
RESEARCH ARTICLE PHYSICS OPEN ACCESS

Transport coefficient approach for characterizing nonequilibrium
dynamics in soft matter
HongRui Hea,b ID , Heyi Liangb ID , Miaoqi Chuc ID , Zhang Jiangc ID , Juan J. de Pabloa,b,1 , Matthew V. Tirrella,b,1 ID , Suresh Narayananc,1 , and Wei Chena,b,1 ID

Edited by David Weitz, Harvard University, Cambridge, MA; received January 18, 2024; accepted June 16, 2024

Nonequilibrium states in soft condensed matter require a systematic approach to
characterize and model materials, enhancing predictability and applications. Among
the tools, X-ray photon correlation spectroscopy (XPCS) provides exceptional temporal
and spatial resolution to extract dynamic insight into the properties of the material.
However, existing models might overlook intricate details. We introduce an approach
for extracting the transport coefficient, denoted as J(t), from the XPCS studies. This
coefficient is a fundamental parameter in nonequilibrium statistical mechanics and
is crucial for characterizing transport processes within a system. Our method unifies
the Green–Kubo formulas associated with various transport coefficients, including
gradient flows, particle–particle interactions, friction matrices, and continuous noise.
We achieve this by integrating the collective influence of random and systematic
forces acting on the particles within the framework of a Markov chain. We
initially validated this method using molecular dynamics simulations of a system
subjected to changes in temperatures over time. Subsequently, we conducted further
verification using experimental systems reported in the literature and known for their
complex nonequilibrium characteristics. The results, including the derived J(t) and
other relevant physical parameters, align with the previous observations and reveal
detailed dynamical information in nonequilibrium states. This approach represents
an advancement in XPCS analysis, addressing the growing demand to extract intricate
nonequilibrium dynamics. Further, the methods presented are agnostic to the nature of
the material system and can be potentially expanded to hard condensed matter systems.

nonequilibrium dynamics | Langevin dynamics | Markov chain | transport coefficient |
X-ray photon correlation spectroscopy

Soft materials, including colloidal suspensions (1, 2), polymers(3, 4), gels (5, 6), and
biological materials (7, 8), often exist in nonequilibrium states, a crucial aspect of
their practical applications and scientific studies. These nonequilibrium states arise due
to external factors, including mechanical forces, temperature fluctuations, or chemical
reactions, necessitating an understanding of how these materials respond to such stimuli.
Although classical theories such as mean-field theory (9, 10), renormalization group
(11, 12), and universality (11, 13) have contributed significantly to our understanding
of particle and atomic behavior within complex systems, they fall short when these
materials deviate from equilibrium under external influences. Nonequilibrium dynamics
introduce intriguing phenomena, including transitions between metastable states
(14, 15), dynamical heterogeneity (16, 17), aging (18, 19), yielding (20, 21), avalanches
(22, 23), and phase reentrance (24, 25). Real-time measurements serve as a valuable
tool to unravel the kinetics and mechanisms governing these transitions, facilitating
improved control and predictability (26, 27). Consequently, it becomes imperative
to develop robust in situ tools and analysis models that enable us to investigate the
dynamic behavior of complex materials (28, 29), validate theoretical constructs (30, 31),
and engineer functional materials for a variety of applications within these soft matter
systems.

In this pursuit, various in situ techniques, including scattering (32–34), imaging
(35–37), spectroscopy (38–41), and force measurements (42, 43), emerge as effective
tools for investigating nonequilibrium phenomena. Among these techniques, XPCS, a
coherent X-ray scattering method capable of measuring dynamics through the temporal
autocorrelation function of intensity fluctuations in space and time, has shone since its
introduction in 1991 (44). It offers exceptional spatial and temporal resolution, making
it ideal for investigating the unique insight of nonequilibrium dynamics at the nanoscale
in diverse soft matter systems. In a typical XPCS experiment (Fig. 1A), a series of X-ray
scattering intensities (speckles) I(Eq, t) is collected with a 2D detector as a function of
time. To extract the dynamics from a nonequilibrium system, a second order two-time
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intensity autocorrelation function (c2 (Eq, t1, t2)) is computed
according to the following equation (45):

c2(Eq, t1, t2) =
E [I(Eq, t1)I(Eq, t2)]

E [I(Eq, t1)] E [I(Eq, t2)]
, [1]

where notation E [...] denotes as the ensemble average (SI
Appendix, section 1).

In a system containing a large number of independent
scatters with randomized scattered phases, the scattered fields
are generated by Gaussian processes. This condition enables
the application of the Siegert relation, and second order two-
time intensity autocorrelation function (c2 (Eq, t1, t2)) is written
as follows (46):

c2(Eq, t1, t2) = 1 + �|c1(Eq, t1, t2)|2, [2]

where 0 ≤ � ≤ 1 is the coherent contrast depending on the
experiment conditions, such as the coherent fraction of X-rays
in the incident beam and the size of the pixel in the detector.

The first-order correlation function c1(Eq, t1, t2) is the temporal
correlation of the scattered electromagnetic field E(Eq, t):

c1(Eq, t1, t2) =
E [E(Eq, t1)E(Eq, t2)]

E [E(Eq, t1)] E [E(Eq, t2)]
. [3]

A common approach to analyzing equilibrium dynamics
c2 (Eq, t1, t2) starts with its conversion to a second order one-time
intensity autocorrelation function (g2 (Eq, �)). In equilibrium,
g2 (Eq, �) is calculated by diagonal averaging of c2 (Eq, t1, t2) along
the axis of delayed time � as shown in Fig. 1B. However, for
nonequilibrium dynamical evolution, diagonal averaging fails,
and this conversion thereby involves dividing the absolute time
of the experiment into distinct regions, as demonstrated in
Fig. 1C. These regions are known as TIZs (47). Within these
TIZs, it is assumed that the system is in a pseudoequilibrium
state. g2 (Eq, �) is then calculated by averaging over the delay
time � = |t2 − t1| in either the vertical/horizontal direction
or the diagonal direction. Subsequent analysis involves fitting
the one-time correlation function with a specific model of the

A

B C

D

Fig. 1. Illustration of the XPCS experiment procedure and its analysis techniques in both equilibrium and nonequilibrium states. (A) In a standard XPCS
experiment, coherent X-rays illuminate the samples, generating speckles that reveal the spatial distribution of particles on detectors. Dynamic information
about the system is obtained by calculating the temporal correlation function c2 of these speckles, which is then converted to a one-time correlation function
g2 by averaging. Depending on whether the system is in equilibrium or not, the analysis procedure to convert from c2 to g2 varies: In the equilibrium case (B),
g2 (Inset figure) can be obtained by diagonally averaging c2 at increasing value of � (gray line); in contrast, in the nonequilibrium system (C), g2 (Inset figure) can
only be obtained by averaging c2 within the predefined TIZs (gray rectangle), where the system is assumed to be pseudoequilibrium for a certain period within
the TIZs. The color of g2 in the Inset figure corresponds to the TIZs with lighter colors at an earlier time. (D) We introduced a transport coefficient approach
to obtain the time-resolved dynamics directly by fitting c2 without any averaging. As a result of this analysis, Γ represents the characteristic dynamics rate
of the system, and its expression depends on the specific system under study. For standard diffusion, it is defined as Γ = q2D in equilibrium (blue line) and
Γ(t) = 1

2 q
2J(t) in a nonequilibrium state, where D is the diffusion constant, and J (t) is the transport coefficient, as defined in Eq. 6. The results obtained from

our nonequilibrium analysis approach (red line) offer enhanced detail and higher resolution in the time-resolved dynamics compared to conventional TIZs
approaches (orange line).
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correlation function tailored to the characteristics of the system
under investigation. The choice of an appropriate model depends
on the properties and behaviors of the system. For example, a
simple exponential function describes the diffusion dynamics
with a single relaxation time (48). A Kohlrausch–Williams–
Watts (KWW) function has been shown to describe systems that
exhibit anomalous diffusion (49), a sinc function for a fluid that
undergoes homogeneous shear (50), or a heterodyne scattering
function for a system composed of two components with well-
separated dynamical time scales (51).

However, XPCS analyses in nonequilibrium systems present
significant challenges. Reported studies have treated such systems
by approximating the system to be in equilibrium system within
TIZs, which is a shortcoming in systems characterized by strongly
varying nonequilibrium conditions, such as the combined XPCS
and in situ rheology (Rheo-XPCS) experiments conducted under
external stimulus (52). Conversion of c2 (Eq, t1, t2) into g2 (Eq, �)
by averaging over � can potentially distort or overlook intricate
time-dependent variations in the data, leading to the loss of
crucial information about the dynamics of the system (53).
Moreover, current XPCS analyses struggle to decipher complex
patterns observed in the two-time correlation function, such as
“square,” “wings,” or “tail-like” features (54–56). Predominant
explanations have focused on “backflow” where particles move
relative to their neighbors, leading to jammed and disordered
arrangements at irregular intervals (47), or abrupt phase tran-
sitions of the entire system (54). Such models often overlook
the influence of factors such as structural dynamics, particle
interactions, and other time-dependent effects that play an
important role in shaping the observed patterns. The incomplete
consideration of these elements in the current analyses hinders
our comprehensive understanding of the underlying dynamics.

Advancing XPCS analysis methodologies in nonequilibrium
systems to overcome some of the above limitations is important
in deepening our understanding of complex dynamic processes
in soft matter. The advancement presented in this work enables
the direct extraction of valuable information from c2 (Eq, t1, t2)
without the need for any temporal averaging. We present a
transport coefficient method for characterizing nonequilibrium
dynamics in soft matter. Our approach formulates a Langevin
dynamics model that considers particle dynamics comprising
two constituents: intrinsic random motion and externally driven
motion. By assuming a Markovian process without memory for
nonequilibrium dynamics, we derive the transition probability
P(Δx, t1, t2), which connects the probability distribution (P)
of position (x) at time t1 and t2 within the dynamic process.
We then convert this probability to c2 (Eq, t1, t2) using a Fourier
transform. To validate our model, we initially applied it to
a molecular dynamics (MD) simulation system with known
physical parameters. This involves comparing the transport
coefficient J (t) obtained from the simulation trajectory with the
values extracted from the analysis of c2 (Eq, t1, t2). Subsequently,
we employ this analysis methodology on XPCS results from two
sources in the literature that have used existing methodologies:
one that involves relaxation of a colloidal system after applied
creep (57) and another that involves a gel system subjected
to internal stresses (56). Furthermore, we extend our analysis
methodology to include complex fluids characterized by even
more complex dynamics. In this context, we explore a system
involving a suspension of charged colloids in salt solutions.
Using a combination of creep measurements and Rheo-XPCS,
we delve into the dynamics of deformation and relaxation,
allowing us to observe phenomena such as complex patterns
in the c2 (Eq, t1, t2) and multiple shear bands. Subsequently, we

interpret and rationalize these complex rheological phenomena
by extracting time-dependent physical quantities using the de-
veloped approach. This advancement not only enhances the data
accuracy of XPCS analysis (Fig. 1D) but also offers significant
insight into the dynamical properties of the system that are
overlooked by the existing methods.

1. Theoretical Basis

1.1. Langevin Dynamics. Within a given one-dimensional sys-
tem encompassing nonequilibrium dynamics, the force experi-
enced by an individual particle at any time t, mv̇(t), is expressed
through the Langevin equation:

mv̇(t) = Fin(t) + Fex(t)
= �(t) + Fsys(x, v, t) + Fex(t),

[4]

where v(t) represents the velocity of the particle, andm denotes its
mass. Fin and Fex are the internal and external forces, respectively.
The Fin could be further divided into a random force �(t) and
a systematic force Fsys. The term �(t) denotes a ’truly random’
force or noise, which is independent of the state of motion of the
particle. It has an average first moment of zero (E [�(t)] = 0) and
a second moment average proportional to thermal fluctuations
with a strength factor (Γ) as E [�(t)�(t ′)] = Γ�(t − t ′). Finally,
Fsys is a systematic force that depends on the state of motion of
the particles.

In a nonequilibrium process displaying Markov chain char-
acteristics, where the likelihood of random motion remains
independent of memory, P(x, t) exhibits Gaussian-like charac-
teristics as:

P(x, t) = N
(
x;� = E [x(t)] , �2 = V[x(t)]

)
=

1√
2�V[x(t)]

exp

(
−

(x − E [x(t)])2

2V[x(t)]

)
.

[5]

The center of these probability distributions is determined by
the mean position E [x(t)], while their distribution is contingent
upon the variance V[x(t)] at a given time t.

1.2. Transport Coefficient. Except for a few model systems such
as Wiener/standard diffusion (58), Ornstein–Uhlenbeck (59),
and Brownian oscillator (60), it remains challenging to obtain
an analytical solution of Eq. 4 for the evolution of mean
position E [x(t)] and variance V[x(t)] of the distribution over
time. This is particularly true for systems involving complex
particle interactions, hydrodynamic forces, or intricate frictional
effects. To quantify the time-resolved dynamic response in any
nonequilibrium system, we utilize two time-dependent physical
parameters, the mean velocity of the ensemble E [v(t)] and the
dynamical transport coefficient J (t).

In scenarios where the system encounters an external flow field
vo(t), such as applied shear in a rheometer, the main contributor
to the mean velocity is this external flow, given by E [v(t)] =
vo(t). To characterize the internal or random motion of the
particles arising from the cumulative influence of various external
forces Fex , we employ J (t), which is defined as follows:

J(t) =
d
dt

(V[x(t)]) = 2Cov [x(t), v(t)]

= 2
∫ t

0
Cov

[
v(t), v(t ′)

]
dt ′.

[6]
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This expression explains the physical and mathematical charac-
teristics of J (t) from three aspects:

1. Time derivative of the variance of particles positions as
d
dt (V[x(t)])

2. Covariance of x(t) and v(t) as Cov [x(t), v(t)]
3. Integration of velocity correlation function and Green–Kubo

formula as
∫ t

0 Cov [v(t), v(t ′)] dt ′

Traditional transport coefficients, defined and measured in near-
equilibrium states, face limitations in far-from-equilibrium situ-
ations. The generalized Green–Kubo formula offers an extension
for calculating such coefficients in nonequilibrium settings.
However, applying this approach requires a more intricate, often
system-dependent strategy to accurately describe and predict
transport phenomena. While generalized transport coefficients
may not fully capture the intricate dynamics at play, it is
important to recognize that they can provide valuable insights
even away from equilibrium.

1.3. Two-Time Autocorrelation Function. As detailed in the
derivation procedure outlined in SI Appendix, section 2,
c1(q, t1, t2) for nonequilibrium systems with isotropic and
uncorrelated noise in every direction, can be described as,

c1(q, t1, t2) = c1,in(q, t1, t2)c1,ex(q, t1, t2). [7]

By examining Eq. 7, we can gain insight into how both the
internal and the external dynamics influence c1(q, t1, t2).

The term c1,in contains J (t) to capture the systematic
dynamics of the system, as well as the thermal fluctuations
it experiences, such as diffusion. These fluctuations exhibit
isotropic characteristics, proportional to q2, due to the presence
of uniform noise acting in all directions,

c1,in(q, t1, t2) = e−
1
2 q

2 ∫ t2
t1

J(t) dt
. [8]

Conversely, c1,ex is related to the decorrelation resulting from
the external field that drives the particles with an average velocity
of E [v(t)] with proportionality to q,

c1,ex(q, t1, t2) = eiq
∫ t2
t1

E[v(t)] dt
. [9]

Eq. 7, along with Eqs. 8 and 9, describe the two-time
correlation function that corresponds to the time-dependent
dynamics in a one-dimensional system under the collective
influence of all forces, including random force, interaction
potential field, drift, and all other possible factors. To disentangle
the contribution from each force type, other approaches such as
solving for c1(q, t1, t2) or conducting simulations based on the
first principles of the specific system become necessary.

Extending Eq. 7 to three-dimensional nonequilibrium systems
(SI Appendix, section 2.D), such as those with uncorrelated
noise in every direction, we define the transport coefficient in
every direction as Ji(t), where i = x, y, or z. In this context,
c1,in(Eq, t1, t2) can be expressed as follows:

c1,in(Eq, t1, t2) =
∏

i=x,y,z

e−
1
2 q

2
i
∫ t2
t1

Ji(t) dt , [10]

while c1,ex(Eq, t1, t2) becomes

c1,ex(Eq, t1, t2) = eiEq·
∫ t2
t1

E[Ev(t)] dt
. [11]

Eqs. 10 and 11 display anisotropic behavior: Maximal effects
occur when q aligns with the flow direction, while minimal effects
are observed when q is perpendicular to the flow direction.

For purely diffusive systems in which:

1. There is no external drive, such that E [Ev(t)] = 0 or when
there is an absence of spatial correlation in particle dynamics
resulting in the perfect cancelation of the complex term
c1,ex(Eq, t1, t2)

2. The noise is isotropic in all directions as Jx = Jy = Jz = 1
3 J

the c2 (Eq, t1, t2) obtained from an XPCS experiment conducted in
a nonequilibrium state can be expressed using the Siegert relation
Eq. 2 as follows:

c2(Eq, t1, t2) = 1 + �e−
1
3

(
q2
x+q2

y+q2
z

) ∫ t2
t1

J(t) dt
. [12]

1.4. External Drive. The introduction of an external drive into
the system can significantly impact the decay of the correlation
function in the flow direction. When there is a spatial correlation
between the particles, their motion can lead to incomplete
cancelation of c1,ex(Eq, t1, t2). As a result, the complex component,(
iEq ·

∫ t2
t1 E [Ev(t)] dt

)
, due to the Doppler shift from the relative

motion of the scatters, becomes measurable in the context of
c2(Eq, t1, t2) obtained from XPCS experiments. Depending on the
flow profiles, various models have been proposed to characterize
the system. In the laminar flow that results from steady
homogeneous shear between two parallel plates, c2(Eq, t1, t2)
is characterized by a homodyne scattering function (50). If
the sample comprises two components with relative motion,
c2(Eq, t1, t2) is characterized by a heterodyne scattering function
(51, 61). In the established works in equilibrium, we further
consider nonequilibrium situations when the flow profile is
constantly changing over time and the physical parameters that
describe the profile are time-dependent functions.
1.4.1. Laminar flow. SI Appendix, section 2.E derives c2 (Eq, t1, t2)
for a laminar flow in nonequilibrium with a shear 
̇(t) by
considering across numerous flow layers within the gap, resulting
expression as follows:

c2(Eq, t1, t2) = 1 + �
[
e−q

2 ∫ t2
t1

J(t) dt
]
×

sinc2
[

1
2
qh
∫ t2

t1

̇(t) cos (�(t)) dt

]
,

[13]

where h is the gap across the stator and rotor and�(t) is the angle
between shear/flow direction and Eq.
1.4.2. Heterogeneous system. SI Appendix, section 2.F describes
a complex system combining or mixing two or more components
indexed by n, where each component exhibits a time-dependent
fraction xn(t), transport coefficient Jn(t), mean velocity E [vn(t)]
and angle between the scattering vector and flow direction �n(t),
as seen in scenarios such as shear banding in complex fluids
(62, 63). The expression for c2 (Eq, t1, t2) can be represented as
follows:

c2(Eq, t1, t2) = 1 +
�

f (t1, t2)2

N∑
n=1

N∑
m=1 xn(t1)xn(t2)xm(t1)xm(t2)×

e−
1
2 q

2 ∫ t2
t1

Jn(t)+Jm(t) dt
×

cos
[
q
∫ t2
t1 E [vn(t)] cos (�n(t))− E [vm(t)] cos (�m(t)) dt

]
 ,

[14]
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where f (t1, t2) is the normalization factor defined as

f (t1, t2)2 =
N∑

n=1
xn(t1)2

N∑
n=1

xn(t2)2. [15]

2. Approach Validation

2.1. MD Simulation. To validate the theoretical framework
described above, we performed MD simulations involving non-
interacting particles (i.e., phantom particles) within a nonequi-
librium system created by varying the temperature. As shown
in Fig. 2D, the temperature was initially maintained at a high
value, followed by a linear decrease to a stable lower value.
The transport coefficient, JEq, was determined by c2(Eq, t1, t2)
using Eq. 12. To streamline the fitting process, we represented
the trend of the transport coefficient using the error function
(SI Appendix, Eq. S104). For a better comparison, in each
figure of c2(Eq, t1, t2), the data obtained from experiments and
simulation are presented in theUpper Left, while the fitting results
are displayed in the Lower Right. In Fig. 2 A–C, c2(Eq, t1, t2)
obtained from simulation trajectories with different scattering
vectors demonstrates good agreement with the simulated data.
According to Eq. 12, the correlation functions obtained at
higher values of

(
q2
x + q2

y + q2
z

)
exhibit a faster decay. This

trend is evident starting with
(
qx = 6, qy = qz = 0

)
in Fig. 2A,

followed by
(
qx = qy = 6, qz = 0

)
in Fig. 2B, and subsequently

by
(
qx = qy = qz = 6

)
in Fig. 2C. Despite these differences,

the transport coefficient extracted from c2(Eq, t1, t2) measured
with different scattering vectors, namely Jqx=6(t), Jqx,y=6(t), and
Jqx,y,z=6(t), is anticipated to be identical, as they originate from
the particle dynamics of the same simulation. This consistency is
observed in Fig. 2D, where all transport coefficients overlap and
follow the same decreasing trend over time. Similar results are also
observed for other scattering vectors, as shown in SI Appendix,
Fig. S5.

In a system without external drive, the transport coefficient can
also be obtained directly from simulation trajectories using the
time derivative of the mean-squared displacement of particles,
denoted as JMD and given by Eq. 6. This parameter serves as a
validation measure for the analysis of c2(Eq, t1, t2). As illustrated in
Fig. 2D, the transport coefficients obtained by fitting c2(Eq, t1, t2)
with different scattering vectors agree with the reference JMD.
The slight discrepancy observed for Jqx,y,z=6(t) during t < 100
can be attributed to two reasons: 1) the absence of valid data
to describe the rapid dynamics in the high q regions during
the high-temperature period and 2) the selected equation did
not accurately capture the actual change in J (t) over time.
Despite these imperfections, this result provides evidence that
J (t) accurately reflects the actual physical quantity in the system,
thus validating the approach of extracting J (t).

2.2. Reported Experiments. After validating the proposed anal-
ysis approach through MD simulations, we then confirmed its
applicability to the results of previous experiments (56, 57). The
relaxation dynamics described in these two respective papers
exhibit intriguing dynamic phenomena under nonequilibrium

A

C

B

D

Fig. 2. Simulation of a nonequilibrium system arising from temperature changes and application of transport coefficient analysis to c2(Eq, t1, t2) extracted from
different Eq bins. c2 data are extracted from three bins: (A)

(
qx = 6, qy = qz = 0

)
, (B)

(
qx = qy = 6, qz = 0

)
, and (C)

(
qx = qy = qz = 6

)
. Each c2 dataset includes

fitting results (Lower Right corner) and corresponding MD simulation data (Upper Left corner) displayed on opposite sides of the diagonal. Panel (D) shows the
transport coefficient extracted through the analysis in these three bins, Jqx=6(t) (blue line), Jqx,y=6(t) (orange line), and Jqx,y,z=6(t) (green line), together with
the JMD (purple line) calculated directly from the positions of the particles in the simulation box using Eq. 6. The right-hand red axis illustrates the temperature
variation (red line) throughout the simulation.
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conditions. The extracted J (t) from our analysis not only
corroborates the conclusions presented in the articles but also
provides insights into how the particle interactions and drifts
resulting from the motion of the particles govern the relaxation
dynamics. This is evident from the comparison with the
classical model of the Brownian oscillator shown in SI Appendix,
section 4.B.3.
2.2.1. Overdamped relaxation. The nonequilibrium analysis was
applied to investigate relaxation dynamics in a silica particle
suspension, as described in recent work by Donley et al.
(57). Their data were collected by performing a creep/recovery
rheological test with applied stress ranging from 7.5 to 100 Pa
for 100 s in a concentrated (42 v%) and disordered suspension
of charged silica nanoparticles.

The recovery phase of the creep tests, conducted under stresses
of 100 Pa and 10 Pa, was monitored using c2 (Eq, t1, t2), which
are depicted in Fig. 3A and SI Appendix, Fig. S6A, respectively.
To interpret these data, a power-law model was applied,
encapsulating the relationship between the transport coefficient
(J (t)) and time (t), referring to SI Appendix, Eq. S105. Analysis
revealed that J ∼ t−1.586 accurately represents the transport
dynamics during relaxation from the 100 Pa creep/recovery
test (Fig. 3B), while J ∼ t−1.972 suitably characterizes the
dynamics from the 10 Pa test (SI Appendix, Fig. S6B). The
observed exponential relaxation of J (t) to intrinsic diffusivity
of equilibrium (Do) aligns with the overdamped behavior of

a Brownian oscillator (see Table 1 in Materials and Methods
and SI Appendix, Fig. S4 and Eq. S127), indicating dominance
by systematic drift. This inference is congruent with a system
characterized by soft repulsive interactions. The observed power-
law decrease of J (t) correlates with the rheometric shear rate via
a scaling factor kBT

�r , assuming r = 10 nm and T = 298 K, as
specified in the experiments (SI Appendix, Fig. S7 at section 5).
It is suspected that external shear induces systematic forces by
complex potentials, including frictional and interparticle forces,
thereby influencing transport dynamics.

Last, the presence of microscopically heterogeneous dynamics
is visually substantiated in SI Appendix, Fig. S8 of section 6.
The distinct “tailing” in SI Appendix, Fig. S8B indicates the
emergence of shear banding, likely due to the abrupt cessation of
a thin flow layer near the surface of the rotor in the recovery phase.
This observation is in alignment with the previously discussed
microscopically heterogeneous dynamics by Donley et al. (57).
2.2.2. Underdamped relaxation. The results from Fig. 3C illus-
trate the application of nonequilibrium analysis to a polymer-
particle gel system under mechanical perturbation. This system
experienced mechanical perturbation by overloading the cell
with the ex situ gelled material, resulting in a compressive
strain of approximately 10 % (56). Our study focused on
investigating the dynamics and its evolution over time in this
gel system. To capture the intricate changes in dynamics, J (t)
was determined separately for each experimental time point,

A C

B D

Fig. 3. Verification of the transport coefficient approach using experimental results from previous works. (A) Examination of relaxation dynamics in a silica
particle suspension reported in Donley et al.’s Rheo-XPCS measurement (57), and (B) corresponding results for J (t) (blue line) presented in both linear–log and
log–log scales (Inset). The orange dots denote 
̇(t) simultaneously measured from the rheometer. In the linear–log plot, the black dashed line represents the
intrinsic diffusion rate (Do) of the system under equilibrium conditions, measured at 3.1 Å2

/s. In the log–log plot, the black solid segment depicts the trend
of J(t) ∼ |
̇(t)| ∼ t−1.586±0.003, serving as a visual reference. (C and D) Application of this nonequilibrium analysis to a gel system subjected to mechanical
perturbation, as discussed in the work of Song et al. (56). In (D), the blue line depicts the J (t) derived from the nonequilibrium analysis, while the orange line
indicates the smoothed J (t), highlighting the relaxation trends. The avalanche dynamics are identified by a white arrow in (C), signifying an abrupt decrease
followed by a rapid recovery of correlation within c2 (Eq, t1 , t2). Concurrently, a black arrow in (D) marks a notable spike in J (t)at t = 560 s, corresponding to the
observed avalanche event. Trajectories of P(r − E [r] , t) are depicted in the Inset figure at different time points: t = 400 s (blue line), 800 s (cyan line), 1,200 s
(green line), 1,600 s (orange line), and 2,000 s (red line), assuming �-function at t = 0. In (A) and (C), the experimental data are displayed in the Upper Left corner,
while the fitting results are presented in the Lower Right corner.
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modeling c2 (Eq, t1, t2) by SI Appendix, Eq. S103 as detailed in
section 3.A. The observed consistency between the experimental
data and the fitting results indicates the successful capture of
the dynamic changes as time progresses through nonequilibrium
analysis.

The complex shape of c2 (Eq, t1, t2) can be attributed to the fluc-
tuation of J (t) in both directions around 0 as the system relaxes
from the mechanical perturbation. Experimental c2 (Eq, t1, t2)
displays a distinctive wings feature, and the correlation function
undergoes nonmonotonic changes as the delay time increases.
This phenomenon is elucidated by considering the change in the
probability density function of particle displacement, denoted as
P(r−E [r] , t). As shown in the Inset of Fig. 3D, P(r−E [r] , t)
initially broadens (t = 0 → 800 s) as the system relaxes, but
later narrows (t = 800→ 1,200 s) due to the systematic force,
reversing its evolution over time. Such behavior inP(r−E [r] , t)
can lead to an initial decrease and subsequent increase in the
correlation function without requiring particles to return to their
exact positions at earlier times, as observed in previous work (64).
The fitting of J (t) reveals that this change in P(r − E [r] , t)
occurs when J (t) becomes negative between 800 and 1,200 s.
Notably, P(r − E [r] , t) at t = 800 s and t = 1,600 s overlaps,
indicating that P(r −E [r] , t) returns to its initial configuration
after completing a period of oscillations. The behavior of J (t) is
similar to the dissipation dynamics in an underdamped Brownian
oscillator when the elastic force dominates the drift force, as
shown in Table 1 in Materials and Methods and SI Appendix,
Fig. S3 and Eq. S126. However, in this system, Fsys is far more
complex than a Brownian oscillator potential and drift force,
leading to deviations from the classical model, such as J (t)
dropping below 0 and its modulation of frequency over time (Fig.
3D). However, these oscillations subside, and J (t) approaches 0
at long times, consistent with the predictions of the Brownian
oscillator model, aligning with the conclusion that the system
returns to equilibrium.

Furthermore, our methodology effectively identifies the oc-
currence of avalanche dynamics, evidenced at (t = 560 s) by
a pronounced surge in J (t), as indicated by black arrows in
Fig. 3D), accompanied by a transient decrease in correlation,
swiftly followed by recovery within c2 (Eq, t1, t2), as denoted by
white arrows in Fig. 3C ). These avalanche dynamics typically
involve the rapid and transient rearrangement of particles, which
serves to release the built-up internal stress during the relaxation
phase (65), manifesting as a sharp increase in J (t) in XPCS
experiments.

In summary, compared to traditional analysis like TIZs
approach, our method offers two primary advantages. First, it
provides a more granular and quantitatively rich insight into
the temporal evolution of system dynamics, as exemplified by
the detailed capture of avalanche dynamics at (t = 560 s) in
Fig. 3C, where the enhanced resolution enables the detection
and quantification of such intricate phenomena. Second, our
technique is particularly adept at uncovering subtle patterns
within c2 (Eq, t1, t2), such as the tails observed in Fig. 3A and
the wings patterns in Fig. 3C, thereby offering a comprehensive
view of the dynamic landscape.

3. Complex Heterogeneity Study

After validating the proposed analysis approach through MD
simulations and experimental results from the previous sections,
we applied it to a system that exhibits not only significant
nonequilibrium characteristics but also heterogeneous dynamic

phenomena, such as multiple shear band transitions (66).
Investigating the fine dynamics in each shear band of such
an opaque colloidal system over time, including its fraction,
relative velocity, and rate of intrinsic dynamics, has always been
challenging because of limitations in spatiotemporal resolution
and penetration depth of instrumental optics, as well as the
shortcomings of existing analysis approaches. However, when
combined with Rheo-XPCS, our analysis allowed us to explore
how J (t) and other physical parameters reflect these complex
processes by revealing variations over time that were previously
unattainable using conventional analysis methods.

In Fig. 4A, we employed nonequilibrium analysis to gain
deeper insights into the dynamics of a chosen heterogeneous
system. Our focus falls on the shear banding phenomenon
observed in Rheo-XPCS experiments, where this approach holds
substantial promise for elucidating its underlying mechanisms.
This system consists of a combination of spherical silica particles
surface-functionalized by L-glutathione (SiOx-GSH) in a salt
suspension containing 60 mM sodium nitrate (NaNO3) and
10 mM magnesium sulfate (MgSO4), with an applied stress of
25 Pa. The Rheo-XPCS measurement of the system displays
prominent characteristics of heterodyne scattering as evidenced
by the oscillation of the c2(Eq, t1, t2) along the delay time direction.
There are two discrete frequencies in oscillations before 15 s and
after 40 s, as shown in the zoomed-in section of Fig. 4A, indicating
the presence of three compositions in the shear banding within
these time intervals. The variation in these frequencies over
time indicates that the fraction and relative velocity of each
composition consistently varies, even diminishes, throughout
the creep test. While rheometer measurements yield a standard
compliance curve under deformation, the dynamic behaviors
provided by Rheo-XPCS, including the velocity (vEdge), fraction
(xn), and transport coefficient (J) of each shear band, once
are inaccessible to us due to a lack of an appropriate analysis
approach. Therefore, it stands as a compelling example to
demonstrate the capabilities of our developed approach to
characterize the detailed insights as the change of these physical
parameters over time.

In our analysis of nonequilibrium dynamics, we assumed that
the system could be represented as comprising a static reference
with vr = 0 and Jr = 0, along with two components flowing
horizontally with mean ensemble velocities of v1 and v2, each
possessing their respective transport coefficients J1(t) and J2(t).
We ensured that the angles �1 and �2 between the scattering
vector Eq and the reference line were equal and denoted as �,
where � = 0 represents the angle at the flowing direction. These
specified conditions allowed us to simplify Eq. 14 and reduce
the number of adjustable parameters, as explained in detail in
SI Appendix, Eqs. S99, S101, and S102. Greater details of the
relationship between these physical parameters and time are
demonstrated by SI Appendix, Eqs. S106 and S107 in section
3.D and the fitting results of c2 (Eq, t1, t2) in all � directions are
shown in SI Appendix, section 7.C.

Under the applied stress, the system exhibited a heterogeneous
deformation, marked by the formation of three distinct bands: a
slow-flowing band, a fast-flowing band, and a static band close to
the stator. This formation of three bands can be attributed to the
strong attraction between the particles, leading to dense structures
in the static and slow-flowing bands and the localization of
deformation primarily in the fast-flowing band. As illustrated
in Fig. 4B, 15 s after initiation of the applied stress (t = 15 s),
a significant event occurred within the fast-moving band. Most
of the particles in this band merged into the slow-moving and
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A

B

Fig. 4. Application of the transport coefficient approach to a charged
particle suspension undergoing shear band transitions during a creep test. (A)
Observation (Upper Left corner) and analysis (Lower Right corner) of multiple
shear bands in c2 at flow direction (� = 6.3◦) for a suspension comprising
SiOx -GSH particles in a mixed salt solution (60 mM NaNO3 and 10 mM
MgSO4) under constant stress of 25 Pa. The fitting results of c2 (Eq, t1 , t2) in
other � direction are shown in SI Appendix, section 6. Insets in the Upper
and Lower corners illustrate the oscillatory features in c2 resulting from
three shear bands. (B) Comparison between rheological measurements
and analysis results using the multiple-banding model. The top-to-bottom
rows show changes over time in various physical parameters, including
compliance (J (t)), the velocity at the outer edge of the rotor (vEdge), transport
coefficient J (t), and fraction xn. These measurements are obtained through
direct rheological measurements (black circular markers) and nonequilibrium
analysis in XPCS (solid lines), providing insights into the system’s dynamics
at macro- and microscales, respectively. Within the XPCS measurements, the
blue, orange, and green lines specifically track the evolution of the slow,
fast, and static bands in the shear banding. To facilitate a more meaningful
comparison between the velocity of each band obtained from XPCS and the
shear rate 
̇(t) measured by the rheometer, 
̇(t) is converted to the velocity
at the outer edge of the rotor (vEdge) using the equation vEdge(t) = 
̇(t)h.

static bands, leading to the loss of the fast-moving band as the
lubrication layer in the deformation process. Consequently, the
entire fast-flowing band transitioned to the slow-flowing state,

resulting in a dramatic increase in the fraction of the slow-
flowing band. Simultaneously, the increase in shear rate reached
a plateau value, and the creep compliance J (t) increased at
a slower rate. After 40 s, the continuously applied stress led
to the destruction of the internal structure. Some parts of the
static bands started flowing again, with velocities comparable
to their prejamming state. Consequently, the fraction of the
fast-flowing band gradually increased but velocity decreased
over time. Through nonequilibrium analysis, we effectively
analyzed the complex dynamics of the multiple shear banding
transitions, providing insights into the formation, jamming, and
reflow phenomena occurring within the system under applied
stress.

4. Conclusion

The proposed transport coefficient, J (t), serves as a comprehen-
sive measure that encapsulates the collective influence of both
random and systematic forces on the internal particle dynamics
observed in XPCS. This analysis approach for extracting J (t)
not only enables us to quantify and understand nonequilibrium
dynamics effectively but also allows for a genuine characterization
of the system. We have rigorously evaluated its capabilities using
both MD simulations and experimental data from previous
research. The J (t) obtained through this analysis not only
represents the system’s underlying physics but also provides
nuanced insights beyond the scope of current methodologies.

To further demonstrate its potential, we have applied this
method to investigate a complex case that is currently beyond
the reach of existing analysis techniques and experiments: a
heterogeneous system characterized by shear banding involving
three bands, as observed in Rheo-XPCS. We have successfully
captured the detailed changes in dynamics within these shear
bands, shedding light on how microscale dynamics contribute to
the macroscopic rheological response, including shear rate and
strain.

In conclusion, our presented method represents a significant
advancement in the field of nonequilibrium dynamics analysis
and modeling, offering both efficiency and accuracy. Such an
advanced approach helps us to better study and understand the
intriguing phenomena induced by nonequilibrium dynamics.
This understanding can not only be applied to optimizing soft
materials in various fields (67, 68), but also holds great potential
for exploring natural phenomena (22, 69). Another exciting
prospect for future development lies in its potential application to
generate extensive datasets, facilitating the training of AI systems
to extract nonequilibrium dynamics effectively right after an
experiment. This AI tool could prove invaluable in future XPCS
beamlines, enabling users to not only optimize experimental
conditions before conducting experiments but also provide real-
time results and feedback on dynamic systems during XPCS
scans. As synchrotron light sources undergo upgrades, offering
greater flux and coherence, finer dynamics become accessible
in XPCS. In light of these forthcoming advances, our analysis
approach holds tremendous promise for immediate application
in XPCS studies across a wide range of samples, allowing us
to probe subtle nonequilibrium dynamics that were previously
inaccessible.

5. Materials and Methods

5.1. Sample Preparation. The charged colloidal systems are created through
a chemical process involving the grafting of charged molecules, specifically
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Table 1. J(t) from three classical Langevin processes
Langevin process J (t)

Wiener/Standard diffusion 2D
Ornstein–Uhlenbeck 2D

(
1− e−
t

)2
Brownian oscillator: underdamped(
!o >



2
) 2D 
2

!s e−
t sin2 (!st)

Brownian oscillator: overdamped(
!o <



2
) 8D 
2


s e−
t sin2 (!st)

L-glutathione (GSH), onto the surfaces of 120 nm spherical silica particles
(SiOx) particles using click chemistry. Once these desired charged particles
are obtained, they are suspended in salt solutions (48 v%) comprising 60 mM
NaNO3 + 10 mM MgSO4. The suspensions are then subjected to an ultrasonic
treatment. The volume fraction of the system is intentionally designed to strike
a delicate balance—it is sufficiently high to encourage the development of an
internal structure, yet low enough to prevent occurrences of glass transition and
crystallization.

5.2. Rheo-XPCS. The XPCS experiment takes place at 8ID-I at Advanced Photon
Source in Argonne National Laboratory, with a sample-to-detector distance of
8 m, X-ray energy set at 7.35 keV, and data acquisition at a rate of 10 Hz.
Simultaneously, a Rheo-XPCS experiment is conducted by performing a creep
test. This approach allows for the measurement of both deformation under
constant applied stress and the subsequent recovery after stress removal,
enabling a comprehensive study of the system’s yielding behaviors. In the
context of charged colloids that exist under complex ionic conditions, this
setup anticipates a range of intricate rheological phenomena, including
delayed yielding, resolidification, and shear banding. In the Rheo-XPCS
experiment, the creep test is performed on SiOx-GSH in a solution consisting of
60 mM NaNO3 + 10 mM MgSO4. In particular, the deformation behavior
of SiOx-GSH in this specific ionic environment exhibits heterodyne scattering
signals characterized by multiple shear bands, as illustrated in Fig. 4A. Given
the complexity of this phenomenon, more in-depth analysis and interpretation
are warranted, using the nonequilibrium analysis of XPCS as described in this
study.

5.3. MD Simulation. The solvent is implicitly modeled by the Langevin
thermostat, and the equation of motion of the i-th particle is

Ėvi = −
Evi +
E�i(t)
m

, [16]

where the mass, m, is set to unity for all particles, Evi(t) is the velocity of the
i-th particle. The stochastic force acting on the i-th particle, E�i(t), satisfies the
following conditions,

E [E�i(t)] = 0

E
[
E�i(t) · E�j(t

′)
]
= 6kBT
�ij�(t − t′).

[17]

The friction coefficient, 
 , is set to 
 = 100m
� , where � = �

(m
�
) 1

2 is
the reduced time, � and � are reduced length and energy, respectively. The
velocity-Verlet algorithm is used to integrate the equation of motion, with an
integration time step Δt = 0.001� . The simulation consists of three stages
with different temperatures:

1. The temperature was kept constant at T = 5 �
kB

.

2. The temperature linearly decreased with time from T = 5 �
kB

to T = 0.1 �
kB

.

3. The temperature remained constant at T = 0.1 �
kB

.

Each stage lasts for 1� (i.e., 1,000 simulation steps). All simulations were
performed using the large-scale atomic/molecular massively parallel simulator
(LAMMPS) (70) under the periodic boundary condition.

5.4. J(t) from three classical Langevin processes. Table 1 presents the
formulations for the J (t)s derived from three classical Langevin dynamics.
In this context, D represents the classical diffusion constant in the equilibrium
state. The symbol
 denotes the drift velocity, indicative of the average directional
motion, while!o represents the angular frequency associated with the harmonic
oscillator’s oscillations. The terms 
s and !s are dimensionless parameters
corresponding to scaled versions of 
 and!o.

In the case of an underdamped Brownian oscillator, where the influence of
the elastic force surpasses that of the drift force

(
!o >



2

)
, J (t) oscillates over

time due to the sin2 (!st) component. Conversely, in an overdamped oscillator

scenario
(
!o <



2

)
characterized by the predominance of the drift force, the

oscillatory behavior of J (t), driven by sinh2
(

1
2 
st

)
, dissipates more rapidly.

Further elaboration on this topic is provided in SI Appendix, section 4.

Data, Materials, and Software Availability. All study data are included in
the article and/or SI Appendix.
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