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INTRODUCTION

It has become well understood that reciprocal inter-
actions between plants and the soil biota, collectively 
termed plant–soil feedbacks (PSFs), play an important 
role in structuring the composition and dynamics of 
plant communities. PSFs operate alongside other factors, 
including abiotic drivers (Bennett & Klironomos, 2019) 
and above-ground trophic interactions (Van der Putten 
et al., 2009), but are thought to be a key mechanism gen-
erating negative frequency-dependent feedbacks that 
promote coexistence and maintain plant diversity (Bever 
et al., 2015; Kulmatiski et al., 2008; Van der Putten et al., 
2013). The existence of PSFs has long been known (Bever, 
1994; Van der Putten et al., 1993), but our understanding 
of their importance—particularly in relation to patterns 

of coexistence—has developed rapidly in recent years 
(Crawford et al., 2019; Klironomos, 2002; Mangan et al., 
2010; Petermann et al., 2008). Broad interest in PSFs was 
ignited by the development of simple mathematical mod-
els that illustrated the potential of PSFs to mediate plant 
coexistence (Bever, 2003; Bever et al., 1997; Ke & Miki, 
2015). These models have played a crucial guiding role 
for a wide range of empirical studies, as well (Kulmatiski 
et al., 2008, 2011; Pernilla Brinkman et al., 2010).

The first, and still most widely known and used, 
model for PSFs was introduced by Bever and colleagues 
in the 1990s (Bever, 1992, 1999; Bever et al., 1997). In this 
framework, often referred to simply as the Bever model, 
each plant species is assumed to promote the growth of 
a specific soil component (i.e. associated bacteria, fungi, 
invertebrates, considered collectively) in the vicinity of 
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Abstract

Plant–soil feedbacks (PSFs) are considered a key mechanism generating frequency-

dependent dynamics in plant communities. Negative feedbacks, in particular, are 

often invoked to explain coexistence and the maintenance of diversity in species-

rich communities. However, the primary modelling framework used to study PSFs 

considers only two plant species, and we lack clear theoretical expectations for how 

these complex interactions play out in communities with natural levels of diversity. 

Here, we extend this canonical model of PSFs to include an arbitrary number of 

plant species and analyse the dynamics. Surprisingly, we find that coexistence 

of more than two species is virtually impossible, suggesting that alternative 

theoretical frameworks are needed to describe feedbacks observed in diverse 

natural communities. Drawing on our analysis, we discuss future directions for 

PSF models and implications for experimental study of PSF-mediated coexistence 

in the field.
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individual plants. In turn, the fitness of each plant spe-
cies is determined by the relative frequency of different 
soil components. Starting from minimal assumptions, 
Bever et al. (1997) derived a set of differential equations 
to capture these dynamics. PSFs can be either positive 
(fitness of a plant species is higher in soil conditioned by 
conspecifics, compared to heterospecific soil) or nega-
tive (a plant species experiences lower relative fitness in 
its own soil). Bever et al. introduced a single quantity to 
summarise whether community-wide PSFs are positive 
or negative, and showed that this value characterises the 
dynamical behaviour of the model. In the original Bever 
model of two plant species, positive PSFs lead to priority 
effects, and consequently the exclusion of one species, 
while negative PSFs result in neutral oscillations. It is 
thus widely suggested that negative PSFs help sustain co-
existence in real-world plant communities (Kulmatiski 
et al., 2008; Van der Putten et al., 2013), perhaps with 
spatial asynchrony playing a role in stabilising the cyclic 
dynamics (Bever, 2003; Revilla et al., 2013).

Subsequent studies have generalised PSF models to 
include, for example more realistic functional forms 
(Eppinga et al., 2006; Umbanhowar & McCann, 2005), 
more explicit representations of the soil community 
(Bever et al., 2010), spatial structure (Eppinga et al., 
2006; Molofsky et al., 2002; Suding et al., 2013) or addi-
tional processes such as direct competitive interactions 
between plants (Bever, 2003). However, the original 
Bever model remains an important touchstone for the 
theory of PSFs (Abbott et al., 2021; Ke & Miki, 2015; Ke 
& Wan, 2020) and informs empirical research through 
the interaction coefficient, Is, derived by Bever et al., 
which is commonly measured and used to draw conclu-
sions about coexistence in experimental studies. Despite 
the ubiquity of this model, and the fruitful interplay of 
theory and experiment in the PSF literature, extensions 
to communities with more than two or three species have 
appeared only rarely and recently (but see Eppinga et al., 
2018; Kulmatiski et al., 2011; Mack et al., 2019). While 
PSF models motivate hypotheses and conclusions about 
species-rich natural communities, there is much still un-
known about the behaviour of these models with natural 
levels of diversity (Van der Putten et al., 2013).

Here, we extend the Bever model to include any num-
ber of plant species, and show that the model is equiva-
lent to a special form of the replicator equation studied 
in evolutionary game theory (Hofbauer & Sigmund, 
1998). In particular, this model corresponds to the class 
of bimatrix games, where there are two players (here, 
plants and soil components) which interact with asym-
metric strategies and payoffs. The replicator dynamics 
of bimatrix games are well-studied, allowing us to char-
acterise many properties of the Bever model with n plant 
species. Surprisingly, using this equivalence, we show 
that coexistence of more than two species in this model 
is never robust.

RESU LTS

Generalising a classic PSF model

Inspired by emerging empirical evidence for the impor-
tant role of PSFs in plant community dynamics and co-
existence (Bever, 1994; Van der Putten et al., 1993), Bever 
et al. (1997) introduced a simple mathematical model 
to investigate their behaviour. In this model, two plant 
species, 1 and 2, grow exponentially with growth rates 
determined by the state of the soil biota in the system. 
These effects of soil on plants are specified by param-
eters �ij, the growth rate of plant species i in soil type j . 
There is a soil component corresponding to each plant 
species, which grows exponentially in the presence of its 
associated plant at a rate � i. Bever et al. set an important 
precedent by considering the dynamics of relative abun-
dances in such a system; starting from dynamics of the 
form

for the absolute abundances of plants (xi) and soil compo-

nents (yi), one derives dynamics for the relative abundances 

(frequencies), pi = xi ∕
∑

jxj and qi = yi ∕
∑

jyj . Using the 

facts pi = 1 − pj and qi = 1 − qj, these can be written as 

follows:

This model may admit a coexistence equilibrium 
where

A central finding of the analysis by Bever et al. was that 
the denominator of q∗

i
, which they termed the ‘interaction 

coefficient’, Is (= �ii − �ij + �jj − �ji), controls the model 
dynamics: When Is > 0, which represents a community 
with positive feedbacks, the equilibrium in Equation 3 is 
unstable, and the two species cannot coexist. On the other 

(1)

⎧⎪⎪⎨⎪⎪⎩

dxi

dt
=xi

�
�ii yi+�ij yj

yi+yj

�
, i, j=1, 2

dyi

dt
=yi

�
� i xi

xi+xj

�

(2)

⎧⎪⎨⎪⎩

dpi

dt
=pi pj

�
(�ii−�ji)qi+ (�ij−�jj)qj

�
, i, j=1, 2

dqi

dt
=qi qj(� i pi−� j pj) .

(3)

⎧⎪⎨⎪⎩

p∗
i
=

� j

� i+� j
, i, j=1, 2

q∗
i
=

�jj−�ji

�ii−�ij+�jj−�ji
.
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hand, when Is < 0, the equilibrium is neutrally stable, and 
the dynamics cycle around it, providing a form of non-
equilibrium coexistence. In fact, these conclusions also de-
pend on the existence of a feasible equilibrium (i.e. positive 
equilibrium values), which further requires that 𝛼ii < 𝛼ji for 
both i, j = 1, 2, in order for the model to exhibit coexistence 
(Bever et al., 1997; Ke & Miki, 2015).

This coexistence is fragile. Plant and soil frequencies 
oscillate neutrally, similar to the textbook example of 
Lotka–Volterra predator–prey dynamics. Any stochas-
ticity, external forcing or temporal variation in the model 
parameters can destroy these finely balanced oscilla-
tions and cause one species to go extinct (Revilla et al., 
2013). However, coupled with mechanisms that buffer 
the system from extinctions, such as migration between 
desynchronised patches or the presence of a seed bank, 
the negative feedbacks in this model might produce sus-
tained coexistence (Bever, 2003; Revilla et al., 2013).

Of course, most natural plant communities feature 
more than two coexisting species, and it is precisely in 
the most diverse communities that mechanisms of coex-
istence hold the greatest interest (Van der Putten et al., 
2013). While it is not immediately clear how to generalise 
Equation 2 to more than two species, Equation 1 is nat-
urally extended by maintaining the assumption that the 
overall growth rate for any plant is a weighted average of 
its growth rate in each soil type:

From Equation 4, one can derive the n-species analogue 
of Equation 2,

giving the dynamics for species and soil component fre-
quencies (Figure 1). Equation 5 is conveniently expressed 
in matrix form as follows:

where vectors are indicated in boldface (e.g. p is the vec-
tor of plant species frequencies (p1, p2,…pn)

T and 1 is 
a vector of n ones) and D(z) is the diagonal matrix with 
vector z on the diagonal. We have introduced the matri-
ces A = (�ij) and B = D(�1, �2,…�n), specifying soil effects 

on plants and plant effects on soil, respectively. Because 
p and q are vectors of frequencies, they must sum to one: 
1
T
p = 1

T
q = 1. Using these constraints, one can easily 

show that the Bever model (Equation 2) is a special case of 
Equations 5 and 6 when n = 2.

This model (Equation 5) is a direct multispecies gener-
alisation of the classic Bever model (Bever et al., 1997); it 
requires precisely the same assumptions as the original, 
and includes the same biological processes. Other exten-
sions of the Bever model have been introduced, including 
versions that incorporate plant-plant competition and 
self-regulation (Bever, 2003) or modified soil dynamics 
(Eppinga et al., 2018; Mack et al., 2019). Contrasting the 
predictions of these models can illuminate the connec-
tions between particular biological processes (model as-
sumptions) and resulting community dynamics, a point 
we return to in the Discussion. However, it is also import-
ant to recognise that different biological assumptions 
can give rise to identical dynamics; for example, we show 
in the Supplemental Methods that the model introduced 
by Bever in 2003, which includes more realistic plant dy-
namics and interactions, reduces to our Equation 5 when 
plants are competitively equivalent.

Equivalence to bimatrix game dynamics

Systems that take the form of Equation 6 are well-known 
and well-studied in evolutionary game theory. Our gen-
eralisation of the Bever model is a special case of the rep-
licator equation, corresponding to the class of bimatrix 
games (Cressman & Tao, 2014; Hofbauer, 1996; Hofbauer 
& Sigmund, 1998; Taylor, 1979). Bimatrix games arise 
in diverse contexts, such as animal behaviour (Selten, 
1988; Taylor, 1979), evolutionary theory (Cressman & 

(4)

�
dxi

dt
=xi

�∑
j�ij qj

�
, i=1,…n

dyi

dt
=yi

�
� i pi

�
.

(5)

⎧⎪⎪⎨⎪⎪⎩

dpi

dt
=pi

��
j

�ij qj−
�
j,k

�jk pj qk

�
, i=1,…n

dqi

dt
=qi

�
� i pi−

�
j

� j pj qj

�

(6)

⎧⎪⎨⎪⎩

dp

dt
=D(p)

�
Aq− (pTAq)1

�
dq

dt
=D(q)

�
Bp− (qTBp)1

�

F I G U R E  1   The model described by Equations 5 and 6 is shown 
here graphically. Plant species (top) promote the growth of their 
respective soil components (bottom) at a rate � i (grey arrows). In 
turn, growth of each plant is governed by the mix of soil components 
present in the system, with the effect of soil component j on species 
i  quantified by the parameter �ij (black arrows). This model is a 
straightforward extension of the model proposed by Bever et al. 
(1997) to an arbitrary number of species. Note only selected 
parameter labels are shown for clarity
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Tao, 2014; Hofbauer & Sigmund, 1998) and economics 
(Friedman, 1991), where they model games with asym-
metric players, meaning that each player (here, the plant 
community and the soil) has a distinct set of strategies 
(plants species and soil components, respectively) and 
payoffs (realised growth rates).

Much is known about bimatrix game dynamics, and 
we can draw on this body of knowledge to characterise 
the behaviour of the Bever model with n species. Essential 
mathematical background and details are presented in 
the Supplemental Methods; for a detailed introduction 
to bimatrix games, see Hofbauer and Sigmund (1998).

Under the mild condition that matrix A is invert-
ible, Equation 6 admits a unique coexistence equilib-
rium given by p∗ = kpB

−1
1 and q∗ = kqA

−1
1, where 

kp = 1∕(1TB−1
1) and kq = 1∕(1TA−1

1) are constants of 
proportionality that ensure the equilibrium frequencies 
sum to one for both plants and soil. Because B is a diag-
onal matrix, and all � i are assumed positive, the equilib-
rium plant frequencies, p∗, are always positive, as well. 
Thus, feasibility of the equilibrium hinges on the soil fre-
quencies, q∗, which are all positive if the elements of A−1

1 
all share the same sign.

As we have seen, when the community consists of two 
plant species, the coexistence equilibrium, if feasible, can 
be either unstable or neutrally stable. The same is true for 
the n-species extension (and, more generally, for any bi-
matrix game dynamics; see Eshel & Akin, 1983; Hofbauer 
& Sigmund, 1998; Selten, 1988). This can be established 
using straightforward local stability analysis, after ac-
counting for the relative abundance constraints, which 
imply pn = 1 −

∑n−1

i=1
pi and qn = 1 −

∑n−1

i=1
qi. Using these 

substitutions, Equation 5 can be written as a system of 
2n − 2 (rather than 2n) equations, and the community 
matrix for this reduced model has a very simple form (see 
Supplemental Methods). In particular, the community 
matrix has all zero diagonal elements, which implies that 
the eigenvalues of this matrix sum to zero. These eigen-
values govern the stability of the coexistence equilibrium, 
and this property leaves two qualitatively distinct possibil-
ities: either the eigenvalues have a mix of positive and neg-
ative real parts (in which case the equilibrium is unstable) 
or the eigenvalues all have zero real part (in which case the 
equilibrium is neutrally stable). Already, we can see that 
the model never exhibits stable equilibrium coexistence, 
regardless of the number of species.

In fact, these conclusions apply to a much broader 
class of models that are structurally similar to the Bever 
model. Consider any PSF dynamics that can be written 
in the form

Such a model has a bipartite structure, meaning that the 
per capita growth rate of each plant species is an arbitrary 

function, fi, of the soil frequencies, with no dependence 
on the plant abundances or frequencies, and vice versa. 
The corresponding dynamics for plant and soil frequen-
cies may possess one or more coexistence equilibria. At 
any of these equilibrium points, the community matrix, 
which governs its stability, necessarily takes the same 
form as for the Bever model, with all zero diagonal ele-
ments. As such, these equilibria must be either unstable 
or neutrally stable. This is a robust consequence of the 
strictly bipartite structure of Equation 7.

Another notable property of bimatrix game dynamics 
is that the vector field defined by the model equations 
is divergence-free or incompressible (see Hofbauer & 
Sigmund, 1998, for a proof). The divergence theorem 
from vector calculus (Arfken, 1985) then dictates that 
Equation 6 cannot have any attractors—that is, regions 
of the phase space that ‘pull in’ trajectories—with mul-
tiple species. This rules out coexistence in a stable limit 
cycle or other non-equilibrium attractors (e.g. chaotic 
attractors). Thus, only the relatively fragile coexistence 
afforded by neutral oscillations is possible, as in the two-
species model.

Based on the local stability properties of the coex-
istence equilibrium, Bever et al. concluded that such 
neutral cycles arise for two species when 𝛼11 < 𝛼21 and 
𝛼22 < 𝛼12. The equivalence between their model and a bi-
matrix game with two strategies allows us to give a fuller 
picture of these cycles. Namely, we can identify a con-
stant of motion for the two-species dynamics:

Using the chain rule and time derivatives in Equation 2,  
it is easy to show that dH

dt
= 0 for any plant and soil fre-

quencies (see Supplemental Methods). The level curves 
of H form closed orbits around the equilibrium when 
the equilibrium is neutrally stable. Thus, H implicitly 
defines the trajectories of the model, and can be used 
to determine characteristics such as the amplitude of 
oscillations arising from particular initial frequencies 
(Volterra, 1926).

Because neutral cycles provide the only possible form 
of coexistence in this model, a key question becomes 
whether and when neutral cycles with n plant species 
can arise. Do the ‘negative feedback’ conditions iden-
tified by Bever et al. generalise in richer communities? 
Indeed, they do; however, for more than two species, 
these conditions are very severe. The model in Equation 
6  supports oscillations with n plant species—for any  
n—if matrices A and B satisfy a precise relationship (see 
Supplemental Methods for details). In particular, the 
model parameters must satisfy the conditions �ij = � i + �j 
for some constants � i , �i in i = 1,…, n (when i ≠ j), and 
�ii = � i + �i − c� i (where c is a positive constant that must 
be the same for all species i). In the language of bimatrix 
games, such systems are called rescaled zero-sum games 
(Hofbauer, 1996; Hofbauer & Sigmund, 1998). It is a 

(7)

⎧⎪⎨⎪⎩

dxi

dt
=xi fi(q)

dyi

dt
=yi gi(p) .

(8)
H = (�12 − �22)logq1 + (�21 − �11)logq2 + �2logp1 + �1logp2.
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long-standing conjecture in evolutionary game theory 
that these parameterisations are the only cases where n
-species coexistence can occur (Hofbauer, 1996, 2011).

Ecologically, these conditions mean there is a fixed 
effect of each soil type and plant species identity, and the 
growth rate of plant i in soil type j is the additive combi-
nation of these two, with no interaction effects. The only 
exception is for plants growing in their own soil type, 
which must experience a fitness cost (� i + �i − �ii) exactly 
proportional to the rate at which they promote growth 
of their soil type (� i). These conditions clearly extend the 
intuitive notion that each plant must have a disadvan-
tage in its corresponding soil type to allow for coexis-
tence. But the parameters of the model are constrained 
so strongly that we never expect to observe cycles with 
more than two plant species in practice. When n > 2 , a 
great deal of fine-tuning is necessary to satisfy the res-
caled zero-sum game condition; the probability that 
random parameters will be suitable is infinitesimally 
small. We confirm this numerically with simulations 
shown in Figure 2. Although n-species cycles are clearly 
possible (as in Figure 3), when parameters are drawn in-
dependently at random communities always collapse to 
one or two species, regardless of the initial richness.

Parameter combinations permitting many-species os-
cillations are not only rare, but they are also extremely 
sensitive to small changes to the parameter values. The 
rescaled zero-sum condition imposes many exact equal-
ity constraints on the matrix A (e.g. �ij − �ik = �lj − �lk 
for all i, j, k, and l). Even if biological mechanisms exist 
to generate the requisite qualitative patterns, inevitable 
quantitative variation in real-world communities will 
disrupt coexistence (Figure 3). Coexistence of n > 2 plant 
species—even in the weak sense of neutral cycles—is not 
robust to small changes in the model parameters.

Interestingly, the two-species model is not subject to 
the same fragility. It can be shown (see Supplemental 
Methods) that all 2 × 2 bimatrix games take the same 
general form as a rescaled zero-sum game, although 
the constant c may be positive or negative, depending 
on the parameters. When Is, the interaction coefficient 
identified by Bever et al., is negative, c is positive, en-
suring (neutral) stability. This condition amounts to an 
inequality constraint, rather than an equality constraint, 
and so it is generally robust to small variations in model 
parameters. As we can now see, the case n = 2 is unique 
in this regard.

DISCUSSION

The Bever model has played a central role in motivat-
ing PSF research, and continues to guide both theory 
and experiment in this fast-growing field (Abbott et al., 
2021; Bever et al., 2015; Kandlikar et al., 2019; Ke & Wan, 
2020). Here, we extend the Bever model to include any 
number of plant species, and highlight its equivalence 

to bimatrix game dynamics. Taking advantage of the 
well-developed theory for these dynamics, we are able 
to characterise the behaviour of this generalised Bever 
model in detail.

Our central finding is that there can be no robust co-
existence of plant species in this model. Regardless of the 
number of species, n, the model never exhibits equilib-
rium coexistence or other attractors. Coexistence can be 
attained through neutral oscillations, but these dynam-
ics lack any restoring force, meaning diversity would 
quickly be eroded by stochasticity or exogenous forcing. 
In this respect, the generalised model behaves similarly 
to the classic two-species system. However, unlike the 
two-species model, oscillations with n > 2  species can 
only occur under very restricted parameter combina-
tions. These parameterisations are vanishingly unlikely 
to arise by chance and highly sensitive to small devia-
tions. Thus, coexistence of more than two species is nei-
ther dynamically nor structurally stable.

F I G U R E  2   Final community sizes with varying initial richness. 
We show the distribution of final richness (number of species, in 
red) for 5000 communities governed by the n-species Bever model, 
initialised with 2, 3, 5 or 6 plant species. Parameters �ij and � i were 
sampled independently from a standard uniform distribution, U (0, 1).  
For each random parameterisation at each level of initial richness, 
we integrated the dynamics of Equation 6 until the system reached 
a periodic orbit or until only one species remained. In agreement 
with the conjecture that coexistence of more than two species is 
vanishingly unlikely, we found that regardless of the number of 
species initially present, every community collapsed to a subset with 
one or two surviving species
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This result may seem surprising, because a significant 
body of experimental evidence indicates that PSFs can 
and do play an important role in mediating the coexis-
tence of more than two species in natural communities 
(Bever et al., 2015; Kulmatiski et al., 2008; Mangan et al., 
2010; Petermann et al., 2008). Apparently, the picture 
suggested by the two-species Bever model generalises in 
nature, but not in the model framework itself. We note 
that this framework was introduced as an intentional 
simplification to illustrate the potential role of PSFs in 
mediating coexistence, not to accurately model the bio-
logical details of PSFs. Indeed, the model has been wildly 
successful in spurring research into PSFs. Alongside ex-
tensive empirical study of these processes, other mod-
elling approaches have emerged, accounting for more 
biological realism (e.g. Bever et al., 2010; Eppstein & 
Molofsky, 2007; Umbanhowar & McCann, 2005), or with 
the demonstrated capacity to produce multispecies coex-
istence (e.g. Bonanomi et al., 2005; Eppinga et al., 2018; 
Miller & Allesina, 2021). Some of these are minor modi-
fications of the Bever model framework; others build on 
distinct foundations (Ke & Miki, 2015; Ke & Wan, 2020). 
Our results suggest that these various avenues are worth 
pursuing further.

Our findings also help clarify important aspects of 
coexistence across modelling approaches. For example, 
Eppinga et al. (2018) and Mack et al. (2019) recently intro-
duced a multispecies PSF model which can exhibit stable 
coexistence. Their model is inspired by the Bever model 
framework, but departs from it in two ways: by introduc-
ing more realistic soil dynamics, including a carrying ca-
pacity for soil communities, and by applying a separation 
of timescales, under the assumption that soil dynamics 

are very rapid compared to plant dynamics. Our analy-
sis indicates that the second feature is unable to account 
for stabilisation. Regardless of the relative rates of plant 
and soil dynamics, the coexistence equilibrium of the gen-
eralised Bever model is never attractive (see also Figures 
S2 and S3). This is a fundamental feature of the model 
structure, not a result of particular parameter choices. 
When oscillations do exist in the Bever model, they are 
always neutral, meaning that their amplitude is fixed by 
the initial conditions of the system, and cannot diminish 
through the dynamics. These observations make clear 
that the crucial factor driving coexistence in the model of 
Eppinga, Mack and colleagues is self-regulation within 
soil communities, not rapid soil dynamics.

Indeed, our analysis suggests that the internal dy-
namics of plant or soil communities must interact with 
PSFs to maintain diversity in natural systems. We have 
shown that PSF models that are structurally similar to 
the Bever model—in which plant dynamics depend only 
on soil frequencies, and soil dynamics depend only on 
plant frequencies—are incapable of exhibiting stable co-
existence of any number of species. Multispecies coexis-
tence becomes possible when plants (Bever, 2003; Revilla 
et al., 2013), soils (Eppinga et al., 2018; Mack et al., 
2019), or both experience an independent source of self-
regulation, which might arise from resource competi-
tion, physical limits to density or some other mechanism. 
PSFs are likely to matter most for the maintenance of di-
versity when they interact with these internal plant or soil 
dynamics in non-trivial ways. In the case of combined 
plant competition-feedback models (Bever, 2003), for ex-
ample, we have already seen that no robust coexistence 
is possible when plants are competitively equivalent and 

F I G U R E  3   Coexistence of three or more species is not robust. It is possible to obtain neutrally stable oscillations with any number of plant 
species if the model parameters constitute a rescaled zero-sum game (see text for conditions). Here, for example, we show sustained oscillations 
with 4 plant species (soil frequencies not shown) using fine-tuned parameters, Au (left). However, if we randomly perturb Au by a small amount 
to obtain new parameters, Ap, the dynamics quickly collapse to a two-species subset (right). Any slight perturbation is enough to disrupt 
coexistence; for this example, the parameters Au and Ap are highly correlated (inset) and differ in value by less than 3% on average
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experience ‘mean-field’ interactions. On the other hand, 
when plant competition is dominated by strong intraspe-
cific interactions, all plant species would coexist even in 
the absence of PSFs. Thus, PSFs can only contribute to 
the maintenance of diversity in such models by modify-
ing competitive outcomes (Bever, 2003; Kandlikar et al., 
2019; Revilla et al., 2013)—that is, by interacting with the 
structure of the plant-plant competitive network.

These conclusions have practical implications for the 
study of PSFs in real-world communities. The predic-
tions of the Bever model are commonly used to guide 
the design and analysis of PSF experiments, especially 
in drawing conclusions about coexistence. Our analysis 
cautions that direct application of this model in multi-
species communities might lead to incorrect inference. 
For example, attempts to parameterise the Bever model 
for three species using empirical data have produced 
predictions of non-coexistence in plant communities 
that coexist experimentally (Kulmatiski et al., 2011). 
In many other studies, the interaction coefficient, Is, is 
calculated for species pairs and used to assess whole-
community coexistence (Bauer et al., 2017; Crawford 
et al., 2019; Fitzsimons & Miller, 2010; Kuebbing et al., 
2015; Kulmatiski et al., 2008; Pendergast et al., 2013; 
Pizano et al., 2019; Smith & Reynolds, 2015; Suding 
et al., 2013) . However, we have seen that whole-
community coexistence is virtually impossible within 
the generalised model, and there is no guarantee that 
the pairwise coexistence conditions for this model will 
agree with n-species coexistence conditions in other 
frameworks (but see Mangan et al. (2010); Eppinga et al. 
(2018)). For example, Is < 0 for all species pairs is nei-
ther necessary nor sufficient to produce coexistence 
in a metapopulation-based model for PSFs (Miller & 
Allesina, 2021).

Theory suggests that when PSFs do play a role in 
maintaining robust coexistence, interactions between 
plants and soil will necessarily be only part of the pic-
ture. On this point, we echo calls that have emerged in 
the empirical literature for more closely integrated study 
of PSFs and other processes, such as plant competition 
(Casper & Castelli, 2007; Lekberg et al., 2018) and more 
detailed soil biology (Bever et al., 2010; Hodge & Fitter, 
2013). Our results strongly suggest that pairwise PSF 
measurements are insufficient to characterise plant co-
existence and require contextualisation alongside these 
other ecosystem processes.

Fundamentally, our analysis demonstrates that PSFs 
as envisioned in the classic Bever model cannot produce 
robust n-species coexistence in isolation. Our results 
also indicate basic structural features that are necessary 
for PSF models to support multispecies coexistence. 
Significantly, we find not only the absence of stabili-
sation in the Bever model, but generic instability. This 
suggests that, in diverse communities, other processes 
must exert a sufficiently strong influence on the commu-
nity dynamics to overcome the baseline instability. We 

illustrate this idea in the Supplemental Methods, where 
we examine the effect of adding negative frequency de-
pendence in the classic Bever model. Any amount of fre-
quency- dependence stabilises neutral oscillations, but 
when these effects are weak, they cannot turn unstable 
equilibria into stable ones. The result is that the aug-
mented model can only support multispecies coexistence 
when the rescaled zero-sum game condition is met, and, 
as we have shown, this condition is never robust to small 
parameter variations.

In this example, we consider negative frequency de-
pendence, rather than density dependence (as in Bever, 
2003)), because it is difficult to compare the strengths 
of processes that mix units of frequency and density. 
This difficulty hints at a central limitation of classic 
PSF models, which are derived by projecting dynamics 
for plant and soil abundances onto the space of frequen-
cies. (Eppinga et al., 2018; Ke & Wan, 2020; Kulmatiski 
et al., 2011; Revilla et al., 2013). The projected dynamics 
can mask unbiological outcomes in the original model 
(e.g. relative abundances oscillate around equilibrium 
while absolute abundances shrink to zero or explode 
to infinity). Indeed, the absolute abundance model 
(Equation 4) used to derive our n-species frequency dy-
namics (Equations 5 and 6) does not generally possess 
any fixed point, which is a basic requirement for species 
coexistence (Hutson, 1990; Hutson & Schmitt, 1992). 
The same is true for the model introduced by Eppinga 
et al. (2018) and Mack et al. (2019), even though this 
model exhibits stable dynamics for plant and soil fre-
quencies. It is usually seen as desirable to study PSFs 
in the space of species frequencies, both because this 
facilitates connections to data, and because frequencies 
are considered appropriate units for analysing processes 
that stabilise coexistence (Adler et al. (2007); Eppinga 
et al. (2018), but see Kandlikar et al. (2019); Ke and Wan 
(2020)). But models that introduce frequencies through a 
natural constraint, such as competition for finite space, 
will likely produce more realistic and straightforwardly 
interpretable dynamics.

From a broader theoretical perspective, the qualita-
tive change in model behaviour that we observe as the 
number of species increases from two to three or more is 
a striking phenomenon, but not an unprecedented one. 
Ecologists have repeatedly found that intuitions from 
two-species models can generalise (or fail to generalise) 
to more diverse communities in surprising ways (Barabás 
et al., 2016; Smale, 1976; Strobeck, 1973) . Our analysis 
provides another illustration of the fact that ‘more is 
different’ (Anderson, 1972) in ecology, and highlights 
the importance of developing theory for species-rich 
communities.
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