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We include relevant details on the quantum algorithm utilized to prepare theN -qubit GHZ states presented

in this article; the quantum tomography of the particle-hole reduced density matrix; the determination

of average Shannon entropies; the quantum anti-Hermitian Schrödinger equation; and the experimental

quantum devices employed.

GHZ state preparation.

The GHZ state described in Eq. (8) is prepared according to

|Ψ⟩ = CN−1
N−2 · · ·C

3
2C

2
1H1|0⟩⊗N (1)

for an N -qubit state where Hi corresponds to a Hadamard gate applied to qubit i—which does the

following mappings

|0⟩ ⇒ |0⟩+ |1⟩√
2

(2)

and

|1⟩ ⇒ |0⟩ − |1⟩√
2

(3)

—and where Cj
i is a controlled-NOT (CNOT) gate with control i and target j. The specific state

preparation for a seven-qubit GHZ state according to this methodology is pictorially represented in Fig.

2. While many studies have centered on identifying the optimal state preparations for such GHZ states [1–

4], the algorithm employed in this study [5] is chosen as it is easily-implemented and easily-generalizable

to any number of qubits.

Quantum tomography of the particle-hole RDM.

The elements of the modified particle-hole reduced density matrix given by Eq. (2) are determined from

a given quantum computation through their translation into the bases of Pauli matrices with each of the

Pauli expectation values being directly probed on a quantum device.

First, let’s focus on the one-particle reduced density matrix (1Dj
i ) terms for the elements of 2G̃. Note

that there are no non-zero two-qubit 1-RDM terms as the 1-RDM simplifies to a block diagonal form

with respect to a single qubit. For a 1-RDM to be non-zero, then, it must be a one-qubit 1-RDM of the

form
âp,0 âp,1

â†p,0 â†p,0âp,0 â†p,0âp,1

â†p,1 â†p,1âp,0 â†p,1âp,1

(4)
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where p is the index for a given qubit and â†p and âp are, respectively, creation and annihilation operators

for qubit p. Each matrix element shown in Eq. (4) can be represented as a linear combination of Pauli

matrices according to

â†p,0âp,1 =

 0 1

0 0

 =
1

2
(Xp + iYp) , (5)

â†p,1âp,0 =

 0 0

1 0

 =
1

2
(Xp − iYp) , (6)

â†p,0âp,0 =

 1 0

0 0

 =
1

2

(
Î + Zp

)
, (7)

and

â†p,1âp,1 =

 0 0

0 1

 =
1

2

(
Î − Zp

)
. (8)

where the expectation value of each matrix element for a given qubit p can then be obtained by directly

obtaining the expectation values for Xp, Yp, and Zp for a given state preparation.

The particle-hole RDM (2G matrix) can be represented as a 4N × 4N matrix composed of N2 4× 4

sub-matrices represented by

â†q,0âq,0 â†q,1âq,0 â†q,0âq,1 â†q,1âq,1

â†p,0âp,0 â†p,0âp,0â
†
q,0âq,0 â†p,0âp,0â

†
q,1âq,0 â†p,0âp,0â

†
q,0âq,1 â†p,0âp,0â

†
q,1âq,1

â†p,0âp,1 â†p,0âp,1â
†
q,0âq,0 â†p,0âp,1â

†
q,1âq,0 â†p,0âp,1â

†
q,0âq,1 â†p,0âp,1â

†
q,1âq,1

â†p,1âp,0 â†p,1âp,0â
†
q,0âq,0 â†p,1âp,0â

†
q,1âq,0 â†p,1âp,0â

†
q,0âq,1 â†p,1âp,0â

†
q,1âq,1

â†p,1âp,1 â†p,1âp,1â
†
q,0âq,0 â†p,1âp,1â

†
q,1âq,0 â†p,1âp,1â

†
q,0âq,1 â†p,1âp,1â

†
q,1âq,1.

(9)

where each element can again be written as a linear combination of strings of Pauli matrices obtained as

is shown for the matrix element â†p,0âp,1â
†
q,1âq,1:

â†p,0âp,1â
†
q,1âq,1 =

(
â†p,0âp,1

)
⊗
(
â†q,1âq,1

)
=

[
1

2
(Xp + iYp)

]
⊗
[
1

2

(
Îq − Zq

)]
=

1

4

[
Xp ⊗ Îq −Xp ⊗ Zq + iYp ⊗ Îq − iYp ⊗ Zq

]
,

(10)

Note that Yp ⊗ Zq is one of nine possible two-qubit tensor products. The value of all matrix elements for
2G can then be computed by directly probing the one-qubit and two-qubit Pauli expectations values on a
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given quantum device and performing the appropriate linear combination such as the one shown in Eq.

(10).

The modified particle-hole reduced density matrix (2G̃) is then obtained as a 4N × 4N matrix

composed of N2 4× 4 sub-matrices with these submatrices being given by those shown in Eq. (9) with

the blockmodification below subtracted off in order to remove an extraneous ground-state-to-ground-state

transition.

â†q,0âq,0 â†q,1âq,0 â†q,0âq,1 â†p,1âp,1

â†p,0âp,0
1Dp[0, 0]

1Dq[0, 0]
1Dp[0, 0]

1Dq[0, 1]
1Dp[0, 0]

1Dq[1, 0]
1Dp[0, 0]

1Dq[1, 1]

â†p,0âp,1
1Dp[0, 1]

1Dq[0, 0]
1Dp[0, 1]

1Dq[0, 1]
1Dp[0, 1]

1Dq[1, 0]
1Dp[0, 1]

1Dq[1, 1]

â†p,1âp,0
1Dp[1, 0]

1Dq[0, 0]
1Dp[1, 0]

1Dq[0, 1]
1Dp[1, 0]

1Dq[1, 0]
1Dp[1, 0]

1Dq[1, 1]

â†p,1âp,1
1Dp[1, 1]

1Dq[0, 0]
1Dp[1, 1]

1Dq[0, 1]
1Dp[1, 1]

1Dq[1, 0]
1Dp[1, 1]

1Dq[1, 1]

(11)

1Di is the RDM for qubit i described in Eq. (4) and that 1Di[a, b] is the element of that matrix with matrix

coordinates [a, b].

Thus, the overall form of the 2G̃ matrix is given by

p=0,q=0 p=0,q=1 · · · p=0,q=N−1

p=1,q=0 p=1,q=1 · · · p=1,q=N−1

... ... . . . ...

p=N−1,q=0 p=N−1,q=1 · · · p=N−1,q=N−1

(12)

where each p/q combination represents the difference of the matrices given in Eqs. (9) and (11), i.e.,

a block of the 2G̃ matrix. The largest eigenvalue of this overall matrix is the λG value utilized as the

signature of qubit condensation (and hence correlation) throughout this study.

TheGHZ states prepared in this study are real wavefunctions, and, hence, the imaginary components of

the reduced density matrices are approximately zero within a small range dictated by inherent randomness

and by the error of the devices. Thus, only the five two-qubit expectation values corresponding to real

contributions to 2G̃ [⟨Xp ⊗Xq⟩, ⟨Yp ⊗ Yq⟩, ⟨Zp ⊗Zq⟩, ⟨Xp ⊗Zq⟩, and ⟨Zp ⊗Xq⟩] are non-zero and thus

essential for determination of λG. As such, only real components are included in the 2G̃ matrix to lower

computational expense.
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Determination of Shannon entropy.

Shannon entropy (Se) is determined according to

Se = −
2N∑
j=1

pj log2(pj) (13)

where pj corresponds to the probability of the system to be in the specific jth quantum state of the 2N

possible quantum states for an N -qubit state preparation. These probabilities correspond to the diagonal

elements of the full N -qubit density matrix, 2D. In the case of a two-qubit system, there are 22 or four

possible states (|00⟩, |01⟩, |10⟩, and |11⟩) with the diagonal elements corresponding to â†0,0â0,0â
†
1,0â1,0,

â†0,0â0,0â
†
1,1â1,1, â

†
0,1â0,1â

†
1,0â1,0, and â

†
0,1â0,1â

†
1,1â1,1. These diagonal elements can again be translated into

a linear combination of Pauli matrices. For example, â†0,0â0,0â
†
1,1â1,1 can be written as

â†0,0â0,0â
†
1,1â1,1 =

(
â†0,0â0,0

)
⊗
(
â†1,1â1,1

)
=

[
1

2
(I0 + Z0)

]
⊗

[
1

2
(I1 − Z1)

]
=

1

4
[I0 ⊗ I1 + Z0 ⊗ I1 − I0 ⊗ Z1 − Z0 ⊗ Z1] .

(14)

The element can then be computed from the appropriate linear combination of the expectation values

of Z0, Z1, and Z0 ⊗ Z1. This methodology can be generalized to the other elements in the case of a

two-qubit quantum system and further generalized to an N -qubit system.

Determination of energy via the QACSE.

To compute the molecular energy of dihydrogen (H2) with an internuclear distance of 1Å using the Slater-

type orbital with six Gaussians (STO-6G) basis set, we implement the QACSEmethod—a quantum solver

of contracted eigenvalue equations introduced in Ref. 6 with the technique to reduce the number of qubits

by tapering being detailed in Ref. 7. The quantum computations were done by using the electron integrals

from a full configuration interaction calculation performed via use of the pySCF package. In particular,

we perform both the one-qubit and two-qubit calculations under the Jordan Wigner transformation.

Quantum device specifications.

Throughout this work, we employ ibm_lagos, ibm_perth, and ibmq_jakarta IBM Quantum Experience

devices, which are available online. These quantum devices are composed of fixed-frequency transmon
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qubits with co-planer waveguide resonators [8, 9]. Device specifications are detailed at IBM’s Quantum

Experience Website [10]. The Python package QISKIT [11] was used to interface with the devices. Each

measurement for the calculation of λG and Se were performed with 213 shots, and each measurement for

in the QACSE method was performed with 20,000 shots.

∗ damazz@uchicago.edu
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