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For a generic set of Markovian noise models, the estimation precision of a parameter associated with the
Hamiltonian is limited by the 1/4/f scaling, where ¢ is the total probing time, in which case the maximal possible
quantum improvement in the asymptotic limit of large 7 is restricted to a constant factor. However, situations arise
where the constant factor improvement could be significant, yet no effective quantum strategies are known. Here
we propose an optimal approximate quantum error correction (AQEC) strategy asymptotically saturating the
precision lower bound in the most general adaptive parameter estimation scheme, where arbitrary and frequent
quantum controls are allowed. We also provide an efficient numerical algorithm finding the optimal code. Finally,
we consider highly biased noise and show that using the optimal AQEC strategy, strong noises are fully corrected,
while the estimation precision depends only on the strength of weak noises in the limiting case.

DOI: 10.1103/PhysRevResearch.2.013235

I. INTRODUCTION

Quantum metrology is one of the most important state-of-
the-art quantum technologies, studying the precision limit of
parameter estimation in quantum systems [1-6]. The task in-
volves preparing a suitable initial state of the system, allowing
it to evolve under quantum controls for a specific time, per-
forming a suitable measurement, and inferring the value of the
unknown system parameter from the measurement outcome.
To enhance the estimation precision, a variety of quantum
strategies has been proposed, such as squeezing the initial
state [7—12], optimizing the probing time [13], monitoring
the environment [14-16], exploiting non-Markovian effects
[17-19], optimizing the control Hamiltonian [20-22], and
quantum error correction [23-36].

Quantum mechanics places a fundamental limit on estima-
tion precision, i.e., the Heisenberg limit (HL), where the esti-
mation precision scales like 1/N for N probes or, equivalently,
1/t for a total probing time 7. In the noiseless case, the HL is
achievable using the maximally entangled state among probes
[1,37]. In practice, decoherence plays an indispensable role.
Under many typical noise models, the estimation precision
will follow the standard quantum limit (SQL) with scaling
1/ VN (or 1/ /1) [29-31,38-43], the same as the central
limit theorem scaling using classical strategies. Nevertheless,
the superiority of quantum strategies over classical strategies
by a constant-factor improvement, as opposed to a scaling
improvement, was proven in several cases [11,39,42]. There
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were also situations where the HL is achievable using quan-
tum strategies even in the presence of noise [16,31].

Due to the difficulty in obtaining the exact precision limits
for general noise models using different quantum strategies,
several asymptotical lower bounds were proposed [29-31,38—
44]. For example, the channel simulation method was used
to prove the SQL lower bound for programmable channels
[40—42]. A necessary and sufficient condition of achieving
the HL under Markovian noise—the “Hamiltonian not in the
Lindblad span” (HNLS) condition—was established using the
channel extension method [29-31]. Although these bounds
were successful at showing the scaling limit of quantum
strategies, only in several special cases, the saturability of
these lower bounds was established, e.g., for dephasing and
erasure noise [42] and for teleportation-covariant channels as
a special type of programmable channels [45,46]. A satura-
bility statement of the SQL lower bound under general noise
models and an efficient algorithm solving the optimal strategy
remain missing up to the present day.

‘We address both of these open questions in this work. Here
we consider parameter estimation under general Markovian
noise using the most general adaptive sequential strategy (see
Fig. 1). We propose an approximate quantum error correction
(AQEC) strategy saturating the SQL lower bound of precision
(asymptotically) and an efficient numerical algorithm solving
the optimal AQEC codes for different noises. The saturability
of the precision lower bound that we prove here not only
answers an important question in quantum metrology theory,
but also paves the way for identifying the optimal quantum
strategies in future experiments.

Quantum error correction (QEC) [47] was first shown to be
useful in quantum metrology in a typical scenario where the
dephasing noise in a qubit probe is corrected by QEC, while
the X (the Pauli-X operator) signal remains intact [23-26].
Later on, it was proven that for arbitrary Markovian noise
[48-50], the HL is achievable using the sequential QEC
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FIG. 1. The most general adaptive sequential strategy where
one probe sequentially senses the parameter for time #, with quan-
tum controls [arbitrary completely positive and trace-preserving
(CPTP) maps] applied every dt and an arbitrary number of noise-
less ancillas available. &4 (p) = p + (—iloH, pl+ Y ;_, L,-,oL,.+ -
%{LfL,—, p})dt + O(dt?) describes the evolution of the probe in an
infinitesimally small time interval dt.

strategy if HNLS is satisfied [30,31]. In practice, HNLS is
often violated, for example, when sensing any single-qubit
signal under depolarizing noise, and the estimation precision
follows the SQL. Standard QEC strategies would be useless
in this case, as it will eliminate both the signal and the
noise simultaneously. However, by performing AQEC where
the noise is only partially corrected, the estimation precision
could still be improved in some cases [29,33]. Here we show
that the AQEC strategy could be used in general to achieve the
optimal precision limit for any Markovian noise.

In this paper, we first review the SQL precision lower
bound under Markovian noise when HNLS is violated. Then
we describe our AQEC strategy consisting of both a two-
dimensional AQEC code and an optimal recovery channel.
This allows the original quantum channel to be reduced to
an effective channel where a Z (the Pauli-Z operator) signal
was sensed under dephasing noise—a special case where the
precision lower bound was known to be saturable [11,39,42].
Finally, we optimize the achievable precision over all possi-
ble AQEC codes, which coincides with the precision lower
bound, completing the proof.

II. PRECISION LOWER BOUND

We assume the evolution of the quantum system is de-
scribed by the following quantum master equation [48-50]:

dp . - P
- = —iloH, pl + ; (L,pL,. S L, p}), e)
where w is the unknown parameter, p € Hg ® Ha, Hs is the
probe space H and {L;}{_, act on (H, L; are shorthand for
H ®1,L; ® 1, respectively), and H, is the noiseless ancillary
space (see Fig. 1). We assume I, {L;}/_, are linearly inde-
pendent, dim Hs = d and dim H4 = 2d. The Lindblad span
associated with Eq. (1) is S = span{]l,L,-,L;,LiTLj,Vi, jl
where span{-} denotes the real linear subspace of Hermitian
operators spanned by {-}. According to the quantum Cramér-
Rao bound [51-54], the standard deviation dw of the w
estimator is bounded by 8w > [NexprF (1)]7"/2, where Neypr is
the number of experiments and F'(¢) is the so-called quantum
Fisher information (QFI) as a function of the final state p().

The bound is asymptotically saturable using the maximum
likelihood estimator as Nexpe goes to infinity [55,56]. There-
fore, finding the optimal sequential strategy boils down to
maximizing F(¢) over all input states and quantum controls.
For an input state |1) evolving noiselessly under Hamiltonian
wH, F(t) = 4°[(Y |H?|y) — (Y |H|¥))*] and 8w o 1/1 fol-
lows the HL. In the noisy case, it was proven that the HL is
achievable if and only if H ¢ S (the HNLS condition) and
there exists a QEC strategy achieving the HL [30,31].

The HNLS condition usually holds when the noise has a
special structure, e.g., rank-one noise [29] or spatially cor-
related noise [32,33]. For generic noise, however, the HNLS
condition is often violated. In this paper, we focus on the latter
situation where H € S and the QFI follows the SQL [30,31],

F@t) <4 min o, (2)
hh,B|B=0
where ||| is the operator norm of a matrix, # € R, h € C’,
h € C™ is Hermitian,
@ = (h1+HL) (h1 + L), 3)
B=H+hl+h'L+Lh+L'pL, 4)

where L:= (L;,L,,...,L)T and hl:= (h1,...,h1)T.
Here we introduce an AQEC strategy which (asymptotically)
saturates the QFI upper bound up to an arbitrarily small error
under arbitrary Markovian noise. That is, for any small § > 0,
there exists an AQEC strategy such that

F
$ :=sup —) >4 min || — 4, (®)]
>0 h,h,b 0

where we define the normalized QFI § as the objective
function that we maximize. The upper bound is saturated
asymptotically in the sense that lim;_, », F'(t)/t = § because,
for any ¢y such that F' (tp)/ty ~ §, we can always find a sensing
strategy such that r = kty and F (kty)/(kty) = F(ty)/to for all
integers k by measuring and renewing the probing state ev-
ery constant time fy. Then, lim;_, o F (t)/t > lim;_ o F (kty)/
(kto) ~ §.

III. APPROXIMATE QUANTUM ERROR CORRECTION

Here we propose a set of AQEC codes for quantum metrol-
ogy and show that the effective channel under fast AQEC
is an effective qubit dephasing channel in the logical space.
In this way, identifying the optimal recovery channel for
quantum metrology is equivalent to minimizing the noise rate
of the dephasing channel where a closed-form solution exists,
as opposed to general AQEC scenarios where many known
AQEC recovery channels are only suboptimal [57-62].

Let P be the projection onto the code space [0.)(0.| +
[1.)(1.], where |O.) and |1.) are the logical zero and one
states. Applying the AQEC quantum operation P + R o P,
infinitely fast, the effective evolution would be (up to the first
order of dt [31,33])

dp . -
= —illePWEH), pl+ [P(LipLZ )

i=1

1
+R(PL(LipL))) — E{P(L,TL,J, p}}, ©6)
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where P, =1—P, P(-) =P(-)P, P.(:-)=P, (-)P. and R
is a CPTP map describing the AQEC recovery channel. We
define the following class of AQEC codes:

100/10) =Y Aojijlidas |- 0/ 1)y, )
ij

where Ap, A € CdXd, A(),,'j = C,‘j + SD,'J', and Al_,'j = Cl'j —
eD;; satisfy Tr(ApAf) = Tr(4,A]) =1 and Tr(C'D) = 0.
Here, C describes the part of the code which |0, ) and |1, ) have
in common and D describes the part distinguishing |0.) from
[1.) which generates nonzero signal and noise. In the special
case where ¢ = 0, the effective signal and noise are zero. Let
Ha = Ha Q@ Hp, where dim Hy = d and dim H, = 2, and
the last ancillary qubit in H, makes both the signal and noises
diagonal in the code space, i.e., (O |H|1.) = (0. |S|1.) = O for
all S € S. Later on, we will assume ¢ is a small parameter and
consider the perturbation expansion of the effective dynamics
around ¢ = 0. We consider the recovery channel restricted to
the structure (we will show that this type of recovery channels
is sufficient for our purpose),

RCY =Y (10) (R, O] + [10) (S, 11)

()(lRms O) (OL| + |Sm’ 1><1L|)7 (8)

where {|R,,)}, {ISm)} C Hs ® Ha are two sets of orthonormal
basis and R is CPTP. A few lines of the calculation show the
effective channel [Eq. (6)] under the AQEC code [Eq. (7)],
and the recovery channel [Eq. (8)] is

dp | wTr(HZ)

_—= | —

dt

(R)
Z, + Hs, Pi| + VT(ZLPZL - p),
)
where Z;, = |0.)(0.| — |1.)(1.|, Hs is independent of w, and

r

y(R) = —Re[z (O | (R(PL(LAOL) (1.1L))

i=1

+ 1
+ PLilO)(1LIL;) — E{P(L,TLi), |OL><1L|}> | 1L>:|-
(10)

We can remove the term Hs in Eq. (9) by applying a reverse
Hamiltonian constantly [29]. For dephasing channels, the
optimal § is reached using a special type of spin-squeezed
state as the input [9-11,39,42], where we have

_ Tr(HZ.)
§= 2y(R)

To simulate the evolution of multipartite spin-squeezed states
using the sequential strategy where we have only a single
probe, one could first prepare the desired spin-squeezed state
in ®fv: | H: by entangling the logical qubit in the effective
dephasing channel (H; = Hs ® H4) with a large number of
ancillas ((85-\;2 H;), where dim H; = dim H; for 2 <i < N,
and then perform swap operations between H; and H; for
i=2,...,N successively every time ¢ /N. The optimal § in
Eq. (11) is asymptotically attainable at N — oo [11]. On the
other hand, if we used a single logical qubit state |+.) =

% as the input, the normalized QFI will be reduced

D

by a factor of e, in which case one can still achieve § ~
4 miny, b 50 [l for arbitrary Markovian noise.

For simplicity in future calculations, we perform a two-step
gauge transformation on the Lindblad operators {L;}/_, to
simplify the dynamics: (1) Let L; < L; — Tr(CTL;C) - 1, such
that L; satisfies Tr(C"L;C) = 0 for all ;. (2) Perform a unitary
transformation L <— uLL (u € C™") such that Tr(CTL;LjC) is
a diagonal matrix. The transformations above only induce
another parameter-independent shift Hs in the Hamiltonian,
which could be eliminated by applying a reverse Hamiltonian.
Now we have a new set of Lindblad operators {J;}/_,, satisfy-
ing

Tr(CTJ,C) =0, Tr(C'JJ;C) = Midij, (12)

and we replace {L;}/_, with {J;}/_, in Eq. (10).

First, we maximize § over the recovery R, which is equiv-
alent to minimizing y (R) over R. We claim that the minimum
noise rate y = ming Y (R) is

y =—|D_ P01

i=1

i=1

- Re[i (0,
1

1
(P(J,-|0L><1L|JJ) — E{PU,TJ,»), |0L><1L|}>|1L>}, (13)

where we have used maxy.;iy—g Tr(MU + MUY =2|M ||,
for arbitrary square matrices M and U, where || - || is the trace
norm (see details in Appendix A).

Next, we would like to maximize § [Eq. (11)] over all
possible AQEC codes [Eq. (7)], which is mathematically
difficult because of the trace norm in the denominator. To
eliminate the trace norm, we further sacrifice the generality
of our AQEC code and assume ¢ < 1. We call it the “pertur-
bation” code in the sense that the signal and the noise are both
infinitesimally small when ¢ — 0. Under the limit ¢ — 0, we
have Tr(HZ,) = 2¢Tr(HC) + O(g?), where

C =CD'+DCT, (14)

and ignoring all o(¢?) terms [where f(¢)= o(¢?) means
lim,_,o f(g)/e*> = 0], the noise rate is

3 ITr(JJ;C))?

Ai +A)) (15)

y =& [ Y 2ATr O +
i ij:hiAA 0

For a detailed derivation of the noise rate, see Appendix B
and [63]. Finally, we have the following expression of the
normalized QFI (up to the lowest order of ¢):

Tr(HC)?
~ ITe(s] 1,02
T UOR + X0 2t

as a function of C and C (implicitly through the choice of
{/i}_)). The effective dynamics of the perturbation code has
the feature that both the signal and the noises are equally weak
and only the ratio between them matters. Therefore, the exact
value of ¢ will not influence the normalized QFI § as long as
it is sufficiently small. On the other hand, it does influence
how fast F(t)/t reaches its optimum 3§, characterized by a

coherence time O(1/ e).

3(C O~

(16)

013235-3



SISIZHOU AND LIANG JIANG

PHYSICAL REVIEW RESEARCH 2, 013235 (2020)

IV. SATURATING THE BOUND

Now we maximize the normalized QFI (up to the lowest
order of &) over C and C and show that the optimal § is
exactly equal to its upper bound in Eq. (2). The domain of
C is all complex matrices satisfying Tr(C'C) = 1. We assume
the domain of C is all traceless Hermitian matrices satisfying
Tr(J;J;C) = 0 for all i, j € n:= {i|x; = 0}. When C is full
rank, n is empty, and for arbitrary traceless C, we could always
take D = 1C~!C such that Eq. (14) is satisfied. When C is
singular, we could replace it with an approximate full-rank
version (e.g., C <— C + 41). In this case, § will only be
decreased by an infinitesimally small amount when & = 0(8?)
because the numerator in Eq. (16) is only slightly perturbed
after the replacement.

Consider the following optimization problem over 4, h, b,
and C:

max min 4Tr(CTozC),
C hhp (17

subjectto =0, Tr(C'C)=1.

Fixing C, we introduce a Hermitian matrix C as the Lagrange

multiplier associated with the constraint § = 0 [64]. Strong

duality implies Eq. (17) has the same solution as the following

dual program (see Appendix C):

max §(C,C), subjectto Tr(C'C) =1, Tr(C)=0,
c.C (18)
and Tr(J;J;,€) =0, Vi, jen,

whose optimal value could be achieved using the perturba-
tion code up to an infinitesimally small error according to
the discussion above. On the other hand, thanks to Sion’s
minimax theorem [65,66], we can exchange the order of the
maximization and minimization in Eq. (17) (see Appendix D).
Therefore, the optimal value of Eq. (18) is also equal to
4 miny, p pp=o ll@|l, the upper bound of the normalized QFI.

V. NUMERICAL ALGORITHM

It is known that the upper bound in Eq. (2) could be
calculated via a semidefinite program (SDP) [30,44],

F(r) < 4 /mhiréx, subjectto & =0, B =0, (19

where & = (hl‘/ﬁ]L hijl/glé;yh) and > 0 means positive
semidefinite. However, the minimax theorem does not guar-
antee an efficient algorithm to solve Eq. (18) after exchanging
the order of the maximization and minimization in Eq. (17).
Now we provide an efficient numerical algorithm, obtain-
ing an optimal (C°, C®) in three steps. The validity of this
algorithm is proven in Appendix E. The algorithm runs as
follows: (a) Solving miny p pp=0 ||l using the SDP gives
us an optimal «® (and corresponding /°, h®, h°) satisfying
l®|l = miny n, 5 p=0 ll|l. (b) Suppose IT° is the projection
onto the subspace spanned by all eigenstates corresponding
to the largest eigenvalue of «°, we find an optimal C°C®t
satisfying [1°C°C°TI1° = C°C°" and

Re{Tr[C°C°T(AhL + ABL) (h°1 + H°L)]} =0,  (20)

for all (Ah, Ah) such that AAL + Ah'L +LTAh+
LfABL =0 for some Ah. Note that this step is simply
solving a system of linear equations. (c) Find {J;}/_, via
the gauge transformation. Let Sy = span({/, Jf] i, Vi, j €n}.
Decompose M = J; or J;; (::Jf.lj) into M = M" + iM" +
M+ iMg", where M@ M!“" are Hermitian, My " € So
and M™% 1 Sy (in terms of the Hilbert-Schmidt norm).
Using the vectorization of matrices |-)) = ij FIOIk ) k),
let

B = W+ 1 N

N1 + |

+ > ! 1)
i:2i A 0 2(hi +2j)
According to the Cauchy-Schwarz inequality,
~ HI|C)|?
max §(C°, C) = max "M _ gty (22
¢ ¢ (CIBIC)

and the optimal |C°)) = B~'|H")). Here, the superscript ~!
means the Moore-Penrose pseudoinverse.

VI. HIGHLY BIASED NOISE

We consider a special case where noises are separated
into two groups—strong ones and weak ones [31-33]. To be
specific, we consider the following quantum master equation:

dp . PR R
il ilwH, p] + Zn(LmL,» - E{L,-L,-, P}

i€5

1o

- Z (LlpLi S L, p}), (23)
where the indices of the Lindblad operators {L;}/_, are sep-
arated into § and s, representing weak and strong noises
respectively. n < 1 is a small parameter characterizing the
relative strength of the weak noises. Moreover, we assume
that H ¢ span{1, L;, L;L, L;LLJ-, i, j € s} so that it is possible
to fully correct all strong noises and also preserve a nontrivial
signal in the code space. Taking n — 0, we can show that
(see Appendix F) the asymptotically attainable upper bound
4ming 5 p=o ll|| is equal to

1
= ;”&”h,h,bwzo +0Q), (24)

where @ = (h1 + hL)'TIz(h1 + hL) and II; is a diagonal
matrix whose ith diagonal element is one when i € §, and
zero when i € s. This reduces the running time of the SDP
in Eq. (19) by reducing < from a d(r + 1) x d(r + 1) matrix
toad(|5] + 1) x d(|5] + 1) matrix. Using the optimal AQEC
strategy, -5 is boosted by a factor of O(1/n), compared to the
case where no QEC is performed. To find the optimal AQEC
code, we can solve the dual program of a modified version of
Eq. (17) where « is replaced with &:

max §(C,C), subjectto Tr(C'C)=1, Tr(C)=0, (25)
c.C

Vi jess Tr(LlTLjC') =Tr(L,C) =0, (26)
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and some other linear constraints on € when Tr(CL'LC) —
Tr(CL'C)Tr(CLC) is singular. Here, T is the dominant part
of § such that § = §/n + O(1). Details are provided in
Appendix F. The constraint given by Eq. (26) on C is equiv-
alent to the Knill-Laflamme condition for Lindblad operators
{Li}ics [67,68]. It implies that strong noises are fully corrected
by the optimal AQEC code and explains why the estimation
precision depends only on the strength of weak noises in
Eq. (24).

VII. CONCLUSIONS AND OUTLOOK

In this paper, we proposed an AQEC strategy such that the
optimal SQL in the Hamiltonian parameter estimation could
be achieved asymptotically. An interesting question is whether
the perturbation code could be turned into nonperturbative
ones. We provide an example in Appendix G, where by mod-
ifying the ancilla-free QEC code (nonperturbation) proposed
in Ref. [33], we show that the optimal § could be achieved in
the correlated dephasing noise model. However, it is unclear
how to generalize the result to generic noise models. Another

J

two interesting open questions are (1) how to characterize the
power of QEC in improving quantum metrology for general
quantum channels [41,42], for example when the rate of
quantum controls is constant, rather than infinitely fast; and
(2) how to optimize the QEC strategy when considering a
constant probing time, rather than an infinitely long probing
time.
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APPENDIX A: MINIMIZING THE NOISE RATE y(R) OVER RECOVERY CHANNELS R

In this Appendix, we prove Eq. (13) in the main text. According to Eq. (10),

d . 1 .
y(R) = —Re{z (OL||:R(7)J_(JI'|OL><1L|]: ) + PU0) (1. 1J]) — E{P(Ji'-]i)s |OL><1L|}]|1L)]~ (AT)
i=1
In order to calculate y = ming y (R ), we only need to calculate the first term minimized over R:
— max Re |:Z (0L|R(73L(J,-|OL)(1L|J;))|IL):| = — [nax )Re |:Z (Ron, OIP L0 ) (11T Py |S), 1>j|

1

=—- max Tr Ry) (Sl - 0|PLJ;]0.) (1, |J7P|1) + H.c.
5 max. <;| (Sl Z( PO (11T Py 1) )

= —| > OIPLIO) (L P | = —”ZPLMOLMILU;"PL . (AD)

i 1 i 1

where H.c. means Hermitian conjugate and we have used maxy.;;iy—q Tr(MU + MTU") = 2||M ||, for arbitrary square matrices
M and U, which could be easily proven using the singular-value decomposition of M.

APPENDIX B: PERTURBATION EXPANSION OF THE NOISE RATE y

In this Appendix, we expand the minimum noise rate y around ¢ = 0 using the perturbation code. For simplicity, the equal

“__

sign “=
useful lemma here:

in this Appendix means approximate equality up to the second order of & [ignoring all o(¢?) terms]. We also state a

Lemma 1 [69]. | X + €Y ||, = |X||; + O(e) for arbitrary X and Y.
To calculate Eq. (13), we first consider the terms independent of R,

- Re[z (0| (P(J,-IOLHILIJ,»‘) - E{P(Ji'J,-), IOL><1L|}>|1L>}

i=1

i1
= — > Re[Tr(AA}Ji)Tr(A1A]J])] — E[Tr(AOAgJ,TJi) + Tr(A1A]J] )]

l

Z Ai + 2 Te(CT)* + 2T (DD T ).

B
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SISIZHOU AND LIANG JIANG PHYSICAL REVIEW RESEARCH 2, 013235 (2020)

The remaining term is equal to (thanks to Lemma 1) —1 times the following quantity:

‘ (\/]\—‘(A-l—eXl +&2X])

eXo + 82X2/
where A € R™" is a diagonal matrix whose kth diagonal element is Ar, and A € R"*" is a diagonal matrix whose kth diagonal
element is Ay if Ay > 0, and 1 if Ax = 0. Assume {A;};_, is arranged in a nonascending order and ry is the largest integer such
that A, is positive. X;, X{ € C™ satisfy

Y1 Py (B2)

)[(A —eXi + 2X)'VATT  —eX] +&2X]']

1 1

(A + Xy + X)) ji = /2 (Jj ol PLJIOL) = Tr(CTT[JiAg) — Tr(CTJ T Ag) Tr(A(J:Ao)
= Xidij + eTe(CTT[I:D) — e*Te(CTT DYTe(C ), (B3)
for 1 < j < rp, and
(A +eXi +eX])ji = (TjolPLIiOL) = Tr(T]JiAo) — Tr(J{Ao) Tr(AgJido)
= eTr(J]J;D) — & Tr(J[ D)Tr(CJy), (B4)
for ro +1 < j < r. X, Xj € C@ =% satisfy
(A + X + &°X3)j-nmi = (Jj0lPLIIOL) = Tr(J]JiAo) — Tr(J] Ag) Tr(AJiAo)

eTr(J1J:D) — e Tr(J[ D)Tr(CJy), (BS)
forr+1<j<d*—1,and

(A + eXo + X)) @2— i = U0l PLIIOL) = Tr(J1,JiAo) — Tr(J1,A0)Tr(AjJiAo)
= eTr(C'J;D) — eTr(CJ,). (B6)

Here,

fZ,kCIkJ i)k, 0/1),  j < o,

[jon) = Zik(J')ik|l |k, 0/1), ro < j <d? (B7)
D i i)k, 0/1),  j=d

Tr (c*c

are two sets of orthonormal basis of Hg ® Ha.
To calculate the first- and second-order expansion of Eq. (B2), we consider the singular-value decompositions,

<VA‘1(A+8X1 +82X(>> U )(2(8))V(s)i

eXy + X

(A —eXi + 2X)VAT  —eX] + X)) = V(=e)(Z(—e) 0U(—e)". (B8)

Then,
TV _ N
Eq.(B2) =HU(8><E(8W(8) Ve 8)U(—s)" = I 2V &)V (~)S(~e)l
1

= Tr{[V(e)Z(e)V () V(—e)E(—&)T(—e)V (—&) V(e)Z(e)V (e)'1"/?}

= Tr[\/,/Y(e)Y(—s),/Y(e)], (B9)
where

Y(e) =V(e)Z(e)V(e) = A+ e(X, Tl + x X)) + e*(X A7 Xy + X[, + TTAX," + X, X2)
= A+eW +&W, (B10)

and IT, is the projector onto the support of A.
Using Theorem 2 in Ref. [63], we have

X1 + X2
AL IV LIS

Tr[\/,/Y(e)Y(—s)\/Y(e)] = Tr(A) + &Tr(X; A7 X, + XTI + M1 X[ + X, X,) — & Z oy
i J

i, A4, 70
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Note that

Te(X A X + X X) = Y oD 1) + Y ITe(CI)I* = Y Te(D' I C)Tr(CJ;) + Te(C DY Te(C)),

i=1 i=1 i=1
Tr(X[TIx + aX]) = — Z[Tr(CTJiTD)Tr(C'Ji) + Tr(D'J,C)Tr(CI)],
i=1
and therefore
y = Eq. (B1) - Eq. (B2)
3 ITe (7] 7,0)
A +24j)

’

=27 Y " |Tr(J,O) +

ijihi+ 70
where C = CD" 4+ DC". According to Eq. (11), we have
Tr(HC)?

§ = -
N ITe(J; J;0)12
2 T (O + Zij:,\i+/\,;eo BT

O(e).

APPENDIX C: LAGRANGE DUAL PROGRAM OF Eq. (17)

(B12)

(B13)

(B14)

(B15)

Here we show that the Lagrange dual program of Eq. (17) is Eq. (18). From the definition of « [Eq. (3)] and B [Eq. (4)], we
see that the upper bound in Eq. (2) is invariant under the transformation L. — J; that is, after the transformation L. — J, there is

always another set of (&, h, §) such that § = 0 and « is the same. Therefore, we let
a = (h1 + b)) (h1 + b]),
B=H-+hl+h'J+Jh+JIbJ,
where J = (J1, Ja, ..., J,)!. To proceed, we simplify the notations by letting

Tl . Trd[0)
I = wmey T ey

Note that the r-dimensional vector j is to be distinguished from the index j; then we have
- g\
S(C,C)=<JJ+ > :
1])»+)»;£02()‘4+)\)

and 4Tr(CTaC) = 4[h"h + Tr(AH?)]. i
Fixing C, we introduce a Hermitian matrix C as a Lagrange multiplier of 8 = 0 [64], and the Lagrange function is

L(C,h, h,b) = 4[h"h + Tr(AH>)] + Tr[C(H + k1 + J'h + h'J + T pd)1.
Then the dual program of Eq. (17) is
max }111}11% L(C, h, h, b) = max }rlr}liré 4h"h 4+ Tr(AB)] + Tr[C(H + k1 + J'h +h'J 4+ JThI)]
C ,h, C ,h,

= max min4[h'h + Tr(Ab*)] + Tr(CH)[1 +h'j + j'h + Tr(h"j)]
C:Tr(C)=0, hp

Te(CH) # 0
1 ~ 2 ot s 1 = 2 |jij|2 ~
=  max —<Tr(CH)j'j — _Te(CHY ) + Tr(CH)
C:Tr(€) =0, 4 8 g At A
Vi enTe(CIIT) =0, JAiTA
Tr(CH) # 0
—1
T .
= max = max C,O),
C:Tr(C)=0, J J+ Z 2()\, +)\, ) C:Tr(C)=0, S( )

Vi senTH(CIIT}) = 0, 1kt A, 70

Vi jen Tr(CJ]I) =0
as in Eq. (18).
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APPENDIX D: CONFINING (h, h) IN A COMPACT SET

The minimax theorem [66] states that for convex com-
pact sets P C R™ and Q C R" and f : P x Q — R such that
f(x,y) is a continuous convex (concave) function in x (y) for
every fixed y (x), then

max min f(x, y) = minmax f(x, y).
ma min f(x, y) = min yle( y)

D1

In Eq. (17), the objective function 4Tr(CTaC) is concave
(linear) with respect to CC' and convex (quadratic) with
respect to (h, h). The operator CC" satisfying Tr(CC") = 1 is
contained in a convex compact set, but the domain of (4, h, h)
is not compact. Here we show that we could always confine
(h, ) in a convex and compact set such that the solution of
Eq. (17) is not altered. As a result, the minimax theorem is
applicable and we can exchange the order of the maximization
and minimization in Eq. (17).

First we note that miny, y yg=0 |||l =a < cowhenH € S.
Note that

h1+3 bl

h,1 + Z;:l hZiLi
(D2)

el =

hrj]‘ + Z::l hriLi

It is clear that there exists some b > 0 such that for all
I(h, B)]l, > b (]| - ||, is the Euclidean norm), we have ||| > a.
Therefore, it is easy to find some #’ > 0 such that

minmax  4Tr(CTaC),
hbh C

subjectto  3h, B =0, Tr(C'C)=1, [(h b, <V,
(D3)
and
maxmin 4Tr(CTaC),
C 'hb
subjectto  3n, B =0, Tr(C'C)=1, |[(h hl, <V,
(D4)

has the same optimal value equal to 4a, and there exists a

saddle point (h*, h*, C*) such that
Tr(CTa*C) < Tr(C* a*C*) < Tr(C* aC*) (D5)

J

for all (h, b, C) satisfying Jh, 8 =0, Tr(C'C) =1, and
(h,b)ll, <P, where o* = (h*1+§*L)"(h*1 + h*L).
Moreover, based on the above discussion, (h*, h*) is not on
the boundary, i.e., ||(h*, H*)||, < &. The second inequality in
Eq. (DS) is then equivalent to

Re[Tr(C*'(Ah1 4+ AHL)" (h*1 + H*L)C*)] =0, (D6)
for all (Ah, Ab) satisfying
ARl + Ah'L+LAh+LTARL =0 (D7)

for some Ah. Therefore, (h*, h*, C*) is also a saddle point of
Eq. (17):

max min 4Tr(CTozC),
C hp (D8)
Tr(C'C) =1,

subjectto 3k, f =0,

proving that the optimal value of Eq. (17) must also be equal
to 4a.

APPENDIX E: THE VALIDITY OF
THE NUMERICAL ALGORITHM

Here we prove the validity of the three-step algorithm
introduced in the main text. Let (h*, h*, C*) be the saddle
point of Eq. (17). The first inequality in Eq. (D5) implies

Tr(Ce’C) = ll*| = min . (ED)
hh,b|B=0
which means that [T*C* = C*, where IT* is the projection
onto the subspace spanned by all eigenstates corresponding
to the largest eigenvalue of a*.

Now assume we have a solution (h°, §°) of Eq. (2) such
that «® = (h°1 + h°L)"(h°1 + h°L) satisfies

le®l = min o] (E2)
h.h, b =0

We prove that (h°, §°, C*) is also a saddle point. Choose p €
(0, 1) and let

(h, h) = [ph® + (1 — p)h*, ph® + (1 — p)b*]. (E3)
Then,

Tr(C* aC*) = p*Tr(C*Ta®C*) + (1 — p)*Tr(C* a*C*) + 2p(1 — p)Re{Tr[C*' (h°1 + h°L)" (h*1 + h*L)C*]}

< PPTe(CaC) + (1 — p)*Tr(Ca*C*) + 2p(1 — p)/Tr(CHa*CHTr(Ca*C*) < |jo*|. (E4)

On the other hand, we know Tr(C*'aC*) > |lo*||. Therefore, the equality in Eq. (E4) must hold, which means

Tr(C*'a°C*) = ||la®],

(h*1 + h*L)C* = (h°1 + Hh°L)C*. (E5)

As a result, we have Tr(CTa°C) < Tr(C*'a®C*) for arbitrary C satisfying Tr(C'C) = 1. Moreover,

Re{Tr[C*' (AhL + ABL)"(h°1 + h°L)C*]} = Re{Tr[C*' (Ah1 + ABL)"(h*1 + h*L)C*]} = 0, (E6)

and Tr(C*'a°C*) < Tr(C*'aC*), proving (h®, h°, C*) is also a saddle point. Hence, step (b) in our algorithm will at least have
one solution C*, and the solution of step (b) (h®, §°, C°) is also a saddle point satisfying

Tr(CTa®C) < Tr(C* T a®C®) < Tr(CT aC®), (E7)

013235-8
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for all (h, h, b, C) satisfying 8 = 0 and Tr(C'C) = 1. Strong
duality [64] implies the optimal value of

max F(C°,C), subject to Tr(C'C) =1, Tr(C) =0,
¢

and Tr(J/J;C)=0 Vi, jen, (ES)

is equal to that of minyp =0 4Tr~(C°TaC°) =
miny n, 5 =0 ll||, proving the optimality of (C°, C°).

APPENDIX F: HIGHLY BIASED NOISE

We derived the optimal § and the corresponding optimal
AQEC code under the highly biased noise model, taking the
limit » — 0. Using the highly biased model [Eq. (23)], we
need to replace L by (ITs + I5,/m)L in Eq. (2), where [Tz s)
is an r-by-r diagonal matrix whose ith diagonal element is
one when i € §(ors), and zero when i € s(ors). After the
following parameter transformation:

h < (I + Ms//mh,

b« (Is + Ms//mbTs + Ms/y/n), (F1)
in Eq. (2), we have that the optimal QFI is equal to §° =
miny n, 5 =0 ll|l, where

o = (h1 + L) (T, + IT5/n)(h1 + L), (F2)

B=H+hl+h'L+Lh+LpL. (F3)
|

Letting @ = (h1 + hL)'T15(h1 + hL), we have

§°=— min

X 1 F4
i @l + 00, (F4)

where ming n 5o & > 0 as long as H ¢
span{1, L;, L, L'L;, i, j € s}.

Now consider the dual program of the modified version
of Eq. (17) with « replaced by &. We first simplify the
calculation by performing a gauge transformation such that
the new set of Lindblad operators J satisfies Tr(C'J;,C) = 0,
Y5 is diagonal with the ith diagonal element equal to A;
when i € 5 and zero when i € §, and its Schur complement

55 — Jss /5’51 Hss is diagonal with the ith diagonal el-
ement equal to A; when i € § and zero when i € s. Here,
the superscript ~' means the Moore-Penrose pseudoinverse
and we use the notations (-)qm = I[Io(-)[Ig for LI, @ =5, 5
and ¢;; = Tr(C TJ[TJ ;C). Note that the gauge transformation
here is divided into two steps: (1) L; < L; — Tr(C*L;C)1 and
)L <« (ulls 4+ vIl3z)L, where u = T1,ull; and v = TTzvI1;
are some unitary operators within the subspaces defined by
I1; and I1;. In this way, the solution is invariant. Again, we
introduce a Hermitian matrix C as a Lagrange multiplier, and
the Lagrange function is

L(C, h,h, h) = 4Tr[C"(h1 + h]) Tz (hl + hI)C] + Tr[C(H + h1 + T 'h+h'J + JhD)]. (F5)

Then we have

min ||&| = max min L(C, &, h, )
I,h,b|B=0 ¢ hhh

= max min4[h'TIsh + Tr(h'Tsh_#7)] + Tr(CH)[1 +h'j + j'h + Tr(hi")]

C:Tr(C)=0 h.h

(Fo6)
1 ~ ~
= max |:——Tr(CH)2 jTsj + Tr(CH) + (*)},
C:Tr(C)=0, Tr(CH) #0, 4
Hsj = 0, j55 =0
and
(x) = h_min ) ATr(hss Fs:hss + Dss FssDas + Dss Foihss + Dss Fsshas) + TH(CH)Tr(Dss)s5 + Dagiss + Dosias)
= TFI)HH 4Tr[bs5( Fas — /ﬁsfs_;/sé)hgg]
~ ‘ _1. . _ Tr(CH)* . _1.
+TF(CH)TF[[753(J§5 - fﬁs/sgleﬁ - 155/551/55)] - TTr(lﬁs 551153)
~ . 1. . _ 2 .
_ _Tr(CH)2 Z |Gss — s Faa'iss — jss Feg Fos)it | n lji;12 ’ F7)
4 — 2 +Ar) < A
i,i'€s, €8, J€5,
Aithy 0 20
under the constraints that IT,, jss = 0, [T, _Ze5 = 0,
an, (j§§ - /Bs /5_51j5§ - j§5 /5_51 /SE)Hng =0, (F8)
where [T, . are projection operators defined by n; = {i € s|A; = 0}, ns = {i € 5|A; = 0}. Otherwise, () = —oo. Note that the

second constraint IT,, _Zss = 0 is automatically satisfied by definition.
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To conclude, the dual program after replacing « by & is equal to

max §(C,C), subjectto Tr(C'C)=1, Tr(C)=0, Tr(CH)#O0,
C,C

(F9)
Hsj = 07 jﬁﬁ = O’ H115j5§ = 07 Hng (JEE - /55/5;1j5§ - jﬁs/;gl/sﬁ)nng = 05
where
-1
. . . 2

— ; (55 — P55 Lo iss — 55 Fog Fos)it| lj:; 12
C,C)=|jmsj | = = =1 . F10
§CO= M+ ) 200+ ) Py 1o

i,i'€s, i€5, jes,
Aitry #0 1,70

APPENDIX G: THE OPTIMAL AQEC CODE FOR CORRELATED-DEPHASING NOISE

In this Appendix, we provide a nonperturbation QEC code achieving the optimal § in a correlated noise-dephasing noise
model [32,33]. We have N > 3 qubits evolving under

d 1 1
i 1
= —iolw-Z,pl+ Y %[(v,- Zyp(;2) = S0 2P, p}], 1)
J

where Z; is the Pauli-Z operator on the ith qubit, w and v; are all unit vectors, and I' = ), u;viviT, with u; > 0 and {v;} an
orthonormal set of vectors. The violation of the HNLS condition H € S is equivalent to w € span{v;, Vi}.
We first calculate the optimal normalized QFI,

. + (vi . IU)2 Tr—1
4 min |¢||=4h'h=2 E — =2w' I w, (G2)
hh,p|p=0 ; i

where the superscript ! means the Moore-Penrose pseudoinverse, and
B=H+hl+h'L+Lh+L'pL
1

/By, - Z
_ [ [N h hf 27!
NEY

N vi-w
—w-Z hi+h) /2o, Z=0=h, = , h=0. G3
w +Z( +hi) /S ok (G3)
Now we introduce a QEC code,
N
100) = )(cos 0;10;) +isin;]1;)), 1) = X=V]0,), (G4)
j=1

where 6 = % arccos yu, defined elementwise, satisfying
Pw-Z)P=v-cos(20)Z,. = x(v-u)Z,, (GS)

and P(v - Z)(v' - Z)P o P for any v and v'. x is a tunable parameter € (0, ||u||;ol], where || - || is the infinity norm.
The QEC code is designed to correct every mode v perpendicular to u. Using the recovery channel introduced in Appendix F
of [33], we would have an effective channel

@ 'Tu)

d 2
L8~ Cilox@ w)z., p] + . X (Z.pZ — p). (G6)

dt
Using spin-squeezed states as input states, we could achieve the optimal § because
4x2w"w)?

=" K 2wF*1w,
22w Tu)

013235-10
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where the second equality holds when

@' Tw)(w' T 'w) =

(uTw)2 & oI lw.

Note that § = 2wl ~'w could be very large if there exists an i such that u; < (v; - w)>.
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