THE UNIVERSITY OF CHICAGO

SUBGAP COLLECTIVE MODES IN TWO-DIMENSIONAL SUPERFLUID NEAR THE
POMERANCHUK INSTABILITIES

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF PHYSICS

BY
WEI-HAN HSIAO

CHICAGO, ILLINOIS
JUNE 2020



Copyright (©) 2020 by Wei-Han Hsiao
All Rights Reserved



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . s
ACKNOWLEDGMENTS . . . . . . e
ABSTRACT . . . . e
1 INTRODUCTION . . . . . e e
1.1 The Statement of the Problem . . . . . .. ... .. ... ... ... .....
1.2 The Background . . . . . . . .. ...
1.2.1  The Fractional Quantum Hall Effect . . . .. .. ... ... ... ..

1.2.2  Superfluids of Paired Composite Fermions . . . . . . . ... ... ..

1.2.3 The Pomeranchuk Instability . . . ... ... ... ... ... ....

1.3 Main Contribution . . . . . . . .. ... ...
1.4 Planof the thesis . . . . . . . . . . . . . ... ...

2 KINETIC THEORY AND COLLECTIVE MODES . . . ... ... ... .....
2.1 Imtroduction . . . . . . . . ...
2.2 General kinetic theory . . . . . . ... oL
2.2.1 Spin-singlet pairing . . . . . .. ...

2.2.2  spin-triplet pairing . . . . . .. ...

2.3 Collective Modes . . . . . . . . . .
2.3.1 s-wave pairing . . . . . . . ...

2.3.2 p-wave pairing . . . . . ... ...

2.3.3 d-wave pairing . . . . . . ...

2.3.4 Higher L chiral ground states . . . . . ... ... ... .. ......

2.4 Conclusion . . . . . . . L

3 FERMI LIQUID CORRECTIONS . . . .. ... .. ... . ... ... ......
3.1 Introduction . . . . . . . . ..
3.2 Mass Renormalization by the Landau Parameters . . . . . . ... ... ...
3.2.1 Masslessmodes . . . . . . . ...

3.2.2 Massive subgap Modes . . . . . . .. ..o

3.3 Conclusion . . . . . . . ..

4 FIELD-THEORY MODEL FOR CHIRAL P-WAVE SUPERFLUID . . . . .. ..
4.1 Introduction . . . . . . . . ..
4.2 Method of Effective Action . . . . . . .. .. ... ... .
4.3 The Model for the p-Wave Superfluid near the Nematic Critical Point . . . .
4.4 Conclusion . . . . . . . . L

5 CONCLUSION AND OUTLOOK . . . . . . . . . .. . .
A ~ AND THE TSUNEDO FUNCTION X . . . . . ... ... . .. ... ..

1l



B FULL DYNAMICAL EQUATIONS . . .
B.0.1 Singlet-pairing ground state
B.0.2 Triplet-pairing ground state

REFERENCES

v



1.1
1.2

3.1

LIST OF FIGURES

The process of flux attachment illustrated for a half-filled Landau level. . . . . .
Decomposition of the Fermi surface deformation into different channels of angular
momentum. . . ... Lo e

The root to (3.21) depending on the value of Landau parameter F'. This figure
was first published in Ref.[28] with the permission for reuse here. . . . . . . ..



ACKNOWLEDGMENTS

Never will I ever forget the morning I received the admission to the Ph.D program from the
University of Chicago. I was serving in the army, exhausted by the routine works in the
barrack, and barely had spare energy to portray a journey after discharging. It was this offer
letter that lit my small dorm room, opened up the path toward a wonderland and started
composing the next stanza of my life. Before I notice it, another five years have elapsed ever
since, and here I am to placed the period for this rhyme. The past half decade has been
an extraordinary adventure. In the supportive environment maintained by the department,
I was persistently embraced with ingenious ideas and profound insights by faculties and
peers. I was able to explore and pursue any fantasies and speculations. More crucially, the
wonderful people here helped me train as a mature scientist, and as a consequence I am now
capable of transforming these visions into scientific statements and rigorous results. I ought
to thank every person who has supported this system and made it possible.

First, I would like to express my gratitude towards Dam Thanh Son, my Ph.D. advisor
and the chair of the thesis committee. He never failed to stun me with his broad knowledge
over different disciplines of theoretical physics, his insightful approach to ask and address
problems, and his intuitive but unique explanations for physical phenomena. All of these
characteristics have reshaped parts of me and kept exerting impact upon my way of con-
ducting science in the future. Outside of the realm of physics, he is equally knowledgable,
and nice to get along with. Moreover, in every regard, he was an exceptional mentor who
offers advices and supports whenever I was struggling. It was a true privilege to have him
as my advisor.

I am honored to have Kathryn Levin, Shinsei Ryu, and David Schuster as my thesis
committee members. Their works significantly influence my researches during the Ph.D
program. In particular, Kathryn Levin was almost my second advisor. During the time
working with her on two papers, I received numerous advices from her upon basic principles

of scientific research. After our collaboration, she kept having discussions with me and

vi



offering comments and suggestions on various works of mine. I cannot overly emphasize my
gratitude for her as a mentor and her assistance.

I benefited a lot from the lectures and discussions with the faculty members, including
Jeffery Harvey, Kathryn Levin, Michael Levin, Emil Martinec, Savdeep Sethi, Dam Thanh
Son, Robert Wald, Shinsei Ryu, Erez Berg, Paul Weigmann, Andrey Gromov, Sergej Moroz,
and Chien-Te Wu. I have had valuable discussions with many postdoc fellows and students,
most thankfully, Yu-Ping Lin, Brandon Anderson, Setiawan Wenming, Han Fu, Matthew
Lapa, Laimei Nie, Alexander Bogatskiy, Carolyn Zhang, Umang Mehta, Kyle Kawagoe, Luca
Delacretaz, Jonah Kudler-Flam, Mao Tian Tan, and Paolo Glorioso. I especially appreciate
Jing-Yuan Chen and Dung Xuan Nguyen for many advices and discussions over the years.
Tracing back further, I would like to thank Ying-Jer Kao for being my undergrad advisor on
computational physics.

Finally, I want to thank my father Chao-Kai Hsiao, my mother Shu-Ling Kuo, and my
elder sister Min-Wen Hsiao for their long-term support of my interest in science, and more

generally for their shaping of me as an individual person.

vil



ABSTRACT

In this thesis, we utilize semi-classical kinetic equations to investigate the order parameter
collective modes of a class of two-dimensional superfluids. Extending the known results for p-
wave superfluids, we show that for any chiral ground state of angular momentum L > 1, there
exists a subgap mode with a mass v/2 A in the BCS limit, where A is the magnitude of the
ground-state gap. We determine the most significant Landau parameter that contributes to
the mass renormalization and show explicitly that the renormalized modes become massless
at the Pomeranchuk instability of the fermion vacuum. Particularly for L = 1, we propose
a continuous field theory to include the Fermi liquid effect in the quadrupolar channel and
produce the same result under consistent approximations. They provide potential diagnostics
for distinguishing two-dimensional chiral ground states of different angular momenta with
the order parameter collective modes and reveal another low-energy degree of freedom near
the nematic transition. The main results were published in the earlier work [28] with the

permission for reuse.
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CHAPTER 1
INTRODUCTION

1.1 The Statement of the Problem

In this chapter, we will state the main problem, the motivation, and the structure of this
thesis. In the studies of interacting quantum many-body systems, collective modes allow
physicists to explore the correlated motions of underlying degrees of freedom. Classic in-
stances are hydrodynamic sounds in classical fluids and zero-sound of a Fermi liquid in the
normal state[6, 56]. More intriguingly, for a system in the superfluid phase, the order pa-
rameter component enriches the nature of collective excitations. Paradigmatic examples
include the A and B phases of superfluid 3He in (3+1)D [77], where massive sub-gap modes
exist owing to the triplet pairing structure. They manifest themselves in terms of resonant
signatures of transport properties when coupled to the particle-hole channel [26].

These developments permit various extensions. Natural questions include: (i) do sub-
gap massive collective modes also exist in finite angular momentum pairing channels and in
(24+1)D spacetime? (ii) Do these bosonic degrees of freedom reflect the underlying fermionic
state or the property of the Fermi surface? Regarding (i), it is known that the two dimen-
sional analog of B-phase hosts four modes of mass v/2 A with angular momenta ¢ = +2.
A is the magnitude of mass of the Bogoliubov quasiparticle. Similarly, the analog of the
A phase, whose fermionic spectrum is fully gapped in two dimensions, hosts six modes of
mass V2 A [8, 9, 74]. On the other hand, puzzle (ii) has been investigated in the context of
(3+1)D 3He superfluid with the Fermi liquid theory [77, 85, 70, 61], where the corrections
to the masses of massive subgap modes and the sound speeds of the Goldstone modes can
be expressed in terms of the Landau parameters. In addition, for SroRuOy4 [63], it has been
shown that the strong-coupling effect and gap anisotropy are able to modify the magnitude
of the masses and break the spectrum degeneracy.

This work intends to address the complementary features of (i) and (ii). We specifically
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focus on superfluids in (2+1)D with general pairing channels of angular momenta L =
0,1---. For L = 1, the two-dimensional analogs of the A and B phases are considered,
whereas for higher L we concentrate on chiral ground states. We look for massive subgap
modes, and investigate the mechanisms that may correct their masses in long wavelength
limit ¢ = 0.

We pay special attention to these questions mainly because of the puzzle of v =

DUt

fractional quantum Hall state. Three of the most prominent candidates of the ground state,
the Pfaffian[44], T-Pfaffian [72], and the anti-Pfaffian states[39, 38|, are understood as p+ip,
p —1ip and f — i f chiral superconductors of non-relativistic composite fermions respectively
[73]. Moreover, both experimental [60, 64, 65] and numerical [37] studies have revealed the
importance of nematic fluctuations and quantum criticality in the second Landau level. As a
consequence, an investigation of the spectrum of chiral superfluids/superconductors including
these effects is pursued to provide further insights to these problems. In the following section

we will provide a review of these backgrounds before stating the contribution.

1.2 The Background

1.2.1 The Fractional Quantum Hall Effect

The quantum Hall effect concerns a two-dimensional system of fermions placed in a uniform
out-of-plane magnetic field B. For simplicity, let us first consider a species of nonrelativistic

fermion. In the first-quantized formulation, the Hamiltonian reads

H=Y oolpi = AP+ Y Vixi - x)) (L)

i<j



In the single-particle picture where the interaction is omitted, the spectrum is organized into

Landau levels:

en:hwc<n+%), n e Z, (1.2)

where w, is the cyclotron frequency % The magnitude of magnetic field defines a length

scale ¢ = B~1/ 2 the magnetic length. For each n, the Landau level degeneracy per unit

1

577" At a finite fermion density p, the portion of filled Landau levels

area is given by % =
is given by the filling factor
2mp P

"TB T 1@y (1.3)

It was discovered in the transport measurement that at low temperature, the Hall conduc-

tivity oy is quantized in unit of e? /h

for some special values of v, at which plateaus form in the resistivity-magnetic field plot and
the system forms an gapped and incompressible liquid. The integer quantum Hall states
refer to the the states where v’s take integral values. These values can be understood as the
number of filled Landau levels in the presence of strong disorder and the insulating gap is
given by the cyclotron frequency.

The single-particle picture fails for the fractional quantum Hall states, those which take
rational values of v such as %, %, ---. For those states, the highest Landau level is partially
filled. In the limit of ultra-high magnetic field, the effect of other Landau levels is suppressed.
Within this Landau level, the kinetic energy is quenched and therefore the formation of the
gap owes entirely to the interaction effect. The nature of these strongly correlated insulating

states has been understood, in part, by a class of trial wavefunctions. Another popular



perspective is Jain’s composite fermion picture [31], in which each electron is visualized as
a composite fermion and 2p magnetic fluxes. Owing to the attached fluxes, the composite
fermions actually see a reduced magnetic field b = B F 27p x 2p rather than B. We can
then derive a relationship between the filling factor of electron v and the filling factor of

composite fermion vcp.

2TpCR 2mp v VCF
YCF b BF4mpp 1 —2pv v 2pvep £ 1

(1.5)

The simplest case has p = 1. In particular, when the composite fermions form an integer

quantum Hall state vcp = n or —(n + 1), we discover the following

" v =n

1
%7 VCF:_(n+1)

which are exactly the experimentally discovered filling factors. Eq. (1.6) is the well-known
Jain’s sequence that enumerate potential filling factors for fractional quantum Hall states,
and the two branches can map to each other via the particle-hole conjugation v — 1 — v.
Physically, it refers to replacing every electron in the Landau level with a hole and vice versa.
Furthermore, the paradigm of the composite fermion provides us a insightful correspondence:
A fractional quantum Hall state of ordinary electrons is equivalent to an integer state of
composite fermions.

Let us now explore various limits of Eq. (1.6). In the limit n — oo, both branches have
the same limit v = %, at which the Landau level is half-filled and the physical configuration is
particle-hole symmetric. In the language of the composite fermion, it corresponds to filling
infinite number of Landau levels or equivalently the composite fermions do not see any
residual background magnetic field and form a Fermi sea, a metallic state. This is illustrated
in Fig.1.1. More precisely, it is a Fermi surface coupled to a fluctuation gauge boson. This

state was thoroughly studied by Halperin, Lee, and Read in the seminal work Ref.[24] and
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Figure 1.1: The process of flux attachment illustrated for a half-filled Landau level.

the field theory they initiated is now dubbed the HLR theory. A particle-hole symmetric
alternative, where the composite fermions obeys relativistic dispersion, was proposed by Son
[72]. The ultimate understanding of the v = % state is still under active investigations. In
spite of the debate on the theoretical side, the v = % state has been observed experimentally

[33] and serves as a support for the existence of composite fermions.

1.2.2  Superfluids of Paired Composite Fermions

The v = 5 is not the only even-denominator fractional quantum Hall state observed in

el

reality and may not be the most intriguing one after the discovery of the v = g state [82].
Its configuration can be understood as a half-filled Landau level on top of two fully occupied
ones. In the limit of zero Landau-level mixing, we expect that it behaves qualitatively similar
to the v = % state. However, unlike the latter being a metallic state, the v = g state is an
incompressible quantum Hall state. Various theoretical questions including the ground-state

wavefunction [50] and the effective field theories arise. For the purpose of this thesis, we



focus on the most promising candidate of trial wavefunction, the Moore-Read state[44]:

1 2
o) =P ) T 5 (17)
&= R )
1<)
where Pf is the Pfaffian and z; = x; — iy; is the complex coordinate of the i-th particle.
This state is rich in its mathematical properties. For instance, it hosts non-abelian anyonic
excitations.
Below we elaborate its physical interpretation in terms of Jain’s composite fermions, a
(p+ip)-wave superfluid state of composite fermions [19, 58]. Note that the factor J[;;(z; —

2 comes from attaching two fluxes to each composite fermion. The assertion can be

Zj)
confirmed by providing an argument that connects the Pfaffian factor with the superfluid
ground state. Let us recall the BCS theory for a species of spinless fermion cL,ck. The

mean-field Hamiltonian reads

1
Hyp =) [kaTka T §(ALC—ka + e AW (18)
k

where ) is the single-particle energy measured relative to the chemical potential. The
expectation value of the Cooper pair amplitude Ay is nonvanishing in the superfluid phase,

the ground state of which is given by the celebrated BCS wavefunction [5, 67].

1) =TT (e + vieeee)10). (1.9)
k

The prime indicates we do identify the pair k and —k to avoid double counting. Follow-

ing the standard procedure, u and v are determined by a Bogoliubov transformation that

diagonalizes Eq. (1.8). The eigenvalue is +Fy = =+ /512{ + |Ag|? and

vk (Bx—&) _
T (k). (1.10)



Given g(k) and its inverse Fourier transform

2 .
4(r) = / TE e, (1.11)

the BCS wave function can be written in position space as [58, 67]

N/2
U(ry,ro, -+ ,ry) ngnP H 9(rp(2i—1) — rp(%)), (1.12)
P =1
where P refers to all possible permutation of (1,2,---, N). This sum corresponds exactly

to the Pfaffian of the matrix g(r; — r;). Suppose the fermions form a p + ip superfluid.
g(k) ~ ﬁ in the weak-coupling limit and therefore g(r) ~ % Hence, the correspondence
between Eq. (1.7) and Eq. (1.9) is established. In addition to this formal matching in the
weak-coupling limit, it can be shown that states Eq. (1.7) and Eq. (1.9) share the same
properties such as the edge modes and quasi-hole excitation.

While much attention has been paid to the topological properties of the Moore-Read
Pfaffian state, its spectrum of collective excitation is not yet as throughly investigated. We
have learnt the existence of bosonic collective excitation in the fractional quantum Hall states,
the magneto-roton, ever since the seminal work by Girvin, MacDonald and Platzman[16, 17]
(GMP). The superfluid picture of the Moore-Read state predicts another neutral-fermionic
excitation by breaking a Cooper pair of the composite fermions [19]. This mode has been
discovered in numerical recent studies [87, 43, 7] and inspire the application of methods from
supersymmetric theories [87, 21].

We commented in the previous section that a half-filled Landau level is symmetric under
the particle-hole conjugation v — 1 — v. If a state is an energy eigenstate of the half-filled
Landau level, and so should be its particle-hole conjugate. It is realized in Ref. [39, 38|
the particle-hole conjugate of the Moore-Read Pfaffian state (1.7), dubbed the anti-Pfaffian

state, belongs a different topological class, and hence is a distinct candidate for the ground



state of the v = % state. In the picture of paired composite fermions, the composite fermions
in the anti-Pfaffian state pair in the (p; — ipy)g or f —if channel. Beside these two Pfaffian-
like states, there is another relative which is the particle-hole conjugate of itself, called the
PH-Pfaffian state[72], and can be visualized as composite fermions paired in p; —ip, channel.
It became appealing recently because it is particle-hole symmetric, being consistent with the
idealized half-filled Landau level.

We will not provide a derivation for the f — if and p — ip pairing structures of the
anti-Pfaffian and PH-Pfaffian states in terms of wavefunctions. Instead, we deliver a simpler
and more transparent argument in terms of the pairing of Dirac composite fermions [72]. At
the level of mean-field theory, it only requires the knowledge of BCS theory for relativistic
fermions and that the particle-hole conjugation on electrons is the time-reversal operation on
Dirac composite fermions. The strategy goes as follows: we first construct a Cooper pair Ap
using a pair of Dirac fermions and express it using the fermions close to the Fermi sea and
deep in the Fermi sea. In the limit of deep Fermi sea, only the former remains and we then
can infer the pairing structure of the corresponding nonrelativistic fermions. Consider the
Hamiltonian of a species of Dirac fermions Hp = Zg,bzl @Zzivp(p -0) Uy — I Zgzl wlwa. It
can be diagonalized by a unitary transformation Hp = (vp|p| — u)wg;wp — (vp|p| + /ub)zﬁ};z/}h.

Under the same transformation, the Cooper pair bilinear

[ xe P ey ) &l s — i) -B)pR) + D (113)

As a consequence, a Dirac Cooper pair in s-channel corresponds to a nonrelativistic Cooper
pair in (py —ipy) channel. The s-wave Dirac superfluid is time-reversal symmetric, implying
the particle-hole symmetric superfluid of nonrelativistic composite fermion should pair in
pr — ipy channel. Let us now apply this argument to the Pfaffian state. In order to have
a (pr + ipy) structure in the right-hand side of Eq. (1.13), the Dirac fermions must pair in

the (pz + z'py)2 or the (d + id) channel. Taking the time-reversal operation upon the Dirac



fermions, the resulting pair condenses in (pg; — Zjoy)2 channel. Consequently, the anti-Pfaffian
state is a (f — if) superfluid of nonrelativistic composite fermions.

Which Pfaffian state is preferred by nature is not yet revealed. These three states share
several topological properties including the fractionalized charge of the quasiparticle and
the existence of non-abelian anyon. One of the popular experimental probes is transport
measurement on the edge, which is able to distinguish these states by the value of thermal
conductivity. Even though Pfaffian or anti-Pfaffian is favored in numerical studies [51, 39,
29, 76, 83, 39|, the transport measurements seem to be consistent with the prediction of the
PH-Pfaffian state [41, 3, 88, 4]. Following these discoveries, efforts have been devoted to

stabilization of the PH-Pfaffian state by disorders and Landau level mixing [92, 71, 46, 80].

1.2.3 The Pomeranchuk Instability

We now change the gear from the exotic quantum Hall effect to a more conventional topic,
the Pomeranchuk instability of a Fermi surface in the Fermi liquid theory [57, 10]. The
Fermi liquid theory is a low-energy effective theory describing a system of possibly strongly
correlated fermions. There exist well-defined quasiparticles, each of which is adiabatically
connected with, and carries the same set of quantum numbers such spin as a free fermion in
the interaction-free limit. The energy of the state is a functional of the distribution function
np of the quasiparticles. p is the momentum of the quasiparticle. At zero temperature, the
ground state is a Fermi sea enclosed by the Fermi surface. np = 1if |p| < pp, the Fermi
momentum, and np = 0 otherwise. The variation of distribution dnp is associated with the
deformation of the Fermi surface dpp. At low energy, énp is nonvanishing only close to the

Fermi surface. The variation of the energy of the system is given by the following expression.

1
dE[np] = Z 5%57113 + v Z fop0np onpy, (1.14)
p p.p’



where 6% is the single-particle energy for the free fermion, which is linearized as pu+vp(|p|—

pr) in the vicinity of the Fermi surface. vp is the Fermi velocity treated as a parameter in this
setting. fppy is the phenomenological function, known as the Landau function, characterizing
the effect of interaction. In practice, fpp/ is often decomposed in partial-wave expansions
to clarify scatterings in different angular-momentum channel. An instability refers to the
situation where 6 E < 0. The Pomeranchuk instability is a type of Fermi surface instability
led by an extremely negative scattering amplitude in an angular-momentum channel.

Here we derive the condition for the Pomeranchuk instability in a two-dimensional Fermi
liquid. In two dimensions, the direction of momenta can be parametrized by the polar angle
0. In particular, the Landau function fy, = f(fp —0y). and the variation of Fermi surface

dpp = dpp(0). The variation dnp can be expressed in terms of dpp.

1 0
dnp = 0pr d(pr — |P|) — 5(5PF)2@5(19F — |p|). (1.15)

Plugging dnp into Eq. (1.14),

2 /
SE = ’;—Fv/ C(lgj)i £(6 — 0)opp(8) 6pp (@), (1.16)

Next let us introduce the Fourier components of the angular variables

0.9}
dpp = Z upe”™0. (1.17)
n=—oo
(0.9] F ) ,
fo-o)=>" éem“"’), (1.18)
n=—00

where vo7) is the density of state at Fermi surface. In terms of w, and Fj,, the variation of

energy reduces to

o0
v
E = ZiF S (14 Fo)u—nun. (1.19)

n=—oo
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Figure 1.2: Decomposition of the Fermi surface deformation into different channels of angular
momentum.

It shows that the Fermi surface is unstable as Fj,, < —1.

For n = 42, the instability is related to the nematic critical point, which separates
an isotropic Fermi surface from an elliptical one. To bridge with the last section, such a
phase transition has been reported in several experimental investigation of v = g fractional
quantum Hall state [65, 60, 64] under isotropic experimental setting, and is considered inter-
action driven [65, 66]. On the other hand, numerical computation of Fy [37] of the composite
fermions indicates the onsite of Pomeranchuk instability in the nematic channel as the thick-
ness of the Hall bar goes beneath a critical value. Hence, understanding the spectrum of the
Moore-Read Pfaffian state amounts to a thorough investigation of chiral superfluids in the
presence of strong nematic fluctuation characterized by the Landau parameters.

To conclude, we reviewed the physics of fractional quantum Hall effect, the Moore-Read
Pfaffian state, and the Pomeranchuk instability in the Fermi liquid theory. By rephrasing

them in terms of the nonrelativistic composite fermions, we narrow down the big puzzle to a
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simpler problem of the collective spectra of chiral superfluids in the presence of the Landau

parameters, and reinforce the motivation for the bulk of this work.

1.3 Main Contribution

Starting from superfluids pairing in angular channel L, we find that in the limit with weak-
coupling and exact particle-hole symmetry, there is at least one pair of bosonic modes of
universal mass v/2 A for all L > 1. We investigate corrections to these degenerate modes
owing to fermionic vacuum in a phenomenological manner and determine the angular mo-
mentum channels substantial for mass renormalization. For a given chiral ground states of
angular momentum L, the order parameter fluctuations longitudinal to the ground state are
renormalized by the Landau parameter in the angular momentum channel 2L, Fyy,, and thus
correspond to a type of spin-2L mode.

The Fermi liquid correction is especially intriguing in (241)D. As we will show shortly in
chapter 3, it implies the subgap modes soften when Fjyj is negative. Explicitly, as Fo;, — —1,

the mass of the collective modes vanishes as

12(1 + For)

A — 0. 1.20
6—|—F2L ( )

In particular, taking L = 1, the limit Fo — —1 serves as one of the mechanisms behind
nematic electronic phases [15, 49]. On top of previous studies on unconventional supercon-
ductors [36] and quantum Hall nematic phases [60, 64, 65|, this is another example where
the Pomeranchuk instability in quadrupolar channel influences the nature of a paired phase
1 and it allows us to probe the high frequency spin-2 mode omitted in most literatures. We
thereby propose a toy model and compute its effective action in Gaussian approximation and

show the kinetic result can be captured after implementing exact particle-hole symmetry.

1. We note that similar indication is also found in 3 dimensional p-wave superfluid [61], but in general
nematic instability is easier triggered in pure 2 spatial dimensions. An example of composite fermions is
studied in a recent work Ref. [37]
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In this thesis, (i) we generalize the known high-frequency subgap modes in p-wave su-
perfluids in (2+1)D to higher angular momentum channels and compute their mass renor-
malizations in terms of the Landau parameters. (ii) Moreover, for p-wave chiral superfluids,
we propose a continuous field-theory model to include the Landau parameter effect in the
quadrupole channel. In addition to confirming the kinetic theory result, this model could
easily be generalized when loosening particle-hole symmetry and provides an understanding

of the underlying nature of spin-2 modes and nematic fluctuations.

1.4 Plan of the thesis

This thesis is organized as follows. In chapter 2, we review the semiclassical equation ap-
proach for the computation of collective excitations. The equations derived are used in
section 2.3 to compute collective excitations for various ground states. In chapter 3, we cal-
culate the Fermi liquid ground-state effect upon the bare bosonic spectra. Finally, chapter 4
presents a field-theory model for a p-wave chiral superfluid with a continuous quadrupole
interaction. We demonstrate that the results in chapter 2.3 and 3 can be produced in the
limit of the exact particle-hole symmetry. Finally, a summary and several open directions
are composed. The full solutions to the kinetic equation (2.1) without assuming ¢ = 0 and
A € R, and the computational method for the effective field theory are present along with

the method in the appendixes.
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CHAPTER 2
KINETIC THEORY AND COLLECTIVE MODES

2.1 Introduction

In this chapter we review the computation of collective modes using the semiclassical theory.

1 can be computed with various

Bosonic collective modes in superfluids or superconductors
approaches. We start off with the time-dependent mean field approximation in order to
include the Fermi liquid corrections with the Landau parameters. This approach can be
formulated in terms of generalized Landau-Boltzmann kinetic equations [77, 84, 85], or the
linearized non-equilibrium Eilenberger equation [70, 42, 12]. The semiclassical theories for
normal fluids and superfluids are well-studied and the derivations are documents in enormous
classic textbooks [35, 32, 34]. We will not repeat the derivations of the formalism, which we

refer the readers to Ref.[70, 42, 12] for approaches akin to this thesis. Nevertheless, we will

give a complete elaboration of the workflow for computation of collective modes.

2.2 General kinetic theory

In the semiclassical limit, physical quasiparticle distribution is related to the Keldysh Green’s
function g(e, p;w,q). In our computation, it is a 4 x 4 matrix function. We use two sets of
Pauli matrices 7 = (71, 79, 73) and o = (01, 09, 03) to span the particle-hole and spin spaces,
respectively. In its argument (e, p = ppp) are the Fourier transformed variables of the fast
coordinates, where (w,q) are the Fourier. transformed variables of the coordinates of the
center of mass?. pg is the magnitude of the Fermi momentum and vg is the Fermi velocity.

In clean limit, the linear response of a nonrelativistic fermion without spin-orbital coupling

1. In this work, we turn off the U(1) gauge field and therefore do not strictly distinguish these 2 termi-
nologies.

2. The fast and the slow coordinates refer to the relative coordinates and the center of mass coordinates
in the non-equilibrium Green’s function.
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is given by the following kinetic equation:

£4+7309 — 0gT3e— —VvEpP - Q09 — [0, 6g] = 00 go(e—) — Go(e+) 6T, (2.1)

where €4+ denotes € +w/2. The operator gg(p) is the molecular mean field or the self-energy
at equilibrium, while d(w, q) is the linear perturbation of . Similarly, go(e, p) represents
the Keldysh Green’s function at equilibrium. It is related to the retarded and advanced

Green’s functions via gg = (g§ - 964) tanh(e/27"), which yields [42]

o~

. 2mi(m3e —A) | o 2 €
Jo = NERIN; O(e” — |A]*)sgn(e) tanh 5T (2.2)

The low energy fluctuation of quasi-particles and the deduced physical quantities are given by

oo

the e-integrated g [° o Qd—%ﬁ(a, p;w, q). In particular, the perturbation §c is self-consistently
determined by the convolution of the interparticle potentials and §g.
To further elaborate, we note that dg has a general structure in particle-hole space
0g+0g-o (0f + o6f - o)ioo

55 = , (23)
ioa(6f +6f -a) g +og' - ot

and accordingly so does 0o

de+de-o0 (d+d-o)ioy

<,
Q)
I

(2.4)

Y

iog(d' +d'- o) 6 + o€ - ot
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where the primed variables are

64’ (P;w,q) = dg(—p;w, q) (2.52)
o' (p;w, q) = de(—p;w, q) (2.5b)
5/ (Ppyw,q) = 6f*(p; —w, —q) (2.5¢)
d(p;w, q) = d*(p; —w, —q). (2.5d)

We would like to explain the notations here before moving forward. The diagonal parts of
8¢ refer to the normal, or particle-hole, correlation functions (9p!) and (1T4), while the
off-diagonal parts denote the anomalous or particle-particle correlation functions (¢)) and
<¢T¢T>_ o denotes the Pauli matrices (o7, 09, 03) in spin space as defined earlier and ot de-
notes the transposed Pauli matrices. Looking at the Green’s function g, in the particle-hole
channel, d¢g and dg denote spin-independent and spin-dependent correlations respectively.
In the particle-particle channel, § f represent the spin-singlet pairing amplitude and 6f the
spin-triplet one. Correspondingly, the diagonal part of the self-energy dc is the particle-hole
self-energy, including the spin-independent de and spin-dependent part de. The off-diagonal
part of the self-energy is the superfluid gap induced by anomalous correlations. d is the
spin-singlet gap and d denotes the spin-triplet gap.

Note that physical observables are usually expressed in terms of the symmetric and anti-
symmetric combination of dg, df, and their primed partners. In this work, we define (+)

and (—) combinations of a function f as

FE =+ 7. (2.6)

The eigenvalues (£1) represent the parity under charge conjugation. As we will see, the
charge density and energy stress tensor correspond to the scalar and quadrupole modes of

) g<+), respectively, whereas the current density is proportional to the vector mode of (59(_>.
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Similarly, d f (+) and § f (=) stand for the amplitude and phase fluctuations of the anomalous
correlation functions.

To complete the equations, the correction to the self-energy is determined by the two-
body vertex. Evaluating the internal momentum integral over the Fermi surface, we have,

in the particle-hole channel [6, 1, 35, 61],

. . de’ de’ .

Se(piiosa) = deen(pina) + [ 5o4°00) [Cdg i) 2T
R . dy’ a / de’ N

0e(Psw, q) = deext(Piw, @) + [ o AY0,07) [ —dg(e’, Psw,q). (2.7b)

These two equations state that at one-loop, the particle-hole self-energy consists of an exter-
nal perturbation deext or d€ext and a fermion loop closed by a two-body interaction vertex.
An example of deqxt is a background inhomogeneous chemical potential, whereas an example
of dgext could be a weak external magnetic field. A% (A%) is the spin-independent (exchange)
forward scattering amplitude, which can be rewritten in terms of the Landau parameters F'

via the relation [6, 1, 35]

A0,0) = F(0,0') — / %F(Q,Q”)A(G",H’). (2.8)
Similar expressions arise in the particle-particle channel. The relations Eq. (2.7a), and
Eq. (2.7b) can be regarded as the alternative representations of Eq. (1.14) in terms of the
microscopic variables dg and Jg.
Since the fluctuations of the superfluid gaps directly come from the anomalous correlation
functions, the off-diagonal components are related by the linearized gap equations.

/ /
dpiw.) = [ GoVel0.0) [ 51E B (2.92)
v

2

17



do’ de’
dlproa) = [ 56(0.8) [ Z0tE B, (2.90)

27 e

where Vi (V4) is the pairing potentials in even (odd) angular momentum channel.
In two dimensions, the scattering amplitudes and pairing potentials yield the approximate

angular expansions

A= 3" A0 4 =4, (2.10a)
f=—00

Ve= > Vile 0= ) (2.10b)
le{even}

Vo= Y Vi[e 0= pel. (2.10¢)
te{odd}

from which and (2.8) we can derive Ay = %, where Fy is the conventional dimensionless
Landau parameter of angular momentum channel ¢ defined in Eq. (1.18). Notation-wise, for
other functions f(p) evaluated at a point on the Fermi surface p, the angular decomposition

is defined as

o0

F=> (2.11)
{=—00

We can then provide a recipe for the computation. We first invert (2.1) to obtain the per-
turbed Green’s function dg as a function of the equilibrium Green’s function g, equilibrium
self-energy o( and perturbed self-energy do. Taking the convolution asin (2.7a), (2.7b), (2.9a),
and (2.9b) establishes integral equations for 6. Projecting equations (2.9a) and (2.9b) to
different angular modes ¢ gives us the coupled equations of dy, dy, de, and de. The bare
bosonic collective modes are given by the normal modes of the homogeneous part of the
equations. To include the Fermi liquid corrections, we project (2.7a), and (2.7b) to their fth
angular modes as well and solve dey and dey in terms of deext, 0€ext d and d. Plugging the

results back into the equations for dy and d, yields inhomogeneous equations sourced solely
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by external fields. The renormalized mass spectrum is solved as the poles of the solution
kernels.

In the rest of this section, we use the above formulation to derive the integral equation for
two-dimensional spin-singlet and spin-triplet superfluids and compute the collective modes
and Fermi liquid corrections in the sections following. While in the main text only the
equations in long-wavelength limit are presented, the complete set of dynamical equations

are given in Appendix B.

2.2.1 Spin-singlet pairing

In a spin-singlet pairing channel, the equilibrium self-energy is characterized by a complex

gap field A.

so—A-| "’ Rioz ) (2.12)
A¥iog 0

The fluctuation of the spin-singlet order parameter can be parametrized by a complex number
d. It transforms as a scalar under spin rotation SOg(3) and can have internal structures,
i.e., tensor indices under orbital rotation SOy (2) depending on pairing symmetries. In the
absence of magnetic field, the spin-triplet fluctuations d are decoupled from d. Hence we

consider them separately in the present work.
Plugging (2.12) into (2.1), inverting it using the variables defined in (2.3) and (2.4), and
taking the convolution as in (2.9a) and (2.9b) give us, in the long-wavelength limit, the

off-diagonal components of the molecular fields

, ]
d(p;w) = / %ve(e, 0 [(»y + EAW . 2\A]2]>d - %AQd’ . %Magﬂ . (2.13a)
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_A
2

WA

d (p;w) :/de,v;)(@,e’)[(v%—i)\[ﬁ—2|A|2]>d’ (A*)2d+TA*55(+)]. (2.13h)

2

v is the BCS logarithm given explicitly in Appendix (A.1). The function A is often called

the Tsunedo function, whose complete form is given in appendix A. In ¢ — 0 limit,

X:

|

INE Al \/maa—cﬂ/ll'

There could be angular dependence through the anisotropy in |A|2 even in the long wave-
length limit. Suppose only a single pairing channel L is significant, i.e., that V' = VL(G*Z.L (06" 1
h.c.). Taking f%eiw on both sides of (2.13a) and (2.13b) eliminates vs. The dynamical

equations of motion are then obtained

(TN ([w? - 20AP)d — 222 - wAs™) ) =0 (2.15a)
(HOA(w? = 2AP)d - 2(A%d + wA*se))) =0, (2.15b)
T df
where we use the angle bracket (---) to denote the angular average f_ﬂ o

2.2.2  spin-triplet pairing

In a spin-triplet pairing channel, the ground state self-energy is characterized by the vector-

valued gap function A

0 A 009

)
I

(2.16)
A* - ioyo 0
The fluctuation is encoded in the dynamics of the d vector, which transforms as a vector
under SOg(3), and could contain internal structure depending on pairing symmetry as well.
Taking two-dimensional p-wave superfluids for example, it can be expanded as d,(p) = d 1D

where ¢ = z,y. Inverting the kinetic equations, the dynamical equations for d in ¢ — 0 limit
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are

Vol0.6)] (7 + A~ 21)d

@
4

o
I
—
%
>
D

(A A)d —2(A - d)A] (A6 —iA x 5] (2.17a)

I do’ / 1< 2 2 /
d —/gvow,@)[(w;@(w —20aP))d
+ %[(A* CAY)d - 2(AT - d)AT] + %\(A*&H) +iA* x 5eh). (2.17D)

Again multiplying (2.17a) and (2.17b) by V = VL[e_iL(e_el) + eiL(G_el)] and integrating

over 6 will give us

<eiL9X<[w2 ~2IA)Hd +2(A - A)d — 4(A - d’)A>>

:w<eiL9X(A65(+> — A X 5e<+))>. (2.18a)

<eiL9§\<[w2 — A+ 2(AF - AT)d — 4(A* - d)A*>>

— w<eiL95\(A*55(+) AT X 5s<+>)>. (2.18b)

In the following section, we will solve (2.15a), (2.15b), (2.18a), and (2.18b) for the ground

states of different pairing channels and symmetries.

2.3 Collective Modes

In this section, we utilize the equations derived in the last section to compute the bare
bosonic spectra for various superconducting ground states. We focus on the chiral ground

states of angular momentum L # 0, in which the massive collective modes are interpreted as

21



spin-2L modes. The masses of order parameter collective modes appear as normal modes of
the homogeneous part in (2.15a), (2.15b), (2.18a), and (2.18b). The self-energy de and de in
Landau channel are treated as external sources at the zeroth order, and they will renormalize

the above bare masses in the next section as we conclude Fermi liquid effects.

2.3.1 s-wave pairing

For s-wave pairing, it is possible to choose a gauge such that A € R. In such a limit
the amplitude mode d) and phase mode d-) decouple. The superscripts (+) and (—)
are defined according to (2.6). The bosonic field has no internal structure and is simply a

complex scalar. Two order parameter collective modes thus exist and obey the equations

(w? — 4A%)dH) = 0, (2.19a)

w2d) = 2uAselt) (2.19b)

(+)

where the zero-angular momentum quasiparticle energy dey * is obtained under the projec-
tion (2.11). The normal modes have masses 2A and 0 corresponding to the simplest example
of Higgs and Goldstone bosons respectively. Note that if we compute (2.19b) to the leading
nonvanishing order in ¢2, we would have obtain (w? — %(v 7q)2)d() | entailing the Goldstone
boson moves at the speed vy /v/2. Another observation is that the Higgs mode receives no
external force and consequently it would not be renormalized by particle-hole self-energy.
On the other hand, the Goldstone boson is sourced by the density mode 5sé+), which would

trigger the Higgs mechanism in the presence of the Coulomb interaction.

2.3.2  p-wave pairing

Owing to the triplet pairing and orbital structure, the p-wave pairing states have more
degrees of freedom and thus more collective modes. In two dimensions, the fluctuation of
p-wave superconductors can be represented by the complex tensor d,,;, which contains 3 x 2
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complex degrees of freedom, leading to 12 collective modes in total. The number of the
massless modes N, as we will see shortly, can be determined by ground-state symmetry

breaking pattern. The rest (6 — Ng) x 2 is number of subgap collective modes.

B phase. We first consider the 2-dimensional analog of 3He B-phase, where the gap func-

tion assumes the form

A
A= (e +my) AER. (2.20)
F

In this phase, the global symmetry breaks following the pattern SOg(3)®SOr,(2)®@U(1)—
SO(2), which immediately indicates the existence of four Goldstone modes. Besides, the
residual symmetry is SO(2) rotation and we expect the fluctuations can be characterized by
total angular momentum J. Owing to this fact, it is convenient to first decompose d; into

imb

different angular momentum channels d, = ), _ 11 dyme™ """, where 6 is the polar angle

of p, and take the linear combinations as follows:

These D, ,+’s form a nice basis in which the dynamical equations can be solved. Moreover,
as the gap function is real, modes transforming differently under charge conjugation again
decouple. That is to say, we can further separate dE) =d+d degrees of freedom. We first

look at the d(=) modes governed by the equation

(w? —4A%)d) +4(A -d))A = 2wAseH). (2.23)
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1, we could find

Organizing the dynamical equations using the basis D,

(w2 —4A2)D\) =0, (2.24a)
(w? = 2A2) D) = 2wAse), (2.24b)
(w?—4a2)(p{”) — {7y =0, (2.24c)
WA(D) 4 D)) = awnse(T. (2.24d)

Consequently, d-) has two subgap massive modes J = £2 of the same mass v/2 A, sourced
by the spin-independent quadrupolar molecular field 5535).

Next we look at d(+), which obeys
w2d) — 4A(A - dP))] = —2iwA x s, (2.25)

Following the same procedure to project each component to different J sectors, we would

obtain

W27 = “2iw(A x 5y 5, (2.264)
(w2 —2A2)D{) = Fownsel) - 2, (2.26b)
(D) — DMy = 4awsel”) 2, (2.26¢)
@2 —4A2)(pM 4+ )y =0, (2.26d)

Again modes DE_:_Q have the rest mass v/2 A and they are driven by the z component of the

spin-dependent quadrupolar fields 56‘5‘:—;) - Z.

A-phase. Considering only the continuous symmetry, the two-dimensional A phase has
a different symmetry breaking pattern SOg(3)®SOL(2)@U(1)— Uy _n/2(1)®@Ug, (1). The
residual symmetry contains two parts. Uy, /o(1) refers to the combination of orbital and

phase rotation. The order parameter is symmetric when an orbital rotation of angle « is

24



followed by a phase rotation —a/2. The Ug_ (1) is the residual spin rotation about the
direction of the ground state A.

Let us now consider a p + ip ground state described by

A=PEEPyn; 08 AR (2.27)
PF

The dynamic equations for dy and dj, (¢ = £1) are now coupled and given as follows:

(€](w? — 2A%)d + 22%d"e*? — 4N%3(3 - d')e™))

—wA(e?[55eH) — iz x 5]y, (2.28a)

(](w? — 2A%)d’ + 2A%de 0 — 4A%3(2 - d)e )

= — wA (e (55:(F) + iz x 5e(H)]). (2.28b)
We first look at the angular modes dy—; and d%z_l. They obey the equations

(w2 — 2A2)dy = wA(z0=ST) — iz x 6elT), (2.29a)

(@2 = 2A2)d’ | = —wA(20=T) + iz x 6y, (2.29b)

and have the same mass v/2 A. The external forces consist of both spin-dependent and spin-
independent molecular fields, both of which are projected to quadrupolar channels. On the
other hand, equations for dy—_; and dZ:1 are coupled. Solving these equations, one can
find three massless modes and three modes with the mass 2A. The external forces on the
right-hand sides of (2.29a) and (2.29b) consist of both spin-dependent and spin-independent

molecular fields, both of which are projected to the quadrupolar channels.
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2.3.8  d-wave pairing

The d-wave gap fluctuation is captured by the complex field d;;p;p; with the irreducible
complex degrees of freedom 1 x 2, represented by the modes d:tQ@:FiQQ. In this work, we

consider the chiral ground state

A .
- (pe +ipy)? = Ae'® A €R. (2.30)
Pp

Equations (2.15a), and (2.15b) then become

(w2 — 2A2)dy = wAs=l), (2.31a)
(@2 = 2A2)d 5 = —wAe) (2.31b)
(W? —4A2)(d_g + db) = 0, (2.31c)
WA(d_g — db) = 2wAsel ). (2.31d)

Clearly do and d” o have masses V2 A and the external driving forces have angular momenta

+4.

2.3.4 Higher L chiral ground states

Extending the analyses for p- and d-channels, we could actually consider a more general

ground state

singlet : Ae'ls? L = even, (2.32a)

triplet : iAeiLte, Ly = odd. (2.32Db)
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Modes dy, , d Lo dy,, and d L would automatically satisfy

(w? — 28%)dy, = wAdely), (2.33a)
(W —28%)d_y, = ~wAse) (2.33b)
(? —2A%)2 - dp, = wAsEy)), (2.33¢)
W? —2A%)2-dp, = —wAsel) . (2.33d)

In this sense, v/2A is a universal order parameter collective mode for any chiral ground state
of the angular momentum L, each of which is sourced by quasiparticle self-energy degy,.
Since the right-hand sides belong to specific angular momentum channels, the collective

modes could be regarded as generalized spin-2L modes.

2.4 Conclusion

In this chapter, we have reviewed the method of computing bosonic collective modes with the
kinetic theory, or the linearized Eilenberger equation. We applied the machinery to various
superfluids in two dimensions including the parings in the s-wave, chiral d-wave, and the
A and B phases of the p-wave channels. We showed that in all of the above models, there
exists a mode with the mass v/2 A, where A is the mass of the Bogoliubov quasiparticle. It is
massive but still below the gap for pair breaking. We further proved that such a mode with
mass v/2 A exists in all chiral superfluids paired in arbitrary angular momentum channel

and therefore is universal.
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CHAPTER 3
FERMI LIQUID CORRECTIONS

3.1 Introduction

In the previous chapter, we found that for chiral ground states of given L, spin-2L bosonic
modes dj, and d’ 7, have the finite mass V2A. In this chapter, we compute the Fermi liquid
corrections to the mass spectra. In other words, the masses of collective modes will be
functions of the Landau parameters {Fy} and the results in the previous chapter correspond
to the limit of Fy = 0. Conceptually, this is a phenomenological way of mass renormalization.
In particular, we utilize and generalize the methods introduced in Ref. [62, 61] to include
the Landau parameters in the computation for superfluids in the long-wavelength limit.
Before presenting quantitative details, we enumerate some general features. Those modes
with the mass 2A, e.g., Eq. (2.19a), in general are not sourced by fermionic self-energy,
and consequently these modes are not renormalized. On the other hand, for those massless
modes, e.g., Eq. (2.19b), short-range fermionic self-energy can at most renormalize the sound
speed and the magnitude of external source fields instead of generating a gap.

We will therefore focus on the spin-2L modes of mass v/2 A, and show that given L, only
the Landau parameters Fl o5 renormalize the mass. Furthermore, the algebraic equation

that determines the value of renormalized mass is universal for any L.

3.2 Mass Renormalization by the Landau Parameters

3.2.1 Massless modes

Let us first look at the massless modes in the s-wave channel (2.19b). The right-hand
side 658” consists of pure external perturbation and the renormalization coming form the
integral part of (2.7a). Since we have rewritten Eq. (2.7a) and (2.7b) using F(6, ') instead

of A(6,0"), we substitute the properly normalized external perturbations dcext and deext
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with new symbols du and du. In the long-wavelength limit,

do’ WA

2A

5eH)(0) = sult) + / gFS(Q,QI)[—/\&H) + =24,

Projecting out £ = 0 component, we obtain

wA

(=)
oA Fod\™/,

(1+ Mw)Fg)oel ™ = oul") +
plugging which back into (2.19b) yields

w2d) = 2wAduyg.

(3.1)

(3.3)

It entails that d(~) remains massless. To demonstrate a triplet-pairing example, we look at

B-phase (2.20) and (2.24c). For triplet-pairing states, the diagonal term of (2.7a) reads

do’

1
5 () = sult) 4 / S (6,9 [ ~Aw)5e ™) 4+ ZwiA - d >],

whose projection to ¢th mode is

) ul™ + LwFs (A - d),
¢ L+ MNw)E} '

For ¢ =0,

A - -)
B g _ Ouot w50 + o))
0 1+ \F§

and we again find

w2(Ds_7_) + D(:_g) = dwAduy.
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The dynamical equations for dg and D {4} are not modified by F{j, which implies that

short-range interactions are not capable of gapping the Goldstone mode.

3.2.2  Massive subgap Modes

Let us continue to examine how Landau parameters renormalize massive modes. We start

with the B-phase (2.24b). Take ¢ = £2 component of (3.5).

B ou49 + %F;D(_jz

B el = 3.8
S+ 1+ \F3 (3:8)
Plugging this back into (2.24b) renormalizes the solutions as
_ 2wAH
p\) = oot . (3.9)
(w2 — 2A2) + 5AF5 (w? — 4A2)
The new mass is given by the zero of the denominator. In the limit |F5| < 1,
w? ~ 202 (1 + IAFy). (3.10)

A is a positive number of order 1. We can see modes get heavier for repulsive interactions
F$ > 0 and soften for attractive interactions Fiy < 0.
Next let us look at the mode in the A-phase (2.26b) sourced by spin-dependent quasi-

particle energy.
, .
el 0) =dus + [ SEP0.6)[ 20l - PAA x a)).] (3.11)

with du, = du - z. Projecting it to ¢ = £2 modes,

A p(+)
5o(H) Oz FFYGRDL L (312)
2%2 1+ \F§ ’ ‘
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Substituting this back into (2.26b) yields

+£2AS
pit) = = el . (3.13)
(w2 — 2A2) + FAFS(w? — 4A2)

Therefore, the mass correction is given by the same transcendental equation with the re-
placement Fy — F3'.

We are now ready to repeat the above computation for general chiral ground states.
As it can be inferred from the previous analyses, the equations for singlet-pairing states
are identical to ones for the longitudinal components (d - A) of the triplet-pairing states.
Moreover, higher L states also have the same algebraic forms. Hence, we will concentrate
on triplet-pairing states and take L = 1 without loss of generality.

The main difference between the preceding analyses and the one for general chiral states
is that the gap function can no longer be chosen real and d£) are no longer a good basis.

Consequently, the scalar self-energy would satisfy the equation

™

/
se) = sut + / Z—HF(G, o) [ — A5 %MX(A d-—A- d')]. (3.14)
Let us take the z component of (2.29a) and (2.29b)

(w2 = 2A2)dy, = wAdeS, (3.15)

W2 —2A2)d | = —wAse"). (3.16)

Renormalizing 55(;;) with (3.14), we find

J wAéuéJF) (3.172)
_ 7 A7a
T (w2 —2A2) + iRy (w2 — 4A2)
, wA5u(_—g)
d . = (3.17h)

(w2 — 2A2) + IAF5 (w2 — 4A2)
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Finally we look at the transverse fluctuation by looking at the x component:

(w2 = 2A2)dy, = —iwA(z x 0eS )., (3.184)

(W2 = 202)d |, = —iwA(z x 5 ), (3.18h)

—lz

The spin-dependent self-energy now takes the form

/
2 x 6t = axsut) + / ﬁF@(a,a’) — A2 x elt) — ngz x [(A* x d) + (A x d)]|.

2m
(3.19)
Projecting it to ¢ = 42 allows to solve
—iwA(% x sult)
diy = WA @ X Su ), (3.20)

(W2 — 2A2) + IAF$ (w2 — 4A2)

To sum up, the analyses in this section have shown the following. (i) The Goldstone modes
are not gapped by short-range interaction parametrized by Landau parameters. (ii) For
p-wave superconductors in both B and A phases, the subgap modes v/2 A receive renormal-
ization from quadrupolar Landau parameters Fiy or Fi. (iii) For all chiral ground states
of finite orbital momenta L, the subgap modes parallel to their ground states receive mass
renormalization from the channel F3;. The mass corrections referred to in (ii) and (iii) are

all determined by the following equation:
1
(w? — 2A%) + §A(w)F(w2 — 4A?) = 0. (3.21)

In Fig. 3.1, we plot the numerical solution to (3.21) as a function of F', which stands for the
Landau parameter of the channel of interest. In accord with the intuition we acquired from
the small F' expansion, a strong repulsive interaction in particle-hole channel increases the

magnitude of the gap, which asymptotically approaches the pair-breaking threshold 2A. On
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Figure 3.1: The root to (3.21) depending on the value of Landau parameter F'. This figure
was first published in Ref.[28] with the permission for reuse here.

the other hand, an attractive interaction softens the mass of order parameter. In particular,
we see the mode would become massless as /' = —1, at which the Pomeranchuk instability
of two-dimensional Fermi liquid is triggered.

We can then look at the region F' = —1 4 € with e < 1. At T' = 0, we can expand Eq.
(3.21) around w? ~ 0 and extract its dependence on F near the instability. Using the closed

form (A.5a), we can deduce that Eq. (3.21) has the zero at
3(1+F) 12
2 2 2
= ——2 X 4A° =~ —eA”. 3.22
YT+ F 5 ¢ (3.22)

This expression allows us to study how this mode becomes massless as we approached the

instability.
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3.3 Conclusion

We derived the corrections to the bosonic collective modes for chiral superfluids pairing
in all angular momentum channel L, and explicitly showed only the Landau parameters
F 91 are involved in renormalizing the mass of the subgap mode. We also demonstrated
the transcendental equation that determines the mass renormalization is independent of the
spin dependency of the Landau parameters and the angular momentum quantum number L.
In the vicinity of the Pomeranchuk instability in the channel of angular momentum 2L, the
subgap mode becomes soft according to Eq. (3.22). This indicates in a system susceptible to
the quadrupolar Pomeranchuk instability, only the superfluids pairing in the p-wave could

not possess a high frequency subgap mode in the spectrum.
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CHAPTER 4
FIELD-THEORY MODEL FOR CHIRAL P-WAVE
SUPERFLUID

4.1 Introduction

A complete kinetic theory treatment for both spin-singlet and spin-triplet chiral superfluids in
the previous section has been conducted. However, it is still tempting to acquire an effective
theory formulation, which would allow us to investigate the problem with techniques and
insights across communities. Here, we propose a toy microscopic model for L = 1 p-wave
chiral superfluid at T'= 0. This channel is particularly interesting since it can be potentially
probed in a thin film of superfluid 3He and A phase or the v = % fractional quantum Hall
state as we pointed out in chapter 1.2.2. The corresponding Pomeranchuk instability in
2L = 2 channel triggers the charge nematic order. In the approximation consistent with
the kinetic theory approach, it reproduces exactly the same result, and moreover reveals the
spin-2 nature of the subgap modes of interest.

To this end, we will first review the method of effective action [81, 68, 55, 90] for a general
quantum field theory with the modification for the superfluid phase [2, 11], and discuss the
meaning of collective modes in this language. We then propose the minimal model of a
p-wave superfluid near the nematic critical point for a species of spinless nonrelativistic
fermion in two dimensions, and present the Feynman rules required for the computation of
effective action. The explicit effective action at one-loop follows immediately, and we show
the previous results can be derived in the particle-hole-symmetric limit. We note that the
particle-hole symmetry in this chapter differs from that defined in chapter 1. Here, a hole
refers to an unoccupied state below the Fermi level, whereas a particle means an excited and
occupied orbital above the Fermi sea. In the context of chapter 1, the particles and holes
refer to occupied and unoccupied orbitals in a Landau level. The particle-hole symmetry is

exact on the Fermi surface [54] and the correction due to its violation will be discussed.
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4.2 Method of Effective Action

The method of effective action is a useful technique for quantum field theories whose field
contents have separations of energy scales. Let us consider a schematic action functional
SH{esh, {or}], where {¢s} and {¢;} are the sets of slow fields and fast fields. By fastness
we mean the energy scales of {¢;} are much higher than those of {¢s}. The effective field

theory relevant at large time and length scales can be defined via the path integral

/@(bs exp (iSeg[{#s}]) /@% D¢ exp(iS{os) {7}, (4.1)

where the fast fields {¢ ¢} are said to be integrated out in the path integral.

(Classic examples include the theory of weak interactions in the standard model of particle
physics [68, 55]. The starting action is the involved model of weak interactions & = Syeak-
After Higgs mechanism, the W and Z bosons acquire masses of values my, and my. For
scattering processes with momenta much smaller than myy, we can integrate out W and Z
bosons to get an easier theory for computation. The resulting theory is Fermi’s theory of
beta decay [14], that is Seg = SFermi-

Another celebrated example concerns quantum electrodynamics (QED) in four dimen-
sions. The effective action of the electromagnetic field can be derived by integrating out the

massive electron field.

exp(iSug | A / DEDY exp [ / e (—%FWFW +OGD - m)¢)] S 2

When the A, profile produces a constant electromagnetic field, the resulting effective action
is the powerful Euler-Heisenberg effective action [25, 69], from which the QED beta function,
chiral anomaly, and the decay of the vacuum can be derived.

On some occasions, the slow field may not exist in the theory to start with. It is very

typical in field theories with two-fermion interactions such as Gross-Neveu, Thirring theories,

36



as well as the microscopic theories for the spin-polarized p-wave chiral superfluid [23, 75, 78].
An standard trick is to decouple these interacting terms by introducing a dynamical auxiliary
field via Hubbard-Stratonovich transformations. These auxiliary fields are the conjugates of
the fermion bilinears under Legendre transformations. We will denote the auxiliary fields as
¢r in the following.

Let us now consider a generic microscopic Hamiltonian of a species of nonrelativistic

fermions.

S = /dBJJ 1/JT (10 — €)Y + Sint, (4.3)

where ¢ is the single-particle energy and S involves the bilinear forms of the fermion field
wT and 1. Without loss of generality, the fermionic part of the action after possibly multiple
Hubbard-Stratonovich transformations can be written as S = [(dz) UtiD=1W, where W is

the Nambu spinor U7 = (¢, wT). The partition function of the fermion sector is then

/ 2V PV exp (— / (dx)qﬁpqu> ‘= exp <iseﬁ>. (4.4)

Since we are only considering a single species of fermions, the effective action of auxiliary

fields {¢;} reads
: -1
Seff = —§Tr InD™". (4.5)

The factor of % comes from duplicating the degrees of freedom as we construct the kernel
iDL, Formally, we can expand the action with respect to a classical solution gbg(k‘) =

(¢9> x (2m)36(k). In terms of the deviation d¢; = ¢y — gzﬁg

S =Seft + Saux[¢71]
2 0
—siefl + [ (@) il

6o1(q)097(¢)

5S[¢"]

e 565(d)+ -+ (46)

50,(0) + 5 [ (e 56100
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The first-order condition

05 o

is often used to specify the information of a certain uniform ground state ¢9(2ﬂ)35 (k). The
key ingredient of the Gaussian effective theory is the second derivative of the action evaluated

with respect to the ground state. To extract the contribution from S.g, we have to compute

I O S
061(@)805(d) "~ " 2607(0)505 ()
) oD~ 1 i oD sD1 52p—1
- _ TrD ——T —-TtD—i————

2001(q) " dos(q) 2 001(q)06,(d) 2 061(q)00,(d)
i op~1 _spD71 i 52p-1
=-Tr|D D — T D— 4,
2 d ] [ 5¢1(Q)5¢J<Q’)] (48)

Trln D1

Sor(a) doy(d) 2

Thus the 2-point function of our interest is then

opD~1 _sp-1 i 52p—1
Tr|D—m—u——
P 5 o1@507 (@) |t

M (q.d) = LD (4.9)

5¢I(Q)D5¢J(C]’)] T2

The second term in (4.9) is usually referred to as the contact term. Example includes the
diamagnetic current term of electromagnetic response. For the model concerning us in this

thesis, we only have to focus on the first term in (4.9).

4.3 The Model for the p-Wave Superfluid near the Nematic

Critical Point

Let us consider a two-dimensional spin-polarized nonrelativistic fermion ¢ with the kinetic
term Hp[¢)], and a contact-pairing potential in L = 1 channel Hy, [78] responsible for induc-
ing BCS mechanism. Inclusion of the Landau parameters is not as straightforward because
strictly speaking they are defined phenomenologically in terms of scattering amplitudes in-

stead of parameters in a specific microscopic model. In the Hatree-Fock approximation, the

38



Landau function fis can be written in terms of the interaction potential V (|k — k/|)
fae =V (0) = V([k - K')), (4.10)

and the coefficients F; can be further projected by expanding |k — k/| with the Legendre
polynomials Pg(f{ K ). We adapt a natural quadrupolar-density interaction H¢ devised in
Ref. [49] for a normal Fermi liquid in the vicinity of nematic critical point. It was later
applied to the problem of the nematic phase fractional quantum Hall regime [89]. Note that
the spin degree of freedom is frozen in this regard, and therefore we no longer have the
SOg¢(3) symmetry to start with. The model thus describes a minimalistic p-wave superfluid.
The system presented in the previous section in this sense is considered to be three copies
of the model here. Nonetheless, these ingredients suffice to produce the subgap modes and

their renormalization. The exact form of the models read

_ [ k(K A%k
HF_/(2W)2 %(%—ep)@bk -—/W@/}kfkwk (4.11a)
1 G L)
t %) (2m)? (2%)2Vlw*kwkk'kwk’w—k’ (4.11D)
1 [ d2
HQ:5/(27T()12f2(q)M(—q)-M(q)’ (4.11c¢)

where M = (M, M2)T is defined by the quadrupole moment of particle density

M, M 1 k2 — k2 2kyk
S v L AT (4.12)
My —M; PR 2kiky kL — k3
and
4 F
fala) = —2 P (4.13)

= — = U o E——
1+/<q2 2Dl—i—/§q2
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VoD = g=, denoting the density of state of 2D electron gas, and I is the conventional Landau
parameter defined in Eq. (1.18). Owing to the frozen spin-degree of freedom, the Fy here
corresponds to the spin-independent Landau parameter, F5 in chpater 1.  characterizes
the interaction range and is irrelevant in the long-wavelength properties explored below. We
introduce Hubbard-Stratonovich fields (¢, ¢T), (P, <I)T), and (Q, Q) to decouple the two-body
terms and rewrite the full action as

S = / Bz Ui (i0; — H)paaV — % Bz (¢Tp+ Td) + / B2Q f,1(—iV)Q,  (4.14)
1

where U = \/Li(w,z/zT)T and

iat - f —q 0
(i0r — H)pag = V)
0 10y + f(—iV)
42 Q(0y — i0y)? + Q(0y + i0y)? 0
—[(0z — Zay)%? + (Or + iay)QQ]
i 0 ¢(Op — i0y) 4+ (0r + i0y) (4.15)
PF\ 610, + i0y) + @1 (9, — i0y) 0

The derivatives are understood to act on all quantities on their right. From the structure of
the action, we see ¢ and ® represent the p — ip and p + ip pairing amplitudes, respectively.

In the mean-field limit,

p—ip:{(p) =A,(P) =0, (4.16a)

prip: (@) =0,(®) = A. (4.16b)

On the other hand, @ and Q represent the nematic order parameters.
To proceed, we consider a ground state with a gapped fermion spectrum from either of the

above choices, integrate the fermion sector, and compute the bosonic Gaussian fluctuation.
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In the explicit computation following, we choose the p — ip ground state (4.16a) and shift
¢ — A+ ¢ so that ¢ presents purely the fluctuation. In this scenario, ¢ and ® would be
playing the role of d - z in our kinetic approach. Note that the particle-hole symmetry is
usually assumed in kinetic theory, whereas it is exact only on the Fermi surface. The effective
field theory respecting this symmetry would acquire an emergent relativistic covariant form
[54], even though the microscopic origin might rather respect Galilean symmetry. In the
long-wavelength limit q — 0, the particle-hole symmetry can be implemented by evaluating
loop momentum on the Fermi surface and extending the depth of the Fermi sea to infinity.
After specifying the ground state, we can now read off the Feynman rules from the form of

the action (i0y — H)gqq- The kernel D and propagator are

~1 .
o bo — gp Ap (Px - Zpy)
iDy (o) = @mo—p) | T r , (4.17a)
App (px + ipy) po+&p
i o+ &p —Apyt (pr — ipy)
Do(p,p') = (27)3(p — p/)m . . E (4.17b)
Po = 5p T\ —App (pa + ipy) po —&p

with EI% = f% + pE2A2p2. The vertices are the variation of ¢D~! with respect to fields

Q,Q,d" and .
5iD"Y(p,p) 1 [~k — i)’ 0
2562—((]9)])) T2 s (2m)%5(p — ' — q), (4.18a)
! Pr 0 (pz — ipy)?
5iD(p,p' 1 [ =@ +iph)? 0
Z 5@((p) o P2, S (2m)%5(p" = p - q), (4.18b)
! Pr 0 (pz + ipy)Q
5D (p.p) 3 / 0 pp' (b +ip)y)
=@y —p —a , 4.18¢
im—1 / 0 0
M?Sqﬂipsp ) (2m)%5(p" —p—q) » | : (4.18d)
! ppt (v — ivly) 0



Using the method presented earlier and the Feynman rules, the resulting effective action has

the form:

d3q
(2m)3

Sut = Soldo. 6,91+ [ (@@)M@Q(q)@(q) + 0f (g) M1 (0)0(0)

+ Maa(@)Q(-0)2(0) + Moar (QU(-021(0) ). (419
The leading part Sy contains the mean field free energy, Goldstone fluctuations (¢f — ¢) /i

and the amplitude mode ¢‘L + ¢. The bare masses of () and ® are given by the zeros of M, 00

and Mg+g, whose explicit forms are given by

MQQ = 19D ()\(w) + F%) (4.20)
Myig = ”QETAS’)(WQ —2A?), (4.21)

A is again the Tsunedo function (A.5a). Hence, the bare mass of () depends on the parameter
F5 and becomes soft as F5 — —1. On the other hand, the mass of ® is shown to be
mg = V2 A, in agreement with the result (2.29a) and (2.29b). The Fermi-liquid correction
can now be understood in terms of the coupling Q® and Q(I>T
o VepwA(w)

Mo = MQ<I>T =—"A (4.22a)
indicating ® and () are actually not independent modes. As Fy # —1 and @ has a finite
bare mass, we are able to integrate out () to obtain a more compact effective theory.

B 3¢ wpA(w)
Serr = S0 + / (2m)3 8(1 + FoA(w))

f () [(w? = 242) + %A(W)FQ(J —an%)]a(w)

(4.23)

The mass of the collective mode ®(w) is given by the zero of the Lagrangian. The condition

for the integrand in Eq. (4.23) to be zero reproduces explicitly the result (3.21). Alternatively,
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one could integrate out ® to derive an effective theory of Q).

3 w2 _ 2
St =0+ [ G5mmQ) | G aam e + |QE). 2

Straightforward investigation shows the renormalized mass of () in the above action is still
given by Eq. (3.21).
In addition to reproducing the known result, the field theory approach already offers

some implications beyond the semi-classical kinetic theory approach:

1. The exact value v2 A is closely related to the assumption of particle-hole symmetry,
or the approximate relativistic nature of the fermionic superfluid on the Fermi surface.
Loosening this approximation allows corrections of order A/ep. Moreover, a term
(IDTz'E)tCD appears in the action if we breaks particle-hole symmetry during computation,
which in turn modifies the value of the bare mass mg as well. In this computation we
impose the particle-hole symmetry in order to be consistent with the assumptions of
the kinetic theory. While one could compute non-universal corrections to the value of
mg by breaking the particle-hole symmetry, we comment that in the weak-coupling
computation terms odd in frequency merely change the mass slightly and the magnitude
of mg would remain O(A). The qualitative fact that this mass is reduced by negative

F5 is not affected.

2. In the presence of a condensate, operators are classified by the residual symmetry

respected by the ground state. Taking the p — ip ground state, for instance,

Ap ~ (pz — ipy) (¥ (—P)¥(P))- (4.25)

Ap is symmetric under a combination of U(1) charge transformation and orbital rota-
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tion

b — €%y (4.26a)

P Py COS X — Py SiN
o S Y (4.26D)

Dy Py COS @ + Py SIn v

In this example, the operators are classified using the angular momentum ¢ defined
by this combined transformation O — el In particular, the fluctuation of p + ip

condensate transforms as

(pe + ipy) (W (—P)Y(P)) — ¥ (px + ipy) (¥ (—p)¥(P)) (4.27)

and has angular momentum ¢ =2. Similarly, the nematic order parameter transforms

as

(pz + ipy) 2 (W (D)0 (D)) — 2% (py + ipy) 2 (W1 (P)¥ (D)), (4.28)

indicating both operators possess the spin-2 nature under the residual symmetry group.
The spin-2L states can also be understood from this perspective. Besides, that ®
and () are not independently fluctuating can be explained in terms of the notion of
emergent geometry [79, 20, 18]. The nematic order parameters @ = (Q1 + 1Q2)/2
and Q := (Q1 —iQ2)/2, under a proper normalization 1 also parametrize an emergent

unimodular metric g;; via

g :=exp Q@ . (4.29)

Q2 —Q1

Similarly, the order parameters of a p-wave superfluid A’ also define an emergent

1. In the present work, we have to replace Q — —erQ.
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geometric degree of freedom &% ~ A*AJ. The subgap modes, in this language,
correspond to the spin-2 sector of &. Placed on a flat space and close to equilibrium,
both g and & favor the Euclidean metric d;;. Hence, their fluctuations, both being

spin-2, are indistinguishable from this geometric perspective.

. In previous studies, these modes are usually overlooked regarding low energy physics
[27], even though they are responsible for electromagnetic response at high frequency
[26]. That the spin-2 mode becomes soft as F» = —1 suggests that an effective low-
energy theory different from one in Ref. [27] should be formulated to incorporate
a spin-2 mode close to a nematic critical point. While different microscopic models
could produce different results depending on model dependent parameters, symmetry
principle together with the above geometric picture suggests an effective action that
replaces the background geometry with the internal fluctuating geometry. A proper
microscopic model is then responsible for correctly producing effects such as the anal-
ogous Hall viscosity, which comes from a Q0;Q term in effective action. The existence
of this term breaks time reversal symmetry and distinguish a p — ¢p ground state from
a p + 7p one. This issue is beyond the scope of current work and will be addressed in

detail separately in the future.

4.4 Conclusion

We proposed a microscopic model of a species of nonrelativistic fermions in two dimensions to

capture the features of the p-wave superfluids and the Landau-parameter effect in the nematic

channel. The exact form of the model is motivated by earlier studies on superfluid *He,

nematic Fermi liquid, and the nematic phase in fractional quantum Hall states [78, 49, 89].

After computing the one-loop effective action to the quadratic order in the long-wavelength

limit, we realized the results of the subgap collective mode and the Fermi liquid correction

from the kinetic theory can be produced by evaluating the loop momentum on the Fermi
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surface, which is equivalent to imposing the particle-hole symmetry in the superfluid. The
potential correction from loosening this symmetry was discussed. Furthermore, we explained
the meaning of the spin-2 mode by examining how an operator transforms under the residual
symmetry of the superfluid ground state and connect the subgap mode to the geometric

developments in other works on superfluids.
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CHAPTER 5
CONCLUSION AND OUTLOOK

In conclusion, we started from puzzles and phenomena in the fractional quantum Hall sys-
tems, and argued one of the keys to the ultimate resolution is a thorough understanding of
the spectra of the chiral superfluids in two dimensions in the presence of the density fluctu-
ations in the nematic channel. Bearing with this idea, we revisit a class of two-dimensional
superfluids. Using the semiclassical kinetic equation, we compute the order parameter col-
lective modes for the two-dimensional B phase and general chiral ground states of angular
momenta L > 0. Extending the known results for L = 1, we show that the sub-gap modes of
the universal mass value v/2 A exist for all chiral ground states L > 1 in the limit with exact
particle-hole symmetry. By renormalizing the fermionic self-energy, we calculate the correc-
tion of these subgap modes from Fermi-liquid corrections and discover those sub-gap modes,
sourced by Fy, could be regarded as spin-2L modes, where L is the angular momentum of
their underlying ground state. The masses increase for repulsive fermionic interactions and
soften for attractive ones. Remarkably, renormalized subgap modes become gapless when
the Pomeranchuk instability in the corresponding channel is triggered.

Moreover, we proposed a toy model for the case L = 1, whose effective bosonic action is
able to reproduce the kinetic result under the consistent approximations. This model could
describe a p-wave chiral superfluid near a nematic critical point, and furthermore allows us
to loosen the common assumptions made in semiclassical approaches and utilize the insights
from field-theory communities to understand the nature of the subgap modes. We hope the
approaches and conclusions drawn from this work could provide the studies of quantum Hall
nematic physics and nematic unconventional superfluid a complementary perspective and
new insights.

In the regard of observability, at this time we have not been able to compute the dispersion
of the subgap modes and therefore cannot identify them with the magneto-roton in the

fractional quantum Hall regime. A reasonable pursuit at the current stage is to look for these
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modes in the systems hosting well-recognized chiral superfluids. The system of ultracold 3He
thin film is a good candidate because of the confirmation of the chiral-superfluid phase in
the limit of zero thickness [40, 30, 91].

The order-parameter collective modes in the three-dimensional superfluid 3He have been
theoretically investigated in a variety of contexts [85, 47, 77, 61]. In the B phase, there are
analogous subgap modes with the values of mass A\/ﬁ and A\/S/_5 . Although they do not
appear directly as hydrodynamic modes, they couple to Goldstone modes and therefore can
be detected indirectly with sound propagation experiments. Both subgap mode contribute
to the sound attenuation and the shift of sound velocity [84] and manifest themselves as
resonance peaks in labs [52, 59]. In the A phase, the subgap collective modes do not have
concise solutions owing to the anisotropy and nodes in the gap. Nevertheless, analogous
results apply [53, 86]. Surprisingly, the Landau parameter in the nematic channel F3 can
be determined [13] by the shift of sound velocity as function of pressure, and it exhibit a
negative value of I at low pressure. At the best of our knowledge, there is no purely two-
dimensional counterparts of the above studies, and we look forward to future developments
following the increasing accessibility of pure two-dimensional superfluids.

Besides, stemming from the idea of emergent geometry, it is known that the nematic
fluctuations close to the Pomeranchuk instability permit a bimetric description [20, 48, 22].
We expect a similar formulation will extend the current understanding of the p-wave chiral

superfluids [27, 45] on the edge of quantum phase transition.
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APPENDIX A
v AND THE TSUNEDO FUNCTION A

The integral v is

/wE;t nh-= — (A1)
A 2mi /2o |ap er T ‘

It is formally divergent, but can be regularized and identified with 1/V} [or 1/(2V})] using
linearized gap equation.

The function A was first introduced by Tsunedo as a kind of Cooper pair susceptibility.

A
AP0 = [5G
B LIS SR (A2)
2mi (462 — n?) (W2 — n2) +4|A]2n% .
where n = vpq - p and
o
n(e) = — misgn(e) O(2 — |A?) tanh £ (A.3)

2T

/2 _ |A|2

In ¢ — 0 limit, the integral reduces to

00 tanh o
A= |A|2/ d - (A.4)
A

| /€2 |A|25 —w2/4

These expressions can be used in numerical evaluation. This function actually has an analytic

closed form in the limit 7" — 0. Writing = w/(2|A]),

2] < 1, (A.5a)
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where as for |z| > 1,

Aw)

_ 1 [ln‘\/a:Q—l—x
20v12—1 Va2—1+4x

20

+ iﬂsgn(x)} :

(A.5b)



APPENDIX B
FULL DYNAMICAL EQUATIONS

In this section we sketch the steps for inverting the kinetic equation and give the full dy-
namical equations at finite wavelength. Expanding (2.1) with respect to the ground state
of interest, we could found components of the Keldysh Green’s function satisfy a general

equation
Qlg) = M[5). (B.1)

The quasi-classical Green’s functions can thus be obtained via

[ sl = [ 5o via) (B.2)

We note that when performing ¢ integral in this work, the particle-hole symmetry ¢ <> —¢
is assumed.

The defined in (B.1) the matrices are

-0 w QiAI —QAR

w —n 0 0
Q= (B.3)
2A7 0 —p 2e
QAR 0 2e -n
and
0 _ma _ZnsAI nsAR
—m 0 —ngAp ingA
M _ a a R a] (B4)
—nsAp ingA;  —mg 0
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Ap and Aj are the real and imaginary parts of the gap function.

by (A.3), the elements in M are

mg = m(eq) — m(e-).

In terms of the n defined

(B.5a)
(B.5b)
(B.5c¢)
(B.5d)

(B.5e)

In the rest of the section we give the proper combinations |g) and |7) and the complete

dynamical equations.

B.0.1 Singlet-pairing ground state

For a singlet-pairing state, the bosonic fluctuation couples only to spin independent fermionic

self-energies, and the relevant equations are those which &g, 6¢’, d and d obey. These

equations can be easily solved by taking

5g-) 5e(=)
N 6g(+) R 6g(+)
9) = o) =

5 () d+)

YA, =)

(B.6)

Expressing [g) in terms of |o) and performing convolutions with suitable potentials would

imply the following equations.
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= A () + AP A (@) - AEE)] ). (BT

w2 —

+ (1 M0 - SOA) [ (AW — d(p)A* (B} (B.Th)

R d&l / 1- ~/ 2 12 AW ~/

d(p;w,q) = g%((%@){<v+zk(p)(w — 1" = 2[A(p)| ))d(p)
B %ﬁl)ﬂ(p@d%m - —A(f’/?(‘y) (/3= p) +woc D]} (B.7o)

!/ do’ / L o 2 12 ~ N2V 7 (a!

d(Biw,a) = [ SVel0,0){ (v + TAB) =0 —20A0)%) ) d ()
M ) + PP 5O ) 4 s o)) (B7)

B.0.2  Triplet-pairing ground state

For a triplet-pairing ground state, the vectors d and d’ couple to both spin-dependent and
independent self-energies. We denote the direction of the ground-state condensate A as n.
To solve vector quantities d and e, we decompose them into the longitudinal L and transverse
T components with respect to n, that is, a vector v is decomposed as v = vy, + vy, where

vy, = n(v-n). The complete set of equations can be solved by considering the following
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combinations of {[g),|o)}. The part coupled with spin-independent dg is the longitudinal

modes

5g-) 5e(=)
5g(H) 5e()

{ 5f£+) | e } (B.8a)

st ) \al)

The part coupled with the spin-dependent dg, on the other hand, includes the transverse

and binormal parts of the anomalous Green’s function.

n x 5g(_) n x 5e(=)

i x oglt) | | A x el
{ ot || el b ()
it i\
sgl) sel)
{ sgit) | el } s
i0f) xn | |id) xa
iof) xa ) \id*) x4

The above two sets of vectors give only the binormal and transverse information about dg.
It turns out the spin-singlet components 0 f and d are required to access the longitudinal

information of dg using the combination below.
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(5g(L+) 56(;_)

{ L , s } (B.8d)
§f(+) d(+)
5f(-) d(=)

These spin-singlet degrees of freedom 0 f and d are treated as external sources and turned
off at the end of computation. After solving all above |g) in terms of |7), we could again

make use of (2.7a), (2.7b), (2.9a), and (2.9b) to obtain the following equations.

Ry - o . R
0e (B, a) — ol = / 5r OO (1402055 )00
/

+ wzw_nn,z (1= AP () + %n’an’)[A*(f)’) -d(p)) — AP - d’(f)’)]}. (B.9a)

/ /
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