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ABSTRACT

Friends often help each other without direct compensation. This behavior seems to con-
travene a basic tenet of economics, that prices and payment help coordinate supply and
demand, increasing welfare. If compensation is useful between strangers, why not between

friends as well?

I address this question by building a model of bilateral trade in a friendship, where the price
must be specified ex ante, and use it to understand under which circumstances a price of zero
is an equilibrium outcome. In the model, two people have altruistic preferences towards each
other, but may also have incomplete information about each other’s motives. While altruists
are able to undertake some beneficial transactions even at a price of zero, they would still
benefit from a more efficient price. In contrast to previous work, I find that choosing to forgo
payment cannot arise from being altruistic, nor from wanting to signal one’s altruism. The
key driver of this result is that the benefit of an altruistic reputation is greater to a selfish
person than to an altruistic one, so no separating equilibrium in a signaling game could be

sustained in which only the altruistic type sets price to zero.

Instead, I find that a separating equilibrium is possible where a price of zero signals a partners
trust in the others altruism, though this result can only be sustained at extreme parameters.
Overall, my model rules out altruism signaling as a fundamental reason for the lack of priced
transactions between friends, but opens the possibility that this behavior could be driven
by signaling of trust. I conclude by discussing alternative approaches to examining this

widespread behavior.

vi



INTRODUCTION

Motivation and Overview

As every student of economics learns, money is useful to facilitate trade. It incentivizes
producers to produce when their cost is low, and consumers to consume when their benefit
is high, coordinating supply and demand. In models of exchange, transfers constitute an

essential piece of how value is created and traded.

And yet, plenty of value is created without payment. People willingly do favors for their
friends and colleagues all the time, seemingly for free. When we receive goods and services
from those close to us, we seldom give them direct compensation. Evidently, some alternative

motives are what drive us to help each other out.

Still, if money is so useful between strangers, why do we refrain from using it between friends?
This behavior is a puzzle, because the logic behind the usefulness of money does not require
that the parties involved be selfish. Is there some reason why payment cannot be combined

with those alternative motives?

Motivated by these questions, in this paper I build a model of bilateral trade in a friendship.
In the model, two friends feel altruism for one another, but they may also be uncertain
about cach other’s motives or beliefs.! The model has two periods. In period 1, at the
outset of their friendship, they set the ground rules, deciding what price p—possibly zero—
they will charge each other when one performs a service for the other. In period 2, when
an opportunity does arise where one needs the other’s help, they play a bilateral bargaining
game in which one (the “buyer”) decides whether to request the service, and the other (the
“seller”) decides whether to provide it, at that price p. In period 1, they do not yet know

their roles (buyer and seller), and in period 2, their valuations (cost and benefit) are private

1. The model could also represent any relationship with mutual help and altruism, such as between
colleagues, family members, or romantic partners.



information.

I use the model to study the use (or non-use) of compensation between friends. I pose and
answer two related sets of questions. First, when used between friends, does money retain
or lose its usefulness? How does this usefulness depend on the altruism preferences of the
two friends towards each other? Second, when would someone choose to set zero as the
price for services between them and their friend? Under what conditions can such a choice
constitute an equilibrium outcome, and if it emerges as a separating equilibrium, what might

the actions the a zero or nonzero price signal?

Chapter 1 answers the first question, on the usefulness of compensation between friends. I
study the period-1 bilateral trading game, with altruism preferences as common knowledge.
I define the marginal value of compensation in the friendship as the slope of the value
of the partnership with respect to price, at p = 0. When it is negative to an individual z,
she (locally) prefers a price of zero over a slightly higher price; in a unit-uniform specifica-
tions, it also indicates she (globally) prefers price of zero over other prices. I then conduct
comparative statics on the marginal value of compensation with respect to the two parties’
altruism. The main results are that, for an individual 7, her marginal value of compensation
is increasing in her own altruism «; and decreasing in her friend j’s altruism a;; this means
that compensation is a complement to «; and a substitute to a;, in producing ’s utility.
Further, if o; is sufficiently low and «; is sufficiently high, then the latter effect may domi-
nate, making the marginal value of compensation negative to ¢. In this case, ¢ would prefer

a price of zero.

Chapter 2 extends Chapter 1’s bilateral trading model to include uncertainty by each player
about her partner’s preferences and beliefs. This allows me to answer the second question,
which asks what circumstances would allow an equilibrium where the friends choose zero as
the price for services between them. I explicitly model a two-period game, where in period

1, one of the two chooses a price, and then in period 2, they play the bilateral trading game

2



of Chapter 1.

Our analysis focuses on understanding when there exists Perfect Bayesian Equilibrium of
the period-1 game in which a price of zero is chosen. There are three main results, based on

three information environments:

e First, when altruism preferences are common knowledge, then an individual i’s equi-
librium choice of price cannot be zero unless (following Chapter 1’s result) she is
sufficiently selfish relative to her friend 7, so that the marginal value of compensation
is negative to her. This does not seem a compelling model of a healthy friendship, but

rather like ¢ exploiting j’s kindness.

e Second, when j is uncertain about ¢’s altruism, there cannot exist a separating equi-
librium where the more altruistic type of ¢ chooses p = 0 while the more selfish type of
1 chooses a p > 0. In any situation where the altruistic type of ¢ would choose p = 0,
the selfish type would choose p = 0 as well. That is, choosing to forgo cash cannot be

a signal of altruism.

e Third, when j has uncertainty about ¢’s altruism, and i also has (second-order) un-
certainty about j’s beliefs, there may exist a separating equilibrium in which p = 0 is
chosen by the more trusting type of j (who believes that i is likely altruistic), while
a higher price is chosen by the less trusting type of j (who believes that i is likely
selfish). The logic is that when j convinces i that she is trusting, then both ¢ and j
behave closer to what they wish they could commit to — depending on the price, either
more generously (seller choosing to sell even at high cost, buyer asking selectively only
for high-value services), or less generously. This is an outcome they both would like
to be able to commit to, relative to equilibrium. For this separating equilibrium to
exist, both the altruism of the high type of i and the belief of the optimistic type of j

must be very high, so that the benefits of coordinating outweigh the classical incentive



benefits of a higher price.

Together, these three results imply that if someone chooses p = 0 within the friendship,
either she is taking advantage of her friend’s kindness, or she is signaling that she has trust

in her friend’s altruism; it cannot be that she is signaling her own altruism.

Naturally, the model is not without its limitations. First, it employs some specific assump-
tions for the sake of tractability. For some results, it assumes that valuations (cost and
benefit) are drawn independently from the unit uniform distribution (Unif [0, 1]). While
this makes equations easier to solve, it also makes the results more particular. The model
also assumes that if trade occurs, it does so at a single pre-agreed price of p, regardless of
the valuation draws. While this behavior is known to be an inefficient equilibrium in this
bilateral trading game (Chatterjee and Samuelson, 1983), it does reduce the period-1 choice

to a single number, rather to a more general mechanism

Second, the model restricts the choice of price p to the interval [0,1], the same as the
support of the valuations for the service. In particular, this rules out negative prices, where
the “seller” actually pays the “buyer” to let her provide the service. While this simplifies the
analysis, it does affect the interpretation of certain result; when the analysis indicates that
a price of zero is preferred over higher prices, it may not in fact be preferred over negative

prices.

Third, the model shuts of dynamics. A plausible explanation for what friends are doing
when they help each other “for free” is that they in fact will pay each other back later, by
returning a favor. However, even if we accept such behavior, the original question remains:
why trade favors, rather than pay back immediately? Section 3.1 in Chapter 3 discusses
how one might extend this paper’s question to comparing a wider range of mechanisms,
including a dynamic favor-trading mechanism, such as building off of Mdbius (2001) or

Abdulkadiroglu and Bagwell (2013). This paper does not go down that route, because



incorporating reputation dynamics into this repeated game adds additional complications
to solving the model and deriving insight from it. The incentives for seeking a reputation
would be blunted in such a model, since players would learn each other’s types in any case

by observing their behavior in early rounds of the game.

Fourth, Chapter 2 studies only Perfect Bayesian Equilibrium, an equilibrium concept that
does not restrict the posterior beliefs that follow an out-of-equilibrium choice of p. This
freedom is a strength when showing the nonexistence of separating equilibrium for signaling
altruism. But, it is a weakness for showing that a trust-signaling equilibrium exists, because
it is just one equilibrium among many. In terms of interpreting the result, this means that
equilibrium existence should not be a strong prediction that p = 0 would be chosen in actual
play of this game. Rather, it provides an equilibrium interpretation of this behavior, should

it arise.

These limitations are not necessarily insuperable. Indeed, in Section 3.1 I discuss how
extensions to the model might address them, and which of the results are likely to survive
such an extension. Potentially they could be addressed by a more general model, and some

of the key results might still hold.

This paper is not the first seeking to explain why people forgo the use of money with those
close to them, nor is it the first to investigate signaling as an explanation. However, it makes

two contributions to this literature.

The first contribution is to treat the preference for reputation as endogenous. In most other
papers that use signaling to explain the non-use of payment, the model assumes that the in-
dividual prefers to be seen as pro-social, or knowledgeable about her partner’s preferences, or
something else. Examples include Camerer (1988), Prendergast and Stole (2001a), Bénabou

and Tirole (2006) and Ellingsen and Johannesson (2011).2 In contrast, this paper provides

2. An exception is Bénabou and Tirole (2003), in which a principal cares about an agent’s beliefs only
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a microfoundation for why someone might want to appear altruistic (or as trusting in her
friend’s altruism), based on strategic concerns (i.e. instrumental motives) in a bilateral trad-
ing game. By taking this approach, I am able to highlight that a reputation as altruistic may
be undesirable, and that even when desirable, the selfish type has more to gain from seeming
altruistic than does the altruistic type. This pattern highlights that models assuming that
preference for reputation is positively correlated with reputation—or even uncorrelated—is

not necessarily a neutral assumption.

The second contribution is to pose the question differently from other papers, by studying
a symmetric friendship in which each friend may find herself either on the giving or the
receiving end of help. In most other models, at the time when the compensation scheme
is chosen, the gift or favor opportunity has already arisen and everybody knows which side
of the transaction is theirs. Instead, this model takes an ex ante perspective, in which the
two decide at the outset what sort of relationship they will have.? Without this modeling
choice, the seller will have a natural tendency to choose a high price and the buyer to choose
a low one. This perspective captures the fact that, even at the start of a partnership, the
participants understand what the ground rules will be, namely if they will be paying each

other or helping each other out for free.

because these beliefs affect her actions.

3. These rules can be interpreted as a choice of equilibrium in the period-1 bilateral trading game. See
Section 3.1 for alternate interpretations.



Literature

What role does money play in friendships, and what role should it play? This is an old

question that continues to arouse debate.

As far as Adam Smith was concerned, trade and friendship were perfectly compatible. “Com-
merce, ...ought naturally to be, among nations, as among individuals, a bond of union and
friendship,” he wrote (Smith, 1981 (1776), Vol I, Book IV, Ch III). Still, he did appreci-
ate that people with goodwill for one another do help each other out without trucking and
bartering. He reserved his paean to trade to situations where such emotions are absent,
famously declaring, “It is not from the benevolence of the butcher, the brewer, or the baker,
that we expect our dinner, but from their regard to their own interest. We address ourselves,

not to their humanity but to their self-love” (Smith, 1981 (1776), Vol I, Book I, Ch II).

On the other side, there is “a general feeling that morally binding relations, especially kinship
relations, should be kept apart as far as possible from money transactions” in European and
American culture (Bloch, 1989). This attitude, and arguments to justify it, stretches back
at least to Aristotle, through Thomas Aquinas to Marx and beyond, although it does differ
across cultures (Bloch and Parry, 1989; Akesson, 2011). The philosopher Michael Sandel, a
modern proponent of this view, puts it this way: “To monetize all forms of giving among
friends can corrupt friendship” (Sandel, 2012). He argues that when we allocate things using
markets and price, we suffuse the interaction with utilitarian norms, and as a consequence,
other beneficial aspects of friendship suffer, like the “formative, educative” experience that

a true friendship should be.

Neoclassical economics, meanwhile, emphasizes the efficiency of using a price system to
allocate goods and services. From such a perspective, the non-use of money or compensation

is a puzzle, since it reduces welfare.



Against this neoclassical doctrine, modern economists who engage with this issue ask two
questions. First, could it be that money or direct compensation is harmful, and if so, when
and why? Second, in situations where people do avoid using money, why? These two
questions are of course related — if using money makes people worse off, then they would be
wise to avoid it. But the two may yield different answers: perhaps money is not actually

harmful, but for some reason people avoid it anyway, making themselves worse off.

One response by economists is simply to champion the neoclassical view, and to polemicize
money-avoidance. Gift-giving behavior serves as a prime object of study here, because the
classic theory makes such a clear prediction and prescription. Consumer theory holds that
people are better off receiving money than a specific gift of equivalent cost (i.e. an in-kind
transfer); this claim applies to compensation for work, government transfers, and gifts as
well. The logic is straightforward: cash gives the recipient freedom of choice — she could still

buy that item, but she could also put the money to any other use, if she preferred.

To test the putative inefficiency of in-kind gifts, Waldfogel (1993) surveyed undergraduates
about the Christmas gifts they received. They said they valued these gifts at only 87% of
their costs, and so he concluded that a gift of money would have been more efficient. He thus
quantified this difference, and unforgettably coined it the “deadweight loss of Christmas”.
His paper, while influential, was not definitive. Using a different sample (adults at train
stations, and faculty, staff, and grad students at Harvard), Solnick and Hemenway (1996)
instead found that people valued their Christmas gifts at 214% of cost. Using a more
incentive-compatible elicitation methods (an auction to buy back Christmas presents), List
and Shogren (1998) also found that respondents valued their Christmas gifts above cost,
making them efficient, when counting both a “material” and “sentimental” component into
this valuation. Still consumer theory is silent about whether a cash gift could also have such
a “sentimental” component, so these papers does not quite demonstrate that in-kind gifts

are superior.



Taking the theory at face value though, that the gifts people give indeed are inefficient,
why might they do it? Waldfogel (2009) blames the “stigma” of giving cash. Dubner and
Levitt (2007), writing about the (private) inefficiency of gift cards—many of which are never
spent—decry a “social taboo” against cash, which “crushes the economist’s dream of such a

beautifully efficient exchange.”

Economic theorists, seeking to understand precisely what such a stigma or taboo could mean,
offer models interpreting it as signaling. In these models, the choice to use money—or not
to use it—conveys some private information. In Camerer (1988), a romantic suitor gives an
inefficient in-kind gift as a signal of his long-term commitment and interest. In Prendergast
and Stole (2001b), the giver, by choosing an in-kind gift, takes a gamble that the recipient
will like it, and so signals her confidence that she knows the recipient’s preferences well. In
such models, because choosing an in-kind gift over money is costly—and differentially costly

to different types of givers—it can serve as a credible signal.

Similar thought goes into another prime area for research into the use and non-use of money:
compensation for costly production.* Here too, basic economic theory makes a strong nor-
mative claim: if you want someone to do something costly or difficult, the most effective way
to motivate them is to pay them, and the most efficient way to pay them is with something

fungible like money.?

Against the strong predictions of the standard theory, some research suggests that payment
and incentives can backfire, actually discouraging the recipient from performing the intended
behavior. Gneezy and Rustichini (2000a) demonstrate that a day-care center, when it started

fining parents for picking up their kids late, actually saw an increases in tardy collections.

4. Gift-giving and compensation need not be treated as separate practices. Mauss (2002 (1950)) influen-
tially argued that what we term “gifts” are generally not given for free, but rather form part of an extended
exchange.

5. Moreover, a common line of reasoning holds that if something is efficient we expect people will do it,
thus eliding this normative prescription into a positive description.



Gneezy and Rustichini (2000b) show, with a lab experiment, that low compensation can
lead to worse performance than zero compensation (although high-enough compensation led
to higher performance than either). What lies behind these effects? Gneezy and Rustichini
argue that fining people gives them moral license for bad behavior, because they think of the
behavior as now acceptable, while paying for an activity crowds out intrinsic motivation to
perform it. Kamenica (2012), surveying these and other results on the downside of incentives,
points out that most can be interpreted through the lens of signaling and inference: the
agent learns useful information from how the principal chooses whether and how to pay

them.6

Bénabou and Tirole (2003) build a general model of signaling via the choice of compensation.
In the model, a principal with private information sets a compensation scheme for an agent,
who makes an inference about the private information and then takes some action. For
example, a high wage may indicate that the task is difficult, which may demotivate the
agent if it teaches her that the marginal return to effort is lower than the anticipated. Among
other channels, the paper highlights a “trust effect”, in which the principal by offering low-
powered incentives, signals that she trusts the agent to do the right thing. This boosts the
agent’s self-confidence, and motivates her further. Although my model is not a special case

of theirs,7 my Proposition 2.7 carries a similar theme of signaling trust.

Bénabou and Tirole (2006) model signaling of a different sort that may motivate people

to forgo using money. Responding to Titmuss (1970), who argued that a system of blood

6. He highlights two other channels for how incentives can influence behavior: reference points for loss
aversion, and psychological “choking” under pressure.

7. In my model, after the compensation scheme is set in period 0, both the price-chooser (the principal,
in Bénabou and Tirole’s (2003) nomenclature) and the other individual take actions in a game. In Bénabou
and Tirole (2003), only the agent takes action. For this reason, my trust signaling result holds even without
satisfying their condition “that the principal has information about the agent or the task that the agent
does not”. Instead, the principal has information about her own beliefs about the agent, which influence the
principal’s play in the game, and hence the agent’s behavior is affected by learning this information.

10



donation yields more and better quality blood than a system of blood sale,® they show that
it is theoretically possible that introducing compensation for charitable acts could decrease
the performance of those acts, violating the law of supply. They also show that introducing
price may change the composition of who performs those acts. In this model, agents have
heterogeneous intrinsic preferences for contributing to the social good and for their own
consumption; they also care about their reputation as socially-oriented (i.e. a preference for
“esteem”). When the compensation for blood (say) is zero, only those who are motivated by
altruism and by this esteem-seeking donate blood. But if the compensation is positive, then
some who donate are simply motivated by money. Thus, the inference of an outsider, upon
learning that someone has given blood, is more muddied; the potential do-gooder therefore

gets less of a reputational boost from doing good.

Ellingsen and Johannesson (2011) also employ esteem-seeking preferences to explain why
individuals will provide in-kind help but not monetary help to their friends, e.g. offering to
help move but not to pay for a mover. Their goal is similar to my paper, to “rationalize
the widespread use of seemingly inefficient non-monetary giving”. Agents in their model
care about three things: their own payoff (net their cost of helping), their friend’s payoff
(i.e. altruism), and their reputation as altruistic. In order to drive the model, Ellingsen
and Johannesson assume first that in-kind help is less efficient than cash, but that it is
relatively more efficient for altruists. As they explain, “although most people may find it
onerous to help out with moving, it is usually less onerous to spend such time with a person
one feels altruistic towards than with other persons.” In this way, friends have an absolute
and comparative advantage in in-kind gifts relative to non-friends, and a motivation to
demonstrate this. The authors extend the model to explain why friends refrain from asking
for monetary gifts (but do ask for in-kind help), by assuming that people differentially

value esteem based on who provides it; asking for money reveals oneself to be greedy, and

8. See also Arrow (1972), Becker (2006), and Slonim et al. (2014) on the economics of blood donation or
selling. It would be only a slight exaggeration to say that a whole branch of economics—market design—

11



less worthy of impressing. This second channels is also present in their work on reciprocal

generosity that arises from differential esteem (Ellingsen and Johannesson, 2008).

Beyond these works on signaling, a handful of papers study reasons to restrict monetary

exchange even when the choice of the means of exchange does not convey information.

A third route economists take is simply to assume that money can or cannot be used, and to
study and compare the resulting outcomes. Within monetary theory, a sub-literature studies
whether money is “essential”, meaning that higher-welfare equilibria can be sustained with
money than without it. In the model of Kiyotaki and Wright (1989), money is essential:
introducing a fiat currency (i.e. a medium of exchange with no intrinsic value) unambigu-
ously improves welfare. Lagos and Wright (2005) instead find that money is not essential,
because there exist gift-exchange equilibria (i.e. dynamic equilibria) that give higher welfare.
Duffy and Puzzello (2014) test a version of this model experimentally. Their version has a
monetary equilibrium as well as a continuum of gift-exchange equilibria, where cooperation
is sustained by grim trigger strategies, punishing shirking with the contagious breakdown
of cooperation by everyone in the economy. Some of these gift-exchange equilibria Pareto-
dominate the monetary equilibrium. However, the best of these gift-exchange equilibria was
not a good predictor of behavior in the lab; instead, subjects picked sub-optimal equilibria.
In contrast, when subjects were allowed to use money, their behavior was well predicted by
the monetary equilibrium. Money comes out as essential in practice, even if not necessarily

so in theory.

A small literature studies other models of gift- or favor-trading. M&bius (2001) is a highly-
cited, never-published paper in this area. In it, each period agents stochastically get an
opportunity to provide a favor or develop a need for one. This opportunity is private in-
formation, but the cost and benefit of giving and receiving a favor are common knowledge.

Money is unavailable, and agents are selfish. Mobius (2001) studies a particularly simple

12



“chips” equilibrium, in which agents keep track of the past with a simple statistic: if they
grant a favor, they get a “chip” up to some finite limit, and if they receive a favor, they give
up a “chip” down to the limit of zero. Agents have an incentive to provide favors because,
in equilibrium, this gives the right to request one later. Equilibrium welfare turns out to be

increasing in the number of chips. However, it is never first-best.

While M6bius (2001) uses this model to study relaying favors within a network, others have
expanded it in a one-on-one setting. Abdulkadiroglu and Bagwell (2013) study a repeated
game where it is efficient for agents to invest with each other, but they must trust that
they will get paid back after the investment yields its returns. They study reciprocity,
and contrast it to a chips mechanism (which they explore in Abdulkadiroglu and Bagwell
(2012) by developing a discrete version of the Mobius (2001) model). They find that there
are more efficient equilibria than the simple reciprocity-based chips equilibrium, in which a
honeymoon period of high trust (i.e. unconditional investment) in the first period is followed
by favor trading or symmetric punishment. Hauser and Hopenhayn (2008) study alternative
equilibria to the Mébius (2001) model. Employing the recursive methods of Abreu et al.
(1990), they find that the Pareto Frontier of Public Perfect Equilibria is self-generating and
so the equilibrium is renegotiation proof. Equilibria that stay on the frontier resemble chips
equilibria, except that the rate of exchange varies over time (i.e. inflation) and with the
agents’ relative wealth. Kalla (2010) studies a similar favor-trading environment to these,
but where agents’ discount factors are private information. Focusing on one-chip equilibria
to keep the model tractable, he characterizes sufficient conditions for the patient player to

signal their patience, which then supports a favor-exchange equilibrium.

Studying repeated favor-exchange in an environment where costs and benefits are stochastic,
Neilson (1999) shows that that no equilibrium can be first-best: because the value of the

relationship is less than the net benefit from the highest favor, some favors are simply too

arose to take seriously (and treat as exogenous) the prohibition of organ sale (Roth, 2015).
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costly to be worth performing.

Kranton (1996) builds a model that features both a market sector with money, and an
informal sector with favor exchange. She shows that when more people use money, it becomes
harder to find a trading partner in the informal sector. In this way, the two sectors interact,

as substitutes.

Friendship and favors is a fertile topic, with deep theoretical questions and a variety of human
behaviors to catalog and understand. This present work seeks to advance our understanding
by characterizing one model, to better understand the motives behind friends helping each

other without compensation.
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CHAPTER 1

THE MARGINAL VALUE OF COMPENSATION IN A
BILATERAL TRADING PARTNERSHIP

1.1 Overview of the model

This model depicts a friendship or partnership between two people who feel altruism towards
one another. In the model, an opportunity arises where one can help the other by providing
a service. The seller has private information about the cost of providing this service, and the
buyer about the benefit of receiving it. We use the model to study whether, and under what

conditions, altruism would make them prefer to transact for free vs. at a positive price.

The two players engage in a simple bargaining game. They make draws of a stochastic cost
and benefit, and decide whether or not to trade. If they trade, the buyer pays the price a

fixed and price p to the seller.

We use the model to study the conditions under which players wish to use or forgo com-
pensation. In particular, when is a player’s welfare maximized at p = 0, and when at some

positive p?

We first pose this question with roles already fixed, i.e. with the players having common
knowledge of who is the buyer and who the seller. We then randomize the roles, and ask
when would someone prefer zero vs. positive price, if she did not know if she would be giving
or receiving help. The idea is to consider what rules or norms a person would wish to set
up when they begin a partnership with someone, knowing that they might help each other
later. Is it better to establish a partnership where friends do not offer or accept money from
one another, simply requesting and granting help on a voluntary basis? Or is it better to set

a norm of compensation?
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In short, the model reveals that compensation is better in most circumstances. Players prefer
a positive price over a zero price whether they are buyer or seller, or if they are randomized
into the two roles. The only exception is that a player would prefer a price of zero if she
were sufficiently selfish and her partner were sufficiently altruistic. This exception applies

for a buyer as well for someone randomized into the roles, though not for a seller.

These results mean that while the model does allow for circumstances would someone would
choose not to use money, the only such circumstances are when a selfish person is the one
making this choice, so that she does not need to pay for favors provided by an altruistic
partner. The model provides no support to the idea that altruists might prefer to deal

without payment.

Two features distinguish this model from previous work. First, the players have altruistic
preferences. They care about their own material payoff (i.e. consumption) and that of their
partner. With these preferences, even at a price of p = 0, some trade can still takes place,
if the benefit is high enough and the cost low enough. This suggests that forgoing compen-
sation, and relying solely on altruism, might be a viable alternative to paying for services
provided. Second, we study players’ preferred price when they do not yet know which side
of the market they will sit on. This is meant to represent friendships and other relationships
where the two participants are on a more equal footing than in market transactions, where
the buyer and seller know who they are. In this model, each person may be able to offer

help to the other.

The chapter proceeds as follows. Section 1.2 sets up the model. Section 1.3 establishes
equilibrium behavior. Section 1.4 studies when the buyer and seller prefer compensation,
and Section 1.5 studies this preference for compensation when players do not yet know their

roles.
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1.2 Model Setup

1.2.1  Environment

There are two players, a buyer b and a seller s. In this bilateral trading game, the seller gets
the opportunity to provide a service to the buyer. If they trade, they do so at a pre-agreed
price p in the interval P = [0,1]; this price is common knowledge, and they treat it as

exogenous.

At the start of the game, each player i € {b, s} draws a valuation v; independently from
an atomless distribution F; with support [0, 1]. These distributions are common knowledge.
The buyer’s valuation vy is her benefit from receiving the service; the seller’s valuation v is

her cost of providing it.

Because vs > 0 and v, > 0, it is common knowledge that the service is costly for the seller
and beneficial to the buyer.! To fix ideas, for some results we will specialize to the tractable
case of having both valuations distributed ~ Unif [0, 1] (unit uniform): fp(-) = fs(-) =1

everywhere within that support.

Each player, after observing her valuation (but not her partner’s), decides whether to agree

to trade. If they both agree, then they trade.?

A strategy for a player ¢ is a mapping from valuations v; € [0, 1] to a probability of agreeing
to trade. It turns out that the only interesting strategies of this game are cutoff strategies

(see Lemma 1.4). A cutoff strategy is characterized by a cutoff valuation x; € supp(F;) =

1. This assumption could be relaxed to explore activities that both parties enjoy doing, by allowing
negative cost v; < 0.

2. This environment can be considered a special case of a double auction (Chatterjee and Samuelson,
1983), where the buyer’s action space of bids is restricted to {p, —oo} and seller’s action space of asks is
restricted to {p,co}; only if they both choose p does trade take place, and naturally it takes place at price
p. See Section 3.1 for a discussion of extensions of this paper’s model to a more general mechanism.
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[0,1]: a buyer employing a cutoff strategy agrees to trade when v > k3, and likewise a seller
agrees to trade when vy < kg. That is, the buyer buys when her benefit is high, and the
seller sells when her cost is low. When the two play cutoff strategies, the probability that

trade takes place is

Plos < rs| - Ploy > k] = Fs(rs) - (1= Fy(rsp)),

which is kg - (1 — Kp) in the case of unit-uniformly distributed valuations.

For most of the analysis, we treat these roles (buyer and seller) as fixed. But in Section
1.5, we consider a partnership where players are randomized into roles, and we ask what
price p someone would prefer if she did not yet know her role. This perspective captures
incentives to set the norms at the start of a partnership, when the two recognize they may

find themselves giving or receiving help.

1.2.2  Payolffs

Each player cares about her own material payoff and her partner’s. Material payoff refers
to benefits or costs experienced directly (essentially, consumption). In this partnership,
material payoff comes from the service provided and the payments made. That is, if the two
players trade at price p with valuations v, and vg, then the buyer gets material payoff of
vp, — p and the seller gets material payoff p — vs. If they do not trade, then both get zero

material payoff.

A player i’s altruism «; governs how much she cares about her partner’s material payoff
relative to her own. If ¢ experiences material payoff y; and j experiences y;, then 7’s utility
is ¥; + a;y;. These are simple altruistic preferences, following Becker (1991). Their altruism
parameters «p and ag are common knowledge in this game. (We relax this assumption in
Chapter 2.) We assume that «; € [0, 1], meaning that each player (weakly) cares about the
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other, though not more than about herself.

In this partnership, if they do not trade, they get zero utility, while if they do trade, their

(ex-post) utilities are

up(vy, vs) = ( vp — p) + ap(—vs + p)

us(vs, vp) = (—vs + p) + as( vy — p).

Although players wish to maximize their utility, Players seek maximize their expected utility,
given the information they have. Since they do not know their partner’s valuation, they take
expectations over it. When the players employ cutoff strategies x; and kg, their (interim)

expected utilities are

Up(vp, ks) = /OHS up(vp, vs) dFs(vs) (1.1)
1
Us(vs, Kp) :/l€ us(vs, vp) dEy(vp) - (1.2)

At the outset of the partnership, the players do not know their own draw of valuation either.

Therefore, given their cutoff strategies xj, and kg, their ex ante expected utilities are

1 1 Rs
Uy, 1) = / Uy vy, s) dFy(v) = / /0 up(up,vs) AFs(vs) dFy(uy)  (13)

Ks Kg 1
Us(ns,mb):/o Us(vs,/ﬁb)dFs(vs):/O /K us(vs, vp) dEy(vy) dFs(vs) . (1.4)

In the subsequent analysis, we study how these ex ante expected utilities depend on p when

both players employ equilibrium strategies.

19



1.3 Equilibrium Behavior

1.3.1 Characterizing Equilibrium

We now derive the equations for best-response and equilibrium strategies.

In this game, each player chooses her action (agree to trade, or not) after she learns her
realized valuation. She seeks to maximize her interim utility, best-responding to her belief
about her partner’s strategy; in equilibrium these beliefs are correct. Recall that a strategy
is defined as mapping valuations to actions, so we can think of strategies as being chosen in

first, before valuations are drawn.

Define a strategy profile as autarkic if trade occurs with zero probability, and as non-
autarkic if trade occurs with positive probability. The probability of trade is (1 — Fj(kyp)) -
Fs(ks), so a pair of cutoff strategies is non-autarkic if x; < 1 and ks > 0, interior of the
boundaries of the valuation support where Fj(1) = 1 and Fs(0) = 0. The best-response

equations determine if a non-autarkic strategy profile is an equilibrium:

Proposition 1.1 (Non-Autarkic Equilibrium Cutoffs).

A pair of cutoffs (kj,k3) with kg > 0 and K, < 1 forms a non-autarkic equilibrium if it

satisfies
b ’ ’ Fy(k3) .
1
. Ji vo dFp(wp)
kg =(1—as)p+as —————. (1.6)
1— Fb(I{Z>

The proof appears in Appendix A.1. To make sense of these equations, it helps to describe

them in terms of conditional expectations.
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Remark 1.2 (Best-Response Equations with Expectations Conditional on Trading).
These best-response equations (1.5)—(1.6) characterize the cutoffs that make each player in-

different to trading, meaning that they satisfy

0= Us(liz,I{Z)

I
&=
<
—~
=
<
=
SN—
S
S
A%
=
S %
| S
%
=3
S
V
=
&,

where we have expanded out interim utility, using that it is nonzero only if one’s partner

chooses to trade.

Due to linearity of preferences, the expectations operator ]E[ | partner agrees to tmde] and

the utility functions commute, so the solutions work out to

ry = (1— ) p+ apElvs | vs < kY] (1.7)
ke =(1—as)p+asEfvy | vy > k5], (1.8)
which is an alternative but equivalent formulation of (1.5)~(1.6).3

Having characterized non-autarkic equilibrium, we turn to conditions for equilibrium exis-

tence and uniqueness.

Proposition 1.3 (Equilibrium Existence and Uniqueness).

An autarkic equilibrium exists for any values of parameters oy, ag, p € [0, 1].
A non-autarkic equilibrium exists unless either
e p=20and as =0, or

e p=1and ap =0.

3. Note that this second version is even well-defined at edge cases x; = 0 and xj = 1.

21



The non-autarkic equilibrium s unique if, in addition, distributions Fy, and Fs, and altruism

parameters oy, g jointly satisfy

d d
ap - Qg - %Evwab [Ub | vy = I] . d_yEszFs [US | vg < y] <1 (1.9)

for all z € 10,1],y € [0, 1].
The proof appears in Appendix A.1. It consists of three parts.

First, autarky is always an equilibrium because a player facing a partner who never trades is
ensured zero utility, which means refusing to trade is indeed a best-response for her (just like
any other strategy). Second, under the conditions given, the non-autarky equilibrium exists
by a simple bounding argument (laid out in Lemma A.1): so long as the price p is interior
to (0, 1), or players put at least some altruistic weight on each other’s material utility, then
their best response cutoff will be pulled toward the interior of their valuation support, which

means that they trade with positive probability.

Third, for the uniqueness result, condition (1.9) ensures that the best-response mapping is
a contraction. For this condition to hold, either the players’ altruism must be weak, or their
expectation of their partner’s valuation conditional on trade must not change too fast with

the cutoff.

1.5.2  Properties of Non-Autarkic Equilibrium

Before proceeding with studying how players’ equilibrium utility depends on the price p, we

make some remarks on their behavior in this equilibrium.

22



Cutoff Strategies

Earlier, I referred to cutoffs “the only interesting strategies of this game”. The following

result justifies this claim.

Lemma 1.4 (Cutoff Strategies).

In any non-autarkic equilibrium, players employ cutoff strategies.

The proof, appearing in Appendix A.1, is simply a generalization of the proof of Proposition
1.1. For a player i, regardless of whether partner j plays a cutoff strategy or some other

strategy, the best response is a cutoff strategy based on [E [Uj | j agrees to trade|.

Strategic Complementarity

A higher cutoff strategy has different implications by a buyer compared to a seller. For a
buyer, a higher cutoff means asking fewer favors, but higher-benefit ones. For a seller, it

means granting more favor requests, including higher-cost ones.

Proposition 1.5 (Strategic Complementarity).
Best-response cutoffs ky, and ks are strategic complements, strictly so when altruism is strictly

positive.

Proof of Proposition 1.5 (Strategic Complementarity).
The buyer’s best-response r; (1.7) is increasing in the seller’s cutoff g, and the seller’s
best-response (1.8) is increasing in the buyer’s cutoff xj. These are strictly increasing if,

respectively, oy and g are strictly positive. O

This strategic complementarity occurs because the players care about one another. If the

seller believes that, when the buyer asks for help, her benefit v, must be high (i.e. above a

23



high cutoff kp), then she would be willing to help even at high cost vs to herself. Likewise,
if the buyer believes that the seller would be willing to help even at high cost vs (i.e. below
a high cutoff kg), then she would be more selective and ask for help only when her benefit

vy, 1s high.

Note that this strategic complementarity occurs even though preferences (ex-ante utility
equations (1.3)—(1.4)) do not exhibit global increasing differences. If the cross-derivatives of
ex-ante utility with respect to the two strategies were globally positive, it would immediately
imply that their cutoffs are strategic complements.* However, they are only locally positive

in the neighborhood of best-response strategies. °

Comparative Statics

Proposition 1.6 (Comparative Statics on p).
Equilibrium cutoffs k; and kg are increasing in price p, strictly so if at least one player’s

altruism parameter is < 1.

The proof, which appears in Appendix A.1, comes from a straightforward examination of
the first order conditions. It means that with anything less than full altruism, which renders

individuals insensitive to transfers, supply curves still slope upwards and demand curves still

4. To see that preferences do not have global increasing difference, differentiate ex-ante utility (1.3)—(1.4)
as

d2

o dHSUb(Hb,Fés) = —up(kp, 1) fo(k0) fs(s)
2

ﬁu‘g(ﬁ‘97 l‘ib) - _U/S(’%S7 K,b) fS(’%S) fb(lib) ,

and note that these may be positive or negative, depending on the values of k; and g

5. To see that the cross-derivatives of ex-ante utility are locally positive around best-responses, e.g. for
the buyer, compare up(kp, Ks) tO up (/{b,E [vs | vs < KJS]). The former, which appears in #’;Sub(xb, Ks),
is b’s ex-post utility evaluated at both cutoffs, while the latter is b’s interim utility. When kg is a best-
response to kyp, the latter is zero by b’s first order condition, so the former is negative because s’s marginal
valuation kg is always above her average valuation & [vs | vs < /@;] and because b’s ex-post utility up(vp, vs)
is decreasing in s’s valuation vg.
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slope downwards.

While comparative statics with respect to price are monotonic, we can only make a more

limited statement about comparative statics with respect to altruism.

Proposition 1.7 (Comparative Statics on Altruism).

At p =0, equilibrium cutoffs k), and kg are increasing in both player’s altruism parameters.

The proof appears in Appendix A.1. It relies on strategic complementarity and that the

best-responses are increasing in altruism at p = 0.

Proposition 1.7 applies when p = 0, and it is also holds for p close to 0 (if altruism is
high enough to make it hold strictly at p = 0). However, at sufficiently high p, the ef-
fect of altruism on cutoffs turns negative. Since a player ¢’s best-response is (1 — «;)p +
;B v; | j agrees to trade|, a higher altruism re-weights i’s incentives from the transfer p
towards her partner j’s valuation. If the price is higher than i’s trade-contingent expectation

of j’s valuation, this change decreases her cutoff rather than increasing it.

1.3.3  Uniform Example

To push beyond what can be said in the general case will require specializing to a specific val-
uation distribution. We use the unit-uniform distribution, taking vy, vs " nif [0,1]. Under
this distribution, within the support [0, 1], the PDFs are flat (f;(vy) = fs(vs) = 1) and the
CDFs are the identity function (Fp(x) = Fs(z) = ). The probability of trade, given cutoffs

rp and kg, is Ploy > k| - Plog < ks] = (1 — Kp) - ks, and the players’ valuations conditional

on agreeing to trade are I [v, | v, > kp] = H;% and E[vs | vs < k] = %

Because the distributions are linear in cutoff, ex ante utility (1.3)—(1.4) is quadratic in own

25



and partner cutoffs (and a third-order polynomial in cutoffs overall):

1+k 0+ kK
) = (5 -0 e o) (L10)
0+k 1+k

The best-response equations (1.5)—(1.6) are linear in cutoff as well:

Rp = op— +(1—oy)p (1.12)
14k
kY= ag 2b441—a9p (1.13)

This system of linear equations is then easily solved for the unique non-autarkic equilib-

rium:

e A Gl Ml i)

9 P
Ky, = T (1.14)
Qg Og aSab
G (l— %5 - %5)
kY= o . (1.15)
I

These closed-form expressions make it simpler to investigate our main question of what price
p players would prefer. While this distribution is a specific one, it serves as a useful baseline

since it has no spikes in the probability of specific valuations within the distribution.

1.4 Compensation in the Partnership

With equilibrium behavior established, we now turn to our motivating question: under what
circumstances would individuals in this model prefer to forgo money, and instead help each

other for free?

26



Define the value of the partnership to a player b or s, given price p, to be her ex ante

utility given (non-autarkic) equilibrium cutoffs:

Wi (p) = Uy (k3 (p) , £5(p) ; p) (1.16)

Ws(p) = Us (k5 (p) , w5 (p) ;D) - (1.17)

The term p appears as an explicit argument here to emphasize that utility and strategies
depend on price. These expressions also depend implicitly on altruism parameters; when

useful we will make this dependence explicit by writing the value of the partnership as

W; (p; c%',aj) (for 7,7 € {b, s}).

In order to understand when W;(p) is maximized at p = 0 and when at a positive p, we
examine its local behavior around p = 0. Define the marginal value of compensation
as dip‘pzo W; (p; ai,aj> = Wz'/ (O; ai,ozj>, for i € {b,s}. If WZ-’(O) > 0, then ¢ would prefer
a price higher than p. If WZ' (0) < 0, then a small increase in price would make ¢ worse off,

implying that p = 0 is a local maximum (and possibly a global maximum as well).

When is the marginal value of compensation negative, and when is it positive? Using the
model with generally distributed valuations, we can answer this question definitively for the

seller and give sufficient conditions for it to be determinable for buyer.

Proposition 1.8 (Marginal Value of Compensation to Seller and Buyer).

For the seller:
e W.(0;as,ap) > 0 for all parameter values as, oy, € [0, 1].
For the buyer:

o Wé(O; ap, as) > 0 for as sufficiently close to 0, with strict inequality if fs(0) > 0.
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o Wé(();ab,ozs) < 0 for ag = 1 and ap = 0, if the valuation distributions satisfy the

following condition:

) (B, [0p])? < 1. (1.18)

The proof appears in Appendix A.1. These results rest on the interplay of two forces: an
inframarginal effect from changing the transfer for trades that already take place, and a

marginal effect from driving more or fewer trades.

For the seller, both effects push in the same direction, to increase utility. The inframarginal
effect of a higher price is beneficial to the seller, since although she may have some altruism,
she still prefers to receive more money; the marginal effect is to deter low-benefit buyers

from trading (these are the lowest-value trades for the seller).

For the buyer, the two forces work in opposition, which is why the slope Wb'(()) is ambiguous.
When ag = 0, the seller’s cutoff is simply k% = p, implying that literally no sellers would be
willing to sell at p = 0. Because of this, the inframarginal effect to the buyer is zero, while
the marginal effect is to induce some (low-cost) sellers to sell. So, when facing a selfish seller,

the buyer unambiguously prefers a higher price over a zero price.

But the buyer’s calculation changes when «y is large (i.e. close to 1). With this much
altruism, some low-cost sellers are willing to trade even with no compensation. This makes
the inframarginal effect harmful to the buyer, since she has to pay a higher price in the
positive-probability event that the seller sells. In contrast, the marginal effect helps the
buyer by drawing in additional sellers. Inequality (1.18) is satisfied when the inframarginal

effect wins out.

Proposition 1.8 leaves ambiguous the buyer’s marginal value of compensation in interme-

diate cases. However, under uniformly distributed valuations, we can fully characterize its
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sign.

Proposition 1.9 (Marginal Value of Compensation under Uniform Valuations).

Suppose vy, vs ~ Unif [0, 1]. For the seller:
o Wlp;as,ap) >0, unless ay = ag = 1, in which case Wi(p; as,ap) = 0.
For the buyer, there exists an altruism threshold function (y(-) such that
o Wé(O;ab,as) <0 if ag > % and ap < (las),
o W/(0; ap, 5) = 0 if ag > % and ap = (p(as), and
o Wé(O;ab,OzS) >0 if ag < %, or if ag > % and ap > (las).
This altruism threshold function (p(-) is increasing in its argument, from Q},(%) =0 to
G(1) = 1.

The proof appears in Appendix A.1, as does the buyer’s threshold function (j(-) (A.18). The

proof makes use of the closed-form equilibrium solution (1.14)—(1.15).

Figure 1 illustrates the region in («y, as)-space for which the buyer’s marginal value of
compensation Wb'(p; oy, as) is negative. The boundary between the positive and negative

regions is the curve given by oy, = (p(as).

Taken together, these results imply that if two friends have chosen to forgo money while
knowing their buyer/seller role, this choice was not motivated by their altruism. Although
higher altruism does reduce the weight of money in the players’ preferences, it still matters to
them (except in the extreme case where they are completely selfless, with o = ag = 1). Even
with some altruism, the seller still prefers to receive more, and the buyer would only forgo
money (giving herself a discount) if she were sufficiently selfish and were taking advantage

of a particularly altruistic seller.

29



Sign of Wy (p; ap, ts) at p =0
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Figure 1: Altruism parameters in the blue region give rise to a negative marginal value of
compensation to the buyer, i.e. W}(0;ap, as) < 0. In this region of parameters, p = 0 is a
local max to the buyer’s value of the partnership. This region is characterized by a highly
altruistic seller and a relatively selfish buyer, with o < (p(a).

1.5 A Partnership with Random Roles

1.5.1 Motiwation and Setup

In the previous section, we studied a partnership with fixed roles, where two individuals do
not know their cost and benefit from a service, but do know who is providing it and who is
enjoying it. However, many real-life relationships work differently, particularly those where
people provide favors to each other without paying. Friends recognize that they might be
called upon to help each other out when the need arises, but in advance they may not know

who will be asking whom for help.

We therefore extend the model to describe a partnership with random roles, where the service
provision could go in either direction. The model and notation need only slight modification.
In this expanded model, there are still two individuals; we again use indices ¢ and j for them.

At the outset of their partnership, they set a price p that will be used in any future trades.
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(For now, we do not specify a mechanism for choosing this price; we simply study their

induced preferences over it.)

In this version of the model, the two players do not have fixed roles. Instead, they are
randomly assigned the roles, with one becoming the buyer and the other the seller. Because
of this, the role assignments are common knowledge. With these roles known, the two then
play the previously-specified partnership game: they draw their valuations from distributions

Fy and Fy, and then decide whether to trade.

We define the value of the partnership with random roles as the expectation across the two
roles (b and s) of the fixed-role value of the partnership. That is, to a player i, the value

is
1 1
W<p; aiaaj> =5 (p; ai>aj> +5Ws (p; O%%‘) : (1.19)

This notation has no subscript on W, because the two players, devoid of roles, are dis-
tinguished only by their altruism parameters. In the right-hand side terms, W}, (p; o, ozj)
represents the value of the partnership to a buyer when the buyer’s altruism is «; and the

seller’s is aj, and vice versa in W (p; Q;, aj>.

1.5.2  The Marginal Value of Compensation with Random Roles

The random-role marginal value of compensation for a partnership is defined in the natural
way, as W/ (p; Q;, aj). It is simply the average of the marginal value of compensation under
the two role assignments. If it is positive, it means a player would not choose to set a price
of zero, because even a marginally higher level of compensation would give her more value

in the partnership.

And indeed, the sign of the marginal value of compensation is described by similar rules to
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the buyer’s marginal value of compensation.

Proposition 1.10 (Marginal Value of Compensation with Random Roles).
If aj =0 and a; <1, then W’(O;ai,aj) > 0.

If aj =1 and a; = 0, then w' <O; Q;, &j) < 0 if the valuation distributions satisfy:

fs(Blw])  f(0)

3 (B, [0p])? < 1. (1.20)

The proof appears in Appendix A.1. Inequality (1.20) is actually the same condition that
determined when 1/(0;0,1) < 0 (inequality (1.18) from Proposition 1.8). This is because
with p = 0 and with 4 so selfish, as a seller she is never willing to trade, so W.(0;0,1) = 0.
This means that 7’s marginal value of compensation is driven entirely by her incentives when

she is assigned the role of buyer.

Proposition 1.10 signs W’(0) only in extreme cases of altruism parameters. To dig deeper,

we again turn to the uniform distribution, and assume vy, vs ~ Unif [0, 1].

Proposition 1.11 (Marginal Value of Compensation with Random Roles under Uniform
Valuations).

With random roles, there exists an altruism threshold function ((-) such that

[SV1 )

[N\

o W’(O;ai,&j) =0 a; > 5 and o; = C(aj), and
o W’(O;ai,aj) >014fa; < %, orif a; > % and o > ((aj>.
This altruism threshold function ((-) is increasing in its argument, from C (%) =0to((l)=

1.
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Sign of W'(p; s, ;) at p=10

<0

SN
T

>0

Figure 2: Altruism parameters in the blue region give rise to a negative marginal value
of compensation with random roles, i.e. W/ (0; oy, ozj> < 0. In this region of parameters,
p = 0 is a local max to i’s value of the partnership. This region is characterized by a highly

altruistic 7 and a relatively selfish ¢, with a; < ( (aj )

The proof appears in Appendix A.1 and the random-role threshold function ¢(-) is defined
in (A.19), while Figure 2 illustrates the region where W’ (0; ozi,ozj> < 0. In this region, 4
prefers a zero price over a higher one. This random-role threshold function ¢ (aj> is different
than the buyer-specific one (j(ay) from Proposition 1.9, as can be seen by comparing Figures
1 and 2. However, Propositions 1.9 and 1.11 are virtually identical, because at «; = Othe
random-role marginal value of compensation is driven by the buyer’s incentives, since a

selfish seller 7 never sells.

A natural case of interest is a partnership of equals, where the two individuals feel the same
altruism for one another. Equivalently, this could be interpreted as an externality equal to
both, rather than just preferences.% In this situation, a positive price is preferable to a zero

price.

Lemma 1.12 (Marginal Value of Compensation under Equal Altruism and Uniform Valu-

6. This equal-altruism assumption and externality interpretation is the approach taken by Bhaskar and
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ations).
Suppose vy, vs ~ Unif [0,1]. If a; = aj, then w! <0; «;, aj> > 0, with strict inequality except

at aj = a5 = L.

The proof appears in Appendix A.1. It shows that that if a; = «a; for a; € [%, 1], then
C(aj> < «;. By Proposition 1.11, this implies that o; is in the “W/(0) > 0” region of Figure

2 , so the marginal value of compensation is nonnegative.

The implication of Lemma 1.12 is that in a truly equal partnership, where both parties have
the same altruism, neither would prefer to forgo money. Each player is equally likely to be
paying and receiving p, so the inframarginal effects cancel out between the two roles, and
what remains is the marginal effect, that having a higher price than zero incentivizes more

welfare-improving trades.

These results give us basic insight into how different altruism types differ in their preference

for compensation.

Corollary 1.13 (Relative Sign of Marginal Value of Compensation).
Suppose vy, vs ~ Unif[0,1]. If ayr and ag are two values for i’s altruism that satisfy

af, < agy, then:
o [f W’(O;aL, aj> > 0, then W' (0; aH,aj> > 0.
o [If W’(O;aH,aj> < 0, then W{(O; aL,aj> < 0.

The proof appears in Appendix A.1. The logic is straightforward: Proposition 1.11’s con-
dition for W/(0) = 0 is an inequality a; = ¢ <aj), and this condition is preserved if o is

increased or decreased in the appropriate direction.

As with the fixed-role analysis from Section 1.4, these results indicate that we should not

Sadler (2017), who generalize the action space

34



expect more altruistic individuals to choose to forgo money. Rather, if anything, it is the
more selfish types (low «;) who would choose to partner up without using compensation.
The model provides no support to the idea that altruists might prefer to deal without pay-

ment.
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CHAPTER 2

UNCERTAINTY IN A BILATERAL TRADING PARTNERSHIP

2.1 Overview of Findings with Uncertainty

In Chapter 1, we modeled a friendship as a one-time bilateral trading game with altruism,
to explore if altruists would prefer to forgo compensation, rather than set a positive price,
for services they offer each other. We found one case where a player ¢ would prefer to set a
price of zero, namely when she is sufficiently selfish relative to her partner j. In this case,
she chooses a price of zero because it lets her receive help without paying, outweighing a

smaller loss from giving help without being paid for it.

We now explore a different reason why a player might choose to set p = 0: to signal private
information. Even if, other things equal, she prefers a higher price, might she prefer a
lower one in order to convince her partner of something about herself? We consider two
possibilities of that “something”: first that she is altruistic, and second that she trusts that

her partner is altruistic.

In order to study such signaling, we need a model where there is initial uncertainty, so that
some information is private and can be signaled via the choice of price. And because this
price choice may not dispel all uncertainty, we must also introduce uncertainty into the

trading game itself.

We therefore expand Chapter 1’s model in two ways. First, we generalize the trading game
to allow players to have uncertainty about their partner’s altruism and beliefs. Second, we
augment the model with an initial period where types are drawn from a common prior and

then one player explicitly chooses a price.

This exploration yields two key results. Models such as Ellingsen and Johannesson (2011)
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and Bénabou and Tirole (2006) suggest that an individual might forgo payment in order to
signal their altruistic preferences. Our model does not support this story. The first result is
that there does not exist a separating equilibrium in which the high-altruism type chooses a
price of zero while the low-altruism type chooses some p > 0. Although there can be benefit
to convincing one’s partner that one is altruistic, the selfish type gets more benefit from this
reputation than the altruistic type, and so would mimic her; this separation therefore cannot

be supported in equilibrium.

The second result concerns signaling trust. In a version of the model with correlated types—
where different types hold different beliefs about their partner—there can exist a separating
equilibrium where some types select p = 0, and in so doing signal that they trust that their

partner is altruistic.

The separation works because altruism and trust can serve as a substitute for compensation,
allowing people to offer mutual help. Someone who trusts her partner benefits from con-
vincing her of this fact, so they can coordinate on a higher level mutual help. But someone
who doubts her partner’s altruism does not see much benefit in appearing to be trusting,
since she knows that selfish people’s actions are not very responsive to their beliefs about
their partner. When this coordination benefit to the trusting type is high enough, it can
outweigh the benefits from an efficient price seen in Chapter 1, and allow the more-trusting
type to separate by choosing p = 0. However, to support it, this separating equilibrium
requires quite extreme parameters, such as the more-trusting type assigning a probability of
995 that her partner is altruistic, while the less-trusting type assigns a probability of only

.005 to this event.

Altogether, the model suggests that to the extent to which friendship is about mutually-
beneficial transactions with one’s friends, our forgoing of payment is not about signaling
how much we care, but might be about signaling how much we trust that our friends care

about us.
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2.2 Setup of Model with Uncertainty

This model depicts two friends who help each other out, either for free or for a price. Formally,
there are two individuals with altruistic preferences towards each other. The model is an
extension of the one from Chapter 1, augmented to give players private information about
altruistic preferences, and with an explicit pre-period of choosing the price p before they

trade trading.
We refer to the two individuals as 1 and 2, and use indices i and j for them.!

They play a game with two periods. In the first period, 1 chooses and announces a price
pe P =0, 1].2 In the second period, the two play the bilateral trading game from Chapter
1, taking price p as exogenous. Throughout, each may have private information about her
altruism parameter, which we refer to as her type. They draw these types from a joint prior
distribution 7 before the start of the game. After 1 chooses a price p, 2 makes an inference
about 1’s type, and they play the trading game with their updated beliefs. Thus, when 1
selects a price, she influences both a payoff-relevant parameter and 2’s beliefs about her,

both of which affect equilibrium play in the trading game.

Prior Distribution of Types

Before the game begins, the two players’ altruism parameters aq, ag € [0, 1] are drawn from
a common prior distribution (a1, ag). For this model, we restrict attention to distributions
with support of at most two types. When there are multiple types, the types of 1 are written
as {L, H} and the types of 2 are written as {¢,h}. When the 1 types differ in altruism,

we assume ay, < ap, so that H consistently refers to the altruistic type and L the selfish

1. We use both notations {1,2} and {i,j} because for most but not all parts of the model, the players
are interchangeable, so the general notation helps avoid defining things twice.

2. In Section 2.6, we revise the rules so that randomly drawn player—either 1 or 2—chooses the price,
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type. We use indices 6 and ¢ to refer to types, with 6 usually referring to player 1 and ¢ to

2.3

Importantly, the two players’ types may be correlated. Thus, different types may not only
have different altruism preferences, but may also hold different beliefs about their partner
as well. A type 6 of player i, after observing this draw of type, updates her belief about her

partner j to

(6, ¢)
T f) = ,
(90 | ) Z@’ebj 7T(9, 90/)

where we have used ®; to denote j’s type space. This expression is the conditional probability

P [j’s type is ¢ | i’s type is 9], and is simply Bayes’ rule.
When we consider 2 having multiple types, we label them so h is more trusting that 1 is

altruistic; that is, we assume 7r(H ] h) > 7T(H \ f).

2.2.1 Choosing Price in Period 1

In period 1 of this game, player 1 unilaterally chooses a price p and announces it to 2. This

price will be used in period 2 when they play a bilateral trading game.”

1 chooses this price to maximize her value of the trading game in period 2. This value

rather than just 1.

3. The exposition in this section will focus on the “2 x 2”7 version on the model, where both players have
two types. It is straightforward to specialize this notation to the version with just one type, namely by
setting its prior probability to 1 and the other types’ prior probability to 0.

4. For example, if the prior distribution were

wwe a3 3]

then if 1 learns that her type is H, she would update her belief about 2’s type to be 7r(h | H) = ﬁ =.8
and (¢ | H) = 2.

5. As indicated in footnote 2, in Section 2.6 we modify the model to allow a randomly drawn player—
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Wg(p; a, i) is the payoff to type 6 from the trading game where the types’ altruism pa-
rameters are given by a = {ar,ap,ap, ap} and their period-2 beliefs are given by pu =
{0, gy ts g, s With pg(p) referring to P [j’s type is ¢ | i’s type is 0}. 1’s choice of p may
affect her payoff W (p; o, ) in two ways: directly via its first argument, and indirectly via
changing 2’s beliefs u. We derive this value below in Section 2.2.2; but for now, treat it as

an exogenous function that 1 tries to maximize by choosing p.

In period 1, player 1 may employ a pure or mixed strategy. If a type 0 plays a pure strategy,
choosing a single price, we write the strategy as pe. If she plays a mixed strategy, drawing

from a probability distribution over price p € P, we write it as 09(~), a function of price.

The equilibrium concept for period 1 is Perfect Bayesian Equilibrium. A PBE consists
of two objects that must obey two conditions. First, there is a strategy o by each type 6
of 1, describing the probability distribution with which they choose price. Second, there is
an updating rule 7r(0 | o, p) by each type ¢ of 2, describing the posterior probability that
© assigns to player 1 being type 6 after observing each price p. The two conditions these

objects must mutually satisfy are:

Incentive Compatibility by 1: For both 1 types § € ©1 = {L, H}, for all p € P,
if oe(p) > 0, then p maximizes W7 (p; o, 7(p)) 6 (2.1)

Bayes Updating by 2: For both 2 types ¢ € &9 = {{,h}, for all p € P,

0
if o (p)r (0 , en (0| p,p) = o’ (v) 7r(6 | SD) . .
9@291 (p) ( | sO) >0, then 7(6 | ¢,p) e T (1 7) (2.2)

The IC condition (2.1) dictates that each type 6 of 1 is maximizing her value, taking into

account how her choice of p may change 2’s beliefs about her. The Bayes Updating condition

either 1 or 2—to choose the price.

6. The bolded = (p) refers to the two players’ profiles of posteriors, where 2 updates after 1 has publicly
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(2.2) requires that each type of 2 update her belief following Bayes’ rule where applicable

(wherever the denominator is nonzero).

The Bayes Updating condition applies only at those p that 2 believes are played with positive
probability (i.e. played with positive probability by some type ¢’ that 2 believes is drawn
with positive plrobzaubility).7 It does not apply at every price p. Because it only constrains 2’s
beliefs after a p that is played with positive probability, PBE does not discipline beliefs after
actions that are not played in equilibrium. Still, such beliefs matter for 1’s IC condition
as threats; when 1 considers deviating to a p not in the support of her strategy o, she
forecasts what 2 will think. PBE may admit choices and beliefs that would be ruled out
by equilibrium refinements that specify what a “reasonable” out-of-equilibrium belief would
need to be. However, this makes PBE a suitable equilibrium condition for negative results: if
an outcome is ruled out as impossible under PBE, then under any sort of out-of-equilibrium

beliefs, reasonable or unreasonable, it cannot occur.

While this game may admit many equilibria of the period-1 price choice, we study on those
in which some types of 1 play p = 0 with positive probability, to understand friends’ choices

to forgo money.

2.2.2  Choosing to Trade in Period 2

The trading partnership game in period 2 progresses similarly to the one described in Section
1.2 of Chapter 1, with the modification that players’ altruism preferences are no longer
common knowledge. To account for multiple types, and to link to the period-1 p-choosing
game, we lay out the model in full here in this section. (The only new notation introduced

is u for beliefs and the use of superscripts for types.)

chosen a price p but where 1 retains her prior since she has seen no new information. That is, 7w(p) :=
({7(61£.0) . 7(0 | hop)Yocon, {m (o | L) (0 | H)}pens)

7. In this game, unlike in standard treatments of signaling games such as Sobel (2009), the updating rule
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In brief, there are two players 1 and 2, who each receive two pieces of information and then
make one decision. First, the two players are publicly randomized into roles with equal
probability, one becomes the buyer b, and the other the seller s. Each player ¢ then draws
their valuation v; of the service; to the buyer this represents their benefit from receiving
it, and to the seller, their cost of providing it. Their valuations are private information. The
players then choose their action: whether or not to agree to trade. If they both agree, then
trade takes place, with the seller providing the buyer a service, and the buyer paying the

seller p.

For most of this section, we will refer to individuals by their role (b or s) and their type 6
or ¢, rather than which player they are (1 or 2). This game is symmetric with respect to
their actual identity, so whether a particular player 7 is named 1 or 2 is not relevant at this

point.

Types and Beliefs

Prior to playing this period-2 trading game, each player learns their type, which specifies
their altruism and may convey information about their partner’s type. We write ,u(- | 8) —Oor
more compactly, pg(-)—for the belief held by a player i of type 8 about her partner j’s type.
That is,

(e | ) = pg(p) =P [j’s type is ¢ | i’s type is 0] .

As the previous section outlined, these beliefs emerge as equilibrium objects in the period-
1 game. They are formed by individuals updating from a common prior based on their

own type, and then (for 2’s belief) based on the choice of price p by 1 that she observes.

7r(¢9 | o, p) may depend on the type ¢ of 2. This situation is natural in this context, where different 2-types
begin with different information about 1; indeed it is required by Bayes’ rule at any p played by both types
L and H. However, it also allows £ and A to differ in their beliefs following an out-of-equilibrium p.
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However, it is important to calculate the value of this trading partnership game even at
out-of-equilibrium beliefs, such as those that place probability zero on player 1 being a
certain type, because the value of the partnership at these beliefs influences choices in period

1.8

We denote such a degenerate (or “pure”) belief—one that puts full probability on a type
f—as 1y. For example, if 2 holds belief 17, she is certain that 1’s type is H. Such a belief
will arise naturally after a separating equilibrium in period 1, if 2 observes 1 choosing a price

that only H would choose in equilibrium.

Valuations and Strategies

As in Chapter 1, the valuations v; are drawn from a commonly-known distribution F; with
bounded and connected support [0,1] for i € {b, s}.? For tractability, for certain results we
will specify that both valuations are distributed ~ Unif [0, 1] (unit uniform), meaning the

PDF is f(-) = fs(-) = 1 everywhere within the support [0, 1].

A strategy for a player i of type 6 is a mapping from valuation v; € [0, 1] to a probability
of agreeing to trade. As in Chapter 1, we will focus on cutoff strategies, as these are the
only ones that will be played in equilibrium. A cutoff strategy is characterized by a cutoff
valuation Ii? € supp(F;). A buyer of type 6 who plays cutoff /{2 will agree to buy when

vp < Hg, while a seller of type ¢ who plays cutoff k% will agree to sell when vs > kY.

8. For this reason, we keep the notation p for an arbitrary belief, and 7 for beliefs derived from updating
through the game.

9. Note that here we use index 7 to refer to players by their role, since the model in period 2 treats the
two players the same. The valuation and its distribution depend only on role, not on type. This model
implicitly assumes that all types of the same individual/role draw the same valuation. Since different types
of buyers, say, never interact with each other (only with the seller), there is no need to allow them to have
different valuations. On a technical level, this assumption is useful because it allows expectation operators
E,, and Eg to commute.
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Payoftfs

Each player has altruistic preferences toward her partner, caring about her own and her
partner’s material payoff. A type 0’s altruism oy € [0, 1] is private information. If type
0 of player i experiences material payoff y;, and her partner j experiences material payoff

yj, then ’s utility is y; + agy;.

In this game, if no trade takes place, then both players’ material payoffs are zero, and since
0+ apy -0 =0, they get zero utility as well. If trade takes place at price p, with buyer and
seller valuations v;, and vg respectively, then their material payoffs are v, — p and vg + p.
Thus, if trade takes place between a buyer of type 6 and a seller of type ¢, their (ex-post)

utilities are

u vy, vs) = ( vy — p) + ag(—vs + p)

uf(v& vp) = (—vs +p) + 04<p( vp — D).

Players choose whether to trade in order to maximize their (interim) expected wutility,
taking expectations of their partner’s type and valuation. Suppose the buyer is type 6 and

the seller is type ¢. Then, when both players employ cutoff strategies, their interim utilities

are
s
Ug(vb, ns) == ]E@NM@ /O ug(vb, Us) dFs(Us) (23)
i 1
US (vs, kp) = EQNN@ /9 uf (vs,vp) dFy(vp) | (2.4)
Ry

where kg is the profile {nf}we@ of cutoffs for the seller types, and similarly &, is the profile

{/{2}96@ of the buyer types’ cutoff.
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Working backwards, before the buyer and seller learn their valuations, but after they learn
their roles as buyer and seller, their ex ante expected wutilities, given their cutoffs,

are

&
—~
=%

<
&
V)
~—
I

1 1 4 i
[ Uit ms)dEyfwy =1/;E@NMQL£ (13, 05 )ALy () | AFy ()
K K

mf Ii;p 1 i
us </€f,l€b) :/O UZ (vs, kp)dFs(vs) :/O Egp,, [/Guf(vs,vb)de(vb) dFs(vs).(2.5)
Ry i

Although this notation has many superscripts, this ex ante expected utility is a straightfor-
ward extension of (1.3)—(1.4) from Chapter 1, expanded to simply take expectations over

one’s partner’s type.

Given that all types play (non-autarkic) equilibrium cutoffs (as described in Section 2.3
below), the (fized role) value of the partnership to the buyer or seller is simply expected

ex ante utility:

W) = uf (v () 51(0) :p)

WS (p) =Us (ﬁf*(p)afi?;(p) ;p> : (2.6)

where the starred cutoffs k* and cutoff profiles £* (in bold) are understood as equilibrium
functions of p. These cutoffs x, and hence these values W, also depend implicitly on the

vectors of altruism a and beliefs p of all types.

Lastly, working backwards to the beginning of period 2, define the (random role) value

of the partnership as

1 1
W (p;a, ) = Qng(p; o, p) + EWf(p; o, ).
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This expression Wa() is the value of the partnership game in period 2, and it is the objective

in period 1, when choosing the price.

Having derived the value of the partnership game in period 2, we have now completed the
definition of the game with uncertainty. We now describe equilibrium of this game and study

its implications.
2.3 Equilibrium Behavior

2.3.1 Equilibrium in the Partnership with Uncertainty

Some features of equilibrium are the same with this generalized game as for the trading
game in Chapter 1. For one, in any equilibrium in which trade occurs, players employ cutoff

strategies.

To extend the definitions from Section 1.3, we define a strategy profile as autarkic if trade
occurs with zero probability (for all type realizations), and as non-autarkic if trade takes

place with positive probability for at least some type realizations.
Equilibrium cutoffs are governed by a similar set of equations to (1.5)—(1.6):

Proposition 2.1 (Non-Autarkic Equilibrium Cutoffs).

A profile of interior cutoffs (Ky, ks) forms a non-autarkic equilibrium if they satisfy

@
B g {foﬁs vs dF. s(Us)]

kW=(1-a ay - .
p=1—ag)p+ay - {Fs (/{f)} (2.7)
Egp, {f,{lg Up de(“b)}
kL = (1 —ayu)p+ap- (2.8)

Egop, {1 - Fb(ng)]
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for all buyer types 6 and all seller types .

The proof appears in Appendix A.2. It follows the same reasoning as the proof of Proposition
1.1: preferences are linear, so the expected value of trading moves monotonically with one’s
own value. A seller will choose to trade when her cost is low enough to make this value

nonnegative, and a buyer when her benefit is high enough.

Remark 2.2 (Best-Response Equations with Expectations Conditional on Trading).
These equilibrium equations can be understood more clearly in terms of posterior beliefs about
partner type, updating on the fact that one’s partner being willing to trade. Equilibrium

equations (2.7)—(2.8) can be written as

Hg =(1—ag)p+ag-BEp~py, [IE [vs | v < /fg} | s agrees to tmde} (2.9)

kL = (1—ap)p+ap- Eomp, []E [Ub | vp > mf] | b agrees to tmde} : (2.10)

In these expressions, the inner E|-| takes expectations over the partner’s valuation, and the
outer over her expected type, both conditional on her agreeing to trade. As an example of
this outer type updating, if H trades with high probability and L with low probability, then ¢

should update her belief from u(H | 90) to a higher posterior ,u(H | v, 1 agrees to tmde).lo

When a player draws a valuation exactly equal to the above cutoff (2.9) or (2.10), it makes her
indifferent to trading. She takes into account the fact that, if her decision to trade matters
at all, then her partner must have agreed to trade as well; she takes expectations accordingly.

In other words, the best response is the cutoff for which, if i’s valuation equals the cutoff,

10. The precise posteriors take the following form: for a buyer of type 6 and seller of type ¢, these Bayesian
posteriors (conditional on one’s partner agreeing to trade) are

w(@1)- (1= F(xf))

Yoeon(t' ) (1-F(s))

(e 6) - (Fs(r8))
REVICIDRACS

w(p | 0, trade) = (6 | ¢, trade) =
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her expected interim expected utility is zero, conditional on j wishing to trade.

Equations (2.9)~(2.10) show the best response is a cutoff that is an altruism-weighted aver-
age of the price and one’s partner’s expected valuation, conditional on the partner wishing to
trade. This is the same message as equations (1.7)—(1.8) from Chapter 1 without type uncer-

tainty, only now with a more nuanced understanding of that expectation and conditioning.
Equilibrium existence remains straightforward in this model with uncertainty:

Proposition 2.3 (Equilibrium Existence with Uncertainty).

An autarkic equilibrium exists for any parameter values.
A non-autarkic equilibrium exists if 0 < p < 1, or if ag > 0 for all types.

The proof appears in Appendix A.2. This result is analogous to the existence part of Propo-

sition 1.3, and its proof runs along the same lines.

Although equilibrium existence is easy to prove, compared to Chapter 1, here with multiple
types, it is more difficult to prove the uniqueness of non-autarkic equilibrium. While it
appears true that there are never multiple non-autarkic equilibria to the trading game—all
parameters tested return a unique non-spurious solution to the equilibrium equations—it
remains unproven. The issue is that the best-response mapping is not a contraction—even
in the simple case where valuations are distributed unit-uniformly—so standard tools like
the Contraction Mapping Theorem cannot be applied.11 Still, it may be possible to prove

uniqueness using other approaches.

11. For example, with unit-uniformly distributed valuations and with two types {L, H} of seller, it can be

dry _ o, (L) . . . .
| o= T2 WH) This expression is negative and

can have arbitrarily high magnitude, if b’s belief y puts sufficient weight on L relative to H. One the other
hand, it can be shown the each player # has best-response cutoff with slope of less than their altruism ag,
which is < 1. However, the Contraction Mapping Theorem (Stokey and Lucas, 1989) requires not just that
the best-response mapping have a slope of < 1 (the “discounting condition”), but that it also have slope of
> 0 (the “monotonicity” condition).

shown that at k% = 0 buyer’s best response cutoff is
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2.3.2  Solving for Equilibrium

We solve for a non-autarkic equilibrium by finding a solution to the best-response equations
in which all cutoffs are in [0, 1], assuming that valuations are unit-uniformly distributed. In
general, we solve it with a computer algebra system. The system of equations to be solved

is the unit-uniform version of (2.7)-(2.8), for all types 6 and ¢:

S pplp) - L
k= (1—ag) p+ay Z:M:@) 7 2 (2.11)
1—|-f<;f
k= (1—ay) Sotp0) (= K)) - = (2.12)

After cross-multiplying the denominators, this is a system of third-order polynomials. In
simple cases, it can be solved in closed form by hand, such as the 2 x 1 environment (i.e.
two types of one player, one of the other) with degenerate beliefs,12 or even in the 2 x 2

environment when altruism parameters are set to 0 or 1.13

For this paper, the equilibrium equations in more complex cases were solved to give exact
solutions using Mathematica 11.3. With p left as a variable, the 2 x 2 system of equations
tends to be solved on the order of minutes if the several of the parameters are specified (e.g.
particular values pre-filled in for the most of the terms ay and p(p)), while the solver does

not halt in less than a day if all parameters were left arbitrary (in the full 2 x 2 model).

12. Suppose that 2 has belief us(H) = 1 about 1’s type. (This would occur if, in period 1, 2 inferred 1’s
type after observing a p that only H would choose.) In this case, to solve we apply 1 x 1 equilibrium solution
(1.14)—(1.15) to cutoffs of H and 2, who are certain that they’re facing one another. Then, we apply best
response equations (1.12)—(1.13) to calculate how L responds to 2. The resulting equilibrium is

GH . QHO2 — 2pagan — 2pag + 4p W2 2(—a2 + pagas + paz — 2p)
b agog — 4 s gl — 4

WL _aLos — plap + ag)ag — 2pag, + 4p
b agoag —4 '

13. For special cases of the 2 x 2 equilibrium solution, see footnotes 21 and 22 in Section 2.6.2, and the
proof of Proposition 2.7 in Appendix A.2.
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When the solver does return an answer, it is an exact, closed-form solution, not a numerical

approximation, though it is usually extremely long.

2.4 Price Choice with No Type Uncertainty (1 x 1)

With the model now established, we now explore its implications, to determine when someone
would choose a price of zero in period 1. We start with the simplest case, the 1 x 1 game,
with just one type of each player. In this setup, each player’s altruism parameter is common
knowledge. To be concrete, we further specialize to the case where valuations are distributed

Unit-Uniform, i.e. vy, vg ~ Unif [0, 1].

The result here follows straightforwardly from the results of Chapter 1. There, we derived
equilibrium behavior and values with common-knowledge types for what we now call the
period-2 trading game: equations (1.14)-(1.15) give equilibrium cutoffs (once roles have
been assigned), equation (A.20) characterizes the value of the patnership W(p; a;, ozj> in
closed-form, and Proposition 1.11 answers when the value of the partnership W(p; Q;, aj>
achieves a max (within P = [0,1]) at p = 0. Leveraging all this, solving the equilibrium
in period 1, in which 1 chooses a price p, is simple. In short, she chooses the price that
maximizes the value of the partnership. Therefore, the situations when she would choose

p = 0 closely follow the results of Proposition 1.11:

Proposition 2.4 (1 x 1 Equilibrium p Choice).
Let the valuations be distributed ~ Unif [0,1]. In the 1 X 1 game, there ezists an altruism

threshold function ((-) such that it is a PBE for 1 to choose p1 = 0 if ag > % and o < ((a9).

This altruism threshold function ((-) is increasing in its argument, from ¢ <%> =0to((l)=

1.

The proof appears in Appendix A.2.
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This threshold function ((-), given in equation (A.22), is the same formula as (A.19), given in
the proof of Proposition 1.11. Proposition 2.4 works because p; = 0 is an equilibrium choice
precisely when it is a max of 1’s value of the trading game. This value of the partnership
W (p; a1, a2) is quadratic in p and symmetric about p = %, so when it has 0 as a local max
in P = [0, 1], it has zero as a global max in P as well. Note, however, that p = 1 is equally

well a max, and so choosing that price would be an equilibrium just the same.

Figure 2 illustrates the region of altruism parameters where W' (0; aq, ag) < 0, i.e. for which

p =0 is a max of W (p; a1, a9); the boundary of the region is the curve ay = ((«9).

Proposition 2.4 tells us that while there are some situations where 1 would choose p; = 0,
these situations involve 1 being much more selfish than her partner 2. As in Chapter 1 the
logic is that in these situations, 1 recognizes that since she is selfish, for most trades that
occur, she will be playing the role of the buyer, and so she chooses a price of zero to enjoy

a free services from 2 in these cases.

2.5 Price Choice with First-Order Uncertainty (2 x 1)

We now turn to the simplest case of incomplete information: where one player’s altruism is
private information, and the other’s is common knowledge. In this setup, 1 has two possible
types—L for low altruism and H for high altruism, with o < apy—and 2 has just one

type.14

Now that we have an environment with private information that might be signaled, we use
it to test our question of interest: can the forgoing of compensation serve as a signal of what
sort of partnership the two individuals are engaged in? To make this question theoretically
concrete, we ask if there exists an equilibrium under which someone chooses not to use

compensation, and in so doing, signals that they have high altruism.

14. This is known as “first-order” uncertainty, because while 2 is uncertain of 1’s altruism, no one has
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This question is in line with explanations like that of Bénabou and Tirole (2006) and Ellingsen
and Johannesson (2011), where an agent sacrifices receiving compensation in order to prove
their type (as altruistic or pro-social). But unlike those papers, here our answer is no — our

model does not admit such a signaling equilibrium.

Instead, we find a result like that in the environment without uncertainty (i.e. the 1 x 1
game). In that setup, Proposition 2.4 showed that lower altruism of 1 is associated with
choosing p = 0 in period 1, under equilibrium. Here, with uncertainty about 1’s type, a

similar lesson emerges.

Proposition 2.5 (2 x 1 — No separating equilibrium where only H chooses p = 0).
Let the valuations be distributed ~ Unif [0, 1]. Suppose there are two types of 1 with ay, < ag

and one type of 2.

Then, there does not exist a Perfect Bayesian Equilibrium where only H chooses a price of
zero, and where only L chooses some price p > 0. That is, there does not exist a PBE where

o (0) > 0 and o*(0) = 0, and where for some p > 0, o%(p) > 0 and o™ (p) = 0.
The proof appears in Appendix A.2.

Proposition 2.5 answers the question of whether choosing price zero could signal high al-
truism; the answer is that it cannot. The reason is that, roughly speaking, if parameters
are such that the high-altruism type H gains from choosing a price of zero and getting a
high reputation, then the low-altruism type L has even more to gain from such a reputation.
If such a strategy profile were to constitute an equilibrium, incentive compatibility would
demand that L prefer not to switch to price zero and high reputation 1z, from some p
carrying low reputation 1;. This switch would lead to lower material utility for 2, since
fewer welfare-enhancing trades would take place. But L has less altruism than H, and so

cares less about 2’s material utility, meaning that the gain from switching to p = 0 from
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Figure 3: The value of the partnership to each type of 1, given parameter values aj =
d,ag = .2,ap = .8, under low and high (pure) reputations 1 and 1. The curves show
that an equilibrium cannot be supported where only H chooses price zero: if so, then Bayes
rule for 2 would imply that 7T(H |p= 0) = 1 (2 infers the high type after seeing p = 0). But

then L prefers to set p = 0 as well, since WL (0 | ]lH) > wk (}3 | ]lL) for all p > 0.

some higher price would be greater for L than for H. Thus, if H does not want to choose
some higher p, L wouldn’t want to either, and so this supposed equilibrium would actually

break someone’s Incentive Compatibility condition.

Figure 3 illustrates values We(p) in one situation where incentive compatibility fails for L.
It uses parameter values aj = .1,ag = .2,a9 = .8. In this case, H does prefer p = 0 with
high reputation 1 over p = % with low reputation. That is, W# (0 | ]lH) > WH(% | ]lL).
However, separation is not incentive-compatible, because if choosing p = 0 garners reputation
17, then L wants to choose it too: WL (0]1g) > wik (p|1p) for all p. Proposition 2.5
proves that such a separating equilibrium can never occur, and these parameters illustrate

one example of that.

A consequence of Proposition 2.5 is that if equilibrium does involve separation at p = 0,
it cannot involve the high type forgoing compensation with the low type insisting on it.
Rather, it would have to be the low type forgoing money (for reasons articulated in Section
2.4 — to give herself a discount). The following strategy profile gives an example of this

separation:

higher-order uncertainty about 2’s belief. We explore second-order uncertainty in Section 2.6.
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Figure 4: The value of the partnership to each type of of 1, given parameter values oy =
d,ag = .5, a9 = .8 from Example 2.6, under low and high (pure) reputations 1, and 1.
The curves show that there exists an equilibrium with pL =0 and pH =.5. While L prefers
a price of 0 even at her true reputation 1, H is sufficiently altruistic that she prefers to set
a price of .5 instead.

Example 2.6 (2 x 1 Separating Equilibrium with pl = 0).

With parameter values

ap, = .1 n(L)=.5
ag =.5 n(H)= .5,
a9 = .8

there exists a separating 2 X 1 equilibrium in which the 1-types’ price choices and 2’s updating

rules are

k=0 w(H|p#.5)=0

p =5 7(H|p=5)=1.

Figure 4 illustrates this situation. To see that incentive compatibility does hold (at one pair of
actions, 0 and %), check that WH (0]1y) < wH <% | ]lH> and WE (0]1y) > wl <% | 1H>-
As in Chapter 1’s 1 x 1 example, here L prefers p = 0 because it enables her to pay less

when she is the buyer, but H, with a higher altruism, does not share this predilection.
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Figure 5: The value of the partnership to each type of of 1, given parameter values aj =
d,ag = 5,as = .5, under neutral reputation 7(L) = n(H) = % Both peak at p = %,
and since in equilibrium 2’s keeps her belief no matter what she observes, it is Incentive
Compatibility for both types of 1 to simply play p = % to maximize their value from the
game.

At some parameter values, there also exist pooling equilibria, in which both types choose
p = % (see Figure 5) or both choose p = 0. However, thanks to Proposition 2.5, we know
that if they separate, it cannot be with o7 (0) > 0 = ¢¥(0). While a 2 x 1 setup may admit

several different sorts of equilibrium, none involve the altruistic type separating by choosing

a price of zero.

2.6 Price Choice with Second-Order Uncertainty (2 x 2)

In Sections 2.4 and 2.5, we explored the idea that friendship is about caring. We sought
to understand why someone might choose to forgo using compensation with her friend, and
with Propositions 2.4 and 2.5, we established that being more altruistic is not a viable

explanation, nor is wanting to signal one’s altruism.

However, friendship is about more than being altruistic. In this section, we explore further
potential signaling motives that might lead someone to forgo compensation. In particular, we
consider another important aspect to friendship: trust, where friends know they can count
on each other to act in their interests. We now embellish the model slightly to determine if

trust can explain friends forgoing compensation.
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To address this question, we incorporate higher-order uncertainty into the environment. The
individuals now differ not just in altruism as in Section 2.5, but also in their beliefs about
each other. We call a type more trusting if she has a higher belief that her partner is
the high type, a term we will use to refer to either the more altruistic or (recursively) more

trusting type.1®

Higher-order uncertainty can be complicated — players have not just beliefs about their
partner’s preferences (first-order beliefs), but also beliefs about their partner’s beliefs about
their own preferences (second-order beliefs), and so on. Fortunately, high-order uncertainty
need not complicate the analysis too much: using a type-space approach (introduced by
Harsanyi (1967, 1968a,b)), we can analyze such situations while only keeping track of a few
additional variables. We simply continue referring to agents by their type 6 (e.g. L or H),
but now treat type as more general than simply a label for their altruism parameter. The
only parameter to track is a player’s belief about her partner’s type; beliefs about preferences

or beliefs—of however high an order—can be calculated as needed.

The simplest environment with interesting higher-order beliefs involves two types of each
player, where the common-prior type distribution 7 involves correlation between types. In
such an environment, we study the question: do there exist equilibria in which the more
optimistic type chooses to forgo compensation (i.e. selects p = 0) in period 1, due to a

signaling motive?

The answer turns out to be yes: a trusting player j benefits from persuading her partner
1 of this trust, while a less-trusting ;7 does not. These differential benefits from having a
trusting reputation drive the possibility of a separating equilibrium, in which the trusting

type chooses to forgo compensation to send a costly signal of her trust.

The logic behind these motives as follows. If j believes that her partner i is altruistic, she

15. We call this “trust” because the more j cares about i, the more in line with ¢’s preferences her actions
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finds it useful to persuade ¢ that she is trusting. This is because strategies are strategic
complements when players are altruistic: e.g. if 7 believes j will request a favor only when
the benefit is high, then an altruistic ¢ will be more willing to provide favors even at high cost.
However, a selfish ¢’s strategy is not very responsive to what she believes 7 will do; rather, in
determining her strategy she puts most weight on the price and little on j’s action. Because
a trusting 5 does believe that i is altruistic, she is willing to make sacrifices to persuade her
of this trust; on the other hand, a less-trusting j doesn’t see much benefit from such costly

signaling. Thus, they can separate in equilibrium.

However, this trust-signaling channel is quite weak compared to the classical benefits of an
optimal price. In order for this channel to drive an equilibrium where the trusting type
forgoes compensation. it is necessary for types to differ sufficiently in their preferences and
beliefs. For instance, in Example 2.8, the high type has altruism above 1 — ¢, while the low

type has altruism of less than e, with ¢ < .005.

In this section, once we have established that it is possible for one player to forgo compen-
sation as a signal of trust, we also use the model to explore whether both sides could choose
to forgo compensation. In a 1 x 1 environment, this was not possible; at most one player
would want to choose to forgo compensation. It will turn out, again, that here the answer

is yes, it is now possible.

2.6.1 Setup for 2 x 2 Environment

This version of the model uses two types for each player. Player 1’s types are called {L, H}
and player 2’s are called {¢,h}. We assume that ay < ay (H is more altruistic) and that

m(H |¢) < «(H | h) (his more trusting that 1 is altruistic).!0 We do not take a stand

will be. So, when i trusts that j is the high type, she trusts that j will take actions more in line with ’s
interests.

16. The assumption 7(H | ¢) < w(H | h) implies that w(h| L) < w(h | H), ie. the altruistic 1 (type
H) has a higher belief that she is facing a trusting 2 (type h). This is because w(H |{) < n(H | h) <
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on whether ay < a4, meaning that the more-trusting type h may be either more or less

altruistic than the less-trusting /.

In this analysis, we modify the model slightly, in that we now allow either player to choose
the price in period 1. As before, one player unilaterally gets to choose the price p, which
will then be fixed for trading in period 2; however rather than assume that it is player 1
who gets to choose, we now allow that either player may choose. Formally, assume that a
random public draw determines which player choose the price p. We continue to refer to the
price chosen by a player of type 6—if she were the one to choose—as p9 if a pure strategy
and as o? if a mixed strategy.}” Thus, we can refer to both players’ strategy of price choice,

even though ex post only one of them gets to actualize that choice.

2.6.2 Choosing p =0 as a Signal of Trust

Proposition 2.5 indicates that choosing to forgo compensation cannot in equilibrium signal
altruism towards one’s partner. However, here we show that such a choice can signal trust in
one’s partner, while communicating nothing about one’s altruism. Proposition 2.7 demon-
strates that there does exist a Perfect Bayesian equilibrium in which there is separation
between two types, ¢ and h, who differ in their trust in 1’s altruism, with the more trusting

type h choosing ph = 0 and the less trusting type ¢ choosing pg = %:

Proposition 2.7 (2 x 2 — Signaling trust with p = 0).
Let the valuations be distributed ~ Unif [0, 1], and suppose there are two types on each side,

{L,H} for 1 and {{,h} for 2.

= H,Tz()IiQL,é) <x Hj;l()ﬁ’:()Lh) (h being more trusting) requires that :((IEZ)) > 7;((155))

gives :((ZZ)) > :((i};)) (H has higher belief than L that she is facing h).

; rearranging this inequality

17. We make this change because of both notation and content. For notation, this allows us to ask what
price the types of 2 would choose; having the model let 2 be a chooser lets us keep referring to the selfish
and altruistic types of 1 as L and H, while using ¢ and h to rerer to the less- and more-trusting types of 2,
For content, we study in Proposition 2.9 situations where either player would choose p = 0; for this to be
meaningful, we need a model where the price choice is defined for either player.
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Then there exists a specification of altruism parameters o and prior distribution w(-) in

which

e H is more altruistic than L, i.e. af > oy, and

e h is more trusting than ¢, i.e. 7T(H \ h) > 7T(H | 6), but also

e h and ¢ have the same altruism preferences, i.e. o, = ay,
such that there exists a Perfect Bayesian Equilibrium in which ph =0 and pg > 0.
The proof appears in Appendix A.2, spelled out in Example 2.8:

Example 2.8 (2 x 2 Separating Equilibrium).

When parameters ac and type distribution m are given by

ar =0
apg = o w(L,0) w(L,h) _ (1—¢e)(1—1) eY
a =1 7(H,0) m(H,h) e(l—4) (1—e)y
Oéh:1

for sufficiently small € > 0 and for any 1p € (0, 1), so that the period-1 beliefs held by the two

types of 2 are

there exists a separating 2 X 2 equilibrium in which 2’s price choices and 1’s updating rules
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are.

The proof of Proposition 2.7 establishes that h gets a utility boost by persuading 1 of her
trust (that 7r(H | h) is high), while ¢ does not get such a boost, and this difference supports

the equilibrium in which they select different prices.

To understand the result, consider the the two incentive compatibility conditions that must
be met for this for this separating equilibrium to hold. They ensure that neither player
wants to deviate to an alternate p’. While £’s condition is easy to satisfy, the proof focuses
on establishing that for sufficiently small ¢, the incentive compatibility condition holds for
h: Wh (O | ]lh) > Wwh (p' | ]lg) for any p’. In other words, the value of the partnership to h
is higher when she has high reputation 1;—even at price p = 0—than with low reputation
¢ at any price p’. Thus h is willing to choose her least favorite price (zero) in order to
accrue a reputation for being trusting. Meanwhile, ¢ is near-indifferent to her reputation,
since she believes she faces a selfish L who is insensitive to her strategy, so ¢ does not find

it worthwhile to sacrifice her favorite price p = % to change her reputation.

Figure 6 shows values for the types of 2 in the ¢ > 0 case, Figure 7 shows the corresponding

strategies, and Figure 8 shows values for the extreme ¢ = 0 case.!®

The reason players prefer to choose p in this way is that when H believes she is facing a
trusting 2 (i.e. of type h), she plays cutoffs an and /-@f that are more preferable to h. A

“more preferable” cutoff is not necessarily a higher one; this depends on the price and on

18. The extreme case € = 0 is different than the limit of the € > 0 case. It features a separating equilibrium
that does not actually represent signaling, because in this case 1 is 100% certain of 2’s type, and hence is not
influencable by signaling. Still, this extreme case is worth studying because it satisfies all the same incentive-
compatibility inequalities that the small € > 0 case does, and the algebra is simpler to work through.
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Figure 6: The value of the partnership to each type of 2, given parameters from Example
2.8 with € = .005, under two possible reputations that 1 could hold: either 1; where 1 is
sure 2 is h, or 1, where 1 is sure 2 is £. They show why the separating 2 x 2 equilibrium
from Example 2.8 is Incentive Compatible. In the equilibrium, 1 infers that 2 is A if she
observes her choose price p = 0, and believes that 2 is £ otherwise. Facing this response, ¢
chooses pé = %, because she gets highest utility at p = % on either curve, and because she
does not care about influencing her reputation. Indeed, she gets nearly the same utility for
either reputation (in the W figure on the left, the blue W* ( |1 g) curve cannot even be seen

because it is covered up by the W* ( |1 h) curve on the right). On the other hand, h choose

ph = 0, because even though on either curve she gets the highest payoff at p = %, she does

better with a high reputation at 0, getting utility wh (O |1 h), than with a low reputation
anywhere else, getting at best W' (% |1 g).
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Figure 7: Strategies by all types, given parameters from Example 2.8 with ¢ = .005, under
both role assignments, and under the two possible reputations that 1 could hold: either 1y
where 1 is sure 2 is h, or 1, where 1 is sure 2 is . They show that strategies are close to
linear in p—as they would be at ¢ = 0 and as depicted in footnote 22—except at p close to
0 or 1, where ¢ infers that she likely is facing H, not L as her prior led her to believe. These
are the strategies that underlie the value of the partnership shown in Figure 6.
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Figure 8: The value of the partnership to each type of 2, given parameters from Example
2.8 with € = 0, under two possible reputations that 1 could hold: either 1; where 1 is sure 2
is h, or 1, where 1 is sure 2 is ¢. Here, the separating 2 x 2 equilibrium also obtains, though
with h totally indifferent to price because she believes that her parter is H, who is indifferent
to the size of a transfer between the two players, just like she is. As in the € > 0 case, h does
better with a high reputation 1 than a low one, though here her indifference means that it
would be no sacrifice to choose p = 0 over any other. Moreover, in no equilibrium could her
partner H adopt a belief other than 1, so h’s price choice does not affect her reputation
in any case.

one’s own cutoff. To see this laid out, take for example the role assignment with 1 as the
buyer and 2 the seller, in the case of Example 2.8 with ¢ = 0 (where h is certain that 1’s

type is H, and where ap = 1).1? In this case, h’s ex ante utility (from (2.5) and (1.11))

is

04 sl 1+ s
u?(pmf,nﬁ):<— e A N Oa

Type h’s preferred value of her partner’s cutoff mbH maximizes this utility (given that h

chooses /ﬁ? to best-respond to it), and to do so it must balance two channels. First, on

the intensive margin, a higher li{;—" means a higher average buyer valuation conditional on

. . , 1+rf! . .
buying (via increasing the term +; b = [Ub | vp > Iif } ), which h likes. But second, on

the extensive margin, a higher /@g[ entails fewer transactions taking place (via decreasing

19. While this case illustrates equilibrium motivations succinctly, these extreme believfs cannot give rise to
an equilibrium with signaling. This is because, given the common prior assumption, if 7T(H | h) = 7r(L | f) =
1, then the prior probability must include 7(H,¢) = 0, which in turn implies that 7 (h | H) = 1, so there
H’s beliefs cannot be altered by any new information.
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term (1 — KJ{;{) =1-F (/@'g{)), which % dislikes.?"

It turns out that under these parameters, h’s preferred partner cutoff to face is /-@g{ = %, and

because their preferences are completely aligned (o, = ag = 1), this is just what H chooses
in equilibrium when she believes she is facing 7.21 On the other hand, when H believes she
is facing ¢, she best-responds to ¢’s strategy of f@ﬁ = 1_+Tp by playing a different strategy:
K,i{ = 1%—_;0'22 For almost every p, this strategy fin is less preferable to h: if p < %, this /@f is
too low (H asks too many low-value favors), and if p > % it is too high (H is too reticent to

ask for high-value favors). Thus, h prefers for H believe that 1’s type is the h, the trusting

one.

In summary, when h knows she is facing H, both her interests and her information are
aligned with those of h. That makes her action more amenable to h, and thus h prefers

reputation 1 h-23

20. To be more explicit, i dislikes it when fewer transactions take place so long as she gets positive utility

h H
from the average transaction, that is, if —OJF;S 1+; b > (. This inequality always holds in equilibrium,
because every player’s first order condition is that they be indifferent to a trade at their partner’s average
valuation and their own marginal one (cutoff), so they strictly benefit from a trade substituting their own

average valuation for their marginal one.

21. This equilibrium strategy under pgy = 1; comes from solving the first-order conditions where H and
h best-respond to one another only:

g 0+k! ho 14wl
T Ty BT Ty
1 2

22. The equilibrium under pg = pp = 1y and € = 0 comes from solving the four first-order conditions.
This can be done sequentially: (1) L is selfish, so her strategy does not depend on anyone else’s, then (2) ¢
best-responds to only L, then (3) H best-responds to ¢, and finally (4) h best-responds to H. They come
out as follows:

0 A 1 L 0 ¥ 1 H
KE=0- J;HSJrl'p K=1- an+0~p kil =1- J;HS+0~p kP =1. +2”b +0-p
1+p 0+X2 14p 14+ 42 54
— st =p W=t L = AE)

23. With parameters other than these totally altruistic preferences, there is in general a wedge between
the two players’ preferred strategy. Then, each player ¢ prefers her partner to employ a higher or lower cutoff
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2.6.3 Mutually choosing p =0 as a Signal of Trust

Thus far, any equilibrium we have seen that involves someone forgoing compensation has
featured just one individual making this choice; her partner, if given the option, would
instead prefer to set a price higher than zero. However, in the friendship situation we seek to
model, the two friends do not disagree on whether to forgo compensation. In fact, in a 2 x 2
context, there do exist equilibria in which both sides would choose to forgo money to signal
their type. This can occur when both sides feature a trusting type who is also altruistic.
Each type’s equilibrium price is defined as what they would choose, if they were selected to

name the price.

Proposition 2.9 (2 x 2 — Symmetrically signaling trust with p = 0).
Let the valuations be unit-uniformly distributed as v; ~ Unif [0, 1], and suppose there are two

types on each side, {L, H} for 1 and {{,h} for 2.
Then there exists a specification of altruism parameters ac and prior distribution m in which

e H and h are more altruistic than L and {, i.e. ap < oy, and oy, < apr, and

e H and h are more trusting than L and (, i.e. 7(H | ) < n(H | h) and w(h | L) <
m(h| H),

such that there exists a Perfect Bayesian FEquilibrium in which if 1 chooses the price, then

pL =0 and pH > 0, while if 2 chooses the price, then pf =0 and ph > 0.
The proof appears in Appendix A.2.

The proof is by construction. Example 2.10 lays out the parameters, equilibrium strategies

and updating rules, and Figure 9 shows the payoffs the players face given possible high and

depending on the price p, putting less weight on j’s transfer and valuation, and more on i’s transfer and
valuation (both of opposite sign to j’s).
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Figure 9: Payoffs associated with parameters from Example 2.10. The top two show payoffs
to L and H, the two types of 1, given low and high reputations; likewise, the bottom two
show payofts to £ and h, the two types of 2, given low and high reputations. They establish
that equilibrium strategies put forth in Example 2.10 are Incentive Compatible. For instance,
the top two show that H would prefer to choose p = 0 and garner a high reputation, rather
than choose p = % and garner a low reputation.

low reputations. This example features symmetric parameters, where swapping the players’
names does not change their altruism or beliefs (e.g. o = ay,), though this symmetry is not
strictly necessary for the result; adjusting parameters slightly would not change equilibrium
existence. As with Proposition 2.7, separation is Incentive Compatible because the high
type benefits enough from a high reputation to make the sacrifice of an more-efficient price
worthwhile, while the low type barely benefits at all from a high reputation since she believes

she faces a selfish and pessimistic partner.

Example 2.10 (2 x 2 Symmetric Separating Equilibrium).
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With (symmetric) parameter values

ar =ay = .01 ] w(L,0) 7(L,h) 495 005
an - 3

ap = aj, = .99 w(H,0) 7(H,h) 005 495

so that the period-1 beliefs of 1 if 2 chooses price, and of 2 if 1 chooses price, are

m(H | h) =n(h|h)=.99

m(H | ) ==n(h|L)=.01

there exists a pooling 2 x 2 equilibrium in which the two players’ price choices (if they get to

choose the price), and their updating rules (if their partner does) are:

H h

P = w(H Ip=0)=x(h|p=0) =1

m(H|p#0)=n(h|p#0)=0.

and

ph =" =

| = D

In the separating equilibrium the high type selects p = 0 because she gains by persuading
her partner that she is both altruistic and trusting. As with Example 2.8, the high type,
believing she is facing an altruist, gains from such a reputation, and this reputational gain
is larger than the loss from not selecting p = %, which would be her preferred price if her

reputation were fixed.

2.6.4 Putting the Trust-Signaling Results in Context

Proposition 2.7 establishes the existence of a separating equilibrium where the trusting type
signals her type by selecting p = 0, to earn a reputation as trusting. However, to understand
it in context and not overstate the findings of the model, two examples illustrate what

else could happen in this situation. They show that while the model does support the
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interpretation of forgoing compensation as trust-signaling, it is not the only possible outcome

of the model.

The fist example emphasizes that the model relies on extreme parameters for its conclusion,
but when those parameters are relaxed, the separating equilibrium no longer holds. Example
2.8 involved a large difference in altruism between the two types of 1, with ay =1 — ¢ and
ag, = ¢, as well as a large difference between beliefs held by 2, with 7T(H | h) =1—¢cand

m(H | {) = e, both assuming ¢ < .005.

Example 2.11, and Figure 10, show how with a slightly larger e, the separating equilibrium

of Example 2.8 breaks down:

Example 2.11 (2 x 2 Lack of Separating Equilibrium).

With parameter values like those of Example 2.8 but with ¢ = .01, namely

oy, = 0

ag =.99 n(L,¢) 7(L,h) 99(1—1¢) 019
and = ,

Gy = .99 W(Ha E) 7T<H7 h’) 01 (1 - 1/}) 99¢

ap =.99

for any ¢ € (0,1), so that the period-1 beliefs of 2 are

there the following profile of 2°s price choices and 1’s updating rules does not constitute a
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Figure 10: The value of the partnership to each type of 2, given parameters from Example
2.11 (where ¢ = .01), under two possible reputations that 1 could hold: either 1; where 1
is sure 2’s type is h, or 1, where 1 is sure 2’s type is . They show why the parameters
from Example 2.11 do not support a separating equilibrium. If there were a strategy and
belief profile where h was supposed to play ph = 0 and ¢ was supposed to play pé = %, then
h would do better to deviate and mimic ¢, rather than to stick with her prescribed action,

since here W <% | ]lg) > Wh(() | 1).

separating equilibrium:

= i
~

| I

N = D

The issue is that under these parameter values, it is no longer incentive compatible for
h to choose p = 0, even if this garnered reputation 1;. As Figure 10 illustrates, while
Wwh (0 | ]lh) % Wwh (O | ]lg), meaning the reputation still has positive value, now W" (O | ]lh) pe
wh (% |1 g), so it is not enough value to keep h from preferring to deviate away from a price

of zero to a price of %

The reason for this change, given the larger value of £ here than Example 2.8, is that the
value of a trusting reputation comes from strategic complementarity in cutoff strategies:
when 1 believes that 2 is trusting, then 1 plays a higher strategy because she believes that 2
is playing one as well. However, this effect is mediated by their altruism parameters which
govern how strongly each player’s best-response depends on her partner’s; as these altruism

parameters get further from 1, the effect is diminished in magnitude.
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For the second example, we show that separating is not the only Perfect Bayesian Equi-
librium. Even with the same parameter values as Example 2.8, there also exists a pooling
equilibrium, in which both types of 2 select the same price, and consequently 1 does no

updating of her prior about 2’s type, no matter what price she sees 2 choose:

Example 2.12 (2 x 2 Pooling Equilibrium).

With a particular case of the same parameter values as Example 2.6 (now setting ¢ = .005),

ar =0

am=99% n(L6) w(L.h) || 995 -(1—¢) 005 ¢
0y = 995 R(H.O) 7(HB) | | 005 (1—w) 9950 |
ay = 995

for any ¥ € (0,1), so that the period-1 beliefs of 2 are

m(H | h) =.995

m(H | ¢) = .005,

there exists a pooling 2 X 2 equilibrium in which 2’s price choices and 1’s updating rules are:

1

92 1

1 and 7r(h|p):§ Vp.
2

Figure 11 illustrates the payoffs associated with this pooling equilibrium. Since 1 will stick
to her prior w(h) = % no matter what p she observers, both ¢ and h prefer to stick to p = %,
as it gives the highest payoff at that prior reputation. In equilibrium, Bayes’ rule vindicates

1’s updating rule at p = %, and imposes no restrictions for other p since those prices are

never chosen by 2 in equilibrium.
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Figure 11: The value of the partnership to each type of 2, under a reputation that puts equal
weight on ¢ and h, for parameters in Examples 2.8 and 2.12. This pooling equilibrium is
Incentive Compatible because, given that 1 maintains her prior belief 7(h) = 7(¢) = %, both

types of 2 do best by playing ph = pé = %, as the figures show.

This pooling equilibrium leads to slightly higher payoffs to h than does the separating one,
which suggests that the signaling is inefficient. At least under these parameters, it would
be better if it weren’t necessary to sacrifice a more efficient price just to prove one’s trust.
However, if 1 expects this behavior, then it is Incentive Compatible for A to comply. The
model therefore implies that if two friends were stuck in an equilibrium where they feel the
need to forswear compensation to prove themselves, that they could do better if they could
switch to an equilibrium where no one made inferences based on anyone’s stance towards

the price for help between friends.
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CHAPTER 3
TOWARD A NEW MODEL OF FRIENDSHIP
3.1 Extensions and Further Models of Friendship

The model developed in these chapter provided one view of when friends would—and would
not—decide that the services they provide one another will be for free. The model indicates
that except in special circumstances, they would prefer to use money. Still, these conclusions
are derived in a specific environment, and because this, it would be useful to explore how
robust these conclusions are to extensions of the model. Further, the model, or one like
it, could be used to explore related questions. Here I describe several of the most valuable

potential extensions and new directions, and outline their prospects and difficulties.

Embedding in a Broader Market Environment

To focus on the incentives that arise due to trade itself, this model treats the two people
as exogenously stuck in a partnership. The participants never face a choice of whether to
commence with the partnership at all; they simply choose the terms of trade. Because they
are always free to refuse a favor, and because the outside option is 0, this assumption is

unproblematic here: they could replicate exiting by simply refusing to trade.

However, in real life, maintaining friendships takes work, and exit is an option. Chassang
(2010) explores a model where uncertainty about one’s partner’s motives can lead a rela-
tionship to unravel and the partners ultimately to exit; this model is driven by (built-in)

strategic complementarity, so if one party contributes less, the other may do so as well.

Including exit in this model might make the value of an altruistic reputation higher, even

at prices like p = % where in this model it tended to be negative. The reason is that it
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could become useful to be seen as altruistic to keep friends around. If the model included
an additional value of an altruistic or trusting reputation, then it might provide a stronger
signaling motive to forgo money. However, the results here suggest that this model might
still not explain forgoing money at reasonable parameters. A successful model would need
to explain not just why it is useful to be seen as altruistic, but why bona fide altruists get
more value from it; otherwise a separating equilibrium cannot be sustained, as the selfish
would also seek to cultivate an altruistic reputation. Proposition 2.5 suggests that, so long
as the reason to be seen as altruistic is to get more out of one’s trading partners, then selfish
people have the strongest incentive to be seen as altruistic, which would unravel any such

equilibrium.

Ezxtending the Domain P

One assumption begging to be relaxed is that price is restricted to domain p € P = [0, 1].
This restriction was set primarily for tractability, to ensure that there is zero probability that
the price will be outside the support of the buyer’s and seller’s valuations vy; and vg;, which
are distributed Unif [0,1]. In a model without altruism, this assumption would not be an
issue — selecting such an extreme price would be tantamount to choosing autarky, since either
the buyer or the seller would be guaranteed to get negative material utility. However, under
altruistic preferences, this is no longer the case, as individuals may derive positive utility
even if they get negative material utility, because they internalize some of their friend’s
material utility. The reason that restricting p € [0, 1] helps with tractability is because, in

Proposition 1.1, it guarantees that the best-response cutoff x7 is itself in [0, 1].

If p were unrestricted in R, then equations (1.5)—(1.6) would need to be modified by clipping
k7 to [0,1], i.e. by applying the function maX{O, min{1, }} to the RHS. This change would
complicate solving for equilibrium and conducting comparative statics, though it would not

make the task insurmountable.
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What would be the likely result of this analysis? First, while Proposition 1.11 on the marginal
value of compensation (defined as W’ (0 | a, aj)) would not be changed, Proposition 2.4 on
the equilibrium choice of p in the 1 x 1 game, would no longer be valid. Being a local max
would no longer imply being a local max. At p = 0 the best-response formulae, and hence
the equilibrium and the value of the partnership, would be continuous, so the left and right
derivatives of the value would be equal. Thus, if conditions were such that ¢ preferred p = 0

over p = %, then a small negative p would be even better.

This analysis demonstrates that there is nothing intrinsically special about a price of p =0
in the 1 x 1 game. If i takes advantage of j altruism, she does so by choosing an extreme
price, not so much a zero one. Either she chooses a low price (possibly negative, if available),
under which she herself will rarely be selling, and so she will benefit from this low price as

a buyer, or conversely she chooses a high price where she benefits as a seller.

An unrestricted domain for p would not change the 2 x 1 results in Section 2.5 that, a price
of zero cannot be a signal of altruism. If a particular equilibrium does not exist, because
a profitable deviation from that choice is available, then expanding the domain would not

change this fact.

But the impact on the 2 x 2 trust-signaling results of Section 2.6 remains uncertain. These
results rely on the value of reputation being so high for the high type h that an equilibrium
exists where it is not worthwhile to select a more efficient price than p = 0 if it means
giving up this reputation. With an unrestricted domain, it is possible that a very extreme
p is more attractive—even at an unfavorable reputation—unraveling the equilibrium. While
this remains an open question, it is not an unsolvable problem; the equilibrium can still be

calculated just as well, it only takes more cases to work through.
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Generalizing the Role Probabilities

In this model, when we allowed players to take on either role of buyer or seller, we did
so by assuming that the two were drawn with equal probability. This assumption was both
substantive, to model a friendship between two equals, and tactical, to make use of symmetry

to prove results.
However, real life situations could differ from this situation in two ways.

First, the role probabilities might be unbalanced. One person in the relationship would
be more likely to be in a position to provide help, and the other to need help, such as as
a senior and junior colleague. This change would tend to amplify the classical aspects of
compensation’s usefulness, and push the likely buyer to want a low price and the likely seller
to want a high one. (However, the buyer would not necessarily want p = 0, because as an

optimal monopsonist, she wants the seller to have some motivation to sell.)

Second, each individual’s role probability might be private information.! In this case, it is
plausible that one’s private information would influence her choice of price p. However, there
doesn’t seem to be a signaling rationale for this. There is no strategic rationale for (say) i to
convince j that ¢ is likely to be a seller, because once j has to take an action in the bilateral
trading game (namely, deciding whether or not to trade), j will have already observed the

role realizations.

Adjusting the Fixed-Price Mechanism

In the model, we assumed that in the period 2 bilateral trading game, there are only two

available actions—to agree or to disagree to trade. We also assumed that in period 1, the

1. There is no reason the role probabilities of the two need sum to 1 — e.g. it may be that one needs a
favor (i.e. is the buyer) but the other is utterly unable to provide it. In this way, knowing one’s own role
assignment need not provide information about one’s partner’s.
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only choices were to pick a single real number p. These assumptions restrict the players in

two ways.

First, the messaging space is very coarse. In this model, these friends care about one another’s
costs and benefits. In in real life, friends communicate not just whether their their request
is urgent enough to ask, and if their circumstances are too difficult to comply, but also
other information about their situation. For instance, when declining to provide help, we
usually give an excuse for why we don’t have the time or are why our help won’t actually
be useful, effectively arguing that our costs are high or the benefits low. (When we do this
we provide a rationale for why the trade is not so efficient, rather than admitting when
we simply do not care enough about the asker’s problem for it to be worth our while to
help.) So it makes sense to have more messages available than “yes” and “no”. Bhaskar
and Sadler (2017) build a model that pursues this avenue. There, two individuals with
altruistic preferences (or equivalently, with consumption externalities) play a variant of this
bilateral trading with p = 0, and choose which message to convey. The paper focuses on
(and proves the optimality of) “hierarchical mechanisms”, in which the messages correspond
to different intervals of valuation draws. Welfare is increasing in the number of messages
chosen in equilibrium; this immediately implies that our mechanism with two messages is

not the optimal one.2

The second restriction here is that the mechanism only lets the two individuals choose a
single price. This restriction was adopted chiefly for tractability, to draw attention towards
the strategic complementarity in generosity cutoffs and to the value of reputation. However,
even Chatterjee and Samuelson (1983), introducing and solving the bilateral trading game

(with selfish players), solved the game with strategies where price offers are increasing in

2. Their model also differs from ours in that neither player has property rights over the good or service:
if both say they value it highly, then a coin flip determines who gets it. In contrast, this paper’s bilateral
trading model gives the seller property rights (i.e. veto power): if the buyer wants the service but the seller
doesn’t want the buyer to have it, the seller “keeps” it, and no trade takes place. Interestingly, in the two-
message case (which this present paper explores), this assumption of equal property rights totally eliminates
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valuation.? And furthermore, Maskin and Tirole (1990, 1992) describe mechanism design
where an informed principal chooses the mechanism from a very general set. So there is

ample ground to study richer environments of prices between friends.

The rub is solving the thing. Although in a 1 x 1 environment (where altruism parameters
are common knowledge), it is straightforward to solve the Chatterjee and Samuelson (1983)
bilateral bargaining game with altruism and with valuations drawn from Unif [0, 1], once
there are multiple types, solving for equilibrium is not so simple. While the first-order
conditions suggest that linear strategies will solve equilibrium, they only do so locally. When
solving for the optimal inverse strategies as a function of price (what valuation a type must
have, to name a particular price), at a high enough price some types reach the end of their
valuation support, which make the posterior belief and the best-response of the “remaining”
types jump discontinuously. Patching these regions together does not seem to yield a solution.
I therefore conjecture that with multiple altruism types, this bilateral bargaining game in
general does not have an equilibrium in linear strategies. Characterizing the full set of

equilibria is an open question.

Nonetheless, a fixed price p is indeed one equilibrium of the original Chatterjee and Samuel-
son (1983) game. In addition, if in period 1, one player conveys that she will play a p-fixed-
price strategy, then it is optimal for her partner to do the same. This justifies the restriction
to fixed-price mechanism as something endogenous to the model, rather than an exogenous
restriction to the game. (However, if we took this view seriously, we would have to properly
specify the set of mechanisms from which agents could choose, since in the period-1 signal-
ing game, agents might be tempted to deviate to some non-fixed-price mechanism, and her

partner would in equilibrium infer from this choice something about her type.)

the strategic aspects: the best-response cutoff no longer depends on the opponent’s choice of cutoff.

3. See also Kucuksenel (2012) on extending some classic mechanism design to players with social prefer-
ences, albeit equal and commonly known preferences.
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Lengthening to a Repeated Trading Game

Real friends help each other out over time, not just in a one-shot bilateral trading game.
For this model, I selected a static environment because reputation plays an important role,
yet dynamic two-sided reputation models are notoriously difficult to solve (Mailath and
Samuelson, 2015). Since the main insights could be captured in a static model, there was
no need for these extra complications. Still, extending the model to multiple periods would

be interesting.

It is an open question if the mechanisms of this model would survive to a dynamic envi-
ronment, for two reasons. First, Proposition 2.7, on signaling trust in a 2 x 2 information
environment, requires the value of a high reputation (i.e. that you trust in your friend’s
altruism) being high. In a repeated game, the value of reputation may be lower, since after
observing each other’s trading behavior, players would start to infer their type anyway. For
example, in a related model of favor trading based on Abdulkadiroglu and Bagwell (2013),
Kalla (2010) shows that in a simple equilibrium, patient types separate from impatient types
at their first opportunity for providing a favor. If you will soon learn your friend’s type, then
your initial perception of her is unlikely to matter much to the friendship, so signaling is not

as valuable to her.

The second reason a dynamic model may differ from a static one is that, even with p = 0, the
opportunity to trade favors dynamically may partially replicate the impact of having prices
in the static model. This could make a reputation for altruism may be less valuable than
one for selfishness, as can occur at p = % in this model. Just as when payment is in money,
facing a more altruistic partner means that a selfish ¢ can take advantage of her kindness
by striking a harder bargain. If ¢ thinks that j will be quite generous to her regardless of
whether she is generous today, then ¢ will have a low incentive to do a favor for j. In fact,

i has diminishing returns in j’s generosity cutoff ;, because the most valuable favors to a
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generous ¢ are those that are low-cost to j. Thus, altruism introduces a natural concavity

into the returns to generosity in favor-trading models.

Adding Friction to the Means of Fxchange

In this model, payment is frictionless: a transfer at price p has the same cost to the payer
as it has benefit to the recipient; the only choice is what size that transfer should be. This
means that the model cannot address the means of payback, only the size. An extension
of this model could help explore when friends pay each other back in some other less-direct

way.

There are two types of payback worth exploring. First, the “buyer” of the service may pay
back the “seller” by being more amenable to providing a service in the future. As discussed
in the dynamics section above, this paper’s model could be extended to such a repeated
game, though the reputation dynamics would be difficult to analyze. (Such a dynamic is
at the heart of papers like Bandiera et al. (2005), exploring whether seemingly generous

behavior is in reality just a selfish response to dynamic incentives.)

The second possible generalization of payback involves a lossy transfer. This generalization
is easy to add to the model, while keeping it static. In period 1, the person choosing the
rules for period-2 bilateral trading game would pick not only a price p € P, but also a wedge
7 € T'C R. The buyer would pay p, but the seller would receive only (1 — 7)p. For instance,
a wedge set T' = {0, .13} would represent a situation where the two friends have two choices —
they could either pre-agree that transfers would use direct with money (7 = 0), or they could
pre-agree that transfers would be in-kind with goods with some deadweight loss on average
(1 = .13). I expect that a lossy transfer would function similarly to an inefficient price, so
that the analysis would reveal that in a “2 x 1”7 environment like Section 2.5, high-altruism

types would choose the more efficient means of transfer, while in a “2 x 2”7 environment,
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choosing an inefficient means of transfer could, in equilibrium, serve as a signal of altruism
and trust, if the returns from separating were high enough. Because introducing such a 7
would keep the best-response equations (1.5)—(1.6) and (2.7)—(2.8) linear in p, it would not

make the equilibrium any harder to solve.

In this way, the model could be used to investigate possible signaling motivations using for

in-kind payment, driven by a purely instrumental preference for reputation.

Broadening the Valuation Distributions

One aspect of friendship missing from this model is that it is not merely transactional, as
Sandel (2012) likes to remind us. Friends often do activities together that they both enjoy.
In the model as written, every transaction involves a cost to one party and a benefit to the
other (both buyer valuation vy and seller valuation vg are > 0). The model was built this way
built for both concordance with existing bilateral trading models, and because this makes it
unambiguous who is the buyer and who is the seller. This distinction was important because
this paper used a very simple mechanism: a fixed price p, paid from the buyer to the seller
(and it is common knowledge which plays which role), so there is never ambiguity about

who is supposed to pay whom.

Generalizing the valuation distribution to allow negative costs would let us use the model
to analyze questions such as: when friends go bowling, why doesn’t the more enthusiastic
friend pay the more reluctant one to come out? Instead, this payment may take the form of

decision rights over what activity to do next time, rather than money; why is this?

Other ways of generalizing the valuation distribution involve correlation and information. For
instance, friends sometimes pay each other for the component of their cost that is monetary
and easy to measure. For instance, might pay or reimburse for gas and snacks on a road trip

(but not pay for hassle or wear and tear on the driver’s car), or pay back for movie tickets (but
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not for the hassle of securing the tickets or organizing the outing). This could be modeled
as a cost to the seller that is partly common knowledge, and partly uncertain; the common-
knowledge component is the monetary costs incurred, while the uncertain component is the
hassle or depreciation to long-lived goods. In the model as presented here, the common
knowledge component was 0, with costs in [0, 1] added on top. However, the same analysis
of why the price is 0 might be applied to these other situations, to understand why the

explicit price is “those expenses that are measured in money”.

A second way the model could be generalized is to more directly explore different valuation
distributions, rather than assume that all valuations are distributed X unis [0,1]. This
assumption was, again, introduced for tractability — it makes the best-response functions
linear, and so it makes equilibrium easier to solve. For instance, Bhaskar and Sadler (2017)
prove various properties of a related model, with generalized valuation distributions. Not
only would this make the model more flexible, but it might introduce new dimensions of
interest. For instance, even a linear distribution introduces concavity into the value of
the trading game, as a function of the partner’s cutoff. (There are diminishing returns
because the seller performs the easy favors first.) It is possible that this concavity (possibly
stronger with some other distribution of cost or benefit valuations), combined with strategic
complementarity, could lead to a preference for ignorance. In this situation, ¢ would rather
not learn more information about j’s type (assuming that when 7 learned information, this
fact would be common knowledge). In the spirit of Dalkiran et al. (2012) and Roy (2012),
friends might prefer to leave it vague just how they feel about one another. Avoiding speaking
of prices would allow them to remain strategically ignorant, whereas if there were some

payment, there would have to be finer information about the price chosen.
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3.2 Conclusions

This paper studied a model of friendship as a bilateral trading relationship between altruists.
Although the model captures only certain aspects of friendship, it has taught us several

things.

First, in a friendship, generosity cutoffs are strategic complements (Proposition 1.5). The
model naturally gives rise to responding to kindness with kindness, without assuming a di-
rect preference for reciprocity as in models of interdependent preferences (Sobel, 2005; Falk
and Fischbacher, 2006; Gul and Pesendorfer, 2010)). Due to this strategic complementar-
ity, friends perform and request an inefficient quantity of favors; they would do better by

committing to be more generous.

Second when the two parties know each other’s preferences well, then the model does not
provide much support for friends choosing to forgo money (Propositions 1.10-1.11 and Corol-
lary 1.13). Rather, someone who cares more for her friend has a greater incentive to choose
a more efficient price (here, p = %) Only if one party is much more selfish than the other
would she prefer to operate for free, in order to mooch off her “friend” by asking a lot of

favors and not paying for them.

Third, the model does not support the idea that friends forgo money in order to signal altru-
ism. Rather (Proposition 2.5), if anything, choosing a price of zero is a signal of selfishness.
This cuts against models like Bénabou and Tirole (2006) of forgoing money to seem pro-
social. The divergent views arise because, in my model, friends are both buyers and sellers,

rather than pure sellers being nice by sacrificing reward.

Fourth on the other hand, the model does support the idea of that friends forgo money to sig-
nal trust (Proposition 2.7). Friends—those who care about each other and trust each other’s

good motives—have a comparative advantage in helping each other without money, and this
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comparative advantage gives rise to single-crossing that drives a separating equilibrium. In
this particular model, this force is much weaker than the classical benefits of an efficient
price, in that only when altruism and belief parameters are very extreme does it make the
benefits of coordination worth the costs of weak incentives. Still, at least it demonstrates it
is possible. Even so, the model does not support this interpretation very forcefully. Example
2.8 supports many other equilibria, including pooling (Example 2.12), as well as separating
equilibria where the high type chooses only a slightly less preferred price (say, .49 instead of

.50), and still signals her type.

Ultimately, while this model provides a game-theoretic explanation for why friends might
avoid money, it also provides support for the classical result, that they really ought to pay

each other. For the time being, friendship remains a puzzle for economists.
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APPENDIX A

PROOFS

A.1 Proofs for Chapter 1 on the Marginal Value of

Compensation

To assists in proofs of Propositions 1.1 and 1.3, I first establish the following Lemma about

the best-response mappings:

Lemma A.1 (Bounded Best-Response).
For any parameter values of oy, as,p € [0,01], given best-response equations (1.5)—(1.6)

(reprinted here)

K:*
S vg dFs(vs)
ki =(1—a« + « fO il 1.5
p = ( b) D+ Fo(nd) (1.5)
1
Jiox vp dFy(vp)
KE=(1—ag)p+as b, (1.6)
1- ()

e The buyer’s best-response to a seller cutoff ks is in the interval [0, 1], and is < 1 unless

ap =0 andp=1.

o The seller’s best-response to a buyer cutoff Ky is in the interval [0,1], and is > 0 unless

as =0 and p=0.

Proof of Lemma A.1 (Bounded Best-Response).
The proof proceeds by noting that each of these best-responses is a weighted average of two

quantities, and then considering what values those two can take on.

' ) ) f’i; vs dFy(vs)
To start, note (as pointed out in Remark 1.2) that the fraction #&——>-=°2 Filr)
S

s

on the right-
hand side of (1.5) is ]E[vs | vg < ,%;], the conditional expectation of vg given that vy <
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since 1ts numerator foﬁs v dFs(vg) = ]E[vs | vs < /iﬂ P [vs < /{fg] and its denominator

fﬁl* Vp de(Ub)
Fs(k}) = P[x%]. Similarly, the fraction 1”_1?7 in (1.6) is equal to ]E[vb | vp > K,Z:|,
b

Ke,
the conditional expectation of the buyer’s valuation vy given that this valuation is above the

’ *
buyer’s cutoff rj.

Each of these conditional expectations must be within support [0, 1], since they are each the

average of valuations v; in that support.

Moreover, the only way these can be at the boundary of their support is (in the limit) if the
cutoff equals that boundary value. That is, E[vs | vg < /{fg] = ]E[vs |0 <wg < /{ﬂ is > 0,
unless k5 = 0, in which case it = 0. And E[vs | vs < k%] < 1, since the highest it could
be is if kK = 1, but even then it would average realization vg = 1 as well as strictly smaller

realizations of wvs.

Similarly, E [vb | v > KZ} =E [vb | Ky <wvp < 1| is < 1, unless x; = 1, in which case it = 1.

And E[Ub | vp, > RZ] > 0 for all .

Bearing these inequalities in mind, we see that in (1.5), s is an average of p, with weight
(1 — op), and of E[v, | vs < k%], with weight ;. Since p € P = [0,1] by assumption, this
implies that the best-response HZ is in [0, 1], as the average of two quantities also in this
interval. Further, since we have shown that E[vs | vg < /{ﬁ} < 1, the only way the best-
response ;, could be 1 would be if p = 1 and the weight on it were (1 — a;) = 1, in other

words if aj = 0.

Analogously, in (1.6), the best-response «}; is in [0,1], and it is > 0 unless p = 0 and the

weight on it is (1 — ag) = 1, L.e. if ag = 0.
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Proof of Proposition 1.1 (Non-Autarkic Equilibrium Cutoffs).

The best response by i € {b, s} to a cutoff ;, is a strategy where she agrees to trade when
it is beneficial and declines to trade when it is not. This strategy calls for trading when the
draw of v; makes expected utility U; (vi, Iij) positive, and for declining to trade expected

utility is negative. (When expected utility is zero, i is indifferent.)

Working through the equations for thms, the buyer, best-responding to some cutoff kg > 0,

wants to trade if and only if

Ks
OS%MWQIAYM%%NR%)
Rs
= /0 (Ub — QpUs — (1 - ab)ﬁ) dFS(US)

ZO%—G—QMMﬂMQ—a@A%%d&@Q

foﬁs vs dFs(vg)
Fs(’ﬂs) '

S > (1—o)p+ oy (A.1)

The right-hand side of (A.1) is exactly ; from (A.1), establishing that this is indeed the

best-response. By Lemma A.1, this cutoff is in [0, 1]

Analogously, s prefers to trade when

1
0 S Us(Us, K/b) - / uS(/US7/Ub) de(“b)

Kb

1
Sy, vo dFp(vp)

Svs < (1—as)p+ as 1= Fy(rg)

(A.2)

The right-hand side of (A.2) is the optimal cutoff, proving that (1.6) represents a best-
response by s to nz. Thus, the two equations are mutual best-responses, and hence charac-

terize an equilibrium.
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Proof of Proposition 1.3 (Equilibrium Existence and Uniqueness).

First, we show an autarkic equilibrium always exists. If s never agrees to trade after any
valuation, then b’s interim utility is 0 no matter what strategy she plays, so refusing to trade
is among her best responses. Similarly, if b never agrees to trade, then it is a best response for
s to refuse to trade as well. Hence, for any parameters, there exists an autarkic equilibrium.
Note that this equilibrium does not satisfy (1.5)—(1.6), since those equations already assume

a positive probability of trade (in order for their denominators to be nonzero).

Next, we show that an equilibrium exists satisfying (1.5)—(1.6), that it is non-autarkic, and

that it is unique under (1.9).

Consider the twice-iterated best-response by b, defined by starting with a buyer cutoff sy,
obtaining the seller’s best-response to it via (1.8), and then obtaining buyer’s best response

to that via (1.7):

p(rp) = ry (k5(kp))

=1 —-ay)p+ ol |:U5 | vs < <(1 —as)p+ asE v, | vy > &b]ﬂ : (A.3)

Any fixed point y (satisfying ki, = ¢(kp)), along with the best-response seller cutoff xj(kp),
would constitute an equilibrium to the game, since they would be mutual best-responses.
Thus, to prove the proposition, we show that a fixed point exists under the specified condi-

tions, and that it is unique under condition (1.9).

Equilibrium existence is proved using Brouwer’s fixed-point theorem. By Lemma A.1, each
of the best-response map [0, 1] to [0, 1]. Moreover, they are trivially continuous, because all
of the functions with them are continuous. So, composing these functions also keeps the
output within [0,1]. Hence ¢(-) is a continuous mapping from [0, 1] to [0, 1], and so has a

fixed point by Brouwer’s theorem. This establishes that equilibrium exists.
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Next, to show that equilibrium is non-autarkic under the conditions specified, note that
autarky involves (1 — Fy(kyp)) - Fs(ks), and so requires either k, = 1 or kg = 0. Based on
Lemma A.1, if p € (0,1) strictly, then the buyer and the seller both will play an interior
cutoff. So, a necessary condition for autarky is p € {0,1}. If a player’s altruism is 0, then
her best-response is simply to set her cutoff equal to the price. Thus, if p = 0, autarky (with
kg = 0) can occur if ag = 0, and similarly, if p = 1, autarky (with x; = 1) can occur of

ap = 0. Otherwise, they will trade with positive probability

To show uniqueness, notice that the LHS expression in condition (1.9) is the derivative of
the iterated best-response function (A.3) with respect to , straightforwardly from applying
the chain rule.! The inequality (1.9) ensures that the twice-iterated best-response function
has a slope < 1, and so intersects the 45° line just once. Hence, there is a unique fixed point,

i.e. a unique equilibrium.

Proof of Lemma 1.4 (Cutoff Strategies).

Suppose j plays an arbitrary strategy (a decision rule telling the probability she agrees to
trade following each possible draw of valuation v;), which is not necessarily a cutoff strategy.
Then, expected utiltiy (1.1)—(1.2) for a player i (of either role b or s) given valuation draw

(% is
E {ul <vi, vj) | j agrees to trade| - P[5 agrees to trade].
In non-autarkic equilibrium, j agrees to trade with positive probability, so this expression is

nonzero for at least some v;. So to maximize it, i’s best-response is to trade at valuations v;

where it is positive and not trade where it is negative. (Also, as a convention we dictate that

1. The derivative -LE,, ., [vs | v, > 2] is expanded in equation (A.16), in the proof of Proposition 1.8.
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she agree to trade if it is zero.) So, expanding it out, and using the fact that the expectations
operator [E [ | agrees to trade] and the utility functions u;(-) commute, the generalization of

best-response is

b agrees to trade iff vy > (1 —ap) p+ ap E[vs | s agrees to trade]

s agrees to trade iff v < (1 —ag)p+ as ]E[vb | b agrees to trade} .

These expressions mean that best-responses to a partner who trades with positive proba-
bility must be a cutoff strategy, with cutoff given by the RHS. Hence, in any non-autarkic

equilibrium, equilibrium strategies must be cutoffs, as was to be shown. O

Proof of Proposition 1.6 (Comparative Statics on p).

In first order conditions (1.7)—(1.8), the partial derivative of cutoff strategy with respect to
price is g}g = 1 — ;. Since a higher p increases both of these best-response curves, and
since by Proposition 1.5 they are both upward-sloping curves, then their new intersection is

at an equilibrium with higher cutoffs. ]

Proof of Proposition 1.7 (Comparative Statics on Altruism,).
At p = 0, the first-order conditions (1.7)—(1.7) imply that the partial derivatives with respect

to own and partner’s altruism are

Ok} oK
aT.j;:E[vSMSSHz] aazzo
Ok Ok

=E > ki 5 =0.
Oag (o0 | vp = ) Oay,

The nonzero expressions are nonnegative because the valuation supports are assumed to be
nonnegative. Then, as in Proposition 1.6’s proof, an increase in these best-response curves

increases their intersection, because by Proposition 1.5 they are both upward-sloping curves.
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Since their intersection defines the equilibrium, this implies that equilibrium cutoffs are

increasing in altruism as well.

Proof of Proposition 1.8 (Marginal Value of Compensation to Seller and Buyer).

Showing W/(0) > 0 for all as,ap € [0,1]. We begin from the definition of Wy(p) (1.17)

and totally differentiate, decomposing into three terms:

Ws(p) = Us(r5(p) , K (p);p)

d 0 d 0 d 0
—Ws(p) = 5—Us - —ks(p) + 5 —Us - —Ky — . A4
- dp s(p) &%Sus dpﬁs (p) + ambus dpﬁb (p) + 8pu5 (A.4)
N -~ 7/ N ~~ / N J/
= 0 by Envelope Marginal Inframarginal

The first term is zero by the Envelope Theorem, since s’s first order condition demands
that %US = 0. The second term represents marginal b valuations who become willing or
unwilling to trade, as b’s cutoff x; changes to reflect the p. The third term represents change
to s’s value from a higher price to inframarginal valuations vs and v,. We now show that

the second and third terms are nonnegative.

The inframarginal term is simple to compute. First recall that the effect of changing price on
ex-post utility is independent of valuations: %us(vs, Up; ) = %(—vs + asvp+ (1 —ag)p) =

1 — ag. Then, by the formula Us(ks, kp) = [ fﬁlb us(vg, vp; p) dFy(vp) dFs(vs) for ex-ante
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utility (1.4), changing p without changing cutoffs accomplishes

) s 19
a—us(ﬁs,ﬁb;p) :/ / _US(U37Ub§p) dFy(vp) dFs(vs)
p Iib

/ / | — ag) dFy (vy) dFs(vs)

(1 — Fs(ks)) - Fp(rp) - (1 — ).

This expression equals (1 — «), the impact of changing price on ex-post utility, times the
probability of trade (1 — Fs(ks)) - Fj(kp). It is nonnegative, and is strictly positive whenever

as < 1 and P[trade] > 0.

To attack the marginal term, we first note that dipli?;(p) > 0 by Proposition 1.6. Then,
we relate s’s ex-ante utility Us to b’s ex-ante utility U, and piggyback off b’s first order
condition. Observe that the two players’ ex-ante utility expressions are nearly identical,

only with different weights on their ex-ante material payoffs:

Ks 1 Ks 1
Us(rs, kyip) = 1 - /0 / (—vs + p) dFy(vp) dF (v5) + as- /O / (v — p) AFy(vp) dFy(v5)

Ks 1 ks 1
Up(rps i) = - /0 / (—vs + p) AFy(vp) dFa(vs) + 1 - /O / ( oy~ p) dFy(uy) dFs(vs).

The buyer’s first-order condition a%ub = 0 implies that

3’%/ / vp = p) dFp(vp) dFs(vs) = —ay, - amb/ / —vs + p) dFy(vy) dFs(vs) ,
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and then substituting this identity in to %Ms and employing Leibniz’s rule gets us

0 0
N — 1 - N
&‘ibus 8"’%

ras( e [T :<—vs + D) A ()

ks 1
— (1— asoy) - 8% /0 / (s ) AFi{uy) A0

/OKS Li(_vs + p) dFy(vp) dFs(vs)

— (1 asay) - —fiylky) - /O " (vg +p) dFy(vy).

At p = 0, this is nonnegative for two reasons. First, (1 — asap) > 0 because ag, oy < 1.
Second, at p = 0, — [57* (—vs+0) dFy(vp) = E[vs | vs < k] -Plog < k], which is nonnegative
because all supported vg are nonnegative, and is strictly positive so long as s is willing to

trade with positive probability.

Putting these three terms together, we see that they are all nonnegative (and are strictly
positive except under autarky or total selflessness), making the overall marginal value of

compensation nonnegative to the seller. This proves that W/(0) > 0.

Showing W} (0) > 0 for s close to 0, and W} (0) < 0 for as = 1,04, = 0. We prove
these two results together, since many of the steps are the same. To do so, we will totally
differentiate U}, and analyze the components, and then make use of the equilibrium strategies

at these particular altruism parameter values.

Start with solving the equilibrium in these two cases, using best-response equations (1.7)—

(1.8). At ag = 0, and with p respectively general (left equations) and = 0 (right equations),
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equilibrium cutoffs are

ks(p;0,0p) = (1 —as) p+ as Elvy | vy > ky] =p rg(0:0,ap) =0 (A.5)
0
:1 -
Ky (00, 0) = (1 —ap) - p+ap - Efvs | vs < ks | ki, (0;p,0) = 0. (A.6)
=p

In other words, at p = 0, there is autarky because the seller sells with zero probability (she

sells only if vg = 0).

Next, at oy = 0,5 = 1, and p either general (left equations) or = 0 (right equations),

equilibrium cutoffs are

Re(p;1,0) = (1 —as) p+ as -Bluy | vy > \Hﬁj 15(0;1,0) = Efvy] (A7)
=0 =1 =p

”Z(p;Oa D=0-aq,)p+ o 'E[Us | vs < ’fs} =p ni(O;O, 1) =0. (A.8)
=1 =0

Note that in £%(0;0, o), we have simplified E [vy, | v, > 0] = E[vp], because v, is always > 0

by assumption.

With these equilibrium solutions in hand, we turn to the decomposition of the marginal

value of compensation:

Ws(p) = Uy (kg (p), K5(p) s p)

d 0 d 0 d 0
LWyp) = ==ty - —k(p) + ——Uy - — " Tu A.
= o b(P) ambUb S (P) + oo ot (p) + ot (A.9)
~ " ~ Vv vV
= 0 by Envelope Marginal Inframarginal

The first term here is zero—for any parameter values—because aiﬁbblb = 0 by b’s first order

condition (just as was %US above in (A.4)).
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The third (inframarginal) term is similar to the inframarginal term in the analysis of W/(0)
above. Specifically, the effect of price on ex-post utility is again independent of valuation:
%ub(vb, Vs;P) = a%(vb + apus — (1 — ap)p) = —(1 — o). Since this effect changes utility

whenever trade takes place,

St si) = (1= ag) - (1= Fy() - Ful). (A.10)

This expression is (1 — «p) - P[trade]. It is weakly negative, and strictly negative except

under autarky. For parameter values p = 0, ag = 0, this term (A.10) works out to

)
— | 14,(0,0;p) =0 A1l
5,0 5(0,0;p) (A.11)

by (A.5)—(A.6), since the seller never sells (k% = 0).
But for parameter values p = 0, s = 1, ay, = 0, the expression (A.10) is

a% - Uy (0. Elvg] 1 p) = —F5(Elvy)]) (A-12)

since 1 — ay, = 1, and by (A.7)-(A.8) the buyer always buys (x; = 0).

Now it’s time for the second (marginal) term in %Wb(p) (A.9). It is the product %Ub .

dip/iz(p). We expand the first factor with Leibniz’s rule:

) ) ks 1
ot rsip) = g [ ] by () By ) B (0)

1
— fulrs) / (v — p + - (—ris + p)) dFy (o).
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In the case of p = 0, as = 0, we plug in equilibrium solutions (A.5)-(A.6) to arrive at

0

8/@3 Ks=0

1
Uy(0, 55:0) = £3(0) - /O (v — 0+ ay - (~0+0)) dFy (1)

= f5(0) E[vp] . (A.13)

In the case of p = 0,5 = 1, = 0, we plug in equilibrium solutions (A.7)-(A.8) to arrive

at

J Up(0, ks; 0 E 1 0+0-(—F 0)) dF
a_’<LS;~3L<;:]E[vb] (0,13 0) = Jo! [vb])/o (vp = 0 +0- (=Elvy] +0)) d 5 (vp)

= fs(Elvy]) - E[vp] - (1 — F;(0)) (A.14)

We can directly compute the second half of the inframarginal term, the expression d%m; (p).

By (A.5), when ag = 0, k% (p; as, ) = p, s0

d
d—pﬂz (P 0, ap) = 1. (A.15)

And when as = 1,0 = 0, by (A.7), ki (p; as;ap) = E [vb | vy > p}. We compute its deriva-

tive directly:

Sy vy dFy(vp)
]E[vb|vb21’}:pl_w
d (=F(p)p) - (1= Fy(p) = [, v dFy(vp) - (—fo(p))
=>d_pE[vb|vaP}= =2 b(lp—Fb(;))zb - —
:%.(_pJF]E[vbeZPD
d s @
N d—ppzof{s(p,l,())— d—ppZOE[vblvaP}
LB ey o
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Now, having expanded out all the terms, we combine them back to form decomposition (A.9)
of Wé(O) At parameter values ag = 0, p = 0, the first term is zero by envelope, the second
inframarginal term is a%ub : diplﬁz (p) = (fs(0)-E[vp]) -1 by (A.13) and (A.15), and the third

inframarginal term is 0 by (A.11). That is,
Wé<0;ab70) = fS(O) : E[Ub] > 07

with > 0 under the assumption that fs(0) > 0, as was to be shown at ag = 0. If this is
strictly positive at ag = 0, then it is also positive for values sufficiently close to 0, since all

the equations are continuous.

At parameter values ag = 1,4 = 0,p = 0, we combine the marginal term from (A.14) and
(A.17) with the inframarginal term from (A.12), and we do some manipulations to get a

sufficient condition for a negative marginal value of compensation:

d—pr(p) = 6_/%% Cap"h () +?Tsub s (p) + 8_pub
=0 byfnvelope Ma;grinal Inframarginal
W(0:0.1) = 0+ (Fu(El) - Elw]) - (220 (B)) ) - Fu(El)
v 1 — F(0) ’

so, Wi(0;0,1) <0 iff 1> st(slgfz)b]) - sz(«"(;)(o) Efu)?.

This is condition (1.18), as was to be shown for parameter values ag = 1, = 0. O

Proof of Proposition 1.9 (Marginal Value of Compensation under Uniform Valuations).

Define the buyer’s altruism threshold function (;(-) as

3 1 1 4 4
==+ —+ V33 + — - —. A.18
Glas) = =5+ - 5V3 B+ == 0 (A-18)
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We show that the sign of Wé (O; ab,aj> is determined by a5 = (j(as), by solving the

inequality analytically.

We begin by computing the value of the partnership to b. We plug in (1.14)—(1.15) for equi-
librium cutoffs under uniformly distributed valuations into (1.16) for Wj(p), and differentiate

with respect to p at p = 0. The result is

Wi (p) = Uy (k3 (p) , K5(p);p)
~ Aas(poy +p— 1) — 2p) (op((p — Devs +p) — 2p + 2)?

(apas —4)3
, A(apas — 2) (ab(ab +3)a? — 2(ap + 3)as + 4)
Wb(o) = (abas — 4)3 .

Ignoring the denominator, this expression is cubic in «y, so solving for the value of oy that

makes W} (0) = 0 yields three roots:

2 3 1 1 f 4 4
as 2 as 2 O[S O[S

To sign W{(0), note that at a; = 0, W}(0) = %—Iﬁ, which is positive iff as < % Then
as qy rises, the sign flips whenever «ay, crosses one of the above roots. The first root O% is
> 1 and so is out of domain [0, 1], while the second two are real only when ag > % So,
the overall expression Wé(O) is positive for ag < 32; Of the “+” pair of roots, the “—” root
is negative for ag € [%, 1], but the “+” root is in [0,1]. When ¢y is in between these two
roots, Wé(O) > 0. We therefore use the “+” root as the definition of the altruism threshold

function (p(as). Within interval [%, 1] for ay, the condition for W/(0) > 0 is ap < (p(as).

97



Proof of Proposition 1.10 (Marginal Value of Compensation with Random Roles).
These proofs employ and build off of Proposition 1.8. To sign W', we sign the two fixed-role

marginal values of compensation Wé and W/, of which it is an average.

Proof of a; ~ 0,a; <1 case. We show that w’ (O; oy, aj> > ( in this case.

First, when i is the seller, W/ (O; ai,aj) > 0, and second, when ¢ is the buyer,
Wé (0;ai,aj> > 0 if «; is sufficiently close to 0, both by Proposition 1.8, Thus, the av-

erage of these two is nonnegative as well, for a; sufficiently close to 0.

Proof of a; = 1,a; = 0 case. We show that under these parameter values, the con-
dition for W’(O; ai,aj> is inequality (1.20). Using W’(O;ai,aj) = %Wé(O;ai,aj> +
%WS’ (0;0@,0@), we show that at these parameter values, W/ (O;ai,aj) = 0, so that
W'(0;0,1) < 0 iff Wb'(O;O,l) < 0; this way, condition (1.20) for negative random-role
marginal value of compensation is identical to condition (1.18) for negative buyer’s marginal

value of compensation from Proposition 1.8.

To show W/ (0; Q;, ozj> = 0at aj = 1, = 0, we start with the equilibrium cutoffs. Plugging
in to the above-computed cutoffs (A.5)-(A.6), these are r5(p;0,1) = p and j(p;1,0) =
E [vs | vg < p}. At p = 0, these cutoffs mean autarky, because the selfish seller i refuses to

trade since she is not compensated for her trouble.

Next, we totally differentiate Wy(p), and split into three terms, as in (A.4). The first term

is zero since % = 0 by the seller’s first order condition. The third (inframarginal) term is
S

zero because it is (1 — «;)P[trade], with probability of trade being zero here.

For the second (marginal) term, we take differentiate with Leibniz’s rule and then plug in
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the equilibrium cutoffs.

0 ) = 2
8_/% Ws(p7 ’isyﬁb) - alﬁ)b

Kp=Fy,

1 rk}
/ﬁ /O (—vs +p+ 30y — p)) dFa(vs) dFy(up)

ﬁb:mz
= —fi(kp) / s(—vs +p+ aj(vy — p)) dFs(vs)
0

=0

because seller i’s equilibrium cutoff is x} = 0, making the inner integral 0, since its bounds
of integration are from 0 to ks = 0. Because i never sells, she does not gain on the margin

if 4 becomes a bit more willing to buy.

Since all three components of i’s seller marginal value of compensation are zero, overall we

have W/(0) = 0.

Therefore, with 7 totally selfish and j totally altruistic, W’ (0; Q;, ozj) = %Wb (0; o5, ozj> +0.

So they have the same sign, and in particular the have the same condition for being negative.

]

Proof of Proposition 1.11 (Marginal Value of Compensation with Random Roles under Uni-
form Valuations).

Define the random-role altruism threshold function ((-) as

J

—304]2- + 5aj — 6+ \/g\/3a? — 203 — 904? — 4aj + 12
g(aj) - : . (A.19)
2aj — 6ozj

We show that the sign of W’ (O; o, ozj> is determined by «a; = ¢ (ozj>, by solving the in-

equality analytically.

We begin by computing the value of the partnership to ¢: starting from formula (1.19) for

W in terms of W}, and Wy, we then expand with equations (1.16)—(1.17) for W}, and Wy and
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(1.10)—(1.11) for Uy and U, and lastly plug in closed-form uniform equilibrium expressions

(1.14)—(1.15). This value, and the marginal value of compensation (its derivative evaluated

at p =0) are
2(aj(pey; +p— 1) — 2p) (e ((p — 1)ej + p) — 2p + 2)*
W(p; 0%ij> = 3
(ja; —4)
2(cj((p — Vaj + p) — 2p + 2)(ai(paj +p — 1) — 2p)?
- (A.20)
(oziozj — 4)3
1
W (o) - o
, (e, — 0P (joj + o — 2)
2 2 2 2 L L . A
ajaf — 3ajaj + 3oiaf — Sajoy + 6a — Gy + 4 ). (A.21)

To sign W'(0), note that the denominator and the first upstairs factor are negative for
aj, o € [0,1]. So for the overall W/(0) to be positive, the second factor must be positive.
This second factor is quadratic in «;, and (since a; < 1) it is positive for a; between its

roots

_ 9.2 . 4 _ 9.3 _ 9,2 _ .
3a% + 5aj — 6.+ V3, 30} — 203 — 907 — daj + 12

20(? — 6aj

This means that W/(0) > 0 so long as «; is in between those two roots. For a; < %, these
two roots straddle [0,1], so any «; € [0,1] is in between the roots, making W’(0) > 0. For
a; € [%, 1} , the “—” root—which is what C(%’) is defined to be (A.19)—is in [0, 1], but the
“+” root is still > 1. So, for a; > %, the condition for W/(0) > 0 is that o; > ((aj). That
is: W(0) > 0 if o > ¢<aj>, W'(0) < 0 if a; < c(aj), and W'(0) = 0if ; = ¢<aj>, which

of course was to be shown.

It is a straightforward computation that (%) =0and ¢ (1) = 1. It is less straightforward,
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but still a workable computation, to show that ¢’ <aj> > 0. This derivative is

1
(o) =
(aj — 3)204?\/304? - 204? - 904? —4aj +12

. (\/5 <—40z§ + 605-’ + 30&? — 15on- + 18>

2 . 4 3 2 .
+ <2aj + 6ay; —9) \/3aj —2aj —904]. —daj + 12),

and after some wrangling it can be shown to be positive for a; € [%, 1]. This is because
the numerator sums a positive and a negative term, but overall it is positive if «; is in the
intervals between real roots of two polynomials. These intervals are approximately [.650, .136]
and [—.1444,1.713], so «; is inside them because, by assumption, it is in [%, 1], the domain

of ¢(+). Thus, {(-) is increasing on its domain.

Proof of Lemma 1.12 (Marginal Value of Compensation under Equal Altruism and Uniform
Valuations).
Assume that a; = a; =: «, and plug into formula (A.21) for w' (O;ai,ozj>. The result

simplifies to

2a— 1) (o +1)
(@ —2)2(a+2)

W' (0;a, ) =

All terms here are nonnegative for « € [0, 1], and strictly positive for o < 1. So, the overall

expression is has the same property.

Proof of Corollary 1.13 (Relative Sign of Marginal Value of Compensation).

By Proposition 1.11, if W’(O;ozL,ocj> > 0, then either a; < %, or a; > % with a > C(aj)
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which implies ay > ((&j) as well. In either case, W' (O; o, Oéj) > 0.

Similarly, if W’(O;aH,aj> < 0, then a; > % and apg < C(aj>, so ay, < C(%‘) also. So,

W’(o;aL,@j> <0. 0

A.2 Proofs for Chapter 2 on Uncertainty in a Trading

Partnership

A.2.1 Proofs for Section 2.3 on Equilibrium Properties

Proof of Proposition 2.1 — Non-Autarkic Equilibrium Cutoffs.
The individuals choose whether to trade to maximize their interim expected utility (2.3)-
(2.4).2 As in Chapter 1, this means trading when the interim utility of trading is non-

negative, and not trading when it is negative. For the buyer, this means:

roP

Ks
0 S Ube(vb,ﬁs) - E(pr\/ue /0 Ug(vb,vs) dFs(Us)

roP

Rs
= E@NNG /O (vp — agus — (1 — ag)p) dFs(vs) | dFs(vs)

©p

= (vp — (1 — ag)p) - Eprpyy [/js dFs(vs)

®

Rs
— ]ESONMG [O&g A Vs dFs(Us)

= (v — (1 — ag)p)Eppy [FS (@;)] — Eppy [ae /Ofef vs dFs(vg)

©
Egprpig [ae foﬂs Us dFS("US)]

g [FS (mf)]

2. We assume that they break a tie by trading when utility is zero, but this assumption does not change
any results, since this is a zero-probability event.

Svp > (1—ap)p+ag
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That is, the best response by a buyer of type 6 is to play cutoff

©
By [foﬁs Vs dFs(“s)}

g {Fs (nfﬂ

0
b

Ky =(1—ag)p+ag- ,

as was to be shown.

The proof for the seller proceeds analogously.

Proof of Proposition 2.3 — FEquilibrium Ezistence with Uncertainty.
If all the buyer types refuse to trade, then all seller types are indifferent among their actions.
If they choose to also never trade, then the buyers’ action of not trading is in fact a best-

response. Thus, autarky is an equilibrium.

For non-autarkic equilibrium existence, note that thanks to (2.9)—(2.10), it is clear that just
as without uncertainty, here a player ¢’s best-response cutoff is a weighted average of the
price and her partner’s expected valuation conditional on trading, with weights 1 — a; and
a;, and with partner type distributed based on the updated posterior after observing her

partner j trading.

Since the bounding argument used in the Proof of Proposition 1.1 relied only on the support
of valuations, it applies here to an average of partner types’ valuations just the same. Having
an interior price p, or having all types have positive altruism, is enough to ensure that all
types will choose to trade with positive probability, regardless of what they think others
are playing. So, any solution to the best-response system of equations that has cutoffs in
support must have them in the interior of the support, which implies that the equilibrium

is non-autarkic. O
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A.2.2  Proofs for Section 2.4 on 1 x 1 Price Choice

Proof of Proposition 2.4 — 1 x 1 Equilibrium p Choice.

The Proposition is a direct corollary of Proposition 1.11.

Define the random-role altruism threshold function ((-) as

~3a3 + 509 — 6+ \/3\/30/21 — 203 — 903 — dag + 12
Clag) = 2 - (4.22)
2a5 — 6ag

(This is the same function as (A.19).)

Proposition 1.11 established that when ay > % and a1 < ((ag), then W/ (0; a1, a9) < 0.
Moreover, because W (p; a1, @) is quadratic in p, having a local max at 0 also means having

a global max with in [0, 1].

To be a PBE (Perfect Bayesian Equilibrium), 1 has to choose a p that maximizes the value of
the partnership, and 2 has to make an inference about 1’s type consistent with that choice.
The inference part is vacuously satisfied, since there is only one type of 1 for 2 to assign
100% probability to. The maximization part is satisfied for a choice of p; precisely at those

parameter values for which W (p; a1, a9) is maximized at 0. This proves the Proposition.

A.2.3  Proofs for Section 2.5 on 2 x 1 Price Choice

In order to prove Proposition 2.5, we first establish three helpful lemmas about how the

value of the partnership depends on 1’s reputation.

Lemma A.2 (Value of altruistic reputation at p = 0).
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Suppose there are two types L and H of player 1, with ay, < ap, and one type of player 2.
Then, the value of the partnership to either type at p = 0 is higher with the more altruistic
pure reputation than with a the more selfish one. That 1s, we (O | ao, ]lH) > W (O | ao, ]lL)

for0 e {L,H}.

Proof of Lemma A.2 — Value of altruistic reputation at p = 0.

To show that the value of an altruistic reputation is positive at p = 0, we solve for value of
the partnership to a player ag, facing a player 2 (of altruism ag) who holds belief 1, (i.e. is
certain that 1’s altruism is some a,); then we compare this value when oy, = a7 vs. when

This value is straightforward to compute: first solve for the equilibrium strategies in a
1 x 1 game with altruism parameters ag and a, using (1.14)-(1.15), then compute 6’s
best-response to 2’s strategy using (1.12)—(1.13), and then plug into the utility functions
(1.10)—(1.11) and (1.19). This value of the partnership—for general p and more specifically

at p = 0—comes out to

W (p | an, 1) = - (ami —E (a2 (o +p— 1) - 20)
: (ag ((p = Deg +2p) + (p— 1) (a20p — 4)) 2
_ (OQ ((p—Day+p) —2p+ 2)
- (ag (pas + 20 = 2) + p (az0p — 1) ) 2
0 g1, — 1000 (e =) o (oo + s 1) (429

2 (OZQOQP — 4) 3

We wish to show that when we successively plug in ap, = ag and a, = af, the difference

is positive; that is, that W (0 | ao, ]IH) —w (O | a, ]IL) > 0. To that end, differentiate
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(A.23):

d
EWG(O | 012,]l<p) =

1
2 (ozga(p —

NE Sag - ((a9)2 (304% — 8agary, + 8>

+ 4a9a% (aga(p - 4) + a9 (0420@ — 4) 2).

This is in fact positive, and we show it by signing its components. First, the denominator is

positive. Second, the aip in front upstairs is positive too. What’s left to sign is

(ag)2 (304% — 8agay, + 8) + 404904% (OQOz(p — 4) + a9 (ozgoz(p — 4) 2,

and it can be arranged as
(agay, —4) - [—Zaz + ag(agay, —4) + 4049&%] + 30z§a%.
This is positive if the bracketed piece is negative. That piece can be written as

1
—20 + daz(=1+ az - (ag + J0p)),

and if it were positive at any parameter values, then it would also be positive at ag = ap, =1
(since the part in round parentheses is increasing in both ag and oy, and so increasing
either of those to 1 would only keep it positive). Subbing in 1 for these parameters turns

the expression into
—203 — 4+ dag + 1,
which more simply is
92 2
— Oéo + 406& — 3,

a quadratic expression that attains its max of —1 at ay = 1, and so negative for all oy € R.

This establishes that &We (0 | ag, ]l(p) > 0 for all ay and all a,. Hence the difference in

this function over a non-infinitesimal increase in reputation, W? (0] ag, 1y) —w?t (0] ag,1y)
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(which goes from 1, = 17, to 1, = 1), is > 0 as well, as was to be shown.

Lemma A.3 (Extreme-belief lower bounds to value of the partnership at p = %)

Suppose there are two types of player 1, with apr > ay,, and one type of player 2. Then the
value of the partnership to H at p = % across all possible beliefs pg is minimized at a pure
belief. That is, W (% | M2) > min{WH<% | ]IL) ,WH(% | ]lH)} for all beliefs o about

1’s type.

Proof of Lemma A.3 — Extreme-belief lower bounds to value of the partnership at p = %

We will prove the Lemma by analyzing WH (% | ug) as a function of 2’s belief po about
I’s type (represented as pg(H) € [0, 1], the probability that she assigns to 1 being the high
type). We will show that WH (% | ,ug), has no interior min for ps(H) € [0, 1], and so its
minimum must occur at one of its endpoints, either 0 or 1. To do this, we will first show
that any critical point of wH (% | ,ug) in pu9 must also be a critical point of ex-ante utility
ut (mf, mg; p) in mg (where k! is set to H’s best-response to m%), and that this function can
have at most one such critical point. Second, we will show that WH (% ] ug) is decreasing

in po(H) at puo(H) = 1, and so any interior critical point must be a max.

At the outset, we restrict attention to one role assignment, where 1 is the seller and 2 is
the buyer. This is without loss of generality at p = %, because the best-response equations
are symmetric about % in p and k (the equations still hold if we swap p to 1 — p, which for

p= % is no change at all, and swap all strategies x with 1 — x).So wo <% | ,ug) is equivalent

to both Wbe(% | ,ug) and W0 <% | M2)-

Since H has no uncertainty about 2’s type, the value of the partnership to her, based on
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(2.6) and (1.11), is

WH(p| o) = Uf(fffm%m)

0+ xH 1+ k2
(— +;s +ag b—{—(l—aH)p) -(1—/@%)-/{8}[, (A.24)

where mf and /@% are equilibrium cutoffs given belief 9. That equilibrium must satisfy first

order conditions given by (2.11)—(2.12), which applied to this 2 x 1 type space, are:

0+r9
) S geqr.my 2(0) k- =5
ky=(1—ag) p+ag- 7
> oe(r,m} H2(0) kg
1+ kK2
kel = (1—ag)p+ay 5 b
14 K2
ke =(1—ag)p+ag 5 b,

Note that both in these first order conditions, and in ex-ante utility formula (A.24), the only
place po appears is in 2’s best-response. In other words, there is only one channel through

which belief 9 impacts H’s value of the partnership.

To highlight the way that WSH (p | ug) depends on 2’s belief 19, we explicitly set H'’s cutoff

to be a best-response to Iﬁg, as

1—1—5%

5 +(1—ag)p, (A.25)

H 2
Kg = ﬁs(mb;aﬂm) =apg
and we write

)

WH(p| o) = Uf(ﬁs(mz;aH,p> K2 p)

rE=r2 (p2;p)

where /{%*(ug; p) is 2’s equilibrium strategy under p9 and p.
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Since the only dependence of WSH (p | ,ug) on p9 is indirect, via 2’s equilibrium cutoff, to

take the total derivative, we employ the chain rule and arrive at simply

d

4 d
dpa(H)

Wi(p|ne) = —
b

d
ut ﬁs(ff%;aﬂ,p),ff%;p k¥ (u2sp) s
5 o dpo(H)
Ky =Ky (p2;p)

where mg*(,ug; p) is 2’s equilibrium cutoff. We have a critical point—where WSH (p | ,ug) is

flat in po(H)—only if that value of p9 makes one of the two factors zero, i.e. if either

d d
0= ﬁZ/{SH (ﬁs ("ig;ava) 7"{‘%; p) or 0= d/JQ(H) K%*(M%p) :
b

The latter is never zero for p = %; Lemma A.4 proves this.
We now show that the former occurs for at most one interior lig.

To take this total derivative, thanks to the Envelope Theorem we take a partial derivative
instead, skipping differentiating Z/lg{ (/{f , lig; p) with respect to mSH . This is applicable be-
cause mf is H’s best-response to /i%, meaning that H chooses it to maximize her ex-ante

utility L{f </~€£I , H%; p). When we partially differentiate the expansion of L[;I </~€£I , /{12); p) in
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(A.24), and then substitute and rearrange, we have

01/15{ <H§I,/€%;p>

2
anb

1—1—&%
+ag 5 +(1—ag)p
K —ﬁ{/ﬁ%)
H
H af 2y O+~ H
K3 —Bs<n§)
H
(6% KR
2 2
Kstﬂs(ﬁl%)

This shows us that H’s equilibrium ex-ante-utility L{ff (msH , Ii%; p> has a critical

K3 —Bs(fig
point in only two situations: if either
H
o K
O:mf or O:—TH(l—m%)—l—Ts.

The former condition is autarky, and based on best-response equation, it happens in equi-

librium only if oy = 1 and p = 0, so we rule it out since our result pertains only to p = %
The latter condition may occur for some parameter values; plugging in best-response (A.25)

for mf , the condition comes out to

2 1 2p(-1+ap)
b=3 T g —
3 3aH

b

which for some parameter values is in (0, 1), but for others is not. Either way, H’s equilibrium

ex-ante-utility I/{f (F&SH , 14312); p) has at most one interior critical point.

nfzﬁs(/{g)

Having established that Wf (p | ug) has at most one critical point as uo(H) ranges from 0
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to 1, we now show that with p = %, any critical point must be a max.

Explicitly computing the equilibrium, with an arbitrary belief uo, the solution is solvable
but long. Setting p = % (and noting that WSH<% | ug) = wH <% | ,ug) as before), and then
differentiating with respect to uo(H), and lastly setting us(H) = 1, we arrive at a fairly

simple expression:

(3 12)
11.% —
dp2(H) 2|M2 p(H)=1

(afr —2) (ag — 2) ag (agag — 1) (o — ag) (agag + (ag — 2) ag — 4)
4 (aprag —4)4

Inspecting these terms, all can be signed using the facts that all the «a values are in [0, 1], and
that oy > ay. Upstairs are 4 negative terms and 2 positive ones, downstairs is a positive

term, and in front is a minus sign, so the expression is unambiguously negative.

This means that W#7 (% | MQ) is eventually decreasing in uo(H ), and since it has at most one
critical point, it is either decreasing over the entire domain [0, 1], or else initially increasing
(at po(H) = 0 and then after some peak it is decreasing. In either case, it has no interior
min, so it must achieve its minimum at an endpoint pg(H) = 0 or ug(H) = 1 — just as was

to be shown.

Next we prove a Lemma A.4, used as part of the above Lemma A.3.

Lemma A.4 (Monotonicity of strategies with respect to reputation).
Suppose there are two types of player 1, with ag > ay, and one type of player 2; further

assume that p = % Then, 2’s equilibrium strategy k2 (for either role v = b or r = s) is

H

monotonic in 2’s belief 2, as it ranges from pa(H) = 0 to po(H) = 1. Strategies r,; and
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/{f, are similarly monotonic (for v’ = s orr’ =1b).

Proof of Lemma A.J — Monotonicity of strategies with respect to reputation.

We prove the Lemma for the case where 2 is the buyer and 1 is the seller. The method will
be to totally differentiate 2’s cutoff strategy rj with respect to her belief po(H) that 1 is the

high type, and then to show the terms have constant sign.

The first order conditions for an equilibrium, given by (2.11)—(2.12) and applied to this 2 x 1

type space, are (just as in the proof of Lemma A .4):

042
5 S oe(rmy 12(0) KG - =5
ky =(1—ag) p+as- 7
>_ge{r,H} H2(0) kg
1+ k2
kil = (1—ag)p+opg 5 b
1+ K2
ke =(1—ag)p+ar 5 b

All three equilibrium strategies depend on belief o, though /ﬁf and /st only depend on it
indirectly, via their best-response to K,%. The total derivatives of these equilibrium strategies

with respect to po(H), using the chain rule (and that puo(L) =1 — us(H)), satisfy

dr?2 OK? d
b b 2 0
= + Ky K
dug(H) — Ous(H) GG{ZL:H} k0" dus(H)'
dﬁg 8/@2 d/i%

For 6 € {L,H}, = . ,
{4 dug(H)  Ok?  dug(H)
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and combining these implies that

2 2

dug(H) okl on2 | Oua(H) (4.26)

0e{L,H}

To show that ( )FLb is of constant sign, we show that both the LHS multiplier term (in
parentheses) and the RHS partial derivative are each of constant sign. On the RHS of (A.26),

the derivative is computed to be

Okl 1 kL
Bua(H) — 2% (s ) Ty
e g 12(0) ]

This expression has the same sign as (mf — ffSL), for any po. Based on H’s and L’s best-

response equations above, that difference is
14 K2
H L b
Ks _Hs:< 9 _p)'(aH_aL)a

and at p = %, both expressions are unambiguously positive. (For general p, they may or

may not be of constant sign, depending on whether /ib 2 2p — 1 does not change with p9).

On the LHS of (A.26), relevant partial derivatives are

ak?  ay
For § € {L,H}, aﬁg—7a
62 “Kg — KL /2
For 0 € {L, H}, %:@2.ﬂ2(9).2¢u2(¢) G 25/)
s > h2(p) 5

Combining these, and re-arranging to get a double-sum in both numerator and denominator,
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the LHS multiplier term of (A.26) comes out to:

Ok?  OK?

Z “hy Z

11— a/{g 8/@3 a9 - MQ )
0c{L,H} b

=1—-ay-

()

Yo u2(0) G -3, ma(e) - kE(KY — kE/2)
o n2(0) 8] - [ male) i
ZeZwuz() 2(ip) - - KE -
Zezww( Jua(p) - -k

Examining this expression closely, we see that both the numerator and denominator are

double-expectations as indices 6 and ¢ span the type space {L, H}. Moreover, for each

(0, ¢) pair, the numerator term is smaller than the denominator term, since % < % and

(/{2 —Kk{/2) < /@2 In addition, the coefficient a is < 1. Hence, the entire expression after

the “1 — 7 is < 1, which means that overall the expression is > 0.

Returning to (A.26), we have now shown that both the LHS and RHS expressions are positive

dr? . " . R
when ag > ay and p = % Hence, W’Zi’q) is positive as well, meaning that the equilibrium

2
s and kg are increasing in kj

ki is increasing in pg(H). In addition, the best-responses &
(and not directly affected by p9), so they are increasing as well. Both are monotonic in

wo(H), as was to be shown.

To show this monotonicity result with the roles reversed, simply note the symmetry of the
best-response system means that if p — 1 —p and all cutoffs k — 1 — &, then the cutoffs still

satisfy the equilibrium conditions. Since at p = %, the p transformation is simply p : % > %,

so we directly have that in equilibrium Iig =1- Ii%, meaning that all the cutoffs with these

swapped roles are monotonic (decreasing) in ps(H).

Proof of Proposition 2.5 — 2 x 1 — No separating equilibrium where only H chooses p =10 .
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The Proposition states that there cannot exist a Perfect Bayesian Equilibrium in which the
two 1 types separate, with price 0 chosen by just H and some price p > 0 chosen by just
L. To prove the Proposition, we show that the Incentive Compatibility conditions of such a

PBE are mutually incompatible.

In such a putative PBE, if 2 observes 1 choosing a price of 0 or p, she can infer exactly which

type 1 is. Hence, 2’s posteriors following these two prices are

m(-10) =1y  (ie.7(H|0)=1)

m(-|p) =1p (ie. (L | p) =1).

At other prices (in particular at p = %), which may not be chosen by anyone with positive
probability in equilibrium, we cannot pin down 2’s posterior solely from the fact that there
is an equilibrium. Where we argue that a player will want to deviate to such a price, we will

need to argue that she would do so no matter what reputation it would entail.

/
We split the analysis into two cases, based the sign of wk (O |1 L), the marginal value of

compensation to L, if 2 held the (accurate) belief that she was the low type.

/
e In Case 1, when Wt (O | ]lL) < 0, we show that L wishes to deviate from p = p to

p=0.

e In Case 2, when WL/ (O | ]lL) > 0, and we show that H wishes to deviate from p = 0

top= %, or else L wishes to deviate to p =0

Thus, in neither case is it incentive compatible for both H to stick with 0, and L to stick

with p.
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/
Case 1. First, suppose that WL (O |1 L) < 0. We will show the following, to prove that

Incentive Compatibility fails for L because L wishes to deviate from p = p to p = 0:

WE@p 1) <wEo| 1) <wE(o]1g). (A.27)

Start with the first inequality in (A.27), that W, (pl1p) < wk (0]1g). The curve
wk (p |1 L) represents the value of the partnership to L in a 1 x 1 game, and so it is quadratic
in p and symmetric about p = %, as shown in Chapter 1, (and again in the proof of Propo-
sition 2.4). So, since wk (p | ]lL) is decreasing at p = 0 by assumption of Case 1, it has a

max at 0 in the domain P = [0, 1]. Thus from any p € [0,1], W (pl1g) < WL(O | 17).

Next, for the second inequality in (A.27), that wk (O | ]lL) < Wk (0 | ]lH), we deploy Lemma
A.2, which directly proves that making 1’s reputation more altruistic—moving from 1 to

1 y—makes the value of the partnership to L higher.

/
Thus, inequality (A.27) holds, as was to be shown. This tells us that if W7 (0]1g) <0,
then L prefers to mimic H by choosing p = 0. In this case, we cannot have the separating
PBE with H separating by choosing a price of 0, because L would deviate from her supposed

equilibrium strategy.

/
Case 2. We now turn to the second case, with W, (O | ]IL) > 0, and we show that either

L wishes to deviate from p to 0, or else H would prefer to deviate from p =0 to p = %

Comparing value of the partnership at price 0 with reputation 1z against the value at price

% with reputation 1, at least one of the following two inequalities must hold: either

1
WL(O|1H)>WL<§|]IL)
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or

1
WH(OlllH)ng(§|]lL>.

This can be seen by solving the equilibrium and comparing the expressions. We find that
the closed-form expression from the gain from switching from % to 0 under these reputations

is

2 (apag —4)3 2apag —4)3

<a2 (% — aTL> + 1) (Oég (% — 1) + 3(agay, — 4))2
+

(aap —4)3

and whenever this is nonnegative at g = ap, it is positive at ay = ay. So, either this
difference is positive for L, or else it is negative for H, or both. Given this, we split into two

cases one final time.

Case 2a: WL(O 1) > Wi <% | ]IL>. The working assumption in Case 2 is that
WL/(O | ]lL) > (0. This means WL(p | ]lL) has its max at p = % Therefore, no mat-
ter which p is chosen by L in the putative equilibrium (which garners reputation 17),
wi (ﬁ | ﬂL) < WL(% | ]1L>. Combining this with the inequality of Case 2a, we see that
wk (0 |1 H) > wk (}5 |1 L)- This means that L would prefer to deviate from a price p
(with low reputation) to a price of 0 (mimicking H to get a high reputation), which violates

Incentive Compatibility.

Case 2b: WH (0]1g) < wH (% | ]lL>. In this case, we show that H prefers to deviate
from a price of 0 to a price of % In a putative separative equilibrium, 2 infers from a price
of 0 that 1’s type is H; that is 7(0) = % However, a price of % may be played by nobody
in equilibrium, which means that 2’s inference following a price of % is unrestricted. We

therefore show that H prefers to deviate under W(%) = u9, for any belief po.
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Thanks to Lemma A.3, we can show that H would prefer to deviate at any pus so
long as she would prefer to deviate at puo = 1 and 1. Lemma A.3 tells us
that WH@ | #2) > WH(% | ]lL> and WH(% | /Jz) > WH(% | ]lH> for all ps, so if
wH <% | Mz) > WH(O | ]lH) holds for both puo = 1 and pws = 1p, then it holds for

all pso.

We already have that W# (0]1g) < WH(% | ]lL>, by assumption of being in Case 2b.

Therefore, all that remains is to show that WH (0]1g) < wH (% | ]IH).

This follows by virtue of being in Case 2. The working assumption in Case 2 is that
WLI (O | ]IL) > 0. By Proposition 1.9, this assumption implies that aj, > ((ag) (or ag < %),
where the cutoff ((+) is defined in (A.19). Since ag > ag,, we also have ag > ((a2) (or again
g < %), which implies WH/ (0 | ]lH) > 0. Further, because WH (p | ]lH) is quadratic in p

and symmetric about %, so (once again), its slope at 0 tells us its global structure, namely

that it has a max at p = % Thus, WH<% | ]lH> > WH(O | 15).

Combining these, we indeed see that wH (O |1 H), which is the value of the partnership to H
in a putative separating equilibrium, is smaller than both WH<% | ug) for po € {1, 1y},
which is the value she would get from deviating p = % if this garnered either a low or high
pure reputation, and then with Lemma A.3 this implies that these are weakly smaller than
wH <% | ug) for any po. Therefore, H would prefer to deviate to p = %, violating her

Incentive Compatibility condition.

These cases are exhaustive, and show that either H violates IC by preferring to switch from
p=0top= %, or that L violates IC by preferring to switch from p = p to p = 0. Therefore,
there cannot be such a separating equilibrium, with H choosing a price of 0 and L choosing

some other price p.
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A.2.4  Proofs for Section 2.6 on 2 X 2 Price Choice

Proof of Proposition 2.7 —2 x 2 — Signaling trust with p = 0.

To prove Proposition 2.7—to demonstrate that Example 2.8 constitutes a Perfect Bayesian
Equilibrium—we first solve for period -2 equilibrium strategies and utility in the limit as ¢ —
0, and second check the period-2 incentive compatibility conditions behind the separating

behavior by ¢ and h and the resulting updating rules for L and H.

The results of this analysis appear as Figure 7, which plots the equilibrium strategies by all
types, and Figure 6, which plots the calculated value of the partnership for ¢ and h. Both
depict these expressions under the only two reputations that 1 my hold in this putative
equilibrium — perceiving 2 as ¢ for sure (i.e. u; = 1y, so that p1(h) = 0), and perceiving 2

as h for sure (i.e. puy = 1y, so that py(h) =1).

Solving the period-2 trading equilibrium. We begin with the first-order conditions.
Players choose their cutoffs best-responding in a way that makes them indifferent to trading,
given the cutoffs they expect their partner to play and given the posterior belief about their
partner’s type conditional on the partner trading. These are given by equations (2.11)—
(2.12). We solve here given the role assignment where 1 is the seller and 2 is buyer; the
analysis proceeds similarly given the other assignment. In this case, preferences and beliefs

given by af, =0, ag =ap=ap =1, up(H) =1 —¢, and py(H) = ¢, from Example 2.8.

In addition, for the putative equilibrium in Example 2.8, there are only two possible beliefs
that 1 can hold: either 1, which assigns probability 1 to h, or 1,, which assigns probability
1 to £. These make the equations simpler, as H’s equation only references one partner
type. We first show solving for the case of ©1 = 1, then where p1 = 1, both in the role
assignment where 1 is the seller and 2 the buyer, since we can solve for the other assignment

by reflecting the price and all strategies about %
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Given these parameters, the first order systems of equations becomes

0- (1 . (H£)2> /24 1- (1 - (/@{;)2) /2

kE=1-p+o0- 0-(1-+f) 41 (1-4])
/ﬁsto.p+1,O.<1_(“£)2>/2+1-(1—(52‘)2)/2
0-(1—/{%) -}-1.(1_%(};)
ey 029 () e ()
(1—€)~<m£> —|—g.</£SH>
2 2
nﬁ—o.p+1,8'<“£> /2+(1—€)-<RSH> /2'

5-(%5) +(1—€)'</€8H>

The easiest player to solve for is L, since she is totally selfish (o, = 0), which immediately

implies that her cutoff is /<£ = p. Also, since H is certain she faces h and is totally altruistic,

o 1+&p : : : o
her cutoff is simply mf = —jL% Plugging these into h’s equation and rearranging yields a

second-order polynomial in one variable:

2

02(52)2%(1—6)+/€2((1;€)+€p>—(1;6)—5%.

W_»

This equation has two roots, of which the “4” is the equilibrium, while the is spurious

(vielding a solution < 0 for p,e € [0, 1]):

—(1—¢)—dep£2\/(1 — )2 +ep?(de +3(1 —¢)) +2e(1 —e)p
3(1—¢)

Plugging in this solution for /4{)’ into the others’ best-response equations, we arrive at equi-
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librium cutoffs:

KE(plm =1m) =p
+(1—¢) —2ep+ /(1 —)2 +ep?(de +3(1 —¢)) +2e(1 —e)p
3(1—¢)
2

o (o = 1) =~ <1+_€ps>(45+3<1—e))+2e<1—e>p

1
6(1 —e)(—(2+p)e2 + (2 —3p)e(1 —¢) + 3p(1 — £)?)

: (25(1 —e)((1—¢)—¢)

HSH*(p |l =1p) =

fy (0| =1p) =

ety (452 ~5e(1— ) +3(1 —5)2)
+ p? (253 +6e2(1 —¢) — 9¢(1 — )% + 9(1 — 5)3)
e(elp+2)+(1—2e)(3p—2))

: \/(1 —e)2 +ep?(4e +3(1 —¢€)) + 2¢(1 — 6)p>.

We are interested in equilibrium strategies and payoffs for € close to 0 (though not = 0). To
that end, we take the limit as ¢ — 0 of these, noting that the limit may be discontinuous at

p=0or p=1 for some players and roles:

gi_%/st*(p [ =1) =
gigbﬁf*(p |1 =1) =

p
2
3
limﬁh*(p|u1:1 :l
es0 P h 3
. ¥

1 =1

Tim ry, (p [ 1 = 1) {

These strategies are depicted in Figure 7, at ¢ = .005. Note that strategies are close to linear

Ok}

ifp>0

ifp=20

o=

3. Here in this scenario with p; = 15 there is a discontinuity only for ¢ and only at p = 0; since nobody
is best-responding to her, this discontinuity does not propagate into others’ equilibrium cutoffs.
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in p for interior p; just as in equations (2.13) in footnote 22, which depict equilibrium when
e = 0 exactly. However, here with ¢ > 0, the strategies change drastically for p very close
to zero. The reason is that at p = 0, L’s probability of trading is zero, so ¢’s posterior belief
shifts: she infers that 1’s type must be H, and so she behaves the same as does h. And
elsewhere, for p far from 0, ¢’s posterior belief remains very close to her prior (that 1 is likely

L). But at very small p, where L chooses to trade only with a very small probability, ¢’s

m{ H|¢)

prior likelihood ratio of 1’s type is D = 1=z, and the likelihood ratio of 2’s strategy is
Plsell|L] xL

— S~

ol Rs o D
PlselllH] — sif ™ 2/3

belief that she is facing L move away from 1. (This is the reason we study equilibrium here

so only when p is very small (on the order of %5) does {’s posterior
with ¢ > 0 and take limits, rather than at ¢ = 0, because with ¢, no amount of data could
overwhelm ¢’s prior belief that she is facing L.)

The analogous calculations, this time with p; = 1, instead of 1, yield the following equi-

librium cutoffs:

lim g (p | p1 =1g) = p
(
2 .
g p—jl_— if p>0
lim ki (p | = 1p) = <
e—0 2 .
3 ifp=20
\
(
' ¥ 7%2 ifp>0
li (3 | 1 = 1) =
e—0 1 .
3 iftp=20
)
b if 0
. * P) p>
lim kg, (p | g = 1) =
e—0 1 .
3 ifp=0
\

Using these limits, for the given role assignment, and a similar set of calculations for the
other role assignment (or as a shortcut to that calculation, reflecting p and the cutoff across

%, to take advantage of the symmetry of the problem) we find that value of the partnership
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(equilibrium ex ante utility) when 1 believes she faces h (u1 = 1j,) is given by

. 1
lim Wh(p | py =1,) = 2(2p* = 2p+ 1)
e—0 6
4
lim WH —1,) = — ~0.148
Wl =1h) = 57
4
lim W =1;) = — ~0.148
limg WH(p 11 = 1n) = o7
1
lim W* = 1) = —(—5p +5p+1
T WH(p i1 = 1p) = 5(=5p7 +5p + 1)
And, the similar set of calculations, for the case of u; = 1,, results in a value of the
partnership of
lim WE(p | 1 = 1) = 2(p2 — p+1)
e—0 6
e (—7 247 17) if 0 1
lim W (p | 1 = 1) =
e—0 499 :
zigg ~ 0.144 ifp=0orp=1

(

1 2 :
' m<—17p +17p+147> if0<p<l1
Elg%Wh(p | pp=1y) =

S~ 0.147 ifp=0orp=1

\

1
lim W —1,) = —(=5p2 +5p +1).
lim, (p| =1y T P~ +5p+1)

These values are depicted in Figure 6, which shows the value of the partnership for a very

small e.

Verifying the proposed period-1 separating equilibrium The proposed period-1

equilibrium in Example 2.8 calls for the two types of 2 to play p" = 0 and p¢ = % They
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know that 1’s belief about their type will update based on their choice of price: it will be
17 if they choose p = 0, but will be 1 otherwise. Given this, we must verify the Incentive

Compatibility conditions ensuring that 2 will not benefit from deviating to another p:

1
Wf(5 | ]1L) > Wt <p’ | 11L> for all p’ > 0 (A.28)

1
Wf(5 | ]1L> > Wt <p’;\ 11H) for p/ =0 (A.29)
Who| 1) > wh (p’ | ]1L> for all p’ > 0 (A.30)

Using Figure 6, verifying these a straightforward task. We start with ¢’s possible deviations.
The Proposed equilibrium strategy in Example 2.8 dictates that ¢ chooses pf = % There are
two sorts of deviations to consider, to check if she can increase her equilibrium utility. First,
in (A.28), if ¢ deviates from p£ = % to some p’ # 0, then she will keep her reputation 1.
Second, in (A.29), if she deviates from pl = % top’ = 0, then she will earn reputation 1;,. The
first sort is not incentive compatible, because p = % is the peak of the curve wt (p | 1 g). The

second sort is also not incentive compatible, because W (0]1p) ~.06 < wt (% |1 g) ~ .14.

Next, in (A.30), we examine h’s possible deviations from choosing p" = 0. If she deviates
to anywhere else, she will get reputation 1,, rather than 1;. Since p = % is the peak of the
curve Wh (p |1 g), if she deviates at all she should choose p = % However, doing so would

drop her value from W" (0] 1) ~ .1469 to Wh<% | ]lh> ~ .1468.

Lastly, we confirm that 1’s updating rule of 7T(h |p= O) =1and 7T(h | p # O) = 0 conforms

to Bayes’ rule.

Note that since the 2 types separate, Bayes’ rule only requires that = ( |p= O) = 1j and

that 7r(~ |p= %) = 1y, i.e. that the 1 types infer from observing p = 0 that 2 is h and from
observing p = % that 2 is §; = £. And indeed the updating rule does this. However, inference

following any other p is not restricted by Bayes’ rule. In this case, equilibrium dictates they
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infer from any other p that 2 is £, and belief is not incompatible with 2’s behavior.

In the first plot, Wt (p |1 g) coincides almost perfectly with wt (p | 1 h)> so that the two can
barely be distinguished without zooming very far in.* There are two sorts of deviations by ¢
to consider, based on the equilibrium updating rule 7T(' | p) laid out in Example 2.8. First,
if ¢ deviates from pg = % to some p’ # 0, then she will keep her reputation 1,. Second, if
she deviates from pg = % to p’ = 0, then she will earn reputation 1;,. The first sort is not
incentive compatible, because p = % is the peak of the curve wt (p |1 g). The second sort is

also not incentive compatible, because W* (0] 1) ~ .06 < W%% | ]lg) ~ .14.

The second plot shows value of the friendship for A under the two reputations. For h, her
reputation matters a great deal, because she strongly believes (with probability .995) that
she is facing H, who is very altruistic and hence very responsive to (what she believes to be)
2’s actions. Because the equilibrium dictates that 1’s inference is 7r(- | p) = 1y, following any
p # 0, if h deviates from ph = 0, she will be branded as the low type ¢. The figure shows
that it is not incentive compatible for her to deviate like this: deviating to p = % would drop
her value from W (0] 1p) ~ .1469 to Wh<% | ]lh> ~ .1468. And, deviating to any other p

would give her even lower value, since p = % is the peak of the curve wh (p |1 h)~

Lastly, to confirm the updating rule, note that since the 2 types separate, Bayes’ rule only
requires that 7T(- |p= 0) = 1, and that 7r(- |p= %) = 1y, i.e. that the 1 types infer from
observing p = 0 that 2 is h and from observing p = % that 2 is #; = £. Their inference
following any other p is not restricted by Bayes’ rule. In this case, equilibrium dictates they

infer from any other p that 2 is £, and these beliefs are not incompatible with 2’s behavior. [J

Proof of Proposition 2.9 — 2 x 2 — Symmetrically signaling trust with p = 0.

4. This near-indifference by ¢ to her reputation occurs because L’s action barely depends on her belief
about 2’s type (or action), since she is is almost completely selfish (az, = .01) and applies a very low weight
to 2’s actions in her best-response equations. Since £ very strongly believes she is facing L (with probability
.995), she too does not care very much about her reputation.
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This proof proceeds along the same lines as the proof of Proposition 2.9, only with Example
2.10 giving the parameters and Figure 9 plotting the values. Again, we solve the equilibrium
using a computer algebra system, and plot the value of the partnership. Here, we refer
directly to the Figures to verify the Incentive Compatibility inequalities. First, for the case

where 2 is the one choosing p:

e [ prefers to pick pg = %, because this is peak of her curve wt (p | ]lg) and because

switching to p = 0 and garnering high reputation 15 doesn’t increase her value either.

e h chooses ph = 0 because if she deviates she gets low reputation 1, but even the highest
point (p = %) on that curve W" (p | 1,) is worse for her than sticking at pjn =0 and

getting value W (0]1p)

e Both L and H correctly infer from observing p = 0 that 2 is h, and from observing
p = % that 2 is £. At other p, they are free to assume what they may (in this case,
that 2 is /).

Second, for the case where 1 is the one choosing p, the argument runs exactly the same (no

surprise, because the parameters are totally symmetric), only swapping 1 with 2, L with ¢,

and H with h. ]
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