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ABSTRACT

In this thesis we study finite energy equivariant wave maps posed on the (143)-dimensional
spherically symmetric static spacetime R x (R x S2) — S3 where the metric on R x (R x S?)

is given by
ds? = —dt* + dr?® + (r* + 1) (d0* +sin® 0dp?), t,r € R, (0, ) € S%.

The metric is asymptotically flat with two ends at r = +oo which are connected by a
spherical “throat” of area 472 at r = 0. The above spacetime is often cited as a simple
example of a wormhole geometry in general relativity but is not expected to exist in nature
due to the negative energy density required to obtain it.

We consider equivariant wave maps from the previously described spacetime into the
3-sphere, S3. Each equivariant wave map can be indexed by its equivariance class ¢ € N and
topological degree n € NU{0}. For each ¢ and n, we prove that there exists a unique energy
minimizing (—equivariant harmonic map Qy,, : R x (R x S?) — S3 of degree n. Based on
mixed numerical and analytic evidence, Bizon and Kahl [3] conjectured that all equivariant
wave maps settle down to the harmonic map in the same equivariance and degree class by
radiating off excess energy. In this thesis, we prove this conjecture rigorously and establish
stable soliton resolution for this model; first for £ = 1 (corotational maps) in Chapter 2, and
then for general ¢ > 1 in Chapter 3. More precisely, we show that modulo a free radiation

term, every {—equivariant wave map of degree n converges strongly to Q.
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CHAPTER 1
INTRODUCTION

1.1 Background

For several decades there has been a great interest in the study of geometric nonlinear wave
equations. One of the fundamental models considered is the wave map model. Let (M, g)
be a (14d)-dimensional Lorentzian spacetime, and let (N, h) be a Riemannian manifold. A

wave map U : M — N is a formal critical point of the action functional
1
M

In local coordinates, the Euler-Lagrange equations associated to & is the following system

of semilinear wave equations
OgU" + T (U)9,070, U g = 0, (1.1.2)

where Oy := \/%798“(9/“/ v/—g0y) is the D’Alembertian associated to the background space-
time (M, g) and the F;'k are the Christoffel symbols associated to the target (N,h). The
system is collectively referred to as the wave map system and is also known in the physics
literature as the classical nonlinear c—model. A particular case that has been intensely stud-
ied is the case when M is (1+d)-dimensional Minkowski space R1*4 with the flat metric
g = diag(—1,1,...,1) (see the classical reference [29] and the recent review [26]). From a
physical point of view, wave maps U : R1T3 — S§3 arose as a way to describe fields which
approximate a low energy regime of QCD (see [9] and [10] for nice introductions to this
perspective). From a mathematical point of view, a wave map U : R4 5 N can be con-
sidered as a geometric generalization of the free wave equation on Minkowski space. Indeed,

if we take N = R then the wave map equations (1.1.2) reduce to the well known free wave
1



equation
U — AU =0, (t,z) e RF

It is known that for reasonable target manifolds N, wave maps U : Rt 5 N evolving from
small localized initial data (within a certain smoothness space) are global and behave, in a
sense, like solutions to the free wave equation on Minkowski space. Recently, researchers have
turned to the problem of describing the long time dynamics of generic large data solutions.
The guiding principle is the so called soliton resolution conjecture. This belief asserts that for
most nonlinear dispersive PDE, generic globally defined solutions asymptotically decouple
into a superposition of nonlinear bulk terms (traveling waves, rescaled solitons, etc.) and
radiation (a solution to the underlying linear equation). However, when trying to verify
this conjecture for wave maps on Minkowski space, complications arise due to the scaling

symmetry:
U(t,z) : R 5 N solves (1.1.2) = U, (t,z) = U(Xt, Az) solves (1.1.2).

Due to this scaling symmetry, the long—time dynamics of large data wave maps on R+ can
be very complex and one can have (depending on the geometry of the target and dimension)
self-similar solutions, finite time break down via energy concentration, dynamic ‘towers’ of
solitons, and other interesting scenarios (which, however, are often unstable). Therefore, to
gain better insight on the role of the soliton resolution conjecture it is instructive to consider
models when the background metric does not admit such a scaling symmetry or when stable
solitons are present. Moreover, the study of wave maps on a curved background (rather than
Rler) is still relatively unexplored. These reasons motivated the following model introduced
by Bizon and Kahl [3] which we consider in this thesis.

In this work, we study wave maps posed on a curved background spacetime. In particular,



we consider wave maps U : R x (R x SQ) — S? where the background metric is given by
ds® = —dt* + dr® + (r* +1)(d6? + sin® 0dp?), t,r € R, (0, 9) € S% (1.1.3)
The time slices correspond to the Riemannian manifold M := R x S? with metric
ds® = dr® + (r® + 1)(6[92 + sin? 0dgp2), reR,(6,p) e S (1.1.4)

Heuristically, M has two asymptotically Euclidean ends at » = 00 connected by a spherical
throat at r = 0. Because of this, the above spacetime has appeared as a prototype ‘wormhole’
geometry in the general relativity literature since its introduction by Ellis in the 1970’s and
popularization by Morris and Thorne in the 1980’s (see [22], [8] and the references therein).
Due to the rotational symmetry of the background and target, it is natural to consider a

subclass of wave maps U : R x (R x §?) — S3 such that
WeN, Uop=plolU, VpeSO@). (1.1.5)

Here, the rotation group SO(3) acts on the background and target in the natural way.
The integer ¢ is commonly referred to as the equivariance class and can be thought of as
parametrizing a fixed amount of angular momentum for the wave map. If we fix spherical
coordinates (10,9, ¢) on S3, then from (1.1.5) it can be shown that U is completely determined
by the associated azimuth angle 1) = ¢ (¢,r) and the wave map equation (1.1.2) reduces to

the single scalar semilinear wave equation for 1:

2 2 2’/“ E(é‘}'l)
Oy — Opp — T@W*’ m

1 sin2y) =0, (t,r) € R xR,

(1.1.6)

—

$(0) = (o, ¢1)-

This is most easily seen in the l-equivariant class (also known as the corotational class)

3



in which we must have U(t,r,6,¢) = (¥(t,r),0,¢) where, as before, (6, ) are spherical
coordinates on S2. Throughout this work we use the notation 1(t) = (¥(¢, -), dpb(t, -)).
Solutions v to (1.1.6) will be referred to as (~equivariant wave maps on a wormhole. The

equation (1.1.6) has the following conserved energy along the flow:

0) =5 [ e+ orote P+ G s ute )| 2+ ar
— £,5(0).

In order for the initial data to have finite energy, we must have for some m,n € 7Z,
o(—o0) =mm  and Yg(o0) = n.

For a finite energy solution ¢(¢) to (1.1.6) to depend continuously on ¢, we must have that
Y(t,—o00) = mm and ¥(t,00) = nm for all t. Due to the symmetries ¢ — mn + 1 and
¥ — —1 of (1.1.6), we will, without loss of generality, fix m = 0 and assume n € NU {0}.
Thus, we only consider wave maps which send the left Fuclidean end at r = —oo to the
north pole of S3. The integer n is referred to as the topological degree of the map ) and,
heuristically, represents the minimal number of times M gets wrapped around S3 by (¢, -).

For each n € NU {0}, we denote the set of finite energy pairs of degree n by

Epn = {0, ¥1) - Er(o,91) < 00, Po(—00) =0, ¢p(o0) =nr}.

There are features of the wave maps on a wormhole equation that make it an attractive
model in which to study the soliton resolution conjecture. The first feature is that we
have global well-posedness for arbitrary solutions to (1.1.6) trivially. The geometry of the
wormbhole breaks the scaling invariance that the equation has in the flat case and removes the

singularity at the origin. By a simple contraction mapping argument, conservation of energy

4



and time stepping we easily deduce that every solution to (1.1.6) is globally defined in time
(see Section 2.5 and Section 3.3 for more details). Another feature of (1.1.6) is that there is
an abundance of static solutions to (1.1.6). Such solutions are more commonly referred to
as harmonic maps. More precisely, it can be shown that for every £ € N, n € NU {0} there

exists a unique solution Qy , € &, to

2r o - ((0+1)
+1 2(r2 4+ 1)

Q(=0) =0, Q(o0) = nr.

Q"+ = sin2Q =0, r€R,
r

(1.1.7)

See Section 2.2 and Section 3.2 for more details.

In [3] Bizon and Kahl gave mixed numerical and analytic evidence for the following
formulation of the soliton resolution conjecture for this model: for every ¢ € N, n € NU {0},
and for any (¢, 1) € &y there exist a unique global solution ¢ to the initial value problem
(3.1.1) and solutions go% to the linearized equation

2r ((0+1)

2o — 02— ———dro+
Ad ¥ r2 41 ¥ r2 41

v =0,

such that

U(t) = (Quny 0) + L (1) + o(1),

as t — +oo. In this work, we verify this conjecture for all equivariance classes: first for the
corotational class of solutions (¢ = 1) in Chapter 2 and for all higher equivariance classes
¢ > 1 in Chapter 3.

We note here that a model with features similar to wave maps on a wormhole was
previously studied in [20], [16] and [18] which served as further motivation and as a road

map for the work carried out here. In these works, the authors studied /—equivariant wave



maps U : R x (R\B(0,1)) — S?. In their work, an ¢-equivariant wave map U is determined
by the associated azimuth angle on the 3—sphere v (t, ) which satisfies the equation
((0+1)
2(r2 +1)
W(t,1) =0, (t,o0) =nm, Vi

2
a§¢—azw—;ar¢+ sin2y =0, t€ Rr>1,

(1.1.8)

Such wave maps were called f—equivariant exterior wave maps. Similar to wave maps on a
wormhole, global well-posedness and an abundance of harmonic maps hold for the exterior
wave map equation (1.1.8). In the works [20], [16], and [18], the authors proved the soliton
resolution conjecture for /—equivariant exterior wave maps for arbitrary ¢ > 1. We point out
that the geometry of the background R x (R\B(0,1)) is still flat and could be considered
as artificially removing the scaling symmetry present when the domain is RM3. On the
other hand, the curved geometry of the background considered in this work is what removes
scaling invariance. This makes wave maps on a wormhole more geometric in nature while
still retaining the properties that make them attractive for studying the soliton resolution
conjecture. Due to the asymptotically Euclidean nature of the wormhole geometry, we are
able to use techniques developed for the flat case for this curved geometry. However, the

curved nature of M presents several obstacles in the proof.

1.2 Main Result

We now state our main result. In what follows we use the following notation. If rg > —oo

and w(r) is a positive continuous function on [rg, c0), then we denote

oo

1600 Burpoeyntan = [ [0 + 01(r)Pdr] wiryar

0

The Hilbert space H([rg,o0); w(r)dr) is then defined to be the completion of the vector

space of C§®(rp,00) pairs with respect to the norm || - 1#((ro,00);(r)dr)- Let € € N be a
6



fixed equivariance class, and let n € N U {0} be a fixed topological degree. In the n = 0
case, the natural space to place the solution QZ(t) to (3.1.1) in is the energy space Hgy :=
H((—00,00); (r2 + 1)dr). Indeed, it is easy to show that ||@Z||g€0 o~ ||L/7||7.[0. Forn > 1, we

measure distance relative to (Q,,0) and define Hy ,, := &, — (Qy p, 0) with ‘norm’

1094, = 19 = (Qens 0) 124

Note that ¥(r) — Qg ,(r) — 0 as r — +oo. The main result of this thesis is the following.

Theorem 1.2.1. Let £ € N,n € NU{0}. For all (Yo, 1) € &y, there exists a unique global
solution (t) € C(R;Hy ) to (3.1.1) which scatters forwards and backwards in time to the

harmonic map (Qg p,0), i.e. there exist solutions gpf to the linearized equation

2r ((0+1)
02— 02p — ) =0
t Y r ¥ T2—|—1 e+ T2+190 )
such that
P(t) = (Qun, 0) + FE(t) + 034, (1),
as t — +oo.

We remark here that, to the author’s knowledge, Theorem 1.2.1 is the first result that
establishes the soliton resolution conjecture for arbitrary corotational finite energy wave
maps on a curved background. See [19] for soliton resolution for corotational wave maps

from R x H2 — H?2 with a restriction on the behavior at infinity.

1.3 Outline

We now give a brief and broad outline of the proof of Theorem 1.2.1. To prove Theorem

1.2.1, we use the celebrated concentration—compactness/rigidity theorem method pioneered
7



by Kenig and Merle in [14] and [15]. The proof is by contradiction and is split into three main
steps. In the first step, we establish a small data theory for (1.1.6), i.e. if ||4/(0)— (Qe.n> 0l
is sufficiently small, then the solution ¥ to (1.1.6) is global and scatters to (Qy,p,0). In the
second step, using concentration—compactness arguments and the first step we show that
if Theorem 1.2.1 fails, then there exists a solution 1 # (Qe.p,0) to (1.1.6) such that the
trajectory {Ux(t) : t € R} is precompact in Hy - In the third and final step, we establish the
following rigidity theorem: if ¢ is a solution to (1.1.6) such that {t(t) : ¢ € R} is precompact
in Hy p, then J = (Qg,n, 0). This rigidity theorem contradicts the second step which implies
that Theorem 1.2.1 must hold.

An outline of this thesis is as follows. The proof of Theorem 1.2.1 using the Kenig—Merle
method in the corotatonal case (¢ = 1) is contained in Chapter 2, and the case ¢ > 1 is
treated in Chapter 3. In Section 2.1 and Section 3.1, more detailed outlines of the individual
chapters and of how we establish the steps in the Kenig—Merle method can be found. Both
chapters can be read independent of each other (although Chapter 3 uses facts proved in
Chapter 2) and are largely based on the two works [24] (¢ = 1) and [25] (¢ > 1) where

Theorem 1.2.1 was first established.



CHAPTER 2
SOLITON RESOLUTION FOR COROTATIONAL WAVE MAPS
ON A WORMHOLE

2.1 Main Result and Outline of the Chapter

In this chapter, we classify the long time dynamics of all finite energy corotational (1-
equivariant) wave maps on a wormhole. We recall from the discussion in Chapter 1 that a

corotational wave map U : R x (R x SQ) — S? is given by the ansatz
Ut,r,0,¢0) = (¥(t,7),0,9) €S>, (2.1.1)

where 1 is the azimuth angle on S®. The wave map equation (1.1.2) for U reduces to the

single semilinear wave equation for v

2r sin 29
oY+ 55— =
r2+1 ry r2+1

OF — Op — 0, (tr)eRXR,

$(0) = (Yo, 1), (2.1.2)

W(t,—00) =0, (t,00) =nm V.

The value n € NU {0} is the degree of the wave map, and the fact that it is an integer is

required if the solution t(¢) is to have finite (and conserved) energy

1 2sin? (¢, r)

i) = [ [ + ot P + 220 02 4 vy = (o),

2

We denote the space of finite energy pairs of degree n by

En = {(0,91) : E(Wp, Y1) <00, Yp(—00) =0, Yp(c0) =n7}.



For all n € NU {0}, there exists a unique stationary solution (Qp,0) € &,, a harmonic map,
which minimizes the energy (see Section 2.2).

We now turn to stating our main result for this chapter. Let n € NU {0} be a fixed
topological degree. In the n = 0 case, the natural space to place the solution ¥ (t) to (2.1.2)
in is the energy space Hg := H((—o00, 00); (r2+1)dr). Indeed, it is easy to show that |]1ZH50 ~
||2;||H0. For n > 1, we measure distance relative to (Qp,0) and define H,, := &, — (Qn,0)

with ‘norm’

191134, == 114 = (Qns 0) 345-

Note that ¥(r) — Qn(r) — 0 as r — +oo. The main result of this chapter is the following.

Theorem 2.1.1. For any energy data (g, V1) € En, there exists a unique globally defined
solution zﬁ(t) € C(R;Hy) which scatters forwards and backwards in time to the harmonic

map (Qn,0), i.e. there exist solutions gpiLt to the linear equation

2r 2
2o — 029 — ———0 =0
(A r¥ 7‘2+1T¢+T2+190 )
such that
D(t) = (Qn, 0) + FE(t) + 034 (1),
as t — too.

We now give an outline of the chapter and provide an overview of the proof. Section 2.2,
Section 2.3, and Section 2.4 contain preliminaries necessary to carry out the concentration—
compactness/ rigidity theorem methodology for wave maps on a wormhole. In Section 2.2,
we establish various properties of the harmonic maps ), needed throughout the work. In

particular, we establish existence, uniqueness, and asymptotics. Establishing these properties

10



in the exterior wave map model discussed in Chapter 1 is considerably simpler since the static
solutions to the exterior wave maps equation (1.1.8) (in the corotational case) are governed

by the well-known equation for a damped pendulum

657}; + % =sin2F, x =logr.
The properties needed can then be derived from a simple phase plane analysis. However, in
our setting there is no such change of variables that renders the static ODE (1.1.7) (with
¢ = 1) autonomous. We instead use classical ODE arguments inspired by the work on
corotational Skyrmions [21] to derive the properties we need. In Section 2.3 and Section 2.4,
we establish results needed to carry out the first two steps in the concentration—compactness

/rigidity theorem methodology. We first reformulate Theorem 2.1.1 as the statement that

all radial solutions to a certain semilinear wave equation of the form
Zu— Agu+V(r)u= N(ru), (t,r) €RxR. (2.1.3)

scatter to free waves as t — +oo (see Theorem 2.4.1 for the exact statement). Here u is

related to ¢ by u = m(dz — Qn), V(r) is a smooth potential arising from linearizing

about @, and —A is the Laplace operator on the 5d wormhole M5 =R x S* with metric

ds? = dr* + (r? +1)dQ3,,

where dQ§4 is the round metric on the sphere S4. In the remainder of the paper we carry out
the concentration—compactness/ rigidity theorem method in the equivalent ‘u—formulation.’
Establishing the first two steps in the u—formulation follows from fairly standard arguments
once Strichartz estimates for radial solutions to the free wave equation afu — Agu = 0 are

established. In the exterior wave map model, these estimates follow from previously known

11



results on Strichartz estimates for free waves on Riemannian manifolds. However, Strichartz
estimates for free waves on a wormhole fall outside of the literature devoted to free waves
on Riemannian manifolds because of the trapping that occurs at the throat » = 0. In the
works [27] and [28], the authors established dispersive estimates in geometries with trapping
which are asymptotic to wormholes as r — 400 as long as the initial data is localized
to a fixed spherical harmonic (i.e. angular momentum). Since we are only interested in
radial free waves on a wormhole, in Section 2.3 we are able to refine the dispersive estimates
from [27] and [28] in the zero angular momentum case and obtain the Strichartz estimates
we need. In fact, we establish Strichartz estimates for radial free waves on d—dimensional
wormholes for arbitrary d > 3. This section is independent of all other sections and may
be of interest in its own right. In Section 4, we make the reduction previously described
and transfer the Strichartz estimates established in Section 2.3 for 8t2 — Ay to the perturbed
operator 8t2 —Ag+V. The fact that the Strichartz estimates for the free wave operator carry
over to the perturbed operator hinges on spectral information for the Schrédinger operator
—Ay + V. In Section 2.5 and Section 2.6, we use the concentration-compactness/rigidity
theorem method to prove our main result. In Section 2.5 we carry out the first two steps
of the concentration—compactness/rigidity theorem methodology in the u—formulation. The
main result of this section is that if Theorem 2.1.1 fails so that not all solutions to (2.1.3)
scatter, then there exists a nonzero solution us to (2.1.3) such that {@.(t) : t € R} is
precompact in H := H((—o0, o0); (12 + 1)2dr). In Section 2.6, we show that a solution u to
(2.1.3) such that {u(t) : t € R} is precompact in H must be identically 0 which completes
the proof. In particular, we show that u is zero by showing it must be a static solution to
(2.1.3) with finite energy. This is achieved using a change of variables valid in the exterior
regions |r| 2 1 that transforms (2.1.3) into an ‘exterior wave map equation’. We then use
channels of energy arguments similar to those used in [16] and [18] to show that w is a static

solution to (2.1.3). This then implies that ¥ = Qy, + (r2 + 1)1/ 2u satisfies (1.1.8) with £ = 1.

12



By the uniqueness of harmonic maps, we deduce that © = 0 and conclude the proof.

2.2 Harmonic Maps

For the remainder of the paper, we fix a topological degree n € NU {0}. In this section, we

study static solutions to (2.1.2). In particular, we prove the following.

Proposition 2.2.1. There exists a unique smooth solution Q) to the equation

2r sin 2F
F// / . —
* r2 41 r2 4+ 1
F(—00) =0, F(o0)=nm.

0, rekR,

In the case n =0, Qg = 0. Forn € N, @y is increasing on R, satisfies Q(r) + Q(—r) = nrw

for all r and there exists ay, > 0 such that,

Qun(r) =nm —apr 2+ 0™, asr— oo,

Qn(r) = anr 2 + O(T_4), as r — —oo.

The O(-) terms also satisfy the natural derivative bounds.

The proof of existence follows from a simple shooting argument sketched in [3]. The proof
of uniqueness and properties needed are inspired by the work on the equivariant Skyrme
equation [21]. The proof of Proposition 2.2.1 will be contained in the following various

lemmas.

2.2.1 Existence of Harmonic Maps

In this section we prove the existence part of Proposition 2.2.1. In order to achieve this and,

in fact, uniqueness of the harmonic map constructed, we will need to study general solutions
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to

2r sin 2F
" / _

o 3., -0 TER (2.2.1)

We begin with the following simple lemma.

Lemma 2.2.2. [f F is a solution to (2.2.1), then F exists on all of R. Moreover, F' has

limits at oo in Zm U (Z + %) .

Proof. Suppose that F solves (2.2.1). Due to the sublinear growth in F, F’ in (2.2.1), it
follows from standard ODE theory that F' is globally defined. Because of the invariance of
the equation under the change r <> —r, we need only show that F' has a limit at oco.

Define the following auxiliary function
F/ 2
Q(r) = (r* + 1)% —sin? F.
Using that F solves (2.2.1), we have that

Q'(r) = —r(F")?. (2.2.2)

Thus, @ is nonincreasing on r > 0 and by definition is also bounded below. Thus, Q(r) —

c € [—1,00) as 7 — oco. Moreover, we note that
(2 +1)Q)' = —2rsin® F <0,

so that

This implies ¢ < 0.



The previous bound on () implies that

.2
F(r)? = 3(1)1 + 81?2 f (1” sin F(r) = O (%2) .

We now claim that F’ isn’t just O(r~!) but in fact satisfies

Fl(ry=o (%) :

Suppose towards a contradiction that this is not the case. Then there exist 6 > 0 and a

sequence 1, — 00 with the property

— < [F'(rp)].
L <P ()
Since F' solves (2.2.1), we have that
K
%
) <
Thus, for r, <r < (14 §/2K)ry,, we have
" 1 1 )
P - P <K [ o<k (— - —) <2
n Tn T 2ry
so that
/ J
\F'(r)| > —, m <r<(14+§/2K)r,.
2ry
Hence

Q) =2z

> ;o T <1 < (14+§/2K)ry,.
4ry,

15



The previous estimate implies that

(146/2K)ry, 3
Q) — QUL+ 6/2K)ry)| = / 5

. = 8K

which contradicts the fact that lim, s Q(r) exists in [—1,0]. Thus, the claim F'(r) = o(r 1)
holds.
We now show that as r — oo, F(r) tends to km or <k + %) 7 for some k € 7Z. Since

F'(r) = o(r~1) and Q(r) = ¢ € [~1, 0], we have that
sin? F(r) — ¢e[0,1], r— oo.

Thus, F(r) tends to some limit Firy € R as 7 — oo. Since F solves (2.2.1) and satisfies

F'(r) = o(r—1), we see that
(r2 + 1)F"(r) = sin2Fs, as 1 — oc.

If sin 2F 5 # 0, then for large r we have

, o0 /) (0.0) 1 1
F = F dp ~ sin 2F, dp ~ sin 2F o —
(r) /r (p)dp ~ sin oo/r ,02 1 p ~ S 007
which contradicts F’(r) = o(r~!). Thus, we must have that sin 2Fy, = 0 as desired. O

We remark that we will now be interested solely in solutions to (2.2.1) which satisfy
F(+o00) € Zm. This is because these solutions are the only solutions that have the potential
to have finite energy £(F,0) < oo. Using Lemma 2.2.2 we can establish the following

asymptotics for solutions to (2.2.1).

Lemma 2.2.3. Suppose that F' solves (2.2.1) and there exists k € NU{0} such that F(c0) =

16



km. Then there exists o € R such that
F(r)=kr+ar 24+ 0%, (2.2.3)
as r — oo where the O(-) term satisfies the natural derivative bounds. A similar statement
holds as r — —oo if F(—o0) = k.
We note that Lemma 2.2.3 provides the asymptotics stated in Proposition 2.2.1.

Proof. The proof of Lemma 2.2.3 follows in almost exactly the same way as the proof of
Case 1 of Theorem 2.3 in [21]. The idea is to make the change of variables = arcsinhr and

use the fact that dF'/dx = rdF/dr = o(1) to write (2.2.1) as

PF dF 9
) + o~ sin 2F +O0(e ") = 0. (2.2.4)

The ODE (2.2.4) is asymptotically the autonomous ODE F” + F/ —sin 2F = 0 (the damped
pendulum) near x = oo for which the desired expansion (2.2.3) holds in the z variable. We
omit the details and refer the reader to the proof of Case 1 in Theorem 2.3 in [21] for the

full details of the argument. O

A fact that will be useful in Section 2.6 is that one can obtain a solution to (2.2.1) with

prescribed asymptotics as r — oc.

Proposition 2.2.4. Let k € NU {0}, and let « € R. Then there exists a unique solution

Fy to (2.2.1) such that
Fo(r) = kr +ar 2 + O(r—%) (2.2.5)

as r — oo where the O(+) term satisfies the natural derivative bounds.
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Before giving the proof, we note that the symmetry r +— —r of (2.2.1) allows us to
conclude from Proposition 2.2.4 that given k € NU {0} and § € R, there exists a solution

Fg(r) to (2.2.1) such that
Fy(r) = kr+ Br 2+ 0(r™*)

as r — —oQ.

Proof. We seek a solution F' to (2.2.1) with the stated asymptotics (2.2.5). We first make

the change of variables x = arcsinhr so that (2.2.1) becomes
F" + tanhaF' —sin2F =0, z €R, (2.2.6)
where ' = % We now rewrite (2.2.6) as
F" + F' —2F = [sin2F — 2F] + (1 — tanh z) F". (2.2.7)
Define G = ¢%/2(F — kr). Then G satisfies
G + ZG = N(z,G,G"), (2.2.8)
where
N(z,G,G") = e*/? [sin(Qe_w/QG) — 26_:”/261] + (1 — tanh z) [G/ — %G] : (2.2.9)
A fundamental system to the underlying linear equation G” — %G = 0 is given by

Gi(z) = e 382 Gy(z) = €3%/2.

18



The Wronskian W (G1,Go) = GllGQ — GlGé is given by —3. By the variation of constants

formula, we seek a solution G' = G, to the integral equation

1 [ /

G=aGi(@)+ 3 [ [61(0)Galy) - Grly)Gale)] Ny, G, ")y (2.2.10)
x

for x > R for some R. For R > 0, define the Banach space

Xp={GeC\ (R ) [Glx, < o}
where

IGllxy := sup /2 [|G ()| + |G ()]

>R
Denote the right side of (2.2.10) by ®(G). From (2.2.9), it is easy to see that
IN(y, G, G)| < e V|G + e 2 [|G] + |¢]] .

Thus,

19(G)lxy < lol +3lal/2+C [ BIGI, + e 2RIGlx,]

For R sufficiently large, a fixed point argument yields the existence of a unique solution G

to (2.2.10). Moreover, G, satisfies

Golr) = ae38/2 4 0(6_733/2)
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as  — 0o. This means Fo(z) = kr + e %/2Go(z) satisfies (2.2.6) and
Fo(x) = km + ae 2% + O(e™4%)

as © — oo. This is the same as (2.2.5) under the change of variables r = sinhx. This
concludes the proof of existence of F,,. Uniqueness follows from the fixed point argument

and Lemma 2.2.3. O

Using Lemma 2.2.3 and monotonicity of the auxiliary function Q(r), we deduce the

following monotonicity result for solutions to (2.2.1).

Lemma 2.2.5. Suppose that F' solves (2.2.1) and
F(—o0) =lm, F(o0)=km.

Then F' is monotonic on R. In particular, if | = k, then F' is the constant solution.

Proof. Recall from the proof of Lemma 2.2.2 that the function
F/ 2
Qr) = (r* + 1)—( 2) —sin? F,

satisfies @' (r) = —r(F’)%. In particular the function @ is nondecreasing on (—oc,0) and
nonincreasing on (0, 0o).

By Lemma 2.2.3, there exist S+ € R such that as r - —o0
Qr) =4t +0(79).

Moreover, the case S+ = 0 or f_ = 0 corresponds to the constant solution (which is trivially
monotonic). We will assume that S+ # 0, and therefore, F' is not the constant solution.

Thus, if |r| large, then Q(r) is positive.
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We now conclude that F' has no critical points. If not, and there exists rg € R, a critical
point for F', then Q(rg) < 0. In particular, since Q(r) is nondecreasing on (—o00,0) from a
positive value near r = —oo, we must have that rg > 0. However, since F' is nonconstant,
Q(r) is strictly decreasing on [0, 00) since Q' (1) = —r(F')2. Thus, we have Q(r) < Q(rg) < 0
for all 7 > rg. This contradicts the fact that Q(r) > 0 for large positive r. Thus, F' has no

critical points so that F' is monotonic on R. O

We now prove the existence part of Proposition 2.2.1.

Lemma 2.2.6. For each n € N, there ezists a solution Qy to (2.2.1) that satisfies

Qn(—o0) =0, @Qn(c0)=nm,

Vr,  Qn(r)+ Qn(—r) = nm.

The proof of Lemma 2.2.6 now follows from the previous lemmas and a classical shooting
argument sketched in [3]. For every a € (0,00), define F(r, ) to be the solution to (2.2.1)

such that

F'(0,0) = a.

The variable « is referred to as the shooting variable. We will show that we can choose « so
that F'(co, ) = nw. Note that if F'(0co, a) = nr for some «, then the symmetry F' +— nm— F
of the equation yields F(—r,a) + F(r,a) = n7m so that F'(—oo,a) = 0. Thus, to prove

Lemma 2.2.6, it suffices to show there exists o™ € (0, 00) such that

F(oo,a™) = nm.

We then set Qp(r) = F(r,a").
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Define

A= {a € (0,00): lim F(r,a) < nw}

r—00

The proof of Lemma 2.2.6 requires a few claims.
Claim 2.2.7. There exists ag > 0 so that (0,ag) C A.
Proof. For o € (0,00), we denote

—(F/<T’ @)? — sin? F(r,a).

Qr,a) = (r* +1)
The proof is split into two cases depending on whether n is odd or even.

Case 1. We first consider the case that n is odd. Then we may take ag = v/2. Indeed, if

a € (0,4/2), then

2 2

=Y g2 (I
Q0,a) = 5~ sin (2> 5 1<0.

Since Q(r, a) is decreasing on (0, 00), we must have Q(r,«) < 0 for all » > 0. This implies
that F'(rg,a) # nw for all rg € (0,00). The case that F(r,a) — nm as r — oo is also
impossible since then Q(r,«) > 0 for r sufficiently large (see the proof of Lemma 2.2.5).
Thus, if n is odd, we have (0,/2) C A.

Case 2. We now consider the case that n is even. In particular, 5t = [z for some
[ € N. We first note that for every a € (0,00), F(-,«) is increasing until F' leaves the
strip <l7r, (l + %) 77). Indeed, if F' attains a local maximum for some ry with F(rg,a) €
<l7r, (l + %) 7T>, then (2.2.1) implies

in 2F
F//(’I“0,0é) _ S 5 (TO,CY) >0
ry + 1
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Thus, F(-,a) is increasing as long as F' € <l7r, <l + %) 7r).

Note that since 5t = [7 for some integer /, we have

2

Q0,a) = %.

We recall that [(r2 + 1)Q(r, a)]’ = —2rsin® F(r, ) so that

2
Q(r,a) < %(Ofi) - 2(T§‘+ I (2.2.11)

Thus, for all « sufficiently small, we have

/ 2 2@(7“,05)
Fi(r,a)* = 2112 +T2+1

4

- 2

sin® F(r,a) < ol (2.2.12)
Moreover, by continuity of the initial value problem, for « sufficiently small, we can also

ensure that

F(r,a) < (l+ %) m, 1 €0,1].

Fix a € (0,ap9) with o small to be chosen, and suppose that F(r,«) leaves the strip
<l7r, (l + %) 7r> (if not then a € A trivially). Since F(-,«) is increasing until it reaches

<l + %) 7, there exist 1 < r1 < ro such that
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Then the fundamental theorem of calculus and (2.2.12) imply that

)
:/ F’(r, a)dr < 2log(ro/r1),
T

v ™
46 Jp

so that
ro — 11 > (e”/m - 1) ry > e/ 1.

By (2.2.11)

(r3 + 1)Q(r9,a) = (r? + 1)Q(r1,a) — 2/7“2 rsin? F(r, a)dr

2 Jr
2
« 1 2) )
=5 Z(T2 — 1)
oz% e™/24 _ 1
2 8

/24
Thus, if we choose g so that a% <& /8 =L we have, for all & € (0, ap), Q(r2, ) < 0. Since

Q(r, a) is decreasing on (0, 00), it follows that Q(r,«) < 0 for all » > ry. Thus, we cannot

have F(r,a) = (I + 1) for any r € (0, 00| so that

F(00,a) < n.

Thus, if « is sufficiently small, a € A for all a € (0, ag). O]
Claim 2.2.8. The set A is open.
We recall that

Proof. Let ag € A. We consider two cases.
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Case 1. In this case, we assume that there exists m < n such that

1
F(oo,aq) = (m+ 5) .
We first note that for all » > 0
F(r,ag) < (m+ 1)r. (2.2.13)

Indeed, if this were not the case, then, since F(r,ag) is not constant and F(oo,aq) <

(m 4+ 1), there exist r1 < r9 < rg such that

F(r1,a9) = F(r3,a) = (m + 1),

Fl(r1,a0) 20, F'(rg,a0) =0, F'(r3,ap) #0.

In particular, Q(ro,g) < 0. But since Q(r,«) is decreasing on [0,00), it follows that

Q(rs, ap) < 0 which is a contradiction to our choice of r3. Thus, for all » > 0
F(r,ag) < (m+1)m.

Since F(o0,aqp) = <m+ %) 7 and F'(r,a9) = o(r~1) (see Lemma 2.2.2), there exists

Ry = Ry(ayg) large so that

Q(Rp, ap) < 0.

By continuous dependence of F'(-, ) on «, we can ensure that for all «a is a small neighbor-
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hood of o we have

F(r,a) < (m+ 1)m, r €0, Ry, (2.2.14)

Q(Ro, @) < 0. (2.2.15)

Since Q(r,«) is decreasing on [0,00), (2.2.15) implies for all « sufficiently close to ay,
Q(r,a) < 0 for all » > Ry. In particular, F(r,«) # Im for any [ € N and all r € [Ry, o].
This along with (2.2.14) implies that F'(co,«) < (m + 1)m. Thus, for all « sufficiently close
to g, we have a € A as desired.

Case 2. In this case we assume that there exists m < n such that
F(00, ) = mm.

We first note that in this case, we have Q(r,ag) = O(r~%) (see the proof of Lemma

2.2.5), so that,
rlggo(r + 1)Q(r, ag) = 0. (2.2.16)
Let €g > 0 to be chosen later. Then by (2.2.16), there exists Ry = Ry(eg) > 1 such that

(r? +1)Q(r,a0) < €0, 7> Ro.

For o in a small (depending on €p) neighborhood of «ag, we have

Q(0, ) <2Q(0, ap), (2.2.17)
(R + 1Q(Ro, a) < 2, (2.2.18)
< F(ra) <mr, 1€ 0, R (2.2.19)
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We now claim that for each such «, we have

F(o0,a) < (m + %) . (2.2.20)

Let a be sufficiently close to aq so that (2.2.17), (2.2.18), and (2.2.19) are satisfied, and

assume that
F(oc0, ) > mr.

Then by (2.2.19), there exists rg > Ry such that F(rg,«) = mm. Since F(-, «) is increasing
as long as F'(-, «) is in the strip (mﬂ, (m + %) 7'(') (see the proof of Claim 2.2.7), there exist

r1,72 > Rp such that r{ < r9 and

Firia) = (m+ g )=

1
F(ro,a) = (m+ 4_1) .
As in the proof of Claim 2.2.7, by (2.2.17) we have

C2%(ay)

7’2 '

2Q(0, a) 2
2 )
<
— (T‘2 1)2 r2 41

F'(r,a) sin? F(r,a) < (2.2.21)

for some positive constant C(«q). By our choice of r{,rs, (2.2.21), and the fundamental

theorem of calculus, we deduce that

- /T2 F'(r,a)dr > C(ag) log(ra/r1),

s v
46 Jy

whence for some (possibly small) constant c(ag) > 0

ro =11 = c(ap).
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By the relation [(r2 + 1)Q(r, )] = —2rsin® F(r, ) and (2.2.18), we have

T2

(r% +1)Q(rg, ) = (T% +1)Q(r,a) — 2/ 7 sin? F(r,a)dr

1
1 [72
<260——/ rdr
2 Jry

1
< 2¢0 — 5(7“% — r%)

1
< 2€0 — 56(0&0).

By initially choosing €q sufficiently small (depending only on «q), we see that if « is suffi-
ciently close to ag so that (2.2.17), (2.2.18), and (2.2.19) are satisfied, we have Q(ro,a) < 0.
Thus, Q(r,«) < 0 for all r > ry. Hence, for any [ > m, F(r,«) # Ir for all r € [Ry, oo]. This
along with (2.2.19) proves that F(r,a) < (m + %) 7 for all » > 0 which establishes (2.2.20).

Thus, all « sufficiently close to aq are in A which finishes the proof of Claim 2.2.8. [
Claim 2.2.9. There ezists aq > 0 such that (aq,00) C A€,

Proof. We first note that if « > 0 and if F/(r,«) = nn for some r > 0, then F(co,a) > nr.
Indeed, suppose F(rq,«) = nx for some rg > 0 and F(co, ) < nw. Since F(r,«) is not the
constant function, there exist ry < 71 < ro < oo such that F'(r1,a) = 0 and F(ry,a) = nr.
We then have that Q(r1,a) < 0 and Q(ro,«) > 0. This contradicts the fact that Q(r, )
is decreasing on [0,00). Thus, if F(r,a) = nx for some r > 0, then F(co,«) > nm. In

particular, we have shown that
{a>0: F(rg,a) = nm for some ry > 0} C A°.
Thus, the proof of Claim 2.2.9 is reduced to showing that there exists oy > 0 such that

(ag,00) € {a>0: F(rg,a) = nr for some rg > 0} .
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The idea of the proof is now simple. If the initial velocity « is large enough, then
F(r,a) = nr for some r > 0 so that a € A°. To make this argument precise, we need
the precise asymptotics of F(r,a) for r near r = 0. First we change variables and set

x = arcsinhr. Then F(z,a) := F(r(z),a) satisfies F(0,a) = n7/2, F'(0,a) = a and
F" +tanh2F’ — sin2F = 0. (2.2.22)
We first claim there exists zg > 0 small such that for all @ > 0
I|1F(-, a)||01([07$0]) < nm+ 4o (2.2.23)

Indeed, we solve (2.2.22) near 2 = 0 by a contraction mapping argument. Let X = C'1([0, z))

where z( is to be chosen later. Define ® : X — X by

OF () = % + azx + /Ox(x —y) [sin2F (y) — tanhyF' (y)] dy

If g is chosen so small so that tanhy < 2y for y € [0, 2], then it is easy to verify that for

all ;G € X and for some absolute constant C' > 0

nm
1eFx < = + 20+ Caol| Fllx,

|PF — G| x < Cxo||F — G| x-

Now fix z( smaller if necessary so that ¢y < 1/(8C'). Then, we may contract in the ball
Bx (0,nm 4 4«) and find a unique fixed point (namely F(z,«)) of ®. This shows that there
exists z¢ small and independent of « such that || F(:, 04)”01([0 zo]) < M + 4o as desired.

We now conclude that if « is sufficiently large (depending on x(), then in fact F'(xqg, o) >
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nm where z( was defined previously. We write for z € [0, g

T
F(z,a) = %T + ax + /0 (z —y) [sin2F (y, @) — tanh y F' (y, )] dy.

Then by (2.2.23), for some constant C' > 0 and by choosing z( smaller if necessary, we have

nm
[P (a9, )| > 5 +awg - Catll F (-, )l o1 (0 )

> %(1 — Cad) + axg(1 — 4z(0)
nT o ar
-4 2

This shows that for all a > 2n7w/xg, F(xg,a) > nr, i.e.

a€{a>0:F(rg,a) =nn for some rg >0} C A°

which concludes the proof. O]

Proof of Lemma 2.2.6. By Claim 1 and Claim 3,

a* :==sup A € (0,00).

By Claim 2, o* ¢ A. Suppose that a* € {a € (0,00) : F(c0,a) > nw}. Then by continuous
dependence of initial data, all @ near o are also in {«a € (0,00) : F(co,) > nr}. This,
however, contradicts the facts that o® = sup A and that A is open (by Claim 2). Thus,

F(o0,a™) = nm, and we are done. O

2.2.2  Uniqueness of the Harmonic Map

In this section we show uniqueness of the harmonic map constructed in the previous section

which concludes the proof of Proposition 2.2.1.
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Lemma 2.2.10. Let F| and Fy solve (2.2.1) and assume that for j = 1,2

Then F| = Fy.

Proof. Since any F' that solves (2.2.1) and connects 0 to nm must be increasing, we may
make a change of variables and consider F' as the dependent variable and p = ‘fl—g as the

dependent variable, where x = arcsinh r. Thus, the equation solved by p is

d
p% + (tanh z)p — sin 2F = 0. (2.2.24)

Suppose towards a contradiction, that we have two different solutions F, F5. These deter-
mine two C°° diffeomorphisms x1,z9 : (0,n7) — (—00,00) by the condition Fj o z; is the

identity on (0, nm). Then we have

d .
pj(F)% + (tanh;(F))p; (F) —sin2F =0, j=1,2. (2.2.25)

Set ¢(F) = po(F) — p1(F). Subtracting the equation satisfied by p; from the equation

satisfied by po and rearranging, we have

d d
0= pQ% - plﬁ + tanh x9ps — tanh x1py
d d
= p2£ + (% + tanh x2> ¢ — (tanh x1 — tanh x9) py.

Define g = p2_1 <% + tanh x2>, f = (tanh x9 — tanh xl)plpgl. Then ¢ satisfies

¢ +ap=—f = (—¢e 9 =,
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where Q(F) = 150 q(F)dF for any choice of Iy € (0,n7). Hence, we have that

F
O(F) :eQ<F>¢(FO)+/FOeQ(F>—Q(F>f(F)dF. (2.2.26)

We now make an observation based on (2.2.26). Note that if po(Fpy) > p1(Fp) and xo(Fp) >
xo(F) imply that po(F) > pi(F) and zo(F) > z1(F) for all I < Fy. Indeed, suppose
Fy < Fy and po(F) > p1(F) for all Fi < F < Fp. Then from the definition of p;, we have

for all F1 < F < Fj
p2(F) 2 p1(F) = (22(F) —21(F)) 0.
This implies upon integrating that
0 < z9(Fpy) — z1(Fy) < x9(F) —x1(F), Fy <F <Fy.
Since tanh z is increasing on (—oo, 00),
xo(F)>a1(F), M <F<F = f(F)>0, Fi<F<FH
Hence by (2.2.26)

pa(F) >p1(F), F1 <F<E.

Thus, if po(F) > p1(F) for all F} < F < Fy, we must in fact have the strict inequalities
p2(F) > p1(F) and z9(F) > z1(F) for F| < F < Fy. By continuity, we see that ps(F) >
p1(F) and x9(F) > z1(F) for all F' < Fy.

By Lemma 2.2.3, a solution F' to (2.2.1) such that F'(—oo0) = 0, F/(c0) = n satisfies for
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unique a,b > 0,

It follows that p satisfies

p~ 2ae” 2 — a§6*4x
5
4
~2(nm — F) —a—e
5
4
~2nm—F)— ailg(mr — F)?,

as ' — nm~. Similarly, we have

4
p~2F — b_lgFQ,

as F — 07. Suppose Fy has coefficients ag, by > 0 and Fj has coefficients aq,b; > 0 where
(without loss of generality) ag > aj. Then clearly xo(F') > x1(F') for all F sufficiently close

to nm since for x large

20 < —are” % ~ Fi(x).

Fs(x) ~nm — age™

Moreover, we have po(F') > p1(F') for F sufficiently close to nm by our previous calculation

po(F) ~2(nm — F) —aglg(nﬁ—F)2

4
> 2(nm — F) —aflg(mr—F)Q ~ p1(F).

Thus, by our observation following (2.2.26), we have pa(F') > p1(F) and zo(F) > z1(F) for
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all ' € (0,nm). In particular, the constraint xo(F') > x1(F) for all F' € (0, nm) implies that

by > by. But then for F' near 0

.4
p1(F) ~ 2F — by 15F2

4
> 2F — b;lgF2 ~ pa(F),

which contradicts pa(F') > p1(F) for all F' € (0,nm). Thus, no two distinct solutions Fy, 5

exist. This completes the proof. O

2.3 Strichartz Estimates for the Free Wave Equation on

Wormbholes

In this section we establish Strichartz estimates for radial solutions to the free wave equation
on the (d 4 1)-dimensional wormhole M1 = {(r,w) : r € R,w € S?} with metric g

satisfying
ds® = dr® + (r* + 1)dQ2,(w).

Here dQéd is the line element on S% corresponding to the usual round metric. When we
say radial functions we mean functions f : ML 5 R with f = f(r). These Strichartz
estimates will be used in Section 2.4 and Section 2.5 to establish a small data theory for
(2.1.2). However, the results and methods of this section are independent of all other sections
in this work and may be of interest in their own right.

For the remainder of the section, we fix d > 2 and drop the superscript by writing M

instead of M9T1. We denote H(R; (r? 4+ 1)%/2dr) simply by #. For an interval I, we denote
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the spatial norms on M and spacetime norms on I x M by
1/p
1= [ 150PG + %20 )

p/a
el pra ) = (/R (/R\u(t,r)]q(rQ—i—l)d/er) dt>

Since we only consider radial functions on M, we abuse notation slightly and let A, denote

1/p

the radial part of the Laplace operator on M,

dr
Agf(r) = OFf + mérfo

Let I be an interval with 0 € I. Let F : I x R — R, and let u = w(¢,r) solve the

inhomogeneous wave equation

8152u—Agu: F, (t,r)elxR.
(2.3.1)

(0) = (ug,uq) € H.

We say that a triple (p, q,7) is admissible if

1 d+1 d+1 1 d/1 1
p>27q227 —+L:L—% _S_(__—).
p q 2 p—2\2 ¢

The main result of this section is the following family of Strichartz estimates for (2.3.1).

Proposition 2.3.1. Let (p,q,7) and (a,b, p) be admissible triples. Then any solution u to
(2.3.1) satisfies

1— - .
H|V‘ WUHLfL%(I) + H’V‘ /yatuHLfL%(]) S HU(O)HH + H’v|pFHLg’Lg’(D'

It is well known (see for example [13] [30] [31]) that by a standard argument using

Littlewood—Paley theory (for our wormhole geometry see [32]) and TT™* arguments, estab-
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lishing Proposition 2.3.1 can be reduced to proving the following frequency localized disper-
sive estimate: let £ denote the spectral measure for —A, (restricted to radial functions).
For a standard Littlewood-Paley cutoff ¢ € C§°(R) with support in (1/2,2), define (via the

functional calculus)

¢<T7 —Aﬁzi4m¢@ﬁVQEwM.

Then for all f € CF°(R),

d+2

Heiit\/__Ag(p (2—j\/_—Ag> fHLOO < QT(Q—J' + |t|)_%||f||L1- (2.3.2)

The proof of (2.3.2) draws heavily from the works [27] [28]. In these works, the authors

prove dispersive estimates for free waves on a manifold with metric of the form
ds® = dr? + R%(r)ds3(w), r€R,

where ds%(w) is the metric on a compact embedded Riemannian manifold Q@ ¢ RV with

dimension d > 1. The function R(r) is assumed to be asymptotically conic:
R(r) = |r| (1 + O(r_l)) , asr — Foo.

Note that in the case of the wormhole geometry, Q = S% and R(r) = (r). In particular, the
authors proved weighted L1 — L type estimates for data of the form f(r)Yy,(w) where Y,
are eigenfunctions of —Agq. For the n = 0 case (i.e. a radial solution), they established the

dispersive estimate

Hezlzit\/—Angn)HLoo < |t|_d/2 (Hf“Ll + Hf’HLl) .
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In our proof of 2.3.2, we refine their methods for the case of frequency localized data.
In what follows, we use the standard Japanese bracket notation (r) = (r2 + 1)}/2. One

readily verifies that

~Agf(r) = ()~ 2HE) f(0),

where H is the Schrodinger operator on R given by

d? d(d — 4
H=-———=+V, wm:( )2
dr

Note that the potential V' satisfies

d(d —2)
22

V(r) = +007),

as r — doo with natural derivative bounds. We denote the following resolvents R(z) =
(—Ag — 2)"Vand Ry (2) = (H — 2)7! for z ¢ o(—Ay) = 0(H) = [0,00). We note that the
decay of V' implies that the spectrum of H in (0, 00) is purely absolutely continuous (in fact,
absolute continuity follows from the following explicit formula for the spectral measure).

Via Stone’s theorem, we can write (as an identity of Schwartz kernels)

EMVXnM:vﬁIM1U%V+MQ—RM2—k»&mMA

T e—=0t

= 2 i () Y2 (Ry (V2 + i€) — R (A2 — i€))(r, ) )/ 2aN.

T e—0t

The final limit may be evaluated ‘explicitly’ by using the fact that

f_|_(7“, )‘)f—(p’ )‘)

i, o (R (O + i) = Ry (02 = i0)(r, ) =3 | ZEDED

e—0+ 21
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where f4 (-, \) are the Jost solutions which satisfy

Hfs(r, ) = A2 fL(r,\),

f(rA) ~ e as r — doo,

and

W) =W (A, F () = FLCNF-CoA) = F GG,

is their Wronskian. It is easy to see via a standard contraction argument that f4(-, \) exist

provided V € Ll(]R). In summary, we see that the spectral measure for —Ag satisfies

S (r

E(dA2)(r, p) = 2\(r) {g NS (p, )

o [ = V(0. 2) e };[;m
3 { Wy (X) ] X[T<p]} ()42,

Therefore, the estimate (2.3.2) (and thus, Proposition 2.3.1) reduces to proving the following
oscillatory integral estimate uniformly in r > p (the case r < p is analagous) which we state

as a proposition.

Proposition 2.3.2. For all p <r andt € R we have the estimate

CX) . .
/ e (27INAS

0 W(A)

S+ (r, \) f=(p, )‘):| d/\' < (<T’><p>)d/22j(d+2)/2(2_j + |t|)_d/2.

The implied constant depends only on ¢ and d.

Note that we absorbed the volume form (r2 + 1)d/ 2dr implicit in the right hand side of
(2.3.2) into the left hand side in order to conclude that proving the estimate 2.3.2 reduces to
proving Proposition 2.3.2. To prove Proposition 2.3.2, we will need asymptotics for f4(-, \)

and W(A) for A small. The asymptotics that we require are contained in the following
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subsection.

2.3.1 Scattering Theory for Schrodinger Operators

In this section, we briefly summarize the scattering theory developed in Section 3 of [28] for
the Schrodinger operator H = —% + V on R where V € C°°(R) is real-valued and such

that

V(r) = Mﬂ +U(r), UeC®R\{0}),

with
TR ()| < Clr| 3%, |r| > 1.

In particular, we summarize the asymptotics for f4(-,A) and W(A) as A — 0 under a
condition on the point spectrum of H. This condition will be elaborated on below. In what
follows, we assume, as before, that d > 2.

First, solutions to the zero energy equation with slow decay at +0o were constructed.

Lemma 2.3.3 (Lemma 3.2 [28]). For j = 0,1, there exist real-valued solutions uji() to the

zero energy equation
—uji(r)” + V(T)u;.—L(r) =0, reR,
+ + _ + .
such that W (uy (+), uy (+)) =constant, and uj have the asymptotics

uF(r) = M2+ 0(r|™Y),  asr — too,

wEr) =792 oY), as = foo.
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The O(-) terms behave like symbols under differentiation in r.

Definition 2.3.4. We say that the Schrodinger operator H has 0 as a resonance if
W (uf (-),uy () =0,

where ui() are the solutions constructed in Lemma 2.3.3. This condition is equivalent to the
ezistence of a nonzero solution f to —f" +V f =0 such that f is asymptotic to |7“|_(d_2)/2
at £oo.

The previously mentioned condition on the point spectrum of H is that 0 is not a res-

onance. Next, perturbing in small A\, for j = 0,1 a basis of real-valued solutions uj[(, A)

to
—ujc(r, N+ V(r)u;—L(r, A) = Azu;t(r, A), reR,

was constructed which are well approximated by uji when |r\| < 1.

Lemma 2.3.5 (Corollary 3.5 [28]). Let u;'() be as in Lemma 2.3.3. There exist solutions

uj(.,A) of Hf = \2f with

such that for j = 0,1 and rg < r < A\~ 1, we have

uj‘(r, A) = u;'(r)(l + a;'(r, A).
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The functions aj'(-, A) satisfy the bounds

A2k (V2 og | \r| if d = 2,
0Nt (r\)| Sk

A2k ()21 if d > 2.

A similar statement holds with ug(, A) replaced by vy (-, A) for r < 0.

In what follows, 8; = %eidﬂ/ 4. The outgoing Jost solution for
2 dd-2)
Ho==g2+ 52

is known explicitly. In particular, we have that the solution to Hofy(-, A) = A fo(-, A) with

fo(r,\) ~ e\ as r — oo is given by
f( ) d\/_Hd 1 /Q(T)\)a

where H(d 1)/2( z) = Jig—1)/2(2) +iY(q_1)/2(2) is the Hankel function. Perturbing off of
this explicit solution, we obtain the following asymptotic form for the Jost function f4 (-, A).

Similar asymptotics hold for f_ (-, \).

Lemma 2.3.6 (Corollary 3.10 [28]). For A # 0, A < 1, and in the range 1 < r < A71, we

have

F4(r, ) = BaV2r | T2 (rA) (1 + OO (1 + O )
+ Ygo1)2(rNON)(1 + 00 1)
+ B2V |[Yig1)2(r) (1 + O (1 + 0(r™)

+ Jaen)2PNON 1+ 0.
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In the range rA 2 1, we have
Fa(rA) =€ my(r,N),
where
my(r,A) =14 Og(r A1)

The O(+) terms are real-valued, the O¢(-) term is complex—valued, and all terms obey the
natural bounds with respect to differentiation in \ and r.

Using the previous lemmas, the following expansions were obtained.

Lemma 2.3.7 (Corollary 3.6 and Proposition 3.12 [28]). We have the expansions
Fe(rA) = ax(Nugy (r, A) + b (A)ui (r, A),

where the coefficients satisfy with some small € > 0 depending on d and with some real

constants oz(jf, ﬁoi,

ai(/\) = Ad/zﬁd (O‘E)t 4 O()\€> + iO(/\_<d_2)€)> ’

b (A) = ix~ D25, (53 4 O() +i0(T))

The O(-) terms are real-valued and satisfy the natural derivative bounds.

Using the expansions in Lemma 2.3.7, an asymptotic expansion for W(\) for small A

under the nonresonant condition was obtained.

Lemma 2.3.8 (Corollary 3.13). If 0 is not a resonance for H, then for all 0 < € < €y(d),
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we have
W(N) = ie™d=D/2\=([d=2) 7, 4 O (\)). (2.3.3)

Here Wy is a nonzero real constant and Og¢(A€) is complex valued, and all terms satisfy the
natural derivative bounds. We remark that the nonresonant condition is what guarantees

that the constant Wy is nonzero.

Finally, the following asymptotic expansion for the spectral measure corresponding to H

for small A\ was obtained.

Lemma 2.3.9 (Corollary 5.1 [28]). If 0 is not a resonance for H, then for 0 < A < 1 and

any r,p € R,

f—l—(r» )‘)f— (p7 )‘)
W(A)

FONT Yl (r, Nug (p, A) + OO Vyud (r, Nug (p, \)

R

} = O\ Hyug (r, Nuy (p, A)

+O(Ad71)uf(r, Muy (p, M),

where the O(-) terms are real-valued and satisfy the natural derivative bounds.

We now turn to proving the oscillatory integral estimate Proposition 2.3.2.

2.8.2  Proof of Proposition 2.5.2

We recall that we wish to prove the oscillatory integral estimate

f-i-(r? /\)f—(pa )‘)
W

o - -
/ eFMp(27INNS
0

] dA' < () 22722 (03 4 [y =/2,
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for all r > p and t € R. Here H is the Schrodinger operator on R

H = —d—2 +V, V(r)= Mr2<r>_4 +

-2
dr? 4 (s,

and f4(-,\) are the Jost functions associated to H. We distinguish the cases j < 0 and
j 2 0. The case j < 0 will rely heavily on the scattering theory summarized in the previous
subsection.

We first consider the case ;7 < 0 so that the integrand in the oscillatory integral is
localized to small A. We first claim that H is nonresonant so that the results summarized
in the previous section apply. Indeed, if 0 is a resonance of H, then there exists a nonzero
function f such that Hf = 0 and f(r) = O((r)~(@=2/2) as |r| — oo. This implies by
the relation —Ag(<r>_d/2f) = (r)~%2H f that there exists a nonzero function u such that
Agu =0 and u(r) = O((r)~d=1)) as |r| — co. Since d > 2, the maximum principle on M
implies that © = 0, a contradiction. Thus, 0 is not a resonance of the Schrodinger operator
H.

The proof of Proposition 2.3.2 for j < 0 is split up into several lemmas. In what
follows, we differentiate between the oscillatory regime and the exponential regime for the
Jost solutions fi(-,A). This transition occurs at |rA| = 1. Let x € C°(R) be even with
x(r) = 1for |r[ < 1 and supp x C {[r| < 2}. We denote the smooth cutoff x(rA) by X[,\<1

and the smooth cutoff (1 — x(rA)) by X[,z/>1)-

Lemma 2.3.10. For allt € R and r,p € R,

J(r, A f=(p, A)
+ Oy } d)\‘ (2.3.4)

< 20(d+2)/2(9=5 4 1¢))=4/2, (2.3.5)

/O NG N1 <1 X<y (0D "2
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Proof. By Lemma 2.3.9 we may write

o [HEN o

AR 0010 (). 02.36)

where the O(-) terms satisfy natural derivative bounds. We write (2.3.5) as

0 . :
/ eizt)\aj(r7 3 )\)d)\‘ < 2](d+2)/2<2—j + |t|)_d/2, (2.3.7)
0

where

—dj2q

B NI ],

a;(r, p, A) = A2 N)xqa <11 paf<1] () (0)) WO

By (2.3.6) the function a;(r, p, \) satisfies
a;(r,p, \) = (27700, (2.3.8)

with natural derivative bounds.

First note that if [¢| < 277, then by (2.3.8)

m . . . .
/0 eilt)\aj(r’ P, )\)d)\‘ 5 /[)\ 2],] )\dd)\ 5 2](d+1) S 2](d+2)/2(2_] + |t|)_d/2,

We now assume that |t| > 277 Integration by parts d times and (2.3.8) yield

w .
/ ei“»‘aj (r, p, )\)d)\‘ = |t|~¢
0

< Jt ¢ / I\
[A~27]

< J¢[~d2

m .
/ eim‘(?gaj (r, p, A)dA
0

< 2j(d+2)/2(2—j + |t|)_d/2.

45



This concludes the proof. O]

We now consider the case when the integrand is supported in |rA| > 1 and |[pA] > 1.

With the convention that fi(-,—A) = fx(-,A), we remove the taking of an imaginary part

in the integrand and write

Il N1

/Ooeiit)\A¢(2—jA)X(Ar)X(Ap)(<7"> <P>)_d/2§ W(X)

0

= [ IO )T Dy

—00

We first consider the case p < 0 < r.

Lemma 2.3.11. Forallte R and p<0<r

> 7 —1 — f (T7)‘)f—(p’)‘)
[ A s e P EEREE G (230
< 20(d+2)/2(9=7 4 |¢)=9/2, (2.3.10)

Proof. We first note that by Lemma 2.3.6 and Lemma 2.3.8,

f+(T, )\)f—(p7 A)’
\ < 1.
|M|>Sf,l|l,))x|>1‘ oy ~
This implies that
it —j ~df2f+ (VI (p N
'/_OO NN X s x> 1) () () ™ W) "

S [ @ N () e) 2y

—0oQ0
Oo .
< / (27T M)A LN
—0o0

< 9i(d+1)

Thus, we only need to consider the case [t| > 277,
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Assume that |t| > 277, By Lemma 2.3.6, we write
Frr ) = e my(r\),  f-(p,\) =€ Mm_(p,\),
where
my(r ) =1+00 "1 b, 7\l > 1, (2.3.11)

with natural derivative bounds. A similar expression holds for m—(p, A). We express (2.3.10)

as

—00

‘/oo €i|)\(it+§:|(7“—,0))aj(r7 0, )\)d/\ SJ 2j(d—|—2)/2(2—j + |t|)_d/2,

where

aj(r.p. A) = A2 X)X a1 X a1 () ()~ 2m+<T’VAV)(”;)_(p L

By Lemma 2.3.8
—Z =00,

W

with natural derivative bounds. This fact and (2.3.11) imply that

a;(r, 0, 2) = @2 N x a1 X[ a1 O () () 742, (2.3.12)
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Note that if |A| is small, |[rA| > 1, and |[pA| > 1, then we have

(o)~ < (r = p)= /2,

((r)(p)) 4% < 2.

If |¢] < |r — pl, then since j < 0, we have

S A
|/ ez|>\|(it+|/\‘(r p))aj<7",p,)\)d)\
—0o0

S [ - )
[IA]~27]
S 29|~

S 2j(d+2)/2(2—j + |t|)_d/2.

Now suppose |t| > |r — p|. By (2.3.12) and integration by parts

/O FAEH=P) g (r, p, )\)d)\‘ =|£t+(r—p) ¢

m .
/0 eZA(iH(T_p))@f\laj(r, P, A)dA

< |t|_d/ A1
A~2]

< [t 792%

< 2j(d+2)/2(27j + |t’>fd/2.
A similar argument shows that
0 . . .
\ g 0, 0| £ P2 )2
—0o0

This concludes the proof. n

We now consider the case when |rA| > 1 and |pA| < 1 in the integrand. The case [rA| <1

and |pA| > 1 can be handled similarly.
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Lemma 2.3.12. Forallt,r e R and p <r

© 4 i o f(r, )= (p,N)
‘ / e I AN X 11X o<1y ((7) () 722 oy (2.3.13)
< 20(d+2)/2(9=7 4 |¢))=9/2. (2.3.14)

Proof. We write fi(r,\) = €™ m. (r,\) as before, but since |pA| < 1, we use the represen-

tation
F=(p, A) = a—(Nug (p, A) + b—(N)ug (p, M. (2.3.15)
In particular, we have that
F-(p, ) = O =22)0((p) 2.
Now we write (2.3.14) as

[ PR a1 i 20022 )0,

where

aj(r, p, A) = Ap(2 7T N)X[a1= 11X pa <) () () ™ WO

= 02X [rA= XA <] OO ) (1) /2,
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with natural derivative bounds. As before, in the case [t| > 277 we have

OO .
/ e”‘(it+7“)aj(r, 0, /\)d)\' < / Ad\
0 [A~27]

< 9J(d+1)

5 2j(d—|—2)/2(2—j + |t|)_d/2.

Thus, we need only consider the case that [¢t| > 277.

Suppose that [t| > 277, If [¢t| < |r| then

/ eM(ﬂ+?">aj(r,p,A)dA'§ / N2 =2
0 [A=~27]

< 2j(d+2)/2(2—j + |t|)_d/2.

If || > |r|, then by integration by parts

m .
/ eZA(iHT)aj (r, p, )\)d)\‘ =|+tt+ 7"|_d
0

m .
/0 e’)‘(iHT)af\iaj(r, P, A)dA

< |t~ / dr
A~27]

< J¢~d2

S YA )=,

as desired. Similarly,
‘/ MEay(r, p, | S 22 (270 4 1))/,

This concludes the proof. O

To finish proving Proposition 2.3.2 in the case j < 0, we need only consider the case

when the integrand is supported in |A|7} < p < r. The case p < r < —|A|~! can be dealt
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with in a similar fashion. We consider reflection and transmission coefficients a—(X), B—(A)

defined by the relation

f*(pv )‘) = @*()‘>f+<p> )‘) + ﬁ*()‘>f+(p7 )‘>

Then

W) =W(f-(-,N), f+(-,A)
= =B MW (f+(, A), [+( V)
= —ﬂ_()\) rll%lo W(f—F(T’ /\)7 f—i—(r? /\))

= —B_(\) lim W (T e

r—00

= 2IAB_(\).

Let /I/IV/()\) =W(f=(-,A), f+(-, ). Then similar to W () we have

—~ [

W) = a— (MW (f+(A), f+(,A)

= —2i a—(N).
We conclude that
a_(N)  1W()

- 7 — €
o) - awo) constant + O(\%),

where the O(A) term is complex valued and satisfies natural derivative bounds. The second

equality in the second line above follows from Lemma 2.3.7.
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Lemma 2.3.13. Forallte R and0<p<r

‘ / O:O (2N pa oy (o) 2 W’Q/)(J;‘)(p A ga| < @220 4 gy 2

(2.3.16)

Proof. We write fi(r,\) = e m_ (r,\). Then

Aﬁ(ﬁé\/)if/\—)(/)» A _ ei(r+ﬂ)/\/\?ﬁ/_—<()\)\))m+ (r, )m(p, A) + ei(r_p))\)‘f/lf_—(()\)\))m+<r’ M (6, A)

= POy (r, Nmy (p, A) + %ei(T—p))\m_F(T, A)m(p; A)

where the O(1) term is complex valued and satisfies natural derivative bounds. We are thus

reduced to proving the following two estimates

> ) 2 (r i _
[ AR ) o ()20 (N N

< 20(d+2)/2(0=7 4 1¢)=4/2 (2.3.17)

4 & (r— _j _ —
] /_ N0 o 0T N o) ()00 ™ 2 (v, Ay (s VA

< 20(d+2)/29=7 4 1g)=4/2. (2.3.18)

We now prove (2.3.17).
We write (2.3.17) as

‘/‘oo ei‘)\|(it+ﬁ(r+p))a]’(r, 0, )\)d)\ < 2j(d+2)/2<2—j + w)—d/?
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where

a;(r, p, N) = 22N pa 1) (1) () H20(ym (r, N (p, )

= (27 M) =1 (o)) " 20(),

with the O(-) term behaving like a symbol under differentiation in A. Note that if |t| < 277

then [rA| > 1 and |pA| > 1 imply that

oo A
‘/ 62|)\|(it+‘)\| (Ter))CLj(T‘, D, )\)d)\‘ 5/ )\dd/\
—00 [A~27]

< 2j(d+2)/2)(2*j + ‘t|)*d/2_

Thus, we need only consider [t| > 277,

Suppose that |t| < 2(r 4 p). Then 0 < p < r implies that r > |¢|/4 so that

X[ipaf>1) ((r) (o)) ™2 < X2t =2/,

Thus,

0o . A
‘/ eZW(iHW(TJFp))aj(T,p, )\)d)\‘ 5/ A2y ~d2g
—0 [A~27]

§ 2j(d+2)/2|t|—d/2.
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as desired. Suppose now that |t| > 2(r + p). Integration by parts yields

/O ei)\(it—l—(r—i-p))aj(r, 0, /\)d)\' =|+£t+(r+p)| ¢

oo
/0 ez)\(it+(T+P))a§\laj (7, p, \)dA

< |t~ / A~INDdN
[Ax=27]

< J¢~ 42

< 2j(d+2)/2(2—j + ’t|)_d/2.
In a similar fashion, we obtain
0 . .
‘ / oA g, p, | < 2022y /2,
—0o0

This proves (2.3.17). The proof of (2.3.18) is similar and is omitted. O

We now prove Proposition 2.3.2 in the case j = 0. This case is considerably simpler than
the case j < 0 since the Jost functions f+ (-, A\) and their Wronskian W () are to given by

2
the free case H = —% to leading order. Indeed, we write

FrA) = € my(r,N), f-(p,A) = e P m_(p, ).
From [27], we have the estimates

m(r,A) = 1+ 0" (r)™h),

AOFm (r N Spp AT TR

for » > 0 and [ + k > 0. Similar estimates hold for m_(p, \) with p < 0. It is well known

o4



that [W(A)| > |A] for all \. Using the asymptotics for m4(-, A), we compute the Wronskian

W) =W~ A), f+(A)
= m4 (0, \)(m_(0,\) —idm—(0,\)) — m—(0, \)(m/.(0, A) + iAm_(0, \))

= 2N+ 0\ Y,
with natural derivative bounds. We also compute the Wronskian

W(f—(" )‘)7 f+('> A)) =m— (07 )‘)(m/—i—(()? )‘) - 2i)\ﬁ”b+(0, )‘))
— m4 (0, \)(m_(0,X) = 2iAm_(0, \))
=m_ (0, \)m/, (0, \) — m"_(0, \)m4(0,\)

=0

with symbol character in A. We now prove Proposition 2.3.2 in the case j 2 0.

Lemma 2.3.14. For allp <r

e e EE SRR e

(2.3.19)

Proof. We first note that the fact that

sup |A|
P

LN )
vy |7
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implies that

[ e i@ D0 < [T ey o
s

In the last line we used j > 0. Thus, we only need to consider the case |t| > 277, We split
the remainder of the proof into cases: p <0 <r, 0 < p<r,and p < r < 0. By symmetry
we consider only the first two.

Assume p < 0 < r. We write

f4(rA) = ei/\rm-i- (r A, f-(p,A) = e M _ (P, ),

where we have for all > 0

ms (V)] S 1, (2.3.20)

‘8§m+(r, /\)‘ <AL g, (2.3.21)
with similar estimates holding for m_(p, \) for p < 0. We express (2.3.19) as

<P a2,

—00

oo A
‘/ €Z|)\‘(ﬂ:t+m(7"*ﬂ)) CLj(T, P, )\)d}\

where

aj(r.p, 2) = A 2N ({r) ()~ 2m+(r’%>— o
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By (2.3.20) and (2.3.21) we have

a;(r,p, 2) = (2T N)((r){p))~20(1), (2.3.22)

with natural derivative bounds.
Suppose that |[t| < 2|r — p|. Then either |r| > |t|/4 or |p| > |t|/4. Suppose, without loss

of generality, |r| > |t|/4. Then by (2.3.22) we have

o P
|/ (0 p))aj(r“o, A
—00

S [ A
A~
< )|~

< 2j(d+2)/2(2—j + |tD_d/2'

Suppose now that |t| > 2|r — p|. Then by (2.3.22) and integration by parts

/ ei)\(it—&—(r—p))aj(r, P, )\)d)\‘ = |+t+(r—p) ¢

0
< Je ¢ / dA
[A~2i]

< J¢~d2d

/0 eM(iH(T_p))agaj(r, P, A)dA
S DR )2,

as desired. Similarly,
0 . . .
' / GINCE=(=n)) g (1 p )| < 27H/2(273 4 |g)) /2.
—00

This concludes the case p < 0 < r.

We now consider the case 0 < p < r. In this case, we use transmission and reflection

o7



coeflicients and write

f=(p:A) = a— (M) f+(p, A) + B-(A) f+(p, M),

where

2N

Then using our high energy asymptotics for W(A) and W(f_(-,\), f+(-,A)), we have for
A2

with natural derivative bounds. Thus, to prove (2.3.19) for the case 0 < p < r, we are

reduced to proving the bounds

‘ /_ " HINCEER) 005 (1) (6)) V20 (ym (7, N (p, A)dA\
< 20(d+2)/2(9=7 4 gy~ /2, (2.3.23)
‘ / T FNELERT=) 00 () 420 (1yme A>m+<p3>dx\

< 20(d+2)/2(9=7 4 |¢))=9/2, (2.3.24)

We write (2.3.23) as

‘/OO ei‘)\|(it+‘7§\‘|(r+p))aj(7“, p, NdA| < 2j(d+2)/2(2—j + |t|)_d/2_

o8



where

aj(r, 0, N) = @@ IN (1) (0)"Y20(L)m (r, Ay (p, A).

Then a;(r, p, A) satisfies

aj(r,p, N) = 927N (r) ()~ ?0(1), (2.3.25)

with natural derivative bounds. But now we are in the same situation as in the case p < 0 < r
with (2.3.25) replacing (2.3.22) and we obtain (2.3.23) in a similar fashion. The estimate
(2.3.24) is obtained similarly and we omit the details. This concludes the proof of Lemma

2.3.14 and also Proposition 2.3.2. O]

2.4 Reduction to Higher Dimensions and the Linearized

Equation

In this section, we initiate the study of the evolution (2.1.2). In the first subsection, we
linearize degree n solutions to (2.1.2) around the harmonic map @, and make a reduction
that incorporates the extra dispersion inherent in (2.1.2). Our main result, Theorem 2.1.1,
is then restated in an equivalent form which we devote the rest of this work to proving. The
remaining subsections establish Strichartz estimates for the linear part of the new equation
which will be used in Section 2.5. In what follows we use the notation from the previous

section and denote the d-dimensional wormhole by M.

2.4.1 Reduction to a Wave Equation on a 5d Wormhole

We recall from the introduction that a corotational wave map on a wormhole U : R x M3 =

S3 with topological degree n is a map U(t,r,0,) = (¥(t,r),0, ) such the azimuth angle

29



¥ =(t,r) satisfies the Cauchy problem

2r sin 29
r2 +1 ry r2 41

W(t,—00) =0, t(t,00) =nm, Vi, (2.4.1)

02 — 029 — 0,

—

P(0) = (Yo, 1)

The following energy is conserved along the flow

1
2

.
ew) = [ [l + 0o + 252 02 4 vy

and so, it is natural to take initial data (¢g, 1) in the metric space

En = {(Wo,¥1) : E(o, 1) <00, Pp(—00) =0, p(00) =nm}.

For the remainder of this work, we fix the topological degree n € NU {0}. We now reduce
the study of the large data solutions to (2.4.1) to the study of large data solutions to a
semilinear wave equation on a 5d wormhole.

By Proposition 2.2.1, there exists a unique finite energy static solution @y, to (2.4.1), i.e.

a solution ), € &, such that

b L0} (2.4.2)

To simplify notation, we write @ instead of @),,. For a solution v to (2.4.1), define ¢ by

Q/J(ta’f’) = Q(T) + (p(t, T’).
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Then (2.4.1) and (2.4.2) imply that ¢ satisfies

2r 2 cos 2Q)
t¥ r¥ 7'2+1 TSO+ r2+1§0 <T780)7
p(t,—00) = p(t,00) =0, Vi, (2.4.3)
@(0) = (Yo — @, ¥1),
where
1
Z(r,¢) = 5 [2¢ — sin 2¢p] cos 2Q) + (1 — cos 2¢p) sin 2Q).
241

The left-hand side of (2.4.3) has more dispersion than a free wave on M3 due to the repulsive

potential

2co82Q) 2

— O((r\~6
21 ey o)

as r — £00. The O((r)70) term is due to the asymptotics of Q at foco (see Proposition
2.2.1). We now make a standard reduction that incorporates this extra dispersion. Set

¢ = (r)u. Then u satisfies the radial semilinear wave equation

Ofu— Agu+V(rju = N(r,u),
u(t, —o0o0) = u(t,00) =0, Vt, (2.4.4)

u(0) = (uo,u1),
where —Ay is the (radial) Laplace operator on MP

4r

“Au=—%u —
gt rt r2 41

oru,
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the potential is
V(r) ="+ 20r) 2 (cos2Q — 1), (2.4.5)
and N(r,u) = F(r,u) + G(r,u) with

F(r,u) = 2(r) 3 sin?({(r)u) sin 2Q,

(2.4.6)
G(r,u) = (r) 73 [2(r)u — sin(2(r)u)] cos 2Q.
By Proposition 2.2.1, the potential V' is smooth and satisfies
V(r)=(ry"*+0((r)79). (2.4.7)

Moreover, since Q(—r) + Q(r) = nm, V(r) is an even function. The nonlinearities ' and G

satisfy
F(ru) = (2 sin 2Q<r)_1) u? + Fy(r,u), (2.4.8)
‘F()(?“, u)’ S <7n>71u47 (2.4.9)
G (ru)| S Jul?, (2.4.10)

where the implied constants are absolute. Based on our definition of u in terms of the original
azimuth function v, we consider radial initial data (ug, u1) € H(R; (r241)%dr) in (2.4.4). For
the remainder of this section, we denote H := H(R; (2 4 1)dr) and H = H(R; (r2 +1)2dr)
by H. We note that Hy is simply the space of radial functions in H1 x LQ(M?’) and H is
the space of radial functions in H! x L?(M>5).

In the remainder of the paper, we work only with the ‘u—formulation’ rather than with
the original azimuth angle ©. The reason that a solution ¥(t) € C(R;Hy) to (2.4.1) with
initial data (vg,%1) € &, yields a solution u(t) € C(R;H) with initial data (ug,u1) =
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(1L — Q, 1) € H and vice versa is as follows. The only fact that needs to be checked

is that

I3 = 19 = (@, 0)ll34,- (2.4.11)

Set ¢ =1 — Q = (r)u. Then

Or = (ryOru + #u (2.4.12)

We note that we have the following Hardy’s inequalities

/ pf2dr < / D22 + 1)dr,
/|u|2(7“2+1)d7“§/|8ru|2(r2+1)2dr.

These estimates follow easily from integration by parts and the Strauss estimates

1/2

o0 10072 [10rePe? + ar)

1/2
u(r)] < (r) =32 ( / 0pul(r? + 1)%) . (2.4.13)
The Strauss estimates are a simple consequence of the fundamental theorem of calculus.
The two Hardy’s inequalities and (2.4.12) imply (2.4.11). Hence, the two Cauchy problems

(2.4.1) and (2.4.4) are equivalent.

The equivalent u—formulation of our main result, Theorem 2.1.1, is the following.

Theorem 2.4.1. For any initial data (ug,uy) € H, there exists a unique global solution

i(t) € C(R;H) to (2.4.4) which scatters to free waves on M, i.e. there exist solutions Uf
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to

4r
r2+1

v — 820 — Ov=0, (t,r)eR xR,

such that

Ii i(t) — v (t)||y = 0.
 dim [4(t) — v ()|l

The remainder of this work is devoted to proving Theorem 2.4.1. In order to study
the nonlinear evolution (2.4.4), we will need Strichartz estimates for the linear operator

0? — Ay +V where V is as in (2.4.5).

2.4.2 Strichartz Estimates for the Linearized Operator

The goal of this subsection is to prove Strichartz estimates for radial solutions to the free

wave equation on M?® perturbed by a radial potential V = V(r)

3t2u—Agu+Vu:F, (t,r) e I xR,
(2.4.14)

i(0) = (ug, uq)-

The particular case we are interested in is the case that the potential V' is given by
Vr) ="+ 20 " 2(cos 2Q — 1),

where () is the unique harmonic map of degree n. The Strichartz estimates we establish will
be used in the next section to study the nonlinear evolution (2.4.4). We recall from Section

2.3 that we say that a triple (a,b,) is admissible for M?° if

p>2,q=>2,



The main result of this subsection is the following.

Proposition 2.4.2. Let V € C°°(R) be even such that
V()] <5 (r) 4 (2.4.15)

for all € R. Assume that —Ag + V' has no point spectrum (when restricted to radial

functions) and that 0 is not a resonance of the Schridinger operator on the line given by
2

—% +2(rY 24+ V(r). Let (p,q,7) and (a,b, p) be two admissible triples for M®. Then any

radial solution u to (2.4.14) satisfies

|||V|1‘7u||Lng(I) HIVIT 0l gy S 1@O) 9 + VP F]] (2.4.16)

LY LY (1)

Proof. The proof is based on arguments in Section 5 of [20]. By standard T7T™* arguments
and Minkowski’s inequality (c.f. [30] or [31]), we only need to consider the case F' = 0. As
we will see, the proof of Proposition 2.4.2 reduces to proving certain local energy estimates.

Indeed, define

A= /=4,
Note that
IAf 2 = (A%F, Fpe = (=Agf, £z = [V f1I72. (2.4.17)
For a solution u to (2.4.14), define
w(t) = Au(t) + idyu(t). (2.4.18)
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Then by (2.4.17),

lw(®l g2 = el (2.4.19)

and w satisfies

iOpw = Aw+ Vu, (t,r)el xR,
(2.4.20)

w(0) = Aug + iuy.

By Duhamel’s principle, (2.4.20) implies that
‘ to
w(t) = e~y (0) — z/ e~ t=9) Ay (5)ds.
0
The Strichartz estimates (2.4.16) can be restated as
[Pw||x < [[w(0)] 2, (2.4.21)
where P = AR and || - ||x == [||V| Vi - HLfL%(I)' By Proposition 2.3.1,
[P A w(O)x S lw(0)] 12 (24.22)
Thus,

t
IPullx S @+ [P e usy
0

.
By the Christ—Kiselev lemma, to bound the second term above, it suffices to show that

S lw(0) 2. (2.4.23)

—0o0

HP/OO e_i(t_S)AVu(s)ds

X
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To prove (2.4.23), we write V' = V1 V5 were each factor Vj is even and satisfies |V (r)] < (ry—2.

~Y

Then

HP/OO e*i(t*S)AVu(s)ds

—00

SRl Vol (2.4.24)

where
OO .
KF(t):=P / e~ Ht=9) Ay, F(s)ds.
—0o0
If F e L7, then by (2.4.22)

t,x

) 0
Kl < 1Pe gy | [ e iras
—00

L3

w .
< H/ AV F(s)ds
—0o0

L3

We now wish to show that

m .
H/ ¢S AV F(s)ds
—00

< ||F .
o S 1PN,
By duality, this estimate is equivalent to the local energy estimate
—itA <
Vi ole S lelzs.

Thus, by (2.4.24), the proof of Proposition 2.4.2 is reduced to proving the local energy

estimates

—itA
Vie™ o2 < Nl (2.4.25)

[Vaull 2 < 1(0) 3. (2.4.26)
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To prove (2.4.25) and (2.4.26), we first eliminate the weight ()% inherent in them. Con-
sider the isomorphism ¢ — f = (r)?p from L?(M?) (restricted to radial functions) to

Lz(]R). Define the following Schrédinger operators on R by

d? 2

w2t E

B+ Vet 2 v,
dr?2  r2 41

Hy = —
(2.4.27)

Then

Hy = (r)*(=Qg)(r) %,

H= (2~ +V)(r) 2

(2.4.28)

Thus, from (2.4.28), we see that (2.4.25) is equivalent to the estimate
Vie ™Al my S 1122y (2.4.20)
We claim that there exist a distorted Fourier basis {fy(r, A%), ¢o(r, A2)} that satisfies

Hobo(r, \2) = X200(r, A2),  Hodo(r, \2) = N2 (r, A2),
00(0,A2) =1, ¢p(0,\?) =0, (2.4.30)

0)(0,X2) =0, ¢((0,A%) =1,

and positive measures pg 1(d\) = wp 1(A)dA and pg 2(dA) = wp 2(A)dA such that if we define

foa(\) = / Oo(r, N2 f(r)dr,  fo2()) = / ¢o(r, ) f(r)dr, [ € L*(R),
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then

f(r) = / " B0 A2) fot (Vg0 (dA) + /0 b0 A foa(Npoa(d),  (24.31)

0
2 = | oa®Eaoa(@)+ [ Loa)Epo (@) (24.32)
)\2 2
sup <1+2 -@ > [‘GO(T,AQ)\%OJ(A)JF|¢0(T>)\2)\2w0,2(>\) < 0. (2.4.33)
reRA>0 \ AZ(T)

The proof of this claim is postponed until the next subsection. Assuming the claim, we can

easily establish (2.4.29). Indeed, since Hy — A? on the Fourier side, (2.4.29) can be rewritten

as

/

2

dt
L2(R)

Vi(r) [ / N0 A2) fo 1 (o, (dN) + / e, A2>fo,2<A>po,2<dA>}

<2
(2.4.34)

Expanding and carrying out the t—integration, the left hand side of (2.4.34) becomes

JVEOL[™ [ 0= it 320000 12) o Vo1 (@) o
0 OOO o0
+ / / S\ — 1) (r, Ao (1, M2)f0,2(>\)f0,2(M)Poz(d/\)mz(dﬂ)] dr
0 0 -
= [VEO ][ 1oa ) Blear D ()

+ /0 | fo.2(N)[?160(r, A2) 2w 5 (A) dA | dr. (2.4.35)

We remark here that no cross terms involving 6 (r, \2)dg(r, %) appeared when expanding

since

V12(’I“)(90(7“, Ao (r, 12) is an odd function of by (2.4.30) and our assumption that V(r) is

69



even. By (2.4.33) and (2.4.32), we conclude that

2439 5 [V [ 1haPaos ) ars [T lioa)ena(n) ia]ar
Y AGCL

S 1122

This proves (2.4.34) which proves (2.4.29) as desired.
The proof of (2.4.26) is very similar and we sketch the details. As in the case for Hy, we

claim that there exist a distorted Fourier basis {8(r, A%), ¢(r, A\?)} that satisfies

HO(r, X2) = N20(r, A2), Ho(r, \?) = X2¢(r, \?),
0(0,\%) =1, ¢(0,3?) =0,

0'(0,0%) =0, ¢/(0,3%) =1,

and positive measures p1(dA) = wi(A)d\ and pa(d\) = wa(A)dA such that if we define

A = / 0 A2 f(r)dr, fo() = / o(r. N2 f(r)dr,  f € IA(R),

then
1) = [0 DA+ [ 632 o)), (2.4.36)
Ooo - 0
e = | AR + [ 10PN, (2.4.37)
1+ M2 <r>2
S (W) “9(7«, A2) 2wy () + |6 (r, >\2)|2w2(>\)] < 0. (2.4.38)

Again, the proof of this claim is postponed until the next subsection. We remark that it is in

proving (2.4.36), (2.4.37), and especially (2.4.38) that the spectral assumptions are crucial.
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By (2.4.28) and (2.4.36), we see that (2.4.26) follows from showing

/ [var) / (cos(tN) F1(A) + A~ Lsin(tEN)g1 (M) 6(r, A2)po.1 (dN)
+ /0 (Cos(t)\)f2()\) +a7! sin(tA)g2(N)) é(r, )\2)p2(d)\)] HiQ(R)dt (2.4.39)

SIVHL 92w

Assume that ¢ = 0. Then, as in the case for Hy, the left side of (2.4.39) becomes after

expanding and integrating in ¢

Jvo][T1AME s b )
+ [T 1ROE con]otr ) B3 ] dr
0 o0 o0
S [ VRO R P ax+ [0 Pl i
— WA g [ V00 dr
S IVUD By

The case g = 0 is handled similarly. This establishes (2.4.39) which proves (2.4.26). This
completes the proof of Proposition 2.4.2 modulo the proofs of the claims about the distorted

Fourier bases. We address this in the next subsection. O

2.4.8 The Distorted Fourier Transform
In this subsection, we prove the technical statements about the distorted Fourier bases for
Hy and H used in the previous section.

2
Proposition 2.4.3. Let H = —% + V(r) be a Schridinger operator on the line where
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V e C*(R) is even and

vxr)zzfg-rcxr—3% (2.4.40)

as r — oo with natural derivative bounds. Assume that H has no point spectrum and that
0 is not a resonance of H. Then there exist a distorted Fourier basis {0(r, \2), ¢(r, \2)} that

satisfies

HO(r, \?) = N20(r,A2),  Ho(r, X?) = N2¢(r, A2),
0(0,2*) =1, ¢(0,2%) =0, (2.4.41)

0'(0,22) =0, ¢'(0,\?) =1,

and positive measures p1(d\) = wi(N)dX and pa(dX) = wa(N)dA such that if we define

) = / O(r, \2) f(r)dr,  fa(X) = / o(r,\2) f(r)dr, e L*(R),

then
1) = [0 AN + [ 6003 o)) (2.4.42)
Ooo - 0
e = | 1A + [ 10PN, (2443
14+ M2(r)?
reEgaﬁ)(__X§G§§__) 100, X2) Pt (V) + [6(r, A2) P (1) | < 0. (2.4.44)

Many of the statements made in Proposition 2.4.3 follow from basic Weyl-Titchmarsch
theory for
Schrodinger operators on the line. We recall these basic facts now (see Section 2 of [11] for a
thorough discussion). Let H = —# + V with V € L®(R) (much less is needed) such that

H is in the limit point case at +00. We define 6(r, z), ¢(r, z) to be the fundamental system
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of solutions to

such that

0(0,z) =1, ¢(0,z) =0,
(2.4.45)
0'(0,2) =0, ¢'(0,2) =1.

By (2.4.45), the Wronskian is computed

The condition that H is in the limit point case at oo implies that for z € C\R there exist

unique solutions ¥4 (r, z) to Hf = zf that satisfy

wi('a Z) € LQ([O’ :i:OO)),

Y+(0,2) = 1.
The condition at 7 = 0 implies that
Vi (r,2) = 0(r, 2) + ma(2)d(r, 2) (2.4.46)
where m(z) = W(8(-, 2),+(-, 2)) and
W(W+(,2), (-, 2)) = m—(2) = m+(2).

The functions m4(z) can be shown to be Herglotz functions (3z > 0 = SQm4(z) > 0)

and are referred to as the Weyl-Titchmarsch functions. The associated Weyl-Titchmarsch
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matrix

?) (2.4.47)

is a Herglotz matrix. Thus, there exists a nonnegative 2 x 2 matrix—valued measure Q(d\)

such that

1 B A
A—2 14\

M(z)=C +/R } Q(dN),

where

. _ [2dA)]
Ccr=C, / 2 < o0

The measure §2(d)\) is computed via

1 Ao+48
QAL Ng]) = = lim lim SM (A + ie) dA.
T =0T e=0T S\ +6

A consequence of Weyl-Titchmarsch theory is that we have the following distorted Fourier

representation for H.

Proposition 2.4.4. Let f,g € C°(R), F € C(R) N L>(R). Let E(d\) denote the spectral

measure for H. Define

A = / 0 N f(r)dr,  fa(N) == / o, \) f (r)dr.

and



Then

(f, F(H)E((\, A))g) 2 ) = /( oy [T

For the free case V = 0, we have the following explicit expressions:

pa1/2
0(r,2) = cos(rz"/?),  ¢(r,2) = %,
z

Vi (r,2) = e () = £i2)/? ot

1 )\71/2 0

Q(dA) = 5-X(0,00) (M) 0 e

This leads to the usual Fourier transform on the line.

Proof of Proposition 2.4.3. The decay of V at doco implies that H = —j—; + V is in the
limit point case at +oo (see [11]). The decay of V' and the assumption that H has no point
spectrum imply that o(H) = [0, 00) and that the spectrum is purely absolutely continuous.
By Proposition 2.4.4, this implies that the matrix valued measure €(d)) is supported in

[0,00). Since V' is even, we have by (2.4.41)

9(—7’, >‘) = (9(7“, )‘)7 ¢(_T> )‘) = —¢(T, )‘)7 (U (7"7 )‘) = ¢+(—7°> )‘)a

so that m—(\) = —m4(X). We recall from the previous section that the Jost solutions

f+(r, \) are the unique solutions to H f = A2f such that f(r,\) ~ e as r — +oo, and
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that for A £ 0, W(f+(-,A), f=(-,A)) # 0. Then

f_(T, )‘) = f+(—7“, /\):

W(f+('7 /\)v f—('v )‘)) = _2f+(07 )‘)f—/&-(ov )‘)7

7)\2 _ f—l—(r? /\)7
o) = o
' (0, X
m0%) = 265
The matrix (2.4.47) satisfies
[ 140N 0
M(/\2) _ Qf_/"_(o,)\)
0 1/
L §f+(0,)\)
1 W(f+( 7)‘)7¢('a)‘2)) 0
— 7W(f+( >>‘)70(")‘2))
0 1 W(f+( v>‘)’0('7)‘2))
L EW(er( 7>‘)7¢('>>‘2))
Thus,
dA 0
@) = |1 (2.4.49)
0 pa(dr)
where
1 W<f+<-,A>,¢<-,A2>>1
d\) == =\S dA,
prldN) =2 J[W(h(-,k),@(wV)) (2.4.50)
1 W(f+<-,A>,9<-,A2>>] B
d)\) = —=)\3 dA.
p2ldd) = =208 [W(f+(-,A),¢( )

By Proposition 2.4.4, (2.4.49) and (2.4.50) imply (2.4.42) and (2.4.43). It remains to prove
(2.4.44). As in Section 2.3, the main difficulty is encountered when considering 0 < A\ <

1. Indeed, it is not hard to show that if A\ is bounded away from 0, A\ 2 1, then the
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distorted Fourier basis 6(r, A2), ¢(r, A2) and measure Q(d\?) in (2.4.49) are approximated to
leading order by the free case (2.4.48). For the free case, (2.4.44) holds (for A 2 1). Thus,
(2.4.44) holds in the perturbed case for A 2 1. We omit the details, and instead focus on
establishing (2.4.44) in the case 0 < A < 1. To establish (2.4.44) in the small \ regime,
we use the scattering theory summarized in Section 3 to derive asymptotic expansions for
0(r, \2), d(r, A2), p1(dX), and pa(d)). The upcoming calculations will freely use the notation
from Section 2.3.

We first consider the zero energy equation. Let 6y(r), ¢g(r) be the fundamental system

for Hf = 0 such that

(2.4.51)
05(0) =0, ¢(0) =1
Then
¢o(r) = agug (r) + aruf (),
(2.4.52)
0o(r) = boug () + bruf (r),
where, we recall that, the solutions u;r (r) satisty H uj (r) =0 and
iy 120 o
ug (1) = 57“ +O(r),
(2.4.53)

uf () =r 1+ 00,
as r — oo (see Lemma 2.3.3). Since W (0, ¢g) =1 = W(uf,u(‘;), we conclude that
agb1 —aibg = 1. (2.4.54)

Since ¢g and 0y are odd and even respectively, the assumption that 0 is not a resonance
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implies the crucial condition that
ag #0 and by # 0. (2.4.55)

We now perturb in small A. We claim that the smooth fundamental system 6(r, ), ¢(r, A?)

that satisfies (2.4.41) also satisfies

d(r, \2) = ¢o(r) + O(N*(r)?r?),

0(r, \%) = Oo(r) + O(N*(r)r?),

(2.4.56)

for 0 < 7 < A™L. The O(-) terms are real-valued and satisfy natural derivative bounds.

Indeed, by variation of constants, we can write ¢(r, )\2) as a solution to
o) = o0) + 32 [ [ 0 () = o (o 0] oo NN, (2457)
If we define ¢(r, \?) = (r)~2¢(r, \2) and
K(r,p.0) = A2 ()2 [ (1) (o) = g (p)u ()]
then (2.4.57) takes the form of the Volterra equation
B(r, A?) = (1) 2o (r) / K (r, p, \o(p, \2)dp. (2.4.58)
By (2.4.53), if 0 < p < r, then the kernel satisfies
K (rp, A S A2 (p).

Y
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Thus,

/\—1
| sl NS 1
0 >p

which implies that the Volterra iterates for (2.4.58) converge on [0, A~!] to a unique solution

d(r, \?) satisfying
O(r, \?) = (r) g0 (r) + O(N*r?),

This proves (2.4.56) for ¢(r,A?). An identical argument proves (2.4.56) for 8(r, \?) as well.
By Lemma 2.3.5 there exists a fundamental system uar(r, )\),uf(r, \) for Hf = A2f such

that W(uf(-,)\),ua'(-,)\)) =1and for j=0,1
wf (r,A) = ul (r)(1+ O(rY2 %)), 1€ [rg, oA, (2.4.59)

for some fixed rg, ey > 0. Similar to (2.4.52), we can write

$(r,\?) = ag(N)ugf (r, A) + ar(Nuf (. A),

(2.4.60)
0(r, \2) = bo(A\ug (r, \) + by (Nuf (1, \),
with ag(A)b1(A) — a1 (A)bg(A) = 1. We claim that
ap(N) = ag+O(\), a1(N) = a1 +O(N%),
(2.4.61)

bo(A) = by +O(N2), bi(\) = by +O(N\?),

as A — 0 where aq, ay, by, and by are as in (2.4.52). Indeed, using (2.4.56) and (2.4.59), we
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evaluate the Wronskian at r = rg and deduce that

ag(A) = W (uyf (r, 1), é(r, %)
— W (uj (n) (1 + O(A2(r)2), agug (r) + ayul (r) + O()\2(r)2r2)>

= ag + O(\2).

The computation for ai,by, and by are similar so that (2.4.61) follows. We are now in a

position to derive asymptotics for

(2.4.62)

where

ag (\) = M (ag +0(X)), af (\) = 0(\*7%9), (2.4.63)

By (A) =0\ gFO) =218y + 0(XY)),

for all 0 < € < ¢y. The constants g and Sy in (2.4.63) are positive. From (2.4.60) and

(2.4.62), we conclude that

W(f+(-, N, 0(- A%)) = Ag(N) +iA1(N),

W (40,00 A%)) = Bo(A) +iBi(A),
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where
Ap(N) = ag(N) By (A) + ar(N)ag (A),
A1(N) = ag(N)BT(A) + ar(Nag (V)
By(A) = bo(M)Bg (A) +bi(Nag (),

Bi(X) = bo(A)B1 (N) + bi(N)ay ().

Then

W (f+ (- A), 0(-,A2)) _ A1By— AgBy
W(f4+( A), 00, A2)) B§+ B}

3

By (2.4.63) and the condition that ag(A)b1(A\) — a1 (A)bg(A) = 1, we conclude that

A1By — AgBy = B (Nag (V) — af (V)BT ()

= A (apfo + O(X9)) .
By (2.4.63) and (2.4.61)
B} + B = 272 (1363 + 0(x))

Thus, (2.4.65), (2.4.66), and (2.4.67) yield

as A — 0. Similarly,
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The crucial nonresonant condition (2.4.55) implies that (2.4.68) and (2.4.69) are both O(\3).
In summary, we have shown that the measures pj(d\) = wi(A\)dA and pa(dA) = wa(N)dA in

(2.4.50) have weights that satisfy
wi(A) =0, wa(\) =00Wh. (2.4.70)

We now prove (2.4.44) using the asymptotics from the previous paragraph. The expres-

sions (2.4.56), (2.4.52), (2.4.53), and (2.4.70) imply that

20p\2
(S ) [P + o ®Pah] 1 rea] 2amy

We now consider the case r > A1 We first recall that

W(f-‘r(" A)?f-f—(?)‘)) = —2iA 7é 0,

for A > 0. Thus, we can write

d(r, A2) = (N f1 (r, A) + dN) fo(r, N). (2.4.72)

Since ¢(r, A2) is real-valued, d(\) = ¢()). Note that
W(¢(a )‘2)7 f—i-('? )‘)) = _22)‘6()‘)7
so that by (2.4.62)—(2.4.64), we conclude that
1

cA) = 55 W+, A), ¢l M) = O0c(A7?). (2.4.73)
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By Lemma 2.3.6 we have
folr, ) =1 +o0"1r)™h), r>ah (2.4.74)
From (2.4.70)—(2.4.74), we conclude that

2 r 2
(%) [o(r, ) Pan(V) S 1, r>Ah (2.4.75)

By the exact same arguments,

2 r 2
(%) 0(r, ) Pwr (V) S 1, r= A (2.4.76)

In summary, we have shown that for 0 < A < 1,

2 r 2
(S ) [P ) + jotr DPus] S 1 re R

This proves (2.4.44) and concludes the proof of Proposition 2.4.3. ]

2.5 Small Data Theory and Concentration—-Compactness

In this section we use the tools developed in the previous sections to initiate the study of
the nonlinear evolution introduced in the previous section:
O — Agu+V(r)u= N(r,u), (t,r) e RxR,

(2.5.1)
u(0) = (ug,u1) € K,

where H = H(R; (r? + 1)2dr), —Ay is the (radial) Laplace operator on the 5d wormhole
MP, and V(1) and N(r,u) are given in (2.4.5) and (2.4.6). In particular, we begin our proof
of Theorem 2.4.1, i.e. every solution to (2.5.1) is global and scatters to free waves on M?.
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2.5.1 Small Data Theory

As summarized in the introduction, the proof of Theorem 2.4.1 (which we have shown
in Section 2.4 is equivalent to Theorem (2.1.1)) uses the powerful concentration compact-
ness/rigidity methodology introduced by Kenig and Merle in their study of energy—critical
dispersive equations [14] [15]. The methodology is split up into three main steps and pro-
ceeds by contradiction. In the first step, we establish small data global well-posedness and
scattering for (2.4.4). In particular, we establish Theorem 2.4.1 for small data (ug,u1). In
the second step, the first step and a concentration—compactness argument shows that the
failure of Theorem 2.4.1 implies that that there exists a nonzero ‘critical element’ ux; a min-
imal non—scattering global solution to (2.4.4). The minimality of us imposes the following

compactness property on us: the trajectory
K = {i.(t) : t € R}

is precompact in H. In the third and final step, we establish the following rigidity theorem:
every solution u with {u(t) : t € R} precompact in H must identically 0. This contradicts
the second step which implies that Theorem 2.4.1 holds. In this section we complete the first
two steps in the program: small data theory and concentration—compactness. These steps
follow from, by now, standard arguments using the Strichartz estimates for 8,52 —Ag+V
established in Section 2.4.

We first establish a global well-posedness and small data theory for (2.4.4). This follows
from a contraction mapping argument using Strichartz estimates established in Proposition
2.4.2 for the inhomogeneous wave equation with potential

u — Agu+V(r)u=h(t,r), (t,r)eRxR,
(2.5.2)

(0) = (ug,uy) € H.
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Here, as in the previous section, the potential V' is given by
V(r) = (r) = +2(r) 7 (cos 2Q — 1),

where () is the unique harmonic map of degree n. To see that V satisfies the hypotheses
in Proposition 2.4.2, we note that by Proposition 2.2.1, we only need to verify the spectral
assumptions are satisfied. This was shown in [3], and we recall the argument. We have the

relation
(r)?(=Ag +V)(r) > = H, (2.5.3)

where H is the Schrodinger operator on L2(R) given by

d? 2

H=—— -
dr2+r2+1

+ V(r).

We need to check that H has no point spectrum and that 0 is not a resonance for H. First,
we note that the decay of the potential # + V(r) implies that o4.(H) = [0, 00) and there
are no embedded eigenvalues. If @ = 0 (the n = 0 case), the fact that H has no eigenvalues
in (—oo0, 0] follows from the fact that the potential term 2(r)~2 4+ V(r) is nonnegative. For

the case n € N, multiply the equation

2r sin2Q

0rQ — =0
r24+1 rQ r2 41

92Q +

by r2 + 1 and differentiate to conclude that

where H = H — (r)*. By Proposition 2.2.1 the harmonic map Q is strictly increasing on R
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so that (r)2Q’(r) > 0 for all € R. By Sturm oscillation theory we conclude that H has no

negative eigenvalues and that o(H) = [0, 00). In particular, we have for all h € Co°(R)

(Hh,h)p2my = (H,2) 12 / b2 ()~ Rdr > / b2 ()~ 4dr. (2.5.4)

By a variational principle, the previous implies that H has no eigenvalues in (—oo, 0], and
thus, H has no point spectrum. We now check that 0 is not a resonance of H. The asymp-
totics of the potential 2(r)~2 4 V(r) imply that 0 is a resonance if and only if 0 is an
eigenvalue (see Lemma 2.3.3 and Definition 2.3.4). Thus, 0 is not a resonance of H. We
conclude that V satisfies the hypotheses of Proposition 2.4.2.

For I C R, we denote the following spacetime norms

||“”S(I) = ||U||L§Lg([)a ”UHW(I) = lu ||L3W1/2L 1y

HhHN( HFHL1L2 (I)+L 3/2 1/23/2( 0

By the previous discussion and Proposition 2.4.2; a solution u to (2.5.2) satisfies the estimate
[l (zy < @Oz + (12l vy (2.5.5)
We claim that if f € C§°(M?) is radial, then
1/2
1£llzs S IVY2F) s
Indeed, by the fundamental theorem of calculus, we have
2/3 3(,.2 1/3 2/3
1S 0728 ([1FOPC 4 i) = 6) 2019y

Thus, [|fllzee S IV fllzs- Interpolating this estimate with the trivial embedding L3 — L3

86



yields the desired bound ||f||;6 < |||V|1/2f||L3. Thus, we have that the ‘scattering norm’
|- [l5(7) is weaker than the norm [ - [|yy(7). This fact and (2.5.5) imply that a solution to

(2.5.2) satisfies the Strichartz estimate

lulls@wy + lullw®) S 14Ol + 2] v ®):- (2.5.6)

We now use (2.5.6) and standard contraction mapping arguments to establish the following
global well-posedness and small data theory. We remark here that it will be important in
later applications to use the weaker norm || - [|g(7) along with the norm || - [[y(g) when

establishing the small data scattering.

Proposition 2.5.1. For every (ug,u1) € H, there exists a unique global solution u to (2.5.1)
such that @(t) € C(R;H)NL>®(R; H). A solution u scatters to a free wave on M® ast — oo

if and only iof

lull sy < 0.

Here, scattering to a free wave on MP as t — co means that there exists a solution vy, to

(2.5.2) with V = h =0 such that

li u(t) — o, (t =0.
Jim [i(t) — 7, (513 = 0

A similar characterization of u scattering to a free wave on M° as t — —oo also holds.

Moreover, there ezists 6 > 0 such that if ||@(0)||y < 6, then

[l Lgers + lull swy + lullw®) < (140l <o (2.5.7)

Proof. We first show that for every (ug,u1) € H, there exists a unique global solution

u(t) € C(R;H) N L®(R;H) to (2.5.1) with 4(0) = (ug,uq). Denote the propagator for
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the free wave equation on M® by S(t), i.e. S(t)(ug,u1) solves (2.5.2) with V = h = 0.
Denote the propagator for the free wave equation on M°® with potential V' by Sy (t), i.e
Sy (t)(ug, uq) solves (2.5.2) with h = 0. Let

Ev(f.g) = %/ <Ig!2 +10rf1* + V|fy2dr> (r2 +1)2dr (2.5.8)

denote the conserved energy associated to Sy . Using the coercivity bound (2.5.4) it is not

hard to conclude that

10 Il £2(ws (r211)2) = H\/—Ag + VfHL2 (212 (2.5.9)
for all radial f so that
(£, 913 =~ Ev(f.9) (2.5.10)

for all radial f,g. Indeed, by the decay of V' and the Strauss estimate (2.4.13) we have

HV‘A9+VfHL2 /((—Agf)f+V|f|2)(7“2+1)2dr

;(r24+1)2

HaerLQ 2+1)2d7") /Vlf’2(7°2 + 1)2d7"

< 10n £ 2 25120

We now note that by the second equality above and the decay of V' we have

H8Tf||L2 (r241)2dr) ~ H\/mf‘

vy © | 1P
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By (2.5.3) and (2.5.4) (applied to h = (r2 + 1) f) we see that

J11Par < | V=57V o

+1)2

whence

||arf||L2 (r241)2dr) ~ H\/ —Ag + Vf”L2

i(r241)2

This proves (2.5.9).

We write the nonlinear equation (2.5.1) in Duhamel form as

t
uwzsmmwmm+ASWeraﬂw@»+mwwm@.

Using a simple energy estimate, (2.4.8), (2.4.9), (2.4.10), (2.4.13), and (2.5.10), we obtain

the following a—priori estimate for a solution (t) € C([0,7]; H) to (2.5.1): for t € [0, 7]

T
) S 17O+ | IFC () + Gl s (25.11)

< 17O+ T (1300 o 1330) + 1713002720 )

By a contraction mapping argument based on (2.5.11) and the conservation of energy for
(2.4.1), we conclude that there exists a unique global solution (t) € C(R;H) N L (R; H)
o (2.5.1).

We now prove the scattering criterion and small data scattering. Note that every solution
u(t) € C(R;H) to (2.5.1) satisfies |[ullg(r) + [|ullyy(r) < oo for all I € R. Indeed, by (2.4.13)
we have HuHLa < HVUHLQ whence by interpolation we have ||ul|.. PRVCERS HVUHLQ We first
prove the small data scattering estimate (2.5.7) as this will also illustrate the validity of the

scattering criterion. Let u be a solution to (2.5.1) and let I C R. We first note that by the
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Leibniz rule for Sobolev spaces (see [5] for asymptotically conic manifolds), we have

1) sin2Q)u? 17272 S 1)~ sin 2Q0 s el + 1)~ sin2Ql gl 172

2
S Mullzs +lullzgllull 172,

whence by Holder’s inequality in time we have

I(¢r) ™" sin QQ)U2HL§/2W;/2,3/2(I) S Nallg ey + lull sy lullw . (2.5.12)

Then by (2.4.8), (2.4.9), (2.4.10), the Strichartz estimate (2.5.6), and (2.5.12) we have

lulls(ry + lullwry S MOl + NN C )l
S @Oz + 1EC )l + 1GC )l

<7 -1 . 2 -1 4
S 1@0) |l + +[[((r) " sin2Q)u ||Lt3/2W£/2’3/2(I)+H<T> wlpipz oy

3
+ [l HL%L%(I)

S @)l + el s llullw iy + lulld gy + lallgrllulld p + lulld .

By a standard continuity argument, there exists § > 0 such that if ||@(0)[yy < ¢ then
14| oogs +lull g(r) +llullww) < 14(0)]l3 as desired. A simple variant of the above argument

also shows that if [u|g(g o) < 00, then

wmmzmm+émw+@mwammS

converges in H. Thus, by Duhamel we conclude that

—

@(t) = Sy (t)wg (0) + oy (1), (2.5.13)
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as t — oo. To extract a free wave vy (t) = S(¢t)U;(0) from the perturbed wave wy (t) =

Sy (£)wr,(0), we write, via Duhamel,

wi(t) = S(t)ig / S(t — 5)(0, Vg (s))ds
_ [ /s )0, Vg (s))ds

We then take

7,(0) /'s )0, Vg (s))ds

which converges in H by (2.4.23) with X = L{°H. Then W (t) = U (t) + oy (1) as t — oo.
This along with (2.5.13) allow us to conclude that if [|u[|g(g ) < 00, then u scatters to a free
wave on M? as t — co. The fact that the finiteness of ||u||5(0’oo) is necessary if u scatters
as t — oo follows from similar arguments using the fact that [|vg || g(0,00) < 00 holds for any

free wave vz on MP®. This concludes the proof. O

A tool that will be essential in establishing the second step of the concentration com-

pactness/rigidity theorem method is the following long—time perturbation theory for (2.5.1).

Proposition 2.5.2 (Long-time perturbation theory). Let A > 0. Then there exists eg =
eg(A) > 0 and C = C(A) > 0 such that the following holds. Let 0 < € < €q, (ug,uy) € H,
and I C R with 0 € I. Assume that U(t) € C(I;H) satisfies on I

02U — AgU +VU = N(-,U) +e, (2.5.14)
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such that

sup 00l + 1057y < A (2.5.15)
S

1U(0) = (uo, ur) I3 + llell vy < e (2.5.16)
Then the unique global solution u to (2.5.1) with initial data @(0) = (ug,uy) satisfies

sup (1) — 00) g + lu = Ulls(ry < C(A)e (2517)

Proof. We establish the estimate (2.5.17) with I := I N [0,00) in place of I. Establishing
(2.5.17) with I— := IN(—o00,0] in place of I is similar, and these two estimates yield (2.5.17).
We first make some preliminary observations. The bounds (2.5.15) and (2.5.16) along with

conservation of energy imply that
[d(t) [l < Co(A). (2.5.18)

Also, by interpolation and (2.5.15), [|U|lyy(y) < oo for all J € I. We claim that

IUllw(r) < C1(A). (2.5.19)
: e . . Jo(A)
To see this, let n > 0 to be chosen later, and partition /4 into subintervals I+ = U =1 I;

such that V7, ||U||S(Ij) <. Then via (2.5.14) and Duhamel, we have on I; := [t;, ;1]

t

Ut) = Sy (t —t;)0(t;) + /t Sy (t — s) (0, N(-,U(s)) + e) ds.
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By arguing as in the proof of Proposition 2.5.1 and Strichartz estimates, we have

1Tl (z;) < CIUED N3+ CIUN D)) + Clellv,
< CA+ ClUlw apllUls; +C||U||5
+ O Lenary IV g(r,) + CNUNG g, + Ce

< Ol (r,) + Ce+C - (A+ 1)L

If we choose 7 = (2C) ™1, then we obtain (2.5.19).

We now establish (2.5.17). Define w = u — U. Then w solves on [

8t2w—Agw+Vw:N(-,U+w)—N(~,U)—e,

(2.5.20)
w(0) = (up,u1) — U(0).
By (2.5.15) and (2.5.18), w satisfies
sup [|[W(t)||ly < A+ Co(A). (2.5.21)

tel

Let n > 0 to be chosen later. Partition /4 into subintervals I = U‘jh:(lA )I ;j such that
Vi, WUlsy) + 1Ulw ;) <0 (2.5.22)

On [ := [tj,t;41], we have via (2.5.20) and Duhamel

t
w(t) = Sy (t —t;)u(t;) +/t Sy(t—s)(0,N(-,U(s) +w(s)) — N(-,U(s)) —e)ds. (2.5.23)

J
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By arguing as in the proof of Proposition 2.5.1 and Strichartz estimates, we have

lwllsryy + lwllw ) < ISv(E=1)wE) sy + 15 & = 1)) llww) + Cllell vz

+CINGU +w) = NG Ul vy

< IS (t = tj)wt)llgm) + 15v (= t)wt)lwmw) + Cllelln,)
+ C[HWHW(IJ-)HUHS(IJ-) +llwllsaplUllw ) + lwllsalwlw ;)
+ ||w||?s*([j) +llwlls)1Usry)

+ ||7~U||S(Ij)||U\|§(1j>(||U||LgOH(Ij) +1)

+ ||w’|?s*([j)||U‘|S(Ij)(||U||L§°H(Ij) +1)

ol (W0 zgor + Il ey + 1)

< Sy (t = t5)u(t5)ll s(r) + 1SV (E = t5)w(t) ly(w) + Ce

+ 1+ 72)(A+1)C [l sy + loll )

+ ()| (lwlls(zy) + lellw ) + (lwllsey) + lwlwr,)?]
Here Cy = C9(A) is a constant which depends only A. Define
Vi = 1Sy (t = )t sr) + 1SV (€ — t5)w(t) Iy w) + Ce.

If we fix 7 so small so that 17 + 7% < (2(A+ 1)C) ™1, then we obtain

lwllsery) + lwllw ) < 275+ 2C1A) [(lwll gy + lwllw ) + (lollsa) + lwlwg)?

(2.5.24)

In particular, by a standard continuity argument there exists 69 = do(C1(A)) such that if
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V5 < 0, then

||w||S(Ij) + ||w||W(]j) < 4y, (2.5.25)

2Co(A) [(lwllg(z,) + 1ol ;) + (ol sy + 1o lw)? | < 43 (2.5.26)

We now iterate, and insert ¢; 1 into (2.5.23). Applying Sy (t—t;41) to both sides, we obtain

S(t = tj)wltjsr) = St —t)w(ty)

ti+1
+/t S(t—3s)0,N(-,U(s) +w(s)) — N(-,U(s)) — e) ds.

J

By (2.5.25) and (2.5.26) and the previous arguments, we deduce that

Yj+1 < 107;,

provided that v; < 6p. By Strichartz estimates and (2.5.16), we have for some absolute

constant C's
7 = 1Sy ()@(0)[| ) + 1SV (1)@(0)]|g(r) + Ce < Cze < Cep.

Iterating, we have that ;11 < 107 C5e as long as vj < dp. If we choose €y = ¢p(A) so small
so that 107 Ceg < 8, then the condition 7vj < dp is always satisfied. This along with (2.5.25)

imply that

Il + lellwr,) < CA)e

as desired. The estimate for ||wHL§°’H(I+) follows a posteriori from (2.5.20), (2.5.15), (2.5.16),
the estimate for |lw||g(r, ) + [wllyr (7). and Strichartz estimates. This completes the proof.
[
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2.5.2  Concentration—compactness

In this, the second step of the concentration—compactness methodology, we show that if our
main result Theorem 2.4.1 (or equivalently Theorem 2.1.1) fails, then there exists a nonzero

‘critical element.” More precisely, we prove the following.

Proposition 2.5.3. Suppose that Theorem 2.4.1 fails. Then there exists a nonzero global

solution us to (2.5.1) such that the set
K = {ux(t) : t e R}

18 precompact i H.

Essential tools for proving Proposition 2.5.3 are the following linear and nonlinear profile

decompositions.

Lemma 2.5.4 (Linear Profile Decomposition). Let {(ug p,u1,5)}n be a bounded sequence in
H. Then after extraction of subsequences and relabeling, there exist a sequence of solutions
{Ui }j>1 to (2.5.2) with h = 0 which are bounded in H and a sequence of times {t; ,, }n for

7 > 1 that satisfy the orthogonality condition
. ! . -
Yy # k, Jim tjn —tknl =00

such that for all J > 1,

J
U’O nauln Z (wbj’nawij’n)a
7=1
where the error w; (t) == SV(t)(wO‘]n, wi]n) satisfies
li 1 =0, V 10 < 2.5.27
Jim Jim (el oo rp s (r) = 0 FE e (2.5.27)
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Moreover, we have the following Pythagorean expansion of the energy

J .
Ev(iin) =Y _ Ey(U}) + Ey (i) + o(1), (2.5.28)
j=1

as n — Q.

The proof of of Lemma 2.5.4 is identical to the proof of Lemma 3.2 in [20] and we omit
it. The sequence {(uq y,u1,p)}n in Lemma 2.5.4 is said to have a profile decomposition with
profiles {U %} ;j and parameters {¢;,,};,. We note that after passing to a further subsequence
if necessary, we may assume that for all 7 > 1, either ¢; , = 0 Vn or limy, ¢;,, = +o00.

In order to apply Lemma 2.5.4 in the context of the nonlinear problem (2.5.1), we will
need the notion of nonlinear profiles. For each profile U i with time parameters {t; , }n, we
define its associated nonlinear profile U7 to be the unique global solution to (2.5.1) such that

Tim (|09 (—tj) = U7 (—tjn)ll3 = 0.
It is easy to see that a nonlinear profile always exists. Indeed, if t;, = 0 for all n, then we
set U7 to be the solution to (2.5.1) with initial data U7(0) = [7%(0) If limy, —t; ,, = o0, say,

then we set U7 to be the unique globally defined solution to the integral equation
. —_ m .
Ul (t) = Ui(—tj,n) — / Sy (t —s)(0, N(-,U’(s)))ds. (2.5.29)
t

A unique global solution to (2.5.29) can be shown to exist using contraction mapping argu-
ments in the spirit of those used in Proposition 2.5.1 and Proposition 2.5.2.

For each nonlinear profile U7, we denote

Up(t) == U7 (t — t;,).
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Using Proposition 2.5.2, we obtain the following nonlinear profile decomposition from the

linear profile decomposition in Lemma 2.5.4.

Lemma 2.5.5 (Nonlinear Profile Decomposition). Let {(uq y,u1,)}n be a bounded sequence
in H admitting a profile decomposition with profiles {Ui}j and parameters {t;n};n. Let

T, € [0, +00). Assume

Vi >1, limsup |U7]g, ) < oo. (2.5.30)
n—oo

j,an*tj,n

Let up, be the unique global solution to (2.5.1) with initial data 1w(0) = (ugy,u1,,). Then

limsup |[un||g(0,7;,) < o0,
n—oo

and for all t € [0,T,)

with

lim Tim |||r/ + su HFJtH
i Irallso.ny + sup 7 ()

An analogous statement holds if T, < 0.

Proof. For J > 1, n > 1, define
J B
U () =D UL(t) +wj) (¢).

We will apply Proposition 2.5.2 with U = U;{ and u = uy for n and J large. We first show
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that
T 1 J
h}ﬂ h?gbn U5 [s(0,73,) < 00 (2.5.31)

By assumption, there exists M > 0 such that Vn, ||(u07n,u17n)||%_[ ~ Ey(ugp,ut1p) < M.

The Pythagorean expansion of the energy (2.5.28) implies that
m .
limn Tim Ev(wy)+ Y Ey(U]) < M. (2.5.32)
j=1
Hence, there exists Jy > 1 such that
> () <8,
J>Jo
where 0 is from Proposition 2.5.1. In particular, this implies by Proposition 2.5.1 that the

nonlinear profiles satisfy for all j > Jj

19| oorg + 1091l y + 107 llypr ey S Ev (TF)

Let J > 1. Then

J
10 0,1 < > Un + lwplls(®)-
7= ls(o.m)

Now

J 3 3

J
> U <D IUalis
=1 s, 7=t L}(0,Tn) (2.5.33)
J
= Z HU%H%(O’TH) + 57{7
j=1
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J

where the error € is a sum of terms of the form

T .
| IO IO g1 Ol g,

with 1 < j,k,1 < J and j # k. We claim that

T )
tim [ U g UE ) g UL ()] gt = 0. (2.5.34)

n—oo 0

Indeed, by the assumption (2.5.30) and an approximation argument, we may assume that

the functions U7, U k are compactly supported in t. Now

Th . Ty
A w%wm%%whﬂ%@MWKXA MWNW%WUW”) 10 g0 139
T 2/3
s ([ IR vt )"
0

Extending the integration over all of R and changing variables implies that
Tn 3/2) 17k (312 32,k 32,
| Rk o < [ 1O b, - el

The orthogonality of the parameters implies that [t;, —t} ,| —n co. Thus, the support of

UJ(-) and UF(- + tjn — tin) are eventually disjoint whence

3/2 3/2
Jim [ OO0+ b~ th It =0
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This proves (2.5.34). Returning to (2.5.33) and recalling our choice of Jy, we see that

7P J

F—. j . 713

lim § Un < lim E 1Unlls0,1,)
7=t lls(0,1) =1

Jo . ‘
S ZlinU%H%(O,Tn) + Z HUJH%(R)
Jj=1 J>Jo

<1+ ) Ep(U7)P?
J>Jo

<1+ M,

where the implied constant is independent of J. Thus,

J

T T [0 0,17,y < Ton T | 3 U o+ T T || [ ) < oo

j=1 S(0,T;,)

Using similar arguments, we also conclude that
T T J
lin lim [ U {| Lpegy(0,13,) < 00-
We now verify that the following error

e) = U — AU + VU] - N, U

J ) J )
=Y NC.UD) =N [ Ul +uwy |,
j=1 =1

J

satisfies

lim lim [[e, | v 0,7;,) = ©-

101

(2.5.35)



We focus only on the quadratic part of N (-, u) since the other parts can be handled similarly.
More precisely, we show that
J . .
T 1. 2 J
11§n lim |[(2(r)™ " sin 2Q)) Z(U;ﬁ - ]231 U 4 w;) =0. (2.5.36)

n
Jj=1 3/2:,1/2,3/2
L3240,

To lessen the notation, for I C R, we denote W'(I) := L; 3/2 VVl/2 3/2( I). We observe that

2
J .
(2(r) 1 sin 2Q) Z Z Up, + w;{
J=1 - W(0,T)
J o
< @) sin2Q)w;] > UR +3 @) tsin2Q)Ul > T UR
=t Alwno,r,) 7k =L llw o1,

+ 112(r) ™" sin 2Q) (w;) [l 0,1,

= A+ B +Cy.

Using the orthogonality of the parameters and arguments as in the previous paragraph, it is

n n

To estimate C/, we recall that lim;j limy, |ws ls®) = 0 and @ (0) is bounded in H. Thus,

by the product rule (see the proof of Proposition 2.5.1) and Strichartz estimates, we have
J J J g2 J J)2
¢ 5 T lsqmy ol sy + el 12y S i gy + e 12 gy

whence Timlim, C;/ = 0. We now show that lim;lim, A7 = 0. Let ¢ > 0. By the

arguments used to show that lim ; lim, HUﬁ]”S(O,Tn) < 00, there exists J; = Ji(€) > Jy such

102



that for all J > J;

J J
lim > U + > Un <e. (2.5.37)
s=htt s, =R lso,m,)
Thus, by the product rule, we obtain

Tim || (2(r) " sin 2Q)w Z U‘7

n
j=J1+1 W’(O,Tn)

J J
S mlwyllymy | Y Uh + Tim [l | 5(r) | > vl (2.5.38)
J=n+l (0,1, J=h+1ls(0,1,)
J .
+lim lwplls@y || Y. Un
i=httlwor,)
Se
where the implied constant is independent of J. Thus,
J1
@@A;{ Se+ @@Z H(Q( sin 2Q))w Uj HW’ 0% (2.5.39)
Fix j € {1,...,J1}. We wish to show that
J1
T -1 . J ] -
hbr]n hﬁnz1 H(2<r> sin 2Q)wy, Uy, WOT) = 0. (2.5.40)

By the product rule,

-1 Jr7J J J J J J J
| @) sin2Q)u U g2 < st 10811 g + il g N7 + el N g

(2.5.41)

103



Arguing as in the proof of Proposition 2.5.2, the assumption (2.5.30) also implies that for

all 7 > 1,
lim 107 w013, < 00 (2.5.42)

This fact, (2.5.41), Holder’s inequality, and the fact that lim s lim,, Hw;{HS(QTn) = 0 imply

that
Er j T J J
it |2~ sin2QuilU S T sl 0720 0RO g | e
(2.5.43)
We now show that
3/2 3/2
hmhm/ lwd (1) /1/23||UJ( 1%, / dt = 0. (2.5.44)

By the assumption (2.5.30) and an approximation argument, we can assume that UJ s

compactly supported in ¢. By interpolation, we have the estimate
J 1/2 1/2
O P O A A Ol g AT g (2.5.45)
Thus, by Hélder’s inequality

T,
/0 o <>||3/?/23||UJ<>||3/2dt</||w (4 i) o I O

S Jnd/4 3/4 3/2
< / o A A GRS A el Ol i

e
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where the implied constant depends on U7. Thus,
3/2 3/2 T 3/4
hmhm/ /1/23||UJ( Ol e 12q t<11?117£n||wJ|| )
This proves (2.5.44). By (2.5.43), this also proves (2.5.40). By (2.5.39), this proves
T Tim A7 < e,
J n

which proves (2.5.36).
We have now demonstrated that the function U,:L] satisfies the hypotheses stated in Propo-

sition 2.5.2 uniformly in J,n large and
lim lim He‘]H =0
7 e N(0,T,) ‘

Since U7 (0) = un(0) 4 04(1) as n — oo, we have by Proposition 2.5.2, for ¢ € [0, T},],

with
lim Lim ||/ + su 7 (t H =0.
T o0 nm300 | nHS(O,Tn) tE[OE}L] n(t) oy
This completes the proof. O

We now prove Proposition 2.5.3.

105



Proof of Proposition 2.5.3. For A > 0, define

B(A) := {(uo,ul) € H :if u solves (2.5.1) with «(0) = (ug, uy) then

sup  Ey (@ ()2 < A}.
te[0,00)

We say that the property SC(A) holds if for all (ug,u1) € B(A), the solution u to (2.5.1)
satisfies [|ul[g(g o) < 00. Note that by Proposition 2.5.1 and (2.5.10), every solution u to
(2.5.1) is in B(A) for some A and if 0 < A < §, where § is as in Proposition 2.5.1, then
SC(A) holds. Define

Ac :==sup{A > 0:SC(A) holds.} > 0.

By the temporal symmetry of (2.5.1) and Proposition 2.5.1, we see that Theorem 2.4.1 is

equivalent to the statement
Ao = 0.

Suppose not, i.e. 0 < Ao < co. Then there exists a sequence of real numbers A, | A
and a sequence {(u(p, u1,n)}n in H such that the corresponding solutions uy, to (2.5.1) with

initial data 1, (0) = (ug p,u1,p) satisfy

7, < 0,1, — —oo, sup Ev(ﬁn(t))1/2 < Ap,
te(Ty,00)

2.5.46

[unll5(0,00) = 00, ( )

nlggo Hun”S(an,()) =

Note that (2.5.46) and (2.5.10) imply that the sequence {,(0) = (ug p,u1 5)}n is bounded
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in H. After passing to a subsequence if necessary, i, (0) admits a profile decomposition

J .
i (0) =Y UF(—tj,) + i (0) (2.5.47)
j=1

with profiles {Ui}j and time parameters {¢;,};, by Lemma 2.5.4. As before we assume,
without loss of generality, that for all j either ¢;,, = 0 Vn or limy, t; , = 00. Let {Uj }; be
the sequence of associated nonlinear profiles. By the Pythagorean expansion of the energy,

there exists Jy > 1 such that

> () <8,
J>Jo

where ¢ is as in the small data theory, Proposition 2.5.1. Thus, the associated nonlinear

profiles satisfy
107l gmy S Ev (T2
Define
T={i €t dob 107 ls(0,00) = 0}

First, we note that J # @. Otherwise, by the definition of nonlinear profiles and our choice

of Jy, we have
Viz1 U7 s(0,00) < 00

By Lemma 2.5.5, this would imply that [[un|/g(g ) < oo for large n, a contradiction to

(2.5.46). Thus, J # <. Note that if j € J and —t;, —p oo, then UJ scatters forward in
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time, i.e. ||Uj||5(0,oo) < 00, a contradiction to our definition of 7. Thus, for all j € J, we
have that —t; , —n —oc. By the orthogonality of the parameters and after rearranging the
first Jy profiles if necessary, we may assume that if j > 1, then

lim t1, —t;,, = —00
n—00 Ln Jim

We now claim that J = {1} and that for all j > 2, U'i = 0. Suppose not and, say,

(j% # 0. Then for T' > 0 and for all 7 > 1,

T 1777
117511 |U ||S(ftj7n,T+t17n—tj,n) < 0.

By Proposition 2.5.5, the Pythagorean expansion of the energy, and conservation of the
energy £y (+) we conclude that
J

Ev (il (T + t15)) = Ev(UHD)) + D Ev (TN (T + 115 — tjp)) + Ev (@)
j=2

+ &y (FI(T +t1,0)) + on(1)
= &y (UN(T)) + XJ: Ev(U]) + Ev (@) + Ey (7T + t1p)) + on(1)
j=2
> &y (UNT)) + &y (UF) + on(1)
as n — o0o. In particular,

Ey(UNT)) < A3 < AZ.

Since T' > 0 was arbitrary, we conclude that sup;ejy o) Ey(UH1)1/2 < Ay < Ap. By the

minimality of Ap, it follows that ||U1||S(0,oo) < 00, a contradiction to the fact that 1 € J.
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Thus, U i =0 for all 7 > 2. By a similar argument, we also deduce that

. 1y
Jim Ey (@) = 0,
or equivalently lim, ||@ (0|l = 0.

We have now shown that
@n(0) = U (—t1,5) + og(1),

as n — 0o. We claim that 1, = 0 for all n. If not, then by our initial assumptions on the
parameters we have —t1,, —, —oo. This implies that ||U1||S(—oo,0) < o0. By Proposition

2.5.2, we deduce that limy, [tnll §(—o0,0) < 00, & contradiction to (2.5.46). Thus,

—

iin(0) = UH(0) + ogy (1),
as n — 0o. Define uy = ULl. Then by Proposition 2.5.2 and (2.5.46), us satisfies

sup &y (Ux(t)) < Ac,
t€(—00,00) (2.5.48)

[l 5(—00,0) = 1l 0,00) = 00

Finally, we show that {uy(t) : t € R} is precompact in H. By continuity of the flow,
it suffices to show that if {¢,}, is a sequence in R, with limy, s~ t;, = +00, then there
exists a subsequence (still denoted by t,) such that ux(t,) converges in H. Suppose that
tn —n 00. Define (ugy,u1,) = Usx(tn). Then the solution uy, to (2.5.1) with initial data

i (0) = (uo,n, u1.pn) is given by up(t) = ux(t+t,) whence by (2.5.48), the solutions u, satisfy

the conditions given in (2.5.46). Thus, we may repeat the previous argument to conclude
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that there exists a subsequence (still indexed by n) and Ul (0) € H such that

—

U (tn) = tin(0) = U(0) + 0z(1),

asn — oo. If t,, — —o0, then we apply the previous argument to u«(—t) to conclude. Thus,

the set

K = {i(t) : t € R},

is precompact in H. This completes the proof.

2.6 Rigidity Theorem

In this section, we show that the critical element from Proposition 2.5.3 does not exist
and conclude the proof of our main result Theorem 2.4.1 (equivalently Theorem 2.1.1). In

particular, we prove the following.

Proposition 2.6.1. Let u be a global solution of (2.5.1) such that the trajectory
K ={u(t) : t € R},

is precompact in H := H((—00,00); (r? + 1)2dr). Then i = (0,0).

We first note that for a solution u as in Proposition 2.6.1, we have the following uniform

control of the energy in exterior regions.

110



Lemma 2.6.2. Let u be as in Proposition 2.6.1. Then we have

vRZ0. i Oy Res2en2dn =0

(2.6.1)

A ST R (r2+1)20r) | = O

To prove that @ = (0,0), we will show that u is a finite energy static solution to (2.5.1).

Proposition 2.6.3. Let u be as in Proposition 2.6.1. Then there exists a static solution U

to (2.5.1) such that @ = (U,0).

We will first show that 4 is equal to static solutions (U+,0) to (2.5.1) on +r > 0. Since

the proof for r < 0 is nearly identical, we only consider the case r > 0.

Proposition 2.6.4. Let u be as in Lemma 2.6.1. Then there exists a static solution U4 to

(2.5.1) such that u(t,r) = (U+(r),0) for allt € R and all r > 0.

2.6.1 Proof of Proposition 2.6.4

Let n > 0 and let u be as in Proposition 2.6.1. We will first show that %(0,7) = (Ux(r),0)
on r > n for some static solution U to (2.5.1).

We now introduce a function that will be integral in the proof. Define

2
1
we(t,r) = T =u(t,r), () € R x (0,00).
r
If u solves (2.5.1), then ue solves
4
afue — GZue — —Opue + Ve(r)ue = Ne(r,ue), te€R,r >0, (2.6.2)
r
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where

V =V(r)— 2.6.3
) =V~ (263)
and Ne(r,ue) = Fe(r,ue) + Ge(r, ue) where
2 2
r“+1 r
Fe(r,ue) = " F (7‘, o 1ue) : (2.6.4)
2 2
re+1 T
Ge(r,ue) = 2 G <7’, o 1ue> : (2.6.5)
Note that for all R > 0, we have
Hﬁe(t)H’;'{(?"ZR;?Adr) < C(R)Hﬁ“’;’-[(rZR;(errl)zdr)’ (2.6.6)
so that by Lemma 2.6.2, u, inherits the compactness properties
vR>0, [t el Rafefrtan =0
(2.6.7)

ngnoo ?&gHue(t)H”H(rzRHt\;r‘ldr) = 0.

We also note that due to (2.4.7)—(2.4.10) and the definition of V;, F¢, and G¢, we have for

all r > 0,

Ve(r)] S vt (2.6.8)
|Fe(ue, r)| S 775 uel?, (2.6.9)
|Ge(ue, )| < Juel?, (2.6.10)

where the implied constants depend on the harmonic map Q.

The proof that @ = (Uy,0) on r > n for some Uy is split into three main steps. In the

112



first two steps, we determine the precise asymptotics of the associated “Euclidean” solution
e (1) = ue(0,7),ue 1(r) := Opue(0,7), as r — oo. In particular, we show that there exists

« € R such that

7"3ue70(7’) —a+0 Y, (2.6.11)

r/oo e 1(p)pdp = O(r_l), (2.6.12)

as r — oo. In the final step, we use this information to conclude the argument. For the
remainder of this subsection we denote H(r > R;r*dr) simply by H(r > R) and the exterior
region R\ B(0,7) by R2.

The key tool for establishing (2.6.11) and (2.6.12) is the following exterior energy estimate

for radial free waves on Minkowski space R119.

Proposition 2.6.5 (Proposition 4.1 [16]). Let v be a radial solution to the free wave equation

n R1+5

8,5211 —Av=0, (tz)€ RIS

7(0) = (f.9) € H' x L*(R).
Then for any R > 0,

1
inf V0t r)2ridr > =||7h(f, A 2.6.13
mfxiltn>o/r>R+t|| tav(tr)[Fridr = SmR (F 9z Rirtar) ( )

where tp =1 — Wés 15 the orthogonal projection onto the plane
P(R) = span{(r—°,0),(0,r~%)}

in H(r > R). The left-hand side of (2.6.13) is identically 0 for data satisfying (f,g) =
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(ar™3, Br=3) for onr > R.

We remark here that Proposition 2.6.5 states, quantitatively, that generic solutions to the
free wave equation on R emit a fixed amount of energy into regions exterior to light cones.
However, this property is very sensitive to dimension and in fact fails in the case R = 0 for
general data (f, g) in even dimensions (see [6]). Proposition 2.6.5 has been generalized to all
odd dimensions d > 3 in the work [17]. We note that the orthogonal projections 7p, ﬂﬁ are

given by

TR(f.0) = R¥%3f(R), mp(0.g) = Rr—3 /R a(p)pdp,

- (2.6.14)
75 (f,0) = f(r) = R*r 2 f(R), 75(0.9) = g(r) — Rr™? /R a(p)pdp,
and thus we have
2 3,2 > 2
0.9 gy = 3L + 2 ([ gty ) (2.6.15)
e B s LR
(2.6.16)

—|—/Roog2(r)r4dr—a (/Roorg(r)dr)Q.

We now proceed to the first step in proving Proposition 2.6.3.

Step 1: Estimate for mx, in H(r > R)
The first step in proving Proposition 2.6.3 is the following decay estimate for W]L%ﬁe(t).

Lemma 2.6.6. There exists Ry > 1 such that for all R > Ry and for all t € R we have

Imite Oz S Bt By + B2 te Ol o 17)

— 6
+ || Rtie(t) HH(TER)‘
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Since we are only interested in the behavior of u in exterior regions {r > R+|t|}, we first
consider a modified Cauchy problem. In particular, we can, by finite speed of propagation,
alter Ve, Fe, and Ge in (2.6.2) on the interior region {1 < r < R+ |t|} without affecting the

behavior of @ on the exterior region {r > R + |t|}.

Definition 2.6.7. For a function f = f(r,u) : R x R — R, we define for R > n,

f(R+[tlu)  ifn<r <R+t
frt T u) = .
f(r,u) if r > R+ |t].

We now consider solutions to a modified version of (2.6.2):

4
O2h — 82h — ~Orh = NR(t,r.h),  (t.1) €R x R?,

(2.6.18)
h(0) = (ho, h1) € Ho(r > n),
where Ho(r > n) = {(ug,u1) € H(r > n) : ug(n) = 0} and
Npr(t,r,h) = =Ve g(t,r)h + F, g(t, 7, h) + Ge(t, 7, h).
We note that from Definition 2.6.7 and (2.6.8), (2.6.9), and (2.6.10), we have that
(
(R+t)~*  ifn<r <R+t
Ve, r(t,7)] S (2.6.19)
rd if r > R+ |t],
:
(R + |t))~3|n|? ifn<r<R+|t,
|[Fe p(t, 7 )] S S (2.6.20)
r3|h)3 if r > R+ |t],
\
|Ge(r,h)| S |1, (2.6.21)

Lemma 2.6.8. There exist Ry > 0 large and g > 0 small such that for all R > Ry and all
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(hg, h1) € Ho(r > n) with

170, 1) 340 () < D0,

there ezists a unique globally defined solution h to (2.6.18) such that

1Pl 3o RxRS) S 120) l34(r 1) (2.6.22)

Moreover, if we define hy to be the solution to the free equation 8tzhL — Ahp, =0, (t,x) €

R x R, hy(0) = (ho, h1), then

sup (1) = B1(0)lar2) S B IRO gy + B ONRO) By + 1ROl

(2.6.23)

Proof. The small data global well-posedness and spacetime estimate (2.6.22) follow from
standard contraction mapping and continuity arguments using Strichartz estimates for free
waves on R x R? with Dirichlet boundary condition (see [16]). We now prove (2.6.23). By

the Duhamel formula and Strichartz estimates we have

sup IA(8) = hLOllggrzn) S INRE, W) p 2R xR3)

5 HVe,RhHL%L%(RXRg) + ||Fe,R('7 '7h)||L%L%(RxR§)

F1Gel M1 L2 rxr3)-

The third term is readily estimated by (2.6.22) and (2.6.23)

3 r 3
HGe('ah)HLtng(Rng) S [k “L%L%(RxRi) N Hh(O)H’H(an)'
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For the first term we have
||Ve,Rh||L%L%(RxR§) < ||V€’RHL?/2L§(R><R§)“h”L?LaGc(RXR@
N HV@RHL?/ng(RxRi)Hh(O)HH(rzn)'

By (2.6.19)

3 o [ ~12.4 124, -7
IVe,RIl7s ®s) S (B A+ [¢])™ “rdr + re e S (R )T
AT 0 R+|t|

Hence,

3/2 —7/2 _5/2
V < R+t dt <R .

Thus,
Ve rbll L 2 crsy S BVPIRO)l2gr1)-
Similarly, using (2.6.20) and (2.6.22) we conclude that

IFe rC Ml 2 sy S B/ CIRO)G s 1)

which proves (2.6.23). O

Proof of Lemma 2.6.6. We first prove Lemma 2.6.6 for ¢ = 0. For R > 5, define the trun-
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cated initial data g (0) = (ug,g,u1,r) € Ho(r = n) via

upg,R =

ul,r =

Note that for R large,

(

\
P

\

ue(0,7) if r > R,

T_j]ue((), R) if r < R,

=y

Orue(0,71) if r > R,

0 if r < R.

@R (O0) 9y (r>n) S 1Ee(0)ll3(r>R)-

(2.6.24)

(2.6.25)

(2.6.26)

In particular, by Lemma 2.6.2, there exists Ry > 7 such that for all R > Ry, ||@r(0)| < dg

where dg is from Lemma 2.6.8. Let up(t) be the solution to (2.6.18) with initial data

(ug, r>u1,R), and let épg 1,(t) € Ho(r > n) be the solution to the free wave equation afuR,L -

Aupr =0, (t,z) € R x R2, iR (0) = (up,g,u1,g). By finite speed of propagation

r> R+ |t] = ug(t,r) = Ue(t,r).

By Proposition 2.6.5, for all t > 0 or for all ¢t < 0,

1 - —
ImzUR,L(OMe>r) S NURLOH(r>R4 )

Suppose, without loss of generality, that the above bound holds for all ¢ > 0. By (2.6.23) we
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conclude that for all ¢ > 0

e ()l ) = 1R L Ol rerle) = 1TRE) = L Ollgn)
> cllmfiig, £(0) I3y = C [ B un(0) gy

+ B8R0 3,05, + WR(O)H%(Q”)]

Letting ¢ — oo and using the decay property (2.6.1) and the definition of (ug g,u1 g), we

conclude that

e bz ry S B e ey + B Nte )25 1y + e Oy 1)

Note that || (0) Hg—[(rZR) = HWJL%%(O)H’?-L(TER) + ||7TR?I€<O>||%-{(T2R)' Thus, if we take R large
enough to absorb terms involving ||7r]L%ﬁe(O)HH(TZ Rg) into the left hand side in the previous

estimate, we obtain for all R > Ry

11/6|

|70l r) S B lImRue(0)lggers py + BV Imte ()3, gy

+ 7o (0) s )

as desired. This proves Lemma 2.6.6 for ¢ = 0.

For general ¢t = ¢ in (2.6.18), we first set

/

ue(to, ) if r > R,
uO,R,tO =
\ ]g__:]?u(to, R) if r <R,
(
Orue(to,r) if r > R,
ul,R,to =
0 if r < R.
\
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By (2.6.7) we can find Ry = Ry(dg,n) independent of ¢y such that for all R > Ry

10, R 10> 11, Rt ey S et llggrsy < o

The previous argument for ¢35 = 0 repeated with obvious modifications yield (2.6.17) for
t=tp. O
Before proceeding to the next step, it will be useful to reformulate the conclusion of

Lemma 2.6.6. Define

At ) o= r3ue(t, r), (2.6.27)

e}
w(t,r) = 7"/ Orue(t, p)pdp. (2.6.28)
r

We denote A(r) := A(0,r) and u(r) := p(0,7). By (2.6.15) and (2.6.16) the functions A and

 arise in the explicit computation of Wéﬁ(t) and wpu(t) as follows:

00 2 00
Liie(t)||2 :/ Gam t, ) d +/ Oru(t,r))2dr, 2.6.29
H7TRU ()H’H(TZR) R , (t,7) T - (Orpu(t,r))=dr ( )
H7rRﬁe(t)H,2H(T2 R = 3R3N2(t, R) + R™Y2(t, R). (2.6.30)

Thus, Lemma 2.6.6 can be restated using A, o in the following way.

Lemma 2.6.9. Let p, A be as in (2.6.27) and (2.6.28). Then there exists Ry > n such that
for all R > Ry and for allt € R

Jo (%Mt’”ydr + [ Oter) P

SRYBN2(, Ry + RSB\, R) + RN (1, R)

+RIBU2(, R) + R3¢, R) + R315(, R).
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Step 2: Asymptotics for . (0)

In this step, we prove that w.(0) has the asymptotic expansions (2.6.11), (2.6.12) which we

now formulate as a lemma.

Lemma 2.6.10. Let ue be a solution to (2.6.2) which satisfies (2.6.7). Let

Ue(0) = (ue,0,ue,1). Then there ewists o € R such that

r3u670(r) =o+ O(r_l),

1
7l/‘ ue1(p)pdp = O(r™7),
;

asr — 0o. Equivalently, with A and p defined as in (2.6.27) and (2.6.28), there exists o« € R

such that

Ar) =a+ 01, (2.6.31)

u(r)y = 0@ h). (2.6.32)

The proof of Lemma 2.6.10 is split up into a few further lemmas. First, we use Lemma

2.6.9 to prove the following difference estimate for A and pu.

Lemma 2.6.11. Let 67 < &g where ég is from Lemma 2.6.8. Let Ry > Ry > 1 be large

enough so that for all R > Ry and for allt € R

e ()l (r>r) < 01,

RT3 < 4.

121



Then for all r,v" with Ry <r <71’ < 2r and for allt € R

A7) = ME ) S BN+ T PN )P+ )P
2Bt )| 3 e, ) |2+ | )R,
() = pt, ) S e BINE )] + T BB )P 4 A ) P

+r 72t )] 4+ TP ) P e e ) P

(2.6.33)

(2.6.34)

Proof. By the fundamental theorem of calculus and Lemma 2.6.9 we have, for r, 7’ such that

Ry <r <7 <2r,

» 2
A7) — At )2 = ( JCEE p)dp>

([ 20) (] (o))

<43 (r_19/3)\2(t, r)+ 7’_29/3)\4(t, r) + 7“_9>\6(t, T)

£ B2 r) e A ) + ()

which proves (2.6.33).

Similarly, we have

ultr) — e )2 < r ( / '

< 7"(7"_19/3)\2(25, )+ 7"_29/3)\4(15, r) + 7”_9)\6(15, T)

(u(t, p))%)
+ T_13/3[L2(t, 7”) + 7“_17/3/L4(t> T) + 7“_3#6(15, 7“))

which proves (2.6.34).

A simple consequence of Lemma 2.6.11 is the following.

Corollary 2.6.12. Let Ry be as in Lemma 2.6.11. Then for all r,v" with Ry <r <71’ <2r

122



and for allt € R

A T) = A )] S 1A )] + |t )], (2.6.35)

() =t )] S v SN )]+ St ). (2.6.36)

Next we establish the following improved growth rate for A and pu.

Lemma 2.6.13. For allt € R,

IA(E, )| < r1/O, (2.6.37)

u(t,r)] < /18, (2.6.38)

Proof. As in the proof of Lemma 2.6.6, we only consider the case t = 0. Fix rg > R;. By

Corollary 2.6.12,

A2 )| < (14 Cuop) N2 0)| + (2770)Cron | (2" o), (2.6.39)

(2] < (14 C161) (2" o) | + (2"r9) ' C161|A(2"r0) - (2.6.40)
If we define ay, := |(2"rg)| and by, := (2"r¢) "L A(2%r)|, then (2.6.39) and (2.6.40) imply
an+1 + bpy1 < (1+2C161) (an + bn).
By induction

an +bp < (142C101)" (ag + bo).
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Choose 67 so small so that 1+ 2C1d1 < 21/18  We conclude that
an < C(2"rg) /18, (2.6.41)
where C' = C(rg). This proves (2.6.38) for r = 2"rq. Define
cn = |A2"r0)| = (2"70)bn-
Using (2.6.41) and (2.6.33) we have, for some C' = C(rg),
cnp1 < (14 C161)en + C31(2"rg) S,

By induction
n

cn < (14 C101)"co + Cré/G Z(l + 0151)"_k2(k_1)/6
k=1

< C(ano)l/G.

This proves (2.6.37) for r = 2"r.
To establish (2.6.37) and (2.6.38) for general r, let » > 7y such that for some n > 0,

2 < r < 2"Flrg. Then applying (2.6.33) to the pair 2", 7, we conclude that

()] < [A@2"r0)] + [AM2"70) — A(r)]
< C(Qnr())l/G—i- (2n7’0)75/3(2n7’0)1/6+(2”7”())710/3(2“7’0)1/34-(2”7”0)73(2“7”0)1/2
< C(2"rg) /0

< Cr1/6,

where C' = C(rg). This proves (2.6.37). A similar argument also establishes the bound
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(2.6.38) for all r > rg as well.

We now show that for each t € R, pu(t,r) has a limit S(t) as r — oo.
Lemma 2.6.14. For allt € R, there exists f(t) € R such that

\u(t,r) — Bt)] < Cr . (2.6.42)

The constant C > 0 is uniform in time.

Proof. We only consider the case t = 0. The general case follows, again, by using the decay

of the trajectory we(t) on exterior regions. Let Ry > 1 be as in Lemma 2.6.11, and fix

rg > Rq. Then Lemma 2.6.13 and (2.6.34) yield the estimate

12" 7o) — p(2"ro)| S (27r0) ™3 (2r) VO 4 (2r) 1B (2"r) VP 4 (2"r) 4 (27g) V2

+ (2117,0)75/3(2717"0)1/18 + (2117,0)77/3(2717”0)1/9 + (2”7‘0)71(2717“0)1/6

(2"r) /6

2—5Tl/6

AN

AN

where the implied constant is uniform in rg. Thus,
> @) = p(@ro)| S 1,
n>0
This implies that there exists § = f € R such that

with a constant uniform in rg.

limy,—y00 4(2™1g) = (B. Moreover, the sequence {u(2"rg)}n is bounded by a constant de-
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pending only on rg since

[1(2"r0)| < |u(ro)| + [1(2"0) — (7o)

n—1
= |u(ro)l + | (n(2¥rg) — u(2r0))
k=0
< Ju(ro)| +C1 Y 276 < C(ry).
n>0

Inserting this bound into the difference estimate (2.6.34) improves the previous bound on

|1(2"rg) — u(2ro)] to
(2" ) — u(2rg)| < C(2"r0) 7 (2.6.43)

where C' = C(rg). Now let r > rg such that 2"ry < r < 2"y, By Lemma 2.6.13, (2.6.34),

and our improved bound (2.6.43), we have that

|u(r) = B < [pulr) = p(2"r0)| + 8 — 1(2"r0)]

= |u(r) — (2" ro)| + | > (u(2¥ o) — p(2¥rp))

k>n
< @)+ ) (2Frg) T
k>n
S (2"r) !
<r L
This proves (2.6.42). O

We now conclude the proof of the bound (2.6.32) in Proposition 2.6.10.
Lemma 2.6.15. Let 5(t) be as in Lemma 2.6.14. Then p(t) = 0.

Proof. The proof follows in two steps.
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Step 1. We first show that §(¢) is constant in time. By Lemma 2.6.14 and the definition

of u, we have shown that

B(t) = r/ Opue(t, p)pdp + O(r™1),

where the O(r~!) is uniform in time. Fix t; < t9. Since ue solves (2.6.2), we have for

R > Ry,

2R

B(ta) — B(t1) = 5 B(ta) — B(t1)ds

R
1 2R

-= / s / Opue(ta, ) — Bpue(ty, Vlrdrds + O(R™)
1

2R
= R/ / / ue(t, r)dtrdrds + O(R™1)
t

"R / o / / ) r 20, (r'Opue (t, ) )dtdrds
_/2R / /t [—rVe(F)ue(t, 7) 4+ 7Ne(r, ue(t, r))|dtdrds + O(R™1)

= A+ B+ O(R™
We first estimate B. Recall that A(t,7) = r3ue(t, 7). By (2.6.37),
[ue(t,r)| < r 176, (2.6.44)
uniformly in ¢. This estimate, (2.6.8), (2.6.9), and (2.6.10), imply that

1 2R 00
1B < (t2 — tl)ﬁ/ S/ [r_35/6 4233 L1572 drds
R s

1 2R o0
< (tg — tl)ﬁ/R s/ rOdrds
S

< (tg —t1)R™3.
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For A, we repeatedly use integration by parts and use (2.6.44) to conclude that

2R 2R
/ / Orue(t,r)drdsdt — — / s20sue(t, s)dsdt

2R QR
=—= / sOsue(t, s)dsdt — — / s20gue(t, s)dsdt

t2 2R t2
:—E/'/‘5@%@g@ﬁ+/‘m%@3y4m%@gmut
R t

1

= Oty — t1)O(R™1/6).
In summary, we have that |A| + |B| < R™1(ty — t;) so that
Blt2) = B(t1) = O(ty — t1)O(R™1) + O(R™).

Letting R — oo implies that S(tg) = B(t1) as desired. This completed Step 1.
Step 2. By Step 1, we have that §(t) = §(0) =: § for all t € R. In this step, we show
that § = 0 which concludes the proof of Lemma 2.6.15. By Lemma 2.6.14 and Step 1, for

all R > Ry and for all £ € R we have
(0.9]
5:3/ Opue(t,r)rdr + O(R™1),
R

where the O(R’l) term is uniform in time. Integrating the previous expression from 0 to 7',

dividing by T, and using (2.6.44) yield for all T > 0 and R > Ry

B=—= /‘/]w@tmmm+0m )

:-/ [ue(T,7) — ue(0,7)]rdr + O(R™1)

R1/6 _
—0<7ﬁ)+0m1y

If we now choose R =T and let T — oo, we conclude that = 0 as desired. This concludes
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Step 2 and the proof of Lemma 2.6.15. [

Lemma 2.6.16. There exists o € R such that
IAr) —al St

Proof. The proof of Lemma 2.6.16 is very similar to the proof for Lemma 2.6.14 and we only
sketch it. Fix rg > R1. By Lemma 2.6.15, the difference estimate 2.6.33, and the growth

estimate 2.6.37 we have

M@ r0) — v0(2"r0)| S (2r0) 7/ (2"r) O+ (2r0) T (2rg) VP 4 (27g) (2 )2
+ (2"rg) (2 ro) T+ (2r0) HA(2r0) P 4 (27r0)

< (2Mrg) /2,

~Y

Thus,

D IM2" ) = M2"rg)| < oo,
n>0

so that there exists a € R such that lim, A(2"rg) = a. As in the proof of Lemma 2.6.14,
we then use the fact that the sequence {\(2"7()},, is bounded and the difference estimate
2.6.37 to conclude that for r > rg

AG) =l 771

~

as desired. 0
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We have shown that there exists o € R such that

r?’ue(O, r)=a+ O(T_l),

0
r/ Orue(0, p)pdp = O(r™1),
T

as r — oo. In the case a = 0, we conclude that 4(0) = (0,0) on r > 7.
Lemma 2.6.17. Let o be as in Lemma 2.6.16. If o =0, then 4(0,7) = (0,0) for r > n.

Proof. The proof of Lemma 2.6.17 is split into two steps.
Claim 2.6.18. Let a be as in Lemma 2.6.16. If « = 0, then u(0,7) is compactly supported

mr.

Proof of Claim 2.6.18. Since av = 0,

Ar) = 0@ 1), (2.6.45)
w(r) = o h. (2.6.46)

Then, for rg > Ry, we have
IA@"r0)] + |(2™r0)| S (27rg) (2.6.47)

By the difference estimate (2.6.33) and the growth estimates (2.6.45), (2.6.46), we conclude

that

A" )| > (1= Cran) M@ r0)| — C1(2"r0) (2" ro)

12" r)| > (1= C131)|u(@rg)| — C1(2r0) /3 |N(2"r0)|.
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The constant C' is independent of §; and rg. Thus
n+1 n+1 —2/3 n n

A7) + (2" o)) > (1= C1o1 = Crrg ) [IN@"r0) | + (2" ro)]]

Take r( large and §; small enough so that C (1 + 7‘62/3) < 1/4. Then

1 1
A2 )]+ (2" )| 2

A~ w

A2 ro)] + [1(2"r0)1]

Proceeding inductively we obtain

3

@ )|+ ) = (5) D)+ bt

By (2.6.47) we conclude that

(3) oI+ o)l £ (2r0)

which implies

(3) oI+ ol 5 1,

where the implied constant is uniform in n. Hence (A(rg),u(rg)) = (0,0). By (2.6.30)

1o e (0)]14(r>ry) = 0- By Lemma 2.6.9 ||W,4Loﬁe(0)||%(r2ro) = 0. Hence ||t (0)|[3/(r>r,) = 0-

Since limy 00 te,o(r) = 0, we conclude that (ueo(r),ue1(r)) = (0,0) for r > ry. Since

u(t,r) = r2(r)"2ue(t, ), we conclude that @(0,7) = (0,0) on 7 > rg as well. This concludes

the proof of the claim.

Claim 2.6.19. If u(0,r) is compactly supported in (n,00), then u(t,r) = (0,0) on (n,c0).

Proof of Claim 2.6.19. Suppose not, i.e. 4(0,7) is not identically 0 on (1, c0).
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Then (ue (), te,1) is not identically 0 on (1, 00). Define

po = inf {p: [c(0)lpgrzp) = 0}

By our assumptions we have that n < p < co. Let p; = p1(d1) be so close to py so that

n < p1 < po and
- 2 2
0 < [[de O3> py) < 015

where 47 is as in Lemma 2.6.11.

By (2.6.29) and (2.6.30) and our choice of p1, we have that

/p °° (%w(r)) “art /p fo<aru<r>>2dr o)

+3p1 N (1) + py (1) = I e O3y 0y + 1701 e (0) Gy ) < O

If we define (ug p,,u1,p,) as in (2.6.24) and (2.6.25), we have for py close to py,

H(u07/)17u1,/>1)”7-l(r277) < C<p0)|‘ﬁ6<0)||7{(r2p1) < 1.

Thus, by Lemma 2.6.9 we obtain

> /1 2 00 _ _
/ (;&«MT)) dr + / (@en(r)2dr < 07PN (01) + oy AN 1) + BP0 ()
P

1

—17/3 4
1 /M(

12 (p1) + p p1) + o218 (p1)

< Clpo) [0 + In(p1) ]

-1
+ 0

(2.6.49)

as long as pp is sufficiently close to pg. Using the previous estimate and the fact that
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Apo) = 0, we argue as in the proof of Lemma 2.6.11 to obtain

IAp1)[* = [Mp1) — Mpo)|?

< (po — p1)? (/:) (%&«M?”))Q df)

< Clpo) (oo = p1)® [N + (o) 2]

Similarly,

1) < Cloo)(po = 1) [IN1) P + (o) ]

We conclude that for all pq close to pg,

A1) + (o) P < 2C(p0) (o0 = p1) [INp1) I + (o)

Thus, (A(p1), u(p1)) = (0,0) for p; < pg close to pg. By (2.6.48) and (2.6.49) we conclude
that [|@e(0)l94(r>),) = 0. This contradicts our definition of py and the fact that p1 < po.

Thus, po =1 and [[t@e(0)|l3;(r>y) = 0 as desired. O
Lemma 2.6.17 now follows immediately from Claim 2.6.18 and Claim 2.6.19. [

Using the previous arguments we can, in fact, conclude more in the case a = 0.

Lemma 2.6.20. Let a be as in Lemma 2.6.16. If o = 0, then
w(t,r) = (0,0)

forallt € R and r > 0.

Proof. By Lemma 2.6.17 we know that if & = 0 then @(0,7) = (0,0) on {r > n}. By finite
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speed of propagation, we conclude that
u(t,r) =(0,0) on {r>|t|+n}. (2.6.50)

Let tgp € R be arbitrary and define w,(t,7) = u(t 4 to,r). Then uy, inherits the following

compactness property from u:

VR >0, |t|1i_f>ﬂoo zto (134> Rt (r21)2) = 05

ngnoo ?gﬂgHuto(t)HH(rZR—i—|t|;(r2+1)2dr) =0,

and by (2.6.50) it,(0,7) is supported in {0 < r < n+ |tp|}. By Claim 2.6.19 applied to i,

we conclude that ¢, (0,7) = (0,0) on 7 > 7. Since t( was arbitrary, we conclude that
u(to,r) = (0,0) on {r>n},

for any {9 € R. Since n > 0 was arbitrarily fixed in the beginning of this subsection, we

conclude that
w(t,r) = (0,0)
for all t € R and r > 0 as desired. O

Step 3: Conclusion of the proof of Proposition 2.6.4

We now conclude the proof of Proposition 2.6.4 by proving the following.

Lemma 2.6.21. Let « be as in Lemma 2.6.16. As before, we denote the unique finite energy
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harmonic map of degree n by Q) and recall that there exists a unique oy, > 0 such that
Q(r) =nm —apr 2+ 0.
Let Qa—aq,, denote the unique solution to (2.2.1) with the property that
Qa—a, (1) = nm + (a — ap)r 2 + O™ (2.6.51)

as v — 0o. Note that Qa—q, exists and is unique by Proposition 2.2.4. Define a static

solution Uy to (2.5.1) via

Us(r) = (1) N (Qa—an(r) — Q(r)).

Then

u(t,r) = (U+(r),0)

forallt € R and r > 0.

Proof. Lemma 2.6.21 follows from the proof of the o = 0 case and a change of variables. Let

Qa—a, be as in the statement of the lemma. We define

ua(t,r) == u(t,r) — (N " (Qa—a, (r) — Q(r))

=u(t,r) — Ug(r)

(2.6.52)

and observe that ug solves

4r
82“04 - a,guO[ - maruO[ + Va(T)ua = Na(T, Ua)7
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where the potential V,, is given by
Va(r) = (1)~ + 201 2(cos 2Qa—a, — 1), (2.6.53)
and N (r,u) := Fo(r,u) + Go(r,u) with

Fa(ryu) := 2(7")_3 sin2((r>u) sin 2Qa—ay,
(2.6.54)
Go(r,u) == (r) 73 [2(r)u — sin(2(r)u)] cos 2Qa—a,, -

By (2.6.51), the potential V,, is smooth and satisfies
Va(r) = ()=t +0((r)~°),
as r — oo and the nonlinearities F}, and G, satisfy

|Fa(r,u)] S () lul?,

Galr,u)] < Jul?,
for » > 0. Moreover, by (2.6.52) we see that i, inherits the compactness property from «:

VR > 0, lim ||ﬁ04(t>||’H(r2R+|t\;(1+T2)2dT) = 0,

t
[t]—o0 (2.6.55)
ngnoo ?lelz Hua(t)HH(rZR—i—|t|;(1+r2)2dr) = 0.
Let n > 0. We now define for r > n,
2
1
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and note that uq e satisfies an equation analogous to ue:
4
atQuOé’e - 87%/“0676 - ;87”,“@,6 + Va’e(T)UQ7e — Na’e(r, 'U/a’e), t e R, T Z 77, (2657)

where

2

Vaelr) = Valr) = 3ra 7y

and Ng e(r, tue) = Foe(r, ue) + Ga,e(r, ue) where

2 2
re41 r
Fa,e(ﬁ Ume) = 2 Fa (Ta mume) )

2 2
r“+1 r
GO(,€<T7 Uoz,e) = 2 Ga (T; mua,e) .

In particular, we have the analogues of (2.6.8), (2.6.9), and (2.6.10): for all r > n,

Vae(r)| S r (2.6.58)
| Fae(r,u)] S v°uf?, (2.6.59)
Gae(r,u)| S |U|3 (2.6.60)

Moreover, uq e inherits the following compactness properties from ueq:

VR >, ‘t|15ﬂoo ||Ua,e(t)||7-[(7~ZR+|t|;r4dr) =0,

(2.6.61)

Jim ?gﬁHua,e(t)\|H(r2R+|t|;r4dr) =0
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Finally, by construction we see that

P ug.eo(r) =001, (2.6.62)

P [ acalolods = 067V (2.6.63)

Using (2.6.57)—(2.6.63), we may repeat the previous arguments with wue  in place of wu,

to conclude the following analog of Lemma 2.6.17:
Lemma 2.6.22. 1, (0,r) = (0,0) forr >n.
Finally, we obtain the following analog of Lemma 2.6.20:

Lemma 2.6.23. We have
i (t,7) = (0,0)

for allt € R and r > 0.

Equivalently, Lemma 2.6.23 states that

u(t,r) = (U+(r),0)

for all t € R and r > 0. This concludes the proof of Lemma 2.6.21 and Proposition 2.6.4.
O

2.6.2 Proof of Proposition 2.6.3

Using Proposition 2.6.4 and its analog for » < 0, we quickly conclude the proof of Proposition

2.6.3. Indeed, we know that there exists static solutions U4 to (2.5.1) such that

(1) = (Ug(r),0) (2.6.64)
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for all £ > 0 and t € R. In particular, Opu(t,r) = 0, Oru(t,r) = Opu(0,7) and u(t,r) =
u(0,7) for all ¢ and almost every r. Let ¢ € C§°(R) with [¢dt = 1 and let ¢ € C3°(R).

Then since u solves (2.5.1) in the weak sense, we conclude that

0= // r)Opu(t,r) + 1 (t)p ( Yoru(t,r) + V(r)(t)p(r)u(t,r)
b()(r)N (r,u(t, )] (r? + 1)%drdt
//2/1 POu(0,7) + V(r)p(r)ul0,r) — o(r)N(r, u(0,r)] (72 + 1)2drdt
_ / [ (1)0u(0,7) + V(r)p(r)u(0,r) — o(r)N (r, u(0,))] (2 + 1)2dr.

Since ¢ was arbitrary, we see that u(0,7) is a weak solution in H'(R) to the static equation

_agu _

2+187nu + V(r)u = N(r,u) on R. By standard arguments we conclude that u(0,r)

is a classical solution. Thus, u(t,r) = (U(r),0) := (u(0,r),0) for all ¢, € R as desired.

2.6.3 Proofs of Proposition 2.6.1 and Theorem 2.4.1

We briefly summarize the proofs of Proposition 2.6.1 and Theorem 2.4.1. From Proposition

2.6.3, we obtain Proposition 2.6.1.

Proof of Proposition 2.6.1. By Proposition 2.6.3, we have that @ = (U,0) for some finite
energy static solution U to (2.5.1). Thus, ¥ = @ 4 (r)U is a finite energy static solution to
(2.4.1), i.e. a harmonic map. By Proposition 2.2.1, the harmonic map @) is the unique finite

energy static solution to (2.4.1) so that Q = ¢ = Q + (r)U whence @ = (0,0) as desired. [

Using Proposition 2.5.3 and Proposition 2.6.1, we conclude the proof of our main result

Theorem 2.4.1 (equivalently Theorem 2.1.1).

Proof of Theorem 2.4.1. Suppose that Theorem 2.4.1 fails. Then by Proposition 2.5.3, there
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exists a nonzero solution wus to (2.4.4) such that the trajectory

K = {iu(t) : t € R},

is precompact in H. However, by Proposition 2.6.1, we must have that ux = (0,0), which

contradicts the fact that u, is nonzero. Thus, Theorem 2.4.1 holds. O
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CHAPTER 3
SOLITON RESOLUTION FOR HIGHER EQUIVARIANT
WAVE MAPS ON A WORMHOLE

3.1 Main Result and Outline of the Chapter

In this chapter, we establish soliton resolution for all finite energy f—equivariant wave maps
on a wormbhole for all ¢ > 2 (Chapter 2 established this for / = 1). We recall that an (-
equivariant wave map U : R x M — S3 is determined completely by its associated azimuth
angle ¢ = 9(t,r) on S® (with respect to spherical coordinates) which satisfies the single

scalar semilinear wave equation

2 000+ 1
O — OR0 — 0+ (+1)

—————sin2¢y =0 t R xR
3 2(T2+1)81nw , (t,r) e R xR,

U(0) = (v, ¥1), (3.1.1)
P(t,—o0) =0, P(t,00) =nm, Vit

Here n € NU {0} is the topological degree of the solution, and the fact that such a n exists

and is an integer follows from us requiring that 1/7 have finite energy

i0) =3 [ e+ et + G s ute )| (2 + ar
= &(¥(0)).

For each ¢ € N;n € NU {0}, we denote the set of finite energy pairs of degree n by

Eon = {(W0,¥1) : E(Yo, 1) <00, to(—00) =0, 1Pp(c0) =nm}.
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As in the corotational case treated in Chapter 2, it can be shown that for every ¢ € N,

n € NU {0} there exists a unique solution Qy ,, € &, to

2r ., e+ 1)
— 20 =0, reR,
N 22+ 1) @ g

Q(=00) =0, Q(o0) = nm.

(3.1.2)

See Section 3.2 for more details.

We now state our main result. Let ¢ € N be a fixed equivariance class, and let n € NU{0}
be a fixed topological degree. In the n = 0 case, the natural space to place the solution J(t)
to (3.1.1) in is the energy space Ho = H((—00,00); (12 + 1)dr). Indeed, it is easy to show
that ||?7;||g£70 ~ ||@Z7||H0 For n > 1, we measure distance relative to (Qp,,0) and define

Hop =&y — (Qppy,0) with ‘norm’

1194, = 19 = (Qen 0) 14

Note that ¢(r) — Qg ,(r) — 0 as 7 — Foco. The main result of this chapter is the following.

Theorem 3.1.1. For all (Yo,¢1) € &y, there exists a unique global solution O(t) €
C(R;Hy ) to (3.1.1) which scatters forwards and backwards in time to the harmonic map

(Qe,n0), i.e. there exist solutions gij[ to the underlying linear equation

2r ((0+1)
RPp—P2p— —tp =0
th T‘SO T2+1 T(P‘l’ T2+1(p )
such that
V() = (Qup, 0) + FF (1) + 034, (1),
as t — too.
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We now give an outline of the proof and the chapter. The proof is a generalization of
that for the corotational case ¢ = 1 in Chapter 2 and draws from the work [18]. For this
model, the set up is as follows. We first note that the existence and uniqueness of the
harmonic map @y ,, follows nearly verbatim from the arguments in Chapter 2 for the special
case ¢ = 1 which are classical ODE type arguments. This is discussed more in Section 3.2.
In the remainder of Section 3.2 we give an equivalent reformulation of Theorem 3.1.1 which
is simpler to work with. Instead of studying the azimuth angle 1, we study the function u
defined by the relation ¢ = @y, + (rYfu. A simple computation shows that u satisfies a

radial semilinear wave equation on a higher dimensional wormhole (Md, g)

O — Agu+V(r)u= N(r,u), (t,r) € RxR,
(3.1.3)
7(0) = (ug,u) € H := H' x L2 (M),
Here, d = 2¢ 4+ 3 and the potential V' and nonlinearity N are explicit with V' arising from
linearizing (3.1.1) about the harmonic map @y ,,. Our main result, Theorem 3.1.1, is shown
to be equivalent to the statement that every solution to (3.1.3) is global and scatters to free
waves on M% as t — 0o (see Theorem 3.2.3 for the precise statement). The remainder of the
work is then devoted to proving Theorem 3.2.3 (the ‘u—formulation’ of our main result). As
in Chapter 2, we use the concentration—compactness/rigidity method introduced by Kenig
and Merle in there work on the energy—critical Schrodinger and wave equations [14] [15].
The method has three main steps and is by contradiction. In the first step, we show that
solutions to (3.1.3) starting from small initial data scatter to free waves as ¢ — foo. In the
second step, we then show that if our main result fails, then there exists a nonzero solution
us to (3.1.3) which doesn’t scatter in either direction and is, in a certain sense, minimal.

This minimality imposes the following compactness property on uy: the set

K = {@.(t): t € R}
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is precompact in H. These two steps are carried out in Section 3.3. We remark here
that in the work [18] the authors established these steps by using delicate estimates and
arguments developed in [4] and [23] for the energy—critical wave equation on flat space in
high dimensions. This is done by using a Strauss estimate to reduce the nonlinearity to an
energy—critical power on RI+(26+3), However, the arguments we give in this work are much
simpler and bypass all of this technical machinery by using only basic Strichartz and Strauss
estimates (in fact, our argument also applies to the analogous step in the exterior wave map
problem). In the final and most difficult step, we establish the following rigidity result: if u
solves (3.1.3) and

K ={ud(t) :t € R}

is precompact in H then @ = (0,0). This step contradicts the second step and we conclude
that our main result Theorem 3.1.1 holds. This is proved in Section 3.4. In particular, we
show that such a solution u must be a static solution to (3.1.3) which implies ¢ = Qg’n+<7">£u
is a harmonic map. By the uniqueness of (), it follows that @ = (0,0) as desired. The
proof that u must be a static solution to (3.1.3) uses channels of energy arguments rooted
in [7] which were then generalized and used in the works [16] [18] on exterior wave maps.
These arguments focus only on the behavior of solutions in regions exterior to light cones,
and this is what allows us to adapt them to our asymptotically Euclidean setting. These
arguments, however, become increasingly complex as the equivariance integer ¢ grows and
represent a major technical obstacle. For the argument in the specific case of ¢ = 1 which is

much simpler, see Section 2.6.

144



3.2 Harmonic Maps and a Reduction to Higher Dimensions

For the remainder of the paper we fix an equivariance class ¢ € N, topological degree n €

N U {0} and study solutions to the wave map on a wormhole equation

2, a2 2T ((e+1) . B
Oy —0rv 7AQH(?rz/er—Q(r?H) sin2g =0, (t,r) eRxR
Y(t,—o0) =0, (t,00) =nm, Vi, (3.2.1)

—

¥(0) = (o, ¢1).

We recall that the energy

(0+1)

E() = %/ [\(’WV +|0rp* + o sin®i| (r?2 +1)dr (3.2.2)

is conserved along and the flow, and so, we take initial data (1, 1) in the metric space

Ern = {(W0,¥1) : Ep(o,¢1) <00, Yo(—00) =0, tp(o0) =nm}.

In this section we review the theory of static solutions to (3.2.1) (i.e. harmonic maps) and
reduce the study of /—equivariant wave maps on a wormhole to the study of a semilinear

wave equation on a higher dimensional wormhole.

3.2.1 Harmonic Maps

In this subsection, we briefly review the theory of harmonic maps for (3.2.1). The main

result is the following.

Proposition 3.2.1. There exists a unique solution Qg , € &y, to the equation

2r ., Ll+1) |
- 2Q = 0. 3.2.3
T T gy S (3.2.3)
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In the case n = 0, Qo = 0. Ifn € N, then Qp,, is increasing on R, satisfies Qp,,(r) +

Qupn(—=7) =nm and there exists ay , € R such that

Qpn(r)=nm—« r L o3 ,  asr — oo,
In In

Qﬁ,n(r) = O‘é,n|r|—€_1 + O<T—£—3)7 as v — —oQ.

The O(-) terms satisfy the natural derivative bounds.

The proof of Proposition 3.2.1 is nearly identical to the proof of the corresponding state-
ment in Chapter 2 for the corotational case which was inspired by arguments in [21]. We

briefly sketch the argument.

Sketch of Proof. We first can use simple ODE arguments to show that every solution @ to
(3.2.3) is defined on R and has limits Q(400) in Zx or (Z + %)W Moreover, if Q(+00) € Z,
then () is monotonic and there exist a, 8 € R such that

Q(r) = Q(c0) + ar—t1 4 O(r_g_?’), as r — 00,
(3.2.4)

Q(r) = Q(—o0) + 5T_£_1 + O(?"_g_?’), as r — —oo.

For existence, we use a classical shooting argument. For b > 0, we consider the solution Q)

to

" 2r e+1)
=T Gn2g, =0
@ T 2 22 +1) @ =0
nm
Qp(0) = R Qy(0) = b,

and show the existence of a special value by for the shooting parameter b such that @ (00) =

nm. Indeed, using the properties of general solutions to (3.2.3) already outlined and simple
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ODE arguments, we can show that the sets

Be={b>0:Qp(c0) < nm},

B> ={b>0:Qp(c0) > nn},

are both nonempty, open, proper subsets of (0,00). By connectedness, there exists by such
that @y, (00) = nm. From the initial condition @p, = 0 and the symmetry Q(r) — nm —
Q(—r) of (3.2.3), we conclude that Qy (r) = nm — Qp, (—r) as well as Qp (—00) = 0. We
then set Qp , = Qp, -

For the uniqueness of )y ,,, suppose that there are two solutions @1, Q2 to (3.2.3). By
the previous discussion each solution is monotonic increasing on R and satisfies (3.2.4). We

change variables to z = arcsinhr so that (3.2.3) becomes

0 +1)

Q" + tanh zQ’ — sin 2Q = 0. (3.2.5)

Based on (3.2.4) (in the x—variable) and (3.2.5), we can then show that if we assume, without

loss of generality, that % > % for x large and positive, then

dQy _ dl
% > %, Vo € R.

However, this can easily be shown to be incompatible with (3.2.4) as © — —oo. Thus,
(1 = @2, and the solution @y, constructed is unique. For the full details of the argument

in the £ = 1 case, see Chapter 2. O

A fact that will be essential in the final section of this work is that we may always find
a unique solution to (3.2.3) with prescribed asymptotics as either r — oo or r — —oo (but

not necessarily both).
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Proposition 3.2.2. Let o € R. Then there exists a unique solution QF to (3.2.3) such that
QY =nm + ar Ty O(r_é_?’), as r — oo.
Similarly, given 8 € R, there exists a unique solution Qg to (3.2.3) such that
Qg = ,67“_6_1 + O(r_g_?’), as r — —oo.

Proof. The proof is nearly identical to the proof of Proposition 2.2.4 in Chapter 2 and we

omit the details. O

3.2.2  Reduction to a Wave Equation on a Higher Dimensional Wormhole

In this subsection we reduce the study of the large data solutions to (3.2.1) to the study
of large data solutions to a semilinear wave equation on a higher dimensional wormhole
geometry. This process is a generalization of the analogous step in the corotational case in
Chapter 2.

By Proposition 3.2.1, there exists a unique static solution Qp ,(r) € &, to (3.2.1). For

a solution ¢ to (3.2.1), we define ¢ by

Pt 1) = Qun(r) + o(t,7).

Then (3.2.1) implies that ¢ satisfies

2r cos 2Q)y
2 2 )T
875‘10 —Orp — ﬁaﬁo + ﬁ(ﬁ + 1)2—1

o(t,—0) = p(t,0) =0, Vi, (3.2.6)

P(0) = (Yo — Qe Y1),

o= Z(r o),
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where

((0+1)

Z(T7¢)=m

[2¢0 — sin 2] o8 2Q 5, + (1 — cos 20) sin 2Qy .

The left-hand side of (3.2.6) has more dispersion than a free wave on M3 due to the repulsive

potential

cos2Q  L(L+1)
241 rZ41

0o(0+1) +O((r)y 2

as r — t+o0o. Here and throughout this work, we use the Japanese bracket notation (r) =
(r? + 1)1/ 2. The O(-) term is a consequence of the asymptotics from Proposition 3.2.1. We
now make a standard reduction that incorporates this extra dispersion. We define u and d

via the relations

p = (r)u,

d=20+3.
We define the d-dimensional wormhole M? = R x S?~1 with metric
ds? = dr® + (r* + 1)d03_,

where dQ(Zi_l is the standard round metric on S%~1. Since we will only be dealing with
functions depending solely on r, we will abuse notation slightly and denote the radial part

of the Laplacian on M? by —Ayg, ie.

—Agu = —0%u —

149



By (3.2.6), u satisfies the radial semilinear wave equation

O2u — Agu+V(r)u = N(r,u),
u(t, —o0) = uft, 00) =0, 327)

u(0) = (ug, u1),
where the potential term is given by

2 COS —
V(r) = <ﬁ7 + 0+ 1)—?32 L (3.2.8)

and the nonlinearity N(r,u) = F(r,u) + G(r,u) is given by

1
F(ryu) = % Sin2((r)éu) sin 2Qy
;&L ) (3.2.9)
G(r,u) = 22 [2(r>£u — sin(2(r)fu)| cos 2Q¢ .-
By Proposition 3.2.1, the potential V' is smooth and satisfies
& —20—4
V(r)=-—=+0({r) ). (3.2.10)
(r)4

Also, by Proposition 3.2.1 Qg ,,(=7) + Qg (1) = nm which implies that V(r) is an even

function. The nonlinearities F' and G satisfy
Flr,u) = <€(€ + 1)) 2 sin QQM) u? + Fo(r,u), (3.2.11)
where

|Fo(r,w)| < (r)2 34, (3.2.12)

~
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and
G r,u)] S ()22l (3.2.13)

where the implied constants depend only on . Since the original azimuth angle ¢ = Q) ,, +
(rYfu e Ery , we take initial data (ug,u1) € H(R; (r)@=1dr) for (3.2.7). For the remainder

of this section and the next we denote
Ho = H(R; (r2dr), H:=HER; (" adr),

and note that H is simply the space of radial functions in H! x L2(./\/l3) while H is the
space of radial functions in H! x L2(M%).

In the remainder of the paper, we work in the ‘u—formulation’ rather than with the
original azimuth angle 1. We first show that a solution 9(t) € C(R;Hy) to (3.2.1) with
initial data (v0,91) € &, yields a solution 4(t) € C(R;H) with initial data (ug,u1) =

(ry = (o — Q.p,¥1) € H and vice versa. The only fact that needs to be checked is that

lillpe = || = (Qens0)||, - (3:2.14)
0
We define ¢ =9 — Qy , = (rYtu and compute
O = (rYeopu + tr(r)=2u. (3.2.15)

We first note that by the fundamental theorem of calculus, we have the Strauss estimates

()] < ()12 ( / \arw12<r>2dr)1/2,

(3.2.16)
1/2
u(r)] < (r)ED/2 ( / \aru12<r>d1dr> |
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Using the Strauss estimates and integration by parts, we have the following Hardy’s inequal-

ities,
[1ePar 5 [10ro )%,
/ l2(r) 434 < / 0,2y L. (3.2.17)
Recalling that d and ¢ are related by d = 2¢+ 3, we see that the relation (3.2.15) and the two
Hardy’s inequalities immediately imply (3.2.14). Hence, the two Cauchy problems (3.2.1)

and (3.2.7) are equivalent.

The equivalent u—formulation of our main result, Theorem 3.1.1, is the following.

Theorem 3.2.3. For any initial data (ug,u1) € H, there exists a unique global solution

i(t) € C(R;H) to (3.2.7) which scatters to free waves on M%, i.e. there exist solutions vf

to
d—1)r
v — % — %&fu =0, (t,r)eRxR,
such that
li i(t) — 7 ()| = 0.
i) — 7 (1)

The remainder of this work is devoted to proving Theorem 3.2.3.
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3.3 Small Data Theory and Concentration—-Compactness

In this section we begin the proof of Theorem 3.2.3 and the study of the nonlinear evolution
introduced in the previous section:
Ou — Agu+V(r)ju= N(r,u), (t,r)eRxR,

(3.3.1)
w(0) = (up,u1) € H,

where H := H(R; (r)9=1dr), d = 20 + 3, —Ay is the (radial) Laplace operator on the d-
dimensional wormhole M%, and V (r) and N(r,u) are given in (3.2.8) and (3.2.9).

As summarized in the introduction, the proof of Theorem 3.2.3, or equivalently The-
orem 3.1.1, uses the powerful concentration—compactness/rigidity methodology introduced
by Kenig and Merle in their study of energy—critical dispersive equations [14] [15]. This
methodology was used in the corototational case, £ = 1, d = 5, in Chapter 2. The general
situation ¢ € N requires many refinements due to the growing dimension d.

The proof of Theorem 3.2.3 is split up into three main steps and is by contradiction. In
the first step, we establish small data global well-posedness and scattering for (3.3.1). In
particular, we establish Theorem 3.2.3 if ||(ug,u1)||yy < 1. In the second step, we use the
first step and a concentration—compactness argument to show that the failure of Theorem
3.2.3 implies that that there exists a nonzero ‘critical element’ uy; a minimal non—scattering
global solution to (3.3.1). The minimality of us imposes the following compactness property

on ux: the trajectory
K = {u«(t) : t e R}

is precompact in H. In the third and final step, we establish the following rigidity theorem:
every solution u with {u(¢) : t € R} precompact in 4 must be identically 0. This contradicts
the second step which implies that Theorem 3.2.3 holds.

153



In this section we complete the first two two steps in the program: small data theory and
concentration—compactness. The proofs for these steps are straightforward generalizations
of or nearly identical to those in the corototational case in Chapter 2. We will therefore
only outline the main steps and refer the reader to the relevant proofs in Chapter 2 for full

details.

3.3.1 Small Data Theory

In this subsection, we establish global well-posedness and scattering for small data solutions
to (3.3.1). The key tools for establishing this and facts found later in this section are
Strichartz estimates for the inhomogeneous wave equation with potential

O — Agu+V(r)u=h(t,r), (t,r)eR xR,
(3.3.2)

(0) = (ug,uy) € H.

Here, as in the previous section,

d—1)r
_ A= —Pu— 0
gu ’I"U’ 7"2 +1 ru,
and the potential V' is given by
2 cos2Qy, — 1

V() = fg U+ D= —,

where @)y, is the unique (~equivariant harmonic map of degree n. The conserved energy for

the homogeneous problem, h = 0 in (3.3.2), is given by

£y (i) = %/R (100l + 0rl® + V) uf?) ()"
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In exactly the same fashion as in the corotational case, it can be shown that the operator
—Ay + V(r) defined (densely) on L*(M%) = L2(R; (r)9~1dr) is a nonnegative self-adjoint
operator and 0 is neither an eigenvalue nor a resonance. Moreover, from this spectral infor-
mation we conclude ||d ||%_[ ~ &y (@) along with the following Strichartz estimates (see Section
2.4 and Section 2.5 for full details of the arguments).

We say that a triple (p, q,7) is admissible if

1 d d 1 d—1,1 1
poogze tid 4o, 1oty
P q 2 P 2 \2 ¢

In the sequel, we use the notation for spacetime norms over I x M via

1 Pl 1/p
lull zpza(r) = </I (/R Ju(t, m)|9(r)* dr) dt) ,

Proposition 3.3.1. Let (p,q,v) and (r, s, p) be admissible. Then any solution u to (3.3.2)

satisfies

—y — 14
IV Null gy S 1EO) + NIVIERT L pr gy

where v’ and s’ are the conjugates of r and s.

Proposition 3.3.1 with V' = 0 was proved in Section 2.3. Using the spectral information
for —A4+V we can then transfer these estimates to the perturbed wave operator 8]52 —Ag+V.
This is done by first reducing Proposition 3.3.1 to a pair of local energy estimates. These
estimates are then established using the spectral information and a distorted Fourier basis
for —Ag+V (the fact that V' is even also plays a role in the analysis). Again, for full details

see Section 2.4.
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For I C R, we denote the following spacetime norms

d—5) /3u‘

lull sy = || I R

3
LYLY( L3L2 (I)

lullw 1y = llul o dgbd

We first use Proposition 3.3.1 to show that for any solution u to (3.3.2), we have the estimate

lulls(ry + lullw )y S NEO) 3¢ + Al vy (3.3.3)

Indeed, we have directly from Proposition 3.3.1

lullw(ry S 1@0) I3 + 112l v (1y- (3.3.4)

We claim that for all radial f € C§° (M%), we have

()=

+ S 3.3.5
16 ||f||Ls7dN||f||W%,% (3.3.5)

T

(we recall that the volume element is (r)¢~1dr). Define mg, m; > 1 by the relations

1 1+1 1 3d-5
2 3 2 mg  6d

1 4+1 1 3d-5 (3.3.6)

2 3d 2 m;  6d
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Le. ;- =37 and Ll = % By the fundamental theorem of calculus

F) S 1 Fllgmg ()59,

LFO S M Flgjamg () =@,
Thus, we have the embeddings

|37 < 1 lme:

(3.3.7)
o

1o S .

From the trivial embedding L3 < L3, (3.3.7), (3.3.6) and interpolation we conclude that

jorsons

L8 ™~

SN 1 ed
Ji7 27345
which implies

oo

< .
Lo SIAL g

1
W2’

3d 3d
Similarly, from the trivial embedding L < L, (3.3.7), (3.3.6) and interpolation we

conclude that

il S E I

T

which implies

1A sa S IA 1 6a-
L:v2 W£2’3d 5

This proves the claim. In particular, |ulgr) < llullyy(r) which along with (3.3.4) proves
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(3.3.3). Although it may seem redundant to also use the S(I/) norm along with the W ([)
norm, it is essential in later concentration—compactness arguments to use the weaker norm
|- ls(r) rather than || - [y to measure errors.

We now use (3.3.4) to establish an a priori estimate for solutions to (3.3.1). The case
¢ =1, d =5 was covered in Chapter 2, so we assume that d > 7. By the conservation
of energy (3.2.2), the Strauss estimate (3.2.16), and Hardy’s inequality (3.2.17) it is easy
to show by a contraction mapping/time—stepping argument that given (ug,u1) € H, there
exists a unique global solution u(t) € C(R;H) N L>®(R,#H) to (3.3.1). By the Strichartz

estimate (3.3.3), we have that if u solves (3.3.1), then for any I C R,

lulls(ry + lullw ) < 1@0) 3 + [INCw)ll vy

ST gy + IEC )y + 1GC ull v, (3.3.8)

where the nonlinearities F, G are given by (3.2.9). By (3.2.13) and the relation d = 2¢ + 3,

we may estimate

<r>d—5u3’

3
1GC ullv S L2 S llullgpy- (3.3.9)

By (3.2.11), (3.2.12) and the Strauss estimate (3.2.16) we have that

IFClng S | (0 2sim2Qn) v 4 e IR
L?/2Wx2’3d+5 () [

§H<(r>€_zsin2Q&n> qu | 6d +\|ﬁ||L§oH||u||?§(I). (3.3.10)

L?”Wf’ 3d+5 (1)
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By Proposition 3.2.1 we have

(1) 2sin2Qq,, = O((r) ™),

% <<r>f—2 sin 2@,4”) = 0((r)™),

so that

H ((r)H sin 20, n) H <00 (3.3.11)
’ Ldegc

by interpolation. By the Leibniz rule for Sobolev spaces (see [5] for asymptotically conic

manifolds) and (3.3.11), we conclude that

H<<7“>€_281H2Q£,n> U2H ;LdSH(( SmZan)H 1dH“ I

WIQ »3d+5 L3 3d—

+ H ((r)f—Q sin QQM)

u u
el gl y

2
Slll” apa + Nl sallull 1 ea .
Lgd—l LCI) W:E d—5

By Holder’s inequality and the fact that d > 7,

d—1

S d=5 6, 4 & 20d—4d 41
( R|U|3d 1( )4 1> < (/R‘(ﬂ 3 u‘ <r)d 1d7“> </IR{<T> (r )d 1d7~>

Thus,

H <(T>€_2 sin QQe,n> U2H 1o6d S

, +llull sallull 1 ea
i 2 3445 L2 2'3d—5

Wg =%
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so that by Holder’s inequality in time

() smz0e0) | bty S 1050 + Il @3.12)
t x
Combining (3.3.12) with (3.3.10) we obtain
IEC ) vy S lallgy + lullsen el + l@llzgedallg . (3.3.13)

The estimates (3.3.8), (3.3.9), and (3.3.13) imply the following a priori estimate for u:

lelsry + el ey < 1) + lalZ gy + lallsery el ry + il zeeelul 3 gy + Nl .
(3.3.14)

Based on (3.3.14) and continuity arguments we have the following small data theory and
long—time perturbation theory for (3.3.1). For full details, see the proofs of Proposition 2.5.1

and Proposition 2.5.2.

Proposition 3.3.2. For every (ug,u1) € H, there exists a unique global solution u to (3.3.1)
such that @(t) € C(R; H)NLX(R; H). A solution u scatters to a free wave on M% ast — oo,

i.e. there exists a solution vy, to

d—1)r
8?0—83@—%&41:0, (t,T)GRXR,
such that
lim ||@(t) — dE ()|l =0
Jim [i(t) — TE (1) 3y = 0,
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if and only iof

[ull 50,00) < 00

A similar characterization of u scattering to a free wave on M as t — —oo also holds.

Moreover, there exists § > 0 such that if ||@(0)||y < 6, then

[l Lgoa + Nlull sy + lullw ) < [1€(0) |12

Proposition 3.3.3 (Long-time perturbation theory). Let A > 0. Then there exists eg =
€g(A) > 0 and C = C(A) > 0 such that the following holds. Let 0 < € < €q, (ug,uy) € H,
and I C R with 0 € I. Assume that U(t) € C(I;H) satisfies on I

02U — AgU + VU = N(-,U) +e,
such that

sup |0 ()|l + 10l sy < A,
tel

1U(0) — (ug,u1)|ly + HeHN(I) <e (3.3.15)
Then the unique global solution u to (3.3.1) with initial data @(0) = (ug,uy) satisfies

sup l(t) = T@)ll3 + llu = Ullg(r) < C(Ae.

3.3.2  Concentration—Compactness

In this subsection we complete the second step of the concentration—compactness/rigidity

method outlined in the beginning of this section. A crucial tool used in completing this step
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is the following linear profile decomposition of a bounded sequence in H.

Lemma 3.3.4 (Linear Profile Decomposition). Let {(ugp,u1,)}n be a bounded sequence in
H. Then after extraction of subsequences and relabeling, there exist a sequence of solutions
{Ui }j>1 to (3.3.2) with h = 0 which are bounded in H and a sequence of times {t; ,, }n for

7 > 1 that satisfy the orthogonality condition
VJ 7& ka nli)rgo |t],n - tk,n| = 00,

such that for all J > 1,
J .
(Uo,m ul,n) = Z %(_tj,n) + (w({n7wi{n)7

where the error w;! (t) == SV(t)(wO‘]n, wl‘]n) satisfies

— 2d
. . J B
Jhnéo nhm HwnHL;’OLg(R)ﬂS(R) =0, V T <r<oo (3.3.16)

Moreover, we have the following Pythagorean expansion of the enerqgy

J .
Ey(iln) = > Ev(U}) + Ey () + o(1), (3.3.17)
j=1

as n — Q.

The proof is exactly the same as the corototational case which follows from the proof of
Lemma 3.2 in [20]. However, we will explain why the error w;] satisfies (3.3.16) since the
reasoning is subtle. The d = 5 case is contained in Chapter 2, so we assume that d > 7. The

proof from Lemma 3.2 in [20] shows that we have

— 2d
: . J B
Jhm nh_r)n HwnHLfoL;(R) =0, V T g <7 <> (3.3.18)
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as well as

T T -J
Jl;moo nlgrolo ||, || < o0 (3.3.19)

We recall that in proving (3.3.5), we in fact proved the stronger claim that

H(Tﬂd_4w2fHL§i4-H<rﬂd_4w3f‘Lg:5Hf”m/%&gg, (3.3.20)

xT

We also observe that the admissible triple (%, 3, %) is not sharp if d > 7, i.e.

3 2 6d

; d;l(l 3d—5) (33.21)

The two observations (3.3.20) and (3.3.21) and continuity imply the following. Let r > dQsz

and 0 < 6 < 1, and define a triple (p,q,7) and exponent s by

11
7_02’
E
p 63
L d_d (3.3.22)
p g 2 7
1 1
_:Q_+(1_9)_
S q T

Then as long as r is sufficiently large and 6 is sufficiently close to 1, we have that (p,q,~) is

admissible, s > 1, and

HfHL%z+er%d‘5V3f‘ Vf € C8°. (3.3.23)

<
Sy

Indeed, the fact that (p,q,~y) defined by (3.3.22) are admissible for r large and 6 close to 1

follows from (3.3.21) and continuity in #. Similarly, by (3.3.20) if r is large and 6 is close to
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1, then we can find my = mg(6) and m; = mq(0), analogous to mg, m; from (3.3.6), so that

11 1 1 1
2372 e T S
14 1 1 1
2342 my s

with
£ S M gipame (),
LF@O) S M F ram, ()7,

where o > 2(d3_ 5) and 5 > 0. By interpolation we conclude (3.3.23). We now fix r sufficiently

large and @ sufficiently close to 1 so that if (p,q,v) and s are defined as in (3.3.22), then
(p,q,7) is an admissible triple and (3.3.23) holds. Then by (3.3.23), interpolation, and

Strichartz estimates we have that the errors satisfy

il sy S llwi

J J
S 101 1 5

S ”wnH’HHwnHLooLr
whence by (3.3.18) and (3.3.19)

Jim T o] ) = 0

as desired. We remark here that is unclear whether or not the errors satisfy the stronger
condition lim j Timy, ||w;] lw () = 0. It is for this reason that we used the weaker S(I) norm
in the previous subsection.

Using Lemma 3.3.4 and Proposition 3.3.3, we establish that if our main result, Theorem
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3.2.3, fails, then there exists a nonzero ‘critical element.” In particular, we establish the

following.

Proposition 3.3.5. Suppose that Theorem 3.2.3 fails. Then there exists a nonzero global

solution us to (3.3.1) such that the set
K ={u.(t) : t € R}

s precompact in H.

The proof of Proposition 3.3.5 is the same as in the corototational case; see the proof of
Proposition 2.5.3 for full details. We remark that proving Proposition 3.3.5 uses the nonlinear
perturbation theory, Proposition 3.3.3, applied to the linear profile decompositions provided
by Lemma 3.3.4. What makes this possible is that the perturbation theory is established
with certain errors measured in the weaker norm || - [[gg) (see (3.3.15)) and the errors

J

w;] in the linear profile decomposition satisfy lim ; limy, |w;] || s®) = 0 (but possibly not

lim 7 Timy, [Jw;] [y () = 0).

3.4 Rigidity Theorem

In this section we prove that the critical element from Proposition 3.3.5 does not exist and
conclude the proof of our main result Theorem 3.2.3 (equivalently Theorem 3.1.1). The main

result of this section is the following.

Proposition 3.4.1. Let u be a global solution of (3.3.1) such that the trajectory

K

(@(t): t € R}

is precompact in H := H(R; (r)@1dr). Then @ = (0,0).

165



We first note that for a solution u as in Proposition 3.4.1, we have the following uniform

control of the energy in exterior regions.

Lemma 3.4.2. Let u be as in Proposition 3.4.1. Then we have

VEZ0, i 1E Oy reagirya-tar) = O

(3.4.1)

A (892 1) b1 ol ry-1ar) | = O

To prove that @ = (0,0), we proceed as in the corotational case and show that u is a

finite energy static solution to (3.3.1).

Proposition 3.4.3. Let u be as in Proposition 3.4.1. Then there exists a static solution U

to (3.3.1) such that @ = (U,0).

We will first show that @ is equal to static solutions (U+,0) on £r > 0 separately. The
proof for r < 0 is identical to the proof for r > 0 so we will only consider the case r > 0.

The major part of this section is devoted to proving the following.

Proposition 3.4.4. Let u be as in Proposition 3.4.1. Then there exists a static solution

(Ut,0) such that u(t,r) = (Ux(r),0) for allt € R and r > 0.

3.4.1 Proof of Proposition 3.4.4

Let 7 > 0 be arbitrary, and let u be as in Proposition 3.4.1. As in Chapter 2, we will show
that (¢, r) is equal to a static solution (U4(r),0) to (3.3.1) on {t € R,r € (n,00)}. We now

introduce a function related to u that will be integral in the proof. Define

(ry(d=1)/2

d—1)/2

ue(t,r) == T

u(t,r), (t,r) € R x (0,00).
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If u solves (3.3.1) then ue solves the following radial semilinear wave equation on R1+d

d—1

2 2
02ue — 02ue —

where

and Ne(r,ue) = Fe(r, ue) + Ge(r, ue) with

Fe(rue) = gz <7,>(d a—ny2t |
Ge(r, ue) = (d—1)/2 G <T>(d 1)/2 e

where F' and G are given in (3.2.9). Note that for all R > 0, we have

e (D)llgy(r> pird—1dr) < COENT gy i grya—1ar),
so that by Lemma 3.4.2, u, inherits the compactness properties

VR>0, 0 e ()l e pfi-ar) = 0

A ($9p el o ff:ri-tar) | =0
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(3.4.2)

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)

(3.4.7)



We also note that due to (3.2.10)-(3.2.13) and the definition of V¢, Fp, and G¢, we have for

all r > 0,

Ve(r)| S v, (3.4.8)
|Fe(ue, )] <773 uel?, (3.4.9)
|Ge(te, )| < 772 ue|?, (3.4.10)

where the implied constants depend on ()y,, and d.

To prove Proposition 3.4.4, we use channels of energy arguments that originate in the
seminal work [7] on the 3d energy—critical wave equation. These arguments have since
been used in the study of equivariant exterior wave maps [16] [18] and in the proof of the
corotational case of Theorem 3.1.1 in Chapter 2. The arguments of this section are derived
from those in [18]. The proof is split into three main steps. In the first two steps, we

determine the precise asymptotics of
(UG,O(T)v ue,l(r)) = (u€(07 7’), atu€<07 T)) as r — 0.
In particular, we show that there exists o € R such that

rd*2ue70(7’) —a+0(r7?), (3.4.11)

>~ — -1, d
/ ue,l(p)p2] Lip=0@¥—4Y, j=1,.. ., {ZJ : (3.4.12)
.

as r — oo. In the final step, we use this information and channels of energy arguments
to conclude the proof of Proposition 3.4.4. In the remainder of this subsection we denote
H(r > R) := H(r > R;r@tdr).

As in the study of corotational wave maps on a wormhole, the key tool used in estab-

lishing (3.4.11) and (3.4.12) is the following exterior energy estimate for radial free waves on
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Minkowski space R4 with d odd. The case d = 5 used for corotational wave maps on a

wormhole and exterior wave maps was proved in [16], and the general case of d > 3 and odd

was proven in [17].

Proposition 3.4.5 (Theorem 2, [17]). Let d > 3 be odd. Let v be a radial solution to the

free wave equation in R1+d

8?1) —Av=0, (t,x)€ ]R1+d,

7(0) = (f,9) € H' x L*(RY).

Then for every R > 0,

1
max inf Vot r)2r@Ydr > S|k (f, ’
+ itEO/T2R+|t|| t,rv(t,7)| = 2” R(f g>||7'l(7’ZR)

where g =1 — ﬂ]l% 15 the orthogonal projection onto the plane

d+2

P(R) = span{(r%_d,O), (O,sz_d) i=1,..., L 1

J,j:1,...

(3.4.13)

in H(r > R). The left-hand side of (3.4.13) is identically 0 for data satisfying (f,g9)|,>r €

P(R)

We remark here that Proposition 3.4.5 states, quantitatively, that generic solutions to the

free wave equation on R with d odd emit a fixed amount of energy into regions exterior

to light cones. However, this property fails in the case R = 0 for general data (f, g) in even

dimensions (see [6]).

In the remainder of this subsection, we denote

e[ el
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For R > 1, we define the projection coefficients \; (¢, R), u1;(t, R) fori =1,.. ., k,j=1,...k,

via

M;w

k
TRue(t,r) = | ue(t,r) it R Byt r) Z (t,R)yr?=4 ] . (3.4.14)
We now give identities relating ue to the coefficients \;(t,7), p;(¢,7) and an equivalent way
of expressing the relative size of ||Tgtc ()3 (,>r) and ||7r]l;iﬂ’e(t)||H(T2R) using projection

coefficients.

Lemma 3.4.6 (Lemma 4.5, Lemma 5.10, [18]). For each firted R > 0, and (t,r) € {r >

R+ |t|}, we have the following identities:

k
r) = Z Aj(tr)r?i =,

p2i+2j—d

/ Ayue(t, p)p*~ 1dp—z,u]trd Ty V1<i<k,

k

[— ._ ] C

,uj(t,r):Zrd 2 QJm/ atuetp) 2i— ldp, V1<@<k
1=1

Ai(t,r) = J (ue(t, r)rd_Qj

d—2;
k=1 o d—2i-2j oo
(20)djqqr J 1
+ Ty : ue(t, p)p* dp),
—

d—21—2j

where the last identity holds for all j < k and

I <j<(d —2j — 2I)

C; = N 9 —~ ] S k’

T Mg (20 = 27)

o H1<l<k(d+2 27 —2I) L<ji<h

= L 1<j<k
) cicfiany (20— 29)
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Also, the following estimates hold

k k )
7 Rite (0131, ry Z( (t, R) PL?Z—*) +Z<W (t. R)R% % ) |
—1 et
= & + d—1\ 2
HW}%@)H%‘(QR):/R N RN e DD DI T e
i=1 et

where the implied constants depend only on d.

We now proceed to the first step in proving Proposition 3.4.4.

Step 1: Decay rate for 73, (t) in H(r > R)
In this step we establish the following decay estimate for Wﬁﬁe (t).

Lemma 3.4.7. There exists Ry > 1 such that for all R > Ry and for all t € R we have

I gziie () l3psr) S B 7Rt (t)lla>r) + Rid/Q"”Rﬁe(””%(@R) (3.4.15)

+ R ||7TRﬁe<t)H§-[(T‘ZR).

Since we are only interested in the behavior of i (t,r) in exterior regions {r > R + |t|},
we first consider a modified Cauchy problem. In particular, we can, by finite speed of
propagation, alter V, Fe, and G, appearing in (3.4.2) in the interior region {r < R + |t|}

without affecting the behavior of @, on the exterior region {r > R + |t|}.

Definition 3.4.8. Let R > n. For a function f = f(r,u): [n,00) x R — R, we define

f(R+[t],u) ifn<r<R+|t
fR<t7r7 u) = ) (t77a7 u) E R X [777 OO) X R

f(r,u) if r > R+ |t]
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We now consider solutions to a modified version of (3.4.2):

d— 1arh = Ngp(t,r,h), (t,r) e R x (R\B(0,n)),
. (3.4.16)

h(0) = (ho, h1) € Ho(r = n),

OPh — 92h —

where Ho(r > n) = {(hg,h1) € H(r > n) : hg(n) =0} and
NR(t, T, h) = — e’R(t,’I")h + Fe,R(t,T, h) -+ G€7R(t, T, h)

We note that from Definition 3.4.8 and (3.4.8), (3.4.9), and (3.4.10), we have

(

(R+th~™%  ifn<r<R+]|t,
Ve.r(t,7)] S (3.4.17)
r4 if r > R+ |t],

\
,

(R+[E)3[pPP ifn <r < R+|t,
[Fe,r(tmh)| S (3.4.18)
r=3|h)3 if r > R+ Jt,

\
(

(R+[E)T PR} ifn<r< R+,
Ge,r(t, )| S (3.4.19)

rd=5|p|3 if r > R+ [t].
\

Lemma 3.4.9. There exist Ry > 0 large and 6o > 0 small such that for all R > Ry and all

(ho, h1) € Ho(r > 1) with

1R, 1) |34 (=) < 0,

there exists a unique globally defined solution h to (3.4.16) such that

(d—4)/3 h‘

L@ 0y S IO (3.4.20)
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Moreover, if we define hy, to be the solution to the free equation a?hL — Ahp, =0, (t,x) €

R x (RN\B(0,7)), hr(0) = (ho, 1), then

sup [|1(t) = AL ()32 S B2 IEO gy + B2 1RO 320
teR (3.4.21)

Proof. For the proof, we use the shorthand notation R% = R%\ B(0, ). The small data global
well-posedness and spacetime estimate (3.4.20) follow from standard contraction mapping

and continuity arguments using the following Strichartz estimate: if h is a radial solution to

8t2h — Ah=F on R x Ril with h(t,n) = 0, V¢, then

d—4)/3 h
”T( / hHL?L?;(Rng) S PO o) + I1F1 L) 22 R xr):

This estimate follows from [12] and an argument similar to the one used to establish (3.3.3).
Rather than give the details for proving (3.4.20), we prove (3.4.21) since the argument is

similar. By the Duhamel formula and Strichartz estimates we have

sup 17(t) = hp(Dllgg =) S INR( S L2 rxre)

5 ”Ve,RhHL%L%(RXRg) + ||Fe,R<'7 'vh)HL%L%(Rng)

+ |Ge,r(, -, h)”LgL%(Rngf)’

The third term is readily estimated by (3.4.19) and (3.4.20)

||Ge,R('a ) h)”L%L:%(Rngf) 5 R_1||7”d_4h3||L%L320(RXRg) 5 R_1||h(0)||;))-[(7«277)‘
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For the first term we have

—(d—4)/3 H ‘ (d—4)/3 H
IVe,rhl £ 2 (e < HT Ve.r L2r3®xry | h LILS(RxRY)
By (3.4.17)
—(d—=4)/3y, H < p—2
HT SR L3238 RxRe) ~
Thus, by (3.4.20)
—(d—4)/3 H ’ (d—4)/3 ‘ —217
I Vet oo ey I M sy S B IO

Similarly, using (3.4.18), (3.4.20) and the Strauss estimate valid for all radial f € C’(‘)X’(Rfkl)

2-d
QIS TT”Vf"L2(Rg),

we conclude that || Fy m(, - 1) 11 12 ) S R2(1R(0)]13,5.)

which proves (3.4.21). O

Proof of Lemma 3.4.7. We first prove Lemma 3.4.7 for ¢t = 0. For R > 7, define the trun-

cated initial data g (0) = (ug,g, u1,r) € Ho(r = n) via

¢

ue(0,7) if r > R,
ug p(r) =
\ ;:Zue(O, R) if r <R,
(
Orue(0,7) if r > R,
up p(r) =
0 if r < R.

\
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Note that for R large,

1) I3y S 17e(0) 2= R) (3.4.24)

In particular, by (3.4.7) there exists Ry > 1 such that for all R > Ry, HﬁR(O)HH(TZn) < o
where dg is from Lemma 3.4.9. Let ug(t) be the solution to (3.4.16) with initial data
(ug,r>u1,R), and let ipg 1,(t) € Ho(r > n) be the solution to the free wave equation Q?uR,L —

Aupp =0, (t,r) € R x RY, ir 1,(0) = (up,g, u1,R)- By finite speed of propagation
r> R+ |t|] = ug(t,r) = de(t,r).
By Proposition 3.4.5, for all £ > 0 or for all ¢ <0,

1o i
7R UR L% >Ry S NUR,LE 3 (r>R4pt))-

Suppose, without loss of generality, that the above bound holds for all ¢ > 0. By (3.4.21) we

conclude that for all ¢ > 0

lde @3> rr1t)) = 1R, L3> Rr 1) — 1ERE) =GR, LE31(r2n)
> cllngiin,L(0)lyesr)
= R urO)llgyrzy) + B PNTRO 2

+ R*1||UR(0)||§H(TZ77)]’

Letting ¢ — oo and using the decay property (3.4.7) and the definition of (ug g,u1 g), we

conclude that

el S B2 ez ry + B V20(0) 3y 5y + B e () pm )
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Note that [|ie(0) H%—L(TER) = ||7T1J§ﬁ@(0)”3{(r21%) + ||7TRﬁe(0)||%[(TZR). Thus, if we take R large
enough to absorb terms involving Hﬂﬁﬁe(())HH(rZ R) into the left hand side in the previous

estimate, we obtain for all R > Ry

1750 3> ) S B 17 Rue(0)ll3(r> 1) + R_d/2||7rRﬁe(O)||’?{(r2R)

£ R e (0) [y, = .

as desired. This proves Lemma 3.4.7 for ¢t = 0.

For general ¢t =t in (3.4.15), we first set

(

ue(tg, ) if r > R,
uO,R,to -
\}g—__%ue(to, R) if r <R,
(
Orue(to, ) if r >R,
ul,R,tO = 3
0 ifr < R.

\

By (3.4.7) we can find Ry = Ry(dp) independent of ¢y such that for all R > Ry

(w0, R, 10> u1,R 1) 191 (rmm) S NlTe(t0) 3> R) < do-
The previous argument for ty = 0 repeated with obvious modifications yield (3.4.15) for
t=tp. O

Before proceeding to the next step, we reformulate the conclusion of Lemma 3.4.7 us-
ing the projection coefficients \;(t, R), j1;(t, R) for w(t). The following is an immediate

consequence of Lemma 3.4.6 and Lemma 3.4.7.

Lemma 3.4.10. Let \i(t, R), pj(t, R), 1 <i < k, 1< j <k be the projection coefficients as
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n (3.4.14). Then there exists Ro > 1 such that uniformly in R > Ry and t € R

r

(&«x\i(t,r Fﬁ) —I—Z((?T,u] t,r)r d21>2dr

Jj=1

M

I
L

k
Z 42 d— 6|)\ ZfR)| R8i73d74‘)\i(t7 R>|4+R12i73d78’)\i(t’R)‘6

k
ZR‘“ g, R)Z A+ BRI (e, R) A+ RT3 (e, R

Step 2: Asymptotics for . (0)

In this step, we prove that . (0) has the asymptotic expansions (3.4.11), (3.4.12) which we

now formulate as a proposition.

Proposition 3.4.11. Let ue be a solution to (3.4.2) which satisfies (3.4.7). Let 1(0) =

(te,0,Ue,1). Then there exists o € R such that

rd2ug o(r) = a+ O(r2),

(o] . .
/ e 1 (p)pP Ldp = O~ =1,k
T

as r — OQ.

The proof of Proposition 3.4.11 is split up into a several lemmas. First, we use Lemma

3.4.10 to prove the following difference estimate for the projection coefficients.

Lemma 3.4.12. Let 1 < g where oy is from Lemma 3.4.9. Let R1 > Ry > 1 be large

enough so that for all R > Ry and for allt € R

[de(®)ll3(r>R) < 01,

R? < d7.



Then for all .7’ with Ry < r < v’ < 2r and uniformly in t

k
Ni(t,r) = Xi(t,r)| < P2l P23 Ni(t,r 4 plimd=2 Ni(t,r 2 4 pbimd— Ai(t,r 3
) )
1=1
. k . N .
+ T_2j+1 Z T22_2|Mi(t7 T)|2 + T4Z_d|:ui(t7 T’)|2 + T61_d_1|ui(t7 T)|37
=1
(3.4.25)
and
. ‘I;: . . .
i (t, ) = (6] S 72 eI )|+ RN () 4 ST N ()P
=1
. k . . .
+r By B2 )P At ()P O ()P
1=1
(3.4.26)

Proof. By the fundamental theorem of calculus and Lemma 3.4.10 we have, for all r, 7’ such

that Ry <r <7r' <2r,

/ 2
!M@ﬂ—M@WW=<K %Mmm@)

r! Dy ! gyl 2
< ( / p 4”‘”161/)) ( / (/)2‘7 2 aM(lﬁ,p)) dp)
T T

k
< 7'_4j+d+2 Z T4i_d_6’)\i(t, 7,)‘2 + TSi_3d_4‘)\i(t, 7”)|4 + T12i_3d_8‘)\i(t, 7“)|6
=1
k
+ 7“_4j+d+2 Z r4i_d_4|:ui(ta ’I“)|2 + TSi_3d|/Li(t, ’I")|4 + T12i—3d—2|ui(t7 ’I")|6
i=1

which proves (3.4.25).
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Similarly, we have

. r’ . d—1
i (t,7) — (b)) 2 < p 404 (/ (02*7_20puj(t,p))2dp>
T

k
5 T_4j+d Z T’4i_d_6|/\i(t, T)‘Q + T8i_3d_4|)\i(t, T’)|4 + T12i_3d_8‘)\i(t, 7’)|6
1=1
k
Y T (1) P ST g (1) [ R ()
=1
which proves (3.4.26). O

We note that with §; and R fixed as in Lemma 3.4.12, we have by Lemma 3.4.6 for all

r > Ry and uniformly in time

d - .
NP S8 vl <i <k, .
3.4.97

it ) S0t 2, Vi<j<k

By using this observation, a simple consequence of Lemma 3.4.12 is the following.

Corollary 3.4.13. Let 57 and Rq be as in Lemma 3.4.12. Then for all r,v" with Ry <r <

r' < 2r and for allt € R

k
Vit ) = Nt S o | YT E N )+ > T ()] | (3.4.28)
i=1 i=1
k k
i (t,7) = (6,7 S ton | Y e TN )+ Y T e, ] (34.29)
i=1 =1

Before proceeding further, we state point wise and averaged difference (in time) estimates

for the projection coefficients that will be used in the sequel.

Lemma 3.4.14 (Lemma 5.10, Lemma 5.12 [18]). For each R > 0, r > R, and t| # ty with
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(tj,r) € {r > R+ [t|} we have for any 1 <j<j <k

[Aj(t1, ) — Aj(te,7)|

L k o (3.4.30)
<SP 2, r) = Aplta ) + Y er_z’/t um(t,r)dt‘,
m=1 2
as well as for any 1 < j <k
1 2R k CZCJ t2 d
— (t (t I(i,7)+ 11(i,5)dt 3.4.31
i =yt ;d_2_2]/ G.) + TG j)dt,  (34.31)
with
- 1 —9j— 2R 12 —2j—
I(i,j) = —E(ue(t,r)rd 2j 1)|: n (20 —2j— 1)R/R Ue(tﬂ")rd 22y
(202 +R3)(2z 2) / (d-2i-2] / we(t, p) o2 3 dpdr, (3.4.32)
R r

o 1 2R i o 00 -
H(”):E/R rd=2i 27/ [~ Ve(p)ue(t, p) + Ne(p, ue(t, p))] p*~Ldpdr.

r

Subtleties arise depending on when d = 7,11,15,... (¢ is even) and when d = 5,9,13, . ..
(¢ is odd) which are due to the relationship between k and k. We first prove Proposition

3.4.11 in the case that ¢ is even. When / is even, we have the relations
d=4k—1, k=Fk+1.

We now establish a growth estimate which improves (3.4.27).

Lemma 3.4.15. Let € > 0 be fized and sufficiently small. Then as long as 61 as in Lemma
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3.4.12 is sufficiently small, we have uniformly in t,

p‘}%(tv T)l S re,

g (8,7 S s

o 3 (3.4.33)
INi(t,7)| S rPRmHTRB w1 < g <k,
ity )| S r2R2 343 v <<k
Proof. If r > Ry, by Corollary 3.4.13 we have,
é . . k . .
At 2r)] < (14 CO) Nt )| + OO [ D 2Nl r) [+ > r® 2 (e, |
=1 1=1
(3.4.34)
k k
1t 20)] < (L4 Co) (8, m)[ 4171081 [ D r 2Tl r) [+ r 4 (8, 7)|
=1 =1
(3.4.35)
Fix rg > Ry and define
E . 7 k . ~
an = D020 2Nt 20|+ D(2r0) % 1,2
=1 1=1

then (3.4.34) and (3.4.35) imply

any1 < (14 C(k + k)o1)an

By induction

ap < (1+C(k+ %)51)”&0
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Choose 61 so small so that 1+ C(k + k)d; < 2¢. We conclude (using the compactness of )

that
an < 2" < 27€,
whence by our definition of ay,
i, 2770)] S (2770) P2 (8, 2rg)| S (2rg) PR (3.4.36)

which is an improvement of (3.4.27).
We now insert (3.4.36) back into our difference estimates (3.4.25) and (3.4.26). We first

note that by (3.4.36) and the relation d = 4k — 1 > 7, we have the estimates

(2"70)% 3N (t, 2rg)| S (2rg) 2T
(20) =472\, (¢, 2|2 < (27rg) TR < (20g) 2R3 3 (3.4.37)

(2770) AN (8, 2P S (27g) PR
as well as

(2n7a0)2z—2w(t, 2"rg)| < (2”7.0)2]6—34_67
(2rg) g (£, 2g) |2 S (2rg) ~HERE < (2g) 2RI (3.4.38)

(27r0) " i1, 2" r0) P S (27rg)PF AT,

Thus, by (3.4.25) and (3.4.26), we deduce that

I\ (2 rg) — Aj(t,27r0)| < OO |\ (2"r0)] + C(2"r) 2k 25 —243¢ (3.4.39)

1 (£, 2" L) — i (£, 2™r0)| < OOy (2"r0)| + C/(2"rg) 2R3 —343¢ (3.4.40)
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From this we obtain
A (.2 o) | < (14 Ca)|;(2rg) | + C(2Mrg) 27243,
Using that we have chosen §; so that (1 + Cd1) < 2¢ and iterating we obtain

n 7 .
Xt 2770)] < (2" Nj(t,r0)| + O Y (27Mrg) PRI TR 2,

m=1

In the case j = k, the previous estimate is easily seen to be O (2¢") since the first term
dominates, while if j < k, we have the previous estimate is O ((2”r0)2k_2j _2+36> since
then the second term dominates. A similar argument applies to the p;’s, and we conclude

that

AL (8, 2"r)] S (2"70)",
g (£, 2""0)| S (2""7),

o (3.4.41)
X (2, 27r0)| < (27rg) 2K 27243 w1 < <k,

Y

li(t, 2"r0)| S (2rg)?FTRTIT vi <<k

~Y

The estimate (3.4.41) is uniform in time and an improvement of (3.4.36). Let r > rg with

2y < 1 < 2"Flrg. We plug (3.4.41) into the difference estimate (3.4.25) and obtain
[N, (6] < (L4 Co)IA (1, 2r) | + C(27rg) 72T 72H3¢ < (27rg)© S .

The other estimates in (3.4.33) are obtained by similar reasoning. This concludes the proof.

O
The following corollary is a consequence of the proof of Lemma 3.4.15.

Corollary 3.4.16. Let € and d1 be as in Lemma 3.4.15, let rg > Ry be fized, and let
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je{1,... k}. If there exists a > € such that for alln € N,
X, 27 rg) | < (1+ C81)|Aj (5, 2r0)] + (2770),
then for all r > rq
At ) S e,

uniformly in time. A similar statement holds for the p;’s as well.

We now use the previous lemma as the base case for an induction argument. The main

goal is to prove the following decay estimates for the projection coefficients.

Proposition 3.4.17. Suppose d = 7,11,15,... and €, §1,r¢ are as in Lemma 3.4.15. Then

uniformly in time, the following estimates hold:

()| SrmPHe vi< <,
At ) S, (3.4.42)

it )| S eI V< <k
Proposition 3.4.17 is a consequence of the following proposition with P = k.

Proposition 3.4.18. With the same hypotheses as in Proposition 3.4.17, for P =0,1,...,k

the following estimates hold uniformly in time:

A ()] S 2 P=D=248e g1 < < fowith j £ R — P,
Ai—p

()| S P2 P31 << with j £ k- P,

()| <,
(3.4.43)

lug—p(t,r) ST
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Proof of Proposition 3.4.18. As was mentioned before, we prove Proposition 3.4.18 by in-
duction. The base case P = 0 is contained in Lemma 3.4.15. We now assume that the
estimates (3.4.43) hold for P with 1 < P < k — 1 and wish to show that the estimates
(3.4.43) also hold for P + 1. The proof is divided into several lemmas. The bulk of the
argument is devoted to proving that the coefficients A; _, and pj_ p satisfy certain decay

estimates. We first show that they have spatial limits.

Lemma 3.4.19. There exist bounded functions aj_ ,(t) and B_p(t) such that

N p(t.r) —ap_ o) =0(r?), (3.4.44)

g p(t,7) = Br_p(t)] = O(r ™), (3.4.45)

where the O(-) terms are uniform in time.

Proof. Fix rg > Rj. We insert the estimates (3.4.43) furnished by our induction hypothesis
into the difference estimate (3.4.25). We first note that based on (3.4.43), we can estimate

the sum excluding the coefficients A;_ , and py_p:

k
D (@M0) 2 3N (E 2" r0)| 4 (27r0) T2 (¢, 2|2+ (27r) YA N (¢, 2g)) P
i£k—P
k
+ > (2M0)P R i, 2Mr0) [P A (27ro) T (1, 2r0) |2 4 (27r0) O a2, 27rg) P
i#k—P

< (2n7,0)2(k—P—1)—3+36 + (2”7”0)_413_5—’_66 + <2nr0)2(k—3p—1)—7+96.
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In particular, we have the following estimate which will be used repeatedly,
Z: . . .
Z (2770)* 3 |Ai(t, 2™r) | + (2"r0) I (1 2 r0) [P 4+ PO T (8, 27r) P

+ Z r0) 22 i (£, 2702 + (2r0) 4 i (1, 27r0) |2 + (270) 0 i (8, 273
i#k—P
< (QnTO)Z(IE:—P—l)—S—&-Be'

(3.4.46)
Using (3.4.43) and the relation d = 4k — 1, k = k — 1, we estimate
(2"r0) 2PV BN, 2r0) [+ (27r0) TR, 2rg) P
o+ (2r) A (1, 27r0) P (2°00) ") R g p (1, 27r) .
3.4.

+ (27r) B =PV |y p(8,270) | + (27r0) S P) =L b8, 273

< (2n7,0>2(kfp)73+3e.

Inserting (3.4.46) and (3.4.47) into our difference estimates (3.4.25) and (3.4.26), we deduce

for each n € N

£,2" o) — A p(£,2"rg)] S (2g) THT,
(3.4.48)

g p(t, 2" r0) — ppp(t, 2"r0)| S (27rg) 1T

il

From (3.4.48), we deduce that

xXO
Zw (£,2" rg) — A p(t,2Mr)| S Y 27 <
n=0
0
Z g p(t, 2" o) — e p(t,27rg)] < Y 2078 <
= n=0
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uniformly in ¢. In particular, for all £ € R there exist a];_P(t), Br_p(t) € R such that

nlggo /\ff—P(t’ 2"ro) = CYl~c—P(t)’

lim ,uk_p(t, 2”7’0) = @];_P(t),

n—oo

with the estimates

ap_p(t) = A p(t.2"r0)| S (2"rg) 25,
P P (3.4.49)

|Bk—p(t) — mg—p(t,2"70)| < (2"r) 13

Since the compactness of we(t) implies [Az (¢, 70)| is uniformly bounded in ¢, we have

via (3.4.49)

o _p()] < laj_p(t) = A_p(t,ro)| + [ _p(tro)| S 1
uniformly in ¢. Thus,

A p(t,2"r0)] S 1,

ipl

uniformly in ¢ and n. Similarly, 5;._p(t) and |ug_ p(t, 2"rg)| are bounded uniformly in ¢ and

n. In conclusion, we have
(A p(t:2"ro)| + |- p(t,2"0)| S 1 (3.4.50)

uniformly in ¢ and n.

Let 7 > rg with 2"rg < r < 2"Flrg. If we insert (3.4.50) back into the difference
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estimates (3.4.25) and (3.4.26), we deduce that

N p(tr) = A p(t.2"r0)| S (2rg) 2 S,

(3.4.51)
lk—p(t,7) = pp—p(t,2"r0)| S (2"r0)H S,
which imply the following improvements of (3.4.49)
g p(t) = Np_p(t,2"r)| S (2"r9) 7,
P P (3.4.52)

Br—p(t) = i p(t.2"r0)| S (2"r0) ™

Finally, using (3.4.51) and (3.4.52) we conclude that

laj_p(t) = A _pt ) Slap_ p(t) = A p(t,2"r0)| + (A _p(t,7) — A _p(t,2"70)]

< (2%) 2 <Y
and

Br—p(t) = pp—p(t, 1) S 1Br—p(t) — pp—p(t,2"ro)| + |up—p(t,r) — pg—p(t, 2"ro)|

< (2"ro) <L

This concludes the proof. O

A corollary of Lemma 3.4.19 is the following preliminary asymptotics for ..

Corollary 3.4.20. We have

r_Q(k_P)+due(t, r)=a;_p(t)+ O(r=2139), (3.4.53)

The O(-) term is uniform in time.
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Proof. By Lemma 3.4.6, (3.4.44), and our induction hypotheses (3.4.43), we have

J
j=1
k _
=a;_p(t)+ Z /\j(t,r)r2j 2k=P) 4 O(r=2?)
J#k—P

uniformly in time. O]

A corollary of the proof of Lemma 3.4.19 is the following.

Corollary 3.4.21. Suppose that for all r,r" with Ry <r <7’ < 2r, we have
(") = Nt )| S e

with a < 0. Then X\;(t,7) has a limit, aj(t), as r — oo. Moreover, a;(t) is bounded in time

and
(L, r) — o) Sr ¢

uniformly in time. A similar statement holds for the pi;’s.

We will now show that

We first show that a;_ ,(¢) is constant in time.

Lemma 3.4.22. The function a];:_P(t) s constant in time. From now on, we will write

aj_p in place of ap_ p(1).
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Proof. Let ty # t1. By (3.4.30) with j = k — P and j/ = k — P — 1, (3.4.44), and our

induction hypotheses (3.4.43) we have

g plt2) = g p(t)] S IV plta,r) = N _p(t1,r)[ + O )

SN py (b2,m) = A _p (t1,7)]
ko oty N

+ > / p2m=2k=P)) (8 r)|dE + O(r )
m=1"4

ST 4ty — t]).

~Y

We let r — oo and deduce that ag_ ,(t2) = oz p(t1) as desired. O

We now show that o, = 0. As a consequence, we will also obtain the fact that Sy p(t)

1S constant in time.

Lemma 3.4.23. We have aj_p, = 0 and Br_p(t) is constant in time. From now on, we

will write By_p in place of B_p(t).

Proof. The key tool for proving both assertions is Lemma 3.4.14. By (3.4.31) and (3.4.45)

we have

1 [2R
Bicplta) = Aop(t) = [ Bupliz) = opltn)ar

2R
= l/ —p(ta,7) — p—p(t1,7)ldr + O(R™1)

15
CiCk—p . )
I(i,k— P II(i,k— P)dt
Zd—zz—zk P)/ (i )+ HG )

where I(i,k — P) and I1(i,k — P) are defined as in (3.4.32). The estimates for the potential
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Ve and nonlinearity Ne, (3.4.8)-(3.4.10), along with (3.4.53) imply

) 5 T,—2k‘—2P—3 T’_4k_4P_1 r—2k:—6P—3

—Ve(r)ue + Ne(r, ue + +

< ,—2k—2P-3

~Y

Hence, using that d = 4k—1and k =k — 1, we have

1 okap [
11k~ P)| = |3 / =212k / ~Ve(p)ue(t. p)
R r

+ Ne(p, ue(t, p)lp* " tdpdr| SR (3.4.54)

We now estimate the remaining term,

. 1 - - - r=
1(i k= P) = = (ue(t,r)r 20— P)= P20

1 2R
+ (20 —2(k—-P) — 1)5/ ue(t, r)rd=2k=P)=2g,

R
(2 2+R3)( i—2) / d—2i—2(k—P) / we(t, p)p¥ 3 dpdr.
R r

By (3.4.53), we have

T‘d_Q(R_P)_Q’LLe(t,T) =0 _p + O(T_2+3€),

. o0 . oy
d—2(k—P)—2i + 2i-3 4, _ k—P —243¢

so that

2(k — P)(d — 2(k — P) — 2)

TGk =P)=— d—2i—2(k— P)

ap_p+O(R#75).
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Thus,

. to
CiCk—pP . 943
i,k — P)dt = o _
2o —2i—2(k — P) /t1 (i, k = P)dt = Co(t2 — t1)ag_p + O(R™""(t2 = t1))

(3.4.55)

where

k
Co = —Z QCick‘—P(k - P)(d_ Q(k - P) - 2)

(d—2i — 2(k — P))?

1=1

It can be shown using contour integration that Cy # 0 (see Remark 5.29 in [18] for the

explicit value for Cp). We let R — oo in (3.4.55) and deduce that

Coltz —t1)ag_p = Br—p(t2) — Br_p(t1). (3.4.56)
Since |5._p(t)] < 1 by Lemma 3.4.19 and Cjy # 0, we obtain

L. Bi—p(t2) — Br—p(t1)

- = =0.
k—P Cp ta—00 to — 11

Thus, aj_p = 0 which by (3.4.56) implies that 53 _p(?) is constant in time.

We now conclude that 5, p = 0.

Lemma 3.4.24. We have S._p = 0.

Proof. By Lemma 3.4.19, B8;,_p = p_p(t, R) + O(R™!) uniformly in time so that

1 (T _
Bor=7 [ mep(t R+ O(R™)
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Since aj_p = 0, we have by (3.4.53)

ue(t,r) = O(r—d+2(l%—P)—2+36)

)

uniformly in time. Thus, by Lemma 3.4.6 and the relations d = 4k — 1, k = k + 1, we have

T k , oo T ‘
‘/ we—p(t, R)dt‘ S ZRd_%Q(k—P)’/ / Dpue(t, p)dtp® L dp
0 — r Jo
k . m .
S Y RIED) [ (1)~ e0,p) Py
i=1 R
< RSE.
It follows that
Bi—p = O(R*/T) + O(R™1).

We set R =T and let T"— oo to conclude that 8;,_p = 0 as desired. ]

In summary, we have now shown that if (3.4.43) holds, then

Ni_p(t.r) =002,

pp—p(t,r) =00 h),

(3.4.57)

uniformly in time. We will now insert (3.4.57) back into the difference estimates (3.4.25)

and (3.4.26) to obtain (3.4.43) for P + 1.

Lemma 3.4.25. Assume (3.4.43) is true for 0 < P < k—1. Then (3.4.43) holds for P+ 1.
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Proof. We recall that by (3.4.46), we have for all » > Ry

k
D AV (A [ el PO B [ A PYICAR
i#£k—P
k (3.4.58)
5 — e 4.
> PR ) P e () P O 2, P
i#k—P

< T2(/%—P—1)—3+36

Y

with the main contribution coming from the linear terms. By (3.4.57), we have for all r > Ry

T2(k7P)73|>\];7P(t7 T)’ + 7A(/Cfp)fde|)\]~€7P<t’ 7”)‘2 + TG(ka)fdelp\]%iP(t’ T)’3

+ 22yt )| e Pyt )P P ()P (3.4.59)

< 2(k—P—1)=3+3¢

with the main contribution coming from the linear terms. Thus, inserting (3.4.58) and

(3.4.59) into our difference estimate (3.4.25), we have for all Ry <r </ < 27,

Xt rT) = Aty )| S pE P =) =243 (3.4.60)

By our induction hypotheses (3.4.43), if k—P < j < k-1, we have Aj(t,r) — 0. By

Corollary 3.4.21 we then deduce that

|)\] (t, 7")| 5 r?(k‘—(P—‘rl)—j)—Q-f—?»f
uniformly in time. If j = k — (P + 1), by (3.4.60) and Corollary 3.4.21 we also deduce that

RY:

€
k_(P+1)(tar)| 5 1 5 r

uniformly in time. Finally, if j > k — (P 4 1), we have 2(k — P — 1 — j) — 24 3¢ > € so that
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by (3.4.60) and Corollary 3.4.16

|)‘j(t7 ’I“)| S T2(I%_(P+1)_j)_2+36.

In conclusion, we have shown that

(k)| 2 (PED=I)=248e w1 < < with j £ k- (P+1),

N (pny (1) 7

uniformly in time. A similar argument establishes
pj(t,7)| S P2 PHD=I) =18 w1 < < fowith j # k — (P + 1),
g Py (&) S

This proves Lemma 3.4.25. O
By Lemma 3.4.25 and induction, we have proved Proposition 3.4.18. O]

The final step in proving Proposition 3.4.11 is to establish that A;(0,7) has a limit as

7 — oo. In what follows we denote \;(r) = A;(0,7) and p;(r) = p;(0, 7).

Lemma 3.4.26. There exists o € R such that
A (r) —a] = O 2). (3.4.61)

Moreover, we have the slightly improved decay rates

Xi(r)| < r 72, 1<j<k,

e (3.4.62)
3.4.62

()| Sre¥7 1< <k
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Proof. By (3.4.42),

S RN O T e Y (S [ P (O

M;ﬁ

1=2
k
- - o (3.4.63)
£ g )2 g, )2 S g, )
=1
< T—3-‘r3€
with the main contribution coming from the linear terms, and

ST [ e P Y | e A P (D LT (3.4.64)

We insert (3.4.63) and (3.4.64) into our difference estimate (3.4.25) and conclude that for all

r,r! with Ry <r <r' < 2r
M) = M) St
By Corollary 3.4.21, we deduce that there exists a € R such that
Ai(r) —al St
In particular, |A{(r)| < 1. This improves the estimate (3.4.64) to
e PN T | e D Y A [ e A YT (D [ (3.4.65)

We plug (3.4.63) and (3.4.65) back into our difference estimate (3.4.25) and conclude that

for all r,7" with Ry <r <7r' < 2r

M) = A ()] S

196



Thus,
M) —al Sr2

By (3.4.63) and (3.4.65) and the difference estimate (3.4.25) we conclude that for the other

coefficients, for all r,7’ with Ry <r <7’ <2r

() = A S (3.4.66)
i (1) = ()] S v E L (3.4.67)

By (3.4.42), these coefficients go to 0 as r — oo so that by Corollary 3.4.21 we conclude that

INi(r) S,

—2j—1
i (M) S ™0

This completes the proof. O
Proof of Proposition 3.4.11. By (3.4.61), (3.4.62) and Lemma 3.4.6

k

rd_Que(O, r) = Z )\j(r)TQj_Q

—_

<
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as well as

00 0i1 k 2i+2j—d
0, 0 Tdp = () ———
_ O(T‘Qi_d_l)
as desired. ]

We now establish Proposition 3.4.11 in the case that d = 5,9,13,...,i.e. whend = 2(+3
with £ odd. The case { = 1, d = 5, is contained in Chapter 2. When ¢ is odd, we have the

identities
k=k=-—— d=4k+1.

The proof of Proposition 3.4.11 for when ¢ is odd is very similar to the case when ¢ is even
but contains subtleties because of the above identities. In particular, there is an extra pu
coeflicient, ju5,, which must be dealt with before we can proceed to showing A;, 11,1 tend to
0 by induction.

We first establish an e-growth estimate for the coefficients.

Lemma 3.4.27. Let € > 0 be fixed and sufficiently small. Then as long as 61 as in Lemma

3.4.12 is sufficiently small, we have uniformly in t,

M(t, )] <€
Akt ) S,

g (8, 1) S 7€ (3.468)
Nt )| S PRI VL < <k

i (t,r)| < r2h=2=243¢ g1 <<k
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Proof. Let r > Ry. By Corollary 3.4.13 we have,

k k
Xj (8 20)] < (L4 Co) ()| + Cor | D r® 2 ()] + Y r® 2 (e, |

=1 =1
k . . k . .
1 (8,2r)] < (L+ Co1) g (8, )|+ OO | D r® 2Nt r)] + ) e 2 (e, 7))
=1 1=1
(3.4.69)
Fix rg > Ry and define
k . k _
b = > _(2"70)* 2R TN (8, 2"r0) |+ > (2r0)* s (£, 2o .
i=1 i=1

Then by (3.4.69)
bn+1 < (1 +2Ckoq)by,.
By iterating we obtain
bp < (14 2Ckd1)"bg

Choose §1 so small so that 1 + 2Ckd; < 2¢. By the compactness of w(t), bg < 1 uniformly

in ¢, and we conclude that
by < 2™y < 2"€.
By our definition of b, it follows that
(e, 2"r)| < (2"rg) M THEIEE (e, 2"r0) | S (27r0) TR, (3.4.70)
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which is an improvement of (3.4.27).
As in the proof of Lemma 3.4.15, we insert (3.4.70) back into our difference estimates

(3.4.25) and (3.4.26) and conclude that

I\j(#, 27 rg) — N (t,2%r0)| < C81|A;(2"r0)| + C(2Mrg)?R 20— 1+3¢ (3.4.71)

16,27 ) — 1 (£,270)] < 811y (2"ro)] + C@rg) #2723 (3.4.72)

with the dominant contribution coming from the cubic terms. By Corollary 3.4.16 we con-

clude that uniformly in ¢

M (t, )| <€
RYACDISE

g (8, 7] S 7
it )| S PRI v <<k,

it )] S PPERITEE V< <k,

as desired. ]
We now turn to showing that the extra term py goes to 0 as r — oo.

Lemma 3.4.28. There exists a bounded function 55(t) on R such that

s (t,7) = B(t)] S 772 (3.4.73)

uniformly in t.

Proof. We insert (3.4.65) into the difference estimate (3.4.26) with j = k& and obtain for all

Ri<r<r <2r

e (t, 1) — pge(t,7)| S 23
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The dominant contribution in the difference estimate (3.4.26) comes from the cubic term

|11:|3. By Corollary 3.4.21, we conclude that there exists a bounded function 8y (t) such that

gt 7) = Br(t)] S 2

uniformly in ¢. In particular, |ug(t,7)| < 1 uniformly in ¢ and 7. Using this information, we

can improve the difference estimate (3.4.26) with j = k to

‘Mk(t, Tl) - ﬂk(ta 7“)’ S T_Q

and conclude that

g (8 7) — Br(t)] S 2

uniformly in ¢ as desired. [l
Lemma 3.4.29. We have Si(t) =0

Proof. The proof is in similar spirit to the proofs of Lemmas 3.4.23 and 3.4.24. We first note

that by Lemma 3.4.6, (3.4.68), and the relation d = 4k + 1, we have
k .
e (t, )] = ‘Z Aj(t,r)r2i=d| < p2hmdie — =2k le (3.4.74)

j=1

By (3.4.73) and (3.4.31)
1 2R 9
k(1) ~ Bi(11) = T [ i) = mter, i + O(R )
cic ta
= Z d 2’@’“_ o / 1(i, k) + 11(i, k)dt

where I(i,k) and I1(i, k) are defined as in (3.4.32). The estimates for the potential V, and
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nonlinearity Ne, (3.4.8)-(3.4.10), along with (3.4.74) imply

|~ Ve(ryue + Ne(r,ue)| S r=270+e,

Using that d = 4k + 1 we have

. 1 2R i op 00 o
11k - ) = |7 /R pd=2i-2k-2P / = Va(p)ue(t p) + Nelp, ue(t, p)] o2 dpdr
T

S R_4+6.

We now estimate the remaining term,

TG ) = — % (gt @21y 7=2R 9 _op 1)L o t.r)rd=2k=2g
(k) = = el D[ 4 =2k = D [ et

20 — 24 2 —2) [ , 00 ,
( i +R3)( i )/ Td—2z—2k:/ we(t, p)p2=3dpdr.
R r

Using (3.4.74), it is simple to conclude that
11(i, k)| < R
Thus,
Br(t2) = Br(t1) = O(R™*T) (1 + |t2 — t1]).

We let R — oo and conclude that [5.(t2) = B(t1) as desired.

We now write (3, in place of £ (t). By the previous paragraph, we have that
B = m(t, R) + O(R™?)

where the O(+) term is uniform in time. Integrating the previous expression from 0 to 7" and
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dividing by T yields

r 2
8, = T/o L (t, R)dt + O(R™).

By Lemma 3.4.6, (3.4.74), and the relations d = 4k + 1, we have

T k ) oo T .
‘/ pg(t, R)dt‘ <D R‘Hl_zk‘/ / Opuel(t, p)dtp™ ~tdp
0 . R 0
=1

k _ - .
S RIH | (7 ) = uel0. )l
1=1

< R°.
It follows that
By = O(R*/T) + O(R™?).

We set R =T and let T'— oo to conclude that 8. = 0 as desired. O

Lemma 3.4.30. Let € > 0 be fized and sufficiently small. Then as long as 01 as in Lemma

3.4.12 1s sufficiently small, we have uniformly in t,

Akt )| S 7

g1 (t, )] S, 3.475)
N ()| S p2Rm22Fe vl < < k,

i (t, )| S PR3 VI <i<< kit k-1

Proof. We first establish

gt )] S P
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uniformly in time. By (3.4.68), we have uniformly in time

k
j— j—d— 2 j—d—4
D e T T e P A e R PV (O [

=1
- (3.4.76)

2 2l ) ()P O g, )P S 2R
1=1

where the dominant contribution comes from the linear term involving A\;. By (3.4.73) and

the fact that 5, = 0, we have
P22 g (4, )+ g () P R g ()P S (3.4.77)

uniformly in time. Inserting (3.4.76) and (3.4.77) into the difference estimate (3.4.26) with

j = k implies that for all 7,7’ with Ry <r <7’ < 2r, we have
it 1) — (L, 7)] S 75
uniformly in time. Since limy 00 (¢, 7) = 0, we conclude by Corollary 3.4.21 that

g (t, 7)) S vt (3.4.78)

uniformly in time.

We now establish the other estimates in (3.4.75). Fix g > R;. By (3.4.78)

— — —d—1
(2"70)2F 72 |pg (£, 270 + (2770) P g (£, 20 |2 + (2"r0) K0 g (8, 20 )3

5 (2”T0)2k_5+6

uniformly in time. This estimate along with (3.4.76) and the difference estimate (3.4.25)
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imply forall 1 <75 <k
|/\j(t, 2n+17~0)| < (1 + 061)|/\j(t, 2”7"0)| + C(Qnro)2k_2j_2+€,
uniformly in time. By Corollary 3.4.16, we conclude that

INj(tr)]| S PPRT272 0 v < G <k,

Akt )| S 7

uniformly in time. A similar argument establishes the remaining bounds in (3.4.75) involving
the p;’s.
O

As in the case that ¢ is even, we use Lemma 3.4.30 as the base case for an induction

argument. In particular, we will prove the following.

Proposition 3.4.31. Suppose d = 5,9,13,... and €, 61,rg are as in Lemma 3.4.30. For

P=0,1,...,k —1 the following estimates hold uniformly in time:

Nt r)| S r2R=P=i)=24e vl < <k with j # k — P,

Ne_p(t,r)] S,

~Y

_ (3.4.79)
i (tr)| S 2P =34 vl < <k withj £k — P 1,

lug—po1(t. )| ST
In we take P = k — 1 in Proposition 3.4.31, then we obtain the following.

Proposition 3.4.32. With the same hypotheses as in Proposition 3.4.31, the following es-
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timates hold uniformly in time:

Nt SroFtTe vl<g <k,

A1(E, )] S (3.4.80)

it ) S 727 Vi< <k
Proof of Proposition 3.4.31. The proof of Proposition 3.4.31 is nearly identical to the proof
of Proposition 3.4.18. Therefore, we will only outline the main steps of the proof and refer
the reader to the proofs given for the case that ¢ is even for the details. The proof is by

induction on P. The case P = 0 is covered in Lemma 3.4.30. We now assume that (3.4.79)

holds for all P with 0 < P < k — 1.

Step 1 There exist bounded functions «y._ p(t) and Bj_p_1(t) defined on R such that

M p(t,r) — ap_p(t)] S 772

1
\pg—p—1(t,7) = B—p_1(t) S 77,

uniformly in ¢. For details, see the proof of Lemma 3.4.19.

Step 2 We have
P72t r) = app(t) + O 2),

where the O(-) term is uniform in time. For details, see the proof of Corollary 3.4.20.

Step 3 The function ay,_p(t) is constant in time and from now on we write ay,_,, in place

of aj_p(t). For details, see the proof Lemma 3.4.22.

Step 4 We have aj_p = 0 and [S_p_q1(t) is constant in time. From now on we write

Br—p—1 in place of f._p_1(t). For details, see the proof of Lemma 3.4.23.
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Step 5 We have 8;._p_1 = 0. For details, see the proof of Lemma 3.4.24.

From Steps 1-5, we conclude that

MNe_p(t) = O0(r™?),

pp—p_1(t) =0 h),

(3.4.81)

uniformly in time. Inserting (3.4.79) and (3.4.81) into the difference estimates (3.4.25)

and (3.4.26), we conclude that the following holds.

Step 6 If (3.4.79) holds for all 0 < P < k — 1, then (3.4.79) holds for P 4+ 1. For detalils,

see the proof of Lemma 3.4.25.

By induction and Step 6, we have proved Proposition 3.4.31.
m

As in the case that ¢ is even, from Proposition 3.4.32 we deduce the following behavior

for Aq.

Lemma 3.4.33. There exists o € R such that
A (r) —a] = O 2). (3.4.82)

Moreover, we have the slightly improved decay rates

N S, Vi< <Kk, ( |
3.4.83
()| Sr¥7l vi<j <k

Proof. The proof is identical to the proof of Lemma 3.4.26. m

The proof of Proposition 3.4.11 for the case that ¢ odd is identical to the case that ¢ is

even and we omit it.

207



Step 3: Conclusion of the Proof of Proposition 3.4.4

Let o be as in Proposition 3.4.11. We now show that there exists a unique static solution
Uy to (3.4.2) such that @(0) = (Uy,0) on r > n (where Uy does not depend on 7). We
distinguish two cases: o = 0 and « # 0. For the case a = 0, we will show that %(0) = (0, 0)

on r > 1. We first show that if « = 0, then @(0,r) is compactly supported.

Lemma 3.4.34. Let ie be as in Proposition 3.4.4, and let « be as in Proposition 3.4.11. If

a =0, then u(0,r) is compactly supported in r € (n,00).

Proof. If @ = 0, then by Lemma 3.4.26 and Lemma 3.4.33, we have

_ (3.4.84)
i Sr 7Y Vi< i<k
Thus, there exists C7 such that for all » > n
Zz . k .

S orH N+ T )] < O (3.4.85)

j=1 j=1
Fix rg > Rq1. By Corollary 3.4.13, we have

Aj (2" )| > (1= C61)[(2"r0)]
. 7;; . k .
— Co1(2"r0) D (2" r0) P N (2" o) + Y (20) 2 i (27o), |
1=1 1=1
and
152" )| = (1 = O1) (2" )|
. ]‘% . k .
— C61(2M0) D T (@2r0) P N (2 o)| 4+ Y (20) 2 (27
1=1 =1
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We conclude that

k k
Z 2n+1 21|>\ 2n+1 )’+Z(2n+lro)2i+l|Mi(2n+lro>’
i=1 =1
k
4(1 — oy (k+k+ 1)2%“) 3 @r0) 2 N (20| + Z r0) 2 14 (27|
=1

If we fix 01 so small so that 051(/5 +k+ 1)22k+1 < %, then we conclude that

k k
Z 2n+1 21’)\ 2n+1 |+Z 2n+1 21+1’ Z(2n+1 O)l
=1 =1

k k
> 2| Y (2"r0)* N2 r0)| + Y (2"r0) i (20|
i=1 1=1
Iterating, we conclude that for all n > 0,
k k _
D2 o)+ D2 2
i=1 i1=1
k k ,
> 2" | " (ro) (o) + Y (r0)* H i(ro)|
1=1 1=1
By (3.4.85), we obtain for all n > 0,
z: . k .
> o) M) + > (ro)* H ui(ro)| < 27"Ch.
j=1 i=1

Letting n — oo implies that
Aj(ro) = pi(rg) =0, V1<j<k1<i<k

By Lemma 3.4.6 and Lemma 3.4.7, it follows that [[uc(0)l|3;(y>yy) = 0- Thus, (9rue,0,ue,1)
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is compactly supported in (7, 00). Since

’I"ll}HgOue 0( ) 07

we conclude that (ue o, ue 1) is compactly supported as well. O

Lemma 3.4.35. Let ie be as in Proposition 3.4.4, and let « be as in Proposition 3.4.11. If

a =0, then @(0,7) = (0,0) onr >n.

Proof. If a = 0, then by Lemma 3.4.34, ©e(0) = (ue,0(7), ue 1(r)) is compactly supported in

(n,00). Thus, we may define

po = inf {p ¢ [@(0)llpyrzp) = 0} < o0

We now argue by contradiction and assume that pg > n. Let € > 0 to be fixed later, and

choose p1 € (n, pg) close to pgy so that
0< Hﬁe(O)H’H(TZpl) <€, (3486)

where 01 is as in Lemma 3.4.12.

By Lemma 3.4.6, we have

k k
9 — d+2 2 2i—dN\ 2
Z(Az P0)Py ) +Z<N3 £0)0g 2) ,
i=1 Jj=1
o k k N2
DY CAY ey D S G R K
PO =1 j=1

Thus, Aj(pg) = pi(po) =0 for all 1 < j <k, 1<i<k.



A simple reworking of the proofs of Lemma 3.4.9 and Lemma 3.4.7 shows that as long

as € and |pg — p1] is sufficiently small, we have for all p with 1 < p; < p < py,

Iy ite®)llge(rsp) S (o0 = )V Impite®)lgsrzpy + [ mtte®) 1505 ) + Imptie s )

(3.4.87)

where the implied constant is independent of p. In the argument, smallness is achieved
by taking € and |pg — p1| sufficiently small, cutting off the potential term to the exterior
region {p +t < r < pg + t}, and using the compact support of @, along with finite speed
of propagation. By taking p; even closer to py so that |pg — p1| < €3, we conclude as in

Corollary 3.4.13 that

[Aj(po) = Aj(p1)| < Ce i(p |+Z\uz p)l |

i(p1 \+Z\uz )l

15 (po) — pj(p1)] < Ce

1 Mw i Mw

Since A;(po) = pj(po) = 0 we conclude by summing the previous expressions that

k

k
D i)+ D luilpr)l < C(k + k)e Z!A p1\+2|uzp1
=1

=1

By fixing e sufficiently small, it follows that
k k
> i)+ D luilpr)] = 0.
1=1 i=1
Thus, \j(p1) = pj(p1) = 0. By Lemma 3.4.6 and (3.4.87), we conclude that

||ﬁ€(0)||r2p1) =0
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which contradicts (3.4.86). Thus, we must have pg = 1 and 4.(0,7) = (0,0) for r > 7 as
desired. []

From the previous argument, we conclude even more for the case a = 0.

Lemma 3.4.36. Let a be as in Lemma 3.4.19. If a =0, then
u(t,r) = (0,0), V(t,r) € R x (0,00).

Proof. By Lemma 3.4.35 we know that if & = 0 then @(0,7) = (0,0) on {r > n}. By finite

speed of propagation, we conclude that
u(t,r) =(0,0) on {r>|t|+n}. (3.4.88)

Let ¢ty € R be arbitrary and define ug,(¢,7) = u(t + to, 7). Then iy, inherits the following

compactness property from :

VR >0, |t|1E>noo ||ut0 (t)||7-l(T’ZR+\t|;<7’>d71d7’) =0,

lim SURE ||ﬁt0 <t)||H(TZR+|t|;<T>d_1dT) = 07
S

R—o0 (¢

and by (3.4.88) 14,(0,7) is supported in {0 < r <1+ [tg|}. By the proof of Lemma 3.4.35
applied to 1, we conclude that w,(0,7) = (0,0) on r > 7. Since ty was arbitrary, we

conclude that
i(to,m) = (0,0) on {r>n},

for any tg € R. Since n > 0 was arbitrarily fixed in the beginning of this subsection, we
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conclude that

u(t,r) = (0,0), V(t,r) € R x (0,00).

We now consider the general case for a.

Lemma 3.4.37. Let « be as in Lemma 3.4.19. As before, we denote the unique {—equivariant
finite energy harmonic map of degree n by @ and recall that there exists a unique oy, > 0

such that
Q(r) =nm — a&nr—é—l + O(r_e_?’) as r — oo.
Let Qafa&n denote the unique solution to (3.2.3) with the property that
Qa—ay, (1) =nm + (a0 — o%n)r*g*1 +O0r3) asr— . (3.4.89)

Note that Qa—q,,, evists and is unique by Proposition 3.2.2. Define a static solution Uy to

(3.3.1) via
Us (r) = ()~ (Qa—ag, (r) — Q).
Then
@(t,r) = (Uyp(r),0), Y(t,r) €R x (0,00).

Proof. Lemma 3.4.37 follows from the proof for the a = 0 case and a change of variables.
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Let Qa—aq,,, be as in the statement of the lemma. We define

ta(t,r) = u(t,r) = ()7 (Qaag, () — Q1))

(3.4.90)
= u(t,r) = Uy (r)
and observe that ug solves
d—1)r
8t2ua — 872,ua — %&aua + Vo (r)ug = No(r, uq),
where the potential V,, is given by
Valr) = ()~ +2(r)~2(cos 2Qa—ay,, — 1), (3.4.91)
and N (r,u) = Fo(r,u) + Go(r,u) with
— —0—2 . 2 / :
Fo(r,u) = £(0+ 1)(r) sin”((r)"u) sin 2Qa—aqy,,,
’ (3.4.92)

(e +1)
2

(r)t-2 [QWQ _ sm(g(@%)] ¢08 2Qa—ay,.

By (3.4.89), the potential V,, is smooth and satisfies
Va(r) = 2(r) ™ + 0((r) 279,
as 7 — oo and the nonlinearities Fy, and G, satisfy

Fa(r,u)l S (r)lul?,

|Ga(r,u)| S ()32 ul?,
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for » > 0. Moreover, by (3.4.90) we see that i, inherits the compactness property from «:

VR >0, |t|lgnoo [@a (>Rt 1e)yryi-1ar) = 0

(3.4.93)
150 o (Ollyyrz R s ryi-1ar) | = O
Let n > 0. We now define for r > 7,
(ry(d=1)/2
ua,e(t, T) = r(d——l)/Zuo‘(t’ T) (3494)

and note that uq e satisfies an equation analogous to ue:

-1
Ortae + Vae(r)ua,e = Nae(r uae), teR,r>n, (3.4.95)

2 2
at Ua,e — ar Uq,e —

where

(d—1)(d—4)
2r2(r)2

(d—1)(d=5)
4r2(ryd

Va,e(r) = Va(r) — +

and Ng e(r, tue) = Foe(r, ue) + Gae(r, ue) where

- (r)(d=1)/2 r(d=1)/2
Fa,e(ra Ua,e) T (d-1))2 Fa <T>(d 1) /2 ’

()12 p(d=1)/2
Ga,e(ra Ua,e) T (d-1))2 Ga <T>(d 1) /2 '

In particular, we have the analogues of (3.4.8), (3.4.9), and (3.4.10): for all r > 0,

Vae(r)| < r (3.4.96)
|FOé,€(Tu U)| § T_3|U|2, (3497)
Gae(r,u)| < rd=3ul?. (3.4.98)
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Moreover, uq e inherits the following compactness properties from ugq:

VR >, |t|1£noo ||ua,6(t)||7-[(r2R+|t|;rd—1dr) =0,

(3.4.99)
i [s00 1 ) e )| =0
Finally, by construction we see that
Tz_dua,e,()(r) = O(T_Q)a
(3.4.100)

S . .
/ Ua7e,1(/))ﬂ2]_1dp = O(TQJ_d_l), 1=1,... k.
r

Using (3.4.95)—(3.4.100), we may repeat the previous arguments with ue o in place of u

to conclude the following analog of Lemma 3.4.35:
Lemma 3.4.38. iy (0,7) = (0,0) forr >n.
Finally, we obtain the following analog of Lemma 3.4.36:

Lemma 3.4.39. We have

forallt € R and r > 0.

Equivalently, Lemma 3.4.39 states that

u(t,r) = (U+(r),0)

for all t € R and r > 0. This concludes the proof of Lemma 3.4.37 and Proposition 3.4.4.

]
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3.4.2  Proof of Proposition 3.4.3

Using Proposition 3.4.4 and its analog for r < 0, we quickly conclude the proof of Proposition

3.4.3. Indeed, we know that there exists static solutions U4 to (3.3.1) such that
u(t,r) = (Ux(r),0) (3.4.101)

for all £7 > 0 and ¢ € R. In particular, dsu(t,r) = 0, dpu(t,r) = Opu(0,7) and u(t,r) =
u(0,7) for all ¢ and almost every 7. Let ¢ € C§°(R) with [#dt = 1 and let ¢ € C3°(R).

Then since u solves (3.3.1) in the weak sense, we conclude that

0= // r)Opu(t, r) + (1) (r)opult, r) + V(r)v(t)e(r)ult,r)
() p(r)N (r,ult,r))] (r)dLdrdt
//¢ (r)0ru(0,7) + V(r)e(r)u(0,7) — @(r)N(r,u(0,7))] (4L drat
= /[ (1) 0ru(0,7) + V(r)(r)u(0,7) — @(r)N (r,u(0,))] (r)*Ldr.

Since ¢ was arbitrary, we see that (0, r) is a weak solution in H(R) to the static equation

—02u — ( 2+i Oru + V(r)u = N(r,u) on R. By simple elliptic arguments we conclude that

u(0,r) is a classical solution. Thus, @(t,r) = (U(r),0) := (u(0,r),0) for all t,7 € R as

desired.

3.4.83 Proofs of Proposition 3.4.1 and Theorem 3.2.3

We now briefly summarize the proofs of Proposition 3.4.1 and Theorem 3.2.3.

Proof of Proposition 3.4.1. By Proposition 3.4.3, we have that @ = (U,0) for some finite

energy static solution to (3.3.1). Thus, ¥ = Qp,, + (r)fu is a finite energy solution to
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(3.2.1), i.e. a harmonic map. By the uniqueness part of Proposition 3.2.1, we conclude that

@ = (0,0) as desired. O

Proof of Theorem 3.2.3. Suppose that Theorem 3.2.3 fails. Then by Proposition 3.3.5, there

exists a nonzero solution wus to (3.3.1) such that the trajectory

K = {@(t) : t € R},

is precompact in H(R; <?”>d_1d7“). By Proposition 3.4.1 we conclude that @x = (0,0), which

contradicts the fact that uy is nonzero. Thus, Theorem 3.2.3 must hold. ]
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