Supplementary Information: Efficient multimode Wigner tomography

Supplementary Note 1 — Calibration of the
multimode Hamiltonian

Like in [I], the Hamiltonian of the multimode cQED
system realized by the transmon and the storage modes
is:
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where w,/(27) = 4.96 GHz is the frequency of the trans-
mon |g) - |e) transition, wy,,/(27) ranging from 5.72 —6.47
GHz are the cavity mode frequencies, y.,,/(27) ranging
from —1.64 to —0.91 MHz are the dispersive shifts, k,,
the self-Kerr shift of each mode, and k,,,, the cross-Kerr
interactions between the modes. The Kerr nonlinearities
range from —6 to +9 kHz. Parameter values are deter-
mined with the processes described in the supplement
of [I]. A summary of the system parameters (updated
from [1]) used in the experiment, as well as Liouvillian
terms corresponding to transmon and cavity decoherence
and decay, is provided in STable[l] The 2-mode experi-
ments used the last two modes in the table, the 3-mode
experiments used the last three modes, and the 4-mode
experiments used all four of the modes.

Supplementary Note 2 — The Wigner function
and its generalization

The Wigner function is the quasiprobability distribu-
tion of a state in phase space, and is one of the most
important functions in the field of quantum optics. For a
single-mode state p, the Wigner function is defined as [3]

W,(a) = 2Tx[pD(a)e’™ * D (a)), 2)

where D(a) = e@@' —a"a ig the displacement operator.
We can see that W, («) is proportional to the expectation
value of the parity operator with the state p displaced by
complex amplitude —a. Similarly, we can introduce the
Wigner function for an operator O with finite Frobenius
norm (F-norm) (||0||r = /Tr[O10] < 400) by substi-
tuting the state p with the operator O in Supplementary
Eqn. .

The Wigner function of a multimode M-mode state p
can be expressed as

W, (&) = 2Y Tr[pD(&)e'™ Em=r “nen DY(&)],  (3)
where D(a) = H%Zl €@mah—5am - Ag described in the
main text, due to the different dispersive shifts of our

cavity modes, we instead implement a generalized parity
operator [I]. We can express the corresponding general-
ized version of the Wigner function, as introduced in [4],
as
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where 6,,, can be different and need not equal 7 for the
M modes. We also denote
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where Wp(&,é) can in general be a complex number,
since e Xm=19ma.am is no longer Hermitian. Also,
|Wp(&,§)| < 1. We can see from the form of Supple-
mentary Eqn. that WP(&,g) = Wp*f (&,—@). This

generalized Wigner function Wp(d’,g) is what we ex-
perimentally measure. In the next note, we show that
Wp(d, 5) for quantum states plays a similar role as the
usual Wigner function (Supplementary Eqn. (3)) when

calculating the expectation values with other operators.

Supplementary Note 3 — Estimating
expectation values with Wigner sampling

In this note, we discuss the sampling method for esti-
mating the expectation value of the Wigner function with
an operator with finite F-norm O. We then analyze the
overhead required to reach a certain accuracy threshold.

We start with the identity that reflects the relationship
between expectation values and the Wigner function:
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For the generalized Wigner function, we have a similar
expression:

dQZ\Jd . .
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where Cyy = [TY_, [2(1 = cos 0,,,) /7).
The equations above have been applied for direct fi-
delity estimation between an experimentally prepared

state p and a target pure state o [5]. For example, we
can rewrite Supplementary Eqn. as
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Parameter Hamiltonian /Liouvillian Term | Quantity Value(s)
Transmon frequency wq |e) (e] wq/(27) 4.97 GHz
Storage cavity frequencies Wi Gy G wm/(2m) | 5.716, 5.965, 6.223, 6.469 GHz
Readout frequency wrala, wr/(2m) 7.79 GHz
Readout dispersive shift xratar |e) (e xr/(27) 1 MHz
Storage mode dispersive shifts X, am le) (el Xm/(27) |-1.636, -1.269, -1.093, -0.906 MHz
Storage mode self-Kerrs %ajnam(ainam -1) km/(27) 9.0, 5.2, 4.2, 3.2 kHz
Storage mode cross-Kerrs Emnal,amal an kmn/(27) —6 — 0 kHz
Transmon |e) — |g) relaxation T%q(l +7)D]g) (el ] 7! 108 £ 7 us
Transmon |g) — |e) dephasing (T%q — ﬁ)D[ le) (e] ] Ty 165 + 14 us
Readout linewidth krDlar] Kr/(27) 0.52 MHz
Storage mode relaxation ﬁD[a] I ~1—2 ms, see [2]
Transmon thermal population Tiqu[ le) (gl ] nl 1.5+£05 %
Storage mode dephasing (ﬁ — QT—II,,L)D[ 1) (1] ] " ~ 1.5 — 3 ms, see [2]

Supplementary Table 1 | Multimode cQED system parameters

where py2(@) = Ca|W, (6, 0)|? satisfies py2(a) > 0
and [d*M@& py2(d@) = Tr[0?] = 1, such that we can
treat pyy2 (@) as a probability distribution function that
we can then use to sample a set of displacement vectors
{d'(k)}. For physical p and 0_: explicitly taking the real
part is not necessary (as the integral will have 0 imagi-
nary part, but we explicitly take the real part to empha-
size that F(p,0) is a real quantity. Given a set {@&(*)},

we can measure Re[ei‘b(&(k>)Wp(¢i(k), —6)] and calculate
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of F(p,o). In [Supplementary Note 5] we show explic-
itly that by repeatedly measuring whether the qubit is in
the |g) level, we can obtain a series of binomial outcomes

to obtain an estimate

Ag-k) € {1, -1} whose expectation values lead to exactly

Re[e(@ )TV (&™), ~6)]. We call the above sampling
method the W? tomography sampling method.

In general, we have the freedom to choose other prob-
ability distribution functions p(&) to generate sampling
points {&®)}, since
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obtain an estimate for Tr[pO]. However, in certain sit-
uations, there will be an optimal choice for p(a). For
example, if we perform single shot measurements where
we only measure each sampling vector &(*) once, the vari-

ance of the estimator Cy, %AW will be limited

We can calculate the average of Cj,

by
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Here, we have used the Cauchy-Schwarz inequality and
the fact that [d*& p(@) = 1. The minimum
is achieved when p(@) o |Wo(@,6)|, which we call
the DEMESST sampling method. It is also worth
noting that, for the W? method where py=(a) =
Cu|Wo (@, 8)2, the integral shown in the first line of
Supplementary Eqn. (10) will be divergent. To avoid
this, Ref. [5l [6] have proposed choosing a threshold cutoff
value to discard some san}[;hng vectors a*) that make
k

the denominator of WW This cutoff
procedure can lead to bias when estimating Tr[pO] and
makes the error analysis more complicated. A detailed
analysis of the effect of this cutoff in a multimode setting
is beyond the scope of this work.

Instead, we focus on the DEMESST method. The
probability distribution function is given by

_ [Wo(a,0)|
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where

-

Zo = /dQM& Wo(e, ). (12)

In the DEMESST method, we must average CMZoAg-k)
over all sampling vectors &) and all possible binomial



outcomes from the qubit measurement per sampling vec-
tor. In the limit where we do one qubit measurement per
a®) | we can use Hoeffding’s inequality to estimate the
number of samples Ngp1 required to reach an accuracy €;
with probability 1 — 7 to be

P CuZo § ZA(/«) T[pO)| > e | <& (13)
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We can see that, in general, Ny, o< (CarZ0)?. In the next
note, we analyze the properties of Zp for our operators
of interest.

Supplementary Note 4 — Density matrix
reconstruction procedure

In this note, we discuss our scheme for reconstruct-
ing an unknown state using the DEMESST sampling
method to estimate each element of its density opera-
tor in the Fock basis. We consider a system with M
modes and maximum total photon number N between
those modes. This restricts the dimension of the Hilbert
space to (M;N). We focus on the scaling of the sampling
overhead (number of samples required) vs. mode number
M, in the limit where M is much larger than 2N, and
show that this overhead scales polynomially vs. M with
bounded photon number N, demonstrating the efficiency
of the DEMESST approach as M increases.

We assume that the operator O (in Tr[pO]) is in one
of the following forms:

O = LN (g
ol = i)
n,n t \/i

Here i) = ®@_, [nm) and i) = @M \nm> are Fock
basis states that satisfy Z 1Mm <N and Z i, <

N. The operators O are chosen such that O = Ot and
Tr[OT0O] = 1. For a system with M modes and maxi-

mum total photon number N, we have (M;N)z of these
operators.

One essential observation is that, when M > 2N, for
any (i, 11') pair there are at least (M — 2N) elements in
the set S = S 5y = {m|n, = n;, = 0}. We also denote
S ={1,2,...,M}\S. Because of this, the corresponding
operators shown in Supplementary Eqn. can always
be decomposed as

0= (& 10)0ln) ©Os. (16)

mesS

(15)
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where Og has support on the modes with index m € S.
We can see that the number of elements in S is no greater
than 2N, and independent of M. Similarly, the general-
ized Wigner function of such an operator O satisfies

where @5, 65 contain those elements in &, @ whose mode
index m € S. Again, WOS (@s,053) is independent of M.

Now, we consider the sampling overhead to obtain a
precise estimate of Tr[pO] when O satisfies the properties
described above. One approach is to sample directly ac-
cording to the M-mode function |[Wo (&, 6)|/Zo. Based
on Supplementary Eqn. 7 the key quantity we should
focus on is CpsZp, which satisfies

i 2(1 — cosb,,)
_ B m 2M = 1% - A
CuZo = (7}__[1 B — )/d a |[Wo(a,0)|
2(1 — cosb,, oz
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Here, Cs = [],,c5[2(1 — cosb,,)/n]. Since Og is sup-

ported on at most 2N modes, which is independent of
M when M > 2N, the only M-dependence in Cy;Zp
comes from the 2 factor. Unfortunately, this is still un-
favorable, as it grows exponentially with mode number
M.

To resolve this issue, consider Og, which is non-
trivially supported on the modes contained in S, rather
than the full operator O itself. We introduce the pro-
jection operator Ps = ),,cg10)(0],,, and denote pg =
Trg[pPs]. Here Trg[e] means the partial trace over all
modes with m € S. We can see that

Tr[pO] = Tr[pgOg], (19)

where pg and Og are wholly supported on modes in S,
which contains at most 2N elements. We can perform
DEMESST sampling according to Og as follows:

Tr[ps03]
- CsZo, / 1815 pry(Gig) Rele®(@s
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where pp is the probability distribution function defined
in Supplementary Eqn. . In the experiment, we uti-
lize the |f) level of the transmon to effectively restrict the
cavity state to pg. From the measurement, we obtain bi-

nomial outcomes Ag»k) € {1, -1} with expectation values



Expected State pr
(ex: (|01) +110))/V2)

Classical knowledge
—_— of subspace —_—
(ex: 00),01),10))

Compute set of basis
operators 0;
(ex: ]01)(01],]01)(10]|, etc.)

}

Experimentally prepare
approximate p

|

Obtain sampling
points for 0;

\ | Measure Tr(p0j) | /

.

| Reconstruct p |

Supplementary Figure 1 | Flowchart depicting the steps involved in our density matrix reconstruction procedure, of which
DEMESST is an example. Starting with a target expected state pr, we can use our knowledge of pr to identify a target subspace
and compute the operators O; that span that basis. We then use those operators to generate sampling points, which may involve

projections to be done efficiently, as described in [Supplementary Note 3] By experimentally implementing the operators on our

prepared state, we can reconstruct the state p and compare it with the ideal target pr. Even if the prepared state p is not close to
pr, as long as it lives in the same subspace, we can effectively reconstruct it.

Rele io(ay” W, (A ) —63)]. More details about this ex-
perimental protocol are presented in[Supplementary Note]
Like before, we can use Hoeffding’s inequality to es-
timate the sampling ox(/e)rhead. If we only measure once
k

per sampling vector ag

, we will have
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When N is bounded, C5Zp, is independent of mode
number M when M > 2N. Therefore, Ny, in Supple-
mentary Eqn. scales as

f(N)
2

Ngp1 ~ OM( 2

In(2/62) ). (23)

where O); indicates that we focus only on the scaling
over M in the large M limit, and f(N) = QCEZ%S is a
function that depend solely on N and the specific form
of O from Supplementary Eqn. . We also introduce
fmax(IN) to represent the maximum value of f(N) from

2
those (M;\;N) operators.
We can now consider our reconstructed density matrix
p. By performing expectation value estimation on the
2
unknown state p with all (M N ) operators with form in
Supplementary Eqn. , we can achieve
M+ N\?
)@ (24)

P(B)>1—( N

with total sample number

2
mwm4wxﬂﬁﬂmww4,@m

where B requires all the conditions below:
| (] (p — p) [6) | < €2,
[Re[(f] (p— p) [0)]| < e2/V2 (8 # 1), (26)
m[(5] (p — p) )] < €2/V2  (H # &).

If B is satisfied, we will have the Frobenius norm distance
between our reconstructed state and the true state satisfy

M+ N
6= slle = [ a1 G-l < (MY )
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Also, if p is a pure state, we will have

[F(p, p) — 1] = |Tx[(p — p)p] Sez-Z\ (n| p|A)
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In summary, by choosing €3 = e/(M;N) and 0y =

2
5/ (M;;N ) , our sampling method will require the total
sample number

Ntot ~
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to achieve
P(llp—pllr <€) >1-14, (30)

even if we only perform a single measurement for each
sampling instance. With the same amount of sampling,
we can also achieve

P(F(p.p)—1] <) 216 (31)

when p is a pure state. We note that in the above, we
consider a fixed N and focus on the scaling over M. The
source of the sampling overhead’s N dependence is the
increased subspace dimension and number of O opera-
tors. However, the subject of our work is the protocol’s
dependence on M.

The procedure for DEMESST is as follows: first, the
Wigner function corresponding to a chosen basis opera-
tor is normalized to a probability distribution based on
its absolute value. Then, displacement vectors are sam-
pled from the resulting inverse cumulative distribution
function (CDF) by randomly selecting a value between 0
and 1 to find the corresponding angular and radial val-
ues of the displacements. This calculation is performed
efficiently by utilizing Laguerre functions and their in-
verses. During measurement, each displacement vector
will have the original sign of its Wigner function value
preserved, so that if the Wigner function was negative
at that point, the final measured value will be multiplied
by -1. Observing a set of these will provide an estimate
of the chosen density matrix element. Repeating this for
multiple elements will thus produce the density matrix
of the prepared state.

Supplementary Note 5 — DEMESST
Experimental Protocol

For simplicity, in this note we assume that the cavity is
initialized as a pure state |1)). However, the same argu-
ments will apply for a generic density operator p, which
can always be decomposed as p = ), ¢;|t;)(¢;] and un-
derstood as an ensemble average of a set of pure states
{[4i) (i|} with probability c;.

First, we consider the generalized Wigner function of
an M-mode state. We assume that the cavity-qubit state
is initialized as |[¢) |g). To perform the Wigner tomog-
raphy measurement, we apply a short (large-bandwidth)
drive to each cavity mode, then apply a large-bandwidth
m/2 pulse on the qubit to begin the parity measure-

ment. After these operations, the qubit part becomes
exp(—ifoy)lg) = %, and the cavity part becomes

|¥p) = D(—a)|v). Then, as part of the parity mea-
surement, we wait for a time ¢. Due to the disper-
sive interaction Hamiltonian Hine = > xmal,amle){el,
the cavity modes will be entangled with the qubit as
Z51¥p) |g) + €7 Em Ot [ghp) |e)], where O, = Xt
In principle, we could choose any time ¢, as long as none

of the 6, are integer multiples of 2. However, in prac-
tice, we select t to make each of the 6,,, as close to m mod-
ulo 27 as possible. This choice provides the maximum
contrast and is closest to the ideal multimode parity op-
erator. To complete our generalized parity measurement,
we apply another 7/2 pulse on the qubit, but with differ-
ent phase from the initial one. Specifically, we consider
the qubit rotation along ¥ = —sin ¢ €, —cos ¢ &,. By ap-
plying this exp(—i5 &) operation, the final cavity-qubit
entangled state |¥) will be

WJ > + €i¢€_i > m erain,am |,(/) >
¥ === 2 =~ |g)

—1 —1 al a
~e7 fp) e~ Entnehen jyp) |
D) .

(32)
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Thus, when performing readout on the qubit, the final
probability of achieving |g) will be

b _ L+ Re[e Ty {D (@) (u1D(@)e En Pnekutn])
7 2

1 o

5 {1+ Rele™Wiy) ) (@, ~0)]}.

(33)

Therefore, if we record A = 1 upon measuring |g) and
A = —1 otherwise, the expectation value of A will be ex-
actly Re[e"®W,(d, —6)]. This derivation applies for any
¢, but as mentioned before, the choice of ¢ depends on
the operator O and the sampling vector a.

We must modify the experimental protocol above to
measure the generalized Wigner function for the pro-
jected state pg, which is defined in [Supplementary Note]
In particular, we utilize the second excited state |f) of
the transmon to implement subsystem tomography and
measure the Wigner values for only the projected states
pg, which is similar to the idea used in [7]. Our W states
are generated using multimode photon blockade as de-
scribed in [I] to ensure that our maximum total photon
number is N = 1. Consequently, for the density ma-
trix reconstruction, the Hilbert space will be spanned by
{|) ‘Z%:l nmy < 1}. In this case, the projected oper-
ator Og introduced in Supplementary Eqn. will be
supported on at most 2 modes. Because of the different
dispersive couplings between the qubit and distinct cav-
ity modes (STable , we can selectively target each of the
modes with sufficiently narrow-bandwidth qubit pulses
to help perform the necessary projections. Therefore,
before the parity measurement, we first apply several
long (narrow-bandwidth) qubit 7 pulses with frequen-
cies wq + xm for m € S, such that the qubit that coupled
with the (I — Ps) |¢) component of the multimode cavity
state will transfer from |g) to |e), while the component
that coupled with Pg |¢)) will stay in |g). Then we give
the transmon a short 7 pulse on the |e) — | f) transition.
After those steps, the cavity-transmon state becomes

W) = Ps [¢) |g) + (I = Ps) [) |f) - (34)




Finally, we can use the procedure that we described be-
fore when focusing on the Wigner value measurement of
a generic M-mode state p. We only need to drive those
modes with index m € S such that those modes are dis-
placed by D(—dg). The probability to measure |g) from
the final qubit readout is
Tr[ps| + Re[e® W, 62-,—_'-
g = B RA Wy G 00))

where pg = Trg[Ps|v)(¥|]. In practice, the result above
is unaffected by the order in which we perform the qubit
7 pulses and cavity displacements, assuming that we add
additional 7 pulses to target the displaced state. We
found this order to work better in the experiment, despite
the need for a larger comb of 7 pulse frequencies.

Now, if we proceed similarly to before and assign A = 1
for |g) and A = —1 otherwise, the expectation value of
A will not give us our desired result. To solve this issue,
we utilize the freedom we have in choosing the phase of
the second qubit 7/2 pulse in the parity measurement. If
we choose the second qubit 7/2 rotation to be along —7
instead of 7 (or equivalently choose (¢ + 7) instead of ¢,
then the probability of measuring |g) will be

Tr[ps] — Rele’* W, (a5, —03)]
Py (p+m) = : 2 Lot S (36)

Therefore, comparing with Supplementary Eqn. , one
solution to recover our desired quantity is to first generate
a random binomial number s. There is a 50% probability
that s = 1 and 50% probability that s = —1. If we get
s = 1, we choose the second qubit 7/2 rotation to be
along 7, and otherwise choose —7 instead. In both cases,
we assign A = 1 if the qubit measurement outcome is |g),
and assign A = —1 if it is not |g). The expectation value
of sA will be exactly Re[eprg (@5, —035)]. An advan-
tage of this procedure is that it will work even when it is
difficult to distinguish |e) and | f) levels in qubit readout,
as long as we can distinguish |g) outcomes from others.
The same applies for other permutations of these three
states, as long as the experimental protocol is adjusted
accordingly. In the actual experiment, we did not use
this trick of random number s generation, since we can
perform more than a single measurement per sampling
vector dg. Instead, we repeated the experiment 10 times
for rotation of the second 7/2 along 7 and 10 times along
—7. Finally, we subtracted the averaged probability of
measuring |g) between the two cases to obtain an esti-
mate for Re[e®*W, (a5, —03)].

For the data collected in the main text, the transmon
readout fidelity was =~ 80%. The error associated with
this fidelity is defined as the overlap between |g) and |e),
and can be thought of as the sum of the probabilities of
misidentifying |g) as |e) and vice versa. The transmon de-
phasing and relaxation times were not the limiting factor
to this fidelity. Instead, it was because we used a rela-
tively low-power readout tone. The lower power allowed
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Supplementary Figure 2 | Absolute value of the final density
matrices determined using the DEMESST tomography
sampling method (left column) and the OLI method (right
column) for W states of (a) 2, (b) 3, and (c) 4 modes. The
results for DEMESST and OLI are in good agreement.

us to decrease the magnitude of the cross-Kerr interac-
tion between the readout cavity and the multimode stor-
age cavity modes, which would cause readout errors by
changing the readout frequency and thus its response.

Supplementary Note 6 — Final Reconstructed
Density Matrices

Using the DEMESST and OLI tomography methods,
we can reconstruct the final density matrices of our pre-
pared W states. These matrices are final in the sense that
they are the results obtained from the entire set of mea-
surements performed in the experiment, i.e. 100 averages
for each distinct displacement, so that the total mea-
surement number is 10 times the maximum measurement
number shown in Fig. 3 of the main text. Following the
discussion in [Supplementary Note 3| about expectation
value estimation with the DEMESST method, we con-
sider the process where we sample Ny displacement vec-
tors & with probability density pp (&), and perform Ny,g
measurements for each & vector with binomial outcomes
A € {1,-1} and expectation value Re[e’*®W,(&, —0)]
(denoted as e(a) below). We find the variance of the
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Since % = [d®Ma& pp(&)e(d), the first line in
Supplementary Eqn. is no less than zero. There-
fore, the choice of Ny = 1 will lead to the smallest

variance when fixing the total number of measurements
Niot = NspiNms. In other words, given a fixed total mea-
surement number that equals the product of a number
of distinct sets of cavity displacements times the num-
ber of averages that each displacement is repeated, we
would gain the most information from maximizing the
number of distinct displacements and measuring each a
single time. In practice, there are other considerations
that lead us to instead choose to average each measure-
ment 10 times (as mentioned in [Supplementary Note 5|
when using the |f) level projection protocol, we count 2
sequences with a m phase difference in the second 5 pulses
as one measurement). For one, the time required for our
hardware to run more displacements was much longer
than the time required for more averages. Keeping the
total measurement number fixed while running twice as
many displacements (half as many averages) would take
roughly 1.8 times as long. Furthermore, we wanted to
ensure that we obtained accurate measurement results
despite our imperfect readout fidelity (= 80%). Thus,
we chose 10 averages to be a good middle ground for the
required measurement time and sufficient to avoid miscal-
ibration and biased expectation values. We then repeat
this process 10 times to obtain statistics, resulting in a to-
tal of 100 repetitions for each distinct displacement. This
choice lets us balance this theoretical maximal informa-
tion of singleshot measurements with our measurement
errors and measurement time.

The final reconstructed density matrices for 2, 3, and
4 modes are shown in Supplementary Fig.[2] We plot the
absolute values of the density matrix elements so that
we have a single matrix grid for each combination of to-
mography method and mode number. Additionally, to
directly observe state preparation errors, for DEMESST
we measure the multimode Fock basis elements with up
to 2 photons, and for OLI we measure the full tensored
{10}, ]1)}®M space. We can see that the two methods
are in good agreement, with the largest visible deviation
being in the 3-mode case for Fock basis elements with
nonzero population in the second (middle) cavity mode.
Nevertheless, the distances between the two final matri-
ces as determined by the two methods is still low, and
is 0.05 for the 2-mode case, 0.22 for the 3-mode case,
and 0.30 for the 4-mode case. These distances are all
below the corresponding minimum distances at the max-
imum total measurement number presented in the main

text, and so this difference should not have significantly
affected those results.

Besides some slight deviations in the measured pop-
ulations of individual density matrix elements, the re-
maining distance between the final reconstructed matri-
ces can be explained by small differences in the fit phase
angles of the W states. For the 2-mode W state with
form |Wy) = (|10) + € |01))/+/2, using the DEMESST
method we obtain a fit ¢p = 0.04, and using the OLI
method we measure ¢po = 0.03. In the 3-mode case, for
W state with phase angles defined as |[W3) = (|100) +
"1 |010) +€¥2 |001)) /+/3, we measure ¢1p = —0.19 and
¢ap = 1.57, while ¢p10 = —0.12 and ¢2p = 1.57. Sim-
ilarly to what we see in the populations, the deviation
is primarily in the middle mode. Finally, for 4 modes
and W state |IW4) = (|1000) + €?*1 |0100) + €2 |0010) +
€3 0001))/v4, we find ¢1p = —1.36,2p = —2.90,
and ¢3p = 0.60, and ¢p1p0 = —1.38, 20 = —3.02, and
030 = 0.63. These angles are obtained by discretely
sweeping the ¢; values over the full 27 range for each
of the modes and determining which set of ¢; gives the
largest fidelity when compared to an ideal W state with
those phases.

Supplementary Note 7 — Infidelity and Matrix
Distance Simulations

In this note, we present simulations of the infidelity and
Frobenius norm (F-norm) matrix distance vs. point num-
ber for our two tomography methods, DEMESST and
OLI, following the same procedure described in the main
text. We use the two methods to reconstruct an ideal W
state |W) = ﬁ Z:‘le [1,,), where [1,,,) represents the
multimode Fock state with a single photon in the m-th
mode. For DEMESST, we simulate up to M = 7 modes,
while for OLI we consider up to M = 5 modes. We
vary the number of randomly chosen mode displacement
vectors {d}, and observe the fidelity and the F-norm dis-
tance between the reconstructed density matrices and the
ideal one, |W)(W|. The results are shown in Supplemen-
tary Fig. [3] and Supplementary Fig. [@l For each set of
randomly sampled & vectors, we perform the state re-
construction 96 times while modeling readout errors to
produce the error bars.

We now discuss how to reconstruct the W state in a
single run of the simulation. In DEMESST, we have
(M + 1)? basis operators (defined in Supplementary
Eqn. ) for which we want to estimate expectation
values. Following Supplementary Eqn. 7 we project
M — 2 modes out of the sampling problem. Then, we
only need to sample 2-mode &g vectors and perform our
generalized Wigner measurements in those remaining 2
modes. For each basis operator, we randomly sample
48-6144 aig vectors according to the probability density
function pp(dg) (defined in Supplementary Eqn. (11))).
For each &g vector, we simulate a generalized Wigner
measurement with 10 averages. As explained in
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Supplementary Figure 3 | Simulated infidelity vs. total
measurement number for W states of different mode numbers
for the two tomography methods, (a) DEMESST and (b) OLL.
The infidelity is computed as the fidelity difference between the
reconstructed state at a given total measurement number vs.
an ideal M-mode W state. Error bars are obtained from
repeating the simulation multiple times while including readout
errors, and indicate one standard deviation. The infidelities
decrease to lower values more quickly for the DEMESST
approach, especially for larger mode numbers. The dashed
horizontal lines indicates an infidelity of 0.1 (90% fidelity).

[plementary Note o we sample a binomial variable 10
times with probability P, s to get the outcome A = 1,
and another 10 times with probability P 4, ) to get the
outcome A = 1 (see Supplementary Eqn. (35) and Sup-
plementary Eqn. ) We use these results to estimate
the expectation value for the basis operator. Repeating
for all basis operators gives us the reconstructed density
matrix. Finally, since it is possible for the reconstructed
state to be not physical, we further utilize the algorithm
introduced in Ref. [8] to find a maximally likely choice of
density matrix that satisfies physicality constraints. We
calculate the fidelity and F-norm distance of this physical
density matrix with respect to the ideal |W)(W| state.
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Supplementary Figure 4 | Simulated matrix distance vs. total
measurement number for W states of different mode numbers
for the two tomography methods, (a) DEMESST and (b) OLI.
The distance is computed as the Frobenius norm between the
reconstructed state at a given measurement number and an
ideal M-mode W state. Error bars are obtained from repeating
the simulation multiple times while including readout errors,
and indicate one standard deviation. The distances decrease to
lower values more quickly for the DEMESST approach,
especially for larger mode numbers.

The results are shown in Supplementary Fig. a) and
a). The Total Measurement Number is (M + 1)? basis
operators, times the number of sampled &g vectors per
basis operator, times 10 measurements per &g vector.
In practice, we have imperfect qubit readout. We
model this in the simulation in the following way: if
the binomial outcome is A = 1 (qubit in |g)), the read-
out voltage V is generated by a normal distribution with
mean V, and variance o2. If instead A = —1 (qubit in
le) or |f)), V is generated by a normal distribution with
mean V, and variance o2 (in our device, |e) and |f) were
difficult to distinguish). Then, for each measurement, in-

stead of recording a binomial outcome A = +1, we actu-
2V —(Vy+Ve)

Vo v that is normal-

ally record a continuous value



ized to get a final unbiased estimation. The readout error

increases the variance in the Wigner measurement and

therefore the total sampling overhead. Based on experi-

mental data, we choose nggv‘ = 0.37 and W”fvl =0.35
g e g e

for our simulations. If we choose V = YelYe a5 the
threshold to distinguish |g) or non-|g) outcomes, this
can also be understood as the qubit in |g) having an 8%
chance to be misidentified as non-|g), while the qubit in
le) or |f) having a 9% chance to be misidentified as |g).

Continuing to the OLI simulations, we follow
the protocol introduced in Ref. [I] to reconstruct
the state by measuring the real part of gener-

~ —

alized M-mode Wigner functions Re[W,(&,0)] =
Tr[pD(&) cos(E:%:1 Omal a,)Df(a)]. We reconstruct
the state within the 2/ dimensional subspace spanned by
{]0),1)}®M . To find a set of displacement vectors &, for
each mode (with given 6,,), we generate a dataset {a},,
which produces minimal condition number [9] in single-
mode Wigner tomography. We construct 384-393216 &
vectors, where each component «,, of the vector is ran-
domly chosen from its corresponding dataset {a},,. To
simulate the Wigner measurement, we again sample a bi-
nomial variable 10 times with probability P, (defined in
Supplementary Eqn. ) to get A =1 for ¢ = 0, and
another 10 times with P, for ¢ = m. We also model the
readout error as described above. Finally, we use linear
inversion to obtain the reconstructed density matrix and
apply the algorithm in Ref. [§] to get a physical result.
The OLI results for the fidelity and F-norm distance with
respect to the ideal |W)(W| state are shown in Supple-
mentary Fig. 3[b) and [{b). The Total Measurement
Number is defined as the number of sampled & vectors
times 10 averages per & vector.

As shown in Supplementary Fig. [3] the resulting infi-
delity vs. total measurement number for each M is fit
to a power law, and the intersection with 0.1 (90% fi-
delity) is used to generate the values plotted in Fig. 1(b)
in the main text. We can see that the OLI method re-
quires fewer measurements than DEMESST for 2 modes,
but DEMESST has a lower sampling requirement for 3
or more modes. This effect becomes increasingly ap-
parent for larger M. Based on the theoretical results
from [Supplementary Note 4] and discussed in this Note,
DEMESST scales polynomially with M, while OLI scales
exponentially with M. Similarly, in the F-norm dis-
tance plots in Supplementary Fig. @] we again see that
the DEMESST method performs increasingly more effi-
ciently as the mode number increases.

Comparing to the experimental data presented in the
main text, the matrix distance results are similar, albeit
with some differences. For example, we can see that the
measurement number at which the simulated distance
reaches roughly 0.1 for 2 modes is slightly less than 10°,
while we observe a distance slightly above 0.1 at that
point number in our data. For the 3-mode case, in the
experiment we observe a distance of roughly 0.3 at 10°
measurements for DEMESST and 0.4 for OLI, which is
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Supplementary Figure 5 | Experimental results for the T2
tomography sampling method. (a) State reconstruction
fidelities for 2- (purple circles), 3- (orange triangles), and
4-mode (blue squares) W states. Horizontal lines indicate the
fidelities obtained from the OLI method, which are consistent
with the W2, (b) Error magnitudes for the fidelities shown in
(a). All results follow a roughly 1/4/x relationship vs. total
measurement number, as expected.

close to the simulated distances of roughly 0.25 and 0.3,
respectively. For the 4-mode case, we measure a distance
of 0.4 at roughly 2 x 10° measurements for DEMESST,
compared to a simulated distance of roughly 0.2, and a
distance of roughly 1.0 vs 0.8 for OLI at that measure-
ment number. We attribute the discrepancies to imper-
fect state preparation and fluctuations over time in the
readout error that may affect the accuracy of the sim-
ulation. This effect is particularly pronounced for the
4-mode case, where more measurements are required.

Supplementary Note 8 — W?2 State
Reconstruction

Another Wigner tomography sampling method that we
implement is the W2 method, which was first introduced
in [5] and that we briefly discussed in
In this approach, sets of coherent cavity dis-
placements «; are chosen using rejection sampling. This
approach computes the overlap between a prepared state
and a desired target state. For M modes, a cutoff ¢ and
a displacement vector (81, ..., Sar) is randomly sampled
from a uniform distribution between 0 and a maximum
value of [W(ax, ..., an)|? Hf\il |cv;|, where W corresponds



to the target state. If [W(S31, ..., Bar)|? Hf\il |Bi] > ¢, the
vector is kept. This ensures that we measure cavity dis-
placements that provide the most information about the
state, while also avoiding displacements with large mag-
nitude or Wigner values near zero, which are more sus-
ceptible to experimental errors. After measuring a set of
n of these vectors, the final overlap fidelity is computed as
%Z?:l Wexp(a_z-) /Wideal(a_z-). This approach allows for
direct fidelity estimation of a prepared state compared
with an ideal state. The W2 method can also be used in
a similar manner to DEMESST, where the fidelity esti-
mation of a prepared state is performed with respect to
an element of the multimode Fock state basis to deter-
mine the value of that matrix element. Repeating this
for multiple different basis elements can thus provide a
reconstructed density matrix.

Experimentally, we use the W? method as an addi-
tional check on our prepared W states. We set the target
state to be the multimode W state with ¢’s determined
from the DEMESST and OLI methods. The W? mea-
surements then provide a direct fidelity estimation of the
prepared state with the expected target. Since the sam-
pling uses these angles, we present the W? results inde-
pendently from the DEMESST and OLI, which do not

10

utilize that information. The results are shown in Sup-
plementary Fig. [5} The fidelities for the maximum pro-
vided observation number are 0.972 + 0.013, 0.95 4+ 0.35,
and 0.90 £ 0.08 for the 2-; 3-, and 4-mode W states re-
spectively. These averages are consistent with the results
of the previous DEMESST and OLI methods, with the
OLI fidelities indicated by the horizontal lines in Supple-
mentary Fig. (a), and the data converges quickly to the
expected fidelity obtained from those two approaches, al-
though with large uncertainties, as shown in Supplemen-
tary Fig. b). One reason for these errors is the rela-
tively low total measurement number compared with the
other methods. However, an odd behavior is that the 3-
mode data has much greater uncertainties than even the
4-mode case, when we would expect the uncertainties to
increase monotonically with mode number. Some possi-
ble explanations for this behavior could be a particularly
low readout fidelity during data collection or fluctuations
in drive strength during the measurement sequence that
modify the effective Wigner operator differently for dis-
tinct sets of cavity mode displacements. This could also
be caused by the choice in cutoff, as derived in

All the uncertainties have the expected
1/y/x with total observation number.
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