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ABSTRACT

This thesis undertakes a study of surface bundles, especially 4-manifolds equipped with one
or more surface bundle structures. A central theme is the interplay between the number
of surface bundle structures on a manifold, the properties of the associated monodromy
representations, and the algebro-topological invariants of the manifold. In Chapter 2, we
show that any non-trivial surface bundle with monodromy in the Johnson kernel has a
unique fibering. In Chapter 3, we provide the first examples of 4-manifolds admitting 3
or more surface bundle structures. In Chapter 4, we study how the cohomology algebra
of a surface bundle can be computed from the monodromy representation, and relate this

problem to the cohomology of the mapping class group and the Torelli subgroup.
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CHAPTER 1
INTRODUCTION

A surface bundle p : E — B is a fiber bundle with fiber F' a (finite-type, oriented) surface. A
standing assumption of this thesis is that the genus of F' is at least 2. The theory of surface

71 and many basic aspects of the topology

bundles is the “simplest non-linear bundle theory
and classification of surface bundles are still poorly understood. This thesis offers several
results along these lines. The first two chapters address issues related to the existence and
(non)uniqueness of surface bundle structures on 4-manifolds. These problems turn out to
be intimately related to the study of the classical topological invariants of surface bundles
(the ring structure of the cohomology algebra, in particular), and in the third chapter,
we determine this ring structure in general, and find a relationship between this and the
cohomology of the classifying space of surface bundles.

The simplest examples of surface bundles occur in the setting of 3-manifold theory, where
fibered 3-manifolds form a fantastically rich class of objects. The theory of the Thurston
norm gives a detailed picture of the set of possible ways that a compact, oriented 3-manifold
M can fiber as a surface bundle.? If bj(M) > 1, then M admits infinitely many such
fibrations ¥ — M — S L. finitely many for each g > 2. The main goal of this thesis is to
take up a similar sort of inquiry for 4-manifolds ¥y — E — ¥, fibering as a surface bundle
over a surface of genus g > 2.

When h = 1 (i.e. the base surface is a torus), a similar story as in the 3-manifold
setting unfolds; if M3 is a 3-manifold admitting infinitely many fiberings p : M — S, then
pxid: M3 x ST — 81 x S! admits infinitely many fiberings as well. However, in stark
contrast to the 3-manifold setting, F.E.A. Johnson showed that every surface bundle over
a surface Xy — E* — %), with g,h > 2 has at most finitely many fiberings (see [18], [14],
[29] or Proposition 3.2.1 of Chapter 3 for various accounts). It is possible to deduce from
Johnson’s work that there is a universal upper bound on the number of fiberings that any
surface bundle over a surface E* can have, as a function of the Euler characteristic x(E).
Specifically, Proposition 3.2.1 of Chapter 3 shows that if E*4 satisfies X(E) = 4d, then E has
at most oq(d)(d 4+ 1)2%*6 fiberings as a surface bundle over a surface, where og(d) denotes

the number of positive divisors of d.

1. One would of course argue that the theory of S!'-bundles is simpler, but in light of the homotopy
equivalence of classifying spaces BHomeo+(S 1y ~ BSO(2), many aspects of the theory of S! bundles are
essentially linear.

2. While the theory of the Thurston norm gives the most complete picture of the ways in which a 3-
manifold fibers over S*, earlier examples of 3-manifolds with multiple surface bundle structures were found
by J. Tollefson [37] and D. Neumann [28].



The simplest example of a surface bundle over a surface with multiple fiberings® is that
of a product X4 x X, which has the two projections onto the factors ¥4 and ¥j. Prior to
the results of this thesis, there was essentially one general method for constructing nontrivial
examples of surface bundles over surfaces with multiple fiberings, and they all yielded bundles
with only two known fiberings (although it is in theory possible that these examples could
admit three or more, cf Chapter 3 Question 3.2.4). Such examples were first constructed by
Atiyah and Kodaira (see [1], [21], as well as the account in [27]), and proceeded by taking a
fiberwise branched covering of particular “diagonally embedded” submanifolds of products
of surfaces.

It is worth remarking that if one is willing to relax the requirement that both the base and
fiber surface have negative Euler characteristic, then it is possible to construct examples of
4-manifolds F admitting infinitely many fibrations over the torus 72. If M3 is a 3-manifold
admitting infinitely many fibrations over S, then E = M3 x S1 has the required properties.
However, Johnson’s result indicates that when g,h > 2, the situation is necessarily much
more rigid and correspondingly richer. The mechanism by which E = M3 x S admits
infinitely many fiberings is completely understood via the theory of the Thurston norm. In

contrast, in the case g, h > 2, entirely new phenomena will necessarily occur.

Let p: E — B be a surface bundle with fiber F' = 3, a closed surface of genus g (here
and throughout, if left unspecified, B is assumed to be paracompact and Hausdorff). The
fundamental invariant associated to p is the monodromy representation. This is a homomor-
phism

p:m(B) = Mod(Xy),

where Mod(2) := mo(Diff(%,)) is the mapping class group®. The monodromy representation
records how the topology of a fiber is altered after being transported around a given loop in
B. Let Mod(3g x) == mo(Diff (X4, *)) denote the group of isotopy classes of diffeomorphisms
relative to a fixed point x € ¥4, When p : E — B is equipped with a section, p lifts to a
homomorphism p : 7118 — Mod (34 ).

There is a classifying space BDiff(X) (resp. BDiff(¥, *)) for surface bundles (resp. for

surface bundles equipped with a section). A fundamental theorem of Earle-Eells [7], in com-

3. The most straightforward notion of “distinction” for fiberings is that of fiberwise diffeomorphism. In
this thesis, we will also have occasion to consider a strictly stronger notion known as “mi-fiberwise diffeo-
morphism”. See Section 2.2.1 for the precise definition of m;-fiberwise diffeomorphism, and see Proposition
3.3.1.2, as well as Remark 3.3.1.4, for a discussion of why we adopt this convention.

4. This group will also at times be written Mod,.



bination with some basic algebraic topology, implies that there are homotopy equivalences

BDiff(X4) ~ K(Modg, 1)
BDiff (¥g, ) ~ K(Modg,«, 1).

This implies that, given a group extension
1= m(¥y) = I = 1T —=1, (1.1)

there is an associated Yg-bundle m : K (I, 1) — K(IL, 1) for which the monodromy rep-
resentation p : II — Mod(X,) coincides with the map II — Out(m1(X4)) = Mod(Xy)
attached to the group extension (1.1). The extension (1.1) splits if and only if p lifts to
p 1T = Aut(m3y) = Mod(Xg «). Because of this equivalence, we will be somewhat lax
in passing between the setting of surface bundles and the setting of group extensions with
surface group kernel.

In light of the homotopy equivalences above, one can interpret elements of H*(Modg; M)
(for an arbitrary Q@ Modg-module M) as “M-valued characteristic classes of ¥4-bundles”.

The monodromy is in fact a complete invariant of surface bundles, as a consequence of

the well-known correspondence (see, e.g. [8, Section 5.6])

oriented Y g4-bundles over B

Bundle-isomorphism classes of PN Conjugacy classes of representations
71 (B) — Mod(Xy)

This raises the question of translating between topological and geometric properties of
surface bundles on the one hand, and on the other, algebraic or geometric properties of the
monodromy representation, a problem which goes by the name of the “monodromy-topology
dictionary”. Certain entries in this dictionary are well-established, for instance Thurston’s
landmark result that a fibered 3-manifold ¥y — My, — S 1 admits a complete hyperbolic
metric if and only if the monodromy is a so-called “pseudo-Anosov” element of Mod(X).

One of the central themes of this thesis is the interplay between the topology of surface
bundles and the algebraic structure of the mapping class group, especially with regards to

the so-called Johnson filtration. The Johnson filtration is a decreasing filtration
Ty(1) DZy(2) DZy(3) O ...

on the mapping class group Mod(Xg) = Zy4(1). The terms Zy(2) and Z,y(3) will be of partic-
ular interest. The term Zy4(2) is known as the Torelli group, and is defined to be the kernel
of the symplectic representation ¥ : Mod(¥g) — Spg,(Z). Typically the Torelli group will
be written Z;. The term Zy(3) is known as the Johnson kernel, and is defined as the group

3



generated by Dehn twists 7., with v a separating curve.” The Johnson kernel will typically be
referred to as KCgy. There are versions of the Johnson filtration for the pointed mapping class
group Mod(Xg «) as well as the mapping class group of a surface with boundary Mod(Eé),

and these groups will be notated with a decoration * or ! as necessary.

In the remainder of this introduction we will outline the body of the thesis. Chapter
2 studies surface bundles over surfaces with monodromy contained in the Johnson kernel
Kg. The main result of the chapter gives an entry in the monodromy-topology dictionary,
relating the Johnson kernel monodromy assumption to the uniqueness of the surface bundle

structure.

Theorem A. Let 7 : E — B be a surface bundle over a surface with monodromy in the
Johnson kernel Kq. If E admits two distinct fiberings then E is diffeomorphic to B X B,
the product of the base spaces. In other words, any nontrivial surface bundle over a surface

with monodromy in Ky admits a unique fibering.

In Chapter 3, we will give a method for constructing surface bundles over surfaces with
multiple fiberings, including the first examples of bundles admitting an arbitrarily large
number of fiberings. The results of Chapter 2 are complimentary in that our concern here
is in addressing the question of when surface bundles over surfaces admit unique fiberings.
The surface bundles over surfaces of Chapter 3 can be constructed so as to have monodromy
contained in Zy. It follows that the hypothesis in Theorem A that the monodromy be con-

tained in ICg is effectively sharp with respect to the Johnson filtration.

Theorem A is proved by first relating the monodromy representation of a surface bundle
over a surface E* — B2 to the cohomology ring H*(E). This analysis will show that the
integral cohomology of a surface bundle over a surface with monodromy in Ky is as simple as
possible. It is then shown that in these circumstances, obstructions to possessing alternative
fiberings can be extracted from H*(FE).

In a similar spirit we also have the following general criterion which we believe to be of
independent interest, for a surface bundle over a surface to possess a unique fibering. It can
be viewed as the 4-manifold analogue of a well-known fact about fibered 3-manifolds (see
Remark 2.2.6).

Theorem 2.2.5. Let p : E — B be a surface bundle over a surface B of genus g > 2
with monodromy representation p : m B — Mod(Xg). Suppose that the space of invariant

5. As discussed further in section 2.4.1, there is an alternative characterization of Ky as the kernel of the
Johnson homomorphism (to be defined in section 2.4.1). We will pass between these two perspectives as the
situation dictates.

4



cohomology (HY(F,Q))? (equivalently, the coinvariant homology of the fiber (Hy(F), Q))p)

vanishes. Then E admits a unique fibering.

The chapter is organized as follows. In Section 2.1, we give various characterizations
of the notion of equivalence under consideration. In Section 2.2, we prove Theorem 2.2.5.
Sections 2.3 - 2.6 are devoted to the proof of Theorem A. Section 2.3 is devoted to a lemma
in differential topology that features in later stages of the proof of Theorem A. The technical
heart of the chapter is Section 2.4. In it, we first give an overview of the classical description
of the Johnson homomorphism 7 in terms of the intersection theory of surfaces in 3-manifolds
that fiber over S1. Using this description of 7 we then carry out a construction of 3-manifolds
embedded in surface bundles over surfaces that realizes the relationship between the Johnson
homomorphism and the intersection product in the homology of the surface bundle. We give
a complete description of the product structure in (co)homology for a surface bundle over a
surface with monodromy in Z;. These methods of Section 2.4 extend to an arbitrary surface
bundle over a surface, but we do not state them in this level of generality since we have no
need for them here.

Section 2.5 is devoted to some technical results concerning multisections of surface bun-
dles, and their connection to splittings on rational cohomology. These results are used in
the course of proving Theorem A.

In Section 2.6 we turn finally to the proof of Theorem A. The result follows from an
analysis of the intersection product structure in Hy(F) for a surface bundle over a surface
Y.g — E — Y, with monodromy in k4. The results of Section 2.4 are applied to show that
when the monodromy of ¥4 — E — X, is contained in Ky, then E, which necessarily has
H*E ~ H*Yy ® H*Y), as an additive group, in fact has H*E ~ H*Y, ® H*Y; (with Z
coefficients) as a graded ring. This condition is then exploited to prove Theorem A.

In Chapter 3, we give the first examples of surface bundles over surfaces that admit
3 or more fiberings; in fact, we give examples admitting arbitrarily many fiberings. The
construction is a variant of the Atiyah-Kodaira method. Both constructions start with a
trivial bundle equipped with a “diagonal” section. Where Atiyah-Kodaira use this section to
construct a fiberwise branched cover, we will use the section to perform a “fiberwise connect

sum”. The notable features of the construction are summarized below.
Theorem B (Existence of multiple fiberings).

1. For eachn > 3 and each g1 > 2 there exists a 4-manifold E, integers go, ..., gn (which
can be chosen so that g1,...gn are pairwise distinct), and maps p; : E — Yg.(i =
1,...,n) realizing E as the total space of a surface bundle over a surface in at least n

ways, distinct up to 71-fiberwise diffeomorphism. If g; # g;, the fibers of p; and p; have

5



distinct genera; consequently p; and p; are inequivalent up to fiberwise diffeomorphism
whenever g; # g;.

2. There exist constructions as in (1) for which at least one of the monodromy represen-
tations p; : m13g; — Mody, has image contained in the Torelli group Zj, < Mody, .

3. There exists a sequence of surface bundles over surfaces Ey, for which x(E,) = 24n—8
and such that Ey, admits 2" fiberings as a surface bundle over a surface, distinct up to

w1 -fiberwise diffeomorphism.

The bound of Proposition 3.2.1 makes it sensible to define the following function:

there exists E*, x(F) < 4d, E admits n surface bundle structures }

distinct up to mi-fiberwise diffeomorphism.

N(d) := max{ "

Phrased in these terms, (3) of Theorem B, in combination with the upper bound of Propo-

sition 3.2.1 implies that
220 < N(d) < og(d)(d + 1),

where o((d) denotes the number of positive divisors of d. This should be compared to
the previous lower bound N(d) > 2.

The theme of Chapter 4 is the central role that the structure of the cup product in surface
bundles plays in the understanding of the cohomology of the mapping class group and its
subgroups. We use this perspective to gain a new understanding of the relationships between
several well-known cohomology classes, and we also use these ideas to study the topology of
surface bundles.

For i > 1, there is a class e¢; € Hzi(Modg) known as the it" Mumford-Morita-Miller class
(hereafter abbreviated to MMM class). See Definition 4.2.1. The Madsen-Weiss theorem
[22] asserts that the so-called “stable” rational cohomology of Mod, is generated by the
MMM classes, and apart from a few sporadic low-genus examples, the algebra generated
by the classes e; are the only known elements of H*(Modg). In [19], N. Kawazumi intro-
duced a generalization of the MMM classes, defining classes m;; € H 2it] _Q(Modg,*; H1® J ),
specializing to m; o = ¢;_1. Again, see Definition 4.2.1.

The content of Theorem C below is that the cup product form on the total space F gives
a characteristic class for surface bundles. Theorem C also gives an “intrinsic meaning” to the
twisted MMM class m j, in much the same way that the first MMM class e1 € H?(Mody)
has an interpretation as the signature of the total space of a surface bundle over a surface
(see [27, Proposition 4.11]).



Theorem C (Cup product as characteristic class). For all k > 2 and g > 2, the twisted
MMM class my y, € Hk*2(Modg7*;/\kH1) computes the cup product in surface bundles in
the following sense:

Suppose B is a paracompact Hausdorff space and f : B — K(Modg «,1) is a map clas-
sifying a surface-bundle-with-section ™ : E — B. Then for all i > 0 there is a splitting of
vector spaces

HY(E)= H'"2(B)® HY(B; H)) ® H(B). (1.2)

Let ¢ : H™Y(B;H)) — H'(E) denote the inclusion associated to this splitting. For
1 <i<kandanydy,...,d, letx; € Hdi*l(B; Hy); for convenience set D :=Y_d;. Then
there are the following expressions for the components of the product e(xy) . ..e(x)) € HD(E)
in the splitting (1.2):

HP=2(B)- component: (—=1)"mg ja(@1, ... 21) (1.3)
HP—1(B; Hy)- component: (—1)7+1€(m0’k+p(3:1, co, ) (1.4)
HP(B)- component: 0 (1.5)

(see Definition 4.2.4 for the meaning of mg ja(z1,...,xp), and Equation (4.8) for the defi-
nition of ).

The line of thought culminating in Theorem C begins with D. Sullivan [35], who showed
that every element of A3V (for V' an arbitrary finitely generated torsion-free Z-module)
arises as the cup product form ASHI(M;Z) — 7Z for some 3-manifold M. Johnson [15]
incorporated some of these ideas in his far-reaching theory of the Johnson homomorphism
T Hi(Zgs) — A3H{, one definition of which is by means of the cup product form in a
3-manifold fibering as a surface bundle over S1.

In one direction, the Johnson homomorphism was generalized by S. Morita [25], who
constructed an extension of 7 by means of a class ke H 1(Modg,*; NSH 1) restricting to 7 on
Zyx. In [26], he showed that all of the MMM classes e; can be expressed in terms of k.

Another generalization of the Johnson homomorphism was given by Johnson himself
[16], who gave a definition of “higher Johnson invariants” 7 : Hy(Zg ) — AFF2HL (see
Definition 4.4.1), but his definition was formulated as a generalization of a different method
of constructing the Johnson homomorphism. Theorem D below can be viewed as a synthesis
of Morita’s and Johnson’s perspectives, in that it shows that the twisted MMM classes my j,

restrict on Zy x to (a multiple of) 75, _o.

Theorem D (Extending the higher Johnson invariants). There is an equality for all g > 2
and k> 2
moe = (—1) k! 7
7



as elements of Hk_Q(Ig’*; AFHY) = Hom(Hy_o(Zg,+; Q), AFHY).

The cases k = 2,3 were established by Kawazumi and Morita in [20]. In [6], T. Church
and B. Farb developed a method for studying the map 7. A central component of their
computation is the principle that, when viewed as a homomorphism Hy(Zg «) — Ae+2p
the Johnson invariant 75, is a map of representations of Sp(2¢, Q). Johnson showed in [15]
that 7 = 71 is a rational isomorphism and in [16, Question C], asked if the same was true
for all 7. In [10], R. Hain showed that 75 was not injective. Church and Farb later used
their methods to show that 7. is not injective for any 2 < k£ < g. This leaves the question of
surjectivity of 73, as an unresolved aspect of the theory of the cohomology of Z; ». Church
and Farb showed that 7o : Hao(Zy ) — /\4H1 is a surjection, but did not address higher &,
or the behavior of 79 on I;.

In the following theorem, we show that the question of surjectivity of 75 (when pulled
back to Igl,) is intimately related to another well-known open question about the homology of
the Torelli group. It is well-known (see, e.g. the introduction to [26]) that the MMM classes
e2i+1 of odd index vanish when restricted to Z,. However, the behavior of the even-index

classes eg; on Zg is completely unknown.

Theorem E (Higher Johnson invariants detect MMM classes). For all i, the restriction of
e; to H%(Igl; Q) is nonzero if and only if the Sp(2g, Q)-representation Im(7o; : Hgi(I;) —
ANZT2H L) contains a copy of the trivial representation V (Ag).

The primary case of interest is of course ¢ even, but as a corollary of Theorem E and the
vanishing of eg;_1 on Z1, it follows that for all i > 1, the map 74;_9 : H4i_2(Igl) — AYH,
fails to contain a copy of V(\g), even though /\4iH1 always does. This gives a partial

resolution of Johnson’s question.

Theorem F (Non-surjectivity of 745,_o). For all k > 1, the map
1 4k
Typ—2 t Hyp—o(Zg) — N""Hy

18 not surjective.

As an application of Theorems C and D, we obtain some results concerning the topology
of surface bundles. If 7 : £ — B is a ¥4-bundle with monodromy contained in Z, it is well-
known that Hy(F) = Hy«(B) ® H«(3g), an isomorphism of graded vector spaces (see Section
?? for the relevant terminology). Briefly put, surface bundles with Torelli monodromy are
“homology products”. In general, the additive isomorphism H*(E) = H*(B) @ H*(Xg) is
very far from being an isomorphism of rings, as the rich theory of the Johnson homomorphism

attests to. For individual elements ¢ € Mody, it is well-understood when a mapping torus

8



T Mq?; — S satisfies a multiplicative isomorphism H*(Mgy) = H*(SY) ® H*(Z,): such an
isomorphism holds if and only if ¢ € K4, the so-called Johnson kernel (see the beginning
of Section 4.6 and in particular (4.11)). However, if 7 : E — B is a ¥4-bundle over a
higher-dimensional B with monodromy contained in g4, it is not a priori clear whether a
multiplicative isomorphism H*(E) = H*(B) ® H*(X4) must hold. We show that this is the

case.

Theorem G (Kiinneth formula). Let 7 : E — B be a Xg4-bundle over a paracompact
Hausdorff space B with monodromy p : m B — Kg.x contained in the Johnson kernel. Then

there is an isomorphism of rings
H*(E) = H*(B) ® H*(S,).

The case B = S1 is essentially a definition of Kg,x. The case B = X}, a surface was dealt

with by explicit construction in Chapter 2.

A final corollary of this theorem is the vanishing of all higher Johnson invariants on Ky .
As remarked above, the vanishing of 7 = 71 on Ky « is a definition, but it is not a priori clear
that this implies the vanishing of higher invariants. Nonetheless, the results of the chapter

combine to show that this is the case.

Theorem H (Vanishing of 7, on ICg «). For each k > 1, the restriction of 7, € Hk(Igv*, A2 E)

to Kg,x is zero.

The methods of the chapter are primarily homological and make heavy use of the theory
of the Gysin homomorphism. As the central objects of study are the twisted MMM classes
m;j introduced by Kawazumi in [19], we will frequently make reference to their theory, es-

pecially some later developments by Kawazumi-Morita in [20].

In Section 4.1, we review some preliminary material, including the relationship between
surface bundles and the mapping class group, some constructions from multilinear algebra
and symplectic representation theory, and a primer on the Gysin homomorphism. Section
4.2 is a primer on Kawazumi and Morita’s work on the twisted MMM classes. The latter

four sections are devoted to the proofs of theorems C, D, E, G respectively.



CHAPTER 2
THE JOHNSON KERNEL AND SURFACE BUNDLES OVER
SURFACES WITH UNIQUE FIBERINGS

2.1 Equivalence

If E is a smooth n-manifold and p; : F — B;, i = 1,...,k are projection maps for various

fiber bundle structures on F, we can consider the product of all the projection maps:
plx'--kaiE%le'--XBk.

In particular, if E4 is the total space of a surface bundle over a surface with two fiberings, the
bi-projection p1 X po : ' — Bo X By is defined. As remarked in the introduction, ultimately
we are concerned with fiberwise-diffeomorphism classes of surface bundles. However, it is
convenient to consider a more restrictive notion of equivalence which will turn out to have
the advantage of being describable purely on the level of the fundamental group.

We say that two fiberings p1 : E — B1, po : E — B are mq-fiberwise diffeomorphic if (1)
- they are fiberwise diffeomorphic, i.e. there exists a commutative diagram

ELE

W

with ¢, a diffeomorphisms, and (2) - ¢«(7m1F1) = w1 F (here, as always, F; denotes a fiber
of p;). Certainly if p1,po are mi-fiberwise diffeomorphic bundle structures, then they are
fiberwise-diffeomorphic in the usual sense. We are interested in this notion because we want
to always regard the trivial bundle ¥4 x ¥} as having two distinct fiberings. In the setting
of fiberwise-diffeomorphism, the projections onto either factor of ¥4 x ¥4 yield equivalent
fiberings via the factor-swapping map ¢(x,y) = (y,z), which covers the identity on g,
but ¢« (m1(3g x {p})) # m1(Xg x {p}). The following proposition asserts that 71-fiberwise
diffeomorphism classes are in correspondence with the fiber subgroups 7 F' <t m; E. Recall
that this is the setting in which F.E.A. Johnson proved his finiteness result (see [18]).

Proposition 2.1.1. Suppose E is the total space of a surface bundle over a surface in two
ways: p1 1 E — By and py : E — Bg. Let Fy, Fy denote fibers of p1,p2 respectively. Then

the following are equivalent:
1. The fiberings p1,pa are m-fiberwise diffeomorphic.

10



2. The fiber subgroups m F1,m1Fo < m E are equal.
If deg(p1 X p2) # 0 then the bundle structures p1 and py are distinct.

Proof. First suppose that p; and pg are equivalent. Appealing to the long exact sequence in

homotopy, we see that

1l——mF; mE m B ——1
A
1——m Fy mE m By ——1.

By assumption ¢4 (7w F1) = 7w F1, so that (3.1.2.1) = (3.1.2.2) as claimed.
Conversely, suppose that w1 F7 = 7 F». Therefore the bundle structures p; and po give
rise to the same splitting
l->mF—-mFE—->mB-—1

on fundamental group. The monodromy for each bundle can be obtained from this sequence
via the map m B — Out(mF) ~ Mod(3y). This shows that the monodromies for the
two bundle structures are conjugate, and so via the correspondence (1), there is a bundle-
isomorphism ¢ : F — E covering the identity on B. To see that ¢y (w1 F}) = w1 F}, consider

the induced map on the long exact sequence in homotopy coming from ¢:

1l——mFy mE m B 1
of el
1——m Fy mE m B 1.

This shows ¢y (m F1) = 71 Fy, and 71 F] = 7 F5 by assumption.

Having established the equivalence of (3.1.2.1) and (3.1.2.2), it remains to show that if
deg(p1 X pa) # 0, then p; and po are distinct. We establish the contrapositive. Suppose that
mF = mFy. For i = 1,2, we view m B; as the quotient m B; ~ m E/m F;. If p1 X po is

the bi-projection, then in this notation,
(p1 X p2)s 1 T E — m By X m1 B2

is given by
(1 % p2)«(7) = (z 1 Fy, v w1 Fo) = ([2], [2]),

where [z] =z (mod m F1) =z (mod 71 Fy). As m Fy = 71 Fy, the quotients 71 By and 71 Ba

11



are isomorphic, and as they are K (G, 1)’s, there is a homotopy equivalence
f : By — B».
Let g be the map
g=(fxid)o(p1 xp2): E— By x By.

By the above,
Im(g) = A ={(z,2) |z € Ba}.

Being non-surjective, g has degree 0. As py X pg is the composition of g with a homotopy
equivalence, we conclude that also deg(p; x p2) = 0. ]

In general the condition deg(p; X p2) = 0 on a bi-projection does not imply that the
associated fiberings are equivalent. However, in the setting of the Johnson kernel, this is

indeed the case.

Proposition 2.1.2. Suppose E is the total space of a surface bundle over a surface in two
ways: p1: E — By and py : E — By. Let I, Fy denote fibers of p1,pa respectively. Suppose
that p1 : m1B1 — Mod(F1) is contained in the Johnson kernel ICq. Then the following are
equivalent:

1. The fiberings p1,po are not w-fiberwise diffeomorphic.
2. The fiber subgroups m F1,m1Fy < m E are distinct.

3. deg(py x p2) # 0.

4. E is diffeomorphic to By x Bs.

The additional assertions in Proposition 2.1.2 will be proved in the course of establishing
Theorem A (see Remark 2.6.6).

2.2 Surface bundles over surfaces with unique fiberings

In this section, we prove Theorem 2.2.5. The additive structure of H*FE is central to ev-
erything that follows in this chapter, and so we begin with a review of the relevant results.
The following theorem was formulated and proved by Morita in [23] for the case of field
coefficients of characteristic not dividing y(F'); subsequently this was improved to integral

coefficients in the cohomological setting by Cavicchioli, Hegenbarth and Repovs in [5].
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Proposition 2.2.1 (Morita, Cavicchioli - Hegenbarth - Repovs). Let F be a closed
surface of genus g > 2. The Serre spectral sequence (with twisted coefficients) of any sur-
face bundle ' — E — B collapses at the FE9 page. Consequently, there are noncanonical

isomorphisms for all k

A
&
e

I

Hp(B,Q) ® Hy_1(B, H1(F,Q)) ® Hy_2(B,Q)
a*e,z) = H*(B,z) & H*Y(B, HY(F,Z)) ® H* (B, 7)

The Hj._9B summand of Hi.E is canonical, and is realized by the Gysin map p! which
associates to a homology class ¥ € B the induced sub-bundle E, sitting over x. Similarly,
the H* B summand is canonical via the pullback map p* : H¥B — HFE.

If F = E — B has monodromy in Ly, then the coefficient system is untwisted and
H*(E,7Z) ~ H*(B,Z) ® H*(F,Z) additively. In particular, H*(E,7Z) is torsion free, and so
by the universal coefficients theorem, there is also an isomorphism Hy(E,7Z) ~ Hy«(B,7Z) ®
H«(F,7Z).

Because the surface bundles we will be considering in this chapter have monodromy lying
in Z,, we will subsequently take all coefficients to be Z without further mention. A remark
which is obvious from Proposition 2.2.1 is that if * generates Hy(B), then p!(*) is a primitive

class; we will use this fact later on. Here and throughout, we will use the notation
|
[F] =p'(x) € Hy(E)

to denote the (pushforward of the) fundamental class of the fiber.
The following result is a well-known application of the theory of the Gysin homomor-

phism, and we state it without proof.

Proposition 2.2.2. Let p : E — B be a surface bundle with fiber F. If x(F') # 0, then

there are injections

p*:H*(B,Q) - H*(E,Q)
!
p Hg(B,Q) = Hyy2(E,Q).
In the case where Hy(E,7) is torsion-free, the same statements hold with Z coefficients. In

particular, this is true whenever E has monodromy lying in Iy, since in this case H*(E,7Z)
is isomorphic to H*(F,7Z) ® H*(B,Z) as an abelian group (see Proposition 2.2.1).

For surface bundles over surfaces with multiple fiberings, there is an extension of the

previous result.

13



Lemma 2.2.3. Let E be a 4-manifold with two distinct surface bundle structures p; : E —
By and py : E — Bo. Then the intersection

Pi(H (B, Q) Np5(H' (B, Q) = {0},
and so by Proposition 4.1.1, there is a canonical injection
P %y HY(B1,Q) ® H' (B2, Q) — H'(E. Q).
Proof. By the universal coefficients theorem, for any space X there is an identification
H'(X,Q) ~ Hom(m X, Q).

Under this identification, a character « € Hom(m B;, Q) is pulled back to pj (a) € Hom(m E, Q)
by precomposition with (p;)«. In particular, p;(a) vanishes on 71 F; = ker(p;)«. Therefore,
any character a € p}(H1(B1,Q)) N ps(H(Bs,Q)) must vanish on the subgroup generated
by (m1£7)(m1F2).

By Lemma 2.2.4 below, (mF7)(m F») has finite index in 71 E. For any group I', any
character a : I' — Q vanishing on a finite-index subgroup must vanish identically, proving
the claim. [

Lemma 2.2.4. Let E be a surface bundle over a surface with two distinct fiberings p; : E —
Bj; let the fibers be denoted Fy and Fy, respectively. Then (w1 Fy1)(m1F2) has finite index in
mE.

Proof. Consider the cross-projection 71 F; — m1By. Let the image of w1 F] in m; By be
denoted I'. This is a finitely-generated normal subgroup of m; By. For any surface group of
genus g > 2, any nontrivial finitely-generated normal subgroup has finite index (see Property
(D6) in [18]). If I is the trivial group, then m F] < 71 F», necessarily again of finite index.
In this case, the image of 7w Fy in w1 By is therefore finite, but 7By is torsion-free. We
conclude that I" < 71 Bs has finite index. The kernel of the map m E — (71 By/T") is exactly
(m1F1) (71 F2). O

Recall that if p: G — GL(V) is a representation, then the invariant space V* is defined
via
VP ={veV:pg)(v)=vforall g € G}.
The space of co-invariants V), of the representation is defined as

Vy=V/W, where W ={v—p(g)(v)|veV,geG}.

14



Theorem 2.2.5. Let p : E — B be a surface bundle over a surface B of genus g > 2
with monodromy representation p : m B — Mod(Xy). Suppose that the space of invariant
cohomology (H'(F,Q))P (equivalently, the coinvariant homology of the fiber (Hy(F), Q))y)
vanishes. Then E admits a unique fibering.

Proof. For any surface bundle p : E — B with monodromy p and any choice of coefficients,

there is a (noncanonical) splitting
HY(E) = p*(H'(B)) ® (H'(F))”.
(see Proposition 2.2.1). If (H!(F,Q))? = 0, then this reduces to
HY(E.Q) =p*H'(B,Q).

If pp : E — DBy is a second, distinct fibering, the above shows that p3(H 1(By,Q)) <
p*Hl(B, Q). However, this contradicts Lemma 2.2.3. O

Remark 2.2.6. Recall that a surface bundle over S!, viewed as the mapping torus M of
some diffeomorphism ¢ of a surface F', admits a unique fibering if and only if by (M) = 1. This
is the case exactly when (H1(F,Q)), = 0, so Theorem 2.2.5 is the counterpart to this fact in
dimension 4. Moreover, a random element ¢ € Mod(%) satisfies (H1(F, Q))g = 0 (see [30]).
It easily follows that a generic monodromy representation will also have (H1(F,Q)), = 0:
“most” surface bundles over surfaces have a single fibering. The proof of Theorem 2.2.5 is
special to the case of surface bundles over surfaces and it is not clear if Theorem 2.2.5 is true

in greater generality.

2.3 Bi-projections

In this section we state and prove the key lemma from differential topology needed for the

proof of Theorem A.

Proposition 2.3.1. Let E be a 4-manifold with surface bundle structures p; : B — By and
po . E — Bo. Let Fy, Fy denote fibers of p1,pa lying over a reqular value of p1 X po. If the
mod-2 degree degy(p1 X pa : E — By X Bg) # 0, then the following four quantities are equal
as elements of 7./27.:

1. degg(pl X po: B — By X Bg)
2. dega(p1lp, : I2 — Bi)
3. dego(po|py + F1 — B2)
15



4. 1g(Fy, Fy) (the mod-2 algebraic intersection number)

Proof. As p1 and p9 are projection maps for fiber bundle structures on E, they are everywhere
regular, and ker(dpy), is identified with the tangent space to the fiber of p; through z. Let
z = (b1,b2) € By X Bg be a regular value for p; X py. It follows from the assumption that
degy(p1 X p2 : E — By x By) # 0 that d(p; X p2) is an isomorphism for all z € (py xp2)~1(2)
(and that this preimage is non-empty). The kernel of d(p; X p2), is just the intersection of
the kernels of d(p1), and d(p2),. It follows that for all z € (p x pg)_l(Z),

ToE ~ TpF| & Ty Fy. (2.1)

Note that this shows that the fibers Fy, Fy over by, by respectively are transverse.
Recall that if f: X™ — Y™ is a smooth map of oriented closed n-manifolds, then

dega(f) = #f 1 (y),

where y is any regular value of f. If Y, Z are smoothly embedded and transversely intersecting
oriented submanifolds of the oriented manifold X such that dim(X) = dim(Y) + dim(Z2),

then the mod-2 algebraic intersection number of Y and Z is computed as
Ix(Y,2) = #(Y 0 2).
It follows from the definitions that

(p1 % p2) (b1, b2) = p1l, (b1) = P2l (b2) = F1 N F.

Therefore each of the sums computing (2.3.1.1) — (2.3.1.4) take place over the same set of

points, and the result follows. O]

2.4 Cup products and the Johnson homomorphism

The goal of this section is to give a construction of embedded submanifolds in a surface
bundle over a surface E that will be explicit enough to compute the intersection form on
homology, or dually the cup product structure in cohomology. One of the original definitions
of the Johnson homomorphism was via the cup product structure in surface bundles over
S, In this section we turn this perspective on its head and explain how the Johnson
homomorphism computes the cup product structure in a surface bundle over a surface (in
fact, these methods extend to surface bundles over arbitrary manifolds). The submanifolds

we construct will be codimension-1 (i.e. 3-manifolds), and built so that their intersection
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theory is explicitly connected to the Johnson homomorphism.

To this end, in Section 2.4.1 we give a discussion of the definition of the Johnson homo-
morphism in the setting of the cup product in surface bundles over S1. The centerpiece of
this is the construction of geometric representatives for classes in H 1 via embedded surfaces
which we call “tube-and-cap surfaces”. Then in Section 2.4.2, we return to the original prob-
lem of constructing representatives for classes in H1 of a surface bundle over a surface as
embedded 3-manifolds. The construction is carried out so that the intersection of particular
pairs of these 3-manifolds is a tube-and-cap surface, thereby realizing the link between cup

products in surface bundles over surfaces and the Johnson homomorphism.

2.4.1 From the intersection form to the Johnson homomorphism, and back
again

In this subsection we will begin to dive into the theory of the Torelli group in earnest, so
we begin with a brief review of the relevant defintions. The Torelli group I, is the kernel
of the symplectic representation W : Mod(Xg) — Spay(Z). The Johnson kernel Ky is the
subgroup of Z, generated by all Dehn twists T about separating curves «. It is a deep
theorem of D. Johnson that Ky can alternately be characterized as the kernel of the Johnson

homomorphism 7 to be defined below.

Let ¢ € Z be a Torelli mapping class, and build the mapping torus My = ¥ xI/{(z,1) ~
(¢(x),0)}. As ¢ € I for any curve v C Xy, the homology class [y] — ¢«[y] is zero. Thus
there exists a map of a surface ¢ : S — 3, which cobounds v U ¢(y). Indeed, there exists an
embedded surface S < Xy x I whose boundary is given by

95 =~ x {1} Ua(y) x {0}
To see this, recall that since S1 is a K (Z,1), there is a correspondence
H1<297Z) ~ [29751]'

Via Poincaré duality,
HY(2y,Z) ~ Hi (%, 2).

The induced correspondence
Hi(Zg,Z) ~ [£4,5"]

is realized by taking the preimage of a regular value, which will be an embedded submanifold.

Under this correspondence, homotopic maps f,g: X4 — S L yield homologous submanifolds,
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Figure 2.1: A tube surface

and conversely. Therefore, the maps f,g: X4y — S 1 Which determine v, ¢(y) are homotopic.
This gives the desired map F': Xy x I — S 1 such that the preimage of a regular value is an
embedded surface S cobounding v and ¢(7).

In fact, the choice of S is not unique. Let ¢/ : $" — Mg be any map of a closed surface to
M. Then the chain S + S’ satisfies 9(S + S’) = 0S = v — ¢(7). Nonetheless, given any S
satisfying 9(S) = v —¢(7), we can form a closed submanifold of M in the following way. We
begin with a tube, diffeomorphic to S! x I, embedded into My as ¢(v) x [0,1/3]Uy x [2/3,1].
We may then glue in S to ¥4 x [1/3,2/3]. The result is a smoothly-embedded oriented
submanifold ¥, C My, which will descend to a homology class X, (here z = [7]). See Figure
2.1.

For convenience, we introduce the following terminology for these surfaces, which we will
refer to as tube surfaces. The tube of a tube surface is the cylinder S1 x I = ¢(v) x [0,1/3]U
v % [2/3,1], and the cap is the subsurface S.

We assign an orientation to ¥ as follows. The tangent space to a point z contained in

the tube has a direct sum decomposition via

where V' is any preimage of Tﬂ(x)S 1 and T, is interpreted as the tangent space to the

copy of ~ sitting in the fiber containing x. Both of the summands in (2.2) have orientations
18



induced from those on S! and ~ respectively, and this endows T, ¥ with an orientation. This
can then be extended over the cap surface in a coherent way, since S was chosen to be a
boundary for [y] — [¢(7)] with Z coefficients.

Recall however that the choice of S was not unique. Any closed surface mapping into X,
is homologous to some multiple of the fundamental class, and so the above procedure really
defines a homomorphism Hy(3g) — Ho(My)/[F], where [F] is the fundamental class of the
fiber. If the bundle has a section o : St — My, then we can choose S so that Imo and
3. have zero algebraic intersection, which gives a canonical lift Hy(Xg) — Ha(Mg). In the
absence of such auxiliary data, we instead just choose an arbitrary lift, and we will account
for the consequences later.

Having chosen an embedding i : Hy(3g) < Hg(Mg) such that z — ¥, there is an

associated direct sum decomposition of Hy(My), namely
Hy(My) = ([F]) © Im.
Relative to such an embedding, we form the map 7(¢) € Hom(A3Hy (%), Z) by
T(@) e AYyAz) =g 5y - X,

the term on the right being interpreted as the triple algebraic intersection of the given ho-
mology classes. Suppose a section exists, and that the ¥, have been constructed accordingly.

In this case, D. Johnson showed that the map

71 Ty — Hom(ASH (%), Z)
¢ 7(9)

is a surjective homomorphism. See [8, Chapter 6] for a summary of the Johnson homomor-
phism, including two alternative definitions. The (pointed) Johnson kernel K« is defined
analogously to the case of closed surfaces, as the subgroup of Mod(Xy «) generated by Dehn
twists about separating simple closed curves. As in the closed case, D. Johnson established
that Ky« coincides with the kernel of 7. In our context this exactly means that all triple
intersections between the various 5 vanish.

Having fixed a family of X, it is then easy to compute the entire intersection form on
/\3H2<M¢). Certainly [F]2 = 0. It is also fairly easy to see that

[F] -2 - By = iz, y),
where i(x,y) denotes the algebraic intersection pairing in Hj(X4). Indeed, by picking the
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choice of fiber to intersect X, on the tube, it is clear that the result is simply the curve x,
so that [F] - X, - ¥y computes the intersection of x,y on F, at least up to a sign that may
be introduced by the (non)compatibilities of the various orientation conventions in play. A
quick check reveals this sign to be positive.

We will now be able to account for the ambiguity introduced by our choice of embedding
i1 Hy(3g) — Ha(My), which will in turn lead to the definition of the Johnson homomor-
phism on the closed Torelli group Z,. Suppose that X}, = 5y, + ky[F] is some other set of

choices which is coherent in the sense that X/, + %, = %! . (i.e. 2+ ky € H(Zy)). By

w—+z
linearity,

XSy XL =g - By - By + kei(y, 2) + kyi(z, z) + ki(z,y)
=7(0)(x ANy A 2) + kaily, 2) + kyi(z, x) + kzi(z, y)
=T7()(x Ay A z)+ C*(k);

here C' : /\3H1(Zg) — Hjy(Xy) is the contraction with the symplectic form i(-,-), and k €
Hom(H1(Xy),Z) is the form such that k(w) = ky. The upshot of this calculation is that
7(¢) is well-defined as an element of Hom(A3Hy(3), Z)/ Im C*, which can be identified with
the more familiar space ASH/H (here we adopt the usual convention that H = Hi(3g)).

The Johnson homomorphism on the closed Torelli group is then defined via

71 Ty — Hom(ASHY(Sg), Z)/ Tm C* ~ A3SH/H
¢ 7(0).

As mentioned above, work of D. Johnson shows that the kernel of 7 coincides with the

previously-defined subgroup
ICg = (T’ | v separating scc).

Remark 2.4.1. The construction given above with the tube-cap surfaces is a concrete real-
ization of the isomorphism Hi(¥g) ~ Ha(My)/[F] coming from the Serre spectral sequence
for p: My — SL. In fact, this same construction will work for an arbitrary ¢ € Mod(3),
yielding an isomorphism (H 1(29))¢ ~ Ho(My)/[F], but we do not pursue this here.

The above discussion shows how to construct the Johnson homomorphism in terms of
the intersection form on M. Conversely, we will show next how to reconstruct the in-
tersection form on My from the data of the Johnson homomorphism 7(¢) € NH/H ~
Hom(/\?’HZg,Z)/Im C*. Begin by selecting an arbitrary lift 7(¢) of 7(¢) (of course, the

presence of a section gives a canonical such choice). Next, construct a coherent family of
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homology classes ¥, by making choices arbitrarily. Define 7/(¢) € Hom(A3H, Z) by
/ )
T(P)x AyAz) =35, -3,

There is no reason to suspect that 7/(¢) = 7(¢). However, as we saw above, we do
know that 7/(¢) — 7(¢) € ImC*, and so there is some functional o € Hl(Zg) such that
7(¢) — 7(¢p) = C*(a). This functional a will allow us to choose the correct set of ¥, so that

the triple intersections are computed by our choice of 7(¢).

Lemma 2.4.2. We assume the notation of the above setting. By taking
Se = X5 — a@)[F],
there is an equality for all x,y, z:
Y By X, =T()(x Ay Az).
Proof. Compute:

e Ny X, =3 Z; YL —a(x)i(y, 2) — aly)i(z, ) — a(2)i(z,y)
@)z AyAz)—CH )z Ay A=z)
7(¢).

2.4.2 Intersections in surface bundles over surfaces, and beyond

The methods of the previous subsection can be adapted to give a description of certain cup
products in Hl(E), where p : E"T2 — B™ has monodromy lying in Zy. The idea will be to

define an embedding, as before,
i Hi(3g) = Hpp1(E),

by constructing submanifolds M- for curves v C X4 by means of a higher-dimensional
“tubing construction”. Then the triple intersections of collections of M, will be partially
computable via the Johnson homomorphism in a certain sense to be described below. In
this subsection we will first briefly sketch the properties we require of the submanifolds M,
then we will give the construction. Then in Section 2.4.3, we will determine much of the
intersection pairing in Hy(E,Z).

Our construction will provide, for each simple closed curve v C F, a submanifold M,
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such that if [y] = [7/], then also [M,] = (M. 1f [y] = @, we write M, in place of [M,].
Let p : E — B be a surface bundle with monodromy in Zy, and let p : 1B — Z; be the
monodromy. By post-composing with 7 : Z; — NSH /H, we obtain a map from 7B to an
abelian group, and so 7 o p factors through Hj(B). By an abuse of notation we will write
7(b) for b € H{(B).

This map computes (most of) the intersection form in Hy(F). Recall the notation from
Proposition 2.2.1: given a curve o C B, there is an induced bundle E, over «, which
determines a homology class E,. A given My can be intersected with E, to yield a surface

Yo,y inside Ey. Our construction will be set up so that
My - My - M, -Ey=10b)(xANyA z),

possibly up to a sign. This is the sense in which M; - My, - M is partially computable. As a
remark, the intersections M - My - M - X for arbitrary X € HzFE will all involve intersections
with further M,,, and are describable (at least in the case of bundles with section) in terms

of the higher Johnson invariants
71 Hi(Zys) — ATTRH,

but we will not pursue this point of view further in this chapter. In Chapter 4 we will return
to this theme.

The construction. As usual, let 7 : F — B be a surface bundle over a surface with
monodromy p : m B — Zy. We turn now to the question of constructing suitable homol-
ogy classes M, € H3(E), for x € H1(3g). The construction will be a higher-dimensional
analogue of the construction of tube-and-cap surfaces given in the previous subsection. The
reader may find it helpful to consult Figure 2.2 as they read this subsection.

When the base space B has dimension 2, a new layer of complexity is introduced by the
potential absence of sections ¢ : B — FE, and this will require some additional preparatory
work in order to construct geometric representatives for homology classes. Our construction
method proceeds by exploiting the fact that it is always possible to find sections defined on
B’ := B\ D2. We define E' := 7~ }(B’), and refer to a section o : B’ — E' as a partial
section of the bundle E. We say that two sections og, 01 of a fiber bundle are homotopic
through sections if there exists a homotopy o; between oy and o such that oy is a section
for each fixed .

Lemma 2.4.3. Let 7 : E — ¥ be a surface bundle over a surface with monodromy
p T, — Mod(Xy). Let E' = 7=1(2), \ D2), and note that 7 restricts to give E' the
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structure of a Xg-bundle over X, \ D2. Then there is a one-one correspondence between the
set of classes of partial sections o : ¥j, \ D?> — E' up to homotopy through sections, and
homomorphisms p : Fo, — Mod(Xg,«) making the diagram below commute:

1 K Fyy, leh

o

1

Proof. This follows immediately from the well-known fact that there is a homotopy equiva-

lence

K(Mod(X4+),1) ~ B(Diff(X4, %)),
the latter space being the classifying space of ¥4-bundles with section. O

The kernel K < Fyy, is normally generated by a single element w, represented geometri-
cally by the boundary of ¥j, \ D2. The element p(w) € 71X, associated to a section o will
be denoted by ws. It is called the index curve. The following lemma is immediate from the

definitions.

Lemma 2.4.4. Assume the notation of Lemma 2.4.3. Let o be a partial section of E, and

let wy € T4 be the corresponding index curve. Then there exists a local trivialization of E
t:m YD? = D?*x 3%,
relative to which 0(8D2) is in the free homotopy class of wg.

The next lemma will be used in the course of the construction in Proposition 2.4.6.

Lemma 2.4.5. Let S C Y4 X S be an embedded closed oriented subsurface. Suppose
v St ngSl is a section of the projection ngsl — S, and that p[y] = 0 € H1(X4,Z)
(where p : Xg X St ¥g is the obvious projection). Leti : Xg X st — Yig X D? be the natural
inclusion. If the algebraic intersection number [y]-[S] = 0 (computed in Xy x St ), then there
exists an oriented, properly-embedded 3-manifold M C g x D2, such that M = S.

Proof. The first step is to establish that i.[S] = 0 in Hy(X, x D?). The Kiinneth formula

establishes natural splittings

Hi(2y x SY) ~ Hy(3g) ® Hy(SY)
Hy (S x S') ~ Ha(Sg) @ (H1(Zg) @ Hi(S"))
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In these coordinates, the map i, : Ho (X4 X shy — Ho(¥X4 % D?) ~ HQ(EQ) is given simply by
projection onto the Hy(X ) factor. The assumptions on v imply that [y] generates Hy (S Iy <
Hi(X4 x S1). Under the intersection pairing, Hi(S!) is orthogonal to Hy(34) ® Hi(S1).
From the assumption [7] - [S] = 0, it then follows easily that i[S] = 0. Consequently, there
exists a 3-chain C)p in ¥4 X D? with oC, = 8S.

It remains to explain why C), can be replaced with a smooth, oriented, properly-embedded
3-manifold. This will follow from general results on representing (relative) codimension-
one homology classes by smooth submanifolds (with boundary). The argument proceeds
along very similar lines to the construction of embedded cap surfaces in fibered 3-manifolds
described above. For an oriented manifold X with boundary, Lefschetz duality gives an
isomorphism

H, 1(X,0X,72) ~ H'(X,Z) ~ [X, 5]

In our setting, the surface S C ¥4 x S is represented by a map
fiyx St st

such that S = f~1(x) for some regular value * € S1. Similarly, the (relative) homology class
of Cp in H3(X4 x D2, Yig X SI,Z) corresponds to a map

F:%yx D* — St

Moreover, as 0Cp = S, they represent the same homology class in Ha(¥X4 x S 1. 7). This
means that the maps f and F |ng g1 are homotopic. We can therefore concatenate this

homotopy with F', to obtain a map
F:%yx D? = st

On the boundary, F = f, and is therefore transverse to * C S In order to replace Cp
by a smooth submanifold such that 0C), = C, we must therefore perturb F away from a
neighborhood of d(34 x D?) and make the result everywhere transverse to * C S'. The

Extension Theorem (see [9, p. 72]) asserts that we can do precisely this. O

The theory of index curves established above will allow us to construct embedded repre-
sentatives of homology classes in surface bundles over surfaces, when suitable conditions on

the monodromy are satisfied.

Proposition 2.4.6. Let m : E — B be a surface bundle over a surface with monodromy
p:mB — Iy contained in the Torelli group. Suppose there is a partial section o : B' = F'

for which the associated index curve wy lies in the commutator subgroup [m1Xg, m134]. Then
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there is an embedding
v Hi(F\Z) — H3(E,Z)

constructed so that if c € H1(F,Z) is a primitive class, then v(c) can be represented by some

embedded, oriented, piecewise-smooth 3-submanifold M. of E.

Proof. Let ¢ € H{(F,Z) be given. By assumption, ¢ is primitive, so that there exists a
simple closed curve v C ¥y with [y] = c. We will use this to construct a 3-manifold M.

Consider a cell decomposition
B=pB"c B' c B?

of B, where BY consists of the single point p, there are 2¢ one-cells {a1,b1,...,ap,bp}, and
a single two-cell D. For each one-cell e, there is an associated element of the monodromy;,
p(e), such that the effect of transporting a curve v across e (from the negative to the positive
side, relative to orientations of B and e) sends the isotopy class of v to p(e)y. For a one-cell
e, let N(e) =~ e x I be a (closed) regular neighborhood in B. We also let N(p) be a small
closed neighborhood of p. If necessary, shrink the N(e) so that

N = N(a1) U+ UN(by) \ N(p)

is a union of 2h disjoint rectangles.

Let v C F be a simple closed curve on a fiber F' over a point in

D":=D\ (N(p)UN(a1)U---UN(bp)).

By construction, D’ is nothing more than a closed disk (in the upper-left portion of Figure
2.2, D' is the closure of the complement of the shaded regions). The submanifold M-, will be
constructed in three stages, denoted Mfy for i = 1,2, 3: first over D', then over N, and finally
over N(p). Choose a trivialization 7~1(D') ~ D’ x F, and define M% = v x D' relative to
this trivialization. Then 8(]\/[71) c 7~ H0D’). We specify an orientation on le as follows: a

point x € le has a decomposition of the tangent space via
TeMy =~ Ty B ® Tiy. (2.3)

Both of these two summands carry pre-existing orientations, and M% is then oriented by
specifying the above isomorphism to be orientation-preserving. By analogy with the con-
struction of tube surfaces, we refer to le as the tube region of M.
Next we construct M% Let e be a one-cell, and consider the intersection M% N1 (N(e)n
N). The base space N(e) N N is just a rectangle, and so the bundle 77 1(N(e) N N) is
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trivializable. We can therefore find a diffeomorphism
:m Y(N(e)NN) = I x I x5y
under which M% N7~ L(N(e) N N) is identified with

(I x {0} x 1)U (I x {1} x+),

where 4/ is some curve in the isotopy class of p(e)(y). As we saw in the previous subsection,
for each e there exists a family of properly-embedded surfaces Se in I x X4 such that 95 =
{0} x yU {1} x~.

Our choice of Se will be dictated by the section o. Applying v, the image of ¢ in
{t} x I x ¥4 is a properly-embedded arc a;. This determines a preferred homology class in
Ho(I x ¥4,0(I x ¥4),Z) among the set of possible Se, by the relation [aq] - [Se] = 0.

Let Se be any properly-embedded subsurface of I x X, satisfying the conditions 0S5, =
{0} x yU{1} x 7 and [ag] - [Se] = 0. We can then fill in 7~ (N (e) N N) with I x S for each
e, creating M% As in the case of a tube surface, the orientation for M% can be extended
over each of these pieces coherently. We refer to Mg \ M% as the cap region of M.

It therefore remains to construct Mg’ = M. By construction, 8M% C 7T_1(8N (p)). We
would like to be able to fill this boundary in by inserting a “plug” contained in 7~ 1(N(p)).
A priori, there is a homological obstruction to this: if [BMg] #4 0 in Ho(m 1 (N(p))) then
this problem is not solvable even on the chain level.

However, the assumption that the index curve wy € [m13g, 71X ] will imply that this
obstruction vanishes. Let ¢ : 7~ 1(N(p)) — D?x ¥, be the trivialization of Lemma 2.4.4, and
define v = t(c(O(N(p)))). Set S = t(a(]\/[%)) By Lemma 2.4.4, [y] = 0 € Hi (71 (N(p))) ~
H1(X4). We wish to show that [y] - [S] = 0. By construction, G(M%) consists of 4¢g sub-
surfaces, corresponding to the 2g surfaces Sq, ..., Sbg, each appearing twice (one for each
component of N(e) N N(p)). Similarly, v is comprised of 4g segments, again indexed by the
components of N(e) N N(p). On each one of these components, the relevant Se was selected
to have zero algebraic intersection with the relevant portion of v, and so the same holds true
globally: [y] - [S] = 0.

Applying Lemma 2.4.5, we obtain a 3-manifold M, C N(p) x X4, such that M, =
t(@(M%)) Extending the orientation of M% over My, the result is an oriented, piecewise-
smooth submanifold My C E. O

While in general, not every surface bundle over a surface satisfies the hypotheses of
Proposition 2.4.6 (specifically, the requirement that there exist a partial section with [wes] =
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Figure 2.2: Upper left: The neighborhoods N(e) and N(p). Upper right: le intersected
with four different fibers. Lower left: Cap surfaces, lying over different portions of N. Lower
right: A depiction of M,% Nz~ LON).
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0 € Hi(Xy,Z)), it turns out that this is always the case for surface bundles over surfaces

with monodromy in /Cy.

Lemma 2.4.7. Let p : mXy, — Ky be given. Then for any lift p : Fop, — Kgx of p, the

index curve satisfies wgy € 1124, T13g).

Proof. When restricted to g, the Birman exact sequence takes the form

The result follows. O

An essential feature of the above construction is the relationship between an M, and a
sub-bundle E, lying over a curve a C B. Suppose « is chosen so that relative to the cell
decomposition of B used in constructing M-, a is transverse to all the one-cells e, and does
not pass through N(p). Then a little visual imagination reveals that the intersection of M,
and E, is given by a tube surface for v sitting inside Fy. We call the resulting surface Xq ~,
and then [Xq ] is denoted by 34 5, where [a] = a and [y] = .

We define a family of M, to be a set of M, for each x € H{(F') such that for all ¢ € Z
and x,y € H(F),

Megyy = cMy + My,

Different choices of M, lead to different spaces of 33, ,., but conversely, a choice of a family

of M, leads to a corresponding distinguished summand of Ha(FE).

2.4.3 Determination of the intersection form

From this point onwards, we assume without further comment that our surface bundle over
a surface 7 : £ — B satisfy the hypotheses of Proposition 2.4.6 (as a special case, these
results apply to all surface bundles over surfaces with monodromy in Ky, by Lemma 2.4.7).
The purpose of this subsection is to give a description of the cup product structure on
H*(E,Z); equivalently, we will describe the intersection form. By Poincaré duality, it suffices

to determine, for each X, the set of pairings X - Y.

Proposition 2.4.8. Let igp and iy denote the algebraic intersection pairing on the
homology of the base and on the fiber, respectively.

1. There exists a unique class C' € Ho(E) such that C' -3y, , = 0 for all b € Hy(B),
z € H1(Xg), and C - [F] = 1. The intersection pairing Ho(E) ® Ho(E) — Z is given
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as follows, where e = C? by definition.

C | [F] Ya,z
C el 0
[F] 0
Zb,w 0 0 —iB(a,b)iF(z,w)

In the case where the monodromy is contained in the Johnson kernel, we have e = 0.
2. For any family of M,, we have

Eq - By =ip(a,b)[F]
My - By = Eb,x

3. Let o : B' — E' be a partial section for which [wy] = 0 € H{(F). Associated to such a
section is a lift of 7 - Hi(B) — ASH/H to 7 : Hi(B) — A3H. The choice of o gives

rise to a splitting
Hy(E) = ' (H1(B)) © Hy(M) = {Ey.b € Hy(B)} © {M:. = € Hi(F)}
relative to which
My - My - M - Ey = My - My - %y, . =7(b)(x Ay A 2).

In the case where the monodromy is contained in the Johnson kernel, we can take the
canonical lift T =0, and for this family of M, we have

C'MQ;IO
c?2=0

for all x € H1(Xy).

Remark. The intersection pairing H,,_, EQ H;. F — Z identifies H,,_;. F' with Hom(H. FE,7Z)
and hence with H*F by the universal coefficients theorem, since the homology of a surface
bundle over a surface with monodromy in Z is torsion-free (see Proposition 2.2.1). Therefore,

Proposition 2.4.8 can also be viewed as a description of the cup product in H*(E).

Proof. Before beginning with the proof of the statements, a comment on orientations is in
order. Recall that if X,Y are embedded surfaces intersecting transversely, then X NY is
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oriented via the convention that
NX)eNY)pT(XNY)

should be positively oriented, where, for W = X or W =Y, N(W) is oriented by the con-
vention that N (W) @ T(W) be positively oriented with respect to the orientation fixed on
W. Note that relative to this convention, if X is of odd codimension, then X - X = 0; we
will often employ this fact without comment in the sequel.

Recall that the submanifolds >, C My and M, C FE have been oriented using a “base-
first” convention; see (2.2) and (2.3). We orient E by selecting orientations for B and F. It
is a somewhat tedious process to go through and verify the signs on all of the intersections
being asserted in this theorem, and we omit the full verification of these results. At the same
time, the reader who is interested in verifying the calculations should have no trouble doing

so by carefully tracking the orientation conventions we have laid out.

It will turn out to be most natural to construct C' after verifying the other statements
not involving €. We begin with computing ¥4 ; - 3 ,,. These are represented by surfaces
contained in some Ey, Eg respectively, where they are tube surfaces constructed from curves
~v,0. We can arrange it so that «, # intersect transversely, and such that over these points,
the surfaces intersect in their tube regions. Following the orientation conventions as above,
one verifies that the local intersection at such a point (p, ¢), written [ (p,q) is equal to —1I1g,
where I, denotes the local intersection of «, 3 relative to the orientation on B, and I is the
local intersection of v, § relative to the orientation on F'. Summing over all local intersections
gives the result in the lower-right hand corner of the table in Proposition 2.4.8.1.

The relation [F] - X, ., = 0 is easy to verify, by taking [F] to be represented by a fiber
not contained in the E, containing ¥, .. This same idea also shows [F ]2 = 0, by picking

representative fibers over distinct points.

Let us turn now to Proposition 2.4.8.2. If Eq, Eg intersect transversely at a point,
then Eq N Eg = F, the fiber over the point of intersection; a check of the orientation
conventions shows that the orientation on F' given by the intersection convention agrees

with the predetermined orientation, so that
E.- Ey=ipg(a,b)[F|

as asserted.

The manifolds M, were constructed so as to intersect each Ej in a tube surface, and so
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the relation
M, - E, = Eb,z

can be taken as a definition of the orientation on % .. We choose this over the alternative
because it can be verified that under this convention, the orientation on 3, . agrees with the
“base first” convention discussed above.

Now let M, My be given, and consider My - My - [F]. By perturbing the one-skeleton
of B, it can be arranged so that the plugs for M, and M, are disjoint and so that the cap
regions intersect transversely, and so that the representative fiber intersects M, My, in their
tube regions. The local picture therefore becomes the intersection of x and y on F. A check

of the orientation convention then shows
My My - [F] = ip(e,y).
Turning to Proposition 2.4.8.3, consider now a four-fold intersection

We will assume without further comment that the intersection of representative submanifolds
has been made suitably transverse by choosing one-skeleta wisely. The M,, were constructed
so that the problem of computing My - My, - M, - [Eg] is exactly the same as the problem
of computing the corresponding Xy, - 3y - 35 inside the 3-manifold E, up to a sign which
records whether the orientation on My -[Eg] agrees with the orientation on the corresponding
Yz C Eg; the convention My - Ey, = ¥, ; makes this sign positive. Lemma 2.4.2 shows that

within £}, there exist choices of homology classes ¥, such that

Recall from Lemma 2.4.2 that the ¥,’s are obtained by starting with an arbitrary family ¥/,
and adding appropriate multiples of [F]. By the preceding, if a € B satisfies ig(a,b) = 1,
then

(M, + Eq) - Eyy = M, - E, + [F].

This shows that by adding appropriate multiples of E, to M, (as specified by the formulas
in Lemma 2.4.2), for a given b, the formula

My - My - M, - [Eg) = 7(b)(z Ay A 2) (2.4)

can be made to hold. By choosing a symplectic basis for H{(B), this can be made to hold
for all b € H{(B) simultaneously.
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It therefore remains to construct the class C. If x,y € Hy(X,) satisfy ip(z,y) = 1, then
[F| - My - My = 1. Similarly, if o, 8 are loops in B intersecting transversely exactly once,

and My, My are as above, then
Ea7x . 267?} - 20[71’ . ng . EB — :l:l (25)

As the space spanned by [F] and the ¥, ;. classes has codimension one in Ha(E), (2.4) and
(2.5) together show that the space of classes in Ho(F) pairing trivially with the space of M,

has dimension at most one. We claim that

C=Myy My + > Fb)(@1Ay A%,
(b,z)eBxF

has all the required properties; here B, F are symplectic bases for H(B), H{(F'), respectively,
the map x — Z satisfies i(z,2) = 1, 1 € B, and 21 = y;. Recall that C'is asserted to have the
following properties: C-[F] = 1 and C-%, , = 0 for allb € Hi(B), z € H1(X). Additionally,
when the monodromy of E is contained in the Johnson kernel, we require C2 = 0 and
C - M, =0 for M, in the family associated to the lift of 7 to the zero homomorphism. The
proof is a direct calculation. For C'- [F|, one has by Proposition 2.4.8.1 and then Proposition
2.4.8.2

C-[Fl =My My + > 7)1 Ay12)S;, | - [F]
(b,z)eBxF

:Mxl'Myl'[F]
=1.

Computation of C'-3}, . proceeds by Proposition 2.4.8.3 and Proposition 2.4.8.1 respectively.

C Xy = Mgy - My, - By, +7(0) (1 Ayr A2)(E;,) - Doz
=7(0) (1 Ayr A z) —T(b)(x1 Ay1 A 2)

I
e

When the monodromy of F is contained in K4, the above formula for C' simplifies to
C' = Mz, - My, , from which it is apparent that C2 = 0. To see that C'- M, = 0 for all z, we
will apply Poincaré duality to see that it suffices to show that
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for all classes Y € H3E. Since M - By, = Y, and we have shown C' - ¥, = 0, it remains
only to consider C' - M, - My,. Expanding M, - My, in the additive basis for Ho(FE),

M, - My, = a[F] + BC + Z 'Vb,zzi),g'
(b,z)eBxF

As the monodromy of F' is contained in Ky, we have M - My, - 3 ,, = 0; applying this in
coordinates for some (b, x) € B x F gives, by applying the prior formulas,

B CILETCEND DI
(b,2)EBXF

= _’Yb,l'?

so that all 75 , = 0. Consequently, M - My, = a[F] + BC. Recalling that F2=C%?=0
and that (M, - M)? = 0, this implies a8 = 0.
Also,
ip(z,w) = M, - My - [F] = B.

Therefore, we conclude that in the case ip(z,w) # 0,

As C? = 0 this shows the result in this case. Now suppose that ip(z,w) = 0. Then we can
find 2’ such that M, - M., = c¢C by above, with ¢ # 0, and then

O:Mz‘Mw‘Mz'MZ/:CMz'Mw'C.

This shows that M, - M,, - C = 0 for all z, w, finishing the proof of Proposition 2.4.8. O]

2.5 Multisections and splittings on rational cohomology

Let p : E — B be a surface bundle over an arbitrary base space B equipped with a section

o : B — E. Then there is an associated splitting of H(E,Z) as a direct sum, via
HYE,Z) = Imp* & kero*. (2.6)

The condition that p : E — B admit a section is restrictive. However, recent work of
Hamenstadt shows that all surface bundles over surfaces with zero signature admit multi-

sections (see Theorem 2.5.2). In this section, we develop some necessary machinery showing
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how a multisection of a surface bundle gives rise to a splitting of H(E, Q), similarly to (2.6).

The results of this section will be required in the proof of Theorem A.

Remark 2.5.1. Theorem 2.5.2 is the only result in this section that requires the base space
B to be a surface of genus g > 2. Lemma 2.5.3 and Proposition 2.5.4 are valid for any base

space B.

Let Conf,,(F) denote the configuration space of n unordered distinct points in E, and let
PConf,,(FE) denote the space of n ordered distinct points in E. The symmetric group on n let-
ters S, acts freely on PConf,,(F) by permuting the order of the points, and PConf, (E)/S,, =
Conf, (F).

By a multisection of p : E — B, we mean a map
0 : B — Conf,(E)
for some n > 1, such that the composition
B — Conf,(E) — B"/Sy,

is given by © — [x,. .., z]. In other words, a multisection selects n distinct unordered points

in each fiber. A pure multisection is a map
o : B — PConf,(F)

such that the composition
B — PConf,(E) — B"

is given by z + (z,...,x). Our interest in multisections is due to the following result of
Hamenstadt (see [11], [12]):

Theorem 2.5.2. (Hamenstadt) Let p : E — B be a surface bundle over a surface such
that the signature of E is zero (e.g. a bundle with at least one fibering with monodromy lying

inTy). Then p: E — B has a multisection o of cardinality 2g — 2.

We will use this result to obtain a splitting on H*(£,Q). As (2.6) indicates, this is
straightforward when the multisection is pure; the work will be to obtain the required maps
for general multisections. First note that by taking a finite cover B — B, we can pull the

bundle back to p: E — B, such that the multisection pulls back to a pure multisection:

¥ : B — PConf,(E).
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Moreover, we can assume that the covering B — B is normal, with deck group I'. By pulling
back the I' action on B, we see that I also acts on E, by sending the fiber over b to the
fiber over y(b). Then the multisection v is in fact I'-equivariant. This suggests the following

lemma.

Lemma 2.5.3. Let 6 : B — E be a I'-equivariant section. Then there is an induced map on

I'-invariant cohomology:
& H*(E,Q)" —» H*(B,Q)".

As a result, the transfer map

™ H*(B,Q) — H*(B,Q)

is injective when restricted to &*(H*(E,Q)1).

Proof. 1f f : X — Y is any ['-equivariant map of topological spaces, then f* : H*(Y) —
H*(X) will be equivariant, and so will restrict to a map on the I'-invariant subspaces. Trans-
fer (see [13]) gives an identification H*(B, Q)Y ~ H*(B,Q), and the remaining statement
follows. [

We now come to the main result of the section. This asserts that when p: F — B is a
surface bundle with a multisection o : B — Conf,,(F), there exists a map ¢* : H*(B,Q) —
H*(FE,Q) with many of the same properties as (the pullback of) an actual section map.

Proposition 2.5.4. Suppose o : B — Conf,(E) is a multisection. Then there exist maps

6" H*(E,Q) — H*(B,Q)
6y ‘He(B,Q) — Hy(E,Q)

with the following properties:
1. The composition
6*op*: H*(B) —» H*(B) =id
and similarly

2. The maps 6* and G4 are adjoint under the evaluation pairing. That is, for all a €
H*(E),x € H«(B),

(o, 641 = (6%, ).

3. If o € ker 6™, then for any f € H*(FE,Q) and any v € H4«(B,Q),

(@ — B,64(x)) = 0.
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Consequently, 6 induces a splitting

HY(E,Q) = Imp* & ker 6. (2.7)

Proof. Begin by assuming that the multisection is pure. Fori = 1,... nlet p; : PConf, (F) —
E be the projection onto the i coordinate. We define

5(0) = - 30" (5} (0)
=1

Gul) = = S (p)elonx).
=1

Then properties (2.5.4.1) - (2.5.4.3) follow by direct verification.

In the general case, let ¢ : B — B be a normal covering such that o pulls back to a pure
multisection ¢». We will use @ to denote the covering £ — E. Let 7* : H*(B,Q) — H*(B,Q)
be the transfer map, normalized so that ¢* o™ = id. Then define 6* : H*(F,Q) — H*(B,Q)
by

6% = 1% o01)* o "
Similarly, define 64 : Hy«(B,Q) — H«(E,Q) by
6*26*01@*07—*.

For what follows, it will be useful to refer to the following diagram.

By definition,

5'*Op*:T*OZ/A}*OE*Op*.
By commutativity, ¢* o p* = p* o ¢*. Then

* P * * Tk o~k *
T oY oc op =T o op oc
— oot

=id.
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Here, we have used the property 121* o p* = id for the pure multisection v, as well as our
normalization convention 7* o ¢* = id for the transfer map. A similar calculation proves the
corresponding result for 1, and (2.5.4.1) follows.

Statement 2.5.4.2 follows from the observation that the cohomology and homology trans-
fer maps are adjoint under the evaluation pairing. That is, if X — X is a normal covering

space with deck group I', then for x € H«(X) and o € H*(X),

(@, 7 (2)) = (7%(), 7).

As 1/* and ¢ certainly also enjoy this adjointness property, so does 6*, and (2.5.4.2) follows.

To establish (2.5.4.3), suppose a € kerd*, and take § € H*(E,Q),x € H«(B,Q). As
the transfer map is not a ring homomorphism, (2.5.4.3) does not follow immediately from
(2.5.4.2). However, we see that

(0 — 8,04(z)) = (6%(a — B),2)

It therefore suffices to show that 1)* o @(«) = 0. This follows by Lemma 2.5.3. Indeed,
& (a) € H*(E, @)F, and ¥*, being a sum of -equivariant maps, is itself T-equivariant, and
s0 10* o ¢* takes image in H*(B, Q)F. On the one hand, we have

~

0=6"a=71"0¢" o (a)

by assumption. By Lemma 2.5.3, 7* is injective on the image of ¢* 0¢*, so that ¢* oc*(a) =0
as desired. m

2.6 Unique fibering in the Johnson kernel

This section is devoted to the proof of Theorem A. The outline is as follows. Let p1 : E — By
be a surface bundle with monodromy in the Torelli group Zy, and suppose there is a second
distinct fibering po : E — Bg with fiber F5. The proof proceeds by analyzing [F5] in the
coordinates on Hy(F) coming from the Torelli fibering p;. On the one hand, the intersec-
tion form in these coordinates is completely understood by virtue of Proposition 2.4.8. On
the other, [F5] is realizable as an intersection of classes induced from Hj(Bg). Under the
assumption that the monodromy of p; is contained in Ky and not merely Zg, it will follow
that there is a unique possibility for [F5]. The final step will be to extract the condition that
the genera of Fp and By must be equal from the cohomology ring H*(E) and to argue that

this enforces the triviality of either bundle structure.
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The fundamental class of a second fiber. In this subsection we will compute [F5] in the
coordinates on Ho coming from the fibering p;. The results are formulated under the more
general assumption that the monodromy of p; lie in Z, rather than Ky, because we feel that
the arguments are clearer in this larger context. The main objective is Lemma 2.6.3.
Suppose that p; : £ — By is a bundle with monodromy lying in Z;. Suppose there is a
partial section o : B’ — E’ such that [ws] = 0 € H{(F), giving rise to a lift 7 of the Johnson
homomorphism to A3H; then by Proposition 2.4.8.3, there is a natural splitting

!
H3(E) ~ p1Hi(B1) © Hi(F1)
We use this direct sum decomposition to define the projections
P:Hy(E) = pHi(By)  and  Q:H3(E) — Hi(F),

and we consider the restrictions of P and @ to p'2(H 1(B2)) for a second fibering ps : £ — Bo.
Where convenient, we will also define P and @ on H{(Bsg) directly, by precomposing with

the injection p!.

Lemma 2.6.1. For any second fibering py : E — Bo, the restriction of Q to H1(Bs) is a
symplectic mapping, with respect to dip, on Hy(Fy) andip, on Hi(Bg), where d = [F]-[Fy]

1s the algebraic intersection number of the two fibers.

Proof. There exist classes x,y € H{(Bs) such that x-y = 1 € Hy(Bs), so that [Fy] = péx-p!zy,

and there are expressions

| |
pyr = Px + Qu, poy = Py + Qy.

Consequently,
[F5] = Px- Py+ Px-Qy — Py-Qz + Qx - Qy.

By Proposition 2.4.8, [F}] - Pz =0 for all z € H{(B>), so that

d=[F]-[Fy] = [F1]-Qx - Qy,

with the first equality holding by assumption. The condition [F5| = p!Qx . p!2y is equivalent
to ip,(x,y) = 1. By Proposition 2.4.8,

d=[F]-Qr-Qy= iFl(QxaQy)v

proving the claim. O
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As in the above proof, let x,y € H{(Bs3) satisfy x-y = 1. By Poincaré duality, in order to
determine [F3] it suffices to determine the collection of cup products [Fy] - Z for Z € Ho(FE).
Relative to the splitting of Ho(FE) coming from p; (where the monodromy lies in Zy), in
particular we must determine [F] - 3 ., where b € H1(B1) and z € Hy(F1).

Lemma 2.6.2. Take x,y € H{(B2) satisfying x -y = 1. For b € H{(By) and z € H{(Fy),
let 33y, , be the associated element of Ha(E). Then

[F2] ’ Z11'77,2 = Z.Bl (Pl‘, b)ZFl(an Z) - iBl (Py7 b)ZFl(Qm7 Z) + T(b)(QfL‘ A Qy A Z) (28)

In particular, if z € (Qx,Qy)L, then (2.8) simplifies to

[Fo] -5, = 7(0)(Qx AN Qy A 2). (2.9)

In fact, for all z € Hy(F}), there exists a pair x.,y, € H{(Bs) such that z € (Qx., Qy.)~+
holds, so that for all b, z, (2.9) is satisfied for this choice of x;,ys.

Proof. The formulas in (2.8) and (2.9) follow directly from the description of the intersection
form given in Proposition 2.4.8. The existence of a suitable xz,y for a given z is nothing but
a matter of symplectic linear algebra. Since we will use some features of the construction
later on, we give a detailed explanation. Lemma 2.6.1 shows that W = Im () is a symplectic
subspace of Hq(F7), and so we can take a symplectic complement W+, Any z can therefore
be written as w + w’ with w € W and w’ € WL, If w = 0 there is nothing to show.
Otherwise, extend w to a symplectic basis for W so that w = x1. As By has genus > 2, this
basis includes xs, yo, and as W = Im ), we can select x,y, in H{(By) with Qz, = x9 and

Qy: = y2. O

We conclude this subsection by amalgamating the work we have done in the previous two

propositions in order to give a description of [F3].

Lemma 2.6.3. Let py : E — By be a second fibering. The choice of partial section o : B’ —
E’ furnishes Ho(E) with the following splitting

Hy(E) = ([F1]) ® (H1(B1) ® H1(F1)) ® Ha(By),

with H1(B1) ® Hi(F1) spanned by the set of Xy, , where b,z range in symplectic bases B, F
for H{(By), H{(F1) respectively, and Ho(B1) spanned by C' as in Proposition 2.4.8. Relative
to this splitting of Ho(E) there is the following expression for [Fs):

[Fo] = (6 — 2de)[Fy] +dC+ Y #(b)(Quz A Qyz N 2T, (2.10)
beB,ze F
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Here, 0 = i, (Px, Py) + Qx - Qy - C for any choice of v,y € Hi(By) satisfying v -y = 1,
e=0C2% andd = [F1] - [Fb] (the algebraic intersection of the two fibers). Also & denotes the

symplectic dual of x relative to the chosen symplectic basis.

Proof. Suppose V is a free Z-module equipped with a nondegenerate symmetric bilinear
pairing (-, -). Suppose moreover that there exists a generating set A = {ay,...,ap, b1, ..., b}
with the property that (a;, a;) = (b;,b;) = 0 for all i, j, (a;,b;) = 0fori # j, and (a;, b;) = 1.

Then any element x € V' is expressible in the form

(x,a;)b; + Z(x,b,}ai. (2.11)

1 1=1

xTr =

k k
1=

We will apply this to V' = Hs(FE) with the intersection pairing; in order to do this we
must find a suitable generating set A. Via Proposition 2.4.8, the space H{(B1) ® Hi(F1)
is orthogonal under - to Hz(Bg) and to Ha(F1), and moreover, the collection of ¥, . for
(b,z) € B x F is such a generating set on this subspace. We also have [F]-C =1, as well
as ([F1])?> = 0 and C? = e. Therefore, we can take

A=A{[F1],C — e[} U {5 ; | (b,2) € Bx F}.

The only intersection that remains to be computed is [F]-C. As Px- Py =ip, (Px, Py)[F}],

a direct computation gives

[Fp]-C = (Px-Py+Pr-Qy—Py-Qr+Qz-Qy)-C
=Pr-Py-C+Qr-Qy-C
=ip,(Pz,Py) +Qz-Qy-C = 6.

By assumption, [F] - [F5] = d, and Formula (2.9) computes [Fy] - 3, .. Therefore we may
insert these computations into Formula (2.11) to obtain (2.10). O

Rigidity in the Johnson kernel. We now assume, as is required for Theorem A, that the
monodromy of py is contained in Ky. As noted in the previous section, the closed Johnson
kernel Ky coincides with the kernel of 7 : Z, — NS H /H; similarly the pointed Johnson kernel
Kg.x is the kernel of 7 : Zg 4 — A3H. We also noted above that if 7op : Hi(B) — ASH/H is
identically zero then there is a canonical lift 7 : H1(B) — A3 H ., namely zero. This furnishes
the (co)homology of E with a canonical splitting in which all cup products in (2.9) vanish.

In order to prove the main result of this section, we will compute [F5] and see that it is
“as simple as possible” in the coordinates coming from pq, the fibering with monodromy in
Kg. This will be accomplished via Lemma 2.6.3. Per our choice of lift 7, the terms expressed
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via the Johnson homomorphism all vanish, so that
[Fy] = a[Fy] + dC,

for some a € Z. The coefficient a is determined by [F] - C, or equivalently § = ip, (P, Py)
(by Proposition 2.4.8.3, the term Qz - Qy - C' = 0). This can be determined from Lemma
2.6.2.

Lemma 2.6.4. Let E be a 4-manifold with two fiberings as a surface bundle over a surface:
p1: E — By and py : E — Bs. Define the projection P : H{(B) — H(B1). Suppose
the monodromy for the bundle structure associated to py lies in Ky. Then P = 0, and

consequently 6 = 0.

Proof. Returning to (2.8), in the Johnson kernel setting, both [F5]-Y, . and 7(b)(Qx AQyAz)
are zero for all z,y, z. Taking z to be any element satisfying ip, (Qy, z) # 0 and i, (Qx, 2) =
0, (2.8) simplifies to i, (Px,b) = 0. Since this is true for all b, we conclude that Pz = 0,
and since any x € Hy(Bs) has a suitable y so that (2.8) holds, we conclude that P = 0 and
0 = 0 as claimed. m

With this in hand, we can apply Lemma 2.6.3 (recalling from Proposition 2.4.8.3 that

e = 0) to see that [F3] is as simple as possible:
[Fy] = dC. (2.12)

As was noted following the statement of Proposition 2.2.1, [F5| must be a primitive class,

and so d = £1. We record this fact for later reference:

Lemma 2.6.5. Let py : E — By be a surface bundle over a surface with monodromy in KCg.

Suppose there is a second fibering ps : E — Bo. Then

deg(p1 x p2) = £1.

Proposition 2.3.1 asserts the equality of dego(p1 X p2) with dega(pa|p, : F1 — Bg) and with
dego(p1|p, : Fo» — By). Consequently

degQ(p2|F1 . F1 = By) = degg(p1|p2 :Fy — By)=1 (mod 2).

Remark 2.6.6. Observe that Lemma 2.6.5 supplies a proof of the missing assertion (2.1.2.1) =
(2.1.2.3) in Proposition 2.1.2, namely that if £ is a surface bundle over a surface with mon-

odromy in the Johnson kernel, then any second fibering necessarily yields a bi-projection with
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nonzero degree. Of course, the assertion that any of the conditions (2.1.2.1), (2.1.2.2), (2.1.2.3),

are equivalent to the bundle E being a product is the content of Theorem A.

Cohomology - splittings coming from multisections. In order to complete the proof
of Theorem A, we will combine the work we have done above with an analysis of what the
(co)homology of E looks like with respect to the coordinates coming from the second fibering
(where the monodromy need not be contained in Zy). The most convenient setting for this
portion of the argument is in the cohomology ring, so we pause briefly to establish some
preliminaries.

Most of what we have established vis a vis the intersection pairing on Hy(E) is directly

portable to the setting of the cup product in cohomology. In particular, the maps
pi + H'(B;) = H'(E)

for i = 1,2 are injections. We let n; € H2(B;) be an integral generator compatible with the
chosen orientations; it is easy to see that py(n;) is Poincaré dual to [F;]. Relative to a choice
of splitting

HY(E) = piHY(By) @ H'(F),

there are the projection maps P : H'(By) — HY(Bj) and Q : H'(By) — HY(F}), and
Lemma 2.6.4 carries over to show that P = 0. We can also transport our analysis of the

intersection form on Hy(FE). In the cohomological setting, we have proved:

Proposition 2.6.7. Let F; — E — By be a surface bundle over a surface with monodromy
in the Johnson kernel Kgq. Then E is an integral cohomology By x F, i.e. there exists a

canonical isomorphism
H*(E) = H"(B1) ® H*(F)
as graded rings.
We now continue with the proof of Theorem A.

Lemma 2.6.8. Suppose that the genus of Bg is strictly smaller than that of F. Then there
exist classes x,y € HY(E) annihilating p§H132 (that is, * — p5z =y — pyz = 0 for all
z € HY(B)), such that x — y = ®1, where &1 € H*(F}) is a generator.

Proof. The cohomological formulation of Lemma 2.6.4 shows that
p3H! (B) < H'(Fy).

By (the cohomological reformulation of) Lemma 2.6.1, p5H'(By) is in fact a symplectic

subspace of H 1(F ), and so there exists a symplectic complement. We can then take the

desired z,y to be suitable elements of this complement. O
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To finish the proof of Theorem A, we will examine where x,y must live, relative to
coordinates on H*(F) coming from the fibering po. At this point, the results of Section 2.5
come into play. In particular, (2.7) endows H'(E, Q) with a splitting via

HY(E,Q) = Imp* & ker 6*.

For the remainder of the proof, we will assume that all of our cohomology groups have

rational coefficients.

Lemma 2.6.9. Let p : E — B be any surface bundle over a surface with multisection o.
Suppose that there exists © € HY(E) annihilating p* HY(B). Then = € ker 6*.

Proof. Write
T =1v+p*b,

with v € ker6* and b € H(B). If b # 0, then there exists ¢ € H'(B) with b — ¢ # 0. On
the one hand, x — p*c = 0 by assumption. On the other, letting [B] € Hy(B) denote the

fundamental class, we have by Proposition 2.5.4

(x —p’c,64[B]) = ((v+p"b) — p¥c,64[B])
= (v —p"c,64[B]) + (p*(b — ¢), 6+[B])
=0+ (6"p"(b— o), [B])
= (b—¢[B]) #0,

since v € ker 6*. In this case we have reached a contradiction, and so b = 0 as desired. [

Lemma 2.6.10. Let Iy — E — By be a surface bundle over a surface with monodromy in
Kg, and suppose there is a second fibering ps : E — Bo. Let g denote the genus of Fy, and
h denote the genus of By. Then g = h.

Proof. We have already established (Lemma 2.6.5) that

dega(p2|F,) =1 (mod 2).

As p9 has nonzero degree, we conclude immediately that ¢ > h. Suppose g > h. Then
there exist classes z,y € H(E) as in the statement of Lemma 2.6.8. We will make use of
the existence of a multisection o of po : E — Bs, so that by Lemma 2.6.9, we must have
x,y € ker 6*. So by Proposition 2.5.4,
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In the notation of Proposition 2.6.7, both péHl(BQ) and the classes x,y are contained in
HY(F}), and as the image of
—: A’HY(F) = H?(F))

is one-dimensional (since Fj is a surface), we conclude that x — y = p5(n2), where 79 €

Hy(Bo) is a generator. So then

(x —y,04[Ba]) = (p3(m2), 6" [Ba]) = (12, [Ba]) = 1.

This is a contradiction; necessarily g = h. O

This shows that ps| F, 18 a map of nonzero degree between surfaces of the same genus,

and as is well-known, therefore
(p2)« : M Fy — m B2

must be an isomorphism.

Finishing Theorem A. At this point, we turn to an analysis of the fundamental group.

Via the long exact sequence in homotopy for a fibration, there is an exact sequence
1l—->mb;, - mE—mB; — 1,
for i = 1,2. Consequently, the kernel of
(p1 X p2)x : M E — m By x 11 By
is given by w1 F1 N7 Fy. On the other hand, this is also the kernel of the cross-projection
m | — 7 By

which was just shown to be an isomorphism. We conclude that (p; X pg)« is an isomorphism.

The monodromy of the bundle E can be read off from the fundamental group, as the
map 71581 — Out(m1F1) =~ Mod(X,) (the latter isomorphism coming from the theorem of
Dehn, Nielsen, and Baer). Since 71 F is a product, this map is trivial. The correspondence
(1) then shows that E, being a surface bundle with trivial monodromy, is diffeomorphic to
B x Bgy. This completes the proof of Theorem A. n
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CHAPTER 3
SURFACE BUNDLES OVER SURFACES WITH
ARBITRARILY MANY FIBERINGS

3.1 The examples

The basic construction. To illustrate our general method we start by describing a con-
struction of a surface bundle over a surface ' admitting four fiberings p1, p2, p3,p4 : £ — Xg.

The monodromy of this bundle was first considered by Korkmaz!

, as an example of an em-
bedding of a surface group inside the Torelli group. Related constructions were also used by
Baykur and Margalit to construct Lefschetz fibrations that are not fiber-sums of holomorphic
ones in [3]. For what follows it will be necessary to give a direct topological construction of
the total space.

The method of construction is to perform a “section sum” of two surface bundles over sur-
faces (see [2] for a discussion of the section sum operation, including an equivalent description
on the level of the monodromy representation). Let ¥4, — M7 — 3, and X4y — Mo — 3,
be two surface bundles over a base space ¥j,, and for ¢ = 1,2 let g; : 3}, — M; be sections of
M, My. If the Euler numbers of 01,09 are equal up to sign, then it is possible to perform
a fiberwise connect-sum of My, My along tubular neighborhoods of Im(o;) (possibly after
reversing orientation), giving rise to a surface bundle 34, 44, = M — Xj,. In what follows,
we will give a more detailed description of this construction and explain how it can be used

to produce surface bundles over surfaces with many fiberings.

Remark 3.1.1. We have chosen to present an example here where all of the fiberings have
the same genus. In fact, the four fiberings presented here are equivalent up to fiberwise
diffeomorphism, but not up to m-fiberwise diffeomorphism. We stress here that this is not
an essential feature of the general method of construction described in the chapter, but merely
the simplest example which requires the least amount of cumbersome notation. See Remark
3.1.4 for more on why mq-fiberwise diffeomorphism is an important notion of equivalence for
our purposes, and see Theorem 3.1.12 for the most general method of construction, which
can produce 4-manifolds that fiber as surface bundles in arbitrarily many ways with surfaces
of distinct genera. It is worth noting that if E* fibers as a Yg-bundle and a ¥j-bundle,
for g # h, then clearly these two fiberings are distinct, up to bundle isomorphism, fiberwise

diffeomorphism, or 7q-fiberwise diffeomorphism, since the fibers are not even homeomorphic!

For g > 2, consider the product bundle £y = ¥4 x X4 with projection maps py,pg :
E1 — X4 onto the first (resp. second) factor. Let N be an open tubular neighborhood of

1. Unpublished; communicated to the author by D. Margalit.
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Figure 3.1: A cartoon rendering of F, depicted as shaded. The boundaries are identified.

the diagonal A. The manifold £ is then constructed as the double
E=(E1\N)Ugy (E1\ N),

where the boundary components ON are identified via the identity map. We let ET, E~
denote the “upper” and “lower” copies of £ \ N contained in E. See Figure 3.1.

E is equipped with four fiberings p1,p2,p3,p4 : E — Xg. These correspond to the four
combinations of horizontal and vertical fiberings on £ and E~. For each p;, we will exhibit
collar neighborhoods of OE™ relative to which the given p; will be smooth.

To describe these collar neighborhoods, we endow Y4 with the structure of a Riemann
surface. Via uniformization, this gives rise to a Riemannian metric, inducing a path metric
d on Yg. Relative to d, there is a neighborhood N of the diagonal A, for suitably small &,
given via

N ={(z,w) € By x ¥y | d(z,w) < e}.

The boundary dN is parameterized via the Riemannian exponential map exp, at each z € g

(for convenience we locally parameterize the circle of radius € about 0 € T,%, using the
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complex exponential):

ON = {(z,w) | |sz| =¢}
= {<z,expz(eef">> |0 €[0,2m)}
= {(exp,(—ee™?),2) | 6 € 0, 2m)}.

p1 is defined using the vertical projection py on each component. A suitable collar
neighborhood (on either component) is given locally (for ¢ € [1,2)) by

Oy (z,e.1) = (2, exp, (tee™)).

Similarly po is defined using the horizontal projection pg on each component. A suitable
collar neighborhood of either boundary component is now given locally (again for ¢ € [1,2))
by

O (z,e,t) = (expz(—tsew), z).

The remaining projections ps, p4 are defined using py on one component and pg on the
other. To realize these as smooth maps it will be necessary to modify the choice of boundary
identification made in the construction of E. Consider the isotopy ht : N x [0,1] — ON
given locally by

hi(z,exp, (2e)) = (exp, (—tee'), exp, (1 — t)ee'?))).

More intrinsically, h; acts by rigidly translating the pair (z,w) a distance te along the
geodesic ray from w to z; from this point of view it is clear that h; is a diffeomorphism, and
so h is indeed an isotopy.

As hg = id, there is a diffeomorphism
fiE— (Er\N)Up, (E1\N).

p3 is defined on (E7 \ N) Uy, (Eq \ N) using py on the first component and py on the
second. Note that

py (2, exp,(e€)) = (pg o h1) (2, exp, (ee?)) = z,

so p3 is well-defined. Moreover, p3 is smooth relative to the collar neighborhoods 6y, on the
first component and 6 on the second.
Completely analogously, p4 is defined on (E7 \ N) Uy, (£1 \ N) using py on the first

component and py on the second. See Figures 3.2 and 3.3 for some depictions of the fibering
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P4.

It is clear that each p; is a proper surjective submersion; consequently by Ehresmann’s
theorem each p; realizes E as the total space of a fiber bundle. In each case the base space
is g, while the fiber is Mg#3; = Yo

We next recall the notion of m-fiberwise diffeomorphism from [32]. We say that two
fiberings p1 : E — By, p2 : E — By of a surface bundle are 71 -fiberwise diffeomorphic if

1. The bundles p1 : E — By and pg : E — B9 are fiberwise diffeomorphic. That is, there

exists a commutative diagram

Y. F

W |

By —> B>

with ¢, a diffeomorphisms.
2. The induced map ¢« preserves 71 F1, i.e. ¢s(m1F)) = w1 Fy (here, as always, F; denotes
a fiber of p;).

In Chapter 2, we gave the following criterion for two bundle structures to be distinct up
to mp-fiberwise diffeomorphisms (Proposition 2.2.1):

Proposition 3.1.2. Suppose E is the total space of a surface bundle over a surface in two
ways: p1 : E — By and py : E — Bg. Let Fy, Fy denote fibers of p1,p2 respectively. Then

the following are equivalent:
1. The fiberings p1,pa are m-fiberwise diffeomorphic.
2. The fiber subgroups m F1,m1Fy < m E are equal.
If deg(p1 X p2) # 0 then the bundle structures p; and py are distinct.
With this characterization in mind, we will establish the following theorem.

Theorem 3.1.3. The fiberings p; : E — X4 for i =1,2,3,4 constructed above are pairwise

distinct up to w-fiberwise diffeomorphisms.

Proof. To show that the projections p; as defined are pairwise distinct, we will appeal to
condition (2) of Proposition 3.1.2. For each i, the long exact sequence in homotopy of a

fibration reduces to a short exact sequence

pi,
1 ——mF; —>7T1E—Z*>7T129 — 1.
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Figure 3.2: The fibering py : £ — 4. The fiber over w € X4 is shaded. On the upper
portion of the bundle it intersects each of the py/-fibers in a single point.

To show that 71 F; and 71 Fj are distinct for distinct i, j, it therefore suffices to produce an
element x € m F; such that p;.(x) # 1 in mX;. Let i and j be distinct. Without loss of
generality, suppose that p; is defined via py, on ET, while pj is defined on E™ via ppy. Let
F; and F); denote generic fibers of p;, p; respectively. Both of F; N ET and F;n ET are
homeomorphic to Eé, the surface of genus g and one boundary component.

Let v C Eé be a non-peripheral loop representing a nontrivial element of 7r121, and
identify v with a loop in F;. Then [y] € 7 F; by construction (and is nontrivial), while
pj(v) = pH(y) = 7. Here 7 is viewed as a loop in ¥4 under the natural inclusion of 2517. As
~v was chosen to be non-peripheral and essential in Y1 it remains homotopically nontrivial
in Xg. It follows that w1 F; and w1 F; are distinct for all distinct 4,5 € {1,2,3,4}. Per

Proposition 3.1.2, p; and p; are not mi-fiberwise diffeomorphic as claimed. m

Remark 3.1.4. As remarked above, the four fiberings constructed above are in fact fiberwise
diffeomorphic, by applying factor-swapping involutions (z,y) — (y, ) on one or more of the
components E*. This same phenomenon appears for trivial bundles Yg X Xp. When g # h
the projections onto the first and second factors clearly yield inequivalent bundles, as the
fibers are not even the same manifold. On the other hand, when g = h, the factor-swapping

involution yields a bundle isomorphism between the horizontal and vertical projections of
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Figure 3.3: A second cartoon sketch of the fibering py.

Yg X Xg. However, in both of these examples the fiberings are not mj-fiberwise diffeomor-
phic. Moreover, Proposition 3.1.2 shows that m-fiberwise diffeomorphism is equivalent to
the natural notion of equivalence on the group-theoretic level. For this reason, we believe
that mq-fiberwise diffeomorphism is an important notion of equivalence for surface bundles
over surfaces. By using the techniques of Theorem 3.1.12, one can construct surface bundles
over surfaces with arbitrarily many fiberings for which the fibers all have distinct genera,
and therefore certainly give examples of bundles where the fiberings are not fiberwise diffeo-

morphic.

Remark 3.1.5. Via the Seifert-van Kampen theorem, it is possible to compute
mE=T*yrs, T, (3.1)
where I' = 11 (Xg x ¥4\ V) and UTX, denotes the unit tangent bundle. Let
w1 1 Mg X g\ N = 3

denote the vertical projection, and define wy similarly as the horizontal projection. Relative
to the isomorphism of (3.1), the induced maps of the four fiberings (p;)x : mE — mX,
correspond to the four amalgamations (c;)x * ()« : I *mUTS, I = m1Xg.
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As remarked above, the bundle p; : E — Y, was originally considered by Korkmaz
(see Footnote 1 of [3]), who constructed its monodromy representation as an example of
an embedding p : Xy — Zy,. We now give a description of this embedding. Let Modé
denote the mapping class group of a surface with one boundary component (where as usual
the isotopies are required to fix the boundary component pointwise). We will denote this

boundary curve by 7. Consider the embedding

f 1 m(UT(Sy)) — Mody x Mod,
o+ (Push(a), F~! o Push(a) o F),

where F' : Z}] — Eé is any orientation-reversing diffeomorphism. Compose this with the
map
. 1 1
h : Mody x Mod, — Modg,

obtained by juxtaposing the mapping classes (z,y) on the two halves of ¥9,. Let 7 €
m(UT(Xy)) denote the loop around the circle fiber in UT4 in the positive direction as
specified by the orientation on ¥4. The map Push(y) € Mod(Z;) corresponds to a positive

twist about 1. We claim that h(f(y)) = id. Indeed, the notion of “positive” twist is relative

to a choice of orientation, and after the boundary components of the two copies of Egl] have

been identified, the two twists correspond to a positive and negative twist about 7, and so

the result is isotopic to the identity.

The element v € m1(UT'(X4)) generates a normal subgroup, and the quotient 71 (UT'(X4))/(7) =~

m2g. Therefore, we arrive at an embedding p : 7135 — Mody, as follows.

T(UT(3g)) . Mody x Mod}, —h; Mods,

Lemma 3.1.6. The image of p is contained in the Torelli group Zog.

Proof. Let {a1, /1, .., aq, B¢} be a collection of simple closed curves for which the homology

classes {[a1],...,[Bg]} comprise a generating set for Hl(Z;). Let F : Eé — Zé be the

orientation-reversing map in the definition of f. We can then view X9, as 251} Ugst F (Zé).
9

Define

B={a1,...,Bg, F(a1),...,F(Bg)}.

It follows that the homology classes {[av1], ..., [Bg], [F(a1)], ..., [F(B¢)]} comprise a gen-
erating set for H7(¥g,). To determine whether a mapping class ¢ € Mod(Xg,) is contained
in Zyg, it suffices to show that the homology class of each «;, 8;, F(;), F'(3;) is preserved
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by ¢. Up to isotopy, n is preserved by the action of m1¥y via p, so it suffices to consider
how w134 acts on both copies of Zé. If x € mXg is given, then on Zé, the effect of p(x)
is to push the boundary component around a loop in ¥, in the homotopy class of z. As is
well-known (see, for example, [8], section 6.5.2), the curves n and p(x)(n) are homologous,

for any choice of z € T34 and 1 a simple closed curve on Eé. In particular,

[o(x)(e1)] = laa], -, [p()(Bg)] = [Bgl,

where these homologies hold in Zé and so necessarily also in Xgg. The element x € 7134 acts
on the other half of X9, via conjugation by F', and so similarly the curves F'(aq), ..., F(f8g)
are preserved on the level of homology. As we have shown that each homology class of
a generating set for Hi(¥g,) is preserved under Im(p), it follows that Im(p) < Zo, as

claimed. O

Theorem 3.1.7. The monodromy of any of the surface bundle structures p; : E — 3g (i =
1,2,3,4) is the map p: m1 X4 — Ts4 described above.

Proof. We begin by considering py. Let x € 1Y, be given. The image of the monodromy
representation pu(x) € Mods, is computed by selecting some immersed representative «y for z,
considering the pullback of the bundle £ — ¥4 along the immersion map S L Y4 specified
by v, and determining the monodromy of this fibered 3-manifold.

The bundle p; : & — Y4 is constructed so that the fiber over w € X4 consists of two
disjoint copies of ¥4 connect-summed along disks centered at w. This means that as one
traverses a loop v C Y4, the effect of the monodromy is to drag the cylinder connecting the
two halves along the loops in either half corresponding to v. As a mapping class, this is
exactly the map p(z) described above.

Now let mE =T ¥ UTY, I' as in Remark 3.1.5. There is an involution ¢ : I' — I’
induced from the factor-swapping map on ¥4 x X4 \ ¥(A). Let @i, wy denote the vertical
(resp. horizontal) projection Y4 x X4\ (¢(A)) = X4. Then (@;)« 0t = (wjq1)s for i = 1,2
interpreted mod 2. As ¢ preserves mUTY,, it can be extended to an automorphism of
either factor of mE = I' s yry, I'. In other words, the four surface-by-surface group
extension structures on 71 F are in the same orbit of the action of Aut(mqE). Consequently,
the monodromy representations r : m13g — Out(mX94) are the same. As r is identified
with the topological monodromy representation p : w13y — Modg, under the Dehn-Nielsen-
Baer isomorphism Mody, ~ Out+(7r1229), this shows that any of the four monodromy

representations are equal. ]

We summarize the results of the basic construction in the following theorem.
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Figure 3.4: An example of a graph X equipped with a labeling of the half-edges by elements
of G =7/3 ~ {1,w,w?} the group of third roots of unity.

Theorem 3.1.8. For any g > 2, there exists a 4-manifold E which admits four fiberings
pi B — Yg0 = 1,2,3,4 as a Yg4-bundle over ¥4 that are pairwise distinct up to -
fiberwise diffeomorphism. For each i, the monodromy p; : m¥%g — Modag of p; : E — X4 is
contained in the Torelli group Loy .

Surface bundles over surfaces with n distinct fiberings. We next extend the con-
struction given in the previous subsection to yield examples of surface bundles over surfaces
with n distinct (up to mi-fiberwise diffeomorphism) fiberings for arbitrary n. Let X be a
connected bipartite graph with vertex set V(X) and edge set E(X) of cardinalities C, D
respectively. As X is bipartite, it admits a coloring ¢ : V(X) — {+, —} in such a way that
if v is colored with =+, then all the vertices w adjacent to v are colored F. Consequently we
define 6% : E(X) — V(X) be the map which sends e to the vertex v € e colored +.

Let G be a finite group with |G| = n, where n is an integer such that every v € V(X)
has valence at most n. Assign labelings ¢* : E (X) — G to the half-edges of X, subject to

the restriction that ¢ is an injection when restricted to
{e € B(X) | 6% (e) = v}

for any v € V(X). In other words, the set of half-edges adjacent to any vertex must have

distinct labelings. See Figure 3.4.

Let X be a surface admitting a free action of (G, such as the one depicted in Figure 3.5. For
each v € V(X), consider the 4-manifold E} = ¥ x X, oriented so that the orientations on £}
and B}’ disagree whenever ¢(v) # c¢(w). Each E{ admits two projections pUL pt2 EY =%,
onto the first (resp. second) factor.
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Figure 3.5: A surface ¥ admitting a free action of G = {1,w,w2}. With respect to the
labeling in Figure 3.4, the fiber of Ef over x € ¥ has neighborhoods of z,w - x, and w? -z
removed.

For x € G, let
A" ={(w,z-w) |[weX}CE XX

be the graph of x : ¥ — Y. By abuse of notation we can view A% as embedded in any of
the E]. Let A be the disconnected surface embedded in £y = UveV( x) EY for which

AnEy = Jare,
vee
Let N denote the e-neighborhood of A. There is a decomposition
N= |J n°
ecE(X)

and a further decomposition
+
Ne= NeFUNST  with  NOEC B,

Each N&¥ is the e-neighborhood of a single component of A.

Define
Ey = Ep \ int(N)

and, for v € V(X),
EY = By EY.
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Figure 3.6: A schematic rendering of the 4-manifold Ex associated to the graph X of Figure
3.4 and the surface ¥ of Figure 3.5. The lines connecting the components indicate how the
various N€¢ are attached.

The orientation convention ensures that for each e € FE, the Euler numbers of the disk
bundles N©* are given by +x(X). Their boundaries can therefore be identified via an
orientation-reversing diffeomorphism. As in the previous construction, it will be convenient
to specify the gluing maps only up to isotopy, and as before we will take the isotopy class of
the identity.

With these conventions in place, we define the (connected oriented) 4-manifold

Ex= |J Ej
veV(X)

glued together as prescribed by the labeled graph X with all identifications of boundary
components in the isotopy class of the identity. Figure 3.5 depicts a portion of the fiber of
Ex for the graph X of Figure 3.4. Figure 3.6 depicts the total space of E'xy. The portion
of the fiber shown in Figure 3.5 is the portion contained in the central component of Figure
3.6.
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Theorem 3.1.9. Let X be a connected finite bipartite graph, possibly with multiple edges,
with vertex set V(X) and edge set E(X) of cardinalities C, D respectively. Then,

1. There is a surface X x such that the manifold Ex constructed above admits 2C fiberings
pf : B — Y x as a surface bundle over a surface, indexed by the set of maps f : V(X) —
{1,2}. The fiberings are pairwise-inequivalent up to mi-fiberwise diffeomorphism.

2. When X is a tree we can take ¥ x = X. Otherwise, X x admits a finite-sheeted reqular
covering by 3.

3. The total space Ex has the structure of a graph of groups modeled on X where the
vertex groups are free-by-surface group extensions I' and the edge groups are given by
mUTY (with notation as in Remark 3.1.5).

Proof. The construction of pf is now complicated by the fact that one must take care to
make the restrictions of pf to adjacent components Ej match up along the identification
sites. The construction is simplest in the case where X is a tree. Choose some root vertex v.
Given f: V(X) — {1,2}, define p! on the root component E3 via pv-f (v), Next consider an
adjacent vertex w. Then there is a unique element 7 € G for which p¥/ (®) and 7o p-f (w)
agree on the intersection Ej N EY’, and we define p/ on Ey as this 7o p2f (W) In this way,
we can continue through the tree X defining pf one component at a time.

For a general bipartite graph X, it is possible that the 7 as above need not be unique.
To rectify this, we define a subgroup G/ < G as follows. Choose a root vertex v as above.
The procedure above assigns an element 74 € G to each simplicial path v from v to some

L as 7,7 range over

vertex w. Define G/ < G as the group generated by elements 7'77',;
all simplicial paths in X ending at a common vertex. Define Yy = 3/G’, and denote the
projection ¥ — X x by ¢. Then, defining p/ on each component E5 as qo pvsf (v) yields a
well-defined map.

To realize pf as a smooth map, it is necessary to specify gluing maps identifying the
various components of Fo, as well as appropriate collar neighborhoods. We proceed exactly
as in Theorem 3.1.8. For each x € G, there is an identification of (neighborhoods of) A" with
Al via the action of the diffeomorphism id xz ! of ¥ x 3. Relative to these identifications,
we will speak of identifying d(N®*) and O(N®~) via id or by h; as in Theorem 3.1.8.
Likewise, we will speak of the collar neighborhoods 61 and 6y of d(N®T) (referred to as 6y
and Og respectively in Theorem 3.1.8).

The identifications are indexed via F(X). As in Theorem 3.1.8, identify d(N®T) and
O(N&™) via id if f(0T(e)) = f(6(e)) and via hy otherwise. Then a collar neighborhood of

O(N®) for which p/ is smooth is given by 0 (5 ().
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The argument that each of the fiberings are distinct up to mi-fiberwise diffeomorphism
proceeds along the same lines as in Theorem 3.1.3. If f1, fo : V(X) — {1,2} are distinct,
then there exists at least one v for which f1(v) # fa(v). Arguing as in Theorem 3.1.3, one
produces an essential loop v C 5 contained in the fiber of f| that projects onto an essential
loop under fo.

By definition, a graph of groups on a graph X is constructed by connecting Eilenberg-
Mac Lane spaces K(I'y, 1) indexed by the vertices, along mapping cylinders induced from
homomorphisms ¢e : I'e — I'y. In our setting, for each v € V(X), the space EJ is a
K(m EY,1) space, since it is the total space of a fibration ¥ — EY — X, where ¥’ is
obtained from Y by removing n open disks, one for each edge incident to v. As the base
and the fiber of this fibration are both aspherical, it follows from the homotopy long exact
sequence that FEY is aspherical as well. The edge spaces are given by 9(NN ei), each of
which is diffeomorphic to the aspherical space UTX. It follows that Ex is indeed a graph
of groups. O]

Remark 3.1.10. In contrast with the construction in Theorem 3.1.8, the monodromy rep-
resentations associated to an arbitrary E'y need not be contained in the Torelli group. For
example, let X be a graph with two vertices and two edges connecting them. We can take
> to be a surface of genus 3. Then it is easy to find elements of the monodromy that do not
preserve the homology of the fiber. See Figure 3.7.

It can also be seen from this point of view that the images of the monodromy represen-
tations will be contained in the Lagrangian mapping class group Lg, defined as follows. The
algebraic intersection pairing endows Hj(Xg,Z) with a symplectic structure, and there is a
decomposition

H1(3g,Z) = Ly ® Ly

as a direct sum, with the property that the algebraic intersection pairing restricts trivially
to Ly and to Ly. Then

Ly :={fe€Mody | f(Lz) = Lz}

Suppose X has been constructed from a finite graph X as in Theorem 3.1.9. Let p :

m1% — Mod(X) be the associated monodromy. There is a Lagrangian subspace of Hq(X) of

L= @ L,&C,

veV(X)

the form

where L, is a Lagrangian subspace of the fiber of £, and C < Hj(X) is the (possibly empty)

subspace generated by the homology classes of the former boundary components in . By
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Figure 3.7: The lighter curve is taken to the darker one under the monodromy action asso-
ciated to the loop on the base surface. The dark and the light curves are not homologous.
The identifications of the boundary components have been indicated by cylinders.

construction, for all z € L, and all g € 71(3), the equation

plg)(z) =z +c

holds in H1(X), for some appropriate ¢ € C. As C is fixed elementwise by the action of p, it
follows that L is indeed a p-invariant Lagrangian subspace.

In [31], Sakasai showed that the first MMM class ey € H?(Mody,Z) vanishes when
restricted to L. It follows that the surface bundles over surfaces constructed in this section
all have signature zero. More generally, suppose ¥y — E — X, is a surface bundle over
a surface with monodromy representation p : w13, — I', where I' < Mody is a subgroup.
We can view the bundle E — ¥, as giving rise to a homology class [E] € Hs(T',Z), e.g. by
taking the pushforward ps«([2;]) of the fundamental class.

Question 3.1.11. Do the examples of surface bundles over surfaces given in Theorem 5.1.9
determine nonzero classes in Lg% For a fized g, what is the dimension of the space spanned
in Hao(Ly,Q) by the examples in Theorem 3.1.9 with fiber genus g?

Further constructions. It is possible to extend the constructions in Theorem 3.1.8 and

Theorem 3.1.9 to obtain examples where the base and fibers of distinct fiberings do not all
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have the same genus. The author is grateful to D. Margalit for suggesting the basic idea

underlying the constructions in this subsection.

Theorem 3.1.12. Let X be a surface admitting a free action by a finite group G of order n,
let X be a connected bipartite graph of mazimal valence n, and let f¥ : 3 — XV forv € V(X)
be covering maps, not necessarily distinct. Then there exists a 4-manifold Ex admitting
[V(X)| 4 1 fiberings p°, p¥(v € V(X)), with p° : Ex — ¥ and p” : Ex — XV all projection
maps for surface bundle structures on E, distinct up to mw-fiberwise diffeomorphism. If the
surfaces XV and X% have distinct genera, the fiberings p¥,p*' are distinct up to fiberwise

diffeomorphism.

Proof. Let 20 be a closed surface of genus ¢ that admits coverings f1 : 0 — 2! and
1220 5 %2 of degree dy,ds respectively. For i = 1,2, consider the graphs I'; C 20 x 3t
of the coverings f’. Thicken these to tubular neighborhoods Nt. Each ON' is an S1-bundle
over ¥V with Euler number X(ZO). By reversing the orientation on one of the components,
it is therefore possible to fiberwise connect-sum X9 x £ and 9 x £2 along N! and N2 to
make the 4-manifold FE.

Let py : Ep — 30 and piq : E% — 2 be the vertical and horizontal projections. These
can be combined in various ways to define three distinct fiberings on E. The first fibering
po : E — Y0 is given by the projection onto the first factor on both coordinates of Es, so
that the fiber is ©1#32. The second fibering p; : F — vl s given by pllq on E%, and by
flo py on E% . Let F} denote the fiber of p; over w € 1. Then (relative to an appropriate

metric d and a suitable € > 0)
1 _ 0 1 1
FinEy ={(y,w) € 57 x X" [ d(f*(y), w) = €}

is a copy of X0 with d; disks removed (recall that d; is the degree of the covering f* : 20
»%). In turn,

FINE3={(v,y) € 29 x 22| f1(v) = w,d(f%(v),y) > e}

consists of d; copies of ¥2, each with one boundary component. In total then,

#dy
F =04 (22) .
When d; > 1, the monodromy of p; is not contained in the Torelli group Zy. Let v be
a loop on ¥ which lifts to an arc 4 C X0 with endpoints v, v9. Then the component of
Fin E% lying over v € 30 is sent to the component lying over vy. If x is a loop in the
first component representing some nontrivial homology class in F, then p(vy)(x) is a distinct

homology class in F}, and so the monodromy of p; has a nontrivial action on Hy(X4, Z).
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The construction of py : E — 32 is completely analogous. The fibering py is given by
f2 o py on E21 and by p%l on E% The fiber is of the form

Fy = 04 <21>#d2 .

As in the previous constructions it is necessary to specify the precise identification maps
as well as collar neighborhoods. The internal details proceed along similar lines as before,
except that the boundary identifications require some further comment. Realize ON i asa
subset of XV x X% Then ON' is the total space of two different fiber bundle structures
inherited respectively from py and p’ﬁ. The identification maps for the various p; will be
constructed so as to preserve fibers of these various fiberings.

For py, identify N1 and ON?2 in a fiber-preserving way with respect to py on both dNy
and Ny. For py, identify ON! and N2 so that pllq-ﬁbers on 0Ny correspond to py-fibers
ONs. More precisely, given z € 21, the pllq-ﬁber of z consists of d; disjoint circles projecting
down to circles in X0 centered at the points of (f1)71(2). For every 2 € X9, the identification
of N1 and 0 N9 identifies p‘_/1 (x) with the component of (p}{)_l(fl (x)) centered over x. The
identification of N1, ON? appropriate for py is constructed analogously, matching py-fibers
of ON7 with p%{—ﬁbers of ONy.

The straight-line isotopy h; constructed in the course of Theorem 3.1.8 was purely local
in its definition. The same formulas as before show that the three gluing maps constructed

in the above paragraph are mutually isotopic, and the construction proceeds as before.

It is also possible to generalize the construction of Theorem 3.1.9, so that the surfaces
used in the construction of E'x are all covered by . For v € V(X), let fV : ¥ — ¥, be
a covering. Suppose that each ¥, admits a free action of a group Gy, such that |Gy is
at least the valence of v. We may then repeat the construction of Theorem 3.1.9, taking

{ =X xXy. Since Gy acts freely, for g, h € Gy, the graphs of go f¥ and ho f¥ are disjoint
as submanifolds of £}. We may then remove neighborhoods of these graphs to produce Ej
and connect the boundaries as in Theorem 3.1.9. The resulting E'x has at least |V/(X)| + 1
fiberings pg, py(v € V(X)). The first fibering py is defined on each £ via py, and the result
is a fiber bundle py : Ex — X. For v € V(X), define p, on the components EJ via

P w="v

polpw
2 1fo Py w F 0.
The result is a fibering p, : Ex — 2. ]

Example 3.1.13. Let ¥ be a surface admitting a free action of Z/2" for some n. For
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0 < k < n define &% = ©/(Z/2F). Let f¥: % — %F be the associated covering. Each ©¥
admits an action of Z/ 2”’]‘:, so that for £ < n — 1, each ¥ admits a free involution 7F.
Let X be the “line graph” with vertex set V(X) = {0,1,...,n}, such that {i,j} € E(X)
whenever |i — j| = 1.

In this setting, the construction of Theorem 3.1.12 produces a 4-manifold E* which fibers
as a surface bundle over ©¥ for each 0 < k < n. In more detail, define Ef =2 x ¥k For
0 < k < n—1, the graphs of fk and 7F o f"j are disjoint, and we attach Ef to E{Hl by
joining the graph of 7% o f* E{C to the graph of fF*l ¢ E{Hl. Although E7' does not
necessarily admit a free involution, the vertex n € X has valence 1, and E?_l can still be
joined to K7 using the rule described above, resulting in a 4-manifold Ex.

For 0 < k < n, there are fiberings p;. : Ex — >k defined on components E% C Ex via

Pk Pl T
kg =
2 | fropy j#k

Together, these realize Fx as the total space of a surface bundle over sk for each 0 < k < n.

3.2 Further questions

In this final section we collect together some questions about surface bundles over surfaces
with multiple fiberings. Our first line of inquiry concerns the number of possible fiberings

that surface bundles over a surface with given Euler characteristic can admit.

Proposition 3.2.1. Let E* be a 4-manifold with x(E) = 4d. Then E admits at most>
F(d) = og(d)(d + 1)*™*

fiberings as a surface bundle over a surface which are distinct up to w1 -fiberwise diffeomor-

phism, where og(d) denotes the number of divisors of d.

Proof. To obtain the explicit bound given above, we will first reproduce F.E.A. Johnson’s
original argument, incorporating some improvements suggested by J. Hillman. Let p: E —
Y, be the projection for a Xg-bundle structure on E. There is an associated short exact

sequence of fundamental groups

1> K—->mE—mX, =1, (3.2)

2. In fact, an additional argument, such as the one given in section 5.2 of [14], can be used to obtain the
slightly better bound oo (d)d?*+5. The bound given here is good enough for our purposes.

61



with K ~ m¥4 the fundamental group of the fiber.

We will first show that if g < h, then p determines the unique X4-bundle structure on E,
up to m-fiberwise diffeomorphism. Equivalently (by Proposition 3.1.2), it suffices to show
that (3.2) is the unique splitting of 71 £ as an extension of m1X;, by m13,.

Suppose p’ : E — Y, is a second fibering, giving rise to a short exact sequence
1 - K - mE — %, — 1.

Consider the projection ps|g. Suppose first that pi(K’) = {1}, or equivalently K’ <
kerpy = K. As K and K’ are both isomorphic to 71Xg, in this case K = K’

Suppose next that Im(ps|z) is nontrivial. In this case, the image p«(K’) is a nontrivial
finitely generated normal subgroup of the surface group m1%;. It is a general fact that if
N <1 mY), is any nontrivial finitely-generated normal subgroup, then /N has finite index in
712}, (cf Theorem 3.1 of [29]). No finite-index subgroup of 7%, is generated by strictly fewer
than 2h generators. On the other hand, K’ is generated by 2g generators by assumption.
This is a contradiction, and it follows that Im(p«|g7) = {1}. By the argument of the previous
paragraph, this shows that necessarily K = K’, and so p : E — %, is the unique Y.g-bundle
structure on E as claimed.

Returning to the general setting, suppose p : £ — X is a Xg-bundle over Xj;. As
before, let K =~ w13, denote the fundamental group of the fiber. The Euler characteristic is

multiplicative for fiber bundles:

X(E) = x(3g)x(Xp) = 4(g = 1)(h = 1).

Let d = (¢ — 1)(h — 1), so that x(E) = 4d. Any d + 1l-sheeted cover of 3; has genus
(h—1)d+h = (h—1)%(g — 1) + h, and this quantity is strictly larger than g. Let ¥ — %,
be such a cover, and let p: E — ¥ denote the pullback of p along this cover. Then p has the
property that the genus of the fiber is strictly smaller than the genus of the base. By the
above argument, K is the unique normal subgroup of 71 E isomorphic to m; ¥4 with surface
group quotient.

Let & : mE — Z/(d+ 1)Z be an epimorphism. If &(K) = 0, then & is induced from a
map « : %), — Z/(d+1)Z. Let ¥ denote the cover of ¥, associated to . Carrying out
the construction of the previous paragraph, it follows that to each such & there is at most
one Yg-bundle structure on E. As x(34) must divide x(E), it follows that £ can be the
total space of a ¥4-bundle for only finitely many g. As Hom(m1E, Z/(d + 1)Z) is finite, this
completes the portion of the argument due to F.E.A. Johnson.

Our own extremely modest contribution to Proposition 3.2.1 is to determine an explicit

upper bound on the maximal cardinality of Hom(m E,Z/(d 4+ 1)Z) over all possible surface
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bundles E of a fixed Euler characteristic 4d. It follows from (3.2) that a surface bundle
Yy — E — Y admits a generating set for m1 E of size 2g + 2h. As g, h range over all
possible pairs such that (g — 1)(h — 1) = d, the largest value of 2¢g + 2h is obtained for
g =d+1,h = 2. This shows that any surface bundle over a surface E with yx(E) = 4d has

a generating set with at most 2d + 6 generators. It follows that
Hom(m E, Z/(d + 1)Z)| < (d + 1)%@+6,

As noted above, for each o € Hom(m E,Z/(d + 1)Z), the corresponding cover E has at
most one Yg-bundle structure for each g > 2 such that g — 1 divides d. The bound in the

statement of the Proposition follows. m

We defined the function N(d) in the Introduction,

distinct up to m-fiberwise diffeomorphism.

N(d) := max{ "

there exists F4, x(E) < 4d, E admits n surface bundle structures }

Proposition 3.2.1 shows that N(d) < oq(d)(d + 1)24+6. Prior to the results of this chapter,
the best known lower bound on N(d) was N(d) > 2. Drastic improvements can be made by
making use of the construction of Theorem 3.1.9. Let X be a surface of genus 3 admitting a
free involution 7, and let X be the “line graph” with vertex set V(X) = {1,2,...,n}, such
that {i,7} € E(X) whenever |[i — j| = 1. According to Theorem 3.1.9, the corresponding
Ex has 2™ fiberings. For each fibering, the base has genus 3 and the fiber has genus 3n;
consequently x(Ex) =4-2-(3n — 1). This shows that

N(6n —2) > 2"
Combining this with Johnson’s upper bound, we obtain
2(+2)/6 < N(d) < og(d)(d + 1)%4+6.

Problem 3.2.2. Study the function N(d). Sharpen the known upper bounds on N, and

construct new examples of surface bundles over surfaces to improve the lower bounds.

One feature of the constructions given here is that they all take place within the smooth
category, and cannot be given complex or algebraic structures. Indeed, all of the monodromy
representations of the constructions of Section 3.1 globally fix the isotopy class of a curve
contained in the fiber (one of the former boundary components). H. Shiga has shown ([34])
that if F is a 4-manifold with a complex structure, B a Riemann surface, and p: E — B a
holomorphic map realizing F as the total space of a holomorphic family of Riemann surfaces,
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then the monodromy cannot globally fix the isotopy class of any curve. On the other hand, it
has been shown independently by J. Hillman, M. Kapovich, and D. Kotschick (cf. Theorem
13.7 of [14]) that if £ and B are as above and p : E — B is a smooth fibration of E over
B, then there exists a holomorphic map p’ : E — B that realizes E as the total space
of a holomorphic family of Riemann surfaces. Combining these results with the known
reducibility of the monodromies of the examples in this chapter, one sees that our examples
cannot be given complex structures. On the other hand, the examples of Atiyah and Kodaira

that admit two fiberings take place in the algebraic category, prompting the following.

Question 3.2.3. Let Etbea complex surface that is the total space of a surface bundle over
a surface p: E — X. Can such an E admit three or more such fiberings? More generally,
can a 4-manifold with nonzero signature admait three or more structures as a surface bundle

over a surface?

This question is closely related to a point raised briefly in the introduction, and we
remark that it is possible that the list of known fiberings of a given 4-manifold need not be

exhaustive. There can be “hidden” fiberings that are not immediately apparent.

Question 3.2.4. Are the two known fiberings of surface bundles over surfaces of the Atiyah-
Kodaira type the only surface bundle structures on these manifolds? Do the manifolds con-
structed in Section 3.1 admit more fiberings than described in this chapter? Is there some

finite-sheeted cover of an Atiyah-Kodaira manifold that admits three or more fiberings?
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CHAPTER 4
CUP PRODUCTS IN SURFACE BUNDLES

4.1 Preliminaries

4.1.1  Symplectic multilinear algebra

In this subsection, we lay out some basic facts concerning multilinear algebra over the Q-
vector space Hq(2g4;Q), as well as the representation theory of the symplectic group.

We recall the definitions Hy := Hp(34; Q) and Hl = Hl(Zg;Q). The intersection
pairing furnishes a nondegenerate alternating Sp(2g, Q)-invariant form p : H 1®2 — Q. This
form extends to a nondegenerate pairing C}. : (H i@k )€2 — Q given by

k
(a1 ®--@ap) @ (b1 @-- @b) — [ [ nla; @ b;). (4.1)
i=1

For u,v € Hl®k, the pairing satisfies Cj,(u ® v) = (—1)¥C (v @ u).
By convention, given a vector space V', the k" exterior power ARV will always be defined

as a quotient of V®* by imposing the skew-symmetry relations. Define the projection ¢ :
V®k s ARV There is a lift L : AFV — V®F given by

Liag A+ Nag) = > (=1)7aq) @+ @ ayp (4.2)
TESk

(to lighten the notational load, we will omit reference to k, which should be clear from
context). By construction, g o L = k!id.
There is a natural pairing C’I/{/, - (A*H)®2 = Q given by

(ar A-e-Aag) @ (by A+ Aby) = det(u(a; ®by)). (4.3)
The pairings C}. and C’;ﬂ are related via
Crlalar @ - @ap) @qb1 ®--- @ b)) = Cp(Llar A~ Nag) @ (b1 @ - @ by,))
=Cr(a1 ®--®ap) @ Ly A---Aby))
1
= ka(L(al A ANap) @ Lby A+ ANb)).
The map C’]’f cAZRH S Qs Sp(2g, Q)-equivariant (with respect to the trivial ac-
tion on Q), and it is a standard fact from representation theory that the invariant space

(AzkHl)Sp(ngQ) =~ Q, so that up to scalars, C’]’€ is the only such map.
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4.1.2  The Gysin homomorphism

In this subsection, we collect some basic information on the Gysin homomorphism in the
setting of local systems. Let X be a topological space. A local system on X is a Z[m X]-

module M. If M and N are local systems on X, there is an evaluation pairing
HP(X; M) ®@ Hp(X; N) = M @z, x) N

written o ® = +— (o, x); see [4, Section V.3]. While the Gysin homomorphism in the local
coefficient setting appears to not be treated in the literature, the construction is the same as
in the constant coefficient case; see for instance [27, Section 4.2.3]. The following proposition
collects the properties of the Gysin homomorphism that will be used throughout the rest of
the chapter.

Proposition 4.1.1 (Gysin basics). Suppose that © : E — B is a fibration with F" a closed
oriented n-manifold; let v : FF — E denote the inclusion of a fiber. Let M be a local system
on B, determining by pullback a local system (also denoted M) on E, which restricts to a

constant system of coefficients on F.
1. There are homomorphisms
m: H (E;M) — H*™"(B; M)
and
m Ha(B; M) = Hapn(E; M),

called Gysin homomorphisms. Foru € H™(E; M), the Gysin homomorphism coincides
with the edge map * - H"(E; M) — HO(B; H"(F; M)). If 7 is an oriented F-bundle
in the sense that HO(B; H"(F; M)) = H"(F; M) = M, then there is an expression

where [F] € Hy(F) denotes the fundamental class.

2. If N is another local system on B and f: M — N is a map of local systems, then fy

and m commute.

3. Letu € HY(E; M) and v € HI(B; N) be given. Then there is an equality of elements
in HHI="(B; M ® N)

m(ur (v)) = m(u)v.
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4. Ifue HY(E; M) and = € H;(B; N) are given, there is an adjunction formula

(mi(u), 2) = (u, 7 (2))

of elements in M ®7[r B N.

4.2 Twisted MMM classes

In this section, we review the theory of twisted MMM classes, drawing on the work of
Kawazumi and Morita in [20]. As above, let Mod, denote the mapping class group of a
closed surface, and let Modg « denote the mapping class group of a closed surface with a
marked point. There is the projection m : Modg x — Modg giving rise to the Birman exact
sequence

1——m(Ey) ——Modg + —— Modg — 1.

Form the fiber product Modg « via the diagram

Modg7* L‘ Modg)*

N

Modg’* . Modg

The section o : Modg « — Mody « is given by o(¢) = (¢, ¢). There is an isomorphism
Modg7* = ™1 (Eg) X Modg,*

via
(6,0) = (o1, 9).

Under this isomorphism, o is given by o(¢) = (1, ¢). This semi-direct product decomposition
gives rise to a cocycle kg € Zl(Modg,*, Hq) via

By an abuse of notation we will also use kg to denote the associated element of H! (mg,*; Hy).
By construction, (*ky = id € Hl(ng; Hy), and it is also clear that o*(kg) = 0.

Let e €¢ H 2(Modg,*) denote the Euler class of the vertical tangent bundle. For conve-
nience, let & € H%(Modg ) denote 7*(e). The twisted MMM classes defined below were

introduced by Kawazumi in [19].
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Definition 4.2.1 (Twisted MMM classes). Let i,j > 0. The twisted MMM class m;; €
H?%I=2(Mody «; Hf@k) is defined as

mi; = W!(éikg)).

For j = 0, this definition specializes to m; o = m(e') = e;_1, the (i — 1)t (classical) MMM
class.

Remark 4.2.2. Via the graded-commutativity of the cup product, the class
‘ , 2
k) € H/ (Modg«; H,?)

in fact is valued in the subspace L(AJHp), and the same is therefore true of m;;. In
accordance with our convention that AJHj is a quotient of Hig) 7 we will avoid writing
mi; € H2i+j_2(MOdg7*; /\jﬂl).

The formulas at the heart of the present chapter are best expressed using a sort of

“interior product”. It will be convenient to first introduce the following piece of notation.

Definition 4.2.3. Let ¢ > 2j be given. Let T; ; € End H?i be the automorphism induced
by permuting the factors via the permutation f;; € S; given by

2k—1 k<j
fij(k)=<Q2(k—j) j+1<k<2j
k k> 27

The effect of f;; is to “interlace” the first 2j factors, making the Kt factor adjacent to the

k + j)t" factor. f;; factors as a composition of (7 e transpositions of adjacent factors.
J ij ) J

When i = 27, the notation will be abbreviated to Tj := Ty; ;.

Definition 4.2.4. Let o € H™(Modg; H{") and z; € Hdi(Modg7*;H1) be given for
1 <4 <k <n. Define the class

as(xy,...,zp) € H™ 2 di(Modg7*; H?n_k)
by the formula

as(zy, .., ap) = (WF @1d®" ) o T,y g s (21 - 2 ).
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This formula can be equivalently expressed using C}.:
_ s 1®9n—k
as(zy,...,x) = (Chp ®@1id Jx(x1 .. 2 Q).

Let f : I — Modg be a homomorphism from a group II to the mapping class group. The
fiber product ILe = IT xyjoq, Modg,« admits an extension of groups

1——=m(y) — 1L, ——=1I L (4.4)

The following proposition gives a canonical splitting on H*(II.). It appears as |20,

Proposition 5.2].

Proposition 4.2.5 (Kawazumi-Morita). Suppose that there ezists a cohomology class 6 €
H?(I1,.) such that
m(6) = (1%6,[S,)) = 1 € HO(I).

Let
0 =60 — 7" m (6%

which also satisfies m(0') = 1. The following statements hold:

1. For any QII-module M, the Lyndon-Hochschild-Serre spectral sequence of the exten-
sion (4.4) collapses at the Eo-term, and the cohomology group H*(Ilx; M) naturally

decomposes as
H*(I; M) = H*72(I; M) @ H* (I H; @ M) & H*(IT; M).
2. There exists a unique element x € Hl(l_[*; Hy) satisfying
dx =id € H'(m1(Sg); Hy),  and m(0x) = m(6'x) =0,
3. The homomorphism e : H*~Y(II; Hy ® M) — H*(ILy; M) given by
e(v) = (n@idy)s(ro x)  (ve H* NI Hy © M)) (4.5)

is a left inverse of the edge homomorphism my : ker m — E;o_l’l = H*fl(H; Hi® M).

4. Explicitly, for any u € H*(I1y; M):

u=0'w"m(u) — g m(ux) x) + 7 m(0u). (4.6)

69



Remark 4.2.6. The primary case of interest will be the “universal” one, taking IT = Mody,«
and IT, = M—odg,*. In [24], Morita constructs a class v € H 2 (M_odg7*) satisfying the properties
of 0 listed in Proposition 4.2.5. Letting y,, denote the element y associated to v given by
(2) of Proposition 4.2.5, Kawazumi-Morita show in [20] that x, = k.

As was established by Kawazumi-Morita, the class v € H 2(Mod%*) satisfies certain
additional useful formulae; in essence, it behaves like a “Thom class” for surface bundles

with section. These results are taken from [20, Theorem 5.1].

Theorem 4.2.7 (Kawazumi-Morita). There is a class v € Hz(Modgv*) satisfying the fol-

lowing properties.
1. myv=1.
2. For anyu € H* (M_odg,*; M), there is an equality
vu = vrtotu.

Consequently,
m(vu) = o*u. (4.7)

3. m?) =o'v=e.
The following lemma gives a useful alternative characterization of Ime.

Lemma 4.2.8. For all p > 1, there is an equality

Ime = ker m Nker o™
of subspaces of HP(Modg «).

Proof. The containment Ime C ker m follows from the calculation

1 (ps (70 ko)) = s (m (77w Ko))
= s (um (o))
—0,

with the equality m(kg) = 0 holding for degree reasons.
To establish the containment Ime C ker o™, recall the formula (4.7). Applied to u =
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(kg 7*u) € Tme, the formula gives

ot = m (v s ko))

= m(ps (v 7 ko))

= px(u m(vko))
=0,

with the equality ps(u m(vkg)) = 0 coming from Proposition 4.2.5.2.
The reverse containment is a consequence of the explicit form of the splitting on H”(Modg «)
given by Proposition 4.2.5.4. If u € kerm N ker o*, then the first and third components in

this splitting vanish (recalling that m(vu) = c*u), and so u € Ime as desired. O

4.3 Proof of Theorem C

The first part of Theorem C asserts the existence of a splitting on H*(FE). This is precisely
the content of Proposition 4.2.5.1. It remains to establish the formulas for the components
given in (1.3, 1.4, 1.5).
Per Proposition 4.2.5.4, the HP~2(B)-component of £(x1) . . . e(zy,) is given by m(e(z1) . . . £(x)).
Consider the element

7 (wy .. ap)kl € HP (B HP?F).

Recall the interlacing operator 7}, of Definition 4.2.3. As an automorphism of H1®2k , it is

the composition of (kgl) transpositions of adjacent factors. Via the graded-commutativity

of the cup product,
Tpw (7 (@1 ap)kg) = (1) (7*21 ko). .. (7%, ko),

where
k—1

y=) (k—i)d;—1). (4.8)

1=1

From the definition of € given in Proposition 4.2.5.3,

e(xi) = ps(m7zi ko).

It follows that
(1% 0 T)u(m™ (21 . k) = (—1)7e(w1) .. 2(xy).
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Via the commutativity of (u®* o T}.)s with m (Proposition 4.1.1.2),

(=17 (u®F o Tp)u(my(x* (a1 . .. 2 )kE}))
(—1)7 (1 0 Ty)u(wy ... g mo )

(—1)777107]64(331, Ce ,xk)

m(e(ry) .. e(zy))

with the penultimate equality holding as a consequence of the property (4.1.1.3) of the Gysin
homomorphism and the definition of mg ;. This establishes (1.3).
Per Proposition 4.2.5.4, the HP~(B; Hy)-component of e(z1) ...e(x}) is given by

— (7 m (e(21) . . e(zg ) ko) ko) = —e(m(e(z1) . .. e(zk) ko))

Arguing as in the previous paragraph,

m(e(z1) ... e(zp)ko) = (=1)"mg gy1(21, - .- ).

(1.4) follows.
It remains to show that the HP(B)-component of e(x1)...e(z;) is 0. From Proposition
4.2.5.4, this amounts to showing that

m(ve(zy)...e(xy)) = 0.

From (4.7) and Lemma 4.2.8,

m(ve(z1)...e(zy)) = o*(e(xq) ... e(xy)) = 0.

This establishes (1.5). O

4.4 The restriction of mg; to Z, .

We begin this section with a review of the construction of the higher Johnson invariants.
Let B be a paracompact Hausdorff space equipped with a distinguished class [B] € Hy.(B).
As the notation suggests, a primary case of interest will be when B is a closed oriented
k-manifold. Let f: B — K(Zyx,1) be a map classifying a surface bundle 7 : £ — B. Then
f«([B]) determines an element of Hy (K (Zg«,1)). The space K(Zg «,1) is the base space for a
“universal surface bundle with Torelli monodromy”; i.e. there is a space denoted K (797*, 1)
and a map 7 : K(Zgx, 1) = K(Zy,1) giving K(Zg,1) the structure of a ¥4-bundle over
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K(Zy«,1). The total space E therefore determines a k + 2-cycle
' —_—
[E] =7 f«[B] € Hyy2(Zg ).

By hypothesis, the monodromy representation p : 7 (B) — Zg« is valued in Zy x, so
that HO(B;Hl(Zg,Z)) = H1(X4;Z), and there is a section 0 : B — E. Let Jac(E) — B
be the T29-bundle obtained by replacing each fiber W_l(b) of E — B with its Jacobian
Jac(m~1(b)) = H1(Zg;R)/H1(Sg; Z). The section o endows each fiber 7~ 1(b) with a base-

point o(b); consequently there is a fiberwise embedding
J: E — Jac(E).
It follows from the equality
H'(B; H1 (84 Z)) = Hi(Zg; Z)

that Jac(E) = BxT?Y is a trivial bundle, so that there is a projection map p : Jac(E) — T29.

Definition 4.4.1 (Higher Johnson invariants). With notation as above, the k" higher John-
son invariant 7,(B) € AFt2H| is the element

pei[E] € Hyyo(T%9) = AFY2H,

It is clear from the constructions that if B, B’ are homologous k-cycles in K (Zy «, 1), then

7, (B) = 7;,(B’) and that 7, is additive. Consequently, 75, descends to a homomorphism
T Hp (Zgs) — /\k+2H1;

in view of the Universal Coefficient Theorem, this is equivalent to the description
7 € HY(Zy 0 \FT2HY).

Proof of Theorem D. The proof will proceed in two steps. The first step is to understand the
relationship between 7,_s and the structure of the cup product form A*H(E) — H¥(E) —
Q (this last map is obtained by the pairing o +— (o, [E])). Once this is established, the
second step is to compare this to the relationship between mg ;. and the cup product form
established by Theorem C.

Step 1: The higher Johnson invariants record the cup product form.

Proposition 4.4.2. Let f : B — K(Zy4,1) determine a k — 2-cycle [B] in K(Zyx,1) and

let [E] be the associated k-cycle in K(Zgx,1). Let e : H*Y(B;H|) — H*(E) be the map
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defined in Proposition 4.2.5.3, and let ay,...,a} € H1 be given. Then
(e(ar) . .e(ap), [E)) = (=D)FCl((a1 A+ Nay,) ® 7_o[B]).

Proof. The symplectic pairing p : H ?2 — Q induces an isomorphism -V : H; — H! given
by wY(u) = p(u @ w). By pullback, any w € Hy = Hy(T?9) determines the class J*p*w" e
HYE).

We claim that there is an equality for any w € Hy,

e(w) = J*p*w".

The first step is to show that Im(J*p*) C Ime. This will follow from Lemma 4.2.8. For
degree reasons, m(J*p*w") = 0. It remains to show that o*(J*p*w") = 0. By construction,
poJoo: B— T2 is the constant map sending B to 0 € T29; the result follows.

Given w € Hj, we have shown that there is some v € H; = HO(B;Hl) such that
J*p*w" = e(v). It remains to show that v = w. Let ¢ : ¥, — E be the inclusion of a fiber.
The composition po Jor: Xy — T 29 coincides with the Jacobian mapping. Consequently,
() = wV.

On the other hand,

(e(v) = (pa (T ko)) = pa (L (770 ko).
Let w € Hy be arbitrary. Then

(= (5 (70 ko)), u) = p((7 (770 ko), u)).

As *kg = id, the above formula simplifies to

(5 (T ko)) = —p(v @ u) = v (u).

Consequently, w" = vV, from which the equality w = v follows.

From the above, there is an expression

(e(ar) .. .e(ag), [E]) = (J*p"(af ... a}), [E])

Under the isomorphisms Hy,(T29) = AFH; and H¥(T29) = AFH!, the evaluation pairing
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H"(T29) @ H},(T?9) — Q is mapped to the pairing
(1 A Aag) @ (ag A -+ Aay) = det(a;(ay)). (4.9)
Under the embedding
AN id: AFHY @ AFHy — (AP H)®?,
the pairing (4.9) corresponds to (—1)]‘50];. Consequently,
(af ... a), mp—alB)) = (—1)*Cl((a1 A+ Aay) ® Ti,_o[B])
as was to be shown. O

Step 2: Comparison with m ;. Suppose that B determines a (k —2)-cycle in K(Zg,1).
We must show that

q((mg 1., [B])) = (=1)"k! 7, _o[B],

where, as in Section 4.1.1, the map ¢ : Hi@k — /\kHl is the projection. As the pairing
C’,’C : (/\]“Hl)®2 — Q of (4.3) is nondegenerate, it suffices to show the equality of the forms:

ap A+ Aag = (=1)FCL((a1 A -+ A ag) ® T_s[B])

and
1

k!
Proposition 4.4.2 asserts that for aq,...,a; € Hy, there is an equality

ap A+ Aag = (=04 (a1 A+ Aag) ® q((mg i, [B]))).-

(e(a1) ... e(ag), [B]) = (=1)*Cl((a1 A+ A ag) @ Tp_o[B])

Proposition 4.1.1.4 implies:

(elar) . elag), [E]) = (e(a) ... e(ag), 7 [B])
= (m(e(a) ... e(ag)), [B]).

75



Theorem C implies:

(m(e(ay) .. e(ag)), [B]) = (mo (a1, ..., a),[B])
= (Cklar...ap moy), [B])
= Cr((ay ... ag, moy, [B]))
=CL(a1 ® - ®ap) ® <m0, ks [B]))
=Cr((a1 ® - ®ag) ® (

(here v = 0 as each d; = 1). Asmq, € Hk_2(1\/[odg7*; L(A¥Hy)), there is an expression of
the form
(mo, 1, [B]) = L(C)

for some ¢ € APHj. It follows that q((mq , [B])) = k!C. The results of Section 4.1.1 imply:

Crllar ® - ®ag) @ (mo i, [B])) = Ck;((al A= Nay) @ q((mo g, [B])))-

k!

The result follows. 0

4.5 Relation to MMM classes: Theorem E

This section is devoted to the proof of Theorem E. This will be divided into two steps. The
first step is to establish a contraction formula for f 2,. The second step will be to relate

this to the representation theory of Sp(2g, Q).

Step 1: Contraction formula. The first step is to calculate ,u;@”(mogn) € HZ"*Q(Mod%*).
We claim that the following formula holds:

pE™ (mogn) = (1" 12 4 (1) (?Z) " et (4.10)

1=1

By convention, eg = 2 — 2¢g € HO(Modg’*).
According to [24, Theorem 1.3], there is an expression for ,u*(k(%) e H 2(Mod%*) of the

form
ps(kd) =20 —e—e

(this also appears as [20, Theorem 6.1] with the notation matching that of this chapter).
Therefore,
®n1.2ny _ S\
(k") =(Q2v—e—e)".
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It follows from Proposition 4.1.1.2 that

pe" (mo,2n) = m((2v — e —e)").

Recall that e € HQ(Modg’*) is defined as 7*(e) for e € HQ(Mod%*), and e is defined as
T*(e),e € H2(Modg7*). Equation (4.7) of Theorem 4.2.7 asserts that m(vz) = o*(z). The
composition 7 o ¢ = id, and so 0*(e) = 0*(€) = e. Theorem 4.2.7.3 implies that o*(v) = e.

Expand (2v — e — €)™ as
(—ec—e)" =22 —c—&)" " — (et )2 —c—e)" .

For n > 2, the above discussion shows that m(2v(2v — e — )" 1) = 20*(2v — e — &) = 0.
It follows that
m((2v —e—e)") = —m((e+ )2 —e—e)" ),

and that in general, for j <n — 2,
m((e + é)j(QV —e— é)n_j) =—m((e+ é)j+1(2u —e— é)”_j_l).

Applying this formula repeatedly,

(=) Im(e+e)" 2w —e—e)
()" Im2vle+e)" ) + (=1)"m((e + &)™)

. 1
=1

m((2v—e—2)")

In the last equality, we have applied Proposition 4.1.1.3, recalling that e is the pullback
m™*(e),e € H*(Modg «).

Step 2: Contractions in symplectic representation theory. As the restriction of e
to H2(Ig1) is zero, Step 1 implies that the pullback of e; to H%(Zgl) is zero if and only if

,u;@”l(m%_i_g) vanishes in 2 (Igl). Theorem D implies that this is in turn equivalent to the

vanishing of M?Hl(ﬁi)-

In the notation of Section 4.1.1, there is a decomposition
NT2H) = V(Agis2) ® V() @ -+ &V (No).

Treating A2iT2H; as a subspace of (Hi@2)®i+1, the contraction u®*1 is a map of Sp(2g, Q)-
representations projecting onto V(Ag) = Q. Viewed as an element of Hom(Ho; (Igl), Q), the
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class M§i+1(72i) is therefore nonzero if and only if

V(Ao) C Im(79;).

This completes the proof of Theorem E. O]

4.6 Applications to surface bundles

In this last section, we turn from a study of global cohomology classes on Mody and Z
in favor of a study of H*(E) for m : E — B a particular 34-bundle over a paracompact
Hausdorff space B. The particular bundles under consideration will have an additional
constraint on their monodromy representations, namely that p : 1B — Kg« is valued in
the Johnson kernel Ky = ker(t : Ty« — A3Hy). Tt is a deep fact due to Johnson [17] that

Kgx = (Iy | v separating), (4.11)

i.e. that the Johnson kernel is the group generated by all Dehn twists about separating sim-
ple closed curves. There is an analogous definition of Ky < Modg and a statement analogous
to (4.11); see [17, Section 7).

Proof of Theorem G: The method will be to exploit Theorem C. We will show that under
the splitting of graded vector spaces

H*(E) = H*(B) ® H" (%),

the multiplication on H*(F) induced by the cup product agrees with the ring structure on
H*(B) ® H*(X4) induced by the cup products on B and ¥,. This will be accomplished by
a separate verification on the six different pairs of subspaces (H*(B) ® H' (%)) ® (H*(B) ®
HI(Sg)) of H¥(E)®? for 0 <i < j < 2.

For the readers convenience we list below the inclusions F' : H™(B)@H'(24) — H™(E)
of Theorem C that will yield the ring isomorphism. We have identified H 1(29) = Hi(2g)
by means of p. A generator of H2(29) will be denoted w.

Flu®l)=r*u (H™(B) ® H(Z,) — H™(E))
Flu®x) = pe(m" (u @ x)ko) (H™(B) @ H'(Z4) = H™(E))
Flu®w)=r"ut (H™(B) ® H*(%g) — H™"2(E))

The table below records the multiplicative structure on H*(B) ® H*(X,) induced by the
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cup products on B and ¥,. Under the identification Hl(Eg) = Hy(Xg), the cup product is
given by xy = u(z, y)w.

v®1 VR Y VR W
u®1l|uw®l uv @y U Q@ w
URx (=), y)uw @ w 0
U w 0

Passing the entries in this table through F' yields a table of values for F'(ab) (for a,b €
H*(B)® H*(Xy)):

v 1 VY VR W
u® 1 | 7 (uv) s (T (uv ® y) ko) 7 (uv) v/
U T (=), y)7* (uv) v/ 0
UQw 0

Showing that F'is a ring isomorphism reduces to showing that this table matches the
table of values for F'(a)F(b), given below.

v (7 (v @ y) ko) v v/
™ u T (uv) T u s (7 (v ®@ y) ko) *(uv) v/
e (7 (1 @ ) k) por (T (u @ T)ko) prx (7 (0 @ y)ko) s (7 (u ® 7)) 70 V1
wu ™ (uv) (V)2

The first pair of entries to reconcile is (7" (uv ® y)kg) and 7 u ps(7* (v ® y)kg). This is

essentially immediate. We must next show the equality
(1)l y)m* (o) v = pa(m* (w0 @ 2)hio) (7 (0 © ko).
Calculating,

p (1 (u ® 2)ko) pa(m* (0 ® Y)ko) = (— 1)1V Cy 4 (7 (u ® )7 (v © y)k)
= (—1)|U‘7T*(UU)CQ7*(7T*([E ®RY) k:(%)

Here, (z ®y) is to be interpreted as an element of H(B; H {@2) Clearly the equality will be
established if the statement

Co (T (@ ® y) k§) = p(w, y)'
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is shown to hold. To do this, the components of Co (7 (z ® y) k(Q)) will be computed for the
splitting on H*(E) given by F. To compute m(Co «(7* (2 ® y) k‘%)), observe that

() \V)
~—
~—

m(Cou(m*(x ® y) kG)) = Cas((x @ y)m (k

The last equality holds in light of the fact that *ky = id € H 1(29; Hy). From here, an
examination of the definition of C9 , shows that Co 4 ((z ® y) id?) = p(z,y).
The next step is to compute the H*(B; Hy)-component of Co (7" (z ® y) k%), the goal

is to show this is zero. This is computed as follows:

p (T (Co i (T (2 @ ) Ki)Vko) = pse (7 (1m0 30(, ) o).

Theorem D asserts that mg g = —671. Therefore m( 3 = 0 when restricted to kg «, showing
that the H*(B; Hy)-component of Co 4 (7" (2 ® y) k%) is zero as desired.
The final step is to show that

m(vCy (" (x @ y) kF)) = 0,

or equivalently that o*(Co . (7*(z ® y) k:g)) = 0. This latter expression is divisible by
0¥ (ko) = 0, and the result follows.

To complete the proof of Theorem G, it remains to show the vanishing of (7" (u ®
z)ko) ™ v v/ and of 7*(uv)(')?. To show the former, it suffices to show that kg’ = 0 when
restricted to g «. This will be shown by computing the components of kov' in the splitting
given by F. m (ko) = 0 is seen to hold immediately by properties of 2/ and kg. It must
next be shown that

pis (T m (V'K ko) = 0. (4.12)

Recall that

V=v—1'm?) =v—ntotv) =v—e

According to [26, Theorem 5.1], the Euler class e € HQ(Modg,*) is in the image of the
pullback p7, where pj is the map

1
p1 : Modg « — 5 AS Hy % Sp(2¢g,7Z)

given by p1(¢) = (k(¢), ¥(¢)). Restricted to T4+, the map p; simplifies to the Johnson
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homomorphism 71, and so p] has zero image when pulled back to H 2(ICg7*). It follows that
e = 0, and so, when restricted to Ky, there is an equality V' = v. Therefore, the term
W!(V/k8> in (4.12) simplifies to m(ykg) = a*(k%) = 0. Likewise,

m(v'ko) = m(v7ko) = o* (vko) = 0,
and the final component of 'k is seen to vanish.

It remains only to show 7* (uv) (/)% = 0, which is obviously implied by showing (/)2 = 0.
As was remarked in the previous step, v/ = v on Kg,x. As before, we will show V2 =0 by

computing the components of v2. The first of these is divisible by the factor

while the third is

The remaining step is to show
(1 (V2 ki ) ) = 0.
This follows from the vanishing m(v2kg) = 0 established above. O

Finally, Theorem H follows as a corollary.
Proof of Theorem H: Let f : B — K(Kgx,1) determine a ¥4-bundle 7 : £ — B with
monodromy contained in K4 ; let B be equipped with the distinguished homology class
|B] € Hp(B). Proposition 4.4.2 asserts that for any aj,...,a;.9 € Hy, there is an equality

(e(a1) ... e(ags2). [E]) = (=1 Cl((a1 A+ A agio) @ T4[B]).

As (7 is nondenegerate, it suffices to show that (e(aq) ...e(agr2), [E]) = 0 for all k+2-tuples

ay,...,ag4o € Hy. From Theorem G, there is an expression

e(a1)e(ag) = play, ag)v.

Theorem G also asserts that v e(ag) = 0, so that the triple product £(aj)e(a2)e(ag) = 0.
The result follows. O
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