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ABSTRACT

Variational Inference (VI) has become a popular technique to approximate difficult-to-
compute posterior distributions for decades. It has been used in many applications and
tends to be faster than classical methods, such as Monte Carlo Markov Chain. However,
there are few theoretical understandings about it. In this thesis, our goal is to build a statisti-
cal guarantee for the variational inference method under high-dimensional or nonparametric
settings. We apply our theoretical results to develop a general variational Bayes (VB) algo-
rithm for a group of high dimensional linear structure models. At the end of this thesis, we
point out the relations between variational Bayes and empirical Bayes and propose a general
convergence result for empirical Bayes posterior distributions.

In Chapter 2, we develop a “prior mass and testing” framework to show the concentration
results of the variational posterior distribution and then apply these results to the Gaussian
sequence model, infinite-dimensional exponential family, and piecewise constant model. We
also propose the convergence results of variational posterior distribution with model selection.
At the end of this chapter, we provide some discussions on the properties of variational
inference.

In Chapter 3, we propose a general VB algorithm for a group of high dimensional linear
structured models. These models include but are not limited to stochastic block model, bi-
clustering model, sparse linear regression, multiple regression with group sparsity, multi-task
learning, and dictionary learning. Theoretically, we can prove an oracle type of contraction
result for the variational posterior distribution. Empirically, the VB algorithm outperforms
the classical spectral method in the stochastic block model and LASSO estimator in sparse
linear regression as long as the signal-to-noise ratio is large.

In Chapter 4, we demonstrate that the empirical Bayes procedure can be viewed as the
variational Bayes procedure with a particular variational set. Then, we propose a theorem for
the concentration result of Empirical Bayes posterior distributions under the case when the

true parameters are unbounded. Finally, this result is applied to the sparse sequence model,
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sparse linear regression, and the general linear structured models discussed in Chapter 3.



CHAPTER 1
INTRODUCTION

1.1 Introduction to Variational Inference

Variational Bayes inference is a popular technique to approximate difficult-to-compute pos-
terior distributions. Given a posterior distribution II(:|X(")) and a variational family S,
variational Bayes inference secks a ) € S that best approximates T1(-| X (™)) under the
Kullback-Leibler divergence. Though it is not exact Bayes inference, the variational class &
often gives computational advantages and leads to algorithms such as coordinate ascent that
can be efficiently implemented on large-scale data sets. Researchers in many fields have used
variational Bayes inference to solve real problems. Successful examples include statistical
genetics [12, 49], natural language processing [11, 43], computer vision [59], and network
analysis [8, 71], to name a few. We refer the readers to an excellent recent review [10] on

this topic.

1.2 Convergence Theory of Posterior Distributions

Before discussing our results, we first introduce the convergence theory of posterior distri-
butions. In a Bayes procedure, we assume the model is given by Fy and a prior II is put on

the parameter . Then the posterior distribution is given by

I (B,X(m) _ pre(X(”))dH(e)‘
J pg(X()ari(6)

From a frequentist perspective, we can assume the observation X (n) i generated from a
“true” distribution. Heuristically, if the prior put some mass around this true distribution
and the true distribution Py« can be well distinguished from Py for 6 # * by the observation
X (”), then the posterior will tend to put more mass around the true distribution. When the

sample size is getting larger and larger, the testing power between 6* from other parameters
1



is getting larger and larger, and then the posterior should be more and more concentrated
around the true distribution. This theory is regarded as the convergence theory of the
posterior distributions.

In order that posterior distributions concentrate around the true data generating distri-
bution, “prior mass and testing” conditions are required: a) The prior is required to put a
minimal amount of mass in a neighborhood of the true parameter; b) There exists a test-
ing function that can distinguish the truth from the complement of its neighborhood by
data. These conditions can be traced back to [55, 44, 5, 4]. However, under nonparamet-
ric settings, “prior mass and testing” conditions do not hold because the dimension of the
parameter space is infinite. Due to this reason, no testing function is able to separate the
truth from all the other parameters. At the beginning of this century, this issue is solved in
[31, 57] by assuming the prior mass on the untestable parameter set to be sufficiently small.

The rigorous theorem for the convergence result is given in Theorem 1.2.1.

Theorem 1.2.1 (Ghoshal, Ghosh, Van Der Vaart). Suppose X1,---, Xy, are i.i.d generated
from Py and for a sequence €, with ¢, — 0 and ne% — 00 and a metric d, there exist

constants C,C1,Co > 0 and a set O, C O satisfying the following conditions.

e There exists a testing function ¢y, such that

Pén)qbn + esug Pe(n)(l —op) < exp(—ane%). (1.1)
el
d(PGaPO)ZCIEn

1(0%) < exp(—Chne2). (1.2)

2
11 (P :—F (— log pﬁ) <é, R <log p£> < e%) > exp(—Cone?). (1.3)
0 0

Then for sufficiently large M, we have I1(P : d(P, Py) > Men| Xy, -+, Xn) — 0 in Fj-
2



probability.

This theorem is a great breakthrough to understand the frequentist properties of Bayes
analysis. There are lots of literatures about the convergence results for posterior distributions
following it. Some representative work is given by [32, 52, 30, 42]. Aside from this, we
also mention another line of work by [74, 67, 14, 34] that established posterior rates of
convergence using other approaches. Similar “prior mass and testing” type of conditions
are also discussed in [54] to establish the convergence results for Empirical Bayes posterior
distributions. However, the “prior mass” condition usually does not hold when the true
parameter is assumed unbounded. Usually, a long tail prior on parameters is applied to deal

with this problem. We refer to [28, 16, 18] for related topics.

1.3 Structure of Thesis

In this thesis, we first establish a theory on the variational posterior distribution @ in Chapter
2. Then we propose a general variational Bayes algorithm for high dimensional linear struc-
tured models in Chapter 3 and analyze the convergence rates of empirical Bayes posterior
distributions in Chapter 4. Detailed results are introduced in the following paragraphs.

In Chapter 2, we show that under almost the same three conditions, the variational
posterior @ also converges to the true parameter, and the rate of convergence consists of two
parts. The first part is the rate of convergence of the posterior distribution IT(-|X (”)), and
the second term is the variational approximation error with respect to the class § under the
data generating process Pén). Since we are able to generalize the “prior mass and testing”
theory with the same old conditions, many well-studied problems in the literatures can
now be revisited under our framework of variational Bayes inference with very similar proof
techniques. This type of extensions will be illustrated with several examples considered in

this thesis. Moreover, this general theorem is also specialized to the widely-used mean field

variational distribution family and applied to several nonparametric models. At the end of



this chapter, we generalize the convergence theorem to a general variational inference with
a model selection setting and a general misspecified model, which is the underlying support
to the theory in Chapter 3 and Chapter 4.

In Chapter 3, we provide a general variational algorithm to the general linear structured
model in [28]. The prior we apply is equivalent to the prior in [28] with a modification to a
more hierarchical sampling procedure to assist the variational algorithm. With a point mass
variational set for the distribution on structure label Z, we propose a similar oracle type of
convergence result as in [28] for the variational posterior distribution with model selection.
Then we propose a general variational algorithm to solve for the variational posterior dis-
tribution and specialize it into several linear structured models. At the end of this chapter,
some simulation results are provided on the stochastic block model and sparse linear regres-
sion model. Simulation results show that the variational algorithm can improve the results
from classical methods when the signal-to-noise ratio is large regardless of the singularity of
the design matrix and the range of the true parameter.

In Chapter 4, we point out that in some cases, the empirical Bayes procedure is actually
the variational Bayes procedure with a special variational distribution set Sgpg. Besides,
a convergence result for empirical Bayes can be directly obtained from the theory in the
variational Bayes with model selection. However, this theorem cannot be generalized when
the true parameter is not bounded. Thus, we propose weaker “prior mass ratio and testing”
conditions to show the convergence of empirical Bayes posterior distribution. Finally, we
apply this general theorem to the sparse sequence model, linear regression model, and the
linear structured model that is considered in Chapter 3.

All deferred proofs are provided in Chapter 5.

1.4 Notation

We close this chapter by introducing notations that will be used later. For a,b € R, let

aV b= max(a,b) and a A b = min(a,b). For a positive real number z, [z] is the smallest

4



integer no smaller than z and |z] is the largest integer no larger than x.

For two positive sequences {a,} and {b,}, we write a,, < by, or a, = O(by,) if a,, < Cby

for all n with some constant C' > 0 that does not depend on n. The relation a, =< b, holds
if both ay, < by and b, < ap hold. For an integer m, [m] denotes the set {1,2,...,m}.
Given a set S, |S| denotes its cardinality, and Ig is the associated indicator function. In
general, we also use I4 to denote the indicator function for the event A. The £, norm of a
vector v € R with 1 < m < oo is defined as ||v||, = (Z;ﬂzl ’Uj|p> 1/p for 1 < p < oo and
|v]|ooc = supi<k<m |vg|- Moreover, we use ||v[| to denote the {5 norm [[v||o by convention.

For any function f, the ¢, norm is defined in a similar way, i.e. ||f|, = ([ f(z)Pdz) p,

Specifically, || f]lco = supg [ f(x)]

P and E are used to denote generic probability and expectation whose distribution is
determined from the context. The notation Pf also means expectation of f under P so that
Pf = [ fdP. Throughout the paper, M, C, ¢, and their variants denote generic constants
that do not depend on n. Their values may change from line to line.

N(p, ) stands for the normal distribution with the mean p and covariance matrix 3. For
a matrix X, ¥ > 0 represents that X is a positive definite symmetric matrix. Bern(#) stands
for the Bernoulli distribution with probability 6. For a matrix B = (by, -+, by,) € R we
bt

use Vec(B) to denotes its column vectorization ( - bIYT € R™™. For any two matrices

A and B, ® denotes the Kronecker product between them and A®2 = A ® A.



CHAPTER 2
CONVERGENCE RATES OF VARIATIONAL POSTERIOR
DISTRIBUTIONS

2.1 Introduction

During the past few decades, the theory of convergence rates for posterior distribution en-
counters a significant development. One of the most popular theories is the “prior mass
and testing” framework to verify the convergence rates of the posterior distributions in
the nonparametric setting. We refer [31, 57, 32] for details to these works. However, as
the posterior distribution is usually computationally intractable, the theoretical property of
its substitute, variational approximation of the posterior distribution (variational posterior
thereafter), starts to get attention from statisticians.

In this chapter!, we aim to build a convergence theory for the variational posterior. First
of all, we show that under almost the same three conditions, the variational posterior @ also

converges to the true parameter with the rate of convergence given by

2 1. o p) 1x ()
6n+néngPg D(QITI(-|X)). (2.1)

The first term €2 is the rate of convergence of the posterior distribution II(-|X (")), The
second term is the variational approximation error with respect to the class S under the data
generating process Pén). When & denotes to all distributions, the variational approximation
error can be improved to be 0, which is consistent with theory for the convergence rate of
posterior distribution.

Remarkably, for a special class of prior distributions and a corresponding variational

class, the second term of (2.1) will be automatically dominated by €2 under a modified

1. The work presented in this chapter is published in [73].



“prior mass” condition. We illustrate this result by a prior distribution of product measure
dii(0) = [ d11;(0;).
J
and a mean-field variational class

Swr = Q 1 dQ(0) = [ [ 4Q;(6;)
J

As long as there exists a subset ®jéj C {9 : D, (Pén) HPa(n)) < Clne%}, such that the prior
mass condition

I1 (®jéj> > exp (—C’yze,%) (2.2)

holds together with the testing conditions, then the variational posterior distribution @ con-
verges to the true parameter with the rate e%. In other words, the variational approximation
error term in (2.1) is dominated under this stronger prior mass condition (2.2). This is the
result of Theorem 2.2.4. Here, D,(-||-) stands for a Rényi divergence with some p > 1. The
implication of the condition (2.2) is important. It says that as long as the prior satisfies
a “prior mass” condition that is coherent with the structure of the variational class, the
resulted variational approximation error will always be small compared with the statistical
error from the true posterior. Therefore, the condition (2.2) offers a practical guidance on
how to choose a good prior for variational Bayes inference. In addition, as a condition only
on the prior mass, (2.2) is usually very easy to check. This mathematical simplicity is not
just for independent priors and the mean-field class. In Section 2.4, a general model selection
setting is studied that includes the setting of (2.2) as a special case.

With the general formulation of conditions, we study some popular nonparametric models
such as the Gaussian sequence model, infinite-dimensional density exponential families, and
piecewise constant model for their convergence behavior of variational posterior. Then we

establish the convergence rate for variational distribution with model selection, in which
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dimensions of parameter spaces are assumed different for different models and apply this
theory on the variational posterior distribution of nonparametric mixture density estimation.

Finally, we would like to remark that the general rate (2.1) for variational posteriors
is only an upper bound. It is not always true that the variational posterior has a slower
convergence rate than the true posterior. Sometimes the variational posterior may not be a
good approximation to the true posterior, but it can still contract faster to the true parameter
if additional regularity is imposed by the variational class §. We construct examples in
Section 2.5.1 to illustrate this point.

Recently, statistical properties of variational posterior distributions have also been stud-
ied in the literature. A recent work by [68] established Bernstein-von Mises’ type of results for
parametric models. For nonparametric and high-dimensional models, recent work by [1, 69]
studied variational approximation to tempered posteriors, where the likelihood dPe(n) / dPO(n)
is replaced by <dP9(n) / dP(gn))a for some v € (0, 1). Just as the convergence of tempered pos-
teriors [66], the convergence of the variational approximation can also be established under
generalizations of the prior mass condition. Besides, the paper [1] also studied convergence
rates under model misspecification, and the paper [69] considered a more general setting that
can handle latent variables, which is quite useful to analyze mixture models. We would like
to point out that these results do not apply to the normal posterior distributions with @ = 1.
Later on, similar results on @ = 1 have also been obtained independently by [46]2. Early
related work on this topic is by [74], where the results cover both posterior distributions and
their variational approximations. However, the conditions in [74] are rather abstract and are
not easy to check in applications.

The rest of this chapter is organized as follows. In Section 2.2, we formulate the prob-
lem and introduce the general conditions that characterize convergence rates of variational
posteriors. This section also includes results for the mean-field variational class, where the

variational approximation error can be explicitly analyzed. In Section 2.3, we apply our gen-

2. Some extensions of the results of [46] were later added in the revised version of [69] by the same authors.
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eral theory to three nonparametric or high dimensional examples. Then, in Section 2.4, for
a general class of prior distributions and a mean-field class under a model selection setting,
we propose a new prior mass condition that leads to automatic control of the variational
approximation error. In Section 2.5, we discuss possible situations where the variational
posterior outperforms the true posterior in this section. An extension of the main results

under model misspecification is also discussed in Section 2.5.

2.2 Main Results

2.2.1 Definitions and Settings

We start this section by introducing a class of divergence functions.

Definition 2.2.1 (Rényi divergence). Let p > 0 and p # 1. The p-Rényi divergence between

two probability measures Py and Py is defined as

p\P—1 .
Srlog [ (484)" am. if P < Py,

400, otherwise.

Dy(Py||Pp) =

The relations between the Rényi divergence and other divergence functions are summa-

rized below.

1. When p — 1, the Rényi divergence converges to the Kullback-Leibler divergence,

defined as

dP .
[log (d—Pl) APy, if P, < Py,
Di(P1|P2) = ?

~+00, otherwise.

From now on, we use D(P;||P>) without the subscript to denote D1(Py||P5).

2. When p = 1/2, the Rényi divergence is related to the Hellinger distance by

Dy jo(P1||Py) = —2log(1 — H(Py, Py)?),
9



and the Hellinger distance is defined as

1
H(Py, Pp) = \/5/(\/ dP| — /dPy)%.
3. When p = 2, the Rényi divergence is related to the y2-divergence by

Do(Py||Po) = log(1 + x*(P1||P2)),

and the y2-divergence is defined as

2
e - [

Definition 2.2.2 (total variation). The total variation distance between two probability mea-

sures Py and Py 1s defined as

1
V(P Py) =5 / |dPy — dPy| .
The relation among the divergence functions defined above is given by the following

proposition (see [64]).
Proposition 2.2.1. With the above definitions, the following inequalities hold,

TV (Py, P2)* < 2H(Py, P2)* < Dy o(P1|| Py)

< D(Py||Py) < Da(P1]|P2) < x*(P1[|P2)-
Moreover, the Rényi divergence D,(P1||Py) is a non-decreasing function of p.

Now we are ready to introduce the variational posterior distribution. Given a statistical

model Pg(n) parametrized by 6, and a prior distribution 6 ~ II, the posterior distribution is

10



defined by
APy (x(1)qr1(6)

[ dP§ (x)dri(o)

1| x ™y =

To address possible computational difficulty of the posterior distribution, variational ap-
proximation is a way to find the closest object in a class S of probability measures to
(- | X (”)). The class S is usually required to be computationally or analytically tractable.
The most popular mathematical definition of variational approximation is given through the

KL-divergence.

Definition 2.2.3 (variational posterior). Let S be a family of distributions. The variational

approximation of the posterior is defined as

~

Q = argmin D(Q||TI(-| X ™). (2.3)
QeSS

Just like the posterior distribution II(-|X (”)), the variational posterior @ is a data-
dependent measure that summarizes information from both the prior and the data. For
a variational set S, the corresponding variational posterior can be regarded as the projection
of the true posterior onto & under KL-divergence. When § is the set of all distributions, @
turns out to be the true posterior II(:|X (™). The choice of the class S usually determines the
difficulty of the optimization (2.3). In this chapter, our main goal is to study the statistical

property of the data-dependent measure @ for a general S.

2.2.2  Results for General Variational Posteriors

Assume the observation X () is generated from a probability measure Pén), and @ is the
variational posterior distribution driven by X (") The goal of this chapter is to analyze
@ from a frequentist perspective. In other words, we study statistical properties of @ un-
der P(gn). The first theorem gives conditions that guarantee convergence of the variational

-~

posterior Q).
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Theorem 2.2.1. Suppose €, is a sequence that salisfies ne% > 1. Consider a loss func-
tion L(-,-), such that for any two probability measures Py and Py, L(Py,Py) > 0. Let

C,C1,C9,C3 > 0 be constants such that C > Co + C3 + 2. We assume

o [For any € > ey, there exists a set Op(€) and a testing function ¢y, such that

Py + Sp P (1= g) < exp(—Cneé?). (C1)
00Oy, (¢)
L(P™, P{)>Cine?

o For any € > ey, the set ©p(e) above satisfies

I1(0,(€)) < exp(—Cne?). (C2)

e [For some constant p > 1,

1 (Dp(P1P)”) < Cyned) > exp(~Canel). (C3)

Then for the variational posterior @ defined in (2.8), we have
PGPS, Py < Mn(e +42), (2.4)
for some constant M only depending on C1,C and p, where the quantity ’y,% 1s defined as

2 1. (n) 1y (n)
Y nqlgrgspo D(Q[TI(-]XY)).

Conditions (C1)-(C3) resemble the three conditions of “prior mass and testing” in [31].
Interestingly, Theorem 2.2.1 shows that with a slight modification, these three conditions
also lead to the convergence of the variational posterior. The testing conditions (C1) and

(C2) are required to hold for all € > €. In the prior mass condition (C3), the neighborhood of
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Pén) is defined through a Rényi divergence with a p > 1, compared with the KL-divergence
used in [31]. According to Proposition 2.2.1, D,(Pi||Py) > D(P1|P) for p > 1, so the
condition (C3) in our paper is slightly stronger than that in [31]. This stronger “prior
mass’ condition ensures that the loss L(Pe(n), én)) is exponentially integrable under the
true posterior I1(-|X (™), which is a key step in the proof of Theorem 2.2.1. In all the
examples considered in this chapter, we will check (C3) with DQ(Pén)HPe(n)), which turns
out to be a very convenient choice.

The convergence rate is the sum of two terms, €5 and 72. The first term €2 is the
convergence rate of the true posterior IT(-|X (”)). The second term 2 characterizes the
approximation error given by the variational set S. A larger S means more expressive power
given by the variational approximation, and thus the rate of %% is smaller.

It is worth mentioning that we characterize the convergence of the variational posterior @
through the expected loss Pén)@L(Pg(n), Pén)). Bounds for this quantity are also obtained
by [46] independently with a stronger testing condition on the entire space. We remark
that convergence in Pén)@L(Pén),Pén)) automatically implies that the entire variational
posterior distribution concentrates in a neighborhood of the true distribution Pén) with a
radius of the same rate. When the loss function is convex, it also implies the existence of a
point estimator that enjoys the same convergence rate. We summarize these results in the

next corollary.

Corollary 2.2.1. Under the same setting of Theorem 2.2.1, for any diverging sequence

M,, — oo, we have
PG (L<p9<”>, Py > Myn(é2 + 12)) = 0.

Furthermore, if the loss L(Pe(n), én)) 18 convex respect to 0, then the variational posterior
mean 0 = @9 satisfies

Py LR, By < Mn(ed +42),

13



where M is the same constant in (2.4).

Proof. The first result is an application of Markov’s inequality

roLw" 5"y m

— 0.
Myn(es +12) — My

PQ (LB, BV > Man(ed +43)) <
The second result is directly implied by Jensen’s inequality that

Pén)L(Pge), Py < PG, Py < Mn(2 +42).

]

To apply Theorem 2.2.1 to specific problems, we need to analyze the variational approx-
imation error 72 = %ianeS Pén)D(QHH(-]X (")) in each individual setting. However, this
task may not be trivial for many problems. Now we borrow a technique in [74] to get a
useful upper bound for ’y%. For any @) € S, we have

(n)

n n dP, n
mi < RUDQINCXC) = DQIm +@ | [1og | T | ar”

= p@Im +Q [pEIFy™) - D IR

< D@IM +Q[pr P

where Pl({l) =/ Pe(n)dH(Q). Then, we obtain the upper bound

where

R(Q) =

SRS

(p@im +@ [per ™)) - (2.5)
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Now, it is easy to see that a sufficient condition for the variational posterior to converge at

the same rate as the true posterior is

: 2
érel% R(Q) < € (C4)

We incorporate this condition into the next theorem.

Theorem 2.2.2. Suppose €y, is a sequence that satisfies ne% > 1, for which the conditions
(C1), (C2), (C3), (C4) hold. Then, for the variational posterior Q that is defined in (2.3),
we have

A 2
PMGL(P™, Py < ne2. (2.6)
We would like to remark that the quantity infgegs R(Q) is easier to analyze compared
with the original definition of 42. According to its definition given by (2.5), it is sufficient
to find a distribution @ € S, such that

D@QIM) S nek and Q[DFAS|IPYV)] < el (2.7)

n:

These are exactly the two conditions formulated by [1] as a natural extension of the prior
mass condition. The relation between the prior mass condition and (2.7) has also been
discussed in [69].

One way to construct such a distribution () that satisfies the above two inequalities is to
focus on those whose supports are within the set C = {6 : D(Po(n)HPgn)) < Cne2} for some

constant C' > 0. We summarize this method into the following theorem.

Theorem 2.2.3. Suppose there exist constants C1,Cy > 0, such that

ot DQIM) < Ciney, (C4%)
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where € = {Q : supp(Q) C C} with C = {6 : D(PO(H)HPQ(TZ)) < Cone2}. Then, we have

dnf R(Q) < (C1+Co)ey.

2.2.3  Results for Mean-Field Variational Posteriors

A special choice of S is the mean-field class of distributions. Not only does this class leads
to computationally efficient algorithms such as coordinate ascent, but in this section, we will
also show that the structure of this class leads to a convenient convergence analysis. We

begin with its definition.

Definition 2.2.4 (mean-field class). For parameters in a product space that can be written

as 0 = (01,02, ...,0m) with some 1 < m < oo, the mean-field variational family is defined as

Swr =4 Q :dQ(0) = [ ] 4@;(6;)
j=1

The following theorem can be viewed as an application of Theorem 2.2.3 to the mean-field

class.

Theorem 2.2.4. Suppose there exists a @ € Syr and a subset ®§n:1€)j, such that

®T:1éj - {0 : D(pén)Hpe(n)) < Cine2, log flggzg < Ogne%} , (2.8)

and

m
- Zlog Q;(0;) < Csne?, (2.9)
7=1

for some constants Cq,Co,C3 > 0. Then, we have

inf R(Q) < (CL+Ca + Cy)ep,.
QeSvF
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Note that the condition (2.9) can also be written as
@ <®;ﬂ:1(§j> > exp <—C’3ne%> .

In other words, Theorem 2.2.4 gives an interesting “distribution mass” type of characteriza-
tion for infgeg R(Q). Checking (2.9) is very similar to checking the “prior mass” condition
(C3), and is usually not hard in many examples. We only need to make sure that @ is not
too far away from the prior II in the sense of (2.8). In fact, if the prior II belongs to the class
SMmF, then one can take Q = 11, and the conditions of Theorem 2.2.4 simply become a “prior
mass” condition I1 <®;n:1éj> > exp (—ane%), with the choice of ®}7‘:1(:)j being a subset of
the KL-neighborhood {9 ; D(Po(n)||P9(n)) < C’lne%}. A more general characterization of the
variational approximation error under model selection setting through a prior mass condition

will be studied in Section 2.4.

2.3 Applications

In this section, we consider several examples to illustrate the theory developed in Section

2.2.

2.3.1 Gaussian Sequence Model

Consider observations generated by a Gaussian sequence model,

1 ii.d .
Y, =0+ %Zj, Z; '~ N(0,1), j>1. (2.10)

We use the notation Pe(n) = ®jN(9j,n*1) for the distribution above. Our goal is to use

variational Bayes methods to estimate the true parameter #* that belongs to the following

17



Sobolev ball,

o0
20002 2
Ou(B) = 0=(0;)32,: > 05 <B*}. (2.11)
j=1
Here, the smoothness a > 0 and the radius B > 0 are considered as constants throughout
the paper. The loss function for this problem is L(Pe(n), Pg(f)) = nl|§ — 6*||?, which is a

natural choice for the Gaussian sequence model.

The prior distribution 6 ~ II is described through the following sampling process.
1. Sample k ~ 7;
2. Conditioning on k, sample ; ~ f; for all j € [k], and set 0; = 0 for all j > k.

In other words, the prior on 6 is a mixture of product measures,

o0 k
dii9) =y _w(k) [ £;(6;) T do(6;)de. (2.12)
k=1 j=1 >k

Priors of similar forms are also considered in [52, 29, 28, 54]. Direct calculation implies that
the posterior is also in the form of a mixture of product measures.

Consider the variational posterior @ defined by (2.3) with & = Syp. That is, we seek a
data-dependent measure in a more tractable form of a product measure. In most cases, the
variational posterior does not have a closed form and needs to be solved by coordinate ascent
algorithms [10]. However, for the Gaussian sequence model (2.10) with the prior distribution

(2.12), one can write down the exact form of the mean-field variational posterior distribution.

Theorem 2.3.1. Consider the variational posterior @ induced by the likelihood (2.10), the
prior (2.12) and the mean-field variational set Syyp. The distribution @ 18 a product measure

with the density of each coordinate specified by

fi j <k,
4j =9 P+ =D)f j=F (2.13)
00, j>>E.
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where

f(05) o< f;(0;) exp (—g(gj _ Y7)2> ’

w(k —1|Y)
(k= 1Y) +m(k|Y)’

p=

and

k= arginax (m(k = 1Y)+ m(k|]Y)). (2.14)

The number 7(k|Y') is the posterior probability of the model dimension, and according to

Bayes formula, it is

n(0: — V)2 ny?
n(k|Y) ocm(k) [ /fj(ej)exp (-M) do; [ ] exp (-TJ) .

J<k j>k

~

In other words, the mean-field variational posterior () is nearly equivalent to a thresh-
olding rule. It estimates all 9; by 0 after k and applies the usual posterior distribution for
each coordinate before k. A mixed strategy is applied to the kth coordinate. The effective
model dimension k is found in a data-driven way through (2.14).

Next, we will show that even though the posterior itself is not a product measure, using
@ from the mean-field class still gives us a rate-optimal contraction result. The conditions

on the prior distributions are summarized below.

e There exist some constants C'1,Cy > 0 such that

Zﬂ'(j) < Ch exp(—Cak), for all k. (2.15)

00
j=k

1
e There exist some constants Cg, Cy > 0 such that for kg = {( n >2O‘+ﬂ ’

logn

m(kg) > C3exp(—Cykolog ko). (2.16)
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e For the kg defined above, there exist some constants ¢y € R and ¢; > 0 such that

—log fj(z) < co+ 1520122, for all j < kg and = € R. (2.17)

These three conditions on II include a large class of prior distributions. We remark that
even though (2.17) involves «, it does not mean that one needs to know o when defining the
prior II. For example, the choice that 7 (k) o e~ 7% and f; being N (0, o?) for some constants
7,02 > 0 easily satisfies all the three conditions (2.15)-(2.17).

Conditions (2.15)-(2.17) will be used to derive the four conditions in Theorem 2.2.2. To
be specific, (C1) and (C2) are consequences of (2.15) (see Lemma 5.1.7), and (C3) and (C4)
can be derived from (2.16) and (2.17) (see Lemma 5.1.8). Then, by Theorem 2.2.2, we obtain

the following result.

Theorem 2.3.2. Consider the prior 11 that satisfies (2.15)-(2.17). Then, for any 0* €
O©a(B), we have
~ 20 20
PRIQI0 — 072 £ 7T log m) 7T,
where Q is the variational posterior defined by (2.3) with S = Syyp.
2a

It is well known that the minimax rate of estimating 6* in ©,/(B) is n~ 2o+1 [38]. Using

a mean-field variational posterior, we achieve the minimax rate up to a logarithmic factor.

In fact, the following proposition demonstrates that this rate cannot be improved for a very

general class of priors.
Proposition 2.3.1. Consider the prior I1 specified in (2.12). Assume that max; || fjllco < @

and (k) is nonincreasing over k. Then, we have

~ 2a 2
sup  PIQIIG — %2 2 n” T log m) =T,
0*€04(B)

where Q is the variational posterior defined by (2.3) with S = Syp.
20



2.3.2  Infinite Dimensional Exponential Families

In this section, we study another interesting variational family. The Gaussian mean-field

family is defined as
Sg = {Q = ®jN(uj,a]2-) NS R,sz > O} . (2.18)

This class offers better interpretability of the results because every distribution in S¢ is fully
determined by a sequence of mean and variance parameters. Note that we allow ajz- to be
zero and N(p7,0) is understood as the delta measure d;,; on ;.

The application of S is illustrated by an infinite dimensional exponential family model.
We define the probability measure Py by

dPy =
—p = exp Z()9j¢j —c0) ], (2.19)
j:

where ¢ denotes the Lebesgue measure on [0, 1], ¢; is the jth Fourier basis function of L2)0,1],

and c¢(0) is given by

1 00
c(0) zlog/O exp Zﬁjgbj(a:) dx.
=0

Since ¢g(x) = 1 and 6 can take arbitrary values without changing Py, we simply set 6y = 0.
In other words, Py is fully parameterized by 6 = (61,605, ...). Given i.i.d. observations from
Py, our goal is to estimate Pys, where 0* is assumed to belong to the Sobolev ball ©4(B)
defined in (2.11). The loss function is chosen as n times the squared Hellinger distance
L(P}, PJL) = nH?(Py, Py+).

We consider a prior distribution II that is similar to the one used in Section 2.3.1. Its

sampling process is described as follows.
1. Sample k ~ 7;

2. Conditioning on k, sample ; ~ f; for all j € [k], and set 0; = 0 for all j > k.
21



We impose the following conditions on the prior II.

e There exist some constants C7,C9 > 0 such that

Z 7(7) < C1exp(—Csklogk), for all k. (2.20)
1=k

oo

logn

1
e There exist some constants Cs, Cy > 0 such that for ky = {( n )2%1}

7(kg) > C3exp(—Cykglog k). (2.21)

e There exist some constants ¢y € R and ¢y, 8 > 0 such that
—log fj(z) = co + e1a]”, (2:22)

for all z € R and j € [kg] with kg defined above.

e For the kg defined above, there exist some constants 06 € R and c’1 > ( such that

—log fj(r) < cp + c/1j20‘+1x2, for all j < kg and = € R. (2.23)

The conditions (2.20)-(2.23) are satisfied by a large class of prior distributions. For example,
one can choose k ~ Poisson(7) and f; being the density of N (0,0?) for some constants

7,02 > 0, and then the four conditions are easily satisfied.

Theorem 2.3.3. Consider the prior 11 that satisfies (2.20)-(2.23). Then, for any 0* €

On(B) with some o« > 1/2, we have

~ 2« 2«
Pj.QH?(Py, Py+) ™ %+ (log n) Ta+T,

where @ is the variational posterior defined by (2.3) with S = Sg .
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The theorem shows that the Gaussian mean-field variational posterior is able to achieve
the minimax rate n_% up to a logarithmic factor. We remark that the same result also
holds for the mean-field variational posterior defined with Syyp. This is because Sg C SvF,
and thus infgeg, - R(Q) < infpes, R(Q). Compared with the class Sy, the objective
function using the parametric family Sg can be optimized by algorithms such as stochastic

gradient descent over the parameters (i, 0'j2-).

2.3.8 Piecewise Constant Model

The previous two examples consider the mean-field variational set and its variant. In this
section, we use another example to illustrate a situation where the mean-field variational
set only gives a trivial rate. On the other hand, we show that alternative variational classes
with appropriate dependence structures are able to achieve the optimal rate.

We consider the following piecewise constant model,
X;=0,+0%Z;, ié€]ln], (2.24)

where Z; ~ N(0,1) independently for all i € [n]. We assume n > 2 throughout the section.
The true parameter 6* is assumed to belong to the class ©p«(B) = {0 € Op« : ||0]|c0 < B},

where for a general k € [n],

O, = {9 € R™ : there exist {aj}/;.:() and {uj};‘le such that

0=ap<a; <---<ap=n, and 6; = I for all ¢ € (aj_l :aj]}. (2.25)

Here for any two integers a < b, we use (a : b] to denote all integers from a + 1 to b. We
assume both B > 0 and 02 > 0 are constants throughout this section. A vector 8* € ©«(B)
is a piecewise constant signal with at most £* pieces. We use Pe(n) to denote the probability
distribution of N(#,%I,) in this section.
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The piecewise constant model is widely studied in the literature of change-point analysis.
Recently, the minimax rate of the class Oy« is derived by [26]. When 2 < k* < nl=9 for
some constant ¢ € (0,1), the minimax rate is inf;supg«cg, . Eg;f) ||§— 0*||% =< k*logn. With
an extra constraint on the infinity norm, the minimax rate for ©;«(B) is still £*logn, with

a slight modification of the proof in [26]. Since Dp(Po(n), Pe(,n)) = 52010 — ¢'||? in this case,

it is natural to choose the loss function as L(P6,(n)7 PG(Z})) = |0 — %2
We put a prior distribution II on the parameter . Consider II that has the following

sampling process.
1. Sample w ~ Beta(ag, Bp);
2. Conditioning on w, sample z; ~ Bernoulli(w) for i = 2,3, ..., n;

3. Conditioning on (29, ...,2y), sample #; ~ ¢, and then for ¢ = 2,3,....,n, sample 6;

according to 0; ~ g if z;, =1 and 6, = 0;_1 if z; = 0.

We first consider variational inference via the mean-field class, defined as
n
SmF = {Q 1 dQ(0) = Hin(9i>} :
=1
We also define S = Sf&%lt on the joint distribution of (w, z, ) by

S = {Q - dQ(w, 2,0) = dQ™) (w)dQ?) (:)aQ®) ().

QW (2) = [[ 4@\ (z). Q® e SMF}.
1=2

The variational posteriors @MF and @\Jﬁiﬁt are given by (2.3) with variational classes defined

above respectively3. Interestingly, for the piecewise constant model, both @\MF and @\Ji\c/}i;t

give a trivial rate.

3. To be rigorous, the posterior distribution IT(-| X ™) used in D(Q|TI(-|X (™)) are the marginal posterior
of 6 and the joint posterior of (w, z,8), respectively.
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Theorem 2.3.4. For the prior 11 specified above with any g absolutely continuous with respect

to the Lebesgue measure, we have

swp P Qupllo 0717 = sup PRI 0 — 6% 2 .
9*€@k*(B) 9*€@k*( )
for any k* € [n], where Qyp and Q‘] O re the variational posteriors defined by (2.3) with

S=8yr and S = Sf\(/ﬁ? , respectively.

The result of Theorem 2.3.4 shows that the mean-field variational posteriors @MF and
QJOlnt are unable to achieve a better rate than simply estimating 6* by the naive estima-
tor # = X. The proof, given in Subsection 5.1.5, reveals the reason of this phenomenon.
Since the independence structure of the two classes fails to capture the underlying depen-
dence structure of the parameter space Op«(B), the variational posterior distributions are
equivalent to the posterior distribution induced by the prior Il = ®}' ; g, and therefore the
condition (C4) is violated. Note that this is the first negative result in the literature on the
statistical convergence of the mean-field approximation.

In order to achieve the minimax rate of the space ©.«(B), it is necessary to introduce
some dependence structure in the variational class. One of the simplest classes of dependent

distributions is the class of first-order Markov chains, defined by
n
Smc = {@ £dQ(0) = dQ1(61) [ | d@(eiwm} :
1=2

The class Syjc introduces a natural dependence structure for the piecewise constant model,
and it is compatible with the prior distribution II, because conditioning on the change point
pattern z, the prior distribution of 6|z belongs to the class Syjc. We also introduce a similar

variational class on the joint distribution of (w, z, 6), defined by

SJOIIlt _ {Q L dQ(w, z,0) = dQ(w) (w)dQ(z)(Z)dQ(9)<9)a
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H dQ ) e SMC}

Besides the distribution of # restricted to Syyc, the distributions of w and z are both in the

mean-field classes.
In order to derive the rates for the variational posterior distributions induced by Syic

and Si?[iélt, we impose the following conditions on the prior distribution II.

e There exist some constants C9 > ('] > 1 such that

(n+ ao)ncl < By < ayn®? —n. (2.26)

e There exists a constant ¢ > 0 such that

g(x) > ¢, forall |z| < B+ 1. (2.27)

According to Theorem 2.2.2; we get the following result.
Theorem 2.3.5. Consider a prior distribution 11 that satisfies (2.26) and (2.27). Then, for
any 0* € Op+(B), we have

P Onell0 — 0712 < K logm,

PGP0 — 0%2 < k¥ logn,

where @MC and @Jﬁiélt are the variational posterior distributions defined by (2.3) with S =

Svc and S = Sjl\?[iélt, respectively.

Theorem 2.3.5 shows that both QMC and Q C are able to achieve the minimax rate of
the problem. This example illustrates the importance of the choice of the variational class.
According to Theorem 2.2.1, the rate of a variational posterior is upper bounded by e,%, the
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rate of the true posterior, plus 7%, the variational approximation error. The choice of Sy
for the piecewise constant model leads to a very large %2“ and thus a trivial rate in Theorem
2.3.4. On the other hand, the variational approximation errors given by the classes Syjc and
SjNO[iélt are small, which are dominated by the minimax rate.

Though the statistical properties of the two classes Syjc and Sﬁiélt are both satisfactory,

the class Sii\(/)[iélt enjoys a computational advantage, and the solution @ﬁigt can be computed

A3

exactly via dynamic programming. In order to characterize the solution Q{\?Ilélt, we consider

the following discrete optimization problem:

k
1 2
| 0 —— X, —0 do
R (ORI By FUI SR SR

J=1 ie(aj_lzaj]

+log (I'(k — 14 ag)l'(n — k+ By)) } (2.28)

The solution of (2.28) is denoted as the sequence 0 =4p < @y < --- <a; =n. We remark

that under the condition (2.26), the penalty term of (2.28) comes from the fact that

(k=14 ag)l'(n =k + Bo)T'(ag + Bo)
L(n— 1+ ag+ o) '(ao)T(Bo)

— log = klogn,

which coincides with the minimax rate.

Theorem 2.3.6. Let the maximizer of (2.28) be (ao,al,...,az). For d@ﬁigt(w,z,e) =

d@(w)(w)d@(z)(z)d@(e)(é’), the distributions @(w), @(Z) and @(9) are specified as follows.
1. Under @(z), %+l = 1 for j =1, ,/k? — 1, and z; = 0 elsewhere with probability 1.

2. We have QW) = Beta@%— ag— 1,n — k+ Bo)-

27



3. We have dQ0)(0) = dQ\") (01) [Ty dQ\” (6;16;_1), where

4@ (6r) o 9(61) exp (‘% 2 ie(aga) (Xi — 91)2> déy,
dQ\") (6,16,-1) o< 9(0;) exp <—% 2te(a;_yay)(Xi - ei)2) d;, i=a;_1+1,j>1,

d@z(‘g) (ei‘ei—l) = 50i_1 (Hi)déi, otherwise.

By Theorem 2.3.6, in order to get Q\Ji\(/)[iélt, it is sufficient to solve (2.28). This can be done

through a dynamic programming given in Algorithm 2.3.3. To simplify the notation, we

define

Sty = 1og [ g@exp (5 37 (X - 02 | db (2.29)

i€(a:b]

for any integers 0 < a < b < n.

Algorithm 1 Computation of (2.28)

1: Input : The data Xy, ..., X,.
2: for j=1,2,...,ndo

10:
11:
12:
13:

14:

set Ay ; = (), and compute By j = S(0:41

end for
for k=2,...,ndo
for j=Fk,...,ndo
Compute
By j = maxp_j<m<j-1 {Bk—Lm + S(m:j] }
k.5 — argmaxp_1<m<j—1 {Bk—l,m + S(m:j] }7
Akvj = Ak—lﬂk,j U {CLkJ},
end for
end for
Compute
k = argmaxy <<, { B, +log(T'(k — 1+ ag)l(n — k + 3))) }.
Output : The set of knots Ag 0= {61, o ,a%_l}.

We note that the computational cost of the dynamic programming above is O(n3) (see

[25]), and for any integers 0 < a < b < n, (2.29) has a closed form as long as we use a

conjugate g(-).
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2.4 Variational Bayes with Model Selection

2.4.1 General Settings

In this section, we consider a general form of probability models

_[pn) . k k
M—{Pkﬂ(k) heko® eo®.

Here, the probability Pline)(k) is determined by an index k and a parameter 0(). We as-
sume that the set I is either countable or finite. For a given k, the probability Pline)(k) is

parametrized by a 0(k) in a parameter space ©k) that is indexed by this k. Without loss of

generality, we assume that the parameter 0(k) can be written in a blockwise structure

gk) — («9@ (k)

O,
Note that the dimension of 6() may vary with k.

The model M is very natural for many applications. One can think of k£ as a model
dimension index, which determines the complexity of the parameter space o). A leading
example is the mixture density model, where k stands for the number of components.

To model the hierarchical structure of (k, H(k)), one naturally uses a hierarchical prior

distribution, which is specified through the following sampling process:
1. Firstly, sample k ~ 7 from K;

2. Conditioning on k, sample 0(F) from the probability measure H(k), and I1(%) has a

product structure

my
ann® (p®)y = T arrl® o)), (2.30)
j=1

For variational inference, we consider a mean-field class that naturally takes advantage

of the structure of the prior distribution. For a given k£ € K, the corresponding mean-field
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class is defined as

mg
51%1): = QW a@®) (ptk)y = H ngﬁ)(gEﬁ)) ' (2.31)
j=1

In order to select the best model from the data, we consider optimizing the evidence lower
bound (ELBO). With the notation p(X (|9} standing for the joint likelihood function,

the marginal likelihood given a model k € K is defined by
pCC) = [ p(x®)g)an(®)o00). (2.32)

Then, a straightforward model selection procedure is to maximize log (p(X (n) |k)7r(k)> over
k € K. In order to overcome the intractability of the integral (2.32), we instead optimize a

lower bound, which is given by

log (p(x ") (k) )
> [1ogp(xl)a@6W) - b (QWIND) + logr(r), (23

which can be derived by a direct application of Jensen’s inequality. Denote the right hand

side of (2.33) by F (Q(k) , k), and we will solve the following optimization problem,

max max F(Q(k),k). (2.34)

Finally, the solution to (2.34) leads to the variational posterior distribution @ = @(k) that
we use in a model selection context. A similar variational approximation to the tempered

posterior in the model selection setting was studied by [19].
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2.4.2 Convergence Rates

Assume the observation X () is generated from a probability measure Po(n), and @ = @(%)
is the variational posterior that is a solution to (2.34). For the general settings described
above, we show that the variational approximation error can be automatically controlled by
a prior mass condition. Let II be the prior distribution on Pk:,o(k) induced by the sampling

process of (k, (k).

Theorem 2.4.1. Suppose €, is a sequence that satisfies ne% > 1. Let p > 1 be a constant
and Co9,C3 > 0 be constants. We assume that there exists a kg € K and a subset oko) —

my, k
®j=?@§' v {g(ko) +Dp (P(gn)HPé:’)g(ko)) < C3ne%}, such that
—log (ko) = Y log ITV'/ (@§k0)> < Cyneé2, (C3%)

where w(ky) and HékO) are defined in the prior sampling procedure. Moreover, assume that
the conditions (C1) and (C2) hold for all € > €, with respect to prior procedure Il and some
constant C > Cy + Cs + 2. Then for the variational posterior @(E) defined as the solution
of (2.84), we have

PMQW L(P™ Py < ne?. (2.35)

Theorem 2.4.1 characterizes the convergence rate of mean-field variational posterior with
model selection using the conditions (C1), (C2) and (C3*). Given the structure of the prior

distribution, an equivalent way of writing (C3%*) is

I1 ({Pkﬂ(k) Lk = ko, 0F0) ¢ @(ko)}) > exp <—ane%) 7

for the factorized structure of ©%0). Therefore, our three conditions (C1), (C2) and (C3*)
still fall into the “prior mass and testing” framework, and directly correspond to the three

conditions in [31] for convergence rates of the true posterior.

31



An interesting special case is when the set IC is a singleton. Then, for a product prior
measure and the mean-field variational class, the condition (C3*) is reduced to (2.2) discussed

in Section 2.1.

2.4.3 Density Estimation via Location-Scale Miztures

In this section, we consider the location-scale mixture model as an application of the theory.

The location-scale mixture density is defined as
p(x|k, 0 Zwﬂpg (2.36)

where k& € N4, ok) = (,w,o) with o > 0, pp = (uy,- -+, 1) € RF, w = (wy, - ,wg) €

Ak:{weRk:ijOforlgjgkand Z?lejzl}and

1

Yolo) = 26T (1 n }3)

exp(—(|z[/o)P), (2.37)
for some positive even integer p. The kernel 15 (:) has a pre-specified form, for example,
Gaussian density when p = 2, while the parameters k£ and (k) = (w, u, o) are to be learned
from the data.

The location-scale mixture model (2.36) can be written as a special example of the
general probability models introduced in Section 2.4.1. In this case, the countable set K is

the positive integer set N4.. The parameter space indexed by k is defined as

ot {Q(k) = (1w, 0) s jp=(ua, -+ py,) € R, (2.38)

w = (wy,- -, wy) GAanERJr}-

Given i.i.d. observations X7, ..., X;, sampled from some density function f, our goal

is to estimate the density fy through the location-scale mixture model (2.36). We denote
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the probability distribution of the mixture density p(x|k, Q(k)) S ol y and a probability
distribution with a general density f as Py. In the paper [42], a Bayesian procedure is
proposed and a nearly minimax optimal convergence rate is derived for the true posterior
distribution. We will follow the same setting in [42], but analyze the variational posterior.

We first specify the prior distribution Il through the following sampling process:
1. Sample the number of mixtures k ~ ;

2. Conditioning on k, sample the location parameters puq,--- ,p; independently from
(k)

pu, sample the weights w = (wq,--- ,wy) from py,”, and then sample the precision

parameter 7 = o2 from Dr.

In order to optimize (2.34) in the variational Bayes framework, we specify the blockwise

structure (2.31) in this case as

%
==

Q™) aQ™ (6") = dQ,(0)dQY( Hd@uj 1 ¢ (2.39)

7j=1

Note that we do not factorize qu(llf )(w) because of the constraint Z?:l wj = 1. The
variational posterior distribution is defined as @ = @(k) that solves (2.34). The loss function
here is chosen as n times squared Hellinger distance, i.e., L(PJTJ, P}g) =nH*(Py, Py,).

In order that @ enjoys a good convergence rate, we need conditions on the prior distri-

bution and the true density function fy. We first list the conditions on the prior.

1. There exist constants C'1,Cy > 0, such that
oo
Z w(m) < Cpexp(—Caklogk), (2.40)

m=k

for all m > 0. There exist constants t,Cg, Cy > 0, such that

(ko) > C3 exp(—Cakg log ko), (2.41)
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T g7
for all n2e+1 < kg < nZa+1™7,

. There exist constants cy, co,c3 > 0, such that

—x0 00
/ pu(r)ds —I—/ pu(r)dr < ¢ eXp(—02x83), (2.42)

—0o0 )

for all g > 0 and constants ¢y, c5, cg, such that

pu(x) > cq exp(—cs|z|), (2.43)

for all z.

. There exist constants ¢, dy, ds,ds > 0, such that

/ pgf())(x)d:c > dy exp <—d2k0(log ko)™ log (1)> : (2.44)
WEA, (wo,€) €

1 1
for all wy € Ay, and n2afl < ky < nZ+1 ! where Ap,(wp,€) = {w € Ay, -

lw —wpll1 < €}

. There exist constants b, b1, ba, b3 > 0, such that

oo
Iprlle <bo, [ prlalde < byexp(~balnl*), (249
70

for all 79 > 0. There exist constants by, b; > 0 and a constant bg € (0, 1] that satisfy

pr(x) > by exp(—bs|z|%), (2.46)

for all z > 0.

The conditions on the prior distribution are quite general. For example, one can choose

k ~ Poisson(&p), p1; ~ N (0, 08), w ~ Dir(ag, ag, - -+, ap) and 7 ~ I'(ag, bg) for some positive
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constants &g, 0o, aq, ag, bg. Then, the conditions above are all satisfied.

Next, we list the conditions on the true density function fy:

B1

B2

(Smoothness) The logarithmic density function log fj is assumed to be locally a-Holder
smooth. In other words, for the derivative [;(z) = % log fo(x), there exists a polyno-

mial L(-) and a constant v > 0 such that,

1) (@) = 1) ()] < L(z)|z — y[*~L), (2.47)

for all =,y that satisfies |z — y| < 7. Here, the degree and the coefficients of the

polynomial L(-) are all assumed to be constants. Moreover, the derivative /() satisfies
20+4-¢

the bound [|l;(z)| 7 fo(z)dr < smax for all j = 1,..,[a] with some constants

€, Smax > 0.

(Tail) There exist positive constants 7', &1, €2, &3 such that
folw) < €res2lel, (2.48)

for all |z| > T.

B3 (Monotonicity) There exist constants z,, < xj; such that fy is nondecreasing on

(—o0, zym,) and is nonincreasing on (z7,00). Without loss of generality, we assume

folxm) = folzpr) = c and fo(x) > ¢ for all zy, < x < xp; with some constant ¢ > 0.

These conditions are exactly the same as in [42] and similar conditions are also considered in

[45]. The conditions allow a well-behaved approximation to the true density by a location-

scale mixture. There are many density functions that satisfy the conditions (B1)-(B3), for

which we refer to [42].

The convergence rate of the variational posterior is given by the following theorem.
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Theorem 2.4.2. Consider i.i.d. observations generated by PTE), and the density function fy

satisfies conditions (B1)-(B3). For the prior that satisfies (2.40)-(2.46), we have

2a 2ar

P}BQHz(PEQ(Ew Pfo) < n 2041 (logn)2a+T

where @ = @@) is the solution of (2.84), and r = m + max{ds + 1, m}, with

D, €3, cq,dg defined in (2.37), (2.48), (2.43) and (2.44), respectively.

The proof of Theorem 2.4.2 largely follows the arguments in [42] that are used to establish
the corresponding result for the true posterior distribution, thanks to the fact that Theorem
2.4.1 requires three very similar “prior mass and testing” conditions to that of [31]. The only
difference is that function approximations via location-scale mixtures need to be analyzed
under a stronger divergence D,(-||-) for some p > 1. For this reason, the proof of Theorem
2.4.2 relies on the construction of a surrogate density function }V() We first apply Theorem
2.4.1 and establish a convergence rate under ﬁ) Then, the conclusion is transferred to fj

with a change-of-measure argument. .

2.4.4 Dealing with Latent Variables

For the mixture model considered in Section 2.4.3, we discuss a variation of the variational
Bayes approach (2.34) by including latent variables. This facilitates computation and leads
to a simple coordinate ascent algorithm that has closed-form updates. In the setting of
mixture model, our approach is adaptive to the unknown number of components, and can
be regarded as an extension of [69, 46| for variational inference with latent variables.

Since p(X ™|k, 0(K)) = " Z?:l w;je (X; — pj) with 0(F) = (4, w,0), we can write

p(x™gk)y = Z (X M) (R) g(R)yy, (k) (k).
(k) g[k]n

(k)_ .
where p(X () [2(k) g(k)) = | H?:l Vo (X; — ,uj)H{Zi _‘7}, and the probability of zlgk) =3
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is w; under w®)(.). We use the notation TI(¥) for the joint distribution of (z(¥), §(%)) and

then the marginal likelihood (2.32) can be written as
p(X™|k) = /p<X(n)’Z(k)7g(k))dn(k)(z(k)7g(k))_
Similar to (2.33), the evidence lower bound with the latent variables is given by

log (p(X ") k) (k)
> / log p(X M]z8) gR)ya@®) (- (B) gk)y — p@®)In®)) +1og (k). (2.49)

The right hand side of (2.49) is shorthanded by F(Q®) k). Define

,&f% _ C?(k): dC?(k)(Z(k)79(k)) — ]?I d(?gk)(zi)dcga( dc?u) ]?I dcgpj Hg
1=1
Then, we solve the following optimization problem,

max —max F(Q(k), k). (2.50)

b abesy
The solution to (2.50) leads to the variational posterior distribution @ = @l(:t)ent' It is worth
noting that even though @ is a joint distribution of (z, u, w, o), the posterior inference only
relies on the marginal of (u,w, o), since the parametrization of the density f(-) in (2.36)

does not depend on the latent variables. The existence of the latent variables only facilitates

computation.

Theorem 2.4.3. Consider i.i.d. observations generated by Prg, and the density function f

satisfies conditions (B1)-(B3). For the prior that satisfies (2.40)-(2.46), we have

2a 2ar

_ ) e
PROHA(P, 4y, Ppy) S w70 (log m) 27T,
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where @ = @l(glft)ent is the solution to (2.50), and r = m +max{d3+1, m}, with
p, €3, cq,ds defined in (2.37), (2.48), (2.43) and (2.44), respectively.

Theorem 2.4.3 shows that the variational posterior with latent variables achieves the
same contraction rate as in Theorem 2.4.2. In fact, the two variational lower bounds (2.33)
and (2.49) satisfy the following relation,

log (p(XMk)x(k)) = max  FQW k) > max F(QW,k),

QWest) QR esh)

which implies that the introduction of latent variables makes the variational approximation
looser. On the other hand, Theorem 2.4.3 shows that the worse variational approximation
does not compromise the statistical convergence rate. Moreover, with the help of latent

variables, Q\l(z]:t)ent can be computed via standard variational inference algorithms. .

2.5 Discussion

2.5.1 Variational Approximation as Regularization

According to Theorem 2.2.1, the convergence rate of the posterior is determined by the sum
of 6%, the rate of the true posterior, and 77%, the variational approximation error. Since
e,% + 7,21 > 67%, it seems that the convergence rate of variational posterior is always no faster
than that of the true posterior. However, Theorem 2.2.1 just gives an upper bound. In this
section, we give two examples, and we show that it is possible for a variational posterior to

have a faster convergence rate than that of the true posterior.

Example 1 We consider the setting of Gaussian sequence model (2.10). The true signal

0* that generates the data is assumed to belong to the Sobolev ball ©4(B). The prior
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distribution is specified as

0 ~dll =[] dn(0,;72°71) ] do.

1<n i>n
Note that a similar Gaussian process prior is well studied in the literature [63, 13]. We force

all the coordinates after n to be zero, so that the variational approximation through Kullback-

Leibler divergence will not explode. For the specified prior, the posterior contraction rate is
2(anp) 2a

n 26+l and when 8 = «, the optimal minimax rate n 2e+I is achieved.

Consider the following variational class

Si) = Q:dQ=[]dQ; T[] an(,e ™[] b,

i<k j=k+1 ji>n

for a given integer k. It is easy to see that the variational posterior @[k] defined by (2.3)

with S = S[k] can be written as

dQp = HdN (n+j25+1yj’n+j25+1) H dN(0,e ]")H50-

i<k j=k+1 j>n

In other words, the class S[k] does not put any constraint on the first k coordinates and shrink
all the coordinates after k to zero. Ideally, one would like to use dq for the coordinates after
k. However, that would lead to D (Q|II(-]Y")) = oo for all Q € S[k] given that the support
of 0p is a singleton. That is why we use N(0,e ™) instead. The rate of Q\[k] for each k is

given by the following theorem.

Theorem 2.5.1. For the variational posterior @[k], we have

sup  PUIQllo — 077 =
0*€0q(B) n” 2 k> pIBEI
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where @W is the variational posterior defined by (2.3) with S = S[k]-

Note that Theorem 2.5.1 gives both upper and lower bounds for @[k]- This makes the
comparison between variational posterior and true posterior possible. Observe that when

k = oo, we have @[oo] = II(:|Y), and the result is reduced to the posterior contraction rate
2(ans)

n 28+ in [13].

Depending on the values of «, 8 and k, the rate for @[’ﬂ can be better than that of the
true posterior. For example, when § < «, the choice k = nﬁ leads to the minimax rate
n_%, which is always faster than n_%. This is because for a § < «, the true posterior
distribution undersmooths the data, but the variational class S[k] with k& = nﬁ helps to
reduce the extra variance resulted from undersmoothing by thresholding all the coordinates
after k. On the other hand, when 8 > «, an improvement through the variational class S[k]
is not possible. In this case, the true posterior has already overly smoothed the data, and

the information loss cannot be recovered by the variational class. In general, we plot the

exponent value of the rate of @[k] against the value of log, (k) in Figure 2.2.

a>p asp

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

logy(rate)
-2a/(1+20) -2p/(1+2B)

logy(rate)
-2a/(1+20) -2a/(1+2p)

T I i T
1/(1+2a) 1/(1+2B) 1/(1+2B) 1/(1+2a)

logn(k) logn(k)

Figure 2.1: The exponent value of the rate of @[k] against the value of log,, (k).
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Example 2 Consider the problem of sparse linear regression y ~ N (X%, I;), where X is a
design matrix of size n xp and 5* belongs to the sparse set B(s) = {3 € RP : Z§:1 H{ﬁﬁéo} <

s} for some s € [p]. The prior distribution on 3 is specified by the Laplace density

J=1

Though the posterior distribution has a close connection to LASSO, it is proved in [16] that
the posterior distribution cannot adapt to the sparsity of $*. In particular, the common
choice of A in the theoretical analysis of LASSO only leads to a dense posterior.

In fact, it is known in the literature (e.g. [9]) that the LASSO, which is the posterior
mode, achieves a nearly optimal rate over the class B(s). We show that the posterior mode
can be well approximated by applying a simple variational class. Consider the variational

class

Sy = {N(B,T2Ip) . Be Rp} .
Define C/Q\Tg to be the minimizer of minges , D(QI(-]y)).

Theorem 2.5.2. For any A > 0 and 7 > 0, we have @72 = N(B\, 7'2]p), where

p
B = argénin %||Z/—X6||2+)\Zrh(ﬁj/r) . (2.51)
=1
The function h is defined by h(z) = 2¢(x) + x (P(x) — ®(—x)) with ®(xz) = P(N(0,1) < z)
and ¢(z) = ®'(z).

Theorem 2.5.2 shows that the variational approximation is characterized by the penal-
ized least-squares estimator (2.51). Observe that h is a convex function, and it satisfies
supgepr |Th(z/T) — |x|‘ = T\/g (see Figure 2.2), and thus 3 will get arbitrarily close to the
LASSO estimator as 7 — 0. Therefore, even though the posterior does not have a good

frequentist property, its variational approximation can recover a sparse signal.
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Figure 2.2: The functions h(z) (orange) and |z| (blue).

By the fact that @7_2 = N(B, T2[p>, we have
Q28— B> = 1B - 1% + pr™. (252)

Hence, a risk bound for the penalized least-squares estimator (2.51) directly leads to the
convergence of the variational posterior. To present a bound for || 3 — 6*\]2, we need to
introduce some new notation. Let S = {j € [p] : BJ* # 0} be the support of 5*. Define the

restricted eigenvalue by

Ljxa|

K= inf ) (2.53)
{A£0:|Age|1<3]As]1} 1A

where [[Agll1 = > jcg[Aj] and [|Age||1 is defined similarly. The same quantity (2.53) also
appears in the risk bound of LASSO [9].

Theorem 2.5.3. Assume || Xy;l/v/n < L for all j € [p] and x < L with some constant
L > 0. Choose A = Cy/nlogp and 7 = O (%) for some sufficiently large constant C' > 0.

42



The solution to (2.51) satisfies

~ slogp
18- 817 S ==,
nKk

with probability at least 1 —p_C/ uniformly over ||5*||g < s for some constant C' > 0. As a

consequence of (2.52), we also have

~ slogp
QllB - B> S —F
nKk

with probability at least 1 — p_C,.

We note that %ﬂ is the same rate of convergence of LASSO [9]. With 7 chosen as small
as O (%), the statistical property of the variational posterior is very similar to that of the
LASSO, and thus improves the original dense posterior distribution that is not suitable for

Sparse recovery.

2.5.2  Model Misspecification

In this section, we present an extension of Theorem 2.2.1 in the context of model misspec-
ification. We consider a data generating process X (n) ~ ﬁ") that may not satisfies the
conditions (C1)-(C3). The following theorem shows that the convergence rate of the varia-

tional posterior will then have an extra term that characterizes the deviation of R,f”) to the

model specified by the likelihood.

Theorem 2.5.4. Suppose €y, is a sequence that satisfies ne% > 1. Assume that the conditions
(C1)-(C3) hold with Pén) replaced by PG(:). Then for the variational posterior Q defined in
(2.3), we have

QL. Py < M (n (ei + 7,%) + DQ(P£”)||P9(:))) , (2.54)

for some constant M only depending on C1,C and p in (C1)-(C3), where the quantity 72 is
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defined as

9 1. (n) 1y (n)
Yo = né&fgp* D(Q|TI(-[ X))

We note that here 42 is defined with respect to Pf”) instead of Pén) in Theorem 2.2.1.
Theorem 2.2.1 can be viewed as a special case of Theorem 2.5.4 with Pén) = P*(n) = Pg(:).
The extra term in the convergence rate that characterizes model misspecification is given by
Do (R,En) ||P9(:)). In fact, it can be replaced by any p-Rényi divergence with p > 1.

Convergence rates of variational approximation to tempered posterior distributions un-
der model misspecification have been studied by [1] (See their Theorem 2.7). Our results
complement theirs by considering variational approximation to the ordinary posterior.

The next theorem gives sufficient conditions so that the variational approximation error

~2 is dominated by the sum of the other two terms in (2.54). It can be viewed as an extension

of Theorem 2.2.3.

Theorem 2.5.5. Suppose there are constants C1,Co > 0, such that

o D@ < 1 (nef + Da(PIF) ) (Ca+%)

where £ = {Q : supp(Q) C C} with
C= {9 . D(PM | Py < ¢y <ne% + Dz(Pin)HPe(:))) } .
Then, we have
s < (C1 + Co) ("6% + DZ(P»SH)HPQ(:)» :

To end this section, we apply Theorem 2.5.4 and Theorem 2.5.5 to the piecewise constant
model discussed in Section 2.3.3 and derive oracle inequalities for the variational posterior

distributions.

Theorem 2.5.6. Consider a prior distribution I that satisfies (2.26) and (2.27). Then, for
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any 0* € R"™, we have

0 — 0| < min inf 0% — 0ol|> + klogn b |
2 Quclo - 0" £ min {wk o — 6ol + Klog

PGSR 0 - 0% < min {6 o fol1* +klogn} ,
0 k

where the definitions of @MC and C/Q\Ji\(/)[igt are given in Theorem 2.3.5.
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CHAPTER 3
A GENERAL VARIATIONAL BAYES ALGORITHM

3.1 Introduction

Though the theoretical convergence results for the general variational posterior distribution
have been established in Chapter 2, it is not easy to apply this theory in practice. For a
statistical model, in order to to apply the variational algorithm with theoretical guarantee,
the following two conditions must be satisfied: a) A prior must be well designed so that
the prior mass condition is satisfied. b) The variational set should be computationally
feasible. However, the first condition does not hold in the majority of scenarios if we do
not assume the true parameter is bounded. Recently, many literatures are released to deal
with this problem. In the sparse sequence model, [18] proves that with a spike and heavy
tail slab prior, the posterior distribution will concentrate around the true parameter even
though the true parameter is not bounded. This theorem is generalized in sparse linear
regression by [16]. Recently, [28] provides a unified methodology and theory for a group of
high-dimensional linear structured models and shows an oracle type of convergence result
without assuming the true parameter is bounded. However, all above results are limited
to the concentration of the exact posterior distribution, which is usually not computable.
For the variational Bayes method, [71] provides a theoretical and computational convergence
result of the variational algorithm for the stochastic block model. [51] gives the concentration
results for variational posterior distribution in the sparse linear regression model without
the boundedness condition of the true coefficients. Nevertheless, it is not sure whether these
results can be generalized to more complicated cases.

In this chapter, we want to solve the problems (a) and (b) simultaneously by providing
a general variational algorithm to obtain an approximation to the posterior distribution
in the unified model proposed in [28] as well as develop the convergence result for the

variational posterior distribution. In the variational algorithm, the prior we apply is slightly
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modified from the prior in [28] to enable the computational conjugacy. To deal with the
dimension heterogeneity given by the hyper index, we apply the variational Bayes with
model selection procedure discussed in Section 2.4. As the traditional mean field variational
class is computationally infeasible due to the exponentially large number of structures, we
apply a modified mean field variational class under each hyper index. Finally, we can prove
the corresponding variational posterior distribution has the same oracle type of convergence
result as in [28], which provides the theoretical guarantee of the variational Bayes method.

Then we propose a general variational Bayes (VB) algorithm to solve for the variational
posterior distribution. This general algorithm can be specialized to various models such as
the stochastic block model, biclustering model, sparse linear regression, multiple regression
with group sparsity, multi-task learning, and dictionary learning. At the end, we conduct
some simulations in the stochastic block model and sparse linear regression. In the stochastic
block model, the VB algorithm can outperform the traditional spectral method when the
signal-to-noise ratio is large, and the network is unbalanced. In the sparse linear regression,
when the signal-to-noise ratio is large, our VB algorithm can outperform LASSO under
both FDR and /9 distance criteria, regardless of the collinearity of design matrix and the
unboundedness of true coefficients.

The rest of this chapter is organized as follows. In Section 3.2, we reintroduce the model
and the prior in [28], and propose our variational inference procedure with model selection for
this general linear structured model. We also derive the convergence rate for the variational
posterior distribution in this section. In Section 3.3, we develop a general VB algorithm.
In Section 3.4, we specialize this general algorithm to six specific high dimensional linear
structured models. In Section 3.5, we provide simulation results for the stochastic block
model and sparse linear regression model to compare the performance of the novel VB

algorithm and classical methods.
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3.2 Main Results

3.2.1 Structured Linear Models

In the beginning, we first introduce a group of linear structured models proposed in [28]:
Y = Xy(B) + W, (3.1)

where W € RY is a noise vector and X 7 is a linear operator depending on the structure
label Z. For example, in the sparse linear regression Y = X~ + W with a sparse coefficient
v = ('yg:, OEC)T for some subset S, we have B = vg and Z = (z1,--- , z5) corresponding to
indices in S. In this case Xy = X7 = ()Z'Zl, e ,)Z'ZS) is the design matrix with selected
columns by Z and B = vg. Then we have the representation Xy = X.gvg = Xz(B). In
general, we can assume the structure Z is in some discrete space Z; determined by a index
7 € T and the corresponding parameter space for B is Rér

For computational feasibility, we put one more assumption on the structure label Z
compared to [28]. We assume Z is fully determined by several label vectors, i.e. Z =
(21,22, ,2m), zi = (21, Zin;) and 25 € [k] = {1,2,-- K} for 1 < j < n;. Ina
sparse linear regression model, the structure Z is only determined by a label vector z =
(21, ,25) € [p]®, where p is the number of columns in the design matrix. In other words,
the structure Z can be viewed as a component of s labels, where each label is selected from
p columns. However, not all label vectors in [p]® is valid to construct a non-degenerating
linear transformation Xz. For example, when z; = z; for ¢ # j, the column X z = X z; 18
selected twice and the effective sparsity of this model is smaller than s. Thus, the parameter
space Zg is defined as {z € [p]® : z; # z; for i # j}, which is only a subset of [p]®.

The framework (3.1) includes many models. We consider the following representative

instances listed as below, where all specific models are reformulated in a similar way as

discussed in [28] except that we require the structure Z to be a union of multiple label
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vectors.

1. (Stochastic block model). Consider Xz(B) € [0,1]™*™ to be the probability matrix
to generate the adjacency matrix for a random graph with [XZ(B)]U = B2y 2 =
(21,-+-,2n) € [k]" is the label vector of the nodes. Moreover, it’s easy to see the
dimension of the parameter B is k2 when we do not impose symmetry for B. Then the

stochastic block model can be regarded as a special case of (3.1) with Z = z, 7 = F,

T = [n], 2 = [k]", and ¢}, = k°.

2. (Biclustering model). In a biclustering model, X7 (B) € R™*" represents the model
means with both row and column clustering structures. In other words, we can write
[Xz(B)ij = Bz;z; for some 21 € [k]" and z9 € [[]"". The dimension of the parameter
B is kl. Thus, the biclustering model can also be viewed as a special case of our
general linear structured model (3.1) by setting Z = (21, 22), 7 = (k, 1), T = [n] x [m],
Zy = [k]" < [[]" and £}, ; = k.

Y

3. (Sparse Linear Regression). A sparse linear regression model is given by Y = X~y + W,
where the design matrix is given by X € R"*P and the coefficient v = (’yg,ogc)T
is a sparse vector with the support S as a subset of [p]. Then, we can formulate
it as Xy = Xz(B) with Xy = Xz = (lew" ,XZS) and B = 7g. In this case,
it can be represented as (3.1) by letting Z = z = (z1,-+-,25), 7 = s, T = [p),
Ze={z€[p]®: 2z #zfori+#j}and ls=s.

4. (Multiple linear regression with group sparsity). This model is similar to sparse linear
regression, except that the coefficient vector « is replaced by a matrix I".  We also
assume that indices of all nonzero rows of the coefficient matrix I' € RP*™ are in a
subset S C [p]. Then this model can be rewritten in the form of (3.1) in a similar way

to the sparse linear regression model with /3 = ms.

5. (Multi-task learning). A multi-task learning model can be regarded as a collection of

m linear regression problems with the coefficient vectors sharing a clustering structure.
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We consider XT as the linear structured signal for some I' € RP*™_ The j-th column
of I' can be expressed as I'y; = By, for some z € [k]"™ and B € RP*F - Therefore,
this model can be reformulated as a special case of (3.1) with Z =z, 7 =k, T = [m],

Z;. = [k]™ and ¢;. = pk.

6. (Dictionary learning). In this model, we consider a discrete sparse coding mode
X;(B) = BZ € R™% for some Z = {—1,0,1}*% and B € R™P. Besides, we
also assume that each column of Z is sparse. Then, dictionary learning can be viewed
as multiple sparse linear regression models without knowing the design matrix. It
can be written as form (3.1) by letting 7 = (p,s), T = {(p,s) € [n Ad] x [n] : s < p},

Zps = {Z e {—1,0,1}xd max;e (g [supp(Zsj)| < S} and £p s = np.

In some models above, the parameters and response have the matrix form. W e can
define these models by vectorizing the matrix response and parameters. For example, in
the stochastic block model, if we assume Z = (I,—j)1<i<n1<j<k € {0,1}"*% then we
have E(A) = © = ZBZ"T. However, this linear structured model can also be expressed as
Vec(©) = (Z®Z)Vec(B). Similar techniques can also be applied to other models. Therefore,

without loss of generality, we can assume Y and B to be vectors.

3.2.2 The Prior Distribution

In this section, we want to build a prior that we can use in the variational algorithm. First
of all, I want to introduce the prior proposed in [28]. The prior procedure has three steps.
First of all, we sample the hyper index 7 from a discrete measure. Then conditioning on 7,
we sample Z from the non-degenerated structure set Z, C Z;. As the linear transformation

X can also be understood as a matrix in RV *l7 the non-degenerated structure set Z, can
be defined as

Z = {Z € 2, det(XFxy) > 0} . (3.2)
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Lastly, given (7, Z), we can sample the parameter B from an elliptical Laplace distribution

with density function as:

det(XTX7) 7, \ :
fop(B) = 277 (—) L)) oo (—ullag(B)). (3.3)

2 V) T

As Z is sampled from non-degenerated structure set Z;, we have det(X g Xz) >0, and (3.3)
is well-defined. Assume

er > Uy + log|Z7]. (3.4)
The prior sampling procedure in [28] can be explicitly expressed as:
e Sample 7 ~ 7 from T, where 7(7) % exp (—Der);
e Conditioning on 7, sample Z uniformly from the set Z, = {Z € Z; : det(XZTXZ) > 0}.

e Conditioning on (7, Z) sample B ~ g;_ v, o, Where

det(XF x) ( v )ff T(¢r/2)

2 VT T()

g(B;gTa‘){Zay): ﬁ

exp (—v[|[Xz(B)])- (3.5)
In the section 4 of [28], the authors assume the observation is generated by Y = 6* + W
with a sub-Gaussian noise W and then show that under some mild conditions, the posterior

distribution have the following oracle type of convergence result:
PyT1 (|1 X2(B) = 0% 2IY) < (14 6) Xz (B) = 07| + Cepe,

for any 7 € T, Z* € Z.«, B* € R and any sufficiently small constant 6 € (0,1). The
authors in [28] also point out that the rate e, for each model they consider is minimax
optimal. Thus, to derive the variational algorithm, a natural idea is to use the same prior
as in [28].

However, from the computation point of view, the elliptical Laplace prior on B cannot be
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conjugately updated with the normal likelihood of the model (3.1). The numerical estimation
on the variational conditional mean will also slow down the computations especially when
the dimension ¢ is large. Thus, we need to modify the prior. Instead of sampling B directly

from an elliptical Laplace prior, we sample B in a hierarchical way:

e First, conditioning on 7, sample A ~ IG <LT+T1’ >, where IG(q, ) is the inverse

gamma distribution with density:

(Ao, B) = %A—a—l exp (—?) . (3.6)

e Then, conditioning on (7, Z, \), sample B ~ N(0,_, )\_1()\,’%2\,’2)_1) with the density

M det(XTxy) A
sz,zA(B):\/ (zﬂ)f 2 exp <—§I|Xz(B)|I2)- (3.7)

Then, our prior sampling procedure can be summarized as following:

1. Sample 7 ~ 7 from 7, where 7(7) L) exp (—Der);
IN(5)

2. Conditioning on 7, sample Z uniformly from the set Z; = {Z € Z; : det(XgXZ) > 0}.

3. Conditioning on 7, sample A ~ IG (%Jr—l, ), where 1G(a, ) is the inverse gamma

distribution with density:

(Ao, B) = %A—a—l exp (—§> . (3.8)

4. Conditioning on (7, Z, A), sample B ~ fy_ y, ) with

Mr det(XL xy) A
fET,Xz,/\(B)—\/ (%)gf exp(—gHXz(B)Hz). (3.9)

In our modified prior, we introduce one more variable A € R, and the conditional sampling
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procedure of B is a normal distribution, which can be conjugately updated with the normal
likelihood. However, if we write down the entire joint distribution of the prior and integrate
the variable A out, then we will get exactly the prior in [28]. This equivalence is illustrated

in the following theorem.

Proposition 3.2.1. The marginal sampling procedure of (3.8) and (3.9) is (3.5) with v =

V2B,

3.2.8  Variational Inference with Model Selection

As the dimension of the parameter B, and the parameter set of the structure label Z depend
on 7. We consider the variational Bayes procedure with model selection approach proposed
in Section 2.4. For a given 7, a natural idea is to apply the mean-field class as the variational

set. The mean field class is defined as below:

8 = {07 (2,83 = QY@ BT W}

In this mean field class, the distributions of Z, B and A\ are independent. According to
equation (2.34), the variational inference with model selection method is equivalently to

solve the following optimization problem:

max F(Q(T),T),
reT, Qe8]

where F(Q(7),7) is the evidence lower bound defined by
FQM,7) = / log 6.0,(1 (Y )4Q\") (2, B) — D (@@ Q\ 112, B,3)) + log (7).

with ¢g(Y) = Wexp (—%HY - 0||2).
However, in the KL-divergence term D (Q(ZT)QSBT)Q&T)HH(T)(Z, B, )\)), there is a term

Q7 log det(XZTX 7). As the number of structures is exponentially large, we cannot estimate
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the conditional expectation of log det(X ZT X7) while updating Z coordinate-wise. Thus, we
have to modify the mean field class to put more constraint on the distributions of Z. We also
put some constraints on the distributions of B and A to enable the conjugate computation

procedure. The modified mean field variational class is defined below:

s = {7 @0z = Q7 2@ (B)1Q7 W), (3.10)

7 c ZT,B c RET,)\ c R7Q(ZT) c S(ZT)an) e 81(37—)762&7-) € S&T)}7

where S(ZT), S (7) and S&T) denote some distribution families for Z € Z,, B € R and ) € R.

To solve the computational issue when we update Z, we consider the following mass point

distribution family for S(ZT) for each 7 € T.

S(ZT) = {Q(ZT) : Q(ZT) (Z = Z) =1, for some Ze€ Z_'T}.

S(T)

Besides, Sp* is selected as the normal distribution family and § (7) is selected as a parametric

distribution family with parameter a > 0. They are defined as follows:

85 ={Q%): Q) = N(u,%), for p e R, £ € R - 0}

(7)
S/(\T) _ Qg\ﬂ') : di;\\ _ \/g)\—3/2 exp ( /28 — g — %) , for some a > 0

Then, the variational inference with model selection is actually to solve the following
optimization problem

max F(Q(T), ), (3.11)
reT,QMest)

where

F(Q, ) = /log CbXZ(B)(Y)dQ(T)(Z B)—-D (Q(ZT)QS?Q&T)HH(T)(Z, B,/\)> +log 7(7).
(3.12)
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Suppose the solution of (3.11) is (7, @\ﬁ)), then Q(7) is the variational posterior distribution

after model selection.

3.2.4 Data Generating Processing and Concentration Results

In this section, we want to show the concentration result for the variational posterior distri-
bution @(?). This is an essential theoretical guarantee when we want to use the variational
algorithm in practice. Just as in [28], we assume that data are generated from an arbitrary
signal with sub-Gaussian noise:

Y =60+ W,

where W =Y — 6" is the noise vector with a sub-Gaussian tail satisfying
P(| (W, K)| > t) < e P/2 for all | K| = 1. (3.13)
For the hyper index 7, we put the same mild conditions on it as in [28]:
HreT:t—1<e <t} <t (3.14)

Then for the variational posterior distribution @(?), we have the following theorem.

Theorem 3.2.1. For the model defined in (3.1) and the modified hierarchical prior on
(1,Z,\, B), we assume @(?) is the variational posterior distribution obtained from (3.11). If
conditions (8.4), (3.13) and (3.14) are satisfied, for any 7 € T, Z* € Z.«, B* € R+ and

0 > 0, there exists a constant C' > 0, such that
Fy-QW||Xz(B) = 0% < (1 +6)[| Xz+(B*) = 07”4 Clepn, (3.15)

when D > Dg , 5 for a constant Dg , 5 only depending on 3, p, 9.

This theorem gives an oracle type of convergence rate for the variational posterior dis-
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tribution @(/\). The upper bound is the same as in [28] for the true posterior distribution.
Thus, there is no loss during the variational approximation procedure in the sense of con-
vergence rate, which provides a strong theoretical guarantee when we apply this variational

algorithm with model selection procedure in practice.

3.3 A General Variational Bayes Algorithm with Model Selection

In this section, we will derive a general variational Bayes (VB) algorithm for the linear struc-
ture model (3.1). The fundamental idea of the algorithm comes from coordinate ascend varia-
tional inference algorithm (CAVI) in [10]. For any fixed 7 € T, suppose Q) = Q(ZT)Qg)Qg\T)
is in the modified mean field class (3.10), where Q(ZT) € S(ZT), Qg) € Sg), Q&T) € 8&7). Fur-

thermore, we can assume that

and QE\T) has the density

(1)
dQy " B 32 mg_ 0 a7\
N e R S

Then Q(7) is fully determined by (Z(T), a(™), (7). E(T)). And we can define the objective
function L(, Z(T),a(T),,u(T), E(T)) = —F(Q(T),T). In this way, the optimization problem

(3.11) is simplified as

min min L(r, ASRIQNTCR E(T)). (3.16)
TeT 7(7) GZT,G(T) €R+7/’I‘(T) cRéT
2T eRbrxbr 53(7) -0

To solve the optimization problem (3.16), we can follow the idea of CAVI to update each
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parameter iteratively:

e For each 7, initialize Z(7) € Z;, a7 > 0, u(7) € R and (7) € Ré*4r guch that

2(7) - 0.
e When the algorithm does not converge,

— Update Z(7) by

7(1) argmin L(T, Z, a(T),u(T), E(T)); (3.17)
ZeZ,
— Update ) by
a7 argmin L(7, Z(T), a, M(T), Z(T)); (3.18)
a>0

— Update (u(T), E(T)) by

(u(T), Z(T)) — argmin L(r, ASNIUN i, X). (3.19)
LERLT SRl Xbr $-0

e Assume the final result is (2(7),3(7), ﬁ(T), 2(7)), then we select 7 by

7 = argmin L <7', Z(T),a(T), ﬁ(T), 2(7)> : (3.20)
TET

However, the biggest challenge for the above procedure is that the update of Z (7) cannot

be computed explicitly because the number of structures is exponential large, making the

computation NP-hard. Thus, we apply a coordinate-wise update method to update Z (7) in

each iteration:

o Assume Z(7) = (21,7, 2m), where z; = (21, -+ - zjp;) and 25 € [k;] for 1 <7 < m and

1<y <n;.
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e For each 1 <7 <m and 1 <j < n,;, we update Zij by

Zjj argmin L <7’, Zzij (c), a(T)“u(T)’ E(T)> 7 (3.21)
c€lki], 2, (c)eZ;

where Z,; (c) denotes the current structure with z;; replaced by c.

With the procedure above, each time we only need to update one label z;; and hence
only need to choose the optimal structure from at most k; choices.

As we apply the coordinate-wise update, the current structure Z changes after each
coordinate gets updated. There are no general rules for the order of coordinates to update.
In our algorithm, we update each coordinate of Z in a randomized order.

Now we present the variational inference algorithm for the general linear structure model
(3.1) in an explicit form. First of all, we release the algorithm when 7 is given. For a
fixed 7, assume the parameters in the ¢-th iteration are (Z [t],a[t],u[t], EM). We also denote
st =1+ \/% and Ly = L(r, Z[ﬂ,a[t],u[t],E[t]) for short. The algorithm stops as long
as the iteration number ¢ reach the predetermined maximum iteration number M, or the
change L; is smaller than the predetermined tolerance level €. The general VB algorithm for

the fixed 7 is given in Algorithm 2.

Algorithm 2 General VB Algorithm for fixed 7

1: Input: Index 7 € T, initial structure Z 0] ¢ Z., maximum iteration number M, toler-

ance level e.
2: Initialize: Iteration number ¢ = 0, objective function Ly = oo, change of objective

function V Ly = co. Other parameters are initialized according to Z 0] as below:

0 T 0
al = T (XZ[O}XZ[O]) R | L R

ul = (5[0]>_1 (Xg[o]Xz[m)_l Y, 5= (6[01)_1 <XZT[°]XZ[O]>_1'

3: whilet < M and VL; >edot <+ t+ 1.
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4: Update Z:

5: for:=1,---m do
6: for j from 1 to n; in a randomized order do
7: Assume Z;;(c) is the current label with 25_1] replaced by ¢, then
t : 1 _
ZZH = argmin {——logdet (ng}‘(C)XZz“(C)) _YTXZzH(C)M[t 1]
celki] oz (c)eZ; 4 " "
L1 [t—1]}2 [t—1] pT
+590 1z, @u" 7 +Tr { Xz, (0% @ )| [ (3.22)
8: end for
9: end for
10: Update a and 9
_ _ 2
all = HXZ[tW[ ”H +Tr (Xz[t@ ! XZT[ﬂ) R an] (3.23)

11: Update p and >::

i — (Mt])_l (2% sz)_l Ly, sl (5#1)‘1 (XZT[t]XZ[t])_l. (3.24)
12: Update Ly and VI;

ET §[t] a[ﬂﬁ
b= loe gz v\ 3

1
a §YTXz[tW[t] +(D+Ver, VL= |Li1— L] (3.25)

13: end while

14: Output: Z(7) = zIt] (1) = olt] 7(7) = M $(7) = xlt] (1) = L,.
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The computational complexity for each iteration in this general algorithm is

0] (ez(eT +N) f: k1n2> . (3.26)

1=1

However, the actual complexity can be much smaller than (3.26) for a specific model, because
the redundant computations can be removed.

Now, let me briefly explain how we get (3.25). To simply the formula, we use 6, Z, a, u,
Y., L(7) represent 5[t],a[t], Z [t], ,u[ﬂ, E[t], L; in (3.25) for short. Then the original objective

function derived from (3.12) is given by

1
£r) = 5 [z = Y12 + T (508 | + /% (327
a 2 T lr _
25 [HXZMH +Tr (Xszzﬂ + —logﬁ +log |Z.| + De;.

-1
Based on the order of update in Algorithm 2, we have p = 61 (XEXZ> XgY and
-1
»=41 <XZTXZ> at the end of each iteration. Then the objective function L(7) can be
simplified as

lr ) la 1
Ly = — logﬁ +log | Z;| + 76 - §YTXZ,u + De;. (3.28)

However, as log |Z;| is sometimes hard to compute, we further replace it by e; — £, and
then we can get the form (3.25).

The procedure in Algorithm 2 is random because we update each z;; in a randomized
order on j. As pointed out in [51], this order may have a significant effect, especially in
variational inference. Therefore, it is highly recommended to run this algorithm multiple
times and choose the best result among them.

We denote VB(T, Z, M, €) to Algorithm 2 with the input (7,27, M, ¢) for simplification,

then the model selection algorithm is given in Algorithm 3.
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Algorithm 3 Variational Model Selection
1: Input: Index set 7, initial structure Z 0[(7) € Z, for each € To, number of trials R

2: for 7 in 7 do

~

3: Run VB(r, Z[O](T), M, €), assign the result to (2(7),5(7), ﬁ(T), i(T), L(T)).
4: end for

5: Choose T by 7 = argmin ¢ L),

: Output: Selected index T, corresponding parameters (2 (?),Ei(?),ﬁ(ﬂ, 2(7))

=)

The derivations of Algorithm 2 and 3 are deferred in the proof of Theorem 5.2.1 in Section

5.2.

Now let’s analyze the model selection criterion (3.27). When the iteration number M
is large enough, the algorithm will converge to a stationary point at which a = || X Zu||2 +

Tr (Xzzxg“ ) then

L(r) = ||XZM—Y||2+Tr<me§)]+\/§ Xzl + Tr (X7527)]

1
2
_|_

log — +log|Z;| + Der.

b 8
2 °48

This objective function consists of three parts:

Ly(r) = 5 [1&zn = Y |2+ Tr (27227 )]

N | —

This is the average {9 loss between Xz (B) and Y with X'7(B) generated from varia-
tional posterior (). It measures the accuracy of estimators generated from variational

posterior distribution.

Lo(T) = \/g [ X7u]? + Tr (XZZXZT)} .

This is the elliptical regularisation part on Xz (B) that sampled from variational pos-
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terior ) to ensure the final scale of estimator Xz(B) cannot be too large.

l ) _
Ls(1) = %log 13 +log |Z7| + Der.

This part is the regularization on the complexity index 7 so that the final model

complexity will not be too large.

There is another point worth mentioning. When we update Z, the objective function has
a term — logdet <X§X Z)- Thus, the VB algorithm can automatically adjust the penalty

on the structure Z even when X tends to be singular.

3.4 Applications

In this section, we specialize the general model (3.1) into the stochastic block model, biclus-
tering model, sparse linear regression model, multiple linear regression with group sparsity,
multi-task learning, and dictionary learning. Besides, we also present the VB algorithm cor-
responding to these models. To make the thesis concise, we only display the algorithm when
the hyper index 7 is fixed in each model. The derivations for these algorithms are given in

Theorem 5.2.2 in Section 5.2.3.

3.4.1 Stochastic Block Model

Stochastic block model was first proposed in [35]. In this model, a symmetric adjacency
matrix A = AT € {0,1}""*™ is given as the response. For each of node pair (i,j), we
generate the edge by A;; ~ Bern(0;;) with 0;; = Bz for all © > j, where the label vector
z € [k]™. We also assume that no self-circle in the graph, i.e. A;; = 0 for ¢ € [n]. Our goal
is to recover the true membership label z* and the true signal 6*.

Now we put this model into our general framework. In the stochastic block model,

Z =z 17=%k T = |n| and Z, = [k]". Although B is assumed to be symmetric, we
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do not need to put this assumption in our prior. Therefore, we have ¢ = k2, |Z;| =
k™ and we can choose ¢, = k% 4+ nlogk. In this case, it’s not hard to see that Zj =
{ze 2> | I{z; =1t} >0, forall 1 <¢<k}. Then, the prior sampling procedure for

the stochastic block model is given as follows:

(k%) 2 :
1. Sample k ~ 7 from [n], where 7(k) o T(i2/2) OXP (=D(k* + nlogk));

2. Conditioning on k, sample z uniformly from Zj;
3. Conditioning on k, sample A ~ IG((k% 4+ 1)/2, B);

4. Conditioning on (k, z, A), sample B ~ f. . y with

L )
Jk,z ) < €Xp _52232,-,2]- ;
i=1j=1

5. Set 0;; = B,z; for all i # j and 0;; = 0 for all i € [n].

Assume (%, @(E)) is the solution of (3.11) for stochastic block model. If we assume there

is no model misspecification, theoretically we will have the following concentration result.

Corollary 3.4.1. Assume 0; = BJ. . for B* € [0, 1 XE 2% e k¥ and Aji = Ajj ~
17

Bern(@fj) foralli < j and A;; =0 for all i € [n]. Then
Py QM) — 0%|% < M(K** + nlog k™),

for any D > Dg , and some constant M only depending on f3, p, D.

We can also derive the algorithm to solve for (E, @(k)). First of all, we need to reformulate
the model so that the signal X'z (B), parameter B and the response Y are vectors. Specifi-
cally, the stochastic block model can be rewritten as Vec(A) = (Z@Z)Vec(B)+W, where Z =

({z = jH1<i<n,1<j<k € [0, 1]"%% to be the membership matrix corresponding to z and ®
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represents Kronecker product. Then the design matrix is given by Xy = Z® Z. Assume n, =

S {z; =c} for 1 < ¢ <k, then Xgé\fz = diag (n%,nan, Ce MM, NN, ,nz)

Because XZTX 7 is a diagonal matrix, the updated X at each iteration is a diagonal matrix.

We can simply assume B.g ~ N(fieq, 2eq) for 1 < ¢ < kand 1 < d < k and update them

pointwise. Algorithm 4 gives the variational Bayes algorithm for stochastic block model for

a given k.

Algorithm 4 Variational Algorithm for Stochastic Block Model

1:

2:

3:

4:

0] ¢ Z}., maximum iteration number M,

Input: Number of clusters k, initial labels z
tolerate level e.

Initialize: Iteration number ¢ = 0, objective function Ly = oo, change of objective
function VL = oo, alll = n2 and 6001 = 1 + \/i:g . The initial x4 and ¥ are computed by
followings:

0

I
/N
(e

=)
N——
L
S
3
=)
N——
L
S
3
S
N——
L
™
I
S
<
=]
—
N
=
I
O
I
=
I
QU
——
—_
AN
o
S8
AN
&

E[co] _ <5[0]>_1 <nLO]>_1 (71?])_17 | <ed<k

where n[co] =y, I {ZZ[O] = c}.
while t < M and VL; > edot «+ t+ 1.

Update 7:
fori=1,---,n in a randomized order do
forc=1,--- ,kdo

Set z; (i)!l to be the current label for zj and ne(1) = 325 ]I{zj(i)m = c}.
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8: Compute

ie = —klog(1+ ne(i) _QZAU’MCZ )l
JF
i 2
1 1 ny(1) 1
t 1] T
+4 [E Hezs il 2“66] T3 (Z = [tl])
jFi r=1 Ty Ne
9: end for
t .
10: Set ZZ[ I = argming < <x{vic}-
11: end for
12: Update a and J: compute n[ct] =y, 0 {zz[t] = c}, then

13: Update p and >:

14: Update L; and VL;:

k k—l—l la 1
Ly = ( 4 4ﬂ62+ ZZA’L]:U [t [t]+ (D+1) (5k<k+ 1)—{—nlogk)’
1=1 j=1

% ]

VL= |Li_1— L.

15: end while

16: Output: 2(F) = 210 k) = G (k) = L, Sk = sl TF) = 1.
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If we specialize the computational complexity from (3.26) for stochastic block model,
it is O(k°(n® + k?)) for each iteration. However, this is not true. The real computational
complexity of Algorithm 4 for each iteration is O(n?k), which is much smaller than the order
derived from the general algorithm. The main reason is that X % X7 is a diagonal matrix,
and a lot of unnecessary computations can be removed.

In Algorithm 4, we can inductively show that e Z;. all the time because once nc(i) =

2]

0, meaning no member is in cluster ¢ excluding i, then v;. = —oc and z;" = ¢. Therefore,

during the iterations, each cluster must have at least one member as long as 200 e Z..

3.4.2  Biclustering

Biclustering model can be viewed as an asymmetric version of stochastic block model. In
the biclustering model, we assume Y € R™*" is generated from a signal matrix § = (6;;)
with 0;; = B.),2,; for some label vector 21 € [k]" and 29 € [[|"™. Our goal is to recover the
labels z1, z9 and the true signal matrix 6*.

Now we put the biclustering model into our general model framework. Z = (21, 22), 7 =
(k,0), T = [n] x [m] and Zj,; = [K]™ x [, Ly = ki, |25 < |Z5] = k"1™ and e, = kI +
klogn + llogm. Similarly, the non-degenerated structure set is given by Zk,l ={(z1,29) €
Zpri i ez =11 >0, forall 1 <t <kand Y0 I{z; =5} >0, forall 1 <s <1}

The prior sampling procedure for biclustering model is given below:

1. Sample (k,1) ~ m from [n]x [m], where 7(k, ) o % exp (=D (kl + nlogk + mlogl));
2. Conditioning on (k,1), sample (z1, 2z9) uniformly from Zj, ;

3. Conditioning on (k,[), sample A ~ IG (%, 5);

4. Conditioning on (k,[, 21,22, A), sample B ~ fp.; .. .. \ with

)\ n m
2 .
Ji 0,21 29,0 X €XD ) Z Z Bz |3
i=1j=1
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5. Set 0;; = Bz;zy; for all i € [n] and j € [m].

o~ o~

Assume (%,Z@U%U) is the solution of (3.11) to biclustering model. Theoretically, we

have the following concentration result for the VB posterior distribution.

Corollary 3.4.2. Assume 02} = B} . for B* € RF > gnd (27, 25) € [K*]" x [I*]™ and
1i%2;

Y = 0% + W with W satisfying the condition (3.13), then

o~
~

Py QD)0 — 073 < M(K*I* + nlog k™ + mlog "),

for any D > Dg , and some constant M only depending on B,p,D.

~

Now we derive the VB algorithm to solve (%,ZA, @\@’ )) for biclustering model. We follow
the same way to reformulate the model as discussed in the Section 3.4.1. In this model,
Y is replaced by Vec(Y) € R and B is replaced by Vec(B) € R¥. Then, if we assume
Z1 € [0,1]"% and Zy € [0,1]™* are the membership matrix corresponding to z; and 2o,
then we have Vec(Y') = (21 ® Z2)Vec(B) + W. Thus, the design matrix for biclustering
model is given by Xy = 71 ® Z9 and XEXZ is also a diagonal matrix. Thus, we can also
assume B.g ~ N (g, Xeq) for 1 < ¢ < kand 1 < d <[ and update them pointwise. For a

given pair (k,[), the VB algorithm for the biclustering model is given in Algorithm 5.

Algorithm 5 Variational Algorithm for Biclustering Model

1: Input: Number of clusters (k,[), initial labels (Z{O]’%O}) € ZkJ, maximum iteration
number M, tolerate level e.

2: Initialize: Iteration number ¢t = 0, objective function Ly = oo, change of objective
function V Ly = oo, alll = mn and 60 = 1 + \/Z:Q The initial ¢ and Y are computed

by followings:

0 =110, _ 01 = 0 0
g = (%) )7 my) Egmﬂ{%}:c,%}:d},
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for1 <c<kand1l<d<I, where nLO] =3 ]I{zg(g] = c}, mg)] =3 ]I{zgg] = c}.
: whilet < M and VL; >edot <+ t+1.
Update Z:

10:

11:

12:

13:

14:

15:

16:

17:

for i =1,--- ,n in a randomized order do

forc=1,--- kdo

Set ne(i) = 32 j2;I{z1; = c}, where 215 to be current label for j-th row.

{ N
Vie = —§log(1+nc(z) 1)
n 1 [t—1] n [
= Vi gy + 50 b ——
=1 %25 2 =1 czgj | 2n[ct71]

where z; (i)[!] denotes the current label for z; such that j # i.
end for

t .
Set zl[ I = argming < <x{vic}-

end for
Compute nLt] =" ]I{zgtz] =c}forall 1 <c<k.
for j =1,--- ,m in a randomized order do

ford=1,---,ldo

Set mg(j) = > i I{z2i = d}. z9; refers to current label for é-th column.

Compute
k N
wjg = —7log(l+mqy(j))
n 1 1) n 1 k n[t]
= Yiji g, 50 Y ity >
] t—1 t—1
= ot 2 o1 2771& Ve nl
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18: end for
19: end for

20: Compute m! = S Tz = d} forall 1 <d <.

21: Update a and ¢:

k [t] l m[t] %
Zzu[t t]+< ) Z— Z [tlil] J ol =1+ Bl
i=1 j=1 = d=1"M, a
22: Update p and >:
e 60 () () 3t -
i=1j=1
- (1) () o)
23: Update L; and VL
U
Lt:5log4ﬁ7 ZZYUM om0 +(D+1)(kl+nlogk +mlogl),

i=1j=1 “li 1]
VL= |Li_1 — L.

24: end while

25 Outputs 200 = 2l Glki) = gl GkD — i, S00) = 5l F0k0) — .

The computational complexity for each iteration of Algorithm 5 is O((m +n)(kn+ml)).
With the same discussions as in Section 3.4.1 we can also show that z[!l € Z}.; during the

iterations.
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3.4.3 Sparse Linear Regression

In the sparse linear regression, we assume Y = 6 + W, where 0 = X~ with X € R"*P as a
fixed design matrix. The regression coefficients are assumed to be sparse, i.e. ”yT = ('yg, Ogc)
for some S € [p]. Our goal is to recover 6 and S from (X,Y).

Now we formulate the sparse linear regression model into form (3.1). For sparse linear
regression, we can consider it as a special form of clustering problem, in which the number of
nodes is s, whereas the number of clusters is p that could be much larger than s. However,
we also need to assume that all the nodes have different labels so that s distinct columns in
the design matrix are selected. Thus, in this model, 7 = s, T = [p|, Z = 2z = (21, -, 2s),
zi€[pl,ls =s,Zs ={z € [p®: z; # zj for all i # j}. Note that | Z4| = p(p—1) - - - (p—s+1),

. Assume the design matrix X = ()51, e ,X};),

we can choose €5 = s+slogp > ls+log |2
then Ay = Xz = (X., Xy, X.,), B =15 €R® and 0 = Xz B,

The prior sampling procedure for the sparse linear regression model is given below:

1. Sample s ~ 7 from [p|, where 7(s) T(s/2) P (—Ds (1 +logp));
2. Conditioning on s, sample z uniformly from {Z € Zg : det (XgX Z) > 0};
3. Conditioning on s, sample A ~ IG((s +1)/2, 8);

4. Conditioning on (s, z, A), sample B ~ f . \ with
A
freaocomp (=511

5. Set 0 = X4B.

Assume (5, @(g)) is the solution of (3.11) to sparse regression model, then we have the

following result.
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Corollary 3.4.3. Assume 0* = X7+B* for B¥ € R®, Z* = 2* and 2* € Z+. Y = 0* + W

with W satisfying the condition (3.13), then
Py-QP6 — 07| < Ms*logp,

for any D > Dg , and some constant M only depending on 8, p, D.

In sparse linear regression, the Gram matrix X g Xy = X%X 7 is no longer diagonal, so
we need to store the whole matrix ¥. The VB algorithm for sparse linear regression for a

given s is Algorithm 6.

Algorithm 6 Variational Algorithm for Sparse Linear Regression Model

1: Input: sparsity level s, initial support 2100 ¢ Z, maximum iteration number M, tolerate
level e.

2: Initialize: Iteration number ¢t = 0, objective function Ly = oo, change of objective
function V Ly = oco. The initial a, §, p and ¥ are computed by followings:

0N~y 2 500 25
a ;HXZ]H 9 5 1+ a[o]

1 1
u[o]:@m) (XL X 70) " XL Y, EM:(‘SM) (XG0 X 7o)~

3: whilet < M and VL; >edot + t+1
4: Update Z:

5: for j =1,---,s in a randomized order do

6: Assume X Z(—j) € R™*(5~1) ig the current design matrix without j-th column.
7 Compute the projection matrix Hy_j = Xz_j (Xg(fj)XZ(_j))_l Xg(fj).

8: forc=1,--- ,pdo
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9: Compute

[t—1]

1
Vje = —§log (H‘XCH2 - XCTHZ(—j)Xc> My YTXC

1 4 . 2 _
ol {(u? D)l 4+ 20 Mgy )T X

Lsit—1] [t—1] T [t—1] 9
ool 2nl TG e X
10: end for
z}ﬂ = argmin{v;}.
1<ce<p
11: end for
12: Update a and 0:
i [t=1]}2 [t—1] T ] 20
a = HXZ[t]/JJ H + Tr <Z Xz[t]XZ[t}> ) o =1 + W

13: Update p and X:
t) _ (st T -1x7T = (sl T -
plh = (o) (G X o) gy 2= () ()7

14: Compute L; and VI

St [t] 1
L = glog Gt azﬁ - §YTXZWW L (D+1) [s + slog (%)} :

VLi=|Li_q1 — L.

15: end while

16: Output: 205) — 21t 4 — olt), 5(s) — 4l 56 — 5], 1) .

For each iteration, the computational complexity of Algorithm 6 is O (34 +(n+ 5)32]0)).
As Hyz_;) is a projection matrix, HXC||2 _ XcTHZ(—j)Xc = || X, — HZ(—j)Xc||2- Thus, If
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X can be linearly represented by XZ(fj)v then X, — HZ(fj)Xc = 0, then v;. = oo and
7]

therefore ¢ cannot be selected as z I Thus, when z € Z4 before z; is updated, then it will

also be so after z; is updated. Therefore, iteratively, we can show that At e Zs.

3.4.4 Multiple Linear Regression with Group Sparsity

Now we consider multiple linear regression with group sparsity proposed in [70]. In this
model, Y = © + W, where © = XT and X € R"*P T € RP*™ ¥ € R"*™.  We assume
that there exists a subset S C [p| such that = (F%:, 0%:0), where S denotes the index
set of non-zero rows in parameter matrix I'. When m = 1, the multiple linear regression
with group sparsity reduces to the ordinary sparse linear regression problem. Our goal is to
recover ©, B and S from (X,Y).

Now we formulate this problem into our general formula (3.1), which follows a similar way
as the sparse linear regression model. In this case, 7 =s, T = [p|, Z = (21, - , 25), % € [p],
ls=ms, Zs={z€[p]®: 2 # zj, for all i # j}. Similarly, we can choose €5 = s (m + log p).
The prior sampling procedure specialized in multiple linear regression with group sparsity is

given as follows:

1. Sample s ~ 7 from [p|, where 7(s) T(s/2) ©XP (—Ds(m+logp));
2. Conditioning on s, sample S uniformly from Zs = {Z € Zg : det (X%XZ> > 0};
3. Conditioning on s, sample A from IG((ms +1)/2, 5);

4. Conditioning on (s, z, A), sample B € R**™ from f; , y with

A
frea oo (5 1XzB13 )

5. Set © = X4 B.

Assume (§, @(§)> is the solution of (3.11) to multiple linear regression model with group

sparsity, then
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Corollary 3.4.4. Assume ©* = Xz« B* € R for B* € RS*"™ 7* = 2* and z* € Z.

Y = 0%+ W with W satisfying the condition (3.13), then
P@*@(§)|]@ — @*H% < Ms* (m+logp),

for any D > Dg , and some constant M only depending on 8, p, D.

To derive the algorithm, we first need to vectorize the response Y, the signal X,B
and the parameter B. We replace Y by Vec(Y) € R O by Vec(©) € R™" and B by
Vec(B) € R™. Then we have Vec(©) = (I, ® Xz)Vec(B). Thus, the design matrix in the
multiple regression model with group sparsity can be written as X7 = I, ® X 7.

In this model, XEXZ =In® (X%XZ). Combining with the update procedure in
Algorithm 2, we can assume each row of B follows a normal distribution independently with
the same covariance matrix. Thus, we can assume the variational posterior distribution
B = (By,--+,Bm) is B; ~ N(u;,Y) independently. Then we only need to update p =

(i1, jis) € REX™ and 3 € RS*S,

Algorithm 7 Variational Algorithm for Multiple Linear Regression with Group Sparsity
[0]

1: Input: sparsity level s, initial support 2% € Z;, maximum iteration number M, tolerate
level e.
2: Initialize: Iteration number ¢ = 0, objective function Ly = oo, change of objective

function V Ly = oo. The initial a, §, p and 3 are computed by followings:

0 _ NS 2 sl 28
a mj:ZlHXZJH ) 0 1+ a[o]a
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ul = (5[0]>_1 (Xg[o}Xz[ol)_ngmy» xlt) (5[0}>_1 (FoXzm)

4: whilet < M and VLy >edot <+ t+ 1.

5:

10:

11:

12:

13:

14:

15:

16:

Update Z:
for j =1,---,s in a randomized order do
Assume X Z(—j) € R7%(5=1) i5 the current design matrix without j-th column.
. . . ‘ T . T
Compute the projection matrix HZ(—j) = XZ(—]) (XZ(—j)XZ(—j)> XZ(—j)'

forc=1,--- ,pdo

Assume the j-th row vector for p[tfl] is ,ug-t__l] e R other columns are
u[f;.l]. X Z(—j) is the current design matrix without j-th column. Compute
m 2 T t=1jy,T
ch = —310g (HXCH — XC HZ(—])XC) — ,u.[] ]Y Xc
L1 t—1] |2 2 t—1 T
gl [Hu;. P el + 260 (s ppmy)” e
L oit—1) [owlt—1] T [t—1] 2
g0t TG e+ ST
end for
zj[.ﬂ = argmin{v;}.
1<c<p
end for
Update a and 0:
_11112 _ 203
altl — sz[tw[t ”HF T (SUXT X ), o =14 it

Update p and X:

L -1
pl) = (1) (XX ) X Gyye 2l = () g X

)



17: Compute L; and VL;:

ms slt] allp 11 1] ep
Lt:710g4562+ 5 _EY Xygp™ + (D +1)s [m—l—log(?)],

VLi=|Li_q1 — L.

18: end while

19: Output: 39 = &1, 35) = ], 56) = 4l $6) = 511 T6) — L,

For each iteration, the computational complexity for Algorithm 7 is O (54 + s2p(nm + s))

With the same arguments in Section 3.4.3, we can prove At e Z iteratively.

3.4.5 Multi-task Learning

In the multiple-task learning, we assume Y = © + W, with © = XT and X € R"*P and
I' € RP*™_ However, in this model, the row vectors of the coefficient matrix I' = (y1, -, vm)
share a clustering structure, i.e. 7; = Bxz;. When the design matrix X is an identity matrix,
it reduces to an ordinary multivariate clustering problem. We assume the design matrix has
full column rank, i.e. det(X7X) > 0.

In this case, Z =z, 7 =k, T =m, B € RP*k_ 2, — [k]™ and ¢}, = pk, so we can choose
€. = pk 4+ mlogk in this model. Recall the technique we applied for the previous cases, we
can replace Y by its vectorization Vec(Y'), © by Vec(©) and B by Vec(B). Then the model
is reformulated as Vec(©) = (Z ® X)Vec(B), where Z = (I{z; = j})1<j<n1<j<k € [0, 1]mxk
is the membership matrix corresponding to z. Then the design matrix Xy = Z ® X.
When det(XTX) > 0, det()(%)(z) > 0 is equivalent to det(Z7Z) > 0. Therefore, Z; =
{z€ 2> | I{z =t} >0, for all 1 <t < k}. The prior sampling procedure for a multi-

task learning model is given as follows:

1. Sample k ~ 7 from [m], where 7(k) FEEZ’;)?) exp (—D (pk +mlogk));
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2. Conditioning on k, sample z uniformly from Zj;
3. Conditioning on k, sample A from IG((pk + 1)/2, 5);

4. Conditioning on (s, z, ), sample B € RP*¥ from fi,2 ) with

)\ m
2
fr,z 0 o< exp —§Z||XB~sz ;
=1

5. 8et I'=(y1, -+ ,ym) with v; = B.z; for 1 <i <m and © = XT..

Assume (/k?, @(k)) is the solution of (3.11) to multi-task learning, then the convergence

rate of the variational posterior distribution is given by the following corollary.

Corollary 3.4.5. Assume ©* = XT™* € R"™™ for X € R"*P T € RP*™ with Ff“j = B*,
J

and z* € Z,. Y = ©* + W with W satisfying the condition (3.13), then
Pe:QM |0 — %1% < M(pk* + mlogk*),

for-any D > Dg , and some constant M only depending on 8, p, D.

In this case, Xy = Z ® X. Therefore, XZTXZ = (ZT2) 2 (XTX). As ZTZ is diagonal
matrix and X7 X does not rely on Z. We can assume the variational distribution for B =
(By,-+-,By) is Be ~ N(pe,2¢) independently. The VB algorithm for multi-task learning

model is given in Algorithm 8.

Algorithm 8 Variational Algorithm for Multi-task Learning Model
(0]

1: Input: number of different tasks k, initial label 2! € Z, maximum iteration number
M, tolerate level e.
2: Initialize: Iteration number ¢t = 0, objective function Ly = oo, change of objective

function V Ly = oo. The initial a, §, p and 3 are computed by followings:
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2p

S
0 v 2 0
@H:m_zl“XZ][p]“ 5 o0 =1+ o
j:

u[co] = (5[0]>_1 (n[co}>_1 Z (XTX>_1 XTY.i]I{zZm =c},

=1
5l0) _ <5[o])—1 (n[cm)l (xTx)~L.

4: whilet < M and VL; >edot«+ t+1
5: Update Z:

6: for : =1, --- ,m in a randomized order do
7: forc=1,--- ,kdo
8: Set z; (i)!l to be the current label for zj and ne(i) = 3 ]I{zj(i)m = c}.
9: Compute
- 1 e
vie = —glog(l+ne(i) ) = VI Xpe+ 50l Mol + —p
2ne
10: end for
t .
11: Set zl[ I argming < <x{vic}-
12: end for
13: Compute n([;t] =3 ]I{zl[t] = c}.
14: Update a and ¢:
0_\ 2 ()L S e 1 28
a :.Z;HXMZZ@&]H +<5 ) pzlﬁa oM =1+ A
1= Cc= C
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15:

16:

Update p and >::

,u[ct] = (5[t])_1 (nLﬂ)l (XTX)_l XTYZ‘]I{ZZ[t] = c},

—_

~

sl (5[t]>_1 (nﬂ)l (xTx)1
Compute L; and VLy:

k’p Eﬂt] a[t]ﬁ 1 T

t]
2[t]

>—|—(D+1) [pk +mlogk],

VL= L1 — Lyl

17: end while

~

18: Output: (k) = z[t], als) = a[t], ﬁ(k) = u[t], Sk) = E[t], Lk = 1,.

0 is equivalent to det (ZTZ ) > (0, with the same discussion as in Section 3.4.1 we can also

The computational complexity for each iteration is O (mk(m + np)). As det <X ZT X Z) >

show that 2t € Z;. during the iterations.

As discussed in [28], we will use the discrete version to set up the dictionary learning
model. Assume the signal matrix 0 € R™*4 can be represented as § = BZ for B €
R" P and Z € Zps = {Z e {-1,0, 1}p><d tmaxje(g) [supp(Z.5)| < 8}. In the dictionary
learning, we have 7 = (p,s), T = {(p,s) € [nAd] x [n]: s <p}, {ps = np and |2y 5| =
(Zle (12)2t)d < (2p)(8+1)d. We can choose €, s = np + 4dslogp. This model can also
be reformulated as Vec(67) = (I, ® ZT)Vec(BT). Then Xy = I, ® ZT in this case and

Z_p, s = {Z € Zps:det(Z ZT) > O}. The general prior sampling procedure for dictionary

3.4.6  Dictionary Learning

learning is given by:
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—_

. Sample (p,s) ~ m from T with 7(p, s) x FIET(LZ]/)%) exp (—D (np + 4dslogp));

[\)

. Given (p, s), sample Z uniformly from 2, ;

w

. Given (p, s), sample A from IG((np + 1)/2, B);

4. Conditioning on (p, s, Z, A), sample B ~ f, ¢ 7 \ with
A 2
sz x 0 (31521 )

5. Set § = BZ.

Assume (D, s, @(ﬁvg)) is the solution of (3.11) to dictionary learning model, then we have

the following result.

Corollary 3.4.6. Assume 0* = B*Z* with Z* € Zy o« and Y = 0* + W with W satisfying

the condition (3.13), then
PprQP9)||g — 0*||% < M (np* + ds* logp*)

for any D > Dg , and some constant M only depending on B, p, D.

Note that for Xy = I, ® Z7, XgXZ = I, ® (ZZT). Therefore, we can assume the
variational distribution for B = (b, --- ,by)T € R"*P is bj ~ N(u;, %) independently. Then
we only need to update p = (uq,--- , tn)? € R™P and ¥ € RP*P. The detailed algorithm

is given in Algorithm 9.

Algorithm 9 Variational Algorithm for Dictionary Learning Model

1: Input: dimension parameter (p, s), initial state Z 0] ¢ Zs, maximum iteration number
M, tolerate level e.
2: Initialize: Iteration number ¢ = 0, objective function Ly = oo, change of objective

function V Ly = oo. The initial a, §, p and ¥ are computed by followings:
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4: whilet < M and VL; >edot«+ t+1

5:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

Update Z:
fori=1,---,n in a randomized order do
for j =1,---,d in a randomized order do

Denote Z(i,j) denotes current matrix Z before its (i, j) entry being
updated.
if 2,2 Zir(i,j) = s then Set ZZ.[;.] = 0.
else
Denote Z(c;i,j) denotes current matrix Z with its (i, 7) entry
replaced by c.

For ¢ = —1,0, 1, compute

Vi jc = —g log det (Z(c;@‘,j)[ﬂ (Z(c;z',j)[t]>T) Ty <YTu[t_”Z(c;z',j)[t]>

#5000 Izl + e (20201, (2660 0)1) )

Set 2, = argmine (1 1) {vijc}-
end if
end for
end for

Update a and 0:

a[t]:Hu[t—uzm||%+<5[t—11>1nTr(z[t—11Zm (Z[t]f)’ s, /28
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20: Update p and >::

N

I
—
&
N
|
h<
—
N
~
N
/
N
—
N
~
N
~__
1
I
—
&
N
|
N
N
—
N
~
N~
~__

21: Compute L; and VL

Slt] alt]
Ly = %log 45562 + a2ﬁ — %Tr (YTu[t]Z[t]> +(D+1) [np—i— 3dslog %] ,

VL =|Li_1 — L.

22: end while

23: Output; E(k) = Z[t]’ a(k) = a[t]7 ﬁ(k> = N[t], i(k) = E[t]

The computational complexity of each iteration for this algorithm is O(npd(pd+ p2+nd)).
However, in reality, this complexity can be smaller as when Er;éj Zir(1,7) > s, we don’t need
any calculations to update Z;;. During the iteration, if det (Z(c; i,j)[t] (Z(c; z',j))T> =0,

then v; ; . = 0o and ¢ cannot be chosen as Z 1

. . . t -
i Thus, iteratively, we will have Z 1] ¢ Zp.s-

3.5 Simulations

In this section, we apply our novel VB algorithm in the stochastic block model and sparse
linear regression. To apply this algorithm in practice, we need to choose g and D in the
prior at first. In Theorem 3.2.1, D is required to be large and § can be arbitrary. However,
in practice, we find small # and D can work better. When 5 and D are large, the selected
model tends to be oversimplified, and the obtained estimator from the VB algorithm has a
large bias to 0. Throughout this chapter, we choose § = D = 0.1 for all simulations.

We conduct two experiments for each model. In the first experiment for each model, we
assume the true hyper-parameter 7* is known, and we apply Algorithm 2. In the second

experiment for each model, 7* is assumed to be unknown. Then Algorithm 3 is applied to
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select the optimal 7 and compute its corresponding parameters in the variational posterior
distribution.

As the procedures in Algorithm 2 are random. For each parameter setting, we run
Algorithm 2 R times. The choice of replication time R is very important. If R is chosen to
be small, the algorithm may be stuck in a sub-optimal point. If R is too large, the algorithm
becomes slow. In experiments, we find the super large R does not improve the performance
of the algorithm too much. We choose R = 10 in the stochastic block model and R = 5 in

the sparse linear regression.

3.5.1 Stochastic Block Model

We first conduct a small scale of simulations for the stochastic block model. The number
of nodes is set to be n = 100. The number of clusters is £* = 5. For the first group of
simulations, we assume k£* = 5 is known and only apply the Algorithm 4 without model
selection. For the second group of simulations, we further apply the Algorithm 3 to select
the best k.

[0]

We use the spectral method to initialize the label ZIV! for each k. It is given in Algorithm

10.

Algorithm 10 Spectral Method to Initialize Z10] for SBM
1: Input: A symmetric adjacency matrix A, a number of clusters k.

2: Perform sparse eigenvalue decomposition on A. Assume its first k eigenvectors are U}, =
(ula T >uk)'
3: Apply k-means algorithm on the row vectors of U}, to get the label 201,

4: Output: Initial label 2101,

As the results of k-means for number of cluster k£ always contain k different labels,

Zl0 e Z. is automatically satisfied in the beginning of the algorithm.
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Experiment 1

In this experiment, assume B.; = p when ¢ = d and B.; = q when ¢ # d. For (p,q), we

consider the following scenarios:
e dense network with strong signals: (p,q) = (0.8,0.2);
e dense network with weak signals: (p,¢) = (0.6,0.3).
e sparse network with weak signals: (p,q) = (0.25,0.05);
e sparse network with strong signals: (p,q) = (0.5,0.05);

Suppose the number of nodes in each cluster is (nq, -+ ,n5). Then we consider the following

two cases:
e balanced network: (ny,---,n5) = (20,20, 20, 20, 20);
e unbalanced network: (nq,---,n5) = (5, 10,40, 40, 5).

In simulations, we choose the repeat number R = 10 and maximum iteration number M =
100, and the tolerate level € = 1 x 10~8. Though the maximum iteration number is large, the
algorithm usually converge within 10 iterations. For each group of parameters, we conduct
the simulation 20 times. In all 20 simulations, the underlying parameters are the same, but
the labels and adjacency matrix are generated randomly.

From the simulations, we compare two methods: the traditional spectral method and
the VB algorithm initialized from spectral method. The label obtained traditional spectral
method is simply Z [0], the estimator @ from the spectral method is calculated by é\ij =B %z
where B,y = %nd iz12_5—1 {z; = ¢, 25 = d}. The label of VB algorithm is Z and the
corresponding estimator 0 is given by é\z’j = [z, 2

Then consider the following two criteria to compare different methods:

e Hamming Distance: h(Z,z) = mingeg, > i1 I{Z # 7(2;)}, where S, is the set of all

permutations for £ numbers and 7 refers to some permutation.
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o (5 Distance: £(6,6) = ||§ — 0]|%, where 6 = E(A).

The comparison results are given in Figures 3.1 and 3.2 respectively.
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Figure 3.1: Compare Hamming Distance When £* is Known
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From simulation results, the VB algorithm improves the clustering result and decreases
the f5 loss from the output of the spectral method, especially when the network is unbalanced.

The potential reason is that the design matrix Z ® Z under unbalanced network has a large

condition number Zﬁi‘ Traditional approaches may fail when the condition number of the
underlying design matrix is large. But according to our theorem, large condition number
of the design matrix does not influence the convergence rate of the variational posterior
distribution. Moreover, in practice, though the algorithm is not convex, it can take care of

the singular structure automatically by having the term — log det(XgX 7) in the objective

function.

Experiment 2

In this experiment, we adopt the same setting as above. Instead of assuming that we know
the true number of communities, we run the algorithm with & from 2 to 10 and select k by
Algorithm 3. After 20 experiments for each parameter setting, the histograms of selected K

are given in Figure 3.3.
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Figure 3.3: Histogram of k
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To understand the result, we first introduce the signal-to-noise ratio for this special
setting. According to [72], the signal-to-noise ratio for SBM in our setting can be defined as
1= n(pp+q)2‘ Then the signal-to-noise ratios for 4 pairs of (p, q) are given by 1(0.8,0.2) = 45,
1(0.6,0.3) = 15, 1(0.25,0.05) = 16, 1(0.5,0.05) = 40.5. Even under balanced network cases,
only when the signal-to-noise ratio is large, the true number of community number can be
recovered. When the signal-to-noise ratio is small, the smallest k is usually selected. Under
the unbalanced network cases, as three communities in the network are too small, they are
combined as one community. Thus the equivalent number of community, in this case, is
actually 3. That is why under a large signal-to-noise ratio, k = 3 is selected.

Now we compare the result from the VB algorithm with the automatically chosen k and
the result from spectral method assuming that the true £* is known. However, as k may not
be the same as k*, instead of using hamming distance, we adopt adjusted rand index(ARI)

as the criterion. This criterion is proposed in [36] and is defined as follows:

Definition 3.5.1 (Adjusted Rand Index). Assume 21 € [k1]" and 29 € [ko]", n;; =

Z?:l H{th =1,20t = J}7 a; = Z?:l ]I{th = Z}: b] = Z?:l H{ZQZL = ]}7 then the adju‘Sted
rand index between z1 and zo is defined as

Zfll il () - > 1(’)Z§21(%)/(3) |
il <%>+z ()] - = () =k 35)/6)

ARI(z1, 29) =

The range of ARI is usually from 0 to 1. The higher the ARI, the better the clustering
result. Now the ARIs for results from VB algorithm and spectral method are shown in

Figure 3.4.
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Figure 3.4: Compare ARI

In unbalanced cases, the VB algorithm outperforms the spectral method in all param-
eter settings, even though we assume that the number of clusters is known when we apply
the spectral method. However, in balanced cases, only when SNR is large, the clustering
performance of the VB algorithm can be good. The reason is that when SNR is small, the
selected number of communities & is not accurate. Therefore, it cannot be as good as the
spectral method, which assumes the true number of communities is known.

Moreover, we can also compare {9 distances for these two methods in Figure 3.5. The

results are likewise.
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Figure 3.5: Compare (9 distance

3.5.2  Sparse Linear Regression

We conduct similar experiments for the sparse linear regression model. Assume the number
of observations is n = 100, the number of predictors is p = 200 and the true sparsity is
s* = 20. We apply the results from the LASSO method as the initialization of our algorithm.
According to [21], LASSO has a piecewise linear solution path in which the sparsity increases
at most one at each change point. Then we can choose the support of the first change point
in the LASSO solution path, at which the sparsity of the coefficient is s, as the initialization
for the sparsity s in our VB algorithm.

In the first experiment, we assume s* = 20 is known and apply Algorithm 6 to get the
coefficient estimation. Then in the second experiment, we assume s* is not known and use

sparse linear regression version of Algorithm 3 to select an 5.
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Experiment1

In this experiment, we assume the design matrix is expressed as follows:
X =aUl'Vi/s/r+ (1 - )W,

where U, € R"™" V, € R"™*P, W € R"P are random Gaussian matrix with » = 5 and
a € [0,1] denotes the proportion of collinearity part. The true parameter is given by 5 =

(Bs, Bse), where S is randomly chosen from [p] with |S| = 20 and

5S:SNR,/IO$  (1,—1,---,1,—1).

In the simulation, we choose the repeat number R = 5, the maximum iteration number
M = 100 and the tolerate threshold e = 1 x 10~8. To construct the design matrix, we choose
a = (0,0.6), which denote the independent random design and collinear random design,
respectively. We choose the signal-to-noise ratio SNR from (0.5, 1,2, 4, 8,16) so that we can
see the performance of the VB algorithm when SNR is from sufficiently small to sufficiently
large.

We compare the results from LASSO and the VB algorithm by the following two criteria:

e FDR: h(:g\, S*) = ||§|5I, where S is the estimated support and S* is the model true

support.

e (5 distance: E(é\, 0) = |0 — §||2, where 6 = X3 is the estimated signal and 6 = X 3* is

the true signal.

For each group of parameters, we conduct the simulation 20 times. The results are given

in Figure 3.6 and 3.7 respectively.
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Figure 3.7: Compare (9 distance when s* is known

The plots show that our method improves the LASSO result when SNR is large. A

potential reason is that LASSO estimator has a bias when the true coefficients are large.
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Moreover, [75] pointed out that the Strong Irrepresentable Condition, which is an important
condition for the sparsity consistency for LASSO, only holds when s* < y/n. However, this
condition is not satisfied in our settings, so the sparse consistency for LASSO does not hold.
However, the concentration of variational posteriors does not have such constraint. Thus,
when SNR is getting larger, both FDR and /9 loss decrease faster VB results than LASSO

results under both the independent random design and the collinear random design.

Experiment2

In this experiment, we adopt the same settings as above. The true sparsity s* is still 20.
However, we run our VB algorithm with s from 1 to 40 to select the best 5 by Algorithm 3.
The histogram of 5 is given in Figure 3.8.
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These results are similar to those for variational model selection in SBM. When the
signal-to-noise ratio is small, the VB algorithm fails to select the correct s* and s tends to
be smaller. However, when the signal-to-noise ratio is large enough, 5 will converge to s*.
It’s worth mentioning that when the design matrix has collinearity, s will first go over s* and

then slowly converge back to s*. The reason is that when the design matrix has collinearity,
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there are many columns highly correlated. In this case, when one column is significant,
another column may also be significant. Thus, a larger s may be selected.

We can also compare FDR and /9 distance for the results from model selection by the
variational algorithm and results from LASSO assuming the true sparsity s* is known. The

results are shown in Figure 3.9.
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Although when the signal-to-noise ratio is small, the VB method performs worse, the
performance of VB improves much faster than LASSO under both FDR and /¢ distance

criteria when we increase signal-to-noise ratio. Specifically, when SNR > 2, the VB algorithm

outperforms LASSO even though we apply true sparsity s* in LASSO.
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CHAPTER 4
CONVERGENCE RATES OF EMPIRICAL BAYES
POSTERIOR DISTRIBUTIONS

4.1 Introduction

In the Bayes analysis, one of the most difficult tasks is to design a good prior, especially for
complicated models, where the prior cannot be designed in a fully subjective way. Therefore,
statisticians usually consider a prior family TI(6|\). If the hyper-parameter A has a prior,
this procedure is fully Bayes analysis. For A\ chosen as a data-driven /)\\, it is known as an
empirical Bayes approach.

More generally, the dimension of the parameter space A for A can be either finite (para-
metric empirical Bayes) or infinite (nonparametric empirical Bayes). A special case is A
referring to the entire prior distribution. In this case, estimating A is equivalent to estimat-
ing the prior itself.

The classical empirical Bayes method is conducted in a hierarchical sequence model, in
which we assume the observation X; comes from a measure P, independently and 6;’s are
i.i.d generated from a prior II). Because the Bayes risk is minimized at the posterior mean,
and the posterior mean relies on the prior IT), our main goal is to estimate the prior IIy
or the key parameter \ of the prior I from the data. The early work of empirical Bayes
analysis can be traced back to [53] for a mixed Poisson model. Similar empirical Bayes
analysis was also conducted in [62, 23] for studies of Shakespeare literatures, in [24, 22] for
microarrays, in [20] for large scale prediction problems, in [40, 39] for sparse sequence model,
in [37] for normal mean model and in [58, 7] for the analysis of FDR.

Recently, the empirical Bayes analysis is also applied for model selection, where different
A’s refer to different models. In this case, 6;’s may not have i.i.d distribution. Instead of
estimating the entire prior distribution II, we want to estimate the hyper-parameter A from

the data to select a specific model. This type of works include [6] for smoothness testing, [41]
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for inverse problems, [60, 61] for sequence models, and [3, 33] for Bayes model selection. In
this section, we consider this type of empirical Bayes analysis. That is, we apply empirical
Bayes procedure for model selection.

In practice, there are many ways to select A based on data. One of the most popular
estimators on A is the maximum marginal likelihood estimator (MMLE). MMLE chooses A
by maximizing the marginal likelihood corresponding to A, say [ pg(X)dIL(6]\). The MMLE
in the sparse sequence model with spike and slab prior is studied in [40, 15, 17]. A generic
anlaysis on the asymptotic behaviour of MMLE is conducted in [47] for parametric models
and later generalized by [54] for nonparametric models. Besides, [54] also provides a way to
determine the minimax rate for the convergence of MMLE posterior distribution. However,
as discussed in Chapter 3, the “prior mass and testing” framework usually fails when the
true parameter 6* is assumed unbounded. Thus, in this chapter, we want to extend the
result to remove the boundedness condition.

In MMLE, all \’s are treated equally, and the choice of A only depends on the family of
prior II(#|\) and the data X. In our story, we add a weight measurement w(\) on different

A and choose A by maximizing the weighted marginal likelihood:

-~

A = argmax w(\) /pg(X)dH)\(Q).
AEA

We assume the data X are generated from a “true” distribution Py«. Our goal is to analyze
the concentration of the empirical Bayes posterior distribution II5(-| X).

The first half part of this chapter discusses the relation between variational Bayes and
empirical Bayes. We extend the examples in Section 2.3.1 and Section 2.3.2 to a more
general setting and demonstrate that in the context of sieve priors, the variational Bayes
tends to select a data-driven intrinsic dimension k automatically. As empirical Bayes does
the same thing, this discovery motivates us to reveal the relation between VB and EB.

We find variational Bayes posterior under a special variational set is exactly the empirical
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Bayes posterior. Besides, this result can be extended to the generalized model selection
setting in Section 2.4.1. With a slight modification on Theorem 2.4.1, we obtain a “prior
mass and testing” type of conditions to verify the convergence of empirical Bayes posterior
distributions when the hyper-parameter X\ is discrete.

The second half of this chapter aims to develop a general convergence theorem that
allows the true parameter 8* to be unbounded. As the testing condition cannot be satisfied
uniformly when the dimension of parameter spaces is infinite, we assume that the entire
parameter space can be viewed as the union of small subspaces and assume the testing
condition is satisfied for each subspace with an emtropy amplification term uniformly. In
this way, all parameters in the parameter space can be testable over the true parameter 6*.
The prior mass condition is replaced by the prior ratio condition so that the true parameter
0* does not need to be bounded. A summability condition is also proposed to avoid the
overfitting problem. Then with the new testing condition, the prior ratio condition, and
the summability condition, we provide a theorem to verify the convergence of the empirical
Bayes posterior distributions. At the end, we apply this general theorem into the sparse
sequence model, sparse linear regression, and the general linear structured model (3.1).

The rest of this chapter is organized as follows. Section 4.2 illustrates the relation between
variational Bayes and empirical Bayes when a general type of sieve priors are used. In
Section 4.3, we show that empirical Bayes can also be obtained from variational Bayes with
model selection when the hyper-parameter space is discrete. Then a “prior mass and testing”
framework of convergence theory is derived. In Section 4.4, we propose a general convergence
result for the empirical Bayes posterior that allows the hyper-parameter to be continuous
and the true parameter to be unbounded. In Section 4.5, we apply our general theory to

sparse sequence model, sparse linear regression and the general linear structured model (3.1).
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4.2 Variational Bayes and Empirical Bayes

In this section, we discuss an intriguing relation between variational Bayes and empirical
Bayes in the context of sieve priors. We consider a nonparametric model Po(n) with an
infinite dimensional parameter 0 = (0;) € ®72,0; C R*. This includes the Gaussian
sequence model and the infinite dimensional exponential family discussed in Section 2.3, as
well as nonparametric regression and spectral density estimation. For each dimension, we
assume O, = 0,1 UB, 9 and ©;1 N O = (). Then, a sieve prior 6 ~ II is specified by the

following sampling process.

1. Sample k ~ m;
2. Conditioning on k, sample ; ~ f;1 for all j € [k], and sample 0; ~ f;o for all j > k.

We assume that the densities f;1 and fjo satisfy f®j1 fi1 =1 and f®j2 fj2 = 1. A leading
example of the sieve prior is case of ©;1 = R\{0} and ©,9 = {0}, as is used in Section 2.3.1
and Section 2.3.2.

An empirical Bayes procedure maximizes emi(X (n))ﬂ'(ki)l, where

my, (X)) = log / p(xX10) TT £710)) T #205)d6
i<k i>k
is the logarithm of marginal likelihood. With the maximizer /k?, the empirical Bayes posterior

is defined as

dQn(6) o p(X™10) T £51(0)) T] #72(6;)de. (4.1)
i<k >k
Compared with a hierarchical Bayes approach, the empirical Bayes procedure does not

need to evaluate the posterior distribution of k£, and thus in many cases, it is easier to

implement.

1. The canonical form of empirical Bayes has a flat prior on k.
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We also study the mean-field approximation of the posterior distribution. In order to
characterize its form, we need a few definitions. For any g = (gj);f‘;l, define

my(X(; g) = / [19;(05) 10ap(X™10)d0 = 3~ D(gjlf11) = >~ Digillfj2)-
j=1

i<k i>k

By Jensen’s inequality, we observe that
mp(X1) > my, (X, g), (4.2)

for any g. We also define the density classes Gj1 = {g >0: [g= f@jl g= 1} and Gjo9 =
{ g>0: [g= f@j2 g= 1}. The next theorem gives the exact form of the mean-field varia-

tional posterior.

Theorem 4.2.1. Consider the variational posterior CA)VB induced by the sieve prior and the

mean-field variational set Sygp. The distribution @VB s a product measure with the density
of each coordinate specified by

~(k L3
93('1)’ ]<k7

_ (k) | ~(k) . %
2 =91 _ﬁ)gj('l) +pgj('2)7 Jj=k,

~(k L
.5.2)’ ]>k7

where for each given k, (gj(.’f))";zl and (5](];));ik mazximize the following objective function,

my, (X(") (g50)f_, U(ng)?o:k+1)

m(k — 1)€mk_1(X(n)’(gjl)g?;llu(gﬂ)ﬁk) +m(k)e ; (4.3)

under the constraints that gj1 € Gj1 and gjo € Gjo for all j, k mazimizes

n) (~(k)\k—1, ,~(k)\oo n) (~(k)\k ~(k)\ oo
m(k — 1)emk_1(X( (55021 >j:k) +a(k)e " (X( RRIEE )j:k+1), (4.4)
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and finally,
_ (n) N(%) E—l ~(E) 0o
N w@_nemkl(X 8517)j=1195 )j=k)

p= — - _ _ '
n) (E)\k—1, | +(k)\oo ) ~NE ()
77-(% B 1)emE71 (X( ),(gjl )j=11U(gj2 )j:E) n 71_(,l;)e?”ll;%()(( )7( i1 )?ZlU( 2 )j=E+1)

The result of Theorem 4.2.1 also applies to the class S¢ discussed in Section 2.3.2 with G ;1
replaced by the Gaussian class. We note that Theorem 4.2.1 can be viewed as an extension
of Theorem 2.3.1. In fact, if the likelihood function can be factorized over each coordinate

of 0, the form of @VB can be greatly simplified.

Corollary 4.2.1. Under the same setting of Theorem 4.2.1, if we further assume that
p(X(M)]h) = H;)il p(Xj(.n)Wj), then we will have

~§.I;) (0;) o< fj1 (Qj)p(X]('n) 107)1(6;€0,1}

~](.g) (0;) o fj2(9j)p(X]('n) 10)1(6;€0,2}

% = argmax (w(k: —1x™)y 4 7r(k:|X(”>)> , (4.5)
k
and
_ m(k —1|x ™)
b= )
w(k — 1| X M) 4 7 (k| X (1)
where

k 00
wX ) ocnW) [T [ sn@peeas; T [ 00001600
j=1795 j=h+17 952
In light of Theorem 4.2.1, we can compare the variational Bayes approach and the empir-
ical Bayes approach, especially the definitions of k and k. The empirical Bayes chooses the
best model by maximizing ek (X (n))’/T(l{?), or equivalently (k| X (”)), while the variational

Bayes maximizes (4.4). There are two major differences. The first difference is that empiri-
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cal Bayes uses the exact marginal likelihood function my (X (n)) and variational Bayes uses
a mean-field approximation of my (X (”>). We remark that in the case of a likelihood that
can be factorized, the mean-field approximation is exact, which leads to (4.5). The second
difference is that empirical Bayes maximizes the posterior probability of the kth model, but
the variational Bayes maximizes the sum of the posterior probabilities (or their mean-field
approximations) of the (k — 1)th and the kth models.

Despite the two differences, the empirical Bayes approach and the variational Bayes
approach have a lot in common. Both are random probability distributions that summarize
the information in data and prior. Both select a sub-model according to very similar criteria.
To close this section, we show that with a special variational class, the induced variational

posterior is exactly the empirical Bayes posterior.

Theorem 4.2.2. Define the following set
Spp = {Q 1Q ((®j§k@j1) ® (®j>k@j2)> = 1 for some integer k}

Then, the empirical Bayes posterior @EB defined by (4.1) is the variational posterior induced

by the sieve prior and the variational class Sgg.

The result of Theorem 4.2.2 shows that for sieve priors, one can view the empirical Bayes
approach as a variational Bayes approach, which suggests that it may be possible to unify

the theoretical analysis in this section and the analysis of empirical Bayes procedures in [54].

4.3 Empirical Bayes for Model Selection

Actually, the relation between empirical Bayes and variational Bayes does not only appear
in sieve prior cases. Let’s recall the variational Bayes with the model selection procedure

proposed in Section 2.4.1. We restate the model in Section 2.4.1 here.

_ [ pn) . k k
M = {Pkﬁ(k) ke k, 0% ¢ ol >},
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where K is a countable set and 6(F) = (ng), e ,9,%2).
Instead of assuming the sampling procedure for each k to be a product measure, we
assume %) is sampled from a general probability measure 11k). Then, the prior Il has the

following hierarchical sampling procedure:
1. Sample k ~ 7(k) from K;
2. Conditioning on k, sample 0(k) from the probability measure k).

This two step hierarchical prior has been studied by [2, 56] for generic models, by [52] for
density estimation, by [42] for location-scale mixture model and by [50] for inverse problems.
We consider the same variational inference with model selection procedure introduced in
Section 2.4.1. Then for a general variational set &, the problem is converted to solve the

optimization problem:

M) 19N go k) (k)Y (&)1 17(F)
?ea%$a§{/logp(X 04 dQ\™ (01) D(Q 11 )+10g7r(k)},

()

Now we assume S to be the set of all distributions rather than the mean field class SNIF .
Then for a fixed k € K, the solution of Q(¥) is given by II¥) (9| X (")), We plug this solution

to (2.34), then the problem becomes

(k) (n)
Iglél%(F(H (01X ),k‘),

which is equivalent to

s / w(k)p(X ™ |60 qr(h) (g(h)y. (4.6)

Be aware that we do not assume the parameter spaces for different k’s are disjointed.
Therefore, if we set the variational class for each index k is the set of all distributions,
then variational Bayes procedure with model selection is equivalent to empirical Bayes for a

generic model when the hyper-parameter is discrete. Suppose % is the solution to (4.6) and
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(%) is the empirical Bayes posterior distribution. Likewise, we can also propose a special
variational class and show that with this special variational class, the induced variational

posterior distribution is exactly the empirical Bayes posterior distribution.

Theorem 4.3.1. Define the following set

Spp = {Q e, ({k; — ko, 0 € @<k0>}) — 1 for some ky € /c} ,
Then, the empirical Bayes posterior 1K) s the variational posterior induced by the hierar-

chical prior I1 and the variational class Sgg.

This theorem motivates us to develop a general convergence result for empirical Bayes
posterior distribution, when the hyper-parameter is discrete. It is illustrated in the following

theorem.

Theorem 4.3.2. Suppose €, is a sequence that salisfies ne% > 1. Consider a loss func-
tion L(-,-), such that for any two probability measures Py and Py, L(Py,P>) > 0. Let

C,Cq,C9,C3 > 0 be constants such that C > Coy + C3 + 2. We assume

o For any € > ey, there exists a set Op(€) and a testing function ¢n, such that

Pén)gbn + sup Pa(n)(l — ¢p) < exp(—Cné?). (4.7)
0€O,(¢)

L(PM™ P> Cyne?

o For any € > ey, the set ©p(€) above satisfies

11(0,(€)) < exp(—Cne?). (4.8)

o [or some constant p > 1, there exists a ko € KC such that

—log w(kg) — log 11 (ko) (9 1D, (Pén)HP@(n)) < C’3ne721) < Conel. (4.9)
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Then,

PMT® [L(p(, By xM] < ne2. (4.10)

The proof of Theorem 4.3.2 largely follows the proof of Theorem 2.4.1, so we omit it in
this thesis. Similar results are also proposed in [33] with the testing condition replaced by

the entropy condition.

4.4 Convergence Rates for Empirical Bayes Posterior

Distributions

In the previous section, we have derived a general convergence rate for empirical Bayes
posterior distribution when the hyper-parameter space K is a discrete set. However, the
empirical Bayes procedure is not limited to it. For example, in sparse linear regression,
Y = Xgfg + €. We can put an independent spike and slab prior 5; ~ Ag + (1 — A\)dp with
some density function g, then A € (0, 1) is the hyper-parameter in this case and the possible
choice of A is uncountable. For a generic A, the general convergence rates for the empirical
Bayes posterior distributions have been studied by [47] for parametric models and by [54]
for nonparametric models. However, both of them require the prior mass condition. As we
have discussed in Chapter 3, in order to satisfy the prior mass condition, the true parameter
0* must be bounded, but this assumption is not necessary in practice. In sparse sequence
model, this boundedness assumption can be removed by applying a heavy tail prior on the
parameter [15]. However, in general settings, a new convergence result is necessary. In this
section, our main goal is to derive a general convergence result that can not only be applied
for the continuous hyper-parameter space, but allow the true parameter to be unbounded as
well.

Assume the observation X is sampled from probability measure Py indexed by 6 € O.
The density of Py is denoted as py. © can be an infinite-dimensional space so that the non-

parametric setting is also included in our theory. The prior for 6 is II, which is a mixture
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probability measure given as

I(0) = > w(MIL(0), (4.11)

when A is a discrete set or

1(9) — /A BCCAGEY (4.12)

when A is a continuous set.

Then the empirical Bayes procedure choose A by

~

3 — argmax w()) / po(X)dIT, (6). (4.13)
AEA

This procedure is different from the classical empirical Bayes procedure in that there is
a weight probability measure w(\) on the hyper-parameter X\. Our goal is to analyze the

posterior distribution from the empirical Bayes procedure:

~ o Jppe(X)dII;(6)
B) = (VI (6)

To further analyze the empirical Bayes posterior, we assume that the parameter space

(4.14)

© can be decomposed as © = Uz-z0Oyz, where O is a linear subspace indexed by Z.
Heuristically, we should expect that the testing condition over different © ;’s are different so

that it can be satisfied in most cases. Thus, we write II) as

My =Y w2y,

ZeZ

where I'; is a probability measure supported on ©5. Then we will have the following

convergence result for the EB posterior distribution:

Theorem 4.4.1. We denote v(Z) = maxycp {w(\)vy(Z)}. Suppose L(-,-) to be a loss
function such that L(61,62) > 0 for any 61,00 € O, Assume 0* € Oy« for Z* € Z. Let

c,C,C1,C9,C5,Cy,Cs,Cg > 0 be constants such that C3 > 3c. We assume the following
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conditions are satisfied:

1. (Testing). There exists a constant Mgy > 0, a testing function ¢ and a sequence

{e(Z2)} 7z satisfying €(Z) 2 1 such that

Py < exp(—Ce(Z%)?), sp  Py(1-0) < exp (Cole(2)? + e(2)2) - 1),
00 4:L(6,6%)>e2
(4.15)
for any € > Mye(Z*)? and Z € 2.
2. (Prior Ratio). For any Z € Z and €* > Mye(Z*)?, denote
Ry(e) = {9 €0, L(0,0%) < 62} (4.16)
and
K= {e € Oz : D1y, (Ppe]|Py) < cge(z*)Q} . (4.17)

for some p > 0. We assume that I z«(K) > 0 and there exists a positive sequence

{0(Z)} zcz, such that

Iz(Rz(9) _ 6(2)
T, (K) — 6(Z%)

exp <C€2 + Cue(2)? + 056(2*)2) : (4.18)

3. (Summability). For e¢(Z), 6(Z) in (4.15) and (4.18), there exists a \* € A and a

constant M > 0, such that

1(2)4(2) )
ZGE:Z W\ )y (2%)5(2%) exp ((02 + C4)e(Z)Q> < exp <C6€(Z >2> ’ (4.19)

Then there exist constants My, Moy such that
Pyl (L(e, 6*) > Mle(Z*)Q) < 3exp (—MQG(Z*)Q) .
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The testing condition (4.15) and summability condition (4.19) correspond to the testing
condition (4.7) and (4.8) in Theorem 4.3.2. However, the prior mass condition (4.9) in
Theorem 4.3.2 is replaced by a prior ratio condition (4.18) in Theorem 4.4.1 so that it can
be satisfied when the true parameter 8* is unbounded.

In Theorem 4.4.1, the sequence {0(Z)} <z aims to calibrate the factor caused by the
heterogeneity of dimensions of different ©,. For example, in the general linear structured
model (4.24), % in the prior density function of B needed to be corrected by the prior
of 7. Then we use §(Z) to characterize this term while applying Theorem 4.4.1. More details
are given in Section 4.5.3.

It’s worth mentioning that in the proof of Theorem 4.4.1, we don’t use the condition
that w(A) is a probability measure for A\. Thus, we can set w(\) = 1 for all A € A, then
the empirical Bayes is reduced to ordinary empirical Bayes procedure without weight, and

the \ obtained from this procedure is exactly the maximum marginal likelihood estimator

(MMLE) analyzed in [54].

4.5 Applications

In this section, we apply Theorem 4.4.1 to derive the convergence rates of empirical Bayes
posterior distributions for the sparse sequence model, sparse linear regression, and the general

linear structured model analyzed in Chapter 3.

4.5.1 Sparse Sequence Model

Consider the empirical Bayes procedure for the sparse sequence model. In the sparse sequence
model, pg(X) = N(0, Ip). The true parameter * is in a sparse parameter space with support
S* ie Ogx ={0:0;, =0,i ¢ S*}.

The prior 6 ~ II, is defined as

(12 N)dg + Mg, (4.20)
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where A € [0, 1]. The empirical Bayes procedure for spike and slab prior is studied by [40]
for the generic sparse sequence model and by [39] for the wavelet shrinkage method. The
minimax results for the generic sparse sequence model is established in [15]. In [15], they
prove that the empirical Bayes posterior distribution by using Laplace slab prior can only
converge in a suboptimal rate. However, in their setting, they use the classical MMLE
estimator for /):, where w(\) is assumed to be 1. In our setting, we point out that as long as
w(\) satisfies some conditions, the empirical Bayes posterior distribution with Laplace slab
prior can also converge at a optimal rate.

We put a beta prior on the hyperparameter index A, i.e. A ~ Beta(a, 3), then

w()) = %Aa—lu _ it (4.21)

Obviously, the parameter space consists of subspaces with different dimensions. The
structure Z in the sparse sequence model refers to the sparsity pattern S C [p] and I'g
refers to a product measure on {9]' }j cg with each coordinate independently following a
distribution g. We choose g to be a Laplace distribution with the density:

9(0) = ge—PW\. (4.22)

For this model, the posterior distribution for a specific A € [0, 1] is given by

[ po(X)dIT(0)
B = 7 )

With the empirical Bayes procedure, A is selected by

-~

A = argmax w(\) /pg(X)dHA(Q).
A€(0,1)

The empirical Bayes posterior distribution I1 is given by Il = HX<' | X'). The following theorem
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illustrate that with some assumptions on the weight w(\), we can show the convergence of

EB posterior distribution:

Theorem 4.5.1. For the sparse sequence model pg(X) = N(0,1p), assume 0* € ©gx with
|S*| = s* < p® with some a < 1. Assume the prior in (4.12) is specifically defined by (4.20),
(4.21) and (4.22) and the corresponding EB posterior distribution is I1, then if there exist

two constants vy > v9 > D for a sufficient large constant D > 0 such that
p I (B+p) <a<p B -p, (4.23)
Then there exists two constants My, Mo > 0, such that
Pyl <||8 —0%)]? > M s* logp> < 3exp (—Mays™ logp).

The rate in Theorem 4.5.1 is minimax [65] and the boundedness condition for the true
parameter §* is not required. Similar results are also proposed in [18] for the convergence

rate of the posterior distribution in sparse sequence model.

4.5.2  Sparse Linear Regression

Sparse linear regression model with spike and slab prior is well studied recently. The con-
vergence results true posterior distribution are given in [16] and the corresponding results
for variational posterior distribution are proposed in [51]. In this section, we consider the
convergence rate for empirical Bayes posterior distribution in sparse linear regression model
with spike and slab prior.

Consider the likelihood py(Y) = N(X¥, I,) for some fixed design matrix X € R"*P. We

apply the same prior as in the last section. The prior sampling procedure is given as follows:
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1. Sample A from Beta(a, 8) with the density:

o= e

2. Conditioning on A, sample 6; iid (1 —X)dg + Mg, with

P
9(6) = £ exp (~pl6)).
The empirical Bayes posterior distribution is also defined as I = HXHX ) with X defined

as

A= argmax w(\) /pg(X)dHA(Q).
A€(0,1)

Then we have the following concentration result for its EB posterior distribution with

the same condition (4.23) in the following theorem.

Theorem 4.5.2. For the sparse linear regression model pg(Y) = N(X0, 1), assume 0* €

Og+ with |S*| = s* < p% for some a < 1. Suppose k is the restricted eigenvalue defined by

) Xul|Vs*
K= 1nf{% lugrellr < 3|lugx]l1,u # O},

If max)<j<p [| X ;]| < pC for some constant C > 0 and s* < p® for some a < 1, then with

the same spike and Laplace slab prior and the condition (4.23), we have

~ s*logp s*logp
PpI1 (| X6 — X0%| > M <3 —My=—5—= ).
au( 2> 3580 < g (a8
We mention that the condition maxj<j<, [|X. ;[ < p© is natural and also assumed in

[16, 51]. This convergence rate in Theorem 4.5.2 is actually the same as the convergence

rate of LASSO estimator [9].
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4.5.8  General Linear Structured Model

Finally, we consider the general linear structured model (3.1). Suppose
Y=XyB+W, W~ N(©,I), (4.24)

where Z € Z; for some 7 € T and B € R, In this case, the parameter space of the
hyper-parameter 7 is discrete and there are natural structured parameter space Oy =

{0 =XyB:Be€e RET} for Z € Z;. With the same prior in [28], we have the hierarchi-

cal prior
(0) = > w(r)IL(6),
TeT
in which
I'ce
w(T) F(é ;)2) exp (—Der) ,
T
and
I1-(0) = Z vr(Z)l'g,
YA A
with
1
vr(Z) = —
| Z7]
and

dB 2

N

where § = X7 B. Then we apply the empirical Bayes procedure to select the hyper index 7:

dl' 7 (B) det(Xng) ( A )ET%exp(—)\HXZB“);

7 = argmax w(T) /pg(Y)dHT(Q),
TeT

and the corresponding posterior distribution 10 is given by

_ Jppo(Y)dI1;(6)
Jpo(Y)dIL=(0) -
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We put the same conditions as in [28]:
er > U +1og|2;|, {reT:t—1<e <t}|<tforallteN. (4.25)

Assume data Y is also generated from a linear structured model with Guassian noise:
Y = 60" + W, where 6* = Xz«B* and W ~ N(0,Iy). By applying Theorem 4.4.1, we have

the following result for the convergence rate of empirical Bayes posterior distribution.

Theorem 4.5.3. For the general linear structured model (4.24), we put the same prior as
in [28] for (1,7, B). If (4.25) is satisfied and © 7 NO 5 =) for Z # 7', then for Z* € Z,«

then there exists a constant Dy > 0 only depending on A, such that
P L (I1X7B = Xz B = Mier-) < exp (~Maeye)

for all D > Dqy and some constants My, My > 0.

The condition ©,NO , = () for Z # Z’' can usually be satisfied. Because the distribution
for B given Z is continuous, it’s not harm to remove some degenerated spaces from it. For
example, in the sparse linear regression, we can assume Og = (U;cgRg) U (Uig s{0}), where
Ry = R\{0}. In this way, for S # S’ Og # Og.

In the previous two examples, we set 6(Z) = 1 in Theorem 4.4.1. However, in this

T(¢,/2)

example, we set §(Z) = T/) so that this factor can be cancelled by the corresponding

factor in w(T).
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CHAPTER 5
PROOFS

5.1 Proofs in Chapter 2

5.1.1 Proof of Theorem 2.2.1

This section provides the proof of Theorem 2.2.1, which is divided into several lemmas. We

first give an inequality that uses the basic property of the KL-divergence.

Lemma 5.1.1. For any function f > 0 and two probability measure P and (), we have

/ F(2)dQ(x) < D(Q|P) +log / exp(f(x))dP(x).

Proof. By the definition of KL-divergence, we have

D(Q||P) + log / exp(f(2))dP(x)

_ / log (dQ(fv)f e;l;ifgy))dp(y)) 10Q(2)
- e (L) 1
~ DQIP)+ [ f@)dQ(w)

[ f@daw

where P is a probability measure given by

v

exp(f(z))dP(z)
Jexp(f(y)dP(y)

dP(z) =

Then, we can use Lemma 5.1.1 to derive a useful bound for P QL(
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Lemma 5.1.2. For the Q defined in (2.3), we have

PMarLrf™, P

< it o (gt AV D@IMCX ) 4 tog A Nexp(ar (8], F)X ) )

Proof. By Lemma 5.1.1, we have
aQL(Py" . ") < DQIM(X™)) + logT(exp(aL(Py", Py X ™),
for all @ > 0. By the definition of Q, we have
D(Q|ITI(-|x ™)) < D(QIII(-|x ™)),
for all Q € S. Taking expectation on both sides, we have
aPSMQLPS™ Py < P D(QITI(| X ™)) 4 P tog T(exp(aL(PS", P{™))|x M),

Using Jensen’s inequality, we get

P{1og (exp(aL (P, P{"))|1x ™) < log P T1(exp(aL(PS™, P{™))| x ™).
Therefore,

PMQL(P™, M) < 2 (P D@QITICX ™)) + log P Ti(exp(aL(Py™, ™)) x ("))

The proof is complete by taking minimum over ¢ > 0 and ) € S. H

In order to bound Pén)H(exp(aL(Pe(n), Pén)))|X (")), we need the following lemma on

the posterior tail probability. Its proof is similar to the one used in [31].
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Lemma 5.1.3. Under the conditions of Theorem 2.2.1, we have
P(gn)l_[ (L(Pe(m, Pén)) > C’ln62|X(n)> < exp(—Cne?) + exp(—Ane?) + 2exp(—ne?),

for all € > e, where A= p—1 for p in (C3).

Proof. We first define the sets
Uy, = {9 - L(P™, Py > Clne2}, = {9 - DRSPSy < cgne,%}.

We also define the event

ap _
Ay = § X005 [ S0 (X)) < exp(~(Ca + 1ne) |
dPO

where the probability measure II is defined as II(B) = —H%B(?(K)")

set and the testing function in (C1). Then, we bound Pén)H(Un|X(”)) by

. Let ©y,(¢) and ¢y, be the

PIITI(U, X ()

< P+ P (4n) + P (1 = dn)TI(U) X ")y

Jo, =ty (X)) r1(0)
= PMo, + P (4, + AW 0 (1= én)llye.

We will give bounds for the three terms above respectively. By (C1),

P(gn)gbn < exp(—Cneé?). (5.1)
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Using the definitions of A, we have

(n) -

dP, _

RM(An) = B ( / dP"(n)(XW)dH(e)) > exp(A(C3 + 1)ne)
0

IN

(n) -
exp(—\(Cg + 1)n62)P(§n) (/ dPe(n) (X(”))dﬁ(Q))
dP,

WNES N
exp(—A\(C5 + 1)n62)/ (/ %) dI1(0)
0

IN

exp(—A(Cs + 1)ne?) / exp(ADy A (P | P il (9)

exp(—=A(C5 + 1)ne® + A\Csne)

IN

exp(—Ane?).

IA

Now we analyze the third term. On the event A{,, we have

(n) (n)
[ X Oan) 2 10) [ LS (X aTI0) 2 expl—(Ca + Cy + 1),

dps" dpy"

where the last inequality is by (C3). Then, it follows that

dp"
ap{™

dap"
arf

( )fUn (X )yar1(o)

n
PO

(1= 6n)lac
(X () dI1(6)

(n)
exp((Cs + Cy + Dne?) P\ / Bo_(x)(1 — g)11(0)

Un dPS")

IA

IN

exp((C3 4 Cy + 1)ne?)

/ P (1= 6,)dII(0) + IO (e)°)
UnN®n(e)

IA

exp((Cs + C 4 1)ne)(exp(—Cne?) + exp(—Cne?)),
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where the last inequality is by (C1) and (C2). Since C' > C3 + Cy + 2, we obtain the bound

(n)

dP,
——(X;)dlL(0
n)fUn dpén)( i)d11(0)
fdpg")

apim

X (1 - ¢n)lac < 2exp(—ne?). (5.3)

(X3)dII(0)
Combining the bounds (5.1), (5.2) and (5.3), we have
Pén)H(Un|X(”)) < exp(—Cne?) + exp(—Ane?) + 2 exp(—ne?).

]

Next, we derive a moment generating function bound for a sub-exponential random

variable.

Lemma 5.1.4. Suppose the random variable X satisfies
P(X > t) < cq exp(—cat),
forallt >ty > 0. Then, for any 0 < a < %02,
Eexp(aX) < exp(aty) + c1.

Proof. Set Y = exp(aX) for some 0 < a < %02. Then, for any My > 0.

0
EY < M +/ P(Y > y)dy
Mo
0 1 o0
= M, ~|—/ P (X > —logy) dy < My —l—cl/ y /gy,
My a My

Choose My = exp(aty), and then since a < %02, we have

EY < exp(atp) + ad

exp((a — c2)tg) < exp(aty) + c1 exp(—aty) < exp(aty) + 1.
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Now we are ready to prove Theorem 2.2.1.

Proof of Theorem 2.2.1. By Lemma 5.1.3, we have
P (LR, 2YY) > X)) < e exp(—eat),

for all t > ty. Here, ¢; = 4, cg = min{\, 1} /C1 as C > C1 4+ Cy + 2 > 1 and tg = Cyne’.

Then, by Lemma 5.1.4, we have
Pén)H (exp <aL(P9(n), Pén))) |X(”)> < exp (CLCIHE%) +4,

for all @ < min{\,1} /(2C1). Taking ¢ = min {\,1} /(2C7) and using Lemma 5.1.2, we get

4€—aCln6%

2
n’y,% + log(4 + eaclnen) < n’y% N Cln62 N
a ~ a " a

< Mn(y2+é2),

PMarLr™, P

VAN

with some M > 0 that only depends on C, Cq, \. O

5.1.2  Proofs of Theorem 2.2.3, Theorem 2.2.4 and Theorem 2.4.1

Proof of Theorem 2.2.3. For any Q € SNE, we have supp(Q) C C, and thus QD(P(S”) HPo(n)) <
Cone2. By (C4*), we have D(Q||II) < Cyne’. Therefore, R(Q) < (C1 + Co)ne2, and the

proof is complete. O

Proof of Theorem 2.2.4. 1t is sufficient to find a @ € Syp and bound

(Pl + D7)

S|

R(Q) =
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We choose @ to be the product measure dQ(f) = H] 1dQ;(05), with

Q](B no, )

@ilB)) = Q;(6,)

Then, it is easy to see that @) € Syic and supp(Q) C ®Tz1éj' By (2.8), we have
QDR PS") < Cnél.

Moreover, we can write D(Q||II) as below

dQ dQ
DQIN) = Qlog = + Qlog ;.
where
Qlog— = Zlog Q] ) < anen,
by (2.9), and

dQ
— <
Q log i CQTLE
by (2.8). Hence, we obtain the desired bound.

To show Theorem 2.4.1, we need a model selection version of Lemma 5.1.2:

Lemma 5.1.5. For @(E) defined as the solution of (2.34),

0k)’
: cififoé /rfrg%Q(’fr)neig(k) {p(e¥In®) + ¥ ( I ke(k>_10g7r(k)}
+P" logT1 <eXp <aL(P( )k), ) ‘X )}

where 11 is the prior distribution on Pkﬁ(’f) induced by the sampling process of (k, Q(k)).
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Proof. We use p(()n)7 pline)(k) to denote the densities of Pén), Plina)(’f)‘ A lower bound can be

directly derived from the right hand side minus the left hand side. For any a > 0, any k € K,
and any Q(k) € Sls/lf%, we have

D (QWII®) + QWD (AP, )~ log (k)

én) lo

v

g ’ )

= —P(gn) log IT (exp (aL (Péz)(k),Pén))) )X(n)> ;
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where Pl({l) is the probability measure with the density p(r? ) with

pgo(X(n)) =Y w(k)/pl(:;(k) (x () ari®) (g(k)y = /p](:g(k)dn (p(n) ) ’

k,0(k)
kel
nd (n) () pln)
k k n n n n
ati®) (o) = e ))pk,e(k) (X)) exp (aL (Pk,9<k>’P0 ))
Sy gy (X)) exp (aL (P/i%)(k)’PO(n)» dII®) (6)
The proof is complete. O
Proof of Theorem 2.4.1. By Lemma 5.2.2, we have
(n) | 5k (n) (n)
P, [Q( )L (PA’Q(E),P0 )}
1
inf = | mi ‘ (k) 1(*) (k) _
< b []rfrél% Q(,?ég(k) {D <Q I ) +Q ( I, /w(’f ) logw(k)}
MF
Py 10g 11 (exp (aL (P ™) ) |X™))]

Now we analyze each term on the right hand side. By Jensen’s Inequality together with

Lemma 5.1.3 and Lemma 5.1.4, we have

P(gn) log IT (exp (aL (Péz)(k) , pé”)>> ‘X(n)>

< log P(gn)l_[ <exp (aL (PIS:T;)(’“)’ Pén))) ‘X(n)) S ne%p

with some small constant a > 0. This is because the conditions (C1) and (C2) with respect

to prior II hold by assumption, and (C3) is implied by (C3*) with the argument

1 ({1 Do (R H )C”fn}>
> H({Pkﬁ Lk = ko, 0 })

> w(ko)1Fo) (@ (ko)) > exp( cgnen)
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i1 0

= W@(ko) According to prior

For the remaining terms, we choose k = kg and dQ(k

structure, Q(kO) € S]S/IFI«O“) , and

(ko) p < ) < max D( P >

< max < ne.
< ( 1P ) S 0k
We also have
mko
D <Q(k0)HH(k0)> log (ko) = Z IT; ko —log (ko) < nez.
Hence, we obtain the desired result. O

5.1.3 Proofs of Theorem 2.3.1, Proposition 2.3.1, Theorem 2.3.2

Proof of Theorem 2.3.1. Theorem 2.3.1 can be regarded as a simple application of Corollary
4.2.1 with ©j1 = R\{0}, ©,9 = {0} and p(X](.n)\Hj) o exp (—H(X; — Gj)z). We defer the

proof of Corollary 4.2.1 to Section 5.3.1. O]
To show Proposition 2.3.1, the following lemma is needed.

Lemma 5.1.6. For the prior distribution Il defined in (2.12), we assume that max; || fj[loc <

a and w(k) is nonincreasing over k. Then, we have

1
~ 2a+1
P(f)k‘ < n
0 ~ (].Og n )

for any 6% € ©4(B), where Py = ®§';1N(6’j,n_1/2).

Proof. We use the notation

0, —Y;)?
W; = /f] exp( i 5 ) )dej.
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By the condition || fj|lcc < a, we have W; <a 27” < 1. Define the objective function

nY?2
Zlog——l—Z——log( (k—l)exp( )2/ >+7T(l€)Zk>.

i<k >k

It is easy to check that
k = argmax (w(k — 1|Y) + 7 (k|Y)) = argmin L(k).
k k

To give a bound for 75, we first study the difference L(k1) — L(ko) for any ki < ko. We use

the inequalities

w(k—1) exp(—%YkQ) + (k)W n_ o
< —— <
log( = 1) T 7 (k) _max{ 2Yk,long}_0,

and

7k — 1) exp(—2Y2) + m(k)W
10g< ( ) exp(=9 V%) (k) k) Zmin{—ngz,long} Z—gY;€2+10ng-

Then, we have

ko ny2 ko—1

L(ky) = L(ky) < ) T + Y logWj +log (ZEZ — 3 i ZEZ??)

J=Fk1 J=k1+1
ko ny 1
< Z — — (kg —Fk1— 1) (§logn — log(a\/27r))
J=k1
ko ko .
*2 2
< n Z 07" + Z Z5 — (kg —k1—1) (5 logn — log(ax/?w))
J=Fk1 J=Fk1
ko 1
< nBril_QO‘ + Z ZJ2 — (kg — k1 — 1) (5 logn — log(av 27r)) :
J=Fk1
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where Z; ~ N(0,1). Now we bound ng)% by

PR < Cho+ S IR (k=1), (5.4)
1>Cky

1

where ko = [(kfgln) 20‘“1, and C' is some large constant. For each [ > Cky,

P =1) < P (L) < L(ky))
l

_ 1
< P nBQkO 20 Z 232 —(l—ko—1) (ilogn - 10g(a\/27r)) >0
J=ko
! 1 Tt
2 n ¢
< P Z 77> (l—ko—1) (élogn — log(ax/Qw)) e (logn)
J=Fko
l
< P Z;ZC(l—ko—l)logn ,
J=ko
2a
where the last inequality is by the fact that C; (107;”) ***1 s of a smaller order than (1 —
ko — 1)logn. Finally, a standard chi-squared tail bound gives
Pe(?) (k=1) < exp (—=C'(I — ko) logn) .
Using (5.4) and summing over [, we get P(f)% < kg, and the proof is complete. O

Proof of Proposition 2.3.1. According to Theorem 2.3.1, the variational posterior @ is a

product measure, and for any coordinate after a '/2:, the component is d5. By Theorem 5.1.6,

1
> 2a+1

logn logn

1
we know that Pg(f)k: <C < n . Use the notation k = C ( n )MH. Then, we have

Pg(f ) (E > 2]2’) < 1/2 by Markov inequality. Consider a 6* with every entry zero except that
0?‘2]%] = B[2k]~%. It is easy to check that * € ©,(B). For this #*, we have

PQIO—0*2 > B Q0r55 — Oy 1R < 28
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= 02 Py (F < 2k)

1
-0
2

Y

*2

[2K]

_ 20 2a
= n 2o+l (10g n) 2041 |

Thus, the proof is complete. O

The proofs of Theorem 2.3.2 will be split into the following three lemmas. Recall that

we use the loss L(Pe(n), Pe(f)) = n||6 — 6*||2 for this model.

Lemma 5.1.7. For the prior 11 that satisfies (2.15), the conditions (C1) and (C2) hold for

all € > n=1/2.

Proof. Given any € > n~1/2 and any C' > 0, we define
Op(e) = {9 = (0;):0; =0, forall j > CneQ/C’Q} .
Then, by (2.15), we have
(On(e)°) < I(k > Cne/Cy) < exp (-CnEQ) .
This proves (C2). To show (C1), we consider the following testing problem,
Hy:0 =0, Hp:0€0,(c)and || —6%||]> > Ce’.

Define N (4, S, d) as the d-covering number of a set S under a metric d. Then, according to

Lemma 5 in [32] and Theorem 7.1 in [31], it is sufficient to establish the bound
log N (¢/8,{6 € On(e) : 6 — 67| < e}, || - |I) S ne

This is obviously true given a standard volume ratio calculation in a Euclidean space of

dimension [Cne?/Cy]. Then, by Theorem 7.1 in [31], there exists a testing procedure ¢,
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such that (C1) holds. Note that the testing error can be arbitrarily small given a sufficiently
large C > 0. O

Lemma 5.1.8. Assume 0* € ©y(B). For the prior Il that satisfies (2.16) and (2.17), the
conditions (C3) and (C4) hold for e, = n_ﬁ-l-l(log n)ﬁﬂ

Proof. We first show (C4). We will apply Theorem 2.2.4 by constructing a Qe Syip and

®jéj that satisfy the conditions (2.8) and (2.9). Define (:)j = [0; — nil/Q,Q;f +n~ Y2 for
1

all j < kg and éj = {0} for all j > ko, where kg = {( o )MH“ is the same as defined in

logn
2.16. We also define the measure @ by

ko
dQ(0) = [T £;06;) 11 do(6;)a6.
Jj=1 J>ko

It is easy to see that Qe Svp- For any 0 € ®j(§j, we have
Da(Py 1 By™) = 2D(P | By™) = il — 67| < o S el (55)

and

< —logCg3 + Cykglog kg < ne%. (5.6)

0) = " 7 (ko)

Therefore, the condition (2.8) holds. To check the condition (2.9), we use the bound

dQ(0)
<
log 1 1

0 o ko o ko 9;—1—71_1/2
— 10gQ;(0;) == 1ogQ;(6;) = —Zlog/* e fj(z)dx
=1 =1 =1 JOn

ko

1/2 1 9}‘+n*1/2
< —kglog(2n— — log f:(x)dx,
< holosn %) - o5 S /9/ 8 fi(x)

where we have used Jensen’s inequality above. We are going to bound each of the integral
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above using (2.17). For any j < kg, we have

1 G;Jrn /2 9 1 9
—271_—1/2/* 71/2 Ing]( )d$ < CO"’Clj ot (39* )

< ¢o+ 301/€0j2a9*2 + 1 kZCH_l 1< co+c1+ 301/{0]'20‘9;?2.
Hence, we get
200 n*2
—Zlong ) < ko logn + (cg + ¢1 — log 2)kg + 3c1kg Zy 05" < nen, (5.7)

J

which implies that (2.9) holds. The condition (C4) is thus proved by applying Theorem
2.2.4.

Finally, we derive the condition (C3). In view of (5.5), there is a constant C' > 0, such

that
—logI1 (Dy(PY|114") < Cne?)
< —logm(ko) —log ] (D2<Pg?>up<">> < (né3)
< —logm(ko) ZlogQJ
The last inequality above is by (5.6) and (5.7). Hence, the proof is complete. O

Proofs of Theorem 2.3.2. The results are directly implied by Lemma 5.1.7, Lemma 5.1.8. [

5.1.4 Proof of Theorem 2.3.3

For Theorem 2.3.3, the loss function is L(Fy', Py.) = nH?(Py, Py«). We split the proof of

Theorem 2.3.3 into following two lemmas.

Lemma 5.1.9. Assume 0* € ©y(B) for a > 1/2. For the prior 11 that satisfies (2.20) and

(2.22), the conditions (C1) and (C2) hold for all ¢ > (107%71)@'
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Lemma 5.1.10. Assume 6* € ©4(B) for a > 1/2. For the prior II that satisfies (2.21) and
_2a
(2.23), the conditions (C3) and (C4) hold for €2 = <10%> ot
Before proving these two lemmas, we need the following two results that establish rela-

tions between different divergence functions for the exponential family model.

Lemma 5.1.11. If |0 — ¢'||; < % then
H(Py, Py) < 2V2[|0 - ¢'[|1.

Proof. We first give some uniform bounds that are well known for exponential family density

functions (see [52]). For any 6,6, we have

i
Dy

log < 2v2||6 — 6'||;. (5.8)

oo

We start from the left hand side of the inequality:

2
1 dP,
H*(Py, Py)? = = b _1) dp
(Fy, Pyr) 2/( iy > (%

1 2 1 9
< §/<6XP(\/§||Q_€/H1)—1> dP9/+§/<exp(—\/§||9—0/||1)—1) dPy
1 1
< 5 [slo-o1kary -+ [sjo-oary
= 8llo—0¢'|I3,

where we have applied the property that exT_l is monotonically increasing for all . Then it

follows that H(Py, Py) < 2v/2(0 — &'|1. O
Lemma 5.1.12. For any 0 and any 6* € ©4(B) with o > 1/2, we have
Cytexp (=3V20107 = 0111 ) 16" = 01> < 2H2(Pye, Py) < D(Pye |1 Py)

< Da(Pye | Py) < Coexp (3V2]0° — 0]l ) 10" — 6],
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where the constant Cy > 0 only depends on o and B.

Py

Proof. For any 6* € ©4(B), we have Hlog

< 2v/2||60%||;. Since
o¢)

o0
1612 < Z] > %05 | < B*a, (5.9)
j=1

where v, = Z})‘;l 72 =0(1) for a > 1/2. This gives

< 22?8 (5.10)
o0

Now we proceed to show Lemma 5.1.12. Given the result of Proposition 2.2.1, it is

sufficient to prove the first and the last inequalities. Define

d Py 2
P,

Following the argument in the proof of Lemma 3.2 in [29], we have

—Hl dpg*

3 2|1 9 o

By (5.8) and (5.10), we have
Ci 10— 07117 < 2H2(Pye, Py) exp (3v2110 — 0%y )

for Cp = 2 exp(2\/§%1/ ’B ), which implies the first inequality.

For the last inequality, we have

d Py«
Do(Py«||Py) = log (/ d Py« exp <10g d}f >)

= log <1+Z /dPQ* <1ogdp9*>>

129




d Py
P,

IN

log

y

o0
1
log (1 + D(Py+||Py) ) i
=1 "
d Py
dPy

< D(PG* ||P9)62\/§||9—9*||17

-1
00

IA

log

D(Py||Py) exp (

where we have used the inequality that efT—l < e’ for all z > 0 and the last inequality is by

(5.8). By the same argument in the proof of Lemma 3.2 in [29], we have
D(Pye| Py) < eV2N0-0"1+2v210% [ g _ g2
Therefore, we obtain the bound

Do(Pye||By) < 63ﬂl|9—9*||1+2\@|9*||1||9 _ 9>1<||27

which implies the desired result by (5.9). O
Now we are ready to prove Lemma 5.1.9 and Lemma 5.1.10.

2c
Proof of Lemma 5.1.9. Given any € > (10%> 2a+1, we define the set

On(e) = {0 =(0;):0; € [—wn,wp) for 1 <j <ky,0;=0for j >k},

where wy, = (Cne?)1/8 and k, = { Cne? -‘ We bound II(©y,(€)€) by

log(ne?)
kn j
I(On(e)) < (k> kn)+ Y H(k=3) Y T(|0;] > wplk = j)

j=1 i=1
kn j

< (k> k) + > (k= j) Z/ fi(x)dz
= =1 7 lz[>wn
kn

< II(k > kp) + fi(x)d

(k > kn) ; /MW J(2)da
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kn,
< TM(k > ky) + Ze_clwﬁ/Q/ecl|x|6/2fj(x)dl’

=1
kn, 5

< (k> kp) + Zeclw”/2/601|x|ﬁ/200cﬂxﬁdx
=1

S/ exp(_C2kn log kn) —+ k‘n exp (_0157162/2) ’

where we have used the conditions (2.20) and (2.22). Therefore, for any C' > 0, we can
choose a sufficiently large C, such that [1(O,(e)°) S exp(—C’neQ), which proves (C2).

To prove (C1), we consider the following testing problem,
Hy:0=0% Hi:0¢c Oy(c)and H(Py, Pp) > Ce.
By Theorem 7.1 in [31], it is sufficient to establish the bound
log N(€,{Py: 0 € On(e)}, H) < ne.

Note that for any 6,6 € ©y(e), we have [0 — 0|1 < VEn||0 — ¢'||. Therefore, by Lemma
5.1.11,

H(Py, Py) S 10— 0'lln < VEnllo =0l

when ||6 — ¢'|; < \/L§ This means as long as || — 0| < /{:Elﬁ(e A 27Y2) we have

H(Py, Py) < €. Thus, there exists a constant ¢, such that
log N(e,{Fp:0 € Oy(e)}, H)
< 10g N (ki 2 n27V?), {0 € REn 2 10)2 < R}, |- )

k;lo( Fnton )
n o8 (e N271/2)

< kplog(ne?) < ne?,

AN
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[
where we have used the condition € > (101%71) “*1 iy the last two steps above.
It implies the existence of a testing function that satisfies (C1). The testing error can be

made arbitrarily small by choosing a sufficiently large C’. Hence, the proof is complete. [

Proof of Lemma 5.1.10. In the first part of the proof, we derive (C3). We take ky =
1

[(n/logn)?T]. Define © = ©;6;, where 6; = [0F — n~1/2,6% 4 n=1/2] for all j < ko

and éj — {0} for all j > ko. Then, by Lemma 5.1.11, for all 6 € ©,

Do(Py<||Pp) < Coexp(3v/2]|0* —0]1)0 — 0%

ko
= Cpexp | 3v2 7+Z|9* +Zej;2
J>ko J>ko
S Coexp <3\/_ (n2+4a + B 1/2>> 0—|—k’ 20432)
< ne.

where we have use the condition o > 1/2.

Therefore, it is sufficient to lower bound H(é), which has been done in the proof of
Lemma 5.1.8.

Now we will derive (C4). Rather than using the results of Theorem 2.2.3 or Theorem
2.2.4, we will construct a @ € Sg and bound R(Q) directly. Note that in the current setting,

we have

R(Q) = = D(@QI) + QD(Fye | Fy).

1
For kg = [(n/logn)2at1], define Q = ®;Q;, where Q; = N(Q;,n_l) for j < kg and
Q; = N(0,0) for j > kg. Then, it is easy to see that Q € Sg.

We first give a bound for D(QI|II). Let F; denote the probability distribution with

density function f;. Then, we have

ko
DQIIM) < log —~+ > D (N (@3 n ;).
=1

(ko) o
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where the first term on the right hand side above can be bounded as

< kglog kg < ne,

(0]
”(kO)

according to the condition (2.21). For any j < kg, we use ¢; to denote the density function

of N(@}‘, n~1). Then, by (2.23), we have

D (N nIIE) = [ ustogw; - [vlos,
< /@Dj log@Z)j+06+c/1j2a+1/¢j(x)x2d:p

1 n
- 2] ( ) ! 2041 *2
5log (5 +ch + g (n™ +0; ).

Since 0* € ©4(B), we have
ko
ZD (N(H;f,n_l)HFj) < kologn < né.
j=1

Therefore, we have obtained D(Q||II) < ne2.

We then derive a bound for QD(Fy«||FPy). For j < kg, we write 0; = 6* \}ZJ where

Z; ~ N(0,1). Then according to Lemma 5.1.12, it follows that

QD(Pye|IP) 5 Qexp (3v2)0 — 671 ) 16 — 6|

ko
Q[P (S, g Y

J=1 J>ko

sfz] 12 |/IZZ2/HJr Z <2 Eesfzj 1125 |/‘f(>5 11)

J>ko
where the last inequality is by (5.9). Suppose we can show
ko 1,
ESV2EZZIVE _ o1y, (5.12)
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and

EZ2V2EN IV Z o). (5.13)

Then, up to a constant, (5.11) can be bounded by

k:() *2 2
D 0P S
J>ko

which further implies QD(Pys||Py) < €2.

To complete the proof, we show (5.12). We have

ESVESL 17,1/

IN

ko
3v2 5
E exp —E (1+Z23)

= ex % Eex ﬁ 2
= p \/ﬁ p \/ﬁxko

Since o > 1/2, we have ky/y/n = O(1), and thus (5.12) holds. For (5.13), we have
E7263V2 S5 2V _ (2321 (Eeaﬂ s IZJI/\/ﬁ) .

ko 5.
Note that EZ%e?’\/?'ZlV\/ﬁ = 0(1), and Eegﬁzﬂ':? 1Zil/V™ shares the same bound for (5.12).
This implies (5.13) also holds. O

Proof of Theorem 2.3.3. The result is immediately implied by Lemma 5.1.9 and Lemma

5.1.10 in view of Theorem 2.2.2. O
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5.1.5 Proofs of Theorem 2.3.4, Theorem 2.3.5 and Theorem 2.3.6

Proof of Theorem 2.3.4. Recall that ©, is the space of piecewise constant vectors with at

most k pieces. Then, we have the partition
R"=0©,_1U (On\Op—1).

First of all, we consider & = Syp. Suppose the measure @) € Syp and D(Q||II) < oo, then
the support of ) must be a subset of the support of II. Note that the distributions g;’s are
all absolutely continuous. That is, for any singleton z, TI(¢; = x) = 0, which indicates that
Q(0; = x) = 0 for any singleton z. Thus, @ is continuous in each coordinate and for any
jeln—1, QW =0j11) = [QO; =011 =2)dz = [Q(0; = z)Q(041 = z)dz = 0.

Therefore,
Q (©5—1) = Q (there exists a j € [n — 1], such that 0; = 9j+1) =0,

because otherwise the independent structure of ) would imply a delta measure for some

coordinate, which leads to D(Q|/II) = oco. This implies that @ is supported on ©,\0,,_1.

Therefore,
anl qi(0;)
D(Q|II) = / log ! dQ(0),
(@D 1(0,\Op—1) [Ti=1 9(6:) )
where ¢;(0;) = d%e(fl) Then, by the definition of Syjp and the independent structure of

Pa(n) , we have

Qur = argmin { D@ + QD(R P}
QeSvr

= g {@Z(log%+D(N<9;",02>||N<ez-,a2>)>}.
Q:%:Hzﬁlqi(@i) i=1 g\

135



This gives
dQMF (6; — X,)?
| | g(0;) exp < 552 .

In other words, the mean-field variational posterior @MF is a product measure, and on each

coordinate, it equals the posterior distribution induced by the prior g;. Now we give a lower

bound for ng)@MFHH—O*HQ. Since [|0 — %] = 3211 (6; )2 we have
0 — 0% PyE ((0; — 07)*|X;
Py Qur | | Z (8 )|
1=1

where we use E(:|X;) to stand for the posterior expectation of #; with the prior 6; ~ g;. By

Jensen’s inequality,
2
E (0 - 07)21%:) > (B(0:1X7) — 0%).

Therefore,

sup P(f)@MFH@ — %2

9*e®k( )

> sup ZPG* (0;1X;) — )2
9*6@1

> -ZPQ* E(6;]X;) — ZPQ* E(6;|X;) — 6)
1 & %\ 2 *\ 2

- 52(139* E(6:1X;) — 0)° + Pye—p (B(0,1X;) — 07)°)
n

> 232/min (dN(B,az),dN(—B,UQ))
1=1

zZmn

Next, we consider § = Sﬁlbflt. As QJOlnt Sﬁgm, we can assume

AN (1, 2, 0) = dQ™ H Q% (z H 0" (0
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For the same reason, [[;; d@(e)(ei) is supported on ©,\0,,_1. The joint distribution of

prior is written as

['(ao + Bo)

(ag)T(Bo) (1=w) 9(01) [ T 9(0:)%5,

J i—1
1=2

Thus, conditioning on # € ©,\0,,_1, z; = 1 for all 2 < i < n. In other words, @52)(22 =

~

1) =1 for all 2 <7 <n. Plug it in the definition of jS\(/)[il?t, we have

(2,4

= argmin QW) log 4
(Q,Q)
AQO=TTLy 4" (69
dQW) =¢) (w)dw

n (0)
(©) q; " (0;) . -
+Q ; log =5~ +D(N(ez,g VNG, 0 )>

This gives dQ(ZZ(w) o m(w)w" ! and @(0)(0) = @MF(H) It implies that

sup PR ORI~ 0%2 = sup  PRIQO)lo — 02

9*€@k(B) 9*e®k(B)
= s PMOurlo - 0¥ 20
6*cO,(B)
The proof is complete. O

Proof of Theorem 2.3.5. This theorem is a special case of Theorem 2.5.6, whose proof is

given in Section 5.1.9. O

Proof of Theorem 2.5.6. 1f D (Q(w, z,0)||11(w, z,0]Y")) < oo, we will have

supp(Q) C supp(I1(-]Y’)) C supp(Il).
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For @ € Sﬁi?t, as I(z; = 0,0; # 0;_1) = ll(2; = 1,0; = 0,_1) = 0, we can conclude
that Qi (z = 0)Q{"(6; # 0i-116,-1) = 0 and Q7 (5 = DR (6 = 6-116-1) = 0.
In other words, the conclusion leads to Q ( =1) =0, QEO)(G,- # 0;_10;—1) = 0 or
Ql(- =1 =1, QZ- )(0; = 0,_10;_1) = 0.
Thus, we can define a set S C {2,3,--- ,n}, such that for i & S, ng)(zi =1) =0 and
©)(0;10;_1) = 65,_,(0;)d0;, whereas for i € S, Q17 (z; = 1) = 1 and dQ¥ (6110, 1) =

qge)(ﬁi\ei,l)dﬁi, a continuous density function. Then we can write

dQ_;:L? o) = 91 H]Iz —1(2i)q 0 (0;160;—1) H]IZ_ (2)0,_, (0;).
ieS i¢S

Plug it into D(Q(w, z,0)|[11(w, z,0]Y")), and we get

D (Q(w, z,0)[1(w, z,0Y))
B w ¢") (w)
= /q( )(w)log e )w|S|( - )n—1—|S|dw

/@ o) TT o 6:16:-1) TT 60, (63)

€S ¢S
0" 00) Ties ) 0310:-1) Tigs 06, (6)
9(00) Ties 900) Tigs 09, (05) exp (=5 X1y (Vi — 6)%)

x log e,

where

@(S) = {Q|92‘ =0;_1fori ¢ Sand@; #0;_ 1 forie S}

Then

min D (Q(w, 2, 6)|[Tl(w, z,6]Y))
Qesiie!

(w)
‘ ] (w) q (w)
g [0
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s a0 o de} } |
o(s) 9(00) Ties 90 Tligs 0o, (0) exp (= X1y (Vi — 6,)2)
(5.14)

For a given set S = {a; +1,a0+1,--- a1+ 1} withO=ap <a; < - <ap_1 < a, =n,

we first solve the minimization over q(w) and q(a). The solutions without constraint that

QW) ¢ Sy are given by

7" (w) = T(k E(? T olzoJ)rPO(éSz . ioi Bo) wh a0 (1 — w)rh R
and
0 — O Thies 9000 Tigs dn, 0 o (3 T3 >2)
900 Ties 900 s ., (0 o (—% S (Y] > 2) do

j=1 fg(eaj_l—kl) €xXp ( D) Z 1+1( -0 j_1+1) ) d@aj_1+1 €8

As @(9) obtained above is still in the variational set Syic, this is a valid solution to (5.14)

for a specific set S, which implies that

@(w) = Beta(k — 1+ ag,n — k + ),

and

~

d@gg) (91) x 9(91) exXp (_% Zie(aozal](Xi - 91)2) dby,

~(6 . .
dQ\") (0;160;-1) o< 9(0;) exp (—% 2 1e(a;_1:a5) (X1 — 92‘)2> do;, i=aj1+1,j>1,

6:16; 1) = dp;_,(0;)do;, otherwise.

Ve

Now the only thing is to show that % and ai,- -+ ,ap_1 are the solution of (2.28). Plug @(“’)
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and Q) into (5.14), and then

A(w)
~(w) g (w)
/q (w)log S TSI — 1181
B I'(n—1+ag+ f) . DPlag + Bo)
= S T et — k4 A0) % o)L (o) (515)
and
0 (g
/ q(e)(Q) log ) -~ 5 db
o(5) 9(01) [Ties 9(0i) Iigs 09;_, (6i) exp <—§ >oim1(Yi —0;) )
= [ a0 T1a" 6o Lo, 00
9(5) ics idS
e 7 00) Ties " 60:16;-1) Tigs 00,_, (63) y
9(01) I Lies 9(0:) [Tigs d0,_, (0i) exp (-% >ie1(Yi— 9@)2>
k 1 aj
= Zlog /g(eaj-i-l)exp _5 Z (Y; - eaj_1+1)2 deaj_1_|_1
7=1 1=a;_1+1
2 LG
— Zlog /g(@) exp ~5 Z (Y; — 0)2 do
7=1 1=a;_1+1
(5.16)

Plug (5.15) and (5.16) into (5.14), and the optimization problem becomes (2.28). The proof

is complete. O

5.1.6 Proofs of Theorem 2.4.2 and 2.4.3

To prove Theorem 2.4.2, we first establish an upper bound of Pfﬂ @H 2(PE o) Pﬁ) ) by ap-
0 ;

plying Theorem 2.4.1 for a ﬁ) that is constructed to be close to fj. Then, with a change-

of-measure argument, we derive a bound for P%@H 2(P% 9@)7Pfo)' The construction of the

surrogate density function ]70 is given by the following lemma.

Lemma 5.1.13. Suppose that the true density fy satisfies conditions (B1)-(B3). For a
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_ Jo(@)lgy, (z)
fan fo(z)dz
a constant & < min{&3,p} and a sufficiently small oq > 0, there exists a finite mizture

constant Hy > 2a, we define fo(x) with Egy = {z : folz) > a(l)r{l}. For

p(x|koy, Ooy) with key = 0(00_1] log oo[P/$4) and 050 = (Hog, Way, 00), such that

2
Dy (P |1Pry 6,y ) = O(03). (5.17)
M . Hi+2a+2
oreover, (5.17) holds for all miztures p(x|kqgy, (11, w, o)) such that o € [0, 00+ 0, ,
Hi+2a+2 Hi{+2a+1
|1 = pogllr < o 1H20H2 ond w € Akgo(wgo,ao 120t ).

With the definition of ﬁ) and its property given by Lemma 5.1.13, we can derive an
upper bound for PJZ} @Hz(PE o) Pﬁ)) by checking the conditions (C1), (C2) and (C3*) in
0 )
Theorem 2.4.1. This argument is split into the next two lemmas.
Lemma 5.1.14. For the prior Il that satisfies conditions (2.40), (2.42) and (2.45), the
conditions (C1) and (C2) hold for L(P(n),P(gn)) = nH2 (P, Py) and all € > n® with some

constant 6 > —1/2 with respect to Pén) = P}l for any o9 — 0 and pn) = Pge(’f)'
0 )

Lemma 5.1.15. Suppose that the true density fy satisfies conditions (B1)-(B3), and the

prior 11 satisfies conditions (2.41), (2.43), (2.44) and (2.46). Then the condition (C3%)

holds for Theorem 2.4.2 with respect to Po(n) = Pfﬁ. Here, the density fo is defined in
0

1 r a ar
Lemma 5.1.13 with o chosen as n~ 2a+1 (log n)2a+1 and the rate is €, = n~ 2a+1 (logn)2a+T

with r given in Theorem 2.4.2.

We first prove Lemma 5.1.13, and then prove Lemma 5.1.14 and Lemma 5.1.15. To
facilitate the proof of Lemma 5.1.13, we introduce the following lemma, which is analogous

to Theorem 1 in in [42].

Lemma 5.1.16. Let fo be a density satisfying conditions (B1)-(B3), and let K4, denote the
convolution operator induced by the kernel 1q,. Then there exists a density hq such that for

a small enough oy > 0,
i

=1+ 0(c3%).
e~ 1 Ol
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Proof. We set Gy = {2 : fo(z) > 05{0} and
Agy = {z : lj()] < Bog?|logag| /P, j —1,---, |a], |L(x)| < Boy®|log op|~*/P}.

This is the same definition that appears in Lemma 1 of [42]. Note that f )( )dx 1>0,
and we only need to derive an upper bound for this integral. We first have the following

decomposition

fole)? (fola) ~ Kogha(z))?,
Kooha() = /A NG Kopha(z) !

fo(z)?
d Kyoho(z) — d dx.
f s, Tt / + oy (Klole) = e / o, oI

The first and third terms can be bounded by O(o, 20‘) according to the same argument in
the proof of Theorem 1 in [42] when Hj is chosen to be large enough. For the second term,
according to Remark 1 in [42], we have Kf 0@ )( 3 < My with some constant My > 0 for all

x. Then Lemma 2 in [42] implies

2

/ ol < g folw)dz = O(03°).
Ag uGs, Kogha(@) A5, UGS,

The last term can be upper bounded by 1. Summing up all the terms, we obtain the desired

conclusion. O

Proof of Lemma 5.1.13. The proof uses a slightly modified argument in the proof of Lemma
4 in [42] First of all, according to Lemma 5.1.16, there exists a density hq such that
f dx = 1+ O(02®). Define Eg, = {z: fo(z) > 0512}, where Hy > Hj is chosen
ha(x)HEéo(x)

- fE:’ro ha(x)dx”
with & < min{3,p} and some constant Cp > 0. We choose p(x|koy,00y) With 65, =

to be large enough. Set hq(z) Define the number ag, = Co|logag|'/41,
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(Hogs Wag, 00) to be the finite mixture given by Lemma 12 in [42] that satisfies
1K ooha = Phyy 5, lloo < 0 exp(—Collog a[P/*),

for x € [—agy, ag,], where Py fo is the density of Pk“oveao' We will show that this mixture

density satisfies (5.17). We write

~ o ~
x 212 Kooha Kegh
Dy(P; | Pryy 6r,) = @), g2 0=

pkzgoﬁao (1‘) Ego fg KUOh@ Koohcv pk007900 '

The four ratios will be bounded separately.

1. According to (B2), we know that ffo(x)bdx = O(1), for any constant b > 0. Since

Hy > 2a,
Hi\ 2 -3 20
fo(z)dz < (ogt)™ fo(z)” Midz = O(og™).
Ec¢ FE¢
) o0
This leads to
fg(l’) 1 2
LR — 1] < Cyo2,
fi (@) (1= Jpe, folw)dn)? "

for a constant C1 > 0 and all x € Ey,,.

2. For the second term, we have

2 2 2
Jo dr = /o dr — Jo dz.
Ec,0 Kaoha Kaoha Ego Kaoha
Since % < My for a constant M uniformly over z,

2
/ fo 4, < Mo/ fo(x)dz = O(a5%).
Eg, 1. Eg,

) ha
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Combining with Lemma 5.1.16, we conclude that

de — 1| < 02080‘

00 ha
for a constant C > 0.

3. By the same argument in the proof of Lemma 4 in [42], we get

|—Kgoha(x) -1 < 03030‘

Kooha ()

for a constant C'3 > 0 and all x € Ey,,.

4. According to the proof of Lemma 4 in [42], we have E, C {z : fo(z) > 00052} for
some constant cg. Because &4 < &3, E,’,O C [—agy, oy]. This leads to the inequality
HKUOﬁa pkaoﬂaOHOO < 00_1 exp(—Cp|log o0|P/4). Note that for any z € Es,, we
have Kgo(x)ha(x) 2 Koghal(z) 2 fo(z) 2 0(1)71 uniformly over x € Fy,. Thus, for a
sufficiently large Cy,

_ ,Collogay|P=*a)/Ca—1 _ O(ctht2ey,

oy T exp(—Cy| log ap[P/¢4) 0

where we have used the condition £ < p. Then we have

1K opha = Pl 5 Nl
_q S _ oo’ oprVoq S 040_(2)0[
p(lkay, boy) Koha(@) = [ Kagha = i,y 05|l

for all x € Ey, with some constant Cy > 0.

Combining the bounds of all terms above, we get

/—( G T

p .1'|k'00, 000)

which indicates that (5.17) holds. When o € [0y, (I){1+2a+2] |1 — pogllh < o
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Hi+2a+1

w e Akgo(waw o ), according to Lemma 3 in [42], we have
Hi+2a
||pk00,(,u,u)70') o pkOO?(NCTva<707JO) ||OO - O<0_0 ' )

Then the four points listed above also hold, which means that (5.17) is also satisfied for these

(kog, (4, w,0)). The proof is complete. ]
Now we prove Lemma 5.1.14 and Lemma 5.1.15.

Proof of Lemma 5.1.14. We consider the set

On(e) = Ui, 0)(e), (5.18)
where
OW(e) = { P, yay : 0%) = (0, 0), 1 € @Ky [~y bu). o € (mo, Mo},
with ky, = [”—GZW by, = (neQ)% mge = (ne%iﬁ and My = ex (17%2) It’s easy to see
"= |log(ne?) |” " T y Mo = o =¢xXpis . Yy
that

On(e)¢ C {Pkﬂ(k) k> ’fn} U (UIZ’L1@(k)(E)) ’

where ©F) (¢) = {P gk : k) = (1, w,0), max; |p;| > By or o & (Mg, MU]}. Thus

M©u(0) < 3w+ Y (k) (1) (0 ¢ mo, o)) + 1) (pm [ > 0 )|

k>kn k=1
Now we derive an upper bound for each term.

1. Set 7 = 02, and then for all k € N,

/()eXP(MQ)pT(T)dTJF/(OO pr(7)dr

n62)1/b3

H(k) (0 & (mg, Mo])

IN

< by exp(—ne?) + by exp(—bone?),
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where we have used the condition (2.45).

2. By the condition (2.40), we have

Z (k) < Cy exp(—Cakp log(kn)) < C1 exp(—Cane?).
k>ky,

3. According to the conditions (2.40) and (2.42),

INA
(]2
A
=
N
VR
T
o<
3
)
=
&
SY
S
+
:\
8
)
=
&
SY
S
~_—

k=1 e

o0 o0

< c1exp( (:2ne Z ZTF
m=1 k=m
o0

< epexp( —cone? Z C1 exp(—Cymlogm)
m=1

< Elexp(—CQnez).

Summing up the three bounds above, we have I1(0y,(¢)¢) < exp(—Cgne?) for some constant
Cp > 0. In order that the constant C can be arbitrarily large, one can replace € by Ce for
a sufficiently large C and use the same argument above. We therefore obtain (C2).
Now we start to show (C1). By Theorem 7.1 in [31], it is sufficient to bound the metric
entropy
log N (€, On(c), H) < ne?.

Since H2(Py, Py) < TV(Py, Py), we have N(e,0,(¢), H) < N(€2,0,(¢), TV). According to

(5.18),
Fon

N(€2,0n(e), TV) < > N(2, 0 (e), TV),
k=1

and thus it is sufficient to bound N (€2, 0()(¢), TV) for each k € [ky].
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We use ¢ to denote )5 with o = 1 in short. According to Lemma 3 in [42], for any P}, g
with 0 = (y, w,0) and P_5 with 0 = (Ji,w,5) such that Pro, P g€ ©k)(¢), we have

lo — 7]
oNT

w; N\ w;
oNT

k

TV(Pkﬁ,Pk’g) < Jlw—wlj +2||1/J||ooz \pi — pi| +
=1

~ 2l - lo — 0|

Jw — @[y + 25— — fally + ——.

Mo m

a

IN

Based on the fact that N(e, A x B,d; +dy) < N(te, A,dy) x N((1 —t)e, B, ds), we have

N(2,0H) (), TV)

2 2 2

€ mMg€ k mege

< N|—,A . N|{——|-bn,b . N M, ).
= (37 ka” ||1) <6||¢H a[ (3] n] a|| ||1) < 3 a(maa U]7| |)

Then, we use Lemma 5 in [42], and obtain
= 15 9
N1 58kl ) <exp| (k—1)log— | <exp(Crklog(ne”)),
€

2 Kl (bn + &)
¥ (G o bl ) < O < e Cologi -+ togne))
G 6

2

M,

N Tef (Mg, Mg],|-]) < —g < exp(C’gne2),
3 mge*/3

for some constants C,Co,C3 > 0. Note that we have used the condition € > n% for some

constant § > —1/2 to derive the above bounds. Finally, we have
N(€2, On(€), TV) < ky exp <C’1kn log nez + Coknp (log ky, + log nez) + 03n<—:2> ,

which leads to
log N(€2,0p(€), TV) < kylog(ne?) < ne?.
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The proof is complete. O]

Proof of Lemma 5.1.15. According to Lemma 5.1.13, there exist kg, 05 = (tog, Woy, 00)

ko
such that (5.17) holds. Then we set kg = kg, in Theorem 2.4.1 and Olkoy) — @L o) ®
ko ko ko ko ko .
@EU o) ® @((; O), where @/(J o) _ ®j:01@/(ij 0). To be specific, let Hq be any fixed constant
such that Hy > 2a, and then we define
(Fog) —1_Hj+2a+2 —1_Hi+20+2
@Mj "= [Hg,5 — kg 00 e s lag,j T Koy 0 S

(k/’oo) Hi+2a+1

@w = Ako_o (w0'070-0 ),
and
ko
@((, o) _ [00, 00 + 05{1+2a+2].
The conclusion of Lemma 5.1.13 implies
e ko) {(u,w,a) :nDg (P%||Pk007900> < an(fga} : (5.19)

__1 _r _1 _1
for a constant Co > 0. Choose og = n~ 2e+I(logn)2e+1, then n2a+1 < ks, < n2a+l  for

any t > 0 as n — oo. Then the condition (2.41) implies

—logm(key) S kog log kay- (5.20)
We also have e , ~+k—1aé{1+20‘+2
o o 70, " oQ
I, 0 (O 07 2/ | Hy 42042 pu(x)dx.

Mao,j_ka_o 00
According to the condition (2.43) and Lemma 5.1.13, we have |u;| < |[log oo|V/$4 with

&4 < min{&s, p} as in Lemma 5.1.13. Then,

kg, ko,
— log H/(Aj 0)(@£j 0)) 5 |10g00| + |10g UO|66/§4 5 |10g O.O|max{1,06/§4}'
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By (2.44), we have

ko ko
“log LY (0070)) < kg (0 ko) ] log o).

Finally, the condition (2.46) leads to

-1

log T1570) (@) < _ " dr | <1 b < ogt
- Og g ( ag ) =~ Og (0 + H1+20¢+2) 1 pT('I) X | Og UO| + UO O-O :
90

With the choice {4 = min{p, &3} and ks, = O(O’O_1| log 09[P/%4), we have

“log (kg ZHM 0170y — log Ty (04170 — log I1,(05°') < 3 L (log ap)'

1 I
where r = + max{ds + 1, m}. Plug in 09 = n” 2o+1 (log n)2a+T ;we obtain

p
min{p,¢3}
(C3*) with respect to fj. O

Finally we prove Theorem 2.4.2.

Proof of Theorem 2.4.2. We bound P}”’(’)@HQ(Pg o) Py,) by

2
PfOQH( WGk , Pry) < P”QH( To®) Pf0)+TV(Pf,P?)

Py,) + TV(P) P2,

< 2Pt LQH? (P,
fo

P;)+2H%*(P

R0® " fo fo’

By Lemma 5.1.14, Lemma 5.1.15 and Theorem 2.4.1, we have

P”QH2( P;) S o,

ke(k)’ fo

fo@) g, (2)

T hn With Beo = {2 folw) = 0"}
o0

1 r ~
for o9 = n~ 20471 (log n)2a+1. Note that fo(x) =
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and R = [ fola)dr < /2 [z, V/Fola)da = O(ot"/2). Then,

Py Pr) =1~ [ fola)fola)de =1~ VI= R = O(a)?).

Moreover,

TV(P} PE) = 1= (1= R)" = O(nF) = O(nott/?).

With the choice Hi = 8a + 4, the proof is complete. O

Now we prove Theorem 2.4.3. We also use change of measure argument and show the

concentration around P}n) at first.
0

Proof of Theorem 2.4.3. We first present a latent variable version of Lemma 5.2.2,

n | Hk) )
Pfo {Q nt (Pk,e(k)’Pfo> }

IN

1 PR
inf — |min  min {D <Q(k)HH(k)>
a>0a |kek Q(’“)Ggﬁﬁ

(k) 2Pk 2R g(k)y)
+QMD (P2 1P|k, 2®,00)) —1og (k) }
—l—P%logH(exp <anH<Pk0(k) )>‘X )} (5.21)

where ﬂ) is defined in the Lemma 5.1.14. The proof of this inequality follows the same
argument as in the proof of Lemma 5.2.2 and thus we omit it. Note that the parametrization
of the density p(z|k,0%)) in (2.36) does not rely on the latent variables. Therefore, when

the conditions of Theorem 2.4.2 are satisfied, for some small constant a > 0, we have

2ar
P}z logI1 <exp (anH (Pk o(k)» P ) ) ‘X ) < n2a+1 (logn)2a+T,
0

based on the Jensen’s Inequality, Lemma 5.1.3 and Lemma 5.1.4.

Now we need to choose some k € K and Q( € Sy (k ) to bound the remaining terms of
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(5.21). We consider dQ®) (z(F) g(k)y = g (. )dQe J0®)) and QW) (-

7) = Yij»

where Zéf 1% = 1. We sometimes shorthand Qe by Q when the context is clear.

Write z( = ]I{z = j}, and we have

D (Q(k)”ﬁ(k)) + oW p <p]%||p(.|]{;’z(k)’g(k))> - logﬂ(k‘)

Hz IHj 1’72 ng ( )

n k k:)
- ZUU /log (k ng (

dI1(k) (9(k)) 1Hj 1 (wjte (Xi — 7))

+P% logp'% (X( )) —log 7 (k)

fo fo

= > ) vijlogvij+ D (Q(k) HH(k)) + Py logpy (X)) —log (k)
=1 j=1

n k
ST [ oswrentxi g o)

1=1j=1

= Z Z 7ij log K

i=1j=1 exp <f log wjve (X; — uj)dQ<k)(9(k)>)
+D (QWIT®) + P2 10gp (X)) ~ log (k).
fo fo

Thus, the optimal choice of v;; is that

exp ( [ Tog wjiio (X; — 1)dQ) (01F))
Z?lle exp <f log wrtpe (X; — Mr)dQ(k)(e(k))) 7

Yij =

and we fix this choice as our ng) We then have

D (QWII®) + QWD (PLIP(Ik.2®),60) ) — log (k)

= — Zlog |:Z exp ( log wytpe (X Mr)dQ<k)(9(k)))]

+D <Q I®)) + P2 10gpl (X(M) ~ log (k).

Jo Jo
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We now specify the choice of k € I and Q(k) = Qék) in (5.22). According to Lemma 5.1.13,
for k = koy = 0(00_1] log o9[P/¢4), when %) = (11, w, &) such that

H1+2a—|—2 Hi+2a0+1

Hi+2042
S [00700 + 0y ! ]7 H:u ,u00”1 < 90 w e Ako’ (wgo,O'O )7
we have
2
Dy (P5 1P g0 S o3 (5.23)
) ] kog—1 Hi+2a+1 1 _Hi+2a+1
Suppose iy = argmax; wgy ;, then wy ;o > kg and wy io_%ao ! > gy 70 !
when og — 0. Then consider
« H +20+1 ko =1 Hi42041
wO’O] wUO] +]I{.] #20}2]{} ! ]I{.] :ZO} Qk UO ! .
o0 0
. Hi+2a+1 1 H +2a+1 .
Obviously, w} € Aka (Woy, 0" ) and wy ;> o7 ! for all 1 <i < kgy. Set
~(koy) 1 H1—|—2a+2 1, Hi+20+2
®Mj [NUO j = kg, s Bag,j T+ kUO 0 B

), (w ).

o0’ 2k,
~ (ko 1.
300~ [+ o]

where o9 = (1 +€)og with e > 0 and 0 < v < 1 to be determined later. Choose k = kq, and

dQko) (9470)) = dQu™ () QY () T, dQy (1) in (5.22), where

(ka ) N(kU )
ngfag)<w) _ Pw 0 (w){w € Oy 0 pdw

ko
S5 o) P (w)dw

w

Y

pulp)H{p; € @ }d:u]
féfﬁao pu(ﬂ])dﬂj
j

dQu, (1;) = L for 1< < ko,
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po(r)I{r1/2 € 80y ar
f ~1/2¢@%0) y pr()dr

dQ- (1) =

Now, we build an upper bound for
n kffo
- Zlog Zexp (/ log wype (X; — ur)dQ(kC’O)(O(kC’O))) : (5.24)
1=1 r=1

or equivalently, construct lower bounds for [ logw,¢(X; — ,ur)dQ(kUO)(é’(kUO)) for all 1 <

. 1/2
i<nand 1 <r <kq,. Set Tm/m (G0 +3 i H1+2a+2) and Tm/ax =0, ~1 and then for any
~(k ~(k
we@EUJO)7/1'7“66/(1;0)77_71/220'6630 ),We have
Vo Hy+2a+1 *
wy > wéo’r ~ 2590 ! > (1 = v)wg,
o0

and

-1/2 B
b M (1+1/0) <— PI2I X, — p)
@Da( 7 Mr) or (1 n 1/p) exp T | ; ,Ur|
1/2 2
. Hy+2a+2
- ﬁ b <_7—I€1/ax [|Xz = Hog,r| + kaol o) 1tea ] ) )

| + K, 1 H1+20‘+2] in two cases:

Now we build the upper bounds of []X Hog,r

o If kaol (I)LIH_QOH_Q €|X; — ftog,r|, then

Hi+2a+2]P
[‘X Hog,r| + kaol %0 PR < (L4 )P X — pag.rl’-

o If k;0106{1+2a+2 > €| X; — fiog,r|, then

Hi+2042 — —1 _Hy+2a+2\P
’X udoT’+k1 1+ Oé+:| ((1"‘6 1)k001001+ OH‘)
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Therefore,
—1_Hi+2a+2]P —1\—1 _Hy+2a+2\P
X — pog,r| + kgg oy T ] < (1 +PIX; — pogr? + ((1 +e kg logh et ) ,
and then

Yo (Xi — pr)
P
> exp (_ (Tél/a?x(l+€_1)kg_010(j)71+2a+2> )
1/2
-

__ 'min (1462 p/2)x. _ p)
$ar 7 O (- O a1 — oy,

1/2
T 1/2 _ —1 _H{+2a+2\P
(- (R0 5 I b, i
+ €)Tmax

where the last step we apply the fact that (1 + e)_lrgif = (1+¢) 715y = 0. Thus, we

have

[0 urbo(X; = pr)d@o) (o)

1/2
T 1/2 _ _ p
> log | (1= 1)—20 exp (= (mala(L+ € kg o3 2 ) ) |+ log v (1 — ),
(1 + €)Tniax

SO

n koo
— Zlog Zexp (/ log wyte (X; — Iur)dQ(kJO)(e(kJO))>
1=1 r=1

1/2

i D
< (- ()
(1 + 6)Tmaux
_ logp” (X(n)>

bigg#*(50)

where 9*(/%0) = (MUO»w:;ovO-O)'
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We plug the above upper bound into (5.22), and then

D <Q(kao)||ﬁ(kao)> + Qlke0) p (Pf%HP(.“fUO?Z(k00)79(k’00))> —log (ko)

1 1. (1 )
< n [log Ide 1) IFemax (Té/;ﬁ((l n 6—1)k;010511+2a+2>
L—v 2 Tmin

+D (P}%HPSJO,@*(’“UO)> +D (Q(kUO)HH(kUO)> .

Now we build the upper bound for each term in the right hand side above. For the first

term, when v < 1/2, ﬁ <1+ 2v, we have

lte 1 (1+€)Tma 1/2 1y —1 _Hij+2a+2\P
log 11— + §IOg —Tmin X + (Tm/ax(l +e ) 0.0 120 )
1 ~ _ 2
< log(1 +€)(1 +2v) + 5 log(1 + €)(1 + G2ty L Pllog gy P /540(()H1+2a+3)p

1 2
< 2e+2v+e+ 5(1 + 6)H1+20‘+105{1+2a+1 + e_paéHl+2a+3)p| log og| P /&,

Choose € = 080‘ and v = 080‘. When Hy > 2a and og — 0, we have

1 1 1 P
log re + —log (L OTmax + (7'&1/32)((1 + e_l)k;1051+2a+2> < a3,
1—v 2 Tmin 0

Next, for the second term, as wg, € Akao(wgo, 051+2a+1), by (5.23), we have

2
b (P}é” knaoﬁ*(koo)) =nD (PJ%HPkao,a*<ka>) < nby (P%||Pkgo,o*<kao>) S nog.

Finally, for the last term,

D (Q(ka()) ||H(kao)>

ko
— —log (k) ~ log Iy (B1,7) = 3 log I, (8,/7)) — log 1L, (85™)
j=1

1 2ar
Then, by the same arguments as in the proof of Lemma 5.1.15, when og = n~ 2+1 (log n)2a+T
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we can further obtain that
~ (kg

(kog) (5 (Kog )y < ds 08“ Hy+2a+1; _ ds
—log Il " (On ") S ko (log kao) | log WJO | < ko (log kOo) | log o,
o0

~ ko_ . o _
g T, (BU7)) < logdg| + 5% < oL,

—log m(koy) S Koy log ko -

Therefore, with the choice of §4 = min{p, {3}, we have
D (QUeo) 1ik0)) < o (1og o),
where r is the same defined in Theorem 2.4.2. Combining all the bounds above, we have

D (QUo)[170)) 4 QUeo) D (P2 | P(-fkr, 2570, 65o0)) ) —log (ki)

2a -1 r " 2o
S nog” + oy (logog)” < n2atI (logn)2etT.

~Y

Finally, we have

P |0 (PA . P~>2 < nTatI (log n) Tt
fO k,e(k)7 fO ~ .

With the same change of measure argument in the proof of Theorem 2.4.2, the proof is

complete.
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5.1.7 Proof of Theorem 2.5.1

Proof of Theorem 2.5.1. Recall that

n
Qk]:HdN<n+j25+1YJ n+j2ﬁ+1> H AN (0,77 ] ] éo.

i<k j=k+1 j>n
Then, we can decompose the risk into

~

PRQ 6 - 0%112 = PR 0y S (05— 057 + Py Qg D65 — 07

j<k j>k
n
. n * *2 —jn
= 9* Z 1Y — Y +ZH +> 2,8+1+ > e
n+j n+j )
i<k ji>k i<k j=k+1
26+1 )
J %2 *2
S () S0 T e
23+1 2B+1
i<k <n+‘7 >k sty
1
- —jn
+Zn+]2ﬂ+1+ Z €
i<k J=k+1

For the upper bound, we have
2 H 2 2 k
* * * —RN
w0 — 67 <Z +j25+1 9 +§9 +2Zn+]25+1 2e ™

Now we discuss in the two cases:

_1
e When k£ < n2f+1 we have

1 k

92 < 22 - <Y
> js ) > SAT = o
i~k jee Y "

and
4B+2 2a 1%_k4ﬂ+2—2a

1<k ]<k

157



Therefore,
Py Qo — 0% < k72

1
e When k£ > n26+1 we have

1

1 n28+1 28

981
< < 2ﬁ+1

j>n 2ﬁ+1
and

4B+2—20

2
Z j2ﬂ+1 9*2 < Z J -2049%2 + Z 9*2 < n_%
nt 2 | Vi = 2 Y jo~ '

i<k L
= j<n2B+T j>n2B+1

Thus, we have

2(anp)
ple) wllo — 0%1> S 0”2

Now we prove the lower bound. According to the risk decomposition, we have

j28+1
* 2 *2 *2
k16— 67l >Z<n+j2ﬂ+1> 07+ >0 +Zn+jzﬁ+1

i>k i<k

_1
e When k& < n2+1, we consider a 6* with every coordinate 0 except that Qk 1=

(k+1)"“B. It is easy to check that §* € ©q(B). Then, we have ;. m > %

and Zj>k 9;?2 > B2(k 4 1)72. Therefore,

sup PR Quallo — 61 2 k72 +
0*cO4(B)

1
e When k > n26+1 we consider a #* with every coordinate 0 except that #* | =

%71
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1 _a
((nQ +1]) B, and it is easy to check that 6* € ©,(B). Then, we have

<

2
20+1 2a0
J *2 1 *2 > 2 1
<n+j2ﬂ+1> EEUEE L
1<

[n2B+1]
and
Sz L mmae
'<kn+j2ﬂ+1 ~ | n_|_j25+1 ~
7= j<n26+1

This leads to the lower bound

~ _2an8)
sup Py Qllo — 0%|> 2 0 2T
6*cOn(B)

Now the proof is complete.

5.1.8 Proofs of Theorem 2.5.2 and Theorem 2.5.3

Proof of Theorem 2.5.2. Define Q = N(f, TQIp), and then

Q log(dQ) = —g log(27r7'26),

which is a constant with respect to 3. Thus,

Q2 = argmin D (QTI(-[y))

QES 2

= argmin{Q log(dQ) — Qlog(dIl) — Qlogpg(y)}
QES 2

= argmin {1Q||Xﬁ —y[I” + A zp: Q|ﬁz-|} :
QeS| 2 i=1
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where pg(y) = WGXP <—%Hy — XﬂHQ). With Q = N(Sg, 72Ip), we have Bj’s indepen-

dently drawn from N(fy;, 7'2), and therefore,
QXS —yl* = 1X B0 — y|I* + *tr(XTX),

QlBi| = Q71 Bos| = Th(T™ 1 Byi),

where
hz) = /_OO \t!¢(t—x)dt:/_oo it + 2] 6(t)dt
_ /_ ey + /_ T+ Dot
= o(t)|__ o] - 2®(-2)+2d(a)
= 2¢(z) +z[@(z) — ©(—z)].
The proof is complete. O

Lemma 5.1.17.

2
0<h(z)—|z| < \/j for all x.
m

Proof of Lemma 5.1.17. 1t is not hard to see that h(—z) = h(x). Thus, we only need to

show the inequality for z > 0. For « > 0, set d(z) = h(z) — z, and then

Thus, d(z) is monotonically decreasing when x > 0 and d(z) < = 2¢(0 \/7 For the

left part of inequality, notice that I;EI;()"E ) < % for all x > 0 in [48], and then we can directly

obtain that d(z) > 0. O

Proof of Theorem 2.5.3. We use the notation H,(5) = Z§:1 Th(B;/7). By Lemma 5.1.17,

we have |H,(5) — ||B]l1] < TZZ;:l \h(Bj/T) — B;/7| < pT+/2/7. By rearranging the basic
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inequality [ly — X 5|2 + 2AH-(B) < |ly — XB*||? + 2AH-(5*), we have

IX(B = 817 < 2[(X(B = %),y = XB*)| + 2AH:(8%) — 27 H-(B).

For the terms on the right hand side of the above inequality, we have ‘ <X(B\ - B%),y — XB*> <
IXT(y = XB)llocl|B — 5¥Il1 and Hr(8%) = Hr(B) < 6%l — I8l +2p7/2/m. Therefore,

with the notation A = B— B*, we have

IXA[® < Al + 28]l = 218" + Ally + 22prv/2/T, (5.25)

as long as A > 2|| X7 (y — X8%)||so. Note that the choice A = C'y/nlogp implies that the
condition A > 2[| X7 (y — X 5*)||oo holds with probability at least 1 —p*C/ by a union bound
argument in [9]. With the decompositions |[All1 = |Agll1 + [|[Agellr, 181 = [18&]l and

18* + Ally = [|8g + Agll1 + [[Age[|1, the inequality (5.25) becomes

IXAIZ <A (3lAslh — 1Agell +2pm/2/7) (5.26)

The inequality (5.26) immediately implies what is known as the generalized cone condition

defined in [27],

[Asellr < 31 Agll + 2p7v/2/m. (5.27)

Another consequence of (5.26) is the error bound

IXAIP <A (3V514] +2p7v/2/7) (5.28)

For the A that satisfies (5.27), we define

1)y _ 3lAsgll+2pry/2/7 3| Asl1
AL = Ag
3l1Aslh 3| Aglly + 2p7\/2/7
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AQ V2T, o 2pTy2T

S
31 Asl 3| Agll1 + 2p7/2/7
It is easy to see that A = AL + A@) Since

1) 3[[Ag|l1
1A% = 1Agelh
s 3| Agll1 + 2pm\/2/7

3)|A
12511 (3l Agl + 2pmy/2/7) = 3] Agly < 311,

3|Agllt 4 2pT/2/7

we have \/LBHXA(UH > k||AM)[| by the definition of  in (2.53). We also bound ||A®)|| by

2p7' 2/m 2p7/2/ 7 8pT+/2/T
1AD) <A@, < 2TV, VIT | Agely < STV

3 3[Agllt 4 2pT/2/7 3

where the last inequality is by (5.27). Therefore,

HXA(UH 8pT+/2/T
Al < [|AX A2 < .
A < || + | || P + 3

Since || XA®)]| < \/nmaxm- \Xij|2]|A(2)H% < \/L2n2|\A(2>H% < nLSpTT V2/7T, we have

IXAl  8pry/2/7 [ XAP| XA ( ﬁL> 8pTy/2/m
||A||<\/ﬁ+ : +/€\/ﬁ§/€\/ﬁ+1+l{ -

Combining the above inequality and (5.28), we have
XA|? A n
INER s (1+5)r*r < < AVE N +2 ) + (14 5) P,
nK K
which further leads to
Ms  prA n
A2 S S+ 25+ (14 ) P

With A = Cy/nlogpand 7 = O <nip>, we have || A[]? < 3710%, which completes the proof. [
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5.1.9 Proofs of Theorem 2.5.4, Theorem 2.5.5 and Theorem 2.5.6

To show Theorem 2.5.4, we need the following three lemmas.
Lemma 5.1.18. If the conditions (C1)-(C3) in Theorem 2.2.1 are satisfied, then there exists
a constant My > 0 large enough such that when ne> > ne% > My and 0 <a < %, we have

Pén) <logH [exp <aL(P9(n), Pén))) ‘X(”)} > aCine® + log 2) < exp (—%ng) ,

where m = %min{l,p —1}.

Lemma 5.1.19. Under the conditions (C1)-(C3) in Theorem 2.2.1, there exist some con-

stants My > 1, M > 0 and ¢ > 0 such that when ne > ne% > My,
P (@L(Pe(n), Py > M (D (QINEIX™)) +ne?)) < exp (—ene?),

where @ is the variational posterior distribution defined in (2.3).

Lemma 5.1.20. Suppose the conditions (C1)-(C3) in Theorem 2.2.1 hold for Pén) = Po(:),

when ne > ne% > My, with any p > 1 as a constant

P (QL(Pe(n)’ Py > M (D <@I|H(-!X(”>)> +c1p, <P>,5”)||P0(:)> + m?))
< exp <—(p_—1)cn62) :

p

where My, M and c are the same constants in Lemma 5.1.19 and @ 1s the variational

posterior distribution defined in (2.3).

Proof of Lemma 5.1.18. According to Lemma 5.1.3

Y

P (LR B() > Cine?

X(ﬂ)) < 4exp <—2mne2> ,
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with m = %min{l, p — 1} for any € > €,. Then by Markov inequality,

Denote Bj = {X(”))H (L(Pe(n), Pén)) > C’ljnele(”)> < exp (—mjneQ)} and B = ﬂ;-’ilBj.

Then,

exp(—mne?).

o0
BC SZ BC <4Zexp mjne)

-1 _ 2
= 1 — exp(—mne?)

When My = 210g8 and ne > Mo, it is easy to check that
Pén)(Bc) < exp (—%7%2) :
Under the event B,

I [eXp <aL(P9(”), Pé”))> ‘X(”)}

exp (aC’ln62> + /OO

exp(aCyne?)
exp <aC’1 n62) +

IN

I [exp (aL(P(,(”), Pé”))> > t‘X(”)} dt

IN

Z [exp ( (7 + 1)aC1ne ) — exp <]aC'1ne )] II [L(Pe(n),Pén)) > jC1ne

2 X(n)]

IN

exp <aC’1ne2) + exp <a01n62> i exp ((aC’l — m)jnez)
j=1

o0
exp (aCln62> 1+ Z exp (—%jnez)
]:

IN

= exp <a01n62> N

where we have used the condition that 0 < a < % The conclusion of the lemma directly

follows the result above. O
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Proof of Lemma 5.1.19. According to Lemma 5.1.1, for any a > 0, we have

aQr(Py™, Py < D (@||H(-|X(”>)) +logll [exp <aL(P9(n), Pé’”)) (XW] .

Choose a = %’f_l}, and then according to Lemma 5.1.18, under the event B (defined in

the proof of Lemma 5.1.18), for ne? > My > 1, we have

QL™ Py < % (D (QEIX™)) +1052) + Cine? < M (D (QUI(IXM)) +ne?)

with M = max { log2 | Cq, %} Therefore, the conclusion that

P (@ 7 > 01 (D (QIMEX™)) +ne) ) < exp (—ene?).

is implied by Pén)(BC) < exp (—cnez), where ¢ — min{Lp—1} -

Proof of Lemma 5.1.20. By Holder’s inequality,
P (Qupy™, Py > M [D (QIU(|X ™)) + ne?])

2o\ P\ /P
) (Pé::) ( ) ) (P (@uer? g2 = [ (@meax ™) + a]))

aFy"

< e (25 (0 (1))

where ¢ = p%f' Replace ne2 by ne? + c_le (P*(H)HPO(:)), and we have

P (QL(Pe(n)a Ay > M (D (QIEIX™)) + ¢, (R,f”)upe(:)) +né?))

where My, M and c are the same constants in Lemma 5.1.19. 0
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Now we can show Theorem 2.5.4.

Proof of Theorem 2.5.4. Define
v = 1 Qury, B — [0 (QIme1x ™)) + Lo, (PURE) 4 ned] .

Then Lemma 5.1.20 implies that
Py > 1) < exp (—@(nei + t)) :

for all ¢ > 0. Note that

)

= MPMD (QUuEIX ™)) + M D, (PYYI P + Mk + MPMy.
For the first term on the right hand side of the above equality, we have

D (@Ineix ™)) = P int D (@IncIx™))

IN

; (n) Ax (@YY = A2
it D (QUU(X ™)) =i

The term P*(n) Y can be bounded by

Py < PMyny > 01 < / TPy >
0
< /OO exp (_u(ne% + t)) dt < P exp (— (P — 1)Cne,%>
0 p (p—1)c p
< ne

The proof is complete by choosing p = 2.

Proof of Theorem 2.5.5. Theorem 2.5.5 uses the same arguments in the proof of Theorem
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2.2.3 with €2 replaced by €2 + %DQ (R,f”) ||P9(:)>. Therefore, we omit the details here. [

In the end of this part, we will show Theorem 2.5.6, which directly implies Theorem
2.3.5. We want to check conditions (C1)-(C3) for 6y € Oy, (B). For this aim, we establish

the following lemmas.

Lemma 5.1.21. The marginal sampling process of 6 in the prior for piecewise constant

model can be regarded as following procedure:
e Sample k ~ m(k) with

(k=14 ap)T(n — k + Bo)I'(ag + Bo)(n — 1)1
™) = R T Fag + Bo)T(ao)T (o) (k — Din — R (5.29)

e Conditioning on k, sample k — 1 change points uniformly from {2,3,--- ,n}. In the
other words, we uniformly sample a subset S C {2,3,--- ,n} of size k — 1 with proba-

bility (n 1) 1;

e Conditioning on S, sample 0; according to 0; ~ g; for alli € S and 0; = 0, _1 for all
1€ S.

Moreover, when (2.26) is satisfied,

n—(02+1)(k—1)—1 < 7T(l€) < n—(Cl—l)(k—l)‘

Proof. First of all, the density of marginal prior on # can be written as

dr(g) ao+ﬂo WO s Zi—1 (] _ ) Botn—1-37 5 zi—1
do / Z ap)l'(B =)

<g6r) T[] 9060 T o0 ,(65)dw

zi=1,1>1 z;=0,0>1
- n—1\""
S IICI (e I SOV ) P00 ) RS
k=1 |S|=k—1 icS ieS
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where S above is the set of label 2 < i < n such that z; = 1 and n(k) is defined in (5.29),
which implies the marginal sampling process of € can be written as the procedure above.

Then the condition (2.26) indicates that

k) n—k+p—1 k Bo = ’

mk+1) _ k—l+4ag n—k _mnla+n-1) _ 1 ¢

7T(k;+1): k—1+ag n—k> ag o —Co—1

(k) n—k+p6—1 k — (Bp+n)n

which implies that

n~(CoD=1) (1) < 7 (k) < n~(Cr=DE=1) (1),

When C7 > 1, Cy > 0, it is easy to see that 1/n < m(1) < 1 as m(k) is decreasing with

respect to k. Hence, we have

nf(02+1)(k71)71 < (k) < nf(lel)(kfl).

Lemma 5.1.22. Suppose 0y € Oy, . For some integer m > ky, define

O = argmin ||6 — X||2. (5.30)
€O,

Then for any t > 2402 log €Y with r = min{n, m + ko}, we have

(n) 7 2 t
Pg* (10m — 0*||” > t) < exp (—@> )

Proof. According to the definition,

16 — X |7 < 0" — X| %
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Using the identity ||, — X||2 = |6 — 0%]|2 + |6* — X||2 + 2 <§m — 0,0 — X>, we get

N px
aim—@,x—e* .
|0m — 6%

16 — 6% < 2

Since Qm—9: € 0,, we have
[[0m—0*||
n 2
10m — 0%[]> < 40 sup w Z;|
||lul|=1:u€0, i=1
where Z; ~ N(0,1). Then,
P (0 —6%|2 > ) <P | sup wZi| > —
1. 4o
||u||—1.u€@r i=1
T 2 t
< Z P sup Z Tz > o2
TitTottr =n  \Dio1 Tilp=1|i=1 ?

=~ t
= P(|Z|>>—
> (1282 ).

r1+ro+--+Tr=n

where r = min{m + kg, n}, 7 = (Zl, Zo, -+ ,ZT)T ~ N(0,1). Then a standard chi-squared

bound gives

2 o2
) ¢ LY ¢
= OP 9602 ) P\ 7502 ) TP\ T 1602 )

The proof is complete. O

0 t
PR (1 — 07117 > 1) < exp (rlog < + T log2) exp (—8—)
r

We want check conditions (C1)-(C3) with respect to 6. This step can be split into the

following two lemmas.

Lemma 5.1.23. Assume 6y € O (B). For the prior 11 that satisfies (2.26), the conditions
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(C1) and (C2) hold for all e > /"01o8n

Lemma 5.1.24. Assume 0y € Oy, (B). For the prior I that satisfies (2.26) and (2.27), the
conditions (C3) and (C4**) hold for e, = o4/ kolnﬂ with both S = Syc and S = SJOIHt

Now we start to prove Lemma 5.1.23 and Lemma 5.1.24.

Proof of Lemma 5.1.23. For any € > 1/ X0 lggn, we set m = [gﬂgﬂ] Choose a sufficiently

large Cy so that m > 2kg > 2. We consider Oy,(¢) = O, with » = min{kg + m,n}. Then by

the condition (2.26) and Lemma 5.1.21, we have

n

H(On(e)) = Y w(i) <n (A1 Z SO < exp (—(C1 = 1)Cone?)

j=r+1

which implies (C2).
To show (C1), we consider the testing function ¢, = ]I{||§m — 6p|| > 50/ (Cy + 1)ne?},
where Oy, is defined in (5.30). Note that

(50e7/(Co + 1)n)? > 24(Cy + 1) ne

> 24(C’on62 + kg log n)a2 > 24(2m + k:o)a2 logn,
and we apply Lemma 5.1.22 to obtain
Pe(:)gbn = PH(:)(H@\m —0p|? > 25(Co + 1)0?ne?) < exp (—i—z(C’o + 1)n62) :
Moreover, for any 6 € O, () and ||§ — 6y||> > 100e,/(Cy + 1)n, we have

(50e/(Co + 1)n)? > 24(2m + ky)o? logn > 24(m + r)o? logn,
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and then,

—~

P = 6,) = PS8 — 0]l < 50ey/(Co + )

IN

PS (|18, — ]| > 50e/(Co + n)

25
exp (—E(Co + 1)n62) :

IN

Therefore, (C1) is satisfied with a sufficiently large Cj. O

Proof of Lemma 5.1.24. We first verify condition (C3). Note that for any p > 0,

Dy (P 1PY) = 516 — 0l

202

Consider the set © = U, [0p; — n1/2 6y, + n_1/2], then for n > 1,

. (n)) p(n) P P

and

0 H—n_l/z N
ne) > (k) [] /0 o > = (Co1)(ko=1)-1 <2cn_1/2> 0
ies(0y) P

exp <— (g +Cy — log(2c)) ne%) )

where S(0p) = {i:i>1,60; # 0p;_1)} U{1} and Cy is given in (2.26). Therefore, condition

v

(C3) is satisfied.
Now we check condition (C4**) for both S = Syc and S = Sﬁiélt. When § = Syic,

assume |S(6p)| = ko and S(6p) = {ag + 1,a; + 1, - -- +1}withO=qag<a; <--- <

’ a%o—l

ag = Since 0y € Oy, (B), we must have ko < ko. Define

0; = <90i — Y2 g, +n_1/2> , for i € S(bp).
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Then we define
©={0:0;,€0,, forie S(by),0; =0;_1, for i & S(0p)}.

Then choose dQ(0) = %. As

= 11 |

i€S(0 f@ g

H 692 1

we have @) € Syic. For any 6 € supp(Q) = O,

(n) (n) _ 1 * 2 1 % ) 1 9
D(BIM) = 5516 =017 < 516" = bol1* + —5 160

IN

1 1 B
?HG* - 90||2 + -2 < Dy (Péf)||P9(n)> +o Qko logn.

Moreover,

D(Q) = —logll(®) = ~logm(ky) = »_ log ( /e

< 7%0 logn < kglogn.

Thus, condition (C4**) is satisfied for S = Syyc.

When S = Sﬁiélt. Choose d@iomt (w, z,0) = dQ(w)(w) | ngz)(zi)dQ(a)(H), where

Q™) = Beta(kg — 1 + ag,n — ko + Bo),

0, ¢ S(6y),
ng)(zi =1)= ¢ 5(60) for all 7 > 1,
1, i€ S(bp),
H f@ g H 59@ 1

1€S5(0
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Obviously, we have Qiont ¢ Si].\ziélt and for any 0 € Supp(Q(e)), we have shown that
D (PP < Dy (P 1EYY) + ko logn.
On the other hand, suppose dQ(?) (6) = ¢(?)(6)d6 and dQW) (w) = ¢(*) (w)dw, we have

D (@ (w, z,0) [ (w, 2,0)

(W) (W)@ (9
_ //q(w)(w)q(9)<9) log — 7{;(] ( )q ( ) dbdw
m(w)w0=H 1 —w)" 0 [T 500,) 9(0i)d0; [igs (00 90, (03)
~ Opi+n 1/
~ —logn(io)~ Y log /9 " gl
1€S5(09) 0:
< 750 logn < kglogn.
Thus, condition (C4**) is satisfied for S = Sﬁiélt. The proof is complete.
]

Proof of Theorem 2.5.6. By Lemma 5.1.23 and Lemma 5.1.24, together with Theorem 2.5.4

and Theorem 2.5.5, we have
P QN6 — 60)1% < kologn + (6% — 61,
for both Q = Qypc and Q = @i\?{igt. Then for every 1 < kg < n and 0y € O, (B), we have
PRQN0 — 0*12 5 Py QIO — bll? + 1160 — 672 S ko logn + 6% — 6ol

Therefore, by taking minimum over kg € [n] and 6y € O, (B), we can get
1<k<n | 6O (B

Pg(f)@||9—9*|]2§ min { inf )HG*—@OHQ—l—klogn}.

The proof is complete. O
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5.2 Proof in Chapter 3

Over all the proofs in this section, we treat Xz as a matrix and use Xz B to denote Xz (B).

5.2.1 Proof of Proposition 3.2.1

Proposition 3.2.1 can be easily derived from the following Lemma.

Lemma 5.2.1. For a,b >0,

[ e (4 (o)) r- et
[ e (4 (o)) r - v

Proof of Lemma 5.2.1. Set t = va\ — %, then 2 = a\ + % —2vab

dt = %waxl/? + VAT )N = %(\/ﬁ+ \/g))\_ld)\,

Then
9 1 1 ¢
AN 2= = = | — — dt.
VAV + 43/ab Vb b2 + av/ab)
2\ 1 ¢
2200 = Ldt | =+ dt.
12+ 4+/ab Va o Ja@ + av/ab)
Thus,

/ A—3/2 exp (—1 (a)\ + ;)) d\ = / exp (_th = \/%> L ! dt,
0 2 —00 2 Vb o 1 av/ab)
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and

/OOOA 1/2exp( %(a/\+§)>d)\:/_o:oexp (_%ﬁ_\/%> (%+ a(t2i4@)) dt.

According to symmetry, [*°_exp(—4t2 — vab)——L——dt = 0, then
00 2

(t2+4+/ab)
/ A 32 exp <—1(aA+ - ) d)\ =
0 2

Vo=
/ooo A2 exp (_%(a)\ + §>) = /OO exp(—5t = Val) it = %Tﬂexp(_\@)'

—0o0

o0 2 1 2r
exp(—=t2 — Vab)—=dt = |/ = exp(—Vab).

1
= 2
1

Proof of Proposition 3.2.1. Now we start to show Proposition 3.2.1. Suppose the marginal

sampling distribution for B is g(B), then

3(B)

fr
[+

Ny

T (br +1)/2,8) fo,, 20,0 (B)dA

_ 577 A exp _8 Xr/2 det(XT x7) 2 (2m) /% exp —AII/YZBH2 dA

r <eT+1 A 2
- det(XEx,) 2 (2r)~ WQ/A‘Z exp (——IIXZBII2 - —) dA

Itz 2 A

r()
_ Ty 1/2 0,2
- Ly e 2wy 2, e (B2 )

2
Note that
det(XTXy) r95\ tr/2 L(0r/2
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then

9B _ N
9B) ~ I /2T(( + 1)/?)
) NN
2L (tr = 1)/2) (6 — 2)/2) - 3T OT(1/2)
= 1.

5.2.2  Proof of Theorem 3.2.1

To show Theorem 3.2.1, we first prove the following lemma:

Lemma 5.2.2. For any 7 € T and Q(T) € Sﬁ%, we have

DNixzB — 0|
1
< inf - [—F(Q(T),T) +log prr(Y) + log I1 (exp <a||XZB — «9*||2) ’Y)] :
a>0a

where 11 is the prior sampling distribution,

H=/¢XZBdH=Z7T

7) / ¢x,5d117)(Z,B).
TeT

This lemma is actually an enhanced version of Lemma 5.2.2, the proof is also likewise.

Proof of Lemma 5.2.2. A lower bound can be directly derived from the right hand side minus

the left hand side. For any a > 0, any 7 € T, and any Q(T) € Sﬁ%, we have

_F(Q(T), 7') + long(Y) —a [Q(T)”_)C‘ZB _ 9*H2:|
- <QZ QB Q)\ HH ) /10g¢XZB(Y)dQ(T)(Z, B)
—logm(7) +logpri(Y) — [ Q)| xyB - 6| ]
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dQ")(Z, B, \pri(Y)
m(r)dITN(Z, B, N, 5(Y) exp (al| Xz B — 6%|2)

= D (Q7Q5 QI (z.8.))
[ (7)o, 8(Y) exp (al| Xz B — 0°|%) ani?) (7, B)

_ Q(T) log

—log

pr(Y)
. Pl Srer [ 7(1)éx,5(Y) exp (a]| Xz B — 0*||?) d1I7) (Z, B)
Z —1gxl0g
r(Y)
—  _Pplogll <exp (aHXZB - 9*||2) ‘Y) ,
and -
Y X,B — 6*||?) dl1")(Z, B, \
025,y Dz >exp (all Xy B — 6°)%) a0 (2, B.3)
J 6, B(Y) exp (al| Xz B — 6*|2) dI(")(Z, B, \)
The proof is complete. O

With Lemma 5.2.2 and the definition @(?), we have

PpQ0 | xy B — 6% (5.31)
< inf P * [ inf inf (—F(Q(T), 7')) + log pr1(Y)
a>0a

TET Q(T) 6818[-1)-7‘
+logTl (exp (aHXZB - 9*”2> ‘Y) }
Then the proof of Theorem 3.2.1 can be established by showing the following lemmas.

Lemma 5.2.3. For any 6, > 0, 7™ € T, Z* € Z and B* € R, there exists a 7,
@(?) € Sl(\/R“ that may depend on Y and a constant Dqy only related to d1 such that when

D > Dq in the prior, we have
Py [~F(@Q7),7) +logpr(Y)] < 61]1Xz+B* = 072 + Ciepe, (5.32)

for some constant C1 > 0.

Lemma 5.2.4. For any 69 > 0, 7* € T, Z* € Z.« and B* € Rl there exists a constant
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a > 0, such that
Py log I <exp< X, B — 6% )(Y) (1+ 69)al| Xy B* — 0% + Coe . (5.33)

Proof of Lemma 5.2.3. The random variable part related to Y in the left hand side of (5.32)

can be expanded as

—F(QD,7) +logpry(Y) (5.34)

= 0 (PPN 2.8N) - [1080x,840D (2. B) - og () + ogp(Y),

First of all, the prior joint density of (Z,\, B) on T is given by

>A—3 exp <—%||XZB||2 - g) . (5.35)

B det( XT XZ) 1
|

7)
(Z,\, B) = F(EFH

|Z~

Now we assume

d@g?:) \/5 _3/2 5 CL)\
N eXp(V%ﬂ_X_7>’
where 7€ T, Z € Z=,a€R, p € R% and & € RF*F are to be determined later. Then the

variational joint density of (Z, A, B) on 7 is given by

) _ 26 ~3/2 o _Bad 1 \Telp
q (Z’)\’B)_\/(27T)€F+ldet(2))\ ep( 2a8 5 (B=pu) (B —p)).

Plug (5.35) and (5.36) into the first part of (5.34), we obtain

p (0P Inz.3) - [1086x,pa07 (2.5
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l 1 1 1 -
= —Tlogf— —log7r — —logdet(X) — élog det(XZTXZ) + log | Z+|

2 2
—HogF(gT;—l)—i- 2ap3
~(7~')>\ o~ 1 ~(=
D2 (N8I — ) — 20 [(B— TS (B = )]

s QB IV — B2+ Elog(%r)
Since @g) = N(u,X), we can get
QW [(B-wTs (B -p] =t

2 2 T

QN X5BI? = | Xpul? + Tr(x;2XT).
~G 2 2 T
QRNX5B ~ Y% = | Xzu — Y| + Tr(xz5x]).

Moreover, according to the lemma 5.2.1, we have

. J A2 exp (—§ - %) dA 23
AT A 2 e (-5-9)ar a

Plug all above into the expression of D <@g>@g)@g\ﬂ ||H(?)(Z, B, A)), we can get

RS _
= log(ﬁe — = log det(X) — = log det(XTX ) + log | Z5|

\/7 \/> 125 0l1* + Tr(X EXT)) (5.37)

l=+1 N
2 T T
+§||XZ/~L_Y” +§TF(X22X2)+IOgF( )

1
5 + 5 log(27) — 5 log 7.

Now we set a = ||X2,u||2 + Tr(XZZXZT), then
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1 1 _
= ——Tlog(Be) — 3 log det(X) — §log det(XZTXZ) + log | Z+|

1 9 1 T
/26 (12 + THGEAD)) + Sz~ I+ S T maD)

< —?log(ﬁe) —3 log det (X)) — Elog det(X> A7) + log | 27|
Xl + /28, /Tr(XZEXZI)
1 2 1 T 67"—' + 1 N
510 = Y|P + 5 Tr(xz2al) + logT ( ) + 5 log(2m)
def

- ~4+1\ N
= L1(?,Z,E,u)+logF(€T;r >+§log(27r).

Now we assume ¥ = T(XZTXZ)_l’ then we denote

w17 7 (x5 )

R = 1 l=r
= —5 log(fBe) — - logr +log |25 + /28] Xzl + 25€FT+§||X§M_YH2+%
and it is easy to get that h/(r) = T + 6 Fp1/2 4 %E;, then the minimiser is obtained

by setting r* =

\/2B0=+402—\ /230~
u o7 ” . Then, we have
-

2B0=r* —I— < V280=r* + l=r" = (=,

r* 20~

1 \/ 280z + 42 + /2B 3 2,/280= + 2= e
o 25; N T

and

lz (= 1/2 V2B 172 _ /2P
logr < Tlog1+\/ Bl T; < —(=

2 T

Finally, we can obtain

D (3PP INP(z,8.3) - / log 60, 502, B)

l=+1 N

< L7 207" (Xgr5) " ) +logT (
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~ 1 (=41 N
< Mite -+ 1081 Z:| + VIl + 51X~ VP g (T3 )+ 5 logiem),
where My = <log( )+ V2 ) is a constant.
Now we analyze the second part of (5.34),
—log 7(7) + log pr1(Y)
( 7/2) N 1
= lo + Dex — — log(2m) + log exp (—Der) =My,

T€T ZeZ,

where

det(XTX5) 798\ F 1
. / \/7 (;) 2 exp (—\/ﬁH-XZBH _ 5||)(ZB — Y||2) dB.

Combine the first part and second part of (14), we can get that there exists 7 and Q") e 81521);

—F(Q),7) + log prr(Y)

- 0 (PPN 2BN) - [1080x,8d07(2. B) - og () + logm(¥)

r <£ +1) F(%) .
< (Mp+1+4 D)ex +log o) —i—logz Z exp (—Der) |Z |R(Z, T, Z, )
T T€T ZeZ,
1 ~
< M2€~—|—1ng Z exp (—Der) Z |R(Z;T,Z,,u)
T€T ZeZ, i
1 e
= logz Z exp (Moex — Der) Z ’R(Z;T,Z,u),
T€T ZeZ,

: QH)F(%) /A

r
where My = M1+ 1+ D + %logw and we have used the fact that (

R(Z;7,Z, ) above is defined as the following integral.
Jdet(XTXz) 105\ F
- / (—) (5.38)
2 T
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1
X exp (\/25(\!?55#\! 12z B) = 5 (12 B = Y1I? = 1Xg0 — Y!F)) aB.

Now for the given §; > 0, 7%, Z* € Z.+ and B* € Rl we choose (7, Z, i) by

= ) 1

(7.Z,1) = avgain { VEFNZU + 5100~ Y1+ Mo }. (5.39)
(T7Z7U)
TeA

where A= {7 € T : e < e+ + 01 M3|| Xz B* — 9*”2} and M3 > 0 will be determined later.

e For 7 € A, with Pythagorean theorem, we can decompose || Xz B — Y||? by

|XzB —Y|? = |XzB - XzBzy|* + ||XzBzy - Y|%

where By y = (X%WXZ)*IX%WY € R and X By is the projection of Y on the sub-

space spanned by Xy. Then according to the definition of (7, A , 1t), we have

2 2
XzB =Y [I* = |X5u = Y|[7) + Maez

= i~

V28([| X5l — 11Xz Bl|) —
1
V28(|XzBzy |l — Xz Bl|) — §(HXZB ~Y|? —||XzBzy — Y||*) + Mae-

1
V28||X7(B = Bzy)|l = 5|1X2(B — Bzy)||* + Maer
2

1
_ZHXZ(B — Bz y)|* + 28 + Maer.

Then we assume that Xy = UXV7T as its SVD and set b = XV (B — By y), then

IA

exp (Maez) R(Z; 7, Z, )

\/det(XTX5) lr /2
(aer) [ V2 ()T e (< (B - By P+ 26) an

exp

1 28\ ir/2 1
L exp (Maer) (75) 2 [exp (—Zubu?) db

5 o (Maer) 2 (85)/7/.
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Thus, we have

> > exp(Myez — Der) Z AT 2 (5.40)
= T
1
< 5625 > exp (M2 — D + C1)er)
€T§67*+(51M3||XZ*B*—(9*||2
< dexp ((M2 DOy 4 1)(eps + 6 Ms|| Xy BF — e*||2))
< dexp <(M1 + C1 + 3) (e + 01 M3 X B — 9*||2)) . (5.41)

For the last inequality, we apply Lemma 7.2 in [28].

e For 7 € A, note that 7* € A and then

1
V2B Xzl = 122 BI) = 5 (1% = V1P = 1250 = Y|1?) + Maez

< VEB(az B ~ 1z B)) 5 (128 = VI = | X2-B" = Y| + Moey.
< V28| 2B — Xz B*||” + Maeps
—% (1728 = g+ B*|2 + 2(XzB — Xz-B*, Xz B* — 0" = W)
< VIBIXB ~ Xz B - 1z - Xz B
+|| Xz B — Xz« B*|||| X7+ B* — 6%|| + | (X7 B — Xz« B*, W) | + Moe,
< 45+ Xz B — XgBYI? — X B — Xge B+ S|z B — g B

12|| Xy B* — 0%||> + | (X B — Xy B, W) | + Mae =
1
= 48— Z||XZB — Xy B*|? + 2| Xy B* — 67|

+| <XzB - Xz*B*,W> | + Moe .
For any t > 0, assume

Ez(t)
- {W ([(XyB — XpeB* W) | < \Je* + | Xy B — Xz B*||, for all B € RET} ,
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where € = Cer + Co|| X7+ B* — 0*||> and Cy > 1, Cy > 0. Then according to Lemma

7.1 in [28], for W satisfies condition (3.13),
Ppr(Ez(t)°) < 2exp (—(PC1/16 — 5)er — pChl| Xz« B* — 6%||?/16 — ﬂt/16) - (5.42)
Then under the event Mgy Nycz Ez(1),

1
V2B(I Xzl = 127 B) = 5 (1B = YI? = [ Xpn = Y?) + Moes

1
< 46— llAzB - Xy B¥||* + 2|| Xz« B* — 6% |2
+y/ €& +t|| Xz B — Xz*B*H + Moe +
1 1
< 48— llxzB - Xy B¥||? 4 2|| X7+ B* — 6> + gHXZB — Xz:B*|?

+2(er +t) + Moe,

1
= 48— gH)(ZB — X B|? + 2(Cy + 1) || Xz« B* — 6%||> + 2C1 ey + 2t + Moerx.,
Therefore, under the event M- 4 Ny z Ez(t), with the same argument as above,

exp (Maex) R(Z; 7, Z,,u)

< exp (45 +2(Co+ 1)1 Xz B* — 6|2+ 2C1er + Maere +2t)
\/det(XTX7) /o5 tr/2 1
x/ z 26 exp | —=|| Xy B — Xz B*||? ) dB
2 s 8
(165)67/2 * *112
= e (45 +2(Cy + 1)|| Xz B* — 6%||% + 2016 + Moe,s + 225)
1
< sexp (M4ET 20y + 1)|| X BF — 0%|2 + Moe,s + 2t> ,

where My = %max{log(l(iﬁ), 0} +2C1 > 0. Thus, if D > My + 2, the second part of

the summation is upper bound as following:

1 e
Z Z exp (Maex — Der) ﬁR(Z; T, Z, )
T¢A ZeZ, T
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1
< Sexp (MQGT* 4B+ 2(Cy + 1) XgeB* — 67| + 2t> 3 exp (—(D — Myer).
TEA

Set o = €+ + 01| Xz B* — 6*||? and B = D — My in Lemma 7.2 of [28], then

S exp (—(D — My)er)

TEA
< dexp(=(8 - 1)a) = dexp (D = My = 1)(ers + 61| Xz+ B* — 07|%)) .

Therefore,

1 e
g E exp (Maex — Der) ER(Z; T, 7, L)
T

T¢AZeZ,
2exp (40 + 2t) exp (Mo — D 4+ My + 1)erx — [(D — My — 1)01 — 2(Co + 1)])

IN

< 2exp (484 2t)exp (M1 + My +3)er — [(D — Mg — 1)61 — 2(Ca + 1)]) .

Then for D > My + 1+ 25{1(02 +1),

Z Z exp (—Der) Z |R(Z;77,Z,,u)§Qexp(4ﬂ+2t+(M1+M4+3)ET*).

TEA ZeZ, : )
5.43

Combine (5.57) and (5.56), when D > Dy for Do = My + 1+ 2(51_1(02 + 1) and under the

event Nrgg Nyez Ez(1),

1 ~
1 (Moyex — D R(Z;T,Z
Og Z Z eXp 26 67—) ‘Z | ( 7#’)
T€T ZeZ,

< log (4exp ((M1 +C1 +3) (e + 01 M3||Xz:B* — 9*|I2>)
+2exp (46 + 2t + (M1 + My + 3)er+))
< log6 + 48 + 2t + Mepx 4+ (My + C + 3)M3d1|| Xz« B* — 6|

< Ceps + (My + Cp + 3)M3by || Xz« B* — 0% + 2t,
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where M = max{M;+C1+3, M;+M;+3} and C = M+log 64+44. Set M3 = (M;4+C1+3)~1,
then under the event N4 Nycz Ez(1),

1 o~
log > Y exp (Maez — Der) = R(Zi7, 2, 1) < Cepe + 01| Xg-B" = 0%(|> 4 2t. (5.44)

€T ZeZ, =2

To sum up, for D > Dy, there exists a 7, @(;) € SIEZ% such that

Py (~F(Q7),7) +10gpn(Y) > Cere + 01| Xz B* - 6|2 + 2t
SN P (EL(1))
T¢A ZeZ,

< 2exp (—pCal| Xz B~ 0°|2/16 — pt/16) %Z% exp (—(pC1 /16 — 5)er).
T €Z.

IN

For C1 > 192/p, we have 37 4> 7czexp(—(pC1/16 —5)er) < > - o gexp (—6er) < 6.
Then

Py (_F(QG), F) +logpr(Y) > Cepr + 01| X B* — %)% + Zt) < 12exp (—pt/16).

(5.45)
Finally, we have
Py [-F(QD,7) + logpn (V)]
o0
< Ceps + 61]|Xz«B* — 0% —i—/ 12 exp (—pt/32)

0
< Cleps + 61]| X5 B* — 07|12, (5.46)
where C' = C + 384/p. O

Proof of Lemma 5.2.4. For Lemma 5.2.4, the proof of Theorem 4.1 in [28] directly indicates

that for any 6%, 7%, Z* € Z_« and B* € Rl §y > 0, there exists Dy only depending on 3,

186



09, p, such that

Pyl <||XZB 2> (14 89)| X g BY — 072+ Men + Mt’Y)

< oxp (=Clee + 12z B = 0712 +1))

for any D > Dg, t > 0 and some constants M, C' only depending on f,do, p, D. Then for
T = ||X;B — 6% — (14 &9)||Xy=B* — 6*||> — Me,«, we have

Pyl [exp <a||XZB - 9*||2)

Y]

< exp (a|(1+69)|XzB* = 077 + Mepe| ) Ppoll exp (aT) Y],
and

Py+I1 [exp (aT)|Y]

IN

o0
Py« [exp («TT{T > 0})|Y] < 1 +/ Py«I [exp (aT') > t|Y] dt
1

IN

o0
1+ a/ Py<I1[T > r|Y]exp (ar) dr
0
o0
1—|—a/0 exp (— (%—a) r) dr.

Choose a = %, then

IN

Py« [exp («TT{T > 0})|Y] < 3,

and
PyeTl [exp <a||XZB - 0*||2) M < 3exp (a [(1 4 89)|| X g BF — %) + MET*D .
Finally,

PyelogTl (exp (] 2B — 0%2) V') < log PyeTl (exp (all Xz B - 6°|) Y )
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< a(l+ 89)||Xg« B* — 0%||? + M'e (5.47)

where M’ = M + log 3. O]

Proof of Theorem 3.2.1. The proof of Theorem 3.2.1 can be directly derived from Lemma
5.2.2, Lemma 5.2.3 and Lemma 5.2.4. O

5.2.83  Deriwations of All Algorithms

In this section, we provides the derivations for the general algorithm and the specific algo-

rithms in Theorem 5.2.1 and 5.2.2 respectively.

Theorem 5.2.1. The algorithm derived by (3.21), (3.18) and (3.19), can be explicitly ex-

pressed in Algorithm 2 and Algorithm 3.

Proof of Theorem 5.2.1. Assume Qp = N(u,Y), Q7 is the measurement such that Q z(Z =
Z)=1and

dQ, \/E 32 B a

Tea _ 2 V2a6 -2 -2

d\ e V2es =Ry
Then according to (5.37),

L(r, Z,a,u, Y)

= 2QQzI%zB - Y1? + D (Q5QzQAINT) (B, 2,3)) ~ logn(r)

=~ log(fe) — §logdet(2) b logdet(XZXZ) +log | 27| + -
B
Ve (HXZMHQ + Tr(XZZXZI)> (5.48)

~
8
b4
—_
N——
=
/N
~

%)

r
1 2 1 T <
+§||X2/L—Y|| +§Tr(XZZXZ) + log + Dér + const.

The “const” above refers to a constant not depending on 7, u, 3, Z , a. Then by some simple

computations we can get the solution of (3.21), (3.19), (3.18) are, (3.22), (3.23) and (3.24).
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Finally, assume (Z [t],a[t],u[t], E[ﬂ) to be the parameters after ¢t-th iteration, then

-1 -1
altl = <1+ _5> (XZyXz0) XLy, S = (1+ —ﬁ> (XX z0) "

alt] alt] Zl!
(5.49)
T br+1 F(?T) —~
Plug (5.49) into (5.48) and with the fact that ) = 25—1, We have
Lzl sl 210 5l
lr lr /2 altl
= ——log(Be) + —log 1+ Aﬂ +log |Z7| + ap
2 all 2
; AN
2 liIxa- ’\t 2 _T it
+ Qa[t] H Z[t ” 9 ( [t]
lr [28 - 1
+- ||XAt],u ~YIP+Z 144/ + 0 log = + Der + const
2 al'l 2
0 ol faflg 1 0. g
= —logE—i—log\Z |+ 5 —§Y XZ[t]u[]+DeT+Const,
where o] = 1 + 26 The proof is complete. O

altl”

Theorem 5.2.2. Algorithm 2 specialized for stochastic block model, biclustering model,
sparse linear regression model, multiple regression with group sparsity, multi-task learning

and dictionary learning is given in Algorithm 4, 5, 6, 7, 8 and 9.
Proof of Theorem 5.2.2. We organize the proof from models to models:

e Stochastic Block Model.
In this model X7 = Z ® Z and Y = Vec(A), then

X} Xy = diag (neng)1<e<k.1<d<k) -

non
Z ZAin{Zi =C 25 = d} ,

i=1j=1 1<c<k,1<d<k
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2
and Tr (XZTXZ> = (Zlézl nc> — n2, then the initialization and update for a, (1 and

>} are correct in Algorithm 4.

Now we analyze the update procedure for Z. According to (3.22), for each 1 <i <n

and each 1 < ¢ < k, we need to compute

1
Vie = —5 log det (X%Li(c)XZZi(c)> B YTXZZZ-(C)M

HXZZz' (C)MHz +r (XZ%(C)ZXZT%(C)” ’

!
2

and update z; by z; = argmin, v;.. As this procedure only rely on ¢ and ¢, we can treat

all irrelevant terms as constants. Then,

log det (XZTzi(c)XZzi(C)) = QZlog ng(i)+2log(ne(i)+1) = 2log (1 + nc(i)*1)+const.
d#c

T
YAz (ot = Z Z Ajijakzjyzjy +2 Z Ajjticz; + Ajiptee = 2 Z Ajjficz; + const.

J174 JaFi JF#i JF#i
2 2 2 2 2 2
HXZ%]'(C)M = Z Z Kzj zj, +2 Z Pez; T Hee = 2 Z Pezy + Hee + const.
J1#i jaFi il JFi

2

_ _ ] () +1
ST (2, 80 ) = (3 "[;jf?] L <g}_”

d#c g e

Thus, in SBM, Z should be updated by the procedure in Algorithm 4.
e Biclustering Model

In this model X7 = Z1 ® Z5 and Y is replaced by Vec(Y), then

XL Xy = diag ((nema)1<e<k1<d<i) -

n n
XLV = [ D0 Vi l{z; = c, 29 = d} ,

i=1j=1 1<e<k,1<d<l
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and Tr (XZTXZ) = (Eﬁ:l nc> (Zi{:l mc> = mn, then the initialization and update

for a, p and X are correct in Algorithm 4.

For the procedure to update Z. When updating 21;, 295 for 1 < j < n are not updated,

then we have

log det <XT > Zlog ng(1) + log(ne(i) + 1) = log (1 + nc(i)_1> + const.
d#c

m m m
YTXZZM. (c):u = Z Z Y;'lj,UZh‘IZQj + Z Y;’j,UCZQj = Z Y;jj,UCZQj -+ const.

i1 j=1 j=1 j=1
H Zz,(c ,uH Z Z “Zulz'gj + ZMCZ2] 2“022 + const.
i17#1 j=1
st 1y (X slt—1] 7 ) ~[ Ny (1) N ne(i)+1) 1 -+ eonst
Zzli (C) ZZl ( ) [t—l] [tfl] [t—l] .
c1#c¢ Neq Ne Ne

Then the update procedure for zq; for 1 <1 < n is correct in Algorithm 5. All results
are symmetric for updating z9; except the trace term as in this case, we have update

the labels zq;. Therefore,

ko1t

1] ( =] T ) _ mg, () | mga(i) +1 ne
0 T Xz > X7, ) = > R = > 1]
di#d Mg, my c=1"Nc¢
kool
1 ¢
= —1] Z —1] + const
mg c=1"N¢
e Sparse Linear Regression In the sparse linear regression, Xy = Xy = (X,,, -+, X2,),

the initialization and update for a, ;1 and 3 are automatically consistent in Algorithm
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6. Then write Xz = (X7(_;), Xz;), we have

T T
xlxy - | Xzcntzen Raep¥a |
XXy 1X ;112

By Schur complement theorem, we have

log det (ngi(C)XZzi(C)> — logdet (X7 X)) +log (1Xcl? = XJ Hy(_jXe)

= log <“X0H2 — XCTHZ(_]-)XC> + const.
For the rest terms, we can get

YTXZZz‘ (= YT(XZ(—j)'“—j + peXe) = 1Y T X, + const.

2 2 T 2
Xz, (ull™ = 11Xz gynjll™ +20;X5 Xz jyp—j + [ Xc]

T 2
= 2uXe Xz jyp—j + [ Xell” + const

T T T 2
(X7, ) Xz0) = T (EoimiXTiXae) + 255X Xe+ Sy Xl
= 255Xy Xe + 511 Xcl|* + const.

Therefore, the procedure to update Z for sparse linear regression is Algorithm 6.

e Multiple Regression with Group Sparsity In this case X7 = [;;, ® X7, but the

derivation is similar to that for sparse linear regression, so we omit it.

e Multi-task Learning In multi-task learning model, Xy = Z ® X and Y is replaced
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by Vec(Y), then

m
Ty _ T _ Ty orfs. _
XZXZ—dlag(<ncX X>1§c§k)’ X Vec(Y) = (EIX Y, I{z c}>
1=

1<e<k

After reshaping the vectors to matrices, we can get the initialization and update for
a, 6, ;o and X% for multi-task learning model is given in Algorithm 8. Then for the

procedure to update Z, we have

log det (ngi(C)XZZi(C)> = klog(XTX) +p£§ log(ng(i)) + plog(ne(i) + 1)

= plog (1 + nc(i)_1> + const.

VeC(Y)TXZ Vec Z Y o X Hziy + YTX,uc = YTXuc + const.
10F£1
1X 7., (o) Veelw)I? = D Xz 1P + 11X pel® = | X pel| + const.
107t
1
st Ty (XZZ.(c)E[t 1XT ) —pz eli) + =L + const.

= nq [t 1 n[cH}

Then the update of Z for multi-task learning model should be the procedure given in

Algorithm 8.

e Dictionary Learning In dictionary learning, X7 = [, ® ZT . B is replaced by
Vec(BT). Y is replaced by Vec(YT), then

XExy =1, @ (Z227), Vee(uT) = 6 H(xF xy) " tal vee(yT).

Therefore, I = (ZZT)~12YT and = Y ZT(ZZT)~1. The initialization and update
for a, §, p and X is consistent in Algorithm 9. The procedure of updating Z can be

obtained by straightforward derivation from Algorithm 2.

The proof is complete. O
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5.3 Proof in Chapter 4

5.3.1 Proofs of Theorem 4.2.1, Corollary 4.2.1 and Theorem 4.2.2

We first show the following lemma to assist the proof of Theorem 4.2.1.

Lemma 5.3.1. The variational posterior @ with respect to the set Syip s a product measure,

with the density for each coordinate in the form of

g951(05), J <k,
45(05) = 4 (1 —p)gj1(0;) +pgja(0;), j=Fk, (5.50)
952(05), j>k,

where gj1 € le = {g : f@jl g(ej)dej = 1} and gj2 € ng = {g : f@j2 g(ej)dej = 1} for all

J, k is some integer, and p € [0,1).

Proof. In order that D(Q|II(-|X (™)) < oo, we must have

supp(Q) C supp(IL(-|X ™))  supp(11).

In other words, for any set B such that II(B) = 1, we must have Q(B) = 1. For each
coordinate, we can assume that q;(0;) = pjg;1(0;) + (1 — pj)gja(0;), where g;1 € Gj1 and

gj2 € Gjo. For each k, define
Bk:{ez(ej);.;liﬁjE@jl forjgkandeje@jg forj>k},

Obverse that for j # [, B; N B; = &. Then, we can define the set B = U2 ;B}.. According

to the sampling process of II, II(B) = 1, which implies that @(B) = 1. Note that for each k,

QB =[] »; [T*-»)).

1<k >k
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and then

1=Q(B ZHp]H 1-p)). (5.51)

k=0;<k j>k

For any 0 < k < s,

1 = (I—=pp+pE) L —ps+ps) = (1 —pg)ps + [(1 — ps)p + prps +

L=pp)(1=po)] [] A =p+m)

l#£k,s

> 1—pkps+ZHp3H (1-pj)

k=0j5<k 75>k
= (1—pp)ps + 1.

Therefore, (1 — pg)ps = 0 for all 0 < k < s, and there are three possible cases:
e p; =0 for all j.
pj = 1for all j.
pj =0for j <k, pj=1forj >k, and p; € [0,1) for some k € N.

However, the first two cases do not satisfy the constraint (5.51). Thus, the variational

posterior @ is limited to the form (5.50), which completes the proof. ]

Proof of Theorem 4.2.1. By Lemma 5.3.1, the variational posterior has the form

p [T 9105 [T 95205 + (1 = p) [ 9510;) [T 952(6))

J<k J=k J<k J>k

Now we need to determine k, p, g;1 for j < k and gjo for j > k. We denote the above
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distribution by Q. Then, it is easy to see that Q(Bj_1 U Bj) = 1. This implies

D(Qy|IT(-|x ™))

PH'<kgj1(9j)Hj>k9j2(9j)
— p |1 95100 || 9j2(65)1og / = do
/B,H E 7! Jg P = Dp(X160) T £52(0) Tl £721(65)
(1 =p) IL<k 951(05) ITj>1 952(65)
o 0= T T 020 OO0 [Ty ) o 20
k i<k >k p J<k Jj1\V5) LLj>k Jj2\Y5
+1log prr(X ™)
= plog : k—1
w(k = 1) exp (mg_y (X0, ()81 U g72)2, ) )
l—p
+(1—p)log
w(k) exp (my, (X0, (951051 U (972)% ) )
+log prr(X ™), (5.52)
where prp(X (™) = [ p(X(™)|9)dI1(6). Minimizing D(Qp||TI(-| X (™)) over p leads to
. rh — 1)1 (XT3,
p:

n . ki . oo n . . o0 ’
7T(l€ . 1)6mk—1 (X( )a(ggl)jzllu(gﬂ)j:k) + W(k)emk (X( )7(931)?:1U(9]2)j:k+1)

Plugging p into (5.52), we have

D(Qp[11(-|x )y
- —log W(}{:_1)emk71(X(n),(gjl);tiu(gﬂ);o:k) +W(k)emk(X(n),(gjl)g?zlu(gjg)?‘;kﬂ)

+log prr (X (M),

Therefore, 7%, 53(-];), 5](];) are the solution to maximizxing the objective function

n N\k—1 _\oo
7T(k,’ _ 1)emkz—1(X( ),(gjl)jle(QJQ)j:k) +r

(k)™ (X(n) ,(gjl)leU(9j2)ﬁk+1>

Y

under the constraints that g;1 € Gj1 and gjo € Gjo for all j. The proof is complete. O
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Proof of Corollary 4.2.1. 1f p(X(™)]9) = H;’il p(X](.n)wj), then

mip—1 (XM, (9,052 U (972)524)

k—1 (n) 00 (n)
fjl(ej)p<Xj ’9j> fj2(‘9j)p<Xj ’9j>
_ ]2231 / g1 (0o = A, +j§ / 012(05) o =k,

IN

k—1 00
Stog [ 56X V10005 + > s [ u(6,)0(X] 160
j=1 79 =k O

and

mip (X, (910521 U (9j2)324 1)

k (n) (n)
B o TG0 & o TG0
— jgl/gjl(ej)log 9100) di; + Z /gjg(ej)log 92(0)) do

j=k+1

k 00
< ZIOg/ fjl(ej)p(X]('n)Wj)dej‘i‘ > log/ fj2<9j)p(X]('n)|‘9j)d9j-
=1 /On j=kt1 7O

The equalities above hold when g;1(6;) o fjl(ej)p(XJ(.n)\Hj)I[gjeeﬂ for j <k and gjo(0;) o
fjg(ﬁj)p(Xj(-n)|6'j)]I9j€@j2 for 7 > k. Plug these choices into the objective function, and then

the objective function becomes
k—1 ( 00 (
wte= ) [T [ siowx10a0; TT [ fiaomx" o;)as;
j=1 @jl jZk @jg
k 00
sx ) [T [ 0000 TT [ fratbn(x(16;)a0;
j=1705 j=kt17 952

This implies that & maximizes 7(k — 1|X (™) + (k| X (™), where

k 00
wX ) ocxW) TT [ sn@pce™oas; T[ [ t0w0x 1600
j=17O5 j—k+17 952
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Therefore, p is given by
m(k — 1] X (™)
m(k — X)) 4 (k| X ()

D=
The proof is complete. O

Proof of Theorem 4.2.2. Assume ) € Sgp, according to the definition, there exists a k such

that
Q(Bg) =1,

where Bk = (®]§k@jl) ®(®]>k6j2) Then

QO (X ")

D (Q|u(|x ™ / Qs A
_ Q(0)/do (n) v (n)
= dQ(0)lo lo XV,
/Bk “0 gﬂ(k)Hjék:fjl(@j)Hj>kfj2(9j)p(X(n)|‘9)+ s (X

(5.53)

where p{-l = [p™(x(M)|)dr1(6).

Therefore, for a specific k, @) is chosen as

M) o TT £1005) T £52(0,)p(x ™ |0)do

1<k 1>k

to minimize D <Q||H(|X(”))) under the constraint that ) (By) = 1. Plug this form into

the right hand side of (5.53), we can get k = k selected as

k= argmaxw /H fi1(0; H fi2(0; (n)\H)dG

1<k 1>k

And therefore, @EB = @(k) is the variational posterior with the variational class Sgpg. O

198



5.3.2  Proof of Theorem 4.4.1

Proof of Theorem 4.4.1. First of all, we assume that ¢ is a testing function satisfying con-

dition (4.15). For K defined in 4.17, we set an event as

H:{X./}f;(gg)dr (0) > exp (—(C3 + De(2)?) FZ*(K)}.

Suppose B = {9 €0 :L(0,6%) > Mle(Z*)Q} for some constant M; > 0 to be determined

later, then we have

(1 — ¢)HH + Py« (HC) + Py« . (5.54)
According to the condition (4.15), the third term above is upper bounded by
Ppeop < exp (—Oe(z*)2) . (5.55)

For the second term in (5.54), we have

IN

po(X) —(C3+1)e(Z%)?
Pg* (/er*(x)dfz*(e)ge 3 Fz*(K)

pe(X) —(C +1)6(Z*)2>
— Py dT 7+ (0) < e (C3
([ iy Tz <

= Dy (1 < e—Pe(Z (/

< (Cg-l—l pe(Z E (/ 0))—/)
pé)*

< o (Ostl)pe(27)? / ( / P (X pH ) dT 7+(0)

= ¢ (Cst1)pe(Z7) / exp pD1+p Pa*\lpe)] dr'z+(9),
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where fZ* is a truncated probability measurement of I'z+ on K, i.e. fz* (A) = %

According to the definition (4.17), we get
Py« (H) < exp <—pe(Z*)2> . (5.56)

Finally, we consider the first term in (5.54). According to the definition of X in (4.13),

(X)
Jppo(X)diIg(0) Jpmaxyen {w(n) 225k am, 0)} i
Tt S T ) gy

For the numerator, we have

/B max{w()\) ]fei(())%dﬂ,\(@)} _ /B max{w()\) 3 mm%drzw)}

ZeZ
py(X)
[, 3 mafuwa(2)) 2 dr (0

YAV

- Y@ %dmm,

ZEZ

IN

where v(Z) = maxycp{w(Nv\(2)}.

Under the event H, we can lower bound the denominator by

w(A*) / ;afg())dﬂ)\*(@) > wA )y (Z27) / 5i<g())drz*(e)
> w\)ae(Z7) exp (—036(2*)2) T, (K).

Then we have
* Jp Po(X)dII5(0)
" T pe(X)dIL; (9)

< exp <C’36(Z*)2> Z;Z w()\*v)(yi?(Z*) FZ*l(K) /B Py(1 — ¢)dl' z(0)

—¢)ly
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Note that B can be decomposed as B = Uz zUr°, (RZ(\/(Z + 1)M16(Z*))\RZ(\/lMe(Z*))),

then according to the testing condition (4.15) and the prior ratio condition (4.18), we have

1
Ea / Py(1 — 6}z (0)

_ Zexp (Cae(2)? + e(29?) = Cue?) Tz (Rz (VT + 1)Me(27)))

FZ*
1 * *
P ;exp (Co(e(2)? + e(27)) = C1e?) Tz (Ry(Vide(27)) )

Ty (Ry (/T + DMe(2%)
< exp <C’2(6( +e(Z%)? >Zexp< CilMe(Z") > Z< ? 7 (K) )
< s e (Cate2 +o27)

xS exp ( CUMe(Z*)2 + el + 1) Mye(Z9)? + Cye(2)2 + 056(2*)2)
=1
< 55((22*)) exp (Co(e(2) + (7))
X Zexp ( C1IMe(Z%)? + 2ce(Z*)% + Cye(2)? + C5E(Z*)2>
=1
< 5(5((22*)) exp (CQ(E(Z)2 +e(Z)? + Cxe(Z27)? ) Zexp < cdMe(Z*)? + C46(Z)2) .

Without loss of generality, we can assume ¢(Z*) > 1 and set M > 1, then —1; <
1—exp(—cMqe?)

exp (mle(Z*) ), where m1 = —log(1l — e™¢) < co. Then we have

1 i(2) *
T, (K) /B Fy(1=0)dlz(6) < 50755 oxp ((Ca+ Co)e(2)? + (my + Co + C5 = eM)e(27)?)

Finally, with summability condition (4.19), we will have

fB pg dHA(e)
fp@ dH’\ ) - ¢)HH
< exp ((02 +Cy+ O +my — ch)e(Z*)Q) (5.57)
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Z )\* VA* Z*) 56((ZZ>*<)) P <(02 +C)elz )2>

< exp <(02 +C3+C5+Cp+my — ch)e(Z*)2> : (5.58)

Then we choose M; = max{c~}(Cy+C3+Cs5+Cs+mq+1),1, My} and My = min{1,C, p}.
Combine (5.57), (5.56), (5.55) together with (5.54), we will have

PyT1 ( (0,0%) > Mye(Z™) > < 3exp <—M2€(Z*>2> :

5.3.83 Proof of Theorem 4.5.1

Now we show Theorem 4.5.1 by applying Theorem 4.4.1. We choose p = 1, C3 = 1,
L(6,6%) = || — 6%|]2, €(S)? = |S]|log %, d(S) = 1 to check the conditions. To show this

Theorem, we start from the following lemmas.

Lemma 5.3.2. There exists constants My, C,Co > 0 and a testing function ¢ for sparse

sequence model, such that

Py« < exp (—Cs* log g) ,

and

1
ap  Ppl1—0) <o (O (stop L4 st 10g L) - 1)
0€Og:(|0—0*||2>¢2 S S 8

for any €2 > Mys* log £ and S € [p], where s* = |S*| and s = |S]

Lemma 5.3.3. There exists a constant My > 0 such that

I's ({0 €6g:]0—0%? <))
Tg« ({0 € Og+||0 — 6% < s*log £}

] < exp (312e + Cue(9)? + 056(5*)2)

for all € > Mys*log %.
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Lemma 5.3.4. For any C > 0, there exists a constant D > 0. When (4.23) is satisfied for

vy > 19 > D, there exists \* € [0,1] and a constant C' > 0 such that

Z % exp <C€(S)2) < exp (C’e(S*)2> :
Selp]

Proof of Theorem 4.5.1. This theorem can be directly proved by applying Theorem 4.4.1
with Lemma 5.3.2, 5.3.3 and 5.3.4. O

Proof of Lemma 5.3.2. Consider the testing function

b5 =T{I1X = 0°1% > a(e(S) + (") }

where €(S) = |9 log% for all S C [p] and

¢ = &ﬁ b5,

with a > 0 to be determined later. Then we show that ¢ is a test function satisfying the

condition (4.15). Set |S| = s and |S*| = s*, then we should note that

b
e e
Py« < Z (I;)P <£§ > a <slog?p + s* logs—f»

s=1

NE

®
I
—_

for any ¢ > 0. We choose t = 1/4, then

p
1
Py« < Zexp (— (%—2—5103;2) slog%—%s*logi—f).

s=1
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Choose a = 10, we have § — 2 — %logZ > (0 and then

p
> 3
Py« < Zexp (—55* log g) < exp (—55* log %) .
s=1
For any # € Og such that ||§ — 6%||?> > €2, we have
201X — %7 + 2| X — 0] = |0 — 6|)* > .
Then || X —6|]? > %62 — ||X — 6*||? and in the same way, we have

Py(1 = 6) < Py(1 = 65u5+) = Py (I1X = 0% < 10(e(S U S) + €(5")))

< B (||X —0)? > %g —10(e(SUS*) + e(S*>>>

* 1
< exp (— 15 L;S | log(1 —2t) — §t62 + 10¢(e(S U S*) + E(S*))) :
We also choose t = 1/4 in this case, then

1
Py(1 - 6) < exp (02(8 0 % 4 510g ) - gez) ,

where Cy = 5 + %log 2.

Finally, the proof is complete by setting My =1, C' = %, Co=5+ %log 2. n
Proof of Lemma 5.3.3. According to the definition, we have

s ({6 €0g:0- 0% < 62}) x f||9,9*||2<€2 exp (—p||fs|l1) dog

S P 2 $§—S§ )
Lg+ ({0 € ©g<[|0 — 0*[| < e(5*)%}) (0r2) Jjo—o2<e(s%)2 &3P (—pll0s+]11) dO g+

Then for any 6 € Og such that ||§ —6*||> < €2 and any § € © g« such that ||§—6*||> < €(S*)?,
we have

10— 01 <2 (10— 077 + 1 - 6°]12) < 22 + e(5")?).
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Then we have

_ _ _ 1 _
—pll0ll1 + pll0llL < pll0 — 0l < pVs +s*|0 — O] < &(s+ ") + 16 Yjo—0)?

15—1e2+fe<5>2+<21g f)( 5%,

VAN

2
where £ > 0 to be determined later. Therefore,

Ts ({0 €0g:|0—0%?<é})
[gs ({e € @5*||9 —0*%]2 < e(S*)2})

where Vol(Bg(r)) denotes the volume of s dimensional ball with radius r. Then Vol(Bg(r)) =

2
—F(S7/T2+1) r$ and

Ts ({0 €0g:0—06%|<e})
I g« ({9 S @S*H@ - 9*”2 < E(S*)2})

< exp (25 <§+‘log—]—|—llog(2ﬂe)> e(9)? + (21§+£+!10g—\) €(S )2)
() ()

exp (%e + (5 + | log g| + % log(27re)) €(S)?

2
(215 + &+ |log 2|) e(S*)? + glog (%) )

With the fact that %10g(e2/s) 5log& + 5 log (1 + £s> Slog&+ 5 25, we finally have

IN

Ts ({0 €6g:]0—0%? <e?})
Fs* ({9 S @S*H@ — 9*”2 < 6(5*)2})

< o (2 + (€ g 2]+ Sloa(me) ) 5)” + (5 + 6+ [1052]) e(5")?)
§ 20 2 26
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Choose £ = 32 and set Cy = 32 + |log 5| + % log(64me), Cs = 33 + |log §|. O

Proof of Lemma 5.53.4. For sparse sequence model, we have

= Fidpe

Then,
_ _ T(e+p) a+|S|=171 _ y\o—|S|+—1
AS) = max {wna(S)} = $r Arg[%ﬁ]{x (1P }
I(a+f) ( a+]8]-1 )a+5l—1 (p—|5|+5—1)79—|5l+5—1
F(@)(B) \p+a+p5-2 pra+p—2 ’

Note that v(S) only depends on |S|, then we denote s = 7(S) for all S such that |S| = s

with
_ T(a+p) ( a+]9)—1 )a+s—1 <p—s+5— 1)P—8+5—1
T (@r(B) \pra+p—2 PtatB—2 '
We choose \* = -4+5"—1_ then WA )y« (S*) = 4. Then,

p+a+5-2’

p
Z % exp <C’€(S)2> < Z 75* exp ((C’ + 1)slog %) ,
Selp] A* s

When (4.23) is satisfied, we have p™"1 < v 1/ < p~ "2 and then J—S* = z—fq—l* <

pY15 25 When s* < p? for some a < 1, €(S*) =< s*logp, then for v; > vy > C + 2 we will

have

p
7(5) 2 ep
Z WO ) (57 exp <Ce(5’) ) < Zexp (1/13* logp — (vg — C — 1)slog ?)
Se(p] s=1

< exp (r18¥logp — (v9 — C —2)logp) < exp (v15* logp) .
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The proof is complete.

]
5.83.4  Proof of Theorem 4.5.2
To prove this theorem, we choose €(S) as follows:
S|lo S #£ S*
(s =1 |1 ep 57 (5.59)
s _logp _ Q%
K2A1 §=5

For loss function, we choose the 5 loss between predictions: L(6,6%) = || X (6 — 6%)||.

The calibrate parameter is 6(S) = 1 as well. We also remain p = 1 and C3 = 1 in the
Theorem 4.4.1.

As the €(S) in sparse linear regression is identical to that in the sparse sequence model
except S = S*, Lemma 5.3.4 can be generalised to this case and the summability condition
holds. Likewise, we also propose some Lemmas to check the testing conditions and prior

ratio conditions for sparse linear regression model.

Lemma 5.3.5. There exists constants Mgy, C,Co > 0 and a testing function ¢ for sparse

linear regression model, such that

Pyo < exp (~Ce(5")?),

and

sip Py(l—¢) < exp <02(6(5)2 (52 - 162) |
0O 4:]| X (0—6%)2 8

for any €2 > Mye(5*)? and S € [p].

Lemma 5.3.6. There exists a constant My > 0 such that

Ls ({6 € 05 | X(6 6| < &}) L, ) 2
Ts ({6 € 05 X0 — 02 < e(52)) ~ <3—26 + Cae(S)? + Cse(S5) )
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for all €2 > Mys*log p.

Proof of Theorem 4.5.2. The theorem can be directly proved by applying Theorem 4.4.1
with Lemma 5.3.5, 5.3.6 and a slightly modified Lemma 5.3.4. O

Now we start to show Lemma 5.3.5 and 5.3.6

Proof of Lemma 5.3.5. For each support set S, we consider
bg =1 {||PS(Y — Xge05) |2 > 106(S)2 + 106(5)2} ,

where Pg is the projection matrix on Xg defined by Pg = Xg(Xg:X )~ Xg. Then overall,

set

¢ = géa[ﬁ Ps-

Then, with almost the same procedure as the proof in Lemma 5.3.2 and the fact that e(S*) >

s*log & > log p, we have

Pyt < 3 P (IPsWI? > 10((S)? + (%))
Selpl
p

= > <§>P (53 > 10(e(S)” + 45*)2)) < exp (—26(5*)2) _

s=1

In the same way, for any 6 € ©g such that || X (0 — 6%)|| > €, we have
2 2 2 2
2] Pgug+ (Y — Xgefg:) [~ + 2l Psug= (Y — Xgg)[I” = [ X(6 — 67)[I = €7,
then

Py(1 = 6) < Py(1 = 65us) = Py (1Psus+ (V = X07)|? < 10(e(5 U $™) + e(57)?))

1
< By (HPSLJS*(Y — XO)[? = 5~ 10(e(SUS")? + e(s*)2))
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< exp <CQ(E(S)2 +e(5%)?) — %62) :

The proof is complete.

Proof of Lemma 5.5.6. First we upper bound the numerator, note that

rs({oeos: Ix0-02 <}
= Ts ({0 €051 1X(0— ) < & l0geclly < 3 (0~ 6%) 511 })
T ({0.€ O+ 1X(0 = 01 < 2 1051 > 30 — 0"+ })
Ve

IN

I's ({9 €Og: |0 —0%1 < }) +Ts ({0 € Og : ||8g+c|l1 > 3[[(0 — 0%)g+[l1})

Suppose |S| = s, then for the first term, we have

Pl lhp g ({9 €Og: |0 —0%1 < ﬁg})
K

P\* *
< (5 exp (p(10% 1 — 6]12)) 40
6—0%[ 1< Y3
*
< ( >V01<{9€@S 16l11 < V})
/ / %
< exp(slog -i-p €+510ge S€>
2sk
£1€2 s 2 s %5t
< | = 4+ —log— 1
< exp(sog —|—2€1l{2+ 5 +2 gé_ —|—20g Lo
2 2 2 2
p o p°s E1e € e“5"&
< 1 — + —
< exp(sog —|—2€ 5 T 5 +2§2+ 32 ),

Set £ = 1/32 and & = 32, then

GPHH*HlFS ({9 €Og:||0—0%1 < \/Z—€}>

1
< exp <| log gle(S)2 +(16p” + 4e%)e(S*)* + —62)
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For the second term,

P17 Ihrg ({6 € Og : (|0l > 3]0 — 6%)5+]1})

p S
)/ exp (~pll0l1 + 1) dbs
10.gxcll1>3[(0—0%) g1

IN

\)

IN

S
/ exp (—pllfgse |1 + pll (0 — 6%)g:|l1) dbg
|0gxcl1>3][(0—0%) 5= ||l1

P
exp (= (10l +11(6 = 6%)s-]1) ) d¥s
[0.gxc[l1>3[(0—0%) g1

/ exp (<216~ 07111 ) dbs
S*C||1>3H (0—0%) g1
/ exp (<2116~ 0%)sl1) dos

p( (5)? 10g2>

VAN
e e N e R
NI NI NI D

|/\vvvv

Therefore, overall we have

Al g ({e €O ||X(0— 092 < 62}) (5.60)

< exp ((| log p| + 3log 2)e(S)? + (16p% + 4e2)e(S5*)? + 312 2)
Now we build the lower bound for the denominator, note that for € © g+, we have
1X (0 = 6)I1* < | Xse 710 — 0117 < p* 10 — 6%|3.
Then,

epHQ"‘les* ({9 € @S* : HX(@ _ 9*)”2 < E(S*)Z})
S*
B <£> / exp(—pl|0l[1 + pl|0"[|1)d0 s+
2/ JIx(0-6%)|2<e(57)?
p S/ .
9 exXp(—p 0 - 0 d@ *
Oy —— R

O exp(—p0 — 0 [1)d0s-
10—6*[ly<p=e—C
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> exp (—8*\ log | - pp_“_c> Vol ({9 € Og:[10 =67l < p_a_c}>

2
2
> exp (— <p ;1 + |logg|) e(S*)? —2(a+C + 1)logp)
2
> exp (— (p ;_ ! + |logg| +2(a+C+ 1)) e(S*)2) (5.61)

for some constant ¢’ > 0. Combining (5.60) and (5.61), we have

I's ({0 €0g: X009 <e})
Do+ ({0 € Og+[| X (0 — 6)]|? < e(S*)}

1
) < exp <3—2€2 + Cye(S)? + 056(5*)2> :

where Cy = |log p| +3log2, C5 = 17p2+462+1+\10g§\ +2(a+C+1). O

5.3.5 Proof of Theorem 4.5.3
We also check the three conditions (4.15), (4.18) and (4.19) to prove Theorem 4.5.3.

Proof of Theorem 4.5.3. In this model, we simply choose 6(2)2 = ¢, for Z € Z;. The loss
function is the £y loss function L(XyB,X;«B*) = ||XyB — XzB*||2. As all above, we
choose p =1 and C3 = 1 in Theorem 4.4.1.

First of all, for any given Z € Z,, we consider the following testing function:

o7 =T{1Psuz (Y = Xz B > aler + )}

where Py 7+ is the projection matrix on the space spanned by the column vectors of X'z

and X+, then d(Z U Z*) def Tr(Pyz+) = rank(Pyz+) < {r + £+. Then set

= max ¢g.
ZEUTE7-Z7—

When a is chosen to be a large constant, there exists some constant C' > 3 such that

Py,.pd<> > Px,.p <||PZUZ*(Y — Xz:B")|I” > a(er + Er*)>
TETZGZT
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< Z Z P <X§T+£T* > 10(67- +€T*)>

T€T ZeZ,

> Y e (e +er)

T€T ZeZ,

< exp(—Cerx) Z exp (—(C' — 1)er)
TeT

< exp(—(C —log6)er+),

IA

where we have used the third formula in Lemma 7.2 in [28]. For any Z € Z, and B € R

such that | Xy B — Xz« B*||? > €2, we have

Py,p(1—¢) < Py,p(1-9¢z)=Px,B (HPZUZ*(Y — Xz« B¥)||? < 10(er + 67*))

1
2 2
S P <Xd(ZUZ*) Z 56 - 10(67- + 67—*>>

1
< exp (02(67- +€%) — §62) .

Then the condition (4.15) in Theorem 4.4.1 holds. Now we check the condition (4.18).

Consider the prior ratio

r, ({B e Rl ||XyB — Xy B2 < 62}>

Ty ({B €RY ¢ | XzB — Xz« B*||2 < €+ })

exp (M| Xz B*) Ty ({B e Rl : |XyB — Xy B2 < 62})
exp (| Xz« B*||) T zs ({B € R 1 || Xy B — Xz B*|2 < e+ 1)

At first, we build an upper bound for the numerator. Suppose Xy = UzX ZVZT is
the condensed singular value decomposition of Xz and set B}, = (Xg XZ)_ngXZ*B*,

b=3%,V}IB, b* =S;V;B}. Then,

exp (\| Xz B*|) Ty ({B e R |XyB — Xy B2 < 62})
/l

" I((/2)

det(jg?fz) < A )



x / exp (A X7+ B*|| — A| X2 B) dB
BERLT:|| Xy B—X .« B*||2<e2

det(XL Xz) b0 /2
< / Z (i) (br/ )exp()\e)dB
BERT:[| Xy B—Xzx B*|[2<¢2 2 vr) D)
det(XTXy) tr
< / Z (i) L /2) oo e dB
BeRT: | Xz(B—B3)|2<e? 2 VT L(¢7)
¢
1/ A\ T(/2)
= —| —= exp (Ae) db
/beRfT;||bb*Z||2ge2 2 (ﬁ) L'(¢r) (Ae)
T'(¢r/2) ( e )
< ——Zexp | Ae+ 20110 )
Note that

A 1 1 1
Ae + 207 log o <N+ 4—662 + 2/l he < A2+ EEQ A&l N2 + @62.
T

Choose &1 = &9 = 16, then Ae + 2/; log \//\T < 80\2¢, + 3%62. Plug this in the upper bound,

we have

exp (M| Xz« B* ) Ty ({B e R : ||XyB — Xy B2 < 62}) (5.62)

I'(67/2) 2 L 9
S ) exp | 80A 67——|-32€ .

Now we build the lower bound for the denominator. In the same way, we assume X 7+ =

USVT then set b = XVT B and v* = VT B*. Then we have

exp (M Xz B )Tz ({B € R : | 2B — X7 B*|? < e+ })

det(Xg*XZ*) A L% T(C.+/2)
2 NG T(0+)
< exp (M| B | = N[ X+ B])) dB
BeR ™ :|| X 4« (B—B*)||2<e«
det(Xg*XZ*) A L% T(C,+/2)
2 NG T(0+)

A%
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x/ exp (—\|| X z«(B — B*)||) dB
BER'™:|| Xy« (B—B*)||2<e, =

D(lr/2) (A .
/beRfr*:|bb*||2g€T* M () \ V7 exp (—A[lb — b7[|) db

F(ET* /2) )\ 67-* TE*
> ST o [ Aem — £ log = 4 T log 1T
= o0l P e T bR TS s

F(ET*/Q) 2 )\ ET* 7T67.*
T e (A2 = epr — e log —— + T log T
= o0t P YA R

Note that e« > £«

exp (M Xz B )Tz ({B € R : | X2 B — X7 B*|? < e })

> % exp (— <)\2 +1+ [log %D 67.*) (5.63)

Combining (5.62) and (5.63), we have

r({BeR B - 22512 <2)) gz (4
< exp <32

2
< —e° 4+ Cyer + Cre *),
Ty ({BeRM: [XB— Xz B P < er))  0(27) R

where §(Z) = Fﬁ&/ )2) for Z € Z, and Cy = 80)2, C5 = A2 + 1 + ’10g ﬁ]

Finally, we check condition (4.19) in Theorem 4.4.1. As ['z(©4/) = 0 for Z # 7/, we

have y(Z) = w(7)v:(Z) for Z € Z. Then

1(£)6(Z)
Z Z w(T*)VT*(Z*)(S

TeT ZeZ,

=2 2

T€T ZeZ,

exp ((D 4 1)er+) Z exp (—(D — Co — Cy)er) .
TET

exp ((Co + Cy)er)

~~

Z*)

1

exp (—Der) |

7|
exp ((Ca + Cy)er)
exp (—DET*) | —1*‘ g

IN

By the third formula in Lemma 7.2 in [28], if we choose Dy = C9+ Cy+2, when D > Dy,
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we will have

> w(T*;/(Z*)((SZ(gg(Z*) exp ((Cg + Cy)er) <exp ((D + 1+ log6)e«).
T€T ZeZ, T

Finally, the proof is complete by applying Theorem 4.4.1.
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