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ABSTRACT

In this thesis we investigate topological phases of matter that have a global, unbroken sym-
metry group — also known as symmetry enriched topological (SET) phases. We address
three questions about these phases: (1) how can we build exactly solvable models that real-
ize them? (2) how can we determine if their edge theories can be gapped without breaking
the symmetry? and (3) how do we understand the phenomenon of decoupled charge and
neutral modes which occurs in certain fractional quantum Hall states?

More specifically, we address the first question by constructing exactly solvable models
for a wide class of symmetry enriched topological (SET) phases, which we call symmetry-
enriched string nets. The construction applies to 2D bosonic SET phases with finite unitary
onsite symmetry group GG, and we conjecture that our models realize every phase in this class
that can be described by a commuting projector Hamiltonian. As an example, we present a
model for a phase with the same anyon excitations as the toric code and with a Zo symmetry
which exchanges the e and m type anyons. We further illustrate our construction with a
number of additional examples.

For the second question, we focus on the edge theories of 2D SET phases with Zg sym-
metry. The central problem we seek to solve is to determine which edge theories can be
gapped without breaking the symmetry. Previous attempts to answer this question in spe-
cial cases relied on constructing perturbations of a particular type to gap the edge. This
method proves the edge can be gapped when the appropriate perturbations can be found,
but is inconclusive if they cannot be found. We build on this previous work by deriving a
necessary and sufficient algebraic condition for when the edge can be gapped. Our results
apply to Zo symmetry protected topological phases as well as Abelian Zo SET phases.

Finally, in chapter 4, we describe solvable models that capture how impurity scattering
in certain fractional quantum Hall edges can give rise to a neutral mode — i.e. an edge mode
that does not carry electric charge. These models consist of two counter-propagating chiral

Luttinger liquids together with a collection of discrete impurity scatterers. Our main result
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is an exact solution of these models in the limit of infinitely strong impurity scattering. From
this solution, we explicitly derive the existence of a neutral mode and we determine all of
its microscopic properties including its velocity. We also study the stability of the neutral
mode and show that it survives at finite but sufficiently strong scattering. Our results are
applicable to a family of Abelian fractional quantum Hall states of which the v = 2/3 state

is the most prominent example.
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CHAPTER 1
INTRODUCTION

1.1 Background

1.1.1 Phases of matter

Condensed matter physics is the study of what happens when a large number of particles
are put together and interact. The behavior of a large number of particles is often strikingly
different than the behavior of a few particles, and it is often difficult or impossible to predict
how large numbers of particles will behave even if you understand the behavior of a few
particles perfectly. Furthermore, the conditions under which these particles interact, such
as the temperature or the influence of external fields, can lead to an incredibly diverse array
of beautiful and unusual phenomena. Some familiar examples of such phenomena include
waves on a lake, the electrical conductance of a copper wire, or the transition from liquid
water to ice. All of these are condensed matter phenomena since they only occur when you
have a large number of particles together — it makes no sense to ask if a single water molecule
is liquid or frozen, or if a single atom of copper can conduct electricity.

Physicists realized early on that it was possible to group together different materials
based on them having common properties. This grouping is useful because it allows one to
tame the complexity in nature, and develop theories that explain the properties of many
different materials belonging to the same group. For example, both copper and iron conduct
electricity, and so both are called ‘metals’, despite having different chemical properties.
Furthermore, the band theory of solids, which explains their electrical conduction properties,
applies equally well in either case. These groups of different materials with similar properties
are known as ‘phases of matter’. An equivalent definition of condensed matter physics, then,
is that it seeks to answer two fundamental questions: what are all the possible phases of

matter, and what are the properties of these phases?



For quantum phases of matter, i.e. phases of matter at zero temperature, an important
distinction can be made between two general classes: gapped phases and gapless phases.
Gapped phases, such as insulators, have an energy gap separating the ground state from the
first excited state, meanwhile gapless phases, such as metals, have no such gap. In this thesis
we will primarily be concerned with gapped quantum phases, and their gapless boundary
modes.

Significant progress was made towards classifying all gapped phase of matter by Landau
in the thirties, with his symmetry-breaking theory of phase transitions[39]. He argued that
phases of matter could be classified according to the symmetries they broke. Such sym-
metry breaking phases can be characterized by an order parameter which has a non-zero
expectation value in the ordered state. The symmetry breaking theory of phases transi-
tions successfully describes many phases of matter including ferromagnets, superconductors,
crystals and superfluids.

Despite its many successes, physicists eventually discovered phases of matter which
evaded classification by symmetry breaking. These new phases, which lack an order param-
eter, and an associated broken symmetry, are now known as topological phases. Physicists
have now discovered many distinct topological phases, and classifying and understanding

these phases is one of the central themes of modern condensed matter physics.

1.1.2  Topological phases

Perhaps the biggest experimental discovery in condensed matter physics during the last 40
years was the discovery of the integer and fractional quantum Hall effects [34, 60]. Quite
unexpectedly, von Klitzing et al found that when you put a 2D electron gas into a very strong
magnetic field, and cool it to near absolute zero, the Hall conductance becomes perfectly
quantized to integer multiples of e /h [34]. Even more surprisingly, just a few years later,
Tsui et al[60] found that the conductance could be quantized at certain fractional multiples of

e /h, the most prominent example being %62 /h. These discoveries revolutionized condensed
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Figure 1.1: A schematic diagram of anyon braiding. On the left side the particle a braids
around particle b, and on the right side particle a braids around the vacuum. The difference
between these processes is the statistical phase efab
matter physics, and opened up a whole new era in our understanding of phases of matter.

Almost 40 years later, the fractional quantum Hall effect continues to inspire new the-
oretical and experimental work. Even more fascinating than the exact quantization of the
Hall conductance, is the physical mechanism behind this quantization and the associated
phenomena of fractional charge and fractional braiding statistics. The first paper to explain
the fractional quantum Hall effect was a seminal work by Laughlin[40], which introduced
ground state wave functions with properties very similar to those observed experimentally.
In this work it was argued that the fractionally quantized Hall conductance was due to
the existence of fractionally charged quasiparticles, with charge e/3. It was later realized
that in addition to being fractionally charged, these particles also have fractional braiding
statistics[1]. By fractional braiding statistics, we mean that there are two quasiparticles a
and b such that when one is braided all the way around the other the wave function is not
multiplied by +1 as it is for bosons and fermions, but by some phase factor ewavb, as shown
in Figure 1.1.

We are now in a position to define a topological phase. A topological phase is a gapped
many-body phase with quasiparticles obeying fractional braiding statistics. Quasiparticles

1

with this property are known as anyons.” An interesting consequence of the definition

is that topological phases have topological ground state degeneracy — that is, when these

1. In some cases, 8, can be a matrix, in which case the anyons a and b are called non-Abelian anyons.



phases are placed on topologically non-trivial manifolds such as a torus, their ground states
are degenerate, and the degeneracy is protected against arbitrary perturbations as long as
the energy gap remains open [12, 68].

While the most prominent experimental examples of topological phases are given by
fractional quantum Hall states, many other theoretical models for different topological phases
are known[48, 32]. One of the simplest and most well known examples is the toric code [32].
The toric code phase is conventionally realized in an exactly solvable lattice model with 2-
state spins located on the links of the square lattice. The Hamiltonian is a sum of commuting
projector operators A, and B, which act on the vertices and plaquettes of the square lattice:
H = -3, Ay—>_, Bp. The ground state of the system satisfies A, = By = 1, and is four-
fold degenerate on a torus. This system has four distinct species of anyons, conventionally
labeled as {1,e,m,em}, which correspond to defects with A, = —1 or B = —1 or both.
These particles have the special property that braiding an e-particle all the way around an
m-particle changes the phase of the wave function by eifem — —1, in other words, these
particles obey fractional statistics. We will return to the toric code in chapter 2 where we
introduce an exactly solvable model with the same anyon excitations, and a Zo symmetry

that exchanges e and m.

1.1.8  Symmetry protected topological phases

One of the most surprising developments in condensed matter physics during the last 20
years was the theoretical prediction[30] and subsequent experimental discovery[36] of 2D
topological insulators [21]. It had always been assumed that there was only one type of two
dimensional time reversal invariant band insulator, and the discovery of a distinct phase,
now known as the topological insulator, revolutionized the way we think about symmetries
in condensed matter physics. One of the distinguishing properties of a topological insulator
is that it has protected gapless boundary modes, while the conventional insulator does not.

Time reversal and charge conservation symmetry play a crucial role in this story, if either

4



of these symmetries is broken then the distinction between topological and conventional
insulators disappears, and the resulting phase is a conventional insulator.

This observation motivated a generalization of topological insulators to a broad class of
phases now known as symmetry protected topological phases, which can exist in any dimen-
sion and can be built out of bosons or fermions. More specifically, a gapped many-body
system is said to belong to a non-trivial symmetry protected topological (SPT) if it satisfies
the following three criteria. First, the Hamiltonian is invariant under some set of symmetries
which are not broken explicitly or spontaneously. Second, the ground state of the Hamilto-
nian cannot be connected to a trivial insulator without breaking the symmetries or closing
the energy gap. And finally, the ground state can be connected to a trivial state without
closing the gap if the symmetries are broken in the process. In other words, the last property
implies that the state has no intrinsic topological order.

SPT phases have now been extensively studied and are believed to be classified in many
cases. In an important work by Chen et al[10], a wide class of exactly solvable models were
presented for bosonic SPT phases with symmetry group G in any dimension d. Perhaps the
simplest example is a 2D bosonic SPT with Zo symmetry. There are believed to be two
possible phases for this class, one trivial and one non-trivial, and the non-trivial phase has

been proven to have protected, gapless edge modes [43].

1.1.4 Symmetry enriched topological phases

Not long after the discovery of topological insulators, and the subsequent explosion of interest
in SPT phases, physicists began to wonder how phases with anyons (topological phases) and
phases with unbroken symmetries (SPT phases) fit together. Most research had previously
focused on one or the other, but when both are present there can be a rich interplay between
anyons and symmetry (Fig. 1.2). Such phases with unbroken symmetries and anyons are
known as symmetry enriched topological (SET) phases, and are the main focus of this thesis.

There are two ways that unbroken symmetries can interplay with anyons in an SET

5



Topological | SET

Anyons h
phases phases

Trivial | SPT
No anyons phase phases

No Symmetry Symmetry

Figure 1.2: A diagram illustrating the relationship between symmetry and anyons. The
focus of this thesis has been on phases with symmetry and anyons, shown in the upper right.
phase. The first way, which is commonly referred to as symmetry fractionalization, leads to
anyons acquiring a fractional charge. When an anyon that carries fractional charge is braided
around symmetry defect lines, the wave function acquires a phase not equal to the identity.
One of the most famous examples of symmetry fractionalization occurs in FQH states. In
addition to having anyons, these phases also have a U(1) symmetry associated with charge
conservation. In a state with filling factor v = 1/3 for example, the lowest energy excitations
carry fractional charge 5, and braiding a pair of these charges around each other leads to a
phase factor of e%.

The other way that symmetry can act is by permuting the set of anyons. This permutation
action can be difficult to treat since the anyons can be transformed in a non-trivial way. As
a result, SET phases with permutation action are less well understood, and a central theme
of the thesis is to study this fascinating class of phases. A simple example of a phase in this

class is the toric code phase with a Zo symmetry that permutes the e and m particles.



1.2 Questions and main results

1.2.1  QOverview of main questions

Three basic questions one can ask about SET phases are: (1) how can we classify them?
(2) how can we build theoretical models that realize them? and (3) how do we study
and characterize their properties? These three questions are not unrelated, and in general,
answering any one of them will shed light on the others. The first question of classification is
an interesting one, but is not one we will tackle directly in this thesis. There has been progress
made in this direction, particularly in Ref. [3], in which a mathematical classification of SET
phases was proposed and studied. In this thesis we report significant progress towards the
second and third question.

In chapter 2, we address the question of how to build exactly solvable models for SET
phases. Exactly solvable models are useful because they can be used to study a particular
phase in depth, either analytically or numerically, and also because they provide a concrete
physical proof that such a phase can actually be realized as the ground state of some local,
Hermitian Hamiltonian. We present a construction for building models for SET phases
which takes certain mathematical data as input, and outputs an exactly solvable model with
a number of nice properties that facilitate analytical study.

In chapter 3, we address the question of characterizing SET phases. One of the most
basic and important questions one can ask about an SET phase involves the behavior at
its boundary with the vacuum. In particular, if the phase is defined on a manifold with
boundary, how can we determine if the boundary excitations can be gapped without breaking
the symmetry? This is an important question because the existence of gapless boundary
modes can lead to a variety of interesting transport phenomena, as revealed by topological
insulators and fractional quantum Hall states. We answer this question for Abelian SETs
with Zg symmetry by introducing an invariant . This invariant can be computed using

standard data for parametrizing edge theories of SE'T phases, and has a simple interpretation:



when v is equal to zero mod 2 the boundary can be gapped without breaking the symmetry
and when v is non-zero mod 2 the boundary cannot be gapped.

Finally, in chapter 4 we further address the question of characterizing SET phases by
investigating more deeply a phenomenon that occurs on the edges of certain fractional quan-
tum Hall states. The phenomenon we investigate is that of decoupled charge and neutral
modes, which occurs in certain FQH edge states, most notable the v = 2/3 state. We present
exactly solvable models for impurity scattering in these edge states which capture this phe-
nomenon. The main result is an exact solution of these models in the limit of infinitely
strong impurity scattering. From this solution, we explicitly derive the existence of a neutral
mode and we determine all of its microscopic properties including its velocity. We also study
the stability of the neutral mode and show that it survives at finite but sufficiently strong
scattering.

The contents of chapters 2 and 4 are adapted from Ref. [22] and Ref. [23] respectively.
Meanwhile, the results from chapter 3 will be included in a future publication. Mathematical
details are left for the appendices. We now proceed to introduce each chapter in more detail,

including additional background material and concrete statements of the main results.

1.2.2  Symmetry-enriched string nets

A useful approach for studying gapped quantum phases, especially those with interactions, is
to construct exactly solvable lattice models that realize them [32, 48, 33, 18, 62, 10]. Among
other applications, such models have been used to prove that certain phases exist and are
anomaly free [18, 7]. In addition, exactly solvable models have revealed new properties of
previously known phases [6, 47]. In most cases, the solvability of these models comes from
the fact that their Hamiltonians can be written as a sum of commuting projection operators
P, ie. H= -3, P;. We will refer to Hamiltonians of this type as ‘commuting projector’
models.

The solvable model approach has been developed primarily in the context of two types of
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phases: (1) topological phases without symmetries and (2) symmetry protected topological
phases. In the former case, the string-net models of Ref. [48] are known to realize a large
class of two dimensional topological phases. Likewise, in the latter case, the cohomology
models of Ref. [10] can realize symmetry-protected topological (SPT) phases in arbitrary
spatial dimension with finite unitary onsite symmetry. These constructions are especially
appealing because they are conjectured to realize all phases of type (1) and (2) that can be
built from commuting projector models.

In view of these successes, it is natural to try to build solvable models for symmetry-
enriched topological (SET) phases. Some progress has been made in this direction and a
number of solvable models for SET phases have been written down [53, 24, 59, 58]. However,
these constructions are not as general as they could be since they do not include all phases
that can be realized with commuting projector models.

In chapter 2 we construct exactly solvable models for more general 2D SET phases, which
we call ‘symmetry enriched string-net” models. Our construction applies to 2D SET phases
that are built out of bosonic degrees of freedom and have a finite unitary onsite symmetry
group. We conjecture that, within this class of SET phases, our models realize every phase
that can be described by a commuting projector Hamiltonian. As an example, we present
an exactly solvable model for an SET phase that has eluded previous constructions, namely
a phase with the same anyon excitations as the toric code [32] and an onsite Zo symmetry

which exchanges the e and m anyon excitations.

1.2.3 Protected edge modes with Zo symmetry

One of the most important properties of a two dimensional gapped phase of matter is whether
or not it supports protected, gapless edge modes. Protected edge modes lead to interesting
transport phenomena, and they also indicate that there is some non-trivial phase in the bulk.
For example, topological insulators have protected edge modes as long as time reversal is

unbroken, leading to a quantized spin Hall current [30]. Likewise, fractional quantum Hall
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states also have protected edge modes which carry the quantized Hall current in systems
with boundaries. Thus, given an edge theory for a 2D phase of matter, one of the questions
we would like to answer is whether or not its edge theory can be gapped without breaking
the physical symmetries. If the edge theory cannot be gapped, then the edge modes are
protected and gapless.

In the case of bosonic Zo SPT phases, important progress towards understanding when
the boundaries can be gapped was made in Refs. [43, 50]. These papers proved (1) there
are two distinct bosonic Zo SPT phases and (2) the model in the trivial phase has a gapped
symmetric boundary while the model in the non-trivial phase has a gapless boundary, as
long as the Zo symmetry is unbroken.

Likewise, for the case of Abelian topological phases without symmetry, important progress
was made in Ref. [42]. In this paper, a necessary and sufficient condition was derived for
when an Abelian topological phase can have a gapped boundary. In particular, in order to
have a gapped boundary, the set of anyons must contain a Lagrangian subgroup — that is,
a subset of anyons M which (1) have trivial braiding statistics with respect to every other
particle in M and (2) every anyon not contained in M has non-trivial braiding statistics
with respect to at least one anyon in M.

Despite these advances, it was unclear how to generalize these results to arbitrary Zo SPT
edge theories, or to topological phases with a Zo symmetry, i.e. Zo SETs. In chapter 3, we
build on this previous work and address the question: given the edge theory of a 2D Abelian
SET with a Zo symmetry, how can you determine if it can be gapped without breaking the
symmetry. Our main result is two necessary and sufficient conditions for when such a phase
can have a gapped edge. In particular, the phase must (1) contain a Lagrangian subgroup
invariant under the symmetry and (2) the value of a particular invariant must be equal to
zero. This invariant, which we label v, is defined in terms of the data parametrizing the

phase.
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1.2.4  Solvable models for neutral modes

Perhaps the most well known examples of gapless edge states occur at the boundary of quan-
tum Hall states. These edge states are guaranteed to be gapless, as long as the U(1) charge
conservation symmetry is unbroken, since they are responsible for carrying the quantized
Hall current. Every state has at least one edge mode, but the structure of these modes
varies from state to state. For example, the Laughlin states are believed to have a single
chiral edge mode,[65] while integer quantum Hall states have multiple chiral edge modes —
one for every filled Landau level [19].

Because these edge states are guaranteed to be gapless as long as the symmetry is un-
broken, we seek to address a more fine grained question about the structure of these modes
for a family of fractional quantum Hall states, of which the v = 2/3 state is the most
prominent example. The v = 2/3 state is interesting because it is believed to have two
counter-propagating chiral edge modes — one which is identical to the v = 1 integer quan-
tum Hall state, and one which looks like the edge mode of a v = 1/3 Laughlin state, but
with opposite chirality [64, 66, 52, 26]. This edge theory for the v = 2/3 state poses a
basic question because it predicts charge propagation in both directions along the edge, in
disagreement with experiment [2].

This question was first addressed by Kane, Fisher and Polchinski in Ref. [29]. In that
work, the authors argued that what is missing from the clean edge theory, is impurity-induced
electron scattering between the v = 1 and v = 1/3 edge modes. The authors showed that
random impurity scattering can drive the edge to a special disorder dominated fixed point
where one of the edge modes is electrically neutral while the other carries charge; the charge
mode propagates in the direction determined by the external magnetic field while the neutral
mode propagates in the opposite ‘upstream’ direction. This mode structure can explain why
current flow is only observed in one direction on the v = 2/3 edge. It is also consistent with
experiments on the v = 2/3 edge which have found evidence for upstream energy-carrying
neutral modes.
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While the analysis of Ref. [29] is powerful, it leaves some important questions unanswered.
In particular, it does not give a microscopic picture for how a neutral mode emerges from
impurity scattering. In this chapter, we seek to provide such a picture using concrete models.
The models we consider are built out of two counter-propagating chiral Luttinger liquids
together with a collection of discrete impurity scatterers. Our main result is an exact solution
of these models in the limit of infinitely strong impurity scattering, which we obtain using
a formalism introduced in Ref. [15]. From this solution, we explicitly derive the existence
of a neutral mode and we determine all of its microscopic properties including its velocity.
Importantly, we also study the stability of the neutral mode and we show that it survives
at finite, but sufficiently strong impurity scattering, as long as this scattering has a random

spatial dependence.
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CHAPTER 2
SYMMETRY-ENRICHED STRING NETS

2.1 Introduction

The interplay between symmetry and topology in gapped quantum many body systems has
been a subject of intense investigation recently. Spurred by the theoretical prediction and
experimental discovery of topological insulators,[20, 55] a large class of gapped quantum
many body systems in which symmetry and topology play a crucial role have been predicted
and classified. At the heart of this classification is the concept of a gapped phase: two
gapped many body systems are said to belong to the same phase if one can continuously
interpolate between their Hamiltonians while maintaining a finite energy gap and preserving
all physical symmetries.

In this chapter we construct exactly solvable models for 2D SET phases, which we call
‘symmetry enriched string-net’” models. Our construction applies to the simplest class of
2D SET phases, namely those that are built out of bosonic degrees of freedom and have a
finite unitary onsite symmetry. We conjecture that, within this class of SET phases, our
models realize every phase that can be described by a commuting projector Hamiltonian.
(In fact, our conjecture is even stronger: we believe that our models realize every phase
whose underlying topological order can be realized by a commuting projector model.) As an
example, we present an exactly solvable model for an SET phase that has eluded previous
constructions, namely a phase with the same anyon excitations as the toric code[32] and
an onsite Zo symmetry which exchanges the e and m (i.e. Zo charge and Zs flux) anyon
excitations.

To understand the basis of our conjecture, we need to recall recent work on the classifica-
tion of 2D SET phases.[3] According to this work, every SET phase with anyon excitations
A and finite unitary onsite symmetry group G is associated with a mathematical object

known as a ‘braided G-crossed extension of A.[3, 59] Roughly speaking, this object describes
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the collective fusion and braiding data of the anyon excitations in A along with extrinsic
symmetry defects. It is known that if two models are described by distinct braided G-crossed
extensions then they belong to distinct SET phases. It has also been conjectured that the
converse is true.[3] If this is the case, then braided G-crossed extensions provide a complete
classification of 2D SET phases.!

Using this language, we can precisely characterize the generality of our models. Consider
a topological phase with anyon excitations A that is realizable with a string-net model and
has no symmetries. Then, with our construction, we can build a symmetry enriched string-
net model realizing every braided G-crossed extension of A. Our conjecture now follows
immediately from this result if we make two assumptions: (1) string-net models realize
every topological phase (without symmetry) that can be realized by commuting projector
models and (2) the above classification is correct.

The general idea behind our construction is as follows. Suppose we want to construct a
model for a particular SET phase with symmetry group G. We can build such a model in
two steps. The first step is to build a string-net model that realizes the gauged SET phase —
that is, the phase obtained by gauging the global G-symmetry of the SET phase of interest.
In general, this step can be challenging, but mathematical results guarantee that such a
string-net model exists. The second step is to ‘ungauge’ the resulting string-net model: that
is, to construct a model that has a symmetry group G, and with the property that gauging
this symmetry gives back the string-net model (or at least something that belongs to the
same phase). Conveniently, this second step can be accomplished rather easily by making
small modifications to the string-net Hilbert space and Hamiltonian. Once we make these
modifications, the resulting lattice model realizes the SET phase of interest.

We now comment on the relationship between our results and previous work. Exactly
solvable models realizing certain SET phases were written down in Ref. [24]. This construc-

tion was then extended in Ref. [58] to include certain anyon permuting symmetries, but

1. See Ref. [37] for a different approach to classification.
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not all. The previous constructions of SET phases that are perhaps most similar to ours
are given in Refs. [53] and [9]. The models of Ref. [53] realize a subset of the SET phases
discussed in this chapter, and in these cases their models are essentially equivalent to ours.
Meanwhile, the models of Ref. [9] are similar to ours in that they realize SET phases by
extending the string-net construction. However, our construction has the advantage of pro-
viding a more algorithmic way of building models and making the symmetry manifest. It is
also worth noting that the 2D group cohomology SPT models[10] and string-net models[48§]
can be considered as special cases of our construction by taking the limits A =0 and G =0
respectively.

This chapter is organized as follows. To warm-up, we present a simple example of our
construction in section 2.2. This example is an exactly solvable model for a toric code SET
phase with a Zo symmetry which exchanges the e and m anyon excitations. In section 2.3,
we explain the relationship between this toric code model and the string-net model that it
descends from, namely the doubled Ising string-net model. After this warm-up, we outline
the general construction in section 2.4. We then illustrate the general construction with

additional examples in section 2.5. Technical arguments are given in the appendices.

2.2 Toric code with e <+ m symmetry

Before discussing the general construction, it is useful to first see a concrete example. The
example that we present is an exactly solvable model that has the same types of anyon
excitations as the toric code[32] and has a global onsite Zs symmetry which exchanges the
‘e’ and ‘m’ type anyons (also known as the Zso charge and Zs flux). We will refer to this
example as the ‘symmetric toric code’ model.

Like all of the symmetry enriched string-net models, the symmetric toric code model is
derived from a parent string-net model — in this case, the doubled Ising string-net model.
That being said, in this section we will make every effort to analyze the symmetric toric

code model from first principles, without referring to the doubled Ising string-net model.
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We postpone the discussion of the connection between the two models to section 2.3.
We note here that there are actually two distinct toric code SET phases with an e <» m
symmetry, which differ in a very minor way.|[3] For simplicity, we focus on just one of them

in the main text, but we briefly discuss the other in appendix A.3.

2.2.1 The model

The model is a spin system built out of two-state spins that live on the plaquettes of the
honeycomb lattice and three-state spins that live on the links of the honeycomb lattice. We
will denote the basis states of the two-state spins by |+) and |—), and the basis states of the
three-state spins by |1), 1), and |¢). In this notation, the basis states for the full Hilbert
space are labeled as |{7;, ;4 }) where 77 = & parameterizes the states of the plaquette p and
u; = 1,7, 0 parameterizes the states of the link [ (Fig. 2.1).

We will sometimes find it convenient to describe the link degrees of freedom using an
alternative language involving strings. In particular, if a link is in the state |¢), we will say
that it is occupied by a 1 string, and likewise if the link is in the state |o), we will say it
is occupied by a o string. If a link is in the state |1), we will say that it is unoccupied.
Using this language, every state of the link spins p; corresponds to a configuration of ¢ and
o strings drawn on the honeycomb lattice.

The Hamiltonian of the model,

H=-Y P -> Qu—)Y By, (2.1)
l v p

is expressed as a sum over operators associated with the links (), vertices (v), and plaquettes
(p) of the honeycomb lattice. We now explain how each of these operators are defined.

The link operator F; acts on three spins — namely the ones living on the link [ and the
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Figure 2.1: (color online) The Hilbert space of the symmetric toric code model is built out
of two-state spins 7, and three-state spins g living on the plaquettes p and links [ of the
honeycomb lattice. The Hamiltonian is a sum of three terms, P, Qy, Bp, which act on the
green, blue, and red spins, respectively.

® [l
o Tp

two adjacent plaquettes p and ¢ (green spins in Fig. 2.1). It is defined by
1 N; z, z
P = 5(1 + (=1)"e ~7-qu) (2.2)

Here T; and 7'5 are the standard Pauli operators for the plaquette spins p and ¢, and Ny, is
a link spin operator defined by Nj,|1) = Nj,|¢) = 0 and Ny, |o) = |o).
If we examine the above definition we can see that P has a simple interpretation: F

projects onto states such that either (1) 77

p and qu are anti-aligned and the link [ is in the

state o) or (2) 77 and 77 are aligned, and the link [ is not in the state |o). In other words,
P, projects onto states in which the o strings coincide with the domain walls between the
plaquette spins.

The vertex operator (), acts on the three spins living on the links adjacent to v (blue

spins in Fig. 2.1). It is defined by

Qu

L )= ) 29
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where d;1 is a fully symmetric three-index tensor whose only nonzero elements are

0111 = 511/)¢ = 01g0 = 5¢UJ =1, (2'4)

together with cyclic permutations. In the string language, we will refer to the states with
0;j, = 1 as obeying the ‘fusion rules’, and those with d;;, = 0 as violating the fusion rules
(see Fig. 2.2). Thus, Q) is a projection operator that projects onto states that obey the
fusion rules at v.

The Bj, operator acts on the plaquettes of the honeycomb lattice (red spins in Fig. 2.1)
and is a linear combination of three terms:

By = a1B} + ay B} + agBITE, (2.5)

where a1 = ay, = 21[ and ay = %—5 Each term, Bg, takes the form

By = PpB;Py (2.6)

where

Pp =[] @v (2.7)

VED

is a projection operator which projects onto states that obey the fusion rules at the 6 vertices
adjoining p. Before giving formal definitions of these operators, it is worth noting that the
Bf) operators are identical to the B; operators in the doubled Ising string-net model, a

connection we will explore further in section 2.3.

1 Y o o
1 (B o o

Figure 2.2: The four types of vertices that obey the fusion rules.
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The first operator, BY, is the simplest:

1
B, =1. (2.8)
The second operator, Bw, is more complicated. This operator acts on 12 link spins — 6

of which lie along the boundary of the plaquette p and 6 of which lie on the ‘external legs’
that adjoin p. Importantly, B;f acts differently on the boundary spins than it does on the
external leg spins: in particular, while Bg changes the state of the boundary spins, it does
not affect the state of the spins on the external legs. Thus, the nonvanishing matrix elements

of B;)p can be parameterized as

by hyc by hyc 13020 1107
g SY |4 g WK
<axl,}ujxd ‘ By a{'}kfd > = Bp,ghijkl (abedef)
f e f e
The explicit formula for these matrix elements is
, /h/’I:/ -/k/l/ N
B;Zj,jhl‘]k; (abcdef) = 6¢gg,5¢hh/ S 51/1”/ . (—1) pl (29)

where N1 denotes the number of vertices of p of the type shown in Fig. 2.3a. The matrix

elements for Bg have a similar structure and are given by

, lh/'/~/k/ll _M
B;,gghijzkg (abedef) = 0ggq - Ogr - 271 (—1)Np2 (2.10)
Here, Nps denotes the number of external legs a, b, ..., f that are in the state |o) while Np2

denotes the number of vertices of p for which the initial state has a vertex of the type shown
on the left of Fig. 2.3b and a final state vertex of the type shown on the right of Fig. 2.3b

or vice versa.
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(a) (b)

Figure 2.3: (a) The vertices counted by Np. (b) The vertices counted by N9. For a vertex
to be counted, its initial state must match the picture on the left and final state match the
picture on the right or vice versa. External legs of p are shown in bold.

2.2.2  Properties of the Hamiltonian

The Hamiltonian H (2.1) defined above has several interesting properties. Among the most

important of these is that it possesses a global Zg symmetry. This symmetry is defined by
s=1[=. (2.11)
p

where Tg denotes the Pauli operator acting on the plaquette spin p. We can think of S as
a conventional Ising symmetry which flips all the plaquette spins: |+) <> |—). To see that
[S, H] = 0, note that every term in H either (1) does not act on the plaquette spins at all
(i.e., Qu, le), B;,/} ), or (2) acts on the plaquette spins in a way that is manifestly symmetric
under S (ie., Py, By7;).

Another important property is that H is a sum of mutually commuting operators. Indeed,

from the expressions for P and (), given in Eq. 2.2 and 2.3 it is clear that
P Pu] = [Qur Qu] = [P Qu] = 0, (2.12)
since these operators are all diagonal in the [{7}, ;}) basis. It is also easy to see that
By, Qul = [Bp, ] = 0. (2.13)
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The first equality follows from the fact that the plaquette operators include a factor of P on
both sides. The second equality requires a little more work, but can be verified by separately
considering each of the three terms in the definition of B,. In particular, one can see that BZ%
and Bg) both commute with P, since they commute with (—1)Nie for every link I. Likewise,
one can see that By 7, commutes with P by noting that By anti-commutes with (—1)Nio if
[ is adjacent to p and commutes with (—1)N lo otherwise. The only relation left to establish
is

By, By] = 0 (2.14)

The easiest way to prove this relation is to use the fact that the Bg operators are identical
to the string-net plaquette operators for the doubled Ising string-net model. String-net
plaquette operators are known to commute with each other,[48] so we know that [B}, B;:] =
0, implying the above identity.

A third property of H is that the operators Fj,Q, and B, are all projectors. Indeed,
we've already pointed this out for the case of P, and Q)y. As for B), the easiest way to
see that it is a projector is to again invoke the fact that the B; operators are identical to

string-net plaquette operators, which are known to obey the identity

B3BS = Y 4,0B (2.15)
t=11b,0
Using this identity, together with the fact that the coefficients as obey the relation ) | o dgpasay =
at, it is easy to check that BI% = Bp, i.e. By is a projector.
Given that H is a sum of commuting projectors, we know that the lowest energy states
are those that obey
PU) = Qu|V) = Bp|¥) = |¥), (2.16)

for all links [, vertices v and plaquettes p. In addition, we know that these states are

separated from the excited states by a gap of at least A > 1. Thus, the only property of the
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Figure 2.4: (color online) Two examples of the function f(X). Here the string states are
drawn in the continuum rather than on the lattice.

low energy spectrum left to determine is the ground state degeneracy of the model, i.e. the
number of states that obey (2.16). This degeneracy D can be conveniently computed using

the formula
D="Tr (HPZHQUHBP> (2.17)
l v p

We carry out this calculation in Appendix A.1, and we find that the degeneracy depends on
the global topology in which the model is defined. For example, if the model is defined in
an infinite plane or spherical geometry, the ground state degeneracy is D = 1. In contrast,
if the model is defined in a torus geometry, the ground state degeneracy is D = 4. More
generally, we find that the ground state degeneracy on a surface of genus g is D = 49.

We can draw two conclusions from this calculation. First, we conclude that H does
not break the symmetry S spontaneously since the ground state is non-degenerate in an
infinite plane or sphere geometry. Second, we conclude that H realizes a topological phase
(i.e. supports anyon excitations) since the ground state degeneracy is different for different

topologies.

2.2.3  Ground state wave function

Interestingly, we can write down an explicit formula for the ground state wave function of the

symmetric toric code model in an infinite plane or spherical geometry. Let | X) = {77, i;})
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be an arbitrary configuration of spins 7'5 and strings g;. The amplitude for | X') in the ground
state vanishes unless X satisfies two conditions: (1) the o strings lie along the domain walls
of the 77 spins, and (2) the 1,1, 0 strings obey the fusion rules at each vertex (Fig. 2.2).
Note that condition (2) implies that o strings form closed loops and ¢ strings either form

closed loops or else their ends lie on o loops. If these conditions are satisfied, then the

amplitude for | X) is given by?
U(X) = (x|0) = v2" Y pix) (2.18)

where Ng(X) is the number of o loops contained in X (Fig. 2.4) and f(X) takes the values
0 or £1. More specifically, f(X) = 0 whenever there is at least one ¢ loop in X which has
an odd number of ¢ strings ending on it, and f(X) = +1 otherwise. Determining whether
f(X) = 41 or —1 is a little bit trickier. To determine this sign, we compute a £1 factor
for each ¢ loop in X and then multiply them all together. The =+ sign corresponding to
each o loop can be calculated as follows. Suppose that there are 2n vertices where the
strings end on the o loop. We can divide these vertices into two groups corresponding to
the cases where the 1 strings are incident from the outside of the loop or the inside of the
loop. We then label the vertices in one group by ‘a’, and the vertices in the other group by
‘0’ (which one is which isn’t important). We then go around the loop (in either direction)
starting at some arbitrary point, reading off the sequence of a’s and b’s. We then count how
many pairwise exchanges of a’s and b’s are necessary to rearrange the sequence so that a’s
and 0’s are separated into two blocks, i.e. aa---abb---b. The + sign associated with the
loop is given by the parity of the number of these exchanges (Fig. 2.4). We explain how to

derive Eq. (2.18) in appendix A.2.

2. For simplicity, we do not bother to normalize the wave function.

23



2.2.4 FExcitations and string operators

In this section, we show that the model supports four topologically distinct types of anyon
excitations. We label these excitations by {1, e, m, em}, where 1 denotes the trivial
excitation, and e, m,em denote the three nontrivial excitations. We argue that this is a
complete list and that there are no other topologically distinct anyons.

We begin by describing the string operators that create each of these anyon excitations
(for a derivation of these operators see appendix A.4). In general, these string operators act
nontrivially along an open path v, and when we apply them to the ground state, they create
a pair of anyon excitations, with one at each end of the path ~.[32] The string operator that

creates e-type anyons is defined by

Wi =Py [L a0 B p, (219)
ley

where + is an (open) path on the honeycomb lattice and P~ denotes the projection operator

Py = H Qu - le (2.20)

vey ley
Let us explain the notation in the formula for W': the index [ runs over links that are
contained in vy, while p; and ¢; denote the two plaquettes adjacent to link /. The link spin

operator f; is defined as

fr=10) A+ D)@ + |o) (o] (2.21)

while the operators N.i, ..., Ngg count the number of vertices that belong to the path v and
that are of the six types shown in Fig. 2.5. One subtlety is that the N, ..., Nog operators
distinguish between vertices where the external leg enters + on the ‘left’ or on the ‘right’,
so to define these operators, we need to fix an orientation on 7. However the choice of
orientation is not important: it is possible to show that changing the orientation of v only

changes W, by local operators acting near the ends of ~.
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Translating the formula for W, into words, the action of W, on a basis state |{77, u;})
can be broken down into several steps. First, the projector Py annihilates the state unless
(1) the strings obey the fusion rules for all the vertices v in 7, and (2) the o strings lie along
the domain walls of the 7% spins, for all the links [ in 7. The next step is to multiply the
state by a 4 sign depending on whether v contains an even or odd number of vertices of
the type shown in Fig. 2.5. The final step is to change the state of the link spins y; from
1) = |¢) or [¢) — [1) if the adjacent plaquette spins satisfy 75 = 75 = +1.

The string operator for the m-type anyons takes a very similar form:

Wi =Py [T A0 T () Zi N p, (2.22)
ley

This differs from the expression for W, in two ways. First, Tﬁl, T

Az Z
q are replaced by Top —Tap

and second, the N.; operators are replaced by N,,;. The N,,; operators count the number
of vertices that belong to v that have a particular type. These types are the same as those
corresponding to N; (Fig. 2.5), except with the plaquette spins flipped: |+) < [=). 3
The only remaining string operator that we need to discuss is the one corresponding to
em. As the notation suggests, this string operator can be obtained by multiplying together
We and Wiy,
Wa, = WJW,), (2.23)

To justify the above formulas, several points need to be established. First, we need to
show that the above string operators only create excitations at their endpoints and nowhere
else. Second, we need to show that the anyon excitations created by the string operators
are topologically distinct. Finally, we need to show that the string operators create all the
topologically distinct excitations.

To establish the first point we note that the above string operators have the property

3. Similar string operators were described by Ref. [57], in the context of a phase with Zs topological
order and translation symmetry broken by densely packed o loops.
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Figure 2.5: The vertices counted by N1, ..., Neg. Vertices marked with ‘left’” are only counted
if the external leg (shown in bold) adjoins 7 from the left, and similarly for those marked
with ‘right.” The vertices counted by Nj,1, ..., N can be obtained from the above set by
flipping all the plaquette spins: |+) <> |—).
that they commute with every term in the Hamiltonian except for the six B) terms that act
on the plaquettes adjoining the endpoints of . This property can be established either by
straightforward (but tedious) algebra, or by using a graphical representation of the string
operators as in Ref. [48]. As for the second point, this follows from the braiding statistics
calculation presented in the next section: in particular, our calculation shows that the e,m
and em excitations all have distinct braiding statistics and are therefore topologically dis-
tinct. Finally, to establish the last point, we recall that the ground state degeneracy of the
model in a torus geometry is 4. Typically, the ground state degeneracy on a torus is equal
to the number of distinct anyon types4 so we conclude that {1,e,m,em} is a complete list
of anyons.

A final remark: it is interesting to note that the above string operators have especially
simple behavior when acting on states with no ¢ strings and with 7'5 = +1 everywhere.

Indeed, if we denote these states by |+, y;), we can see from Eq. (2.19), that the action

4. This relation can break down for some systems with non-Abelian anyons, or systems where translational
symmetry permutes anyon excitations. We assume that our model does not fall into one of these categories.
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of W' on |+, ;) is simply to flip the link spins from |1) <+ [¢) on all the links along 1.
Likewise, the action of W;}, on |+, »;) is to multiply the state by a factor of (—1)™¥, where
Ny, counts the number of ¢ strings adjoining 7 on the left.

What is particularly interesting is that these formulas precisely agree with the action
of the W, W, string operators in the usual toric code string-net model built from string
types {1,%}. Furthermore, if we consider symmetry reversed states, [—, y4;), where 77 = —1
for all p, this correspondence is reversed. That is, the action of W¢ on |—, 1) agrees with
the action of Wy, in the usual toric code and vice versa. This connection between the string
operators in the symmetric toric code and usual toric code is not a coincidence and holds

more generally for all the symmetry enriched models that we describe below.

2.2.5 Symmetry action on anyons

With expressions for the e and m string operators in hand, we can derive one of the most
interesting features of our model: the Zo symmetry S exchanges e-type anyons and m-type
anyons. To see this, note that the string operators W, , W}, (2.19-2.22) are related to one
another by

sTtwls=w,), s'w)s=w," (2.24)

We conclude that S exchanges e-type anyons and m-type anyons. On the other hand,
STIW, .8 = W, so the symmetry leaves em-type particles unchanged.

We note that a toric code with a symmetry exchanging e and m has been studied pre-
viously. [67, 59] However, in that case, the symmetry was not an onsite Zg symmetry, but

rather a spatial symmetry.

2.2.6 Braiding statistics

We now compute the braiding statistics data for the {1, e, m,em} anyons, and we show that

this data agrees with that of the toric code model. We begin with the mutual statistics of
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the anyons — that is, the statistical phase efab associated with braiding anyon a around
anyon b where a,b € {1,e,m,em}. We compute this statistical phase using a standard
approach:[32, 46, 48] we construct the string operators associated with a and b, with one
acting on the path § and the other on the path v (Fig. 2.6), and then we derive the mutual

statistics from the string operator commutation algebra using the general relation:
WEw,) = eiar W, (2.25)

We start with the mutual statistics of the e and m type anyons. To find their statistics, we
need to compare W#ZWQ with W' WgL To make a comparison, it is easiest to consider the
action of these operators on a particular state, say [{7; = +, 1y = 1}). First we apply W, .

The result is to flip the link spins from |1) to |¢)) along the path ~:

Wg‘{"i_? 1}) = |{T]§ =t ey = %M@ =1})

Next we apply Wn‘% This has no effect on the link spins since WT% only flips the link spins
when 7; = —. On the other hand, applying Wnﬂl has the effect of multiplying the state by

—1 since Hleﬁ(—l)zi Nmi = —1 for the above state. Thus, we have

WaWI{+,1}) = {75 = +. ey = ¥, gy = 13) (2.26)

Now consider the opposite ordering. First, we apply Wnﬁl to [{+,1}). In this case, the state

is left unchanged:

Whl{+1}) = {72 =+, = 1))

Note that there is no factor of —1 here because Hleﬁ(—l)Zi Nmi — 41 for the above state.

If we now apply W, we obtain

WIWnl{+,13) = {7 = +, ey = ¥ tygy = 13) (2.27)
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CRI

Figure 2.6: An example of paths ,~ used to find the mutual statistics of e and m. Apply-
ing the two string operators in two different orders gives results that differ by the mutual
statistical phase ete;m.

Again, there is no factor of —1 since Hleﬂ(—l)Zi Nei — 41,

Comparing Eqs. 2.27 and 2.26, we can see that W, and Wg anti-commute when acting on
the state [{+,1}). In fact, this anti-commutation property is more general: these operators
anti-commute when acting on any state. We have verified this by expressing the string
operators in matrix form and computing their anti-commutator numerically. In view of
Eq. (2.25), the implication of this result is that the e and m type particles have a mutual
statistical phase of

efem — _1 (2.28)

B

Following a similar analysis, one can show that W and W; commute with one another (as

do W,), and Wn’%) so that the corresponding statistical phases are
e = gifmm — 11 (2.29)

All of these phases agree with the toric code model.[32] Furthermore, the statistical phases
involving the em particle also agree since these are fully determined by the fact that em =
e X m together with the above data.

The only thing left to check is that the anyons in our model have the same exchange
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statistics as those in the toric code model. In particular, we need to check that the e and m
particles are bosons, while the em particle is a fermion. Conveniently we can establish this
fact without doing any additional calculation. To see this, note that e and m have to be either
bosons or fermions, given the mutual statistics found above. Furthermore symmetry requires
that e and m have the same exchange statistics. Thus, the only alternative possibility is
that e and m are both fermions, in which case em is also a fermion — by the composition
rule for exchange statistics. But we can rule out this three-fermion possibility by noting that
if e, m,em were all fermions, then the chiral central charge c_ of our model would have to
be c— =4 (mod 8), ® yet we know that the chiral central charge of our model must vanish

since the Hamiltonian is a sum of commuting projectors.

2.3 Relationship to doubled Ising string-net model

In this section we discuss the relationship between the symmetric toric code and the doubled
Ising string-net model. We present two results. First, we show that if we gauge the global
Zs symmetry of the symmetric toric code model, the resulting gauge theory can be mapped
exactly onto a variant of the doubled Ising string-net model. Second, we reverse the logic
and we show that the symmetric toric code model can be constructed from the doubled Ising
string-net model by applying an ‘ungauging’ procedure.

Why are these results important? As we explain below, our first result provides an alter-
native proof that the symmetric toric code model has the properties claimed above, namely
(1) it supports anyon excitations with the same braiding statistics as in the conventional toric
code, and (2) the Zy symmetry exchanges the e and m type particles. Likewise, our second
result is significant because it shows how the symmetric toric code model was constructed.

Most important of all, both of these results generalize to arbitrary symmetry enriched string-

5. This follows from a general relation that holds for any topological phase, namely e27i¢-/8 = % >, d20s

where D = /> d?. Here the sum runs over all anyons s. and 6, d, denote the topological spin and
quantum dimension of s. See e.g. Ref. [33] and references therein.
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net models and they lie at the heart of our construction and analysis of the more general

models in section 2.4.

2.3.1 Rewview of doubled Ising string-net model

We begin with a brief review of the doubled Ising string-net model. (See Ref. [48] for a
general introduction to the string-net formalism). The doubled Ising string-net model is a
spin system built out of spins that live on the links of the honeycomb lattice. Each spin
can be in three states, which we denote by |1), |¢), and |o). The states of the spins can be
equivalently described in terms of ‘strings’: if a spin is in the state [¢) or |o), we will say
that the corresponding link is occupied by a 1) or ¢ string, while if the spin is in the state
|1), we will say the corresponding link is unoccupied. The Hamiltonian of the model is given

by
HY" =-%"Q, - BY (2.30)
v p

The first term, @y, acts on three links adjacent to a vertex v, and is defined as in Eq. (2.3).
This term energetically favors vertices that satisfy the fusion rules shown in Fig. 2.2. The

second term, Bgi can be written as a sum
Bgi = alB; + ang +agBy (2.31)

where a1 = ay, = % and ay = \/T§ The operators B}%, B;f , Bg each act on 12 links — 6 of
which make up the boundary of a plaquette p and another 6 that lie on the external legs that
adjoin p. These operators are defined as in Egs. (2.6-2.10). (For readers who are familiar
with string-net models, we should mention that the definitions of B]%, B}f , Bg given in Egs.
(2.6-2.10) are equivalent to the standard definitions of B} in terms of F-symbols).

The ground state of the model, |\I/di), is a linear superposition of string configurations

that obey the fusion rules. The amplitude for each configuration can be computed using the
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following ‘local rules’:

Here d; is the quantum dimension of the ¢’th edge label

dy=dy=1, do =2

/'\\

(2.32)
(2.33)
(2.34)

(2.35)

(2.36)

while F ]z%n is the ‘F-symbol’ for the doubled Ising model, with the following nonzero com-

ponents:
(1)
211 121 117 (=17
Fyip = Figj = -1, Fjjl = VA ik =0,2
220 220 110 121 211 121 211
Foog = Fii1 = Foo1 = Faig = Fiag = Fior = Foin =1
121 211 011 101 101 011 000
Fois = Figg = Fiag = Forg = Fiop = Fajj = Fppp =1
107 027 000 210 207 022 __ .
FzOz F()zz Fm FOOZ F()z() FzOO 17 t= 17 2
where

0 =vacuum, 1=o0, 2=19

(2.37)

(2.38)

Let us specialize to the case where the model is defined in a sphere or infinite plane

geometry. In this case, the above local constraint equations uniquely determine the ground

state wave function ¥4 since they allow us to relate the amplitude of any string config-

uration to the amplitude of the vacuum (empty string) configuration which is defined to

be wdi (vacuum) = 1, by convention. Using this approach, it is not hard to show that the
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Figure 2.7: The gauge field degrees of freedom, 144, live on the links (pg) of the dual triangular
lattice connecting neighboring plaquette spins (we omit link spins for clarity).

ground state amplitude is given by W% (X) = \/§N”(X) f(X), in exact agreement with Eq.
(2.18). This agreement is not a coincidence: in fact, the way we derive Eq. (2.18) is to first
find the ground state wave function of the doubled Ising string-net model and then use the
connection with the symmetric toric code to obtain the ground state of the symmetric toric
code model. See appendix A.2 for details.

Physically, the most important property of the doubled Ising string-net model is that it

supports 9 different types of anyon excitations. These anyons can be labeled as:

{]‘?¢70-} X {]‘71[}7 5-} = {171#’@[)7 0-’6-7 Q,D@E, 01;,77[)5',0'5'}

The braiding statistics and fusion rules of these anyons are described by the Ising x Ising

topological phase. This is why the model is called the ‘doubled Ising’ string-net model.

2.3.2  The gauged toric code model

Setting aside the doubled Ising string-net model for the moment, we now explain how to

gauge the global Zo symmetry of the symmetric toric code model. Following the standard
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procedure, [35] the first step is to add a gauge field to the model. This gauge field should be
placed on links connecting neighboring lattice sites where the symmetry acts. In our case,
the symmetry S = Hp 7, only acts on the plaquette spins, so we put the gauge field on the
links (pq) of the triangular lattice connecting the plaquette spins (Fig. 2.7). Since the gauge
group is Zg, the lattice gauge field is a two-state degree of freedom v, = +£1.

The second step is to perform the minimal coupling procedure, replacing 7, Tq — Ty quTg]Z ,

whenever there are terms in the Hamiltonian that couple neighboring plaquette spins 7.2, qu.

The final step is to add to the Hamiltonian the term — Z<pqr> Vi Verliy, which ensures

pg=gqr-rp»
that the states with zero Zo gauge flux have the lowest energy. Applying these steps to the

symmetric toric code model gives the following gauged Hamiltonian:

l

peauged _ _ Z Qp — Z B, — Z Plgauged Z quyq,ry (2.39)
v D (par)

where

1
PlgaUged — 5(1 + (_1)Nl0' 5 ;q qz) (240)

Notice that @) and B) are not affected by the minimal coupling procedure since they don’t

contain any terms like 7777, Like any gauge theory, the Hamiltonian H%8¢d ig defined on

P

a Hilbert space consisting of gauge invariant states, that is, states |¢)) obeying

Tl H v |t) = (2.41)

for all p.

As an aside, we should mention that we skipped one of the steps in the usual gauging
procedure. This step involves multiplying each term in the gauged Hamiltonian by an op-
erator that projects onto states that have vanishing Zs gauge flux through all triangular
plaquettes contained in the region of support of the term in question.[43, 63] While this step

is important when gauging a general spin model, it is not necessary when the Hamiltonian
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Z

T Tq Z couplings, as is the case here.

only includes nearest neighbor .

2.3.8 FEquivalence between gauged toric code and doubled Ising string-net

model

In this section, we establish an exact equivalence between the gauged toric code model and
a modified version of the doubled Ising string-net model. Using this equivalence, we then
present an alternative proof that the symmetric toric code model has the topological and
symmetry properties claimed above.

To begin, we explain how the modified doubled Ising string-net model is defined. The
modified model differs from the standard Ising string-net model H di in two ways. First, the
Hilbert space is bigger: in addition to the three-state spin p; = 1,1, o, the model also has a
two-state spin {f = = living on each link [/ of the honeycomb lattice. Also, the Hamiltonian

has two extra terms:

Hdi’:Hdi—Z 1+&) - > [[g N (2.42)
l v lev

Despite these differences, the ground states of the two models, \I/di/, \I/di, are almost the

same:

0y = [0y @ |{¢F = +}) (2.43)

To see this, notice that |‘I’dl> ® [{% = +}) separately minimizes the energy of every term in
H

The fact that the two ground states ]\Ildi/>, |W94) are identical up to tensoring with a
product state is very important for us because it implies that the two models have the same
topological properties, i.e. the same anyon excitations and the same braiding statistics. The
two models are thus interchangeable for our purposes.

We now show that the modified string-net model H di’ ig exactly equivalent to the gauged
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toric code model. To this end, we need to construct a unitary mapping U between the
Hilbert spaces of the two models that transforms the Hamiltonian H di’ into the Hamiltonian
He&uged  The easiest way to define the mapping U is in terms of basis states. The Hilbert
space of the modified string-net model is spanned by basis states of the form [{¢7, u;}) where
§f = + and py = 1,9,0. Likewise, the Hilbert space of the gauged model is spanned by

z

basis states {71577, 1 }) labeled by the gauge invariant quantum numbers 75v5, 77 = +

and p; = 1,9, 0. With this notation, the mapping U is defined by

URmpvpgrg > ) = K& m}) (2.44)

where §f = (—1)NZJT]§V§qTqZ and [ is the link separating the two plaquettes p, g (see Table

2.1). To see that U transforms H i’ into H8™Ed note that
U iU = (—)Nerivi 2 UTIQuU = Qu,
U'N,U=N,, U 'BiU=B},

UT'ByU =By, UT'BJU =Bt (2.45)
Substituting these formulas into (2.42) gives
Ul = preauged (2.46)

as claimed.

The equivalence between the gauged toric code model and the modified doubled Ising
string-net model provides another proof that the (ungauged) toric code model has the prop-
erties claimed above, i.e. (1) it has the same anyon and braiding statistics as the conventional
toric code, and (2) the Zo symmetry exchanges the e and m particles. The reason this is
so is that the mapping between ungauged and gauged models is known to be one-to-one in

the sense that the braiding statistics data for the excitations of the gauged model uniquely
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Gauged toric code Modified String-net
| pq qZ =+1, = 1> H_v 1>
‘ pq E]Z =+1, =) |+, )
| p pq (;]Z: -1, = > |+70>
| pq qZ:_la Ml:1> |_71>
7 pq g =—1 m=1v) | =)
| pq qZ:+17 Ml:0-> |—,O‘>

Table 2.1: The mapping U (2.44) between the Hilbert space of the gauged toric code model
and the Hilbert space of the modified string-net model.

determines the braiding statistics and symmetry data for the ungauged model.[3, 13] In par-
ticular, if the excitations of a gauged Zo symmetric model are described by the Ising x Ising
topological phase, as is the case here, then it is known that the ungauged model must obey

properties (1) and (2).[17, 3]

2.3.4  Ungauging the doubled Ising string-net model

In this section we show that the symmetric toric code model can be obtained from the doubled
Ising string-net model using a recipe which we will refer to as the ‘ungauging’ procedure.
This ungauging procedure is how we originally constructed the symmetric toric code model.
It is also central to our construction of more general symmetry enriched string-net models,
as we explain in section 2.4.

The ungauging procedure involves modifying both the Hilbert space and Hamiltonian
of the doubled Ising string-net model. The first step is to enlarge the Hilbert space of the
doubled Ising string-net model by adding a two-state spin 7, to every plaquette p of the
honeycomb lattice. (The reason that we use two-state spins is related to the fact that we are
ungauging a Zo symmetry. For a general finite symmetry group G, we would add |G|-state
spins to each plaquette, as we will explain in section 2.4.2).

The next step is to modify the Hamiltonian of the string-net model (Eq. 2.30) by adding
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the term — ), P, where P is defined as in (2.2):

H—H"-Y"P (2.47)
l

This term energetically favors states [{7},y}) in which the domain walls between the 7;

plaquette spins coincide with the links [ for which p; = 0. The final step is to replace the

By term in H di 1y

By — Byty (2.48)
This replacement is important because it ensures that [By, Fj] = 0. Combining all three

steps, we can see that the resulting Hamiltonian H is exactly the symmetric toric code
model (2.1).

As the name suggests, the ungauging procedure is designed to produce a model that (1)
is invariant under a global Zs symmetry, namely S = Hp T]:f, and (2) has the property that
if this Zo symmetry is gauged, then the resulting gauge theory supports the same types
of anyon excitations and braiding statistics as the model we started with, i.e. the double
Ising string-net model. In this respect, the ungauging procedure works as advertised since
it produces the symmetric toric code which we already know has properties (1) and (2).

At the same time, it is unsatisfying that the above ungauging procedure can only be
applied to the doubled Ising model; it would be more natural if we could ‘ungauge’ a large
class of models in the same way that we can ‘gauge’ a large class of models. In fact, the
ungauging procedure is more general than it appears (though not as general as gauging).
For example, we can easily extend the procedure to an arbitrary perturbed doubled Ising
Hamiltonian A% such that (a) H% is gapped, (b) H% commutes with Hlev(—l)NlU for every
vertex v, and (c) the ground state of H% obeys Hlev(—l)va = 1. To ungauge a Hamiltonian
of this kind, we follow the same steps as above except that (2.48) needs to be replaced with
a more general rule. The more general rule states that any term in the Hamiltonian that

flips the sign of (—1)Nie along a closed loop v should be multiplied by Hpe7 7y, where the
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product runs over plaquettes contained within the loop. One can easily check that this more
general procedure produces a model that has properties (1) and (2) above, using the same
analysis as in section 2.3.2. (Of course, another way that the ungauging procedure can be
generalized is to consider other symmetry groups and string-net models. We discuss how
this works in section 2.4).

A few more comments about ungauging: first, we would like to point out that while the
ungauging procedure is inverse to gauging at the level of topological properties, it is not the
strict inverse at a microscopic level. This is clear from the analysis in section 2.3.2 since
gauging the symmetric toric code produces a model which differs slightly from the doubled
Ising string-net model (but which nevertheless shares the same topological properties).

Another important point is that the ungauging procedure corresponds to a very simple
operation on ground state wave functions. Consider a sphere or infinite plane geometry and
let % ({1;}) denote the ground state wave function of the doubled Ising string-net model
(the input for the procedure) and W ({7Z, 1;}) denote the ground state wave function of the
symmetric toric code model (the output for the procedure). Then the two wave functions

are related by

di P .
. B W ({py}) if o’s match 75 domain walls
U({my, m}) =
0 otherwise

(See appendix A.2 for a derivation of this identity). On a torus, the situation is more
complicated. In this case the doubled Ising string-net model has 9 degenerate ground states,
and some of these states have a nonzero amplitude for an odd number of ¢ loops to wrap
around at least one of the non-contractible cycles of the torus. In the ungauged model,
however, such a state would cost energy since it is not compatible with a domain wall
configuration of plaquette spins. This suggests that on a torus the ground state degeneracy,

and therefore the topological order, of the two theories is different. This is consistent with
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the calculation of appendix A.1 which shows that the symmetric toric code has a ground

state degeneracy of 4 on a torus.

2.4 General construction

In this section we show that the symmetric toric code can be generalized to a large class
of exactly solvable models for SET phases. These models are very powerful: they can
realize every symmetry-enriched topological phase whose underlying topological order can
be realized by the string-net construction.

Before we get into details, we need to describe the input data that goes into our construc-
tion. Suppose we want to build a model for an SET phase with anyon excitations A. For our
construction to work, the collection of anyons .4 must be realizable by a string-net model.
Equivalently, in mathematical language, A must be the ‘Drinfeld center’ of some ‘unitary
fusion category’ C, which we denote by A = Z(C). In this language, the input data for our
construction is a mathematical object called a ‘G-extension’ of C (we will define these terms
below).

To see why G-extensions are a sensible choice for input data, it is important to recall
a theorem of Ref. [13] which states that there is a one-to-one correspondence between
G-extensions of C and braided G-crossed extensions of Z(C).[13] As we mentioned in the
introduction, the latter objects can be thought of as mathematical descriptions of SET
phases with symmetry group G and anyon excitations A = Z(C), so this theorem implies that
there is a natural correspondence between G-extensions and SET phases. Our construction
provides a concrete realization of this correspondence.

The general idea behind our construction is illustrated in Fig. 2.8. Our construction
takes as input a G-extension D of some unitary fusion category C and it returns as output an
exactly solvable model realizing an SET phase with symmetry group G and anyon excitations
A = Z(C). The construction itself proceeds in two steps. The first step is to build the

string-net model corresponding to D. This string-net model realizes a topological phase
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SET Data Auxiliary Model Model for SET

G-extension String-net G symmetric

D of C ——» | with anyons | ——p | model with
© build zZ (D) ‘ungauge’ |anyons Z (C )

string-net G

Figure 2.8: Building a symmetry enriched string-net model involves two steps. First we
construct the string-net model for the G-extension D of C. Next we ‘ungauge’ the string-net
model to obtain a G-symmetric model with anyon excitations given by Z(C).
with anyon excitations given by Z(D). Crucially, it was shown in Refs. [3, 13| that this
collection of anyons is precisely what would be obtained if we gauged the global symmetry
of the SET phase of interest. In other words, the string-net model realizes the gauged SET
phase. Hence, to obtain a model for the ungauged SET phase, all we have to do is reverse
the gauging procedure — that is, construct a model that ‘gauges’ into the string-net model
based on D. This is the second step illustrated in Fig. 2.8 and it is accomplished by following
a simple recipe which we will describe below.

We now briefly review the definitions of the various terms used above and fill in the

details of the construction.

2.4.1 Drinfeld center, string-net models, and G-extensions

The Drinfeld center construction is a mathematical procedure that takes as input a unitary
fusion category C, and produces, as output, an anyon theory A = Z(C).[11] Here, a unitary
fusion category C is a finite collection of N simple objects i, j, k, ..., that includes a trivial
simple object 1, together with fusion spaces sz'j and associativity relations encoded in
unitary matrices F;j K satisfying certain coherence conditions. An anyon theory is also a
fusion category, but with the additional data associated with non-degenerate braiding (of
anyons).[33] More physically, an anyon theory is the mathematical data used to describe a

topological phase without symmetry.

41



Some simple examples of the Drinfeld center construction are: (1) the toric code, which
is the Drinfeld center of C = Zo, (2) more generally, the irreducible representations of the
quantum double of a finite group G, which is the Drinfeld center of C = G and (3) any
anyon theory of the form 7 x T, which is the Drinfeld center of 7. The Drinfeld center is
sometimes also referred to as the ‘quantum double’ construction, though here we will only
use the term quantum double in the context of finite groups, as in example (2) above.

String-net models are exactly solvable models that provide a physical realization of the
Drinfeld center construction.[48, 31] The input necessary to build a string-net model is a
set of string types, fusion rules and F-symbols, obeying certain consistency conditions (see
e.g. section 2.3.1). In mathematical language, this input data is precisely a unitary fusion
category C, with string types corresponding to simple objects in C. Likewise, the output of
the string-net construction is a lattice spin model that realizes precisely the anyon theory
A = Z(C). This model is built out of |C|-state spins living on the links of the honeycomb

lattice. The Hamiltonian takes the form

Hsnet _ ZQU . Z B]s)net (2‘49)
v P

where the first term, @)y, is a projection operator that projects onto states that obey the

fusion rules of C at vertex v, and the second term, anet, is the string-net plaquette term:

d
B]S)l’let - Z(ISBS, CLS 5

__ds 2.50)
p 2 (
seC ZieC dl

Here ds denotes the quantum dimension of s and the definition of By is given in Ref. [48].
A G-extension of C is simply another fusion category D with an additional property

called a G-grading, which is a decomposition of D,

D=0, (2.51)

geG
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satistying Dy x Dj, C Dy, and C = Dy, where 1 is the identity of G. We will always assume
that the G-grading is faithful, i.e. Dy is non-empty for all g € G.

To get a better feeling for this definition we mention a few examples and make a few
comments:

(1) To begin, consider the case where C = Zo = {1,9} and G = Zs. In this case, the
Ising fusion category D = {1,4,0} provides an example of a Zs extension of C with a Zs
grading given by D1 = {1,¢} and D_1 = {0} (Here, the F' symbols for D are given in Eq.
[2.37]). In fact, this is precisely the G-extension we used to construct the symmetric toric
code model of section 2.2.

(2) Another class of G-extensions which may be more familiar are ordinary group ex-
tensions. In this case the category C and the extended category D are both groups, and
C is a normal subgroup of D such that the quotient group D/C is isomorphic to G. The
F-symbols can be taken to be trivial, i.e. F = 1, for both C and D. For example, the
dihedral group D = Dy is a Z9 extension of C = Zp;. The identity component Dy is the
Zp subgroup consisting of rotations while the other component D_1 consists of elements
that are the composition of a rotation and a reflection.

(3) Note that G-extensions should not be confused with braided G-crossed extensions.
A G-extension is a fusion category and thus only contains data related to fusion; a braided
G-crossed extension is a more complicated structure that contains both fusion and braiding
data, and that can be thought of as a mathematical description of an SET phase.

(4) As we mentioned earlier, it is known that there is a one-to-one correspondence be-
tween G-extensions of C and braided G-crossed extensions of Z(C).[13] This correspondence
plays a central role in our construction, so it would be useful if we could turn it into an
explicit algorithm that produces a G-extension of C given a braided G-crossed extension of
Z(C). We do not know of such an algorithm, but there are some partial results in this direc-
tion that are worth mentioning. Specifically, one such result is that if a braided G-crossed

extension has the property that the symmetry action p on the anyons is trivial, then the
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corresponding G-extension D is always made up of |G| copies of C, i.e. Dy = C for all g.[13]
This also implies that if the G-extension D is not made of |G| copies of C then the action of
p is non-trivial.

For instance, in the example D = {1,1, 0} discussed above, the two components of the
G-extension are D1 = {1,¢} and D_1 = {o}. The fact that these two components have dif-
ferent size, and are therefore not isomorphic, immediately implies that in the corresponding
SET phase, the symmetry has a non-trivial Zo action p on the topological data characteriz-
ing the phase. In general, such a non-trivial action means that either p permutes the anyon
types of the SET phase or p acts non-trivially on the fusion spaces kaj and leaves the anyons
fixed. In this example, we know that p permutes the anyon types because the SET phase

corresponding to this G-extension is the symmetric toric code from section 2.2.

2.4.2  Symmetry enriched string-net models

We are now ready to present the general symmetry enriched string-net construction. The
input data for our construction is a G-extension D of a unitary fusion category C. The
output is a commuting projector model for an SET phase with symmetry group G and
anyon excitations A = Z(C).

As mentioned earlier, our construction has two steps. The first step is to build a string-
net model with string types corresponding to the simple objects in D. This model is built
out of |D|-state spins living on the links of the honeycomb lattice with a Hamiltonian, HS"€t,
given by Eq. (2.49) but with C replaced by D. The second step is to ‘ungauge’ this string-
net model. We do this by modifying both the string-net Hilbert space and the string-net
Hamiltonian. Starting with the Hilbert space, the only modification is that we add |G|-state
degrees of freedom to the plaquettes of the honeycomb lattice. The Hilbert space of our
model now consists of two separate tensor factors. One tensor factor is formed by the |G|-
dimensional Hilbert spaces living on the plaquettes p, each with basis states |gp), gp € G,

which we refer to as plaquette spins. The other tensor factor is the |D|-dimensional string-

44



net Hilbert space living on each link [ of the honeycomb lattice with basis states |s;), s; € D.
In this notation, the basis states for the full Hilbert space are labeled as |{gp, s;})-

As for the Hamiltonian, we make two modifications to H*"°* (Eq. 2.49). First, we add a
new term — » ; P;. Second, we modify the string-net plaquette term in a particular manner:

anet — Bp. The end result takes the form

H=-YF-Y Q-3 B (25
l v p

where the sums run over the links (1), vertices (v), and plaquettes (p) of the honeycomb
lattice.

In order to explain the three terms listed above, we need to introduce some notation.
Our first piece of notation involves the G-grading of D: for each element s € D, we denote
its corresponding group element g in G by gs. By definition, s € Dy,.

Another piece of notation has to do with domain walls between plaquette spins. Given

any G-spin configuration {gy}, we define a G-valued link variable g; by:

g = g}&lgp (253)

where p and p’ are the two plaquettes that border link /, oriented from p to p’ (Figure 2.9).
We can think of g; as defining a domain wall configuration. Note that in order to make this
definition unambiguous we need to specify a convention for which plaquette corresponds to
p’ and which plaquette corresponds to p. To this end, recall that the links in a string-net
model always carry an orientation, which we take to be fixed. By rotating the oriented links
90 degrees counterclockwise, we also obtain a fixed orientation of the dual triangular lattice.
This orientation allows us to fix a convention for Eq. (2.53), as shown in Figure 2.9.

With this notation, we are now ready to define the different terms in the Hamiltonian

45



Figure 2.9: By rotating oriented links 90 degrees counterclockwise, an orientation on the
original hexagonal lattice gives an orientation on the dual triangular lattice. The latter
allows us to define link variables g;, given any configuration of plaquette spins {g,} and any
link [ of the original hexagonal lattice.

(2.52). The first term P is defined by

X)) = (2.54)

0 otherwise

where | X) is some basis state | X) = [{gp, 5;}), g; is defined as in Eq. (2.53) and s; is the D-
label on link /. The general interpretation of P is as follows: there are two different ways to
obtain a G-valued string-net configuration on links. One comes from the domain walls of the
plaquette spins, and the other comes from examining the G-grading of the link variables in
the D string-net configuration. The term — ) ; P, energetically favors configurations where
these two agree. This is a direct generalization of the operator — ) ; I given in the toric
code example which favored states for which plaquette spin domain walls coincided with o
strings.

The second term, @)y, is simply the usual string-net vertex operator. On the other hand,

the third term, B, is a modified version of the usual string-net plaquette operator B]S)net
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(Eq. 2.50). In particular,

By =Y asByUf* (2.55)
seD

where U]‘g acts as right-multiplication by g

Up < lgp) = lopg) (2.56)

Note that the only difference between B), and BZS)net is the presence of the operator UJ®,
which acts on the plaquette spins.

We should mention that the above models only apply to the case where the category D
does not have any fusion multiplicity (a category has fusion multiplicity if one of the fusion
spaces sz'j has dimension two or greater). If we want to accommodate fusion multiplicity
in D, we need to modify the corresponding string-net model H%"* by including additional
spins that live on the sites of the honeycomb lattice.[48, 31, 38] Likewise, these site spins
also need to be included in the symmetry-enriched string-net model (2.52). This extension
is straightfoward so we omit the details; the main point is that our construction can be

applied to arbitrary fusion categories D as long as one uses suitably generalized string-net

models.[31, 38, 49]

2.4.83 Properties

The Hamiltonian H (2.52) defined above has a number of interesting properties. For the
most part, the proofs of these properties are very similar to the ones given in detail for the
symmetric toric code so we do not repeat the analysis here, but rather simply sketch the

main idea.
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1) H has a global G symmetry, where the symmetry action U, is defined by left multi-
( g y y y y g y

plication by g:

U9 =QUj (2.57)
p

Uy = lgp) — l9gp) (2.58)

Note that Uy is the natural generalization of the Zo symmetry S = Hp 7, in the symmetric
toric code model.

(2) All of the terms in H commute. The proof of this statement is nearly identical to
the one given for the symmetric toric code in section 2.2.2.

(3) All of the terms in H are projectors. This is clearly the case for P, and @, which
were defined as projectors. One can see By is a projector by using Eq. (2.15) and following
the same reasoning as in the symmetric toric code case.

(4) In an infinite plane or sphere geometry, the operators P}, Qy, By have a unique
simultaneous eigenstate with eigenvalue 1. This state is the unique ground state of H. The
existence and uniqueness of this state can be deduced from the existence and uniqueness of
string-net ground states in a sphere geometry, together with the fact that gauging H gives
a modified string-net model, as discussed in (6). (Note that this result implies that H does
not spontaneously break the symmetry, since it has a unique ground state).

(5) In a sphere or infinite plane geometry, the ground state amplitude of X = {gp, s;} is
given by

\I,snet s if = gs,
B oy — | D =

0 otherwise

where US1°t({s;}) is the ground state amplitude of {s;} in the string-net model based on D.
(6) Gauging the global symmetry (2.57) of this model results in a topological phase

described by the anyon theory Z(D). This can be seen by introducing G-valued variables
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on the links of the dual triangular lattice and performing a minimal coupling procedure as
described for the symmetric toric code in section 2.3.2. As in that case, it is straightforward
to see that the resulting gauged model is unitarily equivalent to a modified string-net model
that realizes Z(D). This modified string-net model contains a |G| dimensional spin, &, on
the links in addition to the usual D-state spin. While the modified model looks different
from the usual string-net model, it belongs to the same phase since its ground state is simply
the usual string-net ground state tensored with a product state where all of the auxiliary
spins § are in the |g = 1) state. See section 2.3.3 for a precise definition of this modified
string-net model and the associated unitary equivalence, in the case of the symmetric toric
code.

(7) The Hamiltonian H realizes an SET phase with symmetry group G and anyon ex-
citations A = Z(C). Furthermore, this SET phase is precisely the one associated with D
under the correspondence discussed in section 3.1.1. This property follows from property
(6) together with two mathematical results. The first result is that the anyon theory Z(D)
is exactly what would be obtained by gauging the symmetry of the desired SET phase.
The second result is that the anyon theory corresponding to a gauged SET phase uniquely

determines the original SET phase. [3, 13]

2.5 Examples

In this section we illustrate the general construction with some additional examples. We
start with two simple examples: a bosonic SPT phase with a Zo symmetry and a toric code
phase with a Zo symmetry that does not permute any anyons. We note that solvable models
for both of these phases have been written down previously.[43, 10, 24] We then discuss two
SET phases that have non-Abelian anyons and anyon-permuting symmetries — one with a

Z9 symmetry and one with a Z3 symmetry.
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2.5.1 Bosonic Zo SPT phase

We begin by constructing a model for a bosonic SPT phase with Zo symmetry. The first
step of our construction is to find the fusion category C associated with this phase. To this
end we note that, like all SPT phases, this phase supports only trivial anyons: A = {1}.
Trivial anyons can be realized by a trivial string-net model with only one string type, so we
conclude that C = {1}.

Having found C, the second step is to find the different Zs-extensions D of C; each
extension will give us a model for a different Zo SPT phase. Conveniently the Zs9 extensions
of C = {1} are already known: there are two such extensions, both of which are of the form

D =Zs = {1,a} with
axa=1 axl=a, 1x1=1 (2.59)

and with the Zg grading given by D = Dy @ D_; with D; = {1} and D_1 = {a}.  The
difference between the two extensions comes from their F-symbols F;j * In one extension,
the F' symbol is trivial: F' = 1. In the other extension, F** = —1, and F' = 1 otherwise.
Let us focus on the second Zs extension, since this is the one that gives the non-trivial
SPT phase. To build a model for this phase, we first need to construct the string-net
model with string types given by D. This string-net model is well-known and is called the
‘doubled semion’ model.[48] We then need to ungauge the doubled semion model. Following
the general recipe, we add two-state spins to the plaquettes of the honeycomb lattice, with
states labeled by 77 = £. We then modify the Hamiltonian of the doubled semion model by

adding the term — ), P, with

1(1 + (—1)NZT’ZT’Z)

Pl:2 p'q

6. More generally, for any finite group G, the number of G-extensions of {1} is given by H3(G,U(1)) and
all the extensions have fusion rules that are isomorphic to G.
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Here p, g denote the two plaquettes that adjoin [ while the /N; operator is defined by N; =1
if the link [ is occupied with a type a string and N; = 0 otherwise. Finally, we alter the
plaquette operator

1
By = 5(1+ Byry) (2.60)

The result is a model for a non-trivial SPT phase with a Z9 symmetry S = Hp Tg.

The above model is closely related to the one written down in Ref. [43] but the Hilbert
space is slightly different: in the above model there are two-state spins on both the links
and plaquettes of the honeycomb lattice, while the model from Ref. [43] only has spins on
the plaquettes. To understand the relationship between the two models, it is useful to think
about their ground states. For the model in Ref. [43], the ground state amplitude for a
plaquette spin configuration X is given by ¥(X) = (=1)V &) where N is the number of
domain wall loops in X. In comparison, the ground state amplitude in the above model is
given by the same formula, but there is an additional constraint that the occupied links [
must lie along the domain walls of the plaquette spins; if this constraint is not satisfied then
the amplitude ¥ = 0. While the two ground state wave functions are different, it is easy to
see that there exists a local unitary transformation that transforms the ground state of the
above model into the ground state of the other model tensored with a product state made
up of the link spins. Given this connection, we can conclude that the two models describe

the same phase.

2.5.2  Toric code with a non-permuting Zo symmetry

In this section, we construct a model for a toric code phase with a Zo symmetry that does
not permute the anyons. The first step is to find the fusion category C corresponding to the
toric code. Since the toric code phase can be realized by a string-net model with two string
types and Zs fusion rules, we have C = Zg = {1, a}. As for the F' symbol F lij k, this is trivial

for the toric code model: F' = 1.
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The second step is to find the Zg extensions D of C; each extension will give us a model for
a different SET phase. In addition to the two Zo-extensions with e <+ m symmetry discussed
in section 2.2 and appendix A.3, we expect four Zo-extensions with a non-permuting Zo
symmetry. [51, 3] These four extensions can be found by inspection: two are of the form
D = Z9 X Z9, and two are of the form D = Z4. Within each pair, the two extensions are
distinguished from one another by their (extended) F-symbols, Flij k, which we omit here for
the sake of brevity.

The first two Zsg extensions give models that describe either the trivial toric code, or a
trivial toric code stacked on top of a Zo SPT. The other two extensions give models where
either the e particle and the em particle carry a half Zo-charge or the e particle and the
m particle carry a half Zo-charge (the phase where m and em carry a half charge can be
obtained by re-labeling, and does not constitute a distinct SET). In all four cases, the Zg
symmetry does not permute the anyons.

Let us focus on the Zo extension corresponding to an SET where the e and the em
particles carry half a charge. In this case, D = Zy = {1,a,a2,a3} and the Zsg grading is
given by D = Dy & D_; with D = {1, a2} and D_1 = {a, a3}. The F-symbol is trivial for
this extension: F' = 1. To build a model corresponding to this phase, we need to construct
the string-net model with string types given by D. This model is exactly the Kitaev quantum
double model[32] with G = Z,4, defined on the honeycomb lattice.

After building this string-net model, we then need to ungauge it. Following the same
procedure as before, we do this by attaching additional two-state spins to the plaquettes,
with states labeled by 77 = +. Next, we add the term — »; P}, with

Pi= 50+ (-)Nirir)
9 p'q
Here p, ¢ denote the two plaquettes that adjoin [ while /V; is defined by N; = 1 if the link

[ is occupied by a or a? and N; = 0 otherwise. The last step is to modify the plaquette
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Anyon | topological spin | d | Anyon | topological spin | d
a=1 0 1 e s 3
b 0 1 f 0 2
c 0 2 g 27/3 2
d 0 3 h 4 /3 2

Table 2.2: Anyon types and corresponding topological data for the quantum double Z(S3).

operators so that they commute with Fj:
By = ~(BL + B + BY + BY 1)
p " 4 \Pp T PpTp T Pp p Tp
X

The resulting model has a Zo symmetry S = Hp 7, and describes a toric code phase in

which the e and the em particles carry a half Zo-charge.

2.5.3  Quantum double of Ss3

In this section, we consider an SET phase that has the same anyon types as the quantum
double of S (see Table 2.2), and has a Zs symmetry that exchanges two of the anyons
(namely the ¢ and f anyons). The possibility of such an SET phase was discussed previously
in Ref. [3]; here we construct an exactly solvable model that realizes it.

As always, the first step in our construction is to find the fusion category C associated
with this topological phase. To this end, we note that the quantum double of S3 can be
realized by a string-net model with three different string types corresponding to the three
irreducible representations of 53.7 Labeling these representations by 1, a1, ao where 1 is the
trivial representation, aj is the two dimensional representation, and a9 is the one-dimensional
representation, we deduce that C = {1,a,as}. The fusion rules can be read off from the

representation theory of S3:

ag X ap =1, a1 Xap =ay1, a;y X a; =1+ a1 + as.

7. Actually, the quantum double of S3 can also be realized by a string-net model with string types
corresponding to group elements g € S3. Hence, we could equally well take C = Ss.
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Likewise, the F-symbol is given by the 6j-symbol for S3.

The second step is to find the Zo extensions D of C. Each extension defines a model for
a different SET phase, so if we wanted to be systematic, we would find all such extensions.
Here we will be less ambitious and will simply discuss one example: D = SU(2)4. This
extension is particularly interesting because, as we will argue below, it corresponds to an
SET phase where the Zo symmetry exchanges ¢ and f.

Before proceeding further we need to explain our notation: SU(2),4 denotes the fusion
category associated with non-Abelian Chern-Simons theory with gauge group SU(2) at level
4. This fusion category has five simple objects, which can be labeled according to their ‘spin’
as: D = {1,a%,a1,a%,a2}. The fusion rules are given by Eq. (2.63). The Zg grading is
given by D = D1 & D_1 where

Dy =C={l,a1,a2}, D_1= {a%,a%}. (2.61)

The F-symbol is known but we will not reprint it here.[5]

To build a model for the corresponding SET phase, we need to construct a string-net
model with string types given by the simple objects in D. We then need to ungauge this
string-net model. Following the same recipe as before, we do this by adding two-state spins
to each plaquette, with states labeled by Tﬁ = +. Next we modify the string-net Hamiltonian

by adding the term — > ; P} with

L1+ (1)Nirzed)

Here p, g denote the plaquettes that adjoin [ while N; is defined by N; = 1 if the edge is

occupied by a1 or az and N; = 0 otherwise. Finally we modify the plaquette operator so
2 2
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that it commutes with F:

1
By = s > dsBy+7y Y dsBj (2.62)
?

i \s=0,1,2 s=1,

[\G[9%)

The resulting model has a Zo symmetry S = Hp 7'];” and supports the same types of anyons

as the quantum double of S3.

To determine how the symmetry acts on these anyons, notice that the two components
in Eq. (2.61) have different sizes, so by the general result discussed in section 3.1.1, the Zo
action on the topological data must be nontrivial. This means that the Zo symmetry either
(1) permutes some of the anyons or (2) leaves the anyons fixed but has a nontrivial action on
the anyon fusion spaces. Assuming the latter possibility doesn’t occur, we deduce that the
symmetry must exchange ¢ and f since this is the only anyon permutation that is consistent

with the data in Table 2.2.

D =SU(2); for k even

It is worth noting that the above example is part of a larger family of SET phases, all of which
have a Zg anyon-permuting symmetry. These phases correspond to Zo-extensions of the form
D = SU(2);, where k is even and where C is the subcategory of D consisting of objects with
integer ‘spin.” Here, the objects in SU(2);, can be labeled as {ag = 1, ay /g, - - ,ak/2}. The

fusion rules are[5]
min(l+m,k—Il—m)

a; X am = Z an (2.63)

n=|[l—m)|

and admit a natural Zs-grading:

Di=C={qlleZ}, D 1={qlleZ+1/2} (2.64)
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Anyon | topological spin | d | Anyon | topological spin | d
1 0 1 c1 0 3

b 0 1 c9 0 3

b2 0 1 cs s 3

a 0 3 cy s 3
T 0 4 Y1 0 4
9 27/3 4 Y2 27/3 4
3 47 /3 4 Y3 47 /3 4

Table 2.3: Anyon types and corresponding topological data for the quantum double Z(Ay).

Following the same reasoning as above, we know that the Zo symmetry permutes the anyons
(or at least acts nontrivially on the topological data) in these phases since the two components
of D have different sizes. Indeed, D1 = {ag, a1, ... ,ak/g} contains k/2 + 1 elements, while

D_1 ={ay3,a3/9,---,a(_1)/2} contains only k/2 — 1 elements.

2.5.4  Quantum double of Ay

We now consider an SET phase with the same anyon types as the quantum double of Ay
(see Table 2.3) with a Zgz symmetry that permutes three of the anyons (namely a, ¢, ¢2).
The first step is to find the fusion category C associated with this phase. To do this, we
note that the quantum double of A4 can be realized by a string-net model with string types
corresponding to the four irreducible representations of A4. Labeling these representations
by {1,b,b% a} where 1 denotes the trivial representation, and b, b denote one dimensional
representations, and a denotes a three dimensional representation, we deduce that C =

{1,b, b2, a}. The fusion rules can be read off from the representation theory of Ay,
bxb=1bxa=b0xa=a, axa=1+b+b%+ 2a, (2.65)

while the F-symbol is given by the 65 symbol for Ay4.
The next step is to find the Zs3 extensions D of C. Again, rather than finding all such

extensions, we will only discuss one example: D = SU(3)3. This is a category with 10 simple
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objects: {1,a,b,b%,dy,dy,ds, e1,ea,e3}. The Zs grading is:

Dl = C = {1,&,[), b2} ) Dw = {d17d27d3}7

D2 ={e1,e2,e3} (2.66)

where we have labeled the elements of Z3 as 1, w, w? with w = ¢2™/3. The fusion rules are:

3 3
d; Xazzd', €; X@:Zeja eisze(imod3)+1

d; Xej:a—l-b(i_j)mOd?), d; Xb:d(i mod 3)+1
diy X dyg=dg xXd3=eg+e3, di Xxd3=dy xXdg=¢e1+e9
do xdg=dy Xdy =e1+e3, €] Xeg =e3 X ez =dy+d3

e1 Xe3=egXeg=dy+dg, eg Xxez3=e] xXe|] =d]+d3 (2.67)

We omit the F' symbol for brevity.

To build a model for the associated SET phase, we need to construct the string-net model
with string labels in D and fusion rules given by Eq. (2.67). We then need to ungauge this
string-net model. Following the general procedure, the first step is to add a three-state spin
to each plaquette. We denote the basis states for this spin by |1), |w), |w?) where w = ¢27/3.

We also define two generalized Pauli operators that act on these basis states:

Cp = 1D)(1] +w [w)(w] +w? [w?)(W?]

Sp = [w)(1] + [w?) {w] + 1) (7] (2.68)

Next, we add the term — ) ; P} to the string-net Hamiltonian, where
2

_ 1 ~Ny—14\F
P=3 ];) (w lcp,lcp) (2.69)
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Here p, p’ denote the two plaquettes that adjoin /, and we assume the orientation convention
shown in Fig. 2.9. The operator NN; is defined by N; = 0, 1,2 depending on whether link /
is occupied by a string in Dy, Dy, D 2 respectively. Notice that P projects onto states that
satisfy C’I;lC’p = wM — that is, states in which the Z3 domain walls between the plaquette
spins coincide with the Z3 grading of the string types on the links. The last step is to modify

the string-net plaquette term so that it commutes with Fj:

2
1 .
J s
By — S > Y dsS)B (2.70)
$78 \j=0seD_
Here s ranges over all labels in D and dg is the associated quantum dimension.

The model obtained from this procedure has a Zs symmetry S = Hp Sp and supports
the same types of anyon excitations as the quantum double of A4. Furthermore, by the same
reasoning as in the previous two examples, we know that the Z3 symmetry acts non-trivially
on the topological data in this model. Presumably this means that the symmetry permutes
the anyons a,c; and c9 since this is the only non-trivial permutation that is consistent with

Table 2.3.

2.6 Conclusion

In this chapter we have constructed a large class of exactly solvable models for 2D bosonic
SET phases with finite, unitary onsite symmetry group. These models are very general
and can realize every SET phase (or more precisely, every braided G-crossed extension) in
this class whose underlying topological order can be realized by a string-net model. As an
example of our construction, we have presented an exactly solvable model with the same
anyon excitations as the toric code model and a Zo symmetry that permutes the anyons e
and m.

An interesting corollary of our construction is that it proves that all of the above SET

phases are physically realizable in 2D systems. This is significant because mere algebraic
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consistency of the topological data does not guarantee the existence of a physical realization:
in principle, there could be additional obstructions to realizing an SET phase in a physical
system that are not captured by the known mathematical structure. Our construction proves
that no such obstructions exist, at least in the above cases.

One shortcoming of our current construction is that if one wants to construct a model for
a specific SET phase, one needs to know the corresponding G-extension ahead of time. For
example, in the case of the symmetric toric code we had to know that the correct G-extension
to realize a phase with e <» m symmetry was the Ising category D = {1,%,0}. In practice,
however, one is more likely to be faced with a situation where one is interested in an SET
phase with certain physical properties but one does not have any a priori knowledge of the
corresponding G-extension. In this case, one would first need to translate from the known
physical properties to the corresponding G-extension before applying our construction, and
this is not necessarily an easy task.

Given this issue it would be desirable to construct models starting from a more convenient
set of input data. For example, one might want to start from a particular symmetry action on
a set of anyons (e.g. e > m), and construct all possible models that realize this action. This
is a challenging problem, but it may be possible to make progress using previously known
mathematical results[13] on the relationship between symmetry actions and G-extensions.

Apart from this technical issue, perhaps the most interesting direction for future work
would be to generalize our construction to a larger class of SET phases. For instance, it
would be desirable to generalize these models to include continuous and/or anti-unitary
symmetries — especially since many physical symmetries of interest fall into these classes.
Another potentially interesting set of generalizations would be to extend these models to

higher dimensional or fermionic systems.
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CHAPTER 3
PROTECTED EDGE MODES WITH 7Z, SYMMETRY

3.1 Background and motivation

3.1.1 Chiral boson edge theories with Zo symmetry

We begin by reviewing the K-matrix formulation of chiral boson edge theories. A general
chiral boson edge theory is described by N fields ®; obeying commutation relations of the
form

[@(x), 9y ®j(y)] = 2miK ;' o(x — y), (3.1)

together with a Hamiltonian density of the form

H = Z %axq%ax@j (3.2)
ij
Here K is a N x N symmetric, non-degenerate integer matrix while V' is a N x N symmetric,
positive definite real matrix. One can think of K as describing the topological properties
of the bulk and edge, while V' contains non-universal information, such as the velocities of
the edge modes. In general, V will not play an important role in this paper since we will be
primarily interested in the topological structure of the edge.

An important ingredient in any edge theory is the set of local operators. For the above
edge theories, the fundamental local operators are of the form €93 (%) where © i =2k K@y
All other local operators, such as 0, ®;, can be constructed by taking derivatives and products
of these operators. Physically, ¢©i() can be interpreted as a creation operator for the jth
species of electron. Here, we use the term ‘electron’ to denote the underlying microscopic
particles from which the system is built, whether or not they are actually electrons.

We now review how to incorporate a Zo symmetry into this formalism. A general Zo
transformation S can be characterized by its action on the electron operators "9 In this
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paper, we will assume that this symmetry action is of the following general form:

S1e!0is = ™ [T eVei®n (3.3)
k
Here W is an N x N integer matrix and x is an N component real vector. The matrix W
can be thought of as describing how the electron operators are mixed by the Zo symmetry,
while x describes the additional phases that are accumulated.
Consistency demands that W and yx satisfy certain constraints. To derive these con-
straints, we take the logarithmic derivative of Eq. (3.3) with respect to z and then multiply

by K Z; 1 which gives
STHO:D)S =Y Wi 0: Py, (3.4)
k
From this transformation law, we can easily see that VW satisfies the constraints
WIKkw =K, w?=1 (3.5)

where the first constraint comes from the fact that the symmetry must preserve the commu-
tation relations (3.1), while second constraint comes from requiring that 52 — 1. We note
that the relation S? = 1 also gives constraints on x, but we will not need them here.

To summarize, a general chiral boson edge theory with Zo symmetry is characterized by a
triplet (K, W, x) obeying certain constraints (3.5). The matrix K describes the commutation
relations of the underlying fields and W, x describe how the Zg symmetry transformations

act on these fields.

3.1.2  Gapping perturbations and null vectors

One of the goals of this paper is to determine which of the above edge theories can be

gapped without breaking the Zs symmetry and which cannot. To investigate this question,
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it is useful to have a library of perturbations that can be used to gap chiral boson edge
theories. A simple class of such gapping perturbations are those that scatter ‘electrons’
between different modes on the edge. These scattering terms take the form U cos(AT© — )
where A is an N component integer vector and « is an arbitrary phase.

One can show that each scattering term U cos(AT@ — «a) can gap at most a single pair
of modes, so we need a minimum of N/2 terms to gap an edge theory with N modes.
Conveniently, there are simple sufficient! conditions under which a sum of N /2 scattering
terms

N/2

H = Ucos(A] © — o) (3.6)
=1

is guaranteed to gap the edge if U is sufficiently large. In particular, it is known that the
above perturbation will gap the edge provided that (1) the vectors Ay, ..., A N/2 are linearly

independent and (2) they satisfy
ATKA; =0 for all i and j (3.7)

Such vectors are commonly referred to as ‘null-vectors.’
While the above conditions guarantee that the perturbation H’ will gap the edge, we
need to impose two more conditions to ensure that the gapped edge does not break the Zo

symmetry. The first condition is that
SIS =H. (3.8)

This condition guarantees that the perturbation does not break the symmetry explicitly.

The second condition is that the set of null vectors {Aq, ..., A N/2} is primitive, that is, there

1. In fact, these conditions are both necessary and sufficient [42].
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is no solution to the equation

where a; are integers with no common divisors, k is an integer that is greater than 1, and A
is an integer vector. This primitivity condition ensures that the perturbation does not break
the symmetry spontaneously. [45]

If a perturbation H' satisfying the above conditions exists, then it follows that the edge
can be gapped without breaking the Zs symmetry. However, it is important to keep in mind
that the converse statement is not true in general, i.e. the absence of an appropriate set of

null vectors does not imply that the edge cannot be gapped.

3.1.8 FEdge theories of bosonic Zs SPT phases

In this paper, we will focus on edge theories of bosonic SPT phases — that is, SPT phases
that are built out of bosonic ‘electrons.” In this case, there are some additional constraints

on the K-matrix. In particular,
Kiji=0 (mod2), |det(K)| =1, sig(K)=0. (3.10)

where ‘sig’ stands for signature. Here, the first constraint comes from our restriction to
phases built out of bosons, while the second constraint comes from the fact that SPT phases
do not support quasiparticles with nontrivial statistics. The last constraint comes from the
fact that SPT phases have vanishing chiral central charge.

We now discuss two important examples of bosonic SPT edge theories. The first example
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The corresponding Zo symmetry transformation is given by

5 1eP1g = (101 (3.12)

571025 — (102 (3.13)

From a topological standpoint, the most important feature of this edge theory is that it can
be gapped without breaking the Zs symmetry. Indeed, the perturbation U cos(©9) does the
job, according to the null vector conditions described in the previous section. Therefore this
edge theory can be identified as the boundary of a trivial Zo SPT phase.[43]

Another important example of a bosonic SPT edge theory is given by:

K= LW = Y= (3.14)

The corresponding Zo symmetry transformation is:

571019 = (i1 (3.15)

571929 = (192 (3.16)

In contrast to the first example, it is known that this edge theory cannot be gapped without
breaking the Zo symmetry. Thus, it can be identified as the edge theory of the nontrivial
Zso SPT phase.[43, 50]

3.1.4 Motiating example

In this section we discuss a third example of a bosonic Zo SPT edge theory which demon-

strates some of the challenges in determining whether or not such edge theories can be
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gapped. This example is given by

This data corresponds to a symmetry transformation that exchanges the two electron oper-
ators, eiel, '©2:
5115 = 102 (3.18)

51025 = 101 (3.19)

We ask: can this edge theory be gapped without breaking the Zo symmetry? Equivalently,
is this edge theory the boundary of a trivial or non-trivial SPT phase?

The most straightforward way to investigate this question is to search for null-vector
perturbations (4.49) that can gap the edge theory (3.17) without breaking the symmetry.
Because N = 2, we need a single null vector, which we denote by AT = (a,b). To be null, A

must satisfy the following equation

01 a
(a b) =2ab=10 (3.20)
1 0 b

Hence, the only way A can be a null vector is if a = 0 or b = 0. However the corresponding
perturbation (4.49) for a = 0 (cos[bO3]) or b = 0 (cos[a®1]) clearly break the Zs symmetry,
since this symmetry exchanges ¢©1 and €2, We conclude that there is no way to (sym-
metrically) gap the above edge theory using null-vector perturbations of the form (4.49).
Given that the null-vector perturbations are not capable of gapping (3.17), one might
wonder if this edge theory is actually the boundary of the non-trivial SPT phase. If that is

the case, then one should be able to find a perturbation that gaps the composite edge theory
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obtained by taking the direct sum of (3.17) and the nontrivial SPT edge theory (3.14). 2

This composite edge theory is given by

0100 0100 0
1000 1000 0
K= , W= ) X =
0001 0010 1
0010 0001 1

However, following the same arguments as in Eq. (3.20), one can again show that there is
no choice of null vectors which gives a symmetric perturbation.

We conclude that the standard null-vector analysis does not provide a definitive answer
as to whether the edge theory (3.17) corresponds to a trivial or nontrivial Zo SPT phase.
This example shows that it is not always easy to determine whether bosonic Zo SPT edge
theories are trivial or nontrivial (i.e. gappable or non-gappable), even in simple cases. This
motivates a more general and systematic analysis of bosonic Zo SPT edge theories, which we
will present below. As part of this general analysis, we will resolve the question of the above
edge theory: we show that it is in fact trivial and can be gapped using a more complicated

perturbation (see section 3.3.3).

3.2 Main results and applications

The example from the previous section raises the following question: given a general bosonic
SPT edge theory with a Z9o symmetry, how can one determine if it can be gapped or not?
Equivalently, how can one determine if it is the boundary of the trivial or non-trivial SPT
phase? In this section, we present a simple algebraic criterion that answers this question.

We begin by introducing an important auxiliary quantity, which we denote by x.

2. Here we use the fact that Zs bosonic SPT phases have a Zy group structure, so the direct sum of two
nontrivial SPT edge theories is always trivial.
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3.2.1 The auxiliary vector x .

In this section we define an additional quantity y+ for describing bosonic SPT edge theories
with Z9 symmetry. This quantity is completely determined by the standard data for these
edge theories, (K, W, x), and therefore carries no additional information. However, it is still
useful for our purposes, as we will see below.

Formally, we define x4+ as any N component vector that satisfies the following conditions

WTX+ = X+

AT AT . T
S_1€ZA+@S _ eZA+@ . €Z7TA+X+’ (321)

where the second equality holds for all integer vectors A4 with WAL = A4. The physical
meaning of x4 is similar to y in that it describes the extra phases that are acquired by the
electron operators under the Zg symmetry S. The main difference is that x4 only describes
the symmetry transformation properties of a subset of electron operators, namely those that
are transformed into themselves multiplied by a phase.

A few comments about y4: first, we should mention that there is generally more than
one choice of y4+ obeying the conditions (3.21). That said, different choices of x4+ should be
regarded as physically equivalent and in particular we will see that our criterion does not
depend on the choice of x.

We should also point out that not all values of x4 are physically possible. More specifi-

cally, using the fact that S = 1, one can show that y4 always obeys the relation
2x+ = diag(KW) (mod 2) (3.22)

Finally, we would like to mention an ezplicit formula for y4+. To use this formula, one
first has to perform a change of basis so that (K, W, x) are in a particular form. In particular,

as we show in appendix B.3, it is always possible to put K, W, x into the following standard
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form:

—1m 0 0 0
0 1p,_ 0 0
W = B+on-dm , (3.23)
0 0 0 In. —m
0 0 1n —m 0
A 0 B -B
0 C D D
K = , (3.24)
Bl pT' g F
BT pT p
and
Om
X2
X = (3.25)
On_fm
On,—m

Here, in the first equation, 1y, denotes an m x m identity matrix, and m,n4,n_ are non-
negative integers satisfying n4 +n— = N and m < n_. In the second equation, A, C, F are
integer square matrices with the same dimensions as the diagonal blocks of W. Finally, in
the third equation, 0,, denotes a column vector with m zeros, while yo is a column vector
with ny —n_ 4+ m components.

Once K, W and x are in the above standard form, the vector x4 is given by:

Om

X2
diag(F)/2

X+ (mod 2) (3.26)

diag(F")/2

This formula can be derived straightforwardly by solving Egs. (3.21).
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3.2.2 General criterion

With this background, we can now state our criterion: a Zo bosonic SPT edge theory

(K, W, x+) can be gapped if and only if
v=0 (mod 2) (3.27)

where v is defined by

1 p 1.
V=3 TR I, + Jois((1 - WK1 —W)) (3.28)

and ‘sig’ stands for signature.?

While it may not be obvious from the above formula, it is possible to show that v is
always an integer for any consistent edge theory (see appendix B.4). This means that v
can only take the values 0 or 1 (mod 2), with the two cases corresponding to a trivial or
non-trivial bulk SPT phase, respectively. For this reason, we will refer to v (mod 2) as the
Z3 index of the edge theory (K, W, x4).

This Z9 index has several important properties:

1. v (mod 2) does not depend on the choice of x4. This result is important because it

means that the Zo index is unambiguous.

2. visadditive under ‘stacking’ of edge theories. That is, consider two theories { Ky, Wq, (x+)a }

and {Kp, Wy, (x4 )p}, and let {K, 14, Woip, (X4 )arp) denote their direct sum. Then,
the corresponding Zs indices are related by v,y = vq+13. This result is to be expected

since the Zs index of the bulk SPT phases is also additive under stacking.

3. The matrix (1-W7T)K (1—W) also has vanishing eigenvalues, but we define the signature by considering
only the eigenvalues that are strictly positive and strictly negative.
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3.2.8 FExamples

The edge theory (3.17)

We start by analyzing the edge theory (3.17) from section 3.1.4. The first step is to compute
X+ for this example. Comparing the form of (K, W, x) to Egs. (3.23-3.25), we see that

m =0, ny =n_ and F = 1. Therefore, by Eq. 3.26,

1/2
X+ = (3.29)
1/2
Now computing v we find
1 0 1) (12} 1 (-2 2
V=g <1/2 1/2) + 158 (3.30)
1 0) \1/2 2 -2
1
=, +3(-D=0 (3.31)

Hence, according to our criterion, this edge theory can be gapped.
For completeness, we now show how to compute x4+ directly from Eqgs. 3.21, instead of
Eq. 3.26. The first step is to choose AL = (1,1) as a vector satisfying WAL = Ay. Next,

we examine the symmetry transformation properties of the operator

HANTO _ Li(01+62) (3.32)

To this end, it is useful to decompose this operator into a product of ¢©1 and ¢1©2. Recall

that, for two operators X and Y such that [X, Y] is a scalar, we have the following relation
e =e“e e 2

X4Y _ X Y _-i[xY] (3.33)

In our case, the relevant commutator involves two fields located at the same position, and
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is given by
6i(2), ©(x)] = ik jsign(i — J) (3:34)

Thus, we have

(i(O1502) _ (102,101 5im _ 101,102 i (3.35)

With these identities, we can easily compute the symmetry transformation properties of

(3.32):
G—1,i(01462) g _ g—1,i02,iO1 g . ,5iT
_ i01,i0g  giT

= —(O1402) (3.36)

Comparing with Eq. (3.21), we deduce that A{XJF =1 (mod 2). At the same time, the
condition WTX+ = x+ implies that x4+ must be of the form X4T_ = (a,a). We conclude that

Xt = (1/2,1/2) in agreement with Eq. (3.29).

Theories without permutation: W =1

We now examine the invariant in the case that W = 1, the identity matrix. This corresponds
to the case where there is no permutation of the fields, and only a shift. For the W matrix
in Eq. 3.23, this corresponds to the case where m = n_ = 0 and thus n4 = N. The form of

the invariant simplifies considerably in this case:
v=xlK 1y (3.37)

(Here, the reason we have used y instead of x4 in the above equation is because x = x4+

when W = 1).
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3.3 Derivation of results

3.3.1 A few simplifications

In order to establish our criterion, we need to prove two claims:
1. If v = 0 (mod 2), the edge theory (K, W, x4) can be gapped.
2. If v =1 (mod 2), the edge theory (K, W, x4) cannot be gapped.

Actually, we will now argue that it is enough to just prove claim (1): to see this, consider
the composite edge theory obtained by taking a direct sum of (K, W, x4 ) and the nontrivial
SPT edge theory (3.14). If (K, W, x+) has v =1 (mod 2), then this composite edge theory
has v = 0 (mod 2) since v is additive under stacking and the edge (3.14) has v = 1. Hence,
claim (1) implies that the composite edge theory can be gapped, which in turn implies that

the edge theory (K, W, x4+) cannot be gapped.

In fact, it suffices to prove claim (1) in the special case v— = 0 where v4 are defined by
_Lor
vy = 2X+ X+
1
v = sig((1 - W)K(1 - wTy)

One way to see this is to recall the edge theory (3.17). This is the edge theory of a trivial Zo
SPT, as we prove in section 3.3.3. At the same time, the calculation in section 3.2.3 shows
that this theory has vy = le and v_ = _zll' Thus, if (K, W, x4) is an edge theory with
v_ = 4, for some positive integer n, then we can take the direct sum of (K, W, x+) with n
copies of (3.17), in order to make v_ of the combined theory equal to zero. This ‘stacking’

will not affect whether the edge can be gapped since (3.17) is the edge theory of a trivial Zg
SPT.

72



3.3.2 Derivation

In view of the above simplifications, we only need to show that the edge theories with v even
and v— = 0 can be gapped. Our strategy for proving this will be to establish the existence of
a set of linearly independent integer vectors {A&l), e AS:““/Q), A(f), - A@_/Q)} with three

properties:
1. The vectors are mutually null: (Ag))TKA(f) =0 for all j, k.
2. The vectors are even/odd under W: WAgg) = iAg).
3. (ASZ))TX+ =0 (mod 2) for all j.

Using the above null vectors, we will construct a perturbation (4.49) that gaps the edge
without breaking the Zo symmetry. Here ny and n_ denote the dimensions of the +1 and

—1 eigenspaces of W.

Even and odd subspaces: K.

(4)

To simplify the problem of finding the null vectors AY’, we now define two matrices K4 that

describe the action of K within the +1 and —1 eigenspaces of W. First let
Er={Asr: WAL =+Ay, Ay €2V} (3.38)

These sets form integer lattices of dimension ny and n—. Thus they can be represented as

=4+ = V4 Z"* where V4 are N X n. integer matrices. We then define the matrices K4 as
K+ =VIKVy (3.39)

Notice that K4 are n4+ Xn4 matrices — precisely the dimension of the +1 and —1 eigenspaces

of W.
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The reason that the matrices K+ are useful is that there is a one-to-one correspondence
between their null vectors, which we denote by A4, and the even/odd null vectors of K,

which we denote by A4. This correspondence is given by
Ay =ViAL (3.40)
Given this correspondence, our task reduces to finding null vectors of K.

Proving K. have a complete set of null vectors

In this section, we show that K4+ and K_ both have a complete set of primitive null vectors
{/_\S_Ll), o /_\(ini/Q)}. To establish this, it suffices to prove two claims: (1) sig(K+) = 0, and
(2) the Abelian topological phases corresponding to the K-matrices K4 have Lagrangian
subgroups. Indeed, Ref. [42] showed that these two properties guarantee the existence of the
required null vectors.

To see that sig(K+) = 0, observe that
sig(K-) =v_, sig(K4) =sig(K) —v- (3.41)

The claim then follows from our assumption that v— = 0, together with the fact that
sig(K) = 0 for any SPT edge.

Proving that the topological phases corresponding to K+ have Lagrangian subgroups
requires a bit more work. We accomplish this using a lemma, proven in Appendix B.2,
which states that if a bosonic Abelian topological phase has vanishing chiral central charge
and satisfies a2 = 1 for all anyons a then it has a Lagrangian subgroup. To apply this lemma,
we need to show that a? = 1 for all anyons a. This will follow if we can show that 2K ;1 are
integer matrices.

We now prove this claim for K — the proof for K_ is similar. Let x be an n+ component

vector such that K x is an integer vector. Then AEK Vix is an integer for every Ay € =Z4.
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At the same time, it is clear that AT KV, 2 = 0 for every A_ € Z_ since V.« is even under
W, while A_ is odd under W. Noting that every integer vector y can be written as a linear
combination y = %(A+ + A_) with A+ € =4, we deduce that 2yl KV, x is always an integer
for every integer vector y. It then follows that 2V x is an integer vector since det K = +1.
Hence 2z must be an integer vector (since 2Vyz is clearly an element of =;). Thus, we
have shown that if K x is an integer vector then 2x is an integer vector. The claim follows

immediately.

Symmetric null vectors for K

So far we have shown that K+ each have a complete set of primitive null vectors {]\E_E), ey ]\S?i/ 2)}.

As in Eq. 3.40, if we apply V4 to these vectors, we can convert these to null vectors for
K: {A&l), ceey ASILJF/Q), A(}), e A@_/Q)}. The latter vectors automatically obey the first two
properties listed in the beginning of section 3.3.2; the goal of this section is to show that
they obey the third property — that is (Ag‘z))TX+ =0 (mod 2).

()

To this end, we show that we can always choose the A Y7 vectors so that

ANTZ4 =0 (mod 2) (3.42)
where Y4 = V$X+. Then the property (A(ﬁ))TX_F =0 (mod 2) follows immediately.

We establish Eq. (3.42) using the following lemma:

Lemma 1. Suppose (K, W, x) is a chiral boson edge theory with Zs symmetry where K is
an n X n bosonic K-matriz, W =1 and x s an n component integer vector. Furthermore,
suppose we have stacked the system with a trivial SPT so that K and x can be written in the

form

[0 1 1
K=K& , X=X (3.43)
10 0

If (i) K hasn/2 linearly independent, primitive null vectors Ay, ..., An/2 and (i) %XTK_lx =
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0 (mod 2), then there exist another set of n/2 linearly independent, primitive null vectors

AL A;W with (A5)Tx =0 (mod 2).

Proof. To begin, let m = %I)ZTf(_lfg. By assumption m is an integer. Next, define w to be

the following n component integer vector:

w=det K- | —2m (3.44)

The vector w has two important properties. First, w obeys w! Kw = 0. Second, w has the

property that

Kw=detK - |xy—| (3.45)

2m

The latter property means that if A is an integer vector with ATKw = 0, then we will

automatically have

ATy =0 (mod 2) (3.46)

This is very useful since ultimately we want to find null vectors satisfying Eq. (3.46).
The next step is to use the fact that K has n/2 linearly independent, primitive null

vectors Aq, ..., A, /2- Let V be the real-linear subspace defined by
V={v:v= Z a;i\; + aw, vI Kw =0} (3.47)
1

It is easy to see that V is at least n/2 dimensional. To see this, note that either w is linearly

independent from Ay, ..., A, /2 OF it is linearly dependent. In the former case, V has n/2 + 1
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generators and 1 constraint, while in the latter case, it has n/2 generators and no constraint
since in this case v Kw follows from the null property of the A;’s. Thus, in either case V
has dimension n/2.

Given that V is defined by integer constraints (v Kw = 0) and integer generators (A, w),
and given that it is n/2 dimensional, it follows that V N Z™ is an n/2 dimensional integer
lattice. Let A/, ...,A;l /2 be generators of this lattice. By construction these vectors are
linearly independent and primitive, and have the null property (Ag)TK A} = 0. Furthermore,
(A;)TKw = 0 so Al obeys Eq. (3.46).

O

This lemma applies directly in our case if we use K = K4, x = X+ and n = ny. Indeed,

1 71 1 _
§X£K+1X+ = §X£K Yy =0 (mod 2) (3.48)
where the last equality follows from our assumption that v = 0 (mod 2) and v— = 0.

Primitivity
At this point, we have constructed N/2 linearly independent null vectors of K, denoted
{As_l), . AS:“F/Q), A(_l), . A(_n_/Q)} satisfying the following properties:
1 WTAD = £A )
2. X{Ag) =0 (mod 2)
3. The subsets of even and odd vectors, namely {A@} and {A@}, are both primitive.
In this section, we use these null vectors to construct a perturbation of the form
N/2
> Ucos(MI K® — o) (3.49)
1=1

which gaps the edge but does not break the Zo symmetry explicitly or spontaneously.
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Naively one might think that we could simply set {M;} = {Agi)} and the resulting
perturbation (3.49) would do the job. Indeed, this perturbation is manifestly symmetric
(for appropriate choice of «;) and furthermore it gaps the edge for sufficiently large U. The
problem is that, while the subsets {Agi)} and {A@} are both primitive, the complete set
of vectors, {Ag)} is not necessarily primitive. As a result, the ground state of the gapped
edge may have some degeneracy and therefore we cannot rule out the possibility that the
perturbation breaks the symmetry spontaneously. To rule out this possibility we now show
how to construct a closely related perturbation of the form (3.49) where {Mj, ..., My o} is
primitive.

The first step is to consider the real subspace spanned by {Aﬁ)}. Let T be the set of
all integer vectors that belong to this subspace. Clearly T is an N/2 dimensional lattice.
Furthermore, T is invariant under W since WA@ = :EA@. Therefore, if we pick a basis for
T, then the action of W on the basis vectors defines an (N/2) x (IN/2) integer matrix that
squares to the identity. Now, in appendix B.3 we show that any integer matrix that squares
to the identity can be put in the simple canonical form B.58. Applying this argument to W,
it follows that we can find another basis for T, denoted { My, ..., M N/Z} such that the action

of W on the M;’s takes the form

WMy = Ms;, WMy =M1, 1<i1<gq
WM, =—-M;, 2¢q+1<i<2q+r

WM; = M;, 2¢+7r+1<i<N/2 (3.50)

for some non-negative integers ¢, with 2¢ +r < N/2. We can now write down the desired
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perturbation:

q
3 [U cos(ML_|K®) + U cos(MEK® — Ozgi)]

=1
2q+r N/2
+ > Ucos(MIK®—a;)+ > Ucos(M] K®) (3.51)
1=2q+1 1=2q+r+1

Here the a9; phases in the first term are fixed by requiring that

ArT ing T PP
eZMQi—lK(I) N ezM%K(I) ceT2 << q (3'52)

under the Zo symmetry. Likewise, the «; phases in the second term are fixed by requiring

that
T s T .
eZMi Ko N e—zMi Ko 622%, 2+1<i<2+r (3‘53)

Let us explain why the above perturbation (3.51) has the required properties: that is, (a)
it gaps the edge for sufficiently large U; (b) it does not break the Z symmetry explicitly;
and (c) it does not break the symmetry spontaneously. To see that it gaps the edge, note
that the M;’s obey MZ-TKM]- = () since they are linear combinations of the AS? ’s. To see that
the perturbation does not break the Zo symmetry explicitly, note that the first two terms
of (3.51) are manifestly invariant under under the Zo symmetry, so we only have to worry
about the last term, Zf\gg giri1 U cos(MiT K®). To analyze the symmetry transformation

properties of this term, note that W M; = M; in this case so this term transforms as
T T T
M K@y GIMPK® imMixs  9g 4041 <i < N/2 (3.54)

Thus, the crucial question is to determine the parity of M ZT X+- To this end, note that each of

the above M;’s can be written as a linear combination, M; = Zj aijAg‘_?) since WTM; = M;.
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Furthermore, the expansion coefficients, a;;, are all integers since the set {A@} is primitive.
Therefore, since (AS?)T)H is even (property 2 above), we conclude that M ZT X+ is also even.
Hence, the term 25\222 g+r+1 U COS(MZ-T K®) is even under the Zs symmetry, as required.
All that remains is to show that the above perturbation (3.51) does not break the Zs
symmetry spontaneously. This follows from the fact that the set {Mq, ..., My /2} is primitive,

which in turn follows from the fact that these vectors span the lattice T.

3.3.3 Proving K =W = o% 1s gapped

In this section we prove that the theory described by K = W = ¢ can be gapped without
breaking the Zs symmetry. The reason for this is actually quite simple to understand,
and follows from the fact that the theory has a hidden SU(2);, x SU(2)r symmetry. This

symmetry group contains an element U such that

U :cos(01) — %(cos(@l) + cos(09)) (3.55)

Because the theory with the perturbation cos(©1) is gapped, it follows from the symmetry
of the spectrum that the perturbation \%(cos(@l) + cos(©2)) will also open up a gap.
Furthermore, because the latter operator is invariant under the Zo symmetry, it follows that
this theory has a gapped, symmetric edge.

The origin of this symmetry is due to the fact that the three operators

J* = cos(O1 + O9)
JY = Sin(@l + @2)

J? = %ax(@l +0,) (3.56)
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form a level-1 SU(2) current algebra.[14] Furthermore, the vector

101
b= (3.57)

transforms as a doublet under this symmetry. From this it follows that there exists an
operator U such that ¢©1 — \%(eigl + ei@2). Because this matrix is real, taking the
complex conjugate gives you the transformation e101 \/L?(e_iel + 6_262). Together,
these transformations produce the transformation given in Eq. 3.55. We prove the existence

of this SU(2) g symmetry and the transformation law of b in Appendix B.1.

3.4 Abelian Z, SETSs

In this section we discuss the extension of our results to bosonic, Abelian Zo SETs. The
main difference from the SPT case is that we no longer assume | det K| = 1. Also, we will
now work with an equivalence class [x4] of vectors satisfying Eqs. 3.21. Two vectors x
and X’Jr are equivalent if

ATXq_ = ATy, (mod 2) (3.58)

for every integer Ay with WAL = A4.
The main result of this section, then, is that an Abelian Z9 SET parametrized by

{K,W,[x+]} can have a gapped, symmetric boundary if the following criteria are satisfied:
1. sig(K) =0.
2. K has a Lagrangian subgroup invariant under S.

3. 0e€ S, where

S={v(x+)  x+ € x+]} (3.59)
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and v(x4) is defined as

1 _ 1.
v) = XKy 4 sia((1 - WK (L= W) (3.60)
We now prove that these criteria are sufficient for having a gapped boundary. The proof

that they are necessary will be included in a future publication.

3.4.1 Proof of sufficiency

The proof that these criteria are sufficient for a gapped edge is very similar to the proof
in the SPT case. In particular, we show that when %" = 0, we can find null vectors that
gap the boundary explicitly. We break up the proof into two parts by defining 15 (y4) =

Vi (x4) + %" mod 2 with

1 _
(e ) = §><£K P (3.61)
1
et — Jois((1 - WK1 —W)) (3.62)

and we first prove the claim when %% = 0. In particular, when % = 0 and there exists

a x+ € [x4] such that v5°*(y4) is even, then we prove that there exists a set of linearly

independent vectors {Ag_l), . Af*m), A(_l), . A(_n’/2)} with three properties:

1. The vectors are mutually null: (Ag))TKASf) =0 for all 7, k.
2. WAY = £V,
3. (AP Txy =0 (mod 2).

Following the proof in the SPT case, we first break up the problem of finding null vectors
into finding null vectors for the even and odd subspaces. Conveniently, we can define the

matrices K4 exactly as we did in 3.3.2, with no change from the SPT case.
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The next step in the proof is to show that these matrices K4 have Lagrangian subgroups.
It requires additional work to prove this in the SET case since | det(K)| > 1, so the proof
in section 3.3.2 cannot be applied directly. Nevertheless, the fact that K4 have Lagrangian
subgroups still holds in the SET case and we provide a proof of this in Appendix B.5.

From here, the argument that there exist N/2 symmetric null vectors when u_sft =0
mod 2 given in section 3.3.2 still holds in the SET case. It then follows that we can gap the
edge when v5°" = 0 and Vﬁf’t =0 mod 2. To generalize to the 15" # 0 we can use the same

trick that was used in section 3.3.3 to stack with trivial systems and reduce to the 15t = 0

case.
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CHAPTER 4
SOLVABLE MODELS FOR NEUTRAL MODES IN
FRACTIONAL QUANTUM HALL EDGES

4.1 Introduction

One of the most important properties of quantum Hall states is that they have gapless edge
modes. Every state has at least one such mode, but the structure of these modes varies
from state to state. For example, the Laughlin states are believed to have a single chiral
edge mode,[65] while integer quantum Hall states have multiple chiral edge modes — one for
every filled Landau level.[19]

A particularly interesting edge theory is realized by the v = 2/3 fractional quantum Hall
state. This state is believed to have two counter-propagating chiral edge modes — one which
looks like the edge mode of a ¥ = 1 integer quantum Hall state, and one which looks like the
edge mode of a v = 1/3 Laughlin state, but with opposite chirality.[64, 66, 52, 26] This edge
theory poses a basic puzzle because it naively predicts charge propagation in both directions
along the edge, in disagreement with experiment.[2]

A possible resolution to this problem was put forth by Kane, Fisher and Polchinski.[29]
In that work, the authors argued that what is missing from the previous picture is impurity-
induced electron scattering between the two edge modes. The authors showed that impurity
scattering can drive the edge to a special disorder dominated fixed point where one of the
edge modes is electrically neutral while the other carries charge; the charge mode propagates
in the direction determined by the external magnetic field while the neutral mode propagates
in the opposite ‘upstream’ direction. This mode structure can explain why current flow is
only observed in one direction on the 2/3 edge. It is also consistent with experiments on
the v = 2/3 edge which have found evidence for upstream neutral modes,[4] though the
picture has been complicated by more recent studies which suggest that the 2/3 edge may

have multiple charge modes, perhaps as a result of edge reconstruction.[56] Also, we should
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mention that other studies have detected neutral modes in quantum Hall states where they
were not expected theoretically.[61, 25]

The main theoretical justification for the neutral mode proposal of Ref. [29] comes from
a renormalization group (RG) analysis of the fixed point edge theory which shows that the
fixed point has no relevant perturbations. This calculation proves that the fixed point has
a finite basin of attraction; as long as the edge lies in this basin of attraction, impurity
scattering will drive the system to the fixed point with a neutral mode.

While this analysis is powerful, it leaves some important questions unanswered. In par-
ticular, it does not give a microscopic picture for how a neutral mode emerges from impurity
scattering. In this chapter, we seek to provide such a picture in the context of concrete
models.

The models we consider are built out of two counter-propagating chiral Luttinger liquids
together with a collection of discrete impurity scatterers. Our main result is an exact solution
of these models in the limit of infinitely strong impurity scattering, which we obtain using
a formalism introduced in Ref. [15]. From this solution, we explicitly derive the existence
of a neutral mode and we determine all of its microscopic properties including its velocity.
Importantly, we also study the stability of the neutral mode and we show that it survives
at finite, but sufficiently strong impurity scattering, as long as this scattering has a random
spatial dependence.

Our results apply to a particular class of fractional quantum Hall (FQH) edge theories of
which the v = 2/3 edge is a special case. Specifically, the edge theories that we analyze are

k1

0
those described by a K-matrix[66] of the form K = where k7 is an odd integer
0 —ko

and ko = k1 + 2.1 These edge theories correspond to a class of Abelian quantum hall states
with filling fraction v = k:ll — klg The v = 2/3 edge corresponds to the case k; = 1 and

ko = 3.

1. Much of our analysis applies to general odd ki, ko but our most important conclusions rely on the
assumption that |ky — k1| = 2, for reasons explained in Appendix C.1.
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Figure 4.1: Toy model for a FQH edge with impurity scattering: two counter-propagating
chiral Luttinger liquids with parameters k; and k9 together with a regular lattice of impurity
scatterers with spacing .

The structure of the paper is as follows. In section 4.2 we present the models that we
study and we summarize our main results. In section 4.3 we solve our simplest model — a
minimal toy model — in the infinite scattering limit and derive the existence of a neutral
mode. In section 4.4 we study the toy model with finite but large impurity scattering and
we show that the neutral mode survives in this case. Finally, in section 4.5 we consider more
general and realistic models and we show that our main results still hold. We conclude in

section 4.6 and mention a few directions for future work.

4.2 Models and main results

As we mentioned previously, we focus our analysis on FQH edge theories that have filling

kit O
fraction v = k;_ll — k% and that are described by a K-matrix of the form K =

0 —ko
where k1 is an odd integer and kg = k1 + 2. In the absence of impurity scattering, the edges

of these states can be modeled as two counterpropagating chiral Luttinger liquids which look
like the edge modes of the 1/k and 1/ko Laughlin states, but with opposite chiralities.[66]
Our goal is to study how impurity scattering in these systems can produce a neutral mode
using concrete models.

We start with a minimal toy model which consists of two counterpropagating chiral
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Luttinger liquids together with a periodic lattice of impurity scatterers with lattice spacing

¢ (Fig. 4.1). The Hamiltonian is

H=Hy— U cos(ki161(j0) + kada(jl) — ;)
J
v

Hy =1 [ do(ka(@eon)? + ka0 (1.1

" 4r 0

where ¢1, 9 obey commutation relations

(61(0). 0y61(0)] = =6 )
(62(), Bya(y)] = %5@ )
[61(2), Oy (y)] = 0 (4.2)

Let us explain the different terms in the Hamiltonian. The first term, Hy, is a bosonized
representation of the two chiral Luttinger liquid edge modes in a normalization convention
where the electron creation operators are ¢]1L = e_ikl(m, and 1/1; = ¢'%292 The second term
— the sum of cosines — describes a lattice of impurities that scatter electrons from one
mode to the other (Fig. 4.1). The only parameters in the model are v, U and {a;}: v is the
velocity of the two edge modes, while U and {a;} describe the amplitude and phase of the
electron scattering associated with the j’th impurity. Notice that we allow the «; phases
to be different for each impurity, but we take the scattering strength U to be constant for
simplicity.

What makes the above model useful is that we can study it in a well-controlled fashion
and explicitly see that the impurity-induced electron scattering leads to an emergent neutral
mode. First, consider the case where U = 0 so there is no scattering. In this case, the
resulting edge theory has two decoupled modes, ¢1, 9. Both modes are charge-carrying,
since the electron density operator is given by p(z) = %(8‘x¢1 + O0z¢2). Next suppose we

turn on a small U. The mode structure remains qualitatively the same as the U = 0 case
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(assuming the o; phases are chosen randomly) since it is easy to check that the scattering
terms are irrelevant perturbations of the U = 0 edge theory.?

The more interesting case, and our focus in this chapter, is when U is large. In this case,
we show that one of the low energy modes is charged and the other is neutral. We derive
this result in two steps. In the first step, we solve the model exactly in the limit U — oo
using the formalism of Ref. [15]. The key point is that in this limit, the impurities act as
elastic phonon scatterers similarly to a d-function potential for non-interacting electrons.
Consequently, the periodic lattice of impurities produces a phonon band structure just like
a periodic potential for electrons. Working out this phonon band structure, we find that
there are two low energy phonon modes, which are described by the following low energy

Hamiltonian:

o [ 1 )

eff — 471— o

1
kg — Ky

<am¢g>2) , (4.3)

Here v = IZ?;Z;U is the velocity of the two modes and ¢, ¢5 are fields obeying commutation

relations

[¢p($)a ay(bp(y)] = —2mivd(r —y)
[0 (2), Oydo(y)] = 2mi(ke — k1)d(z — y)

[6p(2), Oydo(y)] = 0 (4.4)

In addition to the Hamiltonian, we also derive an expression for the (coarse-grained) density

p:
() = 502 (4.5)

Eqgs. (4.3-4.5) tell us the complete low energy mode structure in the limit U — co. Most

2. The critical scaling dimension for perturbations with random coefficients in 1D is 3/2 (see Ref. [16])
while the scaling dimension for the scattering term is A = (k1 + k2)/2 which is always larger than 3/2.
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importantly, they tell us that there are two decoupled low energy modes, ¢, and ¢, and
that ¢, carries charge while ¢4 is neutral.

The second step in our derivation is to study what happens when U is large but finite.
We analyze this case by adding correction terms to the U — oo low energy theory (4.3).
We then investigate the effects of these correction terms using a renormalization group (RG)
analysis. In the most realistic case where the «; are chosen randomly, we find that the
correction terms have no effect except to renormalize the velocities of the charge and neutral
modes. Hence, for random «;, the charge /neutral mode structure persists at large but finite
U. This is the main result for the first part of the paper.

In the second part of the paper, we generalize the toy model (4.1) in two ways. First, we

define Hy using an arbitrary velocity matrix V;;:

2
1
cn
HE™ = — / dr > Vij0ui0nd; (4.6)
1,j=1
Here V' can be any real, symmetric, positive definite 2 x 2 matrix. Physically, this exten-
sion allows the ¢; and ¢9 modes to have arbitrary velocities and density-density coupling.
Our second extension is to make the impurities randomly distributed, rather than regularly

spaced. The total Hamiltonian is then

HE = HE™ — U cos(k161(x)) + kaga(x)) — aj), (4.7)

J
where x; is the position of the jth impurity. Our main result for this part is that H&™"
has a charge and a neutral mode at large U, just like the toy model H. In other words,
our derivation generalizes to a more realistic setup with an arbitrary velocity matrix and

randomly distributed scatterers.
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4.3 Toy model: infinite U

In this section we solve the toy model (4.1) in the limit of infinite scattering strength, U — oo.
Our main result is that the system has two low energy modes in this limit: a charge mode
and a neutral mode. We show that these modes are described by the low energy theory

(4.3-4.5).

4.3.1 Review of general formalism

Our solution of the toy model is based on a general formalism for solving quadratic Hamil-
tonians with large cosine terms, introduced in Ref. [15]. Below we briefly review some of the
central results of this formalism before turning to our specific problem.

Consider a general Hamiltonian of the form
H=Hy—UY cos(C;) (4.8)
1

defined on some phase space {z1,p1,z2,p9,...}. Hy is a quadratic function of position and
momentum variables {1, p1, x9, p2, ...} and the C; are linear functions of these variables. The
Cy’s can be arbitrary except for two restrictions: (1) {C1,C9,...} are linearly independent,
and (2) [C;,C}] is an integer multiple of 2i for all 4,5 (so that the cosine terms commute
with one another). Ref. [15] showed how to find the low energy spectrum of Hamiltonians
of this kind in the limit U — oo.

The basic idea behind the analysis of Ref. [15] is that the cosine terms act as constraints
in the limit U — oo. These constraints force the arguments of the cosine terms to be locked
to integer multiples of 27 at low energies. When this happens, the low energy spectrum
of H can be described by an effective Hamiltonian H.g acting within an effective Hilbert
space Hog. Importantly, the effective Hamiltonian H.g is quadratic and therefore can be
diagonalized using elementary methods.

How do we construct the effective Hamiltonian and Hilbert space? The Hilbert space is
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easy: Heg is the subspace of the original Hilbert space consisting of all states |¢) satisfying
cos(CHIY) = [, i=1,2,... (4.9)

As for the Hamiltonian, Ref. [15] described a simple recipe for simultaneously constructing
and diagonalizing H.g. The first step is to find all operators a that are linear combinations

of the phase space variables x1, pq, ... and that satisfy the equations

la, Hy] = Ea—i—Z)\j[Cj,Ho] (4.10)
J

[a,C;] =0, foralli (4.11)

where \; and E are arbitary scalars with E2 # 0. The above operators a have a simple physical

meaning: they describe creation or annihilation operators for the effective Hamiltonian H.g.

The scalar E' is the energy of the corresponding mode while the scalars A; can be thought
of as Lagrange multipliers associated with the constraints imposed by the cosine terms.

Once the solutions to (4.10-4.11) have been identified, the next step is to separate them

into two classes: ‘annihilation operators’” with £/ > 0 and ‘creation operators’ with £ < 0.
Tt

If a1, as, ... form a complete set of linearly independent annihilation operators, and ay, as, ...

are the corresponding creation operators, then they should be normalized so that

[ak,aL,] =0pp, |ag,ap] = [aL,aL,] =0 (4.12)

After these steps have been completed, the effective Hamiltonian H.g can be written down
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easily: according to Ref. [15], Hyg is simply given by>

Hg =Y Epala (4.13)
k

A cautionary note: while it is tempting to conclude that the energy spectrum of Heg is
identical to that of a collection of harmonic oscillators with frequencies Fj., this is not quite
correct in general. The reason is that, in many cases H.g has additional degeneracy, i.e.
each occupation number eigenstate may be D-fold degenerate for some D. In this chapter
we will focus on systems where D = 1 in order to avoid complications associated with this
degeneracy. In fact, this is the reason that we restrict to the case ko = k1 + 2 (see Appendix

C.1).

4.3.2  Solving the toy model

We now use the above formalism to solve the toy model in the U — oo limit. Here, H is

defined in Eq. (4.1), and the C}’s are defined by

Cj = k191(50) + kaga(jl) — (4.14)

According to the general formalism, we need to find all operators a satisfying the following

properties. First, a should be a linear combination of the phase space variables {0y ¢1, 0z ¢ }:

o [ " de (F(2)9061 + 9(2)0uds) (4.15)

—0o0

3. More precisely, Eq. (4.13) is only guaranteed to hold if we make the additional assumption that the
matrix Z;; = %M[Cu C;] has a non-vanishing determinant. This property holds for all the systems discussed

in this chapter.
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Second, a should obey Eqgs. (4.10-4.11) for some \;, E' with £/ # 0. Finally, given that Eqgs.
(4.10-4.11) have discrete translational symmetry,* f(z) and g(z) should obey the Bloch

condition

Fo+0) = ™@), gla+0) = e k() (4.16)

where k is in the Brillouin zone [—n /¢, 7/¢].

Our task is thus to solve Eqgs. (4.10-4.11) and (4.16). For clarity, we present the result
first and then explain the derivation. In short, what we find is that there are an infinite
number of solutions to these equations for each value of k in [—7/¢,7/¢]. We label these
solutions by ay, j, and Ej, j where n is an integer index, n = 0,41, £2,.... These solutions

take the form

o0 dx .
%mzj BTk () (2)Daby + wp e (2)Oe) (4.17)
> |En,k|

where w,, ;. and wy, ;. are periodic functions which we derive below. The energies F,, ;. are

given by
—-1)" ko — k
Epp= mgv + ( Z Y aresin (k; " k?i sin k:E) (4.18)
The solutions come in pairs with a_, _p = ajlk and E_,, _} = —E,}, with the a, 1

operators obeying the standard commutation relations
[ ail,’k,] — 6(k — k)8, Eng >0 (4.19)

With these results in hand, we can immediately write down the effective Hamiltonian H.g

using the general formalism (4.13):

/e

Heff:;/_

4. The only part of the toy model that breaks translational symmetry are the «; phases, and these do
not appear in Egs. 4.10-4.11.

B O !, (4.20)
™
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where © denotes the Heaviside step function.

Equations (4.17-4.20) tell us the complete low energy spectrum of the toy model in the
limit U — oo. To understand the physical interpretation of this spectrum, note that phonons
scatter off the impurities elastically in the limit U — oo, since in this limit the cosine terms
can be modeled as hard constraints on the ¢, ¢9 fields. Thus a lattice of impurities gives rise
to a band structure for phonons just as a periodic potential gives rise to a band structure for
electrons. The above results are consistent with this physical picture: the operators aj% i Onk
(for E,, . > 0) can be thought of as creation and annihilation operators for a phonon in band
n with crystal momentum k. The energy of this phonon mode is given by E,, .

One thing that these equations do not tell us is the degeneracy of the different energy
levels of Hyg. As we mentioned in the previous section, the phonon occupation numbers
{ajL 10n, i} are not necessarily a complete set of observables; that is, every phonon occupation
state may be D-fold degenerate for some D. We study this issue in Appendix C.1 using the
general formalism of Ref. [15]. We find that for |ka—k1| = 2, the toy model has no degeneracy:
D = 1. In contrast, for |ky — k1| > 2 we find that the model has an extensive degeneracy,
i.e. D grows exponentially with the number of impurities. This degeneracy poses many
complications, and is the reason that we restrict our analysis to the case kg = k1 + 2.

We now solve Egs. (4.10-4.11) and (4.16) and derive the results listed above. First, we

plug (4.15) into (4.10), thereby obtaining the differential equations

flla) =~ @)~k Y Al - o)

j=—o00

Jx) =i g(x) —ky > Agola o) (4.21)

j=—o00
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Figure 4.2: Phonon bandstructure of the toy model in the limit U — oo, for the case
k1 =1,k =3 and v = £ = 1. The zeros of the n = 0 band correspond to low energy phonon
modes: k& = 0 corresponds to a right-moving charge mode, while k& = 7/¢ corresponds to a
left-moving neutral mode.

Solving this system of equations, we obtain piecewise plane wave solutions of the form

flz) = A(J’)e—i%(ﬂc—ﬂ)?

g(x) = BUT@=30 o< o< (G110 (4.22)

To obtain the matching conditions between the A(j),B(j) coefficients, we note that Eq.

(4.21) implies that

A0G) = 41 =i EE Ak,
B = BUTDe % — )k (4.23)
or equivalently
AU _ AG-D~8 gU) _ glU-1) i
p = - (4.24)
1 2

Another matching condition for AU), BU) comes from the constraint (4.11): substituting
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(4.15) into (4.11), and using an appropriate regularization (see appendix C.2), yields

() 1 AG—1),—i Lt () o pli—1) L
A +A2 e :B +32 e (4.25)

Using the two constraints (4.24) and (4.25), we can solve for AY) and BU) in terms of AU—1)

and BU—1).
AU) AG-1)
=T -D(EY) - (4.26)
BU) BGU-1)
where
ko + k —2k
T ! - 2 ! (4.27)
27 M 2ky  —k1 — ko
and
e—ix/v 0
D(z) =
0 el /v

Each of the matrices, T', D(E{) and their product T - D(EY), have a simple interpretation.
The matrix T can be interpreted as the transfer matrix corresponding to a single impu-
rity: it relates the mode amplitudes just to the right of the impurity to those just to the
left. Likewise D(EY) can be interpreted as a propagator that describes how the amplitudes
change in between the impurities. Finally, T'- D(EY) can be interpreted as a transfer matrix
corresponding to a wunit cell: it relates the mode amplitudes at the end of the unit cell to
those at the beginning of the unit cell.

To proceed further, we impose the Bloch condition (4.16), which implies that
g A
= ¢ ikt (4.28)

where A = A and B = B(Y). Combining (4.26) and (4.28), we arrive at the cigenvalue
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equation

A o [ A
T - D(EY) - = (4.29)
B B

Equation (4.29) encodes all the information about the phonon band structure and is the
main result of our calculation. All that is left is to solve this equation. A quick way to do
this is to note that det(7) = —1 while det(D) = 1, so det(T' - D) = —1. It follows that if
T - D has an eigenvalue e~ then its other eigenvalue must be —e*‘. Hence, Tr(T - D)
must be equal to —2isin(k¢). Comparing this value of the trace with the explicit form of

T - D, we derive the relation

ko + K EY
k; i_ ki sin (T) = sin k/l (4.30)

We can see that for each k € [—7 /¢, 7//], there are an infinite number of E’s that obey this
equation. These solutions are precisely the Ej, ;.’s given in Eq. 4.18. The corresponding
expressions for A, B can be obtained by straightforward algebra:
Ap i ko + ki + (kg — kp)e!EFEnn/v)t
T = (4.31)
Bn, k 2ko
Putting this all together, we conclude that the most general creation/annihilation operators

are of the form (4.17) where

Anke ik, /0){z)

un,k‘(x) = N
B .

and where {z} is defined to be the distance to the nearest impurity to the left of = (i.e. if

jl < x < (j+1)¢ then {x} = x — j¢). The normalization constant N,,;, can be determined
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by demanding that a, obeys the commutation relations (4.19):

1/2
or (1Anil?  |Buil?

UG k1 ko

4.8.8 Low energy phonon modes

The most important feature of the band structure derived in the previous section (Fig. 4.2)
is that the n = 0 phonon band crosses £ = 0 in two places: k = 0 and k = 7/¢. These
crossings imply that the system has two low energy phonon modes with opposite chiralities.
We now derive a low energy Hamiltonian that describes these modes.

In order to be precise, we first need to specify the low energy Hilbert space Hqg for this
Hamiltonian. We do this in the obvious way: we define the Hilbert space Hqg to be the

subspace spanned by phonon excitations in the n = 0 band with
k| <A or |k—n/l|<A

where A is some momentum cutoff with A < 1/¢.

Likewise, we define the low energy Hamiltonian H.g by projecting Hog onto the low
energy Hilbert space. The result of this projection is that all the creation and annihilation
operators in Hog drop out except for those with n = 0 and with k£ near 0 or m. We will

relabel these low energy operators as a,; and a,j where

Ap e =00, Qg = A0 fyr /0 (4.34)

and where |k| < A. Expressing H.g in terms of these variables and linearizing the dispersion,

we derive the low energy Hamiltonian

A
H.g :/0 dk @k(al,k%,k +a;_ka07_k) (4.35)
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where the (renormalized) velocity o is given by

ko — kl
e 4.36
v k1 + 1{12 ( )

Note that the modes at £ = 0 and k = /¢ have opposite velocities 0.

4.8.4  Fxpression for density operator

We now derive an expression for the charge density p(z) = %(ax¢]_ +0z¢2) in terms of a,
and a, 1. This expression is interesting because it tells us that the p (k = 0) mode carries
charge while the ¢ (k = 7/¢) mode is neutral.

The first step is to note that p(z) can be expanded as a linear combination of the a, j,

operators, that is:
Z / _dk pp p(@)an (4.37)
7

Here the p,, 1.(7) are unknown functions that we will determine below. The existence of such
an expansion follows from the completeness of the a,, ;. operators: any linear combination
of 0z¢1 and Jz¢o that commutes with the C;’s can always be expanded in terms of the
ap,i;-[15]

Next we find the expansion coefficients p,, j.(z). To do this, we take the commutator of

Eq. (4.37) with a_,, _j,, which gives

[p(z), a—m—k] = pn,k:(x) : Sgn(En,k:) (4.38)
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Evaluating the commutator using the expression for a,, ;. (4.17), we obtain

isgn(Ep k)

anc(x) = -
\/ ‘En,k’

s (e““” {U—n,k—lk(l") B w—n}f;k(ﬁ)D

\/'En,k|eikx (u_m_k(m)

v k1 ko

(4.39)

where the second equality follows from the differential equation (4.21). Putting this together,

we can write p(z) as

7 .
pa) =3 [ i fIE e pw)an (4.40)
n Yo7
where
U_p —k(x) W_p —k(x)
= ’ ’ 4.41
Zn,k(x) Ukl + Uk:Q ( )

At this point, we have found an expression for p(z) in terms of the a,, ;. operators; to complete
the calculation we need to go to lower energies and translate Eq. (4.40) into an analogous
expression for p(x) in terms of a, k and ag . More precisely, since our low energy theory has
a momentum cutoff A, we will not be interested in the microscopic density p(x), but rather
in a coarse-grained version of this quantity, which we will denote by p(z). The coarse-grained
density p(z) is defined by spatially averaging p(x) over a region of size 1/A.°

Our task is thus to find the expression for p(z) in terms of a,j and a, ). To this end,
we need to spatially average the expression for p(x) given in Eq. (4.40), and then project
this expression to the low energy Hilbert space Heg. The spatial averaging step can be
accomplished by making two changes to Eqs. (4.40), namely (1) restricting the integral to

k| < A, and (2) replacing 2, (%) — Z, }, where z, ;. is defined by averaging z, ,.(z) over

5. The details of this spatial averaging procedure are not important for our purposes: the only property
that we will assume below is that p has identical Fourier components as p for wave vectors |k| < A and has
vanishing Fourier components for |k| 2 A.
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a unit cell. The projection step can be accomplished by simply throwing out all the terms
involving ay, ;. for n # 0.

After performing both steps, the end result is:

A .
pla) = [ i fIBoale™ 20 pa0, (1.42)

The final step is to compute z( ;. To do this, note that since we are only interested in small

k modes, i.e. |k] < A < 1/¢, we can make the approximation

_ _ up,0 W0
20k ®20,0= -t ——

4.4
vk vko (4.43)

Similarly, we can approximate 4 /|FEq | ~ /0|k|. Substituting this into Eq. (4.42) and using

the expressions for u, 1., wy, j and v (4.32, 4.36), we derive

A
_ 14 i
p(x) = \2/_; R dk /K¢ a, i (4.44)

Here we have used the identification ag . = a, k-

4.3.5  Charge and neutral modes

To complete our derivation, we now define two real-space fields d;¢, and 0;¢, which we

label the charge and neutral modes:

A .
Oxdp(z) = \/;/Adk: |k:|ezkxap7k (4.45)

A ,
Ordo(x) = \/ka — k1 /Adk \k!emag,k (4.46)
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One can check that these fields obey the commutation relations

[¢p($)a 8y¢p(y)] = —27ivé(z — y)
(00 (2), 0y9o(y)] = 2mi(ke — k1)d(z — y)

[9p(x), Oydo(y)] = 0

where the above ‘0(z)’ is actually a regularized ¢ function that only has Fourier components

smaller than A. In terms of these fields, the Hamiltonian (4.35) becomes

_ U o0

eff—E e

1 2 1 2
dx <;(aﬂc¢p) + — (0z00) ) )
while the (coarse-grained) density operator (4.44) is

1
px) = 5 Outp

This completes our derivation of the real space low energy theory (4.3-4.5). It also completes
our derivation of the neutral mode: indeed, it is obvious that ¢ is electrically neutral since
it does not appear in the above expression for the charge density.

It is natural to ask: what is the origin of the neutral mode in our calculation? For the
above model, this question has a simple answer: the presence of a neutral mode can be
traced to the fact that the phonon bands cross E = 0 at both & = 0 and k = 7/¢. The key
point is that the & = 7/¢ mode is guaranteed to be electrically neutral on average, due to its

spatial oscillations.

4.4 Toy model: finite U

In this section, we analyze the toy model (4.1) at large but finite scattering strength U. Our

main result is that the charge/neutral mode structure persists at finite U, as long as the a;
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phases are chosen randomly.

4.4.1 RG analysis of low energy theory

The key idea behind our analysis is that the low energy effective theory at finite U can
be obtained by adding correction terms to the low energy theory at U = oo (4.3). Given
this fact, all we have to do is compute these ‘finite U corrections’ and study their effects
on (4.3). Before doing this, we first orient ourselves by analyzing the effects of arbitrary
charge-conserving perturbations on the low energy theory (4.3). This will help us distinguish
between important and unimportant corrections.

We begin by enumerating all local, charge-conserving operators in the low energy theory
(4.3). To start, it is useful to think about simple examples and ‘non-examples’ of these
operators. In particular, we note that the operators 0;¢, and 0y¢, are valid examples,
but ei°onst-?p is not since it does not commute with [ dzdy¢, and therefore breaks charge
conservation. Another important example is e/*?o. This operator is charge-conserving for
all m but it is only a legitimate low energy operator when m is an integer, since it is only
in this case that it commutes with the constraints ¢’Ci that define the low energy Hilbert

space (4.9). One way to see this is to rewrite [ dxdz¢s as

00 00 A .
/ dz 9y = \/ka — k1 / dz / dk/|k[e™* a, .
—00 —00 —A

o+
_ Z(_1>J /g dz (k10401 + ko0r¢2)
; j
= Y21 + o) A
J

(Here the second equality comes from plugging in the definition of a,j (4.17,4.34) and

simplifying). From this identity, we can see that

[Z(_l)j+10j> po| = m(k1 — ko) (4.48)
j
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It follows that exp(im¢y) commutes with exp(: Zj(—l)j"HC’j) only if m is an integer mul-
tiple of 2/(ky — k1). Since we specialize to the case ko — k1 = 2, we conclude that m has to
be an integer, as claimed above.

Putting together the above examples, we deduce that the most general charge-conserving

operator can be parameterized as

em9e f({0k by, Oy} (4.49)

where m is an integer and f is a monomial built out of derivatives of ¢, and ¢,. Our next
task is to understand the perturbative effect of these operators on the low energy theory
(4.3). We do this with a renormalization group (RG) approach. First, we note that the
scaling dimension of €% is A = m?2 (here we again use the fact that ko — k; = 2). This
fact implies that all the operators in (4.49) with |m| > 2 have scaling dimensions larger than
2 and are thus irrelevant in the RG sense. We can therefore restrict our attention to the

operators with m = 0, =1, of which the only marginal or relevant ones are:

Dabp. Oabo, 77, (adp)?, (o)’
8x¢p8x¢a> eii¢gax¢p (4.50)

Let us consider each of these perturbations. The first three terms are unimportant since
they can be ‘gauged away’ — that is, eliminated from the Hamiltonian by an appropriate
redefinition of fields. This is obvious for d;¢, and J;¢s: these terms can be eliminated
by completing the square in the Hamiltonian (4.3). As for eii%, the fact that this term
can be gauged away follows from an observation of Ref. [29], namely that when |k — ko| =
2, the three operators { [ dx cos(¢y), [ dxsin(¢y), [ dedydo} generate an SU(2) symmetry
group that leaves the Hamiltonian (4.3) invariant. Like any SU(2) generators, these three
operators transform like a three component vector under the symmetry that they generate.

In particular, this means that we can rotate the operator cos(¢y) into d,¢4 using the SU(2)
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symmetry. The latter term can be gauged away, hence cos(¢4) can also be gauged away.
The next two perturbations, (8x¢p)2, (0r60 )2, are also relatively unimportant since their
only effect is to shift the charge and neutral mode velocities. Thus, the only perturbations
we need to worry about are d;¢,0;¢, and eﬂ%amp. These perturbations do have an
important effect: they couple the charge and neutral modes so that both of the resulting
hybridized modes are charge-carrying. & Thus, these perturbations are dangerous from our
perspective because they destroy the decoupled charge/neutral mode structure if they are

present.

4.4.2  Fate of neutral mode

The next step is to compute the finite U corrections for the impurity model (4.1) and
determine whether the two ‘dangerous’ perturbations discussed above, namely 0;¢,0:¢
and eﬂ%amp, are generated. This calculation is technical so we postpone it to the next
section, and skip to the main result: what we find is that these perturbations do appear
as finite U corrections but with spatially dependent coefficients. In particular, 0;¢,0:¢4

appears in the form

Z(_l)jax¢pam¢a(j£> (4.51)

J
with a coefficient that changes sign every unit cell. Meanwhile eii%axgbp appears in the

form

> cos(do () — Bj)0z¢p(i0) (4.52)
J
where the 3; are determined by the original o; phases via the relation

Bit1—Bj = (=) (aj11 — o) (4.53)

6. This hybridization effect is obvious for 0,¢,0,¢.; to see why it occurs for et?®s note that these three
operators form a multiplet under the SU(2) symmetry mentioned above.
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The alternating coefficient in Eq. (4.51) has a very important consequence: it sup-
presses the effect of 0;¢,0:¢0, effectively rendering it irrelevant. Likewise, the (; phases
in (4.52) can also lead to cancellations that suppress this perturbation, but these cancel-
lations are more delicate and depend on the values of a;. Thus to determine the fate of
the charge/neutral mode structure, we need to fix a choice of ;. Here we focus on two
possibilities: (a) aj = j® for some ®, and (b) random «;. Physically, case (a) corresponds
to a situation where an identical amount of magnetic flux ® threads between each pair of im-
purities, between the ¢1, ¢2 edge modes. Likewise, case (b) corresponds to random magnetic
flux and can be thought of as capturing some aspects of a more realistic random impurity
system.

Interestingly these two cases lead to different physics. In the uniform flux case (a), we
obtain ;11 — 3 = (—1)/®, so we can take Bo; = 0 and f9j41 = . Substituting this into
(4.52), we see that in the long distance limit, the finite U corrections generate a term of the

form

[COS(¢U> + COS((bU - q))]ax¢p (4.54)

Evidently there is no cancellation (for generic ®) so the eim"axgzﬁp perturbation is not
suppressed. Therefore, the charge and neutral modes will become hybridized at finite U. In
other words, the charge/neutral mode structure does not persist at finite U in this case.
On the other hand, in the random flux case (b), the §; phases are also random and
independent, so the operators eii¢08x¢p appear with random phases. These random phases
make eii%@xqbp irrelevant, since it has a scaling dimension, A = 2, which is larger than the
critical dimension of 3/2 for perturbations with random coefficients.[16] Therefore, in this
case, both of the dangerous perturbations are suppressed and hence the charge and neutral

mode survive at finite U in this case.
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4.4.3 Finite U corrections

To complete the discussion, we need to compute the finite U corrections and derive Eqgs.
(4.51) and (4.52). Before doing this, we first review the general formalism for these correc-
tions.

In Ref. [15] it was argued that the low energy spectrum of (4.8) for large, finite U can be
obtained by adding appropriate correction terms to the U = oo effective Hamiltonian H.g

(4.13). These correction terms can always be written in the following general form:”

S el 2im e ({ag, af }) (4.55)

m

Here the sum runs over integer vectors m = (mj,mg,...) and the €, are some unknown

functions of {ay, a}i} which also depend on U. Also, II; is defined by

== Z Lc;, Hy (4.56)

where N is the matrix Nj; = —ﬁ[Cj, [Cy, Hpl]. Note that (4.55) does not tell us the
functional form of ey, (ay, az) this is system dependent and cannot be determined without
more calculation.

To understand where the expression (4.55) comes from, note that when U is finite, we
expect that there is a small amplitude for the system to tunnel between the minima of the
cosine terms, i.e. C'; — C; — 2mm;. Thus, the corrections to Heg should be a sum of the
most general possible operators describing tunneling processes of this kind. Eq. (4.58) is

precisely such a sum of (general) tunneling operators. Indeed, one can see that (4.55) gives

a matrix element for the tunneling process C'; — Cj —27m; using the commutation relation

[}, 11;] = 2mid;; (4.57)

7. This expression holds assuming the matrix Z;; =
the case for all the systems discussed in this chapter.

107

2m [C;, Cj] has a non-vanishing determinant, as is



(See Ref. [15] for more details).

We now apply the above general formalism to the lattice impurity model (4.1). For
simplicity, we start with the case where only one of the impurities has a finite value of
U while the others have U = oco. In this case, we only have to think about the finite U
corrections associated with a single impurity — say, the jth impurity. Thus, the general

expression (4.55) reduces to:

oo

S ey ({an g af ) (4.58)
m=—o00
where I1; is defined by
. [Cy, Hol
I, =2mi———— (4.59)
J [C]7 [CjaHOH
and where €y, are some unknown functions of {a,, 1, ajl ;-5 Which also depend on U’ 8
Equivalently, the finite U corrections can be written in the real space form
m .
> M (@510, 0y (i0) (4.60)
m=—00

where the function fy, obtained by expressing em ({ay, 1, aIL’ i}) in terms of Oy, Ozdo.
Next, consider the case where all the impurities have the same finite value of U. For large

U, we expect the dominant corrections to be independent tunneling processes associated with

single impurities. Therefore, in this limit, we expect the finite U corrections to be a sum of

the single impurity corrections (4.58) over all j:

> e £, (0h 61 (30). 0o (i) (4.61)

m,j

Our main task is to translate the correction terms (4.61) into the low energy theory with

8. Here the reason that the II; operator takes a simpler form is that the matrix Nj; = —ﬁ[Cj, [C;, Ho]]
is diagonal.
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two linearly dispersing phonon modes (4.3). We start with the operator fm(f)quﬁl, 8§3gb2).
To translate this operator into the low energy theory, we note that d,¢; and 0,¢9 are
linearly related to ay, 1, aj% ;> Which are in turn linearly related to dz¢p and dx¢g. Hence
the fpm, operator corresponds to some function of the derivatives of ¢, and ¢, evaluated at
jl. Next, consider the operator ey, Translating this operator into the low energy theory
requires more sophisticated arguments. First, we use the relation [C}, Hj] = 2mid;; together

with the identity (4.47) to deduce that

[ / drOy b, €1

Writing down the most general charge-conserving operator in the low energy theory that is

— dm(—1)7 M (4.62)

consistent with these commutation relations, we derive
el = (i (=1 (9o (GO-Bj)(1 1 ) (4.63)

¢ )

where (3; is some unknown phase and the includes terms built out of derivatives of
¢, ¢p. To fix the value of the §; phases, or more precisely, the relative values of these

phases, consider the operator
O=1II; + 111 +Cj — Cjp1 +aj —ajq (4.64)

The operator O has two important properties: (i) it is linear in the fields 0y¢1, z¢9, and
(ii) it commutes with C; for all j. (Here the second property follows from the commutation
relation [C}, C;] = im(kg — k1) -sgn(j —i)). Given these two properties, it follows that O can
be expanded as a linear combination of a,, 1, aj% j; SInce ay ., a;rl, ;; form a complete basis for

the set of operators satisfying (i), (ii).[15] This means that we have

I + 1 =aj1 —a; +Cj1 — Cj + Z()\n;k “p e+ h.c) (4.65)
n,k
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for some constants A, . If we now exponentiate both sides of this equation and take the

ground state expectation value in the limit U — oo, we see that

arg((eMieMlit1y)) = Qg1 — (4.66)

since €/Ci = ¢!Uj+1 = 1 in this limit. Comparing this result to the expression (4.63), we
deduce that 811 — 3; = (—1)j(aj+1 —aj) as in Eq. (4.53).
Putting this all together, we conclude that the finite U corrections (4.61) take the fol-

lowing form in the low energy theory:
S I o050 fo (00 j6), (1) Dbt j6) (167
m,j

Here 3; is given by Eq. (4.53) and fm are some unknown functions. The reason for the
factor of (—1)7 multiplying dL¢, is that ¢, describes a mode near k = 7/¢, and therefore
the relation between ¢, and ¢1, @2 alternates sign at every impurity. The same reasoning
explains why there is no factor of (—1)~7 multiplying 8£¢p since ¢, describes a mode near
k = 0.

From Eq. (4.67), we can immediately read off the correction terms that are proportional
to the two ‘dangerous’ perturbations, 0;¢,0:¢, and eii%@m@). Specifically, we can see
that 0,¢,0:¢0s appears in the m = 0 terms, and takes the form Zj(—l)jﬁxgbp(jé)@xgbg(jé).
Likewise, eﬂ%amp appears in the m = =+1 terms and takes the form }_; cos(¢q(jf) —
B;)02¢p(jl). This completes our derivation of Eqs. (4.51) and (4.52).

4.5 Generalized models

Thus far we have focused on the toy model (4.1). This model has several special (and
unrealistic) properties: (i) the impurities are arranged in a perfect lattice, and (ii) the two

modes ¢ and ¢9 move at the same speed v and are decoupled from one another. We now
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Figure 4.3: Generalized impurity lattice model with three impurities per unit cell. The unit
cell has length ¢ while the spacings between the impurities are £1, {9 and /3.

investigate whether the charge and neutral modes persist under more realistic conditions.
We build up to the most realistic case in several steps. First, in section 4.5.1, we consider
what happens when the velocity matrix is arbitrary, the impurities form a lattice with an
arbitrary unit cell, and U — oo. Then, in section 4.5.2, we consider the case where the
velocity matrix is arbitrary, the impurities are randomly positioned, and U — oco. Finally,
in section 4.5.2, we consider the most realistic case of an arbitrary velocity matrix, random

impurities and a finite U.

4.5.1 General impurity lattices

In this section we generalize the toy model in two ways. First, instead of focusing on the
simplest possible impurity lattice, with only one impurity per unit cell, we consider a general
lattice with m impurities in a unit cell of length ¢ with arbitrary spacing ¢1, ..., £y, (Fig. 4.3).
Second, instead of assuming that the two modes ¢ and ¢9 are decoupled from one another
and move with the same speed v, we consider an arbitrary velocity matrix V;;. That is, we
consider a Hamiltonian of the form H&™ (4.7), with the impurities arranged in a general

lattice.
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Structure of low energy modes

We begin by analyzing the phonon modes for these more general systems. Our main re-
sult is that when U — oo these systems have two low energy phonon modes, whose cre-
ation/annihilation operators we denote by a, ;. and a,j, (see below for their definitions).

These modes are described by an effective Hamiltonian of the form

A
Heﬁ:/o dk (Upka;k,ap,k—l—vgka;_kam_k) (4.68)

where v, v > 0 are defined below and A < 1/¢ is a momentum cutoff.
The calculation is very similar to the one for the toy model. Indeed, Bloch’s theorem
guarantees that the phonon creation and annihilation operators a,, ;. take the same form as

before:

dx .
i = / I () (@)Daby + wp (1)) (4.60)
|En k‘

where k takes values in the Brillouin zone [—7/¢,7/¢] and u, j.(7), w, j(7) are periodic

functions with period ¢. The effective Hamiltonian also takes the same form as before:

7/l

Heffzzn:/_

dk @(En,k) En,k:a;rl L.k
7/l ’

Thus, all we have to do is find the phonon energies E,, ;. and the Bloch functions u,, 1.(7), w,, 1.().
Proceeding in exactly the same way as in section 4.3.2, these quantities can be obtained by

solving an eigenvalue equation of the form given in Eq. (4.29):

T. (E) - AL e [ A 4.70
cell ( ) =€ ( . )
B B

where T, is the transfer matrix associated with a single unit cell. The only difference from

the toy model is that the transfer matrix 7. is more complicated due to the fact that the
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unit cell contains m impurities, and the velocity matrix is more general. In particular, T¢.qy
is given by
Teen(E) =TD(Ely,)T ---TD(Et) (4.71)

W 1 ki 0
where D(z) = e "% and W = KV ™! and K =

0 —ko

Eq. (4.70) tells us the entire phonon band structure, but for our purposes, we only need
to understand the low energy phonon modes. Therefore, in what follows we will focus on
solving (4.70) in the limit of small £. To this end, we expand Tio(F) to linear order in F.

Using the fact that 72 = 1, we obtain:

Tcell(E) = (4'72)

1 —iE(Wlyqq + TWTleyen)  if m is even

where

boqa =01+ l3+ -

Eeven — 62 + 64 + e (473)

From these expressions, we can readily compute the eigenvectors and eigenvalues of Tiq.
First suppose m is odd. In this case, perturbation theory gives the following eigenvalues for

Teen:
1 —iEljv,, —1—iEl/vs (4.74)

where

2 2

S — . 4,
YT TIw e wy T T(TW — W) (4.75)

Substituting these expressions into Eq. (4.70), we see that there are two low energy phonon

modes, which are located near k = 0 and k = 7/ and have velocities v, and —v, respectively
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(a) (b)

Figure 4.4: A schematic figure illustrating the difference between band structures with an
odd and even number of impurities per unit cell. In the odd case (a), the phonon bands
have zeros at k = 0 and k = 7/¢. In the even case (b), the phonon bands have both zeros at
k=0.

(Fig. 4.4(a)).

Similarly, when m is even, perturbation theory gives the following eigenvalues for 7iq):

1 —iBl/v,, 1+iEl/vs (4.76)

1

where v, 1 and —v; ! are the two eigenvalues of the matrix

P

W = Wlyqq + TWT leven, (4.77)

Plugging these expressions into Eq. (4.70), we see that there are again two low energy phonon
modes, but now both are located near k& = 0 with velocities v, and —v, (Fig. 4.4(b)).

Combining these results, we see that for either parity of m, the lowest energy modes are

described by the effective Hamiltonian (4.68) — where a, ;, and a, j, are the creation/annihilation

operators for the two low energy modes. Note that the definitions of a, ;. and a, j are dif-
ferent depending on whether m is odd or even due to the fact that the modes are located in

different places in k space. If m is odd, then

(pk = A0k>  Qok = A0 k47l
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as in Eq. 4.34, while if m is even,

Apl = A0 ks Gof = a1k

where ‘0" and ‘1’ are the band indices for the two bands that pass through £ = 0 and £ = 0.

Expression for density operator

In order to understand how much charge is carried by these low energy modes, we now
express the (coarse-grained) density operator p(x) in terms of a, ) and a, . As in section
4.3.4, the first step is to express the microscopic density operator p(x) = %(&ccﬁl + 0r92)
in terms of a,, 5. This step closely parallels the derivation of Eq. (4.40), and the result takes

a similar form:

7 )
o)=Y / dk /B e 2 () (4.78)
> |

=~

where
2 o() = (1 1) L] B (4.79)
w_y, ()

As before, the quantity that we want to compute is the coarse-grained density p(z),
obtained by spatially averaging p(x) over a length scale of order 1/A, where A is a momentum
cutoff much smaller than 1/¢. To perform this spatial averaging step, we restrict the integral
in (4.78) to |k| < A, and replace z, p(z) — Zz, j, where z, ;. is defined by averaging z,, ;.(v)

over a unit cell. This gives:

A .
o) =Y / 1Bl (4.80)
8

To complete the calculation, we need to project the above expression to the Hilbert

space generated by the low energy phonon modes. This projection step gives a different
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result depending on whether m is odd or even. If m is odd, then just as in section 4.3.4,

there is only one low energy mode with [k| < A, namely a, ; (= aq ), so we obtain

A .
p(z) = / Adk; vpkle™z, ra, i (4.81)

On the other hand, if m is even, then there are two low energy modes with |k| < A, namely

apk (= agk) and a, ) (= aq ) so we derive

A o
ﬁ(x) _ /_A dk ¢ DC( /|1}pk’|2p7]gap’k + |ng|507ka07k) (4.82)

Here z, ., 25 ) are defined by

2, k() = (1 1) L up k()

wp,—k:(x)

2o () = (1 1) et [ e k) (4.83)

wa,—k:<'r)

while 2, ;. and Z, j, are defined by averaging 2, ;.(x) and z, j(x) over a unit cell.

Conditions for neutral mode

With this preparation we are ready to tackle the main question: determining the conditions
under which the o mode is electrically neutral. Our main result is that the ¢ mode is neutral

in two cases: (a) m is odd, or (b) m is even and

lodd = Leven (4.84)

where £,qq and feven are defined as in Eq. (4.73).

We start with case (a). This case is quite simple since when m is odd, A, J does not appear
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at all in the expression for p as we can see from Eq. (4.81). It thus follows immediately that
the o mode is neutral in this case.

Case (b) is more subtle. Indeed, when m is even, a,} does appear in p (4.82) so to
determine the amount of charge carried by the ¢ mode, we need to compute the coefficient
Zo ) that multiplies a, ;.. In fact, since we are interested in low energy properties, the relevant
quantity is the & — 0 limit of this coefficient, z; .

We compute this quantity in three steps. First, we find the eigenvectors of T (E) (4.71)
in the £ — 0 limit. To this end, recall from Eq. (4.72) that T.q(E) can be approximated
by

Teen(B) = 1 —iE(Wlyqq + TW T leven) (4.85)

Conveniently, this expression is easy to diagonalize when ¢,3q = leven. Indeed, in this case,

one can check that

[T, Wloqq +TWTleven] =0 (4.86)

since T2 = 1. It follows that the eigenvectors of T.;(E) are the same as T, namely: (1 1)7
and (k1 ko).
Next, we substitute the above eigenvectors into the expressions for the Bloch functions,

u,w. These expressions, which can be derived in a similar fashion to Eqs. (4.32), are as

follows:
(J)
u(:l:) _ 6ik{x} ) e—iEW(x—xj) . A ]. : (4.87)
w(z) BU)
where
Al) A
= TD(El;) - TD(Ef) - (4.88)
BU) B

Here we assume that z is located between the jth and j+ 1st impurities, i.e. z; <z < z;471,
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and {x} is defined by {z} =2 — pl, for pl <z < (p+ 1)L.
We start with the second eigenvector. Letting (A B) = (k1 k2) and E = k = 0 in Egs.

(4.87-4.88) gives

=+ (4.89)

with the sign alternating across each impurity. This alternating sign is due to the fact that

(k1 k2)T is an eigenvector of T with eigenvalue —1. Likewise, letting (A B) = (1 1) gives

= (4.90)

Note that the sign does not alternate in this case since (1 1)7 is an eigenvector of T with
eigenvalue +1.

To complete the calculation, we identify (ki ko) with the ¢ mode and (1 1) with the
p mode and then we average the above Bloch functions over a unit cell and plug them
into (4.83) to obtain Z, o and z,o. We start with o: in this case, the averaging step gives
Uy = Wgo = 0 since there is perfect cancellation between the ‘+’ and ‘—’ signs due to
the fact that leyen = fyqq- Hence, when we plug this into (4.83), we obtain z,y = 0. We
conclude that the o mode is neutral in the low energy, long wavelength limit, to lowest order
in k. For comparison, if we repeat this calculation for the p mode, the averaging step gives
U, ) = W, 7 0 since the sign does not alternate in this case. It follows that z,o # 0, so

the p mode carries charge in the low energy, long wavelength limit.

4.5.2  Random impurities

In this section, we consider systems with randomly distributed impurities. We start with

the U — oo case and then consider the case where U is large but finite.
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Figure 4.5: Random impurity model: two counter-propagating chiral Luttinger liquids in a
circular geometry of length L, together with M randomly positioned impurity scatterers.

Infinite U

Given the results from the previous section, one might expect random impurity systems to
have a neutral mode in the limit U — oo since the ‘even’ and ‘odd’ spacings are equal on
average. Here we show that this intuition is correct.

Our basic setup is as follows. We consider a circular edge of circumference L with M
randomly positioned impurities. We denote the spacing between the impurities by ¢1, ..., {5y,
and the average spacing by ¢ = L/M (Fig. 4.5). We show that this system supports two
low energy phonon modes, one of which is neutral and one of which is charged, and neither
of which is localized.

The first step in our analysis is to view the random system as an impurity lattice consisting
of a single unit cell of length L. We can then carry over all of our results on impurity lattices
by simply setting ¢ = L, m = M, and k = 0. In particular, if we make these substitutions

in (4.70), we obtain the eigenvalue equation

TsyS(E) ’ = (4-91)



where

Tsys(E) = TD(ELy)T - - - TD(E(y) (4.92)

is the transfer matrix describing the entire system. As before, every solution (E, A, B) to
this eigenvalue equation defines a phonon creation/annihilation operator with energy E.
The next step is to solve the above eigenvalue equation in the limit £ — 0. We do this

with the help of the following approximate expression for Tys:
EL

+ O(E%LZ%HWH%)] (4.93)

Here |WW]| is defined as the magnitude of the largest eigenvalue of W (see Appendix C.3 for
a derivation).
To use (4.93), we substitute it into (4.91) and neglect the error term. This approximation

is justified at sufficiently low energies, i.e.,

1

E<——r—— 4.94
L3AR W] oy

The result of the substitution is:
exp _T(W +TWT)| - = (4.95)

Next, we observe that the following commutator vanishes, as in Eq. (4.86):
T, W +TWT]=0

It follows that the matrix on the left hand side of (4.95) has the same eigenvectors as T,
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A 1 k1
= or (4.96)
B 1 ko

Plugging these eigenvectors into (4.95), we can extract the corresponding energies with

straightforward linear algebra:

2 2

Fon == L

where v, v, are given by the formulas in (4.75) and n = 1,2, ..., etc.

We can now derive both of our claims about the low energy phonon modes — namely (1)
they are not localized and (2) one is charged and the other is neutral. To see that the low
energy phonon modes are not localized, notice that the energy levels in (4.97) are equally
spaced with a spacing proportional to 1/L: this level spacing indicates that the localization

length ¢ is larger than the system size L for any E satisfying (4.94). To see that the o mode

k1
is neutral, notice that the eigenvector associated with the o mode is an eigenvector of

ko

T with eigenvalue —1. As a result, the phonon creation/annihilation operators for this mode
are of the form agp = [ dz(fon(2)0pd1 + gon(x)0pd2) where fop and gop alternate signs at
each impurity. Like in section 4.5.1, these alternating signs suppress the contribution of the
agpn operator to the coarse-grained density p since the even and odd spacings are equal on

average. It follows that the ¢ mode is neutral.

Finite U

We now consider the same setup as above, but with finite scattering strength U. Our main

result is that the charge and neutral modes continue to persist at sufficiently large U.
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Like the toy model, we study the effect of finite U by adding appropriate correction terms
to the U — oo low energy theory. For the random impurity model, the latter theory can
be read off from the phonon dispersion relations (4.97): these expressions imply that the
U — oo low energy theory is a variant of Hg (4.3) where the p and ¢ modes have velocities
vp and v, instead of v.

Since the low energy theory is almost the same as for the toy model, most of our analysis
of finite U corrections can be repeated without change. As before, there are only two kinds of
correction terms we need to worry about: 0,¢,0;¢, and eii%@xqﬁp. Also as before, both of
these terms are generated by finite U corrections, but with spatially dependent coefficients.

The first term, 0;¢,0,¢¢, appears in a combination of the form

Z(_1>jcjax¢p8x¢a($j) (4.98)

J

while e¥i%o Ox¢p appears in a combination of the form
> " djcos(do(x5) — Bj)0rdp(x;) (4.99)
J

The only difference between these expressions and Eqs. (4.51) and (4.52) is that the coeffi-
cients c¢j, d; are j-dependent. This inhomogeneity is expected since each impurity experiences
a different local environment due to the random spacing.

The rest of the argument is identical to the one for the toy model. As before, the
alternating signs in the first expression and the random? 3, phases in the second expression
have the effect of suppressing these two perturbations, making them irrelevant in the RG
sense. Since these are the only perturbations that can hybridize the charge and neutral
mode, we conclude that the charge and neutral mode structure persists at sufficiently large

U, as claimed above.

9. We assume that the o; are random for this model.
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4.6 Conclusion

In this chapter we have presented a microscopic derivation of the neutral mode in various
FQH edges, including the v = 2/3 edge. Our derivation applies to a particular set of models
which consist of two counter-propagating chiral Luttinger liquids together with a collection
of discrete impurity scatterers. Our main result is an exact solution of these models in the
limit of infinitely strong impurity scattering. From this solution, we have explicitly shown
that the low energy theory of these systems consists of decoupled charge and neutral modes.
In addition we have shown that the charge and neutral modes survive at finite but sufficiently
strong scattering as long as this scattering has a random spatial dependence.

It is interesting to circle back and compare our results with the original neutral mode
analysis of Kane, Fisher, and Polchinski.[29] In that work, the authors studied a model similar
to the random impurity model H&" (4.7) for the case k1 = 1 and ky = 3, i.e. the v = 2/3
state. Instead of a discrete set of scatterers, Ref. [29] considered a continuum scattering
term of the form [ dx(&(z)etF 1914202 4 H.c) where £(z) is a Gaussian random variable
with £*(z)&(2") = U%6(z — 2') for some U.10 While this model is not identical to H8", it is
similar enough that we can compare results on a qualitative level. From this comparison we
can see that the two works consider different parameter regimes. Ref. [29] established the
existence of a neutral mode for the case where U is arbitrary but the velocity matrix V' has
the special property that the edge theory has nearly decoupled charge and neutral modes in
the absence of electron scattering. In contrast, we derive the neutral mode for large U but
arbitrary V. This difference in parameter regimes implies a conceptual difference between
our two analyses: while Ref. [29] established the stability of the charge and neutral mode
structure to small perturbations, we show that electron scattering can produce charge and
neutral modes out of a system whose bare (U = 0) mode structure is completely different.

In this sense, the results in this chapter are complementary to those of Ref. [29].

10. Here we have modified the notation of Ref. [29], where £*(x){(a') = W(x —2’), so that it is consistent
with this paper.
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One of the main achievements of this work has been to show that our models capture a
nontrivial effect of impurity scattering, namely the emergent neutral mode. But impurity
scattering also has another important effect on FQH edges: it provides a mechanism for
equilibrating the chemical potential of different edge modes. Such equilibration is a crucial
property of multi-mode edges and in fact is necessary to explain their observed quantized
Hall conductance.[29, 8, 27] Thus, it is natural to ask whether our models capture this
equilibration physics. The answer to this question depends on whether we consider finite
or infinitely strong impurity scattering. In the case of finite scattering strength, we believe
that our models do exhibit equilibration, as would be expected for any sufficiently generic
system. On the other hand, in the case of infinite scattering strength, our models do not
display equilibration since they are integrable (in fact quadratic) in this limit. Thus, while
the infinite scattering limit provides an exactly solvable model for the neutral mode, it does
not provide a model for edge equilibration physics.

We envision several directions for future work. One direction would be to extend our
analysis to systems with more than two edge modes, such as the Jain states with filling
fraction n/(2n+1) or a v = 2/3 state with edge reconstruction.[56] Many of these states are
predicted to have neutral modes based on the same kind of RG analysis as in the original
v = 2/3 proposal.[28, 54] Similarly, it would be interesting to apply our approach to systems
with Majorana modes such as the anti-Pfaffian state.[44, 41]

Another direction would be to study the v = 4/5 edge. This example is interesting
because, in our language, it corresponds to the case k; = 1 and k9 = 5, so in particular
it has k9 — k1 > 2. As we mentioned earlier, when ko — kj is larger than 2, the infinite
scattering limit exhibits an extensive ground state degeneracy in addition to charge and
neutral modes. This degeneracy poses basic challenges for determining whether the charge
and neutral modes survive at finite scattering strength. Thus, a new approach may be needed

to understand this case.

124



CHAPTER 5
CONCLUSION

5.1 Summary of results

In this thesis we investigated symmetry enriched topological phases. We addressed the
problem of characterizing these phases by building exactly solvable models that realize them
and by analyzing their edge theories.

In chapter 2 we presented a construction for building exactly solvable models of SET
phases. This construction applied to a broad class of phases, namely 2D bosonic SET phases
with finite, unitary onsite symmetry group. An important quality of this construction is
its generality — we conjectured that the construction could be used to realize every SET
phase in this class whose underlying topological can be realized by a string-net model. The
models produced by this construction had a number of nice properties: they are exactly
solvable, and they are closely related to the well studied string-net models. We illustrated
our construction with a number of examples, including a model for the toric code with a Zso
symmetry that permutes the e and m particles.

In the third chapter we examined the edge theories of Zg SPT and SET phases, and we
addressed the question of when they can and cannot be gapped. For the case of Zg SPT
phases, we derived an invariant v and proved that the edge can be gapped without breaking
the symmetry if and only if v = 0. We then generalized these results to Zo SET phases and
proved that if the theory has a Lagrangian subgroup invariant under the symmetry, and a
slightly modified invariant which we called %! is equal to zero, then the boundary can be
gapped without breaking the symmetry. Our derivation relied on building perturbations that
could explicitly gap the boundary, and proving that when the conditions are not satisfied no
such perturbations exist.

In the last chapter, we investigated the phenomenon of decoupled charge and neutral

modes which occurs in certain fractional quantum Hall states, including the v = 2/3 state.
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These states pose a basic puzzle because a clean edge theory predicts charge propagation
in both directions, contradicting experiments that detect charge propagation in only one
direction. One solution to this problem, which was first introduced in Ref. [29], is to
introduce imputing backscattering between the counterpropagating modes. We presented
concrete models for impurity backscattering in these edge states. We solved these models
in a particular limit, and were able to explicitly demonstrate the emergence of decoupled
charge and neutral modes in this context. We then analyzed a sequence of increasingly
realistic models, and proved that the decoupled charge and neutral modes persisted as long

as the impurities were sufficiently strong and randomly distributed.

5.2 Future directions

One interesting direction for future work would be to study the results of chapter 3 in the
context of the models introduced in chapter 2. In particular, it would be interesting to
consider the symmetry enriched string-net models in a system with boundary, and explicitly
derive an edge theory from the bulk, in a manner similar to Ref. [43]. For some simple SET
phases, such as the toric code phase with the e <> m symmetry, it would be interesting to
analyze the corresponding spin model for the edge and provide an alternative derivation for
why the edge must be gapless.

Another interesting direction would be to generalize the results of chapter 3 to fermionic
SPTs and SETs. Preliminary work in this direction, to be included in a future publication,
suggests that the bosonic SPT results generalize nicely to the fermionic case. In particular,
we believe that the invariant v takes the same form for fermionic SPTs, and also captures the
Zg classification in this case. More work needs to be done to prove the results for fermions
since some of our derivation relied on the fact that the K-matrix was bosonic.

Finally, we believe that it would be interesting to extend the results of chapter 3 to non-
Abelian phases. This case is more complicated because there is no longer a simple way to

parametrize all the edge theories, unlike the K-matrix description for Abelian phases. As
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a result, a more promising direction would be to determine if the edge can be gapped by
analyzing the bulk data. In particular, we believe that the notion of a Lagrangian subgroup
has a non-Abelian analogue known as a Lagrangian algebra. Such a Lagrangian algebra
would need to be invariant under the symmetry, and we also expect there to be a non-
Abelian generalization of the invariant v, although it may be significantly more complicated

in the general case.
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APPENDIX A
APPENDICES FOR CHAPTER 2

A.1 Ground state degeneracy

In this appendix we calculate the degeneracy of the symmetric toric code on a sphere and
torus and discuss the generalization to higher genus surfaces.! To begin, recall that the

ground state degeneracy can be expressed using the following formula:

D="Tr (HPZHQUHBP> (A1)
l v p

Next, observe that the operator [[; P[], Qv projects onto the space of states that obey the
fusion rules at each vertex and whose plaquette spin domain walls coincide with o strings.
Denoting this space of states by X', we can simplify the calculation by only tracing over this

space:

D="Try (H Bp> (A.2)

p

Next, recall that B) is a sum of three terms: By = zle(l + Bg + ﬁBng). However, By 7
is clearly traceless because it contains the operator Tg. We can therefore ignore this term in

the trace and Eq. (A.2) simplifies further to

D="Try <H 2(1 + B}f)) (A.3)

p

To calculate the trace, it is convenient to use the basis states [{77, ;}). We first note
that
1
(tadpole| H Z(l + Bg))|tadpole> =0 (A.4)
p

1. To define the symmetric toric code on a sphere or on other surfaces, we generalize the model from the
honeycomb lattice to an arbitrary trivalent lattice in the obvious way.

128



where |tadpole) is any basis state [{77, 14;}) in X containing a ¢ loop with an odd number
of 1 strings ending on it (these are states for which f(X) = 0 in Eq. (2.18). We will not
prove this result here, but it is easy to show using expression (2.9) for Bg .

From (A.4) it follows that the only basis states in X that contribute to the trace are the
no-tadpole states, i.e. states in which every ¢ loop has an even number of 1 strings ending

on it. Denoting this set of no-tadpole states by Z, we derive

D= Z(Z|H%(1+B},/’)|Z> (A.5)

ZeZ p

Expanding out the product, we obtain

D= %N SN B2 (A.6)

ZeZ R peR

where N is the number of plaquettes and the second sum runs over subsets R of the set of

plaquettes. To proceed further, we note that

z| ] BY1z)=0or 1 (A7)

PER
for any no-tadpole state Z € Z and any subset of plaquettes R. Again, we will not prove
this identity here, but it can be derived using (2.9). Combining (A.6) and (A.7), we can

rewrite D as

D="% (A.8)

where M is the number of pairs (|Z), R) such that [],cp Bg)|Z> =|Z).

Our problem is now to compute M. Conveniently, this counting problem can be reduced
to a simple group theory calculation. The key point is that we can think of each operator
[lper B;;[} as an element of the group G' = (Z9)" since (B;;[} )2 = 1, and since the Bg operators

commute with one another. From this point of view, the Bg} operators define an action of
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the group G = (ZQ)N on the subpace spanned by the no-tadpole states. In fact, the Bg}
operators also define a group action on the set Z (as opposed to the subspace spanned by
Z) since one can easily see that when the operator B},/) acts on a no-tadpole state, it always
gives back another no-tadpole state (up to a 4 sign, which we will ignore).

With this identification, the problem of computing M is equivalent to finding the number
of fixed points of the above group action for each group element g € (ZQ)N and then summing
over all g. Conveniently, the latter quantity can be related to the number of orbits of the

group action via Burnside’s lemma:
M = |(Z3)™| - (number of orbits of group action) (A.9)

All that remains is to find the number of orbits of the above group action. To this end, we
observe that the Bg operators do not affect the o strings or the spins 77, so there is at least
one orbit for each configuration of o loops and 7'5 spins. In fact, in a spherical geometry, it is
not hard to see that there is exactly one orbit for each configuration of o loops and TI')Z spins.
It follows that the number of orbits is 2V since there are 2V 1 different configurations of o
loops and there are 2 possibilities for the 7% spins for each ¢ loop confiuration. Substituting
this into (A.9) and (A.8), we immediately derive

oV oN

Dsphere = N 1 (A.10)

In contrast, on a torus the situation is different because there are 4 orbits for each
configuration of ¢ loops and sz spins. This additional factor of 4 comes from the fact that
the Bg operators do not affect the parity of the number of 1 strings wrapping around the
two non-contractible cycles of the torus; the 4 orbits correspond to the four possibilities of
even/odd parity for each of the two cycles. We conclude that the number of orbits is 4 - o
which gives a degeneracy of

Diorus = 4 (A.11)
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More generally, on a surface of genus g, the number of non-contractible cycles is 2g, so the

number of orbits is 49 - 2V and the degeneracy is Dy =49.

A.2 Derivation of ground state wave function

In this appendix we explain how to derive formula (2.18) for the ground state wave function
of the symmetric toric code model. The first step is to solve the three eigenvalue equations
in (2.16), each of which tells us something about the structure of the ground state |¥). The
first equation, Pj|¥) = |¥), implies that the only configurations |{77,;}) that appear in
|¥) are those with 1y = o along the domain walls of the 7; spins. The second equation,
Qu|¥) = |¥), tells us that the only configurations that appear in |¥) are those in which the
p states obey the fusion rules at every vertex (Fig. 2.2). The last equation, By|¥) = |U),
is more subtle and tells us something about the relative amplitudes of the configurations
in the ground state. In fact, this equation tells us that these amplitudes are equal to the

corresponding ground state amplitudes of the doubled Ising string-net model:

V({75 m}) =¥ ({m}) (A.12)

Here W% denotes the ground state of the doubled Ising string-net model and |[{z;}) denotes
a string-net basis state with string occupations specified by ;.

To prove Eq. (A.12), it suffices to show that the |V) defined in Eq. (A.12) satisfies
By|¥) = |¥). To this end, we make three observations. The first observation is that the |¥)
defined in Eq. (A.12) is symmetric under the Zo symmetry S so it can be expanded as a
linear combination of symmetrized states, defined by:

{1} sym) = %U{T%m {2 ) (A13)

Furthermore, Eq. (A.12) tells us that the expansion coefficients in this linear combination
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are given by

({u}ssym|®) = vV2({p }| ¥ ) (A.14)

The second observation is that the matrix elements of B), between symmetrized states are
identical to the corresponding matrix elements of the plaquette operator Bgi in the doubled

Ising string-net model:

({u},sym| Byl{}, sym) = ({ug} By 1 {r}) (A.15)

Indeed, this identity follows easily from the definition of Bgi — namely Bgi = alB}) +
ang} + ag By . The third and final observation is that the doubled Ising ground state obeys
Bgi|\Ifdi> — |0 Putting these three observations together, the claim follows immediately.

With Eq. (A.12) in hand, all we have to do to derive formula (2.18) is to compute the
ground state wave function of the doubled Ising string-net model and show that it agrees

with (2.18). This computation is discussed in section 2.3.1.

A.3 The other toric code with e <+ m symmetry

Previous work has shown that there are two distinct toric code phases that have a Zo
symmetry that exchanges e and m.[3] However, we have only discussed how to realize one of
these phases — namely the symmetric toric code. In this appendix, we briefly explain how
to realize the other phase.

First we need to describe the Zsg-extensions corresponding to the two phases. The Zo
extension for the symmetric toric code is D = {1,, 0} with fusion rules and F-symbols com-
ing from the Ising fusion category. In comparison, the Zs extension for the other toric code
phase is also D = {1,, 0} but with F-symbols coming from the (Ising)? fusion category. [33]
Note that the two extensions are nearly identical to one another, with the only difference
being that they have slightly different F-symbols.

Because the two extensions are so similar, the corresponding lattice models are also
132



closely related. Indeed, using the general construction from section 2.4, we find that the
Hamiltonian for the other toric code phase is identical to that of the symmetric toric code

except that the BJ term given in Eq. (2.10) is replaced with
, /h/‘/-/klll _M
By (abedef) = 8pgqr by (=2) 4 (=1)"r2 (A.16)

(Here, the only change is 2 — —2). This minor change in the Hamiltonian also leads to a

minor modification of the ground state wave function. Instead of Eq. (2.18) we have
U(X) = (X]P) = (—v2)V ) f(x), (A.17)

Everything else, including the form of the string operators, is identical to the symmetric
toric code case.

To see that these two models belong to distinct SET phases, consider their corresponding
gauge theories. By construction, gauging the symmetric toric code model gives a system with
Ising xIsing anyons, while gauging the other model gives a system with (Ising)3 x (Ising)?
anyons. Since these two gauge theories have distinct braiding statistics, it follows that
the two ungauged models cannot be smoothly connected without closing the energy gap or

breaking the symmetry. [43]

A.4 Derivation of string operators

In this appendix, we derive the W, and W), string operators (2.19), (2.22). We do this in
two steps: first we construct string operators for the doubled Ising string-net model, and
then we translate these over to the symmetric toric code using the connection between the
two models.

To begin, we need to understand the relationship between the anyon excitations in the two

systems. Given that the doubled Ising string-net model is equivalent to the gauged toric code
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model, we know that one of the anyon excitations of the former system can be identified with
the Zs gauge charge in the latter system. The obvious candidate is 17 since this is the only
Abelian excitation with bosonic statistics. With this identification, we immediately deduce
that the anyons {0, 7, 1), 51} correspond to Zs gauge fluxes since they have mutual statistics
of m with respect to ¢n). Likewise, the remaining anyons, {1,,%), 1), 05}, correspond to
zero-flux excitations since they have mutual statistics of 0 with respect to ).

Consider the latter set of anyons {1,, 1), ¢1), 06} and the string operators
{WLWw’Wi’Wwi’Waa} that create them. Because these anyons do not involve any
gauge flux, it follows that they can be ‘ungauged’ and mapped onto excitations of the
symmetric toric code model. In terms of string operators, this means we can ungauge
{W1, Wy, W@, WTW’ Wys5} so as to construct string operators in the symmetric toric code
model. In fact, by following the ungauging procedure described in section 2.3.4, one can
show that this ungauging step is completely trivial in this case: to ungauge one of the above
string operators, we simply embed them, without any changes, in the symmetric toric code
Hilbert space. We will therefore abuse notation and use the same symbol W, to denote a
string operator and its ungauged counterpart.

After this ungauging step, {W1, Wy, W@z} Wz/)%/;’ Wy5} define string operators in the sym-
metric toric code model, which means they can be expanded as linear combinations of the
four elementary string operators {W7, We, Wiy, Wemn }. Conveniently, the coefficients in these
linear combinations are fixed by general considerations (up to local operators acting at the

ends of the strings):

Wl/’ ~ Wem, W@ ~ Wem, Ww@ ~ W1

Here, the first two relations follow from the fact that Wy, and Wz/—} create fermions and

therefore must map onto Weyy,, while the third relation follows from the fact that 1) is a Zo
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Figure A.1: The “I-junction’ operator W __ Ly is made up of two string operators Wy5,
Wﬂﬂ/—) which meet at a point p.

gauge charge, which is trivial in the ungauged theory. As for the last relation, this follows
from two observations: (1) oo has mutual statistics m with respect to ¢, and (2) Wys is
even under the Zo symmetry (as is every gauge invariant operator). The first observation
implies that W55 must be a linear combination of W, and W), (since these are the only
anyons with mutual statistics 7 with respect to em), while the second observation implies
that the coefficents of W, Wy, are equal.

The last equation (A.18) is especially useful since it provides a route to constructing
We + Wip,. This is nice because if we can also find the difference W, — W,,,, then we can
obtain W, and W)y, individually. The problem is that W,—W, is odd under the Zo symmetry,
so it has no counterpart in the doubled Ising string-net model (i.e., it cannot be gauged).
To get around this obstacle, we consider the related operator (We — Wi, )77. This operator
is even under the symmetry so it can be gauged and hence translated into the doubled Ising
string-net model. A natural guess is that its gauged counterpart is the ‘I’-junction’ operator

W &L consisting of a 1) string ending on a o& string (Fig. A.1). Thus we have

a

g

Egs. (A.18) and (A.19) form the backbone of our derivation. The rest is straightforward:
we will simply construct the two operators Wy, and W Ly using the general string-net

formalism[48] and then plug them into (A.18) and (A.19) and solve for W, and Wy,.
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We begin with Ws5. This operator is easiest to describe using the graphical representa-
tion discussed in Ref. [48]. Let | X) be some Ising string-net state on the honeycomb lattice
and let v be a path drawn on the links of this lattice. To compute WJ5|X ), the first step is
to shift the path « slightly so that it no longer lies exactly on the honeycomb lattice. The
precise way in which v is shifted is not important, but we will use a convention where - is
shifted to the ‘left’, where ‘left’ is defined with respect to some arbitrary orientation of ~.
The second step is to insert a ‘oo’ string along the path + and to resolve all the resulting

crossings using the local rules

o > = ‘ O > + ‘ O > (A.20)
\(ra . ] i s
C ) =X ) (A21)
jst
T i B ~J to
S ) =Xl ) (A2
jst
Here Qgti = Qgti is a four index tensor characterizing the string operator whose only nonzero
values are

0 a2 a0 ol ol 9
Qoo = 2590 = D99 = Qo1 = Qo1 =1, g = —1

where 0 = vacuum, 1 = ¢ and 2 = .

After resolving the crossings using the above rules, the result is a linear combination
of doubled Ising string-net states, each of which is slightly displaced from the honeycomb
lattice. The last step is to ‘fuse’ these strings onto the links of the honeycomb lattice using
the rules (2.32-2.35). Denoting the resulting linear combination of states by > j cj|Yj), the
action of Wyg is then defined by Wys|X) = 3, ¢;[Yj).

By examining the above local rules, we can read off the basic structure of the W5 string
operator. For example, Eq. (A.20) implies that whenever we resolve the oo string, it is

always in either the 1 or v channel. Meanwhile, the fact that Qéﬂ = 0 unless s = 0 and
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t = 2 (or vice versa) tells us that od alternates between the 1 channel and the 1 channel
every time it crosses a o string. Putting these two observations together, it follows that W5

can be written as a sum of two pieces

Wos = W1 + W (A.23)
where W7 inserts an alternating 1 — ¥ — 1 — 1) --- string and Wy inserts an alternating
¥ —1—1 —1--- string (with alternations occurring every time the path 7 crosses a o

string).

Now imagine we ungauge the operator Wy5. As we mentioned earlier, this ungauging
process simply amounts to embedding W5 within the larger Hilbert space of the symmetric
toric code. Although the operator is unchanged, this new context allows us to rewrite Wy5
in a slightly different form. To see this, recall that W7 and W alternate between 1 and
1 each time they cross a o string. At the same time, we know that the o strings coincide
with plaquette spin domain walls (at least for low energy states, which is all that we care
about) so crossing a o string means moving from a domain where 7% = +(—) to one where
7% = —(+). We can therefore choose a convention in which one component, say Wi, is in

the v channel in the 7% = + domain and W5 is in the ¢ channel in the 7° = — domain.

Labeling these two components by Wy, and Wy, respectively, we can write
Woe = W¢+ + Ww_ (A.24)

We now repeat this analysis for the second operator, W__ L However, before we can
do that, we need to discuss Wl/ﬂ/_f' This operator can be described using the same graphical

representation as Wys5. The only difference is that in this case, the first rule is replaced by
v 1
= ) =lla ) (A.25)
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and the €, Q tensors are different. In particular, the only nonzero values of Qgtz‘ = Qgti are

Qoo = Woz =1, o1 = —1 (A.26)

in this case. Translating this graphical definition into algebra, one can see that the action
of WZM_) is very simple:
No
deﬁ = (—1)""ox (A.27)

where Nysx is an operator that is diagonal in the string-net basis and that counts the total
number of ¢ strings that cross ~.

With this preparation, we are now ready to discuss the operator W __ Ly In the graph-
ical representation, this operator inserts a T-junction made up of ¢& and 1) strings. Cross-
ings are then resolved using the o& and 1 rules listed above. Translating this graphical
definition into the notation of (A.23) and (A.27), one finds:

”/5L¢@==(Wﬁ——W@)F—UA%Xm7 (A.28)

g

where 7, = £1 depending on whether W7 is in the ¢ channel or 1 channel at the point p
where 1) attaches to oo (Fig. A.1).

Now consider ungauging W _. Lyg that is, embedding this operator in the Hilbert

N,

space of the symmetric toric code. In this new context, we can rewrite (—1)"'* as

Nox _
(=) =157y (A.29)
since the o strings coincide with the plaquette spin domain walls at low energies (Fig. A.1).

We can also rewrite (W7 — Wa)n, as:

(W1 = Wa)np = (Wyy — Wy )7 (A.30)
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Multiplying (A.29) and (A.30) together and using (A.28), we derive

WU&LQ/ME = (W¢+ — qu)_)TqZ (A.31)

We now have everything we need to compute W, and W,,,. Combining equations (A.18,

A.19, A.24, A.31) we derive:

As a final step, we multiply the string operators by the projector Py from (2.20) which
projects onto low energy states where o strings are bound to domain walls and fusion rules
are obeyed. While this step is not strictly necessary, it ensures that the string operators are

especially well-behaved. After this step, we have:

W =Py Wy Py

Wil = PyWy_Py (A.33)

To go from the above expressions (A.33) to the formulas (2.19) and (2.22) in the main
text is simply a matter of conversion from the graphical representation to an algebraic
representation. In particular the (—1) factors associated with the first 3 vertices in Fig. 2.5
(el, €2 and e3) arise from fusing the strings created by Wy, onto the honeycomb lattice.
Likewise, the (—1) factors from the last three vertices (e4, e5 and e6) come from the fact

that 9(2)02 = —1 for the oo string.
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APPENDIX B
APPENDICES FOR CHAPTER 3

B.1 Derivation of SU(2) symmetry

In this appendix we seek to establish two claims. First, we will prove that the three operators
from Eq. 3.56 generate an SU(2) symmetry of the system. Second, we will prove that the

vector bl = (6261, ei@2) transforms as a doublet under this symmetry.

B.1.1 Review: the SU(2) symmetry

In this section we review the derivation of an SU(2) symmetry in the free chiral boson CFT

[14]. We will find it convenient to work in holomorphic coordinates, defining a new field

o(z) = %(@1 1 0y) (B.1)
o(z) = %(@1 —0y) (B.2)

This bosonic field has an operator product with itself given by

p(2)p(w) ~ =In(z — w) (B.3)

The related operator
H =idp(z) (B.4)

has a scaling dimension equal to 1 because

0 0 =—
T
In addition, the two operators

B = HV20) (B.6)
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also have scaling dimension 1. To see this, we note simply that

(BT ()T ET(w)) = (B™(2) B~ (w)) (B.7)

Furthermore, because these operators are chiral, their anti-holomorphic scaling dimensions
are zero and thus s = h — h = 1. That is, all three operators have spin-1. We can compute

the full set of OPEs with help from the relation

st e p{Ai1dr) . A1ty (B.9)

which is valid for functions A; which are linear in the creation/annihilation operators, such

as the field ¢. Using this relation (and leaving off the normal ordering symbols) we find
EY(2)E~ (w) = e2(P(@)e(w)) iv2e(z)—p(w) (B.10)

N exp | iv2 Z i)l _n!w)nﬁngo(w) (B.11)

_ 2
(z —w) 1

where in the second equality we evaluated the correlation function in term 1, and Taylor

expanded the argument of term 2. The full set of OPEs now becomes

E()E () ~ _1w)2 + \/fi[ (;”) (B.12)
H(z)E:(w) ~ %ﬁf“’) (B.13)
H(2)H(w) ~ —— (B.14)

These OPEs match the SU(2) level one operator algebra in the Cartan-Weyl basis (J;, J+).
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The spin basis

Let’s now analyze these operators in the spin basis

J2(2) = cos|V3p(2)] = (B (2) + B (2))

2

J9(z) = sin[V3p(2)] = = (BH(z) - B~ (2))

2
i

J*(z) = NG

dyp

(B.15)
(B.16)

(B.17)

We now consider the set of OPEs with these operators. First we have the diagonal terms

1

2(z — w)?
1

2(z — w)?
1

2(z —w)?

JH(2) " (w) ~
JY(2)JY (w) ~
J*(2)J* (w) ~
Meanwhile, the non-diagonal OPEs take the form

l

JY(2)JY (w) ~ J* (w)

Z—Ww

()T (w) ~ ——

JY (w)

Z—Ww

e

JY(2)J* (w) ~

Z—Ww

Or, in more compact form

JU(z) T (w) ~ ieijkw

Z—Ww

(B.18)

(B.19)
(B.20)
(B.21)

(B.22)

(B.23)

We now see that the OPE coefficients of ﬁ are precisely the structure constants of the

SU(2) algebra. This implies[14] that they generate an SU(2) symmetry which transforms

operators in the theory.
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B.1.2  Transformation law for b

In this section we prove that the vector
b= (B.24)

transforms as a doublet under the SU(2) symmetry generated by:

J(2) = cos(V2p(2)) (B.25)

JY(2) = sin(v/2p(2)) (B.26)

)=

Jp(2) (B.27)
To determine how the vector b transforms under this SU(2) symmetry, recall that a tensor
operator transforming under the spin-s representation of SU(2) consists of a set of operators,

O, l=1,...,25 + 1 such that
(Ja, O1] = O;1 T, i (B.28)

where [77] is the spin-s representation of the generator of the symmetry. We will use this
to show that b transforms as a doublet under SU(2)p. In this case, we have two operators
01 = 91 and Oy = 92 For now, let’s just consider the transformation of b under the
global SU(2) . To isolate the global piece we expand the generators of the local symmetry

as a Laurent series

Jiz) =Y (Dl (B.29)

n

Using contour integration, we find

. 1 ,
Jh, = 5 2" JN(2)dz (B.30)

where the contour encloses the origin. Now, to consider how b transforms under the global
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SU(2) g, we only need to calculate the commutators (Eq. B.28) with Jé, that is,

1 .
Jy = 5 J'(z)dz (B.31)

Because Jé is a contour integral of a purely holomorphic function, we can use CFT techniques

to calculate the commutators in Eq. B.28. More specifically, if

A= ?{dza(z) (B.32)
then
(A, b(w)] = ]{Ua(z)b(w)dz (B.33)

where a(z)b(w) is the (normal ordered) OPE and the contour encloses the point w. We will

now use formula B.33 to compute the commutators.

[Jg,01] = QLM[% dz cos[v/2z], 'O (WD) (B.34)

= %eww’)/ﬁ[% dz cos[V/22], ei‘p(w)/\@] (B.35)
1 i 1 : ,

_ %ewm)/ﬁ(é[ 7{ dzeiVEO(E)_gin(w)/VE) (B.36)

+ 31§ deeVB0le) civl)/VE)) (B.37)
1 . - 1 ) )

_ %eww)/ﬁ(5 ]{ dreiV20(2) i (w) V2 (B.38)

43 f deemiVEARIIRVE) (B.39)

To analyze these OPEs we will once again use the relation

cedt o eda o p{Ardr) Ay (B.40)

Applying this relation we immediately see that the first term contains no singular terms,

and therefore the contour integral will give zero. The non-zero contribution comes from the
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second term. We have

JE,O1] = %m,eiﬂw)/\/?% j'{ dze_iwt)__iiw))/ﬂ (B.AL)
_ %eww,w) _ %02 (B.42)

A similar computation for O9 shows that
J§.02] = 501 (B.43)

Putting these results in the context of Eq. B.28 leads us to conclude

8] = %aﬂc (B.44)

One can repeat this exercise for all other operators and one finds precisely
iv_ L

This proves that the vector b transforms under the spin-1/2 representation of the global

SU(2) p symmetry.

B.2 A lemma about bosonic Abelian topological phases

In this section we prove a lemma used earlier.

Lemma 2. If a bosonic Abelian topological phase has a vanishing chiral central charge, and

a2=1 for all anyons a, then it has a Lagrangian subgroup.

Proof. If each particle satisfies a2 = 1 then it follows that the only possible ezchange statistics

are {0, 5, , 3777} modulo 27 since exchanging twice has to give you =+1.
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We can use this fact to prove that theory must contain at least one boson. And then,
following an iterative procedure of condensing the boson and repeating the argument, we
can show that the theory must contain a Lagrangian subgroup.

To prove that the theory has at least one boson, recall the relation between the self-

statistics of the particles and the chiral central charge:

1 2 i0; _ omic_ /8 9
5 Z dZ el i — e e / , D = Z.Adl <B46>
€A i€

where c_ is the chiral central charge. In the case at hand, we have c— = 0, and we also know
that d; = 1 for all 7 because the phase is Abelian. Let N be the number of anyons, N = | AJ.

Then this formula can be rewritten as

Y et = VN (B.47)
icA
Given that the possible values for 0; are {0, 5, , i}}, it follows that for ' > 1, there are only
solutions to the above equation if there exists at least one particle with 6; = 0 in addition
to the identity particle, which we will call b.

The next step is to condense this boson b. After the condensation, there will be N /4
particles. Furthermore, in the condensed phase, it will still be the case that all of the
particles satisfy a® = 1, since this property can’t change under condensation. Assuming the
condensed phase is non-trivial, we can simply repeat the above argument to conclude that
the condensed phase also has a boson o'. This boson can then also be condensed. This
argument can be repeated until the condensed phase is trivial, proving that the original

theory has a Lagrangian subgroup. O]
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B.3 Putting K, W, y and Y. into standard form

The most general chiral boson edge theory can be parametrized by an N x N symmetric
integer matrix K, an N x N integer matrix W, and an N component real vector x satisfying

the following constraints

WIKW =K (B.48)

w2 =1 (B.49)

In this section we parametrize solutions to the above equation in such a way that W is in
a simple block diagonal form. Putting W in a nice form will make it easier to derive the
general form of the Zsg invariant.

To begin, we note that the condition that W2 = 1 implies the eigenvalues of W are +1.
Let n4 be the number +1 eigenvalues and n_ be the number of —1 eigenvalues, so that
ny +n— = N. Next take {v1,...,vn } to be the basis for the 4-1 eigenspace. We also choose
the v; to be integer vectors, which we can always do because the +1 eigenspace is spanned
by the columns of 1 + W, an integer matrix. Furthermore, we choose the basis so that the
n+4 X ny minors of the matrix with columns {vy,...,v,, } have no common factor. This
ensures that we can extend {v1,...,vn, } to an integer basis {vy,...,vp,,wy,...,wy_} for
the whole N dimensional space such that the matrix with columns {v1,...,vp ,w1,..., wy_}
has determinant +1.

Let U~! be the matrix with columns {v1, . . . ,Uny, W1, ..., wn_}. We next make a change
of basis W — UWU™L. After this change of basis W is in the form

1, F

W = (B.50)
0 G

where F is ny x n_ and G is n_ x n_. Using the fact that W2 = 1, we can deduce that
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G2 = 1. Furthermore, because W is now an upper triangular matrix, Tr(W) = Tr(ln, )+
Tr(G) = ny —n—. This implies that Tr(G) = —n_ and thus G = —1,_ and thus W is of

the form

1 F
w=| 7" (B.51)

0 —1n_

The next step is to make another transformation W — UWU !, where U is an integer

matrix of the form

Uy 0
U= (B.52)

0 Us

and det(U;y) = det(Us) = £1. Under this transformation F' — Uy FUs and Uy and Us can be
chosen so that F' is a diagonal matrix. This follows from the Smith normal form of integer
matrices. The next step is to make a transformation of the form W — UWU ! where U is

of the form

U= " (B.53)

Under this transformation, F' — F' —2Y. We can thus then choose Y so that F' has only 0’s
and 1’s along the diagonal. We can therefore assume without loss of generality that F' is of

the form

In.—m O
F= (B.54)

0 0

where m < p. Altogether, then, we can conclude that W is of the form

1n_—m 0 1n_—m 0
0  1n, n + 0 0
W= PR (B.55)
0 0 ~1p.m O
0 0 0 —1m
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The final step is to make another transformation W — UWU 1 where U is of the form

1n_—m
0
U =
1n,—m
0
which puts W in the form
0
0
W =
1n,—m
0

0 0 0
In,-n 4+m O 0

0 In. -m O

0 0 1

0 In.-m O
In,-n +m O 0

0 0 0

0 0  —lIm

1n_—m

(B.56)

(B.57)

(B.58)

Using the WP KW = K relation and the fact that K is symmetric we find that K must be

of the form

A
0
BT
_pT

0
C
DT
DT

B -B
D D
E F
FFE

(B.59)

where A, C, F and F are symmetric matrices, and the sizes of the matrices correspond to

the blocks in the W matrix.

Lastly, it is possible to redefine our fields by shifting them so that we can put x into the
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following form

X2
X = (B.60)

0

0

where Yo is an ny — n— + m dimensional vector of 1’s and 0’s. We now show how to
compute x4+ in this basis. This derivation parallels in many ways the derivation for the
case K = W = ¢% given in section 3.2.3. Because we can always pick a gauge such that

Wx+ = x+, we know that y4 can be parametrized in the form

0

vi=1 "] mod2 (B.61)

X+3

X+3

We can derive x4+ by using a particular basis for {A4}. The basis we pick is

{em+1,-- -, Cny—n_+2m; f15 - fn_—m} where
fi=en, n_tomriten tmy for i=1,....n_—m (B.62)

Using this basis we can immediately see that xi9 = x2 because e% ;0 = Oy 1s a single

field, so there is no additional commutator, and the shift of this field is simply given by the

original shift vector yo. On the other hand

fiT@ = @n+—n,+2m+i + @n++m+i (B'63)

and we have the transformation
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W el Onpn_t2mti _y Onybmi (B.64)

W ei@n++m+i N €i®n+—n_+2m+i (B65)

so we are in a situation entirely analogous to the one in section 3.2.3, and we simply need

to compute the commutator

[i@n+fn_+2m+ia i@n++m+i]
— K . - _
=VUTRp, —n_+2m+ing+m+i sign(m —n—)

= i?TFZ'Z' (B66)

generalizing from the previous analysis of the case with a 2 x 2 K matrix, and using the fact
that we are using a linearly independent basis for {A4} we see that this leads us precisely
to a y+ of the form

0

2
X+ = X mod 2 (B.67)

diag(F)/2

diag(F)/2
B.4 Proving v is integer

In this appendix we prove that v must be an integer. For simplicity we assume that v_— = 0.

Also, we work in the standard basis where W and K are of the form (3.23)-(3.24). In this
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case, the most general vectors A+ € =+ take the form

0 v
v 0
Ay = , A_= (B.68)
w w
w —w
so the Vi matrices are given by
00 1 0
1 0 0 0
V+ = ) Vo = <B69)
01 0 1
01 0 -1
and hence K4 are given by
C 2D
Ky = (B.70)
oDT 2(E+F)
A 2B
K_ = (B.71)
2BT 2(F —F)

B.J.1 A special case

Before tackling the general case, we will first show that v is an integer for the special case

0
X+ = (where x4 is defined by x4+ = VEX+). The proof in this case requires

diag(F)

several steps:
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1. First we define two matrices:

C 2D 2C 2D
J4 = , Iy = (B.72)
D' E+F oDT E+ F
We note that
_1 1 0 1 1 0
K+ =2- . I+ . (B.73)
0 1/2 0 1/2

Combining this identity with the fact that Y4 vanishes in the first argument, it follows

that

T I 7. q_
2w =LK vy = 5 hal (B.74)

Thus, it suffices to show that % . )‘(11:1 X+ 1S an even integer.

2. Next we note that we can make an integer change of basis so that I takes the form

0 A
I = (B.75)

AT B
where 0, A, B are square matrices, all of dimension ny /2. To see this, recall that
K has ny /2 linearly independent mutually null vectors (assuming it has dimension

n4+ X n4), which implies that /4 also has ny /2 linearly independent mutually null

vectors, which implies the above form.

3. In the above basis, the first n4 /2 components of x4 are all even. Indeed, this follows
from two observations: (1) in the original basis, the components of x4+ have the same

parity as the diagonal elements of I, (2) this property is basis independent.

4. Given that the first n4 /2 components of y4 are all even in this basis, it follows that

we can find another vector )2'4_ such that its first ny /2 components all vanish and such

153



that )Z’Jr = X+ + 2l for some integer vector [.

. Since the first n4 /2 components of X’+ all vanish, one can easily check that )’(Q_T[ ;12/4_ =

0 =*
0. (This is because ];1 takes the form ). Thus, our task reduces to showing

X ok

that the difference

Lo -1 T -1
5 (L = XLy (B.76)
is an even integer.

. The above difference can be rewritten as
20T I+ 1T 1 %) (B.77)

We will now show that both of these terms are even integers. We do this by working

in the original basis. First we note that in the original basis

-1 —1

0 2
10 o1 0

= (mod 2)
00 x (E+F)7!
c1l o

= (mod 2) (B.78)
0 0

In particular, we can see that 2[;1 is an even matrix since C~! is even (the inverse
of an invertible even matrix is always even). Hence, the first term 2lT]4__1[ is an even
integer. As for the second term, it is clear from the above expression for 2];1 that

QZTIJ:l)‘H =0 (mod 2). This completes the proof of the special case.
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B.4.2 The general case

h
We now consider the general case, where Y 4 is any vector of the form Y4 =
diag(F) + 2lo

Again, the proof required several steps:

1. In view of the result from the first section, it suffices to show that the difference

1 h

(11 diag(F) +212> K (B.79)
diag(F) + 219
— |0 diag(F) ) - KL (B.80)
diag(F)
is an even integer.
2. This difference can be rewritten as
-1 lh -1 2l
L 2 ) K} + (0 diag(F) ) - K} (B.81)
2l P
. -1 -1 10 . .
Using K" =J, " - , we can rewrite this as
0 1/2
-1 ll -1 2l1
Iy 2y ) Jy + (0 diag(F) ) -JT (B.82)
lo 2y

3. Clearly the second term is an even integer. Thus, it suffices to show that the first term

is an even integer. To this end, note that

gl = (mod 2) (B.83)



so that

h
(l1 212)-J;1 — el (mod 2) (B.84)
ly

The latter quantity is clearly an integer since C 1 is an even matrix (the inverse of an

invertible even matrix is always even). This completes the proof of the general case.

B.5 Proving K, have Lagrangian subgroups in the SET case

B.5.1 Statement of the result

Suppose we are given an N X N bosonic K-matrix K and a Zo symmetry transformation
W. In this section, we prove that if K+ have vanishing signature and K has a Lagrangian
subgroup that is invariant under the Zo symmetry, then K4+ have Lagrangian subgroups.
We note that this result is what we need to prove that the SET criterion is sufficient
for having a gapped, symmetric edge. Indeed, once we establish that K4 have Lagrangian
subgroups, the existence of the appropriate null vectors for K4, K_ follows just as in the

SPT case.

B.5.2  Proof

The argument is similar to one given in the appendix of the Ref. [42]. To begin, let M be a
set of integer vectors forming a Lagrangian subgroup that is invariant under the symmetry.

Then M has the following properties:
1. mT K~/ is an integer for any m, m’ € M.
2. mUK~1m is an even integer for any m € M.

3. If [ is not equivalent to any element of M, then m? K—1] is non-integer for some

m e M.
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4. If m € M, then W - m is equivalent to m’ € M for some m’ € M.

Define a set I' by
IF={v: v=m+KA meM, Aez} (B.85)

Also, define two sets '+ by 't = I' N =4. These sets have several important properties.
First, all three are integer lattices, with I' being of dimension N and I'+ being of dimension
n+. Second, WT' =T, since this follows immediately from property (4) above. Finally, I', '+
satisfy

rc %(n 4T (B.86)

In other words, every vector v € I' can be written as a sum v = %(m_ +v_) for some vy € T'4.
This follows immediately by setting v+ = (v £ Wo).

To proceed further, we note that since I'1- are integer lattices of dimension n+, they can
be represented as 'y = U1Z"+ where U+ are N X n4 integer matrices. Now consider the
two matrices P+ = Uz_: KlUug. 1t is easy to see that P+ are symmetric integer matrices
with vanishing signature, and only even numbers on the diagonal. Indeed, the fact that
Py are integer matrices follows from property (1) of M. Also, the fact that P4+ have only
even elements on the diagonal, and have vanishing signature follows from the corresponding
properties of K together with property (2) and our assumption that K+ have vanishing
signature.

In addition to the above properties, Pt also have the property that 2P Lis an integer
matrix. We now prove this claim for Py — the proof for P_ is similar. To begin, suppose
that = is a n4 component vector with the property that Piz is an integer vector. Then
it follows that vy K~1U,x is integer for all vy € T'y. At the same time, it is clear that
v_ KU, 2z =0 for all u_ € I'_. Indeed, this follows from the fact that U,z is even under
W. Combining these two observations we deduce that vK _1U+a: is a half-integer for all
v € I': this follows from Eq. (B.86) above. The latter property implies that 2U iz € T, as
this follows from property (3) above. At the same time, we know that 2Uyz € =4, so we
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conclude that 2U;x € T'y. It then follows that 2x € Z"+. Thus, we have shown that if Pyz
is an integer vector then 2x € Z"+. The claim follows immediately.

To summarize: we have shown that P+ are symmetric even integer matrices with van-
ishing signature, and with the property that 2P L are integer matrices. This means that if
we think of P+ as K-matrices, then they describe bosonic topological phases with vanishing
chiral central charge and with the property that a2 = 1 for all anyons a. Therefore, according
to the lemma proved in Appendix B.2, P4+ must have Lagrangian subgroups. This is turn

means that Py have linearly independent null vectors {vk, ..., vii/ 2}. Now define
wly = det(K) - KUy (B.87)

By construction, the w@t’s are null vectors for K. At the same time, they belong to =4, so
they can be represented as

wly = Vel (B.88)

We can now see that {AL, ..., Ali/Q} are null vectors for K4. Hence K+ have a complete

set of null vectors, implying that K4+ have Lagrangian subgroups. This completes the proof.
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APPENDIX C
APPENDICES FOR CHAPTER 4

C.1 Degeneracy

In this chapter, we have made heavy use of the fact that the low energy spectrum of our
models is described by non-interacting phonons in the limit U — oco. This result is correct
for k9 — k1 = 2, but, as we mentioned earlier, it is not quite right for k9 — k; > 2 due to
an additional degeneracy in the energy spectrum. In this appendix we derive an explicit
formula for this degeneracy: for a circular edge with 2N impurities and k; # k9, we show

that every phonon occupation state, including the ground state, has a degeneracy of

ko — ky N-1

2

D= (C.1)

in the limit U — oo. Notice that D grows exponentially with N when ko — k1 > 2, so the

degeneracy is extensive in this case.

C.1.1 General method for computing degeneracy

We begin by reviewing a method for computing degeneracy which applies to any Hamiltonian
of the form (4.8). This method was derived in Ref. [15] and it goes as follows: the first step

is to compute the commutator matrix

Zi = L (0i.Cj] (C.2)

R 211
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The second step is to make a linear change of variables,!
Ci=2_ViiC)
J

such that (i) V is an integer matrix with determinant 41, and (ii) the matrix 2’ = %[C{ ) C’;]

is in skew-normal form:

0 =D 0
Z'=|p 0 0 (C.3)
0 0 0
where
dq 0 - 0
D=10 dy --- 0 (C.4)

and the d; are all nonzero. Such a change of variables always exists, although it is not
necessarily unique. After making this change of variables, the degeneracy can be computed

as

D=]]d (C.5)

The intuition behind this procedure is that the degeneracy arises because the arguments
of the cosine terms, i.e. the C;, do not commute with one another; hence to compute the
degeneracy, we need to carefully analyze the commutation relations of the C;. For more

details, we refer the reader to Ref. [15].

C.1.2 Application to impurity model

We now compute the degeneracy of our system of 2NV impurities arranged in a disk geometry.

Before we start, we first need to take care of a technical issue. This issue is that the above

1. In Ref. [15], this change of variables includes an offset, i.e. C} = Zj V;;C + xs, but we do not need to
include x; here as it does not play a role in the degeneracy computation.
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method for computing degeneracy is designed for systems where all the degrees of freedom
are continuous and real valued (e.g like x and p) but our system has two degrees of freedom
that take integer values, namely the total charge on each edge mode:

1 ,
Qi = %/dxﬁxqbz, 1= 1,2 (CG)

Likewise, our system has two compact degrees of freedom that take values in [0, 27), namely

k1¢1 and kooo.

Fortunately, there is a trick for dealing with this discrepancy, which was introduced by
Ref. [15]. The trick is to treat all the degrees of freedom in our system as though they are
real valued, and then enforce the quantization of (1,2 and the compactness of ¢, p9 at

an energetic level by adding two more cosine terms to the Hamiltonian:
H — H —Ucos(2rQ1) — U cos(2mQ)2)

In the limit U — oo, these cosine terms lock ()1, Q2 to integer values and also make the
corresponding conjugate varables, ¢1, ¢2 compact.
With the help of this trick, it is straightforward to apply the above method to our system.

All together, we have 2V + 2 cosine terms cos(Cj) with

Cj = k1¢1(xj) + kada(xj) — o, j=1,..,2N

Cony1 =21Q1, Conyo =21Q2

To compute the corresponding commutator matrix Z;;, we need to fix a convention for the
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commutation relations of ¢, 2. We use the following convention:

(61 (7). b1 (25)] = g—fsgnu )
[P2(xi), p2(vj)] = —Z—;Sgn(i )

From the above commutation relations, we obtain

0 ¢ ¢ c —11
—-c 0 ¢ c —11
—c —c 0 -+ ¢ —-11
Zij = (C.7)
-c —c —c -~ 0 —-11
11 1 -~ 1 0 O
-1 -1 -1 -~ =1 0 O

ko

where ¢ = —# The next step is to find a change of variables C’Z( = Zj V;jC; such that

Zgj = %M[C;,Cé] — VZVT is in skew-normal form (C.3). One can check that following
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change of variables does the job:

/
C1=Cony1

C;n =Coy— Copp—1, m=2,...,. N

C§V+1 =3
m—1

Cham = (C1 = C2) + Y (Copy1 — Cop), m=2,... N
k=1

OéN—i—l =C1—Cyg+C5—Cy... +Coyn_1 — Coyn

14k 14 ko
5 Cony1 + 5 Con2

Congo=—C1+Cy—C3+ Cy... — Con_1 + Cop

11—k 1 — ko
5 Cony1 + 5 Con4a (C.8)

The corresponding D matrix in (C.3) has dimension N x N with diagonal entries

_ ko =k

di=-1, d; 5

i=2,-,N

Substituting these values into the general formula for the degeneracy (C.5) gives D =
Loali)

. This completes our derivation of (C.1).

C.2 Regularizing the impurity scattering terms

In this appendix, we derive Eq. (4.25) from the constraint [a,C;] = 0 by appropriately
regularizing the impurity scattering terms. Our derivation closely follows a similar appendix
in Ref. [15].

To see why we need to regularize at all, suppose we directly substitute the definition of

a (4.15) into [a, Cj] = 0 and evaluate the commutator. The result is:

f(36) = 9(50) (C.9)
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It is hard to make sense of this equation since the expressions for f and g (4.22) are discon-
tinuous at © = j¢ and hence f(j¢) and g(j¢) are not well-defined. What we will show below

is that regularizing changes the above equation to the more sensible relation

fG€) ; FGE) _ gGe) —;g(jﬁ) (C.10)

Our regularization scheme is as follows: for each impurity scattering term cos(C;), we

replace Cj = k1¢1(jl) + kag2(jl) — o with

C= [ do b= 0a01(2) + kaonla)] - o (©11)

—0o0

where 0 (x) is an approximation to a delta function, i.e. a narrowly peaked function with
S 6(x)dz = 1. One can think of this replacement as effectively introducing a short distance
cutoff into our model.

Once we make this substitution, we repeat the calculation in Eqs. (4.21 - 4.22) and solve

for the functions f and g. We obtain

ZA eIz — jt) - By (x — (j + 1)0)]

ZB ¢TI0 [y (w — jt) — Bol — (7 + 1)0)]

where ©; and O are regularized versions of the Heaviside step function:

O (x) = /m e~V (y)dy (C.12)
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Next we note that the constraint [a, C;] = 0 gives

/ e [f(x) — g@)3(x — j0) =0 (C.13)

—00

To complete the calculation, we need to substitute the above expressions for f and ¢ into

(C.13) and evaluate the resulting integral. We do this with the help of the following identity:

m ~ ~
lim dx Og(x — jO)o(x — j'0)e i
Ep0J-
(
0 j >
. E .
K%e:I:zU]Z j= j/

Here b is the characteristic width of the & (x) function and s runs over the two values s = 1, 2.
The justification for this identity for j > j’ and j < j’ is obvious; as for j = j/, we can prove

it for s = 1 by noting that

. o© ~ L NR (s +iE.
lim dx O1(z — jl)é(x — jl)e™"v
Eps0J-
= lim dx/ dy 6(y — j0)o(z — jO)e Tly—iOFiGe

Ep—0
— 1530 Jim da:/ dy 6(y — jO)b(x — jO)

Ep—0
_1 eIl Jim / dx/ dy o(y — j0)o(x — jb)
Ep—0

_ %eiifﬂ (C.15)

The proof for s = 2 is similar.
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Applying the above identity to (C.13) and simplifying, we arrive at the condition

() 1 AG—1),—i Lt () o pli—1) L
A +A2 e :B +32 e (C.16)

This is exactly Eq. 4.25, which we wished to derive.

C.3 Deriving the approximation (4.93)

In this appendix we derive Eq. (4.93), which gives an approximate expression for the transfer
matrix Tsys for a system of M impurities randomly arranged on a circular edge of circum-
ference L. As in the main text, we denote the spacing between the impurities by ¢1, ..., {as
so that

Tsys(E) = TD(ELy)T - -- TD(E(y)

with D(z) = eWZ and W = KV~ 1,
For simplicity, we will assume that the number of impurities M is a power of 2. This
allows us to factor M as M = r - (M/r) where r is a smaller power of 2. We can then write

Tsys as a product of (M/r) terms, each of which involves r impurities. That is:
Tsys(E) = Tagyr(E) - - - To(E) - T1(E) (C.17)
where

T\(E) = TD(E(,)T ---TD(El;)

T5(E) = TD(Elyy)T - TD(Ely41)

and so on. For the moment, we will leave the value of r unspecified; later we will choose r

so as to obtain the best bound on the error in our approximations.

166



Next, we expand each Tj(E) to linear order in E. Using the fact that T2 = 1, this gives

T] (E) ~1— iE(Wgeven,j + TWTgodd,j)

where

fodd,j = Yir—r+1 + gjr—r—|—3 4+ Ej?“—l

beven,j = Ljr—r+2 + jr—rya + -+ Ly

For a typical impurity distribution, the even and odd spacings are approximately equal:

rl
geven,j ~ godd,j ~ 5

Hence, the above expression for T}(E) can be simplified to

riEl
Tj —

(E)~1 (W +TWT] (C.18)
Let us try to bound the total error in the above approximation. There are two errors we
need to think about: the systematic error coming from expanding 7;(E) to linear order in F
and the statistical error coming from replacing leyep,j and £,4q, ; by their typical value, rl)2.
The systematic error can be estimated by the quadratic term in the expansion of T} (E),
which is of order O(r2E20?||W||?) where ||W|| is the magnitude of the largest eigenvalue of
W. As for the statistical error, we expect this to be proportional to the typical size of the
fluctuations in leyep,; and £,qq j, which are both of order V/Tl, so we obtain the estimate
O(y/TEl|W]|). To get an optimal bound on the total error, we choose r so that these two
errors have the same size, i.e.

> _2
re (ECW]) 3
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2 9 2
For this choice of r, both errors are of order O(E3¢3||W||3), so that

riEl

W(E) =1 (W + TWT) + O(E383|W|3) (C.19)

Substituting the above expression (C.19) into (C.17), we derive

M
p

riEl

Tyys(E) = {1 2w W) +0(E§Z§\|W||§)]

ME? _
— exp [—Z > (W + TWT) + O(ME303 4}

EL )
— exp [—ZT(W—FTWT) +O(E§L£:1%||W||§)} (C.20)

which is exactly Eq. (4.93). We note that the error term in the above approximation is an

upper bound and is likely larger than the true error.
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