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1 BACKACTION MODEL

Here we derive the expressions for the quantum radiation pressure force noise (QRFN)
in an asymmetric cavity optomechanical system. We begin with the general optical
equations of motion, eigenmodes, and quadratic coupling in Sec. 1.1, then focus on
geometries having purely quadratic dispersive coupling in Sec. 1.2, showing that asym-
metry can lead to a large reduction of force noise in Sec. 1.3 at the optimal membrane
position. Finally, we discuss quadratic optical trapping (Sec. 1.4), and quantum non-
demolition (QND) mechanical energy measurement Sec. 1.5, both of which benefit from
reduced force noise.

1.1 Equations of Motion, Eigenmodes, Dissipation and Optomechanical
Coupling

General Equations of Motion: To model the optical dynamics, we first write down

the input-output equations of motion [1] for sub-cavity operators a; and as in the frame

rotating at an external drive frequency wi,. These are

A _ A~ ~in . ~int

(?l) — _iH (?l) + i%ext (?lln) + ’;‘;,mt (6?11nt> (1)
Qs Qs ay day

ind —(A—GlAl’) —ilil/2 —J

H ( _J (A — GyAx) — k)2 (2)
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where dijn is the external drive applied to sub-cavity j, k§
coupling rate, £ is the sub-cavity’s internal loss rate, x; = k5 4 k" is the total sub-
cavity decay rate, GG, is the sub-cavity’s optomechanical coupling, and A = wi, — wy
is the drive’s detuning relative to the frequency wy at which modes a; and a, are
degenerate, which we define to occur at mechanical displacement Az = 0.

Optical Eigenmodes: The system’s eigenfrequencies

e s the associated (power)

G+ G Go— Gy \?
wi(Az) = wp + %Am T \/(%A@") + J?, (5)
are obtained by diagonalizing the Heisenberg equations of motion (a; = —1ila, Hopi),

and have associated eigenmodes that can be written succinctly as
a+(Az) = ay cos(0[Ax]) + ag sin(f+[Az]), (6)

where the amplitudes satisfy

iGg -Gy

cot(20L[Ax]) = 57

Ax. (7)
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1.1 Equations of Motion, Eigenmodes, Dissipation and Optomechanical Coupling

Dispersive Couplings: When G| # (5, the eigenfrequencies of Eq. 5 exhibit an
avoided crossing structure, with linear dispersive coupling (LDC)

&ui(Ax) Gl + G2 (Gl — G2)2
ox - 2 * 2
2\/4J2 + [(Gy — G)Aal

Ax (8)

which, if G; < 0 and Gy > 0, becomes zero at “quadratic points”

J(Ge + Gy)
(Go — G1)V—G1Gy

A.ﬁlﬁi::‘:

The frequencies at these extrema are

V—=G1Gy

—_ 1
GG (10)

wi(Azy) =wo F2J
corresponding to an avoided gap 4Jv/—G1G3/(Gy — G1). The quadratic dispersive
coupling is generally
DPwi(Ax) 2J%(G1 — Gy)?
20 o ) (1)
T (472 + [(G1 — Go)Az]")

which, at Azy, simplifies to

820&

1 (—G1Gy)3?
Ox? '

(12)
Az=Az+ J G2 - Gl

The expressions (as with others involving G; and J in this document) still represent a
general system with two optical modes linearly coupled to one mechanical mode. For a
membrane in a cavity, where G; = (—1)Jwg/L; and J = c|t,|/2v/L1 Ly (see Appendix
2), with sub-cavity length L; and membrane (amplitude) transmission ¢,,, this becomes

82wi
Ox?

g (13)
Ar=Ax+ ’t

where L = L; + Ly is the total cavity length.

Eigenmode Decay Rates: Combined with the sub-cavity (power) losses k; =
/{ijnt + k$ (note these exclude J), the amplitudes attached to a; and ay in Eq. 6 permit
the calculation of power decay rates

ki(Ar) = Ky cos? (0L[Ax]) + ko sin? (04 ][Ax]). (14)
(G1 — Ga)Ax

VAT + Gy — Gi)Ax]

Ak, (15)



1.1 Equations of Motion, Eigenmodes, Dissipation and Optomechanical Coupling

for eigenmodes a., where & = (k1 + Kk2)/2 and Ak = (k1 — k2)/2. At the quadratic
points,

o Gy + Gy

ke(Azy) =R+ AHGQ e (16)
o Gy + Gy

ke(Az_) =R F AHGQ G, (17)

For the case of a membrane-cavity system, we can write these (choosing Az, ) in terms
of the end mirror total losses T; = |t;|* + £; comprising power transmissions |¢;|* and
sub-cavity round-trip power losses L;:

K (Azy) = i(ﬂ +T3) = ko (18)
c L3T1 + L3T,
Ko(Axy) = ﬁ%’ (19)

where we have used s = ¢£;/2L; and kS = c|t;]*/2L;. At this location, x, is
identical to the empty cavity decay rate ko due to the fact that sub-cavity circulating
powers are identical. This is true for any quadratic point we choose.

Dissipative Coupling: From Eq. 14, the linear dissipative coupling is

(G1 — Go)Ak

Opkis(Az) = F4J? 572 (20)
(472 + [(Gy — G1)Az]?)
which, at the quadratic point, becomes
Ali (—G1G2)3/2
Ork+(A =t4—-— 21
ke (Azy) T (Gy— ) (21)
with corresponding single-photon strong coupling parameter
5 1 (— 3/2
Bi(AJZ’i) = T7PF a$l{:t = +2— ( GIGQ) (22)

= - 7
R+ Az=Axy J G2(G2 - Gl) e

in the single-port limit (k2 — 0). We can now see that this coupling can be greatly
reduced in the limit |Go| > |G4|. For a single-port membrane-cavity, e.g.,

- 4 woL
Bi(Azy) — im?()fJUZPF, (23)

which diminishes as Lo/ L, suggesting a commensurate reduction of QRFN achieved by
simply moving the membrane toward the back mirror.

Equations of Motion at Quadratic Point: Finally, we write down the equations
of motion for the eigenmodes a4 themselves at a quadratic point Ax = Ax,. First,
defining

B = cos(0,[Axy]) = —sin(6_[Az,]) = (1 — Gy /Gq) V2. (25)



1.2 Measurement Backaction with Quadratic Dispersive Coupling

for convenience, the equations of motion in the eigenmode basis (Egs. 1 and 6) become
: , K K . .
ay = — <—z5+ + 5152 + ?2&2) ay — afAka_
+ 5 /K:(lextdiln + o ngt&iQn + 5 //{ilntdilnt + o //fignt&i;t (26)

. 1
io=—(—io, + 22+ 2282 i 7)) 4. — aBAka,
2 2 af

A A int ~int int 5 int
+a/RTT — BV/RFAP + o — e, (27)

where 0, = wij,—w, = A+2Jaf is the detuning from the “+” resonance, and Ax = (k1—
K2)/2 (as above). These reduce to those of Ref. [2] when |G| = |G3], or, equivalently,
when @« = § = 1/2. On the other hand, for highly asymmetric coupling |Gs| >
|G1| (|G1| > |Gs|), we find B — 1 and o« — 0 (o« — 1 and  — 0), such that the
eigenmodes effectively decouple from one of the inputs, a behavior of central importance
in suppressing measurement backaction.

1.2 Measurement Backaction with Quadratic Dispersive Coupling
Optical Susceptibilities: In the frequency domain, the equations of motion in the
original sub-cavity basis a; (Eq. 1) can be written

d1<W) (= S\ —1 | ~ext &lln(w) ~ int 6dilnt(w)
(dg(bd)) =(—iwl +iH) |:K, (dg‘(w) + K samt(w) ) | (28)
where I is the identity matrix, and a!* comprises any drive and / or fluctuations (in-

cluding thermal). We can define a susceptibility matrix

X(w) = (—iwI + iﬁ)_l

— 1 Xo (W) iJ
o (w)xg (W) + U2 ( iJ Xfl(w)) (29)
Xi(w)  Xiz(w)

B (5(21(“) >~<22(W))

where
X; ' (w) = —i(A — GjAz + w) + K;/2 (30)

is the optical susceptibility of the uncoupled (J = 0) sub-cavity j, and x;; is shorthand
notation for the matrix elements. At the quadratic point Az = Az, the sub-cavity
susceptibilities become

X1 (W) = =i (04 — Ja/B+w) + ki /2 (31)
ol (w) = —i (0, — JB/a+w) + Ky /2. (32)

_ Radiation Force Noise: At the quadratic point Az, the optical force operator
Fopt = —dHp /dx reduces to

Fo(t) = —1i (Glai(t)al(t) + Ggag(t)aQ(t)) . (33)



1.2 Measurement Backaction with Quadratic Dispersive Coupling

The corresponding power spectral density can be written as [1]'

Spp(w) = 2i / N (S0 (@)5 Fope () ) (34)

™ — 0o
where 5F0pt(w) is the Fourier transform of the fluctuations 5F0pt(t) = Fopt(t) — (Fopt)
about the mean (i.e. time-averaged) (Fip). Similarly, expressing a;(t) = a; + da;(t)

in terms of fluctuations da;(t) about the mean a;, we can linearize the optical force
operator for small da;, yielding

0 Fpi (1) & —h (Gh@%0a, (t) + Goabdas(t)) + c.c., (35)

such that (similar to Ref. [2]) its Fourier transform becomes

() = Y (A ) ) + \fo A5 ()60 ()

j=1,2
+ KA ()0 (w) + n}“tA§<—w)5&}“t’T(w)> (36)
with coefficients
AL = — B (G (W)@ + GoXor (w)a) (37)
Ay = — 1 (G1X12(w) T + GoXan(w)a@) | (38)

where Y., are the matrix elements of the optical susceptibility x (Eq. 29). Assuming
the usual input noise correlators [1]

(dal(w)dar(w')) = (66 (w)da ™ (w')) = 0 (39)
<5a;n(w)5a;“(w')> = 2700w + ') (7} + 1) (40)
(0™ (w)dal (w')) = 2md;0(w + ') (A1), (41)

where ﬁij“ is the mean thermal occupation of the input port bath; the same relations
hold for the noise operators of the loss channels by changing subscript “in” — “int”
throughout (though these ports are considered purely thermal). If the baths are in
their ground state (7" = 2" ~ 0), the force noise simplifies to

SFF(CU) = /@1|A1(w)|2 + Ii2|./42(u))|2. (42)

In this work, we are particularly interested in the force noise when one eigenmode,
having purely quadratic dispersive coupling, is driven by a single port. For example, if

'We use the Fourier transform convention X(w) = [T e"™'X(t)dt and X(t) =
= [7 7t X (w)dw, defining XT(w) = [7_eT™@!XT(t)dt; thus, XT(w) refers to the Fourier trans-
form of the time domain variable X(¢). Note also that XT(w) = [X(—w)]' in this convention.



1.3 Force Noise Reduction

Az = Azx, and the system is driven by a@® (with @' = 0), the steady-state amplitudes
simplify to

ar = X (0)v/ktay (43)
C_ZQ = )221 (O)\/ H?Xtc_liln. (44)
Together with Eq. 6, the ratio a;/a, now allows us to express a; in terms of a, as

1

] = ——————a 45
! B +iadyz(0) T (4)
= —— X2 5. 46
2T Btiadxs(0) (46)
which, finally, allows us to write the force noise (Eq. 42) in terms of |a|?:
Spp(w) = h?|ay|? ! 5 (/ﬂ |G1%11(w) — iG2 T x3(0) X1 (w)|?
1B +iax2(0)]
+ K2 |GiX12(w) — GG (O0)R @) . (47)

In the large-gap limit, where 4Ja3 > k1, Ko, |w|, 04|, such that only the “4+” mode is
involved, at zero detuning this simplifies to

G%GQ 4M2G2/€7 + (GQ — Gl)lﬁi_lig

— h2 — |2 48
SFF(W) ’CL+’ 4J2(G2_G1)2 w2+/€3_/4 ( )
If we instead consider a single-port cavity (ko = 0 and k1 = k"), Eq. 47 becomes
ex - * 2
Spr(w) = 712]& |2 P Gixz 1<W) + G J*x3(0) (49)
T tialeO)f | it Wt w) 2|
which reduces to
2[5 |2 3 9 2

J2(G2—G1)2 ((5.:,_—‘—(«0)2—‘—/{1/4

in the large-gap limit. This expression agrees with the force noise calculated from the
simple assumption of dissipative coupling [3] when B is given by Eq. 22.

1.3 Force Noise Reduction
To see how asymmetric sub-cavity LDC can reduce quantum radiation force noise
(QRFN), we now consider a membrane-cavity style system. In the large-gap limit,

the QRFN (Eq. 49) is

_ PP|ayPwf LyALik-w? + LK% Ky

SFF(CU) = s (51)
Altn|? L2 w?+k1/4




1.3 Force Noise Reduction

with decay rates
Ly Lo

fiy = K1 + 7 k2 (52)
L L
K_ = 7251 + fllig, (53)

at the quadratic point Az, . At the mechanical frequency €,,, this be rewritten
R2|ay |*w3 L1Ly  Lko/(Lik_) + 492, /K%

Altm|? L2 1+402, /K2
This expression can be minimized with respect to L, for fixed cavity length, by substi-
tuting the expressions for the decay rates (Egs. 18 and 19), yielding

1+4BQ2, /K%

Spr(Qm) =4 (54)

h?|a [*wg

SminQ ) =2 55
FF( ) CL|tm|2 73 1+4an/ff3_ ) ( )
where we defined
T
B= —— 56
T +T (56)

noting B € [0, 1] with B = 1 corresponding to the “single-port” limit, where 7; > Ts.
This minimum is found a distance

Ly min = BL (57)

from the input mirror.

Modified resolved-sideband limit: In the limit Q,,/k, > \/Lky/4L1k_ and
Q. /K > 1/2 = both of which are succinctly captured by VBQ,, > K4 at Ly min — the
minimal QRFN reduces to

. hQ\c_L ‘2w2
min,RS +
Srr (Shm) =2 CL‘thOB,TZ (58)
Single-Port - N2| a4 |?w?
) LT, 9

where the second line is evaluated for small but finite 75 < 77 (B &~ 1). In the latter
case, the QRFN is limited simply by the distance between the lossless back mirror and
its closest quadratic point (wavelength scale).

“Modified” fast-cavity limit: In the limit Q,,/r; < \/Lka/4L15_ (and Q,,, /K4 <
1/2) — captured succinctly by €2, < k4 at Ly i, — the minimal QRFN reduces to

, h2]& ]2w2
SminFC ) Y=o AL 20 60
FF ( ) CL|tm|2 75 ( )
which is a factor
min,FC

SErtS () B

larger than that of the resolved-sideband case.

9



1.4 Application: Optical Trapping

1.4 Application: Optical Trapping
The optical spring generated at a quadratic point has the same strength as a free-space
trap 4] per watt incident on the membrane, though with significantly less input power
due to the cavity enhancement. As discussed below, our scheme realizes this with lower
QRFN than can be achieved in free space (or with a MIM system).

If we write the optical Hamiltonian in the “+” mode basis, and expand its frequency
w, to second order in mechanical displacement z, we find

4 10%w .
o = hs @)Ly = 1 (s 0) + 3550 ) ala, (62

which allows us to directly identify the spring constant

0w, 4 hwd

ot = h [, 2 2
pt o2 | +| |tm| | +|

(63)

where we have substituted in the quadratic dispersive coupling 92w, from Eq. 13 and
considered (for the time being) only the non-dynamical part of the spring (i.e., a4 ~ a).
The optical spring can then be expressed as a function of the (mean) circulating power

_ c
Pcirc = ha}inﬁ|a+|2 (64)
as
8 WinPcirc
kopt = —— ) 65

using wy, =~ wp, which is the same expression as for a free-space trap with a retro-
reflected beam [4].

When approaching the single-port limit (75 < 77), the minimal force noise at the
optimal membrane position is

min SFS T
R Q) = =350 (66)
regardless of whether the system is sideband-resolved, where
hwin D
SFF ~ 2 Pcirca (67)

is the force noise associated with a free-space trap in the limit [t,,|?> < 1. SES. can be
obtained noting that, for a highly reflective membrane, the force applied to each side
is F' =~ 2P /c, yielding a force noise of Spp = 4Spmcpm/c For shot noise, the power
spectral density is Sp. _p. = hwinPere and since shot noise is uncorrelated at each
side of the membrane, it adds in quadrature, yielding the above equation. Importantly,
Eq. 66 shows that the force noise can be improved by a factor 2|t,,|?/T2; together with
the comparative ease of realizing shot-noise-limited input light at lower powers, our

approach presents a significant advantage over free-space traps.

10



1.5 Application: QND Measurement

1.5 Application: QND Measurement
Here we present the potential advantages our technique provides within the context of
quantum nondemolition (QND) phonon number measurements.

1.5.1 Backaction Rate

The rate at which Spp adds or removes a phonon from a mechanical oscillator containing
n phonons is [1, 5]

2

Poan = 2 [(1+ 1) Ser () +nSrr(+n)]. (68)

With a resonant drive (64 = 0) and in the resolved sideband regime (€, > x.), this is

GiG3

TG — Gi )2 (69)

where we assume (G — G1)ke/(4Gok_) <K Q2 /K22

1.5.2 Measurement Rate

In a quadratically-coupled optomechanical system, phonons each produce a shift in
the resonant frequency of the optical mode [6-8|. In a resonantly driven cavity, this
will produce a shift in the phase of the reflected light. Here we derive the phonon
measurement rate for an asymmetric optomechanical system with quadratic dispersive
coupling using homodyne detection.

Input-Output Relations

To quantify how the phase of the reflected light depends on phonon number, we first
relate the mean reflected output field a$"* to the mean input field @i* (assuming we only
address sub-cavity 1) using the standard input-output relation [1]

—out

_ in / ext=

= [1 = xXu(0)s"] @y, (70)

where @, is the mean field in sub-cavity 1; the second line is obtained from Eq. 43. In
the large gap limit, where 4Jaf > k1, ko, |w|, |01 |, which simplifies the value x1; given
by Eq. 29, this becomes

C—Lout _ 254' - '%"!‘/2 + BQK?Xt —in
L 00y — Ky )2 !
= Ae g, (71)

2This holds, e.g., for the membrane-cavity system in the resolved sideband regime (£, > k) in
the limit 7’1 Z 75 since (GQ — Gl)lﬁg/(éngK,_) = L275/[4L%75 + 4L%7d1] 5 1.

11



1.5 Application: QND Measurement

where, in the second line, we defined the (real) amplitude reflection coefficient

(52 2 .ext 2)2
A= + + (ﬁ2 K1 :— 'Li-i-/ ) (72)
03 + ri/4
and the (real) reflected phase
dy 2K
= arct . 73
¢ = arctan {5i 2 Jd— B, )2 (73)
For a resonant drive frequency wi, (detuning 6, = 0), this phase changes as
d d _ Q2,.ext
_¢ == _¢ =2 6 QKlext ) (74)
dw |5, g doyls, o KY/4— BPRTCRL/2

We can also relate the mean field in the “4+” mode to the input field using Eqs. 6, 43
and 44:

B iad + Bxs t(0) -
ay = v KAy, 75
TP Y (%)

so that the output field (Eq. 70) can be written in terms of “+” mode as

cout _ A (05 (0) = mPx5 1 (0) @y

) 76
' ia] + Bx3 ' (0) VET (70)
In the large-gap limit, this reduces to
—ou ex C_L
B = (2 — PR (77)

/ﬁQI{?Xt ’
Measurement Rate with Homodyne Detection

To derive the measurement rate, we consider an ideal homodyne measurement (all the
photons are collected, the laser is shot-noise limited, and the detection scheme has
identical arms) where a local-oscillator (“LO”; mean optical power P©) is combined at
a beamsplitter with a measurement beam leaving the cavity (mean power PP") with
the aim of resolving its fluctuating phase 0¢(t). Specifically, suppose one beamsplitter
input has classical LO field E*© = V2P0 cos(wi,t + A¢) with some fixed phase Ag,
and the other has the signal field ES" = /2P cos(wint + (1)), both oscillating
at frequency wy,. The homodyne signal, obtained by subtracting the photocurrents
measured at each of the beamsplitter outputs, is then

SI(t) = 241/ PLOP™ sin(5¢(t) — Ag), (78)

12



1.5 Application: QND Measurement

where A is a gain relating optical power to photocurrent. Tuning the LLO phase to
maximize the sensitivity to phase (e.g. A¢ = 0) and Taylor expanding sin yields

09(t) ~ (214\/ Poat,1PL0> R OI(t). (79)

At the same time, the combined shot noise power spectral density S7; from the two
(subtracted) photocurrents provides a noise floor

S¢¢ _ (4A2P0utPLO) 1 II’ (80)
and, for large LO (PO > pout),

Furthermore, since a frequency fluctuation dw, of the cavity produces phase d¢ =~
(dp/dwy)ow, (de/dw, derived as above), the frequency noise floor

do 1 do \
- (== 2
B = Dog (dw+) 4|ase|? (dw+) ’ (52)

where, in the last step, we substituted in Eqs. 80-81 and expressed the mean signal
power PP = fw;, |a$"|? in term of the reflected photon rate |a$"*|?, in accordance with
Ref. [1].
To convert this result to the measurement time #,,.,s required to resolve a frequency
shift Aw,, we compare the noise floor to the frequency shift, requiring
S,

tmeas p (A(:—)_,’_-‘)—Q’ (83)

in order to resolve the frequency shift with unity signal-to-noise ratio. For a single
phonon jump, the induced frequency shift is

Awy = T2 P (84)

yielding a measurement rate

1 2 2
Finens = —— — 4[d W(‘w ot 2 ) . (85)

TzpR
tmens dw. dz®

In the large gap limit, using Eq. 12 for d?w, /dz?, and Eqgs. 74 and 77 derived in
Sec. 1.5.2 to substitute d¢/dw and Gyt 1 respectively, this measurement rate simplifies
to

16‘(_1 |2 B2I€ext d2w 2
I‘meas = l'i:_ Ii+1 dflf;_ x%PF (86)
64|a+|2 62 ext 1 ( G1G2)3 A (87)

Ry Ry J2 (GQ G1)2xZPF.

13



1.5 Application: QND Measurement

The correction term 32s"/k accounts for the proportion of photons in the “+” mode
leaving through the input port.
For the case of a truly single-port cavity (k2 = 0 and x; = £§**), the measurement

rate is
16|a..|> [ d? 2
T _ 16]a.| Wit 2
meas — 7ZPF
Ky dz?

_ O4as? (-GG,
R J2<G2 —Gl)Q ZPE:

(83)

Note for a membrane-cavity system, k,, 0*w,, and thus I'ye.s, do not depend upon
at which quadratic point the membrane is positioned, allowing one to tune the ratio
G1/G5 without affecting the measurement rate.
1.5.3 Backaction-Limited Number State Resolution
The measurement rate, which is derived in Sec. 1.5.2 above, is
r 64jay|* 827 1 (=G1Ga2)®
= _— €T s
fmeas K4 Ry J2 (GQ - G1)2 ZPE

(89)

yielding a figure of merit

1—‘meas o 64 gi192 52’{'?&
I'BAn S 2n+lh_ky Ky

7 (90)

describing how well a phonon number state n can be measured before backaction causes
a jump, where we define the usual optomechanical coupling rate g; = xzpp|G;|. In the
single-port cavity limit (ke = 0), this ratio becomes

Fmeas _ 64 (92 + 91)2 _ 64 g_%
PBA,n 2n +1 li% 2n +1 Ii?i_ )

(91)

The advantage of our approach becomes clearer if we consider a membrane-cavity sys-
tem in which the membrane is a distance L; from the first mirror and L, from the
second (total length L = L;+ L). If the sub-cavity crossing frequency wy = Nyme/ Ly =
Nome/ Ly where N; = 2L; /) is the (integer) mode index of each sub-cavity at wavelength
A, and the coupling rates G; = —wy/L1 and Go = 4w/ Lo, the ratio becomes

[meas 64 woTzpr \
FBA,n n 2n+1 Lglio

_ 64 g\ (L’ (92)

2n+1 Ko 2L2
with ko being the empty cavity power decay rate (Eq. 18). The second line is expressed
in terms of the half-cavity single-photon optomechanical coupling rate for the MIM

14



1.5 Application: QND Measurement

system gy = 22zprwo/ L to facilitate a direct comparison: by reducing Lo (moving the
membrane toward the back mirror), the usual strong coupling requirement gy /o > 1
for measuring a state before QRFN destroys it [2] is relaxed by a factor L/2Ly, which
can be as large as ~ L/ at the quadratic point nearest the back mirror.

For fixed mirror losses (round trip power loss £; = £, say) we can improve the fidelity
by a less dramatic factor, and there is some advantage to be gained by bringing |t;|?
closer to L. To calculate the optimal Ly i, and ¢y opg, we first substitute the expression
for the decay rates (Eqgs. 18 and 19), and optomechanical coupling ¢; = zzprwo/L; in
the ratio Eq. 90; the optimal membrane position is then

Ty
Lypin = ==L 93
i = (93)

where the force noise is minimal and the ratio

Tt l 2 TiT(Ti+T2)

Fmeas

(94)

FBA’n Ll,min

is maximal; Lj min is the same as before (Eq. 57) since the measurement rate is inde-
pendent of the membrane position within the cavity. We can also compare with the
same ratio for the membrane-in-the-middle,

I_\meas _ 1024 ng%PF ’t1|2 (95)
FBA,n L/2 B 2n+1 c? (71 + 75)37
finding our approach yields an improvement
Fmeas Fmeas ]- 2 1 t 2
/ LR LGE (96)
FBA,n L1 min FBA,n L/2 4 7175 4 75

As expected, this is the same improvement as we found for the force noise.
With the membrane at the optimal L i, We can also calculate the the optimal
input mirror transmission

6112, = VLi([ta]2 4+ L1 + Lo), (97)

that maximizes the ratio, yielding

Fmeas

256 w%x%PF |t2|2 + 2£1 + £2 — 2\/£1(|t2|2 + £1 + ,Cg)

= 98
2n+1 2 (ta]? + L2)3 (98)

FBA,?’L Ll,min>|t1 |gpt

This optimized QND “fidelity” is a factor (for £; = L)

Fmeas AC E £
/— =2+ 075 —4 —2(1+2—2> (99)
L1 min,|t1 |2 FBAv” L1 min,matched |t2| |t2‘ |t2|

opt
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larger than that of a traditional matched cavity (|¢;| set equal to [ts]). Equation 99
can be viewed as a prefactor that generalizes the existing “standard quantum limit”
[9] to the case of asymmetric systems. The largest gains occur in systems maximing
the back-mirror reflectivity, which is just a statement that one needs to open the input
mirror enough to get a reasonable fraction of the cavity light out, and up to 3 dB
improvement can also be achieved with transmission-dominated mirrors (7 < |¢;]?),
though this assumes we ignore the information in the light leaving the back mirror.

For a fair comparison with MIM systems, it is also possible to calculate the optimal
transmission

lt1 o = (2] + L1 + £2)/2 (100)

maximizing the measurement rate to backaction rate ratio for the membrane-in-the
middle (Eq. 95), yielding a ratio

4096 wirgpp 1 (101)
N 27(2n + 1) c? (|t2’2 + El + £2)27

Fmeas

I >
BA’n L/2a|tl II\/III\I

and which is a factor

Flneas

Doy tiBy 27 ([f2]” + L1 + Lo)?([to|* +2L1 + L5 — 2v/La([ta]? + L1 + £5))
T'meas 16 <|t2‘2 + ;CQ)S

Ban L/2,t1 [

(102)

lower than at the optimal membrane position.

2 HoOPPING RATE FOR A MEMBRANE-IN-CAVITY

In this section, we derive the classical equations of motion for the electric fields for a
cavity with a membrane inside it, extending the formalism of Refs. [L0-12]|. This allows
for a simple derivation of EOMs and direct access to the hopping rate J between two
sub-cavities separated by a partial reflector.

Consider the Fabry-Perot cavity in Fig. 1, comprising two end mirrors of field reflec-
tion (transmission) coefficients r; (¢;) partitioned by a third mirror (membrane) having
field reflection (transmission) coefficient r,, (¢,,), such that the sub-cavity lengths L,
sum to total length L = L; + Ly. The right-moving field amplitude A, just to the right
of the membrane at a time ¢ is related to the left and right incoming amplitudes A;
and By as

As(t) = 1 Ba(t) + tm AL (1), (103)

Following this wave a round-trip time 75 = 2Ly /c later in sub-cavity 2 (c is the speed
of light), we find a returning field

BQ (t + 7'2) = TgeiwinTZAQ(t), (104)
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Figure 1: A Fabry-Pérot cavity comprising a left-hand and right-hand mirror with
field reflection coefficients r1 and o, split into two sub-cavities of length L1 and Ly by
a membrane with field reflection (transmission) coefficients 7y, (t,). A; indicate the
right moving fields and B; the left moving fields just outside the membrane surfaces.

in a frame rotating at the laser frequency wy,. Substituting Eq. 103 in Eq. 104, we
obtain

B2 (t -+ ’7'2) = TmT’Qeiwi“TQBQ(t) -+ tngeiwi“T2A1 (t) (105)
For small 75°, we can approximate the time derivative of B, as

Bg(t + 7'2) — Bg(t)

BQ (t) ~ Py
1— m Win T2 tim Win T2
S L S WO L — Y (106)
T2 T2

Following the same method for the left sub-cavity field, we find

WinT1

Bs(t). (107)

. 1— - Win T1
Al(t)%—( 'mT1€ )Al(t)+

71 1

tinTi€

As a matter of convention, we then rescale the fields as

ai(t) = —/LiAs(t) (108)
() = ++/LaBa(t) (109)

such that |o;|? represents the number of photons in sub-cavity j. In a matrix form,
these coupled equations then become

<a1(t)> _ <—i(1 SnrmetnT) S ) (@1<f)> (110)

20 et (1= rareton™) | \aa()

3We assume the round trip time is small compared to the other relevant time-scales of the system,
such that A; and B; are slowly varying. Specifically, 1/75 > K1, k2, Qn, J; the first two conditions
arise from |1/, |t2] < 1 and the last one arises from |t,,| < \/L1/Ls.
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in agreement with the more careful derivation of Ref. [13].

To recover the equations obtained from input-output theory, we make additional
approximations. First, for simplicity, we now make a common unitarity preserving
choice for the phase on all the coefficients, such that r,, = —|r,| and t,, = i|t,.|.
We furthermore assume that the end mirrors have high reflectivity such that r; ~
—1+ [t;/2/2, and write the laser frequency as

win = A +wj(Az) — G, Az, (111)

where A = wy, — wp is the detuning from the crossing frequency (defining Ax = 0),
w;(Az) is the resonant frequency of sub-cavity j, and G; = O,w; is the usual linear
dispersive coupling. Note that, by definition, the sub cavities have an integer N; =
2L/ \; half wavelengths, such that w;(Az)7; = 27 N;. Again assuming that the detuning
is much smaller than the round-trip rate of each sub-cavity (|A| ~ r; < 1/7;), that the
membrane is displaced by much less than a half wavelength (Az < A/2, or, equivalently,
|G;Ax| < 1/7;), and keeping only the terms to leading order in [t,,], [t1]%, |t2|?, and A,

<‘?‘1(t)> _ <i(A — G1AL) — £1/2 i3 ) (al(t)> 7 (112)

é(t) i i(A = GoAT) — Ko /2 ) \0(t)

with r; = ¢|t;]*/(2L;). Most importantly, we can immediately identify the off-diagonal
elements as the hopping rate

C|tm’ . C‘tm|\/ —G1G2

= = 113
2\/ LlLQ 20.10 ( )
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