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Supplementary Note 1 Heuristic Score for a Minimal Di↵usion
Maps Embedding

Traditionally, di↵usion maps [19] and Laplacian eigenmaps [18] leave the embedding dimension n as a
hyperparameter and simply use the eigenvectors corresponding to the n smallest eigenvalues to construct
the embedding. In practice, the embedding dimension n is often chosen for convenience (e.g. in visualiza-
tion applications) or by examining the eigenvalues �i and looking for a sharp increase in the magnitude
of the eigenvalues that would separate the signal from the noise. Because identifying the number of con-
servation laws is an important step in our approach, we refine this heuristic by directly computing an
approximate length scale

li =
p

�✏/ log(1� �i), (S1)

where ✏ is the scale factor from the Gaussian kernel (Eq. 22) used to construct the Laplacian matrix L.
We derive this length scale by considering the normalized kernel I � L to be an approximation of the
heat kernel exp(✏�), implying that the length scales li associated with the Laplace–Beltrami operator �
are given by

exp(✏�) = I � L =) exp(�✏/l
2
i ) = 1� �i. (S2)

We then divide by l1 to obtain the relative length scale

li

l1
=

s
log(1� �1)

log(1� �i)
, (S3)

which can be used as a heuristic measure of relevance—components with a small relative length scale are
more likely to be noise. Compared with directly using the eigenvalues �i, we find this heuristic to be less
sensitive to the choice of ✏ in the kernel.

In addition to noise, there is the common problem of redundant embedding components that stem
from the structure of the Laplacian operator: higher order modes of previous eigenvectors often appear
before more informative eigenvectors corresponding to new manifold directions. This problem is clearly
illustrated in the planar gravitational dynamics experiment (Sec. 2.2.3), where components 3, 4, and 5
are all redundant with components 1 and 2 but component 6 is a new and relevant conserved quantity
(Figs. 1d–f). To address this issue, the key observation is that, while all components of the di↵usion
map are linearly independent, redundant components are still predictable (via a nonlinear function) from
previous components. Therefore, we require a measure of “unpredictability” that allows us to identify
redundancies. We choose the heuristic mi proposed by Pfau and Burgess [34] that uses a nearest neighbor
estimator (using 5 nearest neighbors) to determine whether a new embedding component is too predictable
and therefore redundant. Alternative methods for dealing with these redundant components, also called
repeated eigendirections or higher harmonics, have been proposed that use local linear regression to detect
redundant components [35] or adapt the di↵usion kernel to be anisotropic for chosen components [36].
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Our final heuristic score (Fig. 1c)
si = mili/l1 (S4)

is the product of the relative length scale li/l1 (Fig. 1a) and the unpredictability measure mi (Fig. 1b).
We find this simple combined score performs well for identifying relevant embedding components by
removing both noise components as well as redundant components.

1.1 Choosing a Score Cuto↵

To use the heuristic score to identify the number of conserved quantities and construct a minimal embed-
ding, we require a score cuto↵ to separate relevant components that we keep in our embedding from
irrelevant components that we discard. To choose this cuto↵, we sweep cuto↵ values in the interval [0, 1],
compute the embedding size (i.e. the number of relevant components) based on the chosen cuto↵, and
then examine the result to identify a robust value for the cuto↵ (Fig. 2). Specifically, we look for wide
plateaus in the embedding size that indicate robustness to the value of the cuto↵ and find that a cuto↵ of
0.6 works well in all of our experiments. In practice, we would treat a cuto↵ of 0.6 as a good starting point
but recommend analyzing a range of cuto↵ values to find a robust choice of cuto↵, as illustrated in Fig. 2.
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Supplementary Figure 1 Breakdown of the heuris-
tic score and illustration of redundant embedding
components from the planar gravitational dynam-
ics experiment. (a) The relative length scale li/l1 for
each embedding component is computed from the corre-
sponding eigenvalue �i of the Laplacian matrix (Eq. S1).
(b) The unpredictability measure mi for each component is
computed using a nearest neighbor estimator [34]. (c) The
combined score mili/l1 is the product of the relative length
scale and the unpredictability measure. (d–f) The com-
ponents 3, 4, and 5 are identified by the unpredictability
measure as redundant. If we examine these three compo-
nents, we find that they together embed a second order
angular mode of components 1 and 2 (Figs. 4d,e). In par-
ticular, the embedding is shaped like the surface of a cone
with the height (or radial distance) roughly corresponding
to the semi-major axis a and the angle around the cone
corresponding to � mod ⇡, a second order mode of the ori-
entation angle �.

(a) (b)

Supplementary Figure 2 Example from the planar
gravitational dynamics experiment of identifying
the number of conserved quantities (i.e. the embed-
ding size). (a) Sweeping the cuto↵ value from 0 to 1, we
find plateaus indicating robustness at embedding size 2 and
3. Note that there is a spurious plateau at the maximum
embedding size 20. (b) A histogram of the embedding sizes
confirms that the number of conserved quantities is likely
to be 3.
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Supplementary Note 2 Additional Method Details

All of the code necessary for generating our datasets, applying our method, and reproducing our results
is available at https://github.com/peterparity/conservation-laws-manifold-learning.

2.1 Sinkhorn Algorithm

2.1.1 Entropy Regularized Optimal Transport

We compute an approximate 2-Wasserstein distance using the Sinkhorn algorithm [32], which solves an
entropy regularized relaxation of the optimal transport problem

fW2({xi}, {yj}) =

✓
min
T

X

i,j

TijCij � � h(T )

◆1/2

, (S5)

where the cost matrix Cij = kxi � yjk
2 and the entropy h(T ) = �

P
i,j Tij log Tij . fW2 reduces to the

exact 2-Wasserstein distance W2 (Eq. 20) as � ! 0. For � > 0, the entropy regularization introduces a

smoothing bias that manifests as a nonzero “self-distance” fW2({xi}, {xj}) > 0. This can be corrected by
instead using the Sinkhorn divergence [29, 33]

W 2 =

✓
fW2({xi}, {yj})

2
�

fW2({xi}, {xj})2 +fW2({yi}, {yj})2

2

◆1/2

(S6)

as our estimate for the 2-Wasserstein distance, which explicitly subtracts o↵ this self-distance. In our
experiments, we use a convergence threshold of " = 0.01 and a decaying entropy regularization parameter
� that starts at 10.0 and decays by a factor of 0.995 at each step until it reaches a target of 0.1.

Note that the Sinkhorn algorithm is a general approach for solving entropy-regularized optimal trans-
port and is equally good at approximating a 1-Wasserstein distance (or Earth mover’s distance). We
experimented with using 1-Wasserstein vs. 2-Wasserstein distances and did not find a significant di↵erence
in the performance of our method.

2.1.2 Time Complexity

With S samples per trajectory, the Sinkhorn algorithm solves the entropy regularized optimal transport
problem in O(S2 logS/"2) time for an "-accurate solution [S1, S2] using O(S) space (without explicit
storing the cost matrix C [S3]). Therefore, the time complexity of computing approximate Wasserstein
distances for all pairs of trajectories is O(N2

S
2 logS/"2) for a dataset containing N total trajectories.

This computation is currently the performance bottleneck of our approach (Supplementary Note 7.1) but
is easily parallelized over multiple GPUs using the OTT-JAX library [S3].

2.2 Di↵usion Maps

2.2.1 Choice of Manifold Learning Method

Unlike many standard manifold learning applications, our input to the manifold learning method is not
a set of points in Euclidean space but rather a pairwise Wasserstein distance matrix. Many popular
methods, such as local linear embedding [S4] and local tangent space alignment [S5], explicitly require
the data to be embedded in a Euclidean space and so are not applicable for our problem. In addition to
di↵usion maps, we also experimented with Isomap [S6], which can also take a distance matrix as input.
However, we found Isomap embeddings to be noisier and less reliable than di↵usion map embeddings
(e.g. see Fig. 3). Di↵usion maps [19] or Laplacian eigenmaps [18] also provide an e↵ective way to estimate
manifold dimensionality and choose relevant embedding components (Supplementary Note 1).
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Supplementary Figure 3 Identifying conserved quantities for planar gravitational dynamics using Isomap.
(a) When applying Isomap, the e↵ective length scale

p
�Isomap can be used to estimate manifold dimensionality but it

only clearly identifies two out of the three conserved quantities. (b, c) Similarly to the di↵usion map embedding, Isomap
components 1 and 2 embed the semi-major axis vector a with magnitude a = �1/2E related to the energy and orientation
given by the angle �. These components have high rank correlation ⇢ = 0.994 (⇢ = 0.992) with a cos� (a sin�). (d)
Component 3 roughly corresponds to the angular momentum L but is noisier than the embedding identified by di↵usion
maps (Fig. 4f) and has a much lower rank correlation ⇢ = 0.723 with L.

2.2.2 Gaussian Kernel Width

The primary hyperparameter in our di↵usion maps algorithm is the width parameter ✏ of the Gaussian
kernel (Eq. 22). Generally speaking, we should choose ✏ to be large enough to avoid noise induced by
sparse sampling but small enough for the true heat kernel to be well approximated by the Gaussian kernel
[18]. We choose ✏ such that the corresponding standard deviation � =

p
✏/2 of the Gaussian kernel is

equal to the maximum distance to the kth nearest neighbor.
In practice, especially when the relevant embedding components are well separated from the noise in

terms of length scale (Eq. S1), we find the di↵usion map to be fairly insensitive to the choice of k, which
we generally set to k = 20 nearest neighbors. The only exception is for the planar gravitational dynamics
dataset, where we use k = 200. This is because the angular momentum—the least prominent of the three
conserved quantities—has a slightly poorer reconstruction for k = 20 (⇢ = 0.910) and gets pushed back
to component 10 of the embedding. While it is still clearly identifiable from noise, it requires a lower
heuristic score cuto↵ of around ⇠ 0.4 and is easier to miss.

2.2.3 Noise Robustness

To improve the noise robustness of our di↵usion map, we follow Karoui and Wu [S7] and replace the
diagonal of the a�nity matrix M (Eq. 23) with zeros, i.e.

M
⇤
ij = Mij �MiiIij , (S7)

before constructing the Laplacian matrix L. Because this induces an overall shift in the eigenvalues of the
Laplacian that interacts poorly with our length scale heuristic (Eq. S1), we correct for this by subtracting
o↵ the normalized mean shift

s =
1

N

NX

i=1

 
Mii/

X

j

Mij

!
(S8)
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from the Laplacian matrix L to obtain the corrected Laplacian

L
⇤
ij = Lij � sIij , (S9)

which we use to generate our embeddings.

2.2.4 Time Complexity

For a fixed number of embedding dimensions and a dense kernel matrix K with N ⇥N entries (N being
the number of trajectories), di↵usion maps have time complexity O(N2) and space complexity O(N2).
In our experiments, computing the di↵usion map is very fast with run times under one second for every
dataset we tested.

2.2.5 Out-of-Sample Embedding

One complication of manifold learning methods like di↵usion maps is that they do not provide an explicit
way to embed new out-of-sample data. A naive approach would be to rerun the di↵usion map algorithm
on a combined dataset consisting of the original data used to create the embedding and the new data.
However, this does not retain the original embedding and, in some cases, may be computationally pro-
hibitive. A popular approach that does retain the original embedding is the Nyström method [S8], which
embeds a new point using its pairwise distances with the original data and scales as O(N). For even faster
embedding, landmark di↵usion maps o↵er a significant speed-up by choosing a small subset of M ⌧ N

landmark points to use during Nyström out-of-sample embedding [S9]. This also has the added benefit
of a reduced memory footprint, since only the M landmark points need to be retained for embedding.
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Supplementary Note 3 Langevin Harmonic Oscillator

To demonstrate our method on a simple example of a dynamical system with approximately conserved
quantities at short time scales but no true conserved quantities, we consider an under-damped harmonic
oscillator that is weakly coupled to a heat bath. The resulting dynamics are governed by the Langevin
equations

dq

dt
= p

dp

dt
= �q � �p+ ⇠(t),

(S10)

where the damping � = 10�2. ⇠(t) is a Gaussian random process (i.e. Brownian motion) with zero mean
and h⇠(t)⇠(t0)i = 2�⌧ �(t � t

0). We set the temperature of the heat bath to be ⌧ = 2 ⇥ 10�2. At short
times t ⌧ �

�1 and t ⌧ (�⌧)�1/2, the energy E = (q2 + p
2)/2 is approximately conserved. At long times

t � �
�1, all trajectories will sample a stationary distribution with variance hq

2
i0 = ⌧ and no conserved

quantities.
We generate four datasets for this system, each with 200 trajectories and 200 samples over di↵erent

periods of time, i.e. t 2 [0, T ] with sampling time T 2 {2⇥101, 2⇥102, 2⇥103, 2⇥104}. This allows us to
study how changing the sampling time T—the time scale over which we identify approximately conserved
quantities—changes the embedding produced by our approach. Over short time scales, the time-averaged
energy hEi is still a distinguishing feature of the trajectories and acts as an approximately conserved
quantity (Figs. 4a–d). Over longer time scales, the energy becomes less and less relevant until, finally, the
system reaches a stationary distribution (Figs. 4e–h).

3.1 Separation of Time Scales and Dependence on � and ⌧

The energy of the Langevin harmonic oscillator is only conserved over time scales T much less than the
time scales associated with dissipation �

�1 and random forcing (�⌧)�1/2. However, this approximate
conservation law is only meaningful if the energy is roughly conserved over a time scale T much greater
than the period of oscillation, which is of order one in our units. In other words, approximate conservation
laws only appear when there is a separation of time scales between fast conservative dynamics (e.g. the
oscillations of our harmonic oscillator) and slow non-conservative dynamics (e.g. dissipation and forcing).

Thus, for � ⌧ 1 and ⌧ ⌧ 1, we expect to have an approximately conserved energy at intermediate
time scales 1 ⌧ T ⌧ �

�1 and T ⌧ (�⌧)�1/2. As �, ⌧ ! 1, there is no longer an intermediate time scale for
which the approximate conservation law holds. This is precisely what we see when we apply our method
for identifying conservation laws to Langevin harmonic oscillators with varying � 2 {10�3

, 10�2
, 10�1

}

and ⌧ 2 {2⇥10�3
, 2⇥10�2

, 2⇥10�1
} using sampling times T 2 {2⇥101, 2⇥102, 2⇥103, 2⇥104} (Fig. 5).

The rank correlation ⇢ (Fig. 5a) shows the alignment of the first embedding component with the
time-averaged energy hEi, while the prominence s1 �max({si}i>1) (Fig. 5b) of the heuristic score shows
how well distinguished the first component is from the remaining noisy components. We find that for
small �  0.01 and ⌧  0.02, our approach successfully identifies the approximately conserved energy
at intermediate time scales T = 20 or T = 200 (as shown by the high rank correlation and high score
prominence). For longer time scales or larger � and ⌧ , the approximate conservation law no longer holds
and so our method identifies no conserved quantities (as shown by the low score prominence).
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(h)
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T = 2×10⁴

T = 2×10³

T = 2×10²

T = 2×10¹

(e)

(c) (d)

(g)

(f)

Supplementary Figure 4 Identifying conserved
quantities for the Langevin harmonic oscillator
over varying sampling times T . (a) Over a short time
scale T = 2⇥101, the time-averaged energy hEi still clearly
distinguishes the di↵erent trajectories, so our approach
identifies a single (approximately) conserved quantity that
corresponds to hEi. (b) Component 1 of the embedding is
highly correlated with hEi and still matches well with the
theoretical result for the simple harmonic oscillator (Eq. 5).
(c,d) Over a slightly longer time scale T = 2⇥ 102, we see
a very similar result with a noisier fit between component
1 and hEi. (e,f) For T = 2 ⇥ 103, we start to see more
ambiguity, with the identified component becoming signif-
icantly less prominent and an even noisier fit. (g,h) Over a
long time scale T = 2⇥ 104, the system has settled into a
stationary distribution and no longer has any even approx-
imately conserved quantities.

(a) Rank correlation ρ

(b) Prominence s1 – max({si}i > 1)

Supplementary Figure 5 E↵ect of varying � and
⌧ on the identification of an approximate conser-
vation law for the Langevin harmonic oscillator.
Varying �, ⌧ , and the sampling time T , we show (a)
the rank correlation ⇢ of the first embedding component
with the time-averaged energy hEi and (b) the prominence
s1 � max({si}i>1) of the score of the first component s1
over the highest score of the remaining components si.
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Supplementary Note 4 Nonlinear Periodic Orbit of the Double
Pendulum

In addition to the chaotic and linear non-chaotic phases, the double pendulum can also exhibit other kinds
of complex behavior, including highly nonlinear periodic orbits. In our extracted embedding (Fig. 6a),
we see an example of such a nonlinear periodic orbit (Figs. 6b,c). The placement of this periodic orbit in
the embedding also meaningfully connects it with the low energy in-phase mode from the linear coupled
oscillator regime (Fig. 5g), i.e. this periodic orbit can be thought of as a nonlinear high energy extension
of the low energy in-phase mode.

(a) (b) (c)

Supplementary Figure 6 Nonlinear periodic orbit of the double pendulum. (a) The four red highlighted points
in the extracted embedding correspond to (b, c) a periodic orbit of the double pendulum that is connected to but well
outside of the linear coupled oscillator regime.
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Supplementary Note 5 Robustness to Noise & Partial
Observations

To further demonstrate the robustness of our approach, we show several additional experiments on the
simple pendulum, planar gravitational dynamics, and double pendulum datasets. For the simple pendu-
lum, our method still performs well when using only angle ✓ measurements, i.e. a partially observed phase
space (Fig. 7a). In fact, even if we add Gaussian noise (standard deviation � = 0.5) to the raw trajectory
data in addition to using a partially observed phase space, we still obtain a similar result (Fig. 7b). Simi-
larly, for planar gravitational dynamics with only position r data or with added Gaussian noise (� = 0.5),
our method is still able to identify the three conserved quantities (Figs. 7c,d). For the double pendulum,
we again see that we retain the same detail in the extracted embedding using only position data (Fig. 8).
The corresponding rank correlations with the ground truth conserved quantities are given in Table 1.

The robustness of our method to both noise and partial observations is largely a consequence of
using the Wasserstein distance as our metric for comparing trajectories. In our problem formulation, we
consider the isosurfaces with constant conserved quantities and ask for a metric for measuring distances
between isosurfaces. Because the Wasserstein distance measures distances between distributions rather
than disjoint isosurfaces, it can easily generalize to noisy or partially observed data where the trajectories
are no longer strictly disjoint. An alternative choice of metric, e.g. the Hausdor↵ distance between sets
in a metric space [S10], does not have this nice property and would be much more susceptible to noise or
partial observations. On the other hand, because the Wasserstein distance distinguishes between di↵erent
distributions, it is susceptible to other forms of corruption such as sampling inhomogeneity (discussed in
Supplementary Note 7.3). In most cases, we believe that this tradeo↵ is worth it to retain the high degree
of robustness as long as one is aware of the limitations.

Supplementary Table 1 Rank correlations ⇢ of linear fits with ground truth conserved quantities for the
additional experiments. ⇤The rank correlations for the low energy approximately conserved mode energies E± are
computed on the restricted set of trajectories with first embedding component v1 < �1.

Dataset Conserved Quantity ⇢

Simple Pendulum: Position Only E 0.998

Simple Pendulum: Position Only + Noise E 0.996

Planar Gravitational Dynamics:
Position Only

a cos� 0.994
a sin� 0.993
L 0.968

Planar Gravitational Dynamics:
Noise

a cos� 0.994
a sin� 0.992
L 0.945

Double Pendulum:
Position Only

E 0.996
E+ 0.931⇤

E� 0.945⇤
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(a) Simple Pendulum: Position Only

(b) Simple Pendulum: Position Only + Noise

(c) Planar Gravitational
Dynamics:
Position Only

(d) Planar Gravitational
Dynamics:
Noise

Supplementary Figure 7 Additional experiments
illustrating the robustness of our approach. (a) For
the simple pendulum system, even when provided only
angle ✓ measurement data (without angular velocity !),
our method is able to identify a single relevant component
corresponding to the energy the pendulum (⇢ = 0.998). (b)
If we then also add � = 0.5 Gaussian noise, we can still
achieve a similar result (⇢ = 0.996). For planar gravita-
tional dynamics, our method also performs well given (c)
only position r data or (d) with � = 0.5 Gaussian noise,
correctly identifying the three conserved quantities.

(d)

(a)

(c)

(f)(e)

(b)

Supplementary Figure 8 Identifying conserved
quantities for the double pendulum from only
position data. (a) The heuristic score (with cuto↵ 0.6)
identifies one relevant embedding component correspond-
ing to (b) the total energy E. (c) However, if we restrict the
embedding to trajectories with first component v1 < �1
(i.e. low energy trajectories) and renormalize the embed-
ding, we find (d–f) two conserved quantities corresponding
to the energies E± of the two decoupled low energy modes.
The gray points in Figures 8d–f correspond to the high
energy trajectories (first component v1 > �1) which are
not relevant when considering the low energy non-chaotic
phase of the double pendulum.
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Supplementary Note 6 Comparison with Direct Fitting
Methods

Only a few alternative approaches [14–16] have been proposed for identifying conservation laws from
trajectory samples without time information (e.g. any methods that require time derivative estimates of
the system state are not applicable). These alternatives all fall into a broad category that we term “direct
fitting” methods, which attempt to directly fit a parameterized function of the system state to be constant
over each trajectory. This can be accomplished using a variety of methods and optimization objectives
but all generally require that the system state is fully observed and that the observed trajectories have
low noise. These restrictions ensure that the basic assumption of direct fitting methods—that there exists
a well-defined function from the observed state to the conserved quantities—is fulfilled.

Supplementary Table 2 Performance comparison of our method alongside deep learning-based direct
fitting methods on the planar gravitational dynamics dataset. We show the rank correlation ⇢ of the embeddings
with the ground truth conserved quantities. Note that the directing fitting approaches, ConservNet and Siamese Neural
Network (SNN), are designed to discover a single conserved quantity and cannot handle multiple conserved quantities
without dataset regeneration. Thus, with only a single dataset, we only expect the direct fitting methods to learn a single
conserved quantity. For the direct fitting methods, when fitting to conserved quantities involving the orientation angle �,
we choose a constant �0 that gives the maximum ⇢ with conserved quantities of the form a cos(�� �0). Bolded numbers
indicate the best rank correlations for each conserved quantity.

Dataset Method Conserved Quantity ⇢

Clean,
Fully Observed

Manifold Learning
(Ours)

a cos� 0.994
a sin� 0.992
L 0.970

ConservNet
a cos(�� �0) 0.882
a sin(�� �0) 0.029
L 0.002

SNN
a cos(�� �0) 0.948
a sin(�� �0) 0.024
L 0.007

Noisy (� = 0.5), Fully
Observed

Manifold Learning
(Ours)

a cos� 0.994
a sin� 0.992
L 0.945

ConservNet
a cos(�� �0) 0.178
a sin(�� �0) 0.003
L 0.069

SNN
a cos(�� �0) 0.031
a sin(�� �0) 0.005
L 0.025

Clean, Partially Observed
(Position Only)

Manifold Learning
(Ours)

a cos� 0.994
a sin� 0.993
L 0.968

ConservNet
a cos(�� �0) 0.892
a sin(�� �0) 0.036
L 0.015

SNN
a cos(�� �0) 0.916
a sin(�� �0) 0.010
L 0.060
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AI Poincaré [14] uses a symbolic regression approach to directly obtain an interpretable expression for
the conserved quantities in terms of a library of symbolic expressions. While this method can sometimes
give the exact expected conservation laws, AI Poincaré relies heavily on the applicability of symbolic
regression, and, in cases where there is no simple symbolic expression, it will often fail. For example,
for the planar gravitational dynamics dataset (named the “Kepler problem” in [14]), AI Poincaré fails
to identify the conserved quantity associated to the orientation angle of the orbit due to its somewhat
awkward symbolic representation [14].

The two remaining direct fitting methods, Siamese Neural Network (SNN) [15] and ConservNet [16],
both use a neural network as the parameterized function to fit the trajectory data. One important
limitation of both of these approaches is their inability to discover more than a single conserved quantity
per dataset. In both works [15, 16], identifying a second conserved quantity requires generating a new
dataset while holding the first discovered conserved quantity fixed. Generating such a dataset as part
of the method pipeline assumes both access to and fine-grained control of the data generating process,
which is often not available in practice. We benchmark our manifold learning approach against these two
methods on the planar gravitational dynamics dataset, variations of which (under the name “Motion in
a central potential” and “Kepler problem”) were also previously studied in both works [15, 16]. Because
we only use a single dataset, we only expect these direct fitting methods to identify a single conserved
quantity. We also compare these methods on the noisy and partially observed versions of the dataset to
understand their limitations.

Implementations for both direct fitting methods were adapted from code released by [16] since reference
code for [15] is unavailable. Following [16], our benchmark uses a simple fully connected neural network
with four hidden layers of size 320, Mish activations [S11], and an Adam optimizer [S12] with learning rate
5⇥10�5. We use a batch size of 1000 for the SNN and 200 (fixed by the number of samples per trajectory)
for ConservNet. We train each network for 1000 epochs and then compute the rank correlation ⇢ of the
fitted function with the ground truth conserved quantities (Table 2). We did not see any improvement
on our dataset when the networks were trained for 50,000 epochs, as recommended by [16].

The results show that, as expected, the direct fitting methods only learned a single conserved quantity
for the dataset (Table 2). Even for the single conserved quantity identified by SNN and ConservNet,
we see that our manifold learning method outperforms both direct fitting methods in all settings while
also identifying all three conserved quantities. Training for SNN and ConservNet took between 40–50
minutes for 1000 epochs on a single RTX 2080 Ti GPU and does not appear to benefit significantly from
using larger batch sizes and additional compute resources. In comparison, our method—which is limited
primarily by the Wasserstein distance estimation (Supplementary Note 7.1)—takes around 40 seconds to
run on eight RTX 2080 Ti GPUs and 5–6 minutes on a single RTX 2080 Ti GPU.
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Supplementary Note 7 Additional Discussion & Limitations

7.1 Time & Space Complexity

For a dataset with N trajectories and with S samples per trajectory, our approach is currently limited
by the computational cost of estimating the 2-Wasserstein distance for all pairs of trajectories (Table
3), giving a time complexity of O(N2

S
2 logS/"2) (Supplementary Note 2.1). To scale to much larger

datasets, we have several choices to improve the run time performance.

Supplementary Table 3 Run times for computing the pairwise Wasserstein distances for each dataset. In
addition to the run times, we also list the number of trajectories N in the dataset, the number of samples S per trajectory,
and the dimension d of the phase space. We used eight RTX 2080 Ti GPUs for all computations. †Because we are
interested in local conservation laws for the KdV equation dataset, the phase space is treated di↵erently (see Sec. 2.2.6).

Dataset N S d Run Time

SHO 200 200 2 11 s

Simple Pendulum 200 200 2 11 s

Planar Grav. Dynamics 400 200 4 40 s

Double Pendulum 1000 500 4 54m 43 s

Osc. Turing Patterns 400 200 100 54 s

KdV Equation 400 200 200† 26m 16 s

One simple adjustment to speed up the convergence of the Sinkhorn algorithm is to allow for a signif-
icantly larger target regularization parameter �. The result, in fact, interpolates between the Wasserstein
metric (� = 0) and a maximum mean discrepancy (MMD) metric (� = 1) [29]. However, to improve
the time complexity of our approach as we scale to large S, we may have to consider more approximate
approaches. A popular option is to first subsample the data to form minibatches of size s ⌧ S, solve the
much smaller optimal transport problem, and then average the resulting estimates for the Wasserstein
distance [S13, S14]. For a fixed number of epochs of averaging, this approach would give us linear scaling
O(S) with the number of samples S.

To improve the scaling with the number of trajectories N , we may be able to take advantage of the
sparse structure of the kernel matrix K when the total number of conserved quantities n ⌧ N . That
is, when the dimension of the embedded manifold (corresponding to the conserved quantities) is low, we
expect each trajectory to have relatively few nearest neighbors, so most entries of the kernel matrix K

will be very close to zero for an appropriately chosen Gaussian kernel. If that is the case, we can construct
the kernel matrix K as a sparse matrix, e.g. by starting with a very coarse approximation for the pairwise
Wasserstein distances and then obtaining finer estimates only for nearby trajectories or by constructing
a k-nearest neighbor tree [S15] (which takes O(kN logN) time). With a sparse kernel matrix K, the
di↵usion map will only take O(N) time and use O(N) space.

In the future, by incorporating these approximations and algorithmic improvements, we expect to be
able to adapt our approach to achieve linear scaling in time and space for very large datasets.

7.2 Sample Complexity

To understand the sample complexity of our approach, we need to consider the e↵ect of both the number
of trajectories N and the number of samples per trajectory S.
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The number of samples S determines the accuracy of the estimated pairwise Wasserstein distances.
For the Sinkhorn algorithm, the approximation error is [S16]

O
�
S
�1/2

e
/�
�
1 + �

�bd/2c��
, (S11)

where d is the dimension of the data, � is the entropy regularization parameter, and  is a data-dependent
constant. That is, the error in our Wasserstein distance estimates scales as 1/

p
S. Also, for � � 1, notice

that the dimension d has no significant influence on the error bound. Furthermore, the relevant dimension
d in the bound is likely to be some measure of the intrinsic dimension of the data [S17], allowing us to
obtain good Wasserstein distance estimates even for some systems with high dimensional phase spaces
(Sec. 2.2.5).

Assuming we have accurate Wasserstein distance estimates, the spectral error of the di↵usion map
is O(N�2/(8+n)) for a manifold of dimension n (i.e. the number of conserved quantities) [S18]. Thus,
for integrable PDE systems like the KdV equation (Sec. 2.2.6) with an infinite number of conserved
quantities, we must restrict ourselves to considering local conserved quantities to have a reasonable chance
of reconstructing a useful embedding.

7.3 Robustness & Sampling Inhomogeneity

Because the Wasserstein distance is a metric over distributions, it has great robustness properties (Supple-
mentary Note 5). However, the exact same qualities that provide this robustness also make the Wasserstein
metric sensitive to sampling inhomogeneity between trajectories. That is, if two trajectories with the
same conserved quantities are sampled in a way such that their distributions over the measured phase
space di↵er, then the Wasserstein metric will treat them as di↵erent distributions, which could lead to
spurious conserved quantities being identified by our method. Note that this does not include changes in
the sampling process that are uniform across the trajectories and only a function of the phase space, e.g.
sampling the state of the pendulum more often when it is near to the bottom of its swing, or sampling
the position of a planet more often when it is farther from the sun for all trajectories.

One example of the relevant kind of inhomogeneity is sampling trajectories for too short a time such
that the physical measure (Eq. 18) is not well approximated. Trajectories sampled over too short a time
can essentially lead our method to believe that there are additional conservation laws preventing the
system state from exploring areas of phase space that may in fact be reachable for a longer trajectory.
On the hand, this can be considered a feature rather than a bug in the sense that, by choosing the time
over which to sample our trajectories, we are providing our method with a time scale for our conserved
quantities, allowing us to probe approximately conserved quantities that appear invariant over shorter
time scales (see Supplementary Note 3 for an example).

If we have a fully observed phase space and low noise, then this e↵ect can be mitigated by choosing
an alternative metric, such as a Hausdor↵ distance [S10], that does not have a strong dependence on the
sampling distribution. This would essentially take advantage of the fact that any overlap between two
trajectories in a fully observed phase space implies that both have the same conserved quantities. However,
for noisy data or a partially observed phase space, observed overlap between measured trajectories could
also be due to noise or hidden variables. Again, the same qualities that make the Hausdor↵ distance
robust to sampling inhomogeneity also make it very sensitive to noise and partial observations.

In other words, the Wasserstein metric is able to distinguish trajectories with di↵erent conserved
quantities even in a noisy partially observed phase space precisely because it can sense di↵erences in the
distributions of the trajectories.

7.4 Physical Measures, Dissipation, & Unbounded Dynamics

The assumption that the dynamical system admits a physical measure (Sec. 4.1.2) is a fairly natural
one that allows us to characterize conserved quantities using invariant measures. In fact, for Hamiltonian
dynamics that already admit a canonical Liouville measure [S19], assuming that trajectories are ergodic
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on the isosurfaces of conserved quantities is essentially Boltzmann’s famous ergodic hypothesis [S20, S21],
which underpins much of statistical mechanics but is notoriously di�cult to prove in general.

For dissipative systems, our assumption as stated is false since dissipation generally destroys ergodicity.
However, dissipative systems still have attractors that admit physical measures [31][S22]. Therefore, for a
dissipative system, rather than characterizing ergodic measures on isosurfaces, our method would instead
be characterizing the various attractors of the dynamics, including fixed points, limit cycles, and chaotic
attractors. Our experiment with the oscillating Turing pattern (Sec. 2.2.5) is precisely such a dissipative
system with a continuous set of chaotic attractors parameterized by a spatial phase angle ⌘.

One clear example where our assumption of a physical measure is violated in a meaningful way is when
the dynamics are unbounded. For example, hyperbolic orbits following planar gravitation dynamics escape
to infinity and do not converge to any invariant measure. In this case, naively applying our approach
would not lead to meaningful results since, for any fixed sampling time, two di↵erent trajectories from the
same hyperbolic orbit will sample very di↵erent portions of phase space depending on initial conditions.
One potential solution for this issue of unbounded dynamics is to first compactify the phase space.

For example, if we compactify the traditional four dimensional Euclidean phase space of planar
gravitational dynamics into a four dimensional real projective space with an attached metric (e.g. the
Fubini-Study metric) [S23], we have e↵ectively made the dynamics bounded and therefore amenable to
our approach. Moving to this projective representation, the physical measures on the elliptical orbits
would remain largely unchanged while trajectories on hyperbolic orbits would approach a fixed point at
the “line at infinity” (which would be a finite “distance” away due to the choice of metric on this com-
pactified space). Our method would then be able to characterize the elliptical orbits by the usual three
conserved quantities and hyperbolic orbits by their limiting long time behavior corresponding to their
final velocity vectors as they escape to infinity.

7.5 Trajectory Diversity & Correlated Conserved Quantities

One fundamental limitation, which a↵ects not only our method but also other approaches for discover-
ing conservation laws [12–16], is the inability to distinguish between constraints and correlated conserved
quantities. In general, constraints on the system dynamics are constant across all possible initial condi-
tions, whereas conserved quantities vary based on initial condition. However, if there is a lack of diversity
in the initial conditions for the trajectories in our dataset, then it is possible to mistake two highly
correlated conserved quantities for an additional constraint on the system. For example, if the planar
gravitational dynamics dataset only contained nearly circular orbits, then the angular momentum and
the energy of the orbits will become highly correlated and the orientation angle will be essentially mean-
ingless. Given such a dataset of circular trajectories and no additional information, it is not possible to
distinguish between a planar gravitational dynamics dataset with poor trajectory diversity and a dataset
from a system that is constrained to circular orbits with a single conserved quantity (associated with
the radius of the orbits). As such, any general method for discovering conserved quantities will treat two
highly correlated conserved quantities as a single conserved quantity.
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Supplementary Note 8 Dataset Details

The SHO dataset contains 200 sample trajectories, each with 200 uniformly sampled states in time.
The simple pendulum dataset contains 200 trajectories with uniformly sampled energies E 2 [0, 2].

Each trajectory has 200 sampled states at uniformly sampled times t 2 [0, 2000].
The planar gravitational dynamics dataset contains 400 trajectories with uniformly sampled energies

E 2 [�0.15,�0.5], angular momenta L 2 [0, 1], and orbital orientation angles � 2 [0, 2⇡). Each trajectory
has 200 sampled states at uniformly sampled times t 2 [0, 2000].

The double pendulum dataset contains 1000 trajectories with initial angles ✓1, ✓2 ⇠

Unif(�0.75⇡, 0.75⇡) and initial angular velocities !1,!2 ⇠ N(0, 0.52). Each trajectory contains 500 points
uniformly sampled in time t 2 [0, 50000]. One additional subtlety of applying our approach to the double
pendulum comes from the periodicity of the angles ✓1, ✓2 describing the positions of the two pendulums.
The Euclidean ground metric used for optimal transport must take into account this periodicity, so we
choose to leave the data unnormalized and use the shortest Euclidean distance between pairs of points
in the periodic phase space.

The oscillating Turing pattern dataset contains 400 trajectories, where we initialize our states u(x)
and v(x) with unit Gaussian noise in Fourier space and take 200 states with uniformly sampled times
t 2 [300, 1300]. By allowing for a transient time of 300, we focus our study on the long term behavior of
the oscillating Turing pattern.

Finally, we study the KdV equation on a periodic domain of size l = 20 and with mesh size 200
(downsampled from a mesh size of 1000 used during data generation). The dataset contains 400 trajec-
tories each with 200 states at uniformly sampled times t 2 [0, 10]. To produce a reasonable variety of
initial conditions, each trajectory is initialized with normally distributed Fourier components scaled by
a Gaussian band-limiting envelope with width uniformly sampled in the interval [10⇡/l, 20⇡/l].
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Supplementary Note 9 Proof of Optimal Transport for the
Simple Harmonic Oscillator

Let the transport cost between a pair of points (✓i, ✓j) 2 S
1
⇥ S

1 be

c(✓i, ✓j) = k
2
q(r1 cos ✓i � r2 cos ✓j)

2 + k
2
p(r1 sin ✓i � r2 sin ✓j)

2
. (S12)

Then, for the proposed optimal transport plan ⇧ with support � containing all points (✓, ✓) 2 S
1
⇥ S

1,
we will show that � is c-cyclically monotone, and therefore ⇧ is optimal. See Medio and Lines [31] for
further details.

To demonstrate this fact, consider a finite set of pairs {(✓1, ✓1), (✓2, ✓2), . . . , (✓n, ✓n)} ⇢ �. Restricted
to this finite set, the total cost given the transport plan ⇧ is

C =
1

n

nX

i=1

c(✓i, ✓i) (S13)
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2
✓i + k

2
p sin

2
✓i). (S14)

Now, consider an alternative transport plan ⇧0 with support {(✓1, ✓2), (✓2, ✓3), . . . , (✓n, ✓1)} forming a
cycle. The total cost is given by

C
0 =

1

n

nX

i=1

c(✓i, ✓i+1) (S15)
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i=1

(k2q cos ✓i cos ✓i+1 + k
2
p sin ✓i sin ✓i+1), (S16)

where we let ✓n+1 = ✓1. Then, the di↵erence

C
0
� C =

2r1r2k2q
n

nX

i=1


cos2 ✓i + cos2 ✓i+1

2
� cos ✓i cos ✓i+1

�

+
2r1r2k2p

n

nX

i=1


sin2 ✓i + sin2 ✓i+1

2
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�

� 0,

(S17)

since

cos2 ✓i + cos2 ✓i+1

2
� cos ✓i cos ✓i+1 (S18)

and

sin2 ✓i + sin2 ✓i+1

2
� sin ✓i sin ✓i+1 (S19)

by the AM–GM inequality (and is trivially true if the right hand side is negative). Therefore, any such
cycle will result in an equal or higher transport cost (strictly higher if at least one pair ✓i, ✓i+1 are
distinct), implying that � is c-cyclically monotone.
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[S10] Feydy, J., Trouvé, A.: Global divergences between measures: From hausdor↵ distance to optimal
transport. In: Reuter, M., Wachinger, C., Lombaert, H., Paniagua, B., Lüthi, M., Egger, B. (eds.)
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