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ABSTRACT

Nearly all high-throughput ‘omic’ data are influenced by technical and biological factors

unknown to the researcher, which, if unaccounted for, can severely obfuscate estimation of

and inference on the effects of interest. While the importance of this problem has precipitated

the development of many methods that attempt to correct for these latent factors, most are

designed for gene expression data and are not amenable for modern, complex experimental

designs. In this thesis, we develop novel and provably accurate methodology to estimate and

perform inference on the coefficients of interest in a multivariate linear model in the presence

of latent covariates. Chapter 2 discusses this problem in the context of DNA methylation

in which latent cell type typically confounds the covariate of interest. We then provide the

first methods amenable to experimental designs with complex sample correlation structures

in Chapters 3 and 4. Lastly, motivated by untargeted LC-MS metabolomic data, we present

the first method to account for both unobserved covariates and non-random missing data in

Chapter 5.
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CHAPTER 1

INTRODUCTION

It is an incredibly exciting time to be involved in biology. The development of high-

throughput technologies has provided biologists with a cornucopia of genetic, proteomic

and metabolomic data that have the potential to elucidate the genetic components of phe-

notypes and the mediation of environmental exposures. While collecting these data often

warrants a PhD in itself, it is only the germ of such research. The next step is to try to

answer the looming question that still remains: how do we make sense of all of these data?

This thesis provides novel statistical methodology to navigate this deluge of data.

While we consider many types of “omic” data in this thesis, this work is best motivated

by DNA methylation data. DNA methylation is an example of an epigenetic modification

in which a methyl group is added to the base cytosine in nuclear DNA. Such a cytosine,

which may or may not be methylated, is called a CpG site. The presence or absence of

a methyl group on a particular CpG may have consequence on the expression of certain

genes in the cell, which can lead to disease or other phenotypes. Consider the ostensibly

simple experiment of measuring the blood DNA methylation of n = 100 asthmatics and

healthy controls across p = 800, 000 CpG sites in an effort to identify asthma-dependent

DNA methylation patterns. If we ignore observed nuisance covariates like the intercept, a

simple model relating asthma status X ∈ {0, 1}n to blood methylation levels yg ∈ Rn at

CpG g = 1, . . . , p is

yg = Xβg + ∆g (g = 1, . . . , p).

Our goal is to estimate and perform inference on the effect due to asthma, βg.

In classical multivariate regression, E
(
∆g
)

= 0, V
(
∆g
)

= σ2
gIn and ∆1, . . . ,∆p are

independent. Estimation and inference under these assumptions is well-understood (Gosset

1908, Benjamini & Hochberg 1995). However, DNA methylation data, like all omic data, are

1



not this simple. For example, DNA methylation is cell type dependent (Titus et al. 2017),

meaning y1, . . . ,yp are actually weighted averages of blood cell type-specific methylation

levels, where the weights are each individual’s cellular proportions. Unfortunately, cell type

is typically too expensive or impossible to measure and is therefore rarely observed by the

researcher. This is further complicated by the fact cell type confounds1 asthma status, since

asthmatics tend to have different blood cell proportions than healthy controls (Stein et al.

2016). Besides cell type, other examples of latent covariates (i.e. latent factors) that can

influence y1, . . . ,yp include sample batch, reagent quality and machine performance, to name

a few. If we let C = (c1 · · · cn) ∈ Rn×K contain the K latent factors, a more reasonable

model for y1, . . . ,yp would therefore be

yg = Xβg +C`g + eg, E
(
eg
)

= 0, V
(
eg
)

= σ2
gIn (g = 1, . . . , p)

e1, . . . , ep are independent.

(1.1)

In this model,

E
(
yg
)

= Xβg + E (C) `g (g = 1, . . . , p)

Cov
([
yg
]
i , [yh]i

)
= `Tg V (ci) `h + σ2

gI (g = h) (g, h = 1, . . . , p; i = 1, . . . , n),

where
[
yg
]
i is the ith element of yg. Consequently, accounting for C when estimating and

performing inference on βg mitigates biases and reduces the correlation between test statistics

for different CpG sites. In general, the methods we develop in this thesis are designed to

estimate βg in Model (1.1)2 as accurately as when C is observed.

The problem of latent covariates in high throughput data is well known to be one of the

most critical impediments to reproducible research (Leek et al. 2010, Jaffe & Irizarry 2014).

1. We use the term “confounder” throughout this thesis to mean any variable that is associated with both
the independent and dependent variables. It does not imply a causal relationship.

2. The assumption on V (eg) in Model (1.1) is not necessary. We consider the model V (eg) = vg,1B1 +
· · ·+ vg,bBb for known B1, . . . ,Bb in Chapter 3.

2



Evidently, recovering C from Model (1.1) is hopeless if the number of genomic units p = 1,

because it would be impossible to distinguish variation due to X from that due to C. The

key observation is that C in Model (1.1) is shared across all genomic units g = 1, . . . , p >> 1,

since all p measurements from a single sample i ∈ {1, . . . , n} are influenced by sample i’s

latent cell type, batch number, etc. Therefore, one can potentially recover C (or more

precisely, the column space of C) if p is suitably large, which is generally the case in the

omic data we consider.

Given the importance of this problem, an impressive number of methods have been

developed to attempt to solve it (Leek & Storey 2007, 2008, Gagnon-Bartsch & Speed 2012,

Sun et al. 2012, Gagnon-Bartsch et al. 2013, Wang et al. 2017, Lee et al. 2017, Fan & Han

2017, Wang et al. 2017, Gerard & Stephens 2018). However, nearly all of these methods are

motivated by gene expression data with independent samples i = 1, . . . , n, and therefore tend

to fail when applied to other types of omic data or experimental designs. In this thesis, each

chapter contains novel methodology to estimate and perform inference on βg from Model

(1.1)2 in the presence of the latent matrix C, which is applicable to gene expression, DNA

methylation, proteomic and metabolomic data with potentially correlated samples.

Chapter 2 is motivated by DNA methylation data from Nicodemus-Johnson et al. (2016)

in which latent cell type appears to confound the effect of asthma status. We prove that

previously proposed methods tend to underestimate the extent of this confounding, which

biases their estimates for βg and inflates their test statistics. We then propose the method

BCconf, which we prove corrects said bias and inflation, and also returns estimates for βg

are asymptotically equivalent to the ordinary least squares estimator when C in Model (1.1)

is observed. We demonstrate the utility of our method by showing BCconf better accounts

for latent cell type in the aforementioned data from Nicodemus-Johnson et al. (2016) than

existing methods.

Chapter 3 is motivated by DNA methylation data from McKennan et al. (2018), in which

methylation levels from different samples were correlated. We therefore developed CBCV
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and CorrConf: provably accurate and computationally efficient methods to choose K and

recover C in omic data when V
(
eg
)

from Model (1.1) is not a multiple of In. To the best of

our knowledge, these are the first methods to choose K or recover C in such data, and has

application in longitudinal data, multi-tissue data, data with multiple treatment conditions

and data with related individuals.

In Chapter 4, we analyze longitudinal DNA methylation methylation data to show that

race/ethnicity-associated blood methylation patterns are primarily genetically determined.

These, along with other results, suggest that blood DNA methylation patterns are robust to

many environmental exposures during the first seven years of life. In this chapter, we also

extend the false sign rate paradigm introduced in Stephens (2016) and developed a novel

inference paradigm for longitudinal DNA methylation data.

Lastly, in Chapter 5, we propose (to the best of our knowledge) the first method to

estimate and perform inference on βg in Model (1.1) when entries of yg are missing not

at random, which has application to untargeted liquid chromatography-mass spectrometry

(LC-MS) metabolomic data.

1.1 Notation used throughout this thesis

Let n > 0 be an integer. We define 1n,0n ∈ Rn to be the vectors of all ones and zeros,

In ∈ Rn×n to be the identity matrix, [n] = {1, . . . , n} and [x]i to be the ith element

of x ∈ Rn. For M ∈ Rn×m, we let [M ]ij be the (i, j) element of M , and define PM

and P⊥M to be the orthogonal projections matrices onto Im (M) = {Mv : v ∈ Rm} and

M⊥ =
{
v ∈ Rn : MTv = 0

}
. If d = dim

(
M⊥

)
> 0, we define QM ∈ Rn×d to be a

matrix whose columns form an orthonormal basis for M⊥, i.e. P⊥M = QMQ
T
M . We use

the relation X
D
=Y if the two random variables, vectors or matrices X and Y have the

same distribution, Xn
D→X if the sequence X1,X2, . . . converges in distribution to X and

X
·∼ (µ,G) if E (X) = µ and V (X) = G.
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CHAPTER 2

ACCOUNTING FOR UNOBSERVED COVARIATES WITH

VARYING DEGREES OF ESTIMABILITY IN HIGH

DIMENSIONAL BIOLOGICAL DATA

2.1 Introduction

Suppose we observe data Y ∈ Rp×n, where the number of genomic units, p, is on the order of

or larger than the sample size, n. For example, in most DNA methylation data, the number

of studied methylation sites, p, is between 104 and 106 and n is tens to hundreds. Assume

the true model for Y is

Yp×n = βp×dX
T
n×d +Lp×KC

T
n×K +Ep×n (2.1a)

Ep×n ∼MNp×n
(
0,Σp×p, In

)
, Σ = diag

(
σ2

1, . . . , σ
2
p

)
(2.1b)

where β =
(
β1 · · ·βp

)T ∈ Rp×d, X ∈ Rn×d contains the covariates of interest and C ∈

Rn×K contains the K unobserved covariates. Our goal is to estimate and perform inference

on the coefficients of interest, β1, . . . ,βp ∈ Rd.

Under model (2.1), the naive ordinary least squares estimate of β,

Y1 = Y X
(
XTX

)−1
= β +L

{(
XTX

)−1
XTC

}T
+EX

(
XTX

)−1
= β +LΩT +E1,

is biased by LΩT, where Ω =
(
XTX

)−1
XTC is the ordinary least squares coefficient

estimate for the regression ofC on toX. The bias induced by L and Ω is often consequential

in biological data. For example, in DNA methylation studies where disease status is the

covariate of interest, DNA methylation Y depends on the latent cellular heterogeneity of

the n samples (Jaffe & Irizarry 2014), and cellular heterogeneity often depends on disease

status X (Fahy 2002, Stein et al. 2016). Ignoring unobserved covariates C when analyzing
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these types of data can therefore drastically affect the interpretation of results.

There have been a number of methods proposed to estimate and correct for the latent

factors C in model (2.1) (Leek & Storey 2008, Gagnon-Bartsch & Speed 2012, Gagnon-

Bartsch et al. 2013, Sun et al. 2012, Houseman et al. 2014, Lee et al. 2017). While these

methods perform well on selected datasets, they either do not have the requisite theory to

justify downstream inference on β1, . . . ,βp (Leek & Storey 2008, Sun et al. 2012, Houseman

et al. 2014, Lee et al. 2017), or they require the practitioner to have prior knowledge regarding

which coefficients β1, . . . ,βp are zero (Gagnon-Bartsch & Speed 2012, Gagnon-Bartsch et al.

2013).

Recently, Fan & Han (2017), Wang et al. (2017) proposed methods that first compute L̂,

an estimate of L, from Y P⊥X = L
(
P⊥XC

)T
+ EP⊥X . They then estimate Ω by regressing

Y1 on to L̂, and finally estimate β1, . . . ,βp by subtracting the estimated bias L̂Ω̂T from

Y1. The advantage of this estimation paradigm is obvious: it decouples the estimation of L

and β1, . . . ,βp without requiring the practitioner to have prior knowledge regarding which

coefficients β1, . . . ,βp are zero. These articles are quite remarkable because when their

assumptions hold, the authors prove that they can perform inference on β1, . . . ,βp that is

as accurate as when C is known. However, it has been observed that these methods tend to

inflate test statistics and beget anti-conservative inference in both simulated and real data

(van Iterson et al. 2017).

One source of the discrepancy between theory and practice is that the aforementioned

articles assume that all K of the non-zero eigenvalues of I = P⊥XC
(
p−1LTL

)
CTP⊥X are

on the order of the number of samples, n, and are overtly larger than the average residual

variance p−1
(
σ2

1 + · · ·+ σ2
p

)
. If these assumptions were valid, there would be an unambigu-

ous gap between the Kth and [K+ 1]st eigenvalues of p−1P⊥XY
TY P⊥X . However, this rarely

occurs in practice (Cangelosi & Goriely 2007, Owen & Wang 2016, Wang et al. 2017). When

these eigenvalue assumptions are violated, we show that previous methods’ techniques to

estimate Ω from the regression of Y1 on to L̂ are sensitive to the error in the estimated

6



design matrix L̂, which begets inaccurate estimates of β1, . . . ,βp. In practice, some of the

non-zero eigenvalues of I will not be large if the sample size is not sufficiently large, if

some of the K latent covariates do not influence the response of every genomic unit, or if

some of the latent covariates are correlated with the covariate of interest X, since this will

dampen P⊥XC. The latter is common in DNA methylation data because unobserved cellular

heterogeneity is often correlated with X (Jaffe & Irizarry 2014).

The purpose of this chapter is to fill the described gap in the literature by studying

the unobserved covariate problem when some or all of the K non-zero eigenvalues of I are

not exceedingly large. We prove that when the eigenvalues fall below a certain threshold,

then for fixed g ∈ {1, . . . , p}, previous methods have a propensity to inflate type I error

when testing the null hypothesis H0,g : βg = 0, and even tend to falsely reject H0,g with

probability tending to 1 when using the conservative Bonferroni correction. We then provide

alternative estimators for β1, . . . ,βp and prove that when β is suitably sparse, our estimators

are asymptotically equivalent to the ordinary least squares estimators obtained using the

design matrix (XC), regardless of the size of the eigenvalues of I. We lastly use simulated

data and real DNA methylation data from Nicodemus-Johnson et al. (2016) to show that

latent covariates with ostensibly “small” effects can be detrimental to inference if not properly

accounted for, and that our method can better account for latent covariates than the leading

competitors. An R package called BCconf that implements our method is freely available

for download from GitHub. The proofs of all results can be found in Section 2.7.

2.2 The model, our estimation procedure and intuition

2.2.1 Notation

In addition to the notation defined in Section 1.1, we define [G]r∗ ∈ Rm and [G]∗s ∈ Rn to

be the rth row and sth column of the matrix G ∈ Rn×m in this chapter.
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2.2.2 A model for the data

Let Y ∈ Rp×n be the observed data, where [Y ]gi is an observation at genomic unit g ∈ [p]

in sample i ∈ [n]. Let X ∈ Rn×d be an observed, full rank matrix containing the covariates

of interest and define β =
(
β1 · · · βp

)T ∈ Rp×d to be their corresponding coefficients across

all p genomic units. We also define an additional covariate matrix C ∈ Rn×K and let

L ∈ Rp×K be its corresponding coefficient. We assume that C is unobserved but K is

known. Evidently, K is rarely known in true data applications. While we acknowledge that

estimating K is a challenging problem, there is a large body of work devoted to estimating

it (Leek & Storey 2008, Onatski 2010, Gagnon-Bartsch & Speed 2012, Owen & Wang 2016,

McKennan & Nicolae 2018b). We discuss how different values of K affect our downstream

estimates in Section 2.4. We assume (2.1) is the true model for Y , and we define

ρ = p−1
(
σ2

1 + · · ·+ σ2
p

)
. (2.2)

We also define

Ω =
(
XTX

)−1
XTC ∈ Rd×K , C2 = P⊥XC ∈ Rn×K (2.3)

to be the ordinary least squares coefficient estimates and residuals from the regression of

C on to X, respectively. We have not assumed an explicit relationship between C and X,

because one can always decompose C as

C = PXC + P⊥XC = XΩ +C2.

A more general model for Y would be Y = βXT +MZT +LCT +E, where Z ∈ Rn×r

contains observed nuisance covariates, like the intercept or technical covariates, whose coef-

ficients [M ]1∗ , . . . , [M ]p∗ are not of interest. We can get back to model (2.1) by multiplying

Y on the right by a matrix whose columns form an orthonormal basis for the null space
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of ZT. Therefore, we work exclusively with model (2.1) and assume any observed nuisance

factors have already been rotated out, as they would be in ordinary least squares.

2.2.3 Estimating β when C is unobserved

We break Y into two independent pieces using a technique proposed in Sun et al. (2012):

Y1 = Y X
(
XTX

)−1
= β +LΩT +E1 (2.4)

Y2 = Y P⊥X = LCT
2 +E2 (2.5)

where E1 = EX
(
XTX

)−1
and E2 = EP⊥X are independent because XTP⊥X = 0 and

E ∼ MNp×n (0,Σ, In). The matrix Y1 is the ordinary least squares estimate of β that

ignores C, and the rows of E2 lie on an n − d dimensional linear subspace of Rn. We now

describe how to use Y1 and Y2 to derive the ordinary least squares estimates of β1, . . . ,βp

when C is observed. This will provide a template for estimating β1, . . . ,βp when C is

unobserved.

Algorithm 2.1 (Ordinary least squares when C is observed). Let Y1 ∈ Rp×d, Y2 ∈ Rp×n,

X ∈ Rn×d and C ∈ Rn×K be given. Our goal is to use ordinary least squares to estimate

and perform inference on β1, . . . ,βp, the rows of β ∈ Rp×d.

(a) Set C2 = P⊥XC. Use Y2 to estimate Σ = diag
(
σ2

1, . . . , σ
2
p

)
and L as

(
σ̂OLS
g

)2
= (n− d−K)−1 [Y2]Tg∗ P

⊥
C2

[Y2]g∗ (g = 1, . . . , p)

L̂OLS = Y2C2
(
CT

2C2
)−1

where [Y2]g∗ ∈ Rn is the gth row of Y2.

(b) Set Ω =
(
XTX

)−1
XTC.
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(c) Define the ordinary least squares estimate of βg to be

β̂OLS
g = [Y1]g∗ −Ω

[
L̂OLS

]
g∗

(g = 1, . . . , p) (2.6)

where [Y1]g∗ ∈ Rd and
[
L̂OLS

]
g∗
∈ RK are the gth rows of Y1 and L̂OLS, respectively.

It is straightforward to derive the asymptotic properties of the estimators defined in

Algorithm 2.1. In Step (a),

σ̂OLS
g = σg + op(1) as n→∞, L̂OLS ∼MNp×K

{
L,Σ,

(
CT

2C2
)−1
}
.

Since E2 is independent of E1, both of these estimates are independent of Y1. This implies

that for all g ∈ [p], the asymptotic distribution of β̂OLS
g is

(
σ̂OLS
g

)−1 {(
XTX

)−1
+ Ω

(
CT

2C2
)−1

ΩT
}−1/2 (

β̂OLS
g − βg

) D
= Z + op(1)

as n→∞, where Z ∼ Nd (0, Id).

A property of the ordinary least squares estimate β̂OLS
g is

β̂OLS
g = [Y1]g∗ −ΩL̂OLS

g∗ =
(
XTP⊥CX

)−1
XTP⊥C [Y ]g∗ (g = 1, . . . , p).

That is, β̂OLS
g depends only on the column space C, meaning we may replace C with CΨ as

input in Algorithm 2.1 for any invertible matrix Ψ ∈ RK×K . In particular, we may choose

Ψ so that n−1CT
2C2 = n−1CTP⊥XC = IK . This parametrization of C, and therefore C2,

is convenient because it suggests that a reasonable estimate of C2 when C is unobserved is

a scalar multiple of the first K right singular vectors of Y2. Using this intuition, we now

present our method to estimate and perform inference on β1, . . . ,βp when C is unobserved.

This is described in Algorithm 2.2, which mimics the three steps of Algorithm 2.1.

Algorithm 2.2 (Estimation and inference when C is unobserved). Let Y1 ∈ Rp×d, Y2 ∈
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Rp×n, X ∈ Rn×d and K ≥ 1 be given. Our goal is to estimate and perform inference on

β1, . . . ,βp, the rows of β ∈ Rp×d.

(a) Let Y2 = U diag (τ1, . . . , τn)V T be the singular value decomposition of Y2 where τ1 ≥

· · · ≥ τn ≥ 0 and UTU = V TV = In. Define Ĉ2 = n1/2 ([V ]∗1 · · · [V ]∗K), where

[V ]∗k is the kth column of V ∈ Rn×n. Estimate Σ = diag
(
σ2

1, . . . , σ
2
p

)
and L as

σ̂2
g = (n− d−K)−1 [Y2]Tg∗ P

⊥
Ĉ2

[Y2]g∗ (g = 1, . . . , p) (2.7)

L̂ = Y2Ĉ2

(
ĈT

2 Ĉ2

)−1
. (2.8)

(b) Define ρ̂ = p−1
(
σ̂2

1 + · · ·+ σ̂2
p

)
and

λ̂k = np−1
[
L̂
]T
∗k

[
L̂
]
∗k

(k = 1, . . . , K), (2.9)

where
[
L̂
]
∗k

is the kth column of L̂ ∈ Rp×K . Estimate Ω as

Ω̂ = Y T
1 L̂

(
L̂TL̂

)−1
diag

{
λ̂1/

(
λ̂1 − ρ̂

)
, . . . , λ̂K/

(
λ̂K − ρ̂

)}
. (2.10)

(c) Estimate βg as

β̂g = [Y1]g∗ − Ω̂
[
L̂
]
g∗

(g = 1, . . . , p). (2.11)

Just like the estimates
(
σ̂OLS
g

)2
and L̂OLS, σ̂2

g and L̂ defined in (2.7) and (2.8) and are
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independent of Y1. To perform inference on βg, we assume

σ̂−1
g

{(
XTX

)−1
+ Ω̂

(
ĈT

2 Ĉ2

)−1
Ω̂T

}−1/2 (
β̂g − βg

)
∼ Nd (0, Id) (g = 1, . . . , p).

2.2.4 Intuition regarding Step (b) of Algorithm 2.2

The estimates of σ2
g (g = 1, . . . , p) and L in Step (a) of Algorithm 2.2 are similar to those

used in Sun et al. (2012), Gagnon-Bartsch et al. (2013), Lee et al. (2017), Wang et al. (2017).

However, the estimate of Ω in Step (b) is different from those used in previous methods.

Recall from (2.4) that Y1 = β + LΩT + E1. If β is sufficiently sparse, Sun et al. (2012),

Gagnon-Bartsch et al. (2013), Lee et al. (2017), Wang et al. (2017) propose using variations

of the following estimator to recover Ω:

Ω̂shrunk = Y T
1 L̂

(
L̂TL̂

)−1
. (2.12)

That is, they ignore the uncertainty in L̂ when regressing Y1 on to L̂. To see why this is

imprudent, let R̂ = L̂ − L be the residual and suppose for sake of argument that L ≈ 0.

Then the regression coefficients from the regression Y1 ∼ L̂ should be very close to 0, since

L̂ ≈ R̂ is independent of Y1. In other words, existing estimates of Ω are shrunk towards 0.

We quantify the shrinkage exactly in Section 2.3.3 and use that result to derive an inflation

term, Γ̂ = diag
{
λ̂1/(λ̂1 − ρ̂), . . . , λ̂K/(λ̂K − ρ̂)

}
. We then use Γ̂ to inflate the shrunken

estimate Ω̂shrunk, which allows us to better estimate β1, . . . ,βp in Step (c) of Algorithm 2.2.

The importance of the inflation term Γ̂ in (2.10) is related to how informative the data

are for C. The estimate λ̂k (k = 1, . . . , K) defined in (2.9) is the kth largest eigenvalue of

p−1Y T
2 Y2, and can therefore be viewed as an estimate of λk, the kth largest eigenvalue of

I = p−1E (Y2)T E (Y2) = P⊥XC
(
p−1LTL

)
CTP⊥X . The eigenvalue λk is also the kth largest

eigenvalue of
(
np−1LTL

) (
n−1CTP⊥XC

)
. When λk is sufficiently large for all k = 1, . . . , K,

we say that the data are strongly informative for the latent factors C. Under this regime,
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λ̂1, . . . , λ̂K will tend to dominate ρ̂, an estimate of the constant ρ defined in (2.2), meaning

Γ̂ will be negligible. In this case it suffices to use Ω̂shrunk or other previously proposed

estimates of Ω in place of Ω̂ in (2.11). On the other hand, we say the data are only moderately

informative for C if one or more of λ1, . . . , λK is not large. This can occur if the sample size

n is not large enough, if some of columns of C do not affect the expression or methylation

of all p genomic units, or if X is correlated with the columns of C, since this will dampen

P⊥XC. In these cases,
[
Γ̂
]

11
, . . . ,

[
Γ̂
]
KK

will be moderate to large. In fact, we prove in

Section 2.3.3 and show with simulation and a real data example in Section 2.4 that existing

methods that ignore the shrinkage in their estimates of Ω are not amenable to inference. We

define the informativeness of the data for C precisely in Definition 2.1 in Section 2.3.3.

2.3 Theoretical results

2.3.1 Assumptions

In all of our assumptions and theoretical results, we assume model (2.1) holds, Y1 and Y2

are as defined in (2.4) and (2.5), and β =
(
β1 · · · βp

)T ∈ Rp×d.

Assumption 2.1. (a) X is an observed, non-random matrix such that lim
n→∞

n−1XTX =

ΣX � 0.

(b) LCT ∈ Rp×n is an unobserved, non-random matrix with K non-zero singular values,

where K ≥ 1 is a known constant.

(c) For some constant c1 > 1, σ2
g ∈

[
c−1
1 , c1

]
for all g = 1, . . . , p.

Under (a) and (b), E (Y2) = L
(
P⊥XC

)T
= LCT

2 , E (Y1) = β+LΩT and V
(

[Y ]g1

)
= σ2

g

(g = 1, . . . , p) are identifiable. The choice to treat LCT as non-random is to illustrate that

ignoring this term tends to bias estimates of β. However, all of our results in Sections 2.3.2,

2.3.3 and 2.3.4 can be extended to the case when LCT is a random variable using results

from Proposition 2.7, Corollary 2.3 and Lemma 2.7 in Section 2.7.9. Item (c) is a standard
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assumption in the high dimensional factor analysis literature (Bai & Li 2012, Wang et al.

2017). We next place assumptions on LCT
2 .

Assumption 2.2. Let I = C2
(
p−1LTL

)
CT

2 ∈ Rn×n and c2 > 1 be a constant.

(a) [L]Tg∗
(
n−1CT

2C2
)

[L]g∗ ≤ c22 for all g = 1, . . . , p.

(b) I has K non-zero eigenvalues λ1 > · · · > λK > 0 such that λk ∈
[
c−1
2 , c2n

]
and

(λk − λk+1) /λk ≥ c−1
2 for all k = 1, . . . , K, where λK+1 = 0.

(c) p is a non-decreasing function of n such that n/p ≤ c2 and n3/2/ (pλK)→ 0 as n→∞.

The quantity [L]Tg∗
(
n−1CT

2C2
)

[L]g∗ is identifiable because LCT
2 is identifiable, and Item

(a) is equivalent to ‖[L]g∗‖2 ≤ c2 for all g = 1, . . . , p if n−1CT
2C2 = IK . We comment on

this further after we state Proposition 2.1 below. The assumptions on λ1, . . . , λK in (b) are

weaker than those considered in previous work that provide inferential guarantees, which

focused on the case when λ1 � λK � n (Bai & Li 2012, Fan & Han 2017, Wang et al. 2017).

The authors of Lee et al. (2017) do allow λK = o(n), provided λ1 � λK and λK → ∞ as

n→∞. However, they only prove the consistency of their estimates of β1, . . . ,βp. In fact,

we show in Section 2.3.3 that inference with their method, as well as other existing methods,

is fallacious if λK ∈
[
c−1, cn1/2

]
for some c > 1. The assumptions on n, p in (c) are the

same as those used in Wang et al. (2017), which only considers the case λ1 � λK � n. We

next place assumptions on the parameters of E (Y1) = β +LΩT.

Assumption 2.3. Let c3 > 0 be a constant.

(a) p−1
{
I ([β]1r 6= 0) + · · ·+ I

(
[β]pr 6= 0

)}
= o

(
n−3/2λK

)
for all r ∈ [d] as n, p→∞.

(b) |[β]gr| ≤ c3 for all g ∈ [p] and r ∈ [d].

(c) Let C ∈ Rn×K be any matrix such that E (Y ) = βXT + LCT for some L ∈ Rp×K .

Then for Ω =
(
XTX

)−1
XTC and C2 = P⊥XC, ‖Ω

(
n−1CT

2C2
)−1

ΩT‖2 ≤ c3.
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Item (a) is the same sparsity as assumed in Wang et al. (2017). Item (c) is justifiable

because we prove that β and Ω
(
n−1CT

2C2
)−1

ΩT are identifiable under Assumptions 2.1,

2.2 and 2.3(a) in Proposition 2.1 below and Proposition 2.3 in Section 2.7.1.

In DNA methylation data with p ≈ 3 × 105 − 8 × 105, n ≈ 102 and in the previously

unexplored regime λK ∈
[
c−1, cn1/2

]
, Assumption 2.3(a) restricts the number of genomic

units with non-zero coefficient of interest to be on the order of hundreds to thousands, which

is common in many studies (Morales et al. 2016, Liu et al. 2016, Yang et al. 2017, Zhang

et al. 2018). We also show through simulations that we can egregiously violate Assumption

2.3(a) and still do accurate inference on β1, . . . ,βp. We now state a proposition regarding

the identifiability of L and C.

Proposition 2.1. Let G = {diag (a1, . . . , aK) : a1, . . . , aK ∈ {−1, 1}}, suppose Assump-

tions 2.1 and 2.2 hold and define the parameter space

Θ(0) =
{

(L,C) ∈ Rp×K × Rn×K : E (Y2) = LCT
2 , n
−1CT

2C2 = IK ,

np−1LTL = diag (λ1, . . . , λK) for C2 = P⊥XC
}
. (2.13)

Then Θ(0) is non-empty and if
{
L(a),C(a)

}
,
{
L(b),C(b)

}
∈ Θ(0), then L(b) = L(a)Π and

C
(b)
2 = C

(a)
2 Π for some Π ∈ G. If Assumptions 2.1, 2.2 and 2.3(a) hold, then there exists

a constant c4 > 0 such that β is identifiable and

Θ(1) = Θ(0) ∩
{

(L,C) ∈ Rp×K × Rn×K : E (Y1) = β +LΩT for Ω =
(
XTX

)−1
XTC

}
(2.14)

is non-empty for all n ≥ c4. Further, if
{
L(a),C(a)

}
,
{
L(b),C(b)

}
∈ Θ(1), then L(b) =

L(a)Π and C(b) = C(a)Π for some Π ∈ G for all n ≥ c4.

The condition that (L,C) ∈ Θ(0) is a classic constraint to identify the components of

factor models (Bai & Li 2012). If (L,C) ∈ Θ(0), Assumption 2.2(a) becomes ‖[L]g∗‖2 ≤ c2
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for all g = 1, . . . , p and if (L,C) ∈ Θ(1), Ω
(
n−1CT

2C2
)−1

ΩT = ΩΩT. While we prove it

is unnecessary to assume a particular parametrization of L and C to estimate and perform

inference on β1, . . . ,βp using Algorithm 2.2, we use the parameter spaces Θ(0) and Θ(1)

in the statements of theoretical results regarding the accuracy of estimates of L and Ω,

respectively, in Sections 2.3.2, 2.3.3 and 2.3.4.

2.3.2 Asymptotic properties of the estimates from Step (a) of Algorithm

2.2

We start by illustrating the asymptotic properties of σ̂2
g (g = 1, . . . , p) and L̂ defined in (2.7)

and (2.8).

Lemma 2.1. Suppose Assumptions 2.1 and 2.2 hold and n → ∞. Then for ρ defined in

(2.2),

σ̂2
g = σ2

g + op(1) (g = 1, . . . , p) (2.15)

ρ̂ = p−1
(
σ̂2

1 + · · ·+ σ̂2
p

)
= ρ+ op

(
n−1/2

)
. (2.16)

Lemma 2.2. Suppose Assumptions 2.1 and 2.2 hold and n → ∞. Then for λ̂1, . . . , λ̂K

defined in (2.9),

λ̂k/λk = 1 + ρ/λk + op

(
n−1/2

)
(k = 1, . . . , K). (2.17)

Let Ĉ2 be as defined in Step (a) of Algorithm 2.2. If we also assume that (L,C) ∈ Θ(0) and

the K diagonal elements of ĈT
2C2 are non-negative, then for W ∼ NK (0, IK),

n1/2σ̂−1
g

([
L̂
]
g∗
− [L]g∗

)
D
= W + op(1) (g = 1, . . . , p). (2.18)

Remark 2.1. The identifiability constraints, that (L,C) ∈ Θ(0) and ĈT
2C2 has non-negative
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diagonal elements, are equivalent to the IC3 constraint used in Bai & Li (2012) to identify

the components of factor models.

Remark 2.2. When C is observed and (L,C) ∈ Θ(0), (2.17) and (2.18) hold for the

ordinary least squares estimator L̂OLS defined in Step (a) of Algorithm 2.1.

Remark 2.3. Equation (2.18) shows that the asymptotic distribution for
[
L̂
]T
g∗

[
L̂
]
g∗

under

the null hypothesis [L]g∗ = 0 is nσ̂−2
g

[
L̂
]T
g∗

[
L̂
]
g∗
D
= z2 + oP (1) as n→∞, where z2 ∼ χ2

K .

Further, the asymptotic distribution does not depend on the parametrization of L or C.

Lemmas 2.1 and 2.2 show that
[
L̂
]
g∗

and σ̂2
g have the same asymptotic properties as[

L̂OLS
]
g∗

and
(
σ̂OLS
g

)2
, the ordinary least squares estimates of [L]g∗ and σ2

g defined in

Algorithm 2.1. However, (2.17) states that the estimates of λk are biased by ρ, which we

show below is the primary reason why previously proposed methods often return inflated

test statistics.

2.3.3 Previous estimates of Ω in Step (b) of Algorithm 2.2 inflate test

statistics

As noted in Section 2.2.4, existing methods that use the estimation paradigm outlined in

Algorithm 2.2 ignore the uncertainty in L̂, and use variations of Ω̂shrunk to estimate Ω. We

show that these methods tend to underestimate Ω, which can lead to spurious inference on

β1, . . . ,βp in Proposition 2.2 and Corollary 2.1 below.

Proposition 2.2. Suppose Assumptions 2.1, 2.2 and 2.3 hold with β1 = · · · = βp = 0,

n → ∞ and (L,C) ∈ Θ(1), where Θ(1) was defined in (2.14). In addition, suppose the

diagonal elements of ĈT
2C2 are non-negative and λ1/λK ≤ c5 for some constant c5 > 1. If

we estimate Ω as Ω̂shrunk defined in (2.12), then

n1/2‖Ω̂shrunk −Ω diag {λ1/(ρ+ λ1), . . . , λK/(ρ+ λK)}‖2 = op (1) . (2.19)

17



Corollary 2.1. Fix some g ∈ [p] and let c6 > 0 be a small constant. In addition to the

assumptions of Proposition 2.2, suppose d = 1 and the following hold:

(i) We replace Ω̂ with Ω̂shrunk in (2.11) and estimate βg = βg = 0 ∈ R as β̂shrunk
g =

[Y1]g − Ω̂shrunk
[
L̂
]
g∗

.

(ii) |
K∑
k=1

[Ω]1k [L]gk {(λK + ρ) / (λk + ρ)}| ≥ ε for some constant ε > 0.

Define zg = σ̂−1
g

(
‖X‖−2

2 + n−1‖Ω̂shrunk‖22
)−1/2

β̂shrunk
g to be the gth z-score and let α ∈

(0, 1) be any significance level. Then for q1−α/2 the 1−α/2 quantile of the standard normal

distribution, there exists a constant δ > 0 such that as n→∞,


P
(
|zg| > q1−α/2

)
= α + o(1) if λ−1

K n1/2 → 0

P
(
|zg| > q1−α/2

)
≥ α + δ + o(1) if λ−1

K n1/2 ≥ c6

P
(
|zg| > q1−α/2

)
= 1 + o(1) if λ−1

K n1/2 →∞

.

Further, if n−rp→ 0 for some constant r > 0 and λ−1
K n1/2−c6 →∞ as n→∞, then

P
(
|zg| > q1−(p−1α)/2

)
= 1 + o(1)

as n→∞, where p−1α is the Bonferroni threshold at a level α.

Remark 2.4. The authors of Gagnon-Bartsch et al. (2013) use Ω̂shrunk to estimate Ω,

but the authors of Wang et al. (2017), Lee et al. (2017) use slightly different estimators.

We prove analogous versions of Proposition 2.2 and Corollary 2.1 for the estimators used

in Wang et al. (2017), Lee et al. (2017) in Propositions 2.5 and 2.6 and Corollary 2.2 in

Section 2.7.8.

Remark 2.5. The assumption that λ1/λK ≤ c5 made in Proposition 2.2 and Corollary 2.1

requires the eigenvalues be on the same order of magnitude. It is a standard assumption
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made by previous authors who use versions of Algorithm 2.2 to estimate β1, . . . ,βp (Wang

et al. 2017, Lee et al. 2017). We discuss how to extend it to allow λ1/λK to diverge in

Remark 2.7 after the statement of Theorem 2.2.

When Condition (ii) in the statement of Corollary 2.1 does not hold, it implies the bias

Ω [L]g∗ in [Y1]g∗ is minor, or the largest components of Ω load on to the columns of L

corresponding to the largest eigenvalues λk, which are the components least affected by

the shrinkage in Proposition 2.2. The shrinkage in Ω̂shrunk will have less of an impact on

inference in these cases. If K = 1, Item (ii) can be replaced with |Ω [L]g∗| ≥ ε for some

constant ε > 0.

The results of Proposition 2.2 and Corollary 2.1 show that ignoring the uncertainty in

L̂ when estimating Ω can lead to inflated test statistics and type I errors if λ−1
K n1/2 is not

small enough, even if one uses the conservative Bonferroni threshold. We therefore define

the informativeness of the data for C in terms of the magnitude of λK in relation to n1/2.

Definition 2.1 (Informativeness of the data for C). The data Y are strongly informative

for C if λ−1
K n1/2 → 0 as n→∞ and moderately informative for C if there exists a constant

c7 > 1 such that λK ∈
[
c−1
7 , n1/2c7

]
for all n.

Corollary 2.1 shows that existing methods risk performing anti-conservative inference

when the data are only moderately informative for C. We next show that our shrinkage-

corrected estimate of Ω in (2.10) begets estimates of β1, . . . ,βp that are asymptotically

equivalent to the corresponding ordinary least squares estimates obtained when C is known,

even when the data are only moderately informative for C.

2.3.4 The estimates of β1, . . . ,βp from Algorithms 2.1 and 2.2 are

asymptotically equivalent

We first prove that our shrinkage-corrected estimate of Ω, Ω̂, corrects the aforementioned

shrinkage present in existing methods’ estimates of Ω.

19



Lemma 2.3. Suppose Assumptions 2.1, 2.2 and 2.3 hold and (L,C) ∈ Θ(1). Further,

assume the diagonal entries of ĈT
2C2 are non-negative and λ1/λK ≤ c5, where c5 > 1 was

defined in the statement of Proposition 2.2. If Ω̂ is defined as (2.10) and n→∞, then

n1/2‖Ω̂ −Ω‖2 = op (1) . (2.20)

We use this result to prove that inference with β̂g (g = 1, . . . , p) is asymptotically equiv-

alent to the ordinary least squares estimator obtained when C is known.

Theorem 2.1. Let g ∈ [p] and suppose Assumptions 2.1, 2.2 and 2.3 hold with λ1/λK ≤ c5

and n→∞. Then inference with β̂g is asymptotically equivalent to inference with β̂OLS
g in

the following sense:

n1/2‖β̂g − β̂OLS
g ‖2 = op(1) (2.21)

σ̂−1
g

{(
XTX

)−1
+ n−1Ω̂Ω̂T

}−1/2 (
β̂g − βg

) D
=Z + op(1). (2.22)

The estimates β̂OLS
g , Ω̂ and β̂g are defined in (2.6), (2.10) and (2.11), and Z ∼ Nd (0, Id).

In some real experimental data, the largest eigenvalue λ1 may be substantially larger

than the smallest eigenvalue λK . We therefore extend Theorem 2.1 to relax the assumption

that the λk’s be the same order of magnitude in the following theorem.

Theorem 2.2. Let g ∈ [p], suppose Assumptions 2.1, 2.2 and 2.3 hold and assume n→∞.

Define mk ∈ Rp to be the kth left singular vector of LCT
2 (k = 1, . . . , K). If

(λrλs)
1/2 |mT

rΣms| ≤ c8λmax(r,s)

for some constant c8 > 0 for all r, s ∈ [K], then (2.21) and (2.22) hold.

Remark 2.6. (λrλs)
1/2 |mT

rΣms| is identifiable for all r, s ∈ [K] under Assumptions 2.1

and 2.2. If Assumptions 2.1 and 2.2 hold and (L,C) ∈ Θ(0), (λrλs)
1/2 |mT

rΣms| =
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|np−1 [L]T∗r Σ [L]∗s| for all r, s ∈ [K].

Remark 2.7. Proposition 2.2 and Corollary 2.1 can be extended to accommodate data where

λ1/λK diverges by replacing the condition that λ1/λK ≤ c5 with (λrλs)
1/2 |mT

rΣms| ≤

c8λmax(r,s) for all r, s ∈ [K].

The condition on mT
rΣms (r, s = 1, . . . , K) is quite general, as it can be shown to hold

in probability when [L]g∗ ∼ F` and σ2
g ∼ Fσ2 (g = 1, . . . , p) for any distributions F` and

Fσ2 with compact support, such that np−1LTL has eigenvalues bounded away from 0 with

high probability. We refer the reader to Proposition 2.4 in Section 2.7.2 for more detail.

2.3.5 Inference on the relationship between C and X

One may be interested in understanding the origin of C. For example, if components of

Ω̂ were large, it would be informative to know if this were due to random experimental

variation, or if some of the columns of C truly depended on X. To incorporate this type of

inference, we state the following theorem that allows C, and therefore Ω, to be treated as a

random variable.

Theorem 2.3. Let c9 > 1 be a constant. In addition to Assumptions 2.1(a), 2.1(c) and

2.3(b), suppose the following hold

(i) ‖X‖∞ ≤ c9 and L ∈ Rp×K is a non-random matrix such that np−1LTL =

diag (λ1, . . . , λK), where K ≥ 1 is known.

(ii) Let λK+1 = 0. Then λk ∈
[
c−1
9 , c9n

]
and (λk − λk+1) /λk ≥ c−1

9 for all k ∈ [K],

‖[L]g∗‖2 ≤ c9 for all g ∈ [p] and |np−1 [L]T∗r Σ [L]∗s| ≤ c9λmax(r,s) for all r, s ∈ [K].

(iii) p is a non-decreasing function of n such that n/p ≤ c9, n3/2/ (λKp) → 0 as n → ∞

and p−1
{
I ([β]1r 6= 0) + · · ·+ I

(
[β]pr 6= 0

)}
= o

(
n−3/2λK

)
for all r ∈ [d].

(iv) C = XA+ Ξ ∈ Rn×K where A ∈ Rd×K is non-random and Ξ ∈ Rn×K has indepen-

dent and identically distributed rows [Ξ]1∗ , . . . , [Ξ]n∗ ∈ RK that are independent of E
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such that E ([Ξ]i∗) = 0, E
(
[Ξ]i∗ [Ξ]Ti∗

)
= IK and E

(
[Ξ]4ik

)
< ∞ for all i ∈ [n] and

k ∈ [K].

Let Wd (Id, K) be the standard Wishart distribution in d dimensions with K degrees of free-

dom. If the null hypothesis A = 0 is true and n→∞, then

(
XTX

)1/2
Ω̂Ω̂T

(
XTX

)1/2 D
=V + op(1),

where Ω̂ is defined in (2.10) and V ∼ Wd (Id, K). If d = 1, V = V ∼ χ2
K .

Remark 2.8. Under the definition of C in Item (iv), Ω = A +
(
XTX

)−1
XTΞ and

E (Ω) = A.

2.4 Simulations and data analysis

2.4.1 Simulation study

In this section, we use simulations to compare the performance of our shrinkage-corrected

method defined by Algorithm 2.2 to that of methods proposed in Wang et al. (2017), Lee

et al. (2017), Leek & Storey (2008), Gagnon-Bartsch & Speed (2012), Gagnon-Bartsch et al.

(2013), as well as the ordinary least squares estimator when C is known and when it is

ignored. We do not include results from Fan & Han (2017) or Houseman et al. (2014),

because these methods perform similarly to those proposed in Wang et al. (2017) and Lee

et al. (2017), respectively. In all of our simulations, we set n = 100, p = 105 and K = 10 to

mimic DNA methylation data where p ranges from 3× 105 to 8× 105, although our results

are nearly identical for p on the order of gene expression data (p ≈ 104). We set d = 1

and assigned 50 samples to the treatment group and the rest to the control group so that

X =
(
1T
n/2

, 0T
n/2

)T
∈ Rn. We then set the eigenvalues λ1, . . . , λK so that λ1 = n − 2,
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λK = 1 and the remaining to be

λk =


(n− 2)(K−k)/(K−1), k ≤ K/2

{(n− 2)/5}(K−k)/(K−1) , k > K/2

.

For a predefined value of A ∈ R1×K , we simulated β =
(
β1 · · · βp

)T ∈ Rp×1,L ∈

Rp×K ,C ∈ Rn×K ,Σ = diag
(
σ2

1, . . . , σ
2
p

)
and E ∈ Rp×n according to

βg ∼ 0.95δ0 + 0.05N
(

0, 0.42
)

(g = 1, . . . , p)

τ2
k = max

{
λk/(n− 2), 0.52

}
(k = 1, . . . , K)

[L]gk ∼ πkδ0 + (1− πk)N
(

0, τ2
k

)
(g = 1, . . . , p; k = 1, . . . , K)

C ∼MNn×K (XA, In, IK)

σ2
g ∼ Gamma

(
1/0.52, 1/0.52

)
(g = 1, . . . , p)

Egi ∼ 2−1/2σgT4 (g = 1, . . . , p; i = 1, . . . , n)

(2.23)

where πk was chosen so that E
(
[L]T∗k [L]∗k

)
= λk and T4 is the t-distribution with 4 degrees

of freedom. We then set the observed data to be Y = βXT +LCT +E ∈ Rp×n. Although

our theory from Section 2.3 assumes the residuals E are normally distributed, we simulated

t-distributed data to mimic real data with heavy tails. The values used for τk and πk

(k = 1, . . . , 10) are given in Table 2.1. We also include additional simulation results in

Section 2.6 where we simulate β according βg ∼ 0.80δ0 + 0.20N
(
0, 0.42

)
.

Table 2.1: The τk and πk values (k = 1, . . . , 10) used to simulate L

Factor number (k) 1 2 3 4 5 6 7 8 9 10

τk 1 0.78 0.60 0.5 0.5 0.5 0.5 0.5 0.5 0.5

πk 0 0 0 0.13 0.48 0.85 0.89 0.92 0.94 0.96

λk 98.0 58.9 35.4 21.3 12.8 3.8 2.7 1.9 1.4 1.0
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We set the parameter A used to simulate C, where A = E (Ω) in (2.23), to be one of

two values:

A1 = α
(
1T

5 ,0
T
5

)
A2 = α

(
0T

5 ,1
T
5

)
with the scalar α chosen so that C explained 30% of the variability in group status X, on

average. The choice of 30% was not arbitrary, as we estimated that over 30% of the variance

in group status was explained by C in our data application in Section 2.4.2.

As simulated, the eigenvalues λ1, . . . , λ5 are large enough so that the shrinkage terms

λk/ (λk + ρ) (k = 1, . . . , 5) from (2.19) in Proposition 2.2 are negligible. This implies that

when A = A1, Ω̂shrunk will likely be a suitable estimate of Ω ∈ R1×10, since Ω̂shrunk will

correctly estimate the largest and most important components of Ω, Ω∗1, . . . ,Ω∗5. The

anti-conservative nature of Ω̂shrunk implied by Corollary 2.1 does not apply when A = A1

because Item (ii) in the statement of Corollary 2.1 will generally not hold. We would there-

fore expect our shrinkage-corrected method defined by Algorithm 2.2 to perform similarly

to previous methods that ignore the shrinkage in their estimates of Ω in this simulation

scenario. However, when A = A2, Ω̂shrunk will not recover the largest and most conse-

quential components of Ω, [Ω]∗6 , . . . , [Ω]∗10, because of the substantial shrinkage caused

by the relatively small eigenvalues λ6, . . . , λ10. In this case, Corollary 2.1 and Remark 2.7

suggest that ignoring the shrinkage will lead to anti-conservative inference on β1, . . . , βp,

whereas Theorems 2.1 and 2.2 imply our shrinkage-corrected method will be asymptotically

equivalent to ordinary least squares when C is observed.

We simulated 100 datasets with A = A1 and another 100 with A = A2. We found that

we could do the best inference on β1, . . . , βp with each method by performing ordinary least

squares with the design matrix
(
1nX Ĉ

)
, where Ĉ wasC ifC was known, or was estimated

with any one of the six methods described above. Our shrinkage-corrected estimate of C was

Ĉ2 +XΩ̂, where Ĉ2 was defined in Step (a) of Algorithm 2.2. We describe how the other
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five methods estimate C below. We compared the ordinary least squares t-statistics from

all methods to a t-distribution with n− 2−K degrees of freedom to compute P values for

the null hypotheses H0,g : βg = 0 (g = 1, . . . , p). We then judged the performance of each

method by comparing their true false discovery proportion at a nominal 20% false discovery

rate, estimated using q-values (Storey 2001), because this is the inference method popular

among biologists.

Figure 2.1 provides the simulation results. We see that our shrinkage-corrected method,

BC, is able to control the false discovery rate both when K is known to be 10 and when

we drastically overestimate it to be 20. Further, our method’s power to detect units with

non-zero βg at this nominal 20% false discovery rate threshold was 13.6% when K̂ = 10 and

12.8% when K̂ = 20, which is compared to 13.6% when C was known. The power of all three

methods was the same for both values of A. This is exactly what one would expect from

Theorems 2.1 and 2.2, which prove that inference with our shrinkage-corrected estimator

is asymptotically equivalent to that with ordinary least squares when C is known. This

equivalence was also manifested when we overtly violated Assumption 2.3(a) and simulated

β1, . . . , βp ∼ 0.80δ0 + 0.20N
(
0, 0.42

)
in Section 2.6.

It is also informative to study the performance of the other five methods, as this can be

important to practitioners deciding which method to apply to their data.

CATE-RR (Wang et al. 2017) and dSVA (Lee et al. 2017): These methods estimate C as

Ĉcate
2 + XΩ̂cate and ĈdSVA

2 + XΩ̂dSVA, respectively, where their estimates of C2, Ĉcate
2

and ĈdSVA
2 , are nearly identical to Ĉ2 defined in Step (a) of Algorithm 2.2. However, their

estimates of Ω, Ω̂cate and Ω̂dSVA, ignore the shrinkage described in Proposition 2.2. We

would therefore expect them to introduce more type I errors when A = A2. Both CATE-

RR and dSVA’s false discovery proportion estimates were closer to nominal values when

β1, . . . , βp ∼ 0.80δ0 + 0.20N
(
0, 0.42

)
, since any rejection region was likely to have more

genomic units with non-zero coefficients of interest.

IRW-SVA (Leek & Storey 2007): IRW-SVA estimates C by performing a factor analysis on
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Figure 2.1: The false discovery proportion (FDP) for each method at a q-value threshold
of 0.2 in simulations when A = A1 (left) and A = A2 (right). “BC” is our shrinkage-
corrected method enumerated in Algorithm 2.2 and K̂ is the number of factors used to
estimate C. CATE-RR, dSVA, IRW-SVA, RUV-2 and RUV-4 are the methods proposed in
Wang et al. (2017), Lee et al. (2017), Leek & Storey (2007), Gagnon-Bartsch & Speed (2012)
and Gagnon-Bartsch et al. (2013), respectively. These five methods were all applied with
K̂ = K = 10. Inference with “None” was performed using the design matrix (1nX).

diag
(
π̂1, . . . , π̂p

)
Y , where π̂g is an estimate of P

(
[L]g∗ 6= 0, βg = 0 | Y

)
(g = 1, . . . , p),

by iteratively estimating C and P
(

[L]g∗ 6= 0, βg = 0 | Y
)

. Since the first iteration as-

sumes Ĉ = P⊥X Ĉ, π̂g tends to be small if the marginal correlation between [Y ]g∗ and

X is large, which occurs if |Ω [L]g∗| is large. Therefore, the latent factors that influence

diag
(
π̂1, . . . , π̂p

)
Y will be different than those of Y if the latent factors with the largest

effects are also correlated with X. This explains why IRW-SVA performs poorly when

A = A1. Unfortunately, there is no theory that states when IRW-SVA is expected to

accurately recover C.

RUV-2 (Gagnon-Bartsch & Speed 2012) and RUV-4 (Gagnon-Bartsch et al. 2013): Both

RUV-2 and RUV-4 assume the practitioner has prior knowledge of a subset S ⊆ [p] of control

genomic units where βg = 0 for all g ∈ S. We selected |S| = 600 = 20 × 30 control units

uniformly at random from the set of all genomic units with βg = 0 across all simulations,

because simulations in Wang et al. (2017) use 30 control units when p = 5, 000 = 105/20.

RUV-2 estimates C via factor analysis using only data from genomic units in S, whereas
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RUV-4 first estimates C2 and L as Ĉ2 and L̂ defined in Step (a) of Algorithm 2.2, and

then estimates Ω as Ω̂RUV-4 = [Y1]TS∗
[
L̂
]
S∗

([
L̂
]T
S∗

[
L̂
]
S∗

)−1

. Here [Y1]S∗ and
[
L̂
]
S∗

are the submatrices of Y1 and L̂ restricted to the rows in S. RUV-4’s estimate of C is then

Ĉ2 + XΩ̂RUV-4. The obvious caveat of RUV-2 and RUV-4 is the practitioner must have

a list of units whose coefficients of interest are zero and whose expression or methylation

carries the latent factor signature, i.e. the first K eigenvalues of C
(
|S|−1LT

S∗LS∗
)
CT must

be suitably large. For example, the large variability in RUV-2’s false discovery proportion

when A = A2 is because the |S| = 600 control units were not sufficient to capture the latent

factor signature in many simulations.

2.4.2 Data application

In order to demonstrate the importance of using our shrinkage-corrected estimator, we ap-

plied our method to re-analyze data from Nicodemus-Johnson et al. (2016), which studied the

correlation between adult asthma and DNA methylation in lung epithelial cells. The authors

collected endobronchial brushings from 74 adult patients with a current doctor’s diagnosis

of asthma and 41 healthy adults and quantified their DNA methylation at p = 327, 271

methylation sites, also referred to as CpGs, using the Infinium Human Methylation 450K

Bead Chip (Dedeurwaerder et al. 2011). The authors then used ordinary least squares to

regress the methylation at each of the p sites on to the mean model subspace that included

asthma status, age, ethnicity, sex and smoking status to estimate the effect due to asthma,(
β1 · · · βp

)T ∈ Rp×1. They found 40,892 CpGs that were differentially methylated between

asthmatics and healthy patients at a nominal false discovery rate of 5%.

We investigated whether or not the strong association between DNA methylation and

asthma status was in part due to unobserved covariates. In particular, lung cell composi-

tion may differ between asthmatics and non-asthmatics, with asthmatic patients generally

having a greater proportion of airway goblet cells that excrete mucus (Bai & Knight 2005,

Rogers 2002). We therefore re-analyzed these data to account for latent covariates with our
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shrinkage-corrected method defined by Algorithm 2.2, and compared the results to those

obtained using the methods proposed in Leek & Storey (2007), Wang et al. (2017) and Lee

et al. (2017). We could not apply the methods proposed in Gagnon-Bartsch & Speed (2012),

Gagnon-Bartsch et al. (2013) because we did not have access to control CpGs. We first used

bi-cross validation (Owen & Wang 2016) to estimate that there were K = 4 latent factors in

these data, and subsequently estimated C ∈ R115×4 using the four different methods. We

then computed P values for the null hypotheses H0,g : βg = 0 (g = 1, . . . , p) using ordinary

least squares with the design matrix
(
XZ Ĉ

)
, where X ∈ {0, 1}n was asthma status and

Z contained the observed nuisance covariates age, ethnicity, sex and smoking status. The

total number of asthma-related CpGs returned by each method as a function of q-value

cutoffs (Storey et al. 2015), as well the uncorrected and shrinkage-corrected estimates of

Ω ∈ R1×4, are given in Fig. 2.2. At a q-value threshold of 20%, our method identifies 10,324

asthma-related CpGs, while the methods proposed in Leek & Storey (2007), Wang et al.

(2017) and Lee et al. (2017) ostensibly identify 32,952, 29,415 and 22,545 asthma-related

CpGs, respectively. These numbers changed only slightly when we let K be as high as seven.

We estimated that approximately 36% of the variance in asthma status was explained by

C, which using Theorem 2.3 corresponded to a P value for the null hypothesis E (C |X) = 0

of 3.2× 10−12. Moreover, assuming (L,C) ∈ Θ(1), the largest component of Ω appeared to

load on to the third column of L ∈ Rp×4, where λ3/ρ ≈ 2.5. Since this was much smaller

than n1/2 = 10.7 and we estimated [L]g3 6= 0 at over 40% of the studied CpGs g ∈ [p],

Proposition 2.2, Corollary 2.1 and simulations connote that the methods proposed in Wang

et al. (2017) and Lee et al. (2017) are likely underestimating the fraction of CpGs with βg = 0

at any nominal q-value threshold. It is likely the case that λ3, the third largest eigenvalue of

I = P⊥XC
(
p−1LTL

)
CTP⊥X , was small even though the third factor explained a significant

portion of the variability in methylation levels because its strong correlation with asthma

status dampened P⊥XC.

We next sought to determine if differences in lung cell composition between asthmatic
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(a) (b)

Figure 2.2: Results from our analysis of lung DNA methylation data from Nicodemus-
Johnson et al. (2016). (a): The number of asthma-related CpGs at a given q-value cutoff
using our shrinkage-corrected estimator (blue, solid line), as well as the estimators proposed
in Lee et al. (2017) (pink, dot-dashed line), Wang et al. (2017) (red, dotted line) and Leek
& Storey (2007) (black, dashed line). (b): The K = 4 components of Ω̂shrunk (black “x”)
and Ω̂ (red “•”) as a function of λ̂1, . . . , λ̂4. The dashed blue line is the 0.95 quantile of the

ñ−1/2χ1 distribution, where ñ is defined such that ñΩ̂Ω̂T converges to a chi-squared random
variable with K = 4 degrees of freedom under the null hypothesis from Theorem 2.3.

and healthy patients were responsible for some of the correlation between asthma status

and the latent factors, since understanding the origin of the latent covariates could help

practitioners determine which method is most appropriate for their data. To do so, we

fit a topic model with r = 7 topics on the same individuals’ gene expression data, which

has been shown to cluster bulk RNA-seq samples by tissue and cell type (Taddy 2012, Dey

et al. 2017). We then used the n-dimensional factor whose corresponding loading was the

largest on the MUC5AC gene as a proxy for the proportion of goblet cells in each sample,

as MUC5AC is a unique identifier for goblet cells (Zuhdi Alimam et al. 2000). Just as one

would expect, asthmatics tended to have a higher proportion of estimated goblet cells than

healthy controls, and we rejected the null hypothesis that asthmatics and healthy controls

had the same mean estimated goblet cell proportion at the significance level of α = 0.01.

This indicates that cell composition is presumably driving much of the observed correlation

between methylation levels and asthma status in Nicodemus-Johnson et al. (2016), as well
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as the results from the re-analysis with the methods proposed in Wang et al. (2017) and Lee

et al. (2017).

These conclusions also help to explain why the method proposed in Leek & Storey (2007)

is likely underestimating the number of false discoveries. We used Lemma 2.2 and Remark

2.3 to estimate that

p−1
{
I ([L]1∗ 6= 0) + · · ·+ I

(
[L]p∗ 6= 0

)}
≈ 0.90

in these data, which is precisely what one would expect if cellular heterogeneity were among

the unobserved factors, since changes in methylation help drive cellular differentiation. And

since we have already shown that X is correlated with C, the method proposed in Leek &

Storey (2007) would not be expected to control the false discovery rate, as simulations in

Section 2.4.1 showed exactly this when |Ω [L]g∗| was large for many genomic units g ∈ [p].

2.5 Discussion

The prevalence of unobserved covariates in high throughput ‘omic’ data has precipitated the

development of methods that account for unobserved factors C in downstream inference.

While these methods perform well when the data are strongly informative for C, they are

not amenable to inference when the data are only moderately informative for C. On the

other hand, we prove that inference using estimates from our shrinkage-corrected method in

Algorithm 2.2 is asymptotically equivalent to ordinary least squares when C is observed.

Our method is not a cure-all for inference with unobserved covariates. For example, As-

sumption 2.3(a) restricts the number of units with non-zero main effect in DNA methylation

data to be on the order of hundreds to thousands when the data are only moderately infor-

mative C. Even though simulations show we can potentially relax this number substantially

to tens, or even hundreds of thousands in practice, it begs the question as to whether or

not practitioners should spend time and money to measure nuisance variables like cellular
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heterogeneity, or estimate them directly from the data. If the practitioner is concerned that

C is correlated with X but has reason to believe β is sparse, our theory suggests the ef-

fort should be spent collecting more samples. However, if C is correlated with X and β is

dense, it may be worthwhile to attempt to measure some of the latent factors with other

technologies. We are currently working with the authors of Nicodemus-Johnson et al. (2016)

to use external sources of information to potentially better account for cellular heterogeneity

in their data.

2.6 Additional simulations

We first include an empirical verification of the surprising results from Proposition 2.2 and

Lemma 2.2 that we can accurately estimate L, but the naive estimate for Ω in (2.12) is

biased. The data were simulated as follows:

d = K = 1, n = 100, p = 105

X ∼ Nn (0, In)

β = 0

[L]g ∼
(

1− n−1
)
δ0 + n−1N1(0, 1) (g = 1, . . . , p)

X =
(
1T
n/2,0

T
n/2

)T
C2 ∼ Nn−d (0, In−d)

C = X +QXC2

E ∼MNp×n
(
0, Ip, In

)
.

where QX ∈ Rn×(n−d) is a matrix whose columns form an orthonormal basis for the null

sapce of X. Therefore, Ω = 1 for every simulation. L and Σ were simulated so that λ1 ≈ 1

and ρ = 1. If (2.18) from Lemma 2.2 was correct, then n1/2

([
L̂
]
g
− [L]g

)
≈ N(0, 1) for

each g ∈ [p]. If we let W = n1/2
(
L̂−L

)
∈ Rp, we validate Lemma 2.2 by partitioning the
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components of W by whether or not the corresponding component of L was non-zero. If

Lemma 2.2 were true, both histograms in Fig. 2.3 should look as if they were sampled from

a N(0, 1) random variable, which they clearly do.

Figure 2.3: W = n1/2
(
L̂−L

)
∈ Rp for one simulation for components of L that are

non-zero (left) or 0 (right). The overlaid red curve is the density of a N(0, 1) random
variable.

We next empirically verified (2.19) from Proposition 2.2 using 20 simulations. Figure 2.4

contains the results of the 20 simulations, which clearly shows that n1/2‖Ω̂shrunk−Ωλ1(λ1 +

ρ)−1‖2 ≈ 0.

Figure 2.4: ∆ = n1/2
{

Ω̂shrunk − Ωλ1(λ1 + ρ)−1
}

for 20 simulations.

Lastly, Fig. 2.5 gives the simulation results from Section 4.1, with βg ∼ 0.80δ0 +

0.20N
(
0, 0.42

)
. The average power for the simulations on the left panel for C known, BC
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K̂ = 10, BC K̂ = 20 was 23.3%, 23.3%, 22.1% and 23.0%, 23.0%, 21.9% for the simulations

on the right panel.

Figure 2.5: Simulations with βg ∼ 0.80δ0 + 0.20N
(
0, 0.42

)
for A = A1 (left) and

A = A2 (right). All other parameters are the same as the simulations in Section 4.1.

2.7 Proofs of all propositions, lemmas, and theorems

2.7.1 Proof of Proposition 2.1 and the identifiability of Ω
(
n−1CT

2 C2

)−1
ΩT

For the remainder of the chapter, we define [L]g∗ = `g for all g ∈ [p]. Let X be a matrix,

vector or scalar and let ‖X‖2 be the spectral norm, Euclidean norm or magnitude of X. We

use the notation that X = Op (an) if for some sequence an, ‖X‖2/an = Op (1). Similarly,

X = op (an) if ‖X‖2/an = op (1). Lastly, for any vector v ∈ Rm, we define vj to be the jth

element of v for all j = 1, . . . ,m. If the vector has a subscript r, then we define vrj to be

the jth elements of vr ∈ Rm for all j = 1, . . . ,m.

We first prove Proposition 2.1.

Proof of Proposition 2.1. Under Assumptions 2.1 and 2.2, we can find an L ∈ Rp×K , C ∈

Rn×K such that for C2 = P⊥XC, E (Y2) = LCT
2 and

np−1LTL = diag (λ1, . . . , λK) , n−1CT
2C2 = IK (2.24)

by taking the singular value decomposition of E (Y2). The columns of L and C2 are unique
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up to sign by the uniqueness of the singular value decomposition, since λk > λk+1 for all

k = 1, . . . , K (where λK+1 = 0). That is, if L̃ and C̃ also satisfy (2.24), then L̃ = LΠ and

C̃2 = C2Π where Π = diag (a1, . . . , aK) and ak ∈ {−1, 1} for all k ∈ [K].

Next, suppose Assumption 2.3(a) holds and let β(a),L(a),C(a) and β(b),L(b),C(b) be

such that L(a)
{
C

(a)
2

}T

= E (Y2) = L(b)
{
C

(b)
2

}T

and

β(a) +L(a)
{

Ω(a)
}T

= E (Y1) = β(b) +L(b)
{

Ω(b)
}T

.

We can find invertible matrices R(a),R(b) ∈ RK×K such that L(a)R(a),C(a)
{
R(a)

}−T

and L(b)R(b),C(b)
{
R(b)

}−T
satisfy (2.24), where

L(i)
{

Ω(i)
}T

=
{
L(i)R(i)

}[
Ω(i)

{
R(i)

}−T
]T

(i = a, b).

Therefore, to prove the identifiability of β, it suffices to assume L(a),C(a) and L(b),C(b)

satisfy (2.24), meaning L(b) = L(a)Π and C
(b)
2 = C

(a)
2 Π for some Π = diag (a1, . . . , aK)

where ak ∈ {−1, 1} for all k ∈ [K]. Define L = L(a) (for notational convenience), S ={
g ∈ [p] :

[
β(a)

]
g∗

=
[
β(b)

]
g∗

= 0

}
and LS ∈ R|S|×K to be the submatrix of L restricted

to the rows g ∈ S. To prove that β(a) = β(b) and C(b) = C(a)Π, it suffices to show that

LT
SLS � 0, i.e. LS has full column rank.

n (pλK)−1LT
SLS = diag

(
λ1λ
−1
K , · · · , λK−1λ

−1
K , 1

)
− n (pλK)−1

∑
g∈[p]\S

`g`
T
g
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where for any r, s ∈ [K],

|n (pλK)−1
∑

g∈[p]\S
`gr`gs| ≤n (pλK)−1

∑
g∈[p]\S

|`gr||`gs|

≤c22nλ
−1
K

p−1
p∑
g=1

I

{[
β(a)

]
g∗
6= 0

}

+p−1
p∑
g=1

I

{[
β(b)

]
g∗
6= 0

} = o
(
n−1/2

)
,

which completes the proof.

Proposition 2.3. Suppose Assumptions 2.1, 2.2 and 2.3(a) hold. Then for c4 is defined in

the statement of Proposition 2.1, Ω
(
n−1CT

2C2
)−1

ΩT is identifiable for all n ≥ c4.

Proof. Under these assumptions, Proposition 2.1 proves that β is identifiable for all n ≥ c4,

meaning E(Y ) − βXT = LCT is identifiable for all n ≥ c4. Suppose C(a),C(b) ∈ Rn×K

and L(a),L(b) ∈ Rp×K are such that

L(a)C
T
(a) = E(Y )− βXT = L(b)C

T
(b).

Under Assumptions 2.1 and 2.2, L(a) and L(b) have full column rank, meaning we may define

R = LT
(a)L(b)

{
LT

(b)L(b)

}−1
,

where C(b) = C(a)R. Since C(a) and C(b) have full column rank by Assumptions 2.1 and

2.2, R must be invertible. Therefore, for Ω(i) =
(
XTX

)−1
XTC(i) (i = a, b),

Ω(b)

{
n−1CT

(b)P
⊥
XC(b)

}−1
ΩT

(b) = Ω(a)RR
−1
{
n−1CT

(a)P
⊥
XC(a)

}−1
R−TRTΩT

(a)

= Ω(a)

{
n−1CT

(a)P
⊥
XC(a)

}−1
ΩT

(a),

which completes the proof.
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2.7.2 The behavior of the off-diagonal elements of np−1LTΣL

Let mk ∈ Rp be the kth left singular vector of LCT
2 (k = 1, . . . , K). In this section, we state

and prove a proposition regarding the generality of the condition that (λrλs)
1/2 |mT

rΣms| ≤

c8λmax(r,s) for all r, s ∈ [K], which is used in the statements of Theorems 2.2 and 2.3.

To do so, we note that (λrλs)
1/2 |mT

rΣms| = |np−1 [L]T∗r Σ [L]∗s| for some L such that

(L,C) ∈ Θ(0).

Proposition 2.4. Let L̄ =
[
¯̀
1 · · · ¯̀p

]T ∈ Rp×K and Σ = diag
(
σ2

1, . . . , σ
2
p

)
where for each

g ∈ [p],

¯̀g ∼ F ¯̀

σ2
g ∼ Fσ2

where the distributions F ¯̀ and Fσ2 have compact support. Suppose C ∈ Rn×K and X ∈

Rn×d are non-random matrices and define R ∈ RK×K such that R2 = n−1CTP⊥XC. In

addition, let

(a) γK ≤ · · · ≤ γ1 be the eigenvalues of np−1L̄TL̄

(b) λK ≤ · · · ≤ λ1 be the first K eigenvalues of P⊥XC
(
p−1L̄TL̄

)
CTP⊥X .

(c) L = L̄RU , where U ∈ RK×K is a unitary matrix such that np−1LTL =

diag (λ1, . . . , λK).

Suppose the following assumptions hold:

(i) ‖n−1CTP⊥XC‖2, ‖
(
n−1CTP⊥XC

)−1
‖2 ≤ c2 for some constant c ≥ 1.

(ii) For any ε > 0, there exists a δε > 0 such that P (γKp/n ≥ δε) ≥ 1− ε for all n, p.

Then for any r, s ∈ [K],

n
{
pλmax(r,s)

}−1
[L]T∗r Σ [L]∗s = Op(1)
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as n, p→∞.

Proof. First, n (γKp)
−1 = Op(1) by Item (ii). Next, by the sampling mechanism used to

draw L̄ and Σ, L̄ and Σ are independent. Suppose r ≤ s and define `g = [L]g∗ for all

g ∈ [p]. First,

E
[
n
{
pλmax(r,s)

}−1
[L]T∗r Σ [L]∗s | L̄

]
= n

{
pλmax(r,s)

}−1
p∑
g=1

`gr`gsE
(
σ2
g | L̄

)

= E
(
σ2

1

)
n
{
pλmax(r,s)

}−1
p∑
g=1

`gr`gs = 0.

Next, ‖`g‖2 = ‖UTR ¯̀g‖2 ≤ c‖ ¯̀g‖2, meaning ‖`g‖22, σ
2
g ≤ a for all g ∈ [p] for some constant

a > 0 not dependent on n or p (since F ¯̀ and Fσ2 have compact support). Let Ψ̄ = np−1L̄T L̄

and Ψ = np−1LTL. Then

λ−1
K = ‖Ψ−1‖2 ≤ c2‖Ψ̄−1‖2 = c2γ−1

K

and

γ−1
K = ‖Ψ̄−1‖2 ≤ c2‖Ψ−1‖2 = c2λ−1

K ,

which implies c−2γK ≤ λK ≤ c2γK . Therefore, n (pλK)−1 = Op(1) and

V
[
n
{
pλmax(r,s)

}−1
LT
∗rΣ [L]∗s | L̄

]
= n2 (pλs)

−2
p∑
g=1

`2gr`
2
gsV

(
σ2
g | L̄

)

= V
(
σ2

1

)
n2 (pλs)

−2
p∑
g=1

`2gr`
2
gs

≤ a2n2 (pλs)
−2

p∑
g=1

`2gs = a2n (pλs)
−1

≤ a2n (pλK)−1 = Op(1).
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This proves the claim.

Remark 2.9. Item (ii) is a weak assumption because pγK/n is the smallest eigenvalue of

L̄TL̄. Further, we assume pλK/n→∞ as n→∞ (where γK � λK) in Assumption 2.2.

Remark 2.10. We can extend to Proposition 2.4 to include the case that C is random if

we assume C is independent of Σ and if for all ε > 0, there exists an M > 0 such that

P
(
‖n−1CTP⊥XC‖2 ≤M

)
,P
{
‖
(
n−1CTP⊥XC

)−1
‖2 ≤M

}
≥ 1 − ε. To prove the claim,

we would simply condition on L̄ and C instead of just L̄.

2.7.3 A re-definition of C2 and Y2

Let QX ∈ Rn×(n−d) be a matrix whose columns form an orthonormal basis for the null

space of XT. For the remainder of the chapter, we re-define C2 to be

C2 = QT
XC ∈ R(n−d)×K . (2.25)

Note that since P⊥X = QXQ
T
X , CT

2C2 = CTP⊥XC and the C2 defined in (2.3) is simply

P⊥XC = QX
(
QT
XC

)
= QXC2. This implies that the first n − d singular values and

left singular vectors of Y P⊥X and Y QX are the same and if we let V1 ∈ Rn×(n−d) and

V2 ∈ R(n−d)×(n−d) be the right singular vectors of Y P⊥X and Y QX corresponding to the

non-zero singular values, then V1 = QXV2. We therefore replace C2 defined in (2.3) with

that defined in (2.25) in the statements of all remaining propositions, lemmas and theorems,

as well as the proofs of all propositions, lemmas and theorems stated in the main text.

Using this definition of C2, we define Y1 and Y2 from to be

Y1 = β +LΩT +E1 (2.26)

Y2 = Y QX = LCT
2 +E2 (2.27)

where E1 ∼ MNp×d
{

0,Σ,
(
XTX

)−1
}

and E2 ∼ MNp×(n−d) (0,Σ, In−d) are indepen-
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dent. Note that this Y1 is the same as the one defined in the main text. To get back to

the Y2 defined in the main text, we simply multiply the Y2 defined in (2.27) on the right

by QT
X . It is easy to see that because QX has orthonormal columns and QXQ

T
X = P⊥X ,

Assumptions 2.1, 2.2 and 2.3 are equivalent with this redefinition of C2 and Y2. Further,

Propositions 2.1 and 2.3 hold with C2 = QT
XC.

We also define y2g and y1g to be the gth rows of Y1 and Y2 defined in (2.26) and (2.27),

respectively. If V ∈ R(n−d)×K are the first K right singular vectors of Y2 defined in (2.27),

then Ĉ2 = n1/2V , L̂ = Y2Ĉ2

(
ĈT

2 Ĉ2

)−1
and σ̂2

g = (n − d −K)−1yT
g2P
⊥
Ĉ2
yg2 . Therefore,

none of our estimators for L, Σ, Ω or β change when we use this definition of C2 and Y2.

Since Σ, LCT
2 and λ1, . . . , λK are identifiable under Assumptions 2.1(a) and 2.1(b) and

β,LΩT and ΩT
(
n−1CT

2C2
)−1

Ω are identifiable under Assumptions 2.1, 2.2 and 2.3(a) (see

Propositions 2.1 and 2.3), then Lemma 2.1, (2.17) in Lemma 2.2 and Theorems 2.1 and 2.2

hold regardless of the parametrization of L and C. Therefore, we will assume (L,C) ∈ Θ(0)

when Assumptions 2.1 and 2.2 hold, and will assume (L,C) ∈ Θ(1) when 2.1, 2.2 and 2.3(a)

hold (again, where C2 = QT
XC). The first goal is to understand the asymptotic properties

of L̂ and Ĉ2, which are essential to all of the proofs that follow.

2.7.4 Understanding the behavior of Ĉ2 and L̂

We start by stating and proving Lemmas 2.4 and 2.5 and use their results to prove theoretical

statements made in the main text. For ease of notation, we assume for the statements and

proofs in this subsection (Section 2.7.4) that

Yp×n = Lp×KC
T
K×n +Ep×n, E ∼MNp×n (0,Σ, In) (2.28)
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where n−1CTC = IK . We also define

C̃ = n−1/2C (2.29)

L̃ = n1/2p−1/2L. (2.30)

We will lastly define a matrix Q ∈ Rn×n−K such that QTQ = In−K andQT C̃ = 0(n−K)×K .

We use a technique developed in Paul (2007) to define the rotated matrix Fn×n to be

F =

C̃T

QT

 p−1Y TY

(
C̃ Q

)

=


(
L̃+ p−1/2Ẽ1

)T (
L̃+ p−1/2Ẽ1

) (
L̃+ p−1/2Ẽ1

)T
p−1/2Ẽ2

p−1/2ẼT
2

(
L̃+ p−1/2Ẽ1

)
p−1ẼT

2 Ẽ2

 (2.31)

where Ẽ1 = EC̃ and Ẽ2 = EQ are independent. Since

(
C̃ Q

)
is a unitary matrix, the

eigenvalues of F are also the eigenvalues of p−1Y TY . For the remainder of the chapter, we

assume  V̂K×K

Ẑ(n−K)×K


are the first K eigenvectors of F , meaning C̃V̂ +QẐ are the first K eigenvectors of p−1Y TY .

Further, since Ẽ1 and Ẽ2 are independent, the upper left block of F is independent of Ẽ2.

We exploit this by first studying the eigen-structure of the upper left block in Lemma 2.4, and

then using those results to enumerate the asymptotic properties of the first K eigenvalues

and eigenvectors of F in Lemma 2.5. In order to avoid confusing subscripts and superscripts,

we define the scalar v[s] to be the sth component of the vector v.

Lemma 2.4. Let L̃ ∈ Rp×K , Ẽ1 ∼ MNp×K (0,Σ, IK) and Ñ = L̃ + p−1/2Ẽ1. Assume

L̃TL̃ = diag (λ1, . . . , λK) where the λk’s are the same as those given in Assumption 2.2 and
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Σ = diag
(
σ2

1, . . . , σ
2
p

)
follows Assumption 2.1(c). If d2

k = λk

(
ÑTÑ

)
and vk are the kth

eigenvalue and eigenvector of ÑTÑ , then

d2
kλ
−1
k = 1 + ρλ−1

k +Op

{
(λkp)

−1/2
}

(2.32)

and

vk =
[
1 +Op

{
(λkp)

−1
}]
ek +Op

{
(λ1p)

−1/2
}
e1 + · · ·+Op

{
(λk−1p)

−1/2
}
ek−1 (2.33)

+Op

{
(λkp)

−1/2
}
ek+1 + · · ·+Op

{
(λkp)

−1/2
}
eK

where ek, k = 1, . . . , K, are the standard basis vectors in RK .

Proof. First, ÑTÑ = L̃TL̃ + ρIK + p−1/2L̃TẼ1 + p−1/2ẼT
1 L̃ +B where the entries of B

are Op

(
p−1/2

)
. Let RRT = L̃TΣL̃ where R is a lower triangular matrix. By Cauchy-

Schwartz, the kth row of R is RT
k = O

(
λ

1/2
k

)
. We also note that p−1/2L̃TẼ1 ∼ RM

where the entries of M ∈ RK×K are Op

(
p−1/2

)
. If we let the columns of M be Ms

(s ∈ [K]), then [RM ]ks = RT
kMs = Op

{(
λkp
−1
)1/2}

(k, s ∈ [K]). Next, define the

matrix A(1) ∈ RK×K to be

A(1) = λ−1
1 ÑTÑ =



µ1 a12 · · · a1K

a21 µ2 · · · a2K

...
...

. . .
...

aK1 aK2 · · · µK


where

µk = (λk + ρ)λ−1
1 + 2λ−1

1 RT
kMk + λ−1

1 Bkk

aks = λ−1
1 RT

kMs + λ−1
1 RT

sMk + λ−1
1 Bsk = Op

(
λ

1/2
k λ−1

1 p−1/2
)
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for k < s. Our goal is to break A(1) into K rank one pieces, each of which are approximately

orthogonal. The procedure is enumerated in four steps:

(1) Define A1 = A
(1)
1 , A2 =

(
0,
[
A(1)

]
22
, . . . ,

[
A(1)

]
2K

)
, . . .,

AK =

0, . . . , 0︸ ︷︷ ︸
K − 1 0’s

,
[
A(1)

]
KK

T

.

(2) We wish to first modify A1 and A2 so that they are orthogonal. To do this, we will

add ε2 to A2[1] and remove ε2 from A1[2]. That is, we define A12 = A1 + ε2e2 and

A22 = A2 − ε2e1 such that

0 = AT
12
A22 = AT

1A2 + ε2µ2 − ε2µ1 = a12µ2 + ε2µ2 − ε2µ1 +Op

(
λ

1/2
2 λ

−3/2
1 p−1

)

meaning ε2 = a12µ2 (µ1 − µ2)−1 + Op

(
λ

1/2
2 λ

−3/2
1 p−1

)
= Op

(
λ2λ
−3/2
1 p−1/2

)
. We

now have AT
12
A22 = 0.

(3) Define A1k = A1k−1 + εkek and Ak2 = Ak − εke1 inductively:

0 =
(
A1k−1 + εkek

)T
(Ak − εke1) = AT

1k−1
Ak + εkµk − εkµ1

=a1kµk + εkµk − εkµ1 +Op

(
λ

1/2
k λ

−3/2
1 p−1

)

meaning εk = a1kµk (µ1 − µk)−1 +Op

(
λ

1/2
k λ

−3/2
1 p−1

)
= Op

(
λkλ
−3/2
1 p−1/2

)
.
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(4) After we complete this process K − 1 times to get A1K , we now have for s < K

AT
1K
As2 = (A1 + ε2e2 + · · ·+ εKeK)T (As − εse1)

= (A1 + ε2e2 + · · ·+ εses)
T (As − εse1)

+ (εs+1es+1 + · · ·+ εKeK)T (As − εse1)

=0 + εs+1as,s+1 + · · · εKas,K

=Op

(
λs+1λ

−3/2
1 p−1/2λ

1/2
s λ−1

1 p−1/2
)

=Op

{(
λsλ
−1
1

)3/2
(λ1p)

−1
}

and AT
1K
A1K = µ2

1 +Op

{
(λ1p)

−1
}

, meaning ‖A1K‖2 = µ1 +Op

{
(λ1p)

−1
}

.
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We now have

A(1) =

A1K →

↓ 0(K−1)×(K−1)


︸ ︷︷ ︸

B(1)

+


0 ↑ 01×(K−2)

← A22 →

0(K−2)×1 ↓ 0(K−2)×(K−2)


︸ ︷︷ ︸

B(2)

+ · · ·+

0(K−1)×(K−1) ↑

← AK2


︸ ︷︷ ︸

B(K)

=



µ1 a12 + ε2 · · · a1K + εK

a12 + ε2 0 · · · 0

...
...

. . .
...

a1K + εK 0 · · · 0


+



0 −ε2 0 · · · 0

−ε2 µ2 a23 · · · a2K

...
...

... · · · ...

0 a2K 0 · · · 0



+ · · ·+



0 · · · 0 −εK
... · · · ...

...

0 · · · 0 0

−εK · · · 0 µK


Define

u1K = ‖A1K‖
−1
2 A1K =

{
1, (a12 + ε2)µ−1

1 , . . . , (a1K + εK)µ−1
1

}T
+Op

{
(λ1p)

−1
}
.
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Then B(1) = µ1u1Ku
T
1K

+Op

{
(λ1p)

−1
}

. Further, for s ∈ [K],

‖B(s)u1K‖2 = ‖



−εs (a1s + εs) ‖A1K‖
−1
2

0

...

0

‖A1K‖
−1
2 AT

s2A1K

‖A1K‖
−1
2 as,s+1 (a1s + εs)

...

‖A1K‖
−1
2 as,K (a1s + εs)



‖2 = Op

{
(λ1p)

−1
}

which means A(1)u1K = µ1u1K +Op

{
(λ1p)

−1
}

. We then define

δ = uT
1K
A(1)u1K = µ1 +Op

{
(λ1p)

−1
}

γ = ‖A(1)u1K − δu1K‖2 = Op

{
(λ1p)

−1
}
.

By Weyl’s Theorem, the eigenvalues of A(1) are µk +Op

{
(λ1p)

−1/2
}

, so if ξ is the second

largest eigenvalue of A(1), ξ = µ2 +Op

{
(λ1p)

−1/2
}

, meaning f = δ − ξ = (λ1 − λ2)λ−1
1 +

Op

{
(λ1p)

−1/2
}

. By Theorem 3.6 in Auffinger & Tang (2015), we have

(1) There exists an eigenvalue λγ of A(1) s.t. λγ ∈ [δ − γ, δ + γ], i.e. λγ = µ1 +

Op

{
(λ1p)

−1
}

.

(2) If λγ is the only eigenvalue in [δ − γ, δ + γ] and vγ is the eigenvector corresponding to

λγ and f > γ,

‖vγ − uT
1K
vγu1K‖2 ≤ 2γ (f − γ)−1 = Op

{
(λ1p)

−1
}
.
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Let Gλγ ,n,p =
{
λγ is the maximum eigenvalue of A(1)

}
. Then

P
[
|λ1

{
A(1)

}
− µ1| ≥M

]
≤ P

(
|λγ − µ1| ≥M,Gλγ ,n,p

)
+ P

(
Gcλγ ,n,p

)
≤ P (|δ − µ1| ≥M) + P

(
Gcλγ ,n,p

)

Since P
(
Gcλγ ,n,p

)
→ 0 and |λγ − µ1| = Op

{
(λ1p)

−1
}

, d2
1λ
−1
1 = λ1

{
A(1)

}
= µ1 +

Op

{
(λ1p)

−1
}

. We can apply an identical procedure to show that ‖v1−uT
1K
v1u1K‖2 =

Op

{
(λ1p)

−1
}

since on the event that λγ is the largest eigenvalue of A(1), λγ − ξ >

c + op(1), where c is a constant that does not depend on n or p (i.e. λγ is the only

eigenvalue in [δ − γ, δ + γ] and f > δ with probability tending to 1). Since v1 and

u1K are unit vectors, we must have uT
1K
v1 = ±1 + Op

{
(λ1p)

−2
}

. That is, we know

v1 up to sign parity.

We then have

A(2) = λ−1
2

(
λ1A

(1) − d2
1v1v

T
1

)
= λ1λ

−1
2 B(2) + · · ·+ λ1λ

−1
2 B(K) +Op

{
(λ2p)

−1
}
.

Since εkλ1λ
−1
2 = Op

{
λkλ
−1
2 (λ1p)

−1/2
}

, all off-diagonal entries of the above matrix at most

Op

{
(λ2p)

−1/2
}

. We can then apply the exact same procedure as we did above to show that

for all k ∈ [K],

d2
kλ
−1
k = 1 + ρλ−1

k +Op

{
(λkp)

−1/2
}
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and

vk =



Op

{
(λkp)

−1/2
}

...

1 +Op

{
(λkp)

−1
}

...

Op

{
(λkp)

−1/2
}
.


Lastly, for s < k,

0 = vTs vk = vk[s]vs[s] +Op

{
(λkp)

−1
}

+ vs[k]vk[k] = vk[s] +Op

{
(λsp)

−1/2
}

meaning vk[s] = Op

{
(λsp)

−1/2
}

since λ
1/2
s λ−1

k p−1/2 → 0 by assumption. This completes

the proof.

We use Ẽ1, Ẽ2, Ñ , dk and vk defined in Lemma 2.4 in the remainder of the paper. We

also define

R = p−1ẼT
2 Ẽ2 − ρIn−K (2.34)

and let V =

[
v1 · · · vK

]
, U =

[
u1 · · ·uK

]
be the first K right and left singular values

of Ñ . That is

Ñ = L̃+ p−1/2Ẽ1 = UDV T (2.35)

is the singular value decomposition of Ñ , where D = diag (d1, . . . , dK). By Theorem 5.39

in Eldar & Kutyniok (2012), ‖R‖2 = Op

{(
np−1

)1/2}
under Assumptions 2.1(c) and 2.2(c).
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The next lemma uses what we have established in Lemma 2.4 to prove convergence properties

of the first K eigenvalues and eigenvectors of F (see (2.31)).

Lemma 2.5. Suppose the probability model for Y is given by (2.28) and that Assumptions

2.1 and 2.2 hold for d = 0 (d is the number of columns in X). Then

λ̂k = λk (F ) = d2
k +Op

(
np−1

)
. (2.36)

Define

v̂k
ẑk

, v̂k ∈ RK and ẑk ∈ Rn−K to be the kth eigenvector of F . Then

v̂k = vk + εk, ‖εk‖2 = Op

{
n (λkp)

−1
}
. (2.37)

and

ẑk = dkλ
−1
k p−1/2ẼT

2uk + dkλ
−1
k p−1/2RẼT

2uk +Op

{
n3/2 (λkp)

−3/2 + n1/2 (pλk)−1
}

(2.38)

where dk and vk are defined (2.32) and (2.33) and uk is the kth left singular vector of Y C̃.

Further, if np−1 [L]T∗k Σ [L]∗s ≤ cλmax(k,s) for all k, s ∈ [K], then for any s < k,

εk[s] = op

(
λkλ
−1
s n−1/2

)
. (2.39)

Proof. First, define

F (1) = F = λ1

 Â1 H1

HT
1 J1

 .
We immediately observe from the expression for F in (2.31) that

λ̂1λ
−1
1 = d2

1λ
−1
1 +Op

{
n1/2 (λ1p)

−1/2
}

= (λ1 + ρ)λ−1
1 +Op

{
n1/2 (λ1p)

−1/2
}
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by Weyl’s Theorem. The eigenvalue equations for F (1) are

λ̂1λ
−1
1 v̂1 = Â1v̂1 +H1ẑ1

λ̂1λ
−1
1 ẑ1 = HT

1 v̂1 + J1ẑ1

which then implies

ẑ1 =
(
λ̂1λ
−1
1 In−K − J1

)−1
HT

1 v̂1

λ̂1λ
−1
1 v̂1 = Â1v̂1 +H1

(
λ̂1λ
−1
1 In−K − J1

)−1
HT

1 v̂1

where

H1 = λ−1
1 p−1/2

(
L̃+ p−1/2Ẽ1

)T
Ẽ2

λ̂1λ
−1
1 In−K − J1 =

(
λ̂1 − ρ

)
λ−1

1 In−K − λ−1
1 R.

The latter is invertible with eigenvalues that are uniformly bounded away from 0 with high

probability, since

λ̂1λ
−1
1 = (λ1 + ρ)λ−1

1 +Op

{
n1/2 (λ1p)

−1/2
}

and ‖R‖2 = Op

(
n1/2p−1/2

)
. Therefore,

‖H1

(
λ̂1λ
−1
1 In−K − J1

)−1
HT

1 ‖2 = Op

{
n (λ1p)

−1
}
.

Since Â1 = A(1) (see Lemma 2.4),

λ̂1λ
−1
1 = λ1

{
A(1)

}
+Op

{
n (λ1p)

−1
}

= d2
1λ
−1
1 +Op

{
n (λ1p)

−1
}

by Weyl’s Theorem. To determine the behavior of v̂1, we first notice that since ẑT1 ẑ1 =
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Op

{
n (λ1p)

−1
}

and ‖v̂1‖22 + ‖ẑ1‖22 = 1, ‖v̂1‖2 = 1−Op

{
n (λ1p)

−1
}

. This shows that,

v̂1 = v1 +Op

{
n (λ1p)

−1
}
.

Recall from (2.35) that UDV T = L̃ + p−1/2Ẽ1 is the singular value decomposition of

L̃+ p−1/2Ẽ1. Using these above relations and the fact that

(
λ̂1 − ρ

)
λ−1

1 = 1 +Op

{
(λ1p)

−1/2 + n (λ1p)
−1
}
,

we can get an expression for ẑ1:

ẑ1 =
(
λ̂1λ
−1
1 In−K − J1

)−1
HT

1 v̂1

= λ−1
1 p−1/2

(
λ̂1λ
−1
1 In−K − (λ1p)

−1 ẼT
2 Ẽ2

)−1
ẼT

2

(
L̃+ p−1/2Ẽ1

)
v̂1

= λ−1
1 p−1/2

{(
λ̂1 − ρ

)
λ−1

1 In−K − λ−1
1 R

}−1
ẼT

2UDV
Tv1 +Op

{
n3/2 (λ1p)

−3/2
}

= d1λ
−1
1 p−1/2

(
In−K − λ−1

1 R
)−1

ẼT
2u1 +Op

{
n3/2 (λ1p)

−3/2 + n1/2 (pλ1)−1
}

= d1λ
−1
1 p−1/2ẼT

2u1 + d1λ
−2
1 p−1/2RẼT

2u1 +Op

{
n3/2 (λ1p)

−3/2 + n1/2 (pλ1)−1
}

since

‖
(
In−K − λ−1

1 R
)−1
−
(
In−K + λ−1

1 R
)
‖2 = O

(
‖λ−2

1 R2‖2
)

= Op

{
n
(
λ2

1p
)−1

}
.

We can then find expressions for λ̂k, v̂k and ẑk by induction. First, assume the following
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three conditions hold for all s ≤ k, where k < K.

λ̂s =d2
s +Op

(
np−1

)
(2.40a)

v̂s =vs +Op

{
n (λsp)

−1
}

(2.40b)

ẑs =dsλ
−1
s p−1/2ẼT

2us + dsλ
−2
s p−1/2RẼT

2us +Op

{
n3/2 (λsp)

−3/2 + n1/2 (pλs)
−1
}

(2.40c)

λsH
T
s =p−1/2ẼT

2 Ñ − λ̂1ẑ1v̂
T
1 − · · · − λ̂s−1ẑs−1v̂

T
s−1

=Op

{
n1/2 (λ1p)

−1/2
}
vT1 + · · ·+Op

{
n1/2 (λs−1p)

−1/2
}
vTs−1

+ p−1/2ẼT
2

K∑
`=s

d`u`v
T
` +Op

{
λ
−1/2
s−1

(
np−1

)3/2
+ n1/2p−1

}
. (2.40d)

If we can show that these hold for k + 1, this would prove (2.36), (2.37) and (2.38). To

show that the above hold for k+ 1, we first show that (2.40d) holds, and then use the result

to show that (2.40a), (2.40b) and then (2.40c) hold. Due to the lengthy calculations, we

break the proof into four steps for convenience.

(1)

λk+1H
T
k+1 =p−1/2ẼT

2 Ñ − λ̂1ẑ1v̂
T
1 − · · · − λ̂kẑkv̂

T
k = λkHk − λ̂kẑkv̂Tk

=Op

{
n1/2 (λ1p)

−1/2
}
vT1 + · · ·+Op

{
n1/2 (λk−1p)

−1/2
}
vTk−1

+ dkp
−1/2ẼT

2ukv
T
k + p−1/2ẼT

2

K∑
`=k+1

d`u`v
T
`

+Op

{
λ
−1/2
k−1

(
np−1

)3/2
+ n1/2p−1

}
−
(
λ̂kλ
−1
k

)
dkp
−1/2ẼT

2ukv̂
T
k

−
(
λ̂kλ
−1
k

)
Rdkλ

−1
k p−1/2ẼT

2ukv̂
T
k

=Op

{
n1/2 (λ1p)

−1/2
}
vT1 + · · ·+Op

{
n1/2 (λkp)

−1/2
}
vTk

+Op

{
λ
−1/2
k

(
np−1

)3/2
+ n1/2p−1

}
+ p−1/2ẼT

2

K∑
`=k+1

d`u`v
T
` .
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where third equality follows because

(
λ̂kλ
−1
k

)
= 1 + ρλ−1

k +Op

{
(λkp)

−1/2 + n (pλk)−1
}

dkp
−1/2ẼT

2ukv̂
T
k = dkp

−1/2ẼT
2ukv

T
k +Op

{
λ
−1/2
k

(
np−1

)3/2
}

(
λ̂kλ
−1
k

)
Rdkλ

−1
k p−1/2ẼT

2ukv̂
T
k = Op

(
np−1λ

−1/2
k

)
vTk +Op

{
λ
−1/2
k

(
np−1

)3/2
}
.

This shows (2.40d) in the inductive hypothesis also holds for k + 1, and shows that

‖Hk+1‖2 = Op

{
n1/2 (λk+1p)

−1/2
}

.

(2) We next see that

λk+1Âk+1 =ÑTÑ − λ̂1v̂1v̂
T
1 − · · · − λ̂kv̂kv̂

T
k = ÑTÑ − d2

1v1v
T
1 − · · · − d

2
kvkv

T
k

+Op

(
np−1

)
= λk+1A

(k+1) +Op

(
np−1

)

(3) Lastly,

λk+1Jk+1 = p−1ẼT
2 Ẽ2 − λ̂1ẑ1ẑ

T
1 − · · · − λ̂kẑkẑ

T
k = p−1ẼT

2 Ẽ2 +Op

(
np−1

)
.

By the above expressions for Âk+1, Hk+1 and Jk+1,

(
λ̂k+1 − ρ

)
λ−1
k+1 =

(
d2
k+1 − ρ

)
λ−1
k+1 +Op

{
n1/2 (λk+1p)

−1/2
}

= 1 +Op

{
n1/2 (λk+1p)

−1/2
}

by Weyl’s Theorem. Therefore,

λ̂k+1λ
−1
k+1In−K − Jk+1 =

(
λ̂k+1 − ρ

)
λ−1
k+1In−K − λ

−1
k+1R+Op

{
n (λk+1p)

−1
}

is invertible with high probability.
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(4) We can then put parts 1, 2 and 3 together to find expressions for the eigenvalue λ̂k+1

and components of the eigenvector v̂k+1, ẑk+1.

(a)

λ̂k+1λ
−1
k+1v̂k+1 = Âk+1v̂k+1 +HT

k+1

(
λ̂k+1λ

−1
k+1In−K − Jk+1

)−1
Hk+1v̂k+1

= A(k+1)v̂k+1 +Op

{
n (λk+1p)

−1
}

(b)

ẑk+1 =
(
λ̂k+1λ

−1
k+1In−K − Jk+1

)
Hk+1v̂k+1

=
[(
λ̂k+1 − ρ

)
λ−1
k+1In−K − λ

−1
k+1R+Op

{
n (λk+1p)

−1
}]−1

λ−1
k+1p

−1/2ẼT
2×

×
K∑

`=k+1

d`u`v
T
` v̂k+1 +Op

(
λ−1
k+1λ

−1/2
1 n1/2p−1/2

)
vT1 v̂k+1 + · · ·

+Op

(
λ−1
k+1λ

−1/2
k n1/2p−1/2

)
vTk v̂k+1 +Op

{
λ
−1/2
k λ−1

k+1

(
np−1

)3/2
}

+Op

{
n1/2 (λk+1p)

−1
}

Therefore

‖ẑk+1‖2 = Op

{
n1/2 (λk+1p)

−1/2
}
,

meaning

‖v̂k+1‖2 = 1−Op

{
n (λk+1p)

−1
}
.
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We can then use this and what we showed in part a. to get that

v̂k+1 = vk+1 +Op

{
n (λk+1p)

−1
}

λ̂k+1 = d2
k+1 +Op

(
np−1

)

which means the 1. of the inductive hypothesis applies for k + 1. Using the fact

that for any s ≤ k

vTs v̂k+1 = Op

{
n (pλk+1)−1

}
(
λ̂k+1 − ρ

)
λ−1
k+1 = 1 +Op

{
(λk+1p)

−1/2 + n (λk+1p)
−1
}
,

we can then modify our expression for ẑk+1 to get:

(c)

ẑk+1 =λ−1
k+1p

−1/2
{(
λ̂k+1 − ρ

)
λ−1
k+1In−K − λ

−1
k+1R

}−1
ẼT

2

K∑
`=k+1

d`u`v
T
` v̂k+1

+Op

{(
λ2
k+1λ

1/2
1

)−1 (
np−1

)3/2
}

+ · · ·+Op

{(
λ2
k+1λ

1/2
k

)−1 (
np−1

)3/2
}

+Op

{
n3/2 (pλk+1)−3/2 + n1/2 (λk+1p)

−1
}

=λ−1
k+1p

−1/2ẼT
2

K∑
`=k+1

d`u`v
T
` v̂k+1 + λ−2

k+1p
−1/2RẼT

2

K∑
`=k+1

d`u`v
T
` v̂k+1

+Op

{
n3/2 (pλk+1)−3/2 + n1/2 (λk+1p)

−1
}

=dk+1λ
−1
k+1p

−1/2ẼT
2uk+1 + dk+1λ

−2
k+1p

−1/2RẼT
2uk+1

+Op

{
n3/2 (pλk+1)−3/2 + n1/2 (λk+1p)

−1
}
.

This completes the proof by induction and therefore proves (2.36), (2.37) and (2.38). It

remains to show (2.39).

Since F is symmetric with distinct eigenvalues (with probability 1), for s < k (i.e.
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λs > λk),

0 =v̂Ts v̂k + ẑTs ẑk = (vs + εs)
T (vk + εk) + ẑTs ẑk = 0 + εTs v̂k + vTs εk + ẑTs ẑk.

where

εTs v̂k = Op

{
n (pλs)

−1
}

= op

(
λkλ
−1
s n−1/2

)
vTs εk = εk[s] +Op

{
(λsp)

−1/2 n (pλk)−1 + n
(
p2λsλk

)−1
}

= εk[s] + op

(
λkλ
−1
s n−1/2

)

Therefore, if ẑTs ẑk = op

(
λkλ
−1
s n−1/2

)
, we must have εk[s] = op

(
λkλ
−1
s n−1/2

)
. By our

above expression for ẑk,

ẑTs ẑk =
[
dsλ
−1
s p−1/2ẼT

2us + dsλ
−2
s p−1/2RẼT

2us +Op

{
n3/2 (pλs)

−3/2 + n1/2 (λsp)
−1
}]T

×
[
dkλ
−1
k p−1/2ẼT

2uk + dkλ
−2
k p−1/2RẼT

2uk +Op

{
n3/2 (pλk)−3/2 + n1/2 (λkp)

−1
}]

We see that

Op

{
n3/2 (pλk)−3/2 + n1/2 (λkp)

−1
}
‖ẑs‖2

=Op

{(
np−1

)2
λ
−3/2
k λ

−1/2
s + n (pλk)−1 (pλs)

−1/2
}

= op

(
λkλ
−1
s n−1/2

)

‖dsλ−2
s p−1/2RẼT

2us +Op

{
n3/2 (pλs)

−3/2 + n1/2 (λsp)
−1
}
‖2‖ẑk‖2 = Op

{
n (pλs)

−1
}

= op

(
λkλ
−1
s n−1/2

)

55



Therefore,

ẑTs ẑk =
(
dsλ
−1
s p−1/2ẼT

2us

)T (
dkλ
−1
k p−1/2ẼT

2uk + dkλ
−2
k p−1/2RẼT

2uk

)
+ op

(
λkλ
−1
s n−1/2

)
= dsdk (λsλkp)

−1 uT
s Ẽ2Ẽ

T
2uk

+ dsdk

(
λsλ

2
kp
)−1

uT
s Ẽ2RẼ

T
2uk + op

(
λkλ
−1
s n−1/2

)
.

We analyze the two terms in the above equation in 1. and 2. below.

(1) Define

Us,k = (us uk) , W =
(
UT
s,kΣUs,k

)1/2
, M ∼MN(n−K)×2 (0, In−K , I2) .

Then

dsdk (λsλkp)
−1 uT

s Ẽ2Ẽ
T
2uk =

[
UT
s,kẼ2Ẽ

T
2Us,k

]
1,2

D
=
[
dsdkn (λsλkp)

−1W
(
n−1MTM

)
W
]

1,2

= dsdkn (λsλkp)
−1
[
W 2 +Op

(
n−1/2

)]
1,2

= dsdkn (λsλkp)
−1 uT

sΣuk +Op

(
n1/2λ

−1/2
s λ

−1/2
k p−1

)
= dsdkn (λsλkp)

−1 uT
sΣuk + op

(
λkλ
−1
s n−1/2

)
.

If Σ = σ2Ip, we would be done. However, if Σ were arbitrary then under no assump-

tions uT
sΣuk = Op(1), meaning dsdkn (λsλkp)

−1 uT
sΣuk = Op

(
λ
−1/2
s λ

−1/2
k np−1

)
which is not necessarily op

(
λkλ
−1
s n−1/2

)
. To see this, if λs = n and λk = 1

then Op

(
λ
−1/2
s λ

−1/2
k np−1

)
= Op

(
n1/2p−1

)
, which is not op

(
λkλ
−1
s n−1/2

)
. We

will use the assumption that np−1 [L]T∗k Σ [L]∗s = Op

{
λmax(k,s)

}
in the statement

of the lemma to show that uT
sΣuk = Op

(
λ

1/2
k λ

−1/2
s

)
. If this were the case, we

would have dsdkn (λsλkp)
−1 uT

sΣuk = Op

{
n (λsp)

−1
}

= op

(
λkλ
−1
s n−1/2

)
. Lemma
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2.8 in Section 2.7.10 proves uT
sΣuk = Op

(
λ

1/2
k λ

−1/2
s

)
under the assumption that

np−1 [L]T∗k Σ [L]∗s = Op

{
λmax(k,s)

}
.

(2) Recall that R = p−1ẼT
2 Ẽ2 − ρIn−K . In Lemma 2.9 in Section 2.7.10, we prove

p−1uT
s Ẽ2RẼ

T
2uk = Op

{(
np−1

)2
+ np−3/2

}
.

This will then imply

dsdk

(
λsλ

2
kp
)−1

uT
s Ẽ2RẼ

T
2uk = op

(
λkλ
−1
s n−1/2

)
.

This proves (2.39) and completes the proof.

2.7.5 Proof of Lemmas 2.1 and 2.2

In this section, we prove Lemmas 2.1 and 2.2. To do so, we first prove a modified version of

Lemma 2.2 in which we modify (2.18) to be

n1/2
(

ˆ̀g − `g
) D

=σgW + op(1),

where W ∼ NK (0, IK). We then prove Lemma 2.1. (2.18) from Lemma 2.2 then follows.

For ease of notation, we use the definition of Y from Section 2.7.4 defined in (2.28).

Proof of Lemma 2.2. We first note that (2.17) is a direct consequence of (2.32) in Lemma 2.4

and (2.36) in Lemma 2.5. It therefore remains to prove (2.18), the asymptotic distribution

of ˆ̀g. Define yg and ẽi,g to be the gth rows of Y and Ẽi (i = 1, 2).

n1/2 ˆ̀g = ˆ̃CTyg =
(
V̂ TC̃T + ẐTQT

)
yg = n1/2V̂ T`g + V̂ Tẽ1,g + ẐTẽ2,g.
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We then have

n1/2V̂ T`g =n1/2`g + n1/2Op

{
(pλK)−1/2 + n (pλK)−1

}
V̂ Tẽ1,g ∼N

(
0, σ2

gIK

)
+Op

{
(pλK)−1/2 + n (pλK)−1

}
ẑTk ẽ2,g =dkλ

−1
k p−1/2uk[g]ẽT2,gẽ2,g + dkλ

−1
k p−1/2uk[−g]TẼ2[−g, ]ẽ2,g

+Op

{
n3/2 (pλk)−1

}

where

uk[g] = n1/2d−1
k p−1/2

(
`g + n−1/2ẽ1,g

)T
vk = Op

(
n1/2λ

−1/2
k p−1/2

)
.

Therefore, dkλ
−1
k p−1/2uk[g]ẽT2,gẽ2,g = Op

{
n3/2 (pλk)−1

}
. Lastly,

uk[−g]TẼ2[−g, ]ẽ2,g ∼ N
(

0,uk[−g]TΣ[−g]uk[−g]ẽT2,gẽ2,g

)
= Op

(
n1/2

)
.

Therefore, ẐTẽ2,g = Op

{
n3/2 (pλK)−1 + n1/2 (pλK)−1/2

}
, which means n1/2

(
ˆ̀g − `g

) D→
NK

(
0, σ2

gIK
)
.

We also note that this also shows that

n1/2‖ ˆ̀OLS
g − ˆ̀g‖2 = op(1)

where ˆ̀OLS
g = `g +n−1/2ẽ1,g is the ordinary least squares estimate for `g when C is known,

since

n1/2‖V̂ T`g − `g‖2, ‖V̂ Tẽ1,g − ẽ1,g‖2 = op(1).

58



Proof of Lemma 2.1. Once we estimate C by singular value decomposition, we let

σ̂2
g = (n−K)−1yT

g P
⊥
Ĉ
yg

for each site g = 1, . . . , p. We will prove (2.15) and (2.16) by showing the following:

(a) σ̂2
g = σ2

g +Op

{
n−1/2 + n1/2 (pλK)−1/2

}
= σ2

g + op(1).

(b) ρ̂ = p−1
p∑
g=1

σ̂2
g = ρ+Op

{
(pλK)−1/2 + n (pλK)−1

}
= ρ+ op

(
n−1/2

)
.

We first define the estimated scaled covariates Ŵ = n−1/2Ĉ = C̃V̂ + QẐ ∈ Rn×K ,

where V̂ , Ẑ, C̃T and QT are given in Lemmas 2.4 and 2.5. Also, define ε = (ε1 · · · εK),

where εk ∈ RK is as defined in (2.37) of Lemma 2.5. We then see that

(n−K) σ̂2
g = yT

g yg − yT
g PŴyg = yT

g yg − yT
g ŴŴ Tyg

= yT
g yg − yT

g

(
C̃V̂ +QẐ

)(
V̂ TC̃T + ẐTQT

)
yg

=
(
yT
g yg − yT

g C̃V̂ V̂
TC̃Tyg

)
︸ ︷︷ ︸

(1)

−2yT
g C̃V̂ Ẑ

TQTyg︸ ︷︷ ︸
(2)

−yT
gQẐẐ

TQTyg︸ ︷︷ ︸
(3)

We define ẽ1,g and ẽ2,g to be the gth rows of Ẽ1 and Ẽ2, respectively, and derive the

asymptotic properties of (1), (2) and (3) to show (a) and (b) above.

(1)

yT
g yg − yT

g C̃V̂ V̂
TC̃Tyg = yT

g yg − yT
g C̃C̃

Tyg︸ ︷︷ ︸
(i)

+2yT
g C̃δ

TC̃Tyg︸ ︷︷ ︸
(ii)

+yT
g C̃δ

TδC̃Tyg︸ ︷︷ ︸
(iii)

where δ = V̂ − IK .
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(a)

(n−K)−1
(
yT
g yg − yT

g C̃V̂ V̂
TC̃Tyg

)
= σ̂2

g,OLS +Op

{
(λkp)

−1/2 + n (λkp)
−1
}

= σ2
g +Op

(
n−1/2

)

(b) (i)

(n−K)−1p−1
p∑
g=1

(
yT
g yg − yT

g C̃C̃
Tyg

)
= p−1

p∑
g=1

σ̂2
g,OLS

= ρ+Op

{
(np)−1/2

}

(ii)

|(np)−1
p∑
g=1

yT
g C̃δ

TC̃Tyg| ≤ ‖δ‖2p−1
p∑
g=1

(
`g + n−1/2ẽ1,g

)T (
`g + n−1/2ẽ1,g

)
= Op

{
(λkp)

−1/2 + n (λkp)
−1
}

(iii)

(np)−1
p∑
g=1

yT
g C̃δ

TδC̃Tyg = op

{
(λkp)

−1/2 + n (λkp)
−1
}

(2)

(n−K)−1yT
gQẐẐ

TQTyg = (n−K)−1ẽT2,gẐẐ
Tẽ2,g ≤ ‖Ẑ‖22(n−K)−1ẽT2,gẽ2,g

where ‖Ẑ‖22 = Op

{
n (λKp)

−1
}

and (n−K)−1ẽT2,gẽ2,g = Op(1).

(a)

(n−K)−1yT
gQẐẐ

TQTyg = Op

{
n (λKp)

−1
}
.
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(b)

(n−K)−1p−1
p∑
g=1

yT
gQẐẐ

TQTyg ≤ ‖Ẑ‖22p
−1

p∑
g=1

(n−K)−1ẽT2,gẽ2,g

= Op

{
n (λKp)

−1
}
.

(3)

n−1yT
g C̃V̂ Ẑ

TQTyg =
(
`g + n−1/2ẽ1,g

)T
V̂ ẐTn−1/2ẽ2,g

=
(
`g + n−1/2ẽ1,g

)T
V ẐTn−1/2ẽ2,g︸ ︷︷ ︸

(i)

+
(
`g + n−1/2ẽ1,g

)T
εẐTn−1/2ẽ2,g︸ ︷︷ ︸

(ii)

.

(a)

|
(
`g + n−1/2ẽ1,g

)T
V̂ ẐTn−1/2ẽ2,g| ≤ ‖

(
`g + n−1/2ẽ1,g

)T
V̂ ‖2‖ẐT‖2‖n−1/2ẽ2,g‖2

= Op

{
n1/2 (pλK)−1/2

}
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(b) (i)

|p−1
p∑
g=1

(
`g + n−1/2ẽ1,g

)T
εẐTn−1/2ẽ2,g|

≤

p−1
p∑
g=1

(
`g + n−1/2ẽ1,g

)T
εεT

(
`g + n−1/2ẽ1,g

)
1/2

︸ ︷︷ ︸
Op

{
n(pλK)−1

}

×

p−1
p∑
g=1

n−1ẽT2,gẐẐ
Tẽ2,g

1/2

︸ ︷︷ ︸
Op

{
n1/2(pλK)−1/2

}
= op

{
n (pλK)−1

}

(ii)

(
`g + n−1/2ẽ1,g

)T
V ẐTn−1/2ẽ2,g =p1/2n−1/2

(
d1u1[g] · · · dKuK [g]

)

×


ẑT1 n

−1/2ẽ2,g

...

ẑTKn
−1/2ẽ2,g


=p1/2n−1/2d1u1[g]ẑT1 n

−1/2ẽ2,g + · · ·

+ p1/2n−1/2dKuK [g]ẑTKn
−1/2ẽ2,g

and for any k ∈ [K],

p−1
p∑
g=1

p1/2n−1/2dkuk[g]ẑTkn
−1/2ẽ2,g = (np)−1/2 dkẑ

T
k

p∑
g=1

uk[g]n−1/2ẽ2,g

= Op

(
p−1

)
.
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The second equality follows because

(np)−1/2 dkẑ
T
k = Op

(
p−1

)
p∑
g=1

uk[g]n−1/2ẽ2,g ∼ n−1/2Nn
(
0,uT

kΣukIn
)

= Op (1) .

This completes the proof.

2.7.6 Proof of (2.20) from Lemma 2.3 under the conditions of Theorem 2.2

In this section, and for the remainder of the chapter, we return to assuming Y is distributed

according (2.1a). However, we continue to use Ẽ1, Ẽ2 ∈ Rp×(n−d−K), Ñ , vk, V , v̂k, V̂ ,

ẑk ∈ Rn−d−K , Ẑ ∈ R(n−d−K)×K and R ∈ R(n−d−K)×(n−d−K) defined in Lemmas 2.4 and

2.5 in Section 2.7.4 in what follows.

We now prove Lemma 2.6, which will be useful in the proof of Theorems 2.1 and 2.2, and

also acts as a proof of Lemma 2.3.

Lemma 2.6. Suppose the conditions of Theorem 2.2 hold and the diagonal elements of

ĈT
2C2 are non-negative. Then

n1/2‖Ω̂−Ω‖2 = op (1)

where Ω̂ is defined in (2.10).

63



Proof. Recall

Ω̂T = diag

{
λ̂1

(
λ̂1 − ρ̂

)−1
, . . . , λ̂K

(
λ̂K − ρ̂

)−1
}(
L̂TL̂

)−1
L̂TY1 =

λ̂1
λ̂1−ρ̂

. . .

λ̂K
λ̂K−ρ̂



λ1
λ̂1

. . .

λK
λ̂K



(
LTL

)−1
L̂Tβ︸ ︷︷ ︸

(a)

+
(
LTL

)−1
L̂TL︸ ︷︷ ︸

(b)

ΩT

+
(
LTL

)−1
L̂TE1︸ ︷︷ ︸

(c)

 .

We will go through each one of these terms to prove ‖Ω̂ −Ω‖2 = op

(
n−1/2

)
.

(a) Ma =
(
LTL

)−1
L̂Tβ = n1/2p−1/2

(
L̃TL̃

)−1 ˆ̃LTβ. Define n1/2p−1/2β = β̃ and let

Ma[k, ] be the kth row of Ma.

Ma[k, ] = λ−1
k v̂Tk

(
L̃+ p−1/2Ẽ1

)T
β̃ + λ−1

k p−1/2ẑTk Ẽ
T
2 β̃ = λ−1

k v̂Tk L̃
Tβ̃ + op

(
n−1/2

)

where the second equality follows because [β]T∗j [β]∗j = o
(
n−3/2pλK

)
for all j =

1, . . . , d by Assumption 2.3 and

λ−1
k p−1/2ẑTk Ẽ

T
2 β̃ = Op

{
n (λkp)

−1 ‖n (λkp)
−1 βTβ‖1/22

}
= op

(
n−1/2

)
v̂Tk (λkp)

−1/2 ẼT
1

(
λ
−1/2
k β̃

)
= Op

{
(λkp)

−1/2 ‖n (λkp)
−1 βTβ‖1/22

}
= op

(
n−1/2

)
.

Lastly, the s, j element of of λ−1
k L̃Tβ̃ ∈ RK×d is such that

|n (λkp)
−1

p∑
g=1

`gsβgj | ≤ n (λkp)
−1 {c+ op(1)

} p∑
g=1

I
(
βgj 6= 0

)
= nλ−1

k

{
c+ op(1)

}
δj

= op

(
n−1/2

)
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by Assumption 2.3, where δj = p−1
p∑
g=1

I
(

[β]gj 6= 0
)

and c > 0 is a constant that

does not depend on n or p. The first inequality above is because the magnitude of the

entries of β and L are bounded by a constant by Assumptions 2.2 and 2.3. Therefore,

‖λ−1
k v̂Tk L̃

Tβ̃‖2 = op

(
n−1/2

)
for all k = 1, . . . , K.

(b)
(
LTL

)−1
L̂TL =

(
L̃TL̃

)−1 ˆ̃LTL̃ = diag
(
λ−1

1 , . . . , λ−1
K

)
ˆ̃LTL̃ where

ˆ̃LTL̃ =V̂ T
(
L̃+ p−1/2Ẽ1

)T
L̃+ ẐTp−1/2ẼT

2 L̃

= εT
(
L̃+ p−1/2Ẽ1

)T
L̃︸ ︷︷ ︸

(i)

+V T
(
L̃+ p−1/2Ẽ1

)T
L̃︸ ︷︷ ︸

(ii)

+ ẐTp−1/2ẼT
2

(
L̃+ p−1/2Ẽ1

)
︸ ︷︷ ︸

(iii)

+Op

(
np−1

)

(i) Suppose ε =

(
ε1 · · · εK

)
where εk ∈ RK was defined in Lemma 2.5 as v̂k−vk.

Since ε = Op

{
n (λKp)

−1
}

and p−1/2ẼT
1 L̃ = Op

(
λ

1/2
1 p−1/2

)
, then

‖
(
L̃TL̃

)−1
εTp−1/2ẼT

1 L̃‖2 = λ
−1/2
K Op

{
n

pλK

(
λ1

λKp

)1/2
}

= op

(
n−1/2

)
.

Next, by Lemma 2.5,

(
L̃TL̃

)−1
εTL̃TL̃ =


ε1[1] λ2

λ1
ε1[2] · · · λK

λ1
ε1[K]

...
. . . · · · ...

λ1
λK
εK [1] λ2

λK
εK [2] · · · εK [K]

 = op

(
n−1/2

)
.

Therefore, εT
(
L̃+ p−1/2Ẽ1

)T
L̃ = op

(
n−1/2

)
.
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(ii)
(
L̃TL̃

)−1
V T
(
L̃+ p−1/2Ẽ1

)T
L̃

V T
(
L̃+ p−1/2Ẽ1

)T
L̃ =V T

(
L̃+ p−1/2Ẽ1

)T (
L̃+ p−1/2Ẽ1

)
− V TL̃Tp−1/2Ẽ1

− ρV T +Op

(
p−1/2

)
= diag

(
d2

1 − ρ, . . . , d
2
K − ρ

)
V T − V TL̃Tp−1/2Ẽ1

+Op

(
p−1/2

)
= diag

(
d2

1 − ρ, . . . , d
2
K − ρ

)
V T

− V T


← Op

(
λ
1/2
1

p1/2

)
→

...
. . .

...

← Op

(
λ
1/2
K

p1/2

)
→

+Op

(
p−1/2

)

= diag (λ1, . . . , λK)

+ diag

Op

λ1/2
1

p1/2

 , . . . , Op

λ1/2
K

p1/2



−


← Op

(
λ
1/2
1

p1/2

)
→

...
. . .

...

← Op

(
λ
1/2
K

p1/2

)
→

+Op

(
p−1/2

)

Therefore,

(
L̃TL̃

)−1
V T
(
L̃+ p−1/2Ẽ1

)T
L̃ = IK +Op

{
(λKp)

−1/2
}
.
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(iii)
(
L̃TL̃

)−1
ẐTp−1/2ẼT

2

(
L̃+ p−1/2Ẽ1

)

(
L̃TL̃

)−1
ẐTp−1/2ẼT

2

(
L̃+ p−1/2Ẽ1

)
=


λ−1

1 p−1/2ẑT1 Ẽ2

K∑
k=1

dkukv
T
k

...

λ−1
K p−1/2ẑTKẼ2

K∑
k=1

dkukv
T
k


The largest row (in magnitude) in the above matrix will obviously be the Kth

row, so we need only focus on that row. By the expression for ẑK given in (2.38)

and Lemmas 2.8 and 2.9,

d1

λKp
1/2
ẑTKẼ2u1 =

d1dK
λ2
Kp

uT
KẼ2Ẽ

T
2u1 +

d1dK
λ3
Kp

uT
KẼ2RẼ

T
2u1

+Op

λ1/2
1

λ
3/2
K

n1/2

p1/2

{(
n

λKp

)3/2

+
n1/2

λKp

}
where

d1dK
λ2
Kp

uT
KẼ2Ẽ

T
2u1 = Op

 n

pλK
+
n1/2d1

λ
3/2
K p

 = op

(
n−1/2

)
d1dK
λ3
Kp

uT
KẼ2RẼ

T
2u1 = Op

 d1n

λKp

n

pλ
3/2
K

+
d1

λ
1/2
K p1/2

n

pλ2
K

 = op

(
n−1/2

)
λ

1/2
1

λ
3/2
K

n1/2

p1/2

{(
n

λKp

)3/2

+
n1/2

λKp

}
=

n

λ2
Kp

λ
1/2
1 n

p
+

λ
1/2
1

λ
1/2
K p1/2

n

λ2
Kp

= o
(
n−1/2

)

Second,

dK

λKp
1/2
ẑTKẼ2uK = Op

(
n

λKp

)
= op

(
n−1/2

)
Therefore,

(
L̃TL̃

)−1
ẐTp−1/2ẼT

2

(
L̃+ p−1/2Ẽ1

)
= op

(
n−1/2

)
.

We have shown that
(
LTL

)−1
L̂TL = IK + op

(
n−1/2

)
.
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(c) Recall that Y1 = Y XT (XX)−1 and Y2 = Y QX where QT
XX = 0(n−d)×d. Since

the residuals E ∼ MNp×n (0,Σ, In), E1 = EXT (XX)−1 and E2 = EQX are

independent. And since we use Y2 to estimate L̂, L̂ and E1 are independent. (We

abuse notation here. Ẽ1 and E1 are different. Ẽ1 is defined using the second set of

data in part 1). Therefore,

(
LTL

)−1
L̂TE1 ∼ p−1/2diag

(
λ
−1/2
1 , . . . , λ

−1/2
K

)
MNK×d

{
0, diag

(
λ
−1/2
1 , . . . , λ

−1/2
K

)
× ˆ̃LTΣ ˆ̃Ldiag

(
λ
−1/2
1 , . . . , λ

−1/2
K

)
,
(
n−1XXT

)−1
}

= Op

(
λ
−1/2
K p−1/2

)
= op

(
n−1/2

)
.

The above work shows that

(
LTL

)−1
L̂Tβ +

(
LTL

)−1
L̂TLΩ +

(
LTL

)−1
L̂TE1 = Ω + op

(
n−1/2

)
.

Our last task is to understand

{
λ̂k

(
λ̂k − ρ̂

)−1
}(

λkλ̂
−1
k

)
for k ∈ [K]. By Lemmas 2.1, 2.4

and 2.5,

λ̂k

λ̂k − ρ̂
λk

λ̂k
=

(
λ̂k − ρ̂
λk

)−1

=
[
1 + (ρ− ρ̂)λ−1

k +Op

{
λ
−1/2
K p−1/2 + n (λkp)

−1
}]−1

=
{

1 + op

(
n−1/2

)}−1
= 1 + op

(
n−1/2

)
.

68



Therefore,

Ω̂T =


λ̂1
λ̂1−ρ̂

. . .

λ̂K
λ̂K−ρ̂



λ1
λ̂1

. . .

λK
λ̂K


{(
LTL

)−1
L̂Tβ +

(
LTL

)−1
L̂TLΩT

+
(
LTL

)−1
L̂TE1

}
= ΩT + op

(
n−1/2

)
.

2.7.7 Proof of the remaining theory from Sections 2.3.2, 2.3.3 and 2.3.4

In this section, we prove Theorem 2.2, Proposition 2.2 and Corollary 2.1 (in that order). We

need not prove Theorem 2.1, since Theorem 2.1 is a special case of Theorem 2.2.

Proof of Theorem 2.2. Define e1,g to be the gth row of E1. Then

β̂g − βg = Ω
(
`g − ˆ̀g

)
+ e1,g +

(
Ω − Ω̂

)
ˆ̀g

β̂OLS
g − βg = Ω

(
`g − ˆ̀OLS

g

)
+ e1,g

where ˆ̀OLS
g is the ordinary least squares estimate for `g, assuming C was known. By the

proof of Lemma 2.2, n1/2‖Ω ˆ̀OLS
g − Ω ˆ̀g‖2 = op(1). Equation (2.21) and its equivalent in

the statement of Theorem 2.2 follow because n1/2‖Ω − Ω̂‖2 = op(1). Equation (2.22) and

its equivalent in the statement of Theorem 2.2 then follows because σ̂g = σg + op(1) and

n1/2σ−1
g

(
β̂OLS
g − βg

)
∼ Nd

{
0,
(
n−1XTX

)−1
+ ΩΩT

}
.
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Proof of Proposition 2.2. Define

Γ̂ = diag
{(
λ̂1 − ρ̂

)
/λ̂1, . . . ,

(
λ̂K − ρ̂

)
/λ̂K

}
Γ = {λ1/ (λ1 + ρ) , . . . , λK/ (λK + ρ)} .

By Lemmas 2.1 and 2.2,

Γ̂ = Γ + op

(
n−1/2

)
.

And by Lemma 2.6,

‖Ω̂shrunk −ΩΓ‖2 = ‖Ω̂Γ̂−ΩΓ‖2 ≤ ‖Ω̂−Ω‖2 + op

(
n−1/2

)
= op

(
n−1/2

)
.

Proof of Corollary 2.1. Define Ωshrunk = Ω diag
{
λ1 (λ1 + ρ)−1 , . . . , λK (λK + ρ)−1

}
and

let ωk be the kth element of Ω ∈ R1×K . Using Proposition 2.2 and the definition of β̂shrunk
g

from the statement of Corollary 2.1,

β̂shrunk
g − βg =Ωshrunk

(
`g − ˆ̀g

)
+ e1g + ρΩ diag

{
(λ1 + ρ)−1 , . . . , (λK + ρ)−1

}
`g

+ op

(
n−1/2

)
. (2.41)

where e1g is the gth row of E1. By Lemma 2.2,

n1/2
{

Ωshrunk
(
`g − ˆ̀g

)
+ e1g

} D
=Z + op(1),

where σ−1
g Z ∼ N

{
0,
(
n−1‖X‖22

)−1
+ ‖Ωshrunk‖22

}
. Define

sg = σ̂g

{(
n−1‖X‖22

)−1
+ ‖Ω̂shrunk‖22

}1/2

.
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If λ−1
K n1/2 → 0, then clearly n1/2s−1

g

(
β̂shrunk
g − βg

) D
=W + op(1), where W ∼ N(0, 1).

Next, we can write

|zg| = s−1
g |n1/2

(
β̂shrunk
g − βg

)
| = s−1

g |Op(1) + ρn1/2
K∑
k=1

ωk`gk (ρ+ λk)−1|

≥ s−1
g

ρn1/2|
K∑
k=1

ωk`gk (ρ+ λk)−1| − |Op(1)|

 (2.42)

where s−1
g ≥ c + op(1) for some constant c > 0. If λ−1

K n1/2 → ∞, then by Item (ii) in the

statement of Corollary 2.1, P
(
|zg| ≥ q1−α/2

)
→ 1 for any q1−α/2 > 0 because

n1/2|
K∑
k=1

ωk`gk (ρ+ λk)−1| ≥ n1/2 (ρ+ λK)−1 ε � n1/2λ−1
K ε→∞.

Next, assume λ−1
K n1/2−c6 →∞ for some small constant c6 > 0. Then

n1/2|
K∑
k=1

ωk`gk (ρ+ λk)−1| ≥ n1/2 (ρ+ λK)−1 ε � nc6
(
n1/2−c6λ−1

K ε
)

where for Φ the cumulative distribution function for the standard normal and |z|g large

enough,

log
{

2Φ
(
−|zg|

)}
≤ −z2

g/2 ≤ −c̃n2c6
(
n1/2−c6λ−1

K

)2 {
1 + op(1)

}
for some constant c̃ > 0. If n−rp→ 0 for some r > 0 as n, p→∞, then exp

(
−c̃n2c6

)
p→ 0

as n, p→∞. Therefore, for any α ∈ (0, 1),

P
{
|zg| ≥ q1−(p−1α)/2

}
= P

{
2pΦ

(
−|zg|

)
≤ α

}
→ 1

as n, p→∞.

Lastly, suppose λ−1
K n1/2 ≥ c6 > 0. By (2.42), for any δ > 0, there exists an M large
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enough such that if λ−1
K n1/2 ≥ M , P

(
|zg| ≥ q1−α/2

)
≥ 1 − δ for all n large enough.

Therefore, it suffices to assume λ−1
K n1/2 is bounded from above by a constant. By (2.41),

this implies

n1/2s−1
g

(
β̂shrunk
g − βg

) D
=W + cn,p + op(1)

where W ∼ N(0, 1), cn,p is non-random and

|cn,p| =σ−1
g

{(
n−1‖X‖22

)−1
+ ‖Ωshrunk‖22

}−1/2

ρ

× |n1/2Ω diag
{

(λ1 + ρ)−1 , . . . , (λK + ρ)−1
}
| ≥ c

for all n, p large enough, where c > 0 is a constant not dependent on n or p. Since

P
(
|W + cn,p| ≥ q1−α/2

)
≥ P

(
|W + c| ≥ q1−α/2

)
> α

for all n, p large enough, this proves the claim.

2.7.8 CATE-RR and dSVA inflate test statistics

We now state and prove results similar to Proposition 2.2 and Corollary 2.1, except for the

estimators used in dSVA (Lee et al. 2017) and CATE-RR (Wang et al. 2017).

Proposition 2.5 (Estimate for Ω used in dSVA). Suppose the assumptions of Proposition

2.2 hold but we estimate Ω as

Ω̂dSVA = Y T
1 P
⊥
1pL̂

(
L̂TP⊥1pL̂

)−1
.

Then if the smallest eigenvalue of np−1LTP⊥1pL is greater than δλK where δ > 0 is a
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constant,

‖Ω̂dSVA −Ω
(
LTP⊥1pL

)(
LTP⊥1pL+ pn−1ρIK

)−1
‖2 = op

(
n−1/2

)
.

Proof. Define V̂ = (v̂1 · · · v̂K) ∈ RK×K and Ẑ = (ẑ1 · · · ẑK) ∈ R(n−d−K)×K , where

v̂1, . . . , v̂K and ẑ1, . . . , ẑK are defined in (2.37) and (2.38) in the statement of Lemma 2.5.

By Lemmas 2.4 and 2.5,

L̂ = n−1/2Y2

(
C̃V̂ +QẐ

)
= n−1/2LV̂ + n−1/2Ẽ1V̂ + n−1/2Ẽ2Ẑ

where, C̃ = n−1/2C2, Q = QC2
, Ẽ1 = EQXC̃ and Ẽ2 = EQXQ. Note that Ẽ1 and Ẽ2

are independent by Craig’s Theorem. Therefore,

n (λKp)
−1 L̂TP⊥1pL̂ =n (λKp)

−1 V̂ TLTP⊥1pLV̂ + n1/2 (λKp)
−1 V̂ TLTP⊥1pẼ1V̂

+
{
n1/2 (λKp)

−1 V̂ TLTP⊥1pẼ1V̂
}T

+ n1/2 (λKp)
−1 V̂ TLTP⊥1pẼ2Ẑ

+
{
n1/2 (λKp)

−1 V̂ TLTP⊥1pẼ2Ẑ
}T

+ (λKp)
−1 V̂ TẼT

1 P
⊥
1pẼ1V̂

+ (λKp)
−1 ẐTẼT

2 P
⊥
1pẼ2Ẑ + (λKp)

−1 ẐTẼT
2 P
⊥
1pẼ1V̂

+
{

(λKp)
−1 ẐTẼT

2 P
⊥
1pẼ1V̂

}T
.

By the Lemmas 2.4 and 2.5,

n (λKp)
−1 V̂ TLTP⊥1pLV̂ = n (λKp)

−1LTP⊥1pL+ op

(
n−1/2

)
.

Next,

n1/2 (λKp)
−1 V̂ TLTP⊥1pẼ1V̂ = (λKp)

−1/2 V̂ T
{
n1/2 (λKp)

−1/2L
}T

P⊥1pẼ1V̂

= Op

{
(λKp)

−1/2
}

= op

(
n−1/2

)
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n1/2 (λKp)
−1 V̂ TLTP⊥1pẼ2Ẑ = (λKp)

−1/2 V̂ T
{
n1/2 (λKp)

−1/2L
}T

P⊥1pẼ2Ẑ

= Op

{
n (λKp)

−1
}

= op

(
n−1/2

)
.

(λKp)
−1 ẐTẼT

2 P
⊥
1pẼ2Ẑ = Op

(
np−1λ−2

K

)
= op

(
n−1/2

)

(λKp)
−1 ẐTẼT

2 P
⊥
1pẼ1V̂ = λ−1

K p−1/2ẐTẼT
2 P
⊥
1p

(
p−1/2Ẽ1

)
V̂ = Op

(
np−1λ

−3/2
K

)
= op

(
n−1/2

)
.

Lastly,

(λKp)
−1 V̂ TẼT

1 P
⊥
1pẼ1V̂ = λ−1

K p−1 tr
(
ΣP⊥1p

)
IK + op

(
n−1/2

)
= λ−1

K ρIK + op

(
n−1/2

)
.

An identical calculation shows that

n (λKp)
−1LTP⊥1pL̂ = n (λKp)

−1LTP⊥1pL+ op

(
n−1/2

)
.

Lastly, for E1 = EX
(
XTX

)−1
,

(λKp)
−1/2 n1/2ET

1 P
⊥
1pL̂

(
L̂TP⊥1pL̂

)−1
= Op

{
p−1/2λ−1

K

}
= op

(
n−1/2

)
.

This completes the proof.

Proposition 2.6 (Estimate for Ω used in CATE-RR). Suppose the assumptions of Propo-

sition 2.2 hold with d = 1 but we estimate Ω as

Ω̂cate = arg min
α∈R1×K

Ψ
(
y1g −α ˆ̀g

)
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where y1g is the gth element of Y1 ∈ Rp and for some constant c > 0,

Ψ (x) =


x2/2 if |x| ≤ c

c|x| − c2/2 if |x| > c

. (2.43)

Note that Ψ is Huber’s loss. Suppose further that pn−r → 0 for some r > 0. Then if

λK → ∞, the results of Proposition 2.2 hold. If λ1 = O(1), then there exists a constant

ε > 0 such that

lim
n,p→∞

P
(
‖Ω̂cate −Ω‖2 ≥ ε‖Ω‖2

)
= 1.

Proof. Let e1g be the gth element of E1 ∈ Rp and dΨ(x)/dx = Ψ̇(x). Since Ψ is a convex

function, Ω̂cate solves

0 =

p∑
g=1

Ψ̇
(
y1g − ˆ̀gΩ̂

cate
)

ˆ̀T
g =

(
Y1 − L̂Ω̂cateT

)T
ÂL̂

where Â ∈ Rp×p is a diagonal matrix with

[
Â
]
gg

=


1 if |y1g − Ω̂cate ˆ̀g| ≤ c

|y1g − Ω̂cate ˆ̀g|−1 if |y1g − Ω̂cate ˆ̀g| > c

(g = 1, . . . , p).

We start by assuming λK →∞. When this is true, it suffices to show that

max
g∈[p]
|y1g − Ω̂shrunk ˆ̀g| = op(1).

We see that

y1g − Ω̂shrunk ˆ̀g = Ω̂shrunk
(
`g − ˆ̀g

)
+
(
Ω − Ω̂shrunk

)
`g + e1g
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where

max
g∈[p]
|e1g | = Op

{
n−1/2 log(p)

}
= op(1)

and

max
g∈[p]
|
(
Ω − Ω̂shrunk

)
`g| = op(1)

because the entries of L are uniformly bounded and ‖Ω − Ω̂shrunk‖2 = op(1). To complete

the proof, we need only show that

‖L̂−L‖∞ = op(1).

By the proof of Proposition 2.5,

L̂−L = L
(
IK − V̂

)
+ n−1/2Ẽ1V̂ + n−1/2Ẽ2Ẑ.

Since ‖IK − V̂ ‖2 = op(1), ‖L
(
IK − V̂

)
‖∞ = op(1). Next,

‖n−1/2Ẽ1‖∞ = Op

{
n−1/2 log(p)

}
= op(1).

For the last term, define the random variable Zg = σ−2
g

[
Ẽ2

]T
g∗

[
Ẽ2

]
g∗

. Since this is a

sub-exponential random variable with parameters {4(n− d−K), 4},

P
{
Zg ≥ (n− d−K) + t

√
n
}
≤ exp

(
−bt2

)

for some constant b > 0, provided t = o
(
n1/2

)
. If we let t = b′ {log(p)}1/2 for some constant
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b′ > b−1, then

P

{
max
g∈[p]

Zg ≥ (n− d−K) + t
√
n

}
≤ 1−

{
1− exp

(
−bt2

)}p
where

p log
{

1− exp
(
−bt2

)}
= − exp

{
log(p)

(
1− bb′

)}
{1 + o(1)} = o(1).

Therefore, for each k ∈ [K],

max
g∈[p]
|n−1/2

[
Ẽ2

]T
g∗
ẑk| ≤ Op

{
n1/2 (λKp)

−1/2
}

max
g∈[p]

(
n−1

[
Ẽ2

]T
g∗

[
Ẽ2

]
g∗

)1/2

= op(1)

which completes the proof when λK →∞.

When λ1 = O(1), the results ‖L − L̂‖∞, ‖E1‖∞ = op(1) still hold. We therefore need

only understand how
(
Ω − Ω̂shrunk

)
`g behaves. By assumption, there exists a constant

m > 0 that does not depend on p such that

max
g∈[p]
‖`g‖2 ≤ m.

Define δ1 = c/(2m), where c was defined in (2.43). If ‖Ω‖2 ≤ δ1, then because

Ω̂shrunk = Ω diag {λ1/ (λ1 + ρ) , · · · , λK/ (λK + ρ)}+ op

(
n−1/2

)
,

we get that

Ω − Ω̂cate = Ω diag {ρ/ (λ1 + ρ) , · · · , ρ/ (λK + ρ)}+ op

(
n−1/2

)
.

If ‖Ω‖2 > δ1, suppose we initialize the optimization problem with α1 ∈ R1×K such that
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‖Ω −α1‖2 ≤ δ1. Then the next iteration will be

α2 = Y T
1 L̂

(
L̂TL̂

)−1
= Ω diag {λ1/ (λ1 + ρ) , · · · , λK/ (λK + ρ)}+ op

(
n−1/2

)

with probability tending to 1, where

Ω −α2 = Ω diag {ρ/ (λ1 + ρ) , · · · , ρ/ (λK + ρ)}+ op

(
n−1/2

)
.

Therefore,

‖Ω −α2‖2 ≥ ‖Ω‖2ρ/ (λ1 + ρ)
{

1 + op

(
n−1/2

)}
≥ δ2 + op

(
n−1/2

)

for some constant δ2 > 0 not dependent n or p, since λ1 = O(1) by assumption. Note that

we may assume δ1 > δ2. Therefore,

‖Ω̂cate −Ω‖2 ≥ δ2 + op (1)

which completes the proof.

Remark 2.11. The above proof shows that the behavior of Huber’s loss function is very

dependent on the constant c used in (2.43) when λ1 = O(1), meaning we cannot predict its

behavior. This is an additional reason why this loss function should not be used to estimate

Ω when the data are only moderately informative for C.

Corollary 2.2 (The results of Corollary 2.1 hold using dSVA and CATE-RR). Suppose the

assumptions of Proposition 2.2 hold with d = 1 and for some fixed g ∈ [p], define

β̂dSVA
g = y1g − Ω̂dSVA ˆ̀g

β̂cate
g = y1g − Ω̂cate ˆ̀g.
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In addition, suppose K = 1 and

(i) n−rp→ 0 for some r > 0 as n→∞.

(ii) np−1LTP⊥1pL ≥ δλ1 for some constant δ > 0

(iii) |Ω`g| ≥ ε for some constant ε > 0.

Then the results of Corollary 2.1 hold for the z-score

zdSVA
g = σ−1

g

(
‖X‖−2

2 + n−1‖Ω̂dSVA‖22
)−1/2

β̂dSVA
g .

If λ1 →∞, then the results of Corollary 2.1 hold for the z-score

zcate
g = σ−1

g

(
‖X‖−2

2 + n−1‖Ω̂cate‖22
)−1/2

β̂cate
g .

Proof. The proof is identical to the proof of Corollary 2.1 and is omitted.

Remark 2.12. We require λ1 →∞ to prove Proposition 2.2 for z-scores returned by CATE-

RR because the behavior of Ω̂cate depends heavily on the constant c chosen in (2.43) when

λ1 = O(1).

2.7.9 A framework for when C is treated as a random variable and the

proof of Theorem 2.3

Next, we provide a framework to extend all of our theoretical results to the case when C is

treated as a random variable. We then prove Theorem 2.3 at the end of this section. First,

we prove a proposition regarding the identifiability of factor models when C is random.

Proposition 2.7. Suppose Y = βXT + L̄C̄T + E where β ∈ Rp×d and L̄ ∈ Rp×K are

fixed effects, X ∈ Rn×d is observed and

(i) X has full column rank.
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(ii) C̄ ∈ Rn×K is such that E
(
C̄
)

= XĀ and V
{

vec
(
C̄
)}

= Ψ̄⊗ In, where Ā ∈ Rd×K

and Ψ̄ � 0.

(iii) E ∈ Rp×n is independent of C̄ and V {vec (E)} = In ⊗Σ, where for σ2
1, . . . , σ

2
p > 0,

Σ = diag
(
σ2

1, . . . , σ
2
p

)
.

(iv) If any row is removed from L̄, there exists two sub-matrices with rank K.

Then L̄Ψ̄L̄T and Σ are identifiable.

Proof. Define C̄2 = QT
XC̄ and Y2 = Y QX , where the columns of QX ∈ Rn×(n−d) form an

orthonormal basis for the null space of XT. Then E
(
C̄2
)

= 0, V
{

vec
(
C̄
)}

= Ψ̄ ⊗ In−d

and V {vec (Y2)} = In−d ⊗
(
Σ + L̄Ψ̄L̄T

)
. The identifiability of L̄Ψ̄L̄T and Σ then follows

from Theorem 5.1 of (Anderson & Rubin 1956).

Corollary 2.3. Let c > 1 be a constant. Suppose that in addition to the assumptions in

Proposition 2.7, the following hold

(i) p is a non-decreasing function of n.

(ii)
[
L̄
]T
g∗ Ψ̄

[
L̄
]
g∗ ≤ c for all g ∈ [p].

(iii) There are K non-zero eigenvalues of L̄Ψ̄L̄T γ1, . . . , γK such that c−1 ≤ γ1 ≤ · · · ≤

γK ≤ cn.

(iv) For all r ∈ [d], p−1
p∑
g=1

I
(

[β]gr 6= 0
)

= o
(
n−1γK

)
.

Then β is identifiable for all n ≥ c′, where c′ > 0 is a constant.

Proof. Define Y1 = Y X
(
XTX

)−1
, where

E (Y1) = β + L̄ĀT = β +
(
L̄Ψ̄1/2

)(
ĀΨ̄−1/2

)T
.

The identical method used to prove β was identifiable in Proposition 2.1 can then be used

to show β is identifiable here.
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Remark 2.13. If Items (ii) and (iii) from the statement of Corollary 2.3 hold for some

L̄ ∈ Rp×K and Ψ̄ � 0, then Item (iv) from the statement of Proposition 2.7 holds for

all n, p suitably large. Therefore, another way to express Item (ii) from the statement of

Theorem 2.3 is to first assume Item (iv) from the statement of Proposition 2.7 holds to

identify Σ and LLT (and therefore λ1, . . . , λK), and then assume LTL is orthogonal with

decreasing elements, since this will not affect the isotropic distribution assumption on C (or

any uniform bound on the fourth moments of its entries).

Remark 2.14. We do not need Corollary 2.3 to prove Theorem 2.3. We state it to show

that our theoretical results from Sections 2.3.2, 2.3.3 and 2.3.4 can be extended to the case

when C is treated as a random variable.

Next, we state and prove a technical lemma to be used in the proof of Theorem 2.3. This

lemma is also important because it shows that we can generalize Assumption 2.2 to the case

when C is a random variable.

Lemma 2.7. Let a > 1 be a constant not dependent on n or p, suppose Y = L̄C̄T+E where

L̄ ∈ Rp×K , C̄ ∈ Rn×K and E ∈ Rp×n and assume Items (ii), (iii) and (iv) from the state-

ment of Proposition 2.7 hold. Define γ1, . . . , γK to be the eigenvalues of np−1Ψ̄1/2L̄TL̄Ψ̄1/2

with eigenvectors u1, . . . ,uK ∈ RK and assume the following hold

(i) E ∼MNp×n (0,Σ, In) where σ2
g ∈

[
a−1, a

]
for all g ∈ [p].

(ii) ‖n−1C̄TC̄ − Ψ̄‖2 = Op

(
n−1/2

)
.

(iii) The magnitude of the entries of L̄ are uniformly bounded by a.

(iv) a−1 ≤ γK < · · · < γ1 ≤ an and (γk − γk+1) γ−1
k ≥ a−1 (k = 1, . . . , K) where γK+1 is

defined to be 0.

(v) |uT
r

(
np−1Ψ̄1/2L̄TΣL̄Ψ̄1/2

)
us| ≤ aγmax(r,s) (r=1,. . . ,K; s=1,. . . ,K) .
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Then there exists an L ∈ Rp×K , C ∈ Rn×K and constant c > 1 such that the following

hold:

(1) L̄C̄T = LCT such that PC̄ = PC , n−1CTC = IK and sup
g∈[p],k∈[K]

|[L]gk| ≤ c+ op(1).

(2) LTL is a diagonal matrix with decreasing entries λ1, . . . , λK such that λk is the kth

largest eigenvalue of C̄
(
p−1L̄TL̄

)
C̄ (k = 1, . . . , K).

(3) 1 − λkγ−1
k = Op

(
n−1/2

)
and (λk − λk+1)λ−1

k ≥ c−1 + Op

(
n−1/2

)
(k = 1, . . . , K)

where λK+1 is defined to be 0.

(4) n
{
pλmax(r,s)

}−1
[L]T∗r Σ [L]∗s = Op(1) (r=1,. . . ,K; s=1,. . . ,K).

Proof. We first re-define L̄ as L̄Ψ̄1/2 and C̄ as C̄Ψ̄−1/2, meaning we now have ‖n−1C̄TC̄−

IK‖2 = Op

(
n−1/2

)
. Define R̂ such that R̂2 = n−1C̄TC̄ and

L = L̄R̂Û

C = C̄R̂−1Û

where the columns of Û ∈ RK×K contain the right singular vectors of L̄R̂. Since n−1CTC =

IK , this proves (1) and (2).

To then prove (3) and (4), we study the eigenvalues and eigenvectors of np−1R̂TL̄TL̄TR̂.

We can write np−1LTL (whose diagonal elements are the eigenvalues of np−1R̂TL̄TL̄TR̂)

as

np−1LTL = ÛTUUTR̂Udiag (γ1, . . . , γK)UTR̂UUTÛ = ÛTF̂diag (γ, . . . , γK) F̂ Û

where U = (u1 · · ·uK) ∈ RK×K and F̂ = UTR̂U where the diagonal entries of F̂ are

1 +Op

(
n−1/2

)
and the off-diagonal entries are Op

(
n−1/2

)
. We have also re-defined Û as

UTÛ , which is still a random unitary matrix. Define the matrixA = F̂diag (γ1, . . . , γK) F̂ ∈
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RK×K where

[A]kk = γk

{
1 +Op

(
n−1/2

)}
+
∑
r 6=k

γrOp

(
n−1

)
(k = 1, . . . , K)

[A]rs = (γr + γs)Op

(
n−1/2

)
+
∑
k 6=r,s

γkOp

(
n−1

)
(r = 1, . . . , K; s = 1, . . . , K; r 6= s).

Next, define A(1) = γ−1
1 A where

[
A(1)

]
kk

=
γk
γ1

{
1 +Op

(
n−1/2

)}
+
∑
r 6=k

γr
γ1
Op

(
n−1

)
(k = 1, . . . , K)

[
A(1)

]
rs

=
γr + γs
γ1

Op

(
n−1/2

)
+
∑
k 6=r,s

γk
γ1
Op

(
n−1

)
(r = 2, . . . , K; s = 2, . . . , K; r 6= s).

We first decompose A(1) into K rank (approximately) 1 matrices to study the behavior of
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the eigenvalues and eigenvectors of A. We see that

A(1) =



[
A(1)

]
11

[
A(1)

]
12

+ ω2 · · ·
[
A(1)

]
1K

+ ωK[
A(1)

]
12

+ ω2 0 · · · 0

...
...

. . .
...[

A(1)
]

1K
+ ωK 0 · · · 0


︸ ︷︷ ︸

=D1

+



0 −ω2 0 · · · 0

−ω2

[
A(1)

]
22

[
A(1)

]
23
· · ·

[
A(1)

]
2K

0
[
A(1)

]
23

0 · · · 0

...
...

...
. . .

...

0
[
A(1)

]
2K

0 · · · 0


︸ ︷︷ ︸

=D2

+ · · ·

+



0 0 · · · −ωK

0 0 · · · 0

...
...

. . .
...

−ωK 0 · · ·
[
A(1)

]
KK


︸ ︷︷ ︸

=DK

where we define

ωk =

[
A(1)

]
kk

[
A(1)

]
1k[

A(1)
]

11
−
[
A(1)

]
kk

= Op

(
γk
γ1
n−1/2

)
(k = 2, . . . , K).
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Let

v1 =

[{[
A(1)

]
11

}2
+
{[
A(1)

]
12

+ ω2

}2
+ · · ·+

{[
A(1)

]
1K

+ ωK

}2
]−1/2

×
([
A(1)

]
11
,
[
A(1)

]
12

+ ω2, · · · ,
[
A(1)

]
1K

+ ωK

)T

=

(
1,

[
A(1)

]
12

+ω2

[A(1)]11
, · · · ,

[
A(1)

]
1K

+ωK

[A(1)]11

)T

+Op

(
n−1

)
.

Then

A(1)v1 =D1v1 +D2v1 + · · ·+DKv1 =



[
A(1)

]
11

+Op
(
n−1

)[
A(1)

]
12

+ω2

[A(1)]11
+Op

(
n−1

)
· · ·[

A(1)
]
1K

+ωK

[A(1)]11
+Op

(
n−1

)



+



Op
(
n−1

)
−ω2 +

[
A(1)

]
22

[
A(1)

]
12

+ ω2[
A(1)

]
11︸ ︷︷ ︸

=0

+Op
(
n−1

)

· · ·

Op
(
n−1

)



+ · · ·+



Op
(
n−1

)
· · ·

Op
(
n−1

)
−ωK +

[
A(1)

]
KK

[
A(1)

]
1K

+ ωK[
A(1)

]
11︸ ︷︷ ︸

=0

+Op
(
n−1

)


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and

δ1 = vT1A
(1)v1 =

[
A(1)

]
11

+Op

(
n−1

)
‖A(1)v1 − δ1v1‖2 = Op

(
n−1

)
.

By Weyl’s Theorem and Theorem 3.6 in Auffinger & Tang (2015) the largest eigenvalue of

A(1) is µ̂1 =
[
A(1)

]
11

+Op
(
n−1

)
with corresponding eigenvector û1 such that ‖û1−v1‖2 =

Op
(
n−1

)
. To find the next eigenvalue and eigenvector of A, we first have to remove the

principal direction from A(1):

A(1) − µ̂1û1û
T
1 = D2 + · · ·+DK +Op

(
n−1

)

and we define

A(2) =
γ1

γ2

{
A(1) − µ̂1û1û

T
1

}
=
γ1

γ2
D2 + · · ·+ γ1

γ2
DK +Op

(
γ1

γ2n

)

=



0 −γ1γ2ω2 0 · · · 0

−γ1γ2ω2

[
A(2)

]
22

[
A(2)

]
23

·
[
A(2)

]
2K

0
[
A(2)

]
23

0 · · · 0

...
...

...
. . .

...

0
[
A(2)

]
2K

0 · · · 0


+ · · ·

+



0 0 · · · −γ1γ2ωK

0 0 · · · 0

...
...

. . .
...

−γ1γ2ωK 0 · · ·
[
A(2)

]
KK


+Op

(
γ1

γ2n

)
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where

γ1

γ2
ωk = Op

(
γk
γ2
n−1/2

)
(k = 2, . . . , K)[

A(2)
]
kk

=
γk
γ2

{
1 +Op

(
n−1/2

)}
+
∑
r 6=k

γr
γ2
Op

(
n−1

)
(k = 2, . . . , K)

[
A(2)

]
rs

=
γr + γs
γ2

Op

(
n−1/2

)
+
∑
k 6=r,s

γk
γ2
Op

(
n−1

)
(r = 2, . . . , K; s = 2, . . . , K; r 6= s).

A subsequent application of the above procedure will show that the largest eigenvalue of

A(2) is

µ̂2 =
[
A(2)

]
22

+Op

(
γ1

γ2n

)

with eigenvalue û2 such that

‖û2 − v2‖2 = Op

(
γ1

γ2n

)
,

where v2 is the second column of γ1γ
−1
2 D2. When we subsequently remove the second

principal direction, we will remove γ1γ
−1
2 D2 and theOp

{
γ1 (γ2n)−1

}
error term will become

Op

{
γ1 (γ3n)−1

}
. Provided γ1 (γkn)−1 . n−1/2, this procedure will give us estimates µ̂k

and ûk such that

λk = γkµ̂k = γk

{
1 +Op

(
n−1/2

)}
(2.44)

‖ûk − ek‖2 = Op

(
n−1/2

)
(2.45)

where here ek ∈ RK is the standard basis vector with 1 in the kth position and 0’s everywhere

else.

We next handle the case when γ1 (γkn)−1 & n−1/2. Let r ≤ K be such that γ1 (γkn)−1 .

n−1/2 for k ≤ r and γ1 (γkn)−1 & n−1/2 for k > r. For these eigenvalues, we note that
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we can study the smallest eigenvalues and their eigenvectors of A by studying the largest

eigenvalues ofA−1. If λk is an eigenvalue ofA with eigenvector ûk, then λ−1
k is an eigenvalue

of A−1 with the same eigenvector. We note that

A−1 = F̂−1diag
(
γ−1

1 , . . . , γ−1
K

)
F̂−1 = γ−1

1 F̂−1diag
(

1, γ1γ
−1
2 , . . . , γ1γ

−1
K

)
F̂−1

where the diagonal entries of F̂−1 are 1 + Op

(
n−1/2

)
and the off-diagonal entries are

Op

(
n−1/2

)
. If k > r, then γ1γ

−1
k & n1/2, meaning γk . n1/2, since γ1 . n. Therefore,

γ1γ
−1
K

γ1γ
−1
k

=
γk
γK

. n1/2

for all k > r. By what we have shown above, the K − k + 1 eigenvalue of γ1A
−1 is

γ1γ
−1
k

{
1 +Op

(
n−1/2

)}
with eigenvectors that satisfies (2.45). Therefore, the kth eigen-

value of A is γk

{
1 +Op

(
n−1/2

)}
with eigenvector that satisfies (2.45). This proves item

(3).

To prove item (4),

np−1LTΣL = M̂T
{
np−1UTL̄TΣL̄U

}
M̂ (2.46)

where M̂ = F̂ Û is such that ‖M̂ − IK‖2 = Op

(
n−1/2

)
by the analysis above. To evaluate
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(2.46), we first see that

np−1UTL̄TΣL̄U =



O (γ1) O (γ2) · · · O (γK)

O (γ2) O (γ2) · · · O (γK)

...
...

. . .
...

O (γK) O (γK) · · · O (γK)


=



O (γ1) 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0



+



0 O (γ2) · · · 0

O (γ2) O (γ2) · · · 0

...
...

. . .
...

0 0 · · · 0


+



0 0 · · · O (γK)

0 0 · · · O (γK)

...
...

. . .
...

O (γK) O (γK) · · · O (γK)


.

Fix some r, s ≤ K such that r < s. If m̂k is the kth column of M̂ , then

m̂T
r

(
np−1UTL̄TΣL̄U

)
m̂s = Op

(
γ1n
−1
)

+ · · ·+Op

(
γr−1n

−1
)

+ {O (γr) m̂rrm̂s1 +O (γr) m̂rrm̂s2 + · · ·+O (γr) m̂rrm̂sr}

+O (γr+1) m̂rrm̂sr+1 + · · ·+O (γs−1) m̂rrm̂ss−1 +Op(γs).

Next, note that for any k < s, we have

0 = m̂T
kdiag (γ1, . . . , γK) m̂s = γ1m̂k1m̂s1︸ ︷︷ ︸

=Op(1)

+ · · ·+ γkm̂kkm̂sk + · · ·+ γsm̂ksm̂ss︸ ︷︷ ︸
=Op(γsn−1/2)

+Op (1) .

Therefore,

γkm̂sk = Op

{
max

(
γsn
−1/2, 1

)}
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for all k < s. This also shows that

γrm̂rrm̂sk = Op

{
max

(
γsn
−1/2, 1

)}

for k = 1, 2, . . . , r and completes the proof.

We now prove Theorem 2.3.

Proof of Theorem 2.3. To make notation consistent with the statement of Lemma 2.7, we

first redefine C, Ω, Ξ and L from the statement of Theorem 2.3 to be C̄, Ω̄, Ξ̄ and L̄.

Under the null hypothesis Ω̄ = 0, we define

ˆ̄Ω =
(
XTX

)−1
XTC̄ = n−1/2

(
n−1XTX

)−1
ŝn

ŝn = n−1/2
n∑
i=1

xiξ̄
T
i

Define a = vec
(
1d ⊗ ξ̄1

)
, where 1d ∈ Rd is the vector of all ones, and ϕa (t), t ∈ RdK×dK ,

to be the characteristic function of a. Under the null hypothesis, the gradient of ϕa (t) is 0

and the Hessian is −1d×d ⊗ IK , where 1d×d ∈ Rd×d is the matrix of all ones. Lastly, let

t =
(
tT1 , . . . , t

T
d

)T
, tj ∈ RK . If the magnitude of the entries of X are bounded above by x,

we then have that

log
{
ϕvec(ŝn) (t)

}
=

n∑
i=1

log

ϕa
n
−1/2


xi[1]t1

...

xi[d]td





=

n∑
i=1

[
−(2n)−1tT

{(
xix

T
i

)
⊗ IK

}
t+ o(n−1x2‖t‖22)

]
= −2−1tT (ΣX ⊗ IK) t+ o(1).
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where ΣX = limn→∞ n−1XTX. Therefore,

(
XTX

)1/2 ˆ̄Ω
{
n−1Ξ̄TP⊥X Ξ̄

}−1/2 D→MNd×K (0, Id, IK)

since ‖n−1Ξ̄TP⊥X Ξ̄− IK‖2 = op(1).

We next define Ω be the that from the statement and proof of Lemma 2.7, i.e.

Ω = ˆ̄Ω
{
n−1Ξ̄TP⊥X Ξ̄

}−1/2
Û

where Û is a unitary matrix ensuring that

LTL = ÛT
{
n−1Ξ̄TP⊥X Ξ̄

}1/2
L̄TL̄

{
n−1Ξ̄TP⊥X Ξ̄

}1/2
Û

is diagonal with decreasing elements. Since the assumptions of Lemma 2.7 hold with Ψ̄ = IK ,

it is then straightforward to adapt the proof of Lemma 2.6 to show that n1/2‖Ω−Ω̂‖ = op(1)

under the assumptions of Theorem 2.3. The result then follows by an application of Slutsky’s

Theorem.

2.7.10 Two technical lemmas used in the proof of Lemma 2.5

We now state and prove two technical lemmas are used in the proof of Lemma 2.5. For these

two lemmas, we assume Y is distributed according to (2.28) (as it is in Lemmas 2.4 and

2.5).

Lemma 2.8. Let U = (u1 · · ·uK), V = (v1 · · ·vK), D = diag (d1, . . . , dK) and Ñ be as

defined in Lemmas 2.4 and 2.5 and suppose np−1 [L]T∗sΣ [L]∗k = Op (λk) for s ≤ k, where

s, k ∈ [K]. Then

uT
sΣuk = Op

(
λ

1/2
k λ

−1/2
s

)
.
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Proof. We need to understand how

UTΣU = D−1V TÑTΣÑV D−1

behaves. First, let RiR
T
i = L̃TΣiL̃ for i = 1, 2, 3 and define γ = p−1 tr

(
Σ2
)
. Then

Ri =



O
(
λ

1/2
1

)
0 · · · 0

O
(
λ

1/2
2

)
O
(
λ

1/2
2

)
· · · 0

...
...

. . .
...

O
(
λ

1/2
K

)
O
(
λ

1/2
K

)
· · · O

(
λ

1/2
K

)


and

ÑTΣÑ = L̃TΣL̃+ p−1/2L̃TΣẼ1 + p−1/2ẼT
1 ΣL̃+ γIK +Op

(
p−1/2

)
The next quantity we need to determine is V D−1:

V D−1 =D−1 +



Op

(
λ
−3/2
1 p−1

)
Op

{
(λ1λ2p)

−1/2
}
· · · Op

{
(λ1λKp)

−1/2
}

Op

{
(λ1p)

−1
}

Op

(
λ
−3/2
2 p−1

)
· · · Op

{
(λ2λKp)

−1/2
}

...
...

. . .
...

Op

{
(λ1p)

−1
}

Op

{
(λ2p)

−1
}

· · · Op

(
λ
−3/2
K p−1

)


= D−1

+ e

and

RT
i V D

−1 = Op(1) +Op

{
(λKp)

−1/2
}
.

Then for M ∼MNK×K (0, IK , IK), we have

p−1/2ẼT
1 ΣL̃V D−1 ∼ p−1/2MRT

3V D
−1 = Op

(
p−1/2

)
.
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Next

D−1V T
(
L̃TΣL̃+ γIK

)
V D−1 = D−1

(
L̃TΣL̃+ γIK

)
D−1 + eT

(
L̃TΣL̃+ γIK

)
D−1

+D−1
(
L̃TΣL̃+ γIK

)
e+ eT

(
L̃TΣL̃+ γIK

)
e

where

eTL̃TΣL̃e = eTR1R
T
1e = Op

{
(λKp)

−1
}

and

D−1
(
L̃TΣL̃+ γIK

)
e = D−1R1R

T
1e+Op

{
(λKp)

−1/2
}

= Op

{
(λKp)

−1/2
}
.

The second equality holds because D−1R1 = Op(1) and RT
1e = Op

{
(λKp)

−1/2
}

. Next, let

A = L̃TΣL̃ and B = D−1 (A+ γIK)D−1. Then if s ≤ k, [A]sk = Op (λk) by assumption

and

[B]sk =
[A]sk + γδsk

dsdk
= Op

(
λk
dsdk

)
+

γ

dsdk
δsk = Op

(
λ

1/2
k λ

−1/2
s

)

where δsk = I(s = k). Therefore, for s ≤ k (s, k ∈ [K]),

[
UTΣU

]
sk = Op

{
λ

1/2
k λ

−1/2
s + (λKp)

−1/2
}

= Op

(
λ

1/2
k λ

−1/2
s

)
.

Lemma 2.9. Let a1,a2 ∈ Rp be linearly independent unit vectors independent of Ẽ2 ∼

MNp×(n−K) (0,Σ, In−K) for K is a fixed constant. Recall from (2.34) that R = p−1ẼT
2 Ẽ2−
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ρIn−K where ρ = p−1 tr(Σ). Then

p−1aT
1 Ẽ2RẼ

T
2 a2 = Op

{(
np−1

)2
+ np−3/2

}
.

Proof. Since K is a constant not dependent on n or p, I will assume Ẽ2 ∼MNp×n (0,Σ, In)

for notational convenience.

p−1aT
1 Ẽ2RẼ

T
2 a2 = p−2aT

1 Ẽ2Ẽ
T
2 Ẽ2Ẽ

T
2 a2 − ρp−1aT

1 Ẽ2Ẽ
T
2 a2

We will focus our efforts on understanding p−2aT
1 Ẽ2Ẽ

T
2 Ẽ2Ẽ

T
2 a2. Define A = (a1 a2),

Ã = ΣA and Q ∈ Rp×(p−2) s.t. ATΣQ = 02×(p−2). Let P
Ã

= GGT where G ∈ Rp×2 and

P⊥
Ã

= QQT. Since P
Ã

+ P⊥
Ã

= Ip, we have

p−2aT
1 Ẽ2Ẽ

T
2 Ẽ2Ẽ

T
2 a2 = p−2aT

1 Ẽ2Ẽ
T
2

(
P
Ã

+ P⊥
Ã

)
Ẽ2Ẽ

T
2 a2

= p−2aT
1 Ẽ2Ẽ

T
2 PÃẼ2Ẽ

T
2 a2 + p−2aT

1 Ẽ2Ẽ
T
2 P
⊥
Ã
Ẽ2Ẽ

T
2 a2

Since aT
i Σai ≤ c and ‖GTΣG‖2 ≤ c for some constant c > 0,

‖ẼT
2 ai‖2 ∼ ‖MNn×1

(
0, In,a

T
i Σai

)
‖2 = Op

(
n1/2

)

for i = 1, 2 and ‖ẼT
2G‖2 ∼ ‖MNn×2

(
0, In,G

TΣG
)
‖2 = Op

(
n1/2

)
. Then by Cauchy-

Schwartz,

p−2aT
1 Ẽ2Ẽ

T
2 PÃẼ2Ẽ

T
2 a2 = p−2 aT

1 Ẽ2︸ ︷︷ ︸
1×n

ẼT
2G︸ ︷︷ ︸
n×2

GTẼ2Ẽ
T
2 a2 = Op

{(
np−1

)2
}

By Craig’s Theorem, ẼTai and ẼTQ are independent, since aT
i ΣQ = 0. We then have

p−2aT
1 Ẽ2Ẽ

T
2 P
⊥
Ã
Ẽ2Ẽ

T
2 a2 = p−2aT

1 Ẽ2Ẽ
T
2QQ

TẼ2Ẽ
T
2 a2
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Let B = Σ1/2QQTΣ1/2 and let H∆HT be its singular value decomposition. Note that

maxr∈[p] [∆]rr ≤ c for some constant c > 0 sinceQQT is just a projection matrix. Therefore,

ẼT
2QQ

TẼ2 ∼ JTJ , where J ∼MNp×n (0,∆, In) and is independent of p−1/2ẼT
2 ai = ãi ∈

Rn×1 where ‖ãi‖2 = Op

(
n1/2p−1/2

)
. Define δ = p−1 tr (∆) = ρ+O

(
p−1

)
, γ = p−1 tr

(
∆2
)

and bi = ‖ãi‖−1
2 ãi. Then

p−2aT
1 Ẽ2Ẽ

T
2QQ

TẼ2Ẽ
T
2 a2 ∼ ‖ã1‖2‖ã2‖2bT1p

−1JTJb2

= ‖ã1‖2‖ã2‖2bT1


p−1JT

1 J1 · · · p−1JT
1 Jn

...
. . .

...

p−1JT
1 Jn · · · p−1JT

nJn

 b2

bT1


p−1JT

1 J1 · · · p−1JT
1 Jn

...
. . .

...

p−1JT
1 Jn · · · p−1JT

nJn

 b2 =
n∑
i=1

b1[i]b2[i]p−1JT
i Ji +

∑
i6=q

b1[i]b2[q]p−1JT
i Jq

n∑
i=1

b1[i]b2[i]p−1JT
i Ji =︸︷︷︸

Xi=
1
pJ

T
i Ji−δ

δbT1b2 +
n∑
i=1

b1[i]b2[i]Xi︸ ︷︷ ︸
=X

V(X) =
n∑
i=1

b1[i]2b2[i]2 V (Xi) = 2γp−1
n∑
i=1

b1[i]2b2[i]2 ≤ 2γp−1

⇒
n∑
i=1

b1[i]b2[i]p−1JT
i Ji = δbT1b2 +Op

(
p−1/2

)
= ρbT1b2 +Op

(
p−1/2

)
. (2.47)

Note that E

(∑
i 6=q
b1[i]b2[q]p−1JT

i Jq

)
= 0, meaning

V

∑
i6=q

b1[i]b2[q]p−1JT
i Jq

 = E


∑
i6=q

b1[i]b2[q]p−1JT
i Jq

2
 .
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Therefore,

V

∑
i6=q

b1[i]b2[q]p−1JT
i Jq

 = p−2
∑
i6=q

∑
r 6=s

b1[i]b2[q]b1[r]b2[s]E
{(
JT
i Jq

) (
JT
r Js

)}
.

We then need to go through various scenarios to evaluate the above expression.

(1) i 6= r, s and q 6= r, s. Then,

E
{(
JT
i Jq

) (
JT
r Js

)}
= 0

(2) i = r.

(a) q 6= s

E
{(
JT
i Jq

) (
JT
i Js

)}
= E

{
JT
q E
(
JiJ

T
i | Jq,Js

)
Js
}

= E
(
JT
q ∆Js

)
= tr

{
∆E

(
JsJ

T
q

)}
= 0

(b) q = s

E
{(
JT
i Jq

) (
JT
i Jq

)}
= E

{
JT
q E
(
JiJ

T
i | Jq

)
Jq
}

= E
(
JT
q ∆Jq

)
= tr

(
∆2
)

= pγ

(3) i = s

(a) q 6= r

E
{(
JT
i Jq

) (
JT
r Ji

)}
= E

{
JT
q E
(
JiJ

T
i | Jq,Jr

)
Jr
}

= E
(
JT
q ∆Jr

)
= 0

(b) q = r

E
{(
JT
i Jq

) (
JT
q Ji

)}
= pγ
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(4) q = s, i 6= r (we already have the case q = s, i = r above).

E
{(
JT
i Jq

) (
JT
r Jq

)}
= 0

(5) q = r, i 6= s (we already have the case q = r, i = s above).

E
{(
JT
i Jq

) (
JT
q Js

)}
= 0

Therefore,

p−2
∑
i6=q

∑
r 6=s

b1[i]b2[q]b1[r]b2[s]E
{(
JT
i Jq

) (
JT
r Js

)}
=γp−1

∑
i6=q

b1[i]2b2[q]2

+ γp−1
∑
i6=q

b1[i]b2[i]b1[q]b2[q]

∑
i 6=q

b1[i]2b2[q]2 ≤
n∑
i=1

b1[i]2
n∑
q=1

b2[q]2 = 1

∑
i 6=q

b1[i]b2[i]b1[q]b2[q] =
n∑
i=1

b1[i]b2[i]
n∑
q 6=i

b1[q]b2[q], |
n∑
q 6=i

b1[q]b2[q]| ≤ ‖b1,−i‖2‖b2,−i‖2

≤1

⇒ |
n∑
i=1

b1[i]b2[i]
n∑
q 6=i

b1[q]b2[q]| ≤


n∑
i=1

 n∑
q 6=i

b1[q]b2[q]

2

b1[i]2


1/2

‖b2‖2

≤ ‖b1‖2‖b2‖2 = 1
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Therefore V

(∑
i 6=q
b1[i]b2[q]p−1JT

i Jq

)
≤ γp−1, meaning

p−2aT
1 Ẽ2Ẽ

T
2 Ẽ2Ẽ

T
2 a2 = ‖ã1‖2‖ã2‖2ρbT1b2 + ‖ã1‖2‖ã2‖2Op

(
p−1/2

)
+Op

{(
np−1

)2
}

= ρp−1aT
1 Ẽ2Ẽ

T
2 a2 +Op

(
np−3/2

)
+Op

{(
np−1

)2
}
.

Therefore,

p−1aT
1 Ẽ2RẼ

T
2 a2 = Op

(
np−3/2

)
+Op

{(
np−1

)2
}
.
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CHAPTER 3

ESTIMATING AND ACCOUNTING FOR UNOBSERVED

COVARIATES IN HIGH DIMENSIONAL CORRELATED

DATA

3.1 Introduction

The development of high-throughput technologies has provided biologists with a cornucopia

of genetic, proteomic and metabolomic data that can help elucidate the genetic components

of phenotypes and the mediation of environmental exposures. Many of these ‘omic’ data

have complex sample-correlation structure, which includes longitudinal data (Baumgart et al.

2016, McKennan et al. 2018), multi-tissue data (GTEx Consortium 2017), data with multiple

treatment conditions (Knowles et al. 2018) and data with related individuals (Martino et al.

2013, Tung et al. 2015). Longitudinal studies have even been cited as a critical area of

future DNA methylation research to assess the stability of methylation marks over time

(Breton et al. 2017, Martin & Fry 2018), so it is crucial that suitable methods exist to

analyze these data. An important feature of these high-throughput data is the presence of

unmeasured factors that influence the measured response, which include technical factors

like batch variables and biological factors like cell composition (Leek et al. 2010, Jaffe &

Irizarry 2014). When unaccounted for, these factors can bias test statistics, reduce power

and lead to irreproducible results (Yao et al. 2012, Peixoto et al. 2015).

There have been a number of methods developed by the statistical community to estimate

and correct for latent factors in high throughput biological data (Buja & Eyuboglu 1992, Leek

& Storey 2008, Gagnon-Bartsch & Speed 2012, Sun et al. 2012, Gagnon-Bartsch et al. 2013,

Houseman et al. 2014, Owen & Wang 2016, Fan & Han 2017, Lee et al. 2017, Wang et al.

2017, McKennan & Nicolae 2018a). However, these methods make the critical assumption

that conditional on both the observed and unobserved covariates, samples are independent

99



with homogeneous residual variances, and tend to perform poorly when these assumptions

are violated. The goal of this chapter is to provide a provably accurate method to both

choose the number of and estimate latent factors from the measured correlated data so that

downstream inference on the effects of interest is as accurate as when all latent factors are

observed. To the best of our knowledge, this is the first method to estimate and correct for

latent covariates in high throughput biological data with correlated samples.

We use DNA methylation quantified in p ≈ 8×105 methylation sites (CpGs) in n/2 = 183

unrelated individuals at birth and age 7 from McKennan et al. (2018) as a motivating

data example, although we analyze other methylation data with a more complex covariance

structure in Section 3.6. The aim of that study was to jointly model methylation at birth and

age 7 to determine if the effects due to ancestry on methylation levels changed or remained

constant over time. If we ignore observed nuisance variables like the intercept, a reasonable

model for the methylation at birth and age 7 at CpG g in the presence of unobserved

covariates C ∈ Rn×K is

yg =
(
yT
g,0 y

T
g,7

)T
= (A⊕A)

(
βg,0 βg,7

)T
+C`g + eg, eg ∼ Nn

(
0,Vg

)
(g = 1, . . . , p)

Vg = φ2
gB1 + σ2

g,0B2 + σ2
g,7B3 (g = 1, . . . , p),

(3.1)

where yg,0 ∈ Rn/2 and yg,7 ∈ Rn/2 are the methylation at birth and age 7, A ∈ Rn/2 gives

each individual’s ancestry and βg,0, βg,7 are the effects of interest. B1 ∈ Rn×n is a partition

matrix that groups samples by individuals and captures the within-individual variability.

B2 ∈ Rn×n and B3 ∈ Rn×n capture the potential difference in residual variance at birth

and age 7 and are diagonal matrices with ones in the first n/2 and second n/2 diagonal entries,

respectively. In order to avoid overestimating the residual variance and biasing our estimates

for βg,0 and βg,7, we must first estimate C and its latent dimension K. One approach would

be to use methods from the economics literature that allow for dependent residuals in their

theoretical arguments (Bai 2009, Li et al. 2016, Lu & Su 2016, Su & Ju 2018). However, their

assumptions on the homogeneity of the effects
(
β1,0, β1,7

)
, . . . ,

(
βp,0, βp,7

)
are too restrictive
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to have any application in genetic data. Another strategy would be to use existing methods

designed for genetic data to estimate the factors at each age separately. However, this reduces

the sample size by 50% and risks underestimating K, and subsequently biasing estimates for

βg,0 and βg,7. To avoid these biases, a second option would be to estimate K and C using

all n samples. However, naively estimating K with methods commonly applied to genetic

data with independent and identically distributed residuals, like parallel analysis (Buja &

Eyuboglu 1992) and bi-cross validation (Owen & Wang 2016), will typically overestimate K

to be on the order of the sample size, as they will be unable to distinguish the low dimensional

factors C from the high dimensional random effect. Even if K were known, the correlation

among the residuals obfuscates existing estimates for C.

Our proposed method uses all of the available data to estimate K and C in data whose

genomic unit-specific covariance can be written as a linear combination of known matrices.

This covariance structure is quite general and includes longitudinal, multi-tissue, multi-

treatment and twin studies, as well as studies with individuals related through a kinship

matrix. We discuss these data types in more detail in Section 3.4. While our ultimate

goal is to be able to do inference on the effects of interest that is as accurate as when C is

observed, our method also provides a way to perform factor analysis in data with correlated or

nonexchangeable residuals, which has application in quantitative train loci studies (Knowles

et al. 2018, McKennan et al. 2018).

The chapter is organized as followed. We describe the data and set up the problem

in Section 3.2 and present a detailed description of our method in Section 3.3. We prove

its efficacy in Section 3.4 by proving its estimate for K is consistent, its estimate for the

column space of C is nearly as accurate as when samples are independent (i.e. Vg in (3.1)

is a multiple of the identity) and that inference on the effects of interest is asymptotically

equivalent to that when C is known. In Section 3.5 we analyze simulated multi-tissue gene

expression data with a complex, gene-dependent correlation structure that demonstrates our

method’s superior performance in both choosing K and estimating C. We lastly apply our
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method to a longitudinal DNA methylation dataset with measurements made on pairs of

twins to identify CpGs with sex-dependent methylation levels in Section 3.6. An R package

called CorrConf that implements our method to estimate K and C is freely available on

GitHub. The proofs of all theorems are in Sections 3.10 – 3.14.

3.2 Problem set-up

Let yg ∈ Rn be the measured expression or methylation of genomic unit g ∈ [p] in n

potentially correlated samples, and let X ∈ Rn×d be the covariates of interest. When latent

factors C ∈ Rn×K influence the data yg, we assume yg is generated as

yg = Xβg +C`g + eg, eg ∼ Nn
(
0,Vg

)
(g = 1, . . . , p) (3.2a)

Vg = vg,1B1 + · · ·+ vg,bBb (g = 1, . . . , p) (3.2b)

Yp×n =
[
y1 · · · yp

]T
= βp×dX

T
n×d +Lp×KC

T
n×K +Ep×n. (3.2c)

The gth rows of β, L and E are βg, `g and eg, respectively, e1, . . . , ep are independent,

and our goal is to estimate and perform inference on β1, . . . ,βp. We assume C is a random

matrix that is independent of E, and whose mean may be a function of X in our theoretical

results in Section 3.4. Therefore, accounting for C can be interpreted as a way to alleviate

both the dependence across genomic units and potential biases when estimating and per-

forming inference on β1, . . . ,βp. We postpone discussing the distributional assumptions on

C until Section 3.4 because, other than C being independent of E, they play no part in the

methodology presented in Section 3.3.

The observed matrices B1, . . . ,Bb ∈ Rn×n describe how the n samples are related, and

Model (3.2b) is a typical model for the variance in mixed effect models in high throughput

biological data (Martino et al. 2013, Tung et al. 2015, Chen et al. 2017, Knowles et al. 2018,

McKennan et al. 2018). When b = 1 and B1 = In, Model (3.2) reduces to the model

typically used to estimate β1, . . . ,βp in high throughput data with independent samples
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(Leek & Storey 2008, Sun et al. 2012, Lee et al. 2017, Wang et al. 2017, Gerard & Stephens

2018, McKennan & Nicolae 2018a). We assume the unknown variance multipliers vg =(
vg,1 · · · vg,b

)T
lie in the convex polytope

Θ =
{
x ∈ Rb : AEx = 0,AIx ≥ 0

}
, (3.3)

where the matricesAE ∈ RNE×b andAI ∈ RNI×b are the equality and inequality constraints

on vg. For example, we may know that certain multipliers must be larger than others, or

that the sum of two sets of multipliers must be equal to ensure the marginal variances are

the same.

In many applications, there are other observed covariates Z ∈ Rn×r that may influence

the response yg but whose effects are not of interest. In that case, the model for yg would

be

yg = Xβg +Zωg +C`g + eg, (3.4)

and we can get back to Model (3.2) by multiplying yg by QT
Z , provided r does not grow

with n:

QT
Zyg =

(
QT
ZX

)
βg +

(
QT
ZC
)
`g + ēg, ēg ∼ Nn−r

(
0, V̄g

)
V̄g = vg,1

(
QT
ZB1QZ

)
+ · · ·+ vg,b

(
QT
ZBbQZ

)
.

Therefore, we assume that the only observed covariates are contained in X.

Evidently, C in Model (3.2) is not identifiable. However, we show in Section 3.4 that

conditional on C, Im (C) is identifiable when β satisfies a modest sparsity assumption.

Therefore, our primary goal is to develop a procedure to estimate and perform inference

on β1, . . . ,βp that only relies on an accurate estimate for Im (C). Our secondary goal

is to simply estimate Im (C) when there are no covariates of interest, i.e. d = 0. Since
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accomplishing the former implies we can achieve the latter, we only consider the case when

d ≥ 1.

We estimate Im (C) by separately computing, and then combining, estimates for the

parts of Im (C) in Im (X) and X⊥. Let G ∈ Rn×n be a positive definite matrix. We

estimate the part of Im (C) in Im (X) using the variation in y1, . . . ,yp explainable by X:

yg1 =
(
XTG−1X

)−1
XTG−1yg = βg + Ω`g + eg1 ∈ Rd (g = 1, . . . , p) (3.5a)

Ω =
(
XTG−1X

)−1
XTG−1C ∈ Rd×K (3.5b)

Y1 =
[
y11 · · · yp1

]T
= β +LΩT +E1 ∈ Rp×d. (3.5c)

Here yg1 is the naive weighted least squares estimator for βg that ignores C and Ω is the

weighted least squares regression coefficient for the regression of C onto X. We show how

to choose the appropriate G in Section 3.3.4. Next, we use the variation in y1, . . . ,yp

explainable by X⊥ to estimate the part of Im (C) in X⊥:

yg2 = QT
Xyg = C⊥`g + eg2 ∈ Rn−d, eg2 ∼ Nn−d

(
0,QT

XVgQX
)

(g = 1, . . . , p) (3.6a)

C⊥ = QT
XC ∈ R(n−d)×K (3.6b)

Y2 =
[
y12 · · · yp2

]T
= LCT

⊥ +E2 ∈ Rp×(n−d). (3.6c)

Here C⊥ and yg2 lie in the space orthogonal to X, where the latter no longer depends on

βg. Algorithm 3.1 below, which we call CBCV-CorrConf, provides a cursory description

of how we use the objects defined in (3.5) and (3.6) to estimate Im (C) and subsequently

β1, . . . ,βp.

Algorithm 3.1 (CBCV-CorrConf). (a) For k ∈ {0, 1, . . . , Kmax}, use Y2 to obtain esti-

mates L̂ ∈ Rp×k and Ĉ⊥ ∈ R(n−d)×k using a factor analysis procedure we call ICaSE

(Iterative Correlation and Subspace Estimation) (Section 3.3.2).

(b) Use Y2 and a novel cross-validation procedure we call CBCV (Correlated Bi-Cross
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Validation) to define K̂, the estimate for dim {Im (C)} (Section 3.3.3).

(c) Define G and estimate Ω using Y1 and the estimators L̂ ∈ Rp×K̂ , Ĉ⊥ ∈ R(n−d)×K̂

from steps (a) and (b). Let the estimate for C be

Ĉ = XΩ̂ +GQX
(
QT
XGQX

)−1
Ĉ⊥ ∈ Rn×K̂ .

For K̂ given, we call this method of estimating C CorrConf (Section 3.3.4).

(d) Use the design matrix
[
X Ĉ

]
to estimate β1, . . . ,βp with generalized least sqaures.

The estimates for Im (C⊥) and Im (C) are then Im
(
Ĉ⊥
)

and Im
(
Ĉ
)

, where the esti-

mate for C in step (c) follows from the fact that C = XΩ +GQX
(
QT
XGQX

)−1
C⊥ for

any positive definite G. We show in Section 3.4 that our estimator in Step (d) only depends

on Im
(
Ĉ
)

. If b = 1, B1 = In and K were known, steps (a) and (c) with G = In are similar

to methods used by Sun et al. (2012), Wang et al. (2017), Lee et al. (2017), McKennan &

Nicolae (2018a).

3.3 Estimating the factor dimension K and Im (C)

3.3.1 A computationally tractable model for the data

The generative model assumed in (3.2) is not conducive to estimating Im (C), since it requires

jointly estimating Im (C) and all p covariance matrices V1, . . . ,Vp. Instead, we use a simpler,

but incorrect, model that assumes V1 = · · · = Vp = δ2V to estimate K, L and Im (C):

Y = βXT +LCT +E, E ∼MNp×n
(
0, δ2Ip,V

)
, det

(
QT
XV QX

)
= 1, (3.7)

where we introduce δ2 so that V is scale-invariant. We define δ2 in terms of the determinant

for reasons discussed in Section 3.3.3.
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Let δ2
∗ and V∗ be the values of δ2 and V that, conditional on C, minimize the KL-

divergence between the data generating model in (3.2) and the incorrect model in (3.7).

Then

δ2
∗V∗ = p−1 (V1 + · · ·+ Vp

)
, det

(
QT
XV∗QX

)
= 1. (3.8)

In Sections 3.3.2, 3.3.3 and 3.3.4 we show that, quite remarkably, we only need to estimate

V∗ and not V1, . . . ,Vp to get accurate estimates for Im (C). Nevertheless, without any

assumptions on V∗, this is a challenging, if not an intractable, problem. However, since

Vg = vg,1B1 + · · · + vg,bBb for all g = 1, . . . , p and B1, . . . ,Bb are known, then V∗ =

τ∗1B1 + · · ·+ τ∗bBb by (3.8), where

τ∗ =
(
τ∗1 · · · τ∗b

)T
=
(
δ2
∗p
)−1 (

v1 + · · ·+ vp
)

δ2
∗ = det

{
p−1QT

X

(
V1 + · · ·+ Vp

)
QX

}1/(n−d)
.

Therefore, we need only estimate τ∗ to estimate V∗, and subsequently Im (C).

3.3.2 ICaSE: an iterative factor analysis to estimate Im (C⊥)

Here we present the algorithm ICaSE, a method to estimate Im (C⊥), δ2
∗ and τ∗ using

Y2. Recall from (3.6) that the mean of Y2 is LCT
⊥ and is not dependent on X. Let

W∗ = QT
XV∗QX , which implies W∗ = τ∗1Q

T
XB1QX + · · · + τ∗bQ

T
XBbQX and δ2

∗W∗ =

p−1QT
X

(
V1 + · · ·+ Vp

)
Q. Therefore,

S2 = p−1Y T
2 Y2 ≈ C⊥

(
p−1LTL

)
CT
⊥ + p−1ET

2E2 ≈ C⊥
(
p−1LTL

)
CT
⊥ + δ2

∗W∗.

Since W∗ is not a multiple of the identity, the span of the first K eigenvectors of S2 will

not be an accurate estimate for Im (C⊥), in general. If W∗ were known, we could instead

first estimate Im
(
W
−1/2
∗ C⊥

)
as the span of the first K eigenvectors of W

−1/2
∗ S2W

−1/2
∗ ,
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and then rescale the estimate by W
1/2
∗ to estimate Im (C⊥). On the other hand, if Im (C⊥)

were known, one could easily estimate δ2
∗ and τ∗ using restricted maximum likelihood. ICaSE

iterates between these two steps to estimate Im (C⊥), δ2
∗ and τ∗.

It remains to show how to find a starting point for δ2
∗ and τ∗ that avoids incorporating

signal from the random effect into the estimate for Im (C⊥), as imprudent starting points

often beget biased estimates for K and Im (C⊥). We separate the variation in Y2 due to C⊥

from the random effect by employing a “warm start” technique often used to solve penalized

regression problems. First, we initialize our estimates for δ2
∗ and τ∗ assuming K = 0 (i.e.

LCT
⊥ = 0). We then use the estimate for τ∗ when we assume dim {Im (C⊥)} = k − 1 as

the starting point when we assume dim {Im (C⊥)} = k. This ensures that we attribute as

much variability as possible to the random effect and only ascribe variability to the latent

covariates if the observed signal is not amenable to the model for the variance. Algorithm

3.2 enumerates these steps in ICaSE.

Algorithm 3.2 (ICaSE). Let W (x) =
b∑

j=1
[x]jQ

T
XBjQX for x ∈ Rb.

(0) For k = 0, estimate δ2
∗ and τ∗ by maximum likelihood using the model

Y2 ∼ MNp×(n−d)

{
0, δ2Ip,W (τ )

}
under the restriction that det {W (τ )} = 1 and

δ2τ ∈ Θ.

(1) Let Ŵ = W (τ̂ ). For k ≥ 1 and given estimates δ̂2 and τ̂ for δ2
∗ and τ∗, estimate

Ŵ−1/2C⊥ as the first k right singular vectors of Y2Ŵ
−1/2. Re-scale the estimate by

(n− d)1/2Ŵ 1/2 to get an estimate for C⊥, Ĉ⊥ ∈ R(n−d)×k.

(2) Given Ĉ⊥, obtain δ̂2 and τ̂ by restricted maximum likelihood using the model

Y2 ∼MNp×(n−d)

{
LĈT
⊥, δ

2Ip,W (τ )
}

where det {W (τ )} = 1 and δ2τ ∈ Θ.

(3) Iterate between steps (1) and (2) and stop on step (1) of the second iteration. Repeat

this for k = 1, . . . , Kmax, using τ̂ , δ̂2 obtained when dim
{

Im
(
Ĉ⊥
)}

= k − 1 as the

starting point for step (1) when dim
{

Im
(
Ĉ⊥
)}

= k.
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Remark 3.1. If b = 1 and B1 = In, Ĉ⊥ ∈ R(n−d)×k is a scalar multiple of the first k right

singular vectors of Y2 for each k ∈ [Kmax].

Evidently, iterating between steps (1) and (2) is not explicitly maximizing an objective

function. However, Theorem 3.1 in Section 3.4 proves that ICaSE’s estimates for Im (C⊥)

are as accurate as those obtained from principal component analysis when samples are in-

dependent.

3.3.3 Correlated Bi-Cross Validation to estimate K

Here we use Y2 and a cross-validation paradigm developed in Owen & Wang (2016) to

estimate K = dim {Im (C)}. Besides having substantially shorter computation time and

providing a less variable estimate for K, what differentiates our method from the one devel-

oped in Owen & Wang (2016) is we provide an approach amenable to dependent data, while

their method is only valid for independent data.

Our primary concern is ensuring our estimates for K are not biased by the correlations

in the data (Hastie et al. 2009). An equivalent concern is we want to avoid including factors

arising from the random effect in our estimate for K. To describe our procedure, we assume

for notational convenience that Yp×n = Lp×KC
T
n×K +Ep×n where the rows e1, . . . , ep of

E are independent and eg ∼ Nn
(
0,Vg

)
for all g ∈ [p]. Algorithm 3.3 provides an outline of

the algorithm we use to estimate K, which we call Correlated Bi-Cross Validation (CBCV).

Algorithm 3.3 (CBCV). Randomly partition the rows of Y (i.e. genes) into F = O(1)

folds and let f ∈ [F ]. Without loss of generality, assume

Y =

Y(−f)

Yf

 =

L(−f)C
T

LfC
T

+

E(−f)

Ef


where Y(−f) ∈ Rp(−f)×n and Yf ∈ Rpf×n are the training and test sets.
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(a) Let k ∈ {0, 1, . . . , Kmax}. Obtain Ĉ ∈ Rn×k and V̂(−f) from Y(−f) using Algorithm

3.2.

(b) Let Ȳf = Yf V̂
−1/2

(−f)
and ˆ̄C = V̂

−1/2
(−f)

Ĉ. Define the loss for this fold, dimension pair

as the leave-one-out cross validation loss:

Lf (k) =
n∑
i=1

‖ȳf,i − L̂f,(−i)ˆ̄ci‖
2
2, (3.9)

where ȳf,i ∈ Rpf and ˆ̄ci ∈ Rk are the ith columns of Ȳf and ˆ̄CT, respectively. L̂f,(−i)

is the ordinary least squares regression coefficient from the regression of Ȳf,(−i) onto

ˆ̄C(−i), where Ȳf,(−i) and ˆ̄CT
(−i) are submatrices of Ȳf and ˆ̄CT with the ith columns

removed.

(c) Repeat this for folds f = 1, . . . , F and k = 0, 1, . . . , Kmax and set K̂ to be

K̂ = arg min
k∈{0,1,...,Kmax}


F∑
f=1

Lf (k)

 . (3.10)

Since (3.9) is the leave one out cross validation squared loss using the design matrix ˆ̄C

and the scaled data Ȳf , it only depends on Im
(
Ĉ
)

and V̂(−f). Scaling by V̂
−1/2

(−f)
in (3.9)

is sensible because it places more importance on correctly estimating the portion of C not

captured by the model for the residual variance. However, unless proper care is taken, this

scaled loss function would underestimate K simply because the estimated residual variance

is larger for underspecified models. The restriction that det
{
V̂(−f)

}
= 1 alleviates this issue

by making the loss function scale-invariant.

To understand why CBCV gives accurate estimates for K, consider the expected leave-
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one-out squared error for a particular fold, dimension pair, where c̄i is the ith row of V̂
−1/2

(−f)
C:

E
{
Lf (k) | Y(−f)

}
=

n∑
i=1

E
{
‖Lf c̄i − L̂f,(−i)ˆ̄ci‖

2
2 | Y(−f)

}
︸ ︷︷ ︸

I

+ pf δ
2
f∗ tr

{
V̂ −1

(−f)
Vf∗

}
︸ ︷︷ ︸

II

+ cross-term︸ ︷︷ ︸
III

δf∗Vf∗ =p−1
f

∑
g ∈ fold f

Vg, det
(
Vf∗

)
= 1.

In standard cross validation, V̂(−f) = In, meaning the residual variance term (II) would

be constant for all k = 0, 1, . . . , Kmax and the cross-term (III) would be 0, since L̂f,(−i)

would be independent of the ith column of Yf . The minimizer of the squared bias term

(I) would then also minimize the expected cross validated error. However, since we must

account for the correlation between samples, we now need to ensure that I+II is minimized

when K̂ = K and that the cross-term does not contribute to the loss. The restriction that

det
{
V̂(−f)

}
= 1 helps ensure this is the case, since (npf )−1II ≥ δ2

f∗, where the inequality

holds with equality if and only if V̂(−f) = Vf∗ by Jensen’s Inequality. Since an accurate

estimate of Im (C) begets an accurate estimate of V(−f)∗ ≈ Vf∗, the minimizer of I + II,

and also I + II + III if III ≈ 0, should be close to K. We make this rigorous and prove

the consistency of K̂ in Theorem 3.2 in Section 3.4.

3.3.4 De-biasing estimates for the main effect in correlated data

Recall from (3.5b) that for some positive definiteG ∈ Rn×n, Ω =
(
XTG−1X

)−1
XTG−1C,

which helps quantify the proportion of the variability of C explainable by X. While C⊥

enables one to estimate `g and Vg, Ω allows us to estimate the effect of X on yg while

controlling for the latent factors C. This helps make results reproducible.

To estimate Ω, we must first specify a suitable weighting matrix G. Section 3.3.1 sug-
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gests that a reasonable choice would be G =
b∑

j=1
[τ̂ ]jBj = V̂ , where τ̂ is computed using

Algorithm 3.2. From here on out, we assume K is known and define yg1 ,Ω and Y1 in (3.5)

by setting G = V̂ .

Our strategy for estimating Ω is to regress Y1 onto the estimate for L obtainable after

completing Algorithm 3.2, where for Ŵ = QT
X V̂ QX , L̂ = Y2Ŵ

−1Ĉ⊥
(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

.

A simple estimator for Ω is the ordinary least squares estimate Ω̂shrunk = Y T
1 L̂

(
L̂TL̂

)−1
.

When samples are independent, this strategy is similar to those used in Sun et al. (2012),

Houseman et al. (2014), Lee et al. (2017), Wang et al. (2017), Fan & Han (2017), although the

exact estimators differ slightly. However, McKennan & Nicolae (2018a) showed that Ω̂shrunk

tends to underestimate Ω when samples are independent because L̂ is a noisy estimate for

the design matrix L. Therefore, we use the following de-biased estimate of Ω, which is

analogous to the estimator used in McKennan & Nicolae (2018a) when samples are assumed

independent:

Ω̂ = Y T
1 L̂

{
L̂TL̂− pδ̂2

(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

}−1

. (3.11)

The pδ̂2
(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

term in (3.11) removes the bias in L̂TL̂ and reduces to the bias

correction used in McKennan & Nicolae (2018a) when b = 1 and B1 = In.

Lastly, we can express C as C = XΩ + V̂ QXŴ
−1C⊥. Therefore, our estimate for C

is

Ĉ = XΩ̂ + V̂ QXŴ
−1Ĉ⊥. (3.12)

We subsequently estimate Vg and βg for all g ∈ [p] with restricted maximum likelihood

followed by generalized least squares using the design matrix
[
X Ĉ

]
.
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3.4 Theoretical justification of CBCV-CorrConf

Here we provide a theoretical justification for the methodology presented in Sections 3.3.2,

3.3.3 and 3.3.4. For all theoretical results, we assume d, b,Kmax = O(1) and y1, . . . ,yp are

generated by (3.2), where e1, . . . , ep are independent. The latter assumption is based off

of the repeated observation in experimental genetic data that, for the purposes of marginal

testing, it is sufficient to assume the dependence between genomic units is driven by a rela-

tively small number of latent variables (Leek & Storey 2007, Maksimovic et al. 2015, Gerard

& Stephens 2018). It is also a common assumption among the literature that motivates their

models with high throughput biological data (Leek & Storey 2008, Sun et al. 2012, Lee et al.

2017, Wang et al. 2017, Dobriban & Owen 2019). We also provide simulation evidence in

Section 3.8.3 that suggests our method is robust to dependence among e1, . . . , ep.

Assumption 3.1. X ∈ Rn×d and B1, . . . ,Bb ∈ Rn×n are observed, non-random matrices.

Let c1 > 1 be a constant. Define M ∈ Rb×b to be [M ]ij = n−1 tr
(
BiBj

)
for all i, j ∈ [b].

For any matrix D, let D(−i) be the sub-matrix of D with the ith row removed. Assume:

(a) C is a random matrix that is independent of E, where V
(

[C]ij

)
<∞ for all i, j ∈ [n]

and V {vec (C)} � 0. Further, lim
n→∞

XTX = ΣX � 0, M � c−1
1 Ib, Bj = BT

j ,

‖Bj‖2 ≤ c1 for all j ∈ [b] and

L ∈ ΘL =
{
L ∈ Rp×K : For all g ∈ [p], L(−g) contains two distinct submatrices

of rank K} .

(b) Let W∗ = QT
XV∗QX and Ψ = E

(
n−1CT

⊥W
−1
∗ C⊥

)
. Then `TgΨ`g ≤ c1 for all

g ∈ [p], and the first K eigenvalues λ1 > · · · > λK > λK+1 = 0 of np−1LΨLT satisfy

λ1, . . . , λK ∈
[
c−1
1 , nc1

]
.
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(c) Vg � c−1
1 In, |vg,j | ≤ c1 for all g ∈ [p] and j ∈ [b]. Further, ‖n−1CT

⊥W
−1
∗ C⊥−Ψ‖2 =

oP (1) as n, p→∞ and ‖Ψ‖2, ‖Ψ−1‖2 ≤ c1.

(d) Either λK ≥ c−1
1 n, λK → ∞ but λK/n → 0, or λK ≤ c1 as n, p → ∞. Further,

1− λk+1/λk ≥ c−1
1 for all k ∈ [K] and λ1/λK ≤ c1.

(e) p is a non-decreasing function of n such that n/p, n3/2/ (pλK)→ 0 as n→∞.

Remark 3.2. We prove V1, . . . ,Vp � 0 and LΨLT are identifiable under Assumption 3.1(a)

in Proposition 3.1 in Section 3.10.1. The set ΘL is a classic way to identify parameters in

factor models when Vg = σ2
gIn for all g ∈ [p] (Anderson & Rubin 1956, Wang et al. 2017).

Remark 3.3. The assumptions on C imply

E
(
yg
)

= Xβg + E (C) `g, Cov
(
[yg]i, [yh]j

)
= `TgΨij`h +

[
Vg
]
ij I (g = h) ,

where Ψij is the covariance between the ith and jth rows of C. This is a generalization of

factor models commonly used in data with independent samples i = 1, . . . , n, which generally

assume
[
Vg
]
ij = σ2

gI (i = j) and Ψij = ΨI (i = j) ∈ RK×K . The latter assumption is

typically not true in correlated data. For example, latent cell compositions from the same

individual in McKennan et al. (2018) are almost surely correlated.

Remark 3.4. Our assumptions on C are less stringent than that used in the existing latent

factor-correction literature, which generally assume C ∼MNn×K (0, In, IK) (Owen & Wang

2016, Fan & Han 2017) or C ∼MNn×K (XA, In, IK) for A ∈ Rd×K (Wang et al. 2017).

The condition on M ensures v1, . . . ,vp are identifiable, and one can easily verify the

condition on ‖Bj‖2 in data from McKennan et al. (2018) and Martino et al. (2013) discussed

in Sections 3.1 and 3.6, as well as in the simulated multi-tissue data from Section 3.5. It also

holds in the following general scenarios:

• If Bj is a partition matrix that divides the samples into blocks, then ‖Bj‖2 ≤ c1 if

the size of the blocks is at most finite.
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• If Bj is a genetic relatedness or kinship matrix, it implies the sampling population is

relatively homogeneous, which is generally the case in data from founder populations

(Knowles et al. 2018). When data come from more than one population, there are typ-

ically a small number of large eigenvalues in the relatedness matrix corresponding to

global population structure (Novembre et al. 2008). One can include their correspond-

ing eigenvectors as covariates in Z in Model (3.4) to ensure ‖Bj‖2 satisfies Assumption

3.1(a).

The eigenvalues λ1, . . . , λK defined in Item (b) of Assumption 3.1 quantify the average

variation in y1, . . . ,yp due to C that can be distinguished from that due to X. Item (e)

is standard in the latent factor correction literature when Vg = σ2
gIn for all g ∈ [p] (Wang

et al. 2017, McKennan & Nicolae 2018a).

Assumption 3.2. Let c2 > 1 be a constant not dependent on n or p. The estimates δ̂2 and

τ̂ from step (2) in Algorithm 3.2 are such that δ̂2τ̂ lies in the convex set

Θ∗ = Θ ∩

x ∈ Rb : ‖x‖2 ≤ bc2c1,
b∑

j=1

[x]jBj − (c2c1)−1 In � 0

 ,

where c1 was defined in Assumption 3.1.

This makes the residual variance parameter space compact and is analogous to Assump-

tion D in Bai & Li (2012) and Assumption 2 in Wang et al. (2017). It is also a standard

assumption in likelihood theory (Wald 1949, Ferguson 1996, Douc et al. 2004). We now state

Theorem 3.1.

Theorem 3.1 (Accuracy of ICaSE). Suppose Assumptions 3.1 and 3.2 hold and we apply

Algorithm 3.2 for k = 1, . . . , Kmax, where K ≤ Kmax. Then the estimates for δ2
∗, τ∗ and
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C⊥ satisfy

|δ̂2 − δ2
∗|, ‖τ̂ − τ∗‖2 = OP

(
n−1

)
, k ≥ K

‖PC⊥ − PĈ⊥‖
2
F = OP

{
n/ (λKp) + (pλK)−1/2 + (nλK)−1

}
, k = K ≥ 1

‖PC⊥ − PĈ⊥PC⊥‖
2
F = OP

{
n/ (λKp) + (pλK)−1/2 + (nλK)−1

}
, k ≥ K ≥ 1

where δ̂2 and τ̂ depend on k. Further, ‖PC⊥−PĈ⊥‖
2
F , ‖PC⊥−PĈ⊥PC⊥‖

2
F and the estimates

δ̂2, τ̂ are invariant of the choice of QX .

Theorem 3.1 implies that Im (C⊥) is estimated well when k = K and its column space

is approximately a subspace of Im
(
Ĉ⊥
)

when we overestimate K. This result is quite

remarkable because besides the additional factor (nλK)−1 + (pλK)−1/2 << n−1/2, this is

the same rate obtained from principal components analysis when the samples are independent

(McKennan & Nicolae 2018a). Theorem 3.1 makes no assumption on the starting points for

δ̂2 and τ̂ (other than the REML estimates are estimated in Θ∗), which proves the efficacy

of our warm-start technique.

Theorem 3.2 (Consistency of CBCV). Let K̂ be as defined in (3.10). Suppose the as-

sumptions of Theorem 3.1 hold, λK ≥ δ2
∗ + ε for some constant ε > 0 and we sample QX

uniformly over the space of all orthonormal bases for X⊥. Then limn,p→∞ P
(
K̂ = K

)
= 1.

Remark 3.5. Let Q∗ ∈ Rn×(n−d) be a non-random matrix such that P⊥X = Q∗QT
∗ . As

defined, QX = Q∗M , where M ∈ R(n−d)×(n−d) is independent of C and E, and is sampled

uniformly from the space of all unitary matrices. This helps guarantee that the maximum

leverage score of W
−1/2
∗ C⊥ is oP (1) as n→∞, and is a common technique to uniformize

the leverage scores of a matrix (Mahoney 2011).

This theorem shows that recovering K is easier when the sample size n is larger, since

λ1, . . . , λK tend to grow with n. This is why it is advisable to use all of the available
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samples to estimate K, rather than partitioning the data to alleviate correlation, as discussed

in Section 3.1.

The requirement that λK ≥ δ2
∗ + ε is tight, as Owen & Wang (2016) demonstrate that

δ2
∗ is the lower limit of detection when b = 1 and B1 = In. This lower limit of detection is

smaller than parallel analysis’, which often fails to recover moderate to small factors (Owen

& Wang 2016). We discuss this in more detail after the statement of Theorem 3.5 in Section

3.11. Theorem 3.2 is also, to the best of our knowledge, the first result proving that bi-

cross validation-like methods are consistent. The authors of Owen & Perry (2009), Owen &

Wang (2016) only showed their estimates for K minimize the expected loss when samples

are independent.

Assumption 3.3. s = p−1
p∑
g=1

I
(
βg 6= 0

)
= o

(
n−3/2λK

)
, maxg∈[p]‖βg‖2 ≤ c3 for some

constant c3 > 0, and for S =
(
XTV −1

∗ X
)−1

XTV −1
∗ C, ‖SΨ−1ST‖2 = OP (1) as n, p→

∞.

Remark 3.6. We prove β1, . . . ,βp are identifiable under Assumptions 3.1(a)-(b), 3.1(e) and

the sparsity assumption on s in Proposition 3.2 in Section 3.10.2. Other than the conditions

on n−1C⊥W
−1
∗ C⊥ and S in Assumptions 3.1(b) and 3.3, we make no assumptions about

the relationship between C and X.

This provides an explicit relationship between the maximum allowable sparsity on the main

effect and the informativeness of the data Y for estimating C: the more signal in LCT
⊥,

the part of LCT unequivocally distinguishable from βXT, the less stringent Assumption 3.3

becomes. This is the same maximum allowable sparsity assumed in Wang et al. (2017) and

McKennan & Nicolae (2018a), both of which assume b = 1 and B1 = In. We show through

simulation in Section 3.5 that we can accurately recover C even when this assumption is

egregiously violated.

Theorem 3.3 (Inference on β). Let g ∈ [p]. Suppose Assumptions 3.1, 3.2 and 3.3 hold

and we estimate C according to (3.12). Let v̂g ∈ Θ∗ and β̂g be the restricted maximum
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likelihood (REML) and generalized least squares (GLS) estimates for vg and βg using the

design matrix
[
X Ĉ

]
. Then

‖V̂g − Vg‖2 = oP (1), V̂g =
b∑

j=1

[
v̂g
]
jBj

M̂
−1/2
g

(
β̂g − βg

) D
=Z + oP (1)

M̂g =
(
XTV̂ −1

g X
)−1

+ Ω̂g

{
ĈT
⊥

(
QT
X V̂gQX

)−1
Ĉ⊥

}−1

Ω̂T
g

as n→∞, where Z ∼ Nd (0, Id) and Ω̂g =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g Ĉ. Further,

‖M̂gM
−1
g − Id‖2 = oP (1) as n→∞, where Mg is the variance of the GLS estimate for βg

when C and Vg are known.

Remark 3.7. The REML and GLS estimates V̂g, β̂g and M̂g only depend on Ĉ through

Im
(
Ĉ
)

. We prove that conditional on C, Im (C) and Mg are identifiable for all g ∈ [p] in

Proposition 3.3 in Section 3.12.2.

3.5 Simulated multi-tissue gene expression data analysis

3.5.1 Simulation setup and parameters

We simulated the expression of p = 15, 000 genes from 50 individuals across three tissues with

a complicated tissue-by-tissue correlation structure to compare our method against other

state of the art methods designed to estimate K and β1, . . . ,βp. We include comparisons of

our method to estimate C⊥ in Section 3.8.1. We first randomly chose 25 individuals to be in

the treatment group and set X ∈ {0, 1}n to be the treatment status for the n = 150 samples

and Z = 150⊗ I3 to be the tissue-specific intercept. For each g ∈ [p], we let Vg = I50⊗Mg

be the gene-specific covariance matrix for gene g and simulated Mg ∈ R3×3 in each dataset

so the average correlation matrix across all p genes was as given in Table 3.1.
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Table 3.1: The correlation matrix corresponding to the covariance matrix

lim
t→∞

t−1
t∑

g=1
Mg.

Tissue 1 Tissue 2 Tissue 3

Tissue 1 1 0.72 0.58

Tissue 2 0.72 1 0.80

Tissue 3 0.58 0.80 1

Specifically, we assumed tissues two and three were more similar to one another than to the

first and for each g ∈ [p], set Mg to be

Mg = Cov
{(
εg1 εg2 εg3

)T}
εg1 = αg1 + ξg1, εg2 = φg2αg1 + αg2 + ξg2, εg3 = φg3αg1 + ρg3αg2 + ξg3

αg1 ∼
(

0, v2
g1

)
, αg2 ∼

(
0, v2

g2

)
, ξgj ∼

(
0, σ2

gj

)
(j = 1, 2, 3).

The constants v2
g1, φg2, v

2
g2, φg3, ρg3 and σ2

gj were simulated from Gamma distributions with

means 0.8, 1.25, 0.4, 0.75, 1 and 0.2, respectively, each with coefficient of variation equal to

0.2. We subsequently re-scaled these parameters so that δ2
∗ = 1. This complex tissue-by-

tissue covariance is amenable to the variance model assumed in (3.2b), since

Vg =
3∑
r=1

3∑
s=r

vgrs
{
I50 ⊗

(
arsa

T
rs

)}
=

3∑
r=1

3∑
s=r

vgrsBrs (3.13)

where ars ∈ R3 has a 1 in the rth and sth coordinates and 0 everywhere else and

vg12, vg13, vg23 ≥ 0, vg11 + vg12 + vg13, vg22 + vg12 + vg23, vg33 + vg13 + vg23 ≥ 0.

We next simulated data with K = 10 latent factors. The parameters X,Z, K and α,

defined below, were fixed across all simulations. For W∗ = QT
[X Z]

V∗Q[X Z], we simulated
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yg ∈ Rn, the expression of gene g in the n (individual, tissue) pairs, as follows:

yg = Xβg +C`g + (3/4)1/2V
1/2
g ẽg,

[
ẽg
]
i ∼ T8 (g = 1, . . . , p; i = 1, . . . , n)

βg ∼ 0.8δ0 + 0.2N1

(
0, 0.42

)
(g = 1, . . . , p)

C = αX1T
K + Ξ

(
n−1ΞTQ[X Z]W

−1
∗ QT

[X Z]Ξ
)−1/2

, Ξ ∼MNn×K (0, In, IK)[
`g
]
k ∼ πkδ0 + (1− πk)N1

(
0, η2

k

)
(g = 1, . . . , p; k = 1, . . . , K).

(3.14)

Here δ0 is the point mass at 0 and T8 is the t-distribution with eight degrees of freedom,

and was chosen to emulate data with heavy tails. We chose to simulate a non-sparse main

effect β to show that we can violate Assumption 3.3 and still do inference that is just as

accurate as when C is known. The re-scaling of Ξ was simply to make the diagonal elements

of np−1LTL approximately equal to the eigenvalues λ1, . . . , λ10 defined in Assumption 3.1.

This re-scaling also caused λ1, . . . , λ10 to shrink by a factor of 1.5, on average, thus making it

harder to recover K and C. The constant α was chosen so that P⊥
V
−1/2
∗ Z

V
−1/2
∗ C explained

approximately 30% of the variability in P⊥
V
−1/2
∗ Z

V
−1/2
∗ X, on average. We defined α by

scaling X,C and Z by V
−1/2
∗ because this is what one would do in generalized least squares

when the covariance of the observations is V∗. The values for πk, ηk and the resulting

λ1, . . . , λ10 are provided in Table 3.2.

Table 3.2: The πk and ηk values used to simulate L and the resulting average λk
(k = 1, . . . , 10).

Factor number (k) 1 2 3 4 5 6 7 8 9 10

πk 0 0.45 0.60 0.71 0.79 0.85 0.90 0.92 0.94 0.96

ηk 1 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.5

λk 143 12.7 9.5 6.6 4.8 3.3 2.5 1.8 1.4 1.4

For each simulated dataset, we let X be the covariate of interest and the tissue specific

intercepts, Z, be nuisance covariates and estimated K using CBCV with F = 3 folds, C⊥

and V∗ using ICaSE and C using (3.12). We then estimated Vg and βg for each g ∈ [p]
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using restricted maximum likelihood and generalized least squares, respectively. We include

additional results for data simulated such that conditional on C, expression across genes was

correlated in Section 3.8.3.

3.5.2 Comparison of estimators for K and β

Since, as far as we are aware, our methods for estimating K and C are the first methods that

account for correlation among samples in high throughput biological data, we compared our

estimates for K and β with state of the art methods designed for high throughput biological

data with independent samples. We first assessed our estimates for K in 100 simulated

datasets and compared them with three widely used methods: the method proposed in

Bai & Ng (2002), parallel analysis (Buja & Eyuboglu 1992) and bi-cross validation (Owen

& Wang 2016). The results are given in Figure 3.1. We could not compare our method

to the deterministic version of parallel analysis designed for data with independent samples

proposed in Dobriban & Owen (2019), since the authors did not provide R code to implement

their method. However, their simulations show that their method tends to select at least as

many factors as parallel analysis.

The fact that CBCV recovers K in all simulated datasets is quite remarkable given that

we simulate data with heavy tails and λK ≈ δ2
∗ (see Theorem 3.2). We discuss the behavior

of CBCV-CorrConf when λK is smaller than δ2
∗ in Sections 3.8.3 and 3.11.2. The method

proposed in Bai & Ng (2002) severely underestimates K because it is only able to recover

latent factors with overtly large effects (Owen & Wang 2016). On the other hand, bi-cross

validation and parallel analysis overestimate K because both methods are treating the high

dimensional random effect as part of the low dimensional effect LCT
⊥. We discuss possible

adjustments to ameliorate bi-cross validation’s and parallel analysis’ estimates for K in these

simulated data in Section 3.8.2. Suffice it to say that these adjustments either did not change

the estimates, or caused them to consistently underestimate K.

We lastly estimated β via generalized least squares with the design matrix M̂ =
[
XZ Ĉ

]
,
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Figure 3.1: Estimates for K = 10 in 100 simulated datasets using our proposed method
(CBCV), the method proposed in Bai & Ng (2002) (Bai & Ng), parallel analysis (PA) and
bi-cross validation (BCV).

where Ĉ was estimated with CBCV followed by CorrConf (our estimator specified in (3.12)),

BCconf (McKennan & Nicolae 2018a), Cate-RR (Wang et al. 2017), dSVA (Lee et al. 2017),

IRW-SVA (Leek & Storey 2008), RUV-2 (Gagnon-Bartsch & Speed 2012), RUV-4 (Gagnon-

Bartsch et al. 2013) and when C was known. BCconf, Cate-RR, dSVA, IRW-SVA, RUV-2

and RUV-4 were all applied assuming K = 10 was known. In order to make the estimation

of V1, . . . ,Vp computationally tractable, we modeled the simulated residuals e1, . . . , ep as

eg ∼ Nn
(
0, vgV

)
(g = 1, . . . , p), V =

3∑
r=1

3∑
s=r

τrsBrs,

where Brs was defined in (3.13), and estimated v1, . . . , vp and τrs with restricted maximum

likelihood for each of the eight methods using the estimated design matrix M̂ . We then

computed the P value for the null hypothesis βg = 0 for all g ∈ [p] by comparing the t-

statistics to a t-distribution with n−4−K = n−14 degrees of freedom, used these P values

as input into q-value (Storey 2001) to control the false discovery rate and deemed a gene

as being differentially expressed across the two treatment conditions if its q-value was no
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greater than 0.2. We chose q-value to control the false discovery rate because this is the

software most popular among biologists. Figure 3.2 plots the true false discovery proportion

in 100 simulated datasets among genes with a q-value less than or equal to 0.2 for each of the

eight methods. The false discovery proportion when we completely ignored C was uniformly

greater than that of IRW-SVA’s.

Figure 3.2: The false discovery proportion (FDP) among genes with a q-value no greater
than 0.2 in 100 simulated datasets. We randomly chose 90 genes with βg = 0 as control
genes in RUV-2 and RUV-4. The FDP when we ignored C was uniformly greater than
IRW-SVA’s.

The performance of our method, CorrConf, as the statement of Theorem 3.3 suggests,

is nearly indistinguishable from the generalized least squares estimator when C is known,

with nearly identical power. On the other hand, the other six methods tend to introduce

more type I errors because their estimates for C do not account for the dependence between

the residuals and therefore fail to recover Ω. When K is underestimated, these six methods

perform even worse than when K = 10 is known, and we show in Section 3.8.3 that these

methods still fail to control the false discovery rate and, due to the reduction in residual

degrees of freedom, exhibit a decrease in power when K is overestimated to the extent

suggested by bi-cross validation and parallel analysis in Figure 3.1.
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3.6 Sex-specific DNA methylation in a longitudinal twin study

We next applied our method to identify sex-specific DNA methylation patterns from a lon-

gitudinal twin study using data previously published in Martino et al. (2013). The authors

measured the DNA methylation of 10 monozygotic (MZ) and 5 dizygotic (DZ) Australian

twin pairs (all DZ twins were both male or both female) at birth and 18 months on the

Infinium HumanMethylation450 BeadChip platform in buccal epithelium, a relatively ho-

mogeneous tissue. After probe and sample quality filtering and data-normalization, the

authors were left with p = 330, 168 methylation sites (CpGs) whose methylation was quanti-

fied in 29 male and 24 female (n = 53) samples as the difference between log-methylated and

log-unmethylated probe intensity (see Martino et al. (2013) for all pre-processing steps). We

then used our proposed method (CBCV-CorrConf), BCconf, Cate-RR, dSVA and IRW-SVA

to identify CpGs whose methylation differs in males and females, which we refer to as sex-

associated CpGs. We subsequently validated each method’s findings using sex-associated

CpGs identified at birth in previous studies with substantially larger sample sizes. We did

not compare our method with RUV-2 or RUV-4, since we did not have access to control

CpGs.

We first show that we can write the covariance of the 53 observations at each CpG as

a linear combination of six matrices. Let ym,t,a be the measured DNA methylation at an

arbitrary CpG for twin t ∈ {1, 2}, from mother m ∈ [15] at age a ∈ {0, 18}, where samples

with different mothers were assumed to be independent and twin 1 and twin 2 from the same

mother were assumed to be exchangeable. A preliminary analysis showed that the correlation

between MZ and DZ twins’ methylomes was approximately the same at both ages, which

is consistent with the observation that methylation patterns are in large part determined

by environmental exposures (Galanter et al. 2017, Martin & Fry 2018). Therefore, the

4× 4 covariance matrix for ym = (ym,1,0 ym,1,18 ym,2,0 ym,2,18)T completely determined

the n × n covariance matrix for each CpG. We show in Section 3.9 that by only making
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assumptions on the pairwise covariances, one can write Cov (ym) as

Cov (ym) =vα141T
4 + vη

(
121T

2 ⊕ 121T
2

)
+ vφ,0a0a

T
0 + vφ,18a18a

T
18 + v0 diag (a0)

+ v18 diag (a18) (3.15)

where aT
0 = (1, 0, 1, 0), aT

18 = (0, 1, 0, 1). The variance multipliers are such that for t1 6= t2,

vα = Cov
(
ym,t1,0, ym,t2,18

)
vα + vη = Cov

(
ym,t1,0, ym,t1,18

)
, vα + vφ,a = Cov

(
ym,t1,a, ym,t2,a

)
(a = 0, 18)

vα + vη + vφ,a + va = V
(
ym,t1,a

)
(a = 0, 18)

and lie in a convex polytope defined in (3.3). We derive these variance multiplier relationships

in Section 3.9.

Since there was no evidence that the difference in methylation between males and females

changed from birth to 18 months, we assumed the methylation at each CpG was a linear

combination of the subject’s age (birth or 18 months), sex and other unobserved factors to

be estimated, where age was a nuisance covariate and sex was the phenotype of interest. We

used CBCV with F = 5 folds and estimated K to be 2, and subsequently estimated V∗ and

C with ICaSE and CorrConf. Our estimates for the six average variance multipliers were

all greater than 0, the average residual variance at 18 months was 25% larger than that at

birth and the correlation between methylation for twins at 18 months was nearly 20% larger

than that at birth. This indicated this set of twin’s methylomes tended to converge over the

first 18 months of life, which is consistent with previous observations that one’s methylome

reflects one’s environmental exposure history (Galanter et al. 2017, Martin & Fry 2018).

We next computed each of the other four method’s estimates for C by first using each

method’s default software to choose K: bi-cross validation, the default for Cate-RR and
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BCconf, or parallel analysis, the default for dSVA and IRW-SVA. These methods estimated

K to be 4 and 15, respectively. The fact that both estimated the latent factor dimension to be

greater than CBCV’s estimate of 2 is not surprising, as these methods tend to overestimate

K when samples are correlated. We subsequently estimated C with each of the four methods

using their software’s default settings.

We lastly estimated the effect due to sex on methylation and corresponding q-values to

control the false discovery rate, exactly as we did for the simulated data in Section 3.5.

We deemed a CpG a sex-associated CpG if its q-value in that method was no greater than

0.2. Since we did not know the ground truth, we used sex-associated CpGs identified at

birth in Yousefi et al. (2015) and Maschietto et al. (2017) as a validation set to help judge

the veracity of each method’s findings. Yousefi et al. (2015) and Maschietto et al. (2017)

measured DNA methylation in umbilical cord blood on the Infinium HumanMethylation450

BeadChip platform in children born to 111 unrelated Brazilian and 71 unrelated Mexican

American mothers, respectively. The authors of both studies measured and corrected for cord

blood cellular composition and identified 2,355 and 1,928 sex-associated CpGs that were also

among the 330,168 CpGs studied in Martino et al. (2013). Table 3.3 gives the fraction of

sex-associated CpGs identified using Ĉ estimated with our method (CBCV-CorrConf), along

with the other four methods, that are also among the 3,532 sex-associated CpGs identified

in Maschietto et al. (2017) or Yousefi et al. (2015). Since the other four methods are not

designed for dependent data, we discuss two adjustments designed to alleviate potential

biases in their estimates for both K and C in Section 3.9. The overlaps with the modified

methods were at least as poor as those presented in Table 3.3.

Table 3.3: The fraction of sex-associated CpGs identified using data from Martino et al.
(2013) that are also one of the 3,532 sex-associated CpGs confidently identified in Yousefi
et al. (2015) or Maschietto et al. (2017).

CBCV-CorrConf
(K = 2)

BCconf
(K = 4)

Cate-RR
(K = 4)

dSVA
(K = 15)

IRW-SVA
(K = 15)

38% (278/729) 23% (424/1839) 20% (474/2404) 19% (487/2517) 28% (341/1240)
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While it may be the case that most of BCconf, Cate-RR, dSVA and IRW-SVA are actual

sex-associated CpGs, the results in Table 3.3 mirror the trends observed in Figure 3.2.

That is, while these four methods nominally identify more sex-associated CpGs, we are less

confident in their results because their estimates for C reduce the residual variance but likely

do not suitably account for the variation in sex explainable by C, which makes their results

less reproducible.

These results also highlight the importance of the choice of K. Estimating K with

CBCV, and cross-validation in general, tends to yield more reproducible results because we

only include a latent factor if prediction performs suitably well on new, held-out data. When

we applied all five methods with K = 2, BCconf, Cate-RR and dSVA performed similarly

with overlaps no greater than 30%. However, 272 out of IRW-SVA’s 662 sex-associated

CpGs (41%) were in the validation set, which is nearly identical to CorrConf’s results in

Table 3.3. Similarly, when we set K = 4 for all methods, dSVA performed nearly identically

to Cate-RR, whereas CorrConf and IRW-SVA had overlaps of 27% and 26%, respectively, and

both ostensibly identified approximately 1,500 sex-associated CpGs. This similarity arises

because unlike BCconf, Cate-RR and dSVA, IRW-SVA circumvents estimating Ω with a

noisy estimate for L and estimates C by performing factor analysis directly on Y , restricted

to the genomic units that show little marginal correlation with X. In fact, we use the proof

of Theorem 3.1 in Sections 3.8.4 and 3.9 to show that under certain conditions on C,V∗ and

λK , which appear to be satisfied in these data, IRW-SVA can accurately recover C even

when residuals are correlated. We believe K = 2 is the most appropriate choice of K for

this dataset because CorrConf’s estimate for C appears to explain enough of the variance in

methylation to achieve reasonable power, while also accurately recovering Ω to control for

false discoveries and ensuring that the results are reproducible.

126



3.7 Discussion

To the best of our knowledge, we have developed the first method to account for latent factors

in high throughput biological data with correlated samples. We proved that our estimate

for K is consistent and that our estimate for Im (C) is accurate enough so that inference on

the main effects β1, . . . ,βp is just as accurate as when C is known. We also demonstrated

our method’s finite sample properties by analyzing complex, multi-tissue simulated gene

expression data, and used a real longitudinal DNA methylation data from a twin study to

show our method tends to give more reproducible results compared to existing methods.

Our proposed procedure is certainly not a panacea for data with arbitrary correlation

structure, and relies on the residual variance Vg being a linear combination of known matri-

ces. Data with more complex, non-linear sample correlation structure may not be amenable

to (3.2b), since a linear combination of p non-linear functions will not necessarily have an

apriori known functional form. This could be an interesting area of future research.

3.8 Additional simulation results

3.8.1 Simulation results for ICaSE

Here we compare our estimates for the column space of C⊥ to other estimators using the

simulated multi-tissue data from Section 3.5. Assuming K = 10 was known, we compared

ICaSE’s estimates for C⊥ (see Algorithm 3.2) with the accuracy of K-partial SVD (Pearson

1901) and maximum likelihood (Bai & Li 2012), which first estimates L and the diagonal

matrix Σ under the quasi likelihood model Y2 ∼ MNp×(n−4)

(
0,LLT + Σ, In−4

)
, and sets

Ĉ⊥ = Y T
2 Σ̂−1L̂

(
L̂TΣ̂−1L̂

)−1
. For each estimate Ĉ⊥, we measured the angle between the
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column space of C⊥, Im (C⊥), and Im
(
Ĉ⊥
)

as

]
(
C⊥, Ĉ⊥

)
= max
v∈Im(C⊥)\{0}

 min
v̂∈Im

(
Ĉ⊥
)
\{0}

{
cos−1

(
v̂Tv

‖v̂‖2‖v‖2

)} ,

which is a symmetric function, provided the dimensions of Im (C⊥) and Im
(
Ĉ⊥
)

are the

same. In order to benchmark the performance of ICaSE, we also simulated additional

datasets Ȳ ∈ R15,000×150 with independent columns, which were generated with the pa-

rameters given in (3.14) and Table 3.2, except we fixed V1 = · · · = Vp = In. The angles

between the actual and estimated subspace for 50 simulated datasets Y and Ȳ are summa-

rized in Figure 3.3. Just as Theorem 3.1 predicts, ICaSE accurately estimates the column

space of C⊥, whereas naive singular value decomposition and maximum quasi likelihood

that ignores the between-sample correlation cannot recover the latent subspace.

Figure 3.3: The angle between the actual and estimated C⊥ for 50 simulated datasets Y ,
where Ĉ⊥ was estimated using our proposed method ICaSE, the first K right singular vectors
of Y2 (SVD) and maximum quasi likelihood (ML), all with K = 10 known. Independent
SVD (SVD-Ind) estimated C⊥ as the first K = 10 right singular vectors of Ȳ2, which was
generated with independent samples.
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3.8.2 Modifying existing methods that estimate K to account for sample

correlation

Given the importance of the choice of K in estimating β and factor analysis in general (Hay-

ton et al. 2004, Brown 2015, Dobriban 2017), we discuss three possible adjustments one might

suggest to attempt to ameliorate bi-cross validation’s and parallel analysis’ estimates for K

in simulated data from Section 3.5. The simplest would be to merely estimate K, and sub-

sequently C, separately for each tissue, since gene expression is assumed to be independent

across individuals. If the data within each tissue were sufficiently informative for K and C,

this procedure should estimate the within-tissue factor dimension to be 10 and Ĉt ≈ CtRt

where Ct is C restricted to the tth tissue and Rt is an invertible matrix (t = 1, 2, 3). The

final estimate for K would then be 3×10 = 30 and Ĉ ≈ Π (C1R1 ⊕C2R2 ⊕C3R3), where

Π is a permutation matrix that reorders (individual, tissue) pairs. We call this method

of estimating C the partition method and use it to analyze dependent data with exist-

ing methods in Section 3.8.3 below. While Ĉ will give approximately unbiased estimates

for β, there will be a reduction in the residual degrees of freedom, and therefore power.

However, analyzing each tissue separately effectively reduces the sample size (and therefore

the eigenvalues λ1, . . . , λK) by 67% in this simulation example, which is why depending on

the analyzed tissue, bi-cross validation and parallel analysis only estimate the within-tissue

factor dimension to be anywhere from 1 to 4, which is a marked underestimate of K.

To discuss the remaining two adjustments, we note that in the simulation example from

Section 3.5, Vg ≈ agIn+ bgB = agIn+ bgZBZ
T
B , where B is a partition matrix that groups

the n samples into n/3 individuals and the columns of ZB ∈ Rn×n/3 are indicators specifying

from which individual the sample originated. The second alteration would be to include ZB

in the set of nuisance covariates and restrict Y to the set of 2n/3 within-individual contrasts.

However, this effectively reduces the sample size from n to 2n/3 and shrinks the λk’s by at

least 33%, thereby making it harder to differentiate the latent signal LCT
⊥ from the noise.

In fact, bi-cross validation and parallel analysis had median estimates of K equal to 8
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and 6, respectively, using this alteration. The third adjustment, which avoids dramatically

reducing the sample size, is to rotate Y2 by the eigenvectors of QT
[X Z]

BQ[X Z], which in this

simulation example shrinks the between-sample dependence but increases the heterogeneity

of the sample-specific residual variances. Since parallel analysis only compares the singular

values of Y2 with singular values under a bootstrapped null model, rotating Y2 did not

change parallel analysis’ estimates for K. On the other hand, bi-cross validation’s estimates

for K should change because cross validation will not be as sensitive to correlations between

samples. However, its estimates for C⊥ will still be inaccurate because of the heterogeneity

in sample-specific residual variances, which is why its median estimate for K was only 5 in

this simulation example.

3.8.3 Simulation results when expression across genes is dependent

conditional on C

Simulation scenarios

Here we include three additional simulation scenarios when yg,yh are simulated to be de-

pendent conditional on C for all g, h ∈ [p]. The fixed parameters n, p, α,X and Z were

the same as those defined in Section 3.5.1. We generated 100 synthetic data sets in each of

the three simulation scenarios, where βg, `g, C and Vg were all simulated as described in

Section 3.5.1. We describe each simulation scenario below, and subsequently describe five

different ways we analyze each simulated data set in Section 3.8.3. Our results are given in

Sections 3.8.3, 3.8.3 and 3.8.3.

(1) The purpose of this simulation was to violate the assumption that λK > δ2
∗ needed to

prove the consistency of CBCV in Theorem 3.2, where λ1, . . . , λK are the eigenvalues

defined in Assumption 3.1. Here, we simulated data with K = 15, where λ1, . . . , λ10 >

δ2
∗ = 1 and λ11, . . . , λ15 < δ2

∗ = 1, meaning CBCV would likely fail to recover all 15

factors. Therefore, conditional on the factors that CBCV could recover, the expression
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across genes was dependent in this simulation. We simulated data as

yg =
{
Xβg +C`g + (3/4)1/2V

1/2
g ẽg

}
+ C̃fg (g = 1, . . . , p),

where ẽg was were simulated according to (3.14). The parameters C̃ ∈ Rn×5 and

fg ∈ R5 were simulated as

C̃ ∼ Ξ
(
n−1ΞTQ[X Z]W

−1
∗ QT

[X Z]Ξ
)−1/2

, Ξ ∼MNn×5 (0, In, I5)[
fg
]
k ∼ π(k+10)δ0 +

{
1− π(k+10)

}
N1

{
0, η2

(k+10)

}
(g = 1, . . . , p; k = 1, . . . , 5).

Note that
[
`g
]
k ∼ πkδ0 + (1− πk)N1

(
0, η2

k

)
for k = 1, . . . , 10, and just as we did for

C, we re-scaled Ξ by
(
n−1ΞTQ[X Z]W

−1
∗ QT

[X Z]
Ξ
)−1/2

to simply make the diago-

nal elements of np−1
p∑
g=1

fgf
T
g approximately equal to the last 5 non-zero eigenvalues

λ11, . . . , λ15 of

I = W
−1/2
∗

[
C⊥ C̃⊥

]p−1
p∑
g=1

`g
fg


`g
fg


TW−1/2

∗
[
C⊥ C̃⊥

]T
.

Tables 3.4 and 3.5 below give the πk, ηk for both `g and fg, as well as the resulting

average λ1, . . . , λ10 and λ11, . . . , λ15, where λ1, . . . , λ15 are the non-zero eigenvalues of

I.

131



Table 3.4: The πk and ηk values used to simulate `g (g = 1, . . . , p) and the
resulting average λk (k = 1, . . . , 10).

Factor number (k) 1 2 3 4 5 6 7 8 9 10

πk 0 0.45 0.60 0.71 0.79 0.85 0.90 0.92 0.94 0.96

ηk 1 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.5

λk 143 12.7 9.5 6.6 4.8 3.3 2.5 1.8 1.4 1.4

Table 3.5: The πk and ηk values used to simulate fg (g = 1, . . . , p) and the
resulting average λk (k = 11, . . . , 15).

Factor number (k) 11 12 13 14 15

πk 0.98 0.987 0.993 0.997 0.998

ηk 0.5 0.5 0.5 0.5 0.5

λk 0.75 0.5 0.25 0.125 0.0625

(2) The purpose of this simulation was to emulate data where groups of genes inter-

act with one another through genetic pathways. We partitioned each of the p =

15, 000 genes into 5000 groups of 3 genes, and simulated the residuals eg ∈ Rn

(g = 1, . . . , p) such that residuals in the same group were correlated. Specifically,

let Sr = {3r − 2, 3r − 1, 3r} for r = 1, . . . , 5000 be a partition of the 15000 genes into

groups of 3. We simulated the data as

[y3r−2 y3r−1 y3r] = X [β3r−2 β3r−1 β3r] +C [`3r−2 `3r−1 `3r] +Er (r = 1, . . . , 5000)

Define Ẽr ∈ Rn×3 to be a random matrix whose entries are distributed as (3/4)1/2 T8
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and [·]s to be the sth column of a matrix. We simulated Er as follows:

[Er]s = V
1/2

3r−s+1

[
ẼrP

1/2
r

]
s

(s = 1, 2, 3; r = 1, . . . , 5000)

[Pr]st =


1 if s = t{
ρ

(r)
st + ρ

(r)
ts

}
/2 if s 6= t

(s, t = 1, 2, 3; r = 1, . . . , 5000)

log

{
1− ρ(r)

st

1 + ρ
(r)
st

}
∼ N

(
0, σ2

ρ

)
| Pr � 0 (s, t = 1, 2, 3; r = 1, . . . , 5000).

The parameter σ2
ρ = 0.62 was chosen so that (5000)−1

5000∑
r=1

κ (Pr) ≈ 2, where κ (·) is

the condition number of a matrix. Define
[
V

1/2
g

]
i

to be the ith column of V
1/2
g . The

covariance of the entries of Er was then

Cov
(

[Er]is , [Er]jt

)
= [Pr]st

[
V

1/2
3r−s+1

]T
i

[
V

1/2
3r−t+1

]
j

(s, t = 1, 2, 3; r = 1, . . . , 5000).

Note that if V1 = · · · = Vp = V , this procedure would simulate the residual matrix

E ∈ Rp×n as RẼV 1/2, where the entries of Ẽ are independent (3/4)1/2 T8 and R ∈

Rp×p is block diagonal with rth block equal to P
1/2
r ∈ R3×3 for r = 1, . . . , 5000.

(3) This simulation was the same as Simulation (2), except all 15000 genes were partitioned

into 3000 groups of 5 genes. Here, (3000)−1
3000∑
r=1

κ (Pr) ≈ 4.3 and

median {κ (P1) , . . . , κ (P3000)} ≈ 3.3.
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Analysis techniques for existing methods designed for data with independent

samples i = 1, . . . , n

Next, we compared our method, CBCV-CorrConf, with five different ways of using existing

methods to analyze the aforementioned simulated multi-tissue gene expression data. In all

five analyses, we randomly chose 90 genes with βg = 0 to act as control genes when estimating

C with RUV-2 and RUV-4. We describe the five different analysis methods below.

(A) Just as we did in Section 3.5.2, we estimated β1, . . . ,βp by performing generalized least

squares using each method’s estimate for C ∈ Rn×K , except we used each method’s

software’s default algorithm to choose K. Besides our method, CorrConf, every other

method uses either parallel analysis or bi-cross validation to estimate K. We computed

P values by comparing t-statistics to a t-distribution with n−4−K̂ degrees of freedom.

(B) The same as (A), except we estimated β1, . . . ,βp with ordinary least squares using

existing method’s estimates for C.

(C) For all methods but CBCV-CorrConf, we averaged the simulated expression across

tissues as a way to remove the correlation between samples i = 1, . . . , n. We then

used existing methods designed for independent samples to estimate β1, . . . ,βp with

ordinary least squares using the averaged data matrix Ȳ ∈ Rp×50. We used each

method’s software default to choose K.

(D) We used the partition method described in Section 3.8.2 to estimate C with existing

methods, where we used each existing method’s software default to choose K. Once

we estimated C, the analysis was identical to that of (A).

(E) The same as (D), except we estimated β1, . . . ,βp with ordinary least squares using

existing methods’ estimates for C.

The methods BCconf (McKennan & Nicolae 2018a), Cate-RR (Wang et al. 2017), RUV-

2 (Gagnon-Bartsch & Speed 2012) and RUV-4 (Gagnon-Bartsch et al. 2013) use bi-cross
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validation (BCV), whereas dSVA (Lee et al. 2017) and IRW-SVA (Leek & Storey 2008) use

parallel analysis (PA) to estimate K. We leave out the case when C is ignored in all plots

below because its false discovery rate was greater than 0.9 in each simulation scenario.
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Results of Simulation (1)

The results for Analysis (A) are given in 3.4, where we exclude results for IRW-SVA and

when C was ignored because their median FDPs were greater than BCV-RUV-4’s. CBCV

consistently estimated there were 10 factors, whereas bi-cross validation’s and parallel anal-

ysis’ median estimates were 61 and 49, respectively. Existing methods generally showed a

reduction in power because the large estimates of K reduced the number of residual degrees

of freedom. CBCV underestimated the number of factors because C̃ had a small effect

on gene expression, which is exactly the reason why ignoring these factors had little to no

impact on the results.

All existing methods had median false discovery proportions greater than 0.5 when using

Analysis (B), which is not surprising because ignoring correlation in residuals tends to inflate

P values. Lastly, existing methods’ false discovery rate control was uniformly worse than

that shown in Figure 3.2 when using Analyses (C)-(E) because these analyses consistently

estimated K to be less than 10.

Figure 3.4: Results using Analysis (A) on Simulation (1). The false discovery propor-
tion (FDP) and true recovery proportion (TRP) among genes with a q-value no greater

than 0.2 in 100 simulated datasets, where TRP = # of discoveries
Total # of genes with βg 6= 0 . “C known”

used the design matrix
(
XZC C̃

)
. The dashed red and blue lines are FDP = 0.2 and

TRP = {Median TRP for CBCV-CorrConf}, where CBCV-CorrConf’s power to identify
differentially expressed genes at this q-value was 35% greater than that of BCV-BCconf’s.
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Results of Simulation (2)

The results for Analysis (A) are given in Figure 3.5, where we exclude results for IRW-

SVA and when C was ignored because their median FDPs were greater than BCV-RUV-4’s.

CBCV consistently and correctly estimated that there were 10 factors, whereas bi-cross

validation’s and parallel analysis’ median estimates were 60.5 and 49, respectively.

The behavior of existing methods when we used Analyses (B)-(E) was nearly identical to

that in Simulation (1).

Figure 3.5: Results using Analysis (A) on Simulation (2). The false discovery proportion
(FDP) and true recovery proportion (TRP) among genes with a q-value no greater than 0.2

in 100 simulated datasets, where TRP = # of discoveries
Total # of genes with βg 6= 0 . The dashed red and

blue lines are FDP = 0.2 and TRP = Median TRP for CBCV-CorrConf, where CBCV-
CorrConf’s power to identify differentially expressed genes at this q-value was 53% greater
than that of BCV-BCconf’s.
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Results of Simulation (3)

The results for Analysis (A) are given in Figure 3.6, where we exclude results for IRW-SVA

and RUV-4 because their performance was similar to that in Simulations (1) and (2). CBCV

consistently and correctly estimated that there were 10 factors, whereas bi-cross validation’s

and parallel analysis’ median estimates were 62 and 49, respectively. Note that

median (FDP for CBCV-CorrConf)−median (FDP when C is known) = 0.002.

The behavior of existing methods when we used Analyses (B)-(E) was nearly identical to

that in Simulation (1).

Figure 3.6: Results using Analysis (A) on Simulation (3). The false discovery proportion
(FDP) and true recovery proportion (TRP) among genes with a q-value no greater than 0.2

in 100 simulated datasets, where TRP = # of discoveries
Total # of genes with βg 6= 0 . The dashed red and

blue lines are FDP = 0.2 and TRP = Median TRP for CBCV-CorrConf, where CBCV-
CorrConf’s power to identify differentially expressed genes at this q-value was 66% greater
than that of BCV-BCconf’s.

3.8.4 The anomalous behavior of IRW-SVA

The anomalous behavior of IRW-SVA in Figure 3.2 is contingent on the size of Ω and the

eigenvalues λ1, . . . , λK . IRW-SVA circumvents estimating Ω with the noisy design matrix

L̂ by first identifying the genes with βg = 0 and then estimating C with factor analysis on
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the reduced data matrix. If K is known, sufficiently many null genes are correctly identified,

λK is sufficiently large and n−1CTV∗C is approximately a multiple of n−1CTC, then IRW-

SVA can accurately recover C when samples are correlated. In fact, if B = 0 and λK/δ
2
∗ is

sufficiently larger than ‖V∗‖2, one can use (3.38a) and (3.38b) in the proof of Theorem 3.10

to show that K-partial SVD of Y recovers C at approximately the rate

‖PC − PĈ‖
2
F = OP

{
n/ (λKp) + (λKp)

−1/2 + λ−2
K ε+ λ−1

K α
}

ε = ‖n−1/2CTV∗QC‖22, α = min
c>0

(
‖n−1CTV∗C − cn−1CTC‖2

)
.

This is not the case for BCconf, Cate-RR and dSVA, since in addition to using factor analysis

to estimate C⊥, these methods use L̂ to estimate Ω, which can be inaccurate depending on

the accuracy of L̂. However, when both λk and the kth column of Ω are moderate to large,

IRW-SVA attributes a disproportionate amount of the variability in C as arising from the

direct effect of X on Y compared to the other three methods. We refer the reader to Section

5.3 of Wang et al. (2017) for a more detailed discussion.

3.9 Additional results from Martino et al. (2013)

We first show how we derive the expression for Cov (ym) in (3.15). We avoid assuming

a generative model for Cov (ym) by only making assumptions on the pairwise covariances,

which averts potential biases in our estimate for V∗, and therefore C. First, the covariance

between observations made on the same individual (or sample) should be at least as large as

those made on different individuals (or samples). Second, the shared variance for twins at

the same age should be as least as large as that at different ages. That is, for a1 6= a2 and

t1 6= t2,

0 ≤ Cov
(
ym,t1,a1 , ym,t2,a2

)
≤ Cov

(
ym,t1,a1 , ym,t1,a2

)
≤ V

(
ym,t1,ai

)
(i = 1, 2) (3.16a)

0 ≤ Cov
(
ym,t1,a1 , ym,t2,a2

)
≤ Cov

(
ym,t1,ai , ym,t2,ai

)
≤ V

(
ym,t1,ai

)
(i = 1, 2). (3.16b)
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We can therefore write the covariance matrix for ym as

Cov (ym) =vα141T
4 + vη

(
121T

2 ⊕ 121T
2

)
+ vφ,0a0a

T
0 + vφ,18a18a

T
18 + v0 diag (a0)

+ v18 diag (a18)

where aT
0 = (1, 0, 1, 0), aT

18 = (0, 1, 0, 1) and

vα = Cov
(
ym,t1,0, ym,t2,18

)
vα + vη = Cov

(
ym,t1,0, ym,t1,18

)
, vα + vφ,a = Cov

(
ym,t1,a, ym,t2,a

)
(a = 0, 18)

vα + vη + vφ,a + va = V
(
ym,t1,a

)
(a = 0, 18).

By (3.16), the variance multipliers also lie in a convex polytope that can be written in the

form of Θ defined in (3.3), and are such that

vα ≥ 0, vη ≥ 0, vφ,a ≥ 0, vη + va ≥ 0, vφ,a + va ≥ 0 (a = 0, 18).

Since BCconf, Cate-RR, dSVA and IRW-SVA are not designed for dependent data and

given the complexity of the sample correlation structure for samples from infants with the

same mother, we discuss two adjustments designed to alleviate potential biases in their

estimates for K and C. The first is to split the data matrix into a set of samples measured

at birth and another set measured at 18 months, and subsequently rotate the two data

matrices to nullify between-twin correlations. This should help to mitigate biases in bi-cross

validation’s estimates for K0 and K18 (the number of latent factors at birth and 18 months),

but leaves parallel analysis’ estimates unchanged. While data splitting removes between-

individual correlations, it effectively reduces the sample size by 50% when estimating C

because we are forced to estimate the latent factors at birth and 18 months separately. Bi-

cross validation estimated K0 = 3, K18 = 2 and parallel analysis estimated K0 = 9, K18 = 7.

The results using this data splitting method were nearly identical as those reported in Table
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3.3. Lastly, one could split the data by age and twin id into four data matrices, which would

ostensibly eliminate all correlation between samples. However, since twin ids are arbitrary,

estimates for K, C and subsequently β were heavily dependent on how twins were grouped,

so we did not include comparisons with this data splitting technique.

We lastly provide an explanation as to why IRW-SVA’s and CorrConf’s results were

similar when K = 2 was known (the reasoning for K = 4 is similar). For simplicity, we

use the identifiability of L and C to assume n−1CTC = n−1ĈTĈ = IK , where Ĉ and

V̂ were estimated with CorrConf. First, the P value for the null hypothesis that C ∼

MNn×K (0, In, IK) was 0.31, indicating that Ω was small. Therefore, since the marginal

correlation between sex and methylation is relatively small, IRW-SVA is expected to do a

reasonable job of identifying null genomic units (see Figure 2 in the Supplement of Wang et al.

(2017)). Next, ‖1.34n−1ĈTĈ − n−1ĈTV̂ Ĉ‖2 = 0.05 and ‖n−1/2ĈTV̂ Q
Ĉ
‖22 = 0.025. This

sensitivity analysis and the arguments made in Section 3.8.4 show that it is not unreasonable

to expect IRW-SVA to be able to recover C in these data.

3.10 The identifiability of model parameters

3.10.1 The identifiability of V1, . . . ,Vp and L

For the remainder of the chapter, we define [A]i∗ ∈ Rm and [A]∗j ∈ Rn to be the ith row

and jth column of the matrixA ∈ Rn×m, and define |G| to be the determinant of the matrix

G ∈ Rn×n.

In Section 3.10 we give the sufficient conditions to ensure that all parameters of interest

in Model (3.2) are identifiable. We start by proving the identifiability of V1, . . . ,Vp and L.

Proposition 3.1 (Identifiability of V1, . . . ,Vp and L). Let X ∈ Rn×d be an observed, full

rank matrix (where d is fixed) and suppose the matrices B1, . . . ,Bb ∈ Rn×n are observed,

symmetric matrices. In addition, suppose the following hold for some constant c > 1:

(i) ‖Bj‖2 ≤ c for all j ∈ [b].
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(ii) Let M ∈ Rb×b be such that [M ]ij = n−1 tr
(
BiBj

)
for i, j ∈ [b]. Then M � c−1Ib.

(iii) For any matrix D, let D(−i) be the sub-matrix of D with the ith row removed. Then

L ∈ ΘL =
{
L ∈ Rp×K : For all g ∈ [p], L(−g) contains two distinct submatrices

of rank K}

(iv) C ∈ Rn×K is a random matrix such that ‖V {vec (C)}‖2 <∞ and V {vec (C)} � 0.

(v) E =
[
e1 · · · ep

]T ∈ Rp×n is a random matrix that is independent of C such that

E
(
eg
)

= 0, e1, . . . , ep are independent and

V
(
eg
)

= Vg =
b∑

j=1

vg,jBj � 0 (g = 1, . . . , p).

Define C⊥ = QT
XC and W∗ = QT

X

(
p−1

p∑
g=1

Vg

)
QX , where the columns of QX form an

orthonormal basis for the null space of XT. If we define

Y = βXT +LCT +E, (3.17)

then V1, . . . ,Vp, LE
(
CT
⊥C⊥

)
LT and LE

(
CT
⊥W

−1
∗ C⊥

)
LT are identifiable for all n, p suit-

ably large.

Proof. Define

Y2 = Y QX = LCT
⊥ +E2

where e2g , the gth row of E2, is such that E
(
e2g

)
= 0 and V

(
e2g

)
= Ṽg, where

Ṽg = QT
XVgQX . Since QX ∈ Rn×(n−d) has full column rank, V {vec (C⊥)} � 0 and
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‖V {vec (C⊥)}‖2 <∞. Next, for ci ∈ RK the ith row of C⊥, define

Ψij = E
(
cic

T
j

)
∈ RK×K (i, j = 1, . . . ,m).

where m = n− d. We first observe that for y2g the gth row of Y2,

E
(
y2gy

T
2h

)
=


Fgg + Ṽg if g = h

Fgh if g 6= h

where for `g the gth row of L,

Fgh =


`TgΨ11`h · · · `TgΨ1m`h

...
. . .

...

`TgΨm1`h · · · `TgΨmm`h

 (g, h = 1, . . . , p).

Let u ∈ Rm \ {0}. Then

uTFghu = `Tg (u⊗ IK)T E
{

vec
(
CT
⊥
)

vec
(
CT
⊥
)T}

(u⊗ IK) `h (g, h = 1, . . . , p)

where (u⊗ IK)T E
{

vec
(
CT
⊥
)

vec
(
CT
⊥
)T}

(u⊗ IK) � 0 because E
{

vec
(
CT
⊥
)

vec
(
CT
⊥
)T}

is positive definite and u⊗IK has full column rank. Further, since uTṼgu > 0 for all g ∈ [p]

and L ∈ ΘL,

L
[
(u⊗ IK)T E

{
vec
(
CT
⊥
)

vec
(
CT
⊥
)T}

(u⊗ IK)
]
LT

is identifiable by Theorem 5.1 of Anderson & Rubin (1956), provided p ≥ 2K + 1. In

particular, if we let u be the canonical basis vectors in Rm, then LΨiiL
T is identifiable for

all i = 1, . . . ,m. And lastly, if we let u have ones in the ith and jth position, for i 6= j, and

zeros everywhere else, then LΨiiL
T+LΨjjL

T+2LΨijL
T is identifiable, meaning LΨijL

T,

143



and therefore Fgh, is identifiable for all i, j ∈ [m] and g, h ∈ [p].

To complete the proof, we first note that because Fgh is identifiable for all g, h ∈ [p], Ṽg,

and therefore the variance multipliers vg,j (g = 1, . . . , p; j = 1, . . . , b), are identifiable for all

n large enough by Items (i) and (ii). The identifiability of the variance multipliers follows

from the fact that Items (i) and (ii) imply that vec
(
QT
XB1QX

)
, . . . , vec

(
QT
XBbQX

)
are

linearly independent for all n large enough. Since W∗ = p−1
p∑
g=1

Ṽg is identifiable,

LΨ̃iiL
T (i = 1, . . . ,m)

is identifiable, where for c̃i ∈ RK the ith row of W
−1/2
∗ C⊥,

Ψ̃ii = E
(
c̃ic̃

T
i

)
(i = 1, . . . ,m).

Therefore,

LE
(
CT
⊥W

−1
∗ C⊥

)
LT = L

(
m∑
i=1

Ψ̃ii

)
LT =

m∑
i=1

LΨ̃iiL
T

LE
(
CT
⊥C⊥

)
LT = L

(
m∑
i=1

Ψii

)
LT =

m∑
i=1

LΨiiL
T

are identifiable, which completes the proof.

Remark 3.8. LE
(
CT
⊥W

−1
∗ C⊥

)
LT and LE

(
CT
⊥C⊥

)
LT are invariant of the choice of

QX .

Remark 3.9. The parameter space ΘL is a classic way to identify the components of factor

models when Vg = σ2
gIn (Anderson & Rubin 1956, Wang et al. 2017).
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3.10.2 The identifiability of β

Proposition 3.2 (Identifiability of β). Let c > 1 be a constant and define λ1 ≥ · · · ≥

λK > 0 to be the non-zero eigenvalues of np−1LΨLT. In addition to the assumptions of

Proposition 3.1, suppose the following hold:

(i) Let `g = [L]g∗. Then `TgΨ`g ≤ c for all g ∈ [p], where Ψ = n−1E
(
CT
⊥W

−1
∗ C⊥

)
.

(ii) n/ (λKp)→ 0 as n, p→∞.

(iii) Let β be as defined in (3.17). Then p−1
p∑
g=1

I
(

[β]g∗ 6= 0
)

= o
(
n−1λK

)
as n, p→∞.

Then β is identifiable in Model (3.17) for all n, p suitably large.

Proof. For A =
(
XTX

)−1
XTE (C),

E
{
Y X

(
XTX

)−1
}

= β +LAT = β +
(
LΨ1/2U

)(
AΨ−1/2U

)T
where U ∈ RK×K is a unitary matrix that ensures

(
LΨ1/2U

)T (
LΨ1/2U

)
is diagonal

with non-increasing elements. Therefore, it suffices to assume Ψ = IK and np−1LTL =

diag (λ1, . . . , λK), which identifies L uniquely up to a K × K rotation matrix. Note that

this implies `Tg `g ≤ c. Let L(1),β(1), A(1) and L(2),β(2), A(2) be such that β(1) +

L(1)
{
A(1)

}T
= β(2) + L(2)

{
A(2)

}T
. Note that by the above analysis, L(1) = L(2)Q

for some unitary matrix Q ∈ RK×K . To prove β is identifiable, it suffices to show that if

S =
{
g ∈ [p] : β

(1)
g = β

(2)
g = 0

}
, then L

(1)
S ∈ R|S|×K has full column rank, where L

(1)
S is

the sub-matrix of L(1) whose rows lie in S. We see that

n (pλK)−1
{
L

(1)
S

}T

L
(1)
S = n (pλK)−1

{
L(1)

}T
L(1) − n (pλK)−1

∑
g∈Sc

`
(1)
g

{
`

(1)
g

}T

where n (pλK)−1
{
L(1)

}T
L(1) � IK , and for any r, t ∈ [K] and s(i) = p−1

p∑
g=1

I
{
β

(i)
g 6= 0

}
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for i = 1, 2,

n (pλK)−1
∑
g∈Sc
|
[
`

(1)
g

]
r

[
`

(1)
g

]
t
| ≤ ncλ−1

K

{
s(1) + s(2)

}
= o (1)

as n, p→∞.

3.11 Assumptions and a restatement of all theory

3.11.1 Assumptions

We present the assumptions and theory stated in Section 3.4 for the reader’s convenience.

Recall that for all theoretical results, we assume the observed data y1, . . . ,yp were generated

according to model (3.2), and that e1, . . . , ep are independent. We assume X ∈ Rn×d

B1, . . . ,Bb ∈ Rn×n are non-random, observed matrices, and that d, b,Kmax = O(1).

Assumption 3.4. Let c1 > 1 be a constant not dependent on n or p. Assume:

(a) Vg � c−1
1 In, |vg,j | ≤ c1, Bj = BT

j and ‖Bj‖2 ≤ c1 for all g ∈ [p] and j ∈ [b].

(b) Define M ∈ Rb×b to be [M ]ij = n−1 tr
(
BiBj

)
for all i, j ∈ [b]. Then M � c−1

1 Ib.

(c) n−1 limn→∞XTX = ΣX � 0.

(d) C ∈ Rn×K is a random matrix such that K ≤ Kmax and

(i) V {vec (C)} � 0 and ‖V {vec (C)}‖2 <∞.

(ii) For C⊥ = QT
XC and W∗ = QT

X

(
p−1

p∑
g=1

Vg

)
QX , define Ψ =

n−1E
(
CT
⊥W

−1
∗ C⊥

)
. Then ‖Ψ‖2, ‖Ψ−1‖2 ≤ c1 and ‖n−1CT

⊥W
−1
∗ C⊥−Ψ‖2 =

oP (1) as n, p→∞.

(e) L ∈ ΘL for ΘL defined in the statement of Proposition 3.1, and the matrix np−1LΨLT

has K > 0 non-zero eigenvalues λ1 > · · · > λK > 0 with λ1/λK ≤ c1. Further
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(i) λk ∈
[
c−1
1 , nc1

]
and (λk − λk+1) /λk ≥ c−1

1 for all k ∈ [K], where λK+1 = 0.

(ii) `TgΨ`g ≤ c1 for all g ∈ [p].

(f) One of the following holds:

(i) λK ≥ c−1
1 n for all n, p.

(ii) λK →∞ but λK/n→ 0 as n, p→∞.

(iii) λK ≤ c1 for all n, p.

(g) p is a non-decreasing function of n such that n/p, n3/2/ (pλK)→ 0 as n→∞.

Remark 3.10. The condition that L ∈ ΘL is the same as that assumed in Wang et al.

(2017). Note that V1, . . . ,Vp and LΨLT are identifiable under this assumption for all n, p

large enough by Proposition 3.1.

Assumption 3.5. Let c2 > 1 be a constant not dependent on n or p. The estimates δ̂2 and

τ̂ from step (2) in Algorithm 3.2 are such that δ̂2τ̂ lies in the convex set Θ∗, where

Θ∗ = Θ ∩

x ∈ Rb : ‖x‖2 ≤ bc2c1,
b∑

j=1

[x]jBj − (c2c1)−1 In � 0


where c1 was defined in Assumption 3.4.

Assumption 3.6. Let c3 > 0 be a constant not dependent on n or p. Assume:

(a) p−1
p∑
g=1

I
(
βg 6= 0

)
= o

(
n−3/2λK

)
as n, p→∞.

(b) ‖βg‖2 ≤ c3 for all g ∈ [p].

(c) Define S =
(
XTV −1

∗ X
)−1

XTV −1
∗ C. Then ‖SΨ−1ST‖2 = OP (1) as n, p→∞.

Remark 3.11. βg is identifiable for all g ∈ [p] under Assumptions 3.4 and 3.6(a) by

Proposition 3.2.
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3.11.2 Restatement of all theory

Theorem 3.4 (Restatement of Theorem 3.1). Suppose Assumptions 3.4 and 3.5 hold. Sup-

pose further that we stop on step (1) of the second iteration of Algorithm 3.2 for each

k = 1, . . . , Kmax, where Kmax ≥ K. Then the estimates for δ2
∗, τ∗ and C⊥ from Algo-

rithm 3.2 are such that

|δ̂2 − δ2
∗|, ‖τ̂ − τ∗‖2 = OP

(
n−1

)
, k ≥ K

‖PC⊥ − PĈ⊥‖
2
F = OP

{
n/ (λKp) + (pλK)−1/2 + (nλK)−1

}
, k = K ≥ 1

‖PC⊥ − PĈ⊥PC⊥‖
2
F = OP

{
n/ (λKp) + (pλK)−1/2 + (nλK)−1

}
, k ≥ K ≥ 1

where δ̂2 and τ̂ depend on k. Further, ‖PC⊥−PĈ⊥‖
2
F , ‖PC⊥−PĈ⊥PC⊥‖

2
F and the estimates

δ̂2, τ̂ are invariant of the choice of QX .

Theorem 3.5 (Restatement of Theorem 3.2). Let K̂ be as defined in (3.10). Suppose

Assumptions 3.4 and 3.5 hold, λK ≥ δ2
∗ + ε for some constant ε ∈ (0, 1) and we sample QX

uniformly over the space of all orthonormal bases for X⊥. Then limn,p→∞ P
(
K̂ = K

)
= 1.

Remark 3.12. We assume d = 0 in the statement of Theorem 3.5 for notational convenience

to avoid carrying the subscript “2”. When d > 0, we simply replace Y with Y2, C with C⊥

and V∗ with W∗.

Remark 3.13. We prove that choosing QX uniformly at random from the set of all or-

thonormal bases for X⊥ guarantees φ, the largest leverage score of W
−1/2
∗ C⊥, is oP (1) as

n→∞ in Section 3.11.3.

The fact that we tend to recover all factors with eigenvalues λk, greater than δ2
∗ is

consistent with Owen & Wang (2016), which showed that bi-cross validation cannot recover

factors whose eigenvalues λk are smaller than δ2
∗ when samples are independent (Owen &

Wang 2016, Section A.1). When there exist eigenvalues λk that are strictly smaller than δ2
∗

for all n and do not increase with the sample size, their corresponding effects [L]∗k must
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be such that [L]T∗k [L]∗k = O(1/n). This means that only O(1/n) genomic-units g will have

[L]gk 6= 0 (g = 1, . . . , p). As the sample size increases, this implies this factor will become

less and less relevant.

The limit of detection for parallel analysis is larger than that of CBCV. In fact, it has

been shown that parallel analysis generally fails to recover factors with moderate to small

eigenvalues in the presence of factors with larger eigenvalues (Dobriban 2017, Section 3.1).

This is not true for CBCV. For example, when we simulated data according to Section 3.5.1

and (3.14) such that λ1 = . . . = λ5 = n but kept λ6, . . . , λ10 as they were in Table 3.2,

parallel analysis consistently estimate K to be 5, whereas CBCV consistently estimated K

to be 10.

Theorem 3.6 (Restatement of Theorem 3.3). Suppose Assumptions 3.4, 3.5 and 3.6 hold,

we estimate C according to (3.12) and Vg and βg via restricted maximum likelihood (REML)

and generalized least squares (GLS) using the design matrix
[
X Ĉ

]
. If the REML estimate

v̂g =
(
v̂g,1 · · · v̂g,b

)T
is estimated on the parameter space Θ∗, the following asymptotic rela-

tions hold for the REMLS and GLS estimates β̂g and V̂g =
b∑

j=1
v̂g,jBj:

‖V̂g − Vg‖2 = oP (1) (3.18)(
n−1M̂g

)−1/2 (
β̂g − βg

) D
=Z + oP (1) (3.19)

where

Z ∼ N (0, Id)

M̂g =
(
n−1XTV̂ −1

g X
)−1

+ Ω̂g

(
n−1ĈT

⊥Ŵ
−1
g Ĉ⊥

)−1
Ω̂T
g

Ω̂g =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g Ĉ.

Further, ‖M̂gM
−1
g − Id‖2 = oP (1), where n−1Mg is the variance of the GLS estimate for

βg when C and Vg are known.
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3.11.3 Sampling QX uniformly at random ensures leverage scores are

well-behaved.

Here we state and prove a simple lemma describing sufficient conditions under which φ, the

maximum leverage score of W
−1/2
∗ C⊥, is oP (1) as n → ∞. This is used in the proof of

Theorem 3.5.

Lemma 3.1. Let G ∈ Rn×r be a random matrix and let M ∈ Rn×n be a unitary matrix,

independent of G, that is sampled uniformly from the space of all unitary matrices in Rn×n.

Define φn to be the maximum leverage score of MG ∈ Rn×r. Then if r = O(1), for all

ε, ξ > 0, there exists an N > 0 that does not depend on G such that P (φn ≥ ε) < ξ for all

n ≥ N .

Proof. It suffices to assume G is full rank with orthonormal columns. Since r = O(1), it

suffices to assume r = 1. Let g̃i = [M ]Ti∗G. Then

g̃i ∼ ‖Zi‖−1
2 ZT

i G, Zi ∼ Nn (0, In) (i = 1, . . . , n)

and

g̃2
i | G ∼ n−1w−1

i zi, wi ∼ n−1χ2
n, zi ∼ χ2

1 (i = 1, . . . , n). (3.20)

Then for any ε > 0,

P (φn ≥ ε | G) ≤ P

(
n∑
i=1

g̃4
i ≥ ε2 | G

)
≤ cε−2n−1

where the constant c is the product of the second moments of w−1
i and zi defined in (3.20),

which exist and are bounded from above for all n suitably large.

Remark 3.14. The constant cε−2 in the proof of Lemma 3.1 does not depend on the random
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matrix G or the number of columns r, since it is assumed that r = O(1) as n→∞. Further

W
−1/2
∗ C⊥ = MT

(
QT
∗V∗Q∗

)−1/2
QT
∗C

where M and Q∗ are defined in the statement of Theorem 3.5.

3.11.4 Proof strategy

We prove Theorems 3.4, 3.5 and 3.6 by first conditioning on C and proving analogous

results when C is treated as a non-random matrix in Section 3.13. We then show that the

assumptions necessary to prove these analogous theorems hold with probability tending to

1 as n, p → ∞, which we show is sufficient to prove all theory in Section 3.14. We state

Assumptions 3.7, 3.8 and 3.9 and Theorems 3.7, 3.8 and 3.9 under the assumption that C is

a non-random matrix in Section 3.12, which are analogous versions of the assumptions and

theory presented in Sections 3.11.1 and 3.11.2.

3.12 Assumptions and theory when C is a non-random matrix

3.12.1 Technical assumptions when C is a non-random matrix

Assumption 3.7. Let c1 be as defined in Assumption 3.4 and define ε1 = c−1/
(
4− c−1

)
.

Assume:

(a) Item (a) of Assumption 3.4 holds.

(b) Item (b) of Assumption 3.4 holds.

(c) Item (c) of Assumption 3.4 holds.

(d) C ∈ Rn×K is a non-random, unknown matrix.
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(e) Let W∗ = QT
XV∗QX and let λ1, . . . , λK be as defined in Assumption 3.4. The matrix

I = W
−1/2
∗ C⊥

(
p−1LTL

)
CT
⊥W

−1/2
∗ (3.21)

has K > 0 non-zero eigenvalues γ1 > · · · > γK > 0 with |γk/λk − 1| ≤ ε1 for all

k ∈ [K]. Further, `Tg

(
n−1CT

⊥W
−1
∗ C⊥

)
`g ≤ c1 + ε1 for all g ∈ [p].

(f) Item (f) of Assumption 3.4 holds.

(g) Item (g) of Assumption 3.4 holds.

Remark 3.15. Under (d), E (Y2) = LCT
⊥, I and `Tg

(
n−1CT

⊥W
−1
∗ C⊥

)
`g are identifiable.

Under (e), γ1/γK ≤ c1
1+ε1
1−ε1 , γk ∈

[
c−1
1

1−ε1
1+ε1

, 1+ε1
1−ε1 c1n

]
, (γk − γk+1) /γk ≥ (2c1)−1 for all

k ∈ [K] with γk+1 = 0.

Remark 3.16. The non-zero eigenvalues of I are also the eigenvalues of

(
np−1LTL

)(
n−1CT

⊥W
−1
∗ C⊥

)

, where CT
⊥W

−1
∗ C⊥ is invariant of the choice of QX .

Assumption 3.8. Assumption 3.5 holds.

Assumption 3.9. Let c3 > 0 and λ1, . . . , λK be as defined in Assumption 3.4 and let

M3 > 0 be a large constant. Assume:

(a) p−1
p∑
g=1

I
(
βg 6= 0

)
= o

(
n−3/2λK

)
as n, p→∞.

(b) ‖βg‖2 ≤ c3 for all g ∈ [p].

(c) Let C ∈ Rn×K be any matrix such that E (Y2) = LCT
⊥ for some L ∈ Rp×K . Then

for S =
(
XTV −1

∗ X
)−1

XTV −1
∗ C,

‖S
(
n−1CT

⊥W
−1
∗ C⊥

)−1
ST‖2 ≤M3.
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3.12.2 The identifiability of β, C and L in the model for Y conditional on

C

We first prove a simple proposition regarding the identifiability of Im (C) and β in the model

for Y | C. This shows that one can develop a procedure to estimate both Im (C) and β.

Proposition 3.3. Suppose Assumption 3.7 and Assumption 3.9(a) hold, and let Mg be the

variance of the generalized least squares estimate for βg when both C and Vg are known for

g ∈ [p]. Then β, A = S
(
n−1CTW−1

∗ C
)−1

ST and Mg are identifiable for all g ∈ [p] and

invariant of the choice of QX for all n ≥ c4, where c4 > 0 is a constant.

Proof. The proof that β is identifiable is identical to that of Proposition 3.2 and is omitted.

The identifiability of Im (C) ,A and Mg immediately follow.

We next state and prove a simple corollary that shows one can identify the columns

of L and C up to a sign flip by choosing a particular parametrization of L and C. This

parametrization does not change Im (C) or β, and will be used in the statement of Lemma

3.2 in Section 3.12.3 below.

Corollary 3.1. Let G = {diag (a1, . . . , aK) : a1, . . . , aK ∈ {−1, 1}}, suppose Assumption

3.7 holds and define the parameter space

Λ(0) =
{

(L,C) ∈ Rp×K × Rn×K : E (Y2) = LCT
⊥, n

−1CT
⊥W

−1
∗ C⊥ = IK ,

np−1LTL = diag (γ1, . . . , γK) for C⊥ = QT
XC

}
.

Then Λ(0) is non-empty and if
{
L(a),C(a)

}
,
{
L(b),C(b)

}
∈ Λ(0), then L(b) = L(a)Π and

C
(b)
⊥ = C

(a)
⊥ Π for some Π ∈ G. If Assumptions 3.7 and 3.9(a) hold, then

Λ(1) = Λ(0)∩
{

(L,C) ∈ Rp×K × Rn×K : E
{
Y V −1
∗ X

(
XTV −1

∗ X
)−1

}
= β +LST

for S =
(
XTV −1

∗ X
)−1

XTV −1
∗ C

}
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is non-empty for all n ≥ c4. Further, if
{
L(a),C(a)

}
,
{
L(b),C(b)

}
∈ Λ(1), then L(b) =

L(a)Π and C(b) = C(a)Π for some Π ∈ G for all n ≥ c4.

Proof. The proof of the first statement follows directly from the fact that the left and right

singular vectors of a matrix are unique up to sign when the singular values are unique. The

second statement is a direct consequence of Proposition 3.3.

3.12.3 Statement of theory when C is a non-random matrix

Theorem 3.7 (Restatement of Theorem 3.4 when C is non-random). Suppose Assumptions

3.7 and 3.8 hold. Suppose further that we stop on step (1) of the second iteration of Algorithm

3.2 for each k = 1, . . . , Kmax, where Kmax ≥ K. Then the estimates for δ2
∗, τ∗ and C⊥

from Algorithm 3.2 are such that

|δ̂2 − δ2
∗|, ‖τ̂ − τ∗‖2 = OP

(
n−1

)
, k ≥ K (3.22a)

‖PC⊥ − PĈ⊥‖
2
F = OP

{
n/ (γKp) + (pγK)−1/2 + (nγK)−1

}
, k = K ≥ 1 (3.22b)

‖PC⊥ − PĈ⊥PC⊥‖
2
F = OP

{
n/ (γKp) + (pγK)−1/2 + (nγK)−1

}
, k ≥ K ≥ 1 (3.22c)

where δ̂2 and τ̂ depend on k. Further, the estimates δ̂2, τ̂ and the quantities ‖PC⊥−PĈ⊥‖
2
F ,

‖PC⊥ − PĈ⊥PC⊥‖
2
F are invariant of the choice of QX .

Theorem 3.8 (Restatement of Theorem 3.5 when C is non-random). Let ε ∈ (0, 1) and

assume γK ≥ δ2
∗ + ε. For any fold f ∈ [F ] and i ∈ [n], let ȳf,i, C̄, c̄i,

ˆ̄C and L̂f,(−i) be as

defined in Algorighm 3.3. Suppose Assumptions 3.7 and 3.8 hold for d = 0, Kmax ≥ K and

define ˆ̄hi to be the ith leverage score of ˆ̄C (i.e. the ith diagonal element of P ˆ̄C
). For each

fold f ∈ [F ], suppose we modify the loss function in (3.9) to be

Lf (k) =


n∑
i=n
‖ȳf,i − L̂f,(−i)ˆ̄ci‖22, max

i∈[n]
η
(

1− ˆ̄hi

)−1
≤ mn

∞, otherwise

(3.23)
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where η > 0 is a constant and

mn = min

n1/2,
p/n

log (p/n)
,

p1/2/n1/4

log
(
p1/2/n1/4

)
 .

If we define φ to be the maximum leverage score of V
−1/2
∗ C and φ ≤ ε/(2K), then

lim
n,p→∞

P
(
K̂ = K

)
= 1.

Remark 3.17. If QX and Q∗ are matrices whose columns form an orthonormal basis for

X⊥, then QX = Q∗M for some unitary matrix M ∈ R(n−d)×(n−d). Therefore, if Ĉ⊥,∗

and Ĉ⊥ are estimates from Algorithm 3.2 using Q∗ and QX , Ĉ⊥ = MTĈ⊥,∗. Further,

since δ̂2 and τ̂ do not depend on the choice of M , then ˆ̄C⊥ = MT ˆ̄C⊥,∗. Therefore, if

QX is sampled uniformly over all orthonormal bases of X⊥, Lemma 3.1 and Remark 3.14

imply max
i∈[n]

(
1− ˆ̄hi

)−1
= OP (1) as n → ∞. Therefore, there is no need to re-define the

loss function in (3.23) if we assume QX is sampled uniformly over all orthonormal bases

of X⊥. We choose to prove Theorem 3.8 using this modified loss function to illustrate the

importance of the ratio p/n.

We next state a lemma that was not stated in Section 3.4 but is useful in proving 3.9

below. It may also be useful in its own right, since it shows we can accurately estimate the

part of C in the image of X.

Lemma 3.2 (Accuracy of Ω). Suppose Assumptions 3.7, 3.8 and 3.9 hold, K is known and

we estimate C⊥, τ∗ and δ2
∗ according to Algorithm 3.2. Define the estimate for Ω to be

Ω̂ = Y T
1 L̂

{
L̂TL̂− pδ̂2

(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

}−1

. (3.24)

Suppose that we use the IC3 identification criterion from Bai & Li (2012) to identify L and

C. That is, we assume
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(i) (L,C) ∈ Λ(1), where Λ(1) is defined in the statement of Corollary 3.1.

(ii) For any estimate Ĉ⊥ ∈ R(n−d)×K , the diagonal elements of ĈT
⊥C⊥ are non-negative.

Then,

n1/2‖Ω− Ω̂‖2 = oP (1). (3.25)

Theorem 3.9 (Restatement of Theorem 3.6 when C is non-random). Suppose Assumptions

3.7, 3.8 and 3.9 hold, we estimate C according to (3.12), and Vg and βg via restricted

maximum likelihood (REML) and generalized least squares (GLS) using the design matrix[
X Ĉ

]
. If the REML estimate v̂g =

(
v̂g,1 · · · v̂g,b

)T
is estimated on the parameter space

Θ∗, the following asymptotic relations hold for the GLS estimate β̂g and V̂g =
b∑

j=1
v̂g,jBj:

‖V̂g − Vg‖2 = oP (1) (3.26)(
n−1M̂g

)−1/2 (
β̂g − βg

) D
=Z + oP (1) (3.27)

where

Z ∼ N (0, Id)

M̂g =
(
n−1XTV̂ −1

g X
)−1

+ Ω̂g

(
n−1ĈT

⊥Ŵ
−1
g Ĉ⊥

)−1
Ω̂T
g

Ω̂g =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g Ĉ.

Further, ‖M̂gM
−1
g − Id‖2 = oP (1), where n−1Mg is the variance of the GLS estimate for

βg when C and Vg are known.

Remark 3.18. The conditions under which Theorem 3.9 holds are invariant to the choice

of parametrization of L and C, and V̂g, β̂g and M̂g depend only on X and Im
(
Ĉ
)

.
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3.13 Proofs of all propositions, lemmas and theorems when C is

a non-random matrix

Let ‖A‖2 be the Euclidean norm if A is a vector or the largest singular value of A if A is a

matrix. Unless otherwise stated, we use the notation that a matrix or vector A = OP (an)

if ‖A‖2 = OP (an) for some sequence an. We also define

B̃j = QT
XBjQX (j = 1, . . . , b).

We first prove a lemma that will be useful in the proof of Lemma 3.6 in Section 3.13.

Lemma 3.3. Suppose Assumption 3.7 holds and define

f
(
δ2τ

)
= −n−1 log|Z|+ n−1 tr

(
ZV̄

)
where Z = Z

(
δ2τ

)
= V

(
δ2τ

)−1
and V̄ = p−1

(
V1 + · · ·+ Vp

)
. Then for all δ2τ ∈ Θ∗,

f
(
δ2τ

)
− f

(
δ2
∗τ∗
)
≥ c‖δ2τ − δ2

∗τ∗‖22

where c > 0 is a constant not dependent on n or p.

Proof. The function f is strictly convex in Θ∗ when considered a function of the precision

matrix Z, where

∇2
Zf (Z) = n−1Z−1 ⊗Z−1 = n−1V ⊗ V � n−12εIn2

for some constant ε > 0. Therefore,

f
(
δ2τ

)
− f

(
δ2
∗τ∗
)
≥ n−1ε‖Z

(
δ2τ

)
−Z

(
δ2
∗τ∗
)
‖2F .
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by Taylor’s Theorem. For [M ]ij = n−1 tr
(
BiBj

)
(i, j ∈ [b]), we also have

(
δ2τ − δ2

∗τ∗
)T
M
(
δ2τ − δ2

∗τ∗
)

= n−1‖V − V∗‖2F = n−1‖V (Z −Z∗)V∗‖2F

≤ c′n−1‖Z −Z∗‖2F

where c′ > 0 is some constant not dependent on n or p. The inequality follows from the fact

that δ2τ ∈ Θ∗, meaning V
(
δ2τ

)
has eigenvalues that are uniformly bounded above 0 and

below ∞. That is, if V = U1Σ1U
T
1 and V∗ = U2Σ2U

T
2 ,

‖V (Z −Z∗)V∗‖2F = tr
{

Σ2
1U

T
1 (Z −Z∗)V 2

∗ (Z −Z∗)U1

}
≤ c′1 tr

{
(Z −Z∗)2 V 2

∗
}

= c′1 tr
{
UT

2 (Z −Z∗)2U2Σ2
2

}
≤ c′ tr

{
UT

2 (Z −Z∗)2U2

}
= c′‖Z −Z∗‖2F .

Since we have assumed the eigenvalues of M are uniformly bounded above 0,

f
(
δ2τ

)
− f

(
δ2
∗τ∗
)
≥ c‖δ2τ − δ2

∗τ∗‖22

for c = aε/c′ where a > 0 bounds the smallest eigenvalue of M from below.

We next prove a simple lemma that will be useful in the proofs of Theorems 3.7, 3.8 and

3.9, as well as Lemma 3.2.

Lemma 3.4. Suppose Assumptions 3.7 and 3.8 hold. Then for any δ̂2, τ̂ such that δ̂2τ̂ ∈ Θ∗,

the following hold:

(i) Let Ŵ =
b∑

j=1
[τ̂ ]jQ

T
XBjQX and let λ1 ≥ · · · ≥ λK be the non-zero eigenvalues of

Ŵ−1/2C⊥
(
p−1LTL

)
CT
⊥Ŵ

−1/2.

Then for some constant c > 1 that does not depend on n or p, c−1γK ≤ λK ≤ λ1 ≤ cγ1,
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where γ1, . . . , γK were defined in Assumption 3.7.

(ii) `Tg

(
n−1CT

⊥Ŵ
−1C⊥

)−1
`g ≤ c′ (g = 1, . . . , p) for some constant c′ > 0 that does not

depend on n or p.

Remark 3.19. We abused notation in (i) to define the non-zero eigenvalues of

Ŵ−1/2C⊥
(
p−1LTL

)
CT
⊥Ŵ

−1/2.

These are not the same as the eigenvalues defined in Assumption 3.4 in Section 3.11.1.

Proof. By Assumptions 3.7 and 3.8, ‖Ŵ ‖2, ‖Ŵ−1‖2 are uniformly bounded above by a

constant that does not depend on n or p. Let c > 1 be a constant. To prove Item (i), it

suffices to show that for D ∈ R(n−d)×(n−d) a diagonal matrix with entries bounded above

c−1 and below c, and λmin, λmax the minimum and maximum eigenvalues of

D1/2W
−1/2
∗ C⊥

(
p−1LTL

)
CT
⊥W

−1/2
∗ D1/2,

respectively, that c−1γK ≤ λmin ≤ λmax ≤ cγ1. Let UΣUT be the eigen-decomposition of

W
−1/2
∗ C⊥

(
p−1LTL

)
CT
⊥W

−1/2
∗ , where U ∈ R(n−d)×K has orthonormal columns and

Σ = diag (γ1, . . . , γK) .

Then the non-zero eigenvalues of D1/2W
−1/2
∗ C⊥

(
p−1LTL

)
CT
⊥W

−1/2
∗ D1/2 are also the

eigenvalues of Σ
(
UTDU

)
, where ‖UTDU‖2, ‖

(
UTDU

)−1‖2 ≤ c. Therefore,

λmax = ‖Σ
(
UTDU

)
‖2 ≤ γ1c

and

λ−1
min = ‖

{
Σ
(
UTDU

)}−1‖2 ≤ γ−1
K c,
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which proves the result.

To prove (ii), let R =
(
n−1CT

⊥W
−1
∗ C⊥

)1/2
, where ‖R`g‖2 ≤ c1 for all g = 1, . . . , p by

Assumption 3.7. For g ∈ [p], we then have,

`Tg

(
n−1CT

⊥Ŵ
−1C⊥

)−1
`g

=
(
R`g

)T{
n−1

(
W
−1/2
∗ C⊥R

−1
)T
W

1/2
∗ Ŵ−1W

1/2
∗

(
W
−1/2
∗ C⊥R

−1
)}−1 (

R`g
)
,

where n−1/2W
−1/2
∗ C⊥R

−1 has orthonormal columns. Since W
1/2
∗ Ŵ−1W

1/2
∗ has eigen-

values that are bounded away from 0 by a universal constant that does not depend on n or

p by Assumptions 3.7 and 3.8, the result follows.

Remark 3.20. We use the identification criterion

n−1CT
⊥Ŵ

−1C⊥ = IK

np−1LTL = diag (λ1, . . . , λK)

where λ1 ≥ · · · ≥ λK , in the proofs of Theorems 3.7, 3.8 and 3.9 in Sections 3.13, 3.13 and

3.13. Note that λ1, . . . , λK are not the same as those defined in Assumption 3.4 in Section

3.11.1. Special care must be taken in the proofs of these theorems because the identification

criterion is random, since Ŵ is random. To cope with this, suppose
{
L(0),C(0)

}
∈ Λ(1),

where Λ(1) was defined in the statement of Corollary 3.1. If C and L satisfy the aforemen-

tioned identification criterion, then

C⊥ = C
(0)
⊥

[
n−1

{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥

]−1/2

Û

L = L(0)
[
n−1

{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥

]1/2

Û
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in Theorems 3.7 and 3.8, and

C = C(0)
[
n−1

{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥

]−1/2

Û

L = L(0)
[
n−1

{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥

]1/2

Û

in Theorem 3.9, where Û ∈ RK×K is a unitary matrix that ensures

np−1LTL = diag (λ1, . . . , λK) .

By Assumptions 3.7 and 3.8, n−1
{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥ has eigenvalues that are uniformly

bounded above and below c−1 and c for some constant c > 1. Therefore,

‖n−1
{
C

(0)
⊥

}T

Ŵ−1C
(0)
⊥ − IK‖2, |λk/γk − 1|, ‖ÛΠ− IK‖2

=O
(
‖W∗ − Ŵ ‖2

)
(k = 1, . . . , K)

for some Π ∈ G, where G was defined in the statement of Corollary 3.1. Note that Im (C) =

Im
{
C(0)

}
.

Proof of Theorem 3.7

We next prove Theorem 3.7, which will be subsequently used in the proofs of Theorems

3.8 and 3.9 and Lemma 3.2. For ease of notation we will assume in this section that the

data Y are generated according to model (3.2) with d = 0 and will use the incorrect, but

simpler model in (3.7) with d = 0 as well in the proofs of Lemma 3.5, Theorem 3.10, Lemma

3.6 and Theorem 3.7 below. Since L and C are not unique and we are only interested in

estimating PC , δ2
∗ and τ∗, we may parametrize L and C to any propitious values so long

as E (Y ) = LCT. We assume n−1CTV −1
∗ C = IK and np−1LTL = diag (γ1, . . . , γK) in

this section. By Corollary 3.1, this uniquely identifies the columns of C and L up sign. Let
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Ĉ ∈ Rn×r be any estimate of C ∈ Rn×K . Since we are only interested in the column spaces

of C and Ĉ, we also assume without loss of generality that the first min (r,K) diagonal

elements of ĈTC ∈ Rr×K are non-negative.

We first state a lemma about the extreme singular values of a Gaussian random matrix

with independent rows.

Lemma 3.5. Let eg ∼ Nn
(
0,Vg

)
be as defined in (3.2a) and suppose Assumption 3.7 holds.

Then

‖p−1
p∑
g=1

ege
T
g − p−1

p∑
g=1

Vg‖2 = OP

(
n1/2p−1/2

)
.

Proof. This follows directly from Theorem 5.39 and Remark 5.40 in Eldar & Kutyniok (2012).

Theorem 3.10. Suppose Assumptions 3.7 and 3.8 hold and define ε = ‖V̂ − V∗‖2, where

V̂ is an estimate of V∗ with |V̂ | = 1, and

C̄ = V̂ −1/2C
(
CTV̂ −1C

)−1/2
Û (3.28a)

Q̄ = QC̄ (3.28b)

λk = λk

(
p−1V̂ −1/2CLTLCTV̂ −1/2

)
. (3.28c)

where Û ∈ RK×K contains the right singular vectors of L
(
CTV̂ −1C

)1/2
and λk (A) is

the kth largest eigenvector of the matrix A. Define the estimates ˆ̄C ∈ Rn×K and λ̂1, . . . , λ̂K

to be the first K eigenvectors and eigenvalues of V̂ −1/2p−1Y TY V̂ −1/2, respectively. Then

if ε/γK = oP (1),

‖PC̄ − P ˆ̄C
‖2F = OP

[{
n1/2 (γKp)

−1/2 + εγ−1
K

}2
]
. (3.29)
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Further, if ε = oP (1),

λ̂k/λk = 1 + δ2
∗/λk +OP

{
n (γKp)

−1 + n1/2 (γKp)
−1/2 ε+ (γKp)

−1/2 + εγ−1
K

}
(3.30)

‖C̄T ˆ̄C − IK‖2 = OP

{
n (γKp)

−1 + n1/2 (γKp)
−1/2 ε+ (γKp)

−1/2 + εγ−1
K

}
. (3.31)

Proof. First, (λk − λk+1)/λk+1 ≥ c−1
1 + oP (1) when ε = oP (1) by item (a) of Assumption

3.7. We let γ = γK and use a technique developed in Paul (2007) and define the rotated

matrix S̄ to be

S̄ =

C̄T

Q̄T

 (γp)−1 V̂ −1/2Y TY V̂ −1/2
(
C̄ Q̄

)

=


(
L̄+ Ē1

)T (
L̄+ Ē1

) (
L̄+ Ē1

)T
Ē2

ĒT
2

(
L̄+ Ē1

)
ĒT

2 Ē2

 (3.32)

L̄ = n1/2 (γp)−1/2L
(
n−1CTV̂ −1C

)1/2
Û (3.33)

Ē1 = (γp)−1/2EV̂ −1/2C̄ (3.34)

Ē2 = (γp)−1/2EV̂ −1/2Q̄. (3.35)

We now get explicit error bounds for each term in S̄.
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1.

L̄TĒ1 = (γp)−1/2 L̄TEV̂ −1
(
n−1/2C

)(
n−1CTV̂ −1C

)−1/2
Û︸ ︷︷ ︸

OP (1)

=

(γp)−1/2 L̄TEV −1
∗
(
n−1/2C

)
︸ ︷︷ ︸

OP

{
(γp)−1/2

}

+ (γp)−1/2 L̄TE
(
V̂ −1 − V −1

∗
)(

n−1/2C
)

︸ ︷︷ ︸
OP

{
n1/2(γp)−1/2ε

}

OP (1).

Therefore, ‖L̄TĒ1‖2 = OP

{
(γp)−1/2 + n1/2 (γp)−1/2 ε

}
.

2.

L̄TĒ2 = (γp)−1/2 L̄TEV̂ −1/2V̂ 1/2QC︸ ︷︷ ︸
OP

{
n1/2(γp)−1/2

}
(
QT
CV̂ QC

)−1/2

︸ ︷︷ ︸
OP (1)

.

Therefore, ‖L̄TĒ2‖2 = OP

{
n1/2 (γp)−1/2

}
.

3.

ĒT
1 Ē1 = (γp)−1 C̄TV

−1/2
∗ ETEV

−1/2
∗ C̄ +OP

(
εγ−1

)
.
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Define C̃ = V
−1/2
∗ C

(
CTV −1

∗ C
)−1/2

.

(γp)−1 C̄TV̂ −1/2ETEV̂ −1/2C̄ =γ−1δ2
∗IK

+ γ−1C̄T
(
V̂ −1/2p−1ETEV̂ −1/2 − δ2

∗In
)
C̄

=γ−1δ2
∗IK

+ γ−1ÛTC̃T
(
V
−1/2
∗ p−1ETEV

−1/2
∗ − δ2

∗In
)
C̃Û︸ ︷︷ ︸

OP (γ−1p−1/2)

+OP

(
εγ−1

)
.

Therefore,

‖ĒT
1 Ē1 − γ−1δ2

∗IK‖2 = OP

(
εγ−1 + γ−1p−1/2

)
.

4. Let Q̃ = Q
C̃

. Then

ĒT
1 Ē2 = (γp)−1 C̄TV̂ −1/2ETEV̂ −1/2Q̄ = (γp)−1 ÛTC̃TV

−1/2
∗ ETEV

−1/2
∗ Q̃

+OP

(
εγ−1

)
.

Let Ẽ = p−1/2EV
−1/2
∗ , Ẽ1 = ẼC̃, Ẽ2 = ẼQ̃ and Ag = V

−1/2
∗ VgV

−1/2
∗ . Then the

kth column of ẼT
2 Ẽ1 (k = 1, . . . , K) is

bk = p−1Q̃TẼTẼc̃k = Q̃T

p−1ẼTẼ − p−1
p∑
g=1

Ag

 c̃k + Q̃T p−1
p∑
g=1

Ag︸ ︷︷ ︸
=δ2∗In

c̃k

= p−1
p∑
g=1

Q̃TA
1/2
g

(
rgr

T
g − δ2

∗In
)
A

1/2
g c̃k = p−1

p∑
g=1

bg,k

where rg ∼ N (0, In), rg and rg′ are independent for g 6= g′ (g = 1, . . . , p; g′ = 1, . . . , p)
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and E (bk) = 0. Therefore,

E
(
‖bk‖22

)
=
n−K∑
i=1

E
(
b2
ki

)
=
n−K∑
i=1

V (bki) = O {nV (bk1)} = O
(
np−1

)

where the second to last and last equalities follow because ‖Ag‖2 is uniformly bounded

by item (a) of Assumption 3.7. Therefore, ‖ĒT
2 Ē1‖2 = OP

(
γ−1n1/2p−1/2 + εγ−1

)
.

Let µk = λk/γ and define

(
v̂Tk ẑTk

)T

∈ Rn to be the kth normalized eigenvector of S̄,

where v̂k ∈ RK and ẑk ∈ Rn−K . All of this proves that µ̂k = µk + δ2
∗/γ + oP (1) by Weyl’s

theorem. To prove sharper bounds, we set set up the eigenvalue equations

µ̂kv̂k =
(
L̄+ Ē1

)T (
L̄+ Ē1

)
v̂k +

(
L̄+ Ē1

)T
Ē2ẑk

µ̂kẑk = ĒT
2

(
L̄+ Ē1

)
v̂k + ĒT

2 Ē2ẑk.

A little algebra shows that on the event µ̂kIn − ĒT
2 Ē2 is invertible,

µ̂kv̂k =
{(
L̄+ Ē1

)T (
L̄+ Ē1

)
+
(
L̄+ Ē1

)T
Ē2
(
µ̂kIn − ĒT

2 Ē2
)−1

ĒT
2

(
L̄+ Ē1

)}
v̂k

(3.36)

ẑk =
(
µ̂kIn − ĒT

2 Ē2
)−1

ĒT
2

(
L̄+ Ē1

)
v̂k (3.37)

where µ̂kIn−ĒT
2 Ē2 is invertible with probability tending to 1 because µ̂k = µk+δ2

∗/γ+oP (1)
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and by Lemma 3.5. By what we showed above, we then have that

‖ẑk‖2 = OP

{
n1/2 (γp)−1/2 + εγ−1

}
(3.38a)

µ̂k = λk

{(
L̄+ Ē1

)T (
L̄+ Ē1

)}
+OP

[{
n1/2 (γp)−1/2 + εγ−1

}2
]

= µk + δ2
∗γ
−1 +OP

{
n (γp)−1 + n1/2 (γp)−1/2 ε+ (γp)−1/2 + εγ−1

}
(3.38b)

‖v̂k − vk‖2 = OP

[{
n1/2 (γp)−1/2 + εγ−1

}2
]

(3.38c)

‖v̂k − ak‖2 = OP

{
n (γp)−1 + n1/2 (γp)−1/2 ε+ (γp)−1/2 + εγ−1

}
(3.38d)

where vk is the kth eigenvector of
(
L̄+ Ē1

)T (
L̄+ Ē1

)
and ak ∈ RK is the kth standard

basis vector. Equation (3.38a) follow from Weyl’s Theorem (i.e. µ̂k = µk + δ2
∗/λk + oP (1))

and (3.38b) follows from Theorem 3.5 of Auffinger & Tang (2015) and the assumption that

(λk−λk+1)/λk+1 ≥ c−1
1 + oP (1). Since the left and right singular vectors of any matrix are

unique up to sign parity, a second application of Theorem 3.5 of Auffinger & Tang (2015),

along with the assumption that (λk−λk+1)/λk+1 ≥ c−1
1 +oP (1), proves (3.38c) and (3.38d).

This proves (3.30).

Define v̂ =

(
v̂1 · · · v̂K

)
and ẑ =

(
ẑ1 · · · ẑK

)
. Since v̂Tv̂ + ẑTẑ = IK and by

(3.38a),

‖v̂v̂T − IK‖2 = OP

[{
n1/2 (γp)−1/2 + εγ−1

}2
]
. (3.39)

Then

ˆ̄C = C̄v̂ + Q̄ẑ (3.40)
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with

‖P ˆ̄C
− PC̄‖

2
F = 2K − 2 tr

[
C̄T ˆ̄C ˆ̄CTC̄

]
= 2K − 2 tr

[
v̂v̂T

]
= OP

[{
n1/2 (γp)−1/2 + εγ−1

}2
]
,

which proves (3.29). Lastly, (3.31) follows from (3.38c) and (3.38d).

Corollary 3.2 (Used in the proof of Theorems 3.7 and 3.9). Suppose the assumptions

of Theorem 3.10 hold (including the assumption that ε = oP (1)) and let Mg ∈ Rn×n be

a random symmetric positive definite matrix that is only a function of eg, the gth row

of E, with ‖Mg‖2 = 1 and smallest eigenvalue uniformly bounded away from 0. Define

Ĉ = n1/2V̂ 1/2 ˆ̄C and let Â =
(
n−1CTV̂ −1C

)−1/2
Û , where C and Û are defined in the

statement of Theorem 3.10. Then using the same notation as the statement of Theorem 3.10,

‖n−1ĈTMgĈ − n−1ÂTCTMgCÂ‖2 = OP (η) (3.41)

‖n−1ĈTMgCÂ− n−1ÂTCTMgCÂ‖2 = OP (η) (3.42)

‖PC − PĈ‖
2
F = OP (η) . (3.43)

where η = n (γKp)
−1 + (γKp)

−1/2 + n1/2 (γKp)
−1/2 ε+ εγ−1

K .

Proof. The proof utilizes objects defined in Theorem 3.10. We see that

n−1ĈTMgĈ = ˆ̄CTV̂ 1/2MgV̂
1/2 ˆ̄C = v̂TC̄TV̂ 1/2MgV̂

1/2C̄v̂ + v̂TC̄TV̂ 1/2MgV̂
1/2Q̄ẑ

+
(
v̂TC̄TV̂ 1/2MgV̂

1/2Q̄ẑ
)T

+ ẑTQ̄TV̂ 1/2MgV̂
1/2Q̄ẑ︸ ︷︷ ︸

OP

[{
n(γKp)

−1+εγ−1K

}2]
=OP (η)

.
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First,

‖v̂TC̄TV̂ 1/2MgV̂
1/2C̄v̂ − n−1ÂTCTMgCÂ‖2

=‖v̂TC̄TV̂ 1/2MgV̂
1/2C̄v̂ − C̄TV̂ 1/2MgV̂

1/2C̄‖2 = OP (η) .

Next, by the proof of Theorem 3.10,

‖ẑ − ĒT
2

(
L̄+ Ē1

)
‖2 = OP (η) .

Therefore, we need only understand how

C̄TV̂ 1/2MgV̂
1/2Q̄ĒT

2

(
L̄+ Ē1

)
= (nγKp)

−1/2 ÂTCTMgV̂ QC

(
QT
CV̂ QC

)−1

×QT
CE

TL̄+ γ−1
K n−1ÂTCTMgV̂ QC

(
QT
CV̂ QC

)−1
QT
C

(
p−1ETE

)
V̂ −1CÂ

= (γKpn)−1/2 ÂTCTMgV∗QC
(
QT
CV∗QC

)−1
QT
CE

TL̄

+ γ−1
K n−1ÂTCTMgV∗QC

(
QT
CV∗QC

)−1
QT
C

(
p−1ETE

)
V −1
∗ CÂ

+OP

{
εγ−1
K + n1/2 (γKp)

−1/2 ε
}

behaves. We can ignore Â because ‖Â‖2 = O(1) by Assumptions 3.7 and 3.8. We can write

the first term as

(γKp)
−1CTMgV∗QC

(
QT
CV∗QC

)−1
QT
Ceg`

T
g︸ ︷︷ ︸

OP

{
n(γKp)

−1
} +

(γKnp)
−1/2CTMgV∗QC

(
QT
CV∗QC

)−1
QT
CE

T
−gL̄−g︸ ︷︷ ︸

OP

{
(γKp)

−1/2
}

=OP (η)

where the subscript −g means we remove the gth row from the matrix. The second term
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can also be decomposed in the same way:

γ−1
K n−1CTMgV∗QC

(
QT
CV∗QC

)−1
QT
C

(
p−1ege

T
g

)
V −1
∗ C︸ ︷︷ ︸

OP

{
n1/2(γKp)

−1
} +

γ−1
K n−1CTMgV∗QC

(
QT
CV∗QC

)−1
QT
C

(
p−1ET

−gE−g
)
V −1
∗ C︸ ︷︷ ︸

OP

{
(γKp)

−1/2
}

= OP (η) .

This completes the proof for (3.41). The proof of (3.42) is identical to the analysis above

and is not shown.

To prove (3.43), we see that

‖PC − PĈ‖
2
F = 2IK − 2 tr

(
PCPĈ

)
= 2IK − 2 tr

{
CTĈ

(
ĈTĈ

)−1
ĈTC

(
CTC

)−1
}

= OP (η) .

Corollary 3.3. Suppose the conditions of Corollary 3.2 hold. Then using the same notation

as Theorem 3.10,

γK

S̄ −
K∑
k=1

µ̂k

v̂k
ẑk

(v̂Tk ẑk

) =


op(1)︸ ︷︷ ︸
K×K

oP (1)︸ ︷︷ ︸
K×(n−K)

oP (1)︸ ︷︷ ︸
(n−K)×K

Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄+ oP (1)︸ ︷︷ ︸
(n−K)×(n−K)


(3.44)

where oP (1) here is short for a rank K (i.e. K non-zero singular values) matrix whose

2-norm converges to 0 in probability.
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Proof. We see that

µ̂k

v̂k
ẑk

(v̂Tk ẑk

)
= µ̂k

v̂kv̂Tk v̂kẑ
T
k

ẑkv̂
T
k ẑkẑ

T
k

 (k = 1, . . . , K).

First, let N̄ = L̄+ Ē1. In (3.38) we defined vk to be the kth eigenvector of N̄TN̄ . We then

have that

‖µ̂kv̂kv̂Tk − λk
(
N̄TN̄

)
vkv

T
k ‖2 = oP

(
γ−1
K

)
,

meaning

‖N̄TN̄ −
K∑
k=1

µ̂kv̂kv̂
T
k ‖2 = oP

(
γ−1
K

)
.

Next, we have

µ̂kẑk − µ̂k
(
µ̂kIn−K − ĒT

2 Ē
)−1

ĒT
2 N̄ v̂k =

µ̂k
µ̂k − δ2∗/γK

ĒT
2 N̄ v̂k

+OP

{
γ−1
K

(
n1/2p−1/2 + ε

)(
n1/2p−1/2γ

−1/2
K + εγ−1

K

)}
=
µk + δ2

∗/γK
µk

ĒT
2 N̄ v̂k + oP

(
γ−1
K

)
= ĒT

2 N̄ v̂k + oP

(
γ−1
K

)

where the second equality follows because ĒT
2 N̄ = OP

{
n1/2 (γKp)

−1/2 + ε/γK

}
and

µ̂k −
(
µk + δ2

∗/γK
)

= OP

{
n (pγK)−1 + n1/2 (γKp)

−1/2 ε+ (γKp)
−1/2 + ε/γK

}
.

Therefore,

‖ĒT
2 N̄ −

K∑
k=1

µ̂kẑkv̂
T
k ‖2 = ‖ĒT

2 N̄
(
IK − v̂v̂T

)
‖2 + oP

(
γ−1
K

)
= oP

(
γ−1
K

)
.
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Lastly, ‖ẑk‖22 = oP (1/γK), which completes the proof.

We now prove a crucial lemma that states that we can accurately estimate V∗ when the

starting point is sufficiently close to V∗.

Lemma 3.6. Suppose Assumptions 3.7 and 3.8 hold and let k ≥ K. Define V̂ to be an

initial estimate of V∗ such that ‖V̂ − V∗‖2 = ε = oP (1) and δ̂(f)2, V̂ (f) to be the estimates

after we run step (1) and then (2) of Algorithm 3.2 using V̂ as a starting point. Then the

maximum of step (2) is such that

‖V̂ (f) − V∗‖2 = OP

(
n−1

)
δ̂(f)2 − δ2

∗ = OP

(
n−1

)
.

Proof. It suffices to prove this lemma by proving that ‖δ(f)2V̂ (f) − δ2
∗V∗‖ = OP

(
n−1

)
,

since δ2 = exp
{
n−1 log|δ2V (τ )|

}
is Lipschitz continuous in δ2τ and bounded away from 0

in Θ∗. Therefore, we ignore the requirement that log|V | = 0 and re-define τ to be τ ← δ2τ

in the proof of this lemma. We continue to use the objects C̄, Q̄ and ˆ̄C defined in (3.28a),

(3.28b) and (3.40), and also define Q̂ = Q
Ĉ

and ˆ̄Q = Q ˆ̄C
.

We first assume that k = K. Recall step (1) in Algorithm 3.2 is to estimate C̄, and step

(2) computes V̂ (f) as

V̂ (f) = arg max
V =V (τ )
τ∈Θ∗

[
− (n−K)−1 log|Q̂TV Q̂|

− (n−K)−1 tr

{
Q̂Tp−1Y TY Q̂

(
Q̂TV Q̂

)−1
}]

. (3.45)

where Θ∗ is defined in Assumption 3.8. We therefore need to understand how Q̂Tp−1Y TY Q̂
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behaves. First, note that we can express ˆ̄Q in terms of Q̂:

ˆ̄Q = V̂ 1/2Q̂
(
Q̂TV̂ Q̂

)−1/2
.

Using the results of Corollary 3.3, we get that

Q̂Tp−1Y TY Q̂ =
(
Q̂TV̂ Q̂

)1/2 ˆ̄QTV̂ −1/2p−1Y TY V̂ −1/2 ˆ̄Q
(
Q̂TV̂ Q̂

)1/2

=
(
Q̂TV̂ Q̂

)1/2 ˆ̄QT

(
C̄ Q̄

)(
γKS̄

)C̄T

Q̄T

 ˆ̄Q
(
Q̂TV̂ Q̂

)1/2

=
(
Q̂TV̂ Q̂

)1/2 ˆ̄QT

(
C̄ Q̄

)γKS̄ −
K∑
j=1

γK µ̂j

v̂j
ẑj

(v̂Tj ẑTj

)
×

C̄T

Q̄T

 ˆ̄Q
(
Q̂TV̂ Q̂

)1/2

=
(
Q̂TV̂ Q̂

)1/2 ˆ̄QTQ̄
(
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)
Q̄T ˆ̄Q

(
Q̂TV̂ Q̂

)1/2

+ oP (1)︸ ︷︷ ︸
rank K matrix with this 2-norm

. (3.46)

where the third equality is because

0 = ˆ̄QT ˆ̄C =
{

ˆ̄QT
(
C̄ Q̄

)}v̂
ẑ

 .

Since the likelihood function in (3.45) is depends on Q̂Tp−1Y TY Q̂ through 1/(n−K) tr (·),

the rank K matrix with Frobenius norm oP (1) will contribute oP (1/n) to the likelihood,

score function and Hessian, and can therefore be ignored. Let σi be the ith singular value

of Q̄T ˆ̄Q. Since Q̄ and ˆ̄Q have orthonormal columns, σi ≤ 1. Further, the proof of Theorem

173



3.10 shows that

0 ≤
n−K∑
i=1

(1− σi) ≤
n−K∑
i=1

(
1− σ2

i

)
= tr (In−K)− tr

(
Q̄T ˆ̄Q ˆ̄QTQ̄

)
= 2−1‖PQ̄ − P ˆ̄Q

‖2F

=2−1‖PC̄ − P ˆ̄C
‖2F = oP (1).

Next let U1,U2 ∈ R(n−K)×(n−K) be any unitary matrices. Then

tr

[(
Q̂TV̂ Q̂

)1/2 ˆ̄QTQ̄
(
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)
Q̄T ˆ̄Q

(
Q̂TV̂ Q̂

)1/2

×
{
Q̂TV (τ ) Q̂

}−1
]

= tr

[(
UT

1 Q̂
TV̂ Q̂U1

)1/2
UT

1
ˆ̄QTQ̄U2

×
(
UT

2 Q̄
TV̂ −1/2p−1ETEV̂ −1/2Q̄U2

)
UT

2 Q̄
T ˆ̄QU1

(
UT

1 Q̂
TV̂ Q̂U1

)1/2

×
{
UT

1 Q̂
TV (τ ) Q̂U1

}−1
]
.

In particular, we may choose U1,U2 to be the left and right singular vectors of ˆ̄QTQ̄,

meaning it suffices to assume ˆ̄QTQ̄ is diagonal, since both Q̄ and ˆ̄Q are unique up to a

rotation of their rows. And since the singular values of

(
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)
Q̄T ˆ̄Q

(
Q̂TV̂ Q̂

)1/2 {
Q̂TV (τ ) Q̂

}−1 (
Q̂TV̂ Q̂

)1/2

are uniformly bounded from above in probability for all τ ∈ Θ∗,

(n−K)−1 tr

[(
Q̂TV̂ Q̂

)1/2 ˆ̄QTQ̄
(
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)
Q̄T ˆ̄Q

(
Q̂TV̂ Q̂

)1/2

×
{
Q̂TV (τ ) Q̂

}−1
]

= (n−K)−1 tr

[(
Q̂TV̂ Q̂

)1/2 (
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)(
Q̂TV̂ Q̂

)1/2

×
{
Q̂TV (τ ) Q̂

}−1
]

+ oP

(
n−1

)
.
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Next, we can re-write Q̄ as

Q̄ =
(

ˆ̄Q ˆ̄QT + ˆ̄C ˆ̄CT
)
Q̄ = ˆ̄Q

(
ˆ̄QTQ̄

)
+ oP (1)︸ ︷︷ ︸

rank K matrix with this 2-norm

.

Therefore,

(n−K)−1 tr

[(
Q̂TV̂ Q̂

)1/2 (
Q̄TV̂ −1/2p−1ETEV̂ −1/2Q̄

)(
Q̂TV̂ Q̂

)1/2

×
{
Q̂TV (τ ) Q̂

}−1
]

= (n−K)−1 tr

[(
Q̂TV̂ Q̂

)1/2 ˆ̄QTV̂ −1/2
(
p−1ETE

)
V̂ −1/2 ˆ̄Q

×
(
Q̂TV̂ Q̂

)1/2 {
Q̂TV (τ ) Q̂

}−1
]

+ oP

(
n−1

)
= (n−K)−1 tr

[
Q̂T

(
p−1ETE

)
Q̂
{
Q̂TV (τ ) Q̂

}−1
]

+ oP

(
n−1

)
.

where the last equality follows because ˆ̄Q and Q̂ satisfy ˆ̄Q = V̂ 1/2Q̂
(
Q̂TV̂ Q̂

)−1/2
. The

likelihood function in (3.45) (which is OP (1)) can then be re-written up to factors that are

oP (1/n) as

l̂ (τ ) = − (n−K)−1 log|Q̂TV (τ ) Q̂| − (n−K)−1 tr

[
Q̂T

(
p−1ETE

)
Q̂
{
Q̂TV (τ ) Q̂

}−1
]

We will now show that l̂ (τ )− l (τ ) = OP (1/n), where

l (τ ) = −n−1 log|V (τ )| − n−1 tr
{(
p−1ETE

)
V (τ )−1

}
. (3.47)

First,

log|V | = log |Q̂TV Q̂|+ log|ĈTV Ĉ − ĈTV Q̂
(
Q̂TV Q̂

)−1
Q̂TV Ĉ|

= log |Q̂TV Q̂|+ log|
(
ĈTV −1Ĉ

)−1
| = log |Q̂TV Q̂|+O(1).

where we have abused notation here and defined Ĉ to be a n×K matrix with orthonormal
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columns that is orthogonal to Q̂. The second equality follows from the fact that

In − V 1/2Q̂
(
Q̂TV Q̂

)−1
Q̂TV 1/2 = V −1/2ĈT

(
ĈTV −1Ĉ

)−1
ĈV −1/2.

Let S = p−1ETE. Then

S = Q̂Q̂TSQ̂Q̂T + rank K matrix with eigenvalues that are OP (1).

Therefore,

l (τ ) = − (n−K)−1 log |Q̂TV Q̂| − (n−K)−1 tr
[
Q̂TSQ̂Q̂TV −1Q̂

]
+OP

(
n−1

)
.

Further, we can re-write V −1 as

V −1 =

[
Q̂ Ĉ

]Q̂TV Q̂ Q̂TV Ĉ

ĈTV Q̂ ĈTV Ĉ


−1 Q̂T

ĈT


= Q̂

(
Q̂TV Q̂

)−1
Q̂T + Matrix of rank K with bounded singular values. (3.48)

We then get that

l (τ ) = − (n−K)−1 log |Q̂TV Q̂| − (n−K)−1 tr

{
Q̂TSQ̂

(
Q̂TV Q̂

)−1
}

+OP

(
n−1

)
,

as desired.

Define the function

hn (τ ) = −n−1 log|V (τ )| − n−1 tr
[
V∗ {V (τ )}−1

]
.

Since the eigenvalues of V (τ ) are uniformly bounded from above and below on Θ∗, we have

sup
x∈Θ∗

|l̂(n)(x)−l(n)(x)| = OP
(
n−1

)
(the superscript (n) is to indicate this is with sample size
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n). And since sup
x∈Θ∗

|hn (x)− l(n) (x)| = OP

(
n1/2p−1/2

)
= oP (1), sup

x∈Θ∗
|hn (x)− l̂(n)(x)| =

oP (1). We can then apply Lemma 3.3 to show that ‖τ̂ f − τ∗‖2 = oP (1).

Let i, j ∈ [b]. To find the rate, we simply use an identical analysis to write the score and

Hessian of the objective function in (3.45) up to terms that are OP (1/n), which gives us

s(n) (τ )j =
d

dτj
l(n) (τ ) = −n−1 tr

{
V (τ )−1Bj

}
+ n−1 tr

{
V (τ )−1BjV (τ )−1 S

}
ŝ(n) (τ )j =

d

dτj
l̂(n) (τ ) = −n−1 tr

{
Â(τ )−1B̂j

}
+ n−1 tr

{
Â(τ )−1B̂jÂ(τ )−1Q̂TSQ̂

}
+OP

(
n−1

)
H(n) (τ )ij =

d2

dτjdτi
l(n) (τ ) = n−1 tr

{
V (τ )−1BiV (τ )−1Bj

}
− 2n−1 tr

{
V (τ )−1BiV (τ )−1BjV (τ )−1 S

}
Ĥ(n) (τ )ij =

d2

dτjdτi
l̂(n) (τ ) = n−1 tr

{
Â (τ )−1 B̂iÂ (τ )−1 B̂j

}
− 2n−1 tr

{
Â (τ )−1 B̂iÂ (τ )−1 B̂jÂ (τ )−1 Q̂TSQ̂

}
+OP

(
n−1

)

where B̂j = Q̂TBjQ̂ and Â = Q̂TV Q̂. An identical analysis as the one used to show

the likelihoods differ by OP
(
n−1

)
shows that ‖s(n)− ŝ(n)‖2, ‖H(n)− Ĥ(n)‖2 = OP

(
n−1

)
,

where for i, j ∈ [b],

[
H(n) (τ∗)

]
ij

= −n−1 tr
{
V −1
∗ BiV

−1
∗ Bj

}
+ oP (1)

and for Mij = n−1 tr
{
V −1
∗ BiV

−1
∗ Bj

}
, M � εIb for some ε > 0 by Assumptions 3.7 and

3.8. Let τ̂ be the solution to (3.45) that ignores the inequality and equality constraints

177



defined by AI and AE . Then for τ̄ = λτ∗ + (1− λ)τ̂ for some λ ∈ [0, 1],

0 = ŝ(n) (τ̂ ) = ŝ(n) (τ∗) + Ĥ(n) (τ̄ ) (τ̂ − τ∗)

= s(n) (τ∗) +H(n) (τ̄ ) (τ̂ − τ∗) +OP

(
n−1

)
= OP

{
(np)−1/2 + n−1

}
+H(n) (τ̄ ) (τ̂ − τ∗) ,

meaning ‖τ̂ − τ∗‖2 = OP (1/n). Since τ∗ ∈ Θ∗, we then have

l̂(n) (τ̂ ) ≥ l̂(n)
(
τ̂ f
)
≥ l̂(n) (τ∗) = l̂(n) (τ̂ ) + 2−1 (τ̂ − τ∗)T Ĥ(n) (τ̄ ) (τ̂ − τ∗)

= l̂(n) (τ̂ ) +OP

(
n−2

)
.

Since the b eigenvalues of Ĥ(n) (τ̄ ) are uniformly bounded away from 0 with probability

tending to 1 for any τ̄ such that ‖τ̄ − τ∗‖2 = oP (1), ‖τ̂ − τ̂ f‖2 = OP (1/n). Therefore,

‖τ̂ f − τ∗‖2 = OP (1/n) when K = k.

When k > K, define Q̂k ∈ Rn×(n−k) to be the analogue of Q̂ above. Since Q̂k is orthog-

onal to Ĉ ∈ Rn×K , its image must be a proper subspace of the image of Q̂K . Therefore,

Q̂k = Q̂KUk for some matrix Uk ∈ R(n−K)×(n−k) with orthonormal columns. By what we

have shown above and because k −K is at most finite,

l̂ (τ ) =− (n− k)−1 log|UT
k Q̂

T
KV (τ ) Q̂KUk|

− (n− k)−1 tr

[
UT
k Q̂

T
K

(
p−1Y TY

)
Q̂KUk

{
UT
k Q̂

T
KV (τ ) Q̂KUk

}−1
]

=− (n− k)−1 log|UT
k Q̂

T
KV (τ ) Q̂KUk|

− (n− k)−1 tr

[
UT
k Q̂

T
K

(
p−1ETE

)
Q̂KUk

{
UT
k Q̂

T
KV (τ ) Q̂KUk

}−1
]

+OP

(
n−1

)
= (n−K)−1 log|Q̂T

KV (τ ) Q̂K |

− (n−K)−1 tr

[
Q̂T
K

(
p−1ETE

)
Q̂K

{
Q̂T
KV (τ ) Q̂K

}−1
]

+OP

(
n−1

)
.
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An identical analysis can be used to show that the score function and Hessian matrix when

k > K differ from the score function and Hessian matrix when k = K by something at most

OP
(
n−1

)
, which proves the claim when k > K.

We can now prove Theorem 3.7.

Proof of Theorem 3.7. Again, for values δ2 and τ such that δ2τ ∈ Θ∗, we redefine τ ← δ2τ

for notational convenience to prove ‖τ∗ − τ̂‖2 = OP (1/n), which will prove (3.22a) by

the analysis in the first paragraph of the proof of Lemma 3.6. Results (3.22b) and (3.22c)

will follow by Corollary 3.2 because the column space of C⊥ and Ĉ⊥ is invariant to scalar

multiplication.

For any value of V̂ , define ε = ‖V̂ − V∗‖2. We use a similar technique as we did in the

proof of Lemma 3.6 and work with the tr (·) component in the likelihood given by (3.45),

where

p−1Y TY = p−1CLTLC + p−1CLTE +
(
p−1CLTE

)T
+ p−1ETE. (3.49)

Suppose first that γ1 = o(n). Then for any matrix Q̂ ∈ Rn×k with orthonormal columns (k

bounded from above),

n−1 tr

{
Q̂T

(
p−1Y TY

)
Q̂
(
Q̂TV Q̂

)−1
}

=n−1 tr

{
Q̂T

(
p−1ETE

)
Q̂
(
Q̂TV Q̂

)−1
}

+ oP (1)

since the rank k matrix CLTE has maximum singular value

‖p−1CLTE‖2 = OP

{
(γ1n)1/2 p−1/2

}

and ‖p−1CLTLC‖2 = O(γ1). Therefore, ε = oP (1) for all estimates of V∗ when γ1 = o(n),
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meaning all conditions of Theorem 3.10 and Lemma 3.6 will be satisfied on the first iteration

of Algorithm 3.2, meaning ε = OP
(
n−1

)
in step (2) of the first iteration when k = K.

Therefore, the estimate for C in the second iteration will satisfy (3.29), (3.30) and (3.31)

from Theorem 3.10 and (3.41), (3.42) for Corollary 3.2 with ε = OP
(
n−1

)
when k = K. And

since we use V̂ as a starting point for k + 1, ε = OP
(
n−1

)
for all subsequent k′s (k ≥ K).

Next, suppose γK � n and k = K. Then after step (1) in the first iteration, we have for

C̄ defined in (3.28a) and v̂ =

[
v̂1 · · · v̂K

]
, ẑ =

[
ẑ1 · · · ẑK

]
defined in (3.38),

‖n−1/2Q̂TC‖2 = ‖n−1/2Q̂TV̂ 1/2V̂ −1/2C‖2 = O
(
‖ ˆ̄QTC̄‖2

)
= O

(
‖ ˆ̄QT

(
C̄ − ˆ̄Cv̂T

)
‖2
)

= O
(
‖ ˆ̄QT

{
C̄
(
IK − v̂v̂T

)
+ Q̄ẑv̂T

}
‖2
)

= OP

{
n1/2 (γKp)

−1/2 + εγ−1
K

}
.

When completing step (2) of the first iteration to re-estimate V∗, we have

n−1 tr

{
Q̂T

(
p−1Y TY

)
Q̂
(
Q̂TV Q̂

)−1
}

=n−1 tr

{
Q̂T

(
p−1ETE

)
Q̂
(
Q̂TV Q̂

)−1
}

+OP

(
n−1

)
,

meaning ε = OP
(
n−1

)
after this step. Therefore, step (1) of the second iteration will give

us an estimate of C that satisfies (3.29), (3.30) and (3.31) from Theorem 3.10 and (3.41),

(3.42) for Corollary 3.2 with ε = OP
(
n−1

)
. This is also true when k > K by Lemma 3.6,

since we use the previous estimate of V∗ as a starting point for step (1). Equation (3.22c)

then follows because

‖PC − PĈkPC‖
2
F = tr (PC) + tr

(
P
Ĉk
PC

)
− 2 tr

(
P
Ĉk
PC

)
= K − tr

(
P
Ĉk
PC

)
≤ K − tr

(
P
ĈK

PC

)
= K − tr

{
CTĈK

(
ĈT
KĈK

)−1
ĈT
KC

(
CTC

)−1
}

= OP

{
n (γKp)

−1 + (γKp)
−1/2 + n−1γ−1

K

}
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where the column space of ĈK ∈ Rn×K is a subspace of the column space of Ĉk ∈ Rn×k,

since k ≥ K. The final equality follows from Corollary 3.2.

Lastly, let Q′X ∈ Rn×(n−d) be another matrix whose columns form an orthonormal basis

for the null space of X. Then Q′X = QXU for some unitary matrix U ∈ R(n−d)×(n−d).

Define C ′⊥ =
(
Q′X

)T
C = UTC⊥ and Ĉ ′⊥ to be the estimate obtained by using Q′X at any

point in the procedure. It is easy to show that Ĉ ′⊥ = UTĈ⊥, where Ĉ⊥ is the estimate

obtained using QX . This proves ‖PC⊥ − PĈ⊥‖
2
F and ‖PC⊥ − PĈ⊥PC⊥‖

2
F are invariant of

the choice of QX . Lastly, using restricted maximum likelihood to estimate δ2
∗, τ implies the

estimates only depend on the column space of
[
XQXĈ⊥

]
. And since Q′XĈ

′
⊥ = QXĈ⊥,

this completes the proof.

Proof of Theorem 3.8

We use Theorem 3.7 to prove Theorem 3.8. Just as we did in Section 3.13, we assume Y is

generated according to model (3.2) with d = 0 and will use the incorrect, but simpler model

in (3.7) with d = 0.

We first show that for any fold f and k ≤ Kmax, the loss function in (3.23) only depends

on the column space of ˆ̄C = V̂
−1/2

(−f)
Ĉ.

Lemma 3.7. For any fold f and k ≤ Kmax, the loss function in (3.23) only depends on

V̂(−f) and the column space of ˆ̄C = V̂
−1/2

(−f)
Ĉ.

Proof. Suppose ˆ̄C(1) and ˆ̄C(2) have the same column space. Then ˆ̄C(1)R = ˆ̄C(2) for some

invertible matrix R. Therefore, ˆ̄C(1) and ˆ̄C(2) have the same leverage scores. Let ˆ̄c
(r)
i be

the ith row of ˆ̄C(r) for r = 1, 2. If we use ˆ̄C(2) to determine the loss,

L̂
(2)
f,(−i)

ˆ̄c
(2)
i = Ȳf,(−i)

ˆ̄C
(2)
(−i)

[{
ˆ̄C

(2)
(−i)

}T ˆ̄C
(2)
(−i)

]−1
ˆ̄c

(2)
i

= Ȳf,(−i)
ˆ̄C

(1)
(−i)RR

−1
[{

ˆ̄C
(1)
(−i)

}T ˆ̄C
(1)
(−i)

]−1

R−TRTˆ̄c
(1)
i = L̂

(1)
f,(−i)

ˆ̄c
(1)
i
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which completes the proof.

For any fold f and k ≤ Kmax, V̂(−f) and the column space of ˆ̄C ∈ Rn×k, as estimated in

Algorithm 3.2, are invariant the choice of parametrization of Ĉ (and therefore ˆ̄C). Therefore,

it suffices to use the output of Algorithm 3.2 to for k = 1, . . . , Kmax to estimate K, i.e.

n−1/2 ˆ̄C are the first k right singular values of Ȳ(−f) = Y(−f)V̂
−1/2

(−f)
.

Proof of Theorem 3.8. Fix some fold f and define δ2
f∗ and Vf∗ to be the analogues of δ2

∗

and V∗ for fold f . Let π : [p]→ [p] be a permutation sampled uniformly from the set of all

permutations on [p]. All conditional expectations and variances calculated below are with

reference to the sigma algebra σ
(
Y(−f),π

)
, where Yf = LfC

T +Ef ∈ Rpf×n is the test

data used to estimate Lf and evaluate the loss and Y(−f) = L(−f)C
T +E(−f) ∈ R(p−pf )×n

is the training data used to estimate C and V∗.

We first prove that the kth non-zero eigenvalue of V
−1/2
f∗ C

(
p−1LT

fLf

)
CTV

−1/2
f∗ is

γk {1 + oP (1)} as n → ∞, where the randomness is in the choice of permutation π to

partition the rows of Y into F folds. To do so, it suffices to assume that n−1CTV −1
∗ C = IK

and np−1LTL = diag (γ1, . . . , γK). Note that the non-zero eigenvalues of

γ−1
K V

−1/2
f∗ C

(
p−1LT

fLf

)
CTV

−1/2
f∗

are also the eigenvalues of
{
n (γKp)

−1LT
fLf

}(
n−1CTV −1

f∗ C
)

, where because ‖Vf∗ −

V∗‖2 = OP

(
p−1/2

)
,

‖n−1CTV −1
f∗ C − IK‖2 = OP

(
p−1/2

)
.

We also have

Eπ

(
n

γKpf
LT
fLf

)
=

n

γKp
LTL,
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and for r, s ∈ [K] and some constant c > 0,

V

 n

γKpf

pf∑
g=1

[
`π(g)

]
r

[
`π(g)

]
s

 ≤
pf∑
g=1

V

{
n

γKpf

[
`π(g)

]
r

[
`π(g)

]
s

}

≤

(
n

γKpf

)2 pf∑
g=1

E
{[
`π(g)

]2
r

[
`π(g)

]2
s

}

≤

(
n

γKpf

)2

c2
pf∑
g=1

E
{[
`π(g)

]2
r

}

=
nc2

γKp
2

pf∑
g=1

E
{
n

γK

[
`π(g)

]2
r

}

=
nc2

{
n (γKp)

−1 [L]T∗r [L]∗r
}
pf

γKp
2

→ 0 as n→∞,

where the first inequality follows from the fact that
[
`g
]
r

[
`g
]
s is being sampled without

replacement from a finite population, meaning successive draws are negatively correlated,

and the third inequality follows because the magnitude entries of L are uniformly bounded

by a constant c > 0 by Assumption 3.7. Therefore, the eigenvalues of n/
(
γKpf

)
LT
fLf are

γkγ
−1
K + oP (1) as n→∞ (k = 1, . . . , K), meaning the results of Theorems 3.7 and 3.10, as

well as Lemma 3.6, hold for any subset of pf rows of Y that are chosen uniformly at random

(where pf/p � 1) with probability tending to 1 as n→∞.

Let φ be the maximum leverage score of V
−1/2
∗ C and define α = (1− φ)−1. We note

that by the proofs of Theorem 3.10 and Lemma 3.6, the leverage scores ˆ̄hi are such that

max
i∈[n]

ˆ̄hi = φ+ oP (1) and max
i∈[n]

(
1− ˆ̄hi

)−1
= α+ oP (1) when k = K. Therefore, to prove the

theorem it suffices to assume that max
i∈[n]

ˆ̄hi < 1− η/mn for all k ≤ Kmax.
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Let C̄ = V̂
−1/2

(−f)
C ∈ Rn×K and define c̄i to be the ith row of C̄. We define g(k) to be

g(k) =
1

δ2
f∗npf

L(k) =
1

δ2
f∗npf

n∑
i=1

‖ȳf,i − L̂f,(−i)ˆ̄ci‖
2
2 =

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2︸ ︷︷ ︸

(1)

+
1

δ2
f∗n

tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)}
︸ ︷︷ ︸

(2)

− 2

δ2
f∗n

n∑
i=1

p−1
f

(
Lf c̄i − L̂f,(−i)ˆ̄ci

)T
Ef V̂

−1/2
(−f)

ai︸ ︷︷ ︸
(3)

.

(3.50)

where ai ∈ Rn is the standard basis vector with 1 in the ith position and zeros everywhere

else. Two useful equalities to be used throughout the proof are

{
ˆ̄CT

(−i)
ˆ̄C(−i)

}−1
ˆ̄ci =

1

1− ˆ̄hi

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci

ˆ̄C
{

ˆ̄CT
(−i)

ˆ̄C(−i)
}−1

ˆ̄ci =
1

1− ˆ̄hi

ˆ̄Hi

where ˆ̄Hi is the ith column of P ˆ̄C
= ˆ̄H . We also define A(−i) = In−aiaT

i ∈ Rn×n, and let

v̂(−f), ẑ(−f) be the analogues of v̂, ẑ defined in (3.36), (3.37) for Y(−f). The asymptotic

properties of v̂(−f) and ẑ(−f) are given in (3.38) and (3.39). For each k = 1, . . . , Kmax, we

assume that n−1C̄TC̄ = IK and that LT
(−f)

L(−f) is diagonal with non-increasing elements.

This is without loss of generality by Assumption 3.8 and by the identifiability of LCT. Note

that by the above analysis, this implies γ−1
K ‖

n
p(−f)

LT
(−f)

L(−f) − n
pf
LT
fLf‖2 = oP (1) as

n→∞. We now go through (1), (2) and (3) of (3.50) to expand each expression into terms

with calculable conditional expectations and variances to prove the claim.
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(1)

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2 =

1

δ2
f∗npf

n∑
i=1

‖
Lf c̄i −Lf C̄T ˆ̄C

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci(

1− ˆ̄hi

) ‖22

+ n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

− 2

δ2
f∗n

3/2p
1/2
f

n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

ET
f∆i (3.51)

where

∆i =
(
n1/2p−1/2Lf

)
c̄i −

(
n1/2p−1/2Lf

)
C̄T ˆ̄C

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci

= L̃f c̄i − L̃f C̄T ˆ̄C
(

ˆ̄CT ˆ̄C
)−1

ˆ̄ci. (3.52)

We now derive the asymptotic properties of (3.51) when k = K, k < K and k > K in

(a), (b) and (c) below.

(a) k = K,

1

δ2
f∗npf

n∑
i=1

‖
Lf c̄i −Lf C̄T ˆ̄C

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci(

1− ˆ̄hi

) ‖22

= δ−2
f∗ tr

{
p−1
f LT

fLf

(
n−1C̄TP⊥ˆ̄C

C̄
)}
{α + oP (1)}

=︸︷︷︸
Theorem 3.10

δ−2
f∗ tr

[
p−1
f LT

fLf

{
IK − v̂(−f)v̂

T
(−f)

}]
{α + oP (1)}

=︸︷︷︸
Theorem 3.10 and

Lemma 3.6

OP

(
p−1 + n−2

)
= oP

(
n−1

)
.
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To understand the second term,

E

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

| Y(−f),π
}

= n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

Vf∗V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

=
α + oP (1)

n

n∑
i=1

(
1

1− ˆ̄hi

)
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

Vf∗V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

=
α + oP (1)

n
tr

{
V̂
−1/2

(−f)
Vf∗V̂

−1/2
(−f)

n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hi
ˆ̄HT
i A(−i)

}

where
n∑
i=1

(
1− ˆ̄hi

)−1
A(−i)

ˆ̄Hi
ˆ̄HT
i A(−i) is positive semi-definite with

tr

{
n∑
i=1

(
1− ˆ̄hi

)−1
A(−i)

ˆ̄Hi
ˆ̄HT
i A(−i)

}

= tr

{
n∑
i=1

(
1− ˆ̄hi

)−1 ( ˆ̄Hi − ˆ̄hiai

)(
ˆ̄Hi − ˆ̄hiai

)T}
=

n∑
i=1

ˆ̄hi = K.

Therefore,

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

Vf∗V̂
−1/2

(−f)
A(−i)

ˆ̄Hi = K/n {α + oP (1)}

when k = K. To then calculate the conditional variance of the second term in

(3.51), we see that the second term can be re-written as

(
npf δ

2
f∗

)−1
tr

[
Ef V̂

−1/2
(−f)

{
n∑
i=1

(
1− ˆ̄hi

)−2
A(−i)

ˆ̄Hi
ˆ̄HT
i A(−i)

}
V̂
−1/2

(−f)
ET
f

]

=
(
npf δ

2
f∗

)−1
pf∑
g=1

ēTfgM̂g,(−f)ēfg

ēfg ∼ Nn (0, In)
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where

M̂g,(−f) = V
1/2
g V̂

−1/2
(−f)

{
n∑
i=1

(
1− ˆ̄hi

)−2
A(−i)

ˆ̄Hi
ˆ̄HT
i A(−i)

}
V̂
−1/2

(−f)
V

1/2
g � 0

and tr
{
M̂g,(−f)

}
≤ cK maxi∈[n]

(
1− ˆ̄hi

)−1
where c > 0 is a constant and

maxi∈[n]

(
1− ˆ̄hi

)−1
= α + oP (1). For any g ∈ [p],

V
{
ēTfgM̂g,(−f)ēfg | Y(−f),π

}
= 2 tr

{
M̂2

g,(−f)

}
≤ 2 tr

{
M̂g,(−f)

}2
.

Therefore,

SD

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

| Y(−f),π
}

= OP

(
n−1p−1/2

)
= oP

(
n−1

)

when k = K. We lastly need to understand the third term in (3.51) when k = K.

This term clearly has conditional expectation equal to 0. To calculate the condi-

tional variance, we can use the proof of Theorem 3.10 to show that

∆i = L̃f

{
IK − v̂(−f)v̂

T
(−f)

}
c̄i − n1/2L̃f v̂(−f)ẑ

T
(−f)q̄i

where q̄i is the ith row of QC̄ . By (3.38) and (3.39),

‖L̃f
{
IK − v̂(−f)v̂

T
(−f)

}
‖2 = OP

{
np−1γ

−1/2
K + γ

−3/2
K n−2

}
(3.53a)

‖L̃f v̂(−f)ẑ
T
(−f)‖2 = OP

(
n1/2p−1/2 + n−1γ

−1/2
K

)
. (3.53b)
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We can then re-write the third term in (3.51) as

t3 =− 2δ−2
f∗ n

−3/2p−1/2
p∑
g=1

[
˜̀T
g

{
IK − v̂(−f)v̂

T
(−f)

}
N̂(−f)efg

+˜̀T
g v̂(−f)ẑ

T
(−f)Ŝ(−f)efg

]

where

N̂(−f) =
n∑
i=1

(
1− ˆ̄hi

)−2
c̄i

ˆ̄HT
i A(−i)V̂

−1/2
(−f)

= C̄T diag

{(
1− ˆ̄hi

)−2
}

ˆ̄HV̂
−1/2

(−f)

− C̄T diag

{
ˆ̄hi

(
1− ˆ̄hi

)−2
}
V̂
−1/2

(−f)

Ŝ(−f) =n1/2
n∑
i=1

(
1− ˆ̄hi

)−2
q̄i

ˆ̄HT
i A(−i)V̂

−1/2
(−f)

=n1/2QT

C̄
diag

{(
1− ˆ̄hi

)−2
}

ˆ̄HV̂
−1/2

(−f)

− n1/2QT

C̄
diag

{
ˆ̄hi

(
1− ˆ̄hi

)−2
}
V̂
−1/2

(−f)

First, ‖N̂(−f)‖2, ‖Ŝ(−f)‖2 ≤ cn1/2 maxi∈[n]

{(
1− ˆ̄hi

)−2
}

, where c > 0 is some

constant not dependent on n or p and ˆ̄M = maxi∈[n]

{(
1− ˆ̄hi

)−2
}

= α2+oP (1).

Next,

V
{

˜̀T
g v̂(−f)ẑ

T
(−f)Ŝ(−f)efg | Y(−f),π

}
≤ c2n‖ ˜̀T

g v̂(−f)ẑ
T
(−f)‖

2
2

ˆ̄M2‖Vg‖22

≤ c′n‖ ˜̀T
g v̂(−f)ẑ

T
(−f)‖

2
2

ˆ̄M2

and similarly

V
[

˜̀T
g

{
IK − v̂(−f)v̂

T
(−f)

}
N̂(−f)efg | Y(−f),π

]
≤ c′‖ ˜̀T

g

{
IK − v̂(−f)v̂

T
(−f)

}
‖22n ˆ̄M2.
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for some constant c′ > 0 not dependent on n or p. Therefore,

V
(
t3 | Y(−f),π

)
≤ O

(
n−2p−1

)
ˆ̄M2
[
‖L̃f

{
IK − v̂(−f)v̂

T
(−f)

}
‖2F

+‖L̃f v̂(−f)ẑ
T
(−f)‖

2
F

]
.

By (3.53),

‖L̃f
{
IK − v̂(−f)v̂

T
(−f)

}
‖2F + ‖L̃f v̂(−f)ẑ

T
(−f)‖

2
F ≤K‖L̃f

{
IK − v̂(−f)v̂

T
(−f)

}
‖22

+K‖L̃f v̂(−f)ẑ
T
(−f)‖

2
2

=oP (1),

meaning V
(
t3 | Y(−f),π

)
= oP

(
n−2

)
. Therefore, the third term in (3.51) is

oP
(
n−1

)
when k = K. Putting this all together, we get

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2 = K/n {α + oP (1)}

when k = K.

(b) k < K. First,

1

δ2
f∗npf

n∑
i=1

‖
Lf c̄i −Lf C̄T ˆ̄C

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci(

1− ˆ̄hi

) ‖22

≥ 1

δ2
f∗

tr
{
p−1
f LT

fLf

(
n−1C̄TP⊥ˆ̄C

C̄
)}

.

When γK → ∞, this term is & γK/n {1 + oP (1)}. When γK = O(1) and

δ−2
∗ γK ≥ 1 + ε for some ε > 0, then this term is

≥ n−1
K∑

r=k+1

δ−2
∗ γr {1 + oP (1)} ≥ (K − k + ε) /n {1 + oP (1)} .
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Next,

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi ≥ 0.

However, when γK = O(1), ‖Vf∗− V̂f‖2 = OP
(
n−1

)
for any k < K by the proof

of Theorem 3.7. Therefore, the analysis when k was equal to K shows that

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

≥ k/n {1 + oP (1)}

when γK = O(1) and k < K. It therefore remains to bound the third term in

(3.51) when k < K. To do so, we perform a similar analysis as when k was

assumed to be K. We can write the third term in (3.51) as

t3 = δ−2
f∗ n

−3/2p−1/2

pf∑
g=1

{
˜̀T
g N̂(−f)efg − ˜̀T

g Û(−f)efg

}

where

N̂(−f) =
n∑
i=1

(
1− ˆ̄hi

)−2
c̄i

ˆ̄HT
i A(−i)V̂

−1/2
(−f)

= C̄T diag

{(
1− ˆ̄hi

)−2
}

ˆ̄HV̂
−1/2

(−f)

− C̄T diag

{
ˆ̄hi

(
1− ˆ̄hi

)−2
}
V̂
−1/2

(−f)

Û(−f) =C̄T ˆ̄H diag

{(
1− ˆ̄hi

)−2
}

ˆ̄HV̂
−1/2

(−f)
− C̄T ˆ̄H diag

{
ˆ̄hi

(
1− ˆ̄hi

)−2
}

× V̂ −1/2
(−f)

.

Again, ‖N̂(−f)‖2, ‖Û(−f)‖2 ≤ cn1/2 ˆ̄M , where ˆ̄M = maxi∈[n]

{(
1− ˆ̄hi

)−2
}

and

190



c > 0 is a constant not dependent on n or p. Therefore,

V
(
t3 | Y(−f),π

)
≤ O

(
n−2p−1

)
ˆ̄M2‖L̃‖2F = O

(
n−2p−1γK

)
ˆ̄M2 (3.54)

When γK = o(n), ˆ̄M = OP (1), meaning

γ
1/2
K n−1p−1/2 ˆ̄M = oP (γK/n) .

When γK � n,

γ
1/2
K n−1p−1/2 ˆ̄M = oP (γK/n)

⇔n−1/2p−1/2 ˆ̄M = oP (1)

⇐n−1/2 max
i∈[n]

{(
1− ˆ̄hi

)−1
}
≤ c

for some constant c > 0 not dependent on n or p, which is true by assumption.

Since maxi∈[n]

(
1− ˆ̄hi

)−1
= α + oP (1) when γK = o(n), this proves that

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2

& γK/n {1 + oP (1)} if γK →∞

≥ (K + ε)/n {1 + oP (1)} if γK = O(1), δ−2
∗ γK ≥ 1 + ε

for some constant ε > 0 when k < K.

(c) k > K. First,

1

δ2
f∗npf

n∑
i=1

‖
Lf c̄i −Lf C̄T ˆ̄C

(
ˆ̄CT ˆ̄C

)−1
ˆ̄ci(

1− ˆ̄hi

) ‖22 ≥ 0.
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Next, the second term of (3.51) is such that

n−1
n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

≥n−1
n∑
i=1

(
1

1− ˆ̄hi

)
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi.

By Theorem 3.7, ‖V̂(−f) − V(−f)∗‖2 = OP
(
n−1

)
whenever k ≥ K, meaning

we can apply the same techniques we used to derive the conditional mean and

variance of this term when k was assumed equal to K to show that

E

{
n−1

n∑
i=1

(
1

1− ˆ̄hi

)
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

| Y(−f),π
}

= k/n {1 + oP (1)} ,

and

SD

{
n−1

n∑
i=1

(
1

1− ˆ̄hi

)
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

(
δ−2
f∗ p
−1
f ET

fEf

)
V̂
−1/2

(−f)
A(−i)

ˆ̄Hi

| Y(−f),π
}

= OP

(
n−1p−1/2

)
= oP

(
n−1

)
.

It remains to understand the third term in (3.51) when k > K. To do so, we need

to find an expression for ∆i. When k > K,

ˆ̄C =
[
C̄v̂(−f) + n1/2QC̄ ẑ(−f) R̂(−f)

]
∈ Rn×k. (3.55)

where R̂(−f) ∈ Rn×(k−K). The asymptotic properties of v̂(−f) and ẑ(−f) when

k > K are the same as those when k = K because ‖V̂(−f)−V(−f)∗‖2 = OP
(
n−1

)
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whenever k ≥ K by Theorem 3.7. Since the columns of ˆ̄C are orthogonal,

0 = v̂T(−f)C̄
TR̂(−f) + n1/2ẑT(−f)Q

T

C̄
R̂(−f),

meaning

n−1C̄TR̂(−f) = OP

{
n1/2 (γKp)

−1/2 + (nγK)−1
}
.

Let r̂i ∈ Rk−K be the ith row of R̂(−f). Then

∆i = L̃
{
IK − v̂(−f)v̂

T
(−f)

}
c̄i − n1/2L̃v̂(−f)ẑ

T
(−f)q̄i − L̃

{
n−1C̄TR̂(−f)

}
r̂i

(3.56)

Using (3.53) and the fact that

‖L̃
{
n−1C̄TR̂(−f)

}
‖2 = OP

(
n1/2p−1/2 + γ

−1/2
K n−1

)
, (3.57)

we can use the analysis when k = K to show that

sd2
k =V

 2

δ2
f∗n

3/2p
1/2
f

n∑
i=1

(
1

1− ˆ̄hi

)2
ˆ̄HT
i A(−i)V̂

−1/2
(−f)

ET
f∆i | Y(−f),π


≤O

(
n−2p−1

)
ˆ̄M2
[
‖L̃f

{
IK − v̂(−f)v̂

T
(−f)

}
‖2F + ‖L̃f v̂(−f)ẑ

T
(−f)‖

2
F

+‖L̃
{
n−1C̄TR̂(−f)

}
‖2F
]

=O
(
n−2p−1

)
ˆ̄M2OP

{(
n1/2p−1/2 + γ

−1/2
K n−1

)2
}
. (3.58)

Therefore,

sdk = OP

(
n−1/2p−1 + n−2p−1/2γ

−1/2
K

)
ˆ̄M
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where ˆ̄M = maxi∈[n]

{(
1− ˆ̄hi

)−2
}

. First,

n−2p−1/2γ
−1/2
K

ˆ̄M = oP

(
n−1

)
⇔n−1p−1/2γ

−1/2
K

ˆ̄M = oP (1)

⇔n−1/2p−1/4γ
−1/4
K

ˆ̄M1/2 = oP (1).

The last equality follows by assumptions on ˆ̄M1/2. Next,

n−1/2p−1 ˆ̄M = oP

(
n−1

)
⇔n1/4p−1/2 ˆ̄M1/2 = oP

(
n−1

)

where the last equality follows by the assumptions on ˆ̄M1/2. Therefore, sdk =

oP
(
n−1

)
.

Putting (a), (b) and (c) together, we have shown that when γK →∞,

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2


& γK/n {1 + oP (1)} if k < K

= K/n {α + oP (1)} if k = K

≥ k/n {1 + oP (1)} if k > K

and when γK = O(1) and γK ≥ 1 + ε,

1

δ2
f∗npf

n∑
i=1

‖Lf c̄i − L̂f,(−i)ˆ̄ci‖
2
2


≥ (K + ε)/n {1 + oP (1)} if k < K

= K/n {α + oP (1)} if k = K

≥ k/n {1 + oP (1)} if k > K

for some constant ε > 0.
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(2) The second term of (3.50) is

δ−2
f∗ n

−1 tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)}
= δ−2

f∗ n
−1p−1

f

pf∑
g=1

eTg V̂
−1

(−f)
eg,

where

V
{
eTg V̂

−1
(−f)

eg | Y(−f),π
}
≤ nc

for some constant c > 0 not dependent on n or p. Therefore, for k ∈ {0, 1, . . . , Kmax},

SD
[
δ−2
f∗ n

−1 tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)}
| Y(−f),π

]
= O

(
n−1/2p−1/2

)
= o

(
n−1

)
.

We now need only calculate the conditional expectation for different values of k. First,

E
[
δ−2
f∗ n

−1 tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)}
| Y(−f),π

]
= n−1 tr

{
V̂ −1

(−f)
Vf∗

}
.

Since log|V̂ −1
(−f)

Vf∗| = log|V̂ −1
(−f)
| + log|Vf∗| = 0, n−1 tr

{
V̂ −1

(−f)
Vf∗

}
≥ 1 for all

k ∈ {0, 1, . . . , Kmax}, with equality if and only if V̂(−f) = Vf∗ by Jensen’s Inequality.

Therefore, we only need to show that

E
[
δ−2
f∗ n

−1 tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)}
| Y(−f),π

]
= 1 + oP

(
n−1

)

when k = K. By Taylor’s Theorem we have

n−1 tr
{
V̂ −1

(−f)
Vf∗

}
=1− n−1 tr

{
V −1
f∗

(
V̂(−f) − Vf∗

)
V −1
f∗ Vf∗

}
+OP

{(
n−1 + p−1/2

)2
}

= 1− n−1 tr
{
V −1
f∗

(
V̂(−f) − Vf∗

)}
+ oP

(
n−1

)
.
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Therefore,

1 ≤ n−1 tr
{
V̂ −1

(−f)
Vf∗

}
= 1− n−1 tr

{
V −1
f∗

(
V̂(−f) − Vf∗

)}
+ oP

(
n−1

)
= 2− n−1 tr

{
V −1
f∗ V̂(−f)

}
+ oP

(
n−1

)
≤ 1 + oP

(
n−1

)
,

which implies

n−1 tr
{
V̂ −1

(−f)
Vf∗

}
= 1 + oP

(
n−1

)
.

Therefore,

δ−2
f∗ n

−1 tr
{
V̂ −1

(−f)

(
p−1
f ET

fEf

)} 
≥ 1 + oP

(
n−1

)
if k 6= K

= 1 + oP
(
n−1

)
if k = K

.

(3) The third term of equation (3.50), up to a scalar constant, is

δ−2
f∗ n

−1p−1
f

n∑
i=1

(
Lf c̄i − L̂f,(−i)ˆ̄ci

)T
Ef V̂

−1/2
(−f)

ai

=δ−2
f∗ n

−3/2p−1/2
n∑
i=1

(
1− ˆ̄hi

)−1
∆T
i Ef V̂

−1/2
(−f)

ai︸ ︷︷ ︸
(a)

+ δ−2
f∗ n

−1p−1
f

n∑
i=1

(
1− ˆ̄hi

)−1
ĤT
i A(−i)V̂

−1/2
(−f)

ET
fEf V̂

−1/2
(−f)

ai︸ ︷︷ ︸
(b)

(3.59)

where ∆i was defined in (3.52). We derive the asymptotic properties of (a) and (b)

for each k ∈ {0, 1, . . . , Kmax} below.

(a) The conditional expectation of this term is 0. We derive its its conditional variance

by partitioning k ∈ {0, 1, . . . , Kmax} into k ≤ K and k > K.
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(i) k ≤ K. We can re-write (a) from (3.59) as

n−3/2p−1/2

pf∑
g=1

{
˜̀T
gF(−f)efg − ˜̀T

gG(−f)efg

}
F(−f) = C̄T diag

{(
1− ˆ̄hi

)−1
}
V̂
−1/2

(−f)

G(−f) = C̄TĤ diag

{(
1− ˆ̄hi

)−1
}
V̂
−1/2

(−f)
.

Using an identical method used to show (3.54), we can show that

SD

n−3/2p−1/2

pf∑
g=1

{
˜̀T
gF(−f)efg − ˜̀T

gG(−f)efg

}
| Y(−f),π


=OP

(
n−1p−1/2γ

1/2
K

)
Mk

where Mk = maxi∈[n]

(
1− ˆ̄hi

)−1
. When k = K, we have that Mk = OP (1)

and n−1p−1/2γ
1/2
K = o

(
n−1

)
. When k < K,

n−1p−1/2γ
1/2
K Mk = oP (γK/n)

⇐p−1/2Mk = oP (1).

The last equality follows by assumption on Mk, and proves that (a) from

(3.59) is oP
(
n−1

)
when k ≤ K.

(ii) k > K. We perform the same analysis as we did in part (i) above, except

with ∆i defined in (3.56), where the asymptotic properties of each term in

(3.56) are given in (3.53) and (3.57). We can re-write (a) from (3.59) as

n−3/2p−1/2

pf∑
g=1

[
˜̀T
g

{
IK − v̂(−f)v̂

T
(−f)

}
F(−f) − ˜̀T

g v̂(−f)ẑ(−f)J1,(−f)

− ˜̀T
g

{
n−1C̄TR̂(−f)

}
J2,(−f)

]
efg
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where

F(−f) = C̄T diag

{(
1− ˆ̄hi

)−1
}
V̂
−1/2

(−f)

J1,(−f) = n1/2QT

C̄
diag

{(
1− ˆ̄hi

)−1
}
V̂
−1/2

(−f)

J2,(−f) = R̂T
(−f) diag

{(
1− ˆ̄hi

)−1
}
V̂
−1/2

(−f)

and where R̂(−f) was defined in (3.55). We can then use the same techniques

that we used to show (3.58) to show that

SD

{
n−3/2p−1/2

n∑
i=1

(
1− ˆ̄hi

)−1
∆T
i Ef V̂

−1/2
(−f)

ai | Y(−f),π

}

=OP

(
n−1/2p−1 + n−2p−1/2γ

−1/2
K

)
Mk = oP

(
n−1

)

where the last equality follows by the assumptions on Mk.

Items (i) and (ii) show that

n−3/2p−1/2
n∑
i=1

(
1− ˆ̄hi

)−1
∆T
i Ef V̂

−1/2
(−f)

ai =


oP (γK/n) if k < K

oP
(
n−1

)
if k ≥ K.

(b) We first derive the conditional expectation of this term.

E

{
δ−2
f∗ n

−1p−1
f

n∑
i=1

(
1− ˆ̄hi

)−1
ĤT
i A(−i)V̂

−1/2
(−f)

ET
fEf V̂

−1/2
(−f)

ai | Y(−f),π

}

=n−1
n∑
i=1

1

1− ˆ̄hi

ˆ̄HT
i A(−i)V̂

−1/2
(−f)

Vf∗V̂
−1/2

(−f)
ai

=n−1 tr

{
V̂
−1/2

(−f)
Vf∗V̂

−1/2
(−f)

n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hia
T
i

}
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where

tr

{
n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hia
T
i

}
= 0

‖
n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hia
T
i ‖

2
F =

n∑
i=1

ˆ̄hi

1− ˆ̄hi
.

Using the Cauchy-Schwartz inequality and the proof of Theorem 3.7 (see equation

(3.49)), we get that

|n−1 tr

{
V̂
−1/2

(−f)
Vf∗V̂

−1/2
(−f)

n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hia
T
i

}
|

≤
(
n−1 tr

[{
I − V̂ −1/2

(−f)
Vf∗V̂

−1/2
(−f)

}2
])1/2

(
n−1‖

n∑
i=1

1

1− ˆ̄hi
A(−i)

ˆ̄Hia
T
i ‖

2
F

)1/2

=


OP

{
γKn

−3/2 + (np)−1/2
}
M

1/2
k if k < K

OP

{
n−3/2 + (np)−1/2

}
M

1/2
k if k ≥ K

where Mk = max
i∈[n]

(
1− ˆ̄hi

)−1
. The subscript k is to indicate that Mk is a function

of k ∈ {0, 1, . . . , Kmax}. By assumption,

Mk =


OP (1) if k = K or k < K and γK = o(n)

O
[
min

{
n1/2,

p/n
log(p/n)

}]
otherwise.

Therefore, when k > K,

M
1/2
k

(
n−3/2 + n−1/2p−1/2

)
= oP

(
n−1

)
⇔M1/2

k

(
n−1/2 + n1/2p−1/2

)
= oP (1)

⇔Mk

(
n−1 + np−1

)
= oP (1),
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where the last equality holds by our assumption on Mk. When k < K,

M
1/2
k

(
γKn

−3/2 + n−1/2p−1/2
)

= oP (γK/n)

⇔M1/2
k

(
n−1/2 + γ−1

K n1/2p−1/2
)

= oP (1)

where the last equality holds by our assumption on Mk. This proves that

E

{
δ−2
f∗ n

−1p−1
f

n∑
i=1

(
1− ˆ̄hi

)−1
ĤT
i A(−i)V̂

−1/2
(−f)

ET
fEf V̂

−1/2
(−f)

ai | Y(−f),π

}

=


oP (γK/n) if k < K

oP
(
n−1

)
if k ≥ K.

To then calculate the conditional variance, we see that we can-rewrite (b) from

(3.59), up to a scalar constant, as

n−1p−1
f

pf∑
g=1

eTfg V̂
−1/2

(−f)
D(−f)V̂

−1/2
(−f)

efg

where

D(−f) = 2−1
n∑
i=1

(
1− ˆ̄hi

)−1
aiĤ

T
i A(−i) + 2−1

n∑
i=1

(
1− ˆ̄hi

)−1
A(−i)Ĥia

T
i .

From the analysis above, tr
{
D(−f)

}
= 0 and

tr
{
D2

(−f)

}
= ‖D(−f)‖

2
F ≤ ‖

n∑
i=1

(
1− ˆ̄hi

)−1
aiĤ

T
i A(−i)‖

2
F =

n∑
i=1

ˆ̄hi

1− ˆ̄hi

≤ kMk.
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Therefore, for any g ∈ [p],

V
{
eTfg V̂

−1/2
(−f)

D(−f)V̂
−1/2

(−f)
efg | Y(−f),π

}
= 2 tr

{
D(−f)A

2
(−f),gD(−f)A

2
(−f),g

}
A2

(−f),g = V̂
−1/2

(−f)
VgV̂

−1/2
(−f)

.

LetUgΣgU
T
g be the eigen decomposition ofA(−f),g, whereUg is a unitary matrix

and Σg is a diagonal matrix with positive elements that are bounded above by a

constant (by assumptions on Vg and V̂(−f)). Let D̃(−f) = UT
gD(−f)Ug. Then

for some constant c > 0,

tr
{
D(−f)A

2
(−f),gD(−f)A

2
(−f),g

}
= tr

{
ΣgD̃(−f)ΣgΣgD̃(−f)Σg

}
≤ c tr

{
D̃2

(−f)

}
= c tr

{
D2

(−f)

}
≤ ckMk.

Therefore, for some constant c′ > 0 not dependent on n or p,

SD

n−1p−1
f

pf∑
g=1

eTfg V̂
−1/2

(−f)
D(−f)V̂

−1/2
(−f)

efg | Y(−f),π

 ≤ c′n−1p−1/2M
1/2
k

= oP

(
n−1

)
.

The last equality follows because Mk = OP (1) when k = K and is o (p) otherwise

by assumption. This shows that

δ−2
f∗ n

−1p−1
f

n∑
i=1

(
1− ˆ̄hi

)−1
ĤT
i A(−i)V̂

−1/2
(−f)

ET
fEf V̂

−1/2
(−f)

ai

=


oP (γK/n) if k < K

oP
(
n−1

)
if k ≥ K

.
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Putting (1), (2) and (3) together, we get that when γK →∞,

n {g(k)− 1}


& γK {1 + oP (1)} if k < K

= K {α + oP (1)} if k = K

≥ k {1 + oP (1)} if k > K

.

When γK = O(1) and δ−2
∗ γK ≥ 1 + ε for some constant ε > 0,

n {g(k)− 1}


≥ (K + ε) {1 + oP (1)} if k < K

= K {α + oP (1)} if k = K

≥ k {1 + oP (1)} if k > K

.

Lastly,

Kα < K + ε⇔ α < 1 + ε/K ⇔ φ <
ε/K

1 + ε/K
⇐ φ < ε/(2K)

which completes the proof.

Lemma 3.2 and Theorem 3.9

In this section we prove Lemma 3.2 and Theorem 3.9 which justify performing inference on

β using the estimated design matrix Ĉ when K is known. We first prove a technical lemma

that will be useful in both proofs.

Lemma 3.8. Let A ∈ Rn×n be a positive definite matrix with smallest eigenvalue 1 and

largest eigenvalue λ, and suppose Assumptions 3.7, 3.8 and 3.9 hold. For any C, let R2 =

n−1CT
⊥W

−1
∗ C⊥. Then for

M =
(
XTAX

)−1
XTACR−1,
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‖M‖2 is identifiable with ‖M‖2 ≤ c+ c′λ, where c, c′ > 0 are not dependent on n or p.

Proof. The identifiability of ‖M‖2 follows by the proof of Proposition 3.3. Note that we can

write

C = XS + V∗QXW
−1
∗ C⊥

where S is defined in Assumption 3.9. Therefore,

M = SR−1 +
(
n−1XTAX

)−1
n−1/2XTAV∗QXW

−1/2
∗

(
n−1/2W

−1/2
∗ C⊥R

−1
)

where ‖SR−1‖2 is bounded from above by Assumption 3.9. This proves the result.

First, β is identifiable regardless of the parametrization of L and C by Proposition

3.3. Second, restricted maximum likelihood and generalized least squares estimates for Vg

(g = 1, . . . , p) and β only depend on X and the column space of Ĉ. Therefore, we can

assume without loss of generality that n−1CT
⊥Ŵ

−1C⊥ = IK and np−1LTL is diagonal

with decreasing elements in the proof of Theorem 3.9. In the statement of Lemma 3.2, we

assume n−1CT
⊥W

−1
∗ C⊥ = IK . However, by Remark 3.20, the results of Theorem 3.7 and

Lemma 3.8,

‖Ω−Ω
(
n−1CT

⊥Ŵ
−1C⊥

)−1/2
Û‖2 = OP

(
n−1

)

where here U = IK + OP
(
n−1

)
. Therefore, we assume without loss of generality that

n−1CT
⊥Ŵ

−1C⊥ = IK and np−1LTL is diagonal with decreasing elements in the proofs of

Lemma 3.2 and Theorem 3.9.

Proof of Lemma 3.2. Let m = n−d. Once we have estimatedC⊥, δ2
∗ and V∗ from Algorithm
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3.2, we define

X̃ = V̂ −1/2X ∈ Rn×d

C̃ = V̂ −1/2C ∈ Rn×K

C̃⊥ = QT

X̃
C̃ ∈ Rm×K .

From our discussion above, it suffices to assume that m−1C̃T
⊥C̃⊥ = IK and mp−1LTL =

diag (λ1, . . . , λK) where λ1, λK � γK and (λk − λk+1) /λk+1 ≥ c−1
1 + oP (1) where c1 is

defined in Assumption 3.7. Therefore, all conditions of Theorem 3.10 and Lemma 3.6 are

satisfied and (3.38) holds with ε = 1/n. This means that for L̂ defined as

L̂ = Y2Ŵ
−1Ĉ⊥

(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

and µ̂k defined in the proof of Theorem 3.10 (see (3.36) and (3.37)),

m (γKp)
−1 L̂TL̂−mγ−1

K δ̂2
(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

= diag (µ̂1, . . . , µ̂K)− γ−1
K δ̂2IK

=m (γKp)
−1LTL+OP

{
n (pγK)−1 + (pγK)−1/2 + (nγK)−1

}
=m (γKp)

−1LTL+ oP

(
n−1/2

)

Therefore, to prove Lemma 3.2, we only need to show that

‖m (γKp)
−1 L̂TY1 −

{
m (γKp)

−1LTLΩT
}
‖2 = oP

(
n−1/2

)
. (3.60)

We first note that

C̃⊥ = QT

X̃
C̃ =

(
QT
X V̂ QX

)−1/2 (
V̂ 1/2QX

)T
V̂ −1/2C = Ŵ−1/2C⊥.
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Algorithm 3.2 will return

ˆ̃C⊥ = C̃⊥v̂ +
√
mQ

C̃⊥
ẑ,

an estimate of C̃⊥, where v̂ and ẑ are defined in (3.36) and (3.37) with asymptotic properties

given in (3.38). Next, since Q
X̃

= V̂ 1/2QXŴ
−1/2,

L̂ = Y QXŴ
−1Ĉ⊥

(
ĈT
⊥Ŵ

−1Ĉ⊥
)−1

= Y QXŴ
−1/2 ˆ̃C⊥

(
ˆ̃CT
⊥

ˆ̃C⊥
)−1

= m−1LC̃T
⊥

ˆ̃C⊥ +m−1EV̂ −1/2Q
X̃

ˆ̃C⊥ = Lv̂ +m−1EV̂ −1/2Q
X̃

ˆ̃C⊥ (3.61)

and

m (γKp)
−1 L̂TY1 =m (γKp)

−1 L̂TY V̂ −1X
(
X̃TX̃

)−1

=m (γKp)
−1 L̂Tβ︸ ︷︷ ︸

(1)

+m (γKp)
−1 L̂TLΩT︸ ︷︷ ︸
(2)

+m (γKp)
−1 L̂TEV̂ −1X

(
X̃TX̃

)−1

︸ ︷︷ ︸
(3)

.

We will go through each of these terms to prove (3.60).

(1)

m (γKp)
−1 L̂Tβ = m (γKp)

−1 v̂TLTβ + (γKp)
−1 ˆ̃CT

⊥Q
T

X̃
V̂ −1/2ETβ.

By the assumptions on β and L, the first term is oP

(
n−1/2

)
. For the second term, it

suffices to assume d = 1. Then

Var
(
p−1/2ETβ

)
= p−1

p∑
g=1

β2
gVg.
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Therefore,

E‖p−1/2ETβ‖22 � ns1

where s1 = p−1
p∑
g=1

I
(
βg 6= 0

)
. By Assumption 3.9,

n1/2
{(
γ−1
K n1/2p−1/2

)
(ns1)1/2

}
. n3/4 (γKp)

−1/2 =
{
n3/2 (γKp)

−1
}1/2

→ 0.

Therefore, the second term is oP

(
n−1/2

)
.

(2)

m (γKp)
−1 L̂TL = v̂Tm (γKp)

−1LTL+ (γKmp)
−1/2 ˆ̃CT

⊥Q
T

X̃
V̂ −1/2ETL̄.

By (3.38d), the first term is such that

‖v̂Tm (γKp)
−1LTL−m (γKp)

−1LTL‖2 = oP

(
n−1/2

)
.

For the second term,

(γKmp)
−1/2 ˆ̃CT

⊥Q
T

X̃
V̂ −1/2ETL̄ = (γKmp)

−1/2 v̂TC̃T
⊥Q

T

X̃
V̂ −1/2ETL̄

+ ẑTQT

C̃
QT

X̃
V̂ −1/2︸ ︷︷ ︸

OP

{
n1/2(γKp)

−1/2+(nγK)−1
} (γKp)

−1/2ETL̄︸ ︷︷ ︸
OP

{
n1/2(γKp)

−1/2
}

= (γKmp)
−1/2 v̂TCT

⊥

(
QT
X V̂ QX

)−1
QT
XE

TL̄+ oP

(
n−1/2

)
= (γKp)

−1/2 v̂T
(
m−1/2C⊥

)T (
QT
XV∗QX

)−1
QT
XE

TL̄+ oP

(
n−1/2

)
=oP

(
n−1/2

)
.
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(3) Lastly,

m (γKp)
−1 L̂TEV̂ −1X

(
X̃TX̃

)−1
= m (γKp)

−1 v̂LTEV̂ −1X
(
X̃TX̃

)−1

+ (γKp)
−1 ˆ̃CT

⊥Q
T

X̃
V̂ −1/2ETEV̂ −1X

(
X̃TX̃

)−1

= (γKp)
−1/2 L̄TEV̂ −1

{
m1/2X

(
X̃TX̃

)−1
}

+ γ−1
K v̂TCT

⊥

(
QT
X V̂ QX

)−1
QT
Xp
−1ETEV̂ −1X

(
X̃TX̃

)−1

+ γ−1
K ẑTQT

C̃⊥
QT

X̃
V̂ −1/2p−1ETEV̂ −1/2

{
m1/2X̃

(
X̃TX̃

)−1
}
.

First,

(γKp)
−1/2 L̄TEV̂ −1

{
m1/2X

(
X̃TX̃

)−1
}

= (γKp)
−1/2 L̄TEV −1

∗

{
m1/2X

(
X̃TX̃

)−1
}

+ oP

(
n−1/2

)
= oP

(
n−1/2

)
.

Next,

γ−1
K v̂TCT

⊥

(
QT
X V̂ QX

)−1
QT
X

1

p
ETEV̂ −1X

(
X̃TX̃

)−1

=γ−1
K v̂TCT

⊥W
−1
∗ QT

Xp
−1ETEV −1

∗ X
(
X̃TX̃

)−1
+OP

{
(γKn)−1

}
.

Let A ∈ Rm×K be a matrix whose columns form an orthonormal basis for the column

space of C⊥, which is not dependent on V̂ , and define the non-random matrices

f = QXW
−1
∗ A ∈ Rn×K

u = X
(
XTX

)−1/2 ∈ Rn×d,

both of which have bounded 2-norm and fTu = 0. Since K, d are fixed, it suffices to
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assume that K = d = 1. We first see that

E
(
fTp−1ETEV −1

∗ u
)

= fT

p−1
p∑
g=1

Vg

V −1
∗ u = fTV∗V −1

∗ u = 0

and

V
(
fTp−1ETEV −1

∗ u
)

= p−2
p∑
g=1

Var
(
ẽg,1ẽg,2

)
� p−1

where ẽg,1 = fTeg ∼ N
(
0,fTVgf

)
and ẽg,2 = uTV −1

∗ eg ∼ N
(

0,uTV −1
∗ VgV

−1
∗ u

)
.

Therefore,

‖γ−1
K v̂TCT

⊥

(
QT
X V̂ QX

)−1
QT
Xp
−1ETEV̂ −1X

(
X̃TX̃

)−1
‖2

=OP

{
γ−1
K p−1/2 + (γKn)−1

}
= oP

(
n−1/2

)
.

Finally,

γ−1
K ẑTQT

C̃⊥
QT

X̃
V̂ −1/2p−1ETEV̂ −1/2

{
m1/2X̃

(
X̃TX̃

)−1
}

=γ−1
K ẑTQT

C̃⊥
QT

X̃
V
−1/2
∗ p−1ETEV

−1/2
∗

{
m1/2X̃

(
X̃TX̃

)−1
}

+ oP

{
(nγK)−1

}
=γ−1

K ẑTQT

C̃⊥
QT

X̃
V
−1/2
∗

(
p−1ETE − V∗

)
V
−1/2
∗

{
m1/2X̃

(
X̃TX̃

)−1
}

+ oP

{
(nγK)−1

}

where

‖γ−1
K ẑTQT

C̃⊥
QT

X̃
V
−1/2
∗

(
p−1ETE − V∗

)
V
−1/2
∗

{
m1/2X̃

(
X̃TX̃

)−1
}
‖2

=OP

(
nγ
−3/2
K p−1

)
= oP

(
n−1/2

)
.
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This proves (3.60) and completes the proof.

Proof of Theorem 3.9. Fix a g ∈ [p] and define V (θ) =
b∑

j=1
[θ]jBj for θ ∈ Rb and Wg =

QT
XVgQX . We will first show (3.26). Define

ln,g (θ) = n−1 log|V (θ)| − n−1eTgV (θ)−1 eg

fn,g (θ) = n−1 log|V (θ)| − n−1 tr
{
V (θ)−1 V

(
vg
)}

Then the function Gn (θ) = ln,g (θ)−fn,g (θ) is stochastically equicontinuous on the compact

space Θ∗. Since |Gn (θ)| = oP (1) for all θ ∈ Θ∗,

sup
θ∈Θ∗

|ln,g (θ)− fn,g (θ)| = oP (1).

Next, −
[
∇2
θfn,g

(
vg
)]
ij

= n−1 tr
{
BiV

(
vg
)−1

BjV
(
vg
)−1
}

for all i, j ∈ [b], meaning

−∇2
θfn,g

(
vg
)

has eigenvalues that are uniformly bounded above ε by Assumption 3.7, where

ε > 0 is a constant not dependent on n or p. And by Lemma 3.3, fn,g (θ) has a unique

maximum at θ = vg. The restricted maximum likelihood problem we are interested in

solving is

arg max
θ∈Θ∗

l̂n,g (θ)

l̂n,g (θ) = −n−1 log|QT

Ĉ⊥
W (θ)Q

Ĉ⊥
| − n−1yT

g2QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
yg2 .

(3.62)

We use the same technique used in the proof of Lemma 3.6 to show that

sup
θ∈Θ∗

|ln,g (θ)− l̂n,g (θ)| = OP

{
n1/2 (γKp)

−1/2 + n−1/2
}
, (3.63)
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which can also be used to show that

|∇ln,g −∇l̂n,g|, |∇2ln,g −∇2l̂n,g| = OP

{
n1/2 (γKp)

−1/2 + n−1/2
}
.

First, from (3.38) we get that

n−1/2‖QT

Ĉ⊥
C⊥‖2 = O

{
‖QT

ˆ̄C⊥

(
C̄⊥ − ˆ̄C⊥

)
‖2
}

= O
(
‖C̄⊥ − ˆ̄C⊥‖2

)
= OP

{
n1/2 (γKp)

−1/2 + n−1
}

where C̄⊥ = n−1/2Ŵ−1/2C⊥ and ˆ̄C⊥ = n−1/2Ŵ−1/2Ĉ⊥. Define

η = n1/2 (γKp)
−1/2 + n−1.

Then

n−1yT
g2QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
yg2

=n−1`TgC
T
⊥QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
C⊥`g︸ ︷︷ ︸

oP (η)

+ n−1`TgC
T
⊥QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
eg2︸ ︷︷ ︸

OP (η)

+

[
n−1`TgC

T
⊥QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
eg2

]T
+ n−1eTg2QĈ⊥

{
QT

Ĉ⊥
W (θ)Q

Ĉ⊥

}−1
QT

Ĉ⊥
eg2︸ ︷︷ ︸

n−1eTg V (θ)−1eg+OP (n−1)

= n−1eTgV (θ)−1 eg +OP (η) .

And since

sup
θ∈Θ∗

|n−1 log|QT

Ĉ⊥
W (θ)Q

Ĉ⊥
| − n−1 log|V (θ)|| = OP

(
n−1

)
,
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(3.63) follows. Therefore,

sup
θ∈Θ∗

|l̂n,g (θ)− fn,g (θ)| = oP (1),

meaning v̂g, the solution to (3.62), satisfies ‖v̂g −vg‖2 = oP (1). Define Γ̂g ∈ Rb×rg , rg ≤ b,

to be a matrix whose columns form an orthonormal basis for the null space of Ag, where Ag

has b columns and forms the set of equality constraints at the optimum v̂g. If there are no

equality constraints satisfied at the optimum, Γ̂g = Ib. Note that if x is a row of AI defined

in Section 3.2 and xTvg > 0, then, xTv̂g > 0 with probability tending to 1. Therefore, vg

will lie in the column space of Γ̂g with probability tending to 1. For v̄g = λvg + (1− λ) v̂g

for some λ ∈ [0, 1], we then have

0 = Γ̂T
g∇l̂n,g

(
v̂g
)

= Γ̂T
g∇l̂n,g

(
vg
)

+ Γ̂T
g∇2l̂n,g

(
v̄g
) (
v̂g − vg

)
= Γ̂T

g∇ln,g
(
vg
)

+ Γ̂T
g∇2ln,g

(
v̄g
)
Γ̂g

(
θ̂g − θg

)
+OP (η)

This proves that

‖Vg − V̂g‖2 = OP

{
n1/2 (γKp)

−1/2 + n−1/2
}
,

and therefore (3.26), since ‖∇ln,g
(
vg
)
‖2 = OP

(
n−1/2

)
and the eigenvalues of ∇2ln,g

(
v̄g
)

are bounded above 0 (and below ∞) with probability tending to 1. We can then express

V̂ −1
g and Ŵg as

‖V̂ −1
g −

V −1
g +

b∑
j=1

εg,jV
−1
g BjV

−1
g

‖2 = oP

(
n−1/2

)
(3.64a)

‖Ŵ−1
g −

W−1
g +

b∑
j=1

εg,jW
−1
g B̃jW

−1
g

‖2 = oP

(
n−1/2

)
(3.64b)

εg,j = vg,j − v̂g,j , (3.64c)
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which we will use to prove (3.27).

Define D̂ =

[
X Ĉ

]
. The generalized least squares estimate for βg is

β̂g =

[(
D̂TV̂ −1

g D̂
)−1

D̂TV̂ −1
g yg

]
1:d

=
(
XTV̂ −1

g X
)−1

XTV̂ −1
g yg − Ω̂g ˆ̀g

= βg + Ωg`g − Ω̂g ˆ̀g +
(
XTV̂ −1

g X
)−1

XTV̂ −1
g eg (3.65)

where here

ˆ̀g =
(
ĈT
⊥Ŵ

−1
g Ĉ⊥

)−1
ĈT
⊥Ŵ

−1
g QT

Xyg

Ω̂g =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g Ĉ

Ωg =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g C.

Since β̂g only depends on the column space of Ĉ and βg is identifiable regardless of the

parametrization of C, it suffices to assume

(n− d)−1ĈT
⊥Ŵ

−1Ĉ⊥ = IK , np−1L̂TL̂ is diagonal with non-increasing elements

(n− d)−1CT
⊥Ŵ

−1C⊥ = IK , (n− d)p−1LTL = diag (λ1, . . . , λK)

and that the diagonal elements of CT
⊥Ĉ⊥ are positive, where λ1, . . . , λK are defined in

Lemma 3.4. Corollary 3.1, Lemma 3.4 and Remark 3.20 shows that this uniquely identifies

L and C. We discussed the behavior of this random identification criterion in Remark 3.20.

To prove the theorem, we will prove two relations in lemmas 3.9 and 3.10:

n1/2
{

Ωg

(
`g − ˆ̀g

)
+
(
XTV̂ −1

g X
)−1

XTV̂ −1
g eg

}
= F + oP (1) (3.66)

n1/2‖Ω̂g −Ωg‖2 = oP (1) (3.67)
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where

F ∼ N

{
0,
(
n−1XTV −1

g X
)−1

+ Ω̃g

(
n−1CT

⊥W
−1
g C⊥

)−1
Ω̃T
g

}
(3.68)

Ω̃g =
(
XTV −1

g X
)−1

XTV −1
g C.

Lemma 3.9. Under the assumptions of Theorem 3.9, relation (3.66) holds.

Proof. First, note that because ‖Vg − V̂g‖2 = oP (1), ‖Ω̃g − Ωg‖2 = oP (1), meaning it

suffices to prove the lemma by replacing Ω̃g with Ωg in (3.68). To prove the Lemma we need

to understand how ˆ̀g behaves. First,

ˆ̀g =
(
ĈT
⊥Ŵ

−1
g Ĉ⊥

)−1
ĈT
⊥Ŵ

−1
g QT

Xyg

=
(
ĈT
⊥Ŵ

−1
g Ĉ⊥

)−1
ĈT
⊥Ŵ

−1
g C⊥`g +

(
ĈT
⊥Ŵ

−1
g Ĉ⊥

)−1
ĈT
⊥Ŵ

−1
g QT

Xeg

=`g +
(
CT
⊥Ŵ

−1
g C⊥

)−1
ĈT
⊥Ŵ

−1
g QT

Xeg + oP

(
n−1/2

)
.

The last equality follows from Corollary 3.2 and because

(
n−1ĈT

⊥Ŵ
−1
g Ĉ⊥

)−1
=

n−1ĈT
⊥W

−1
g Ĉ⊥ +

b∑
j=1

εg,jn
−1ĈT

⊥W
−1
g B̃jW

−1
g Ĉ⊥

−1

+ oP

(
n−1/2

)
=
(
n−1ĈT

⊥W
−1
g Ĉ⊥

)−1
+

b∑
j=1

εg,j

{(
n−1ĈT

⊥W
−1
g Ĉ⊥

)−1

×
(
n−1ĈT

⊥W
−1
g B̃jW

−1
g Ĉ⊥

)(
n−1ĈT

⊥W
−1
g Ĉ⊥

)−1
}

+ oP

(
n−1/2

)
=
(
n−1CT

⊥W
−1
g C⊥

)−1
+

b∑
j=1

εg,j

{(
n−1CT

⊥W
−1
g C⊥

)−1

×
(
n−1CT

⊥W
−1
g B̃jW

−1
g C⊥

)(
n−1CT

⊥W
−1
g C⊥

)−1
}

+ oP

(
n−1/2

)
=
(
n−1CT

⊥Ŵ
−1
g C⊥

)−1
+ oP

(
n−1/2

)
,

where we can substitute n−1CT
⊥Ŵ

−1
g C⊥ for ĈT

⊥Ŵ
−1
g C⊥ in the above analysis as well by
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Corollary 3.2. Next, QT
Xeg is independent of XTV −1

g eg by Craig’s Theorem and

n−1XTV̂ −1
g eg = n−1XTV −1

g eg +
b∑

j=0

εg,jn
−1XTV −1

g BjV
−1
g eg + oP

(
n−1/2

)
= n−1XTV −1

g eg + oP

(
n−1/2

)
.

Therefore, the proof will be complete if we can show

‖n−1ĈT
⊥Ŵ

−1
g QT

Xeg − n
−1CT

⊥W
−1
g QT

Xeg‖2 = oP

(
n−1/2

)
,

since a simple application of Slutsky’s Theorem would give us the result. To show this, we

first note that

‖n−1ĈT
⊥Ŵ

−1
g QT

Xeg − n
−1CT

⊥W
−1
g QT

Xeg‖2

≤‖n−1ĈT
⊥W

−1
g QT

Xeg − n
−1CT

⊥W
−1
g QT

Xeg‖2

+
b∑

j=0

εg,j‖n−1ĈT
⊥W

−1
g B̃jW

−1
g QT

Xeg − n
−1CT

⊥W
−1
g B̃jW

−1
g QT

Xeg‖2 + oP

(
n−1/2

)
.

We will first prove

‖n−1ĈT
⊥W

−1
g QT

Xeg − n
−1CT

⊥W
−1
g QT

Xeg‖2 = oP

(
n−1/2

)
(3.69)

and then an identical analysis can be used to show

‖n−1ĈT
⊥W

−1
g B̃jW

−1
g QT

Xeg − n
−1CT

⊥W
−1
g B̃jW

−1
g QT

Xeg‖2 = oP

(
n−1/2

)
.
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To prove (3.69), we first define

C̄⊥ = (n− d)−1/2Ŵ−1/2C⊥

Q̄⊥ = QC̄⊥
.

Then using (3.36), (3.37) and (3.38) in the proof of Theorem 3.10, we have that

Ĉ⊥ = (n− d)1/2Ŵ 1/2 ˆ̄C⊥ = (n− d)1/2Ŵ 1/2C̄⊥v̂ + (n− d)1/2Ŵ 1/2Q̄⊥ẑ. (3.70)

We first see that

n−1(n− d)1/2v̂TC̄T
⊥Ŵ

1/2W−1
g QT

Xeg = n−1(n− d)1/2C̄T
⊥Ŵ

1/2W−1
g QT

Xeg + oP

(
n−1/2

)
= n−1CT

⊥W
−1
g QT

Xeg + oP

(
n−1/2

)
.

To then show (3.69) and complete the proof, we need only show that

‖ẑTQ̄T
⊥Ŵ

1/2W−1
g QT

Xeg‖2 = oP (1) .

ẑ is such that

‖ẑ − (pγK)−1/2 Q̄T
⊥Ŵ

−1/2ẼT
{

(pγK)−1/2 ẼŴ−1/2C̄⊥ + L̄
}
‖2 = oP

(
n−1/2

)

where Ẽ = EQX . Therefore,

ẑTQ̄T
⊥Ŵ

1/2W−1
g QT

Xeg = (pγK)−1/2 L̄TẼQC⊥

(
QT
C⊥
ŴQC⊥

)−1
QT
C⊥
ŴW−1

g ẽg︸ ︷︷ ︸
(1)

+ γ−1
K (n− d)−1/2CT

⊥Ŵ
−1
(
p−1ẼTẼ

)
QC⊥

(
QT
C⊥
ŴQC⊥

)−1
QT
C⊥
ŴW−1

g ẽg︸ ︷︷ ︸
(2)

+oP (1).
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We now go through each one of these terms.

(1) Since this is a continuously differentiable function of Ŵ and ‖Ŵ −W ∗‖2 = OP
(
n−1

)
,

∥∥∥∥(pγK)−1/2 L̄TẼQC⊥

(
QT
C⊥
ŴQC⊥

)−1
QT
C⊥
ŴW−1

g ẽg

− (pγK)−1/2 L̄TẼQC⊥

(
QT
C⊥
W ∗QC⊥

)−1
QT
C⊥
W ∗W−1

g ẽg

∥∥∥∥
2

=OP

{
n1/2 (pγK)−1/2

}
= oP (1).

Define the non-random matrix

Mg = QC⊥

(
QT
C⊥
W ∗QC⊥

)−1
QT
C⊥
W ∗W−1

g ∈ R(n−d)×(n−d).

and the random vector wg = Mgẽg ∼ N
(
0,MgWgM

T
g

)
. Then

(pγK)−1/2 L̄TẼwg = (pγK)−1/2
∑
h6=g

¯̀
hẽ

T
hwg + (pγK)−1/2 ¯̀gẽ

T
gwg︸ ︷︷ ︸

OP

{
n3/2(γKp)

−1
}

=oP (1)

with

E

(pγK)−1/2
∑
h6=g

¯̀
hẽ

T
hwg

 = E

(pγK)−1/2
∑
h6=g

¯̀
hẽ

T
hwg | wg

 = 0

V

(pγK)−1/2
∑
h6=g

¯̀
hẽ

T
hwg | wg

 = (pγK)−1
∑
h6=g

V
(

¯̀
hẽ

T
hwg | wg

)
=

1

λp

∑
h6=g

(
wT
gWhwg

)
¯̀
h

¯̀T
h

� c (pγK)−1 ‖wg‖22L̄
TL̄
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where c bounds the eigenvalues of Wh (h = 1, . . . , p) from above. Therefore,

V

(pγK)−1/2
∑
h6=g

¯̀
hẽ

T
hwg

 = O
{
n (pγK)−1

}
= o(1).

This shows that ‖1.)‖2 = oP (1).

(2) For this, we use the same technique to replace Ŵ with W ∗, which only differs from

2.) by OP

(
n−1/2

)
= oP (1) in 2-norm. Next, we define non-random the matrix

A ∈ R(n−d)×K to be a matrix whose columns form an orthonormal basis for the

column space of C⊥. For wg defined above, note that ATwg = 0. Therefore,

2.) = γ−1
K ATW ∗−1

(
p−1ẼTẼ

)
wg =γ−1

K ATW ∗−1
(
p−1ẼT

−gẼ−g
)
wg

+ (γKp)
−1ATẽgẽ

T
gwg︸ ︷︷ ︸

OP

{
n(γKp)

−1
}

=oP (1)

where Ẽ−g is the Ẽ with the gth row removed. Note that

E
{
ATW ∗−1

(
p−1ẼT

−gẼ−g
)
wg | wg

}
= p−1ATW ∗−1Wgwg

∼p−1NK

(
0,ATW ∗−1WgMgWgMgWgW

∗−1A
)

Since K is fixed and finite, it suffices to assume K = 1. If we let u = W ∗−1A ∈

R(n−d)×K (which has bounded 2-norm), then

V
{
ATW ∗−1

(
p−1ẼT

−gẼ−g
)
wg | wg

}
= p−2

∑
h6=g

V
{
uTẽhẽ

T
hwg | wg

}
= p−2O

(
p‖wg‖22

)
= O

(
p−1‖wg‖22

)
.

This shows that ‖2.)‖2 = oP (1), and completes the proof.
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Lemma 3.10. Under the assumptions Theorem 3.9, relation (3.67) holds.

Proof. From the expression for C and Ĉ in item (c) of Algorithm 3.1 and equation (3.12),

we can write Ωg and Ω̂g as

Ωg =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g C = Ω +

(
XTV̂ −1

g X
)−1

XTV̂ −1
g V̂ QXŴ

−1C⊥

Ω̂g =
(
XTV̂ −1

g X
)−1

XTV̂ −1
g Ĉ = Ω̂ +

(
XTV̂ −1

g X
)−1

XTV̂ −1
g V̂ QXŴ

−1Ĉ⊥.

By Lemma 3.2, ‖Ω − Ω̂‖2 = oP

(
n−1/2

)
. Therefore, to prove the current lemma, we need

only show that

‖n−1XTV̂ −1
g V̂ QXŴ

−1C⊥ − n−1XTV̂ −1
g V̂ QXŴ

−1Ĉ⊥‖2 = oP

(
n−1/2

)
.

Just as we did in the proof of Lemma 3.9, we use (3.64) to expand the above equation:

‖n−1XTV̂ −1
g V̂ QXŴ

−1C⊥ − n−1XTV̂ −1
g V̂ QXŴ

−1Ĉ⊥‖2 ≤

‖n−1XTV −1
g V̂ QXŴ

−1C⊥ − n−1XTV −1
g V̂ QXŴ

−1Ĉ⊥‖2

+
b∑

j=1

εg,j‖n−1XTV −1
g BjV

−1
g V̂ QXŴ

−1C⊥ − n−1XTV −1
g BjV

−1
g V̂ QXŴ

−1Ĉ⊥‖2

+oP

(
n−1/2

)

where again we will first show

‖n−1XTV −1
g V̂ QXŴ

−1C⊥ − n−1XTV −1
g V̂ QXŴ

−1Ĉ⊥‖2 = oP

(
n−1/2

)
. (3.71)

An identical argument can then be applied to show that

‖n−1XTV −1
g BjV

−1
g V̂ QXŴ

−1C⊥ − n−1XTV −1
g BjV

−1
g V̂ QXŴ

−1Ĉ⊥‖2

=oP

(
n−1/2

)
.
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First, by the expression for Ĉ⊥ in (3.70),

n−1XTV −1
g V̂ QXŴ

−1Ĉ⊥ =n−1 (n− d)1/2XTV −1
g V̂ QXŴ

−1/2C̄⊥v̂

+ n−1 (n− d)1/2XTV −1
g V̂ QXŴ

−1/2Q̄⊥ẑ

To show (3.71),

‖n−1XTV −1
g V̂ QXŴ

−1C⊥ − n−1 (n− d)1/2XTV −1
g V̂ QXŴ

−1/2C̄⊥v̂‖2 = oP

(
n−1/2

)

by (3.70) and because ‖v̂ − IK‖2 = oP

(
n−1/2

)
. Therefore, we need only show that

‖uTV̂ QXŴ
−1/2Q̄⊥ẑ‖2 = oP

(
n−1/2

)

where u = n−1/2V −1
g X ∈ Rn×d has bounded 2-norm. By the expression for ẑ in (3.37),

uTV̂ QXŴ
−1/2Q̄⊥ẑ = (γKp)

−1/2 uTV̂ QXQC⊥

(
QT
C⊥
ŴQC⊥

)−1
QT
C⊥
ẼTL̄

+ γ−1
K (n− d)−1/2uTV̂ QXQC⊥

(
QT
C⊥
ŴQC⊥

)−1
QT
C⊥

(
p−1ẼTẼ

)
Ŵ−1C⊥

+ oP

(
n−1/2

)

where Ẽ = EQX . Since ‖V̂ − V ∗‖2, ‖Ŵ −W ∗‖2 = OP
(
n−1

)
, we can use identical

techniques used in the proof of Lemma 3.9 to show that

‖uTV̂ QXŴ
−1/2Q̄⊥ẑ‖2 = OP

{
n−1 + (γKp)

−1/2
}

= oP

(
n−1/2

)

which completes the proof.
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Going back to the expression for β̂g in (3.65), Lemmas 3.9 and 3.10 show that

n1/2
(
β̂g − βg

)
=n1/2Ωg

(
`g − ˆ̀g

)
+ n1/2

(
Ωg − Ω̂g

)
ˆ̀g

+ n1/2
(
XTV̂ −1

g X
)−1

XTV̂ −1
g eg = F + oP (1)

where F was defined in (3.68). To complete the proof, Corollary 3.2 shows that

‖n−1CT
⊥W

−1
g C⊥ − ĈT

⊥W
−1
g Ĉ⊥‖2 = oP (1).

Next

(
XTV −1

g X
)−1

XTV −1
g C = Ω +

(
XTV −1

g X
)−1

XTV −1
g V̂ QXŴ

−1C⊥,

where Theorem 3.10 and Lemma 3.2 show that

‖
(
XTV −1

g X
)−1

XTV −1
g C −

(
XTV −1

g X
)−1

XTV −1
g Ĉ‖2 = oP (1).

The result then follows from the fact that ‖Vg − V̂g‖2 = oP (1).

3.14 Completing the proofs of Theorems 3.4, 3.5 and 3.6

Proof of Theorem 3.4. All rates given in the proof of Theorem 3.7 only depend on C through

the constants c1, ε1, c2 and γ1, . . . , γK defined in Assumptions 3.7 and 3.8. That is, (3.22)

of Theorem 3.7 can be expressed as follows: Let T = T
(
C, e1, . . . , ep

)
be a statistic and

define the event

E = {C is such that the assumptions needed to prove Theorem 3.7 hold} .
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Then for all η > 0, there exists a constant Mη large enough such that for all C ∈ E,

P
(
|T | ≥Mη | C

)
≤ η.

To prove the theorem, note that by Assumptions 3.4 and 3.5, P (E) → 1 as n → ∞.

Therefore, as n→∞,

P
(
|T | ≥Mη

)
≤ E

{
I (E)P

(
|T | ≥Mη | C

)}
+ P (Ec) ≤ η + o(1)

where Ec is the complement of E.

Proof of Theorem 3.5. Define the statistic Tk = n {g(k)− 1} for k = 0, 1, . . . , Kmax, where

g(k) is defined in (3.50) of the proof of Theorem 3.8. Just as we did in the proof of Theorem

3.4, define the event

E = {C is such that the assumptions needed to prove Theorem 3.8 hold} .

The proof of Theorem 3.8 shows that for all ξ > 0, there exists an N large enough so that

P

(
arg min

k∈{0,1,...,Kmax}
Tk 6= K | C

)
< ξ

for all C ∈ E and n ≥ N . By Lemma 3.1, Remark 3.17 and since P (E)→ 1 as n→∞, the

result follows.

Proof of Theorem 3.6. Let

E = {C is such that the assumptions needed to prove Theorem 3.9 hold} .

Fix a g ∈ [p], let Ẑg = M̂
−1/2
n

(
β̂g − βg

)
and assume C ∈ E. The proof of Theorem

3.9 shows that there exists a measurable function Z̃n,g = Z̃n,g
(
C, e1, . . . , ep

)
∈ Rd with
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Z̃n,g | C ∼ N (0, Id) such that for all ξ, ε > 0, there exists an M > 0 such that

P
(
‖Ẑg − Z̃n,g‖2 ≥ ε | C

)
, P
(
‖M̂gM

−1
g − Id‖2 ≥ ε | C

)
< ξ

for all n ≥M , where M̂g,Mg are defined in the statement of Theorem 3.6. Since P (E)→ 1

as n → ∞, we simply define Zn,g = I (C ∈ E) Z̃n,g + I (C ∈ Ec) S̃n,g for an arbitrary

random variable S̃n,g ∼ N (0, Id) that is independent on C. We then see that

P
(
‖Ẑg −Zn,g‖2 ≥ ε

)
= E

{
I (C ∈ E)P

(
‖Ẑg − Z̃n,g‖2 ≥ ε | C

)}
+ o(1) ≤ ξ

for all n large enough. The result then follows.
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CHAPTER 4

LONGITUDINAL STUDIES REVEAL STRONG GENETIC

AND WEAK NON-GENETIC COMPONENTS OF

ETHNICITY-DEPENDENT BLOOD DNA METHYLATION

LEVELS

4.1 Introduction

Epigenetic patterning in human genomes reflects the contributions of genetic variation (Bell

et al. 2011, Smith et al. 2014) exposure histories (Chatterton et al. 2017, Goodrich et al. 2016,

Joubert et al. 2016, Kippler et al. 2013, C. et al. 2013, Rzehak et al. 2016), and biological

factors, such as age (Bocklandt et al. 2011, Horvath 2013, Horvath et al. 2014, Johnson et al.

2012, Knight et al. 2016, Levine & Crimmins 2014, Marioni et al. 2015, Parets et al. 2013,

Schroeder et al. 2011, Davey Smith et al. 2015), ethnicity (Adkins et al. 2011, Galanter et al.

2017, Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015, Rahmani et al. 2017) and

disease status (Chan et al. 2017, Ladd-Acosta et al. 2013, Nicodemus-Johnson et al. 2016,

Rutledge et al. 2017), among others. However, little work has been done to elucidate the

relative contributions or longitudinal dynamics of each on epigenetic patterning.

To directly examine the relationship between age, ethnicity, genetic variation, early life

exposures and allergic phenotypes and an epigenetic mark, we studied global DNA methyla-

tion patterns at over 750,000 CpG sites on the EPIC array in cord blood mononuclear cells

(CBMCs) collected at birth and in peripheral blood mononuclear cells (PBMCs) collected

at 7 years of age from 196 children participating in the Urban Environment and Childhood

Asthma (URECA) birth cohort study (Gern et al. 2009, O’Connor et al. 2018). This cohort

is part of the NIAID-funded Inner City Asthma Consortium and is comprised of children

primarily of Black and Hispanic self-reported ethnicity, with a mother and/or father with a

history of at least one allergic disease living in poor urban areas (see O’Connor et al. (2018)
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for details of enrollment criteria). Mothers of children in the URECA study were enrolled

during pregnancy and children were followed from birth through at least 7 years of age.

The longitudinal design of the URECA study provided us with the resolution to parti-

tion genetic from non-genetic effects on ancestry-associated DNA methylation patterns, and

yielded new insight into the factors affecting DNA methylation patterns at CpG sites in

mononuclear (immune) cells during early life in ethnically admixed children. Using a novel

statistical method that provides a general framework for analyzing longitudinal genetic and

epigenetic data, we show that race/ethnicity-dependent methylation patterns are conserved

over the first 7 years of life and that these patterns are strongly influenced, and often medi-

ated, by local genotype. Further, chronological age, but not measured exposures during pre-

or post-natal periods or disease status by age 7, was associated with methylation patterns

in these children. Considering the results of our study and those of a recently published

comprehensive review on environmental epigenetics research (Breton et al. 2017), we sug-

gest that methylation levels in blood are not as responsive to environmental exposures as

previously suggested (Galanter et al. 2017), at least during the first 7 years of life.

4.2 Statistical methods

4.2.1 Univariate statistical models

We used a standard linear regression model to determine the variable X’s effect on methy-

lation at age a = 0 or 7:

y
(a)
g = Xβ

(a)
g +Zγ

(a)
g +C`

(a)
g + e

(a)
g , e

(a)
g ∼ Nn

(
0, σ2

0,gIn

)
, (4.1)

where we use σ2
0,g instead of σ2

g to distinguish it from the residual variance σ2
g in (4.3). Here,

y
(a)
g is an n-vector containing the M-values at CpG site g at age a, where g = 1, . . . , p =

784, 484. Unless otherwise stated, the covariates Z included gender, sample collection site
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and plate number (the methylation data were collected on a total of five plates). We esti-

mated the unobserved confoundersC using the method described in Chapter 2. Our estimate

for C was highly correlated with estimated PBMC cell proportions, which were estimated

prior to collecting methylation data in 190 of the 196 PBMC samples, and our results did

not change when we included estimated cell proportion in Z. Therefore, we chose to not

include estimated cell proportions in Z in PBMCs and were forced to leave them out when

analyzing the cord blood data, whose cell proportions were not estimated. We then com-

puted a P value to test the hypothesis β
(a)
g = 0 for each of the p = 784, 484 CpG sites and

used the software qvalue (Storey et al. 2015) to compute a q-value for each site. We used

the q-values to control the false discovery rate at a nominal level.

To find CpGs whose methylation changed from birth to age seven, we modeled the

difference in methylation as

y
(7)
g − y

(0)
g = 1nβ

(0→7)
g +Zγg +C`g + eg, eg ∼ Nn

(
0, σ2

gIn

)
. (4.2)

where 1n ∈ Rn is the vector of all 1’s and β
(0→7)
g is the average change in methylation

between age seven and age 0, holding all else constant. Z included gestational age, PC1

of Figure 4.1 and sample collection site. We estimated C using the method described in

Chapter 2.

4.2.2 Joint modeling of methylation at birth and seven

Let X ∈ Rn be either self-reported race or inferred genetic ancestry. We used ideas from

Flutre et al. (2013) and modeled the methylation levels at each CpG g = 1, . . . , p = 784, 484
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as

{
y

(0)
g y

(7)
g

}T

∼N2n

[
X ⊕X

{
β

(0)
g β

(7)
g

}T

+Zγg +C`g, σ
2
gI2n + δ2

gB

]

(4.3a)

(
σ2
g + δ2

g

)−1/2 {
β

(0)
g β

(7)
g

}T

∼π(0,0)δ(0,0) +
K∑
k=1

π
(k)
(1,0)

N1
(
0, τ2

k

)
δ0


+

K∑
k=1

π
(k)
(0,1)

 δ0

N1
(
0, τ2

k

)


+
S∑
s=1

K∑
k=1

π
(k,s)
(1,1)

N2

0, τ2
k

 1 ρs

ρs 1


 (4.3b)

where Z ∈ R2m×r are observed nuisance covariates, B is a partition matrix that partitions

samples by individuals and β
(0)
g , β

(7)
g are the effects of X on y

(0)
g and y

(7)
g , the methylation

at birth and age seven at CpG g. δ(0,0) is the point mass at the origin in R2 and the

probability weights are such that

π(0,0) +
K∑
k=1

π
(k)
(0,1)

+
K∑
k=1

π
(k)
(1,0)

+
S∑
s=1

K∑
k=1

π
(k,s)
(1,1)

= 1.

We estimated C ∈ R2n×J using CBCV-CorrConf, described in Chapter 3, and subsequently

rotated the observed and estimated nuisance covariates
[
Ĉ Z

]
out of (4.3) by defining

ỹg = QT

[Ĉ Z]
yg, where Q

[Ĉ Z]
is a matrix whose columns form an orthonormal basis for

the null space of
[
Ĉ Z

]
. We then estimated σ2

g and δ2
g with restricted maximum likeli-

hood using the eigenspace rotation paradigm described in Zhou & Stephens (2014), and

set ρs ∈ {0, 1/3, 2/3, 1}. We let τ2
k ∈

{
0.052, 0.12, 0.152, 0.22, 0.252

}
when X was inferred

genetic ancestry and τ2
k ∈

{
0.12, 0.152, 0.2252; 0.32, 0.3752

}
when X was self-reported race.

We set τ4 by first performing a univariate analysis and then estimating the variance of the ef-
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fect sizes for CpGs with q-values ≤ 0.05, and τ1 was such that if β
(a)
g ∼ N1

{
0,
(
σ2
g + δ2

g

)
τ2
1

}
,

the expected number of CpGs significant at the Bonferroni threshold 0.05/p in a univariate

analysis would be smaller than 1 for a = 0, 7. Finally, we followed Stephens (2016) and

estimated the prior weights with empirical Bayes by maximizing the penalized log-likelihood

function

π̂ = arg max
π≥0

1T1+(2+S)Kπ=1


p∑
g=1

l
(
π | ỹgσ̂2

g , δ̂
2
g

)
+

1+(2+S)K∑
j=1

(
λj − 1

)
log
(
πj
)

π =
{
π(0,0), π

(1)
(1,0)

, . . . , π
(K)
(1,0)

, π
(1)
(0,1)

, . . . , π
(K)
(0,1)

, π
(1,1)
(1,1)

, . . . , π
(S,K)
(1,1)

}T

where πj is the jth element of π and l
(
π | ỹgσ̂2

g , δ̂
2
g

)
is the log-likelihood that simply replaces

σ2
g , δ

2
g with σ̂2

g , δ̂
2
g . We set λ1 = 100 and λj = 1 for all j > 1 to encourage conservative

inference. The regularization term λ1 had a relatively little effect on the estimate of π

because p was so large. We then estimated the posterior distribution as

p̂r
{
β

(0)
g , β

(7)
g | Data

}
= pr

{
β

(0)
g , β

(7)
g | ỹg,π = π̂, σ2

g = σ̂2
g , δ

2
g = δ̂2

g

}
(g = 1, . . . , p).

4.3 Results

Our study included n = 196 children participants in the URECA cohort who had stored

cord blood mononuclear cells (CBMCs) and peripheral blood mononuclear cells (PBMCs)

collected at birth and age 7, respectively (Gern et al. 2009), and passed quality control

checks as described in Methods. The URECA children were classified by parent- or guardian-

reported race into one of the following categories: Black, nBlack = 147; Hispanic, nHispanic =

39; White, nWhite = 1; Mixed race nMixed = 7, and Other, nOther = 2. A description of the

study population is shown in Table 4.1. Genetic ancestry, assessed using principle component

analysis (PCA), revealed varying proportions of African and European ancestry along PC1.

Because there was little separation along PC2 (Figure 4.1) and no genome-wide significant
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correlation between PC2 through PC10 and methylation levels at either age, we defined PC1

as inferred genetic ancestry (IGA). The reported races (RR) of the children are also shown

in Figure 4.1. We included the self-reported Black and Hispanic children in the analyses of

reported race below.
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Figure 4.1: Estimated ancestry principal components (PCs) 1 and 2. Nearly all the variation
in ancestry separates along PC1 in the URECA sample. Filled triangles represent the 196
URECA children in this study, with their self-reported race shown in different colors. Open
circles are reference control samples from HapMap; red = Utah residents from northern and
western Europe (CEU), yellow = east Asian (Chinese and Japanese); dark blue = Africans
from Nigeria (Yoruban).
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Table 4.1: Covariates for the n = 196 URECA children in our study, stratified by
self-reported race.

Black Hispanic White Mixed Other
Sample Size 147 39 1 7 2
Males (%) 71 (48%) 25 (64%) 0 (0%) 4 (57%) 0 (0%)

Asthma diagnosis
at age 7 (%) 38 (26%) 12 (31%) 0 (0%) 2 (29%) 0 (0%)

Gestational age at
birth, in weeks 39.0 38.9 36.0 39.1 39.0
(mean [range]) [34,42] [35,41] [37,40] [38,40]

Sample Collection
Site

Baltimore (%) 64 (44%) 1 (3%) 1 (100%) 3 (43%) 2 (100%)
Boston (%) 17 (12%) 5 (13%) 0 (0%) 2 (29%) 0 (0%)

New York (%) 23 (16%) 32 (82%) 0 (0%) 1 (14%) 0 (0%)
St. Louis (%) 43 (29%) 1 (3%) 0 (0%) 1 (14%) 0 (0%)

4.3.1 Reported race effects on DNA methylation patterns are conserved in

magnitude and direction between birth and age 7

Previous cross-sectional studies have revealed associations between measures of ancestry

(genetic ancestry or self-reported race) and DNA methylation at birth (Adkins et al. 2011,

Mozhui et al. 2015) and later in life (Galanter et al. 2017, Heyn et al. 2013, Moen et al.

2013, Rahmani et al. 2017, Chan et al. 2017). These correlations were generally attributed

to the combined effects of genetic variation and environmental exposures (Galanter et al.

2017, Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015). However, because of the cross-

sectional nature of those studies, it is not known if the associations between ancestry and

methylation patterns present at birth persist (or change) in childhood. Moreover, because

ancestry is typically confounded with environmental exposures (Nguyen et al. 2014), it has

been proposed that ancestry effects on methylation levels may reflect the effects of exposure

histories that also vary by race or ethnicity (Galanter et al. 2017). Alternatively, ancestry

effects on DNA methylation patterns could also be due to genetic differences. In such cases,
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we would expect ancestry-associated methylation patterns to be conserved from birth to later

childhood. Using the longitudinal data from the URECA cohort, we tested this hypothesis

by addressing three questions. What is the correlation between ancestry and methylation

levels at individual CpG sites at birth and age 7? Is the direction and magnitude of the

correlation between ancestry and methylation levels conserved between birth and age 7?

Are there any CpGs for which the correlation between methylation and ancestry at birth is

significantly different from the correlation between methylation and ancestry at age 7?

Standard hypothesis testing can be used to answer the first question but is not appropriate

for answering the second or third because failure to reject the null hypothesis that the effects

are equal at birth and age 7 does not imply the null hypothesis is true. Additionally, because

our studies were conducted in cord blood cells at birth and peripheral blood cells at age 7,

ancestry effects at birth and age 7 may differ slightly due to differences in cell composition

(Fu et al. 2012). To circumvent these issues, we used Model (4.3) and let the data determine

both the strength of the correlation between inferred genetic ancestry (based on genotypes)

or reported race (based on questionnaires) and methylation, and how similar the correlations

are at birth and age 7. We then answered the first, second and third questions by defining

and estimating the conserved (con) and discordant (dis) sign rates for each CpG g = 1, . . . , p:

cong = P̂
{
β

(0)
g > 0, β

(7)
g > 0 | Data

}
∨ P̂

{
β

(0)
g < 0, β

(7)
g < 0 | Data

}
disg = P̂

[{
β

(0)
g > 0, β

(7)
g ≤ 0

}
∪
{
β

(0)
g < 0, β

(7)
g ≥ 0

}
∪
{
β

(0)
g ≥ 0, β

(7)
g < 0

}
∪
{
β

(0)
g ≤ 0, β

(7)
g > 0

}
| Data

]
.

For a given posterior probability threshold, these quantities partition the ancestry-associated

CpGs into two groups: those whose ancestry effects were non-zero and conserved from birth

to age 7, and those whose ancestry effects were different at birth and age 7. Figures 4.2 and

4.3 provides insight into how the conserved sign rate compares with standard univariate P
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values.

Using our estimates for π defined in Section 4.2.2, we could then estimate the proportion

of CpGs whose self-reported race effects at birth and age 7 were completely unrelated (ρs =

0, τk > 0.1), moderately similar (ρs = 1/3, τk > 0.1), very similar (ρs = 2/3, τk > 0.1) or

identical (ρs = 1, τk > 0.1). Note that if a non-trivial fraction of CpG sites had ancestry

effects that were in opposite directions at birth and age 7, they would be assigned to the

first bin (ρs = 0, τk > 0.1). We excluded τk = 0.1 because reported race effects with this

standard deviation were too small, on average, to differentiate from 0 in this sample size.

As seen in Figure 4.4, we estimated that 0.2% of the CpGs with non-zero reported effects at

both ages had unrelated or moderately similar reported race effects, whereas 30.7% fell in

the very similar bin and 69.1% had identical reported race effects at birth and age 7. These

data indicate that when reported race effects on methylation are present (i.e., non-zero) at

both birth and age 7, they tend to be very similar or exactly the same at both ages with

respect to both direction and magnitude.

We then estimated the conserved and discordant sign rates for all 784,484 probes and

classified a CpG as a reported race associated-CpG (RR-CpG) if its conserved or discordant

sign rate was above 0.80 (i.e. cong ≥ 0.8 or disg ≥ 0.8). At this threshold, we identified 2,162

RR-CpGs, 2,157 (99.8%) of which were conserved in sign (cong ≥ 0.8). Black individuals

tended to have higher methylation levels at 1,288 of the 2,157 conserved RR-CpGs (60%)

(P = 8.6 × 10−38). We observed the same trend when we substituted inferred genetic

ancestry for reported race, indicating that individuals with more African ancestry tended to

have more methylation. This is in accordance with the study of Moen et al. (2013), which

used the Illumina 450K array to quantify the differences in methylation between European

and African populations. The fact that only 5 of the 2,162 RR-CpGs had discordant reported

race effects at birth and age 7 (disg ≥ 0.8) corroborates the observations made in the previous

paragraph and answers the second question in the affirmative: if methylation is correlated

with reported race at birth, the magnitude and direction of the correlation is almost certainly
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Figure 4.4: Probability mass of π̂
k,s
(1,1)

, where the correlation coefficient ρ and effect magnitude

τ are the same as those defined in (4.3), but without the subscripts s and k. This trend was
echoed in the inferred genetic ancestry analysis.

conserved at age 7 (and vice-versa).

4.3.2 Inferred genetic ancestry is more correlated with methylation than is

self-reported race

The observed correlations between ancestry and methylation levels may reflect differences

in environmental exposures (Galanter et al. 2017, Moen et al. 2013), due to associations

between race or ethnicity with socio-cultural, nutritional, and geographic exposures, among

others (Nguyen et al. 2014). In fact, Galanter et al. (2017) showed in a cross-sectional

study that self-reported ethnicity explained a substantial portion of the variability in whole

blood DNA methylation patterns from Latino children of diverse ethnicities, even more so

than genetic ancestry. They concluded that ethnicity captures genetic, as well as the socio-

cultural and environmental differences that influence methylation levels. If this were the case

in the URECA children, the effect of inferred genetic ancestry on methylation levels should

be no larger than that of reported race. To assess this possibility, we substituted inferred

genetic ancestry for reported race in the analyses described above. This analysis revealed

234



8,597 inferred genetic ancestry-associated CpGs (IGA-CpGs), 8,579 (99.8%) of which were

conserved in sign (cong ≥ 0.80). This was significantly more than the 2,162 RR-CpGs

identified in the reported race analysis above (Figures 4.5a and 4.5b).

To explore this further, we examined the overlap between RR-CpGs and IGA-CpGs

(Figure 4.5c). Because reported race is an estimate of inferred genetic ancestry, there is

a substantial overlap between IGA-CpGs and RR-CpGs. However, contrary to the results

from the Galanter et al. study, the RR-CpGs that we identify are nearly a subset of the

IGA-CpGs. This indicates that while IGA-CpGs include most RR-CpGs, reported race does

not capture most of the variation in methylation attributable to genetic ancestry in these

children.

4.3.3 The observed correlations between DNA methylation and reported

race are primarily genetic

To further address the question of whether reported race effects on methylation at either

birth or age 7 were primarily due to genetic variation or to environmental exposures, we used

local genetic variation (within 5kb of a CpG site) and DNA methylation data at birth and

age 7 in the 147 self-reported Black children in our study to map methylation quantititave

trait loci (meQTLs). Of the 519,622 CpGs within 5kb of a SNP, 65,068 and 70,898 had at

least one meQTL in CBMCs at birth and in PBMCs at age 7, respectively, at an FDR of

5%. In addition, 51% of all RR-CpGs with at least one SNP in the 5kb window had at least

one meQTL at birth or age 7 at an FDR of 5%, which was a significant enrichment when

compared to the 12% observed for non-RR-CpGs (Figures 4.6a and 4.6b).

To provide additional evidence that local genotype mediates the effect of reported race on

methylation, we used logistic regression to regress the genotype of each of the 269,622 SNPs

in our study set onto reported race. The goal was to determine the fraction of RR-CpGs

that were mediated through local genotype, i.e. RR-CpGs with both edges a and c in Figure

3a. Since the genotype at most SNPs will be related to self-resported race, a reasonable
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(a) (b)

(c)

Figure 4.5: Overlapping ancestry CpGs at birth and at age 7. (a): RR-CpGs with cong ≥ 0.8
(violet) or disg ≥ 0.8 (red or blue). A discordant RR-CpG was classified as significant at
birth but not at age 7 (blue) if the marginal posterior probability that the effect was non-zero
at birth was greater than that at age 7. Discordant RR-CpGs that were significant at age 7
but not at birth (red) were defined analogously. (b): The same as (a), but for IGA-CpGs.
(c): The overlap between RR-CpGs (cong ≥ 0.8 or disg ≥ 0.8) and IGA-CpGs (cong ≥ 0.8
or disg ≥ 0.8).

upper bound for this quantity is 51%, the fraction of RR-CpGs with at least one meQTL in

their 5kb window. To determine a lower bound, we used the results of the abovementioned

logisted regression to estimate that over 26% of all RR-CpGs with at least one SNP in their

±5kb windows had both edges a and c (see Section 4.5.3 for calculation details).
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Figure 4.6: RR-CpGs are enriched for CpGs with meQTLs. (a) Illustration of the causal
relationship between the methylation (M) at a CpG site, the genotype (G) at the SNP within
±5kb of the CpG that had the smallest meQTL P value and self-reported race (RR). Each
graph corresponds to a unique CpG. (b) Plots of the meQTL P value for edge a in CBMCs
at birth, where CpGs were stratified by whether or not it was an RR-CpG (cong ≥ 0.8 or
disg ≥ 0.8). The ten enlarged red circles are just for visual aid. (c) Plots of the logistic
regression P value for edge c (Genotype ∼ RR) stratified by whether or not the SNP was a
RR-meQTL, which was defined as an meQTL whose target CpG was a RR-CpG.

4.3.4 Environmental exposures have nearly undetectable effects on

methylation levels in this cohort

We next sought to determine the extent to which environmental exposures affected CMBC

and PBMC methylation levels at birth and age 7 in the URECA cohort. None of the

direct or indirect measures of exposures that were available in this cohort were associated

with methylation levels at either age. These included maternal asthma, maternal infections

during pregnancy, pet ownership, bedroom allergens, mothers stress, anxiety and depression
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metrics, maternal cotinine levels during pregnancy, number of smokers in the household,

number of siblings, number of previous live births, daycare attendance, number of colds

at age 2 or 3 years, and allergic sensitization or asthma in the child (see Supplement for

details). We did, however, identify 16,172 age-related CpGs (i.e., CpGs whose methylation

changed from birth to age 7 at a 5% FDR). These 16,172 CpG were strongly enriched for

CpGs used to predict gestational age in Knight et al. (2016) and to predict chronological

age in Horvath (2013) (see Figure 4.7). Moreover, the estimates of the age effects among

these age-related CpGs showed the same direction of change as their corresponding estimated

gestational age effects at birth in 97% of the 16,172 age-related CpGs, which included 14,186

gestational age-associated effects that were not significant at a 5% FDR threshold. This

concordance in direction of effect is unlikely to occur by chance (P ≤ 10−119, see Section

4.5.2 for calculation), and indicates that the majority of the changes in mean methylation

levels from birth to age 7 is due to aging-related mechanisms rather than age-dependent

environmental exposures.

Although most of the reported race-associated methylation patterns can be attributed to

genetic variation in the URECA children, we hypothesized that any non-genetic component

to these patterns would be greater at age 7 than at birth, due to accumulated exposures

over the first 7 years of life. To directly test this hypothesis, we used our Bayesian model

to estimate the proportion of CpGs in our study whose methylation was associated with

reported race at age 7 but not at birth, as well as the proportion of CpGs that were associated

with reported race at birth but not at age 7. Although we estimated the former to be 14%

and the latter to be less than 1.5%, we were only able to identify 5 discordant reported race

CpGs using a liberal threshold of disg ≥ 0.8. This is because the effects due to ancestry at

age 7 among this set of CpGs associated with reported race at age 7 but not at birth were

far to small to confidently assign their directions (Figure 4.8).
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(a) (b)

(c) (d)

Figure 4.7: Distribution of P values for age (birth to age 7) (panels (a) and (c)) and gesta-
tional age (GA) (panels (b) and (d)). Upper panels, stratified by whether or not the CpG
was one of the 353 CpGs used to build the linear predictor of age in Horvath (2013) (red
dots). The blue dots are all other CpGs; the 10 enlarged red circles are for visual aid. Lower
panels, stratified by whether or not the CpG was one of the 148 CpGs used to build the
linear predictor of age in Knight et al. (2016). The blue dots are all of the other CpGs; the
10 enlarged violet circles are just for visual aid.

4.4 Discussion

The relationships between DNA methylation, chronological age, and ancestry have the po-

tential to shed light on disease etiology and may help determine the relative genetic and

environmental contributions to the observed inter-individual variability of the epigenome

(Bocklandt et al. 2011, Horvath 2013, Horvath et al. 2014, Johnson et al. 2012, Knight et al.

2016, Levine & Crimmins 2014, Marioni et al. 2015, Adkins et al. 2011, Galanter et al. 2017,

Heyn et al. 2013, Moen et al. 2013, Mozhui et al. 2015, Rahmani et al. 2017). While it
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Figure 4.8: Probability mass of components of π̂
(k)
(1,0)

(β
(0)
g 6= 0, β

(7)
g = 0) and π̂

(k)
(0,1)

(β
(0)
g =

0, β
(7)
g 6= 0) in the reported race analyses. The corresponding plot for the inferred genetic

ancestry analysis was nearly identical.

has previously been shown that ancestry is related to DNA methylation in cross-sectional

studies (Adkins et al. 2011, Galanter et al. 2017, Heyn et al. 2013, Moen et al. 2013, Mozhui

et al. 2015, Rahmani et al. 2017) and that statistically significant meQTLs are conserved as

individuals age (Gaunt et al. 2016), it has yet to be shown whether or not race/ethnicity-

dependent methylation marks are conserved as children age.

Even though there was substantial change in blood methylation levels over time among

children in this cohort, inferred genetic ancestry and self-reported race effects on methyla-

tion were overwhelmingly conserved in both direction and magnitude from birth to age 7.

This result, as well as our novel Bayesian inference paradigm used to obtain it, is important

in and of itself because it provides an example of, and a general method for identifying,

DNA methylation patterns that are conserved over time, and differentiating between envi-

ronmentally responsive and temporally stable DNA methylation marks has been highlighted

as both a gap in current knowledge and a critical area of future epigenetic research (Martin

& Fry 2018). The consistency of our estimates for inferred genetic ancestry and reported
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race effects on methylation levels also demonstrates the fidelity of our processing pipeline

that accounts for unobserved factors, including cell composition, because failure to account

for latent covariates can lead to biased and irreproducible estimates (Peixoto et al. 2015,

Yao et al. 2012).

While the observation that reported race effects are conserved from birth to age 7 gives

credence to the hypothesis that the effects are genetic in nature, it does not rule out the

possibility of environmental components or gene-environment interactions that could result

in race/ethnicity-associated methylation effects prior to birth and persist as the child ages.

To further explore this, we showed that the reported race associated CpGs (RR-CpGs) were

enriched among CpGs with meQTLs, indicating that methylation levels at many of the

RR-CpGs are mediated by local genotype and that much of the reported race-methylation

correlation could be attributed to genetic variation. Moreover, the RR-CpGs were only a

small subset of inferred genetic ancestry associated CpGs (IGA-CpGs) in our study. This

is opposite to the findings of Galanter et al. (2017), who argued that ethnicity-dependent

methylation patterns in admixed populations capture both genetic variation and differences

in accumulated exposures. Our results provide evidence for genetics accounting for an over-

whelming majority of the correlation between methylation and reported race, which suggests

the non-genetic contribution to variability in blood methylation may be smaller than previ-

ously thought.

Our observations in support of strong genetically and weak environmentally determined

reported race-associated methylation patterns in blood may seem paradoxical to the plethora

of studies showing that DNA methylation levels in blood cells are associated with environ-

mental exposures, such as cadmium, arsenic and smoking, to name a few (Joubert et al.

2016, Kippler et al. 2013, C. et al. 2013, Rzehak et al. 2016, Galanter et al. 2017, Joubert

et al. 2012, Lee et al. 2015, Markunas et al. 2014, Richmond et al. 2015, Wu et al. 2018).

Whereas the estimated genetic effect sizes in our study are substantially larger than many

of the environmentally-associated effects on methylation patterns previously reported, the
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effects of many environmental exposures on methylation in blood are probably too small

to estimate with even moderate to large sample sizes (Breton et al. 2017). For example, it

was only by performing a meta-analysis in 6,685 individuals that Joubert et al. (2016) were

able to identify 6,000 CpGs whose DNA methylation levels in blood from infants and adoles-

cents were associated maternal smoking exposure. In one sense, we were able to corroborate

previous observations of small non-genetic effects on methylation in blood by showing that

while methylation patterns at an estimated 14% of all CpGs in our study were not correlated

with reported race at birth but correlated with reported race at age 7, the correlation at

individual CpGs at age 7 was too small to be identified as statistically significant. We were

also not able to detect any statistically significant correlations between methylation at birth

or at age 7 and any of the exposure variables measured in this cohort. In particular, we note

that cord blood cotinine levels, a measure of in utero tobacco smoke exposure, were above

the level of detection in only 34 of the 196 mothers in our study.

An unsurprising feature of these longitudinal data is that average methylation levels of

16,172 CpGs changed significantly from birth to age 7. However, what was quite remarkable

was that the direction of the change in 97% of those CpGs matched the direction of the

corresponding correlation between methylation levels and gestational age at birth. Not

only does this further suggest that methylation levels of the vast majority of the 16,172 age-

related CpGs were in fact changing due to age-related mechanisms and not due to differences

in environmental exposures at birth and age 7, but also that the “epigenetic clock” present

at birth may be the same as that present later in life. While we do not have the data to

explore this further, this remains an important avenue of future research.

The results of our study suggest that DNA methylation levels in blood cells are fairly

robust to environmental exposures, including those that are correlated with self reported race.

A better understanding of tissue-specific methylation responses to environmental exposures

could inform the design of future studies and provide insights into the mechanisms through

which exposures and gene-environment interactions influence health and disease.
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4.5 Additional statistical methods

4.5.1 meQTL analysis

We used self-reported African American individuals in the following linear regression model

to detect meQTLs:

yg = xsβs,g +Zγs,g +CmeQTL`s,g + es,g, es,g ∼ Nn

(
0, σ2

s,gIn

)
(4.5)

where yg contained the methylation M-value measurements at CpG g and xs the genotype

at SNP s. Z contained the first two components of inferred genetic ancestry, gestational age

at birth, gender, sample collection site and methylation plate number. We approximated

CmeQTL by first regressing out Z from the methylation data matrix to get the residual data

matrix, R ∈ R784,484×n, used CATE v1.0.4 (Owen & Wang 2016) to estimate there were

nine additional components explaining a substantial portion of the variability in R, and let

ĈmeQTL be the first nine right singular values of R. We then selected pairs of CpGs and

SNPs by only considering SNPs within a 5kB window of a CpG and used the test statistic

tg = min
SNP s ±5kB
from CpG g

{
P value testing if βs,g = 0 in (4.5)

}
(4.6)

to test the hypothesis that there were no meQTLs in the 5kB window of CpG g and defined

the representative meQTL for CpG g as the SNP that gives the smallest P value. When

there was only a single SNP in the window, the P value for the test was tg. Otherwise, the

corresponding P value was computed by randomly permuting the entries of ỹg, the residuals

of yg after regressing out Z and ĈmeQTL, and estimating t
(b)
g (the bootstrapped null version

of (4.6)) using x̃s (the residuals of xs after regressing out Z and ĈmeQTL) for b = 1, . . . , B.

The P value was then
#
{
t
(b)
g ≤tg

}
+1

B+1 . B was set to 1,000 in both the cord blood and PBMC

methylation data sets.
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4.5.2 Upper bound on P value from Section 4.3.4

We estimated βGA
g , the effect of gestational age on methylation at birth, using Model (4.1)

and β
(0→7)
g , the effect of chronological age, using Model (4.2). Define the estimated gesta-

tional and chronological age effects to be β̂GA
g and β̂

(0→7)
g , respectively. We approximate

their joint distribution to get an approximate upper bound for the expected number of pairs(
βGA
g , β

(0→7)
g

)
out of all 16,172 age-related CpG sites that had the same sign, under the

null hypothesis that βGA
g and β

(0→7)
g were generated independently for each g ∈ [p].

Assume the variance model for the data at birth and age seven is given by (4.3a) and

let rg =
δ2g

δ2g+σ2g
. Then using the estimates for C and the observed nuisance covariates Z

in Models (4.1) and (4.2), we estimated the correlation between β̂GA
g and β̂

(0→7)
g to be

0.66
(
1− rg

)
. We then have that conditional on the true effects

(
βGA
g , β

(0→7)
g

)T
,

(
β̂GA
g , β̂

(0→7)
g

)T
≈ N2


(
βGA
g , β

(0→7)
g

)T
, diag

(
cg, dg

) 1 0.66
(
1− r̂g

)
0.66

(
1− r̂g

)
1

×
× diag

(
cg, dg

)}
(4.7)

for each g ∈ [p], where cg, dg are positive constants. Let Ag be the event that CpG g

is an age-CpG at a 5% FDR. We assume that Ag =
{
|z|g ≥ t

}
, where zg = β̂0→7

g /dg is

the z-score corresponding to β̂0→7
g and t can be estimated as the smallest z-score with a

q-value less than 0.05. The empirical distributions of
{
β̂

(0→7)
g

}
g∈{5% FDR age CpGs}

and{
β̂GAg

}
g∈{5% FDR gestational age CpGs}

were approximately symmetric around 0, which we

took to imply
{
β

(0→7)
g

}
g∈[p]

and
{
βGAg

}
g∈[p]

were symmetric around 0. For simplicity, we

assume for density functions

hGA(·) =
R∑
r=1

π
(GA)
r N1

(
·; 0, φ

(GA)
r

)
h(0→7)(·) =

J∑
j=1

π
(0→7)
j N1

(
·; 0, φ

(0→7)
j

)
,
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βGA
g

i.i.d∼ hGA (·) and β
(0→7)
g

i.i.d∼ h(0→7) (·). Such mixture normal densities can approximate

a large class of parametric and non-parametric distributions (Norets 2010). Define Xg, Yg ∈

R to be such that

(
Xg, Yg

)T ∼ N2

0,

 1 0.66
(
1− r̂g

)
0.66

(
1− r̂g

)
1


 .

Then under the null hypothesis that β
(0→7)
g and βGA

g are independent and assuming (4.7)

is correct,

P
{
β̂GA
g β̂

(0→7)
g > 0 | Ag

}
≤

P
({
XgYg > 0

}
∩
{
|Yg| ≥ t

})
P
(
|Yg| ≥ t

) .

We can easily estimate the above upper bound. Therefore, conditional on knowing whether

or not each CpG is an age-associated CpG,

µ = E

 ∑
g∈{5% FDR age CpGs}

1
(
β̂GA
g β̂

(0→7)
g > 0

)
=

∑
g∈{5% FDR age CpGs}

P
{
β̂GA
g β̂

(0→7)
g > 0 | Ag

}
≤ 14, 236

under the null hypothesis. Since the maximum variance for a Bernoulli random variable is

1/4, an approximate lower bound for the test-statistic is

0.97× 16, 172− 14, 236√
16, 172/4

= 23.3,

which has a corresponding P value ≤ 10−119 under the normal approximation.
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4.5.3 A lower bound for the fraction of RR-CpGs mediated by local

genotype

Here we describe how we conservatively estimated the fraction of RR-CpGs with a SNP

in a 10kB window that were likely mediated by neighboring meQTLs. Fix some network

composed of a CpG with methylation M and the SNP whose genotype G was most correlated

with M according to the above meQTL regression procedure. Let {RR→ M} be the event

the CpG is an RR-CpG, {RR→ G} the event RR affects genotype, and {G→ M} the event

G affects M independently of RR (see previous section). We would like to estimate

P (RR→ G,G→ M | RR→ M) =
P (RR→ G,G→ M,RR→ M)

P (RR→ M)

=
P (RR→ M | RR→ G,G→ M)P (RR→ G,G→ M)

P (RR→ M)

(4.8)

Define H0 = {RR��HH→ G}. For each SNP we computed a P value for the null hypothesis H0

using the logistic regression model G ∼ RR, where RR was either Black or Hispanic (we

assumed a Hardy-Weinberg equilibrium model for the genotypes of all SNPs considered).

Let t be the test statistic from the regression and t∗α > 0 be some threshold with significance

level α. Then because G and RR are independent under H0 (regardless of whether or not

{G→ M} or {RR→ M} hold),
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q = P (H0 | |t| ≥ t∗α,G→ M,RR→ M)

=
P (|t| ≥ t∗α | H0,G→ M,RR→ M)P (H0 | G→ M,RR→ M)

P (|t| ≥ t∗α,G→ M,RR→ M)

=
P (|t| ≥ t∗α | H0)P (H0 | G→ M,RR→ M)

P (|t| ≥ t∗α,G→ M,RR→ M)

≤ α

P (|t| ≥ t∗α,G→ M,RR→ M)

where the first equality in the second line comes from the fact that under the null hypothesis

and given the rest of the graph, the behavior of G and RR are independent. Therefore,

we could upper bound q with qvalue in R using the RR-meQTL p-values from the logistic

regression and restricting π0 = 1 (this is just the Benjamini-Hochberg procedure (Benjamini

& Hochberg 1995) interpreted in a Bayesian framework). We finally established an estimated

lower bound for (4.8) by using the following:

P (RR→ G,G→ M | RR→ M) =
# networks with RR→ G,G→ M,RR→ M

# networks with RR→ M

≥# networks with RR→ G,G→ M,RR→ M and q ≤ 0.2

# of networks with RR→ M

&(1− 0.2)
# of networks with q ≤ 0.2 among RR-meQTLs

# RR-CpGs
= 0.26.
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CHAPTER 5

ESTIMATION AND INFERENCE IN METABOLOMICS WITH

NON-RANDOM MISSING DATA AND LATENT COVARIATES

5.1 Introduction

Metabolomics is the study of tissue- or body fluid-specific small molecule metabolites, and

has the potential to lead to new insights into the origin of human disease (Young & Wallace

2009, Sampson et al. 2013, Finkelstein et al. 2015, Reinke et al. 2017) and drug metabolism

(Chen et al. 2007, Dubuis et al. 2018). Metabolomics is particularly attractive because the

metabolome provides information at the molecular scale, and often responds quicker than

the transcriptome, DNA methylome and proteome to changes in the external environment

(Herman et al. 2017).

Recent advances in both liquid chromatography (LC) and untargeted mass spectrometry

(MS) have made it possible to identify and quantify hundreds to thousands of metabolites per

sample (Liu et al. 2014). Similar to high throughput gene expression, proteomic and DNA

methylation data, these data contain systematic technical and biological variation whose

sources are unobserved by the practitioner (Salerno et al. 2017). However, what makes

untargeted LC-MS metabolomic data particularly challenging is the vast amount of missing

data, nearly all of which is missing not at random due to an unknown, metabolite-specific

missingness mechanism in which more abundant and ionizable analytes are more likely to be

observed (Do et al. 2018). For instance, 22% of all observations were missing from our data

example in Section 5.8, in which we analyzed p = 1138 metabolites quantified by untargeted

LC-MS in n = 661 samples.

There have been several methods to attempt to account for either the latent systematic

variation (De Livera et al. 2012, 2015, Salerno et al. 2017) or the non-random missing data

(Chen et al. 2017, Hedeker et al. 2018, O’Brien et al. 2018) when trying to infer the rela-

tionship between the metabolome and a covariate of interest. Surprisingly, to the best of
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our knowledge, Wehrens et al. (2016) is the only work to even acknowledge the challenge of

accounting for both. However, they propose simply imputing missing values with an arbi-

trary, user-specified limit of detection and require the practitioner to have prior knowledge

of a set of control metabolites that are unrelated to the covariate of interest.

Given the paucity of methods to analyze metabolomic data, we develop MetabMiss, a

statistically rigorous and computationally efficient method to account for both latent covari-

ates and non-random missing data when analyzing metabolomic data. A key component in

our procedure is estimating each metabolite-dependent missingness mechanism, which we

do using instrumental variable generalized method of moments (IV-GMM) and leveraging

the fact that the majority of the variation in metabolimic data can be explained by a small

number of factors. Besides being the first method to account for both latent covariates and

non-random missing data that avoids erroneously imputing missing data, our method offers

the following advantages:

(a) We assume the underlying probability distribution of the missing data is unknown.

(b) We do not require the practitioner to have access to internal standards or prior knowl-

edge of control metabolites to correct for latent covariates.

(c) We modularize our method such that one only needs to estimate the metabolite-

dependent missingness mechanisms once per dataset, which makes computation on

the order of a metabolome genome wide association study tractable.

And while we do assume the functional form of the missing data mechanism is known, we

provide a method to access the veracity of said form for each metabolite.

The remainder of the chapter is organized as follows: we give a mathematical description

of the data in Section 5.2 and review IV-GMM in Section 5.3. We then present our method

to estimate each metabolite-dependent missingness mechanism in Section 5.4, describe how

we estimate and perform inference on the coefficients of interest in a linear model when the

latent covariates are observed in Section 5.5, and finally describe our method to estimate
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the aforementioned latent covariates in Section 5.6. We conclude by illustrating how our

method performs in simulated data in Section 5.7 and use it to analyze real metabolomic

data in Section 5.8.

5.2 Problem set-up

5.2.1 Notation

In addition to the notation defined in Section 1.1, we let Fν(x) be the cumulative distribution

function for the t-distribution with ν > 0 degrees of freedom in this chapter.

5.2.2 A description of and model for the data

Define ygi = [Y ]gi to be the log-transformed metabolite integrated-intensity for metabolite

g ∈ [p] in sample i ∈ [n], which may be observed or unobserved. Let X = (x1 · · ·xn)T ∈

Rn×d and C = (c1 · · · cn)T ∈ Rn×K be observed and unobserved covariates. For coefficients

β∗g ∈ Rd and `∗g ∈ RK , we assume

[Y ]gi = ygi = µgi + egi (i = 1, . . . , n; g = 1, . . . , p) (5.1a)

µgi = xT
i β∗g + cTi `∗g (i = 1, . . . , n; g = 1, . . . , p) (5.1b)

egi
·∼
(

0, σ2
∗g

)
(i = 1, . . . , n; g = 1, . . . , p) , (5.1c)

where the residuals
{
egi
}
i∈[n];g∈[p] are independent and eg1, . . . , egn are identically dis-

tributed for each g ∈ [p]. We use the subscript “∗” throughout this chapter to indicate

true parameters. We do not assume an explicit probability distribution for the residuals

in order to avoid assuming a distribution for the missing data. The observed covariates X

can contain biological factors like disease status, as well as technical factors like observed

batch variables or normalizing factors. We assume throughout this work that 1n ∈ Im (X)

and that X is non-random. The unobserved covariates ci can confound the relationship
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between xi and ygi, and also induce dependencies between different metabolites. We will

assume throughout the chapter that c1, . . . , cn are independent and are independent of{
egi
}
i∈[n];g∈[p], which implies yg1, . . . , ygn are independent for all g ∈ [p]. We lastly define

yg =
(
yg1 · · · ygn

)T ∈ Rn and eg =
(
eg1 · · · egn

)T ∈ Rn, which will be used throughout the

chapter.

We next define the indicator variable

rgi = I
(
ygi is observed

)
, (5.2)

and assume that for some known, increasing function Ψ : R→ (0, 1) such that lim
x→−∞

Ψ (x) =

0 and lim
x→∞

Ψ (x) = 1,

πgi = P
(
rgi = 1 | ygi

)
= Ψ

{
α∗g

(
ygi − δ∗g

)}
(i = 1, . . . , n; g = 1, . . . , p) . (5.3)

The unknown scale and location parameters α∗g > 0 and δ∗g ∈ R make the missingness

mechanism metabolite dependent, where α∗g ↘ 0 implies the mechanism is missing com-

pletely at random and α∗g ↗ ∞ implies metabolite g in sample i is observed if and only if

ygi > δ∗g .

Since Ψ is an increasing function, metabolites with smaller intensities are less likely to be

observed, which is consistent with previous observations in untargeted mass spectrometry

experiments (Karpievitch et al. 2010, Chen et al. 2017, Do et al. 2018, O’Brien et al. 2018,

Hedeker et al. 2018). Model (5.3) is also a classic model for missing data in untargeted

mass spectrometry data (Chen et al. 2017, O’Brien et al. 2018, Hedeker et al. 2018), where

typical values for Ψ include the logistic function, an exponential probabilistic model (Chen

et al. 2017, Hedeker et al. 2018) and the cumulative distribution function for the normal

distribution (O’Brien et al. 2018). However, we find that letting Ψ(x) = F4(x) is a more

robust option, since its heavy tails make it less sensitive to outliers. This approach has been

previously used as a robust alternative to logistic and probit functions (Liu 2005, Kang &
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Schafer 2007).

Implicit in this characterization of the missingness mechanism is the assumption that

conditional on the underlying intensity data
{
ygi
}
i∈[n];g∈[p],

{
rgi
}
i∈[n];g∈[p] are independent.

This is likely only approximately true, since other intense analytes can preclude MS/MS

fragmentation in data dependent mass spectrometry experiments. However, properly tuning

the dynamic exclusion time can mitigate this substantially (Johnson et al. 2013).

5.3 Estimating α∗g and δ∗g when C is observed

5.3.1 A review of instrumental variable generalized method of moments

We use an instrumental variable generalized method of moments (IV-GMM) estimator to

estimate the metabolite-dependent missingness mechanism, where IV-GMM is a standard

technique in the economics literature (Amemiya 1974, 1977, Gallant 1977, Newey 1990).

To review, suppose we observe data wi ∈ Rr, i ∈ [n], and are interested in estimating the

parameter θ∗ ∈ Rd. Assume there exists a sub-vector vi ofwi such that E {f (θ∗,wi) | vi} =

0 for some function f : Rd × Rr → R. Since the conditional expectation typically does not

have an analytic form, we construct instrumental variables A (vi) ∈ Rq, where the law

of total expectation implies E {A (vi) f (θ∗,wi)} = 0. The popular two-step IV-GMM

estimator for θ∗, θ̂, is defined as

θ̂(1) = arg min
θ∈Θ⊆Rd

{
n∑
i=1

A (vi) f (θ,wi)

}T{ n∑
i=1

A (vi) f (θ,wi)

}

θ̂ = arg min
θ∈Θ⊆Rd

{ n∑
i=1

A (vi) f (θ,wi)

}T [
n−1

n∑
i=1

f
{
θ̂(1),wi

}2
A (vi)A (vi)

T

]−1

×

{
n∑
i=1

A (vi) f (θ,wi)

})
. (5.4)

This IV-GMM estimator is well understood and is consistent for θ∗, asymptotically normal

and achieves the smallest possible asymptotic variance among all IV-GMM estimators with
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instruments A (vi) under certain regularity conditions when q ≥ d and {wi}i≥1 is stationary

and ergodic (Hansen 1982).

The accuracy of this estimator depends on the choice of instrumentsA (vi) (Newey 1990).

For example, if A (vi) is independent of wi, then the population moment

E {A (vi) f (θ∗,wi)} = E {A (vi)}E {f (θ∗,wi)}

is 0 whenever E {f (θ∗,wi)} = 0. The latter implies θ∗ may not be identifiable if d > 1,

since E {f (θ∗,wi)} could then be 0 at an infinite number of points θ∗. Therefore, it is

critical the instruments be strongly related to wi. We discuss how we choose appropriate

instruments when we present our method in Section 5.4.1.

5.3.2 An instrumental variable generalized method of moments estimator

when C is observed

Let g ∈ [p] be a metabolite with missing data. For θ∗g =
(
α∗g δ∗g

)T
, we follow Wang et al.

(2014), Ai et al. (2018) and define

f
{
θ∗g ,

(
xi, ci, rgi, ygi

)}
= 1− rgiΨ

{
α∗g

(
ygi − δ∗g

)}−1
,

where p = 1 and C is observed in both Wang et al. (2014) and Ai et al. (2018). By Model

(5.3),

E
[
f
{
θ∗g ,

(
xi, ci, rgi, ygi

)}
| xi, ci, ygi

]
= 0, (5.5)

meaning we need only construct appropriate instruments to estimate θ∗g with (5.4). Since

ygi is only observed when rgi = 1, we must rely on xi and ci to construct the instruments.

In typical metabolomic experiments, the observed covariates inX like disease status only

account for a small fraction of the variance in Y . The majority, as it turns out, is explainable
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by the latent covariates C (De Livera et al. 2012, 2015, Salerno et al. 2017). We therefore

assume for simplicity that X = 1n. Define L =
(
`∗1 · · · `∗p

)T
. Since C and L are only

identifiable through their product LCT in (5.1), it suffices to assume that for λ1 ≥ · · · ≥

λK > 0, LTL = diag (λ1, . . . , λK) and n−1CTP⊥1nC = IK . That is, [C]∗k explains the kth

largest proportion of the variance in Y . By the discussion in Section 5.3.1, a reasonable choice

of instruments for metabolite g is Ag
(
xi, ci, ygi

)
=

(
1,
[
P⊥1nC

]
ij1
, . . . ,

[
P⊥1nC

]
ijk

)T

∈

Rk+1 if C were observed, where k ≥ 1 and j1, . . . , jk are distinct elements in [K]. We

remark that one would typically choose j1 = 1, . . . , jk = k. A reasonable choice for k is

k = 2 for reasons discussed in Section 5.4.3.

Evidently, C is not observed in Model (5.1) and therefore must be estimated. We present

an overview of our method to estimate α∗g and δ∗g , as well as C, β∗g and σ2
∗g , below in

Section 5.4.1.

5.4 Estimating the metabolite-dependent missingness

mechanisms

5.4.1 An overview of the estimation and inference procedure

While our ultimate goal is to estimate and do inference on the coefficients of interest

β∗1 , . . . ,β∗p in (5.1b), we are also interested in performing dimension reduction, estimating

the fraction of variance in metabolite concentration explained by a covariate, conducting a

metabolite genome wide association study (GWAS) and estimating the mean and variance

of a metabolite’s observed integrated intensity. The latter may be useful when optimizing

a protocol for a specific class of metabolites. We present an overview of our methodology

in Algorithm 5.1 below, which uses the intuition developed in Sections 5.3.1 and 5.3.2 to

estimate the missingness mechanisms for each metabolite with missing data.

Algorithm 5.1. Define the full-rank matrix Z = (z1 · · · zn)T ∈ Rn×t to be such that t ≤ 3
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and 1n ∈ Im (Z) ⊆ Im (X). Let S ⊆ [p] be such that n−1
n∑
i=1

(1− rgi) > ε for all g ∈ S for

some user-defined ε ≥ 0.

(a) Let YSc ∈ R|Sc|×n be the submatrix of Y restricted to the rows g ∈ Sc. Define Ĉ⊥ to

be the maximum likelihood estimate for P⊥Z C, assuming any missing data in YSc are

missing completely at random and

YSc ∼MN|Sc|×n

{
L̃
(
P⊥Z C

)T
+ β̃ZT, σ2I|Sc|, In

}
,

where P⊥Z C, L̃, β̃ and σ2 are unknown parameters and L̃TL̃ is diagonal with non-

increasing elements.

(b) If t = 3, define Ûg = Z for all g ∈ S. If t < 3:

(i) For each j ∈
[
K̂
]
, use ordinary least squares (OLS) to regress yg onto Ag,j =(

Z
[
Ĉ⊥
]
∗j

)
∈ Rn×(t+1), where all missing data is assumed missing completely

at random, and let pg,j be the OLS P value corresponding to the t + 1st column

of Ag,j.

(ii) For j ∈
[
K̂
]
, use

{
pg′,j

}
g′∈S

to determine the corresponding q-values
{
qg′,j

}
g′∈S

.

(iii) Let j1, . . . , j3−t ∈
[
K̂
]

be the indices of the 3−t smallest q-values
{
qg,1, . . . , qg,K̂

}
.

Define Ûg =

(
Z
[
Ĉ⊥
]
∗j1
· · ·
[
Ĉ⊥
]
∗j3−t

)
∈ Rn×3, where j1, . . . , j3−t depend on

g.

(c) Use Ûg as instrumental variables in our method Hierarchical Bayesian Generalize

Method of Moments (HB-GMM) to estimate α∗g , δ∗g for each g ∈ S.

(d) Use the estimated metabolite-dependent missingness mechanism to estimate C in Model

(5.1).

(e) Estimate the parameters of interest from Model (5.1).
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The set S contains metabolites with a non-trivial amount of missing data, i.e. all metabo-

lites whose observations are missing in more than 100 × ε% of the samples. Our software

default is to let ε = 0.05. In Section 5.3.2, we assumed for simplicity that Z = 1n, which is

generally the case in real data applications. However, we allow for the possibility that the

practitioner has access to additional informative covariates.

Just like P⊥1nC in Section 5.3.2, the columns of the estimate for P⊥Z C in Step (a) serve as

candidate instrumental variables, where Ĉ⊥ is a scalar multiple of the first K̂ right singular

vectors of YScP
⊥
Z if ε = 0. When ε > 0, the assumption that missing data are missing

completely at random has a negligible effect on the estimate for P⊥Z C because of the small

number of missing observations for metabolites in Sc.

We use the estimate Ûg in Step (b) as an instrumental variables for the missingness

mechanism, meaning we require dim
{

Im
(
Ûg

)}
≥ 2. We set dim

{
Im
(
Ûg

)}
= 3 for

reasons described in Section 5.4.3. It is critical that the ith row of Ûg be correlated with ygi

if rgi = 0. The selection Step (b) helps ensure this is the case, and is justified by Theorem

5.1 in Section 5.10.5, in which we prove the P value pg,j is asymptotically uniform under

minor regularity conditions and the null hypothesis that
[
Ĉ⊥
]
∗j

is independent of yg.

A final important consideration is how the data-dependent instrument selection will

impact the accuracy of generalized method of moments. Suppose t < 3, and let Tg =

Tg (j1, . . . , j3−t) be any non-negative statistic regarding the accuracy of the instrumental

variable generalized method of moments estimator whose instruments are Z and columns

j1, . . . , j3−t ∈
[
K̂
]

of Ĉ⊥. For example, Tg might be the mean squared error or the indicator

that the estimates for α∗g , δ∗g lie outside a small ball centered at the true values α∗g , δ∗g .

Then for the event

E =
{

any one of the selected columns of Ĉ⊥ are independent of yg

}
,
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we have

∑
j1<···<j3−t∈K̂

E
{
Tg (j1, . . . , j3−t) I (Columns j1, . . . , j3−t are selected)

}
≤

∑
Columns j1 < · · · < j3−t

are not independent of yg

E
{
Tg (j1, . . . , j3−t)

}
+ cg P (E) ,

where

cg = E


∑

Column j1 or . . . or j3−t

is independent of yg

Tg (j1, . . . , j3−t) | E

 .

Therefore, if P (E) is small and under the assumption that the columns of P⊥Z C that are not

independent of yg are suitable instruments, it suffices to assume the instruments in Ûg are

given and not selected when we describe and motivate our method throughout the remainder

of Section 5.4, as well as Sections 5.5 and 5.6. The assumption that P (E) is small tends to

hold in real data. For example, in our two data applications, we set Z = 1n, K̂ = 10 and

found the median smallest and second smallest q-value from Step (b) to be no greater than

10−7 and 10−3, respectively.

5.4.2 Initial estimates with generalized method of moments

Here we use Ûg from Step (b) of Algorithm 5.1 to get initial estimates for α∗g and δ∗g for

all g ∈ S. Fix a g ∈ S, let Ûg =
(
ûg1 · · · ûgn

)T
and define

wgi
(
θg
)

= Ψ
{
αg
(
ygi − δg

)}−1
, θg =

(
αg, δg

)T
(i ∈ [n]) (5.6a)

Ggi
(
θg
)

= ûgi
{

1− rgiwgi
(
θg
)}

(i ∈ [n]), (5.6b)
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Note that Ggi is an observable quantity, and is simply ûgi if the ith observation is missing.

If we let θg∗ =
(
α∗g , δ∗g

)T
, then just like (5.5),

E
{

1− rgiwgi
(
θ∗g
)
| ûgi

}
= E

[
E
{

1− rgiwgi
(
θ∗g
)
| ûgi, ygi

}
| ûgi

]
= E

[
E
{

1− rgiwgi
(
θ∗g
)
| ygi

}
| ûgi

]
= 0.

The second equality follows because the missingness indicator rgi is independent of ûgi given

ygi, and the last equality follows from (5.3). As discussed in Sections 5.3.1 and 5.3.2, this

implies one can use the instruments Ûg to define θ̂g, the two-step estimator for θ∗g defined

in (5.4), where

f
{
θ∗g ,

(
ûgi, ygi, rgi

)}
= 1− rgiwgi

(
θ∗g
)
, A

(
ûgi
)

= ûgi. (5.7)

We justify this choice in Section 5.10.7, in which we show that under similar regularity

assumptions used in Wang et al. (2014), θ̂g is consistent for θ∗g and

V̂
−1/2
g

(
θ̂g − θg

) D
=N2 (0, I2) + oP (1) (5.8a)

V̂g =

{ n∑
i=1

∇θgGgi

(
θ̂g

)}T{ n∑
i=1

Ggi

(
θ̂g

)
Ggi

(
θ̂g

)T}−1{ n∑
i=1

∇θgGgi

(
θ̂g

)}−1

(5.8b)

as n, p → ∞. We use the asymptotic distribution of θ̂g to refine the estimate for θg by

pooling information across metabolites in Section 5.4.4.

5.4.3 Identifying metabolites that do not follow Model (5.3)

The accuracy of θ̂g, and therefore that of downstream estimators, is contingent on the

missing data model being approximately correct. Therefore, we developed a procedure to

flag metabolites whose missingness mechanisms may not follow Model (5.3) using the Sargan-
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Hansen J-test, which is generally used to test the moment restrictions used in generalized

method of moment estimators (Sun & Kim 2012).

Assume dim
{

Im
(
Ûg

)}
= 3 and for each g ∈ S, define

Ḡg (θ) = n−1
n∑
i=1

ûgi
{

1− rgiwgi (θ)
}

(5.9a)

Γ̄g (θ) = ∇θḠg (θ) = −n−1
n∑
i=1

rgiûgi
{
∇θwgi (θ)

}T
(5.9b)

W−1
g = n−1

n∑
i=1

[
1− rgiwgi

{
θ̂

(1)
g

}]2
ûgiû

T
gi, (5.9c)

where θ̂
(1)
g is the first step estimator in (5.4) for A and f defined in (5.7). Then if Γ̄g

(
θ̂g

)
is full rank, the estimator θ̂g satisfies

P
W

1/2
g Γ̄g

(
θ̂g

)W 1/2
g Ḡg

(
θ̂g

)
= 0,

where Ḡg

(
θ̂g

)
∈ R3 and P

W
1/2
g Γ̄g

(
θ̂g

) projects vectors in R3 onto a two dimensional sub-

space. Therefore, under the null hypothesis that Model (5.3) and the regularity assumptions

used to prove (5.8) hold, we should be able to predict how the one degree of freedom quadratic

form

nḠg

(
θ̂g

)T
WgḠg

(
θ̂g

)
= nḠg

(
θ̂g

)T
W

1/2
g P⊥

W
1/2
g Γ̄g

(
θ̂g

)W 1/2
g Ḡg

(
θ̂g

)

behaves. On the other hand, the above quadratic form will tend to be large if Model (5.3)

is too inaccurate, since n1/2Ḡg

(
θ̂g

)
will generally not be stochastically bounded because

the population moment E
{
Ḡg (θ)

}
will likely not be 0 for any θ. We make this rigorous in

Corollary 5.2, in which we show that when the null hypothesis

H0,g : E
{
Ḡg
(
θ∗g
)}

= 0 (g ∈ S)

259



and the same regularity conditions used to prove (5.8) hold,

Jg = nḠg

(
θ̂g

)T
WgḠg

(
θ̂g

) D→χ2
1 (g ∈ S) (5.10)

as n, p → ∞. The J-statistic, Jg, is typically used to check the validity of the assumed

moment restrictions (Hansen 1982), and we therefore it to assess the veracity of Model (5.3).

It has been repeatedly observed that using the asymptotic chi-squared distribution to do

inference with Jg is anti-conservative in data with moderate, and even large sample sizes

(Hall & Horowitz 1996, Hansen & West 2002, Brown & Newey 2002). To circumvent this,

we follow Brown & Newey (2002) and develop a bootstrap null distribution for Jg. Since

the bootstrap sampling population is
{(
ûgi, ygi, rgi

)}
i∈[n], we require H0,g to hold at θ̂g

instead of θ∗g for the bootstrap sampling population. However, this will not be the case if

we use uniform resampling to generate boostrapped datasets, because Ḡg

(
θ̂g

)
6= 0 when

dim
{

Im
(
Ûg

)}
> 2. Instead, we define

dF̂g =
n∑
i=1

γgiδ(ûgi,ygi,rgi)
,

n∑
i=1

γgiGgi

(
θ̂g

)
= 0,

n∑
i=1

γgi = 1 (g ∈ S) ,

where

{
γg1, . . . , γgn

}
= arg max
x1,...,xn∈[0,1]

n∏
i=1

xi,
n∑
i=1

xi = 1,
n∑
i=1

xiGgi

(
θ̂g

)
= 0 (g ∈ S).

If θ̂g =
(
α̂g, δ̂g

)T
and (û, y, r) ∼ F̂g, then E

F̂g

(
û

[
1− rΨ

{
α̂g

(
y − δ̂g

)}−1
])

= 0, which

is exactly what is required. We subsequently generate a bootstrap distribution for Jg by

repeatedly sampling from F̂g for all g ∈ S, and estimate

lfdrg = P
[
H0,g |

{(
ûgi, ygi, rgi

)}
i∈[n]

]

using q-value (Storey et al. 2015). We then flag any metabolites with an lfdrg smaller than
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a user-specified value, which defaults to 0.8 in our software. Unsurprisingly, metabolites

with a substantial amount of missing data (> 40%) are typically the metabolites we flag in

practice, as Model (5.3) is likely too simple to capture the subtleties of those missingness

mechanisms.

5.4.4 Hierarchical Bayesian generalized method of moments

So far we have estimated each metabolite-specific missingness mechanism independently for

each metabolite g ∈ S. While the mechanisms are almost certainly not identical, one might

expect them to be relatively similar, and that one should be able to design a better estimator

by pooling information across metabolites. Further, constructing an informative prior on the

missingness mechanisms allows one to better explore the objective function in (5.4), which

could be multimodal (Domı́nguez & Lobato 2004, Franks et al. 2016). This would also give

us better estimates for the uncertainty in our estimators. We therefore developed a Bayesian

method to estimate θ∗g and the weights wgi
(
θ∗g
)

defined in (5.6a) using the generalized

method of moments estimator θ̂g and its estimated variance V̂
(
θ̂g

)
from Section 5.4.2.

The weights wgi
(
θ∗g
)

play an important role in estimating the effects of interest in Section

5.5. An important part of our method will be determining the posterior uncertainty of our

estimates, as we incorporate them into our downstream estimators in Section 5.5.

To describe our method, let α̂g, δ̂g and θ̂g be the generalized method of moment estimates

defined in Section 5.4.2 and let

η∗g =
(
log
(
α∗g
)
, δ∗g

)T
, η̂g =

(
log
(
α̂g
)
, δ̂g

)T
(g ∈ S).

We prove in Theorem 5.2 in Section 5.10.6 that under minor regularity conditions on the
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moments of yg and the behavior of Ψ(x) as x→ −∞,

n1/2
{

Σ̂g
(
η∗g
)}−1/2

Ḡg
(
η∗g
) D→N3 (0, I3) (g ∈ S)

Σ̂g
(
η∗g
)

= (n− 1)−1
n∑
i=1

{
Ggi

(
η∗g
)
− Ḡg

(
η∗g
)} {

Ggi
(
η∗g
)
− Ḡg

(
η∗g
)}T

(g ∈ S).

We therefore approximate the likelihood of Ḡg
(
η∗g
)
| η∗g as

Ḡg
(
η∗g
)
| η∗g ∼ N3

(
0, n−1Σ̂g

(
η∗g
))

(g ∈ S) (5.11)

Let g 6= h ∈ S. Then because Ḡg
(
η∗g
)
|
(
η∗g ,yg, Ûg

)
and Ḡh

(
η∗h
)
|
(
η∗h ,yh, Ûh

)
are

independent and E
{
Ḡg
(
η∗g
)
| η∗g ,yg, Ûg

}
= 0,

Cov
{
Ḡg
(
η∗g
)
, Ḡh

(
η∗h
)
| η∗g ,η∗h

}
= E

[
Cov

{
Ḡg
(
η∗g
)
, Ḡh

(
η∗h
)
| η∗g ,η∗h ,yg,yh,

Ûg, Ûh

}
| η∗g ,η∗h

]
= 0.

We use this fact to justify modelling
{
Ḡg
(
η∗g
)
| η∗g

}
g∈S as independent and jointly normal

with marginal distributions given by (5.11). We remark that a similar technique was also used

in in Yin (2009), Li & Jiang (2016) to put a distribution on the sample average Ḡg, although

both articles assume p = 1. The latter article gives the sufficient conditions under which the

quasi-posterior using the quasi-likelihood in (5.11) and known prior for η∗g concentrates on

the true posterior pr
(
η∗g | η̂g

)
.

Lastly, we assume the prior for η∗g is

η∗g | (µ,U ) ∼ N2 (µ,U) (g ∈ S)

for some µ ∈ R2,U ∈ R2×2. Bayes’ rule implies

pr
{
η∗g | Ḡg

(
ηg
)}
∝ pr

{
Ḡg
(
η∗g
)
| η∗g

}
pr
(
η∗g | µ,U

)
(g ∈ S),
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and we use Markov Chain Monte Carlo to sample from the posterior, which we use to

estimate

E
{
α∗g | Ḡg

(
ηg
)}
, E

{
δ∗g | Ḡg

(
ηg
)}

(5.12a)

E
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}
, V

{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}

(5.12b)

for all g ∈ S and i such that rgi = 1.

It remains to show how we determine the hyper-parameters µ and U . We first estimate

µ as µ̂ = |S|−1 ∑
g∈S

η̂g, and then estimate U with empirical Bayes, assuming

η̂g | η∗g , V̂g ∼ N2

(
η∗g , Ŵg

)
, Ŵg = diag

([
V̂g

]−1

11
, 1

)
V̂g diag

([
V̂g

]−1

11
, 1

)
(g ∈ S)

η∗g | µ̂,U ∼ N2 (µ̂,U) (g ∈ S),

where V̂g is defined in (5.8). This allows us to run the Markov chains in parallel to speed

up computation.

5.5 Inference on the coefficients of interest

5.5.1 Estimating the coefficients of interest

While there are many ways to estimate and perform inference on the coefficients of interest

once one has an estimate for the metabolite-dependent missingness mechanism (Liang &

Qin 2000, Wang et al. 2014, Chen et al. 2017, O’Brien et al. 2018, Hedeker et al. 2018), we

focus on inverse probability weighting (Liang & Qin 2000) in this section because estimates

are consistent, it obviates the need to specify a probability model for the missing data and

computation is fast enough to perform a metabolite genome wide association study. We will

assume the covariates C in Model (5.1) are known and, for notational convenience, re-write
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the mean model in (5.1b) as

µgi = xT
i β∗g (g = 1, . . . , p; i = 1, . . . , n). (5.13)

We first show how we estimate β∗g and then describe our method to assess the uncertainty

in our estimate in Section 5.5.2. We show how to use the method we develop here to estimate

C in Section 5.6. Unless otherwise specified, all expectations and variances in this section

(Section 5.5) are taken conditional on X = (x1 · · ·xn)T.

Define the score function

sgi
(
βg
)

= xi
(
ygi − xT

i βg
)

(i = 1, . . . , n; g ∈ S),

where we focus on metabolites with missing data, i.e. g ∈ S, because estimation and inference

with little to no missing data is straightforward. We define

fg
(
βg
)

=
n∑
i=1

rgiŵgiγ̂gisgi
(
βg
)

(g ∈ S) (5.14a)

ŵgi = Ê
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)} (

(g, i) ∈
{

(g, i) ∈ S × [n] : rgi = 1
})

(5.14b)

γ̂gi = P̂
(
rgi = 1 | xi

)
(g ∈ S; i ∈ [n]) , (5.14c)

where Ê
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}

is the estimate for E
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}

defined in Section

5.4.4 and γ̂gi is an estimate of γgi = P
(
rgi = 1 | xi

)
. If ŵgi = wgi

(
η∗g
)

and γ̂gi = γgi, then

E
{
fg
(
β∗g
)
|X
}

=
n∑
i=1

γgiE
{
wgi

(
η∗g
)
sgi
(
β∗g
)
E
(
rgi |X,yg

)
|X
}

=
n∑
i=1

γgiE
{
sgi
(
β∗g
)
|X
}

= 0. (5.15)

The above equality holds provided γgi is not a function of the data yg. We include γgi to

stabilize large weights ŵgi and thereby reduce the variance of our estimates, since γgi will
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tend to be small if ŵgi is large. This method of stabilized inverse probability weighting has

been successfully applied to data that are missing at random (Xu, Ross, Raebel, Shetterly,

Blanchette & Smith 2010), and we estimate γgi using a logistic regression with the estimated

instruments Ûg.

We define our estimate for β∗g as

β̂g = arg min
βg∈Rd

‖fg
(
βg
)
‖ =

(
XTŴgX

)−1
XTŴgyg (g ∈ S) (5.16a)

Ŵg = diag
(
rg1ŵg1γ̂g1, . . . , rgnŵgnγ̂g1

)
(g ∈ S). (5.16b)

The accuracy of β̂g depends on the accuracy of the weights ŵgi and because E
{
sgi
(
β∗g
)}

=

0. In view of the latter, we can replace the score function sgi
(
βg
)

with any M-estimator,

like Huber’s or Tukey’s robust estimators. We remark that we did not need to specify a

probability model for the residuals egi to estimate β̂g.

5.5.2 Quantifying the uncertainty of our estimators

Here we describe how we estimate V
(
β̂g

)
, which is important for constructing confidence

intervals for and performing inference on βg for g ∈ S. Our estimator is a finite sample-

corrected sandwich variance estimator that also accounts for the uncertainty in the estimated

weights ŵgi. To describe the estimator, define

f∗g
(
βg
)

=
n∑
i=1

rgiwgi
(
η∗g
)
γgisgi

(
βg
)
.

Then under suitable regularity conditions,

0 = n−1fg

(
β̂g

)
= n−1f∗g

(
β∗g
)

+ n−1∇βgf
∗
g

(
β∗g
) (
β̂g − β∗g

)
+ oP

(
‖β̂g − β∗g‖2

)
∇βgf

∗
g

(
β∗g
)

=
n∑
i=1

rgiwgi
(
η∗g
)
γgixix

T
i .
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Therefore, we can approximate the variance of β̂g as

nV
(
β̂g

)
≈
{
n−1∇βgf

∗
g

(
β∗g
)}−1

[
n−1E

{
n∑
i=1

rgiwgi
(
η∗g
)2
γ2
gisgi

(
β∗g
)
sgi
(
β∗g
)T}]

×
{
n−1∇βgf

∗
g

(
β∗g
)}−1

≈
(
n−1XTŴgX

)−1
[
n−1

n∑
i=1

γ2
giE

{
rgiwgi

(
η∗g
)2
sgi
(
β∗g
)
sgi
(
β∗g
)T}]

×
(
n−1XTŴgX

)−1
,

where we have replaced wgi
(
η∗g
)

and γgi with ŵgi and γ̂gi to estimate ∇βgf
∗
g

(
β∗g
)

in the

second approximate equality.

It remains to estimate the middle term. Simply plugging in ŵgi for wgi
(
η∗g
)

when

wgi
(
η∗g
)

is large will typically result in underestimates for V
(
β̂g

)
, since the uncertainty in

estimates for wgi
(
η∗g
)

increases as wgi
(
η∗g
)

increases. Further, simply plugging in β̂g for

β∗g will underestimate V
(
β̂g

)
because the plug-in sandwich variance estimator can notably

underestimate the variance of β̂g (Wang et al. 2016). We circumvent the former by replacing

wgi
(
η∗g
)2

with Ê
{
wgi

(
η∗g
)2 | Ḡg

(
ηg
)}

, where

Ê
{
wgi

(
η∗g
)2 | Ḡg

(
ηg
)}

= Ê
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}2

+ V̂
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}

= ŵ2
gi + V̂

{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}
≥ ŵ2

gi.

The above expression holds with equality if and only if V̂
{
wgi

(
η∗g
)
| Ḡg

(
ηg
)}

= 0, i.e.

there is no uncertainty in our estimate for wgi
(
η∗g
)
. We lastly show how we account for the
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uncertainty in β̂g in Section 5.10.2, which we use to estimate V
(
β̂g

)
as

V̂
(
β̂g

)
=
(
XTŴgX

)−1
{

n∑
i=1

rgiv̂giγ̂gi

(
1− ĥgi

)−2
sgi

(
β̂g

)
sgi

(
β̂g

)T}

×
(
XTŴgX

)−1
(g ∈ S) (5.17a)

v̂gi =Ê
{
wgi

(
η∗g
)2 | Ḡg

(
ηg
)}

(g ∈ S; i ∈ [n]) (5.17b)

ĥgi =rgiŵgiγ̂gix
T
i

(
XTŴgX

)−1
xi (g ∈ S; i ∈ [n]) (5.17c)

The term
(

1− ĥgi
)−2

is a finite sample correction, where ĥgi is the ith leverage score of

Ŵ
1/2
g X. As far as we are aware, this is the first such finite sample variance correction for

inverse probability weighted estimators in data with non-random missing data. We use a

similar technique in Section 5.10.3 to derive the estimator for σ2
∗g , which we define as

σ̂2
g = tr

(
Ŵg

)−1
n∑
i=1

rgiŵgiγ̂gi

(
1− ĥgi

)−2 (
ygi − xT

i β̂g

)2
(g ∈ S). (5.18)

5.6 Estimating C in the presence of non-random missing data

Here we describe our method for estimating the latent covariates C in Model (5.1), and will

assume throughout Section 5.6 that µgi is as defined in (5.1b), where X is observed. Define

Xint,Xnuis such that X = (XintXnuis), where Xint contains the covariates of interest

like disease status and Xnuis contains observed nuisance covariates like the intercept and

technical factors. Since typical estimates for the coefficients of interest, like the estimator we

presented in Section 5.5, only depend on Xint and Im (Xnuis)∪ Im
(
P⊥Xnuis

C
)

, our goal is to

estimate Im
(
P⊥Xnuis

C
)

. This is quite auspicious because even though C is not identifiable

in Model (5.1), Im
(
P⊥Xnuis

C
)

is identifiable under assumptions on the sparsity of the effects

of interest in β∗g (McKennan & Nicolae 2018a,b). We assume for simplicity that X = Xint

in the presentation of our method, and we describe the extension when X = (XintXnuis)

in Section 5.10.4.
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We use a strategy similar to that in Sun et al. (2012), Wang et al. (2017), Lee et al. (2017),

McKennan & Nicolae (2018a,b) and estimate Im (C) by separately estimating Im
(
P⊥XC

)
and Im (PXC), and then combine the estimates to recover Im (C). In vector form,

yg = Xβ∗g +C`∗g + eg, eg
·∼
(
0, σ2
∗gIn

)
(g = 1, . . . , p).

Then we can also express yg as

yg = Xβ̃∗g +C2`∗g + eg, β̃∗g = β∗g + Ω`∗g , (g = 1, . . . , p) (5.19a)

Ω =
(
XTX

)−1
XTC, C2 = P⊥XC. (5.19b)

Let Rg = diag
(
rg1, . . . , rgn

)
and S1 ⊆ S, where our software’s default S1 is all metabolites

with less than 25% missing data and with an lfdrg above 0.8 (see Section 5.4.3). We then

estimate β̃∗g , `∗g and C2 using the following quasi log-likelihood objective function:

({
ˆ̃βg

}
g∈Sc∪S1

,
{

ˆ̀g

}
g∈Sc∪S1

, Ĉ2

)

= arg max
β̃g∈Rd, `g∈RK ,C2∈Rn×K
CT

2 X=0, n−1CT
2 C2=IK

−∑
g∈Sc
‖Rg

{
yg −

(
Xβ̃g +C2`g

)}
‖22

−
∑
g∈S1

‖Ŵ 1/2
g

{
yg −

(
Xβ̃g +C2`g

)}
‖22

 . (5.20)

The matrix Rg = In if ε, defined in Algorithm 5.1, is 0. When ε > 0, this optimization

treats missing data from metabolites with little to no missing data as missing completely at

random. Note that for fixed C2, the updates for β̃g and `g for all g ∈ S1 are the stabilized

inverse probability weighted estimates given in (5.16). The update for C2 given β̃g and `g

for all g ∈ Sc ∪S1 is similar. We lastly remark that the constraints on C2 define it uniquely

up to a K × K rotation matrix. However, since our goal is only to estimate Im (C2), it

suffices to estimate C2 up to a change of basis of its column space.
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It remains to define Ω̂, our estimator for Ω from (5.19), where our estimate for C will

then be

Ĉ = XΩ̂ + Ĉ2. (5.21)

The estimates for β̃∗g and `∗g obtained from (5.20) are simply the inverse probability

weighted estimates defined in (5.16), where the design matrix is
(
X Ĉ2

)
and the weight

matrix is Rg for g ∈ Sc and Ŵg for g ∈ S1. Since X is orthogonal to C2, (5.15) is satisfied

when evaluated at
(
β̃T
∗g , `

T
∗g

)T
for g ∈ S. Therefore, we model ˆ̃βg as

ˆ̃βg
·∼
(
β∗g + Ω`g, ν̂g

)
(g ∈ Sc ∪ S1)

where ν̂g is the ordinary least squares estimate for the variance of ˆ̃βg using the design matrix(
X Ĉ2

)
when g ∈ Sc, and ν̂g is a submatrix of the estimate for the variance defined in (5.17)

when g ∈ S1. If only a small number of the effects of interest β∗1 , . . . ,β∗p are non-zero, then

we can use the estimates for `∗g obtained from (5.20) to regress the estimates for β̃∗g onto

those of `∗g to estimate Ω. We describe this procedure in Algorithm 5.2.

Algorithm 5.2 (Estimating Ω). Let εq-value ∈ [0, 1] and R ≥ 0 be an integer.

(0) Define Ω̂(0) =
(
Ω̂

(0)
1 · · · Ω̂

(0)
d

)T
such that

Ω̂
(0)
j =

 ∑
g∈Sc∪S1

[
ν̂g
]−1
jj

ˆ̀g ˆ̀T
g

−1 ∑
g∈Sc∪S1

[
ν̂g
]−1
jj

[
ˆ̃βg

]
j

ˆ̀g

 .

Define Ĉ(0) = XΩ̂(0) + Ĉ2. If R = 0, return Ĉ = Ĉ(0).

(1) Let Ĉ(r) be given. Define pg,j to be the P value for the null hypothesis H0,g,j :
[
βg
]
j = 0

using ordinary least squares if g ∈ Sc or the procedure described in Sections 5.5.1 and

5.5.2 if g ∈ S1 with the design matrix
(
X Ĉ(r)

)
.
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(2) Obtain the q-values
{
qg,j
}
g∈Sc∪S1 using the P values

{
pg,j
}
g∈Sc∪S1 for each j ∈ [d].

Define Ω̂(r+1) =
(
Ω̂

(r+1)
1 · · · Ω̂(r+1)

d

)T
to be

Ω̂
(r+1)
j =

 ∑
g∈Sc∪S1

I
(
qg,j > εq-value

) [
ν̂g
]−1
jj

ˆ̀g ˆ̀T
g


−1

×

 ∑
g∈Sc∪S1

I
(
qg,j > εq-value

) [
ν̂g
]−1
jj

[
ˆ̃βg

]
j

ˆ̀g

 .

Update r ← r + 1 and define Ĉ(r) = XΩ̂(r) + Ĉ2.

(3) Repeat Steps (1) and (2) for r = 0, 1, . . . , R− 1 and return Ĉ = Ĉ(R).

Our software’s default is εq-value = 0.1 and R = 3. The estimator in Step (0) is similar to

that used in Lee et al. (2017), Wang et al. (2017), McKennan & Nicolae (2018a). We refine

the estimate for Ω in Step (2) by attempting to remove metabolites with non-zero coefficients

of interest βg. This helps alleviate the impact of outliers in the regression estimate for Ω.

We subsequently use the estimated design matrix
(
X Ĉ

)
to estimate and perform inference

on the coefficients of interest using techniques described in Section 5.5.

5.7 A simulation study

5.7.1 Simulation setup

Here we analyze simulated metabolomic data to compare the performance of our method

with other existing methods. We simulated the log-intensities of p = 1, 200 metabolites in

n = 600 individuals, 300 of which were cases and the remaining 300 were controls. The

observed design matrix was therefore X = (1nXint), where Xint =
(
1n/2,0n/2

)T
∈ Rn.

The parameters p and n were chosen to match those from our real data examples in Section

2.4, and we include additional simulation results when n = 100 and n = 300 in Section
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5.10.1. We set K = 10, and for some constant a, simulated data as

log
(
α∗g
)
∼ N1

(
µα, 0.4

2
)

(g = 1, . . . , p) (5.22a)

δ∗g ∼ N1

(
16, 1.22

)
(g = 1, . . . , p) (5.22b)

µ∗g ∼ N1

(
18, 52

)
(g = 1, . . . , p) (5.22c)

β∗g ∼ 0.8δ0 + 0.2N1

(
0, 0.42

)
(g = 1, . . . , p) (5.22d)

C ∼MNn×K {(aXint 0n · · ·0n) , In, IK} (5.22e)[
`∗g
]
k
∼ πkδ0 + (1− πk)N1

(
0, τ2

k

)
(g = 1, . . . , p; k = 1, . . . , K) (5.22f)

σ2
∗g ∼ Gamma

(
0.2−2, 0.2−2

)
(g = 1, . . . , p) (5.22g)

ygi ∼ N1

(
µ∗g + [Xint]i β∗g + cTi `∗g , σ

2
∗g

)
(g = 1, . . . , p; i = 1, . . . , n) (5.22h)

rgi = Bernoulli
[
Ψ
{
α∗g

(
ygi − δ∗g

)}]
(g = 1, . . . , p; i = 1, . . . , n), (5.22i)

where δ0 is the point mass at 0 and µα in (5.22a) was set so that if Z has cumulative

distribution function Ψ {exp (µα)x}, V(Z) = 1. The constant a in (5.22e) was chosen so

that C explained 7.5% of the variance in Xint on average across all simulations, and Table

5.1 contains the values of πk and τ2
k . These were chosen so that the non-zero eigenvalues

λ1, . . . , λK of

I = (n− 1)−1P⊥1nC

p−1
p∑
g=1

σ−2
∗g `∗g`

T
∗g

CTP⊥1n

were 0.61, 0.33, 0.19, 0.14, 0.12, 0.08, 0.07, 0.05, 0.05 and 0.05 on average across all simulated

datasets, since these were the first 10 eigenvalues of the estimated I in our data example

in Section 5.8. Similarly, the prior variances for the missingness mechanism parameters in

(5.22a) and (5.22b), as well as the mean and variance for the global mean in (5.22c), were set

to their estimated equivalents from the first data example in Section 5.8. The distribution

of missing data when Ψ was the logistic function is given in Figure 5.1, which is similar to
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Figure 5.1: The fraction of metabolite-specific missing data n−1
n∑
i=1

(
1− rgi

)
, g ∈ [p], for

one simulated dataset with Ψ(x) = exp(x)/ {1 + exp(x)}.

that observed real data from Section 2.4.

Table 5.1: The πk and τk values used to simulate `∗1 , . . . , `∗p (k = 1, . . . , 10).

Factor number (k) 1 2 3 4 5 6 7 8 9 10

πk 0 0 0.76 0.56 0.48 0.32 0.28 0.20 0.20 0.20

τk 0.78 0.57 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

We used our method detailed in Algorithm 5.1 with ε = 0.05, Z = 1n and K̂ = 5 to

estimate the metabolite-dependent missingness mechanism parameters α∗g , δ∗g , the latent

covariates C and the effects of interest β∗1 , . . . , β∗p . In each simulation, we removed all

metabolites that were missing in more than 50% of the samples, since we find that these

metabolites tend to have large J-statistics in real data (see Section 5.4.3). Similar to our

real data examples in Section 5.8, the number of potential instruments, K̂, was such that

at least 90% of all metabolites g ∈ S had at least two q-values qg,j , defined in Step (b) of

Algorithm 5.1, that were less than 0.05 in each simulated dataset. All results were nearly

identical when we let K̂ be as small as 3 and as large as 10.

Given the complexity of our method, we evaluated its ability to recover α∗g , δ∗g in Section
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5.7.2, as well as estimate and perform inference on the coefficients of interest in Section 5.7.3.

This allows one to better understand the sources of variation in our estimators, and also

highlights the novel aspects of our methodology.

5.7.2 Accuracy of our estimates for α∗g and δ∗g

We simulated and analyzed 20 datasets according to (5.22) with Ψ(x) = F4(x) to compare

our estimators for α∗g and δ∗g , defined in (5.12a) using empirical Bayes to estimate the prior

variance U , to the those proposed in Wang et al. (2014). The latter is simply θ̂g defined in

Section 5.4.2, which is the two-step estimator from (5.4) with instruments A and function

f given by (5.7). We could not compare it to the estimators proposed in Chen et al. (2017)

or Hedeker et al. (2018), because they assume the missingness mechanisms are the same for

each analyte. We remark that the estimators for α∗g and δ∗g these authors proposed in the

aforementioned articles rely on the assumption that ygi is normally distributed. We also

did not compare our estimators to those proposed in Ai et al. (2018), since their method is

nearly identical to that proposed in Wang et al. (2014).

The results are given in Figure 5.2. Our Bayesian estimator (HB-GMM) outperforms the

standard two-step generalized method of moments estimator proposed in Wang et al. (2014)

(GMM), which illustrates the advantages of pooling information across metabolites.

5.7.3 Inference on the simulated parameters of interest

We simulated 60 datasets according to (5.22) with Ψ(x) = exp(x)/ {1 + exp(x)} and ana-

lyzed them by first using HB-GMM to estimate the posterior means and variances for the

sample weights given in (5.12b), and estimated C according to (5.21). We then used the

estimated design matrix
(
X Ĉ

)
to calculate β̂∗g , an estimate for β∗g , and V̂

(
β̂∗g
)

, an es-

timate for V
(
β̂∗g
)

, with ordinary least squares if g ∈ Sc or the estimators defined in (5.16)

and (5.17) if g ∈ S. We subsequently formed 95% confidence intervals for β∗g and computed

P values for the null hypothesis H0,g : β∗g = 0 assuming β̂∗g ∼ N1

{
β∗g , V̂

(
β̂∗g
)}

. Since
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Figure 5.2: The root mean squared error (RMSE)

[
|S|−1 ∑

g∈S

{
log
(
α̂g
)
− log

(
α∗g
)}2

]1/2

(left) and

{
|S|−1 ∑

g∈S

(
δ̂g − δ∗g

)2
}1/2

(right) over 20 simulations. The estimates log
(
α̂g
)

and δ̂g were either our Bayesian estimators proposed in Section 5.4.4 (HB-GMM), or the
two-step estimator proposed in Wang et al. (2014) (GMM).

we typically do not know the exact functional form of Ψ(x) in practice, all analyses were

done assuming Ψ(x) = F4(x). We refer to this procedure as “MetabMiss” for the remainder

of the chapter.

As far as we are aware, there are currently no methods designed to analyze these simulated

data. In fact, the current state of the art to account for latent covariates in untargeted

metabolomic data is to simply impute missing data with an arbitrarily chosen detection

limit (Wehrens et al. 2016, Salerno et al. 2017), which is clearly sub-optimal. Therefore,

we could only compare our method to those that account for non-random missing data

or C, but not both. We did not compare MetabMiss to methods that only account for the

former, like those proposed in Chen et al. (2017), Hedeker et al. (2018), O’Brien et al. (2018),

because we showed in Chapter 2 that estimators for β∗g that ignore C tend to be biased.

Instead, we compared MetabMiss to existing methods to estimate C but do not account for

the non-random missing data, which included Leek & Storey (2008) (IRW-SVA), Lee et al.
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(2017) (dSVA), Gagnon-Bartsch & Speed (2012) (RUV-2) and Gagnon-Bartsch et al. (2013)

(RUV-4). We do not report results from the method proposed in Wang et al. (2017), as it

performed nearly identically to dSVA in all simulation scenarios. Since none of the of the

aforementioned methods can accommodate missing data, we estimated C with each using

only metabolites with complete observations, and subsequently estimated and computed

confidence intervals for β∗g and computed P values for the null hypothesis H0,g : β∗g = 0

with ordinary least squares using the estimated design matrix
(
X Ĉ

)
, assuming the missing

data were missing completely at random. RUV-like methods, which are frequently used when

analyzing metabolomic data (De Livera et al. 2012, 2015, Wehrens et al. 2016), assume

the practitioner has access to metabolites whose effect of interest β∗g = 0. We therefore

randomly chose 8% of all metabolites with β∗g = 0 and no missing data to act as control

metabolites when using RUV-2 and RUV-4, which is greater than the number typically used

in applications (De Livera et al. 2012, 2015, Wehrens et al. 2016). We lastly remark that

we could not analyze these simulated data with the methods proposed in De Livera et al.

(2012) or Salerno et al. (2017) because both methods rely on a random effects model whose

implemented estimators are not amenable to any missing data.

We first evaluated each method’s ability to identify metabolites with non-zero effect of

interest β∗g while controlling the false discovery rate at a nominal level. The results are given

in Figure 5.3, where the only method to suitably control for false discoveries is MetabMiss.

The fact that MetabMiss is slightly underpowered compared to the other methods is to be

expected, as anti-conservative inference is often more powerful. Lastly, we evaluated the

confidence interval coverage for the effects of interest β∗g for each method in Figure 5.4.

These results illustrate the consequences of performing inference on estimators that do not

properly account for the missing data, and also highlight the fidelity of our finite sample-

corrected estimator for the variance given by (5.17).
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(a)

(b)

Figure 5.3: From left to right: the false discovery proportion, FDP (a), and true recovery
proportion, TRP (b), for metabolites with q-values ≤ 0.05, 0.1, 0.15 and 0.2. TRP is as
defined in Figure 3.4 from Chapter 3 and q-values were determined using the qvalue package
in R (Storey et al. 2015).
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Figure 5.4: The fraction of effects of interest
{
β∗g
}
g∈S in all 60 simulated datasets that

lie in their respective 95% confidence intervals β̂g ± 1.96
{
V̂
(
β̂g

)}1/2
, stratified by |β∗g |.

For MetabMiss, β̂g and V̂
(
β̂g

)
were calculated using (5.16) and (5.17). All other methods’

estimates were derived using ordinary least squares and ignored the missingness mechanism.
We did not include the results when C was ignored, as the coverage was uniformly less than
IRW-SVA’s.

5.8 Data analysis

We used blood plasma metabolomic data measured at 6 months and 6 years old in n = 661

Danish children enrolled in the COPSAC cohort (Bisgaard et al. 2013) to demonstrate the

importance of accounting for both missing data and unobserved covariates in untargeted

metabolomic data. Table 5.2 provides an overview of the extent of the missing data in

each of the p = 1138 measured metabolites. Since the metabolites at 6 months and 6

years were quantified via mass spectrometry in two separate batches, we estimated the

missingness mechanisms at 6 months and 6 years separately, since missingness patterns

tend to depend on the mass spectrometer’s performance (Do et al. 2018). We excluded

metabolites that were missing in more than 50% of the samples and set Z = 1n, ε = 0.05
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and K̂ = min
{
K̂

(PA)
6 month, K̂

(PA)
6 years

}
/2 = 10 when estimating the missingness mechanisms

with HB-GMM in both analyses, where K̂
(PA)
6 month and K̂

(PA)
6 years were parallel analysis’ (Buja

& Eyuboglu 1992) estimates for K in the 6 month and 6 year datasets. With this value of

K̂, at least 90% of all metabolites g ∈ S in both datasets had at least two q-values qg,j ,

defined in Step (b) of Algorithm 5.1, less than 0.05.

Table 5.2: The number of metabolites in each missing data bin in the six month and 6
year datasets. Metabolites with more than 50% missing data were excluded from both
analyses.

Data \ Frequency of missing data, f f = 0 0 < f ≤ 0.05 0.05 < f ≤ 0.5 0.5 < f

Six month 399 257 249 233

6 year 400 256 300 182

Once we estimated the missingness mechanisms, we could easily assess the relationships

between the quantified metabolome at six months and 6 years and the many recorded phe-

notypes using MetabMiss. We were particularly interested in phenotypes related to lung

function, and present the results for specific airway resistance (sRAW) and forced vital ca-

pacity (FVC) measured at age 6. The former is a measure of airway resistance (Kaminsky

2012) and the latter is the total volume of air exhaled during a forced breath. While these

two quantitative traits are ostensibly manifestations of a similar underlying phenomenon,

they were completely uncorrelated in these children (P value = 0.31). For each of the four

analyses (2 metabolomes × 2 phenotypes), we estimated K with parallel analysis (Leek

et al. 2017) and subsequently regressed the quantified metabolites at 6 months and 6 years

onto (1nXint) while accounting for C using MetabMiss. The covariate Xint ∈ Rn×1 was

either sRAW or FVC. The results of two of the analyses are given in Figures 5.5 and 5.6.

The remaining two analyses, like that which is shown in Figure 5.6, did not reveal any

metabolome-wide significant results.

As one can see in Figure 5.6, MetabMiss corrects the apparent P value inflation, which

is commonly observed in practice when C is ignored (Leek & Storey 2007, Efron 2010).
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Figure 5.5: P values for the null hypothesis that the effect of sRAW on a metabolite’s intensity
at age 6 is 0 when the latent covariates C and the missing data are ignored (left) and when
they are both accounted for using MetabMiss (right). “Expected P value” is the expected
ordered P value under the null hypothesis, assuming all test statistics are independent.

Figure 5.6: P values for the null hypothesis that the effect of FVC on a metabolite’s intensity
at 6 months is 0 when the latent covariates C and the missing data are ignored (left) and
when they are both accounted for using MetabMiss (right).
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Further, MetabMiss appears to not only correct the minor P value inflation in the sRAW

analysis in Figure 5.5, but also empowers the analysis by reducing the residual variance.

We identified seven metabolites at a a q-value threshold of 0.2 in the sRAW analysis: two

sphingolipids, a benzoate derivative, pyruvate and three derivatives of piperine, which is

an alkaloid found in black pepper. A reduction in sphingolipid synthesis tends to increase

airway hyperractivity in children (Ono et al. 2015), which is congruent with the estimated

sign of the sRAW effect on the two sphingolipid metabolites’ intensities at 6 years of age.

Benzoate preservatives have been linked to asthma and lung function-related phenotypes

(Balatsinou et al. 2004, Pacor et al. 2004), and pyruvate and lactate (q-value = 0.23) levels

have previously been associated with asthma (Xu, Cui, Wang, Yin, Gao, Liu & Yang 2010,

Ostroukhova et al. 2012).

The three derivatives of piperine are particularly interesting in the context of our method-

ology because all three had between 12% and 48% missing data with J-test P values between

0.77 and 0.99 (see Section 5.4.3), suggesting that Model (5.3) is a reasonable model for their

missingness mechanisms. Piperine abundance has also been shown to be associated with

asthma and asthma-related phenotypes (Kim & Lee 2009, Finkelstein et al. 2015), and one

of the mechanisms by which it aids in alleviating airway hypersensitivity in mice has been

identified (Reinke et al. 2017). Moreover, its affinity for the TRPV1 cation channel (Premku-

mar 2014) and the latter’s role in respiratory illness in humans (Jia & Lee 2007) provides

additional evidence that these three observed associations are in fact biologically meaningful.

5.9 Discussion

We have presented, to the best of our knowledge, the first method to account for both non-

random missing data and latent covariates in untargeted metabolomic experiments. Our

method leverages the fact that the majority of the variation in metabolomic data can be

explained by a small number of latent covariates, which we use as instrumental variables

in a generalized method of moments estimator to estimate the metabolite-dependent miss-
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ingness mechanisms. We then present methodology to accurately and efficiently estimate

the effects of interest in a linear model while accounting for both the non-random missing

data and latent covariates. One of the most appealing aspects of our procedure is that

one only needs to estimate the missingness mechanisms once per data set, since our inverse

probability weighted estimators only depend on the estimated sample weights. This makes

many-phenotype inference tractable, such as the analysis we presented in Section 5.8 or

regressing the metabolome onto single nucleotide polymorphism data.

An important hyperparameter in our procedure is the number of instrumental variables

used to estimate each metabolite’s missingness mechanism. We currently use three instru-

ments to estimate two parameters, which allows one to evaluate the veracity of Model (5.3)

using the J-statistic. An important avenue of future research could be developing a data-

driven approach to choose the appropriate number of instruments. Lastly, we remark that

while our inverse probability weighted estimator is consistent and its estimated variance is

accurate enough to perform valid inference, it could be made more efficient if one were willing

to make assumptions about the distribution of missing data. This is currently an area that

I am actively investigating.

5.10 Appendix

5.10.1 Additional simulation results

Here we analyze additional data simulated according to (5.22) with Ψ(x) =
exp(x)

1+exp(x)
and

n = 300 or n = 100 to demonstrate our method’s performance on data with smaller sample

sizes. Just like we did in Section 5.7.3, we analyzed each of the 60 simulated datasets for

each value of n with MetabMiss by making the incorrect assumption that Ψ(x) = F4(x). For

simplicity of presentation, we only report each method’s potential to estimate and perform

inference on β∗g for g ∈ S. The results for each set of simulations are given in Figures 5.7

and 5.8.
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Figure 5.7: The false discovery rate (FDR) among rejected metabolites with > 5% but
≤ 50% missing data as a function of q-value threshold (Nominal FDR) when n = 300 (left)
and when n = 100 (right). IRW-SVA’s and RUV-4’s performance was uniformly worse that
dSVA’s in both simulation settings. The dashed red line is the line y = x.

Figure 5.8: The 95% confidence interval coverage when n = 300 (left) and when n = 100
(right). These plots are analogous to Figure 5.4.

5.10.2 Justification of the estimate for V
(
β̂g

)
defined in (5.17)

Here were perform an error analysis to justify using (5.17) to estimate V
(
β̂g

)
. For notational

convenience, we assume all covariates are observed and contained in X = (x1 · · ·xn)T ∈
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Rn×d, where µgi is as defined in (5.13). We also define

wgi = wgi
(
η∗g
)

(g ∈ S; i ∈ [n])

sgi = sgi
(
β∗g
)

= xi
(
ygi − xiβ∗g

)
(g ∈ S; i ∈ [n])

ŝgi = xi

(
ygi − xiβ̂g

)
(g ∈ S; i ∈ [n])

where β̂g is defined in (5.16). We assume throughout this section that wgi is known. Unless

otherwise stated, all expectations and variances are taken conditional on X. By the deriva-

tion in Section 5.5.2, our goal is to approximate γ2
giE

(
rgiw

2
gisgis

T
gi |X

)
for fixed g ∈ S and

all i ∈ [n].

Fix a g ∈ S and define ξgi = rgiγgiwgi and Wg = diag
(
ξg1, . . . , ξgn

)
. When γgi and wgi

are known, the estimator β̂g is such that

n∑
i=1

ξgisgi = XTWg
(
yg −Xβ∗g

)
= XTWg

(
yg −Xβ̂g

)
+XTWgX

(
β̂g − β∗g

)
= 0 +XTWgX

(
β̂g − β∗g

)
,

where the last equality follows by the definition of β̂g. Therefore, for all i ∈ [n],

ŝgi = xi
(
ygi − xT

i β∗g
)

+ xix
T
i

(
β∗g − β̂g

)
= sgi − xixT

i

(
XTWgX

)−1
n∑
j=1

ξgjsgj

=
{
Id − ξgixixT

i

(
XTWgX

)−1
}
sgi − xixT

i

(
XTWgX

)−1∑
j 6=i

ξgjsgj

= xi

{
1− ξgixT

i

(
XTWgX

)−1
xi

}
egi − xixT

i

(
XTWgX

)−1∑
j 6=i

ξgjsgj

=
(
1− hgi

)
sgi − xixT

i

(
XTWgX

)−1∑
j 6=i

ξgjsgj

where hgi is the ith leverage score of W
1/2
g X. For Ai =

∑
j 6=i

ξgjsgj , the naive plug-in

283



estimator can be expressed as

rgiγ
2
giw

2
giŝgiŝ

T
gi =ξ2

gi

(
1− hgi

)2
sgis

T
gi −

(
1− hgi

)
xix

T
i

(
XTWgX

)−1
Aiξ

2
gis

T
gi

−
{(

1− hgi
)
xix

T
i

(
XTWgX

)−1
Aiξ

2
gis

T
gi

}T

+ ξ2
gi

(
1− hgi

)2
xix

T
i

(
XTWgX

)−1
AiA

T
i

(
XTWgX

)−1
xix

T
i , (5.23)

and the corrected estimator as

(
1− hgi

)−2
rgiγ

2
giw

2
giŝgiŝ

T
gi =ξ2

gisgis
T
gi −

(
1− hgi

)−1
xix

T
i

(
XTWgX

)−1
Aiξ

2
gis

T
gi

−
{(

1− hgi
)−1

xix
T
i

(
XTWgX

)−1
Aiξ

2
gis

T
gi

}T

+ ξ2
gixix

T
i

(
XTWgX

)−1
AiA

T
i

(
XTWgX

)−1
xix

T
i . (5.24)

We first note thatAi is independent of rgi and ygi and E (Ai) = 0. Therefore, if we ignore

the uncertainty in n−1XTWgX, the second and third terms in (5.23) and (5.24) will have ex-

pectation 0. The last terms are positive semi-definite, where since
(
rg1, yg1

)
, . . . ,

(
rgn, ygn

)
are independent,

(
XTWgX

)−1
AiAi

(
XTWgX

)−1
will have eigenvalues that areOP

(
n−1

)
under suitable regularity conditions. However, the first term in (5.23) will tend to be small

and therefore underestimate γ2
giE

(
rgiw

2
gisgis

T
gi

)
, especially when the weights wgi or d are

large, since this will increase leverage scores. Further, unlike data whose missing values are

missing at random, the leverage scores are correlated with sgi, where large values of sgi

typically imply the weights will be large. These two facts cause the naive plug-in sandwich

estimator to underestimate the variance. The corrected estimator circumvents these issues

because the first term in (5.24) is exactly the term whose expectation we are attempting to

estimate.
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5.10.3 Justification of the estimate for σ2
∗g defined in (5.18)

The estimator for σ2
∗g defined in (5.18) is a similar finite sample correction as that presented

in Section 5.10.2 applied to

tr
(
Ŵg

)−1
n∑
i=1

rgiŵgiγ̂gi

(
ygi − xT

i β̂g

)2
(g ∈ S).

The details have been ommitted.

5.10.4 Estimating C with nuisance covariates

Here we extend our estimator for C defined in (5.21) of Section 5.6 when X = (XintXnuis),

where Xint ∈ Rn×dint and Xnuis ∈ Rn×dnuis . To do so, let

β∗g =

 β(int)
∗g

β
(nuis)
∗g

 (g = 1, . . . , p).

For all g ∈ [p], we can then re-write (5.19) as

yg = P⊥Xnuis
Xintβ̃

(int)
∗g +Xnuisβ̃

(nuis)
∗g +C2`∗g + eg, β̃

(int)
∗g = β

(int)
∗g + Ω`∗g

Ω =
(
XT

intP
⊥
Xnuis

Xint

)−1
XT

intP
⊥
Xnuis

C, C2 = P⊥XC

where β̃
(nuis)
∗g is a nuisance parameter. We estimate C2 according to (5.20), where

ˆ̃βg =

 ˆ̃β
(int)
g

ˆ̃β
(nuis)
g



and ˆ̃β
(int)
g ∈ Rdint , ˆ̃β

(nuis)
g ∈ Rdnuis . Using the same reasoning as when X = Xint in Section

5.6, we model ˆ̃β
(int)
g

·∼
(
β

(int)
∗g + Ω`∗g , v̂g

)
, where v̂g is a submatrix of the estimate for the

variance defined in (5.17) when g ∈ S or the ordinary least squares estimator for V
(

ˆ̃β
(int)
g

)
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when g ∈ Sc using the design matrix
(
XintXnuis Ĉ2

)
. We subsequently estimate Ω with

Algorithm 5.2.

5.10.5 A mathematical justification for Step (b) of Algorithm 5.1

In this section, we state and prove a few technical results that help justify the instrumental

variable selection step in Step (b) of Algorithm 5.1. Our main result is Theorem 5.1 at the

end of the section. We first state the assumptions that we will use throughout this section.

Assumption 5.1. Suppose yg = Zξ∗g + C`∗g + eg for all g ∈ [p], where Z ∈ Rn×t and

C ∈ Rn×K for some constants t,K ≥ 1, and that Model (5.3) holds for g ∈ S. Define LSc

to be the sub-matrix of L =
(
`1 · · · `p

)T
, restricted to the rows g ∈ Sc, and let p̃ = |Sc|.

Then following hold for some constant c1 > 1:

(i) The entries of Z ∈ Rn×t are non-random, uniformly bounded and lim
n→∞

n−1ZTZ =

ΣZ � c−1
1 It. Additionally, the eigenvalues λ1 > · · · > λK ≥ c−1

1 of I = p̃−1LT
ScLSc

are such that λ1/λK ≤ c1 and 1− λk+1/λk ≥ c−1
1 for all k ∈ [K], where λK+1 = 0.

(ii) C = ZA + Ξ for some non-random matrix A ∈ Rt×K . The random matrix Ξ is

independent of e1, . . . , ep, [Ξ]1∗ , . . . , [Ξ]n∗ are independent and identically distributed

and [Ξ]1∗
·∼ (0K , IK). Further, the entries of Ξ have uniformly bounded sixth moments.

(iii)
[
eg
]
1 , . . . ,

[
eg
]
n
·∼
(
0, σ2

g

)
are independent and identically distributed with uniformly

bounded fourth moments for all g ∈ [p]. Further, e1, . . . , ep are independent.

(iv) The function Ψ(x) : R → (0, 1) defined in (5.3) is continuous and strictly increasing,

where lim
x→−∞

Ψ(x) = 0 and lim
x→∞

Ψ(x) = 1. Further α∗g > 0 for all g ∈ S.

(v) If g ∈ Sc, the entries of yg are missing completely at random. Further, p̃/p, p/n ≥ c−1
1 .

Lemma 5.1. Fix a g ∈ S. If Assumption 5.1 holds, then P
(
rgi = 1 | [Z]i∗

)
≥ c for all

i ∈ [n] for some constant c > 0 that does not depend on n.
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Proof. Define ξ̃∗g = ξ∗g + A`∗g . By Assumption 5.1, ẽg1 =
[
yg
]
1 − [Z]T1∗ ξ̃∗g , . . . , ẽgn =[

yg
]
n − [Z]Tn∗ ξ̃∗g are identically distributed. Let µn = min

i∈[n]

(
[Z]Ti∗ ξ̃∗g

)
. Note that µn ≥ µ

for some constant µ > −∞ because the entries of Z are uniformly bounded. Then because

Ψ(x) is strictly increasing and non-zero, for any n > 0 and i ∈ [n],

P
(
rgi = 1 | [Z]i∗

)
= E

[
Ψ
{
α∗g

(
[Z]Ti∗ ξ̃∗g + ẽgi − δ∗g

)}
| [Z]i∗

]
≥ E

[
Ψ
{
α∗g

(
µ+ ẽgi − δ∗g

)}]
= E

[
Ψ
{
α∗g

(
µ+ ẽg1 − δ∗g

)}]
> 0.

Lemma 5.2. Suppose ε = 0 and that Assumption 5.1 holds, and let n−1/2Ĉ2 be the first K

right singular vectors of YScP
⊥
Z = LS

(
P⊥Z C

)T
+EScP

⊥
Z . Define

C2 = P⊥Z C
(
n−1CTP⊥Z C

)−1/2
U , L̃Sc = LSc

(
n−1CTP⊥Z C

)1/2
U , (5.25)

where U is a unitary matrix such that L̃T
ScL̃Sc is diagonal with non-increasing elements.

Then

Ĉ2 = C2v̂ + n1/2QP⊥Z C
ŵ, (5.26)

where

‖v̂ − IK‖2 = OP

{
(np̃)−1/2

}
, ‖ŵ‖2 = OP

(
p̃−1/2

)
(5.27a)

‖[ŵ]∗k − (nλkp̃)
−1QT

P⊥Z C
P⊥Z E

T
Sc
(
n1/2LSc + n−1/2EScP

⊥
Z C2

)
[v̂]∗k‖2 = OP

{
(np̃)−1/2

}
.

(5.27b)

Proof. For notational simplicity, we drop the subscript Sc and redefine p ← p̃, λk ← nλk

for all k ∈ [K] and C2 ← n−1/2QT
ZC2. The latter implies Y QT

Z = n1/2L̃CT
2 + EQZ ,
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CT
2C2 = IK and np−1L̃TL̃ = diag (γ1, . . . , γK), where γk = λk {1 + oP (1)} by Assumption

5.1. Define E1 = EQZC̃, Q = Q
C̃2

, E2 = EQZQ and Σ = diag
(
σ2

1, . . . , σ
2
p

)
. The proof

is nearly identical to that of Theorem 3.10 from Chapter 3. Define

S = (pλK)−1 (C2Q)T Y TP⊥Z Y (C2Q)

=

(pλK)−1
(
n1/2L̃+E1

)T (
n1/2L̃+E1

)
(pλK)−1

(
n1/2L̃+E1

)T
E2

(pλK)−1ET
2

(
n1/2L̃+E1

)
(pλK)−1ET

2E2.

 (5.28)

By Theorem 5.37 of Eldar & Kutyniok (2012), ‖(pλK)−1ET
2E2‖2 = OP

(
λ−1
K

)
under As-

sumption 5.1. Further, it is easy to see that conditional on C,

[
{n/ (pλK)}1/2 L̃TEj

]
∗k
·∼


(
0K , n/ (pλK) L̃TΣL̃

)
if j = 1(

0n−t−K , n/ (pλK) L̃TΣL̃
)

if j = 2

,

meaning ‖{n/ (pλK)}1/2 L̃TE1‖2 = OP (1) and ‖{n/ (pλK)}1/2 L̃TE2‖2 = OP

(
n1/2

)
.

Next, for ρ = p−1
p∑
g=1

σ2
g , E

(
p−1ET

1E1 | C
)

= ρIK and

V
([
p−1ET

1E1

]
rs
| C
)

= p−2
p∑
g=1

V
(
[QZC2]T∗r eg [QZC2]T∗s eg | C

)
≤ p−2

p∑
g=1

E
{(

[QZC2]T∗r eg
)4 | C}1/2

E
{(

[QZC2]T∗s eg
)4 | C}1/2

,

where

E
{(

[QZC2]T∗r eg
)4 | C} =

n∑
i,j=1

E
([
eg
]2
i

[
eg
]2
j [QZC2]2ir [QZC2]2jr | C

)

≤ cE


(

n∑
i=1

[QZC2]2ir

)2

| C

 = c
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for c = maxg∈[p] E
([
eg
]4
1

)
. This shows that ‖p−1ET

1E1 − ρIK‖2 = OP

(
p−1/2

)
. Lastly,

E
(
p−1ET

2E1 | C
)

= 0 and for k ∈ [K], i ∈ [n− t−K],

E
{(

p−1 [ET
2E1

]
ik

)2
| C
}

= V
(
p−1 [ET

2E1
]
ik | C

)
= p−2

p∑
g=1

V
(
[QZQ]T∗i ege

T
g [QZC2]∗k | C

)
≤ cp−1

for c defined above. Therefore, ‖p−1ET
2E1‖2 = OP

{(
np−1

)1/2}
.

Define µk = γk/λK and let µ̂k be the the kth eigenvalue of (5.28) for k ∈ [K]. By Weyl’s

inequality, the above work shows that µ̂k = µk +OP

(
p−1/2

)
. Next, define

Ñ = {n/ (pλK)}1/2 L̃+ (pλK)−1/2E1,

B = (pλK)−1
(
n1/2L̃+E1

)T
E2, D = (pλK)−1ET

2E2

and let v̂ ∈ RK×K , ŵ ∈ R(n−t−K)×K be such that
(
v̂T ŵT

)T
are the first K eigenvectors

of (5.28). Then

µ̂k [v̂]∗k =
{
ÑTÑ +B (µ̂kIn−t−K −D)−1BT

}
[v̂]∗k (k = 1, . . . , K)

[ŵ]∗k = (µ̂kIn−t−K −D)−1BT [v̂]∗k (k = 1, . . . , K),

where (5.27) then follows by the proof of Theorem 3.10 in Chapter 3.

Corollary 5.1 (Accuracy of the estimate for P⊥Z C in Step (a) of Algorithm 5.1). Under

the assumptions of Lemma 5.2,

‖PP⊥Z C
− P

Ĉ2
‖2F = OP

(
p̃−1

)
.

Proof. The proof is identical to that of (3.29) and is ommitted.

Lemma 5.3. Suppose the assumptions of Lemma 5.2 hold and let g ∈ S. For some k ∈ [K],
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define zg to be the ordinary least squares z-score for the [t+1]st regressor from the regression

yg ∼ (Z [C2]∗k), restricted to only the observed values of yg. Then if [C2]∗k is independent

of yg, zg
D→N1 (0, 1) as n→∞.

Proof. For notation purposes, we define yg = y = (y1, . . . , yn)T, eg = e = (e1, . . . , en)T,

Z = (z1 · · · zn)T, µi = zTi
(
ξ∗g +A`∗g

)
, ri = rgi for all i ∈ [n] and c⊥ = [C⊥]∗k. Define

R = diag (r1, . . . , rn) and let ˆ̀ be the t + 1st regression coefficient from the ordinary least

squares regression of y onto (Z, c⊥) that ignores missing data. That is,

(
β̂, ˆ̀
)T

=
{

(Z, c⊥)TR (Z, c⊥)
}−1

ZTRy

cT⊥Ry

 . (5.29)

Note that

c⊥ = P⊥Z c, c = Ξ
(
n−1ΞTP⊥Z Ξ

)−1/2
uk,

where uk ∈ RK is the kth column of U defined in the statement of Lemma 5.2. By the

assumptions of Ξ in Assumption 5.1, n−1ΞTP⊥Z Ξ = IK + OP

(
n−1/2

)
and ‖uk − ak‖2 =

OP

(
n−1/2

)
, where ak ∈ RK is the kth standard basis vector. Since c⊥ is independent of

y, it is also independent of R by Model (5.3), meaning it suffices to assume Ξ is independent

of y. Further, we can re-write (5.29) as

(
β̂, ˆ̀
)T

=

It s

0 IK

{(Z, c)TR (Z, c)
}−1

ZTRy

cTRy

 , s =
(
ZTZ

)−1
ZTc.

Therefore, to understand the distribution of ˆ̀, it suffices to replace c⊥ with c in (5.29).

Define the function

h (β, `) = n−1 (Z, c)TR (y −Zβ − c`)
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and let

βr=1 =
{
E
(
ZTRZ

)}−1 E
(
ZTRy

)
.

Note that lim supn→∞‖βr=1‖2 <∞. Let R = diag (r1, . . . , rn). We start by understanding

the asymptotic properties of h (βr=1, 0), which we can do by analyzing the following:

(i) n−1ZTRy

V
(
n−1ZTRy

)
= n−2

n∑
i=1

ziz
T
i V (riyi) � n−2

n∑
i=1

ziz
T
i E
(
y2
i

)
� n−1c

(
n−1ZTZ

)

where c > 0 is a constant. Therefore, n−1ZTRy = E
(
n−1ZTRy

)
+OP

(
n−1/2

)
.

(ii) n−1cTR (y −Zβr=1)

n−1cTR (y −Zβr=1) = aT
k

(
n−1ΞTP⊥Z Ξ

)−1/2
n−1ΞTR (y −Zβr=1)

= n−1
n∑
i=1

[Ξ]ij ri
(
yi − zTi βr=1

)
+OP

(
n−1

)

Since Ξ is independent of ri and yi, E
{

[Ξ]ij ri
(
yi − xT

i βr=1
)}

= 0 and

n−1
n∑
i=1

[Ξ]2ij ri
(
yi − zTi βr=1

)2
= n−1

n∑
i=1

E
{
ri
(
yi − zTi βr=1

)2}
+OP

(
n−1/2

)

by the bounded fourth moment assumptions. Let α∗ = α∗g > 0, δ∗ = δ∗g ∈ R and

γi = µi−zTi βr=1. Note that maxi∈[n]|γi|,maxi∈[n]|µi| ≤ c for some constant c > 0 by

Assumption 5.1. Let M > 0 be large enough so that

max
i∈[n]

[
E
{

(e1 + γi)
2
}
I (e1 ≥ −M)

]
≥ c−1

1 .
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Then because e1, . . . , en are identically distributed,

E
{
ri
(
yi − zTi βr=1

)2}
= E

[
Ψ {α∗ (ei + µi − δ∗)} (ei + γi)

2
]

≥ E
[
Ψ {α∗ (ei + µi − δ∗)} (ei + γi)

2 I (ei ≥ −M)
]

≥ Ψ

[
α∗

{
−M + min

j∈[n]

(
µj
)
− δ∗

}]
c−1
1 ,

where

lim inf
n→∞

{
min
j∈[n]

(
µj
)}

> −∞⇒ lim inf
n→∞

Ψ

[
α∗

{
−M + min

j∈[n]

(
µj
)
− δ∗

}]
> 0.

By the Lindeberg-Feller Central Limit Theorem, we get that

n−1/2v
−1/2
n cTR (y −Zβr=1)

D
=N (0, 1) + oP (1)

vn = n−1
n∑
i=1

E
{
ri
(
yi − zTi βr=1

)2}
,

where lim inf
n→∞

vn > 0 by the above work.

(iii) We see that n−1ZTRZ = E
(
n−1ZTRZ

)
+ OP

(
n−1/2

)
, where E

(
n−1ZTRZ

)
�

cn−1ZTZ for some constant c > 0 by Lemma 5.1. An analysis identical to that in (ii)

shows n−1ZTRc = OP

(
n−1/2

)
.

(iv) n−1cTRc

n−1cTRc = aT
k

(
n−1ΞTP⊥Z Ξ

)−1/2
n−1ΞTRΞ

(
n−1ΞTP⊥Z Ξ

)−1/2
ak

= n−1
n∑
i=1

P (ri = 1 | Z) +OP

(
n−1/2

)
= n−1

n∑
i=1

ri︸ ︷︷ ︸
nr=1

+OP

(
n−1/2

)
.
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This shows that

n1/2

β̂ − βr=1

ˆ̀

 =

n−1ZTRZ n−1ZTRc

n−1cTRZ n−1cTRc


−1n

−1/2ZTR (y −Zβr=1)

n−1/2cTR (y −Zβr=1)

 .

The results from (i), (ii), (iii) and (iv) and a little algebra then show that

{
[M ](t+1)(t+1) ṽn

}−1/2
ˆ̀D=N(0, 1) + oP (1), M =

ZTRZ ZTRc

cTRZ cTRc


−1

ṽn = (nr=1 − t− 1)−1
n∑
i=1

ri
(
yi − zTi βr=1

)2
Lastly, for δ = β̂ − βr=1 and ñr=1 = nr=1 − t− 1,

ˆ̃vn =ñ−1
r=1

n∑
i=1

ri

(
yi − zTi β̂ − [c]i

ˆ̀
)2

= ṽn + 2ñ−1
r=1

n∑
i=1

ri
(
yi − zTi βr=1

) (
zTi δ − [c]i

ˆ̀
)

+ ñ−1
r=1

n∑
i=1

ri

(
zTi δ + [c]i

ˆ̀
)2
. (5.30)

By (i), (ii), (iii) and (iv), ‖δ‖2, ‖ˆ̀‖2 = OP

(
n−1/2

)
, meaning the the last two terms are

oP (1). This completes the proof.

Theorem 5.1. Suppose Assumption 5.1 holds, ε = 0 and let g ∈ S. For some k ∈ [K], define

ẑg to be the ordinary least squares z-score for the [t+ 1]st regressor from the regression yg ∼(
Z
[
Ĉ2

]
∗k

)
, restricted to only the observed values of yg. Then under the null hypothesis

that [C2]∗k or
[
Ĉ⊥
]
∗k

is independent of yg, ẑg
D→N1 (0, 1) as n, p→∞.

Proof. Let zg, R, ri, y and yi be as defined in Lemma 5.3. Both ẑg and zg can be written
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as “estimate”
“standard error of estimate” . Define

M̂ =

 ZTRZ ZTR
[
Ĉ2

]
∗k[

Ĉ2

]T
∗k
RZ

[
Ĉ2

]T
∗k
R
[
Ĉ2

]
∗k


−1

, M =

 ZTRZ ZTR [C2]∗k

[C2]T∗kRZ [C2]T∗kR [C2]∗k


−1

.

The numerators of ẑg and zg are the [t+ 1]st elements of

M̂

 ZTRy[
Ĉ2

]T
∗k
Ry

 , M

 ZTRy

[C2]T∗kRy


and the denominators are

[[
M̂
]

(t+1)(t+1)

{
(nr=1 − t− 1)−1 (Ry)T P⊥

R
(
Z,
[
Ĉ2

]
∗k

) (Ry)

}]1/2

,

[
[M ](t+1)(t+1)

{
(nr=1 − t− 1)−1 (Ry)T P⊥R(Z, [C2]∗k) (Ry)

}]1/2
,

where nr=1 =
n∑
i=1

ri. Note that for ˆ̃vn defined in (5.30),

ˆ̃vn = (nr=1 − t− 1)−1 (Ry)T P⊥R(Z, [C2]∗k) (Ry) .

First, if
[
Ĉ⊥
]
∗k

is independent of y, then it suffices to assume that Ξ is independent of

both y and R. Therefore, by Lemma 5.3, we simply have to show the following to prove the

theorem:

‖nM̂ − nM‖2 = oP

(
n−1/2

)
(5.31a)

n−1
[
Ĉ2

]T
∗k
Ry = n−1 [C2]T∗kRy + oP

(
n−1/2

)
(5.31b)

(nr=1 − t− 1)−1 (Ry)T P⊥
R
(
Z,
[
Ĉ2

]
∗k

) (Ry) = ˆ̃vn + oP (1). (5.31c)

We start by showing (5.31a). Define ĉ =
[
Ĉ2

]
∗k

and c = [C2]∗k. Then by Lemma 5.2
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and (5.26),

n−1ĉTRĉ =n−1 [v̂]T∗kC
T
2RC2 [v̂]∗k + 2n−1/2 [v̂]T∗kC

T
2RQC2

[ŵ]∗k

+ [ŵ]T∗kQ
T
C2
RQC2

[ŵ]∗k

By (5.27a), the third term is oP

(
n−1/2

)
. Similarly, since ‖n−1/2RC2‖2 ≤ ‖n−1/2C2‖2 = 1,

we can use (5.27a) to get

n−1ĉTRĉ = n−1cTRc+ 2n−1/2cTRQC2
[ŵ]∗k + oP

(
n−1/2

)
.

We then use (5.27b) to show that the second term in the above expression is oP

(
n−1/2

)
.

The proof of this follows from the fact that cTR is independent ofESc . The details are nearly

identically to those used to prove Lemma 5.2 and are ommitted. An identical technique can

also be used to show that ‖n−1ZTRĉ− n−1ZTRc‖2 = oP

(
n−1/2

)
, which proves (5.31a).

To show (5.31b), we again use (5.26), which shows that

n−1ĉTRy = n−1 [v̂]T∗kC
T
2Ry + n−1/2 [ŵ]T∗kQ

T
C2
Ry =n−1cTRy + n−1/2 [ŵ]T∗kQ

T
C2
Ry

+ oP

(
n−1/2

)
,

where the second equality follows from (5.27a). Again, the proof that n−1/2 [ŵ]T∗kQ
T
C2
Ry =

oP

(
n−1/2

)
follows from (5.27b) the fact that Ry is independent of ESc , and is ommitted.

To show (5.31c), let ñ = nr=1 − t− 1. Then

x̂n = ñ−1 (Ry)T P⊥
R
(
Z,
[
Ĉ2

]
∗k

) (Ry)

= n−1
(
ñ−1/2Ry

)T
(Z, ĉ)

(
nM̂

)
(Z, ĉ)T

(
ñ−1/2Ry

)
.

First, ‖ñ−1/2Ry‖2 ≤ ‖ñ−1/2y‖2 = OP (1). Next, because ‖nM̂ − nM‖ = oP

(
n−1/2

)
,
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‖n−1/2Z‖2 = O(1) and ‖n−1/2ĉ‖2 = 1,

x̂n = n−1
(
ñ−1/2Ry

)T
(Z, ĉ) (nM) (Z, ĉ)T

(
ñ−1/2Ry

)
+ oP

(
n−1/2

)
.

Lastly, (5.26) and (5.27a) imply

x̂n = n−1
(
ñ−1/2Ry

)T
(Z, c) (nM ) (Z, c)T

(
ñ−1/2Ry

)
+ oP (1) = ˆ̃vn + oP (1) ,

which completes the proof.

5.10.6 Approximating pr
{
Ḡg

(
η∗g
)
| η∗g

}
with a normal distribution.

In this section, we justify approximating the distribution of Ḡ
(
η∗g
)
| η∗g with a normal

distribution. This helps to justify our hierarchical Bayesian generalized method of moments

(HB-GMM) procedure in Section 5.4.4. Our main result is Theorem 5.2.

Assumption 5.2. Ψ(x) is twice continuously differentiable with bounded first and second

derivatives. Further, for some large constants M1,M2 > 0,

(i) Either a|x|kΨ(x) = 1 + R(x) or a exp (k|x|) Ψ(x) = 1 + R(x) for all x ∈ (−∞,−M1),

where lim
x→−∞

R(x) = 0 and |dR(x)/dx|, |d2R(x)/dx2| ≤M1 for some a, k > 0.

(ii) E

([
Ψ
{(
α∗g +M−1

1

) ([
yg
]
1 − δ∗g

)}]−(3+M−12

))
<∞ for all g ∈ S.

Lemma 5.4. Fix a g ∈ S and let M1,M2 be as defined in Assumption 5.2. Under Assump-

tions 5.1 and 5.2,

lim sup
n→∞

[
max
i∈[n]

{
E

([
Ψ
{(
α∗g +M−1

1

) ([
yg
]
i − δ∗g

)}]−(3+M−12

))}]
<∞.

Proof. Let µi = [Z]Ti∗
(
ξ∗g +A`∗g

)
and ẽgi =

[
yg
]
i − µi for each i ∈ [n]. Then ẽg1, . . . , ẽgn

are identically distributed and lim inf
n→∞

min
i∈[n]

µi ≥ µ > −∞ because the entries of Z are
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uniformly bounded. Therefore, for any i ∈ [n],

Ψ
{(
α∗g +M−1

1

) ([
yg
]
i − δ∗g

)}
≥ Ψ

[(
α∗g +M−1

1

){
ẽgi + µ1 + (µ− µ1)− δ∗g

}]
D
= Ψ

[(
α∗g +M−1

1

){[
yg
]
1 + (µ− µ1)− δ∗g

}]
.

The result then follows because µ− µ1 is finite.

Remark 5.1. Under Assumption 5.1, one can show Assumption 5.2 holds for the following

values of Ψ(x):

(i) If Ψ(x) = exp(x)/ {1 + exp(x)}, Assumption 5.2 holds if the entries of Ξ and eg have

a moment generating function that is defined on all of R.

(ii) If Ψ(x) = Fν(x), Assumption 5.2 holds if E
(
|[Ξ]1k|3ν

)
,E
(
|eg1|3ν

)
<∞ for all k ∈ K.

Lemma 5.5. Suppose t < 3, fix a g ∈ S and let j1, . . . , j3−t ∈ [K̂] where K̂ ≤ K. For C2

defined in (5.25) and wgi
(
θg
)

= 1/Ψ
{[
θg
]
1

(
ygi −

[
θg
]
2

)}
, define

ugi =
(

[Z]Ti , [C2]ij1 , · · · , [C2]ij3−t

)T
∈ R3 (i = 1, . . . , n)

Ḡg
(
θg
)

= n−1
n∑
i=1

ugi
{

1− rgiwgi
(
θg
)}

Σ̄g
(
θg
)

= n−1
n∑
i=1

[
ugi

{
1− rgiwgi

(
θg
)}
− Ḡg

(
θg
)] [
ugi

{
1− rgiwgi

(
θg
)}
− Ḡg

(
θg
)]T

.

Then for θ∗g =
(
α∗g , δ∗g

)T
and if Assumptions 5.1 and 5.2 hold,

‖nV
{
Ḡg
(
θ∗g
)}
− Σ̄g

(
θ∗g
)
‖2 = oP (1), ‖nV

{
Ḡg
(
θ∗g
)}
‖2, ‖

[
nV

{
Ḡg
(
θ∗g
)}]−1‖2 ≤ c

n1/2 {Σ̄g
(
θ∗g
)}−1/2

Ḡg
(
θ∗g
) D→N3 (03, I3)

as n→∞, where c > 0 is a constant that does not depend on n.

Proof. Since K is at most finite, it suffices to assume ugi =
(
[Z]Ti∗ , [C2]Ti∗

)T
to prove the
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lemma. By Assumption 5.1,

ugi = M̂T

[Z]i∗

Ξi∗

 , M̂ =

It − (ZTZ
)−1

ZTΞ

0
(
ΞTP⊥Z Ξ

)−1/2
U


for U defined in the statement of Lemma 5.2. And since ‖M̂ − It+K‖2 = oP (1) by As-

sumption 5.1, it suffices to further simplify the problem and assume ugi =
(
[Z]Ti∗ , [Ξ]Ti∗

)T
,

meaning Ḡg
(
θ∗g
)

is an average of independent random variables. Therefore, to prove the

lemma, we need only check that the Lindeberg condition hold and that ‖nV
{
Ḡg
(
θ∗g
)}
−

Σ̄
(
θ∗g
)
‖2 = oP (1).

Let v =
(
vT1 , v

T
2

)T ∈ Rt+K be a unit vector, where v1 ∈ Rt and v2 ∈ RK̂ . First,

nV
{
vTḠg

(
θ∗g
)}

= n−1
n∑
i=1

E
[{

1− rgiwgi
(
θ∗g
)}2 (

vTugi
)2]

≤ n−1
n∑
i=1

(
E
[{

1− rgiwgi
(
θ∗g
)}4
])1/2 [

E
{(
vTugi

)4}]1/2
.

We see that

E
[{
rgiwgi

(
θ∗g
)}4
]

= E
[{
wgi

(
θ∗g
)}3
]
, E
{(
vTugi

)4} ≤ c

for some constant c that does not depend on i or n by Lemma 5.6 and Assumption 5.1,

meaning nV
{
vTḠg

(
θ∗g
)}

exists and is bounded from above. Next, let M > 0 be a large

constant. Then for ẽgi as defined in Lemma 5.6, and because E
([
yg
]
i

)
is uniformly bounded
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from below,

nV
{
vTḠg

(
θ∗g
)}

= n−1
n∑
i=1

E
[{

1− rgiwgi
(
θ∗g
)}2 (

vTugi
)2]

≥ n−1
n∑
i=1

E
[{

1− rgiwgi
(
θ∗g
)}2 (

vTugi
)2
I
(
ẽgi ≥ −M

)]
≥ ηME

{(
vTug1

)2
I
(
ẽg1 ≥ −M

)}

where ηM > 0 for all M . And since E
{(
vTug1

)2
I
(
ẽg1 ≥ −M

)}
≥ c−1

1 /2 for all M large

enough (where c1 is defined in Assumption 5.1), nV
{
vTḠg

(
θ∗g
)}
≥ c−1

1 ηM/2. This proves

that the eigenvalues of nV
{
vTḠg

(
θ∗g
)}

are uniformly bounded above 0 and below infinity.

To prove that the Lindeberg condition holds, we note that vTugi = vT1 [Z]i∗ + vT2 [Ξ]i∗,

where for ‖[Z]i∗‖2 ≤ cz,

(
vTugi

)2 ≤ (cz + vT2 [Ξ]i∗
)2
I
(
vT2 [Ξ]i∗ ≥ 0

)
+
(
cz − vT2 [Ξ]i∗

)2
I
(
vT2 [Ξ]i∗ < 0

)
.

For the remainder of the proof, we let ẽgi =
[
eg
]
i + [Ξ]Ti∗ `∗g , µi and µ be as defined in the

proof of Lemma 5.4, and let µ̃ = lim sup
n→∞

(
max
i∈[n]

µi

)
. For each i ∈ [n], we define

Xi =
{

1− rgiwgi
(
θ∗g
)}2 (

vTugi
)2

=
(

1− rgi
[
Ψ
{
α∗g

(
µi + ẽgi − δ∗g

)}]−1
)2 (

vTugi
)2
.

Next, define

r
(m)
gi


= 1 if rgi = 1

∼ Ber

[
Ψ{α∗g(µ̃+ẽgi−δ∗g)}−Ψ{α∗g(µi+ẽgi−δ∗g)}

1−Ψ{α∗g(µi+ẽgi−δ∗g)}

]
if rgi = 0

,

where rgi ≤ r
(m)
gi and conditional on

[
eg
]
i and [Ξ]i∗, r

(m)
gi ∼ Ber

[
Ψ
{
α∗g

(
µ̃+ ẽgi − δ∗g

)}]
.
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Lastly, define

X
(m)
i =

(
1− r(m)

gi

[
Ψ
{
α∗g

(
µ+ ẽgi − δ∗g

)}]−1
)2 {(

cz + vT2 [Ξ]i∗
)2
I
(
vT2 [Ξ]i∗ ≥ 0

)
+
(
cz − vT2 [Ξ]i∗

)2
I
(
vT2 [Ξ]i∗ < 0

)}
.

Clearly, X
(m)
1 , . . . , X

(m)
n are independent and identically distributed and Xi ≤ X

(m)
i for all

i ∈ [n]. We also see that

E
{(

r
(m)
g1

[
Ψ
{
α∗g

(
µ+ ẽg1 − δ∗g

)}]−1
)4
}

=E

(
Ψ
{
α∗g

(
µ̃+ ẽg1 − δ∗g

)}
Ψ
{
α∗g

(
µ+ ẽg1 − δ∗g

)} [Ψ{α∗g (µ+ ẽg1 − δ∗g
)}]−3

)
<∞

because
Ψ{α∗g(µ̃+ẽg1−δ∗g)}
Ψ{α∗g(µ+ẽg1−δ∗g)}

is bounded from above by Assumption 5.2. This then shows that

E
{
X

(m)
1

}
<∞. Therefore, for any η > 0,

n−1
n∑
i=1

E {XiI (Xi ≥ ηn)} ≤ n−1
n∑
i=1

E
[
X

(m)
i I

{
X

(m)
i ≥ ηn

}]
= E

[
X

(m)
1 I

{
X

(m)
1 ≥ ηn

}]
→ 0 as n→∞

by the dominated convergence theorem. This proves that

n1/2 [nV{Ḡg
(
θ∗g
)}]−1/2

Ḡg
(
θ∗g
) D→N

t+K̂

(
0
t+K̂

, I
t+K̂

)

as n→∞.

We use a standard truncation argument to show that ‖Σ̄g
(
θ∗g
)
− nV

{
Ḡg
(
θ∗g
)}
‖2 =

oP (1). Let v =
(
vT1 , v

T
2

)T ∈ Rt+K be a unit vector, where v1 ∈ Rt and v2 ∈ RK̂ , and let
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Xi, r
(m)
gi and X

(m)
i be as defined above. We also define

Yi = {Xi − E (Xi)} I
{
X

(m)
i ≤ i

}
(i = 1, . . . , n).

Since X
(m)
1 , X

(m)
2 , . . . are identically distributed and E

{
X

(m)
1

}
<∞,

P

 ⋂
N≥1

⋃
n≥N

{
X

(m)
n > n

} = 0 (5.32)

by Lemma 4.31 of Lalley (2015). We also have

|n−1
n∑
i=1

{Xi − E (Xi)}| ≤|n−1
n∑
i=1

I
{
X

(m)
i > i

}
|+ |n−1

n∑
i=1

E (Yi)|

+ |n−1
n∑
i=1

{Yi − E (Yi)}|.

By (5.32), the first term is oa.s.(1) as n → ∞. For the second term, we may assume

µ1 ≤ · · · ≤ µn without loss of generality. Define r
(i)
g1 inductively as

r
(1)
g1 = rg1

r
(i)
g1


= 1 if r

(i−1)
g1 = 1

∼ Ber

[
Ψ{α∗g(µi+ẽg1−δ∗g)}−Ψ{α∗g(µi−1+ẽg1−δ∗g)}

1−Ψ{α∗g(µi−1+ẽg1−δ∗g)}

]
if r

(i−1)
g1 = 0

(i = 2, . . . , n).

and let

X̃i =
(

1− r(i)
g1

[
Ψ
{
α∗g

(
µi + ẽg1 − δ∗g

)}]−1
)2 (

vT1 [Z]i∗ + vT2 [Ξ]1∗
)2
.

301



And for ‖[Z]i∗‖2 ≤ cz, define

r
(m)
g1 =


= 1 if r

(n)
g1 = 1

∼ Ber

[
Ψ{α∗g(µ̃+ẽg1−δ∗g)}−Ψ{α∗g(µn+ẽg1−δ∗g)}

1−Ψ{α∗g(µn+ẽg1−δ∗g)}

]
if r

(n)
g1 = 0

X̃
(m)
1 =

(
1− r(m)

g1

[
Ψ
{
α∗g

(
µ+ ẽg1 − δ∗g

)}]−1
)2 {(

cz + vT2 [Ξ]1∗
)2
I
(
vT2 [Ξ]1∗ ≥ 0

)
+
(
cz − vT2 [Ξ]1∗

)2
I
(
vT2 [Ξ]1∗ < 0

)}
.

Note that

XiI
{
X

(m)
i ≤ i

} D
= X̃iI

{
X

(m)
1 ≤ i

}
≤ X

(m)
1 (i = 1, . . . , n).

Since X
(m)
1 is integrable and E (Xi) is uniformly bounded from above, |n−1

n∑
i=1

E (Yi)| → 0

as n→∞ by the dominated convergence theorem. We lastly show |n−1
n∑
i=1
{Yi − E (Yi)}| =

oa.s.(1) as n → ∞ to complete the proof. By Kroneckers Lemma and the Khintchine-

Kolmogorov theorem, it suffices to show
∞∑
n=1

n−2E
(
Y 2
n

)
< ∞. And because E (Xi) is uni-

formly bounded and Xi ≤ X
(m)
i , we need only show that

∞∑
n=1

n−2E
[{
X

(m)
n

}2
I
{
X

(m)
n ≤ n

}]
<∞.

However, this follows from the proof of Theorem 4.30 in Lalley (2015).

Theorem 5.2. Fix a g ∈ S and suppose Assumptions 5.1 and 5.2 hold for t < 3 and ε = 0.

Let j1, . . . , j3−t ∈
[
K̂
]
, where K̂ ≤ K. For wgi

(
θg
)

defined in the statement of Lemma 5.5
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and Ĉ2 defined in (5.26), let

ugi =

(
[Z]Ti ,

[
Ĉ2

]
ij1
, · · · ,

[
Ĉ2

]
ij3−t

)T

∈ R3 (i = 1, . . . , n)

Ḡg
(
θg
)

= n−1
n∑
i=1

ugi
{

1− rgiwgi
(
θg
)}

Σ̄g
(
θg
)

= n−1
n∑
i=1

[
ugi

{
1− rgiwgi

(
θg
)}
− Ḡg

(
θg
)] [
ugi

{
1− rgiwgi

(
θg
)}
− Ḡg

(
θg
)]T

.

Then for θ∗g =
(
α∗g , δ∗g

)T
,

n1/2 {Σ̄g
(
θ∗g
)}−1/2

Ḡg
(
θ∗g
) D→N3 (03, I3)

as n, p→∞.

Proof. As we did in Lemma 5.5, it suffices to re-define ugi =
(

[Z]Ti ,
[
Ĉ2

]
i∗

)T
. Let

D = diag
{

1− rg1wg1
(
θ∗g
)
, . . . , 1− rgnwgn

(
θ∗g
)}

d =
(
1− rg1wg1

(
θ∗g
)
, . . . , 1− rgnwgn

(
θ∗g
))T ∈ Rn.

By Lemma 5.5, it suffices to show that

‖n−1/2dT
(
Ĉ2 −C2

)
‖2 = oP (1) (5.33a)

‖n−1ĈT
2D

2Ĉ2 − n−1CT
2D

2C2‖2 = oP (1) (5.33b)

‖n−1ZTD2Ĉ2 − n−1ZTD2C2‖2 = oP (1) (5.33c)

to prove the theorem. By Assumption 5.2 and Lemma 5.4, ‖d‖2 = OP

(
n1/2

)
and ‖D2‖2 =

oP

(
n1/2

)
. The latter follows from the fact under the assumptions on the left hand tail of
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Ψ(x),

E
[{
|1− rgiwgi

(
θ∗g
)
|
}4+η

]
≤ 1 + E

[{
rgiwgi

(
θ∗g
)}4+η

]
≤ c

for η > 0 small enough and c > 0 large enough.

We start by showing (5.33a). By (5.26),

‖n−1/2dT
(
Ĉ2 −C2

)
‖2 ≤ ‖d‖2‖v̂ − IK‖2 + ‖dTQP⊥Z C

ŵ‖2.

The first term is oP (1) by (5.27a). And since d is independent of ESc , the second term is

also oP (1) by (5.27a).

For (5.33b),

‖n−1ĈT
2D

2Ĉ2 − n−1CT
2D

2C2‖2 ≤‖n−1v̂TCT
2D

2C2v̂ − n−1CT
2D

2C2‖2

+ 2‖n−1/2CT
2D

2QP⊥Z C
ŵ‖2

+ ‖ŵTQT

P⊥Z C
D2QP⊥Z C

ŵ‖2.

The first and third terms are clearly oP (1) by (5.27a). And since ‖D2‖2 = oP

(
n1/2

)
, the

second term is also oP (1). Identical techniques can be used to show (5.33c), which completes

the proof.

5.10.7 The asymptotic distribution of the generalized method of moments

estimator

Here we prove that under mild assumptions, the two-step generalized method of moments

estimator, θ̂, given by

θ̂
(1)
g = arg min

θ
Ḡg (θ)T

(
n−1ÛT

g Ûg

)−1
Ḡg (θ) θ̂g = arg min

θ
Ḡg (θ)TWgḠg (θ) ,
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is consistent and asymptotically normal, where Ḡg and Wg were defined in (5.9). Our

results are analogous to those in Wang et al. (2014), which assumes the instruments Ûg are

observed. Our results are also easier to interpret, since the assumptions we make only involve

the moments of yg and the properties of the function Ψ(x). We first make an assumption.

Assumption 5.3. Define ugi =
(

[Z]i∗ , [Ξ]ij1 , . . . , [Ξ]ij3−t

)T
and

Mg (θ) = −∇θ

(
n−1

n∑
i=1

E

[
ugi

rgi

Ψ
{

[θ]1
(
ygi − [θ]2

)}])

for each g ∈ S. Then M
(
θ∗g
)T
M
(
θ∗g
)
� γI2 for some constant γ > 0 that does not

depend on n or p. Further, ε, defined in the Algorithm 3.1, is 0.

Remark 5.2. We prove M
(
θ∗g
)

exists in Lemma 5.9. This assumption on the gradient of

the population moment is a standard assumption in the generalized method of moment liter-

ature (Hansen 1982, Wang et al. 2014) and helps to guarantee that θ∗g is locally identifiable.

For notation purposes, we drop the subscript g for the remainder of the section. Next,

we reparametrize Ḡ (θ) as

Ḡ (θ) = n−1
n∑
i=1

ûi

[
1− ri {Ψ ([θ]1 yi + [θ]2)}−1

]
.

We also define Ψ̇(x) and Ψ̈(x) to be the first and second derivatives of Ψ(x). For any weight

matrix W , the generalized method of moments estimate, θ̂, satisfies

0 = Γ
(
θ̂
)T
WḠ

(
θ̂
)

= Γ
(
θ̂
)T
WḠ (θ∗) + Γ

(
θ̂
)T
WΓ

(
θ̃
)(
θ̂ − θ∗

)
(5.34a)

Γ (θ) = ∇θḠ (θ) = n−1
n∑
i=1

ri
Ψ̇ ([θ]1 yi + [θ]2)

Ψ ([θ]1 yi + [θ]2)2
ûi (yi, 1) , (5.34b)

where θ̃ = bθ∗ + (1 − b)θ̂ for some b ∈ [0, 1]. Since we have already proven that Ḡ (θ∗)

is asymptotically normal in Theorem 5.2, proving the asymptotic normality of θ̂ requires
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understanding the convergence of Γ
(
θ̂
)

and W .

Lemma 5.6. Under Assumption 5.2, there exists a constant M > 0 such that |Ψ̇(x)/Ψ(x)|,

|Ψ̈(x)/Ψ(x)| ≤M for all x ∈ R.

Proof. Since |Ψ̇(x)|, |Ψ̈(x)| are uniformly bounded, we need only consider the case when

x→ −∞. When Ψ(x) = |x|−k {a+R(x)},

Ψ̇(x) = k|x|−(k+1) {a+R(x)}+ |x|−k dR(x)

dx

Ψ̈(x) = k(k + 1)|x|−(k+2) {a+R(x)}+ 2k|x|−(k+1)dR(x)

dx
+ |x|−k d

2R(x)

dx2

and when Ψ(x) = exp (−k|x|) {a+R(x)},

Ψ̇(x) = k exp (−k|x|) {a+R(x)}+ exp (−k|x|) dR(x)

dx

Ψ̈(x) = k2 exp (−k|x|) {a+R(x)}+ 2k exp (−k|x|) dR(x)

dx
+ exp (−k|x|) d

2R(x)

dx2
.

The result then follows by the assumptions on R(x).

Lemma 5.7. Let B (η;x) = {x0 : ‖x− x0‖2 < η} and suppose Assumptions 5.1 and 5.2

hold. Let ui =
(

[Z]i∗ ,Ξij1 , . . . ,Ξij3−t

)
for j1, . . . , j3−t ∈ [K] and define

G̃ (θ) = n−1
n∑
i=1

ui

{
1− ri

Ψ ([θ]1 yi + [θ]2)

}
, Γ̃ (θ) = ∇θG̃ (θ)

Σ̃ (θ) = n−1
n∑
i=1

{
1− ri

Ψ ([θ]1 yi + [θ]2)

}2

uiu
T
i

(5.35)
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Then for any γ > 0, there exists a constant η > 0 such that

E

{
sup

θ∈B(η;θ∗)
‖G̃ (θ)− G̃ (θ∗)‖2

}
≤ γ (5.36a)

E

{
sup

θ∈B(η;θ∗)
‖Γ̃ (θ)− Γ̃ (θ∗)‖2

}
≤ γ (5.36b)

E

{
sup

θ∈B(η;θ∗)
‖Σ̃ (θ)− Σ̃ (θ∗)‖2

}
≤ γ (5.36c)

for all n > 0.

Proof. Fix η > 0, let θ ∈ B (η;θ∗) and let v ∈ R3 be any unit vector. Then for some set of

θ̃i = biθ + (1− bi)θ∗, bi ∈ [0, 1], and (ε1, ε2)T = θ − θ∗,

|vT
{
G̃ (θ)− G̃ (θ∗)

}
| =|n−1

n∑
i=1

(ε1yi + ε2)
Ψ̇
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)
Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

) ri

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)vTui|
≤M |ε1|n−1

n∑
i=1

ri

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

) |vTui|
+M |ε2|n−1

n∑
i=1

ri

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

) |yivTui|
where M > 0 is defined in Lemma 5.6. (5.36a) then follows easily by Assumptions 5.1 and

5.2.

For (5.36b),

Γ̃ (θ)− Γ̃ (θ∗) =n−1
n∑
i=1

ri (ε1yi + ε2)

−2
Ψ̇
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)2

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)3

+
Ψ̈
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)
Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)2

ui (yi, 1)

where ε1, ε2 are defined above and θ̃i = biθ+(1−bi)θ∗ for some bi ∈ [0, 1]. To prove (5.36b),
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it suffices to show that

n−1
n∑
i=1

y2
i

ri

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)ui
has at most finite expectation by Lemma 5.6. However, this follows because the entries of

ui have uniformly bounded sixth moment.

Using the same notation as above, we can express (5.36c) as

Σ̃ (θ)− Σ̃ (θ∗) =2n−1
n∑
i=1

(ε1yi + ε2) ri


Ψ̇
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)
Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)2

−
Ψ̇
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)
Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)3

uiuT
i .

Again, by Lemma 5.6, it suffices to show that

n−1
n∑
i=1

ri

Ψ
([
θ̃i

]
1
yi +

[
θ̃i

]
2

)2
|yi|uiuT

i

has bounded expectation. However, this follows by the bounded sixth moment assumption

on the entries of ui and Assumption 5.2.

Lemma 5.8. Suppose the assumptions of Lemma 5.7 hold. Then for η > 0 small enough,

sup
θ∈B(η;θ∗)

‖Ḡ (θ)− G̃ (θ)‖2, sup
θ∈B(η;θ∗)

‖Γ (θ)− Γ̃ (θ)‖2, sup
θ∈B(η;θ∗)

‖Σ̄ (θ)− Σ̃ (θ)‖2 = oP (1)

as n, p→∞.
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Proof. Define

d1 (θ) =

(
1− r1

Ψ ([θ]1 y1 + [θ]2)
, . . . , 1− rn

Ψ ([θ]1 yn + [θ]2)

)T

d2 (θ) =

(
1− r1Ψ̇ ([θ]1 y1 + [θ]2)

Ψ ([θ]1 y1 + [θ]2)2
, . . . , 1− rnΨ̇ ([θ]1 yn + [θ]2)

Ψ ([θ]1 yn + [θ]2)2

)T

D (θ) = diag

[{
1− r1

Ψ ([θ]1 y1 + [θ]2)

}2

, . . . ,

{
1− rn

Ψ ([θ]1 yn + [θ]2)

}2
]
.

By Assumption 5.2 and Lemma 5.4, there exists a small constant η > 0 such that

‖ sup
θ∈B(η;θ∗)

dj (θ)‖2 = OP

(
n1/2

)
, ‖ sup

θ∈B(η;θ∗)
D (θ)‖2 = oP

(
n1/2

)

for j = 1, 2. The latter follows from the fact that

n−1
n∑
i=1

E
[
|1− ri

Ψ {([θ∗]1 + η) yi + ([θ∗]2 − η)}
|2+γI (yi < 0)

]
≤ c

for some constants η, γ > 0 small enough and c > 0 large enough by Assumption 5.2 and

Lemma 5.4. Let aj ∈ Rn be the jth standard basis vector, A =
(
aj1 · · ·aj3−t

)
and

M = (Z Ξ). Then by Lemma 5.2,

Ḡ (θ)− G̃ (θ) =n−1ATRTMTd1 (θ) + n−1/2ATŵTQT

P⊥Z C
d1 (θ)

Γ (θ)− Γ̃ (θ) =n−1ATRTMTd2 (θ) + n−1/2ATŵTQT

P⊥Z C
d2 (θ)

Σ̄ (θ)− Σ̃ (θ) =n−1ATRTMTD (θ)MA+ n−1ATMTD (θ)MRA

+ n−1ATRTMTD (θ)MRA+ n−1/2ATŵTQT

P⊥Z C
D (θ) Û

where ‖R‖2 = oP (1). Since ‖ŵ‖2 = OP

(
n−1/2

)
and ‖n−1/2M‖2 = OP (1) and by the
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properties of d1 (θ), d2 (θ) discussed above

sup
θ∈B(η;θ∗)

‖Ḡ (θ)− G̃ (θ)‖2, sup
θ∈B(η;θ∗)

‖Γ (θ)− Γ̃ (θ)‖2 = oP (1) .

By Lemmas 5.5 and 5.7,

sup
θ∈B(η;θ∗)

‖n−1MTD (θ)M‖2 = OP (1).

This completes the proof.

Lemma 5.9. Suppose the assumptions of Lemma 5.7 hold and let M (θ) = Mg (θ) be as

defined in Assumption 5.3. Then the following hold

(i) There exists a constant η > 0 such that E
{
G̃ (θ)

}
and M (θ) exist and are continuous

for θ ∈ B (η;θ∗).

(ii) For all γ1, γ2 > 0, there exists a constant η > 0 such that

P

[
sup

θ∈B(η;θ∗)
‖Ḡ (θ)− E

{
G̃ (θ)

}
‖2 ≥ γ1

]
≤ γ2

P

{
sup

θ∈B(η;θ∗)
‖Γ (θ)−M (θ)‖2 ≥ γ1

}
≤ γ2

for all n and p large enough.

Proof. The existence of E
{
G̃ (θ)

}
follows from Lemma 5.7, and the existence of M (θ)

follows by a simple application of the dominated convergence theorem. The continuity of

M (θ) also follows from Lemma 5.7.

For (ii), Assumptions 5.1 and 5.2 show that V
{

Γ̃∗ (θ)
}

and V
{
G̃ (θ∗)

}
are o(1) as

n→∞. The remainder of follows from Lemmas 5.7 and 5.8.
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Theorem 5.3. Suppose Assumptions 5.1, 5.2 and 5.3 hold. Define

f (θ) = Ḡ (θ)T
(
n−1ÛTÛ

)−1
Ḡ (θ)

and let
{
θ̂

(1)
n

}
n≥1

be a sequence of minima of f (θ). Next, define

W−1
n = Σ̄

{
θ̂

(1)
n

}
= n−1

n∑
i=1

1− ri

Ψ
([
θ̂

(1)
n

]
1
yi +

[
θ̂

(1)
n

]
2

)


2

ûiû
T
i .

Then there exists a sequence
{
θ̂n

}
n≥1

of minima of Ḡ (θ)TWnḠ (θ) such that (5.8) holds

as n, p→∞.

Proof. By Assumption 5.3 and (i) of Lemma 5.9,

‖E
{
G̃ (θ)

}
‖2 ≥ c‖θ − θ∗‖2

for some constant c > 0 and θ ∈ B (η;θ∗) for some η > 0. By Lemma 5.9, this implies there

exists a minimizer θ̂
(1)
n of f defined above such that ‖θ̂(1)

n − θ∗‖2 = oP (1) as n, p → ∞.

Therefore

‖Σ̄
{
θ̂

(1)
n

}
− E

{
Σ̃ (θ∗)

}
‖2, ‖Γ

{
θ̂

(1)
n

}
−M (θ∗)‖2 = oP (1)

by Lemmas 5.5, 5.7 and 5.8. By Lemma 5.5, there exists a minimizer θ̂n of Ḡ (θ)TWnḠ (θ)

such that ‖θ̂(1)
n −θ∗‖2 = oP (1) as n, p→∞. Then by Lemmas 5.7 and 5.8 and for θ̃ defined

in (5.34),

‖Γ
(
θ̃
)
−M (θ∗)‖2 = oP (1)

as n, p→∞. The reuslt then follows.
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Corollary 5.2. Suppose the assumptions of Theorem 5.3 hold. Then for Wn and θ̂n defined

in the statement of Theorem 5.3,

nḠ
(
θ̂n

)T
WnḠ

(
θ̂n

) D→χ2
1

as n, p→∞.

Proof. Let W̃n = E
{

Σ̃ (θ∗)
}

. Then for

Ân = P⊥
W

1/2
n Γ

(
θ̂n

) = I3 −W
1/2
n Γ

(
θ̂n

){
Γ
(
θ̂n

)T
WnΓ

(
θ̂n

)}−1

Γ
(
θ̂n

)T
W

1/2
n

Ãn = P⊥
W̃

1/2
n M(θ∗)

= I3 − W̃
1/2
n M (θ∗)

{
M (θ∗)

T W̃nM (θ∗)
}−1

M (θ∗)
T W̃

1/2
n ,

‖Ân − Ãn‖2 = oP (1) by Lemmas 5.5, 5.7 and 5.8. Further, Ãn is a non-random, rank 1

matrix for all n, p large enough by Assumption 5.3 and Lemma 5.9. We then get that

nḠ
(
θ̂n

)T
WnḠ

(
θ̂n

)
=nḠ

(
θ̂n

)T
W

1/2
n P

W
1/2
n Γ

(
θ̂n

)W 1/2
n Ḡ

(
θ̂n

)
+ nḠ

(
θ̂n

)T
W

1/2
n ÂnW

1/2
n Ḡ

(
θ̂n

)
,

where the first term is zero because θ̂n is such that Γ
(
θ̂n

)T
WnḠ

(
θ̂n

)
= 0. For the second

term,

n1/2ÂnW
1/2
n Ḡ

(
θ̂n

)
= n1/2ÂnW

1/2
n Ḡ (θ∗) + n1/2ÂnW

1/2
n Γ

(
θ̃
)(
θ̂n − θ∗

)

for some θ̃ = bθ∗+(1−b)θ̂n, b ∈ [0, 1]. The result follows because n1/2‖Ḡ (θ∗)‖2, n1/2‖θ̂n−

θ∗‖2 = OP (1), ‖Γ
(
θ̃
)
− Γ

(
θ̂n

)
‖2 = oP (1) and ÂnW

1/2
n Γ

(
θ̂n

)
= 0.

312



SOFTWARE

The R packages and code to implement the methods presented in Chapters 2, 3, 4 and 5 are

available from https://github.com/chrismckennan. The repositories include:

I /BCconf, which contains the R package BCconf that implements Algorithm 2.2, as well

as the code necessary to reproduce all simulations from Chapter 2.

I /CorrConf, which contains the R package CorrConf that implements Algorithm 3.2

(ICaSE), Algorithm 3.3 (CBCV) and the estimator for C given by (3.12) in Chapter

3.

I /LongitudinalAncestry, which contains the summary statistics and code necessary to

estimate π(0,0), π
(1)
(1,0)

, . . . , π
(K)
(1,0)

, π
(1)
(0,1)

, . . . , π
(K)
(0,1)

, π
(1,1)
(1,1)

, π
(S,K)
(1,1)

from Model (4.3b), as

well as the conserved and discordant sign rates defined given by (4.4) in Chapter 4.

I /MetabMiss, which contains the R package MetabMiss that implements Algorithm 5.1

from Chapter 5.
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