
THE UNIVERSITY OF CHICAGO

EXPERIMENTAL STUDIES OF NONLINEAR INTEGRABLE OPTICS

A DISSERTATION SUBMITTED TO

THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES

IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF PHYSICS

BY

NIKITA KUKLEV

CHICAGO, ILLINOIS

AUGUST 2021



Copyright © 2021 by Nikita Kuklev

All Rights Reserved



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Overview and history of high energy accelerators . . . . . . . . . . . . . . . . 1
1.2 Current challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 LINEAR AND NONLINEAR BEAM DYNAMICS . . . . . . . . . . . . . . . . . 4
2.1 Linear beam optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1.1 Charged particle motion . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 Frenet-Serret coordinate system . . . . . . . . . . . . . . . . . . . . . 5
2.1.3 Hamiltonian for transverse dynamics . . . . . . . . . . . . . . . . . . 6
2.1.4 Magnetic elements and multipole field expansion . . . . . . . . . . . . 7
2.1.5 Linear Hamiltonian and Hill’s equation . . . . . . . . . . . . . . . . . 8
2.1.6 Linear solution properties . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.7 Courant-Snyder Parameters . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.8 Normalized Courant-Snyder coordinates . . . . . . . . . . . . . . . . 11
2.1.9 Transport matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.1.10 Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1.11 Action-angle canonical coordinates . . . . . . . . . . . . . . . . . . . 16
2.1.12 Emittance of a particle bunch . . . . . . . . . . . . . . . . . . . . . . 17
2.1.13 Closed orbit and errors . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1.14 Energy-dependent effects . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.1.15 Equilibrium emittance . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.1.16 Stability of linear systems . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Nonlinear beam dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2.1 Nonlinear elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2.2 Resonances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2.3 Space charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2.4 Decoherence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2.5 Landau damping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Nonlinear integrable optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.3.1 Nonlinear Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.3.2 Henon-Heiles or quasi-integrable lattice . . . . . . . . . . . . . . . . . 31
2.3.3 Danilov-Nagaitsev fully integrable lattice . . . . . . . . . . . . . . . . 32
2.3.4 Connection between DN and QI systems . . . . . . . . . . . . . . . . 35

iii



2.3.5 NIO perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 EXPERIMENTAL DESIGN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1 Implementation of QI and DN potentials . . . . . . . . . . . . . . . . . . . . 37

3.1.1 T-insert design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1.2 Lattice parametrization . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.1.3 Effect of DN magnet . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 The Integrable Optics Test Accelerator (IOTA) ring . . . . . . . . . . . . . . 41
3.2.1 IOTA NIO program . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.2.2 IOTA NIO lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2.3 Instrumentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 QI insert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.1 History and parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.2 Rework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.3 Rotating coil measurements . . . . . . . . . . . . . . . . . . . . . . . 52
3.3.4 Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.4 DN insert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4.1 History and parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4.2 Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4 ANALYSIS AND SIMULATION ALGORITHMS . . . . . . . . . . . . . . . . . . 57
4.1 Beam dynamics analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.1.1 Spectral analysis and tune measurement . . . . . . . . . . . . . . . . 57
4.1.2 Beam decoherence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.1.3 Optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 Simulation techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.2.1 Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.2.2 Simulation types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.3 IOTA simulation configurations . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.3.1 Particle distribution and matching . . . . . . . . . . . . . . . . . . . 83

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 SIMULATION RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.1 Quasi-integrable octupole system . . . . . . . . . . . . . . . . . . . . . . . . 86

5.1.1 Ideal system overview . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.1.2 Nonlinear potential discretization . . . . . . . . . . . . . . . . . . . . 88

5.2 Danilov-Nagaitsev system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3 IOTA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.4 IOTA with NIO inserts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.5 IOTA and NIO perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . 101
5.6 Bunched beam simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.6.1 IBS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.6.2 Kicked beam motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

iv



5.7 Accuracy of analysis algorithms . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.7.1 Tunes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.7.2 Phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.8 Experimental predictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.8.1 Dynamic aperture and tune footprint . . . . . . . . . . . . . . . . . . 122
5.8.2 Bunched beam signals . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6 EXPERIMENTAL RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
6.1 IOTA commissioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.1.1 BPM system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
6.1.2 Miscellaneous issues . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
6.1.3 Lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6.1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.2 QI measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
6.2.1 Commissioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
6.2.2 Collected data summary . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.2.3 Data exploration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
6.2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

6.3 DN measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
6.3.1 Commissioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
6.3.2 Collected data summary . . . . . . . . . . . . . . . . . . . . . . . . . 159
6.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7 CONCLUSIONS AND FUTURE WORK . . . . . . . . . . . . . . . . . . . . . . . 168
7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

7.1.1 Quasi-integrable insert . . . . . . . . . . . . . . . . . . . . . . . . . . 168
7.1.2 Danilov-Nagaitsev insert . . . . . . . . . . . . . . . . . . . . . . . . . 169
7.1.3 Simulation and software tools . . . . . . . . . . . . . . . . . . . . . . 169

7.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

A IOTA HARDWARE AND COMMISSIONING . . . . . . . . . . . . . . . . . . . . 172
A.1 Beam position monitors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

A.1.1 Run 2 commissioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
A.2 Synchrotron radiation monitors . . . . . . . . . . . . . . . . . . . . . . . . . 174
A.3 Auxiliary hardware . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

A.3.1 Kickers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
A.3.2 Wall current monitor . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
A.3.3 Direct-Current Current Transformer . . . . . . . . . . . . . . . . . . 178

A.4 QI insert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
A.4.1 Laser tracker . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
A.4.2 Pinhole alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
A.4.3 Beam-based alignment . . . . . . . . . . . . . . . . . . . . . . . . . . 183
A.4.4 Electrical testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

v



B SIMULATION AND ANALYSIS SOFTWARE . . . . . . . . . . . . . . . . . . . . 186
B.1 Simulation codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

B.1.1 Elegant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
B.1.2 MAD-X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.1.3 LIFETRAC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.1.4 6DSim . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
B.1.5 OCELOT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

B.2 pyIOTA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

vi



LIST OF FIGURES

2.1 Curvilinear coordinate system for particle motion. . . . . . . . . . . . . . . . . . 6
2.2 Courant-Snyder phase space ellipse parametrization. Emittance defines the area

(A=ϵxπ) of phase space that contains all possible particle positions, which is
preserved throughout linear motion . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Phase space x − px of Henon-Heiles 2D system - a linear cell with single thin
octupole. Empty outside areas are unstable, with lost particles. Inner circular
region is stable, and is called dynamic aperture. In between, various resonant
and chaotic motion occurs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Resonance lines up to 8th order. Black dots denote tunes of a collection of
particles with tune spread, while cyan a point-like tune of an ideal linear optics
bunch. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5 Decoherence of centroid motion for particles with a large tune spread. . . . . . . 28
2.6 NIO systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1 T-insert design with drift and focusing regions. . . . . . . . . . . . . . . . . . . 38
3.2 A drift space with varying phase advances. . . . . . . . . . . . . . . . . . . . . . 40
3.3 Linear tune of DN insert system. . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.4 Panoramic picture of IOTA ring. The nonlinear inserts can be seen in the back-

ground left and right. Image by G.Stancari/Fermilab. . . . . . . . . . . . . . . . 42
3.5 Schematic block diagram of the IOTA ring in as-designed run 2 configuration. . 43
3.6 Optical functions of the IOTA NIO lattice. . . . . . . . . . . . . . . . . . . . . . 46
3.7 CAD drawing of SLM (left) and BPM (right). . . . . . . . . . . . . . . . . . . . 49
3.8 Initial CAD model of single QI octupole. . . . . . . . . . . . . . . . . . . . . . . 51
3.9 Octupole rework. Left - wire EDM machine with octupole prepared for pole

cutting. Right - FEMM 2D simulation of corrected octupole model. . . . . . . . 52
3.10 Statistics of higher order multipole content in IOTA octupoles. Note that 12-

pole is the first allowed harmonic and is expected to be strong. Image by Joe
DiMarco/Fermilab. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.11 Octupole alignment. Left - laser shining through the one of the crown pinholes.
Right - resulting alignment path along the insert. . . . . . . . . . . . . . . . . . 54

3.12 Octupole girder during run 2. Image by G.Stancari/Fermilab. . . . . . . . . . . 54
3.13 DN insert. Left - nonlinear poles. Right - girder with installed vacuum chamber. 55

4.1 Effect of various windows on FFT spectrum. . . . . . . . . . . . . . . . . . . . . 59
4.2 Effect of zero-padding FFT with no windowing . . . . . . . . . . . . . . . . . . 61
4.3 Kicked bunch filamentation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.4 Chromatic (top) and nonlinear (bottom) decoherence envelopes. . . . . . . . . . 66
4.5 Observed tune shift as a function of turn number. . . . . . . . . . . . . . . . . . 68
4.6 Several possible pairs of BPMs for momentum measurement. . . . . . . . . . . . 72
4.7 Interplay of synchrotron damping and effective dynamic aperture reduction with

number of turns. Left image is just after a bunch is kicked, central after some
time has passed, and right after particle losses have stopped. . . . . . . . . . . . 79

vii



4.8 Dynamic aperture evaluation for typical NIO asymmetric profile. Left - DA with
active 99% survival area highlighted. Right - corresponding FMA. . . . . . . . . 80

5.1 High resolution FMA of ideal QI system. . . . . . . . . . . . . . . . . . . . . . . 87
5.2 Tune shift with amplitude for QI system. . . . . . . . . . . . . . . . . . . . . . . 89
5.3 Discretization errors introduced by using only central potential strength. Note

how blue bars do not match needed integrated strength in areas fast slope change. 90
5.4 Scan of number of octupole slices in ideal QI system, with DA limit denoted in red. 91
5.5 Scaling of dynamic aperture, detuning, and diffusion with number of elements. . 92
5.6 Various QI performance metrics as functions of the amount of empty space in the

insert at constant detuning. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.7 High resolution FMA of DN system at t = 0.3. . . . . . . . . . . . . . . . . . . . 95
5.8 Clean IOTA lattice 5D FMA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.9 6D FMA of clean IOTA lattice chromaticity correction. . . . . . . . . . . . . . . 97
5.10 FMA of IOTA with QI insert at natural and corrected chromaticities. . . . . . . 98
5.11 Scan of x and y chromaticities for fixed QI t = 0.3. . . . . . . . . . . . . . . . . 99
5.12 Scan of equal corrected chromaticities and octupole insert strength. . . . . . . 100
5.13 FMA of IOTA with QI at t=0.3 and varying equal chromaticities. . . . . . . . . 100
5.14 Optics distortions of DN magnet lattice at three commonly used strengths. . . . 101
5.15 Scan of QI DA for octupole misalignments in x and y (single seed). . . . . . . . 102
5.16 Dynamic aperture of perturbed QI insert (3 error seeds/point). . . . . . . . . . 103
5.17 Effect of optical error knobs on βx within nonlinear drift. . . . . . . . . . . . . . 105
5.18 Optics perturbations of QI insert. From top, tune advance in the insert without

chromaticity correction, tune advance in the insert with full correction, tune
advance in the ring without correction, and tune advance in the ring with correction.106

5.19 Evolution of bunch emittances for clean IOTA lattice and QI turned on to t=0.3,
starting at large flat beam of a purely linear lattice. . . . . . . . . . . . . . . . . 108

5.20 Kicks of increasing amplitude in X/Y planes in clean IOTA lattice. Columns
denote varying X amplitude of excitation, and lower kicks in each plot have
stronger Y excitations as denoted by text labels. . . . . . . . . . . . . . . . . . . 109

5.21 Y centroid data of kicks with aperture, QI, and sextupoles. Text of each kick
denotes amplitude of excitation in Y plane, the chromaticity, and the fraction of
particles transmitted for the full 500 turns. Amplitude of X plane is denote at
the bottom of each column. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.22 Normalized beam losses of kicked bunches for increasing QI strength. . . . . . . 111
5.23 Accuracy of NAFF algorithm without noise (top) and small amount of noise

(bottom) for synthetic sine wave signals. . . . . . . . . . . . . . . . . . . . . . . 112
5.24 Performance of NAFF on clean IOTA lattice signals. Confidence bands on bottom

plot were increased from standard 1σ for legibility, as denoted in the legend, . . 113
5.25 NAFF performance on QI signal for beam excited diagonally. Colors denote same

analysis algorithms as in figure 5.24a . . . . . . . . . . . . . . . . . . . . . . . . 114
5.26 NAFF performance on QI signal at split tunes. . . . . . . . . . . . . . . . . . . 115
5.27 Phase advances between all BPM pairs. . . . . . . . . . . . . . . . . . . . . . . . 116
5.28 BPM pairs suitable for X/Y momentum measurement. . . . . . . . . . . . . . . 117

viii



5.29 Momentum recovery error of various algorithms. . . . . . . . . . . . . . . . . . . 118
5.30 CS smear for linear motion with BPM noise. . . . . . . . . . . . . . . . . . . . . 118
5.31 Envelope fit of vertical QI kick signal with split tunes. . . . . . . . . . . . . . . 119
5.32 Phase space for split tune signal before (left) and after (right) envelope compen-

sation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.33 Envelope fit of diagonal QI kick signal with significant nonlinear coupling. . . . 120
5.34 Recovered invariants and scan of nonlinear strength parameter for diagonal QI

kick. Courant-Snyder (CS) amplitude decrease due to decreasing coupling oscil-
lations, not decoherence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.35 Dynamical aperture with fully corrected chromaticity (left), -5 (middle), and
natural (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.36 Tune footprint with seeds for fully corrected chromaticity (left), -5 (middle), and
natural (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.37 Signal prediction along H. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.38 Signal prediction along V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
5.39 Signal prediction along equal kick line (diagonal). . . . . . . . . . . . . . . . . . 125
5.40 FMA of kicked experimental sized bunches. Left plot shows amplitude space with

1σ contours of initial positions, and right the corresponding tune analysis results. 126

6.1 BPM TBT noise at high attenuation as a function of current. . . . . . . . . . . 129
6.2 FFT and Welch PSD of main bend power supply readback N:IBEND, showing

various noises in the ring. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6.3 Calibrations and tilts of electrostatic BPMs based on LOCO fit. . . . . . . . . . 132
6.4 Wrapped phase of calibration kick vs model. Top bar graph denotes amount of

phase lost or gained between BPMs vs expected. . . . . . . . . . . . . . . . . . . 133
6.5 Estimates of beta-beat with three different methods. Some amplitude method

point are beyond axis limits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
6.6 Beta-beat and phase variation in X and Y over several same-day collection runs. 135
6.7 Tunes of calibration kicks over several same-day collection runs showing consis-

tently small tune distance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
6.8 TBT signal at B2R after H/V ping with low sextupole settings. . . . . . . . . . 137
6.9 X/Y linear chromaticity measurement at full correction settings. Signal oscilla-

tions and gaps are due to BPM timing system fluctuations that were caused by
RF frequency changes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.10 Alignment of QI insert. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
6.11 H (orange), V (blue), and Sum (cyan) data for all kicks of a typical kick sequence.

Sum signal scale is approximately 150k to 0, with 20k corresponding to near
complete beam loss. H/V signals in mm at B1L BPM. Text labels denote kick
number and max amplitude (H/V) at IOR. . . . . . . . . . . . . . . . . . . . . . 143

6.12 Amplitude of kicks as derived from top 2 measurements in first 20 turns. . . . . 144
6.13 Comparison of kick amplitudes between nominally identical optical locations. . . 145
6.14 Various FFT windows and spans applied to challenging experimental kick data. 146
6.15 Region of interest selection for increasing horizontal kick strength. Top plot is

horizontal signal, bottom plot vertical, y-axis units in mm. . . . . . . . . . . . . 146

ix



6.16 QI FMA for +0.003 phase advance error in the ring. Marker size, if less than
standard, indicates that beam loss has occurred. Error bars are present but too
small to be seen behind the markers. Dotted gray lines are hints for expected
tune location regions, used in the peak selection and clustering algorithm. . . . . 147

6.17 Decoherence fit in X plane for QI kick at t = 0.25 and 1.3/1.6mm IOR amplitude. 148
6.18 Decoherence fit in Y plane for QI kick at t = 0.25 and 1.3/1.6mm IOR amplitude. 149
6.19 Phase space recovery with various methods for QI kick at t = 0.25 and 1.3/1.6mm

IOR amplitude. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
6.20 Invariants and their jitter for QI kick at t = 0.25 and 1.3/1.6mm IOR amplitude. 151
6.21 Resonant islands after kick near 1/4 resonance. . . . . . . . . . . . . . . . . . . 151
6.22 Beam current after pairs of identical kicks, showing variability of losses. Labels

denote H kick, V kick, and remaining current respectively. . . . . . . . . . . . . 152
6.23 Detuning fit of three QI datasets with varying insert strengths. . . . . . . . . . . 153
6.24 FMA of three nominal lattice QI datasets with varying insert strengths. . . . . . 154
6.25 One branch of nominal 1.0A FMA along with three simulation datasets. Linear

fit of experimental data indicates a mismatch with expected ξ = 0 line. . . . . . 155
6.26 FMA of three QI@1.0A datasets with varying ∆Qx,drift. . . . . . . . . . . . . . 156
6.27 Detuning fit of three QI@1.0A datasets with varying ∆Qx,drift. . . . . . . . . . 157
6.28 FMA and an example of resonant TBT signal for octupole flat current configu-

ration. Most points with any current loss exhibit some degree of resonant signals. 158
6.29 Orbit through DN magnet as measured by LOCO. . . . . . . . . . . . . . . . . 160
6.30 DN magnet detuning measurements at increasing t-strengths (see 6.8). . . . . . 162
6.31 Danilov-Nagaitsev detuning with amplitude first order fits. . . . . . . . . . . . . 164
6.32 Tune perturbations of the DN magnet. Left - +0.003 x phase advance in the ring.

Right - +0.003 x phase advance in the insert. . . . . . . . . . . . . . . . . . . . 165
6.33 Decoherence fit in X plane for DN kick at t = 0.25 and diagonal X/Y of 1.9kV. . 166
6.34 Decoherence fit in Y plane for DN kick at t = 0.25 and diagonal X/Y of 1.9kV. . 166
6.35 Standard and normalized phase space coordinates with a least squares ellipse

fit. Orange line denotes the semi-major axis, and ideally should be vertical for
normalized coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.36 Two stable orbit topology of DN magnet. . . . . . . . . . . . . . . . . . . . . . . 167

A.1 IOTA BPM system. Left - CAD model of standard housing with 4 button
feedthrough holes. Right - nonlinear correction map performed internally by
the DAQ system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

A.2 Output of a single BPM for repeating closed orbit changes. . . . . . . . . . . . . 173
A.3 Response nonlinearity to closed orbit distortions. BPM A1C outlier is expected. 174
A.4 BPM linearity inferred from mean shift of closed orbit with current. . . . . . . . 174
A.5 CAD model of SR station on top of a 30 degree dipole magnet. (a) Overall 3D

model. b) Top-down view from the optical light emission point for the vacuum
window . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

A.6 SLM prototype development. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
A.7 SLM software architecture block diagram. . . . . . . . . . . . . . . . . . . . . . 180
A.8 All 8 cameras observing an electron beam on closed orbit. . . . . . . . . . . . . 181

x



A.9 SLM applications. Left - observation of single electron in IOTA ring. Image by
A. Romanov/Fermilab. Right - an experimental station packed full of additional
equipment. Image by G. Stancari/Fermilab. . . . . . . . . . . . . . . . . . . . . 181

A.10 Transverse laser tracker alignment data. The line slope denotes the connection
between magnet (cylinder fit) faces. It is proportional to the yaw/pitch of the
magnet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

A.11 Longitudinal relative offset laser tracker data. . . . . . . . . . . . . . . . . . . . 182
A.12 Laser alignment contraptions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
A.13 Alignment measurements of QI insert with 6dsim. Offset of two lines signifies

measurements done before/after orbit shift, with expected response of just a
linear shift for all elements in questions. . . . . . . . . . . . . . . . . . . . . . . 184

A.14 Inductance measurement data. A short has reference value of 673mV. . . . . . . 185

xi



LIST OF TABLES

3.1 IOTA ring design and scientific run 2 experimental parameters. Values taken
from specified references, simulation code results, and experimental estimates. . 47

3.2 Expected errors prior to commissioning for IOTA and for a typical light source.
FSE stands for fractional strength error. . . . . . . . . . . . . . . . . . . . . . . 48

3.3 Expected final optics errors for IOTA lattice after correction. . . . . . . . . . . . 48
3.4 QI insert parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.5 DN magnet parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.1 BPM data for momentum recovery. . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.2 Key run 2 experimental parameter deviations. . . . . . . . . . . . . . . . . . . . 122

6.1 LOCO-based optics errors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.2 Summary of QI mechanical alignment survey results. . . . . . . . . . . . . . . . 140
6.3 QI alignment accuracy estimates after attempted fixes. . . . . . . . . . . . . . . 141
6.4 Summary of QI configurations explored during run 2. . . . . . . . . . . . . . . . 142
6.5 Quadratic detuning term measurement for various QI currents. . . . . . . . . . . 153
6.6 Impact of perturbations on QI system. NE stands for no observable effect com-

pared to experimental uncertainties. . . . . . . . . . . . . . . . . . . . . . . . . 158
6.7 Summary of DN configurations explored during run 2. . . . . . . . . . . . . . . 160
6.8 Summary of DN maximum detuning results. . . . . . . . . . . . . . . . . . . . . 161
6.9 DN quadratic detuning term measurements along vertical kick line. . . . . . . . 163

A.1 IOTA kicker parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

xii



ACKNOWLEDGMENTS

First and foremost, a big thank you to my Fermilab co-advisor, Alexander Valishev. I had

little knowledge of accelerator physics coming in, and your innate grasp of both the theory

and the hands-on implementation was inspiring. My experiments have not always gone as

expected, but your optimism and support helped me continue to explore further.

I would like to thank my UChicago co-advisor, professor Young-Kee Kim, for her relentless

drive in making me document, write, and rigorously quantify my work. You also made sure

I had all the resources and support, and could focus on the science.

Many parts of this research were done in collaboration with members of our nonlinear

integrable optics group - Sasha Romanov, Sebastian Szustkowski, and Sergei Nagaitsev.

Thank you all for advice and ideas. I owe special thanks to Sasha for his expertise in storage

ring tuning, and inspiring me to write my own tools.

I am grateful to the Fermilab FAST/IOTA team - Jamie Santucci, Dean Edstrom, Mark

Obrycki, and all the support staff. You were always happy to help at any time of day or

night, and came through when it counted most.

Thank you to my UChicago groupmates. Stas, you have taught me a lot both about

physics and life of physicists. Matt and Lipi, our conference travels, office debates, and sushi

dinners were amazing and the best kind of emotional support.

Finally, I owe the opportunity to write this thesis to my family. Their investment into

my future and unconditional support is a privilege the value of which I only now understand.

xiii



ABSTRACT

State-of-the-art accelerators at energy and intensity frontiers require increasingly bright and

powerful particle beams. In conventional linear lattices, intense beams suffer from collec-

tive instabilities, resulting in beam losses and maximum beam intensity limits. This thesis

presents experimental studies of a novel lattice design concept, the nonlinear integrable

optics (NIO), aimed at enhancing beam stability limits with little to no beam dynamics

degradation. Single-particle beam dynamics measurements of two NIO devices, the quasi-

integrable octupole system and the fully integrable Danilov-Nagaitsev system, were carried

out at the purpose-built Integrable Optics Test Accelerator (IOTA) at Fermilab. Their sim-

ulation, hardware design, and commissioning process are presented. Extensive model and

analysis algorithm development and benchmarking is described. Electron beam data from

two scientific runs is analyzed, yielding frequency and phase space dynamics consistent with

models. These results demonstrate viability and advantages of the NIO design, providing

the groundwork for proton studies in the strong space-charge regime and future integrable

accelerators.
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CHAPTER 1

INTRODUCTION

Over the past century, particle accelerators have had a profound effect on human society,

furthering our understanding of fundamental physics and basic sciences, and finding in-

dustrial and medical applications. During that period, accelerator designs have undergone

many improvements in efficiency, beam energy, and beam quality to meet the ever increas-

ing demands. Current state of the art machines, like the Large Hadron Collider (LHC) at

the energy frontier and Advanced Photon Source upgrade (APS-U) fourth generation light

source, push many of the existing approaches to their limits. Next generation of accelera-

tors will require further, novel advances in our understanding of beam dynamics and design

strategies. One of key challenges to be solved are the beam instabilities, which limit further

power increases. This thesis introduces and experimentally studies a novel class of instability

suppression lattices based on the concept of nonlinear integrable optics.

1.1 Overview and history of high energy accelerators

First particle accelerators were motivated by particle physics research into atomic structure.

In 1932, within weeks of each other atoms were split by Cockcroft and Walton with an

electrostatic linear accelerator and by Ernest Lawrence with a circular resonant accelerator

called a cyclotron [1]. Larger and higher energy cyclotrons followed, but quickly reached

the relativistic limits of synchronous radio frequency (RF) drive. A new design with vari-

able RF, a synchrocyclotron, was used to push energies further but could only accelerate a

single particle bunch at a time. The next evolutionary step was splitting the single large

cyclotron bending field into smaller dipole magnets, forming a ring. However, this created

significant challenges in confining (focusing) the beam transversely and longitudinally. The

latter problem was solved with dedicated RF cavities, enabling first synchrotrons. However,
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these machine only used the weak transverse ‘constant-gradient’ focusing integrated within

dipoles [2]. They had large beam sizes (i.e. 64cm x 15cm in Cosmotron), and required vast

vacuum chambers and large aperture magnets. In 1952, Courant and Snyder proposed a new

synchrotron design with dedicated alternating gradient focusing quadrupole elements, the

‘strong focusing’ concept [3]. Strong focusing revolutionized the field, reducing accelerator

costs and enabling a leap in energies. Construction of first particle colliders started shortly

thereafter. Since then, the core accelerator lattice design has remained unchanged, and all

modern circular machines are alternating gradient synchrotrons.

1.2 Current challenges

While alternating gradient design has persisted to this day, a number of technological im-

provements have happened - superconducting magnets and accelerating cavities, advanced

magnets and RF devices, beam cooling, active feedback systems, numerical simulation tools,

and many others. Combined with increasing accelerator sizes, this allowed for continuous

increase of collision energies, culminating with the current energy frontier machine, the Large

Hadron Collider (LHC), at 27km in length and center of mass energy of 13TeV [4]. However,

accelerator’s scientific output depends not only on beam energy but also its intensity and

brightness. In colliders, beam brightness determines luminosity - the ratio of the number

of events in a certain time to the interaction cross-section. In beam-on-target facilities like

spallation neutron sources or neutrino factories, beam intensity corresponds to beam power

- the product of particle energy (in electron-volts, eV) and beam current. Modern facilities

like the Spallation Neutron Source (SNS) are capable of multi-MW beams, and are planning

further upgrades.

The most straightforward way to increase beam power is to accelerate more particles while

maintaining same focusing. However, high particle densities lead to significant electromag-

netic interactions between particles themselves and with the environment. This effect, called
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‘space charge’, complicates beam dynamics significantly. It is usually detrimental, leading to

eventual instabilities, beam quality degradation and particle losses. Since accelerator com-

ponents and enclosures are limited in how much radiation they can absorb (∼ 1W/m), space

charge driven losses place a limit on maximum beam power. Increasing intensity requires

improved control and mitigation of space-charge effects. Many such schemes have been pro-

posed and implemented - multi-level collimation, phase-space painting, active feedback and

instability suppression, extensive numerical optimizations, and others. However, these are

all incremental improvements and many are reaching fundamental limits. Next generation

of accelerators will require further, novel advances in our beam dynamics understanding and

design. This thesis studies one such scheme, the nonlinear integrable optics.

1.3 Organization

The work presented in this dissertation consists of design, simulation, construction, and ex-

perimental studies of the nonlinear integrable optics concept. To that end, the necessary

background theory is introduced in chapter 2, including an brief overview of the more ad-

vanced nonlinear and collective motion topics. A description of experimental equipment -

magnetic inserts, accelerators, diagnostics, and other devices is given in chapter 3. Simula-

tion and data analysis algorithms are presented in chapter 4 and related to experimentally

observable parameters. Simulation results for various ideal, realistic, and perturbed lattices

are presented in chapter 5, deriving a set of practical implementation requirements. Fi-

nally, experimental commissioning and results are extensively discussed in chapter 6. Thesis

concludes with a summary of progress and overview of potential future work in chapter 7.
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CHAPTER 2

LINEAR AND NONLINEAR BEAM DYNAMICS

This chapter introduces all the necessary machinery to describe the beam dynamics discussed

in this thesis. It begins with a review of standard linear optics in section 2.1, both in the

context of single particle motion and for bunched beams. Overview of nonlinear dynamics is

given in section 2.2, with focus on practical implications. Finally, the concept of integrable

optics is introduced and perturbations discussed in section 2.3.

2.1 Linear beam optics

2.1.1 Charged particle motion

Charged particle motion in an electromagnetic field (consisting of electric field E⃗ and mag-

netic field B⃗) is governed by the Lorentz force law

dp

dt
= ˙⃗p = F⃗ = q(E⃗ + v⃗ × B⃗) (2.1)

where p⃗ = γmv⃗ is the relativistic momentum, q particle charge, m particle mass, and v⃗ parti-

cle velocity vector. It is typical to combine electric and magnetic fields into vector potential

A⃗ and scalar potential ϕ, with B⃗ = ∇ × A⃗. The most general relativistic Hamiltonian for

this system is given by

H = Ekinetic + Epotential =

√(
P⃗ − qA⃗

)2
c2 +m2c4 + qϕ (2.2)
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where P⃗ = p⃗ + qA⃗ is the canonical momentum. Particle equations of motion can be found

by making use of Hamilton’s equations (note p ̸= P )

dx

dt
=
∂H

∂P
dPx
dt

= −∂H
∂x

and similarly for y-plane (for rest of this chapter, derivations using x also apply to y-plane

unless stated otherwise). However, before applying Eq. 2.1.1 it is useful to first transform

2.2 from lab frame Cartesian coordinates (x, y, z) into a more relevant system.

2.1.2 Frenet-Serret coordinate system

Accelerators at their core are collections of devices producing electromagnetic fields that

confine particles to the desired path, called reference orbit, while also manipulating their

position and velocity. Particle motion is usually limited to small deviations around the

reference orbit. It is convenient to pick a curvilinear coordinate system that is defined

relative to this orbit. This system is called the Frenet-Serret coordinate system, and is

shown in Fig. 2.1.

New coordinates (x, y, s) follow the reference orbit, with x and y typically referred to

as the transverse coordinates and s, the direction of motion, as the longitudinal coordinate.

Particle position is given by r⃗ = r⃗0 + xx̂+ yŷ, and unit vector transformations are

x̂ = −ρ dŝ/ds (2.3)

ŷ = x̂× ŝ (2.4)

ŝ = dr⃗0/ds (2.5)

with ρ the local radius of curvature.
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Figure 2.1: Curvilinear coordinate system for particle motion.

2.1.3 Hamiltonian for transverse dynamics

Making use of Frenet-Serret system, and applying several canonical transformations, the

standard accelerator physics Hamiltonian for vector potential A⃗ = (0, 0, As) is obtained as

H = −(1 + hx)As − (1 + hx)

√(
δ +

1

β0

)2

− p2x − p2y −
1

β20γ
2
0

+
δ

β0
(2.6)

where h = 1/ρ is the orbit curvature and β0 = v0
c and γ0 = 1/

√
1− β20 are the standard

relativistic factors at design energy. For purposes of linear optics, in the relativistic limit

H = −(1 + hx)As − (1 + hx)
√

(δ + 1)2 − p2x − p2y + (δ + 1) (2.7)

Finally, expanding in low orders of px and py (paraxial approximation) we obtain

H = −(1 + hx)As − (1 + δ)hx+
1

2

p2x + p2y
1 + δ

(2.8)

A detailed derivation of Eq. 2.7 and 2.8 can be found in standard textbooks [5, 6]. Note that

the new coordinate system is now (x, px, y, py,∆z = (s− v0t), δ =
∆p
p ). Variables px and py

6



are referring to dimensionless canonical momenta, and can be related to physical ones with

px = Px/P0 and py = Py/P0, where P0 is the design total momentum. In some calculations

and simulation codes, a different choice of momentum coordinates known as slopes (x′, y′) is

made due to historical and computational reasons. In relativistic limit, these values converge

since x′ = dx/ds = Px/Ps ∼ Px/P0.

2.1.4 Magnetic elements and multipole field expansion

One of the assumptions made in deriving 2.6 is that most magnetic fields do not vary

longitudinally. Using Maxwell’s equations, a general description of such 2D fields in terms

of cartesian multipoles can be given as ([6] Sec. 1.2):

As = Bref Re

[ ∞∑
n=0

bn + ian
(n+ 1)!

(x+ iy)n+1

]
(2.9)

By + iBx = Bref

∞∑
n=0

(bn + ian)

n!
(x+ iy)n (2.10)

where Bref is a scaling factor and n the order. Coefficients an and bn denote strength of

normal and skew n-pole respectively (there are several conventions), and can be found from

magnetic field as

an =
1

n!Bref

∂nBx
∂xn

∣∣∣∣∣
x=0;y=0

(2.11)

bn =
1

n!Bref

∂nBy
∂xn

∣∣∣∣∣
x=0;y=0

(2.12)

In particular, the most common accelerator components are dipoles and quadrupoles, used

for beam steering and focusing respectively. Sextupoles and octupoles also have specialized

uses, but it is rare to find higher order multipoles except as undesired field errors. The
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potentials of these elements are:

Drift As = 0 (2.13)

Dipole As = B(s)x (2.14)

Quadrupole As = G(s)
x2 − y2

2
(2.15)

Sextupole As = S(s)
x3 − 3xy2

6
(2.16)

Octupole As = O(s)
x4 − 6x2y2 + y4

24
(2.17)

with B,G, S,O the respective position-dependent strengths.

2.1.5 Linear Hamiltonian and Hill’s equation

Beam dynamics are divided into linear and nonlinear parts, with former being significantly

easier to treat analytically. Linear dynamics is determined by field-free drifts, as well as

dipoles and quadrupoles, since their force on particles is constant or depends linearly on

transverse deflection, respectively. By substituting first three potentials of 2.13 into Eq. 2.8,

the standard linear optics Hamiltonian is obtained as

H =
1

2
(p2x + p2y) +

1

2

(
Kx(s)x

2 +Ky(s)y
2
)

(2.18)

with

Kx(s) =
1

ρ(s)2
+ eG(s)/P0 (2.19)

Ky(s) = −eG(s)/P0 (2.20)

where dipole bending is assumed to occur only in x plane, as is typical in storage rings.

The opposite signs of Kx and Ky in quadrupoles (i.e. Kx(s) = −Ky(s) = k(s)) explain the
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‘alternating gradient’ name of the strong focusing design - while quadrupoles are focusing in

one plane, they defocus in the other, and vice versa. Applying Hamilton’s equations 2.1.1,

we obtain

x′′ +
(

1

ρ(s)2
+ eG(s)/P0

)
x = x′′ + k(s)x = 0 (2.21)

This result is known as Hill’s equation, first derived in the context of lunar stability [7].

The challenge in solving Hill’s equation comes from k(s), which in general is a piecewise

function that varies as the particle passes through various magnetic elements. For rings,

this function must satisfy the periodic boundary condition k(s) = k(s+C), where C is ring

circumference and reference orbit length. Making use of a Floquet transformation to change

from a periodic system into a linear one, the solution has the form

x(s) = Aw(s)e±iψ(s) =
√
ϵxβx(s)e

±iψ(s) (2.22)

where special functions
√
ϵ (amplitude scaling factor),

√
β(s) (amplitude modulation) and

ψ(s) (phase modulation) were introduced. In essence, this solution is an oscillating function

of variable amplitude - this behavior is called betatron motion. The quantity β(s), called

betatron function or just beta function, determines beam size along the ring, and together

with emittance ϵ defines particle motion envelope. Plugging 2.22 back into 2.21, we obtain

two further relations:

ψ′x =
1

βx(s)
(2.23)

1 =
1

2
βxβ

′′
x − 1

4
β′2x + k(s)β2x (2.24)

By convention, the constant factor in the first equation is set to 1, and it can be used to

evaluate the phase function ψ(s), while the second relation allows for further simplification

of Hill’s equation, as will be discussed below.
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2.1.6 Linear solution properties

Phase advance

From definition of Eq. 2.23, integration yields phase advance between two locations s1 and

s2 as

∆ψx =

∫ s2

s1

ds

βx(s)
(2.25)

In many cases, lattice longitudinal distance is specified via phase difference.

Tune

Total phase advance around the ring is given a special name, tune - it describes the number

of oscillations the particle undergoes in a single turn.

νx = Qx =

∫ s1+C

s1

ds

βx(s)
(2.26)

Substituting 2.23 back into 2.27 and performing coordinate transformation q = x(s)/
√
βx,

ϕx = ψx/Qx, ϕ̇x = 1/(Qxβx(s)), a simplified form of Hill’s equation is obtained:

q̈ +Q2q = 0 (2.27)

Equation 2.27 is exactly that of a simple harmonic oscillator with angular frequency Q.

Thus, in appropriate coordinates linear lattice dynamics can be reduced to that of a simple

harmonic oscillator. As in many other fields, everything is a spring if you look closely enough.

2.1.7 Courant-Snyder Parameters

Transporting a particle through a linear lattice, its (x, px) and (y, py) motion over several

turns will trace out an ellipse regardless of starting position. A parametrization of this
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ellipse was proposed by Courant and Snyder [3]. In their description, motion is confined to

an invariant surface defined by

ϵx = γxx
2 + 2αxxx

′ + βxx
′2 (2.28)

with two new function αx and γx (not related to relativistic factors discussed previously)

defined as

αx(s) = −1

2
β′x(s) (2.29)

γx(s) =
1 + αx(s)

2

βx(s)
(2.30)

There is a fundamental connection between emittance preservation and Liouville’s theorem,

which states that phase space density is invariant under conservative forces. As a conse-

quence, there is no way to ‘squeeze’ or ‘spread out’ particles with only magnetic fields. The

whole parameter set (β, α, γ) is sometimes referred to as twiss or optical functions. A visual

diagram of CS parametrization is given in Fig. 2.2.

2.1.8 Normalized Courant-Snyder coordinates

It is useful to incorporate Courant-Snyder parameters and compensate for phase space ellipse

rotation, resulting in simple harmonic system. This was already done implicitly in 2.27, but

we can now make this transformation explicit with generating function

F2(x, px,N ) = px,N
x√
βx

+
x2αx
2βx

(2.31)
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Figure 2.2: Courant-Snyder phase space ellipse parametrization. Emittance defines the area
(A=ϵxπ) of phase space that contains all possible particle positions, which is preserved
throughout linear motion

which yields

xN = x̄ ≡ x√
βx

(2.32)

px,N = p̄x ≡ px
√
βx −

αxx√
βx

(2.33)

This conveniently simplifies the Hamiltonian to

HN =
1

2
(p̄2x + x̄2) (2.34)

HN =
1

2
(p̄2x + p̄2y) +

1

2
(x̄2 + ȳ2) (2.35)

which as expected matches that of a simple harmonic oscillator in 2D, or two uncoupled

oscillators in 4D.
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2.1.9 Transport matrices

For linear elements, it is possible to solve particle motion explicitly and obtain a map of input

to output coordinates, which can be expressed as a matrix. For a drift, the Hamiltonian in

paraxial approximation becomes

H =
1

2
(p2x + p2y) +

δ

2β20γ
2
0

(2.36)

where the δ term affect longitudinal coordinates only. The transverse solution can be suc-

cinctly expressed by a matrix for length L through ‘drift potential’ as

 xf

px,f

 = x⃗(L) =

1 L

0 1


 x

px

 =M

 x

px

 (2.37)

The matrix M is called a transport matrix, and multiplying such matrices is equivalent to

transporting the particle through the elements. A thin quadrupole matrix is given by

Mquad,thin =

 1 0

−1/f 1

 (2.38)

where 1/f = kL is the integrated focusing strength. Results for other linear elements can

be found in reference texts [8]. Note that linear transport is symplectic, or area-preserving

(recall emittance discussion). A map is symplectic if its Jacobian J satisfies

JTSJ = S (2.39)
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where S is the 2n× 2n antisymmetric matrix

S =

 0 In

−In 0

 (2.40)

with In denoting the identity matrix of size n × n. In theory, all systems governed by

Hamiltonian dynamics are symplectic - after all, Hamiltonian is the generator of canonical

transformations describing time evolution [9]. However, in more complex nonlinear cases it

may not be feasible to solve the system explicitly. Implications for simulation codes will be

discussed further in chapter 4.

Generalizing transport matrices, if we define Courant-Snyder transformation by

B−1
x =

 1√
βx

0

− αx√
βx

√
βx

 Bx =

√
βx 0

αx√
βx

1√
βx

 (2.41)

then linear motion from position s1 to s2 with phase advance ψx is described by

M1−→2 = Bx(s2)

 cosψx sinψx

− sinψx cosψx

B−1
x (s1) (2.42)

=


√

β2
β1
(cosψx − α1 sinψx)

√
β2β1 sinψx

(α1−α2) cosψx−(α2α1+1) sinψx√
β2β1

√
β1
β2
(cosψx + α2 sinψx)

 (2.43)

where β1 ≡ βx(s = s1) and similarly for other variables. Thus, particle motion is a rotation

in normalized coordinates with angle given by the phase advance between two locations.
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Twiss functions can be ‘transported’ using


β2

α2

γ2

 =


M2

11 −2M11M12 M2
12

−M11M21 1 + 2M12M21 −M12M22

M2
21 −2M21M22 M2

22



β1

α1

γ1

 (2.44)

where M12, ... are elements of matrix M . If all matrices around the ring are multiplied,

Twiss functions return to same values and particles are transported by a one-turn map R

 xf

px,f

 = R

 x

px

 =

cos νx + αx sin νx βx sin νx

γx sin νx cos νx − αx sin νx


 x

px

 (2.45)

2.1.10 Coupling

Just as in a system with several linked harmonic oscillators, X and Y optics can become

coupled through terms in the Hamiltonian containing both x and y coordinates. In linear

optics, linear coupling can occur from misalignments or dedicated skew-quadrupoles. It

is possible to parameterize coupled motion by finding a new eigenbasis, in which optics

functions can be derived with respect to ‘modes’ 1 and 2. Two such parameterizations exist

- one of Edwards-Teng and one of Mais-Ripken. The algebra is quite involved and can be

found in [10]. In strongly coupled systems, all computations would have to be performed in

the mode basis. However, in this thesis linear coupling is always avoided as much as possible,

and modes 1/2 ≡ X/Y. In a coupled system, tunes cannot not be the same, with splitting

described by

Q1,2 =
1

2

(
Qx +Qy ±

√
∆2 + |C−|2

)
(2.46)

where ∆ = Qx − Qy and
∣∣C−∣∣ is the coupling parameter. A simple experimental test for

coupling strength is the minimum tune approach - the distance between two observed tunes

at equal uncoupled tunes, when ∆ = Qx −Qy = 0.
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2.1.11 Action-angle canonical coordinates

Existence of motion via coordinate rotations suggest another useful set of canonical coordi-

nates. Defining new action Jx and angle ψx variables as

Jx =
1

2

(
x px

) βx −αx

−αx γx


 x

px

 (2.47)

=
1

2
γxx

2 + 2αxxpx + βxp
2
x (2.48)

tan(ψx) = −βx
px
x

− αx (2.49)

it can be shown that for any linear lattice, Jx remains unchanged even though all of twiss

parameters and coordinates do. This constrains values of x and px to lie on the invariant

ellipse of area 2πJx. Meanwhile, equation of motion for angle dψx/ds = 1/βx connects the

angle variable to the phase introduced previously in Eq. 2.25. Rearranging 2.47, particle

motion can be parameterized as

x =
√

2βxJxcos(ψx) (2.50)

px = −

√
2Jx
βx

(sin(ψx) + αx cos(ψx)) (2.51)

To demonstrate that action-angle coordinates are canonical pair, it is sufficient to do a

canonical transformation using generating function [11]

F1(x, ψx) = − x2

2βx
(tanψx + αx) (2.52)

Then,

Jx = −∂F1
∂ψx

=
x2

2βx
sec2 ψx px =

∂F1
∂x

= − x

βx
(tanψx + αx) (2.53)
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which after rearranging matches with definitions in Eq. 2.50 and Eq. 2.47

H̄ = H +
∂F1
∂s

=
Jx
βx

(2.54)

ν(J) =
∂H

∂Jx
= ν0 (2.55)

2.1.12 Emittance of a particle bunch

As well as referring to a property of individual particles, emittance can also be defined for a

particle bunch, and denotes the phase space area containing a specific fraction of particles

(usually ϵrms, or 1σ). Using action angle parametrization of Eq. 2.50, second moments of a

beam distribution can be calculated as

〈
x2
〉
= 2βx

〈
Jx cos

2 ψx

〉
= βx ⟨Jx⟩ = βxϵx (2.56)

⟨xpx⟩ = −αxϵx (2.57)〈
p2x

〉
= γxϵx (2.58)

where ⟨·⟩ denotes an ensemble average. Thus, RMS bunch emittance is given by

ϵrms =

√〈
x2
〉 〈
p2x
〉
− ⟨xpx⟩2 (2.59)

For a Gaussian bunch, ϵrms can be used to find σrms = 1 × σx, the standard deviation of

particle position - an experimentally observable quantity.

2.1.13 Closed orbit and errors

Imperfections in real lattices cause orbit distortions - deviations of the central particle tra-

jectory from reference orbit. This new path is called the closed orbit, and is the orbit used
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in all simulations and experiments (involuntarily). For a distortion (‘kick’) θ = ∆Bl
Bρ created

by a field ∆B over length l, the closed orbit periodic condition is

R

 x

px

+

0

θ

 =

 x

px

 (2.60)

and thus the new closed orbit coordinates are given by

 x

px

 = (I−R)−1

0

θ

 (2.61)

where it is assumed the one turn map R is known or can be numerically estimated. Solving

explicitly for the position at s after kick at s1,

x(s) =
θ
√
β(s)βs1

2 sin(νx)
cos(|ψ(s)− ψs1| − νx) (2.62)

Thus, a single large distortion can create a closed orbit that oscillates around the reference

orbit, with amplitude scaling as a square root of the observer/kicker β functions. Multiple

kicks will just be linear superpositions of individual contributions. Analytically finding closed

orbit in full 6D is challenging. Most accelerator codes implement an iterative minimization

algorithm, convergence of which is ensured in all simulations. Experimentally, single turn

dipole pings by a rapidly ramped electrostatic or magnetic device called ‘kicker’ are used to

excite the beam into free oscillation (in essence, briefly shifting closed orbit back and forth).

Subsequent observations of beam motion can then be used to deduce linear and nonlinear

dynamics.
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2.1.14 Energy-dependent effects

So far, our discussion has focused on transverse motion under implicit assumption of no

energy deviation, ∆p
p0

= δ = 0. However, real bunched beams will always have an energy

spread, determined by the lattice and RF cavities. Two key effects emerge when considering

slight deviations from design momentum.

Dispersion

In the presence of dipole magnets, particle orbit will vary with energy deviation. More

energetic particles will be bent and focused less, and conversely for less energetic ones. The

instantaneous particle trajectory relative to on-momentum x0 is given by

x = x0(s) + ηxδ + η
(2)
x δ2 + .... ≃ x0(s) + ηx(s)δ (2.63)

where a new lattice function ηx is introduced, called dispersion, as well as its higher order

terms (second order dispersion η
(2)
x , etc.). Purely linear lattices do not have higher order

dispersion, but it can naturally arise from nonlinearities in real rings. Linear dispersion can

be obtained by modifying Hill’s equation as

x′′(s) + k(s)x =
1

ρ
δ (2.64)

η′′x + k(s)ηx =
1

ρ
(2.65)

which yields an ODE for dispersion that can be solved by similar methods as for on-energy

case. Dispersion increases apparent beam size by

σx =
√
ϵxβx + η2xσ

2
δ (2.66)
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where σδ is the rms fractional energy spread. This effect can be important when considering

beam pipe apertures and various measurements at location with nonzero dispersion. Dis-

persion function can be propagated using matrix formalism, same as other twiss functions

- exact solutions can be found in [8]. Finally, the effect of dispersion on path length is de-

scribed by the momentum compaction factor αc (not to be confused with the twiss function

αx(s)):

∆C

C
= αc

∆p

p0
−→ αc =

1

C

∮
ηx(s)

ρ
ds ≈ 1

ν2x
(2.67)

Eq. 2.67 is useful in relating a change in path length ∆C as enforced by RF cavity frequency

to the change in particle energy.

Chromaticity

Now, we consider the impact of momentum deviation on the quadrupoles. Similar to dipoles,

particles with δ > 0 will experience less focusing, and hence less phase advance, and lower

tune. This tune change is called chromaticity, by analogy to light optics. The overall tune

shift can be expressed as

νx = νx,0 +
∂ν

∂δ

∣∣∣∣
δ=0

δ + ... = νx,0 + ξxδ + ξ
(2)
x δ2 + ... (2.68)

Since linear chromaticity is often corrected to small values to suppress head-tail instabilities,

second order chromaticity ξ
(2)
x often has significant impact on beam dynamics. Evaluat-

ing linear chromaticity contributions from linear elements, called natural chromaticity, is

straightforward:

ξx,nat = − 1

4π

∮
βx(s)k(s)ds (2.69)

For alternating gradient lattices, β-function is generally higher in regions of positive focusing

strength k(s), and hence natural chromaticity is negative, increasingly so for longer rings.

However, in what is the beginning of the downfall for the linear lattice concept, natural
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chromaticity correction usually (but not always [12]) requires the use of nonlinear elements,

intentionally breaking system integrability.

Chromaticity also affects Twiss functions, since tune shift is effectively a phase advance

perturbation. The chromatic β, α, ... functions vary around the ring, and importantly are

not minimized globally if the tune chromaticity is. In other words, while overall phase

ψ =
∫
1/β might be constant for a ring with corrected linear chromaticity, the β function

itself is different, with deviations that cancel upon integration. Chromatic optics evaluation

can be done by explicitly expanding linear matrices for energy (1 + δ), or through particle

tracking with energy offset, and is implemented in standard simulation codes.

2.1.15 Equilibrium emittance

Equilibrium emittance of lepton rings is determined by a balance of several non-symplectic

processes. First is synchrotron radiation damping - the emission of EM radiation by particles

undergoing acceleration in an EM field, such as one in dipoles. Photons are emitted in a 1/γ0

cone in front of the particle, dissipating some amount of both transverse and longitudinal

momentum. The total energy loss per turn is given by

U0 =
e2

2ϵ0

β30γ
4
0

ρ
(2.70)

Because of the steep γ0 dependence (γ0 here is again the Lorentz factor, not be confused

with twiss function γx), hadron machines emit very little SR. There is an observable effect

on a timescale of hours at very high energies [13], but in general hadron machines rely on

low starting emittance at injection, and careful control of any emittance growth sources.

The second non-conservative process is acceleration in the RF cavities, which restores

lost longitudinal energy. On average, SR and RF processes damp transverse oscillations and

decrease bunch emittance.
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The final effect is quantum excitation, which describes particle recoil from photon emis-

sion. If recoil happens in a dispersive location, it will induce particle oscillations (since

particles are set on an off-energy closed orbit), increasing bunch emittance.

The equilibrium balance of SR, RF, and quantum excitation determines minimum possi-

ble, or natural, transverse and longitudinal emittances. This relationship is usually expressed

through synchrotron integrals (I1, ..., I5), which are properties of linear lattice only, as

ϵ0 ∝ γ20
I5
I2

= γ20

∮
(γxη

2
x + 2αxηxηpx + βxηpx)/ρ

3 ds∮
1/ρ2 ds

(2.71)

To get lower emittance, as desired in light sources and current work, dispersion within

bending elements (ρ ̸= ∞) needs to be minimized, energy maximized, and overall ring size

increased.

Actual operational emittance is often larger than natural one. An effect relevant to

this thesis is Intra Beam Scattering (IBS), a process that couples and increases all three

emittances through multiple particle scattering within a bunch. IBS results in a current-

dependent equilibrium emittance with scattering strength that scales as 1/γ40 . Exact analyt-

ical treatment is quite involved [14], so most codes perform numerical IBS evaluation, such

as with completely integrated modified Piwinski approximation [15].

2.1.16 Stability of linear systems

The general question of stability or conversely of chaotic behavior of classical systems is

very broad and beyond the scope of this thesis. A useful result is that for a system with N

degrees of freedom, motion can be guaranteed to be regular and stable everywhere if there

are N isolating integrals of motion. An isolating, or ‘first’ integral, is a function of phase

space variables which is constant along a phase space trajectory. A sufficient condition to

be isolating is that the integral Ii is in involution with all others, that is, [Ii, Ij ] = 0 and
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[Ii, H] = 0 where [f, g] denotes Poisson bracket.

In case of linear systems, the isolating integral of motion is the Hamiltonian itself, which

was shown in 2.54 to be a time-independent function of action. In general however, finding

isolating integrals is a difficult and open problem, as is proving non-integrability.

Stability of integrable systems under perturbation Hp = H + ϵf(J, ψ) was studied by

Nekhoroshev [16]. He found that to insure stability of a near-integrable Hamiltonian system

over exponentially long times, H needs to meet two conditions - steepness and complex-

analyticity [17]. Linear Hamiltonian is not steep, and thus any nonlinear perturbations can

make particle motion unstable.

2.2 Nonlinear beam dynamics

In the linear analysis presented above, beam dynamics was well behaved and life was good -

motion was regular and stable everywhere, and analytically tractable. Unfortunately, purely

linear systems are not possible due to operational requirements, magnet misalignments, and

field errors. This section presents some of the issues and advantages of nonlinear effects.

2.2.1 Nonlinear elements

Multipoles above n = 2 do not affect linear dynamics, but play an important role in beam

stabilization. Sextupoles are used to change natural chromaticity, usually such that the

total magnitude is small. This suppresses a class of head-tail instabilities [18], a necessary

requirement for high intensity operation. Sextupolar chromaticity contribution can be found

by expanding the Hamiltonian for an off-momentum particle and keeping lowest order terms
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[5], giving

ξx,sext =
1

4π

∮
βx(s)ηx(s)k2(s)ds (2.72)

ξy,sext = − 1

4π

∮
βy(s)ηy(s)k2(s)ds (2.73)

Note that this effect requires dispersion - sextupoles located in non-zero dispersion regions

are referred to as chromatic, and those without dispersion as harmonic. The latter are

important since they still produce higher order beam kicks and can be used to cancel out

the detrimental abberations of the chromatic elements.

The primary use of octupoles is in generation of amplitude-dependent tune shift for beam

stabilization purposes, as will be discussed below. For octupole strength k3 = 6O(s)/Bρ,

first order detuning can be found by substituting action-angle parameterized coordinates of

Eq. 2.50 into octupolar Hamiltonian as

∆Qx =

[∮
k3β

2
x

16π
ds

]
Jx −

[∮
k3βxβy
8π

ds

]
Jy (2.74)

∆Qy =

[∮
k3β

2
y

16π
ds

]
Jy −

[∮
k3βxβy
8π

ds

]
Jx (2.75)

Octupoles also contribute to second order chromaticity and multiple higher order effects.

Note that sextupoles also produce a tune shift, but it is a second order effect (∝ k22) and has

no simple formula, being highly dependent on lattice tunes and phase advances.

In the presence of multipoles, Hamiltonian generally no longer has any invariants - the

resulting system is not stable at all amplitudes, and exhibits irregular, chaotic motion. Phase

space trajectories get modified and distorted, as shown in Poincaré map of Fig. 2.3. Detailed

study of nonlinear beam dynamics proceeds through normal form analysis and Lie algebra

formalism, which are (roughly) the generalizations of Courant-Snyder normalization and

matrix maps, respectively. An interesting overview can be found in [19], and experimental
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Figure 2.3: Phase space x − px of Henon-Heiles 2D system - a linear cell with single thin
octupole. Empty outside areas are unstable, with lost particles. Inner circular region is
stable, and is called dynamic aperture. In between, various resonant and chaotic motion
occurs.

measurements in [20]. One important conclusion of such analysis is determination of invariant

smear, or jitter - the variation of linear invariants (or amplitudes, A) over many turns

Sx(ϕ) =
σJx

< Jx >
=

√
< (δAx)2 >

A2
x

(2.76)

Analytic results of [21] show that smear will depend on the strengths of nonlinearities,

their phases, and measurement location. However, smear amplitude will only change at the

nonlinear elements. So, if the accelerator has a single dominant nonlinear region, equal smear

levels would be expected at all other points.
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2.2.2 Resonances

The term ‘resonance’ in the context of particle accelerators refers to any perturbation which

drives particle motion at a frequency related to linear tunes by an integer ratio:

mνx + nνy = r (m,n, r) ∈ Z (2.77)

The resonance order is the sum |m|+ |n|, and reflects the types of fields and elements that

can contribute to it (although a multipole of matching order is not required [22]). Since

linear optics tunes are invariant, resonances can result in unbounded betatron amplitude

growth and eventual particle loss. For example, dipoles produce resonances (0, 1) and (1, 0),

which can be understood as beam getting kicked at the same phase every time it passes

around the ring. In reality, resonance conditions are not exact - some are not harmful while

others have varying widths, called stopbands. Since more elements contribute to lower order

resonances, those have the largest stopbands and are avoided.

The operational accelerator tune is called the working point, and is placed in a region

with as few harmful resonances as possible. Typically that is along the diagonal of the tune

diagram, near the difference resonance νx − νy = n. Tune diagram is a plot in νx/νy space,

and will be used frequently in this thesis. An example with up to 8th order resonances is

given in Fig. 2.4.

Beam dynamics in the vicinity of a specific resonance can be studied though a canon-

ical transformation via perturbation theory [23], and leads to resonant driving term [24]

formalism of nonlinear beam motion.

2.2.3 Space charge

In this thesis, all measurements were done with electron beams, which have negligible space-

charge effects at relativistic energies. However, is it important to explain why these effects are
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Figure 2.4: Resonance lines up to 8th order. Black dots denote tunes of a collection of
particles with tune spread, while cyan a point-like tune of an ideal linear optics bunch.

detrimental - space-charge forces produce a current and distribution dependent incoherent

and coherent tune shifts, as well as collective oscillations. The coherent linear tune shift is

negative (particles defocus each other), and can be corrected. Variable incoherent tune shift

depends on particle location and bunch distribution, and increases beam tune footprint. If

tune spread becomes too large, as for the black points in Fig 2.4, some particles will be

pushed onto a resonance and lost [25]. The last effect, collective motion, results in a variety

of transverse, longitudinal, or coupled instability modes with varying causes, thresholds, and

resonance conditions [26]. In high intensity machines, the latter is most problematic and

difficult to analyze. The goal of strongly nonlinear lattices such as one studied in this thesis

is to suppress collective instabilities through nonlinear decoherence and Landau damping.
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Figure 2.5: Decoherence of centroid motion for particles with a large tune spread.

2.2.4 Decoherence

An important practical effect of tune spread, such as that caused by octupoles and non-zero

chromaticity with energy spread, is particle (nonlinear) decoherence after an excitation, also

known as phase space filamentation. This effect can stabilize resonantly exited particles by

shifting their tunes off the resonance once their amplitude slightly increases. Decoherence

strength depends only on the lattice design, and not on collective beam behavior - a practical

advantage over Landau damping (discussed below). However, decoherence also presents a

practical problem - devices that measure bunch centroids have a limited time window to

observe beam dynamics evolution after a perturbation, even though the individual particles

are still oscillating at full amplitude. This problem is shown in Fig. 2.5. In chapter 4,

explicit formulas will be derived for the envelope shape of several decoherence effects and

correction schemes discussed. Note that decoherence should not be confused with damping,

specifically synchrotron damping, where individual particles do experience a true decrease

in individual oscillation amplitudes.
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2.2.5 Landau damping

Landau damping is a mechanism of collective instability suppression first studied in the

context of plasma confinement [27]. It is a common approach for controlling space-charge,

impedance, and other beam instabilities and is actively employed at virtually all hadron

facilities, for example SIS100 [28] and LHC [29]. Producing strong Landau damping is the

eventual goal of nonlinear systems being studied in this thesis, but full analytic treatment

(through Vlasov equation formalism and dispersion relation [30, 31]) is highly involved - only

a brief summary is given here.

Landau damping describes a process of energy transfer from coherent to incoherent parti-

cle motion within a bunch such that any coherent instability formation is suppressed. Energy

is not dissipated during this process, but redistributed such that no collective motion occurs.

The strength of Landau damping depends on the amount of tune spread, but it is not a

sufficient condition. Unlike nonlinear decoherence, Landau damping is a property of the

particle ensemble [32], and has two additional requirements [33]. First is that the coherent

mode frequency must be within the range of tune spread, enabling nearby (in tune) particles

to interact with it. Second is that this coherent mode be on the downward slope of the

frequency distribution (more particles nearby with a lower frequency), such that energy is

on average extracted from the collective wave. This is true for bunches with higher phase

space density at lower amplitudes and standard multipole detuning, but other collective ef-

fect can cause Landau damping loss. In practice, last two conditions can usually be satisfied

at operational parameters through careful lattice design, and so the relevant figure of merit

for Landau damping strength is the maximum available detuning.

2.3 Nonlinear integrable optics

The unavoidable complications of nonlinear imperfections, avoiding resonances, and sup-

pressing instabilities significantly degrade the nominal performance of alternating gradient
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linear lattices. The standard mitigation strategy is to correct parameters so as to return

close to the linear, integrable baseline. In the case of nonlinear requirements like Landau

damping and chromaticity correction, nonlinear strengths are reduced to the bare minimum

and undesired higher order contributions canceled out with careful element placement. As

beam intensity requirements grow, finding acceptable tradeoffs is becoming harder and more

expensive to implement.

However, there is no fundamental requirement that integrable lattices be linear - their

popularity is the result of model simplicity and historical familiarity. The goal of nonlin-

ear integrable optics (NIO) is to study explicitly nonlinear integrable lattices. As will be

demonstrated in this section, they do exist and have a built-in advantage - strong detuning

with amplitude, which through nonlinear decoherence suppresses resonant losses and halo

formation without a reduction in dynamics aperture [32, 34, 35]. Furthermore, thanks to

KAM theorem such lattices are more tolerant to perturbations than linear ones. In this

section, we follow the work of Danilov [36] and Nagaitsev [37] in deriving several types of

NIO lattices, and discuss their properties.

2.3.1 Nonlinear Hamiltonian

We start with the linear Hamiltonian of Eq. 2.18 and add an arbitrary nonlinear potential

V (x, y, s) to obtain

H =
1

2
(p2x + p2y) +

1

2

(
Kx(s)x

2 +Ky(s)y
2
)
+ V (x, y, s) (2.78)

=
1

2
(p2x + p2y) +

1

2
Kx

(
x2 + y2

)
+ V (x, y, s) (2.79)

Several assumption have been made here, and it is helpful to state them explicitly:

� The optics is symmetric, βx = βy (and hence Kx = Ky)

� The particle has no energy deviation, δ = 0
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� There is no dispersion, η = 0, or chromaticity, ξ = 0

� Orbit is straight, 1/ρ = 0

These assumptions will be important when designing an actual ring lattice. As in section

2.1.8, a canonical transformation to normalized coordinates is made

HN =
1

2
(p̄2x + p̄2y + x̄2 + ȳ2) + β(s)V (x̄

√
β(s), ȳ

√
β(s), s) (2.80)

=
1

2
(p̄2x + p̄2y + x̄2 + ȳ2) + U(x̄, ȳ, s) (2.81)

where substitution for U is done to match DN notation.

2.3.2 Henon-Heiles or quasi-integrable lattice

The Danilov/Nagaitsev approach is to seek solutions for U that yield two isolating invari-

ants of motion. First invariant could be the Hamiltonian itself, if it were possible to make

U(x̄, ȳ, s) time independent, i.e. U(x̄, ȳ). From the multipole expansion V ∝
∑
zn+1 (where

z is x, y, or their cross terms), it is clear that the required scaling correction is β−
(n+1)

2 −1.

For example, given normal octupole potential (n = 3)

V (x, y, s) =
1

24
(x4 + y4 − 6y2x2) (2.82)

the normalized potential is

U(x̄, ȳ) = V (x̄
√
β(s), ȳ

√
β(s), s)

1

β(s)3
=

1

24
(x̄4 + ȳ4 − 6ȳ2x̄2) (2.83)

Adding a strength scaling constant κ, the final Hamiltonian is

HN =
1

2
(p̄2x + p̄2y + x̄2 + ȳ2) +

κ

4
(x̄4 + ȳ4 − 6ȳ2x̄2) (2.84)
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Note that many other multipole potentials would also be valid with appropriate scaling

[38], and sextupoles were studied theoretically in [39]. However, octupoles have a natural

advantage in terms of beam dynamics and are a stepping stone to the fully integrable case.

Because this system only has a single invariant, it is referred to as ‘quasi-integrable’ (QI).

Another common name for it is ‘octupole Hénon-Heiles type system’, due to similarity with

the well studied Hénon-Heiles map [40]. A consequence of quasi-integrability is that the

region of stable motion has an upper limit, determined by locations of the hyperbolic fixed

points at (x̄, ȳ) = (±
√

1/2κ,±
√

1/2κ) [32]. This is easily visualized by plotting the invariant

contours, as in done in Fig. 2.6a. Thus, to ensure stability of a particle with emittance ϵ∗,

octupole strength must be κ < 1/4ϵ∗. A simple simulation with exact maps shows ideal

dynamic aperture to be slightly lower, at 0.6/
√
κ, due chaotic but bounded motion near the

separatrix [41].

In essence, QI system is a nonlinear system with 1 invariant that has a fundamental hard

upper detuning strength limit due not being fully integrable. Nonetheless, it is a significant

improvement on the completely non-integrable alternatives, and combined with robustness

to perturbations (studied in chapter 5) is a great candidate for experimental studies.

2.3.3 Danilov-Nagaitsev fully integrable lattice

While the majority of this thesis is focused on exploring the QI system, some measurements

of DN system were also performed. As such, we also present the more involved derivation

of the second isolating integral of motion. Starting with Hamiltonian in Eq. 2.84, we search

for the most general quadratic second integral of motion of the form

I = Ap2x +Bpxpy + Cp2y +D = (ay2 + c2)p2x + (−2axy)pxpy + (ax2)p2y +D (2.85)
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(a) QI system Hamiltonian contours (b) DN system Hamiltonian contours

Figure 2.6: NIO systems.

where the bars above normalized variables were dropped for brevity. Choosing a = 1 and

c ̸= 0, the classical Bertrand-Darboux PDE [42] is obtained

xy(Uxx − Uyy) + (y2 − x2 + c2)Uxy + 3yUx − 3xUy = 0 (2.86)

where Uxx ≡ ∂2U/∂x2, etc. The solution is given by

U(x, y) =
f(ξ) + g(η)

ξ2 − η2
(2.87)

for arbitrary f and g, and with elliptical coordinates for foci ±c given by

ξ =

√
(x+ c)2 + y2 +

√
(x− c)2 + y2

2c
η =

√
(x+ c)2 + y2 −

√
(x− c)2 + y2

2c
(2.88)
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Finally, the second invariant is then obtained as

I(x, y) = (xpy − ypx)
2 + c2p2x + 2c2

f(ξ)η2 + g(η)ξ2

ξ2 − η2
(2.89)

and Hamiltonian is

HN =
1

2
(p2x + p2y + x2 + y2) +

f2(ξ) + g2(η)

ξ2 − η2
(2.90)

with

f2 = ξ

√
ξ2 − 1(d+ t cosh(ξ)) (2.91)

g2 = η

√
1− η2(b+ t cos(η)) (2.92)

where constants d, b, and t are arbitrary, with choice of d = 0 and b = −tπ/2 motivated

by practical factors. Note that implementing DN potential of Eq. 2.90 in tracking codes

is difficult due numerical instability of the small denominator. A new parametrization in

complex plane (ζ = x+ iy) was introduced in [43], and is the preferred approach that is used

in this thesis

HN =
1

2
(p2x + p2y + x2 + y2) + tRe

(
ζ√

1− ζ2
arcsin(ζ)

)
(2.93)

Note how constant t is the strength scaling factor of the nonlinear potential. Unlike QI

system, for DN there is no stability boundary - the system is fully integrable in 4D (Fig. 2.6).

However, there are practical and topological considerations [44] which limit experimentally

accessible regions to those away from singularities at x = ±c
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2.3.4 Connection between DN and QI systems

Complex DN potential of Eq. 2.93 has a multipole expansion (valid inside r =
√
x2 + y2 < c)

of

U(x, y) = tRe

[
(x+ iy)2 +

2

3c2
(x+ iy)4 +

8

15c4
(x+ iy)6 + ...

]
(2.94)

where first term is quadrupolar (∝ z2), second octupolar, etc. By truncating the expansion

at the first nonlinear (amplitude detuning capable) order, and dropping linear contributions,

the quasi-integrable octupole system potential is recovered. The conversion from t to κ

notation is

κ =
8

3

t

c2
(2.95)

and the octupole strength k3 (before scaling by magnet/insert length) given by

k3 =
16

β3
t

c2
(2.96)

Typical design values are c2 = 0.01 cm (fixed geometric parameter, also expressed as c =

0.01m1/2) and t = 0 to t = 0.5 (variable strength parameter).

2.3.5 NIO perturbations

In above derivations, several simplifying assumptions were made. Of special interest is adding

back momentum deviation, as was done for the linear case. Using Lie operator formalism

methods, in [45] a Hamiltonian was derived with off-momentum terms as

H = µ0

[
(1− ξx(δ))

x2 + p2x
2

+ (1− ξy(δ))
y2 + p2y

2
+ ν0tU(x, y)

]
+ h.o.t. (2.97)

where µ0 is total phase advance and ν0 phase advance across the insert. There is a clear effect

of chromaticity on the invariant, in that it is no longer conserved. However, if chromaticities
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are made equal (but non-zero), ignoring higher order terms, this can be simplified to

H =
1

2

(
1− µ0ξ(δ)

ν0

)
(x2 + p2x + y2 + p2y) + tU(x, y) (2.98)

which for on-momentum particle matches previous results. In other words, integrability is

broken for off-momentum particles, but can be restored to lowest order if the chromaticities

are made equal. Practically then, off-momentum effects can be compensated with relatively

modest sextupole corrections.

Using similar approach, effects of synchrotron motion were analyzed in [46], and new

‘stroboscopic’ invariants were shown to be preserved over many periods, suggesting that

the system remains integrable. Treatment of other perturbations, such as field error and

misalignments, is not tractable analytically and will rely on extensive numerical simulations.
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CHAPTER 3

EXPERIMENTAL DESIGN

This chapter presents the implementation of NIO concepts introduced in Chapter 2. Section

3.1 discusses the properties of nonlinear and linear regions, and the consequences for ring

design. The Integrable Optics Test Accelerator (IOTA) ring history and lattice are presented

in section 3.2. Sections 3.3 and 3.4 discuss the specifications and manufacturing of the two

nonlinear inserts.

3.1 Implementation of QI and DN potentials

3.1.1 T-insert design

In deriving the ideal Hamiltonians of Eqs. 2.84 and 2.93, a key assumption was made that the

linear optics is symmetric, βx = βy. However, both dipoles and quadrupoles perturb twiss

functions asymmetrically, and thus cannot be placed anywhere in a contiguous nonlinear

region. This leaves only one possible solution, a drift - if a symmetric beam is placed at the

start of the drift, the evolution of β (dropping x/y subscripts) in a drift is given by

β(s) = β(s = 0)− 2sα(s = 0) + s2γ(s = 0) (3.1)

where all initial twiss parameters are specified at the start s = 0. Beta functions will evolve

parabolically and maintain symmetry, but this drift on its own is useful for only a single

pass. In a ring, it is necessary to maintain beam focusing - an element is required to bring

the beam back to the start of the nonlinear drift with the same parameters as before the first

pass. Ideally, this should be done transparently, so that the effective system Hamiltonian

remains unchanged. Expressed as a single matrix, the element that accomplished this is an
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Figure 3.1: T-insert design with drift and focusing regions.

axially symmetric thin lens (‘T-insert’), with transfer matrix of

MT =



1 0 0 0

−k 1 0 0

0 0 1 0

0 0 −k 1


(3.2)

where k = 1/f is the integrated focusing strength and inverse of focal length. With a drift

+ T-insert arrangement, particle ends up in a periodic FOFO... (focus-drift-focus-drift-...)

lattice, as shown in Fig. 3.1.

3.1.2 Lattice parametrization

T-insert optics is mirror symmetric around the drift midpoint, which sets α(s = 0) = −α(s =

L) and γ(s = 0) = γ(s = L). Thus, β(s) can be re-expressed as only a function of distance

s as

β(s) =
L− sk(L− s)√
1−

(
1− Lk

2

)2 (3.3)
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where L is the total drift length. The minimum value of β occurs in the middle of the drift,

and is called β∗. A useful relation is

β(s) = β∗ +
(s− s∗)2

β∗
(3.4)

where s∗ is location of β∗. Overall, nonlinear drift only has two free parameters - the drift

length L and focusing strength k. However, since T-insert phase advance is nπ, the fractional

tune of the whole ring is exactly that of the nonlinear drift (or 0.5 plus the drift). So, it is

more convenient to parameterize the system by the drift phase advance 0 < µ < π. Namely,

β∗ =
L

2
cot(µ) (3.5)

β(s) = β∗
[
1 +

(
2s

L

)2

tan2(µ/2)

]
(3.6)

f = 1/k =
L

4
csc(µ/2)2 (3.7)

The general relationship (Fig. 3.2) is that if phase advance is increased, more focusing is

required, β∗ is reduced, while βedge is increased (in region π/2 < µ < π). In colliders, this

approach is used to increase luminosity by squeezing the beams at the collision point. The

disadvantage is that large βedge requires large aperture quadrupoles, very strong focusing,

and also introduces significant chromatic perturbations.

For the nonlinear lattice, on paper it is desirable to have a high phase advance so as to

produce larger tune spread. However, this presents a significant implementation challenge -

a large variation in β implies large range of required nonlinear field strengths (1/β3), making

an implementation with acceptable field errors more difficult. A more detailed discussion of

performance considerations will be given in chapter 5 and section 3.3.
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Figure 3.2: A drift space with varying phase advances.

3.1.3 Effect of DN magnet

Because of the quadrupole field component, DN magnet affects linear optics. The resulting

tune shift with strength is given by

Qx = Q0
√
1 + 2t (3.8)

Qy = Q0
√
1− 2t (3.9)

Twiss functions also become distorted, but remain symmetric:

βx = β0

√
1

1 + 2t
(3.10)

βy = β0

√
1

1− 2t
(3.11)

αx = 0 (3.12)

αy = 0 (3.13)
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For IOTA, 0.3/0.3 working point implies interception ofQy = 5.0 integer resonance at around

Qx = 0.42 (Fig 3.3). The above detuning formulas will not be valid past t = 0.5, and a new

two-orbit topology will develop. More theoretical details can be found in [44].
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Figure 3.3: Linear tune of DN insert system.

3.2 The Integrable Optics Test Accelerator (IOTA) ring

Due to the unique T-insert design requirements, modification of existing rings to accommo-

date NIO lattices is either impossible or not practical. As such, a new dedicated facility was

necessary. At Fermilab, first plans to build an integrable ring started in 2008, stimulated

by the advancement of theory [36]. Simultaneously, construction of a superconducting linac

to be used as the International Linear Collider (ILC) test facility was set in motion. As

part of that facility, a linac tunnel extension and a small cave were built for a potential low

energy research ring. First IOTA lattices had 4 cell symmetry, with integrable optics and

optical stochastic cooling as the two flagship experiments [47]. This design underwent several
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Figure 3.4: Panoramic picture of IOTA ring. The nonlinear inserts can be seen in the
background left and right. Image by G.Stancari/Fermilab.

iterations to accommodate the growing list of potential users, but construction was limited

by funding availability. In 2014, the Particle Physics Project and Prioritization Panel (P5)

report was released, setting the neutrino program as priority for domestic accelerator-based

high energy physics [48]. These experiments would necessitate significant upgrades to Fer-

milab linac (Proton Improvement Plan - II) and Booster (replaced by a new rapid cycling

synchrotron) so as to produce multi-MW proton beams [49]. Combined with ILC future be-

coming uncertain, a new mission of the test facility was set - to be the testbed for advanced

beam dynamics concepts in support of the neutrino program and other high intensity/high

brightness machines. With single-cryomodule linac completion in 2017 (now called FAST

linac), focus finally shifted to IOTA. Ring construction was completed in summer of 2018.

An image of IOTA is shown in Fig. 3.4 and the block schematic in Fig. 3.5.
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Figure 3.5: Schematic block diagram of the IOTA ring in as-designed run 2 configuration.

3.2.1 IOTA NIO program

Being one of flagship IOTA experiments, NIO program has three overarching goals spanning

almost a decade of preparation and studies. First is to demonstrate viability of the NIO

design - whether it offers practical benefits, and also to study some of the more academic

questions of stability and integrability. Second goal is to establish NIO limits of applicability,

such as required magnet and other tolerances and possible modes of operation. Third is

to put it all together and develop practical, experimental, data-driven solutions for larger

machines. The leading option for the latter goal is a booster upgrade at Fermilab to a rapid

cycling synchrotron, the recent design studies of which (including NIO option) can be found

in [50, 51].

These three goals are to be accomplished in two phases, first with electron beams (2018-

2021) and then with proton beams (2021-2023). The reasons for this separation are both

logistical, in that the proton injector will not be ready until end of 2021, but also because
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of the fundamentally different beam properties. For protons, emittance is expected to be

large, and there is no synchrotron damping. Given the low energy and high intensity of

beam provided by the injector, significant space-charge effects will be present. These beam

parameters mimic high energy and intensity machines, and so it can directly probe various

collective instabilities and resonances, quantifying the suppression strength of NIO systems.

However, for studying certain aspects of beam dynamics protons are a poor choice - they emit

no SR, decohere extremely quickly, and because of space-charge are very hard to measure

reproducibly at same current. Thus, for initial beam dynamics studies, electron beam is the

preferred choice - it can be placed at various points in phase space, and serves as a probe of

local single-particle dynamics. This allows for accurately measuring the tune and dynamical

aperture, and reconstructing phase space (Poincaré surfaces). As a side benefit, electrons

are easier to commission and tune lattice with due to additional SR-based beam diagnostic,

and were available for injection starting in 2017 upon completion of FAST linac.

In this thesis, the results of electron beam NIO studies are presented covering phase

I of NIO program. In that period, IOTA has performed two scientific runs - run 1 (fall

2018 - spring 2019) and run 2 (fall 2019 - spring 2020, cut short by mandatory COVID-19

shutdown), both involving long commissioning and frantic data collection intervals.

3.2.2 IOTA NIO lattice

Majority of IOTA lattice design was done by Fermilab staff scientists A. Valishev and A. Ro-

manov. Most of this process was never published and instead disseminated through personal

communication and training in the control room. I was not involved in the design until

about a year before completion, and just summarize here some of the considerations and

constraints that had to be accommodated, as well as final nominal parameters.
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Optics

The limitations imposed by the available space in the machine hall, the desired beam en-

ergy, and the length of experimental straight sections determined the machine layout and

circumference. To allow for maximum space for experimental insertion devices, IOTA was

designed as a mirror-symmetric ring with two regions for nonlinear inserts (unlike most other

machines which have periodic arcs, ‘cells’). To implement a symmetric ring, it is necessary to

ensure optical function derivatives (β′ and η′) vanish at the symmetry point. On top of this

the optics, dispersion, and phase advance requirements of NIO inserts are added (potentially

with both inserts used simultaneously).

The final loose requirements is that beam sizes outside nonlinear inserts should be kept

small (low βmaxx,y ). This relaxes magnet and alignment tolerances and ensures that large

beam oscillations can be accommodated everywhere. The maximum possible particle action

that can fit in a ring is called the acceptance.

Together, above requirements necessitated the use of at least 14 reasonably spaced

quadrupoles between each nonlinear section - two triplets and four doublets [52]. This

is precisely the number used in the upper injection section of IOTA (edges of figure 3.6). In

the bottom section, extra elements were placed so as to enable chromaticity correction and

installation of other devices including RF cavity, OSC, and an electron lens.

In terms of acceptance, low βmaxx,y relative to the available physical aperture ensured that

acceptance is determined completely by the aperture of DN insert, to be discussed in 3.4. For

that reason, in the following chapters amplitudes are often compared and plotted by their

value in the middle of DN insert, at a marker called ‘IOR’. There is a symmetric marker in

the middle of QI insert called ‘IOL’.
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Figure 3.6: Optical functions of the IOTA NIO lattice.

Injection

Modern light sources are often constrained by the injection requirements, since incoming

bunches are both bigger than equilibrium emittance (needing larger DA) and must be inserted

without disrupting other bunch trains. These considerations are not relevant to IOTA, and

so the main constraints of injection scheme were space requirements and physical aperture

clearance. An on-axis kicker scheme was chosen together with a 4-corrector injection bump,

and has performed well experimentally. Some discussion on specialized Lambertson magnet

design can be found in [53].

Nominal parameters

In table 3.1, IOTA parameters are given in three configurations. First is design 150MeV,

which was the original goal of the program and what all the early simulations targeted. The

second configuration is design 100MeV one, which was adopted for all simulations in this

thesis when the 150MeV was not achieved experimentally. In addition to low energy, a lower
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Parameter Design 150MeV Design 100MeV Observed (run 2)

Length 39.97m 39.97m 39.9616m
Beam energy 150MeV 100MeV 96.4 ± 1MeV [54]

Beam current avg 109, 1.2mA 1.2mA up to 4mA
Beam current max 4mA 4mA 4mA
Emittance ϵx/ϵy 13/13nm 13/13nm 60/60nm (@1mA)
Tunes νx/νy 5.3/5.3 5.3/5.3 5.3/5.3
Bunch length 11cm 11cm ∼ 25 cm (@1mA)
Mom. compaction αc 0.072 0.071 n/a
RF voltage 1kV 340kV ∼ 340 kV [55]
RF harmonic 4 4 4

Energy spread σdelta 1.4×10−4 1×10−4 (8.71× 10−5) 2.28×10−4 @1mA

Aperture1 50mm 50mm > 40mm
Damping time x/y/s 0.92/0.92/0.23 3.51/3.54/0.84 (coupled) ∼ 5s/5s/(n/a)

Table 3.1: IOTA ring design and scientific run 2 experimental parameters. Values taken
from specified references, simulation code results, and experimental estimates.

RF voltage was used as well due to RF system limitations. The final configuration uses best

experimental estimates observed during scientific run 2, and is used for experimental data

benchmarking.

For simulation purposes, a set of expected misalignments and field errors was defined and

is shown in Table 3.2. While some magnets had significantly larger deviations in practice,

design rms values were useful for simulation purposes. In following the tactic of [56], errors

were scaled until the optics perturbations (tune, coupling, etc.) had same magnitude as

residual errors observed after experimental tuning. This bypassed the need to implement

most correction algorithms inside simulation codes while maintaining relevant perturbations.

Expected maximum optical errors, as obtained in [57] and [58], are summarized in Table 3.3.

Also provided are some typical values used in modern light source design and commissioning

studies [59, 60]. The expected final optics errors after correction are given in table 3.3.
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Parameter IOTA Typical light source

Dipole tilt 1mrad 0.5mrad
Dipole x/y 100 um 100 um
Dipole FSE 1e-3 1e-3
Quad tilt 1.7mrad 0.2mrad
Quad x/y 250 um 30 um
Quad FSE ∆k1/k1 1% 5e-4
Sextupole x/y 250 um 30 um
Sextupole roll 1.7mrad 0.2mrad
Octupole x/y 200 um n/a
Octupole roll 5mrad n/a
BPM calibration 4% 5%
BPM tilt 35mrad 1mrad

Table 3.2: Expected errors prior to commissioning for IOTA and for a typical light source.
FSE stands for fractional strength error.

Parameter Max error

βdrift error 1%
Overall β-beat 3%
Dispersion deviation ηdrift 1cm
Closed orbit distortion through drift 0.05mm
µring, phase advance error outside drift 0.001

Table 3.3: Expected final optics errors for IOTA lattice after correction.
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3.2.3 Instrumentation

IOTA ring is equipped with several types of beam diagnostics devices. For position mea-

surements, two systems were used - the electrostatic beam position monitors (BPMs) and

the visible spectrum synchrotron light monitors (SLMs) (Fig. 3.7). SLM system was also

capable of beam profile measurements, and its initial design and commissioning was led by

myself in collaboration with A. Romanov as one of the first IOTA projects. Longitudinal

beam profiles were acquired with a wall current monitor, and absolute current readings with

a direct current-current transformer. Beam excitations were produced with a pair of elec-

trostatic kickers. A detailed description of all of the above devices is given in appendix

A.

Figure 3.7: CAD drawing of SLM (left) and BPM (right).
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Parameter Design value
Magnets 18
Overall insert length 1.8m
Magnet length 7cm
Effective length 7.5cm

Max gradient k3 1.4 kG/cm3 @2.0A
Max field error < %1
Max current 2A continuous, 6A periodic

Table 3.4: QI insert parameters

3.3 QI insert

3.3.1 History and parameters

The octupole QI insert is comprised of 18 (17 in run 2) equidistant air-cooled iron yoke

octupoles spanning the ‘BL’ 1.8m nonlinear insert drift. The choice in number of magnets

was determined by balancing manufacturing and assembly cost with preserving the intended

integrable beam dynamics, as will be discussed in chapter 5. Majority of prototype magnet

design and testing was performed by Fermilab Technical Division and S. Antipov in 2015-

2016 [61, 62]. I took over QI project in 2017, after the serial production parts were already

manufactured but before final assembly. The design QI specifications are given in table

3.4. Beyond cost considerations, primary requirement was acceptable field quality and oc-

tupole gradient sufficient to reduce dynamic aperture to below physical one (thus achieving

maximum possible tune spread). A CAD drawing of one of the octupoles is shown in Fig.

3.8.

3.3.2 Rework

Soon after assembly started, a manufacturing flaw was discovered - the pole length was

dimensioned incorrectly, resulting in excess 0.052” of length. While seemingly a small error,

this meant the insert was incompatible with the 1” beam pipe and would have a distorted
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Figure 3.8: Initial CAD model of single QI octupole.

field shape. Since poles were already wound, individual rework would be problematic and

imprecise - it was decided to attempt an in place fix on the complete magnet assembly. The

procedure was to use wire electrical discharge machining to reference (touch) outside yoke,

find geometrical center, and then feed wire through the bore and remove pole material. This

process is shown in Fig. 3.9. Because of exquisite EDM precision (< 10 um), good final pole

shape accuracy was expected, and verified using gauge blocks. EDM work was performed

at Fermilab machine shop. To cross-check results, independent 2D simulations were done

using FEMM to ensure new profile was correct and had acceptable field quality - results are

shown in Fig. 3.9. The corresponding field gradient derived from cubic fit (k3 = 1
3!
∂3Bx
∂y3

1
Bρ)

was consistent with previous COMSOL simulations. Due to schedule pressure, no time

was available for magnetic testing before run 1, and so insert was assembled without field

measurements.
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Figure 3.9: Octupole rework. Left - wire EDM machine with octupole prepared for pole
cutting. Right - FEMM 2D simulation of corrected octupole model.

3.3.3 Rotating coil measurements

Between scientific runs 1 and 2, QI insert was disassembled and moved to Fermilab technical

division for proper rotating coil measurements. In this process, a PCB with multiple traces is

rotated inside the bore and the induced currents measured. After compensation of undesired

fields, contributions of various harmonics can be extracted and field quality evaluated [63].

For octupoles, measurements were performed by Joe DiMarco and staff technicians, with my

contributions as a pack mule and in final data analysis. Overall, measurements showed good

field quality, meeting design specifications. In Fig. 3.10, a detailed breakdown is shown.

When reassembling the insert for run 2, magnets with lowest extraneous harmonic strength

were placed closer to drift center (highest current region), and those with worst field quality

on the outside.
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Figure 3.10: Statistics of higher order multipole content in IOTA octupoles. Note that
12-pole is the first allowed harmonic and is expected to be strong. Image by Joe Di-
Marco/Fermilab.

3.3.4 Alignment

Due to time and cost pressures it was desirable to align the magnets without vibrating wire

station or individual referencing and individual laser tracker alignment. Our approach was

to modify the retention disk (‘crown’) with tiny pinholes of 200−800 um diameter, with the

intention of using either lasers or fine beryllium wire to align octupoles relative to each other

on a single girder. Then, only alignment of girder to the ring drift axis would be necessary,

and could be accomplished during overall ring survey and followed up with beam-based

closed orbit adjustments. The octupole girder in shown in Fig. 3.12, and pinhole crown in

figure 3.11. Laser tracker and beam-based measurements are discussed in chapter 6.
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Figure 3.11: Octupole alignment. Left - laser shining through the one of the crown pinholes.
Right - resulting alignment path along the insert.

Figure 3.12: Octupole girder during run 2. Image by G.Stancari/Fermilab.
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3.4 DN insert

3.4.1 History and parameters

The mechanical design and manufacture of the more complicated DN insert was done by an

outside company, RadiaBeam, as a phase I and phase II Small Business Innovation Research

(SBIR) project. Description of prototype and main magnet design and manufacture can be

found in [64–66]. Overall, DN insert has same length and number of magnet as QI, driven

by similar performance considerations and tradeoffs [67]. Specifications are given in table

3.5, and a picture of the girder in Fig. 3.13.

Parameter Design value

Magnets 18
Overall insert length 1.8m
Magnet length 6.5cm

Geometric parameter c 0.0081 m1/2

Strength parameter t 0.0 - 0.9

Table 3.5: DN magnet parameters.

Figure 3.13: DN insert. Left - nonlinear poles. Right - girder with installed vacuum chamber.

The biggest challenge of DN system is the linear scaling (clab = c ∗
√
β) of pole distance

within the insert, with the smallest spacing in the middle of the drift. In order to preserve as
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much of physical aperture as possible and not create pumping restrictions, vacuum chamber

was carefully 3D shaped to be thin and nearly touch magnet poles. Resulting aperture (at

β∗) was an ellipse of 2 ∗ 3.94mm × 2 ∗ 5.26mm (width × height). Even accounting for the

small β, this point is the limiting aperture for the whole ring in both planes, and made orbit

correction through DN insert critical.

3.4.2 Alignment

Because of schedule pressure, no field mapping was performed after assembly. Based on

coordinate measuring machine (CMM) data (surface deviation < 10 um), no significant field

error were expected. Individual magnet pieces were relatively aligned on girder by Fermilab

TD using a stretched wire measurement station. Details of this methods can be found in

[68] and the Fermilab implementation in [69]. For the DN magnet parameters, a transverse

precision of ∼ 50 um rms was predicted. Beam-based measurements are discussed in chapter

6.

3.5 Summary

This chapter introduced the requirements and strategies of implementing integrable nonlinear

systems. Properties of the drift + T-insert approach were presented, and parametrization

defined. The exotic NIO requirements motivated the necessity to construct a dedicated NIO

research ring.

The history, design considerations, and final lattice properties of the Fermilab IOTA re-

search ring were presented. Brief description of the relevant beam diagnostics was given.

Parameters and construction challenges of the two nonlinear inserts, QI and DN, were dis-

cussed.
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CHAPTER 4

ANALYSIS AND SIMULATION ALGORITHMS

This chapter presents the methodology for simulation and measurement of tune, integrability,

dynamic aperture, and other figures of merit. In section 4.1, various analysis methods and

their experimental implementations are discussed. The types of simulations used in this

thesis are presented in section 4.2. Chapter concludes by describing the common IOTA

configurations used for evaluating ring performance in section 4.3.

4.1 Beam dynamics analysis

4.1.1 Spectral analysis and tune measurement

Spectral analysis of beam motion is a critical experimental and simulation tool for studying

both linear and nonlinear beam dynamics, as well as for day to day operations. To main-

tain the correct tune working point, virtually all machines implement some form of tune

measurement device or diagnostic [70], and often several at the same time [71] tied into

beam feedback and machine safety systems. In IOTA, the only available method is through

analysis of TBT BPM data.

Fourier transform of betatron motion

Discrete Fourier transform (DFT), by analogy to its well known continuous version, trans-

forms data sampled at discrete time intervals to frequency space. For a signal of length

N ,

Xk =
N−1∑
n=0

xne
−i2πkn/N (4.1)
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with xn = x0, x1, ..., xN−1. If DFT is applied to linear betatron motion of Eq. 2.50 for ring

with tune Qfull, the frequency spectrum is given by

Xk =
N−1∑
n=0

xne
−i2πQfulln/N =

N−1∑
n=0

xne
−i2πQn/N (4.2)

where xn = x(s = n × C) is position at turn n. Due to 2nπ periodicity of the exponential

term, only the fractional part of Qfull contributes to DFT. This means a single BPM is only

sensitive to the fractional tune Q ≡ Qfull mod 2π. Moreover, due to DFT properties there

is an ambiguity between Q and 1−Q, sometimes referred to as aliasing or spectral folding.

In practice, it is not a big issue and can be resolved by using model priors or observing

direction of tune line shifts with focusing changes. In IOTA, all NIO studies are done in

5.25− 5.50 tune region for both planes.

Tune measurements

Tune measurement convergence is important for many analysis techniques, since simulation

time and/or number of turns with signal can be limited. In general, average tune error scales

with number of turns N as

ϵ(N) = |Q(N)−Q0| ∝
1

N l
(4.3)

where l is the scaling exponent. In the case of simple DFT followed by maximum amplitude

bin selection, resolution scales as 1/N (l = 1) [72]. This can be intuitively understood by

considering that frequency space signal has N/2 unique points (for real-valued time series)

spread over frequency range 0 −→ fsampling/2 (Nyquist criterion). Thus, for fsampling = 1

(every turn), distance between signal bins scales as 1/N . If BPM measurement error σ

for signal of amplitude A is incorporated into the analysis, FFT uncertainties for tune,
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Figure 4.1: Effect of various windows on FFT spectrum.

amplitude, and phase are given by

σQ ≤ 1

2N
σA ≈

√
2

N
σ σϕ ≈

√
2

N

σ

A
(4.4)

Several standard techniques can be used to improve this result. One example are interpola-

tion formulas, like Jacobsen method [73] or those of [74]. Their derivation relies on evaluation

of windowing effects. In Eq. 4.5 an implicit rectangular window w(n) (1 everywhere with

signal present, 0 otherwise) was used to multiply the (theoretically assumed to be infinite)

signal:

Xk =
N−1∑
n=0

xnw(n)e
−i2πQn/N (4.5)

According to convolution theorem, multiplication in time domain is equal to convolution in

frequency domain. A pure sine wave then has a spectrum that is a convolution of single true

peak and the Fourier transform of the rectangular window, as shown in Fig. 4.1. Knowing

the two or three largest peak values, interpolation formulas get a better true peak estimate,

improving error scaling to ϵ(N) ∝ 1/N2.

Note that choosing a different window, such as the popular Hann or Hamming ones, does

not by itself improve tune resolution. These windows suppress sidelobes (the oscillations

away from main peak in Fig. 4.1) at the cost of widening the main lobe, and in fact lower
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frequency resolution. Windowing also biases spectral power measurements if signal changes

with time. However, windows are often necessary to separate signals with multiple strong

nearby tunes.

Numerical Analysis of Fundamental Frequencies (NAFF)

Iteratively refined frequency analysis methods are a better but more computationally inten-

sive alternative to interpolation formulas, the latter being susceptible to noise and systematic

errors. One of the most popular such method in accelerator physics is Numerical Analysis of

Fundamental Frequencies (NAFF), introduced by Laskar in the context of planetary dynam-

ics [75]. Starting from FFT tune estimate, it seeks to maximize the correlation amplitude of

the signal f(t) and a sinusoidal tone g(w, t) = e−iwt

Ψ(w) = ⟨f(t), g(t)⟩ = 1

2T

∫ T

−T
f(t)ḡ(w, t)w(t)dt (4.6)

where w is windowing function as before. The iterative part comes from seeking maxΨ(w)

through minimization methods, like Brent’s line search in Laskar’s implementation, or more

modern simplex and gradient descent algorithms. NAFF precision without windowing is

1/N2 [76]. Application of Hann window of power p improves resolution further to

ϵ(N) ∝ 1

N2p+2
(4.7)

but only works well on near-noiseless signals, degrading back to ∼ O(1/N2) for typical

experimental data [76, 77]. Numerical evaluation of Eq. 4.6 can be done with standard

discrete integration methods, such as trapezoidal or Newton-Cotes formulas. To reduce

number of iterative evaluations, signal is zero-padded (i.e. to 213 = 8192) before initial

DFT. This is equivalent to interpolating the frequency spectrum (Fig. 4.2), but has only a

small performance cost thanks to highly efficient Fast Fourier transform (FFT) algorithms.
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Figure 4.2: Effect of zero-padding FFT with no windowing

Another trick is wrapping the signal so as to eliminate discontinuity of data at t = 0 - this

shifts the phase reference point from start of signal to middle, reducing phase offset errors

(as long as signal amplitude is roughly uniform, sadly not the case for IOTA).

Direct fitting

For simple signals, it is possible to perform direct least-squares fitting of betatron oscillations,

either at a single BPM over multiple turns or at all BPMs if Nyquist criterion is met,

thereby reconstructing the betatron motion. Direct fit is useful when only a few turns of

data are available. However, it becomes unstable and slow for long or complicated signals,

and introduces significant systematics if the model is inadequate.

Augmentations and experimental caveats

Analysis of accelerator experimental data introduces yet another layer of complexity into the

picture. However, this is not necessarily bad - for example, one of advantages of rings with su-

persymmetry (periodic repeating lattice cells) is ability to do combined BPM measurements

[76, 78] where BPM signals add coherently and improve tune resolution. Unfortunately,

IOTA lattice is mirror symmetric and poorly suited for this approach. The disadvantages of

real machines are numerous - decoherence, noise, analog frontend systematics, and all the
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other usual joys of experimental physics. Some of these will be discussed further below and

in chapter 6.

Connection to beam optics

Spectral information can be directly used for fitting optical functions. As shown in [79], the

amplitude of first order tune-line for normalized position is

|H(1, 0)0| =
√
2Jx
2

(4.8)

where H(1, 0) denotes the tune line as that of horizontal spectrum at Xk(Qx) ≡ 1 × Qx +

0×Qy. Any error c in signal calibration would propagate as

|H(1, 0)| = 1√
c

√
2Jx
2

(4.9)

By fitting the ideal Courant-Snyder parameters (βmodel,ψmodel) to the experimental data

so as to minimize tune-line amplitude variation, quadrupole-like errors can be corrected and

removed from further spectral analysis. Remaining tune-like errors can be shown to consist

of only oscillatory terms. As such, with sufficient number of turns and BPMs in the ring,

overall action can be estimated as

√
2Jx ≃ 2

N

N∑
n=1

|H(1, 0)|n (4.10)

and residual beta-beat is then given by

βcorrx1,n =

(
|H(1, 0)|
⟨|H(1, 0)|⟩

)2

βmodelx1,n (4.11)
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Figure 4.3: Kicked bunch filamentation.

The above treatment serves to establish a link between spectral analysis, which is typically

then extended to look at nonlinear dynamics/resonance driving terms, and the more con-

ventional optics correction algorithms that work on parameters like betatron amplitude and

phase. These approaches are equivalent, but one may be more convenient to integrate into

the analysis pipeline than the other.

4.1.2 Beam decoherence

Oscillation envelopes

Both linear and nonlinear decoherence present significant experimental issues that dominate

the resolution of our measurements. A simple diagram of filamented bunch after kick is shown

in figure 4.3. The root cause of decoherence is breakdown of single-particle assumptions, and

its treatment necessitates working with density distributions instead. Inside a distribution,

position of particle i at turn n is described by

x̄i(n) =
√

2Jx cos(µ
i(n)) + ηxδ

i =
√

2Jx cos(2πnνx,0 +∆ψi + ϕi) (4.12)
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where cos(nνx,0) is linear small amplitude tune, ϕi individual phase offset, and ∆ψi the

individual detuning (phase advance modification)

∆ψi = ξxδ
i +

1

2
ξ
(2)
x (δi)2 + ...+ kxxJx + kxyJy + ... (4.13)

For IOTA the lowest order terms, linear chromaticity ξx and first order detuning kxx and

kxy (produced by octupoles), are dominant detuning sources.

The experimental observable of bunch motion is the beam centroid. To find centroid

‘equation of motion’, a kick is introduced as an instantaneous change in actions I⃗ of all

particles, such that total action is now (Jx, Jy, δ) = J⃗ −→ I⃗ + J⃗ . Then, centroid position is

an integral over the particle density distribution ρ:

〈
x̄i(n)

〉
=

∫
ρ(I⃗ , ϕ⃗) x̄i(n, J⃗ + I⃗ , ϕ⃗) dϕ⃗ dI⃗ (4.14)

The difficulty comes in knowing the real bunch distribution and it being sufficiently simple

to have a closed form solution. In case of IOTA, beam profiles are expected to be close to

Gaussian even with nonlinear inserts (as has been verified experimentally with SLM system).

Derivations for a Gaussian bunch can be found in [80, 81] for 2D and linear chromatic cases,

in [82, 83] for second order chromaticity and 4D, and in action-angle form in [84]. In this

thesis, a 4D solution for a kick of I⃗ = (Ix ∝ A2
x ≡ βx∆x

′, Iy ∝ A2
y ≡ βy∆y

′, 0) starting

from equilibrium closed orbit is used, which is the most general of relevant forms. Centroid

position is given by

〈
x̄i(n)

〉
= −

√
IxFxxFxyFδ sin

[
2πνx,0 + ϕx(n)

]
(4.15)
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with

ϕx(n) =

[
2 tan−1(θxx) + 2 tan−1(θxy) +

Ix
2σ2x

θxx
1 + θxx

+
Iy

2σ2y

θxy
1 + θxy

]
(4.16)

and

Fδ = exp(−α2/2) α =
2ξxσδsin(πnνs)

νs
(4.17)

Fxx =
1

1 + θxx
exp

(
− Ix
2σ2x

θxx
1 + θxx

)
θxx = 4πkxxσ

2
xn (4.18)

Fxy =
1

1 + θxy
exp

(
−
Iy

2σ2y

θxy
1 + θxy

)
θxy = 4πkxyσ

2
yn (4.19)

For < y >, solution has same form with all x and y indices swapped.

Experimental impact

Beam decoherence contains a lot of information about lattice conditions, and can serve

as a diagnostic. For example, the synchrotron sidebands of signal FFT can be used to

fit for chromaticity [85], and longitudinal momentum distribution can be reconstructed if

several BPMs are used [86]. However, as far as beam dynamics goes, decoherence is the

main obstacle for high fidelity measurements. Of the three envelopes, only chromatic one

is an oscillatory function that returns to full amplitude, as would be expected from linear

tune shift. Meanwhile, both transverse terms decrease monotonically. Experimentally, the

overall decoherence envelope needs to be as large (long) as possible. Nonlinear systems will

produce strong detuning by design, meaning kxx and kyy cannot be reduced. Chromaticity

can be corrected with sextupoles to small values at the cost of DA size, but beam size (i.e.

emittance) is strongly constrained by the need to maintain sufficient current for BPM TBT

mode. Thus, except for lattice changes to reduce IBS and equilibrium emittance, there is

little freedom to optimize decoherence envelope parameters.
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Similar challenges were previously observed in measurements of crab-cavities at SPS [87],

where it was necessary to avoid high intensity bunches due to electron cloud tune shift. Their

solution was to use trains of low intensity bunches, maximizing overall current, and then

normalizing obtained data with fitted exponential damping curves. Unfortunately IOTA

does not support multiple bunches. For applications only requiring spectral measurements,

decoherence can be ignored on a short timescale, as was done in [83], or worked around with

repeat acquisitions [88]. However, in this work we are interested in quantitative phase space

values as well as tunes.

To better understand the impact for IOTA, visualization of individual envelope com-

ponents for several chromaticity and nonlinear detuning values is shown in Fig. 4.4. A

moderate kick of Jx = (1mrad)2 was used, bunch rms size was set to 100 um, and octupole

detuning normalized as 2kxx(t = 0.3) = −kxy(t = 0.3) ≡ 1.
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Figure 4.4: Chromatic (top) and nonlinear (bottom) decoherence envelopes.
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Even with 150MeV design numbers, uncorrected chromaticity (∼ −10) has an immense

impact. Nonlinear terms at nominal strength have a moderate impact, and are approximately

matched by a partial chromaticity correction to ξ = −5. Note that nonlinear envelope will

shrink at stronger kicks, whereas chromatic one remains the same. Overall, fast signal deco-

herence within first 100-300 turns is expected for IOTA parameters and partial chromaticity

correction will be needed to increase the number of observable turns.

In addition to signal damping, finite beam size also affects the observed tune, both

because the tune average of the bunch is not same as that of the central particle (quadratic

detuning asymmetry) and due to decoherence which is in effect a forced data window of the

real oscillation signals. From Fourier transform of 4.15, for θ << 1 the observed tune is

νx,obs =
1

2π

∂ϕx
∂n

≈ νx,0 + kxx(Ix + 4σ2x) + kxy(Iy + 4σ2y) + ξ
(2)
x σ2δ (4.20)

where second-order chromaticity term from derivation of Ref. [82] is applicable if first order

chromaticity is corrected close to 0, as is the case for many rings. Shortly after the kick,

amplitude modulation is Gaussian, and so is the spectral peak. A long time after the kick,

modulation is a power law and spectrum is exponential. The exact tune shift is plotted in

Fig 4.5, and shows that for strong kicks an observed shift of ∼ 1e-3 can be expected within

the first 200 turns. Given the fast nonlinear decoherence (red line), only 200 turns would be

visible experimentally. Thus, NAFF resolution would also be around 1e-3 - 1e-4, and tune

shift effect would be hard to distinguish. Overall, time-varying tune peak location combined

with peak shape evolution limit the effectiveness of methods like NAFF, making them usable

only on short intervals. Simultaneously, decoherence limits number of available turns, and

together these set a hard experimental resolution limit.

If the above 4D model was sufficient to fully describe observed signals, corrected values

could be produced by first fitting the parameters and then applying transforms to amplitude

and phase data. However, because of higher order effects, coupling, experimental systematic,
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Figure 4.5: Observed tune shift as a function of turn number.

and many other reasons, this will only work for a moderate number of turns. Assuming

reasonable recovery, outputs can then be used to compute ‘undecohered’ phase space. Error

analysis on simulated signals is performed in chapter 5.

4.1.3 Optics

Note on error propagation

A key part of optics measurements and analysis is understanding the resolution and sys-

tematics of algorithms and data. To compute statistical error propagation, recall that any

function f of variables x0, x1, ..., xi can be Taylor expanded as

f ≈ f0 +
∑
i

∂f

∂xi
∆xi + ... (4.21)
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and the corresponding uncertainty of its value is given by

σ2f = JΣJT =

(
∂f
∂x1

∂f
∂x2

· · ·
)
·


σ21 σ12 · · ·

σ21 σ22 · · ·
...

...
. . .




∂f
∂x1
∂f
∂x2
...

 (4.22)

σ2f =
∑
i

(
∂f

∂xi

)2

σ2i (no covariance) (4.23)

with J being the function Jacobian. The second case of no covariance corresponds to the

standard sum of squares uncertainty formula.

Twiss functions

Experimentally, it is of interest to recover optics parameters based on observables. Since

amplitude of oscillations is proportional to
√
β, a direct measurement of β functions is

possible. However, this approach suffers from BPM calibration uncertainty, which is often

of same magnitude, a couple %, as the β function error. However, by fitting all BPM

amplitudes around the ring to the model simultaneously, this calibration can be canceled

out (if all BPMs share calibration) or at least minimized. This method is called ‘beta from

amplitude’, and if large number of BPMs are present (not the case for IOTA), performs quite

well.

It is desirable to find some way to avoid calibration factor errors, which requires removing

dependence on position data and relying only on phase. If phase differences of 3 nearby BPMs

ϕ1−→2, ϕ1−→3, ϕ2−→3 are known, they can be plugged into optics transport matrices of Eq.

2.44. With model values βm and ϕm, the system can be solved for experimental β1,2,3.

Central value β2 is given by

β2 = βm2
cotϕ1−→2 + cotϕ2−→3

cotϕm1−→2 + cotϕm2−→3
(4.24)
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This method is referred to as 3-BPM ‘beta from phase’, and because of exquisite phase

precision afforded by spectral methods like NAFF, is the standard method for TBT data

analysis. Error propagation and formulas for other β and α functions can be found in [89],

where it is shown that relative error ϵβ2 is minimized for ϕm1−→2 = ϕm2−→3 = 45o while average

error at all 3 locations is smallest with ϕm1−→2 = ϕm2−→3 = 60o. Part of lattice design is

optimizing BPM phases/positions so as to improve optics measurement accuracy. In IOTA,

placement was limited by other design considerations, with consequences discussed later in

this chapter. Note that above formulas are valid for free betatron oscillations (only type

possible in IOTA), with AC dipole data requiring correction factors [90].

Linear Optics from Closed Orbit

Linear Optics from Closed Orbit (LOCO) is another approach to recover linear optics that

requires only knowledge of closed orbit shifts. The principle behind LOCO is that of an

orbit response matrix - a matrix which describes the change of beam position at BPMs

for a particular change in corrector or off-axis quadrupole magnet, ∆x1,2,3 = RM∆θ1,2,3,

with θ being the kick from closed orbit discussion of Eq. 2.61. With a sufficient number

of measurements, response matrix can be inverted, and used to calculate corrective currents

and kicks so as to get a better model fit. By iterating the data collection and correction

procedures, overall fit to the model, and hence optics errors, are improved. A detailed

description of the process can be found in [24, 91].

According to a recent benchmark of LOCO vs TBT methods [92], LOCO has slightly

better performance and advantages in highly nonlinear rings, but comes at the cost of long

acquisition times (minutes) and susceptibility to systematic drifts. Because of significantly

higher BPM accuracy in orbit mode (∼ 1 um), LOCO is the primary commissioning and

tuning algorithm for IOTA (used by the optics expert of the group, A. Romanov).
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Phase space

Phase space reconstruction essentially means obtaining coordinates (px, py) just from posi-

tion data (x, y). The best case for such a measurement are two BPMs separated by a drift,

giving

px ≈ x′1 =
x2 − x1
∆s

(4.25)

where xi is position measurement at BPM i. In IOTA, only 1 such drift is available (the

opposite insert from active one). A more general formula for any two BPMs is obtained

using transport matrix of Eq. 2.42 - the momentum at BPM 1 in a purely linear lattice is

given by

x′1 =
x2 −M11x1

M12
(4.26)

The caveat is that no nonlinear effects can be present between the two BPMs. In IOTA,

nonlinear inserts are the dominant nonlinearities and so it is hoped that everywhere in T-

insert is close enough to linear. This is not true in practice due to large dipoles and strong

sextupoles, but nonetheless sections of 3-6 BPMs can be identified with only quads and

correctors in between.

To incorporate multiple BPMs, additional indices are required. Suppose there are Nbpm

BPMs (Fig. 4.6), which form m = Nbpm − 1 pairs denoted by index l ≡ (i, j) (with

(i, j) ≡ (j, i)):

m = (Nbpm − 1) (4.27)

l = [1, 2, ...,m] (4.28)

Plugging in general matrix element definition of Eq. 2.42, momentum of l-th BPM pair

(i, j) is given by

pl = p(i,j) =
xj√

βiβj sinϕi,j
−

cotϕi,jxi
βi

− αixi
βi

(4.29)
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Figure 4.6: Several possible pairs of BPMs for momentum measurement.

and thus normalized momentum is

p̄l = p̄(i,j) = − xi√
βi

cotϕi,j +
xj√
βj

cscϕi,j (4.30)

Weighted estimate of all measurements at location j is given by

p̃j =
m∑

i=1, ̸=j
wip(i,j) (4.31)

where wi is the normalized weight of each individual pair computation. Naturally, it is

desired to pick the best possible set of weights. This problem is equivalent to finding a

best estimator in least squares sense, also known as generalized least squares (GLS). GLS

requires knowledge of the covariance matrix V, which can be separated into systematic and

statistical parts as

V = Vstat +Vsys (4.32)
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Looking first at the statistical part,

Vstat = JMJT (4.33)

where M is the matrix of independent errors for various measured parameters - positions xi,

phases ϕi,j , optical functions, etc. Focusing only on position and phase errors,

M =



σ2x1 0 · · · 0

0 σ2x2 · · · 0

...
...

. . .
...

0 0 · · · σ2ϕ1,m+1


Matrix J is the Jacobian of Eq. 4.30, given by

J = (JxiJϕij ) =



∂p̄1
∂x1

∂p̄1
∂x2

· · · ∂p̄1
∂ϕ1,2

· · · ∂p̄1
∂ϕ1,m+1

∂p̄2
∂x1

∂p̄2
∂x2

· · · ∂p̄2
∂ϕ1,2

· · · ∂p̄2
∂ϕ1,m+1

...
...

. . .
...

. . .
...

∂p̄m
∂x1

∂p̄m
∂x2

· · · ∂p̄m
∂ϕ1,2

· · · ∂p̄m
∂ϕ1,m+1


where the partial derivatives are

∂p̄(i,j)

∂xi
= −

cot(ϕi,j)√
βi

(4.34)

∂p̄(i,j)

∂xi
= −

csc(ϕi,j)√
βj

(4.35)

∂p̄(i,j)

∂ϕi,j
= csc(ϕi,j)

(
−
xj cot(ϕi,j)√

βj
+
xi csc(ϕi,j)√

βi

)
(4.36)

Unlike statistical part, systematic covariance is harder to define analytically and so is

usually estimated via Monte Carlo with several thousand error realizations on best available
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ring model. Once the final matrix V is known, weight are computed as

wi =

∑m
k=1 V

−1
ik∑m

k=1

∑m
j=1 V

−1
jk

(4.37)

This procedure is called the ‘N-BPM’ method. It was introduced as an extension of

the 3-BPM method for β function measurement in 2016 [93], and an analytic extension of

systematic covariance computation was recently proposed in [94]. To our best knowledge it

has not been extended to momentum/phase space applications until now. Since momentum

measurement depends on position as well as phase, N-BPM momentum method introduces

a number of complications (BPM calibration factors, amplitude dependence of covariance

matrices, etc.). As a simplification, in this work we focus only on position and phase errors.

Note that N-BPM method reduces to a simple variance weighted average if measurements

are uncorrelated, which can be used as a fall back if model systematics do not appear to

match experimental results. Another interesting detail is the phase uncertainty in above

equations - it is that of phase difference, which is not the same as uncertainty of individual

phase measurements. The relationship can be shown to scale as σ2ϕi
= σ2ϕi,j

(
1 + βi/βj

)−1

[95].

Model independent methods

Another approach to optics analysis are the model independent methods, which rely on

properties of beam motion and various decompositions to obtain optics function without

knowledge of model values. A detailed overview can be found in [96]. One of simplest

methods for MIA is singular value decomposition (SVD). To establish the connection with

betatron motion, consider a beam history matrix BM×P . Each row of length P is a vector

of turn by turn data at BPM M . For linear motion, matrix elements are given by

Bm,p =
√
2Jpβm cos(ϕp + ψm) (4.38)
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If this matrix is decomposed with SVD, then

B = USV T =
∑

σiu⃗iv⃗
T
i (4.39)

By computing the eigenmodes, it can be shown that with sufficient number of randomly

distributed BPMs the decomposition requires only two [97]:

B ≡ 1√
P
Bm,p = σ+u⃗+v⃗

T
+ + σ−u⃗−v⃗T− (4.40)

where σ are called singular values, and

u+ =
1

σ+

√
⟨J⟩ βm cos(ϕ0 − ψm) (4.41)

u− =
1

σ−

√
⟨J⟩ βm sin(ϕ0 − ψm) (4.42)

v+ =

√
2Jp
P ⟨J⟩

cos(ϕp − ϕ0) (4.43)

v− =

√
2Jp
P ⟨J⟩

sin(ϕp − ϕ0) (4.44)

with p = 1...P , m = 1...M , ψm the individual BPM phase advances from start, and ϕ0 the

angle coordinate offset. The vectors u are called spatial components, since they describe

how much each principal component (eigenmode) contributes to a particular BPM. Vectors

v are called temporal, and describe the sine/cosine components of linear motion in normal-

ized coordinates. This property is very powerful - by just applying SVD to (purely linear)

BPM data, normalized Courant-Snyder coordinates are obtained as the principal compo-

nents of SVD decomposition without any knowledge of the lattice. As with momentum

formulas above, any nonlinearities between BPMs invalidate SVD analysis. Uncorrelated

measurement errors can be incorporated into SVD by scaling the individual signals prior to

decomposition. BPM phase can be computed from the angle of sine/cosine spatial vectors
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as

ψ = tan−1
(
σ−u−
σ+u+

)
(4.45)

Relative amplitudes are also straightforward to extract, but to obtain absolute Twiss func-

tions a fit for scaling factor, the average action < J >, is required

β = ⟨J⟩−1
(√

σ+u
2
+ +

√
σ−u2−

)
(4.46)

SVD errors can be roughly estimated by

σψ ∼ 1√
P

σx
σsignal

=

√
2√
P

σx
A

(4.47)

σ∆β/β ∼ 2σψ (4.48)

More advanced decompositions are possible, such as the Independent Component Analysis

(ICA) for nonlinear problems and mode unmixing for coupled motion [98–100]. Applications

of these methods were explored for NIO experimental analysis with mixed results depending

on signal quality and hyperparameter tuning. No advanced decompositions were used in

the final analysis, but in all cases SVD was applied to raw data to reconstruct the signals

with only top few singular values - this removed small uncorrelated noises while keeping

important signal information.

4.2 Simulation techniques

4.2.1 Codes

Accelerator physics simulations aim to numerically approximate particle motion in an elec-

tromagnetic field subject to performance and accuracy constraints. While the system is fully

described by the equations of motion and the Hamiltonian, analytic solutions exist for only
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the simplest of cases. Given the complexity or sometimes impossibility of an analytical treat-

ment, numerical simulations have played a crucial role in understanding the performance and

limitations of IOTA ring and NIO inserts.

In general, to perform a numeric simulation some sort of integration of the equations of

motion is required, with considerations of symplecticity and other constraints. Many types

of codes and beam dynamics indicators have been developed, but there is no one simulation

code to rule them all - each project is specialized for the needs of their respective facility,

with varying degrees of performance, physics fidelity, and modification flexibility. The codes

used in this thesis (MAD-X, OCELOT, ELEGANT, 6DSim), and my own custom-made

pyIOTA accelerator control and analysis framework are described in appendix B.

4.2.2 Simulation types

Several standard simulation studies/types were used in this thesis. This section summarizes

them, and discusses possible pitfalls in comparisons with experimental data.

Linear optics

Linear optics simulations were performed in OCELOT and cross-checked with elegant and

MAD-X. Internally, these codes use equations of section 2.1 to find periodic Twiss functions

and propagate them to points of interest. For misalignments, appropriate feed-down effects

are added to linear matrices up to octupolar order.

Tracking

The fundamental building block of simulation tools is tracking - transporting the particle

through lattice using some set of maps. Along the path, particle position can be recorded

and various effects applied - apertures, kicks, etc. Since the dynamical behavior of integrable

systems is being studied, it is imperative to use symplectic methods - they ensure preservation
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of energy and other invariants up to some order in step size. Symplecticity restricts the choice

of element maps to either linear matrices or full numeric integrators. Whenever possible, the

latter was used, either in elegant or MAD-X PTC. Number of kicks was increased until no

further changes were observed in the output.

Chromaticity

For brevity, linear chromaticity will be referred to as just chromaticity. In simulations, it can

be derived from analysis of second/third order transport matrices or by particle tracking.

The latter method can be easily extended to higher order chromaticities (by tracking more

momentum offsets and fitting tune shift curve), and is in general more accurate at a slight

performance cost. MAD-X and elegant are capable of both algorithms, and both were added

to pyIOTA as well. For IOTA lattice, these approaches yield similar results.

Dynamic aperture

Dynamic aperture was introduced in Chapter 2 as the region of phase space around reference

orbit with perpetually stable motion. It is expressed either in physical coordinates or in units

of beam σ, the latter being useful for hadron machines. In simulation studies, DA is evaluated

at the point of interest, such as the injection location. In this thesis, all DA and related

simulations are performed from the middle of nonlinear drift BR, since that is the dominant

aperture restriction in the ring, and also a location shared between the various conceptual

and experimental lattices (discussed in section 4.3). Since αx = αy = 0, this location also

has no phase space tilt and thus a round (or elliptical for DN) beam distribution is implicitly

a matched one.

Computationally, true DA has to be estimated by tracking a limited number of parti-

cles/turns. Analytical descriptions and speed-ups of this process have been the subject of

much research. In hadron machines, models based on Nekhoroshev theorem have shown

78



x

x′

Physical aperture
D(N = 0)

D

x

x′

Physical aperture

D(N)

D

x

x′

Physical aperture

D D(N)

Figure 4.7: Interplay of synchrotron damping and effective dynamic aperture reduction with
number of turns. Left image is just after a bunch is kicked, central after some time has
passed, and right after particle losses have stopped.

good accuracy [101, 102]. Nonetheless, it is still necessary to track a significant number of

turns - 105 − 106 turns are used in LHC simulations [103]. High energy lepton machines

have strong synchrotron damping, and so require only enough turns so as to have noticeable

amplitude decay, on the order of 0.25 × τs ≈ 103 turns [60]. IOTA is a special case of a

low energy lepton machine, with transverse damping times of seconds (millions of turns at

7.5MHz), which implies the need for > 105 turns. The various particle loss causes and effects

of synchrotron damping on a particle bunch are shown in Fig. 4.7.

To avoid such computationally intensive simulations, a short study was performed to

evaluate DA scaling, and results suggest that even the small energy loss helps particles

explore phase space faster - over 95% are lost in the first 104 turns and the loss scaling is

smooth. As such, for relative comparisons 103 − 104 turns are used in all tracking studies.

As for the initial distribution, as shown in [104], it is sufficient to use a grid in transverse

coordinates, Cartesian (x, y) or polar (x = r cos θ, y = r sin θ, 0 ≤ θ ≤ π/2), with no

momenta (px = py = 0). This is because over many turns particles will eventually explore
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Figure 4.8: Dynamic aperture evaluation for typical NIO asymmetric profile. Left - DA with
active 99% survival area highlighted. Right - corresponding FMA.

all possible phases. Note also that just a single quadrant +x,+y is evaluated - while there

is a ±x asymmetry in some machines, it is not an issue in IOTA since we are interested in

kicks/DA from reference orbit and not injection.

A practical question arises in evaluating the size of dynamic aperture. Simple count of

all surviving particles is a bad solution, since it does not consider possible DA asymmetry

or discontinuous resonant islands. In [105], the largest possible radius where all particles

survive was used as measure of DA. A similar concept of boundary clipping was used in

[56], where DA profile was cut so as to be convex at each step (i.e. no protrusions allowed).

In our simulations, radius approach was used since it made most sense in terms of experi-

mental observations - a kicked bunch will rotate around and eventually explore all angles.

However, radius calculation was enhanced with robust thresholds so as to reject stochastic

noise/particle losses. Namely, DA was defined as largest radius within π/20 < θ < π/2−π/20

segment in which less that 1% of particles were lost. This is shown in Fig. 4.8. For DN

magnet, aperture was rescaled based on the perturbed optics functions.
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Momentum aperture

Local momentum aperture (LMA) describes the dynamic aperture of an off-momentum par-

ticle. It is typically smaller than on-momentum one, and vanishes at momentum error equal

to the energy acceptance of the ring. LMA varies with longitudinal position, since an energy

change has different trajectory impact depending on the local dispersion. LMA determines

Touschek lifetime, a scattering effect that is the primary beam loss mechanism in lepton ma-

chines. However, for NIO experiments lifetime was not an operational concern. LMA also

affects beam dynamics since high amplitude kicks produce a path length change, and start

synchrotron oscillations. For the time scales measurable with BPMs, < 500 turns (< 0.25τs),

this effect was not significant.

Frequency map analysis

Frequency map analysis (FMA) is one of the primary tools for studying the impact of nonlin-

ear effects on beam dynamics. Its use in accelerators was pioneered by J. Laskar [106], after

he used it extensively in analyzing the stability of solar systems [107]. Since then, FMA has

been used in machine design [108], beam-beam effects [109], and other studies, effectively

becoming a standard tool and being incorporated in many accelerator codes.

A good recent review is given in [110], which we summarize here. The goal of nonlinear

beam dynamics optimization is to estimate and correct nonlinear effects so as to increase

the dynamic aperture. While the most straightforward simulation benchmark is to track

particles and evaluate beam losses, this is computationally expensive and not scalable for

modern machines. On the other hand, fast chaos indicators like the Lyapunov exponent,

while efficient, do not provide the global phase space structure. FMA serves to bridge these

two extremes. It relies on detecting changes in particle tune as indicator of chaos onset,

since according to KAM theory tune is an invariant of stable quasi-periodic motion [111].

By measuring the difference in tune of successive tracking increments, a picture can be built
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that demonstrates the width, strength, and interplay of the various resonances. The standard

FMA figure of merit is diffusion, defined as dν = |ν1 − ν2|. For completely quasi-periodic

particles, dν −→ 0. Typically, log10 dν is plotted due to the immense dynamic range of this

indicator.

For FMA implementation, particles are tracked like in DA, their position recorded, and

tunes extracted. In this thesis, internal elegant FMA module was used for most studies, but

unfortunately was prone to spurious frequency peak reordering in highly nonlinear conditions.

As such, for some simulation the data was stored as raw tracks and then analyzed with

the NAFF algorithm in pyIOTA. For a more precise diffusion measurement, original 2-part

algorithm was extended to a sliding window σdν calculation (for example, 4096 turns overall,

1024 turn window, 256 step size), with diffusion defined by

dν,j = log10(max(|Qi,j − Q̄j |)), j = x, y, s, i = [1...Nsamples] (4.49)

dν = (dν,x + dν,y)/2 (4.50)

To evaluate the RMS and maximum detuning, same stable area radius cutoff criterion was

used as for DA.

4.3 IOTA simulation configurations

Simulations in this thesis serve two key purposes. First is to guide and validate designs for the

nonlinear inserts, quantifying theoretical and expected performance, as well as requirements

and limitations. Second is to provide an ‘in the loop virtual accelerator’ for development

and optimization of analysis algorithms. To that end, a common set of configurations and

benchmarks was established. Thanks to pyIOTA, most of the codebase could then be reused

for all simulation and experimental data. The three nonlinear insert configurations were

� Ideal insert - a gapless continuous sequence of 500 symplectic octupoles, each a 4-step
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integrator

� Design insert - 18 magnets in ideal design arrangement

� Perturbed insert - same as design, but with errors applied

and the four T-insert configurations (rest of the ring) were

� Matrix - the ideal T-insert linear matrix

� Perturbed matrix - perturbed linear matrix with tune and/or dispersion errors

� Ideal ring - linear ring lattice (matrix-based), but including the limiting apertures

� Full ring - full symplectic integration ring model

Finally, in terms of longitudinal dynamics, two settings were available:

� 5D - no synchrotron damping, no RF, coasting bunch but still 6D tracking

� 6D - synchrotron damping, RF on, phase adjusted to have 6D closed orbit at ∆t = 0

(in other words, reference particle experiences acceleration to exactly compensate for

energy loss in 1 turn with no synchrotron oscillations)

Where applicable, chromatic correction could be enabled with either all 12 design or only

4 available sextupoles. Errors could be applied at either design and close-to-experimental

levels, plus ad hoc corrections from experimental experience. Three combinations were typ-

ically used in simulations. Namely, ideal/matrix/5D, which represented the best theoretical

NIO case, design/full ring/6D as the configuration that guided initial insert optimization,

and the maximally realistic perturbed/full ring/6D/errors used for experimental benchmark-

ing. In the following section, these configurations are referred to as ideal NIO, ideal/clean

ring, and realistic/full ring.

4.3.1 Particle distribution and matching

When simulating particle bunches and not individual particles, matched distributions are

used. In lepton machines, equilibrium distribution after damping will be a matched one.
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However, in case of strongly nonlinear potentials, linear matching suggested by Courant-

Snyder parameters is not correct. A general procedure was proposed in [112] - to obtain

a matched KV (Kapchinskij-Vladimirskij)-like distribution, particles should be placed ran-

domly on the 4D shell defined by HQI/DN = E, where E is the energy or emittance of

the bunch. This procedure has been used successfully in proton studies. However, in case

of electrons, Hamiltonian-matched distribution competes with synchrotron damping. For

parameters used in IOTA, the equilibrium electron bunch shape is very close to that of a

Gaussian. As such, for all simulations a linear matched distribution was used.

4.4 Summary

This chapter introduced analysis and simulation techniques for studying beam dynamics and

performance of accelerator lattices.

Spectral methods were described for determination of tune and phase of the betatron

oscillations. Effects of data windowing and zero padding were demonstrated, and tradeoffs

discussed. An iterative frequency refinement method called NAFF was introduced as the

standard algorithm to be used in this thesis, and its uncertainties estimated. Derivation

of Twiss functions from spectral line amplitudes was explained. For the types of signals

expected in IOTA, NAFF with Hanning window used over first 100-200 turns is expected to

have 10−3 - 10−4 tune precision.

Decoherence of bunch centroid motion was analyzed for linear chromatic and quadratic

nonlinear transverse detuning terms. The former produces an oscillatory envelope that

recoheres at each synchrotron oscillation, while the latter permanently smears out the signal.

Large kicks are affected more strongly by the nonlinear terms, while chromatic effects are

unchanged. IOTA lattice parameters suggest at least partial chromaticity correction to

−5/−5 will be necessary to increase the number of turns available for experimental analysis.

Observed bunch tune deviation from single-particle value is expected to be of same magnitude
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as NAFF resolution, and should not have a significant effect given the low observable number

of turns.

Lattice function measurement algorithms were discussed, including orbit-based LOCO

and TBT-based betatron amplitude, betatron phase, and model independent beam his-

tory matrix methods. Their connection to linear optics of chapter 2 was established, and

experimental caveats highlighted. Error propagation and optimized N-BPM measurement

averaging based on generalized least squares approach was explained. For the expected

IOTA signals, SVD and N-BPM method applied to linear regions are expected to have best

performance.

In second part of this chapter, various types of simulations were described in terms of

their algorithms and physical significance. Of particular relevance for IOTA were the FMA

and tracking simulations, which can be used to measure DA, detect unstable regions through

diffusion, and analyze the smear of the invariants.

All of the above analyses and simulations will be used in the next two chapters to quan-

titatively study NIO systems.
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CHAPTER 5

SIMULATION RESULTS

This chapter presents the simulation and optimization results for several nonlinear inte-

grable systems, starting from ideal QI/DN toy models and clean IOTA lattice all the way

to IOTA run 2 configuration. Impact of misalignments, optics errors, collective behavior,

and other factors is studied. It is demonstrated that if design specifications are met, IOTA

ring is capable of satisfying integrable optics requirements, and that this will be observable

experimentally.

5.1 Quasi-integrable octupole system

5.1.1 Ideal system overview

To begin the simulation section, it is useful to point out salient features of the QI system

with some pretty pictures of Fig. 5.1, which contain high resolution FMA data in various

projections. Looking at the diffusion map (top left), a plethora of different kinds of resonances

are present as bright lines within the stable region. However, most do not appear harmful

until very large amplitudes. The speckled sections at the x and y maxima are indicative of

strongly chaotic motion that confuses the tune detection algorithm. The tune maps of Figs.

5.1b and 5.1c visualize the expected tune shifts and have three distinct sectors, referred to

as vertical, diagonal, and horizontal. The experimental goal is to observe greatest possible

detuning - for that, kicks should be aimed between sector boundaries. Finally, the tune

footprint in 5.1d shows the huge extent of theoretically possible tune spread. Resonant

capture is evident on many resonance lines, and footprint narrows close to those areas.

Experimentally, it is unlikely that these will be accessible.
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(a) Tune diffusion (b) νx distribution

(c) νy distribution (d) Tune map with resonances up to 4th order

Figure 5.1: High resolution FMA of ideal QI system.
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5.1.2 Nonlinear potential discretization

QI and DN insert designs rely on approximating the ideal NIO potential with a set of

piecewise constant magnetic elements, which inevitably perturbs the Hamiltonian. This

section studies resulting impact on performance using the ideal QI lattice.

Detuning impact

During insert design, an implicit assumption was made that uniform slicing is the optimal

way to maintain integrability for given number of elements. However, recent work has shown

that one can position elements to specifically cancel out certain low order perturbation errors

by analogy with numeric integration schemes [113]. This solution requires precise longitu-

dinal element positioning and was considered too risky to switch to as main configuration.

Nonetheless, even with equidistant magnets, it is important to consider the actual impact

on detuning integrals to ensure a fair comparison. In Eq. 2.74, octupole detuning was given

as an integral

∆Qx =

[∮
k3β

2
x

16π
ds

]
Jx −

[∮
k3βxβy
8π

ds

]
Jy (5.1)

For QI insert, k3 ∝ 1/β3 and hence

∆Qx =

[∫
k3

16πβ
ds

]
Jx −

[∫
k3
8πβ

ds

]
Jy (5.2)

=
16t

c2
νdrift
8π

[
Jx − 2Jy

]
(5.3)

The simulated detuning with action along X and Y axes (Fig. 5.2) confirms this results - it

has the expected 2:1 ratio for small amplitudes, but begins to diverge at large actions due

to higher order effects. Analytical detuning can be used to compute a reference strength for

each (t, c) setting pair, and then scale all discrete element configurations to same strength.
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Figure 5.2: Tune shift with amplitude for QI system.

This is done in all subsequent simulations. Central and corrected strengths are visualized in

Fig. 5.3.

DA impact

To measure DA impact, a scan is performed over the number of octupole slices, with results

shown in Fig. 5.4. Beyond 10-15 elements, the ideal system experiences no further DA

increase. In fact a tiny decrease is observed at very high counts - this is likely a consequence

of the stochastic nature of tracking simulations, where depending on slight numerical effects

and errors (which happen faster with more elements), particles can become unstable.

A more sensitive indicator of beam dynamics can be obtained through average diffusion

as shown in Fig. 5.5. Diffusion shows a continuous improvement of beam dynamics all the

way to > 100 octupoles. However, it is largely academic - without improvements in DA,

the maximum detuning remains similar beyond 15 elements. For all subsequent simulation

in this chapter, we will focus on dynamic aperture and detuning as the two most relevant

performance parameters.

The next effect to consider is that of gaps in the potential. From discussion in section 3.3,

fringe fields fall off sufficiently quickly (< 0.5cm) that any practical magnet arrangement will
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Figure 5.3: Discretization errors introduced by using only central potential strength. Note
how blue bars do not match needed integrated strength in areas fast slope change.

require more clearance. Thus, it is reasonable to ignore fringe field interactions and model

octupoles as hard edge elements with an effective magnetic length. By changing the fraction

of empty space in the drift, a span of systems from a continuous QI potential all the way

to thin kick elements is explored. Note that magnet centers need to be positioned such that

the gap between any two is the same, including across the T-insert (i.e. half-gap from each

end). This ensures an optimal approximation of the potential. The results are shown in Fig.

5.6 for an 18 element insert.

Only a small impact is observed for all the metrics, with the slight disadvantage of thick

elements (low gap factor) caused by the loss of a few particles at key grid locations. For an

ideal lattice of reasonable n, it is acceptable to use any magnet length. Experimentally, short

magnets are difficult due to iron saturation and heating concerns, so a larger, mechanically

convenient length should be chosen.
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Figure 5.4: Scan of number of octupole slices in ideal QI system, with DA limit denoted in
red.
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Figure 5.5: Scaling of dynamic aperture, detuning, and diffusion with number of elements.
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Figure 5.6: Various QI performance metrics as functions of the amount of empty space in
the insert at constant detuning.
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5.2 Danilov-Nagaitsev system

Same as with QI system, ideal DN tune footprints are shown in figure 5.7 for several t-

strength values. The footprint shape does not only scale with increasing strength, but is

distorted because of changing linear optics functions. For very high amplitude particles, DN

detuning can force them over the integer tune (Qy < 5), aliasing the frequency - for visual-

ization purposes, those particles were removed. A dynamic aperture boundary is observed

close to the ±c singularities, where truly ideal DN motion should have remained stable. This

is due to perturbations of ideal Hamiltonian by finite integrator steps and magnet discretiza-

tion, which manifest quickly near the singularities. Results of discretization and gap fraction

scans (not shown) are comparable to those of QI system, with little benefit for > 20 magnets

and minor impact of magnet length.

5.3 IOTA

This section presents simulations of IOTA ring without nonlinear inserts, establishing base-

line lattice features.

Natural detuning

By design IOTA lattice has the required linear T-insert transfer matrix, but in practice

this condition is satisfied only for very small amplitudes. Because of fewer total elements,

small ring dipoles end up with very tight bending radii and large angles, producing geometric

nonlinearities. Detailed analysis of dipole Hamiltonian shows that dipole resonance strengths

are proportional to 1/ρ [114], while the sextupolar-like potential itself scales as 1/ρ3 [115].

In IOTA, tracking results (Fig. 5.8) show detuning in ∼ 10−4 range within the available

physical aperture - noticeable but significantly below that of NIO inserts. Clean lattice DA

radius is in excess of 30mm, several times larger than the physical aperture.
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Figure 5.7: High resolution FMA of DN system at t = 0.3.

Chromaticity correction

Largest lattice adjustment needed for NIO is the chromaticity correction. As described in

chapter 3, IOTA design has 6 sextupole families with two chromatic ones and four (mostly)

harmonic ones. The following simulations use the experimental configuration with only two

families. Since two families only have a single solution that satisfies specific ξx/ξy (two

constraints and two ‘knobs’), no optimization is possible. Sextupole strengths are derived

directly from inverse chromaticity response matrix (several iterations) and applied to clean

IOTA lattice. A scan in ξx/ξy parameter space is given in Fig. 5.9a. For NIO, operation
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(a) νx distribution (b) νy distribution

Figure 5.8: Clean IOTA lattice 5D FMA.

along ξx = ξy is expected to yield best performance, as denoted by a dotted line.

Overall, any application of sextupoles results in DA reduction, consistent with expec-

tations. For corrections towards 0/0, there is a very significant decrease in DA down to

∼ 5mm at full correction - FMA of this case is shown in Fig. 5.9b. Inspection of indi-

vidual FMA plots (not shown) indicates that a few configurations exhibit resonant capture

(stable resonant islands), and others significant DA asymmetry with larger vertical sizes.

Near the equal chromaticity line however, aperture boundary is smooth and it degrades pre-

dictably. The sextupole detuning within physical aperture region is significant as well, up

to ∆νmax ≈ +0.005 at the edge. This positive shift occurs for both horizontal and vertical

directions, and will affect NIO insert tune footprints.

5.4 IOTA with NIO inserts

Combining IOTA and NIO inserts produces significant interactions of various nonlineari-

ties. Performance of this configuration places an upper bound on the possible experimental

detuning, and any further perturbations can be compared against this level.
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(a) Chromaticity scan (b) FMA of fully corrected lattice

Figure 5.9: 6D FMA of clean IOTA lattice chromaticity correction.

FMA

The combined IOTA+NIO FMA (Fig. 5.10a) exhibits clear resonant island behavior - the

region along x-axis of is completely separated from main DA area. It remains stable for

105 turns, and particle tunes inside are all the same (Qx = 1/3), consistent with resonant

motion. Note that full island formation occurs at strong sextupole correction levels - both

octupoles and sextupoles are required to produce them. However even without dedicated

sextupoles, DA is starting to have deep resonances around the island region (Fig. 5.10b),

suggesting a sufficient effect from dipole kinematic terms.

Resonant islands have a detrimental effect on experimental studies, since some particles

will end up getting captured and produce non-decohering resonant signals. Surprisingly,

there is a use for these resonant islands in lepton machines - to form transverse resonance

island buckets and provide a single pulse with 1 bunch of a bunch train for specific light source

users [116]. In IOTA however, these have no use and should be avoided (but admittedly look

very pretty on SLMs).
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(a) Chromaticity ξx/ξy = −2.0 and t = 0.27 (b) Natural chromaticity and t = 0.27

Figure 5.10: FMA of IOTA with QI insert at natural and corrected chromaticities.

Chromaticity correction

As with clean IOTA lattice of previous sections, a chromaticity scan is performed at fixed QI

strength (Fig. 5.11). Theoretical results suggest a sweet spot along equal chromaticity line,

but there is only a slight preference for equal chromaticities in terms DA size. It seems equal

chromaticity condition can be broken if necessary. No preference for x or y chromaticity is

observed.

To understand which nonlinearity dominates DA size, a scan of octupole strength vs equal

chromaticity correction is made in Fig. 5.12. Results show that any major chromaticity

correction reduces available DA, with strengths of up to t ∼ 0.2 being amenable to half the

full correction with r > 5mm. However, looking at the rms detuning value presents a more

hopeful view, with a broad region of parameter space having comparable performance. Past

t > 0.22 at natural chromaticity, there is very little further gain, indicating QI dominates DA

size. As QI strength continues to increase, stronger chromatic correction becomes possible

as well. One thing not captured by average detuning metric is distortion of tune footprint

(Fig. 5.13) - as expected from sextupole FMA, a positive shift in x and y is added, making
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(a) DA size colormap (b) RMS X detuning colormap

Figure 5.11: Scan of x and y chromaticities for fixed QI t = 0.3.

overall slope deviate from 1/2 and 2/1 in left and right arms respectively. This slope change

might allow for an indirect chromaticity measurement using QI detuning data.

Overall, IOTA with QI insert performs best at near-natural chromaticity, showing only

a weak preference for them being equal. There is a steep performance degradation with

stronger chromaticity correction in terms of dynamic aperture size, but rms detuning shows

a broader parameter space area with comparable performance. Larger QI strengths permit

stronger correction.

DN magnet linear optics distortion

Quadrupole component of the DN potential distorts linear optics, increasing average βy while

decreasing βx (Fig. 5.14). These changes must be accounted for during optics calculations.

While limiting aperture remains at IOR for low strength values, near t = 0.5 the beta

functions in focusing triplets grow to over 20m, resulting in
√
20/6 ∼ 2x increase in beam

size at these locations. Note that linear optics stability breaks down completely at t = 0.5

- reference orbit becomes an unstable saddle point, and any analysis beyond this strength

99



(a) DA size colormap (b) RMS X detuning colormap

Figure 5.12: Scan of equal corrected chromaticities and octupole insert strength.

Figure 5.13: FMA of IOTA with QI at t=0.3 and varying equal chromaticities.

requires a different formalism. No good kick data beyond t = 0.5 was collected, and this is

not the intended operational configuration, so no simulation studies were performed in this
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region.

Figure 5.14: Optics distortions of DN magnet lattice at three commonly used strengths.

5.5 IOTA and NIO perturbations

The final ingredient in predicting experimental performance is addition of various perturba-

tions. This task can be approached in two ways - the experimentally relevant way is aiming

for a specific level of optical distortions (beta-beat, dispersion deviation, etc.). This method

will be used in making final experimental data predictions. The other way to scan the var-

ious possible errors independently so at to determine their importance. This approach is

useful, but computationally expensive and somewhat hard to interpret, since so many of the

misalignments have significant covariance. Focusing on just the inserts reduces the number

of parameters and makes this error scan appropriate.
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Figure 5.15: Scan of QI DA for octupole misalignments in x and y (single seed).

Insert errors

To fully specify QI insert errors, 6 parameters are necessary - x/y/tilt/s sigmas, a global

longitudinal offset, and a strength error. For simplicity, transverse errors will be constrained

to have same magnitude (they technically have different feed-downs, but are likely to scale

together during the laser-based alignment). This rough parity was also verified with a

separate simulation (Fig. 5.15), where symmetric performance degradation was observed.

Since octupole strength error has close to same effect as a longitudinal misalignment, those

parameters can also be treated together. A significant global offset is unlikely given the hard

mechanical constraints of the drift. This leaves three parameters - σxy, FSE, and tilt. A 3D

scan is performed over them, and results in various planes are shown in Fig. 5.16. For left

heatmaps, values of t = 0.3 and ξx/ξy = 0.0 chromaticity correction were used to ensure all

effects and interactions can be observed. For right heatmaps, sextupoles were turned off.

For corrected chromaticity case perturbations of up to 0.1 in fractional strength, 20mrad

tilt, and misalignment at 0.8mm rms do not affect DA beyond approximately 10%. These

results slightly exceed tolerances seen in preliminary studies [41] - the likely culprit is in-

clusion of full IOTA model and chromaticity, since latter dominates DA size so much that
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(a) Shift vs tilt at ξx/ξy = 0.0 and t = 0.3 (b) Shift vs tilt at natural ξx/ξy and t = 0.3

(c) Shift vs FSE at ξx/ξy = 0.0 and t = 0.3 (d) Shift vs FSE at natural ξx/ξy and t = 0.3

(e) Tilt vs FSE at ξx/ξy = 0.0 and t = 0.3 (f) Tilt vs FSE at natural ξx/ξy and t = 0.3

Figure 5.16: Dynamic aperture of perturbed QI insert (3 error seeds/point).
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any additional octupole imperfections are less impactful. This is supported by natural chro-

maticity scans (the right 3 pictures in Fig. 5.16), where a significantly higher impact could

be observed for magnet misalignments, but not the other two parameters. The sharp drop

in performance occurs between 400 and 600 um shift, suggesting that 200-300um alignment

specification is required to achieve full performance. Nonetheless, above result clearly demon-

strate the robustness of QI system under both sets of conditions.

Linear optics errors

To first order, the exact source of optics errors within the T-insert is not important, only

its effects on the transfer matrix. In fact, one can implement any such error as modification

of tune and twiss parameters in the one-turn map of Eq. 2.45. A more advanced version

of this concept is incorporation of chromaticity and other energy and amplitude dependent

detuning effects individually for each particle, such as in LIFETRAC and elegant ILMATRIX

elements. However, these do not capture the ring kinematic nonlinearities fully.

The approach used in this thesis is to designate a basis of independent optics perturba-

tions, which can then be produced both in simulations and with experimental knobs derived

from fitted optics model. Since drift of fixed length is parameterized by phase advance,

that is one natural ‘unit vector’ choice. Other independent parameters are phase advance

in the ring, the location of β∗ within the drift, and dispersion. Accounting for both planes,

these make a set of 8 knobs. To obtain numeric solutions, DN and QI inserts were moved

to same BL drift (this gives freedom to break integrability in BR), and then simplex or

genetic algorithm optimizers (when cost function had local minima) were used on the 39

quadrupole knobs. Automatically generated constraints held all parameters except one of

interest constant. Full convergence was not always possible (this is not a true orthogonal

basis), but in all cases the dominant perturbation was the desired one. Symmetry of all solu-

tions was enforced where applicable, and large quadrupole changes penalized. The modified
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beta functions within the drift for a few of the knobs are plotted in Fig. 5.17.

Figure 5.17: Effect of optical error knobs on βx within nonlinear drift.

Using above knobs and linear interpolation (knobs were derived at maximum scan am-

plitude), scans of same lattice configuration as for the previous QI misalignment study were

performed. Due to high dimensionality only a pair of parameters were varied at a time.

Results for some are shown in Fig 5.18 as pairs of dynamic aperture size and detuning

heatmaps.

For phase advances within the insert, dynamic aperture and rms detuning are maximized

close to the nominal tune values consistent with the integrability conditions. A valley of

optimum performance is formed for νx and νy errors being equal but of opposite sign, with

no clear theoretical explanation. Overall, phase advance errors of 0.002-0.003 appear to not

reduce DA below 90% of nominal value.

If chromatic correction is added, the area of good performance shifts to the negative

range (phase advance decrease) for all 4 parameters. There is an apparent preference for

equal magnitude and equal sign of νx and νy errors, potentially suggesting the QI system is

more capable of fighting against sextupole perturbations when the integrability conditions is

satisfied in both plane or perturbed equally. Note that optics scan in presence of sextupoles
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Figure 5.18: Optics perturbations of QI insert. From top, tune advance in the insert without
chromaticity correction, tune advance in the insert with full correction, tune advance in the
ring without correction, and tune advance in the ring with correction.
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has a systematic - since error knobs perturb optics functions in the ring, they have a direct

effect on the sextupole strengths, which in turn have to be adjusted to obtain the desired

chromaticity. A more advanced knob set that also holds sextupole dispersion and optics

functions constant would be better suited for the scan, but no such solution was found for

current NIO lattice.

Coupling

The last linear parameter not covered by above scans is the coupling, both in a global sense

and locally near the NIO insert. Coupling can have an effect on nonlinear observables, beam

instabilities [117], and directly change the nonlinear detuning [118].

In IOTA, coupling determines the closest tune approach at working point and ensures

the beam is round prior to any kicks. Because of this, it is closely monitored and corrected

very accurately. In simulations, several skew-quad magnets were enabled at very low current

so as to get |C−| = 0.001 ≈ ∆Qmin. However, no significant effects were observed on QI

performance.

5.6 Bunched beam simulations

In this section, the behavior of particle bunches placed into previously discussed lattices is

presented. Of special interest are equilibrium distributions, and the expected BPM signals

of centroid motion.

5.6.1 IBS

Formulas for evaluating equilibrium emittance with and without IBS or coupling were dis-

cussed in section 2.1.15. Using elegant IBSCATTER element, it is possible to verify the

expected values with extremely long (>1e6 turn) simulations. Of special interest, and not
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covered by standard formulas, are the possible effects of NIO inserts on the equilibrium dis-

tributions. Because of immense computational cost (20 nodes * 28 cores * 36 hours), IBS

simulations were performed starting with rough parameter estimates for equilibrium values

and not the zero-current ones. Results for case with QI on are shown in Fig. 5.19. Start-

ing distribution was taken from a fully uncoupled bunch IBS simulation result with a huge

emittance ratio (150nm/6nm x/y), and thus the redistribution into ‘rounder’ shape is due

to octupolar effects. Constant decrease in longitudinal emittance suggests that 30cm/3e-4

was a slight overestimate of length/energy spread respectively. When bunch was started in

a coupled case (50/50nm round shape + skew-quads, not shown), no octupole effects were

observed and distribution remained roughly Gaussian. The latter situation is more reflec-

tive of experimental conditions, and validates the use of round Gaussian distributions for

simulations.

Figure 5.19: Evolution of bunch emittances for clean IOTA lattice and QI turned on to
t=0.3, starting at large flat beam of a purely linear lattice.
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5.6.2 Kicked beam motion

To simulate bunch decoherence, offset matched distributions of 10000 particles were gener-

ated and tracked for 2 synchrotron periods. Ideal lattice results are shown in Fig. 5.20.

As expected from the envelope formulas, centroid signal decoheres quickly and then reco-

heres after a synchrotron period (denoted by black dotted line). However, inherent IOTA

nonlinearities serve to both delay and suppress the recoherence signal at higher amplitudes,

consistent with FMA predictions.

Figure 5.20: Kicks of increasing amplitude in X/Y planes in clean IOTA lattice. Columns
denote varying X amplitude of excitation, and lower kicks in each plot have stronger Y
excitations as denoted by text labels.
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Figure 5.21: Y centroid data of kicks with aperture, QI, and sextupoles. Text of each kick
denotes amplitude of excitation in Y plane, the chromaticity, and the fraction of particles
transmitted for the full 500 turns. Amplitude of X plane is denote at the bottom of each
column.

Addition of apertures, sextupoles, and the nonlinear inserts has a large impact (QI at

t = 0.3 in Fig. 5.21). In addition to nonlinear detuning, beam is scraped at higher am-

plitudes, changing its distribution, observed tunes, and future decoherence rates. There

is also resonant capture at some amplitudes (bottom left), nonlinear coupling (fast wavy

oscillations), and other effects.

Experimentally, it is useful to be able to distinguish physical aperture losses from DA

ones. Current profiles of several bunches are shown in Fig. 5.22. In ideal IOTA lattice,

physical aperture scraping is near instant. With QI and chromatic corrections added, the
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Figure 5.22: Normalized beam losses of kicked bunches for increasing QI strength.

behavior is more involved, with a wide variety of slow and fast losses. Anything past turn ∼

50 is attributable to dynamic aperture effects. While 8000 turns of experimentally accessible

data capture most losses, DCCTmeasurements are still needed for the slower resonant effects.

5.7 Accuracy of analysis algorithms

In this section, performance of analysis algorithms is studied for simulated signals with

varying levels of noise corruption.

5.7.1 Tunes

Stationary signals

For a stationary signal with no tune change, such as single particle in FMA simulation or

a sine wave, adaptive NAFF convergence follows the expected 1/N4 trend (Fig. 5.23), and

degrades to 1/N1.5 − 1/N2 in presence of even 0.1% noise. This confirms correct NAFF

implementation.
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Figure 5.23: Accuracy of NAFF algorithm without noise (top) and small amount of noise
(bottom) for synthetic sine wave signals.

Decohering signals

An example of decohering and almost stationary signal is that of a clean IOTA lattice kick.

Using previous data of figure 5.20, NAFF is applied to the signal (Fig. 5.24a) with two

full length windows (Hanning and half-Hanning), as well as with a 50 turn sliding Hanning

window. The latter gives an idea of the local tune in a specific signal region. Clean data

indicates the expected positive tune shift, although the amount is quite high for a clean

lattice. The full and half-Hanning windows do not agree fully, but are close for first 100

turns. Later, the disagreement grows as the full window starts suppressing early signals and

thus average tune shifts upwards faster.
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(a) Clean signal NAFF with various growing and sliding windows.

(b) Performance with increasing noise

Figure 5.24: Performance of NAFF on clean IOTA lattice signals. Confidence bands on
bottom plot were increased from standard 1σ for legibility, as denoted in the legend,

Discarding the local tune method, and rerunning analysis with increasing levels of noise

(5.24b) shows superior performance of full Hanning window at very low number of turns,

since the signal essentially has no decoherence. However, the disadvantage of suppressing

early data again becomes clear as the error spread increases with number of turns once signal

is fully decohered. Overall, there is an optimum around ∼ 100 turns where both methods

perform well, and without much tune shift bias.
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Realistic signals

Same NAFF procedure is applied to IOTA lattice with t = 0.3 QI insert. Figure 5.25

shows an equal kick in x and y (tune shift is along the coupling resonance). Fast coupling

oscillations can be seen, with signals exchanging planes over around 100 turns. This suggest

the actual X/Y detuning is not equal, likely because of sextupolar contributions, and some

bias of the frequency measurement is thus expected depending on the number of turns used.

When tunes are split, such as for kicks predominantly along a single plane, the situation

is much better. In Fig. 5.26, a well decoupled kick with stronger Y excitation produces

stable tune estimate over range of 50 to 200 turns, with comparable errors for either win-

dowing method. Experimentally then, it is desired to produce maximum kicks in vertical

and horizontal planes - simulations indicate very little tune drift or coupling issues, and best

possible detuning measurement accuracy.

Figure 5.25: NAFF performance on QI signal for beam excited diagonally. Colors denote
same analysis algorithms as in figure 5.24a

.
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Figure 5.26: NAFF performance on QI signal at split tunes.

5.7.2 Phase space

Momentum

Accuracy of momentum and phase space measurements depends on the phase advance be-

tween BPMs, with values close to π/2 being ideal. In figure 5.27, all BPM phase advances

around the ring are computed and plotted as a heatmap.

While there is no hard phase advance cutoff, even for advanced approached like covariance

weighting it is prudent to remove combinations too close to nπ due to numerical issues. Given

the small weighting such pairs would receive in any case, little if any useful data is lost. In

order to compute not just Courant-Snyder invariants but H and I for NIO systems, both

planes have to satisfy phase advance criterion. In figure 5.28, a cutoff ϵ < 0.1×2π is applied

and a locality constraint is added (4 nearest neighbors) as denoted by green band.

To evaluate phase and invariant recovery algorithms, an example region of 6 BPMs was

used, and single particle and bunch motion simulated. Table 5.1 lists the BPMs and their

phase advances relative to BPM B1R, which is where the phase space reconstruction is

desired in this example. Note that 4 of the 5 pairs pass the phase check, but C1R phase

advance is very close to π. This is reflected by its extremely poor naive weight (1/variance),
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Figure 5.27: Phase advances between all BPM pairs.

BPM1 BPM2 β2,x Delta from π/2 (deg) Phase to B1R (deg) Naive weight

B1R B2R 2.05 21.47 68.52 0.481
B1R A2R 0.40 2.42 87.57 0.125
B1R A3R 0.85 -55.07 -34.92 0.067
B1R C1R 0.62 77.37 12.62 0.007
B1R C2R 1.09 9.68 80.31 0.320

Table 5.1: BPM data for momentum recovery.

and as discussed above this pair is immediately rejected.

The remaining 4 pairs are used in a benchmark where increasing levels of white noise

corruption are applied, and momentum calculated. The methods benchmarked are single

pair (B1R-B2R), simple average of all pairs, variance weighted average, covariance weighted

(statistical only) and finally the optimized covariance method, where MC contributions are

added and a weight optimization pass is done. Results are shown in figure 5.29, and demon-

strate good gains until variance weighting. Addition of statistical covariance produces only a

little gain, and full covariance no further changes. This is expected, since the ideal simulation

optics contain no systematics. For typical MC seeds in line with previously discussed optics

errors, the advantage was up to 5-10% but highly dependent on the exact error distributions
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Figure 5.28: BPM pairs suitable for X/Y momentum measurement.

and seeds used.

Invariants

Using above momenta, CS invariants were calculated for a simulation with clean IOTA

lattice. The goal is to estimate the (constant) invariant with least smear, and unlike for

localized momentum measurement, now SVD methods can be used. Results (Fig. 5.30)

indicate SVD to perform noticeably better at higher noise levels where its statistical use of

all signals allows it to beat down noise, but worse at low noise levels where covariance infor-

mation is most useful. Note that the comparison with localized B1R momenta/invariants is

not completely fair - a proper value to calculate would be the weighted average of the 5 CS

invariant measurements from the 5 reconstructed momenta. Proper error propagation would

require multiple variable transformations to form the final generalized least squares covari-
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Figure 5.29: Momentum recovery error of various algorithms.

ance matrix, but this level of sophistication was found unnecessary and variance weighting

used instead.

Figure 5.30: CS smear for linear motion with BPM noise.

Invariants of centroid motion

Invariant recovery from centroid motion requires fitting of the decoherence envelopes (Eq.

4.15). A sample fit of a well decoupled QI signal is shown in Fig. 5.31, with good agreement

between model and fitted envelope parameters for the strong vertical signal, and marginally

worse fit for the weak horizontal one. Note how Hilbert transform is used to obtain an

approximation of the signal envelope. It can also be used to find instantaneous frequency,
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albeit with poor resolution. Another method, reversed cumulative maximum value scan, was

also explored but had larger systematics and was not suitable for coupled signals. Recovered

phase space is shown in Fig. 5.32.

Figure 5.31: Envelope fit of vertical QI kick signal with split tunes.

Figure 5.32: Phase space for split tune signal before (left) and after (right) envelope com-
pensation.

As seen above, nonlinear coupling is a significant effect for some kicks - this situation

is shown in Fig 5.33. Since coupling in not considered in the decoherence envelopes, signal

beating can cause slight issues when fitting. In literature, several approaches for unmixing

linearly coupled motion have been proposed based on spectral [119] or model independent
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methods like SVD and ICA [100]. They were not suitable for strongly nonlinear motion,

performing poorly in simulations. Moreover, as long as envelope fitting is unbiased, un-

mixing is unnecessary - the main quantity of interest, the invariant, already accounts for

the coupling (while the betatron modes are obscured). Results of invariant reconstruction

on clean signal are shown in Fig. 5.34. A scan of invariant jitter as function of strength

κ produces a minimum precisely in location expected from the potential, confirming good

invariant recovery.

Figure 5.33: Envelope fit of diagonal QI kick signal with significant nonlinear coupling.
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Figure 5.34: Recovered invariants and scan of nonlinear strength parameter for diagonal QI
kick. Courant-Snyder (CS) amplitude decrease due to decreasing coupling oscillations, not
decoherence.
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Parameter Design value Experimental value

Energy 150MeV 96.4 ± 1MeV
Chromaticity corrected x/y 0/0 ∼ 0/+ 1
Chromaticity uncorrected x/y -9.5/-8 ∼ −5/− 7.5 (X chroma source unknown)
Energy spread 8.7e-5 ∼ 2.3e-4 @1mA
Bunch length 11cm ∼ 25 cm @1mA
Emittance x/y 12nm/12nm 60nm/60nm @1mA - 80nm/80nm @2mA

Table 5.2: Key run 2 experimental parameter deviations.

5.8 Experimental predictions

To conclude this chapter, key simulations are redone with the beam parameters observed

during run 2 and applicable for most of the collected data. These were listed in Table 3.1, and

key ones are summarized in Table 5.2 below. As will be seen in the next chapter, the overall

situation is that collection parameters were degraded from design values due to low energy,

resulting IBS, and poorly understood chromaticity. Together, these reduced the resolution

and sensitivity of the measurements. Note that the unidentified chromaticity is modeled as

if it was corrected to those values by sextupoles. This is a convenient simulation approach

but does not properly simulate the actual sources, since those would have different optics

and RDTs and thus will impact DA differently.

5.8.1 Dynamic aperture and tune footprint

Using 30 error seeds, probabilistic DA contours were computed (Fig. 5.35) and show same

result as in previous sections - chromaticity and octupoles are almost equal in DA impact,

with full correction tipping the scales. The difference between natural and -5 values is

significantly smaller. The associated tune footprints are shown in Fig. 5.36, and are also

similar to those seen previously. One interesting observation is occasional asymmetry of the

branches, with almost complete loss of one or the other. Exploring the reasons for poor

performance of these seeds would be an interesting study.
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Figure 5.35: Dynamical aperture with fully corrected chromaticity (left), -5 (middle), and
natural (right).

Figure 5.36: Tune footprint with seeds for fully corrected chromaticity (left), -5 (middle),
and natural (right).

5.8.2 Bunched beam signals

Bunch centroids, NAFF tunes (blue), and beam intensity (cyan) from kicks along x, y, and

diagonal planes are shown in figures 5.37, 5.38, and 5.39 respectively. QI strength of t = 0.25

(≈ 1.0A), no errors, and fully corrected chromaticity were used for lattice configuration. As

expected, increased beam emittance leads to faster signal decoherence, with usable data in

only the first 200 turns. There is also a clearer slow beam loss behavior near dynamic aperture

edge, since beam halo now extends significantly further. For tune measurements, NAFF

performance without noise is stable at > 50 turns. Consistent with previous simulations
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there is little tune peak shift at low amplitudes, but for high V amplitudes an apparent

resonance capture is observed - signal decoherence is reduced, and NAFF is locked onto a

peculiar 0.263/0.318 tune line that did not change for two kicks. By inspecting QI tune

footprint produced by running the bunch data through the frequency analysis pipeline (Fig.

5.40), this tune recognized as the intersection of 5th and 6th order resonance lines in the upper

left quadrant. Since few particles are captured there in FMA, experimentally complete loss

of resonant particles is expected. An interesting observation is that FMA detuning predicts

only a small beam fraction will be captured, and yet bunch motion is dominated by those

particles, highlighting the potential issues and incorrect tune estimates when probing around

such resonances.

Figure 5.37: Signal prediction along H.

5.9 Summary

In this chapter, simulations of NIO systems and IOTA ring were performed. Theoretical

maximum performance was determined, and impact of unavoidable implementation imper-

fections studied. Little to no benefit was found in using more than 15 magnets, validating

the chosen insert design. Individual magnet length had no significant impact.

Effects of chromatic correction, magnet misalignment, and aggregate optics errors were
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Figure 5.38: Signal prediction along V.

Figure 5.39: Signal prediction along equal kick line (diagonal).

checked. With strong chromaticity correction, sextupoles were found to dominate dynamic

aperture while QI perturbations had a relatively low impact. At partial correction values,

the trade-offs were comparable, with break-even point around ξ = −5. At natural chro-

maticity, QI performance scaling agreed with theoretical predictions and more integrable

configurations had larger detuning. Large hardware errors, such as up to 400um transverse

misalignments, did not decrease dynamic aperture to below 90%. Sensitivity to optics errors

was found to be consistent with integrability conditions at natural chromaticity, but with

full correction a complicated pattern with best results for equal tune errors was observed.

Phase advance deviations of up to 0.005 were tolerable with little performance loss. Overall,
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Figure 5.40: FMA of kicked experimental sized bunches. Left plot shows amplitude space
with 1σ contours of initial positions, and right the corresponding tune analysis results.

QI system was demonstrated to have high resilience to optics and mechanical perturbations.

Bunch simulations exhibited a complicated interplay of oscillation coupling and decoher-

ence that resulted in shift of tune measurements with number of turns. For well split tunes

however, this shift was small relative to the detuning amount. Phase algorithm benchmarks

indicated good performance of SVD and N-BPM methods when used with small groups of

BPMs. Benefit of using systematic corrections was not clear, with simple variance weight-

ing achieving nearly same performance. In terms of invariants, decoherence compensation

should be sufficient to observe the integrability of QI system. For both tune and phase space,

decoherence limited the algorithms to first few hundred turns, and should be optimized for

more precise measurements.

Simulations using experimental parameters indicated dynamic aperture reduction to be-

low physical one, especially with sextupoles. Within the aperture, sufficient signal will be

available for high fidelity tune measurements until certain resonances are encountered. For

high amplitude kicks, less than 150 turns of usable data will be available for phase space

analysis.
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CHAPTER 6

EXPERIMENTAL RESULTS

In this chapter, experimental results are presented. Section 6.1 gives an overview of ring

commissioning and the performance of some subsystems. Commissioning and results for QI

and DN inserts are discussed in sections 6.2 and 6.3 respectively, along with implications

and possible improvements.

6.1 IOTA commissioning

Prior to starting NIO experiments, extensive work was done to commission the ring, espe-

cially during initial startup of run 1. During this period, I performed a variety of tasks -

analyzing logger data to find magnet anomalies, designing and performing orbit bumps to

scan aperture, calibrating BPM and SL systems, and others. These studies were extremely

useful as a way of gaining control room experience. Unfortunately, most of collected data is

unpublished and not publicly accessible [120]. A good overview of the timeline and difficul-

ties encountered can be found in IOTA collaboration/retreat meeting presentations of runs 1

[121] and 2 [122, 123]. In this section experimental measurements of three subsystems with

direct NIO impact as well as those of lattice optics are presented.

6.1.1 BPM system

Low noise and linearity of the BPM system are key to accurate nonlinear optics measure-

ments, and major effort was placed on its commissioning. During run 1, system experienced

major software and analog processing issues, with malfunctions, timeouts, and hangs. Upon

testing the linearity and current dependence, significant issues were found. Of particular rel-

evance for LOCO, above 1.2mA, linearity deviated by > 5%, making long data acquisitions

without reinjection impossible. A set of pre-amplifiers were installed for counteract this, but
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those only became unsaturated at 0.2mA and had high noise floor. Run 1 BPM issues were

traced to the poor choice of RF envelope tracking analog front-end, and required a complete

overhaul to fix [124]. This remedial work was done in time for run 2, making all TBT data

from run 1 significantly inferior. As such, all TBT data analyzed in this thesis is from run

2.

To quantify BPM performance, two types of studies were performed. In first, a corrector

magnet was toggled on and off while beam was left to coast and decay, periodically changing

closed orbit. Data collection in TBT mode was triggered every 20 seconds, and mean and

noise calculated. Since no current dependent orbit shifts are expected in IOTA, any change

of measured distance would indicate a current nonlinearity. Moreover, because of different

beta functions and phases, the orbit distortion amplitude was different for each BPM. By

analyzing if the response scaled as expected, position nonlinearity was estimated. Typical

output from a BPM can be found in appendix Figure A.2, and linearity details in Figure

A.3.

Unfortunately, in the final week of run 2 BPM system was damaged - a power wire was

shorted across data pins of front-end FPGA board crate. This fried all boards and disabled

our ability to control BPM attenuation and gain, resulting in a fallback solution at high fixed

attenuation of 18dB. Noise measurements were (Fig. 6.1) redone, and indicated acceptable

performance, but linearity data had to be inferred (Fig. A.4) since bump response checks

were not repeated. The overall conclusions of BPM commissioning were:

� Linearity of 4% within 0− 6mm of BPM center

� Linearity of < 2% for currents of 0.4mA to 3.0mA

� RMS noise of 100 um for 0.8mA beam current

� Smooth degradation of all parameters with current

� Poor calibration of special BPM A1C (it was removed from further analysis)
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Figure 6.1: BPM TBT noise at high attenuation as a function of current.

6.1.2 Miscellaneous issues

Aperture

During run 1, it was noticed that physical aperture size does not match with the model

predicted by DN magnet restriction. Based on localized bumps around the ring, DR region

was found to contain a problem. Further examination showed the culprit to be a pipe of

1in diameter that was installed for a small undulator midway through the run. Attempts

to shift it around were not successful, and disassembly after the run showed that the whole

section was bowed into an arch shape. This defect reduced physical aperture, but since exact

distortion could not be measured, it was hard to account for in the model. Estimates from

linear lattice kicks were used as a proxy, but reproducibility was poor. The DR section was

fixed in run 2.

Multibunch injection

While not designed to operate with multiple bunches, IOTA can inadvertently capture up

to four buckets (since RF operates at 4th harmonic). This phenomenon was noticed by the

fact that very strong kicks were not able to completely lose the beam, and then confirmed

129



with WCM. Extra bunches were problematic, since they broke single-bunch assumptions of

BPM and other systems and introduced extra RF load/noise, while not being beneficial to

the quality of collected data. For all experiments in run 2, linac energy was constantly tuned

to avoid multiple injections as much as possible.

Kicker variability

Brief testing with repeated kicks at same voltage settings showed amplitude variability of 5%

on the vertical kicker and 2% on the horizontal kicker. Given the good performance of BPM

system in run 2, this was considered acceptable - amplitudes and actions were extracted

directly from the TBT data of first few turns.

Noise in RF and power supplies

Comparison of data between nominally identical kicks during both run 1 and run 2 indi-

cated large random variability beyond just amplitude, especially in terms of beam losses. At

the same time, beam shape on SLMs was seen to oscillate between fully round and slightly

squished profiles, suggesting time varying optics and coupling changes. Because the lattice

was on difference resonance and with minimized coupling, beam profile was extremely sensi-

tive to any tune movement/split. The practical impact of this variability was that depending

on kick timing, σx and σy were different and so was the decoherence and beam loss profile.

Sources of noise were searched using high frequency live and low frequency historical

logger data. For example, spectrum of beam current readout is given in Fig. 6.2, and

shows a number of harmonics from power supply switching frequency at 720Hz, and other

unexplained peaks.

Several quadrupoles were also found to oscillate in current, which was traced to poor

magnet connections. However, even after manual inspection of all elements, some beam

oscillations persisted. In data presented below, this is usually the reason for disagreement of
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Figure 6.2: FFT and Welch PSD of main bend power supply readback N:IBEND, showing
various noises in the ring.

duplicate measurements, and necessitated analyzing each kick independently.

6.1.3 Lattice

In both runs 1 and 2 IOTA was used at 100MeV energy, below the original 150MeV design

goal. This was driven by several considerations - time requirements to commission 150MeV

(during run 2), the need for a transformer tap switch in bending dipole power supply to

enable sufficient current, and preferences of other experiments. This had a significant detri-

mental effect on NIO studies. As mentioned previously, all benchmarks and simulations were

performed at the new lower energy.

Optics from LOCO

Multiple rounds of LOCO were performed by A. Romanov with 6dsim tool to fit and adjust

the lattice. Unfortunately, it was difficult to convert LOCO results into quantitative error

estimates, since the error metric of the fit, χ2, was dominated by systematics and stopped

decreasing after several LOCO iterations. However, fitted parameters can still be interpreted
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Figure 6.3: Calibrations and tilts of electrostatic BPMs based on LOCO fit.

Parameter Error estimate

β in drift < 2%
β-beat < 5%
η in drift < 1 cm
Phase error in ring 0.002
Phase error in drift 0.001
Coupling |C−| < 0.001

Table 6.1: LOCO-based optics errors.

as relative weights, and used as calibration for devices like BPMs. The results for ‘8.6.1.4’

lattice, the final version used in run 2, are given in Fig. 6.3. A note about lattice versions

- while no major changes were physically done to the ring during run 2, the presence of

systematics stimulated slight redistribution of dipole and dipole field corrector strengths

and hence angles in lattice files, creating many similar versions. For all simulations and

experimental analysis, 8.6.1.4 lattice was used.

Rough tuning estimates by A. Romanov based on his extensive personal experience with

IOTA and other rings are summarized in table 6.1.
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Figure 6.4: Wrapped phase of calibration kick vs model. Top bar graph denotes amount of
phase lost or gained between BPMs vs expected.

Overall, these results meet QI requirements but were a factor of 2-3 off from those required

by DN magnet. Nonetheless, this was a significant achievement of many months of work,

and placed IOTA in the ballpark of optics accuracy of latest generation production machines

[125].

Optics from TBT

An independent method of optics measurement is with TBT data. Using formulas of section

4.1.3, calibration kicks were analyzed with three algorithms - beta from amplitude, beta from

MIA, and 3-BPM beta from phase (via NAFF, Fig 6.4). In all cases, data was preprocessed

as with regular kicks, bad BPMs removed, and then algorithm output fitted to the model.

Results for a representative kick (Fig. 6.5) show amplitude method to have significant

systematics due to noise and calibrations, while both SVD and NAFF produce good results,

the latter performing somewhat more consistently. However, beta beat from SVD also suffers

from several anomalies with deviations of above 10%. These anomalies were systematic

between many kicks and are associated with only a few BPMs. The exact reasons are not
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Figure 6.5: Estimates of beta-beat with three different methods. Some amplitude method
point are beyond axis limits.

clear - one correlation was high level of noise, but it cleanly separated out in SVD, and

preprocessed data appeared no different from other BPMs.

Since calibration kicks were performed at each reinjection (see section 6.2.3), a continuous

lattice accuracy measurement was possible. Results of several hundred kicks are shown in

Fig 6.6. As with single kick analysis, MIA and amplitude values have outliers which cause

rms beta-beat to be higher. All methods agree on the trends however, with regions near 8AM

and 11:30AM experiencing changes in rms errors. Those were times when significant lattice

perturbations were introduced on purpose. Admittedly, the 8AM decrease in beta-beat is

unexpected - one possible reason is that split tunes allowed for better NAFF convergence,

and also that this particular perturbation counteracted some of the inherent optics errors.

The raw phase error data follows same trends as beta-beat, consistent with theory. For

both beta and phase beat, y-plane results (not shown) had same trends, but reconstruction

accuracy was higher.

Overall, TBT data provided sufficiently accurate measure of phases and betas to claim

achieving design optics with < 3 − 5% beta-beat in x, 2 − 4% beta-beat in y, and phase

advance errors inside/outside the insert of < 0.002 − 0.003. Total ring tune was monitored
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Figure 6.6: Beta-beat and phase variation in X and Y over several same-day collection runs.

independently during operations and kept to minimum tune distance ∆Q ≤ 0.001 (Fig. 6.7),

as determined by residual coupling.

Emittance and bunch length

A separate experiment performed during run 2 looked into beam length and emittance in

both coupled (but split tune) and uncoupled regimes [126]. Since NIO lattice was used with

minor perturbations, their results are directly applicable to NIO experiments. Significant

IBS effects were observed with a strong current dependence of beam size and length, with

unexplained systematic deviations from model in terms of beam lifetime and emittance.

Measured emittance estimates ranged from 55-75nm (unnormalized rms) for beam current
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Figure 6.7: Tunes of calibration kicks over several same-day collection runs showing consis-
tently small tune distance.

of 1mA to 90-105nm at 3mA. They also observed slight deviations from the ideal Gaussian

bunch profile both transversely and longitudinally, with suspected large halos. Impact on

experimental tune and centroid measurements was expected to be minor. In benchmark

simulations, 3σ cutoffs were used to better model the tails.

Chromaticity

Only four sextupoles were installed in time for run 2, the SC1 and SC2 families. Because of

control board limitations, they could not be turned off easily or reliably, and only accepted

current commands of 0.1A and up. All ‘no sextupole’ measurements were done with this

low sextupole setting. To determine and correct chromaticity, tunes were slightly split so

as to better separate the peaks, and RF cavity offset scanned. Low sextupole data (Fig.

6.8) exhibited the expected chromatic recoherence at synchrotron tune in the vertical plane.

However, horizontal plane only had a small recoherence - this suggested a nonlinear detuning

at least an order of magnitude larger than that of the vertical plane. From simulations of

5.6, a smaller horizontal signal and eventual disappearance was expected, but at amplitudes

> 3mm IOR, not 1mm ∗
√
0.65/2.05 = 0.55mm. No specific nonlinearity source could be
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Figure 6.8: TBT signal at B2R after H/V ping with low sextupole settings.

identified.

The observed chromaticity values, ξx = −5.2 and ξy = −6.8 (calculated with model

momentum compaction factor), also did not agree with the model in horizontal plane. The

expected values, given sextupole currents, were ξx = −9.2 and ξy = −7.2.

Based on manual tuning, near full correction settings were found at SC1=0.902A, SC2=-

1.004A (again in large disagreement with model). A detailed scan a few weeks later (Fig.

6.9) showed this to still be a near perfect correction in x, but a slight overcorrection in y.

No significant second order chromaticity was observed, consistent with the model. It was

speculated that closed orbit changes combined with small ring effects resulted in chromaticity

drift that depended on specific fine tuning adjustments used during a shift. No source for the

unexpected low x chromaticity was found, with suspicion of complex interplay of dipole edge

field correctors and internal dipole field roll-off that was not accounted for in the model. In

benchmark simulations, the intended low/full correction chromaticity was used as if produced

by sextupoles, and long-term drift ignored.
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Figure 6.9: X/Y linear chromaticity measurement at full correction settings. Signal oscilla-
tions and gaps are due to BPM timing system fluctuations that were caused by RF frequency
changes.

6.1.4 Summary

IOTA ring linear and nonlinear optics has been commissioned. Based on LOCO data, beta-

beat was estimated at < 5%, and all BPMs calibration corrections were below 2.5% (gain)

and 2 degrees (tilt). Analysis of TBT calibration kicks over a typical 8 hour shift found poor

performance of amplitude-based methods, reasonable SVD performance, and good 3/N-NPM

method performance. Using latter two methods, beta-beat was found to be 3− 5% in x, in

agreement with LOCO, and about 2− 4% in y. Phase advance errors inside and outside the

nonlinear inserts were below 0.003, with overall tune split kept under 0.001 as limited by

residual linear coupling.

Emittance measurements with SLMs showed strong IBS current dependence, with round

beam emittances approaching 100nm at a high current of 3mA, and operational values of 50-

60nm at 1mA. Corresponding bunch length increase to 25-30cm was also observed. These

observations imply faster centroid decoherence than expected from simulations, and thus

worse analysis algorithm accuracy.

Chromaticity measurements were performed and found an anomalously low horizontal
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value with near perfect agreement on vertical one. No definitive source could be identified.

Current setpoints were found for full chromaticity correction and ∼ −5/ − 5 partial equal

chromaticity.

Overall, IOTA ring has not met energy design specifications, but achieved optics accuracy

sufficient for QI insert. DN design specifications were not fully met. Large emittance values

caused by IBS were observed, worsening data quality for both inserts.

6.2 QI measurements

6.2.1 Commissioning

Quasi-integrable insert design, hardware testing, assembly, and initial alignment procedures

were presented in 3.3. This section discussed the issues encountered in verifying expected

QI mechanical alignment.

Laser tracker alignment

Upon being moved into the ring, insert was measured with a laser tracker by Fermilab

alignment crew (Fig. 6.10a). The raw output of this process was retroreflector position as

it was moved along magnet edge. Using about 10 points, 5 per face, a cylinder was then

fitted and 3D magnet orientation determined. Tracker precision at such close distances is

∼ .001in.

Processed output showed that longitudinal alignment (Fig. A.11) was good, with a global

shift of 0.5mm and magnet-to-magnet spacing error of ∼ 100 um. Transversely, considerable

vertical sag of octupole axis was observed (Fig. A.10), which however was expected since

the support columns for the girder were hand-aligned. Based on tracker data, far end was

raised closer to central axis, with the expectation that fine tuning will be done via orbit

steering. Once the average trend is subtracted with a linear fit, remaining spread is quite
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(a) Laser tracker measurement (b) Laser tracker cylinder fit of octupoles

Figure 6.10: Alignment of QI insert.

Parameter Value

σs (relative) 133 um
σs offset −500 um
σx rms 180 um
σy rms 202 um

Table 6.2: Summary of QI mechanical alignment survey results.

small and matches the design specifications. Results are summarized in Table 6.2. Overall,

tracker data indicated that all alignment goals were achieved, with exceptional longitudinal

and acceptable transverse accuracy.

Given the good laser tracker results, beam-based alignment was expected to also go

well. However, measurements indicated issues. Some, like reversed polarity, were quickly

mitigated, whereas others persisted. Namely, octupole #5 was exhibiting a recurring short

to ground that could be fixed temporarily by jiggling the wires, and some octupoles had

very large transverse offsets - up to 0.8mm. To verify that beam-based method performed

reasonably, orbit in the drift was shifted by 1mm and measurement repeated. Results are

shown in the appendix Figure A.13a, and were consistent, showing 1mm offset change.

Based on this data, it was decided to attempt to move the magnets. A number of tunnel
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Parameter Value

σs (relative) 200 um
σs offset N/A
σx rms 300 um
σy rms 300 um

Table 6.3: QI alignment accuracy estimates after attempted fixes.

accesses were made, but it was discovered that some of the required shifts were so large that

they would collide with the vacuum pipe. Moreover, after modifications the beam-based

positions did not shift as much as expected, casting suspicion on beam-based algorithm and

further confusing the situation.

Several electrical sanity checks were done (section A.4.4), including measuring resistance,

inductance, and currents, with no outliers detected. Another hypothesis was potential per-

manent magnetization after high current rotating coil test. However, magnetic probe mea-

surements showed residual magnetization of around 10G, and running a magnet at 10A did

not cause any significant permanent residual fields.

Above results suggested that whatever the problem was, it was small electrically (at most

a couple coils) and should not have a drastic effect on the beam, in contradiction with beam-

based measurements. However, beam-based measurements are a tried and true method and

performed well on other magnets. Given the time pressures, a final decision was made to

restore the octupole alignment to optically guided one in situ (Fig. A.12b), guaranteeing a

reasonable mechanical alignment level as defined by pinholes, and proceed with experiments.

The corresponding final beam-based alignment results are shown in Fig. A.13b.

For simulation purposes, errors in excess of those observed mechanically were set for the

full ring simulations, and are shown in Table 6.3.
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Configuration Nominal value Perturbation values

Nominal N/A N/A
Phase advance drift x 0.30 +0.01, +0.03, +0.1
Phase advance drift y 0.30 +0.01, +0.03, -0.03, +0.1
Phase advance ring x 5.00 +0.01, +0.03, +0.1
Phase advance ring y 5.00 +0.01
β∗x 0.9m (middle) +10cm along s
β∗y 0.9m (middle) +10cm along s

Current 1.0A 0.5A, 0.75A, 1.25A , -1.0A
Current profile phase mu=0.3 0.31, 0.29
Flat current profile N/A 0.25A, 0.35A
Dispersion x 0.0 +10cm
Low sextupoles 0/0 -5/-7 @ 0.75A, 1.00A, 1.25A, -1.00A

Table 6.4: Summary of QI configurations explored during run 2.

6.2.2 Collected data summary

QI insert was studied in both runs 1 and 2, with various minor changes in lattice and

hardware performance within each run. The results presented here were mostly collected

during run 2 due to better BPM performance. The QI kick data spans approximately 3000

kicks in 40 configurations, some of which are summarized in table 6.4. Majority of this

data was collected in the last two weeks prior to COVID-19 mandated shutdown, and has

comparable lattice and equipment state (except accidental damage of BPM system).

An important choice was made to collect all perturbation data at the fully corrected chro-

maticity settings. The justification being that because full correction required significantly

less sextupole strength than expected, almost at −5/ − 5 model levels, the resulting DA

size would be acceptable. With full chromaticity correction, more turns could be observed,

clawing back some of the lost analysis accuracy. Data at other chromaticities was collected

only for nominal settings and a couple select perturbations.
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Figure 6.11: H (orange), V (blue), and Sum (cyan) data for all kicks of a typical kick
sequence. Sum signal scale is approximately 150k to 0, with 20k corresponding to near
complete beam loss. H/V signals in mm at B1L BPM. Text labels denote kick number and
max amplitude (H/V) at IOR.

6.2.3 Data exploration

It is infeasible to present the analysis of all the sets individually, so in this section a single

representative set is analyzed and discussed. Specifically, a QI system at 1.0A central current

with perturbed +0.003Qx,ring optics was selected. The raw data is shown in Figure 6.11

and serves as a great demonstration of the complex beam dynamics being captured by free

betatron oscillations - various decoherence lengths, couplings, beam losses, and many other

factors change with amplitude to produce the final centroid signals. Of particular interest is

the beam loss behavior at strong kicks, with distinct fast and slow jumps.
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Figure 6.12: Amplitude of kicks as derived from top 2 measurements in first 20 turns.

Amplitudes

As one of sanity checks during preprocessing, kick amplitudes (Fig. 6.12) are plotted and

compared to the requested kick strength. In this particular case, no suspicious outliers are

obvious, but some sequences have multiple kick failures or timing issues. Deflection of vertical

amplitude line at higher amplitudes is consistent with simulations, and occurs due to very

fast kick signal coupling into horizontal plane. A comparison of amplitudes at symmetric

locations (Figure 6.13) was another check used to detect major issues. In this case, some

deviation for diagonal kicks was observed but other signals matched, indicating acceptable

optics.

Tunes

Before applying NAFF a visual inspection of the FFT spectra is performed so as to better

adjust the analysis hyperparameters. It is especially important to intelligently pick the region

of interest so at to maximize the number of turns and yet not let the dominant kick completely
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Figure 6.13: Comparison of kick amplitudes between nominally identical optical locations.

mask the weaker signal. In Fig. 6.14, FFT power spectrum is plotted for a few data ranges

with and without windowing. Consistent with discussion of chapter 4, windowing helped to

suppress sidelobes and distinguish the nearby peaks at the cost of broadening overall shape.

For bulk analysis, selection of appropriate span and window is handled automatically

based on heuristics, signal to noise, and amplitude ratio threshold in both planes, with

tuning knobs and limits set manually. This helps to minimize spurious signals that can

confuse the algorithm. The results of applying ROI heuristic are shown in Fig. 6.15.

As a small aside, the case presented in Fig. 6.14 is quite challenging even for NAFF

because of a combination of small number of turns and very close tunes (but they are truly

distinct and not on the difference resonance). While it is a good scenario to test code against,

in practice this does not matter - peak detuning at high amplitudes is what determines

system performance. To avoid any confusion (unreasonably large error bars, etc.), in most

tune footprints the small amplitude points are masked until they are sufficiently resolved

to ensure consistent NAFF performance. The exception to this are of course the small

amplitude calibration kicks, which determine the linear starting point.
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Figure 6.14: Various FFT windows and spans applied to challenging experimental kick data.

Figure 6.15: Region of interest selection for increasing horizontal kick strength. Top plot is
horizontal signal, bottom plot vertical, y-axis units in mm.
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After suitable ROI is identified applying NAFF to each kick gives a more refined tune

measurement. These can be fitted as functions of action (from amplitude and optics model)

to determine amplitude detuning terms, or drawn as a tune footprint (FMA) as in Fig. 6.16.

Figure 6.16: QI FMA for +0.003 phase advance error in the ring. Marker size, if less than
standard, indicates that beam loss has occurred. Error bars are present but too small to
be seen behind the markers. Dotted gray lines are hints for expected tune location regions,
used in the peak selection and clustering algorithm.

Phase space

A process similar to that of section 5.7.2 was applied to the diagonal kicks at maximum

amplitude without beam losses or suspicious signals. To ensure unbiased fitting, envelope

parameter optimization was performed in ensemble mode - error of fit was calculated on all

BPMs simultaneously, with global physics parameters like action and detuning same in all
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envelopes. Only amplitudes and small offsets were specific to each BPM. Initially, the error

sum contributions of each BPM were scaled by signal amplitude to normalize their impact

on the fit, but better performance was achieved without this normalization, possibly due to

better signal quality at higher amplitudes.

Decoherence fits and fitting residuals for kick at 1.3/1.6mm IOR amplitude are shown in

Figures 6.17 and 6.18. As in simulations, an exchange of oscillation amplitudes is observed

and is not accounted for by the envelopes. There is also another type of oscillation with very

fast period of ∼ 10 turns, the origin of which is unclear. Possibly, it is just an artifact of the

Hilbert envelope detection - applying Savitzky–Golay smoothing removed this oscillation,

but did not affect the final fit. An alternative explanation is a complex interaction of linear

and nonlinear coupling at the particular tunes of this kick. Kicks at lower amplitudes had

lower relative amplitude of these fine oscillations, but they were present in all diagonal kicks.

Figure 6.17: Decoherence fit in X plane for QI kick at t = 0.25 and 1.3/1.6mm IOR ampli-
tude.

Application of phase space algorithms to recovered data showed good consistency between

both simple pair and the more advanced methods. Results for same A2R-A3R-B1R-B2R-

C1R region as in simulations are shown in Figure 6.19, with best pair being B1R-B2R and

second best the B1R-A2R. Note how momentum from the second pair (in red) matches well

in y/py plane and yet is stretched in px plane. Inspection of phase advances predicts that

pair to have good recovery quality. The issues is instead in the low signal amplitude due
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Figure 6.18: Decoherence fit in Y plane for QI kick at t = 0.25 and 1.3/1.6mm IOR ampli-
tude.

to small βx at A2R. The observed distortion suggests that optics model has a large relative

discrepancy at this location, and hence a strong effect on the recovered momentum.

Inspection of other mostly-linear regions, such as E-straight (bottom long section of

IOTA), showed similar situation - optics systematics dominated the quality of momentum

recovery, with analytic-based weights not penalizing the marginal BPM pairs sufficiently.

Addition of model systematics to the covariance did not improve performance, sometimes

even degrading it. This suggested a mismatch of model and lattice, not surprising given

other hints of model imperfections.

Based on above observations, algorithms were changed to more aggressively remove any

pairs less than 20 degrees away from nπ and with too small signal amplitudes. Phase

uncertainty estimates were revised, in some cases reaching 0.03. The resulting invariant

computation is shown in Figure 6.20 for the B1R-B2R pair as the most reliable one.

There is decent agreement between expected and observed jitter minimum, but it should

be noted that this is the ideal case of just a drift. Computations at other BPM locations yield

minima ±50% of nominal value. The problem lies in significant impact of any systematics

- broad minimum of the jitter function makes it susceptible to spurious signals, and only in

cases of very good optics and clean data does the result fully agree with theory.

Overall, phase space recovery algorithms performed very well and produced consistent
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Figure 6.19: Phase space recovery with various methods for QI kick at t = 0.25 and
1.3/1.6mm IOR amplitude.

momentum data in terms of suppressing statistical noise. Performance of invariant recovery

was dominated by experimental systematics, especially discrepancy between model or fitted

optics and the actual experimental one. Using only known good regions that were well tuned,

especially BR/BL drifts, allowed for reasonable but not perfect verification of integrability.

Resonances

During run 1, behavior of QI system near 1/4 resonance was explored - lattice was tuned

to 0.255 and bunch kicked, pushing the tune over the resonance. Formation of four stable

resonant islands was observed with lifetime of several minutes, as shown in Figure 6.21. The

distance between islands and beam core would scale with the current in the octupoles. While

no quantitative measurements were done, it was a very instructive experience to observe the

interplay of nonlinear beam dynamics in practice. Hopefully future studies will aim to explore

this regime, and even try inject into one of the islands.
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Figure 6.20: Invariants and their jitter for QI kick at t = 0.25 and 1.3/1.6mm IOR amplitude.

Figure 6.21: Resonant islands after kick near 1/4 resonance.

6.2.4 Results

Using similar procedure to that shown above and copious amounts of automation, QI datasets

were analyzed to extract the tune and phase space figures of merit. For a quantitative com-

parison, a performance threshold is required - in simulations, the task was straightforward.

In case of no IBS, or roughly same current, kicks could also be compared fairly. Unfortu-

nately, this was not the case - time limitations forced data collection with only occasional

reinjection, spanning a wide range of beam sizes and currents (3.0mA to 0.8mA). Combined

with kicker variability, no two oscillations were alike, as can be seen in Fig. 6.22. The kicker

variability problem was dealt with by fitting all BPM amplitudes by model optics to extract

action estimate ⟨J⟩. Current effects however were difficult to compensate since exact distri-

bution changes with current were not known. As such, the presented results do not make any

quantitative absolute DA claims. Current dependence was compensated qualitatively - more
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beam losses were permitted at higher current kicks, and if possible configuration comparison

is done for kicks at same amplitude and similar current. If that is not possible, a threshold

of 50% beam loss or any abnormal resonant signal was used.

Figure 6.22: Beam current after pairs of identical kicks, showing variability of losses. Labels
denote H kick, V kick, and remaining current respectively.

Nominal configuration

Nominal configuration was tested at several strengths. Simulations suggest that increasing

QI current will produce slightly larger detuning for the corrected chromaticity configurations,

whereas if octupole nonlinearity dominated, this would remain constant. Results of datasets

at 0.75A, 1.0A, and 1.25A with full chromaticity correction are shown in Fig. 6.23 and

6.24. Fitting the detuning slopes along V line (i.e. Jy) yielded values in good agreement

with detuning strength scaling (3/4, 4/4, 5/4 relative strength), but the absolute values of

dQx/dJy were slightly lower than those expected from just octupoles (table 6.5), indicating

additional sextupolar detuning contributions. Agreement for dQy/dJy was better but also

not exact. Along V line, only the 1.0A and 1.25A sets reached the maximum detuning of

0.311. Keeping in mind the previously discussed caveat about kick variability, other kick
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directions were also checked, and for both diagonal and horizontal directions 1.25A dataset

had significantly larger maximum detuning. For the vertical arms, the equal results for

1.0A and 1.25A are likely due to the strong resonance and small available DA limit in that

direction. Overall, QI system detuning behavior vs current was consistent with simulations,

and a maximum tune spread of ∆Qx/∆Qy = 0.032/0.036± 0.001 was achieved.

Figure 6.23: Detuning fit of three QI datasets with varying insert strengths.

t-strength dQx/dJy theory dQx/dJy exp. dQy/dJy theory dQy/dJy exp.

0.187 (0.75A) −2255 −1996± 134 1127 1044± 44
0.250 (1.0A) −3006 −2651± 188 1503 1505± 17
0.312 (1.25A) −3758 −3657± 466 1879 1799± 31

Table 6.5: Quadratic detuning term measurement for various QI currents.

As mentioned in discussion of sextupoles effects, it is of interest to fit simulation FMA

detuning data to check if the slope matches that expected from NIO + sextupole contri-
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Figure 6.24: FMA of three nominal lattice QI datasets with varying insert strengths.

butions. Three simulation datasets at natural, -5, and 0 chromaticity were analyzed and

plotted along with the data in Figure 6.25. From the linear best fit, best match for the

data was located between -5 and 0, and not at the fully corrected detuning. This yet again

confirms the anomalous chromaticity measurements, and also suggests that whatever the

source is, it has lower detuning strength than an equivalent correction would at sextupole

locations.

Perturbations

One of the best sampled perturbations (not for any particular reason) ended up being the

phase advance in x, with 3 measurements outside and 3 inside the drift. The results for the

+0.001, +0.003, +0.010 advance inside the drift are shown in Fig. 6.27. Working point shift
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Figure 6.25: One branch of nominal 1.0A FMA along with three simulation datasets. Linear
fit of experimental data indicates a mismatch with expected ξ = 0 line.

is evident in the changing fit y-intercept, meaning knobs were applied correctly. Note a small

Qy shift for the +0.010 perturbation, which suggests the knobs used were reaching their limit

of linearity. In terms of detuning slopes, while one of +0.010 shift is slightly lower, consistent

with expected theoretical decrease (1503 to 1411), no statistically significant differences were

found for +0.003 and +0.001 measurements.

In terms of dynamic aperture, for the +0.010 case, all diagonal kicks beyond medium

amplitudes (i.e. 1.94/2.08 H/V) exhibited large beam losses, and got excluded. This was not

observed at +0.003 and +0.001 configurations. Inspection of simulation results hints at the

answer - the frequency map degrades asymmetrically, with highest impact for the diagonal

middle sector, where a deep inclusion separated part of the DA as an island. Overall, results

show detuning and DA performance within the measurements uncertainty of the nominal

configuration for up to +0.003 perturbations, with +0.010 causing a degradation of 15%

along V line and nearly 30% along the diagonal. These are consistent with model.

Another interesting ‘perturbation’ was running the insert with a flat current distribution

but same overall detuning as the QI configuration. FMA results initially indicated little if

any performance degradation (Figure 6.28), which was surprising. However, closer signal

inspection showed that beam survival was significantly lower if DCCT signal was considered

several seconds after the kick instead of BPM sum signal. Corresponding resonant behavior
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Figure 6.26: FMA of three QI@1.0A datasets with varying ∆Qx,drift.

was observed in TBT data, whereas no such signals were seen with QI current profile.

This demonstrates how QI system is more beneficial in terms of nonlinear beam dynamics

degradation.

Results of some of the other perturbations scans are summarized in Table 6.6. For the

configurations not mentioned in the table, no changes were observed or data quality was not

sufficient to determine the effects. In general, no performance drop over 20% was observed

for any of the perturbations except for the largest of optics ones, which is a great result.

Consistent with simulations, QI system was highly robust to various errors.
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Figure 6.27: Detuning fit of three QI@1.0A datasets with varying ∆Qx,drift.

Invariants

Momentum recovery of both nominal and perturbed systems was attempted using the modi-

fied procedure with aggressive weighting described previously, but analysis did not yield sta-

tistically significant differences. It is likely that lattice optics drifts between shifts and other

systematics dominated the analysis. As an easier case, analysis of kicks from a non-integrable

flat arrangement was performed, and in this case a significant difference in invariant jitter

was observed. Insofar as possible, a comparison was made with kicks at same current and

same analysis parameters, and without any resonant capture. Jitter results showed approxi-

mately σH/ ⟨H⟩ = 7.2%±0.8% for the flat case and σH/ ⟨H⟩ = 4.3%±0.6% for comparable
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Figure 6.28: FMA and an example of resonant TBT signal for octupole flat current config-
uration. Most points with any current loss exhibit some degree of resonant signals.

Perturbation ∆Qx,max ∆Qy,max DA Notes

Current @ -1.0A n/a n/a decreased inverted DA
Current profile +0.01 +0.003 +0.003 NE -
Current profile -0.01 -0.002 -0.002 NE -
β∗x/β

∗
y NE NE NE optics asymmetry

Phase drift y +0.01 -0.004 -0.004 diagonal dec. -
Phase ring x +0.01 -0.004 -0.002 diagonal dec. -

Table 6.6: Impact of perturbations on QI system. NE stands for no observable effect com-
pared to experimental uncertainties.

QI system once all BPM data was combined, while jitters of the CS invariants were approxi-

mately the same. Both smear values were higher than simulation results, but the advantage

of QI system was clear and statistically significant.

Overall, invariant analysis produced qualitative claims of integrability, but further stud-

ies of the systematic errors and model improvements are needed for a quantitative model

comparison of perturbed QI configurations.
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6.3 DN measurements

6.3.1 Commissioning

Design and hardware of DN insert was presented in section 3.4. Unlike the ‘adventure’ of QI

insert, no issues were encountered during either mechanical or beam-based measurements,

with orbit accuracy after correction (Fig. 6.29) consistent with the 50 um prediction. Manual

magnet calibration was done by turning them on individually and measuring the tune change

of the ring, with resulting coefficients stored in the DN ramping routines inside pyIOTA.

From these quadrupole values, and several checkpoints, a sextupole ramp was also derived

so as to keep chromaticity zeroed at all DN currents. This has significantly improved beam

survival when passing Qx = 1/3, and produced some beautiful resonant islands, but there

was a lot more room for optimization if the magnets could be set faster than control system

limit of 1Hz. When measuring perturbed configurations, the procedure was to first ramp on

best possible path and then apply lattice distortions once at desired t-strength. There is a

small error from using same knobs as the QI system for what is essentially a different lattice,

but design of special ones for each t value was infeasible.

6.3.2 Collected data summary

Because of lower usability of DN data, fewer kick sequences were acquired but they still

covered a large parameter space, as detailed in table 6.7. About 2000 kicks were collected

overall, many of them in near nominal configurations except for different ramp, sextupole,

and kick directions settings. Because of the steep time cost in reinjecting the beam after

each loss, conservative scan limits were typically picked and scans interrupted if they kept

losing current, resulting in the sometimes asymmetric scan grids.
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Figure 6.29: Orbit through DN magnet as measured by LOCO.

Configuration Nominal value Perturbation values

Nominal N/A N/A
Phase advance drift x 0.30 +0.01, +0.03,
Phase advance ring x 5.00 +0.01, +0.03
Phase advance ring y 5.00 +0.01
β∗x 0.9m (middle) +10cm along s
Strength t=0.3 t=0.218, 0.363, 0.420, 0.5, ...
Current profile phase mu=0.3 0.31, 0.29
Dispersion x 0.0 +10cm
Equal chromaticity 0/0 -5/-5 @ t=0.363
Low sextupoles 0/0 -5/-7 @ t=0.218, 0.363, 0.420

Table 6.7: Summary of DN configurations explored during run 2.
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t-strength Detuning H w/o loss Detuning V w/o loss

0.146 0.010/0.025 N/A (resonance)
0.218 0.003/0.020 0.023/0.023
0.363 0.007/0.025 0.019/0.025
0.420 No data 0.030/0.050
0.490 No data 0.020/0.055 (small losses)

Table 6.8: Summary of DN maximum detuning results.

6.3.3 Results

Nominal configuration

One distinct advantage of the DN magnet is lack of complications with interplay of tune

and coupling - the split tunes are clear and easy to distinguish, making for a simple NAFF

window size optimization. Considering that decoherence wipes the signal in under a 100

turns at higher t values, using around 50-70 seemed to work well.

Results of nominal configurations for several t values are shown in Fig. 6.30. On all

plots, the blue line denotes the small amplitude detuning expected from the quadrupole

contributions, with black star the expected working point of the particular dataset. With

increasing t-strength, the gap between expected and observed small tunes grows linearly,

indicative of a small calibration error for magnet gradients. Each configuration has a slightly

different tune footprint that is affected by the nearby resonance lines. This is especially

evident for t = 0.146, where the vertical kick sequence hits 1/3 resonance and diagonal

one the 1/4 - both resonances were strong enough to prevent getting the beam kicked past

it. However, the horizontal direction with its larger negative Qy detuning was accessible.

Similarly, both t = 0.42 and t = 0.49 datasets had issues with sufficient horizontal dynamic

aperture - their scans were focused on vertical kicks instead. The maximum detuning results

are summarized in table 6.8.

As with QI, it is of interest to extract the action dependence, but linear tune shift presents
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Figure 6.30: DN magnet detuning measurements at increasing t-strengths (see 6.8).
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t-strength dQx/dJy theory dQx/dJy exp. dQy/dJy theory dQy/dJy exp.

0.218 −2920 −2945± 56 2332 2827± 49
0.363 −6373 −5819± 223 8020 8933± 230
0.420 −9368 −9822± 625 15 965 15 349± 766
0.490 −31 041 −23 698± 1800 161 676 135 337± 7925

Table 6.9: DN quadratic detuning term measurements along vertical kick line.

a problem in that the measurements need to be fitted to a perturbed lattice (with DN

contributions). The disagreement between expected and observed working points however

suggests that using model DN optics would produce systematic errors. There was insufficient

time to collect LOCO data with DN magnet on (also due to lifetime issues), and TBT

optics analysis of small amplitude kicks did not identify any strong outliers. Calibration and

correction of DN optics is definitely a good future project, given complex interplay of orbit

distortion, chromaticity correction, and the necessary precision. Unfortunately no time was

available to perform this during run 2. Instead, a simple t-strength correction was done to

move model tune (along blue line) as close as possible to the observed value, and remaining

optics systematics accepted as unavoidable. Results for the four datasets with clear vertical

branches are presented in Figure 6.31. Unlike QI insert, the change in detuning with strength

is not proportional to t, and even ∆Qx/∆Qy ratio varies from near unity at low t to 3.5

at high t. This behavior is consistent with tune footprint simulations. The detuning term

values are compared to expected quadratic term contributions in Table 6.9, and show a good

agreement for both dQx/dJy and dQy/dJy with exception of the highest strength t = 0.49

results. The discrepancy is likely due to the theoretical value not accounting for higher order

terms in the DN potential.

Perturbations

Perturbation studies were performed similarly to QI ones, but significant performance degra-

dation was quickly encountered. A representative set of t = 0.363 data with +0.003 Qx,ring
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Figure 6.31: Danilov-Nagaitsev detuning with amplitude first order fits.

and +0.003 Qx,drift phase advances is shown in Figure 6.32. No clear reason for such fast

falloff could be identified, but it is suspected that the knob set used for perturbations devi-

ated too far from the real machine optics, causing significantly stronger errors than expected.

However, this result also highlights the importance of linear optics for DN insert and justifies

the order of magnitude tighter tolerances as compared to the QI system.

Phase space

With the operational parameters of run 2, diagonal kick signal decoherence was very quick.

The corresponding typical kick envelope fits are shown in figures 6.33 and 6.34. For the

stronger diagonal kicks of interest, only 20-30 turns were resolvable in the Y plane. Such low

number of turns combined with optical errors resulted in insufficient data quality to attempt

quantitative phase space recovery. Evidence of optics mismatch can be observed in the tilt
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Figure 6.32: Tune perturbations of the DN magnet. Left - +0.003 x phase advance in the
ring. Right - +0.003 x phase advance in the insert.

of the phase space ellipse shown in Figure 6.35, where a single BPM pair measurement

across the drift (B1L-B2L) was used. For ideal reconstruction, no tilt of the ellipse would

be expected after normalization.

Integer crossing and two-orbit splitting

One of the more exotic thing to come out of DN studies was successful crossing of the

integer resonance at t = 0.5 (experimentally at t = 0.51). This resulted in only minor

beam losses, and produced some fascinating beam profiles shown in Fig. 6.36. The distance

between islands was measured and grew with increasing t-strength consistent with theoretical

predictions [127]. Any attempts to kick the beam results in fast losses with little usable data.

Nonetheless, the presence of this exotic configuration indicated a correct implementation of

the DN Hamiltonian.
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Figure 6.33: Decoherence fit in X plane for DN kick at t = 0.25 and diagonal X/Y of 1.9kV.

Figure 6.34: Decoherence fit in Y plane for DN kick at t = 0.25 and diagonal X/Y of 1.9kV.
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Figure 6.35: Standard and normalized phase space coordinates with a least squares ellipse
fit. Orange line denotes the semi-major axis, and ideally should be vertical for normalized
coordinates.

(a) SLM M3R image (b) Potential contours

Figure 6.36: Two stable orbit topology of DN magnet.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

7.1 Summary

This dissertation has explored with simulations and experimentally a novel class of inte-

grable nonlinear systems that have the potential for strong suppression of collective beam

instabilities without degradation of beam dynamics. If implementable, NIO could enable a

new generation of higher energy and intensity particle accelerators. However, these system

require a careful and robust implementation of both the insert and the rest of the ring.

Overall, scientific goals of IOTA NIO phase I have been met - single particle dynamics of

integrable systems was measured and matched simulations, with good QI robustness to per-

turbations and strong DN detuning. Much of the groundwork for direct instability studies

with protons was established.

7.1.1 Quasi-integrable insert

Majority of experimental work has focused on exploring the quasi-integrable system with

a single invariant of motion, driven by expected better system robustness and slower sig-

nal decoherence. Measurements of detuning with amplitude demonstrated a maximum tune

spread of ∆Qx/∆Qy = 0.032/0.036 ± 0.001 for configuration with full chromaticity cor-

rection, consistent with the model and predicted DA reduction due to sextupoles. Various

linear optics and QI potential perturbations were applied, with QI system retaining high

performance (> 90%) detuning for all realistic errors. Certain extreme configurations like

+0.01 Qx,insert significantly degraded performance in some kick directions without much ef-

fect in others. Quantitative comparison of quadratic amplitude detuning with action showed

good agreement with theory - changes in current increased detuning linearly, while changes

in working point did not change it (within margin of error). Dynamic aperture size was
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consistent with simulations. Comparison of tune footprint slopes with model suggested a

match at partially corrected chromaticity of ∼ 3, consistent with observation of anoma-

lously low natural horizontal chromaticity. Comparison with benchmark flat configuration

demonstrated better beam dynamics of QI, with former exhibiting significant resonant losses

that were not observed in any of nominal QI configurations. Phase space recovery indicated

a better conservation of the nonlinear Hamiltonian, but smear levels were higher than ex-

pected and analysis accuracy was limited by signal recovery systematics. Overall, QI system

demonstrated remarkable resilience to perturbations and behavior consistent with simulation

predictions.

7.1.2 Danilov-Nagaitsev insert

DN magnet was studied with methods similar to the QI system, but accounting for the

linear lattice distortions. Because of extremely fast decoherence in 20-50 turns and optics

model uncertainties, phase space data was not sufficient for a quantitative analysis. Detuning

measurements showed remarkable agreement with theory except at the strongest of probed

settings. Maximum detuning of ∆Qy = 0.058 ± 0.0007 was observed along a single kick

direction, and overall achievable tune spread was predicted to be ∆Qy = 0.12 ± 0.001.

Lattice perturbations degraded DN performance, with large decrease in maximum observed

tunes. Overall, DN system behavior was consistent with the model, showing large detuning

in nominal configuration but also sensitivity to perturbations.

7.1.3 Simulation and software tools

In support of the main NIO research project, a number of software tools were developed,

establishing a unified simulation and analysis framework for various beam dynamics algo-

rithms. As far as we know, it is the only such research oriented Python codebase (though

doubtless many grad students end up with a similar pile of scripts that is never released).
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It is my hope to continue its development, integrating tools both from within and outside

of accelerator physics community, enabling faster and more unified approach to accelerator

research and development.

7.2 Future work

Although much progress has been made, there are many gaps remaining, both experimental

and theoretical. In terms of single particle dynamics, collected dataset lacks high fidelity kicks

at the original design parameters. IOTA is currently in run 3, with 150MeV commissioning

being one of the goals. When achieved, it would create a whole host of opportunities. For

instance, it would enable new methods for performance tuning, such as ML-inspired Bayesian

optimization. While not reported in this thesis, several algorithm have been attempted in run

2 but did not beat manual results because of lattice drifts and low figure of merit resolution.

With the ability to extensively tune and optimize the lattice at higher energy, exciting beam

dynamics topics become accessible - studying particle motion near the stochastic boundary

layer, comparison of smear dependence with analytic predictions near various resonances,

high resolution resonance driving term measurements, and many others. More importantly,

this would mean fully achieving the design DN magnet lattice accuracy and conclusively

demonstrating its integrability.

Another avenue to pursue further are instability studies driven by an anti-damper system

[128], where the advantages of electron beams can be retained and instability thresholds

probed simultaneously. A permanent anti-damper upgrade and installation of a separate

AC dipole would allow for collection of many thousand of TBT turns, as is done at LHC

and other large machines, enabling a leap in optics accuracy. Combined with relatively

large amount of beam time availability, this would yield extremely detailed nonlinear beam

dynamics/RDT results and a better understanding of inherent IOTA nonlinearities.

With the proton injector also coming online for run 4, IOTA is on track to become
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a unique hybrid single-particle/collective dynamics research facility, and to perform direct

instability suppression demonstrations at the required precision and repeatability. As a very

biased participant with potential delusions of grandeur, I hope current and upcoming NIO

results over next few years will provide a convincing case for building a production NIO ring.

Until then however, stay calm and keep kicking.
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APPENDIX A

IOTA HARDWARE AND COMMISSIONING

Modern accelerators contain a vast number of devices for beam control and diagnostics.

This appendix describes the instrumentation used for NIO studies, and the commissioning

process.

A.1 Beam position monitors

IOTA ring is equipped with a custom system of 21 capacitive button BPMs designed by

the Fermilab accelerator division instrumentation department [129]. A picture of one of

IOTA BPMs is shown in Fig. A.1. Capacitive BPMs are a non-destructive diagnostic

for measuring bunch transverse centroid position. They work by detecting image charges

induced by bunch passage, whereby the differential signal on opposite sides is proportional

to bunch displacement from central axis.

For large amplitude excursions, simple signal difference formula no longer holds and

result becomes nonlinear. Based on extensive calibration with a wire source, a 2D 7th

order polynomial fit grid is applied to raw position data to compensate [130], as well as a

difference/sum fit [131]. Many other effects can also impact BPM operation - bunch length,

shape, and current, coupled power supply and mains noise, and others. These are expected to

be second order compared to nonlinearities. Since IOTA NIO team was not directly involved

in BPM design, we had no knowledge of all low level detail and relied on experimental

benchmarking to determine final performance.

A.1.1 Run 2 commissioning

BPM system was commissioned extensively in run 2, measuring noise and linearity in orbit

and TBT modes. Sample signal during a corrector toggling sequence is shown in figure A.2.
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Figure A.1: IOTA BPM system. Left - CAD model of standard housing with 4 button
feedthrough holes. Right - nonlinear correction map performed internally by the DAQ sys-
tem.

Figure A.2: Output of a single BPM for repeating closed orbit changes.
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Figure A.3: Response nonlinearity to closed orbit distortions. BPM A1C outlier is expected.

Figure A.4: BPM linearity inferred from mean shift of closed orbit with current.

The corresponding response linearity results are plotted in figure A.3. Note that A1C

outlier is expected, since that is a special large button BPM, and is not used in data analysis.

After the BPM system damage, linearity was checked again indirectly from the TBT

noise test data. Results are shown in figure A.4

A.2 Synchrotron radiation monitors

In addition to electrostatic BPMs, special vacuum chambers with window ports were installed

on all 8 dipoles, allowing for extraction and measurement of synchrotron radiation. I have led
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the prototype development and initial assembly of this ‘synchrotron light monitor’ (SLM)

system in collaboration with A. Romanov and significant help from J. Santucci and rest

of IOTA team [132, 133]. This section will present SLM system design and operational

performance.

Hardware

Hardware design was done with standard CAD tools SolidWorks and Siemens NX, based on

available 3D models of IOTA components. The design goals were to make a cost-effective

system that could be manufactured using rapid prototyping techniques - commercial off the

shelf parts, 3D printing, bulk computer numerical control (CNC) ordering. This would allow

for SLM to be deployed and maintained internally by the IOTA team. In retrospect, this

approach proved very fruitful as many other experiments have been able to take advantage

of our system for their data acquisition while having the expert right with them in the

control room. In terms of general design, a simple optical imaging path was implemented

with 1 centrally located achromatic focusing lens with an iris, allowing for 1:1 imaging of

radiation sources inside the dipoles. As detector, a commercial BlackFly BFLY-PGE-23S6M-

C monochromatic camera on a set of linear stages was used. A diagram of this is given in

Fig. A.5.

Prototype development was done on a spare bending dipole with a simulated light source,

demonstrating good performance and auto-focus capabilities (Fig. A.6). System was in-

stalled in stages throughout run 1, and played a crucial role in achieving first turn and

initial orbit in IOTA.

Software

In alignment with hardware design philosophy, it was decided to develop an in-house software

architecture isolated from the main controls network. I have performed initial design of the
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Raspberry Pi network, their software, control PCBs for motorizing the stages, and designed

the data acquisition system network/hardware architecture (Fig. A.7). For camera readout,

‘BPMServer’ software written by A. Romanov was used (Fig. A.8), and readout integrated

with other BPM systems for optics tuning purposes. Since then, many of the elements have

been improved further by A. Romanov and others, with myself providing technical support

of the DAQ infrastructure and being a user.

Applications

SLM systems has found a variety of unexpected and exciting uses beyond simple beam profile

monitors. For example, single electron injection was established and could be observed on

the cameras for long 0.5s integration times. Pi-mode synchrotron radiation was observed

with a polarizing filter, allowing for emittance estimates below nominal resolution limit.

SLM was also improved by various collaborators with new photo-multiplier detectors, single

photon avalanche diodes, and other instrumentation, as can be seen in Fig. A.9.

A.3 Auxiliary hardware

Beyond the primary diagnostics, many devices were used to manipulate and measure beam

properties of relevance for NIO experiments.

A.3.1 Kickers

To create beam excitation to any point within physical aperture, IOTA is equipped with

a perpendicular set of traveling wave electrostatic kickers. The vertical kicker also serves

to place the bunch onto the closed orbit as part of the on-axis injection system. In run 1,

only vertical kicker was controllable, with fixed small horizontal excitation. In run 2, both

systems were configurable, allowing for significantly better parameter space exploration.
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Parameter Max error
Voltage (max) ±25 kV
E-field on axis 11.5 kV/cm
Pulse length < 100ns
Plate length (H/V) 58cm/105cm
Jitter < 5% (run 2 measurement)
Linearity < 2% (run 2 measurement)

Table A.1: IOTA kicker parameters.

Kicker specifications are summarized in table A.1, with further design description given

in [134, 135]. While significant kick magnitude jitter was observed, it was not consistent

or experimentally critical, since actual amplitudes could be recovered from beam motion

measurements. In results of Chapter 6, kicks are labeled by nominal voltage divided by 6,

which matches control system conventions. Kicker imparted angle θ can be calculated as

θ = arctan

[
El

pβ

]
(A.1)

where p is particle momentum in eV/c, E the electric field, l kicker length, and β the

relativistic factor. For small deviations like those used in IOTA (< 5mrad), small angle

approximation holds and Vkick ∝ θ ∝ J . Corresponding maximum oscillation amplitude

elsewhere in the ring is given by Eq. 2.62.

A.3.2 Wall current monitor

IOTA wall current monitor (WCM) is a ceramic pipe element which measures beam longi-

tudinal profile and intensity using a shunt resistor between the two sides. It was originally

developed for EMMA [136]. For NIO, WCM was not used directly, but in other studies it was

a key component for measuring bunch length and emittance. The derived beam parameters

of these studies were then used in NIO simulations.
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A.3.3 Direct-Current Current Transformer

While BPM and WCM systems can provide measurements of beam current, their signal

processing is not optimized for this. Direct-Current Current Transformer (DCCT) is the

primary tool for current measurement - its principle of operation is quite complex, and is

described in [137]. In IOTA, Bergoz MPCT-RH-113 model was used, with nominal specifi-

cations of 10 uA resolution and 100 uA minimum current. In NIO studies, DCCT was the

primary tool for high resolution beam current measurements.
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Figure A.5: CAD model of SR station on top of a 30 degree dipole magnet. (a) Overall 3D
model. b) Top-down view from the optical light emission point for the vacuum window
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(a) Simulated beam source size as function of stage posi-
tion.

(b) Prototype test stand on a 60 degree
spare dipole.

Figure A.6: SLM prototype development.

Figure A.7: SLM software architecture block diagram.
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Figure A.8: All 8 cameras observing an electron beam on closed orbit.

Figure A.9: SLM applications. Left - observation of single electron in IOTA ring. Image by
A. Romanov/Fermilab. Right - an experimental station packed full of additional equipment.
Image by G. Stancari/Fermilab.
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A.4 QI insert

This sections describes some of the commissioning activities done with QI insert.

A.4.1 Laser tracker

Based on cylinder magnet fit done by the alignment crew, element positions in BL coordinate

system were computed. Results were summarized previously in chapter 6. Detailed plots of

longitudinal and transverse offsets are shown in figures A.11 and A.10.

Figure A.10: Transverse laser tracker alignment data. The line slope denotes the connection
between magnet (cylinder fit) faces. It is proportional to the yaw/pitch of the magnet.

Figure A.11: Longitudinal relative offset laser tracker data.
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(a) Initial alignment device. (b) In-place realignment.

Figure A.12: Laser alignment contraptions.

A.4.2 Pinhole alignment

Laser pinholes were used as both the primary alignment method and the in-place realignment

method during run 2 after manual position adjustments disturbed the insert. The images of

these processes are given in figure A.12b

A.4.3 Beam-based alignment

Beam-based methods showed significantly larger misalignments than that predicted by the

mechanical constraints. Results after QI installation and in the final measurement configu-

ration are shown in figure A.13b. The reason for such significant errors and corresponding

disagreement of alignment methods is not known.

A.4.4 Electrical testing

In an attempt to debug the situation, several sanity check tests were performed. Because the

magnets could not be removed from the beampipe, these had to be done in place and were

time-limited. First, resistance across magnets was tested as well as voltage drop when pow-
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(a) Beam-based octupole alignment before any
modifications.

(b) Beam-based data after adjustments and laser
realignment.

Figure A.13: Alignment measurements of QI insert with 6dsim. Offset of two lines signifies
measurements done before/after orbit shift, with expected response of just a linear shift for
all elements in questions.

184



2 4 6 8 10 12 14 16
Magnet #

156

158

160

162

164
In

du
ct

an
ce

 te
st

 (V
ou

t, 
m

V)

Figure A.14: Inductance measurement data. A short has reference value of 673mV.

ered, the latter being 905mV± 20mV across all magnets. Voltage measurements performed

in 2021 by M. Obrycki also found no notable deviations.

A more sensitive method was devised to measure magnet inductance by forming an LR

circuit consisting of a magnet, 8kHz 1V sine wave source, and a 5 Ohm resistor. Since

inductance scales with the square of the number of coil turns, it was hoped a coil to coil

internal short or another electrical issue would stand out. However, as can be seen in data

of Fig. A.14, no outliers were detected.
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APPENDIX B

SIMULATION AND ANALYSIS SOFTWARE

Accelerator physics relies heavily on accurate numerical simulation tools. This appendix

describes the features and our experience with codes used for NIO studies. It also gives an

overview of the features of our custom pyIOTA framework.

B.1 Simulation codes

B.1.1 Elegant

Elegant (ELEctron GEneration And Tracking) [138] is a 6D tracking code written in C,

maintained by ANL in support of the Advanced Photon Source. It is one of the two most

popular codes used by the light source community, the other being MATLAB-based AT.

Elegant has symplectic integrators up to 6th order for a variety of elements, is capable of

fast tracking and optimization, and supports HPC-scale computation via message passing

interface (MPI).

Among its disadvantages is the coordinate system convention, which is (x, x′, y, y′, s, δ),

also known as ’s-based’ (same as the theory presented in chapter 2). For consideration of

Hamiltonian mechanics, it is preferable to work in (x, px) canonical coordinates, but the

conversions are straightforward and are done internally before any symplectic integration

steps. Moreover given γ >> 1 of IOTA, the two systems are very close numerically, and can

be used interchangeably.

In this thesis, elegant was the primary code used for all dynamic aperture and other

tracking studies. Because of cumbersome lattice and task file formats that have limited to

no scripting ability, a wrapper was written in Python to generate input files on the fly, and

later became part of pyIOTA framework.
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B.1.2 MAD-X

MAD-X (Methodical Accelerator Design - 10) [139] is the most recent of the MAD family of

codes, maintained by CERN. It is optimized for lattice design and nonlinear single-particle

beam dynamics studies. One of its key features is integration with PTC (Polymorphic

Tracking Code) library [140], which enables normal form analysis and nonlinear tracking with

arbitrary accuracy (at the cost of performance). Without PTC, only a few thick elements

have symplectic integrators, with most others pre-sliced into thin ‘drift-kick’ slices.

MAD-X has a highly flexible Turing-complete scripting language, and comes with vari-

ous Python bindings for reading/writing files (tfs-pandas) and controlling the simulation

(cpymad). As for disadvantages, since it is used primarily for high-energy hadron machines

like LHC, there is little support for complicated edge fields, 3D field maps, or undulators.

Also, it is single-threaded and has inflexible I/O, making large-scale tracking infeasible.

B.1.3 LIFETRAC

LIFETRAC [141] is a FORTRAN code developed by D. Shatilov for studying equilibrium

particle distribution in lepton colliders, and later extended to non-equilibrium distributions

and single particle tracking. Its key use has been in studying beam-beam effects, with

extensive contributions to the design and benchmarking of LHC, FCC, and other machines.

While it only supports thin elements, the overall tracking performance is very high. It also

has an integrated FMA visualization tool. LIFETRAC was used by NIO team during early

stages of conceptual ring design and evaluation.

B.1.4 6DSim

6DSim is a linear optics and tracking code developed by A. Romanov as his custom all in

one optics correction toolbox [142]. A unique feature of 6dsim is a fully integrated GUI,

allowing for use by non-experts and speeding up standard workflows. In our research 6DSim
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was used for experimental lattice optics commissioning.

B.1.5 OCELOT

OCELOT is a pure Python code developed at EuXFEL for simulation and optimization

of free electron lasers [143]. It provides standard optics calculation tools, and matrix based

tracking up to second order. There are also several collective effects available, including space

charge and coherent synchrotron radiation. Unfortunately, being optimized for single pass

linac tracking, its ring performance was poor, and no symplectic integrators were available.

Since the analysis code of this thesis is written predominantly in Python, it was inherently

advantageous to have a native Python tracking code (no outside script files, all calculations

can be done in same process, no code compilation). As such, OCELOT was modified and

extended [144] to become the core optics engine for all other analyses.

B.2 pyIOTA

Control and coordination of all of the above tools required a large amount of glue and boil-

erplate scripting. To avoid it becoming an unmaintainable mess, we eventually decided to

produce a single unified framework with all the bells and whistles of a modern software pack-

age. It is called pyIOTA, is open-source, is written in Python/C, and integrates accelerator

simulation, analysis and control [145]. A large part of it functions as a wrapper and glue code

around simulation and equipment control libraries. Its capabilities include backend-agnostic

device control layer for reading actual machine data from Fermilab ACNET control network,

built-in beam dynamics simulation through modified/extended OCELOT and custom code,

task and script file generation and file I/O for elegant and MAD-X, lattice and data con-

version between various codes, cluster simulation job management, and all of the analysis

code and algorithms used in this thesis. Currently, it has over 23,000 lines of codes and is

extensively commented, something sorely lacking in other accelerator libraries.
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[117] L. R. Carver, X. Buffat, K. Li, E. Métral, and M. Schenk, “Transverse beam instabili-
ties in the presence of linear coupling in the Large Hadron Collider”, Physical Review
Accelerators and Beams 21, 10.1103/PhysRevAccelBeams.21.044401 (2018).

[118] M. Hofer and R. Tomás, “Effect of local linear coupling on linear and nonlinear
observables in circular accelerators”, Physical Review Accelerators and Beams 23,
10.1103/PhysRevAccelBeams.23.094001 (2020).

[119] C.-x. Wang, “Untangling mixed modes in model-independent analysis of beam dy-
namics in circular accelerators”, Physical Review Special Topics - Accelerators and
Beams 7, 10.1103/PhysRevSTAB.7.114001 (2004).

[120] Fermilab FAST/IOTA ELog, https://www-bd.fnal.gov/Elog/?orLogName=FAST.

196

https://doi.org/10.18429/JACoW-IPAC2017-WEPIK093
https://doi.org/10.1103/PhysRevSTAB.14.014001
https://doi.org/10.1103/PhysRevSTAB.14.014001
https://doi.org/10.1103/PhysRevSTAB.14.014001
https://doi.org/10.1103/PhysRevSTAB.14.014001
https://doi.org/10.1063/1.4884495
https://doi.org/10.1063/1.4884495
https://doi.org/10.1063/1.4884495
http://arxiv.org/abs/math/0305364
http://arxiv.org/abs/1908.03520
http://arxiv.org/abs/1908.03520
https://doi.org/10.1103/PhysRevAccelBeams.19.064001
https://doi.org/10.1103/PhysRevAccelBeams.19.064001
https://doi.org/10.1103/PhysRevAccelBeams.19.064001
https://doi.org/10.1103/PhysRevAccelBeams.19.064001
https://doi.org/10.1103/PhysRevSTAB.17.070101
https://doi.org/10.1103/PhysRevSTAB.17.070101
https://doi.org/10.1103/PhysRevSTAB.17.070101
https://doi.org/10.1063/1.5046923
https://doi.org/10.1063/1.5046923
https://doi.org/10.1063/1.5046923
https://doi.org/10.1063/1.5046923
https://doi.org/10.1103/PhysRevAccelBeams.21.044401
https://doi.org/10.1103/PhysRevAccelBeams.21.044401
https://doi.org/10.1103/PhysRevAccelBeams.21.044401
https://doi.org/10.1103/PhysRevAccelBeams.23.094001
https://doi.org/10.1103/PhysRevAccelBeams.23.094001
https://doi.org/10.1103/PhysRevAccelBeams.23.094001
https://doi.org/10.1103/PhysRevSTAB.7.114001
https://doi.org/10.1103/PhysRevSTAB.7.114001
https://doi.org/10.1103/PhysRevSTAB.7.114001
https://www-bd.fnal.gov/Elog/?orLogName=FAST


[121] A. Valishev, “IOTA/FAST: Status, First Run and Outlook”, IOTA/FAST Run 1
Retreat, 2019.

[122] A. Valishev and A. Romanov, “IOTA Commissioning and Operations”, IOTA/FAST
Run 2 Retreat, 2020.

[123] A. Valishev, “Introduction to Nonlinear Integrable Optics Experiments”, FAST/IOTA
Collaboration Meeting 2020, 2020.

[124] N. Eddy, “IOTA BPM Discussion”, IOTA/FAST Run 1 Retreat, 2019.

[125] E. H. Maclean, R. Tomás, F. S. Carlier, M. S. Camillocci, J. W. Dilly, J. Coello de
Portugal, E. Fol, K. Fuchsberger, A. Garcia-Tabares Valdivieso, M. Giovannozzi, M.
Hofer, L. Malina, T. H. B. Persson, P. K. Skowronski, and A. Wegscheider, “New
approach to LHC optics commissioning for the nonlinear era”, Physical Review Ac-
celerators and Beams 22, 10.1103/PhysRevAccelBeams.22.061004 (2019).

[126] V. Lebedev, I. Lobach, A. Romanov, and A. Valishev, Report on Single and Multi-
ple Intrabeam Scattering Measurements in IOTA Ring in Fermilab, FERMILAB-TM-
2750-AD, Beams-doc-8837 (2020).

[127] S. Szustkowski, “Nonlinear Integrable Optics Beam Dynamics Experiment and Diag-
nostics”, Ph.D. (Northern Illinois University, United States – Illinois, 2020), 106 pp.

[128] N. Eddy, “Experiment: Instability Thresholds with Octupole Channel (NIOLD)”,
FAST/IOTA Collaboration Meeting 2020, 2020.

[129] N. Eddy, D. R. Broemmelsiek, K. Carlson, D. J. Crawford, J. Diamond, D. R. Ed-
strom, B. Fellenz, M. A. Ibrahim, J. Jarvis, V. Lebedev, S. Nagaitsev, J. Ruan, J. K.
Santucci, A. Semenov, V. Shiltsev, G. Stancari, A. Valishev, D. Voy, A. Warner, N.
Kuklev, I. Lobach, and S. Szustkowski, “Beam Instrumentation at the Fermilab IOTA
Ring”, in Proceedings, 8th International Beam Instrumentation Conference, IBIC2019
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