THE UNIVERSITY OF CHICAGO

HOMOGENIZATION OF INTERFACE MOTIONS IN THE PARABOLIC SCALING

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF MATHEMATICS

BY
PETER S. MORFE

CHICAGO, ILLINOIS
AUGUST 2022



Copyright (©) 2022 by Peter S. Morfe
All Rights Reserved



To my grandparents



Was ist der Witz?

— Paul Ehrenfest



TABLE OF CONTENTS

ACKNOWLEDGMENTS . . . . . . e ix
ABSTRACT . . . . e X
1 INTRODUCTION . . . .. e e 1
1.1 A Motivating Example: Diffuse Interfaces in a Periodic Medium . . . . . . . 1
1.1.1 The Problem . . . . . .. .. ... 1
1.1.2 Pulsating Standing Waves . . . . . . . . ... ... L. 3
1.1.3 The Surface Tension and Einstein Relation . . . . . . . ... ... .. 5
1.1.4 A Variational Interpretation of Pulsating Standing Waves . . . . . . . 6
1.2 A Variational Approach to Pulsating Standing Waves . . . . . . . . ... .. 7
1.2.1  Assumptions. . . . . . ... 7
1.2.2 Results. . . . . . 8
1.3 Homogenization of the Allen-Cahn Equation with a Periodic Mobility Coefficient 12
1.4 Homogenization of a Nonvariational Interface Motion . . . . . . . .. .. .. 14
1.4.1 Curvature-Driven Interfaces in a Periodic Environment . . . . . . . . 15
1.4.2 Linear Response . . . . . . . . . . . . . 17
1.5 Future Directions . . . . . . . . ... 18
1.5.1 Laminar Media . . . . . . . . . .. . . 18
1.5.2 Pinning . . . . . . . 20
1.5.3 Random Media . . . . .. .. .. ... . L 21
1.5.4 Linear Response, Traveling Waves, and Rates of Convergence . . . . . 21
1.6 Notation . . . . . . . . . . 23
1.6.1 General . . . . . . ... 23
1.6.2 Euclidean Space . . . . . . . . . .. ... 23
1.6.3 Linear Algebra . . . . . . . .. . 24
1.6.4 The Torus . . . . . . . . . . . 25
1.6.5 Functions . . . . . . . .. 25
1.6.6 Measure Theory . . . . . . . . . . . L 25
1.6.7 Calculus . . . . . . . .. 26
1.7 Notes. . . . o o e 27
1.7.1 Diffuse-Interface Models . . . . . . . . .. ... ... ... 27
1.7.2  Surface Tension and I'-Convergence . . . . . . .. . . ... ... ... 27
1.7.3 Geometric Flows and the Level-Set Method . . . . . . ... ... .. 27
1.7.4  The Aubry-Mather and Moser-Bangert Theories . . . . . . .. .. .. 28
1.7.5 Related Models . . . . .. ... 28

2 THE SURFACE TENSION, THE MOBILITY, AND ELEMENTS OF ERGODIC
THEORY . . . o 30
2.1 Introduction . . . . . . . ... 30
2.2 Linear Response . . . . . . . . . . 30



2.3 Homogenization of Linear, Uniformly Elliptic Equations with Quasi-Periodic
Coefficients . . . . . . . . 33
2.4 Averaging in Codimension One . . . . . . . . . ... ... ... ... 36
2.5 Proof of Theorem 10 . . . . . . . . . . . . .. . ... 44
2.5.1 TIrrational Directions . . . . .. .. ... ... L oo 44
2.5.2 Invariant Measures . . . . . . . . . .. ... o1
2.5.3 Rational Directions . . . . . . . . . . .. ... .. . 53
2.5.4 Mean Curvature Flow with a Periodic Mobility Coefficient . . . . . . 63
2.6 The Surface Tension . . . . . . . . . ... 68
2.6.1 Finite-Volume Surface Tension . . . . . . . . .. ... ... ... ... 69
2.6.2 Averaging . . . . ... 70
2.6.3 TheLimith—o00. . . . . . . . ... ... . 73
2.6.4 Infinite-Volume Surface Tension . . . . . . . . .. ... ... .. ... 76
2.6.5 The Normal Direction . . . . . .. ... .. ... ... ... ..... 78
2.6.6 Thermodynamic Limit . . . . . ... ... ... ... ... .. ... 81
2.7 Notes. . . . . . o e 87
2.7.1 Averaging . . . ... 87
2.7.2 Linear Response . . . . . . . . . .. ... 88
2.7.3 Surface Tension . . . . . . . .. ..o 88
PULSATING STANDING WAVES AND THE SURFACE TENSION . . . . . .. 89
3.1 Pulsating Standing Waves and Plane-like Minimizers . . . . . . .. .. . .. 90
3.1.1  An Ergodic Theorem . . . . . . . .. ... . ... .. ... ..., 91
3.1.2  Plane-Like Minimizers . . . . . . . . . ... ... ... ... .. ... 95
3.1.3 Minimizers of T . . . . . . ..o 99
3.1.4 Uniqueness and Non-Uniqueness . . . . . . . . . . . .. ... .. ... 103
3.1.5 Non-Smoothness . . . . . . . .. .. ... 106
3.2 The Mobility . . . . . . .. 108
3.2.1 Derivative of the Surface Tension . . . . .. .. ... ... ... ... 109
3.3 Counter-examples to Equipartition of Energy . . . . . . . . .. ... ... .. 110
3.3.1 Rational Case . . . . . . . . . . 112
3.3.2 TIrrational Case . . . . . . . . . ... 114
3.4 Notes. . . . 118
SHARP-INTERFACE LIMIT IN LAMINAR MEDIA . . . .. ... .. ... ... 120
4.1 Formal Asymptotics . . . . . . . . 120
4.1.1 Preliminaries . . . . . . . . .. 121
4.1.2  Asymptotic Expansion . . . . ... ... oo 122
4.1.3 Vanishing to order € . 123
4.1.4 Vanishing to order e 1. . . . . 123
4.2 Smooth Pulsating Waves in Laminar Media . . . . . .. .. ... ... ... 125
4.2.1 Laminar Pulsating Standing Waves . . . . . .. ... ... ... ... 126
4.3 Derivatives of Ug . . . . . . . 129
4.3.1 Analysisof Lo . . . . . . oL 131



4.3.2 Differentiating Ue . . . . . . . . . ... 133

4.4 The Einstein Relation . . . . . . . .. ... ... ... . 137
4.4.1 Second Derivative of the Surface Tension . . . . . . .. .. ... ... 138
4.4.2 Revisiting the Mobility . . . . . . . ... ... 000 139
4.4.3 Computation of S. . . . . . . ... 141

4.5 Correctors . . . . . .. 142

4.6 The Sharp-Interface Limit . . . . . . .. .. .. ... 0L 145

4.7 Pathological Examples in Dimension Two . . . . . . . . ... ... ... ... 147
4.7.1 Preliminaries . . . . . . . . ... 148
4.7.2 Non-Differentiability . . . . . . . .. ... ... ... L. 152
4.7.3 Asymptotics of the Mobility . . . . . ... ... ... ... ... ... 155
4.74 Proof of Theorem 28 . . . . . . . . . . .. ... ... ... ... 155

4.8 Notes. . . . . . 156

THE ALLEN-CAHN EQUATION WITH A PERIODIC MOBILITY COEFFICIENT 157

5.1 Solutions in Irrational Directions . . . . . .. .. .. ... .. ... ..... 158

5.2 Proof of Theorem 29 . . . . . . . . . . . . .. .. 160

5.3 Approximate Correctors . . . . . . . . .. ... 162
5.3.1 Convergence of 5P25 ............................ 164

5.4 TIrrational Contact Points . . . . . . . . . . .. .. ... ... ... ... .. 169
5.4.1 Macroscopic Sub-Solution . . . ... ... ... ... 169
5.4.2 Initialization . . . . . . . . ... 176
5.4.3 Mesoscopic Sub-Solutions . . . . . ... ... 178

5.5 Rational Contact Points . . . . . . . . . ... .. ... ... ... ... .. 187

5.6 Shrinking Sub-Solutions . . . . . . .. ..o 188
5.6.1 Finite Speed of Shrinking . . . . . . . . ... ... 188
5.6.2 Super-Solution Property at Flat Parts . . . . . ... ... ... ... 192
5.6.3 Initial Datum . . . . . . ... 194

5.7 Notes. . . . . o o e 195

HOMOGENIZATION OF NONVARIATIONAL INTERFACE MOTIONS . . .. 196

6.1 Homogenization in Irrational Directions . . . . . . . . . . .. ... ... ... 200

6.2 Continuity and Discontinuity of Homogenized Coefficients . . . . . . . . .. 205
6.2.1 Strategy of Proof . . . . . . ... 205
6.2.2 Preliminaries . . . . . . . . . ... 206
6.2.3 Obstacle Problems . . . . . . .. ... .. ... ... ... ... 209
6.2.4 Homogenization of Obstacle Problems . . . . . ... ... ... ... 211
6.2.5 Densities of Contact Sets . . . . . . . . . ... ... ... .. ... 213
6.2.6 Proof of Proposition 67 . . . . . . . .. ... oL 218
6.2.7 Proof of Theorem 36 . . . . . . . .. . ... . ... ... ....... 219
6.2.8 Generic Discontinuities . . . . . . . . . . ... 220

6.3 Proof of Theorem 34 . . . . . . . . . . .. ... 224

6.4 Derivatives of Front Speeds in Dimension Two . . . . . . . . ... ... ... 228

6.5 Notes. . . . . . . e 230



7 LEVEL-SET PDE WITH DISCONTINUOUS COEFFICIENTS . . . . ... ... 232

7.1 Solutions in “Irrational” Directions . . . . . . . . . . . . . ... ... .... 232
7.1.1 Preliminaries . . . . . . . . . ..o 233

7.1.2 Proof of Theorem 30 . . . . . . . . . . . . . . . .. ... ... 235

7.2  Comparison Principle for Level-Set PDE with Discontinuities . . . . . . . . . 239
7.2.1 Proof of Theorem 38 . . . . . . . . . . . . . . . ... ... ... ... 241

7.3 Notes. . . . . . e 245

A TECHNICAL LEMMATA . . . . . . . e 246
A.1 Arithmetic Properties of Rational Hyperplanes . . . . . . . . ... ... ... 246
A.2 Harmonic Distance Functions . . . . . . . . . . . ... ... 247
A.3 Equidistribution of Codimension-One Sub-tori . . . . . . .. ... ... ... 248
A.4 Construction of Invariant Measures . . . . . . . . . . . .. ... ... .... 251
REFERENCES . . . . . 256

viil



ACKNOWLEDGMENTS

It is my pleasure to begin by acknowledging my thesis advisor, Takis Souganidis, for his
energy and dedication to students. I came to Chicago determined to be the best mathemati-
cian I could be and found in Takis an advisor who welcomed that drive and was prepared to
meet me every step of the way.

In addition to my adviser, I benefitted enormously from the vibrant analysis community
in the math department at the University of Chicago. A few individuals had particular
influence on me. I would like to thank faculty members Luis Silvestre and Charlie Smart;
postdocs Dana Mendelsohn, Chris Henderson, and Will Feldman; and fellow PhD students
Ahmed Bou-Rabee, Nikiforos Mimikos-Stamatopoulos, Sebastian Munos, Mariya Sardarli,
and Ben Seeger.

Additionally, T benefitted from meeting and working with mathematicians outside of
Chicago. Inwon Kim deserves special mention in this regard.

Finally, I would like to thank the mentors and family members who helped get me to
where I am today. My parents, Julie and Simeon, and stepmother, Virginia, have been
especially influential in my life. More recently, I have been able to turn to my wife Mariya
for inspiration and encouragement. I also do not know where I would be were it not for
the mathematicians at Cooper Union, especially Stan Mintchev, Om Agrawal, and Robert
Smyth, who recognized my potential and encouraged me to consider pursuing graduate study

in math.

1X



ABSTRACT

This thesis details recent results on the periodic homogenization of interface motions in the
parabolic scaling regime.

First, we treat phase transitions in periodic media, developing a variational approach
that unifies the point of view of Barles and Souganidis [16] with Aubrey-Mather theory. We
show that (possibly non-smooth) pulsating standing waves can be obtained as minimizers
of a Percival-type Lagrangian in the spirit of the latter theory. Pulsating standing waves
are shown to generate the recurrent plane-like minimizers of the energy and to determine
the macroscopic surface tension. In the case of laminar media, these functions are used
to demonstrate a number of pathologies, such as the non-differentiability of the surface
tension. Additionally, we prove two homogenization results in the sharp-interface limit, one
pertaining to laminar media and a restricted class of initial data, and the other, to the
Allen-Cahn equation with a periodic dissipation term.

Finally, we study a class of non-variational curvature flows with periodic coefficients. By
analyzing a degenerate elliptic equation on the torus, we identify the macroscopic behavior
of the moving interface at points where its normal vector is irrational. To analyze the
motion near rational normals, we adapt an idea of Feldman and Kim [49] from the study of
oscillating boundary value problems. This leads to the conclusion that in dimension d > 3,
the macroscopic interface velocity is a discontinuous function of the normal direction. We
prove that the associated interface motion is well-posed in spite of the discontinuities and

conclude that homogenization occurs.



CHAPTER 1
INTRODUCTION

This thesis concerns the large-scale behavior of interfaces moving in a heterogeneous medium.
The problem is approached through the lens of the homogenization theory for parabolic
partial differential equations. A number of new results are proved for variational and non-
variational interface motions using techniques from PDE theory, calculus of variations, and
ergodic theory. The overarching theme of the work is the codimension-one character of

interfaces leads to interesting geometric phenomena and pathologies.

1.1 A Motivating Example: Diffuse Interfaces in a Periodic

Medium

1.1.1 The Problem

Let us begin by recalling the classical asymptotics of the Allen-Cahn equation. Given a small
parameter € > 0, the problem is to characterize the asymptotic behavior, in the limit ¢ — 0,

of the solution uf of the Allen-Cahn equation
u§ — Auf + e W) =0 in R? x (0, 00)

subject to appropriate initial conditions. For physical reasons, the solution u¢ takes values
in [~1,1] and the nonlinearity W’ is the derivative of a double-well potential W that attains
its global minimum precisely on the set {—1,1}.

The motivation for studying the asymptotics of the Allen-Cahn equation comes from ma-
terials science. The Allen-Cahn equation is a simplified description of phase transformations
in a material coexisting in one of two phases. Unlike, say, the Stefan problem, where the

interface that forms between ice and water is modeled as a smooth surface with infinitesimal
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thickness, the Allen-Cahn equation is a diffuse-interface model, wherein the nonzero thick-
ness of the interface is taken into account. Thus, the solution uf, referred to as a phase field,
indicates the local phase of the material: it is close to 1 in the bulk of one of the phases,
close to —1 in the bulk of the other, and the interface corresponds to the region in space
where it is away from 1 and —1.

The parameter € describes the width of a typical interface. Notice that the transformation
u(z,t) = u(e Lz, e 2t) takes a solution u of the unscaled (¢ = 1) equation to a solution u¢
of the scaled equation. Accordingly, the limit ¢ — 0 describes the evolution of the material
at scales that are much lager than the interface width.

Allen and Cahn [3] predicted that the interface between phases moves by mean curvature
flow. This has been made precise through the contributions of many mathematicians since
then, including de Mottoni and Schatzman [40], Bronsard and Kohn [23], and Chen [30] in
the setting of smooth flows and then Evans, Soner, and Souganidis [43], Barles, Soner, and
Souganidis [12], and Barles and Souganidis [16] in the general case.

The result, stated roughly, is as follows: if the solution u€ is such that u€(-,0) — 1 inside
some smooth open set Ey and u€(-,0) — —1 in R\ Ep, and if (Et)i>0 are open sets with

boundaries (0E¢);>0 moving by mean curvature flow, then
u(-,t) > 1in B and uf(-,t) —» —1 in R\ E.

Put simply, at large (or macroscopic) scales, the interface between phases looks like a smooth
boundary moving by mean curvature flow. Since phase fields are replaced by sets in the limit,
this type of convergence is referred to as a sharp-interface limit.

The Allen-Cahn equation is the L? gradient flow of the following energy functional

];AC’(UG;Q):/Q<§||Du€||2+W(u€)> dr



so energy dissipation is the basic mechanism driving the evolution of the solution. As is
pointed out in [19], in principle, the coefficients in the energy should vary in space in general
to reflect the changes in the material or impurities embedded within it. This consideration
leads to more general energies such as the following one:

F(usQ) = /Q (%(a(e_lx)Due,Du€> +W(e_1x,u€)> dz. (1.1)

Here a is a symmetric matrix-valued field and W(y,-) has a double-well shape for each
Yy € Rd, the spatial variation of @ and W modeling the heterogeneity of the medium. The

L? gradient flow of this energy results in an Allen-Cahn equation with variable coefficients
u — div(a(e 1) Duf) + € Wy (e 1z, u€) =0 in R x (0, 00). (1.2)

The question is now to characterize the sharp-interface limit of such an equation.
In order for the solution of (1.2) to converge, some assumptions need to be made on the
structure of the coefficients a and W. Throughout this work, we will assume that they are

periodic functions, that is,
aly+k)=aly) and W(y+k,-)=W(y,-) foreachyecR? kez

The problem is then to determine to what extent averaging effects lead solutions of (1.2) to

converge, as in the spatially homogeneous (constant-coefficient) case.

1.1.2 Pulsating Standing Waves

The starting point for our treatment of (1.2) is work by Barles and Souganidis [16]. They

showed that if certain assumptions on a and W are satisfied, then the sharp-interface limit



of (1.2) is described by macroscopic interfaces that evolve with normal velocity given by

Vo, = M(ngg,)” 't (S(ngg,) Ao, ) - (1.3)

Here ngg, is the normal vector and Ayg,, the second fundamental form of Fj, and the
coefficients S and M are determined by a and W through averaging effects.

The key assumption in the analysis of (1.2) in [16] is the existence and smoothness of
certain special functions, called pulsating standing waves. These are used in an asymptotic
expansion for the solution u€. (The asymptotic expansion employed in [16] is reviewed in
Section 4.1.)

Given an e € S%°1 a pulsating standing wave U, in the e direction is a solution of the

PDE

D (a(y)Dele) + Wy(y, Ue) =0 in R x T, 14

lims 5400 Ue(87y> ==+1, 0sUc >0,

where the differential operator De is defined by De = eds + Dy and D} is its L? adjoint.
Equations of this type were introduced by Xin [91].

Notice that the pulsating standing wave equation (1.4) is a degenerate, time-stationary
Allen-Cahn equation in a (d + 1)-dimensional cylinder, whereas the equation of interest to
us, (1.2), is posed in d space dimensions. The connection between them is through the family

of functions {UE}CER in R? defined by

uz(x) = Ue((z,e) — (, 2). (1.5)

A computation shows that if U, is a solution of (1.4), then, for each ¢ € R, the function u¢

is a critical point of the energy F, that is,

—div(a(x) Duf) + Wy(z,uf) =0 in R?.
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Furthermore, these functions are plane-like and ordered in the sense that

@ e%iglioo ug(x) =41 and ug < UZ' if ¢ > (.

Thus, the existence of a solution U, of the pulsating standing wave equation implies the
existence of a continuous one-parameter family of plane-like critical points of F.
Pulsating standing waves play a central role in the analysis of (1.2) in [16]. Accordingly,

one of the questions treated below is the existence of pulsating waves.

Question 1. Do pulsating standing waves exist in general? Are they smooth?

1.1.8 The Surface Tension and Einstein Relation

Using the theory of I'-convergence, it is possible to argue that the energy F, suitably rescaled,
converges to a limiting energy. This was first made precise by Modica and Mortola [69] in
the spatially homogeneous setting.

The periodic setting has been studied by Ansini, Braides, and Chiado-Piat [5] and
Cristoferi, Fonseca, Hagerty, and Popovici [35, 36]. To capture the large scale behavior

of F, we define the rescaled functional F¢ for € > 0 by

Fe(uQ) = /Q (%(a(e_lx)Due, Duf) + 6_1W(e_1x,u6)) dr. (1.6)

The results of [5, 35, 36] show that, under suitable assumptions on a and W, there is a

Finsler norm & and an anisotropic perimeter functional F of the form

F(B:Q) = /a olnam(€) )



such that if u¢ = 1in £ and v — —11in Q \ E, then

F(E;Q) < liminf Fe(uf; Q).

e—0t

Further, it is possible to choose (u®)¢~( so that the inequality is an equality and the liminf
is a limit. In the statistical mechanics literature, the surface energy density & is referred to
as the surface tension.

Following the discussion in Spohn [87] and related results on the Lebowitz-Penrose func-
tional by Bellettini, Butta, and Presutti [17], it is natural to expect that the effective interface

motion that arises in the limit of (1.2) has the form

Vog, = M(nog,) ™'t (D*3(nog,) Aok, ) (1.7)

Here & is the surface tension obtained from the I'-limit of F and M is a mobility coefficient.
In the mathematical physics literature, (1.7) is referred to as an Einstein relation since it
shows that the homogenized velocity is proportional to the homogenized energy gradient.
Mathematically, tr(D?a(n)A) is the second variation of F so (1.7) implies that “homoge-
nization and gradient flow commute” up to the determination of the mobility coefficient M,
which determines the metric.

The preceding discussion motivates the next question treated in this thesis.

Question 2. Does the Einstein relation (1.7) describe the sharp-interface limit of the Allen-

Cahn-like equation (1.2)? Is it consistent with the results of [16]?

1.1.4 A Variational Interpretation of Pulsating Standing Waves

As we argued above, there is reason to believe that the homogenization of the Allen-Cahn-
like equation (1.2) will be related to the I'-limit of the associated energy F. Considering that

[16] proves homogenization using pulsating standing waves, that leaves the question whether
6



or not these waves are also relevant from a variational point of view.
Notice that the equation D} (a(y)DeU) + Wy (y,U) = 0 in (1.4) is the Euler-Lagrange

equation of the energy

2w = [ (D ow) + W) dsdy

This suggests it may be possible to study pulsating standing waves using variational tech-

niques.

Question 3. Is it possible to obtain pulsating standing waves by minimizing e ? Is a solution

of (1.4) necessarily a minimizer?

1.2 A Variational Approach to Pulsating Standing Waves

1.2.1 Assumptions

Throughout the paper, we denote by T% the d-torus, defined as a quotient space T = R4 / YA
Hence we will treat a and W as functions defined in T¢. More precisely, we make the following

assumptions:

a:T% - S; smooth,

W:T? xR — [0,00) smooth.

We take a to be uniformly elliptic. Specifically, we assume there are constants A\, A > 0
such that

Ald < a(y) < Ald  for each y € T%

Concerning the potential W, we assume that there are continuous functions W, W : R —



[0, 00) such that
W(u) < Wi(y,u) < W(u) for each (y,u) € T x R.
Further, we assume that the zero sets of these functions are precisely {—1, 1}, that is,
{fueR | Wu)=0}={uecR | W(u) =0} ={-1,1}.

Finally, we assume that W and W are convex near 1 and —1, that is,

min{W" (1), W' (=1), W (1), W"(-1)} > 0.

1.2.2 Results

First, we develop a variational approach to the existence and uniqueness of pulsating standing
waves. As was already observed above, the degenerate Allen-Cahn equation D} (a(y)DU))+
Wu(y,U) = 0is the Euler-Lagrange equation of the non-coercive energy functional .7 defined
by

Z(V) = /R . (%(a(y)DeV,D6V>+W(y, v>> dy ds.

Below we prove that a weak solution of (1.4) can be obtained through minimization of 7.
To state the result more precisely, let us define the competition class 2 and minimal

energy &(e) by

&e) =inf{T.(V) | V e}, (1.8)

X ={Vel®RxT | 1<V <1, lim V(s,y)==41in LL (R x T9}.
s—=+00

Theorem 1 ([73]). (i) For each e € S, there is a U € 2 that is a minimizer for the

variational problem &(e), that is, such that Te(Ue) = &(e). Further, Ue can be chosen in
8



such a way that 0sUe > 0.

(i) A minimizer as in (i) is a weak solution of the pulsating standing wave equation
(1.4). If Ue is a continuous weak solution of (1.4), then Ue € 2~ and Te(Ue) = & (e).

(i11) It is possible to choose a, W, and e so that no minimizer of &(e) is a continuous

function in R x T4,

The theorem shows that pulsating standing waves can be obtained as minimizers of
the functional 7, and that any smooth (or even continuous) pulsating standing wave is
necessarily in this class. At the same time, contrary to the assumptions in [16], it shows that
smooth pulsating standing waves need not exist in general.

The minimizing property of the pulsating standing waves in Theorem 1 leads to a similar
property for the functions {UE}CGR determined by the transformation (1.5). Furthermore, it
turns out that the minimal value of .7 is precisely the surface tension 7 (e) obtained through

['-convergence. This is the subject of the next corollary.

Corollary 1. (i) If Ue is a minimizer of &(e), then each function {UE}CGR in the family
determined by (1.5) is a strongly Birkhoff plane-like minimizer of F (see Definition 9 below).
(i1) If Ue is a minimizer of &(e), then Te(Ue) = a(e).

i) For each ¢ € R, the function u has average energy equal to G (e).
¢

The previous results show that pulsating standing waves exist, even though they may not
be smooth, and that they generate plane-like minimizers of F that can be used to compute
the surface tension . The question remains whether or not there are situations in which
the approach of [16] goes through and homogenization holds.

In the next result, we give an affirmative answer. For the sake of generality, we will
consider the gradient flow

m(e Lo, eDu)u§ — div(a(e 1z)Duf) + e 2Wy (e lz,u) =0 in R% x (0, 00),

(1.9)
u€ =ug on RY x {0},



where the local mobility m : T¢ x R% — (0,00) is smooth and bounded above and below,

ie.,

0 < inf {m(y,p) | (y,p) € T¢ x Rd} < sup {m(y,p) | (y,p) € T¢ x ]Rd} < oo. (1.10)

With the mobility term, (1.9) becomes the gradient flow of F with respect to the L2-

Riemannian metric given by

(v, Whye = /Rdv(x)w(x)m(e_lx, eDu®) dz.

We will prove homogenization of (1.9) for specific choices of the initial datum ug in the
context of laminar media. Here by laminar media we mean the case when the coefficients do

not depend on the dth coordinate, or, in other words,
ay, =0, Wy, =0, and my, =0. (1.11)

In this setting, it turns out there are smooth pulsating standing waves U, in every direction
e e gd-1 \ (eg) . Using these pulsating waves in the asymptotic expansion approach of [16],
we show that homogenization holds provided the initial interface is a graph over the dth

coordinate.

Theorem 2. Assume that a, W, and m are independent of the dth coordinate, that is, (1.11)

holds. Suppose, in addition, that ugy € UC’(]Rd; [—1,1]) satisfies the following two conditions:

(i) There is alUd € UC(RY1) and a ¢ € R such that

sup {U(2') = (g, )| | o' e R4 < oo

10



and

{z € R | ug(z) = 0} = {(«',2g) € R? | g = U(a")}.
(i) There is a 69 > 0 and an R > 0 such that

dy({z € RY | ug(w) = 0}, {w € R? | Jug(x)| < do}) < R.

Under these assumptions, there is a continuous function h : R4~ %[0, 00) — R with h(-,0) =
U such that if (u®)esq are the solutions of (1.9) with initial datum u(-,0) = ug and (Et)i>0

are the epigraphs defined by By = {z € R | x4 > h(z',1)}, then

1, locally uniformly in \J;~q Et,
lim u¢ = B
e—0F —1, locally uniformly in Ut>0(Rd \ Ey).

Furthermore, there is a mobility coefficient M(m,-) such that the sets (Et)y>q evolve with

normal velocity given by
v -1 2~
Vog, = M(m,ngg,)” tr(D"6(ngg,) Aor,)- (1.12)

Interestingly, the theorem shows not only that homogenization holds for some choices
of initial datum, but also that the limiting interface velocity is determined by an Einstein
relation as described by Spohn [87] and Bellettini, Butta, and Presutti [17].

From the point of view of calculus of variations, the velocity law (1.12) shows that homog-
enization and commute, at least in this very special case. Indeed, the term tr(D?a(ngg)Agx)
is the anisotropic curvature of the surface OF with respect to &, which is the second variation
of F. Hence, at least formally, (1.12) corresponds to the gradient flow of F with respect to
a metric determined by M(m, -).

In the laminar setting, there are pathologies lingering in the background that explain our

11



restriction to graphical interfaces. The next result describes some of the known pathologies

that can occur in this setting, all of which are related to the fact that there need not be a

smooth pulsating standing wave in the directions perpendicular to e;.
Theorem 3. In the laminar setting, it is possible to find coefficients a and W such that

(i) The surface tension & is not C1,
(ii) The mobility coefficient M(m,-) is unbounded, independent of the choice of m,
(11i) The interface velocity can become arbitrarily small relative to the second fundamental
form: more precisely,

L JID%E g )
f{M(m’e,)\ s \<d>} 0.

1.3 Homogenization of the Allen-Cahn Equation with a Periodic

Mobility Coefficient

In our study of the gradient flow (1.9), the key ingredient was the existence of pulsating
standing waves, which are entirely determined by the energy F through a and W. That
leaves the question: what happens if F is spatially homogeneous (a and W are constant)
and only the local mobility m is allowed to vary? In other words, the question is to study

the asymptotics of the Allen-Cahn equation with a periodic mobility coefficient:

m(e Lz, eDu)u§ — Auf + e 2W'(u€) =0 in R% x (0, 00),

u€ =ug on R% x {0},

(1.13)

Here we assume that the potential W is a smooth non-negative function, W~=1({0}) =

{—1,1}, and W' (=1) AW"(1) > 0.

12



In the next result, we prove that, in the limit ¢ — 0, effective interfaces form and move
according to mean curvature flow with an effective mobility coefficient m that is determined

by m through averaging effects.
Theorem 4. Given any smooth m : T% x R — (0,00) such that (1.10) holds, if uy €
UC(R? [—1,1]) and (uf)esq are the solutions of (1.13), then

W t) =1 inE and u(-,t) > —1 inRY\Ey,

where (Et)y>0 is a family of open sets with Eq = {ug > 0}, evolving with normal velocity

VaEt = m(”aEt)_ltT (AaEt) (1.14)

for some continuous, positive function m : gd—1 _, (0,00) determined entirely by m and W.

The proof builds on the approach from [16]. Since the energy F is spatially homogeneous,
there is a smooth family of pulsating standing waves available for use in the asymptotic
expansion. The expansion has the form

u(z,t) = g <@> ¢ P <d(x,t)7£) )

€ €

Here g is the (centered) standing wave solution of the Allen-Cahn equation in one-dimension;
d is the signed distance function to the interface 0E;; and { P} cegd—1 are correctors. While
the e-independence of the standing wave ¢ eliminates any concerns about the existence and
smoothness of pulsating waves, the correctors { e}, gd—1 do not necessarily exist in every
direction.

Given an e € Sd_l, the cell problem for the correctors { P} ccgd—1 has the form

D (a(y)DePe) + W (q(s)) Pe = —m(y. q(s))i(s) + m(e)g(s) in R x T
13



In general, it is not possible to find solutions P, of this equation. Rational directions on the
sphere, that is, e € Sd=1n RZd, are particularly problematic in this regard. However, in
irrational directions e € S9! \RZd, it is always possible to construct approximate solutions.

The non-existence of approximate correctors in some directions is a difficulty since the
approach in [16] is based on the construction of global sub- and super-solutions. These
functions are associated with macroscopic interfaces that are compact hypersurfaces, hence
correctors are needed in every direction.

To circumvent this issue, the proof of Theorem 4 proceeds through the development of
local sub- and super-solutions, which are localized so that only the vicinity of the surface
near the contact point is relevant. These sub- and super-solutions make it possible to show
that the effective interface associated with (1.13) moves according to the velocity law (1.14)
near points where the normal vector nyg, is irrational. That leaves the question how to
show that an interface moving with a prescribed normal velocity in irrational directions is
actually moving that way everywhere.

Below we prove that it is, in fact, enough to understand the behavior of the effective
interface near points where the normal vector is irrational. The main idea is that (1.13)
contains additional structure enabling us to glean some extra information about what hap-
pens at points where the normal vector is rational. This information, which amounts to a
very weak regularity estimate, allows us to conclude that the effective interface is a genuine

solution of (1.14).

1.4 Homogenization of a Nonvariational Interface Motion

In the homogenization problem for the Allen-Cahn equation with a periodic mobility co-
efficient, we saw that the local behavior of the macroscopic interface was more difficult to
analyze in rational directions than irrational ones. The next problem we consider makes the

distinction between rational and irrational directions even more apparent.
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1.4.1  Clurvature-Driven Interfaces in a Periodic Environment

Let us consider an even simpler model of phase interfaces evolving in a periodic medium.
We fix a periodic, uniformly elliptic matrix field a : T x §4-1 S, and a positive function
m : T x §4-1 (0,00), which model the heterogeneity of the medium. Given a small
parameter € > 0, consider the evolution of an open set Ef with prescribed normal velocity
given by

-1 —1 -1
Vogs =m(e z,ngge) tr (a(e x7”8E§>A8E§> : (1.15)

As in the discussion of the Allen-Cahn equation above, this geometric flow is scaled so that
it captures the behavior of the interface at spatiotemporal scales that are much larger than
the period of the medium. Accordingly, this is a homogenization problem and the question
is whether or not averaging results in an effective interface motion in the limit e — 0.
Below we prove that, indeed, the motion of the interface averages near points where the
normal vector ny g¢ points in an irrational direction, that is, ng Ef € gd=1 \]RZd. Precisely,
we obtain effective coefficients @ : S9!\ RZ? — S; and m : S¥1 \ RZ4 — (0,00) such

that, in the limit € — 0, the motion is described by the law

VaEt = m(naEt)_ltI‘ (C_l(naEt)AaEt) if nYg, ¢ de. (1.16)

As in Theorem 4 above, this leads to the question whether or not knowledge of the effective
motion in irrational directions is enough to characterize the global motion of the surface.
However, unlike Theorem 4, this problem is more subtle because, due to the strong
anisotropic character of the motion, it is not obvious a priori that a or m can be extended
to continuous functions in the entire sphere Sd=1 In fact, it turns out that, in dimensions
d > 3, the effective coefficients are generically discontinuous at every rational direction.
That motivates a study of the effective motion (1.16), where the normal velocity is only

prescribed in irrational directions and the coefficients need not be continuous at rational
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directions. Below we develop a level-set formulation of this motion, which has a comparison
principle (hence existence and uniqueness) in spite of the discontinuities.
The discussion above leads to the next theorem. Before stating it, let us make precise

the assumptions on the coefficients a an m. We assume that

a:Tx 5471 S, smooth,

m:T¢ x 8971 5 (0,00)  smooth,
and we fix A\, A > 0 such that
Ad < a(y,e) < Ald  for each (y,e) € T¢ x $971,
Theorem 5. Given any open set Ey C R% and € > 0, let (Ef)t>0 be the solution of (1.15)
with E§ = Ey. There is a family of open sets (Et)y>o such that
(i) (Et)¢>0 is the unique solution of (1.16) with initial condition Ey,

(ii) Ef — Ey locally in the Hausdorff metric as e — 0 for each t > 0.

We warn the reader that the theorem above is written somewhat imprecisely. In par-
ticular, uniqueness of solutions of (1.15) and (1.16) is complicated by the possibility of
“fattening” (cf. [12] or [16]). However, it is possible to get around the non-uniqueness issue
by working with the level-set formulation. Accordingly, below the reader will find precise
statements in terms of the level-set PDE rather than the geometric flows themselves.

Concerning the discontinuities of a and m, we prove the following result:

Theorem 6. Consider the case when a = a(y) and m = m(y) for simplicity and fix a
dimension d > 3. For a generic (in the sense of Baire category) a and m satisfying the

assumptions above, the effective coefficients a : S 1\ RZ4 — Sy and m : S 1\ RZ% —
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(0, 00) fail to have well-defined limits at any rational direction e € Sd=1aRrz4. In particular,

a and m cannot be extended to continuous functions in any open subset of gd-1

We should emphasize that discontinuities are only possible in dimensions d > 3. We

prove below that @ and 7 extend continuously to ST in dimension d = 2.

1.4.2 Linear Response

We next consider a problem that is closely related to the previous one, and which once again
leads to some surprising pathological behavior. Fix an e € S9! and an a € R \ {0}. With
a and m as above, consider the open sets (Ef);>q started at the half-space Ey = {z € R? |

(x,e) > 0} and evolving with normal velocity given by

Vors = m(e_lx,naEt)_l (tr (a(e_lx,naEg)AaEte> - a) : (1.17)

As before, the problem is to identify the asymptotic behavior of Ef in the limit ¢ — 0.
In the physics terminology, this is a question about linear response. The expectation is

that, in the limit e — 0, the set Ef converges to a half-space moving with normal velocity

Var, = M(nog,) " (tr (alngg,) Agr,) — @) = —i(ngg,) o = —m(e) " a.

Hence the effective mobility m(e) obtained above measures the response of the medium to
an applied external force o when the interface is a plane with normal e.

In fact, this is true, except m is not the right response coefficient in general. Instead,
the asymptotics are described by a function my, : gd-1 _, (0,00), which agrees with m
at irrational directions but need not coincide with it in rational directions. This is stated

precisely in the next result.

Theorem 7. There is a function My : S9=1 5 (0,00) such that, given o € R\ {0} and
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e e S jf (Ef)t>0 are the solutions of (1.17) with Ef = {x € Re | (z,e) > 0}, then

Ef — Ey locally in the Hausdorff metric as e — 0, where (Et)y>q is determined by
By ={x e R | (z,e) > —amy(e) 't}.

The response coefficient Ty, has the following properties:
(i) Ty (e) =mle) ife € S971\ RZY,

(i) For a generic choice of m, My is discontinuous at every rational direction and, in

dimension d = 2, my,(e) # limpz2g0 e m(e') for each e € ST NRZ2.

The theorem shows that the effective mobility 77 obtained in the purely curvature-driven
homogenization problem (1.15) can be interpreted as a linear response coefficient in irrational
directions, but this interpretation turns out to fail in rational directions generically. Further-
more, in all dimension d > 2, the true response coefficient my, is generically discontinuous

at rational directions.

1.5 Future Directions

The results above only scratch the surface where the homogenization theory for interface

motions is concerned. In this section, we discuss a few directions for future work.

1.5.1 Laminar Media

In the context of laminar media, we proved that when the initial interface is a graph that
crosses the laminations, solutions of the gradient flow of the Allen-Cahn-type energy F
homogenize. The question remains: what if the initial interface is not a graph?

In general, that question is as hard as the original, non-laminar homogenization problem.
Indeed, if uq is laminar, that is, if ug(z’, x4) = ug(z’,0), then the solution u€ of (1.9) is also
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laminar by uniqueness. Hence we are essentially studying a PDE in RI-1 (0,00) with
non-laminar coefficients — the advantage of the laminarity assumption is apparently lost.

However, this issue does not really arise in dimension d = 2. In that case, if the initial
datum is laminar, that means it is a function of one variable, and the PDE in R x (0, c0)
really is simpler than the one in R? x (0, 00). (Curvature is trivial in one dimension.) Thus,
in dimension d = 2, the homogenization problem in laminar media need not be as difficult
as the general case.

In fact, it is possible to show that the effective motion (1.12) is well-posed in dimension
d = 2, even though & need not be C? in S and M (m, -) may not be finite everywhere. Well-
posedness follows from results on level-set PDE with coefficients that are discontinuous in
at most finitely many directions [58, 76, 59] and bounds on the coefficient M (m, )~ 1| D?5]||
(see Proposition 43 below). Furthermore, if we argue by analogy with Theorems 4 and 5,
it should be possible to characterize the effective motion using only very weak information
about what happens near points where the surface lines up with the laminations.

Stated simply, the discussion above leads to the following problem:

Problem 1. In the laminar, two-dimensional setting, prove that (1.9) homogenizes for any

ug € UC(R%; [~1,1]).

Finally, in the proof of Theorem 2, the laminarity assumption (1.11) allows for the con-
struction of pulsating waves, which are entirely determined by a and W. The mobility m
only enters the picture through the map m + M (m,-), which is determined by a formula
that makes sense whether or not m is laminar (see Section 4.1). Thus, it is reasonable to
expect that Theorem 2 can be improved to cover general, non-laminar mobilities m, as in

Theorem 4.

Problem 2. Extend Theorem 2 to include a non-laminar local mobility m, i.e., replacing

(1.11) by the assumption that only ay, =0 and Wy, = 0.
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1.5.2  Pinning

Recent work with Feldman [51] shows that effective interfaces need not move in general. Pre-
cisely, that work provides examples where homogenization occurs and the effective interfaces
(Et)t>0 have trivial normal velocity

Vog, =0,

hence Fy = Ej for all times ¢ > 0. This behavior is called pinning.
The arguments in [51] suggest that pinning is related to the non-smoothness of pulsating

waves. Here is the precise result:

Theorem 8 ([51]). There are examples of coefficients a and W such that, independent of

m, if ug € UC(RY: [=1,1]) and (u€)e=q are the solutions of (1.9), then, for all t > 0,
u(,t) > 1 in{ug >0} and u(-,t) = —1 in{ug<O0}.

Furthermore, in these examples, for any e € SA=1 there is no continuous solution of the

pulsating standing wave equation (1.4).

The examples in [51] have a very specific form that makes it possible to construct a
barrier that is tailored to any initial datum wug. Once these barriers are constructed, the fact
that interfaces cannot move follows directly.

However, the argument that pulsating standing waves cannot be continuous is simpler.
All that is required is a strict, time-stationary sub-solution v : R? — [—2,2] of (1.9) with
a bump-like shape. More precisely, v should be such that {v > —1} is bounded and non-
empty. Via a sliding argument, this suffices to prove that the functions {UE}CER generated
by a pulsating standing wave U, cannot form a foliation, and, thus, U, itself cannot be
continuous. This leads to the question: is the existence of bump-like sub-solutions enough

to conclude that pinning holds?
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In general, it would be interesting to develop weaker sufficient conditions under which

pinning holds. This leads to our next problem:

Problem 3. Identify sufficient conditions that imply that the effective interfaces associated

with (1.9) are pinned in the limit € — 0.

1.5.3 Random Media

In all of the results described above, it would be interesting to consider generalizations where
the underlying heterogeneities are randomly distributed in space rather than periodically.
Mathematically, the question is to generalize these results from the class of periodic coeffi-
cients to stationary, ergodic coefficients.

In the context of the Allen-Cahn-like equation (1.2), the analysis of random media will
likely require the development of new techniques. While we know how to determine the
surface tension & in this generality (cf. [71]), it is not clear to what extent pulsating standing
waves exist or how they would be used to analyze the sharp-interface limit.

The non-variational setting of (1.15) appears to be more promising in the short term.
Many of the ingredients used in the proof of Theorems 5 and 7 have random analogues that
are well-understood. Nonetheless, many technical problems arise when trying to generalize

the proof to the stationary, ergodic setting. Accordingly, this leads to the next problem:

Problem 4. Prove analogues of Theorem & and 7 when the coefficients a and m are sta-

tionary and ergodic, but not necessarily periodic.

1.5.4 Linear Response, Traveling Waves, and Rates of Convergence

It turns out that the linear response coefficient mp, equals (the inverse of) the derivative of

the wave speeds associated with the following hyperbolically scaled motion

Vops = m(eilx,naEte)fl <etr <a(671x,naEte)AaEte) + Oé) . (1.18)
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In this scaling regime, Caffarelli and Monneau [26] proved that, in dimension d = 2, the

interface £ converges to an effective interface £} moving with velocity

V@Et = )\oz(”@Et)y

where the function A\, : S9! — (0,00) encodes the average speed of planar interfaces in
each direction.

Below we prove the following result, which relates the derivative of Ao to mp.

Theorem 9. For each e € Sd_l,

ye) ! = Oléigloa_l)\a(e).

The argument of [26] involves certain special solutions of (1.18), called pulsating traveling
waves. These can be described using solutions of the following degenerate elliptic PDE in

the torus T¢:

€‘|‘Dvea €+DVea 2 . d
A — | —tr| A — | D?YV, — DY =0 T,
a(e)m <y7 He+ DVQ,QH) r( <y7 H€+ DVe,aH) e,x CYH€+ 6701” m

It is shown in [26] that this equation has a solution Ve o € C(T%) for each e € S9~1. Once
such a function has been obtained, the associated pulsating traveling wave is defined by
setting By = {x € R | Aq(e)t + Vea(x) > 0}. Note that this defines a solution of (1.18).

Since the results above prove that o — Ay (e) is differentiable at a = 0 (see Section 6.4),

it is natural to ask what can be said about the regularity of the function Ve o as a — 0.
Problem 5. Is the function o — Ve o differentiable at o« = 072 How is this affected by the
choice of e?

Finally, in Propositions 5 and 9 below, we show that the convergence in Theorem 7 can

be quantified, and we obtain the optimal rate when e is rational. However, the optimal rate
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in the irrational case is still unclear.

Problem 6. Determine the optimal rate of convergence in Theorem 7 (cf. Propositions 5

and 9).

1.6 Notation

In this section, we catalogue notation used throughout the paper.

1.6.1 General

If a,b € R, we define a Vb and a A b by a Vb = max{a,b} and a A b = min{a, b}.

|—§|ifs7é0.

If X is a metric space with metric d, we denote by B(x,¢) = {y € X | d(x,y) < €}. The

We define sgn(s) =

Hausdorff distance dy (A, B) between two sets A, B contained in X is defined by

1.6.2  FEuclidean Space

Given v € R?, we write (v) = {av | a € R}.

The Euclidean inner product between two vectors &,( € R is denoted by (£,¢). If
ACR? then At ={z eR? | (a,2) =0if a € A}.

We write || - || for the norm induced by the inner product (-,-). S4 1 is the (d — 1)-
dimensional sphere in R?, that is, S9! = {e e R% | |le|| = 1}.

In Rd, we denote by {eq,...,eq} the standard orthonormal basis given by

e1 = (1,0,0,...,0), ea = (0,1,0,...,0),..., eg=(0,...,0,1).
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Ifee Sl AC (e)1, and E C R, then we define A & E by
Ad.E={a+ae | ac A, ac E}.

Frequently we will be interested in cubes contained in some hyperplane of R?. In this
case, given e € S%1 we fix an orthonormal basis {v1,...,v4_1} of (e)T and, for each R > 0,
let Q¢(0, R) be the cube in (e}L determined by this basis, of side length R, and centered at

0. In other words,

Q°(0, 1) = {y & ()" | max{|(y, v, (v va1)[} < B/2}.

The specific choice of basis is irrelevant where the results of the paper are concerned.
From Q¢(0, R), we form a d-dimensional cube Q¢(0, R) by extending in the e direction,
that is,

Qe([)? R) = Qe(ov R) De (_R/27 R/Q)

We denote by RZ the set of all vectors that are parallel to some integer vector, that is,

RZ% = {ak | k € Z, a € R}.

1.6.3 Linear Algebra

M is the space of real d x d-matrices. S, is the subspace consisting of symmetric matrices.
If A,B €S, we write A < B if (A — B)¢,€) <0 for all £ € RY,
Given A € My, we denote its transpose by A*.
Given &,( € R<, the tensor product ¢ ® ( is the linear operator on R? defined by (£ ®
¢)(v) = (¢,v)€. Given matrices A, B € My, the tensor product A ® B is the linear operator

on M, defined by (A® B)(v®w) = Av ® Bw and extended to the entire space by linearity.
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1.6.4 The Torus

The d-dimensional torus is denoted by T9. This is the quotient space T = Rd/ 7% where
T,y € RY are equivalent if and only if z — y € A

The quotient map is denoted by 74 : R? — T4, In particular, given x € RY, the point
mya(x) is the unique equivalence class in T? containing .

Given a finite Borel measure p in T?, we define the Fourier transform fL: /R by

fu(k) = /T ] e~ 2R} i (dy).

The Fourier transform of Lebesgue measurable functions in T% is defined completely analo-

gously.

1.6.5 Functions

Given a family of functions (f€)¢~(, each defined on a metric space X with metric d, we

define the upper and lower half-relaxed limits lim sup™ f€ and liminf, f€, respectively, by

limsup® f¢(z) = 611r61+ sup{f(y) | d(z,y) +e <}, (1.19)
liminf, f(z) = lim inf{f(y) | d(z,y) + € <d}. (1.20)
=0T

1.6.6 Measure Theory

We denote by L% the Lebesgue measure in ]Rd, and by ’Hd_l, the (d — 1)-dimensional Haus-
dorff measure, normalized to coincide with surface area. (We abuse notation and also use
these symbols for the corresponding measures in ’]I‘d.)

We denote by Z(X) the space of Borel probability measures on a metric space X.

Given a finite measure 1 on a measurable space (X, %), we use the notation fy (-) u(dz)
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to denote averaging with respect to pu, that is,

_L xz Xz or 1
f. 1@ ntde) = = [ fayutd) for f € LX),

If (X, A, 1) is a measure space and 7 : X — X is a measurable transformation, we define

the pushforward measure 7.u on % by

(r4n)(A) = u(r7H(A)) for A€ B.

1.6.7 Calculus

We frequently work in the cylinder R x T%, denoting points by (s,y) with s € R and y € T¢.
In this space, we write Os for the derivative operator with respect to s and Dy for the
derivative with respect to y.

In R x ’]I‘d, given an e € Sd_l, we denote by D the differential operator De = e0s + Dy,
which takes a function in R x T¢ and returns a vector field taking values in {0} x R%. The
L? adjoint of D is denoted by D;.

We will use the same notation for classical, weak, and distributional derivatives. In
particular, s is often intended in the distributional sense.

In RY, for a given e € S%1 we define the differential operators D, and Dg by
Dep(z) = Id—e®e)Dp(z), D2p(z) =(Id—e®e)D?p(z)(Id—e®e) for ¢ € CP°(RY).

We abuse notation somewhat by also writing D, and Dg for the corresponding differential

operator for functions on T,
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1.7 Notes

1.7.1 Diffuse-Interface Models

For physically motivated discussions of diffuse-interface models, we refer the reader to the
lecture notes of Langer [64] and the article by Kobayashi [63]. A mathematical physicist’s
perspective can be found in the textbook by Presutti [80] as well as the articles by Spohn

[87] and Bellettini, Butta, and Presutti [17].

1.7.2  Surface Tension and I'-Convergence

The convergence of the rescaled Allen-Cahn functional FAC to the perimeter functional is
one of the basic examples in the theory of I'-convergence. It was first proved by Modica and
Mortola [69] (cf. [68]). See also

For an introduction to I'-convergence, see the textbooks by Dal Maso [37] and Braides
[22]. Expository accounts of the convergence result for the Allen-Cahn functional and related
problems can be found in the book by Braides [21] and the lecture notes of Alberti [1].

In Chapter 2, we prove the existence of the surface tension &, but we do not treat the
I'-convergence of F¢ here. The references [5] and [35] prove I'-convergence of F¢ in the limit
€ — 0 under assumptions more restrictive than those used here: basically, W is assumed
independent of the spatial variable y in the former, while, in the latter, a is independent
of y. It is expected that the approach of either reference can be used in conjunction with
Theorem 16 to prove I'-convergence of F. under the assumptions on a and W considered

here.

1.7.3  Geometric Flows and the Level-Set Method

Throughout this work, we analyze geometric flows using the level-set method. The method
was first introduced by Ohta, Jasnow, and Kawaski [77], Osher and Sethian [78], and Sethian
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[86]. Its first rigorous formulations were presented by Barles [10] in a first-order context and
Evans and Spruck [44] and Chen, Giga, and Goto [31] for mean curvature flow. The state-
of-the-art can be found in the paper by Barles and Souganidis [16]; see also the earlier work

of Barles, Soner, and Souganidis [12].

1.7.4 The Aubry-Mather and Moser-Bangert Theories

Aubry-Mather theory concerns the study of variational problems with periodic coefficients;
see, for instance, Bangert’s notes [8] for an introduction. The classical examples involved
discrete models in two dimensions.

The consideration of continuum models in higher dimensions constitutes Moser-Bangert
theory, which began with the paper by Moser [74]. The prototypical set-up involves an

energy such as

E£(u: Q) = /Q Gm(y)Du,DuHe(y) sin(27ru)) dy

with a : T¢ — S, uniformly elliptic and 6 € C (']Td). In contrast to the plane-like minimizers
considered here, in this context, one of the basic questions is the existence and properties
of so-called WSI solutions, which are critical points u of the energy with graphs that are a
bounded distance from a hyperplane in RA+T,

In fact, it is possible to study the plane-like minimizers considered in the Allen-Cahn
context within the framework of the heteroclinic solutions studied by Bangert in [9]. This
is explained in the book of Rabinowitz and Stredulinsky [82] and the article by Junginger-
Gestrich and Valdinoci [60].

1.7.5 Related Models

In the evolutionary equations considered here, we always analyze the parabolic scaling limit.

In fact, there are many works that treat the hyperbolic scaling, though open problems
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remain. A non-exhaustive list of references in this area includes Caffarelli and Monneau [26],
Gao and Kim [53], Caffarelli, Lee, and Mellet [25], and Lin and Zlatos [65].

While our results show that pulsating standing waves for Allen-Cahn-like equations are
determined by the plane-like minimizers of F, in other contexts, one would like to understand
pulsating traveling waves. For instance, if the potential W is replaced by W (y, u) + au for
some small a € R\ {0}, then one would like to know whether or not the associated equation
has traveling wave solutions. The result of Xin [91] suggests this is the case provided the
spatial oscillation of the coefficients @ and W is small relative to a. However, even thirty years
later, Xin’s perturbative result is still among the most general treatments of this question
in multiple dimensions; see also Ducrot [41], Rossi and Giletti [57], and Ducrot, Giletti, and

Matano [42].
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CHAPTER 2
THE SURFACE TENSION, THE MOBILITY, AND
ELEMENTS OF ERGODIC THEORY

2.1 Introduction

The aim of this chapter is to introduce some of the fundamental concepts investigated here in
their simplest possible setting. The main focus will be on the interpretation of the effective
mobility as a linear response coefficient in the context of non-variational interface motions.
The ideas involved also come up naturally in the computation of the surface tension in the
context of diffuse-interface models, hence we will also discuss that here.

Certain elements of ergodic theory arise naturally in this setting. A self-contained treat-

ment of those facts we will need is provided below.

2.2 Linear Response

In this section, our objective is to compute the effective mobility of the nonvariational inter-
face motion (1.15). More precisely, given a uniformly elliptic matrix field a, a local mobility
coefficient m, and a direction e, we would like to understand the limiting behavior of the

following interface motion with oscillating coefficients in the limit e — 0:

Vors = m(e_lx,naEte)_l <tr <a(e_1x)A3Ete> + a> , Ef={zre R | (z,e) > 0}.

Via the level-set formulation (cf. [16]), this is equivalent to studying the asymptotics of the
following non-linear diffusion equation:

m(e z, lﬁ)ulf —tr (A(e_lx, 5176)D2u6) — || Duf|| =0 in R? x (0, 00), 2.1)
u(x,0) = (z,e) for each z € R%.
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Here, as in the introduction, A is the matrix derived from a by the formula
A(y,e) = (Id —e®e)a(y,e)(Id — e ®e).

We will see that this question can quickly be reduced to a homogenization problem for certain
elliptic operators with quasi-periodic coefficients.
The main result of this section is stated next. We assume throughout that a and m

satisfy the assumptions of Section 1.4.
Theorem 10. For each e € S4=1, there is a constant my(e) > 0 such that if (u)esq are

the solutions of (2.1), then

lim+ u(x,t) = (x,e) + ozmpl(e)_lt locally uniformly in R x [0, 00).
e—0

The proof of the theorem begins with a formal two-scale expansion. Suppose that there

is a function V. : T — R such that, up to error terms that vanish to order €2, we can write

u€ as

u(z,t) = (z,e) + am(e) 't + am(e) V(e ta) + ...

Plugging the expansion into (2.1) and grouping common terms, we are led to the following

problems characterizing V:
—tr (A (y,e) D2V6> = —m(y,e) +m(e) in T

In order to analyze this equation, it is useful to bring a back into the picture and note that

if we define the differential operator Dg by
D)F =(Id—e®e)D’F(Id—e®e) for F e C®(T?),
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then we can write

tr <A(y, e)DQV}g) =tr (a(y, e)DgVe> :

Hence the equation for V. becomes
— tr (a(y, e)DgVe> — —m(y,e) +m(e) in T (2.2)

This is reminiscent of the ergodic problems arising in the study of diffusions in periodic
media (cf. [18, Chapter 3]), the only difference being that the second order term is degenerate
elliptic. Nonetheless, the degeneracy has a very specific form.

A change of perspective distinguishes (2.2) as the “probability space lift” (or abstract cell

problem) for a uniformly elliptic homogenization problem with quasi-periodic coefficients.

To see this, suppose that V¢ is a smooth solution of (2.2) and define functions (\N/ye) yerd i
()T, the subspace orthogonal to e, by
Vye(x') = V(2' +y) foreach 2’ € (e)*.
A direct computation shows that these functions are solutions of the PDE
—tr (a(x/ +y, e)D2\~/;> — —m(z' +y,e) +m(e) in (e)T. (2.3)

The matrix field 2’ +— a(2’ +y, ) is quasi-periodic, that is, it equals a linear transformation
composed with a periodic function. Varying y changes the coefficient, but in a way that
preserves the overall pattern. (Thinking of this in terms of stochastic homogenization, y
plays the role of the sample, or what is typically denoted by w).

In homogenization theory, the solution Vye of (2.3) is referred to as a corrector. Thus,
we conclude that the solution Ve of (2.2) generates correctors for the linear, uniformly el-

liptic PDE generated by a in (e)-. As will be shown below, the converse is also true to
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a certain extent: if we understand the homogenization of quasi-periodic, uniformly elliptic
PDE, then we will be able to construct approximate solutions of (2.3), which then give rise

to approximate solutions of (2.2)

2.3 Homogenization of Linear, Uniformly Elliptic Equations with
Quasi-Periodic Coefficients

For the reader that is not familiar with stochastic homogenization, let us make the previous

discussion more precise. It will be useful to consider the following approximation of (2.3).

Given ¢ > 0, well-known arguments show that there are functions (Vj, ’6) yerd 1N ()T solving

the PDE
~-e,0 / 2770\ / . 1
OV —tr <a(y + ', e) D7V, ) =-—-m(y+a',e) in (). (2.4)

While it will not be possible to solve (2.3) in general, it would suffice for our purposes if we

could prove that there is a constant m(e) such that, for each y € T4 ,

5‘7;’5 — —m(e) uniformly in (e)* as § — 07

This is a question about averaging. One way to see that is to note that if we define f/ye

by

then f/ye is the solution of

Vi —tr <a(y + eflx')DQVyﬂ — —m(y+e12) in (e)t (2.5)

Notice that from this perspective, the question of the convergence of § Vye 9 s equivalent to the

convergence of f/ye The coefficients in (2.5) are highly oscillatory as € — 0 so some mechanism
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is needed to generate cancellations. Since a(-,e) and m(-, e) are periodic functions, it may
not be surprising at this point to learn that averaging is precisely the mechanism involved
here.

L some work is required to show that (2.5)

However, since the problems are posed in (e)
homogenizes as ¢ — 0. For the sake of clarity, let us make some of the notions at play
here precise. As was mentioned already in the previous section, (2.3), (2.4), and (2.5) are

equations with quasi-periodic coefficients.

Definition 1. Given m € N, a function f : R"™ — R is called quasi-periodic if there is an

N €N, a linear map L : R™ — RY | and a periodic function F : TN — R such that

In our setting, the equations (2.3), (2.4), and (2.5) have quasi-periodic coefficients since,
for any fixed y € ']I‘d, if we let P : <6>J‘ — R? denote the inclusion map, then P is linear,

() is isomorphic to R~1, and

a(@’' +y) = a(Pe(z) +y).

Quasi-periodic functions are a particularly nice class of almost periodic functions, which
are frequently studied in homogenization. The definition of almost periodic function that

will be most relevant in this work is given next.

Definition 2. Given m € N, function f : R"™ — R is called (uniformly) almost periodic if

it 1s bounded and uniformly continuous and the set of translates

{f(+2") | 2" €R™}

is pre-compact in BUC(R™) with the uniform norm topology.
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An easy exercise proves that if f is a quasi-periodic function obtained by composing a

linear function and a continuous periodic function, then f is (uniformly) almost periodic.

Proposition 1. Given m,N € N, if F' € C’(TN) and L : R™ — RY s linear, then the

function f:R™ — R given by f(2') = F(L(z")) is (uniformly) almost periodic.

So far, we have shown that (2.5) is a homogenization problem with quasi-periodic coeffi-
cients. Hence since quasi-periodic implies almost periodic, it belongs to the class of equations
with stationary coefficients commonly considered in stochastic homogenization.

To apply results from that theory, we should be slightly more precise. In what follows,
we will consider T% as a probability space equipped with some Borel probability measure,
typically ce.

Given e € S9! consider the group of translations (7,/) Pe(e)l acting on T¢ via the

formula

o(y) =y +a.
This is a group under composition: Tty = T OTal, and 79 = Id. Furthermore, it preserves
the Lebesgue measure L% on the torus:

Tz/#ﬁd = L% for cach 2’ € ().

Hence in the language of stochastic homogenization, (2.5) is an equation with stationary

coefficients in the sense that we can write

a(e’ +y) = alru(y) for each y € T, 2/ € ().

The previous considerations show that (2.5) fits into the typical framework of stochastic
homogenization, as, for example, in [29]. The only ingredient that is missing is ergodicity.

Definition 3. Given e € Sdil, we say that a probability measure p € @(']I‘d) 1s ergodic
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under the action of (7,) )L if, for each Borel set A C T such that 0 < pu(A) < 1, there

x'e(e
is an &' € (e)* such that T,y (A) # A.

As we will see below, if £ is ergodic under the action of (7,/) Pele)ls then Vi; does indeed
converge to a constant —m(e) in the limit ¢ — 0. However, as we will discuss next, £ s
not necessarily ergodic. In the non-ergodic case, more work will be necessary to derive the

asymptotics of (2.1).

2.4 Averaging in Codimension One

The previous discussion suggests a study of the ergodic theory of codimension-one trans-

lations in T¢. More precisely, given an e € S4=1 " when is £¢ ergodic under the action of

(Txl)x’de)i?
The answer to this question lies in the arithmetic properties of the normal vector e.

Toward that end, let us define the group of resonances M, associated with a direction e by
My ={keZ® | (k,e) =0} (2.6)

As we will see below, the next theorem offers one way to understand how arithmetic prop-
erties of e influence the ergodic behavior of (7,) ./ ele)L: In the statement, RZ? denotes the

set of all vectors in R? that are parallel to some nonzero integer vector.
Theorem 11. Given e € Sdil, the following are equivalent:

(i) e € S NRZA,

(ii) Me is a subgroup of 7% of rank d — 1,
(iii) {(k,e) | ke Z% is a discrete subgroup of R (and, thus, has rank one).

Since the proof is a matter of elementary algebra, it is relegated to Appendix A.
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We will see below that there are fundamental differences between the averaging properites

of (1,) 1 depending on whether or not e € RZY. Following the general practice in quasi-

x'€(e)
periodic dynamics and homogenization theory, we will say that e is rational ife € S d-1nRrzd.
otherwise, we will say it is irrational.

As a direct consequence of the previous theorem, we characterize the ergodic properties
of (7). Ele)L Here we will change tacks slightly. Instead of trying to prove that £%is an
ergodic measure, we will instead look for all the possible ergodic invariant measures.

Given e € S9! define the set of invariant Borel probability measures Z(e) for (7,) ele)t
by

Z(e)= () {neP(T) | rrgyn = u}

r'ele)t
As we observed in the previous section, Ller (e), no matter the choice of e. We will say
that (Tx/)x/€<e>l is uniquely ergodic if this is the only invariant measure, i.e., Z(e) = {£%}.

As the name suggests, if (7,/) | is uniquely ergodic, then £ is ergodic. Further, in this

x'ele)
setting, £% is never ergodic if there are other invariant measures. Hence unique ergodicity
is the key issue.

The goal of the remainder of the section is the proof of the following two theorems.

Theorem 12. Given any e € Sd_l, the group of transformations (me)x,er s uniquely

ergodic if and only if e € 541 \RZd.

Theorem 13. £% is ergodic under the action of (Tx/)x/€<e>L if and only if (T:E/)w/€<e>J_ is

uniquely ergodic.

Let us start with Theorem 12. The “only if” direction follows more-or-less directly from
Theorem 11, as will be shown shortly. For the “if” direction, we will use the following

construction. First, define r. > 0 by

re = inf {(k, e) | ke zd} M (0, c0). (2.7)
37



Given r € R, define the sub-torus T¢~1(r) by

T4 (1) = 7y ({x eR? | (z,¢) = r}) . (2.8)

It is straightforward to show that {T¢~1(r)},cg is a collection of smooth submanifolds that

foliate T?. Further, these are invariant under integer translation in the following sense:
T4 + (k,e)) =T 1(r) forreR, kezl (2.9)

It turns out T¢~1(r) is compact if and only if e € S~ N RZ.
Lemma 1. Given any e € S, we have:
(i) T¢1(0) is compact if and only if e € ST N RZA.
(ii) If e € RZ®, then the number re defined by (2.7) is positive and hence the foliation

{91 (r)Y,cr is periodic with fundamental period re, that is,

T 1) = TN for cach 7 € B

(iii) If e ¢ RZ%, then each leaf of the foliation {T¢1(r)},cp is dense in T

(iv) If e € RZY, then the normalized (d — 1)-dimensional Hausdorff measure on T¢1(r) is

an invariant probability measure for the group (7,) 2ele)t

It is not hard to show that the measures in (iv) are the extremal elements of Z(e) when
e is rational. More precisely, if e € RZ% and p € Z(e), then there is a Borel probability

measure £, on [0,7¢) such that

_ " [y d—1(,7)~1 Nd=1(gN | s (dr
L 1w = | (H w0 [, SOH <dy>> ().
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Proof. We begin with (i). First, suppose that e € S4-1 N R7Z and fix r € R. We will show
that T¢~1(r) is compact by proving it is homeomorphic to T¢1.
By Theorem 11, M, has rank d — 1. Let {kq,...,kg_1} denote a basis of M,. Since

{k1,...,kg_1} forms a basis of (¢)= over R, it follows that, for any z € R?, we can write

d—1
r = (x,e)e+ Z a;(x)k;,
i=1

for some linear functionals {ay,...,ay_1} determined by {k1,...,kg_1}.
Let L(r) = {z € RY | (x,e) = r} so that T¢"1(r) = mya(L(r)). By elementary point
set topology, to prove that Tg_l(r) is homeomorphic to Td_l, it suffices to observe that the

map pe : L(r) — R given by

d—1
pe(x) = Z a;(x)e; (2.10)
1=1
is a homeomorphism and

Tzd-1(Pe(7)) = Tza-1(pe(y)) if 7za(x) = m7a(y).

(Here {eq,...,e4_1} is the standard orthonormal basis of R4~1))

Conversely, suppose that e € Gd-1 \ RZ% and fix r € R. By Theorem 11, the set
{{k,e) | k € Zd} is a non-discrete subgroup of R. In particular, it is dense in R. Thus,
given any s € R, we can find a sequence (kp)peny C Z% such that

lim (r+ (kn,e)) =s.

n—oo

In view of (2.9), this shows that every point in T¢~1(s) is a limit point of T¢~1(r). Since s

was arbitrary, Tg_l(r) is a proper dense subset of Td, hence it cannot be compact.
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Next, we prove (ii). Concerning the fundamental period 7 defined by (2.7) in the case
that e € RZ%, Theorem 11 tells us that the group {(k,e) | k € Z%} is discrete. Hence it
cannot accumulate at zero, and the positivity of e follows. The translation property (2.9)
then implies that T~ (r + r.) = T9=1(r).

(iii) was established during the proof of (ii).

Finally, we prove (iv). We claim that, for each r € [0,7¢), the surface measure v} :=
a1

) is invariant under (7,) (o)L Observe that if 2 € R?, then the pushforward

Tg— 1 m/E

Tp4V¢ is given by

r+{x,e
TedVe = Ve (me)

Thus, the probability measure v/ (T%) 17 is invariant under (Tar) e (o)L O

Proof of Theorem 12. First, suppose that e € S4-1 NR7Z4. Lemma 1 implies that, for each

r € [0,re), the group (7,/) (e}t has an invariant probability measure supported on T¢~1(r).

x'e

Since those surfaces are disjoint, we conclude that (7,/) ., cle) L is not uniquely ergodic.
Next, suppose e € ST™1\RZ?. We claim that Z(e) = {£%}, hence (Tx/)x/qe)L is uniquely

ergodic. Indeed, suppose that p € Z(e) and choose a k € 7% such that f(k) # 0. Since

w € Z(e), we can compute

fi(k) = () (k) = e_i277<k’x/>ﬂ(k:) for each 2’ € ().

—i2m(ka’) g identically one in (e). By connectedness,

It follows that the function 2’ — e
that implies that the linear functional ¢ : (e}~ — R given by £(z’) = (k,2') is constant.
We know that £(0) = 0 so £ = 0, or, in other words, k € (¢). Since e ¢ RZ%, we can only

conclude that k = 0. Therefore, at the level of the Fourier transform, we have i = dp, which

implies that p = £¢ after Fourier inversion. m

Finally, we prove Theorem 13, making precise our previous comments concerning the

connection between unique ergodicity and the ergodicity of ce.
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Proof of Theorem 13. First, we prove the “if” direction. Suppose that the group (Tx/)w,€<€>L
is uniquely ergodic, hence Z(e) = {£4}. To see that £ is ergodic, we need to show that any
invariant Borel set has measure zero or one. More precisely, suppose that A C T% is Borel
and 7,/(A) = A for each 2’ € (). We need to prove that LI(A) € {0,1}.

Of course, if £L9(A) = 0, then we are done. Hence assume L£%(A) > 0. Define the

probability measure p4 € Z2(T%) by defining

/ fWpaldy) =
Td

We claim that 4 € Z(e). Indeed, given 2/ € (e)+ and f € C(T%), we have

y)dy for cach f e C(T%).

/f Tpiia)(dy) = Eth/fynL )xa(y) dy
:ﬁ/qrdﬂerx)XA(erxl)dy:/1rdf(y)uA(dy>.

This proves pg € Z(e). Since (7,/),/¢ (o)L 18 uniquely ergodic by assumption, we conclude
that £4 = 14 and, thus, Ed(A) =1.

Conversely, suppose that (7,/) /. ()t is not uniquely ergodic. By Theorem 12, it follows
that e € RZ?. Define A C T by

A= {WZd(se—i-m/) |2 € (), 0<s< %e}
where 7¢ is defined by (2.7). Observe that, by Fubini’s Theorem, we have

£94) = 2 11T 0)) < renH(TE 1 (0) = £7(TY),

2

In particular, 0 < ,Cd(A) < 1. At the same time, a straightforward computation shows

that 7,,(A) = A for all 2/ € (). This proves £ is not ergodic under the action of
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(Tx’)x’€<e>l' O

For later use, we record an important consequence of the ergodicity of £%in the irrational

case.

Proposition 2. Given e € STI\RZ? and f € L' (T%), there is a measurable set E C [0,7¢)

such that EI(E) =re and, for each s € E,

(y) dy. (2.11)

1
lim

Noayd=1¢q..1\ _
Am gy /Qe(O,R) f(se+ ") H (dx") =

Td f
Further, if f € C’(']I‘d), then the convergence is uniform, that is,

1
T [ /e 20 [ sy

| s € [O,re)} = 0.

lim su
R—o0 p{
Proof. By the ergodic theorem, there is a Lebesgue measurable, {7/} 2ele) L -invariant set

G C R% such that L4R?\ G) = 0 and

lim Rl_d/ fly+ :E/)Hd_l(da:/) = / fly)dy foreach yeQG.
Q°(0,R) Td

R—o0

Define E C R by
E = {s cR | se+a' € G for H?1 almost every z’ € <6>J'} :
We claim that £1(R\ E) = 0. Indeed, by Fubini’s Theorem, we can write

0= YR\ G) :/ HI ({2 € (e) | se+2 ¢ G})ds.
R\E

We are left to conclude that LY(R\ E) = 0.

Now we claim that if s € F, then (2.11) holds. To see this, fix s € E and observe that
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there is a 2’ € (€)™ so that se+2’ € G. Thus, by {7, 1} e ¢ L-invariance, se € G. Therefore,
(2.11) follows.
Finally, to prove the uniform convergence for f € C(T%), we use the Krylov-Bogoliubov

trick. For (s, R) € [0,7¢] x (0,00), define the probability measure 11, g) by

1

- FWhis,p)(dy) = 2

/ Fse+ "Y1 dd!).
Q°(0,R)
Fix f € C(T%). What we aim to prove can be reformulated as:

11m sup{‘/f Ii(s,R) (dy) — /f dy‘|s€0re}—0

If this were false, then we could find a sequence (sp, Rp),en With limy, o0 Ry, = 0o and a

v > 0 such that

F0) s @)~ [ 50) dy\ >y foreach n .
Td Td

To see this is impossible, notice that, up to passing to a subsequence, there is no loss
of generality assuming that there is a p € e@('ﬂ‘d) such that (59, Ron) A #asn — oo. In

particular,

rutdn) = [ 7o) uta)| = v,

Td
hence p # L% On the other hand, a straightforward computation shows that u € I(e),

contradicting the unique ergodicity of (7,/) ey ]

Finally, we will observe the following consequence of what has been proven so far, which

is worth noting in its own right and will appear in Chapter 6.

Theorem 14. Fiz e € S\ Rz If f € LYT?) varies only in the e direction, that

is, if (Id—e®e)Df =0 in T in the sense of distributions, then f is constant, that is,
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= de fly)dy L%-almost everywhere in T,

Proof. If (Id—e®e)Df =0 in T? in the sense of distributions, then, by mollification, we
can obtain a sequence (fy)peny € C°(T9) such that f, — f in LY(T%) as n — oo and
(Id — e® e)Df, = 0 pointwise in T?. Hence there is no loss of generality assuming that
f e Cc®(Td.

Since (Id — e ® ¢)Df = 0 in T?, it follows that f(y + 2') = f(y) for each y € T¢ and
2’ € (e)L. In particular, for each ¢ € R, the set A. = {y € T? | f(y) < ¢} is (Tx/)z,€<6>¢—
invariant. Therefore, by ergodicity (Theorems 12 and 13), either £I(A.) = 0 or L4(A.) = 1.
Since f is continuous, this can only mean that either A, = T? or else A, = (). This being

true for every ¢ € R, we are left to conclude that f is a constant function. O

2.5 Proof of Theorem 10

2.5.1 Irrational Directions

We now have most of the necessary ingredients to analyze the asymptotics of the problem
(2.4). In this section, we will begin with the case when e is irrational, while the next section
will treat the rational case.

For the remainder of this section, suppose that e ¢ RZ%. Theorems 12 and 13 shows
that (2.4) can be understood as a linear, uniformly elliptic PDE with stationary, ergodic
coefficients. Accordingly, the results of Caffarelli, Souganidis, and Wang [29] and Caffarelli
and Souganidis [28] are applicable.

For later use, it will be worthwhile to consider the more general cell problem for an
arbitrary right-hand side f € C’(Td). That is, in the next result, our interest is in the

functions (‘N/ye 0.f )yETd solving the family of PDE indexed by y € T%:

oV~ (aly + o)D) = fly+a') i ()t (2.12)
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Lifting to the torus, this is equivalent to solving the single penalized cell problem
SVess g (a(y)DQVe’(S’f ) = f(y) inTY (2.13)
As in Section 2.2, the two perspectives are related by the transformation
f/ye’é’f(x/) = Ve (y+2') foryeT? 2 € (e)*.

The next result characterizes the behavior of the solutions (Ve"s’f )s>0 of the penalized

cell problem as 6 — 0.

Proposition 3. Given e € ST 1\ RZ?, there is a probability measure fie € P (T%) with the

following property: if f € C(T%) and ( o ’f)yer are the solutions of (2.12), then

lim sup{yave”( N=TF)| | yeTd o € (e}J‘} —0, (2.14)
d—0t
where f(e def y) fie(dy). In particular, if Vet is the solution of the lifted problem

2.13), then 5V€75’f — f(e) uniformly in T 4s § — 0.
(2.13)

The equation (2.13) has a stochastic representation in terms of the diffusion process X¢
determined by the SDE
dX{ = (Id —e®e)\/a(XFf)dB;.

In view of that connection, it is not surprising that the measure fie is an invariant measure
for X¢. Precisely, if X§ ~ fie initially, then X{ ~ fie for all ¢ > 0. Invariant measures can

also be characterized analytically, as we recall next.

Definition 4. A probability measure p € Q(Td) 15 said to be an invariant probability
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measure for the linear operator —tr(a(y)D?2) in T if

[, o) D26(w) ) = 0 for cach v € ().

The set of all such measures will be denoted by F&.

The representation of the effective mobility m in terms of invariant measures will be
particularly convenient when it comes time to investigate its continuity properties. The next

result completely characterizes .£& when e is irrational.

Theorem 15. If e ¢ RZ?, then there is a probability measure fie € P(T%) such that

I8 = {fic}. Further, fie < L% and there is a constant C(d — 1, \"1A) > 0 such that

i

The proof of the theorem is split between this section and the next. First, in this

_ d—1
e ()| dy < O(d—1,471A).

acd

section, we will invoke results of Caffarelli and Souganidis [28] on the homogenization of
uniformly elliptic PDE with almost periodic coefficients. Those results immediately imply
the convergence of the solutions of the penalized cell problem (2.4). Later, we will see that

homogenization also implies uniqueness of the invariant measure jic.

Proof of Proposition 3. Since (2.12) is a second-order, uniformly elliptic PDE with almost
periodic coefficients, the results of [28, Appendix B] imply that there is a constant f(e) € R

such that

. e 0, f o N T / N
im sup {557 () = F(e)] | o’ € ()"} = 0.

In terms of the lift V&% this becomes

Jim_sup {lovedd @) = (o) | o € (e)+} = 0.
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At the same time, given y € T, if we denote by A C T the set appearing in this supremum,
that is, if A = WZd<<€>L>, then A is dense in T¢ by Lemma 1, (iii). Therefore, by continuity

of V&9 for each fixed 0, we have

0= lim sup {lovedd @) = Fe) | o € (e)*}

T e,0,f 7 d
=l sup {|5V°* () ~ F(e)] | y € T}

This proves that 6V¢9 — f(e) uniformly in T?. Note that this immediately implies that
(2.14) also holds.
Since the map f — V&%/ is linear for each fixed (6,¢), it follows that f ~— f(e) must

also be linear. Furthermore, the comparison principle shows that

|fle)| < ||f||Loo(11‘d)

and if f is constant, say, f = Cp, then Vye’é’f = 071Cy so f(e) = Cy. Therefore, by
the Riesz Representation Theorem, there is a probability measure fi such that f(e) =

fqrd () pe(dy). O

In the remainder of this section, we prove Theorem 10 through a rigorous interpretation
of the formal analysis presented in Section 2.2. In the process, it will be useful to know that
the solution V&%f of (2.13) is as smooth as f. The next theorem provides a basic estimate

to that effect.

Proposition 4. For each e € S¥ 1 and 6 > 0, if V&9 is the solution of (2.13) and

fe CQ’O‘(']I‘d) for some a > 0, then
sup {5||Ve76’f||Loo(']I‘d) + 52||DV675’f||Loo(Td) + 53||D2V6,5,f||Loo(Td) | o> 0} < Q.

The proof of the proposition is deferred to the end of the section. For the time being, we
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use it in conjunction with Proposition 3 to prove Theorem 10 in the irrational case.

Proof of Theorem 10, irrational case. We argue using half-relaxed limits. To start with, we
claim that

lim sup® u(x, ) < (z,¢) + am(e) "t (2.15)

To see this, fix § € (a,00), let € € (0,1), set §(e) = e%, and define v¢ : R? x R — R by
v¥(z,t) = (z, €) + fm(e) L <t + EQVB‘S(E)(e*lx)) ,

where V9 is the solution of (2.13) with f = —m(-,e). We claim there is an ey > 0 depending
only on m and f such that v¢ is a super-solution of (2.1) if € € (0, ¢q).

Indeed, invoking the convergence of sV to m, we find

m(e tz, 51)\6)115 —tr <A(6_1x, E\UE)DQUG> — o Dve|

(8 — a) + fme) 1~V (e L) — Tle)) + O(e
— B —a+o(l).

D=
S~—

Thus, there is an ¢y € (0,1) such that if € € (0,¢p), then

m(e 1z, 5\06)1}; —tr (A(e_lx, l/)v\e)D%e) — a||Dve|| > p-a in R? x R.

Now we prove (2.15). First, notice that, by the choice of d(e),

T

(z,€) < v(x,0) + pm(e) ! ||5V66||LO°(’]I‘d)€

Thus, the comparison principle implies

PN

u(2,1) < v, 1) + Bm(e) " ml| oo gaye
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Sending € — 0T, we deduce that
lim sup* u€(z, t) < (z, ) + Sm(e) ~'t.

At the same time, 3 was an arbitrary number in (a, c0). Therefore, sending 3 — a™, we

9

recover (2.15).

Replacing 5 € (o, 00) by f € (—00, a), we similarly prove that
liminf, u€(x,t) > (z,¢) + am(e) "'t

]

When the cell problem (2.2) has a smooth solution, it is straightforward to deduce that

an O(e) rate of convergence holds.

Proposition 5. Fiz e € SI1\RZ and o € R\ {0}, and let (u)e=q denote the solutions of
the problem (2.1). If there is a Vp € C?(T9) solving (2.2), then there are constants C,eq > 0

such that, for any t >0 and any € € (0, €p),

sup {|u6(a:,t) ~a,e) —ame) M| |z e Rd} <1+t
dy({u =0}, {z € R | (z,e) = am(e) " }) < 4C(1 + |t])e.
The proof is deferred to Section 2.5.3.

Proof of Proposition 4. The estimate &||V %] Loo(Tdy < C follows from the comparison
principle. Further, since a is smooth, by studying the slices {‘7; 0/ }yer, which solve a

linear uniformly elliptic equation, we obtain the estimate

5HDeve’6’fHL00(Td) + 5‘|D2V6’5’f|’Loo(Td) S C
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for the tangential derivatives
DV = (Id—e®e)DVEHS D2vedf = (Id— e® ) D Ve (Id —e®e).

It only remains to estimate the first- and second-order directional derivatives in the e direc-
tion.
Formally differentiating (2.13) in the e direction, we see that the function weof =

(DV®0 ) solves a uniformly elliptic PDE of the form
SWeOS — gy (a(y)DQWe’é’f> = F(e,d,y) in T

This can be made rigorous using difference quotients. Note that the estimates on yeod imply
that || F(e, 0, ‘>HLOO(Td) < C6~1. Hence 52||We’§’f||Loo(Td) < C by comparison.

Passing to the slices {W;,&f}yew defined in (e)+ by
Wy (o) = wedd (y + a),
we see that, for each y € Td, W; 9f is the solution of the linear uniformly elliptic PDE
(5Wy€’6’f —tr (a(y + x’)D2W;’6’f) = F(e, 0,y + ).

Thus, by Schauder estimates, (52HDW;’67JCHLOO(<6>L) + (52HDW5’5’fHLoo(<e>L) < C. In terms
of the lift We%f this gives 52(||D6W€’5’f||Loo(’]I‘d) + ||D§W6’5’f||Loo(Td)) < C. This proves
that 62[(DVEST )| roo(rd) < ¢ and hence VoS has a full continuous derivative with
estimate (52HDV6’5’fHLoo(Td) <C.

After differentiating once more, we similarly find that 53||D2V675’f||Loo(Td) <C. ]
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2.5.2 Invariant Measures

Before proceeding to the analysis of linear response in the case when e € RZ4, we study the
invariant measures Z& of the operator —tr(a(y)D2). We start with the easier rational case
before turning to irrational directions and proving Theorem 15.

The main result concerning the structure of .£& when e € RZ% is stated next.

Proposition 6. Given any e € S NRZY, there is a function pe : R — L, e i S =l

such that

(i) The support of ul equals T¢=1(r) and pt < HI1 [Tg_1(r),

(id) pe'"e = ui,
(i11) F2 is the closed convex hull of {ul | r € [0,r¢)}.

Finally, there is a constant C(d — 1, A\"YA) > 0 such that, given r € [0,r¢), if we define

K T4 — [0,00) so that

[t =, r) R ) or f e o),
T ¢ ()

then
][ B2 1 Y dy') < C(d — 1,27 A,
T (r)

The proof boils down to decomposing the torus as T = Urel )Tg_l(r) and studying

0,7¢

the restriction of —tr(a(y)D?) on each slice.

Proof. See Proposition 75 in the appendix for the existence and uniqueness of the measure
pl and the L1 estimate on the density h”.
The fact that pf "¢ = pZ follows from the identity T¢1(r 4 7o) = T9~1(+) and unique-

ness.
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To deduce that £ is the closed convex hull of {,ug}rg[o’re), note that it is enough to

prove that, for each € #Z, there is a Borel probability measure v, on [0,7¢) such that

_ [ Nul(dy | v,(dr)  for d
/Tdf(y)u(dy)—/o (/Tgl(r)f(y)ue(dy)) u(dr)  for f e C(T?).

This is indeed the case; see [70, Proof of Theorem 3] for the details. O]
Combining the previous result and Proposition 3, we readily prove Theorem 15.

Proof of Theorem 15. Fix e € gd—1 \RZd. We begin by proving that . is nonempty, then
we prove that £ = {fic} and fie satisfies the L9~1 estimate.

To begin with, fix a sequence (en)peny € S4-1 A RZ4 such that e = limy_so0 €. To
simplify the notation, define (un)pen by pn = ,ugn. By Lemma 17 and Proposition 6, there

is a subsequence (n;)jey € N and a p < £% such that p = lim; o0 pin; weakly-+ and

f

It is easy to see that u € 2. Indeed, if ¢ € C2(T%), then

d—1

d dy < O(d — 1, A71A). (2.16)

ﬁ(y)

/T tr (a(y)Dgw(y)> p(dy) = lim [ tr (a(y)Dgnj¢(y)) i (dy) = 0.

J—0o0 JTd

Next, we show that .#¢ = {[ic}, where fic is the measure from Proposition 3. Indeed, if
pe I8 f e C2T), and V&7 is the associated solution of (2.13), then V&0/ e 20 (T)

by Proposition 4 and, thus,

/Td VS (y) u(dy) = /Tdf(y)u(dy)-
Sending 6 — 07, we find [1q f(y) u(dy) = f(e) = [1a f(y) fie(dy). This proves pi = fie.
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Finally, we proved that there is a p € £ for which the L1 estimate (2.16) holds,

hence the same estimate applies to jie by uniqueness. O

2.5.8 Rational Directions

The analysis of (2.1) is more complicated in the rational setting. The reason goes back to
Theorem 12: when e € RZ?, the translation group (7,/) 2ele)t is not uniquely ergodic.
When e € RZd, (2.4) is actually a PDE with periodic coefficients — periodic with respect

to the group of resonances M.. That is, for each y € Td,
aly+2 + k) =aly+2") for each k' € M,.

Since M, has rank d—1 by Theorem 11, if we identify (&) with R and M, with Z4~1, then
(2.4) becomes a linear, uniformly elliptic second-order equation with periodic coefficients.
Therefore, classical results in homogenization apply to describe the asymptotics. At the same
time, since (7,/),/c (eyL 18 mot uniquely ergodic, the asymptotics of (f/ye ’5)5>0 will depend on

which of the invariant measures is “seen” by y.

Proposition 7. Fiz f € C(T%) and e € S NRZ?. There is an f+ € C(T%) varying only

in the e direction such that if (‘N/—ye,d,f>y€Td denote the solutions of (2.12), then

513& sup {‘5‘7;’6(13/) — feJ‘(y)‘ | yeT o' € <€>J'} = 0. (2.17)

Furthermore, j’eL is determined by the formula

) = / ) e ), (2.18)
T2 ((y,e))

where {pug, | € [0,7¢)} are the probability measures from Proposition 6.

Proof. As explained above, (2.12) can be regarded as a second-order, uniformly elliptic PDE
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with periodic coefficients. Therefore, the existence of feJ- and the uniform convergence with
respect to y and 2’ is classical (cf. [28, Section 7]). A straightforward compactness argument
shows that feL must be continuous. Furthermore, (2.17) directly implies that f L only varies
in the e direction, that is, fi-(y) = f&((y, e)e) for all y € T

Finally, as in the proof of Proposition 3, when f € C%%(T%), we now that the solution

Vedf of (2.13) is smooth for any given § > 0, hence

LoV Wity = [ F)uidy) tor cach 5> 0, 7 € ouro)
Td Td

Sending & — 07 with r fixed and recalling that u’ is supported on Tgfl(r), we conclude

that (2.18) holds. O

To complete the proof of Theorem 28 in the rational case, we need to accommodate the
fact that the constant m(e) from the irrational case has to be replaced by an oscillating
function meL. This can be corrected by replacing the formal asymptotic expansion used in

the irrational case by the following one:
u(x,t) = (z,e) + ampl(e)_lt + Vele Nz, e)) + 62amp1(e)_1ve(6_lx) +...

Here we assume that ), varies only in the e direction and hence can be treated as a function of
one variable. In order for this expansion to generate a solution of (2.1), formal computations

suggest that Ve and V., must solve the equations

mpl(e)_lmg(se) —14+Ves| =0 inR/rZ, (2.19)

m(y,e) — tr (A (y,e) D2Ve> = mZ((y,e)e) in T (2.20)

The next result makes this argument rigorous.

Proposition 8. For any e € RZ and o € R\ {0}, we have:
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(i) The cell problem (2.20) has a solution V, € C%(T%) and m+ e C>(T%).

(ii) There is a unique constant My (e) > 0 for which (2.19) has a C2, re-periodic solution

Ve : R — R. Further, my(e) is given explicitly by
Te
mpy(e) = 7’6_1/0 ma(se) ds.

(iii) For each o € R\ {0}, there is an ear > 0 and a family (042')6 ) such that the

€(0,¢
functions (u+’€)€€(0 ) defined by

W, 1) = (2, €) + Vel N, e)) + af my(e) ! <62Ve(6_1a¢) + t)

are super-solutions of (2.1). Furthermore, there is a constant Cy > 0 depending only

on Ve and Ve such that, for each (x,t) € R? x R,

laf —a| < Cie
W 1) — (@) — am(e) ] < Ce(l + ]t

(iv) For each a € R\ {0}, there is an ¢, > 0 and a family (o ) ) such that the

e€(0,eq

functions (u™°) ) defined by

e€(0,ey

() = (x,€) + Vel(e Nz, e)) + a;mpl(e)*l <€2V6(671LL’) + t)

are sub-solutions of (2.1) in RYxR. Furthermore, there is a constant C— > 0 depending

only on Ve and Vi such that, for each (x,t) € R x R,

lag —a] < C_e
[u™ (1) = (w.¢) — am(e) "] < C—e(1 + |¢))
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We refer to [70, Proposition 7] for the proof of part (i) of the proposition. The remainder
of this section treats the rest of the proof.

The equation (2.19) describes the pulsating wave solutions of a interface motion in one
dimension. Indeed, if V. is a solution and we denote by s the spatial variable, then the

function V(s,t) = s + Ve(s,t) + &mpl(e)_lt is a pulsating wave solution of the PDE
mE(se)Vy —alVs] =0 in R x R. (2.21)

The analysis of the interface motion determined by (2.21) is particularly simple. Indeed,
since we are interested in plane-like solutions, let us consider the motion started from a

plane, which, in one dimension, is simply a point. In the level-set formulation, this can be

described through the PDE

mg(se)y — als] =0 in R x (0, 00)
U(s,0) =s for seR.

An easy comparison argument shows that U is an increasing function of s for all time, hence
Us| = Us, and then the equation becomes linear transport mg-(se)ls —alds = 0. Put slightly
differently, when we consider the motion of a plane (point) in one dimension, it is determined
by the ODE

me (Xfe)X} =1,

X5 = s,

Integration of the equation readily yields the next result.

Lemma 2. Fizr > 0. If in: R/rZ — (0,00) is C1, then, for any s € R, the solution X*™

of the one-dimensional ODFE



1s such that
Xf’m — S 1
lim = —— .
t—00 t fo m(u) du

Furthermore, the function P R/rZ — R given by

P(s) = (]g () du) _1/05fn(5) ds —1

solves the pulsating wave equation
m(s) ~ .
—————— |1+ Ps| =0 inR/rZ.
m u

Proof of Proposition 8. Part (i) readily follows from classical results on the existence of cor-
rectors in the periodic setting; see [70, Proposition 7] for a complete proof. Part (ii) is a
direct application of Lemma 2. It only remains to prove parts (iii) and (iv). We will only
treat (iii) since (iv) follows similarly.

Let € > 0 and af € R be free variables for the moment and define u¢ : R x R — R by
uT(a, t) = (2, €) + Vel N, e)) + aemmy(e) ! (GQVQ(G*I@ v t) . (2.22)

We will show that if € > 0 is small enough and o = o+ Cje for some large enough constant
Cp > 0, then u™€ is a super-solution of (2.1).
Let us study the equation for u™¢ term by term. First, the term with the time derivative.

To declutter the notation, we define pe : R x R — RY by

pe(x,t) = Dut(2,t) = (1 + Ves(e€ 1z, €)))e + eal Ty (e) DVe(e 1a).
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Observe that since 1+ Ve s > 1, it follows that pe = e + O(e). Thus,

m(e ta, Du+76)u:’€ = ag‘mpl(e)_lm(e_lx, e) + O(e).

Next, the curvature term. First, notice that if we write A(p) = p ® p, then, by Taylor

expansion,

tr (A(e_lx,m\ﬂ)DQQﬁ"e) =tr (a(e 1z ,De)(Id — pe ®p€)D2 TE(1d — pe ®p€)>

(o(”
(

—tr (a(e 1z, e)(Id — e ® e) D?u(Id — e®e)>
+tr (Dpa —e](Id —e®e)D*ute(ld — e ® e))
+ tr (a e)DpN (€)[pe — e] D>t (Id — e ® e))

+ tr (a(e* z,e)(Id — e ® e) D?u T DpN (€)[pe — e])

2 ~ 2
+||D U+’€HLOO(Td)O(HPe —e|)

Next, observe that D2ut+€ = 6_1Ve,33€ ®e—+ ozempl(e)_lDQVe and, thus, in each of the first
four terms in the previous expressions, we can replace D2u™¢ by ajmpl(e)_lDQVe. This

leads to

tr (A(eflx, D/u+\v€)D2u+’€> = ozjﬁpl(e)fltr (A(eflx, 6)D2V6>

2 N 2 A 2
IDVell o O — 1) + 1D oy O — )
Since || D?u™¢|| < Ce~! and [|pe — el| = O(e), we conclude

tr (A(eilm, D/uJF\’E)DQUJ“E) = Ozjmpl(e)*ltr (A(eilx, e)D2V3> + O(e).
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Finally, we treat the first-order term. Since |le| = 1, we have
af| Du™f|| = all + Ve ss| + O(e).

Putting it all together and invoking the equations satisfied by V. and V., we find, for

some C > 0,

m(e 1z, l)/zﬁ'\>€)u2_’6 —tr (A(e_lx, Im)D2U+’E> — o||Du™c|| >
oy (e) ™! <m(6_1x, e) — tr (A(e_lx, e)D2V6>) —all + Ves| — (T + o(1))e =
o () md (7 e, €)) — amyi(e) "t (e M, e) — (T + o(1)e

= (Cy— C + o(1))emp(e) 'ma(e Nz e)).

Setting Cy = C + 1, we deduce that there is an ey > 0 such that u™¢ is a super-solution of

(2.1) in R x R. O

Finally, notice that the previous result implies a rate of convergence for (2.1) for rational

directions e.

Proposition 9. If e € S NRZ? and (uf)e>q are the solutions of (2.1), then there is a

constant Cy > 0 and an g > 0 such that, for each t > 0 and € € (0, ¢),

sup {|u6(g;,t) ~(a,e) —amle) M| | x e Rd} < Cp(1+ |t])e, (2.23)

dyy ({u€ = 0}, {z € R? | (z,¢) = am(e)1t}) < 4Cy(1 + |t])e. (2.24)

Proof. We will prove that part (iii) of the previous proposition implies an upper bound of
the form
u(x,t) < (x,e) + amp(e) "' + Co(1 + [t])e.

The corresponding lower bound can be obtained using part (iv). This proves (2.23), from
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which (2.24) follows easily.

By part (iii) of Proposition 8, there is an ¢y > 0, a family (a;")ee(o’eo), and a family of
functions (U+’€)ee(0,eo) given by
ut ez, t) = (2, €) + Ve(e Ha,e)) + ajmpl(e)—l <62Ve(6_1x) + t>

and such that, for € € (0, ¢),

lut (2, 1) — (x,¢) — am(e) M| < Cre(l+ |t]). (2.25)

m(e Lz, DuJF’E)uZF’6 —tr (A(e_lzc, D/u+\7€)D2u+’€> >0 in R? x (0,00).

Notice that we can write

u(z,0) > (x,e) — Ce

since V. and V, are both bounded periodic functions. Therefore, by the comparison principle,
uwt€(x,t) + Ce > u(x,t) for each (z,t) € R x (0, 00).
Combining this with (2.25), we find

u(x,t) < (w,e) + amy(e) 1t + (C + C(1+t]))e.

The same proof applies to obtain a rate in the irrational case.

Proof of Proposition 5. We argue exactly as in the proof of Proposition 9, except the first

order term V. gets set to zero. L]

For the sake of completeness, note that the previous proposition implies Theorem 10
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holds in the case when e € S9N Rz Together with the results of Section 2.5.1, this
completes the proof of the theorem.

Finally, we show via an example that the rates of convergence obtained above are optimal.

Proposition 10. For anye € Sd_lﬂRZd, there are coefficients m and a such that if (u®)eq

are the solutions of (2.1), then
sup {|u6(m,t) —(z,e) —am(e) M| | (z,t) € R x (0, oo)} = ce

for some ¢ > 0.

Proof. Given e € Sa=1ARZI choose any m and a that vary only in the e direction, with m
non-constant. To see that such a choice is possible, we can choose a k € Z%\ {0} such that
e = ||k|| 7'k and define, for example, m(y) = 2+ sin(27(k,y)) and a = 1. (In fact, given any
smooth, positive function f : R/r.Z — (0,00), we can set m(y) = f({(y, e)e), and similarly
for a. Here r¢ is defined by (2.7).)

Let (u®)¢~0 denote the solution of (2.1) with this choice of e and m. Since the coefficients
m and a vary only in the e direction, the same can be said of u® by uniqueness. Thus,

u(x,t) =U((x,e),t), where U solves the one-dimensional problem

m(e Lse)Uf —aldf| =0 in R x (0, 00),
U(s,0) =s for s € R.

Observe that if we write U(s,t) = elde(e s, e 2t), then U, is the solution of the unscaled

equation with e-dependent forcing:

m(se)ler — aelles| =0 in R x (0,00), (2.26)

Ue(s,0) =s for s € R.
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If Ve is the solution of the related transport equation

m(se)Vetr —aeVes =0 in R x (0,00),
Ve(s,0) = s for s € R.

then Vg is given by
Ve(s,t) - X;’S,

where X is the solution of the ODE m(X;*)X;® = ae with X" = s. Since one-

dimensional ODE preserve the ordering on the real line, it follows that
Ve(s1,t) < Ve(so,t) if s1 < s9, t € (0,00).

Therefore, Ve s > 0 and, thus, V is also a solution of (2.26). Put another way, by uniqueness,
U = Ve.

Next, notice that we can integrate the ODE to find
T .
M(X3%) = M(s) = /0 m(Xp")Xp" dt = e,
where M is the anti-derivative of m (considered as a function of one-variable), i.e.

M(s) = /0 " m(ge) de.

Since m is periodic, we can write M(s) = (m)s + P(s), where (m) = r1 0 ¢ m(se)ds and

P is a smooth, re-periodic function. Hence

(m)(X3" — 5) = ael — P(X3") — P(s)
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which, upon replacing s by se 1 and ¢ by te~2, implies that

-1
U (s,8) = s — afm) " = X755 — s — a(m) ]

— efm) N P(XS ) = P(se V)

Lastly, we note that, for any s € R, we have lim;_, Xte’s = 00. Hence, for any z € Rd,

sup {|u6(93,t) —(x,e) —alm) M| | t > 0}
= sup {]U€(<x, e),t) — (z,e) —a(m) M| | t > O}

= em)~ sup {|P(s') = P((z,e)e )] | & € [0,7e)}

This proves that mp)(e) = (m) in this case. Since m is non-constant, P is non-constant and

it follows that the number ¢ given by
¢ = (m)"Lsup {|P(s) = P(s")| | §',s" e R}
is positive. Finally, taking the supremum in x, we obtain the desired bound. O]

2.5.4 Mean Curvature Flow with a Periodic Mobility Coefficient

In this section, we study the cell problem (2.2) associated with (2.1) in the case when
a = Id. In this case, the curvature term becomes mean curvature, and the second-order
operator appearing in the cell problem is simply the Laplacian. Accordingly, the analysis of
invariant measures and correctors becomes much simpler.

Before beginning the analysis of the cell problem, let us note that, since a = Id, the
linear response coefficient My, can be computed explicitly. To see this, first, notice that
if e € S9°1\ RZ?, then #¢ = {£%}. This follows from the fact that £% is clearly in

J& and Theorem 15 implies the invariant measure is unique. When e € SI-1 A RZI, 4
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straightforward computation shows that the function r — puf, is determined by

pe = HEHTE )T H g

By the results of Sections 2.5.1 and 2.5.3, it follows that my, is given by
mp)(e) = / m(y,e)dy for each e € St
Td

Note, in particular, that mp, is as smooth as m.

When e ¢ RZ?, Proposition 5 shows that a O(e) rate of convergence holds in Theorem
10 provided the cell problem (2.2) has a smooth solution. In the next result, we show that a
smooth solution exists provided m(, e) is smooth enough and the direction e € S9~1\ RZ4

satisfies an arithmetic condition.

Proposition 11. Fize € S¥ 1. If m(-,e) € H3(T?) for some s > %—l— ﬁ + 2 and there is

aCe € (0,1) andﬁ <T<S—%—2 such that
Ik — (k,e)e|| > Cellk|™T  for each k € 24\ {0}, (2.27)
then there is a solution Ve € C2(T%) of the equation
m(-,e) — tr((Id— e ® e)D*V,) = me). (2.28)
Furthermore, Ve is the unique such solution among all functions U € LQ(Td) such that
[ Uy = [ Vetw

Concerning the generality of the assumption (2.27), see [54], where it is shown that H9~1-

almost every e € S91 satisfies such an estimate for any given 7 > ﬁ More precisely, if
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A(Cq, 1) is the set of all such e, then there is a constant B(d, 7) > 0 such that
HEH(SIIN A(Ce, 7)) < B(d,)CE

It should be noted that if e satisfies (2.27), then e ¢ RZ.

Proof. We argue using Fourier series. Define V.:7Z% - C by Ve(O) =0 and

ooy m(k)
Ve(k) = T Ar2|[k — (k,ee||?

Since m(-,e) € H5(T%) and s > 7 + %l + 2, for each i € {0, 1,2}, we have

STRIEVeR)] < C2 S [k|PF) ST EIP ik, e)? | < .

kezd kezd kezd

Thus, we can define V, € C2(T%) by

Vey) = > Ve(k)e2mth)
kezd\{0}

and then

(Id—e®e)D?Vely) = — Y An?(k @k — (k,e)e ® k)Ve(k)e™F),
kezd

In particular, by construction, V, is a solution of (2.28). Since k— (k, e)e # 0 for each k € Z%,

a straightforward argument shows that V' is unique up to the addition of a constant. O]

Finally, we show that correctors need not exist.

Proposition 12. For any d € N\ {1}, there is an m = m(y) € C®(T%) and an e €

SA4=I\ RZY for which there is no C? solution of the cell problem (2.28).
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As in the existence result, we will prove non-existence by choosing a direction e with
suitable arithmetic properties. To do this, we adapt an argument appearing in the lectures
notes of Ghys [55].

Define A = >0 10~ The next result shows this number is well-approximated by

rationals.

Proposition 13. There is a sequence (pi)reny € N and a constant C > 0 such that
‘/\ —pkm*’“‘ < c10-k+D! o=l < |1 < C10M

Proof. For each N € N, write Zflvzl 107 = leo—N! for some pp; € N. The remainder is

readily estimated as

00 00
—n! _ 14— (N+1)! N+1 —(N+j+1)!
D 0= Z !
n=N-+1 7=0

o0

Note, in addition, that pp satisfies the estimates

1. an N il N
—1 <10 1077 = < A-10°".
0 0 ]El PN <

]

Fix e € S% 1 nspan({e1, ea}) such that E 1; = A. Note that this uniquely determines
e (up to antipodal points).
With (pp)pen as in the last result and {er,es,...,eq} € Z? denoting the standard

orthonormal basis of R?, define (j)reny C Z2 as follows:

. |
i = 10Me1 + ppes.
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The previous estimate on X\ implies the following one:

Proposition 14. For each k € N,
. . — . [
Kllj = (s eel® < Ch1072E

Proof. Let el = —(e,e2)e1 + (e, e1)ex and notice that {e,eL} is orthonormal. Using the

fact that jj, € span({e1,ea}) = span({e, e’}), we find

2
. ) 9 )
ik = Gk edell® = |k )|
k! 2
= ‘—10 (e, e2) +pk<€,€1>‘
2
< 01072k

(e,e2)

g (e, e1)

Finally, define m € C(T%) by its Fourier series:

. e — G edell?, if k € {jg, —jo} for some £ € N
m(k) =

0, otherwise

Due to the rapid decay of its Fourier coefficients, m €& C(Td), and, by symmetry, it is

real-valued. In fact, m is smooth, as we note next.

Proposition 15. For each > 0, we have
sup {||/<;||5|m(k)| | ke 22} < .

In particular, m € C*°(T%).
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Proof. Given > 0, if k € {—jy, jy} for some ¢ € N, then

1E|P k)| = €l Pllde — (o, edell?

< cflOﬁE!IO_%'ﬂ _ 0510_(%_5)'6!.

Thus, ||k||®|m(k)| — 0 as ||k|| — oo. O
Finally, we claim that (2.2) has no solution in the direction e.
Proposition 16. There is no smooth function Ve € CQ(Td) satisfying (2.2).

Proof. A classical solution is clearly a distributional solution so it suffices to show that there
is no distributional solution V, € L*(T%).
Suppose that V. € L'(T9) is a distributional solution of (2.2). Applying the Fourier

transform to the solution, we find

oo (i 2 i
lje — (je, e)ell __4—2 for each ¢ € N.

Vi) = — _
U0 = =25, = GreeP ~ dn

This shows that the Fourier transform V, is unbounded, contradicting the assumption that

V. € LY(TY). =

It is not hard to show that, in fact, viscosity solutions of (2.2) are distributional solutions.

Hence the proof actually shows that a continuous corrector need not exist in general.

2.6 The Surface Tension

In this section, we define the (macroscopic) surface tension associated with the energy

Fu:Q) = /Q (%(a(y)Du,Du>+W(y,u)> dy.
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It is worth remarking that the proof given here applies more generally to the stationary

ergodic setting (see [71]).

2.6.1 Finite-Volume Surface Tension

Given e € S9! we will compute the surface tension a(e) by studying the optimal energy
among configurations u that connect —1 to 1 along the e direction.
In what follows, it will be convenient to shift the coefficients in the energy. To that end,

for yo € T%, define the shifted functional F¥0 by

F0(u; ) = /Q (%<a<y+yo>Du,Du>+W<y+yo,u>) dy.

Fix a smooth function 1 : R — [—1, 1] such that

/oo <é77/(s)2 +W(77(8))> ds < o0, ng n(s) = +1.

—oo \ 2 Fo0
For e € S971 we let e : R? — [—1,1] be the function defined by ne(x) = n((x,e)). Given a
bounded open set A C R% and y € T?, define Z%(e, A) by

¥ (e, A) = min {f@/(@;A) | ve HY (A [-1,1]), v —1e € H&(A)}.

We refer to E% as the finite-volume surface tension.
The main result of this section show that the optimal energy in Q®(0, R) for configurations
with boundary condition 7, that is, the quantity E%(e, Q¢(0, R)), converges after a suitable

rescaling.

Theorem 16. There is a positively one-homogeneous convex function & : RY — [0,00) such

69



that, for each e € SA=1 gnd every y € T, we have

g(e) = lim R'7I5¥(e, Q°(0, R)). (2.29)

R—o0

Before proceeding further, we record a useful observation. Here and henceforth, we define

the constant C'(n) > 0 by

con= [~ (WS)Q () ) ds

o U2

Proposition 17. Ife € S% 1 yeTd E C (e)L is open and bounded, and I C R is open
and bounded, then

0 < XU(e, E@e I) < C(nHIY(E).

Proof. Using 7, itself as a candidate, we obtain an upper bound:
0<S)(e, E®eI) < FY(ne; E ®e ).

It only remains to estimate FY(ne; E @¢ I). Since a < Ald, W(y,u) < W(u), and ne only

varies in the e direction, Fubini’s Theorem readily implies

F(ne; E@e I) < C)HIN(E).

2.6.2 Averaging

In what follows, it will be useful to think of the finite-volume surface tension as a function

of three variables rather than two.

Definition 5. Given n as above and y € T4, for e € gd-1 open and bounded E C (e)l,
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and h > 0, we define the quantity i%(e, E h) by
i%(& E7 h) = Z%(G, E ®e (_hv h))
The next proposition gives the essential properties of 5)% In particular, in the language
of Dal Maso and Modica [38], i% is a sub-additive process.

Proposition 18. For each fized e € SA=L gnd h > 0, the function E — i),y](e, E, h) satisfies:

(i) If E,Ey,...,Ex C ()" are all open and bounded, {E1, ..., Ex} is pairwise disjoint,
U}Z\Ll E; CE, and H"1(E\ Uzj\il E;) =0, then

\Mz

(e, E,h) (e, Ej h). (2.30)
(i1) >y n(e, -, h) is uniformly bounded in the following sense:
0 < S0(e, B,h) < CpyHTL(E). (2.31)

(iii) For each E C (e) and each y' € (e)*, the following equation holds:

~ / ~
U (e, By h) = SY(e, E 4y, h).

Proof. First, observe that (ii) follows directly from Proposition 17, and (iii) is an immediate

consequence of the definitions.

Next, we prove (i). Suppose E, Fy, ..., Ex C (e)! are given and satisfy the assumptions.

For each i € {1,2,..., N}, pick u; € HY(E; ®¢ (—h, h);[—1,1]) such that
() F¥(ui, By @ (—h, b)) = Sij(e, B, h)

(i) w; — ne € HY(E; ®e (—h, h)).
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Define a new function u : E @ (—h,h) — [—1,1] by

u;(x), x € E; ®¢ (—h,h)
u(z) =
0, otherwise.

By the choice of boundary conditions, u — 1, € H& (E @¢ (—h, h)). Moreover,

S¥(e, B h) < FY(u, E e (—h, h))
N N
:Z U“E@' @e Z 6 Ezah

This establishes (i). O

We now use the sub-additive ergodic theorem to average out the variations in the medium
in directions perpendicular to e. In what follows, we will say that a Lebesgue measurable

function f: T? — R is {7, 1} e ¢)L-invariant for some e € S9~1 if
fly+2') = f(y) foreachye T o' € ()"

Proposition 19. For each e € S%1 and h > 0, there is a {7 b e)L- -invariant function
y — d¥(e,h) and a {Tx/}x,€<e>L—znvarzant Borel set Ap(e) € T? such that LY(Ap(e)) = 1
and, for each y € Ap(e),

3Y(e,h) = lim R¥™I5¥(e, Q°(0, R), h).

R—o0

Proof. Apply the multi-parameter sub-additive ergodic theorem to the probability space
(Q,P) = (Td’ Ld) with measure-preserving transformations {7y} yeTd given by translation;

see [71, Appendix B]. ]
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2.6.3 The Limit h — oo

We now study the limit h — oo of f]g/](e, E,h). We begin by defining the corresponding

quantity.

Definition 6. Given ¢ € S ! and a bounded, open E C <e>L, we define the function

Y i%(e,E,oo) by
i%(e,E, o0) =min{F/(u; EGeR) | -1 <u <1, u=1ne on OF @ R} .

In the main result of this section, we prove that limj,_, i%(e, E h)= i%(e, E, c0).
Before we proceed further, we remark that i%(e, FE, 00) satisfies its own version of Propo-

sition 18. Therefore, the following analogue of Proposition 19 holds:

Proposition 20. For each e € 51 there is a {Tx/}w,€<e>rz’nvariant function &(e, o)
and a {Tx/}mle<e>l-z’nva7’iant Borel set Aso(€) € T? such that L4 (Axo(e)) = 1 and, for each
y € Aco(e),

d/(e,00) = lim Rl_di%(e,Qe(O,R),oo). (2.32)

R—o0

It only remains to analyze the limit h — co. We start by observing that h — i%(e, E h)

is almost non-increasing.

Proposition 21. Fize € 541, y e T, and E C (e) bounded and open. If hy > hg, then
S¥(e, B hy) < SH(e, B, ho) + HIL(E)e(hy), (2.33)

where

e(h) = /{ - (A"T”Q W 0(s)) ds

In particular, for each e € ST, R >0, and y € T%, the limit limy,_, o i%(e, Q°(0,R), h)

exists.
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Proof. Fix € > 0. Choose a u : E @®¢ (—hg,hg) — [—1,1] such that u — n, € H&(E o
(—h2, he)) and
FY(u; E e (—hg, hg)) = S (e, B, ha).

Define @ : E @ (—h1,h1) — [—1,1] by

N u(x), x € E®e (—ho,ho)
u(z) =
ne(x), otherwise.

Then @ — ne € H&(E @e (—h1,h1)) and

S¥(e, B, hy) < FY(ii, E @ (—hy, hy))

= fy(u, E ® (—ha, h9))

d—1 Ao
el [ (SR ) )

< S(e, B, hg) + HI 1 (E)e(hy).

Thus, we obtain (2.33).

Finally, sending h1 — oo with hg fixed and then sending hg — oo, we find

lim sup i%(e, E hy) <liminf (i%(e, E, ho) + Hd_l(E)e(in))

h1—00 hg—o00

= lim inf i%(e, E h9).

ho—00

This proves limy, i%(e, E, h) exists. O
Finally, we prove the result that was promised at the beginning of this sub-section:

Proposition 22. For each e € SA=1 and bounded, open E C <6>J‘, we have

i%(e,E, o0) = lim f]%(e, E h). (2.34)

h—o00
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Proof. If h > 0 and u € HY(E @®¢ (—h, h); [~1,1]) equals 5. on O(E @¢ (—h,h)), then the

function u € Hlloc(E @ R) given by

u(x), [(x,e)| <h,
sy = ) ) el

ne(z), otherwise,

satisfies 4 — ne € H&(E ®e R). Thus,
S¥(e, B,00) < FY(i; E ©e R) < FY(u; E @ (—h, b)) + HI"H(E)e(h).

Since u was arbitrary, we deduce that 3¥(e, E,00) < S¥(e, B, h) + HI"L(E)e(h). Sending
h — oo, we conclude i%(e, E, 00) < limy_, i%(e, E h).

To obtain the complementary inequality, let u € Hl (E @¢ R;[—1,1]) be any function

loc
attaining the minimum in (2.34). We will show that it is possible to appropriately truncate
u without changing its energy too much.

First, observe that for each § > 0,

lim £({z € E®. [R,+0) | |u(z) —1] >d}) =0

R—

lim £{z € E®, (=00, —R] | |u(z) + 1] > 6} =0.
R—

This is a consequence of the Poincaré inequality, which in this setting states

Ju— 77€||L2(E®6R) < [[Du — quHL?(E@eR)'

For each n € N, fix a smooth function f, : R — [0, 1] such that f, =1 in [-n,n|, fp =0

in R\ [~(n+1),n+1], and |f}| < 2. Let up € Hﬁ)C(E @ R) be the function defined by

un(®) = ful(z, e))ulz) + (1 = fa((z, €)))me(2)-
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We readily obtain the following bounds on the energy of uy,:

Flup; E®e (—(n+1),n+1)) < FY(u; E Be (—n,n))
A

2 /E@e{n<s<n+1}

+ é”Hd_l(E)/ ¢ (s)?ds
2 {n<[s|<n+1}

[u() = ne(x)|* da

|Du(z)|? dx

9 /
E®c{n<|s|<n+1}
+ / W (up(z)) de.
Edc{n<|s|<n+1}

Since u,ne — £1 in measure as (x, e) — +o00, we find
FV(un; E @ (—(n+1),n+ 1)) < (e, B,00) + o{1).
as n — o0o. Therefore, since u, = ne on E @ {—(n+ 1),n + 1}, we conclude

lim i%(e, E.h) < lim FYup; E@e (—(n+1),n+1)) < i%(e, E, o).

h—o00 n—00

2.6.4 Infinite-Volume Surface Tension

We now identify the infinite-volume surface tension . To start with, we treat this as two
different functions ¢* and &4 in Td; later, it will become apparent these functions coincide

and are constant.

Definition 7. The upper and lower infinite-volume surface tensions are the functions 6*, 7y :
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T¢ — [0,00) given by

*(e,y) = limsup Rl_di%(e, Q°(0,R),R), d«(e,y) = liminf Rl_di%(e, Q°(0, R), R).
R—o00 R—00

(2.35)
Our first observation is these quantities are constant functions in ¢

Theorem 17. For each e € S%1 and every y € T4, we have
a*(e,y) =7"(e,0) and (e, y) = a«(e,0).

Theorem 17 will be proved in two steps. In the first, we note that *(e,-) and «(e, -)
are {7/} ele) 1 -invariant. This step follows from what we already proved in Section 2.6.2,
especially Propositions 18 and 21. In the second step, we show that 6*(e, ) and d«(e, ) are
invariant under the action of translations in the e direction. The proof of this is very similar
to that of Proposition 22.

To simplify the proof of Theorem 17, we begin with the perpendicular directions.
Proposition 23. For each e € S41, 5%(e,-) and G4(e,-) are {Tx/}x/de)rm@aﬂant-

Proof. We will prove that G«(e,y+2') = G«(e,y) if y € T and z € (e}J-. The corresponding
proof for 6* follows similarly.
Supppose y € T% and 2/ € (). We will show that g4(e,y + 2') < G4(e,y). Given any

R > 0, Proposition 18 implies

~ / ~

S0 (6. Q0, R+ [2'|o0), R + |2 |00) = Sh(e, Q°(2/, R+ |2|00), R+ |2']oc).  (2:36)
Since Q¢(2', R + |7'|00) 2 Q°(0, R), we use (2.30) and (2.31) from Proposition 18 to find

S0, Q%2 R+ [2)|00), R+ |2']00) < E(e, Q(0, R), R+ |2']oc) + C(n) R Yo(1). (2.37)
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as R — oo. Finally, appealing to (2.33) from Proposition 21 yields
Sh(e, Q42 R+ [2]o0), R+ 2']o0) < SH(e, Q°(0, R), R) + R (e(R) + C(n)o(1)). (2.38)

Combining (2.36) and (2.38), dividing by R%~!, and sending R — oo, we obtain (e, y +
') < o(e,y).

Replacing 2’ with —2’ and y with y+2' yields 5« (e, y) < G«(e, y+2'). Therefore, equality
holds. O

2.6.5 The Normal Direction

It remains to consider normal directions. That is, Theorem 17 is proved as soon as we
establish that ¢ — G«(e,y + te) is independent of ¢ € R. We prove this next using the

fundamental estimate of I-convergence (cf. [5] or [71, Appendix A]).

Proposition 24. Given any e € Sd_l, Yy E ’]Td, andt € R, we have
¥ (e,y+te) =a"(e,y) and aGx(e,y+te) = ax(e,y).
Proof. Fix y € Q and t € R. We will show that
ax(e,y) < ax(e,y + te).

As in the last proof, this implies that equality actually holds (as we can replace y by y + te
and t by —t). The arguments for ¢* are similar, hence omitted.

It is convenient to introduce a free parameter o € (0,1). In the final step of the proof,
we will send o — 17

For each R > 0, let o5 € H'(Q®(0,aR);[—1,1]) be a minimizer of the functional
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Fytte(.Q4(0,aR)) subject to the boundary conditions 75 = 7, that is,
iR =1 € H(Q“(0,aR)),  FVH(0p;Q°(0,0R)) = 57 (e, Q°(0, aR), aR).

In order to compare i%(e, Q(0,R), R) and f]%+te(e, Q(0,aR), aR), we shift perspectives

by defining the function vy in Q%(te, aR) by

vp(z) = 0p(x — te).

Notice that vp minimizes FY(-; Q¢(te,aR)) with the boundary condition Ttene given by
Trene(x) = ne(z—te). We extend vp to RE by setting vp(z) = Tiene(z) if 2 € R\ QE(te, aR).

Finally, before we apply the fundamental estimate, it is convenient to move to macroscopic
coordinates. We let e = R™! and define a new function v¢ : R — [—1,1] by the following

rule:

vé(z) =vp <$> :

€
The effect of the definition is this: v¢ minimizes F¢(-; Q%(ete,a)) subject to the boundary
condition Tyye(ng) on dQ¢(ete, o), where nt(z) = n(e 1z, e)).
We will now apply the fundamental estimate with the open sets U, U’, and V defined as

follows:

U=Q0,a), U'=Q°(0,1), V=Q%0,1)\ Q°(0, ).
We will work with the functions (ve)eso and (7§)eso. Observe that
: € € _
61_1>%1+ [v° = 77e||L1(v) =0.

Thus, by the fundamental estimate, there is a function é : (0,00) — (0,00) such that

lim,_, g+ €(€) = 0 and a family of cut-off functions (¢)~g C C°(U’; [0, 1]) satisfying 1e = 1
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in U such that
fg(@beve + (L —=te)ge; UUV) < fg(ve; U/) + ]:ey(qg; V) +é(e).
Now observe that we can make the following simplifications:

F(ve; U') = RIAFITE (55, Q4(0, aR)) + RYAFY (vp; RU'\ Q¢(te, aR))

— RISI4(0,Q°(0, aR), aR) + w(a) + n(a, R),
where

w(e) < (1 =d)(1 - a)C(n)

o) <ot [ S76P 4 Wlal) ) ds.

{|s|>aR} (2

Similarly, F¢(nS; V) = v(a) + v(a, R), where

v(e) < (1=d)(1—a)Cn),
A

s matt [ (SR Tt )

Sending R — oo and observing that limp_, - (n(a, R) + v(a, R)) = 0, we obtain

liminf R1=9%Y (e, Q°(0, R), R) < liminf F¢ (¢eve + (1 — te)gs; U U V)

R—o €_>O+

< o i inf TS0, Q4(0,T), T)
T—o0

+ w(a) + v(a).
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Since lim,,_,;- (w(o) + v(«)) = 0 and a € (0, 1) was arbitrary, we conclude

d«(e,y) = liminf Rl_di%(e, Q°(0,R), R)

R—o0
S lgglé'lof Rl_di%+t€(0, Qe(07 R)? R)
- 5-*(67 () + te)

2.6.6 Thermodynamic Limait

Now we tie all the pieces together. While we know that the upper and lower surface tensions
o*(e) and d4«(e) are constant (i.e., independent of shifts in the coefficients), we do not know
that they coincide. This is where Propositions and 19 and 20 enter the picture.

The main result of this section follows:

Theorem 18. Given e € S9!, there is a Lebesque measurable set A(e) C T with full

measure LY(A(e)) = 1 such that, if y € A(e), then

lim ledi%(e, Q°(0,R),R) ewists

R—o

and, for each k > 0,

lim ledi%(e,Qe(O,R),oo) = lim limsupledi%(e,Qe(O,R),h)

R—o0 h—00 R0

= lim liminf R*95Y (e, Q(0, R), h)

h—o0o0 R—o0

= lim R'7I%Y(e,Q°(0, R), kR).

R—o0

In particular, *(e) = d«(e).

In order to highlight the main ideas without delving too far into technicalities, we will
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only prove the theorem in the case that e ¢ RZ. (See the Notes for a discussion of the
rational case.)

In what follows, the following lemma will be helpful:

Lemma 3. Suppose that e € Sd_l\RZd. For eachn,m € N, denote by i%vg(e, Q°(0,2™),m)

and f],%wg(e,Qe(O,Z”), 00) the averages

S0, Q0.2 m) = | (e, Qe(0,27).m) dy
2% (e, Q°(0,2", 00 /Td e,Q°(0,2™), 00) dy.

For each n,m € N, we have
0"(e,Q0,2711),m) < 29715 (e, Q(0,27), m)
and the following limit holds:

50, Q°(0,2"),00) = lim_5"(e, Q°(0,2"),m).

m—00

Furthermore, there is a Lebesgue measurable set A(e) C T such that

(i) LY(Afe) =1

(i) If y € A(e), then

3Y(e,m) = lim R (e, Q°(0, R), m)

R—

— Tim 27— (e Q(0,27), m),

n—00
5Y(e,00) = lim R~ dEy( Q°(0, R), o)
R—o0
_ 1 n(l-d)s avg e n
i 2 (6,Q°(0,2").00).
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The lemma shows that averaging preserves, and even improves, the sub-additivity prop-
erties of the finite-volume surface tension. As we will see, averaging allows us to verify one
of the crucial inequalities in the proof of Theorem 18.

For the most part, Lemma 3 follows from what we have already proven and elementary
properties of integration. We defer the proof to the end of the sub-section and proceed to

the proof of the thermodynamic limit.

Proof of Theorem 18, irrational case. We begin by invoking Lemma 3, thereby obtaining a
full-measure set A(e) € T¢. Define i%vg as in the lemma. We will prove that if y € A(e),

then the following limits all exist and satisfy:

lim R'7I5Y(e,Q°(0, R),00) = lim limsup R*™95Y (e, Q°(0, R), h), (2.39)

R—o0 h—00 R—oo

= lim liminf R*=9%Y (e, Q(0, R), h)

h—oo R—o0

lim R'7I5Y (e, Q°(0, R), 00) = i RIS (e, Q°(0, R), kR). (2.40)

R—o0

Here x > 0 is arbitrary. Notice that once this is done, we set k = 1 to conclude that each of

these quantities equals *(e) and 7« (e), hence *(e) = g« (e).
Assume henceforth that y € A(e).

To establish (2.39), we first prove
lim R'7I5Y (e, Q°(0, R), 00) < lim liminf RY™95Y (e, Q°(0, R), h). (2.41)
R—o0 h—o00 R—00
Indeed, by (2.33) and (2.34),

R85 (e, Q°(0, R), 00) < RYISH(e,Q°(0, R), h) + e(h).

Thus, sending R — oo and then h — oo, we obtain (2.41).
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Next, we prove the inequality complementary to (2.41), that is, we show that

lim limsup R~ dzy( ,Q°(0,R),h) < lim R~ dEy( Q(0, R), 00). (2.42)

h—00 R0 R—o0

We begin by observing that if h1 > ho, then

lim sup Rl_di%(e, Q°(0, R), hy) < limsup Rl_di%(e, Q°(0, R), ha) + e(ho).

R— R—

Thus, arguing as in Proposition 21, we see that

lim limsup R ~95Y 1(e,Q°(0,R), h) exists

h—00 R—o0
for every y € T
Since y € A(e), the following equations hold:

Jim R'I5Y (e,Q°(0, R), 00) = lim 2=V (e 0¢(0,2"), o)
—00

n—oo

lim limsup R~ dZy( Q(0,R),h)

h—00 R0

= lim  lim 2"07D52V8 (e Q(0,27), m)).

m—00 N—00

Thus, to obtain an inequality between the left-hand sides it suffices to complete the easier
task of comparing the right-hand sides.

To proceed, we invoke Lemma 3 to find

2(”+1)(1_d)i%"g(e,Qe(0,2”+1),m)SQn(l_d) an( ,Q°(0,2), m).
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Consequently, for each fixed k € N,

lim 2"(=DSE(e, Q°(0,2"),m) < 2PU-DEIE(e, Q°(0,2), m).

n—oo

Sending m — oo while k£ remains fixed, we use the lemma to conclude

lim  lim 2"0=DS3E (e, Q(0,27),m)

m—0o0 N— 00

Taking k — oo, this becomes

lim lim 2“(1—d>ii‘,vg(e, Q(0,2"), m)

m—00 N—00

k—o00

Appealing to the observation in the previous paragraph, we conclude (2.42) holds. Now
(2.39) follows from (2.41) and (2.42).

We proceed to the proof of (2.40). Again, we break the equality into two inequalities.

Fix h > 0. Recalling (2.33) and sending R — oo, we find

lim sup ledi%(e, Q°(0, R),kR) < limsup ledi]%(e, Q°(0,R), h) + e(h).

R—o0 R—o

Sending h — oo and appealing to (2.39), this becomes

limsupRl_dfl%(e,Q(O R),kR) < lim R~ dEy( Q(0, R),0).

R—0 R—o0

To deduce the opposite inequality, first observe that, by passing to the limit A — oo in
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(2.33), we obtain
RIS (e, Q°(0, R), 00) < RIS (e, Q°(0, R), KR) + ¢(kR).
Thus, we conclude, after sending R — oo,
lim R'7I5Y(e,Q°(0, R), 00) < liminf RIS (e, Q°(0, R), kR).
R—o0 R—o0
Therefore, limp_, o ledf]%(e, Q°(0, R), kR) exists and (2.40) holds. O
Now that Theorem 18 is proved, Theorem 16 follows immediately.

Proof of Theorem 16. Theorem 18 proves that 6*(e) = d«(e). Let a(e) be this number, i.e.,
ae) =a*(e) = a«(e).

Equivalently, the equality 6*(e) = d«(e) implies that, for each y € T?, the quantity
Rl_di%(e, Q°(0,R), R) converges to 5(e) as R — oo. Thus, recalling the definition of %7,
we find

g(e) = lim RI7I5Y(e,Q°(0,R), R) = Jim RIS (e, Q4(0, R)).

R—o0

Finally, extend & to R by one-homogeneous extension, that is,
a(v) = |lvlla(jv]| o) ifv#£0, and &(0)=0.
A classical argument can be used to prove that & is convex; see the works of Messenger,
Miracle-Solé, and Ruiz [66] and Caffarelli and de la Llave [27]. O

Finally, we prove the lemma.

Proof of Lemma 3. The properties of f]%vg follow from those of i% as a consequence of
elementary integration theory (e.g., the dominated convergence theorem). In particular,

here we use Propositions 17-20.
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Recall from Propositions 19 and 20 that, for each m € NU {occ}, there is a {Tx/}x,€<e>l_

invariant Borel set A, (e) such that £¢(Ay,(e)) = 1 and, for each y € Ay (e),

d(e,m) = lim 2”(1*d)i}%(e, Q°(0,2"),m).

n—oo

Since Ay (e) has full measure, we can integrate to find
~y _ n(l—d)g-avg e n
/’H‘do- (67m) dy nliggQQ ET] (67Q (072 )7m)

Finally, recall that £ is ergodic under the action of {Tx/}x/€<e>l. Thus, y — d¥(e,m) is
constant £%-almost everywhere. More precisely, there is a {7/} 2ele) 1 -invariant Borel set

Cim(e) € T? such that £¢(Cyy(e)) =1 and
d(e,m) = /d dY(e,m)dy for each y € Cp,(e).
T ¥

We conclude by setting A(e) = N,,,enufoo Am(€) N Cm(e). O

2.7 Notes

2.7.1 Averaging

The ergodic theory results in Section 2.4 will not surprise experts, but it is a somewhat un-
conventional spin on a classical subject and there does not seem to be a standard reference for
this material. Nonetheless, the results of that section should be seen as a higher-dimensional,
continuum version of the classical fact that the semi-group generated by the map x — = + «

in the torus T is ergodic if and only if @ € R\ Q.
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2.7.2 Linear Response

The inspiration to consider the linear response problem (2.1) came from heuristic discussions
by Spohn [87] and Bellettini, Butta, and Presutti [17]. Those references concern interface
motions driven by energy dissipation, whereas (2.1) is nonvariational.

In the variational setting, the analogue of (2.1) can lead to a stationary plane in the
limit. For instance, if we consider the diffuse-interface setting, then we should replace (2.1)

by the equation

m(e Lz, lﬁ)ug — div(a(e 1 z)Du) + e 2(Wy(e tz,uf) + ea) =0 in R x (0, 00),

u =n((¢)) onR?x {0},

where 7 : R — [—1,1] is a smooth function with limg—+~7(s) = £1. The paper with
Feldman [51] shows that it is possible to find coefficients a and W such that, no matter the
choice of m, pinning occurs for all @ € R and all e € S%1. (In other words, uf(z) — 1 if

(z,e) >0 and u(z) — —1if (x,e) <0.) Put another way, it is possible that m,| = occ.

2.7.3 Surface Tension

Section 2.6 is inspired mainly by Chapter 7 of the book by Presutti [80] and the work of
Ansini, Braides, and Chiado-Piat [5]. The main takeaway is Theorem 18, which shows that
the averaging processes occurring separately in tangential and normal directions “commute.”
It is shown in [71] that this remains true even in stationary, ergodic media, a fact that was
not obvious in Presutti’s original approach, wherein only spatially homogeneous media was
considered. Throughout the arguments, the so-called fundamental estimate of I'-convergence
is a convenient technical tool. This is a standard component of the theory of I'-convergence
(cf. [37, Chapter 18]), which was originally formulated and proved in the diffuse-interface

context in [5].
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CHAPTER 3
PULSATING STANDING WAVES AND THE SURFACE
TENSION

In the last section, we introduced the surface tension &, which describes the large scale
behavior of the energy functional F. Here we show that the surface tension can also be
represented via a variational problem posed in R x T? as described in Section 1.2. This leads
to a link between the surface tension, the plane-like minimizers of F studied in Aubry-Mather
theory, and pulsating standing waves.
Recall from the introduction that, given an e € .S d_l, we are interested in the functional
T given by
2= [ (Fawow D) + W) dyds
RxTd \ 2
The problem is to minimize 7 in the class of functions heteroclinic between —1 and 1 in

the cylinder R x T?. Recall that we use the notation

&le) =inf{Z(V) | Ve 2},

X ={Vel®RxT) | 1<V <1, lim V(s,y)==1in LL (R x T9}.
§—+00
Henceforth, we denote the set of minimizers by M(e), that is,
M(e)={U e Z | Z(U) = &(e)}.

Note that any minimizer U, € M(e) is a weak solution of the pulsating standing wave

equation:

Di(a(y)DeUe) + Wy(y,Ue) =0 in R x Td7 (3.1)

lims 5400 Ue(say) ==+1, 0sUe > 0,
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3.1 Pulsating Standing Waves and Plane-like Minimizers

The goal of this section is to show how the pulsating standing wave equation (3.1) in R x T
relates back to the original problem in RY. By the end, we will have proved the existence
of minimizers of & and shown that minimizing & is equivalent to finding certain plane-like
minimizers of F.

We will start with a basic calculation that is well-known in the literature on pulsat-
ing waves. Suppose that U : R x T¢ — [—1,1] is a smooth solution of (3.1) satisfying
limg_s+00 U(s, ) = £1 uniformly in T¢. Observe that if we define functions {ucteer in R4
by

uge) = U((r,¢) — ¢,2)

then, for each ¢ € R, u¢ is a critical point of F, that is,
—div(a(y)Du¢) + Wu(y,uc) =0 in R?,
Furthermore, these critical points are “plane-like” in the sense that

4 1, if (x,e) >0,
lim ue(e z) =
0% —1, if (z,e) <O.

Importantly, here ( is a parameter: whereas in R x T we are dealing with a single function
U, when we pass to the physical space ]Rd, we have to consider the whole family of functions
{u¢}cer. In particular, if U is a smooth solution of (3.1) with 9sU > 0, then {u¢}cR is an
ordered, continuous one-parameter family of critical points of F. As we will see, such families

do not exist in general, and hence smooth pulsating standing waves will not necessarily exist.
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3.1.1 An Ergodic Theorem

As we noted already above, the pulsating standing wave equation (3.1) is the Euler-Lagrange
equation of .. Thus, it will be useful to know how to write 7, in terms of the functions
{u¢}cer rather than U. The next theorem shows how this is done.

In the statement of the theorem, for e € S9! NRZ?, we denote by Qe a fundamental
domain for the action of the group M, (see (2.6)) on (). More precisely, given a Z-basis

{k1,...,kg_1} of Mc, define Q. by
d—1

Qe =14 > ki | (Ao Agop) € [0, 1)1
=1

Theorem 19. Suppose that V € LY(R x T and define functions (V¢)¢er in L (RY) by

loc

ve(z) =V ({z,e) — ¢ x). Given any e € St we have

1 T
/ V(s,y)dyds = lim — { lim R4 ve(y) dy} d¢.
RxTd 0

T—o0 R—oo /QE(Q’R)@GR
Furthermore, the following dichotomy holds:

(i) If e € RZ?, then
Te
| Vewdyds =)™ [ ey
RxTd 0 e@DeR
(i) If e ¢ RZ%, then

V(s,y)dyds = lim R ve(y)dy  for a.e. ¢ €R.
RxTd

R—o0 /QS(O,R)eaeR
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(iii) If e ¢ RZ and, in addition, the function G : T¢ — R given by

G(y) = /OO V(s,se+y)ds

—0o0

18 continuous, then

|(ER}:0

The distinction between rational and irrational directions in the theorem stems from

lim sup Rl_d/ ve(y) dy—/ V(s,y)dsdy
R—00 Q¢(0,R)®.R RxTd

the fact that the transformation functions (v¢)cer are periodic when e € RZ?, but only
quasi-periodic when e ¢ RZ%. This is explained in detail in [73, Section 4]. Without going
into all the details here, we will need to define the quotient space Tg_l Pe R = ]Rd/Me for
e € RZd, which is in bijective correspondence with Q)¢ ® R and is diffeomorphic to the
product T x R.

Throughout the remainder of this chapter and the next, we will identify functions v :

Tg_l @®e R — R with functions v : R? — R satisfying
v(z + k) =v(x) for each z € RY, ke M,.

In particular, if (v¢)cer are defined as in the theorem for some e € SA9=1 ARZ?, then it is
easy to see that these functions have this Mc-invariance property and, thus, can be regarded
as functions defined in T¢~! @, R.

We will only prove parts (ii) and (iii) of Theorem 19. Part (i) follows by similar arguments;

the proof is sketched in [73, Appendix A].

Proof of Theorem 19, (ii) and (iii). Let ¢ € R be a free parameter. First, observe that we
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can write

/ vc(x)dx:/ /OO V(s —(, se+a)dsda’
Q°(0,R)®eR (0,R) J—o0

—/ /OO V(s,(s+)e+a')dsdx’.
¢(0,R) J —o0

Since V € L1(R x T4), it follows that y — 2o Vs, (s+Qe+y)dsisin LY(T%), no matter
the choice of (. Therefore, we can invoke Proposition 2 to deduce that, for almost every

¢ € R, we have

lim R4 ve(z)dr = lim R'™¢ s, (s + Qe+ at) ds dat
R— o0 Qe(O,R)GBeR C R—0 e 0 R
—/ (/ V (s, (s+§)e+y)d)dy
/ / (s,y)dyds.

This proves (ii). At the same time, if the function y — [°°_V(s, se + y) ds is continuous,
then the convergence in Proposition 2 can be upgraded to uniform convergence, proving

(ii). O

As an immediate consequence of the previous theorem, we show that the variational

problem (1.8) is bounded below by the surface tension &.
Proposition 25. For each e € 971, G(e) < &(e).

Proof. Let Ve 2. If J¢(V) = oo, there is nothing to prove. Hence let us assume that
Te(V) < 0.

By the previous theorem, there is a measurable set £ C R such that £1(R\ F) = 0 and
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if we define (v¢)cegr by ve(z) = V({z,e) — (, x), then, for each ¢ € E,

f(¢) = lim Rl_d}"(vC;Qe(O,R) ®e R) < 00,

R—c0

lim ve(nT) = X{(z.0)20) — X{(z.e)<0} 0 Lige(RY),

n—oo

and

Te(V) = hm T / f(¢
To prove that Z(V) > (e), we will show that f({) > (e) for each ¢ € FE.
In what follows, fix a smooth function 1 : R — [—1, 1] such that

i o) =21, [ (S0P ds <o

s—+oo — 0

and define 7, : R — [—1,1] by 5e(x) = n({(z,e)). Using 7 as boundary condition, let 297 be
the finite-volume surface tension from Section 2.6.1.

Fix ¢ € E. We will apply the fundamental estimate [71, Appendix A]. Fix p > 0 and
define Vy,(p) € R by

Valp) = Q°(0, p~'n) \ Q°(0,m). (3.2)
Observe that
lim n_d/ lve(y) — ne(y)| dy = h / |ve(nz) —n(n(z,e))|dx = 0.
n—o0 Vn([)) < — 00 C

Thus, by the fundamental estimate, there are cut-off functions (¢n),eny € C°(R?) such

that

Yn=1 in Q%0,n), ¥n=0 inR\ QY0,p /2n),
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and, as n — 00,

Ftbnve + (1= 1n)ae: Q°(0, p~ n) < Flug; Q°(0,p7Y20)) + F(ne: Va(p)) + o(n1).

Observe that we can estimate the boundary term as follows:

Flne: Valp)) < / h (én'(8)2 T W<n<s>>) ds - HEH(QE(0, ') \ Q°(0,m))

o \ 2

A _
v (—?7'(8) ¥ W<n<s>>) ds - HOH(QC(0.n)).
[s|>p~1n \ 2
Thus, in the limit n — oo, we find

o(e)p” ! = lim n'"I5)(c, Q0,07 "n))

< lim nl_d]:(z/mvc + (1 — ¥n)ge; Q(0, P_ln))

n—oo

< lim nl_d}"(vc; Qe(O,p_l/Qn))

T n—oo

= f(Qp~ V2,

Sending p — 17, we conclude that a(e) < f(().

Invoking the definition of &(e), we conclude that &(e) > a(e). O

3.1.2  Plane-Like Minimizers

Theorem 19 allows us to relate minimizers of the Lagrangian & to plane-like minimizers of

F. Let us start by recalling some terminology.

Definition 8. A function v € H}OC(Rd; [—1,1]) is called a Class A minimizer of F if

F(v; B(0,R)) < F(w; B(0,R)) for each R > 0 and each w € v + H&(B(O,R)).
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Our interest is in Class A minimizers with the strong Birkhoff property.

Definition 9. Given e € S% 1, a Class A minimizer u of F is called a strongly Birkhoff

plane-like minimizer of F in the e direction if, given any k € Z%, we have
u(-+ k) <u if(kyey <0 and u(-+k)>u if(k,e) >0.

Remark 1. A weaker version of the Birkhoff property requires only that the translate of u
are totally ordered under <, that is, for each k € Zd, either u(- + k) < w or u(- + k) > u.
For the most part, this will not be relevant here, but see Propostion 52 for an example of a
Class A minimizer of F that is plane-like and that possesses this weaker Birkhoff property

but is not strongly Birkhoff according to the previous definition.

It is straightforward to verify that strongly Birkhoff plane-like minimizers are indeed

plane-like:

Proposition 26. Fix e € gd—1 If u is a strongly Birkhoff plane-like minimizer of F, then

there is a constant Cy, > 0 such that

sup {Ju(z) — 1| + || Du(z)|| | (z,e) > R} < e~ Cuf,

sup {[u(z) + 1| + [ Du(a)|| | (z,e) < =R} < e~ T,

This can be proved by arguing as in [73, Proposition 22]; hence the proof is omitted.

Valdinoci proved that F has strongly Birkhoff plane-like minimizers in any direction

ec 41,

Theorem 20 ([90]). For any e € SA=1 " F has at least one strongly Birkhoff plane-like

minimizer u. Furthermore, if u is any strongly Birkhoff plane-like minimizer and n € (0, 1),
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then there is an M(n) > 0 depending only on a, W, and n and an Sy, € R such that
{x e R? | Ju(z)| < n} c {x eR? | Sy < (z,¢) < Su+M(n)}

It turns out that plane-like minimizers have average energy equal to the surface tension.

Theorem 21. Let e € S91. If u is a strongly Birkhoff plane-like minimizer of F in the e

direction, then

g(e) = lim Rl_d/ (l(a(y)Du, Du) —i—W(y,u)) dy.
Q¢(0,R)®R

R—o0 2

Proof. Fix a smooth function 7 : R — [—1,1] such that [ (%n’(s)Q +W(n(s))) ds < o0
and lims 400 7(s) = £1. Denote by 7. : R? — [—1,1] the function 7e(z) = n((z, e)). Using
1 as boundary condition, let Z% be the finite-volume surface tension from Section 2.6.1. The

arguments of Proposition 25 show that

liminf R} 4

R—00 /Qe((L R)o.R (1<a(y)Du7 Du) + W (y, U)) dy > &(e).

In view of Theorem 16, to conclude that equality holds, it is enough to prove that

1
lim sup Rl_d/ (—(a(y)Du, Du) +W(y,u)) dy < lim Rl_dZ%(e,Qe(O,R)).
R—00 Q°(0,R)®cR \ 2 R—o00
(3.3)

To see that (3.3) holds, choose a sequence (vy,),cn such that, for each n € N,

v € HY(QE(0,n)), v —ne € HYH(QC(0,n)),

F(on: Q°(0,m)) = ) (e, Q°(0,m)).

Fix p € (0,1) and define Vy,(p) € R by (3.2). It is convenient to extend v, to Vi (p) by
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setting it equal to 7 there, that is,

v =1ne in Vi (p).

Notice that, by Proposition 26, we have

lim n_d/v( )|vn( y) —u(y)| dy = 11 / )) —u(nzx)|dx = 0.
n{pP

n—oo

Thus, we can apply the fundamental estimate [71, Appendix A]. In particular, there are

cut-off functions (¢n),ey € C°(R?; [0, 1]) such that

Yn=1 inQ°0,n), =0 inR\Q0,p ?n).

and, as n — 0o, we have

n = CF (Ypun+ (1= )u; QE(0, p~n)) < '@ F(v: QC(0, p~2n)) 40 = F(u; Vi (p))+o(1).
(3.4)

At the same time, since ¥pvy + (1 — p)u € u + H&(QB(O, p~1In)), we have
Fu;Q4(0,p7'n)) < Flthnon + (1 = vn)u; Q°(0, p~n)).
By Proposition 26 and the boundedness of Du, we have
F(u; Valp)) < e HTHQE0,n)) + CHHQE(0, p7 ') \ Q°(0,n)) (3.5)
Furthermore, by construction, we can estimate

F(un; Q40 p7n)) < (e, Q(0,n)) + Flges Valp™?)). (3.6)
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Hence, as in the proof of Proposition 25,

lim sup n' =4 F(vy,; Qe(O,p_l/Qn)) < lim nl_ng(e, Q°(0,n)).

n—00 n—00

Sending n — oo in (3.4), we thus find

lim sup n' =9 F(u; Q4(0, p~1n)) < lim nl_dZ%(e, Q°(0,n)).

1
n—00 —0

Since p € (0,1) was arbitrary, upon sending p — 17, we obtain (3.3). O]

3.1.83 Minimizers of 7,

We proceed to show that minimizers of 7 exist. In the rational case, this follows readily

from what we learned about plane-like minimizers.

Proposition 27. For each e € S NRZY, we have
— i d—1 -1 . . mrd—1
£(e) = min {HIH(Qe) I F (1:Qe @ R) | v: T @ R — [-1,1],

(x,e)—+o00

lim  o(z) = il} :
Furthermore, &(e) = a(e) and M(e) is non-empty.
Proof. Choose a ke € Z% such that (ke,e) = re. Suppose that v : Tg_l @e R — [-1,1]

satisfies lim, oy 4o v(z) = £1 in L%OC(Rd). Define functions (v¢)cegr in T4 1 @ R by

ve(x) = v(z + Chy) with £ = FW |

Te

Lift these functions to R x T% via the map V : R x T% — [—1, 1] defined by

V(S7 x) = Uiy e>fs($)'

)
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An exercise shows that V € 2. Furthermore, we can compute

E(e) < T(V)=r.? /0 " HEN(Qe) T F (v Qe @e R) dC = HITH(Qe) M F (03 Qe e R).
(3.7)

This proves that
&(e) < min {HH Qo) T F(1: Qe @e R) | v TE ! @ R — [-1,1],

(z,e)—+o0

lim  v(x) = :I:l} :

To deduce that equality actually holds, let v = u be a strongly Birkhoff plane-like mini-
mizer and define U = V. Notice that dsU > 0 in the distributional sense since u is a strongly

Birkhoff plane-like minimizer. By Theorem 21,
Hd_l(@e)_l}—(w Qe ®e R) =5 (e).

Thus, by Proposition 25, g(e) < &(e) < Z(U) = (e) so equality holds in (3.7). Moreover,
we have shown that &(e) = a(e) and U € M(e). O

Remark 2. In the proof of Proposition 27, we showed that the minimum of F(-; Qe Ge R)
among functions in Tg_l@eR heteroclinic between 1 and —1 is achieved by a strongly Birkhoff
plane-like minimizer. In fact, any function attaining this minimum is necessarily a strongly

Birkhoff plane-like minimizer. For a detailed proof, see [81].
Next, we treat irrational directions.
Proposition 28. If e € ST1\ RZ?, then &(e) = 5(e) and M(e) is non-empty.

Proof. Let u be a strongly Birkhoff plane-like minimizer of F in the e direction. For each
k € 79, define Uk e) by

U o) (®) = u(z — k).
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Since u is a strongly Birkhoff plane-like minimizer,
u<k’e> 2 u<k/,e> if <]€,€> S <k3/,8>.
Thus, since e is irrational, for any ¢ € R, we can define ué‘ and UC_ by

uf (2) = inf ey (@) | ¢> (k) b, ug (@) =sup {uge (@) | ¢ < (he)}.

Notice that (Uzr)ge]R and (ug_)CGR both consist of strongly Birkhoff plane-like minimizers of

F in the e direction. Furthermore, for each k € Z4,

(i+<k7e> (x) = uzt (x — k). (3.8)

u
Define UT, U~ : R x RY — [—1,1] by

+ - =
U (s,y)—u<y,e>7s

(y).

From (3.8), we deduce that U*(s,y + k) = U*(s,y) for each k € Z%. Thus, U and U~
can be seen as functions in R x T%. Since (“E)CER and (UZF)CER are two families of strongly

Birkhoff plane-like minimizers, a direct application of Theorems 19 and 21 gives
Te(UT) = Ze(U™) = a(e).

Note, furthermore, that U* (- + s) — %1 as s — +o0. Therefore, {UT, U~} C 2", and we

conclude that &(e) = a(e) and {UT, U~} C M(e). O

Above we showed that plane-like minimizers of F in R< induce minimizers of .7, in R x T
It is possible to proceed in the opposite direction, constructing plane-like minimizers in R

from minimizers in 7.
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Theorem 22. If U, € M(e), then there are functions U , U; € M(e) with the following

properties:
(i) Ur =U; = U, ae. in R x T%,

(i1) If {ug_}CER (resp. {UE}CER) denotes the family of functions generated by US (resp.
U; ), then the map ¢ — uzL (resp. ¢ — UC_) is right-continuous (resp. left-continuous)

with respect to the topology of local uniform convergence.

(i1i) For each ( € R, the following limits holds

= lim u u, = lim u) = lim u
Wwo I %
+ < n—=C u—C

uzr = lim u;: =
p—¢t p—¢

locally uniformly in RY,
(i) The set P ={( € R | uzr # uc_} is countable.

v) For each ¢ € R and ® € {+, =}, im 400 us(re+ L) = £1 uniformly with respect to
¢
at e (e)t.
vi) If 9 is empty, then Ul = U, € UC(R x T and ( — ug is continuous in the topology
e e ¢
of uniform convergence.

For the proof, see [73, Proposition 21].

Remark 3. When a = Id and W (y,u) = W (u), there is a function q : R — (=1,1) solving
the ODE
—"+W'(¢)=0 inR, lim g¢(s)==1, ¢(0)=0.

s—+oo

102



It is well-known that q is a minimizer of the variational problem

/O:O (%QI(SV + W(Q(S))) ds = inf { /OO (%n/(S)Q . W(n(s))> ds | lim_nls) = £1,

—00

—1§n§1}-

Combining this with a slicing argument, we deduce that the function qe : R? — (—=1,1)
defined by qe(x) = q((x,e)) is a Class A minimizer of F. In fact, it is a strongly Birkhoff
plane-like minimizer. It follows that if we define Ue(s,y) = q(s) for any e € SA=1 " then

Ue € M(e).

3.1.4 Uniqueness and Non-Uniqueness

Since 7 is not coercive, minimizers are not unique (modulo translations) in general. Actu-
ally, the arithmetic properties of e are the deciding factor here. Roughly speaking, minimizers

of Z¢ are unique modulo translations precisely when e is irrational.

Theorem 23. IfU,U € M(e) and e € ST 1\ RZY, then there is a § € R x T such that

Uls,y) = U(s+38,y) fora.e. (s,y) € Rx T,
Proof. By Theorem 22, there is no loss of generality if we assume that U and U are such

that the associated functions {u¢}cer and {f¢}ccp are right-continuous with respect to (.

Furthermore, [73, Proposition 13] implies that we can find an § € R such that

U(é,y)dyz/ U(0,y) dy.
Td Td

We claim that U(s + 3,y) = U(s,y) a.e. in R x T Since U(-+35,-) € M(e), there is no loss

of generality in assuming that § = 0. After making this translation, it remains to prove that
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U="U a.e.

Define U = U VU and U = U AU. By [73, Lemma 2], U,U € M(e). Hence if we define
(i¢)cer and (uc)cer by Ue(w) = U({z,e) = ¢, ) and uc(z) = U((z,e) — ¢, ), then every
element of the families {u¢}ccr and {u¢}cecg is a critical point of F. Since us < ¢, the
strong maximum principle implies that either us = a; or us < @¢ in RY (cf. [39, Corollary
A.3]). To conclude, we will assume that there is a ¢’ € R so that uer = uer < Ugr = uer and
show that this leads to a contradiction. (If instead Uer = uer < Ugr = ugr, switch the roles of
Uand U.)

From the identity ue < ¢, we know that
uC'Jr(k,e) = UC/( - k‘) < ﬂg/( - k) = ﬂC’Jr(k,e) for each k € Zd.

Thus, since {(k,e) | k € Z9} is dense by Theorem 11 and both ¢ — uc and ¢ — ¢ are
right-continuous, we deduce that u; < @ for each ¢ € R. Of course, by the strong maximum
principle, for any given ¢ € R, we must have either us < u¢ or ue = 4¢. But we know the
inequality is strict when ¢ = ¢/ so it must always be strict. (Otherwise, if Ugn = Ugn for some
¢" € R, we use the density of {¢” + (k,e) | k € Z%} to obtain the contradiction uer = gr.)

Integrating over {0} x T%, we obtain

0< /]I‘d (ﬂ@,e)(y) —U<y,e>(y)> dy

= [ (00,0~ vty =o.

This contradiction shows u¢ = 4, for all ¢ € R, hence U = U. [

When e € R x Z¢, then minimizers are no longer translates of each other. A quick way
to see this is to consider the spatially homogeneous case when a = Id and W (y,u) = W (u).

Fix an e € S9N RZ?. Recall from Remark 3 that there is a U, € M(e) of the form
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Ue(s,y) = q(s). The corresponding plane-like minimizers {u¢};cg are given by
ue(@) = g((z,¢) = O).
At the same time, let h : R — R be any strictly increasing function such that
h(C+re) =h(()+re foreach ¢ € R. (3.9)

Define {U}CL}CGR by

ul(z) = up ) (@).

Notice that {ulg}CER is simply a reparametrization of {u¢}ccr. Finally, define Ul RxR? —

UM (s,y) = ugy ey s(v).

It is an exercise to show that U” descends to a function in R x T¢. A straightforward
computation then shows that U" € M(e).

By construction and an explicit computation, U h'is not equal to a translate of U unless
h is of the form h(() = ¢ + a for some a € R.

The previous discussion can be generalized.

Proposition 29. Suppose ¢ € S NRZ and let ro > 0 be the constant given by (2.7).
Fiz U € M(e) for which the corresponding functions {u¢}ccr are right-continuous with
respect to ( as in Theorem 22. If U generates more than one function, that is, if there is a

C1 € (0,7¢) such that ug # u¢, # ur,, then there is a U € M(e) that is not a translate of U.

See [73, Proposition 25| for the proof.
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3.1.5 Non-Smoothness

In general, minimizers of 7 need not be smooth. The reason for this is that if U € M(e)
is smooth, then the corresponding plane-like minimizers {u¢}ccr form a smooth, one-
parameter family of minimizers of F. To put it another way, the smoothness of U implies
that F has a family of minimizers whose graphs foliate R% x (—=1,1). In Aubry-Mather
theory, the existence and/or non-existence of such foliations is known to be a non-trivial
issue.

Aubry-Mather theory therefore suggests that minimizing weak solutions of the pulsating
standing wave equation (3.1) will not be smooth in general. We refer to [73] and [51]
for examples. Nonetheless, that still leaves the question whether or not there are smooth
pulsating standing waves that are not minimizing.

The next theorem rules this out. If U is a smooth solution of the pulsating standing wave

equation (1.4), then it is necessarily minimizing. (In fact, continuity is enough.)

Theorem 24. I[fe € ST and U € C(R x T [—1,1]) is a weak solution of the pulsating
standing wave equation (1.4), then U € M(e) and the critical points {u¢}cer of F generated
by U are strongly Birkhoff plane-like minimizers. In particular, this applies to the pulsating

standing waves of [16, Equation 6.8].

We must emphasize that, in the theorem, monotonicity of U in the s variable is part of

the hypothesis.
Proof. Assume that U € C(R x T%: [—1,1]) satisfies D} (a(y)DeU) + Wy(y, U) = 0, dsU > 0
in the distributional sense in R x ']I‘d, and

lim U(-+s,-) =41 in LL (R x T9).

s—+oo

Let {u¢}¢er be the functions generated by U. Arguing as in the proof of [73, Proposition 20],

we find that for a.e. ( € R, the function u, is a distributional solution of —div(a(z)Duc) +
106



Wu(x,ue) =0 in R?. Since (z,¢) — u¢(z) is bounded and continuous, every member of the
family is necessarily a distributional solution, and the smoothness of the coefficients implies
that {u¢}cer € C2(RY).

Fix ¢ € R. We claim that u¢ is a Class A minimizer of 7. To see this, fix R > 0 and

pick w € H'(B(0, R); [-1,1]) such that

Flw: B0, R)) = inf { Flug + f: BO.R) | f € C(B0. R);[~1.1))}.

w = u¢ on 9B(0, R).

By elliptic regularity, w extends to a continuous function in B(0, R) (cf. [56, Theorem 8.34]),

and the strong maximum principle (cf. [39, Corollary A.3]) implies
—1 < min {w(az) | v € m} < max{w(x) | € W,R)} < L
Henceforth, let (1, (s € [—00, 00| be defined by
(1= sup{(’ €ER | u¢r > w in B(O,R)}, (9 = inf{(’/ €R | uer < w in B(O,R)}.

Since u¢ — %1 locally uniformly as ¢ — %00, it follows that —oo < (1 < (2 < 0.

From the inequality u¢, > u¢ on dB(0, R) and the ordering of {u¢}ccr, we know that
(1 < (. Similarly, ¢ < (o. In particular, this implies Ug, < ue < ug in R4,

We claim that u¢, = uc = ug, in RY. To see this, observe that the map (z,0) = uc(w) is
continuous, and, thus, there is an 1 € m such that ug, (x1) = w(x1). Since ue, = w,
the strong maximum principle implies that we can assume without loss of generality that
z1 € OB(0, R) (see, e.g., [39, Corollary A.3]). Thus, u¢, (71) = u¢(z1). Since ue and ug, are
solutions and u¢; > u¢ in the whole space, we conclude that u = ug,. A similar argument

shows u¢, = u¢. Since ug, <w <wu¢ in B (0, R) by construction, this implies ue = w.
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We showed that if ( € R and R > 0, then
Flug; BO,R)) = inf {F(u¢ + f: BO,R)) | f € CX(BO,R);[-1,1])}.

Therefore, {u¢}cer is a family of Class A minimizers of F.
Finally, we prove that U € M(e). To start with, recall that ;U > 0, hence, for each

(eRandk e Zd, we have
u<( + /{) = UC—(ke) > u¢ if <k,€> >0, u<( + k) = UC—(ke) < u¢ if <k,€> < 0.

Since, by what was already proved, {u}¢ecr consists of Class A minimizers, this proves they

are strongly Birkhoff plane-like minimizers. Therefore, by Theorem 21,

lim Rl_d}"(uC; B(0,R)) = &(e) for each ¢ € R.

R—o0

Thus, by Theorem 19, 7 (U) = &(e) and we conclude that U € M(e). O

3.2 The Mobility

In this section, we define the mobility M. Following [16], we would like to define it by

M(e) = ||0sUe for some Uy € M(e) with dsU, € L*(R x T%). When no such

122 @ocre)
minimizer exists, we set M (e) = co. However, this is not well-defined if e € Ssd=1 ARz,
The difficulty becomes apparent when we recall the construction in Section 3.1.4. Recall
the definition of the period r¢ in (2.7). Suppose that U € M(e) and HaSUH%Q(Rde) < 00.
If we fix an increasing h € Hlloc(]R) such that h(C 4 r¢) = h(¢) + re and define UM € M(e)

as in Section 3.1.4, then

a,UM = el/me {’Hdl ¢ 1/
| HLQ(Rde) m 0 (Qe) 0
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Since the only restriction on the choice of h is that me_1 Ome h'(¢)d¢ = 0, this quantity
appears to depend on this choice in general.
Nonetheless, the following definition turns out to be useful. To start with, givene € S d-1
define M (e) by
M(e) = inf{H&sUH%z(RXW) | Ue M(@}. (3.10)
Let us emphasize that, in this definition, the infimum is only necessary when e € RZ? since

otherwise the minimizer is unique up to translation.

3.2.1 Deriwative of the Surface Tension

It turns out that if M(e) < oo in some direction e € S9=1 then & is differentiable in that

direction.

Theorem 25. Given any e € Sdil, if M(e) < oo, then & is differentiable at e. Furthermore,

if Ue € M(e) is such that ”85UBHL2(RXTC[) < 00, then

Da(e) = /IR{ i a(y)DeU - 05U, dy ds. (3.11)
X

Proof. We know that & is a convex function. Therefore, it suffices to prove a one-sided

Taylor estimate of the form
o(v) <a(e) + (p,v—e) +o(llv—el])

for some p € RZ. If such an estimate can be obtained, then necessarily & is differentiable at
e and Da(e) = p.

Recall the definition of .%, for arbitrary v € R?\ {0} from [73, Remark 2]. Given any
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v e R\ {0}, testing with U, gives

ag(v) < Z(Ue) = Te(Ue) + (a(y)DeUe, v — €)0sUe dy ds

RxTd
+ .
RxTd

{a(y)(v—e),v— 6>|35Ue|2 dy ds.
Thus, since Z¢(Ue) = 7(e), we find

N —

5(v) < {e) + (p(e), v — &) + AJOU 2 g a0 — el

with p(e) given by the right-hand side of (3.11). O

3.3 Counter-examples to Equipartition of Energy

In this section, we use analysis in R x T to address a question raised by Choksi, Fonseca, Lin,
and Raghavendran [33] concerning equipartition of energy. More precisely, recall that, in the
spatially homogeneous setting, the strongly Birkhoff plane-like minimizers in the direction e
are of the form u¢(z) = q((z, €) — (), where ¢ is the solution of the ODE

—¢"+W'(¢)=0 inR, lim gq(s)=+oo, ¢(0)=0.

s—+o00

This is a Hamiltonian ODE, hence the function s — %q/(s)2 —W(s) is constant. As |s| — oo,
it vanishes. Therefore, so-called equipartition of energy holds: if u; is a strongly Birkhoff

plane-like minimizer, then

%HDuCHQ — Wi(u) inRY

In plain English, the two terms in F contribute equally to the energy.
A natural question is whether or not equipartition of energy holds in the periodic setting.

In [33], the authors proposed a method for approximating the surface tension based on energy
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equipartition in the special case where a and W satisfy
a=1d, W(yu) = 0()W (),

where 6 : T4 — (0,00) is smooth. Their method involves computing the average energy of

the function ue given by

ue(z) = q(he(z)),

where he is the signed distance to the hyperplane {x € R? | (z,e) = 0} with respect to the
Riemannian metric induced by v/0. More precisely, he is the unique viscosity solution of the

Eikonal-type equation

IDhe| = /0(y) =0 in {z e R | (z,e) >0},
he =0 on {zeR?| (z,e) =0},

VOW) — || Dhe|| =0 in {z e RY | (z,e) < 0}.

Notice that with this choice of he, ue has the equipartition property, namely,
1 2 .
S Ducl> = 0u)W (ue) i B

Following [33], let us denote by A(e) the average energy of ue, that is,

MO = Jim B (DRI 0V ) b (612)

R—o0

A(e) is proposed as an approximation of g(e) in [33], and the question is raised whether or
not A(e) = (e) for some choices of e and 6. The next result shows that A(e) is well-defined

and A\(e) > d(e) always holds for non-constant 6.

Theorem 26. For each e € S, the limit in the definition of A(e) exists. Purthermore,

Ae) > a(e) holds if 0 is non-constant.
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The theorem will be proved in two parts corresponding to rational and irrational direc-
tions.
In the proof, it will be useful to know that he grows linearly at large scales. Toward that

end, the next result is enough for our purposes.

Proposition 30. Let § = min{f(y) | y € T%} and 6 = max{A(y) | y € T}. For each

Y€ ']Td, we have

0¢y, e)] < |he(y)| < 0l(y. e)].

The proposition follows directly from the comparison principle, hence the proof is omitted.

3.8.1 Rational Case

The proof of Theorem 26 is easier in the rational case (that is, when e € ]RZd) due, in effect,
to compactness. Notice, for instance, that he descends to a function in Tgfl @e R by the

comparison principle and the periodicity of . From this, it follows immediately that

lim R4 /
R—oo Qe(0,R)®R

_ Hd_l(Qe)_l/

Qe®eR

(31000 HIP + )W (g o)) )

(21500 1@ + W (a0 ) ) .

Notice that this allows us to bound A(e) using Proposition 27.

The proof that follows was pointed out to me by W.M. Feldman.

Proof of Theorem 26, rational case. The discussion just preceding this proof shows that the
limit (3.12) is well-defined. It only remains to prove that if 6 is non-constant, then A(e) >
a(e). Let us argue by contrapositive.

Assume that A(e) = a(e). We claim that this implies 6 is a constant. To prove this, we
will show that —Ahe = 0 in R?. Lemma 16 in the appendix then implies that # must be
constant.
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Recall that u, is the plane-like function defined by ue(z) = q(he(x)). From the discussion

preceding this proof, we know that ue descends to a function in Tg_l Pe R and
HI Qo) 1 F(ue; Qe ®e R) = Ale) = (e).
Furthermore, Proposition 27 and the limit limg_y4 0 g(s) = %1 together imply that

lim ue(-+ se) = +£1 locally uniformly in RY.

s—F00

Thus, by Proposition 27, ue is a minimizer of F(-; Qe ®¢ R) among periodic functions hete-

roclinic between —1 and 1, and it satisfies the Euler-Lagrange PDE
—Aue + 0(y)W (ue) =0 in RZ
Since ue = q o he and || Dhe||? = 6 a.e., the equation above can be rewritten as
0=—¢"(he)0(y) — ¢ (he)Ahe + 0(y)W' (q(he)) ace. in RY
Recall from the start of this section that %q/(s)2 = W(q(s)), hence

0= —q'(he)Ahe ae. in RY.

It is a fact that ¢’ is positive everywhere (see, e.g., [72, Appendix C.1]). Thus, —Ah, = 0 in

Rd, as claimed. O]
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3.3.2  Irrational Case

In the proof of the theorem below, to lighten the notation, we will write
¥ = {yERd | {y, e) :g} for e € S4°L, ¢ € R.

In addition to he, it will be convenient to consider the full family of functions (hg)CeR defined
so that hg is the signed distance to Eg with respect to the Riemannian distance induced by

V0. In other words, for each ¢ € R, hg is the solution of the Eikonal equation:

IDRS| — /B(y) =0 in {y e R? | (y,e) > 0},
B =0 on X8,

VOW) — |Dhe| =0 i {y e R | (y.e) < 0}.

The reason we consider (hg)CER is these functions naturally lift to R x T%, which makes
analyzing the limit in the definition (3.12) of A(e) easier. The existence of this lift is implied

by the next result.
Proposition 31. (i) If k € Z¢, then hg_<k’e> () = hg(:v + k) for each x € R,
(i) ¢ — hg is uniformly continuous in the following sense:

5513+sup{|h§<x>—h£ (@) | zeR:, €= <o} =0,

(iii) For each ¢ € R and y € RY,

The proposition follows readily from the comparison principle and the periodicity of 6,
therefore, the proof is omitted.

In order to regain some compactness and periodicity, it is convenient to lift the functions
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(hg)CER to the cylinder R x T¢.

Proposition 32. There is a He € UC(R x T%) such that
he(z) = Ho((z,e) — C,x) ifz € RY, ¢ € R. (3.13)
Proof. Define H. : R x RY — R by
He(s,y) = h"~*(y).

Since (¢,y) — ({y,e) — (,y) is an involution, (3.13) holds.
Note that Proposition 31, (i) implies that H, is periodic in its second argument.

Finally, by Proposition 31, (ii) and (iii), He is uniformly continuous. O

We are ultimately interested in ¢ o hg rather than hg. Accordingly, it will be useful to
define Q. € UC(R x T%) by

Qe(s,y) = q(He(s,y)).

Hence the following identity holds:

q(hé(2)) = Qe({z,€) — ().

The next result links the action of De in R x T? to differentiation in R%:

Proposition 33. For a.e. (s,y) € R x R%, we have

(DeHe)(s,y) = DRI 5 (y),

(DeQe)(5,y) = ¢ (W 5 (y)) DAY 5 ().

Proof. We know that Dhg(a;) exists for almost every (¢,z) € R x R?. Accordingly, if F is
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the set of such points, then the set F' given by
F={(s,y) eRx R | ({y€) —s5.9) € B},

has full measure in RxR?. (The transformation (s, y) — ((y, €)—s, y) is measure-preserving.)

Note that if (s,y) € F, then
He(s+h-vy+h) = b5+ ) = B9 (y) + DAY 75(y) - h+o(h) as ||h] — 0.
This proves that DeHe(s,y) exists and is given by the indicated formula.

The formula for D.Q¢ follows from the chain rule. O

We now apply Theorem 19 to Q)¢ to deduce the well-definedness of \.

Proposition 34. For each e € S%1\ RZ?, the number A(e) is well-defined in (3.12). In

fact, for each ¢ € R,

3= [ (51l +owi@o) dyas

= lim Rl—d/ (%HD(qohé)HQ+9(y)W((qohg))> da. (3.14)
Q¢(0,R)®R

R—oo

Proof. The strategy is to define A(e) by

wer= [ (GIDel? +ow@)) dyds (3.15

and then to show that this agrees with (3.12) by invoking Theorem 19.
Integrability: We start by showing that %HDGQGHQ + 0(y)W(Qe) is integrable. To start

with, recall that %q’(s)2 = W (q(s)) for each s € R. Thus, by Proposition 33,

1 / .
§||DeQe||2 + ()W (Qe) = 0(y)d (H,)? ae. inR x RY.
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We know that 0 < ¢/(s) < el for some ¢ > 0 (see, e.g., [72, Appendix C.1]). Furthermore,
if § = min{f(y) | y € T?} and # = max{f(y) | y € T}, then the comparison principle

implies that

From this, we deduce that

1 _
/ <—I|DeQe||2 + 9(y)W(Qe)> dy ds < 9 / e 28l dy ds < oo.
RxTd \ 2 R xT¢

Hypotheses of Theorem 19, (iii): We check that the function V' given by

Vi(s,y) = %H(DeQe)(Sa DII? + 0()W (Qe(s,y)) = 0(y)d (He(s, y))>.

satisfies the assumptions of Theorem 19, (iii).
The previous part of the proof showed that V € Ll(R X ']I‘d). Since ¢’ and H, are both

uniformly continuous, V' € UC(R x Td). Furthermore, if G : T? - R is given by

G(y) = /_Z V (s, se+y)ds,

then

0<V(s,set+y) = Q(y)q/(He(s, se + y))2 < fe—2¢lsl

so the dominated convergence theorem implies that G is continuous.
Conclusion: We showed that V' satisfies all the hypotheses of Theorem 19, (iii). Accord-

ingly, for each ¢ € R, the limit in (3.14) exists and equals (3.15). O

Proof of Theorem 26, irrational case. Suppose that e € Gd-1 \RZd. The previous propo-
sition shows that A(e) is well-defined. It remains to show that A(e) > &(e) unless 6 is

constant.
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Let us argue by contrapositive, that is, we will assume that A\(e) = G(e) and prove that
6 must be constant.
Assume that A(e) = a(e). It follows from Proposition 34 that Q. minimizes Z (i.e,

Qe € M(e)). Therefore, Q¢ is a weak solution of the pulsating standing wave equation
DiDeQe + ()W (Qe) =0 in R x RY.

(See the proof of [73, Proposition 20].) Recalling that Q. = q o H and | DeHe|?> = 6 a.e.,

this implies that, in the distributional sense,
¢ (H)D!DeH, — ¢"(Ho)0(y) + 0(y)W' (¢(H,)) =0 in R x R?.
At the same time, we know that ¢ satisfies —¢” +W/(¢) = 0 in R, so cancellation yields
—¢'(H)D!DeHe =0 in R x RY.
Thus, arguing as in [73, Proposition 20], we deduce that, for a.e. { € R,
—¢ (R$)ARS =0 in RY

We know that ¢’ is positive everywhere so this implies —Ahg = 0in RY for all ¢ € R. Finally,

we invoke Lemma 16 in the appendix to conclude that # is a constant function. O

3.4 Notes

In the proof of the existence of pulsating standing waves, we used the fact that strongly
Birkhoff plane-like minimizers exist in every direction. This question was considered by a

number of different authors from a variety of viewpoints. This includes contributions of
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Alessio, Jeanjean, and Montecchiari [2], Rabinowitz and Stredulinsky [81], and Valdinoci
[90]. Later, it was understood that existence also follows from the fundamental work of
Bangert [9]. The fact that Allen-Cahn-type functionals fit into the framework of Bangert’s
work is explained in both the book of Rabinowitz and Stredulinsky [82] and the paper by
Junginger-Gestrich and Valdinoci [60].

For a proof of the existence of pulsating standing waves that does not rely on the existence
of plane-like minimizers of F, see [73]. The proof given there also does not require any
regularity on a or W.

The functional .7 is closely related to the so-called Percival Lagrangian in the Aubry-
Mather and Moser-Bangert theories; see, for instance, Moser [74], Bessi [20], and de la Llave
and Su [88].

In Section 3.2.1, we computed the derivative of the surface tension in directions in which
there is a sufficiently regular pulsating standing wave. It is expected that the subdifferential
of the surface tension can be completely characterized in terms of the structure of plane-
like minimizers. Results of this type are known in the Aubry-Mather and Moser-Bangert

theories, notably the works of Senn [85, 84] in the latter context.

119



CHAPTER 4
SHARP-INTERFACE LIMIT IN LAMINAR MEDIA

In this chapter, we prove Theorem 2, a sharp-interface limit for graphical interfaces in laminar
media. More precisely, we are interested in the ¢ — 0 asymptotics of the gradient flow
m(e Lo, eDu)u§ — div(a(e 12)Duf) + e 2Wy(e 1z, uf) =0 in R% x (0, 00),

(4.1)
uf =ug on R% x {0}.

in the special case when m, a, and W are laminar, which, for concreteness, we take to mean
my, =0, ay, =0, Wy, =0. (4.2)

In plain English, m, a, and W are independent of the dth spatial coordinate y,.

There are two major pay-offs here. First, the theorem gives examples where (4.1) ho-
mogenizes with a non-trivial effective interface motion emerging in the limit. Second, we
show below that an Einstein relation describes the effective velocity. In particular, the

homogenized velocity is determined by the formula

Vor, = M(m.ngg,) 't (D25 (naEt)AaEt> 7

where & is the surface tension, as defined in the last two chapters. Thus, Theorem 2 shows

that, at least in this setting, “gradient flow and homogenization commute.”

4.1 Formal Asymptotics

We will not give the full proof of Theorem 2 here; see [73] for all the details. However, in
this section, we will describe the formal asymptotics that motivate the proof. Later sections

of this chapter are devoted to the analysis of pulsating standing waves and correctors, which
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is needed to make the formal analysis rigorous. The final section explains why it is possible
to tie together these ingredients into a proof in the special case when the interface is a graph
crossing the laminations.

The formal analysis described below was originally devised, in the spatially homogeneous
setting, by Rubinstein, Keller, and Sternberg [83]; the specific approach used here for the

periodic setting was introduced by Barles and Souganidis [16].

4.1.1  Preliminaries

Recall that we expect that there are open sets { E}};>( such that
{u(t)~ 1} = B and {u(-,t) = =1} 5 RINE; ase— 07T

The question is the identification of {E}};>0. Let us hypothesize that it is governed by a

geometric flow of the following form:

M(m,ngp,)\Vog, = tr (S(nog,)AsE,) - (4.3)

Here S and M are effective coefficients, which we expect to appear in the sharp-interface
limit due to averaging.

Since we are arguing formally, we will assume the sets { £} };>0 have smooth boundaries,
which vary smoothly as functions of ¢.

To relate the solution u€ of (4.1) to the macroscopic interface 0Fy, we will use the signed

distance function d : R% x (0,00) = R to {E}}>0, defined by

dist(z,0Fy), if x € Ey,
d(z,t) = (=, 0E1) !
—dist(z, 0Fy), otherwise.
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Note that the smoothness of the evolution {E;};>0 implies the smoothness of d locally near

points on the interface, and (4.3) holds if and only if d satisfies

M(m, Dd)dy — tr (S‘(Dd)D2d) —0 on | JoE x {t}. (4.4)
t>0

4.1.2  Asymptotic Expansion

Following [16], let us formally expand the solution u¢ of (4.1) as follows:

e 0) = Upatag (7w, 7o) + Qi) (. te) )
+ €Pgt(§(xafg) (6_]-d<.,1:7 t), 6_11') + o

Here {Ue}, cgd-1, {Qg(}(e,X)ESd_led , and {Pg}(aq)esd_lxR are functions to be deter-
mined and d is the signed distance to {E}}4>( as above.

We search for {Ue}, {QX}, and {P?} among functions that are periodic in the second
variable, reflecting the periodicity of the coefficients m, a, and W. Hence we fix the domain
of these functions to be R x T¢.

In what follows, we will assume everything is smooth, including not only the evolving
sets {Ft}y>0, but also the functions {Ue}, {QX}, and {PJ} and the dependence of these
functions on the parameters (e, X, q).

For the ansatz (4.5) to produce a solution of (4.1), we require that
0 = m(e ta, eDuf)uf — div(a(e 12)Du) + e 2Wy (et uf) = e 2A1 + e 1A+ ..., (4.6)

where the neglected terms are of lower order in e.
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4.1.3  Vanishing to order ¢ 2.

Setting A; = 0 and substituting y = ¢ 1z and e = Dd(x,t) leads to the following equations
for {Ue}:
D (a(y)DeUe) + Wu(y,Ue) =0 in R x T%. (4.7)

At the same time, away from the interface 0Ey, we know that u¢ ~ 1 in E; and u¢ ~ —1

outside. That suggests the limiting condition

lim U, — 41,
im e(s,v)

Finally, it is convenient to add the monotonicity assumption dsU, > 0. Thus, we arrive
precisely at the pulsating standing wave equation (3.1) from Chapter 3.

Next, we set A9 = 0 and proceed similarly. At this stage, derivatives of the map e — U,
appear. In order to obviate the need for calculus on manifolds, it is convenient to extend

{Ue}pcga—1 to {U’U}veRd\{O} according to the rule (cf. [73, Remark 2])

v
U(s,y) = Ue(|[vlls,y)  for e = ol

Next, to simplify the notation, we define the vector-valued functions { Ry}, R\ {0} to be the

derivative of v — Uy, hence

(Bo(s,9),€) = lim Zerhes:9) = Uuls:y)

for (s,y) € R x T?, ¢ € RY. 4.8
Jim h or (s,y) 3 (4.8)

4.1.4  Vanishing to order e .

We now proceed to investigate the consequences of the identity A9 = 0. Making the substi-
tutions

y:€_1x> GZDd(.’L',t), X:DZd(mat)> q:dt(l',t),
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we derive the equation
D (a(y)De(Q7 + PE)) + Wunly, Ue) (QF + FE) = G(s,y,e, X,q) inRxT?,  (49)
where G is given by

G(S7 Yy, €, Xv Q) = Gl(S, Yy, e, X) - GQ(Sa Yy, €, Q)a
G1(s,y,e,X) = tr (a(y)X) OsUe + 2(a(y)e, XOsRe(s, y))
+ 2tr(a(y) Dy Re (s, y)X) + ((diva)(y), X Re(s, y)),

Ga(s,y,e,q) = qn(y, DeUe)0sUe.

The question now is the solvability of the linear equation (4.9).
Here is where M and S come into the picture. There is a natural solvability condition

associated with equations of the form
D¥(a(y)DeP) = F(s,y) in R x T%

To see this, first, notice that differentiating (4.7) with respect to s shows that the function
Ve := 05U, solves the linear PDE

D} (a(y)DeVe) + Wuu(y, Ue)Ve =0 in R X T¢,
Hence, multiplying the previous equation by V, and integrating by parts, we obtain

0= / (Di(a(y)DeVe) + Wyu(y, Ue)Ve) Pdy ds = / F(s,y)Ve dyds.
RxTd RxTd
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Due to this solvability condition, we are led to the following equations for Qg( and PJ:

'DZ(a(y)Dng() + Wauu(y, Ue)Qg( = G1(s,y,6,X) — G1(e, X)9sUe  in R x Tda (4.10)

Dé‘(a(y)DePg) + Wau(y, Ue)Peq = - [G2(87y7 e,q) — a2(€a Q)asUe} in R x T, (4.11)
These equations are solvable only for the constants G and Gg given by:

Gi(e, X) = ||Ve||g§(Rde) /R o Ve (tr(a(y)X)Ve + 2(a(y)e, XOsRe) + 2tr(a(y) DyRe X)
+((diva)(y), X Re)) dyds,

Galest) = alVell By [l DUVl s
X

By linearity in X and ¢, we can fix a symmetric matrix-valued function S and a positive

function M such that

w(S(0)X) = Trle, X)IVelZaggpay. MOm,€)a = Gale,a) [VellZagepay

Finally, in order for the sum PeX + PJ to solve (4.9), we require that G (e, X)—Ga(e, q) =

0, which, rewritten in terms of d, yields the equation
M(m, Dd(z,t))d¢(z,t) — tr(S(Dd(x,t))D2d(:c,t)) =0,

which is precisely the PDE we sought to derive.

4.2 Smooth Pulsating Waves in Laminar Media

In the remainder of this chapter, we will indicate how the formal asymptotics presented in
the previous section can be made rigorous in the setting of Theorem 2. To begin, we will

show that, in laminar media, smooth pulsating standing waves always exist in directions
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that cross the laminations. Furthermore, these pulsating waves can be parametrized so that
they vary smoothly with respect to the direction, just as was assumed above.

To motivate what follows, observe that it is not unreasonable to postulate that a pulsating
standing wave U, should have the same symmetries as the coefficients. Hence if (4.2) holds,
then we might expect Ue to have the same property, namely, (Ue)y, = 0. In the case that
e € 841\ (e;)L, when we consider the plane-like minimizers {u¢}cer generated by Ue, we

find that

ug() = Ue((w,¢) = ¢,)
= Ue ({2.) = o = Cleg.e) tea)

= up(z — (leg, ) 'eq)- (4.12)

Thus, dcue = (ed,e>_1(u<)y 4, and so elliptic regularity implies that dcu¢ is smooth. In

particular, this makes U, smooth in the s variable, hence in all the variables.

4.2.1 Laminar Pulsating Standing Waves

Let us show that, indeed, when the coefficients are laminar (i.e., (4.2) holds), it is possible
to find a laminar pulsating standing wave in directions that cross the laminations.
>J_

Proposition 35. Given any e € S41 \ (eq)—, if the laminarity assumption (4.2) holds,

then there is a unique U, € M(e) such that (Ue)y, =0 and [14 Ue(0,y) dy = 0.

For the rest of the chapter, we will always denote by U, the laminar minimizer from this
proposition.

To prove the proposition, we will use the following observation. In general, for an arbi-
trary e € S, the function (a,p) + |Jae + p||? is not coercive in R x R?, the tangent space
of R x T, However, if we fix an ¢/ € S%1\ (e;)* and restrict attention to the subspace

R x (eg) of R x R then there is a continuous function p : S41\ (eg)t — (0,00) such
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that
lae’ + p||* = [(¢/,eq)*a® + [[(¢ — (¢, eq)eq)a+ p||* > p(e)(@® + ||p]|?). (4.13)

Notice that this implies that if V' € Llloc(R x T%) and Vyy = 0, then

2 2 2
1DV I s gy = 80D (105V IR gsepay + 1DV 122 2 0pa ) - (1.14)
Put simply, the semi-norm ||De/\/'||%2 (RxTY) is coercive on laminar functions V.
In light of the previous considerations, it is useful to think of functions V' € Llloc(R x T

with V,,, = 0 as functions in R x Td-1, Indeed, given such a function V', there is a Ve

Ll

loc

(R x T91) such that

V(Sa (y17 cee 7yd—l7yd)) = V(S7 (ylv cee ayd—l)) for a.e. (57 (ylv cee 7yd—17yd)) € R x Td‘

Hence we may as well treat V' as a function in R x Td-1,
This is useful in the context of Proposition 35 since if V' € M(e) and Vy, =0, then V is

a solution of the uniformly elliptic PDE
D¥(a(y)DeV) + Wu(y, V) =0 in R x T L,

The uniform ellipticity of this PDE is a consequence of (4.13).

Proof of Proposition 35. To start with, suppose that e € gd—1 \RZd and fix U € M(e). We
claim that Uy, = 0. Indeed, due to the laminarity assumption (4.2), given any a € R, the
function U@ given by U@ (s, y) = U(s,y + aey) satisfies U@ € M(e). Furthermore, by

translation invariance,

/U(O‘)(&y)dy:/ U(s,y) dy
Td Td
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Therefore, by uniqueness (Theorem 23), it follows that U(®) = U a.e. in R x T%. Since o was
arbitrary, we deduce that Uy, = 0. We therefore obtain U, by setting Ue(s,y) = U(s+s0,¥)
with sp € R chosen so that [ U(sg,y)dy = 0.

Finally, if e € S9! N RZ?, then there is a sequence (vy)pey € S1\ RZ? such that
e = limy, 00 V. Notice that (v),>n C R\ (e4)t provided N is large enough.

By coercivity (4.14), (U, )nen converges along subsequences in Llloc(R x T%) and point-

wise a.e. That follows from the bound

1(vn) <||38UVnH2L2(Rde) + ||DyUVnH2L2(Rde)) < T, (Upy,) = (vn).

Suppose, then, that V' = lim;_, ., Uynj along some subsequence (n]) jen © N. By Fatou’s
Lemma,

Te(V) < liminf .7,

] n; (Ui ) = 0(€).
J—00 J J

At the same time, we know that de V(0,y)dy = 0 so V is not constant, and dsV > 0 so
limg 5400 V(s,y) = £1 must hold. In particular, V' € 2" and Proposition 27 implies that
Ve M(e).

Finally, let us prove that the function U, as above is necessarily unique. Suppose that
Ue is another such function, that is, Ue € M(e), (Ue)y, =0, and [ Ue(0,y) dy = 0. Since
these functions are laminar, we can consider them as functions in R X Td-1 by neglecting

the dth coordinate. We know that U, and U, are both solutions of the Euler-Lagrange PDE
D (a(y)Del) + Wy(y,U) =0 in R x T,

By coercivity (4.13), this equation is uniformly elliptic in R X T4-1, In particular, it has a
strong maximum principle. It is straightforward to show that Uy, = Ue A Ue and Uppax =
Ue V U, are both still minimizers, and Upmin < Umax obviously holds. Hence, by the strong

maximum principle, Upin < Umax OF Upin = Umax. The latter case implies Up = U, as
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desired. Otherwise, we either have U, < Ue or Ug > Ue in R x Td-1 (since the Euler-
Lagrange equation, being uniformly elliptic, makes U, and U, continuous in R x ']I‘d_l).

However, neither of these are possible since [1q Ue(0,y) dy = [ra Ue(0,y) dy = 0. O

We showed above that U, can be considered as the solution of a uniformly elliptic PDE
in R x T9L, Tt follows by elliptic regularity that U, is smooth. Let us record this fact here

for completeness:

Proposition 36. For any e € S9=1\ (eg)t, the minimizer U, of Proposition 35 is in

C®(R x T 1.

4.3 Derivatives of U,

By invoking the bounded width property of plane-like minimizers, we obtain

Proposition 37. Given e € S\ (eg)L, let U, be the minimizer of Proposition 35 and let
(uE)CER be the plane-like minimizers its generates. There are constants C,v > 0 independent

of e such that

ug(z) — 1| < Ce =0,

ug(z) + 1] < cer{mer=0),

Proof. To start with, fix a § € (0,1) such that Wy, (y,u) > § for each v € (=1,-1+ ) U
(1 —46,1) and every y € T

Observe that the normalization [r4-1 Ue(0,y)dy furnishes a ¢ € [0,V/d] and a § €
0,1)%1 such that uc(y) € (=1 + 9,1 —4). By Theorem 20, there is an Mz > 0 depending

on 0 but not e such that

{—1+5gugg1—5}g{xeRd | ](x—yj,€>|§M5}.
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From this, an exercise involving the transformation U, — (Ug)geR implies that there is a

K > 0 depending only on ¢ and e such that

Ue(s,y) > 1 =6 it s> K,
Ue(s,y) < —140 if s < —K.

Now notice that ¥ = 1 — U, satisfies

Di(a(y)DeV) + 5V <0 in {s > K},
U< on{s=K},

limg_y0o ¥ =0 uniformly in Td-1,

Let U(s,y) = de " (5=K) and observe that ¥ is a super-solution of the same equation pro-

vided v < Bl . Thus, by the maximum principle,

.«
A+dLip(a)

1= Ue(s,y) =¥(s,y) < se V5K) if g > K
Arguing similarly, one can show that
Ue(s,y) +1 < 5e’CHE) if g < K.

Putting the estimates together with the trivial bound |Ue| < 1 and the change-of-variables
(x,e) —( = s, we obtain the desired conclusion. ]

By linearizing the equation around U, we obtain estimates on 0sUs.

Proposition 38. For each e € S\ (eg), we have dsU, € L*(R x T1). Moreover,

for each 6 > 0, there is a constant Cs depending on 6, A, A, and W and a constant 5 > 0
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depending on Lip(a), d, a, and A such that if ||e — e4|| > 0§, then
0 < 0sUe(s,z) < C’5||63Ue||L2(Rde,1)e_B|5| for each (s,y) € R x Té-1,

Proof. The estimate (4.14) directly implies that 85U, € L2(R x T4—1).

Now observe that V, := 05U, is a weak solution of the uniformly elliptic PDE
D (a(y)DeVe) + Wun(y, Ue)Ve =0 in R x T971,

By Proposition 37, there is an M > 0 (independent of e) such that Wyy(y,Ue) > § if
|s| > M. Hence, arguing as in Proposition 37, the exponential decay of V, follows.

Finally, the strict positivity of V; is a consequence of the Harnack inequality. O]

4.8.1 Analysis of L.

In this section, we analyze the operator L. obtained by linearizing the pulsating wave equa-
tion around U,. More precisely, we define the unbounded operator L, in L2(R X Td_l) as

follows:
D(Le) = HX(R x T4~ 1),

Le® = DE (a(y)De®) + Wiyu(y, Ue) ®.
Throughout the remainder of this section, we will write V, := 05U, for convenience.

To start with, we prove a useful representation of the quadratic form determined by Le:

Proposition 39. If ® € H2(R x T4 1) and ¥ = V. 1®, then

/R ']Td 1 ((a(y)DG(PaD@(p) +Wuu(y> Ue)q)2> dl’dS :/]R ']I‘d 1<a(y)D€\PaDe\I]>V62 dxds
X - % _

Proof. When & is smooth, this is a classical argument involving integration-by-parts and the

fact that V; is a positive eigenfunction of L.. The general case follows by approximation. [J
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Finally, we will need the following result to construct the correctors used in the analysis

of the sharp-interface limit:

Proposition 40. L. is closed, self-adjoint, and Ker(Le) = (Ve). Moreover, Ran(Le) =
(Ve)t.

Proof. Define @ : R\ {0} — (0, 00) by a(s,y) = Wyu(y, sgn(s)) and let L4 on L2(R x T41)

be the unbounded operator with domain H2(R x ']I‘dil) given by
Lo® =D} (a(y)De®) + a(s,y).

By uniform ellipticity, £ is a closed operator. Indeed, by L? estimates for uniformly

elliptic equations (cf. [56, Theorem 9.11] or [45, Section 6.3.1]),

2 2 2
190 pmit) < € (122 ety + ILa®lEaqgy_psopeman))-

Summing over n, we find

H(I)H%JQ(RXTd—I) S C (Hq)HiQ(RXTd—I) + ”’CO‘@H%Q(RXTd_l)) .

Thus, the graph of Ly, is closed in L2(R x T4 1) x L2(R x T91), and L, is a closed operator.

Since Wy (y, 1) A Wy (y, —1) > W”(1) A W"”(=1) > 0 by assumption, the operator
L1 L2(R x T91) — H2(R x T4 1) exists and is bounded.

Observe that we can write L, = Lo + My, where Mo® = (W (y,Ue) — a(s,y))® is a
bounded linear operator on L2(R x T4~1). In particular, £Le = (Id + Mo Lo ) Le. Since £
takes L2(R x T~ 1) continuously into H2(R x T4 1) and Wi (y, Ue) — (s, y) — 0 uniformly
as |s| — oo, it follows that M,Lz! is compact. Therefore, by the Fredholm alternative,
Id+ M,L; ! is a closed operator with closed range. Since Lo = (Id+ MyL51) Lo, we deduce

that L is also.
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L is clearly symmetric. Therefore, to prove it is self-adjoint, it is only necessary to show
that D(L}) = D(L¢). This follows, for example, by mollification.
The previous proposition showed Ker(Le) = (V). Finally, since L, is self-adjoint with

closed range, the identity Ran(Le) = (V)T follows. O

4.3.2  Differentiating U,

Since we are differentiating &, it is convenient to follow the approach of [73, Remark 2]. Let

us define, for each v € R%\ (eg)L, the pulsating standing wave U, by
Un(s,2) = Upy-1 (0], ).

If 7, is the functional defined in [73, Remark 2], then U, is a minimizer and 7,(U,) = 7 (v).

In particular, U, satisfies
D (a(y)DoUy) + Wa(y,Uy) =0 in R x T4 L. (4.15)

Now we differentiate U, with respect to e. To start with, we fix £ € R? and define Rg h

by
Uetne(s,y) — Ue(s,y)
h

Rih(sv y) =

The following result follows from a direct manipulation of the equations (4.15) satisfied

by Ue+h§ and Ue.

Proposition 41. Rg p, satisfies the PDE

LR, = ByRS, + K, inRx T
Jpa Rﬁ,h(()’ r)dr =0,
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where By, and Ky, are given by

1
By, = _/0 {Wau(y, Ue + t(Ucyne = Ue)) = Wauly, Ue)} dt,

Ky, = (& a(y)DeVeine) + (& a(y)DepngVerne) + (diva, §)Veype.

The sequence (Kp)pe(—1,1) @ uniformly bounded in Co(R x T4 1) and

%{%”Bh”Lw(Rxwd—l) =0.

Now we use uniform ellipticity to pass to the limit h — 0.

Proposition 42. The limit Rg = limy,_y Rg j, €Tists in C’g(R x T4 1) and L2(R x T41).

Moreover, Rg 15 the unique solution of the equation

LeRS = 2(a(y)¢, DeVe) + (diva, )Ve in R x T,

foTd—l R§<07 y)dy = 0.

In the proof, we will use Schauder estimates for linear elliptic equations (cf. [56, Theorem

6.2]).

Proof. The main technicality in the proof is the need to work around the kernel of L. Since

(Rg n)heR C L2(R x T91), we can fix (Qg,h)heR C (Ve)! and (cp)pepr such that

€,
RS, =aVe+ QS

Since Uey gy — Ue uniformly as b — 0, we can fix a 0 > 0 such that

e

We will use this to show that (Ri 5 he(—6,6) satisfies an exponential estimate similar to the
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one derived for V, in Proposition 38.
We claim that (Qg,h)he(_(;’g) is pre-compact in Cp(R x T4~1) and (¢h)he(—s,5) is bounded
in R. To see this, we first prove that lim supj,_,q ||R§ h”Loo(Rx’]I‘d—l) < oo.

Assume to the contrary that there is a sequence (hy),en C (—0,9) such that

nli{%o”Re holl Lo (RxT-1) = 00

Define (Rp)pen by Ry = ||Rf . [ Rg . Notice that Ry, satisfies the PDE

o (RxTd-1)

LeRn = By, Ry + || RS ol Ky, (4.17)

o (RxTd-1)

Thus, Schauder estimates (cf. [56, Theorem 6.2]) imply (Ry)nen is bounded in C’g’” (R x
T4=1) for some p € (0,1).

We claim that (Rp),en is pre-compact in CS(R x T9=1), Let us write

Rn = Qn + 6nvea
Qn =R, |I72 Q°
n e,hn | Loo(RxTd=1) ¥ e,hp’

CTL - ||Re hnHLOO RxTd— 1) h

Notice that HR"”L2 RxTd-1) = ”QHH%?(Rx’JTd*l) + |6n|2||ve||%2(Rde*1)' Moreover, in view
of Proposition 38, Schauder estimates for the equation satisfied by Ve, and the uniform
bound HénHLOO(RXTd_l) = 1, we can use (4.16) to argue as in Proposition 38 that there are
constants C,y > 0 such that

|Rn(s,y)| < Ce™ sl (4.18)

This bound and Schauder estimates imply (Rp),ep is pre-compact in both C’g(R x Td=1)
and L2(R x T41). From this, we deduce that (¢ ),cp is bounded in R.

By compactness, we can assume without loss of generality (i.e. by passing to a sub-
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sequence) that there is an R € Cg(R xT91) and a & € R such that R, — R in C’g(R x Td-1)
and ¢, — ¢. Passing to the limit in (4.17) and recalling that Bj, — 0 uniformly, we find

LoR = 0. Thus, R = ¢V, by Proposition 40. On the other hand,

6/ Ve(0,y)dy = lim Rn(O, y)dy = 0.
Td—1

n—oo Td_l

Since Ve > 0in R x ’]I‘d_l, we conclude that ¢ = 0, which gives R = 0. This is a contradiction,
however, since HRHLOO(Rde*l) = limy 00 “Rn”LOO(Rde*l) =1

From the preceding discussion, we deduce that (Rg’ n)he(~6,65) 1s bounded in Ci(R x Td-1).
By Schauder estimates, it is actually bounded in Cg MR x T91). In view of the estimate
(4.18), (Rgh)he(—é,&) is pre-compact in both C’g(R x T4y and L2(R x T4~1), which implies
the real numbers (%)he(—d,é) are also bounded. Thus, (Qih)he(—&,é) is pre-compact in
C’g(R x T41) and L2(R x T91) as well.

Pick a sequence (hp)peny € (0,00) such that hy, — 0 as n — oo. Without loss of
generality, we can assume there is a Q € Cg(R X ']I‘d_l) and a ¢ € R such that Q =
limy, 00 Qg,hn in Cg(]R X ']I’d_l) and LZ(R X ’]I‘d_l) and ¢ = limp—00 ¢p, - Passing to the

limit in the equations satisfied by (Qg L) he(—5,5), We find

£.0=K, (4.19)

where K = limy,_,o K}, = 2(£,aDVe) + (diva, &) Ve.

Notice that there is at most one solution of (4.19) in H2(R x T4 1) N (V.)L. Indeed,
if Q € H*(R x T 1) N (V.)1 is another solution, then £¢(Q — Q) = 0. In particular, by
Proposition 40, Q — Q € (V.) N (Ve)+ = {0}.

The previous paragraph shows that the limiting function @ did not depend on the se-
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quence (hp)pen. Furthermore, integrating on {0} x T9=1 we obtain

) Ve(0, ) dx.

0= Q(O,x)dm—l—c/Ed

Td—1

Thus, ¢ is also uniquely determined, independently of (hy),eN-

Putting it all together, we conclude that there is a unique Qg € Cg(]R X Td_l) and
a unique ¢ € R such that Qg + Ve = limy,_y Rih in C’g(R x T91) and L2(R x T4-1).
Furthermore, Qg is the unique solution of Eng = 2(€,aD.Ve) + (diva, £)Ve in (Vp)T and ¢

is determined by the requirement that de_l(Qg(O, y) + cVe(0,y)) dy = 0. O

Remark 4. Notice that

Vetne = Ve ¢
= s,
h - D$R€,h'

Thus, the Cg(]R X Td_l) convergence just proved implies ang = limh_mw and

Dte—‘,-hf_Dl‘Ue
h

Dng = limy,_y in Co(R x T91). Appealing to Schauder estimates and

the uniform exponential decay of (Rg h)he(fl,l) as |s| = oo, we can show this convergence

€,

also holds in LP(R x T41) for any p € [1, 00).

4.4 The Einstein Relation

In this section, we show that the coefficient S predicted in the formal computations of Section
4.1 equals the second derivative of the surface tension in the laminar setting. More precisely,

we show that

S(e) = D?5(e) for cach e € ST\ (eg)*.

In the process, we prove that & is C2 in R%\ (e )L
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4.4.1 Second Derivative of the Surface Tension

Proposition 43. 5 € C2(R%\ (ey) ). In fact, if for each e € ST\ (eg)L and & € RY, we

define U in R x T4 by U8 = VLIRS, then

(D%5(e)¢, €) = /R o faw)E+ DelS), € + DelE) V2 dy ds. (4.20)

Moreover, the following bound holds:
M(e)™' D% (e) < Ald—e®e) in ST71\ (eg)*.

Proof. Fix e € 971\ (es)L. Recall that the formula (3.11) from Theorem 25 is applicable.
Therefore, differentiating under the integral sign using Proposition 42 and Remark 4, we

obtain

DQ&(e) = /R Td-1 (Vfa(y) + a(y)DeUe ® 0sRe + Vea(yﬂ)eRe) dy ds
T

- /R Td—1 <Ve2a(y) —a(y)DeVe ® Re + DZ(“(Q)Ve)Re> dy ds
S Td—

N /R Td—1 aly)dy ds - /]R Td—1 (2a(y)DeVe — Vediva) @ Re dy ds
X - % _
= VZa(y) dy ds — LeRe ® Re dy ds.
RxTd-1 RxTd—1

Integration-by-parts then gives

Do) = [ a6 vidrds

RxTd-1

_/]R Td—1 (<a(y)D6R§’D€R£> + Wauu(y, Ue)|Rg|2> dy ds.
S Td—

Since L, is a non-negative operator by Proposition 39, the right-most term is non-positive
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and we deduce from this that

(D% (e)€.€) < / (a(y)e.E)V2 dyds < AN (e).

RxTd-1

Now we substitute \Ilg for Rg and use the equation satisfied by Rg to obtain

(Do), = [ ()€ + Dev).€ + D)2 dyas.

Observe that the last relation implies <D26(e)§,£> > 0if € € RY \ <€>J‘. Indeed, if it
vanished, we would be left to conclude that & + Dellfg =0 in R x T9-1, However, from the

definition of D, this would yield

0= [, (erpuomdr=cie [ avi0n
Td-1 Td—1

which is impossible unless £ € (e). O

4.4.2  Reuisiting the Mobility
In this section, we will show that the mobility M (e) is precisely the energy of dsUk.

Proposition 44. For each e € S\ (eg)L, we have

M(e) = ||asUe||%2(Rde—1)-

To do this, we begin with an elementary version of the maximum principle.
Proposition 45. Given e € ST NRZY, if vy, v9: T 1 @, R — [—1, 1] are minimizers of

F(;Qe ®e R), that is,

f(”l? Qe Pe R) = f(v2§ Qe De R) = 5(6)%d_1(Qe)a
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then v1 < w9 or vy < vq.

Proof. Since vy and v9 are both minimizers, we know that v; Avg and v1 Vv are minimizers
as well. The Euler-Lagrange equation —div(a(y)Dv) + Wy, (y,v) = 0 has a strong maximum

principle. Thus, either v; A vy < v1 V v or v1 = w9 in R O

Proof of Proposition 44. If e ¢ RZ<, then the equation follows by uniqueness. Thus, assume
that e € RZ.

Suppose that U € M(e) and let {u¢}ccr be the minimizers generated by U, i.e., the
functions u¢(x) = U((z, e) —(,z). Note that these functions are minimizers of F(-; Qe ©e R).
Denote by {UE}CER the minimizers generated by U.. By Proposition 45, there is an increasing

h : R — R such that h(¢ + r¢) = h(¢) + 7¢ and

In particular,

U(s,y) =ty er—5) W) = Ue((y,€) = h({y. €) — 5), ).

From this, we deduce that h is differentiable a.e. and Theorem 19 implies that

100 gy = 7 W@ [ ([ o) o

0

At the same time, by (4.12), the function ¢ — erEBeR uE(m)Q dx is constant. Therefore, we

can write

Te

u8(1’)2 dzx - 7“6_1/ h/((’)2 d¢.

10012 a = H @0 [ O

Q€®ER

We know that h(¢ + re¢) = h(() + re for all ¢ € R, from which we deduce the trivial bound
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on the Dirichlet energy
Te
it [z
0

and it follows that

n&wé@mwZH*%%V{L@R%@PM=WMH%mmw

This proves M(e) = ||0sUe by definition (Section 3.2). O

2
”LQ(RX’]I‘d)

4.4.8 Computation of S

Proposition 46. If e € ST1\ (e;)*, then the matriz S of Section 4.1 is given by S(e) =
D?G(e).

Proof. Recall that in the very first computation in the previous proof, we obtained
DZ&(G) = / i1 (VeQCL(y) + a(y)DelUe ® OsRe + Vea(y)DeRe> dy ds.
RxTa—

Writing DeUe = e0sUe + DU, and integrating both terms by parts, we arrive at

D5 (e) = /R i (V62a(y) + Ve -diva ® Re 4+ 2Vea(y) Dy Re
S Td—

+ 2Vea(y)e ® (95Re) dy ds.

To finish the proof, first, recall that symmetric matrices are determined by their quadratic
forms. Therefore, it only remains to show that (D?G(e)¢, &) = (S(e)€,€) independently of

the choice of £ € RY, Additionally, recall that if w,v € R, then

((w@v)E, ) = (€, w)(v,§) = (v @ W)E,§). (4.21)
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Using (4.21), we find

D). - |

RxTd-1

+2(aly)e, 05 Re ) dy ds

_ /R o Ve (((al)e ® 0:RIE.E) + (9:Fe © aly)e)é. €

Ve (Vela(y)$,€) + (diva, ) RE +2(a(y) Da RE. )

FVela(u)€,€) + 2aly) DaRet, € + 3 ((diva ® ROE,)

+{(Re @ diva)é, €))) dyds.

Thus, by our previous observation,

D%5(e) = /R i Ve (a(y)e ® OsRe + 0sRe @ a(y)e + Vea(y)
o Td—

1 _
+ 2a(y) Dz Re + 3 (diva ® Re + Re @ div a)) dy ds = S(e).

(4.22)

[]

Remark 5. We proved above that S = D25 in S\ (eg)+ when a and W are laminar. In

fact, at a purely formal level, if pulsating standing waves exist and are smooth in the variables

(s,5,€), then the identity S = D25 must hold. This can be shown via the computations in

the last proof — the laminarity assumption plays no role. This applies, in particular, to the

setting considered in [16, Section 6].

4.5 Correctors

In this section, we prove the existence and smoothness of the correctors {QX} and {PJ}

when e € ST71\ (e,) L.

The next result concerns the properties of the corrector ng when the symmetric matrix

X has the form X = ¢ ® £ for some € € R
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Proposition 47. Given any e € %! \ (eg)t and € € RY, there is a unique Qg € H%(R x

T41) solving the PDE

LeQS = Fy, inRxTI,
lmyg o0 Qg(s, x) =0 wuniformly in Td-1

Jpa— Q5(0,y)dy = 0,

where Fg o : R X T-1 5 R s given by

Feo = —M(e) "1 (D% ()&, &) Ve + (aly)é, ) Ve + (diva, &) RS

bl

+ 2{a(y)¢, D:cR§> + 2(a(y)e, £>8SR§.

If, for each fized €, the function QS : ST\ (eg) — H2(R x T%) given by Q%(e) = Qg
is twice continuously differentiable with respect to both the H?(R x ']I'd) and Cp(R x ']I‘d)

topologies.

Proof. Concerning existence, notice that F¢ , € (Ve)T by (4.22) and the definition of M (e).
Thus, Proposition 40 provides the existence of Qg. Arguing as in the analysis of the function
Rg, we see that Qg(s, y) — 0 at an exponential rate as |s| — oo.

The proof that e +— Qg is twice differentiable in e proceeds exactly as in the corresponding

proof for U. O]

Now that we define Q‘eX for elementary tensors X, we can extend to arbitrary matrices
by linearity. Given A € S, if we expand A as A = ch‘lzl /\iflA ® 5;4, where {ff‘, . ,{&4} is

an orthonormal basis, then we can define Q4 € H2(R x T?1)n Cg (R x T41) by

d A
QL =3 NG (4.23)
=1
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Notice that le satisfies the equation

LQF =Fy, inRxTI L /le PA(0,2)dx = 0, (4.24)

where F'y  is given by

Fyo=—M(e) Hr(D%5(e) A)Ve + tr(a(y)A)Ve + tr([diva © Re]A)

)

+ 2tr([a(y) @ DyRe]A) + 2tr([a(y)e @ OsRe)A).

Observe that, by uniqueness of solutions of (4.24), the map A — Q‘é is linear. Hence as a

consequence of Proposition 47, we have

Proposition 48. There is a C? map Q : S91\ (e5)+ — C’g(]R x T41:8,) such that if

ee ST\ (eg)t, Ae Sy, and Q4 is given by (4.23), then
Qf(s,y) = tr(Qe(s,y)A) for each (s,y) € R X Td-1,
Furthermore, for each K cC S%1\ (eg)*, there is a constant C(K) > 0 such that
1(Qe(s,4)2) < C(K) exp (—(J(K)_1|5|> for (s,9) e Rx T4 L e e K.

Finally, we prove the existence and smoothness of the correctors { Pd}.

Proposition 49. There is a C% map P : S971\ (eg)* — C’g(R x T9=1Y such that, for each

e € S the function P. = P(e) is the solution of the PDE

D¥(a(y)DePe) + Wuuly, Ue)Pe = —m(y, DeUe)dsUe + M(e) "' M(m, e)0sUe  in R x T4,
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where the constant M(m,e) € R is given by

M(ma 6) = / m(yapeUe)|asUe|2d?/d3-
RxTd-1

Moreover, for each K cC 891\ (eg)*, there is a constant C(K) > 0 such that, for each
ee K,
Pe(s.)| < C(K) exp (~O(K)fsl)  for (s.9) € Rx T

By linearity, the function P. can be used to define the correctors {PJ} from Section 4.1

by the rule P{(s,y) = qPe(s,y) for q € R.

4.6 The Sharp-Interface Limit

This section describes the proof of Theorem 2 in earnest. The key idea is smooth pulsating
waves and correctors exist in directions e € S4~1 \ (e4). These can be used to characterize
the effective interface motion near points where the normal vector is in S4~1 \ (eg)". When
the interface is a graph over the dth coordinate, these are all the possible values of the normal
vector, so we have identified the limit.

Recall that our interest is in the interface motion with prescribed normal velocity given
by

Vog, = M(m, e)_ltr <D25(naEt)A3Et> .

Postulating that the interface is a graph over the dth coordinate, or, more precisely, that

there is a function u : R9~1 x (0,00) — R such that

By ={(a',zq) € RY | 2g > 0@/, D)},
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we obtain the following PDE for the evolving graph
fi(m, Dv)vy — tr (cj(m)(p%)) —0 in R x (0,00), (4.25)

where i and G are determined by

film,p) = M (m, 1L+ Ip|2) 2 (=p,1) . G(p) = 70 D5 (14 p2) /2 (=p,1)) o 7"

and 7 : R% — R91 is the orthogonal projection m(2!,x4) = 2’. Since & is convex and D%
is continuous away from (ed>L, this equation has a unique, continuous solution for a given
initial datum Uy € UC(RY™1) with at most linear growth.

To obtain the function u, we begin as in [16] by defining sets {Q% }~0 and {Q%}t>0 by
Q = {z e R? | liminfau(z,t) =1}, QF ={z e R? | limsup* u(z,t) = —1}.

We then define the minimal supergraph and maximal subgraph of Q% and Q%, respectively,

through the functions n and v given by

n(x',t) = inf {a eR | {2'} x (a,00) CQ } (4.26)
Q

v(2',t) = sup {a cR | {2/} x (—00,a) C %} (4.27)

Theorem 2 is then equivalent to the following statement:

Theorem 27. Under the assumptions of Theorem 2, if v : RY x (0,00) — R is the unique

viscosity solution of the PDE (4.25) with initial condition v(-,0) = vg, then
v=n=v inR!x(0,00).

See [73, Section 9] for the proof.
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4.7 Pathological Examples in Dimension Two

In this section, we discuss a particular class of laminar examples in dimension d = 2. These
exhibit a number of behaviors that are pathological compared to the spatially homogeneous
case.

In the remainder of the section, in addition to the laminarity assumption (4.2), we assume

that a takes values in the diagonal matrices, that is,
a(y) = (a(y)er,e1)er ® e1 + (a(y)ea, ea)es ® ey for each y € T<. (4.28)

The next result describes pathologies that occur whenever M(eq) contains no continuous

pulsating waves.

Theorem 28. In dimension d = 2, there are coefficients (a, W) for which (4.2) and (4.28)
holds and such that M(ey1) contains no continuous pulsating waves. Given such coefficients

(a, W), the following observations hold:
(a) & is not differentiable at eq.

(b) There is a constant C > 1 such that

C~! <liminf |(e, e2)| M (e) < limsup |{e, e2)| M (e) < C.
e—el e—eq

(c) The interface velocity gets arbitrarily small near eq in the following sense:

2
tim inf 127l _
e—er  M(e)

Note that if (c) holds, then, for an arbitrary smooth m satisfying assumption (1.10), the

147



interface velocity from (1.12) gets arbitrarily small in the e direction in the sense that

D25
timing 270N _

m it 0. (4.29)

This follows from the fact that ¢~ 1M (e) < M(m,e) < cM(e) for some constant ¢ depending
only on m. The asymptotics (4.29) shows that, unlike the spatially homogeneous case, in
periodic media, the effective interface velocity can be an arbitrarily small multiple of the

curvature.

4.7.1 Preliminaries

In this section, to prepare for the proof of Theorem 28, we start with some preliminaries
on plane-like minimizers in the laminar setting. To start with, consider the one-dimensional

variational problem given by

&' = min{ [ (Gatser, 0 e+ Wi(oen,0),0(6)) ) ds | 05 R [-1,1),

—0Q

lim wv(s) = :I:l} :
s—=Fo0

Due to the laminarity assumption, this problem characterizes the strongly Birkhoff plane-like
minimizers in the e; direction, as we prove next. It will be convenient to define the set of

minimizers M’ by

M = {U R —[-1,1] | lim o(s) = %1,

S—Fo0
—00

&' = [ (Glatser, 0 e)n (7 + Wiser, 010(6) ) s}

Proposition 50. Suppose that d =2 and a and W satisfy the laminarity assumption (4.2).

If U € M(e1), then the plane-like minimizers {u¢}ccr generated by U wvary only in the ey
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direction and {u¢}cer € M.

Proof. To start with, for any ¢ € R, u¢ is a minimizer of the variational problem in Tg; 1@61R

from Proposition 27. At the same time, for any ¢ € Q, the function z — u¢(z+teg) =: ug) (x)

(t) (t)

remains a minimizer by (4.2). Therefore, the functions u = u¢ A up and u = u¢ V up” are

(t) (t)

also minimizers, and then the strong maximum principle implies that u; < Ue s u¢ > g,

(t)

OI'UCEUC .

If ue < uét), then u, < uént) for each n € N by induction. On the other hand, by

assumption, Nt € N for some NV € N, hence, by periodicity, us = “C(' + Nteg) = uéNt), a

(t) (t)

contradiction. We similarly conclude that us cannot lie above us Therefore, us = us’
Since uét) = u¢ for any ¢ € Q, it follows that (uC)gl72 = 0, that is, u¢ depends only on the
first variable.
Lastly, given any v : R — [—1,1] with limg—++0 v(s) = £1, we can define a u : Tg_l De
R — [—1,1] by u(x1,22) = v(z1), and this is a competitor for the variational problem of

Proposition 27. Therefore,

—00

E(e1) < F(u; Qe ®e R) = /oo <%<a(8€1,0)61, €1>U,(S)2 + W((sel,O),v(s))) ds.

At the same time, by Theorem 19,

&(e) :rel/ore /_O:O (%(a(sel,O)el,el)(ug)xl(sel,O)Q—i—W((Sel,O),uC(sel,O))) ds d¢
> &'

Therefore, &(e1) = & and {ugtcer C M. O

Notice that elements of M’ are ordered, that is, if v1,v9 € M/, then v; < v9, v1 > v9,
or v; = vo. This follows from the same maximum principle argument used in the previous

proof. It follows that the graphs of minimizers in M’ are pairwise disjoint.
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We will say that M’ forms a foliation if the graphs of the minimizers in M’ foliate
R x (—1,1). From the previous proposition, we observe that M’ forms a foliation if and only

if M(e1) contains a continuous element.

Proposition 51. Suppose that d = 2 and a and W satisfy the laminarity assumption (4.2).
M(e1) contains a continuous element if and only if M’ forms a foliation.
In particular, if M" forms a foliation, then, for each s € R, there is a 4 € (—1,1) such

that, for each v € M, v(s) # u.

Proof. If U € M(e1) is continuous in R x T2 and {u¢}cer are the minimizers generated by
U, then the map ¢ — u¢ is continuous. It follows easily that, for any (x,u) € RZ x (—1,1),
there is a ¢ € R such that uC—(:z:) = 4. By the previous proposition, {u¢}ccr € M'. Hence
we proved that each point in R x (—1,1) is contained in one of the graphs of an element of
M’ and it follows that M’ forms a foliation.

Now we prove the converse. Suppose that M’ forms a foliation. Fix vg € M’. Since M’
is ordered and lims—yoo v(s) = 1, it is not hard to show that vy(- — 1) < vg. Given that M’

forms a foliation, for each ¢ € [0,1], we can fix a v € M’ such that
vc(0) = (1 = ¢)uo(0) + Cvp(—1).
Given m € N, extend to [m,m + 1) via the rule
Ve =ve_p(-—m) ifm < (<m+ 1.

The reader can check that with this definition ¢ — v, is a continuous map from R into M
with the topology of uniform convergence, and v 1, = v(- —m) for each m € N. Thus, the
function V : R x T2 — [—1,1] given by V (s,y) = vy, —s(y1) is well-defined and the previous

proposition implies that V' € M(eyp). ]
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Remark 6. In view of the previous result, in the proof of Theorem 28, there is no loss of

generality in assuming the following:
There is no v € M’ such that v(1/4) = 0. (4.30)

Above we observed that the laminarity assumption (4.2) implies that strongly Birkhoff
plane-like minimizers in the e; direction are all one-dimensional. By symmetry, the same
observation also applies to minimizers in the —eq direction. In the rest of this section, we
investigate the properties of plane-like minimizers in directions e ¢ (ey).

Given e € ST\ {e1,—e1}, let Ue be the pulsating standing wave from Proposition 35,
and let {UE}CER be the plane-like minimizers generated by U.. Notice that ug(x,y) =
Ue(z(e,e1) + y(e,ea) — ¢, x) since U has the same laminar symmetry as the coefficients a

and W. From this, we see that

UE(ZE,y) = US(LCU - <6762>_1C)'

In particular, the one-parameter family {UE}CER is generated by translation in the y variable.

Next, observe that {UE}CER is periodic with respect to a finer lattice than the module
M, defined in Section 2.4. In this simple, two-dimensional setting, we can simply observe
that

ug ( Fly- 22225) = Uelale, 1) +yle —  e0), 2) = U (2, ).

From this, it is convenient to define I, (analogous to Q¢ in Section 2.4) by

I = {3 (1, —<6,62>_1(6,61>> | se o, 1}}. (4.31)
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4.7.2  Non-Differentiability

Now we show that &(e) is not differentiable at ey if M(ey) has no continuous elements and
(4.2) holds. To start with, it will be useful in what follows to utilize so-called heteroclinic
minimizers located inside the gaps of the one-dimensional ones. Since we are working in a
laminar medium in R?, the structure of these heteroclinic solutions is particularly simple. A
much more general treatment can be found in [9].

In the rest of this section, we will write (z,y) for points in R? with ((x,y),e1) = z and
((z,y),e2) = y. Moreover, for e € ST\ {e1, —e1}, we will let {“Z“}CER denote the family of

functions generated by U,, where U, is the laminar pulsating wave from Proposition 35.

Proposition 52. Suppose that assumptions (4.2), (4.28), and (4.30) all hold. If (vn)pen C

S\ {e1, —e1} and (Cn)pen C R satisfy, for each n € N,
(1) (vn,e2) >0 (resp. (vn,e2) <0),
(ii) ul"(3,0) =0,

and if limy, oo vy = €1, then there is a subsequence (nj)jeN and a Class A minimizer u of
Un,.:
F such that u = lim;_, uCrf locally uniformly in R? and
J

w(x +key,y) = u(z,y) (resp. u(x + key,y) <u(z,y)) ifk €N,
u(z,y +0) > u(w,y) (resp. u(z,y +96) <wu(w,y)) ifd >0,

I = +1 i = F1).
L u(, y) (resp. lim_u(z,y) = F1)

Proof. To start with, assume that (v, e2) > 0 independently of n. By the Arzela-Ascoli

Theorem and elliptic regularity, if (n;);eny € N is any subsequence, then there is a further
Un,.

subsequence (nj, )peN and a Class A minimizer u of F such that u = limy_,, U % locally

n

Jk
uniformly.
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Since strongly Birkhoff plane-like minimizers have bounded width (Theorem 20), it is not
hard to show that lim, . y_,+ u(z) = 1 uniformly in {e1) ™.

If k € N, then (keq,vyn) > 0 for large enough n. Thus, u(z + key,y) > u(z,y). Similarly,
if k € —N, then u(x+k,y) < u(x,y). In view of what was proved in the previous paragraph,
the inequality is strict if k& # 0.

Next, recall that we can write

uZZ(m,y) = Uy, (x(vn,e1) + y(vn,e2) — C,x).

Thus, (uZZ)y = (un, €2)05U,, > 0 in R%. Therefore, since uZZ — u locally uniformly, it
follows that uy, > 0. Finally, observe that v = uy satisfies —div(a(x)Dv) 4+ Wiy (y, w)v = 0 in
R2. Thus, by the strong maximum principle (cf. [39, Corollary A.3]), either v > 0 or v = 0.

If uy = 0, then u = u(zr) and then the fact that “(zll) = 0 and v is a Class A minimizer

heteroclinic between 1 and —1 would contradict (4.30). Therefore, uy, > 0 in R2. ]
Now we show that & is not differentiable at e in this set-up:

Proposition 53. If we define ey = cos(6)eq + sin(f)es, then

lim (Da(eg),e2) >0, lim (Da(ep),eo) < 0.
0_>0+< (ep), €2) 9_}0_< (ep),€2)

In particular, o 1s not differentiable at eq.

Proof. Suppose 0 € (—%,%) \ {0} and fix (5 € R such that uzz satisfies UZZ(%[,O) = 0.

Recalling the discussion at the end of Section 4.7.1 and the equation (3.11) for Da(ey), we
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compute

Da(eg) = e a(y)DeyUeyOsUe, dy ds
X

= <€9, €2>_1'H1(I€9)_1 /

a(x) Du (x,y)dyud (x,y) dz dy
Iey®e, R 0 0

G G

—sen({ey.c2)) [

a(z) Du? (z,y)0yu? (z,y) dx dy.
Iey®epR 0 0

G G

In particular, since a takes values in the diagonal matrices,

(Do (cg), e2) = sem((eg e2)) /

ag(x)ﬁyuzz (z,y)% dx dy.
Tey@e R

This shows that (Da(ey),es) > 0 if (eg, e2) > 0 and (Da(eg),e2) < 0 if (eg,e3) < 0.

Since we are working in dimension two, note that dg(eq) is either a singleton or a line
segment. Thus, limy_,y+ Do (eg) and limy_,o— D& (ep) both exist and converge to either
Da(eq) or the (distinct) boundary endpoints of d5(eq). Thus, from the previous paragraph,
we see that Da(ey) exists only if limy_,g(Da(ey), e2) = 0. That means that to prove non-

differentiability, we only need to show that

liminf [(Da(eg), e2)| > 0.
0—0

We will proceed arguing by contradiction. Suppose that, in contrast to what we wish to
prove, limy_,+(Da(eg), e2) = 0. Appealing to our previous computations and the positivity
of a9, we find

lim Ayull (z, 2 dx dy = 0. 4.32
00+ J1 or (@) dody (4.32)

We claim this is impossible.
Indeed, if (4.32) were true, then we would deduce that (UZZ)y — 0 in leo C(R2). Passing

to a sub-sequence #;, — 07, we can assume that there is a Class A minimizer u satisfying the
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conclusions of Proposition 52 such that u " — u locall uniformly. From the local uniform
P Con, y

convergence, we deduce that (uZZ”)y — uy in Ll20c (R%). We are left to conclude that u, = 0,

n

which contradicts the fact that « is strictly increasing in the y variable. O

4.7.8  Asymptotics of the Mobility

Proposition 54. If (a, W) are such that (4.2) holds and M(e1) contains no continuous
elements, then, in the notation of Proposition 53, there are positive constants Cy,C— > 0

such that

Cy = hm |{eg, €2 |/ 2(y)0sUe, (s, y)? ds dy.

Proof. In the previous proof, we showed that limg_,o+ [(D&(eg), e2)| > 0.

On the other hand, using the identity (De,Ue,,e2) = (eg,e2)0sUe,, we find

(Do(eq)ea)| = | [ {a0)DeyUey (o). e2)0uUe(5.0) dy s

= |{eg, €2 |/ (1)0sUe, (s, y) dy ds.

4.7.4  Proof of Theorem 28

Proof of Theorem 28. Propositions 53 and 54 prove (i) and (ii), respectively. It only remains
to prove (iii). We proceed by appealing to the fact that D25 is a Radon measure in R2.

From (ii), we know there is a C' > 0 such that
-1 -1 Y -1
C™ e e2)[ " < M(e) < Clle, e2)

For convenience, extend M to R\ {0} by M(v) = M(|jv||~'v). Let Q be the cone Q =
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{z € R? | |{z,e9)| < %(x,el)}. Integrating over @ N {1/2 < ||v|| < 2}, we find

- /{; <Jlvl<2}nQ (HDJ\Qﬂi))H) o, e2) ™ dv
2
- /{%Svust (HDM@(J))H> M(v) dv

<10%) ({5 <l <2fnQ) <

Since e — |(e,e9)| ! is not integrable in any arc of S! containing e; and v — F(v) is
2
1-homogeneous, we conclude liminfe s 4¢, HDM(())H m
4.8 Notes

It is increasingly becoming a well-known fact that geometric homogenization problems in
laminar media behave better than those in general periodic media. The main inspiration to
consider diffuse interfaces in a laminar medium came from the paper by Barles, Cesaroni,
and Novaga on anisotropic curvature flow [13]. Additionally, in Moser-Bangert theory, Moser
highlighted the usefulness of laminar examples in his lecture notes [75].

In [87], Spohn posits the physically relevant form of the effective interface velocity V' (n) =
M (n)~1tr(D?5(n)A). In the context of interface motions, the only example where this is
really well understood is in the gradient flows of the Lebowitz-Penrose functional arising in
the study of the Ising model, as studied by Katsoulakis and Souganidis [61, 62], Butta [24],
and Bellettini, Butta, and Presutti [17]. It should be emphasized that the Lebowitz-Penrose

functional is translationally-invariant — it models a spatially homogeneous medium.
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CHAPTER 5
THE ALLEN-CAHN EQUATION WITH A PERIODIC
MOBILITY COEFFICIENT

We begin with a study of the gradient flow when the energy is spatially homogeneous and
only the mobility accounts for heterogeneities in the medium. Specifically, we are interested

in the asymptotics of the solution u€ of the PDE

m(e Lz, eDu)u§ — Au + e 2W'(u) =0 in R% x (0, 00),

(5.1)
u€ =ug on R% x {0}.
We prove that the effective interface motion is determined by the law
Vog, = m(nge,)” tr(4gp,), (5.2)
where m is determined by the formula
(0.9]
me) = et [ mldeaits? dyds, oy = [ is)ds (53)
R xTd —00

Above q is the (centered) standing wave associated with the Allen-Cahn equation; see Remark

3. Notice that m is a continuous, positive function in Sgd-1

Theorem 29. Let m : ST 1 — [0,0] denote the effective mobility defined by (5.3). If

uy € UC(R% [=1,1]), (u)esg € C(R? x [0,00); [=1,1]) are the viscosity solutions of (5.1),

and u : R% x [0,00) — R is the unique viscosity solution of the effective level set PDE
mi(Da)ag — tr ((Id— Du® DAa) D2a> —0 inR%x (0,00),

(5.4)
i=uy onRYx {0},

then u¢ — %1 locally uniformly in {£u > 0}.
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The proof of the theorem follows the general strategy provided by the work of Barles
and Souganidis [16]. The basic difficulty is, as we have already seen in Chapter 3, rational
directions are not well-behaved. To get around this, we introduce a notion of solutions of
(5.4) that requires less information at contact points where the gradient points in a rational

direction.

5.1 Solutions in Irrational Directions

For the sake of generality, we will consider in this section level-set PDE more general than
(5.4). The discussion here will allow for discontinuous operators in order to apply to the
situations encountered later in Chapter 6. In particular, this section concerns viscosity

inequalities of the form

uy — F(Du, D2u) <0, u— F(Du, D2u) >0,

where F and F are semi-continuous, geometric differential operators.
Throughout this section, we fix operators F, F : R? x S; — R and a sequence of “bad”

directions {vp tnen C 591 Here are the assumptions on F and F:

i) (Geometric) If F € {F,F}, (p, X ERde,ueR, and xk > 0, then
d

F(xp, kX + pp @ p) = kF(p, X).

(ii) (Degenerate elliptic) If F € {F,F}, p € R*\ {0}, X,Y € S;, and Y > 0, then

0<F(p,X+Y)—-F(p,X).

(i) (Stationary planes) F(e,0) = F(e,0) = 0 for each e € S9~1.
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(iv) (Semi-continuity) F' is upper semi-continuous and F is lower semi-continuous.

In the examples of interest here, the sequence {v,},en Will be precisely sd=1 Rz
If instead of integer periodicity, we were to replace 74 by some other lattice A in R?, then

{Un}nen would instead be S9N RA.

Definition 10. Given an open set U C RY x (0,00), we say that a locally bounded, upper
semi-continuous function v : U — R satisfies v — F(Dw, Dzv) < 0w “good” directions in
U if there is a constant K(v) > 0 such that, given any smooth function ¢ : R% x (0, 00) — R
and any point (xq,ty) € U at which the difference v — ¢ has a strict local maximum, the

following conditions are met:

(a) If Dyp(xq,tg) # 0 and Dg(x, tg) € S\ {vn}pen, then

(0, t0) — F(Dyp(xq,tg), D*¢(z, tg)) < 0.

(b) If Dp(xq,tg) # 0 and Dp(xg, tg) € {vn}nen. then

pilz0.to) < K(v)|| (12— Dip(ao, to) ® Dplao. to) ) Dxe(x,to) |

(c) If | Do(zo, to)|| = | D?¢(z0,t0)|| = 0, then

ot(zg,tg) <O0.

Similarly, a locally bounded, lower semi-continuous function w : U — R satisfies wy —
F(Dw, D2w) > 0 in “good” directions in U if there is a constant K(w) > 0 such that, given
any smooth function ¢ : R4 x (0,00) = R and any point (xg,tg) € U at which the difference

w — @ has a strict local minimum, the following conditions are met:
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(a) If Dy(xo,tg) # 0 and Dp(z0,t0) ¢ {Vn}nen, then

wi(x0,to) — E(Dyp(x0, to), D*p(x0,tg)) > 0.

(b) If Dp(wo, to) # 0 and Dp(xg,t) € {vntnen, then

ot(zo,t0) > —K(v) H <fd— De(xg,tg) ® D<P(5607t0)> D2 (o, to)H :

(¢) If | Do(xo, to) | = | D*p(xo, to)l| = 0, then

wt(zg,t9) > 0.

When {vp },en = SA—1NRZ? we will simply say “irrational directions” instead of “good
directions.”
The next result shows that sub- and super-solutions in “good” directions are equivalent

to classical viscosity sub- and super-solutions.

Theorem 30. Given any open set U C R x (0,00), if v : U — R satisfies vy—F(Dv, D?v) <
0 in “good” directions in U, then v satisfies vy — F(DU,D%) < 0 in the viscosity sense in
U.

Similarly, if w: U — R satisfies wy — F(Dw, D2w) > 0 1in “good” directions in U, then

w satisfies wy — F(Dw, D%w) > 0 in the viscosity sense in U.

The proof is deferred to Chapter 7.

5.2 Proof of Theorem 29

Henceforth ug € UC(R%; [—1,1]) is fixed and (u)esq are the solutions of (5.1). The existence

and uniqueness of these solutions follows from [].
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The macroscopic phases that develop in the sharp-interface limit are described by the

following open sets, parametrized by ¢ > 0:

le) = {:c e R? | liminf, u(z,t) = 1} :

Q?) = {x e R? | limsup® uf(z,t) = —1} :

Recall that the half-relaxed limits in the definition are given by

liminfy u(x,t) = lim inf {u(y,s) | e+ ||z —y| + |t —s| <},
=0t

limsup® u®(z,t) = lim sup{u(y,s) | e+ ||z —y| + |t —s| < d}.
d—0+

We proceed by proving that (le))wo and (Q]EQ))DO define super- and sub-flows, respec-
tively, in the sense of [16]. It will not be necessary to know what that means in this paper.
Instead, we associate phase indicator functions yx, xY* : R% x [0,00) — R to the sets (le))bo
and (ng))bo and and prove these are respectively discontinuous super- and sub-solutions
of (5.4). v« and x* are defined for (z,¢) € R? x (0, 00) via the formulae

L ifzea™ 1, ifz € R4\ QP
—1, otherwise, —1, otherwise,

and at t = 0 by

X«(2,0) = lim inf{x«(y,s) | |lz —y|+s <0, s >0},
=0+

X*(2,0) = lim sup {x*(y,s) | lx —yll +s <4, s>0}.
d—0*t

The next result is the main step in the proof of Theorem 29:

Proposition 55. x* (resp. x«) is a sub-solution (resp. super-solution) of (5.1) in irrational
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directions in R x (0,00). Furthermore, x*(-,0) = —1 in {ug < 0} and x«(-,0) = 1 in
{ug > 0}.

Proof. Where xx is concerned, the first statement follows from Propositions 57, 62, and
64, and the second, from Proposition 65 below. The statements concerning x* then follow
by replacing u® by —u¢, W by u — W(—u), x* by —x¥, etc. since this has the effect of

transforming super-solutions into sub-solutions. O

In view of Theorem 30, we can remove the “irrational directions” qualifier and instead
treat x* and Y, as viscosity sub- and super-solutions. It only remains to prove that, even
though these functions are discontinuous, x* and Y, can still be compared to @. This part

is classical.

Theorem 31. If u is the solution of (5.4), then x* < —X{ua<0} ond X+ = X{g>0} W
R% x [0, 00).

Proof. Due to the positivity and continuity of m, the existence and uniqueness of @ is stan-
dard (see [12]). Since ug is uniformly continuous and the equation is translationally invariant,

a well-known (e.g., approximation) argument shows that @ is uniformly continuous in both

variables. Thus, [16, Proposition 2.1] applies, giving the desired conclusion. O]

Finally, notice that Theorem 31 implies Theorem 29 by definition of x* and x«. Therefore,

it only remains to prove Proposition 55 and Theorem 30.

5.3 Approximate Correctors

The purpose of this section is to prove the existence of approximate correctors in irrational

directions. More precisely, given an e ¢ RZ% and a v > 0, we find a constant m(e) > 0 and

a P € C2H(R x T9) such that

m(y, d(s)e) — m(e)ld(s) + DeDePY + W (q(s))PY | < wi(s) in R x T% (5.5)
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When e € §4-1 \RZd, this is possible because the diffusion in the (e)+ directions explores
the entire torus. We will show below that the same strategy does not work in rational
directions precisely because this is no longer the case. In Remark 9 below, we show that
when m is sufficiently regular, (2.3) has solutions in certain Diophantine directions; Remark
8 shows that there is an obstruction when e € RZ%.

Recall that the effective mobility 7(e) is given by

me) =t [ mln i@ dyds, ar = [ it ds (5.6)

The main result of this section concerning existence of approximate correctors is stated

next.

Theorem 32. Fiz e € S\ RZ?. Given any v > 0, there is a PY € C>H(R x T9) such

that (5.5) holds.

To prove the theorem, we start by regularizing m: given p € (0, 1), fix m € CH(R x Td)

such that

sup {m(y. d(s)e) = (s 0)| | (s.) € Rx T} < 2. 1)

- - 9 .
||mHCu(R><Td) + ||Dym||cu(R><qrd) + ||Dym||cu(R><'}1‘d) < 00. (5.8)

We decompose m in the following way:

m(s,y) = /Tdm(s,y') dy’ + (m(s,y) - Adm(s7y’) dy’) =:my(s) +ma(s,y).  (5.9)

Correspondingly, we define a corrector P, and penalized correctors (P25 )50 solving the
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following PDE:

m1(8)q(s) — Pe + W (q(s))Pe = m(e)i(s) inR, (5.10)

T (s, y)q(s) + 6P + DEDe Py + W (q(s))P§ =0 in R x T%, (5.11)
= -1

m(e) = cy, e m(s,y)q(s)? dy ds. (5.12)

Here, as above, D = eds + Dy and Dy is its L? adjoint.
The existence and regularity of P, and (P?) s~ is discussed in [72, Appendix C]. Theorem

32 is proved as soon as we establish the following:
Proposition 56. ||(j_1(5P§S)HLoo(Rde) — 0 as 6 — 0. In particular, given v >0, if § > 0

is small enough, then PY = Pe + P satisfies (5.5).

5.3.1 Convergence of 6P

Since (P§)5>0 C C2M(R x T9), straightforward manipulations show that the functions

(Ug)CER obtained by the rule

(@) = V3 ((z,€) = C,2), V3(s,y) = dl(s) ' P3(s,y)
are solutions of the following family of PDE:

2(]((1’, €> — C)

~ —C.x U(S— U(S_—
ma({w, €) = G a) + dug = Avg = 2 =

e,Dv(S =0 inR%
¢

Thus, the asymptotic behavior of (5P§)5>0 is captured by that of (51}2)5>0.

Notice that if we define (@g)CER by

92(z) = v (x + Ce), (5.13)
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then the functions (62)<€R satisfy the “centered” family of PDE:

ma((z,€), 2 + Ce) + 65 — AT — %@, D) =0 inR% (5.14)

Therefore, letting 5 : R x R x (0, 00) = (0,00) and g : (€)= x (e) x (0,00) — (0, 00) denote
the fundamental solutions of the operators 9y — dss + W (q(s)) and 9y — A (o)L respectively,
we find

0 (x) = — /O - e U (x,t) dt, (5.15)

Ue(z,t) = /Oo Qi(r + (5 — (x,€))e, )p((x, ¢), 5,1)d5,

—0o0

Qilwt) = [ ali o/ + g0 W )

(Above A@ is the Laplacian in the (e)+ directions, that is, A<e>l = tr((Id — e ® e)D?).
/ _(d-1) —1y1,,/1|12
Thus, g(0,y',t) = (4mt)” 2 exp (—=(4t)ly/[I%).)
We will prove that 517‘5 — 0 uniformly using the averaging induced by the diffusion in

(e>J‘. Toward that end, the following observation will play a decisive role.

Lemma 4. If F is a compact subset of C’(Td) in the uniform norm topology, then there is

a modulus 1 : [0,00) = [0, 00) with limg_,+ 7(d) = 0 such that

sup {

Proof. We only need to prove uniform convergence at a given u € C' (Td). The uniformity in

| 2 eTY, ue}"} <t 1.

/ a(e + o )90,y ) dt — / u(y) dy
<€>L Td

F then follows by the Arzela-Ascoli Theorem.

To start with, assume that v € C (Td) is such that its Fourier series is summable, that
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is, > pezd |[U(k)] < co. If we define @ : T4 x (0,00) — R by
Q)= | w001 ),
e
then an elementary computation shows that
A A2 2
Q(k’,t) _ ﬁ(k)e 4me||k—{k,e)e| t
Thus, the fact that k # (k,e)e for all k € 7% readily implies

Jim Y |Q(R 1) =0.

™ pezd\ {0}

In particular,

lim sup{|/ u(z +4)g(0,y', 1) H L (dy) —/ u(y) dy
<e>i ’]I‘d

t—00

|:L’€Td}:0.

Finally, the general case follows by approximation. O]
With Lemma 4 in hand, Proposition 56 follows readily:

Proof of Proposition 56. Recall that V25 = q_ng. Hence our previous computations yield

16~ Ol oo scay = sup {167 (2)] | = € RY, ¢ e R}

< /O 5 ONQE(, ) o pay .

Observe that {msg(3, - + Ce) | (5,¢) € R2} is relatively compact in C(T%) by the choice
of ma. Thus, by Lemma 4, there is a modulus 7 : [0,00) — [0,00) with limg_,q+ 1(d) = 0
such that
sup {1QE (D)l ooy | (5:€) € B2} < m(t ™).
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Putting it all together, we conclude by observing that

(0. ¢]
lim sup ||g—L(5 P2 . < lim se Oty dt = 0.
5H0+p||q ( 2)||L (RxTd) = 5550+ Jo nt")

Now that Theorem 32 is proved, a few remarks are in order.

Remark 7. The diffusion in <€)L directions is needed in Proposition 56. More precisely,
the same is no longer true if the forcing only depended on s.
Here is an example. Set W (u) = (1 — u?)? and consider the penalized correctors solving
the following:
q(s)q(s) + 6P% — PO+ W"(q(s))P* =0 inR.

In this case, q is an even function so qq is orthogonal to q. Thus, one can show that §P% 0
uniformly as 6 — 0. Howewver, this is no longer true when we renormalize by q.

In this case, v = Q’1P5 solves the ODE:
q(s) + 600 — % + 2tanh(s)i® =0 inR.
For a given 6 > 0, as § — oo, we find that 215(- + 5) converges to the bounded solution vi of
1460 =) +20. =0 inR,
Since the coefficients are constant, this gives —5’01 = 1. In particular,

Hq_l(éP(s)H = sup {(5|v‘5(3)| | s € R} >1 foralld > 0.

L (R)

It is worth noting that, in the previous example, any bounded solution P of q(s)q(s) —

P+ W"(q(s))P = 0 in R necessarily grows much faster than ¢ as s — doo. That is, in this
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case, the function ¢~ P is an unbounded solution of the associated ODE.

Not only was the diffusion in orthogonal directions necessary in the proof of Theorem 32,

but irrationality of e was also.

Remark 8. Ife € RZ<, then (q'_15P§)5>0 converges uniformly to a non-constant function
in general. To see this, notice that, if e € ]RZd, then, in Lemma 4, the conclusion changes

to the following one:

lim wx+y¢mmwcwﬂmduyw=f u(€) HOH(de).

=00 Jie)t TE ((we))

Here the sub-tori {T9=1(r)},cg are defined as in Section 2.4.
As a consequence of the previous observation, we see that if (P5)5>0 are the bounded

solutions of (s, y) + 6P + DEDe PO + W (q(s))P? =0 in R x T and e € RZ?, then

lim Q(s)_1(5P§(s,y)) =m.((y,e) —s) wuniformly in R x Td,
d—0t

where m,, : [0,7¢) = R is given by

7 =} ~ (s, €)q(s)2HEL s.
m%)wﬁw@%)bMUH (de) d

While m, certainly extends to a periodic function in R, it need not be constant.
Similarly, (2.3) cannot have a (e.g., weak) solution unless m, is constant, and one can

show that (5.5) cannot hold unless 2v is larger than the oscillation of m,.
Finally, we describe a situation where (2.3) does have solutions in certain directions.

Remark 9. If we impose enough regularity assumptions on m and arithmetic conditions on

e, and if {Qg} are defined as above, then it is possible to show the following estimate

Sup{/o 1QEC )| oo pay dt | (5,€) € R} < .
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This can be made precise by following the proof of Proposition 11 above. With this estimate,
we use (5.15) to see that HU?“LOO(Rd) is bounded independently of (9,(). Therefore, we can

send 0 — 0 to obtain a solution of (2.3).

5.4 Irrational Contact Points

This section is devoted to the proof of Proposition 55. This section establishes that the phase
indicator function x satisfies condition (a) in the definition of a super-solution in irrational
directions (see Definition 10).

Put another way, the goal of this section is to prove the following:

Proposition 57. If ¢ is a smooth function in R x (0,00); (xg,tg) € R% x (0,00) is a point

where X« — ¢ has a strict local minimum; and Do(xq,tg) € R4 \ RZd, then

(D (w0, to))pi(wo, to) — tr ( (1= Dip(ao. to) ® Dip(ao,to) ) D*p(wo,t)) = 0. (5.16)

The proof of Proposition 57 proceeds by contradiction and is divided into three steps.
The first step involves the construction of a suitable local sub-solution of (5.4). The second
step, the so-called initialization step, shows that the solutions (u€).~q develop a relatively
sharp interface around the level surface {¢ = p(zg,ty)} after a short macroscopic time. As
in [16], this initial step allows us to convert the macroscopic sub-solution of the first step
into a sub-solution of (5.1). This conversion is precisely the third step. If ¢ does not satisfy
(5.16), these sub-solutions slip underneath the solutions (u¢)¢~q and force (zq,ty) to be an

(1)

interior point of the evolution ¢ — 2,77 a contradiction.

5.4.1 Macroscopic Sub-Solution

Here we recall some useful observations that follow from the assumption that Dp(xq,tg) # 0.

It will be useful to introduce some notation.
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Throughout the section, we let e = m(xo,to). Let {e1,...,e4_1} be an orthonormal
basis for R&™1 and O, : R™1 — R? be a linear isometry with Og(R1) = (e)+. Given

R > 0, we define the open cube Q(0, R) C R py
Q(O,R) = {a’ e R | max{|(«,e1)l,.... [(a',eq_1)[} < R/2}.

For an & € R4™1 we set Q(7, R) = & + Q(0, R).
Using the coordinates determined by O, we define open rectangular prisms Q¢(0, R, p)

of base length R > 0 and height ratio p by
Q°(0,R,p) = {Oc(z') +se | 2/ € Q(0,R), s € (—pR/2,pR/2)} .

Given = € R, we define Q¢(z, R, p) = = + Q¢(0, R, p).

Finally, an arbitrary point 2 € R? will frequently be written as 2 = (z¢, ') with the
understanding that z. € R and 2/ € R~ are such that z = Oe(2') + xee. In particular, we
will write zg = (z0,¢, 2().

We will use the fact that {¢ = 0} is locally a one-parameter family of graphs near (xg, tg).

Specifically, we have

Proposition 58. There are constants p,v, S,V > 0 and a smooth function g : Q(zé, S) x

(to — v, tg +v) — R such that

(1) o(x,t) > 0 (resp. p(x,t) < 0) for some (z,t) € Q%(xp, 5, p) X (tg — v,tg +v) if and

only if e > g(a',t) (resp. we < g(a/,t)).

1
(i) |g(2],t) — g(ah,t)] < %p(d— 1)~2 (|2} — 24| no matter the choice of ',z € Q(xy), S)

ort e (tg — v, tg+v).

(i) |g(a',t) — g(@',s)| < VIt —s| for all 2’ € Q(af,,S) and t,s € (tg — v, to + v).
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Further, we can assume that p < 1 and (xq,tg) is a strict local minimum of xx — ¢ in

Q%(zo, 5, p) x (to — v, tg +v).

Proof. The construction of g is a classical application of the implicit function theorem. The
fact that Dp(zg,tg) = ||De(x,to)||e implies that Dg(zq,ty) = 0, and hence the existence

of p < 1. [l
By assumption, there is an & > 0 such that

m(D (o, to))e(wo. o) — tr ((1d = Delo, to) © Dip(o, o) ) D2p(ao. o))

< —10a|| De(xo, to) |-

In particular, since g is smooth, this implies there is an 0 < 57 < S and a 0 < v < v such

that

_ e — Dg <( D9®Dg> 2 - /
m|——— | g—tr| (ld— ———5 | D°g | >9a& in Q(zy,S1)x (tg—v1,to+v1)-

<~/1+ HDgH2> 1+ || Dglf? 0
(5.17)

Next, given a free variable ¢ > 0 to be determined, define g : Q(x6, SYx (tg—v,tg+v) = R
by

g(IL‘/,t) = g(l‘/,t) +

Notice that there is a ¢; > 0 such that if ¢ € (0,¢1), then

— e—Dyg . Dg® Dg 2~ - /
m| ————s | g+—1tr ((Id — —~) D?g) >8a in Q(:CO, S1) % (tg—v1, tg+11)-
<\/1+\|Dg|]2> 1+ [|Dg|2
(5.18)

Finally, let d : Q°(xo, S1, p) x (to — v1,to+v1) — Rand d : Q(xo, S1, p) X (to —v1,to +

1) — R be the signed distance functions to {z, = g(2’,t)} and {z. = §(2’/,t)}, respectively.
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Specifically, we define d by

dist(z, {7 € Q%(x0,51,p) | Fe = g(@,0)}), if ze > g(a/,8),

—dist(x, {Z € Q°(x0, 51, p) | Te = g(@,t)}), otherwise,

d(xz,t) =

and we define d. similarly, but with g replaced by g.
Let ag > 0 be another free variable. Arguing as in [73, Appendix C], we deduce the

following facts about d:

Lemma 5. Making v1 smaller if necessary, there is a constant v > 0 depending on c1, ¢,

and S1 but not on ¢ such that

M i=sup { ] D'de(w, 1) + 0] Dd(z, D)]| | @ € Q°(x, 51/2, ).

t e (tg—vy,tg+11), |de(z,t)| <7, i+j <4} < oc.

Furthermore, we can choose 0 < Si < St and 0 < ui < vq in such a way that (making ~y

smaller, if necessary)
m(Ddc)dc,t — Ade < =Ta in Q°(xo, Siap) x (to — I/i,to - Vi) NA{ld] <~}

and
m(Dde) —mi(e)| < ag in Q°(x0, 51, p) X (to — v1,to — v1) N{ld] <~}
Finally, we let n,3 > 0 be free variables to be determined and pick 0 < Sy < Si and
0 < vp < v} and define de Q(xg, So2,p) X (tg — vo,tg + 12) — R by

JC(J:J t) = dC(x + 77(75 - (tO - VQ))€7 t)’

Notice that dg(-,) is the signed distance to the surface {ze = §(2’,t) — n(t — (tg — 12))},
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and it is well-defined by making S and v smaller if necessary.
de is the sub-solution of (5.4) that will be used in the sequel. Its key properties are
summarized next. In the statement, we use the notation ), for the parabolic boundary.

Specifically, for a space-time domain @ X (a,b) that means
0y[@ x (a, )] = 9Q x (a,5] U x {a}.

Proposition 59. Ifn € (0,07 'a), g e (0,%7}@ A1TA %52), c € (0,c1), v2 € (0,]), and

Sa € (0,81/2) satisfy the inequalities

Sy ¢S5
(3n+2V)w < 22 + % (5.19)

then

m(Dde)det — Ade < —6a, |[m(Dde) —m(e)] < ag in {|de| <7},

Xd>p < X{a=gy  on IplQ%(x0, 52, p) X (to — va,to +v2)].

Proof. The inequality 2nry < pﬁ‘% < ﬁ#ﬁ implies that z+n(t—(tg—19))e € Q%(xg, S}, p)
whenever x € Q°(zg, S9,p). Thus, the first statement follows from Lemma 5 and the in-
equality m < ©.

Concerning the second statement, we know that czc(', tg—v9) = de(-, tg — v2). Therefore,
the ordering between g and g implies d. < d on the surface {t =ty — 1}

Next, we check the remaining inequalities, namely,

X(d,>28 S X{d=2py Oon 9Q%(x0,52,p) X [to — va,to + val.

We will start by examining points # = (¢, 2') with 2’ € 9Q(z¢, S2).

Assume that Jc(:c,t) > B and 2’ € 0Q(x(,S2). To show that d(z,t) > 3, we proceed
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point by point. We claim that if d(y,t) = 0, then ||y — z|| > 8. If ||y — 2/|| > B, we are
done. Therefore, assume that ||y — 2’| < 8.
By the definition of OZC and d., we have

2
/

cS. clla’ — xh||?
g(x,t)Jr??—??m Sg(x’,t)JrM—

3 n(t — (tg — 19)) < Ze. (5.20)

At the same time, |g(y/,t) — g(2/,t)] < %pﬁ. Therefore, since ye = g(y/,t), we find

cS2
Yo < g(z/,t) + g < Te — ?24-2771/2—1— g

Recalling that 25 < nuy and appealing to (5.19), we conclude

cS2 B
ly = ol 2 lye — el = e — e = 22 - (2nu2+§) > 8,

Hence |d(x,t)| > B. Similarly, (5.20) shows that g(2,t) < x¢ so d(x,t) > 0. Thus, d(x,t) > 3
as claimed.

Finally, we consider points (x,t) with x on the top or bottom of the box Q¢(zg, S2, p),
that is, points for which [z, — g ¢| = pSa/2. To start with, observe that if e = 1, —pS2/2,
then dg(z,t) < 0 < . Indeed, it suffices to show that ze + 7(t — (tg — 19)) < §(2,t), which
is true since, by (5.19),

So
Te 41t — (to — 1)) < glah, to) — 222 + 2ns

2
S
< g’ t) + 2V + ey - B2 < ('),

It remains to consider the case when xe = ¢ +pS2/2. We claim that d(z,t) > 3 in this

case. To see this, we first show that if d(y,t) = 0 and y € Q(zg, S1,p), then ||y — x| > 5.
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Indeed, in case y € Q°(zq, So + 25, p), we apply (5.19) to find

ly — || > |ye — we|

= |(ze — z0,) + (g(x0.t0) = 9(¢/.1)|
2

pS
Z T - |g($07t0) - g(y/7t)|

S P2 p(S2 +26)
=2 4

— 2V > p.

On the other hand, if y € Q¢(xg, S1,p) \ Q¢(xg, S2 + 20, p), then we can consider two
cases: (i) v € Q(z(,S1) \ Q(x(, S2 + 26) or (i) p(S2 4+ 26)/2 < |ye| < pS1/2. In case (i),
|z —y|| > ||z’ — /|| > B follows immediately. On the other hand, in case (ii), we can assume
that both |ye — 2| > p(S2 4+ 26)/2 and y' € Q(z(, S2 + 23), but then this contradicts
Proposition 58 and 2V < pSs/2. So only case (i) is possible and then |d(x,t)| > [ follows.

Similarly, we find that d(z,t) > 0 so d(z,t) > 5. O
In the remainder of this section, we will adjust the constants if necessary so that the

hypotheses of Proposition 59 hold. In addition, we impose the following constraint on 7:

nrg <7.

The justification for this restriction comes in the remark that follows. Henceforth, n, ¢, vo,
and Sy are fixed. We reserve the right to make 5 > 0 smaller later. Also note that «g

remains undetermined at this stage and so far no restrictions have been imposed on it.

Remark 10. Notice that the boundary inequality in Proposition 59 has the following (trivial)

consequence: for each € > 0,

(I=B)X .55~ X(do<pr < 1=B)x(a=p) —Xfa<p) o OplQw0, 52, p) x (to—v2, lo+12)].
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Further, notice that since Dd.(xq,tg) = e and nuvo < 7, it follows that

de(zo,to) = de(xg + nire, ty) = nrg > 20.

In particular, {d. > 28} contains a neighborhood of (x, to)-

5.4.2  Initialization

In this section, we prove an initialization result that shows that the solutions (u)¢~q develop
a sharp transition along the interface {¢p = 0} when e > 0 is sufficiently small. Here we follow

[16] using the result of [72, Appendix A].
Proposition 60. Given ¢ € (0, %), there is a 7 = 7(0, 8, ¢) > 0 and an eg = (5, ¢, ug) > 0

such that if € € (0,€q) and t € [ty — vo,tg + 2], then
u (-t 7etlog(e ) = (1= Be)xqa(p=p) — X{d(-)<py i Q°(z0. 52, p).
Proof. First of all, since {d > B} C {x« = 1}, there is an ¢y > 0 such that
{d > B} N (Q%x0, S, p) X [to — v, tg —v]) C{u>1-06} ifee(0,e). (5.21)

For the rest of the proof, fix t € [tg — v, tg + v2].

Let ¢ : R? — R be the function given by

1—6, z€Q%o,(S1+52)/2,p)N{d(-,t) = B/2},

—1, otherwise.

Fix a smooth, symmetric non-negative function p such that p = 0 in R? \ B(0,1) and

—d

Jgap(z)dz = 1. Let (py)y~0 be the mollifying family in RY given by py(z) = v %p(v1x).
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In view of Lemma 5, there is a 7 > 0 small and independent of ¢ with the following property:

LS {d > ﬁ} N Qe(l’o,Sg,p) = B(I,v) - {d<7t) > 5/2} N Qe(x(b (Sl + 82)/27p)7

v €{d <0} NQ%(xo,5%,p) = B(x,v) C{d(,t) < B/2} N Q(xo, (S1 + 52)/2, p).
Define ¢ = py x . Recall that

||D¢||LOO(Rd) < Opv_l, (5.22)

|’D2¢HLOO(Rd) < Cpﬁ_z (5.23)

Notice that, by the choice of 7, if x € Q¢(x(, S2, p) and d(z,t) > 3, then

Similarly, if z € Q°(zg, S2, p) and d(x,t) < 0, then ¥(z) = —1. In summary,

{d =B} NQ%(x0,92,p) C{b=1-0}, {d<0}NQ%xo, 52.p) C{=-1} (5.24)

Let x¢ be the function from [72, Lemma 12]; let K > 0 be a free variable; and define a

family (u€)¢sq in R x [t, 00) by
u(z, 1) = X (Y(x) = Kt = 1), 1))

The construction of [72, Appendix A] gives that Y& < —f(X¢), where f is defined in [72,
Equation 51]. Thus, by arguing as in [16, Lemma 4.1], we find that u® is a sub-solution of
(5.1) if K is large enough. (Notice that K depends only on 7 through (5.22) and (5.23) and,
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thus, is independent of ¢). Further, u®(-,0) = ¢ < u®(-,t) by (5.21). Therefore,
u(z,t) <u(z,t' +1) if (z,t') € R x [0, 00).

Now the conclusion follows from the properties of x arguing exactly as in [16]. Note that 7

depends only on K and so is independent of t. O

5.4.8 Mesoscopic Sub-Solutions

Finally, we use the macroscopic sub-solution of Section 5.4.1, namely JC, to build mesoscopic
sub-solutions of (5.1) that converge to 1 in the sets {d. > 28}. Appealing to Remark
10, we will then conclude that u¢ — 1 uniformly in a neighborhood of (xg,t), a patent
contradiction.

Recall that e = EE(;EO, to). Let a be one last free variable, for convenience. Invoking
Theorem 32, we fix an approximate corrector Pp = P + PQ‘S e C2H(R x T) such that (5.5)
holds with v = aj.

Define a family (v9)¢sq in {(z,t) € Q%(xq, S2, p) X [to — va,to + 9] | |de(x,t)] <~} by

vé(z,t) = ¢ (M) +€ (czc,t(x,t)Pe (M, %) — 26) )

€

We show below that, provided «q, aj, and [ are chosen appropriately, v¢ is a sub-solution
of (5.1) as soon as € > 0 is small enough.
In order to invoke the comparison principle, we extend (v€)¢~q to Q(zg, Sz, p) X (tg —

v9,ty + 12). The construction again follows [16]. First, we define (v¢)¢~q by

max {v¢(z,t), =1}, if de(z,t) > — (v +28)/2,

v°(x,t) = )
—1, ifde(z,t) < —(v+28)/2.
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Finally, we fix a smooth, non-decreasing function f : R — [0, 1] such that

fe) =1 it > 148

gt fO=0if <47

and define (w®)¢~q by

w(x,t) = (L= f(de(, )0 (2, 8) + f(de(z,))(L — Be).

Here is the main result we will need to proceed:

Proposition 61. There is an €1 > 0 and a choice of the parameters ag, a1, and 8 such

that w® satisfies

m(e tz, Dwe)uwf — Aw + e 2W (we) <0 in Q(xq, Sa, p) % (to — 12, o],
w® <

(= BX¢q>m — Xgdepr " Q@ (20,52, p) X (to — v, tol]-
Furthermore, if (z,t) € Q%(xq, S2,p) X (to — vo,tg] satisfies czc(a:,t) > 203, then
lim infy w®(z,t) = 1.

Before proving Proposition 61, let us use it to prove Proposition 57.

Proof of Proposition 57. By Propositions 60 and 61 and Remark 10, for each € € (0,9 A€y),
we have

w® < u(-, -+ retlog(eh))  on p[Q° (w0, Sz, p) X (to — v2,to)].

According to Remark 10 and Proposition 61, there is a small > 0 such that

1 = liminfy w(x,t) if || — x| + |t — to] < 7.
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Therefore, for such points (z,t),

lim infy u(x,t) > liminf, w(x,t) = 1.

Hence x« = 1 in a neighborhood of (z(, tg). This contradicts the assumption that Dy(zg, t()

1S nonzero. O

Now we proceed with the proof of Proposition 61. The proof will be presented through

a series of lemmas. The first deals with v¢ near the interface.

Lemma 6. There is a choice of B, a1, and ag such that: (i) 5 is small enough to satisfy
the constraints of the previous section and (ii) there is a constant v(S, &) such that, for all
e > 0 small enough, we have

v(B, )
3€

m(e Lz, 5\06)1}5 — A+ e 2 () < — in {|d] <~}.

The selection of 3, aq, and ag below is a little delicate. The reason is, at some stage,
the fact that Dczc is not constant introduces errors. Let we be a modulus of continuity for

m and m at e, that is,

we(x) = sup { Iy, v) = mly, ) + () = m(e)] | llo—ell < x, y € T}

The errors Dd,. are proportional to we (o) with proportionality constants depending on the
choice of aq through the magnitudes of the derivatives of P.. Therefore, to control these
errors, we need to choose ag before aq. Given that § depends on «q through Proposition

59, it has to be chosen last.

Proof. In what follows, to declutter the notation, it will be convenient to define s = s(z,t) =
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de(w,t) — 28 and p, by
pe(z,t) = eDDd(x’t)Pe(e_ls(x, t), e 1z) + eQDvat(x, HPe(e Ls(x,t),e ).
By definition of v€, the regularity of Pg , and the definition of M in Lemma 5, we have

m(e_lx, eDv® )y = e_1Q(e_1s)m(e_1a:, Q(e_ls)DCZc(x, t) + pe)jc,t(x, t)+ O(1)

< e 1g(eLs) (mle e, d(e T s)e) etz 1) + Muwe(ag + O(e))) +O(1).

Note, in addition, that, no matter the choice of ¢’ € Sd_l, the function P¢ = V25cj defined

in (5.11) satisfies

24(s)
q(s)

DDy Py + W (q(s)) P = (s) (DZ,De,V25 - (e, DE/V2‘5)> in R x T%.

Combining this with the estimate || Dd. — e|| < ag from Proposition 59, we find

— A = —e (e s) — e gl s) Ade(x, 1)

-1 -1, 1
+€ DY w0y P Pele e ) de(@, 1) +O(1)

< —e_QQ'(e_ls) + e_lq'(e_ls) ([m(e) — m(e_lx, Q(e_ls)e)]dc’t(x, t) — AJc(x, t)

+May + O(ap)) — e TW(g(e Ls)) P + O(1).
Therefore, after observing that we can write

e 2W! () = e 2W(q) + e TW () P? — 28 YW (q) + O(1)
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we find

m(e a, eDv)v§ — Av + e 2W' (v€) = e_l{q'(e_ls, ) (m(DJc(m, t))det(z,t)
— Ade(z,t) + 2Mwe (ag + O(€))

+O(ag) + Moq) - Z,BW”(q(e_ls))} +0(1).
Thus, appealing once more to Proposition 59,

m(e La, eDve)v§ — Av + e 2W' (v°)

<e! {—(6d + 2Mwe(ag + O(€)) + O(ag) + May)j(e ts) — zgewﬂ(q(e—ls))} +o(1).

Finally, we choose a1, aq, and (3, in that order. To start with, choose a1 so that Ma; < a.

Next, choose aq so that, in the expression above, as soon as € is small enough, we have
2Mwe(ap + O(€)) + O(ap) < 2Mwe(209) + O(ag) < @

Note that this choice depends on «q through the magnitude of the derivatives of VQ‘S, which
contribute to the O(ag) term. However, it does not depend on any of the parameters
introduced in Section 5.4.1 (and, in particular, introduces no new restrictions on ) so there
is no risk of circular reasoning.

By [16, Lemma 4.3], there is a 5(&) > 0 such that if 3 € (0, 3(&)), then
v(B,a) = sup {3aq(s) + 28W"(q(s)) | s € R} > 0. (5.25)

At last, fix such a [ consistently with the restrictions of Section 5.4.1. Note that, with this
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choice of (ag, aq, ), for small enough € > 0, we find

v(B, @)
2¢

m(e Lz, eDve)v§ — Ave + e 2W/ (v6) < — +0(1) in {|de| <~}

O

Henceforth, we assume that 3, ag, and a; have been chosen so that Lemma 6 holds.
These three parameters will remain fixed throughout the rest of this section.

Next, we show that the functions (7€)~ are sub-solutions away from {d. > 0}.

Lemma 7. If € > 0 is small enough, then v°¢ is a sub-solution of (5.1) in {CZC <~}

Proof. 1t is clear that ¢ is a sub-solution in { —W+—22ﬂ) <d. < v}, being the maximum of two

sub-solutions there. At the same time, we claim that 7€ is a sub-solution in {d,. < —(% +1)}
as soon as € > 0 is small enough. Indeed, if do(z,t) < —(ég + ), then the exponential

estimates of [72, Appendix C] imply that

P, (M) ‘ — 25) < 1+ Cexp (—l) — 28e.

4Ce
Hence 7¢ = —1 in {d. < —(i? + J)} as soon as € is sufficiently small. In particular, that
makes T€ is a sub-solution in {d. < 7}. O

Finally, we verify that (w¢)¢-( remains a sub-solution inside {d. > 0} and has the right

boundary behavior.

Lemma 8. If € > 0 is small enough, then w® is a sub-solution of (5.1) in Q°(xg,S2,p) X

(tg — vo,tg + 112) and

w' < (L= BeXyg 5 — Xd<pr " IplQ° (20, 52, p) X (o — v2, tol].
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Proof. Arguing as in Lemma 7, we see that 7 = v¢ in {d. > 7+2—26} as soon as € > 0 is
sufficiently small. In fact, we can assume that 1 — v < 283¢ in {d. > #}

Plugging w€ into the equation in {ﬁ}ﬂ < d. < 7}, we find

m (¢, Due) wf — Aw W) = m (e, Due) wf — (1= F(d(e. 1) A0
+2f"(d(x,1))(Dd, Dv®) + € 2W' (w")
+ (f(dle ) Ad+2f"(d(x, )
x (v(z, 1) = (1 = Be))

=)+ L)+ I+ (IV)+ (V)4 (VI),

where, in view of the exponential estimates of [72, Appendix C], the error terms can be
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estimated as follows:
(I) = (1 — f(d(z, ) {m(e Lo, Dveyv§ — Ave + e 2W'(v)}
< —2 (1= f(dle, )5, @)
(I1) = f(d(z, ) 2W'(1 — Be) < —f(d(x, 1) BW" (1)e ™t + O(1),

(I11) = € 2W'((1 = fHo' + f(1 = Be)) — (1 — f)e W/ () — fe 2W'(1 — Be)

= 20(jv — 17 + %) = 0(1),

(IV) = (1 — f(d(z, 1)) (m(e Lo, Dw®) — m(e Lz, Dv))uf
.y (M_—w> +Javr, (M_—w> ‘e

< Cexp (—(06)1 <#>> ;

(V) = (1 = f(d(w, ) )m(e 2, D) (wf — of)
goexp< 1( _25)) + O (A ) di o (@, 1) — (1 — Be)|
SC{eXp( ( _25))%},

(VI) =2 (d(x, 0)(Dd, Dv*) + (' (dlx, 0)Ad + 2f"(d(x.1))) (v (w,8) = (1 = Be))

<C ((e_l +1) exp (—((Je)—l ( _22’6))) + Ce.

In particular, we find, in the limit € — 0T,

<C

m (e_lx, 51;6> w§ — Aw® + ¢ 2W' (wf) < —min {%I/(ﬁ, @), 5W”(1)} e+ 0(1).

Thus, w* is a sub-solution in the domain {7+2—25 <d. < v} as soon as € is small enough. At

the same time, w® = T in {d, < 341 + g} and w® = 1— fe in { + Zf < d.} so w€ is actually

a sub-solution in Q¢(xq, So, p) X (tg — vo,ty + v2).
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Finally, we check the boundary condition. We claim that, for all ¢ > 0 small enough,
V< (U= B)X g5~ Xdoepy 1 Q@ (0, 52,p) X (to = v2,to + v2). (5.26)
To see this, first, choose k > 0 such that
max {¢(s) | s> r} < O~
Now notice that if d.(x,t) < 28 + ke, then
V5 (2,8) < qk) + €Ol o ) — 26
while CZC(.QZ, t) > 20 + ke implies, by the choice of &,
v(z,t) < 1 — L.
Thus, there is an € > 0 such that, for each € € (0, €),
v <1 — e in Q%wg, So,p) X (tg — va,to + 12).
Finally, if (jc(a:, t) < B, then, making € > 0 smaller if necessary, we find, for each € € (0, €),
vé(z,t) < =1+ Cexp (—%) —2Pe < —1.

This completes the proof of (5.26). Since f(§) = 0 if & < 2/, the claimed boundary behavior

off w¢ follows. O
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5.5 Rational Contact Points

In this section, we prove the analogue of Proposition 57 for rational directions assuming in
addition that the level set of ¢ is nearly flat at the contact point. That is, we tackle condition

(b) in Definition 10. The main result is stated below:

Proposition 62. Fiz § € (0,1). If ¢ is a smooth function in R® x (0,00); (x0,ty) €
R x (0,00) is a point where x« — ¢ has a strict local minimum; Dg(zq,ty) € RZI\ {0};

and the level set of ¢ has is §-flat at (x,tg) in the following sense

| (12 Do(wo. to) ® Do, to) ) D2(wo, to) | < 81 Dg(wo, o)l

then

wi(wo, to) > —100~1d8|| D (2, to) |- (5.27)

The proof of Proposition 62 is a minor modification of the proof of Proposition 57. Let
us summarize the details.
Again, proceed by contradiction. If (5.27) fails, then we can construct d. once more in

such a way that

det < —9071ds i {|dc| < 7}

Further, by continuity, we can make S9, 19, ¢, and v so small that
|Ad.| <2d6 in {|dc| < v}

Hence, with these changes, the conclusions of Proposition 59 still hold except —6a should
be replaced by —6dd and the mobility m by the constant 6.

The construction of mesoscopic sub-solutions proceeds as before, except this time v¢ is
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simply given by

vi(z,t) = ¢ (M) — 20e.

When it comes time to check that v¢ is a sub-solution, we use
m(e tz, Dde)dey — Ade < 0dey — Ade < —6d5  in {|dc| <7}

The remainder of the construction goes through exactly as before.

5.6 Shrinking Sub-Solutions

In this section, we construct mesoscopic sub-solutions of (5.1) that approximate characteristic
functions of shrinking balls. Using these, we prove that the limiting evolution satisfies the
remaining differential inequality in Definition 10, namely condition (c¢). Employing similar
ideas, we also prove that the phase indicator functions 4 and x* are compatible with the

initial datum.

5.6.1 Finite Speed of Shrinking

As shown in [16], to prove xs satisfies the right differential inequality when the gradient
vanishes, it suffices to check that a ball contained in {xs« = 1} cannot shrink too fast.

Toward that end, we begin by proving the next result:

Proposition 63. Fiz R > 0 and ty > 0 and assume that B(zqy, R) C Qg;). Given 8 € (0,0),

there is an h > 0 depending continuously on R (and independent of (xq,tg)) such that

B (3707 \/R2 - QQ_l(d — 1)3) - QE;ZFS if s €[0,h).
By invoking the proposition, we can prove
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Theorem 33. Fiz R > 0 and ty > 0 and assume that B(xg, R) C le). If 0 < 0, then

B (xo, \/RQ — 2Q—1(d — 1)8) - Qz(fél—s for each s € [0, — } )

Proof. For each s € |0, 2(%—1321)], define R : (0,00) — [0,00) by

R(s) = sup {r >0 | B(zg,r) C Qg;z_s} :

Note that the definition of R implies that B(xq, R(s)) C ngll s+ Moreover, by assumption,
R(0) > R. Let T =1inf {s > 0 | R(s) = 0}.

We claim that s — R(s) is a lower semi-continuous viscosity super-solution of the ODE
: d—1

The lower semi-continuity follows from the fact that y« is lower semi-continuous.
Notice that, given an s € (0,7"), Proposition 63 yields an h > 0 such that if s’ € (s—h, s),

then

R(s) > \/R(s’)2 _2(d - 1;(5 — 3/)'

From this, it follows easily that if ¢ is a smooth function and s’ + R(s") — ¢(s) has a local

minimum at s, then

0p(s) + > 0.

By the comparison principle for viscosity solutions, we deduce that s +— R(s) is at least

as large as the solution of the ODE with initial condition R(0). In particular,

o2 70 - 20T [ 2T oy
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0 R?2

Note, in addition, that this inequality yields T > Nd=T)" O
2
Now we prove Proposition 63. First, observe that the function d : R% x [0, %] —+ R
given by

e, 1) = /B2~ 201 (d = 1)t — |la|
satisfies

_ 0(d—1) (d—1)
Q\/R2—2Q—1(d_1)(t_t0) ]

0d; — tr ((Id— l/)\d®1/)\d> D%z) _

Note, in addition, that dy < 0. A direction computation yields the following lemma:

Lemma 9. Fiz R > 0 and ty > 0. For each p € (0,1) and v € (O,g — 1), the function d

above satisfies

Hdt—tr<<ld—l/)\d®17d)D2d>g—%{g—l—y} mAp,Vx<o, R )

where A, = B(0, (1 — p)"IR)\ B(0, (14 v)~1R).

We use d to construct global mesoscopic sub-solutions arguing as in Section 5.4. To start

2
with, define v®: A, x (O, 25—_@1)) — R by

v(z,t) =q (w) — 2.
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Observe that, using the sign of d;, we can compute

m(e lz, 5176)711? — A 4 € 2W(0) = e tm(e e, Dd(x,t))qdy — € %G — e LgAd
+ e 2W(g) — 28T W(g)
< e 1q(0dy — Ad) — 257 (g)

< — 1 (Cri+28W"(q)),

where Cp = % [% -1- V} > 0. As in [16], we can choose 3 = B(v) > 0 so that, for each

5 € (0,6),
pp :=min {Crq(s) +26W"(q(s)) | s € R} > 0.

This gives

o 2
m(e_lx, va)'vg — Aov® + E_QW/(Ue) < _'uﬁe_l n Ap’y X <O, 2(5—_Q1)) .

2
We will not be able to proceed in the entire time interval (0, 2@—_@1)) since the interface

{d = 0} does not remain in A, ;. Therefore, we restrict attention to R x (0,T) for some

T > 0 and choose v > 0 so that
{(z,t) e RTx (0,T) | |d(z,t)] <~} C Apy x [0, 7).

Clearly, it is possible to do this by continuity. A concrete choice of T" and 7 is

T e :{%Ry ]AL(pR }

T Ad-1) (w12 v+ 1) 1-p)

Notice that, for a fixed (0, p,v), T and vy depend continuously on R.
Next, we define (79)¢~0 and (w)e~q in R? x [0,T] as before with the choice of v just
selected. To get things started, we need the following variant of Lemma 8:
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Lemma 10. Under the assumptions of Proposition 63, given 3 > 0, there are constants

T,€0 > 0 depending only on 8 such that, for each € € (0, ¢€),

(st + 7 10g (™)) 2 (1= BOX{ sl <R-p) ~ X{llo—zol>R-5) i R

The proof follows by arguing exactly in [16, Lemma 4.1], replacing the function y used
there by the same function x€ used in the proof of Proposition 60.

Comparing u¢ and w® as in Section 5.4, we find
w(z,t) < u(z, t+7e¢log(e™ ) if (z,t) € R? x [0, 7).
Combined with the fact that liminf, w(x,t) = 1 if d(z,t) > 20, this gives
{0y =28y calt ireeo1)
Sending 5 — 0, we obtain the conclusion of Proposition 63 with h = T.

5.6.2  Super-Solution Property at Flat Parts

The finite shrinking speed of the previous section is intimately related to the final differential

inequality in Definitions 10 and 12. In fact, it implies it, as shown in the next result.
Proposition 64. If ¢ : R x (0,00) — R is smooth, xx — ¢ has a strict local minimum at

(w0, to) € RY x (0,00), and || Dep(xo, to)|| = [|D*¢(x0, to)|| = 0, then

QOt(ZL’O, tO) > 0.

The proof below is based on an insight from [16].

Proof. First, notice that if x«(zg,fy) = 1, then x4« = 1 in a neighborhood of (z¢,tp), and
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this implies ¢ (xq,tg) = 0 directly.

Assume now that y«(zg,t9) = —1 and, without loss of generality, that ¢(zg,tg) = 0. It

follows that there is an open ball B C R% x (0, 00) containing ((, tg) such that

xx(z,t) — p(z,t) > =1 if (z,t) € B.

In particular, since ¢(xq,tg) = 0, this gives

X (. t) = (o, ) (t = to) + ofllw — zo||* + [t = to]) = ~1 if (,1) € B.

Let C' = 4(d9_ U We claim that there is a sequence ((zp,tn))pen such that

(x0,t0) (Tn,tn), tn <to,

= lim
n—oo

|z — ol < Cltn —tol,  Xx(@n,tn) = —1.
Assuming the claim is true for now, we set (z,t) = (xp,ty) in (5.28) to find

wi(x0,t0)(to — tn) + o(|tn — to[) = 0.

Dividing by tg — t5, and sending n — oo, this yields

ot(zg,tg) > 0.

(5.28)

It remains to prove the claim. We argue by contradiction, assuming that it is false. We

can then fix an s € (0,¢y) such that B(xg, /C(tg—s)) C le). Now Theorem 33 implies

that

0 2(d - 1)

B (a0 et - 20 cafd e p G
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At the same time, notice that, by the choice of C,

Co(to — s)

20d—1) =s+2(tg —s) > to.

Thus, we deduce that

z0 € B (930, \/C(to —s) — 20 - 1)9(t0 — S>> C ngl),

but this contradicts the assumption that y«(zg,%g) = —1. O

5.60.3 Initial Datum

The proof of Proposition 63 can be modified slightly to prove that {x«(-,0) =1} 2 {ug > 0},

as claimed in Proposition 55.
Proposition 65. y«(-,0) =1 in {ug > 0}.
To prove this, we will use the following variant of Lemma 10.

Lemma 11. Given 8,r € (0,1) and zg € R, if B(xo,r) C {ug > 0}, then there is a 7 > 0

depending only on B and r and €y € (0,1) such that, for each € € (0,¢q),

u (s 7etlog(e ) = (1= BOX(la—ry|<r—5) ~ X{lz—ao>r—5)-

Now we prove the proposition.

Proof of Proposition 65. Fix xg € {ug > 0}. We need to prove that x«(xg,0) = 1. Toward
this end, first, fix an 7 > 0 such that B(zg,r) C {ug > 0}.

Arguing exactly as in the proof of Proposition 63 with Lemma 11 in place of Lemma 10
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and @ = 2716, we find an h > 0 such that

B (a:o, \/r2 —40—1(d - 1)t) C le) for each t € (0, h).

It follows that there is an h’ > 0 such that B (o, 2_17°) - le) for each t € (0,R'). By the
definition of le) and xx, this implies that
yal0,0) = Tim_inf {xs(y,5) | [}z — yll +5 <3, s >0}
=0T

> inf {X*(y, s)|ye B(m0,2_1r), s € (O,h’)} =1.

Since xx < 1, the proof is complete. O

5.7 Notes

The inspiration to consider the Allen-Cahn equation with a mobility coefficient initially came
from the work of Taylor and Cahn [89]. Equations with a mobility coefficient as in (5.1)
also appear in the study of the Ising model (cf. [62]), and the homogenization of a gradient
flow-type ODE with periodic dissipation has recently been studied by Mielke, Montefusco,
and Peletier [67].
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CHAPTER 6
HOMOGENIZATION OF NONVARIATIONAL INTERFACE
MOTIONS

This chapter is devoted to the homogenization of nonvariational interface motions driven by
curvature effects alone. More precisely, the focus is the analysis of the asymptotics of the

interface motion given by

Vops = m(e_lx,naEte)_ltl" (a(e_lx,naEg)AaE§> :

As in Chapter 2, we study this motion using by appealing to the level-set formulation. Hence

we are interested in the asymptotics as € — 0 of the nonlinear diffusion equation given by:

m(e z, lﬁ)ug —tr <A<€_1.T}, ZSEE)DQue) =0 in RY x (0, 00), (6.1
u€ =ug on R% x {0}.

Here, as in the previous chapters, A is obtained from the coefficient field a by the formula
A(y,e) = (Id —e®e)a(y,e)(Id —e®e). (6.2)

Recall from the introduction that we assume that a and m are smooth and a is uniformly

elliptic, hence there are constants A, A > 0 such that
Ad < a(y,e) < Ald  for each (y,e) € T? x §971, (6.3)

We prove that (6.1) homogenizes in the limit e — 0. Specifically, the solutions u¢ con-
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verges to the solution u of the effective equation

m(Da)ar — tr (A(b?z)p%) —0 in R% x (0, 00),

i =uy onR?x {0}

As before, A is related to an effective diffusion matrix a as in (6.2).

The most interesting aspect of this homogenization result is the effective diffusion matrix
a and effective mobility m are, in general, discontinuous functions in dimensions d > 3.
As a consequence, part of the proof requires an understanding of existence, uniqueness,
and stability for second-order level-set PDE with discontinuous coefficients. In fact, the
discontinuities of @ and 7 are mild enough that (6.4) has a comparison principle. The proof
of the comparison principle is deferred to the next chapter.

The main result of this chapter is stated next.

Theorem 34. There are effective coefficients m : ST 1\RZ — (0,00) and a : ST~ 1\RZI —

S, such that if ug € UC(RY) and (u)e=qo are the solutions of (6.1), then:
(i) There is a unique viscosity solution @ : R% x [0,00) — R of (6.4).
(ii) u€ — @ locally uniformly as e — 0T,

Concerning the continuity properties of the effective coefficients a and m, we will show
that continuity holds in dimension d = 2, but only directional limits exist in dimensions
d > 3. This is related to a fundamental question concerning diffusion processes with quasi-
periodic coefficients.

Given e € S91, consider the diffusion process X¢ determined by the SDE
dX; = (Id —e®e)\/a(Xf) dBy. (6.5)

Since a is Zd—periodic, we can consider X as a process in T?. Let 2 denote the collection
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of probability measures that are invariant under (6.5), which coincides with the analytical
definition in Chapter 2.
The next theorem describes the structure of .Z¢ and its connection to the effective coef-

ficients a and m.
Theorem 35. The following statements all hold:

(i) If e ¢ RZ%, then there is a unique probability measure fie such that F& = {jic}.

Furthermore, jie < L.

(i) If e € RZY, then there is an re-periodic function pe : R — QZ(Td), fe = T > b, such
that & equals the closed convex hull of {ul, | r € R}. For each r € [0,7¢), we have

ph < HA1 a1y

(iii) For each e € ST™1\RZ®, a and m are given by
o) = [ alwe)peldy). me) = [ mly.e)peldy) (6:6)
Td Td

It is not hard to show that the functions a and m are continuous at irrational directions
by compactness. The story is more complicated in rational directions.

First, we need a digression on analysis in S9=1 because it turns out that the limiting
behavior of e — £¢ at a rational direction depends on the direction of approach. To make
that precise, notice that if (e, ) ey C S4=1 converges to e as n — oo, then there is necessarily

a a subsequence (n;);eny € N and an n € S9=1 1 (e)L such that

. €n< — e
-n= lim ——.
j—oo [len; — €|
Geometrically, that means en; approximately approaches e along the great circle given by

0 — cos(f)e + sin(0)n, or, put simply, en; — e along the ) direction. It is necessary to take

account of the direction 7 when studying the continuity properties of e — .Z2.
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Finally, in the statement, it is convenient to use the metrizability of Q(Td). Toward
that end, we fix here and henceforth a metric D : 2(T%) x Z2(T%) — [0, 00) inducing the

weak-* topology (e.g. Wasserstein distance).

Theorem 36. For ecach e € RZ%, if we define the function jie : S¢1n (e}l — @(Td),

ﬂein'—ﬂagz by

}ﬂ:=(A%wé@@mnYlM)_{A%mé@@mnYﬂid& (6.7

ag (y) = /T Jay, ) (dy), (6.8)

then this function describes the continuity properties of € — fg} at e in the sense that

6/—6
lim sup < D(u, fil e % |I€—e +H—+ H<5}:O.
Jim sup { DG ) | € 58 1=l + | 55 4

When the dimension d = 2, it turns out that the theorem implies that a and m both
extend continuously to the entire sphere Sd_l; see Theorem 37. Continuity, however, does
not hold in general when d > 3.

By using the explicit form of the limiting measure fi from the previous theorem, we
readily deduce that a and m are generically discontinuous in dimensions d > 3. In the next
result, we denote by S;(A, A) the set of symmetric matrices with eigenvalues strictly between
A and A, that is,

SgMA) ={Ae S, | Nd < A< Ald}. (6.9)

Corollary 2. Assume d > 3. There is a residual set €; C C2%(T% Sy(\, N)) such that if

is independent of the e variable and a € 6y, then the following statements hold:

(a) If [ is the function defined in Theorem 36, then

Vee STIARZY #{al | ne ST (e)t) = .
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(b) The effective coefficient @ : ST1\RZY — Sy(\, A) defined in Theorem 35 has infinitely

many distinct directional limits at each e € RZY.

A similar argument shows that the linear response coefficient 7, obtained in Chapter 2
is generically discontinuous in all dimension d > 2. In what follows, we denote by 2, the

natural space of e-independent coefficients (a, m) given by
Ly = C(T%8,(\, A)) x C2%(TY; (0, 00))
Recall that Sgz(A, A) is the set of symmetric matrices bounded between A and A (see (6.9)).

We endow Z; with the C2% pnorm, which makes it an open subset of a Banach space.

Corollary 3. If d > 2, then there is a residual set Ay C Z; such that if m and a are

independent of e and (a,m) € Ay, then, for each e € Sd—1n ]RZd, the following hold:
(i) There is ann € ST1 N (e)L such that my(e) # me.
(i) If d > 3, then m : ST\ RZI — (0,00) does not have a limit at e.

In particular, if (a,m) € Ag, then My, is not a continuous function.

Since Corollary 3 follows from the same kinds of arguments as Corollary 2, its proof is

omitted.

6.1 Homogenization in Irrational Directions

In this section, we show that the asymptotics of the homogenization problem (6.1) are

controlled by the effective equation (6.4). More precisely, defining half-relaxed limits * and
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ux by

@*(w,t) = lim sup {u(y,s) | llo—yll + |t — s + ¢ < 6},
J—0t

e, t) = fim inf {u(y, s) | le =yl +]t = 5[ +e <},

we will show that @* and @, are, respectively, sub- and super-solution of (6.4). As in Chapter
5, the proof will be based on the notion of viscosity solutions in irrational directions.

At contact points where the normal vector is irrational, we will use the approximate
correctors of the previous section and Evans’s perturbed test function method [45]. Due
to the flexibility provided by Definition 10, the necessary viscosity inequalities in rational
directions follow directly from the structure of the PDE.

The precise result we aim to prove is stated next.

Proposition 66. If (uf)sq are the solutions of (6.1) for some fizred uy € UC(R?) and
u* = limsup* u® and @y = liminf, u® are the corresponding half-relazed limits, then u* is
a sub-solution of (6.4) in irrational directions in RY x (0,00) and ux is a super-solution of

(6.4) in irrational directions in R x (0,00). Furthermore, @*(-,0) < ug < us(-,0).

Proof. We break the proof down into three steps, one step for each condition in Definition 10
and a final one for the initial condition. Since the argument for @* is analogous, we restrict
attention to ux.

We begin with the viscosity inequalities in R% x (0,00). Assume that ¢ : RY x (0,00) - R
is a smooth function and (z, ty) € R? x (0, 00) is a point where s — ¢ attains a strict local
minimum.

Step 1: Irrational Normal

Assume that De(zg,tg) ¢ RZ% and let § > 0. Define e = l/);(xo,to) and X =
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1D (0, to) ||~ D%p(x0, o). Define f : T — R by

fy) = tr (A(y, e)X) —m(y, e)et(xo, to)-

Let V&% be the solution of the penalized cell problem (2.13). Recall from Proposition 3

that the following limiting behavior holds

lim sup {|V (y) = Te)] | ye T} =0,

d—0t

where f(e) = [ga f(y) fie(dy). From the definition of a(e) and m(e), the identity f(e) =
tr(A(e)X) —m(e)pt(zq, tg) holds with A(e) = (Id — e ® e)a(e)(Id — e ® e).

For each ¢ > 0, define the perturbed test function ¢ by
pe(w,t) = p(x,1) + VS (e 1a).

Since V&% is bounded, there is a sequence (en)nen C (0,00) and points (2, tn)pen Such

that

nh—>néo(€n’ Tn, tn) = (Oa o, tO)

and, for each n € N, u® — ¢¢ has a local minimum at (xp, t,).

Since u€ is a viscosity solution of (6.1) and V&%f € CZ(T%), we can compute

—

0< m(@;lfm De,, (zn, tn))%mt(ﬂfm tn) — tr (A(Gﬁlxm De,, (T, tn))D2¢en($n7tn)>
= m(e, Lan, Dp(w0, o))t (0, to) — tr (A(éﬁlxn, De(x, o)) D (0, to))
— tr (a(eglxn, e)DgVB’a’f(eglan +o(1)

< sup {—5Ve’6’f(y) |y € Td} +o(1).
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Sending first n — oo and then § — 07, this becomes

0 < m(e)pr(wo.to) — tr (Ale)X) = T(Dp(xo. to))et(o, to) — tr (A(e) D*p(x0, o))

Step 2: Rational Normal, Flat Level Set

Next, we assume that Do(xq,tg) # 0 and define ¢ by

6 = | D(ao, )| | (14 = Dip(ao, to) ® Dplwo, o) ) D3¢l to)|

Since w4 — ¢ has a strict local minimum at (xq, ty), we can fix a sequence ¢, — 0" and
points (x¢,,te,) — (z0,tg) such that u» — ¢ has a local minimum at (xy,t,) for each n.

Using the equation directly, this implies that

0 < pt(xe,,, te,) — tr (A(eglxn,l/);(xn, tn))D2go(xn,tn)> ,

< Spt(xena ten) + A|’D§n¢(mn7 tﬂ)”ﬂ

where e, = l/);(xn, tn). Sending n — oo, we recover
pi(x0,t0) > —A||DZp(x0,t0) || > —AS|| D (o, o).

We conclude that 4 satisfies condition (b) in Definition 10 with K = A.
Step 3: Vanishing Normal
Finally, if | Dp(zg,to)| = |[D?¢(z0,to)|| = 0, then we can find e, — 0% and (xy,, t,,) —

(20, tp) such that

0< Sot(xna tn) —tr (A(5;1$n»m(xmtn))DQSD(l’n,tn))

In the limit n — oo, we use the uniform ellipticity of a to conclude that y¢(zg,ty) > 0. This
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proves s satisfies condition (c) in Definition 10.

Step 4: Initial Condition

Here we proceed by approximating ug by smooth functions. First, observe that if D2ug €
BC(Rd), then, by comparison with sub- and super-solutions of the form ug(x) £ Ct, we
deduce that, independent of €, the solution u€ satisfies the following Lipschitz estimate in
time

|u(z,t) —u(x,t)| < Clt —|.

Accordingly, in this case, we invoke the definition of @4« to deduce that, for any x € ]Rd, we
have

w(2,0) 2 T, (uo(z) — C9) = uo(w).

This proves that s > uyg.

Finally, even if ug does not have a continuous and bounded second derivative, nonetheless
the assumption that uy € UC(R?) implies that we can find a sequence (u(()n))neN C UC(R?
such that uén) — wug uniformly as n — oo and D2u(()n) € BC(Rd) for each fixed n. By the
comparison principle, if u&(™) denotes the solution of (6.1) with initial condition usM) =

uén), then

sup {|u€(:c,t) — w2, 1) | (2,t) € RY x (o,oo)} < sup {|u0(:v) —u™(@)| | z € Rd} .

From this, we fix x € R? and n € N, send € — 0T, and use the assumption that D2u(()n) €

BC(RY) to find

- . , (n)
us(z,0) > 51_1>I(I)l+ inf {ue (")(y, s) | et|lz—yl|+s< (5} — Jlug” — u()“Loo(Rd)

> " () ~ g — upl| oo )

Sending n — oo, we deduce that @ (z,0) > ug(x). Since x was arbitrary, we conclude that
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6.2 Continuity and Discontinuity of Homogenized Coefficients

In this section, we study the continuity properties of the effective coefficients m and a. The
main results are Theorem 36 and Corollary 2 concerning the (dis)continuity properties of m

and a.

6.2.1 Strategy of Proof

Before entering into the details, let us briefly give a heuristic explanation of the strategy

of the proof and the core technical issues that arise. The main idea of the proof and the

discussion that follows are inspired by the strategy introduced by Feldman and Kim [49].
Suppose ¢ € S9N RZ%. In the proof of Theorem 36, we proceed by studying the

behavior of (fie, )nen along a sequence of irrational directions (ep),eny With e, — e and

en—¢e

Ten=ell —* ~ "
fle,, captures the long-time asymptotics of the diffusion process governed by (6.5). There-

fore, it is natural to pass to the diffusions X* and consider their behavior. Further, in light
of the structure of Z¢, the only question is the e marginal of any limit point of (fe,, )nen,
that is, we only need to study f((X;™, e)), where f is an re-periodic function of one variable
and t > 0 is large.

We may as well assume that <X8", en) = 0, which implies that (X;", e,) = 0 for all ¢ > 0.
Therefore, if we write e, = cos(0y,)e —sin(fp )y, for some 0, € (—m, 7] and 1, € ST 1N (e) L,
we have

(XEm ey = (X" e — en) = (1 — cos(B,) (X, ) + O(62).

Hence to recover anything meaningful from f({X;™, €)), we need to wait until [ X;"| ~

n »

1. Since this takes a time proportional to 6,2, we should study f((X;ﬁZT,@) in the
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simultaneous limit n, T — oo.
Put another way, at the level of the PDE, we would like to understand the behavior as

n — oo and § — 07 of the penalized correctors (Vg)((;’n)e(o’oo)xN solving
(5V,§5 —tr (a(@,;lx,en)Dng> = f(0; Yz, e)) in (en)t

A simple homogenization argument shows that, for a fixed 6 > 0, Vg — V% asn — oo,

where V9 is the solution of the problem
67" — tr (o ((n,2)e) D2V ) = f({n.a)e) in (e)h.

It turns out that extracting the limit of §V% as § — 01 leads to the correct limit of
Jra f((y,€)) fie, (dy). The question is simply how to show that the limits n — oo and
§ — 0T commute.

The argument below shows how to do this working at the level of the obstacle problems
introduced in [29] rather than the penalized correctors. Working with penalized correctors
is difficult since it requires understanding the rate at which M/ﬁs converges as 6 — 07,
independently of n. We circumvent this by passing to the obstacle problem approach of [29]
and leveraging an upper semi-continuity property proved there. In this way, it is possible to
first send n — oo and then § — 01 without explicitly quantifying the rates of convergence

of the associated almost periodic homogenization problems.

6.2.2 Preliminaries

We start by introducing some notation that will be used later.

Henceforth, given an arbitrary f € C (Td), it will be convenient to define the family of
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shifted functions { fy}yer by

fy) = fly+y) foryyeT

The reader familiar with stochastic homogenization can think of the shift y like an element

w of a probability space (2, P). In our case, {2 = T and P = £, although we will also have

occasion to work with the surface area measures on the sub-tori {T¢~1(0)} ccSd—1ARZ-
Given an f € C(T%9), e € S NRZ?, and 1 € S9N (e)+, we define the constant f/

by

V= [, f ity (6.10)

where ji¢ is the probability measure defined by (6.7).
To prove Theorem 36, observe that it suffices to prove the following preliminary result.
Here and in what follows, for a given f € C(T%), we define fi- and f(e) as in Section 2.5

(see (2.18) and Proposition 3).
Proposition 67. Fiz e € ST 1 NRZ, e 591 n (e), and f € Cz’a(’ﬂ‘d). If (en)pen €

SA—1 N RZ% satisfies

lim (||en—e|| + Hﬁ+n“) ~0. (6.11)

n—oo

then
tim_sup {| 2, (v) = ) | y € T} =0,
n—o00 n

Similarly, if (en)peny C ST\ RZ? satisfies (6.11), then

lim [f(en) — f7(e)| = 0.

n—oo

Notice that when when the dimension d = 2, the set S9N ()L contains just two
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antipodal directions, S9N (e}t = {el, —el}. Hence, by inspection of the formula for
f1(e), we deduce that the function e — f(e) extends continuously to rational directions in

this dimension.

Theorem 37. If d = 2, then the function e — f(e) can be extended continuously from
gd—1 \RZd to S4=L. In particular, this applies to the effective coefficients a and m in

Theorem 34.

Since the theorem follows directly from the argument above, the proof is omitted.
The main thrust of the remainder of the section is the proof of Proposition 67. For the
rest of the section, fix an e, 7, (en)peN, and f as in that proposition.

By assumption, we can fix (1,)pey € S and (6 )pen C (—, 7] such that
en = cos(Op)e — sin(0y )0y,

We will assume without loss of generality that (6p,),en € (—m, ) \ {0}.

For each n € N| let O, : R% — RY be the orthogonal transformation such that

On(en) =e,  Op(sin(fp)e + cos(On)nn) = nn,  Op [<e’en>L: Id [<e’en>L

Notice that limy, 00 Op = Id and Oy ((en) ) = ().
Finally, we let {v1,...,v4_1} be an orthonormal basis of (¢) and define, for each R > 0,

the cube QF C (e)T by

Qp={ve (e | 1oV VIl < R/2}.

Given n € N, we define the analogous cubes {Q%) | R >0} in (ep) " by Qgg) = Ogl(QE).
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6.2.3 QObstacle Problems

It is technically very convenient to replace the penalized correctors {Vﬁ; }(&n) of the previous
discussion by solutions of a related family of obstacle problems. In this section, we describe
the set-up.

Givenn € N,y € R, R > 0, and y € T?, we set v = (n,7, R) and define the obstacle

sub- and super-solutions u”*¥ and wyy as the solutions of the equations

max {—tr (ay(ﬁgly’)Dgan’y) — fy(eﬁly/) -7 Uy’y} =0 in Qg)7

(6.12)
u”Y =0 on 3@%1),
min {_tr (ay(egly,)Dgan,y) - fy(eg]-y/> -7, ul/,y} =0 in Qg)a (6 13)

uyy =0 on (?Qgg).

Existence and uniqueness for these problems can be proved using a comparison principle or
through a penalization procedure as in [29].

When v = (x,7, R), uY and uy,y are the solutions of the homogenized problems

max {—tr (at (g + (o, me) D2 ) = fH(y + (¢ m)e) — v,V } =0 in Q,
u”Y =0 on dQ%p,
(6.14)
min {—tr (aé(y + n)e)DguV,y> — [y + W m)e) =, uV,y} =0 in Q%
UV7y == 0 on GQE

(6.15)

Here aF and fj- are the functions defined in (6.8) and (2.18). For these equations, the
regularity of aé and feL proved in Proposition 8 is more than enough to guarantee well-

posedness.
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Next, for n € NU {x}, we define the contact sets K"¥ and Ky 4 by

K ={y € QW | w¥(y) = 0}, Kuy=1{y' € QW | wyl) = 0}.

By the results of [29], for each n € NU {*}, there are functions (- £ : R x T¢ — [0,1]
such that, for each v € R, v(R) = (n,7, R), and y € T?, we have
lr(ry) = lim R (D)
R—o0
1 1 1—dqsd—1
by (v,y) = Rh—r>noo R™H (Kun(R),y>‘
Notice that, by analogy with Proposition 7, for each n € N, /-(v, -) and £ (v, -) vary only in
the ey, direction. (In particular, if e, € S9!\ RZ%, then f-(v,-) and £ (v, ) are constant
functions by Theorem 14.)
Next, note that these functions satisfy the following variational principles: if e, € S d—1 \

RZd, then the unique ergodicity of the associated group of translations (i.e., Theorem 12)

implies that, for each y € Td,

T4, y) :inf{Rl_d/d%d_l(K””<R)’y) dy | R > 0}, (6.16)
. Y

L, (7, y) = inf {Rl_d ,Hd_l(KVn(R),g) dQ | B> O} )

Td

while in the case e, € RZd, we instead can only say that, for each y € T4,

In(7,y) = int {Rl—d 7[ HA (g8 =1 (qe) | R > 0}, (6.17)
T (ye))
¢, (v,y) = inf Rl_d][ HIN K HIN A | R> 0.
n(7:Y) { Tg;1(<y,e>) ( un(R),g) (d€) |
All of this follows from the sub-additive ergodic theorem (cf. [29, Appendix A]).
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Finally, notice that, when n = %, we can argue as in the case when n € N and e, € RZ.
Since the coefficients of the associated obstacle problems vary only in the n direction, it
follows that the integrals over Tgfl(s) so obtained do not depend on s. Therefore, as in the

case when n € N and e, ¢ RZ?, we find, for each Yy € T4,

G (1,y) =inf{R1_d / de—l(KV*<R>»ﬂ) dy | R> 0}, (6.18)
. y

G (v, y) =inf{Rl_d/Ed Hd_l(Ky*(R),y) dy | R > 0}'

6.2.4 Homogenization of Obstacle Problems

By a direct analogy to the discussion of the penalized correctors above, we now show that
the obstacle problems (6.12) and (6.13) homogenize to the problems (6.14) and (6.15) as

n — o0.

Proposition 68. Given (v, R) € Rx (0,00) andy € T¢, if vy = (n,7, R) and vsx = (,7, R),

and if (Yn)nen C T4 is such that y = limy—s00 Yn, then

0= tim, sup {97 (o) — V(b)) | (v, uh) € Q) x Qfp ™+l —wl < 3}

0= tim, sup {Juw, y, (1) = ey (02)| | (0,08) € Q) x Qo n ™"+ ] — whll < 5}

Proof. To prove this, we will work with half-relaxed limits. The proof for super-solutions
follows by analogous arguments so we will restrict attention to sub-solutions.

Define @* and 4 in Q_E by

@*(y)) = lim su {u’/”’y" ! = (n), n |y =y <(5},
(y) Sim, sup W) |y €@y Iy =yl

_ N _ 1 . VnsYn (/] ! (n) -1 P
ia(y) = Jim inf {u () |y € QR 0Tty — o) < 5}

It suffices to show that @* = @y = u"*¥Y. To do this, we only need to prove that @* and
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are sub- and super-solution of (6.14) and apply the comparison principle. Since the proof
for u* is almost identical, we will restrict attention to .
Assume that ¢ : R% — R is a smooth function and y6 € Q' is a point where %, — ¢ has

a strict local minimum. We claim that
max { —tr (aF (y + (v M) DZe () ) = Sy + (oo mhe) = 1. alyp) 2 0. (6.19)

Clearly, we can assume that @« (y() < 0.

Let us argue by contradiction. If (6.19) fails to hold, then there is a ¢ > 0 such that
1 / 2 / L /
—tr (ae (y+ (yo,?7>e)DesO(yo)) —Jfe v+ (wo,me) =7 < —C. (6.20)
Define g € C(T%) by

gy) = fly+y) +tr (a(y + g)ﬂ%(%)) :

Let V&% € C2(T) be the solution of (2.13) with & = §(¢) > 0 chosen so small that
1 _ Yy DQv€,5,g o < f h Td
ge (v +y) —tr (a?(y) DV (y) ) — gy +y)| < for each y € T

For each n € N, pick a point g/, where the function y — u’n¥(y/) — o(y') — 62V (6, 1Y)
attains its minimum in the closure of Q%). By classical arguments, we can pass to a subse-

quence (yélj) jen such that

lim y), =y, lim wiY (gl ) = i+ (y() < 0.
j—oo Y Jj—00 J

There is no loss of generality in assuming that both y,’lj € ng ) and ™Y (y;lj) <0

212



anyyn

for all j € N. Thus, the equation satisfied by « i gives

i g—1 2 2 _1 s g1
— —tr (a¥(0;, L, ) D?V (0;,} — g(0; 1y ) — 1
r(a( nj ynj) cV( n; ynj) 9( n; ynj> v+ o(1)

< 9o (6 ;) + ¢+ o(1).

Since y{lj € <enj)L, we have

B 3 1 —cos(Op) sin(6y, )
anl <y;1]7 €> = anl <y;1]7 € — en]> = <TJ> <67 y7/”LJ> + < 2 <7]nj7 y?/lj>

j On,

Thus, 9@1 <y§lj, e) — (yy,m) and we find, in the limit n — oo,

—C < g ((yg,mye) —y = —tr (ael(y + (30, n>e)D§sO(y6)> — [y + o, me) — .

This directly contradicts (6.20).
We deduce that i is a super-solution of (6.14) in the interior of Q. Using barriers, it

is not hard to show that w4 > 0 in 8@%. Thus, u4 is a super-solution. O

6.2.5 Densities of Contact Sets

Once we state some properties of the densities Zi and ﬁﬁ, we will have all the tools necessary
to prove Theorem 36.
The following result follows by arguing as in [29] (also see [7]). In the statement, we write

Cx = €.

Proposition 69. For cach y € T%, there is a sequence (vn(y))neNU{*} C R such that, for

each n € NU {x}, the following statements hold:

(i) Gr(v,y) =0 if v < ly) and G (v, y) > cly — ()9 if v > n(y).
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|d—1

(ii) Gy (v, ) =0 if v > y(y) and Gy (v,y) > ey — @I if v < m(y).

(i5i) If n € N and, for each v = (n, R), v""¥ is the solution of the Dirichlet problem

—tr (a¥(y) D2 ") — fU(y) = yuly) in QY.

vYY =0 on anL),

then

lim sup { =20 Py | o € Q) } <o,

R—

() If, for each v = (%, R), v"'Y is the solution of the Dirichlet problem

—tr (aé(y + y’)ﬂ?ﬂ”) — [Ry+y) = wly) QY

vWY =0 on 3@%1),

then

lim sup {R_le(*’R)’y(y’ﬂ |y € Q%L)} =0.

R—o0
(The constant ¢ > 0 depends on A\, A, and d, but not on n.)

In addition, we will need the following fact, adapted from [29], that follows from the

homogenization result above:

Proposition 70. For each (v,y) € R x T, we have

Tt (v,y) > lim sup {?ﬁ(%g) |y € Td},

n—oo

) > i sup {6 (ry) | ye T}

The proof uses the upper semi-continuity properties of the contact sets {K***}. When
(en)nen C S91\RZ?, this can be proved with Fatou’s Lemma by adapting the idea of [29]

directly to our setting using Proposition 68.
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When (ep,)nen € RZ®, the situation is more delicate since the probability measures in the
variational principle (6.17) depend on n. As pointed out by W.M. Feldman, the argument
from the irrational case still applies provided we replace Fatou’s Lemma by the generalization

due to Feinberg, Kasyanov, and Zadoianchuk [46].

Proof of Proposition 70. We give the details for (£;-),cn; the same basic idea also applies
to (ﬁff)neN

Step 1: Property of Contact Sets

Given (v, R) € R x (0,00) and y € T, let v, = (n, v, R) and vy = (%, 7, R), and assume

that (yn)peny C T4 is such that limy,—sec yn = y. We claim that

HITL(KVY) > limsup HOH (K Vv, (6.21)

n—oo

To see this, first, define K C Qp by

-

n=1

{v/ €@k | w051 =0}

3
1C 8

Notice that Proposition 68 implies that K C K¥*¥. Therefore, using the measure preserving

property of the orthogonal transformations {Op, }y,en, we find

del(KV*,y) > /Hdil(f%)

= Tim HO! ( U {v e @i 1 wmmoplw) = o})

n—oo
m=n

> limsup H41 (KVm9n).

n—oo

Step 2: Convenient Reformulation

The result of the previous step can be reformulated slightly. Define Borel functions
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{fn}nen and fx in T by
faly) = HEHE ), fuly) = HETHE).
By Step 1, for each y € T?, we have

foly) > tim sup {fa(y) | n7" 4|y —yl <5} (6.22)

Step 2: Conclusion

We conclude the proof by considering two cases: (a) (en)peny € S?1\ RZ? and (b)
(en)nen C RZY. Note that there is no loss of generality in assuming that either (a) or (b)
holds since we can always pass to subsequences if necessary.

In either case, we start by fixing an € > 0. By invoking (6.18), we can fix an R > 0 such
that

7 (y,y) > BRI / HIL (K™Y dy — e.

Td
Now we consider cases (i) and (ii) separately.

In case (i), Fatou’s Lemma, the conclusion of Step 1, and (6.16) combine to give

n—oo

/Td HITL(KYY) dy > lim sup /]Td HITL (K dy

> lim sup Ri-1 sup {Zn(%y) |y € ’H‘d} )

n—oo

Thus,

C+(7y,y) > lim sup sup {Zn(%g) |y € Td} — €.

n—oo

In case (ii), we can combine (6.17), (6.22), Lemma 17 in the appendix, and the general-

216



ization of Fatou’s Lemma in [46, Theorem 1.1] to find

/T ) HITL(KYY) dy > lim sup HE (K8 H I (de)

n—=00 JTL L ((yn.e))

> lim sup Rd_lzn (7, Un)-

n—oo

Since (yn)pen Was arbitrary, we conclude

C4(7y) > lim sup sup {Zn(%y) lye Td} -

n—o0
In any case, the arbitrariness of € > 0 gives the desired result. O
Finally, combining Propositions 69 and 70, we obtain

Proposition 71. For each y € ']I‘d, we have

lim_sup {|7(y) =% ()| | y €T} =0,

n—oo

Proof. Note that it is enough to prove the following two inequalities:

Y«(y) > lim sup sup {vn(y) |y € Td} ,

n—oo

7«(y) < lim inf inf {fyn(g) |y e Td} :

n—oo

We will only prove the first inequality since the second one follows by a similar argument in

which (£5),en replaces (6),en-

Choose a sequence (y,)neny © T¢ such that

. dl _
lim sup sup {Vn(@ | yeT } = nll{%OVn(yn)

n—oo

To obtain the desired result, we will show that if v < limy—y00 Y (yn), then v < v (y).
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To see this, suppose that v < limy,—s00 Y (yn). By Propositions 69 and 70,

£-(3.9) > msup 65 (7, yn) > elimsup(yn () — 7)1 > 0.
n—00 n—00
From this, Proposition 69 with n = * yields v < v« (y). -

6.2.6 Proof of Proposition 67

The results of the previous section directly imply Proposition 67, as we now show.

To start with, we identify the functions (yp),en of Proposition 69.

Lemma 12. For eachn € N and y € T, we have

—feJ;L(y), if en, € RZ,

—f(en), otherwise.

(y) =

Proof. Fix n € N and y € T<. By Proposition 69 and rescaling, if we let (ve)e~ be the

solutions of the Dirichlet problem

—tr (a¥(e"L2/) D2 ve) — (e La’) = 1 (X) in Q"
ve =0 on 8Q§n),

then ve — 0 uniformly in an) as e — 0.
At the same time, if e, € RZd, this is a periodic elliptic homogenization problem in
>L

(en)— so we know from classical results and the definitions of f(i and aeLn (see (2.18) and

(6.8)) that ve — v, where v is the solution of the constant coefficient equation
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The previous paragraph says that o = 0 in an). Therefore, v,(y) = — fBJ;L (y).
If, on the other hand, e, ¢ RZ<, then the results of [29] again imply homogenization
with aé-n (y) replaced by a(ep) and fej;l (y) by f(en). Hence, by the same argument as in the

rational case, we can only conclude that v, (y) = —f(en). O
Next, we show that —v, equals the constant f!! (see (6.10)).

Lemma 13. For each y € T,

—(y) = fe. (6.23)

Proof. Fix y € T?. As in Lemma 12, —74(y) equals the average of f.- against the invariant
measure associated with the operator —tr (aé(e‘l(y’ ,n}e)). Since the coefficient of the
operator varies only in the n direction, a symmetry argument shows that the homogenized
coefficients are the same as if we consider the one-dimensional problem. In particular, by a

well-known computation, the coefficient —v«(y) is given by
e, 1 AN AN 1 1
i) = ([t san T as) [T et as
We conclude by comparing the definitions of fi- and £ (see (2.18), (6.10), and (6.7)). O

6.2.7 Proof of Theorem 36

Finally, we put all the ingredients together to prove the theorem.

Proof of Theorem 36. Notice that to obtain the conclusion of Theorem 36, it suffices to show
that if (en)peny € S9! is such that e, — e and ﬁ — —nasn — 00; (un)pey C P (T

is such that un € S for each n; and f € C(T), then

tim, [ S@ntn) = [ Filay).

n—oo
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Passing to a subsequence if necessary, there is no loss of generality splitting into cases: (a)
(en)nen € ST1\RZE and (b) (en)nen C RZ
In case (a), we know [ra f(y) pn(dy) = f(en) by the uniqueness of the invariant measure.

Hence, by Proposition 71, Lemma 13, and the definition of f¢/ (see (6.10)),

n—oo

lim /Tdf(y) pn(dy) = — lim v, (y) = —7(y) = fé = /Tdf(y) id (dy).

In case (b), we know that py, = ue® for some s, € [0,7¢,). Thus, by Proposition 71 and

(2.18),

n—oo

lim / F(0) pin(dy) = lim fE (snen) = — lim 7n(snen) = —7a(y) = J7.
']I‘d n—oo n—oo

6.2.8 (Generic Discontinuities

In light of the formulas obtained for the limiting measures in the previous section, it is
natural to expect that a and m are generically discontinuous at some rational directions. In
this section, we prove that, in fact, @ and m are generically discontinuous at every rational

direction when d > 3.

Proof of Corollary 2. To start with, since d > 3, we can fix e € ST NRZ and let (1,)nen
be a sequence of points in S9N ()L with n, & {nm, —nm} for all n # m. The goal is
to prove that, for each n,m € N with n # m, the following sets are open and dense in

C22(Td: Sy(X, A)) in the C22 norm topology:

Uelnm) = {a € C2UTE SO N) | il # il }

Veln,m) = {a € C2(1%,5,00, ) | @ #alm ).
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That these sets are open is immediate. It only remains to show they are dense.

We start with Ue(n, m). It turns out that we only need to understand the derivative of
the map a — aeL. Toward that end, for each n € N, define u,, € 02’0‘(']I‘d) to be the solution
of the cell problem (2.20) with f(y) = (a(y)nn, 7n). Notice that the oscillating function fg-
equals (aZn,,7,) in this case.

Step 1: Perturb so that Dgun #+ Dgum

To start with, we claim that there is no loss of generality in assuming that Dgun #* Dgum.

Indeed, if D?uy, = D2uy,, then (2.20) implies ([a — aZ |, 7n) = ([@ — aZ]9m, 7m). That is,

(a(y)mn, n) — (a(y)m, nm) = <%L(<?la €)e)n, n) — (aé‘(<y,e>e)77m,nm> ify e T,

In particular, the left-hand side varies only in the e direction. This symmetry is easily broken,
for instance, by replacing a by y — a(y) + v cos(2m(k, y))nn @ np for some k € Z%\ (e) and
v € R sufficiently small.

Step 2: Restrict attention to a2

First, observe that jig" = fi¢™ if and only if there is a C' > 0 such that (agm,,7,) =
Clatnm,nm) in T% This is a direct consequence of the formula (6.7). We claim that if
(adnn, 1) = Clagnm, nm) for some C' > 0, then this symmetry is broken by some arbitrarily
small perturbation of a.

To see this, we will differentiate the function a — at. Given ax € C2(T%S,;) and
h € R small enough, define aj, = a 4+ has and let (ah)é- be the associated averaged tensor.

Employing arguments similar to those in the proof of [70, Proposition 7], we see that, for

each r € [0,7¢), h € R, and j € {n,m}, if Uj}-fre is the solution of the equation

—tr (ap(re + ') DPOP, ) = (an(re +'nj,nj) = {(an)d (re)nj,mj) - in TE1(0)

Ul (0)=0

J,re
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then there are functions {Up re, Unre} € C(T471(0)) and a function a3 € C(T¢) varying

only in the e direction such that, for j € {n,m} and r € [0,7¢),

oh .~ 09
Ujre = %mb % uniformly in Tg_l(O),
%
1 1
ap)e — a
ar = Anno lan)e = az- uniformly in T.
%

Furthermore, U jre 18 @ solution of the equation
N 277, _ NP2, / L o : d—1
—tr <a(re +a')D; Uj’re> = tr (a*(re +a")Dzuj(re + o )) — (az (re)nj,m;) in Tg(0).

Notice that ai(y) = [ratr (ax(y")D2u;(y')) uéy’e>(dy’).

By the previous step, there is no loss in generality assuming that Dgun #* Dgum. In
fact, since these functions are C%, we can fix yi,y2 € T¢ so that (y1,e) # (yo2,€e) and
D2un(y;) # D2um(y;) for i € {1,2}. Since pf is supported on T4 1(s) for each s € [0,7¢),

we can we fix asx € C°(T%.S,;) so that

/E r (a*(z/)Dgun(y’)> W (dy) > 0> /T o (a*(y’)Dgum(y’)> n (dy),
[ (0 D2un))) ) <0< [t (an)D2un(s) ).

From this, we find that, for all A~ > 0 sufficiently small,

(an)e (), mm) _ o _ {(an)e (2)1m, 1)
L L )
((an)e (y1)mm, ) ((an)e (y2)mm, )
Therefore, ((aj,)&nm, nn) is not a constant multiple of ((az)27m,7m) even while we have the
approximation estimate ||a — athg,a(Td) < Ch.
We conclude from the preceding that Ue(n, m) is dense in C2(T%; S;z(\, A)). It remains

to prove the same thing for V. (n,m).
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Step 3: Ensure a/" # a/™

We want to show that Ve(n,m) is dense. Given that a/ = [a a(y) fid (dy), this is intu-
itively clear in light of what we just proved.

The previous arguments show that we can assume that a € Ue(n, m) \ Ve(n,m) to start
with. We will show that there is an m € C2(T%) varying only in the e direction such that
the function aj, = (1 4+ hm)la is in Ve(n, m) for all h € R sufficiently small.

To start with, notice that, by arguing as in [70, Section 4.4], we see that, for each
ne si-1n <€>J‘, the limiting coefficient &Z’e associated with ay, is given by

a¢

al = . .
e 1+ b fram(y)id (dy) (6:24)

Since m varies only in the e direction, the integral in the denominator becomes

(i () — e m(se)(ag(se)n, )t ds
[ mwitias) = ol o)

Given that a € Ue(n, m), we know that the function s — (ag(s€)n,, 7,) does not equal a mul-

tiple of s — (aZ (s€)7m, Nm), and, therefore, we can choose m so that Jram({y, e)e)iid" (dy) #
Jpam({y, eye)id™ (dy). Thus, since al* = a™, (6.24) implies a?:e + a?;:; for all h small
enough. This proves a is a limit point of Ve(n,m).

Conclusion

We showed that Ue(n, m) and Ve(n, m) are both open and dense in C2(T% S (A, A)) in

the C%® norm topology. Define % by

Cq = ﬂ ﬂ Ue(n,m) N Ve(n,m).

neNmeN\{n}

This set is residual, being a countable intersection of open, dense sets. Further, since

C%(T9: Sy(\, A)) is an open subset of the Banach space C%®(T¢; S;), the Baire Category
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Theorem implies that 6 is itself dense. [

6.3 Proof of Theorem 34

In this section, we show how the results of the previous two sections imply Theorem 34. To
begin with, since the effective coefficients are not continuous in general, we define upper and

lower semi-continuous envelopes F, F RY x S;— R by

—= . — =1 n—1 T =1 1 / d /
— - <
F(p, X) 5llrg+sup {m(llp |7 ")t (A(Ilp | p)X) | p' ¢ RZ®, ||p’ —p| < 5},
(6.25)
. . __ /i1—1 n—1 T fn—1_17 / d /
f— - <
E(p, X) = lim, mf{m(\lp Ip) "t <A(Hp I p)X> | P ERZY, [Ip —p < 5},

(6.26)

where, as before, A(e) = (Id —e®e)a(e)(Id — e ®e).
The operators I and F allow us to define viscosity solutions of (6.4) in spite of the

possible discontinuity of m and a.

Definition 11. We say that an upper semi-continuous function v : RY x [0,00) = R is a
viscosity sub-solution of (6.4) if v — F(Dv, D%v) < 0 in the viscosity sense in R x (0, 00)
and v < uy on R x {0}.

Similarly, a lower semi-continuous function w : RY x [0,00) — R is a viscosity super-
solution of (6.4) if wy — F(Dw, D?>w) > 0 in the viscosity sense in R% x (0, 00) and w > ug
on R% x {0}.

Finally, a continuous function u : R x [0,00) — R is a viscosity solution of (6.4) if it

s both a sub-solution and a super-solution.

In Section 6.1, we showed that the half-relaxed limits @™ and @ satisfy

@ — F(D@*,D%*) <0 and @y — F(Day, D*u,) > 0
224



454

in irrational directions in RY x (0,00). The results of Section 7.1 below imply that “in
irrational directions” can be removed — these are sub- and super-solutions in the standard
viscosity sense.

To prove that @* = 4, we will invoke Theorem 38 below, which is a comparison principle
for second-order level-set PDE with discontinuities in countably many directions. To do so,
we need to check that I and F satisfy the assumptions of that theorem. That is the subject

of the next two results.

Proposition 72. The operators F and F given by (6.25) and (6.26) satisfy the assumptions
(i)-(v) of Theorem 38.

Proof. The definitions of F' and F directly imply that assumption (i), (iii), and (iv) hold.
Concerning assumption (i), notice that AId < a(e) < AId for each e € S?~1\ RZ? by

(6.6) and (6.3). Thus, the coefficient A(e) satisfies
Md—e®e) < Ale) < A(ld—e®e) for each e € S9~1\ RZ,

and this implies F' and F satisfy the ellipticity assumption (ii).

Next, we claim that (v) holds. Fix a point (p, X) € (R%\{0}) xS, for which p ¢ {vn }nen.
Define e = p. To see that F(p, X) = F(p, X), first, observe that if (e;),eny € S 1 is such
that lim, o0 en = € and (pn)pey C© P(T?) are such that u, € S for each n, then
fn — fie. Indeed, by compactness, there is no loss of generality assuming that (pn)pen
converges to some probability measure u. If ¢ € C 2(’]I‘d), then

/T o (a(y)D§¢(y)) p(dy) = lim tr <a(y)D§n¢(y)> i (dy) = 0.

n—o0 Td

Hence, by uniqueness (Theorem 15), u = fie.
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From the preceding considerations and (6.6), we see that

lim sup {||a(e’) —a(e)|| + [m(e) —me)| | ¢ € STI\RZY, ||/ —¢| < 5} ~0.
J—0t

From this, it follows easily that F(p, X) = F(p, X). O

Finally, we treat (vi). By analogy with similar results in homogenization and Aubry-
Mather theory (cf. [47, Lemma 3.1] and [84, Theorem 3]), we expect that there is a modulus
w : [0,00) = [0, 00) with limg_,y+ w(d) = 0 such that, for each e € S4=1ARZ?, the following

estimate holds:

F(e,X)— F.(e, X)
sup{ T IX] | X € Sd} < w(re). (6.27)

When d = 2, it is not hard to show that there is a constant A > 0 such that

sup { ai (y) — af (3)| + m (9) = md ()] | 9,5 € T} < Are.

If such an estimate were to hold in higher dimensions (possibly with Ar. replaced by w(re)),
then it would imply (6.27). However, this remains to be seen.

Instead, we employ a soft argument pointed out by I.C. Kim:
Lemma 14. The pair (F, F) satisfies (vi) with {vn}nen any enumeration of S%—1 NRZ4,

Proof. We claim that

li diam (7Y >N} =0.
Ngnoosup{ fam (.7 ) | n > }

Here diam(.#%) is the diameter of .#¢ with respect to D, the metric on Z2(T%) chosen just
prior to Theorem 36. Notice that, in view of Theorem 36 and the definition of F and F
through @ and 7, the claim implies (vi) holds.

To prove it, we argue by contradiction, exploiting the compactness of S4~1. If (vi) fails,
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then we can find ¢ > 0, (en)peny C S471, and sequences (sp)pens (tn)ney € R such that

inf {D(Mgg,ugg) | ne N} > ¢ (6.28)

(Recall that D is some fixed metric on 2 (T%), as in Theorem 36.) To see this is impossible,
note that, up to extraction, we can assume that there is an e € S9-1 such that limy,_so0 €, =
e.

If e € S9-1 \]RZd, then, as in the previous proof, any accumulation point of (,ugZ)neN
or (N?fl)nEN is in Z¢, hence must equal fie. In particular, ugﬁ A fe and N?ﬁ A e,
contradicting (6.28).

On the other hand, ife € S d—1 \]RZd, then, passing to another subsequence if necessary,
we can assume that there is an n € S41 N (e}L such that ﬁ — —n as n — o0o. By

Theorem 36, this implies ,ugz A i and u?fl A fi, another contradiction. O
Finally, Theorem 34 is proved.

Proof of Theorem 34. We begin with the uniqueness of a solution of the effective equation
m(Du)t; — tr(A(Du)D?a) = 0.

As explained above, we use F and F to study this problem since the coefficients may be
discontinuous. By Proposition 72 and Lemma 14, these operators satisfy the assumptions of
Theorem 38. Therefore, if a solution exists, it is unique.

Next, recall from Proposition 66 and Theorem 30 that the half-relaxed limits @* and
satisfy @ — F(Du*, D?a*) <0 in R% x (0, 00) and Uyt — F(Dis, D*uy) > 0 in R% x (0, 00)
and, in addition, @*(-,0) < ug < @x(+,0) in R Therefore, Theorem 38 implies that @* < s
in RY x (0,00). At the same time, the definitions of the half-relaxed limits already guarantee

that @ < @*. Hence if we define @ : R? x [0,00) — R by 4 = ux = u*, then u is a continuous
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function and it satisfies both @y — F(D@, D?*a) < 0 and @ — F(D, D*@) > 0. This proves
the existence of a viscosity solution of (6.4).
Finally, an exercise shows that the equality s = @™ implies that ¢ — @ locally uniformly

in R? x [0, 00) as e — 0T O

6.4 Derivatives of Front Speeds in Dimension Two

This section treats the proof of Theorem 9, i.e., we prove that in dimension d = 2, the linear
response coefficient mp, is (the inverse of) the derivative of the front speed with respect to
the applied forced. Precisely, in the level set formulation, we start with the hyperbolically
scaled PDE

771((5_1:16,Du5)u%S — Otr <A(5_1x,Du5)D2u5> — o||[Dud|| =0 in R2 x (0,00),

(6.29)
ud =uy on R? x {0}.

Caffarelli and Monneau [26] proved that this problem homogenizes in the limit 6 — 0 to a

first-order, geometric PDE of the form

U + Aa(DU)||Dul =0 in RZ x (0, 00),

i=uy onR?x {0}.

Here Ao : 591 — R encodes the average speed of planar solutions of the interface motion

associated with (6.29). Below we prove that the derivative of this function is mpl(e)_l:

lim o A (e) = my(e) L.
Jlim a7 Ao (e) =y (e)

In the proof, we use the fact that there is a pulsating wave solution of (6.29). This is
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constructed using a viscosity solution Ve o € C (Td) of the equation

e+ DVe o e+ DVe o 2 ; d

A — | —tr (A — | D — D =0 T,
6(&)m (y7 ||€—|—DVe7a||> r( <y7 ||e_|_ Dve’a“) V@’a) O[||6+ V@7a|| m

(6.30)

Since d = 2, the existence of Ve o follows from [26].

Proof of Theorem 9. As in Section 2.5, the proof is neater depending on whether or not (2.2)
has a smooth solution. We only give the arguments in the case when e € S d-1 \RZd without
assuming that (2.2) has a smooth solution.

Fix 8 € (1,00). Let v(z,t) = (z,e) + Bm(e)*l(eh/e&(e)(e*lx) +t) for d(e) = e%, where
V9 is the solution of (2.13) with f = —m(-,e). Arguing as in the proof of Theorem 10, we
see that there is an ¢y € (0,1) such that, for each € € (0,¢p), v° is a super-solution of the
first equation in (2.1) with av = 1.

Let Ve e be a solution of (6.30) with o = € and set u®(y,t) = (y, €)+Ve,e(y)+Ae(e)t. Notice
that this is a viscosity solution of (6.29) with & = 1 and o = e. Hence (z,t) — eu(e 1z, e 2t)

is a viscosity solution of the first equation in (2.1) with a = 1. Since V. ¢ is bounded,
€ _1 € 2 5(6)
eu(e z,0) < v(x,0) + 6||Ve,6||Loo(Td) + CBe”|| Ve ||Loo(’ﬂ‘d)
and, thus, the comparison principle implies that, for each (z,t) € R? x (0, 00),

(z,€) + Ve (e ta) + e Ihe(e)t = eu (e ta, e 2t)
< V(2 8) + €[ Verel| poopay + CBENIVE | ooy
= (z,e) + 6%(6)_162\/66(6)(6_1@ + e||Ve,€||Loo(Td)

1) L
+ CBENV | oo pay + Ble) .
Dividing by ¢ and sending ¢ — oo, we deduce that e’l)\e(e) < pm(e)~! for all € > 0 small
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enough. Finally, sending first ¢ — 07 and then 8 — 17, we conclude

limsup e "Ac(e) < m(e) L.

e—0t

Arguing using sub-solutions instead of super-solutions, we similarly deduce that

liminf e "Ac(e) > m(e) L.
e—0t

1

It remains to show that a1\, (e) — Ti(e) ™! as @ — 0. To do this, we repeat the previous

proof, simply replacing « = 1 in (2.1) by v = —1. ]

Remark 11. When e is rational or e is irrational and (2.2) has a smooth solution, it is

possible to prove the following rate: |¢ 1 \¢(e) — T(e) ™Y < Cee for some Ce > 0.

6.5 Notes

The formal expansion used in this chapter and Section 2.5 was inspired by similar ones
developed by Barles and Souganidis [16] and Barles, Cesaroni, and Novaga [13].

As we saw in this chapter and in Chapter 2, the homogenization of nonvariational interface
motions in the parabolic scaling limit turns out to be related to the homogenization theory
for uniformly elliptic equations in nondivergence form. The main reference for this in the
fully nonlinear setting is by Caffarelli, Souganidis, and Wang [29]. We have also relied on the
representation of the effective coefficients in terms of invariant measures in the linear case,
which is well-known in periodic media (cf. [18]) and follows from the work of Papanicolaou
and Varadhan [79] in stationary ergodic (e.g., almost periodic) media.

A major difficulty that arises in the interfacial setting is the discontinuity of the effective
coefficients. As we have seen, this is ultimately related to the rational /irrational dichotomy,

which results in a loss of ergodicity and hence non-uniqueness of invariant measures. The
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same issue appears in other periodic homogenization problems involving averaging in codi-
mension one.
This is particularly true in the the homogenization of boundary value problems, such as
—F(e 'z, D%u€) =0 inQ,

(6.31)
u€ = f(etz) on I9.

If F'is uniformly elliptic and periodic in the spatial variable and if f € C' (']I'd), then Feldman
[48] showed it is possible to prove homogenization for nice-enough domains 2. The effective
equation has the form
~F(D%*u) =0 inQ,
u = f(ngg) on O,

for some effective nonlinearity F' and an effective boundary condition f = f(n), which is
a function of the normal vector ngq to the boundary. f will be continuous in irrational
directions, but discontinuous at rational ones in general.

In the determination of the directional limits of the invariant measures (and hence also
the effective coefficients), we used a strategy introduced by Feldman and Kim [49] in the
context of (6.31). For further results on oscillating Dirichlet and Neumann problems, we refer
the reader to the work of Barles, Da Lio, Lions, and Souganidis [11], Barles and Mironescu
[15], Gérard-Varet and Masmoudi [54], Choi and Kim [32], Feldman and Zhang [52], and
Feldman, Kim, and Souganidis [50].

In Section 6.4, we showed that the linear response coefficient my is the inverse of the
derivative of the average front speed Ay at a = 0. Even though the interface motion here
is in nondivergence form, nonetheless this is completely consistent with the situation in the
analysis of certain variational interface motions, specifically the Allen-Cahn equation (cf. [87,
Section 4]) and the gradient flow of the Lebowitz-Penrose functional in statistical mechanics
(cf. [24, 62]).
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CHAPTER 7
LEVEL-SET PDE WITH DISCONTINUOUS COEFFICIENTS

7.1 Solutions in “Irrational” Directions

Recall that in Chapter 5 we were interested in functions that are only known to satisfy partial
differential inequalities when the gradient points in an irrational direction. Recall that we
made this precise in Section 5.1 in the more general context where the differential inequalities
are determined by two nonlinearities F, F : R? x S, — R and the “bad” directions form a
sequence {vp }peny C S9=1 which in the applications of interest to us is precisely S~ 'NRZ?.
The goal of this section is to prove Theorem 30, which shows that sub- and super-solutions
in “good” directions are the same as sub- and super-solutions in the viscosity sense.

To prove the theorem, it will be convenient to use the following notion of viscosity sub-
and super-solutions, which is specific to level set PDE and was introduced by Barles and

Georgelin [14].

Definition 12. Given an open set U C RY x (0,00), a locally bounded, upper semi-continuous
function v : U — R satisfies vy — F(DU,DQ’U) < 0 in U if, given any smooth function
¢ R x (0,00) = R and any point (xg,tg) € U at which the difference v — ¢ has a strict

local maximum, the following conditions are met:

(a) If Dp(xq,tg) # 0, then

w1 (20, to) — F(Dyp(x0, to), D20 (x0, tg)) < 0.

(b) If | Do(zo, to)|| = | D?¢(z0,t0)|| = 0, then

oi(xo,tg) < 0.
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Similarly, a locally bounded, lower semi-continuous function w : U — R satisfies wy —
F(Dw, D*>w) > 0 in the viscosity sense in U if v = —w satisfies vy + F(—Dv, —D?*v) < 0 in

the viscosity sense in U.

With Definition 12 in mind, formally, the reason Theorem 30 is true is if the solution in
question were smooth, then it would be clear. Indeed, we only need to check points where
Du(xq,tg) # 0 since otherwise Definition 12, (b) and Definition 10, (iii) are in agreement.
If Du(xg,tg) € {vn}nen, then either Du(x,t) ¢ {vn},en for some (x,t) arbitrarily close to
(20, 10), in which case the necessary differential inequality follows by continuity, or Du(x,t) =

Du(xg,tg) in a neighborhood of (z¢,%y). In the latter case, differentiation shows
(Id — Du(w, t) ® Du(xo, to)) D*u(zg, tg) = 0

and now we are in the purview of Definition 10, (ii), which, in view of the assumption that
F(-,0) = F(-,0) =0, is consistent with Definition 12.

The sub- and super-solutions we work with in the proof are discontinuous, being indicator
functions of open sets, and, thus, far from smooth. To circumvent this, we show that the
sketch above is correct when wu is semi-convex or semi-concave and then use sup- and inf-
convolutions to pass to the general case.

In order to make the previous sketch rigorous in the case of a semi-convex/semi-concave

function, we will invoke properties of the derivatives of such functions.

7.1.1 Preliminaries

First, we recall that a semi-convex/semi-concave function has a derivative in BVj,..

Lemma 15. IfQ) C R% is a bounded open set and u : 2 — R is semi-convex or semi-concave,
then Du € BVj,.(€2; Rd) and the absolutely continuous part of the derivative of Du coincides

with D%u L£%-almost everywhere in €.
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Next, we show that the differentiation step in the sketch can be made rigorous even in
the semi-convex/semi-concave case. In the lemma below, we have in mind that V is the

derivative of a semi-convex/semi-concave function.

Proposition 73. Suppose €2 C R s a bounded open set and V€ BV),.(2;R™) for some

m € N. Let D%V e L} (Q;R¥™) denote the Radon-Nikodym derivative of the Radon

loc

measure DV with respect to L4, Given any v € RY and e € Sd_l,
D™V =0 L%ae in{V =0}

and

([d— Ve 17> D™V =0 L%a.e in{V=e}.

Proof. Let Dy, denote the set of approximate differentiability points of V', that is, € Dy,

if and only if there is a linear map Az : R — R™ such that

g M LU ELCET =T TP
B(x,r)

r—0t T

Since V' € BVi,(Q;R™), it follows that £4(Q\ Dy) = 0 and A, = DV (x) for a.e. z €
(see [4, Theorem 3.83]).

A straightforward computation shows DV = 0 a.e. in {V = v} (see also [4, Proposition
3.73]).

Define f : R — R by f(p) = pif p # 0 and f(0) = 0. It is not hard to see that each €
Dy with A, # 0is an approximate differentiability point of f(V'). Furthermore, a straightfor-
ward computation shows its approximate derivative is given by ||V|| =} (Id Ve ‘A/) Dacv
a.e. (Both statements can be found in [4, Proposition 3.71]). As in the case of {V = v}, it is
not hard to see that the approximate derivative of f(V') has to vanish a.e. in {f(V) =e} =
{(V=e}. O
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7.1.2  Proof of Theorem 30
Now we are prepared for the

Proof of Theorem 30. The theorem has two halves, one for sub-solutions and the other, for
super-solutions. We will only prove the half concerning super-solutions since the other half
follows by very similar arguments.

Let U C R% x (0,00) be an open set and suppose that w : U — R satisfies wy —
F(Dw, D?>w) > 0 in “good” directions in U. We need to prove that wy — F(Dw, D?w) > 0
in the viscosity sense in U.

Let V be a bounded, open subset of U such that V is compactly contained in U. For
convenience, pick a T > 0 such that V C R? x (0, 7).

For each n > 0, define the inf-convolution wy, of u by

—r 2 —82
wy(z,t) = inf {w(y,s) + ly 2 ” + (t 277) | (y,s) € UN (R x (O,T))}.

A classical argument shows that wy, is a semi-concave function in U N (R x (0,7)).
Another well-known argument shows that there is an 7y > 0 such that if 0 < n < g,

then, for each (z,t) € V, there is a (y,s) € U N (R x (0,T)) such that

N ly — |2 N (t —s)?
2n 2n

wy(z,1) = w(y, s)

From this, we can argue as in [34] to show that wy, satisfies (wy); — F(Dwy, D2wn) >0 in

“good” directions in V. In fact, we claim that, for each n € (0, 7g),
(wy)t — E(Dwy, Dan) > 0 in the viscosity sense in V. (7.1)

Here we remind the reader that we will work with the (equivalent) definition of viscosity

sub-solution provided by Definition 12.
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Henceforth, fix n € (0,79) and let us proceed to the proof of (7.1). Assume that ¢
is smooth and wy; — ¢ has a strict local minimum at (zg,tg) € V. If [[Do(xg,t0)]| =
D2 (0, to)|| = 0 or m(xo) ¢ {Vn}nen, then there is nothing to show since wy, is a super-
solution in “good” directions in V. Thus, it remains to consider the case when Dy(xg) # 0
and Dip(xg) € {vn}nen-

In what follows (subtracting a constant from ¢ if necessary), let s > 0 be such that
B((zo,t0),s) €V, wy(z,t) > ¢(x,t) for x € B((xo,t0),s) \ {(z0.t0)}, and wy(zo,tn) =
(0, to)-

Since wy is semi-concave and ¢ is smooth, it follows that w;, — ¢ is semi-concave in
B((zq,tg), s). Thus, for each § > 0 small enough, we can apply Jensen’s Lemma [34, Lemma
A.3], thereby obtaining a set K5 C B((xg,tp),s) such that £91(K5) > 0 and, for each

(z,1) € Ky,
(i) wy is twice punctually differentiable at (x,1).

(ii) There is an (a(y 1), P(4,¢)) € B(0,06) such that the function (y,r) — wy(y,r) —¢(y,r) —

(P(x,t):¥) — @(ygy7 has a local minimum in B((zo, o), ).

We claim that we can find an (x1,t1) € Ky such that
— 6 < pg(x1,11) — inf {E(p, D*¢(z1,11)) | |Ip— Dol t1)]| < 5} (7.2)
Making § and s smaller if necessary, we can assume that
Duwy(z1,t1) = Do(x1,t1) + Py ) 70 forall (z1,11) € K.

We will prove (7.2) by studying the structure of the spatial derivatives of wy, in Kz. We

only need to consider the following two cases:

(a) For L£%almost every (z,t) € Kj, mn(:v,t) € {vn}nen-
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(b) There is a measurable Ay C Kj such that mn(x,t) e SN\ {up} ey for £%-almost

every (z,t) € Ay and L3 (Ag) > 0.
The easier case is (b). If (b) holds, then we can fix an (z1,t1) € Ay and invoke the
super-solution property of wy, at (x1,%1) to find
0 < (wp)e(w1,t1) — E(Dwy(x1, t1), D*wy(x1,t1))-

Now we recall that, by (ii), the following relations hold:

Dw"](x17t1) = Dgp(ll?tl) +p([1j1’t1)7 DQU)T](SCl,tl) Z D2g0<x17t1>7

w’r),t(xbtl) = @t(l‘l,tl) + a(ibl,tl)'

Since F is elliptic, this gives (7.2).

Next, we turn to case (a). Given ¢t € (0,7), let Uy = {z € R? | (x,t) € U}. Recall from
Proposition 73 that the map Dwy)(-,t) € BVjoe(Ut; R%) for each fixed ¢ and D*(Dwy(-,t)) =
D%wp(-,t) ae. Let us define {By},en by

B Dwy(z,t) B
Bn—{(x,t)€K5 | HDMZW—VH}.

Since we assumed (a) holds, it follows that 3", £L1(By,) > 0.
An immediate application of Lemma 15, Proposition 73, and Fubini’s Theorem shows

that

<Id — m ® ﬁw\n> Dan =0 a.e. in U B,.
neN
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Thus, we can fix a point (z1,?1) € |J, Be such that
<1d — Duwy(w1,t1) ® Duy(z, t1)> D?wy(x1,t1) = 0.

Since |J,,en Bn € K and wy, satisfies (wy); — E(Dwn,D2w,7) > 0 in “good” directions in

V', we have
0 < wye(z1,t1) < @e(a1,t1) + 0 — F(Dp(x1,t1), D*p(x1,11)).

This implies (7.2).

We conclude that, no matter which of cases (a) or (b) occur, there is an (z1,t1) € K
such that (7.2) holds. Next, by recalling that (xq,to) is a strict local minimum of w;, — ¢
in B((zq,t),s) and K5 C B((xq,tp),s), a straightforward argument shows that (z1,t1) —
(zo,tg) as 6 — 0. Thus, sending 6 — 07 in (7.2) and recalling that F is lower semi-

continuous, we obtain the desired inequality:

0 < gi(x0,to) — F(Dg(x0, to), D*p(x0, tp))-

Since ¢ was arbitrary, we proved that (7.1) holds as long as n € (0,79). At the same

time, we know that, for each (z,t) € V,
w(z,t) = lim inf {wy(y,s) | |z =yl + [t —s|+n<6}.
§—07t

Thus, the stability properties of viscosity solutions (see [34, Section 6]) imply that wy —
F (Dw,Dzw) > 0 in the viscosity sense in V. Since V was arbitrary, we conclude that

wy — F(Dw, D?*w) > 0 holds in the viscosity sense in U. O
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7.2 Comparison Principle for Level-Set PDE with Discontinuities

In addition to the encountering functions that only satisfied the effective equation in irra-
tional directions, in Chapter 6, we also derive effective equations that were discontinuous at
rational directions. This leads to the question whether or not solutions of the corresponding
equations are unique.

As in the last section, here we consider the general case where F, F : RY x S; — R are
two elliptic operators and {vp },en C 591 is a sequence of “bad” directions. The idea we
have in mind is that there is some operator F, which is only partially defined in R? x Sy

and for which we would like to study the equation
up — F(Du, D?u) = 0. (7.3)

F and F will capture, in some sense, the worst u can be to qualify as a solution of this

equation. More precisely, we will recast the equation (7.3) as two differential inequalities
up — F(Du,D*u) <0 and w; — F(Du, D?>u) >0 in the viscosity sense. (7.4)

We will show below these two inequalities are tantamount to a single equation like (7.3)
provided F and F satisfy some assumptions. The main assumption is that they coincide in
“oood” directions — hence, in effect, we are asking that the partially-defined operator F' in
(7.3) be continuous and well-behaved in those directions.

Here are the precise assumptions on F and F:

(i) (Geometric) If G € {F,F}, (p,X) e RE x Sy, pn € R, and x > 0, then

G(kp, kX + pp @ p) = kG(p, X).

(ii) (Strongly degenerate elliptic) There are constants A\, A > 0 such that if G € {F, F},
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peRIN\{0}, X,V €Sy, and Y > 0, then

AYpll < Glp, X +Y) = G(p, X) < AV

(i) (Stationary planes) F(e,0) = F(e,0) = 0 for each e € 591,
(iv) (Semi-continuity) F is upper semi-continuous, F is lower semi-continuous, and they
are upper and lower semi-continuous envelopes of each other in the following sense:
F(p,X) = s, sup {E@X) [ I —pl + X=X <6},

E(p,X) = lim inf {F(p', X) | lIp = pll + X" = X]| <6}

(v) (Continuity at “good” directions) If (p, X) € (R4\ {0}) x S; and p ¢ {en}nen, then

F(p,X)=E(p X).

(vi) (Controlled oscillation) The discontinuities of ' and F can be controlled in the follow-

ing manner:

lim sup
N—oo

{F(en,X) — F(en, X)

| X €8y, TLZN}IO.
1+ X

Notice that the effective equations encountered in Chapter 6 satisfy these assumptions
by Proposition 72 and Lemma 14.
The remainder of the section is devoted to the proof of a comparison principle for (7.4),

stated next:

Theorem 38. Assume that u : R? x (0,7) — R is a locally bounded, upper semi-continuous
function such that us—F (Du, D*u) < 0 in R x (0, T) and and v : R4x (0, T) — R is a locally
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bounded, lower semi-continuous function such that vy — F(Du, D*>u) > 0 in R? x (0,00). If

(i)-(vi) all hold and w and v satisfy the following condition

lim sup {u*(z,0) — v«(y,0) | [z =yl <} <O, (7.5)
0—0t

then u < v in R% x (0,T).

The idea of the proof is this: assumption (v) implies that, for each 8 > 0, F and F
almost coincide (up to a (3 error) except at finitely many rational directions. The papers of
Gurtin, Soner, and Souganidis [58], Ohnuma and Sato [76], and Ishii [59] show how to prove
a comparison principle in the case when F and F coincide at all but finitely many directions.
Therefore, if we can manage the 3 error, a comparison principle should hold in our setting

as well.

7.2.1 Proof of Theorem 38

As in [59], the proof of Theorem 38 proceeds by replacing the Euclidean norm by some other
Finsler norm in a variable-doubling argument. (Recall that ¢ : RY — [0,00) is a Finsler
norm if it is convex, positively one-homogeneous, and positive away from zero.) To improve
the result of [59] from finitely many discontinuity points to our setting, we use the following

fact:
Proposition 74. There is a universal constant co > 0 such that if {ep}nen C S9=1 then,

for each N € N, there is a Finsler norm iy € C2(R%\ {0}) such that

1 <vYpn(e) < D2¢N(€) <co(ld—e®e) foreache € gd—1

] ot

and the following property holds: given p € RY \ {0}, iof @N(p) = e; for some i €
{1,2,...,N}, then D>y (p) = 0.
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The proof of Proposition 74 can be found in [70]. The idea is simple: start with the
ball B(0,1) and deform it at the points {eq,...,ex} so that it is flat there. The result is a
convex set containing zero, and its Minkowski gauge is the desired Finsler norm .

With Proposition 74 in hand, the proof of Theorem 38 is achieved by mimicking that in

[59] while controlling the errors that arise.

Proof of Theorem 38. By (i), if ¢ : R — R is a continuous, non-decreasing function, then
¢(u) remains a sub-solution and ¢(v), a super-solution. Set up; = ¢pr(u) and vy = opr(v)
with ¢pr(w) = max{min{w, M}, —M}. Notice that the pair (ups,vps) satisfies (7.5) for
each M > 0. Therefore, if the theorem holds when v and v are bounded, then uy; < v/ in
RY x (0, T) independently of M, and in the limit M — oo, we deduce that v < v in the limit
M — oo. Hence there is no loss of generality in assuming that v and v are both bounded.

We argue by contradiction, assuming that the following inequality holds:
sup {u(:v,t) —o(a,t) | (z,t) € RY x (o,T]} > 0.
It follows that we can fix ¢ > 0 small enough that
sup {u(x,t) —u(x,t) — ot | (z,t) € RY x (o,T]} > 0. (7.6)
Let ¢, 8,7 > 0 be free variables. By (v), we can fix an N = N(v) € N such that
sup {F(e;, X) — F(e;, X) | i e N\ {1,2,...,N}} <~(1+|X]) if X €Sy

Letting ¢y be the Finsler norm of Proposition 74 with {vy, },en the set of “bad” direc-
tions associated with the pair (F, F), define ® = INE RY x R? x [0,T] — R by

U (z—y)?

O(x,y,t) = u(z,t) —v(y,t) — i

B 2
— 2yl - ot.
2||y|| o
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Since u and v are bounded, ® is bounded above and attains its maximum in R% x R? x [0,T7.

Let (Z,9,t) = (Z¢ 8, Y¢ g t¢,g) be such a global maximum, that is,
@(7,7.7) = max {0(w,y.1) | (v,9.8) € RI x R x [0, 7]}

By the boundedness of u and v and the lower bound ¥ > || - ||, there is a v-independent

constant C > 0 such that

_ 2 _ = 4
) {5||y§,5|| N IZ¢ 8 C?Jc,ﬁH (¢, 8) € (0,00) x (0, oo)} < C. (7.7)

In view of (7.6) and the assumptions on u and v, there are constants (g, 5y > 0 such
that t; 5 > 0 for all (¢,5) € (0,¢p) x (0,5) and all v € (0,1). Henceforth let (¢, ) €
(0,¢n) x (0, Bp) and assume 7y < 1.

Since t > 0, we can invoke [59, Lemma 1] (a variant of the maximum principle for semi-
continuous functions) and the equations satisfied by u and v. This gives matrices X, Y € S,

and numbers a,b € R so that if A = A(Z — ) € Sy and p = 5(Z — 7) € R? are defined by

BT —7) = oy (@ - 5> DN (T - 7),

Az —9) = ¢ Loy — 9> DN (T — §) + 3¢ N (@ — §)2 Doy (@ — )2,

(with A(0) = 0), then

A 0 X 0 A —A
c=a—b, -3 - < <3 o ,
0 A 0 —(Y + BId) _A A
a—F(p,X)<0, b—FE(p—py,Y)>0.

Note, in addition, that Proposition 74 and (7.7) yield the following S-independent estimates
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on ||p]| and [|A]:

=] Ot

Ipll < 2081, A < VO, (7.8)

Hence, we can send § — 01 and invoke (7.7) to obtain & € R?, p = p(¢€) e R%, A = A(¢) €

Sy, and X,Y € S, such that

5 A 0 X 0 A —A

Q
+
=
=L
=
|
=
=L
>
AN
\'O
|
(@%)
VAN
AN
wW

0 A 0 —-Y —A A

There are four cases left to consider: (i) & = 0, (ii) mN(f) € {ey,...,en}, (iii)

DYn(€) € {eny1,ena,--- ), and (iv) DYy (€) € SH\ RZA.
Case (i): £€=0
In this case, we have p = 0 and A = 0, hence X = 0 and Y = 0. This yields the estimate

o <o+ F(0,0)— F(0,0) <0. (7.9)

Case (ii): Dyy(§) € {e1,e,...,en}
In this case, Proposition 74 implies that DQwN(é) = 0. Thus, A = ce; ® ¢; for some

¢>0and ||p|| "5 = e; so (i) and (vi) give
F(p,X) < F(p,3ce;®e;) =0, F(p,Y)>F(p,—3ce; ®e;) = 0.
Combining these estimates, we obtain
c<o+F{pY)-F(p,X)<O0. (7.10)

Case (iii): DYy (&) € {ent1.en42,--- }
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By the choice of N,

E(p.Y) 2 F@Y) =AY =l = F3,Y) =5 - 371 A].

From this and the inequality X <Y, we find
o =Bl = Al <o+ F(5,Y) - Fp, X) <0,

Case (iv): Z/DEN(@ e §d-1\ Rz
Here F(p, X) = F(p, X) and, thus,

E(p.Y) - F(p,X) = E(5,Y) - E(p, X) > 0.
This gives our last estimate:

Combining (7.9), (7.10), (7.11), and (7.12), we conclude that

o < (|[pll + 3l All)>-

(7.11)

(7.12)

(7.13)

However, in view of (7.8), this is a contradiction as soon as 7 is small enough compared to

( and o.

7.3 Notes

]

The proof of the comparison principle for level-set PDE with countably many discontinuities

(Theorem 38) was inspired by the approach of Ishii in [59]. See also Gurtin, Soner, and

Souganidis [58] and Ohnuma and Sato [76] for related results on level-set PDE.
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APPENDIX A
TECHNICAL LEMMATA

A.1 Arithmetic Properties of Rational Hyperplanes

Proof of Theorem 11. We begin by showing that (ii) and (iii) are equivalent. Let G =
{(k,e) | k€ z%. Since {(e;,e) | 1 <i < d} is a generating set, G is a finitely generated
subgroup of R. Thus, it has a basis {aa}qeq. For each a € A, fix a ko € Z% such that
(ka,€) = aq. It is easy to see that {kq},e4 is independent over Z, hence the index set A is
finite.

Let (ko | o € A) denote the subgroup of Z% generated by {ka}taec4. By construction,
we have a direct sum of Abelian groups Z% = M, & (kq | o € A). In particular, the ranks
of M. and G sum to d, and so M, has rank d — 1 if and only if G has rank one. Hence (ii)
and (iii) are equivalent.

Next, we claim that (ii) implies (i). Suppose that (ii) holds. As in the previous paragraph,
we can fix k € Z% with (k,e) # 0 and a basis {k1,...,kg_1} of M.. To make k orthogonal
to Me, we define k by

d—1 )
k=TT Ikl |- | k-
i1 :

Notice that k € Z4NMJE. Since {ki,...,kg_1} is linearly independent over R (being linearly
independent over Z), it is easy to see that Mé- is a linear subspace of R of dimension one.
Hence M- = (e), and then it necessarily follows that e = p||k| ~'k for some p € {—1,1}.

Finally, we show that (i) implies (ii), that is, if e € S4-1 A\RZ%, then M, has rank d — 1.
To see this, fix k € Z%\ {0} such that e = ||k||"'k. Since k # 0, we can fix j € {1,2,...,d}
such that (k,e;) # 0. This implies, in particular, that the set {k,e1,...,eq} \{e;} is linearly
independent.
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Given i € {1,2,...,d} \ {j}, define a; by
_ 2
a; = |[K[[%e; — (e, k)k.

Notice that {a;};-; is an independent subset of M, with d — 1 elements. It follows that M,
has rank at least d— 1. At the same time, since M, C Z%N (e)* and Q%N (e)* has dimension

d — 1 over Q, we know M, has rank at most d — 1. Therefore, its rank is exactly d — 1. [

A.2 Harmonic Distance Functions

Lemma 16. Suppose that 6 : T — (0,00) is a continuous function, e € gd=1, ¢ €R, and
h: R — R is the distance to the affine hyperplane Eg ={y € RY | y-v = C(} with respect
to the Riemannian metric induced by /8, that is, the unique viscosity solution of the Eikonal

equation
IDA[l = /0(y) =0 in {y € R | (y,e) > (},

(A.1)
h=0 on Zg.

If =Ah =0 1in {y e R? | (y,e) > C}, then h is a linear function and @ is constant.

Proof. Standard arguments imply that there is a unique constant 6*(e) > 0 and a continuous

function v : T? — R that is a viscosity solution of the cell problem
0
lle + Dol|? — YY) o e

Define u : R — R by

u(y) = 0 (W) Y2 ((y,e) +o(y)) -

This is a viscosity solution of the eikonal equation in the whole space

|Dul| — /0(y) =0 in RZ.
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Notice that since v is periodic, we have
sup { [u(y) = 0°(e)" 2y, )| | y € R} = 07(€) /2 [v] oo ey < 0.
It follows that we can find a constant C' > 0 such that
u(y) —C <0<u(y)+C ifyeZ,g.
Thus, by the comparison principle for the Eikonal equation (A.1),
u(y) = C < hy) <uly) +C if (y,e) > 0.

From the previous considerations, we deduce that the function w : {y € R | (y,e) >
0} — R given by w(y) = h(y) — 6*(e)/2(y, ) is a bounded harmonic function in R? that
vanishes on ¥. By Liouville’s Theorem, w = 0. That is, h(y) = 6*(e)}/2(y, ) for cach
y € RY satisfying (y,ey > 0.

We are left to conclude that 8(y) = ||Dh||? = 6*(e) in {y € R? | (y,e) > 0}. Since 6 is

periodic, this implies § = 0*(e). ]

A.3 Equidistribution of Codimension-One Sub-tori

We will be interested in certain probability measures supported on the sub-tori defined by

(2.8). Toward that end, the result that follows is fundamental.

Recall that if 11 is a finite measure, we write £, (-) u(dy) = ﬁ J4() p(dy).

Lemma 17. If (ep)peny © SEINRZE is any infinite sequence and (sp)nen C [0, 00) satisfies
sn € [0,7¢,) for each n € N, then

*

HEL(TI L (s,)) AL ol (A.2)
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Furthermore, if (fn)nen are HI= measurable functions in T4, p € [1,00], and C" > 0 is

(][ |fn<f>\pH“<d5>>p <cC
Tep  (sn)

en \Sn

such that

and if we define measures (jin)pen on T¢ by

[Lo@mta) =F, o H )
T4 (sn)

€n

then there 1s a subsequence (”j)jeN C N and a measure i such that jin, A [k as j — oo,
< L% and
<C. (A.3)

liz
LP(T4)

acd

Proof. First, we prove that the normalized surface measures converge to £ Assume that
g € C(TY) satisfies 3 pezd 19(k)| < oo. An exercise in Fourier analysis shows that if k € 7,

then

i2n(k,en)sp
][d 1 ei2”<k’£>7{d_1(d§) _Je , if k€ (en),
Tey, (sn)

0, otherwise.

Therefore,

| T e,  eTOntlag
Ten (STL)

kezd\ {0}

> k)l

keZdn(en)\ {0}

For s©u a0~ [ gty
Ten (Sn) Td

IN

Since (en)pen is infinite, it follows that for each R > 0, there is an N € N such that if
n > N, then

79N (en) \ {0} CRY\ B(0, R).
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Thus,

lim sup
n—o0

< 1l g(k)| = 0.
< dmo Y v

o0
keZA\B(0,R)

For s©wa) - [ gty
Ten (Sn) Td

Recalling that functions with summable Fourier coefficients are dense in C' (’]Td), we con-
clude that (A.2) holds as claimed.

Next, we prove the claim concerning (in),en. First, observe that Holder’s inequality
implies

ol @)= £, Ual@ M) <€ itnen.

en \Sn
Thus, (n)pen is pre-compact in C(T%)*, which gives the desired sub-sequence (n5)jen and
limit point fi.
Note that if g € C’(Td) and ¢ € [1,00] is the conjugate exponent of p (i.e., the ¢ so that

p 14+ ¢t =1), then

Q=

]frd—l(s )9(5)fn(f) I~ (deg)

<o (ﬁr o \g(f)!qﬂd_l(d£)>

Assume first that ¢ < oo. Since [g|? € C(T%), we have

Q=

’ /T dg(y)ﬂ(dy)‘ <C lim (ﬁr i, )Ig(f)qud_l(d§)> = Cllgll zapay.

This proves i < L% and (A.3) holds when ¢ < oco. When ¢ = oo, a similar argument

applies. ]
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A.4 Construction of Invariant Measures

In this section, we construct invariant measures for the differential operator —tr(a(y)Dg)
when e € S971 N RZY. Recall that .2 denotes the family of all such measures.

Intuitively, it is clear this can be done by “slicing” the operator using the decomposition
T = Ure[oyre)Tg_l(r). In each sub-torus T¢~1(r), —tr(a(y)D?) acts as a uniformly elliptic
operator, hence it has a unique invariant measure.

Nonetheless, for some e, Tg_l(r) can have a very different geometry than Td-1 (e.g.,
when d = 2, it could be a rhombus with very exaggerated angles). Therefore, in this section,
we give a detailed proof that the invariant measures have uniform L1 estimates in spite

of the geometry.

Proposition 75. For each e € S and r € R, there is a unique probability measure
pl € F& that is supported in T9=Y(r). Further, there is a H% -integrable function hl :

T — [0,00) such that

[t =4, F) R G or f e o),
Td Te (r)

and we have an LYY estimate
f 1 OO ) < Cla =10
e T

for some C(d — 1, A"1A) > 0.

To overcome geometric difficulties, we will exploit averaging. Accordingly, let the integer
vectors {k1, ..., kg_1} be a Z-basis of M., as in Section 2.4. We claim that, for any a € (0, 1),

we can fix a set {k1(c), ..., kgz_1(a)} such that

<l;:i(a),l;:-(a)> =1, a< Hf(a)H <a 1 for each i,j7€{1,2,...,d—1}. (A.4)



Indeed, applying the Gram-Schmidt process to {ki,...,kj_1}, we can construct a new set
{ki,...,kg_1} € M, such that <l§;z,/::]> = 0 for ¢ # j. When d = 3 (the d = 2 case being
trivial), by choosing mq, my € N appropriately and setting & (o) = miky and kg(a) = maks,

we have

M@l _ () il
= @I ( ) s

This shows we can ensure (A.4) holds when d € {2,3}. An inductive argument shows that

this can, in fact, be done for general d > 2.

Given r € R, let L(r) = {x € R? | (z,¢) =7}, and define pe o : L(r) — R by
d—1 B d—1
Pea (re+ Y Biki(a) | =) Bies.
1=1 1=1

Observe that pe is an affine map and its derivative Dpe(0) maps k;(a) to e; for each
ie{1,2,...,d—1}.
Henceforth we denote by M, the subgroup of M, generated by {ki(a),..., ks_1(a)}. In

other words, Me is the subset of M, determined by
Me =S > miki(@) | (ma,...,mg_q) € 2971
1=1
Finally, let the torus 79 1(r) be the quotient space T4~ 1(r) = L(r)/Me. Observe that

r—y€Me <= Pealr) = DPealy) =Dealr —y) € z4 1,

Thus, fe induces a diffeomorphism between 741 (r) and T4,
With these preliminaries out of the way, we are ready to construct invariant measures in

rational directions.

Proof of Proposition 75. We begin by proving existence, then uniqueness.
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Step 1: Existence
Fix a € (0,1) and let pe.q and T971(r) be as constructed above. If g € C®(T2~1(r)),

then

—tr(a(y/)DQQ(y/)) = —tl"(Q(ﬁe@l))DzQ(ﬁe(y,))),

where a : T%1 — §; and g € C°(T%1) are given by
d 9

a(€) = Dpe,a(0)a(fe.(€))Dhea(0),  9(€) = 9(Peb())-

By construction of pe o, we know that a satisfies

AZ||C)1? < (a(€)¢,¢) < Aa~2|¢|? for each ¢ € RO,

By classical results on linear, uniformly elliptic PDE with periodic coefficients (see [18,

Chapter 3]), there is a unique measure y € & (T91) such that

/d1 tr (Q(OD%_](&)) H(df) =0 jfg c COO(']I‘d_l)'
T

Furthermore, < £971, the support of u equals T41 and
H H

fo

For this last estimate, see [79] or [6].

du d—

1
£971de) < C(d—1,a7 42 71A).

Let us push p forward onto Td=1(r). Define pul € 2(T3~1(r)) by

tie(A) = p(pe(A)) for Borel A C T 1.
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Given g € C°(T4~1(r)), integration gives
Jrasg = (oD ety = [ or (a90%900)) mae) =0

We claim that p descends to a probability measure in T9~1(r) = L(r)/M,. Indeed,
any k € M, acts on T21(r) by translation 75.(y/) = ¢/ + k. If we replace a by a(- + k),
then we get another measure / € 2(T9 1(r)). By uniqueness of the invariant measure 1
constructed above, we must have p/ = Tr4le- At the same time, a(- + k) = a so uniqueness
implies that Tk#ug = pl. It follows that u, can be regarded as a probability measure on
T 1(r).

From the preceding considerations, we see that if ¢ € C’OO(’]Td), then, denoting by g =

(0 Tqu(T) we deduce that
2 r = NP2, (0] vl
/Td tr () D200)) sily) = /Tg_l(r) tr (a(y) D29 () ) pildy)

We conclude that p! € £ Furthermore, the support of ul equals T¢1(r) and u! <

M g

If we define the Borel function A% : T% — [0, 00) so that we have

[ =1, fem6) M ) for g e cm),
Td Te (r)

then a change of variables shows that

]fr . BE ) HE ) = ][T 14 n2 ()| 1 ()

“Jos
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de < C(d—1,a A1),




Step 2: Uniqueness
If i is a probability measure on T with support contained in Tg_l(r), then, for any
a € (0,1), u can be regarded as a probability measure in T éjil(r). It follows from the

uniqueness of the measure p that (pe,a)up = p. Therefore, p = pg. O
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