate of A, the kth largest eigenvalue of
I=p E(Y2)"E(Ys) = P¢C (p~'LTL) C"Ps-. The eigenvalue )y is also the kth largest
eigenvalue of (np_lLTL) (n_lcTP)%C) When ), is sufficiently large for all k = 1,..., K,

we say that the data are strongly informative for the latent factors C. Under this regime,
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;\1, e S\K will tend to dominate p, an estimate of the constant p defined in (2.2), meaning
' will be negligible. In this case it suffices to use MWK or other previously proposed
estimates of 2 in place of 2 in (2.11). On the other hand, we say the data are only moderately
informative for C' if one or more of A1, ..., A\ is not large. This can occur if the sample size
n is not large enough, if some of columns of C' do not affect the expression or methylation
of all p genomic units, or if X is correlated with the columns of C| since this will dampen
P)%C. In these cases, [f‘] TERE [f‘] KK will be moderate to large. In fact, we prove in
Section 2.3.3 and show with simulation and a real data example in Section 2.4 that existing
methods that ignore the shrinkage in their estimates of {2 are not amenable to inference. We

define the informativeness of the data for C' precisely in Definition 2.1 in Section 2.3.3.

2.3 Theoretical results

2.8.1 Assumptions

In all of our assumptions and theoretical results, we assume model (2.1) holds, Y7 and Y3

are as defined in (2.4) and (2.5), and 8 = (ﬂl ﬂp)T e RP*4d,

Assumption 2.1. (a) X is an observed, non-random matrixz such that lgn nTIXTX =
n—odo

EX>0.

(b) LCT € RP*™ js an unobserved, non-random matriz with K non-zero singular values,

where K > 1 1s a known constant.
¢) For some constant c; > 1, o2 € cfl,cl orallg=1,...,p.
g 1 g

T
Under (a) and (b), E(Y3) = L (P)%C) — LCY, E(Y}) = B+LOT and V <[Y]g1> — o2
(g =1,...,p) are identifiable. The choice to treat LCT as non-random is to illustrate that
ignoring this term tends to bias estimates of 3. However, all of our results in Sections 2.3.2,

2.3.3 and 2.3.4 can be extended to the case when LC" is a random variable using results

from Proposition 2.7, Corollary 2.3 and Lemma 2.7 in Section 2.7.9. Item (c) is a standard
13



assumption in the high dimensional factor analysis literature (Bai & Li 2012, Wang et al.

2017). We next place assumptions on LC2T .
Assumption 2.2. Let T = Cy (p_lLTL) C5 € R™™ and cg > 1 be a constant.
(a) [L]g* (n_lC'QTCQ) (L] < 3 forallg=1,...,p.

b) Z has K non-zero eigenvalues A\y > -+ > A > 0 such that A\ € C_1702n and
( g K k 2

Mo = Meg1) /e >yt forallk =1,... K, where Aggyq = 0.
(¢c) pis a non-decreasing function of n such that n/p < ca andn2/ (pAg) — 0 asn — oc.

The quantity [L]g* (n~1CICy) (L] g+ 18 identifiable because LCy is identifiable, and Ttem

(a) is equivalent to [|[L],.[l2 < cg for all g = 1,...,p if n71CTCy = Ir. We comment on

g+l
this further after we state Proposition 2.1 below. The assumptions on Aq, ..., A\g in (b) are
weaker than those considered in previous work that provide inferential guarantees, which
focused on the case when \{ < A\ < n (Bai & Li 2012, Fan & Han 2017, Wang et al. 2017).
The authors of Lee et al. (2017) do allow Ag = o(n), provided \; < A and A\ — o0 as
n — oo. However, they only prove the consistency of their estimates of 31,...,8y. In fact,
we show in Section 2.3.3 that inference with their method, as well as other existing methods,
is fallacious if A\ € [c_l,cnl/ﬂ for some ¢ > 1. The assumptions on n,p in (c) are the

same as those used in Wang et al. (2017), which only considers the case A\| < A < n. We

next place assumptions on the parameters of E (Y7) = 8+ LQT.

Assumption 2.3. Let c3 > 0 be a constant.
(a) p~1 {I (1B, #0)+---+1 <[,3]pT + 0)} =0 (n_3/2)\K) for allr € [d] as n,p — 0.
(0) 1Byl < c3 for all g € [p] and r € [d].

(¢) Let C € R™K be any matriz such that E(Y) = BXT + LC™ for some L € RP*K,
Then for @ = (XTX) ' XTC and Cy = PLC, |Q (n"1CTCy) ™" QT3 < 3.

14



Item (a) is the same sparsity as assumed in Wang et al. (2017). Item (c) is justifiable
because we prove that B and €2 (n_lCQT 02)—1 QU are identifiable under Assumptions 2.1,
2.2 and 2.3(a) in Proposition 2.1 below and Proposition 2.3 in Section 2.7.1.

In DNA methylation data with p ~ 3 x 10° — 8 x 10°, n &~ 10% and in the previously
unexplored regime A\p € [0_1, ent/ 2}, Assumption 2.3(a) restricts the number of genomic
units with non-zero coefficient of interest to be on the order of hundreds to thousands, which
is common in many studies (Morales et al. 2016, Liu et al. 2016, Yang et al. 2017, Zhang
et al. 2018). We also show through simulations that we can egregiously violate Assumption

2.3(a) and still do accurate inference on 31, ..., 3. We now state a proposition regarding

the identifiability of L and C.

Proposition 2.1. Let G = {diag(ay,...,ar) :ay,...,ax € {=1,1}}, suppose Assump-

tions 2.1 and 2.2 hold and define the parameter space

O0) ={(L,C) e R x RK LB (v5) = LCY,n ' C5Co = I,

np 'LTL = diag (A, ..., \g) for Cy = P)%C} . (2.13)

Then @(0) 18 non-empty and if {L(a), C’(a)} , {L(b), C’(b)} € @(O); then L) = LTI and
Céb) = Céa)l_[ for some II € G. If Assumptions 2.1, 2.2 and 2.3(a) hold, then there exists

a constant cg4 > 0 such that B is identifiable and

O1) = Oy N {(L.C) e RVK x RMK B (v) = B+ LQ" for @ = (X"X) 7' X" C}

(2.14)

is non-empty for all n > cy4. Further, if {L(a),C(a)} , {L(b),C(b)} S @(1), then L) =
LTI and ) = ¢TI for some Il € G for alln > cy.

The condition that (L,C) € @(0) is a classic constraint to identify the components of
factor models (Bai & Li 2012). If (L, C) € © ), Assumption 2.2(a) becomes [[[L] ,[|2 < ¢
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forall g=1,...,p and if (L, C) € Oy), (n_lcQTCQ)_l QT = QQT. While we prove it
is unnecessary to assume a particular parametrization of L and C to estimate and perform
inference on B1,..., By using Algorithm 2.2, we use the parameter spaces @(0) and 9(1)
in the statements of theoretical results regarding the accuracy of estimates of L and €2,

respectively, in Sections 2.3.2, 2.3.3 and 2.3.4.

2.8.2  Asymptotic properties of the estimates from Step (a) of Algorithm

2.2

We start by illustrating the asymptotic properties of 63 (9=1,...,p) and L defined in (2.7)
and (2.8).

Lemma 2.1. Suppose Assumptions 2.1 and 2.2 hold and n — oco. Then for p defined in
(2.2),

GZ=02+op(l) (g=1,....p) (2.15)

p=p (&%+«--+&§> —p+op <n_1/2>. (2.16)

Lemma 2.2. Suppose Assumptions 2.1 and 2.2 hold and n — oo. Then for 5\1, .. -75\K
defined in (2.9),

Mo/ =14 p/Ag + 0p (n—1/2) k=1,...,K). (2.17)

Let Cy be as defined in Step (a) of Algorithm 2.2. If we also assume that (L,C) € @(0) and

the K diagonal elements of CQTCQ are non-negative, then for W ~ N (0, [),

nl/%1 ([L]g* - [L]g*> PWotop(1) (g=1,....p). (2.18)

Remark 2.1. The identifiability constraints, that (L, C') € 9(0) and CQTCQ has non-negative

16



diagonal elements, are equivalent to the IC3 constraint used in Bai & Li (2012) to identify

the components of factor models.

Remark 2.2. When C is observed and (L,C) € Oy, (2.17) and (2.18) hold for the

ordinary least squares estimator LOLS defined in Step (a) of Algorithm 2.1.

T .
Remark 2.3. Equation (2.18) shows that the asymptotic distribution for [L} [L} under
g* g*

, o217 [4] D .2 2 2
the null hypothesis [L],, = 0 is no [L} [L} =z°+op(1) asn — oo, where 2 ~ x% .
g*

9 g

Further, the asymptotic distribution does not depend on the parametrization of L or C.

g

Lemmas 2.1 and 2.2 show that [i}] and 63 have the same asymptotic properties as
g*
[ iIOLS]
g*

Algorithm 2.1. However, (2.17) states that the estimates of A are biased by p, which we

and 03 defined in

9

2
and (&OLS) , the ordinary least squares estimates of [L],

show below is the primary reason why previously proposed methods often return inflated

test statistics.

2.3.83 Previous estimates of  in Step (b) of Algorithm 2.2 inflate test

statistics

As noted in Section 2.2.4, existing methods that use the estimation paradigm outlined in
Algorithm 2.2 ignore the uncertainty in L, and use variations of QSM0K t6 estimate Q. We
show that these methods tend to underestimate €2, which can lead to spurious inference on

B1,-..,08p in Proposition 2.2 and Corollary 2.1 below.

Proposition 2.2. Suppose Assumptions 2.1, 2.2 and 2.3 hold with 31 = --- = By = 0,
n — oo and (L,C) € @(1), where @(1) was defined in (2.14). In addition, suppose the

diagonal elements of C2TCQ are non-negative and A\ / g < c5 for some constant c¢5 > 1. If

we estimate Q as QMK defined in (2.12), then

n2 Mk _ Q) diag {A1/(p+ A1), .-, Ax/ (0 + Ag) e = op (1). (2.19)
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Corollary 2.1. Fix some g € [p| and let cg > 0 be a small constant. In addition to the

assumptions of Proposition 2.2, suppose d = 1 and the following hold:

(i) We replace Q with Q™K jp (2.11) and estimate Bg =By =0¢€R as thrunk =

[Y'l]g _ Qshrunk [i‘/] )
g*

K
() 35 911 [Elgi (O + )/ O+ )} 2 € for some constant ¢ > 0.

A —-1/2 .
Define zg = 69_1 <HXH2_2 —i—n_lHQShmnkH%) / ﬁghmnk to be the gth z-score and let o €
(0,1) be any significance level. Then for U1—a/2 the 1 — a/2 quantile of the standard normal

distribution, there exists a constant § > 0 such that as n — oo,

(

P (|zg| > qlfa/Q) —a+o(1) if At/ = 0

\

P (!zg\ > ql_a/z) >a+d6+o(1) if )\;{1”1/2 >cg -

P (|zg| > qlfa/g) —1+0(1) if Anl/2 5 o0

Further, if n™"p — 0 for some constant r > 0 and /\;(1711/2_06 — 00 as n — oo, then

P (I2g] > 01— (-10)2) = 1+ 0(1)

1

as n — 0o, where p~ « s the Bonferroni threshold at a level a.

Remark 2.4. The authors of Gagnon-Bartsch et al. (2013) use QWK o estimate Q,
but the authors of Wang et al. (2017), Lee et al. (2017) use slightly different estimators.
We prove analogous versions of Proposition 2.2 and Corollary 2.1 for the estimators used
in Wang et al. (2017), Lee et al. (2017) in Propositions 2.5 and 2.6 and Corollary 2.2 in
Section 2.7.8.

Remark 2.5. The assumption that \1 /g < ¢5 made in Proposition 2.2 and Corollary 2.1

requires the eigenvalues be on the same order of magnitude. It is a standard assumption
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made by previous authors who use versions of Algorithm 2.2 to estimate By,. .., 3y (Wang
et al. 2017, Lee et al. 2017). We discuss how to extend it to allow A\ /A to diverge in

Remark 2.7 after the statement of Theorem 2.2.

When Condition (ii) in the statement of Corollary 2.1 does not hold, it implies the bias

QI[L],, in [Y7],, is minor, or the largest components of €2 load on to the columns of L

g* g*

corresponding to the largest eigenvalues A\;, which are the components least affected by

Qshrunk i) have less of an impact on

the shrinkage in Proposition 2.2. The shrinkage in
inference in these cases. If K = 1, Item (ii) can be replaced with [Q[L] | > € for some
constant € > 0.

The results of Proposition 2.2 and Corollary 2.1 show that ignoring the uncertainty in

L when estimating €2 can lead to inflated test statistics and type I errors if /\I_{lnl/ 2

1s not
small enough, even if one uses the conservative Bonferroni threshold. We therefore define

the informativeness of the data for C in terms of the magnitude of A\ in relation to nt/2,

Definition 2.1 (Informativeness of the data for C). The data Y are strongly informative
for C if A[_(lnl/Q — 0 as n — oo and moderately informative for C if there exists a constant

c7 > 1 such that A\ € [0;1,n1/2c7} for all n.

Corollary 2.1 shows that existing methods risk performing anti-conservative inference
when the data are only moderately informative for C. We next show that our shrinkage-
corrected estimate of €2 in (2.10) begets estimates of B1,..., 3, that are asymptotically
equivalent to the corresponding ordinary least squares estimates obtained when C' is known,

even when the data are only moderately informative for C.

2.3.4 The estimates of B, ..., B, from Algorithms 2.1 and 2.2 are

asymptotically equivalent

We first prove that our shrinkage-corrected estimate of €2, Q, corrects the aforementioned

shrinkage present in existing methods’ estimates of €2.
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Lemma 2.3. Suppose Assumptions 2.1, 2.2 and 2.3 hold and (L,C) € ©(1). Further,
assume the diagonal entries of C2TCQ are non-negative and M\ /A < c5, where c5 > 1 was

defined in the statement of Proposition 2.2. ]fQ is defined as (2.10) and n — oo, then
n'/2)|Q - Qllz = 0, (1). (2.20)

We use this result to prove that inference with Bg (9 =1,...,p) is asymptotically equiv-

alent to the ordinary least squares estimator obtained when C' is known.

Theorem 2.1. Let g € [p] and suppose Assumptions 2.1, 2.2 and 2.3 hold with A\ / g < c5

and n — oo. Then inference with Bg s asymptotically equivalent to inference with BgLS n

the following sense:

n'/2|8, — B g = op(1) (2.21)

6, {(XTx)‘1 + nlszT}_l/Q (Bg - ﬁg) D Z +op(1). (2.22)

The estimates B;)LS, Q and Bg are defined in (2.6), (2.10) and (2.11), and Z ~ Ny (0,1;).

In some real experimental data, the largest eigenvalue A\; may be substantially larger
than the smallest eigenvalue Ar. We therefore extend Theorem 2.1 to relax the assumption

that the A\g’s be the same order of magnitude in the following theorem.

Theorem 2.2. Let g € [p], suppose Assumptions 2.1, 2.2 and 2.3 hold and assume n — co.
Define my, € RP to be the kth left singular vector of LCy (k=1,...,K). If

(/\TAS)l/2 |m71j2m8| < CS)‘maX(r,s)

for some constant cg > 0 for all r,s € [K], then (2.21) and (2.22) hold.

Remark 2.6. ()\r)\s)l/2 |m; Xmy| is identifiable for all r,s € [K] under Assumptions 2.1

and 2.2. If Assumptions 2.1 and 2.2 hold and (L,C) € O, ()\r)\s)l/2|m,TEms| =
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np~t (L]}, B (L]

*

for all r,s € [K].

sl

Remark 2.7. Proposition 2.2 and Corollary 2.1 can be extended to accommodate data where
M /A diverges by replacing the condition that \ /A < c5 with ()\r/\s)l/2 |mXYmyg| <

cgA ) Jorallr, s € [K].

max(r,s
The condition on mI¥myg (r,s = 1,..., K) is quite general, as it can be shown to hold
in probability when [L],, ~ Fj and 03 ~ F_ (9 =1,...,p) for any distributions F and
F_2> with compact support, such that np_lLTL has eigenvalues bounded away from 0 with

high probability. We refer the reader to Proposition 2.4 in Section 2.7.2 for more detail.

2.3.5 Inference on the relationship between C and X

One may be interested in understanding the origin of C. For example, if components of
Q were large, it would be informative to know if this were due to random experimental
variation, or if some of the columns of C' truly depended on X. To incorporate this type of
inference, we state the following theorem that allows C, and therefore €2, to be treated as a

random variable.

Theorem 2.3. Let cg > 1 be a constant. In addition to Assumptions 2.1(a), 2.1(c) and

2.3(b), suppose the following hold

(i) | X|loo < cg and L € RP*K s a non-random matriz such that np~'LTL =

diag (A1, ..., k), where K > 1 is known.

(ii) Let Ay = 0. Then A\ € [09_1,0971} and (A — Apa1) /A > c§1 for all k € [K],

[[L]gsll2 < cg for all g € [p] and Inp~ L [L]E. T [L],4 < coX ) for allr,s € [K].

max(r,s
(iii) p is a non-decreasing function of n such that n/p < co, n3/2] (Agp) = 0 as n — oo
and p~1 {[([B]lr #0)+---+1 ([ﬁ]pr # 0)} =0 (n_3/2/\K> for all r € [d].

(iv) C = XA+ 2 e R"K yhere A € RK is non-random and 2 € R™E has indepen-

dent and identically distributed rows [Bl1,,...,[E],. € RE that are independent of E
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[BlL) = Ik and E ([E}§k> < o0 for all i € [n] and

ke [K].

Let Wy (14, K) be the standard Wishart distribution in d dimensions with K degrees of free-

dom. If the null hypothesis A = 0 is true and n — oo, then

1/2 1/2D

(XTX)77QQ" (XTX)/ =V +op(1),

where ) is defined in (2.10) and V. ~ Wy (14, K). Ifd=1,V =V ~ X%('

Remark 2.8. Under the definition of C in Item (iv), Q@ = A + (XT)()_1 XTE and
E(©)=A.

2.4 Simulations and data analysis

2.4.1 Simulation study

In this section, we use simulations to compare the performance of our shrinkage-corrected
method defined by Algorithm 2.2 to that of methods proposed in Wang et al. (2017), Lee
et al. (2017), Leek & Storey (2008), Gagnon-Bartsch & Speed (2012), Gagnon-Bartsch et al.
(2013), as well as the ordinary least squares estimator when C' is known and when it is
ignored. We do not include results from Fan & Han (2017) or Houseman et al. (2014),
because these methods perform similarly to those proposed in Wang et al. (2017) and Lee
et al. (2017), respectively. In all of our simulations, we set n = 100,p = 10° and K = 10 to
mimic DNA methylation data where p ranges from 3 x 10° to 8 x 10°, although our results
are nearly identical for p on the order of gene expression data (p =~ 104). We set d = 1
and assigned 50 samples to the treatment group and the rest to the control group so that

T
X = (12/2, O£/2> € R". We then set the eigenvalues A\i,..., A\ so that \{ = n — 2,
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Ax = 1 and the remaining to be

(n — 2)(K-K)/(K-1) k< K/2
A\ =

{(n—2)/5YE=R/K=1) 5 [0 |

For a predefined value of A € R™K we simulated 8 = (51 ﬂp)T e RPXLL €

RPXE € e RWK 5 = diag (0’%, . ,012)) and E € RP*" according to

By ~ 0.958) + 0.05N (0, 0.42) (g=1,...,p)
72 = max{)\k/(n - 2),0.52} (k=1,....K)

L), ~ m00 + (1 — ) N 0,72) (¢9=1,....p;k=1,...,K)
g (07%) (2.23)
CNMNHXK(XA7]TM]K)

ag ~ Gamma <1/0.52, 1/0.52> (9g=1,...,p)

Egi~2_l/2agT4 (g=1,....p;i=1,...,n)

where 7, was chosen so that E ([L]. [L],;) = A\ and Ty is the t-distribution with 4 degrees
of freedom. We then set the observed data to be Y = 8X "' + LCT + E € RP*". Although
our theory from Section 2.3 assumes the residuals E are normally distributed, we simulated
t-distributed data to mimic real data with heavy tails. The values used for 75 and 7}
(k = 1,...,10) are given in Table 2.1. We also include additional simulation results in

Section 2.6 where we simulate 3 according 84 ~ 0.800g + 0.20N (O, 0.42).

Table 2.1: The 1, and 7, values (k=1,...,10) used to simulate L

Factor number (k) | 1 2 3 4 5 6 7 8 9 10
Tk 1 10781060| 05| 05 |05 1] 05|05 |05 ] 0.5
Tk 0 0 0 [0.13]048|0.85(0.89|0.92|0.94 | 0.96
AL 98.0 | 589|354 | 213|128 | 38 | 27 | 1.9 | 1.4 | 1.0
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We set the parameter A used to simulate C, where A = E (€2) in (2.23), to be one of

two values:
A =a(15,05) Ay =a(05,15)

with the scalar o chosen so that C' explained 30% of the variability in group status X, on
average. The choice of 30% was not arbitrary, as we estimated that over 30% of the variance
in group status was explained by C in our data application in Section 2.4.2.

As simulated, the eigenvalues Aq,..., A5 are large enough so that the shrinkage terms
A/ M +p) (B=1,...,5) from (2.19) in Proposition 2.2 are negligible. This implies that
when A = Aj, QMUK wil] Jikely be a suitable estimate of 2 € RY10 gince Qshrunk 1]
correctly estimate the largest and most important components of €2, €,q,...,Q,5. The

Qshrunk ) plied by Corollary 2.1 does not apply when A = A

anti-conservative nature of
because Item (ii) in the statement of Corollary 2.1 will generally not hold. We would there-
fore expect our shrinkage-corrected method defined by Algorithm 2.2 to perform similarly
to previous methods that ignore the shrinkage in their estimates of €2 in this simulation

scenario. However, when A = Ao, (shrunk

will not recover the largest and most conse-
quential components of Q, [Q],4,...,[€],10, because of the substantial shrinkage caused
by the relatively small eigenvalues Ag, ..., A1g. In this case, Corollary 2.1 and Remark 2.7
suggest that ignoring the shrinkage will lead to anti-conservative inference on f1,..., 3p,
whereas Theorems 2.1 and 2.2 imply our shrinkage-corrected method will be asymptotically
equivalent to ordinary least squares when C' is observed.

We simulated 100 datasets with A = A1 and another 100 with A = As. We found that
we could do the best inference on 31, ..., ) with each method by performing ordinary least
squares with the design matrix <1n X C’) , where C was C if C was known, or was estimated

with any one of the six methods described above. Our shrinkage-corrected estimate of C' was

Cy+ X Q, where C’Q was defined in Step (a) of Algorithm 2.2. We describe how the other
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five methods estimate C' below. We compared the ordinary least squares t-statistics from
all methods to a t-distribution with n — 2 — K degrees of freedom to compute P values for
the null hypotheses Hp 4 : g =0 (9 = 1,...,p). We then judged the performance of each
method by comparing their true false discovery proportion at a nominal 20% false discovery
rate, estimated using g-values (Storey 2001), because this is the inference method popular
among biologists.

Figure 2.1 provides the simulation results. We see that our shrinkage-corrected method,
BC, is able to control the false discovery rate both when K is known to be 10 and when
we drastically overestimate it to be 20. Further, our method’s power to detect units with
non-zero 34 at this nominal 20% false discovery rate threshold was 13.6% when K =10 and
12.8% when K = 20, which is compared to 13.6% when C was known. The power of all three
methods was the same for both values of A. This is exactly what one would expect from
Theorems 2.1 and 2.2, which prove that inference with our shrinkage-corrected estimator
is asymptotically equivalent to that with ordinary least squares when C' is known. This
equivalence was also manifested when we overtly violated Assumption 2.3(a) and simulated
B1,. ., Bp ~ 0.808) + 0.20N (0,0.4?) in Section 2.6.

It is also informative to study the performance of the other five methods, as this can be

important to practitioners deciding which method to apply to their data.

CATE-RR (Wang et al. 2017) and dSVA (Lee et al. 2017): These methods estimate C' as
C’gate + X Qeate and C’SSVA + X QdSVA respectively, where their estimates of Cy, C’gate
and C’SSVA, are nearly identical to Cy defined in Step (a) of Algorithm 2.2. However, their
estimates of €, Qcate and ISVA, ignore the shrinkage described in Proposition 2.2. We
would therefore expect them to introduce more type I errors when A = Ay. Both CATE-
RR and dSVA'’s false discovery proportion estimates were closer to nominal values when
B1s---,Bp ~ 0.805y + 0.20N (0,0.42), since any rejection region was likely to have more

genomic units with non-zero coefficients of interest.

IRW-SVA (Leek & Storey 2007): IRW-SVA estimates C by performing a factor analysis on
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Figure 2.1: The false discovery proportion (FDP) for each method at a g-value threshold
of 0.2 in simulations when A = A; (left) and A = Ay (right). “BC” is our shrinkage-
corrected method enumerated in Algorithm 2.2 and K is the number of factors used to
estimate C. CATE-RR, dSVA, IRW-SVA, RUV-2 and RUV-4 are the methods proposed in
Wang et al. (2017), Lee et al. (2017), Leek & Storey (2007), Gagnon-Bartsch & Speed (2012)
and Gagnon-Bartsch et al. (2013), respectively. These five methods were all applied with
K = K = 10. Inference with “None” was performed using the design matrix (1, X).

diag (7%1, . ,ﬁp) Y, where 7y is an estimate of [P ([L]g* #0,8,=0| Y) (g =1,...,p),
by iteratively estimating C and P ([L] gx 7 0,8 =0 Y). Since the first iteration as-

sumes C = P)J(-C’, g tends to be small if the marginal correlation between [Y] , and

g*
X is large, which occurs if [€2[L].,| is large. Therefore, the latent factors that influence
diag (7%1, e ,frp) Y will be different than those of Y if the latent factors with the largest
effects are also correlated with X. This explains why IRW-SVA performs poorly when
A = A;. Unfortunately, there is no theory that states when IRW-SVA is expected to

accurately recover C.

RUV-2 (Gagnon-Bartsch & Speed 2012) and RUV-4 (Gagnon-Bartsch et al. 2013): Both
RUV-2 and RUV-4 assume the practitioner has prior knowledge of a subset S C [p] of control
genomic units where 8y = 0 for all g € S. We selected |S| = 600 = 20 x 30 control units
uniformly at random from the set of all genomic units with 3; = 0 across all simulations,
because simulations in Wang et al. (2017) use 30 control units when p = 5,000 = 10°/20.

RUV-2 estimates C' via factor analysis using only data from genomic units in S, whereas
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RUV-4 first estimates Cy and L as C’Q and L defined in Step (a) of Algorithm 2.2, and

~ ~17T ~ -1 ~
: RUV-4 _ T
then estimates  as €2 — [vi]%, [L]S* ([L} .. [L}S*> . Here [¥}]g, and [L]

are the submatrices of Y7 and L restricted to the rows in S. RUV-4’s estimate of C' is then

S*

C’Q + XOQRUV-1 The obvious caveat of RUV-2 and RUV-4 is the practitioner must have
a list of units whose coefficients of interest are zero and whose expression or methylation
carries the latent factor signature, i.e. the first K eigenvalues of C (|S|71L§*LS*) C" must
be suitably large. For example, the large variability in RUV-2’s false discovery proportion
when A = As is because the |S| = 600 control units were not sufficient to capture the latent

factor signature in many simulations.

2.4.2 Data application

In order to demonstrate the importance of using our shrinkage-corrected estimator, we ap-
plied our method to re-analyze data from Nicodemus-Johnson et al. (2016), which studied the
correlation between adult asthma and DNA methylation in lung epithelial cells. The authors
collected endobronchial brushings from 74 adult patients with a current doctor’s diagnosis
of asthma and 41 healthy adults and quantified their DNA methylation at p = 327,271
methylation sites, also referred to as CpGs, using the Infinium Human Methylation 450K
Bead Chip (Dedeurwaerder et al. 2011). The authors then used ordinary least squares to
regress the methylation at each of the p sites on to the mean model subspace that included
asthma status, age, ethnicity, sex and smoking status to estimate the effect due to asthma,
(ﬁl e Bp)T e RP*1. They found 40,892 CpGs that were differentially methylated between
asthmatics and healthy patients at a nominal false discovery rate of 5%.

We investigated whether or not the strong association between DNA methylation and
asthma status was in part due to unobserved covariates. In particular, lung cell composi-
tion may differ between asthmatics and non-asthmatics, with asthmatic patients generally
having a greater proportion of airway goblet cells that excrete mucus (Bai & Knight 2005,

Rogers 2002). We therefore re-analyzed these data to account for latent covariates with our
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shrinkage-corrected method defined by Algorithm 2.2, and compared the results to those
obtained using the methods proposed in Leek & Storey (2007), Wang et al. (2017) and Lee
et al. (2017). We could not apply the methods proposed in Gagnon-Bartsch & Speed (2012),
Gagnon-Bartsch et al. (2013) because we did not have access to control CpGs. We first used
bi-cross validation (Owen & Wang 2016) to estimate that there were K = 4 latent factors in
these data, and subsequently estimated C' € RM5*4 yging the four different methods. We
then computed P values for the null hypotheses Hy 4 : g =0 (9 = 1,...,p) using ordinary
least squares with the design matrix (X Z C’), where X € {0,1}" was asthma status and
Z contained the observed nuisance covariates age, ethnicity, sex and smoking status. The
total number of asthma-related CpGs returned by each method as a function of g-value
cutoffs (Storey et al. 2015), as well the uncorrected and shrinkage-corrected estimates of
Q € R4 are given in Fig. 2.2. At a g-value threshold of 20%, our method identifies 10,324
asthma-related CpGs, while the methods proposed in Leek & Storey (2007), Wang et al.
(2017) and Lee et al. (2017) ostensibly identify 32,952, 29,415 and 22,545 asthma-related
CpGs, respectively. These numbers changed only slightly when we let K be as high as seven.

We estimated that approximately 36% of the variance in asthma status was explained by
C, which using Theorem 2.3 corresponded to a P value for the null hypothesis E (C' | X) =0
of 3.2 x 1072, Moreover, assuming (L,C) € @(1), the largest component of €2 appeared to
load on to the third column of L € RP*4 where A\3/p ~ 2.5. Since this was much smaller
than nl/2 = 10.7 and we estimated [L]g3 # 0 at over 40% of the studied CpGs g € [p],
Proposition 2.2, Corollary 2.1 and simulations connote that the methods proposed in Wang
et al. (2017) and Lee et al. (2017) are likely underestimating the fraction of CpGs with 85 = 0
at any nominal g-value threshold. It is likely the case that A3, the third largest eigenvalue of
7= P)J(-C’ (p*ILTL) C’TP)J(-, was small even though the third factor explained a significant
portion of the variability in methylation levels because its strong correlation with asthma
status dampened P)%C :

We next sought to determine if differences in lung cell composition between asthmatic
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Figure 2.2: Results from our analysis of lung DNA methylation data from Nicodemus-
Johnson et al. (2016). (a): The number of asthma-related CpGs at a given g-value cutoff
using our shrinkage-corrected estimator (blue, solid line), as well as the estimators proposed
in Lee et al. (2017) (pink, dot-dashed line), Wang et al. (2017) (red, dotted line) and Leek
& Storey (2007) (black, dashed line). (b): The K = 4 components of QMK (black “x”)
and Q (red “e”) as a function of 1. .., As. The dashed blue line is the 0.95 quantile of the
71/ 2y distribution, where 7 is defined such that aQ QT converges to a chi-squared random
variable with K = 4 degrees of freedom under the null hypothesis from Theorem 2.3.

and healthy patients were responsible for some of the correlation between asthma status
and the latent factors, since understanding the origin of the latent covariates could help
practitioners determine which method is most appropriate for their data. To do so, we
fit a topic model with r = 7 topics on the same individuals’ gene expression data, which
has been shown to cluster bulk RNA-seq samples by tissue and cell type (Taddy 2012, Dey
et al. 2017). We then used the n-dimensional factor whose corresponding loading was the
largest on the MUC5AC gene as a proxy for the proportion of goblet cells in each sample,
as MUC5AC is a unique identifier for goblet cells (Zuhdi Alimam et al. 2000). Just as one
would expect, asthmatics tended to have a higher proportion of estimated goblet cells than
healthy controls, and we rejected the null hypothesis that asthmatics and healthy controls
had the same mean estimated goblet cell proportion at the significance level of a = 0.01.
This indicates that cell composition is presumably driving much of the observed correlation

between methylation levels and asthma status in Nicodemus-Johnson et al. (2016), as well
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as the results from the re-analysis with the methods proposed in Wang et al. (2017) and Lee
et al. (2017).

These conclusions also help to explain why the method proposed in Leek & Storey (2007)
is likely underestimating the number of false discoveries. We used Lemma 2.2 and Remark

2.3 to estimate that

p (), £ 0) 4+ 1 (1L #0) } ~ 090

in these data, which is precisely what one would expect if cellular heterogeneity were among
the unobserved factors, since changes in methylation help drive cellular differentiation. And
since we have already shown that X is correlated with C, the method proposed in Leek &
Storey (2007) would not be expected to control the false discovery rate, as simulations in

Section 2.4.1 showed exactly this when |2 [L]/,| was large for many genomic units g € [p].

2.5 Discussion

The prevalence of unobserved covariates in high throughput ‘omic’ data has precipitated the
development of methods that account for unobserved factors C in downstream inference.
While these methods perform well when the data are strongly informative for C, they are
not amenable to inference when the data are only moderately informative for C'. On the
other hand, we prove that inference using estimates from our shrinkage-corrected method in
Algorithm 2.2 is asymptotically equivalent to ordinary least squares when C' is observed.
Our method is not a cure-all for inference with unobserved covariates. For example, As-
sumption 2.3(a) restricts the number of units with non-zero main effect in DNA methylation
data to be on the order of hundreds to thousands when the data are only moderately infor-
mative C. Even though simulations show we can potentially relax this number substantially
to tens, or even hundreds of thousands in practice, it begs the question as to whether or

not practitioners should spend time and money to measure nuisance variables like cellular
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heterogeneity, or estimate them directly from the data. If the practitioner is concerned that
C is correlated with X but has reason to believe 3 is sparse, our theory suggests the ef-
fort should be spent collecting more samples. However, if C' is correlated with X and 3 is
dense, it may be worthwhile to attempt to measure some of the latent factors with other
technologies. We are currently working with the authors of Nicodemus-Johnson et al. (2016)
to use external sources of information to potentially better account for cellular heterogeneity

in their data.

2.6 Additional simulations

We first include an empirical verification of the surprising results from Proposition 2.2 and
Lemma 2.2 that we can accurately estimate L, but the naive estimate for @ in (2.12) is

biased. The data were simulated as follows:

d=K=1,n=100, p = 10°

B=0

T
X = (12/?05/2)
Coy~ Ny g (0> Infd)
C=X+QxCs

E ~ MNpxn (0, Iy, I) .

where Qx € R%("=d) is a matrix whose columns form an orthonormal basis for the null
sapce of X. Therefore, 2 = 1 for every simulation. L and X were simulated so that A\ ~ 1

and p = 1. If (2.18) from Lemma 2.2 was correct, then nl/2 <[ﬁ] - [L]g) ~ N(0,1) for
g
each g € [p]. If we let W = nl/2 (i} — L) € RP, we validate Lemma 2.2 by partitioning the
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components of W by whether or not the corresponding component of L was non-zero. If
Lemma 2.2 were true, both histograms in Fig. 2.3 should look as if they were sampled from

a N(0,1) random variable, which they clearly do.

04

1

|

Density

0 2 2 0
Cemponents of W Components of W

Figure 2.3: W = nl/2 (i} — L) € RP for one simulation for components of L that are

non-zero (left) or 0 (right). The overlaid red curve is the density of a N(0,1) random
variable.

We next empirically verified (2.19) from Proposition 2.2 using 20 simulations. Figure 2.4

contains the results of the 20 simulations, which clearly shows that nl/2||Qshrunk — o), () +

p) 2 ~ 0.

0.10

0.05

-0.05

-0.10
I

Figure 2.4: A = nl/2 {QShmnk — QA (A + ,0)*1} for 20 simulations.

Lastly, Fig. 2.5 gives the simulation results from Section 4.1, with 8, ~ 0.800¢ +
0.20N (0, 0.42). The average power for the simulations on the left panel for C known, BC
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K =10, BC K = 20 was 23.3%, 23.3%, 22.1% and 23.0%, 23.0%, 21.9% for the simulations

on the right panel.
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Figure 2.5: Simulations with 8, ~ 0.806y + 0.20N (0,0.42) for A = Ay (left) and
A = Ajy (right). All other parameters are the same as the simulations in Section 4.1.

2.7 Proofs of all propositions, lemmas, and theorems

2.7.1 Proof of Proposition 2.1 and the identifiability of 2 (n_lCQTC'Q)_l Qr

For the remainder of the chapter, we define [L],, = €4 for all g € [p]. Let X be a matrix,
vector or scalar and let || X|| be the spectral norm, Euclidean norm or magnitude of X. We
use the notation that X = Oy (ay) if for some sequence ay, || X||2/an = Op (1). Similarly,
X = op (ap) if | X||2/an = op (1). Lastly, for any vector v € R, we define v; to be the jth
element of v for all j = 1,...,m. If the vector has a subscript r, then we define v,.; to be
the jth elements of v, € R™ forall j =1,... ,m.

We first prove Proposition 2.1.

Proof of Proposition 2.1. Under Assumptions 2.1 and 2.2, we can find an L € RP*E C ¢
R K guch that for Cy = P)%C, E(Y3) = LCy and

np 'LTL = diag (\1,...,\g), n 1C3Cy=Ig (2.24)

by taking the singular value decomposition of E (Y3). The columns of L and C9 are unique
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up to sign by the uniqueness of the singular value decomposition, since A\ > Ap 1 for all
k=1,...,K (where A\jr41 = 0). That is, if L and C also satisfy (2.24), then L = LIT and
Cy = CoII where IT = diag (a1, . .., ax) and a;, € {—1,1} for all k € [K].

Next, suppose Assumption 2.3(a) holds and let B(a),L(a), C@ and B(b),L(b), c®) be
such that L() {Cé“)}T —E(Yy) = L®) {Céb)}T and

T

3@ 4 g {Qm)}T —E(v1) =8 + 2 {o®)]

-7
We can find invertible matrices R(a),R(b) e REXEK guch that L(Q)R(a), c(@) {R(a)}

and LO R®) () {R<b>} satisty (2.24), where

Therefore, to prove the identifiability of 3, it suffices to assume L(a)7 C@ and L(b), c®
satisfy (2.24), meaning L®) = L(IT and Céb) = Céa)l_[ for some IT = diag (ay,...,ax)
where a; € {—1,1} for all k € [K]. Define L = L) (for notational convenience), S =
{g € [p]: [ﬁ(a)] L= [ﬁ(b)} L= O} and Lg € RISI*K to be the submatrix of L restricted
to the rows g € ?S’. To provz that ﬁ(a) = ,B(b) and C(0) = C(Q)H, it suffices to show that

LiLs >~ 0, ie. Lg has full column rank.

n(pAx) ' LELg = diag </\1>\I_{1, AR 1) n(pA)t S gLt
g€lp\S
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where for any r, s € [K],

In (pPAk)~ Z Lyrlys| <n (pAk)~ Z [£gr|[€gs]
gelP\S gelP\S

P
<@ |31 { [B(a)}g* " 0}

], o) o).

g=1
which completes the proof. O]

Proposition 2.3. Suppose Assumptions 2.1, 2.2 and 2.3(a) hold. Then for c4 is defined in

the statement of Proposition 2.1, (n_lchg)_l QT is identifiable for all n > cq.

Proof. Under these assumptions, Proposition 2.1 proves that 3 is identifiable for all n > ¢4,
meaning E(Y) — BX"T = LC" is identifiable for all n > ¢4. Suppose C) Cpp) € R¥K

and L(a)7 L(b) € RP*X are such that
LiwClay = BY) = BXT = L) Gy
Under Assumptions 2.1 and 2.2, L(a) and L(b) have full column rank, meaning we may define
R=L{, Ly {L}L }_1
= H(a)T(®) T (0)T(0) ’

where C(b) = C(G)R. Since C(a) and C(b) have full column rank by Assumptions 2.1 and
2.2, R must be invertible. Therefore, for £2(;) = (XTX)i1 XTC(Z-) (i = a,b),

Q(b) {n IC&)P%C(]))} Q’(I‘b) = Q(G)RR 1 {n 10(2)P)%C(a)} R TRTQF(FG)

—1
-1 1
= Q(a) {TL C(Ta)PXC(a)} Q’(I‘a)’

which completes the proof. O
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2.7.2 The behavior of the off-diagonal elements of np ' L™ L

Let my, € RP be the kth left singular vector of LC3 (k= 1,..., K). In this section, we state
and prove a proposition regarding the generality of the condition that (A, A 5)1/ 2 ImlYmg| <

CS/\max(r,s) for all r,s € [K], which is used in the statements of Theorems 2.2 and 2.3.

To do so, we note that ()\TAS)l/Q Im}Ems| = |np~1 [L]L, = [L],,| for some L such that

*7

(L, C) S @(0)
Proposition 2.4. Let L = [21 e fp]T e RPE gnd » = diag (o%, . ,012)) where for each

g € [pl,

2
o NFUQ

9

where the distributions Fy and F_ 2 have compact support. Suppose C' € R™E gnd X €
R™ 4 gre non-random matrices and define R € REXE guch that R? = n_lc'TP)%C. In

addition, let
(a) Yi < --- <1 be the eigenvalues of np 'LTL
(b) Mg < --- < Ay be the first K eigenvalues of P-C (p~'LTL) C" Py.
(¢) L =LRU, where U € REXE s 4 unitary matriz such that np'LTL =
diag (Aq,..., A\g)-
Suppose the following assumptions hold:
(i) ||n*1CTP)%C||2, I <n1CTP)%C>_1||2 < 2 for some constant ¢ > 1.
(ii) For any e > 0, there exists a ¢ > 0 such that P (ygp/n > 6c) > 1 —€ for all n,p.

Then for any r,s € [K],



as n,p — Q.

Proof. First, n(va)_l = Op(1) by Item (ii). Next, by the sampling mechanism used to
draw L and 3, L and X are independent. Suppose r < s and define £, = [L] g for all

g € [p]. First,

E |:n {p)‘max(r,s)}_l [L]:fr % [L]*s | I_J:| =n {p)‘max (r,) } ZEQTEQSE ( 3 | I_J>
g=1

:]E< 2)”{ maxrs} ZBQTKQS_O

Next, [[£4]l2 = [UTRLy|l2 < c||€g]|2, meaning ||£g||%,a§ < a for all g € [p] for some constant
a > 0 not dependent on n or p (since Fjy and I/ » have compact support). Let U =np 'LTL

and ¥ = np 1LTL. Then

Mg = 17 e < P p = P!
and

T = 1T 2 < A2 = A

which implies ¢ 2y < A\ < vg. Therefore, n (p)\K)fl = Op(1) and

\Y {n {p)‘max(r,s)} L:krrz[ J *5 | L] =n? (PAs) 2 Z£2 £2 < E)
=V (o}) n? (pAs) 2232 e,
< a’n? (pAs) 22@ —anp)\s)

< a®n(pAg) " = Op(1).
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This proves the claim. O]

Remark 2.9. Item (ii) is a weak assumption because pyg /n is the smallest eigenvalue of

LTL. Further, we assume pA\/n — 0o as n — oo (where Y < A\g¢) in Assumption 2.2.

Remark 2.10. We can extend to Proposition 2.4 to include the case that C is random if

we assume C' is independent of 3 and if for all € > 0, there exists an M > 0 such that
-1

P (||n—1CTP)%CH2 < M) P {||(n—1CTP)%C) 2 < M} > 1—¢. To prove the claim,

we would simply condition on L and C instead of just L.

2.7.3 A re-definition of Cy and Y,

Let Qx € R"™*(7=d) he a matrix whose columns form an orthonormal basis for the null

space of X', For the remainder of the chapter, we re-define Cy to be
Cy = Q% C e RI—XK, (2.25)

Note that since P)% = QXQE(, C5C, = CTP)%C and the Cy defined in (2.3) is simply
P)%C = Qx (Q}(C) = QxCs. This implies that the first n — d singular values and
left singular vectors of YP)% and Y@ x are the same and if we let V] € R*(n=d) and
Vo € R(n=d)x(n=d) 16 the right singular vectors of YP)J(- and Y @Q x corresponding to the
non-zero singular values, then V| = Q x V5. We therefore replace Co defined in (2.3) with
that defined in (2.25) in the statements of all remaining propositions, lemmas and theorems,
as well as the proofs of all propositions, lemmas and theorems stated in the main text.

Using this definition of C, we define Y; and Y5 from to be

Y, =08+ LQ" + E; (2.26)

Y2=YQyx = LCy + Es (2.27)

where B ~ MN,, g4 {o,z, (XTX)_l} and Ey ~ MN,, (g (0,5, I,_g) are indepen-
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dent. Note that this Y; is the same as the one defined in the main text. To get back to
the Y5 defined in the main text, we simply multiply the Y5 defined in (2.27) on the right
by Q}F(. It is easy to see that because @ x has orthonormal columns and Q XQ% = P)J(-,
Assumptions 2.1, 2.2 and 2.3 are equivalent with this redefinition of C9 and Y5. Further,
Propositions 2.1 and 2.3 hold with Cy = Q%C

We also define ya, and y;, to be the gth rows of ¥7 and Y3 defined in (2.26) and (2.27),
respectively. If V € R("=d)>K are the first K right singular vectors of Y3 defined in (2.27),
then Cy = n1/2V, L =Y,Cy (éQTC’2>1 and 63 =(n—d- K)_lygzPé;?ng. Therefore,
none of our estimators for L, 3, € or B change when we use this definition of Cy and Y5.

Since 3, LC3 and Aq,. .., A are identifiable under Assumptions 2.1(a) and 2.1(b) and
B, LT and Q7 (’I’L7102TCQ)_1 Q are identifiable under Assumptions 2.1, 2.2 and 2.3(a) (see
Propositions 2.1 and 2.3), then Lemma 2.1, (2.17) in Lemma 2.2 and Theorems 2.1 and 2.2
hold regardless of the parametrization of L and C. Therefore, we will assume (L, C) € @(0)
when Assumptions 2.1 and 2.2 hold, and will assume (L, C') € ©(y) when 2.1, 2.2 and 2.3(a)

hold (again, where Cy = Q&C). The first goal is to understand the asymptotic properties

of L and CQ, which are essential to all of the proofs that follow.

2.7.4 Understanding the behavior of C, and L

We start by stating and proving Lemmas 2.4 and 2.5 and use their results to prove theoretical
statements made in the main text. For ease of notation, we assume for the statements and

proofs in this subsection (Section 2.7.4) that

Ypxn = Lyx kClsn + Epxn:  E ~ MNpxy (0,3, 1) (2.28)
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where n~1CTC = I;. We also define

C =n"12c (2.29)

L=nY2p12, (2.30)

We will lastly define a matrix Q € R"*"~K such that QTQ = I,,_ i and QpC = O(n—K)x K-

We use a technique developed in Paul (2007) to define the rotated matrix Fy,xp to be

o )rrle
B e R
= - p_l/QEQT (1~}+p_1/2E~1> p_1E~2TE2 .

where E; = EC and E5 = EQ are independent. Since <C’ Q) is a unitary matrix, the
eigenvalues of F' are also the eigenvalues of p_lYTY. For the remainder of the chapter, we

assume

VK< K

Zn—K)xK

are the first K eigenvectors of F, meaning C V +QZ are the first K eigenvectors of p~1YTY.
Further, since E; and E5 are independent, the upper left block of F' is independent of Es.
We exploit this by first studying the eigen-structure of the upper left block in Lemma 2.4, and
then using those results to enumerate the asymptotic properties of the first K eigenvalues
and eigenvectors of F'in Lemma 2.5. In order to avoid confusing subscripts and superscripts,

we define the scalar v[s] to be the sth component of the vector v.

Lemma 2.4. Let L € RP*E By ~ MNpyy (0,3, I¢) and N-=1L +p_1/2E’1. Assume
L'L = diag (A1, ..., A\g) where the \.’s are the same as those given in Assumption 2.2 and
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Y. = diag (O’%, o ,012,) follows Assumption 2.1(c). If d> = N, (NTN> and v, are the i th

eigenvalue and eigenvector of NTIN, then
BN =14 pAt + 0y {()\kp)_l/2} (2.32)
and

v = |1+ 0p {up) | ex + Op { ) 2 er -+ 0y {ecip) VP ey (2.33)

+ Op {()\kp)_l/z} epr1t -+ 0p {(/\kp)_l/2} ex

where e, k =1,..., K, are the standard basis vectors in RE.

Proof. First, NTN = LTL + pl g —l—p*1/2iTE~1 +p*1/2E~fi + B where the entries of B
are Op (p_l/ 2). Let RRT = LTSL where R is a lower triangular matrix. By Cauchy-
Schwartz, the kth row of R is R}g =0 <)\11€/2>. We also note that p_l/QfLTEl ~ RM
where the entries of M € REXK are Op (p_1/2). If we let the columns of M be My
(s € [K]), then [RM];, = RTM, = Op{()\kp_l)l/z} (k,s € [K]). Next, define the

matrix A1) € REXEK 4 be

p1 a2 v 1K
A(]_) _ Al_lNTN _ a1 M2 T GQK
Gg1 aK2 - MK

where

= Ak + p) A[L+ 20T RE My, + M\ 1By,

aks = AT REMG + T RIM + AT By, = 0y (3 2AT157112)
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for k < s. Our goal is to break AW into K rank one pieces, each of which are approximately

orthogonal. The procedure is enumerated in four steps:

(1) Define A; = AV, A4y = (o, [A@)]zz N [A(”]QK)
T
Ay = 0,...,0,[14(1)}
——
K—-10s

KK

(2) We wish to first modify A and Ag so that they are orthogonal. To do this, we will
add e to As[1] and remove €3 from Aj[2]. That is, we define Ay, = Aj + egea and

Ay, = Ay — egeq such that
1/2,-3/2 _
0= A7, Ay, = AT Ay + expug — expu1 = ajopn + a2 — a1 + Op <>\2/ A / p 1>

' _ 1/2,-3/2 _ —3/2
meaning es = ajopa (U1 — p2) = Op <)‘2/ A / p 1> = Op </\2>\1 / p 1/2>' We

now have A{2A22 = 0.

(3) Define Ay, = Ay, | +€rep and Ay, = A — ¢eq inductively:

T
0= <A1k_1 + €k6k> (Ap —eper) = Af, | Ay + e — i

1/2,-3/2 _1
=ayj g + €t — €ppn + Op (Ak/ A 2 )

. — 1/2,-3/2 _ -3/2 _
meaning €, = aqppg (01 — 1g) Ly Op ()‘k:/ A / P 1) = Op ()\kAl / P 1/2>.
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(4) After we complete this process K — 1 times to get Aq,., we now have for s < K

ATKASQ = (A1 +eger+- - +egeg)’ (As — eseq)
+ (€s+1€541 + - + exer)’ (As — eser)

=0+ €sp1as5541+ - €EKAs K
-3/2 _ 1/2, -1 —
=Op <)‘3+1)\1 / p 1/2)\3/ A 1]9 1/2>

~0p { (W) vt}

and A, Ay, = g3+ 0p { Oup) ™!}, meaning A1y llo = i+ Op { ap) ™' }.
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We now have

A . 0 1 01 (K—2)
1
Al = " + — Ay, —
b Ok —1)x(k-1)
~ o \Ox—9)x1 +  Ox—2)x(Kk-2)
B ~~ d
B®)
O - T
o | PEeyxE -
— AK2
B‘(,K)
H1 a2 + €2 a1g +€x 0 —e O 0
| a2t 0 0 I T T B
0K +ER 0 0 0 ag 0O --- 0
0 0 —€K
et
0 0 0
_6K .« .. O MK

Define

T —
U1K=||A1K|!2_1A1K:{1,(@12+€2)M1_17~--,(G1K+€K)M1_1} +0p{()\1p) 1}‘
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Then B(1) = NlulKui( + Op {(Alp)fl}. Further, for s € [K],

-1
—€g (als + ES) ||A1K||2

0

0
1B uy, Jl2 = | lo = Op {(p) '}

-1

||A1K||2_1as,s+1 (als + ES)

HAlKH2_1as,K (als + 65)
which means A(l)ulK = p1ug, + Op {(Alp)_l}. We then define

0= 'u,erA(l)ulK =1+ Op {(Alp)_l}

v =AWy, —dug 2 = Op {()\129)_1} :

By Weyl’s Theorem, the eigenvalues of A(1) are pg + Op {()qp)_l/Q}, so if € is the second
largest eigenvalue of A(l), §=p2+Op {(Alp)fl/Q}, meaning f =9J — & = (A — o) )\1_1 +
Op {(x\lp)_l/Q}. By Theorem 3.6 in Auffinger & Tang (2015), we have

(1) There exists an eigenvalue Ay of A g, Ay € [6—=7,0+7], le. My = p1 +
op {(up) 7t}

(2) If Ay is the only eigenvalue in [§ — v, + 7| and v, is the eigenvector corresponding to

Ay and f >,

o — uf vyt ll2 < 29 (F =) = Op {(Mp) 1}
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Let G\ np = {)\7 is the maximum eigenvalue of A(l)}. Then

P AV =l = M| <P (1h =l = M.Go ) +B (G5 )
< P(|5_:u1‘ > M) +P< g\fy,n,p>
Since P (Gf\%n’p) — 0 and [Ay — 1| = Op {(Alp)_l}, BT = N {A<1>} S
Op {(Alp)_l } We can apply an identical procedure to show that ||vq —’UEK’UlulK llo =
Op {(Alp)_l} since on the event that A\, is the largest eigenvalue of A(l), Ay =& >
¢ + op(1), where c is a constant that does not depend on n or p (i.e. Ay is the only
eigenvalue in [ — 7,0 + ] and f > ¢ with probability tending to 1). Since vy and

ul

5 are unit vectors, we must have Ui{’vl =+1+0p {(x\lp)_Q}. That is, we know

v1 up to sign parity.

We then have
A =2, (Al —dforef ) = 20y "B ka1 BE) 4 0, {0an) '

Since €A1 )\2_1 = Op {)\k)\2_1 (Alp)flﬂ}, all off-diagonal entries of the above matrix at most
Op {(/\Qp)_l/Q}. We can then apply the exact same procedure as we did above to show that
for all k € [K],

BN =14 pAt + 0 {()\kp)_l/z}
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and

Op { )1/}

vp = |1+ 0p {(Akp)fl}

Op { (uep) ™2}

Lastly, for s < k,

0 = vl v, = vglslvsls] + Op { (p) 1} + wslkloglK] = wils] + O { (Aep) 1/}

meaning vi[s| = Op {()\sp)_l/z} since )\;/2)\];1])_1/2 — 0 by assumption. This completes

the proof.

We use El, EQ, N , dj. and v} defined in Lemma 2.4 in the remainder of the paper. We

also define
R=p 'E3Ey—pl, (2.34)
and let V = [Ul . ’UK] LU= {Ul . UK} be the first K right and left singular values
of N. That is
G F o125 T
N=L+p E,=UDV (2.35)

is the singular value decomposition of N, where D = diag (dy,...,dg). By Theorem 5.39
in Eldar & Kutyniok (2012), | R||2 = Op {(npil)l/Q} under Assumptions 2.1(c) and 2.2(c).
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The next lemma uses what we have established in Lemma 2.4 to prove convergence properties

of the first K eigenvalues and eigenvectors of F' (see (2.31)).

Lemma 2.5. Suppose the probability model for'Y is given by (2.28) and that Assumptions
2.1 and 2.2 hold for d =0 (d is the number of columns in X ). Then

A=A (F) =d2 + 0, (np_1> . (2.36)

k N . _ .
Define , U € RE and z, € R"? K 0 be the kth eigenvector of F'. Then

~

Z;
O = v +er, llerlls = Op {n ()1} (2:37)
and

2 = dk)\lzlp_l/QEQTuk + dk)\lglp_l/QREQTuk +Op {n3/2 ()\MD)*?’/2 +nl/2 (p)\k)fl}
(2.38)
where dy, and vy, are defined (2.32) and (2.33) and wy, is the k™ left singular vector of Y C.
Further, if np~ [L]5, S [L],, < A ) for all k,s € [K], then for any s <k,

max(k,s

€xls] = op ()\k)\s_ln_l/2> : (2.39)
Proof. First, define
A, H
Hir Ji

We immediately observe from the expression for F' in (2.31) that

AN = a4+ 0p {2 (p) 2} = 4 ) AT+ 0p {02 () T2
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by Weyl’s Theorem. The eigenvalue equations for FU) are

MAT o) = Aoy + Hp 2

ML 2 = HT 9y + 012

which then implies

~ N —1 1 T ~
z1 = ()xl)\l Ly — J1> H{ v

“ “ ~ 1
MATYo, = Aoy + Hy (AlAl—ljn,K _ J1> HT,
where

~ ~ T -~
Hy =\ p1/2 (L +p_1/2E1> By

5\1)\171[an —J = (5\1 — p) /\lillan — )\IlR.

The latter is invertible with eigenvalues that are uniformly bounded away from 0 with high

probability, since
5\1)\1_1 = ()\1 + p) )\1_1 + Op {n1/2 ()\1]9)_1/2}

and ||R|2 = Op (nl/zp_1/2>. Therefore,

| H (5\1/\1_1[n—K - J1> : H{ |2 = Op {n (/\119)_1} :

Since A; = AW (see Lemma 2.4),
Arrt = {aW 40y {nup) 7t = a4 0p {nup)

by Weyl’s Theorem. To determine the behavior of vy, we first notice that since 21T21 =
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Op {n(up) ™} and o13+ 2113 = 1, lo1la = 1= Op {n (ap) ™1 }. This shows that,

v1 = v1 + Op {n()\lp)_l} .

Recall from (2.35) that UDVT = L + p_l/ 2F; is the singular value decomposition of

L+ pil/ 2E,. Using these above relations and the fact that

(M=) Mt =14 0p {up) 2 4 n () '}

we can get an expression for 21:

3 = (&Ml—lfn_K _ J1> "HTo,

= )‘1_119_1/2 (5‘1)‘1_1]71—[( —(\p) ! E2TE2>_1 Ej (f/ +p_1/2E1> 0

A V2 (= p) Ak - Al_lR}_l E3UDV vy + O {n*/? (\ip) 3/}
= diAp1/? ([n—K - AflR)_l Eju; + Oy {n3/2 (A1p) 3% 4+ 1/ (p/\l)_l}

= dlAl_lp_l/QEgul + d1>\1_2p_1/2REr2Pul + Op {n3/2 ()\1]9)_3/2 + n1/2 (p)\l)_l}
since

(Lo = 3'B) " = (g + 27 R) 2 = 0 (I R)2) = 0y {n (A%p)l} .

We can then find expressions for S\k, v;. and 23 by induction. First, assume the following
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three conditions hold for all s < k, where k < K.

As =d2 + Op <np_1> (2.40a)
by =vs + Op {n ()\Sp)_l} (2.40b)

Zs :dskglp_l/QEQTus + ds)\s_2p_1/2RE‘2Tus + Op {n3/2 ()\sp)*?’/Q 1+ pl/2 (p)\s)fl}

(2.40c)
AHT =p V2EIN — N30T — - — Ag_125107 4
=0p {n1/2 (Alp)_1/2} v+ +0p {n1/2 ()\S_lp)_l/Q} vy 1
—1/2 T X T “12(  _1\32 | 12 1
+p E, nguwg + Op {)\5_1 <np ) +n /' p } (2.40d)
f=s

If we can show that these hold for k 4 1, this would prove (2.36), (2.37) and (2.38). To
show that the above hold for k + 1, we first show that (2.40d) holds, and then use the result
to show that (2.40a), (2.40b) and then (2.40c) hold. Due to the lengthy calculations, we

break the proof into four steps for convenience.

(1)

Mot HE  =p 7 V2EEN — M\210T — - — \p20f = A Hy, — Ao 207
=0p {nl/2 (Alp)_1/2} v+ +0p {n1/2 ()\k_lp)_l/Q} vy

K
- dkp_l/QEgukvg —|—p_1/2E2T Z dyupvy
{=k+1

~1/2 _1\3/2 B . e A
+ Op {)\k‘—{ (np 1> + n1/2p 1} _ ()‘k‘/\k; 1> dk;p 1/2E2Tukvg
= (A1) ROy By
=0Op {nl/Q (Alp)_lﬂ} v+ 4 Op {n1/2 ()\kp)_l/Q} 'vg

K
_ 3/2 -
+ Op {)‘k 1/2 (mfl) / + nl/Qpl} +p71/2E2T g dgug'vET.
{=k+1

o1



where third equality follows because

<5\k:)‘/;1> =1+ p)\lzl +Op {()\/‘Cp)_l/2 +n (p)\k)_l}

_1/2 ¢ N 12 £ 12/ _1\3/2
dp.p 1/2E2Tukvgzdkp 1/2E2Tukvg+0p {)‘k / (np 1) }

- 1 12 f X 1,-1/2 12/ _1\3/2
(AAch) R ™2 EF ol = 0, (™0 %) of + 0y {/\k 2 () }

This shows (2.40d) in the inductive hypothesis also holds for k£ + 1, and shows that

[Hyq1ll2 = Op {n1/2 (/\kﬂp)*m}.

(2) We next see that

>‘k—|—1Ak’—|—1 :NTN — 5\11}11}111 — = S\kﬁkﬁ]z = NTN — d%vlvlT — = d%vkvg

+0p (1) = A ABY 4 0 (np7!)
(3) Lastly,
N1 dipn =0 B3 By = Mizaf — o = Mgysf = p T ES By + 0 ()
By the above expressions for Ak+1a Hj q and Jpq,

(S‘kﬂ - p) )‘l;—sl—l = (diﬂ - P) Alzh +0p {”1/2 (Ak+1p)_1/2}

by Weyl’s Theorem. Therefore,
\ — \ — — -1
Mot bt = T = (Akrn = ) AfaIn- i = A R+ Op {n (gap)

is invertible with high probability.
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(4) We can then put parts 1, 2 and 3 together to find expressions for the eigenvalue 5‘k+1

and components of the eigenvector vy 1, 2541.

(a)

(b)

1
VRS . T (3 -1 )
N1 M 1Okl = Ap 101 + Hyp (Ak+1>\k+1fn—K - Jl-c+1> Hj . 10p49

= A(k+1)vk+1 + Op {n ()\k+1p)_1}

. R -1 A
241 = </\k+1)‘k;+1]n—K - Jk+1> Hj 104

= [(xk—l—l - P) )\]:;_il_lfn—K — )‘l;ilR—’_ Op {n (/\k+1p)_1H - >\k+1p 1/2E%“X

K
X Z nggvf V41 + Op <)\ )\1 1/2 1/2 1/2> V] Vpyq + -
l(=k+1

3/2
+Op (AELA V22 1/2> v Opq1 + Op {)‘ 1/2)‘/&-4; ( ) }

+ Op {”1/2 ()\k;+1p)_1}

Therefore

126:1ll2 = Op {n!/? (prap) 2}

meaning

loks1lls = 1= Op {n (p) 1}
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We can then use this and what we showed in part a. to get that

kg1 = Vi1 + Op {n (Ak+1p)_1}

M1 = dp iy + Op (”p_1>

which means the 1. of the inductive hypothesis applies for £ + 1. Using the fact

that for any s < k

v 011 = Op {” (P)\kﬂ)fl}

(5"%1 ) Aep1 =1+0p {(Ak—i—lp)_l/Z +n (Ak+1p)_1} :

we can then modify our expression for 25,1 to get:
()

K
-1 .
1/2 [ (3 —1 —1 X
21 =N 4P / {(Akﬂ - p) Aop1In—K — AkHR} Ey > dpuvfty,
(=k+1

+Op{<)\ +1,\1/2) <np—1>3/2} T Op{</\ +1/\1/2> (np_1>3/2}

+Op {n3/2 (pAjg1) ~/% 4+ n/2 (/\k+1p)_1}

K K
1, —1/2 45T T -2, —1/2 p T T
=1l I’ Ej D Ao gy + A p ’RE; > vt

l=k+1 {=k+1
~3/2 ~1
+ Op {n3/2 (pAs1) 32+ 012 (1) }
=dy. N L pV2ET dp N2 p V2RET
=41 A, D QUE41 T Ap41 k+1p QUL 1

+0p {n¥2 A1) 2+ 012 O aw) 1}

This completes the proof by induction and therefore proves (2.36), (2.37) and (2.38). It

remains to show (2.39).

Since F' is symmetric with distinct eigenvalues (with probability 1), for s < k (i.e.
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AS > )\k)7
0=0.0 + 252, = (vs +€5)" (v, +€;) + 252, =0+ €lvy, +vle, + 272
where

cton = 0p {n o0} =on (w77 )

vle, = exls] + Op {(Asml/ n(pan) Tt n (pPAN) 1} = egls] +op (WA T 112)

Therefore, if 2] 2, = op ()\k)\s_ln_l/2>, we must have e[s] = op ()\k)\s_ln_l/2>. By our

above expression for 2,

~ ~ T
212, = |dT T B g + A2 PRE w4+ Op {02 (pAe) % 4 012 ()71}

X [dk)\lglp_l/QEQTuk + dkAIQQp_l/zREQTuk +Op {n3/2 (p)\k)_3/2 1+ pl/2 (/\kp)_l}}
We see that

Op {n¥? (pAe) ™2 + 12 () } 21

2 _ _

Idsrs 20~ 2 RESws + Op {n*/2 (pAs) /2 +-01/2 () ™" Hlall2ellz = Op {n (pAs) ™' |

= 0p ()\k)\s_ln_l/z)
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Therefore,

~ T ~ ~
213, = (dSAglp—l/QEzTus) (dkA,;lp—l/QEQTuk + dkA,;2p—1/2RE2Tuk)
+op </\k)\5_1n_1/2> = dyd (Ashpp) L ul By BT uy

-1 - -
+ dydy ()\s)\%p) ul By RESwy, + o ()\k)\s_ln_l/ 2) .

We analyze the two terms in the above equation in 1. and 2. below.

(1) Define
- 1/2

Upk = (uswy), W= (ULSUL) " M~ MN g)n (0.1, 1)

Then

ddy, (AsAip) T ul BsE3wy, = [UST,kEQEZTUs,k} L

D [dsdkn (Ashkp) ™ W (TflM M ) W]

)

= dsdpn (AsAgp) ! [W2 +Op ("_1/2” 1,2

_ -1/2,-1/2 _
= dydpn Mshgp) " ulSuy + O, (nl/z/\s P2 1)

= dydin (AsApp) L uTSuy + op (AkAgln*W) .

If ¥ = ozlp, we would be done. However, if 3 were arbitrary then under no assump-

tions uTSuy, = Op(1), meaning dsdyn (Ashyp) T ulSuy, = Op ()\5_1/2)\];1/27@_1)

which is not necessarily op ()\k/\s_ln_lm). To see this, if Ay = n and A\,

then Op <)\5_1/2)\];1/2np_1> = Op (nl/Qp_1>, which is not op ()\k)\s_ln_l/2>. We

will use the assumption that np~! [L]T, [L],, = Op {/\max(hs)} in the statement

1/2,-1/2

of the lemma to show that uiXu; = O, ()‘k: As ) If this were the case, we

would have dgdgn (AsApp) " ulXuy = Op {n ()\Sp)_l} = 0p <)\k)\;1n*1/2>. Lemma
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2.8 in Section 2.7.10 proves ulXu; = Op (/\;1/2/\3_1/2> under the assumption that

np_l [L]:krk Y[L],s = Op {)‘max(k‘,s)}'

(2) Recall that R = p_1E2TE2 — pl,,_ . In Lemma 2.9 in Section 2.7.10, we prove
~ ~ 2
pilugEgREguk = Op { (np%) + np3/2} .
This will then imply

_1 ~ B
dsdy, (/\s/\%p> UEEQREguk =op ()\k)\s_ln_l/2> )

This proves (2.39) and completes the proof.

2.7.5 Proof of Lemmas 2.1 and 2.2

In this section, we prove Lemmas 2.1 and 2.2. To do so, we first prove a modified version of

Lemma 2.2 in which we modify (2.18) to be
nl/2 (ég — £g> D agW +op(1),

where W ~ N (0, I). We then prove Lemma 2.1. (2.18) from Lemma 2.2 then follows.

For ease of notation, we use the definition of Y from Section 2.7.4 defined in (2.28).

Proof of Lemma 2.2. We first note that (2.17) is a direct consequence of (2.32) in Lemma 2.4
and (2.36) in Lemma 2.5. It therefore remains to prove (2.18), the asymptotic distribution

of ég. Define y4 and €; 4 to be the g rows of Y and E; (i = 1,2).

w2, = ETyy = (VICT + 27Q7) yy = n'/2V Ty + Viey , + 276,
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We then have

w1200 —n'2ey + 0120, { (pAk) V2 4 (oAg)

Ve, ~N (o, 021K> +0p {(W)‘”Q +n (pAK>_1}

1/2 1/2

2562,9 :dk)\glp_ Uk[—g]TEQ[—g, Jeag

‘+(%>{n&0(pAk)_l}

uy[gl€3 €2, + A p”

where
T _
uk[g]::n;/2d21p44/2 (Eg-+7z*1/2é1g> oy ::CH)<n;/2Akl/2p41/2>_
Therefore, dk/\lglp_lﬂuk[g]ég’gégg =0Op {n3/2 (p/\k)_l}. Lastly,
w0 Bal =g, 162 ~ N (0, uy[~0]"S[—glur[~g]éd 48,4 ) = Op (n1/?)
Therefore, ZATéQ’g =0Op {n3/2 (p)\K)_l +nl/2 (p)\K)_l/2}, which means nl/2 <ég — £g> L4
N (O, UglK).
We also note that this also shows that

126985 — £ylly = op(1)

where %)LS =Ly + n~1/ 2é17g is the ordinary least squares estimate for £; when C'is known,

since

n2| VT — £y, [|[VTEr, — €1 4ll2 = 0p(1).
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Proof of Lemma 2.1. Once we estimate C' by singular value decomposition, we let

~2 -1 1
6y = (n—K) ngéyg

for each site g = 1,...,p. We will prove (2.15) and (2.16) by showing the following:
(a) &3 = 03 + Op {nil/z + nt/? (p)\K)_l/Q} = 03 + op(1).
p
(b) p=p* > 5 =p+Op {(pAKrW + n(pm—l} = p+op (n*1/2).
g:

We first define the estimated scaled covariates W = n~Y/2C = CV + QZ e R K
where V, Z, CT and Q" are given in Lemmas 2.4 and 2.5. Also, define € = (€1---€f),

where €, € RE is as defined in (2.37) of Lemma 2.5. We then see that

(n—K) 65 =vyyg — vy Pyyy¥g = g yg — yg WW 'y,
= ylyy — vyl (éV + QZ) (VTCT -+ ZTQT> Yy
— <y§yg — ygTC’VVTéTyg> -2 y;]FC'VZTQTyg - ngZZTQTyg

v~
g

(1) (2) (3)

We define €1 4, and e3 4 to be the gth rows of E; and E», respectively, and derive the

asymptotic properties of (1), (2) and (3) to show (a) and (b) above.
(1)
TCstsCy,

g

ygTyg — ygéVVTC'Tyg = ygyg — ygééTy€+2 ygééTéTy€+iy
() (i) (i)

where § = V — I
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(n—K) " (y5g —yg CVVClyy) = 57 ors+Op { up) 2 40 (0p) ™ }

= 03 + Op (n_1/2>

p P
-1, -1 To ~1 )
(0= 8" 3 (w50~ 95CC M) =17 Do 0 ors
9=1 g=1

=p+0p {(np)_m}
(ii)
p ~ ~ p T
()Y yg O C Ty < [18ap D (g + 0 2er ) (€401 %)
g=1 g=1
= Op {(p) 2+ () !

(i)

p
(np) 1> "y  C6T6C yy = o {(Akp)*l/2 +n (Akp)*l}
g=1

(n—K) 'y QZZ"Q yy = (n— K) '€} ,Z2Z" &, < | Z|5(n — K)"'&3 jéa,

where || Z]2 = O, {n (AKp)*l} and (n — K) &} &, = Op(1).

(@)
(n— K)lysQ22"Q"y, = 0y {n hp) '}
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p
(n-K)"p 1> v QzZ"Q" Z p
Y, QZZ <1Z|2p 1 15T &
92231 1QZZTQ"y, < |21t Y= )7 e ey
g:

= 0p {n00n) '}

(a)

(&g +n11,) VB eyl < (b + 0 Pery) Vil Z"
o S (kg +n%e15) VibIZ a0~ e s

~0, {n1/2 (PAK)_W}

61



1/2
T
s (P ()
g=1
Op{n(pr) ™"}
) 1/2
X p_IZn_leggZZTegg = op {n(p)\K)_l}
g=1
Op{nl/Q(PAK)fl/Z}
(i)
(Kg +n~ / e1, ) VZTh 126 pl/zn_l/z (d1u1[g] dKUK[g])
21Tn_1/2é27g
X
2T n_1/2é2’g

and for any k € [K],

P p
_ _ AT —1/92 ~ ~1/2 ; = ~1/92 ~
[ 1 E p1/2n 1/2dk,Uk[g]Zgn 1/28279 = (np) / dk‘zg E uk’[g]n 1/262,9
g=1 9=1

-0,
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The second equality follows because

(np) ™ dyzf = Op (p7")

p
S uylgln T %es  ~ n V2N, (0,uf Sugly) = Op (1)
g=1

This completes the proof.

2.7.6  Proof of (2.20) from Lemma 2.3 under the conditions of Theorem 2.2

In this section, and for the remainder of the chapter, we return to assuming Y is distributed
according (2.1a). However, we continue to use E,, E, € Rpx(”_d_[Q, N, v, V, vy, v,
2, e Rv4-K 7 ¢ RIn—d=K)xK 30 R ¢ R("=d=K)x(n=d=K) defined in Lemmas 2.4 and
2.5 in Section 2.7.4 in what follows.

We now prove Lemma 2.6, which will be useful in the proof of Theorems 2.1 and 2.2, and

also acts as a proof of Lemma 2.3.

Lemma 2.6. Suppose the conditions of Theorem 2.2 hold and the diagonal elements of

CZTCQ are non-negative. Then
n'/2)Q - Qs = 0p (1)

where Q is defined in (2.10).
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Proof. Recall

We will go through each one of these terms to prove || — |2 = o (n_1/2>.

. ~ . ~\—1 2 ~
(a) M, = (LTL)_1 LB = n1/2p_1/2 (LTL> L"3. Define nl/Qp_l/Qﬁ = 3 and let
Mk, ] be the kth row of M.

~ ~ T -
Malk,] = A6} <L+p_1/2E1> B+ Ay VST ETB = Ao BB + op ( —1/2)

where the second equality follows because [,B]I] Bly; = o (n_3/ 2pA K) for all j =

.,d by Assumption 2.3 and

A V2T ELB = 0, {n (Axp) "Vl (Agp) ™ 5Tﬂ||1/2} o (nq/z)
o ()2 BF (3,128 = 0 { ) ™2 n () B7BIL/2) = o (n1/2).

Lastly, the s, 7 element of of )\Izlsz,é e RE*d ig such that

p
In (Akp)~ ngsﬁgﬂ <n () {etop(1)} Z 1(Bg; #0) =nX e+ op(1)} 65
g=1

g=1
= 0p (n_1/2>
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p
by Assumption 2.3, where §; = p I I <[13]g] =+ 0> and ¢ > 0 is a constant that
g=1
does not depend on n or p. The first inequality above is because the magnitude of the

entries of 8 and L are bounded by a constant by Assumptions 2.2 and 2.3. Therefore,
||/\];1@1$ETBH2 = 0p <n_1/2> forall k =1,..., K.

o ~~N—12_ - 2.~
(b) (LL) ' LL = (L'L)  L'L=diag (\7'.. A%) L7L where
2~ N ~ ~ \T ~ A ~ o~
L'L=V" (L+p ' ?By) L+2"p '/ BjL

~ ~ \T ~ ~ ~ \T ~ ~ ~ ~ ~
—e" (L4p 2B) LV (Lap ' PE) L+ 2% PE] (L+p /2By

J/ N

N ~

(i) (i) (i)

+Op (np*1>
(i) Suppose € = (61 e €K> where €;, € RF was defined in Lemma 2.5 as @, —vy.
Since € = Op {n ()\Kp)_l} and p_l/QEITI} = Op (/\}/Qp_l/2>, then

N R L P ~1/2 n Al

Next, by Lemma 2.5,

all]  32el?] A e [K]
<LTL> TiTE — o <n—1/2>
Alegll] f2exl2] ek K]

- AT .
Therefore, €* <L —|—p_1/2E1> L=o, (n_1/2>.
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) (L7L) Ve (Lrp2E) L
VI(L+p 2E) L=V (E+p ' 2B) (L4p ' 2B)) V'L 2B,
— VT +0p (pil/Q)
— diag (d% e d — p) VT _VTLTy 2R,
+Op (p_1/2>

— diag (d%—p,...,d%—p) VT

Therefore,
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(i) (13%) T aTy gy (i +p Y 2E1>

-1 _—-1/2,Tx K,
/\1 D / ZirEQ kzl dk,ukvg
=1 . o/ . -
(Z°L) 2" ' PES (L+p7' 2B =
-1, -1/2:T 1 K
)‘K D / Z}F{EQ kzl dkukvg
The largest row (in magnitude) in the above matrix will obviously be the Kt

row, so we need only focus on that row. By the expression for Zx given in (2.38)

and Lemmas 2.8 and 2.9,

dl 7 g didg 1 5 AT didig v & T
——m 2 Bou; =——F—up EyEyu) + ——up EoREyuy
Aept/2 R Ap K Nop B

o )\%/2711/2 < n )3/2+n1/2
P ) e

where

did o 1/24 B
%u%EQEgulzop ERS A1 ) (n 1/2)

didg 1 & T din n dq n ~1/2
urEoRE;u) = O + =0 (n )
)\%{p K P )\Kpp)\i{/Q )\}(/Qplﬂ p)\%{ P

1/2 1/2 172
/\1/ nl/2 < n )3/2+nl/2 _n /\1/ . >‘1/ n :O<n—1/2>
/\:’;(/zpyz ANicp

Second,
ﬁﬁ}(fbu[( = Op (é) = 0p (n_1/2>
Therefore, <I~/T1~}>_1 ZTp_1/2E2T (j} +p_1/2E’1> =op (n_1/2>.
We have shown that (LTL)f1 L"L = I + op (n_1/2>.
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(c) Recall that ¥; = YXT(XX) ! and Y5 = YQx where QY X = O(p—dyxq- Since
the residuals E ~ MNpx, (0,%2,1,), Ef = EXT (XX)_1 and EFy = EQx are
independent. And since we use Y9 to estimate ﬁ, L and E; are independent. (We
abuse notation here. E; and E; are different. E; is defined using the second set of

data in part 1). Therefore,

(L") LTy ~ p7 diag (A2 ) MNg g {0, diag (017, 0P
« LT Ldiag (Al_l/Q, L A;{W) , (anXT)_l}

=0, ()\I_(l/2p_1/2> —op (n_1/2> .
The above work shows that
(LTL)*l j;TI@_|_ (LTL)—l i"LO + (LTL)—l I:TEl —Q+op (n_1/2> _

N N -1 N
Our last task is to understand {)\k <)\k — ,5) } ()\k)\]f) for k € [K]. By Lemmas 2.1, 2.4
and 2.5,
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Therefore,

Or = {@rn) ' Ls+ (L'D) ' L'IQ"

2.7.7 Proof of the remaining theory from Sections 2.53.2, 2.3.3 and 2.5.4

In this section, we prove Theorem 2.2, Proposition 2.2 and Corollary 2.1 (in that order). We

need not prove Theorem 2.1, since Theorem 2.1 is a special case of Theorem 2.2.

Proof of Theorem 2.2. Define ej 4 to be the gth row of Eq. Then

~

By~ By = (b —by) +ery+ (2 Q)

B9 — By = 0 (£ — £05) + e

2

where égOLS is the ordinary least squares estimate for £4, assuming C' was known. By the
proof of Lemma 2.2, n1/2||Q£l9LS — Qég”? = op(1). Equation (2.21) and its equivalent in
the statement of Theorem 2.2 follow because nl/2||Q2 — €|y = op(1). Equation (2.22) and

its equivalent in the statement of Theorem 2.2 then follows because 64 = o4 + 0p(1) and

w1251 (B9~ 8y) ~ N {o, <n—1XTX)_1 + QQT} .
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Proof of Proposition 2.2. Define

f‘:diag{<;\1—[)> /5\1,..., <;\K—ﬁ> /;\K}

P={\/(M+p).... . Ax/ Ak +p)}-
By Lemmas 2.1 and 2.2,
f‘:F+0p (n_1/2>.
And by Lemma 2.6,
@bk — QT |y = OF — QT|ly < 2 - Qlls + op (= /2) =0 (1712

O

Proof of Corollary 2.1. Define Qshrink — ) diag {)\1 (A + p)_l Ak O+ ,0)_1} and
let w;. be the kth element of 2 & RIXK, Using Proposition 2.2 and the definition of B;h“mk

from the statement of Corollary 2.1,

gapmunke — g~k (g — g ) + o1, + pQdiag {1 +9) 1oL O+ 0) T oy

+op (n_1/2> . (2.41)
where e, is the gth row of E{. By Lemma 2.2,
n1/2 {Qshrunk <£g _ ég) + 619} QZ + Op(l),

_ _ -1
where 0517 ~ N{o, (X)) + ||Qshrunk||g}. Define

2L L peshrnk 2 |
sy =g { (w7 HIXIB) 4 kgL
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If A]_(lnlﬂ — 0, then clearly n1/23g_1 <A2hrunk — 59) Dy + op(1), where W ~ N(0,1).

Next, we can write
K
—1y,.1/2 ( Ashrunk —1 1/2 1
29l = g I (B3 = g ) | = 55 10p 1) + > 3 ot (94 2) ™|
k=1

K
> sy 2> wilr (0 + Ap) 7 = (0p(1)] (2.42)
k=1

where s;l > ¢+ op(1) for some constant ¢ > 0. If A[_(lnl/Q — 00, then by Item (ii) in the

statement of Corollary 2.1, P (|zg| > ql_a/2> — 1 for any G1—aj2 >0 because
K

n1/2|2 wilgr (p + M) > nl/? (p+ M) Tex n1/2>\[_(16 — 00.
k=1

Next, assume A;{lnl/ 2=¢ _ 50 for some small constant ¢g > 0. Then

K
n1/2|z wilgr (p+ M) > nl/2 (p+ Ag) texn® (nl/Q_CG)\I_(16>
k=1

where for ® the cumulative distribution function for the standard normal and |z|, large

enough,
2
log {20 (—|7|) } < —22/2 < —en®® (12700 1) " {1+ 0 (1)}

for some constant ¢ > 0. If n="p — 0 for some r > 0 as n, p — oo, then exp (—671206) p—0

as m,p — 0o. Therefore, for any a € (0,1),

IP’{|Zg| > ql_(p_1a)/2} =P{2p® (—|z|) < a} =1

as n,p — Q.

Lastly, suppose )\I}lnl/2 > cg > 0. By (2.42), for any 0 > 0, there exists an M large
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enough such that if )\I_(lnl/z > M, P <|zg\ > Q1—a/2> > 1 — ¢ for all n large enough.

Therefore, it suffices to assume )\I_(lnl/ 2 is bounded from above by a constant. By (2.41),

this implies
—_— I ‘l l k D
n1/289 1 ( 2 ! - Bg) =W + Cn,p + Op(l)

where W ~ N(0, 1), ¢p p is non-random and

1 -1/2
—1 -1 2 hrunk (2
enl =g { (7 118) " gz

x !/ 2Qdiag {(\ +p) 7, O+ ) > e
for all n, p large enough, where ¢ > 0 is a constant not dependent on n or p. Since
P(IW +cupl > q1app) 2P (IW+el > a1 ap) >a

for all n, p large enough, this proves the claim. O

2.7.8 CATE-RR and dSVA inflate test statistics

We now state and prove results similar to Proposition 2.2 and Corollary 2.1, except for the

estimators used in dSVA (Lee et al. 2017) and CATE-RR (Wang et al. 2017).

Proposition 2.5 (Estimate for € used in dSVA). Suppose the assumptions of Proposition

2.2 hold but we estimate £ as
~ “ ~ N\ —1
QISVA —y'PLL (LTPLL)

Then if the smallest eigenvalue of np_lLTPfZ;L is greater than o\ where & > 0 is a
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constant,
A -1
|QISVA _ (LTP¢L> (LTpﬁL + pn_l,O]K> 2 = op (n_1/2> .

Proof. Define V. = (1 --- ) € REXEK and Z = (21 -+ 2x) € ROTA-E)XK  where
v1,...,0 and 2q,..., 2 are defined in (2.37) and (2.38) in the statement of Lemma 2.5.

By Lemmas 2.4 and 2.5,
L=n""%Y, (C‘V + QZ) —n V2LV 40 2BV 40 2By Z

where, C = n_l/QCQ, Q= Q¢,, E| = EQXC and Ey = EQx Q. Note that Ej and E»

are independent by Craig’s Theorem. Therefore,

n(A\gp) P LTPLE =n (\ep) P VILTPLLV + 0% Ogep) T VILTPLEV
~ ~ 3T N ~ A
+ {n1/2 Ogep) ! VTLTPiElv} +02 (\gp) L VLT P By Z
+{ 2 (Agep) 1VTLTPLEQZ} + (\gp) ' VIET PLEWV
+ (\gp)~ ZTETPLE2Z+()\Kp) ZTEQTPﬁDElV

{ AkD)” ZTEQTPfElv}T.
By the Lemmas 2.4 and 2.5,
n(Agp) L VILTPELV = n(Agp) L LTPEL + o (n_l/Q) .
Next,

N ~ A ~ T ~ A
2 () TVILTPLEV = (A\gp) T2 VT {n1/2 O\gep)~1/2 L} PLE\V
=0p {()\Kp)_l/Q} =op <n*1/2>
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~ ~ A N T ~ A
2 gep) P VILTPL BaZ = () VAV {02 Oep) VLY PLESZ

=0Op {” (AKP)_I} = 0p <n71/2> .
(AKP)_l ZTEQTPﬂfDEQZA = Op (np_l/\;(?) = op (n_1/2>

1 AT & ~ A~ 1 — e _ ~ ~ _1.—3/2
(\xp) ' ZTESPLEV = N p P ZTES P (p 1/2E1> V=0, (np Syl )
= 0p <n*1/2> .

Lastly,
(k) TVIEIPEEV = A (zpﬁ) I +op (n_l/Q) = Aol + op (n—1/2) .
An identical calculation shows that
n(Agp) ! LTPltlA} =n(A\gp) ! LTPIJI‘)L + op (n_1/2> :
Lastly, for By = EX (X"X) ™",
Okp) V2l 2ETPEL (iTPILPfJ)_l = 0p {p 2250 = o (n7112).
This completes the proof. O

Proposition 2.6 (Estimate for € used in CATE-RR). Suppose the assumptions of Propo-

sition 2.2 hold with d = 1 but we estimate §2 as

A cat ) ~
Q¢ — argmin W (ylg — a£g>
aceRIXK
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where Y1, s the gth element of Y1 € RP and for some constant ¢ > 0,

z2 if |x c
U (z) = & Flel < . (2.43)

clz| — /2 if x| > ¢

Note that V is Huber’s loss. Suppose further that pn=" — 0 for some r > 0. Then if
A — 00, the results of Proposition 2.2 hold. If \y = O(1), then there ezists a constant

€ > 0 such that

lim P (|~ Q]; > €| ]5) = 1.

n,p—o0

Proof. Let ej, be the gth element of E; € RP and d¥(z)/dx = W(z). Since ¥ is a convex

function, Q¢4 solves

L . X L T ..
0= (ylg . egncatE) o= <Y1 — LﬂcateT> AL
g=1

where A € RPXP is a diagonal matrix with

R 1 if [y1, — flcateég| <c
[A]gg: ) ) ) ) (g=1,...,p).
’ylg _ Qcategg‘—l if ’ylg _ Qcateegl > ¢

We start by assuming A — 0o. When this is true, it suffices to show that

max|y;,, — QShmnkég] = op(1).
9€lp]

We see that

vi, — Qshrunkég _ Qshrunk (ﬁg B ég) + (Q B Qshrunk) Eg + ey

g
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where

and

Q_Qshrunk 0| — 1
;Té?ﬁ( ) gl = op(1)

because the entries of L are uniformly bounded and || — Q5MWK||5 = o,(1). To complete

the proof, we need only show that
I = Lo = op(1).

By the proof of Proposition 2.5,

A

i-L-1 <IK _ V) +n V2BV 40 2By 7
Since || Ixx — V2 = op(1), | L (IK - V) oo = 0p(1). Next,

I~ 2Bl = Op {n~"*og(r) } = 0p(1).

T

For the last term, define the random variable Z; = oy 2 |:E2] |:E2:| . Since this is a
gx*

g*
sub-exponential random variable with parameters {4(n —d — K),4},

P{Zy>(n—d—K)+ty/n} <exp (—bt2>

for some constant b > 0, provided ¢ = o (nl/ 2). Ifwelett =0 {log(p)}l/ 2 for some constant
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Y > b~L then
a2y a0 v | <1 (1o (7))
where
plog {1 — exp <—bt2>} = —exp {log(p) (1 —b0) } {1+ 0(1)} = o(1).

Therefore, for each k € [K],

a0 ) [ 1, )

which completes the proof when A — oo.
When A\ = O(1), the results | L — Ll|oo, || E1]|oc = op(1) still hold. We therefore need
only understand how (Q — QShrunk> £, behaves. By assumption, there exists a constant

m > 0 that does not depend on p such that
ey < m.
€lp]
Define 1 = ¢/(2m), where ¢ was defined in (2.43). If ||©2||2 < 41, then because
Ik = 0 diag {\1/ (A + )+ A/ O+ )} +op (n712),
we get that
Q - QO = Qding {p/ (\ + )+ 0/ (e + )} +op (07H2).

If |22 > 01, suppose we initialize the optimization problem with ey € R1X such that
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|2 — |2 < 1. Then the next iteration will be

NN |
ar = YI'L (E'L) = Qdiag M1/ (M + ), i/ O + )} +0p (n1/?)

with probability tending to 1, where

Q — ap = Qding {p/ (M +p) .o/ Ak +p)} +0p (07112

Therefore,

192 — asll2 > [1R2]l2p/ (A1 + p) {1 + op <n_1/2>} > 89 + 0p <n_1/2>

for some constant do > 0 not dependent n or p, since Ay = O(1) by assumption. Note that

we may assume 01 > 9. Therefore,
12°4¢ — Q|5 > 65 + 0p (1)

which completes the proof. O

Remark 2.11. The above proof shows that the behavior of Huber’s loss function is very
dependent on the constant ¢ used in (2.43) when A\ = O(1), meaning we cannot predict its
behavior. This is an additional reason why this loss function should not be used to estimate

Q) when the data are only moderately informative for C'.

Corollary 2.2 (The results of Corollary 2.1 hold using dSVA and CATE-RR). Suppose the

assumptions of Proposition 2.2 hold with d =1 and for some fized g € [p|, define

AdSVA ~AdSVA 5
hpcate ~ycate p
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In addition, suppose K =1 and
(i) n7"p — 0 for some r >0 as n — oo.
(ii) np_lLTPleL > d\1 for some constant § > 0
(iii) |€2€y| > € for some constant e > 0.

Then the results of Corollary 2.1 hold for the z-score
dSVA _ 1 9 1 4dSVA 2\ /2 adsva
VA — ot (IX 152+ IQISVAZ) T BaSVA,
If \{ — o0, then the results of Corollary 2.1 hold for the z-score

. “1/2 .
t -1 -2 -1 te 2 t
snte — 5 (||X||2 +n ||Qcae||2) peate,

Proof. The proof is identical to the proof of Corollary 2.1 and is omitted. [

Remark 2.12. We require A\{ — oo to prove Proposition 2.2 for z-scores returned by CATE-

RR because the behavior of Qeate depends heavily on the constant ¢ chosen in (2.43) when

2.7.9 A framework for when C' is treated as a random variable and the
proof of Theorem 2.3
Next, we provide a framework to extend all of our theoretical results to the case when C' is

treated as a random variable. We then prove Theorem 2.3 at the end of this section. First,

we prove a proposition regarding the identifiability of factor models when C' is random.

Proposition 2.7. Suppose Y = BXT + LC™ + E where B € RP*? gnd L € RP*E gpe

fixed effects, X € R™4 s observed and

(i) X has full column rank.
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(i) C € R K s such that E (C) = XA and V{vec (C)} = ¥ ® I, where A € RIXK
and ¥ - 0.

(iii) E € RP*" s independent of C and V {vec (E)} = I, ® ¥, where for o3,...,02 > 0,
3 = diag (0%,...,0]29).

(iv) If any row is removed from L, there exists two sub-matrices with rank K.

Then LYLT and X are identifiable.

Proof. Define Cy = QE(C’ and Yo = Y Q x, where the columns of Qx € R%("=d) {511 an
orthonormal basis for the null space of X*. Then E (C’g) =0,V {vec (C_’)} =¥l 4
and V{vec (Y2)} = I,, 4 ® (X + LWL™). The identifiability of LEL™ and X then follows

from Theorem 5.1 of (Anderson & Rubin 1956). O

Corollary 2.3. Let ¢ > 1 be a constant. Suppose that in addition to the assumptions in

Proposition 2.7, the following hold

(i) p is a non-decreasing function of n.

(i) [L]}, ¥ [L]

g+ , < forallgelp].

g

(iii) There are K non-zero eigenvalues of LY LT ~1,... vyx such that 1< < -ee <

Yk < cn.
- 18 ~1
(iv) For allr € [d], p 21] <[,3]gr # O) =o(n k).
g:
Then B is identifiable for all m > ¢, where ¢ > 0 is a constant.

Proof. Define Y] =Y X (XTX)fl, where
_ _ _ T
E(Y)=p+LA" =8+ (L\Ill/2) (A\II_1/2> .
The identical method used to prove 8 was identifiable in Proposition 2.1 can then be used

to show 3 is identifiable here. O
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Remark 2.13. If Items (ii) and (iii) from the statement of Corollary 2.3 hold for some
L € RP*E gnd W = 0, then Item (iv) from the statement of Proposition 2.7 holds for
all n,p suitably large. Therefore, another way to express Item (ii) from the statement of
Theorem 2.3 is to first assume Item (iv) from the statement of Proposition 2.7 holds to
identify 3 and LL" (and therefore \1,...,\g ), and then assume LTL is orthogonal with
decreasing elements, since this will not affect the isotropic distribution assumption on C (or

any uniform bound on the fourth moments of its entries).

Remark 2.14. We do not need Corollary 2.3 to prove Theorem 2.3. We state it to show
that our theoretical results from Sections 2.5.2, 2.3.3 and 2.5.4 can be extended to the case

when C' is treated as a random wvariable.

Next, we state and prove a technical lemma to be used in the proof of Theorem 2.3. This
lemma is also important because it shows that we can generalize Assumption 2.2 to the case

when C' is a random variable.

Lemma 2.7. Let a > 1 be a constant not dependent onn or p, suppose Y = LC"+ E where
L e RPK C e RVK and E € RPX" and assume Items (i), (i) and (iv) from the state-
ment of Proposition 2.7 hold. Define v1,...,vx to be the eigenvalues Ofnp_l\ill/zf/Tf/\ill/2
with eigenvectors wy, ..., U € RE and assume the following hold

(i) E~ MNpxn(0,%, 1) where 03 S [a_l,a] for all g € [p].

(i) [n~1CTC — B}y = Oy (n~112).

(iii) The magnitude of the entries of L are uniformly bounded by a.

(iv) a ' <~yg < - <y <an and (Vk—7k+1)7,€_12a_1 (k=1,...,K) where yg 1 is

defined to be 0.

(v) |Jut (np_l\ill/Zl_}TZf/\ill/2> Us| < AMpax(rs)  (T=1-. . Kis=1.. . K) .
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Then there exists an L € RP*EK € e R"™ ¥ and constant ¢ > 1 such that the following
hold:
(1) LC™ = LC" such that P = Po, n”1CTC = I and  sup [Lgr| < c+op(1).
g€lpl ke[K]
(2) LTL is a diagonal matriz with decreasing entries \1,..., g such that \j, is the kth
largest eigenvalue of C (p_ll_lTI_L) Ck=1,....K).

(3) 1=\t = Op (n_l/Q) and (M, — Nep1) AL > L+ 0 (n_1/2) k=1,....K)
where Mg y1 1s defined to be 0.

(1) n {p)\max(rvs)} LT S[L),, =0p(1) (r=1....K; s=1,...K).

Proof. We first re-define L as LYU1/2 and C as C_'\il_l/Q, meaning we now have Hn_lc_'TC_'—
Il|l2 = Op (n_1/2>. Define R such that R? = n~1C"C and

L=LRU

C=CR U

where the columns of U € RE*E contain the right singular vectors of LR. Sincen™1CTC =
Iy, this proves (1) and (2).

To then prove (3) and (4), we study the eigenvalues and eigenvectors of np ' RTLTL" R.
We can write np !LTL (whose diagonal elements are the eigenvalues of np 1 RTLTLTR)

as

A A

np 'LTL = UTUU" RU diag (11, ... ,vg) UTRUU"U = U Fdiag (v, ...,vx) FU

where U = (uy---ug) € REXE and F = UTRU where the diagonal entries of F' are
1+0p (n_l/ 2) and the off-diagonal entries are Op (n_l/ 2). We have also re-defined U as

A

UTU, which is still a random unitary matrix. Define the matrix A = F diag (v1,...,7x) F €
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REXK where

(Al = {1 +0, (n_1/2>} +3 70, (n_1> (k=1,...,K)
r#k

[A],.s = (v +7s) Op <n_1/2> + Z 7%Op (n_1> (r=1,....K;s=1,...,K;r # s).
k#r,s

Next, define Al = fyl_lA where

AV] - % {140, (n2)}+ >0 %Op (n) k=1 K)

r#k
[A(l)LS: %Op (n_1/2> —{—k;S%Op (n_1> (r=2,...,K;s=2,...,K;r#s).

We first decompose AW into K rank (approximately) 1 matrices to study the behavior of
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the eigenvalues and eigenvectors of A. We see that

[A(l)]u [A(l)}12+w2 [A(I)LKjLwK-
A [A(l)}12+w2 0 0
[A<1>]1K+WK 0 0
—D,
0 —wy 0 0
w2 [A(l)}m [A(l)]z?, [A(l)LK
+1 0 [A(UL?) 0 0o |+
0 [AO)]QK 0 0
—Dy
0 0 —WK
N 0 0 - 0
vk O [A(l)}KK—
5
where we define
B PPN L YA
ke [A(l)} _ [A(l)} P (’Yl ) k=2, )
11 kk
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Let

1
T
. ([A(l)} 11’ [A(l)] 12 w2 ’ [A(l)] 1K T ‘*’K)
AW 4o AO] 4w T )
= (1, { [A(}l%il 2 [ [A}d)[](ll K> —+ Op <n 1)
Then
A(l)] 0O (™)
[40] tun y
A(l)vl :Dl'Ul + DQ’Ul R DK’Ul _ [A(1%]211 + Op (n )
A w
| [A}(H](: =40 (n7Y)
Op (n_l)
A(l)i| + w9
—wy + [A(l)] [ 12 10, (nY)
AT
-0
\ Op (n—l)
Op (n~1) \
I Op (n—l)
1 [A(l)] Twi
—wg + [A( )}KK [A(llf)(] L0, (n_l)
~ 11
=0 y,
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and

A= (A, 0 (:7)

HA(I)’Ul — Nvills = Op (n_

1>'

By Weyl’s Theorem and Theorem 3.6 in Auffinger & Tang (2015) the largest eigenvalue of

AW gy = [A(l)} " +0p (n_l) with corresponding eigenvector w1 such that ||u] —v1||2 =

Op (nil). To find the next eigenvalue and eigenvector of A, we first have to remove the

principal direction from A

and we define

{A<1) _ ,:Llalﬁ,{} - %DQ +
0 —%m 0
52 [A(Q)] 22 [A(Q)} 23
0o A%, o
o e, o
| 0 0 —%w[( ]
0 0 0
| —wk 0 [A(Q)} KK
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where

ﬂwk:Op (En_l/z) (k=2,...,K)

2 72
[A(Q)]kk - % {1 +0, (n*1/2)} +3 %Op (n*) (k=2,...,K)
r#£k
[A(Z)LS: %Op (n71/2> + Z %Op (nil) (r=2,...,K;s=2,...,K;r#s).
k#r.s

A subsequent application of the above procedure will show that the largest eigenvalue of

A2) ig

o = [A@)]zz TOp (yz_ln)

with eigenvalue %9 such that

R o
|tg —vall2 = O (—) :
P\ yan

where vg is the second column of 17, 1D2. When we subsequently remove the second
principal direction, we will remove 71 7y5 1Dy and the Op {71 (ygn)_l} error term will become
Op {’yl (fygn)fl}. Provided (%n)—l < n~1/2 this procedure will give us estimates fig.

and wj, such that

Ak = Yk = Yk {1 +Op (”_1/2>} (2.44)

i, — exlla = Op (n1/2) (2.45)

k,th

where here e}, € R is the standard basis vector with 1 in the k™ position and 0’s everywhere

else.
We next handle the case when 1 (vzn) ™t = n~ Y2 Let 7 < K be such that 1 (yn) ! <

~

n2 for k < r and v (ypn) " = n1/2 for k > r. For these cigenvalues, we note that
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we can study the smallest eigenvalues and their eigenvectors of A by studying the largest
eigenvalues of A~1. If \;, is an eigenvalue of A with eigenvector 1y, then )\];1 is an eigenvalue

of A~ with the same eigenvector. We note that

Al = ﬁ’_ldiag (71_1, e ,fyl_(l> Fl= vflﬁ’_ldiag (1,7172_1, e ,’ylfy[_(l> 1

where the diagonal entries of F1are1l+ Op <n_1/ 2) and the off-diagonal entries are

Op (n_1/2>. If £ > r, then 717;6_1 e n1/2, meaning v < nl/Q, since y1 < n. Therefore,

-1
MK _ Ok < 172

~Y

MV Lok

for all k& > r. By what we have shown above, the K — k + 1 eigenvalue of v A1 is
MV 1 {1 + Op (n_l/ 2)} with eigenvectors that satisfies (2.45). Therefore, the k™ eigen-

value of A is {1 +Op (nil/Q)} with eigenvector that satisfies (2.45). This proves item
(3).
To prove item (4),

np LTSL = M" {np—lUTETz:I;U} M (2.46)

where M = FU is such that | M — Igl|j2 = Op <n_1/2> by the analysis above. To evaluate
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(2.46), we first see that

O(n) O(n) O (vk) O(n) 0 0
wp \WUTETSLU — O(2) Op) - Olwk)| _| 0 0 0
O(vk) O(vk) O(g)] | 0 0 0]
[0 O(w) - 0 0 0 0 (v
O(y2) O(g) -+ 0 0 0 O (k)
+ ’ +
| 0 0 - 0] [O(k) OOk) -+ O(yK)]

Fix some r, s < K such that r < s. If my, is the k™ column of M, then

m; (npilUTl_}TEf/U) ms = Op (’ylnfl) +---+0p (’yrfln*l)
+ {O (’yr) mTrmsl + O (77“) m'f'rm82 + st + O (’y'r) mrrmsr}

+0 (Yr+1) My M,y + -+ 0 (Ys—1) M, s,y + Op(7s)-
Next, note that for any k£ < s, we have

0 =mgdiag (71, .-, V&) s = Y100 sy + -+ Yt Mgy, + -+ Vs, M,
——— —_———
:Op(l) :Op(fysn_l/2)

+Op(1).
Therefore,

Yrms;, = Op {max (7571_1/2, 1>}
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for all k < s. This also shows that
Yy, g, = Op {max <75n_1/2, 1)}

for k =1,2,...,r and completes the proof.

We now prove Theorem 2.3.

Proof of Theorem 2.3. To make notation consistent with the statement of Lemma 2.7, we

first redefine C, €, = and L from the statement of Theorem 2.3 to be C, €, = and L.
Under the null hypothesis £ = 0, we define
~ _ _ -1
Q= (X"X)'XTC =02 (n7IXTX) s
n
S =Y gl
1=1

Define a = vec (15 ® £;), where 1, € R% is the vector of all ones, and ¢q (t),

to be the characteristic function of a. Under the null hypothesis, the gradient of ¢, (t) is 0

and the Hessian is =144 ® [, where 1.4 € R%*d is the matrix of all ones. Lastly, let

t= (tf, . ,tg)T, t: € RE. If the magnitude of the entries of X are bounded above by =z,

we then have that

z; (1]t
log{gpvec } Zlog Ya n1/2
z;[d]ty
—Z[ )L (; })®1K}t+o<n—1x2||t||§)]

= 27U (Zx @ Ig)t+o(1).
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where Xy = limy,,— 00 nl1XTX. Therefore,

~ _ _y—1/2
(x"x)"2 0 {n_lE‘.TP)%E} PR Ny (0,14 )
since ||n*1§TP)J(-E — Ig|l2 = op(1).

We next define €2 be the that from the statement and proof of Lemma 2.7, i.e.
FaY — — _1 2 A
Q-0 {n'g"P¢E| 2o

where U is a unitary matrix ensuring that

N _ _\1/2 _
L'L=U" {n'g'P{E} /

is diagonal with decreasing elements. Since the assumptions of Lemma 2.7 hold with ¥ = I,
it is then straightforward to adapt the proof of Lemma 2.6 to show that nl/2||Q—€2|| = op(1)
under the assumptions of Theorem 2.3. The result then follows by an application of Slutsky’s

Theorem.

2.7.10 Two technical lemmas used in the proof of Lemma 2.5

We now state and prove two technical lemmas are used in the proof of Lemma 2.5. For these
two lemmas, we assume Y is distributed according to (2.28) (as it is in Lemmas 2.4 and

2.5).

Lemma 2.8. Let U = (uy---ug), V = (v ---vg), D = diag(dy,...,dg) and N be as
defined in Lemmas 2.4 and 2.5 and suppose np~ ! [L]1, = [L],. = Op (\) for s < k, where

s,k € [K]. Then
1/2,-1/2
ul Sy, = O </\k/ s />.

91



Proof. We need to understand how
U'sU = D'VINTsNVD™!
behaves. First, let RiR;F = L™SL for i = 1,2,3 and define v = p*1 tr (22). Then

o(N?) o 0
o(x?) o(»?) 0

0 (%) o(w) o (w7,
and

NTSN = L"SL+p \2L™SE, + p V2ETSL + vIg + 0, (p‘1/2>

The next quantity we need to determine is V.D1:

Op ()\1—3/219*1) Op {()\1>\2p)—1/2} o Op {(Al)\KP)_lm}
vot_pets | O {0 0 (57 o {Onen Y
oo {0 {0t 0y ()
+e
and

RTVD ' =0,(1) + 0p {(AKp)*l/Q} .

Then for M ~ M Ng g (0, I, I ), we have

pPEISLVD ™~y PMRIVDT = 0y (57117,

92



Next

DWW (L"SL+41g) VD™ = D7 (E"SL 491k ) D' + € (L™SL 471k ) D

+ D (L"SL+ 91k ) e+ e (L'SL+1Ik) e
where
eTL"SLe = "R i RTe = O, {(/\ Kp)_l}
and
D~ (L"SL+7Ix) e = D' RiRfe + 0y { i) 2} = 0y { w) 2}

The second equality holds because D™'Ry = Op(1) and Rie =0, {()\Kp)_l/2}. Next, let
A=L"SL and B=D"' (A +~Ix) D™ Thenif s <k, [A],. = Op (\) by assumption

and

[Algr + 705k Ak gl 1/2,-1/2
B pu— S— p— pu—

where 0y, = I(s = k). Therefore, for s < k (s,k € [K]),

UTsU] = 0p {0 )Y = 0, (AP

Lemma 2.9. Let aj,a9 € RP be linearly independent unit vectors independent of Es ~

MNpy (n—K) (0,3, I,,_g) for K is a fized constant. Recall from (2.34) that R = p_lEgEg—
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ol where p=p L tr(X). Then
1 Tf o eT —1)? ~3/2
p aiEsREjay = Op (np > +np )

Proof. Since K is a constant not dependent on n or p, I will assume Es ~ M Npxn (0,3, In)

for notational convenience.
p_lafE~2RE~2Ta2 = p_2afE’QE~gE2E2Ta2 — pp_larlezEgGQ

We will focus our efforts on understanding p~2a] EoEj EoEJas. Define A = (aj as),
A=%Aand Qe RP*P~Y st ATNQ = 0y, o). Let Pj = GG" where G € RP*? and

Pj‘ = QQ". Since PA + P/JI_ = I, we have

p2al By ES By Efay = p*al B> B (Py+ Py ) BsEfay

= P_QafEQEQTPAEQEQTaQ + p_za}‘EQEngEQE%‘GQ
Since a] Xa; < ¢ and [|GTEG||2 < ¢ for some constant ¢ > 0,
|3 ailla ~ [MNysr (0, I, af Saj) |2 = Op (n'/?)

for i = 1,2 and ||E2TG||2 ~ [|MNpx2 (0, 1n, GTEG) |2 = Op <n1/2>. Then by Cauchy-

Schwartz,

. . I . 2
p2alByEJ Py EyESay = p2 al By E3G G EyEJay = Oy, { <np*1) }
e N~

Ixn nx2

By Craig’s Theorem, ETa; and ETQ are independent, since a;XQ = 0. We then have
p_2a?E‘2E2TPj~1‘E2E2Ta2 = p_2a¥E’2E2TQQTE2E2Ta2
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Let B = El/QQQTEl/Q and let HAH? be its singular value decomposition. Note that
max,.[] [A],.. < cfor some constant ¢ > 0 since QQ7 is just a projection matrix. Therefore,
EEQQTE‘Q ~ JUJ, where J ~ MNpxp (0,A, I,) and is independent of pil/zEgai =a,; €
R where ||@;o = Op (n1/2p_1/2>. Define §d = p~ttr (A) = p+0 (p7 1),y =p L tr (A?)

and b; = ||a;|;'@;. Then

p2al B2 E3QQ EsEf ay ~ |y |2l|as2b]p~ ' T Tby

p Yt o pT LT,
= llayl2llazl2by : : by
JORR o TR R K
ptJta - platd, .
i | (b= balilbalil T Y bulilbalaly I,
=1 i#q
[ A TR R 0
n n
Sobililbolilp T I = ablba+ Y bilibafilX;
=1 X=1d7J;-6 =
=X

V(X) = ba[ilPboli]* V (X;) = 29p~ 1 Y ba[i]*boli] < 29p™"
i=1 1=1

n
=S bilifbafilpLILT; = 66Ty + O (pfl/ 2) — pbTby + O, (p*1/2) . (2.47)
=1

Note that E (Z b [i]bg[q]p‘lJiTJq) = 0, meaning

i#q
2
VA D bililbalalp Ty | =EQ [ balilbalalp Iy
i#q i#q
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Therefore,

Y (Z b1 [i]b [q]leiTJq) =72 Y balilbolqlb [r]basJE { (J]"Jy) (JFTs)}
i1 e

We then need to go through various scenarios to evaluate the above expression.

(1) i #r,s and ¢ # r,s. Then,

E{(J{Jq) (Jr Js)} =0

E{(Jz‘TJq) (JZTJS)} - E{J&rE (JiJz‘T | Jq>J8) JS} =E (JqTAJS)

= tr {AE (JsJ;)} =0

(b) ¢=s

E{(J]Tq) (I7Tg)} = E{ITE (LIT | 3g) Iy} = B (JFAT,) = tr (A%) = py

B {(J79,) (I 9)} = E{TIE (L] | Jy.dy) I} = E(JEAT) =0

(b) g=r
E{(J;'Jq) (JgJi)} =py
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(4) ¢ =s, i #r (we already have the case ¢ = s,i = r above).

B {(J7,) (47 9,)} =0

(5) ¢ =r,1i# s (we already have the case ¢ = r,i = s above).

E{(JJq) (JgJs)} =0

Therefore,

P2 > bilbolglb [rlbolSE { (T Tg) (JFTs)} =vp~ Y bilif*ba[g)?

i#q r#s i#q
+yp~ 1Y buli]bali]bi [g]bald]
i#q
> byilPbofg]* <> bi[i]*) bofg]* =1
1#q =1 q=1
> bililbaibrlalbalg] = balilbali) > bilalbalel, > bilalbald]l < [1b1,—ill2]lba, —ill2
74 =1 47 q7
<1
9 1/2
= > bilibali] > bilgbalall <D (Z b1[q]b2[q]> b [i]? 1622
i=1 qFi 1=1 \ g#i

< |Ib1ll2/|ba]l2 =1
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Therefore V (Z b1[i]b2 [q}p‘lJiTJq> < vp~ !, meaning
i#q

~ e~ o~ 2
20t BoBY BBfas = |a ollaolrbfes + la oz 0, (/%) + 0, { (1))

= pp_langE'QTag +Op (np_3/2> + Op { (np_1>2} .

Therefore,

pilaEEgREgag = Op (np*3/2> + Op { <np1>2} .
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CHAPTER 3
ESTIMATING AND ACCOUNTING FOR UNOBSERVED
COVARIATES IN HIGH DIMENSIONAL CORRELATED
DATA

3.1 Introduction

The development of high-throughput technologies has provided biologists with a cornucopia
of genetic, proteomic and metabolomic data that can help elucidate the genetic components
of phenotypes and the mediation of environmental exposures. Many of these ‘omic’ data
have complex sample-correlation structure, which includes longitudinal data (Baumgart et al.
2016, McKennan et al. 2018), multi-tissue data (GTEx Consortium 2017), data with multiple
treatment conditions (Knowles et al. 2018) and data with related individuals (Martino et al.
2013, Tung et al. 2015). Longitudinal studies have even been cited as a critical area of
future DNA methylation research to assess the stability of methylation marks over time
(Breton et al. 2017, Martin & Fry 2018), so it is crucial that suitable methods exist to
analyze these data. An important feature of these high-throughput data is the presence of
unmeasured factors that influence the measured response, which include technical factors
like batch variables and biological factors like cell composition (Leek et al. 2010, Jaffe &
Irizarry 2014). When unaccounted for, these factors can bias test statistics, reduce power
and lead to irreproducible results (Yao et al. 2012, Peixoto et al. 2015).

There have been a number of methods developed by the statistical community to estimate
and correct for latent factors in high throughput biological data (Buja & Eyuboglu 1992, Leek
& Storey 2008, Gagnon-Bartsch & Speed 2012, Sun et al. 2012, Gagnon-Bartsch et al. 2013,
Houseman et al. 2014, Owen & Wang 2016, Fan & Han 2017, Lee et al. 2017, Wang et al.
2017, McKennan & Nicolae 2018a). However, these methods make the critical assumption

that conditional on both the observed and unobserved covariates, samples are independent
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with homogeneous residual variances, and tend to perform poorly when these assumptions
are violated. The goal of this chapter is to provide a provably accurate method to both
choose the number of and estimate latent factors from the measured correlated data so that
downstream inference on the effects of interest is as accurate as when all latent factors are
observed. To the best of our knowledge, this is the first method to estimate and correct for
latent covariates in high throughput biological data with correlated samples.

We use DNA methylation quantified in p ~ 8 x 10° methylation sites (CpGs) in n/2 = 183
unrelated individuals at birth and age 7 from McKennan et al. (2018) as a motivating
data example, although we analyze other methylation data with a more complex covariance
structure in Section 3.6. The aim of that study was to jointly model methylation at birth and
age 7 to determine if the effects due to ancestry on methylation levels changed or remained
constant over time. If we ignore observed nuisance variables like the intercept, a reasonable
model for the methylation at birth and age 7 at CpG ¢ in the presence of unobserved

covariates C € RV*K ig

T
Yg = (y;o ygT,7> —(A® A) (By0By7)" +Cly+eg eg~Ny(0,Vy) (9=1,...,p)

Vy=¢;B1+0.0By+0.7Bs (9=1,....p),
(3.1)

where y4 0 € R"/2 and Yg,7 € R"/2 are the methylation at birth and age 7, A € R"/2 gives
each individual’s ancestry and S, 84,7 are the effects of interest. By € R"*" is a partition
matrix that groups samples by individuals and captures the within-individual variability.
By € R"™ "™ and By € R™ " capture the potential difference in residual variance at birth
and age 7 and are diagonal matrices with ones in the first n/2 and second n/2 diagonal entries,
respectively. In order to avoid overestimating the residual variance and biasing our estimates
for B0 and By 7, we must first estimate C' and its latent dimension K. One approach would
be to use methods from the economics literature that allow for dependent residuals in their
theoretical arguments (Bai 2009, Li et al. 2016, Lu & Su 2016, Su & Ju 2018). However, their

assumptions on the homogeneity of the effects (61,0, ﬁ177) e (ﬁpp, 5p,7) are too restrictive
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to have any application in genetic data. Another strategy would be to use existing methods
designed for genetic data to estimate the factors at each age separately. However, this reduces
the sample size by 50% and risks underestimating K, and subsequently biasing estimates for
Bg,0 and By 7. To avoid these biases, a second option would be to estimate K and C using
all n samples. However, naively estimating K with methods commonly applied to genetic
data with independent and identically distributed residuals, like parallel analysis (Buja &
Eyuboglu 1992) and bi-cross validation (Owen & Wang 2016), will typically overestimate K
to be on the order of the sample size, as they will be unable to distinguish the low dimensional
factors C' from the high dimensional random effect. Even if K were known, the correlation
among the residuals obfuscates existing estimates for C.

Our proposed method uses all of the available data to estimate K and C' in data whose
genomic unit-specific covariance can be written as a linear combination of known matrices.
This covariance structure is quite general and includes longitudinal, multi-tissue, multi-
treatment and twin studies, as well as studies with individuals related through a kinship
matrix. We discuss these data types in more detail in Section 3.4. While our ultimate
goal is to be able to do inference on the effects of interest that is as accurate as when C' is
observed, our method also provides a way to perform factor analysis in data with correlated or
nonexchangeable residuals, which has application in quantitative train loci studies (Knowles
et al. 2018, McKennan et al. 2018).

The chapter is organized as followed. We describe the data and set up the problem
in Section 3.2 and present a detailed description of our method in Section 3.3. We prove
its efficacy in Section 3.4 by proving its estimate for K is consistent, its estimate for the
column space of C is nearly as accurate as when samples are independent (i.e. Vj in (3.1)
is a multiple of the identity) and that inference on the effects of interest is asymptotically
equivalent to that when C' is known. In Section 3.5 we analyze simulated multi-tissue gene
expression data with a complex, gene-dependent correlation structure that demonstrates our

method’s superior performance in both choosing K and estimating C'. We lastly apply our
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method to a longitudinal DNA methylation dataset with measurements made on pairs of
twins to identify CpGs with sex-dependent methylation levels in Section 3.6. An R package
called CorrConf that implements our method to estimate K and C' is freely available on

GitHub. The proofs of all theorems are in Sections 3.10 — 3.14.

3.2 Problem set-up

Let y, € R™ be the measured expression or methylation of genomic unit g € [p] in n
potentially correlated samples, and let X € R™* 4 he the covariates of interest. When latent

factors C' € R™ X influence the data Yg, We assume yq is generated as

yg=XBy+Cly+ey, eg~N,(0,Vy) (9=1,...,p) (3.2a)
‘/g:Ug,lBl"_""i‘Ug,bBb (g: 1,...,p) (3.2b)

T
}Ipxn = [yl to yp} - Bpde;l;xd + prKngK + prn- (3'2C)

The gth rows of B, L and E are By, £4 and eg4, respectively, ey, ..., e, are independent,
and our goal is to estimate and perform inference on 31,...,3y. We assume C is a random
matrix that is independent of E, and whose mean may be a function of X in our theoretical
results in Section 3.4. Therefore, accounting for C' can be interpreted as a way to alleviate
both the dependence across genomic units and potential biases when estimating and per-
forming inference on B1,...,By. We postpone discussing the distributional assumptions on
C until Section 3.4 because, other than C' being independent of E, they play no part in the
methodology presented in Section 3.3.

The observed matrices By, ..., By € R"*™ describe how the n samples are related, and
Model (3.2b) is a typical model for the variance in mixed effect models in high throughput
biological data (Martino et al. 2013, Tung et al. 2015, Chen et al. 2017, Knowles et al. 2018,
McKennan et al. 2018). When b = 1 and By = I, Model (3.2) reduces to the model

typically used to estimate B31,...,8p in high throughput data with independent samples
102



(Leek & Storey 2008, Sun et al. 2012, Lee et al. 2017, Wang et al. 2017, Gerard & Stephens
2018, McKennan & Nicolae 2018a). We assume the unknown variance multipliers vy =

("0971 e vg’b)T lie in the convex polytope
@:{mERb:Agmzﬂ,AIsz}, (3.3)

where the matrices Ag € RNVexb and A7 € RNVT*b are the equality and inequality constraints
on vgy. For example, we may know that certain multipliers must be larger than others, or
that the sum of two sets of multipliers must be equal to ensure the marginal variances are
the same.

In many applications, there are other observed covariates Z € R"™*" that may influence

the response y4 but whose effects are not of interest. In that case, the model for y, would

be

and we can get back to Model (3.2) by multiplying y, by Q% provided r does not grow

with n:

Qyg = (Q7X) By +(Q,C) £y + &5, &g~ Ny—y (0,V)

V=051 (QyB1Qyz) + -+, (QzByQ7) .

Therefore, we assume that the only observed covariates are contained in X.

Evidently, C' in Model (3.2) is not identifiable. However, we show in Section 3.4 that
conditional on C, Im (C) is identifiable when (3 satisfies a modest sparsity assumption.
Therefore, our primary goal is to develop a procedure to estimate and perform inference
on B,...,08p that only relies on an accurate estimate for Im (C). Our secondary goal

is to simply estimate Im (C') when there are no covariates of interest, i.e. d = 0. Since
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accomplishing the former implies we can achieve the latter, we only consider the case when
d>1.

We estimate Im (C) by separately computing, and then combining, estimates for the
parts of Im (C) in Im (X) and X+. Let G € R™ ™ be a positive definite matrix. We

estimate the part of Im (C) in Im (X') using the variation in 1, ..., yp explainable by X:

-1
Yo = (XTG—1X> XT'G ly, =By + Uy +ey €R (g=1,....p) (3.52)
-1
Q= <XTG_1X> XTGlC e RIK (3.5b)
Yi= [y, o yp) =B+ LQT + E e R (3.50)

Here yg4, is the naive weighted least squares estimator for B, that ignores C' and 2 is the
weighted least squares regression coefficient for the regression of C' onto X. We show how
to choose the appropriate G in Section 3.3.4. Next, we use the variation in yi,...,¥yp

explainable by X to estimate the part of Im (C) in X

Ygo = Q%yg = CLEg + ey, € Rn—d’ €go ~ INp_—d (07 Q}(VgQX) (9 =1,... 7p) (3-63)
C, = Q%C e RM—xK (3.6h)

Y, = [y12 e pr}T = LC’JT_ + Ey € RP*(n—d) (3.6¢)

Here C| and yg, lie in the space orthogonal to X, where the latter no longer depends on
Bg. Algorithm 3.1 below, which we call CBCV-CorrConf, provides a cursory description

of how we use the objects defined in (3.5) and (3.6) to estimate Im (C) and subsequently
B, Bp

Algorithm 3.1 (CBCV-CorrConf). (a) For k € {0,1,..., Kmax}, use Yo to obtain esti-
mates L € RP*KE qnd C’L e R(n—d)xk using a factor analysis procedure we call ICaSE
(Iterative Correlation and Subspace Estimation) (Section 3.5.2).

(b) Use Yo and a novel cross-validation procedure we call CBCV (Correlated Bi-Cross
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Validation) to define K, the estimate for dim {Im (C)} (Section 3.3.3).
(¢) Define G and estimate Q using Yi and the estimators L € RPXK, C, e R(n—d)x K
from steps (a) and (b). Let the estimate for C be

C=X0+GQy (QLGQy) ' €| e RE.

For K given, we call this method of estimating C CorrConf (Section 3.3.4).
(d) Use the design matriz [X C’] to estimate B1, ..., By with generalized least sqaures.

The estimates for Im (C'| ) and Im (C) are then Im (éJ_) and Im (C’), where the esti-
mate for C in step (c¢) follows from the fact that C = XQ + GQx (Q&G’QX)_1 C, for
any positive definite G. We show in Section 3.4 that our estimator in Step (d) only depends
on Im (C’) If b =1, By = I, and K were known, steps (a) and (¢) with G = I, are similar
to methods used by Sun et al. (2012), Wang et al. (2017), Lee et al. (2017), McKennan &
Nicolae (2018a).

3.3 Estimating the factor dimension K and Im (C)

3.3.1 A computationally tractable model for the data

The generative model assumed in (3.2) is not conducive to estimating Im (C'), since it requires

jointly estimating Im (C') and all p covariance matrices V7, ..., V). Instead, we use a simpler,
but incorrect, model that assumes V; =--- =V, = 62V to estimate K, L and Im (C):
Y =BXT+ LCT+E, E~ MNy, (o, 621, V> o det (Q%VQx) =1, (37

where we introduce 62 so that V is scale-invariant. We define 62 in terms of the determinant

for reasons discussed in Section 3.3.3.
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Let 53 and V4 be the values of 62 and V that, conditional on C, minimize the KL-
divergence between the data generating model in (3.2) and the incorrect model in (3.7).

Then
ZVi=p '(Vi+--+V,), det(Q%ViQx) =1. (3.8)

In Sections 3.3.2, 3.3.3 and 3.3.4 we show that, quite remarkably, we only need to estimate
Vi and not Vp,..., V), to get accurate estimates for Im (C). Nevertheless, without any
assumptions on Vi, this is a challenging, if not an intractable, problem. However, since
Vy = vg1B1 + - + vy By for all g = 1,...,p and By,..., By are known, then Vi =

Tey Bl + -+ + 74, By, by (3.8), where

-1
Te = (Tuy + T*b)T = (&%p) (vi+ -+ vp)

1/(n—d
2= det @k (Vi++ V) Q) .

Therefore, we need only estimate 7y to estimate Vi, and subsequently Im (C).

3.3.2 ICaSE: an iterative factor analysis to estimate Im (C')

Here we present the algorithm ICaSE, a method to estimate Im (C), 62 and T4 using
Y>. Recall from (3.6) that the mean of Y5 is LCI and is not dependent on X. Let
W, = Q% ViQx, which implies Wy = 7, Q% B1Qx + -+ + 7,Q% ByQx and 62W, =
p_ng( (Vi+---+V,) Q. Therefore,

So—p Y Ys~C, <p—1LTL) CT +p'EIE, ~ O (p—lLTL> CT + 52W..

Since Wy is not a multiple of the identity, the span of the first K eigenvectors of S9 will

not be an accurate estimate for Im (C'| ), in general. If W, were known, we could instead

first estimate Im (W;UQC’L> as the span of the first K eigenvectors of W*71/2SQW*71/2,
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and then rescale the estimate by VV*I/2 to estimate Im (C'| ). On the other hand, if Im (C| )
were known, one could easily estimate 62 and T4 using restricted maximum likelihood. ICaSE
iterates between these two steps to estimate Im (C'} ), 62 and 7.

It remains to show how to find a starting point for 62 and 7% that avoids incorporating
signal from the random effect into the estimate for Im (C| ), as imprudent starting points
often beget biased estimates for K and Im (C'| ). We separate the variation in Y5 due to C'|
from the random effect by employing a “warm start” technique often used to solve penalized
regression problems. First, we initialize our estimates for 53 and Ty assuming K = 0 (i.e.
LCT = 0). We then use the estimate for 7 when we assume dim {Im (C,)} = k — 1 as
the starting point when we assume dim {Im (C| )} = k. This ensures that we attribute as
much variability as possible to the random effect and only ascribe variability to the latent
covariates if the observed signal is not amenable to the model for the variance. Algorithm

3.2 enumerates these steps in ICaSE.
b
Algorithm 3.2 (ICaSE). Let W (z) = 3 [#]; Q\B;jQx for = € R,
j=1

(0) For k =0, estimate 62 and T by mazimum likelihood using the model

Yy ~ MNpy (n—q) {0,(521p,W(7')} under the restriction that det {W (7)} = 1 and
0’1 € O.

(1) Let W = W (#). For k > 1 and given estimates 62 and # for 62 and T+, estimate
W_l/QC'L as the first k right singular vectors of YQW_I/Q. Re-scale the estimate by

(n— d)Y2W1L/2 to get an estimate for C,, C| € R—Dxk,
(2) Given (i'L, obtain 62 and 7 by restricted maximum likelthood using the model
Y5 ~ MNyy (n—d) {LC’E,(SQIP, w (T)} where det {W (7)} = 1 and 6°T € ©.
(3) Iterate between steps (1) and (2) and stop on step (1) of the second iteration. Repeat

this for k =1,..., Kmax, using T, 62 obtained when dim {Im <CA’J_>} =k —1 as the

starting point for step (1) when dim {Im <GL>} =k.
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Remark 3.1. Ifb=1 and By = I, C'J_ e R=dxk s o scalar multiple of the first k right

singular vectors of Yo for each k € [Kmax]-

Evidently, iterating between steps (1) and (2) is not explicitly maximizing an objective
function. However, Theorem 3.1 in Section 3.4 proves that ICaSE’s estimates for Im (C'| )
are as accurate as those obtained from principal component analysis when samples are in-

dependent.

3.3.8 Correlated Bi-Cross Validation to estimate K

Here we use Y5 and a cross-validation paradigm developed in Owen & Wang (2016) to
estimate X' = dim {Im (C)}. Besides having substantially shorter computation time and
providing a less variable estimate for K, what differentiates our method from the one devel-
oped in Owen & Wang (2016) is we provide an approach amenable to dependent data, while
their method is only valid for independent data.

Our primary concern is ensuring our estimates for K are not biased by the correlations
in the data (Hastie et al. 2009). An equivalent concern is we want to avoid including factors
arising from the random effect in our estimate for K. To describe our procedure, we assume
for notational convenience that Yy, = prKCrTLxK + Epxyn where the rows eq,. .., e of
E are independent and ey ~ Ny, (O, Vg) for all g € [p]. Algorithm 3.3 provides an outline of

the algorithm we use to estimate K, which we call Correlated Bi-Cross Validation (CBCV).

Algorithm 3.3 (CBCV). Randomly partition the rows of Y (i.e. genes) into F = O(1)

folds and let f € [F|. Without loss of generality, assume

Y, L c* E
v - |Yen| Z (Fen€) L [Ben
Y; L;,C" E;

where Y(_ ¢y € RPN and Yy € RPSX™ are the training and test sets.
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(a) Let k € {0,1,..., Kmax}. Obtain C € R™F and ‘Af(ff) Jrom Y(_py using Algorithm
3.2.

172 and C = V:l/QC'. Define the loss for this fold, dimension pair

1)) (=f)

as the leave-one-out cross validation loss:

(b) Let Yf = Yf‘/(:

Ly(k)=> llgsi— Ly peils, (3.9)
i=1

where Yy ; € RPf and & € RF are the ith columns of Yf and é’T, respectively. IA/fv(fi)

is the ordinary least squares regression coefficient from the regression of Yf,(—z’) onto

C(_Z-), where Yf,(—i) and é(T_i) are submatrices of Yf and CT with the ith columns

removed.

(c) Repeat this for folds f =1,...,F and k=0,1,..., Kjax and set K to be

K = argmin Lr(k)p. (3.10)
k€{0,1,.... Kmax } fz::l f

Since (3.9) is the leave one out cross validation squared loss using the design matrix C
1/2
f)

is sensible because it places more importance on correctly estimating the portion of C not

and the scaled data Yf, it only depends on Im (C’) and V(_ I Scaling by V(i in (3.9)
captured by the model for the residual variance. However, unless proper care is taken, this
scaled loss function would underestimate K simply because the estimated residual variance
is larger for underspecified models. The restriction that det {V(_ f)} = 1 alleviates this issue
by making the loss function scale-invariant.

To understand why CBCV gives accurate estimates for K, consider the expected leave-
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one-out squared error for a particular fold, dimension pair, where ¢; is the ith row of ‘7(:;/)20 :

E{L(0) | ¥Y(p)) = > {IEsei = Ly @il | Y | +ppof o {V Vi )
i=1 ~ ~
~ d I

T
—+ cross-term
———
117

0pVie=py' Y Vg det(Vp,) = 1.
g e fold f
In standard cross validation, V(_ f) = In, meaning the residual variance term (/1) would
be constant for all £ = 0,1,..., Kmax and the cross-term (/11) would be 0, since i’f,(—z‘)
would be independent of the ith column of Yy. The minimizer of the squared bias term
(I) would then also minimize the expected cross validated error. However, since we must
account for the correlation between samples, we now need to ensure that I+ I is minimized
when K = K and that the cross-term does not contribute to the loss. The restriction that
det {V(_ f)} = 1 helps ensure this is the case, since (np f)_lf 1> 6J2¢ ,» Where the inequality
holds with equality if and only if ‘A/(f = Vi, by Jensen’s Inequality. Since an accurate
estimate of Im (C') begets an accurate estimate of V(_y), ~ Vp,, the minimizer of [ + I1,
and also I 4+ I1 + 11 if 111 =~ 0, should be close to K. We make this rigorous and prove

the consistency of K in Theorem 3.2 in Section 3.4.

3.3.4 De-biasing estimates for the main effect in correlated data

Recall from (3.5b) that for some positive definite G € R"*" Q = (XTGle)_l xXTg-lc,
which helps quantify the proportion of the variability of C' explainable by X. While C'|
enables one to estimate £, and Vj, £ allows us to estimate the effect of X on gy, while
controlling for the latent factors C'. This helps make results reproducible.

To estimate €2, we must first specify a suitable weighting matrix G. Section 3.3.1 sug-
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gests that a reasonable choice would be G = 'b [7]; B = V. where 7 is computed using
Algorithm 3.2. From here on out, we assume _;(:ils known and define y4,, €2 and Y7 in (3.5)
by setting G = V.

Our strategy for estimating €2 is to regress Y7 onto the estimate for L obtainable after
completing Algorithm 3.2, where for W = Q%VQX, L=vZW-lC, (C’IW‘lé’L>_1.
A simple estimator for §2 is the ordinary least squares estimate Qshrunk — YlTi <fLTi> 71.
When samples are independent, this strategy is similar to those used in Sun et al. (2012),
Houseman et al. (2014), Lee et al. (2017), Wang et al. (2017), Fan & Han (2017), although the
exact estimators differ slightly. However, McKennan & Nicolae (2018a) showed that, Qshrunk
tends to underestimate 2 when samples are independent because Lisa noisy estimate for
the design matrix L. Therefore, we use the following de-biased estimate of €2, which is

analogous to the estimator used in McKennan & Nicolae (2018a) when samples are assumed

independent:
. N o /a1 1)L
Q:YlTL{LTL—p52 (CIW*ICL) } . (3.11)

N A ~ \—1 Aa
The po? (CIW_10L> term in (3.11) removes the bias in LTL and reduces to the bias
correction used in McKennan & Nicolae (2018a) when b =1 and By = I,.
Lastly, we can express C as C = XQ + VQxW 1C| . Therefore, our estimate for C

is
C=X0+VvQxyw1iC,. (3.12)

We subsequently estimate V; and B, for all g € [p] with restricted maximum likelihood

followed by generalized least squares using the design matrix [X C’]
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3.4 Theoretical justification of CBCV-CorrConf

Here we provide a theoretical justification for the methodology presented in Sections 3.3.2,
3.3.3 and 3.3.4. For all theoretical results, we assume d, b, Kmax = O(1) and y1, ...,y are
generated by (3.2), where eq,..., ey are independent. The latter assumption is based off
of the repeated observation in experimental genetic data that, for the purposes of marginal
testing, it is sufficient to assume the dependence between genomic units is driven by a rela-
tively small number of latent variables (Leek & Storey 2007, Maksimovic et al. 2015, Gerard
& Stephens 2018). It is also a common assumption among the literature that motivates their
models with high throughput biological data (Leek & Storey 2008, Sun et al. 2012, Lee et al.
2017, Wang et al. 2017, Dobriban & Owen 2019). We also provide simulation evidence in

Section 3.8.3 that suggests our method is robust to dependence among ey, ..., €.

Assumption 3.1. X € R" qnd By, ... , By, € R"™ "™ are observed, non-random matrices.
Let ¢; > 1 be a constant. Define M € RY*b ¢o be [M];; = n~Lltr (BZ-BJ-) for all i, j € [b].

For any matriz D, let D(—i) be the sub-matriz of D with the ith row removed. Assume:

(a) C is a random matriz that is independent of E, where V ([C]”> < oo foralli,j € [n]

and V{vec(C)} > 0. Further, nlgICl)oX X =3%x >0 M= I, Bj = Bj,

| Bjlle < ¢1 for all j € [b] and

LeO= {L e RP*K . For all g € [pl, L contains two distinct submatrices

—9)

of rank K} .

(b) Let Wi = QLViQx and ¥ = E(mlciw*—lq). Then €38, < ¢ for all
g € [p], and the first K eigenvalues A\ > -+~ > Mg > A1 = 0 of np” 'LWL" satisfy

-1
M, AR € [cl ,ncl].
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(c) Vy = cl_lfn, [vg.;l < c1 forall g € [p] and j € [b]. Further, ||n_1CJT_W*_1CJ_—lIJ||2 =

op(1) as n,p — o0 and |||z, [| €2 < 1.

(d) FEither A\g > cl_ln, Ag — o0 but Ag/n — 0, or Ay < ¢1 as n,p — oo. Further,

1= N1 /M > ¢ for all k € [K] and M/ g < c1.
(¢) p is a non-decreasing function of n such that n/p, n®/%/ (pA\g) = 0 as n — oc.

Remark 3.2. We prove Vq,..., V) = 0 and LYLT are identifiable under Assumption 3.1(a)
in Proposition 3.1 in Section 3.10.1. The set Oy, is a classic way to identify parameters in

factor models when Vi = O’S[n for all g € [p] (Anderson & Rubin 1956, Wang et al. 2017).

Remark 3.3. The assumptions on C' imply

E (yg) = XBy +E(C) Ly, Cov ([ygli, [ynlj) = €4 ¥ijln + [Vgl;; 1 (g =1),

where W;; is the covariance between the ith and jth rows of C. This is a generalization of
factor models commonly used in data with independent samples i = 1,...,n, which generally
assume [Vg]” = 03[ (i=7) and ®;; = WI(i=j) € REXE " The latter assumption is
typically not true in correlated data. For example, latent cell compositions from the same

individual in McKennan et al. (2018) are almost surely correlated.

Remark 3.4. Our assumptions on C' are less stringent than that used in the existing latent
factor-correction literature, which generally assume C ~ M Ny, i (0, I, ) (Owen €& Wang

2016, Fan & Han 2017) or C ~ MN, (XA, I, I) for A € ROEK (Wang et al. 2017).

The condition on M ensures vy, ..., v, are identifiable, and one can easily verify the
condition on || B;||2 in data from McKennan et al. (2018) and Martino et al. (2013) discussed
in Sections 3.1 and 3.6, as well as in the simulated multi-tissue data from Section 3.5. It also

holds in the following general scenarios:

e If B; is a partition matrix that divides the samples into blocks, then [|Bj[lo < ¢ if

the size of the blocks is at most finite.
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e If B, is a genetic relatedness or kinship matrix, it implies the sampling population is
relatively homogeneous, which is generally the case in data from founder populations
(Knowles et al. 2018). When data come from more than one population, there are typ-
ically a small number of large eigenvalues in the relatedness matrix corresponding to
global population structure (Novembre et al. 2008). One can include their correspond-

ing eigenvectors as covariates in Z in Model (3.4) to ensure || Bj||2 satisfies Assumption

3.1(a).

The eigenvalues Aq, ..., A\ defined in Item (b) of Assumption 3.1 quantify the average
variation in y1,...,yp due to C that can be distinguished from that due to X. Item (e)
is standard in the latent factor correction literature when V; = ag]n for all g € [p] (Wang

et al. 2017, McKennan & Nicolae 2018a).

Assumption 3.2. Let co > 1 be a constant not dependent on n or p. The estimates 62 and
T from step (2) in Algorithm 3.2 are such that 627 lies in the convex set

b

0. =0n{xe R x|y <beger, Y [®]; Bj — (coc1) 'L =0,

J=1
where ¢1 was defined in Assumption 3.1.

This makes the residual variance parameter space compact and is analogous to Assump-
tion D in Bai & Li (2012) and Assumption 2 in Wang et al. (2017). It is also a standard
assumption in likelihood theory (Wald 1949, Ferguson 1996, Douc et al. 2004). We now state
Theorem 3.1.

Theorem 3.1 (Accuracy of ICaSE). Suppose Assumptions 3.1 and 3.2 hold and we apply

Algorithm 3.2 for k = 1,..., Kmax, where K < Kpax. Then the estimates for 53, T« and
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C | satisfy

52 =827~ 7o =0p (1), k2K

Il
\Y%
—

|Py = Pe I} = 0p {n/ (\p) + (0As) /2 + (mAg) 1}, k=K >

IPc, = Pe Po,IF = Op {n/ kp) + ()2 4 (nag) 1}, k= K21

where 62 and # depend on k. Further, 1 Pc, —PC,L H%, 1 Pc, _PC‘LPCL H% and the estimates

A

62, % are invariant of the choice of Qyx.

Theorem 3.1 implies that Im (C|) is estimated well when & = K and its column space
is approximately a subspace of Im (é’ L) when we overestimate K. This result is quite

—1/2 71_1/27 this is

remarkable because besides the additional factor (nAg)~! + (pAx)
the same rate obtained from principal components analysis when the samples are independent
(McKennan & Nicolae 2018a). Theorem 3.1 makes no assumption on the starting points for

62 and 7 (other than the REML estimates are estimated in ©.), which proves the efficacy

of our warm-start technique.

Theorem 3.2 (Consistency of CBCV). Let K be as defined in (3.10). Suppose the as-
sumptions of Theorem 3.1 hold, A\ > 62 + € for some constant € > 0 and we sample Qx

uniformly over the space of all orthonormal bases for X+. Then limy, 00 P (K = K> = 1.

Remark 3.5. Let Q. € R (n=d) pe o non-random matriz such that P)% = Q.QT. As
defined, Qx = Q+«M , where M € R(n—d)x(n—d) ;g independent of C and E, and is sampled
uniformly from the space of all unitary matrices. This helps guarantee that the maximum
leverage score of W*_I/QCL is op(1) as n — oo, and is a common technique to uniformize

the leverage scores of a matriz (Mahoney 2011).

This theorem shows that recovering K is easier when the sample size n is larger, since

A, ..., g tend to grow with n. This is why it is advisable to use all of the available
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samples to estimate K, rather than partitioning the data to alleviate correlation, as discussed
in Section 3.1.

The requirement that g > 02 + € is tight, as Owen & Wang (2016) demonstrate that
62 is the lower limit of detection when b = 1 and By = I,,. This lower limit of detection is
smaller than parallel analysis’, which often fails to recover moderate to small factors (Owen
& Wang 2016). We discuss this in more detail after the statement of Theorem 3.5 in Section
3.11. Theorem 3.2 is also, to the best of our knowledge, the first result proving that bi-
cross validation-like methods are consistent. The authors of Owen & Perry (2009), Owen &
Wang (2016) only showed their estimates for K minimize the expected loss when samples
are independent.

p
Assumption 3.3. s =p 1 SoI (Bg #+ O) =0 (n_3/2>\K), maxge[p]HﬂgHQ < cg for some
g=1

D -1
constant cg > 0, and for S = (XTV*_IX> X"V, o, |STTST|y = Op(1) as n,p —

0.

Remark 3.6. We prove By, ..., B are identifiable under Assumptions 3.1(a)-(b), 3.1(e) and
the sparsity assumption on s in Proposition 3.2 in Section 3.10.2. Other than the conditions
on n_lCLW;lCL and S in Assumptions 3.1(b) and 3.3, we make no assumptions about

the relationship between C and X .

This provides an explicit relationship between the maximum allowable sparsity on the main
effect and the informativeness of the data Y for estimating C: the more signal in LCT,
the part of LC'T unequivocally distinguishable from 3X 7T, the less stringent Assumption 3.3
becomes. This is the same maximum allowable sparsity assumed in Wang et al. (2017) and
McKennan & Nicolae (2018a), both of which assume b = 1 and By = Ij,. We show through
simulation in Section 3.5 that we can accurately recover C even when this assumption is

egregiously violated.

Theorem 3.3 (Inference on 3). Let g € [p]. Suppose Assumptions 3.1, 3.2 and 3.3 hold

and we estimate C according to (3.12). Let vy € Ox and Bg be the restricted mazximum
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likelihood (REML) and generalized least squares (GLS) estimates for vy and By using the

design matriz [X CA'} Then

b
IV = Vglla = op(1),  Vy=1" 6], B,
j=1

o —

1/2 [ ;4 D
M, (59 - 59) =Z +op(1)
v TYr—1 -1 e AT T ¥, -1 _1AT
My = (X"V X)) +Q,0CT (QkViQx) Cup
A A -1 “ N
as n — 0o, where Z ~ Ny (0,1;) and 24 = <XTVg_1X) XTVg_lC. Further,
HZ\ZgMg_1 —I4ll2 = op(1) as n — oo, where My is the variance of the GLS estimate for B4

when C and Vy are known.

Remark 3.7. The REML and GLS estimates Vg, Bg and Mg only depend on C through
Im <C’> We prove that conditional on C, Im (C) and My are identifiable for all g € [p] in

Proposition 3.3 in Section 3.12.2.

3.5 Simulated multi-tissue gene expression data analysis

3.5.1 Stmulation setup and parameters

We simulated the expression of p = 15, 000 genes from 50 individuals across three tissues with
a complicated tissue-by-tissue correlation structure to compare our method against other
state of the art methods designed to estimate K and 31, ..., 3. We include comparisons of
our method to estimate C'| in Section 3.8.1. We first randomly chose 25 individuals to be in
the treatment group and set X € {0,1}" to be the treatment status for the n = 150 samples
and Z = 150 ® I3 to be the tissue-specific intercept. For each g € [p], we let V,; = I5g @ M,

R3><3

be the gene-specific covariance matrix for gene g and simulated M, € in each dataset

so the average correlation matrix across all p genes was as given in Table 3.1.
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Table 3.1:  The correlation matrix corresponding to the covariance matrix

t
lim t—1 S M.
t—00 g;l g

Tissue 1 | Tissue 2 | Tissue 3

Tissue 1 1 0.72 0.58
Tissue 2 0.72 1 0.80
Tissue 3 0.58 0.80 1

Specifically, we assumed tissues two and three were more similar to one another than to the

first and for each g € [p|, set My to be

T
M, = Cov{(egl €42 693) }
€g1 = Qg1 + fgla €g2 = ¢g2agl + ago + 6927 €g3 = ¢g$agl + Pg30g2 + €g3

gy ~ <0,v§1> , Qg ~ <0,’U§2> , Egj ~ (O»U§j> (1=1,2,3).

The constants U;p Gg2, 032, $g3, pg3 and 0’; ; were simulated from Gamma distributions with
means 0.8, 1.25, 0.4, 0.75, 1 and 0.2, respectively, each with coefficient of variation equal to
0.2. We subsequently re-scaled these parameters so that 62 = 1. This complex tissue-by-

tissue covariance is amenable to the variance model assumed in (3.2b), since

3 3 3 3
Vo= Z Z Ygrs {150 ® (ama;ys)} = Z Z VgrsBrs (3.13)

r=1s8=r r=1s=r
where a,g € R3 has a 1 in the rth and sth coordinates and 0 everywhere else and
Vg12, Vg13, Vg23 = 0, vg11 + vg12 + V13, V922 + Vg12 + V423, Vg33 + Ug13 + vg23 = 0.

We next simulated data with K = 10 latent factors. The parameters X, Z, K and «,

defined below, were fixed across all simulations. For W, = Q[TX Z}V*Q[ X 7], We simulated
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yg € R", the expression of gene g in the n (individual, tissue) pairs, as follows:

1/2 . ~ .
yg:Xﬁg+C£g+(3/4)1/2Vg/eg, [eghNTg (g=1,....p;i=1,...,n)

By ~ 0.850 + 0.2 (o, 0.42) (g=1,...,p)
T —1=T —1AT —1/2 (3'14>
C:aX1K+E(n ="Qx 7 Wi Q[XZ}E> . B~ MN,x (0,In, Ix)

(9], ~ T80 + (1 —7p) Ny (Qni) (g=1,....pk=1,.... K).

Here g is the point mass at 0 and 7y is the t-distribution with eight degrees of freedom,
and was chosen to emulate data with heavy tails. We chose to simulate a non-sparse main
effect B to show that we can violate Assumption 3.3 and still do inference that is just as
accurate as when C' is known. The re-scaling of 2 was simply to make the diagonal elements
of np~ ' LT L approximately equal to the eigenvalues Aj, ..., A1 defined in Assumption 3.1.
This re-scaling also caused Aq, ..., A\jg to shrink by a factor of 1.5, on average, thus making it
harder to recover K and C. The constant o was chosen so that P‘J/;UQZV*—l/ 2C explained

approximately 30% of the variability in ij/_’l /2ZV*_1/ 2x , on average. We defined o by

scaling X, C' and Z by V*_l/ 2 because this is what one would do in generalized least squares
when the covariance of the observations is Vi. The values for 7, 7, and the resulting
A, .., A10 are provided in Table 3.2.

Table 3.2: The m;, and n; values used to simulate L and the resulting average Ay
(k=1,...,10).

Factor number (k) | 1 2 3 4 5 6 7 8 9 10
T, 0 1045060 ]0.7110.79 1 0.85|0.90 | 0.92 | 0.94 | 0.96
Nk 1 04104 ]04]04]04|04]04] 04|05
Ak 143 11271 95 | 6.6 | 48 | 3.3 | 25 | 1.8 | 14 | 14

For each simulated dataset, we let X be the covariate of interest and the tissue specific
intercepts, Z, be nuisance covariates and estimated K using CBCV with F' = 3 folds, C|

and V; using ICaSE and C using (3.12). We then estimated V; and B, for each g € [p]
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using restricted maximum likelihood and generalized least squares, respectively. We include
additional results for data simulated such that conditional on C, expression across genes was

correlated in Section 3.8.3.

3.5.2  Comparison of estimators for K and 3

Since, as far as we are aware, our methods for estimating K and C' are the first methods that
account for correlation among samples in high throughput biological data, we compared our
estimates for K and 3 with state of the art methods designed for high throughput biological
data with independent samples. We first assessed our estimates for K in 100 simulated
datasets and compared them with three widely used methods: the method proposed in
Bai & Ng (2002), parallel analysis (Buja & Eyuboglu 1992) and bi-cross validation (Owen
& Wang 2016). The results are given in Figure 3.1. We could not compare our method
to the deterministic version of parallel analysis designed for data with independent samples
proposed in Dobriban & Owen (2019), since the authors did not provide R code to implement
their method. However, their simulations show that their method tends to select at least as
many factors as parallel analysis.

The fact that CBCV recovers K in all simulated datasets is quite remarkable given that
we simulate data with heavy tails and Ajr & 02 (see Theorem 3.2). We discuss the behavior
of CBCV-CorrConf when Aj is smaller than 62 in Sections 3.8.3 and 3.11.2. The method
proposed in Bai & Ng (2002) severely underestimates K because it is only able to recover
latent factors with overtly large effects (Owen & Wang 2016). On the other hand, bi-cross
validation and parallel analysis overestimate K because both methods are treating the high
dimensional random effect as part of the low dimensional effect LC’I. We discuss possible
adjustments to ameliorate bi-cross validation’s and parallel analysis’ estimates for K in these
simulated data in Section 3.8.2. Suffice it to say that these adjustments either did not change
the estimates, or caused them to consistently underestimate K.

We lastly estimated 3 via generalized least squares with the design matrix M = [X Z C’} ,
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Figure 3.1: Estimates for K = 10 in 100 simulated datasets using our proposed method
(CBCV), the method proposed in Bai & Ng (2002) (Bai & Ng), parallel analysis (PA) and
bi-cross validation (BCV).

where C was estimated with CBCV followed by CorrConf (our estimator specified in (3.12)),
BCconf (McKennan & Nicolae 2018a), Cate-RR (Wang et al. 2017), dSVA (Lee et al. 2017),
IRW-SVA (Leek & Storey 2008), RUV-2 (Gagnon-Bartsch & Speed 2012), RUV-4 (Gagnon-
Bartsch et al. 2013) and when C' was known. BCconf, Cate-RR, dSVA, IRW-SVA, RUV-2
and RUV-4 were all applied assuming K = 10 was known. In order to make the estimation

of V1,..., V), computationally tractable, we modeled the simulated residuals ey, ..., e, as

eg~ Ny (0,04V) (g=1,...,p), V= ZZTTSBTS’

r=1s=r

where Bys was defined in (3.13), and estimated vy, ..., vp and 75 with restricted maximum
likelihood for each of the eight methods using the estimated design matrix M. We then
computed the P value for the null hypothesis 55 = 0 for all g € [p] by comparing the t-
statistics to a t-distribution with n —4 — K = n — 14 degrees of freedom, used these P values
as input into g-value (Storey 2001) to control the false discovery rate and deemed a gene

as being differentially expressed across the two treatment conditions if its g-value was no
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greater than 0.2. We chose g-value to control the false discovery rate because this is the
software most popular among biologists. Figure 3.2 plots the true false discovery proportion
in 100 simulated datasets among genes with a g-value less than or equal to 0.2 for each of the
eight methods. The false discovery proportion when we completely ignored C' was uniformly

greater than that of IRW-SVA’s.
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Figure 3.2: The false discovery proportion (FDP) among genes with a g-value no greater
than 0.2 in 100 simulated datasets. We randomly chose 90 genes with §; = 0 as control
genes in RUV-2 and RUV-4. The FDP when we ignored C' was uniformly greater than
IRW-SVA’s.

The performance of our method, CorrConf, as the statement of Theorem 3.3 suggests,
is nearly indistinguishable from the generalized least squares estimator when C' is known,
with nearly identical power. On the other hand, the other six methods tend to introduce
more type I errors because their estimates for C' do not account for the dependence between
the residuals and therefore fail to recover 2. When K is underestimated, these six methods
perform even worse than when K = 10 is known, and we show in Section 3.8.3 that these
methods still fail to control the false discovery rate and, due to the reduction in residual
degrees of freedom, exhibit a decrease in power when K is overestimated to the extent

suggested by bi-cross validation and parallel analysis in Figure 3.1.
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3.6 Sex-specific DNA methylation in a longitudinal twin study

We next applied our method to identify sex-specific DNA methylation patterns from a lon-
gitudinal twin study using data previously published in Martino et al. (2013). The authors
measured the DNA methylation of 10 monozygotic (MZ) and 5 dizygotic (DZ) Australian
twin pairs (all DZ twins were both male or both female) at birth and 18 months on the
Infinium HumanMethylation450 BeadChip platform in buccal epithelium, a relatively ho-
mogeneous tissue. After probe and sample quality filtering and data-normalization, the
authors were left with p = 330, 168 methylation sites (CpGs) whose methylation was quanti-
fied in 29 male and 24 female (n = 53) samples as the difference between log-methylated and
log-unmethylated probe intensity (see Martino et al. (2013) for all pre-processing steps). We
then used our proposed method (CBCV-CorrConf), BCconf, Cate-RR, dSVA and IRW-SVA
to identify CpGs whose methylation differs in males and females, which we refer to as sex-
associated CpGs. We subsequently validated each method’s findings using sex-associated
CpGs identified at birth in previous studies with substantially larger sample sizes. We did
not compare our method with RUV-2 or RUV-4, since we did not have access to control
CpGs.

We first show that we can write the covariance of the 53 observations at each CpG as
a linear combination of six matrices. Let yp, ¢+, be the measured DNA methylation at an
arbitrary CpG for twin ¢ € {1,2}, from mother m € [15] at age a € {0, 18}, where samples
with different mothers were assumed to be independent and twin 1 and twin 2 from the same
mother were assumed to be exchangeable. A preliminary analysis showed that the correlation
between MZ and DZ twins’ methylomes was approximately the same at both ages, which
is consistent with the observation that methylation patterns are in large part determined
by environmental exposures (Galanter et al. 2017, Martin & Fry 2018). Therefore, the
4 x 4 covariance matrix for y,, = (me’O Ym 118 Ym.2.0 Z/m,2,18)T completely determined

the n x n covariance matrix for each CpG. We show in Section 3.9 that by only making
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assumptions on the pairwise covariances, one can write Cov (y,,) as

Cov (ym) :va141£ + vy (1215 P 1215) + %,anag + v¢718a18af8 + vg diag (aq)

+ v1g diag (a1g) (3.15)

where aj = (1,0,1,0), afg = (0,1,0,1). The variance multipliers are such that for 1 # o,

vq = Cov (ym,tl,Oa ym,tg,lS)
va + vy = Cov (ym,tl,O» ym,t1,18) y Va T V¢ q = Cov (ym,tl,aa ym,tg,a) (a=0,18)

Vo +Up + Vg g + 0o =V (ym)tha) (a=0,18)

and lie in a convex polytope defined in (3.3). We derive these variance multiplier relationships
in Section 3.9.

Since there was no evidence that the difference in methylation between males and females
changed from birth to 18 months, we assumed the methylation at each CpG was a linear
combination of the subject’s age (birth or 18 months), sex and other unobserved factors to
be estimated, where age was a nuisance covariate and sex was the phenotype of interest. We
used CBCV with F' =5 folds and estimated K to be 2, and subsequently estimated Vi and
C with ICaSE and CorrConf. Our estimates for the six average variance multipliers were
all greater than 0, the average residual variance at 18 months was 25% larger than that at
birth and the correlation between methylation for twins at 18 months was nearly 20% larger
than that at birth. This indicated this set of twin’s methylomes tended to converge over the
first 18 months of life, which is consistent with previous observations that one’s methylome
reflects one’s environmental exposure history (Galanter et al. 2017, Martin & Fry 2018).

We next computed each of the other four method’s estimates for C' by first using each

method’s default software to choose K: bi-cross validation, the default for Cate-RR and

124



BCconf, or parallel analysis, the default for dSVA and IRW-SVA. These methods estimated
K tobe 4 and 15, respectively. The fact that both estimated the latent factor dimension to be
greater than CBCV’s estimate of 2 is not surprising, as these methods tend to overestimate
K when samples are correlated. We subsequently estimated C' with each of the four methods
using their software’s default settings.

We lastly estimated the effect due to sex on methylation and corresponding g-values to
control the false discovery rate, exactly as we did for the simulated data in Section 3.5.
We deemed a CpG a sex-associated CpG if its g-value in that method was no greater than
0.2. Since we did not know the ground truth, we used sex-associated CpGs identified at
birth in Yousefi et al. (2015) and Maschietto et al. (2017) as a validation set to help judge
the veracity of each method’s findings. Yousefi et al. (2015) and Maschietto et al. (2017)
measured DNA methylation in umbilical cord blood on the Infinium HumanMethylation450
BeadChip platform in children born to 111 unrelated Brazilian and 71 unrelated Mexican
American mothers, respectively. The authors of both studies measured and corrected for cord
blood cellular composition and identified 2,355 and 1,928 sex-associated CpGs that were also
among the 330,168 CpGs studied in Martino et al. (2013). Table 3.3 gives the fraction of
sex-associated CpGs identified using C estimated with our method (CBCV-CorrConf), along
with the other four methods, that are also among the 3,532 sex-associated CpGs identified
in Maschietto et al. (2017) or Yousefi et al. (2015). Since the other four methods are not
designed for dependent data, we discuss two adjustments designed to alleviate potential
biases in their estimates for both K and C in Section 3.9. The overlaps with the modified

methods were at least as poor as those presented in Table 3.3.

Table 3.3: The fraction of sex-associated CpG's identified using data from Martino et al.
(2013) that are also one of the 3,532 sex-associated CpGs confidently identified in Yousefi
et al. (2015) or Maschietto et al. (2017).

CBCV-CorrConf

(K = 2) (K = 4) (K = 4) (K = 15) (K = 15)

BCconf Cate-RR dSVA IRW-SVA

38% (278/729) ‘ 23% (424/1839) ‘ 20% (474/2404) ‘ 19% (487/2517) ‘ 28% (341/1240)
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While it may be the case that most of BCconf, Cate-RR, dSVA and IRW-SVA are actual
sex-associated CpGs, the results in Table 3.3 mirror the trends observed in Figure 3.2.
That is, while these four methods nominally identify more sex-associated CpGs, we are less
confident in their results because their estimates for C reduce the residual variance but likely
do not suitably account for the variation in sex explainable by C', which makes their results
less reproducible.

These results also highlight the importance of the choice of K. Estimating K with
CBCV, and cross-validation in general, tends to yield more reproducible results because we
only include a latent factor if prediction performs suitably well on new, held-out data. When
we applied all five methods with K = 2, BCconf, Cate-RR and dSVA performed similarly
with overlaps no greater than 30%. However, 272 out of IRW-SVA’s 662 sex-associated
CpGs (41%) were in the validation set, which is nearly identical to CorrConf’s results in
Table 3.3. Similarly, when we set K = 4 for all methods, dSVA performed nearly identically
to Cate-RR, whereas CorrConf and IRW-SVA had overlaps of 27% and 26%, respectively, and
both ostensibly identified approximately 1,500 sex-associated CpGs. This similarity arises
because unlike BCconf, Cate-RR and dSVA, IRW-SVA circumvents estimating €2 with a
noisy estimate for L and estimates C by performing factor analysis directly on Y, restricted
to the genomic units that show little marginal correlation with X. In fact, we use the proof
of Theorem 3.1 in Sections 3.8.4 and 3.9 to show that under certain conditions on C, Vi and
Mg, which appear to be satisfied in these data, IRW-SVA can accurately recover C' even
when residuals are correlated. We believe K = 2 is the most appropriate choice of K for
this dataset because CorrConf’s estimate for C appears to explain enough of the variance in
methylation to achieve reasonable power, while also accurately recovering €2 to control for

false discoveries and ensuring that the results are reproducible.
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3.7 Discussion

To the best of our knowledge, we have developed the first method to account for latent factors
in high throughput biological data with correlated samples. We proved that our estimate
for K is consistent and that our estimate for Im (C') is accurate enough so that inference on
the main effects B1,...,8) is just as accurate as when C' is known. We also demonstrated
our method’s finite sample properties by analyzing complex, multi-tissue simulated gene
expression data, and used a real longitudinal DNA methylation data from a twin study to
show our method tends to give more reproducible results compared to existing methods.
Our proposed procedure is certainly not a panacea for data with arbitrary correlation
structure, and relies on the residual variance V; being a linear combination of known matri-
ces. Data with more complex, non-linear sample correlation structure may not be amenable
to (3.2b), since a linear combination of p non-linear functions will not necessarily have an

apriori known functional form. This could be an interesting area of future research.

3.8 Additional simulation results

3.8.1  Simulation results for ICaSE

Here we compare our estimates for the column space of C'| to other estimators using the
simulated multi-tissue data from Section 3.5. Assuming K = 10 was known, we compared
ICaSE’s estimates for C'| (see Algorithm 3.2) with the accuracy of K-partial SVD (Pearson
1901) and maximum likelihood (Bai & Li 2012), which first estimates L and the diagonal
matrix ¥ under the quasi likelihood model Yo ~ Mpr(n—4) (0, LLT + 3, In_4), and sets

N « N A A\ —1 A
C, = YQTE_IL <LTE_1L> . For each estimate C'| , we measured the angle between the
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column space of C |, Im (C| ), and Im <CA’L) as

AT
L(c .¢))= i -1 (LN
( L L) welm(CL )\ (0} mm)\{o}{cos [o[l2]lv]l2

'f}EIm( Al

which is a symmetric function, provided the dimensions of Im (C| ) and Im (C’ L) are the
same. In order to benchmark the performance of ICaSE, we also simulated additional
datasets Y e RI>000x150 with independent columns, which were generated with the pa-
rameters given in (3.14) and Table 3.2, except we fixed Vi = --- =V}, = I;. The angles
between the actual and estimated subspace for 50 simulated datasets Y and Y are summa-
rized in Figure 3.3. Just as Theorem 3.1 predicts, ICaSE accurately estimates the column
space of C |, whereas naive singular value decomposition and maximum quasi likelihood

that ignores the between-sample correlation cannot recover the latent subspace.
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Figure 3.3: The angle between the actual and estimated C| for 50 simulated datasets Y,
where C | was estimated using our proposed method ICaSE, the first K right singular vectors
of Y5 (SVD) and maximum quasi likelihood (ML), all with K = 10 known. Independent
SVD (SVD-Ind) estimated C| as the first K = 10 right singular vectors of Y, which was
generated with independent samples.
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3.8.2  Modifying existing methods that estimate K to account for sample

correlation

Given the importance of the choice of K in estimating 3 and factor analysis in general (Hay-
ton et al. 2004, Brown 2015, Dobriban 2017), we discuss three possible adjustments one might
suggest to attempt to ameliorate bi-cross validation’s and parallel analysis’ estimates for K
in simulated data from Section 3.5. The simplest would be to merely estimate K, and sub-
sequently C', separately for each tissue, since gene expression is assumed to be independent
across individuals. If the data within each tissue were sufficiently informative for K and C,
this procedure should estimate the within-tissue factor dimension to be 10 and C’t ~ CrRy
where Cy is C restricted to the ¢ tissue and Ry is an invertible matrix (¢t = 1,2,3). The
final estimate for K would then be 3 x 10 = 30 and C ~ IT (C1R1 ® CoRy & C3R3), where
IT is a permutation matrix that reorders (individual, tissue) pairs. We call this method
of estimating C' the partition method and use it to analyze dependent data with exist-
ing methods in Section 3.8.3 below. While C will give approximately unbiased estimates
for 3, there will be a reduction in the residual degrees of freedom, and therefore power.
However, analyzing each tissue separately effectively reduces the sample size (and therefore
the eigenvalues A,..., Ag) by 67% in this simulation example, which is why depending on
the analyzed tissue, bi-cross validation and parallel analysis only estimate the within-tissue
factor dimension to be anywhere from 1 to 4, which is a marked underestimate of K.

To discuss the remaining two adjustments, we note that in the simulation example from
Section 3.5, Vy = agl, +byB = agly + by Zp Z7},, where B is a partition matrix that groups
the n samples into n/3 individuals and the columns of Zpg € R™%"/3 are indicators specifying
from which individual the sample originated. The second alteration would be to include Zp
in the set of nuisance covariates and restrict Y to the set of 2n/3 within-individual contrasts.
However, this effectively reduces the sample size from n to 2n/3 and shrinks the A;’s by at
least 33%, thereby making it harder to differentiate the latent signal LCJT_ from the noise.

In fact, bi-cross validation and parallel analysis had median estimates of K equal to 8
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and 6, respectively, using this alteration. The third adjustment, which avoids dramatically
reducing the sample size, is to rotate Yo by the eigenvectors of Q[TX Z]BQ[ X 7] which in this
simulation example shrinks the between-sample dependence but increases the heterogeneity
of the sample-specific residual variances. Since parallel analysis only compares the singular
values of Yo with singular values under a bootstrapped null model, rotating Y5 did not
change parallel analysis’ estimates for K. On the other hand, bi-cross validation’s estimates
for K should change because cross validation will not be as sensitive to correlations between
samples. However, its estimates for C'| will still be inaccurate because of the heterogeneity
in sample-specific residual variances, which is why its median estimate for K was only 5 in

this simulation example.

3.8.83  Stmulation results when expression across genes is dependent

conditional on C

Simulation scenarios

Here we include three additional simulation scenarios when yg4,y;, are simulated to be de-
pendent conditional on C for all g,h € [p|]. The fixed parameters n,p, o, X and Z were
the same as those defined in Section 3.5.1. We generated 100 synthetic data sets in each of
the three simulation scenarios, where B¢, £4, C and Vj were all simulated as described in
Section 3.5.1. We describe each simulation scenario below, and subsequently describe five

different ways we analyze each simulated data set in Section 3.8.3. Our results are given in

Sections 3.8.3, 3.8.3 and 3.8.3.

(1) The purpose of this simulation was to violate the assumption that Ag > 62 needed to
prove the consistency of CBCV in Theorem 3.2, where A1, ..., A\ are the eigenvalues
defined in Assumption 3.1. Here, we simulated data with K = 15, where A1, ..., Ajg >
62 =1 and A\jq,..., A5 < 02 = 1, meaning CBCV would likely fail to recover all 15

factors. Therefore, conditional on the factors that CBCV could recover, the expression
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across genes was dependent in this simulation. We simulated data as

yy = {XBy +Cly+ 3/9V2V, Pe L+ Cfy (9=1,....p),

where €, was were simulated according to (3.14). The parameters C € R™ and

fq € R® were simulated as

- i _ 1/2
C~E ( IETQ[XZ] 5) M Ny x5 (0, In, I5)

Uﬂ hum%+{ me}N{Un@Hm}(g:L“wnkzlw”ﬁ)

Note that [eg]k ~ oo + (1 — 7)) Ny (0,77/%) for k =1,...,10, and just as we did for
~1/2

C, we re-scaled 2 by ( -1=TQ (X Z] W_lQT '=> to simply make the diago-

nal elements of np™ Z fq fg approximately equal to the last 5 non-zero eigenvalues

gi
M1,---5A15 of

T
P o1e L T
—1/2 ~ — g g —1/2 =
T-w, [CJ_CJ_} Pty w, !/ [CJ_CJ_}
g=1 | fg| | fo
Tables 3.4 and 3.5 below give the 7, 1 for both £, and f;, as well as the resulting

average A, ..., A0 and A\iq,..., A5, where Aq,..., A\15 are the non-zero eigenvalues of

7.
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Table 3.4: The 7, and ny, values used to simulate £4 (g = 1,...,p) and the
resulting average \, (k=1,...,10).

Factor number (k) | 1 2 3 4 5 6 7 8 9 10
T, 0 1045060 ]0.710.79]0.85|0.90 | 0.92 | 0.94 | 0.96
Nk 1 04104 ]04]04]04|04]04] 04|05
Ak 143 11271 95 | 6.6 | 48 | 3.3 | 25 | 1.8 | 14 | 14

Table 3.5: The 7y, and ny, values used to simulate fq (9 = 1,...,p) and the
resulting average \j, (k= 11,...,15).

Factor number (k) | 11 12 13 14 15
T 0.98 | 0.987 | 0.993 | 0.997 | 0.998
Nk 05 | 0.5 0.5 0.5 0.5
Ak 0.75 1 0.5 0.25 | 0.125 | 0.0625

(2) The purpose of this simulation was to emulate data where groups of genes inter-

act with one another through genetic pathways. We partitioned each of the p =
15,000 genes into 5000 groups of 3 genes, and simulated the residuals e, € R"
(9 = 1,...,p) such that residuals in the same group were correlated. Specifically,
let S = {3r —2,3r — 1,3r} for r = 1,...,5000 be a partition of the 15000 genes into

groups of 3. We simulated the data as

[Ysr—2Y3r—1Y3r] = X [B3r—283r—1 B3r] + C [€3r—2€3r—1 £3;] + E  (r=1,...,5000)

Define E, € R"*3 to be a random matrix whose entries are distributed as (3/ 4)1/ 2713
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and [-], to be the sth column of a matrix. We simulated E, as follows:

B, =Vil% [ETPW} (s=1,2,3:7=1,...,5000)
S

1 ifs=t
[Prlg = (s,t =1,2,3;r =1,...,5000)

(o +ol) Y2 it s 1

(r)
1 —
log{ )G }”N(O,a%) [P0 (s.0=123r=1,.5000)

1'+'pst
15000
The parameter og — 0.62 was chosen so that (5000)1 3 k(P) ~ 2, where & (-) is
r=1

the condition number of a matrix. Define [Vgl/ 2} to be the 7th column of Vgl/ 2 The
(3

covariance of the entries of E, was then

1/2
Cov ([Brlis (Bl ) = [Pl [V}ﬂ/ s+1} [V?)/ HJ (5,6 =1,2,3:7=1,...,5000).
Note that if V; = --- = V), = V, this procedure would simulate the residual matrix
E € RP*" as REV1/2 where the entries of E are independent (3/4)1/2 Tg and R €
RPXP is block diagonal with rth block equal to P2 € R3*3 for r = 1., 5000.

This simulation was the same as Simulation (2), except all 15000 genes were partitioned
3000
into 3000 groups of 5 genes. Here, (3000) " Y & (P) ~ 4.3 and

r=1

median {x (Py), ...,k (Psgoo)} =~ 3.3.
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Analysis techniques for existing methods designed for data with independent

samplest=1,...,n

Next, we compared our method, CBCV-CorrConf, with five different ways of using existing

methods to analyze the aforementioned simulated multi-tissue gene expression data. In all

five analyses, we randomly chose 90 genes with 34 = 0 to act as control genes when estimating

C with RUV-2 and RUV-4. We describe the five different analysis methods below.

(A)

(E)

Just as we did in Section 3.5.2, we estimated 31, ..., By by performing generalized least

R™K  except we used each method’s

squares using each method’s estimate for C' €
software’s default algorithm to choose K. Besides our method, CorrConf, every other
method uses either parallel analysis or bi-cross validation to estimate K. We computed

P values by comparing t-statistics to a t-distribution with n—4— K degrees of freedom.

The same as (A), except we estimated Bi,..., 3 with ordinary least squares using

existing method’s estimates for C.

For all methods but CBCV-CorrConf, we averaged the simulated expression across
tissues as a way to remove the correlation between samples ¢ = 1,...,n. We then
used existing methods designed for independent samples to estimate 31,..., 3, with
ordinary least squares using the averaged data matrix Y € RP*5Y. We used each

method’s software default to choose K.

We used the partition method described in Section 3.8.2 to estimate C' with existing
methods, where we used each existing method’s software default to choose K. Once

we estimated C, the analysis was identical to that of (A).

The same as (D), except we estimated B1,...,8p with ordinary least squares using

existing methods’ estimates for C.

The methods BCconf (McKennan & Nicolae 2018a), Cate-RR (Wang et al. 2017), RUV-

2 (Gagnon-Bartsch & Speed 2012) and RUV-4 (Gagnon-Bartsch et al. 2013) use bi-cross
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validation (BCV), whereas dSVA (Lee et al. 2017) and IRW-SVA (Leek & Storey 2008) use
parallel analysis (PA) to estimate K. We leave out the case when C is ignored in all plots

below because its false discovery rate was greater than 0.9 in each simulation scenario.
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Results of Simulation (1)
The results for Analysis (A) are given in 3.4, where we exclude results for IRW-SVA and

when C was ignored because their median FDPs were greater than BCV-RUV-4’s. CBCV
consistently estimated there were 10 factors, whereas bi-cross validation’s and parallel anal-
ysis’ median estimates were 61 and 49, respectively. Existing methods generally showed a
reduction in power because the large estimates of K reduced the number of residual degrees
of freedom. CBCV underestimated the number of factors because C had a small effect
on gene expression, which is exactly the reason why ignoring these factors had little to no
impact on the results.

All existing methods had median false discovery proportions greater than 0.5 when using
Analysis (B), which is not surprising because ignoring correlation in residuals tends to inflate
P values. Lastly, existing methods’ false discovery rate control was uniformly worse than
that shown in Figure 3.2 when using Analyses (C)-(E) because these analyses consistently

estimated K to be less than 10.
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Figure 3.4: Results using Analysis (A) on Simulation (1). The false discovery propor-
tion (FDP) and true recovery proportion (TRP) among genes with a g-value no greater

than 0.2 in 100 simulated datasets, where TRP = ~— ?zé Ooffg(iisgg‘;iiréis 5, 70" “C known”

used the design matrix (X ZC é’) The dashed red and blue lines are FDP = 0.2 and

TRP = {Median TRP for CBCV-CorrConf}, where CBCV-CorrConf’s power to identify
differentially expressed genes at this g-value was 35% greater than that of BCV-BCconf’s.
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Results of Simulation (2)

The results for Analysis (A) are given in Figure 3.5, where we exclude results for IRW-
SVA and when C was ignored because their median FDPs were greater than BCV-RUV-4’s.
CBCV consistently and correctly estimated that there were 10 factors, whereas bi-cross
validation’s and parallel analysis’ median estimates were 60.5 and 49, respectively.

The behavior of existing methods when we used Analyses (B)-(E) was nearly identical to

that in Simulation (1).
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Figure 3.5: Results using Analysis (A) on Simulation (2). The false discovery proportion
(FDP) and true recovery proportion (TRP) among genes with a g-value no greater than 0.2

in 100 simulated datasets, where TRP = i Ooffg(iig’g;“@irtiis 5, 20" The dashed red and

blue lines are FDP = 0.2 and TRP = Median TRP for CBCV-CorrConf, where CBCV-
CorrConf’s power to identify differentially expressed genes at this g-value was 53% greater
than that of BCV-BCconf’s.
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Results of Simulation (3)
The results for Analysis (A) are given in Figure 3.6, where we exclude results for IRW-SVA

and RUV-4 because their performance was similar to that in Simulations (1) and (2). CBCV
consistently and correctly estimated that there were 10 factors, whereas bi-cross validation’s

and parallel analysis’ median estimates were 62 and 49, respectively. Note that

median (FDP for CBCV-CorrConf) — median (FDP when C' is known) = 0.002.

The behavior of existing methods when we used Analyses (B)-(E) was nearly identical to

that in Simulation (1).
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Figure 3.6: Results using Analysis (A) on Simulation (3). The false discovery proportion
(FDP) and true recovery proportion (TRP) among genes with a g-value no greater than 0.2

in 100 simulated datasets, where TRP = j O(%f giisgg\ifliis 5, Z0 The dashed red and

blue lines are FDP = 0.2 and TRP = Median TRP for CBCV-CorrConf, where CBCV-

CorrConf’s power to identify differentially expressed genes at this g-value was 66% greater
than that of BCV-BCconf’s.

3.8.4 The anomalous behavior of IRW-SVA

The anomalous behavior of IRW-SVA in Figure 3.2 is contingent on the size of €2 and the
eigenvalues Ay, ..., A\g. IRW-SVA circumvents estimating €2 with the noisy design matrix

L by first identifying the genes with 5 = 0 and then estimating C with factor analysis on
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the reduced data matrix. If K is known, sufficiently many null genes are correctly identified,
A is sufficiently large and n~1CTV,C is approximately a multiple of n~1CTC, then IRW-
SVA can accurately recover C' when samples are correlated. In fact, if B = 0 and g /02 is
sufficiently larger than || V|2, one can use (3.38a) and (3.38b) in the proof of Theorem 3.10

to show that K-partial SVD of Y recovers C' at approximately the rate

|Pe = Palld = 0p {n/ (ep) + (aen) 12 4 e + 2 gha )

e=n2C™VQo|2, o= min <||n_1C'TV*C’ - cn_lCTC’Hg) .
c>

This is not the case for BCconf, Cate-RR and dSVA, since in addition to using factor analysis
to estimate C'| , these methods use L to estimate 2, which can be inaccurate depending on

k™ column of © are moderate to large,

the accuracy of L. However, when both A and the
IRW-SVA attributes a disproportionate amount of the variability in C' as arising from the
direct effect of X on Y compared to the other three methods. We refer the reader to Section

5.3 of Wang et al. (2017) for a more detailed discussion.

3.9 Additional results from Martino et al. (2013)

We first show how we derive the expression for Cov (y,,) in (3.15). We avoid assuming
a generative model for Cov (yy,) by only making assumptions on the pairwise covariances,
which averts potential biases in our estimate for Vi, and therefore C. First, the covariance
between observations made on the same individual (or sample) should be at least as large as
those made on different individuals (or samples). Second, the shared variance for twins at

the same age should be as least as large as that at different ages. That is, for a1 # a9 and

t1 # o,

0 < Cov (ym,tl,apym,tg,ag) < Cov (ym,tl,apym,tl,ag) <V (ym,tl,ai) (i=1,2) (3.16a)

0 < Cov (Ym,t1,a1: Ymita,az) < COV (Ymity,ai Ymitaa;) <V (Ymitra;) (0=1,2).  (3.16b)
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We can therefore write the covariance matrix for y,, as

Cov (ym) :va141£ + vy (1215 P 1215) + %,anag + v¢718a18af8 + vg diag (aq)

+ v1g diag (a1g)
where ag = (1,0,1,0), afS =(0,1,0,1) and

Vo = Cov (ymﬂfl,O? ym,t2,18>
Vo + Un = Cov (ym,t1,07 ym,t1,18) y Va + Uqﬁja = Cov (ym,tl,aa ym,tg,a) (a' = 07 18)

Vo + Uy + Vg g+ V0 =V (ym,tha) (a =0,18).

By (3.16), the variance multipliers also lie in a convex polytope that can be written in the

form of © defined in (3.3), and are such that
Vo >0, vy >0, v4 4 >0, vy +vg >0, v, +ve >0 (a =0,18).

Since BCconf, Cate-RR, dSVA and IRW-SVA are not designed for dependent data and
given the complexity of the sample correlation structure for samples from infants with the
same mother, we discuss two adjustments designed to alleviate potential biases in their
estimates for K and C'. The first is to split the data matrix into a set of samples measured
at birth and another set measured at 18 months, and subsequently rotate the two data
matrices to nullify between-twin correlations. This should help to mitigate biases in bi-cross
validation’s estimates for K and K1g (the number of latent factors at birth and 18 months),
but leaves parallel analysis’ estimates unchanged. While data splitting removes between-
individual correlations, it effectively reduces the sample size by 50% when estimating C
because we are forced to estimate the latent factors at birth and 18 months separately. Bi-
cross validation estimated Ky = 3, K13 = 2 and parallel analysis estimated Ky =9, K13 = 7.
The results using this data splitting method were nearly identical as those reported in Table
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3.3. Lastly, one could split the data by age and twin id into four data matrices, which would
ostensibly eliminate all correlation between samples. However, since twin ids are arbitrary,
estimates for K, C and subsequently 3 were heavily dependent on how twins were grouped,
so we did not include comparisons with this data splitting technique.

We lastly provide an explanation as to why IRW-SVA’s and CorrConf’s results were
similar when K = 2 was known (the reasoning for K = 4 is similar). For simplicity, we
use the identifiability of L and C to assume n *CTC = n~1CTC = Ij, where C and
V were estimated with CorrConf. First, the P value for the null hypothesis that C' ~
MN,,« i (0, I, I ) was 0.31, indicating that © was small. Therefore, since the marginal
correlation between sex and methylation is relatively small, IRW-SVA is expected to do a
reasonable job of identifying null genomic units (see Figure 2 in the Supplement of Wang et al.
(2017)). Next, [|1.34n"1CTC = n~1CTV |3 = 0.05 and ||n~Y/2CTV Q13 = 0.025. This
sensitivity analysis and the arguments made in Section 3.8.4 show that it is not unreasonable

to expect IRW-SVA to be able to recover C' in these data.

3.10 The identifiability of model parameters

3.10.1 The identifiability of Vi,...,V, and L

For the remainder of the chapter, we define [A];, € R™ and [A],; € R" to be the ith row
and jth column of the matrix A € R™*"" and define |G| to be the determinant of the matrix
G € R,

In Section 3.10 we give the sufficient conditions to ensure that all parameters of interest

in Model (3.2) are identifiable. We start by proving the identifiability of Vi,..., V), and L.

Proposition 3.1 (Identifiability of Vi,..., V), and L). Let X € R™% pe an observed, full
rank matriz (where d is fived) and suppose the matrices By, ..., By € R™™ ™ are observed,

symmetric matrices. In addition, suppose the following hold for some constant ¢ > 1:

(i) |1Bjll2 < ¢ for all j € [b].
141



(ii) Let M € RY*Y be such that [M];; = n1tr (B;Bj) fori,j € [b]. Then M > .

(iii) For any matriz D), let D _; be the sub-matriz of D with the ith row removed. Then

Le®p= {L e RP*E . For all g € [p], L_,) contains two distinct submatrices

-9

of rank K}

(iv) C € R s a random matriz such that ||V {vec (C)}||z < co and V {vec (C)} > 0.

T e RP" s q random matriz that is independent of C' such that

(v) E = [61---ep]

E (eg) =0, e1,...,ep are independent and

b
V (eg) :V}]:ZUQJBj -0 (g=1,...,p).
j=1

p

Define C| = Q}}C’ and Wy = Q}( (pl > Vg) Q x, where the columns of Qx form an
g=1

orthonormal basis for the null space of X . If we define

Y =8X"+LCT +E, (3.17)

then Vi,...,Vy, LE (CTC ) LT and LE (CJT_W*_l(Z'L) L7 are identifiable for all n, p suit-

ably large.

Proof. Define
Yo =YQyx =LCT + B

where €2, the gth row of FE9, is such that E (egg) = 0 and V (egg) = f/},, where
V, = Q% VyQx. Since Qx € R ("=d) has full column rank, V{vec(C,)} = 0 and
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|V {vec (C)}|2 < oo. Next, for ¢; € RE the ith row of C |, define
\I’Z] =K (CZ‘C}“> S RKXK (Z,] =1,... ,m).
where m = n — d. We first observe that for Y2, the gth row of Yo,

Fyg+V, ifg=nh
E (yzgy§h> =

th if g 7é h
where for £4 the gth row of L,
Eg‘Illlﬂh E;f\IllmEh
th: (g,h: ,...,p).

Let w € R™\ {0}. Then
uTthu = E;,f (u@Ig)'E {vec (CT) vec (C’I)T} (u®I)l, (9,h=1,...,p)

where (u® I)"E {VGC (CT) vec (CI)T} (u® Ig) = 0 because E {VGC (CT) vec (CJT_)T}
is positive definite and u ® I has full column rank. Further, since uTVS,'u, > 0 for all g € [p]

and L € Oy,
Li(u@lIg)'E {Vec (C]) vec (CI)T} (u® IK)] L'

is identifiable by Theorem 5.1 of Anderson & Rubin (1956), provided p > 2K + 1. In
particular, if we let w be the canonical basis vectors in R™, then LW, LT is identifiable for
all i =1,...,m. And lastly, if we let w4 have ones in the ith and jth position, for ¢ # j, and

zeros everywhere else, then LW, L™+ LW ;; L +2LW;; L™ is identifiable, meaning LW;; L™,
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and therefore Fy,, is identifiable for all 7, j € [m] and g, h € [p].

To complete the proof, we first note that because F, is identifiable for all g, h € ], Vg,
and therefore the variance multipliers vy ; (9 =1,...,p;j = 1,...,b), are identifiable for all
n large enough by Items (i) and (ii). The identifiability of the variance multipliers follows
from the fact that Items (i) and (i) imply that vec (Q%B1Qx) .. .. vec (Q% ByQx) are

p
linearly independent for all n large enough. Since Wy = p—! > Vj is identifiable,
g=1

L\i’iiLT (Z = 1,...,m)

is identifiable, where for ¢; € RE the ith row of W*_l/QCJ_7

Therefore,
m N m B
LE (CjW;lcl) =1L <Z \Il”> LT=Y L¥,;L"
i=1 i=1
m m
LE(CTC,)L" =L <Z \If“> L' =Y Ly;L"
1=1 1=1
are identifiable, which completes the proof. ]

Remark 3.8. LE (CIW*_lCL> L™ and LE (CTC ) L™ are invariant of the choice of
Qx-

Remark 3.9. The parameter space Oy, is a classic way to identify the components of factor

models when Vy = agln (Anderson & Rubin 1956, Wang et al. 2017).
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3.10.2  The identifiability of B

Proposition 3.2 (Identifiability of B). Let ¢ > 1 be a constant and define \y > -+ >

A > 0 to be the non-zero eigenvalues of np_lL\IlLT. In addition to the assumptions of

Proposition 3.1, suppose the following hold:

(i) Let £45 = [L] .. Then E;lIlEg < ¢ for all g € [p], where ¥ = n~lE (C’JT_W*_ch_).

g*-

(i) n/ (Agp) = 0 as n,p — c©.
(iii) Let B be as defined in (3.17). Then p~! f:ll ([5]9* # O) =0 (n_l)\K) as n,p — oo.
g=
Then B is identifiable in Model (3.17) for all n,p suitably large.
Proof. For A= (X"X)' X"E(C),

E{yx(x"'x)"

b=+ LA =p+ (Lw'U) (av ' PU)

where U € REXK jg g unitary matrix that ensures (L\Ill/ 2U)T (L\Ill/ 2U> is diagonal
with non-increasing elements. Therefore, it suffices to assume ¥ = I and np 'LTL =
diag (A1,...,A\g), which identifies L uniquely up to a K x K rotation matrix. Note that
this implies €1, < c. Let L1, 81, A1) and L), B3, A be such that 1) +
L {A(l)}T = 5(2) + L@ {A(Q)}T. Note that by the above analysis, Ll = L(Q)Q
for some unitary matrix Q € REXEK Ty prove 3 is identifiable, it suffices to show that if
S = {g € [p]: 55(;1) = Bg(]?) = 0}, then Lg) € RISIXE has full column rank, where Lg) is

the sub-matrix of L(1) whose rows lie in S. We see that

n (p)\K)—l {Lg)}T Lg) _ n(p)\K)_l {L(l)}TL(l) -n (p)\K)—l Z egl) {eg(]l)}T
gese

TL(l) = I, and for any r,t € [K] and () = p1 f: I {ﬁgi) #+ O}

where n (pAg) " {L(l) }
g=1
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fori=1,2,

n(pAg) ! Z |[Eél)}r [Eél)L| < nc/\[_(1 {3(1) + 8(2)} =o0(1)

geSe©

as n,p — o0. ]

3.11 Assumptions and a restatement of all theory

3.11.1 Assumptions

We present the assumptions and theory stated in Section 3.4 for the reader’s convenience.
Recall that for all theoretical results, we assume the observed data yy, ..., yp were generated
according to model (3.2), and that ej,...,ep are independent. We assume X € R7<d

By, ..., By € R™" are non-random, observed matrices, and that d, b, Kmax = O(1).
Assumption 3.4. Let ¢y > 1 be a constant not dependent on n or p. Assume:
(a) Vy = cl_lln, lvg.jl <1, Bj = BJT and ||Bjlla < ¢1 for all g € [p] and j € [b].
(b) Define M € RYY to be [M;; = n~ 1 tr (B;B;) for alli,j € [b]. Then M = ¢; I,
(¢) n71limy 500 XTX = Xy = 0.
(d) C € R™ K s ¢ random matriz such that K < Kpax and
(i) V{vec(C)} > 0 and ||V {vec (C)}||2 < occ.
(i) For C| = Q%C and Wi = Q' (p_l gi:l Vq) Q. define ¥ =
n~IE (CEW*_10L>. Then @9, [ @~ |2 < ¢1 and [nLCTW;'C| — |y =

op(1) as n,p — oc.

e) L € Or for ®; defined in the statement of Proposition 3.1, and the matriz np~ L LU LT
(e) L L D : P

has K > 0 non-zero eigenvalues A\ > -+ > A\ > 0 with \{/Ag < ¢1. Further
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(i) A\ € [cfl,ncl} and (A — Ap1) /A e > Cl_l for all k € [K], where A1 = 0.

(i) £3WLy < c1 for all g € [p].

(f) One of the following holds:

(i) A\g > cl_ln for all n,p.
(ii) A\ — o0 but Agg/n — 0 as n,p — oo.

(1ii) N\ < c1 for all n,p.

(9) p is a non-decreasing function of n such that n/p, n®/%/ (pAg) = 0 as n — cc.

Remark 3.10. The condition that L € Oy, is the same as that assumed in Wang et al.

(2017). Note that V1,...,V, and LYLT are identifiable under this assumption for all n,p

large enough by Proposition 3.1.

Assumption 3.5. Let co > 1 be a constant not dependent on n or p. The estimates 62 and
# from step (2) in Algorithm 3.2 are such that 027 lies in the convex set Oy, where
b
-1
O.=0nqzeR :|lz]y <beyer,»  [x]; Bj — (coc1)” ' I = 0
j=1

where c1 was defined in Assumption 3.4.
Assumption 3.6. Let c3 > 0 be a constant not dependent on n or p. Assume:
p
(a) p71 ST (Bg =+ O) =0 (n_3/2)\K> as n,p — 0.
g=1
(b) 1Bgll2 < c3 for all g € [p].
-1
(¢) Define S = (XTV,le) XTV,IC. Then |S®1ST ||y = Op(1) as n,p — .

Remark 3.11. By is identifiable for all g € [p| under Assumptions 3.4 and 3.6(a) by
Proposition 3.2.
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3.11.2 Restatement of all theory

Theorem 3.4 (Restatement of Theorem 3.1). Suppose Assumptions 3.4 and 3.5 hold. Sup-
pose further that we stop on step (1) of the second iteration of Algorithm 3.2 for each
k=1,..., Knax, where Kmax > K. Then the estimates for 63, T« and C| from Algo-

rithm 3.2 are such that

5 =82, 1# ~mlla = Op (n7'), k2K
IPc, = Pe I = Op {n/ O\kp) + (oA) 2 4+ (nAg) 1} k= K =1

|Po, = Pe, Po, It = Op {n/ (iep) + 0Ai) 2 4+ (mhie) '}, k> K > 1

where 2 and # depend on k. Further, | Pc, —PéL ||%, | Pc, _PCJ_PCL ||% and the estimates

~

62,7 are invariant of the choice of Qyx.

Theorem 3.5 (Restatement of Theorem 3.2). Let K be as defined in (3.10). Suppose
Assumptions 3.4 and 3.5 hold, N\ > 63 + € for some constant € € (0,1) and we sample Q x

uniformly over the space of all orthonormal bases for X+. Then limy, p—so00 P (k = K> =1.

Remark 3.12. We assume d = 0 in the statement of Theorem 3.5 for notational convenience
to avoid carrying the subscript “27. When d > 0, we simply replace Y with Yo, C with C'|
and Vi with Wi.

Remark 3.13. We prove that choosing Qx uniformly at random from the set of all or-
thonormal bases for X+ quarantees ¢, the largest leverage score of W*71/2CL, is op(1) as

n — oo in Section 3.11.85.

The fact that we tend to recover all factors with eigenvalues A\, greater than 62 is
consistent with Owen & Wang (2016), which showed that bi-cross validation cannot recover
factors whose eigenvalues \j, are smaller than 62 when samples are independent (Owen &
Wang 2016, Section A.1). When there exist eigenvalues A that are strictly smaller than 62

for all n and do not increase with the sample size, their corresponding effects [L],; must
148



be such that [L]}; [L],;, = O(1/n). This means that only O(1/n) genomic-units g will have
[L] gk #0 (g =1,...,p). As the sample size increases, this implies this factor will become
less and less relevant.

The limit of detection for parallel analysis is larger than that of CBCV. In fact, it has
been shown that parallel analysis generally fails to recover factors with moderate to small
eigenvalues in the presence of factors with larger eigenvalues (Dobriban 2017, Section 3.1).
This is not true for CBCV. For example, when we simulated data according to Section 3.5.1
and (3.14) such that A\ = ... = A5 = n but kept \g,..., A9 as they were in Table 3.2,
parallel analysis consistently estimate K to be 5, whereas CBCV consistently estimated K

to be 10.

Theorem 3.6 (Restatement of Theorem 3.3). Suppose Assumptions 3.4, 3.5 and 3.6 hold,
we estimate C according to (3.12) and Vy and By via restricted mazimum likelihood (REML)
and generalized least squares (GLS) using the design matriz [X C’] If the REML estimate
Vg = (69,1 ﬁgjb)T i1s estimated on the parameter space O, the following asymptotic rela-

N . b
tions hold for the REMLS and GLS estimates Bg and Vg = ) 04 ;B;:
7=1

Vg — Vgll2 = op(1) (3.18)

(n=181,) " (8, - 8,) 22+ 0p() (319
where

Z ~ N (0,1y)
iy = (Xt x) ey (etwyte) g

—1
 eme 1
Q- (X" 1x) X'y e

Further, HMgMg_l — Illa = op(1), where n=1 My is the variance of the GLS estimate for

By when C and Vy are known.
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3.11.3 Sampling Qx uniformly at random ensures leverage scores are

well-behaved.

Here we state and prove a simple lemma describing sufficient conditions under which ¢, the
maximum leverage score of W*_l/ ’c |, is op(1) as n — oo. This is used in the proof of

Theorem 3.5.

Lemma 3.1. Let G € R™™" be a random matriz and let M € R™"™ be a unitary matriz,

independent of G, that is sampled uniformly from the space of all unitary matrices in R,

Define ¢y, to be the mazimum leverage score of MG € R"™ ". Then if r = O(1), for all
€,& > 0, there exists an N > 0 that does not depend on G such that P (¢, > €) < & for all

n > N.

Proof. It suffices to assume G is full rank with orthonormal columns. Since r = O(1), it

suffices to assume r = 1. Let §; = [M]], G. Then
Gi~ 12l 2] G, Zi~ N (0.1n) (i=1,....n)
and
gf | G ~ n_lwi_lzi, w; ~ n_l)(%, 2; ~ X% (i=1,...,n). (3.20)
Then for any € > 0,

n
P(¢n>c|G) sp(Zgz’“ > | G) <ce P!

1=1

where the constant c is the product of the second moments of wi_l and z; defined in (3.20),

which exist and are bounded from above for all n suitably large. O]

Remark 3.14. The constant ce—2 in the proof of Lemma 3.1 does not depend on the random
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matriz G or the number of columns r, since it is assumed that r = O(1) as n — oco. Further

1/2

w, '“c, =M" (QIV*Q*)_I/Q Q.C

where M and Q« are defined in the statement of Theorem 3.5.

3.11.4  Proof strategy

We prove Theorems 3.4, 3.5 and 3.6 by first conditioning on C' and proving analogous
results when C' is treated as a non-random matrix in Section 3.13. We then show that the
assumptions necessary to prove these analogous theorems hold with probability tending to
1 as n,p — oo, which we show is sufficient to prove all theory in Section 3.14. We state
Assumptions 3.7, 3.8 and 3.9 and Theorems 3.7, 3.8 and 3.9 under the assumption that C' is
a non-random matrix in Section 3.12, which are analogous versions of the assumptions and

theory presented in Sections 3.11.1 and 3.11.2.

3.12 Assumptions and theory when C' is a non-random matrix

3.12.1 Technical assumptions when C' is a non-random matriz

Assumption 3.7. Let ¢ be as defined in Assumption 3.4 and define e = c_l/ (4 — c_l).

Assume:
(a) Item (a) of Assumption 3.4 holds.
(b) Item (b) of Assumption 3.4 holds.
(c) Item (c) of Assumption 3.4 holds.

(d) C € R"K s a non-random, unknown matriz.
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(e) Let Wy = QE(V*QX and let M\i,..., \g be as defined in Assumption 3.4. The matriz

1/2

T=w."%c, (»'L7L) cTw. (3.21)

has K > 0 non-zero eigenvalues v1 > -+ > ~vg > 0 with |y./A\p, — 1| < €1 for all
k € [K]. Further, £5 (n_lCIW**lCL) Ly < cr+e forall g € [p).

(f) Item (f) of Assumption 3.4 holds.

(g) Item (g) of Assumption 3.4 holds.

Remark 3.15. Under (d), E(Ys) = LCT|, T and £; (n_lCJT_W*_ICL) £y are identifiable.

1 e 1 .
Under (e), v1/7x < c1Toe, w € | 11+2, 1f201n}, (Ve = Ykt1) /7 = (2¢1)" " for all

k € [K] with v, = 0.

Remark 3.16. The non-zero eigenvalues of T are also the eigenvalues of
(npilLTL) <n*ICIW;1CL)

, where CIW{lcj_ is invariant of the choice of Q x .
Assumption 3.8. Assumption 3.5 holds.

Assumption 3.9. Let c3 > 0 and A\i,...,\g be as defined in Assumption 3.4 and let

M3 > 0 be a large constant. Assume:
p
(a) p71 ST (Bg + 0) =0 (n—g/z)\K) as n,p — oo.
g=1
(b) 1Bgll2 < c3 for all g € [p].
(¢) Let C € R™XK be any matriz such that E (Y3) = LC7 for some L € RPXK . Then

for § = (XTV*_1X>_1 x"vlc,

-1
IS (nlcTwleL) ST < Ms.
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3.12.2  The identifiability of B3, C and L in the model for' Y conditional on
C

We first prove a simple proposition regarding the identifiability of Im (C') and 3 in the model

for Y | C. This shows that one can develop a procedure to estimate both Im (C) and 3.

Proposition 3.3. Suppose Assumption 3.7 and Assumption 3.9(a) hold, and let My be the

variance of the generalized least squares estimate for B4 when both C' and Vy are known for
-1

g€lp]. Then 3, A=S (n_ICTW*_IC) ST and My are identifiable for all g € [p] and

mwvariant of the choice of Qx for all n > ¢4, where cqy > 0 is a constant.

Proof. The proof that 3 is identifiable is identical to that of Proposition 3.2 and is omitted.

The identifiability of Im (C'), A and M, immediately follow. O

We next state and prove a simple corollary that shows one can identify the columns
of L and C up to a sign flip by choosing a particular parametrization of L and C. This
parametrization does not change Im (C) or 3, and will be used in the statement of Lemma

3.2 in Section 3.12.3 below.
Corollary 3.1. Let G = {diag(ay,...,ax) :a1,...,axg € {—1,1}}, suppose Assumption
3.7 holds and define the parameter space
_ px K nx K . _ T —1-~T -1 _
A _{(L,C) e RPE  RE g (vy) = LeT nloTW e = I,
np 'LTL = diag (Y1, ,VK) for C| = Q%C} .

Then A(O) s mon-empty and if {L(a), C(a)} , {L(b), C(b)} € A(O), then L) = LTI and

Cj_b) = C(f)H for some 11 € G. If Assumptions 3.7 and 3.9(a) hold, then

for § = (XTV*_1X>_1 XTv;;lc}
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is non-empty for all n > c4. Further, if {L(a),C(a)} , {L(b),C(b)} € A(l); then L) =
LTI gnd c®) = cla11 for some 1l € G for all n > cy.

Proof. The proof of the first statement follows directly from the fact that the left and right
singular vectors of a matrix are unique up to sign when the singular values are unique. The

second statement is a direct consequence of Proposition 3.3. O

3.12.3 Statement of theory when C s a non-random matrix

Theorem 3.7 (Restatement of Theorem 3.4 when C' is non-random). Suppose Assumptions
3.7 and 3.8 hold. Suppose further that we stop on step (1) of the second iteration of Algorithm
3.2 for each k = 1,..., Kjax, where Kymax > K. Then the estimates for 53, T« and C|

from Algorithm 3.2 are such that

2= 8217~ mlla=0p (n7Y), k2K (3.22a)
IPc, — Pe I} =0p {n/ (iw) + (yi) 2+ ()}, k=K 21 (3.22)

IPc, = Pe P, I} = 0p {n/ (ip) + (v) 2+ (m) 1}, k2K =1 (3:220)

where 62 and + depend on k. Further, the estimates 62,7 and the quantities 1 Pc, —Pé,l ||%,

1Pc, — PCA'LPCLH% are invariant of the choice of Q x.

Theorem 3.8 (Restatement of Theorem 3.5 when C' is non-random). Let ¢ € (0,1) and
assume Y > 02 +¢. For any fold f € [F] and i € [n], let Yy, C, ¢, C and IALf’(_Z-) be as
defined in Algorighm 3.3. Suppose Assumptions 3.7 and 3.8 hold for d =0, Kmax > K and
define Z@ to be the it leverage score of C (i.e. the gt diagonal element of Pé)' For each

fold f € [F], suppose we modify the loss function in (3.9) to be

< - . N |
S lggi = Lppeil maxy (1-hi)  <my

£f(k): i=n i€[n) (3.23)
o0, otherwise
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where n > 0 is a constant and

12 _p/n p'/?nt/4
Hlog (p/n) " 10g <p1/2 /n1/4)

My = ming n

If we define ¢ to be the maximum leverage score of V:k_1/2C and ¢ < €/(2K), then

lim P(K:K):L

n,p—00

Remark 3.17. If Qx and Qs are matrices whose columns form an orthonormal basis for
XL, then Qx = Q<M for some unitary matrizc M € R(n—d)x(n—d) Therefore, if CA’L’*
and CA;’L are estimates from Algorithm 3.2 using Qs and Q x, CA'L = MTCA'L’*. Further,
since 62 and + do not depend on the choice of M, then é’L = MTCQZ'L*. Therefore, if
Q x is sampled uniformly over all orthonormal bases of XL, Lemma 3.1 and Remark 3.1/

A

2\ —1

imply mzﬁ (1 — hz> = Op(1) as n — oo. Therefore, there is no need to re-define the
€N

loss function in (3.23) if we assume Qx is sampled uniformly over all orthonormal bases

of X+. We choose to prove Theorem 3.8 using this modified loss function to illustrate the

importance of the ratio p/n.

We next state a lemma that was not stated in Section 3.4 but is useful in proving 3.9
below. It may also be useful in its own right, since it shows we can accurately estimate the

part of C' in the image of X.
Lemma 3.2 (Accuracy of Q). Suppose Assumptions 3.7, 3.8 and 3.9 hold, K is known and
we estimate C |, T« and 53 according to Algorithm 3.2. Define the estimate for € to be

R (i o /a1 1)
Q:YlTL{LTL—p52 (CIW_1CL> } . (3.24)

Suppose that we use the 1C3 identification criterion from Bai & Li (2012) to identify L and

C. That is, we assume
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(i) (L,C) € Ay, where Ay is defined in the statement of Corollary 3.1.

n—d)x K

(i) For any estimate C'J_ e R( , the diagonal elements of C’}:CJ_ are non-negative.

Then,
'/ = Qs = op(1). (3.25)

Theorem 3.9 (Restatement of Theorem 3.6 when C' is non-random). Suppose Assumptions
8.7, 3.8 and 3.9 hold, we estimate C according to (3.12), and Vy and By via restricted
mazximum likelihood (REML) and generalized least squares (GLS) using the design matriz

[X C’} If the REML estimate vg = (ﬁgi @g,b)T 15 estimated on the parameter space

. . b
Ox, the following asymptotic relations hold for the GLS estimate By and Vg = 3 04 iBj:
j=1

Vg — Vglla = op(1) (3.26)

(n—lMg)1/2 (8y - By) 22 +0p(1) (3.27)
where

Z ~ N (0,1)

N A -1 A PRI A A
My = (n ' XTVIX) 0 (niCTWSCL) 0

0, = (x7V,'x) x, ¢

Further, ||]\A49Mg*1 — I4ll2 = op(1), where n’lMg is the variance of the GLS estimate for

By when C and Vy are known.

Remark 3.18. The conditions under which Theorem 5.9 holds are invariant to the choice

of parametrization of L and C, and Vg, Bg and Mg depend only on X and Im (C’)
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3.13 Proofs of all propositions, lemmas and theorems when C is

a non-random matrix

Let ||Al|2 be the Euclidean norm if A is a vector or the largest singular value of A if A is a
matrix. Unless otherwise stated, we use the notation that a matrix or vector A = Op (ay)

if ||All2 = Op (ap,) for some sequence ap,. We also define
B;=Q%B;Qx (j=1,...,b).

We first prove a lemma that will be useful in the proof of Lemma 3.6 in Section 3.13.

Lemma 3.3. Suppose Assumption 3.7 holds and define
f (527'> = —n"tlog|Z| +n 't (ZV)

where Z = Z (527') =V (527')_1 and V =p~1 (V1 + -+ Vp) Then for all 81 € O,
f (5%) _ (53;*) > c||6%r — 6273

where ¢ > 0 1s a constant not dependent on n or p.

Proof. The function f is strictly convex in ©4 when considered a function of the precision

matrix Z, where
Vif(Z)=n"1Zl ez =n VeV =n12I ,
for some constant € > 0. Therefore,

f (527) _f (537*) >n~le|Z (527) 7 (5§T*> 1.
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by Taylor’s Theorem. For [M];; = n~Ltr (B;Bj) (i,j € [b]), we also have

T
(527 . 537*) M (527 - 537*) —n YV -V =n YV (Z - Z) Vi|%

<dn Yz - 2|}

where ¢ > 0 is some constant not dependent on n or p. The inequality follows from the fact
that 627 € O, meaning V ((527') has eigenvalues that are uniformly bounded above 0 and
below co. That is, if V = UlZlUiF and V, = UQEQUQT,
IV (Z - Z)Vil} = {S{UT (2 - 2) V2 (2 - Z) U\ | < {(Z - 2.)? V2]
= u{vf (z- 220,53} <0 {Uf (2 - 2.2 Uy

=112 - Z.%
Since we have assumed the eigenvalues of M are uniformly bounded above 0,
f (527) _f (5§T*> > o627 — 627,

for ¢ = ae/c’ where a > 0 bounds the smallest eigenvalue of M from below. O

We next prove a simple lemma that will be useful in the proofs of Theorems 3.7, 3.8 and

3.9, as well as Lemma 3.2.

Lemma 3.4. Suppose Assumptions 3.7 and 3.8 hold. Then for any 02,7 such that 627 € O,
the following hold:

R b
i) Let W = 7. Q% B;Qx and let A\ > --- > A\ be the non-zero eigenvalues of
e VX X K
]:

w-12¢, (p—lLTL) cTwL2,

Then for some constant ¢ > 1 that does not depend onn orp, C*IWK < Ag <\ <oy,
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where v1, ...,vk were defined in Assumption 3.7.

~ -1
(i) £y (n_l(Z’JT_W_lCL) Ly < (g=1,....p) for some constant ¢ > 0 that does not

depend on n or p.

Remark 3.19. We abused notation in (i) to define the non-zero eigenvalues of
w-12¢, (p_lLTL> w2,

These are not the same as the eigenvalues defined in Assumption 3.4 in Section 3.11.1.

Proof. By Assumptions 3.7 and 3.8, ||W]||a, |[W ™12 are uniformly bounded above by a
constant that does not depend on n or p. Let ¢ > 1 be a constant. To prove Item (i), it
suffices to show that for D € R(n—d)x(n—d) 4 diagonal matrix with entries bounded above

¢! and below ¢, and A\yiy, Amax the minimum and maximum eigenvalues of
D1/2W*_1/2CL <p*1LTL) CJT_W*_I/QDI/27

respectively, that c_vi < Mpin < Admax < ¢vq. Let USU?T be the eigen-decomposition of

1/2CL (p_lLTL) CEW*_l/Q, where U € R("=d*E Lag orthonormal columns and

W*_
¥ =diag(y1,---,7K) -

Then the non-zero eigenvalues of D1/2W;1/QCL (p™1L'L) C'IW;l/QDl/2 are also the
eigenvalues of ¥ (UTDU), where [|[UTDU]|s, || (UTDU)_1||2 < c. Therefore,

Amax = ||E (UTDU) ||2 < 1c¢
and

At = {=S (U ™DU)} s <vile
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which proves the result.
1/2
To prove (ii), let R = (n_l(Z’IW;lCL) / , where ||Ry|j2 < ¢q forallg=1,...,p by

Assumption 3.7. For g € [p], we then have,

e (nletwley) g

-1
— (Re,)" {n—l <W§1/2CLR_1>TW*l/QW_1W,3/2 (W*_1/2CLR_1)} (Re,),

where n~1/ 2W*_1/ 2C’ LR_l has orthonormal columns. Since W*1 / QVV_1W*1/ 2 has eigen-
values that are bounded away from 0 by a universal constant that does not depend on n or

p by Assumptions 3.7 and 3.8, the result follows. O

Remark 3.20. We use the identification criterion

n_lCEW_lCZ’L = IK

np 'LTL = diag (M1, ..., \g)

where \1 > ++- > A, in the proofs of Theorems 3.7, 3.8 and 3.9 in Sections 3.13, 3.13 and
3.13. Note that A\, ..., g are not the same as those defined in Assumption 3.4 in Section
3.11.1. Special care must be taken in the proofs of these theorems because the identification
criterion is random, since W is random. To cope with this, suppose {L(O),C(O)} € A(l),
where A(l) was defined in the statement of Corollary 3.1. If C and L satisfy the aforemen-

tioned identification criterion, then
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in Theorems 3.7 and 3.8, and

—1/2
C — C(O) |:7’L_1 {C(L())}Tw_lcio) / [A]

1/2
[0) {n—l {CS_O)}T W_lc(f) / 5

wn Theorem 3.9, where U e REXK 454 unitary matrix that ensures

np 'LTL = diag (A1, ..., \g) .

T .
By Assumptions 3.7 and 3.8, n~! {Cf)} W_lCio) has eigenvalues that are uniformly

bounded above and below ¢~ and ¢ for some constant ¢ > 1. Therefore,

_ O 5,—1 ~(0 2
I { e} Wet — 1o, e/ = 1, 10TL = Ik

) <||W* - W||2) (k=1,...,K)

for some I1 € G, where G was defined in the statement of Corollary 3.1. Note that Im (C) =
Im {C(O) }

Proof of Theorem 3.7

We next prove Theorem 3.7, which will be subsequently used in the proofs of Theorems
3.8 and 3.9 and Lemma 3.2. For ease of notation we will assume in this section that the
data Y are generated according to model (3.2) with d = 0 and will use the incorrect, but
simpler model in (3.7) with d = 0 as well in the proofs of Lemma 3.5, Theorem 3.10, Lemma
3.6 and Theorem 3.7 below. Since L and C' are not unique and we are only interested in
estimating Pr, 62 and T4, we may parametrize L and C to any propitious values so long
as E(Y) = LCT. We assume n 'CTV, 'C = Iy and np 'LTL = diag (y1,...,7vx) in

this section. By Corollary 3.1, this uniquely identifies the columns of C and L up sign. Let
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C € R " be any estimate of C' € R™ X Since we are only interested in the column spaces
of C and C, we also assume without loss of generality that the first min (r, K') diagonal
elements of CTC € R"™ X are non-negative.

We first state a lemma about the extreme singular values of a Gaussian random matrix

with independent rows.

Lemma 3.5. Leteg ~ Ny, (0, Vb) be as defined in (3.2a) and suppose Assumption 3.7 holds.
Then

p p
Ip~' Y egef =7t Vllo = Op (n'/2712).
g=1 g=1
Proof. This follows directly from Theorem 5.39 and Remark 5.40 in Eldar & Kutyniok (2012).
O

Theorem 3.10. Suppose Assumptions 3.7 and 3.8 hold and define € = HV — Vil||2, where

V is an estimate of Vi with |V| =1, and

_ N N —-1/2 .

c=v-12c (CTV—10> o (3.28a)
Q=Q¢ (3.28b)
A = A <p—1V—1/ 2(JLTL(JTV—UQ) . (3.28¢)

R . 1/2
where U € REXE contains the right singular vectors of L (CTV_1C'> and A (A) is
the k'l largest eigenvector of the matrix A. Define the estimates C € R™K and ;\1, ey XK

to be the first K eigenvectors and eigenvalues of V_l/Zp_lYTYV_l/Z, respectively. Then

if €/vi = op(1),

I1Pe — Pg,

| =0p [{nm (vep) "2+ 67[}1}2] : (3.29)
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Further, if e = op(1),

Mo/ =1+ 02/\, + Op {n (viep) "t 4+ 02 (vgep) Y2 e+ (vpep) Y2 67;}1} (3.30)

IC™C ~ Iglls = Op {n (viep) ™ + 0V (viem) 2 e+ (p) M2+ et} (33D)

Proof. First, (A — Apar1)/Apr1 = cl_1 + op(1) when € = op(1) by item (a) of Assumption
3.7. We let 7 = vy and use a technique developed in Paul (2007) and define the rotated

matrix S to be

_ ok .
QT
(L+E)"(L+B) (L+E) E
_ ] 1) ( i 1) ] 1) B (3.32)
| B (L+Ey) EJE,
L=n2(yp)Y2L (nlCTfflc)l/2 U (3.33)
E, = () V?EV-12C (3.34)
Ey = (yp) P EV12Q, (3.35)

We now get explicit error bounds for each term in S.
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Therefore, |LTE|j9 = Op {<7p)—1/2 1 pl/2 (7]?)_1/2 e}.

LTE, :Wp)_l/z LTEV-12v12q, (QE‘VQC>_1/2.

N J/

-~

OP{nl/Z(Vp)_I/Q} 0p(1)

Therefore, |LTEs||9 = Op {n1/2 (Vp)—l/Q}.

5T E ~1 ATy —1/2 ~1/2 7 _
EfE, = (yp) ' C"V, VPETEV,VPC 4 0p (ev 1).
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- _ -1/2
Define € = V, V*C (CTV;lc) 2
(’yp)_1 C'V12ETEpv-1/2C = 1521
TV Yok (V—1/2p—1ETEV—1/2 _ 5$In> C
— 107 Ik

+AlpTEr (V*‘l/ 2 1ETEV, 2 531n) cU

[\

Op(y~1p~1/2)

+Op <67_1> _
Therefore,
|BY By — 02Uk la = Op (v + 97 1p71?).
4. Let Q = Q. Then

ST 1 AT — ©_1/9 4 1 5T ATy, —1/2 -1/2 4
E{ By = () "V RETEVT2Q = ()T UTCTY, BTV G

+Op <67_1> :

Let E = pil/zEV;l/Q,EH — EC,E> = EQ and Ay = V*_1/2V9V*_1/2. Then the
k™R column of EIE, (k=1,...,K) is
o ~ o p _ p
by=p 'QUETEG=Q" [pT'ETE—p' ) Ay |4+ QTp Y Ay,
g=1 g=1
521,

p p
_ ~ 1/2 1/2 . —
=p ! g QTAg/ <rgrg — (531}1) Ag/ CL.=0D 1 E by i
g=1 g=1

where r4 ~ N (0, 1), 74 and r, are independent for g # Jd(g=1,....p;g =1,...,p)
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and E (b;.) = 0. Therefore,

n—K

E(Ibl3) = > E (b)) = nfv (bgi) = O {n'V (br)} = O (np™")
=1

=1

where the second to last and last equalities follow because || Ag4||2 is uniformly bounded

by item (a) of Assumption 3.7. Therefore, HE2TE1H2 =0Op (7_1n1/2p_1/2 + e'y_l>.

T
Let pp. = A/~ and define (r{;g ZA]E) € R™ to be the k™ normalized eigenvector of S,
where 95, € RE and 2, € R" K. All of this proves that fix, = yu +62/v + op(1) by Weyl’s

theorem. To prove sharper bounds, we set set up the eigenvalue equations

[0 = (E + El)T (E + El) v + (f/ + E_l)T Egﬁk

(2 = E_ér (E + El) v + E_gEzﬁk

A little algebra shows that on the event fi;. [, — Eg E5 is invertible,

o = {(L+B)" (L4 By) + (L + By)" By (igdn — BYBy) ' BY (L+ By) } oy
(3.36)

2, = (iyIn — EYEy) ' EY (L + By) oy, (3.37)

where fi I, — E Es is invertible with probability tending to 1 because fi, = pip+02/y+op(1
K 2 k k
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and by Lemma 3.5. By what we showed above, we then have that

126ll2 = Op {2 () /2 4+ ey} (3.382)
=7 (B4 B (B4 B )+ 0p ({2 02 4 071}

=y, + 027+ O0p {n (vp) "+ 02 (yp) P e+ (ap) T2+ 67_1} (3.38b)

|0, — vill2 = Op {{nlﬂ (vp) V2 + 67_1}2} (3.38¢)

|0, — agll2 = Op {n (vp) "L+ 02 (yp) T e+ ()72 4 67_1} (3.38d)

where vy, is the k™ eigenvector of (E + El)T (f/ + El) and a; € RE is the k™ standard
basis vector. Equation (3.38a) follow from Weyl’s Theorem (i.e. fij, = up, + 02/\;; + op(1))
and (3.38b) follows from Theorem 3.5 of Auffinger & Tang (2015) and the assumption that
(A = Apr1)/Apaq > cfl +op(1). Since the left and right singular vectors of any matrix are
unique up to sign parity, a second application of Theorem 3.5 of Auffinger & Tang (2015),
along with the assumption that (A —Ap11)/Apr1 > Cl_l +op(1), proves (3.38¢c) and (3.38d).
This proves (3.30).

Define v = ({,1 Q}K) and 2 = (21 2K)‘ Since 910 + 272 = I and by
(3.38a),

00" — Ik|l2 =Op

{n1/2 (vp)~ /2 + 67_1}2] : (3.39)

Then

C=Cov+Qz (3.40)
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with

|Pz, = Pollf = 2K —2tr [C’TééTé} = 2K — 2tr [69"]

=Op [{nl/z (vp) V2 + 67_1}2] :

which proves (3.29). Lastly, (3.31) follows from (3.38¢c) and (3.38d). O

Corollary 3.2 (Used in the proof of Theorems 3.7 and 3.9). Suppose the assumptions
of Theorem 3.10 hold (including the assumption that € = op(1)) and let My € R™ ™ be
a random symmetric positive definite matriz that is only a function of ey, the gth row
of E, with ||My|2 = 1 and smallest eigenvalue uniformly bounded away from 0. Define
C = nl2V1/2C and let A = <n_1CTV_1C>_1/2 U, where C and U are defined in the

statement of Theorem 3.10. Then using the same notation as the statement of Theorem 3.10,

In"1C*M,C —n"tATCTM,CA|3 = Op (1) (3.41)
In1CTM,CA —n"1ATC*M,CA|y = Op (1) (3.42)
1Pc = PellF = Op (n) - (3.43)

where n = n (ygp) "t + (vp) Y2 + 02 (vgp) TV e+ Vg

Proof. The proof utilizes objects defined in Theorem 3.10. We see that

nTIETM,C GV M VG — 6T CIVVAM, V2 + 6T CIV Y2 M, V2

— o~ A _ T N A _
+ (9TCTVAMVIRQz) 4 2T QI AM VI 2Qz

O | {ntrxn) "+ } | =0p ()
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First,

18T C™V 2 M, V2Co —n P ATCTM,CA|;

=6TCTV 2 M VI2Co — CTVY2MyVAC |y = Op ().
Next, by the proof of Theorem 3.10,
12— E5 (L + E1)|2=0p (1)
Therefore, we need only understand how

C'V'2MV'2QE] (L + By) = (nygp) /? ATC"M,VQc (Q?;VQC)1

x QEE"L +v5'n TATCT M,V Q¢ (Q},VQC)_l QL (r'E"E)V 'CA
— (yepn)~/? ATCTMViQe (QEVQe) T QGE"L

o T ATCTM Qe (QEV-Qe) Q% (v ' BTE) v 'OA

+0p {evg! + V2 (vem) 2 e}

behaves. We can ignore A because || Allo = O(1) by Assumptions 3.7 and 3.8. We can write

the first term as

(1kp) "' CTMyV.Qc (QEViQe) ' Qleyt +
OP{”(’YKP)_I}
()" ? C"MViQe (QEViQe) ™ QEE” L

OP{(WZP)A/Q}

=0p (n)

where the subscript —g means we remove the gth row from the matrix. The second term
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can also be decomposed in the same way:

-1 — -1 — —
T ICTMViQe (QEVAQe) T QL (v egel ) Vil O

[
-~

OP{”1/2('YKP)_1}

TR O M,ViQo (QEVAQe) T @ (B By Viole

-~

OP{(’YKP)_UQ}
=Op(n).

This completes the proof for (3.41). The proof of (3.42) is identical to the analysis above

and is not shown.

To prove (3.43), we see that
Po— Pal% =21k — 2tx (PaP.) = 205 — 2t L CTC (¢7E) ' ¢7c (cTe) !
|1Pc — Pallp =21k — tr( c (;)— K —2tr ( ) (co)

=0p(n).

]

Corollary 3.3. Suppose the conditions of Corollary 3.2 hold. Then using the same notation

as Theorem 3.10,

op(1) op(1)
K v, KxK Kx(n—K)
& N T A . X X (n—
KA S D ) (vk zk) - AT —1/2, —1 1T v —1/2 A
k=1 \ 2 op(1)  Q'V YATIETEV2Q +0p(1)
S—~— N ~~ d
(n—K)xK (n—K)x(n—K)

(3.44)

where op(1) here is short for a rank K (i.e. K non-zero singular values) matriz whose

2-norm converges to 0 in probability.
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Proof. We see that

S~ AT T

. ’Uk ) . . vk'vk vkzk

i (vg zk)zuk (k=1,...,K).
ZAk’lAJIE zkzk

First, let N = L+ Ej. In (3.38) we defined vy, to be the k™ eigenvector of NTIN. We then

have that
010 — A (NTN) vpvgll2 = op (’VK )
meaning
K
OT . 1
INTN =Y g op ]l = op <7K ) :
k=1

Next, we have

. I <
[ 2 — [, (figln—x — B3 E) " EyNoy, = 2 5 Ny,
Mk—5/7K

— It FE
+OP{ (1/2 /+6)<n1/2 —1/2 71/2+€’7K>}
)

:ﬂk + 5*/’YKE*ér

p Nv +op (7[_(1> E2N0k+0p <7K
k

where the second equality follows because EJ N = Op {n1/2 (VKp)_l/2 + 6/’7}(} and

i (02 i) = Op {n o)™ 02 (i)™ 2 e (k)™ e}

Therefore,
K

IBSN = 3" juzyoflls = | B3N (I — 99")ll2 +op (15") = op (7"
k=1
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Lastly, ||£k||% = op (1/vk), which completes the proof. O

We now prove a crucial lemma that states that we can accurately estimate Vi when the

starting point is sufficiently close to V.

Lemma 3.6. Suppose Assumptions 3.7 and 3.8 hold and let k > K. Define V to be an
initial estimate of Vi such that |V — Villa = € = op(1) and )2, V) to be the estimates
after we run step (1) and then (2) of Algorithm 3.2 using V as a starting point. Then the

mazimum of step (2) is such that

IV — Vil = Op (n_l)

552 52 — op (n—l) .

Proof. It suffices to prove this lemma by proving that [|6(/)2V(f) — 62v,|| = Op (n_l),
since 02 = exp {n’l log|62V (7)|} is Lipschitz continuous in 627 and bounded away from 0
in ©. Therefore, we ignore the requirement that log|V| = 0 and re-define 7 to be 7 « 6>
in the proof of this lemma. We continue to use the objects C, Q and C defined in (3.28a),
(3.28b) and (3.40), and also define Q = Q4 and é = Qé

We first assume that & = K. Recall step (1) in Algorithm 3.2 is to estimate C, and step
(2) computes V() as

v = arg max [— (n— K)il IOg’QTVQ‘
V=V(r)
TEO,

- K) e {QTp_lYTYQ <QTVQ> 1}} . (3.45)

where O, is defined in Assumption 3.8. We therefore need to understand how QTp~ Y TY Q
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behaves. First, note that we can express é in terms of Q:

O - V1/2Q (QTVQ)l/Q.

o aN1/2 2 _[CTY L N2
- (¢'va) "¢ (c Q) (i) | a(eve)”
QT
e N2 o X [y
~(@vQ) @ (¢ @) dws - | 7| (s =)
j=1 Zj
CT\ . /. . \1/2
|7 la(ave)”
QT

- (QTVQ> 1/2 QTQ (QTV_1/2p—1ETEV—1/2Q) QT@ (QTVQ> 1/2

+ op (1) . (3.46)

rank K matrix with this 2-norm

where the third equality is because

S

N>

Since the likelihood function in (3.45) is depends on QTp~1YTY Q through 1/(n— K)tr (-),
the rank K matrix with Frobenius norm op (1) will contribute op (1/n) to the likelihood,
score function and Hessian, and can therefore be ignored. Let o; be the jth singular value

of QTQ Since Q and é have orthonormal columns, ¢; < 1. Further, the proof of Theorem
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3.10 shows that

=

\ M |
|
3
AN
g
|
@9
=
Il
=
<>
|
—
&)
@b
@b
Qi

:2_1!\13(; — Pgllf = op(1).
Next let Uy, Uy € ROVE)X(n=K) b any unitary matrices. Then

[( Q"Q (QTV71/2p*1ETEV—1/2Q) Q"0 <QTVQ> 1/2
1/2

« {Q™V (+ }1}:tr{(U1TQTVQU1> UrQTQU,

X

{Q
< (U3 Qv BT EV12QUy ) US Q"QUy (UFQ'V QU ) 1
{urQ'vinQu} 1].

In particular, we may choose Uy,Us> to be the left and right singular vectors of éTQ,
meaning it suffices to assume éTQ is diagonal, since both @ and é) are unique up to a

rotation of their rows. And since the singular values of
_ PN 1/2 ¢ . =1 /o aN1/2
(@ V-4 B EV120) @'0 (@'vQ) " {a'v (@) ' (¢'ve)”
are uniformly bounded from above in probability for all 7 € O,

ogle) (QTV 12,1 BT BV I/QQ) 90 (QTVQ)1/2

1/2

I
o
|
=

0
—
&

;%
<>
S
N—
Py
Q
<
o
-
)%
o
<
o
N—
o
<>
QO
N—
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Next, we can re-write QQ as

Q=(QQ"+cC")@=q(Q"Q)+ op (1)

rank K matrix with this 2-norm

(QTV*l/prlETEvfl/QQ) (QTVQ) 1/2

AQvinQ) | =m-m e [(QTVQ) Vv (1 BTE) VG

' (v E'E)Q{QV Q)

+op (n—1> .

2 o ~ A A aAal A\ —1/2
where the last equality follows because @ and @ satisfy Q = v/ 2Q <QTVQ> / . The

< (@vQ)"* {@"v () Q}_l] +op (n7)

likelihood function in (3.45) (which is Op(1)) can then be re-written up to factors that are

op(1/n) as
() = — (n— K) "M ogl@™V (1) Q| — (n— K) Lt [QT (' E"E) Q{Q"V () Q}‘l}
We will now show that I (7) — I (7) = Op(1/n), where

(1) = —n Hog|V (7)| —n Lt { (p—lETE) 1% (T)—l} . (3.47)
First,

N R N N R N R N\ —1 . N
log|V| = log |QTV Q| + log|CTVE — CTV(Q (QTVQ) Qv

A A A N\ —1 A A
—10g|Q"VQ| +10g| (C"VTIC) | =log [Q"V Q| + O(1).

where we have abused notation here and defined C to be a n x K matrix with orthonormal
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columns that is orthogonal to Q. The second equality follows from the fact that
I, - vi29 (QTVQ>_1 OTVY/2 — 1261 (éTV—lé>_1 cv-L/2

Let 8 = p 1ETE. Then

S =QQ"SQQ" + rank K matrix with eigenvalues that are Op(1).
Therefore,

L) = = (0= K) " 10g|Q"VQ| ~ (n— K) 't |Q"SQQV Q| + 0p (n7!).
Further, we can re-write V1 as
—1

. 1|Q'vQ Q'vc Q"
o dJ|2raavel s
cC'vQ CT'vcC CT

V—l

~ ~ A\ —1 .
~0 (QTVQ> Q" + Matrix of rank K with bounded singular values.  (3.48)

We then get that
~ ~ ~ ~ R A\ —1
l(r)=—(n-K) og|Q"VQ| - (n—K) 'tx {QTSQ (QTVQ) } +0p (n—l) ,

as desired.

Define the function
_ -1 -1 -1
o (1) = =0~ og|V (7)] =L tx [ Vi {V (1)} 1]

Since the eigenvalues of V(1) are uniformly bounded from above and below on Oy, we have

sup [[("(x)—1")(z)] = Op (n_l) (the superscript (n) is to indicate this is with sample size
rcO,
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n). And since sup |hy, (z) — 1Y) (x)] = Op (nl/zp_l/Q) = op(1), sup |y (x) — (" (x)| =
€O, €O,
op(1). We can then apply Lemma 3.3 to show that |7/ — 7|l2 = op(1).
Let i,j € [b]. To find the rate, we simply use an identical analysis to write the score and

Hessian of the objective function in (3.45) up to terms that are Op(1/n), which gives us

5 (1), = d%ﬂn) (r) ==tV B +n e (Vi) BV (n) 7 8]
40 (), = diTjﬂ”) ()= —n ' {A(r) B 4 n w { A B A 1QTSQ)
+op ()
HM (1), = dezTizW (1) =n"ttr {V (1) ' BV (r)! Bj}

oLl {V (1) 1BV (1) BV () s}
T i dedTZ'

—on L {A () 'BiA(r) ' BjA(r)! QTSQ} +Op (”71)

(™ (r)=n~tu{A(r) ! BiA(r)! By}

where Bj = QTBjQ and A = QTVQ. An identical analysis as the one used to show
the likelihoods differ by Op (n~!) shows that 18" — 8|y, |H™ — HM||y = Op (n=1),

where for i, j € [b],

[H(n) (7-*)} = —n by {‘f*_lBi‘/*_lBj} +op(1)

L

and for M;; = n~lir {V*_lBiV*_lBj}, M > el for some € > 0 by Assumptions 3.7 and

3.8. Let 7 be the solution to (3.45) that ignores the inequality and equality constraints
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defined by A7 and Ag. Then for 7 = A1 + (1 — \)7 for some A € [0, 1],

=0p {(np)_1/2 + n_l} +HM (T) (T — 7+),

meaning ||[7 — Tx[[2 = Op (1/n). Since T« € Oy, we then have

Since the b eigenvalues of H (") (7) are uniformly bounded away from 0 with probability
tending to 1 for any 7 such that |7 — 7illa = op(1), [|# — #/[l2 = Op (1/n). Therefore,
’|+f — Tx|]|2 = Op(1/n) when K = k.

When k£ > K, define Qk € R™%(n=k) 4 be the analogue of Q above. Since Qk is orthog-
onal to C € R™ K its image must be a proper subspace of the image of Q k- Therefore,
Q). = Qx Uy, for some matrix Uy, € RO=K)*("=k) with orthonormal columns. By what we

have shown above and because k£ — K is at most finite,

[(1) =~ (n— k)" log|U; Qi V (1) QU
—(n—k)"t {Ug Qk (7 'Y'Y) QU {UF QR V (7) QKUk}_l]
=~ (n— k) og|U; QK V (7) QU
~ (o= e [UrQk (v B B) Queti {01 QR () Gt} ]
+0p (n71) = (n = K) " ogl QR V (7) Qx|

- =8V QK (B E) Qi {Qkv (D Qi) |+ 0 (07
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An identical analysis can be used to show that the score function and Hessian matrix when
k > K differ from the score function and Hessian matrix when k£ = K by something at most

Op (nfl), which proves the claim when k > K. O

We can now prove Theorem 3.7.

Proof of Theorem 3.7. Again, for values 62 and 7 such that 627 € O, we redefine 7 + 627
for notational convenience to prove ||« — 7|l = Op (1/n), which will prove (3.22a) by
the analysis in the first paragraph of the proof of Lemma 3.6. Results (3.22b) and (3.22c)
will follow by Corollary 3.2 because the column space of C'| and C | is invariant to scalar
multiplication.

For any value of V, define e = ||V — Vi|lo. We use a similar technique as we did in the
proof of Lemma 3.6 and work with the tr(-) component in the likelihood given by (3.45),

where
T
" YTY = p 'CL'LC + p~ 'CL"E + (p*ICLTE) 4+ 'ETE. (3.49)

Suppose first that v; = o(n). Then for any matrix Q € R™*F with orthonormal columns (k

bounded from above),

oL ir {QT <p—1YTY) 0 (QTVQ)l} -l {QT (p_lETE> Q <QTVQ>1}

+op(1)
since the rank k matrix CLT E has maximum singular value
Ip~'CL E|ls = Op { (um)!/?p~1/?}

and |[p~"'CLTLC||y = O(v1). Therefore, € = op(1) for all estimates of Vi when v, = o(n),
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meaning all conditions of Theorem 3.10 and Lemma 3.6 will be satisfied on the first iteration
of Algorithm 3.2, meaning ¢ = Op (n_l) in step (2) of the first iteration when k& = K.
Therefore, the estimate for C in the second iteration will satisfy (3.29), (3.30) and (3.31)
from Theorem 3.10 and (3.41), (3.42) for Corollary 3.2 with e = Op (n_l) when & = K. And
since we use V' as a starting point for k + 1, e = Op (n_l) for all subsequent k's (k > K).

Next, suppose v =< n and k = K. Then after step (1) in the first iteration, we have for
C defined in (3.28a) and © = {,}1 @K] 2= [21 2K] defined in (3.38),

In~2QTCy = 0 2QTV 2V Y2Cy = 0 (1QTC ) = 0 (1QT (€ - €7 2)
=0 (I1Q"{C (Ix — 90") + Q28" }|I2)

=Op {n1/2 (vgp) M2+ 67;}1} :

When completing step (2) of the first iteration to re-estimate Vi, we have

L {QT <p—1YTY> 0 (QTVQ>_1} —nLip {QT (p—lETE> Q <QTVQ>—1}

+Op (’Il*l) ,

meaning € = Op (n_l) after this step. Therefore, step (1) of the second iteration will give
us an estimate of C' that satisfies (3.29), (3.30) and (3.31) from Theorem 3.10 and (3.41),
(3.42) for Corollary 3.2 with e = Op (n_l). This is also true when £ > K by Lemma 3.6,
since we use the previous estimate of Vi as a starting point for step (1). Equation (3.22c)

then follows because

|Po = Pe, Polff = tr (Po) + tr (P, Po) = 2tx (P, Po) = K — tx (P, Po)
< K—tr (P Po) = K —tr {CTC'K (CkCk) cke (CTC)l}

~1/2

=Op {n (viep) T+ (vrep) A+ n_lvf}l}
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RnXK Rnxk7

where the column space of C K € is a subspace of the column space of C’k €
since k > K. The final equality follows from Corollary 3.2.

Lastly, let Q’X € R"("=d) he another matrix whose columns form an orthonormal basis
for the null space of X. Then Q/X = @QxU for some unitary matrix U € R(n—d)x(n—d)
Define C’l = (QfX)T C=U*C| and C’j_ to be the estimate obtained by using Q’X at any
point in the procedure. It is easy to show that C’j_ = UTC |, Where C | is the estimate
obtained using @ x. This proves ||[Pc, — PC‘L”% and ||[Po, — PC'L Pc, H% are invariant of
the choice of Q x. Lastly, using restricted maximum likelihood to estimate 5%, T implies the

estimates only depend on the column space of [X Q XC’ L]- And since Q/Xéi =Q XC’ 0,

this completes the proof. O

Proof of Theorem 3.8

We use Theorem 3.7 to prove Theorem 3.8. Just as we did in Section 3.13, we assume Y is
generated according to model (3.2) with d = 0 and will use the incorrect, but simpler model
n (3.7) with d = 0.

We first show that for any fold f and k& < Kpax, the loss function in (3.23) only depends

e

on the column space of C=V

(/)
Lemma 3.7. For any fold f and k < Kmax, the loss function in (3.23) only depends on

V(_f) and the column space ofC V( %2(7

Proof. Suppose CM and C? have the same column space. Then COR = C? for some
invertible matrix R. Therefore, CM and C? have the same leverage scores. Let Egr) be

the ith row of C") for r = 1,2. If we use C® to determine the loss,



which completes the proof. O]

For any fold f and k < Kpax, V(_ f) and the column space of C e Rxk , as estimated in
Algorithm 3.2, are invariant the choice of parametrization of C (and therefore C ). Therefore,
it suffices to use the output of Algorithm 3.2 to for k = 1,..., Kjmax to estimate K, i.e.

n=12C are the first k right singular values of Y(_f) = Y(_f)V(:%?

Proof of Theorem 3.8. Fix some fold f and define 5? . and Vi, to be the analogues of 62
and V4 for fold f. Let 7 : [p] — [p] be a permutation sampled uniformly from the set of all
permutations on [p]. All conditional expectations and variances calculated below are with
reference to the sigma algebra o (Y(_f), 7r>, where Yy = LfC’T +Ey € RPF*™ is the test
data used to estimate L and evaluate the loss and Y_ 5= L(_f)CT +E_p € R(P—pp)xn
is the training data used to estimate C' and V.

We first prove that the kth non-zero eigenvalue of Vftkl/ 2c (p_lL}L f> CTVj;l/ 2 i
Y {l+op(l)} as n — oo, where the randomness is in the choice of permutation 7 to
partition the rows of Y into F' folds. To do so, it suffices to assume that n_lCTVflC =1k
and np~'LTL = diag (v1,...,7k). Note that the non-zero eigenvalues of

Ve (i) v

are also the eigenvalues of {n(’pr)fl L}Lf} <n_1CTVf_*1C’), where because HVf* —
Vil =0p <p*1/2),

In~ €™V C ~ Ikl = Op (p71/7)

We also have

n T no o
Ex <7Kp Lfo> =—VL"L,
i VKD
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and for r, s € [K] and some constant ¢ > 0,

n pf by n
v X_:[Eﬂg)]r[%(g)}s = V{ [£ﬂ<g>]r[£ﬂ<g>h}

ne® {n (cp)” (13 (L) } oy
VKD?

— 0 asn— oo,

where the first inequality follows from the fact that [ﬁg]r [Eg}s is being sampled without
replacement from a finite population, meaning successive draws are negatively correlated,
and the third inequality follows because the magnitude entries of L are uniformly bounded
by a constant ¢ > 0 by Assumption 3.7. Therefore, the eigenvalues of n/ (va f) L}L f are
wﬂf_{l +op(l)asn — oo (k=1,..., K), meaning the results of Theorems 3.7 and 3.10, as
well as Lemma 3.6, hold for any subset of py rows of Y that are chosen uniformly at random
(where py/p < 1) with probability tending to 1 as n — oo.

Let ¢ be the maximum leverage score of V;l/ 2C and define o = (1-— gb)_l. We note
that by the proofs of Theorem 3.10 and Lemma 3.6, the leverage scores fll are such that

A

2 —1
max h; = ¢+ op(1) and max (1 — hl) = a+op(1l) when k = K. Therefore, to prove the
i€[n] i€[n]

theorem it suffices to assume that m?ﬁ fLZ < 1—=n/my for all k < Kpax.
€N
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~1/2

Let C = —f) C € R™ K and define ¢; to be the ith row of C. We define g(k) to be
1 1 < .9 1 & 5
k) = L(k) = L &2 = L —L '
g(k) 5;*npf (k) 5?*71;0 Zluyf,z fi(=0)€ 15 (5;*71]9 21“ fc f.(=i)€ 13
M)
" 1/2
1 (1 -
i LoV (7' BFE)) | - 2 0 > vyt (Lrei = Lycas) BV f) e
* ' =

(3.50)

where a; € R" is the standard basis vector with 1 in the ith position and zeros everywhere

else. Two useful equalities to be used throughout the proof are

G} a=—(C7C) g

2 -1 ~ e
—Z)C(—z)} C;, = ZHZ
{2

—
I

A

where f{Z is the i*h column of Pé = H. We also define A(_;y = I — a;jal € R™" and let
D(_s), Z(—y) be the analogues of ¥, 2 defined in (3.36), (3.37) for ¥|_y). The asymptotic
properties of ﬁ(_f) and 2(_f) are given in (3.38) and (3.39). For each k = 1,..., Kjpax, we
assume that n 1CTC = I and that L(T_ f)L(— f) is diagonal with non-increasing elements.
This is without loss of generality by Assumption 3.8 and by the identifiability of LC™. Note
that by the above analysis, this implies 7[_(1||]ﬁLELf)L(7f) — I%L}Lf||2 = op(1) as
n — oo. We now go through (1), (2) and (3) of (3.50) to expand each expression into terms

with calculable conditional expectations and variances to prove the claim.
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—_ fay fay fay _].
1 n R 1 n LfCZ — LfCTC CTC C
52 Z“Lfcz - Lf (—z’)cl”% = 52 | :< ) ”%
P f S £Pf (1 — hz>
2
-1 1 FrT ~1/2 (c—2 14T 1/2 2
o Zl (1_,;) FAC VY (95 BB ) VO A ) Hy
1= (]
2 & 1\’
S | HrA_,V V2ETA, (3.51)
where
—m A ES 2N —1 R
A, = (n/2p12g f> & — <n1/2p_1/2L f) C'C (CTC> &
~ ~ —m 2 A 2N —1 N
—Lye;— L;C"C (C7C) & (3.52)

We now derive the asymptotic properties of (3.51) when k= K, k < K and k > K in

(a), (b) and (c) below.

n Lféz' — LfC'Té (éTé>_1 éz

|
0%, npy ;H (1 _ Zi)

9
15

= 5}7*2 tr {p}?lL}Lf (n_léTPéC’>} {a+o0p(1)}

™ \:/-/3 1055*2 tr [pglLrJl;Lf {IK - ’lAJ(ff)’lA)(T_f)}} {a+op(1)}
eorem o.
= Op(ptn ) =op(nt).

Theorem 3.10 and
emma 3.
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To understand the second term,

n 2
_ 1 1/2 1/2 2
| Yipmp=n 1Z<1 h) HY A VO VEVC A B,
i=1 I
a+op(1) ¢ 1 2T ~1/2 1/2 2
= | arA vV Ve VA L,
. ;(1_,—1) CaVieh) VRV A

n ~ N\ —1 ~
where Z (1 — hi> A(_Z-)Hz' z’TA(—i) is positive semi-definite with

=1
n . 1 N
tr {Zzzl (1 hl> A(_Z) 1y A(_Z)}
n =1/~ N N N T no.
tr{; (1—hz> (Hl—hiai)< l—hzaz) }:;hl:K

Therefore,

7 (=f)

n 2
Y (1 1 - ) HI Ay VPV VP A = K/n{a+op(1))

when k = K. To then calculate the conditional variance of the second term in

(3.51), we see that the second term can be re-written as

<npf5?c*> - tr [Ef A(:‘lf/)2 {; <1 — iLZ> - A(—Z)ﬁZﬁEA(—Z)} ‘A/(_;/)QE};]
5\ 1 Ps -
= (”pf5f*> Zl €, My, (—1)8f,
g:
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where

- 1/2¢-1/2 | & 2 \~2 Fr F —1/2y,1/2
My 5 =Vo Vi) {Z(l—hi) A Hi z’TAu)}V( g Ve =0

~

-1
and tr{Mg7(_f)} < cK max; eln] (1 — h) where ¢ > 0 is a constant and

MaX;e ] (1 - ili) =a+op(l). For any g € [p],

vl e, | Yoy =20 (W22} <2e {01, )

Therefore,

n 2 A
{ 11:Z1<1 A,) HY AV (5720 B E) VG Ay H
|Y(_f),7r}:op (n » 1/2) —op (n—l)

when k = K. We lastly need to understand the third term in (3.51) when k& = K.
This term clearly has conditional expectation equal to 0. To calculate the condi-

tional variance, we can use the proof of Theorem 3.10 to show that

Ai=Lp {1 — o pof e —n2LpoCpat pa

where q; is the i*™® row of Q- By (3.38) and (3.39),

7 {IK — ool }Hz = Op {np SN 7;(3/271—2} (3.53a)

||if'ﬁ(7f)£(T_f)||2 =0Op (nl/Qp_ /24 n_lv;(l/2> . (3.53b)
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We can then re-write the third term in (3.51)

p
:—25f*n_3/2p_1/2z [ég {]K_'&( f){) \

1 - —f)} Nppey,
g:
Wiy T

N =3 (1) " ea vy~ et { (1) " vy
_ C" ding {ZZ (1-h) _2} v
SCp :nl/zé (1-) " aidrra v
Qs { (1h) AV
n1/2QT, ding {Zi (1-h) _2} v

First, | N(_p)ll2, [IS(_ p)ll2 < en'/? max; H{(

-2
} where ¢ > 0 is some
constant not dependent on n or p and M = max;

Z
(=
Next,

) .
A pSner, | Yo} < nllg)

}=a2+0p(1).

C TR VAT
< Il _p)2E IR
and similarly



for some constant ¢’ > 0 not dependent on n or p. Therefore,

{11 %5m) 20 ) 8 (12 o — 5

By (3.53),

12y {15 =0 py0

T
(=f

}||F +ILpop2l plE <KLy {IK - ﬁ(_f)f’(T_f)}H%

[\V]

+Ky|if@(_f)2({f)|

=op(1),

meaning V <t3 | Y(_f),71'> = op (n_2). Therefore, the third term in (3.51) is

op (n_l) when k£ = K. Putting this all together, we get

ZHLsz Ly el = K/n{a+op(1)}

6%* =
when k = K.
(b) k< K. First,
| oL Lgg - L;CNC(C°C) g
Py 2 = I3
25%* {flL}Lf (n—lcTPiC)}

When vy — oo, this term is 2 yg/n{l+op(1)}. When v = O(1) and

5*_27[( > 1+ € for some € > 0, then this term is

K

>0t Y 8 {1 op(D)} 2 (K —k+e¢) /n{l+op(1)}.
r=k+1
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Next,

n 2
-1 L z 1/2 (s—2 —1 12 -
! ; (1 —h > HiTA(*i)V(*f) <5f* Py EJTfEf> V( 5 AinHi 2 0.

(4

However, when v = O(1), ||V, — Vf||2 =0Op (nil) for any k& < K by the proof

of Theorem 3.7. Therefore, the analysis when k& was equal to K shows that

n 2
—1 1 | 1/2 (-2 —1 1/2 -
! 2(1_;3) HI AV <5f* Py EfEf>V( A AcoHi

> k/n{l+op(1)}

when v = O(1) and k£ < K. It therefore remains to bound the third term in
(3.51) when k < K. To do so, we perform a similar analysis as when k was

assumed to be K. We can write the third term in (3.51) as

ty =07 n" WZVTN es, ~ LU per, |
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¢ > 0 is a constant not dependent on n or p. Therefore,

v <t3 | Y(,f),w> <0 (n_Qp_1> M2|L|% =0 (n_2p_17K> M2 (3.54)

A

When v = o(n), M = Op(1), meaning

1/2 1 — 2
Y2015V — op (g /).

When vg < n,

1/2 =
22N = op (v /n)

(z)n_l/2p_l/2]\7 =op(1)
~1/2 AN
“=n {Iéﬁ;{(l h2> } <c

for some constant ¢ > 0 not dependent on n or p, which is true by assumption.

~1
Since max;ciy] (1 — Dy ) = a+ op(l) when v = o(n), this proves that

52 1 fZHLfcz Lf( CZH%
F"P =

2 K /n{l+op(1)} if v — 00

> (K +e)/n{l+op(1)} ifvg =0(1),8; 2y >1+e

for some constant € > 0 when k < K.

(c) k> K. First,

C ,
5?’* npyf i=1 H (1 —fll> B

191



Next, the second term of (3.51) is such that

n 2
1 1 2 - —1/2 2 1 1/2 2
" Z<1 ) HEA )V (07207 BT By ) VO A By

T —1/2 2 —1 1/2
)H AoV (kv BB VY,

By Theorem 3.7, ||V(_f) = Vi_psllz = Op (n™1) whenever k > K, meaning
we can apply the same techniques we used to derive the conditional mean and

variance of this term when k£ was assumed equal to K to show that

(-

| Y ppmp = k/n{l+0p(1)},

A Hi

T 1/2 (=2 1 4T 1/2
)H AoV (07207 BFES) V)

and

1 ST 1/2 —1 4T / g
(1_;%) HE AV (0720 BBy ) VG A Hi

It remains to understand the third term in (3.51) when £ > K. To do so, we need

to find an expression for A;. When k£ > K,

C C’f)(_f) + n1/2Q@£(_f) R(—f) e R™F, (3.55)

where R(_f) e R (k—K)  The asymptotic properties of 'ﬁ(_f) and 2(_f) when

k > K are the same as those when k = K because |]V(_f) Vi pull2=0p (n=1)
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whenever k£ > K by Theorem 3.7. Since the columns of C are orthogonal,

0 =9 C R gy +n' 5L QER ),
meaning
n"'C"R_; =Op {n1/2 (vip) Y2 + (WK)A} :
Let #; € RF" be the i*" row of R(_ ). Then

Ai=L{1x o pol_p pei—n'lPLo pal pai— L{n'C"R(_p} 7

Using (3.53) and the fact that
e _ ~1/2 _
IL {n 1CTR(_JI)}H2 —0p <n1/2p 1/2 o W2, 1) , (3.57)

we can use the analysis when k£ = K to show that

Therefore,

sdy, = Op (n_1/2p_1 + n_2p_1/2*y[_(1/2> M
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~ A\ —2
where M = MaX; e p] {(1 — hz) } First,

— —-1/2 2 _
2, 1/271(/ M= op <n 1)
enlp1/2,y _1/2]\? =op(1)

en 2=l 1/4M1/2 op(1).
The last equality follows by assumptions on M2, Next,

n—1/2p—1]\2 — op (n—1>

<:m1/11]9f1/2]\21/2 — op <n*1>

where the last equality follows by the assumptions on M2, Therefore, sd;. =
op (n_l).
Putting (a), (b) and (c) together, we have shown that when vy — oo,

.

Zyk/n{l+op(l)} k<K

52 ZHLsz Lipéils S = K/n{atopl)} ifk=K
f*

\Z k/n{l+op(1)} ifk>K

and when v = O(1) and v > 1+ ¢,

> (K+¢€¢)/n{l+op(l)} ifk<K
52 ZIILch Ly peils S = K/n{a+op(1)) ith=K
f*

> k/n{l+op(1)} ith> K

for some constant € > 0.
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(2) The second term of (3.50) is

Pf
etV (v BBy )} = o5yt eV e

where
Tyr—1
V{egV(_f)eg | Y(_f),ﬂ'} < nc
for some constant ¢ > 0 not dependent on n or p. Therefore, for k € {0,1,..., Kmax},
-2, -1 Cr—1 —1 T —1/2,_—-1/2 -1
e (U (7 B8} 1¥pm] 0 (11 <o o).

We now need only calculate the conditional expectation for different values of k. First,

B |t e { V) (v BB 1Y pom] = eV Vi

: Cr—1 _ Cr—1 _ -1 r—1
Since log|V(_f)Vf*| = log|V(_f)| + log| Vi, | = 0, n tr{V(_f)Vf*} > 1 for all

ke {0,1,..., Kmax}, with equality if and only if V<_f) = Vi, by Jensen’s Inequality.

Therefore, we only need to show that

& ot Vi (0 BT B ) F 1Y gy =1 op (n71)

when k£ = K. By Taylor’'s Theorem we have

n~ {V(:;)Vf*} =1—n"ltr {Vf_*l (V(_f) - Vf*> Vftlef*}
+Op { (n? +p1/2)2} =1 { Vi (Vg - Vi) }

+op (n_1> .
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Therefore,

L eV Vi =1V (Vi = Vi) fop (o)

< eV o () <1 50n (1),

which implies

n~ltr {V(:;)Vf*} =1+op (n_1> :
Therefore,

. Zl—i—Op(n_l) itk#K
-2, —1 -1 —1 T

5520 tr{V(_f) (pf EfEf)} .
=1+4op(nl) ifk=K

(3) The third term of equation (3.50), up to a scalar constant, is

n
2 1 1 _ A —1/2
Opem Py Zl (Lfci—Lf,H)CZ) EVicp e

3 (1) e
=1

()

—

n
2 1 -1 s\~ 1/2 or 12,
+ 072 py §_1j (1—hi> HT AV BBV e, (3.59)

-~

(b)

where A; was defined in (3.52). We derive the asymptotic properties of (a) and (b)
for each k € {0,1,..., Kpax} below.

(a) The conditional expectation of this term is 0. We derive its its conditional variance

by partitioning k£ € {0,1,..., Kmax} into k < K and k > K.
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(i) k < K. We can re-write (a) from (3.59) as

by
w2 V2N LEF pey — BG(_pey, |
g=1

_ aN—1) .
Fiop=C"diag { (1-4) } Vel

_ N . A -1 ~ _1/2
G(_j = C"H diag { (1 _ hi> } v

Using an identical method used to show (3.54), we can show that

pf
SD [”3/ S G E pes, ~ GG pes | 1 Yip ’T]
g=1
=Op <n_1p_1/27}</2> M,

where M), = max;c/,) <1 - Zl) . When k = K, we have that M, = Op(1)
,]_>.

1/27}(/2 =0 (n

and n~1p~ When k£ < K,
-1 — 1/2
np 1/27;(/ My, = op (vk/n)

<:p_1/2Mk = Op(l).

The last equality follows by assumption on M}, and proves that (a) from
(3.59) is op (n_l) when k < K.

(ii) k> K. We perform the same analysis as we did in part (i) above, except
with A; defined in (3.56), where the asymptotic properties of each term in
(3.56) are given in (3.53) and (3.57). We can re-write (a) from (3.59) as

Py
n T 2N {1 = a g0l gy~ Eyo A pd
g=1

G5 {0 CTRp p T g ey,
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where

_ . 2~ —1 N _1/2
Fop=C" diag { (1-4) } Vies)
. —1/2

. ~ N —1
i) = n'*Q¢ diag { (1) } Vien

A aN—1)
To(-p) = B(_y) ding { (1-) } Vi

and where R(_ ) was defined in (3.55). We can then use the same techniques

that we used to show (3.58) to show that

D {n_3/2p_1/22n: (1 - fﬁzz>7 ATEfV( 1/20,2 | Y ,71'}
1=1

—0p (n*1/2p*1 n nfzpf1/27;{1/2> My = op (nq)

where the last equality follows by the assumptions on M.

Items (i) and (ii) show that

" N if k< K
3/2,71/2 3 (1 - Bi) ATEfV(—;/)z&Z _ Jorl/n) i
= op (n_l) if k> K.

(b) We first derive the conditional expectation of this term.

n
9 1 1 N 1/2 1/2
E{éf*n r ;<1—hi) HI AV BBV Pai | Yy,
1=

n
- I = ~1/2, o—1/2
e HZ-TA(_Z-)V(_/) Vf*V(_f/) a;
e d vy 2 gn ! A H;aT
(=f) "IN (=) a3 (—i)* 1%
1=
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where

Using the Cauchy-Schwartz inequality and the proof of Theorem 3.7 (see equation
(3.49)), we get that

1 12, o-1/2n 1 =
In™" tr {V(_f) ViVij ; - Z‘A(_i)HiaiT}|
B Y n ) 1/2
< <n1tr {{I— XQ_}/)QVf*V(_%Q} D (anZI Z'A(—i) ia; | %)
i=1 1=

Op {aen ™2+ (mp) 2} 0 ik < K

Op {n_?’/Q—l—(np)_l/?}M;/? ith>K

A

2\ —1
where M}, = max <1 — hi) . The subscript k is to indicate that M}, is a function

i€[n]

of k €{0,1,..., Kmax}. By assumption,

Op(1) if k=K ork< K and v = o(n)

@) [min {n1/2, 1ng<g;n) H otherwise.

M =

Therefore, when k > K,

M;/Z (n—3/2 n n—1/2p—1/2> —op (n_1>
@Mém <n71/2 n n1/2p*1/2> —op (1)

<M, (n_l + np_1> = Op(l),
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where the last equality holds by our assumption on M}. When k < K,

1/2 — — —
Mk/ (W(ﬂ 32 4 2 1/2> =op (YK /n)
@M;/z (n—1/2 Jr7[}1711/2}7—1/2) — op(1)
where the last equality holds by our assumption on M. This proves that
& N |
—2 1 -1 > AT 1/2 1/2
E{éf*n Pty (1 _ hz> HI AV BBV ey | Y ,w}
i=1
op(vg/n) ifk< K
op (n_l) if k> K.
To then calculate the conditional variance, we see that we can-rewrite (b) from
(3.59), up to a scalar constant, as
by

1/2 1/
Z f)V(ff) €fy

From the analysis above, tr {D(_f)} =0 and

< kM.
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Therefore, for any g € [p],

1/2 B P 2
DV e, | Y ppm}=2u{D A} p D A7 5,

1/2
ViViih

1/2
vi{eL Vi)

p) o 1/2
ALpe=V)

Let UgX4U, g be the eigen decomposition of A(_ f) where Uy is a unitary matrix

g’

and X, is a diagonal matrix with positive elements that are bounded above by a
constant (by assumptions on V; and ‘A/'(ff)). Let ];V)(ff) = UgD(ff)Ug. Then

for some constant ¢ > 0,

Therefore, for some constant ¢’ > 0 not dependent on n or p,

—12 —1/2 -1 — 1/2
SD {n pf1§ jef f/) D(_f)V(_/ef Y, ﬂ} < dnlp 120l
-1
:Op(n )

The last equality follows because M}, = Op(1) when k = K and is o (p) otherwise

by assumption. This shows that

n
2 1 -1 s NTL oy 1/2 ey
spenopt S0 (1= h)  HTAC VBTV a
1=

op(vi/n) itk <K

op (nfl) itk >K
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Putting (1), (2) and (3) together, we get that when v — oo,

(

>k {l+op(l)} ifk<K

n{g(k) =1} (=K {a+op(1)} ifk=K-

>k{l+op(1)} ifk>K
\

When v = O(1) and 65 2y > 1 + € for some constant € > 0,

> (K+6){l+op(1)} ifk<K

n{g(k) =1} ¢ =K {a+op(1)} if k=K -
>k{l1+op(1)} ifk>K
\
Lastly,
e/K
Kao<K+esca<l+te/Keop< T+ /K <= ¢ < €e/(2K)
which completes the proof. n

Lemma 3.2 and Theorem 3.9

In this section we prove Lemma 3.2 and Theorem 3.9 which justify performing inference on
B using the estimated design matrix C when K is known. We first prove a technical lemma

that will be useful in both proofs.

Lemma 3.8. Let A € R"™ "™ be a positive definite matriz with smallest eigenvalue 1 and
largest eigenvalue A\, and suppose Assumptions 3.7, 3.8 and 3.9 hold. For any C, let R? =
n_ICJT_W*_lCL. Then for

M= (X"AX) ' XTACR!,
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| M||o is identifiable with || M||o < ¢+ '\, where ¢, > 0 are not dependent on n or p.

Proof. The identifiability of || M||s follows by the proof of Proposition 3.3. Note that we can

write
C=XS+V.Qxw,C,
where S is defined in Assumption 3.9. Therefore,
M=SR+ (n_lXTAX>_1 nUEXTAV.QWL 2 (2w e B

where || SR~ is bounded from above by Assumption 3.9. This proves the result. [

First, 3 is identifiable regardless of the parametrization of L and C by Proposition
3.3. Second, restricted maximum likelihood and generalized least squares estimates for Vj
(9 =1,...,p) and B only depend on X and the column space of C. Therefore, we can
assume without loss of generality that n_lCEVAV_IC | = Ix and np~'LTL is diagonal
with decreasing elements in the proof of Theorem 3.9. In the statement of Lemma 3.2, we
assume n_lCZ'JT_W*_lc | = Ig. However, by Remark 3.20, the results of Theorem 3.7 and

Lemma 3.8,
12— Q <nlc}W1q)_1/2 Ul =0p (nfl)

where here U = I + Op (n_l). Therefore, we assume without loss of generality that
n_l(Z'JT_VV_lC | = I and np 1LTL is diagonal with decreasing elements in the proofs of

Lemma 3.2 and Theorem 3.9.

Proof of Lemma 3.2. Let m = n—d. Once we have estimated C | , 53 and Vi from Algorithm

203



3.2, we define

E - V120 e K

éJ_ = Q;Zé S RmXK.

From our discussion above, it suffices to assume that m_léIé | = Iy and mp 'LTL =
diag (A1, ..., Air) where A, Mg < v and (A — A1) /A1 > e L + op(1) where ¢ is
defined in Assumption 3.7. Therefore, all conditions of Theorem 3.10 and Lemma 3.6 are

satisfied and (3.38) holds with € = 1/n. This means that for L defined as
A A A A A A -1
L=Y,W1C, (wa—lq)

and fi, defined in the proof of Theorem 3.10 (see (3.36) and (3.37)),

m (ygp) ' LTL — m7§132 (éfw_lél) = diag (i1, ..., fig) — 7;_(15211(

—m (1) " L'L + Op {n (k) ' + (oyp)

—=m (kp) ' L"L+op (n71/?)

+ ()~}

Therefore, to prove Lemma 3.2, we only need to show that

Im (vicp) " L7Y3 = {m (vgep) P LTLQT o = op (n71/?) (3.60)
We first note that

¢, -qQLe - (Qivax) " (V12ax) Ve - Wi,
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Algorithm 3.2 will return
C,=Cv+ VImQe £,

an estimate of C |, where ¥ and 2 are defined in (3.36) and (3.37) with asymptotic properties

given in (3.38). Next, since Qs = Vl/QQXW_l/Q,

i_ YQXW_léL <(A7JT_VAV_1C'L> _ YQXW_l/QéL (éJT_(::’L>_1

—m 'LETC, 4 m ' EV2Q.C) = Lo+ m BV 12Q . C) (3.61)
and

. . N1
m(vgp) L LYY =m (ygp) PLTYVTIX <XTX)

=m (ygp)” L"B+m (ygp) ' L'LQY

(1) (2)
+m(ygp) 'LTEVTIX (X'TX>_1 :

(. J
g

(3)

We will go through each of these terms to prove (3.60).
(1)
-1jTg — 1T T -1&Totyv-12ET
m (Ykp) B=m(kp) v L B+ (kp)  CiQ% B.

By the assumptions on 3 and L, the first term is op (nil/ 2). For the second term, it

suffices to assume d = 1. Then

p
Var <p_1/2ET,8> —p ! Z 6§V9
g=1
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Therefore,
Ellp~'/2E" 8|3 = nsi
p
where s; = p~ ! oI (ﬂg =+ O). By Assumption 3.9,
g=1

/2 { (3012712 (masy M2} 4 ()2 = {2 (WKp)_l}l/Q .

Therefore, the second term is op <n_1/2).

(2)
m (vep) VL = 9 m (ygp) " LU+ (yemp) V2 €1QLVT2ETL.
By (3.38d), the first term is such that
[6"m (1cp) " LTL = m (yicp) ' L' Lllg = op (n71/2).
For the second term,

(vmp) V2CTQLVTAETL = (ygmp) 29" CTQLVE"L

+  FQRQLV? (kp) PE'L

-~

Op {1 221cp) /2 a1} O {2 o) ™72
= (remp) 207CT (Q4VQx)  QYE"L+op (n?)
— () 29" (m1201) T (Q%ViQx) T QR ETL 4 op (n71/2)
—op (n71/2> _
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(3) Lastly,

—1 ~ O |
= m (yp) LOLTEV X (XTX>

m(yp) LLTEVTIX (XTX>
+gn) T ETQLV B BV X (X7X)

= (yp) V2LTEV {ml/QX (XTX> 1}
+ytotCt (QXVQX) ! Q%p 'E'EV-IX (Xch)_l

N - - -\ —1
K FTQL QLY V12" 1T Ry —1/2 {m1/2X (XTX) }
First,

(viep) VPLTEV! {ml/QX (XTX)_l}

= (VKP)_1/2 L"EV ! ml/2x (XTX)_l} +op (n_l/Q) =op (n_1/2) .

Next,

1ttt (Qkvax) 1Q§%ETEV Sx (X))

T CTW QL BB X (X7X) 4 0p () )

Let A € R™%E he a matrix whose columns form an orthonormal basis for the column

space of C'| , which is not dependent on V', and define the non-random matrices

f=QxW, A eRE

~1/2

u=X (XTX) /" e R,

both of which have bounded 2-norm and f*u = 0. Since K, d are fixed, it suffices to
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assume that K = d = 1. We first see that
D
]E (prflETE‘/*fl,LL) — fT pfl Z % ‘/:kflu — fT‘/*‘/*flu — 0
g=1
and
p
\ <pr_1ETEV*_1u) =p %) Var (ég1642) <p !
g=1
where ég1 = fTeg ~ N (0, fTV,f) and é,9 = u'V, le, ~ N <O,uTV>,<_1V;]V;_1u).
Therefore,
~ -1 R N —1
Iy o CT <Q§(VQx> QLY ETEVTIX (XTX> lo

—0p {7[—{1]9—1/2 " (Wn)q} —op (n_1/2) _

Finally,

9 S e |
7 FQE QLA ETBY T2 im! X (X7 X) }

- - NS |
—1/2 ~1/2

:VI_(I’QTQTCJ_Q;Z‘/* (p_lETE . Vv*) V. {m1/2X' (XTX>1}

+op {(”7}()_1}
where

1~ —-1/2 / _ —1/2 |
et Qv (e v v ok (x1%)

=0p (nyf_{?’/zp_l) =op <n_l/2> :
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This proves (3.60) and completes the proof.

b

Proof of Theorem 5.9. Fix a g € [p] and define V' (0) = > [6]; B; for 6 € R® and W, =
j=1

Q% VyQx. We will first show (3.26). Define

Ing (8) =n log|V ()] —nle,V (0) ey

Fng (8) =0 loglV (0)] — L ux [V (0) 1V (wy) }

Then the function Gy, (8) = ln,g (0)— fn,g (8) is stochastically equicontinuous on the compact

space Oy. Since |Gy, (0)] = op(1) for all 6 € O,

sup |ln,g (0) — fn,g (0)] = op(1).
60,

Next, — [Vg/n,g (vg)]

—V% Inyg (vg) has eigenvalues that are uniformly bounded above € by Assumption 3.7, where

i =t {BV (v) ' BV (vy) !} forall i,j € [1], meaning
€ > 0 is a constant not dependent on n or p. And by Lemma 3.3, fy 4 (0) has a unique
maximum at @ = vg. The restricted maximum likelihood problem we are interested in

solving is

arg max lAn,g ()
0c0o,

g (6) = —n~'log|QF, W (0) Q¢

—1
-1,,T T W T
-n Z'JgQQCvl {Qél (6) Q@L} C*Lyg?

(3.62)

We use the same technique used in the proof of Lemma 3.6 to show that

sup [ln,g (8) — g (0)] = Op {n'/2 (ygep) /% 4+ 012}, (3.63)
6cO,
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which can also be used to show that
|Vln,g - vZn,gL |V2ln,g - v2lAn,g| =0Op {n1/2 ('YKP)_lm + n_1/2} .
First, from (3.38) we get that

QL Cule=0{IQE, (€L Cu)lbf =0 (lcL - Culk)

=0Op {n1/2 (veep) 2+ n_l}
where C'| = n_1/2VAV_1/2CL and éL = n_1/2VAV_1/2(A7L Define
n=n"2(yxp) 2407t
Then

-1
nyg,Qe {QE W ©)Q b QL va,

—1
_ 1T ~T . T . T
- EgCLQOL{QéLW(O)QCL} QL City

op(n)
+n g CTQ, {QT W (6)Q, }_1QT e
R g—L CyL CJ_ Cy CJ_ 92

-

Op(n)

-1 T
+ [TLIEECIQ@ (@t woQ } QT@L%}

-1
- = -1
+Z”L lengéL {QgLW(H) chl} C.?Téleg2 =n"tegV(0) ' eg+O0p(n).

ﬂ,_16;V(9)_169+0P(n_1)

And since

sup [n”~ ! log|Q7, W (0) Qp,

~n"MoglV (0)[ = Op (n71),
0c0o.
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(3.63) follows. Therefore,

sup |Zn,g (0) — In.g (0)] = op(1),
0cO.

meaning 9y, the solution to (3.62), satisfies |64 —vgll2 = op(1). Define T'y € R*"9, ry < b,
to be a matrix whose columns form an orthonormal basis for the null space of A4, where A4
has b columns and forms the set of equality constraints at the optimum v4. If there are no
equality constraints satisfied at the optimum, f‘g = I;. Note that if x is a row of A7 defined
in Section 3.2 and x"vy > 0, then, T¥, > 0 with probability tending to 1. Therefore, vy
will lie in the column space of f‘g with probability tending to 1. For v4 = Avg + (1 — A) 94

for some A € [0, 1], we then have

0= ngZn,g (0g) = fgwAn,g (vg) + f‘gv%ug (g) (vg —vg)

=T Ving (vg) + Ty Vg (v5) Ty (ég - 99) +Op (n)
This proves that
IVy = Vgllz = Op {n'2 () /2 4712},

and therefore (3.26), since ||Vl g (vg)]l2 = Op (n_1/2> and the eigenvalues of V21, 4 (vg)
are bounded above 0 (and below oco) with probability tending to 1. We can then express

Vg’1 and Wg as

b
1V, = (Ve Y BVl = op (5712) (3642
j=1
b ~
||"Vg_1 - Wg_l + Z 6sw'va_lBivvg_l l2 =op (n_1/2> (3.640)
j=1
€9.j = Vg,j = Ugj> (3.64¢c)
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which we will use to prove (3.27).

Define D = {X CA'} . The generalized least squares estimate for 3y is

~ PN ~N\N—1 . N —1 ~ A A
b= | (D71 D) DT | = (X)X - 0

~

A oA A -1
= By + by — Qb+ (XTVIX) XV ey (3.65)

where here

N A A A -1 .
b= (CTw,'cL)  CTw,'Qky,
-1
o T Tyr—1 TyYr—1A
Q- (X" 'x) X'y lc
N -1 N
Q, - (X", 'x)  x"v e

Since Bg only depends on the column space of C and By is identifiable regardless of the

parametrization of C'| it suffices to assume

(n— d)_léiw_lél = Ix, np 'LTL is diagonal with non-increasing elements

(n—d)lctwle, =1k, (n—d)p 'L'L = diag (A, ..., \g)

and that the diagonal elements of CIC’ | are positive, where A1,..., A\ are defined in
Lemma 3.4. Corollary 3.1, Lemma 3.4 and Remark 3.20 shows that this uniquely identifies
L and C. We discussed the behavior of this random identification criterion in Remark 3.20.

To prove the theorem, we will prove two relations in lemmas 3.9 and 3.10:

A N -1 ~
nl/? {Qg (& — &) + (x"V; ' x) XTVg_leg} — F+op(1) (3.66)

n'/?||€g — Q|2 = 0p(1) (3.67)
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where

F~N {o, <n‘1XTVg_1X>_1 +Q, ( “leTwy 1CL)_1 Qg} (3.68)

Q, = (XTqulx)_l x'v, e

Lemma 3.9. Under the assumptions of Theorem 3.9, relation (3.66) holds.

Proof. First, note that because ||V, — Vg||2 = op(1), |y — Qg2 = op(1), meaning it
suffices to prove the lemma by replacing Qg with €24 in (3.68). To prove the Lemma we need

to understand how ég behaves. First,
iy=(CTwle,) Ty
g — 1¥yg il 1 QXyg
= (cTwy 1@)_ CTw, 1CL£g+(CLW 1@)_ CTW, 'QYe,
—t, + (CTWy 1CL>_ CTW, ' Qkey +op (n71/?).

The last equality follows from Corollary 3.2 and because

-1
-1
(nletwyicy) = (niCtwy 1CL+Zegjn 'etw, ' B;w, ¢,

vop (n17) = (e L) +iew{(1qw e,)
=1
< (wtetwytBwy ) (wietw e o (001

= (nlctwley) +Zegj{( “letwley)
< (wtetwy Bwy o) (v iotw ) o (01

( “leTwy 1CL>_1+0P (n—1/2),

-1

where we can substitute n’lC}'IVAVg’lC | for CAJ'JT_WgAC’ | in the above analysis as well by
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Corollary 3.2. Next, Q}(eg is independent of X TVg_leg by Craig’s Theorem and
n_lXT‘A/g_ eg=n -1xTy 69+Z €g,jM n X7V, 1B Vy eg+0p (n_1/2>
= n_lXTVg_leg +op (n_1/2) .
Therefore, the proof will be complete if we can show
In"'CTW, 1Q)(eg —-n~'CT gﬁng(egHZ =op <n71/2> :

since a simple application of Slutsky’s Theorem would give us the result. To show this, we

first note that

Hn_lé’IWg_lQ%eg — n_lcfwg_lQ}egHg
< 1C 1Q - 1C —1QT
" C1W, " Qxeg—n "CI Wy Qxegll2

+Z eg.jlln ' CTW, ' B;W, Q% ey —n ' CTW, ' B;W, 1QXeg||2+0P< 1/2>-
7=0

We will first prove
|‘n_1éIWg_lQ}r(eg - n_ICIWg_lQE(eQHQ =op (n_1/2> (3'69)
and then an identical analysis can be used to show

I CTW, BW, @k ey — n T CTW,  BW,  Qeglla = op (n71/2).
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To prove (3.69), we first define

C, =m—d W1,

QL =Q¢,.

Then using (3.36), (3.37) and (3.38) in the proof of Theorem 3.10, we have that

~

C| =n—-dPWV2C| = (n— )V2PWY2C o+ (n— )V2WY2Q 2. (3.70)
We first see that

n~t(n— d)l/QﬁTC_'IﬁﬂﬂWg_ng(eg =nl(n— d)l/QC_’IW1/2W9_1Q§(eg +op (n_1/2>

= n_ICJT_Wg_ngfeg +op <n_1/2> :
To then show (3.69) and complete the proof, we need only show that
|2 QTW! 2w, Qegllz = op (1),
z is such that
12— () 2 QTW2ET {(P’YK)fl/Q EW12C, + I_’}HQ =op (n_1/2>
where E = EQy. Therefore,

— N o o _ - R 71 . 1
SQIWAW, Qe = (i) P LUEQe, (QL,WQc,) Qb WW, e,

(0
N o~ N -1 A
tat =) EtW (07 ETE) Qe (QE, WQc,) @, WW, e +op(1).

g

(2)
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We now go through each one of these terms.

(1) Since this is a continuously differentiable function of W and |[W —W*||y = Op (nil),

o~ A -1 N
H(w)‘l/ *L'EQc, (@4, WQc,) Qb WW, e,

o~ -1
~ () VP LTEQe, (QF, W'Qc,) QL WIW, e

2
—0p {2 (py) 2} = 0p(1).

Define the non-random matrix
-1
Mg — QCJ_ (QgJ_W*QCJ_> Qg‘LW*Wg 1 c R(?’L d)x(n d)

and the random vector wg = Mgéy ~ N (O, MgWgMg). Then

(pvk) P LT Bwy = () Y ewg + (o) 2 gy
h# ~ g
’ 0p{n32(ip) " }=op(1)

with

E{ (i) 2y Ghefwy ¢ =EL (k)Y Grefwy | wg p =0
h#g h#g

M (P’YK)_I/Q Z Zhézwg | wy o = (p’YK)_l Z N4 (Zhégwg | wg)
h#g h#g
1 _
::ngij(ugww%u@)ﬁhég
h#g

1 2F T T
= c(pyg)” " |wgll5LTL
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where ¢ bounds the eigenvalues of W}, (h =1,...,p) from above. Therefore,

V< (k) /Zﬁhehwg = {n(va)_l}ZO(U
h#g

This shows that ||1.)||2 = op(1).

For this, we use the same technique to replace W with W*, which only differs from
2.) by Op (n_1/2> = op(1) in 2-norm. Next, we define non-random the matrix
A € RO=D*EK ¢4 he a matrix whose columns form an orthonormal basis for the

column space of C| . For wy defined above, note that Ang = 0. Therefore,

2.) = vKlATW* 1 ( _1ETE> Wy :7[_(1ATW*_1 (p_1E~EgE~_g) wy

1 I
+ (vxp) T ATegé wy

Op{n(yp) " }=op(1)

where E_g is the E with the gth row removed. Note that

IEZ{ATW*_1 ( _1ET E_ >wg | wg} _1ATW*_1Wgwg

~p~ Nk (0, ATW W MW MWW A

Since K is fixed and finite, it suffices to assume K = 1. If we let u = W* 1A €

R(=d)*K (which has bounded 2-norm), then

\Y {ATW*_1 (p_lENIgE_g> wy | wg} —p 2 Z V{u'epe;wy | wy}
h#g
=720 (pllwgl3) = O (" lwgl3)

This shows that ||2.)||2 = op(1), and completes the proof.
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Lemma 3.10. Under the assumptions Theorem 3.9, relation (3.67) holds.

Proof. From the expression for C and C in item (¢) of Algorithm 3.1 and equation (3.12),

we can write Qg and Qg as

- 1 N N -1 ~ A -
Q= (X" Ix) X"olc=e+ (X X) XV lvexwolo,

-1 -1
A -1 1A o1 1y -
Q= (X" IX) XTWole =04 (X X) XY lvexwole

By Lemma 3.2, || — Q|2 = op (n_l/Z). Therefore, to prove the current lemma, we need

only show that
Hn_lXTVg_l‘A/QXW_lCL - n_lXT‘A/g_l‘A/QXW_l(AZ'lHQ =op (n_1/2> :
Just as we did in the proof of Lemma 3.9, we use (3.64) to expand the above equation:

In IXTV, lvexwlc, —n XV lVQx W ) <
In ' XTVlVQxWIC, — o XTVIIVQx WG )
b
+3 e iln ' XTVBi VIl VW, — o I XTI B VIV WTIC )
j=1

+op (n_1/2>
where again we will first show
I XV W QxWIC, —n XV W QxWIC L ||y = op (nfl/‘ﬁ‘) . (371)
An identical argument can then be applied to show that

In XV, 1BV, lvQxwlc, - n X"V, 1BV, lVxWIC |

=op (n_1/2> )
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First, by the expression for C | in (3.70),

n_lXTVg_l‘A/QXVAV_lCAZ'J_ =n"1(n— d)l/2 XT‘/'g_1VQXW_1/QC'J_ﬁ

+n t(n— d)1/2 XTVg_l‘A/QXW—l/QQLg
To show (3.71),
||n—1XTVg—1f/QXI/i/—lc'L —pn1 (n— d)1/2 XT‘@_vaXW_l/QCl@Hz —op (n—1/2)
by (3.70) and because [0 — I |2 = op (n_1/2>. Therefore, we need only show that
[u"VQxW2Q, 2 = op (n71/?)

where u = nil/QnglX e R"*? has bounded 2-norm. By the expression for 2 in (3.37),

N « ~ “ -1 [
W'VQxW Q2 = (vep) M2 u'VQxQe, (QE,WQc,) Q6 E'L
N - -1 o~ ~
- d) PV QxQe, (Q%LWQCL) QL <p—1 ET E) Wwolco,
+op (nil/Q)

where E = EQx. Since |V — V*||o,|[W — W*||s = Op (n_l), we can use identical

techniques used in the proof of Lemma 3.9 to show that

[u™VQxW2Q 2]y = Op {n_l + (VKP)_W} =op (n_1/2>

which completes the proof. O]
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Going back to the expression for ,[;'g in (3.65), Lemmas 3.9 and 3.10 show that

nl/2 (B - By) =n'?9 (£, — &) +n'/? (2 - Q) &y

+nl/? (XTVg_lX)_l XT%_leg =F +op(1)
where F' was defined in (3.68). To complete the proof, Corollary 3.2 shows that
In~tctw, e, — CTw,1C | s = op(1).
Next
(XTVg_1X>_1 xX",lc=-a+ (XTVg_1X>_1 X"V, lvQxwlcy,
where Theorem 3.10 and Lemma 3.2 show that
[ (XTVg—lx)_1 X", lc - (XTVg_lX>_1 X"V, Cll2 = 0p(1).

The result then follows from the fact that ||V — Vg||2 =op(1).

3.14 Completing the proofs of Theorems 3.4, 3.5 and 3.6

Proof of Theorem 3.4. All rates given in the proof of Theorem 3.7 only depend on C' through
the constants ¢y, €1,c9 and 71, ...,vg defined in Assumptions 3.7 and 3.8. That is, (3.22)
of Theorem 3.7 can be expressed as follows: Let T' =T (C, el,..., ep) be a statistic and

define the event

E = {C is such that the assumptions needed to prove Theorem 3.7 hold} .
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Then for all n > 0, there exists a constant M, large enough such that for all C € F,
P(|T| > My | C) <.

To prove the theorem, note that by Assumptions 3.4 and 3.5, P(F) — 1 as n — oo.

Therefore, as n — oo,
P(|T| > My) <E{I(E)P(|T| > My|C)}+P(E) <n+o(l)

where F°¢ is the complement of F. H

Proof of Theorem 3.5. Define the statistic T}, = n{g(k) — 1} for k = 0,1,..., Kjnax, where
g(k) is defined in (3.50) of the proof of Theorem 3.8. Just as we did in the proof of Theorem

3.4, define the event
E = {C is such that the assumptions needed to prove Theorem 3.8 hold} .

The proof of Theorem 3.8 shows that for all £ > 0, there exists an N large enough so that

IP’( arg min Tk%K|C><§

ke{0,1,...,Kmax }

for all C € E and n > N. By Lemma 3.1, Remark 3.17 and since P(F) — 1 as n — oo, the

result follows. 0

Proof of Theorem 3.6. Let
E = {C is such that the assumptions needed to prove Theorem 3.9 hold} .

Fix a g € [p], let Zg = Mn—1/2 (Bg — ﬁg> and assume C € E. The proof of Theorem

3.9 shows that there exists a measurable function ng = Zn’g (C’,el, ce ep) e R? with
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Z~n7g | C ~ N (0, 1;) such that for all £, e > 0, there exists an M > 0 such that
P (125~ Zuglz = €| C), P(IM;My "~ Iylly > €| C) < ¢

for all n > M, where Mg, M are defined in the statement of Theorem 3.6. Since P(E) — 1
as n — oo, we simply define Z, , = I (C € E)Zy, 4+ I (C € E°) Sy 4 for an arbitrary

random variable S’n,g ~ N (0, I;) that is independent on C. We then see that
P (12~ Znglls = ) =E{1(C € EYP(I1Zg— Zugll = €| C) } +o0(1) < ¢

for all n large enough. The result then follows. O
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CHAPTER 4
LONGITUDINAL STUDIES REVEAL STRONG GENETIC
AND WEAK NON-GENETIC COMPONENTS OF
ETHNICITY-DEPENDENT BLOOD DNA METHYLATION
LEVELS

4.1 Introduction

Epigenetic patterning in human genomes reflects the contributions of genetic variation (Bell
et al. 2011, Smith et al. 2014) exposure histories (Chatterton et al. 2017, Goodrich et al. 2016,
Joubert et al. 2016, Kippler et al. 2013, C. et al. 2013, Rzehak et al. 2016), and biological
factors, such as age (Bocklandt et al. 2011, Horvath 2013, Horvath et al. 2014, Johnson et al.
2012, Knight et al. 2016, Levine & Crimmins 2014, Marioni et al. 2015, Parets et al. 2013,
Schroeder et al. 2011, Davey Smith et al. 2015), ethnicity (Adkins et al. 2011, Galanter et al.
2017, Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015, Rahmani et al. 2017) and
disease status (Chan et al. 2017, Ladd-Acosta et al. 2013, Nicodemus-Johnson et al. 2016,
Rutledge et al. 2017), among others. However, little work has been done to elucidate the
relative contributions or longitudinal dynamics of each on epigenetic patterning.

To directly examine the relationship between age, ethnicity, genetic variation, early life
exposures and allergic phenotypes and an epigenetic mark, we studied global DNA methyla-
tion patterns at over 750,000 CpG sites on the EPIC array in cord blood mononuclear cells
(CBMCs) collected at birth and in peripheral blood mononuclear cells (PBMCs) collected
at 7 years of age from 196 children participating in the Urban Environment and Childhood
Asthma (URECA) birth cohort study (Gern et al. 2009, O’Connor et al. 2018). This cohort
is part of the NIAID-funded Inner City Asthma Consortium and is comprised of children
primarily of Black and Hispanic self-reported ethnicity, with a mother and/or father with a

history of at least one allergic disease living in poor urban areas (see O’Connor et al. (2018)
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for details of enrollment criteria). Mothers of children in the URECA study were enrolled
during pregnancy and children were followed from birth through at least 7 years of age.
The longitudinal design of the URECA study provided us with the resolution to parti-
tion genetic from non-genetic effects on ancestry-associated DNA methylation patterns, and
yielded new insight into the factors affecting DNA methylation patterns at CpG sites in
mononuclear (immune) cells during early life in ethnically admixed children. Using a novel
statistical method that provides a general framework for analyzing longitudinal genetic and
epigenetic data, we show that race/ethnicity-dependent methylation patterns are conserved
over the first 7 years of life and that these patterns are strongly influenced, and often medi-
ated, by local genotype. Further, chronological age, but not measured exposures during pre-
or post-natal periods or disease status by age 7, was associated with methylation patterns
in these children. Considering the results of our study and those of a recently published
comprehensive review on environmental epigenetics research (Breton et al. 2017), we sug-
gest that methylation levels in blood are not as responsive to environmental exposures as

previously suggested (Galanter et al. 2017), at least during the first 7 years of life.

4.2 Statistical methods

4.2.1 Unavariate statistical models

We used a standard linear regression model to determine the variable X'’s effect on methy-

lation at age a = 0 or T:

= XA 4 o+ O o (0, (0

2

where we use o
0,9

(a)

Yy = is an n-vector containing the M-values at CpG site g at age a, where g = 1,...,p =

instead of 03 to distinguish it from the residual variance 03 in (4.3). Here,

784,484. Unless otherwise stated, the covariates Z included gender, sample collection site
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and plate number (the methylation data were collected on a total of five plates). We esti-
mated the unobserved confounders C' using the method described in Chapter 2. Our estimate
for C' was highly correlated with estimated PBMC cell proportions, which were estimated
prior to collecting methylation data in 190 of the 196 PBMC samples, and our results did
not change when we included estimated cell proportion in Z. Therefore, we chose to not
include estimated cell proportions in Z in PBMCs and were forced to leave them out when
analyzing the cord blood data, whose cell proportions were not estimated. We then com-
puted a P value to test the hypothesis 5!(;1) = 0 for each of the p = 784,484 CpG sites and
used the software qvalue (Storey et al. 2015) to compute a g-value for each site. We used
the g-values to control the false discovery rate at a nominal level.

To find CpGs whose methylation changed from birth to age seven, we modeled the

difference in methylation as

7 0 0—7
y!(i ) _ yé ) = 1n5§ =7 +Zvyg+Cly+eq, eg~ Ny (0702—771) . (4.2)

where 1,, € R™ is the vector of all 1’s and Bgo_ﬂ)

is the average change in methylation
between age seven and age 0, holding all else constant. Z included gestational age, PC1
of Figure 4.1 and sample collection site. We estimated C' using the method described in

Chapter 2.

4.2.2  Joint modeling of methylation at birth and seven

Let X € R™ be either self-reported race or inferred genetic ancestry. We used ideas from

Flutre et al. (2013) and modeled the methylation levels at each CpG g =1,...,p = 784,484
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as

T T
[ ) [x & X {0 65} + Zryg+ Cly, 021 + 2B

(4.3a)
/ 0 (MT k Ny (0>T )
(03 + 63) {Bé )Bé )} ~T(0,0)500) T D 7T((1,)0) '
k=1 )
)
+ ﬂf§1> X
=1 | N0, 7P)
2.2 TN {07 )
s=1k=1 ps 1

where Z € R2™*7 are observed nuisance covariates, B is a partition matrix that partitions
samples by individuals and ﬁs(]()) , ﬂg) are the effects of X on yéo) and yg(]?), the methylation
at birth and age seven at CpG g. 5(0 0) is the point mass at the origin in R? and the

probability weights are such that

K " K " S K o)
”@D)+'§:7QQU*‘§:7QLm'%§::Z:”aﬁ)::L
k=1 k=1 s=1 k=1

We estimated C' € R2"*/ using CBCV-CorrConf, described in Chapter 3, and subsequently
rotated the observed and estimated nuisance covariates [é Z} out of (4.3) by defining
Yg = Q[Té Z]yg, where Q[é 7] is a matrix whose columns form an orthonormal basis for
the null space of [C’ Z] We then estimated 03 and 53 with restricted maximum likeli-
hood using the eigenspace rotation paradigm described in Zhou & Stephens (2014), and
set ps € {0,1/3,2/3,1}. We let 72 € {0.052,0.12,0.15%,0.22,0.252} when X was inferred
genetic ancestry and 7',3 € {0.12, 0.152,0.2252; 0.32, 0.3752} when X was self-reported race.

We set 74 by first performing a univariate analysis and then estimating the variance of the ef-
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fect sizes for CpGs with g-values < 0.05, and 7 was such that if ﬁga) ~ Np {0, (05 + 53) 7'12},
the expected number of CpGs significant at the Bonferroni threshold 0.05/p in a univariate
analysis would be smaller than 1 for a = 0,7. Finally, we followed Stephens (2016) and
estimated the prior weights with empirical Bayes by maximizing the penalized log-likelihood

function

P 1+(2+S)K
T = argmax Zl (71' | g}gffg,ég) + Z ()\j — 1) log (Wj)
j=1

=1
11T+(2+S)K7":1 !
_ (1) (K) (1) (K) _(1,1) (ST
™ = {71'(070), 7T(170), e ,7T(1’0),7T(0’1), Ce ’W(O,l)’ 7T(171), Ce ,7T(171) }

where 7r; is the jth element of 7 and [ (71' | :1]963, 53) is the log-likelihood that simply replaces
03,53 with 63,33. We set Ay = 100 and A; = 1 for all j > 1 to encourage conservative
inference. The regularization term A; had a relatively little effect on the estimate of

because p was so large. We then estimated the posterior distribution as
N 0 7 0 7) | ~ A ~ 2
pr{ﬁé ) 857 Data} = pr{ﬂé VB | gy = 7,02 = 62,62 = 53} (g=1,....p).

4.3 Results

Our study included n = 196 children participants in the URECA cohort who had stored
cord blood mononuclear cells (CBMCs) and peripheral blood mononuclear cells (PBMCs)
collected at birth and age 7, respectively (Gern et al. 2009), and passed quality control
checks as described in Methods. The URECA children were classified by parent- or guardian-
reported race into one of the following categories: Black, ngj,e = 147; Hispanic, ngigspanic =
39; White, nywpite = 1; Mixed race nyfixeq = 7, and Other, noiper = 2. A description of the
study population is shown in Table 4.1. Genetic ancestry, assessed using principle component
analysis (PCA), revealed varying proportions of African and European ancestry along PC1.
Because there was little separation along PC2 (Figure 4.1) and no genome-wide significant
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correlation between PC2 through PC10 and methylation levels at either age, we defined PC1
as inferred genetic ancestry (IGA). The reported races (RR) of the children are also shown
in Figure 4.1. We included the self-reported Black and Hispanic children in the analyses of

reported race below.

o CEU HapMap
o CHB/JPT HapMap
[ o YRI HapMap
4 African American
4 White
Asian
4 Hispanic
Mixed Race (>1 race)

Other
T T T T
-10 0 10 20

PC1

Figure 4.1: Estimated ancestry principal components (PCs) 1 and 2. Nearly all the variation
in ancestry separates along PC1 in the URECA sample. Filled triangles represent the 196
URECA children in this study, with their self-reported race shown in different colors. Open
circles are reference control samples from HapMap; red = Utah residents from northern and
western Europe (CEU), yellow = east Asian (Chinese and Japanese); dark blue = Africans
from Nigeria (Yoruban).
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Table 4.1: Covariates for the n = 196 URECA children in our study, stratified by

self-reported race.

Black | Hispanic | White | Mixed | Other
Sample Size 147 39 1 7 2
Males (%) 71 (48%) | 25 (64%) | 0 (0%) |4 (57%) | 0 (0%)
Asthma diagnosis
at age 7 (%) 38 (26%) | 12 (31%) | 0(0%) |2 (29%) | 0 (0%)
Gestational age at
birth, in weeks 39.0 38.9 36.0 39.1 39.0
(mean [range]) [34,42] [35,41] [37,40] [38,40]
Sample Collection
Site
Baltimore (%) 64 (44%) | 1 (3%) |1 (100%) | 3 (43%) | 2 (100%)
Boston (%) 17 (12%) | 5 (13%) 0(0%) |2(29%) | 0 (0%)
New York (%) 23 (16%) | 32 (82%) | 0 (0%) |1 (14%) | 0 (0%)
St. Louis (%) 43 (29%) | 1 (3%) 0(0%) |1(14%) | 0 (0%)

4.8.1 Reported race effects on DNA methylation patterns are conserved in

magnitude and direction between birth and age 7

Previous cross-sectional studies have revealed associations between measures of ancestry
(genetic ancestry or self-reported race) and DNA methylation at birth (Adkins et al. 2011,
Mozhui et al. 2015) and later in life (Galanter et al. 2017, Heyn et al. 2013, Moen et al.
2013, Rahmani et al. 2017, Chan et al. 2017). These correlations were generally attributed
to the combined effects of genetic variation and environmental exposures (Galanter et al.
2017, Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015). However, because of the cross-
sectional nature of those studies, it is not known if the associations between ancestry and
methylation patterns present at birth persist (or change) in childhood. Moreover, because
ancestry is typically confounded with environmental exposures (Nguyen et al. 2014), it has
been proposed that ancestry effects on methylation levels may reflect the effects of exposure
histories that also vary by race or ethnicity (Galanter et al. 2017). Alternatively, ancestry

effects on DNA methylation patterns could also be due to genetic differences. In such cases,
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we would expect ancestry-associated methylation patterns to be conserved from birth to later
childhood. Using the longitudinal data from the URECA cohort, we tested this hypothesis
by addressing three questions. What is the correlation between ancestry and methylation
levels at individual CpG sites at birth and age 77 Is the direction and magnitude of the
correlation between ancestry and methylation levels conserved between birth and age 77
Are there any CpGs for which the correlation between methylation and ancestry at birth is
significantly different from the correlation between methylation and ancestry at age 77
Standard hypothesis testing can be used to answer the first question but is not appropriate
for answering the second or third because failure to reject the null hypothesis that the effects
are equal at birth and age 7 does not imply the null hypothesis is true. Additionally, because
our studies were conducted in cord blood cells at birth and peripheral blood cells at age 7,
ancestry effects at birth and age 7 may differ slightly due to differences in cell composition
(Fu et al. 2012). To circumvent these issues, we used Model (4.3) and let the data determine
both the strength of the correlation between inferred genetic ancestry (based on genotypes)
or reported race (based on questionnaires) and methylation, and how similar the correlations
are at birth and age 7. We then answered the first, second and third questions by defining

and estimating the conserved (con) and discordant (dis) sign rates for each CpG g = 1,...,p:

cong = P {6;0) > O,Bg) >0 Data} VP {ﬁg)) <0, 5;7) <0} Data}

disg = [{5" > 0,807 <o} u{g” <087 >0} u{g” > 0,87 <0}
U {Béo) < 0,55(]7) > 0} | Data} )

For a given posterior probability threshold, these quantities partition the ancestry-associated
CpGs into two groups: those whose ancestry effects were non-zero and conserved from birth
to age 7, and those whose ancestry effects were different at birth and age 7. Figures 4.2 and

4.3 provides insight into how the conserved sign rate compares with standard univariate P
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values.

Using our estimates for 7w defined in Section 4.2.2, we could then estimate the proportion
of CpGs whose self-reported race effects at birth and age 7 were completely unrelated (ps =
0,7 > 0.1), moderately similar (ps = 1/3,7 > 0.1), very similar (ps = 2/3, 7 > 0.1) or
identical (ps = 1,7 > 0.1). Note that if a non-trivial fraction of CpG sites had ancestry
effects that were in opposite directions at birth and age 7, they would be assigned to the
first bin (ps = 0,7, > 0.1). We excluded 75, = 0.1 because reported race effects with this
standard deviation were too small, on average, to differentiate from 0 in this sample size.
As seen in Figure 4.4, we estimated that 0.2% of the CpGs with non-zero reported effects at
both ages had unrelated or moderately similar reported race effects, whereas 30.7% fell in
the very similar bin and 69.1% had identical reported race effects at birth and age 7. These
data indicate that when reported race effects on methylation are present (i.e., non-zero) at
both birth and age 7, they tend to be very similar or exactly the same at both ages with
respect to both direction and magnitude.

We then estimated the conserved and discordant sign rates for all 784,484 probes and
classified a CpG as a reported race associated-CpG (RR-CpGQG) if its conserved or discordant
sign rate was above 0.80 (i.e. cong > 0.8 or disy > 0.8). At this threshold, we identified 2,162
RR-CpGs, 2,157 (99.8%) of which were conserved in sign (cong > 0.8). Black individuals
tended to have higher methylation levels at 1,288 of the 2,157 conserved RR-CpGs (60%)
(P = 8.6 x 10—38). We observed the same trend when we substituted inferred genetic
ancestry for reported race, indicating that individuals with more African ancestry tended to
have more methylation. This is in accordance with the study of Moen et al. (2013), which
used the [lumina 450K array to quantify the differences in methylation between European
and African populations. The fact that only 5 of the 2,162 RR-CpGs had discordant reported
race effects at birth and age 7 (disg > 0.8) corroborates the observations made in the previous
paragraph and answers the second question in the affirmative: if methylation is correlated

with reported race at birth, the magnitude and direction of the correlation is almost certainly
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Figure 4.4: Probability mass of where the correlation coefficient p and effect magnitude

conserved at age 7 (and vice-versa).

4.83.2  Inferred genetic ancestry is more correlated with methylation than is

self-reported race

The observed correlations between ancestry and methylation levels may reflect differences
in environmental exposures (Galanter et al. 2017, Moen et al. 2013), due to associations
between race or ethnicity with socio-cultural, nutritional, and geographic exposures, among
others (Nguyen et al. 2014). In fact, Galanter et al. (2017) showed in a cross-sectional
study that self-reported ethnicity explained a substantial portion of the variability in whole
blood DNA methylation patterns from Latino children of diverse ethnicities, even more so
than genetic ancestry. They concluded that ethnicity captures genetic, as well as the socio-
cultural and environmental differences that influence methylation levels. If this were the case
in the URECA children, the effect of inferred genetic ancestry on methylation levels should
be no larger than that of reported race. To assess this possibility, we substituted inferred

genetic ancestry for reported race in the analyses described above. This analysis revealed
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8,597 inferred genetic ancestry-associated CpGs (IGA-CpGs), 8,579 (99.8%) of which were
conserved in sign (cong > 0.80). This was significantly more than the 2,162 RR-CpGs
identified in the reported race analysis above (Figures 4.5a and 4.5b).

To explore this further, we examined the overlap between RR-CpGs and IGA-CpGs
(Figure 4.5¢). Because reported race is an estimate of inferred genetic ancestry, there is
a substantial overlap between IGA-CpGs and RR-CpGs. However, contrary to the results
from the Galanter et al. study, the RR-CpGs that we identify are nearly a subset of the
IGA-CpGs. This indicates that while IGA-CpGs include most RR-CpGs, reported race does
not capture most of the variation in methylation attributable to genetic ancestry in these

children.

4.8.8 The observed correlations between DNA methylation and reported

race are primarily genetic

To further address the question of whether reported race effects on methylation at either
birth or age 7 were primarily due to genetic variation or to environmental exposures, we used
local genetic variation (within 5kb of a CpG site) and DNA methylation data at birth and
age 7 in the 147 self-reported Black children in our study to map methylation quantititave
trait loci (meQTLs). Of the 519,622 CpGs within 5kb of a SNP, 65,068 and 70,898 had at
least one meQTL in CBMCs at birth and in PBMCs at age 7, respectively, at an FDR of
5%. In addition, 51% of all RR-CpGs with at least one SNP in the 5kb window had at least
one meQTL at birth or age 7 at an FDR of 5%, which was a significant enrichment when
compared to the 12% observed for non-RR-CpGs (Figures 4.6a and 4.6b).

To provide additional evidence that local genotype mediates the effect of reported race on
methylation, we used logistic regression to regress the genotype of each of the 269,622 SNPs
in our study set onto reported race. The goal was to determine the fraction of RR-CpGs
that were mediated through local genotype, i.e. RR-CpGs with both edges a and ¢ in Figure

3a. Since the genotype at most SNPs will be related to self-resported race, a reasonable
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PBMCs at 7 CBMCs at Birth PBMCs at 7 CBMCs at Birth

IGA-CpGs
()

Figure 4.5: Overlapping ancestry CpGs at birth and at age 7. (a): RR-CpGs with cong > 0.8
(violet) or disy > 0.8 (red or blue). A discordant RR-CpG was classified as significant at
birth but not at age 7 (blue) if the marginal posterior probability that the effect was non-zero
at birth was greater than that at age 7. Discordant RR-CpGs that were significant at age 7
but not at birth (red) were defined analogously. (b): The same as (a), but for IGA-CpGs.
(c): The overlap between RR-CpGs (cong > 0.8 or disg > 0.8) and IGA-CpGs (cong > 0.8
or disg > 0.8).

upper bound for this quantity is 51%, the fraction of RR-CpGs with at least one meQTL in
their 5kb window. To determine a lower bound, we used the results of the abovementioned
logisted regression to estimate that over 26% of all RR-CpGs with at least one SNP in their

+5kb windows had both edges a and ¢ (see Section 4.5.3 for calculation details).
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Figure 4.6: RR-CpGs are enriched for CpGs with meQTLs. (a) [llustration of the causal
relationship between the methylation (M) at a CpG site, the genotype (G) at the SNP within
+5kb of the CpG that had the smallest meQTL P value and self-reported race (RR). Each
graph corresponds to a unique CpG. (b) Plots of the meQTL P value for edge a in CBMCs
at birth, where CpGs were stratified by whether or not it was an RR-CpG (cong > 0.8 or
disqg > 0.8). The ten enlarged red circles are just for visual aid. (c) Plots of the logistic
regression P value for edge ¢ (Genotype ~ RR) stratified by whether or not the SNP was a
RR-meQTL, which was defined as an meQTL whose target CpG was a RR-CpG.

4.3.4  Environmental exposures have nearly undetectable effects on

methylation levels in this cohort

We next sought to determine the extent to which environmental exposures affected CMBC
and PBMC methylation levels at birth and age 7 in the URECA cohort. None of the
direct or indirect measures of exposures that were available in this cohort were associated
with methylation levels at either age. These included maternal asthma, maternal infections
during pregnancy, pet ownership, bedroom allergens, mothers stress, anxiety and depression
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metrics, maternal cotinine levels during pregnancy, number of smokers in the household,
number of siblings, number of previous live births, daycare attendance, number of colds
at age 2 or 3 years, and allergic sensitization or asthma in the child (see Supplement for
details). We did, however, identify 16,172 age-related CpGs (i.e., CpGs whose methylation
changed from birth to age 7 at a 5% FDR). These 16,172 CpG were strongly enriched for
CpGs used to predict gestational age in Knight et al. (2016) and to predict chronological
age in Horvath (2013) (see Figure 4.7). Moreover, the estimates of the age effects among
these age-related CpGs showed the same direction of change as their corresponding estimated
gestational age effects at birth in 97% of the 16,172 age-related CpGs, which included 14,186
gestational age-associated effects that were not significant at a 5% FDR threshold. This

019 see Section

concordance in direction of effect is unlikely to occur by chance (P < 1
4.5.2 for calculation), and indicates that the majority of the changes in mean methylation
levels from birth to age 7 is due to aging-related mechanisms rather than age-dependent
environmental exposures.

Although most of the reported race-associated methylation patterns can be attributed to
genetic variation in the URECA children, we hypothesized that any non-genetic component
to these patterns would be greater at age 7 than at birth, due to accumulated exposures
over the first 7 years of life. To directly test this hypothesis, we used our Bayesian model
to estimate the proportion of CpGs in our study whose methylation was associated with
reported race at age 7 but not at birth, as well as the proportion of CpGs that were associated
with reported race at birth but not at age 7. Although we estimated the former to be 14%
and the latter to be less than 1.5%, we were only able to identify 5 discordant reported race
CpGs using a liberal threshold of disy > 0.8. This is because the effects due to ancestry at

age 7 among this set of CpGs associated with reported race at age 7 but not at birth were

far to small to confidently assign their directions (Figure 4.8).
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Figure 4.7: Distribution of P values for age (birth to age 7) (panels (a) and (c)) and gesta-
tional age (GA) (panels (b) and (d)). Upper panels, stratified by whether or not the CpG
was one of the 353 CpGs used to build the linear predictor of age in Horvath (2013) (red
dots). The blue dots are all other CpGs; the 10 enlarged red circles are for visual aid. Lower
panels, stratified by whether or not the CpG was one of the 148 CpGs used to build the
linear predictor of age in Knight et al. (2016). The blue dots are all of the other CpGs; the
10 enlarged violet circles are just for visual aid.

4.4 Discussion

The relationships between DNA methylation, chronological age, and ancestry have the po-
tential to shed light on disease etiology and may help determine the relative genetic and
environmental contributions to the observed inter-individual variability of the epigenome
(Bocklandt et al. 2011, Horvath 2013, Horvath et al. 2014, Johnson et al. 2012, Knight et al.
2016, Levine & Crimmins 2014, Marioni et al. 2015, Adkins et al. 2011, Galanter et al. 2017,
Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015, Rahmani et al. 2017). While it
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has previously been shown that ancestry is related to DNA methylation in cross-sectional
studies (Adkins et al. 2011, Galanter et al. 2017, Heyn et al. 2013, Moen et al. 2013, Mozhui
et al. 2015, Rahmani et al. 2017) and that statistically significant meQTLs are conserved as
individuals age (Gaunt et al. 2016), it has yet to be shown whether or not race/ethnicity-
dependent methylation marks are conserved as children age.

Even though there was substantial change in blood methylation levels over time among
children in this cohort, inferred genetic ancestry and self-reported race effects on methyla-
tion were overwhelmingly conserved in both direction and magnitude from birth to age 7.
This result, as well as our novel Bayesian inference paradigm used to obtain it, is important
in and of itself because it provides an example of, and a general method for identifying,
DNA methylation patterns that are conserved over time, and differentiating between envi-
ronmentally responsive and temporally stable DNA methylation marks has been highlighted
as both a gap in current knowledge and a critical area of future epigenetic research (Martin

& Fry 2018). The consistency of our estimates for inferred genetic ancestry and reported
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race effects on methylation levels also demonstrates the fidelity of our processing pipeline
that accounts for unobserved factors, including cell composition, because failure to account
for latent covariates can lead to biased and irreproducible estimates (Peixoto et al. 2015,
Yao et al. 2012).

While the observation that reported race effects are conserved from birth to age 7 gives
credence to the hypothesis that the effects are genetic in nature, it does not rule out the
possibility of environmental components or gene-environment interactions that could result
in race/ethnicity-associated methylation effects prior to birth and persist as the child ages.
To further explore this, we showed that the reported race associated CpGs (RR-CpGs) were
enriched among CpGs with meQTLs, indicating that methylation levels at many of the
RR-CpGs are mediated by local genotype and that much of the reported race-methylation
correlation could be attributed to genetic variation. Moreover, the RR-CpGs were only a
small subset of inferred genetic ancestry associated CpGs (IGA-CpGs) in our study. This
is opposite to the findings of Galanter et al. (2017), who argued that ethnicity-dependent
methylation patterns in admixed populations capture both genetic variation and differences
in accumulated exposures. Our results provide evidence for genetics accounting for an over-
whelming majority of the correlation between methylation and reported race, which suggests
the non-genetic contribution to variability in blood methylation may be smaller than previ-
ously thought.

Our observations in support of strong genetically and weak environmentally determined
reported race-associated methylation patterns in blood may seem paradoxical to the plethora
of studies showing that DNA methylation levels in blood cells are associated with environ-
mental exposures, such as cadmium, arsenic and smoking, to name a few (Joubert et al.
2016, Kippler et al. 2013, C. et al. 2013, Rzehak et al. 2016, Galanter et al. 2017, Joubert
et al. 2012, Lee et al. 2015, Markunas et al. 2014, Richmond et al. 2015, Wu et al. 2018).
Whereas the estimated genetic effect sizes in our study are substantially larger than many

of the environmentally-associated effects on methylation patterns previously reported, the
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effects of many environmental exposures on methylation in blood are probably too small
to estimate with even moderate to large sample sizes (Breton et al. 2017). For example, it
was only by performing a meta-analysis in 6,685 individuals that Joubert et al. (2016) were
able to identify 6,000 CpGs whose DNA methylation levels in blood from infants and adoles-
cents were associated maternal smoking exposure. In one sense, we were able to corroborate
previous observations of small non-genetic effects on methylation in blood by showing that
while methylation patterns at an estimated 14% of all CpGs in our study were not correlated
with reported race at birth but correlated with reported race at age 7, the correlation at
individual CpGs at age 7 was too small to be identified as statistically significant. We were
also not able to detect any statistically significant correlations between methylation at birth
or at age 7 and any of the exposure variables measured in this cohort. In particular, we note
that cord blood cotinine levels, a measure of in utero tobacco smoke exposure, were above
the level of detection in only 34 of the 196 mothers in our study.

An unsurprising feature of these longitudinal data is that average methylation levels of
16,172 CpGs changed significantly from birth to age 7. However, what was quite remarkable
was that the direction of the change in 97% of those CpGs matched the direction of the
corresponding correlation between methylation levels and gestational age at birth. Not
only does this further suggest that methylation levels of the vast majority of the 16,172 age-
related CpGs were in fact changing due to age-related mechanisms and not due to differences
in environmental exposures at birth and age 7, but also that the “epigenetic clock” present
at birth may be the same as that present later in life. While we do not have the data to
explore this further, this remains an important avenue of future research.

The results of our study suggest that DNA methylation levels in blood cells are fairly
robust to environmental exposures, including those that are correlated with self reported race.
A better understanding of tissue-specific methylation responses to environmental exposures
could inform the design of future studies and provide insights into the mechanisms through

which exposures and gene-environment interactions influence health and disease.
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4.5 Additional statistical methods

4.5.1 meQTL analysis

We used self-reported African American individuals in the following linear regression model

to detect meQTLs:

Yg = wsﬂs,g + Z”Ys,g + CmeQTLgs,g +€sg, €sg Nn (0, Uagfn) (4-5)

where gy, contained the methylation M-value measurements at CpG ¢ and x5 the genotype
at SNP s. Z contained the first two components of inferred genetic ancestry, gestational age
at birth, gender, sample collection site and methylation plate number. We approximated
CneQrr by first regressing out Z from the methylation data matrix to get the residual data
matrix, R € R™4484X7 ysed CATE v1.0.4 (Owen & Wang 2016) to estimate there were
nine additional components explaining a substantial portion of the variability in R, and let

Cieqrr, be the first nine right singular values of R. We then selected pairs of CpGs and

SNPs by only considering SNPs within a 5kB window of a CpG and used the test statistic

= ' P value testing if =01in (4.5 4.6
ap™iD o { P value testing if 85 g in (4.5)} (4.6)
from CpG ¢

tg

to test the hypothesis that there were no meQTLs in the 5kB window of CpG ¢ and defined
the representative meQTL for CpG ¢ as the SNP that gives the smallest P value. When
there was only a single SNP in the window, the P value for the test was t4. Otherwise, the
corresponding P value was computed by randomly permuting the entries of g4, the residuals
of y4 after regressing out Z and émeQTLv and estimating tgb) (the bootstrapped null version
of (4.6)) using & (the residuals of g after regressing out Z and émeQTL) forb=1,...,B.
#{t <ty }+1 _
The P value was then —p571 - B was set to 1,000 in both the cord blood and PBMC

methylation data sets.
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4.5.2  Upper bound on P wvalue from Section 4.3.4

We estimated BGA the effect of gestational age on methylation at birth, using Model (4.1)
and 59 , the effect of chronological age, using Model (4 2). Define the estimated gesta-
tional and chronological age effects to be Bg and Bg , respectively. We approximate
their joint distribution to get an approximate upper bound for the expected number of pairs

(0—=7)
(854, 8™
null hypothesis that 5gG’A and Béo_ﬂ) were generated independently for each g € [p].

out of all 16,172 age-related CpG sites that had the same sign, under the

Assume the variance model for the data at birth and age seven is given by (4.3a) and
52
let rg = ﬁ. Then using the estimates for C' and the observed nuisance covariates Z
9%

in Models (4.1) and (4.2), we estimated the correlation between BG and 690_)7

0.66 (1 — rg). We then have that conditional on the true effects (69 , 690—>7 )

to be

Y

T 1 0.66 (1 —7
~ Np ¢ (854, 877 diag (e, dy) Lo

B~ B
(%5 066 (1—7g) 1

(0—=T7) )

x diag (cg,dg) } (4.7)

for each g € [p], where cg,dy are positive constants. Let Ay be the event that CpG g

is an age-CpG at a 5% FDR. We assume that Ay = {|z|g >t}, where z; = Bg_ﬂ/dg is

50%7

the z-score corresponding to and ¢t can be estimated as the smallest z-score with a

g-value less than 0.05. The empirical distributions of and

{5 (0—1) }
g g€{5% FDR age CpGs}

{ EA} were approximately symmetric around 0, which we
g€{5% FDR gestational age CpGs}

took to imply {550%7) } g€[p]

assume for density functions

and { 60‘4} o were symmetric around 0. For simplicity, we
ge(p

haa(s) ZMGA (-;0, ¢£~GA)> hio—7)(-) = ZWJ(-O_W) ( 0, ¢ (=7 )

J
j=1
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5GA i haa (+) and Bgo_ﬂ i h(o—7) (). Such mixture normal densities can approximate

a large class of parametric and non-parametric distributions (Norets 2010). Define Xg,Y, €
R to be such that
1 0.66 (1 —7y)

(Xg,Yg)" ~ N2 40,
0.66 (1 — 7y) 1

(0—=7)

Then under the null hypothesis that ﬁg and ﬁg’A are independent and assuming (4.7)

is correct,

P ({XgYy > 0) N {Yy| > t})
Pz

P{ﬁ A= S Ag} <

We can easily estimate the above upper bound. Therefore, conditional on knowing whether

or not each CpG is an age-associated CpG,

yU=F S 1 (BEAB},O%) > 0)

g€{5% FDR age CpGs}

- > p{agasy

9€{5% FDR age CpGs}

(0=7) 5 | Ag} < 14,236

under the null hypothesis. Since the maximum variance for a Bernoulli random variable is

1/4, an approximate lower bound for the test-statistic is

0.97 x 16,172 — 14, 236
16,172/4

= 23.3,

which has a corresponding P value < 10~ 19 under the normal approximation.
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4.5.8 A lower bound for the fraction of RR-CpGs mediated by local

genotype

Here we describe how we conservatively estimated the fraction of RR-CpGs with a SNP
in a 10kB window that were likely mediated by neighboring meQTLs. Fix some network
composed of a CpG with methylation M and the SNP whose genotype G was most correlated
with M according to the above meQTL regression procedure. Let {RR — M} be the event
the CpG is an RR-CpG, {RR — G} the event RR affects genotype, and {G — M} the event

G affects M independently of RR (see previous section). We would like to estimate

P(RR — G,G — M,RR — M)
P (RR — M)
P(RR—-M|RR - G,G— M)P(RR - G,G = M)
P(RR — M)

P(RR—-G,G—>M|RR—-M) =

(4.8)

Define Hy = {RR >x G}. For each SNP we computed a P value for the null hypothesis H
using the logistic regression model G ~ RR, where RR was either Black or Hispanic (we
assumed a Hardy-Weinberg equilibrium model for the genotypes of all SNPs considered).
Let t be the test statistic from the regression and ¢}, > 0 be some threshold with significance

level ar. Then because G and RR are independent under Hy (regardless of whether or not

{G — M} or {RR — M} hold),
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g =P (Ho |[t] > £, G — M,RR - M)

_ P(t| >t | H),G = M,RR — M)P (Hy | G — M,RR — M)
B P(]t] > t%, G — M,RR — M)

_ P(|t| >t} | H))P(Ho | G — M,RR — M)

B P(]t] > t5,G — M,RR — M)

(6]
<
= P(t| > t5,G — M,RR — M)

where the first equality in the second line comes from the fact that under the null hypothesis
and given the rest of the graph, the behavior of G and RR are independent. Therefore,
we could upper bound ¢ with gvalue in R using the RR-meQTL p-values from the logistic
regression and restricting my = 1 (this is just the Benjamini-Hochberg procedure (Benjamini
& Hochberg 1995) interpreted in a Bayesian framework). We finally established an estimated

lower bound for (4.8) by using the following:

# networks with RR - G,G - M,RR — M
P(RR = G,G = M| RR — M) = # networks with RR — M
># networks with RR — G,G — M,RR — M and ¢ < 0.2
- # of networks with RR — M
# of networks with ¢ < 0.2 among RR-meQTLs

>(1-0.2 = 0.26.
2(1-02) # RR-CpGs 026
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CHAPTER 5
ESTIMATION AND INFERENCE IN METABOLOMICS WITH
NON-RANDOM MISSING DATA AND LATENT COVARIATES

5.1 Introduction

Metabolomics is the study of tissue- or body fluid-specific small molecule metabolites, and
has the potential to lead to new insights into the origin of human disease (Young & Wallace
2009, Sampson et al. 2013, Finkelstein et al. 2015, Reinke et al. 2017) and drug metabolism
(Chen et al. 2007, Dubuis et al. 2018). Metabolomics is particularly attractive because the
metabolome provides information at the molecular scale, and often responds quicker than
the transcriptome, DNA methylome and proteome to changes in the external environment
(Herman et al. 2017).

Recent advances in both liquid chromatography (LC) and untargeted mass spectrometry
(MS) have made it possible to identify and quantify hundreds to thousands of metabolites per
sample (Liu et al. 2014). Similar to high throughput gene expression, proteomic and DNA
methylation data, these data contain systematic technical and biological variation whose
sources are unobserved by the practitioner (Salerno et al. 2017). However, what makes
untargeted LC-MS metabolomic data particularly challenging is the vast amount of missing
data, nearly all of which is missing not at random due to an unknown, metabolite-specific
missingness mechanism in which more abundant and ionizable analytes are more likely to be
observed (Do et al. 2018). For instance, 22% of all observations were missing from our data
example in Section 5.8, in which we analyzed p = 1138 metabolites quantified by untargeted
LC-MS in n = 661 samples.

There have been several methods to attempt to account for either the latent systematic
variation (De Livera et al. 2012, 2015, Salerno et al. 2017) or the non-random missing data
(Chen et al. 2017, Hedeker et al. 2018, O’Brien et al. 2018) when trying to infer the rela-

tionship between the metabolome and a covariate of interest. Surprisingly, to the best of
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our knowledge, Wehrens et al. (2016) is the only work to even acknowledge the challenge of
accounting for both. However, they propose simply imputing missing values with an arbi-
trary, user-specified limit of detection and require the practitioner to have prior knowledge
of a set of control metabolites that are unrelated to the covariate of interest.

Given the paucity of methods to analyze metabolomic data, we develop MetabMiss, a
statistically rigorous and computationally efficient method to account for both latent covari-
ates and non-random missing data when analyzing metabolomic data. A key component in
our procedure is estimating each metabolite-dependent missingness mechanism, which we
do using instrumental variable generalized method of moments (IV-GMM) and leveraging
the fact that the majority of the variation in metabolimic data can be explained by a small
number of factors. Besides being the first method to account for both latent covariates and
non-random missing data that avoids erroneously imputing missing data, our method offers

the following advantages:
(a) We assume the underlying probability distribution of the missing data is unknown.

(b) We do not require the practitioner to have access to internal standards or prior knowl-

edge of control metabolites to correct for latent covariates.

(¢) We modularize our method such that one only needs to estimate the metabolite-
dependent missingness mechanisms once per dataset, which makes computation on

the order of a metabolome genome wide association study tractable.

And while we do assume the functional form of the missing data mechanism is known, we
provide a method to access the veracity of said form for each metabolite.

The remainder of the chapter is organized as follows: we give a mathematical description
of the data in Section 5.2 and review IV-GMM in Section 5.3. We then present our method
to estimate each metabolite-dependent missingness mechanism in Section 5.4, describe how
we estimate and perform inference on the coefficients of interest in a linear model when the

latent covariates are observed in Section 5.5, and finally describe our method to estimate
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the aforementioned latent covariates in Section 5.6. We conclude by illustrating how our
method performs in simulated data in Section 5.7 and use it to analyze real metabolomic

data in Section 5.8.

5.2 Problem set-up

5.2.1 Notation

In addition to the notation defined in Section 1.1, we let Fy,(x) be the cumulative distribution

function for the t-distribution with v > 0 degrees of freedom in this chapter.

5.2.2 A description of and model for the data

Define y4; = [Y] gi to be the log-transformed metabolite integrated-intensity for metabolite

T e

g € [p| in sample i € [n], which may be observed or unobserved. Let X = (x1---xy)
R™ 4 and C = (c1---cp)t € R™ K he observed and unobserved covariates. For coefficients

B+, € R? and £y, € RE | we assume

Ylgi =ygi = pgi teg (i=1....nig=1,...,p) (5.1a)
egz’"v<070>%g> (i=1...,mg=1....p), (5.1c)
where the residuals {egi}i clnligelp] e independent and eg1,...,egn are identically dis-

Wy ”

tributed for each g € [p]. We use the subscript “«” throughout this chapter to indicate
true parameters. We do not assume an explicit probability distribution for the residuals
in order to avoid assuming a distribution for the missing data. The observed covariates X
can contain biological factors like disease status, as well as technical factors like observed
batch variables or normalizing factors. We assume throughout this work that 1, € Im (X))

and that X is non-random. The unobserved covariates ¢; can confound the relationship

250



between x; and yg;, and also induce dependencies between different metabolites. We will
assume throughout the chapter that cq,...,c, are independent and are independent of
{egi}z. elnligelp)’ which implies y41, ..., ygn are independent for all g € [p]. We lastly define
Yo = (yg1 - ygn) € R™ and ey = (eg1---egn)’ € R™, which will be used throughout the
chapter.

We next define the indicator variable
rgi =1 (ygi is observed) , (5.2)

and assume that for some known, increasing function ¥ : R — (0, 1) such that Em U (x) =
Tr——00

0 and lim V¥ (x)=1,

T—00
Tgi :P(rgi =1 ygi) :\Il{oz*g (ygi—(ikg)} (i=1,....,m9g=1,....p). (5.3)

The unknown scale and location parameters g > 0 and 5*9 € R make the missingness
mechanism metabolite dependent, where ax, ™ 0 implies the mechanism is missing com-
pletely at random and s " oo implies metabolite ¢ in sample i is observed if and only if
Ygi > Ox,-

Since V is an increasing function, metabolites with smaller intensities are less likely to be
observed, which is consistent with previous observations in untargeted mass spectrometry
experiments (Karpievitch et al. 2010, Chen et al. 2017, Do et al. 2018, O’Brien et al. 2018,
Hedeker et al. 2018). Model (5.3) is also a classic model for missing data in untargeted
mass spectrometry data (Chen et al. 2017, O’Brien et al. 2018, Hedeker et al. 2018), where
typical values for ¥ include the logistic function, an exponential probabilistic model (Chen
et al. 2017, Hedeker et al. 2018) and the cumulative distribution function for the normal
distribution (O’Brien et al. 2018). However, we find that letting ¥(z) = Fy(z) is a more
robust option, since its heavy tails make it less sensitive to outliers. This approach has been

previously used as a robust alternative to logistic and probit functions (Liu 2005, Kang &
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Schafer 2007).

Implicit in this characterization of the missingness mechanism is the assumption that
conditional on the underlying intensity data {ygi }Z elnligelp]’ {rgl- }Z elnligelp] ATC independent.
This is likely only approximately true, since other intense analytes can preclude MS/MS
fragmentation in data dependent mass spectrometry experiments. However, properly tuning

the dynamic exclusion time can mitigate this substantially (Johnson et al. 2013).

5.3 Estimating s, and 5*9 when C is observed

5.8.1 A review of instrumental variable generalized method of moments

We use an instrumental variable generalized method of moments (IV-GMM) estimator to
estimate the metabolite-dependent missingness mechanism, where IV-GMM is a standard
technique in the economics literature (Amemiya 1974, 1977, Gallant 1977, Newey 1990).
To review, suppose we observe data w; € R", i € [n], and are interested in estimating the
parameter 0, € R?. Assume there exists a sub-vector v; of w; such that E {f (6, w;) | v;} =
0 for some function f : R¢ x R" — R. Since the conditional expectation typically does not
have an analytic form, we construct instrumental variables A (v;) € RY, where the law
of total expectation implies E{A (v;) f (0«,w;)} = 0. The popular two-step IV-GMM

estimator for Oy, 0: is defined as

o) = arg min {ZA(vz)f(e,’wz)} {ZA(’UZ) f(H,wi)}

0cOCR? | ;=1 i=1
n T n 9 -1
6 — argmin {ZAm)f(e,wi)} [n—lzf{é“),wi} A<vi>A<vi>T]
6cOCR? i=1 =1

X { A(vﬁf(@,wﬁ}) . (5.4)
=1

This IV-GMM estimator is well understood and is consistent for 8, asymptotically normal

and achieves the smallest possible asymptotic variance among all [V-GMM estimators with
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instruments A (v;) under certain regularity conditions when ¢ > d and {w; };~1 is stationary
and ergodic (Hansen 1982).
The accuracy of this estimator depends on the choice of instruments A (v;) (Newey 1990).

For example, if A (v;) is independent of w;, then the population moment

E{A (v;) f (0«,w;)} = E{A (v;)} E{f (0x,w;)}

is 0 whenever E {f (0x,w;)} = 0. The latter implies 6+ may not be identifiable if d > 1,
since E {f (0x,w;)} could then be 0 at an infinite number of points 6. Therefore, it is
critical the instruments be strongly related to w;. We discuss how we choose appropriate

instruments when we present our method in Section 5.4.1.

5.3.2  An instrumental variable generalized method of moments estimator

when C' 1s observed

Let g € [p] be a metabolite with missing data. For s, = (a*g 5*9)T, we follow Wang et al.
(2014), Ai et al. (2018) and define

f {9*9, (i, ¢i,7giygi) } =1 — 1y {a*g (ygi — 5*9)}71 ;

where p = 1 and C is observed in both Wang et al. (2014) and Ai et al. (2018). By Model
(5:3),

E[f {0*9’ (miaciargz',ygi)} | fBz‘»Cz’,ygz'] =0, (5.5)

meaning we need only construct appropriate instruments to estimate 6y, with (5.4). Since
Ygi 1s only observed when rg; =1, we must rely on @; and ¢; to construct the instruments.
In typical metabolomic experiments, the observed covariates in X like disease status only

account for a small fraction of the variance in Y. The majority, as it turns out, is explainable
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by the latent covariates C' (De Livera et al. 2012, 2015, Salerno et al. 2017). We therefore
assume for simplicity that X = 1,. Define L = (E*l - -E*p)T. Since C' and L are only
identifiable through their product LCT in (5.1), it suffices to assume that for \y > --- >
Ag >0, L"L = diag (A1, ..., Ag) and n 'CTP{-C = I¢. That is, [C],, explains the kth
largest proportion of the variance in Y. By the discussion in Section 5.3.1, a reasonable choice
of instruments for metabolite g is Ay (mi,ci,ygi) = (1, [PIJ;LC} g [Pltc] ijk)T €
RF*L if C were observed, where & > 1 and ji,..., Jp. are distinct elements in [K]. We
remark that one would typically choose j1 = 1,...,j; = k. A reasonable choice for k is
k = 2 for reasons discussed in Section 5.4.3.

Evidently, C' is not observed in Model (5.1) and therefore must be estimated. We present
an overview of our method to estimate ax, and ds,, as well as C', B4, and azg, below in

Section 5.4.1.

5.4 Estimating the metabolite-dependent missingness

mechanisms

5.4.1 An overview of the estimation and inference procedure

While our ultimate goal is to estimate and do inference on the coefficients of interest
By Bx, In (5.1b), we are also interested in performing dimension reduction, estimating
the fraction of variance in metabolite concentration explained by a covariate, conducting a
metabolite genome wide association study (GWAS) and estimating the mean and variance
of a metabolite’s observed integrated intensity. The latter may be useful when optimizing
a protocol for a specific class of metabolites. We present an overview of our methodology
in Algorithm 5.1 below, which uses the intuition developed in Sections 5.3.1 and 5.3.2 to

estimate the missingness mechanisms for each metabolite with missing data.

Algorithm 5.1. Define the full-rank matriz Z = (z1---z)" € R™! to be such that t < 3
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n

and 1, € Im (Z) C Im (X). Let S C [p] be such that n=1 > (1 — T4i) > € for allg €S for
1=1

some user-defined € > 0.

(a) Let Yge € RIS pe the submatriz of Y restricted to the rows g € SC. Define C| to
be the mazimum likelihood estimate for Pé‘C, assuming any missing data in Yge are

missing completely at random and
Ysc ~ MN, L (Pic) +B2", 0% g1
Se |S¢|xn Z + 0 0 1 8e|y dn s

where PZLC’, j}, B and o2 are unknown parameters and LTL is diagonal with non-

increasing elements.
(b) Ift =3, define Uy = Z for allg €S. Ift < 3:

(i) For each j € [K], use ordinary least squares (OLS) to regress yg onto Ay ; =
(Z |:CA'J_:| ) € R”X(Hl), where all missing data is assumed missing completely

*J]
at random, and let py ; be the OLS P value corresponding to the t + 1st column

of Ag.j-

(ii) Forj e [K] , use {pg/’j}g’es to determine the corresponding q-values {qgl’j}g/es'

(iii) Letjy,...,j3—t € [R’] be the indices of the 3—t smallest g-values {qg,l, o g,f(}'
Define U'g = (Z [C’L]

g.

R |:CA’J_:| , ) e R"*3, where ji, ..., ja—¢ depend on
*J1 *)3—t

(¢) Use ﬁg as instrumental variables in our method Hierarchical Bayesian Generalize

Method of Moments (HB-GMM) to estimate ., 0x, for each g € S.

(d) Use the estimated metabolite-dependent missingness mechanism to estimate C' in Model

(5.1).

(e) Estimate the parameters of interest from Model (5.1).
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The set S contains metabolites with a non-trivial amount of missing data, i.e. all metabo-
lites whose observations are missing in more than 100 x €% of the samples. Our software
default is to let € = 0.05. In Section 5.3.2, we assumed for simplicity that Z = 1,,, which is
generally the case in real data applications. However, we allow for the possibility that the
practitioner has access to additional informative covariates.

Just like Pqu_z C in Section 5.3.2, the columns of the estimate for Pé‘C in Step (a) serve as
candidate instrumental variables, where C | is a scalar multiple of the first K right singular
vectors of YSCPZJ- if ¢ = 0. When € > 0, the assumption that missing data are missing
completely at random has a negligible effect on the estimate for PZJ-C because of the small
number of missing observations for metabolites in S€.

We use the estimate Ug in Step (b) as an instrumental variables for the missingness
mechanism, meaning we require dim{lm (Ug)} > 2. We set dim {Im <Ug>} = 3 for
reasons described in Section 5.4.3. It is critical that the ith row of ﬁg be correlated with yg;
if rgi = 0. The selection Step (b) helps ensure this is the case, and is justified by Theorem
5.1 in Section 5.10.5, in which we prove the P value pg ; is asymptotically uniform under
minor regularity conditions and the null hypothesis that [C’ L} . is independent of yg.

A final important consideration is how the data-dependent instrument selection will
impact the accuracy of generalized method of moments. Suppose t < 3, and let Ty =
Ty (j1,---,J3—¢) be any non-negative statistic regarding the accuracy of the instrumental
variable generalized method of moments estimator whose instruments are Z and columns
Jls---5J3—¢ € [K } of C | . For example, Ty might be the mean squared error or the indicator
that the estimates for oy g Ox g lie outside a small ball centered at the true values ax g Ox g

Then for the event

E = {any one of the selected columns of C | are independent of yg} ,
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we have

Z E {Tg (J1,---,73—¢) I (Columns j1,...,j3_; are Selected)}
J1<<jz_1€K

< > E{Ty (j1,---,J3—1)} +cgP(E),

Columns j; < -+ < j3_¢
are not independent of y,

where

CQZE Z Tg(]177]3—t)|E

Column j; or ... or j3_¢
is independent of y,

Therefore, if P (F) is small and under the assumption that the columns of Pé-C’ that are not
independent of y, are suitable instruments, it suffices to assume the instruments in ﬁg are
given and not selected when we describe and motivate our method throughout the remainder
of Section 5.4, as well as Sections 5.5 and 5.6. The assumption that P (E) is small tends to
hold in real data. For example, in our two data applications, we set Z = 1, K =10 and

found the median smallest and second smallest g-value from Step (b) to be no greater than

10~7 and 1073, respectively.

5.4.2  Initial estimates with generalized method of moments

Here we use ﬁg from Step (b) of Algorithm 5.1 to get initial estimates for a p and O« g for

allg € S. Fixa g e S, let ﬁg = (1191 = -ﬂgn)T and define

wyi (8g) = ¥ {ag (ygi — 59)}717 0y = (049759)T (i € [n]) (5.6a)

Ggi (99) = ’llgi {1 — TgiWqi (Og)} (Z S [n]), (5.6b)
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Note that G; is an observable quantity, and is simply @, if the ith observation is missing.

If we let B4 = (a*g,é*g)T, then just like (5.5),

E {1 — TgiWgi (0*9) | i”gi} =E [E {1 — TgiWyi (0*9) | Gg; ygi} | ﬁgi]

=E [E {1 — TgiWyi (9*9) | ygi} | ’lgi} = 0.

The second equality follows because the missingness indicator r¢; is independent of u4; given
Ygi» and the last equality follows from (5.3). As discussed in Sections 5.3.1 and 5.3.2, this
implies one can use the instruments U'g to define ég, the two-step estimator for 8y, defined

in (5.4), where
f {0*9, (ﬁg%ygiﬂ"gi)} =1 —rgjwy; (B*g) , A (ﬂgi) = Ug; (5.7)

We justify this choice in Section 5.10.7, in which we show that under similar regularity

assumptions used in Wang et al. (2014), ég is consistent for 0, , and

V% (6, 0,) 2Ny (0, 15) + op(1) (5.80)
n T n - -1 ¢ n -1
V= {ZV%GQZ' <é9>} {Z Gyi (ég> Gy <é9> } {Z Vo,Gyi <ég>}
=1 =1 =1
(5.8b)

as n,p — o0o. We use the asymptotic distribution of ég to refine the estimate for 6, by

pooling information across metabolites in Section 5.4.4.

5.4.8 Identifying metabolites that do not follow Model (5.3)

The accuracy of ég, and therefore that of downstream estimators, is contingent on the
missing data model being approximately correct. Therefore, we developed a procedure to
flag metabolites whose missingness mechanisms may not follow Model (5.3) using the Sargan-
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Hansen J-test, which is generally used to test the moment restrictions used in generalized
method of moment estimators (Sun & Kim 2012).

Assume dim {Im <ﬁg>} = 3 and for each g € S, define

Gy (0) =n"" g {1 —rgiwg (0)} (5.9a)
1=1
Ty(0)=VyGy(0) =—n"1) rytig {Vowy, (0)} (5.9b)
=1
n . 2
Wil =073 [1 = g {650} gy, (5.9¢)
i=1

where éél) is the first step estimator in (5.4) for A and f defined in (5.7). Then if Ty <ég>

is full rank, the estimator ég satisfies
1/2 5 (A ) .

0
9 Lg\ly
space. Therefore, under the null hypothesis that Model (5.3) and the regularity assumptions

where G'g (ég> € R? and PW1 /25 ( ) projects vectors in R3 onto a two dimensional sub-

used to prove (5.8) hold, we should be able to predict how the one degree of freedom quadratic

form

o (00)' Wi (30) =n (0) WP E L WG (0)

behaves. On the other hand, the above quadratic form will tend to be large if Model (5.3)
is too inaccurate, since nl/ 2G’g (ég> will generally not be stochastically bounded because
the population moment E { G, (8)} will likely not be 0 for any . We make this rigorous in

Corollary 5.2, in which we show that when the null hypothesis

Hog E{Gy(6.,)} =0 (9€3)
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and the same regularity conditions used to prove (5.8) hold,
_ ~\T _ ~ D
Jy=nGy (8y) WGy (83) 33 (g€) (5.10)

as n,p — oo. The J-statistic, Jg, is typically used to check the validity of the assumed
moment restrictions (Hansen 1982), and we therefore it to assess the veracity of Model (5.3).

It has been repeatedly observed that using the asymptotic chi-squared distribution to do
inference with Jg is anti-conservative in data with moderate, and even large sample sizes
(Hall & Horowitz 1996, Hansen & West 2002, Brown & Newey 2002). To circumvent this,
we follow Brown & Newey (2002) and develop a bootstrap null distribution for Jg. Since
the bootstrap sampling population is {(ﬁgi,ygi,rgi)}i cn]> Ve require Hy 4 to hold at ég
instead of 6, for the bootstrap sampling population. However, this will not be the case if

we use uniform resampling to generate boostrapped datasets, because G'g (ég> # 0 when

dim {Im (ﬁg>} > 2. Instead, we define

n
ng = Z’Ygz (togi YgiTgi)’ Z’Ygz gi <eg> 0, Z’Vgi =1 (ge8),
=1

=1

where

n
{791,...,ygn} = argmax Hmz, sz =1, Z%’Ggi (ég> =0 (ge9).
1=1

x,.. ,l‘nGOI i=1

N AN\T A N -1
1 6y = (dg,0,) and (@,y,r) ~ Fy, then B, (u [1 —rw{ay (y-13,)} D — 0, which
9
is exactly what is required. We subsequently generate a bootstrap distribution for J, by

repeatedly sampling from F, g for all g € S, and estimate

[fdrg = [HOQ | {< gl’yg“rgz)} [nﬂ

using q-value (Storey et al. 2015). We then flag any metabolites with an [ fdr, smaller than
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a user-specified value, which defaults to 0.8 in our software. Unsurprisingly, metabolites
with a substantial amount of missing data (> 40%) are typically the metabolites we flag in
practice, as Model (5.3) is likely too simple to capture the subtleties of those missingness

mechanisms.

5.4.4 Hierarchical Bayesian generalized method of moments

So far we have estimated each metabolite-specific missingness mechanism independently for
each metabolite g € S. While the mechanisms are almost certainly not identical, one might
expect them to be relatively similar, and that one should be able to design a better estimator
by pooling information across metabolites. Further, constructing an informative prior on the
missingness mechanisms allows one to better explore the objective function in (5.4), which
could be multimodal (Dominguez & Lobato 2004, Franks et al. 2016). This would also give
us better estimates for the uncertainty in our estimators. We therefore developed a Bayesian
method to estimate 6y, and the weights wg; (9* g) defined in (5.6a) using the generalized
method of moments estimator ég and its estimated variance V <ég) from Section 5.4.2.
The weights wg; (0* g) play an important role in estimating the effects of interest in Section
5.5. An important part of our method will be determining the posterior uncertainty of our
estimates, as we incorporate them into our downstream estimators in Section 5.5.

To describe our method, let ayg, 59 and ég be the generalized method of moment estimates

defined in Section 5.4.2 and let

~

T
v, = (log (ax,) ,0s,) ", Mg = <10g (64) , 59) (geS).

We prove in Theorem 5.2 in Section 5.10.6 that under minor regularity conditions on the
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moments of y, and the behavior of ¥(z) as  — —oo0,

. -1/2 _
W2 {8 (my,) )Gy (ney) S N3 (0.03) (g €S)

By (1) = (0 =171 {Gyi (1) = Gy () } {Ggi (ms,) = Gy (m,))} (9 €9).

We therefore approximate the likelihood of C_;g (17* g) | M« g 38
Gy (ne,) | me, ~ N3 (0,071 (ms,)) (g€ ) (5.11)

Let g # h € S. Then because Gy (77*9) | (n*g,yg, (jg> and Gy, (ns,) | <n*h,yh,ﬁh> are
independent and E {G'g (77*9) | My Yg, ﬁg} =0,

Cov {ég (77*9) 7Gh (n*h) | n*g,n*h} =K [COV {ég (77*9) 7éh (n*h) | Mg Mxp, Yg Yhs

0gvﬁh} ’ n*g7n*h] =0.

We use this fact to justify modelling {G'g (77* g) | M g }g cs 88 independent and jointly normal
with marginal distributions given by (5.11). We remark that a similar technique was also used
in in Yin (2009), Li & Jiang (2016) to put a distribution on the sample average G, although
both articles assume p = 1. The latter article gives the sufficient conditions under which the
quasi-posterior using the quasi-likelihood in (5.11) and known prior for 7 , concentrates on
the true posterior pr (7 g | Tg)-

Lastly, we assume the prior for nx g 18

Ny | (1, U) ~ No (1, U) (g €S)

for some p € R2, U € R?*2. Bayes’ rule implies

pr {77*9 ’ G_!g (Wg)} X pr {ég (n*g) | "T*g}pr (77*9 | 1, U) (ges),
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and we use Markov Chain Monte Carlo to sample from the posterior, which we use to

estimate

E{aw, | Gg(ng)}. E{d, | Gy (ng)} (5.12a)

E {wg; (11+) | Gg (ng) }, V{wgi (n+,) | Gy (ng) } (5.12b)

for all g € S and i such that rg; = 1.
It remains to show how we determine the hyper-parameters g and U. We first estimate

pas p=1|S |_1 > Mg, and then estimate U with empirical Bayes, assuming
geS

A A A 11 N ~ 11
g | ey Vg ~ No (1, Wy ), W =diag([vg]11 ,1) %diag([vg}n ,1) (9€8)

T]*g |l:l’7UNN2 (llvU> (968),

where Vg is defined in (5.8). This allows us to run the Markov chains in parallel to speed

up computation.

5.5 Inference on the coefficients of interest

5.5.1 FEstimating the coefficients of interest

While there are many ways to estimate and perform inference on the coefficients of interest
once one has an estimate for the metabolite-dependent missingness mechanism (Liang &
Qin 2000, Wang et al. 2014, Chen et al. 2017, O’Brien et al. 2018, Hedeker et al. 2018), we
focus on inverse probability weighting (Liang & Qin 2000) in this section because estimates
are consistent, it obviates the need to specify a probability model for the missing data and
computation is fast enough to perform a metabolite genome wide association study. We will

assume the covariates C in Model (5.1) are known and, for notational convenience, re-write
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the mean model in (5.1b) as

We first show how we estimate 34, and then describe our method to assess the uncertainty

in our estimate in Section 5.5.2. We show how to use the method we develop here to estimate

C in Section 5.6. Unless otherwise specified, all expectations and variances in this section
T

(Section 5.5) are taken conditional on X = (&1 - @) .

Define the score function

Sgi (ﬁg) = I (ygz' - w;rﬁg) (Z =1,...,mg € 8)7

where we focus on metabolites with missing data, i.e. ¢ € S, because estimation and inference

with little to no missing data is straightforward. We define

fo (Bg) = rgitigiigisgi (Bg) (9 €S) (5.14a)
=1

g = E {wgi (ns,) | Gy (ng)}  ((9:0) € {(9,9) € S x [n] : gy = 1}) (5.14b)

Ygi = P (rgi =1| a:z) (g € S;i€ln]), (5.14c¢)

where E {wgl- (77*9) | G4 (ng) } is the estimate for E {wgi (”7*9) | G4 (ng) } defined in Section

5.4.4 and 74; is an estimate of v = P (rgi =1 a:l) If wg; = wy; (n*g) and 9g; = 74;, then

E{f (5*9) | X} = i’VgiE {wyi (n*g) Sgi (/6*9) E (rgi | X,yq) | X}

n
= i {s4i (B+,) | X} =0. (5.15)
=1
The above equality holds provided 74; is not a function of the data y,. We include vy, to

stabilize large weights wg; and thereby reduce the variance of our estimates, since v,; will
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tend to be small if wg; is large. This method of stabilized inverse probability weighting has
been successfully applied to data that are missing at random (Xu, Ross, Raebel, Shetterly,
Blanchette & Smith 2010), and we estimate ~4; using a logistic regression with the estimated
instruments Ug.

We define our estimate for By, as

o - -1 “

By = argmin| fg (Bg) || = (XTWgX) X"Wyy, (9€) (5.16a)
BgeR

W, = diag (rg1 01991, - - - Tgntbgnig1) (g € S). (5.16D)

The accuracy of Bg depends on the accuracy of the weights wg; and because E {sgi (ﬁ* g)} =
0. In view of the latter, we can replace the score function sg; (,Bg) with any M-estimator,
like Huber’s or Tukey’s robust estimators. We remark that we did not need to specify a

probability model for the residuals eg; to estimate Bg-

5.5.2  Quantifying the uncertainty of our estimators

Here we describe how we estimate V (Bg), which is important for constructing confidence
intervals for and performing inference on By for g € §. Our estimator is a finite sample-
corrected sandwich variance estimator that also accounts for the uncertainty in the estimated

weights wg;. To describe the estimator, define
n
fg (Bg) = ngiwgi (7+y) Y9iSgi (Bg) -
1=1
Then under suitable regularity conditions,
_ -1 3 =1 pex -1 * 2 A
0=n""fg (Bg) =n .fg (ﬁ*g) +n Vﬂgfg (B*g) (Bg - B*g> +op (Hﬁg - ﬁ*g||2)
n
vﬂgfg* ('3*9) = Z TgiWgi (T’*g) 7gixlwiT'
1=1

265



Therefore, we can approximate the variance of 34 as

n_l]E {ngiwgi (,r"“g)2 ’Ygisgi (B*g) Sgi (/B*g)T}]

1=1

w (80) = {01,882}
X {n*1V5gf; (ﬁ*g)}_l
~ (n_IXTWgX>_1 [n_l il'yng {Tgiwgi (?7*9)2 Sgi (ﬁ*g) Sgi (ﬂ*g)T}]

~ -1
x (nIXTWX)

where we have replaced wg; (77* g) and ~yg; with wg; and 74 to estimate Vﬁg f;‘ (B* g) in the
second approximate equality.

It remains to estimate the middle term. Simply plugging in wg; for wg; (n* g) when
We; (17* g) is large will typically result in underestimates for V <Bg), since the uncertainty in
estimates for wg; (77* g) increases as wg; (77* g) increases. Further, simply plugging in Bg for
B« , Will underestimate V (,ég> because the plug-in sandwich variance estimator can notably

underestimate the variance of Bg (Wang et al. 2016). We circumvent the former by replacing
2 . ~ 92, =
wgi (h+,)” with E {wgi ()" | Gy ("79)}, where

E{wgz‘ (ﬂ*g)2 | Gy (779)} = I {wy; (m+y) | Gg (779)}2 +V {wy (n+g) | Gy (ng) }

= ngi +V {wyi (ns,) | Gy (ng)} > wfﬂ

The above expression holds with equality if and only if Y {wgi (17* g) | G’g ("79)} =0, ie.

there is no uncertainty in our estimate for wy; (77* g). We lastly show how we account for the
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uncertainty in Bg in Section 5.10.2, which we use to estimate V (Bg) as

¥ (30) = (erw) ™ {1 ) () o 3) )

1=1
X (XTW9X>_1 (geS) (5.17a)
iy =E {wgi (77*9)2 | Gy (ng)} (g €S;ien)) (5.17Db)
izg =7 giWgiYgi T; (X WgX> la:i (9 € S;ieln]) (5.17¢)

The term (1 — ﬁgi) is a finite sample correction, where ﬁgi is the ith leverage score of
Wl/ 2X. As far as we are aware, this is the first such finite sample variance correction for
inverse probability weighted estimators in data with non-random missing data. We use a

similar technique in Section 5.10.3 to derive the estimator for a%g, which we define as

N s\ 2 5 )2
oy = tr <W9> > rgitlgiigi (1 - hgi) (ygi N m;f,@g> 9€9) (5:18)
i=1

5.6 Estimating C in the presence of non-random missing data

Here we describe our method for estimating the latent covariates C' in Model (5.1), and will
assume throughout Section 5.6 that pig; is as defined in (5.1b), where X is observed. Define
Xint, Xnuis such that X = (Xint Xyuis), where X contains the covariates of interest
like disease status and X,,;js contains observed nuisance covariates like the intercept and
technical factors. Since typical estimates for the coefficients of interest, like the estimator we
presented in Section 5.5, only depend on Xj,¢ and Im (X, 45) UIm (P)J(-nuis C’>, our goal is to
estimate Im (PXMSC) This is quite auspicious because even though C' is not identifiable
in Model (5.1), Im (P)J(-nuisC) is identifiable under assumptions on the sparsity of the effects
of interest in B, (McKennan & Nicolae 2018a,b). We assume for simplicity that X = Xj,¢
in the presentation of our method, and we describe the extension when X = (Xint Xpuis)

in Section 5.10.4.
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We use a strategy similar to that in Sun et al. (2012), Wang et al. (2017), Lee et al. (2017),
McKennan & Nicolae (2018a,b) and estimate Im (C') by separately estimating Im (P)%C)

and Im (PxC'), and then combine the estimates to recover Im (C). In vector form,
Yg=XBs, + Cly, + €9, €4 ~ <O,azg1—n> (9g=1,...,p).

Then we can also express yq as

yg:XB*g+CQE*g+eg, B*g:ﬁ*g—i—ﬂg*g, (gzl,,p) (519&)
Q= (X"X)"'X"C, C,=PyC. (5.19D)
Let R, = diag (7“91, e ,rgn) and §7 C S, where our software’s default Sy is all metabolites

with less than 25% missing data and with an [ fdr, above 0.8 (see Section 5.4.3). We then

estimate By g+ £+, and Cy using the following quasi log-likelihood objective function:

({80}, g 00}, s, C2)

3 2
= agmax = >Ry {uy — (X8, + Coty) I3
ByeR? L,eRE CoeR™K | jcge
CIX=0,n"1Cy Co=Ix

= Sy {wy - (X8, + oty ) B (5.20)
gESI

The matrix Ry = I, if €, defined in Algorithm 5.1, is 0. When € > 0, this optimization
treats missing data from metabolites with little to no missing data as missing completely at
random. Note that for fixed C9, the updates for ,ég and £4 for all g € S7 are the stabilized
inverse probability weighted estimates given in (5.16). The update for Co given Bg and £
for all g € S€U S is similar. We lastly remark that the constraints on Cy define it uniquely
up to a K x K rotation matrix. However, since our goal is only to estimate Im (C5), it

suffices to estimate C9 up to a change of basis of its column space.
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It remains to define €, our estimator for £ from (5.19), where our estimate for C' will

then be
C=XQ+0Cy. (5.21)

The estimates for B*g and £y, obtained from (5.20) are simply the inverse probability
weighted estimates defined in (5.16), where the design matrix is (X C’g) and the weight
matrix is Ry for g € S¢ and Wg for g € §1. Since X is orthogonal to Co, (5.15) is satisfied

. T 5
when evaluated at ( Eg, E;fg) for g € S. Therefore, we model 3, as

~

where Uy is the ordinary least squares estimate for the variance of ,ég using the design matrix
(X ég) when g € 8¢, and Dy is a submatrix of the estimate for the variance defined in (5.17)
when g € §j. If only a small number of the effects of interest B, ..., B+, are non-zero, then
we can use the estimates for £, obtained from (5.20) to regress the estimates for B 4 onto

those of £, g to estimate €2. We describe this procedure in Algorithm 5.2.
Algorithm 5.2 (Estimating ). Let € yalue € [0,1] and R > 0 be an integer.
(0) Define 0 = <Q(10) e leo)>T such that
~1

O = | Y (ol > (5l [Bg] 4

gESUS] geSUS:
Define c0) = xQ0) 4 C’g. If R =0, return c=c0,

(1) Let C") e given. Define py ; to be the P value for the null hypothesis Hy 4 j : [,Bg}j =0
using ordinary least squares if g € S¢ or the procedure described in Sections 5.5.1 and

5.5.21f g € S1 with the design matriz (X C’(T)>.
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(2) Obtain the q-values {qy.;} c scus,

Define QUr+l) — (QY+1) e Q&TJA))T to be

using the P values {pgaj}geSCUSl for each j € [d].

-1

~ 1 ~1—15 5
QE.H_ ) Z I (qu > 6q—value) [Vg]jj ngg
geSUST

-1 A
X3 > (495> equatue) [Py [ﬁg] jeg

geSCUS]
Update r < r + 1 and define cr) =x00) 4+ Cs.
(3) Repeat Steps (1) and (2) forr =0,1,...,R—1 and return C = CH).

Our software’s default is €. yajye = 0.1 and R = 3. The estimator in Step (0) is similar to
that used in Lee et al. (2017), Wang et al. (2017), McKennan & Nicolae (2018a). We refine
the estimate for €2 in Step (2) by attempting to remove metabolites with non-zero coefficients
of interest B4. This helps alleviate the impact of outliers in the regression estimate for €2.
We subsequently use the estimated design matrix <X C’) to estimate and perform inference

on the coefficients of interest using techniques described in Section 5.5.

5.7 A simulation study

5.7.1 Simulation setup

Here we analyze simulated metabolomic data to compare the performance of our method
with other existing methods. We simulated the log-intensities of p = 1,200 metabolites in
n = 600 individuals, 300 of which were cases and the remaining 300 were controls. The
observed design matrix was therefore X = (1, Xjut), where Xj; = <1n /Z»On /2>T e R"™.
The parameters p and n were chosen to match those from our real data examples in Section

2.4, and we include additional simulation results when n = 100 and n = 300 in Section
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5.10.1. We set K = 10, and for some constant a, simulated data as

log (a*g) ~ Ny <pa, 0.42) (g=1,...,p) (5.22a)
Sy ~ Ny (16, 1.22) (g=1,...,p) (5.22b)
s, ~ Ny (18, 52) (g=1,....p) (5.22¢)
Biy ~ 0.850 + 02N (o, 0.42) (g=1,...,p) (5.22d)
C ~ MNyy g {(aXint On -+ 0n) , In, I} (5.22e)
[e*g]k ~ 6o + (1 — 1) Ny (0,7’%) (g=1,....;;k=1,...,K) (5.22f)
02, ~ Gamma (0.2*2, 0.2*2> (g=1,...,p) (5.22¢)
Ygi ~ N1 (M*g + [Xintl; Bry + c’LTe*g7U£g> (g=1,...,pmi=1,...,n) (5.22h)
r4; = Bernoulli [\IJ {oz*g (?ng‘ — 6*9) H (g=1,...,p;i=1,...,n), (5.221)

where 0 is the point mass at 0 and o in (5.22a) was set so that if Z has cumulative
distribution function W {exp (ta)z}, V(Z) = 1. The constant a in (5.22¢) was chosen so
that C explained 7.5% of the variance in Xj,; on average across all simulations, and Table
5.1 contains the values of ;. and 7']% . These were chosen so that the non-zero eigenvalues

)\1, sy )‘K of
p
I=m-1)"'PLC|p ') a;g%*ge;fg c'pr
g=1

were 0.61, 0.33, 0.19, 0.14, 0.12, 0.08, 0.07, 0.05, 0.05 and 0.05 on average across all simulated
datasets, since these were the first 10 eigenvalues of the estimated Z in our data example
in Section 5.8. Similarly, the prior variances for the missingness mechanism parameters in
(5.22a) and (5.22b), as well as the mean and variance for the global mean in (5.22c), were set
to their estimated equivalents from the first data example in Section 5.8. The distribution

of missing data when ¥ was the logistic function is given in Figure 5.1, which is similar to
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Figure 5.1: The fraction of metabolite-specific missing data n =1 >
=1

(1 _rgi)a g € [p]a for
one simulated dataset with W(x) = exp(z)/ {1 + exp(x)}.

that observed real data from Section 2.4.
Table 5.1: The m, and 73, values used to simulate £y, ..., Ly, (k=1,...,10).

Factor number (k) | 1 2 3 4 5 6 7 8 9 10

Tk 0 0 1076|056 | 048 ]0.32|0.28 | 0.20 | 0.20 | 0.20

Tk 0.78 10571 05 | 05 |05 1] 05|05 |05 1] 05| 05

We used our method detailed in Algorithm 5.1 with € = 0.05, Z = 1, and K = 5 to
estimate the metabolite-dependent missingness mechanism parameters as,, 0x,, the latent
covariates C and the effects of interest S ,...,0s,. In each simulation, we removed all
metabolites that were missing in more than 50% of the samples, since we find that these
metabolites tend to have large J-statistics in real data (see Section 5.4.3). Similar to our
real data examples in Section 5.8, the number of potential instruments, K , was such that
at least 90% of all metabolites g € S had at least two g-values g, ;, defined in Step (b) of
Algorithm 5.1, that were less than 0.05 in each simulated dataset. All results were nearly
identical when we let K be as small as 3 and as large as 10.

Given the complexity of our method, we evaluated its ability to recover ax, 0« in Section

272



5.7.2, as well as estimate and perform inference on the coefficients of interest in Section 5.7.3.
This allows one to better understand the sources of variation in our estimators, and also

highlights the novel aspects of our methodology.

5.7.2  Accuracy of our estimates for a., and ds,

We simulated and analyzed 20 datasets according to (5.22) with U(x) = Fy(z) to compare
our estimators for ax, and dx,, defined in (5.12a) using empirical Bayes to estimate the prior
variance U, to the those proposed in Wang et al. (2014). The latter is simply ég defined in
Section 5.4.2, which is the two-step estimator from (5.4) with instruments A and function
f given by (5.7). We could not compare it to the estimators proposed in Chen et al. (2017)
or Hedeker et al. (2018), because they assume the missingness mechanisms are the same for
each analyte. We remark that the estimators for a,, and d«, these authors proposed in the
aforementioned articles rely on the assumption that y,; is normally distributed. We also
did not compare our estimators to those proposed in Ai et al. (2018), since their method is
nearly identical to that proposed in Wang et al. (2014).

The results are given in Figure 5.2. Our Bayesian estimator (HB-GMM) outperforms the
standard two-step generalized method of moments estimator proposed in Wang et al. (2014)

(GMM), which illustrates the advantages of pooling information across metabolites.

5.7.8 Inference on the simulated parameters of interest

We simulated 60 datasets according to (5.22) with ¥(x) = exp(x)/ {1 + exp(z)} and ana-
lyzed them by first using HB-GMM to estimate the posterior means and variances for the
sample weights given in (5.12b), and estimated C' according to (5.21). We then used the
estimated design matrix <X C’) to calculate B* 4> an estimate for Sy, and \Y% <B* g>, an es-
timate for V (B* g>, with ordinary least squares if g € S¢ or the estimators defined in (5.16)
and (5.17) if g € S. We subsequently formed 95% confidence intervals for [, , and computed

P values for the null hypothesis Hq 4 : 8+, = 0 assuming B*g ~ Np {ﬁ*g,V (B*g) } Since
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(left) and {|S|_1 > (59 - 5*g> } (right) over 20 simulations. The estimates log (dy)
geS

and 59 were either our Bayesian estimators proposed in Section 5.4.4 (HB-GMM), or the

two-step estimator proposed in Wang et al. (2014) (GMM).

we typically do not know the exact functional form of W(z) in practice, all analyses were
done assuming ¥ (z) = Fy(z). We refer to this procedure as “MetabMiss” for the remainder
of the chapter.

As far as we are aware, there are currently no methods designed to analyze these simulated
data. In fact, the current state of the art to account for latent covariates in untargeted
metabolomic data is to simply impute missing data with an arbitrarily chosen detection
limit (Wehrens et al. 2016, Salerno et al. 2017), which is clearly sub-optimal. Therefore,
we could only compare our method to those that account for non-random missing data
or C, but not both. We did not compare MetabMiss to methods that only account for the
former, like those proposed in Chen et al. (2017), Hedeker et al. (2018), O’Brien et al. (2018),
because we showed in Chapter 2 that estimators for Sy, that ignore C' tend to be biased.
Instead, we compared MetabMiss to existing methods to estimate C but do not account for

the non-random missing data, which included Leek & Storey (2008) (IRW-SVA), Lee et al.
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(2017) (dSVA), Gagnon-Bartsch & Speed (2012) (RUV-2) and Gagnon-Bartsch et al. (2013)
(RUV-4). We do not report results from the method proposed in Wang et al. (2017), as it
performed nearly identically to dSVA in all simulation scenarios. Since none of the of the
aforementioned methods can accommodate missing data, we estimated C' with each using
only metabolites with complete observations, and subsequently estimated and computed
confidence intervals for Jx, and computed P values for the null hypothesis Hy g4 : 85, = 0
with ordinary least squares using the estimated design matrix (X é) , assuming the missing
data were missing completely at random. RUV-like methods, which are frequently used when
analyzing metabolomic data (De Livera et al. 2012, 2015, Wehrens et al. 2016), assume
the practitioner has access to metabolites whose effect of interest Sy, = 0. We therefore
randomly chose 8% of all metabolites with [ , = 0 and no missing data to act as control
metabolites when using RUV-2 and RUV-4, which is greater than the number typically used
in applications (De Livera et al. 2012, 2015, Wehrens et al. 2016). We lastly remark that
we could not analyze these simulated data with the methods proposed in De Livera et al.
(2012) or Salerno et al. (2017) because both methods rely on a random effects model whose
implemented estimators are not amenable to any missing data.

We first evaluated each method’s ability to identify metabolites with non-zero effect of
interest [« while controlling the false discovery rate at a nominal level. The results are given
in Figure 5.3, where the only method to suitably control for false discoveries is MetabMiss.
The fact that MetabMiss is slightly underpowered compared to the other methods is to be
expected, as anti-conservative inference is often more powerful. Lastly, we evaluated the
confidence interval coverage for the effects of interest f, for each method in Figure 5.4.
These results illustrate the consequences of performing inference on estimators that do not
properly account for the missing data, and also highlight the fidelity of our finite sample-

corrected estimator for the variance given by (5.17).
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Figure 5.3: From left to right: the false discovery proportion, FDP (a), and true recovery

proportion, TRP (b), for metabolites with g-values < 0.05, 0.1, 0.15 and 0.2. TRP is as
defined in Figure 3.4 from Chapter 3 and g-values were determined using the qvalue package
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For MetabMiss, Bg and V (Bg) were calculated using (5.16) and (5.17). All other methods’

estimates were derived using ordinary least squares and ignored the missingness mechanism.
We did not include the results when C' was ignored, as the coverage was uniformly less than
IRW-SVA’s.

5.8 Data analysis

We used blood plasma metabolomic data measured at 6 months and 6 years old in n = 661
Danish children enrolled in the COPSAC cohort (Bisgaard et al. 2013) to demonstrate the
importance of accounting for both missing data and unobserved covariates in untargeted
metabolomic data. Table 5.2 provides an overview of the extent of the missing data in
each of the p = 1138 measured metabolites. Since the metabolites at 6 months and 6
years were quantified via mass spectrometry in two separate batches, we estimated the
missingness mechanisms at 6 months and 6 years separately, since missingness patterns
tend to depend on the mass spectrometer’s performance (Do et al. 2018). We excluded

metabolites that were missing in more than 50% of the samples and set Z = 1,, ¢ = 0.05
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and K = min {K(PA) (PA)

6 month’ X6 years} /2 = 10 when estimating the missingness mechanisms

with HB-GMM in both analyses, where K (PA) and K, (PA)
6 month 6

on years Were parallel analysis’ (Buja

& Eyuboglu 1992) estimates for K in the 6 month and 6 year datasets. With this value of
K, at least 90% of all metabolites g € § in both datasets had at least two q-values g ;,
defined in Step (b) of Algorithm 5.1, less than 0.05.

Table 5.2: The number of metabolites in each missing data bin in the six month and 6
year datasets. Metabolites with more than 50% missing data were excluded from both
analyses.

Data \ Frequency of missing data, f | f=0]0< f<0.05]005< f<05[05<f

Six month 399 257 249 233

6 year 400 256 300 182

Once we estimated the missingness mechanisms, we could easily assess the relationships
between the quantified metabolome at six months and 6 years and the many recorded phe-
notypes using MetabMiss. We were particularly interested in phenotypes related to lung
function, and present the results for specific airway resistance (sRawy) and forced vital ca-
pacity (FVC) measured at age 6. The former is a measure of airway resistance (Kaminsky
2012) and the latter is the total volume of air exhaled during a forced breath. While these
two quantitative traits are ostensibly manifestations of a similar underlying phenomenon,
they were completely uncorrelated in these children (P value = 0.31). For each of the four
analyses (2 metabolomes x 2 phenotypes), we estimated K with parallel analysis (Leek
et al. 2017) and subsequently regressed the quantified metabolites at 6 months and 6 years
onto (1, Xin) while accounting for C' using MetabMiss. The covariate X, € R™*! was
either sRaw or FVC. The results of two of the analyses are given in Figures 5.5 and 5.6.
The remaining two analyses, like that which is shown in Figure 5.6, did not reveal any
metabolome-wide significant results.

As one can see in Figure 5.6, MetabMiss corrects the apparent P value inflation, which

is commonly observed in practice when C' is ignored (Leek & Storey 2007, Efron 2010).
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Further, MetabMiss appears to not only correct the minor P value inflation in the sRaw
analysis in Figure 5.5, but also empowers the analysis by reducing the residual variance.
We identified seven metabolites at a a g-value threshold of 0.2 in the sRayw analysis: two
sphingolipids, a benzoate derivative, pyruvate and three derivatives of piperine, which is
an alkaloid found in black pepper. A reduction in sphingolipid synthesis tends to increase
airway hyperractivity in children (Ono et al. 2015), which is congruent with the estimated
sign of the sRaw effect on the two sphingolipid metabolites’ intensities at 6 years of age.
Benzoate preservatives have been linked to asthma and lung function-related phenotypes
(Balatsinou et al. 2004, Pacor et al. 2004), and pyruvate and lactate (q-value = 0.23) levels
have previously been associated with asthma (Xu, Cui, Wang, Yin, Gao, Liu & Yang 2010,
Ostroukhova et al. 2012).

The three derivatives of piperine are particularly interesting in the context of our method-
ology because all three had between 12% and 48% missing data with J-test P values between
0.77 and 0.99 (see Section 5.4.3), suggesting that Model (5.3) is a reasonable model for their
missingness mechanisms. Piperine abundance has also been shown to be associated with
asthma and asthma-related phenotypes (Kim & Lee 2009, Finkelstein et al. 2015), and one
of the mechanisms by which it aids in alleviating airway hypersensitivity in mice has been
identified (Reinke et al. 2017). Moreover, its affinity for the TRPV1 cation channel (Premku-
mar 2014) and the latter’s role in respiratory illness in humans (Jia & Lee 2007) provides

additional evidence that these three observed associations are in fact biologically meaningful.

5.9 Discussion

We have presented, to the best of our knowledge, the first method to account for both non-
random missing data and latent covariates in untargeted metabolomic experiments. Our
method leverages the fact that the majority of the variation in metabolomic data can be
explained by a small number of latent covariates, which we use as instrumental variables

in a generalized method of moments estimator to estimate the metabolite-dependent miss-
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ingness mechanisms. We then present methodology to accurately and efficiently estimate
the effects of interest in a linear model while accounting for both the non-random missing
data and latent covariates. Ome of the most appealing aspects of our procedure is that
one only needs to estimate the missingness mechanisms once per data set, since our inverse
probability weighted estimators only depend on the estimated sample weights. This makes
many-phenotype inference tractable, such as the analysis we presented in Section 5.8 or
regressing the metabolome onto single nucleotide polymorphism data.

An important hyperparameter in our procedure is the number of instrumental variables
used to estimate each metabolite’s missingness mechanism. We currently use three instru-
ments to estimate two parameters, which allows one to evaluate the veracity of Model (5.3)
using the J-statistic. An important avenue of future research could be developing a data-
driven approach to choose the appropriate number of instruments. Lastly, we remark that
while our inverse probability weighted estimator is consistent and its estimated variance is
accurate enough to perform valid inference, it could be made more efficient if one were willing
to make assumptions about the distribution of missing data. This is currently an area that

[ am actively investigating.

5.10 Appendix

5.10.1 Additional simulation results

Here we analyze additional data simulated according to (5.22) with ¥(x) = eXp(x)) and

T+exp(z)

n = 300 or n = 100 to demonstrate our method’s performance on data with smaller sample
sizes. Just like we did in Section 5.7.3, we analyzed each of the 60 simulated datasets for
each value of n with MetabMiss by making the incorrect assumption that ¥(z) = Fy(z). For
simplicity of presentation, we only report each method’s potential to estimate and perform
inference on fy, for g € S. The results for each set of simulations are given in Figures 5.7

and 5.8.
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5.10.2 Justification of the estimate for V (Bg) defined in (5.17)

Here were perform an error analysis to justify using (5.17) to estimate V <B9> . For notational

convenience, we assume all covariates are observed and contained in X = (xq---
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R"*4 where fgi is as defined in (5.13). We also define

wgi = wg; (M+,) (9 € Syi € [n])
Sgi = 8qi (Bxy) = ;i (Ygi — ®iBx,) (9 € S;i€[n])

8gi = T; <ygi - miBg) (9 € S5i€n))

where Bg is defined in (5.16). We assume throughout this section that wg; is known. Unless
otherwise stated, all expectations and variances are taken conditional on X. By the deriva-

tion in Section 5.5.2; our goal is to approximate ’ygiE (rgle sgzs | X) for fixed g € S and

gt
all 7 € [n].
Fix a g € § and define {y; = 74;74iwq; and Wy = diag (591, o ,fgn). When v4; and wy;

are known, the estimator Bg is such that

n
> Cgisgi = X "W, (yg — XBe,) = X Wy (yy — XBy) + X W, X (8, - B, )
1=1

— 0+ X"W,X (Bg - 5*9) ,

where the last equality follows by the definition of ,ég. Therefore, for all i € [n],

8gi = @ (ygi — @] Bx,) + T (5@ Bg) = sgi —wiz; (X WyX) ngysgj
:{ — Lgiziw) (XWX~ 1}Sgi i (XTW,X) Z‘ggysgy
J#i
— @i {1 - ol (XTWyX) @i ey — mia] (XTWX) Y gy5s,
JF#i
= (1= hgi) 8gi — L (XTWX) ngysgy
el

where hg; is the ith leverage score of Wl/QX. For A; = ; §gjSgj, the maive plug-in
JF1
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estimator can be expressed as

roivaitai8gise; =& (1 - hyi)® 8gi8g; — (1 — hgi) ziz; (X™W,Xx) 7" A, S
T
- {(1 - hgi) mlx;r (XTW9X> A, f'gz gz}
1

+62 (1 - hgi) ma? (XTW,X) ' AAT (XTWX)  aal, (5.23)

and the corrected estimator as

(1- hgi)_2 Tgﬂﬁiwﬁﬁgi% = gzsgzs ~(1-h i)_l P (XTWX ) Zf

- hg) T wia] (XTWX) T A }T
+ 2zl (XTW,X) P AAT (XTWX) el (5.24)
We first note that A; is independent of ry; and y4; and E (A;) = 0. Therefore, if we ignore
the uncertainty in n~! X "W, X, the second and third terms in (5.23) and (5.24) will have ex-
pectation 0. The last terms are positive semi-definite, where since (7“91, ygl) R, (Tgn, ygn)
are independent, (XTW,X) -1 AjA; (XTWyX) ~1 will have cigenvalues that are Op (n™ 1)
under suitable regularity conditions. However, the first term in (5.23) will tend to be small
and therefore underestimate 7§z‘E (rgzwglsgls gz>, especially when the weights wy; or d are
large, since this will increase leverage scores. Further, unlike data whose missing values are
missing at random, the leverage scores are correlated with sg;, where large values of sg;
typically imply the weights will be large. These two facts cause the naive plug-in sandwich
estimator to underestimate the variance. The corrected estimator circumvents these issues
because the first term in (5.24) is exactly the term whose expectation we are attempting to

estimate.
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5.10.3 Justification of the estimate for o2 defined in (5.18)

*g
The estimator for azg defined in (5.18) is a similar finite sample correction as that presented

in Section 5.10.2 applied to

N i N2
tr (Wg> ngiwgﬂgi (ygi — :vZ-TBg> (g€S).
=1

The details have been ommitted.

5.10.4 Estimating C with nuisance covariates

Here we extend our estimator for C' defined in (5.21) of Section 5.6 when X = (Xint Xpuis)s

where X € R"*int and X5 € R™%%uis. To do so, let

g

Bs, = .
g /85:;118)

For all g € [p], we can then re-write (5.19) as

~ (3 t -~ [ s t . t
Yyg =P )J(_nuiSXintﬂilgn ) 4 Xnuisﬂigmb) + Coly, + ey, ﬁfﬁ;n ) = ﬁgl ) | QL.

~1
= (Xgltpj(_n Xint) XgltP)%nuiSC, Cy = P)%C

uis

where Bi?ms) is a nuisance parameter. We estimate C9 according to (5.20), where

ééint)
Bgnuls)

183

and Bémt) € Rdi“ta Bénms) € Ribnis, Using the same reasoning as when X = Xj,; in Section
5.6, we model Bémt) ~ (,Bilgnt) + Q& ’f)g>, where ¥4 is a submatrix of the estimate for the

variance defined in (5.17) when g € S or the ordinary least squares estimator for V <B!(]int)>
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when g € 8¢ using the design matrix (th X huis ég) We subsequently estimate €2 with
Algorithm 5.2.

5.10.5 A mathematical justification for Step (b) of Algorithm 5.1

In this section, we state and prove a few technical results that help justify the instrumental
variable selection step in Step (b) of Algorithm 5.1. Our main result is Theorem 5.1 at the

end of the section. We first state the assumptions that we will use throughout this section.

Assumption 5.1. Suppose yg = Z&, + Cly, + €y for all g € [p], where Z € R™t gnd
C € R™K for some constants t, K > 1, and that Model (5.3) holds for g € S. Define Lge
to be the sub-matriz of L = (El . -Ep)T, restricted to the rows g € S¢, and let p = |S¢|.

Then following hold for some constant ¢; > 1:

(i) The entries of Z € R™* are non-random, uniformly bounded and lgn n12%7 =
n—oo
g = cl_llt. Additionally, the eigenvalues A\ > --- > A\ > cl_1 of T = ﬁ’ngcLSc

are such that \1/ g < c1 and 1 — X\piq /A > cl_1 for all k € [K], where A1 = 0.

(ii)) C = ZA + E for some non-random matriz A € R>K . The random matriz E is

independent of e1,...,ep, [El14,...,[E],s are independent and identically distributed

and [E]y, ~ (0f, I ). Further, the entries of 2 have uniformly bounded sizth moments.

(i11) [eg] Loeees [eg]n ~ (O, 03) are independent and identically distributed with uniformly

bounded fourth moments for all g € [p|. Further, ey1,..., e, are independent.

(iv) The function ¥(z) : R — (0,1) defined in (5.3) is continuous and strictly increasing,

where lim  W(z) =0 and lim W(z) = 1. Further ax, >0 for all g € S.
T—00

T——00

(v) If g € S8, the entries of y4 are missing completely at random. Further, p/p,p/n > cfl.

Lemma 5.1. Fiz a g € §. If Assumption 5.1 holds, then P(rgl- =11[2);,) > ¢ for all

e
i € [n] for some constant ¢ > 0 that does not depend on n.
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Proof. Define é*g = &, + Aly,. By Assumption 5.1, ég1 = [ygh - [2]1. é*g, oy bgn =

[yg]n — 2]}, é*g are identically distributed. Let py = m[m] <[Z]£k é*g>. Note that puy > p
1€en

for some constant 1 > —oo because the entries of Z are uniformly bounded. Then because

U(zx) is strictly increasing and non-zero, for any n > 0 and i € [n],

P(rgi = 1112);,) = E | ¥ {as, (Z)] &, +5i—s,) | 112);.]
K [‘I] {a*g (“ + €gi — 6*9) }]

E [\II {a*g (M + égl o 5*9)}} > 0.

v

]

Lemma 5.2. Suppose ¢ = 0 and that Assumption 5.1 holds, and let n_1/2é'2 be the first K

T
right singular vectors of YsePy = Lg (PéC) + EScPZL. Define

—1/2 - 1/2
Cy = PC (n—lcTPZLC) PU bg=Ls (n_lCTPZLC> Pu (5.25)

where U is a unitary matriz such that j}gcj}‘gc 1s diagonal with non-increasing elements.

Then
Cy = Cot +nt/2Q 1 i (5.26)
okt :
where
o~ Ixclla = Op {(np) 12}, Ilibll2 = Op (571/2) (5.27a)
H[w]*k - (n)‘kﬁ)il Q};%_C«Pé_Egc <n1/2LSc + n_1/2EScpé_CQ> [’IA)]*kH2 = OP {(nﬁ)fl/Q} .
(5.27Db)

Proof. For notational simplicity, we drop the subscript S¢ and redefine p < p, A\ < nA;
for all £ € [K] and Coy «+ nil/ZQ}CQ. The latter implies YQE = nl/QiCéf + EQ,
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C5Cy = I and np 'LTL = diag (71, ...,7x), where 75 = A\, {1 + op(1)} by Assumption
5.1. Define Eq = EQZC, Q= QCQ’ E; = EQzQ and X = diag (a%, e ,02). The proof

is nearly identical to that of Theorem 3.10 from Chapter 3. Define

S =(prr)  (C2Q)"YTPLY (C2 Q)

(pAg) ! <n1/2l~/ + E1>T <n1/21~} + E1> (pA) ! <n1/2i} + E1>T E,

A (5.28)
()" BF (n' 2L+ By ) ()" BBy,

By Theorem 5.37 of Eldar & Kutyniok (2012), ||(pAg) ! ESEs|2 = Op <)‘I_{l> under As-

sumption 5.1. Further, it is easy to see that conditional on C,

o) | O PR EEE) =

xk ~ ~ e
(On—s-sc2n/ (PAK) LTSL) if j =2

meaning |[{n/ (PA)}/2 L Eills = Op(1) and |[{n/ (pA)}/2 LV Eslla = Op (n'/?),

p
Next, for p=p~1 3 03, E (pflEifEl | C) = plk and
g=1

p
V([p BB 1C)=p? Y V(QsCul e [QsCul 1 ¢4 | ©)
g=1
p
<2y E{(sCh ep)' 1€} " E{ (@2 €)' 1€}
g=1

where
n

E{(QzCI% e)" 1€ = 3 E([eg)] [eg]} [Q2Cal} 1QCol3, | ©)

i,j=1
n 2

< cE {( [QZ@]%T) | c} = ¢
=1
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for ¢ = max [, E ([egﬁ) This shows that Hp_lEirEl —plgllo = Op (p_l/Q). Lastly,
E(p'EJE; | C)=0and for k € [K],i € [n—t— K],

e{ (v [B3B1,) 1Cf =V (i [B3B1], | ©)

p
=p 2 V(QzQl ege [Q;Col,y. | C) < cp!
g=1

for ¢ defined above. Therefore, Hp_1E2TE1||2 =0p {(np_1)1/2}.
Define p, = v, /A and let fi;. be the the kth eigenvalue of (5.28) for k € [K]. By Weyl'’s

inequality, the above work shows that fi. = pup +Op (pil/ 2). Next, define

N = {n/ (px)}2 L+ (prg) V2 Ey,
B =

~ T
)" (nPL+Ey) By, D= (pAk) "' B3 Es

and let & € REXK qp ¢ RO—t-K)xEK 1,6 guch that (of wT)T are the first K eigenvectors

of (5.28). Then

i [0 = {N"N + B (july 1 - D) B Mol (k=1 K)

[w]*k = (:ak‘l’n—t—K_D)il BT [,ﬁ]*k (k: 17"'aK)a

where (5.27) then follows by the proof of Theorem 3.10 in Chapter 3. ]

Corollary 5.1 (Accuracy of the estimate for PZLC in Step (a) of Algorithm 5.1). Under

the assumptions of Lemma 5.2,

2 1
1Pprc = Fe,lp = Op (19 ) :

Proof. The proof is identical to that of (3.29) and is ommitted. O

Lemma 5.3. Suppose the assumptions of Lemma 5.2 hold and let g € S. For some k € [K],
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define zg to be the ordinary least squares z-score for the [t+1]st regressor from the regression
yg ~ (Z [Chl,;,), restricted to only the observed values of yg. Then if [Cal,;, is independent

of yg, zgl—))Nl (0,1) as n — .

Proof. For notation purposes, we define y; = y = (y1,... )T eg =e = (eq,.. en)t,

Z=(z1-2n)", i =z (&+, + ALy), 1; = 1g; for all i € [n] and ¢; = [C|],;. Define
R = diag (ry,...,m,) and let { be the t + 1st regression coefficient from the ordinary least

squares regression of y onto (Z, ¢ ) that ignores missing data. That is,
Z'Ry

(8.0) = {(Z.c)" R(Z.c)} . (5.29)
c| Ry

Note that
~1/2
c| = Pé‘c, c=2 (nilETPZLE> uy,

where uj, € RE is the kth column of U defined in the statement of Lemma 5.2. By the
assumptions of E in Assumption 5.1, n_lETPZLE =Ig+0Op <n_1/2> and ||lup — aill2 =
Op (n_l/ 2), where a}. € RE is the kth standard basis vector. Since ¢ | is independent of
y, it is also independent of R by Model (5.3), meaning it suffices to assume E is independent
of y. Further, we can re-write (5.29) as

ZTRy

X I
) =" . s=(2"2)"' 2"

(B0 =" 7 [{zo Rz}
0 Ig c'Ry

Therefore, to understand the distribution of /, it suffices to replace ¢ | with ¢ in (5.29).

Define the function
h(/87£> = n_l (Z7C)TR<y - ZIB - cﬁ)
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and let
B—1 = {E(Z'RZ)} 'E(Z"Ry).

Note that lim sup,,_,~||Br=1]|2 < 00. Let R = diag(ry,...,rn). We start by understanding

the asymptotic properties of h (8,1, 0), which we can do by analyzing the following;:

(i) n"1ZTRy

n n
\% (nilZTRy) =n 2 Z ziz! V(riy;) =< n=2 ZziziTE (y?) <n"le <n*1ZTZ>
1=1 =1

where ¢ > 0 is a constant. Therefore, n 1 ZTRy = E (n_lzTRy) +Op (n_l/z)_

(i) n "R (y — ZBr=1)

by the bounded fourth moment assumptions. Let ax = ax, > 0,0+ = 05, € R and

g
vi = pi — 2, Br=1. Note that MaX;e ] 1%, max;e ] |1t;| < ¢ for some constant ¢ > 0 by

Assumption 5.1. Let M > 0 be large enough so that

max E{(e1+7)?} I (er 2 —M)| =
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(iii)

(iv)

Then because eq, ..., e, are identically distributed,

E {ri (yi — ziTﬁrzl)Z} =E [\P {ous (e + i — 04)} (e + %‘)2]

E [‘1’ {0 (e + i — 0)} (e +70)* 1 (e > —M)}

o {—M + min (1j) = 6}] o

v

V

v

where

lim inf { min (,uj)} > —o0 = liminf ¥

n—oo | jeln] n—00

v {—M+ min (p) — 5*}] > 0.

JEn]

By the Lindeberg-Feller Central Limit Theorem, we get that

where lim inf v, > 0 by the above work.
n—oo

We see that n " 1ZTRZ = E (n*IZTRZ) + Op <n*1/2>, where E (n*IZTRZ) >~
en~1Z" Z for some constant ¢ > 0 by Lemma 5.1. An analysis identical to that in (ii)

shows n 1 ZTRe = Op (n_l/Q).

n~lcTRe

~1/2
n1cTRe = a; (nilETPé‘E>

:nlzn:IP('ri:HZ)—i-Op(nlﬂ)
i=1

R “1/2)

n ;m—irOp(n )

——"
Np=1

n'E'RE (n'ETP5E)
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This shows that

-1
1o [ B Br=1 n1Z'RZ n'Z Rc n12Z"R(y — ZB,_1)
n

/ ne"RZ n1lcTRe n~12¢"R(y — ZB,—1)

The results from (i), (ii), (iii) and (iv) and a little algebra then show that

-1

S y-1/2.p Z'RZ Z'Rc
{[M](t+1)(t+1) Un} (=N(0,1) +op(1), M=
c'"RZ c"Re
- 2
p = (np=g —t — 1)1 ZW (yi — 2 Br=1)
=1
Lastly, for § = 8 — By—; and fiy—| = np—y — t — 1,
. n . N2 n A
Un, :ﬁ;:ll Z r; <yl - ziTﬁ — [¢]; E) = 0y + Qﬁ;:ll Z r; (yl - ziTﬁrzl) <z?5 — [c); €>
=1 1=1
" N 2
i Yo (z,.T(S +[c; E) . (5.30)
=1

By (i), (i), (i) and (iv), ||d]|2, [[{]l2 = Op <n_1/2>, meaning the the last two terms are

op(1). This completes the proof. O

Theorem 5.1. Suppose Assumption 5.1 holds, e = 0 and let g € S. For some k € [K], define

Zg to be the ordinary least squares z-score for the [t + 1]st regressor from the regression yg ~

(Z [C’Q] k), restricted to only the observed values of yq. Then under the null hypothesis
*

that [Cal,. or [C’L} B} is independent of yg, Zg gNl (0,1) as n,p — oc.
*

Proof. Let z¢, R, r;, y and y; be as defined in Lemma 5.3. Both 24 and z4 can be written
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13 : 9
estimate
a5 witandard error of estimate” - Define

Z"RZ Z'R [672} . - . Z'RZ  Z'R[Cy,, -
[éQi| Ik RZ [ég} jk R [ég] ok 7 [CQ]I]C Rz [02];l:k R [CQ]*k:

~

M:

The numerators of Z; and z4 are the [t + 1]st elements of

. Z'Ry ZTRy
~ 1T ) M T
Co| | Ry o]}y Ry

and the denominators are

1/2
[[M} 1)) {(nrzl —t— 1) (Ry)T P;(Z, [OQLIC) (Ry)}] ,

_ 1/2
[[M](t+1)(t+1) {(”rzl ~t—1)""(Ry)" Pﬁ(z, (Ca)e) (Ry)}] :

n ~
where n,—1 = > r;. Note that for v,, defined in (5.30),
1=1

O = (np—1 —t— 1)~ (Ry)" Pﬁ(z, Co),,) (BY)-

First, if [C’ J_:| N is independent of y, then it suffices to assume that = is independent of
*
both y and R. Therefore, by Lemma 5.3, we simply have to show the following to prove the

theorem:

InM —nM]s = op (n~1/?) (5.31a)
n! [C’g} Ik: Ry =n""1 [Co]}, Ry + op (n_l/Q) (5.31b)
(np—1 —t—1)"" (Ry)" P;(Z, [02} ) (Ry) = tn + op(1). (5.31c)

We start by showing (5.31a). Define ¢ = |:C'2] By and ¢ = [Cy],;. Then by Lemma 5.2
*
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and (5.26),

n1é"Re =~ (6], CYRCy [0], + 20~ /2 [6]1, CYRQc, i,

+ [w],), QE, RQe, [Wly,

By (5.27a), the third term is op <n*1/2>. Similarly, since ||n " Y/2RCs|ls < |[n~1/2Cs||s = 1,

we can use (5.27a) to get
n~le"Re =n~'e"Re+ 2072 RQq, [1],y, + op (n71/?).

We then use (5.27b) to show that the second term in the above expression is op (n_1/2>.
The proof of this follows from the fact that ¢* R is independent of Egc. The details are nearly
identically to those used to prove Lemma 5.2 and are ommitted. An identical technique can
also be used to show that |[n 1 ZTRé —n"1ZTRel|jy = op <n_1/2>, which proves (5.31a).

To show (5.31b), we again use (5.26), which shows that

n 'Ry = n' [0]5, CF Ry + n V2 [w]5, QF, Ry =n"'¢"Ry + n~ '/ [w]}}, QF, Ry

+op (n_1/2> )

where the second equality follows from (5.27a). Again, the proof that n~1/2 (W], Qa Ry =
op (nil/ 2) follows from (5.27b) the fact that Ry is independent of Egec, and is ommitted.
To show (5.31¢), let 7 =n,—1 —t — 1. Then

in ="' (Ry)" P;(Z, [C’Q}*k) (Ry)

T .
=07 (72Ry) (7. &) (nM) (2, &) (77 Ry).
First, || Y/2Rylly < ||a1/2y|ly = Op(1). Next, because |[nM — nM]|| = op <n_1/2),

295



In=Y2Z|jy = O(1) and |n~1/2¢||y = 1,
n=n"" <fz_1/2Ry>T (Z, &) (nM) (Z, &)" (ﬁ—l/QRy) +op (n_1/2> .
Lastly, (5.26) and (5.27a) imply
iy =] <ﬁ_1/2Ry>T (2, ¢) (1M (Z, )" (™2 Ry) + op (1) = o + 0p (1),
which completes the proof. O

5.10.6 Approximating pr {G'g (n*g) | n*g} with a normal distribution.

In this section, we justify approximating the distribution of G (17* g) | 1« , With a normal
distribution. This helps to justify our hierarchical Bayesian generalized method of moments

(HB-GMM) procedure in Section 5.4.4. Our main result is Theorem 5.2.

Assumption 5.2. V(x) is twice continuously differentiable with bounded first and second

deriwatives. Further, for some large constants My, Mo > 0,

(i) Bither a|z|"¥(z) =1+ R(z) or aexp (k|lz|) ¥(z) =1+ R(z) for all x € (—co, —My),
where lim R(z) =0 and |dR(x)/dz|,|d*R(z)/dx?| < M for some a,k > 0.

T——00

(i) E ([‘I’ { (0, +217) ([, =64, } (3+M2_1>> < oo forallg € S.

Lemma 5.4. Fiz a g € S and let My, Ms be as defined in Assumption 5.2. Under Assump-

tions 5.1 and 5.2,

i [ {5 ([ { (oo 267) - 2.0}) 07))] <

Proof. Let u; = [Z]}, (ﬁ*g + Aﬁ*g) and €4 = [ygL. — pi; for each i € [n]. Then é41,...,égp

are identically distributed and liminf min g; > g > —oo because the entries of Z are
n—00 jc|n]
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uniformly bounded. Therefore, for any i € [n],

\Ij{<a*g + M1_1> ({yg]z - 5*9)} >V [(a*g + M1_1> {égi +p1 (,u - 'ul) - 5*9}}

W (g + M) {[wg)y + (0= m) = 0,3

19

The result then follows because p — 7 is finite. O]

Remark 5.1. Under Assumption 5.1, one can show Assumption 5.2 holds for the following
values of W(x):

(i) If ¥(x) = exp(x)/ {1 + exp(x)}, Assumption 5.2 holds if the entries of E and ey have

a moment generating function that is defined on all of R.
(i1) If VU(x) = Fy(x), Assumption 5.2 holds if E (|[E]1k|3y) ,E (|egl|3’/) < oo forallk € K.

Lemma 5.5. Supposet < 3, fit a g €S and let ji,...,j3_+ € [K] where K < K. For Cy

defined in (5.25) and wy; (6g) =1/V {[0y] 1 (?ng‘ - [09}2)}, define

ugi = (2]} [Colyy -+ [Coliyy,) €BF (i=1...m)

Gy (8g) =n "D ugi {1 —rgiwg; (64)}
i—1

By (0g) =n~1 Y fugi {1 —rgiwgi (8g) } — Gy (89)] [wgi {1 —rgiwyi (685)} — Gy (64)] "
i—1

Then for 0y, = (a*g, 5*g)T and if Assumptions 5.1 and 5.2 hold,

InV{Gy (0y)} = B (0s,)ll2 = 0p(1), [0V {Gy (0:,) o, [0V {Gy (8:,)}] "2 < ¢
2%y (0.,)} 2 Gy (6.,) B N3 (03, 15)
as n — 0o, where ¢ > 0 s a constant that does not depend on n.

Proof. Since K is at most finite, it suffices to assume u,; = (121}, . [CQ];'I;)T to prove the
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lemma. By Assumption 5.1,

B [ R (ZTZ)ZQTE
=i o (='rsE) U
for U defined in the statement of Lemma 5.2. And since |[M — I kll2 = op(1) by As-
sumption 5.1, it suffices to further simplify the problem and assume wug; = (21}, . [E]ZT*)T,
meaning ég (0* g) is an average of independent random variables. Therefore, to prove the
lemma, we need only check that the Lindeberg condition hold and that ||nV {Gg (0* g)} —
2 (05,) 2 = op(1).

Let v = (v], vg)T € R**TX be a unit vector, where v; € Rt and vy € RE. First,

WV {07y (8.,)} ! ZE {1 gy (6) (07 y)?)

n

<n! ; (E [{1 —— (0*9)}4D1/2 [E{('UTugi)ZlH 1/2.
We see that
E [{rgwgi (0:,)}!] = B [{wgi (6:)1°] E{ (v"uy)'} <

for some constant ¢ that does not depend on ¢ or n by Lemma 5.6 and Assumption 5.1,
meaning n V {UTGQ (0*9)} exists and is bounded from above. Next, let M > 0 be a large

constant. Then for €,; as defined in Lemma 5.6, and because E ([yg} Z) is uniformly bounded
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from below,

nV {v"G, (6.,) —n—le[ rgitegi (85,)} (0" ug:)?]
;E {1 = rgigi (85,)) (v7ugi) I (690 = =)
> B { (v ug)* 1 (71 > —M) |

where nps > 0 for all M. And since E{(vTugl)QI (égl > —M)} > 61_1/2 for all M large
enough (where ¢y is defined in Assumption 5.1), n'V {'UTGg (0*9)} > cl_lnM/Q. This proves
that the eigenvalues of n V {vTC_T’g (0* g)} are uniformly bounded above 0 and below infinity.

To prove that the Lindeberg condition holds, we note that v ug, = v] [Z];, + vy [E];,,

where for [[Z];,l2 < cz.

(v ugi)? < (cz + 03 []3)* 1 (03 [Elis > 0) + (cz — 5 [E);.)° 1 (v5 [y < 0)

For the remainder of the proof, we let €, = [eg]i + [E]lT* £, p1; and p be as defined in the

proof of Lemma 5.4, and let i = limsup | max y; |. For each i € [n], we define
n—oo \i€[n]

1\ 2
Xy = {1 rgig: (84,)1 (0 ugi)? = (1 1y [0 vy s+ 20— 60171 (7).
Next, define

(m) =1 if Tgi = 1
re.
gt \P{O‘*g ([H‘égi_fs*g)}_\l}{o‘*g (“i+égi_5*g)} : _ ,
~ Ber 72 PO if rgi =0

where 74; < 7“; ™) and conditional on leg]; and [E]; ™~ Ber [0 {aw, (i + g — 0x,) ]

%) gz
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Lastly, define

X = (12l T oy (4 25— 00,) 3] ) { (e 03 (2)71 (05

+(c: —vy [E]Z*)2 I (vg [B];, < 0)} ,

™
?e.

IV
=

Clearly, X %m), e ,XT(Lm) are independent and identically distributed and X; < X Z.(m) for all

i € [n]. We also see that

’ { (TE,T) [0 {oy (1481 = bxy) }] _1>4}

\Ij{a*g (~+691_5*g)} - -
(Gl s e a5 ) <

W g (fitEg1—0xg) }
U{avg (tEg1—0x0) }
E {Xl(m)} < 00. Therefore, for any n > 0,

because is bounded from above by Assumption 5.2. This then shows that

n1 Xn:]E{XiI (X; > )} <n ! Zn:E [XZ.(m)I {Xi(m) > nnH
=1

1=1

=E [Xl(m)]{Xfm) > nn}] — 0asn— oo
by the dominated convergence theorem. This proves that

2 [0V {Gy (6.,)}] 77 Gy (0.,) BN

t+K <Ot+f(’ I

t+K )

as nm — 00.
We use a standard truncation argument to show that ||, (0*9) —nV{Gy (0*9) Hea =

op(1). Let v = (v], 'UQT)T € R be a unit vector, where v; € Rt and vy € RE | and let
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X; (m) and X ng) be as defined above. We also define

)ng'
}Q:{Xi—IE(XZ-)}]{XZ.(m) Si} (i=1,...,n).

Since Xfm), X%m), ... are identically distributed and E {X§m)} < 00,

PlO U {Xq(lm)>n} —0 (5.32)

N>1n>N

by Lemma 4.31 of Lalley (2015). We also have

n n

X =B <l X s i+ T SR ()
=1 1=1

=1

+n DY Y —E(1)}.
=1

By (5.32), the first term is o04.5.(1) as n — oo. For the second term, we may assume

1 < -+ < uyp without loss of generality. Define réil) inductively as

1
=1 it =1
T(ll) ~ ) ‘ (1=2,...,n)
g ~ Ber Yoy (HitEg1—0ug) = W{ g (i1 4891 —04g) } if T(Z_l) -0
1_\1/{0‘*9 (W*1+691_5*g)} 91
and let

. ' 8 -1\ 2 =1 12
X; = (1 — réll) [0 {aw, (i + €1 — 0x,) }] ) (v1 [Z]; +v3 [Blyy)”
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And for [|[Z];,||2 < ¢z, define

_ oo (n)
r(m)_ =1 1f7“g1 =1
g U g (fi+Eg1—0xg) =T atng (intEg1—0sy ) } (n)
~ *q g *q xg \HnTE€g *q . _
Ber { T 0ty (jin o1 0ng)] } if Tl 0

S = (1= [0y G+ =) 1) {3 2071 (0 121, 20

+ (CZ - vg [E]l*)Q 1 (vg [E]l* < 0)} :

Note that

n
Since X%m) is integrable and E (X;) is uniformly bounded from above, [n =t ST E (Y;)| — 0
1=1

n

as n — oo by the dominated convergence theorem. We lastly show [n=t 3 {V; — E (Y;)}] =
1=1

0a.5.(1) as n — oo to complete the proof. By Kroneckers Lemma and the Khintchine-

o0
Kolmogorov theorem, it suffices to show > n2E (V;?) < co. And because E (X;) is uni-

n=1

formly bounded and X; < X Z-(m), we need only show that

S 25 [ L2 [y om)
S B |} 1 {xm <n)

However, this follows from the proof of Theorem 4.30 in Lalley (2015). O

Theorem 5.2. Fix a g € S and suppose Assumptions 5.1 and 5.2 hold fort < 3 and e = 0.

Let 51,...,J3_¢ € [K} , where K < K. For We; (09) defined in the statement of Lemma 5.5
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and Cy defined in (5.26), let

wy; = ([Z]}, [ég]ijl e [CQLJ_S_)T eR (i=1,...,n)

Gy (0g) =n”" zn;“gi {1 = rgiwg; (8y) }
2 (89) = ”_li [wgi {1 = rgiwgi (8)} — Gy (89)] [ugi {1 = rgitgi (84)} — Gy (8y)]" -

Then for 8y, = (a*g,é*g)T,
n'/? {8 (6.,) } %G, (8+,) 5 N3 (03, I3)

as n,p — oo.

7

. T
Proof. As we did in Lemma 5.5, it suffices to re-define u,; = ([Z]T |:02i| _ ) . Let
1%

D = diag {1 — TglWg1 (H*g) soey L= Tgnwen (9*9)}

d= (1 — Tg1Wg1 (0*9) s ooy L= Tgpwgn (9*9))T e R™

By Lemma 5.5, it suffices to show that

[n=12d" (E5 = Cs) 2 = op(1) (5.332)
In"1CTD?Cy — n~1C3 D>Cs|ls = op(1) (5.33b)
In"1ZTD%*Cy —n 1 ZTD*Cy|s = 0p(1) (5.33¢)

to prove the theorem. By Assumption 5.2 and Lemma 5.4, ||d||2 = Op <n1/2) and || D?||9 =

op (nl/ 2). The latter follows from the fact under the assumptions on the left hand tail of
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E [{|1 — TgiWg; (0*g)|}4+n} <1+E [{Tgiwgi (9*9)}4+77] <c

for n > 0 small enough and ¢ > 0 large enough.

We start by showing (5.33a). By (5.26),
o2 (G~ ©) I < a2l — Tz + 1" @y o

The first term is op(1) by (5.27a). And since d is independent of Ege, the second term is
also op(1) by (5.27a).
For (5.33b),

In~'C3D*Cy —n~1Cy D*Cylp <|In~ 19" Cy D*Cob — n~ ' C3 D*Ca
+ 2|~ 2CED?Q ) bl
+ 19" Qp,  D*QpL oo,
The first and third terms are clearly op(1) by (5.27a). And since |[D?|s = op (n1/2>, the

second term is also op(1). Identical techniques can be used to show (5.33c), which completes

the proof. O

5.10.7 The asymptotic distribution of the generalized method of moments

estimator

Here we prove that under mild assumptions, the two-step generalized method of moments

~

estimator, 6, given by
5(1) A T( 17 ) A ) A T ~
0, = argemm Gy (0) <n U, Ug> Gy(0) 6,= arggmn Gy (0) W,G4(0),

304



is consistent and asymptotically normal, where G'g and Wy were defined in (5.9). Our
results are analogous to those in Wang et al. (2014), which assumes the instruments ﬁg are
observed. Our results are also easier to interpret, since the assumptions we make only involve

the moments of y, and the properties of the function W(z). We first make an assumption.

T
Assumption 5.3. Define ug; = ([Z]Z* Eligy [E]ijg_t> and

M, (8) = -V <n—1 Zn:E
i=1

Uy Tgi
s )

for each g € S. Then M (O*g)TM (O*Q) > Iy for some constant v > 0 that does not

depend on n or p. Further, €, defined in the Algorithm 3.1, is 0.

Remark 5.2. We prove M (0*9) exists in Lemma 5.9. This assumption on the gradient of
the population moment is a standard assumption in the generalized method of moment liter-

ature (Hansen 1982, Wang et al. 2014) and helps to guarantee that 0+, 1s locally identifiable.

For notation purposes, we drop the subscript g for the remainder of the section. Next,

we reparametrize G (0) as
G(0) =nt > iy [1 =i W (6] v+ [0)2)} ]
i=1

We also define ¥(x) and ¥(z) to be the first and second derivatives of ¥(x). For any weight

matrix W, the generalized method of moments estimate, é, satisfies

0=T (é)T WG (é) -T (é)T WG (6,)+T (é)T WT (é) (é - 0*) (5.34a)
I (0)=VeG () =n" Zn:ri (vt ) 4 1), (5.34b)

i=1 U ([6]; y; + [0]2)2

where 8 = b0, + (1 — b)6 for some b € [0,1]. Since we have already proven that G (6s)

is asymptotically normal in Theorem 5.2, proving the asymptotic normality of 0 requires
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understanding the convergence of T’ (é) and W.

Lemma 5.6. Under Assumption 5.2, there exists a constant M > 0 such that |V (x)/ ¥ (z)],

W () /¥ (x)| < M for all x € R.

Proof. Since |W(z)|, |¥(z)| are uniformly bounded, we need only consider the case when

z — —o0. When ¥(z) = [z|~* {a + R(x)},

¥ (z) = K|~ {a + R(2)} + |x|—k%ff)
2
U(z) = k(k+ D)z~ "2 {a + R(z)} + 2k]a:\_(k+1>M + m—’f&(f}
dx dz
and when V(z) = exp (—k|z|) {a + R(x)},
: dR
U(z) = kexp (—k|z|) {a + R(x)} + exp (—k|z|) di‘aj)
2
U(x) = k2 exp (—k|z|) {a + R(z)} + 2k exp (—k|z|) dR(z) + exp (—k|z|) d R(;)
dz dx
The result then follows by the assumptions on R(z). O

Lemma 5.7. Let B (n;x) = {xq : || — xoll2 < n} and suppose Assumptions 5.1 and 5.2
hold. Let w; = ([Z]Z* NCHY A Eijg,t) for ji,...,73—¢ € [K] and define

£ —n! ; u - i ) = g
GO)=n2, Sy FO=E0

= ) (5.35)
Z(O)=n" ) U )
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Then for any v > 0, there exists a constant n > 0 such that

E{ sup  [|G(0) — é(0*>||2} <7 (5.36a)

E{ sup  ||T'(6) —T (9*)H2} <7 (5.36b)

E{ sup || (6) - X (9*)H2} <7 (5.36¢)
0<B(n;0+)

for alln > 0.

Proof. Fix n > 0, let @ € B (n;04) and let v € R3 be any unit vector. Then for some set of
éi =00 + (1 — bi)g*, b; € [O, 1], and (61, 62)T =60 — 0.,

e w(aleele))
0T G (0) = G (8.) | =D (e + €2) —r 2 v
{ o o ol ) o (] o]
<M|e1|n 12 oy
1 i=1 ¥ ([0’} & + [Mz)
+ Mleg|n 12 fi |yiv- u|

where M > 0 is defined in Lemma 5.6. (5.36a) then follows easily by Assumptions 5.1 and
5.2.
For (5.36b),

where €1, €9 are defined above and 6; = b;0+ (1—b;)8y for some b; € [0, 1]. To prove (5.36b),
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it suffices to show that

has at most finite expectation by Lemma 5.6. However, this follows because the entries of

u; have uniformly bounded sixth moment.

Using the same notation as above, we can express (5.36¢) as

v([o],u+[a],)

3 (0) - % (0,) =2n"" i (e1y; +e2) 7 { v ([él} Uit [éi}2>
)

Again, by Lemma 5.6, it suffices to show that

n
_ T;
n IZ - 5 |yilwiu)

o ([o]w+ [o],)

has bounded expectation. However, this follows by the bounded sixth moment assumption

on the entries of u; and Assumption 5.2. m

Lemma 5.8. Suppose the assumptions of Lemma 5.7 hold. Then for n > 0 small enough,
sup |G (8) =G (0)2. sup [T(8) =T (O)]2, sup [Z(8) —3(8)|2=op(1)
0cB(n;0+) 0cB(n;0+) 0cB(n;0+)

as n,p — 0o.
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Proof. Define

Tn

ol \If([ehyw[@]z))

W (0] yn + [0, >>
)2

_ . !
41(6) = (1 T8, 0y

4y (0) = (1 b (Ol +[0))
([0l + (07 (Bt [0

D(e)_dlag[{l e e wehym@m}]'

By Assumption 5.2 and Lemma 5.4, there exists a small constant 7 > 0 such that

(@)l =0Op (n1/2> , || sup D (O)]2 =op <n1/2)

| sup

for j = 1,2. The latter follows from the fact that

2477 (y; < 0)

_1 N
ZE [‘1 {(0«)1 +n)yi + ([0<] —m)}

for some constants 7,y > 0 small enough and ¢ > 0 large enough by Assumption 5.2 and

Lemma 5.4. Let a; € R" be the jth standard basis vector, A = (ajl aj, t) and

M = (Z E). Then by Lemma 5.2,

G(0)—G(0) =n"'"ATR"™M"d; (6) + n~/2ATw"Q" b (0)
T'(0)—T(0) =n'ATR"M"d, () + n /2 A% QT b2 (0)
$(0)-2(0)=n""A"R"M"D () MA+n"'ATM"D () MRA

D(0)U

+n PATRTM"D () MRA +n Y2 ATwT QT Pic

where ||R|j2 = op(1). Since ||[w|]2 = Op (n_l/z) and |[n~Y/2M|3 = Op(1) and by the
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properties of dq (0), ds (0) discussed above

sup |G (0)—G(0)]2, sup [T(8)—T(0)|l2=op(1).
0cB(n;0.) 6cB(n;0.)

By Lemmas 5.5 and 5.7,

sup  [[n"'MTD (6) Mlls = Op(1).

This completes the proof. O

Lemma 5.9. Suppose the assumptions of Lemma 5.7 hold and let M (0) = Mg (0) be as

defined in Assumption 5.3. Then the following hold

(i) There exists a constant n > 0 such that E {G’ (0)} and M (0) exist and are continuous

for 8 € B (n;0y).

(ii) For all v1,72 > 0, there exists a constant n > 0 such that

P [ sup |G (8) —E {é(e)}||2 > ’71] <72
0B (n;0x)

P{ sup  [[T'(0) — M (6)]|2 = 71} <72

for all n and p large enough.

Proof. The existence of E {é (0)} follows from Lemma 5.7, and the existence of M ()
follows by a simple application of the dominated convergence theorem. The continuity of
M () also follows from Lemma 5.7.

For (ii), Assumptions 5.1 and 5.2 show that V{f* (0)} and V{é(ﬁ*)} are o(1) as

n — 00. The remainder of follows from Lemmas 5.7 and 5.8. O
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Theorem 5.3. Suppose Assumptions 5.1, 5.2 and 5.3 hold. Define

F(0)=G ()T (n—lffoJ) G (0)

and let {97(11)}791 be a sequence of minima of f(0). Next, define

2

—1_5 (4! _ i
e T R in]

Then there ezists a sequence {én} . of minima of G ()T W, G (0) such that (5.8) holds
n>

as n,p — oQ.

Proof. By Assumption 5.3 and (i) of Lemma 5.9,

IE{G ©)} 12> cl0 - 6.2

for some constant ¢ > 0 and @ € B (1; 8) for some n > 0. By Lemma 5.9, this implies there
exists a minimizer 0 of | defined above such that ||0 — 04]]2 = op(1) as n,p — oo.

Therefore
= {6V} —E{2 0}z IT {617} - M (0.)]12 = 0p(1)

by Lemmas 5.5, 5.7 and 5.8. By Lemma 5.5, there exists a minimizer 6,, of G (8)* W,,G ()

such that HOA,(ﬂLl) — 0.l = op(1) as n, p — co. Then by Lemmas 5.7 and 5.8 and for @ defined

n (5.34),
IT(6) = M (8:)]ls = 0p(1)

as n,p — oo. The reuslt then follows. O
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Corollary 5.2. Suppose the assumptions of Theorem 5.3 hold. Then for Wy, and 6, defined

in the statement of Theorem 5.3,

as n,p — oo.
Proof. Let Wy, = E {2 (9*)} Then for

1

A= Py ) = 1o~ WA (60) {r(0.) wir(6.)} r(6,) i
An=Plyp o =1y = WM (0. {M (0" Wb (0.} M (6.)" W,

|A;, — Apll2 = op(1) by Lemmas 5.5, 5.7 and 5.8. Further, A, is a non-random, rank 1

matrix for all n, p large enough by Assumption 5.3 and Lemma 5.9. We then get that

16 (0) W6 (0) 26 (0) WAy w0 (0)

+nG (én) W, 24, w26 (6,).

. A~ \T _
where the first term is zero because 6, is such that I (On) wW,G < n) = 0. For the second

term,
W2 AW G (0,) =n'2A,W, %G (0.) + n'/? A, W, T () (8, - 6.)

for some 6 = b@y + (1 —b)6,,, b € [0,1]. The result follows because nl/2||G (65)||2, n'/2(|6,, —
5 A i wrl/2
6.2 = Op(1), T (8) =T (6,) ll2 = op(1) and A, W,/°T (8,,) =0 0
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SOFTWARE

The R packages and code to implement the methods presented in Chapters 2, 3, 4 and 5 are

available from https://github.com/chrismckennan. The repositories include:

» /BCconf, which contains the R package BCconf that implements Algorithm 2.2, as well

as the code necessary to reproduce all simulations from Chapter 2.

» /CorrConf, which contains the R package CorrConf that implements Algorithm 3.2
(ICaSE), Algorithm 3.3 (CBCV) and the estimator for C' given by (3.12) in Chapter
3.

» /LongitudinalAncestry, which contains the summary statistics and code necessary to

) K K , S, K
estimate (g o), W&)O)’ o ,ng’g), ﬂgé?l), e ’WE(M))’ 7T8’3, ﬂ((l,l) ) from Model (4.3b), as

well as the conserved and discordant sign rates defined given by (4.4) in Chapter 4.

» /MetabMiss, which contains the R package MetabMiss that implements Algorithm 5.1

from Chapter 5.
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