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ABSTRACT

We discuss problems where we have limited access to the information of underlying distribu-

tion of training data, which can be caused by imperfect data or insufficient prior knowledge.

We first look into the binary classification problem, in the setting where the label obser-

vations are corrupted by noise. We establish that corruption acts as a form of regularization,

and we compute precise upper bounds on estimation error in the presence of corruption. Our

results suggest that the presence of corrupted data points is beneficial up to a small fraction

of the total sample, scaling with the square root of the sample size.

Next, we study the regression problem in the distribution-free setting. We show that there

are three regimes in terms of the possibility of meaningful inference, which are characterized

by the ‘effective support size’ of the feature distribution. Our result implies that there exists

a counterintuitive in-between regime where we can still expect to obtain meaningful inference

for a future input even when it is unlikely to have a value we have observed before.

We also develop distribution-free methods for predictive inference with hierarchically

structured datasets. For the special case where we have i.i.d. repeated measurements, we

propose to bound the expected squared conditional miscoverage rate in order to have a better

control of the conditional coverage, and extend existing methods to construct distribution-

free prediction sets that achieve the bound.
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CHAPTER 1

INTRODUCTION

We consider problems where we only have limited information about the distribution of

a dataset, which appear generally in many real-world problems due to the complexity of

physical/societal phenomena, missing or noisy observations in the data collection process,

insufficient prior knowledge, etc. In such settings, it is often desired to develop methodologies

that are robust to the uncertainties we have, or are valid generally under weak distributional

assumptions. In this work, we look into the following problems.

Supervised learning with imperfect data

Consider problems in supervised learning where we have a training dataset (X1, Y1), · · ·

, (Xn, Yn) and our goal is to fit a regression function, to find the optimal classifier, or to

construct a procedure for the prediction of the label Yn+1 for a future input Xn+1, etc. The

basic idea in any method for data analysis, from linear regression to deep neural networks, is

that the training data provide the information of the true distribution of (X, Y ). However, in

many real world problems it is often not easy to obtain perfect data where each observation is

actually from the true underlying distribution due to many possible reasons, such as a noisy

measuring procedure or technological limitations. Therefore, it is important to understand

the effect of such imperfection and develop methods that account for it.

In Chapter 2, we look into the binary classification problem, where the goal is to make use

of the training data (X1, Y1), (X2, Y2), · · · , (Xn, Yn) ∈ Rd×{−1, 1} to fit a classifier f̂ : Rd →

{−1, 1}, where f̂(X) accurately estimates the label Y for a new input X.1 In particular,

we discuss the case where we have corrupted training data (X1, Ỹ1), (X2, Ỹ2), · · · , (Xn, Ỹn)

due to the noise in the label observations, which prevents us from having direct access to

1. The paper corresponding to the work discussed in this chapter was published in Electronic Journal of
Statistics 16(1): 1367-1392
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the true distribution of (X, Y ). It has been reported in many works that such noise can

severly lower the quality of the resulting estimator, and a number of methods have been

proposed to provide a noise-robust classifier or to ‘correct’ the classifier. Such methods can

be useful in cases where we have some additional information about the distribution of the

data so that we can choose/tune the adjustment procedure, but it is also possible that the

modification or correction is not very effective or even makes the quality of the classifier worse

or too conservative. In this work, we study the behavior of the classifier from the corrupted

dataset, instead of making any modification or adjustment to the procedure. Our main result

states that the noise in the label can work as regularization, in the sense that the classifier

from the noisy data behaves like a regularized classifier. This implies that the corruption

can be beneficial in some cases, and that it might be better not to apply any correction in

such cases. We support this observation by Theorem 1 and relevant simulations.

Distribution-free inference

Now consider problems where our goal is beyond providing estimates—we might want to

construct a classifier with some inferential guarantees, or we can aim to construct a prediction

interval for Yn+1 givenXn+1. For such uncertainty quantification problems, we need stronger

information on the distribution of the data, but there are fundamental limits on the amount

of information that the n observations (X1, Y1), · · · , (Xn, Yn) can provide. Many statistical

methods resolve this issue by making assumptions—e.g., linear regression assumes linearity

of the mean function as well as the normality of noise, while nonparametric methods have

weaker assumptions such as smoothness of the mean function. They are useful when there are

sufficient reasons to believe that the assumptions hold, but it also implies that we cannot rely

on such methods when the assumptions cannot be verified. Distribution-free inference aims

to provide methodologies that are valid without distributional assumptions on the data.

Several methods have been developed for predictive inference—e.g., conformal prediction

2



([Vovk et al., 2005]) and jackknife+ ([Barber et al., 2021b]), but many questions on the

possible targets and the usefulness of distribution-free methods still remain unanswered.

In Chapter 3, we study regression problem, where we have training data {(Xi, Yi)}1≤i≤n

and the goal is to construct a distribution-free confidence interval for the conditional mean

E [Y | X] at a new input Xn+1.2 In the setting where the features X are continuously

distributed, recent work has established that any confidence interval for E [Y | X] must have

non-vanishing width, even as sample size tends to infinity. At the other extreme, if X takes

only a small number of possible values, then inference on E [Y | X] is trivial to achieve. We

study the problem in between these two extremes. We find that there are several distinct

regimes in between the finite setting and the continuous setting, where vanishing-width

confidence intervals are achievable if and only if the effective support size of the distribution

of X is smaller than the square of the sample size.

In Chapter 4, we explore the setting where our dataset has a hierarchical structure,

meaning that we have an exchangeable set of groups of exchangeable observations. We derive

extensions of distribution-free methods that work under this hierarchical exchangeability. In

a special case where we have independent repeated measurements, we show that we can aim

beyond the marginal coverage guarantee, and propose a stronger guarantee which provides

better control of conditional miscoverage rates. We construct distribution-free prediction

sets that meet this guarantee and illustrate their performance with simulations.

2. The paper corresponding to the work discussed in this chapter was published in Advances in Neural
Information Processing Systems 34 (NeurIPS 2021)
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CHAPTER 2

BINARY CLASSIFICATION WITH CORRUPTED LABELS

2.1 Introduction

Consider a classification problem, where our goal is to predict a binary label Y ∈ {±1}

using information captured by a feature vector X ∈ Rd. Based on n training data points

(X1, Y1), . . . (Xn, Yn), the objective is to fit a classifier f̂ : Rd → {±1} to this data, mapping

a new test feature vector X to a predicted label +1 or −1.

In many settings, inherent noise in the measurement process can introduce corruption

into the observed labels Yi. For example, consider a medical application where features

Xi for patient i determine their likelihood of having a particular disease, and Yi ∈ {±1}

indicates presence or absence of the disease. Imperfect diagnostic tests might mean that the

observed label may differ from the true label Yi. Writing Ỹi ∈ {±1} to denote the observed

label, we might have P
{
Ỹi = −1

∣∣∣ Yi = +1
}
> 0 (if the diagnostic test has a nonzero rate

of false negatives) and similarly P
{
Ỹi = +1

∣∣∣ Yi = −1
}
> 0 (indicating false positives).

2.1.1 Setting and notation

We begin by introducing some basic notation and definitions that we will use throughout.

Consider the following model for the triples (X, Y, Ỹ ), where as before, X ∈ Rd denotes the

feature vector, Y ∈ {±1} is the true label (which we do not observe), and Ỹ ∈ {±1} is the

observed label (which may be corrupted, i.e., may differ from the true label):

X ∼ PX (a distribution on Rd),

Y |X =


+1, with prob. η(X),

−1, with prob. 1− η(X),

4



Ỹ |X, Y =


−Y, with prob. ρ,

Y, with prob. 1− ρ.

Here η(x) denotes the probability of a positive (true) label,

η(x) = P {Y = +1 | X = x} ,

while ρ denotes the probability that the observed label is corrupted, assumed to be identical

across all data points (the “homogeneous noise” setting).

In the classification problem, our goal is to define a classification rule that, given a feature

vector x ∈ Rd, outputs a predicted label +1 or −1. The misclassification rate is minimized

by predicting +1 or −1 depending on whether η(x) is above or below 0.5, respectively. In a

real data setting where η(x) is unknown, the classification problem is typically addressed by

fitting some function f(x) ∈ R and then predicting the label sign(f(x)). We can interpret

f(x) as containing information about both our prediction for the label (via the sign) and

our confidence in this prediction (via the magnitude—values f(x) ≈ 0 indicate uncertainty).

Given a possible choice of the function f , the misclassification rate on the training data

set {(Xi, Yi) : i = 1, . . . , n} is therefore given by the empirical 0-1 loss,

L̂0/1
n (f) =

1

n

n∑
i=1

1 {f(Xi) · Yi ≤ 0} ,

while

L̃0/1
n (f) =

1

n

n∑
i=1

1

{
f(Xi) · Ỹi ≤ 0

}
measures misclassification on the corrupted training data set {(Xi, Ỹi) : i = 1, . . . , n}. Our

goal is to ensure a low “true” misclassification rate, i.e., for predicting the label Y for a new

5



point with features X, that is,

L0/1(f) = P {f(X) · Y ≤ 0} ,

where (X, Y ) is a new data point drawn from the same distribution as the original training

data—that is, X ∼ PX , and Y |X is a label in {±1} with probabilities determined by η(X).

Since the zero/one loss is challenging to optimize, it is standard to use a surrogate loss

function ` : R→ R+, typically chosen to be continuous, convex, and monotone nonincreasing.

For example, a logistic surrogate loss is given by

`(t) = log(1 + e−t),

while the hinge loss is given by

`(t) = max{0, 1− t}.

Given a sample of n data points, (X1, Y1), . . . , (Xn, Yn), we then define the empirical risk

L̂n(f) =
1

n

n∑
i=1

`(f(Xi) · Yi),

which is the average surrogate loss on the data set {(Xi, Yi) : i = 1, . . . , n}, and the corrupted

empirical risk

L̃ρn(f) =
1

n

n∑
i=1

`(f(Xi) · Ỹi),

which is the average surrogate loss on the corrupted data set {(Xi, Ỹi) : i = 1, . . . , n}. We

will also write

L(f) = E [`(f(X) · Y )] ,

the “true” risk of a function f , with expectation taken over a data point (X, Y ) drawn from
6



the same distribution as before, i.e., X ∼ PX , and label Y |X drawn with probabilities

determined by η(X).

2.1.2 Summary of questions and results

The key question of this work is to compare the performance of the empirical risk minimizer,

f̂ = argminf∈F L̂n(f),

and its corrupted counterpart,

f̃ = argminf∈F L̃
ρ
n(f),

where the minimization is taken over some predefined class of functions F (for example, linear

functions of x). That is, how does the presence of corrupted labels affect the performance of

the empirical risk minimizer? In particular, we emphasize that the surrogate loss function is

unchanged—we do not adjust ` or attempt to “correct” for the presence of corruption (this

is in contrast to much of the existing literature, which we review below).

Our findings can be summarized as follows. First, we find that corruption mimics

regularization—in particular, for a fixed function f ∈ F , the corrupted empirical risk L̃ρn(f)

is a biased estimate of the true risk L(f), but acts as an unbiased estimate of a penalized

version of this risk,

L(f) + λR(f)

where λ > 0 is a penalty parameter depending on the corruption level ρ, while the regular-

ization function is given by

R(f) = E

[
`(f(X)) + `(−f(X))

2

]
,

7



the expected loss of the function f under a completely random label.

While adding a penalty introduces bias into our estimator, it also serves to reduce vari-

ance, and for limited sample size n, this reduction in variance may outweigh the bias. Our

second finding is therefore that, in some settings, corruption may lead to reduced risk for

finite sample size, since it is effectively acting as a regularizer and can substantially reduce

variance.

2.1.3 Prior work

The problem of learning a classifier in the presence of corrupted labels has been studied in

many works in the recent literature. Here we give a very brief overview of the settings and

types of results considered. Consider the more general model

X ∼ PX (a distribution on Rd),

Y |X =


+1, with prob. η(X),

−1, with prob. 1− η(X),

Ỹ |X, Y =


−Y, with prob. ρ(X, Y ),

Y, with prob. 1− ρ(X, Y ).

Here η(x) denotes the probability of a positive (true) label as before, while ρ(x, y) denotes

the probability that the observed label is corrupted,

ρ(x, y) = P
{
Ỹ 6= Y

∣∣∣ X = x, Y = y
}
,

which now may depend on x and/or y.

[Frénay et al., 2014] and [Frenay and Verleysen, 2014] provide overviews of recent works

on this problem. They categorize the existing methods to three types: label noise-robust

8



models, data cleaning methods, and label noise-tolerant learning algorithms.

The homogeneous noise setting assumes that ρ(x, y) ≡ ρ for all x, y—that is, there is

a constant probability for each label to be corrupted. This is the setting we study in the

present work. Under this setting, [Long and Servedio, 2010] study boosting algorithms and

discuss negative consequences of label noise. [Van Rooyen et al., 2015] consider ERM method

and propose a label noise-robust loss function. [Manwani and Sastry, 2013] discuss the noise-

tolerance property of risk minimization. [Blanco et al., 2020] propose robust algorithms that

apply relabeling and clustering to SVM.

The class-dependent noise setting assumes that ρ(x, y) = ρy for all x, y—that is, the

probability of corrupting a positive label (Y = +1 but Ỹ = −1) is constant with respect to

the feature vector x, and similarly for a negative label, but these two probabilities may differ.

For example, in our earlier medical example, the diagnostic test might have different false

positive and false negative rates, but these rates themselves are constant across patients (i.e.,

independent of features such as age that might be included in the X vector). [Liu and Tao,

2016], [Scott et al., 2013], and [Blanchard et al., 2016] study the consistency of the classifier

under corruption, while [Reeve and Kaban, 2019a] focus on the minimax optimal learning

rate of the corrupted estimator. Some recent works try correction of the loss function or the

observed labels; see [Natarajan et al., 2018], [van Rooyen and Williamson, 2018], [Patrini

et al., 2017], and [Lin and Bradic, 2021]. Other recent works focus on studying or developing

label noise-robust methods; see [Natarajan et al., 2013], [Patrini et al., 2016], [Reeve and

Kaban, 2019b], [Bootkrajang and Kabán, 2012], and [Bootkrajang and Kabán, 2014].

Finally, the general setting—where ρ(x, y) might vary with x—is studied by [Cannings

et al., 2019]. In particular, they examine a setting where the corrupted labels Ỹi are more

“clean” than the original labels Yi, in the sense that the corruption mechanism defined by

ρ(x, y) acts to denoise labels near the decision boundary (i.e., η(x) ≈ 0.5) Specifically,

suppose that, for values x with η(x) slightly higher than 0.5, we have ρ(x,+1) < ρ(x,−1)

9



(that is, a label Yi = −1 that “should” instead be positive, has a greater chance of being

flipped to Ỹi = +1), and similarly if η(x) is slightly lower than 0.5 then ρ(x,+1) > ρ(x,−1).

In this case, the Ỹi’s carry strictly more information for estimating the decision boundary,

as compared to the Yi’s; this setting is therefore fundamentally different from the one we

consider here, where homogeneous noise creates strictly noisier labels. [Menon et al., 2016]

consider a similar general setting where they show that any consistent algorithm for noise

free setting is also consistent under noisy labels under appropriate assumptions. Recent

discussions on the noise-tolerence and the robustness of the corrupted classification under

this setting can be found in [Ghosh et al., 2015] and [Cheng et al., 2020].

2.2 Main results

2.2.1 Intuition: corruption acts as regularization

The key idea for studying the corrupted estimator through the framework of regularization,

is to find a regularizer that matches the expected behavior of the corruption. In order to do

this, we first find a different representation of the corruption variables: define

Ri
iid∼ Bernoulli(2ρ) and Zi

iid∼ Uniform{±1},

drawn independently from each other and independently of the clean data. Then let

Ỹi = (1−Ri) · Yi +Ri · Zi.

That is, Ri determines whether the label Yi will be replaced by a random sign, and Zi

provides this random sign. Examining this construction we can see that this yields the

same distribution of the corrupted labels as the original definition. We can then write the

10



corrupted loss as

L̃ρn(f) =
1

n

n∑
i=1

`(f(Xi) · Ỹi) =
1

n

n∑
i=1

(1−Ri) · `(f(Xi) · Yi) +
n∑
i=1

Ri · `(f(Xi) · Zi).

Next, we treat f as fixed, and then condition on the clean data and marginalize over the

distribution of the Ri’s and Zi’s:

E
[
L̃ρn(f)

∣∣∣ X1:n, Y1:n

]
=

1

n

n∑
i=1

E [1−Ri] · `(f(Xi) · Yi) +
1

n

n∑
i=1

E [Ri] · E [`(f(Xi) · Zi) | Xi]

= (1− 2ρ) · L̂n(f) + ρ · 1

n

n∑
i=1

(
`(f(Xi)) + `(−f(Xi))

)
.

Recall the definition of the regularizer,

R(f) = E

[
`(f(X)) + `(−f(X))

2

]
,

the expected loss of f on purely random labels. We can also consider an empirical version,

R̂n(f) =
1

n

n∑
i=1

`(f(Xi)) + `(−f(Xi))

2
.

We therefore see that

E
[
L̃ρn(f)

∣∣∣ (Xi, Yi), i = 1, . . . , n
]

= (1− 2ρ) ·
(
L̂n(f) + λR̂n(f)

)
,

where λ = 2ρ
1−2ρ . Finally, for any fixed function f , we have

E
[
L̂n(f) + λR̂n(f)

]
= L(f) + λR(f),

11



by definition. Therefore, we can view the corrupted empirical risk minimizer f̃ as a sample

estimate of the minimizer of the penalized loss L(f) + λR(f).

To summarize our findings so far, we have seen that f̃ = argminf∈F L̃
ρ
n(f) can be

described in two ways:

• Fixing the training data {(Xi, Yi) : i = 1, . . . , n} and taking an expectation over the

corruption mechanism (the Ri’s and Zi’s above), we see that L̃ρn(f) has (conditional)

expected value L̂n(f) + λR̂n(f), a penalized empirical risk.

• Taking expectations over both the original data and the random corruption, L̃ρn(f) has

expected value L(f) + λR(f), a penalized true risk.

2.2.2 Results for the linear setting

Next, we will examine the implications of this relationship between corruption and regular-

ization, on the goals of minimizing risk. From this point on, we will restrict our discussion

to the setting where F consists of linear functions,

F = {x 7→ w>x : w ∈ Rd},

in order to be able to achieve precise results. Consequently we will shift our notation from

functions f to vectors w. Specifically, for each w ∈ Rd we will define the population-level

loss and regularized loss,

L(w) = E
[
`(X>w · Y )

]
and L̃ρ(w) = E

[
`(X>w · Y )

]
+

2ρ

1− 2ρ
· R(w),

where

R(w) = E

[
`(X>w) + `(−X>w)

2

]
=
L(w) + L(−w)

2
,

12



as well as the empirical loss and empirical corrupted loss,

L̂n(w) =
1

n

n∑
i=1

`(X>i w · Yi) and L̃ρn(w) =
1

n

n∑
i=1

`(X>i w · Ỹi).

We will also define population-level minimizers

w∗ = argminw∈Rd L(w) and w̃
ρ
∗ = argminw∈Rd L̃

ρ(w), (2.1)

and empirical minimizers

ŵn = argminw∈Rd L̂n(w) and w̃
ρ
n = argminw∈Rd L̃

ρ
n(w), (2.2)

whenever these minimizers exist. (Note that, in some settings, the loss or its empirical or

corrupted counterpart may have no minimizer—for example, logistic loss, where the positive

and negative labels can be perfectly separated.) For each of the four minimization problems,

if the minimizer exists but is not unique, our results will apply to any minimizer (e.g., w̃ρ∗

denotes any element of the set argminw∈Rd L̃
ρ(w), etc).

It is well-known that regularization may help reduce risk, even at the cost of increasing

bias due to the influence of the regularization function. As discussed earlier, since corruption

mimics regularization, in many settings we empirically observe that corruption reduces the

risk—that is, L(w̃
ρ
n) < L(ŵn), even though the corruption introduces bias. We will next

study why this phenomenon occurs, by establishing bounds on the loss L(w̃
ρ
n) of the corrupted

estimator.

Theoretical results

We begin by defining our assumptions. First, we require some conditions on the loss function

`:

13



Assumption 1. The loss function ` is nonnegative, nonincreasing, convex, and L-Lipschitz.

Furthermore, ` is strictly decreasing on negative values, with

`(t) ≥ `(0) + γ|t| for all t ≤ 0

for some γ > 0, and has a subexponential decay for positive values,

`(t) ≤ c1e
−c2t for all t ≥ 0,

for some c1, c2 > 0.

The last two conditions ensure that the loss function enacts a strong penalty if X>w predicts

the sign of Y incorrectly (i.e., `(t) is large for t < 0), but decays quickly if X>w predicts

the sign of Y correctly (i.e., `(t) is small for t > 0). These conditions are satisfied by many

well-known examples, for instance:

• The logistic loss `t = log(1 + e−t) satisfies Assumption 1 with γ = 1
2 and L = c1 =

c2 = 1.

• The hinge loss `t = (1− t)+ satisfies Assumption 1 with L = γ = c1 = c2 = 1.

We will also need some weak assumptions on the distribution of the feature vector X:

Assumption 2. For some a0, a1, a2 > 0, it holds that

E
[
ea0|X

>u|2
]
≤ a1

and

E
[
e−t|X

>u|
]
≤ a2

t
for all t > 0.

for all unit vectors u ∈ Sd−1.

14



For example, this assumption is satisfied by any multivariate Gaussian distribution with

mean µ and covariance Σ, with the parameters a0, a1, a2 depending on ‖µ‖ and on the

largest and smallest eigenvalues of Σ, but not on the dimension d.

Under these assumptions, our main result establishes a bound on the loss of the corrupted

estimator w̃ρn.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Let n ≥ 2 and fix any α > 0. Suppose

ρ ∈ (0, 1
2) satisfies

ρ ≥ C · d log n

n
.

Then with probability at least 1 − n−α, the set argminw∈Rd L̃
ρ
n(w) is nonempty, and for all

w̃
ρ
n ∈ argminw∈Rd L̃

ρ
n(w) it holds that

L(w̃
ρ
n) ≤ inf

w∈Rd
L(w) + C ′

[
ρ1/2 + ρ−1/2 ·

√
d log n

n

]
.

Here C,C ′ depend only on α and on the constants in Assumptions 1 and 2, but not on n, d,

or ρ.

We can see an immediate tradeoff in the upper bound in Theorem 1. The ρ1/2 term acts

as an “approximation error”, where a large corruption proportion ρ leads to a potentially

large gap between the loss of the regularized estimator, L(w̃
ρ
∗), and the minimum possible

loss without regularization, infw∈Rd L(w). On the other hand, the ρ−1/2 ·
√

d log n
n term is the

“estimation error”, which is large when the corruption proportion ρ is small (i.e., insufficient

regularization). The resulting upper bound on risk is minimized when the corruption level

scales as ρ �
(d log n

n

)1/2, leading to an upper bound on excess risk scaling as �
(d log n

n

)1/4.
This suggests that even a very small fraction of corrupted entries can lead to a reduced risk.

In contrast, the uncorrupted minimization problem may not behave well under these weak

assumptions—for instance, if the labels are perfectly linearly separable (as might be the case

if, e.g., Y |X follows a logistic regression with very high signal strength), then a minimizer
15



does not even exist (i.e., argminw∈Rd L̂n(w) is empty).

Of course, the result of Theorem 1 is an upper bound on the loss, and may be loose

for certain examples; the value of ρ that minimizes the upper bound (i.e., ρ �
(d log n

n

)1/2)
might not be the same as the value of ρ that minimizes the loss itself. In particular, the

result can be viewed as a “worst case” bound that holds even when the unregularized loss

has no minimizer (such as logistic regression with perfectly separable labels, as mentioned

above); in problems where this is not the case, regularization is not as critical, and a smaller

value of ρ (or even ρ = 0) may perform better.

Proof of Theorem 1

Our first step is to examine some properties of the regularized population minimizer w̃ρ∗ and

its empirical counterpart, the corrupted estimator w̃ρn.

Lemma 1. Suppose Assumptions 1 and 2 hold. Fix any ρ ∈ (0, 1
2). Then argminw∈Rd L̃

ρ(w)

is nonempty, and any w̃ρ∗ ∈ argminw∈Rd L̃
ρ(w) must satisfy ‖w̃ρ∗‖ ≤ C0ρ

−1/2 and

L(w̃
ρ
∗) ≤ inf

w∈Rd
L(w) + C1ρ

1/2.

Moreover, for any α > 0, if n ≥ 2 and ρ ≥ C · d log n
n then with probability at least 1−n−α it

holds that argminw∈Rd L̃
ρ
n(w) is nonempty, that any w̃ρn ∈ argminw∈Rd L̃

ρ
n(w) must satisfy

‖w̃ρn‖ ≤ C0ρ
−1/2, and that

sup
‖w‖≤C0ρ−1/2

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣ ≤ C2ρ

−1/2

√
d log n

n
.

Here C,C0, C1, C2 depend on α and on the constants in Assumptions 1 and 2, but not on n,

d, or ρ.

Now we prove the theorem. By Lemma 1, with probability at least 1−n−α, for any w̃ρ∗ ∈

argminw∈Rd L̃
ρ(w) and all w̃ρn ∈ argminw∈Rd L̃

ρ
n(w) it holds that L(w̃

ρ
∗) ≤ infw∈Rd L(w) +

16



C1ρ
1/2 and that

max
{∣∣∣L̃ρn(w̃

ρ
∗)− L̃ρ(w̃

ρ
∗)
∣∣∣ , ∣∣∣L̃ρn(w̃

ρ
n)− L̃ρ(w̃ρn)

∣∣∣} ≤ C2ρ
−1/2

√
d log n

n
.

From now on, we assume that these events all hold. Then we have

L̃ρ(w̃ρn) = L̃ρ(w̃ρ∗) +
(
L̃ρn(w̃

ρ
∗)− L̃ρ(w̃

ρ
∗)
)

+
(
L̃ρn(w̃

ρ
n)− L̃ρn(w̃

ρ
∗)
)

+
(
L̃ρ(w̃ρn)− L̃ρn(w̃

ρ
n)
)

≤ L̃ρ(w̃ρ∗) +
(
L̃ρn(w̃

ρ
n)− L̃ρn(w̃

ρ
∗)
)

+ 2C2ρ
−1/2 ·

√
d log n

n

≤ L̃ρ(w̃ρ∗) + 2C2ρ
−1/2 ·

√
d log n

n
by optimality of w̃ρn

≤ inf
w∈Rd

L(w) + C1ρ
1/2 + 2C2ρ

−1/2 ·
√
d log n

n

≤ inf
w∈Rd

L(w) +
C ′

2

[
ρ1/2 + ρ−1/2 ·

√
d log n

n

]
,

where we set C ′ = max {2C1, 4C2}. Next, by definition of L̃ρ, we have

L̃ρ(w̃ρn)− inf
w∈Rd

L(w) = (1− ρ) ·
[
L(w̃

ρ
n)− inf

w∈Rd
L(w)

]
+ ρ ·

[
L(−w̃ρn)− inf

w∈Rd
L(w)

]
≥ 1

2

[
L(w̃

ρ
n)− inf

w∈Rd
L(w)

]
where the last step holds since ρ ≤ 1

2 . Therefore,

L(w̃
ρ
n) ≤ inf

w∈Rd
L(w) + C ′

[
ρ1/2 + ρ−1/2 ·

√
d log n

n

]
,

which completes the proof of the theorem.
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Another perspective on the regularizer

The results above suggest that the main source of possible improvements by corruption is the

shrinkage induced by the corruption (or, at the population level, by the regularizer R(w)).

In particular, the results of Lemma 1 show that, in the linear setting, the corruption (or

the regularizer) lead to an upper bound on ‖w‖. We will now examine this connection more

closely.

The following lemma verifies that, up to constants, R(w) is equivalent to ‖w‖. In a sense,

then, we can view regularization with R(w) as effectively placing a penalty on ‖w‖.

Lemma 2. Suppose Assumptions 1 and 2 hold. Then it holds that

max{cL · ‖w‖, `(0)} ≤ R(w) ≤ cU · ‖w‖+ `(0) for all w ∈ Rd,

where cL, cU depend only on the constants in Assumptions 1 and 2.

Proof. In the calculations (2.3) and (2.4) appearing in the proof of Lemma 1, we will see

that Assumption 2 implies that

log 2

2a2
≤ E

[
|X>u|

]
≤
√
a1

a0

for all unit vectors u ∈ Rd. For any w ∈ Rd, for the lower bound, we have

R(w) = E

[
`(|X>w|) + `(−|X>w|)

2

]
≥ E

[
`(−|X>w|)

2

]
≥ E

[
`(−|X>w|)− `(0)

2

]

≥ γ

2
· E
[
|X>w|

]
≥ γ log 2

4a2
· ‖w‖,

and furthermore

R(w) = E

[
`(|X>w|) + `(−|X>w|)

2

]
≥ `(0)

18



by convexity of `. For the upper bound, we have

R(w) = E

[
`(|X>w|) + `(−|X>w|)

2

]

= `(0) + E

[
`(−|X>w|)− `(0)

2

]
+ E

[
`(|X>w|)− `(0)

2

]

≤ `(0) + E

[
`(−|X>w|)− `(0)

2

]
≤ `(0) +

L

2
· E
[
|X>w|

]
≤ `(0) +

L

2

√
a1

a0
· ‖w‖.

2.3 Simulations

Now we empirically investigate the effect of corruption through a simulation. We generate

the data {(Xi, Yi)}1≤i≤n in the following way: choosing dimension d = 50, we draw

Xi ∼ N (0, Id)

Yi | Xi =


+1, with probability exp{3Xi1+0.5(Xi2)3}

1+exp{3Xi1+0.5(Xi2)3} ,

−1, with probability 1
1+exp{3Xi1+0.5(Xi2)3} ,

independently for each i = 1, . . . , n. The corrupted labels {Ỹi}1≤i≤n are generated as

Ỹi | Xi, Yi =


−Yi, with prob. ρ,

Yi, with prob. 1− ρ,

independently for each i = 1, . . . , n. We run the experiment at a small and large sample

size, n = 400 and n = 2000, and at a range of values of the corruption probability, ρ ∈

{0, 0.01, 0.02, . . . , 0.2}. For each sample size n and corruption level ρ, we run 100 independent

trials of the experiment, we choose the logistic loss function `(t) = log(1+e−t), and compute
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Figure 2.1: Risks of the original classifier ŵn, the corrupted classifier w̃ρn, the optimal classifier
w∗, and the population-level corrupted classifier w̃ρ∗ on the test set, with sample size n = 400
(left) and n = 2000 (right). For the sample estimators ŵn and w̃ρn, the figure displays the
mean over 100 independent trials, with standard error bars. See Section 2.3 for further
details.

the corrupted empirical minimizer w̃ρn defined in (2.2) and the penalized population-level

minimizer w̃ρ∗ as in (2.1) (which reduces to the uncorrupted empirical minimizer ŵn and the

unpenalized population-level minimizer w∗, respectively, in the case ρ = 0). Note that the

data generating distribution does not follow the logistic regression model (due to the cubic

term), and so the logistic loss simply acts as a surrogate for the 0-1 loss (i.e., it does not

correspond to a likelihood for some well-specified model).

Figure 2.1 shows the performance of the corrupted estimator w̃ρn and its population-level

version w̃ρ∗ , across the range of corruption values ρ ∈ {0, 0.01, 0.02, . . . , 0.2}, at each sample

size n ∈ {400, 2000}; the result at ρ = 0 is highlighted in each case, as it corresponds to the

uncorrupted estimator ŵn and to the corresponding population-level minimizer w∗. Overall,

the plots illustrate how corruption acts as regularization—for the smaller sample size n = 400,

we see that a small amount of corruption substantially reduces the test risk of the empirical
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minimizer w̃ρn, while for the larger sample size n = 2000 the uncorrupted estimator ŵn

achieves good performance and we no longer see any noticeable improvement from corruption.

For the population-level minimizers, on the other hand, increasing regularization always leads

to an increase in risk, as expected.

2.4 Discussion

In this chapter, we have shown that the corruption of labels has a regularization-type effect

on binary classification problems, leading to a possibility of an improvement of the fitted

classifier in terms of test risk. Unlike many prior works that apply adjustment or correction to

achieve consistency or robustness of the estimator, our result implies that corruption itself can

be beneficial without any adjustment to the estimation process, and thus it could be better in

some cases to simply fit the corrupted dataset without any modification on the methods—in

particular, this means that we do not need to know or estimate the corruption mechanism,

as would be the case for a procedure that corrects for the corruption. For the fitting of linear

classifiers using empirical risk minimization under homogeneous noise, Theorem 1 provides

an explanation for the possibility of corruption being beneficial, illustrating the tradeoff

between loss approximation and the estimation.

We can expect a similar tradeoff for more general settings where the noise is not homo-

geneous, or where different estimation methods are applied; in general, it is intuitive that a

small amount of corruption can reduce the chance of overfitting, especially when the inher-

ent noise level is low, and that this benefit may outweigh the low bias that is introduced.

As an example of a broader setting where this type of phenomenon may be useful, we can

consider a setting where some data points are known to be “clean” while others are poten-

tially corrupted; while we might expect that performance could be improved by removing or

down-weighting the latter data points in order to avoid or reduce the effect of corruption, our

findings instead suggest that the presence of the non-“clean” data might even be beneficial.
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The question of corrupted labels, with its possible risks and benefits, is studied only in a

very specific setting in our work (i.e., linear prediction rules in low dimensions), and many

open questions remain. First, noting that the corrupted loss can be thought as another

surrogate of 0-1 loss, we may ask how corruption affects the prediction performance of the

estimator in terms of misclassification rate, i.e., 0-1 risk. Second, do similar phenomena

occur in the high-dimensional regime, d � n or d ∝ n? In particular, we have seen that

homogeneous corruption mimics an `2 penalty in the low-dimensional setting; however, the

same is not immediately true in high dimensions, since these results rely on concentration

type arguments that would no longer hold (and, in particular, for d� n, in general both the

uncorrupted data {(Xi, Yi)}1≤i≤n and the corrupted data {(Xi, Ỹi)}1≤i≤n are perfectly lin-

early separable, so we cannot expect good performance without some additional constraints

or regularization). Finally, since the key phenomenon underlying our results is the way that

homogeneous corruption mimics `2 regularization (and therefore, corruption induces shrink-

age in the resulting estimator), this does not explain any potential benefits from corruption

if we instead use methods such as a k-nearest-neighbor estimator, or other methods where

there is no notion of shrinkage; is corruption beneficial more broadly, by reducing the chance

of overfitting in a more general sense? We leave these questions for future work.

2.5 Appendix

2.5.1 Proof of Lemma 1

We first verify that L̃ρ is β-Lipschitz, where β = L
√

a1
a0
. For any w 6= w′ ∈ Rd we have

∣∣∣L̃ρ(w)− L̃ρ(w′)
∣∣∣ =

∣∣∣E [`(X>w · Ỹ )− `(X>w′ · Ỹ )
]∣∣∣

≤ E
[∣∣∣`(X>w · Ỹ )− `(X>w′ · Ỹ )

∣∣∣]
≤ E

[
L ·
∣∣∣X>w · Ỹ −X>w′ · Ỹ ∣∣∣] since ` is L-Lipschitz by Assumption 1
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= LE
[∣∣∣X>(w − w′)

∣∣∣] since Ỹ ∈ {±1}

= L‖w − w′‖ · E
[
|X>u|

]
where u =

w − w′

‖w − w′‖

≤ β · ‖w − w′‖,

where the last inequality follows from Assumption 2 via the calculation

a1 ≥ E
[
ea0|X

>v|2
]
≥ a0 · E

[
|X>v|2

]
≥ a0 · E

[
|X>v|

]2
. (2.3)

We therefore have that L̃ρ is β-Lipschitz. Note that the above argument also holds for ρ = 0,

implying that L is also β-Lipschitz.

Now fix t = C0ρ
−1/2 for any C0 >

√
8c1a

2
2

c2γ log 2 . We will show that, for any u ∈ Sd−1,

L̃ρ(t · u) > L̃ρ(0.5t · u).

First we calculate

E
[
|X>u| · 1

{
X>u · Ỹ < 0

}]
≥ ρ · E

[
|X>u|

]
≥ ρ · log 2

2a2

where the first inequality holds by definition of the distribution of the corrupted label Ỹ

(since P
{
Ỹ = +1

∣∣∣ X} ∈ [ρ, 1− ρ] holds almost surely), while for the second inequality, by

Jensen’s inequality together with Assumption 2,

e
−2a2E

[
|X>u|

]
≤ E

[
e−2a2|X>u|

]
≤ a2

2a2
=

1

2
,

so

E
[
|X>u|

]
≥ log 2

2a2
. (2.4)
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We also know that

`(−t · |X>u|)− `(−0.5t · |X>u|) ≥ γ · 0.5t · |X>u|,

by Assumption 1, and so

E
[(
`(t ·X>u · Ỹ )− `(0.5t ·X>u · Ỹ )

)
· 1
{
X>u · Ỹ < 0

}]
≥ E

[
γ · 0.5t · |X>u| · 1

{
X>u · Ỹ < 0

}]
≥ γ · 0.5t · ρ · log 2

2a2
.

We therefore have

L̃ρ(t · u)− L̃ρ(0.5t · u)

= E
[
`(t ·X>u · Ỹ )− `(0.5t ·X>u · Ỹ )

]
= E

[(
`(t ·X>u · Ỹ )− `(0.5t ·X>u · Ỹ )

)
· 1
{
X>u · Ỹ < 0

}]
+ E

[(
`(t ·X>u · Ỹ )− `(0.5t ·X>u · Ỹ )

)
· 1
{
X>u · Ỹ ≥ 0

}]
≥ γ · 0.5t · ρ · log 2

2a2
+ E

[(
`(t · |X>u|)− `(0.5t · |X>u|)

)
· 1
{
X>u · Ỹ ≥ 0

}]
≥ γ · 0.5t · ρ · log 2

2a2
− E

[
`(0.5t · |X>u|)

]
≥ γ · 0.5t · ρ · log 2

2a2
− c1E

[
e−c2·0.5t·|X

>u|
]
by Assumption 1

≥ γ · 0.5t · ρ · log 2

2a2
− c1a2

c2 · 0.5t
by Assumption 2

> 0 by definition of t.

In particular, this implies that L̃ρ(tu) > infw∈Rd L̃
ρ(w) for all u ∈ Sd−1. Since w 7→ L̃ρ(w)

is continuous as shown above, this implies that L̃ρ(w) attains its infimum, and any w̃ρ∗ ∈

argminw∈Rd L̃
ρ(w) must satisfy ‖w̃ρ∗‖ ≤ t.

Next we bound L(w̃
ρ
∗) for any w̃ρ∗ ∈ argminw∈Rd L̃

ρ(w). First note that the corrupted
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risk can be written as

L̃ρ(w) = (1− 2ρ) · L(w) + 2ρ · R(w) = (1− ρ)L(w) + ρL(−w). (2.5)

Applying (2.5) with w = w̃
ρ
∗ we obtain

L̃ρ(w̃ρ∗) = (1− ρ)L(w̃
ρ
∗) + ρL(−w̃ρ∗),

and similarly applying (2.5) with w = −w̃ρ∗ we obtain

L̃ρ(−w̃ρ∗) = (1− ρ)L(−w̃ρ∗) + ρL(w̃
ρ
∗).

Since L̃ρ(w̃ρ∗) ≤ L̃ρ(−w̃
ρ
∗) by optimality of w̃ρ∗ , and ρ < 1

2 by assumption, this proves that

L(w̃
ρ
∗) ≤ L(−w̃ρ∗) and therefore,

L(w̃
ρ
∗) ≤ L̃ρ(w̃

ρ
∗).

Next, fix any w ∈ Rd. First consider the case that ‖w‖ ≤ cρ−1/2, where c =
√

c1a2
2βc2

. Then

L̃ρ(w̃ρ∗)− L(w) ≤ L̃ρ(w)− L(w) by optimality of w̃ρ∗

= ρ (L(−w)− L(w)) by (2.5)

≤ 2ρβ · cρ−1/2

= 2βcρ1/2,

where the last inequality holds since L is β-Lipschitz.

Next consider the case that ‖w‖ > cρ−1/2. Let u = w/‖w‖ and t = cρ−1/2. Then by the

reasoning above, we have

L̃ρ(w̃ρ∗)− L(tu) ≤ 2βcρ1/2.
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Next, let Zu = X>u · Y , then we have

L(tu)− L(w) = E [`(t · Zu)− `(‖w‖ · Zu)]

= E [(`(t · Zu)− `(‖w‖ · Zu)) · 1 {Zu > 0}] + E [(`(t · Zu)− `(‖w‖ · Zu)) · 1 {Zu < 0}]

≤ E [(`(t · Zu)− `(‖w‖ · Zu)) · 1 {Zu > 0}] since ‖w‖ > t and ` is nonincreasing

≤ E [`(t · Zu) · 1 {Zu > 0}] since ` is nonnegative

≤ c1E
[
e−c2t|X

>u|
]

by Assumption 1

≤ c1 ·
a2

c2t
by Assumption 2

=
c1a2

c2c
· ρ1/2.

Therefore, for this second case, we have shown that

L̃ρ(w̃ρ∗)− L(w) ≤
(

2βc+
c1a2

c2c

)
· ρ1/2 =

√
8βc1a2

c2
· ρ1/2.

Combining the two cases, we have shown that

L(w̃
ρ
∗) ≤ L̃ρ(w̃

ρ
∗) ≤ L(w) +

√
8βc1a2

c2
· ρ1/2

for all w ∈ Rd, which proves the desired inequality with

C1 =

√
8βc1a2

c2
.

Now we turn to the corrupted estimator w̃ρn. First we will need a lemma to establish

some concentration results.

Lemma 3. Suppose Assumptions 1 and 2 hold. Fix any α > 0, ρ ∈ (0, 1
2), t > 0, and r > 0.
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Then with probability at least 1− n−α, it holds that

inf
u∈Sd−1

{
1

n

n∑
i=1

max
{

0,−X>i u · Ỹi
}}
≥ r1ρ− r2 ·

d log n

n
(2.6)

and

sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X
>
i u|
}
≤ r3

t
+ r4

√
d log n

n
(2.7)

and

sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣ ≤ r5 · r ·

√
d log n

n
, (2.8)

where r1, r2, r3, r4, r5 > 0 depend only on α and on the constants in Assumptions 1 and 2,

and not on n, d, r, or t.

We are now ready to prove the remainder of Lemma 1. First we bound ‖w̃ρn‖. Define

C = 2r2
r1

and fix t = C0ρ
−1/2 for any C0 > max

2

√
4c1

(
2c−12 r3

)
γr1

,
8c1

(
C−1/2r4

)
γr1

, which

therefore satisfies

C0 >

√√√√4c1

(
2c−1

2 r3 + C0C
−1/2r4

)
γr1

.

We will show that, for any u ∈ Sd−1,

L̃ρn(t · u) > L̃ρn(0.5t · u).

Then assuming ρ ≥ C · d log n
n , the bound (2.6) in Lemma 3 implies that

1

n

n∑
i=1

|X>i u| · 1
{
X>i u · Ỹi < 0

}
=

1

n

n∑
i=1

max
{

0,−X>i u · Ỹi
}
≥ r1

2
· ρ,

for all u ∈ Sd−1. Furthermore, since t = C0ρ
−1/2, the bound (2.7) in Lemma 3 (applied
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with 0.5c2t in place of t) together with our assumption ρ ≥ C · d log n
n implies that

1

n

n∑
i=1

e−c2·0.5t|X
>
i u| ≤

2c−1
2 r3 + C0C

−1/2r4
t

for all u ∈ Sd−1. Following identical arguments as in the population case, we have

L̃ρn(t · u)− L̃ρn(0.5t · u) ≥ γ · 0.5t · ρ · r1/2− c1 ·
2c−1

2 r3 + C0C
−1/2r4

t
> 0

for all u ∈ Sd−1, where the last step holds by definition of t and of C0. Since L̃
ρ
n is continuous

(because we have assumed the loss ` is continuous), as for the population case this again

proves that L̃ρn(w) must attain its infimum, and that any w ∈ argminw∈Rd L̃
ρ
n(w) must

satisfy ‖w‖ ≤ t.

Finally, the bound sup‖w‖≤C0ρ−1/2

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣ ≤ C2ρ

−1/2
√

d log n
n follows immedi-

ately from the bound (2.8) in Lemma 3, by setting C2 = C0r5.

2.5.2 Proof of Lemma 3

First, we prove (2.6). The distribution of (X, Ỹ ) can equivalently be represented as

(X, Ỹ ) =
(
X, (1−R) · Y +R · Z

)
,

where R ∼ Bernoulli(2ρ) is generated independently from (X, Y ), and Z ∼ Unif{±1} is

generated independently from (X, Y,R). Let (Xi, Yi, Ri, Zi) generate the n i.i.d. data points.

Furthermore, define

X̄ = X ·min

{
1,

4E [‖X‖]
‖X‖

}
.

and

X̄i = Xi ·min

{
1,

4E [‖X‖]
‖Xi‖

}
.
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Then we can check that, for all u ∈ Sd−1,

1

n

n∑
i=1

max
{

0,−X>i u · Ỹi
}
≥ 1

n

n∑
i=1

max
{

0,−X̄>i u · Ỹi
}
≥ 1

n

n∑
i=1

max
{

0,−X̄>i u ·Ri · Zi
}
.

Define

∆ = sup
u∈Sd−1

∣∣∣∣∣ 1n
n∑
i=1

max
{

0,−X̄>i u ·Ri · Zi
}
− E

[
max

{
0,−X̄>u ·R · Z

}]∣∣∣∣∣ .
We can verify that, since X̄, R, Z are independent, by definition of their distributions we

have

E
[
max

{
0,−X̄>u ·R · Z

}]
≥ ρ · E

[
|X̄>u|

]
.

Furthermore, by Jensen’s inequality,

exp
{
−4a2E

[
|X̄>u|

]}
≤ E

[
e−4a2|X̄>u|

]
≤ E

[
e−4a2|X>u|

]
+ P {‖X‖ > 4E [‖X‖]}

≤ a2

4a2
+

E [‖X‖]
4E [‖X‖]

=
1

2
,

where the last inequality applies Assumption 2 together with Markov’s inequality. Rear-

ranging terms, then,

E
[
|X̄>u|

]
≥ log 2

4a2
.

Therefore, combining everything we have shown so far, it holds deterministically that

inf
u∈Sd−1

{
1

n

n∑
i=1

max
{

0,−X>i u · Ỹi
}}
≥ ρ · log 2

4a2
−∆.

Now we need to bound ∆ with high probability.
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By the symmetrization inequality [Koltchinskii, 2011, Theorem 2.1] we have

E [∆] ≤ 2E

[
sup

u∈Sd−1

∣∣∣∣∣ 1n
n∑
i=1

ξi ·max
{

0,−X̄>i u ·Ri · Zi
}∣∣∣∣∣
]
,

where the last expectation is taken with respect to the i.i.d. data (X̄i, Ỹi) as well as i.i.d.

Rademacher random variables ξi
iid∼ Unif{±1}. Since t 7→ max{0,−t} is 1-Lipschitz, the

contraction inequality [Koltchinskii, 2011, Theorem 2.2] verifies that

E [∆] ≤ 4E

[
sup

u∈Sd−1

∣∣∣∣∣ 1n
n∑
i=1

ξi · X̄>i u ·Ri · Zi

∣∣∣∣∣
]
.

Furthermore, deterministically we have

∣∣∣∣∣ 1n
n∑
i=1

ξi · X̄>i u ·Ri · Zi

∣∣∣∣∣ =

∣∣∣∣∣u>
(

1

n

n∑
i=1

ξi ·Ri · Zi · X̄i

)∣∣∣∣∣ ≤ ∥∥∥ 1

n

n∑
i=1

ξi ·Ri · Zi · X̄i
∥∥∥,

and so combining everything so far, we have shown that

E [∆] ≤ 4E

[∥∥∥ 1

n

n∑
i=1

ξi ·Ri · Zi · X̄i
∥∥∥] .

Moreover, we can see that (X̄i, ξi · Zi) is equal in distribution to (X̄i, ξi) (since Zi ∈ {±1}

while ξi ∼ Unif{±1} is drawn independently from the data), and so

E [∆] ≤ 4E

[∥∥∥ 1

n

n∑
i=1

ξi · X̄i ·Ri
∥∥∥] .

Finally,

E

[∥∥∥ 1

n

n∑
i=1

ξi · X̄i ·Ri
∥∥∥]2

≤ E

[∥∥∥ 1

n

n∑
i=1

ξi · X̄i ·Ri
∥∥∥2
]

=
1

n2

d∑
j=1

E

( n∑
i=1

X̄ijRiξi

)2

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=
1

n2

d∑
j=1

n∑
i=1

E
[
X̄2
ijR

2
i

]
=

1

n2

n∑
i=1

2ρE
[
‖X̄i‖2

]
≤ 1

n
· 16E [‖X‖]2 · 2ρ,

since by definition, it holds deterministically that ‖X̄i‖ ≤ 4E [‖X‖], while Ri ∼ Bernoulli(2ρ)

is independent from Xi. Combining everything so far,

E [∆] ≤ 4

√
1

n
· 16E [‖X‖]2 · 2ρ.

Next, since for all u ∈ Sd−1 we have

E

[
max

{
0,−X̄>u ·R · Z

}2
]
≤ 2ρ ·

(
4E [‖X‖]

)2
and

0 ≤ max
{

0,−X̄>u ·R · Z
}
≤ 4E [‖X‖] almost surely,

applying [Koltchinskii, 2011, Bousquet bound, Section 2.3] yields the concentration result

P

∆ ≤ E [∆] +

√
2 log(3nα)·

(
2ρ·16E[‖X‖]2+4E[‖X‖]·2E[∆]

)
n + 4E [‖X‖] · log(3nα)

3n


≥ 1− 1

3nα
.

Furthermore, Assumption 2 together with Jensen’s inequality implies

ea0E[‖X‖2]/d ≤ ea0 max1≤j≤d E[|Xj |2] ≤ max
1≤j≤d

E
[
ea0|Xj |

2
]
≤ a1

and so E [‖X‖] ≤ E
[
‖X‖2

]1/2 ≤ √d log a1
a0

. Combined with our bound on E [∆], we can
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verify that this bound can be relaxed to

P

{
∆ ≤ r′

(√
ρ · d log n

n
+
d log n

n

)}
≥ 1− 1

3nα

where r′ is chosen appropriately as a function of α, a0, and a1. Therefore, we have shown

that with probability at least 1− 1
3nα ,

inf
u∈Sd−1

{
1

n

n∑
i=1

max
{

0,−X>i u · Ỹi
}}
≥ ρ · log 2

4a2
− r′

(√
ρ · d log n

n
+
d log n

n

)
,

which is sufficient to verify (2.6) with r1, r2 chosen appropriately, since it holds that√
ρ · d log n

n ≤ r′′ρ
2 + d log n

2r′′n for all r′′ > 0.

Next we prove (2.7). Note that, comparing the two terms in the desired upper bound

and noting that 1/t is only dominant if t ≤
√

n
d log n , we can see that it suffices to prove the

result for t ≤
√

n
d log n , since t 7→ supu∈Sd−1

{
1
n

∑n
i=1 e

−t|X>i u|
}

is monotone nonincreasing

in t.

We have

sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X
>
i u|
}
≤ sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X̄
>
i u|
}
,

where, changing the definition of X̄ and X̄i, we let

X̄ = X ·min

{
1,
tE [‖X‖]
‖X‖

}
.

and analogously

X̄i = Xi ·min

{
1,
tE [‖X‖]
‖Xi‖

}
.

Next fix ε > 0, and take a covering u1, . . . , uM of Sd−1 such that

sup
u∈Sd−1

{
min

m=1,...,M
‖u− um‖

}
≤ ε.
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By [Lorentz et al., 1996, Chapter 15], for any ε > 0 we can construct a set with this property

of size M ≤ (3/ε)d. Then for any u ∈ Sd−1, if we find m such that ‖u− um‖ ≤ ε, we have

e−t|X̄
>
i u| ≤ e−t|X̄

>
i um| + t‖X̄i‖ · ε ≤ e−t|X̄

>
i um| + t2E [‖X‖] · ε,

since e−t|x| is t-Lipschitz over x ∈ R. Therefore,

sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X
>
i u|
}
≤ t2E [‖X‖] · ε+ max

m=1,...,M

{
1

n

n∑
i=1

e−t|X̄
>
i um|

}
.

Next, for each m, by Hoeffding’s inequality,

P

{
1

n

n∑
i=1

e−t|X̄
>
i um| − E

[
e−t|X̄

>um|
]
>

√
log(3Mnα)

2n

}
≤ 1

3Mnα
.

Furthermore,

E
[
e−t|X̄

>um|
]
≤ E

[
e−t|X

>um|
]

+ P {‖X‖ > tE [‖X‖]} ≤ a2 + 1

t
,

by applying Assumption 2 together with Markov’s inequality. Therefore, combining every-

thing, with probability at least 1− 1
3nα ,

sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X
>
i u|
}
≤ t2E [‖X‖] · ε+

√
log(3 · (3/ε)d · nα)

2n
+
a2 + 1

t
.

Since we have assumed that t ≤ n, taking ε = n−2.5 we obtain

sup
u∈Sd−1

{
1

n

n∑
i=1

e−t|X
>
i u|
}
≤ E [‖X‖]√

n
+

√
log(3 · (3n2.5)d · nα)

2n
+
a2 + 1

t
,

which clearly satisfies (2.7) with r3, r4 chosen appropriately, since as shown before, E [‖X‖] ≤√
d log a1
a0

.
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Finally we prove (2.8). We first bound the quantity in the expected value. We have

E

[
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣] = E

[
sup
‖w‖≤r

∣∣∣∣∣ 1n
n∑
i=1

(
`(X>i w · Ỹi)− E

[
`(X>i w · Ỹi)

])∣∣∣∣∣
]

≤ 2E

[
sup
‖w‖≤r

∣∣∣∣∣ 1n
n∑
i=1

ξi`(X
>
i w · Ỹi)

∣∣∣∣∣
]
,

by the symmetrization inequality [Koltchinskii, 2011, Theorem 2.1], where the last expec-

tation is taken with respect to the i.i.d. data (X̄i, Ỹi) as well as i.i.d. Rademacher random

variables ξi
iid∼ Unif{±1}. Next, the contraction inequality [Koltchinskii, 2011, Theorem 2.2]

verifies that

E

[
sup
‖w‖≤r

∣∣∣∣∣ 1n
n∑
i=1

ξi`(X
>
i w · Ỹi)

∣∣∣∣∣
]
≤ 2LE

[
sup
‖w‖≤r

∣∣∣∣∣ 1n
n∑
i=1

ξi ·X>i w · Ỹi

∣∣∣∣∣
]
,

since ` is L-Lipschitz by Assumption 1. Furthermore, deterministically we have

∣∣∣∣∣ 1n
n∑
i=1

ξi ·X>i w · Ỹi

∣∣∣∣∣ =

∣∣∣∣∣w>
(

1

n

n∑
i=1

ξi · Ỹi ·Xi

)∣∣∣∣∣ ≤ ‖w‖ · ∥∥∥ 1

n

n∑
i=1

ξi · Ỹi ·Xi
∥∥∥,

and so combining everything so far, we have shown that

E

[
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣] ≤ 4LrE

[∥∥∥ 1

n

n∑
i=1

ξi · Ỹi ·Xi
∥∥∥] .

Moreover, we can see that (Xi, ξi · Ỹi) is equal in distribution to (Xi, ξi) (since Ỹi ∈ {±1}

while ξi ∼ Unif{±1} is drawn independently from (Xi, Ỹi)), and so

E

[
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣] ≤ 4LrE

[∥∥∥ 1

n

n∑
i=1

ξi ·Xi
∥∥∥] .

Finally,
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E

[∥∥∥ 1

n

n∑
i=1

ξi ·Xi
∥∥∥]2

≤ E

[∥∥∥ 1

n

n∑
i=1

ξi ·Xi
∥∥∥2
]

=
1

n2

d∑
j=1

E

( n∑
i=1

Xijξi

)2


=
1

n2

d∑
j=1

n∑
i=1

E
[
X2
ij

]
=

1

n
E
[
‖X‖2

]
≤ d

n
· log a1

a0
,

since E
[
‖X‖2

]
≤ d log a1

a0
as calculated above. Therefore,

E

[
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣] ≤ 4Lr

√
log a1√
a0

·
√
d

n
.

Next we prove that the quantity sup‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣ concentrates around its ex-

pectation. First, let (X ′, Ỹ ′) be an i.i.d. draw from the distribution of (X, Ỹ ). For λ ≥ 0,

we calculate

E

[
1

2
eλ‖XỸ−X

′Ỹ ′‖ +
1

2
e−λ‖XỸ−X

′Ỹ ′‖
]
≤ E

[
eλ

2‖XỸ−X ′Ỹ ′‖2/2
]

≤ E
[
eλ

2·(‖XỸ ‖2+‖X ′Ỹ ′‖2)
]

= E
[
eλ

2·‖XỸ ‖2
]2

= E
[
eλ

2·‖X‖2
]2

= E

[
eλ

2·
∑d
j=1 |Xj |2

]2

≤ E

1

d

d∑
j=1

edλ
2·|Xj |2

2

,

by the AM–GM inequality. Applying Assumption 2, we then obtain

E

[
1

2
eλ‖XỸ−X

′Ỹ ′‖ +
1

2
e−λ‖XỸ−X

′Ỹ ′‖
]
≤ a

2λ2d
a0

1

as long as λ2 ≤ a0/d. Following the proof of [Kontorovich, 2014, Theorem 1], since

sup‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣ is a Lr

n -Lipschitz function of each data point product Xi · Ỹi,

P

{
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣− E

[
sup
‖w‖≤r

∣∣∣L̃ρn(w)− L̃ρ(w)
∣∣∣] > Lr

n
·

√
8nd log a1 · log(3nα)

a0

}
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≤ exp

{
2nλ2d log a1

a0
− λ ·

√
8nd log a1 · log(3nα)

a0

}
.

Taking

λ =
a0

4nd log a1
·

√
8nd log a1 · log(3nα)

a0

(which clearly satisfies λ ≤
√

a0
d for sufficiently large n), this probability is bounded by 1

3nα .

(If instead n is not sufficiently large (i.e., λ >
√

a0
d ), then the guarantee (2.8) holds trivially.)

Combining everything, and choosing r5 appropriately, we have established (2.8).
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CHAPTER 3

DISTRIBUTION-FREE INFERENCE FOR REGRESSION:

DISCRETE, CONTINUOUS, AND IN BETWEEN

3.1 Introduction

Consider a regression problem, where our aim is to model the distribution of a response

variable Y ∈ R based on the information carried by features X ∈ X . Given training data

(X1, Y1), . . . , (Xn, Yn), we aim to build a fitted model to estimate the conditional distribution

of Y | X, or some summary of this distribution such as the conditional mean or conditional

median. In this type of setting, our goals are to simultaneously perform two tasks, estimation

and inference—that is, we want to accurately estimate the conditional distribution, and we

also want a reliable way of quantifying our uncertainty about this estimate.

To make this concrete, suppose the training data {(Xi, Yi)} are drawn i.i.d. from some

unknown distribution P on Rd × R, and we want to estimate the true conditional mean,

µP (x) := E [Y |X = x], of this distribution. Given the training data, we construct a fitted

regression function µ̂ : Rd → R using any algorithm, for instance, a parametric method such

as least squares or a nonparametric procedure such as a Gaussian kernel method. For many

regression algorithms, assuming certain conditions on the underlying distribution P will

ensure an accurate estimate of µP ; however, unless we are able to verify these assumptions, we

cannot be confident that the corresponding error rates will indeed lead to a valid confidence

interval for µP . The goal of distribution-free inference is to provide inference guarantees—in

this case, confidence intervals for µP (Xn+1) at a newly observed feature vector Xn+1—that

are valid universally over any underlying distribution P .
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3.1.1 Our contributions

In this work, we study the problem of constructing a confidence interval Ĉn(x) for µP (x),

that satisfies the following property:

Definition 1. An algorithm Ĉn provides a distribution-free (1 − α)-confidence interval for

the conditional mean if it holds that

P
(Xi,Yi)

iid∼P

{
µP (Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1−α for all distributions P on (X, Y ) ∈ Rd × [0, 1].

Here the probability is taken with respect to the distribution of both the training data

(X1, Y1), . . . , (Xn, Yn) and the test point (Xn+1, Yn+1), all drawn i.i.d. from an arbitrary

P .1

Recent work by [Vovk et al., 2005, Barber, 2020, Gupta et al., 2020] (studying the con-

ditional mean of a binary response Y ) and by [Medarametla and Candès, 2021] (studying

the conditional median of a real-valued Y ) proves that distribution-free coverage properties

similar to Definition 1 lead to fundamental limits on the accuracy of inference. Writing PX

to denote the marginal distribution of X under P , these results show that if PX is nonatomic

(meaning that there are no point masses, i.e., PPX {X = x} = 0 for all points x ∈ Rd), then

any distribution-free confidence interval Ĉn cannot have vanishing length as sample size n

tends to infinity, regardless of the smoothness of P , or any other “nice” properties of this

distribution. Specifically, these works show that if PX is nonatomic, then Ĉn must also be a

valid predictive interval, i.e., must contain Yn+1 itself with probability ≥ 1−α. This implies

that the length of Ĉn cannot be vanishing, since Yn+1 is inherently noisy. An explicit lower

bound on the length is proved in [Barber, 2020].

Our new results examine the possibility of constructing confidence intervals Ĉn that are

1. In this definition and throughout our work, Ĉn can be either a deterministic or randomized function
of the training data; if the construction is randomized then the definition above should be interpreted as
computing probability with respect to the distribution of the data and the randomization of the construction.
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both distribution-free (Definition 1) and have vanishing length, when PX may be discrete,

nonatomic, or a mixture of the two. We find that the hardness of this problem can be

characterized by the effective support size of PX—essentially, how many points x ∈ Rd are

needed to capture most of the mass of PX (for example, if PX is uniform over M points,

then its effective support size is ≤M).

Our main theoretical results show that there are two regimes. If the effective support size

is � n2, then PX essentially behaves like a nonatomic distribution because in a sample of

size n, with high probability all the X values are observed at most once; in this regime, we

find that the average length of Ĉn(Xn+1) is bounded away from zero, i.e., no distribution-

free confidence interval can have vanishing length. If instead the effective support size is

� n2, then it becomes possible for Ĉn(Xn+1) to have vanishing length, and in particular,

the minimum possible length scales as M1/4

n1/2
for effective support size M . Interestingly,

vanishing length is possible even when M is larger than n, meaning that distribution-free

inference for E [Y |X] is possible even if most X values were never observed in the training

set.

3.1.2 Additional related work

The problem of distribution-free inference has been studied extensively in the context of pre-

dictive inference, where the goal is to provide a confidence band for the response value Yn+1

given a new feature vector Xn+1. The prediction problem is fundamentally different from

the goal of covering the conditional mean. In particular, by splitting the data and using a

holdout set, we can always empirically validate the coverage level of any constructed predic-

tive band. Methods such as conformal prediction (see, e.g., [Vovk et al., 2005, Papadopoulos

et al., 2002, Lei et al., 2018, Vovk et al., 2018]) or jackknife+ ([Barber et al., 2021b, Kim

et al., 2020]) can ensure valid distribution-free predictive inference without the need to split

the data set (thus avoiding reducing the sample size).
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As mentioned earlier, [Vovk et al., 2005, Barber, 2020, Gupta et al., 2020, Medarametla

and Candès, 2021] also study the problem of confidence intervals for the conditional mean or

median of Y |X, establishing impossibility results on the setting of a nonatomic PX . These

results are connected to earlier results on the impossibility of adaptation to smoothness,

in the nonparametric inference literature—specifically, if µP is β-Hölder smooth, then it

is possible to build a confidence interval of length O(n
− β

2β+d ) if β is known (e.g., using

k-nearest-neighbors with an appropriately chosen k), but this cannot be achieved when β

is unknown (see, e.g., [Giné and Nickl, 2016, Section 8.3] for an overview of results of this

type).

While the results above establish the challenges for distribution-free inference when the

features X are nonatomic, at the other extreme we can consider scenarios where X has a

discrete distribution. In this setting, the problem of estimating µP is related to the discrete

distribution testing, where the aim is to test properties of a discrete distribution—for instance,

we might wish to test equality of two distributions where we draw samples from each [Chan

et al., 2014, Acharya et al., 2014, Diakonikolas and Kane, 2016, Canonne et al., 2015]; to

test whether a sample is drawn from a known distribution P or not [Diakonikolas and Kane,

2016, Acharya et al., 2015, Valiant and Valiant, 2017, Diakonikolas et al., 2018], or drawn

from any distribution belonging to a class P or not [Acharya et al., 2015, Canonne et al.,

2018]; or to estimate certain characteristics of a distribution such as its entropy or support

size [Valiant and Valiant, 2011b,a, Acharya et al., 2014]. The distribution-free confidence

intervals we will construct in Section 3.3 are closely related to methods developed in this

literature.
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3.2 Main results: lower bound

Before presenting our main result, we begin with several definitions. For any distribution

PX on X ∈ Rd, we first define the effective support size of PX at tolerance level γ ∈ [0, 1):

Mγ(PX) = min
{
|X | : X ⊂ Rd and PPX {X ∈ X} ≥ 1− γ

}
,

where |X | denotes the cardinality of the set X . In particular, if PX is a distribution supported

on M points, then Mγ(PX) ≤M for any γ. If instead PX is nonatomic, then Mγ(PX) =∞

for all γ > 0. We note that, in many practical settings, the effective support size Mγ(PX)

may be substantially smaller than the overall support size. For example, if X ∈ Rd measures

d categorical covariates with mj possible values for the jth covariate, then the support of PX

is potentially as large as
∏d
j=1mj , which will grow extremely rapidly with the dimension d

even if each mj is small; in real data, however, it may be the case that most combinations

of covariate values are extremely unlikely, and so the effective support size Mγ(P ) would be

substantially smaller, and might grow more slowly with d.

Next, for any distribution P on (X, Y ) ∈ Rd × [0, 1], we define

σ2
P,β = the β-quantile of VarP (Y |X), under the distribution X ∼ PX .

With these definitions in place, our first main result establishes a lower bound on the

expected length of any distribution-free confidence interval Ĉn. Let Leb denote the Lebesgue

measure on R.

Theorem 2. Fix any α > 0, and let Ĉn be a distribution-free (1 − α)-confidence interval

(i.e., satisfying Definition 1). Then for any distribution P on Rd × R, for any β > 0 and
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γ > α + β,

E
[
Leb

(
Ĉn(Xn+1)

)]
≥ 1

3σ
2
P,β(γ − α− β)1.5 ·min

{(
Mγ(PX)

)1/4
n1/2

, 1

}
,

where the expected value is taken over data points (Xi, Yi)
iid∼ P , for i = 1, . . . , n+ 1.

3.2.1 Special cases

To help interpret this result, we now examine its implications in several special cases.

Uniform discrete features If PX is a uniform distribution over M points, then for any

γ > 0 the effective support size is Mγ(PX) = d(1 − γ)Me. Therefore, Theorem 2 implies

that for any P with nonatomic marginal PX ,

E
[
Leb

(
Ĉn(Xn+1)

)]
≥ 1

3σ
2
P,β(γ − α− β)1.5(1− γ)0.25 ·min

{
M1/4

n1/2
, 1

}

for any β ∈ (0, γ−α). In particular, we see that M � n2 implies a constant lower bound on

the width of any distribution-free confidence interval, whileM � n2 allows for the possibility

of a vanishing width for a distribution-free confidence interval.

Binary response If the response Y is known to be binary (i.e., Y ∈ {0, 1}), we might

relax the requirement of distribution-free coverage to only include distributions of this type,

i.e., we require

P
(Xi,Yi)

iid∼P

{
µP (Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1−α for all distributions P on Rd × {0, 1}. (3.1)

This condition is strictly weaker than Definition 1, where the coverage property is required to

hold for all distributions P on Rd× [0, 1], i.e., for a broader class of distributions. However, it

turns out that relaxing the requirement does not improve the lower bound. Specifically, if we
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have an algorithm to construct a confidence interval Ĉn satisfying (3.1), then we can easily

convert Ĉn into a method that does satisfy Definition 1. Given data (X1, Y1), . . . , (Xn, Yn),

for each i = 1, . . . , n draw a binary response Ỹi ∼ Bernoulli(Yi). Then we clearly have

n i.i.d. draws from a distribution on (X, Ỹ ) ∈ Rd × {0, 1}, where E[Ỹ | X] = E [Y | X] =

µP (X). After running our algorithm to construct Ĉn on the new data (X1, Ỹ1), . . . , (Xn, Ỹn),

the binary distribution-free coverage property (3.1) satisfied by Ĉn ensures that this modified

procedure satisfies Definition 1.

To summarize, then, we see that the problem of distribution-free coverage is equally hard

for the binary response case (Y ∈ {0, 1}) as for the more general bounded response case

(Y ∈ [0, 1]).

Nonatomic features We now consider the setting where the marginal distribution of X

is nonatomic, i.e., PPX {X = x} = 0 for all x. (In particular, this includes the continuous

case, where X has a continuous distribution on Rd.) In this case, for any γ > 0 the effective

support size is Mγ(PX) =∞. Therefore, Theorem 2 implies that for any P with nonatomic

marginal PX , for any β ∈ (0, 1− α),

E
[
Leb

(
Ĉn(Xn+1)

)]
≥ 1

3σ
2
P,β(1− α− β)1.5.

In particular, this lower bound does not depend on n, and so the width of any distribution-

free confidence interval is non-vanishing even for arbitrarily large sample size n (as long as

σ2
P,β > 0).

In case of a binary response, where P is a distribution on Rd × {0, 1} with nonatomic

marginal distribution PX , [Barber, 2020] establishes that any distribution-free confidence

interval for µ must satisfy a lower bound that is a function only of P and does not depend

on n (and, in particular, does not vanish as n → ∞). In this sense, our new result can be

viewed as a generalization of this work, since the nonvanishing minimum length for nonatomic
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PX is a consequence of our result.

3.2.2 Adding knowledge of PX

One way we might try to weaken the notion of distribution-free coverage would be to allow

assumptions about the marginal distribution PX , while remaining assumption-free for the

function µP determining the conditional mean. In other words, we might weaken Definition 1

to require coverage over all distributions P for which PX = P ∗X , for a known P ∗X (or, all P

for which PX satisfies some assumed property). Interestingly, the lower bound in Theorem 2

remains the same even under this milder definition of validity—we will see in the proof that

knowledge of PX does not affect the lower bound, since the argument relies only on our

uncertainty about the conditional distribution of Y |X.

3.2.3 Bounded or unbounded?

The lower bound established in Theorem 2 assumes distribution-free coverage for distri-

butions with a bounded response Y—that is, Definition 1 requires coverage to hold for

distributions where the response Y is supported on [0, 1] (although no other assumptions

are placed on P ). Would it be possible for us to instead consider the general case, where P

is an unknown distribution on Rd × R? The following result shows that this more general

question is not meaningful:

Proposition 1. Suppose an algorithm Ĉn satisfies

P
(Xi,Yi)

iid∼P

{
µP (Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1− α for all distributions P on Rd × R.

Then for all distributions P , for all y ∈ R it holds that

P
(Xi,Yi)

iid∼P

{
y ∈ Ĉn(Xn+1))

}
≥ 1− α.
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This means that if we require Ĉn to have distribution-free coverage over distributions

with unbounded response, then inevitably, every point in the real line is contained in the

resulting confidence interval a substantial portion of the time. (In particular, Ĉn(Xn+1)

will of course have infinite expected width.) Clearly an unbounded Y cannot result in any

meaningful distribution-free inference, and for this reason we therefore restrict our attention

to the setting where the response Y takes values in [0, 1] (of course, these results can easily

generalize to Y ∈ [a, b] for any known a < b).

3.3 Main results: upper bound

We next construct an algorithm that, for certain “nice” distributions P , can achieve a confi-

dence interval length that matches the rate of the lower bound. Our procedure requires two

main ingredients as input:

1. A hypothesized ordered support set {x(1), x(2), . . . } ⊂ Rd for the marginal PX , and

2. A hypothesized mean function µ : Rd → [0, 1].

One possible way of obtaining these inputs would be to use data splitting, where one

portion of our data (combined with prior knowledge if available) is used to construct a

hypothesized support set and mean function, and the second portion of the data is then

used for constructing the confidence interval (note that the sample size n in our construction

below refers to the size of this second part of the data, e.g., half of the total available sample

size). Any algorithm can be applied for estimating µ, for example, logistic regression, nearest

neighbors regression, or a neural network.

We emphasize that the coverage guarantee provided by our method does not rely in

any way on the accuracy of these initial guesses—the constructed confidence interval will

satisfy distribution-free validity (Definition 1) even if these initial parameters are chosen in

a completely uninformed way. In particular, while the algorithm that fits µ might be able to
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guarantee accuracy of µ under some assumptions placed on P , the validity of our inference

procedure does not rely on these assumptions. However, the length of the resulting confidence

interval will be affected, since high accuracy in these initial guesses can be expected to result

in a shorter confidence interval. In particular, the hypothesized support set {x(1), x(2), . . . }

should aim to list the highest-probability values of X early in the list, while the hypothesized

mean function µ should aim to be as close to the true conditional mean µP as possible. (Our

theoretical results below will make these goals more precise.)

Given the hypothesized support and hypothesized mean function, to run our algorithm,

we first choose parameters γ, δ > 0 satisfying γ + δ < α, and then compute the following

steps.

• Step 1: estimate the effective support size. First, we compute an upper bound

on the support size needed to capture 1− γ of the probability under PX ,

M̂γ = min

{
m :

n∑
i=1

1

{
Xi ∈ {x(1), . . . , x(m)}

}
≥ (1− γ)n+

√
n log(2/δ)

2

}
,

or M̂γ = ∞ if there is no m that satisfies the inequality. Applying the Hoeffding

inequality to the Binom(n, γ) distribution, we see that P
{
M̂γ ≥M∗γ (PX)

}
≥ 1− δ/2,

where

M∗γ (PX) = min
{
m : PPX

{
X ∈ {x(1), . . . , x(m)}

}
≥ 1− γ

}
. (3.2)

(Note that M∗γ (PX) ≥Mγ(PX) by definition.)

• Step 2: estimate error at each repeated X value. Next, for each m = 1, 2, . . . ,

let nm =
∑n
i=1 1

{
Xi = x(m)

}
denote the number of times x(m) was observed, and let

N≥2 =
∑
m≥1

1 {nm ≥ 2} (3.3)

be the number of X values observed at least twice. For each m with nm ≥ 2, let
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ȳm = 1
nm

∑n
i=1 Yi · 1

{
Xi = x(m)

}
and s2

m = 1
nm−1

∑n
i=1(Yi − ȳm)2 · 1

{
Xi = x(m)

}
be the sample mean and sample variance of the corresponding Y values. Define

Z =
∑

m=1,2,...
s.t. nm ≥ 2

(nm − 1) ·
(
(ȳm − µ(x(m)))2 − n−1

m s2
m

)
. (3.4)

This construction is inspired by analogous statistics appearing in the literature for

testing properties of discrete distributions—for instance, the work of [Chan et al.,

2014]. To see the intuition behind this construction, we observe that {Yi : Xi = x(m)}

is a collection of i.i.d. observations with mean µP (x(m)). Therefore, conditional on nm

(with nm ≥ 2),

E [ȳm] = µP (x(m)) and Var (ȳm) = n−1
m E

[
s2
m

]
,

and therefore E
[
(ȳm − µ(x(m)))2 − n−1

m s2
m

]
= (µ(x(m)) − µP (x(m)))2 is an estimate

of our error at this X value.

• Step 3: construct the confidence interval. Finally, we define our confidence

interval. Let

∆̂ =

√
2M̂γ + n

n(n− 1)
·
√

4Z+ + 8
√
N≥2/δ + 24/δ,

where Z+ denotes max{Z, 0}. Then for each x ∈ Rd, we define

Ĉn(x) =

[
max

{
0, µ(x)− ∆̂

α− δ − γ

}
,min

{
1, µ(x) +

∆̂

α− δ − γ

}]
. (3.5)

We now verify that this construction yields a valid distribution-free confidence interval.

Theorem 3. The confidence interval constructed in (3.5) is a distribution-free (1 − α)-

confidence interval (i.e., Ĉn satisfies Definition 1).
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Next, we will see how this construction is able to match the rate of the lower bound

established in Theorem 2—specifically, in a scenario where the hypothesized support set and

mean function are “chosen well”, i.e., are a good approximation to the true distribution P .

For simplicity, we only consider the case where the marginal PX is approximately uniform

over some finite subset of the hypothesized support, and the hypothesized function µ has

uniformly bounded error.

Theorem 4. Suppose the distribution P on (X, Y ) ∈ Rd × R has marginal PX that is

supported on {x(1), . . . , x(M)} and satisfies PPX

{
X = x(m)

}
≤ η/M for all m, and suppose

that P has conditional mean µP : Rd → R that satisfies EPX
[
(µP (X)− µ(X))2

]
≤ err2µ.

Then the confidence interval constructed in (3.5) satisfies

E
[
Leb(Ĉn(Xn+1))

]
≤ c

(
errµ +

M1/4

n1/2

)
,

where c depends only on the parameters α, δ, γ, η.

To see some concrete examples of where this upper bound might be small, suppose that µ

is constructed via data splitting (i.e., our initial data set has sample size 2n, and we use n

data points to train µ and then the remaining n to construct the confidence interval). If µ

is constructed via logistic regression, and the distribution P follows this model, then under

standard conditions on PX we would have errµ = O(
√
d/n); in a k-sparse regression setting

where we use logistic lasso we might instead obtain errµ = O(
√
k log(d)/n) [Negahban et al.,

2012]. If instead µ is constructed via k-nearest neighbors, if x 7→ µP (x) is β-Hölder smooth

(and k is chosen appropriately), then as mentioned earlier we have errµ = O(n−β/(β+d))

[Györfi et al., 2002, Giné and Nickl, 2016].
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3.4 Discussion

Our main result of this chapter, Theorem 2, shows that the problem of constructing distribution-

free confidence intervals for a conditional mean has hardness characterized by the effective

support size Mγ(PX) of the feature distribution; distribution-free confidence intervals may

have vanishing length if the sample size is at least as large as the square root of the effective

support size, but must have length bounded away from zero if the sample size is smaller.

The rate of the lower bound on length, scaling as min{Mγ(PX))1/4

n1/2
, 1}, is achievable in certain

settings—Theorems 3 and 4 establish that distribution-free confidence intervals may achieve

this length if we have a good hypothesis µ for µP . Of course, the specific construction used

for these matching bounds may not be optimal—both in terms of constant factors that may

inflate its length, and in terms of the range of settings in which it is able (up to constants)

to match the lower bound. Improving this construction to provide a practical and accurate

algorithm is an important question for future work.

One counterintuitive implication of our result is that a meaningful distribution-free in-

ference can be achieved even in the case Mγ(PX)� n, where with high probability, the new

observation Xn+1 is a value that was never observed in the training set. The reason inference

is possible in this regime is that the repeated X values in the training set provide some infor-

mation we need to construct a meaningful confidence interval, and since the set of X values

that are repeated is random, this leads to a coverage guarantee (recall that these repeated X

values were central to the construction of our confidence interval in Section 3.3). An inter-

esting possible application of this finding is for distribution-free calibration, where the aim

is to cover within-bin averages of the form µb = E [Y | X ∈ Xb] where Rd = ∪b=1,...,BXb is a

partition into bins. [Gupta et al., 2020] study this problem in the distribution-free setting,

and develop methods for guaranteeing coverage of each µb when the number of bins satisfies

B � n; in contrast, the methods studied in our present work suggest that we may be able
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to cover µb on average over all bins b in the regime n� B � n2.

Generally, all inference methods must inherently involve a tradeoff between the strength of

the guarantees, and the precision of the resulting answers. In this present work, we consider

a universally strong guarantee (i.e., coverage of the conditional mean for all distributions

P ), which results in precise inference (i.e., vanishing-length confidence intervals) for only

some distributions P , namely, those with effective support size � n2. This tradeoff may

not be desirable in practice, since in an applied setting we might instead prefer to relax

the required coverage properties for more challenging distributions P in order to allow for

more precise answers. In practice, we may be satisfied with a validity condition that yields

weaker guarantees in a nonatomic setting, but still yields the stronger coverage guarantee in

the achievable regime where Mγ(PX) � n2. In future work, we aim to study whether this

more adaptive type of validity definition, which is weaker than distribution-free coverage,

may enable us to build confidence intervals that have vanishing length even in the nonatomic

setting.

3.5 Appendix

3.5.1 Proof of Proposition 1

To prove this proposition, we will consider replacing P with a distribution that places van-

ishing probability on some extremely large value.2 Fix any distribution P , and any y ∈ R.

For any fixed ε > 0, define a new distribution Q as follows:

Draw X ∼ PX , then draw Y |X ∼ (1− ε)PY |X + εδε−1y−(ε−1−1)µP (X),

2. Similar constructions are used in many related results in the literature—e.g., [Lei and Wasserman,
2014, Lemma 1] proves an analogous infinite-width result for the problem of prediction intervals required to
be valid conditional on Xn+1, while here we are interested in confidence intervals but only require marginal
validity.
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where PY |X is the conditional distribution of Y |X under P , and δt denotes the point mass

at t. Then we can trivially calculate that dTV(Pn × PX , Qn ×QX) ≤ nε. Therefore,

PPn×PX

{
y ∈ Ĉn(Xn+1)

}
≥ PQn×QX

{
y ∈ Ĉn(Xn+1)

}
− nε.

On the other hand, the distribution Q has conditional mean

µQ(x) = (1− ε)µP (x) + ε
(
ε−1y − (ε−1 − 1)µP (x)

)
= y,

and so the conditional mean µQ(Xn+1) is equal to y almost surely. Therefore,

PQn×QX

{
y ∈ Ĉn(Xn+1)

}
= PQn×QX

{
µQ(Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1− α,

where the last step holds since Ĉn must satisfy distribution-free coverage and, therefore,

must satisfy coverage with respect to Q. Since ε > 0 is arbitrarily small, this completes the

proof.

3.5.2 Proof of Theorem 2

To prove the theorem, we will need several supporting lemmas:

Lemma 4. Let Q be any distribution on [0, 1] with variance σ2. Then we can write Q as a

mixture of two distributions Q0, Q1 on [0, 1] such that

Q = 0.5Q0 + 0.5Q1 and EQ1
[X]− EQ0

[X] ≥ 2σ2.

Lemma 5. Let PX be any distribution on Rd, and let Rd = X1∪X2∪ . . . be a fixed partition.

Define a distribution P0 on (X,Z) ∈ Rd × {0, 1} as:

Draw X ∼ PX , and draw Z ∼ Bernoulli(0.5), independently from X.
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For any fixed sequence a = (a1, a2, . . . ) of signs a1, a2, · · · ∈ {±1}, and any fixed ε1, ε2, · · · ∈

[0, 0.5], define a distribution Pa on on (X,Z) ∈ Rd × {0, 1} as:

Draw X ∼ PX , and conditional on X, draw Z|X ∈ Xm ∼ Bernoulli(0.5 + am · εm).

Finally define P̃0 = (P0)n (i.e., n i.i.d. draws from P0), and define P̃1 as the mixture

distribution:

• Draw A1, A2, . . .
iid∼ Unif{±1}.

• Conditional on A1, A2, . . . , draw (X1, Z1), . . . , (Xn, Zn)
iid∼ PA.

Then

dTV(P̃0, P̃1) ≤ 2n

√√√√ ∞∑
m=1

ε4m · PPX {X ∈ Xm}
2.

We are now ready to prove the theorem. Define X1 = {x ∈ Rd : PPX {X = x} >
1

Mγ(PX)
}. We must have |X1| < Mγ(PX) since PX is a probability measure, and therefore,

by definition of the effective support size, we must have PPX {X ∈ X1} < 1− γ. On the set

Rd\X1, any point masses of the distribution PX must each have probability ≤ 1/Mγ(PX), by

definition of X1; PX may also have a nonatomic component. Applying [Dudley et al., 2011,

Proposition A.1], we can partition Rd\X1 into countably many sets, X2∪X3∪ . . . , such that

PPX {X ∈ Xm} ≤ 1/Mγ(PX) for allm ≥ 2. From this point on, write pm = PPX {X ∈ Xm}.

For each x in the support of PX , let PY |X=x denote the conditional distribution of Y

given X = x. By Lemma 4, we can construct distributions P 1
Y |X=x

and P 0
Y |X=x

such that

PY |X=x = 0.5P 1
Y |X=x + 0.5P 0

Y |X=x and EP 1
Y |X=x

[Y ]− EP 0
Y |X=x

[Y ] ≥ 2σ2
P (x),

where σ2
P (x) = Var (Y | X = x) is the variance of PY |X=x.

Next fix any ε ∈ (0, 0.5]. For any vector a = (a1, a2, . . . ) of signs a1, a2, · · · ∈ {±1},

define the distribution Pa over (X, Y ) as follows:
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• Draw X ∼ PX , i.e., the same as the marginal distribution of X under P .

• Conditional on X, draw Y as

Y | X = x ∼


PY |X=x, if x ∈ X1,

(0.5 + amε) · P 1
Y |X=x

+ (0.5− amε) · P 0
Y |X=x

, if x ∈ Xm for m ≥ 2.

In other words, Pa differs from P in that, conditional on X = x ∈ Xm for any m ≥ 2, the

distribution of the variable Y is perturbed to be slightly more likely (if am = +1) or slightly

less likely (if am = −1) to be drawn from P 1
Y |X=x

rather than from P 0
Y |X=x

. Finally, we

define a mixture distribution Pmix on (X1, Y1), . . . , (Xn, Yn) as:

• Draw A1, A2, . . .
iid∼ Unif{±1}.

• Conditional on A1, A2, . . . , draw (X1, Y1), . . . , (Xn, Yn)
iid∼ PA.

Below, we will verify that we can apply Lemma 5 to obtain

dTV (Pmix, P
n) ≤ 2n

√∑
m≥1

ε4mp
2
m = 2n

√∑
m≥2

ε4p2
m ≤

2ε2n√
Mγ(PX)

, (3.6)

where the last step holds since pm ≤ 1/Mγ(PX) for all m ≥ 2, by definition.

The remainder of the proof will center on the fact that, if ε is chosen to make the

total variation distance between Pn and Pmix sufficiently small, then it is impossible to

distinguish between data drawn from Pn or from PnA for a random A (i.e., from Pmix);

since the conditional mean of Y |X differs by O(ε) between P and PA, this means that our

confidence interval for µP will need to have width at least O(ε). For any Pa, since Ĉn satisfies

distribution-free coverage, we have

P(Pa)n×PX

{
µPa(Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1− α.
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We can also calculate, for each m ≥ 2 and each x ∈ Xm that lies in the support of PX ,

µPa(x) = (0.5 + amε)EP 1
Y |X=x

[Y ] + (0.5− amε)EP 0
Y |X=x

[Y ]

= 0.5

(
EP 1

Y |X=x
[Y ] + EP 0

Y |X=x
[Y ]

)
+ amε

(
EP 1

Y |X=x
[Y ]− EP 0

Y |X=x
[Y ]

)
= µP (x) + amε∆(x),

where we write ∆(x) =

(
EP 1

Y |X=x
[Y ]− EP 0

Y |X=x
[Y ]

)
. In particular, if Xn+1 6∈ X1, then

µPa(Xn+1) ∈ Ĉn(Xn+1) ⇒ {µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅.

Therefore,

P(Pa)n×PX

{
{µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅

}
≥ P(Pa)n×PX

{
µPa(Xn+1) ∈ Ĉn(Xn+1) and Xn+1 6∈ X1

}
≥ P(Pa)n×PX

{
µPa(Xn+1) ∈ Ĉn(Xn+1)

}
− P(Pa)n×PX {Xn+1 ∈ X1}

≥ (1− α)− (1− γ) = γ − α.

Since this bound holds for all sign vectors a = (a1, a2, . . . ), and since Pmix is a mixture of

distributions (Pa)n, we therefore have

PPmix×PX

{
{µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅

}
≥ γ − α.

By our total variation bound above, therefore,

PPn×PX

{
{µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅

}
≥ γ − α− 2ε2n√

Mγ(PX)
. (3.7)
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Now fix some ε0 ∈ [0, 0.5]. We calculate

Leb
(
Ĉn(Xn+1)

)
=

∫
t∈R
1

{
t ∈ Ĉn(Xn+1)

}
dt

≥
∫
t≥0
1

{
{µP (Xn+1)± t} ∩ Ĉn(Xn+1) 6= ∅

}
dt

≥
∫ ε0∆(Xn+1)

t=0
1

{
{µP (Xn+1)± t} ∩ Ĉn(Xn+1) 6= ∅

}
dt

=

∫ ε0

ε=0
1

{
{µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅

}
·∆(Xn+1) dε

≥ 2σ2
P,β

∫ ε0

ε=0
1

{
σ2
P (Xn+1) ≥ σ2

P,β and {µP (Xn+1)± ε∆(Xn+1)} ∩ Ĉn(Xn+1) 6= ∅
}

dε,

where the last step holds since ∆(Xn+1) ≥ 2σ2
P (Xn+1) by Lemma 4. Applying (3.7), and

since P
{
σ2
P (Xn+1) ≥ σ2

P,β

}
≥ 1− β by definition of σ2

P,β , we have

EPn×PX

[
Leb

(
Ĉn(Xn+1)

)]
≥ 2σ2

P,β

∫ ε0

ε=0

(
γ − α− 2ε2n√

Mγ(PX)

)
− β dε

= 2σ2
P,β

[
ε0(γ − α− β)−

2ε30n

3
√
Mγ(PX)

]
.

Finally, choosing ε0 = min
{(

(γ−α−β)
√
Mγ(PX)

2n

)1/2

, 0.5
}

yields the desired lower bound.

To complete the proof, we need to verify (3.6). To compare P and Pa, we can equivalently

characterize these distributions as follows:

• Draw X ∼ PX .

• Conditional on X, draw Z | X ∈ Xm ∼ Bernoulli(0.5) (for the distribution P , or

for the distribution Pa if m = 1), or Z | X ∈ Xm ∼ Bernoulli(0.5 + amε) (for the

distribution Pa if m ≥ 2).
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• Conditional on X,Z draw Y as

Y | X = x, Z = z ∼ P zY |X=x.

Define P̃ as the distribution over (X, Y, Z) induced by P , and P̃a as the distribution over

(X, Y, Z) induced by Pa. Then the marginal distribution of (X, Y ) under P̃ and under P̃a

is given by P and by Pa, respectively.

Now consider comparing two distributions on triples (X1, Z1, Y1), . . . , (Xn, Zn, Yn). We

will compare P̃n versus the mixture distribution P̃mix defined as follows:

• Draw A1, A2, . . .
iid∼ Unif{±1}.

• Conditional on A1, A2, . . . , draw (X1, Y1, Z1), . . . , (Xn, Yn, Zn)
iid∼ P̃A.

Since in our characterization above, the distribution of Y1, . . . , Yn conditional on X1, . . . , Xn

and on Z1, . . . , Zn is the same for both, the only difference lies in the conditional distribution

of Z1, . . . , Zn given X1, . . . , Xn. Therefore, we can apply Lemma 5 with ε1 = 0 and ε2 =

ε3 = · · · = ε to obtain

dTV
(
P̃mix, P̃

n
)
≤ 2n

√∑
m≥2

ε4p2
m.

Now let Pmix be the marginal distribution of (X1, Y1), . . . , (Xn, Yn) under P̃mix. Noting

that Pn is the marginal distribution of (X1, Y1), . . . , (Xn, Yn) under P̃n, we therefore have

dTV (Pmix, P
n) ≤ dTV

(
P̃mix, P̃

n
)
≤ 2n

√∑
m≥2

ε4p2
m.

3.5.3 Proof of Theorem 3

First, define pm = PPX

{
X = x(m)

}
. The following lemma establishes some results on its

support, expected value, and concentration properties of Z:
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Lemma 6. For Z and N≥2 defined as in (3.4) and (3.3), the following holds:

E [Z] =
∞∑
m=1

(µ(x(m))− µP (x(m)))2 ·
(
npm − 1 + (1− pm)n

)
,

E [Z | X1, . . . , Xn] =
∞∑
m=1

(nm − 1)+ ·
(
µ(x(m))− µP (x(m))

)2
,

Var (E [Z | X1, . . . , Xn]) ≤ 2E [Z] ,

Var (Z | X1, . . . , Xn) ≤ N≥2 + 2E [Z | X1, . . . , Xn] .

In particular, the first part of the lemma will allow us to use E [Z] to bound the error in

µ—here the calculations are similar to those in [Chan et al., 2014] for the setting of testing

discrete distributions. Recalling the definition of M∗γ (PX) given in (3.2), define

∆ =

√
2M∗γ (PX) + n

n(n− 1)
·
√

E [Z].

We have

M∗γ (PX)∑
m=1

pm|µ(x(m))− µP (x(m))| =
M∗γ (PX)∑
m=1

pm|µ(x(m))− µP (x(m))|√
2 + npm

·
√

2 + npm

≤

√√√√√M∗γ (PX)∑
m=1

p2
m(µ(x(m))− µP (x(m)))2

2 + npm
·

√√√√√M∗γ (PX)∑
m=1

2 + npm

≤

√
E [Z]

n(n− 1)
·
√

2M∗γ (PX) + n

= ∆,

where the next-to-last step holds by the following identity:

Lemma 7. For all n ≥ 1 and p ∈ [0, 1], np− 1 + (1− p)n ≥ n(n−1)p2

2+np .

Next, we will use Lemma 6 to relate ∆ and ∆̂. By Chebyshev’s inequality, conditional
57



on X1, . . . , Xn, with probability at least 1− δ/4 we have

Z ≥ E [Z | X1, . . . , Xn]−

√
Var (Z | X1, . . . , Xn)

δ/4

≥ E [Z | X1, . . . , Xn]−

√
N≥2 + 2E [Z | X1, . . . , Xn]

δ/4
,

which can be relaxed to

E [Z | X1, . . . , Xn] ≤ 2Z + 4
√
N≥2/δ + 8/δ.

Marginalizing over X1, . . . , Xn, this bound holds with probability at least 1−δ/4. Moreover,

again applying Chebyshev’s inequality, with probability at least 1− δ/4 we have

E [Z | X1, . . . , Xn] ≥ E [Z]−

√
Var (E [Z | X1, . . . , Xn])

δ/4
≥ E [Z]−

√
2E [Z]

δ/4
,

which can be relaxed to

E [Z] ≤ 2E [Z | X1, . . . , Xn] + 8/δ.

Combining our bounds, then, we have E [Z] ≤ 4Z + 8
√
N≥2/δ + 24/δ with probability at

least 1 − δ/2. Since P
{
M̂γ ≥M∗γ (PX)

}
≥ 1 − δ/2 by Hoeffding’s inequality, this implies

that

P
{

∆̂ ≥ ∆
}
≥ 1− δ.

Now we verify the coverage properties of Ĉn. We have

P
{
µP (Xn+1) 6∈ Ĉn(Xn+1)

}
= P

{
|µP (Xn+1)− µ(Xn+1)| > (α− δ − γ)−1∆̂

}
≤ P

{
∆̂ < ∆

}
+ P

{
|µP (Xn+1)− µ(Xn+1)| > (α− δ − γ)−1∆

}
≤ P

{
∆̂ < ∆

}
+ P

{
Xn+1 6∈ {x(1), . . . , x(M∗γ (PX))

}
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+

M∗γ (PX)∑
m=1

P
{
Xn+1 = x(m), |µP (Xn+1)− µ(Xn+1)| > (α− δ − γ)−1∆

}

≤ δ + γ +

M∗γ (PX)∑
m=1

P
{
Xn+1 = x(m), |µP (Xn+1)− µ(Xn+1)| > (α− δ − γ)−1∆

}

≤ δ + γ +

M∗γ (PX)∑
m=1

pm1
{∣∣∣µP (x(m))− µ(x(m))

∣∣∣ > (α− δ − γ)−1∆
}

≤ δ + γ +

∑M∗γ (PX)
m=1 pm

∣∣∣µP (x(m))− µ(x(m))
∣∣∣

(α− δ − γ)−1∆

≤ δ + γ +
∆

(α− δ − γ)−1∆
= α,

which verifies the desired coverage guarantee.

3.5.4 Proof of Theorem 4

First, we have M̂γ ≤ M almost surely by our assumption on PX . Next we need to bound

E [Z+]. We have

E [Z−] ≤ E [(Z − E [Z | X1, . . . , Xn])−] since this conditional expectation is nonnegative

≤
√

E
[
(Z − E [Z | X1, . . . , Xn])2

]
=
√

E
[
E
[
(Z − E [Z | X1, . . . , Xn])2

∣∣ X1, . . . , Xn
]]

=
√

E [Var (Z | X1, . . . , Xn)]

≤
√

E
[
N≥2 + 2E [Z | X1, . . . , Xn]

]
by Lemma 6

=
√

E
[
N≥2

]
+ 2E [Z].

We then have

E [Z+] = E [Z] + E [Z−] ≤ E [Z] +
√

2E [Z] + E
[
N≥2

]
≤ 1.5E [Z] + 1 +

√
E
[
N≥2

]
.
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Next we need a lemma:

Lemma 8. For all n ≥ 1 and p ∈ [0, 1], np− 1 + (1− p)n ≤ n2p2

1+np .

Combined with the calculation of E [Z] in Lemma 6, we have

E [Z] ≤
M∑
m=1

(µ(x(m))− µP (x(m)))2 · n2p2
m

1 + npm

≤
M∑
m=1

pm · (µ(x(m))− µP (x(m)))2 · n2 · η/M
1 + n · η/M

=
ηn2

M + ηn
· EPX

[
(µP (X)− µ(X))2

]
≤ (errµ)2 · ηn2

M + ηn
,

since we have assumed that PX is supported on {x(1), . . . , x(M)} and that PPX

{
X = x(m)

}
≤

η/M for all m, where we must have η ≥ 1. Furthermore, we have

E
[
N≥2

]
=

M∑
m=1

P {nm ≥ 2} ≤
M∑
m=1

E [(nm − 1)+]

=
M∑
m=1

n · PPX
{
X = x(m)

}
− 1 +

(
1− PPX

{
X = x(m)

})n
by the proof of Lemma 6

≤
M∑
m=1

n · η/M − 1 + (1− η/M)n

≤
M∑
m=1

n2(η/M)2

1 + nη/M
by Lemma 8

=
η2n2

M + ηn
.

We also have N≥2 ≤ M almost surely, and so combining these two bounds, E
[
N≥2

]
≤
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min{η
2n2

M ,M}. Combining everything, then,

E [Z+] ≤ 1.5(errµ)2 · ηn2

M + ηn
+ 1 +

√
min

{
η2n2

M
,M

}
.

Plugging these calculations into the definition of ∆̂, we obtain

E
[
∆̂
]

= E

√2M̂γ + n

n(n− 1)
·
√

4Z+ + 8
√
N≥2/δ + 24/δ


≤ E

[√
2M + n

n(n− 1)
·
√

4Z+ + 8
√
N≥2/δ + 24/δ

]

≤

√
2M + n

n(n− 1)
·
√

4E [Z+] + 8
√

E
[
N≥2

]
/δ + 24/δ

≤

√
2M + n

n(n− 1)
·√√√√4

(
1.5(errµ)2 · ηn2

M + ηn
+ 1 +

√
min

{
η2n2

M
,M

})
+ 8

√
min

{
n2

M
,M

}
· 1/δ + 24/δ

≤

√
2M + n

n(n− 1)
·


√

6(errµ)2 · ηn2

M + ηn
+

√√√√4(1 + 2/
√
δ)

√
min

{
η2n2

M
,M

}
+
√

4 + 24/δ

 .
We can assume that M ≤ n2 and n ≥ 2 (as otherwise, the upper bound would be trivial,

since we must have Leb(Ĉn(Xn+1)) ≤ 1 by construction). If M ≥ n, then 2M+n
n(n−1)

≤ 6M
n2

and the above simplifies to

E
[
∆̂
]
≤ 6
√
η · errµ +

√
6(4 + 24/δ)M

n2
+

√
24η(1 + 2/

√
δ)

4

√
M

n2
,

and since we assume M ≤ n2, we therefore have

E
[
∆̂
]
≤ 6
√
η · errµ +

(√
6(4 + 24/δ) +

√
24η(1 + 2/

√
δ)

)
· 4

√
M

n2
. (3.8)
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If instead M < n, then 2M+n
n(n−1)

≤ 6
n and the above bound on E

[
∆̂
]
simplifies to

E
[
∆̂
]
≤ 6 · errµ +

√
6

n
·
[√

4(1 + 2/
√
δ)
√
M +

√
4 + 24/δ

]
,

which again yields the same bound (3.8) since M ≥ 1 and η ≥ 1. Finally, by definition of

Ĉn(Xn+1), we have

E
[
Leb(Ĉn(Xn+1))

]
≤ E

[
∆̂
]
· 2

α− δ − γ
,

which completes the proof for c chosen appropriately as a function of α, δ, γ, η.

3.5.5 Proofs of lemmas

Proof of Lemma 4

Let xmed be the median of Q. Define

q< = PQ {X < xmed} , q> = PQ {X > xmed} ,

and note that q<, q> ∈ [0, 0.5]. For X ∼ Q, let Q< be the distribution of X conditional on

X < xmed and let Q> be the distribution of X conditional on X > xmed. Then we can write

Q = q< ·Q< + (1− q< − q>) · δxmed + q> ·Q>,

where δt denotes the point mass distribution at t. Now define

Q0 = 2q< ·Q< + (1− 2q<) · δxmed

and

Q1 = 2q> ·Q> + (1− 2q>) · δxmed .
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Then clearly Q = 0.5Q0 + 0.5Q1. Next let µ0, µ1 be the means of these two distributions,

satisfying µ0+µ1
2 = µ where µ is the mean of Q, and let σ2

0, σ
2
1 be the variances of these two

distributions. By the law of total variance, we have

σ2 = Var
(
0.5δµ0 + 0.5δµ1

)
+ E

[
0.5δσ20

+ 0.5δσ21

]
=

(µ1 − µ0)2

4
+ 0.5σ2

0 + 0.5σ2
1.

Next, Q0 is a distribution supported on [0, xmed] with mean µ0, so its variance is bounded

as

σ2
0 ≤ µ0(xmed − µ0),

where the maximum is attained if all the mass is placed on the endpoints 0 or xmed. Similarly,

Q1 is a distribution supported on [xmed, 1] with mean µ1, so its variance is bounded as

σ2
1 ≤ (1− µ1)(µ1 − xmed).

Using the fact that µ0+µ1
2 = µ, we can simplify to

σ2
0 + σ2

1 ≤ µ0(xmed − µ0) + (1− µ1)(µ1 − xmed)

= µ(xmed − µ0) + (1− µ)(µ1 − xmed)− 0.5(µ1 − µ0)2.

Therefore, we have

σ2 =
(µ1 − µ0)2

4
+ 0.5σ2

0 + 0.5σ2
1 ≤ 0.5µ(xmed − µ0) + 0.5(1− µ)(µ1 − xmed)

= 0.5(2µ− 1)xmed − 0.5µµ0 + 0.5(1− µ)µ1 = 0.5(2µ− 1)(xmed − µ) + 0.25(µ1 − µ0).
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Next, |2µ− 1| ≤ 1 since µ ∈ [0, 1], and |xmed − µ| ≤ 0.5|µ1 − µ0| since µ0 ≤ xmed ≤ µ1 and
µ0+µ1

2 = µ. Therefore, σ2 ≤ 0.5(µ1 − µ0), proving the lemma.

Proof of Lemma 5

First we need a supporting lemma.

Lemma 9. For any N ≥ 1 and any ε ∈ [0, 0.5],

dKL

(
0.5 · Binom(N, 0.5 + ε) + 0.5 · Binom(N, 0.5− ε)

∥∥ Binom(N, 0.5)
)
≤ 8N(N − 1)ε4.

Proof of Lemma 9. Let f0 be the probability mass function of the Binom(N, 0.5) distribu-

tion, and let f1 be the probability mass function of the mixture 0.5 · Binom(N, 0.5 + ε) +

0.5 · Binom(N, 0.5− ε). Then we would like to bound dKL(f1‖f0). We calculate the ratio

f1(k)

f0(k)
=

0.5 ·
(N
k

)
(0.5 + ε)k(0.5− ε)N−k + 0.5 ·

(N
k

)
(0.5− ε)k(0.5 + ε)N−k(N

k

)
(0.5)N

=
(1 + 2ε)k(1− 2ε)N−k + (1− 2ε)k(1 + 2ε)N−k

2
.

Therefore, it holds that

EB(N,0.5)

[(
f1(X)

f0(X)

)2
]

= EB(N,0.5)

((1 + 2ε)X(1− 2ε)N−X + (1− 2ε)X(1 + 2ε)N−X

2

)2


= EB(N,0.5)

[
(1 + 2ε)2X(1− 2ε)2N−2X + (1− 2ε)2X(1 + 2ε)2N−2X + 2(1− 4ε2)N

4

]

=

(1− 2ε)2NEB(N,0.5)

[(
1+2ε
1−2ε

)2X
]

+ (1 + 2ε)2NEB(N,0.5)

[(
1−2ε
1+2ε

)2X
]

+ 2(1− 4ε2)N

4
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=

(1− 2ε)2NEBern(0.5)

[(
1+2ε
1−2ε

)2X
]N

+ (1 + 2ε)2NEBern(0.5)

[(
1−2ε
1+2ε

)2X
]N

+ 2(1− 4ε2)N

4

=

(1− 2ε)2N

[
0.5
(

1+2ε
1−2ε

)2
+ 0.5

]N
+ (1 + 2ε)2N

[
0.5
(

1−2ε
1+2ε

)2
+ 0.5

]N
+ 2(1− 4ε2)N

4

=

[
0.5(1 + 2ε)2 + 0.5(1− 2ε)2

]N
+
[
0.5(1− 2ε)2 + 0.5(1 + 2ε)2

]N
+ 2(1− 4ε2)N

4

=
(1 + 4ε2)N + (1− 4ε2)N

2

= 1 +
∑
k≥1

(
N

2k

)
(4ε2)2k

= 1 +
∑
k≥1

N(N − 1) . . . (N − 2k + 2)(N − 2k + 1)

(2k)!
(4ε2)2k

≤ 1 +
∑
k≥1

(N(N − 1))k

2kk!
(4ε2)2k

≤ e8ε4N(N−1),

where B(N, 0.5) denotes Binomial(N, 0.5). Applying Jensen’s inequality, we then have

dKL(f1‖f0) =
n∑
k=0

f1(k) log

(
f1(k)

f0(k)

)
= Ef1

[
log

(
f1(X)

f0(X)

)]
≤ log

(
Ef1

[
f1(X)

f0(X)

])

= log

(
EBinom(N,0.5)

[(
f1(X)

f0(X)

)2
])
≤ log

(
e8ε4N(N−1)

)
= 8ε4N(N − 1).

Now we turn to the proof of Lemma 5. Let pm = P {X ∈ Xm} for each m = 1, 2, . . . .

Define a distribution P ′0 on (W,Z) ∈ N× {0, 1} as:

Draw W ∼
∞∑
m=1

pmδm, and draw Z ∼ Bernoulli(0.5), independently from W .
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and for any signs a1, a2, · · · ∈ {±1}, define a distribution P ′a on (W,Z) ∈ N× {0, 1} as:

Draw W ∼
∞∑
m=1

pmδm, and conditional on W , draw Z|W = m ∼ Bernoulli(0.5 + am · εm).

Then define P̃ ′0 = (P ′0)n and define P̃ ′1 as the following mixture distribution.

• Draw A1, A2, . . .
iid∼ Unif{±1}.

• Conditional on A1, A2, . . . , draw (W1, Z1), . . . , (Wn, Zn)
iid∼ P ′A.

Note that (X1, Z1), . . . , (Xn, Zn) ∼ P̃0 can be drawn by first drawing (W1, Z1), . . . , (Wn, Zn) ∼

P̃ ′0 and then drawing Xi|Wi ∼ PX|X∈XWi
for each i. Similarly, (X1, Z1), . . . , (Xn, Zn) ∼ P̃1

is equivalent to first drawing (W1, Z1), . . . , (Wn, Zn) ∼ P̃ ′1 and then drawing Xi|Wi ∼

PX|X∈XWi
for each i. This implies dTV(P̃1||P̃0) ≤ dTV(P̃ ′1||P̃

′
0).

Now we can calculate the probability mass function of P̃ ′0 as

P̃ ′0
(
(w1, z1), . . . , (wn, zn)

)
=

n∏
i=1

(pwi · 0.5) ,

and for P̃ ′1 as

P̃ ′1
(
(w1, z1), . . . , (wn, zn)

)
= E

Ai
iid∼Unif{±1}

[
n∏
i=1

(
pwi · (0.5 + Awiεm)zi · (0.5− Awiεm)1−zi

)]
.

Defining summary statistics

nm =
n∑
i=1

1 {wi = m} and km =
n∑
i=1

1 {wi = m, zi = 1} ,

we can rewrite the above as

P̃ ′0
(
(w1, z1), . . . , (wn, zn)

)
=
∞∏
m=1

pnmm · 0.5nm ,
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and

P̃ ′1
(
(w1, z1), . . . , (wn, zn)

)
= E

Ai
iid∼Unif{±1}

[ ∞∏
m=1

pnmm · (0.5 + Amεm)km · (0.5− Amεm)nm−km
]

=
∞∏
m=1

pnmm · 1

2

∑
am∈{±1}

(0.5 + amεm)km · (0.5− amεm)nm−km

We then calculate

dKL(P̃ ′1||P̃
′
0)

= E
P̃1

[
log

(
P̃ ′1
(
(W1, Z1), . . . , (Wn, Zn)

)
P̃ ′0
(
(W1, Z1), . . . , (Wn, Zn)

))]

= E
P̃ ′1

log

∏∞m=1 p
Nm
m · 1

2

∑
am∈{±1}(0.5 + amεm)Km · (0.5− amεm)Nm−Km∏∞

m=1 p
Nm
m · (0.5)Nm


=
∞∑
m=1

E
P̃ ′1

[
log

(
1
2

∑
am∈{±1}(0.5 + amεm)Km · (0.5− amεm)Nm−Km

(0.5)Nm

)]

=
∞∑
m=1

E
P̃ ′1

[
E
P̃ ′1

[
log

(
1
2

∑
am∈{±1}(0.5 + amεm)Km · (0.5− amεm)Nm−Km

(0.5)Nm

) ∣∣∣∣Nm
]]

,

where

Nm =
n∑
i=1

1 {Wi = m} and Km =
n∑
i=1

1 {Wi = m,Zi = 1} ,

Next, we calculate the conditional expectation in the last expression above. If Nm = 0

then trivially it is equal to log(1) = 0. If Nm ≥ 1, then under P̃ ′1, we can see that

Km | Nm ∼ 0.5 · Binom(Nm, 0.5 + εm) + 0.5 · Binom(Nm, 0.5− εm),
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and therefore,

E
P̃ ′1

[
log

(
1
2

∑
am∈{±1}(0.5 + amεm)Km · (0.5− amεm)Nm−Km

(0.5)Nm

) ∣∣∣∣Nm
]

= dKL

(
0.5 · Binom(Nm, 0.5 + εm) + 0.5 · Binom(Nm, 0.5− εm)

∥∥ Binom(Nm, 0.5)
)

≤ 8Nm(Nm − 1)ε4m,

where the last step applies Lemma 9. Therefore,

dKL(P̃ ′1||P̃
′
0) ≤

∞∑
m=1

E
P̃ ′1

[
8Nm(Nm − 1)ε4m

]
= 8

∞∑
m=1

ε4mE
P̃ ′1

[
N2
m −Nm

]
= 8

∞∑
m=1

ε4m

((
npm(1− pm) + n2p2

m

)
− npm

)
= 8 · n(n− 1)

∞∑
m=1

ε4mp
2
m,

since Nm ∼ Binom(n, pm) by definition. Applying Pinsker’s inequality and dTV(P̃1||P̃0) ≤

dTV(P̃ ′1||P̃
′
0) completes the proof.

Proof of Lemma 6

Define

Zm =


(nm − 1) ·

(
(ȳm − µ(x(m)))2 − n−1

m s2
m

)
, nm ≥ 2,

0, nm = 0 or 1.

Then Z =
∑∞
m=1 Zm. Now we calculate the conditional mean and variance. Conditional on

X1, . . . , Xn, ȳm and s2
m are the sample mean and sample variance of nm i.i.d. draws from a

distribution with mean µP (x(m)) and variance σ2
P (x(m)), supported on [0, 1], where we let

σ2
P (x(m)) be the variance of the distribution of Y |X = x(m), under the joint distribution P .
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For any m with nm ≥ 2, we therefore have

E [ȳm | X1, . . . , Xn] = µP (x(m)),

Var (ȳm | X1, . . . , Xn) = n−1
m σ2

P (x(m)) = E
[
n−1
m s2

m

∣∣∣ X1, . . . , Xn

]
,

and so

E
[
(ȳm − µ(x(m)))2 − n−1

m s2
m

∣∣∣ X1, . . . , Xn

]
= n−1

m σ2
P (x(m)) + (µP (x(m))− µ(x(m)))2 − n−1

m σ2
P (x(m)) = (µP (x(m))− µ(x(m)))2.

Next, we have (n1, . . . , nM ) ∼ Multinom(n, p), which implies that marginally

nm ∼ Binom(n, pm) and so

E [(nm − 1)+] = E [nm − 1 + 1 {nm = 0}] = npm − 1 + (1− pm)n.

Combining these calculations completes the proof for the expected value E [Z] and conditional

expected value E [Z | X1, . . . , Xn].

Next, we calculate conditional and marginal variance. We have

Var
(

(ȳm − µ(x(m)))2 − n−1
m s2

m

∣∣∣ X1, . . . , Xn

)
= Var

(
(ȳm − µ(x(m)))2 − n−1

m s2
m − (µP (x(m))− µ(x(m)))2

∣∣∣ X1, . . . , Xn

)
≤ E

[(
(ȳm − µ(x(m)))2 − n−1

m s2
m − (µP (x(m))− µ(x(m)))2

)2
∣∣∣∣ X1, . . . , Xn

]
= E

[(
(ȳm − µP (x(m)))2 + 2(ȳm − µP (x(m)))(µP (x(m))− µ(x(m)))− n−1

m s2
m

)2
∣∣∣∣ X1, . . . , Xn

]
≤ 4E

[(
(ȳm − µP (x(m)))

)4
∣∣∣∣ X1, . . . , Xn

]
+ 2E

[(
2(ȳm − µP (x(m)))(µP (x(m))− µ(x(m)))

)2
∣∣∣∣ X1, . . . , Xn

]
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+ 4E

[(
n−1
m s2

m

)2
∣∣∣∣ X1, . . . , Xn

]
,

where the last step holds since (a+ b+ c)2 ≤ 4a2 + 2b2 + 4c2 for any a, b, c. Now we bound

each term separately. First, we have

E

[(
(ȳm − µP (x(m)))

)4
∣∣∣∣ X1, . . . , Xn

]
=

1

n4
m

∑
i1,i2,i3,i4 s.t.

Xi1=Xi2=Xi3=Xi4=x(m)

E

[
4∏

k=1

(Yik − µP (x(m)))

∣∣∣∣∣ X1, . . . , Xn

]

=
1

n4
m

[
nm · E

[
(Y − µP (x(m)))4

∣∣∣ X = x(m)
]

+ 3nm(nm − 1) · E
[
(Y − µP (x(m)))2

∣∣∣ X = x(m)
]2 ]

≤ 1

n4
m

[
nm · σ2

P (x(m)) + 3nm(nm − 1) · (σ2
P (x(m)))2

]
≤ 1

n4
m

[
nm · 1

4 + 3nm(nm − 1) · (1
4)2
]

=
3nm + 1

16n3
m

,

where the second step holds by counting tuples (i1, i2, i3, i4) where either all four indices

are equal, or there are two pairs of equal indices (since otherwise, the expected value of the

product is zero). Next,

E

[(
2(ȳm − µP (x(m)))(µP (x(m))− µ(x(m)))

)2
∣∣∣∣ X1, . . . , Xn

]
= 4(µP (x(m))− µ(x(m)))2E

[
(ȳm − µP (x(m)))2

∣∣∣ X1, . . . , Xn

]
= 4(µP (x(m))− µ(x(m)))2 · n−1

m σ2
P (x(m))

≤ n−1
m (µP (x(m))− µ(x(m)))2.

Finally, since s2
m ≤ nm

4(nm−1)
holds deterministically,
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E

[(
n−1
m s2

m

)2
∣∣∣∣ X1, . . . , Xn

]
≤ n−2

m ·
nm

4(nm − 1)
· E
[
s2
m

∣∣∣ X1, . . . , Xn

]
= n−2

m ·
nm

4(nm − 1)
· σ2
P (x(m)) ≤ 1

16nm(nm − 1)
.

Combining everything, then,

Var
(

(ȳm − µ(x(m)))2 − n−1
m s2

m

∣∣∣ X1, . . . , Xn

)
≤ 4 · 3nm + 1

16n3
m

+ 2 · n−1
m (µP (x(m))− µ(x(m)))2 + 4 · 1

16nm(nm − 1)
,

and so for nm ≥ 2,

Var (Zm | X1, . . . , Xn)

≤ (nm − 1)2 ·
[
4 · 3nm + 1

16n3
m

+ 2 · n−1
m (µP (x(m))− µ(x(m)))2 + 4 · 1

16nm(nm − 1)

]
≤ 1 + 2(nm − 1) · (µP (x(m))− µ(x(m)))2 = 1 + 2E [Zm | X1, . . . , Xn] .

If instead nm = 0 or nm = 1 then Zm = 0 by definition, and so Var (Zm | X1, . . . , Xn) = 0.

Therefore, in all cases, we have

Var (Zm | X1, . . . , Xn) ≤ 1 {nm ≥ 2}+ 2E [Zm | X1, . . . , Xn] .

It is also clear that, conditional on X1, . . . , Xn, the Zm’s are independent, and so

Var (Z | X1, . . . , Xn) =
∞∑
m=1

Var (Zm | X1, . . . , Xn) ≤ N≥2 + 2E [Z | X1, . . . , Xn] .

Finally, we need to bound Var (E [Z | X1, . . . , Xn]). First, we have

Var (E [Zm | X1, . . . , Xn]) = Var ((nm − 1)+) · (µP (x(m))− µ(x(m)))4
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≤ Var ((nm − 1)+) · (µP (x(m))− µ(x(m)))2,

and we can calculate

Var ((nm − 1)+)

= Var (nm + 1 {nm = 0})

= Var (nm) + Var (1 {nm = 0}) + 2Cov (nm,1 {nm = 0})

= Var (nm) + Var (1 {nm = 0})− 2E [nm] E [1 {nm = 0}] since nm · 1 {nm = 0} = 0 a.s.

= npm(1− pm) + (1− pm)n
(
1− (1− pm)n

)
− 2npm(1− pm)n.

Therefore,

2E [(nm − 1)+]− Var ((nm − 1)+)

= 2npm − 2 + 2(1− pm)n − npm(1− pm)− (1− pm)n
(
1− (1− pm)n

)
+ 2npm(1− pm)n

= npm(1 + pm) + (1− pm)n
(
1 + 2npm + (1− pm)n

)
− 2

≥ 0,

where the last step holds since, defining f(t) = nt(1 + t) + (1− t)n
(
1 + 2nt+ (1− t)n

)
, we

can see that f(0) = 2 and f ′(t) ≥ 0 for all t ∈ [0, 1]. This verifies that

Var (E [Zm | X1, . . . , Xn]) ≤ Var ((nm − 1)+) · (µP (x(m))− µ(x(m)))2

≤ 2E [(nm − 1)+] · (µP (x(m))− µ(x(m)))2 = 2E [Zm] .

Next, for any m 6= m′,

Cov (E [Zm | X1, . . . , Xn],E [Zm′ | X1, . . . , Xn])
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= Cov ((nm − 1)+, (nm′ − 1)+) · (µP (x(m))− µ(x(m)))2 · (µP (x(m′))− µ(x(m′)))2

≤ 0.

For the last step, we use the fact that Cov ((nm − 1)+, (nm′ − 1)+) ≤ 0, which holds since,

conditional on nm, we have nm′ ∼ Binom
(
n− nm,

pm′
1−pm

)
, and so the distribution of nm′

is stochastically smaller whenever nm is larger. Therefore,

Var (E [Z | X1, . . . , Xn]) ≤
∞∑
m=1

Var (E [Zm | X1, . . . , Xn]) ≤
∞∑
m=1

2E [Zm] = 2E [Z] .

Proofs of Lemma 7 and Lemma 8

Replacing p with 1− s, equivalently, we need to show that, for all s ∈ [0, 1],

n(n− 1)(1− s)2

2 + n(1− s)
≤ n(1− s)− 1 + sn ≤ n2(1− s)2

1 + n(1− s)
.

After simplifying, this is equivalent to proving that

n(1− s)2 + 2n(1− s)
2 + n(1− s)

≥ 1− sn ≥ n(1− s)
1 + n(1− s)

,

which we can further simplify to

n(1− s) + 2n

2 + n(1− s)
≥ 1 + s+ · · ·+ sn−1 ≥ n

1 + n(1− s)
(3.9)

by dividing by 1−s (note that this division can be performed whenever s < 1, while if s = 1,

then the desired inequalities hold trivially).

Now we address the two desired inequalities separately. For the left-hand inequality
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in (3.9), define

h(s) = (2 + n(1− s)) · (s+ s2 + · · ·+ sn−1) = ns+ 2(s+ s2 + · · ·+ sn−1)− nsn.

We calculate h(1) = 2(n− 1), and for any s ∈ [0, 1],

h′(s) = n+
n−1∑
i=1

2isi−1 − n2sn−1 ≥ n+
n−1∑
i=1

2isn−1 − n2sn−1

= n+ sn−1

(
n−1∑
i=1

2i− n2

)
= n− nsn−1 ≥ 0,

where the first inequality holds since si−1 ≥ sn−1 for all i = 1, . . . , n − 1, and the second

inequality holds since sn−1 ≤ 1. Therefore, h(s) ≤ h(1) = 2(n− 1) for all s ∈ [0, 1], and so

1 + s+ · · ·+ sn−1 =
(1 + s+ · · ·+ sn−1) · (2 + n(1− s))

2 + n(1− s)

=
2 + n(1− s) + h(s)

2 + n(1− s)
≤ 2 + n(1− s) + 2(n− 1)

2 + n(1− s)
=
n(1− s) + 2n

2 + n(1− s)
,

as desired.

To verify the right-hand inequality in (3.9), we have

1 + s+ · · ·+ sn−1 =
(1 + s+ · · ·+ sn−1) · (1 + n(1− s))

1 + n(1− s)

=
(n+ 1)(1 + s+ · · ·+ sn−1)− n(s+ s2 + · · ·+ sn)

1 + n(1− s)

=
n+ (1 + s+ · · ·+ sn−1)− nsn

1 + n(1− s)

≥ n

1 + n(1− s)
,

where the last step holds since, for s ∈ [0, 1], we have si ≥ sn for all i = 0, 1, . . . , n− 1.

74



CHAPTER 4

DISTRIBUTION-FREE INFERENCE WITH HIERARCHICAL

DATA

4.1 Introduction

Consider a standard distribution-free prediction problem where we have training data

{(Xi, Yi)}, i = 1, 2, · · · , n and a new observation Xn+1, and the task is to construct Ĉn such

that

P
(Xi,Yi)

iid∼P

{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α (4.1)

holds for any distribution P . Methods such as conformal prediction, invented by [Vovk et al.,

2005], provide an answer to this problem with exchangeability as the only assumption.

Though the marginal coverage guarantee (4.1) guarantees an overall quality of the pre-

diction set, it is often more desired to have a useful guarantee with conditional coverage

P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ Xn+1

}
, or P

{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ (Xi, Yi)1≤i≤n, Xn+1

}
,

to ensure that the prediction is accurate conditional on the specific observations we have.

However, achieving a useful distribution-free conditional coverage is a much more challenging

problem. In case of nonatomic features, recent work by [Barber et al., 2021a], [Barber, 2020],

[Medarametla and Candès, 2021] proves that there are limits on having a useful coverage

for certain characteristics of the conditional distribution of Yn+1|Xn+1. On the other hand,

[Lee and Barber, 2021] illustrates the possibility of achieving a meaningful coverage for the

conditional mean E [Yn+1 | Xn+1] in case of discrete/mixed distributions that allows repeats

in the training data.

In this work, we look further into the setting where we have multiple observations for

each individual. We begin by studying a more general setting where we have data with
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hierarchical structure, which contains exchangeable groups of exchangeable measurements,

and develop an extension of conformal prediction that works for such data structure, which

we denote as hierarchical conformal prediction(HCP). In the special case where we have

i.i.d repeated measurements, we show that we can have a better control of the conditional

miscoverage rates by making use of the information the repeats provide.

4.1.1 Problem setting

Suppose we have hierarchical data (Z̃1, Z̃2, · · · , Z̃n), where each group Z̃i = (Zi,1, · · · , Zi,Ki)

consists of Ki measurements Zi,k ∈ Z. We assume that we have an exchangeable draw of

distributions Π1,Π2, · · · ,Πn
exch∼ PΠ, that the group sizes are drawn by Ki | Πi ∼ PK|Π,

and that Zi,1 · · · , Zi,Ki | Ki,Πi
exch∼ Πi.

In other words, we consider a hierarchical data with a hierarchical exchangeability struc-

ture, where the group size can be random. Given such training data, we aim to provide

inference for a new data point Zn+1, where we assume that Zn+1 is a draw from distribution

Πn+1 which is exchangeable with Π1, · · · ,Πn.

A special case is the setting where we have data with repeated measurements, which we

will discuss in Section 4.3. This is the setting where each Zij = (Xi, Yij). We formulate this

special case as follows:

Suppose we have an i.i.d. training data (Xi, Ki, Ỹi), i = 1, 2, · · · , n from an unknown

distribution P = PX × PK × P
Ỹ |K,X on X × N × Y , where Ỹi = (Yi,1, · · · , Yi,Ki) and

Y = R ∪ R2 ∪ R3 ∪ · · · . P
Ỹ |K,X is given by

Ỹ = (Y1, · · · , YK) | K,X iid∼ PY |X .

In other words, we assume that we have multiple label observations for each individual i

where the repeat number Ki can be random. We write the joint distribution of (Xi, Ỹi)

as P
X,Ỹ

. Note that we have two types of exchangeability here: the exchangeability of
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individuals {(Xi, Ki, Ỹi) : i = 1, 2, · · · , n} and the exchangeability of Yi,1, · · · , Yi,Ki given

Xi and Ki for each individual i. Given such training data (X1, Ỹ1), · · · , (Xn, Ỹn)
iid∼ P

X,Ỹ

with this hierarchical exchangeability and a new input Xn+1 drawn from PX independently

from the training data, we aim to do inference on Yn+1, a draw from PY |X=Xn+1
, with a

useful guarantee.

4.1.2 Related work

Distribution-free inference has received much attention recently, and a lot of efforts have

been made to explore the usefulness as well as the limits of distribution-free methods, to put

them into practical use, and to extend them to various applications.

Conformal prediction (see [Vovk et al., 2005, Papadopoulos et al., 2002, Lei et al., 2018]

for example) provides a universal framework for distribution-free prediction. Split conformal

prediction ([Vovk et al., 2005, Papadopoulos et al., 2002]) applies data splitting to reduce

computational cost, where one uses one split of data to construct a nonconformity score

function and then makes use of the exchangeability of the score values on the other split to

construct the prediction set. These methods generally provide prediction sets with marginal

coverage guarantee.

For the goal of having a useful bound for conditional coverage in the distribution-free

setting, [Barber et al., 2021a] provides important impossibility results for the case the dis-

tribution of feature is nonatomic. Similarly, [Barber, 2020, Medarametla and Candès, 2021]

discusses limits on having a useful confidence set for conditional mean or median, for the

nonatomic feature. On the other hand, [Lee and Barber, 2021] proves that in case of dis-

crete/mixed feature, we can make use of the repeated feature observations to attain a mean-

ingful inference for the conditional mean.

The hierarchical structure setting was previously studied by [Dunn et al., 2022]. They

introduce methods such as double conformal, pooling cdfs and subsampling, which we will
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discuss further in the next section.

4.2 Hierarchical conformal prediction

We begin with introducing an extension of split conformal prediction for the hierarchical

data. Let us write δt to denote the distribution with a unique point mass at t, and write

Qβ(D) to denote β-quantile of distribution D, defined by

Qβ(D) = inf {x : PX∼D {X ≤ x} ≥ β} .

Theorem 5 (Hierarchical conformal prediction). Let s : Z → R+ be any nonconformity

score function, constructed independently of the data {Z̃1, · · · , Z̃n}. Define

Ĉn =

z ∈ Z : s(z) ≤ Q1−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δs(Zi,j) +

1

n+ 1
· δ∞

 .

Then

P
{
Zn+1 ∈ Ĉn

}
≥ 1− α

holds under any distribution P on (K, Z̃), where the probability is taken with respect to

Π1, · · · ,Πn+1
exch∼ PΠ, Ki | Πi ∼ PK|Π, Zi,1, · · · , Zi,Ki | Πi, Ki

exch∼ Πi and Zn+1 |

Πn+1, {(Z̃i)}1≤i≤n ∼ Πn+1. Moreover, if all the s(Zi,j)’s are distinct almost surely, it

additionally holds that

P
{
Zn+1 ∈ Ĉn

}
≤ 1− α +

2

n+ 1
.

Therefore, we have a weighted conformal type prediction set where the weights are de-

termined by the group sizes.

Remark 1. An analogous construction provides the extension of full conformal prediction

(See Theorem 8 in the Appendix). However, the full conformal-based method is unlikely to be
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practical, as we need to repeat the construction of s for different candidates of Z̃n+1 which

can have an arbitrary size.

4.2.1 Comparison with existing methods

[Dunn et al., 2022] introduces multiple approaches for distribution-free inference with hier-

arhical data. Here we rewrite their methods in terms of a general score function s, and then

compare with hierarchical conformal prediction. Throughout the section we write Si,j to

denote s(Zi,j). Note that in their setting the group sizes are nonrandom values, hence we

write ki to denote the size of group i in this section.

1. Double conformal

This approach quantifies the within-group uncertainties for each group and then com-

bine them to obtain the prediction set, in the setting where all the group sizes are

equal. The prediction set is given by

Ĉn =
{
z ∈ Z : s(z) ∈ [`(b(n+1)(α/4)c), u(b(n+1)(1−α/4)c)]

}
, (4.2)

where for each 1 ≤ i ≤ n, `i = Si,(b(k+1)(α/2)c) and ui = Si,(b(k+1)(1−α/2)c) and k is the

shared group size. Here Si,(j) denotes the j-th order statistics of Si = (Si,1, · · · , Si,k).

Double conformal provides a valid (1 − α) coverage for s(Zn+1), but can be overly

conservative.

2. Pooling CDFs

This method estimates the conditional cumulative distribution functions of each group,

and then combine them to have an estimate of the marginal cdf. Write the empirical

cdf for group i by

F̂i(t) =
1

ki

ki∑
j=1

1
{
Si,j ≤ t

}
,
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then the prediction set is given by

Ĉn = {z ∈ Z : s(z) ∈ [q̂(α), q̂(1− α/2)]}, (4.3)

where

q̂(α) = inf

{
t ∈ R :

1

n

n∑
i=1

F̂i(t) ≥ α

}
.

The prediction set (4.3) provides an asymptotic (1−α) coverage for Zn+1 as the sample

size n tends to infinity.

Note that this method and HCP provide similar prediction sets. To see this, observe

that the pooled cdf 1
n

∑n
i=1 F̂i is the cdf of the distribution

n∑
i=1

ki∑
j=1

1

nki
· δSi,j ,

while the distribution we have in HCP is

n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δSi,j +

1

n+ 1
· δ∞.

Therefore, in the case where the group sizes are fixed, HCP can be viewed as a ‘cor-

rection’ of the pooling cdfs method, where the additional point mass at +∞ leads to

a corrected pooled cdf that provides finite sample guarantee.

3. Subsampling

This is a simple approach where we first construct a non-hierarchical dataset with one

measurement per group through subsampling, and then apply standard methods. The

first step is to draw one sample Zi from {Zi,1, · · · , Zi,ki} at uniformly random to have
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an exchangeable data set Z1, Z2, · · · , Zn, and then the prediction set is given by

Ĉn = {z ∈ Z : s(z) ∈ [S(b(n+1)(α/2)c), S(b(n+1)(1−α/2)c)]}, (4.4)

where Si = s(Zi) and S(i) denotes the i-th order statistic of {S1, S2, · · · , Sn}.

The subsampling-based prediction set provides a valid (1 − α) marginal coverage but

has the issue of ignoring lots of observations. To relieve this issue, [Dunn et al., 2022]

also provides an alternative method that makes use of multiple repeats of subsampling,

but this method loses guarantee and instead provides 1− 2α coverage rate.

Hierarchical conformal prediction is different from these methods in the sense that it

assumes the groups sizes to be exchangeable random variables, and that it provides a valid

finite sample guarantee without issues such as conservativeness or loss of information. We

next illustrate these comparisons further by experiments.

4.2.2 Simulations

Here we show some simulation results for the comparison of the performance of hierarchical

conformal prediction (HCP) and the three methods proposed by [Dunn et al., 2022] that we

reviewed in the previous section. For multiple combinations of (n, k), we repeated generating

an i.i.d data of size n by

Xi ∼ Unif([0, 5]),

Ki ≡ k, Ỹi = (Yi,1, Yi,2, · · · , Yi,k)|Xi = x
iid∼ N (µ(x), σ(x)),

µ(x) = 1 + x+ 0.1 · x2,

σ(x) = 1 + 0.5 · x,
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and applying the four methods with score function s((x, y)) = |(y − ˆµ(x))/σ̂(x)|, where µ̂

and σ̂ were obtained by running linear regressions on a separate training data. We checked

the conditional coverage rates and widths of the prediction sets(Figure 4.1), and also their

marginal coverage rates (Table 4.1).

n = 50, k = 50 n = 500, k = 5 n = 500, k = 50
0.8163 0.8018 0.8012HCP

(0.0010) (0.0010) (0.0009)
0.7891 0.7874 0.7718Pooling CDFs

(0.0015) (0.0015) (0.0012)
0.9214 0.9691 0.9154Double conformal

(0.0006) (0.0003) (0.0005)
0.8057 0.7993 0.8004Subsampling

(0.0027) (0.0013) (0.0012)

Table 4.1: Marginal coverage rates of hierarchical conformal prediction(HCP), double con-
formal, pooling CDFs, and subsampling, with standard errors.

Figure 4.1: Conditional coverage rates and widths of hierarchical conformal prediction(HCP),
pooling CDFs, double conformal, and subsampling.

The results for double conformal, pooling CDFs, and subsampling coincide with the dis-

cussion by [Dunn et al., 2022]. Double conformal tends to provide over-conservative predic-
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tion sets, and subsampling suffers from higher variance due to reduced sample size(which is

more severe in the first setting where n is small and k is large). Pooling CDFs works relatively

well but can undercover for small n, as it only has an asymptotic coverage guarantee. Hier-

archical conformal prediction is free from these issues and tends to provide non-conservative

prediction sets in all three cases.

4.3 Distribution-free prediction with repeated measurements

We now look further into the setting where we have i.i.d data with repeated measurements,

which is a special case of data with hierarchical structure. We assume that we have data

{(Xi, Ỹi) : i = 1, 2, · · · , n} ⊂ X × Y (Y = R ∪ R2 ∪ R3 ∪ · · · ) which is generated by

X1, X2, · · · , Xn
iid∼ PX

K1, K2, · · · , Kn
iid∼ PK , (Ki)1≤i≤n ⊥⊥ (Xi)1≤i≤n

Ỹi = (Yi,1, Yi,2, · · · , Yi,Ki)|Xi, Ki
iid∼ PY |X .

Compared to the general hierarchical data setting, we have a stronger assumption that the

repeat number Ki is independent of the data—we will discuss later how this assumption can

be relaxed. This setting can be thought of as a hierarchical data setting with Zi = (Xi, Ỹi).

The task is to provide inference for Yn+1 given a new input Xn+1, where Yn+1 is a draw

from PY |X=Xn+1
.

4.3.1 Marginal coverage guarantee via hierarchical conformal prediction

Let s : X × R → R+ be a score function fitted on separate training data, and define

Si,j = s(Xi, Yi,j) for each i = 1, 2, · · · , n and j = 1, 2, · · · , Ki. For example, we can

construct a mean estimator µ̂ and consider score s(x, y) = |y − µ̂(x)|. For any discrete
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distribution D =
∑
i∈I piδxi and 0 < β < 1, where I ⊂ N and {xi : i ∈ I} ⊂ R∪{∞}, define

Qβ(D) = min

x ∈ R ∪ {∞} :
∑

i∈I:xi≤x
pi ≥ β

 .

Applying the hierarchical conformal prediction from Theorem 5, we have the following pre-

diction set which provides the marginal coverage guarantee.

Theorem 6 (HCP for repeated measurements setting). Let

Ĉn(x) =

y : s(x, y) ≤ Q1−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δSi,j +

1

n+ 1
· δ∞

 . (4.5)

Then

P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α,

where the probability is taken with respect to {(Xi, Ki, Ỹi)}1≤i≤n+1
iid∼ P and

Yn+1|Xn+1, {(Xi, Ỹi)}1≤i≤n ∼ PY |X=Xn+1
. Moreover, if all Si,j’s are distinct almost surely,

P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≤ 1− α +

2

n+ 1
.

Remark 2. The prediction set (4.5) is still valid if we only assume hierarchical exchange-

ability instead of independence, since it’s based on the hierarchical conformal prediction.

Together with the results in Appendix 4.5.1, our results show that we can have a valid

distribution-free prediction set with data with repeated measurements, in terms of marginal

coverage guarantee. This is of course not surprising since we are assuming that we have more

observations compared to the standard setting. Given that we have such more information,

can we expect a stronger inference that achieves beyond the marginal coverage guarantee?
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4.3.2 Toward inference with conditional coverage guarantees

In this section, we discuss possible targets of distribution-free inference beyond the marginal

coverage guarantee, by making use of the repeated measurements. In particular, we study

the possibility of having a prediction set with a useful conditional coverage guarantee, which

is known to be hard to achieve in the standard setting.

Controlling conditional miscoverage

Consider the miscoverage rate conditional on all the observations we have—training data

{Xi, Ỹi}1≤i≤n and the new observation Xn+1. Specifically, define

αn(x) = P
{
Yn+1 /∈ Ĉn(Xn+1)

∣∣∣ {Xi, Ỹi}1≤i≤n, Xn+1 = x
}
,

where the probability is taken with respect to (X1, Ỹ1), · · · , (Xn, Ỹn)
iid∼ P

X,Ỹ
and

Yn+1|Xn+1 ∼ PY |X=Xn+1
(independently from (Xi, Ỹi)1≤i≤n). The marginal coverage guar-

antee

P
{
Yn+1 /∈ Ĉn(Xn+1)

}
≤ α

can alternatively be expressed as

E [αn(Xn+1)] ≤ α, (4.6)

by the law of iterated expectation.

For the goal of controlling conditional miscoverage, an ideal target would be

αn(Xn+1) ≤ α almost surely. (4.7)

This condition will ensure that whatever values of observations we have, the resulting predic-
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tion set provides a good coverage for any value of new input Xn+1. However, guarantee (4.7)

is not a realistic target in the distribution-free setting—for example, if PX is continuous so

that with probability 1, Xn+1 is not equal to any of X1, · · · , Xn, the only prediction set

that can satisfy (4.7) would be R, which is of course not useful.

As an alternative/practical target, we consider the following stronger guarantee, which

we denote as second-moment coverage guarantee.

E
[
αn(Xn+1)2

]
≤ α2. (4.8)

Note that this is a condition in-between the marginal coverage guarantee (4.6) and the ideal

condition (4.7), in the sense that (4.7) implies (4.8) and (4.8) implies (4.6). Another way of

understanding the guarantee (4.8) as a mechanism for controlling conditional miscoverage is

to look at the tail probability. For a constant c > 1, the marginal coverage guarantee leads

to

P {αn(Xn+1) > cα} ≤ E [αn(Xn+1)]

cα
=

1

c
,

while the stronger guarantee (4.8) provides

P {αn(Xn+1) > cα} = P
{
αn(Xn+1)2 > c2α2

}
≤

E
[
αn(Xn+1)2

]
c2α2

=
1

c2

from Markov’s inequality. Hence, we can expect more uniformly small conditional miscover-

age rate from the second-moment coverage guarantee.

Distribution-free prediction with second-moment coverage guarantee

Now we discuss how the stronger guarantee (4.8) can be achieved in the distribution-free

sense. As in Section 4.2, we introduce an extension of split conformal method here, and

discuss application of other methods in the Appendix.

Define Si,j as in the previous section. Theorem 7 provides a split conformal-based pre-
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diction set that satisfies the second-moment coverage guarantee.

Theorem 7 (HCP2 for repeated measurements). Let

Ĉn(x) =

y : s(x, y) ≤ Q1−α2

∑
i≤n
Ki≥2

∑
j1<j2

1

(N≥2+1)·(Ki2 )
· δmin{Si,j1 ,Si,j2}

+ 1
N≥2+1 · δ∞


 ,

(4.9)

where

N≥2 =
n∑
i=1

1 {Ki ≥ 2} .

Then it holds that

E
[
αn(Xn+1)2

]
≤ α2,

where the expectation is taken with respect to {(Xi, Ki, Ỹi)}1≤i≤n
iid∼ P and

Xn+1|{(Xi, Ỹi)}1≤i≤n ∼ PX . Moreover, if Si,j’s are all distinct almost surely, the following

lower bound holds.

E
[
αn(Xn+1)2

]
≥ α2 − 2

(n+ 1)pK
,

where pK = P {K ≥ 2}.

The underlying idea of the prediction interval in Theorem 7 is to make use of the ex-

changeability of Xi’s as well as the exchageability of (Si,j1 , Si,j2) pairs to apply the idea of

conformal prediction and obtain a bound for min{Sn+1,1, Sn+1,2}.

Remark 3. As in Theorem 6, the assumptions can be weakened. It is sufficient to assume

that {(Xi, Ki, Ỹi) : i = 1, 2, · · · , n} are exchangeable. However, it is necessary to assume

that Yi,1, · · · , Yi,Ki are i.i.d given Xi and Ki, for each i, to have the bound for the squared

conditional miscoverage rate.

Remark 4. It is possible to have similar results also in the case that K depends on X.

Specifically,
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1. For HCP, Theorem 6 holds also in the case that K depends on X. HCP2 in Theorem 7

satisfies EX,≥2
[
αn(Xn+1)2

]
≤ α2, where PX,≥2 denotes the conditional distribution

of X given K ≥ 2.

2. If PK|X is known, then we can apply weighted conformal prediction ([Tibshirani et al.,

2019]) to get coverage under PX rather than under PX,≥2.

3. The guarantee EX,≥2
[
αn(Xn+1)2

]
≤ α2 implies

E
[
αn(Xn+1)2

]
= P {Kn+1 ≥ 2} · E

[
αn(Xn+1)2

∣∣∣ Kn+1 ≥ 2
]

+ P {Kn+1 = 1} · E
[
αn(Xn+1)2

∣∣∣ Kn+1 = 1
]

≤α2 + P {Kn+1 = 1} · (1− α2)

Therefore, for a sufficiently large repeat probability (i.e., small P {Kn+1 = 1}), we can

obtain a useful bound for E
[
αn(Xn+1)2

]
.

4.3.3 Examples

We look into examples with popular choices of score function. Suppose we fit a mean function

µ̂ and use the residual score s(x, y) = |y− µ̂(x)|. HCP with this score provides the following

prediction set.

Ĉn(x) = ˆµ(x)±Q1−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δRi,j +

1

n+ 1
· δ∞

 , (4.10)
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where Ri,j = |Yi,j − µ̂(Xi)|. HCP2 provides

Ĉn(x) = µ̂(x)±Q1−α2

∑
i≤n
Ki≥2

∑
j1<j2

1

(N≥2 + 1) ·
(Ki

2

) · δmin{Ri,j1 ,Ri,j2}
+

1

N≥2 + 1
· δ∞

 .

(4.11)

The widths of both prediction sets are determined by the quantiles and do not depend on the

new input Xn+1. In cases where we desire prediction set that the width differs by the value

of Xn+1, we can consider alternative score functions. For example, in the setting where we

have sufficiently large number of repeats, we might prefer to construct an estimator σ̂ of the

conditional variance var(Y |X) together with the conditional mean estimator µ̂, and choose

to use the following rescaled residual instead (see. e.g., [Lei et al., 2018] for more discussions

on the use of this nonconformity score).

Si,j = s(Xi, Yi,j), where s(x, y) =
|y − µ̂(x)|
σ̂(x)

.

Applying HCP and HCP2 with the standardized residuals, we have

Ĉn(x) = µ̂(x)± σ̂(x) ·Q1−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δSi,j +

1

n+ 1
· δ∞

 (4.12)

and

Ĉn(x) = µ̂(x)± σ̂(x) ·Q1−α2

∑
i≤n
Ki≥2

∑
j1<j2

1

(N≥2+1)·(Ki2 )
· δmin{Si,j1 ,Si,j2}

+ 1
N≥2+1 · δ∞

 .

(4.13)

The widths of the prediction sets (4.12) and (4.13) depend on the input x, enabling us

to avoid situations where we have unnecessarily wide prediction sets even for the values

of Xn+1 where Y has small conditional variance Var(Y | X = Xn+1). However, a good

variance estimator (in addition to the mean estimator) would also be necessary for these
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prediction sets to be useful.

Remark 5. If we use a constant estimator σ̂ ≡ c for some fixed c > 0, then the prediction

sets (4.12) and (4.13) are equivalent to (4.10) and (4.11), respectively.

4.3.4 Additional remarks

The prediction sets in Theorem 6 and 7 apply split conformal prediction, and the same idea

can be applied to have full conformal-based prediction sets. For example, as a full conformal

version of (4.5), we can construct

C̃n(Xn+1) =

y ∈ Y : sy(Xn+1, y) ≤ Q1−α

n+1∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δsy(Xi,Yi,j)

 ,

where sy denotes the score fitted on (X1, Ỹ1), · · · , (Xn, Ỹn), (Xn+1, y), and show that

P1C̃n(Xn+1) is a valid (1 − α)-prediction set(where P1 : Y → R is a projection to the first

component). As in the relation between the full conformal and the split conformal in the

standard setting, we have from the above prediction set the advantage of using more data,

with the disadvantage of having a larger computational cost. However, in our case, the

disadvantage can easily outweigh the advantage as we need to repeat the computations for

the elements in Y = R∪ R2 ∪ R3 ∪ · · · . For practical purpose, we limit our discussion to the

split conformal-based prediction sets in this work.

Another possible extension of the idea used in this section is to aim for an even stronger

guarantee

E
[
αn(Xn+1)l

]
≤ αl (4.14)

for l ≥ 3. This guarantee with a larger l will work as a better proxy of the ideal target (4.7),

but is followed by several limitations:

1. To apply the idea of Theorem 7 to achieve (4.14), we can use N≥l =
∑n
i=1 1 {Ki ≥ l}
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points only.

2. Even if we have a large enough N≥l, we would have the (1−αl)-quantile in place of the

(1 − α2) quantile in (4.9) (the distribution inside will have masses on the minimums

of sets of l residuals), and it is likely to be infinity unless the sample size is extremely

large.

4.3.5 Simulations

We demonstrate a few simulation results to illustrate the performance of the prediction sets

from the procedures we proposed. The data is generated as follows:

Xi ∼ Unif([0, 5])

Ki ≡ 2, Ỹi = (Yi,1, Yi,2)|Xi = x
iid∼ N (µ(x), σ(x))

µ(x) = 1 + x+ 0.1 · x2.

For the conditional variance σ(x), we look into two settings:

Setting 1 : σ(x) ≡ 2

Setting 2 : σ(x) = 1 {x < 3}+ (1 + 4(x− 3)4) · 1 {3 ≤ x < 4}+ 5 · 1 {x ≥ 4}

Setting 2 reflects the case where we have different difficulty levels of prediction, while

setting 1 represents the homogeneous difficulty case. Figure 4.2 illustrates this.

We use training size n = 500 and level α = 0.2. We repeat generating the training data

and the prediction set 500 times so that we have 1000 samples of αn(Xn+1)’s. To have the

estimate µ̂, we generate a separate training data of size 500 and fit linear regression, and

for σ̂ we compute the sample standard deviation for each individual and fit kernel regression

with box kernel Kh(x) = 1
2h · 1 {|x| < h} with bandwidth h = 0.5.
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Figure 4.2: Scatter plot of datasets from setting 1(constant variance case) and setting 2(non-
constant variance case).

The first row of Figure 4.3 shows the distributions of αn(Xn+1) and the length of

Ĉn(Xn+1) for HCP and HCP2 with score s(x, y) = |y − µ̂(x)| ((4.10) and (4.11)), in set-

ting 1. In this case the conditional coverage rates and the lengths of the two prediction

intervals have similar distributions, suggesting that the second-moment coverage guarantee

does not lead to an overly conservative prediction set when it is possible to attain small

conditional coverage rates with a short width. The second row shows the result for setting

2. The marginal coverage guarantee provides a narrower prediction interval, but with the

cost of ‘giving up’ on the coverage for some values of the feature. The second-moment cov-

erage guarantee leads to a wide prediction interval but instead achieves a small conditional

miscoverage for most feature values.

These results suggest that the marginal coverage guarantee and the second-moment cov-

erage guarantee return similar prediction sets in the ‘easy’ case, while they make different

choices in the ‘hard’ case where it is difficult to achieve both the short length of the interval

and a good control of conditional coverage. In the tradeoff between short prediction interval

and uniformly small conditional miscoverage, the marginal coverage guarantee prioritizes the
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former while the second-moment coverage guarantee prioritizes the latter.

Figure 4.3: Conditional miscoverage rates and widths of HCP and HCP2 constructed via
score s(x, y) = |y − µ̂(x)| ((4.10) and (4.11)).

Figure 4.4: Conditional miscoverage rates and widths of HCP and HCP2 constructed via
score s(x, y) = |y − µ̂(x)|/σ̂(x) ((4.12) and (4.13)).
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Next, we investigate the performance of the prediction sets from the score s(x, y) =

|y − µ̂(x)|/σ̂(x) ((4.12) and (4.13)). The two guarantees now provide similar prediction

sets in both settings (Figure 4.4). Note that the prediction sets (4.10) and (4.11) can be

thought of as special cases of (4.12) and (4.13), with σ̂ ≡ 1 (or equivalently, σ̂ ≡ c for any

c > 0). Therefore, one possible interpretation for these results would be: if the choice of the

rescaled residual as score is good and the model is accurate so that we have good estimators

µ̂ and σ̂, then it is possible to achieve the second-moment coverage guarantee with a non-

conservative prediction set (Figure 4.3 and 4.4), whereas there is a severe tradeoff between

the conservativeness and the conditional miscoverage control in the case that the quality of

estimators is poor. We can extend these observations to leverage the conservativeness level

of HCP2 prediction set to evaluate the model and estimators (in terms of how good they are

overall across the input space).

4.4 Discussion

In this chapter, we looked into the problem of distribution-free inference in the setting where

we have a data with hierarchical structure and proposed hierarchical conformal prediction,

and then discussed the repeated measurements setting with a focus on the control of condi-

tional miscoverage. The empirical results support that the target guarantee we propose in

this work can work as a good conditional miscoverage controller, and that if we have a good

estimate of the conditional variance then we can obtain a prediction set which is as short

as the one from marginal coverage guarantee while having a guarantee for the conditional

coverage rates.

Many open questions are remaining. In the setting where we can determine the number

of repeats Ki in the data collection stage, what would be the optimal strategy—in terms of

the distribution of Ki, ratio of repeats and the total number of data, etc.? In our simulations

where K ≡ 2 was used, we saw that the prediction set with the stronger guarantee can work
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as a good conditional miscoverage controller. Therefore, we might prefer to set Ki’s small

and instead have a larger number of individuals in our sample. However, having a larger

repeat number has advantages in terms of the accuracy of the conditional variance estimator.

What would be the best choice in this tradeoff? Another important tradeoff is in the target

guarantee. Between the marginal coverage guarantee and the strict guarantee (4.7), our

choice in this work was (4.8), which bounds the expected squared conditional miscoverage.

Would it be an optimal choice also in the case where we have a large sample size or large

number of repeats?

Similarly to Lee and Barber [2021]’s work, our results show that having even a small

amount of repeats can significantly expand the realm of what distribution-free inference can

do. This raises a more general question: what reasonable additions can we make to the

setting so that a more useful inference is possible in a distribution-free manner? We aim to

explore more of these types of problems in our future works.

4.5 Appendix

4.5.1 Application of other distribution-free methods

In section 4.2 and 4.3, we introduced methods that apply split conformal prediction to con-

struct prediction sets with the marginal coverage guarantee and the stronger guarantee.

Similar ideas can be applied to derive extensions of other methods—here we discuss exten-

sions of full conformal [Vovk et al., 2005] and jackknife+ [Barber et al., 2021b] methods

which enable inference without loss in data size.

Hierarchical full conformal prediction

The following theorem provides a full conformal-based prediction set which provides a

marginal coverage guarantee in the hierarchical data setting.
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Theorem 8. Given dataset {Z̃i : i = 1, 2, · · · , n} with hierarchical exchangeability and a

symmetric algorithm A : (Z ∪ Z2 ∪ · · · )n+1 → Rn+1, define Ĉn = P1C̃n where P1 denotes

the projection to the first component and

C̃n =

z ∈ Z ∪ Z2 ∪ · · · : szn+1,1 ≤ Q1−α

n+1∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δszi,j

 ,

where (s̃z1, s̃
z
2, · · · , s̃

z
n, s̃

z
n+1) = A(Z̃1, Z̃2, · · · , Z̃n, z) and s̃zi = (szi,1, s

z
i,2, · · · , s

z
i,Ki

) for each

1 ≤ i ≤ n+ 1.

Then it holds that

P
{
Zn+1 ∈ Ĉn

}
≥ 1− α.

We omit the proof as it is almost the same as the proof of Theorem 5. Since Z∪Z2∪· · ·

is a space of vectors of arbitrary lengths, the prediction set in Theorem 8 has a heavier

computational cost than the full conformal method in standard settings, which already is

known to have a high computational cost. Note also that the prediction set contains z’s

with a condition that depends only on the first component of z. It is therefore unlikely to be

useful in practice, and we introduce the extension here just to show that it is theoretically

possible to have an extension of full conformal prediction.

In the repeated measurements setting, the extension of full conformal for the stronger

guarantee is also possible in a similar way, but we omit the result as it is again impractical.

Hierarchical jackknife+

Next, we introduce methods based on jackknife+ [Barber et al., 2021b], which provides a valid

distribution-free prediction set without data splitting and with a relatively low computational

cost. Here we restrict our discussion to the repeated measurements setting with hierarchical

i.i.d structure and construct prediction sets with the marginal coverage guarantee and the

second-moment coverage guarantee.
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Given dataset {(Xi, Ỹi)}1≤i≤n with repeated measurements, consider leave-one-out resid-

uals

RLOO
ij = |Yij − µ̂−i(Xi)|, i = 1, 2, · · · , n, j = 1, 2, · · · , Ki,

where µ̂−i = A((X1, Ỹ1), · · · , (Xi−1, Ỹi−1), (Xi+1, Ỹi+1), · · · , (Xn, Ỹn)) denotes the estima-

tor from a symmetric procedure A and the training data with (Xi, Ỹi) excluded. For any

distribution D, define

Q−α (D) = sup{t : PX∼D {X < t} < α}

and

Q+
α (D) = inf{t : PX∼D {X > t} < α}.

We allow the input D to be a conditional distribution, e.g., PX|Z for some random

variables X and Z, in which case Q−α (D) and Q+
α (D) are random. The following prediction

set provides the marginal coverage guarantee in the repeated measurements setting.

Theorem 9. Let

Ĉn(x) =

[
Q−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δµ̂−i(x)−RLOO

ij
+

1

n+ 1
· δ−∞

 ,

Q+
α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δµ̂−i(x)+RLOO

ij
+

1

n+ 1
· δ∞

].
Then

P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− 2α,

where the probability is taken with respect to {(Xi, Ki, Ỹi)}1≤i≤n+1
iid∼ P and

Yn+1|Xn+1, {(Xi, Ỹi)}1≤i≤n ∼ PY |X=Xn+1
.

Note that as in the original jackknife+ methods for the standard setting, we have 1− 2α

as the lower bound. Similarly, we can construct a jackknife+-based prediction set with a
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bound on the second moment of αn(Xn+1).

Theorem 10. Let

Ĉn(x) =[
Q−
α2

( ∑
1≤i≤n
Ki≥2

∑
1≤j1<j2≤Ki

1

(N≥2+1)(Ki2 )
· δµ̂−i(x)−min{RLOO

ij1
,RLOO
ij2
} + 1

N≥2+1 · δ−∞

∣∣∣∣∣N≥2

)
,

Q+
α2

( ∑
1≤i≤n
Ki≥2

∑
1≤j1<j2≤Ki

1

(N≥2+1)(Ki2 )
· δµ̂−i(x)+min{RLOO

ij1
,RLOO
ij2
} + 1

N≥2+1 · δ∞

∣∣∣∣∣N≥2

)]
.

Then

E
[
αn(Xn+1)2

]
≤ 4α2.

Remark 6. Similarly to the split conformal-based methods, the results hold also in the

case that K and X are dependent, as long as we replace the result in Theorem 10 by

EPX,≥2
[
αn(Xn+1)2

]
≤ 4α2, where PX,≥2 is defined in Remark 4.

4.5.2 Extension—inference for regression with repeated measurements

We look into the regression problem in the repeated measurements setting (which is defined in

Section 4.3), where the task is to provide inference for conditional mean of Yn+1 given Xn+1.

Suppose Y is bounded, and for simplicity assume Y ∈ [0, 1]. Given a dataset {Xi, Ỹi}1≤i≤n

with repeated label observations, we investigate the possibility of a useful distribution-free

inference on the conditional mean E [Yn+1 | Xn+1] at a new input Xn+1.

To make this concrete, let us write µP (x) to denote the conditional mean

E(X,Y )∼P [Y | X = x]. Our task is to construct a set Ĉn(Xn+1) such that

P
{
µP (Xn+1) ∈ Ĉn(Xn+1)

}
≥ 1− α (4.15)
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holds under any distribution P .

In the standard setting where we have dataset {(Xi, Yi)} without repeated measurements,

prior works have shown impossibility results for the above goal in the case PX is nonatomic,

while in the case X is discrete, there’s a possibility of having a useful distribution-free confi-

dence set [Barber, 2020, Lee and Barber, 2021]. In the setting with repeated measurements,

it turns out that it is possible to have a meaningful confidence interval also for nonatomic

X.

We construct an algorithm that provides a confidence set that satisfies the above guar-

antee and at the same time has a vanishing length, following the idea of Lee and Barber

[2021]. First, we prepare an estimate µ : X → [0, 1] of µp—for example, we can split the

training data and use one split for the construction of the estimate. Given an estimate µ(·)

and the training data {Xi, Ỹi}1≤i≤n, we compute

Z =
1

N≥2
·
∑

i:Ki≥2

(
(Ȳi − µ(Xi))

2 −
S2
i

Ki

)

in the case N≥2 ≥ 1, where

N≥2 =
n∑
i=1

1 {Ki ≥ 2}

denotes the number of individuals with repeated label observations, and

Ȳi =
1

Ki

Ki∑
j=1

Yi,j , S
2
i =

1

Ki − 1

Ki∑
i=1

(Yi,j − Ȳi)2

denote the sample mean and the sample variance of {Yij : 1 ≤ j ≤ Ki}. Next, for a fixed

δ ∈ (0, α), let

∆̂ =


Z+ + 5

4

√
1

2N≥2
· log 1

δ , N≥2 ≥ 1

∞, N≥2 = 0,
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where Z+ = max{Z, 0}. We then define

Ĉn(x) =

[
max

{
0, µ(x)−

√
(α− δ)−1∆̂

}
,min

{
1, µ(x) +

√
(α− δ)−1∆̂

}]
. (4.16)

The following theorem proves that the confidence interval (4.16) is a valid distribution-

free confidence interval for the conditional mean, and that it can have a vanishing length.

Theorem 11. The confidence interval constructed in (4.16) satisfies coverage guarantee (4.15).

Moreover, it holds that

E
[
leb(Ĉn(Xn+1))

∣∣∣ N≥2 ≥ 1
]
≤ c ·

[√errµ + n−
1
4

]
,

where errµ = (EX∼PX
[
(µP (X)− µ(X))2

]
)1/2 and c > 0 depends only on α, δ, and pK =

P {K ≥ 2}.

4.5.3 Proof of Theorem 5

The proof follows the idea of Tibshirani et al. [2019]. Let Si,j = s(Zi,j) be the score of Zi,j .

Note that it is sufficient to prove

P
{
Zn+1,1 ∈ Ĉn

}
≥ 1− α,

where we assume Z̃n+1 = (Zn+1,1, · · · , Zn+1,Kn+1
) is exchangeable with Z̃1, · · · , Z̃n. As-

sume there are no ties among Si,j ’s almost surely, and let Es be the event that

{S1, S2, · · · , Sn+1} = {s1, s2, · · · , sn+1} where si = {si,1, · · · , si,ki} ⊂ R for each 1 ≤ i ≤

n+ 1 and we write s = {s1, · · · , sn+1}. Then

P
{
Sn+1,1 = si,j

∣∣ Es} = P
{
Sn+1,1 = si,j

∣∣ Si = si
}
· P {Si = si | Es} =

1

ki
· 1

n+ 1
,
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where the last equality follows from the exchangeability of (Sn+1,1, · · · , Sn+1,Kn+1
) and the

exchangeability of (S1, · · · , Sn+1). Therefore,

Sn+1,1|Es ∼
n+1∑
i=1

ki∑
j=1

1

(n+ 1)ki
· δsi,j .

This result holds also in the case we have ties: Let As = {si,j : 1 ≤ i ≤ n + 1, 1 ≤ j ≤ ki}

be the set of si,j values and define Is = {(i, j) : si,j = s} for each s ∈ As. Note that

{Is : s ∈ As} is a partition of {(i, j) : 1 ≤ i ≤ n+ 1, 1 ≤ j ≤ ki}. Then we have

P
{
Sn+1,1 = s

∣∣ Es} =
∑

(i,j)∈Is

1

ki
· 1

n+ 1

from the two layes of exchangeability, and thus

Sn+1,1|Es ∼
∑
s∈As

∑
(i,j)∈Is

1

(n+ 1)ki
· δs ≡

n+1∑
i=1

ki∑
j=1

1

(n+ 1)ki
· δsi,j .

Now let Ds denote the above distribution. By definition of Q1−α, we have

1− α ≤ P {Sn+1 ≤ Q1−α(Ds) | Es} .

We next define distribution D̃s by

n∑
i=1

ki∑
j=1

1

(n+ 1)ki
· δsi,j +

1

n+ 1
· δ∞.

Since Q1−α(Ds) ≤ Q1−α(D̃s) clearly, it holds that

1− α ≤ P
{
Sn+1 ≤ Q1−α(D̃s)

∣∣∣ Es} .
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Next, under the assumption that sij ’s have no tie, the two distributions Ds and D̃s differ

only at sn+1,1, · · · , sn+1,kn+1
of Ds and +∞ of D̃s which have total mass 1/(n+ 1). Hence,

for any t ∈ R, it holds that

PS∼Ds {S < t} ≤ P
S∼D̃s {S < t}+

1

n+ 1
.

From this inequality and the definition of Q1−α, we have

PS∼Ds

{
S < Q1−α(D̃s)

}
≤ P

S∼D̃s

{
S < Q1−α(D̃s)

}
+

1

n+ 1
< 1− α +

1

n+ 1
,

which implies

Q1−α+ 1
n+1

(Ds) ≥ Q1−α(D̃s).

It follows that

P
{
Sn+1,1 ≤ Q1−α(D̃s)

∣∣∣ Es} ≤ P

{
Sn+1,1 ≤ Q1−α+ 1

n+1
(Ds)

∣∣∣∣ Es}
≤ 1− α +

1

n+ 1
+ P

{
Sn+1,1 = Q1−α(D̃s)

∣∣∣ Es} ≤ 1− α +
2

n+ 1
.

From the above results, we have

1− α ≤ P

Sn+1,1 ≤ Q1−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δSi,j +

1

n+ 1
δ∞


= E

[
P
{
Sn+1,1 ≤ Q1−α(D̃s)

∣∣∣ Es}] ≤ 1− α +
2

n+ 1
,

where the right inequality holds only under the assumption that Si,j ’s have no tie almost

surely. Therefore,

1− α ≤ P
{
Zn+1 ∈ Ĉn

}
= P

{
Zn+1,1 ∈ Ĉn

}
≤ 1− α +

2

n+ 1
.

102



4.5.4 Proof of Theorem 6

The desired inequality follows directly by applying Theorem 5 with Zi,j = (Xi, Yi,j) and

Si,j = s(Xi, Yi,j).

4.5.5 Proof of Theorem 7

Again, assume there is no tie almost surely and define Es to be the event that

{S1, S2, · · · , Sn+1} = {s1, s2, · · · , sn+1} where si = {si,1, · · · , si,ki} ⊂ R for each 1 ≤ i ≤

n+ 1.

Then for any i with ki ≥ 2 and 1 ≤ j1 6= j2 ≤ ki,

P
{
Sn+1,1 = si,j1 , Sn+1,2 = si,j2

∣∣ Es ∩ {Kn+1 ≥ 2}
}

=P
{
Sn+1,1 = si,j1 , Sn+1,2 = si,j2

∣∣ Sn+1 = si
}
· P {Sn+1 = si | Es ∩ {Kn+1 ≥ 2}}

=
1

ki(ki − 1)
· 1∑n+1

i=1 1 {ki ≥ 2}
.

Therefore,

(Sn+1,1, Sn+1,2)|Es∩{Kn+1 ≥ 2} ∼
∑
i:ki≥2

∑
1≤j1 6=j2≤ki

1∑n+1
i=1 1 {ki ≥ 2} · ki(ki − 1)

·δsi,j1 ,si,j2 .

Again, this holds also in the case there are ties, and it can be proved by the same logic in

the proof of Theorem 5. Hence,

P

{
min{Sn+1,1, Sn+1,2} ≤ Q1−α2

( ∑
i:Ki≥2

∑
1≤j1<j2≤Ki

1

(N≥2 + 1) ·
(Ki

2

) · δmin{Si,j1 ,Si,j2}

)
∣∣∣∣Es ∩ {Kn+1 ≥ 2}

}

=P

{
min{Sn+1,1, Sn+1,2}
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≤ Q1−α2

( ∑
i:Ki≥2

∑
1≤j1<j2≤Ki

1

(
∑n+1
i=1 1{Ki≥2})·(Ki2 )

· δmin{Si,j1 ,Si,j2}

)∣∣∣∣Es ∩ {Kn+1 ≥ 2}

}

=P

{
min{Sn+1,1, Sn+1,2} ≤ Q1−α2

( ∑
i:ki≥2

∑
1≤j1<j2≤ki

1

(
∑n+1
i=1 1{ki≥2})·(ki2 )

· δmin{si,j1 ,si,j2}

)
∣∣∣∣Es ∩ {Kn+1 ≥ 2}

}

=P

{
min{Sn+1,1, Sn+1,2} ≤ Q1−α2

( ∑
i:ki≥2

∑
j1 6=j2

1
(
∑n+1
i=1 1{ki≥2})·ki(ki−1)

· δmin{si,j1 ,si,j2}

)
∣∣∣∣Es ∩ {Kn+1 ≥ 2}

}

≥1− α2

holds for any Es with
∑n+1
i=1 1 {ki ≥ 2} ≥ 1, where the last equality holds since

min{si,j1 , si,j2} = min{si,j2 , si,j1}. It follows that

P
{

min{Sn+1,1, Sn+1,2} ≤ q1−α2
∣∣ Es ∩ {Kn+1 ≥ 2}

}
≥ 1− α2,

where

q1−α2 = Q1−α2

 ∑
i≤n:Ki≥2

∑
1≤j1<j2≤Ki

1

(N≥2 + 1) ·
(Ki

2

) · δmin{Si,j1 ,Si,j2}
+

1

N≥2 + 1
· δ∞

 .

Note that q1−α2 = ∞ if N≥2 = 0 so that the above inequality holds also for Es with no

repeats (ki = 1∀i). From marginalization it follows that

P
{

min{Sn+1,1, Sn+1,2} ≤ q1−α2
∣∣ Kn+1 ≥ 2

}
≥ 1− α2,
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and hence

α2 ≥ P
{

min{Sn+1,1, Sn+1,2} > q1−α2
∣∣ Kn+1 ≥ 2

}
= E

[
P
{

min{Sn+1,1, Sn+1,2} > q1−α2
∣∣ Dn, Xn+1, {Kn+1 ≥ 2}

} ∣∣ Kn+1 ≥ 2
]

= E
[
P
{

min{Sn+1,1, Sn+1,2} > q1−α2
∣∣ Dn, Xn+1

} ∣∣ Kn+1 ≥ 2
]

= E
[
P
{
Sn+1,1 > q1−α2

∣∣ Dn, Xn+1
}2
∣∣∣ Kn+1 ≥ 2

]
= E

[
αn(Xn+1)2

∣∣∣ Kn+1 ≥ 2
]

= E
[
αn(Xn+1)2

]
,

where Dn denotes {(Xi, Ỹi)}1≤i≤n and the last step holds since X and K are independent.

Note that without the independence assumption, we have EPX,≥2
[
αn(Xn+1)2

]
in the last

step, which proves the statement in Remark 4.

The lower bound follows from the observation that if there’s no tie among Si,j ’s, then any

tie of min{Si,j1 , Si,j2}’s should share i, and that for a specific tie, the number of (i, j1, j2)’s

with the same min{Si,j1 , Si,j2} value cannot exceed Ki − 1. By a similar argument to the

proof of Theorem 5, we have

P
{

min{Sn+1,1, Sn+1,2} ≤ q1−α2
∣∣ Es ∩ {Kn+1 ≥ 2}

}
≤ 1− α2 +

2(ki − 1)

(N≥2 + 1) ·
(ki

2

) ≤ 1− α2 +
2

N≥2 + 1
.

Applying marginalization and similar steps as the upper bound, it follows that

E
[
αn(Xn+1)2

]
≥ α2 − E

[
2

N≥2 + 1

]
.
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Note that N≥2 ∼ Binomial(n, pK), so that

E

[
2

N≥2 + 1

]
=

n∑
l=0

2

l + 1
·
(
n

l

)
· plK(1− pK)n−l

=
2

(n+ 1)pK
·
n∑
l=0

(
n+ 1

l + 1

)
· pl+1
K (1− pK)n−l

≤ 2

(n+ 1)pK
·

n∑
l=−1

(
n+ 1

l + 1

)
· pl+1
K (1− pK)n−l

=
2

(n+ 1)pK
.

This proves the lower bound.

4.5.6 Proof of Theorem 9

The proof applies the idea of the proof for the original jackknife+ [Barber et al., 2021b].

Similarly to the proof for the split conformal-based methods, we assume we have Ỹn+1

which is exchangeable with Ỹ1, · · · , Ỹn, and then look into the coverage for Yn+1,1. For each

1 ≤ i 6= i′ ≤ n+1, let µ̃−(i,i′) = A((Xl, Ỹl)l∈[n+1]\{i,i′}) be the estimator from the expanded

dataset with (Xn+1, Ỹn+1) after excluding the i-th and i′-th point, and define R(i,j),i′ by

R(i,j),i′ =


|Yij − µ̃−(i,i′)(Xi)|, i 6= i′

+∞, i = i′

for 1 ≤ j ≤ Ki. Next, define

A(i,j),(i′,j′) = 1

{
R(i,j),i′ > R(i′,j′),i

}
,

and

A(i,j),• =
n+1∑
i′=1

Ki′∑
j′=1

1

(n+ 1)Ki′
· A(i,j),(i′,j′).
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Write A to denote the array of all A(i,j),(i′,j′)’s:

A = {A(i,j),(i′,j′) : 1 ≤ i, i′ ≤ n+ 1, 1 ≤ j ≤ Ki, 1 ≤ j′ ≤ Ki′}

Finally, define the set S(A) by

S(A) = {(i, j) : A(i,j),• ≥ 1− α},

and let

s(A) =
∑

(i,j)∈S(A)

1

(n+ 1)Ki
.

We first show that s(A) ≤ 2α holds. Define

t(A) =
∑

(i,j)∈S(A)

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki
· 1

(n+ 1)Ki′
· A(i,j),(i′,j′).

Then we have

2 · t(A) =
∑

(i,j)∈S(A)

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki
· 1

(n+ 1)Ki′
· (A(i,j),(i′,j′) + A(i′,j′),(i,j))

=
∑

(i,j)∈S(A)

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki
· 1

(n+ 1)Ki′
· 1
{
R(i,j),i′ 6= R(i′,j′),i

}
= s(A)2 − u(A),

where

u(A) =
∑

(i,j)∈S(A)

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki
· 1

(n+ 1)Ki′
· 1
{
R(i,j),i′ = R(i′,j′),i

}
.
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It also holds that

t(A) =
∑

(i,j)∈S(A)

1

(n+ 1)Ki
·

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki′
· A(i′,j′),(i,j)

=
∑

(i,j)∈S(A)

1

(n+ 1)Ki
·

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki′
·

[
1− A(i,j),(i′,j′) − 1

{
R(i,j),i′ = R(i′,j′),i

}]
=

∑
(i,j)∈S(A)

1

(n+ 1)Ki
·

∑
(i′,j′)∈S(A)

1

(n+ 1)Ki′
·
[
1− A(i,j),(i′,j′)

]
− u(A)

≤
∑

(i,j)∈S(A)

1

(n+ 1)Ki
·
n+1∑
i′=1

Ki′∑
j′=1

1

(n+ 1)Ki′
·
[
1− A(i,j),(i′,j′)

]
− u(A)

=
∑

(i,j)∈S(A)

1

(n+ 1)Ki
·
[
1− A(i,j),•

]
− u(A)

≤
∑

(i,j)∈S(A)

1

(n+ 1)Ki
· α− u(A)

= α · s(A)− u(A).

Putting all together, we have

s(A)2 = 2 · t(A) + u(A)

≤ 2α · s(A)− 2u(A) + u(A)

≤ 2α · s(A),

which implies s(A) ≤ 2α.

Next, by the exchangeability of (Yn+1,j)1≤j≤Ki and the exchangeability of (Xi, Ỹi)1≤i≤n+1,

we have

P {(n+ 1, 1) ∈ S(A) | Kn+1 = k} = P {(n+ 1, j) ∈ S(A) | Kn+1 = k}
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for all j = 1, 2, · · · , k, where k is any positive integer, and

E

 1

Kn+1
·
Kn+1∑
j=1

1 {(n+ 1, j) ∈ S(A)}

 = E

 1

Ki
·
Ki∑
j=1

1 {(i, j) ∈ S(A)}


for all i = 1, 2, · · · , n. It follows that

P {(n+ 1, 1) ∈ S(A)} = E [P {(n+ 1, 1) ∈ S(A) | Kn+1}]

= E

 1

Kn+1
·
Kn+1∑
j=1

P {(n+ 1, j) ∈ S(A) | Kn+1}


= E

 1

Kn+1
·
Kn+1∑
j=1

E [1 {(n+ 1, j) ∈ S(A)} | Kn+1]


= E

E

 1

Kn+1
·
Kn+1∑
j=1

1 {(n+ 1, j) ∈ S(A)}

∣∣∣∣∣∣ Kn+1


= E

 1

Kn+1
·
Kn+1∑
j=1

1 {(n+ 1, j) ∈ S(A)}


= E

 1

n+ 1

n+1∑
i=1

1

Ki
·
Ki∑
j=1

1 {(i, j) ∈ S(A)}


= E

 ∑
(i,j)∈S(A)

1

(n+ 1)Ki


= E [s(A)]

≤ 2α,

where the last inequality holds since we have shown that s(A) ≤ 2α holds deterministically.

Now suppose Yn+1,1 /∈ Ĉn(Xn+1). This implies

Yn+1,1 < Q−α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δµ̂−i(Xn+1)−RLOO

ij
+

1

n+ 1
· δ−∞

 ,
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or

Yn+1,1 > Q+
α

 n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· δµ̂−i(Xn+1)+RLOO

ij
+

1

n+ 1
· δ∞

 .

From the definition of Q−α and Q+
α , we then have

n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· 1
{
µ̂−i(Xn+1)−RLOO

ij < Yn+1,1

}
+

1

n+ 1
< α,

or
n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· 1
{
µ̂−i(Xn+1) +RLOO

ij > Yn+1,1

}
+

1

n+ 1
< α.

In either case, we have

1− α ≤
n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· 1
{
Yn+1,1 /∈ µ̂−i(Xn+1)±RLOO

ij

}

=
n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· 1
{
|Yn+1,1 − µ̂−i(Xn+1)| > |Yij − µ̂−i(Xi)|

}
=

n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· 1
{
R(n+1,1),(i,j) > R(i,j),(n+1,1)

}

=
n∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· A(n+1,1),(i,j)

=
n+1∑
i=1

Ki∑
j=1

1

(n+ 1)Ki
· A(n+1,1),(i,j)

= A(n+1,1),•.

Hence, we have shown that Yn+1,1 /∈ Ĉn(Xn+1) implies (n+ 1, 1) ∈ S(A).

Therefore,

P
{
Yn+1,1 /∈ Ĉn(Xn+1)

}
≤ P {(n+ 1, 1) ∈ S(A)} ≤ 2α.
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4.5.7 Proof of Theorem 10

For 1 ≤ i 6= i′ ≤ n + 1 with Ki, Ki′ ≥ 2, 1 ≤ j1 < j2 ≤ Ki, and 1 ≤ j′1 < j′2 ≤ Ki′ , define

µ̃−(i,i′) as in the proof of Theorem 9, and then define

R(i,j1,j2),i′ =


min{|Yi,j1 − µ̃−(i,i′)(Xi)|, |Yi,j2 − µ̃−(i,i′)(Xi)|}, i 6= i′

+∞, i = i′

and

A(i,j1,j2),(i′,j′1,j
′
2) = 1

{
R(i,j1,j2),i′ > R(i′,j′1,j

′
2),i

}
.

Next, let

S(A) = {(i, j1, j2) : A(i,j1,j2),• ≥ 1− 2α2, 1 ≤ i ≤ n+ 1, Ki ≥ 2, 1 ≤ j1 < j2 ≤ Ki}

where

A(i,j1,j2),• =
∑

1≤i′≤n+1
Ki′≥2

∑
1≤j′1<j′2≤Ki′

1

Ñ≥2
(Ki′

2

) · A(i,j1,j2),(i′,j′1,j
′
2)

and

Ñ≥2 =
n+1∑
i=1

1 {Ki ≥ 2} .

Let

s(A) =
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) ,
t(A) =

∑
(i,j1,j2)∈S(A)

∑
(i′,j′1,j

′
2)∈S(A)

1

Ñ≥2
(Ki

2

) · 1

Ñ≥2
(Ki′

2

) · A(i,j1,j2),(i′,j′1,j
′
2).
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It holds that

2t(A)

=
∑

(i,j1,j2)∈S(A)

∑
(i′,j′1,j

′
2)∈S(A)

1

Ñ≥2
(Ki

2

) · 1

Ñ≥2
(Ki′

2

) · (A(i,j1,j2),(i′,j′1,j
′
2) + A(i′,j′1,j

′
2),(i,j1,j2))

=
∑

(i,j1,j2)∈S(A)

∑
(i′,j′1,j

′
2)∈S(A)

1

Ñ≥2
(Ki

2

) · 1

Ñ≥2
(Ki′

2

) · 1{R(i,j1,j2),i′ 6= R(i′,j′1,j
′
2),i

}
= s(A)2 − u(A),

where

u(A) =
∑

(i,j1,j2)∈S(A)

∑
(i′,j′1,j

′
2)∈S(A)

1

(Ñ≥2)2
(Ki

2

)(Ki′
2

) · 1{R(i,j1,j2),i′ = R(i′,j′1,j
′
2),i

}
.

It also holds that

t(A) =
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) ·
 ∑

(i′,j′1,j
′
2)∈S(A)

1

Ñ≥2
(Ki′

2

) · A(i′,j′1,j
′
2),(i,j1,j2)


=

∑
(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) · [ ∑
(i′,j′1,j

′
2)∈S(A)

1

Ñ≥2
(Ki′

2

) · (1− A(i,j1,j2),(i′,j′1,j
′
2)

− 1

{
R(i,j1,j2),i′ = R(i′,j′1,j

′
2),i

})]

=
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) ·
 ∑

(i′,j′1,j
′
2)∈S(A)

1

Ñ≥2
(Ki′

2

) · (1− A(i,j1,j2),(i′,j′1,j
′
2)

)− u(A)

≤
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) ·
n+1∑
i′=1

∑
j′1<j

′
2

1

Ñ≥2
(Ki′

2

) · (1− A(i,j1,j2),(i′,j′1,j
′
2)

)− u(A)

=
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) · [1− A(i,j1,j2),•
]
− u(A)
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≤
∑

(i,j1,j2)∈S(A)

1

Ñ≥2
(Ki

2

) · 2α2 − u(A)

= 2α2 · s(A)− u(A).

Therefore, we have

s(A)2 ≤ 2t(A) + u(A) ≤ 4α2 · s(A)− 2u(A) + u(A) ≤ 4α2 · s(A),

which implies

s(A) ≤ 4α2.

Next, from the exchangeability of (Xi, Ỹi)1≤i≤n+1 we have

P {(n+ 1, 1, 2) ∈ S(A) | Kn+1 = k} = P {(n+ 1, j1, j2) ∈ S(A) | Kn+1 = k} ,

for any k ≥ 2 and 1 ≤ j1 < j2 ≤ k. Now let I≥2 = {1 ≤ i ≤ n + 1 : Ki ≥ 2} be the set of

indices with repeats. Note that |I≥2| = Ñ≥2. By the exchangeability of (Xi, Ỹi)1≤i≤n+1, it

holds that

E

 1(Kn+1
2

) · ∑
1≤j1<j2≤Kn+1

1 {(n+ 1, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ I≥2 = I


= E

 1(Ki
2

) · ∑
1≤j1<j2≤Ki

1 {(i, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ I≥2 = I

 ,∀ i ∈ I
for any fixed set I ⊂ [n+ 1] that contains n+ 1.

Therefore,

P {(n+ 1, 1, 2) ∈ S(A) | Kn+1 ≥ 2}

=E [P {(n+ 1, 1, 2) ∈ S(A) | Kn+1} | Kn+1 ≥ 2]
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=E

 1(Kn+1
2

) · ∑
1≤j1<j2≤Kn+1

P {(n+ 1, j1, j2) ∈ S(A) | Kn+1}

∣∣∣∣∣∣ Kn+1 ≥ 2


=E

E

 1(Kn+1
2

) · ∑
1≤j1<j2≤Kn+1

1 {(n+ 1, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ Kn+1

 ∣∣∣∣∣∣ Kn+1 ≥ 2


=E

 1(Kn+1
2

) · ∑
1≤j1<j2≤Kn+1

1 {(n+ 1, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ Kn+1 ≥ 2


=E

E

 1(Kn+1
2

) · ∑
1≤j1<j2≤Kn+1

1 {(n+ 1, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ I≥2

 ∣∣∣∣∣∣ Kn+1 ≥ 2


=E

E

 1

Ñ≥2

∑
i∈I≥2

1(Ki
2

) · ∑
1≤j1<j2≤Ki

1 {(i, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ I≥2

 ∣∣∣∣∣∣ Kn+1 ≥ 2


=E

 1

Ñ≥2

∑
i∈I≥2

1(Ki
2

) · ∑
1≤j1<j2≤Ki

1 {(i, j1, j2) ∈ S(A)}

∣∣∣∣∣∣ Kn+1 ≥ 2


=E [s(A) | Kn+1 ≥ 2]

≤4α2.

Now suppose that Kn+1 ≥ 2 and that both Yn+1,1 and Yn+1,2 are not covered by

Ĉn(Xn+1). Then we have

α2 >
∑

1≤i≤n
Ki≥2

∑
1≤j1<j2≤Ki

1

(N≥2 + 1)
(Ki

2

) · 1{Yn+1,1 ∈ µ̂−i(Xn+1)±min{RLOO
ij1

, RLOO
ij2
}
}

+
1

N≥2 + 1

=
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2(
Ki
2 )
· 1
{
|Yn+1,1 − µ̂−i(Xn+1)| ≤ min{RLOO

ij1
, RLOO

ij2
}
}

+ 1
Ñ≥2

,
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which implies

1− α2 ≤
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2
(Ki

2

) · 1{|Yn+1,1 − µ̂−i(Xn+1)| > min{RLOO
ij1

, RLOO
ij2
}
}
,

and the same inequality holds for Yn+1,2. Therefore,

2− 2α2

≤
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2
(Ki

2

) · [1{|Yn+1,1 − µ̂−i(Xn+1)| > min{RLOO
ij1

, RLOO
ij2
}
}

+ 1

{
|Yn+1,2 − µ̂−i(Xn+1)| > min{RLOO

ij1
, RLOO

ij2
}
}]

≤
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2
(Ki

2

) ·
[
1 + 1

{
min

{
|Yn+1,1 − µ̂−i(Xn+1)|, |Yn+1,2 − µ̂−i(Xn+1)|

}
> min{RLOO

ij1
, RLOO

ij2
}
}]

≤ 1 +
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2
(Ki

2

) · 1{R(n+1,1,2),i > R(i,j1,j2),n+1

}

= 1 +
∑

1≤i≤n+1
Ki≥2

∑
1≤j1<j2≤Ki

1

Ñ≥2
(Ki

2

) · [A(n+1,1,2),(i,j1,j2)

]

= 1 + A(n+1,1,2),•,

which implies (n+ 1, 1, 2) ∈ S(A). It follows that

P
{
Yn+1,1, Yn+1,2 /∈ Ĉn(Xn+1)

∣∣∣ Kn+1 ≥ 2
}
≤ P {(n+ 1, 1, 2) ∈ S(A) | Kn+1 ≥ 2} ≤ 4α2.

Note that

P
{
Yn+1,1, Yn+1,2 /∈ Ĉn(Xn+1)

∣∣∣ Kn+1 ≥ 2
}
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=E
[
P
{
Yn+1,1, Yn+1,2 /∈ Ĉn(Xn+1)

∣∣∣ Dn, Xn+1, Kn+1 ≥ 2
} ∣∣∣ Kn+1 ≥ 2

]
=E
[
P
{
Yn+1,1, Yn+1,2 /∈ Ĉn(Xn+1)

∣∣∣ Dn, Xn+1

} ∣∣∣ Kn+1 ≥ 2
]

=E

[
P
{
Yn+1,1 /∈ Ĉn(Xn+1)

∣∣∣ Dn, Xn+1

}2
∣∣∣∣ Kn+1 ≥ 2

]
=E
[
αn(Xn+1)2

∣∣∣ Kn+1 ≥ 2
]

=E
[
αn(Xn+1)2

]
,

where the last step holds sinceK andX are independent. In the caseK andX are dependent,

we have EPX,≥2
[
αn(Xn+1)2

]
in the last equality and this leads to the result in Remark 6.

Putting everything together, we have

E
[
αn(Xn+1)2

]
≤ 4α2.

4.5.8 Proof of Theorem 11

Let ∆ = EX∼PX
[
(µP (X)− µ(X))2

]
. We first show that

∆̂ ≥ ∆ with probability ≥ 1− δ.

Let I≥2 = {1 ≤ i ≤ n : Ki ≥ 2} be the set of individuals with repeated measurements.

Observe that given I≥2, {Xi : i ∈ I≥2} is an i.i.d sample from PX|K≥2, which is equal to

PX under our assumption that X and K are independent. Next, for each i, we have

E

[
(Ȳi − µ(Xi))

2 −
S2
i

Ki

∣∣∣∣∣ i ∈ I≥2

]
= E

[
E

[
(Ȳi − µ(Xi))

2 −
S2
i

Ki

∣∣∣∣∣ Xi, Ki
] ∣∣∣∣∣ Ki ≥ 2

]

= E

[
σ2
i

Ki
+ (µP (Xi)− µ(Xi))

2 −
σ2
i

Ki

∣∣∣∣∣ Ki ≥ 2

]

= E
[
(µP (Xi)− µ(Xi))

2
∣∣∣ Ki ≥ 2

]
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= E
[
(µP (Xi)− µ(Xi))

2
]

= ∆.

Since

−1

4
≤ −

S2
i

Ki
≤ (Ȳi − µ(Xi))

2 −
S2
i

Ki
≤ (Ȳi − µ(Xi))

2 ≤ 1

for any i, we have from Hoeffding’s inequality

P
{
Z+ −∆ < −ε

∣∣ I≥2
}
≤ P

{
Z −∆ < −ε

∣∣ I≥2
}
≤ exp

{
−

2 ·N≥2 · ε2

(5/4)2

}
,

for any ε > 0, which implies

P
{

∆̂ ≥ ∆
∣∣∣ I≥2

}
≥ 1− δ,

for any I≥2 with |I≥2| = N≥2 ≥ 1. Note that the above inequality holds also for I≥2 = ∅,

since ∆̂ =∞ in that case. Hence,

P
{

∆̂ > ∆
}

= E
[
P
{

∆̂ > ∆
∣∣∣ I≥2

}]
= 1− δ.

It follows that

P
{
µP (Xn+1) /∈ Ĉn(Xn+1)

}
= P

{
|µ(Xn+1)− µP (Xn+1)| >

√
(α− δ)−1∆̂

}
≤ P

{
∆̂ < ∆

}
+ P

{
|µ(Xn+1)− µP (Xn+1)| >

√
(α− δ)−1∆

}
≤ δ +

E
[
(µ(Xn+1)− µP (Xn+1))2

]
(α− δ)−1∆

= δ + α− δ

= α.
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Now we prove the upper bound for the length of Ĉn(Xn+1). By construction, we have

E
[
leb(Ĉn(Xn+1))

∣∣∣ N≥2 ≥ 1
]

≤2
√

(α− δ)−1 · E


√√√√Z+ +

5

4

√
1

2N≥2
· log

1

δ

∣∣∣∣∣∣ N≥2 ≥ 1


≤2
√

(α− δ)−1 ·

√√√√E

[
Z+ +

5

4

√
1

2N≥2
· log

1

δ

∣∣∣∣∣ N≥2 ≥ 1

]

≤2
√

(α− δ)−1 ·

√E
[
Z+

∣∣ N≥2 ≥ 1
]

+

√√√√5

4
· E

[√
1

2N≥2
· log

1

δ

∣∣∣∣∣ N≥2 ≥ 1

]
≤2
√

(α− δ)−1 ·

[√
E
[
Z+

∣∣ N≥2 ≥ 1
]

+

(
E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]
· log

1

δ

)1/4
]
.

Following a similar argument to the proof of Theorem 4, we have

E
[
Z+

∣∣ N≥2 ≥ 1
]

= E
[
Z
∣∣ N≥2 ≥ 1

]
+ E

[
Z−

∣∣ N≥2 ≥ 1
]

≤ E
[
Z
∣∣ N≥2 ≥ 1

]
+

√
E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]
+ 2E

[
Z
∣∣ N≥2 ≥ 1

]
≤ E

[
Z
∣∣ N≥2 ≥ 1

]
+
√

2E
[
Z
∣∣ N≥2 ≥ 1

]
+

√
E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]

= err2µ +
√

2 · errµ +

√
E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]

≤ 3errµ +

√
E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]

since

E
[
Z
∣∣ N≥2 ≥ 1

]
= E

[
(µ(X)− µP (X))2

]
= err2µ

from the previous calculations and (µ(x)− µP (x))2 ≤ 1 for any x.
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Next, since N≥2 ∼ Binomial(n, pK), we have

E

[
1

N≥2

∣∣∣∣ N≥2 ≥ 1

]
≤ E

[
2

N≥2 + 1

∣∣∣∣ N≥2 ≥ 1

]
= 2 ·

n∑
l=1

1

l + 1
·
(
n

l

)
· plK(1− pK)n−l

=
2

(n+ 1)pK
·
n∑
l=1

(
n+ 1

l + 1

)
· pl+1
K (1− pK)n−l

≤ 2

(n+ 1)pK
·

n∑
l=−1

(
n+ 1

l + 1

)
· pl+1
K (1− pK)n−l

=
2

(n+ 1)pK
.

Putting everything together, we have

E
[
leb(Ĉn(Xn+1))

∣∣∣ N≥2 ≥ 1
]

≤ 2
√

(α− δ)−1 ·

[√
E
[
Z+

∣∣ N≥2 ≥ 1
]

+

(
E
[

1
N≥2

∣∣∣ N≥2 ≥ 1
]
· log

1

δ

)1/4
]

≤ 2
√

(α− δ)−1 ·

√3errµ +

√
E
[

1
N≥2

∣∣∣ N≥2 ≥ 1
]

+

(
E
[

1
N≥2

∣∣∣ N≥2 ≥ 1
]
· log

1

δ

)1/4


≤ 2
√

(α− δ)−1 ·

[√
3errµ +

(
E
[

1
N≥2

∣∣∣ N≥2 ≥ 1
])1/4

+

(
E
[

1
N≥2

∣∣∣ N≥2 ≥ 1
]
· log

1

δ

)1/4
]

≤ 2
√

(α− δ)−1 ·

[√
3errµ +

(
2

(n+ 1)pK

)1/4

+

(
2

(n+ 1)pK
· log

1

δ

)1/4
]
,

which proves the claim.
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CHAPTER 5

DISCUSSION

We studied problems in learning with noisy data and distribution-free inference, and observed

that it is possible for the performance of a method to exceed our expectation or to even be

counterintuitive.

For the binary classification problem, our work shows that the corruption of labels in the

training data can work as a regularization and thus it can be beneficial in some cases. This

implies that ‘applying no adjustment’ can also be considered as a competitive option when

analyzing a corrupted data, unless we have additional information about the distribution

of data. Our results for the distribution-free regression reveal that there are three regimes

in terms of the possibility of useful inference, which include the in-between case where the

training data is unlikely to provide information about the distribution of the new point but

a meaningful inference is still possible. We provided tools for distribution-free inference in

the hierarchical data setting and showed that we can aim for a better control of conditional

miscoverage rates by making use of the repeated measurements. Our simulations support

that we can observe a significant improvement in conditional coverage control even with

small repeat numbers.

These results illustrate that it is often not clear what targets we can learn through

statistical procedures, and that the power of a statistical method can exceed what we expect

from intuition. In our future works, we hope to explore more such properties in the weak-

assumption settings.
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