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Supporting Information Text11

1. Abbreviation12

• Mathematical Operation:13

– F : Fourier Transform14

– E: Ensemble Average15

– V: Variance of the quantity as V [x] = E
[
x2]− E [x]216

– Cov: Covariance of two quantities as Cov [x, y] = E [xy] − E [x]E [y]17

– (f ∗ g)[t]: Convolution of function f(t) and g(t), equivalent to
∫∞

−∞ f(τ)g(t − τ) dτ18

– (f ⋆ g)(τ): Correlation between function f(t) and g(t), equivalent to
∫∞

−∞ f(t)g(t + τ)dt.19

– u⃗ ⊗ v⃗: Outer product of vector u⃗ and v⃗20

– Re: taking the real part from the complex composition given as Re
[
eiA
]

= Re [i sin (A) + cos (A)] = cos (A)21

– AT : Transpose of A tensor.22

• Scattering:23

– E(q⃗, t): Scattered electromagnetic wave profile at time t24

– I(q⃗, t): Scattered intensity profile at time t25

– b: Scattering contrast of individual particles in the system.26

– c(r⃗, t1, t2): Correlation function in real space between t1 and t227

– c1(q⃗, t1, t2): The first-order two-time correlation function in the reciprocal space between t1 and t2.28

– c2(q⃗, t1, t2): The second-order two-time correlation function in the reciprocal space between t1 and t2.29

– g1(q⃗, τ): The first-order one-time correlation function in the reciprocal space30

– g2(q⃗, τ): The second-order one-time correlation function in the reciprocal space31

– β: Speckle contrast of the incident beam.32

– xn(t): The fraction of the individual component n in the system at time t. Follow with the relation 1 =
N∑

n=1
xn(t),33

with N being the total number of components.34

– ϕn: The angle between flow velocity and scattering vector q⃗ for n.35

– f : the normalization factor in a system with multiple compositions.36

• Probability:37

– ∆r⃗(t1, t2): Displacement of a particle between t1 and t2.38

– ζ(t): The state variable that varies in the random process.39

– IP(x, t|x0, vo): The probability density function for position of a particle (x) at time t given the initial conditions40

IP(x, v, t = 0) = δ(x − x0)δ(v − vo).41

– IP(∆x, t1, t2): Transition probability function of a particle making a displacement of ∆x as time evolves from t1 to42

t2.43

– IP(x2, t2|x1, t1): Joint probability function of IP(x1, t1|x0, vo) and IP(x2, t2|x0, vo).44

– J : Transport coefficient defined at Equation S-38.45

– N (x; µ, σ2): A normalized Gaussian function with respect to x with a mean of µ and a variance of σ2.46

• Langevin Equation:47

– γ: The friction coefficient or drift that characterizes the effect of friction on the particle’s motion.48

– η: A ’truly random’ force or noise independent of the particle’s state of motion.49

– Γ: The magnitude of the random force depending on collisions between the particles and the solvent, given as50

Γ = 2mγkBT for one-dimensional system.51

– ωo: Force constant for the Brownian oscillator, given as V (x) = 1
2 mωo

2x2.52

– ωs: The reduced frequency given as ωs =
(
ωo

2 − 1
4 γ2) 1

2 .53
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– γs: The reduced drift is given as γs =
(
γ2 − 4ωo

2) 1
2 .54

– D: The classical diffusion constant in the equilibrium state is defined as D = kBT
mγ

.55

– Do: The intrinsic diffusion constant of the system in the equilibrium state.56

• Rheology:57

– γ: Strain in response to the applied deformation.58

– γ̇: Shear rate in a laminar flow system.59

– σ: Stress applied to the system.60

– J : Creep compliance, defined as γ/σ.61

• Acronym:62

– XPCS: X-ray Photon Correlation Spectroscopy63

– Rheo-XPCS: combined XPCS and in situ Rheology64

– MD: Molecular Dynamics65

2. Derivation of the Non-equilibrium model66

A. Correlation Function in X-ray Photon Correlation Spectroscopy (XPCS). To understand the physical picture of XPCS, we67

first start with a system composed of N scattered points. The spatial distribution at time t can be described by the function68

denoted as:69
N∑

n=1

δ(r⃗ − r⃗n(t)) [S-1]70

In real space, this position function quantifies the relation between the positions of points at different times.71

The profile of its scattered electromagnetic intensity is derived through a Fourier transform (F), expressed as:72

E(q⃗, t) = F

[
N∑

n=1

bn(t)δ(r⃗ − r⃗n(t))

]
=

N∑
n=1

bn(t)eiq⃗·r⃗n(t)

I(q⃗, t) = |E(q⃗, t)|2 = E(q⃗, t)E∗(q⃗, t)

=
N∑

n=1

N∑
m=1

bn(t)bm(t)eiq⃗·(r⃗n(t)−r⃗m(t))

[S-2]73

where bn(t) in the equation S-2 is defined as the unit scattering contrast and q⃗ is the scattering vector in reciprocal space.74

The correlation function c(r⃗, t1, t2) between t1 and t2 in real space could be calculated by following:75

c(r⃗, t1, t2) = E

[
N∑

n=1

N∑
m=1

δ (r⃗ − (r⃗n(t2) − r⃗m(t1)))

]
[S-3]76

where r⃗n(t2) − r⃗m(t1) is the spatial correlation of any particle n and m between t1 and t2 and E denotes ensemble average .77

During XPCS measurements, the first order two-time intensity autocorrelation function (c1) is the temporal correlation of78

electromagnetic fields as the average of equation S-3 in the reciprocal space. To match with the physical picture, a Fourier79

transform (F) is applied to the correlation function in real space S-3.80

E [E(q⃗, t2)E∗(q⃗, t1)] = F [E [c(r⃗, t1, t2)]] = E

[
N∑

n=1

N∑
m=1

bn(t2)bm(t1)eiq⃗·(r⃗n(t2)−r⃗m(t1))

]
[S-4]81

For the random dynamical process in the ensemble, each particle is assumed independent. In equation S-4, the terms where82

n ≠ m average out to zero (1, at eq. (1.6)). For the n = m terms, the average intensity and correlation of the electromagnetic83

field can be expressed as:84

E [I(q⃗, t)] = E

[
N∑

n=1

bn(t)2eiq⃗·(r⃗n(t)−r⃗n(t))

]
= E

[
N∑

n=1

bn(t)2eiq⃗·⃗0

]
= E

[
N∑

n=1

bn(t)2

]

E [E(q⃗, t2)E∗(q⃗, t1)] = E

[
N∑

n=1

bn(t1)bn(t2)eiq⃗·(r⃗n(t2)−r⃗n(t1))

]
= E

[
N∑

n=1

bn(t1)bn(t2)eiq⃗·∆r⃗(t1,t2)

] [S-5]85
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where ∆r⃗(t1, t2) is defined as the displacement of one particle between t1 and t2, given by ∆r⃗(t1, t2) = r⃗n(t2) − r⃗n(t1).86

In the case where the system is composed of monodisperse spheres, with all particles having the same contrast and lacking87

any time and direction dependence as bn(t) = bn, this common factor can be extracted from the average.88

E [I(q⃗, t)] = E

[
N∑

n=1

b2
n

]
= Nb2

n

E [E(q⃗, t2)E∗(q⃗, t1)] = E

[
N∑

n=1

b2
neiq⃗·(r⃗n(t2)−r⃗n(t1))

]
= Nb2

nE
[
eiq⃗·∆r⃗(t1,t2)] [S-6]89

Consequently, c1(q⃗, t1, t2) is obtained by normalizing the correlation function by |bn|2. (2, at eq. (3.4.14))90

c1(q⃗, t1, t2) = E [E(q⃗, t2)E∗(q⃗, t1)]
[E [|E(q⃗, t1)|2]E [|E(q⃗, t2)|2]]

1
2

= E [E(q⃗, t2)E∗(q⃗, t1)]
[E [I(q⃗, t1)]E [I(q⃗, t2)]]

1
2

=
Nb2

nE
[
eiq⃗·∆r⃗(t1,t2)]
Nb2

n
= E

[
eiq⃗·∆r⃗(t1,t2)] [S-7]91

To establish a correlation between c1(q⃗, t1, t2) and the dynamics of particles, we consider a system where the particle92

distribution at any time t after t0 = 0 follows a probability density function described by IP(r⃗, t|t0 = 0). We then define93

IP(∆r⃗, t1, t2) as the transition probability of a particle with displacement (∆r⃗ = r⃗2 − r⃗1) between time t1 and time t2. Then94

the relation between the probability distribution function at t1 and t2 can be connected with the transition probability as95

follows,96

IP(r⃗2, t2|t0 = 0) =
∫ ∞

−∞
IP(r⃗1, t1|t0 = 0)IP(∆r⃗, t1, t2) dr⃗1

=
∫ ∞

−∞
IP(r⃗1, t1|t0 = 0)IP(r⃗2, t2|r⃗1, t1) dr⃗1

[S-8]97

In a Markov chain, where its behavior depends only on its current state but not on its past, the variable t1 is excluded from98

the computation process in Equation (S-8). If IP(∆r, t1, t2) is known, the c1 in equation S-7 can be expressed equivalently as99

follows:100

c1(q⃗, t1, t2) = E
[
eiq⃗·∆r⃗

]
=
∫ ∞

−∞
IP(∆r, t1, t2)eiq⃗·∆r⃗ d∆r⃗ [S-9]101

By converting the c1(q⃗, t1, t2) to the second order correlation function c2(q⃗, t1, t2) with Siegert relation, we can obtain the102

experiment measurement of the XPCS.103

c2(q⃗, t1, t2) = 1 + β|c1(q⃗, t1, t2)|2 = E [I(q⃗, t1)I(q⃗, t2)]
E [I(q⃗, t1)]E [I(q⃗, t2)] [S-10]104

where β is the speckle contrast range from 0-1 depending on the coherence of the incident beam and I(q⃗, t) is the time-resolved105

intensity profile at specific q⃗ and time t.106

B. Generalized Model: Markov Chain with Gaussian Random Walk. To gain a preliminary understanding of the dynamics of a107

complicated non-equilibrium system, it is assumed that the particles undergo a Gaussian random walk in 1-dimension. The108

step size for each walk varies according to a normal distribution. This dynamic behavior is described as a Markov process,109

where the evolution at a certain time t for t > t0 does not depend on any of the previous states the system had been in before110

t. Instead, it relies only on the state of the system at time t. This process represents the simplest form of a system without111

memory, where the present distribution defines the future distribution.112

In this Markov process, the n-time probability distribution for the process, denoted as IP(ζn, tn), is defined as (3, at eq.113

(5.3)).114

n-component general process : ζ(t) = (ζ0(t), . . . , ζn(t))
IP(ζn, tn) = IP(ζn, tn|ζn−1, tn−1) . . . . . . IP(ζ1, t1|ζ0, t0)IP(ζ0, t0)

IP(ζn, tn) =
∫ ∞

−∞
· · ·
∫ ∞

−∞

[
tn∏

t=t0

IP(xt, t|xt−1, tt−1)

]
IP(ζ0, t0), dxt0 . . . dxtn

[S-11]115

where ζ(t) is the state variable that varies in the random process and IP(ζn, tn|ζn−1, tn−1) is defined as the transition116

probability of states from time tn−1 to tn.117
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In the Gaussian random walk model in 1-dimension, the state variable ζ(t) represents the position (x) of the particle, which118

varies during the random process. The transition probability of states from time tn−1 to tn, is denoted as119

IP(xn, tn|xn−1, tn−1) = 1√
2πJ(tn)∆t

e
−

∆x2

2J(tn)∆t = 1√
2πJ(tn)∆t

e
−

(xn − xn−1)2

2J(tn)∆t

≜ N
(
xn − xn−1; µ = 0, σ2 = J(tn)∆t

)
≜ N

(
xn; µ = xn−1, σ2 = J(tn)∆t

)
≜ N

(
xn−1; µ = xn, σ2 = J(tn)∆t

)
[S-12]120

This transition probability is a key element in the Gaussian random walk model, where each step follows a Gaussian121

distribution and the state variable evolves based on these transitions. ∆x is the step the particles take from tn−1 to tn, defined122

as ∆x = xn − xn−1, and ∆t is the time interval between adjacent steps tn and tn−1, given by ∆t = tn − tn−1. J(tn)∆t is the123

standard deviation of the step size. J(tn) is the transport coefficient corresponding to the transition step in tn−1 → tn. We124

will define transport coefficient (J(t)) physically and mathematically at equation S-38 later.125

To obtain the correlation function c1(q⃗, t1, t2) for any two states at time t2 and t1 with an arbitrary number of steps between126

them, we need to calculate the transition probability IP(x2, t2|x1, t1). According to the Chapman-Kolmogorov Equation,127

IP(x2, t2|x1, t1) can be expressed as the product of the probabilities of propagating from t1 to all intermediate values t − t′ for128

t1 < t′ < t2, and subsequently to t2, summed over all possible values of the intermediate state. The expression is given as:129

IP(x2, t2|x1, t1) =
∫ ∞

−∞
· · ·
∫ ∞

−∞

[
t2−∆t∏
t=t1

IP(xt+∆t, t + ∆t|xt, t)

]
IP(xt1 , t1|x1, t1), dxt1 . . . dxt2−∆t [S-13]130

where ∆t is the time interval between consecutive states, and the product represents the joint probabilities of propagating131

from t to t + ∆t for each intermediate time interval. This integral sums up all possible intermediate states between t1 and t2,132

and allows us to calculate the transition probability from an initial state x1 at time t1 to a final state x2 at t2 considering all133

possible paths and intermediate states.134

In the transition probability for any two nearby steps IP(xc, tc|xa, ta) at ta → tb and tb → tc, according to equation S-12135

and S-13, is136

IP(xc, tc|xa, ta) =
∫ ∞

−∞
IP(xc, tc|xb, tb)IP(xb, tb|xa, ta) dxb

=
∫ ∞

−∞
N
(
xc − xb; µ = 0, σ2 = J(tc)∆t

)
N
(
xb − xa; µ = 0, σ2 = J(tb)∆t

)
dxb

=
∫ ∞

−∞
N
(
xc − xb; µ = 0, σ2 = J(tc)∆t

)
N
(
xb; µ = xa, σ2 = J(tb)∆t

)
dxb

[S-14]137

The equation S-14 is a convolution operation of Gaussian function as τ = xb with the property of resulting in a new Gaussian138

function with a mean of µ = µf + µg and variance of σ2 = σ2
f + σ2

g as follow:139

(f ∗ g)[t] =
∫ ∞

−∞
f(τ)g(t − τ) dτ

(N (τ ; µf , σ2
f ) ∗ N (t − τ ; µg, σ2

g))[t] = N (t; µf + µg, σ2
f + σ2

g)
[S-15]140

Substituting the relation at S-15 to equation S-14, IP(xc, tc|xa, ta) is obtained as follow:141

IP(xc, tc|xa, ta) = N
(
xc − xb; µ = 0, σ2 = J(tc)∆t

)
∗ N

(
xb; µ = xa, σ2 = J(tb)∆t

)
[xc]

= N
(
xc; µ = xa, σ2 = J(tc)∆t + J(tb)∆t

)
= N

(
xc − xa; µ = 0, σ2 = (J(tc) + J(tb))∆t

) [S-16]142

Expanding the result from S-16 to S-13, we can obtain IP(x2, t2|x1, t1) as follow:143

IP(x2, t2|x1, t1) = N

(
x2 − x1; µ = 0, σ2 = ∆t

t2∑
t=t1

J(t)

)
[S-17]144
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Adapting an assumption that step difference is infinitesimal that there is infinity t′ between t2 and t1, the summation145

∆t
∑t2

t′=t1
J(t′) can be expressed as an integration of a continuous function J(t) as:146

∆t

t2∑
t=t1

J(t) =
∫ t2

t1

J(t) dt

IP(x2, t2|x1, t1) = N
(

x2 − x1; µ = 0, σ2 =
∫ t2

t1

J(t) dt

) [S-18]147

where J(t) is a continuous function of the change in the distribution standard deviation in IP(x, t) as time evolves.148

Considering x2 − x1 = ∆x, we in fact obtain the IP(∆x, t1, t2). The c1(q, t1, t2) is calculated according to the equation S-4149

as:150

c1(q, t1, t2) =
∫ ∞

−∞
IP(∆x, t1, t2)eiq∆x d∆x

=
∫ ∞

−∞
N
(

∆x; µ = 0, σ2 =
∫ t2

t1

J(t) dt

)
eiq∆x d∆x

= 1√
2π
∫ t2

t1
J(t) dt

∫ ∞

−∞
e

−
∆x2

2
∫ t2

t1
J(t) dt

+iq∆x

d∆x

= e
− 1

2 q2
∫ t2

t1
J(t) dt

[S-19]151

Considering the Siegert relation, the c2(q, t1, t2) obtained from XPCS measurement for the Gaussian random walk process is152

defined as:153

c2(q, t1, t2) = 1 + β|c1(q, t1, t2)|2 = βe
−q2
∫ t2

t1
J(t) dt

+ 1 [S-20]154

This equation describes the c2(q⃗, t1, t2) of a system constituted of particles undergoing random Gaussian walk.155

C. Derivation of c1(q, t1, t2) from Langevin Equation. Begin with Newton’s equation of motion for particles in 1-dimension:156

mv̇ = F (t) = Fin(t) + Fex(t) [S-21]157

where F (t) is the total force on the particles includes internal Fin and external Fex force. When the internal force includes a158

random force η(t) and a systematic force Fsys(x, v, t) depends on the state of particle motion,159

Fin(t) = Fsys(x, v) + η(t) [S-22]160

In a simple system, Fsys only contains a drift force mγv(t) act in the opposite direction to its motion to prevent large velocity161

fluctuations from building up. Therefore, the expression of Fin is162

Fin = −mγv(t) + η(t) [S-23]163

We then have the Langevin Equation as:164

mv̇ = −mγv(t) + η(t) + Fex(t) [S-24]165

In this equation, v(t) represents the velocity of the particle, and m denotes its mass. The parameter γ is a positive constant166

referred to as the friction coefficient or drift, which characterizes the effect of friction on the particle’s motion. The term η(t)167

denotes a ’truly random’ force or noise independent of the state of motion of the particle. It has a 1st moment of zero and168

2nd moment proportional to thermal fluctuations with a factor of Γ, which, according to fluctuation-dissipation theorem, is169

Γ = 2mγkBT ,170

E [η(t)] = 0

E
[
η(t)η(t′)

]
= Γδ(t − t′)

[S-25]171

Finally, Fex represents the result of all external applied forces acting on individual particles, which we consider identical172

throughout the paper.173
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From solving the Langevin Equation, the velocity of individual particle v(t), mean velocity E [v(t)] and mean position174

E [x(t)] of the ensemble can be expressed as: (3, at eq. (2.19, 3.3 and 11.14) )175

v(t) = voe−γt + 1
m

∫ t

0
dt′e−γ(t−t′) [η(t′) + Fex(t′)

]
E [v(t)] = voe−γt + E

[
1
m

∫ t

0
dt′e−γ(t−t′) [η(t′) + Fex(t′)

]]
= voe−γt + 1

m

∫ t

0
dt′e−γ(t−t′)Fex(t′)

E [x(t)] = x0 + vo

γ
(1 − e−γt) + 1

m

∫ t

0
dt′
∫ t′

0
dt′′e−γ(t′−t′′)Fex(t′′)

[S-26]176

From the velocity v(t), the temporal correlation of velocity E [v(t)v(t′)], the mean square average of the position E
[
x(t)2],177

and the variance of the position distribution V[x(t)] exhibit following relations: (3, at eq. (15.2)) (4, at eq. (2.186))178

E
[
x(t)2] = x2

0 +
∫ t

0
dt1

∫ t

0
dt2 E [v(t1)v(t2)]

V[x(t)] = E
[
x(t)2]− E [x(t)]2

[S-27]179

For any stochastic process exhibiting the Markov Chain characteristic, and when all particles in the system have the same180

initial conditions of position x(t = 0) = x0 and velocity v(t = 0) = v0, as:181

IP(x, v, t = 0) = δ(x − x0)δ(v − vo) [S-28]182

the probability distribution function at any given time t can be represented by a Gaussian function. This Gaussian distribution183

depends on the known mean E [x(t)] and variance V[x(t)], for that specific moment.184

IP(x, t|x0, t = 0) =
∫ ∞

−∞
IP(x, v, t|x0, vo, t = 0) dv

= 1√
2πV[x(t)]

exp
(

− [x − E [x(t)]]2

2V[x(t)]

)
= N

(
x; µ = E [x(t)] , σ2 = V[x(t)]

)
[S-29]185

According to the Equation (S-18), IP(x, t|x0, vo) at any time t can be rewritten as:186

E [x(t)] = x0 +
∫ t

0
E [v(t)] dt

V[x(t)] =
∫ t

0
J(t) dt

IP(x, t|x0, vo) = N
(

x; µ = x0 +
∫ t

0
E [v(t)] dt, σ2 =

∫ t

0
J(t) dt

) [S-30]187

with the initial conditions according to Equation (S-28),188

E [x(0)] = x0

V[x(0)] = 0
[S-31]189

To obtain the transition probability IP(∆x, t2, t1) between t1 and t2, we apply the Fourier transform to both sides of190

Equation (S-8),191

F [IP(x2, t2|x0, t = 0)] = F [IP(x1, t1|x0, t = 0)] F [IP(∆x, t2, t1)] [S-32]192

so193

IP(∆x, t2, t1) = F−1
[

F [IP(x2, t2|x0, t = 0)]
F [IP(x1, t1|x0, t = 0)]

]
[S-33]194

Considering the special property of Gaussian-like function in Fourier transform,195

F
[
N
(
x; µ, σ2)] = e− σ2

2 q2−iµq [S-34]196
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IP(∆x, t2, t1) is obtained as197

IP(∆x, t2, t1) = F−1

[
exp
(
−V[x(t2)]

2 q2 − iE [x(t2)] q
)

exp
(
−V[x(t1)]

2 q2 − iE [x(t1)] q
)]

= F−1
[

exp
(

− (V[x(t2)] − V[x(t1)])
2 q2 − i (E [x(t2)] − E [x(t1)]) q

)]
= N

(
∆x; µ = E [x(t2)] − E [x(t1)] , σ2 = V[x(t2)] − V[x(t1)]

)
[S-35]198

The transition probability between two Gaussian-like probability functions preserves the Gaussian shape, and the resulting199

Gaussian function will have its mean shifted by the difference between the means of the original Gaussian functions (E [x(t2)] −200

E [x(t1)]) and its variance scaled by the difference between the variances of the original Gaussian functions (V[x(t2)] − V[x(t1)])201

based on the specific values of the original Gaussian functions.202

We then define the change in the mean position of a particle as time evolves from t1 to t2, E [x(t2)] − E [x(t1)], as the203

integration of mean velocity from t1 to t2; the change in the variance of the position distribution V[x(t2)] − V[x(t1)], as the204

integration of dynamical transport coefficient J(t) from t1 to t2:205

IP(∆x, t1, t2) = N
(

∆x; µ =
∫ t2

t1

E [v(t)] dt, σ2 =
∫ t2

t1

J(t) dt

)
[S-36]206

so that relation Equation (S-8) is clearly satisfied as follow:207

IP(x2, t2|x0, t = 0) =
∫ ∞

−∞
IP(x1, t1|x0, t = 0)IP(∆x, t1, t2) dx1

=
(

N
(

x1; µ = x0 +
∫ t1

0
E [v(t)] dt, σ2 =

∫ t1

0
J(t) dt

)
∗ N

(
∆x; µ =

∫ t2

t1

E [v(t)] dt, σ2 =
∫ t2

t1

J(t) dt

))
[x1]

= N
(

x2; µ = x0 +
∫ t2

0
E [v(t)] dt, σ2 =

∫ t2

0
J(t) dt

)
[S-37]208

which is consistent with the definition in Equation (S-30).209

In Equation (S-36), we define the change in the mean position of a particle as time evolves from t1 to t2, E [x(t2)] −E [x(t1)],210

as the integration of mean velocity from t1 to t2; the change in variance of the position distribution V[x(t2)] − V[x(t1)], as the211

integration of the dynamical transport coefficient J(t) from t1 to t2:212

The mathematical and physical definition of the transport coefficient J(t) is shown as:213

J(t) = d

dt
(V[x(t)])

= 2 (E [x(t)v(t)] − E [x(t)]E [v(t)]) = 2Cov [x(t), v(t)]

= 2
(
E
[∫ t

0
v(t′)v(t) dt′

]
− E

[∫ t

0
v(t′) dt′

]
E [v(t)]

)
= 2

(∫ t

0
E
[
v(t′)v(t)

]
dt′ −

∫ t

0
E
[
v(t′)

]
E [v(t)] dt′

)
= 2

∫ t

0
Cov

[
v(t), v(t′)

]
dt′

[S-38]214

where Cov [x(t), v(t)] is the covariance of x(t) and v(t) and
∫ t

0 Cov [v(t), v(t′)] dt′ is a generalized form of Green-Kubo formula215

(3, at eq. (15.3)).216

From eq. (S-36), we have following expression:217

IP(∆x, t1, t2) = 1√
2π
∫ t2

t1
J(t) dt

exp

−

[
∆x −

∫ t2
t1

E [v(t)] dt
]2

2
∫ t2

t1
J(t) dt

 [S-39]218
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At the end, the two-time correlation function c1(q, t1, t2), at specific scattering vector q, can be expressed as:219

c1(q, t1, t2) =
∫ ∞

−∞
IP(∆x, t1, t2)eiq∆x d∆x

= 1√
2π
∫ t2

t1
J(t) dt

∫ ∞

−∞
exp

−

[
∆x −

∫ t2
t1

E [v(t)] dt
]2

2
∫ t2

t1
J(t) dt

+ iq∆x

 d∆x

= e
− 1

2 q2
∫ t2

t1
J(t) dt

e
iq
∫ t2

t1
E[v(t)] dt

[S-40]220

Compared to Equation (S-35), Equation (S-40) is equivalent to the Fourier transform of the transition probability. In other221

words, the correlation function measured in XPCS is the ratio between the Fourier transform of the probability function of a222

particle at t1 and t2.223

c1(q, t1, t2) = F [IP(∆x, t1, t2)] = F [IP(x2, t2|x0, t = 0)]
F [IP(x1, t1|x0, t = 0)] [S-41]224

According to eq. (S-40), the c1(q, t1, t2) could be factorized into two terms:225

c1(q, t1, t2) = c1,in(q, t1, t2)c1,ex(q, t1, t2) [S-42]226

where c1,in(q, t1, t2) is the correlation function attributed to internal forces, including the systematic dynamics as well as the227

thermal fluctuations experienced by particles, defined as:228

c1,in(q, t1, t2) = e
− 1

2 q2
∫ t2

t1
J(t) dt [S-43]229

and c1,ex(q, t1, t2) is the correlation function attributed to external drives defined as:230

c1,ex(q, t1, t2) = e
iq
∫ t2

t1
E[v(t)] dt [S-44]231

In summary, the c1(q, t1, t2) is obtained by following steps:232

1. Formalize Langevin equation based force profile of individual particles233

2. Calculate E [v(t)] and J(t) from Langevin equation.234

3. Obtain c1(q, t1, t2) by substituting E [v(t)] and J(t) into equation S-40235

Equation S-40 is the c1(q, t1, t2) for the model of particles with Langevin Dynamics in 1-dimension as a fluid transports236

with mean velocity (E [v(t)]) due to the bulk movement and transport coefficient J(t) due to molecular random motion.237

D. c1(q⃗, t1, t2) in 3-Dimensional Space. To extend the analysis to 3-dimension and derive c1(q⃗, t1, t2), we start from Langevin238

equation in 3 dimensions: (3, at eq. (4.9))239

m⃗̇v = −mγv⃗ + η(t) + F⃗ex [S-45]240

where v⃗, η⃗ and F⃗ex are the vectors consist all Cartesian components. It is noticed that η⃗(t) is an independent Gaussian white241

noise. The mean and autocorrelation of the noise are given by the following straightforward generalizations according to S-25:242

E [⃗η(t)] = 0⃗

E
[
η⃗(t) ⊗ η⃗(t′)

]
ij

= Γijδ(t − t′)
[S-46]243

where the Cartesian indices i , j run over the values (x, y, z) and Γij is the noise strength correlated to direction i , j.244

In summary, for the case in the Ornstein–Uhlenbeck process where noises in each dimension are uncorrelated, the partial245

differential equation can be separated and solved independently as one in 1-dimension.246

As the first step of solving c1(q⃗, t1, t2) in 3D, the velocity of individual particle v⃗(t), mean velocity E [v⃗(t)], and mean247

position E [r⃗(t)] of the ensemble are solved as:248

v⃗(t) = v⃗oe−γt + 1
m

∫ t

0
dt′e−γ(t−t′) [η⃗(t′) + F⃗ex(t′)

]
E [v⃗(t)] = v⃗oe−γt + 1

m

∫ t

0
dt′e−γ(t−t′)F⃗ex(t′)

E [r⃗(t)] = r⃗o + v⃗o

γ
(1 − e−γt) + 1

m

∫ t

0
dt′
∫ t′

0
dt′′e−γ(t′−t′′)F⃗ex(t′′)

[S-47]249
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In Ornstein–Uhlenbeck process without external forces, Fex = 0, the mean of position at each axis, E [r⃗(t)]i, and velocity250

correlation function E [vi(t)vj(t′)] can be written as:251

E [r⃗(t)]i = ro,i + vo,i

γ
(1 − e−γt)

E
[
v⃗(t) ⊗ v⃗(t′)

]
ij

= vo,ivo,je−γ(t+t′)+

1
m2

∫ t

0
dt1

∫ t′

0
dt2 e−γ(t−t1)−γ(t′−t2)E

[
ηi(t1)ηj(t2)

] [S-48]252

The outer product of mean of velocity E [v⃗(t)] ⊗ E [v⃗(t′)] can be written as:253 [
E [v⃗(t)] ⊗ E

[
v⃗(t′)

]]
ij

= vo,ivo,je−γ(t+t′) [S-49]254

The cross-covariance matrix of velocity at t and t′ is calculated as:255

Cov
[
v⃗(t), v⃗(t′)

]
ij

= E
[
v⃗(t) ⊗ v⃗(t′)

]
ij

−
[
E [v⃗(t)] ⊗ E

[
v⃗(t′)

]]
ij

= 1
m2

∫ t

0
dt1

∫ t′

0
dt2 e−γ(t−t1)−γ(t′−t2)E

[
ηi(t1)ηj(t2)

]
= Γij

m2

∫ t

0
dt1

∫ t′

0
dt2 e−γ(t−t1)−γ(t′−t2)δ(t1 − t2)

= Γij

2m2γ
(e−γ|t−t′| − e−γ(t+t′))

[S-50]256

The element J ij(t) in transport coefficient tensor J is calculated as:257

J ij(t) = 2
∫ t

0
Cov

[
v⃗(t), v⃗(t′)

]
ij

dt′

= Γij

m2γ

∫ t

0
e−γ|t−t′| − e−γ(t+t′) dt′

= Γij

m2γ2 (1 − 2e−γt + e−2γt)

[S-51]258

Then, the covariance matrix with elements of V [r⃗(t)]ij can be calculated from integrating V [v⃗(t) ⊗ v⃗(t′)]ij :259

V [r⃗(t)]ij =
∫ t

0
dt1

∫ t

0
dt2 Cov

[
v⃗(t), v⃗(t′)

]
ij

= Γij

2m2γ3 (2γt − 3 + 4e−γt − e−2γt)

V [r⃗(t)] = 1
2m2γ3 (2γt − 3 + 4e−γt − e−2γt)

(
Γi=j + Γi̸=j

)
Γi=j =

[Γxx 0 0
0 Γyy 0
0 0 Γzz

]
, Γi ̸=j =

[ 0 Γxy Γxz

Γyx 0 Γyz

Γzx Γzy 0

]
[S-52]260

where
(
Γi=j

)
is the variances of the individual dimension and Γi̸=j is the covariances across different dimensions.261

If we assume the noise strength Γ in different directions are truly randomized and uncorrelated, the autocorrelation of noise262

E [⃗η(t) ⊗ η⃗(t′)]ij can be written as: (3, at eq. (4.11))263

E
[
η⃗(t) ⊗ η⃗(t′)

]
ij

= Γijδijδ(t − t′) [S-53]264

δij is the Kronecker delta.265

With the uncorrelated noise assumption, the V [r⃗(t)]ij can be expressed as follow, according equation (S-52):266

V [r⃗(t)]ij = 1
2m2γ3 (2γt − 3 + 4e−γt − e−2γt)

[Γxx 0 0
0 Γyy 0
0 0 Γzz

]

= S (t)

[Γxx 0 0
0 Γyy 0
0 0 Γzz

]
V [r⃗(t)]ii = S (t)Γii

[S-54]267
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where S (t) abbreviates for 1
2m2γ3 (2γt − 3 + 4e−γt − e−2γt) in eq. (S-54).268

Given the E [r⃗(t)]i from eq. (S-48) and V [r⃗(t)]ii from eq. (S-54), similar to eq. (S-29), the IP(r⃗, t) can be expressed as follow:269

IP(r⃗, t) =
x,y,z∏

i

N
(
ri; µ = E [r⃗(t)]i , σ2 = V [r⃗(t)]ii

)
=

x,y,z∏
i

N
(

ri; µ = ro,i + vo,i

γ
(1 − e−γt), σ2 = ΓiiS (t)

) [S-55]270

The transition probability function271

IP(∆r⃗, t2, t1) =
x,y,z∏

i

N
(
∆ri; µ = E [ri(t2)] − E [ri(t1)] , σ2 = Γii (S (t2) − S (t1))

)
[S-56]272

The J ii(t) and E [vi(t)] can be expressed as:273

J ii(t) = d

dt
(ΓiiS (t)) = Γii

m2γ2 (1 − e−γt)2

E [vi(t)] = d

dt
(E [ri(t2)]) = vo,i

γ
(1 − e−γt)

[S-57]274

Substituting J ii(t) and E [vi(t)] to equation S-56, we have:275

IP(∆r⃗, t2, t1) =
x,y,z∏

i

N
(

∆ri; µ =
∫ t2

t1

E [v⃗i(t)] dt, σ2 =
∫ t2

t1

J ii(t) dt

)
[S-58]276

The two-time correlation function c1(q⃗, t1, t2) obtained through XPCS will be:277

c1(q⃗, t1, t2) =
∫ ∞

−∞
IP(∆r⃗, t1, t2)eiq⃗·∆r⃗ d∆r⃗

=
x,y,z∏

i

∫ ∞

−∞
N
(

∆ri; µ =
∫ t2

t1

E [vi(t)] dt, σ2 =
∫ t2

t1

J ii(t) dt

)
eiqi∆ri d∆ri

=
x,y,z∏

i

∫ ∞

−∞

1√
2π
∫ t2

t1
J ii(t) dt

exp

−

[
∆ri −

∫ t2
t1

E [vi(t)] dt
]2

2
∫ t2

t1
J ii(t) dt

+ iqi∆ri

d∆ri

=
x,y,z∏

i

e
− 1

2 q2
i

∫ t2
t1

Jii(t) dt
e

iqi

∫ t2
t1

E[vi(t)] dt

= e
− 1

2

∫ t2
t1

(q2
xJxx+q2

yJyy+q2
zJzz) dt

e
i
∫ t2

t1
qxE[vx(t)]+qyE[vy(t)]+qzE[vz(t)] dt

= e
− 1

2

∫ t2
t1

(q⃗·J(t) ·q⃗T)dt
e

iq⃗·
∫ t2

t1
E[v⃗(t)] dt

[S-59]278

where transport coefficient tensor J is defined as:279

J(t) =

[
Jxx(t) 0 0

0 Jyy(t) 0
0 0 Jzz(t)

]
[S-60]280

If we have assumed that the noise strength is isotropic (Γii = 2mγkBT ) and transport coefficient is the same for all the281

components (J = 3Jxx = 3Jyy = 3Jzz) without external drive (E [vx(t)] = E [vy(t)] = E [vz(t)] = 0), based on equation S-57,282

c1(q⃗, t1, t2) can be expressed as:283

c1(q⃗, t1, t2) = e
− 1

6 (q2
x+q2

y+q2
z)
∫ t2

t1
J(t) dt [S-61]284

The term285

q2 = |q⃗|2 = q2
x + q2

y + q2
z [S-62]286

defines an Ewald sphere in the reciprocal space where c1(q⃗, t1, t2) measured from any point in the sphere are equivalent in the287

isotropic system.288
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In the Ornstein–Uhlenbeck process, assuming noise strength in each direction equals to the case in 1-dimension, Γii = 2mγkBT ,289

J(t) can be expressed as:290

J(t) = 3J ii(t) = 6kBT

mγ
(1 − e−γt)2 [S-63]291

Substituting the diffusion constant defined as D = kBT
mγ

, the J(t) is obtained as:292

J(t) = 6D(1 − e−γt)2 [S-64]293

As t → ∞ where the system reaches equilibrium, J(t) equals to294

J(t) = 6D [S-65]295

Based on the equation, we can conclude that, under the conditions of isotropic and uncorrelated noise, the transport296

coefficient J(t) in 3-dimensional space is related to the transport coefficient in 1-dimension, J ii(t) = 2D, as follows,297

J(t) = nJ ii(t) ≜ Jn(t) [S-66]298

where n stands for the number of dimensions in the system.299

Therefore, substituting the equation S-66 to equation S-59, the c1(q⃗, t1, t2) in 3 dimensions with isotropic and uncorrelated300

noise in each direction can be expressed as:301

c1(q⃗, t1, t2) = e
− 1

2 q2
∫ t2

t1
(nJii(t)) dt

e
iq⃗·
∫ t2

t1
E[v⃗(t)] dt

= e
− 1

2 q2
∫ t2

t1
JnD(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(t)] dt

[S-67]302

Here, we expand the physical picture from 1 dimension to 3 dimensions. The equation S-67 is fundamental for further303

derivation for the equilibrium systems in complex fluid environments, such as laminar or shear banding flow.304

E. c1(q⃗, t1, t2) in Homodyne Scattering.305

E.1. Generalized Equation for Homodyne Scattering. In the combined XPCS and in situ Rheology (Rheo-XPCS) experiment, the306

laminar flow system can be conceptualized as comprising ensembles of flow layers across the gap (0 ≤ y ≤ h), each possessing307

the same transport coefficient J(t) but different mean velocities E [v⃗(y, t)]. The correlation function can be expressed as:308

c1(q⃗, t1, t2) =
h∑

y1=1

h∑
y2=1

∆y1

h

∆y2

h
c1,y1−y2 (q⃗, t1, t2)

= 1
h2

h∑
y1=1

h∑
y2=1

e
− 1

2 q2
∫ t2

t1
J(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(y1,t)]−E[v⃗(y2,t)] dt

∆y1∆y2

= 1
h2

∫ h

0

∫ h

0
e

− 1
2 q2
∫ t2

t1
J(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(y1,t)]−E[v⃗(y2,t)] dt

dy1dy2

[S-68]309

where c1,y1−y2 (q⃗, t1, t2) denotes as the correlation function between ensembles at position y1 and y2 in the gap.310

Depending on its position in the gap (y) between the rotor and stator and taking into account the non-equilibrium nature of311

the system, where the shear rate changes over time, the velocity can be mathematically expressed as follows:312

v⃗(y, t) = vx(y, t) = γ̇(t)y [S-69]313

Based on the aforementioned equation, the particle mean displacement in Equation S-30 can be derived as follows:314 ∫ t2

t1

E [v⃗(y, t)] dt =
∫ t2

t1

vx(t) dt = y

∫ t2

t1

γ̇(t) dt [S-70]315

In a homogeneous system with laminar flow that produces homodyne scattering, the integration of all the ensemble316

coordinates in Equation S-68 can be transformed from individual particles to spatial coordinates across the gap in the Couette317

geometry from 0 to h.318

c1(q⃗, t1, t2) = 1
h2

∫ h

0

∫ h

0
e

− 1
2 q2
∫ t2

t1
J(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(y1,t)]−E[v⃗(y2,t)] dt

dy1dy2

=
[

e
− 1

2 q2
∫ t2

t1
J(t) dt

]
1
h2

∫ h

0

∫ h

0
e

[
iq
∫ t2

t1
γ̇(t) cos (ϕ(t)) dt

]
(y1−y2)

dy1dy2

=
[

e
− 1

2 q2
∫ t2

t1
J(t) dt

]
sinc2

[
1
2qh

∫ t2

t1

γ̇(t) cos (ϕ(t)) dt

] [S-71]319
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where ϕ is the angle between shear/flow direction and q⃗.320

With Siegert Relation S-10, the c2(q⃗, t1.t2) can be expressed as:321

c2(q⃗, t1, t2) = 1 + β|c1(q⃗, t1, t2)|2

= 1 + β

[
e

−q2
∫ t2

t1
J(t) dt

]
sinc4

[
1
2qh

∫ t2

t1

γ̇(t) cos (ϕ (t)) dt

]
[S-72]322

E.2. Simplified Equation for Homodyne Scattering. In the Rheo-XPCS experiment for system under strong deformation, the ensembles323

at different positions exhibit a great difference in velocity. Therefore, eq. (S-68) is simplified by ignoring the cross-correlation324

between different layers where y1 ̸= y2,325

c1(q⃗, t1, t2) =
h∑

y=y1=y2=1

∆y

h
c1,y(q⃗, t1, t2) = 1

h

h∑
y=1

e
− 1

2 q2
∫ t2

t1
J(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(y,t)] dt

∆y

= 1
h

∫ h

0
e

− 1
2 q2
∫ t2

t1
J(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗(y,t)] dt

dy

=
[

e
− 1

2 q2
∫ t2

t1
J(t) dt

]
1
h

∫ h

0
e

[
q
∫ t2

t1
γ̇(t) cos (ϕ(t)) dt

]
iy

dy

=
[

e
− 1

2 q2
∫ t2

t1
J(t) dt

]
sinc
[

1
2qh

∫ t2

t1

γ̇(t) cos (ϕ(t)) dt

]
e

i 1
2 qh
∫ t2

t1
γ̇(t) cos (ϕ(t)) dt

[S-73]326

where ϕ is the angle between shear/flow direction and q⃗.327

With Siegert Relation S-10, the c2(q⃗, t1.t2) can be expressed as:328

c2(q⃗, t1, t2) = 1 + β|c1(q⃗, t1, t2)|2

= 1 + β

[
e

−q2
∫ t2

t1
J(t) dt

]
sinc2

[
1
2qh

∫ t2

t1

γ̇(t) cos (ϕ (t)) dt

]
[S-74]329

To consider the equilibrium condition of standard diffusion under constant shear where shear rate is constant as γ̇(t) cos (ϕ (t)) =330

γ̇ cos (ϕ) and J(t) = 6D, the c2(q⃗, t1, t2) can be expressed as:331

c2(q⃗, t1, t2) = 1 + β
[
e−6q2D(t2−t1)

]
sinc2

[1
2qh cos (ϕ)γ̇(t2 − t1)

]
[S-75]332

Substituting the absolute time (t2, t1) by delayed time τ = t2 − t1, the c2(q⃗, t1, t2) is reduced to the one-time correlation333

function, g2(q⃗, τ) as:334

g2(q⃗, τ) = 1 + β
[
e−6q2Dτ

]
sinc2

[1
2qh cos (ϕ)γ̇τ

]
[S-76]335

The eq. (S-76) mentioned above is a commonly used homodyne equation that has been widely applied in various studies.336

F. Systems with Multiple-Compositions in Non-Equilibrium.337

F.1. c2(q⃗, t1, t2) for Heterodyne Scattering with n-Compositions. We can extend the analysis to include the time-dependent fraction338

of each composition, xn(t). The total scattered electromagnetic wave, E(q⃗, t), at a given time t can then be expressed as a339

compositionally weighted contribution from the scattered electromagnetic fields of each composition, En(q⃗, t), as follows:340

E(q⃗, t) =
N∑

n=1

xn(t)En(q⃗, t)

1 =
N∑

n=1

xn(t)

[S-77]341

The ensemble average intensity could be calculated as follows:342

E [I(q⃗, t)] = E [E(q⃗, t)E∗(q⃗, t)]

= E

[
N∑

n=1

xn(t)En(q⃗, t)
N∑

m=1

xm(t)E∗
m(q⃗, t)

]

=
N∑

n=1

x2
n(t)E

[
|En(q⃗, t)|2

]
+

N∑
n=1

N∑
m ̸=n

xn(t)xm(t)E [En(q⃗, t)E∗
m(q⃗, t)]

[S-78]343

To simply the equation above, let’s consider the following assumptions:344
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1. The average intensity produced by each scatterer is determined by a consistent unit scattering contrast, as all the345

scatterers are composed of the same materials. This unit scattering contrast remains constant across all scatterers and346

does not vary with time.347

E [In(q⃗, t)] = E
[
|En(q⃗, t)|2

]
= E

[
|b|2
]

[S-79]348

2. The electromagnetic field scattered from different compositions does not correlate with each other if the signals come349

from different compositions:350

N∑
n=1

N∑
m ̸=n

xn(t)xm(t)E [En(q⃗, t)Em(q⃗, t)] = 0 [S-80]351

With these two conditions, the average intensity could be written as352

E [I(q⃗, t)] = E
[
|b|2
] N∑

n=1

xn(t)2 [S-81]353

The correlation function between time t1 and t2 could be computed as:354

c1(q⃗, t1, t2) = E [E(q⃗, t2)E∗(q⃗, t1)]
[E [|E(q⃗, t1)|2]E [|E(q⃗, t2)|2]]

1
2

[S-82]355

Substituting the fractional relation eq. (S-77) to the previous correlation function:356

c1(q⃗, t1, t2) =
E
[

N∑
m=1

xm(t2)Em(q⃗, t2)
N∑

n=1
xn(t1)E∗

n(q⃗, t1)
]

[E [I(q⃗, t1)]E [I(q⃗, t2)]]
1
2

=


N∑

n=1
xn(t2)xn(t1)E [En(q⃗, t2)E∗

n(q⃗, t1)] +
N∑

n=1

N∑
m ̸=n

xm(t2)xn(t1)E [Em(q⃗, t2)E∗
n(q⃗, t1)]


[

N∑
n=1

xn(t1)2E [In(q⃗, t1)]
N∑

n=1
xn(t2)2E [In(q⃗, t2)]

] 1
2

[S-83]357

The correlation function above could be interpreted as the sum of two components: the self-correlating terms for each358

component plus their cross-term. To simplify and rationalize the correlation function, we assume no spatial correlation of359

E(q⃗, t) between scatterers in different composition (n ̸= m) at different time:360

N∑
n=1

N∑
m ̸=n

xn(t1)xm(t2)E [Em(q⃗, t2)E∗
n(q⃗, t1)] = 0 [S-84]361

Now, introducing the compositional temporal correlation function, c1,n(q⃗, t1, t2), with form shown in eq. (S-67),362

c1,n(q⃗, t1, t2) = E [En(q⃗, t2)E∗
n(q⃗, t1)]

[E [En(q⃗, t2)]2 E [E∗
n(q⃗, t1)]2] 1

2
= E [En(q⃗, t2)E∗

n(q⃗, t1)]
E [I(q⃗, t)]

= e
− 1

2 q2
∫ t2

t1
Jn(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗n(t)] dt

[S-85]363

the self-correlation part of c1(q⃗, t1, t2) can be written as follows:364

N∑
n=1

xn(t1)xn(t2)E [En(q⃗, t2)E∗
n(q⃗, t1)] = E [I(q⃗, t)]

N∑
n=1

xn(t1)xn(t2)c1,n(q⃗, t1, t2)

= E
[
|b|2
] N∑

n=1

xn(t1)xn(t2)e
− 1

2 q2
∫ t2

t1
Jn(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗n(t)] dt

[S-86]365
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The correlation function thus could be simplified as:366

c1(q⃗, t1, t2) =
E
[
|b|2
] N∑

n=1
xn(t1)xn(t2)c1,n(q⃗, t1, t2)

E [|b|2]
[

N∑
n=1

xn(t1)2
N∑

n=1
xn(t2)2

] 1
2

=

N∑
n=1

xn(t1)xn(t2)c1,n(q⃗, t1, t2)[
N∑

n=1
xn(t1)2

N∑
n=1

xn(t2)2

] 1
2

= 1
f

N∑
n=1

xn(t1)xn(t2)c1,n(q⃗, t1, t2)

= 1
f

N∑
n=1

xn(t1)xn(t2)e
− 1

2 q2
∫ t2

t1
Jn(t) dt

e
iq⃗·
∫ t2

t1
E[v⃗n(t)] dt

[S-87]367

Let the normalization factor f define as f =
[

N∑
n=1

xn(t1)2
N∑

n=1
xn(t2)2

] 1
2

.368

We then apply the Siegert relation S-10 to obtain the c2(q⃗, t1, t2) function measured from the XPCS experiment under369

speckle contrast of β:370

c2(q⃗, t1, t2) = 1 + β|c1(q⃗, t1, t2)|2

= 1 + β [c1(q⃗, t1, t2)c∗
1(q⃗, t1, t2)]

= 1 + β

[
N∑

n=1

xn(t1)xn(t2)c1,n

N∑
m=1

xm(t1)xm(t2)c∗
1,m

]

= 1 + β

f2

N∑
n=1

N∑
m=1

xn(t1)xn(t2)xm(t1)xm(t2)c1,nc∗
1,m

[S-88]371

Subsequently, c2(q⃗, t1, t2) is obtained by substituting from equation S-85:372

c2(q⃗, t1, t2) = 1 + β

f2

N∑
n=1

N∑
m=1


xn(t1)xn(t2)xm(t1)xm(t2)×

e
− 1

2 q2
∫ t2

t1
Jn(t)+Jm(t) dt

×

e
iq⃗·
∫ t2

t1
E[v⃗n(t)]−E[v⃗m(t)] dt

 [S-89]373

In the XPCS experiment, only the real part in the eq. (S-89) can be observed:374

c2(q⃗, t1, t2) = 1 + β

f2

N∑
n=1

N∑
m=1

Re


xn(t1)xn(t2)xm(t1)xm(t2)×

e
− 1

2 q2
∫ t2

t1
Jn(t)+Jm(t) dt

×

e
iq⃗·
∫ t2

t1
E[v⃗n(t)]−E[v⃗m(t)] dt



= 1 + β

f2

N∑
n=1

N∑
m=1


xn(t1)xn(t2)xm(t1)xm(t2)×

e
− 1

2 q2
∫ t2

t1
Jn(t)+Jm(t) dt

×

Re
[

e
iq⃗·
∫ t2

t1
E[v⃗n(t)]−E[v⃗(t)m]

]


[S-90]375

The term Re denotes taking the real part from the complex term of e
iq⃗·
∫ t2

t1
E[v⃗n(t)]−E[v⃗(t)m]

, the cosine part,376

Re
[

e
iq⃗·
∫ t2

t1
E[vn(t)]−E[vm(t)] dt

]
= cos

[
q⃗ ·
∫ t2

t1

E [v⃗n(t)] − E [v⃗m(t)] dt

]
[S-91]377

For the self-interference part as n = m, this term equalizes to 1:378

Re
[

e
iq⃗·
∫ t2

t1
E[vn(t)]−E[vn(t)] dt

]
= cos

[
q⃗ ·
∫ t2

t1

E [v⃗n(t)] − E [v⃗n(t)] dt

]
= cos [0] = 1

[S-92]379
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As we further consider that the displacement of each composition is attributed to the flow along direction ϕn(t) relative to380

scattering vector q⃗, the interference term can be simplified as:381

Re
[

e
iq⃗·
∫ t2

t1
E[v⃗n(t)]−E[v⃗m(t)] dt

]
= cos

[
q

∫ t2

t1

E [vn(t)] cos (ϕn(t)) − E [vm(t)] cos (ϕm(t)) dt

]
[S-93]382

The completed form of the time correlation function with heterodyne scattering under time-dependent change in fraction383

and relative velocity is written as follows:384

c2(q⃗, t1, t2) = 1 + β

f2

N∑
n=1

N∑
m=1


xn(t1)xn(t2)xm(t1)xm(t2)×

e
− 1

2 q2
∫ t2

t1
Jn(t)+Jm(t) dt

×
cos
[
q
∫ t2

t1
E [vn(t)] cos (ϕn(t)) − E [vm(t)] cos (ϕm(t)) dt

]
 [S-94]385

F.2. Heterodyne Scattering with 2 Compositions. To verify the equation in general form, we consider a simpler case. In this context,386

the heterodyne equation in the system with 2 compositions, static reference (r) and sample (s), consistently moving with387

relative speed E [v] and direction ϕ concerning scattering vector q⃗, the equation could be simplified as:388

c2(q⃗, t1, t2) = 1 + β

f2


[xr(t1)xr(t2)]2 e

−q2
∫ t2

t1
Jr(t) dt

+

[xs(t1)xs(t2)]2 e
−q2
∫ t2

t1
Js(t) dt

+

2xr(t1)xr(t2)xs(t1)xs(t2)e
− 1

2 q2
∫ t2

t1
Js(t)+Jr(t) dt

cos
[
q cos (ϕ)

∫ t2
t1

E [v] dt
]


f2 =
[
xs(t1)2 + xr(t1)2] [xs(t2)2 + xr(t2)2]

[S-95]389

To further consider the equilibrium conditions in the Wiener process or standard diffusion, in which all parameters, including390

xs, xr and v, are independent of time and Jn(t) = 6Dn, the equation could be further simplified as:391

c2(q⃗, t1, t2) = 1 + β

f2

[
x4

re−6q2Dr(t2−t1) + x4
se−6q2Ds(t2−t1)+

2x2
rx2

se−3q2(Dr+Ds)(t2−t1) cos [q cos (ϕ)E [v] (t2 − t1)]

]
f2 =

[
x2

s + x2
r

]2
[S-96]392

Further apply the condition for the composition (x) and delayed time (τ):393

x = Is

Is + Ir
= x2

sE [I]
x2

sE [I] + x2
rE [I] = x2

s

x2
s + x2

r
= x2

s

f

τ = t2 − t1

[S-97]394

The one-time correlation equation for heterodyne scattering g2(q⃗, τ) is shown as:395

g2(q⃗, τ) = 1 + β

[
(1 − x)2e−6q2Drτ + x2e−6q2Dsτ +

2x(1 − x)e−3q2(Dr+Ds)τ cos [q cos (ϕ)E [v] τ ]

]
[S-98]396

The equation S-98 above is a commonly used heterodyne equation that has been widely applied in various studies.397

F.3. Heterodyne Scattering with 3 compositions. We further consider a system constituted of 3 compositions with 2 flowing components398

as (1, 2) and 1 static component as (r). The flowing composition moves with velocity (v1, v2) and direction (ϕ1, ϕ2) relative to399

the q⃗. The heterodyne equation could be expressed as follows:400

c2(q⃗, t1, t2) = 1 + β

f(t1, t2)2 [c2,self + c2,cross] [S-99]401

with the normalization factor written as:402

f(t1, t2)2 =
[
x1(t1)2 + x2(t1)2 + xr(t1)2] [x1(t2)2 + x2(t2)2 + xr(t2)2] [S-100]403

and c2,self and c2,cross denoted as the self-correlation and cross-correlation between different compositions, respectively. These404

correlation functions are defined as follows:405

16 of 31 H. He, H. Liang, M. Chu, Z. Jiang, J. J. de Pablo*, M. V. Tirrell*, S. Narayanan*, W. Chen*



c2,self =


[xr(t1)xr(t2)]2 e

−q2
∫ t2

t1
Jr(t) dt

+

[x1(t1)x1(t2)]2 e
−q2
∫ t2

t1
J1(t) dt

+

[x2(t1)x2(t2)]2 e
−q2
∫ t2

t1
J2(t) dt

+



c2,cross =



2xr(t1)xr(t2)x1(t1)x1(t2)e
− 1

2 q2
∫ t2

t1
Jr(t)+J1(t) dt

×
cos
[
q
∫ t2

t1
E [v1(t)] cos (ϕ1(t)) dt

]
+

2xr(t1)xr(t2)x2(t1)x2(t2)e
− 1

2 q2
∫ t2

t1
Jr(t)+J2(t) dt

×
cos
[
q
∫ t2

t1
E [v2(t)] cos (ϕ2(t)) dt

]
+

2x1(t1)x1(t2)x2(t1)x2(t2)e
− 1

2 q2
∫ t2

t1
J2(t)+J1(t) dt

×
cos
[
q
∫ t2

t1
E [v1(t)] cos (ϕ1(t)) − E [v2(t)] cos (ϕ2(t)) dt

]



[S-101]406

The equation shown above represents the heterodyne scattering function for a system with three components, and its407

calculation involves a large number of parameters. Due to the complexity of this calculation, it becomes challenging to directly408

extract the physical parameters from the measured data using this equation. To overcome this difficulty, it is necessary to409

employ approximations based on the specific characteristics of the physical system. The following approximations are commonly410

utilized:411

1. The intrinsic dynamics of the reference position is much slower than that of the flowing composition as Jr = 0 and,412

therefore, c1,r = 1.413

2. The flow direction of each composition is dominated at the horizontal direction and, therefore, ϕ1 = ϕ2 = θ, where θ is414

the angle between q⃗ and the horizontal reference of θ = 0.415

With all the reasonable assumptions above, the final form of the heterodyne scattering function for 3 flowing bands, which416

will be utilized for analysis in this paper, is as follows:417

c2,self =


[xr(t1)xr(t2)]2 +

[x1(t1)x1(t2)]2 e
−q2
∫ t2

t1
J1(t) dt

+

[x2(t1)x2(t2)]2 e
−q2
∫ t2

t1
J2(t) dt

+



c2,cross =



2xr(t1)xr(t2)x1(t1)x1(t2)e
− 1

2 q2
∫ t2

t1
J1(t) dt

×
cos
[
q cos (θ)

∫ t2
t1

E [v1(t)] dt
]
+

2xr(t1)xr(t2)x2(t1)x2(t2)e
− 1

2 q2
∫ t2

t1
J2(t) dt

×
cos
[
q cos (θ)

∫ t2
t1

E [v2(t)] dt
]
+

2x1(t1)x1(t2)x2(t1)x2(t2)e
− 1

2 q2
∫ t2

t1
J2(t)+J1(t) dt

×
cos
[
q cos (θ)

∫ t2
t1

E [v1(t)] − E [v2(t)] dt
]



[S-102]418

3. Formalization of Physical Parameters419

A. Analysis in Fig. 3 Panels C and D. In an ideal situation of a non-equilibrium model, various time-dependent parameters p(t)420

within the model, such as J(t), γ̇(t) and E [v(t)], should be continuous arbitrary where each frame of t corresponds to a specific421

value. Consequently, to accurately capture the dynamics evolution over time, the fitting process should involve thousands of422

parameters that correspond to each measured frame, as follows:423

p(t) : p(t = 0), p(1), p(2) · · · · · · p(t) [S-103]424

This analysis approach is employed in the results shown in Fig. 3 Panels C and D of the manuscript. However, when practically425

analyzing extended time procedures, for the sake of streamlining the fitting process and minimizing the parameter count, these426

time-dependent parameters can be effectively approximated using various functions.427

B. Analysis in Fig. 2. In the analysis of our Molecular Dynamics (MD) simulation, where the system is homogeneous and the428

temperature exhibits a smooth transition from high to low, the trend of the J(t) is represented by the error function (erfc) as429

follow:430

J(t) = Jscaleerfc (tscale(t − tshift)) + Jshift [S-104]431

which Jscale, Jshift, tscale and tshift are parameters to either stretch or shift the error function in different axis to accommodate432

the actual change of J(t) along time.433
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C. Analysis in Fig. 3 Panels A and B. To more effectively model the intrinsic dynamics observed during the relaxation process434

using a simplified approach, we have represented the trend of J(t) through a power law that incorporates three parameters:435

the scale factor (Jo), the exponent (b), and a vertical shift (Do),436

J(t) = Jo tb + Do [S-105]437

was utilized to formalize the relation between J(t) and time t. In Equation (S-105), Jo represents the scaling of the transport438

coefficient, and Do signifies the intrinsic diffusion rate of the system at equilibrium. The exponent b delineates the power-law439

behavior.440

D. Analysis in Fig. 4. In the analysis of multiple-banding system, the function of the physical parameters for the two flowing441

components, including mean velocity v1(t) and v2(t), transport coefficient J1(t) and J2(t), and fraction x1(t) and x2(t), are442

divided into 2 segments at t = 15 when the dynamics process changes its trend. This segmentation in the dynamics analysis443

arises from the non-monotonic behavior observed in the variables J(t),v, and xn, where each displays a pattern of increase444

followed by a decrease. Such trends complicate the use of a single function to precisely capture these variations accurately.445

Consequently, second order two-time intensity autocorrelation function (c2) was segmented into two parts at the t = 15s, each446

modeled by distinct functions. To describe v1 and v2, J1(t) and J2(t) at different segments, a power law is utilized as:447

J1(t) =
{

aJ,1,1tbJ,1,1 + cJ,1,1 : t < 15
aJ,1,2tbJ,1,2 + cJ,1,2 : t ≥ 15

J2(t) =
{

aJ,2,1tbJ,2,1 + cJ,2,1 : t < 15
aJ,2,2tbJ,2,2 + cJ,2,2 : t ≥ 15

v1(t) =
{

av,1,1tbv,1,1 + cv,1,1 : t < 15
av,1,2tbv,1,2 + cv,1,2 : t ≥ 15

v2(t) =
{

av,2,1tbv,2,1 + cv,2,1 : t < 15
av,2,2tbv,2,2 + cv,2,2 : t ≥ 15

[S-106]448

where scale (a), exponent (b), and vertical shift (c) are fitting parameters of the power law and labeled by subscript corresponding449

to its (Parameters, Segment, Component).450

Additional constraints are imposed on the fitting process for x1(t) and x2(t), taking into account the inherent limits of451

fraction growth and reduction, which are confined within the range of 0 and 1.452

x1(t) =
{

dx,1,1 − ax,1,1ebx,1,1(t−cx,1,1) : t < 15
ax,1,2ebx,1,2(t−cx,1,2) : t ≥ 15

x2(t) =
{

dx,2,1 − ax,2,1ebx,2,1(t−cx,2,1) : t < 15
ax,2,2ebx,2,2(t−cx,2,2) : t ≥ 15

[S-107]453

Any negative values in x1(t) and x2(t) is substituted by 0.454

The interpretation of the physical parameters in these model functions could vary depending on the specific context of their455

application. For instance, bn in S-105 could relate to the exponent that characterizes the time dependency of the dynamics rate456

as γ̇ ∼ tbn when it is extracted from a system undergoes relaxations or deformations.457

4. Application in Model Systems458

A. Classical Non-Equilibrium Dynamics Model. In the following section, we apply equation S-67 to several classical processes459

that match the description of Langevin dynamics, including the Wiener process (standard diffusion), Ornstein–Uhlenbeck460

process, and Brownian oscillator. By analyzing these dynamic processes, we can estimate the transport coefficients and,461

hopefully, gain insight into how this physical parameter represents the dynamic behavior of the system.462

A.1. Wiener Process / Standard Diffusion. In this case of 1-dimensional Wiener process or standard diffusion, fluctuations (ζ(t))463

exist at the velocity level as Γ = 2D. Under such conditions, the Langevin equation of the Wiener process can be expressed as464

(3, at eq. (9.2)):465

ẋ = vo + R(t) = vo +
√

2Dζ(t) [S-108]466

Here, R(t) represents a random fluctuation in velocity attributed to a stationary, Gaussian, δ-correlated, Markov process467

ζ(t). It possesses the following properties:468

E
[
ζ(t)ζ(t′)

]
= δ(t − t′) [S-109]469

where vo and x0 are the initial velocity and position for the process.470
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The mean velocity E [v(t)], mean position E [x(t)] , variance of position V[x(t)] and transport coefficient J(t) of the ensemble471

are obtained as:472

E [v(t)] = vo

E
[
v(t)v(t′)

]
= v2

o + 2Dδ(t − t′)
E [x(t)] = x0 + vot

V[x(t)] = E
[
x(t)2]− E [x(t)]2 = 2Dt

J(t) = d

dt
(V[x(t)]) = 2D

[S-110]473

Substituting the value of E [v(t)] and V[x(t)] from equation S-110 to equation S-40, the c1(q, t1, t2) is obtained based on as:474

c1(q, t1, t2) = e−q2D(t2−t1)eiqvo(t2−t1)
[S-111]475

Equation (S-111) is the c1(q, t1, t2) for the model of Advection-Diffusion in 1-dimension, a fluid transports with external476

driven bulk movement (vo) and diffusion (D) of the substance due to molecular random motion.477

Considering the case in equilibrium state as changing the absolute time (t1, t2) to delayed time τ as τ = t2 − t1:478

g1(q, τ) = e−q2Dτ eiqvoτ [S-112]479

Further considering diffusion is the only dynamics in the system and there is no bulk movement in the system as vo = 0, the480

equation S-112 can be reduced to the simplest model that commonly applied in XPCS analysis:481

g1(q, τ) = e−q2Dτ [S-113]482

A.2. Ornstein–Uhlenbeck Process. In Ornstein–Uhlenbeck Process, the external force (Fex) is set to zero while the drift483

coefficient (γ) remains non-zero. This configuration gives rise to an Ornstein–Uhlenbeck process. The Ornstein–Uhlenbeck484

process exhibits a mean-reverting behavior and is commonly used to model systems with a tendency to return to equilibrium.485

In such a case, the Langevin equation is given by (3, at eq. (6.1)):486

mv̇ = −mγv(t) + η(t) [S-114]487

In the Ornstein–Uhlenbeck process, the thermal fluctuation noise in velocity is attributed to collisions between particles and488

solvent with the level of Γ = 2mγkBT . Then, the mean velocity E [v(t)], mean position E [x(t)] and variance of position V[x(t)]489

of the ensemble is solved as:490

E [v(t)] = voe−γt

E [x(t)] = x0 + vo

γ
(1 − e−γt)

V[x(t)] = E
[
x(t)2]− E [x(t)]2 = kBT

mγ2 (2γt − 3 + 4e−γt − e−2γt)

= D

γ
(2γt − 3 + 4e−γt − e−2γt)

[S-115]491

where D is defined as the diffusion constant of the system and is equal to D = kBT
mγ

492

The dynamical transport coefficient J(t) is defined as:493

J(t) = d

dt
(V[x(t)]) = d

dt

(
D

γ
(2γt − 3 + 4e−γt − e−2γt)

)
= 2D(1 − 2e−γt + e−2γt)

= 2D
(
1 − e−γt

)2

[S-116]494

The two-time correlation function c1(q, t1, t2) obtained through XPCS will be:495

c1(q, t1, t2) = e
− 1

2 q2
∫ t2

t1
J(t) dt

e
iq
∫ t2

t1
E[v(t)] dt

= e
−q2D

∫ t2
t1

(1−e−γt)2 dt
e

iqvo

∫ t2
t1

exp (−γt) dt
[S-117]496
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A.3. Brownian Oscillator. In a Brownian oscillator with potential of V (x) = 1
2 mωo

2x2, the conservative force in the particle is497

mωo
2x as − ∂V (x)

∂x
= −mωo

2x. Therefore, the Langevin Equation (LE) for the Brownian oscillator is: (3, at eq. (13.1))498

mv̇ = −mγv + η(t) − mωo
2x [S-118]499

For the Brownian oscillator with initial conditions of x(0) = x0 and v(0) = vo, the value of E [v(t)],E [x(t)] and V[x(t)] is500

solved as: (5, at eq. (214))501

E [v(t)] = e−γt/2

ωs

[
−x0(ωo

2 sin ωst) + vo(ωs cos ωst − 1
2γ sin ωst)

]
E [x(t)] = e−γt/2

ωs

[
x0(ωs cos ωst + 1

2γ sin ωst) + vo(sin ωst)
]

V[x(t)] = kBT

mωo
2

[
1 − e−γt( γ2

2ω2
s

sin2 ωst + γ

2ωs
sin 2ωst + 1)

] [S-119]502

where ωs is the reduced frequency given as:503

ωs =
(

ωo
2 − 1

4γ2
) 1

2
[S-120]504

With the knowledge of V[x(t)] and V[v(t)], the transport coefficient J(t) for Brownian oscillator can be written as: (5, at eq.505

(213))506

J(t) = d

dt
(V[x(t)]) = 2Dγ2

ωs
2 e−γt sin2 ωst [S-121]507

Substituting the value of E [v(t)] and J(t) from equations S-119 and S-121 to equation S-40, the two-time correlation function508

for XPCS, c1(t1, t2), becomes,509

c1(q, t1, t2) = e
− 1

2 q2
∫ t2

t1
J dt

e
iq
∫ t2

t1
E[v(t)] dt

= exp
(

−Dγ2q2

ωs
2

∫ t2

t1

e−γt sin2 ωst dt

)
× exp

(
i
qe−γt/2

ωs

∫ t2

t1

−x0(ωo
2 sin ωst) + vo(ωs cos ωst − 1

2γ sin ωst) dt

) [S-122]510

B. Analysis in Transport Coefficient. As delineated in section 3, if the internal and external forces, such as conservative forces511

or hydrodynamic forces, are described by complicated functions, J(t) and V[x(t)] are not analytically solvable. Therefore, we512

propose to extract J(t) with arbitrary profile functions (e.g., eq. (S-104)) to capture non-equilibrium dynamics in such systems.513

However, the physical interpretation of J(t) and V[x(t)] are not clear. On the other hand, throughout the derivations in the514

previous section A, the J(t) and V[x(t)] are analytically resolved from the Langevin equation for well-defined models of the515

Wiener process, Ornstein–Uhlenbeck process, and Brownian oscillator. Below, we will show that the estimation of J(t) and516

V[x(t)] from these models facilitates a better understanding of their physics.517

B.1. Wiener Process / Standard Diffusion. For Wiener process, J(t) is obtained as:518

J(t) = 2D [S-123]519

Since there are no drift or external forces applied to the particles, the system is in equilibrium and the dynamics of the520

particles are independent of time. Therefore, the obtained J(t) correlates with the diffusion constant.521
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Fig. S1. Simulation for Wiener Process / Standard Diffusion with D = 1 and x0 = 0. a) P (x, t) represents the probability density function as time evolves. b) The figure
illustrates the two-time correlation function, c2(q = 1, t1, t2). c) J(t) is the transport coefficient described in this work. In such an equilibrium state, the dynamical transport
coefficient J(t) = 2D is independent of time.
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B.2. Ornstein–Uhlenbeck Process. For Ornstein–Uhlenbeck process, J(t) is obtained as:522

J(t) = 2D(1 − e−γt)2 [S-124]523

In the Ornstein–Uhlenbeck process, a drift acts on the particles. At t = 0, when the velocity of the particles is at maximum,524

the drift force is also maximized. J(t) starts at 0, and particles have a uniform bulk movement with vo. As time evolves, the525

velocity of the particles and the effect of drift gradually decreases. As the results show, J(t) gradually increases. Eventually,526

the system reaches equilibrium and the drift effect is minimized after a long time. In this case, J(t) reaches a plateau at 2D,527

indicating that the system is at equilibrium just like the result from the Wiener process.528

Jeq(t) = lim
t→∞

2D(1 − e−γt)2 = 2D [S-125]529
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Fig. S2. Simulation for Ornstein–Uhlenbeck Process with D = 1, γ = 0.5, vo = −1 and x0 = 3. The dynamical transport coefficient J(t) = 2D(1 − e−γt)2.

B.3. Brownian Oscillator. For Brownian oscillator, J(t) is obtained as:530

J(t) = 2Dγ2

ωs
2 e−γt sin (ωst)2 [S-126]531

Recall that ωs is a reduced frequency defined in Equation S-120 as ωs =
(
ωo

2 − 1
4 γ2) 1

2 . In the case of underdamping532

oscillator as ωo > 1
2 γ, ωs is a real and positive value.533
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Fig. S3. Simulation for underdamped Brownian Oscillator with D = 10, γ = 0.5, ωo = 1.1, vo = 1 and x0 = 3.

However, in the case of an overdamped oscillator with ωo < 1
2 γ, ωs is an imaginary number, and the trend of equation534

S-126 is less obvious. Instead, we define a new simplified term of "simplified drift" as γs =
(
γ2 − 4ωo

2) 1
2 . The term is a real535

and positive number when ωo < 1
2 γ and consists of relations with ωs as γs = i2ωs. Substituting γs into equation S-126 and536

applying a relation sin(ix) = i sinh(x), we have an equivalent equation for an overdamped oscillator:537

J(t) = 8Dγ2

γ2
s

e−γt sinh
(1

2γst
)2

[S-127]538

H. He, H. Liang, M. Chu, Z. Jiang, J. J. de Pablo*, M. V. Tirrell*, S. Narayanan*, W. Chen* 21 of 31



5 0 5
x

0.0
0.5
1.0
1.5
2.0
2.5

P(
x,

t)

a) t

2

4

6

8

10

0 2 4 6 8 10
t1

0

2

4

6

8

10

t 2

2
3

4
5

6
8
tabs

b)

0.2

0.4

0.6

0.8

1.0

0 5 10
t

0.0

0.5

1.0

J(t
)

c)
J(t)
0

Fig. S4. Simulation for overdamped Brownian Oscillator with D = 1, γ = 1.1, ωo = 0.5, vo = 1 and x0 = 3.

With eq. (S-126) and eq. (S-127), the dynamics of the Brownian oscillator are obvious. For t → ∞, the term of e−γt
539

dominates J(t) and J(t) = 0. This means that the drift force and elastic force cancel out at equilibrium and the system remains540

static. For t → 0, the oscillation term
(
sin (ωst)2) in eq. (S-126) or

(
sinh

(
1
2 γst

)2
)

in eq. (S-127) dominates J(t). However,541

J(t) as shown in fig. S3 and S4 , the oscillation signals vanish much faster for sinh2 1
2 γst, as the drift force prevails in the542

overdamped oscillator.543

To reduce the Brownian oscillator to the Ornstein-Uhlenbeck process, we have no external force in the system as544

Fex = mω2
ox = ωo = 0

γs =
(
γ2 − 4ωo

2) 1
2 = γ

[S-128]545

Substituting γs = γ, the expression of J(t) can be written as:546

J(t) = 8Dγ2

γ2 e−γt sinh
(1

2γt
)2

= 8De−γt

(
1 − e−γt

2e− 1
2 γt

)2

= 2D
(
1 − e−γt

)2

[S-129]547

By setting ω0 to 0, we simplify the dynamics from a Brownian Oscillator to an Ornstein-Uhlenbeck process. Additionally, if548

the system reaches equilibrium as t tends to infinity as in equation (S-125), the dynamical process further simplifies from an549

Ornstein-Uhlenbeck process to a Wiener process, which is the most fundamental stochastic dynamics process.550

C. Molecular Dynamics Simulation. To verify the proposed model, we simulate a solution of non-interacting particles (phantom551

particles) in a non-equilibrium system. The solvent is implicitly modeled by the Langevin thermostat, and the equation of552

motion of the n-th particle is,553

⃗̇vn = −γv⃗n + η⃗n(t)
m

[S-130]554

where the mass, m, is set to unity for all particles, v⃗n(t) is the velocity of the n-th particle. The stochastic force acting on the555

n-th particle, η⃗n(t), satisfies the following conditions,556

E [⃗ηn(t)] = 0⃗

E
[
η⃗n(t) ⊗ η⃗n(t′)

]
ij

= 6kBT γδijδ(t − t′)
[S-131]557

The friction coefficient, γ, is set to γ = 1000 m
τ

, where τ = σ
(

m
ϵ

) 1
2 is the reduced time, σ and ϵ are reduced length and558

energy, respectively. The velocity-Verlet algorithm is used to integrate the equation of motion, with an integration time step559

∆t = 0.001τ . The simulation consists of three stages with different temperatures:560

1. The temperature was kept constant at T = 5 ϵ
kB

.561

2. The temperature linear decreased with time from T = 5 ϵ
kB

to T = 0.1 ϵ
kB

.562

3. The temperature was maintained constant at T = 0.1 ϵ
kB

.563
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Each stage lasts for 1τ , that is, 1000 simulation steps. All simulations were performed using the Large Scale Atomic /564

Molecular Massively Parallel Simulator (LAMMPS) (6) under periodic boundary conditions.565

In the paper, c2 and its corresponding analysis for bins at qx = 6, qy = qx = 6 and qx = qy = qz = 6 have been demonstrated.566

Here, we provide the bins at qx = 3, qy = qx = 3 and qx = qy = qz = 3 to further verify the non-equilibrium analysis approach.567

Again, J(t) obtained from two respective approaches, derived from analyzing c2 of XPCS and spatial averaging of the particle568

positions in the simulation box, shows consistency. This result provides evidence that J(t) accurately reflects the actual physical569

quantity in the system, validating the extraction approach of J(t).570

0 100 200 300
t1

0

100

200

300

t 2

0

100

200

300

Fit

MD

tabs

A qx = 3, qy = qz = 0

1.0

1.2

1.4

1.6

1.8

2.0

0 100 200 300
t1

0

100

200

300

t 2
0

100

200

300

Fit

MD

tabs

B qx = qy = 3, qz = 0

1.0

1.2

1.4

1.6

1.8

2.0

0 100 200 300
t1

0

100

200

300

t 2

0

100

200

300

Fit

MD

tabs

C qx = qy = qz = 3

1.0

1.2

1.4

1.6

1.8

2.0

0 100 200 300
t

0

1

2

3
×10 2

J(t
)

D

JMD

Jqx = 3
Jqx, y = 3

Jqx, y, z = 3
0
1
2
3
4
5

Te
m

p 
[ k B

]

Fig. S5. Application of the model analysis on a simulated non-equilibrium system reveals three distinct stages of temperature change, which are visually represented by the
filled-in background color.

5. Correlating Microscopic Dynamics with Macroscopic Rheology through J(t) in Rheo-XPCS571

A. Supplementary Results: Recovery following a 10 Pa Creep Test. Beyond the relaxation data for the 100 Pa creep test572

illustrated in Figures 3A and 3C of the primary manuscript, we further examined the XPCS data derived from a 10 Pa creep573

test, as detailed in Figure 2A as reference (7). The aggregated findings of the 10 Pa and 100 Pa creep tests are presented in574

Figure Fig. S6 in this document.575
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Fig. S6. Comparative Analysis of the J(t) and the shear (γ̇(t)) During the Recovery Phase of Creep Tests. Panels A and B illustrate the relationship between J(t) and γ̇(t)
under an applied stress (σ(t)) of 10 Pa, while Panels C and D show the same under a σ(t) of 100 Pa (also shown in Fig 3 A and B in the main texts). From Panels B and D, a
consistent scaling relation of kB T

πr is observed between J(t) and γ̇(t), independent from the applied σ(t) in the creep test.

Analysis of Fig. S6 yields several key insights:576

1. During the creep tests, the J(t) diminishes more swiftly at the lower stress level (10 Pa) with an exponent of −1.972, in577

contrast to the −1.586 exponent observed under the higher stress condition (100 Pa). This trend aligns with the results578

of both XPCS, evidenced by a pronounced increase in c2 along the tabs diagonal, and rheological data, which show γ̇(t)579

approaching zero as the strain quickly returns to the baseline level of irrecoverable strain.580

2. The estimated values of Do from both creep tests are similar in magnitude. However, the lack of extended c2 data for the581

100 Pa creep test compromises the precision of Do, leading to the observed variance in the values Do between panels B582

and D.583

3. The rapid recovery observed in the 10 Pa creep test results in a rapid decrease in γ̇(t), potentially falling below the584

sensitivity range of the measurement instruments, thus casting doubt on the reliability of the data points with γ̇ < 10−6.585

Despite this, Fig. S6 generally demonstrates a consistent scaling relation between J(t) and γ̇(t).586

In the following section, we will concentrate on the third conclusion to further explore the intrinsic relationship between the587

J(t) and γ̇(t).588

B. J(t) and γ̇(t) in micro-rheology. To elucidate this phenomenon, we used Equation (9) to correlate the variance in position589

(V[x(t)]) and creep compliance (J (t)) from reference (8), which is presented as follows:590

V[x(t)] = kBT

πr
J (t) = kBT

πrσ
γ(t) [S-132]591

where r represents the radius of the particles involved. By differentiating both sides for time, we derive an expression that links592

J(t) and γ̇(t) through a scaling factor of kBT
πrσ

,593
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J(t) = kBT

πrσ
γ̇(t) [S-133]594

However, the scaling between J(t) and γ̇(t) obtained from reference (7) and as shown in Fig. S6 of our manuscript does not595

align with eq. (S-133). As indicated in reference (8), the theoretical derivations in micro-rheology suggest a scaling factor of596
kBT
πrσ

, indicating discrepancies attributable to the recovery-phase measurements of viscoelastic materials, which deviate from597

the assumed creeping flow conditions.598

Interestingly, through our analysis, we observed a power-law decrease of J(t) correlates with the rheometric shear rate via a599

scaling factor kBT
πr

, assuming r = 10nm and T = 298K, as specified in the experiments from reference (7). Ignoring the units600

for a moment, this leads us to an empirical formulation:601

J(t) ≈ kBT

πr
|γ̇(t)| [S-134]602

This empirical relation, although not theoretically derived, offers a pragmatic approximation under the specific conditions of603

our experiments.Fig. S7 is corroborated by the results of the creep test performed under a lower stress of 10 Pa, indicating that604

the observed scaling between J(t) and γ̇(t) is not affected by the magnitude of the applied creep stress.605
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Fig. S7. The connection between microscopic dynamics (J(t)) and macroscopic properties (γ̇(t)) in the recovery phase of creep tests with σ(t) of 10Pa (blue) and 100Pa
(red). The J(t) (solid line) is derived from non-equilibrium analysis on c2 measured by XPCS, and the γ̇(t) obtained from the rheometer, then scaled by a factor of kB T

πr

(scattered dots), is measured from rheometer. For a better comparison, the unit for both J(t) and γ̇(t) have been converted to International System of Units (S.I. Units)

Our ongoing research is focused on elucidating these findings and developing a theoretical framework to accurately describe606

them. In simulations involving phantom particles, we observed that the variations in J(t) and γ̇(t) over time are decoupled;607

the shear rate induces affine transformations that alter the central positioning of the intensity profile IP(x, t) without affecting608

the distribution breadth and, consequently, J(t). A preliminary hypothesis suggests that external deformation in such609

systems, characterized by complex potentials, can induce systematic forces, including frictional and interparticle forces, thereby610

influencing transport dynamics. We are actively working to further explore and define these dynamics and to develop a611

comprehensive theoretical model. Our goal is to bridge microscopic J(t), as determined by XPCS, with macroscopic rheological612

properties, such as the complex shear modulus (G∗(ω)) and the stress relaxation modulus (Gr(t)), using the principles of613

microrheology discussed in (9).614

6. Microscopically Heterogeneous Dynamics615

In reference (7), the microscopically heterogeneous dynamics is quantified using the ratio of the recovery to quiescence phases616

in c2, denoted as cratio (t1, t2 = 0) in equation [3] from their paper.617

Our methodology introduces an alternative approach for assessing the microscopically heterogeneous dynamics. As delineated618

in the derivations eqs. (S-4) and (S-5), our model assumes random, homogeneous, and independent particle dynamics. This619

assumption leads to the simplification where terms involving n ≠ m average to zero, yielding our non-equilibrium model. Given620

this foundation, the correlations we analyzed pertain mainly to diffusive and nonaffine dynamics, denoted c2,Homo, and do not621

directly correspond to the microscopically heterogeneous dynamics described in the paper (7).622

However, our current work has devised a method to discern such complex dynamics. To elucidate the contributions from623

heterogeneous dynamics (c2,Hetero), we employ the following expression:624

c2,Hetero ∼ E

[
N∑

n=1

N∑
m ̸=n

eiq⃗·(r⃗n(t2)−r⃗m(t1))

]
= c2,exp − c2,Homo [S-135]625
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This approach involves subtracting the component of homogeneous dynamics from the total experimental correlation, thus626

isolating the residuals that reflect heterogeneous dynamics, as demonstrated in Fig. S8.627
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Fig. S8. Illustrating microscopically heterogeneous dynamics during recovery: By subtracting the diffusive dynamics attributed to c2 based on the non-equilibrium model
(Panel. A, lower right) from experimental c2 measurements (Panel. A, upper left), the c2 serves as evidence of microscopically heterogeneous dynamics in Panel B, indicating
interference between at least two compositions with distinct dynamics in the system. The ’tailing’ shape of the c2 is largely attributed to the abrupt halt of a thin flow layer near
the rotor during the recovery phase, mirroring the microscopically heterogeneous changes detailed in reference (7).

The temporal patterns observed in the residuals of c2 shown in Fig. S8 suggest the presence of microscopically heterogeneous628

dynamics, as previously noted by (7). The pronounced ’tailing’ pattern evident in S8B is indicative of shear banding, potentially629

resulting from the sudden stop of a thin flow layer near the rotor’s surface during the recovery phase. This aligns with630

the heterogeneous dynamics discussed in (7). We are currently enhancing our methods to more effectively formalize these631

relationships, accurately describe the patterns seen in c2, and quantify the associated heterogeneous dynamics.632
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7. Fitting Results and Residual for Figures in main text633

A. Fitting Residual for Fig 2.634
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Fig. S9. illustration of the fitting results (Panels A, C, E) and residuals (Panels, B, D, F) obtained after the data fitting process shown in Fig. 2 of the main manuscript. The R2 of
the fitting is shown in the title of the residual plot.
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B. Fitting Residual for Fig 3.635
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Fig. S10. Illustration of the fitting results (Panel. A) and residuals (Panel. B) obtained after the data from the (7) fitting process shown in Fig. 3A of the main manuscript. The
R2 of the fitting is shown in the title of the residual plot.
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Fig. S11. Illustration of fitting results (Panel. A) and residuals (Panel. B) obtained after the data from (10) fitting process shown in Fig. 3C of the main manuscript. The R2 of
the fitting is shown in the title of the residual plot.
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C. Fitting Result and Residual for Fig 4 in all ϕ directions.636
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Fig. S12. Comprehensive c2 data across all ϕ directions from Fig. 4 of the manuscript. The angle ϕ, corresponding to each bin on the field detector, is marked in the title of
each panel for reference. One shown in Fig 4 of the main text is at ϕ = 6.3o.
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Fig. S13. Presentation of the residuals resulting from the analysis conducted in Fig. 4 of the manuscript, encompassing all ϕ directions.The angle ϕ, corresponding to each bin
on the field detector, is marked in the title of each panel for reference.
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