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Supplementary Information

Theoretical framework details
elastic free energy

The elastic free energy density can be described by the Frank-Oseen free energy,'™ where
the nematic order parameter is assumed to be uniform. The value of Ls in the simulation is
taken by studying the relationship between elastic constants (L;) and Frank constants ([;;).

The Frank-Oseen free energy can be represented as follows:
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where ¢;; = njn; = %(%’ﬂLQQZj /s) and the four terms are splay, twist, bend, and saddle-splay

respectively. Because n is a unit vector, we have:

niajnkz = Qilankl- (SQ)

By making appropriate contractions of that equation, we can derive the bend vector

By, = _njaink = _Qilankla (83)

and the twist pseudoscalar

T = ‘fijkniajnk = Eiijilankl- (84)



We define a splay vector S = Sn which is even in n so that we can describe the splay in

terms of g;.

S; = Sn; = niajnj = Qilajq]'l- (85)

A in the saddle-splay term is "biaxial splay". It is a traceless symmetric tensor in the
plane perpendicular to n. It has two degrees of freedom as a traceless symmetric tensor in

a plane. It can be defined as the third-rank tensor
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By neglecting the Ky term, the free energy density is simplified as
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The relationship between elastic constants (L;) and Frank constants (Kj;) is given by:*

Ly = 27232 (K33 — Ki1 + 3K2),

Ly = oK

Ly = —%Kzza

Le 27432 (K — K1), (S8)

The energy well depth frac (3) provides a measure of the threshold value for fe,s (4)
at which distortions become so energetically costly that local melting of the nematic order
occurs. This length [ = £y, the nematic correlation length (or coherence length), sets the

size of the defect core:

Ev =V Li/|fracl- (S9)



flexoelectric free energy

The flexoelectric density energy is described from the coupling between the nematic
distortion and electric polarization, and the polarization field in the uniaxial framework, P;,
is 5-7

Pi == 5(611 + egg)sc‘?j(nmj) + 5(611 — 633)S(ni8jnj — njajni)

+ 7‘187;8 + TQ(Q?’LZ‘?’L]‘ - 5z~j)8js. (SlO)

e;; and es3 are the usual flexoelectric terms, corresponding to splay and bend. r; and 7y
are the order polarization. The r; term couples to the gradient of nematic order parameter
s, describing a polarization across the interface independent of the alignment. The ry term
is alignment dependent, and the homeotropic configuration and planar configuration have
opposite polarities.

Substitution of equation 1 into 10 and comparison with S10, the relationship among ey,

es3, 11, r2 and xs yields

e11 = 2x0 + Sx+ + Sx-
€33 = 2X0 + SX+ — SX—

1 5
ry = §X0 + §5X+ + sX2

T9 = Xo + SX4- (S11)

In cases where the order parameter s is uniform, it is feasible to neglect the order po-
larization, as well as the xs term. However, in our study, since s is not uniform, we do not
disregard these terms. This consideration ensures the accuracy and relevance of our analysis,
particularly in scenarios where the variation in the order parameter significantly influences

the system’s behavior.



Transition Process of the director field in DC electric field

We explore the influence of the electric field direction and surface patches on the relax-

ation of the director field under a DC field, demonstrating the transition from a uniform

state.
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Figure S1: Transition process of the director field at the plane of z = 0, illustrating changes
in the order parameter. (a) Initially, the system is uniform; (b) A surface patch is introduced
at 2 = Zma, with the electric field directed along +z; (c¢) A similar surface patch as in (b) is
applied, but with the electric field directed along —z.

Figure S1 illustrates the transition process, correlating with Figure 1. In Figure
S1 (a), the director field partially rotates towards the z-axis. An expanding defect ring
is observed, which stabilizes at a position very close to the top and bottom surfaces. In
Figure S1 (b) and (c), a surface patch, as depicted in Figure 1 (b), is introduced. This
addition leads to the gradual formation of stripes, with their alignment being influenced by

the direction of the electric field.



Effect of the Electric Field’s Nonlocality

In this section, we delve into the incorporation of Maxwell’s equations into our simula-
tions. We define the current density, j;, following the formulation provided by Landau et

al.:®

Ji =o0(E; + Eikn%Bn>- (S12)
c

Here, o represents the electric conductivity. Considering the second term, which is related to
the magnetic field, the velocity of the nematic molecules (vy) is considerably lower than the
speed of light (c¢), leading us to disregard the magnetic field’s contribution in this analysis.

Further, we utilize Maxwell’s equations to describe the electric field (E) as follows:
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+ %X2aii(ijij) + gX—(aiQikankj — 0,Q;10;Qi5)- (S13)

Solving equation S13 necessitates iterative calculations across the simulation grid at each
time step. Introduction of flexoelectric effects leads to deviations in the directors’ orientation
from their initial alignment, causing gradients within the director field to vary. These alter-
ations in gradient levels contribute to the nonlocal behavior of the electric field. In scenarios
where the applied voltage is high, the director field undergoes modifications across various
locations, resulting in the generation of solitons throughout the system. Conversely, at lower
voltages where soliton emission is limited to areas of irregularity, the impact of this effect

can be considered negligible.

SFG by a Gold Surface with Tilt

If there is a small average tilt angle # with the gold grains concerning the boundary

normal, then it can be shown that for p-polarized IR and visible beams, the p-polarized



sum-frequency electric field (i.e., PPP configuration) is approximately equal to

E, = a;50 — 0cos(P®) + 0740isc0s(2P) + daniscos(3P)

~ Alal,, — 00.,,c08(®) + 07.,...c0s(2®) + &/, cos(3P)]. (S14)
with aiso & Lot (LealzaXeze + LazLazXeaa)s Biso & LazLoaLiat (Xexz + Xaze + Xzaz )y Vanis =
(LosLyoLyy + LogLioLyy + LusLaoLlgn) Xews, and Oanis & Ly Ly Lpt Xawe, With for the visible
and IR waves L,; = e, Fyi, L, = e,;F,; and for the visible beam L,3 = e,3F,3/03, L.3 =
e.3F.3/B3. The xs are the azimuthal tensor parameters. The normalization constant A is

the amplitude factor chosen such that o, = 1.
For a p-polarized IR beam, an s-polarized visible beam and the s-polarized sum-frequency

electric field (i.e., PSS configuration) are approximately equal to

E, = tiso — 0Bis0c05(P) — 0Vaniscos(2P) — daniscos(3P)

~ Alal,, — 00;,,c0s(P) — 07.,.,.cos(2®) — 0,

150 an$608(3¢O]. (Sl5)
with Qiso = LyBLy2L21Xxxz7 ﬁiso = LyBLy2LJ:1Xa:J:27 VYanis = Ly3Ly2L21anca:7 and 5anis =

LysLyoLz1Xzze- The permittivity of gold is complex-valued, which makes the L factors
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complex and so also s, Bisos Viso, and diso. In this paper, we assume the constants a

/
180

vi., and diso’and are real, which is consistent with the approach followed in Everitt et

al.?

Numerical details

While the scalar order parameter S indicates that simulation parameters are appropriate
for experimental realizations, here we also show how each of these parameters can be matched
to experimental values. In order to nondimensionalization, we need four characteristic pa-

rameters to represent length, time, electric charge, and mass. We take {y(= /CL,/B? ~



0.1), 7(=T1&*/Ly ~1073), x_, and L; respectively because these parameters are the domi-
nant factors in the simulation. In order to compare with experiments, we consider the ratio
of U over U,,u:, where U,,,, is the value where the system enters the chaotic regime even
at low frequency, which is 87 in the simulation. Then the real data for the voltage and

frequency can be calculated in the following way:

(HU ) simulation
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Similarly,

o (Hw)simulation
Wreal = wsimulationw
rea

0.001

= Wsimulation T ~7
0.01s

= 0 1wsimulationHZ- (817)

In our simulation, we set the voltage range from 0 to 85, and the frequency range from 0 to
10,000. These values are subsequently converted into normalized voltage (lNJ ) ranging from 0
to 100V, and normalized frequency () from 0 to 1000Hz. This approach allows us to align

our simulation parameters with realistic and experimentally relevant scales, facilitating an

accurate and meaningful comparison between simulation results and experimental data.

3D Structure of Soliton

In this section, we represent the structure of a soliton and show the force from the

flexoelectricity.
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Figure S2: Topology of the bullet. A bullet is analyzed in the blue frame of (a). In (b),
the structure of the bullet and figures of the nematic order parameter are shown in x-y, y-z,
and x-z plane respectively. (c)shows the forces of flexoelectricity on the x-y plane for each
director.

Bullet-like solitons are emitting out of the butterfly-like patch in Figure S2 (a), and we
analyze the bullet in the blue frame. Figure S2 (b) shows the director field and nematic
order parameter in x-y, y-z, and x-z plane respectively. The black region of the figure has
a low value of S. On the x-y plane, the S is small in the region of the bullet and a ring-like
structure is represented in the y-z plane. The x-z plane shows the cross-section of the ring.

We also analyze the forces from flexoelectricity in Figure S2 (c), which is the spatial
gradient of the flexoelectric energy. In this figure, we can find the forces on the "wings’ of the
bullet pointing inside. The structure of the bullet is unstable without the electric field, and
under the elastic force, the bullet would shrink imminently. So the effect of flexoelectricity
helps to stabilize the bullet. Also, we can find the total force pointing in the right direction,

which is the direction of the soliton moving. So the flexoelectricity also drives the bullet.
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