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To Grandma

You didn’t get to see this,

But you lived leaving no doubt

You wouldn’t be surprised.



No, no, nothing in the world can be imagined in advance, not the slightest thing.

Everything comprises countless unique facets that are impossible to foresee. In

imagination, we rush past them, unaware. Realities, though, are slow and

indescribably detailed.

Rainer Maria Rilke, The Notebooks of Malte Laurids Brigge

“Stupidity may be encouraged. If a tactic does not work, I suggest employing

methods tomake it succeed before abandoning the idea outright. A fool uses a

spear to simply jab; every tool can be utilized in many ways.”

Fehotep in The Wandering Inn (8.08 J) by pirateaba
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Abstract

Continuing advances in neural recording technologies and ambitions for their use

necessitate improvements in our ability tomeaningfullymodel and characterize ac-

tivity at the scale of neural populations. Here I contribute two theoretical advances

in this field. First, I theoretically characterize critical properties of certain focal

seizures, prove that the existing standardWilson-Cowanmodel (WCM) cannot gen-

erate activity with these properties, and then extend the WCM to have those prop-

erties. This enables modeling average population activity in focal seizures with the

WCM. Second, I introduce a novel approach to numerically characterize any popu-

lation activity in both time and space. This is simply third-order correlation (triple

correlation) which I prove uniquely characterizes any finite dataset. Moreover I

show triple correlation can be summarized by partitioning its underlying motifs

into fourteen equivalence classes that embody well-known computational proper-

ties (e.g. synchrony, feedback). These motif classes reflect underlying changes in

the structure of spatiotemporal neural activity. Finally, I apply this latter theoreti-

cal advance, using thesemotif classes to automate detection of seizures in newborn

infants.
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Chapter 0

Introduction

A fantastical, yet concrete, goal in neuroscience is the development of a general

brain-computer interface (BCI), a device that enables communication directly be-

tween a brain and a computer for both rapid and intuitive control (of the computer)

and information flow (for the brain). The consequences of tightening this loop are

hard to overstate, analogous to the advent of the computer itself. However, the

a vast expanse lies between us and BCIs. They will require engineering technol-

ogy that can interact with hundreds of millions or billions of neurons (and perhaps

more synapses) and developing an understanding of those neurons sufficient to in-

terrogate the resulting cascade of data. I have aimed my research at taking a small

step down the latter path, by studying the behavior of neural tissue at the popula-

tion scale.

The “population” is a term with subtly divergent meanings, one referring to a

population of neurons discretely firing, and the other referring to the averaged ac-

tivity of a population. The former usually interrogates hundreds or thousands of

neurons, while the latter concerns itself with tens of thousands ormillions. Discrete

population activity results from spike-sorted recordings with spatiotemporal reso-

lution on themicrometer and sub-millisecond scale (e.g. 30kHzUtah arrays, optoge-
1



netic recordings), while averaged population activity models electrodes that record

more slowly from millimeters or centimeters of cortex (e.g. <1kHz Utah array LFP,

EEG, fMRI). While it would be quite convenient if we could base a BCI on numbers

that each summarize hundreds of thousands of neurons, I don’t make that assump-

tion, rather assuming that studying the behavior such averages will guide our un-

derstanding of the behaviors of the underlying populations. Regardless, studying

the dynamics of such averages has produced decades of fruitful research. So here,

we will consider data of both types, first population averages in chapter 1, then a

technique that applies to both in chapter 2, and then finally applications of that

technique to population average data in chapter 3.

Just as the concrete BCI informs my long-term aims, the smaller pursuit within

this dissertation were informed by a concrete problem. I contend that any good

understanding of population-scale activity—whether discrete or averaged—should

provide insight into the premier population pathology: the seizure. In one sense,

seizures are quite simple: populations become over-active. However, that descrip-

tion belies the heterogeneity within a disease that affects over 50 million people

worldwide, over 20 million of whom cannot be treated by existing anti-epileptic

drugs Beghi et al (2019). In chapter 1, I aim to model an epilepsy subclass, focal

seizures, with the hope to provide theoretical insights and advances that can lead

to tangible improvements in the lives of people suffering from this disease. In chap-

ter 3, I aim to detect notoriously heterogeneous neonatal seizures in a completely

new way, with the hope of starting down a path that will improve outcomes for

newborns suffering from seizures.

In the first research chapter (chapter 1), I develop a theory of focal epilepsy with

failure of inhibition, and do so by diving into recent work that adapted the Wilson-

Cowan model (WCM), a population-averaging model developed by my advisor fifty

2



years ago. In so doing, I explain why failure of inhibition (FoI) may be necessary

for the ignition of a certain type of focal seizure, and also show that with the possi-

bility of failure of inhibition, a single system can move from population-scale func-

tionality to seizure without any change in model parameters. Thus the model can

theoretically predict the effects of anti-epilepsy treatments on seizures relative to

their effect on population-scale computation/functionality.

In the second research chapter (chapter 2), I introduce the use of triple cor-

relation as a means for characterizing spatiotemporal neural activity. I expand

upon prior work in image analysis to prove that the triple correlation of any neu-

ral dataset uniquely characterizes that data (in fact, any finite dataset). Inspired

by work in network-motif triplets, I then derive a set of fourteen motif classes into

which all elements of triple correlation fall, and which have intuitive relationships

to widely studied neural processing properties, such as feedback, feedforward, and

synchrony. To prove the utility of this metric, I use it to detect structured activity

in the midst of substantial noise across a multiple trials responding to a pseudo-

stimulus. Having shown that these metrics measure real structure in the presence

of noise, I additionally show that this structure varies across the neural response to

a much more pharmacological intervention in real data.

Finally, in the third research chapter (chapter 3) I apply triple correlation to the

problemof automating detection of seizures in newborn infants. These seizures are

notoriously difficult to detect, both in clinical practice because infants cannot report

seizures and often do not present overtly obvious seizures, and also in electrophysi-

ology, because the EEGs of neonatal seizures are quite heterogeneous. In a detector

constructed from the triple correlation signal, we find performance on-par with

that of a detector constructed from a clinical-standard signal, amplitude-integrated

EEG (aEEG). Moreover, unlike the one-note aEEG signal, triple correlation actually

3



reflects the heterogeneity of neonatal seizures, suggesting the possibility of catego-

rizing such seizures for the purposes of divining etiology or treatment.

Through these chapters I hope to both attack epilepsy along two distinct av-

enues, and also to advance methodologies in two different realms: both at the pop-

ulation level, but differing in level of abstraction, mechanistic underpinnings, and

even breadth of applicability. To introduce these chapters, I will begin by outlining

a brief history of neural population-average models. Then I will describe the state

of automated seizure detection and the concerns involved with such efforts.

0.1 A history of the Wilson-Cowan equations in modeling

neural populations

Population models can largely be conceived as falling into one of two categories,

which I will refer to as “averaged” and “discrete.” The former describes the activity

of entire populations of neuronswith a single number, whereas the latter describes

the population activity as a vector. This is not a formal distinction, and indeed one

of the more common current approaches to population modeling involves project-

ing a population vector onto a lower dimensional subspace, which constitutes a

muddy middle ground between the two categories as stated. This divide has a long

history, perhaps most notably described in 1970 by the dichotomy “randomness in

the small, design in the large,” (Anninos et al, 1970; Harth et al, 1970) reflecting the

understanding that connections between individual neurons (entries in a connec-

tivity matrix “connecting” the population vector) are random, whereas large-scale

connections between the populations-writ-large (e.g. the average connectivity, or

4



perhaps the eigenvalues of the connectivity matrix) reflect more conserved1 com-

putational structure. We will be focusing on the “averaged” model, as that is the

subject of the Wilson-Cowan model (WCM). However, to arrive at the population

average, we must begin with the raw vector, which was indeed developed earlier.

The first theoretical model of neural populations was developed by McCulloch

and Pitts (1943) at the University of Chicago. By utilizing the fact of the neuron’s

“all-or-nothing” response, McCulloch and Pitts defined the activity of a neural “net”

in terms of propositional logic. They were able to show that certain competing the-

ories about neural interactions (as fundamental as disagreements about the nature

of inhibition) were actually in a certain sense equivalent. In many ways, this was

the birth of the field of computational neuroscience2, though the field would not

come to be called as such for decades yet.

A decade later, Beurle (1956) derived one of the first models of population ac-

tivity by means of averaging. Beurle built on McCulloch and Pitts’ work, again us-

ing the critical “all-or-nothing” feature of neural activity, but rather than treating

the “population scale” as discrete description of nigh-infinite neurons, he asked if

it would be possible to zoom out and describe them all at once, or at least many of

them. This approach originated inwork by Shimbel and Rapoport (1948), whowere

the first to attempt a statistical reduction of McCulloch and Pitts’ work. However,

Beurle was able to take a critical subsequent step due to recent physiology from

Sholl (1953), which described the statistically typical pattern of dendritic arboriza-

tion in cat visual cortex. Sholl found that the probability of “connexion” between

two neurons decays exponentially with the distance between them. Consequently

1 “conserved” may be in many ways, whether across time, across brains, or across brain areas
performing analogous computations

2 This distinction depends one of several rather silly argument, such as that because preceding
modeling was of single cells, it could as well have been computational biology. I include the claim
here for aesthetic purposes.
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neurons near each other could be expected to receive similar inputs, on average, as

their connections could be expected to follow similar distributions. Thus one could

derive a local neural population’s average activation as a function of the popula-

tion’s average input. Beurle did this, and demonstrated interesting behaviors sup-

ported by hismodel—travelingwaves of various forms, such as plane and spherical

waves—that are still relevant to modern research (Lu et al, 2011; Sato et al, 2012;

Harris and Ermentrout, 2018; Rapela, 2018).

His equations are

dF

dt
= RΦ− F (1)

dR

dt
= −F (2)

where F is the firing rate, R is the proportion of sensitive neurons, and Φ is the

proportion of cells reaching threshold. Note that though there are no explicit spatial

derivatives, Φ and F are related by a spatial integration.

When the spatial relationship is sufficiently simple that Φ = mF, then Beurle’s

equations have an exact solution. This is relevant because the form of spatial con-

nectivity found by Sholl (1953) is the same one that would theoretically give a con-

stant ratio between Φ and F: an exponential decay in connectivity with space. This

gives the exact solution of a firing rate F of cells at location x and time t by

F(x, t) = sech2(x− vt) (3)

where v is the constant wave velocity3. This is, in fact, a traveling solitary wave, not

unlike that seen in a focal seizure Meijer et al (2015), and also not unlike traveling

3 There are some additional, critical constants that are nevertheless irrelevant here. See the
original paper for the full solution.
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waves seen in various other computational processes (Lu et al, 2011; Sato et al, 2012;

Harris and Ermentrout, 2018; Rapela, 2018).

Less than two decades after Beurle,Wilson and Cowan (1972) developed the first

example of the form of population-averaged model that is still used today (in par-

ticular within this dissertation): theWilson-Cowanmodel (WCM). TheWCM shares

the integro-differential form of Beurle’s model, both derived via integration over

McCulloch-Pitts neurons. However, the WCM diverges from Beurle’s model in

1. including inhibitory neurons,

2. defining firing as at least rather than precisely threshold input.

The latter difference means that Beurle models the derivative of neural activity,

rather than the activity itself (roughly). This has implications for the shape of trav-

eling waves supported by his model (e.g. solitary waves versus wavefronts), but

his core results about wave propagation remain4. Mathematically, the latter differ-

ence resulted in a sigmoidal firing response curve rather than Beurle’s sech curve.

The original version of the WCM is given by

τE
dE

dt
= −αEE+ (1− E) SE(AEEE−AEII+ PE)

τI
dI

dt
= −αII+ (1− I) SI(AIEE−AIII+ PI) (4)

where E and I are excitatory and inhibitory activity, respectively; t is time; αi is

the rate of decay of population activation5; Sj(x) is a sigmoid function describing

the firing rate of population j in response to input current x; Aij is the strength of

connectivity from j to i; and Pj is an external stimulus to population j.

4 Indeed more kinds of wave propagation are possible with the addition of inhibition.

5 NB:Wilson and Cowan (1972) neglected tomention that αE should be set to 1.1 for their results,
an omission that Dr. Cowan regrets, chuckling, to this day.
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The results discussed in the initial paper largely centered around the ability of

the WCM to generate oscillations, both decaying and not, and descriptions of the

phase spaces that gave rise to these behaviors. The following year, Wilson and

Cowan (1973) described a spatially-extended version of (1.4) and expanded the abil-

ity of that spatially extended model to generate localized limit cycles and traveling

waves, the latter much like Beurle (1956). Unlike Beurle, despite much effort on the

part of myself and Dr. Cowan, the WCM resists an exact solution6.

Subsequent works used the WCM to explain observed neuroscientific phenom-

ena. Perhaps most relevant to chapter 1, Ermentrout and Cowan conducted a sys-

tematic analysis of the phase space of the WCM (Ermentrout and Cowan, 1979a,b,

1980). In these works, theories were developed from the WCM to explain tempo-

ral oscillations in neural activity (Ermentrout and Cowan, 1979b) as well as visual

hallucinations (Ermentrout and Cowan, 1979a). Quite recently, Cowan et al (2016)

provided a good overview of such applications, including some novel results fit-

ting traveling waves observed in visual cortex (i.e. Muller et al, 2014; Benucci et al,

2007; Nauhaus et al, 2012, 2009), in response to both strong and weak stimuli. With

chapter 1, I seek to expand the boundaries of what can be explained by the WCM.

0.2 A glimpse into the future of clinical neurophysiology:

Can we use machines to interpret EEG?

6 With a polynomial approximation of the sigmoid, one can transform the WCM into an equa-
tion like the integral of the Korteweg-de Vries equation, which is essentially the Beurle equation.
However, the inhibitory population muddles things and at the end of the day you have a couple
higher-order derivative terms that you’d really rather not have. To be fair, those terms do disap-
pear as the wave speed goes to zero, but that’s only partially helpful.

Adapted from: Smith G, Lee S, van Drongelen W. A glimpse into the future of clinical neuro-
physiology: Can we use machines to interpret EEG? Clin Neurophysiol. 2018 Oct; 129(10):2186-2187.
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Diagnosing epilepsy requires a clinical neurophysiologist trained to conduct a sub-

tle and time-consuming review of EEG recordings. Historically, researchers have

attempted to improve this diagnostic process by identifying epileptiform markers

and by automating their detection (e.g. Gibbs and Gibbs, 1952; Kellaway et al, 1959;

Gotman and Gloor, 1976; Gotman, 1982). One recently developed approach that can

extract and classify signal features is deep learning, an application of artificial neu-

ral nets with the neural elements arranged in multiple layers. Indeed, Tjepkema-

Cloostermans et al (2018) employ such Deep Neural Networks (DNNs) to detect in-

terictal epileptiform discharges (IEDs) in EEG data. In the following, we introduce

a brief history of neural networks, discuss the findings in Tjepkema-Cloostermans

et al (2018), and speculate on future directions of deep learning applications in this

field. We generalize these insights to automated detection more broadly to include

the triple-correlation-based detector developed in chapter 3.

Application of artificial neural nets as in Tjepkema-Cloostermans et al (2018) is

not the first time that artificial intelligence (AI) has been used to automate complex

tasks. An early example, the perceptron, was developed in the 1950s (Rosenblatt,

1958). The perceptron passes a weighted sum of all its inputs through a threshold-

ing non-linear function. This function behaves as a hard- or soft-switch, similar

to the formalisms used to model individual neurons (McCulloch and Pitts, 1943)

or populations (Wilson and Cowan, 1972). Optimizing the weights associated with

each of its inputs trains the perceptron. With increased computational resources,

this approachwas significantly improved by extending it to networks withmultiple

units arranged in multiple layers with feedforward connections (e.g. Pao, 1989), so

that optimization occured on the weights of inputs from each layer to the next. The

weights across the entire network are optimized with a back-propagation proce-

dure that is based on the chain-rule in calculus (cf. van Drongelen, 2018). One prob-
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lemwith this approach is that such networks required significant pre-processing of

the raw data, a task usually performed by a trained engineer with domain exper-

tise. Another major issue is that these networks can be trained to respond almost

perfectly to a training set, but often demonstrate poor performance on similar but

different test data—a problem called overtraining. Furthermore, a fundamental

scientific problem with the artificial neural network in general is that, even if it

performs perfectly, it usually does not at all create insight into the underlyingmech-

anisms that make it work. These problems undoubtedly contributed to the limited

interest in and success of neural net applications in neurophysiology in the 1980s

and 1990s.

A significant change in the AI-landscape of the neural network application oc-

curred fairly recently. Vast improvements in network optimization and perfor-

mance were created due to qualitative and quantitative changes in network struc-

ture, in thenetwork’s training processes, and in its non-linear component (reviewed

in LeCun et al, 2015). Because of the increased layers (i.e. depth) in the network as

compared to the initial neural network applications, this latest approach in artificial

network technology is often indicated by terms as ‘deep learning network’ or ‘deep

neural networks’. A defining quality of a deep learning network is that its early

layers learn a feature representation from the training data. Deeper layers extract

progressivelymore complex and high-level features, until the deepest layers finally

classify inputs using these high-level features. In a toy example from computer vi-

sion, the first layer would extract edges from pixels, deeper layers would extract

shapes from edges, and the deepest layers would classify round shapes containing

pentagons and hexagons leading to the detection of a soccer ball.

In their pilot study, Tjepkema-Cloostermans et al (2018) evaluate the ability of

two types of networks for the detection of IEDs: the convolutional neural networks

10



(CNNs)with feedforward connectivity and the long short-termmemory (LSTM) struc-

ture that also includes recurrent connections. Importantly, the deep networks have

eliminated or at least dramatically simplified the problem of pre-processing data.

Therefore, the authors detect IEDs by feeding 2-second epochs of the EEG signal di-

rectly into the network’s input layer. All epochs were first reviewed by a clinical

neurophysiologist for the occurrence of IEDs, providing a ‘gold standard’ for the

automated detector. Next, the network’s connectivity is adjusted by a training pro-

cess. The goal of the training is to provide a network output that emulates the clin-

ical neurophysiologist by discriminating between epochs with and without IEDs.

Tjepkema-Cloostermans et al (2018) used 41,381 epochs with 1,478 IEDs to train the

networks, and tested their performance on a different, but comparable, data set

of 8,775 epochs with 337 IEDs. Comparing the detector to the ‘gold standard’, it

demonstrated 47.7% sensitivity (the % of true positives detected) and 98.0% speci-

ficity (the%of truenegatives detected). The false alarmswere 0.6/min across the en-

tire data set, and only 0.03/min in the normal EEGs. Although these results are very

promising, the relatively low sensitivity does create a risk that a pathological EEG,

especially when few IEDs are present, is incorrectly classified as normal. Clearly,

the network’s sensitivity does notmatch performance ofmanually optimized detec-

tors for epileptiform activity (e.g. Gotman and Gloor, 1976; Gotman, 1982, software

by Persyst, Prescott, AZ), and that aspect does require improvement. However, the

enormous advantage of theDNN is that no subjective adjustments are required, and

the DNN’s sensitivity to detect IEDs may improve with further training, increase of

network size, a more optimal network structure, and if needed with a slight relax-

ation of the rather high specificity.

If the AI techniques continue to be successful, whereto might deep learning lead

us in the future? Although there are many potential applications in medicine, we
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will limit our speculations to a few examples in the field of epilepsy.

A portable EEG device equipped with machine learning algorithms to antici-

pate or detect seizure onset could alert the patient to get to a safe location or to

take prophylactic measures to stop the seizure before it begins. In fact, an FDA-

approved neurostimulator that has some of these capabilities already exists (Neu-

ropace, Mountain View, CA, USA). Although such interventions are emerging as

promising tools for epilepsy management, they still remain narrow in their appli-

cability and limited in their effectiveness.

Beyond functioning as a simple detector for epileptiform activity, a DNN could

serve as a powerful diagnostic tool for differentiating epilepsies. Practice standards

provide guidelines for physicians when choosing drugs to treat specific types of

seizures, but the reality is that many patients struggle through a gamut of medi-

cation combinations before achieving adequate seizure relief. Machine learning

techniques have the potential to detect subtle epileptiform patterns and use these

features to create new and more specific categorization of seizure disorders. With

these categories, physicians could potentially offermoreprecise and evidence-based

treatment plans better individualized for each patient. Such targeted approaches

may also help to identify patients earlierwhowill not respond to drug regimens and

curb the use of extreme and invasive interventions on patients who are unlikely to

benefit from surgery.

With the advent of advanced algorithms that perform faster and more reliably

than a human physician, a future of fully automated medicine is an enticing idea.

The goal of replacing the neurophysiologist by a machine is a lofty one, and still

far from realistic with the current state of technology. A more modest goal would

be to use algorithms to make the review process more efficient, thereby creating

more time for higher-level tasks that require a more human touch such as patient
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counseling. In a medical system where facetime with physicians is becoming in-

creasingly scarce, automation of purely technical tasks will give doctors more time

to focus on patient care.
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Chapter 1

Failure of Inhibition Bridges Focal

Seizure and Population-Scale

Computation

1.1 Introduction

Epilepsy—a disease affecting more than 0.6% of the global population (Beghi et al,

2019)—is definedby repeated seizures, which consist in runawayneural population

activation. Despite that simple generalization, seizures are heterogeneous, broadly

categorized into focal or generalized, and even more finely subcategorized due to

a range of clinical and electrophysiological expressions. The concern of this pa-

per is the focal seizure, which is defined by a spatially localized onset, theoretically

the epileptogenic zone (EZ). The EZ has a surgical definition as the minimal area

needed to be resected to rescue seizures (Jehi, 2018; Lüders et al, 2006; Andrews

et al, 2020). However, one can never truly know if the resection was “minimal” and

This chapter is under review as a manuscript of the same name, co-authored with Jack D
Cowan, Stephanie E Palmer, and Wim van Drongelen.
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so in practice the EZ remains elusive, so researchers and clinicians pursue other,

more practical, concepts more suited for their own goals. With the goal of treat-

ment and preference forminimally invasive tools, clinicians investigate the seizure

onset zone (SOZ), which is defined as the area recorded by the first electrode to de-

tect seizure activity. With the goal of understanding and with much more invasive

tools at their disposal, researchers have recently identified a “focal core,” character-

ized by intense spiking activity and by decreased inhibitory spiking (Schevon et al,

2012). In this paper, we will focus on this latter concept of a focal core. We will use

the addition of this decreased inhibitory spiking—modeled by failure of inhibition

(FoI)—to show how the cortex underlying a focal core can support both functional

computation and seizure, to explain why focal seizures are not easily rescued by

long-range homeostatic mechanisms, and finally we will use that insight to argue

that FoI may be a necessary feature of an EZ in some focal seizures.

A near universal criterion for the focal core is persistent hyper-excitation. Ad-

ditionally, mounting evidence points to a key factor in the seizure core’s hyper-

excitation: a local decrease in inhibitory activity (Meijer et al, 2015). Most likely,

this decrease in inhibition is actually a failure of inhibition (FoI), meaning that the

inhibitory cells are receiving supra-threshold input currents, yet failing to fire. Re-

searchers debate the underlying cause, but a leading hypothesis is depolarization

block (DB), which occurs when sustained input to a neuron creates an ion gradient

that does not allow sodium channels to reset after action potentials, thus block-

ing future action potentials even in the presence of supra-threshold input (Bianchi

et al, 2012; Kim and Nykamp, 2017, 2014; Meijer et al, 2015). DB preferentially af-

fects inhibitory neurons, as modeling shows that smaller neurons such as many

inhibitory neurons have lower DB thresholds (cf. Fig. 1.1a, reproduced from Tryba

et al, 2019). From this preferential effect, a seizure follows logically: if inhibitory
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neurons are the brakes on neural activity and excitatory neurons are the accelera-

tors, FoI cuts those brakes while leaving the accelerators running, and so excitatory

activity grows beyond control. Note that this failure need not (and does not) occur

in the larger area of seizing cortex (the penumbra): most seizing cortex oscillates

due to local interactions between excitation and inhibition, driven by long-range

input from the focal seizing core (Schevon et al, 2012). Herein we will focus on this

seizing core exclusively, modeling its behavior in the face of failing inhibition.

Tomodel the focal core, then, we need a populationmodel thatmodels FoI. How-

ever, nearly all existing population models make the simplifying assumption that

neural populations respondmonotonically to input current (e.g.Wilson and Cowan,

1972). For normal physiological activity, this is usually a valid assumption (though

see Bianchi et al, 2012, for a physiological counter-example), but not in pathological

high-input cases where phenomena like DB are possible. Two recent papers have

proposed substitutions for the monotonic input-response function: one a Gaussian

(Meijer et al, 2015), one a product of two sigmoids (Kim and Nykamp, 2017). Here

for the first time we provide a derivation from first principles for a similar FoI pop-

ulation model, hence with population parameters directly rooted in neuron-level

electrophysiology.

Given this model of the focal core, seizures are clear: they are activity states

with high excitation and near-zero inhibition. A potentially epileptic system, then,

must have a stable seizure state. Past works typically stopped here, establishing

an epileptic binary: a model was epileptic if it has a stable seizure state and non-

epileptic if it did not (e.g. Meijer et al, 2015; Kim and Nykamp, 2017). We argue to

nuance this epileptic binary: First, we propose investigation of both seizure sus-

ceptibility and rescuability, to establish a gradient of “epilepticness.” While such

a gradient is obvious at the level of clinical observation, it is not a priori obvious
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Figure 1.1: In silico and in vivo failures to fire. Left, a simulation of Hodkgin-
Huxley model neurons with a putative excitatory neuron (i.e. large), top black,
and a putative inhibitory neuron (i.e. small), middle red, both firing in response
to the same input current, bottom blue. In response to increasing input, the excita-
tory neuron shows a monotonically increasing firing rate, with only minor to spike
amplitude adaptation. In contrast, in response to the same input, the inhibitory
neuron first increases firing rate, but finally fails to fire. Neuron sizes are diame-
ters in meters. Left panel reprinted with permission from Tryba et al (2019) Right,
experimentally recorded firing rate (FRI) plotted against low-frequency local field
potential (L-LFP, an analogue of input current) shows that for sufficiently high input
current, firing rate decreases. The data cannot distinguish between excitatory and
inhibitory spikes, so the FRI includes both kinds of spikes. Right panel reprinted
with permission from Meijer et al (2015).
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that the gradient exists at the level of the focal core, as our model predicts. Second,

we explicitly name qualitative difference in rescuability as the key explanation for

the necessity of FoI in focal seizures, thus giving explicit logical justification for dis-

tinguishing between hyper-exited states with and without FoI. We argue that this

reasoning strongly suggests that FoI would be present in at least one kind of EZ.

Finally, we argue for the study of a subset of our models that are tristable, capable

of both population-level functional computation (characterized by the existence of

distinct physiological rest and activity states) and seizure. These tristable models

allow for the possibility that epileptic cortical populations can function normally

when not seizing without the need for any wholesale shift in neural parameters

(compare to Saggio et al, 2020). Further, a tristable model can quantify seizure in-

terventions (such as anti-epileptic drugs, AEDs) in terms of not only their potential

to prevent and rescue seizure, but also in terms of their relative impact on cortical

function, a critical clinical consideration.

1.2 Results

Our results come from a populationmodel nearly identical to theWCM except in its

inhibitory nonlinearity, just like two past models (Kim and Nykamp, 2017; Meijer

et al, 2015). To begin, we will prove why such a modification is necessary. Then, we

want to show that our modified model is consistent with experimental recordings

of focal seizure core electrophysiology, and also that our model fits simple test data

at least as well as prior FoI models.
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1.2.1 Proof: WCM cannot model a functional focal core

Suppose we have an equation of the form of the WCM (1.4), which is to say a model

with E and I populations, where the derivatives are proportional to the difference

between a decay term and an activation term, and where the activation term is

given by a non-negative monotonic function Swhose input is a weighted difference

between E and I. For simplicity, assume the external inputs P are zero, and all other

parameters are equal to 11.

Suppose we have a fixed point (XE, XI), i.e. a point where dE
dt = dI

dt = 0. We want

to show that there cannot exist a fixed point (YE, YI) such that YE > XE and YI < XI.

Assume for contradiction that we have such points. Then we also have that ar-

guments to the nonlinearity such that YE − YI > XE − XI. Then the firing function,

being monotonic, preserves the inequality

S(YE − YI) ⩾ S(XE − XI). (1.1)

Additionally 1− YI > 1−XI (and both non-negative), so we have shown that the full

activation terms are (1− YI) S(YE − YI) ⩾ (1− XI) S(XE − XI).

At a fixed point, the decay equals the activation, i.e. (1 − YI) S(YE − YI) = YI and

(1−XI) S(XE −XI) = XI, so, combined with the above, implies YI ⩾ XI, contradicting

our initial assumption. Thus it is impossible to have two fixed points (XE, XI) and

(YE, YI) such that YE > XE and YI < XI given a monotonic firing function.

If the firing function were not monotonic, then (1.1) would not hold, and conse-

quently it would be possible to have two such fixed points.

See subsection 1.3.1 for our derivation of a model with such a firing function.

1 The argument holds for any P and as long as all other parameters are non-negative, which is
necessary for the biophysical meaning of the equation. If the connectivity strengths were negative,
then the populations not be excitatory and inhibitory.
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1.2.2 Derived model consistent with prior work

Fig. 1.1 (right panel) displays a keyhallmark of anFoI input-response curve: plateaus

in response where small changes in input do not change the response, suggestive of

saturation. The first, higher plateau indicates normal saturation: no more cells can

be recruited. The second, lower plateau indicates saturation of the excitatory popu-

lation combined with failure of the inhibitory population. Logically, these plateaus

should exist: the first is a safety margin for physiological activity, and also has been

noted by researchers for decades (e.g.Wilson and Cowan, 1972). The second follows

if FoI truly preferentially affects inhibitory neurons: once the inhibition cuts out,

all that remains are the already-maximally-firing excitatory neurons. The evidence

for the preferential effect of FoI can be seen in the left panel of Fig. 1.1: Hodgkin-

Huxley simulated neurons showapoint in ramping inputwhere inhibitory neurons

fail to fire but excitatory cells continue (Meijer et al, 2015). Note also that the dif-

ference in plateau heights in the right figure is a 20% reduction, suggestive of the

usually assumed inhibitory cell prevalence of 20%.

In Fig. 1.2 we see that our model exhibits such plateaus. This sharply contrasts

anothermechanism for “paradoxical” input-response, supersaturation, which does

not plateau, but rather coincides with a decrease in excitatory activity until excita-

tory activity can decrease no further, at which point inhibitory activity increases

(Sanzeni et al, 2020).

Another feature of Fig. 1.1b is the asymmetry of the left and right slopes. Unlike

the plateaus, this is not a necessary feature (given our lack of understanding of the

underlying distribution of failure thresholds). However, it is what we empirically

observed and we had no a priori reason not to expect asymmetry. So, in compar-

ison to a model with a necessarily-symmetric Gaussian nonlinearity, we consider

it a mark in favor of our model that our model does fit asymmetric input-response
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Figure 1.2: Comparing model fits of synthetic data. Sigmoids fit data qualita-
tively better than a Gaussian when either 1) ∆µ = µfail − µfire is large relative to
either σfire or σfail (i.e. the curve plateaus), or 2) when σfail ̸= σfire (i.e. the curve
is asymmetric). A,B,C, Input response curves (solid black) generated by sampling
neurons’ firing and failing thresholds from “fire-then-fail”-constrained Gaussian
distributions. Each input-response curve was generated analogous to Figure 1.5:
1000 binary neurons were created by drawing firing and failing thresholds from
normal distributions, θfire ∼ N(µfire, σfire) and θfail ∼ N(µfail, σfail). Then any neu-
rons with θfail ⩽ θfire were discarded and resampled to enforce the biophysical
constraint θfire < θfail. The dashed lines indicate the best fit by either difference-of-
sigmoids (DoS, dashed blue) or Gaussian (Gauss, dashed orange) models. Note that
DoS model overlaps both the ground truth and product-of-sigmoids model (latter
not shown). Titles indicate sample statistics of the “fire-then-fail”-constrainedGaus-
sian distributions. DMean squared error (MSE) of fits to input-response curves as
a function of difference ∆µ between sample means of the underlying on and off
threshold distributions, and superimposed linear fits of MSE vs ∆µ. Shading in-
dicates 95% confidence interval (barely wider than line). Statistics not indicated
by subplot titles, A,B,C: σfail = 0.04. A: RMSEGauss = 0.10, RMSEDoS = 0.005. B:
RMSEGauss = 0.13, RMSEDoS = 0.003. C: RMSEGauss = 0.06, RMSEDoS = 0.007. D:
µfire = 0, µfail ∈ [0.5, 1.0], and both σ∗ ∈ [0.04, 0.24].
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curves.

Generally Fig. 1.2 illustrates that our model fits potentially asymmetric and po-

tentially plateauing input-response functions better than a model with a Gaussian

nonlinearity and just as well as one with a product-of-sigmoids nonlinearity.

1.2.3 Seizures in phase space

At its most basic, a seizure is heightened neural activity that is not immediately

controlled, with pathological consequences. Within a neural population model,

unitless and lacking clinical consequence, it can be hard to distinguish between

heightened activity states that are computational versus epileptic. In general, this

would need careful fitting of model parameters to biological analogues and result-

ing electrophysiology. However, in our particular case of focal seizures with failure

of inhibition, we can be more categorical: we can find states that a) have minimal

inhibition compared to excitation and b) are qualitatively more difficult to rescue.

A nuance of focal seizures is that they involve a propagation of heightened neu-

ral activity—a traveling wave. Traveling waves are not possible in point-models

like the one described herein, as traveling requires spatial extent. However, fol-

lowing Harris and Ermentrout (Harris and Ermentrout, 2018) we can imagine our

point-model as space-clamped; meaning, our single point represents activity that is

constant across some spatial extent. Since a traveling wave is a transition from

one space-clamped state to another, we can imagine a transition between fixed

points in our model as a traveling wave. An additional nuance is that traveling

waves in focal seizures tend to be solitary waves (leaving refractory cortex in their

wake) rather than wavefronts (leaving still-pathologically-heightened activity in

their wake) (Schevon et al, 2012). We note that regardless of the mechanisms for

this refraction, the seizure will not cease until the wave itself is controlled, be it
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solitary or wavefront. So we are concerned with the state that constitutes the peak

of the wave, which we call the seizure state.

We quantify states in two ways: first, simply by excitatory activity (E). Second,

by a metric we call the “seizure index” (SI). Since we are concerned only with fo-

cal seizures, we want our seizure index to capture the contrast between excitatory

activity and inhibitory activity. Since in addition to high contrast, seizures have

high excitatory activity, we further weight this contrast by the maximal population

activity.

SI = E− I

E+ I
max(E, I) (1.2)

This index varies between −1 and 1, where SI = −1 corresponds to complete fail-

ure of excitation with strong inhibition (impossible in our model without external

stimulation); SI = 0 corresponds to balanced excitation and inhibition; and SI = 1

corresponds to complete failure of inhibition with strong excitation.

For focal seizures in particular, literature shows that the core activity consists

in heightened excitatory activity and depressed inhibitory activity (plus penumbral

oscillations which here we disregard) (Meijer et al, 2015). So a seizure state is a

high-SI state, which occur most ideally along the E-axis of the phase space. For our

search, consider Fig. 1.3. We can discount the stable point near (on) the origin:

this is a rest state with both low-E and low-SI, so is certainly not a seizure state.

The FoI model (right panel) has a high-E, high-SI fixed point on the E-axis, at the

intersection of the final arms of both the E- and I-nullclines. We will refer to this as

a final-arm seizure state. For this same parameterization, the purely-firing model

(left panel) has no other stable fixed point on or near the E-axis. In general, purely-

firing systems only have another stable fixed point on the E-axis if the I-nullcline

(dashed red) shifts so that the third arm of the E-nullcline (solid blue) intersects on

the first arm of the I-nullcline (before rising). This is a high-SI state, so purely on
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the basis of electrophysiology, wemight consider such a state to be seizure. We will

refer to it as a first-arm seizure state. Wewill argue in the next section that first-arm

and final-arm seizure states are fundamentally different, and that first-arm seizure

states may not even be seizures, even though the states in isolation may appear

identical.

In sum, we will refer to stable states near the origin as rest states; stable (or

limit cycle) states on the second (rising) arm of the I-nullcline as active states (ris-

ing dashed red); stable zero-E states on the first arm of the FoI or purely-firing I-

nullcline as first-arm seizure states (horizontal dashed red); stable states on the

final arm of the FoI I-nullcline as final-arm seizure states (horizontal dashed red);

and stable states between active and final-arm seizure states as either high-active

states or quasi-seizure states.

1.2.4 Epileptic systems

An epileptic system is one that can transition to a seizure state. Traditionally this

includes slow parameter transformations of the entire phase space (Saggio et al,

2020), but we will only concern ourselves with transitions within a phase space,

and so only call a system epileptic if it has a seizure state in its phase space (e.g.

Fig. 1.3, right panel). We do not claim this applies to all or even most epilepsies.

This is possible because we restrict ourselves to focal epilepsy and our FoI model of

focal epilepsy permits both computation and seizurewithin the same system. Thus,

within a single fixed system, we can model epileptic systems (foci) that function

normally until seizing in response to electrophysiological stimulus. As with seizure

states, we refer to two broad categories of epileptic systems: first-arm and final-

arm.

The first-arm epileptic system can arise from either FoI or purely-firing models.
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It can only be bistable, and specifically has a rest state in addition to the eponymous

first-arm seizure state. In these systems, the E-support of the E-nullcline is a subset

of the E-“support”2 of the first arm of the I-nullcline. Consequently the E-nullcline

cannot intersect with the I-nullcline on any arm but the first. Thus the fixed points

of a first-arm epileptic system are independent of whether the underlying model

includes FoI, since the first arm is unaffected by FoI.

In contrast, a final-arm epileptic systemmust include FoI, because the final arm

of the I-nullcline only returns to the E-axis given FoI (as in Fig. 1.4, right panel).

Final-arm epileptic systems have a rest state, a final-arm seizure state, and up to

two active stable states, and so they are bistable, tristable, or tetrastable. Since

a bistable final-arm epileptic system has a rest state, it may be functional at a sub-

population scale. A tristable system could add to the bistable systemeither an active

state or a high-active state. The active state has somewhat balanced E and I activity

and so transitions between it and the rest state could be involved in population-

scale computation (e.g. Sanzeni et al, 2020, inhibition stabilized networks). The

high-active state has as much E-activity as the seizure state, but with inhibition still

mostly or entirely intact, and so could correspond to a herald spike, which have

comparable amplitude to the seizure itself, but have brief duration (de Curtis and

Avanzini, 2001). A tetrastable system has both active and high-active states.

These final-armepileptic systemsdepend strongly on FoI. In all cases, a final-arm

seizure state cannot exist without FoI, and moreover, the number of stable states

may change based on the inclusion of FoI, as any high-active and final-arm seizure

states will collapse into a single fixed point in the absence of FoI (cf. Fig. 1.4). A

bistable FoI-system will still be a bistable system without FoI, but the seizure state

will become a high-active state. A tristable FoI-system with a high-active state will

2 “support” is in quotations here because the first arm of the I-nullcline is zero, and hence is not
supported in the usual sense.
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become a bistable system, seeing its high-active and seizure states collapse into a

single high-active state. A tristable FoI-system with an active state without FoI will

become a tristable purely-firing-system with both an active and a high-active state.

A tetrastable FoI-system will also become a tristable system without FoI, where its

high-active and seizure states collapse into a single high-active state. In all cases

the rest state remains unchanged with or without FoI.

1.2.5 Focal seizures are rooted in failure of inhibition

The qualitative difference in rescuability between first-arm and final-arm seizure

states makes a strong argument that intractable focal epilepsies may be rooted in

FoI. While high-SI states congruent with the high-E, low-I electrophysiology do exist

in first-arm epileptic systems even in the absence of FoI, systems in these seemingly-

epileptic states can be returned to rest by straightforward external drive to the in-

hibitory population (say by a homeostatic mechanism). The same is not true of

final-arm seizure states.

Not all perturbations are created biophysically equal. We assume our model

encompasses the local network, with the standard assumption that non-local con-

nections are exclusively excitatory3—therefore, only excitatory perturbations are

biophysically reasonable 4 Without FoI, excitatory perturbations corresponds to

perturbations up and to the right, and this works perfectly to rescue either the

high-active or the first-arm seizure state: excite the inhibitory population (upward

3 Experiments suggest up to 0.5% of long-range projections are inhibitory (Tamamaki and
Tomioka, 2010)

4 A caveat: other perturbations are allowed if and only if we assume there was already a non-
zero external input. In that case, we can effect a negative perturbation by decreasing that external
input. However, we are attempting to model the seizure core; if it is only seizing due to an external
stimulus, and stops when that external stimulus stops, then this it is not self-sustaining, and so is not
the core of interest. This does not exclude the possibility of other, more distributed seizures, merely
sets them aside for the purposes of this paper.
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perturbation), and the increased I will cause local inhibition leading to E decreas-

ing (up-and-to-the-left result), and so the seizure is rescued. However, with FoI, we

cannot always perturb upward. Wherever inhibition is failing, we can only perturb

rightward and downward, because exciting the inhibitory population will cause in-

hibitory activity to decrease. In particular, the final-arm seizure state has under-

gone a complete failure of inhibition, so I cannot be perturbed. Thus, the final-arm

seizure state cannot be rescued.5

1.2.6 Tristable systems model functional, yet epileptic, cortex

Models often omit that epileptic cortex should probably function when not seiz-

ing. They may incidentally account for sub-population-scale computation by virtue

of having a non-seizing stable state, but population-scale computations are known

(Harris and Ermentrout, 2018; Muller et al, 2016; Rapela, 2018; Sato et al, 2012), and

these computations are thus far unaccounted for in seizure modeling. To account

for these, we are interested in tristable (or tetrastable) models, so that state change

can serve a function other than seizure. In exploring the parameter space of our

FoI model, we find many tristable systems with rest, active, and seizure states, as

well as tetrastable systems with a high-active state.

These systems canmodel the joint effect of epilepsy treatment onboth the seizure

state and the active state. Consider Fig. 1.4, which depicts an epileptic system be-

fore and after a treatment by a hypothetical anti-epileptic drug (AED). The hypo-

thetical AED acts to reduce the efficacy with which the excitatory population drives

the inhibitory population, a counterintuitive treatment that only makes sense in

light of FoI (Liou et al, 2020). The primary effect of this treatment is to shift the

5 Another interesting caveat occurs in the ultra-high excitation case when excitatory cells might
fail, thus “rescuing” the seizure via complete failure of all neural activity.
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Figure 1.3: FoI adds seizure state to otherwise identical models. These example
phase spaces characterize models differing only in the inhibitory population’s non-
linearity, either purely firing, left, or firing and then failing, right. While the stan-
dardWCMmodel has a highly excited stable state (left panel, right-most circle), only
with the addition of FoI do we find a stable state with high excitation and low inhi-
bition. Moreover, in the standard WCM, due to the monotonicity of the inhibitory
nullcline (red dashes), no high-E/low-I stable state can coexist with any stable state
with even moderate inhibitory activity (such as exists in an inhibition stabilized
network in Sanzeni et al, 2020). Excitatory nullcline, solid blue, inhibitory nullcline,
dashed red. Stable fixed points, circles; unstable fixed points, crosses. Both panels:
AEE = 17, AEI = 9, AIE = 19, AII = 4, θEfire = 1.5, θIfire = 4. Right panel: θIfail = 8

inhibitory nullcline rightward (the nullcline’s shape also changes slightly). This

increases the seizure threshold substantially, but also increases the average am-

plitude of the limit cycle (as well as changing the frequency slightly). Additionally,

perhaps the seizure state’s being closer to the separatrixwouldmake it easier to res-

cue, by whatever means the brain may use. In concrete effect, though, the system

is substantially less susceptible to seizure due to perturbations from rest, slightly

less susceptible to seizures due to perturbations from its active state, its active state

operates at a higher activity level and reduced frequency, and the system may be
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Figure 1.4: Excitation of inhibitory cells (AIE) nonlinearly modulates seizure
susceptibility and rescuability. By decreasing AIE from the left to right panel,
we remake the seizure profile of the model. The models share three fixed-points
of interest: rest (low-E/low-I), active (moderate-E/moderate-I), and seizure (high-
E/zero-I), and the FoI model has additionally a stable high-E/high-I fixed-point (one
might consider this high-E state a candidate for herald spikes, cf. de Curtis and
Avanzini, 2001). The higherAIE seizure state is further from the physiological active
regime, meaning rescuing the seizure will require more external activity modula-
tion. Excitatory nullcline, solid blue, inhibitory nullcline, dashed red. Fixed points
indicated stable, circles, or unstable, crosses. Both panels: AEE = 19, AEI = 13,
AII = 6, θE,fire = 1.5, θI,fire = 4, θI,fail = 8.

disposed to inter-ictal spikes.

How could we then improve on this treatment? By decreasing AIE a bit further,

we could eliminate the seizure state entirely, but we also risk eliminating the active

state, and thus compromising cortical function. We would rather either a) move

the right-hand slope of the I-nullcline further right, independent of the left-hand

slope, or b) move the final arm of the E-nullcline further right, independently of

the middle arm. Both of these changes are possible. The right-hand slope of the

I-nullcline depends on the failure threshold of FoI, so any AED that could increase
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this independently of the firing thresholdwould theoretically treat epilepsywith far

less effect on cortical function. The E-nullcline final arm can be targeted through

the excitability of the E population, though not truly independently of the middle

arm.

1.3 Methods

1.3.1 Deriving populations from single cells

Like the precedingworks (Meijer et al, 2015; KimandNykamp, 2017), ourmodelwill

be amodifiedWCM. In keepingwithWCM (Wilson andCowan, 1972), our derivation

begins with a single neuron modelled as a binary switch, but with a modification

for the inhibitory neurons.

Single cell model

Wilson and Cowan (1972) used a binary switch as their single cell model. To incor-

porate failure of inhibition, we similarly use a binary-state neuron, but with two

switches: the original onset (firing), and a new offset (failing). Since we are only

concerned with failure of inhibition here, we keep the original single-switch for

the excitatory model neuron, so that the excitatory population dynamics are pre-

cisely as in the WCM. What follows is our derivation for the inhibitory population

only.

Wilson and Cowan let Dfire be the distribution of firing thresholds. To obtain a

sigmoid, they assumed Dfire is unimodal. Analogously, we let Dfail be the distribu-

tion of thresholds at which firing fails, also unimodal, with the additional biophys-

ical fire-then-fail assumption that for a given neuron, i, θ(i)fire < θ
(i)
fail. If a cell would
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fail before firing, then we contend more has gone wrong than we are interested in

modeling, and likely at the cellular scale. The first row of figure 1.5 illustrates this

construction.

Population averaging

Next, we average over these distributions, but first take a step back to understand

the meaning of their average. In their original paper, Wilson and Cowan wrote:

S(x) =
∫x
0 Dfire(θ)dθ. This finds the proportion of neurons firing when the popula-

tion recieves input x by finding the proportion of neurons with threshold less than

x. In our case, then, we need to find the proportion of neurons with θfire < x <

θfail. To start, we can count the number of neurons with θ
(i)
fire < x, most simply∑Nneuron

i=1
1[θ(i)fire < x]/Nneuron, where 1 is the indicator function. However, rather

than counting by neuron, we can count by threshold, namely
∫x
0 Dfire(θ)dθ, which

we know has sigmoid shape. Similarly the number of neurons with θfail < x is∫x
0 Dfail(θ)dθ. Our biophysical “fire-then-fail” assumption that ∀i : θ(i)fire < θ

(i)
fail, gives

us that the neurons in the second quantity were included in the first quantity, so

we can simply subtract them. Thus

S(x) =

∫x
0
Dfire(θ)dθ−

∫x
0
Dfail(θ)dθ (1.3)

= Son− Soff .

Again given our fire-then-fail assumption ∀i : θ(i)fire < θ
(i)
fail, we know S is a function

taking values between 0 and 1 that starts asymptotically at zero, before approaching

some maximum as a sigmoid-like function, and then returning to zero asymptoti-

cally. Note that in the case that the distributions do not overlap (i.e. DfireDfail ≈ 0

everywhere) the maximum the function approaches is 1. For simplicity, we assume
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Figure 1.5: Sketch of nonlinearity derivation for a purelyfiring population, left,
and for a population that also fails, right. Top, example binary switch neuron,
either only firing as in the WCM left or with failure at high input right. Middle,
superimposition of many neurons with their thresholds drawn from Gaussian dis-
tributions. Bottom, firing response curves curves. The proportion of neurons firing
as function of input current, i.e. the average of the middle row. When the neu-
rons only fire, the firing response is a sigmoid as in WCM (left). With failure, the
firing response is the difference between two sigmoids (right). This is as seen in the
second figure of Meijer et al (2015), differing in that we take the average and then
approximate the sigmoidal sides by logistic functions, rather than approximating
the whole shape by a Gaussian.
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this to be the case, which equates to assuming that few cells have a firing threshold

greater than the least failure threshold.

To follow the original choice by Wilson and Cowan (1972), and for computa-

tional efficiency, we approximate Son and Soff as logistic functions, so that S is a

difference-of-sigmoids (DoS) with four parameters. Throughout, we will use the lo-

gistic function as our sigmoid, but as in Wilson and Cowan (1972), the results will

hold similarly for any choice of sigmoid. We show in Fig. 1.2 that this choice of sig-

moid fits theoretical firing responses well, when the firing and failing thresholds

are considered to be sampled from two normal distributions constrained by the

fire-then-fail assumption.

Thus we define the input-response functions of the excitatory and inhibitory

populations as

SE(u) = (1+ exp(−aE(u− θE)))
−1

SI(u) = (1+ exp(−aI(u− θI)))
−1

− (1+ exp(−afail(u− θfail)))
−1

Our definition of SI constitutes the only difference between our model and the

original WCM. SE and the rest of the model are as in the original WCM (see Wilson

and Cowan, 1972, for derivation details).

τE
dE

dt
= −E+ (1− E) SE(AEEE−AEII+ PE)

τI
dI

dt
= −I+ (1− I) SI(AIEE−AIII+ PI) (1.4)

As in WCM, the dependent variables E and I describe the proportion of neurons

firing in the excitatory and inhibitory populations respectively, and the dependent

variable t is time. The parameters and their values are described in Table 1.1.
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symbol description value (E, I)
τ time constant (7.8, 34.32)

Ai,j connectivity strength, j → i varied
P stimulus 0

a firing onset sigmoid slope 5

θ firing onset mean threshold (1.5, 4)
afail failure sigmoid slope 5

θfail failure threshold 8

Table 1.1: Description of model parameters and example values. The time con-
stants were taken from (Sanzeni et al, 2020). The sigmoid slopes were chosen both
to have high gain (Harris and Ermentrout, 2018) within the range of connectivity
strengths tested, and to avoid potential problems of interpretation due to overlap-
ping distributions of on and off thresholds. The onset thresholds were chosen in
line with (Harris and Ermentrout, 2018; Cowan et al, 2016), though in contrast with
(Meijer et al, 2015). The offset threshold was chosen to be sufficiently larger than
the onset thresholds such that the underlying threshold distributions would not
overlap.

1.3.2 Synthetic data and model fitting

All simulations and analyses were carried out in Julia v1.6.2 (Bezanson et al, 2012).

Our code can be found at the linked Github repository and its associated registry

(github.com/grahamas/FailureOfInhibition2022).

We created Nneuron = 1000 firing-and-failing neurons by sampling two thresh-

olds, one firing, θ(i)fire, and one failing, θ(i)fail, for each neuron i. We drew each thresh-

old from a normal distribution θ
(i)
fire ∼ N(µfire, σfire) and θ

(i)
fail ∼ N(µfail, σfail), un-

der the biophysical fire-then-fail constraint that for a given neuron iwe must have

θ
(i)
fire < θ

(i)
fail. For each of these neurons, call its firing function f(i) : R → {0, 1},

so f(i)(x) = 1 when θ
(i)
fire ⩽ x < θ

(i)
fail, and 0 otherwise. Then we can define the

input-response function of a population of such neurons as R : R → [0, 1] as R(x) =∑Nneuron
i=1

f(i)(x)/Nneuron.

For model fitting, we define three models: Gauss, the Gaussian model used in

Meijer et al (2015), Kim, the product-of-sigmoids model used in Kim and Nykamp
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(2017), and DoS, our difference-of-sigmoids model.

Gauss(x;µ, σ,A) = Ae
−1

2

(
x−µ
σ

)2
S(x; θ, a) = 1

1+ e−a(x−θ)

Kim(x; θfire, afire, θfail, afail) = S(x; θfire, afire)(1− S(x; θfail, afail))

DoS(x; θfire, afire, θfail, afail) = S(x; θfire, afire) − S(x; θfail, afail)

Using a root-mean-squared error (RMSE), these functions were fit to the population

input-response function R(x) with discrete values x taken from an evenly spaced

range of 2000 numbers between −2 and 2 (inclusive).

For both DoS and Kim, the initial guesses for θfire and θfail were the first and last

values above half-maximum, respectively. For afire and afail, the initial values were

the reciprocals of the distances between the θ initial conditions and the first (afire)

and last (afail) values close to the maximum (greater than 0.99max).

For theGaussian, the initialAwas simply themaximum, the initialµwashalfway

between the initial θfire and θfail, and the inital σ was the difference between the

initial guesses for θfire and θfail divided by 2
√

2 log (2).

The synthetic data were fitted by each of these three models using the L-BFGS

algorithmwith forward autodifferentiation implemented in the Optim.jl package
(Mogensen and Riseth, 2018).

1.3.3 Phase space analysis

Plotted nullclines were calculated as zero-level contours of the derivative fields us-

ing themarching squares algorithm implemented in the JuliaGeometry/Contour
package, with the E× I = [0, 1]× [0, 1] space sampled at a resolution of 0.01.

Fixed points were identified as intersections of said nullclines, calculated pre-
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cisely through iterative application of the above nullcline calculation on progres-

sively smaller windows around putative intersections. The nullclines intersections

were found as zeros of the Manhattan norm of the gradient, with error tolerance

sqrt(eps()) = 1.5e-8. Putative intersections were assumed to be separated by

a Euclidean distance of at least 1e-4 in E× I space.

1.4 Discussion

Our model can make nuanced predictions about the relative effects of putative

epilepsy treatments on both seizures and normal function. We accomplished this

first by considering seizure susceptibility and rescuability, rather than the mere

existence of a seizure state, since a system may have the potential to seize with-

out actually seizing. Such a system would be tristable given physiological states

that are visible at the population level (e.g. rest and active states as in inhibition

stabilized networks). Then, analogous to the susceptibility and rescuability of the

seizure state, these physiological states can be characterized by their excitability

and stability, i.e how easily the system can transition between rest and active states.

Any epilepsy treatment must improve either seizure susceptibility or rescuability

(preferably both), while also keeping the system’s excitability and stability within

functional limits. Our model can predict these effects.

We also argue that FoI is key to focal seizures, to the point that itmay be a key fea-

ture of EZs: the fact that a small region’s runaway activity unilaterally drives the

seizure necessitates that inhibition is failing in some sense. Mathematically, this

follows from accepting the possibility of a functional system that has the potential

to seize focally. If we discard the possibility of a seizure state sustained by external

inputs (i.e. not focal, not epileptogenic), then the seizuremust correspond to a fixed
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point in the system’s phase space, one which certainly has high levels of excitatory

activity, and which experiments indicate has suppressed levels of inhibitory activ-

ity (Tryba et al, 2019). Given that the system is functional, we assume the existence

of an active state, which has both less excitatory activity and more inhibitory ac-

tivity than a putative seizure state. Under these assumptions, the seizure state can

only exist if the inhibitory nullcline decreases after the active state (which must

be on or after the increasing arm of the I-nullcline). Such a decrease is equivalent

to FoI. Thus, given that focal seizures are experimentally characterized by hyper-

excitation and depressed inhibition, focal seizures in otherwise functional cortex

must involve FoI.

The presence of depressed inhibitory activity in focal seizures has been the sub-

ject of some debate. However, evidence suggests, and we were unable to find ev-

idence to the contrary, that inhibition fails specifically in the focal core. Of those

papers we found that seemed to contradict failure of inhibition, all were of record-

ings potentially within the penumbra (e.g. Truccolo et al, 2011). We emphasize that

our model only applies to the focal core. An important future direction for this

research is in the penumbral population activity: how do penumbral populations

behave when driven by an ictogenic core whose inhibition is failing? Does that ac-

tivity correspond to experimental recordings? How is the functional excitability of

penumbral populations affected by AEDs?

Our results are agnostic to the underlying cause of FoI. Our derivation assumes

a cause analogous to depolarization block (DB), that FoI occurs because inhibitory

cells fail to fire above a certain input threshold, but this assumption is without ref-

erence to the underlying mechanics of FoI. This is reflected in the simplicity of our

first principles: binary switch neurons with only the most minimal fire-then-fail

assumption on the relationship between firing and failing thresholds. A potentially
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important future direction will be to substitute empirically-derived relationships

between these thresholds, whichmust surely exist andmust reflect the exact mech-

anism underlying FoI.

38



Chapter 2

Third-order motifs are sufficient to fully

and uniquely characterize

spatiotemporal neural network activity

2.1 Introduction

Meaningfully capturing the complexity of neural networks is a daunting task: a

range of different approaches are currently in use to quantify network behavior

(e.g. Abeles and Gerstein, 1988; Dechery and MacLean, 2018; Schneidman et al,

2006; Jiang et al, 2017; Sporns and Kötter, 2004; Jovanović and Rotter, 2016; Milo

et al, 2002; Buzsáki and Draguhn, 2004). Intuitively, we assume that completely

characterizing this complexity should require correlations of such high-order as to

be incomprehensible, perhaps even unenumerable (Yu et al, 2011). However here

we show that third-order correlations fully characterize even themost complexneu-

This chapter is under consideration as amanuscript of the same name, co-authoredwith Sarita
S Deshpande andWim van Drongelen. It was also published as a pre-print on bioRχiv under the title
“Unique Characterization of Spatiotemporal Neural Network Activity” (2021), before being updated
to the current version in 2022. Sarita and I contributed equally in research and authorship.
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ral recordings.

This full characterization arises from the unique correspondence between a

dataset and its triple correlation, per the triple correlation uniqueness (TCU) the-

orem. Introduced decades ago in optical sciences (Bartelt et al, 1984), this theorem

states that any finite image has unique triple correlation. The TCU theorem has

since languished1, but we hope to bring triple correlation to the forefront of data

analysis with one simple observation: any finite dataset can be interpreted as an

“image.” In neuroscience, this encompasses any completed recording of neural ac-

tivity: functionalmagnetic resonance imaging, local field potential, single-unit elec-

trophysiology, multi-electrode array electrophysiology, voltage-sensitive dye imag-

ing, etc. Beyond these, the TCU theorem applies to any finite dataset in any field.

Here, we bring the TCU theorem into the heart of neuroscience with a focus on

analysis of spike rasters as the representation of neuronal population activity. We

propose that the activity patterns of a neural network can be ideally characterized

by its triple correlation, c3. We begin by defining c3, which comprises triplet mo-

tifs, the relationships among three events. We briefly summarize the proof of the

uniqueness of c3 and explore the implications of this uniqueness for neural data.

We then classify the triplet motifs by event sequencing and neuron recruitment to

derive a natural summary of c3 in fourteen motif classes. This summary falls out

naturally and maps onto network properties of both computational and biologi-

cal interest, including synchrony, feedback, feedforward, convergence, and diver-

gence. We illustrate the utility of that simple summary with some straightforward

simulations and apply our analysis to experimental recordings. In sum, we present

1 The theory was invoked in arguments about the Julesz conjecture Julesz (1962); Julesz et al
(1973); Yellott and Iverson (1992); Yellott (1993); Victor (1994), which stated that infinite textures
with identical third-order correlations are indistinguishable to a human observer. As noted by Vic-
tor (1994), these arguments were made somewhat convoluted by the fact that the Julesz conjecture
concerns textures rather than images. A mathematical texture is a statistical ensemble of images
(i.e. an infinite collection of images), whereas an image is finite and bounded.
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a novel, theory-based approach to quantifying network activity.

2.2 Methods

Weworked with amulti-neuron raster of spikes (Fig. 2.1A) to outline our approach,

though the analysis works the same for any finite dataset (see section 2.5).

2.2.1 Defining triple correlation

Unlike pairwise correlation (a function of one lag between two spikes), triple corre-

lation characterizes three-way interactions as a function of two lags among three

spikes (Fig. 2.1B). Wewill call C3 the triple correlation transform, which transforms

a spatiotemporal raster into its triple correlation. So for a spatiotemporal raster,

r(n, t) (n, space; t, time), the triple correlation c3 is a function of four variables:

C3[r] = c3(n1, t1, n2, t2) = ⟨r(n, t)r(n+n1, t+t1)r(n+n2, t+t2)⟩n,t. The operation ⟨...⟩n,t

computes the average over all bins (n, t) in the raster. The argument ... is 1 when

(n, t) is part of a spiking triplet with lags (n1, t1, n2, t2), and 0 otherwise. In practice,

we only calculate the triple correlation up to a certainmaximum spatiotemporal lag

which we determine based on experimental and computational considerations on

a per-experiment basis (noted in each figure). In most cases calculating the full c3
would be a needless computational expense as usually the triple correlations with

longer lags become more likely to be dominated by chance. See subsection 2.5.4

“Computing the triple correlation” for implementation details.
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2.2.2 Overview of uniqueness proof

To prove uniqueness, we apply the Triple Correlation Uniqueness (TCU) theorem,

originally applied in optical sciences (Bartelt et al, 1984; Yellott and Iverson, 1992;

Yellott, 1993). It states that if we have two images x and y with equal triple corre-

lations (C3[x] = C3[y]), then the images themselves must be equal (x = y). The TCU

theorem applies to any finite bounded dataset, including continuous signals and

multi-dimensional data—a fact that can be understood by interpreting any dataset

as an image—so we apply it to a spike raster. We begin with two rasters x and y

whose triple correlations are equal. This implies that the triple correlations’ Fourier

transforms (bispectra) are equal, which we canwrite as equality between the prod-

uct of three characteristic functions. Characteristic functions are the Fourier trans-

form of probability distributions and are well-known in statistics to have certain

nice properties (Feller, 1950). Using those properties, we perform simple algebraic

manipulations of that equality to derive that the Fourier transform of x equals the

Fourier transform of y times an exponential function, F[x](σ) = F[y](σ)ejaσ, where

σ is frequency, j is the imaginary number, and a is some constant. This means that

raster x equals raster y translated by some constant a. Thus, rasters with equal

triple correlations are themselves equal up to translation. See section 2.5 for the

full proof, both in the two dimensions of a typical raster and in the fully general N

dimensions. As a consequence of this result, spiking activity can in principle be re-

covered in its entirety from triple correlation (see “Reconstruction Algorithms for

Finite Images” in Yellott and Iverson, 1992).
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2.2.3 Summarizing triple correlation with motif classes

In order to better interpret triple correlation, which is inherently high-dimensional,

we summarized it along lines meaningful to the underlying neural dynamics, com-

bining the motifs into qualitatively distinct motif classes, Mi. To do this, we asked

what differences between three-spike motifs constitute fundamental differences.

First, we grouped motifs according to whether their lags are zero or non-zero, pro-

ducing 24 = 16 groups for the four spatio-temporal lags . Next we distinguished

within these groups according to the signs of the lags, which expanded those 16

groupings into 169 lag-sign motifs (proven in subsection 2.5.6 “The number of lag-

signmotifs”; enumerated in Table A1). These 169 lag-signmotifs enumerate all pos-

sible shapes of themotifs where the identity of each nodematters, andwhere space

is ordered. However, for our purposes many of these shapes are functionally the

same. For example, we only distinguished between zero and non-zero spatial lags:

zero meaning “intra-neuronal” and non-zero meaning “inter-neuronal.” Further,

node identity is irrelevant. Using these considerations, we grouped together these

169 lag-sign motifs according to those invariant under reflecting over the horizon-

tal axis and node identity permutation. As a result, we found fourteenmotif classes

(Fig. 2.1C; proven in subsection 2.5.7 “The number of motif classes”) .

2.2.4 Controlling for expected contributions

When using motif classes to quantify network patterns, it is essential to distinguish

between the occurrence of these motif classes due to underlying network behavior

versus due to chance. Based on simple combinatorics, we expect contributions for

each motif class to differ by orders of magnitude. For example, motif classes I and

III each have only one varying lag, whereas motif class XIII has four. So, if λ is
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the maximum lag between spikes in a motif, the expected contributions of motif

classes I and III areO(λ), while the expected contribution ofmotif class XIII isO(λ4).

Intuitively, we also expect the motif class contributions to vary depending on the

number of spikes required in the motif: while there are more motifs in motif class

XIII, the chances of any one of them occurring is lower than motif class I because a

motif needs three spikes for motif class XIII but only two formotif class I. So given a

fixed spike rate p, we calculated the theoretically expectedmotif class contributions

under the simplifying assumption that every neuron is a Poisson process with rate

p per bin: E[Mi | p, λ] = NT#(Mi | λ)p
ni where NT is the size of the raster, #(Mi | λ)

is the number of motifs given maximum lags λ, and ni is the number of events in a

motif in motif class i. (See subsection 2.5.8 “Expected contributions per motif class”

for case-by-case calculation)

We note that the higher-order motifs are composed of lower-order motifs, e.g.

looking atmotif class X in Fig. 2.1C, it is constructed of two kinds of arrows: those of

motif classes I and V. We say that motif classes I and V are constituent motif classes

of motif class X (see also Fig. 2.4 for more explicitly deconstructed examples). We

want to control also for this dependency. By computing the expected relationship

between the contribution of a higher-order motif class and the contributions of

its lower-order constituent motif classes, we derived Ec[Mi] which is the expected

motif-class contributions given a spike rate and controlling for lower-order con-

stituent motif-class contributions (constituent-controlled expectation). For lower

order motifs, this is the same (e.g. Ec[MI] = E[MI]), but for higher order motifs this

reflects the expected contribution in a raster of Poisson processeswith the observed

contributions of its constituent motifs, i.e. Ec[MX] ≈ E[MX | MI,MV ]. We report

Mi/Ec[Mi] − 1 so that positive values indicate higher contribution than expected,

negative indicate less, and zero indicates contributions in line with those expected
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due to noise and the observed lower-order constituent motif-class contributions.

2.3 Results

Our principal goal is to bring triple correlation into general usage, with the triple

correlation uniqueness theorem providing theoretical foundation for its use. Since

triple correlation is entirely untested in the field, we approached it as we would

any new tool: we showed that it works in the simplest possible case, before adding

noise and testing it across the whole gamut of possible patterns. After these checks,

we applied triple correlation to open-source real-world data.

2.3.1 Application of triple correlation summary

For a simple example to test this approach, we simulated a network spike raster

with synchronous, periodic firing at a frequency of f = 0.08 arbitrary units (Fig.

2.2A). From this raster, we determined contributions of all motif classes by sum-

ming the raster’s triple correlation across allmotifs in eachmotif class (M is a vector

of Mi for all i ∈ 0 : XIII, where Mi =
∑

c3(m) for motifs m in motif class i). We also

simulated rate-matched pure-noise rasters (Fig. 2.2B) as surrogates and calculated

their motif-class contributions (µ̂ estimating µ = {E[Mi]}i∈0:XIII). These surrogates

were simulated Poisson processes with identical firing rates for every neuron. In

addition we calculated a theoretical value, the constituent-controlled expectation

(µc = {Ec[Mi]}i∈0:XIII; see Methods). We plotted all three quantities for each motif

class (Fig. 2.2C). These quantities on their own are difficult to read: any difference

betweenmotif classes is completely overshadowed by the inevitable combinatorial

differences in the number of triplet motifs per motif class. To account for these

expected combinatorics and effectively report the contribution of each motif class,
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we calculated the constituent-controlled ratio (M/µc − 1; Fig. 2.2D), which high-

lights the deviation of eachmotif-class contribution from that expected due to noise

and lower-order constituent motif class contributions. To demonstrate that the

contributions mi from surrogate rasters do not differ much from the constituent-

controlled expectation Ec[Mi], we plotted the estimated-to-constituent-controlled

ratio (µ̂/µc − 1) for all n = 100 surrogate rasters (Fig. 2.2E).

We see that our summary of the triple correlation reflects the simple under-

lying structure: motif-classes III and IV, which correspond purely to neural syn-

chrony, are highest above the expected contributions. Motif-classes VI, VII, XI, and

XII, which each includes a synchronous component, are also above chance expecta-

tions (Fig. 2.2D). Thus as a single facet of our analysis, we are able to detect not only

second-order synchrony (motif class III), which is considered important in neuro-

science research (Roscoe et al, 1985; Kreuz et al, 2011, 2013), but also third-order

synchrony (motif class IV). We recognize that this is an ideal case, in which the syn-

chronicity is also visibly apparent from the raster itself. We will now proceed to

show that this particular detection works in the face of noise, and that all the other

facets of our analysis (i.e. the other motif classes) also work.

2.3.2 Noise is no obstacle

We explored the effects of increasing noise on detecting network structure using

faster synchronous firing with added uniform noise input (f = 0.12 AU, SNR = 0 dB;

Fig. 2.3A). Similar to the results of those with slower synchronous firing (Fig. 2.2D),

motif classes III, IV, VI, VII, XI, and XII (those with elements of synchrony) are found

more often than chance (Fig. 2.3B). We increased noise (SNR = −9dB; Fig. 2.3C),

resulting in lower magnitude signals across all motif classes, yet still detecting syn-

chronous signals (Fig. 2.3D). In this case, the underlying network structure is still
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overtly present in the raster. We then increased thenoise such that the synchronous

network structure in the raster is not overtly present (SNR = −17dB;Fig. 2.3E), and

found that while all signalsmove even closer to 0, thosewith synchrony are still ele-

vated (Fig. 2.3F). Thus, triple correlation reflects underlying structure in the face of

added noise. Finally, we show that in an extremely noisy raster (SNR = −40dB; Fig.

2.3G), the synchronous signals are no longer detected as all motif classes now show

even lower magnitude signals, approaching 0 (Fig. 2.3H). In this overwhelmingly

noisy simulation, the motif-class spectrum is dominated by chance.

2.3.3 Detecting various spiking sequences

Next we tested that our method correctly detects various isolated spike sequences

(triplets). Our approach correctly detected third-order motifs by the appropriate

motif class. We illustrate six simulations, each including only one repeated triplet

across the raster. In addition to motif class 0, all motif classes are composed of one

or more constituent motif classes (I, III, and/or V). Of the simulations depicted, the

first three show triplets whose motif classes are purely composed of a single con-

stituent motif class (Fig. 2.4A-C), and the other three show motif classes composed

of a mix of two different constituent motifs (Fig. 2.4D-F). Fig. 2.4A-C show that the

second- and third- order motifs for local dynamics (Fig. 2.4A; I & II), synchrony

(Fig. 2.4B; III & IV), and feedforward (Fig. 2.4C; V & XIII) are correctly detected.

Note that motif class V (simple second-order cross-correlation, which we describe

as “spike propagation”) is in fact a constituent part of every third-order motif other

than those in motif classes II and IV , and so was detected at lower levels in every

subsequent test. Fig. 2.4D-F shows the other three cases: feedback (IX; composed

of I and V), divergence (XI; composed of III and V), and convergence (XII; composed

of III and V).
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In every case, including those not depicted, the tested triplets were reflected

by the correct motif-class contribution (along with the triplets’ constituent parts).

For example, a feedback triplet elevates the contribution frommotif-class IX, along

with contributions frommotif-classes I and V, which together constitute motif-class

IX (Fig. 2.4D). Note that the particular summary used in this approach does not

depend on quantitative details. Because of this, our detector works purely on 1) the

qualitative spike sequencing that defines themotif-class, and 2) the presence of that

motif class anywhere within the raster.

2.3.4 Application to experimental data

We further tested our approach using open-source, publicly available network data

recorded from rat cortical cultures (details of this dataset are described in Hyväri-

nen et al (2019) and obtained fromKapucu et al (2022)). Briefly, rat cortical neurons

were cultured in microelectrode array (MEA) well plates consisting of 16 (4x4 ar-

ray) electrodes. Data were collected at 22 days in vitro. The datasets consisted of

already-detected spike time data from baseline wells (n = 35 wells) and from wells

treated with the following pharmacological agents (n = 35 wells):

1. Control (n=7 wells)

2. γ-aminobutyric acid (GABA, 10 µM, n=7 wells)

3. 6-cyano-7-nitroquinoxaline-2,3-dione (CNQX, 50 µM, n=7wells), an α-amino-3-

hydroxy-5-methyl-4-isoxazolepropionic acid (AMPA)/kainate receptor antago-

nist

4. D-(-)-2-amino-5-phosphonopentanoic acid (D-AP5, 50 µM, n=7 wells), which is

an N-methyl-D-aspartate (NMDA) receptor antagonist

52



5. Gabazine (30 µM, n=7 wells), a GABAA receptor antagonist

The raw data were sampled at 12,500 samples/s/channel, and the spikes were

detected by the researchers as described in Kapucu et al (2022). We downsampled

the spike rasters to 500 samples/s/channel. Where multiple spikes were occasion-

ally binned together, we counted them as a single spike. Representative 1-minute

snippets of each raster per condition are depicted in Figure 2.6. We computed the

triple correlation for each well of the MEA plate with temporal lags of -50ms:50ms

and spatial lags of -1:2 electrodes2 in each of the two dimensions of the 4x4 array.

We first show that the results from the triple correlation approach to quantify spike

rate (contributions of motif class 0, Fig. 2.5A) concur with the results reported in

Hyvärinen et al (2019) (their Fig. 7C). Then for each pair of baseline and treatment

wells, we calculated the ratio betweenM/µc−1 for the treatmentwell over the base-

line well, and reported these values with a boxplot for each treatment (Fig. 2.5B-D).

In these box-and-whisker plots, the center line represents the median (50th per-

centile), the bottomand top edges of the box represent the first (25th percentile) and

third (75th percentile) quartiles, the whiskers represent the minimum and maxi-

mum range of data not considered outliers, and individual data points outside of

the box-and-whisker plot represent outliers.

The drugs used in this study provide specific levers to control synaptic activ-

ity: GABA increases and gabazine decreases inhibitory synaptic function; CNQX

blocks faster excitatory synapses (AMPA/kainate); and D-AP5 blocks slower excita-

tory synapses (NMDA). These have broadly straightforward effects on the network’s

firing rate: potentiating inhibitory synapses or blocking excitatory synapses de-

creases the firing rate, while blocking inhibitory synapses increases the firing rate

(Fig. 2.5A; Hyvärinen et al (2019)) Modulating the inhibitory synapses has a similar

2 The spatial lags are asymmetric in order to cover the MEA without overlap, given periodic
boundary conditions.
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gross effect: excess inhibition suppresses contributions throughout, while decreas-

ing inhibition leads to an increase in structured firing across the motif-class spec-

trum (Fig. 2.5B). When antagonizing particular excitatory receptors—with either

faster or slower post-synaptic potentials—the triple correlation reflects changes in

network behavior beyond simple firing rate modulation. On top of the gross re-

duction in firing, antagonizing faster excitatory AMPA/kainate receptors results in

a decrease in synchrony and (most) higher-order motifs involving synchrony (Fig.

2.5C). On the other hand, antagonizing slower excitatory NMDA synapses, creating

a network in which excitation is governed by faster synapses, results in a marked

increase across the motif-class spectrum, despite the overall reduction in activity.

The particularly high prevalence of third-order synchrony (motif class IV) reflects

the fact that the remaining firing is overwhelmingly synchronous, well above the

expectation governed by chance (Fig. 2.5D, Fig. 2.6). These results agree with the

connectivity graphs comparing faster and slower correlations in AMPA and NMDA

networks (Suresh et al, 2016, their Fig. 9).

2.4 Discussion

The essence of this study is the introduction of a new analytical tool that fully char-

acterizes network activity using triplet motifs. Our mathematically unique statis-

tical analysis not only encompasses typical first- and second-order analyses (e.g.

auto-correlation, cross-correlation; Fig. 2.1), but also includes third-order correla-

tions that are reflective of nonlinear network behaviors. In the preceding section,

we demonstrated the robustness of our approach with networks of escalating com-

plexity: in a simple synchronous test case (Fig. 2.2), in the face of substantial noise

(Fig. 2.3), and in an experimental dataset (Fig. 2.5). We also validated our sim-
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Figure 2.5: Application of the triple correlation approach to experimental data.
We determined motif-class contributions in an open-source dataset of rat cortical
cultures (Kapucu et al, 2022). Networks (n = 70 wells; n = 35 baseline and n = 35

treated) were cultured on microelectrode array (MEA) well plates—each well con-
figuredwith 4x4 electrodes. The treatedwells were exposed to the following experi-
mental conditions (n = 7wells per condition): control (black), GABA (red), gabazine
(blue), CNQX (magenta), and D-AP5 (green). Each treatment well wasmatched to an
untreated baseline well. For each motif class, we depict the distribution of ratios
between the treatment and baseline wells. In these box-and-whisker plots, the cen-
terline is the median, the bottom and top edges of the box are the first and third
quartiles, and the whiskers extend to the minimum and maximum values. A) The
normalized spike counts relative to baseline (contributions of motif class 0) are
shown for each experimental condition. The table shows the effect of each of the
experimental conditions. B) M/µc − 1 values are shown for control-, GABA-, and
gabazine-treated cultures. Note that some motif classes (IV, VI, VII, XI, XII) do not
show values for GABA treatment due to lack of spiking. C) Results for control- and
CNQX-treated cultures. D) Themotif-class spectra for control andD-AP5-treated cul-
tures indicate increased network structure for the latter, while its level of activity
was reduced (Panel A).
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ple summary metric in response to all computationally relevant motif classes (Fig.

2.4). The beauty of this approach lies in its flexible application to a multitude of

finite data sets, including spike raster plots, fMRI images, local field potential (LFP),

electroencephalogram (EEG), and data analyses in many other disciplines. Thus,

we are excited to introduce this new analytical approach and eagerly anticipate its

use as a tool to uncover new insights into network behavior.

Historically, neural network activity has been an important topic of investiga-

tion (McCulloch and Pitts, 1943). Hebb’s foundational idea of cell assemblies, which

aimed to link physiology and function (Hebb, 1949), have often been investigated by

searching for repeated patterns of spiking. Typically, these cell assemblies are in-

vestigated in the context of searching formultispike pattern activation thatmay not

be time-locked to any external stimulus or action, as “would be the case for internal

processes like recalling a memory or planning a movement” (Abeles and Gerstein,

1988). The field has expanded considerably over the decades, fostering research

in precise zero-phase lag synchronization (Abeles, 1991; Singer, 1999; Russo and

Durstewitz, 2017), temporally-coded sequential patterns (Skaggs and McNaughton,

1996; Buzsáki and Draguhn, 2004), and synfire chain-like structures (Abeles, 1982;

Hertz and Prügel-Bennett, 1996; Diesmann et al, 1999; Ikegaya et al, 2004). Our ap-

proach builds on this active area of research by integrating acrossmultiple patterns

within spatiotemporalmotifs. Much asmultispike patterns are putatively reflective

of cell assemblies, these spatiotemporal motifs are potentially reflective of under-

lying structure, and thus, changes in structure could be indicative of network state

shift, for example: the transition between normal and seizure states (Jirsa et al,

2014), preparation-to-movement in monkeys (Riehle et al, 1997), sleep/wake states

(Saper et al, 2010), or neuromodulation in response to pharmacological agents (Io-

rio et al, 2013).
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When applying our approach to investigate a particular hypothesis, there are

two critical questions that should be asked: 1) what choice of spatiotemporal lags

is relevant for the dataset (e.g. are there a priori synaptically relevant temporal

lags?); and 2) depending on the null hypothesis, what choice of method for random

chance firing is best suited for the dataset? The former presents an exciting and

unexplored frontier that allows researchers to tailor this approach to a variety of

hypotheses. The latter can be informed by prior literature either on null hypothe-

sis distributions (to calculate theoretical expectations) or surrogate generation (to

estimate the same). In order to present a foundational concept, we used Poisson

processes to model our neurons, both in theory and in surrogate datasets. For fu-

ture applications, when testing specific hypotheses using experimental data, amore

nuanced surrogate (e.g. Stella et al (2022); Baker and Lemon (2000); Grün (2009))

should be used: e.g. a stimulated neuron will not obey a simple Poisson process.

Thus, the particular surrogate would depend on the hypothesis being tested and

must match the null hypothesis.

Among signal processing tools, a prominent example of another unique trans-

form of neural data is the Fourier transform, with amplitudes and phases of fre-

quencies as fundamental units (van Drongelen, 2018). Much of medical imaging

relies on the uniqueness of the Fourier transform, including computerized tomog-

raphy (CT) and magnetic resonance imaging (MRI), which uses the Fourier trans-

form to generate images (van Drongelen, 2018). In EEG and LFP research, applica-

tion of Fourier transformhas progressed our understanding based in the frequency

spectrum (van Drongelen, 2018). Since triple correlation also constitutes a unique

characterization of neural data, we present our approach as a more complex yet

still useful tool, as it is not only nonlinear and higher-order, but also comprises fun-

damental units, triplet motifs, that are still intuitively informative. Analogous to
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the typical summary of the Fourier transform’s frequency spectrum into frequency

bands (alpha, beta, gamma, etc.), we summarize the triple correlation’s motifs into

a spectrum of fourteen motif classes. However, unlike the EEG frequency bands,

which depend on clinically defined ranges, the motif-class spectrum arises directly

from theory and is purely derived from possible spike sequences. It is a natural

summary, and the classes themselves reflect their parsimony: they distinguish fun-

damental properties of computation, such as synchrony (motif classes III and IV),

feedback (motif class IX), etc. (Fig. 2.1C). Furthermore, the constituent motif classes

(I, III, and V) capture the well-known second-order correlations in analyzing neural

spike data. Thus, while there are many alternative summaries, ours is both natural

and useful in quantifying activity patterns (as exemplified in Figs. 2-5). Curiously,

these theoretically defined fundamental units agree with previously data-driven

work that has pointed to the primacy of third-order network motifs (Bojanek et al,

2020; Dechery and MacLean, 2018; Schneidman et al, 2006; Jiang et al, 2017).

Not only is triple correlation unique in the time domain, but its own Fourier

transform, the bispectrum, is unique in the frequency domain. The bispectrum of

the spike raster includes the well-known power spectrum and cross-spectrum (and

coherence), the Fourier transform of autocorrelation (I) and cross-correlation (V)

respectively for binary data (e.g. van Drongelen, 2018). The bispectrum’s unique-

ness gives theoretical weight to the growing consensus among researchers that in-

sights about neural signals are encoded in the bispectrum (Bou Assi et al, 2018;

Gagliano et al, 2019). Specifically, this underscores the importance of the funda-

mental elements of the bispectrum, which are the relationships between frequen-

cies’ amplitudes and phases. In some cases, as in our simulated rasters (Figs. 2-4),

the spatial frequencies may not be relevant due to the arbitrary ordering of neuron

rows in the rasters. In other cases, where the spatial dimension has a real ordering
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(e.g. our MEA dataset; Fig. 2.5) the spatial frequency bands can be an untapped

source of insight.

Both triplet motifs and inter-frequency analyses are already important topics of

investigation in neuroscience (e.g. Jovanović and Rotter, 2016; Milo et al, 2002; Bo-

janek et al, 2020; Dechery andMacLean, 2018; Sporns and Kötter, 2004; Jansen et al,

2021). Here, we have provided a direct avenue for these investigations and proven

the fundamental importance of these topics to any spatiotemporal neural data. Fur-

thermore, the success of using the bispectrum as an input to artificial neural net-

work seizure classifiers (Bou Assi et al, 2018) suggests that the equivalently-unique

and also-meaningful triple correlation might also prove a good feature space on

which to train machine learning algorithms. While we applied triple correlation to

simulated and experimental spiking activity, our methodology can extend beyond

spike rasters to even higher dimensionality rasters and to continuous-valued sig-

nals, such as multi-electrode LFP data or EEG recordings (see proof section “Proof

in Online Materials”). Ultimately, just as frequency bands have been considered

fundamental components of brain activity with Fourier transform, here we pro-

pose triplet motifs as new fundamental building blocks, one step more complex,

that hold promise as an innovative approach to analyzing spatiotemporal neural

activity across the breadth of recording modalities.

Data availability

All data used is publicly available from Kapucu et al (2022).
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Code availability

The code used to generate all the results and figures in this paper is available on

Github in the repository grahamas/RasterUniqueCharacterizationCode.
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2.5 Supplemental Methods

2.5.1 Uniqueness of Triple-Correlation for Network Spiking Activity

We represent neuronal activity as a typical two-dimensional raster, x(n, t), where

n is neuron location and t is time. We assume that the raster is a binary (black

and white, cf. Fig. 2.1A), meaning x(n, t) = 1 if neuron n fires at time t, and

x(n, t) = 0 otherwise. We note that the reasoning in the proofs below works just

as well for any raster taking bounded values (Yellott and Iverson, 1992) analogous

to a greyscale image, such as would be the case with local field potential record-

ings or the electroencephalogram. Indeed the reasoning below applies to any finite

bounded dataset.

The triple correlation of x(n, t) is

c3(ν1, τ1, ν2, τ2) =

∫∫
x(n, t)x(n+ ν1, t+ τ1)x(n+ ν2, t+ τ2)dndt (2.1)

for spatial lags ν1, ν2 and temporal lags τ1, τ2. This is the triple correlation function

that the TCU theorem shows uniquely characterizes the spike raster.

We define F[c3] as the Fourier transform of c3, which means

F[c3](σ1,ω1, σ2,ω2) = (2.2)∫∫∫∫
c3(ν1, τ1, ν2, τ2)e

−jσ1ν1e−jω1τ1e−jσ2ν2e−jω2τ2 dν1 dτ1 dν2 dτ2

We can rewrite this integral in terms of the Fourier transform of x by substituting
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(2.1) into (2.2) and rearranging the integration order to find

F[c3](σ1,ω1, σ2,ω2) =∫∫∫∫
x(n, t)x(n+ ν2, t+ τ2)

[∫∫
x(n+ ν1, t+ τ1)e

−jσ1ν1e−jω1τ1 dν1 dτ1
]

e−jσ2ν2e−jω2τ2 dν2 dτ2 dndt.

(2.3)

The part in between the [...] in (2.3) can be rewritten as ejω1tejσ1nX(σ1,ω1), with

X(σ1,ω1) denoting the two dimensional Fourier transform of x(ν1, τ1). Similarly,

the part of Equation (2.3) for ν2 and τ2 and their double integral can be arranged to

evaluate to ejω2tejσ2nX(σ2,ω2). Substitution of these results in (2.3) results in:

F[c3](σ1,ω1, σ2,ω2) = X(σ1,ω1)X(σ2,ω2)

∫∫
x(n, t)ej(ω1+ω2)tej(σ1+σ2)n dndt (2.4)

The double integral evaluates to X(−σ1−σ2,−ω1−ω2) = X∗(σ1+σ2,ω1+ω2), where

the asterisk denotes a complex conjugate. Thus we see that the Fourier transform

of c3 is the bispectrum:

F[c3(ν1, τ1, ν2, τ2)] = X(σ1,ω1)X(σ2,ω2)X
∗(σ1 + σ2,ω1 +ω2). (2.5)

This relationship between triple correlation and the bispectrum is the third-order

equivalent of the Wiener-Khinchin-Einstein theorem.

Since images have a finite support and all of the above integration limits are

implicitly at (−∞,∞), we can modify the results for finite support by multiplying

the spatiotemporal domain data by a two-dimensional boxcar window, w, limited

between (−Σ, Σ,−Ω,Ω) (or any other window with that support): xb = xw. The fre-

quency domain results are then characterized by the Fourier transforms convolved

(denoted by ⊛) with the boxcar’s Fourier transform (W) (or that of the window ap-
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plied) denoted by: XB = X ⊛ W. By using this notation, the results in equations

(2.1)–(2.5) would be adapted by adding the b and B subscripts.

Yellott and Iverson (1992) show in a constructive proof that a finite image (in

our case a spike raster of a finite size) can be uniquely reconstructed from its third-

order correlation. These authors also show and discuss how this does not hold for

images of infinite size. Here we do not further discuss this aspect because the size

of a spike raster (or a snapshot of any modality of neural activity) is always finite.

One critically important message of this paper is that the time domain’s triple

correlation and the corresponding bispectrum in the frequency domain uniquely

determine the firing pattern of a network. Yellott (1993) presents this as the TCU

theorem. If we apply Yellott’s TCU theorem to a spike raster, we get the following.

Theorem 1. If x(n, t) is a raster with bounded support and another raster y(n, t)

has the same triple correlation function as that of x, then y(n, t) = x(n+a, t+b) for

a pair of constants a, b.

Theorem 2. If x(s) is a raster with bounded support in N spatial dimensions

and another raster y(s) has the same triple correlation function as that of x, then

y(s) = x(s+ a) for a vector of constants a.

Here we present proofs in line with the proof in Yellott and Iverson (1992) for

two- and N-dimensional spatiotemporal data.

2.5.2 Proof of Theorem 1 (two dimensions)

Given the equality of third-order correlation functions, we can use Equation (2.5)

to find that

X(σ1,ω1)X(σ2,ω2)X(−σ1 − σ2,−ω1 −ω2) = (2.6)

Y(σ1,ω1)Y(σ2,ω2)Y(−σ1 − σ2,−ω1 −ω2)
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To borrow some convenient results from probability theory (see any introductory

text, e.g. Feller, 1950), we note that X and Y can be considered characteristic func-

tions sincewe can consider x and y probability distributions: as finite images, x and

y are bounded and nonnegative, and without loss of generality we can normalize

them such that their integral is 1. Characteristic functions (the Fourier transforms

of probability distributions) have two properties that are convenient for our pur-

poses, the first of which is that they are non-zero in a region around the origin, thus

allowing us the following division (for further considerations of rigor in the one

dimensional case, cf. Moszner, 1980):

X(σ1,ω1)X(σ2,ω2)

Y(σ1,ω1)Y(σ2,ω2)
=

Y(−σ1 − σ2,−ω1 −ω2)

X(−σ1 − σ2,−ω1 −ω2)
. (2.7)

Next we rewrite both complex functions in terms of their amplitude and phase, i.e.

X(σ,ω) = |X(σ,ω)| ejϕ(X(σ,ω)), where ϕ gives the phase. So then we can rewrite the

right-hand side of (2.7)

X(σ1,ω1)X(σ2,ω2)

Y(σ1,ω1)Y(σ2,ω2)
=

|Y(−σ1 − σ2,−ω1 −ω2)| e
jϕ(Y(−σ1−σ2,−ω1−ω2))

|X(−σ1 − σ2,−ω1 −ω2)| e
jϕ(X(−σ1−σ2,−ω1−ω2))

. (2.8)

Here we use the second convenient property of characteristic functions, namely

that they are Hermitian, i.e. X(−σ,−ω) = X∗(σ,ω). By setting σ2 = 0,ω2 = 0 in (2.8),

we can use this Hermitian property to derive the fact that |X(σ1,ω1)|
2 = |Y(σ1,ω1)|

2

for any σ1,ω1. In particular, |X(−σ1 − σ2,−ω1 −ω2)| = |Y(−σ1 − σ2,−ω1 −ω2)| so

we can flip those terms.

=
|X(−σ1 − σ2,−ω1 −ω2)| e

jϕ(Y(−σ1−σ2,−ω1−ω2))

|Y(−σ1 − σ2,−ω1 −ω2)| e
jϕ(X(−σ1−σ2,−ω1−ω2))

(2.9)
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We can also rewrite those same terms thanks to the same Hermitian property.

=
|X∗(σ1 + σ2,ω1 +ω2)| e

jϕ(Y∗(σ1+σ2,ω1+ω2))

|Y∗(σ1 + σ2,ω1 +ω2)| e
jϕ(X∗(σ1+σ2,ω1+ω2))

(2.10)

Simple complex properties are |X| = |X∗| and ϕ(X) = −ϕ(X∗), which give us

=
|X(σ1 + σ2,ω1 +ω2)| e

jϕ(X(σ1+σ2,ω1+ω2))

|Y(σ1 + σ2,ω1 +ω2)| e
jϕ(Y(σ1+σ2,ω1+ω2))

(2.11)

Next, we return from the amplitude and phase notation to the complex functions

themselves:

=
X(σ1 + σ2,ω1 +ω2)

Y(σ1 + σ2,ω1 +ω2)
. (2.12)

Now we define H(σ,ω) =
X(σ,ω)
Y(σ,ω)

so we can rewrite (2.12) as

H(σ1,ω1)H(σ2,ω2) = H(σ1 + σ2,ω1 +ω2). (2.13)

Therefore by a basic result of complex analysis H(σ,ω) = ej(aσ+bω), and thus

Y(σ,ω) = X(σ,ω)ej(aσ+bω). (2.14)

This holds in a region near the origin, and another property of characteristic func-

tions is that, if their probability distribution has finite support, the probability dis-

tribution is uniquely determined by the value of the characteristic function in a

region of the origin. Thus, in the spatiotemporal domain,

y(n, t) = x(n+ a, t+ b) with constants a, b. (2.15)
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2.5.3 Proof of Theorem 2 (N dimensions)

Here we extend the preceding proof to N dimensions. This would be necessary

for analysing many clinical and experimental data sources, e.g. the plane of a two-

dimensionalmicro-electrode array produces 2+1 dimensional data (as in our exam-

ple presented in Fig. 2.5). Even higher dimensions may be useful in the case where

long-range connections can be represented as a hidden dimension (e.g. orientation

tuning in V1). The proof is generic enough that in practice the result applies to all

finite datasets.

Note that the number of motifs (i.e. the size of the triple correlation matrix)

scales with exponent 2N+ 2.

We define the N + 1-dimensional spatiotemporal vector s = (x1, x2, . . . , xN, t).

Then we notate the triple correlation of an N dimensional raster as cT(s1, s2). We

notate the N+ 1-dimensional variable’s Fourier transform as

F[s] = Ω = (σ1, σ2, . . . , σN,ω), (2.16)

and the corresponding bispectrum as CT(Ω1,Ω2).

Since the properties of characteristic functions that are key to this proof still hold

inN dimensions (see any introductory probability theory text, e.g. Feller, 1950), the

proof proceeds identically to that in two dimensions, but with vector notation.

Given the equality of third-order correlation functions, we canuse Equation (2.5)

to find that

X(Ω1)X(Ω2)X(−Ω1 −Ω2) = Y(Ω1)Y(Ω2)Y(−Ω1 −Ω2) (2.17)

To borrow some convenient results from probability theory, we note that X and Y

canbe considered characteristic functions sincewe can consider x and yprobability

distributions: as finite images, x and y are bounded and nonnegative, and without
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loss of generality we can normalize them such that their integral is 1. Characteristic

functions (the Fourier transforms of probability distributions) have two properties

that are convenient for our purposes, the first of which is that they are non-zero

in a region around the origin, thus allowing us the following division (for further

considerations of rigor in the one dimensional case, cf. Moszner, 1980):

X(Ω1)X(Ω2)

Y(Ω1)Y(Ω2)
=

Y(−Ω1 −Ω2)

X(−Ω1 −Ω2)
. (2.18)

Next we rewrite both complex functions in terms of their amplitude and phase,

i.e. X(Ω) = |X(Ω)| ejϕ(X(Ω)), where ϕ gives the phase. So then we can rewrite the

right-hand side of (2.18)

X(Ω1)X(Ω2)

Y(Ω1)Y(Ω2)
=

|Y(−Ω1 −Ω2)| e
jϕ(Y(−Ω1−Ω2))

|X(−Ω1 −Ω2)| e
jϕ(X(−Ω1−Ω2))

. (2.19)

Here we use the second convenient property of characteristic functions, namely

that they are Hermitian, i.e. X(−Ω) = X∗(Ω). By setting Ω2 = 0 in (2.19), we can

use this Hermitian property to derive the fact that |X(Ω1)|
2 = |Y(Ω1)|

2 for anyΩ1. In

particular, |X(−Ω1 −Ω2)| = |Y(−Ω1 −Ω2)| so we can flip those terms.

=
|X(−Ω1 −Ω2)| e

jϕ(Y(−Ω1−Ω2))

|Y(−Ω1 −Ω2)| e
jϕ(X(−Ω1−Ω2))

(2.20)

We can also rewrite those same terms thanks to the same Hermitian property.

=
|X∗(Ω1 +Ω2)| e

jϕ(Y∗(Ω1+Ω2))

|Y∗(Ω1 +Ω2)| e
jϕ(X∗(Ω1+Ω2))

(2.21)
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Simple complex properties are |X| = |X∗| and ϕ(X) = −ϕ(X∗), which give us

=
|X(Ω1 +Ω2)| e

jϕ(X(Ω1+Ω2))

|Y(Ω1 +Ω2)| e
jϕ(Y(Ω1+Ω2))

(2.22)

Next, we return from the amplitude and phase notation to the complex functions

themselves:

=
X(Ω1 +Ω2)

Y(Ω1 +Ω2)
. (2.23)

Now we define H(Ω) =
X(Ω)
Y(Ω)

so we can rewrite (2.23) as

H(Ω1)H(Ω2) = H(Ω1 +Ω2). (2.24)

Therefore by a basic result of complex analysis H(Ω) = ejk·Ω , and thus

Y(Ω) = X(Ω)ejk·Ω. (2.25)

This holds in a region near the origin, and another property of characteristic func-

tions is that, if their probability distribution has finite support, the probability dis-

tribution is uniquely determined by the value of the characteristic function in a

region of the origin. Thus, in the spatiotemporal domain,

y(s) = x(s+ a) with vector of constants a. (2.26)

2.5.4 Computing the triple correlation

For computational applications presentedhere, we consider third-order correlation

analysis applied to a discrete raster with neuron rows n, 1:N, and time columns t,
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1:T, where each pixel r(n, t) is filled with a 0 (white for no activity) or 1 (black for

spike). The complete triple correlation function, while formally requisite, incurs

substantial computational cost while adding increasingly noisy information. We

limit our computation to lag windows −Wt : Wt and −Wn : Wn chosen such that

two local synaptic connections could not take longer thanWt, and two neurons are

unlikely to be connected further than Wn. With this restricted lag window, we do

not zero pad our raster (as in Yellott and Iverson, 1992) but instead use boundary

conditions periodic in space (since our spatial orderingwas already arbitrary3) and

restrict our calculation to a subset of time such that no motifs extend beyond time

zero or the raster’s duration. In this case, discrete equivalent cd3 of the triple cor-

relation expression c3 (Equation 2.1) or the short form reported in the main text,

c3(n1, t1, n2, t2) = ⟨r(n, t)r(n+ n1, t+ t1)r(n+ n2, t+ t2)⟩n,t, is

cd3(n1, t1, n2, t2) = (2.27)

1

#(Wn,Wt, N, T)

T−Wt∑
t=1+Wt

N∑
n=1

(2.28)

r(n, t)r((n+ n1 − 1)%N+ 1, t+ t1)r((n+ n2 − 1)%N+ 1, t+ t2).

We scale by the number of spike bins in the summation

#(Wn,Wt, N, T) = (T − 2Wt)(N). (2.29)

Equations (2.27) and (2.29) were used in all our simulations.

3 In the MEA case, we also use periodic spatial boundary conditions even though the ordering
is not arbitrary. Zeropadding introduces problems as spikes near the center of the array are more
“valuable” than spikes near the boundaries (they contribute to more motifs). An alternative would
be to introduce noise past the boundaries, but that creates its own problems in the choice of noise.
Since our analyses already assumed a lack of spatial information (in our choice of motif class) we
decided to simply discard the spatial information for the purposes of these analyses, and therefore
to use the spatial periodic boundary conditions.
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Note that in the text we report triple correlations “using lags up to X in time and

space.” This corresponds to Wn = X/2 and Wt = X/2. When X is odd, we use the

more general lag windows −floor(X/2) : ceil(X/2), with corresponding changes to

the summation bounds and scaling instead by (T −X)(N). We report the maximum

lag as X because, e.g., cd3(−10, t1, 10, t2) has a maximum temporal separation be-

tween spikes of 20, despite the fact that technically the lag arguments are at most

10.

2.5.5 Summarizing triple correlation into motif classes

We summarized the triple correlation as fourteenmotif-classes (Fig. 2.1). Themain

text discusses the reasoning for this particular choice, and here we describe the

details.

Let [n1, t1|n2, t2] denote a motif, i.e. an argument to triple correlation, which

would have a value c3(n1, t1, n2, t2). We want to group together these motifs ac-

cording to what we can qualitatively distinguish. We only hold two qualitative dis-

tinctions:

1. temporal: we distinguish between before, simultaneous, and after (temporal

coordinate less than, equal to, or greater)

2. spatial: we distinguish between the same and different (spatial coordinate

equal and spatial coordinate not equal)

Wewill interpret the motif as a three node graph: one base node implicitly (0,0),

and two other nodes, (n1, t1) and (n2, t2). Note that neither of our qualitative dis-

tinctions involve node identity. So, for example, we would not distinguish between

[0, 1|0, 2] and [0, 2|0, 1], even though one the first node follows the second, and in the

70



other the reverse is true. In both, the motif includes nodes at the same spatial co-

ordinate in sequence, so we do not distinguish between them.

By grouping motifs that are indistinguishable under these criteria, we develop

motif classes. We enumerate thesemotif classes in Fig. 2.1. From that enumeration,

it is clear that no motif can belong to two motif classes. To show that this enumera-

tion is complete (there are nomoremotif classes and all motifs fall into one of these

classes), we count the number of motif classes below. To begin, we count “lag-sign”

motifs, which is to say, if we only care about the sign of the lags, how many motifs

are there. This first step avoids some of the small complications in our definition,

i.e. the different treatments of space and time, as well as the subtle ways they inter-

act when we discard node identity. Having counted lag-sign motifs, we then reduce

these lag-sign motifs by discounting spatial direction and node identity to finally

arrive at the number of motif classes.

2.5.6 The number of lag-sign motifs

Given that threenode combinations determine c3, wewant to knowhowmanyways

there are to order them in time and space, with the caveat that we may also place

one node on top of another in either time, or space, or both (to account for zero

lag). We have enumerated all such possibilities in Table A1. Here, we count them

to prove our enumeration is complete. To do so, we divide the cases according to

how many different temporal and spatial bins the nodes have between them. For

example, if all the nodes are completely distinct in time and space, then there are

both three spatial bins and three temporal bins between the three nodes. On the

other hand, if we overlap all three nodes in both time and space, then there is only

one spatial bin and one temporal bin between them. All the cases are labeled in

Table 2.1. Note that the cases are symmetric, so we will calculate the values as in
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the upper left half of the table, i.e. where the number of spatial bins is greater than

or equal to the number of time bins. The arrangement of this table is the same as in

Fig. 2.1C. As described above, we call this arrangement of nodes separated by lags

a motif. When we only note the sign of the lags, we call it a lag-sign motif.

A. In the case where no nodes share a spatial bin (neuron), there are 3! ways to

order them in space. Similarly if the nodes share no time bins, then there are

3! ways to order the time bins. So, if no spatial bins nor time bins are shared,

then there are 3!3! = 36 orderings.

B. Given that the nodes only have two distinct spatial bins between them, there

are three ways to choose which nodes share the same spatial bin, and then

two ways to choose whether the remaining node has a spatial bin before or

after the identical nodes’ spatial bin, for 3 ·2 = 6 spatial orderings. As above, if

no time bins are identical, then there are 3! temporal orderings. So there are

3 · 2 · 3! = 36 orderings.

C. If nodes share the same spatial bin, then there is only one way to order that

neuron. As above, if no time bins are identical then there are 3! temporal or-

derings, giving a total of 1 ·3! = 6 orderings. The same is true in the symmetric

case when the nodes share the same time bin, but all have different neurons.

D. We already established that for the case where two spatial bins are the same,

there are 3 · 2 = 6 orderings. The same is true when the nodes only have two

distinct time bins. So there are 3 · 2 · 3 · 2 = 36 orderings.

E. We already established that for the case where two spatial bins are the same,

there are 3 · 2 = 6 orderings, and for the case where all time bins are the same,

there is only one ordering. So there are 3 · 2 · 1 = 6 orderings.
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F. In the case where all spatial bins and all time bins are the same, there is only

one ordering.

We sum up the table: A+ 2B+ 2C+D+ 2E+ F = 36+ 2 · 36+ 2 · 6+ 36+ 2 · 6+ 1 = 169

lag-sign motifs.

2.5.7 The number of motif classes

To complete our summary, we reduce the 169 lag-sign motifs counted in the previ-

ous section by appealing to two symmetries: one in space, and one in permutation.

The spatial one is straightforward: since we have not assigned meaning to space,

reordering the spatial bins does not change our interpretation. The permutation

symmetry is more technical: the way triple correlation is calculated, the ordering

of the nodes matters. In second-order correlation (call it ρ), this is even symmetry:

ρ(x) = ρ(−x). More generally, a motif has some polygonal structure (or possibly

a point or a line; treat these as straightforward special cases of the following argu-

ment). Each vertex of the polygon has a node identity: in the triple correlation case,

one is the base node, one is the first node, given by the base node plus (n1, t1), and

one is the second node, given by the base node plus (n2, t2). But we don’t actually

care which is the base, which is the first, and which is the second node: triple cor-

relation is invariant under permutation of these nodes. We reduce the number of

lag-sign motifs by accounting for these symmetries. Again working from Table 2.1:

A. There are 3! ways to permute node identity, and 3! ways to permute neuron

identity, independently, giving a product of 36 permutations. So all 36 lag-sign

motifs in category A reduce to 1 motif class (Fig. 2.1C, XIII).

B(2T). For category B with two time bins, there are 3! node permutations, and only 3

spatial permutations: two spatial bins share a time bin, and the third spatial
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Table 2.1: Counting thenumberof lag-signmotifs permotif class. Thenumber of
possible orderings in space and time given two possible time lags and two possible
spatial lags, which corresponds to up to three possible bins in both time and space.
Note that in case of a spike raster of single unit activity, each spatial bin corresponds
to one neuron. This table corresponds to Fig. 2.1C in the main text.

74



bin may appear above, between, or below these two spatial bins (due to the

fact that we are reducing from lag-signmotifs, not from lag-motifs). The prod-

uct is 18 total permutations, so the 36 lag-sign motifs in category B(2T) reduce

to 2 motif classes (Fig. 2.1C, XI and XII).

B(2S). For category B with two spatial bins, there are only two spatial permutations:

one spatial bin has two time bins, and the remaining spatial bin can either be

above or below. There are still 3! node permutations, leading to a total of 12

permutations. Therefore the 36 lag-sign motifs in category B(2S) reduce to 3

motif classes (Fig. 2.1C, VIII, IX, and X).

D. By the same argument as in B(2S), there are two spatial permutations, and

again 3! node permutations, leading to a total of 12 permutations. Therefore

the 36 lag-sign motifs in category D reduce to 3 motif classes (Fig. 2.1C, V, VI,

and VII).

C(1T). When there is only one time bin, spatial permutation is the same as node per-

mutation, so there are only the 3! = 6 permutations. Therefore the 6 lag-sign

motifs in category C(1T) reduce to 1 motif class (Fig. 2.1C, IV).

E(1T). As in C(1T), all 6 reduce to 1 motif class (Fig. 2.1C, III).

C(1S). When there is only one spatial bin, the lag-sign motifs have no spatial per-

mutations, only node permutations, so the 6 lag-sign motifs in category C(1S)

reduce to 1 motif class (Fig. 2.1C, II).

E(1S). As in C(1S), all 6 reduce to 1 motif class (Fig. 2.1C, I)

F. In the case where all lags are zero, triple correlation has no symmetric en-

tries but the zero entry, so there are no permutations, and the 1 lag-sign motif

(which also contains only one lag-motif) remains 1 motif class (Fig. 2.1C, 0).
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The above sum to 14 motif classes, as depicted in Fig. 2.1.

2.5.8 Expected contributions per motif class

Because it is important to asses how these motif-class contributions be explained

by chance (or not), we simulate 100 activity matched noise rasters for each raster

under investigation, and compare the raster’s motif-class spectrum with that of its

noise matched rasters. In the following, we derive the theoretical expectations for

rasters governed by noise.

Let r be a raster with N neurons and T time bins. In a binary raster, a spike is

indicated by r(n, t) = 1, else r(n, t) = 0. We calculate the triple correlation c3 over

the whole raster with periodic boundary conditions (i.e. r(n + η, t + τ) = r((n +

η) mod N, (t + τ) mod T), with an additional 1 offset). Define π(x,λ) = r(x)r(x +

λ1)r(x+λ2) and for shorthand π(λ) = π(0,λ). In general with lags λ = (η1, τ1, η2, τ2)

c3(λ) = c3(η1, τ1, η2, τ2)

=
∑

(n,t)∈I(r)
r(n, t)r(n+ η1, t+ τ1)r(n+ η2, t+ τ2)

=
∑

x∈I(r)
π(x,λ)

where I(r) is the set of all indices of r, in this case I(r) = (1 : N) × (1 : T). We are

interested in themotif class contributions, which are the sums of triple correlations

for lags that constitute each of the fourteenmotifs. So, if λ ∈ ∆(Mi) denotes that the

lags λ constitute a triplet inmotif class i, thenwe define themotif class contribution

as

Mi(r) =
∑

λ∈∆(Mi)

c3(λ)
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The expectation then is given by

⟨Mi(r)⟩ =

⟨ ∑
λ∈∆(Mi)

c3(λ)

⟩

=

⟨ ∑
λ∈∆(Mi)

∑
x∈I(r)

π(x,λ)

⟩

=
∑

λ∈∆(Mi)

∑
x∈I(r)

⟨π(x,λ)⟩

=
∑

x∈I(r)

∑
λ∈∆(Mi)

⟨π(x,λ)⟩

= NT
∑

λ∈∆(Mi)

⟨π(λ)⟩

In fact, ⟨π(λ)⟩ is constant for all λ ∈ ∆(Mi) for a given i, so

⟨Mi(r)⟩ = NT#(∆(Mi)) ⟨π(λi)⟩ . (2.30)

We can easily calculate ⟨π(λ)⟩ if we assume independent bins. See below for the

calculation in each of the cases of independent Bernoullis (spiking data) and inde-

pendent standard normals (LFP, EEG).

#(∆(Mi)) is the more challenging problem, which we calculate case-by-case be-

low in the section “The number of triplet motifs.”

Independent spiking with constant probability (Bernoulli)

For a simple spiking raster, we assume all bins have independent probability p of

spiking, i.e. they are all independent Bernoullis.4 This lets us substitute into equa-

4 This also means that all the neurons are simulated Poisson processes with identical rates.
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tion 2.30 the following probabilities

⟨π(λ0)⟩ = p

⟨π(λi)⟩ = p2 for i = I, III, V

⟨π(λi)⟩ = p3 for i = II, IV, VI, VII, VIII, IX, X, XI, XII, XIII

where λi is a representative triplet of motif class i. This representative is sufficient

because the expectation of the product of bins purely depends on the number of

distinct bins multiplied. Within a motif class, all triplets have the same number

of distinct bins, with motif class 0 having only one spike, motif classes I, III,andIV

having two spikes, and the remaining motif classes having three spikes. Knowing

these values, we have the expectations of each motif class.

Independent standard normals (EEG)

For a standard normal, we have that
⟨
π(λj)

⟩
= 0 for all j. This is because the ex-

pectation of a product of standard normals raised to some powers is zero if any of

those powers is odd. Formally,
⟨∏

i r
αi
i

⟩
= 0 iff αi is odd for any i. The expectation

⟨r(0, 0)r(λ1)r(λ2)⟩ must be zero because it always has a standard normal raised to

either the first or third power. Thus ⟨Mi(r)⟩ = 0 when r is a matrix of independent

standard

The number of triplet motifs

The quantity #(∆(Mi)) simply counts the number of motifs in a given motif class.

This is independent of the data’s distribution, but dependent on the data’s shape. Let

Λt be the number of time lags considered, and let Λ±
t , Λ

+
t , and Λ−

t be the number

of time lags that are nonzero, positive, and negative respectively. Similarly define

78



Λn, Λ±
n , Λ+

n , and Λ−
n .

Our first step for each motif class will be to define ∆(Mi), for which purpose

we will define a notation to indicate the sign and equality of each part of the two

spatiotemporal lags (the third lag implicitly zero). For example, in the case of motif

class XIII, we write ∆(MXIII) = [x±, t± | y±, s±]. This indicates that all four lags

are nonzero (± superscript) and none are equal (x ̸= y and t ̸= s). In contrast, we

could write [0, t+ | 0, t+] to indicate both spatial lags are zero, and the temporal lags

are both positive and equal. We add a coefficient “2” to indicate that we want to

additionally include set of lags symmetric with the notated lag, i.e. flipping which

lag is first and which is second, e.g. 2[0, 0 | 0, t±] = [0, 0 | 0, t±] + [0, t± | 0, 0].

I Motif class I consists in lags∆(MI) = 2[0, 0 | 0, t±]+[0, t± | 0, rt±]. We count these

as follows: there is only oneway to choose the (0, 0) lag, andΛ±
t ways to choose

a (0, t±) lag. Therefore there are 1 · Λ±
t lags in [0, 0 | 0, t±]. By symmetry there

are the same number in [0, t± | 0, 0], so the coefficient 2 works as advertised,

giving 2Λ±
t lags in 2[0, t± | 0, 0]. For the second addend, there are Λ±

t ways to

choose the (0, t±) lag. Since the lags are equal there is only one choice for the

second lag, leading to a Λ±
t lags in [0t± | 0t±]. In total then, there are 3Λ±

t lags

in ∆(MI) = 2[0, 0 | 0, t±] + [0t± | 0t±]. We write this

#(∆(MI)) = #(2[0, 0 | 0, t±] + [0t± | 0t±])

= 2(1 ·Λ±
t ) + (Λ±

t · 1)

= 3Λ±
t

II For motif class II, we have ∆(MII) = [0, t± | 0, s±]. This time for our second lag,

we have one fewer choice because wemust have that the temporal lags do not
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equal. So we find

#(∆(MII)) = #([0, t± | 0, s±])

= Λ±
t (Λ

±
t − 1)

III For motif class III, the situation is the same as motif class I, but with n rather

than t, so ∆(MIII) = 2[0, 0 | x±, 0] + [x±, 0 | x±, 0], giving

#(∆(MIII)) = #(2[0, 0 | x±, 0] + [x±, 0 | x±, 0])

= 2(1 ·Λ±
n ) + (Λ±

n · 1)

= 3Λ±
n

.

IV Similarly motif class IV has #(∆(MIII)) = Λ±
n (Λ

±
n − 1).

V

∆(MV) = 2[0, 0 | x±, t±] + [x±, t± | x±, t±]

#(∆(MV)) = 2Λ±
nΛ

±
t +Λ±

nΛ
±
t

= 3Λ±
nΛ

±
t

VI

∆(MVI) = 2[0, t+ | x±, 0] + 2[x±, 0 | x±t+] + 2[0, t− | x±t−]

#(∆(MVI)) = 2(Λ+
t Λ

±
n ) + 2(Λ±

nΛ
+
t ) = 2(Λ−

t Λ
±
n )

= 4(Λ±
nΛ

+
t ) + 2(Λ±

nΛ
−
t )

80



VII By symmetry with VI,

#(∆(MVII)) = 4(Λ±
nΛ

−
t ) + 2(Λ±

nΛ
+
t )

VIII

∆(MVIII) = [x±, t+ | x±, s+] + 2[x±, t− | 0, s+] + 2[x±, t− | 0, s−(> t−)]

#(∆(MVIII)) = Λ±
nΛ

+
t (Λ

+
t − 1) + 2Λ±

nΛ
−
t Λ

+
t + 2Λ±

n

∑
Λ−
t <t−<−1

#s : t− < s < 0

= Λ±
nΛ

+
t (Λ

+
t − 1) + 2Λ±

nΛ
−
t Λ

+
t + 2Λ±

n

∑
−Λ−

t <t−<−1

|t−|− 1

= Λ±
nΛ

+
t (Λ

+
t − 1) + 2Λ±

nΛ
−
t Λ

+
t + 2Λ±

n

∑
(−Λ−

t −1)>t>1

t

= Λ±
nΛ

+
t (Λ

+
t − 1) + 2Λ±

nΛ
−
t Λ

+
t + 2Λ±

n (Λ
−
t − 1)

(Λ−
t − 1) + 1

2

= Λ±
nΛ

+
t (Λ

+
t − 1) + 2Λ±

nΛ
−
t Λ

+
t +Λ±

nΛ
−
t (Λ

−
t − 1)

IX

∆(MIX) = 2[0, t+ | x±, s+ < t+] + 2[0, t− | x±, s− > t−] + 2[x±, t− | x±, s+]

#(∆(MIX)) = 2Λ±
n

∑
1⩽t⩽Λ+

t

(t− 1) + 2Λ±
n

∑
−Λ−

t ⩽t⩽−1

(|t|− 1) + 2Λ±
nΛ

−
t Λ

+
t

= 2Λ±
n

(
Λ+
t

(Λ+
t − 1) + 0

2

)
+ 2Λ±

n

(
Λ−
t

(Λ−
t − 1) + 0

2

)
+ 2Λ±

nΛ
−
t Λ

+
t

= Λ±
nΛ

+
t (Λ

+
t − 1) +Λ±

nΛ
−
t (Λ

−
t − 1) + 2Λ±

nΛ
−
t Λ

+
t
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X By symmetry with VIII

∆(MX) = [x±, t− | x±, s−] + 2[x±, t+ | 0, s−] + 2[x±, t+ | 0, s+(< t+)]

#(∆(MX)) = Λ±
nΛ

−
t (Λ

−
t − 1) + 2Λ±

nΛ
+
t Λ

−
t +Λ±

nΛ
+
t (Λ

+
t − 1)

XI

∆(MXI) = [x±, t+ | y±, t+] + 2[x±, 0 | y±, t−]

#(∆(MXI)) = Λ±
n (Λ

±
n − 1)Λ+

t + 2Λ±
n (Λ

±
n − 1)Λ−

t

XII

∆(MXII) = [x±, t− | y±, t−] + 2[x±, 0 | y±, t+]

#(∆(MXII)) = Λ±
n (Λ

±
n − 1)Λ−

t + 2Λ±
n (Λ

±
n − 1)Λ+

t

XIII

∆(MXIII) = [x±, t± | y±, s±]

#(∆(MXIII)) = Λ±
nΛ

±
t (Λ

±
n − 1)(Λ±

t − 1)
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Figure 2.6: Representative 1-minute epochs of rat cortical spike rasters per
each experimental condition at 22 days in vitro (Kapucu et al, 2022). Rat cortical
cultures frommicroelectrode array well plates were exposed to the following phar-
macological agents: baseline (A; black), control (B; black), GABA (C; red), CNQX (D;
magenta), D-AP5 (E; green), and gabazine (F; blue). Note that we present the raster
in two dimensions here while in our analysis for Fig. 2.5 we used the two spatial
dimensions of the MEA and one temporal dimension.
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Chapter 3

Detecting heterogeneous seizures in

newborn infants using triple correlation

3.1 Introduction

Newborn infants have the highest risk of seizures among all age groups, seizures

that both often have severe consequences and cannot always be visually detected

(Glass et al, 2016; Padiyar et al, 2020): only EEG monitoring can detect a majority

of these seizures (Glass et al, 2013). Unfortunately, the gold standard, continuous

video EEG (cEEG) monitoring, is highly resource intensive, requiring specialized

clinicians to evaluate high-frequency data around the clock (Kubota et al, 2018). To

improve efficiency, clinicians often use transformed and time-compressed EEG sig-

nals to improve the visual salience of seizures, which allows them to read through

recordings more quickly (Glass et al, 2013). However, even with more efficient re-

view, ongoing real-timemonitoring is still unrealistic for the vastmajority of neona-

tal care. While catching the seizure in review at the end of the day is helpful, the

This chapter is pending submission as a manuscript of the same name, co-authored with Julia
Henry and Wim van Drongelen.
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quicker the detection the better the outcomes (Gotman, 1985; Gotman et al, 1997).

Ultimately, we would like a detector that could alert clinicians in real-time to the

possibility of a seizure.

Such a detector might naturally be constructed using the same transformation

that enables clinicians to more efficiently review recordings: an improvement in

visual salience should correspond to an improvement in numerical distinguisha-

bility. In neonatal intensive care units (NICUs), the standard transformed signal is

amplitude-integrated EEG (aEEG) (Glass et al, 2013). An aEEG signal includes two

traces subsampling a rectified and low-pass-filtered EEG to include only two points

in a large time window (e.g. 15 seconds): one at an upper percentile, one at a lower

percentile (e.g. 95th and 9th) (Zhang and Ding, 2013; Rakshasbhuvankar et al, 2015;

Chen et al, 2019). Since this subsamples a typical 256Hz EEG over 2000x, with aEEG

clinicians can quickly review several hours of recordings to identify time windows

with trends suspicious for seizure activity. Additionally, neonatologists lacking the

specialized training required to read cEEG canparse aEEGbedsideGlass et al (2013).

One particular trend indicative of seizure is an increase in the lower trace, which

is a trend in theory easily detectable by simple thresholding (Glass et al, 2013).

In this paper, we implement a simple detector with a signal derived from triple

correlation. We have shown elsewhere that triple correlation completely charac-

terizes any neural recording (chapter 2), so it should reflect any difference between

seizure and non-seizure epochs. We show that a simple, theory-inspired summary

of triple correlation leads to detection on par with the aEEG lower margin. More-

over, unlike the aEEG’s single axis of change, triple correlation reflects the hetero-

geneity of neonatal seizures.
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Figure 3.1: Example pre-processed EEG snippets in confusion matrix with ar-
tifacts. Snippets in the top row had salient TriCorr signals that were detected
as seizures by most thresholds (see Fig. 3.3 for signal traces). Snippets in the
bottom row did not have salient TriCorr signals. First-column snippets include a
reviewer-consensus seizure (marked by upper bar). Middle-column snippets in-
clude a neurologist-annotated artifact (marked by upper bar). Third-column snip-
pets include no expert-defined event, confirmed post-hoc by our neurologist (JH).
The upper bar in the upper-right snippet indicates the erroneous detection. Green
outlines indicate the detector matched the reviewer consensus, red indicates detec-
tor error. The blue bar below each recording indicates 60s.

3.2 Methods

3.2.1 Open-source EEG recordings

We used neonatal EEG recordings from an open-source dataset (Stevenson et al,

2019). These clinical recordings were sampled at 256 Hz and include evaluations

by three expert reviewers for seizures. There were 79 patients in the dataset, with

343 seizures (defined by reviewer consensus) across 39 patients (seizing patient

mean seizure count was 8.8 with std 11.9). The total duration of the recordings was

402,825s, of which 39,259s was marked as seizing (seizing patient mean seizure du-
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ration was 1,006s with std 1,392s).

We ran our analyses both on the entire dataset, and on a subset with artifacts

manually removed. Because of the time-consuming nature of expert artifact an-

notation, we only evaluated a subset of the recordings for artifacts. To choose that

subset, we visually inspected all patients’ reviewer consensus plots (see Fig. 3.2) and

selected eight patients as having both 1) good reviewer consensus, as indicated by

a lack of epochs with only one or two of the three reviewers indicating a seizure,

and 2) a good balance of seizure and non-seizure epochs. We then additionally took

the first fifteen recordings by the dataset’s numbering, so that we evaluated a mix

of “clean” and randomly-chosen recordings. A trained neurologist (JH) then anno-

tated artifacts within these recordings. We discarded one patient (patient 21) from

this subset because the vast majority of the recording was artifactual (92%).

There were 22 patients in the artifact-annotated dataset, with 134 seizures (de-

fined by reviewer consensus) across 16 patients (artifact-annotated seizing patient

mean seizure count was 8.4 with std 11.9). Total duration of the artifact-annotated

recordingswas 121,533s, ofwhich 2,898sweremarked as seizing (artifact-annotated

seizing patient mean seizure duration was 929s with std 842s).

We excluded the respiratory and ECG channels from all analyses because they

are not EEG signals. We additionally excluded Fz and Cz from all analyses due to

channel-specific whole-recording artifacts in many patients.

3.2.2 Code

The below analyseswere conductedwith Julia v1.7.3 (Bezanson et al, 2017). All code

is available on Github at grahamas/NeonateTriCorr. Filtering used the package Ju-

liaDSP/DSP.jl. Statistical tests used JuliaStats/HypothesisTests.jl. ROC analysis used

davidavdav/ROCAnalysis.jl.
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3.2.3 EEG preprocessing

Prior to analysis, we preprocessed the EEG recordings. We first de-meaned per-

channel; then bandstop filtered between 45 and 55 Hz with a sixth-order Butter-

worth (to account for European mains frequency of 50 Hz); then bandpass filtered

between 0.1 Hz and 70 Hz with a second-order Butterworth; and finally divided by

standard deviation, per-channel.

3.2.4 Amplitude-integrated EEG (aEEG)

To calculate the aEEG, we followed the example of Zhang and Ding (2013). Starting

from the pre-processed EEG, we bandpass filtered between 2 and 20Hz using an

FIRwith a 50th order Hammingwindow, diverging from Zhang and Ding (2013) but

in line with Werther et al (2017); Quigg and Leiner (2009). Next we computed the

envelope by lowpassing below 0.32 Hz (corresponding to an RC circuit with a 500ms

time constant, as in Zhang and Ding (2013)) with a 5th order Butterworth. Then,

we divided the recording into sequential segments of length 15 seconds. Within

each of these segments, we calculated the “margins”: the value at the 9th and 93rd

percentiles, the lower and upper margins respectively. These margins constitute

the aEEG trace. To construct our detector, we used only the lower margin, since a

common feature of seizures is an increase in the lower margin (Glass et al, 2013).

In contrast to prior work, we opted to include all channels rather than pick a single

channel.

3.2.5 Triple correlation over time

We calculated the triple correlation as in chapter 2, in one second snippets with

lags in the ranges of -8:8 spatial and -25:25 temporal bins, using periodic spatial
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Figure 3.2: TriCorr and aEEG signals used in simple detector. left aEEG lower
margins (9th percentile) for each EEG channel, for patients 7 (top) and 62 (bottom)
right TriCorr contributions for each motif class within sequential 1s EEG snippets.
The uncolored trace shows the number of reviewers indicating a seizure occured
in each second, out of a possible three reviewers. Blue shading indicates reviewer
consensus, plus oneminute on either side. Red shading indicatesminutes including
seconds that were artifact-annotated by our expert reviewer
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boundary conditions and data-padded temporal boundary conditions. With 17 EEG

channels, a lag of 8 spatial bins encompasses the entire spatial domain. With a sam-

pling frequency of 256 Hz, the temporal lags encompass approximately -98:98ms.

We summarized the triple correlation by its fourteen motif classes, which partition

the space of triplet motifs into qualitatively distinct classes embodying different

computational patterns, e.g. synchrony, feedback, divergence, etc.

3.2.6 Distribution comparisons

We used an approximate two-sample Kolmogorov-Smirnov (KS) test to compare

seizure and non-seizure snippets’ signals (TriCorr or aEEG), excluding non-seizure

snippets within 60 seconds of seizure onset or offset. The KS test tests the null hy-

pothesis that two samples could have been drawn from the same unknown distri-

bution. Thus, significant p-values indicate that the seizure and non-seizure signals

likely had differing statistical distributions.

3.2.7 Detector construction

For both aEEG and triple correlation (TriCorr) we obtained multi-channel signals:

in the case of aEEG, these are the seventeen EEG channels, and in the case of Tri-

Corr, these are the fourteenmotif classes. Within these channels, we z-scored either

within or across patients: we subtracted either the across-patient or within-patient

channel mean and divided by the all-patient or within-patient standard deviation.

Then we computed the rolling temporal mean in 60s windows. These channels are

depicted in Fig. 3.2.

In the case of TriCorr, we then took the absolute value of these signals, since

seizures could be reflected by either positive or negative deviations from themean.
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In contrast, aEEG lowermargin only reflects seizures through increases. We created

a single timeseries by taking the maximum value across all channels.

To account for complications due to differing resolutions of TriCorr and aEEG

(1s vs 15s snippets, respectively), we applied our detector per-minute: we divided

the signals into 60s intervals and regarded any suprathreshold signal within an

interval as a detection for the whole interval, and otherwise marked no detection

for the interval. An interval was regarded as a seizure interval if all three reviewers

marked a seizure within one minute of the start or end of the interval.

We depict examples of both aEEG and TriCorr detector signals in Figure 3.3.

3.2.8 Detector metrics

To evaluate the efficacy of our detectors, we constructed ROC curves using davi-

davdav/ROCAnalysis.jl. These ROC curves are depicted in Fig. 3.4 with clinically-

relevant versions of the true positive rate (TPR) and false positive rate (FPR). Rather

than a per-interval TPR, we reported a per-seizure TPR, which indicates the propor-

tion of seizures correctly detected. For FPR, we reported the false positives per hour

(FP/Hr), which is simply the FPR multiplied by the number of non-seizure hours.

Note that AUCs are reported for the identically-shaped ROC but with a per-interval

FPR axis rather than FP/Hr, so that the AUC is between 0 and 1.

We calculated the clinician FP/Hour rate by marking detections when any re-

viewer indicated a seizure and comparing this to the reviewer-consensus “ground

truth.”
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Figure 3.3: Example detector traces in confusion matrix with artifacts. Each
trace is a 1000s long snippet including the example indicated by the rowand column
labels. These 1000s snippets encompass the same examples as in Fig. 3.1. We did not
use a particular threshold to choose these examples. A true positives: a long seizure
(blue highlight) with two high-amplitude detections by both TriCorr (blue line) and
aEEG (red line). B artifact-induced false positive: three artifacts (red highlight),
with the first producing salient signals in both TriCorr and aEEG. C a false positive
in the TriCorr signal, though not so definitively in the aEEG. D false negative: a
seizure not detected by either signal. E true negative (correct artifact rejection):
the latter three artifacts are not marked as detections by either TriCorr or aEEG.
However, the first artifact encompasses a seizure that is correctly detected by both
TriCorr and aEEG, and so does not fall properly into any of these six categories. F a
true negative with only a brief correctly rejected artifact.
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3.3 Results

3.3.1 Triple correlation detects individual seizures comparably well to

clinical standard

A signal based on triple correlation leads to similar per-seizure detection perfor-

mance compared to one based on aEEG, the current clinical standard.

Neither is obviously better. The ROC curves are quite similar (Fig. 3.4), with the

only substantial deviation being in the case where we z-score the signals across

all patients for detecting individual seizures (Fig. 3.4B). In that case, the TriCorr

detector has a higher AUC than the aEEG. This suggests TriCorr could be a better

naive detector, i.e. that it would require less tailoring to the individual patient’s

signal statistics.

Comparing traces in individual patients, in some patients the aEEG signal is

cleaner, in others the triple correlation signal. Nor is it clear that the “ground truth”

is any better: trained clinicians routinely disagree with each other. In our data, the

trained clinicians had a false positive rate of 6 FP/Hrwhen treating single reviewers

as the detection signal and reviewer consensus as the ground truth.

3.3.2 Triple correlation can detect seizing patients comparably well

to expert reviewers

For per-patient detection, at perfect sensitivity the TriCorr detector can have the

same specificity as the expert reviewers (Fig. 3.4C; Table 3.1), in the most ideal case

where we have an estimate for the distributions of motif-class contributions for

each patient. Given that this level of uncertainty is inherent in our “ground truth,”

this performance is the best performance we could expect. In comparison, even
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Figure 3.4: Detector ROC curves. These curves compare the success of detectors
when defining success per-seizure, top row, or per-patient, bottom row, and when
z-scoring the detector signals across all patients, left, or within each patient, right.
In all cases the failure rate is defined as false positive minutes per hour.
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Target Standardization Signal AUC TPR (5.7 FP/Hr) FP/Hr (80% TPR)
patient across aEEG 0.94 0.82 5.5
patient across tricorr 0.92 0.79 6.3
patient within aEEG 0.96 0.92 2.9
patient within tricorr 0.98 1.0 2.1
seizure across aEEG 0.76 0.48 27.0
seizure across tricorr 0.84 0.58 16.0
seizure within aEEG 0.83 0.6 15.0
seizure within tricorr 0.81 0.52 21.0

Table 3.1: Statistics for the ROC curves shown in Figure 3.4. Target indicates
whether the positives were per-patient or per-seizure; standardization indicates
whether the signals were z-scored across or within patients. Signal indicates aEEG
vs TriCorr. AUC is area under the ROC curve. TPR indicates the true positive rate
(either per-patient or per-seizure) at FP/Hr = 5.7, which was chosen because that
is the false positive rate of single-reviewer annotation. FP/Hr indicates the rate of
false positives for a detector with 80% sensitivity.

in this ideal case aEEG does not achieve perfect sensitivity without more than five

times the reviewers’ FP/hour. The aEEG’s sensitivity at the same5.7 FP/Hr specificity

is 92% (see Table 3.1).

3.3.3 Triple correlation distinguishes heterogeneity

Triple correlation reveals structural variations betweenpatients’ seizure responses,

where aEEG only offers a monolithic signal. Our analysis reflects that neonatal

seizures can involve either an increase or a decrease in triple correlation, and usu-

ally this change is consistent within a patient, i.e. each patient has a particular type

of seizure. Our algorithm then reduces this complexity to ask if signals indicating

any of these types of seizures are present. However, heterogeneity in seizure signal

is visually apparent before this reduction Fig. 3.2.

Of the 39 patients with seizures, 13 had significant distribution differences with

increases in triple correlation ictal vs interictally, 11 had decreases, 3 had hetero-

geneous effects among motif classes, and 11 had no significant difference in mo-
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tif class contributions between ictal and interictal snippets, as determined by a

Kolmogorov-Smirnov test.

3.4 Discussion

Triple correlation provides a rich field of potential signals. Here we used only the

simplest and even somatched and perhaps exceeded aEEG, a signal transformation

in wide clinical use. Even better, our approach distinguishes among the heteroge-

neous neonatal seizures, even here where we have reduced TriCorr to its grossest

components (motif classes). In its fullness, triple correlation provides a plethora of

building blocks with which to construct signals with the potential to differentiate

between seizures. Perhaps we will one day be able to relate these differences to

known differences in etiology and treatment.

The expressiveness of TriCorr signals could also help more immediately, at the

bedside where aEEG is currently used. Commonly aEEG is used as a front-line bed-

side tool by neonatologists rather than neurologists because it offers a straightfor-

ward signal that doesn’t require years of training theway that cEEG does. However,

that simplicity comes at a tradeoff when some nuanced differences in signals have

different diagnostic outcomes. For example, one critical predictor of neonatal out-

comes is the EEGbackground, which can be read from the aEEGmargins over an ex-

tended time. However, abnormal background voltage involves a decreased lower

margin, which stands in contrast to seizure detection, where an increased mar-

gin indicates a seizure. This can lead long seizures to be mistakenly interpreted as

normal background EEG, with concommitant incorrect treatment, and hence poor

outcomes (Glass et al, 2013). With the expressiveness of TriCorr, we hypothesize

seizure and normal background would be separable.
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The further reaching advantage of TriCorr is that its expressiveness is of features

more covert than those expressed by aEEG. aEEGmakes overt the general trends of

the maxima and minima of the EEG, less some noise. In contrast, TriCorr overtly

represents the third-order structure. While an expert could in theory read such

structure from the EEG, it would be with extensive training and experience, not

unlike that of the trained epileptologist. TriCorr creates the potential to explicitly

represent that structure to a more generally trained audience, such as a nurse or

neonatologist, for whom noticing a seizure is but one of many tasks.

This brings us to the final caveat of this study: we do not claim this will replace

the need for neurologists trained in the art of reading cEEG. We can only argue

that this prepares the way for more reliable and timely alarm to bring cases to the

attention of the neurologist for definitive diagnosis. We do, additionally, hope that

TriCorr will augment the neurologist’s reading, but this study does not begin to pro-

vide evidence for such a claim, merely the hope. Indeed, it is hard to see how such

evidence could be acquired definitively, given that the ground truth must always

be the expert reviewers themselves.
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Chapter 4

Conclusion

Thoughmy grander goalmay be general BCIs, this dissertation addressed themonly

as motivation for pursuing population-scale neural activity. To conclude, I return

to BCIs to contextualize the achievements of these chapters.

In the first chapter, I brought a theoretical model a step closer to reality with

a minimal increase in complexity, with the particular goal of accounting for focal

seizures. On a general level, any model sophisticated enough to underpin a BCI

should be able to capture seizures, since they are relatively simple. I say “rela-

tively” with full respect to the complexity of epilepsy: a seizure is simple in the

way a whirlpool in an ocean is simple. But, then, a BCI is like understanding ev-

ery molecule in that ocean, and then using lasers to generate ripples that write out

Wikipedia in seven dimensions. To do that you need to have a really good model of

flowing water, and a good enoughmodel will include whirlpools. More specifically,

though, you need to make sure your lasers don’t accidentally make a whirlpool,

since in this extended metaphor, whirlpools are bad. Any neural stimulation runs

the risk of inducing seizures, so bidirectional BCIs will require modeling that can

determine whether they will induce seizures.

In the second chapter, rather than a theoretical model, I described triple corre-
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lation as a characterization of neural data that I showed is technically complete,

meaning there is a one-to-one relationship between a dataset and its triple cor-

relation. Neural activity is constantly moving in near infinitely many directions,

but, for example, in EEG we only see two: up and down. Technically we can see

multiple channels of ups and downs, but practically our direct perception of the

signals on paper can only go so far away from “this line goes up and down.” The

essence of characterizing neural population activity is in figuring out which direc-

tions are important, so that up and down on paper reflects important movement

in neural activity. The uniqueness of triple correlation tells us that those directions

are probably important. Themotif classes constitute variousmeaningful directions

of motion, and our simple tests illustrate that our intuition about their importance

is reasonably correct.

In the third chapter, with seizure detection, we have a concrete and substantial

case: in a seizure, neural activity moves in very weird directions, quite strongly,

so much so that those motions are often apparent even in the simple voltage up-

down directions, as aEEG distills. This provides a good test for the utility of triple

correlation: a good characterization should reveal those strange movements, and

if we want to be able to understand, it should reveal those movements concisely.

Our motif classes provide that concision, and our results show that even at such a

simplified level, triple correlation reflects the changes due to seizures. Moreover,

we see that the up-downmovement of aEEGwasmasking amenagerie of directions

that different patients’ seizures can take. This is no surprise: neurologists have seen

this with their deep insight into the vagaries of the full-resolution EEG, for all that

they have to parse that insight from EEG’s simple up-down. But, with training, neu-

rologists can see spatiotemporal patterns in the up-down, patterns that we argue

are made overt by triple correlation. This is the essence of what we need for BCIs:
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overt representations of the essence of the brain’s hidden movements, capturing

complexity so that we have simple handles onto neural activity.

Thus the work in this dissertation falls into two broad categories that are neces-

sary for the advancement of neuroscience research, and BCIs in particular. First,

modeling: advancing theoretical understanding of the behavior of neural popu-

lations, particularly with scale-spanning mechanistic explanations, and even into

pathological corner cases that BCIsmust aim to avoid. Second, characterization: the

representation of data in new directions that are bothmeaningful and explanatory.

I hope that these contributions will provide fruitful ground for future advances in

the understanding of neural population activity, and for the development of new

tools that may at a minimum more effectively and efficiently detect patholological

neural activity, and, in a perhaps distant future, capture neural activity with suffi-

cient complexity to create a general BCI.
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Appendix

A Enumerated lag-sign motifs for triple correlation

Table A1: Enumerated lag-sign motifs for triple correlation. In the triple corre-
lation equation, there are four lags that can be either zero or non-zero. Accordingly,
the rows in this table are ordered in 16 (24) groupswhile the subgroupswithin these
groups, represent the arrangement of the non-zero lags. The total number of rows is
169 lag-signmotifs for three-nodemotifs with distinct lag signs (Table S1). Each row
represents a single three-node lag-sign motif, which are differentiated by the spike
sequencing. The base node implicitly has lags n0 = 0 and t0 = 0, and the four lags of
the other two nodes (n1, n2, t1, t2) are those in Equation (2.27). In the lag columns,
‘0’ entries denote that the lag is zero while ‘+’ entries denote a positive value, and
‘-’ entries denote a negative value (respectively greater or less relative to the base
node’s spatiotemporal position). Note that in case where one modality (space or
time) shares the same (non-zero) sign, we need additional constraints to specify the
spike sequence, given by the column “Constraints.” The 14motif classes are labelled
by Roman numerals in the third column group, “Motif Class”. The “Configuration”
column illustrates a representative schematic of the lag-motif, where the solid dot,
small open circle, and large open circle indicate the base, second, and third nodes,
respectively.
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Description of Supplementary Files

In addition to the Github links in the text above, alongside this PDF I publish zip

files containing the code for each chapter at time of publication. However, I rec-

ommend the use the Github repositories linked above whenever possible. These

online repositories offer a more streamlined installation, and the possibility of up-

dated code. In all cases, installation andusage instructions arewithin the repository

READMEs.
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