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ABSTRACT

This thesis details recent results on the periodic homogenization of interface motions in the

parabolic scaling regime.

First, we treat phase transitions in periodic media, developing a variational approach

that unifies the point of view of Barles and Souganidis [16] with Aubrey-Mather theory. We

show that (possibly non-smooth) pulsating standing waves can be obtained as minimizers

of a Percival-type Lagrangian in the spirit of the latter theory. Pulsating standing waves

are shown to generate the recurrent plane-like minimizers of the energy and to determine

the macroscopic surface tension. In the case of laminar media, these functions are used

to demonstrate a number of pathologies, such as the non-differentiability of the surface

tension. Additionally, we prove two homogenization results in the sharp-interface limit, one

pertaining to laminar media and a restricted class of initial data, and the other, to the

Allen-Cahn equation with a periodic dissipation term.

Finally, we study a class of non-variational curvature flows with periodic coefficients. By

analyzing a degenerate elliptic equation on the torus, we identify the macroscopic behavior

of the moving interface at points where its normal vector is irrational. To analyze the

motion near rational normals, we adapt an idea of Feldman and Kim [49] from the study of

oscillating boundary value problems. This leads to the conclusion that in dimension d ≥ 3,

the macroscopic interface velocity is a discontinuous function of the normal direction. We

prove that the associated interface motion is well-posed in spite of the discontinuities and

conclude that homogenization occurs.
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CHAPTER 1

INTRODUCTION

This thesis concerns the large-scale behavior of interfaces moving in a heterogeneous medium.

The problem is approached through the lens of the homogenization theory for parabolic

partial differential equations. A number of new results are proved for variational and non-

variational interface motions using techniques from PDE theory, calculus of variations, and

ergodic theory. The overarching theme of the work is the codimension-one character of

interfaces leads to interesting geometric phenomena and pathologies.

1.1 A Motivating Example: Diffuse Interfaces in a Periodic

Medium

1.1.1 The Problem

Let us begin by recalling the classical asymptotics of the Allen-Cahn equation. Given a small

parameter ε > 0, the problem is to characterize the asymptotic behavior, in the limit ε→ 0,

of the solution uε of the Allen-Cahn equation

uεt −∆uε + ε−2W ′(uε) = 0 in Rd × (0,∞)

subject to appropriate initial conditions. For physical reasons, the solution uε takes values

in [−1, 1] and the nonlinearity W ′ is the derivative of a double-well potential W that attains

its global minimum precisely on the set {−1, 1}.

The motivation for studying the asymptotics of the Allen-Cahn equation comes from ma-

terials science. The Allen-Cahn equation is a simplified description of phase transformations

in a material coexisting in one of two phases. Unlike, say, the Stefan problem, where the

interface that forms between ice and water is modeled as a smooth surface with infinitesimal

1



thickness, the Allen-Cahn equation is a diffuse-interface model, wherein the nonzero thick-

ness of the interface is taken into account. Thus, the solution uε, referred to as a phase field,

indicates the local phase of the material: it is close to 1 in the bulk of one of the phases,

close to −1 in the bulk of the other, and the interface corresponds to the region in space

where it is away from 1 and −1.

The parameter ε describes the width of a typical interface. Notice that the transformation

uε(x, t) = u(ε−1x, ε−2t) takes a solution u of the unscaled (ε = 1) equation to a solution uε

of the scaled equation. Accordingly, the limit ε→ 0 describes the evolution of the material

at scales that are much lager than the interface width.

Allen and Cahn [3] predicted that the interface between phases moves by mean curvature

flow. This has been made precise through the contributions of many mathematicians since

then, including de Mottoni and Schatzman [40], Bronsard and Kohn [23], and Chen [30] in

the setting of smooth flows and then Evans, Soner, and Souganidis [43], Barles, Soner, and

Souganidis [12], and Barles and Souganidis [16] in the general case.

The result, stated roughly, is as follows: if the solution uε is such that uε(·, 0)→ 1 inside

some smooth open set E0 and uε(·, 0) → −1 in Rd \ E0, and if (Et)t≥0 are open sets with

boundaries (∂Et)t≥0 moving by mean curvature flow, then

uε(·, t)→ 1 in Et and uε(·, t)→ −1 in Rd \ Et.

Put simply, at large (or macroscopic) scales, the interface between phases looks like a smooth

boundary moving by mean curvature flow. Since phase fields are replaced by sets in the limit,

this type of convergence is referred to as a sharp-interface limit.

The Allen-Cahn equation is the L2 gradient flow of the following energy functional

FAC(uε; Ω) =

ˆ
Ω

( ε
2
‖Duε‖2 +W (uε)

)
dx

2



so energy dissipation is the basic mechanism driving the evolution of the solution. As is

pointed out in [19], in principle, the coefficients in the energy should vary in space in general

to reflect the changes in the material or impurities embedded within it. This consideration

leads to more general energies such as the following one:

F(uε; Ω) =

ˆ
Ω

( ε
2
〈a(ε−1x)Duε, Duε〉+W (ε−1x, uε)

)
dx. (1.1)

Here a is a symmetric matrix-valued field and W (y, ·) has a double-well shape for each

y ∈ Rd, the spatial variation of a and W modeling the heterogeneity of the medium. The

L2 gradient flow of this energy results in an Allen-Cahn equation with variable coefficients

uεt − div(a(ε−1x)Duε) + ε−2Wu(ε−1x, uε) = 0 in Rd × (0,∞). (1.2)

The question is now to characterize the sharp-interface limit of such an equation.

In order for the solution of (1.2) to converge, some assumptions need to be made on the

structure of the coefficients a and W . Throughout this work, we will assume that they are

periodic functions, that is,

a(y + k) = a(y) and W (y + k, ·) = W (y, ·) for each y ∈ Rd, k ∈ Zd.

The problem is then to determine to what extent averaging effects lead solutions of (1.2) to

converge, as in the spatially homogeneous (constant-coefficient) case.

1.1.2 Pulsating Standing Waves

The starting point for our treatment of (1.2) is work by Barles and Souganidis [16]. They

showed that if certain assumptions on a and W are satisfied, then the sharp-interface limit

3



of (1.2) is described by macroscopic interfaces that evolve with normal velocity given by

V∂Et = M̄(n∂Et)
−1tr

(
S̄(n∂Et)A∂Et

)
. (1.3)

Here n∂Et is the normal vector and A∂Et , the second fundamental form of Et, and the

coefficients S̄ and M̄ are determined by a and W through averaging effects.

The key assumption in the analysis of (1.2) in [16] is the existence and smoothness of

certain special functions, called pulsating standing waves. These are used in an asymptotic

expansion for the solution uε. (The asymptotic expansion employed in [16] is reviewed in

Section 4.1.)

Given an e ∈ Sd−1, a pulsating standing wave Ue in the e direction is a solution of the

PDE  D
∗
e(a(y)DeUe) +Wu(y, Ue) = 0 in R× Td,

lims→±∞ Ue(s, y) = ±1, ∂sUe ≥ 0,
(1.4)

where the differential operator De is defined by De = e∂s + Dy and D∗e is its L2 adjoint.

Equations of this type were introduced by Xin [91].

Notice that the pulsating standing wave equation (1.4) is a degenerate, time-stationary

Allen-Cahn equation in a (d + 1)-dimensional cylinder, whereas the equation of interest to

us, (1.2), is posed in d space dimensions. The connection between them is through the family

of functions {ueζ}ζ∈R in Rd defined by

ueζ(x) = Ue(〈x, e〉 − ζ, x). (1.5)

A computation shows that if Ue is a solution of (1.4), then, for each ζ ∈ R, the function uζ

is a critical point of the energy F , that is,

−div(a(x)Dueζ) +Wu(x, ueζ) = 0 in Rd.

4



Furthermore, these functions are plane-like and ordered in the sense that

lim
〈x,e〉→±∞

ueζ(x) = ±1 and ueζ ≤ ueζ ′ if ζ > ζ ′.

Thus, the existence of a solution Ue of the pulsating standing wave equation implies the

existence of a continuous one-parameter family of plane-like critical points of F .

Pulsating standing waves play a central role in the analysis of (1.2) in [16]. Accordingly,

one of the questions treated below is the existence of pulsating waves.

Question 1. Do pulsating standing waves exist in general? Are they smooth?

1.1.3 The Surface Tension and Einstein Relation

Using the theory of Γ-convergence, it is possible to argue that the energy F , suitably rescaled,

converges to a limiting energy. This was first made precise by Modica and Mortola [69] in

the spatially homogeneous setting.

The periodic setting has been studied by Ansini, Braides, and Chiadò-Piat [5] and

Cristoferi, Fonseca, Hagerty, and Popovici [35, 36]. To capture the large scale behavior

of F , we define the rescaled functional Fε for ε > 0 by

Fε(uε; Ω) =

ˆ
Ω

( ε
2
〈a(ε−1x)Duε, Duε〉+ ε−1W (ε−1x, uε)

)
dx. (1.6)

The results of [5, 35, 36] show that, under suitable assumptions on a and W , there is a

Finsler norm σ̄ and an anisotropic perimeter functional F̄ of the form

F̄(E; Ω) =

ˆ
∂E∩Ω

σ̄(n∂E(ξ))Hd−1(dξ)
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such that if uε → 1 in E and uε → −1 in Ω \ E, then

F̄(E; Ω) ≤ lim inf
ε→0+

Fε(uε; Ω).

Further, it is possible to choose (uε)ε>0 so that the inequality is an equality and the liminf

is a limit. In the statistical mechanics literature, the surface energy density σ̄ is referred to

as the surface tension.

Following the discussion in Spohn [87] and related results on the Lebowitz-Penrose func-

tional by Bellettini, Buttà, and Presutti [17], it is natural to expect that the effective interface

motion that arises in the limit of (1.2) has the form

V∂Et = M̄(n∂Et)
−1tr

(
D2σ̄(n∂Et)A∂Et

)
. (1.7)

Here σ̄ is the surface tension obtained from the Γ-limit of F and M̄ is a mobility coefficient.

In the mathematical physics literature, (1.7) is referred to as an Einstein relation since it

shows that the homogenized velocity is proportional to the homogenized energy gradient.

Mathematically, tr(D2σ̄(n)A) is the second variation of F̄ so (1.7) implies that “homoge-

nization and gradient flow commute” up to the determination of the mobility coefficient M̄ ,

which determines the metric.

The preceding discussion motivates the next question treated in this thesis.

Question 2. Does the Einstein relation (1.7) describe the sharp-interface limit of the Allen-

Cahn-like equation (1.2)? Is it consistent with the results of [16]?

1.1.4 A Variational Interpretation of Pulsating Standing Waves

As we argued above, there is reason to believe that the homogenization of the Allen-Cahn-

like equation (1.2) will be related to the Γ-limit of the associated energy F . Considering that

[16] proves homogenization using pulsating standing waves, that leaves the question whether
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or not these waves are also relevant from a variational point of view.

Notice that the equation D∗e(a(y)DeU) + Wu(y, U) = 0 in (1.4) is the Euler-Lagrange

equation of the energy

Te(V ) =

ˆ
R×Td

(
1

2
〈a(y)DeV,DeV 〉+W (y, V )

)
ds dy.

This suggests it may be possible to study pulsating standing waves using variational tech-

niques.

Question 3. Is it possible to obtain pulsating standing waves by minimizing Te? Is a solution

of (1.4) necessarily a minimizer?

1.2 A Variational Approach to Pulsating Standing Waves

1.2.1 Assumptions

Throughout the paper, we denote by Td the d-torus, defined as a quotient space Td = Rd/Zd.

Hence we will treat a and W as functions defined in Td. More precisely, we make the following

assumptions:

a : Td → Sd smooth,

W : Td × R→ [0,∞) smooth.

We take a to be uniformly elliptic. Specifically, we assume there are constants λ,Λ > 0

such that

λId ≤ a(y) ≤ ΛId for each y ∈ Td.

Concerning the potential W , we assume that there are continuous functions W,W : R→
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[0,∞) such that

W (u) ≤ W (y, u) ≤ W (u) for each (y, u) ∈ Td × R.

Further, we assume that the zero sets of these functions are precisely {−1, 1}, that is,

{u ∈ R | W (u) = 0} = {u ∈ R | W (u) = 0} = {−1, 1}.

Finally, we assume that W and W are convex near 1 and −1, that is,

min{W ′′(1),W
′′
(−1),W ′′(1),W ′′(−1)} > 0.

1.2.2 Results

First, we develop a variational approach to the existence and uniqueness of pulsating standing

waves. As was already observed above, the degenerate Allen-Cahn equation D∗e(a(y)DeU))+

Wu(y, U) = 0 is the Euler-Lagrange equation of the non-coercive energy functional Te defined

by

Te(V ) =

ˆ
R×Td

(
1

2
〈a(y)DeV,DeV 〉+W (y, V )

)
dy ds.

Below we prove that a weak solution of (1.4) can be obtained through minimization of Te.

To state the result more precisely, let us define the competition class X and minimal

energy E (e) by

E (e) = inf {Te(V ) | V ∈X } , (1.8)

X = {V ∈ L∞(R× Td) | −1 ≤ V ≤ 1, lim
s→±∞

V (s, y) = ±1 in L1
loc(R× Td)}.

Theorem 1 ([73]). (i) For each e ∈ Sd−1, there is a Ue ∈ X that is a minimizer for the

variational problem E (e), that is, such that Te(Ue) = E (e). Further, Ue can be chosen in
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such a way that ∂sUe ≥ 0.

(ii) A minimizer as in (i) is a weak solution of the pulsating standing wave equation

(1.4). If Ue is a continuous weak solution of (1.4), then Ue ∈X and Te(Ue) = E (e).

(iii) It is possible to choose a, W , and e so that no minimizer of E (e) is a continuous

function in R× Td.

The theorem shows that pulsating standing waves can be obtained as minimizers of

the functional Te, and that any smooth (or even continuous) pulsating standing wave is

necessarily in this class. At the same time, contrary to the assumptions in [16], it shows that

smooth pulsating standing waves need not exist in general.

The minimizing property of the pulsating standing waves in Theorem 1 leads to a similar

property for the functions {ueζ}ζ∈R determined by the transformation (1.5). Furthermore, it

turns out that the minimal value of Te is precisely the surface tension σ̄(e) obtained through

Γ-convergence. This is the subject of the next corollary.

Corollary 1. (i) If Ue is a minimizer of E (e), then each function {ueζ}ζ∈R in the family

determined by (1.5) is a strongly Birkhoff plane-like minimizer of F (see Definition 9 below).

(ii) If Ue is a minimizer of E (e), then Te(Ue) = σ̄(e).

(iii) For each ζ ∈ R, the function ueζ has average energy equal to σ̄(e).

The previous results show that pulsating standing waves exist, even though they may not

be smooth, and that they generate plane-like minimizers of F that can be used to compute

the surface tension σ̄. The question remains whether or not there are situations in which

the approach of [16] goes through and homogenization holds.

In the next result, we give an affirmative answer. For the sake of generality, we will

consider the gradient flow

 m(ε−1x, εDuε)uεt − div(a(ε−1x)Duε) + ε−2Wu(ε−1x, uε) = 0 in Rd × (0,∞),

uε = u0 on Rd × {0},
(1.9)
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where the local mobility m : Td × Rd → (0,∞) is smooth and bounded above and below,

i.e.,

0 < inf
{
m(y, p) | (y, p) ∈ Td × Rd

}
≤ sup

{
m(y, p) | (y, p) ∈ Td × Rd

}
<∞. (1.10)

With the mobility term, (1.9) becomes the gradient flow of F with respect to the L2-

Riemannian metric given by

〈v, w〉uε =

ˆ
Rd
v(x)w(x)m(ε−1x, εDuε) dx.

We will prove homogenization of (1.9) for specific choices of the initial datum u0 in the

context of laminar media. Here by laminar media we mean the case when the coefficients do

not depend on the dth coordinate, or, in other words,

ayd ≡ 0, Wyd ≡ 0, and myd ≡ 0. (1.11)

In this setting, it turns out there are smooth pulsating standing waves Ue in every direction

e ∈ Sd−1 \ 〈ed〉⊥. Using these pulsating waves in the asymptotic expansion approach of [16],

we show that homogenization holds provided the initial interface is a graph over the dth

coordinate.

Theorem 2. Assume that a, W , and m are independent of the dth coordinate, that is, (1.11)

holds. Suppose, in addition, that u0 ∈ UC(Rd; [−1, 1]) satisfies the following two conditions:

(i) There is a U ∈ UC(Rd−1) and a q ∈ Rd−1 such that

sup
{
|U(x′)− 〈q, x′〉| | x′ ∈ Rd−1

}
<∞

10



and

{x ∈ Rd | u0(x) = 0} = {(x′, xd) ∈ Rd | xd = U(x′)}.

(ii) There is a δ0 > 0 and an R > 0 such that

dH({x ∈ Rd | u0(x) = 0}, {x ∈ Rd | |u0(x)| < δ0}) < R.

Under these assumptions, there is a continuous function h : Rd−1×[0,∞)→ R with h(·, 0) =

U such that if (uε)ε>0 are the solutions of (1.9) with initial datum uε(·, 0) = u0 and (Et)t≥0

are the epigraphs defined by Et = {x ∈ Rd | xd > h(x′, t)}, then

lim
ε→0+

uε =

 1, locally uniformly in
⋃
t>0Et,

−1, locally uniformly in
⋃
t>0(Rd \ Et).

Furthermore, there is a mobility coefficient M̄(m, ·) such that the sets (Et)t≥0 evolve with

normal velocity given by

V∂Et = M̄(m,n∂Et)
−1tr(D2σ̄(n∂Et)A∂Et). (1.12)

Interestingly, the theorem shows not only that homogenization holds for some choices

of initial datum, but also that the limiting interface velocity is determined by an Einstein

relation as described by Spohn [87] and Bellettini, Buttà, and Presutti [17].

From the point of view of calculus of variations, the velocity law (1.12) shows that homog-

enization and commute, at least in this very special case. Indeed, the term tr(D2σ̄(n∂E)A∂E)

is the anisotropic curvature of the surface ∂E with respect to σ̄, which is the second variation

of F̄ . Hence, at least formally, (1.12) corresponds to the gradient flow of F̄ with respect to

a metric determined by M̄(m, ·).

In the laminar setting, there are pathologies lingering in the background that explain our
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restriction to graphical interfaces. The next result describes some of the known pathologies

that can occur in this setting, all of which are related to the fact that there need not be a

smooth pulsating standing wave in the directions perpendicular to ed.

Theorem 3. In the laminar setting, it is possible to find coefficients a and W such that

(i) The surface tension σ̄ is not C1,

(ii) The mobility coefficient M̄(m, ·) is unbounded, independent of the choice of m,

(iii) The interface velocity can become arbitrarily small relative to the second fundamental

form: more precisely,

inf

{
‖D2σ̄(e′)‖
M(m, e′)

| e′ ∈ Sd−1 \ 〈ed〉⊥
}

= 0.

1.3 Homogenization of the Allen-Cahn Equation with a Periodic

Mobility Coefficient

In our study of the gradient flow (1.9), the key ingredient was the existence of pulsating

standing waves, which are entirely determined by the energy F through a and W . That

leaves the question: what happens if F is spatially homogeneous (a and W are constant)

and only the local mobility m is allowed to vary? In other words, the question is to study

the asymptotics of the Allen-Cahn equation with a periodic mobility coefficient:

 m(ε−1x, εDuε)uεt −∆uε + ε−2W ′(uε) = 0 in Rd × (0,∞),

uε = u0 on Rd × {0},
(1.13)

Here we assume that the potential W is a smooth non-negative function, W−1({0}) =

{−1, 1}, and W ′′(−1) ∧W ′′(1) > 0.
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In the next result, we prove that, in the limit ε → 0, effective interfaces form and move

according to mean curvature flow with an effective mobility coefficient m that is determined

by m through averaging effects.

Theorem 4. Given any smooth m : Td × Rd → (0,∞) such that (1.10) holds, if u0 ∈

UC(Rd; [−1, 1]) and (uε)ε>0 are the solutions of (1.13), then

uε(·, t)→ 1 in Et and uε(·, t)→ −1 in Rd \ Et,

where (Et)t≥0 is a family of open sets with E0 = {u0 > 0}, evolving with normal velocity

V∂Et = m(n∂Et)
−1tr

(
A∂Et

)
(1.14)

for some continuous, positive function m : Sd−1 → (0,∞) determined entirely by m and W .

The proof builds on the approach from [16]. Since the energy F is spatially homogeneous,

there is a smooth family of pulsating standing waves available for use in the asymptotic

expansion. The expansion has the form

uε(x, t) = q

(
d(x, t)

ε

)
+ εPDd(x,t)

(
d(x, t)

ε
,
x

ε

)
+ . . .

Here q is the (centered) standing wave solution of the Allen-Cahn equation in one-dimension;

d is the signed distance function to the interface ∂Et; and {Pe}e∈Sd−1 are correctors. While

the e-independence of the standing wave q eliminates any concerns about the existence and

smoothness of pulsating waves, the correctors {Pe}e∈Sd−1 do not necessarily exist in every

direction.

Given an e ∈ Sd−1, the cell problem for the correctors {Pe}e∈Sd−1 has the form

D∗e(a(y)DePe) +W ′′(q(s))Pe = −m(y, q̇(s))q̇(s) +m(e)q̇(s) in R× Td
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In general, it is not possible to find solutions Pe of this equation. Rational directions on the

sphere, that is, e ∈ Sd−1 ∩ RZd, are particularly problematic in this regard. However, in

irrational directions e ∈ Sd−1\RZd, it is always possible to construct approximate solutions.

The non-existence of approximate correctors in some directions is a difficulty since the

approach in [16] is based on the construction of global sub- and super-solutions. These

functions are associated with macroscopic interfaces that are compact hypersurfaces, hence

correctors are needed in every direction.

To circumvent this issue, the proof of Theorem 4 proceeds through the development of

local sub- and super-solutions, which are localized so that only the vicinity of the surface

near the contact point is relevant. These sub- and super-solutions make it possible to show

that the effective interface associated with (1.13) moves according to the velocity law (1.14)

near points where the normal vector n∂Et is irrational. That leaves the question how to

show that an interface moving with a prescribed normal velocity in irrational directions is

actually moving that way everywhere.

Below we prove that it is, in fact, enough to understand the behavior of the effective

interface near points where the normal vector is irrational. The main idea is that (1.13)

contains additional structure enabling us to glean some extra information about what hap-

pens at points where the normal vector is rational. This information, which amounts to a

very weak regularity estimate, allows us to conclude that the effective interface is a genuine

solution of (1.14).

1.4 Homogenization of a Nonvariational Interface Motion

In the homogenization problem for the Allen-Cahn equation with a periodic mobility co-

efficient, we saw that the local behavior of the macroscopic interface was more difficult to

analyze in rational directions than irrational ones. The next problem we consider makes the

distinction between rational and irrational directions even more apparent.

14



1.4.1 Curvature-Driven Interfaces in a Periodic Environment

Let us consider an even simpler model of phase interfaces evolving in a periodic medium.

We fix a periodic, uniformly elliptic matrix field a : Td×Sd−1 → Sd and a positive function

m : Td × Sd−1 → (0,∞), which model the heterogeneity of the medium. Given a small

parameter ε > 0, consider the evolution of an open set Eεt with prescribed normal velocity

given by

V∂Eεt = m(ε−1x, n∂Eεt )
−1tr

(
a(ε−1x, n∂Eεt )A∂E

ε
t

)
. (1.15)

As in the discussion of the Allen-Cahn equation above, this geometric flow is scaled so that

it captures the behavior of the interface at spatiotemporal scales that are much larger than

the period of the medium. Accordingly, this is a homogenization problem and the question

is whether or not averaging results in an effective interface motion in the limit ε→ 0.

Below we prove that, indeed, the motion of the interface averages near points where the

normal vector n∂Eεt points in an irrational direction, that is, n∂Eεt ∈ S
d−1 \RZd. Precisely,

we obtain effective coefficients ā : Sd−1 \ RZd → Sd and m : Sd−1 \ RZd → (0,∞) such

that, in the limit ε→ 0, the motion is described by the law

V∂Et = m(n∂Et)
−1tr

(
ā(n∂Et)A∂Et

)
if n∂Et /∈ RZd. (1.16)

As in Theorem 4 above, this leads to the question whether or not knowledge of the effective

motion in irrational directions is enough to characterize the global motion of the surface.

However, unlike Theorem 4, this problem is more subtle because, due to the strong

anisotropic character of the motion, it is not obvious a priori that ā or m can be extended

to continuous functions in the entire sphere Sd−1. In fact, it turns out that, in dimensions

d ≥ 3, the effective coefficients are generically discontinuous at every rational direction.

That motivates a study of the effective motion (1.16), where the normal velocity is only

prescribed in irrational directions and the coefficients need not be continuous at rational
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directions. Below we develop a level-set formulation of this motion, which has a comparison

principle (hence existence and uniqueness) in spite of the discontinuities.

The discussion above leads to the next theorem. Before stating it, let us make precise

the assumptions on the coefficients a an m. We assume that

a : Td × Sd−1 → Sd smooth,

m : Td × Sd−1 → (0,∞) smooth,

and we fix λ,Λ > 0 such that

λId ≤ a(y, e) ≤ ΛId for each (y, e) ∈ Td × Sd−1.

Theorem 5. Given any open set E0 ⊆ Rd and ε > 0, let (Eεt )t≥0 be the solution of (1.15)

with Eε0 = E0. There is a family of open sets (Et)t≥0 such that

(i) (Et)t≥0 is the unique solution of (1.16) with initial condition E0,

(ii) Eεt → Et locally in the Hausdorff metric as ε→ 0 for each t > 0.

We warn the reader that the theorem above is written somewhat imprecisely. In par-

ticular, uniqueness of solutions of (1.15) and (1.16) is complicated by the possibility of

“fattening” (cf. [12] or [16]). However, it is possible to get around the non-uniqueness issue

by working with the level-set formulation. Accordingly, below the reader will find precise

statements in terms of the level-set PDE rather than the geometric flows themselves.

Concerning the discontinuities of a and m, we prove the following result:

Theorem 6. Consider the case when a = a(y) and m = m(y) for simplicity and fix a

dimension d ≥ 3. For a generic (in the sense of Baire category) a and m satisfying the

assumptions above, the effective coefficients ā : Sd−1 \ RZd → Sd and m : Sd−1 \ RZd →
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(0,∞) fail to have well-defined limits at any rational direction e ∈ Sd−1∩RZd. In particular,

ā and m cannot be extended to continuous functions in any open subset of Sd−1.

We should emphasize that discontinuities are only possible in dimensions d ≥ 3. We

prove below that ā and m extend continuously to S1 in dimension d = 2.

1.4.2 Linear Response

We next consider a problem that is closely related to the previous one, and which once again

leads to some surprising pathological behavior. Fix an e ∈ Sd−1 and an α ∈ R \ {0}. With

a and m as above, consider the open sets (Eεt )t≥0 started at the half-space E0 = {x ∈ Rd |

〈x, e〉 > 0} and evolving with normal velocity given by

V∂Eεt = m(ε−1x, n∂Et)
−1
(

tr
(
a(ε−1x, n∂Eεt )A∂E

ε
t

)
− α

)
. (1.17)

As before, the problem is to identify the asymptotic behavior of Eεt in the limit ε→ 0.

In the physics terminology, this is a question about linear response. The expectation is

that, in the limit ε→ 0, the set Eεt converges to a half-space moving with normal velocity

V∂Et = m(n∂Et)
−1 (tr (ā(n∂Et)A∂Et

)
− α

)
= −m(n∂Et)

−1α = −m(e)−1α.

Hence the effective mobility m(e) obtained above measures the response of the medium to

an applied external force α when the interface is a plane with normal e.

In fact, this is true, except m is not the right response coefficient in general. Instead,

the asymptotics are described by a function mpl : Sd−1 → (0,∞), which agrees with m

at irrational directions but need not coincide with it in rational directions. This is stated

precisely in the next result.

Theorem 7. There is a function mpl : Sd−1 → (0,∞) such that, given α ∈ R \ {0} and
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e ∈ Sd−1, if (Eεt )t≥0 are the solutions of (1.17) with Eε0 = {x ∈ Rd | 〈x, e〉 > 0}, then

Eεt → Et locally in the Hausdorff metric as ε→ 0, where (Et)t≥0 is determined by

Et = {x ∈ Rd | 〈x, e〉 > −αmpl(e)
−1t}.

The response coefficient mpl has the following properties:

(i) mpl(e) = m(e) if e ∈ Sd−1 \ RZd,

(ii) For a generic choice of m, mpl is discontinuous at every rational direction and, in

dimension d = 2, mpl(e) 6= limRZ2 /∈e′→em(e′) for each e ∈ S1 ∩ RZ2.

The theorem shows that the effective mobility m obtained in the purely curvature-driven

homogenization problem (1.15) can be interpreted as a linear response coefficient in irrational

directions, but this interpretation turns out to fail in rational directions generically. Further-

more, in all dimension d ≥ 2, the true response coefficient mpl is generically discontinuous

at rational directions.

1.5 Future Directions

The results above only scratch the surface where the homogenization theory for interface

motions is concerned. In this section, we discuss a few directions for future work.

1.5.1 Laminar Media

In the context of laminar media, we proved that when the initial interface is a graph that

crosses the laminations, solutions of the gradient flow of the Allen-Cahn-type energy F

homogenize. The question remains: what if the initial interface is not a graph?

In general, that question is as hard as the original, non-laminar homogenization problem.

Indeed, if u0 is laminar, that is, if u0(x′, xd) = u0(x′, 0), then the solution uε of (1.9) is also
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laminar by uniqueness. Hence we are essentially studying a PDE in Rd−1 × (0,∞) with

non-laminar coefficients — the advantage of the laminarity assumption is apparently lost.

However, this issue does not really arise in dimension d = 2. In that case, if the initial

datum is laminar, that means it is a function of one variable, and the PDE in R × (0,∞)

really is simpler than the one in R2× (0,∞). (Curvature is trivial in one dimension.) Thus,

in dimension d = 2, the homogenization problem in laminar media need not be as difficult

as the general case.

In fact, it is possible to show that the effective motion (1.12) is well-posed in dimension

d = 2, even though σ̄ need not be C2 in S1 and M̄(m, ·) may not be finite everywhere. Well-

posedness follows from results on level-set PDE with coefficients that are discontinuous in

at most finitely many directions [58, 76, 59] and bounds on the coefficient M̄(m, ·)−1‖D2σ̄‖

(see Proposition 43 below). Furthermore, if we argue by analogy with Theorems 4 and 5,

it should be possible to characterize the effective motion using only very weak information

about what happens near points where the surface lines up with the laminations.

Stated simply, the discussion above leads to the following problem:

Problem 1. In the laminar, two-dimensional setting, prove that (1.9) homogenizes for any

u0 ∈ UC(R2; [−1, 1]).

Finally, in the proof of Theorem 2, the laminarity assumption (1.11) allows for the con-

struction of pulsating waves, which are entirely determined by a and W . The mobility m

only enters the picture through the map m 7→ M̄(m, ·), which is determined by a formula

that makes sense whether or not m is laminar (see Section 4.1). Thus, it is reasonable to

expect that Theorem 2 can be improved to cover general, non-laminar mobilities m, as in

Theorem 4.

Problem 2. Extend Theorem 2 to include a non-laminar local mobility m, i.e., replacing

(1.11) by the assumption that only ayd ≡ 0 and Wyd ≡ 0.
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1.5.2 Pinning

Recent work with Feldman [51] shows that effective interfaces need not move in general. Pre-

cisely, that work provides examples where homogenization occurs and the effective interfaces

(Et)t≥0 have trivial normal velocity

V∂Et = 0,

hence Et = E0 for all times t ≥ 0. This behavior is called pinning.

The arguments in [51] suggest that pinning is related to the non-smoothness of pulsating

waves. Here is the precise result:

Theorem 8 ([51]). There are examples of coefficients a and W such that, independent of

m, if u0 ∈ UC(Rd; [−1, 1]) and (uε)ε>0 are the solutions of (1.9), then, for all t > 0,

uε(·, t)→ 1 in {u0 > 0} and uε(·, t)→ −1 in {u0 < 0}.

Furthermore, in these examples, for any e ∈ Sd−1, there is no continuous solution of the

pulsating standing wave equation (1.4).

The examples in [51] have a very specific form that makes it possible to construct a

barrier that is tailored to any initial datum u0. Once these barriers are constructed, the fact

that interfaces cannot move follows directly.

However, the argument that pulsating standing waves cannot be continuous is simpler.

All that is required is a strict, time-stationary sub-solution v : Rd → [−2, 2] of (1.9) with

a bump-like shape. More precisely, v should be such that {v > −1} is bounded and non-

empty. Via a sliding argument, this suffices to prove that the functions {ueζ}ζ∈R generated

by a pulsating standing wave Ue cannot form a foliation, and, thus, Ue itself cannot be

continuous. This leads to the question: is the existence of bump-like sub-solutions enough

to conclude that pinning holds?
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In general, it would be interesting to develop weaker sufficient conditions under which

pinning holds. This leads to our next problem:

Problem 3. Identify sufficient conditions that imply that the effective interfaces associated

with (1.9) are pinned in the limit ε→ 0.

1.5.3 Random Media

In all of the results described above, it would be interesting to consider generalizations where

the underlying heterogeneities are randomly distributed in space rather than periodically.

Mathematically, the question is to generalize these results from the class of periodic coeffi-

cients to stationary, ergodic coefficients.

In the context of the Allen-Cahn-like equation (1.2), the analysis of random media will

likely require the development of new techniques. While we know how to determine the

surface tension σ̄ in this generality (cf. [71]), it is not clear to what extent pulsating standing

waves exist or how they would be used to analyze the sharp-interface limit.

The non-variational setting of (1.15) appears to be more promising in the short term.

Many of the ingredients used in the proof of Theorems 5 and 7 have random analogues that

are well-understood. Nonetheless, many technical problems arise when trying to generalize

the proof to the stationary, ergodic setting. Accordingly, this leads to the next problem:

Problem 4. Prove analogues of Theorem 5 and 7 when the coefficients a and m are sta-

tionary and ergodic, but not necessarily periodic.

1.5.4 Linear Response, Traveling Waves, and Rates of Convergence

It turns out that the linear response coefficient mpl equals (the inverse of) the derivative of

the wave speeds associated with the following hyperbolically scaled motion

V∂Eεt = m(ε−1x, n∂Eεt )
−1
(
εtr
(
a(ε−1x, n∂Eεt )A∂E

ε
t

)
+ α

)
. (1.18)
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In this scaling regime, Caffarelli and Monneau [26] proved that, in dimension d = 2, the

interface Eεt converges to an effective interface Et moving with velocity

V∂Et = λα(n∂Et),

where the function λα : Sd−1 → (0,∞) encodes the average speed of planar interfaces in

each direction.

Below we prove the following result, which relates the derivative of λα to mpl.

Theorem 9. For each e ∈ Sd−1,

mpl(e)
−1 = lim

α→0
α−1λα(e).

The argument of [26] involves certain special solutions of (1.18), called pulsating traveling

waves. These can be described using solutions of the following degenerate elliptic PDE in

the torus Td:

λα(e)m

(
y,

e+DVe,α
‖e+DVe,α‖

)
− tr

(
A

(
y,

e+DVe,α
‖e+DVe,α‖

)
D2Ve,α

)
−α‖e+DVe,α‖ = 0 in Td.

It is shown in [26] that this equation has a solution Ve,α ∈ C(Td) for each e ∈ Sd−1. Once

such a function has been obtained, the associated pulsating traveling wave is defined by

setting E
e,α
t = {x ∈ Rd | λα(e)t+ Ve,α(x) > 0}. Note that this defines a solution of (1.18).

Since the results above prove that α 7→ λα(e) is differentiable at α = 0 (see Section 6.4),

it is natural to ask what can be said about the regularity of the function Ve,α as α→ 0.

Problem 5. Is the function α 7→ Ve,α differentiable at α = 0? How is this affected by the

choice of e?

Finally, in Propositions 5 and 9 below, we show that the convergence in Theorem 7 can

be quantified, and we obtain the optimal rate when e is rational. However, the optimal rate
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in the irrational case is still unclear.

Problem 6. Determine the optimal rate of convergence in Theorem 7 (cf. Propositions 5

and 9).

1.6 Notation

In this section, we catalogue notation used throughout the paper.

1.6.1 General

If a, b ∈ R, we define a ∨ b and a ∧ b by a ∨ b = max{a, b} and a ∧ b = min{a, b}.

We define sgn(s) = s
|s| if s 6= 0.

If X is a metric space with metric d, we denote by B(x, ε) = {y ∈ X | d(x, y) < ε}. The

Hausdorff distance dH(A,B) between two sets A,B contained in X is defined by

dH(A,B) = inf

ε ≥ 0 | A ⊆
⋃
b∈B

B(b, ε), B ⊆
⋃
a∈A

B(a, ε)

 .

1.6.2 Euclidean Space

Given v ∈ Rd, we write 〈v〉 = {αv | α ∈ R}.

The Euclidean inner product between two vectors ξ, ζ ∈ Rd is denoted by 〈ξ, ζ〉. If

A ⊆ Rd, then A⊥ = {x ∈ Rd | 〈a, x〉 = 0 if a ∈ A}.

We write ‖ · ‖ for the norm induced by the inner product 〈·, ·〉. Sd−1 is the (d − 1)-

dimensional sphere in Rd, that is, Sd−1 = {e ∈ Rd | ‖e‖ = 1}.

In Rd, we denote by {e1, . . . , ed} the standard orthonormal basis given by

e1 = (1, 0, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , ed = (0, . . . , 0, 1).

23



If e ∈ Sd−1, A ⊆ 〈e〉⊥, and E ⊆ R, then we define A⊕e E by

A⊕e E = {a+ αe | a ∈ A, α ∈ E}.

Frequently we will be interested in cubes contained in some hyperplane of Rd. In this

case, given e ∈ Sd−1, we fix an orthonormal basis {v1, . . . , vd−1} of 〈e〉⊥ and, for each R > 0,

let Qe(0, R) be the cube in 〈e〉⊥ determined by this basis, of side length R, and centered at

0. In other words,

Qe(0, R) =
{
y ∈ 〈e〉⊥ | max{|〈y, v1〉|, . . . , |〈y, vd−1〉|} ≤ R/2

}
.

The specific choice of basis is irrelevant where the results of the paper are concerned.

From Qe(0, R), we form a d-dimensional cube Qe(0, R) by extending in the e direction,

that is,

Qe(0, R) = Qe(0, R)⊕e (−R/2, R/2).

We denote by RZd the set of all vectors that are parallel to some integer vector, that is,

RZd = {αk | k ∈ Zd, α ∈ R}.

1.6.3 Linear Algebra

Md is the space of real d× d-matrices. Sd is the subspace consisting of symmetric matrices.

If A,B ∈ Sd, we write A ≤ B if 〈(A−B)ξ, ξ〉 ≤ 0 for all ξ ∈ Rd.

Given A ∈Md, we denote its transpose by A∗.

Given ξ, ζ ∈ Rd, the tensor product ξ ⊗ ζ is the linear operator on Rd defined by (ξ ⊗

ζ)(v) = 〈ζ, v〉ξ. Given matrices A,B ∈Md, the tensor product A⊗B is the linear operator

on Md defined by (A⊗B)(v⊗w) = Av⊗Bw and extended to the entire space by linearity.
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1.6.4 The Torus

The d-dimensional torus is denoted by Td. This is the quotient space Td = Rd/Zd where

x, y ∈ Rd are equivalent if and only if x− y ∈ Zd.

The quotient map is denoted by πZd : Rd → Td. In particular, given x ∈ Rd, the point

πZd(x) is the unique equivalence class in Td containing x.

Given a finite Borel measure µ in Td, we define the Fourier transform µ̂ : Zd → C by

µ̂(k) =

ˆ
Td
e−i2π〈k,y〉 µ(dy).

The Fourier transform of Lebesgue measurable functions in Td is defined completely analo-

gously.

1.6.5 Functions

Given a family of functions (f ε)ε>0, each defined on a metric space X with metric d, we

define the upper and lower half-relaxed limits lim sup∗ f ε and lim inf∗ f ε, respectively, by

lim sup∗ f ε(x) = lim
δ→0+

sup {f ε(y) | d(x, y) + ε < δ} , (1.19)

lim inf∗ f ε(x) = lim
δ→0+

inf {f ε(y) | d(x, y) + ε < δ} . (1.20)

1.6.6 Measure Theory

We denote by Ld the Lebesgue measure in Rd, and by Hd−1, the (d− 1)-dimensional Haus-

dorff measure, normalized to coincide with surface area. (We abuse notation and also use

these symbols for the corresponding measures in Td.)

We denote by P(X) the space of Borel probability measures on a metric space X.

Given a finite measure µ on a measurable space (X,B), we use the notation
ffl
X(·)µ(dx)
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to denote averaging with respect to µ, that is,

 
X
f(x)µ(dx) =

1

µ(X)

ˆ
X
f(x)µ(dx) for f ∈ L1(X,µ).

If (X,B, µ) is a measure space and τ : X → X is a measurable transformation, we define

the pushforward measure τ#µ on B by

(τ#µ)(A) = µ(τ−1(A)) for A ∈ B.

1.6.7 Calculus

We frequently work in the cylinder R×Td, denoting points by (s, y) with s ∈ R and y ∈ Td.

In this space, we write ∂s for the derivative operator with respect to s and Dy for the

derivative with respect to y.

In R×Td, given an e ∈ Sd−1, we denote by De the differential operator De = e∂s +Dy,

which takes a function in R× Td and returns a vector field taking values in {0} × Rd. The

L2 adjoint of De is denoted by D∗e .

We will use the same notation for classical, weak, and distributional derivatives. In

particular, ∂s is often intended in the distributional sense.

In Rd, for a given e ∈ Sd−1, we define the differential operators De and D2
e by

Deϕ(x) = (Id− e⊗ e)Dϕ(x), D2
eϕ(x) = (Id− e⊗ e)D2ϕ(x)(Id− e⊗ e) for ϕ ∈ C∞(Rd).

We abuse notation somewhat by also writing De and D2
e for the corresponding differential

operator for functions on Td.
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1.7 Notes

1.7.1 Diffuse-Interface Models

For physically motivated discussions of diffuse-interface models, we refer the reader to the

lecture notes of Langer [64] and the article by Kobayashi [63]. A mathematical physicist’s

perspective can be found in the textbook by Presutti [80] as well as the articles by Spohn

[87] and Bellettini, Buttà, and Presutti [17].

1.7.2 Surface Tension and Γ-Convergence

The convergence of the rescaled Allen-Cahn functional FAC to the perimeter functional is

one of the basic examples in the theory of Γ-convergence. It was first proved by Modica and

Mortola [69] (cf. [68]). See also

For an introduction to Γ-convergence, see the textbooks by Dal Maso [37] and Braides

[22]. Expository accounts of the convergence result for the Allen-Cahn functional and related

problems can be found in the book by Braides [21] and the lecture notes of Alberti [1].

In Chapter 2, we prove the existence of the surface tension σ̄, but we do not treat the

Γ-convergence of Fε here. The references [5] and [35] prove Γ-convergence of Fε in the limit

ε → 0 under assumptions more restrictive than those used here: basically, W is assumed

independent of the spatial variable y in the former, while, in the latter, a is independent

of y. It is expected that the approach of either reference can be used in conjunction with

Theorem 16 to prove Γ-convergence of Fε under the assumptions on a and W considered

here.

1.7.3 Geometric Flows and the Level-Set Method

Throughout this work, we analyze geometric flows using the level-set method. The method

was first introduced by Ohta, Jasnow, and Kawaski [77], Osher and Sethian [78], and Sethian
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[86]. Its first rigorous formulations were presented by Barles [10] in a first-order context and

Evans and Spruck [44] and Chen, Giga, and Goto [31] for mean curvature flow. The state-

of-the-art can be found in the paper by Barles and Souganidis [16]; see also the earlier work

of Barles, Soner, and Souganidis [12].

1.7.4 The Aubry-Mather and Moser-Bangert Theories

Aubry-Mather theory concerns the study of variational problems with periodic coefficients;

see, for instance, Bangert’s notes [8] for an introduction. The classical examples involved

discrete models in two dimensions.

The consideration of continuum models in higher dimensions constitutes Moser-Bangert

theory, which began with the paper by Moser [74]. The prototypical set-up involves an

energy such as

E(u; Ω) =

ˆ
Ω

(
1

2
〈a(y)Du,Du〉+ θ(y) sin(2πu)

)
dy

with a : Td → Sd uniformly elliptic and θ ∈ C(Td). In contrast to the plane-like minimizers

considered here, in this context, one of the basic questions is the existence and properties

of so-called WSI solutions, which are critical points u of the energy with graphs that are a

bounded distance from a hyperplane in Rd+1.

In fact, it is possible to study the plane-like minimizers considered in the Allen-Cahn

context within the framework of the heteroclinic solutions studied by Bangert in [9]. This

is explained in the book of Rabinowitz and Stredulinsky [82] and the article by Junginger-

Gestrich and Valdinoci [60].

1.7.5 Related Models

In the evolutionary equations considered here, we always analyze the parabolic scaling limit.

In fact, there are many works that treat the hyperbolic scaling, though open problems
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remain. A non-exhaustive list of references in this area includes Caffarelli and Monneau [26],

Gao and Kim [53], Caffarelli, Lee, and Mellet [25], and Lin and Zlatoš [65].

While our results show that pulsating standing waves for Allen-Cahn-like equations are

determined by the plane-like minimizers of F , in other contexts, one would like to understand

pulsating traveling waves. For instance, if the potential W is replaced by W (y, u) + αu for

some small α ∈ R \ {0}, then one would like to know whether or not the associated equation

has traveling wave solutions. The result of Xin [91] suggests this is the case provided the

spatial oscillation of the coefficients a and W is small relative to α. However, even thirty years

later, Xin’s perturbative result is still among the most general treatments of this question

in multiple dimensions; see also Ducrot [41], Rossi and Giletti [57], and Ducrot, Giletti, and

Matano [42].
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CHAPTER 2

THE SURFACE TENSION, THE MOBILITY, AND

ELEMENTS OF ERGODIC THEORY

2.1 Introduction

The aim of this chapter is to introduce some of the fundamental concepts investigated here in

their simplest possible setting. The main focus will be on the interpretation of the effective

mobility as a linear response coefficient in the context of non-variational interface motions.

The ideas involved also come up naturally in the computation of the surface tension in the

context of diffuse-interface models, hence we will also discuss that here.

Certain elements of ergodic theory arise naturally in this setting. A self-contained treat-

ment of those facts we will need is provided below.

2.2 Linear Response

In this section, our objective is to compute the effective mobility of the nonvariational inter-

face motion (1.15). More precisely, given a uniformly elliptic matrix field a, a local mobility

coefficient m, and a direction e, we would like to understand the limiting behavior of the

following interface motion with oscillating coefficients in the limit ε→ 0:

V∂Eεt = m(ε−1x, n∂Eεt )
−1
(

tr
(
a(ε−1x)A∂Eεt

)
+ α

)
, Eε0 = {x ∈ Rd | 〈x, e〉 > 0}.

Via the level-set formulation (cf. [16]), this is equivalent to studying the asymptotics of the

following non-linear diffusion equation:

 m(ε−1x, D̂uε)uεt − tr
(
A(ε−1x, D̂uε)D2uε

)
− α‖Duε‖ = 0 in Rd × (0,∞),

uε(x, 0) = 〈x, e〉 for each x ∈ Rd.
(2.1)
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Here, as in the introduction, A is the matrix derived from a by the formula

A(y, e) = (Id− e⊗ e)a(y, e)(Id− e⊗ e).

We will see that this question can quickly be reduced to a homogenization problem for certain

elliptic operators with quasi-periodic coefficients.

The main result of this section is stated next. We assume throughout that a and m

satisfy the assumptions of Section 1.4.

Theorem 10. For each e ∈ Sd−1, there is a constant mpl(e) > 0 such that if (uε)ε>0 are

the solutions of (2.1), then

lim
ε→0+

uε(x, t) = 〈x, e〉+ αmpl(e)
−1t locally uniformly in Rd × [0,∞).

The proof of the theorem begins with a formal two-scale expansion. Suppose that there

is a function Ve : Td → R such that, up to error terms that vanish to order ε2, we can write

uε as

uε(x, t) = 〈x, e〉+ αm(e)−1t+ αm(e)−1ε2Ve(ε
−1x) + . . . .

Plugging the expansion into (2.1) and grouping common terms, we are led to the following

problems characterizing Ve:

−tr
(
A (y, e)D2Ve

)
= −m (y, e) +m(e) in Td.

In order to analyze this equation, it is useful to bring a back into the picture and note that

if we define the differential operator D2
e by

D2
eF = (Id− e⊗ e)D2F (Id− e⊗ e) for F ∈ C∞(Td),
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then we can write

tr
(
A(y, e)D2Ve

)
= tr

(
a(y, e)D2

eVe

)
.

Hence the equation for Ve becomes

− tr
(
a(y, e)D2

eVe

)
= −m(y, e) +m(e) in Td. (2.2)

This is reminiscent of the ergodic problems arising in the study of diffusions in periodic

media (cf. [18, Chapter 3]), the only difference being that the second order term is degenerate

elliptic. Nonetheless, the degeneracy has a very specific form.

A change of perspective distinguishes (2.2) as the “probability space lift” (or abstract cell

problem) for a uniformly elliptic homogenization problem with quasi-periodic coefficients.

To see this, suppose that Ve is a smooth solution of (2.2) and define functions (Ṽ ey )y∈Td in

〈e〉⊥, the subspace orthogonal to e, by

Ṽ ey (x′) = Ve(x
′ + y) for each x′ ∈ 〈e〉⊥.

A direct computation shows that these functions are solutions of the PDE

− tr
(
a(x′ + y, e)D2Ṽ ey

)
= −m(x′ + y, e) +m(e) in 〈e〉⊥. (2.3)

The matrix field x′ 7→ a(x′+ y, e) is quasi-periodic, that is, it equals a linear transformation

composed with a periodic function. Varying y changes the coefficient, but in a way that

preserves the overall pattern. (Thinking of this in terms of stochastic homogenization, y

plays the role of the sample, or what is typically denoted by ω).

In homogenization theory, the solution Ṽ ey of (2.3) is referred to as a corrector. Thus,

we conclude that the solution Ve of (2.2) generates correctors for the linear, uniformly el-

liptic PDE generated by a in 〈e〉⊥. As will be shown below, the converse is also true to
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a certain extent: if we understand the homogenization of quasi-periodic, uniformly elliptic

PDE, then we will be able to construct approximate solutions of (2.3), which then give rise

to approximate solutions of (2.2)

2.3 Homogenization of Linear, Uniformly Elliptic Equations with

Quasi-Periodic Coefficients

For the reader that is not familiar with stochastic homogenization, let us make the previous

discussion more precise. It will be useful to consider the following approximation of (2.3).

Given δ > 0, well-known arguments show that there are functions (Ṽ
e,δ
y )y∈Td in 〈e〉⊥ solving

the PDE

δṼ
e,δ
y − tr

(
a(y + x′, e)D2Ṽ

e,δ
y

)
= −m(y + x′, e) in 〈e〉⊥. (2.4)

While it will not be possible to solve (2.3) in general, it would suffice for our purposes if we

could prove that there is a constant m(e) such that, for each y ∈ Td,

δṼ
e,δ
y → −m(e) uniformly in 〈e〉⊥ as δ → 0+.

This is a question about averaging. One way to see that is to note that if we define Ṽ εy

by

Ṽ εy (x′) = ε2Ṽ
e,ε2
y (ε−1x′)

then Ṽ εy is the solution of

Ṽ εy − tr
(
a(y + ε−1x′)D2Ṽ εy

)
= −m(y + ε−1x′) in 〈e〉⊥. (2.5)

Notice that from this perspective, the question of the convergence of δṼ
e,δ
y is equivalent to the

convergence of Ṽ εy . The coefficients in (2.5) are highly oscillatory as ε→ 0 so some mechanism
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is needed to generate cancellations. Since a(·, e) and m(·, e) are periodic functions, it may

not be surprising at this point to learn that averaging is precisely the mechanism involved

here.

However, since the problems are posed in 〈e〉⊥, some work is required to show that (2.5)

homogenizes as ε → 0. For the sake of clarity, let us make some of the notions at play

here precise. As was mentioned already in the previous section, (2.3), (2.4), and (2.5) are

equations with quasi-periodic coefficients.

Definition 1. Given m ∈ N, a function f : Rm → R is called quasi-periodic if there is an

N ∈ N, a linear map L : Rm → RN , and a periodic function F : TN → R such that

f(x′) = F (L(x′)).

In our setting, the equations (2.3), (2.4), and (2.5) have quasi-periodic coefficients since,

for any fixed y ∈ Td, if we let Pe : 〈e〉⊥ → Rd denote the inclusion map, then Pe is linear,

〈e〉⊥ is isomorphic to Rd−1, and

a(x′ + y) = a(Pe(x
′) + y).

Quasi-periodic functions are a particularly nice class of almost periodic functions, which

are frequently studied in homogenization. The definition of almost periodic function that

will be most relevant in this work is given next.

Definition 2. Given m ∈ N, function f : Rm → R is called (uniformly) almost periodic if

it is bounded and uniformly continuous and the set of translates

{f(·+ x′) | x′ ∈ Rm}

is pre-compact in BUC(Rm) with the uniform norm topology.
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An easy exercise proves that if f is a quasi-periodic function obtained by composing a

linear function and a continuous periodic function, then f is (uniformly) almost periodic.

Proposition 1. Given m,N ∈ N, if F ∈ C(TN ) and L : Rm → RN is linear, then the

function f : Rm → R given by f(x′) = F (L(x′)) is (uniformly) almost periodic.

So far, we have shown that (2.5) is a homogenization problem with quasi-periodic coeffi-

cients. Hence since quasi-periodic implies almost periodic, it belongs to the class of equations

with stationary coefficients commonly considered in stochastic homogenization.

To apply results from that theory, we should be slightly more precise. In what follows,

we will consider Td as a probability space equipped with some Borel probability measure,

typically Ld.

Given e ∈ Sd−1, consider the group of translations (τx′)x′∈〈e〉⊥ acting on Td via the

formula

τx′(y) = y + x′.

This is a group under composition: τx′1+x′2
= τx′1

◦τx′2 and τ0 = Id. Furthermore, it preserves

the Lebesgue measure Ld on the torus:

τx′#Ld = Ld for each x′ ∈ 〈e〉⊥.

Hence in the language of stochastic homogenization, (2.5) is an equation with stationary

coefficients in the sense that we can write

a(x′ + y) = a(τx′(y)) for each y ∈ Td, x′ ∈ 〈e〉⊥.

The previous considerations show that (2.5) fits into the typical framework of stochastic

homogenization, as, for example, in [29]. The only ingredient that is missing is ergodicity.

Definition 3. Given e ∈ Sd−1, we say that a probability measure µ ∈ P(Td) is ergodic
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under the action of (τx′)x′∈〈e〉⊥ if, for each Borel set A ⊆ Td such that 0 < µ(A) < 1, there

is an x′ ∈ 〈e〉⊥ such that τx′(A) 6= A.

As we will see below, if Ld is ergodic under the action of (τx′)x′∈〈e〉⊥ , then V εy does indeed

converge to a constant −m(e) in the limit ε → 0. However, as we will discuss next, Ld is

not necessarily ergodic. In the non-ergodic case, more work will be necessary to derive the

asymptotics of (2.1).

2.4 Averaging in Codimension One

The previous discussion suggests a study of the ergodic theory of codimension-one trans-

lations in Td. More precisely, given an e ∈ Sd−1, when is Ld ergodic under the action of

(τx′)x′∈〈e〉⊥?

The answer to this question lies in the arithmetic properties of the normal vector e.

Toward that end, let us define the group of resonances Me associated with a direction e by

Me = {k ∈ Zd | 〈k, e〉 = 0}. (2.6)

As we will see below, the next theorem offers one way to understand how arithmetic prop-

erties of e influence the ergodic behavior of (τx′)x′∈〈e〉⊥ . In the statement, RZd denotes the

set of all vectors in Rd that are parallel to some nonzero integer vector.

Theorem 11. Given e ∈ Sd−1, the following are equivalent:

(i) e ∈ Sd−1 ∩ RZd,

(ii) Me is a subgroup of Zd of rank d− 1,

(iii) {〈k, e〉 | k ∈ Zd} is a discrete subgroup of R (and, thus, has rank one).

Since the proof is a matter of elementary algebra, it is relegated to Appendix A.
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We will see below that there are fundamental differences between the averaging properites

of (τx′)x′∈〈e〉⊥ depending on whether or not e ∈ RZd. Following the general practice in quasi-

periodic dynamics and homogenization theory, we will say that e is rational if e ∈ Sd−1∩RZd;

otherwise, we will say it is irrational.

As a direct consequence of the previous theorem, we characterize the ergodic properties

of (τx′)x′∈〈e〉⊥ . Here we will change tacks slightly. Instead of trying to prove that Ld is an

ergodic measure, we will instead look for all the possible ergodic invariant measures.

Given e ∈ Sd−1, define the set of invariant Borel probability measures I(e) for (τx′)x′∈〈e〉⊥

by

I(e) =
⋂

x′∈〈e〉⊥
{µ ∈P(Td) | τx′#µ = µ}

As we observed in the previous section, Ld ∈ I(e), no matter the choice of e. We will say

that (τx′)x′∈〈e〉⊥ is uniquely ergodic if this is the only invariant measure, i.e., I(e) = {Ld}.

As the name suggests, if (τx′)x′∈〈e〉⊥ is uniquely ergodic, then Ld is ergodic. Further, in this

setting, Ld is never ergodic if there are other invariant measures. Hence unique ergodicity

is the key issue.

The goal of the remainder of the section is the proof of the following two theorems.

Theorem 12. Given any e ∈ Sd−1, the group of transformations (τx′)x′∈Td is uniquely

ergodic if and only if e ∈ Sd−1 \ RZd.

Theorem 13. Ld is ergodic under the action of (τx′)x′∈〈e〉⊥ if and only if (τx′)x′∈〈e〉⊥ is

uniquely ergodic.

Let us start with Theorem 12. The “only if” direction follows more-or-less directly from

Theorem 11, as will be shown shortly. For the “if” direction, we will use the following

construction. First, define re > 0 by

re = inf
{
〈k, e〉 | k ∈ Zd

}
∩ (0,∞). (2.7)
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Given r ∈ R, define the sub-torus Td−1
e (r) by

Td−1
e (r) = πZd

(
{x ∈ Rd | 〈x, e〉 = r}

)
. (2.8)

It is straightforward to show that {Td−1
e (r)}r∈R is a collection of smooth submanifolds that

foliate Td. Further, these are invariant under integer translation in the following sense:

Td−1
e (r + 〈k, e〉) = Td−1

e (r) for r ∈ R, k ∈ Zd. (2.9)

It turns out Td−1
e (r) is compact if and only if e ∈ Sd−1 ∩ RZd.

Lemma 1. Given any e ∈ Sd−1, we have:

(i) Td−1
e (0) is compact if and only if e ∈ Sd−1 ∩ RZd.

(ii) If e ∈ RZd, then the number re defined by (2.7) is positive and hence the foliation

{Td−1
e (r)}r∈R is periodic with fundamental period re, that is,

Td−1
e (r + re) = Td−1

e (r) for each r ∈ R.

(iii) If e /∈ RZd, then each leaf of the foliation {Td−1
e (r)}r∈R is dense in Td.

(iv) If e ∈ RZd, then the normalized (d− 1)-dimensional Hausdorff measure on Td−1
e (r) is

an invariant probability measure for the group (τx′)x′∈〈e〉⊥.

It is not hard to show that the measures in (iv) are the extremal elements of I(e) when

e is rational. More precisely, if e ∈ RZd and µ ∈ I(e), then there is a Borel probability

measure κµ on [0, re) such that

ˆ
Td
f(y)µ(dy) =

ˆ re

0

(
Hd−1(Td−1

e (r))−1
ˆ
Td−1e (r)

f(y′)Hd−1(dy′)

)
κµ(dr).
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Proof. We begin with (i). First, suppose that e ∈ Sd−1 ∩ RZd and fix r ∈ R. We will show

that Td−1
e (r) is compact by proving it is homeomorphic to Td−1.

By Theorem 11, Me has rank d − 1. Let {k1, . . . , kd−1} denote a basis of Me. Since

{k1, . . . , kd−1} forms a basis of 〈e〉⊥ over R, it follows that, for any x ∈ Rd, we can write

x = 〈x, e〉e+
d−1∑
i=1

ai(x)ki,

for some linear functionals {a1, . . . , ad−1} determined by {k1, . . . , kd−1}.

Let L(r) = {x ∈ Rd | 〈x, e〉 = r} so that Td−1
e (r) = πZd(L(r)). By elementary point

set topology, to prove that Td−1
e (r) is homeomorphic to Td−1, it suffices to observe that the

map pe : L(r)→ Rd−1 given by

pe(x) =
d−1∑
i=1

ai(x)ei (2.10)

is a homeomorphism and

πZd−1(pe(x)) = πZd−1(pe(y)) if πZd(x) = πZd(y).

(Here {e1, . . . , ed−1} is the standard orthonormal basis of Rd−1.)

Conversely, suppose that e ∈ Sd−1 \ RZd and fix r ∈ R. By Theorem 11, the set

{〈k, e〉 | k ∈ Zd} is a non-discrete subgroup of R. In particular, it is dense in R. Thus,

given any s ∈ R, we can find a sequence (kn)n∈N ⊆ Zd such that

lim
n→∞

(r + 〈kn, e〉) = s.

In view of (2.9), this shows that every point in Td−1
e (s) is a limit point of Td−1

e (r). Since s

was arbitrary, Td−1
e (r) is a proper dense subset of Td, hence it cannot be compact.
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Next, we prove (ii). Concerning the fundamental period re defined by (2.7) in the case

that e ∈ RZd, Theorem 11 tells us that the group {〈k, e〉 | k ∈ Zd} is discrete. Hence it

cannot accumulate at zero, and the positivity of re follows. The translation property (2.9)

then implies that Td−1
e (r + re) = Td−1

e (r).

(iii) was established during the proof of (ii).

Finally, we prove (iv). We claim that, for each r ∈ [0, re), the surface measure νre :=

Hd−1 �Td−1e (r)
is invariant under (τx′)x′∈〈e〉⊥ . Observe that if x ∈ Rd, then the pushforward

τx#ν
r
e is given by

τx#ν
r
e = ν

r+〈x,e〉
e .

Thus, the probability measure νre (Td)−1νre is invariant under (τx′)x′∈〈e〉⊥ .

Proof of Theorem 12. First, suppose that e ∈ Sd−1 ∩ RZd. Lemma 1 implies that, for each

r ∈ [0, re), the group (τx′)x′∈〈e〉⊥ has an invariant probability measure supported on Td−1
e (r).

Since those surfaces are disjoint, we conclude that (τx′)x′∈〈e〉⊥ is not uniquely ergodic.

Next, suppose e ∈ Sd−1\RZd. We claim that I(e) = {Ld}, hence (τx′)x′∈〈e〉⊥ is uniquely

ergodic. Indeed, suppose that µ ∈ I(e) and choose a k ∈ Zd such that µ̂(k) 6= 0. Since

µ ∈ I(e), we can compute

µ̂(k) = (τx′#µ)(k) = e−i2π〈k,x
′〉µ̂(k) for each x′ ∈ 〈e〉⊥.

It follows that the function x′ 7→ e−i2π〈k,x
′〉 is identically one in 〈e〉⊥. By connectedness,

that implies that the linear functional ` : 〈e〉⊥ → R given by `(x′) = 〈k, x′〉 is constant.

We know that `(0) = 0 so ` ≡ 0, or, in other words, k ∈ 〈e〉. Since e /∈ RZd, we can only

conclude that k = 0. Therefore, at the level of the Fourier transform, we have µ̂ = δ0, which

implies that µ = Ld after Fourier inversion.

Finally, we prove Theorem 13, making precise our previous comments concerning the

connection between unique ergodicity and the ergodicity of Ld.
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Proof of Theorem 13. First, we prove the “if” direction. Suppose that the group (τx′)x′∈〈e〉⊥

is uniquely ergodic, hence I(e) = {Ld}. To see that Ld is ergodic, we need to show that any

invariant Borel set has measure zero or one. More precisely, suppose that A ⊆ Td is Borel

and τx′(A) = A for each x′ ∈ 〈e〉⊥. We need to prove that Ld(A) ∈ {0, 1}.

Of course, if Ld(A) = 0, then we are done. Hence assume Ld(A) > 0. Define the

probability measure µA ∈P(Td) by defining

ˆ
Td
f(y)µA(dy) =

1

Ld(A)

ˆ
A
f(y) dy for each f ∈ C(Td).

We claim that µA ∈ I(e). Indeed, given x′ ∈ 〈e〉⊥ and f ∈ C(Td), we have

ˆ
Td
f(y)(τx′µA)(dy) =

1

Ld(A)

ˆ
Td
f(y + x′)χA(y) dy

=
1

Ld(A)

ˆ
Td
f(y + x′)χA(y + x′) dy =

ˆ
Td
f(y)µA(dy).

This proves µA ∈ I(e). Since (τx′)x′∈〈e〉⊥ is uniquely ergodic by assumption, we conclude

that Ld = µA and, thus, Ld(A) = 1.

Conversely, suppose that (τx′)x′∈〈e〉⊥ is not uniquely ergodic. By Theorem 12, it follows

that e ∈ RZd. Define A ⊆ Td by

A =
{
πZd(se+ x′) | x′ ∈ 〈e〉⊥, 0 < s <

re
2

}
,

where re is defined by (2.7). Observe that, by Fubini’s Theorem, we have

Ld(A) =
re
2
· Hd−1(Td−1

e (0)) < reHd−1(Td−1
e (0)) = Ld(Td).

In particular, 0 < Ld(A) < 1. At the same time, a straightforward computation shows

that τx′(A) = A for all x′ ∈ 〈e〉⊥. This proves Ld is not ergodic under the action of
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(τx′)x′∈〈e〉⊥ .

For later use, we record an important consequence of the ergodicity of Ld in the irrational

case.

Proposition 2. Given e ∈ Sd−1\RZd and f ∈ L1(Td), there is a measurable set E ⊆ [0, re)

such that L1(E) = re and, for each s ∈ E,

lim
R→∞

1

Rd−1

ˆ
Qe(0,R)

f(se+ x′)Hd−1(dx′) =

ˆ
Td
f(y) dy. (2.11)

Further, if f ∈ C(Td), then the convergence is uniform, that is,

lim
R→∞

sup

{∣∣∣∣∣ 1

Rd−1

ˆ
Qe(0,R)

f(se+ x′)Hd−1(dx′)−
ˆ
Td
f(y) dy

∣∣∣∣∣ | s ∈ [0, re)

}
= 0.

Proof. By the ergodic theorem, there is a Lebesgue measurable, {τx′}x′∈〈e〉⊥-invariant set

G ⊆ Rd such that Ld(Rd \G) = 0 and

lim
R→∞

R1−d
ˆ
Qe(0,R)

f(ȳ + x′)Hd−1(dx′) =

ˆ
Td
f(y) dy for each ȳ ∈ G.

Define E ⊆ R by

E =
{
s ∈ R | se+ x′ ∈ G for Hd−1-almost every x′ ∈ 〈e〉⊥

}
.

We claim that L1(R \ E) = 0. Indeed, by Fubini’s Theorem, we can write

0 = Ld(Rd \G) =

ˆ
R\E
Hd−1({x′ ∈ 〈e〉⊥ | se+ x′ /∈ G}) ds.

We are left to conclude that L1(R \ E) = 0.

Now we claim that if s ∈ E, then (2.11) holds. To see this, fix s ∈ E and observe that
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there is a x′ ∈ 〈e〉⊥ so that se+x′ ∈ G. Thus, by {τx′}x′∈〈e〉⊥-invariance, se ∈ G. Therefore,

(2.11) follows.

Finally, to prove the uniform convergence for f ∈ C(Td), we use the Krylov-Bogoliubov

trick. For (s, R) ∈ [0, re]× (0,∞), define the probability measure µ(s,R) by

ˆ
Td
f(y)µ(s,R)(dy) =

1

Rd−1

ˆ
Qe(0,R)

f(se+ x′)Hd−1(dx′).

Fix f ∈ C(Td). What we aim to prove can be reformulated as:

lim
R→∞

sup

{∣∣∣∣ˆTd f(y)µ(s,R)(dy)−
ˆ
Td
f(y) dy

∣∣∣∣ | s ∈ [0, re)

}
= 0.

If this were false, then we could find a sequence (sn, Rn)n∈N with limn→∞Rn = ∞ and a

ν > 0 such that

∣∣∣∣ˆTd f(y)µ(sn,Rn)(dy)−
ˆ
Td
f(y) dy

∣∣∣∣ ≥ ν for each n ∈ N.

To see this is impossible, notice that, up to passing to a subsequence, there is no loss

of generality assuming that there is a µ ∈ P(Td) such that µ(sn,Rn)
∗
⇀ µ as n → ∞. In

particular, ∣∣∣∣ˆTd f(y)µ(dy)−
ˆ
Td
f(y)µ(dy)

∣∣∣∣ ≥ ν,

hence µ 6= Ld. On the other hand, a straightforward computation shows that µ ∈ I(e),

contradicting the unique ergodicity of (τx′)x′∈〈e〉⊥ .

Finally, we will observe the following consequence of what has been proven so far, which

is worth noting in its own right and will appear in Chapter 6.

Theorem 14. Fix e ∈ Sd−1 \ RZd. If f ∈ L1(Td) varies only in the e direction, that

is, if (Id − e ⊗ e)Df = 0 in Td in the sense of distributions, then f is constant, that is,
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f =
´
Td f(y) dy Ld-almost everywhere in Td.

Proof. If (Id − e ⊗ e)Df = 0 in Td in the sense of distributions, then, by mollification, we

can obtain a sequence (fn)n∈N ⊆ C∞(Td) such that fn → f in L1(Td) as n → ∞ and

(Id − e ⊗ e)Dfn = 0 pointwise in Td. Hence there is no loss of generality assuming that

f ∈ C∞(Td).

Since (Id − e ⊗ e)Df = 0 in Td, it follows that f(y + x′) = f(y) for each y ∈ Td and

x′ ∈ 〈e〉⊥. In particular, for each c ∈ R, the set Ac = {y ∈ Td | f(y) < c} is (τx′)x′∈〈e〉⊥-

invariant. Therefore, by ergodicity (Theorems 12 and 13), either Ld(Ac) = 0 or Ld(Ac) = 1.

Since f is continuous, this can only mean that either Ac = Td or else Ac = ∅. This being

true for every c ∈ R, we are left to conclude that f is a constant function.

2.5 Proof of Theorem 10

2.5.1 Irrational Directions

We now have most of the necessary ingredients to analyze the asymptotics of the problem

(2.4). In this section, we will begin with the case when e is irrational, while the next section

will treat the rational case.

For the remainder of this section, suppose that e /∈ RZd. Theorems 12 and 13 shows

that (2.4) can be understood as a linear, uniformly elliptic PDE with stationary, ergodic

coefficients. Accordingly, the results of Caffarelli, Souganidis, and Wang [29] and Caffarelli

and Souganidis [28] are applicable.

For later use, it will be worthwhile to consider the more general cell problem for an

arbitrary right-hand side f ∈ C(Td). That is, in the next result, our interest is in the

functions (Ṽ
e,δ,f
y )y∈Td solving the family of PDE indexed by y ∈ Td:

δṼ
e,δ,f
y − tr

(
a(y + x′)D2Ṽ

e,δ,f
y

)
= f(y + x′) in 〈e〉⊥. (2.12)
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Lifting to the torus, this is equivalent to solving the single penalized cell problem

δV e,δ,f − tr
(
a(y)D2V e,δ,f

)
= f(y) in Td. (2.13)

As in Section 2.2, the two perspectives are related by the transformation

Ṽ
e,δ,f
y (x′) = V e,δ,f (y + x′) for y ∈ Td, x′ ∈ 〈e〉⊥.

The next result characterizes the behavior of the solutions (V e,δ,f )δ>0 of the penalized

cell problem as δ → 0.

Proposition 3. Given e ∈ Sd−1 \RZd, there is a probability measure µ̄e ∈P(Td) with the

following property: if f ∈ C(Td) and (Ṽ
e,δ,f
y )y∈Td are the solutions of (2.12), then

lim
δ→0+

sup
{
|δṼ e,δ,fy (x′)− f(e)| | y ∈ Td, x′ ∈ 〈e〉⊥

}
= 0, (2.14)

where f(e) =
´
Td f(y) µ̄e(dy). In particular, if V e,δ,f is the solution of the lifted problem

(2.13), then δV e,δ,f → f(e) uniformly in Td as δ → 0.

The equation (2.13) has a stochastic representation in terms of the diffusion process Xe

determined by the SDE

dXe
t = (Id− e⊗ e)

√
a(Xe

t )dBt.

In view of that connection, it is not surprising that the measure µ̄e is an invariant measure

for Xe. Precisely, if Xe
0 ∼ µ̄e initially, then Xe

t ∼ µ̄e for all t > 0. Invariant measures can

also be characterized analytically, as we recall next.

Definition 4. A probability measure µ ∈ P(Td) is said to be an invariant probability
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measure for the linear operator −tr(a(y)D2
e) in Td if

ˆ
Td

tr(a(y)D2
eψ(y))µ(dy) = 0 for each ψ ∈ C2(Td).

The set of all such measures will be denoted by I a
e .

The representation of the effective mobility m in terms of invariant measures will be

particularly convenient when it comes time to investigate its continuity properties. The next

result completely characterizes I a
e when e is irrational.

Theorem 15. If e /∈ RZd, then there is a probability measure µ̄e ∈ P(Td) such that

I a
e = {µ̄e}. Further, µ̄e � Ld and there is a constant C(d− 1, λ−1Λ) > 0 such that

ˆ
Td

∣∣∣∣ dµ̄edLd
(y)

∣∣∣∣d−1

dy ≤ C(d− 1, λ−1Λ).

The proof of the theorem is split between this section and the next. First, in this

section, we will invoke results of Caffarelli and Souganidis [28] on the homogenization of

uniformly elliptic PDE with almost periodic coefficients. Those results immediately imply

the convergence of the solutions of the penalized cell problem (2.4). Later, we will see that

homogenization also implies uniqueness of the invariant measure µ̄e.

Proof of Proposition 3. Since (2.12) is a second-order, uniformly elliptic PDE with almost

periodic coefficients, the results of [28, Appendix B] imply that there is a constant f(e) ∈ R

such that

lim
δ→0+

sup
{
|δṼ e,δ,f0 (x′)− f(e)| | x′ ∈ 〈e〉⊥

}
= 0.

In terms of the lift V e,δ,f , this becomes

lim
δ→0+

sup
{
|δV e,δ,f (x′)− f(e)| | x′ ∈ 〈e〉⊥

}
= 0.
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At the same time, given y ∈ Td, if we denote by A ⊆ Td the set appearing in this supremum,

that is, if A = πZd(〈e〉
⊥), then A is dense in Td by Lemma 1, (iii). Therefore, by continuity

of V e,δ,f for each fixed δ, we have

0 = lim
δ→0+

sup
{
|δV e,δ,f (x′)− f(e)| | x′ ∈ 〈e〉⊥

}
= lim
δ→0+

sup
{
|δV e,δ,f (y)− f(e)| | y ∈ Td

}
.

This proves that δV e,δ → f(e) uniformly in Td. Note that this immediately implies that

(2.14) also holds.

Since the map f 7→ V e,δ,f is linear for each fixed (δ, e), it follows that f 7→ f(e) must

also be linear. Furthermore, the comparison principle shows that

|f(e)| ≤ ‖f‖L∞(Td)

and if f is constant, say, f ≡ C0, then Ṽ
e,δ,f
y ≡ δ−1C0 so f(e) = C0. Therefore, by

the Riesz Representation Theorem, there is a probability measure µ̄e such that f(e) =
´
Td f(y) µ̄e(dy).

In the remainder of this section, we prove Theorem 10 through a rigorous interpretation

of the formal analysis presented in Section 2.2. In the process, it will be useful to know that

the solution V e,δ,f of (2.13) is as smooth as f . The next theorem provides a basic estimate

to that effect.

Proposition 4. For each e ∈ Sd−1 and δ > 0, if V e,δ,f is the solution of (2.13) and

f ∈ C2,α(Td) for some α > 0, then

sup
{
δ‖V e,δ,f‖L∞(Td) + δ2‖DV e,δ,f‖L∞(Td) + δ3‖D2V e,δ,f‖L∞(Td) | δ > 0

}
<∞.

The proof of the proposition is deferred to the end of the section. For the time being, we
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use it in conjunction with Proposition 3 to prove Theorem 10 in the irrational case.

Proof of Theorem 10, irrational case. We argue using half-relaxed limits. To start with, we

claim that

lim sup∗ uεe(x, t) ≤ 〈x, e〉+ αm(e)−1t. (2.15)

To see this, fix β ∈ (α,∞), let ε ∈ (0, 1), set δ(ε) = ε
1
4 , and define vε : Rd × R→ R by

vε(x, t) = 〈x, e〉+ βm(e)−1
(
t+ ε2V

δ(ε)
e (ε−1x)

)
,

where V δe is the solution of (2.13) with f = −m(·, e). We claim there is an ε0 > 0 depending

only on m and β such that vε is a super-solution of (2.1) if ε ∈ (0, ε0).

Indeed, invoking the convergence of δV e,δ to m, we find

m(ε−1x, D̂vε)vεt − tr
(
A(ε−1x, D̂vε)D2vε

)
− α‖Dvε‖

= (β − α) + βm(e)−1(−δV δe (ε−1x)−m(e)) +O(ε
1
2 )

= β − α + o(1).

Thus, there is an ε0 ∈ (0, 1) such that if ε ∈ (0, ε0), then

m(ε−1x, D̂vε)vεt − tr
(
A(ε−1x, D̂vε)D2vε

)
− α‖Dvε‖ ≥ β − α

2
in Rd × R.

Now we prove (2.15). First, notice that, by the choice of δ(ε),

〈x, e〉 ≤ vε(x, 0) + βm(e)−1‖δV δe ‖L∞(Td)ε
7
4

Thus, the comparison principle implies

uε(x, t) ≤ vε(x, t) + βm(e)−1‖m‖L∞(Td)ε
7
4 .
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Sending ε→ 0+, we deduce that

lim sup∗ uε(x, t) ≤ 〈x, e〉+ βm(e)−1t.

At the same time, β was an arbitrary number in (α,∞). Therefore, sending β → α+, we

recover (2.15).

Replacing β ∈ (α,∞) by β ∈ (−∞, α), we similarly prove that

lim inf∗ uε(x, t) ≥ 〈x, e〉+ αm(e)−1t.

When the cell problem (2.2) has a smooth solution, it is straightforward to deduce that

an O(ε) rate of convergence holds.

Proposition 5. Fix e ∈ Sd−1 \RZd and α ∈ R\{0}, and let (uε)ε>0 denote the solutions of

the problem (2.1). If there is a Ve ∈ C2(Td) solving (2.2), then there are constants C, ε0 > 0

such that, for any t > 0 and any ε ∈ (0, ε0),

sup
{
|uε(x, t)− 〈x, e〉 − αm(e)−1t| | x ∈ Rd

}
≤ C(1 + |t|)ε,

dH({uε = 0}, {x ∈ Rd | 〈x, e〉 = αm(e)−1t}) ≤ 4C(1 + |t|)ε.

The proof is deferred to Section 2.5.3.

Proof of Proposition 4. The estimate δ‖V e,δ,f‖L∞(Td) ≤ C follows from the comparison

principle. Further, since a is smooth, by studying the slices {Ṽ e,δ,fy }y∈Td , which solve a

linear uniformly elliptic equation, we obtain the estimate

δ‖DeV e,δ,f‖L∞(Td) + δ‖D2
eV

e,δ,f‖L∞(Td) ≤ C
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for the tangential derivatives

DeV
e,δ,f = (Id− e⊗ e)DV e,δ,f , D2

eV
e,δ,f = (Id− e⊗ e)D2V e,δ,f (Id− e⊗ e).

It only remains to estimate the first- and second-order directional derivatives in the e direc-

tion.

Formally differentiating (2.13) in the e direction, we see that the function W e,δ,f =

〈DV e,δ, e〉 solves a uniformly elliptic PDE of the form

δW e,δ,f − tr
(
a(y)D2W e,δ,f

)
= F (e, δ, y) in Td.

This can be made rigorous using difference quotients. Note that the estimates on V e,δ imply

that ‖F (e, δ, ·)‖L∞(Td) ≤ Cδ−1. Hence δ2‖W e,δ,f‖L∞(Td) ≤ C by comparison.

Passing to the slices {W̃ e,δ,f
y }y∈Td defined in 〈e〉⊥ by

W̃
e,δ,f
y (x′) = W e,δ,f (y + x′),

we see that, for each y ∈ Td, W̃ e,δ,f
y is the solution of the linear uniformly elliptic PDE

δW̃
e,δ,f
y − tr

(
a(y + x′)D2W̃

e,δ,f
y

)
= F (e, δ, y + x′).

Thus, by Schauder estimates, δ2‖DW̃ e,δ,f
y ‖L∞(〈e〉⊥) + δ2‖DW̃ e,δ,f

y ‖L∞(〈e〉⊥) ≤ C. In terms

of the lift W e,δ,f , this gives δ2(‖DeW e,δ,f‖L∞(Td) + ‖D2
eW

e,δ,f‖L∞(Td)) ≤ C. This proves

that δ2‖〈DV e,δ,f , e〉‖L∞(Td) ≤ C and hence V e,δ,f has a full continuous derivative with

estimate δ2‖DV e,δ,f‖L∞(Td) ≤ C.

After differentiating once more, we similarly find that δ3‖D2V e,δ,f‖L∞(Td) ≤ C.
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2.5.2 Invariant Measures

Before proceeding to the analysis of linear response in the case when e ∈ RZd, we study the

invariant measures I a
e of the operator −tr(a(y)D2

e). We start with the easier rational case

before turning to irrational directions and proving Theorem 15.

The main result concerning the structure of I a
e when e ∈ RZd is stated next.

Proposition 6. Given any e ∈ Sd−1 ∩RZd, there is a function µe : R→ I a
e , µe : s 7→ µse,

such that

(i) The support of µre equals Td−1
e (r) and µre � Hd−1 �Td−1e (r)

,

(ii) µr+ree = µre,

(iii) I a
e is the closed convex hull of {µre | r ∈ [0, re)}.

Finally, there is a constant C(d− 1, λ−1Λ) > 0 such that, given r ∈ [0, re), if we define

hre : Td → [0,∞) so that

ˆ
Td
f(y)µre(dy) =

 
Td−1e (r)

f(y′)hre(y
′)Hd−1(dy′) for f ∈ C(Td),

then  
Td−1e (r)

∣∣hre(y′)∣∣d−1 Hd−1(dy′) ≤ C(d− 1, λ−1Λ).

The proof boils down to decomposing the torus as Td = ∪r∈[0,re)T
d−1
e (r) and studying

the restriction of −tr(a(y)D2
e) on each slice.

Proof. See Proposition 75 in the appendix for the existence and uniqueness of the measure

µre and the Ld−1 estimate on the density hre.

The fact that µr+ree = µre follows from the identity Td−1
e (r + re) = Td−1

e (r) and unique-

ness.
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To deduce that I a
e is the closed convex hull of {µre}r∈[0,re), note that it is enough to

prove that, for each µ ∈ I a
e , there is a Borel probability measure νµ on [0, re) such that

ˆ
Td
f(y)µ(dy) =

ˆ re

0

(ˆ
Td−1e (r)

f(y′)µre(dy
′)

)
νµ(dr) for f ∈ C(Td).

This is indeed the case; see [70, Proof of Theorem 3] for the details.

Combining the previous result and Proposition 3, we readily prove Theorem 15.

Proof of Theorem 15. Fix e ∈ Sd−1 \RZd. We begin by proving that I a
e is nonempty, then

we prove that I a
e = {µ̄e} and µ̄e satisfies the Ld−1 estimate.

To begin with, fix a sequence (en)n∈N ⊆ Sd−1 ∩ RZd such that e = limn→∞ en. To

simplify the notation, define (µn)n∈N by µn = µ0
en . By Lemma 17 and Proposition 6, there

is a subsequence (nj)j∈N ⊆ N and a µ� Ld such that µ = limj→∞ µnj weakly-∗ and

ˆ
Td

∣∣∣∣ dµdLd (y)

∣∣∣∣d−1

dy ≤ C(d− 1, λ−1Λ). (2.16)

It is easy to see that µ ∈ I a
e . Indeed, if ψ ∈ C2(Td), then

ˆ
Td

tr
(
a(y)D2

eψ(y)
)
µ(dy) = lim

j→∞

ˆ
Td

tr
(
a(y)D2

enj
ψ(y)

)
µnj (dy) = 0.

Next, we show that I a
e = {µ̄e}, where µ̄e is the measure from Proposition 3. Indeed, if

µ ∈ I a
e , f ∈ C2,α(Td), and V e,δ,f is the associated solution of (2.13), then V e,δ,f ∈ C2,α(Td)

by Proposition 4 and, thus,

ˆ
Td
δV e,δ,f (y)µ(dy) =

ˆ
Td
f(y)µ(dy).

Sending δ → 0+, we find
´
Td f(y)µ(dy) = f(e) =

´
Td f(y) µ̄e(dy). This proves µ = µ̄e.
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Finally, we proved that there is a µ ∈ I a
e for which the Ld−1 estimate (2.16) holds,

hence the same estimate applies to µ̄e by uniqueness.

2.5.3 Rational Directions

The analysis of (2.1) is more complicated in the rational setting. The reason goes back to

Theorem 12: when e ∈ RZd, the translation group (τx′)x′∈〈e〉⊥ is not uniquely ergodic.

When e ∈ RZd, (2.4) is actually a PDE with periodic coefficients — periodic with respect

to the group of resonances Me. That is, for each y ∈ Td,

a(y + x′ + k′) = a(y + x′) for each k′ ∈Me.

SinceMe has rank d−1 by Theorem 11, if we identify 〈e〉⊥ with Rd−1 andMe with Zd−1, then

(2.4) becomes a linear, uniformly elliptic second-order equation with periodic coefficients.

Therefore, classical results in homogenization apply to describe the asymptotics. At the same

time, since (τx′)x′∈〈e〉⊥ is not uniquely ergodic, the asymptotics of (Ṽ
e,δ
y )δ>0 will depend on

which of the invariant measures is “seen” by y.

Proposition 7. Fix f ∈ C(Td) and e ∈ Sd−1 ∩RZd. There is an f⊥e ∈ C(Td) varying only

in the e direction such that if (Ṽ
e,δ,f
y )y∈Td denote the solutions of (2.12), then

lim
δ→0+

sup
{∣∣∣δṼ e,δy (x′)− f⊥e (y)

∣∣∣ | y ∈ Td, x′ ∈ 〈e〉⊥
}

= 0. (2.17)

Furthermore, f⊥e is determined by the formula

f⊥e (y) =

ˆ
Td−1e (〈y,e〉)

f(y′)µ〈y,e〉e (dy′), (2.18)

where {µre | r ∈ [0, re)} are the probability measures from Proposition 6.

Proof. As explained above, (2.12) can be regarded as a second-order, uniformly elliptic PDE

53



with periodic coefficients. Therefore, the existence of f⊥e and the uniform convergence with

respect to y and x′ is classical (cf. [28, Section 7]). A straightforward compactness argument

shows that f⊥e must be continuous. Furthermore, (2.17) directly implies that f⊥ only varies

in the e direction, that is, f⊥e (y) = f⊥e (〈y, e〉e) for all y ∈ Td.

Finally, as in the proof of Proposition 3, when f ∈ C2,α(Td), we now that the solution

V e,δ,f of (2.13) is smooth for any given δ > 0, hence

ˆ
Td
δV δ(y)µre(dy) =

ˆ
Td
f(y)µre(dy) for each δ > 0, r ∈ [0, re).

Sending δ → 0+ with r fixed and recalling that µre is supported on Td−1
e (r), we conclude

that (2.18) holds.

To complete the proof of Theorem 28 in the rational case, we need to accommodate the

fact that the constant m(e) from the irrational case has to be replaced by an oscillating

function m⊥e . This can be corrected by replacing the formal asymptotic expansion used in

the irrational case by the following one:

uε(x, t) = 〈x, e〉+ αmpl(e)
−1t+ εVe(ε−1〈x, e〉) + ε2αmpl(e)

−1Ve(ε
−1x) + . . .

Here we assume that Ve varies only in the e direction and hence can be treated as a function of

one variable. In order for this expansion to generate a solution of (2.1), formal computations

suggest that Ve and Ve must solve the equations

mpl(e)
−1m⊥e (se)− |1 + Ve,s| = 0 in R/reZ, (2.19)

m (y, e)− tr
(
A (y, e)D2Ve

)
= m⊥e (〈y, e〉e) in Td. (2.20)

The next result makes this argument rigorous.

Proposition 8. For any e ∈ RZd and α ∈ R \ {0}, we have:
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(i) The cell problem (2.20) has a solution Ve ∈ C2,α(Td) and m⊥e ∈ C2,α(Td).

(ii) There is a unique constant mpl(e) > 0 for which (2.19) has a C2, re-periodic solution

Ve : R→ R. Further, mpl(e) is given explicitly by

mpl(e) = r−1
e

ˆ re

0
m⊥e (se) ds.

(iii) For each α ∈ R \ {0}, there is an ε+0 > 0 and a family (α+
ε )ε∈(0,ε+0 ) such that the

functions (u+,ε)ε∈(0,ε+0 ) defined by

u+,ε(x, t) = 〈x, e〉+ εVe(ε−1〈x, e〉) + α+
ε mpl(e)

−1
(
ε2Ve(ε

−1x) + t
)

are super-solutions of (2.1). Furthermore, there is a constant C+ > 0 depending only

on Ve and Ve such that, for each (x, t) ∈ Rd × R,

|α+
ε − α| ≤ C+ε

|u+,ε(x, t)− 〈x, e〉 − αm(e)−1t| ≤ C+ε(1 + |t|)

(iv) For each α ∈ R \ {0}, there is an ε−0 > 0 and a family (α−ε )ε∈(0,ε−0 ) such that the

functions (u−,ε)ε∈(0,ε−0 ) defined by

u−,ε(x, t) = 〈x, e〉+ εVe(ε−1〈x, e〉) + α−ε mpl(e)
−1
(
ε2Ṽe(ε

−1x) + t
)

are sub-solutions of (2.1) in Rd×R. Furthermore, there is a constant C− > 0 depending

only on Ve and Ve such that, for each (x, t) ∈ Rd × R,

|α−ε − α| ≤ C−ε

|u−,ε(x, t)− 〈x, e〉 − αm(e)−1t| ≤ C−ε(1 + |t|)
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We refer to [70, Proposition 7] for the proof of part (i) of the proposition. The remainder

of this section treats the rest of the proof.

The equation (2.19) describes the pulsating wave solutions of a interface motion in one

dimension. Indeed, if Ve is a solution and we denote by s the spatial variable, then the

function V(s, t) = s+ Ve(s, t) + αmpl(e)
−1t is a pulsating wave solution of the PDE

m⊥e (se)Vt − α|Vs| = 0 in R× R. (2.21)

The analysis of the interface motion determined by (2.21) is particularly simple. Indeed,

since we are interested in plane-like solutions, let us consider the motion started from a

plane, which, in one dimension, is simply a point. In the level-set formulation, this can be

described through the PDE

 m⊥e (se)Ut − α|Us| = 0 in R× (0,∞)

U(s, 0) = s for s ∈ R.

An easy comparison argument shows that U is an increasing function of s for all time, hence

|Us| = Us, and then the equation becomes linear transport m⊥e (se)Ut−αUs = 0. Put slightly

differently, when we consider the motion of a plane (point) in one dimension, it is determined

by the ODE  m⊥e (Xs
t e)Ẋ

s
t = 1,

Xs
0 = s,

Integration of the equation readily yields the next result.

Lemma 2. Fix r > 0. If m̃ : R/rZ→ (0,∞) is C1, then, for any s ∈ R, the solution Xs,m̃

of the one-dimensional ODE  m̃(X
s,m̃
t )Ẋ

s,m̃
t = 1,

X
s,m̃
0 = s,
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is such that

lim
t→∞

X
s,m̃
t − s
t

=
1ffl r

0 m̃(u) du
.

Furthermore, the function P̃ : R/rZ→ R given by

P̃ (s) =

( re

0
m̃(u) du

)−1 ˆ s

0
m̃(s) ds− 1

solves the pulsating wave equation

m̃(s)ffl r
0 m̃(u) du

− |1 + P̃s| = 0 in R/rZ.

Proof of Proposition 8. Part (i) readily follows from classical results on the existence of cor-

rectors in the periodic setting; see [70, Proposition 7] for a complete proof. Part (ii) is a

direct application of Lemma 2. It only remains to prove parts (iii) and (iv). We will only

treat (iii) since (iv) follows similarly.

Let ε > 0 and α+
ε ∈ R be free variables for the moment and define u+,ε : Rd×R→ R by

u+,ε(x, t) = 〈x, e〉+ εVe(ε−1〈x, e〉) + αεmpl(e)
−1
(
ε2Ve(ε

−1x) + t
)
. (2.22)

We will show that if ε > 0 is small enough and α+
ε = α+C0ε for some large enough constant

C0 > 0, then u+,ε is a super-solution of (2.1).

Let us study the equation for u+,ε term by term. First, the term with the time derivative.

To declutter the notation, we define pε : Rd × R→ Rd by

pε(x, t) = Du+,ε(x, t) = (1 + Ve,s(ε−1〈x, e〉))e+ εα+
ε mpl(e)

−1DVe(ε
−1x).
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Observe that since 1 + Ve,s ≥ 1, it follows that p̂ε = e+O(ε). Thus,

m(ε−1x, D̂u+,ε)u
+,ε
t = α+

ε mpl(e)
−1m(ε−1x, e) +O(ε).

Next, the curvature term. First, notice that if we write N (p) = p̂ ⊗ p̂, then, by Taylor

expansion,

tr
(
A(ε−1x, D̂u+,ε)D2u+,ε

)
= tr

(
a(ε−1x, pε)(Id− p̂ε ⊗ p̂ε)D2u+,ε(Id− p̂ε ⊗ p̂ε)

)
= tr

(
a(ε−1x, e)(Id− e⊗ e)D2u+,ε(Id− e⊗ e)

)
+ tr

(
Dpa(ε−1x, e)[pε − e](Id− e⊗ e)D2u+,ε(Id− e⊗ e)

)
+ tr

(
a(ε−1x, e)DpN (e)[pε − e]D2u+,ε(Id− e⊗ e)

)
+ tr

(
a(ε−1x, e)(Id− e⊗ e)D2u+,εDpN (e)[pε − e]

)
+ ‖D2u+,ε‖L∞(Td)O(‖p̂ε − e‖2)

Next, observe that D2u+,ε = ε−1Ve,sse⊗ e+αεmpl(e)
−1D2Ve and, thus, in each of the first

four terms in the previous expressions, we can replace D2u+,ε by α+
ε mpl(e)

−1D2Ve. This

leads to

tr
(
A(ε−1x, D̂u+,ε)D2u+,ε

)
= α+

ε mpl(e)
−1tr

(
A(ε−1x, e)D2Ve

)
+ ‖D2Ve‖L∞(Td)O(‖p̂ε − e‖) + ‖D2u+,ε‖L∞(Td)O(‖p̂ε − e‖2)

Since ‖D2u+,ε‖ ≤ Cε−1 and ‖p̂ε − e‖ = O(ε), we conclude

tr
(
A(ε−1x, D̂u+,ε)D2u+,ε

)
= α+

ε mpl(e)
−1tr

(
A(ε−1x, e)D2Ve

)
+O(ε).
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Finally, we treat the first-order term. Since ‖e‖ = 1, we have

α‖Du+,ε‖ = α|1 + Ve,ss|+O(ε).

Putting it all together and invoking the equations satisfied by Ve and Ve, we find, for

some C > 0,

m(ε−1x, D̂u+,ε)u
+,ε
t − tr

(
A(ε−1x, D̂u+,ε)D2u+,ε

)
− α‖Du+,ε‖ ≥

α+
ε mpl(e)

−1
(
m(ε−1x, e)− tr

(
A(ε−1x, e)D2Ve

))
− α|1 + Ve,s| − (C + o(1))ε =

α+
ε mpl(e)

−1m⊥e (ε−1〈x, e〉)− αmpl(e)
−1m⊥e (ε−1〈x, e〉)− (C + o(1))ε

= (C0 − C + o(1))εmpl(e)
−1m⊥e (ε−1〈x, e〉).

Setting C0 = C + 1, we deduce that there is an ε0 > 0 such that u+,ε is a super-solution of

(2.1) in Rd × R.

Finally, notice that the previous result implies a rate of convergence for (2.1) for rational

directions e.

Proposition 9. If e ∈ Sd−1 ∩ RZd and (uε)ε>0 are the solutions of (2.1), then there is a

constant C0 > 0 and an ε0 > 0 such that, for each t > 0 and ε ∈ (0, ε0),

sup
{
|uε(x, t)− 〈x, e〉 − αm(e)−1t| | x ∈ Rd

}
≤ C0(1 + |t|)ε, (2.23)

dH({uε = 0}, {x ∈ Rd | 〈x, e〉 = αm(e)−1t}) ≤ 4C0(1 + |t|)ε. (2.24)

Proof. We will prove that part (iii) of the previous proposition implies an upper bound of

the form

uε(x, t) ≤ 〈x, e〉+ αmpl(e)
−1t+ C0(1 + |t|)ε.

The corresponding lower bound can be obtained using part (iv). This proves (2.23), from
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which (2.24) follows easily.

By part (iii) of Proposition 8, there is an ε0 > 0, a family (α+
ε )ε∈(0,ε0), and a family of

functions (u+,ε)ε∈(0,ε0) given by

u+,ε(x, t) = 〈x, e〉+ εVe(ε−1〈x, e〉) + α+
ε mpl(e)

−1
(
ε2Ve(ε

−1x) + t
)

and such that, for ε ∈ (0, ε0),

|u+,ε(x, t)− 〈x, e〉 − αm(e)−1t| ≤ C+ε(1 + |t|). (2.25)

m(ε−1x, D̂u+,ε)u
+,ε
t − tr

(
A(ε−1x, D̂u+,ε)D2u+,ε

)
≥ 0 in Rd × (0,∞).

Notice that we can write

u+,ε(x, 0) ≥ 〈x, e〉 − Cε

since Ve and Ve are both bounded periodic functions. Therefore, by the comparison principle,

u+,ε(x, t) + Cε ≥ uε(x, t) for each (x, t) ∈ Rd × (0,∞).

Combining this with (2.25), we find

uε(x, t) ≤ 〈x, e〉+ αmpl(e)
−1t+ (C + C+(1 + |t|))ε.

The same proof applies to obtain a rate in the irrational case.

Proof of Proposition 5. We argue exactly as in the proof of Proposition 9, except the first

order term Ve gets set to zero.

For the sake of completeness, note that the previous proposition implies Theorem 10
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holds in the case when e ∈ Sd−1 ∩ RZd. Together with the results of Section 2.5.1, this

completes the proof of the theorem.

Finally, we show via an example that the rates of convergence obtained above are optimal.

Proposition 10. For any e ∈ Sd−1∩RZd, there are coefficients m and a such that if (uε)ε>0

are the solutions of (2.1), then

sup
{
|uε(x, t)− 〈x, e〉 − αm(e)−1t| | (x, t) ∈ Rd × (0,∞)

}
= cε

for some c > 0.

Proof. Given e ∈ Sd−1 ∩RZd, choose any m and a that vary only in the e direction, with m

non-constant. To see that such a choice is possible, we can choose a k ∈ Zd \ {0} such that

e = ‖k‖−1k and define, for example, m(y) = 2 + sin(2π〈k, y〉) and a ≡ 1. (In fact, given any

smooth, positive function f : R/reZ → (0,∞), we can set m(y) = f(〈y, e〉e), and similarly

for a. Here re is defined by (2.7).)

Let (uε)ε>0 denote the solution of (2.1) with this choice of e and m. Since the coefficients

m and a vary only in the e direction, the same can be said of uε by uniqueness. Thus,

uε(x, t) = Uε(〈x, e〉, t), where Uε solves the one-dimensional problem

 m(ε−1se)Uεt − α|Uεs | = 0 in R× (0,∞),

Uε(s, 0) = s for s ∈ R.

Observe that if we write Uε(s, t) = εUε(ε−1s, ε−2t), then Uε is the solution of the unscaled

equation with ε-dependent forcing:

 m(se)Uε,t − αε|Uε,s| = 0 in R× (0,∞),

Uε(s, 0) = s for s ∈ R.
(2.26)
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If Vε is the solution of the related transport equation

 m(se)Vε,t − αεVε,s = 0 in R× (0,∞),

Vε(s, 0) = s for s ∈ R.

then Vε is given by

Vε(s, t) = X
ε,s
t ,

where Xε,s is the solution of the ODE m(X
ε,s
t )Ẋ

ε,s
t = αε with X

ε,s
0 = s. Since one-

dimensional ODE preserve the ordering on the real line, it follows that

Vε(s1, t) < Vε(s2, t) if s1 < s2, t ∈ (0,∞).

Therefore, Vε,s > 0 and, thus, Vε is also a solution of (2.26). Put another way, by uniqueness,

Uε ≡ Vε.

Next, notice that we can integrate the ODE to find

M(X
ε,s
T )−M(s) =

ˆ T

0
m(X

ε,s
t )Ẋ

ε,s
t dt = αεT,

where M is the anti-derivative of m (considered as a function of one-variable), i.e.

M(s) =

ˆ s

0
m(ξe) dξ.

Since m is periodic, we can write M(s) = 〈m〉s + P (s), where 〈m〉 = r−1
e

´ re
0 m(se) ds and

P is a smooth, re-periodic function. Hence

〈m〉(Xε,s
T − s) = αεT − P (X

ε,s
T )− P (s)
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which, upon replacing s by sε−1 and t by tε−2, implies that

|Uε(s, t)− s− α〈m〉−1t| = |εXε,sε−1

tε−2
− s− α〈m〉−1t|

= ε〈m〉−1|P (X
ε,sε−1

tε−2
)− P (sε−1)|.

Lastly, we note that, for any s ∈ R, we have limt→∞X
ε,s
t =∞. Hence, for any x ∈ Rd,

sup
{
|uε(x, t)− 〈x, e〉 − α〈m〉−1t| | t > 0

}
= sup

{
|Uε(〈x, e〉, t)− 〈x, e〉 − α〈m〉−1t| | t > 0

}
= ε〈m〉−1 sup

{
|P (s′)− P (〈x, e〉ε−1)| | s′ ∈ [0, re)

}
.

This proves that mpl(e) = 〈m〉 in this case. Since m is non-constant, P is non-constant and

it follows that the number c given by

c = 〈m〉−1 sup
{
|P (s′)− P (s′′)| | s′, s′′ ∈ R

}
is positive. Finally, taking the supremum in x, we obtain the desired bound.

2.5.4 Mean Curvature Flow with a Periodic Mobility Coefficient

In this section, we study the cell problem (2.2) associated with (2.1) in the case when

a ≡ Id. In this case, the curvature term becomes mean curvature, and the second-order

operator appearing in the cell problem is simply the Laplacian. Accordingly, the analysis of

invariant measures and correctors becomes much simpler.

Before beginning the analysis of the cell problem, let us note that, since a ≡ Id, the

linear response coefficient mpl can be computed explicitly. To see this, first, notice that

if e ∈ Sd−1 \ RZd, then I a
e = {Ld}. This follows from the fact that Ld is clearly in

I a
e and Theorem 15 implies the invariant measure is unique. When e ∈ Sd−1 ∩ RZd, a
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straightforward computation shows that the function r 7→ µre is determined by

µre = Hd−1(Td−1
e (r))−1Hd−1 �Td−1e (r)

By the results of Sections 2.5.1 and 2.5.3, it follows that mpl is given by

mpl(e) =

ˆ
Td
m(y, e) dy for each e ∈ Sd−1.

Note, in particular, that mpl is as smooth as m.

When e /∈ RZd, Proposition 5 shows that a O(ε) rate of convergence holds in Theorem

10 provided the cell problem (2.2) has a smooth solution. In the next result, we show that a

smooth solution exists provided m(·, e) is smooth enough and the direction e ∈ Sd−1 \ RZd

satisfies an arithmetic condition.

Proposition 11. Fix e ∈ Sd−1. If m(·, e) ∈ Hs(Td) for some s > d
2 + 1

d−1 + 2 and there is

a Ce ∈ (0, 1) and 1
d−1 < τ < s− d

2 − 2 such that

‖k − 〈k, e〉e‖ ≥ Ce‖k‖−τ for each k ∈ Zd \ {0}, (2.27)

then there is a solution Ve ∈ C2(Td) of the equation

m(·, e)− tr((Id− e⊗ e)D2Ve) = m(e). (2.28)

Furthermore, Ve is the unique such solution among all functions U ∈ L2(Td) such that

ˆ
Td
U(y) dy =

ˆ
Td
Ve(y) dy.

Concerning the generality of the assumption (2.27), see [54], where it is shown thatHd−1-

almost every e ∈ Sd−1 satisfies such an estimate for any given τ > 1
d−1 . More precisely, if
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A(Ce, τ) is the set of all such e, then there is a constant B(d, τ) > 0 such that

Hd−1(Sd−1 \ A(Ce, τ)) ≤ B(d, τ)Cd−1
e .

It should be noted that if e satisfies (2.27), then e /∈ RZd.

Proof. We argue using Fourier series. Define V̂e : Zd → C by V̂e(0) = 0 and

V̂e(k) = − m̂(k)

4π2‖k − 〈k, e〉e‖2
.

Since m(·, e) ∈ Hs(Td) and s > τ + d
2 + 2, for each i ∈ {0, 1, 2}, we have

∑
k∈Zd

‖k‖i|V̂e(k)| ≤ C−2
e

∑
k∈Zd

‖k‖2(τ+i−s)

1
2
∑
k∈Zd

‖k‖2s|m̂(k, e)|2
1

2

<∞.

Thus, we can define Ve ∈ C2(Td) by

Ve(y) =
∑

k∈Zd\{0}
V̂e(k)ei2π〈k,y〉

and then

(Id− e⊗ e)D2Ve(y) = −
∑
k∈Zd

4π2(k ⊗ k − 〈k, e〉e⊗ k)V̂e(k)ei2π〈k,y〉.

In particular, by construction, Ve is a solution of (2.28). Since k−〈k, e〉e 6= 0 for each k ∈ Zd,

a straightforward argument shows that V is unique up to the addition of a constant.

Finally, we show that correctors need not exist.

Proposition 12. For any d ∈ N \ {1}, there is an m = m(y) ∈ C∞(Td) and an e ∈

Sd−1 \ RZd for which there is no C2 solution of the cell problem (2.28).
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As in the existence result, we will prove non-existence by choosing a direction e with

suitable arithmetic properties. To do this, we adapt an argument appearing in the lectures

notes of Ghys [55].

Define λ =
∑∞
n=1 10−n!. The next result shows this number is well-approximated by

rationals.

Proposition 13. There is a sequence (pk)k∈N ⊆ N and a constant C > 0 such that

∣∣∣λ− pk10−k!
∣∣∣ ≤ C10−(k+1)!, C−110k! ≤ |pk| ≤ C10k!

Proof. For each N ∈ N, write
∑N
n=1 10−n! = pN10−N ! for some pN ∈ N. The remainder is

readily estimated as

∞∑
n=N+1

10−n! = 10−(N+1)!
∞∑
j=0

10(N+1)!−(N+j+1)!

≤ 10−(N+1)!
∞∑
j=0

10−(N+j) ≤ C10−(N+1)!.

Note, in addition, that pN satisfies the estimates

1

10
10N ! ≤ 10N !

N∑
j=1

10−j! = pN ≤ λ · 10N !.

Fix e ∈ Sd−1 ∩ span({e1, e2}) such that
〈e,e2〉
〈e,e1〉

= λ. Note that this uniquely determines

e (up to antipodal points).

With (pk)k∈N as in the last result and {e1, e2, . . . , ed} ⊆ Zd denoting the standard

orthonormal basis of Rd, define (jk)k∈N ⊆ Z2 as follows:

jk = 10k!e1 + pke2.
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The previous estimate on λ implies the following one:

Proposition 14. For each k ∈ N,

k‖jk − 〈jk, e〉e‖2 ≤ Ck10−2k·k!.

Proof. Let e⊥ = −〈e, e2〉e1 + 〈e, e1〉e2 and notice that {e, e⊥} is orthonormal. Using the

fact that jk ∈ span({e1, e2}) = span({e, e⊥}), we find

‖jk − 〈jk, e〉e‖2 =
∣∣∣〈jk, e⊥〉∣∣∣2

=
∣∣∣−10k!〈e, e2〉+ pk〈e, e1〉

∣∣∣2
= 102·k! · 1

|〈e, e1〉|2
·
∣∣∣∣pk10−k! − 〈e, e2〉

〈e, e1〉

∣∣∣∣2 ≤ C10−2k·k!.

Finally, define m ∈ C(Td) by its Fourier series:

m̂(k) =

 `‖j` − 〈j`, e〉e‖2, if k ∈ {j`,−j`} for some ` ∈ N

0, otherwise

Due to the rapid decay of its Fourier coefficients, m ∈ C(Td), and, by symmetry, it is

real-valued. In fact, m is smooth, as we note next.

Proposition 15. For each β > 0, we have

sup
{
‖k‖β |m̂(k)| | k ∈ Z2

}
<∞.

In particular, m ∈ C∞(Td).
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Proof. Given β > 0, if k ∈ {−j`, j`} for some ` ∈ N, then

‖k‖β |m̂(k)| = `‖j`‖β‖j` − 〈j`, e〉e‖2

≤ c`10β`!10−2`·`! = c`10−(2`−β)·`!.

Thus, ‖k‖β |m̂(k)| → 0 as ‖k‖ → ∞.

Finally, we claim that (2.2) has no solution in the direction e.

Proposition 16. There is no smooth function Ve ∈ C2(Td) satisfying (2.2).

Proof. A classical solution is clearly a distributional solution so it suffices to show that there

is no distributional solution Ve ∈ L1(Td).

Suppose that Ve ∈ L1(Td) is a distributional solution of (2.2). Applying the Fourier

transform to the solution, we find

V̂e(j`) = − `‖j` − 〈j`, e〉e‖2

4π2‖j` − 〈j`, e〉e‖2
= − `

4π2
for each ` ∈ N.

This shows that the Fourier transform V̂e is unbounded, contradicting the assumption that

Ve ∈ L1(Td).

It is not hard to show that, in fact, viscosity solutions of (2.2) are distributional solutions.

Hence the proof actually shows that a continuous corrector need not exist in general.

2.6 The Surface Tension

In this section, we define the (macroscopic) surface tension associated with the energy

F(u; Ω) =

ˆ
Ω

(
1

2
〈a(y)Du,Du〉+W (y, u)

)
dy.
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It is worth remarking that the proof given here applies more generally to the stationary

ergodic setting (see [71]).

2.6.1 Finite-Volume Surface Tension

Given e ∈ Sd−1, we will compute the surface tension σ̄(e) by studying the optimal energy

among configurations u that connect −1 to 1 along the e direction.

In what follows, it will be convenient to shift the coefficients in the energy. To that end,

for y0 ∈ Td, define the shifted functional Fy0 by

Fy0(u; Ω) =

ˆ
Ω

(
1

2
〈a(y + y0)Du,Du〉+W (y + y0, u)

)
dy.

Fix a smooth function η : R→ [−1, 1] such that

ˆ ∞
−∞

(
Λ

2
η′(s)2 +W (η(s))

)
ds <∞, lim

s→±∞
η(s) = ±1.

For e ∈ Sd−1, we let ηe : Rd → [−1, 1] be the function defined by ηe(x) = η(〈x, e〉). Given a

bounded open set A ⊆ Rd and y ∈ Td, define Σ
y
η(e, A) by

Σ
y
η(e, A) = min

{
Fy(v;A) | v ∈ H1(A; [−1, 1]), v − ηe ∈ H1

0 (A)
}
.

We refer to Σ
y
η as the finite-volume surface tension.

The main result of this section show that the optimal energy in Qe(0, R) for configurations

with boundary condition ηe, that is, the quantity Σ
y
η(e,Qe(0, R)), converges after a suitable

rescaling.

Theorem 16. There is a positively one-homogeneous convex function σ̄ : Rd → [0,∞) such
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that, for each e ∈ Sd−1 and every y ∈ Td, we have

σ̄(e) = lim
R→∞

R1−dΣyη(e,Qe(0, R)). (2.29)

Before proceeding further, we record a useful observation. Here and henceforth, we define

the constant C(η) > 0 by

C(η) =

ˆ ∞
−∞

(
Λη′(s)2

2
+W (η(s))

)
ds.

Proposition 17. If e ∈ Sd−1, y ∈ Td, E ⊆ 〈e〉⊥ is open and bounded, and I ⊆ R is open

and bounded, then

0 ≤ Σ
y
η(e, E ⊕e I) ≤ C(η)Hd−1(E).

Proof. Using ηe itself as a candidate, we obtain an upper bound:

0 ≤ Σ
y
η(e, E ⊕e I) ≤ Fy(ηe;E ⊕e I).

It only remains to estimate Fy(ηe;E ⊕e I). Since a ≤ ΛId, W (y, u) ≤ W (u), and ηe only

varies in the e direction, Fubini’s Theorem readily implies

Fy(ηe;E ⊕e I) ≤ C(η)Hd−1(E).

2.6.2 Averaging

In what follows, it will be useful to think of the finite-volume surface tension as a function

of three variables rather than two.

Definition 5. Given η as above and y ∈ Td, for e ∈ Sd−1, open and bounded E ⊆ 〈e〉⊥,
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and h > 0, we define the quantity Σ̃
y
η(e, E, h) by

Σ̃
y
η(e, E, h) = Σ

y
η(e, E ⊕e (−h, h)).

The next proposition gives the essential properties of Σ̃
y
η. In particular, in the language

of Dal Maso and Modica [38], Σ̃
y
η is a sub-additive process.

Proposition 18. For each fixed e ∈ Sd−1 and h > 0, the function E 7→ Σ̃
y
η(e, E, h) satisfies:

(i) If E,E1, . . . , EN ⊆ 〈e〉⊥ are all open and bounded, {E1, . . . , EN} is pairwise disjoint,⋃N
i=1Ei ⊆ E, and Hd−1(E \

⋃N
i=1Ei) = 0, then

Σ̃
y
η(e, E, h) ≤

N∑
i=1

Σ̃
y
η(e, Ei, h). (2.30)

(ii) Σ̃
y
η(e, ·, h) is uniformly bounded in the following sense:

0 ≤ Σ̃
y
η(e, E, h) ≤ C(η)Hd−1(E). (2.31)

(iii) For each E ⊆ 〈e〉⊥ and each y′ ∈ 〈e〉⊥, the following equation holds:

Σ̃
y+y′
η (e, E, h) = Σ̃

y
η(e, E + y′, h).

Proof. First, observe that (ii) follows directly from Proposition 17, and (iii) is an immediate

consequence of the definitions.

Next, we prove (i). Suppose E,E1, . . . , EN ⊆ 〈e〉⊥ are given and satisfy the assumptions.

For each i ∈ {1, 2, . . . , N}, pick ui ∈ H1(Ei ⊕e (−h, h); [−1, 1]) such that

(i) Fy(ui, Ei ⊕e (−h, h)) = Σ̃
y
η(e, Ei, h)

(ii) ui − ηe ∈ H1
0 (Ei ⊕e (−h, h)).

71



Define a new function u : E ⊕e (−h, h)→ [−1, 1] by

u(x) =

 ui(x), x ∈ Ei ⊕e (−h, h)

0, otherwise.

By the choice of boundary conditions, u− ηe ∈ H1
0 (E ⊕e (−h, h)). Moreover,

Σ̃
y
η(e, E, h) ≤ Fy(u,E ⊕e (−h, h))

=
N∑
i=1

Fy(ui, Ei ⊕e (−h, h)) =
N∑
i=1

Σ̃
y
η(e, Ei, h).

This establishes (i).

We now use the sub-additive ergodic theorem to average out the variations in the medium

in directions perpendicular to e. In what follows, we will say that a Lebesgue measurable

function f : Td → R is {τx′}x′∈〈e〉⊥-invariant for some e ∈ Sd−1 if

f(y + x′) = f(y) for each y ∈ Td, x′ ∈ 〈e〉⊥.

Proposition 19. For each e ∈ Sd−1 and h > 0, there is a {τx′}x′∈〈e〉⊥-invariant function

y 7→ σ̃y(e, h) and a {τx′}x′∈〈e〉⊥-invariant Borel set Ah(e) ⊆ Td such that Ld(Ah(e)) = 1

and, for each y ∈ Ah(e),

σ̃y(e, h) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R), h).

Proof. Apply the multi-parameter sub-additive ergodic theorem to the probability space

(Ω,P) = (Td,Ld) with measure-preserving transformations {τy}y∈Td given by translation;

see [71, Appendix B].
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2.6.3 The Limit h→∞

We now study the limit h → ∞ of Σ̃
y
η(e, E, h). We begin by defining the corresponding

quantity.

Definition 6. Given e ∈ Sd−1 and a bounded, open E ⊆ 〈e〉⊥, we define the function

y 7→ Σ̃
y
η(e, E,∞) by

Σ̃
y
η(e, E,∞) = min {Fy(u;E ⊕e R) | −1 ≤ u ≤ 1, u = ηe on ∂E ⊕e R} .

In the main result of this section, we prove that limh→∞ Σ̃
y
η(e, E, h) = Σ̃

y
η(e, E,∞).

Before we proceed further, we remark that Σ̃
y
η(e, E,∞) satisfies its own version of Propo-

sition 18. Therefore, the following analogue of Proposition 19 holds:

Proposition 20. For each e ∈ Sd−1, there is a {τx′}x′∈〈e〉⊥-invariant function σ̃(e,∞)

and a {τx′}x′∈〈e〉⊥-invariant Borel set A∞(e) ⊆ Td such that Ld(A∞(e)) = 1 and, for each

y ∈ A∞(e),

σ̃y(e,∞) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞). (2.32)

It only remains to analyze the limit h→∞. We start by observing that h 7→ Σ̃
y
η(e, E, h)

is almost non-increasing.

Proposition 21. Fix e ∈ Sd−1, y ∈ Td, and E ⊆ 〈e〉⊥ bounded and open. If h1 > h2, then

Σ̃
y
η(e, E, h1) ≤ Σ̃

y
η(e, E, h2) +Hd−1(E)e(h2), (2.33)

where

e(h) =

ˆ
{|s|>h}

(
Λη′(s)2

2
+W (η(s))

)
ds.

In particular, for each e ∈ Sd−1, R > 0, and y ∈ Td, the limit limh→∞ Σ̃
y
η(e,Qe(0, R), h)

exists.
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Proof. Fix ε > 0. Choose a u : E ⊕e (−h2, h2) → [−1, 1] such that u − ηe ∈ H1
0 (E ⊕e

(−h2, h2)) and

Fy(u;E ⊕e (−h2, h2)) = Σ̃
y
η(e, E, h2).

Define ũ : E ⊕ (−h1, h1)→ [−1, 1] by

ũ(x) =

 u(x), x ∈ E ⊕e (−h2, h2)

ηe(x), otherwise.

Then ũ− ηe ∈ H1
0 (E ⊕e (−h1, h1)) and

Σ̃
y
η(e, E, h1) ≤ Fy(ũ, E ⊕e (−h1, h1))

= Fy(u,E ⊕ (−h2, h2))

+Hd−1(E)

ˆ
{|t|∈(h2,h1)}

(
Λ

2
η′(t)2 +W (q(t))

)
dt

≤ Σ̃
y
η(e, E, h2) +Hd−1(E)e(h2).

Thus, we obtain (2.33).

Finally, sending h1 →∞ with h2 fixed and then sending h2 →∞, we find

lim sup
h1→∞

Σ̃
y
η(e, E, h1) ≤ lim inf

h2→∞

(
Σ̃
y
η(e, E, h2) +Hd−1(E)e(h2)

)
= lim inf

h2→∞
Σ̃
y
η(e, E, h2).

This proves limh→∞ Σ̃
y
η(e, E, h) exists.

Finally, we prove the result that was promised at the beginning of this sub-section:

Proposition 22. For each e ∈ Sd−1 and bounded, open E ⊆ 〈e〉⊥, we have

Σ̃
y
η(e, E,∞) = lim

h→∞
Σ̃
y
η(e, E, h). (2.34)
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Proof. If h > 0 and u ∈ H1(E ⊕e (−h, h); [−1, 1]) equals ηe on ∂(E ⊕e (−h, h)), then the

function ũ ∈ H1
loc(E ⊕e R) given by

ũ(x) =

 u(x), |〈x, e〉| ≤ h,

ηe(x), otherwise,

satisfies ũ− ηe ∈ H1
0 (E ⊕e R). Thus,

Σ̃
y
η(e, E,∞) ≤ Fy(ũ;E ⊕e R) ≤ Fy(u;E ⊕e (−h, h)) +Hd−1(E)e(h).

Since u was arbitrary, we deduce that Σ̃
y
η(e, E,∞) ≤ Σ̃

y
η(e, E, h) +Hd−1(E)e(h). Sending

h→∞, we conclude Σ̃
y
η(e, E,∞) ≤ limh→∞ Σ̃

y
η(e, E, h).

To obtain the complementary inequality, let u ∈ H1
loc(E ⊕e R; [−1, 1]) be any function

attaining the minimum in (2.34). We will show that it is possible to appropriately truncate

u without changing its energy too much.

First, observe that for each δ > 0,

lim
R→∞

Ld({x ∈ E ⊕e [R,+∞) | |u(x)− 1| > δ}) = 0

lim
R→∞

Ld({x ∈ E ⊕e (−∞,−R] | |u(x) + 1| > δ} = 0.

This is a consequence of the Poincaré inequality, which in this setting states

‖u− ηe‖L2(E⊕eR) ≤ ‖Du−Dqe‖L2(E⊕eR).

For each n ∈ N, fix a smooth function fn : R→ [0, 1] such that fn ≡ 1 in [−n, n], fn ≡ 0

in R \ [−(n+ 1), n+ 1], and |f ′n| ≤ 2. Let un ∈ H1
loc(E ⊕e R) be the function defined by

un(x) = fn(〈x, e〉)u(x) + (1− fn(〈x, e〉))ηe(x).
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We readily obtain the following bounds on the energy of un:

Fy(un;E ⊕e (−(n+ 1), n+ 1)) ≤ Fy(u;E ⊕e (−n, n))

+
Λ

2

ˆ
E⊕e{n<|s|<n+1}

|Du(x)|2 dx

+
Λ

2
Hd−1(E)

ˆ
{n≤|s|≤n+1}

q′(s)2 ds

+ 2

ˆ
E⊕e{n<|s|<n+1}

|u(x)− ηe(x)|2 dx

+

ˆ
E⊕e{n<|s|<n+1}

W (un(x)) dx.

Since u, ηe → ±1 in measure as 〈x, e〉 → ±∞, we find

Fy(un;E ⊕e (−(n+ 1), n+ 1)) ≤ Σ̃
y
η(e, E,∞) + o(1).

as n→∞. Therefore, since un = ηe on E ⊕e {−(n+ 1), n+ 1}, we conclude

lim
h→∞

Σ̃
y
η(e, E, h) ≤ lim

n→∞
Fy(un;E ⊕e (−(n+ 1), n+ 1)) ≤ Σ̃

y
η(e, E,∞).

2.6.4 Infinite-Volume Surface Tension

We now identify the infinite-volume surface tension σ̄. To start with, we treat this as two

different functions σ̄∗ and σ̄∗ in Td; later, it will become apparent these functions coincide

and are constant.

Definition 7. The upper and lower infinite-volume surface tensions are the functions σ̄∗, σ̄∗ :
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Td → [0,∞) given by

σ̄∗(e, y) = lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), R), σ̄∗(e, y) = lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), R).

(2.35)

Our first observation is these quantities are constant functions in Td:

Theorem 17. For each e ∈ Sd−1 and every y ∈ Td, we have

σ̄∗(e, y) = σ̄∗(e, 0) and σ̄∗(e, y) = σ̄∗(e, 0).

Theorem 17 will be proved in two steps. In the first, we note that σ̄∗(e, ·) and σ̄∗(e, ·)

are {τx′}x′∈〈e〉⊥-invariant. This step follows from what we already proved in Section 2.6.2,

especially Propositions 18 and 21. In the second step, we show that σ̄∗(e, ·) and σ̄∗(e, ·) are

invariant under the action of translations in the e direction. The proof of this is very similar

to that of Proposition 22.

To simplify the proof of Theorem 17, we begin with the perpendicular directions.

Proposition 23. For each e ∈ Sd−1, σ̄∗(e, ·) and σ̄∗(e, ·) are {τx′}x′∈〈e〉⊥-invariant.

Proof. We will prove that σ̄∗(e, y+x′) = σ̄∗(e, y) if y ∈ Td and x ∈ 〈e〉⊥. The corresponding

proof for σ̄∗ follows similarly.

Supppose y ∈ Td and x′ ∈ 〈e〉⊥. We will show that σ̄∗(e, y + x′) ≤ σ̄∗(e, y). Given any

R > 0, Proposition 18 implies

Σ̃
y+x′
η (e,Qe(0, R + |x′|∞), R + |x′|∞) = Σ̃

y
η(e,Qe(x′, R + |x′|∞), R + |x′|∞). (2.36)

Since Qe(x′, R + |x′|∞) ⊇ Qe(0, R), we use (2.30) and (2.31) from Proposition 18 to find

Σ̃
y
η(e,Qe(x′, R + |x′|∞), R + |x′|∞) ≤ Σ̃

y
η(e,Qe(0, R), R + |x′|∞) + C(η)Rd−1o(1). (2.37)
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as R→∞. Finally, appealing to (2.33) from Proposition 21 yields

Σ̃
y
η(e,Qe(x′, R + |x′|∞), R + |x′|∞) ≤ Σ̃

y
η(e,Qe(0, R), R) +Rd−1(e(R) + C(η)o(1)). (2.38)

Combining (2.36) and (2.38), dividing by Rd−1, and sending R → ∞, we obtain σ̄∗(e, y +

x′) ≤ σ̄∗(e, y).

Replacing x′ with −x′ and y with y+x′ yields σ̄∗(e, y) ≤ σ̄∗(e, y+x′). Therefore, equality

holds.

2.6.5 The Normal Direction

It remains to consider normal directions. That is, Theorem 17 is proved as soon as we

establish that t 7→ σ̄∗(e, y + te) is independent of t ∈ R. We prove this next using the

fundamental estimate of Γ-convergence (cf. [5] or [71, Appendix A]).

Proposition 24. Given any e ∈ Sd−1, y ∈ Td, and t ∈ R, we have

σ̄∗(e, y + te) = σ̄∗(e, y) and σ̄∗(e, y + te) = σ̄∗(e, y).

Proof. Fix y ∈ Ω and t ∈ R. We will show that

σ̄∗(e, y) ≤ σ̄∗(e, y + te).

As in the last proof, this implies that equality actually holds (as we can replace y by y + te

and t by −t). The arguments for σ̄∗ are similar, hence omitted.

It is convenient to introduce a free parameter α ∈ (0, 1). In the final step of the proof,

we will send α→ 1−.

For each R > 0, let ṽR ∈ H1(Qe(0, αR); [−1, 1]) be a minimizer of the functional
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Fy+te(·; Qe(0, αR)) subject to the boundary conditions ṽR = ηe, that is,

ṽR − ηe ∈ H1
0 (Qe(0, αR)), Fy+te(ṽR; Qe(0, αR)) = Σ̃

y+te
η (e,Qe(0, αR), αR).

In order to compare Σ̃
y
η(e,Q(0, R), R) and Σ̃

y+te
η (e,Q(0, αR), αR), we shift perspectives

by defining the function vR in Qe(te, αR) by

vR(x) = ṽR(x− te).

Notice that vR minimizes Fy(·; Qe(te, αR)) with the boundary condition Tteηe given by

Tteηe(x) = ηe(x−te). We extend vR to Rd by setting vR(x) = Tteηe(x) if x ∈ Rd\Qe(te, αR).

Finally, before we apply the fundamental estimate, it is convenient to move to macroscopic

coordinates. We let ε = R−1 and define a new function vε : Rd → [−1, 1] by the following

rule:

vε(x) = vR

(x
ε

)
.

The effect of the definition is this: vε minimizes Fyε (·; Qe(εte, α)) subject to the boundary

condition Tεte(η
ε
e) on ∂Qe(εte, α), where ηεe(x) = η(ε−1〈x, e〉).

We will now apply the fundamental estimate with the open sets U , U ′, and V defined as

follows:

U = Qe(0, α), U ′ = Qe (0, 1) , V = Qe(0, 1) \Qe(0, α).

We will work with the functions (vε)ε>0 and (ηεe)ε>0. Observe that

lim
ε→0+

‖vε − ηεe‖L1(V ) = 0.

Thus, by the fundamental estimate, there is a function ẽ : (0,∞) → (0,∞) such that

limε→0+ ẽ(ε) = 0 and a family of cut-off functions (ψε)ε>0 ⊆ C∞c (U ′; [0, 1]) satisfying ψε ≡ 1
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in U such that

Fyε (ψεvε + (1− ψε)qεe;U ∪ V ) ≤ Fyε (vε;U
′) + Fyε (qεe;V ) + ẽ(ε).

Now observe that we can make the following simplifications:

Fyε (vε;U
′) = R1−dFy+te(ṽR; Qe(0, αR)) +R1−dFy(vR;RU ′ \Qe(te, αR))

= R1−dΣ̃y+te
η (0, Qe(0, αR), αR) + ω(α) + η(α,R),

where

ω(α) ≤ (1− d)(1− α)C(η)

η(α,R) ≤ αd−1
ˆ
{|s|≥αR}

(
Λ

2
q′(s)2 +W (q(s))

)
ds.

Similarly, Fyε (ηεe;V ) = ν(α) + γ(α,R), where

ν(α) ≤ (1− d) (1− α)C(η),

γ(α,R) ≤ αd−1
ˆ
{|s|≥αR−|t|}

(
Λ

2
q′(s)2 +W (q(s))

)
ds.

Sending R→∞ and observing that limR→∞(η(α,R) + γ(α,R)) = 0, we obtain

lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), R) ≤ lim inf
ε→0+

Fyε (ψεvε + (1− ψε)qεe;U ∪ V )

≤ αd−1 lim inf
T→∞

T 1−dΣ̃y+te
η (0, Qe(0, T ), T )

+ ω(α) + ν(α).
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Since limα→1− (ω(α) + ν(α)) = 0 and α ∈ (0, 1) was arbitrary, we conclude

σ̄∗(e, y) = lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), R)

≤ lim inf
R→∞

R1−dΣ̃y+te
η (0, Qe(0, R), R)

= σ̄∗(e, y + te).

2.6.6 Thermodynamic Limit

Now we tie all the pieces together. While we know that the upper and lower surface tensions

σ̄∗(e) and σ̄∗(e) are constant (i.e., independent of shifts in the coefficients), we do not know

that they coincide. This is where Propositions and 19 and 20 enter the picture.

The main result of this section follows:

Theorem 18. Given e ∈ Sd−1, there is a Lebesgue measurable set A(e) ⊆ Td with full

measure Ld(A(e)) = 1 such that, if y ∈ A(e), then

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R), R) exists

and, for each κ > 0,

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) = lim
h→∞

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h)

= lim
h→∞

lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), h)

= lim
R→∞

R1−dΣ̃yη(e,Qe(0, R), κR).

In particular, σ̄∗(e) = σ̄∗(e).

In order to highlight the main ideas without delving too far into technicalities, we will
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only prove the theorem in the case that e /∈ RZd. (See the Notes for a discussion of the

rational case.)

In what follows, the following lemma will be helpful:

Lemma 3. Suppose that e ∈ Sd−1\RZd. For each n,m ∈ N, denote by Σ̃
avg
η (e,Qe(0, 2n),m)

and Σ̃
avg
η (e,Qe(0, 2n),∞) the averages

Σ̃
avg
η (e,Qe(0, 2n),m) =

ˆ
Td

Σ̃
y
η(e,Qe(0, 2n),m) dy,

Σ̃
avg
η (e,Qe(0, 2n,∞) =

ˆ
Td

Σ̃
y
η(e,Qe(0, 2n),∞) dy.

For each n,m ∈ N, we have

Σ̃
avg
η (e,Q(0, 2n+1),m) ≤ 2d−1Σ̃

avg
η (e,Q(0, 2n),m)

and the following limit holds:

Σ̃
avg
η (e,Qe(0, 2n),∞) = lim

m→∞
Σ̃
avg
η (e,Qe(0, 2n),m).

Furthermore, there is a Lebesgue measurable set A(e) ⊆ Td such that

(i) Ld(A(e)) = 1

(ii) If y ∈ A(e), then

σ̃y(e,m) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),m)

= lim
n→∞

2n(1−d)Σ̃
avg
η (e,Qe(0, 2n),m),

σ̃y(e,∞) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞)

= lim
n→∞

2n(1−d)Σ̃
avg
η (e,Qe(0, 2n).∞).
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The lemma shows that averaging preserves, and even improves, the sub-additivity prop-

erties of the finite-volume surface tension. As we will see, averaging allows us to verify one

of the crucial inequalities in the proof of Theorem 18.

For the most part, Lemma 3 follows from what we have already proven and elementary

properties of integration. We defer the proof to the end of the sub-section and proceed to

the proof of the thermodynamic limit.

Proof of Theorem 18, irrational case. We begin by invoking Lemma 3, thereby obtaining a

full-measure set A(e) ⊆ Td. Define Σ̃
avg
η as in the lemma. We will prove that if y ∈ A(e),

then the following limits all exist and satisfy:

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) = lim
h→∞

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h), (2.39)

= lim
h→∞

lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), h)

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R), κR). (2.40)

Here κ > 0 is arbitrary. Notice that once this is done, we set κ = 1 to conclude that each of

these quantities equals σ̄∗(e) and σ̄∗(e), hence σ̄∗(e) = σ̄∗(e).

Assume henceforth that y ∈ A(e).

To establish (2.39), we first prove

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) ≤ lim
h→∞

lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), h). (2.41)

Indeed, by (2.33) and (2.34),

R1−dΣ̃yη(e,Qe(0, R),∞) ≤ R1−dΣ̃yη(e,Qe(0, R), h) + e(h).

Thus, sending R→∞ and then h→∞, we obtain (2.41).
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Next, we prove the inequality complementary to (2.41), that is, we show that

lim
h→∞

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h) ≤ lim
R→∞

R1−dΣ̃yη(e,Q(0, R),∞). (2.42)

We begin by observing that if h1 > h2, then

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h1) ≤ lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h2) + e(h2).

Thus, arguing as in Proposition 21, we see that

lim
h→∞

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h) exists

for every y ∈ Td.

Since y ∈ A(e), the following equations hold:

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) = lim
n→∞

2n(1−d)Σ̃
avg
η (e,Qe(0, 2n),∞)

lim
h→∞

lim sup
R→∞

R1−dΣ̃yη(e,Q(0, R), h)

= lim
m→∞

lim
n→∞

2n(1−d)Σ̃
avg
η (e,Q(0, 2n),m)).

Thus, to obtain an inequality between the left-hand sides it suffices to complete the easier

task of comparing the right-hand sides.

To proceed, we invoke Lemma 3 to find

2(n+1)(1−d)Σ̃
avg
η (e,Qe(0, 2n+1),m) ≤ 2n(1−d)Σ̃

avg
η (e,Qe(0, 2n),m).
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Consequently, for each fixed k ∈ N,

lim
n→∞

2n(1−d)Σ̃
avg
η (e,Qe(0, 2n),m) ≤ 2k(1−d)Σ̃

avg
η (e,Qe(0, 2k),m).

Sending m→∞ while k remains fixed, we use the lemma to conclude

lim
m→∞

lim
n→∞

2n(1−d)Σ̃
avg
η (e,Qe(0, 2n),m)

≤ 2k(1−d)Σ̃
avg
η (e,Qe(0, 2k),∞).

Taking k →∞, this becomes

lim
m→∞

lim
n→∞

2n(1−d)Σ̃
avg
η (e,Q(0, 2n),m)

≤ lim
k→∞

2k(1−d)Σ̃
avg
η (e,Qe(0, 2k),∞)

Appealing to the observation in the previous paragraph, we conclude (2.42) holds. Now

(2.39) follows from (2.41) and (2.42).

We proceed to the proof of (2.40). Again, we break the equality into two inequalities.

Fix h > 0. Recalling (2.33) and sending R→∞, we find

lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), κR) ≤ lim sup
R→∞

R1−dΣ̃yη(e,Qe(0, R), h) + e(h).

Sending h→∞ and appealing to (2.39), this becomes

lim sup
R→∞

R1−dΣ̃yη(e,Q(0, R), κR) ≤ lim
R→∞

R1−dΣ̃yη(e,Q(0, R),∞).

To deduce the opposite inequality, first observe that, by passing to the limit h → ∞ in
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(2.33), we obtain

R1−dΣ̃yη(e,Qe(0, R),∞) ≤ R1−dΣ̃yη(e,Qe(0, R), κR) + e(κR).

Thus, we conclude, after sending R→∞,

lim
R→∞

R1−dΣ̃yη(e,Qe(0, R),∞) ≤ lim inf
R→∞

R1−dΣ̃yη(e,Qe(0, R), κR).

Therefore, limR→∞R1−dΣ̃yη(e,Qe(0, R), κR) exists and (2.40) holds.

Now that Theorem 18 is proved, Theorem 16 follows immediately.

Proof of Theorem 16. Theorem 18 proves that σ̄∗(e) = σ̄∗(e). Let σ̄(e) be this number, i.e.,

σ̄(e) = σ̄∗(e) = σ̄∗(e).

Equivalently, the equality σ̄∗(e) = σ̄∗(e) implies that, for each y ∈ Td, the quantity

R1−dΣ̃yη(e,Qe(0, R), R) converges to σ̄(e) as R → ∞. Thus, recalling the definition of Σ̃
y
η,

we find

σ̄(e) = lim
R→∞

R1−dΣ̃yη(e,Qe(0, R), R) = lim
R→∞

R1−dΣyη(e,Qe(0, R)).

Finally, extend σ̄ to Rd by one-homogeneous extension, that is,

σ̄(v) = ‖v‖σ̄(‖v‖−1v) if v 6= 0, and σ̄(0) = 0.

A classical argument can be used to prove that σ̄ is convex; see the works of Messenger,

Miracle-Solé, and Ruiz [66] and Caffarelli and de la Llave [27].

Finally, we prove the lemma.

Proof of Lemma 3. The properties of Σ̃
avg
η follow from those of Σ̃

y
η as a consequence of

elementary integration theory (e.g., the dominated convergence theorem). In particular,

here we use Propositions 17–20.
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Recall from Propositions 19 and 20 that, for each m ∈ N ∪ {∞}, there is a {τx′}x′∈〈e〉⊥-

invariant Borel set Am(e) such that Ld(Am(e)) = 1 and, for each y ∈ Am(e),

σ̃y(e,m) = lim
n→∞

2n(1−d)Σ̃
y
η(e,Qe(0, 2n),m).

Since Am(e) has full measure, we can integrate to find

ˆ
Td
σ̃y(e,m) dy = lim

n→∞
2n(1−d)Σ̃

avg
η (e,Qe(0, 2n),m).

Finally, recall that Ld is ergodic under the action of {τx′}x′∈〈e〉⊥ . Thus, y 7→ σ̃y(e,m) is

constant Ld-almost everywhere. More precisely, there is a {τx′}x′∈〈e〉⊥-invariant Borel set

Cm(e) ⊆ Td such that Ld(Cm(e)) = 1 and

σ̃y(e,m) =

ˆ
Td
σ̃y(e,m) dy for each y ∈ Cm(e).

We conclude by setting A(e) = ∩m∈N∪{∞}Am(e) ∩ Cm(e).

2.7 Notes

2.7.1 Averaging

The ergodic theory results in Section 2.4 will not surprise experts, but it is a somewhat un-

conventional spin on a classical subject and there does not seem to be a standard reference for

this material. Nonetheless, the results of that section should be seen as a higher-dimensional,

continuum version of the classical fact that the semi-group generated by the map x 7→ x+α

in the torus T is ergodic if and only if α ∈ R \Q.
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2.7.2 Linear Response

The inspiration to consider the linear response problem (2.1) came from heuristic discussions

by Spohn [87] and Bellettini, Buttà, and Presutti [17]. Those references concern interface

motions driven by energy dissipation, whereas (2.1) is nonvariational.

In the variational setting, the analogue of (2.1) can lead to a stationary plane in the

limit. For instance, if we consider the diffuse-interface setting, then we should replace (2.1)

by the equation

 m(ε−1x, D̂uε)uεt − div(a(ε−1x)Duε) + ε−2(Wu(ε−1x, uε) + εα) = 0 in Rd × (0,∞),

uε = η(〈·, e〉) on Rd × {0},

where η : R → [−1, 1] is a smooth function with lims→±∞ η(s) = ±1. The paper with

Feldman [51] shows that it is possible to find coefficients a and W such that, no matter the

choice of m, pinning occurs for all α ∈ R and all e ∈ Sd−1. (In other words, uε(x) → 1 if

〈x, e〉 > 0 and uε(x)→ −1 if 〈x, e〉 < 0.) Put another way, it is possible that mpl ≡ ∞.

2.7.3 Surface Tension

Section 2.6 is inspired mainly by Chapter 7 of the book by Presutti [80] and the work of

Ansini, Braides, and Chiadò-Piat [5]. The main takeaway is Theorem 18, which shows that

the averaging processes occurring separately in tangential and normal directions “commute.”

It is shown in [71] that this remains true even in stationary, ergodic media, a fact that was

not obvious in Presutti’s original approach, wherein only spatially homogeneous media was

considered. Throughout the arguments, the so-called fundamental estimate of Γ-convergence

is a convenient technical tool. This is a standard component of the theory of Γ-convergence

(cf. [37, Chapter 18]), which was originally formulated and proved in the diffuse-interface

context in [5].
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CHAPTER 3

PULSATING STANDING WAVES AND THE SURFACE

TENSION

In the last section, we introduced the surface tension σ̄, which describes the large scale

behavior of the energy functional F . Here we show that the surface tension can also be

represented via a variational problem posed in R×Td as described in Section 1.2. This leads

to a link between the surface tension, the plane-like minimizers of F studied in Aubry-Mather

theory, and pulsating standing waves.

Recall from the introduction that, given an e ∈ Sd−1, we are interested in the functional

Te given by

Te(V ) =

ˆ
R×Td

(
1

2
〈a(y)DeV,DeV 〉+W (y, V )

)
dy ds.

The problem is to minimize Te in the class of functions heteroclinic between −1 and 1 in

the cylinder R× Td. Recall that we use the notation

E (e) = inf {Te(V ) | V ∈X } ,

X = {V ∈ L∞(R× Td) | −1 ≤ V ≤ 1, lim
s→±∞

V (s, y) = ±1 in L1
loc(R× Td)}.

Henceforth, we denote the set of minimizers by M(e), that is,

M(e) = {U ∈X | Te(U) = E (e)}.

Note that any minimizer Ue ∈ M(e) is a weak solution of the pulsating standing wave

equation:  D
∗
e(a(y)DeUe) +Wu(y, Ue) = 0 in R× Td,

lims→±∞ Ue(s, y) = ±1, ∂sUe ≥ 0,
(3.1)
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3.1 Pulsating Standing Waves and Plane-like Minimizers

The goal of this section is to show how the pulsating standing wave equation (3.1) in R×Td

relates back to the original problem in Rd. By the end, we will have proved the existence

of minimizers of E and shown that minimizing E is equivalent to finding certain plane-like

minimizers of F .

We will start with a basic calculation that is well-known in the literature on pulsat-

ing waves. Suppose that U : R × Td → [−1, 1] is a smooth solution of (3.1) satisfying

lims→±∞ U(s, x) = ±1 uniformly in Td. Observe that if we define functions {uζ}ζ∈R in Rd

by

uζ(x) = U(〈x, e〉 − ζ, x)

then, for each ζ ∈ R, uζ is a critical point of F , that is,

−div(a(y)Duζ) +Wu(y, uζ) = 0 in Rd.

Furthermore, these critical points are “plane-like” in the sense that

lim
ε→0+

uζ(ε
−1x) =

 1, if 〈x, e〉 > 0,

−1, if 〈x, e〉 < 0.

Importantly, here ζ is a parameter: whereas in R×Td we are dealing with a single function

U , when we pass to the physical space Rd, we have to consider the whole family of functions

{uζ}ζ∈R. In particular, if U is a smooth solution of (3.1) with ∂sU > 0, then {uζ}ζ∈R is an

ordered, continuous one-parameter family of critical points of F . As we will see, such families

do not exist in general, and hence smooth pulsating standing waves will not necessarily exist.
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3.1.1 An Ergodic Theorem

As we noted already above, the pulsating standing wave equation (3.1) is the Euler-Lagrange

equation of Te. Thus, it will be useful to know how to write Te in terms of the functions

{uζ}ζ∈R rather than U . The next theorem shows how this is done.

In the statement of the theorem, for e ∈ Sd−1 ∩ RZd, we denote by Qe a fundamental

domain for the action of the group Me (see (2.6)) on 〈e〉⊥. More precisely, given a Z-basis

{k1, . . . , kd−1} of Me, define Qe by

Qe =


d−1∑
i=1

λiki | (λ1, . . . , λd−1) ∈ [0, 1)d−1

 .

Theorem 19. Suppose that V ∈ L1(R × Td) and define functions (vζ)ζ∈R in L1
loc(R

d) by

vζ(x) = V (〈x, e〉 − ζ, x). Given any e ∈ S1, we have

ˆ
R×Td

V (s, y) dy ds = lim
T→∞

1

T

ˆ T

0

{
lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

vζ(y) dy

}
dζ.

Furthermore, the following dichotomy holds:

(i) If e ∈ RZd, then

ˆ
R×Td

V (s, y) dy ds = r−1
e Hd−1(Qe)

−1
ˆ re

0

ˆ
Qe⊕eR

vζ(y) dy dζ.

(ii) If e /∈ RZd, then

ˆ
R×Td

V (s, y) dy ds = lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

vζ(y) dy for a.e. ζ ∈ R.
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(iii) If e /∈ RZd and, in addition, the function G : Td → R given by

G(y) =

ˆ ∞
−∞

V (s, se+ y) ds

is continuous, then

lim
R→∞

sup

{∣∣∣∣∣R1−d
ˆ
Qe(0,R)⊕eR

vζ(y) dy −
ˆ
R×Td

V (s, y) ds dy

∣∣∣∣∣ | ζ ∈ R

}
= 0.

The distinction between rational and irrational directions in the theorem stems from

the fact that the transformation functions (vζ)ζ∈R are periodic when e ∈ RZd, but only

quasi-periodic when e /∈ RZd. This is explained in detail in [73, Section 4]. Without going

into all the details here, we will need to define the quotient space Td−1
e ⊕e R = Rd/Me for

e ∈ RZd, which is in bijective correspondence with Qe ⊕e R and is diffeomorphic to the

product Td−1 × R.

Throughout the remainder of this chapter and the next, we will identify functions v :

Td−1
e ⊕e R→ R with functions v : Rd → R satisfying

v(x+ k) = v(x) for each x ∈ Rd, k ∈Me.

In particular, if (vζ)ζ∈R are defined as in the theorem for some e ∈ Sd−1 ∩ RZd, then it is

easy to see that these functions have this Me-invariance property and, thus, can be regarded

as functions defined in Td−1
e ⊕e R.

We will only prove parts (ii) and (iii) of Theorem 19. Part (i) follows by similar arguments;

the proof is sketched in [73, Appendix A].

Proof of Theorem 19, (ii) and (iii). Let ζ ∈ R be a free parameter. First, observe that we
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can write

ˆ
Qe(0,R)⊕eR

vζ(x) dx =

ˆ
Qe(0,R)

ˆ ∞
−∞

V (s− ζ, se+ x′) ds dx′

=

ˆ
Qe(0,R)

ˆ ∞
−∞

V (s, (s+ ζ)e+ x′) ds dx′.

Since V ∈ L1(R×Td), it follows that y 7→
´∞
−∞ V (s, (s+ ζ)e+ y) ds is in L1(Td), no matter

the choice of ζ. Therefore, we can invoke Proposition 2 to deduce that, for almost every

ζ ∈ R, we have

lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

vζ(x) dx = lim
R→∞

R1−d
ˆ
Qe(0,R)

ˆ ∞
−∞

V (s, (s+ ζ)e+ x⊥) ds dx⊥

=

ˆ
Td

(ˆ ∞
−∞

V (s, (s+ ζ)e+ y) ds

)
dy

=

ˆ ∞
−∞

ˆ
Td
V (s, y) dy ds.

This proves (ii). At the same time, if the function y 7→
´∞
−∞ V (s, se + y) ds is continuous,

then the convergence in Proposition 2 can be upgraded to uniform convergence, proving

(iii).

As an immediate consequence of the previous theorem, we show that the variational

problem (1.8) is bounded below by the surface tension σ̄.

Proposition 25. For each e ∈ Sd−1, σ̄(e) ≤ E (e).

Proof. Let V ∈ X . If Te(V ) = ∞, there is nothing to prove. Hence let us assume that

Te(V ) <∞.

By the previous theorem, there is a measurable set E ⊆ R such that L1(R \ E) = 0 and
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if we define (vζ)ζ∈R by vζ(x) = V (〈x, e〉 − ζ, x), then, for each ζ ∈ E,

f(ζ) := lim
R→∞

R1−dF(vζ ;Q
e(0, R)⊕e R) <∞,

lim
n→∞

vζ(nx) = χ{〈x,e〉>0} − χ{〈x,e〉<0} in L1
loc(Rd),

and

Te(V ) = lim
T→∞

T−1
ˆ T

0
f(ζ) dζ.

To prove that Te(V ) ≥ σ̄(e), we will show that f(ζ) ≥ σ̄(e) for each ζ ∈ E.

In what follows, fix a smooth function η : R→ [−1, 1] such that

lim
s→±∞

η(s) = ±1,

ˆ ∞
−∞

(
Λ

2
η′(s)2 +W (η(s))

)
ds <∞

and define ηe : Rd → [−1, 1] by ηe(x) = η(〈x, e〉). Using η as boundary condition, let Σ0
η be

the finite-volume surface tension from Section 2.6.1.

Fix ζ ∈ E. We will apply the fundamental estimate [71, Appendix A]. Fix ρ > 0 and

define Vn(ρ) ⊆ Rd by

Vn(ρ) = Qe(0, ρ−1n) \Qe(0, n). (3.2)

Observe that

lim
n→∞

n−d
ˆ
Vn(ρ)

|vζ(y)− ηe(y)| dy = lim
n→∞

ˆ
V1(ρ)

|vζ(nx)− η(n〈x, e〉)| dx = 0.

Thus, by the fundamental estimate, there are cut-off functions (ψn)n∈N ⊆ C∞c (Rd) such

that

ψn = 1 in Qe(0, n), ψn = 0 in Rd \Qe(0, ρ−1/2n),
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and, as n→∞,

F(ψnvζ + (1− ψn)qe; Q
e(0, ρ−1n) ≤ F(vζ ; Q

e(0, ρ−1/2n)) + F(ηe;Vn(ρ)) + o(nd−1).

Observe that we can estimate the boundary term as follows:

F(ηe;Vn(ρ)) ≤
ˆ ∞
−∞

(
Λ

2
η′(s)2 +W (η(s))

)
ds · Hd−1(Qe(0, ρ−1n) \Qe(0, n))

+

ˆ
|s|≥ρ−1n

(
Λ

2
η′(s) +W (η(s))

)
ds · Hd−1(Qe(0, n)).

Thus, in the limit n→∞, we find

σ̄(e)ρd−1 = lim
n→∞

n1−dΣ0
η(e,Qe(0, ρ−1n))

≤ lim
n→∞

n1−dF(ψnvζ + (1− ψn)qe; Q
e(0, ρ−1n))

≤ lim
n→∞

n1−dF(vζ ; Q
e(0, ρ−1/2n))

= f(ζ)ρ−(d−1)/2.

Sending ρ→ 1−, we conclude that σ̄(e) ≤ f(ζ).

Invoking the definition of E (e), we conclude that E (e) ≥ σ̄(e).

3.1.2 Plane-Like Minimizers

Theorem 19 allows us to relate minimizers of the Lagrangian E to plane-like minimizers of

F . Let us start by recalling some terminology.

Definition 8. A function v ∈ H1
loc(R

d; [−1, 1]) is called a Class A minimizer of F if

F(v;B(0, R)) ≤ F(w;B(0, R)) for each R > 0 and each w ∈ v +H1
0 (B(0, R)).

95



Our interest is in Class A minimizers with the strong Birkhoff property.

Definition 9. Given e ∈ Sd−1, a Class A minimizer u of F is called a strongly Birkhoff

plane-like minimizer of F in the e direction if, given any k ∈ Zd, we have

u(·+ k) ≤ u if 〈k, e〉 ≤ 0 and u(·+ k) ≥ u if 〈k, e〉 ≥ 0.

Remark 1. A weaker version of the Birkhoff property requires only that the translate of u

are totally ordered under ≤, that is, for each k ∈ Zd, either u(· + k) ≤ u or u(· + k) ≥ u.

For the most part, this will not be relevant here, but see Propostion 52 for an example of a

Class A minimizer of F that is plane-like and that possesses this weaker Birkhoff property

but is not strongly Birkhoff according to the previous definition.

It is straightforward to verify that strongly Birkhoff plane-like minimizers are indeed

plane-like:

Proposition 26. Fix e ∈ Sd−1. If u is a strongly Birkhoff plane-like minimizer of F , then

there is a constant Cu > 0 such that

sup {|u(x)− 1|+ ‖Du(x)‖ | 〈x, e〉 ≥ R} ≤ e−CuR,

sup {|u(x) + 1|+ ‖Du(x)‖ | 〈x, e〉 ≤ −R} ≤ e−CuR.

This can be proved by arguing as in [73, Proposition 22]; hence the proof is omitted.

Valdinoci proved that F has strongly Birkhoff plane-like minimizers in any direction

e ∈ Sd−1.

Theorem 20 ([90]). For any e ∈ Sd−1, F has at least one strongly Birkhoff plane-like

minimizer u. Furthermore, if u is any strongly Birkhoff plane-like minimizer and η ∈ (0, 1),
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then there is an M(η) > 0 depending only on a, W , and η and an Su ∈ R such that

{
x ∈ Rd | |u(x)| < η

}
⊆
{
x ∈ Rd | Su ≤ 〈x, e〉 ≤ Su +M(η)

}

It turns out that plane-like minimizers have average energy equal to the surface tension.

Theorem 21. Let e ∈ Sd−1. If u is a strongly Birkhoff plane-like minimizer of F in the e

direction, then

σ̄(e) = lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

(
1

2
〈a(y)Du,Du〉+W (y, u)

)
dy.

Proof. Fix a smooth function η : R→ [−1, 1] such that
´∞
−∞

(
Λ
2 η
′(s)2 +W (η(s))

)
ds <∞

and lims→±∞ η(s) = ±1. Denote by ηe : Rd → [−1, 1] the function ηe(x) = η(〈x, e〉). Using

η as boundary condition, let Σ0
η be the finite-volume surface tension from Section 2.6.1. The

arguments of Proposition 25 show that

lim inf
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

(
1

2
〈a(y)Du,Du〉+W (y, u)

)
dy ≥ σ̄(e).

In view of Theorem 16, to conclude that equality holds, it is enough to prove that

lim sup
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

(
1

2
〈a(y)Du,Du〉+W (y, u)

)
dy ≤ lim

R→∞
R1−dΣ0

η(e,Qe(0, R)).

(3.3)

To see that (3.3) holds, choose a sequence (vn)n∈N such that, for each n ∈ N,

vn ∈ H1(Qe(0, n)), vn − ηe ∈ H1
0 (Qe(0, n)),

F(vn; Qe(0, n)) = Σ0
η(e,Qe(0, n)).

Fix ρ ∈ (0, 1) and define Vn(ρ) ⊆ Rd by (3.2). It is convenient to extend vn to Vn(ρ) by
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setting it equal to ηe there, that is,

vn = ηe in Vn(ρ).

Notice that, by Proposition 26, we have

lim
n→∞

n−d
ˆ
Vn(ρ)

|vn(y)− u(y)| dy = lim
n→∞

ˆ
V1(ρ)

|η(n〈x, e〉)− u(nx)| dx = 0.

Thus, we can apply the fundamental estimate [71, Appendix A]. In particular, there are

cut-off functions (ψn)n∈N ⊆ C∞c (Rd; [0, 1]) such that

ψn = 1 in Qe(0, n), ψn = 0 in Rd \Qe(0, ρ−1/2n).

and, as n→∞, we have

n1−dF(ψnvn+(1−ψn)u; Qe(0, ρ−1n)) ≤ n1−dF(vn; Qe(0, ρ−1/2n))+n1−dF(u;Vn(ρ))+o(1).

(3.4)

At the same time, since ψnvn + (1− ψn)u ∈ u+H1
0 (Qe(0, ρ−1n)), we have

F(u; Qe(0, ρ−1n)) ≤ F(ψnvn + (1− ψn)u; Qe(0, ρ−1n)).

By Proposition 26 and the boundedness of Du, we have

F(u;Vn(ρ)) ≤ e−cnHd−1(Qe(0, n)) + CHd−1(Qe(0, ρ−1n) \Qe(0, n)) (3.5)

Furthermore, by construction, we can estimate

F(vn; Qe(0, ρ−1/2n)) ≤ Σ0
η(e,Qe(0, n)) + F(qe;Vn(ρ−1/2)). (3.6)
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Hence, as in the proof of Proposition 25,

lim sup
n→∞

n1−dF(vn; Qe(0, ρ−1/2n)) ≤ lim
n→∞

n1−dΣ0
η(e,Qe(0, n)).

Sending n→∞ in (3.4), we thus find

lim sup
n→∞

n1−dF(u; Qe(0, ρ−1n)) ≤ lim
n→∞

n1−dΣ0
η(e,Qe(0, n)).

Since ρ ∈ (0, 1) was arbitrary, upon sending ρ→ 1−, we obtain (3.3).

3.1.3 Minimizers of Te

We proceed to show that minimizers of Te exist. In the rational case, this follows readily

from what we learned about plane-like minimizers.

Proposition 27. For each e ∈ Sd−1 ∩ RZd, we have

E (e) = min
{
Hd−1(Qe)

−1F(v;Qe ⊕e R) | v : Td−1
e ⊕e R→ [−1, 1],

lim
〈x,e〉→±∞

v(x) = ±1

}
.

Furthermore, E (e) = σ̄(e) and M(e) is non-empty.

Proof. Choose a ke ∈ Zd such that 〈ke, e〉 = re. Suppose that v : Td−1
e ⊕e R → [−1, 1]

satisfies lim〈x,e〉→±∞ v(x) = ±1 in L1
loc(Rd). Define functions (vζ)ζ∈R in Td−1

e ⊕e R by

vζ(x) = v(x+ `k0) with ` =

⌈
ζ

re

⌉
.

Lift these functions to R× Td via the map V : R× Td → [−1, 1] defined by

V (s, x) = v〈x,e〉−s(x).
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An exercise shows that V ∈X . Furthermore, we can compute

E (e) ≤ Te(V ) = r−1
e

ˆ re

0
Hd−1(Qe)

−1F(vζ ;Qe ⊕e R) dζ = Hd−1(Qe)
−1F(v;Qe ⊕e R).

(3.7)

This proves that

E (e) ≤ min
{
Hd−1(Qe)

−1F(v;Qe ⊕e R) | v : Td−1
e ⊕e R→ [−1, 1],

lim
〈x,e〉→±∞

v(x) = ±1

}
.

To deduce that equality actually holds, let v = u be a strongly Birkhoff plane-like mini-

mizer and define U = V . Notice that ∂sU ≥ 0 in the distributional sense since u is a strongly

Birkhoff plane-like minimizer. By Theorem 21,

Hd−1(Qe)
−1F(u;Qe ⊕e R) = σ̄(e).

Thus, by Proposition 25, σ̄(e) ≤ E (e) ≤ Te(U) = σ̄(e) so equality holds in (3.7). Moreover,

we have shown that E (e) = σ̄(e) and U ∈M(e).

Remark 2. In the proof of Proposition 27, we showed that the minimum of F(·;Qe ⊕e R)

among functions in Td−1
e ⊕eR heteroclinic between 1 and −1 is achieved by a strongly Birkhoff

plane-like minimizer. In fact, any function attaining this minimum is necessarily a strongly

Birkhoff plane-like minimizer. For a detailed proof, see [81].

Next, we treat irrational directions.

Proposition 28. If e ∈ Sd−1 \ RZd, then E (e) = σ̄(e) and M(e) is non-empty.

Proof. Let u be a strongly Birkhoff plane-like minimizer of F in the e direction. For each

k ∈ Zd, define u〈k,e〉 by

u〈k,e〉(x) = u(x− k).
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Since u is a strongly Birkhoff plane-like minimizer,

u〈k,e〉 ≥ u〈k′,e〉 if 〈k, e〉 ≤ 〈k′, e〉.

Thus, since e is irrational, for any ζ ∈ R, we can define u+
ζ and u−ζ by

u+
ζ (x) = inf

{
u〈k,e〉(x) | ζ > 〈k, e〉

}
, u−ζ (x) = sup

{
u〈k,e〉(x) | ζ < 〈k, e〉

}
.

Notice that (u+
ζ )ζ∈R and (u−ζ )ζ∈R both consist of strongly Birkhoff plane-like minimizers of

F in the e direction. Furthermore, for each k ∈ Zd,

u±
ζ+〈k,e〉(x) = u±ζ (x− k). (3.8)

Define U+, U− : R× Rd → [−1, 1] by

U±(s, y) = u±〈y,e〉−s(y).

From (3.8), we deduce that U±(s, y + k) = U±(s, y) for each k ∈ Zd. Thus, U+ and U−

can be seen as functions in R×Td. Since (u−ζ )ζ∈R and (u+
ζ )ζ∈R are two families of strongly

Birkhoff plane-like minimizers, a direct application of Theorems 19 and 21 gives

Te(U
+) = Te(U

−) = σ̄(e).

Note, furthermore, that U±(· + s) → ±1 as s → ±∞. Therefore, {U+, U−} ⊆ X , and we

conclude that E (e) = σ̄(e) and {U+, U−} ⊆ M(e).

Above we showed that plane-like minimizers of F in Rd induce minimizers of Te in R×Td.

It is possible to proceed in the opposite direction, constructing plane-like minimizers in Rd

from minimizers in Te.
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Theorem 22. If Ue ∈ M(e), then there are functions U+
e , U

−
e ∈ M(e) with the following

properties:

(i) U+
e = U−e = Ue a.e. in R× Td.

(ii) If {u+
ζ }ζ∈R (resp. {u−ζ }ζ∈R) denotes the family of functions generated by U+

e (resp.

U−e ), then the map ζ 7→ u+
ζ (resp. ζ 7→ u−ζ ) is right-continuous (resp. left-continuous)

with respect to the topology of local uniform convergence.

(iii) For each ζ ∈ R, the following limits holds

u+
ζ = lim

µ→ζ+
u+
µ = lim

µ→ζ+
u−µ , u−ζ = lim

µ→ζ−
u+
µ = lim

µ→ζ−
u−µ

locally uniformly in Rd.

(iv) The set D = {ζ ∈ R | u+
ζ 6= u−ζ } is countable.

(v) For each ζ ∈ R and • ∈ {+,−}, limr→±∞ u•ζ(re+x⊥) = ±1 uniformly with respect to

x⊥ ∈ 〈e〉⊥.

(vi) If D is empty, then U+
e = U−e ∈ UC(R×Td) and ζ 7→ uζ is continuous in the topology

of uniform convergence.

For the proof, see [73, Proposition 21].

Remark 3. When a ≡ Id and W (y, u) ≡ W (u), there is a function q : R→ (−1, 1) solving

the ODE

−q′′ +W ′(q) = 0 in R, lim
s→±∞

q(s) = ±1, q(0) = 0.
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It is well-known that q is a minimizer of the variational problem

ˆ ∞
−∞

(
1

2
q′(s)2 +W (q(s))

)
ds = inf

{ˆ ∞
−∞

(
1

2
η′(s)2 +W (η(s))

)
ds | lim

s→±∞
η(s) = ±1,

− 1 ≤ η ≤ 1

}
.

Combining this with a slicing argument, we deduce that the function qe : Rd → (−1, 1)

defined by qe(x) = q(〈x, e〉) is a Class A minimizer of F . In fact, it is a strongly Birkhoff

plane-like minimizer. It follows that if we define Ue(s, y) = q(s) for any e ∈ Sd−1, then

Ue ∈M(e).

3.1.4 Uniqueness and Non-Uniqueness

Since Te is not coercive, minimizers are not unique (modulo translations) in general. Actu-

ally, the arithmetic properties of e are the deciding factor here. Roughly speaking, minimizers

of Te are unique modulo translations precisely when e is irrational.

Theorem 23. If U, Ũ ∈M(e) and e ∈ Sd−1 \ RZd, then there is a s̃ ∈ R× Td such that

Ũ(s, y) = U(s+ s̃, y) for a.e. (s, y) ∈ R× Td.

Proof. By Theorem 22, there is no loss of generality if we assume that U and Ũ are such

that the associated functions {uζ}ζ∈R and {ũζ}ζ∈R are right-continuous with respect to ζ.

Furthermore, [73, Proposition 13] implies that we can find an s̃ ∈ R such that

ˆ
Td
U(s̃, y) dy =

ˆ
Td
Ũ(0, y) dy.

We claim that U(s+ s̃, y) = Ũ(s, y) a.e. in R×Td. Since U(·+ s̃, ·) ∈M(e), there is no loss

of generality in assuming that s̃ = 0. After making this translation, it remains to prove that
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U = Ũ a.e.

Define U = U ∨ Ũ and U = U ∧ Ũ . By [73, Lemma 2], U,U ∈M(e). Hence if we define

(ūζ)ζ∈R and (uζ)ζ∈R by ūζ(x) = U(〈x, e〉 − ζ, x) and uζ(x) = U(〈x, e〉 − ζ, x), then every

element of the families {ūζ}ζ∈R and {uζ}ζ∈R is a critical point of F . Since uζ ≤ ūζ , the

strong maximum principle implies that either uζ = ūζ or uζ < ūζ in Rd (cf. [39, Corollary

A.3]). To conclude, we will assume that there is a ζ ′ ∈ R so that uζ ′ = uζ ′ < ūζ ′ = ũζ ′ and

show that this leads to a contradiction. (If instead ũζ ′ = uζ ′ < ūζ ′ = uζ ′ , switch the roles of

U and Ũ .)

From the identity uζ < ũζ , we know that

uζ ′+〈k,e〉 = uζ ′(· − k) < ũζ ′(· − k) = ũζ ′+〈k,e〉 for each k ∈ Zd.

Thus, since {〈k, e〉 | k ∈ Zd} is dense by Theorem 11 and both ζ 7→ uζ and ζ 7→ ũζ are

right-continuous, we deduce that uζ ≤ ũζ for each ζ ∈ R. Of course, by the strong maximum

principle, for any given ζ ∈ R, we must have either uζ < ũζ or uζ = ũζ . But we know the

inequality is strict when ζ = ζ ′ so it must always be strict. (Otherwise, if uζ ′′ = ũζ ′′ for some

ζ ′′ ∈ R, we use the density of {ζ ′′ + 〈k, e〉 | k ∈ Zd} to obtain the contradiction uζ ′ = ũζ ′ .)

Integrating over {0} × Td, we obtain

0 <

ˆ
Td

(
ũ〈y,e〉(y)− u〈y,e〉(y)

)
dy

=

ˆ
Td

(Ũ(0, y)− U(0, y)) dy = 0.

This contradiction shows uζ = ũζ for all ζ ∈ R, hence U = Ũ .

When e ∈ R× Zd, then minimizers are no longer translates of each other. A quick way

to see this is to consider the spatially homogeneous case when a ≡ Id and W (y, u) ≡ W (u).

Fix an e ∈ Sd−1 ∩ RZd. Recall from Remark 3 that there is a Ue ∈ M(e) of the form
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Ue(s, y) = q(s). The corresponding plane-like minimizers {uζ}ζ∈R are given by

uζ(x) = q(〈x, e〉 − ζ).

At the same time, let h : R→ R be any strictly increasing function such that

h(ζ + re) = h(ζ) + re for each ζ ∈ R. (3.9)

Define {uhζ }ζ∈R by

uhζ (x) = uh(ζ)(x).

Notice that {uhζ }ζ∈R is simply a reparametrization of {uζ}ζ∈R. Finally, define Uh : R×Rd →

[−1, 1] by

Uh(s, y) = u〈y,e〉−s(y).

It is an exercise to show that Uh descends to a function in R × Td. A straightforward

computation then shows that Uh ∈M(e).

By construction and an explicit computation, Uh is not equal to a translate of U unless

h is of the form h(ζ) = ζ + a for some a ∈ R.

The previous discussion can be generalized.

Proposition 29. Suppose e ∈ Sd−1 ∩ RZd and let re > 0 be the constant given by (2.7).

Fix U ∈ M(e) for which the corresponding functions {uζ}ζ∈R are right-continuous with

respect to ζ as in Theorem 22. If U generates more than one function, that is, if there is a

ζ1 ∈ (0, re) such that u0 6= uζ1 6= ure, then there is a Ũ ∈M(e) that is not a translate of U .

See [73, Proposition 25] for the proof.
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3.1.5 Non-Smoothness

In general, minimizers of Te need not be smooth. The reason for this is that if U ∈ M(e)

is smooth, then the corresponding plane-like minimizers {uζ}ζ∈R form a smooth, one-

parameter family of minimizers of F . To put it another way, the smoothness of U implies

that F has a family of minimizers whose graphs foliate Rd × (−1, 1). In Aubry-Mather

theory, the existence and/or non-existence of such foliations is known to be a non-trivial

issue.

Aubry-Mather theory therefore suggests that minimizing weak solutions of the pulsating

standing wave equation (3.1) will not be smooth in general. We refer to [73] and [51]

for examples. Nonetheless, that still leaves the question whether or not there are smooth

pulsating standing waves that are not minimizing.

The next theorem rules this out. If U is a smooth solution of the pulsating standing wave

equation (1.4), then it is necessarily minimizing. (In fact, continuity is enough.)

Theorem 24. If e ∈ Sd−1 and U ∈ C(R × Td; [−1, 1]) is a weak solution of the pulsating

standing wave equation (1.4), then U ∈M(e) and the critical points {uζ}ζ∈R of F generated

by U are strongly Birkhoff plane-like minimizers. In particular, this applies to the pulsating

standing waves of [16, Equation 6.8].

We must emphasize that, in the theorem, monotonicity of U in the s variable is part of

the hypothesis.

Proof. Assume that U ∈ C(R×Td; [−1, 1]) satisfies D∗e(a(y)DeU) +Wu(y, U) = 0, ∂sU ≥ 0

in the distributional sense in R× Td, and

lim
s→±∞

U(·+ s, ·) = ±1 in L1
loc(R× Td).

Let {uζ}ζ∈R be the functions generated by U . Arguing as in the proof of [73, Proposition 20],

we find that for a.e. ζ ∈ R, the function uζ is a distributional solution of −div(a(x)Duζ) +
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Wu(x, uζ) = 0 in Rd. Since (x, ζ) 7→ uζ(x) is bounded and continuous, every member of the

family is necessarily a distributional solution, and the smoothness of the coefficients implies

that {uζ}ζ∈R ⊆ C2,α(Rd).

Fix ζ ∈ R. We claim that uζ is a Class A minimizer of F . To see this, fix R > 0 and

pick w ∈ H1(B(0, R); [−1, 1]) such that

F(w;B(0, R)) = inf
{
F(uζ + f ;B(0, R)) | f ∈ C∞c (B(0, R); [−1, 1])

}
,

w = uζ on ∂B(0, R).

By elliptic regularity, w extends to a continuous function in B(0, R) (cf. [56, Theorem 8.34]),

and the strong maximum principle (cf. [39, Corollary A.3]) implies

−1 < min
{
w(x) | x ∈ B(0, R)

}
≤ max

{
w(x) | x ∈ B(0, R)

}
< 1.

Henceforth, let ζ1, ζ2 ∈ [−∞,∞] be defined by

ζ1 = sup
{
ζ ′ ∈ R | uζ ′ > w in B(0, R)

}
, ζ2 = inf

{
ζ ′ ∈ R | uζ ′ < w in B(0, R)

}
.

Since uζ → ±1 locally uniformly as ζ → ±∞, it follows that −∞ < ζ1 ≤ ζ2 <∞.

From the inequality uζ1 ≥ uζ on ∂B(0, R) and the ordering of {uζ}ζ∈R, we know that

ζ1 ≤ ζ. Similarly, ζ ≤ ζ2. In particular, this implies uζ2 ≤ uζ ≤ uζ1 in Rd.

We claim that uζ1 = uζ = uζ2 in Rd. To see this, observe that the map (x, ζ) 7→ uζ(x) is

continuous, and, thus, there is an x1 ∈ B(0, R) such that uζ1(x1) = w(x1). Since uζ1 ≥ w,

the strong maximum principle implies that we can assume without loss of generality that

x1 ∈ ∂B(0, R) (see, e.g., [39, Corollary A.3]). Thus, uζ1(x1) = uζ(x1). Since uζ and uζ1 are

solutions and uζ1 ≥ uζ in the whole space, we conclude that uζ = uζ1 . A similar argument

shows uζ2 = uζ . Since uζ2 ≤ w ≤ uζ1 in B(0, R) by construction, this implies uζ = w.

107



We showed that if ζ ∈ R and R > 0, then

F(uζ ;B(0, R)) = inf
{
F(uζ + f ;B(0, R)) | f ∈ C∞c (B(0, R); [−1, 1])

}
.

Therefore, {uζ}ζ∈R is a family of Class A minimizers of F .

Finally, we prove that U ∈ M(e). To start with, recall that ∂sU ≥ 0, hence, for each

ζ ∈ R and k ∈ Zd, we have

uζ(·+ k) = uζ−〈k,e〉 ≥ uζ if 〈k, e〉 ≥ 0, uζ(·+ k) = uζ−〈k,e〉 ≤ uζ if 〈k, e〉 ≤ 0.

Since, by what was already proved, {uζ}ζ∈R consists of Class A minimizers, this proves they

are strongly Birkhoff plane-like minimizers. Therefore, by Theorem 21,

lim
R→∞

R1−dF(uζ ;B(0, R)) = E (e) for each ζ ∈ R.

Thus, by Theorem 19, Te(U) = E (e) and we conclude that U ∈M(e).

3.2 The Mobility

In this section, we define the mobility M̄ . Following [16], we would like to define it by

M̄(e) = ‖∂sUe‖2L2(R×Td)
for some Ue ∈ M(e) with ∂sUe ∈ L2(R × Td). When no such

minimizer exists, we set M̄(e) =∞. However, this is not well-defined if e ∈ Sd−1 ∩ RZd.

The difficulty becomes apparent when we recall the construction in Section 3.1.4. Recall

the definition of the period re in (2.7). Suppose that U ∈ M(e) and ‖∂sU‖2L2(R×Td)
< ∞.

If we fix an increasing h ∈ H1
loc(R) such that h(ζ + re) = h(ζ) + re and define Uh ∈ M(e)

as in Section 3.1.4, then

‖∂sU (h)‖L2(R×Td) = m−1
e

ˆ me

0

{
Hd−1(Qe)

−1
ˆ
Qe⊕eR

∂ζuζ(x)2 dx

}
h′(ζ)2 dζ.
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Since the only restriction on the choice of h is that m−1
e

´me
0 h′(ζ) dζ = 0, this quantity

appears to depend on this choice in general.

Nonetheless, the following definition turns out to be useful. To start with, given e ∈ Sd−1,

define M̄(e) by

M̄(e) = inf
{
‖∂sU‖2L2(R×Td)

| U ∈M(e)
}
. (3.10)

Let us emphasize that, in this definition, the infimum is only necessary when e ∈ RZd since

otherwise the minimizer is unique up to translation.

3.2.1 Derivative of the Surface Tension

It turns out that if M̄(e) < ∞ in some direction e ∈ Sd−1, then σ̄ is differentiable in that

direction.

Theorem 25. Given any e ∈ Sd−1, if M̄(e) <∞, then σ̄ is differentiable at e. Furthermore,

if Ue ∈M(e) is such that ‖∂sUe‖L2(R×Td) <∞, then

Dσ̄(e) =

ˆ
R×Td

a(y)DeU · ∂sUe dy ds. (3.11)

Proof. We know that σ̄ is a convex function. Therefore, it suffices to prove a one-sided

Taylor estimate of the form

σ̄(v) ≤ σ̄(e) + 〈p, v − e〉+ o(‖v − e‖)

for some p ∈ Rd. If such an estimate can be obtained, then necessarily σ̄ is differentiable at

e and Dσ̄(e) = p.

Recall the definition of Tv for arbitrary v ∈ Rd \ {0} from [73, Remark 2]. Given any
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v ∈ Rd \ {0}, testing with Ue gives

σ̄(v) ≤ Tv(Ue) = Te(Ue) +

ˆ
R×Td

〈a(y)DeUe, v − e〉∂sUe dy ds

+

ˆ
R×Td

1

2
〈a(y)(v − e), v − e〉|∂sUe|2 dy ds.

Thus, since Te(Ue) = σ̄(e), we find

σ̄(v) ≤ σ̄(e) + 〈p(e), v − e〉+ Λ‖∂sU‖2L2(R×Td)
‖v − e‖2

with p(e) given by the right-hand side of (3.11).

3.3 Counter-examples to Equipartition of Energy

In this section, we use analysis in R×Td to address a question raised by Choksi, Fonseca, Lin,

and Raghavendran [33] concerning equipartition of energy. More precisely, recall that, in the

spatially homogeneous setting, the strongly Birkhoff plane-like minimizers in the direction e

are of the form uζ(x) = q(〈x, e〉 − ζ), where q is the solution of the ODE

−q′′ +W ′(q) = 0 in R, lim
s→±∞

q(s) = ±∞, q(0) = 0.

This is a Hamiltonian ODE, hence the function s 7→ 1
2q
′(s)2−W (s) is constant. As |s| → ∞,

it vanishes. Therefore, so-called equipartition of energy holds: if uζ is a strongly Birkhoff

plane-like minimizer, then

1

2
‖Duζ‖2 = W (uζ) in Rd.

In plain English, the two terms in F contribute equally to the energy.

A natural question is whether or not equipartition of energy holds in the periodic setting.

In [33], the authors proposed a method for approximating the surface tension based on energy
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equipartition in the special case where a and W satisfy

a ≡ Id, W (y, u) = θ(y)W (u),

where θ : Td → (0,∞) is smooth. Their method involves computing the average energy of

the function ue given by

ue(x) = q(he(x)),

where he is the signed distance to the hyperplane {x ∈ Rd | 〈x, e〉 = 0} with respect to the

Riemannian metric induced by
√
θ. More precisely, he is the unique viscosity solution of the

Eikonal-type equation


‖Dhe‖ −

√
θ(y) = 0 in {x ∈ Rd | 〈x, e〉 > 0},

he = 0 on {x ∈ Rd | 〈x, e〉 = 0},√
θ(y)− ‖Dhe‖ = 0 in {x ∈ Rd | 〈x, e〉 < 0}.

Notice that with this choice of he, ue has the equipartition property, namely,

1

2
‖Due‖2 = θ(y)W (ue) in Rd.

Following [33], let us denote by λ(e) the average energy of ue, that is,

λ(e) = lim
R→∞

R1−d
ˆ
Qe(0,R)

(
1

2
‖Due(y)‖2 + θ(y)W (ue(y))

)
dy. (3.12)

λ(e) is proposed as an approximation of σ̄(e) in [33], and the question is raised whether or

not λ(e) = σ̄(e) for some choices of e and θ. The next result shows that λ(e) is well-defined

and λ(e) > σ̄(e) always holds for non-constant θ.

Theorem 26. For each e ∈ Sd−1, the limit in the definition of λ(e) exists. Furthermore,

λ(e) > σ̄(e) holds if θ is non-constant.
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The theorem will be proved in two parts corresponding to rational and irrational direc-

tions.

In the proof, it will be useful to know that he grows linearly at large scales. Toward that

end, the next result is enough for our purposes.

Proposition 30. Let θ = min{θ(y) | y ∈ Td} and θ = max{θ(y) | y ∈ Td}. For each

y ∈ Td, we have

θ|〈y, e〉| ≤ |he(y)| ≤ θ̄|〈y, e〉|.

The proposition follows directly from the comparison principle, hence the proof is omitted.

3.3.1 Rational Case

The proof of Theorem 26 is easier in the rational case (that is, when e ∈ RZd) due, in effect,

to compactness. Notice, for instance, that he descends to a function in Td−1
e ⊕e R by the

comparison principle and the periodicity of θ. From this, it follows immediately that

lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

(
1

2
‖D(q ◦ he)(y)‖2 + θ(y)W ((q ◦ he)(y))

)
dy

= Hd−1(Qe)
−1

ˆ
Qe⊕eR

(
1

2
‖D(q ◦ he)(y)‖2 + θ(y)W ((q ◦ he)(y))

)
dy.

Notice that this allows us to bound λ(e) using Proposition 27.

The proof that follows was pointed out to me by W.M. Feldman.

Proof of Theorem 26, rational case. The discussion just preceding this proof shows that the

limit (3.12) is well-defined. It only remains to prove that if θ is non-constant, then λ(e) >

σ̄(e). Let us argue by contrapositive.

Assume that λ(e) = σ̄(e). We claim that this implies θ is a constant. To prove this, we

will show that −∆he = 0 in Rd. Lemma 16 in the appendix then implies that θ must be

constant.
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Recall that ue is the plane-like function defined by ue(x) = q(he(x)). From the discussion

preceding this proof, we know that ue descends to a function in Td−1
e ⊕e R and

Hd−1(Qe)
−1F(ue;Qe ⊕e R) = λ(e) = σ̄(e).

Furthermore, Proposition 27 and the limit lims→±∞ q(s) = ±1 together imply that

lim
s→±∞

ue(·+ se) = ±1 locally uniformly in Rd.

Thus, by Proposition 27, ue is a minimizer of F(·;Qe ⊕e R) among periodic functions hete-

roclinic between −1 and 1, and it satisfies the Euler-Lagrange PDE

−∆ue + θ(y)W ′(ue) = 0 in Rd.

Since ue = q ◦ he and ‖Dhe‖2 = θ a.e., the equation above can be rewritten as

0 = −q′′(he)θ(y)− q′(he)∆he + θ(y)W ′(q(he)) a.e. in Rd.

Recall from the start of this section that 1
2q
′(s)2 = W (q(s)), hence

0 = −q′(he)∆he a.e. in Rd.

It is a fact that q′ is positive everywhere (see, e.g., [72, Appendix C.1]). Thus, −∆he = 0 in

Rd, as claimed.
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3.3.2 Irrational Case

In the proof of the theorem below, to lighten the notation, we will write

Σ
ζ
e =

{
y ∈ Rd | 〈y, e〉 = ζ

}
for e ∈ Sd−1, ζ ∈ R.

In addition to he, it will be convenient to consider the full family of functions (h
ζ
e)ζ∈R defined

so that h
ζ
e is the signed distance to Σ

ζ
e with respect to the Riemannian distance induced by

√
θ. In other words, for each ζ ∈ R, h

ζ
e is the solution of the Eikonal equation:


‖Dhζe‖ −

√
θ(y) = 0 in {y ∈ Rd | 〈y, e〉 > 0},

h
ζ
e = 0 on Σ

ζ
e,√

θ(y)− ‖Dhζe‖ = 0 in {y ∈ Rd | 〈y, e〉 < 0}.

The reason we consider (h
ζ
e)ζ∈R is these functions naturally lift to R× Td, which makes

analyzing the limit in the definition (3.12) of λ(e) easier. The existence of this lift is implied

by the next result.

Proposition 31. (i) If k ∈ Zd, then h
ζ−〈k,e〉
e (x) = h

ζ
e(x+ k) for each x ∈ Rd.

(ii) ζ 7→ h
ζ
e is uniformly continuous in the following sense:

lim
δ→0+

sup
{
|hζe(x)− hζ

′
e (x)| | x ∈ Rd, |ζ − ζ ′| < δ

}
= 0.

(iii) For each ζ ∈ R and y ∈ Rd,

θ|〈y, e〉 − ζ| ≤ |hζe(y)| ≤ θ|〈y, e〉 − ζ|.

The proposition follows readily from the comparison principle and the periodicity of θ,

therefore, the proof is omitted.

In order to regain some compactness and periodicity, it is convenient to lift the functions
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(h
ζ
e)ζ∈R to the cylinder R× Td.

Proposition 32. There is a He ∈ UC(R× Td) such that

h
ζ
e(x) = He(〈x, e〉 − ζ, x) if x ∈ Rd, ζ ∈ R. (3.13)

Proof. Define He : R× Rd → R by

He(s, y) = h
〈y,e〉−s
e (y).

Since (ζ, y) 7→ (〈y, e〉 − ζ, y) is an involution, (3.13) holds.

Note that Proposition 31, (i) implies that He is periodic in its second argument.

Finally, by Proposition 31, (ii) and (iii), He is uniformly continuous.

We are ultimately interested in q ◦ hζe rather than h
ζ
e. Accordingly, it will be useful to

define Qe ∈ UC(R× Td) by

Qe(s, y) = q(He(s, y)).

Hence the following identity holds:

q(h
ζ
e(x)) = Qe(〈x, e〉 − ζ, x).

The next result links the action of De in R× Td to differentiation in Rd:

Proposition 33. For a.e. (s, y) ∈ R× Rd, we have

(DeHe)(s, y) = Dh
〈y,e〉−s
e (y),

(DeQe)(s, y) = q′(h〈y,e〉−se (y))Dh
〈y,e〉−s
e (y).

Proof. We know that Dh
ζ
e(x) exists for almost every (ζ, x) ∈ R × Rd. Accordingly, if E is
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the set of such points, then the set F given by

F = {(s, y) ∈ R× Rd | (〈y, e〉 − s, y) ∈ E},

has full measure in R×Rd. (The transformation (s, y) 7→ (〈y, e〉−s, y) is measure-preserving.)

Note that if (s, y) ∈ F , then

He(s+ h · ν, y + h) = h
〈y,e〉−s
e (y + h) = h

〈y,e〉−s
e (y) +Dh

〈y,e〉−s
e (y) · h+ o(h) as ‖h‖ → 0.

This proves that DeHe(s, y) exists and is given by the indicated formula.

The formula for DeQe follows from the chain rule.

We now apply Theorem 19 to Qe to deduce the well-definedness of λ.

Proposition 34. For each e ∈ Sd−1 \ RZd, the number λ(e) is well-defined in (3.12). In

fact, for each ζ ∈ R,

λ(e) =

ˆ
R×Td

(
1

2
‖DeQe‖2 + θ(y)W (Qe)

)
dy ds

= lim
R→∞

R1−d
ˆ
Qe(0,R)⊕eR

(
1

2
‖D(q ◦ hζe)‖2 + θ(y)W ((q ◦ hζe))

)
dx. (3.14)

Proof. The strategy is to define λ(e) by

λ(e) =

ˆ
R×Td

(
1

2
‖DeQe‖2 + θ(y)W (Qe)

)
dy ds (3.15)

and then to show that this agrees with (3.12) by invoking Theorem 19.

Integrability: We start by showing that 1
2‖DeQe‖

2 + θ(y)W (Qe) is integrable. To start

with, recall that 1
2q
′(s)2 = W (q(s)) for each s ∈ R. Thus, by Proposition 33,

1

2
‖DeQe‖2 + θ(y)W (Qe) = θ(y)q′(He)2 a.e. in R× Rd.
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We know that 0 < q′(s) ≤ e−c|s| for some c > 0 (see, e.g., [72, Appendix C.1]). Furthermore,

if θ = min{θ(y) | y ∈ Td} and θ = max{θ(y) | y ∈ Td}, then the comparison principle

implies that

θ|〈x, e〉 − ζ〉| ≤ h
ζ
e(x) ≤ θ|〈x, e〉 − ζ|.

From this, we deduce that

ˆ
R×Td

(
1

2
‖DeQe‖2 + θ(y)W (Qe)

)
dy ds ≤ θ

ˆ
R×Td

e−2c|s| dy ds <∞.

Hypotheses of Theorem 19, (iii): We check that the function V given by

V (s, y) =
1

2
‖(DeQe)(s, y)‖2 + θ(y)W (Qe(s, y)) = θ(y)q′(He(s, y))2.

satisfies the assumptions of Theorem 19, (iii).

The previous part of the proof showed that V ∈ L1(R × Td). Since q′ and He are both

uniformly continuous, V ∈ UC(R× Td). Furthermore, if G : Td → R is given by

G(y) =

ˆ ∞
−∞

V (s, se+ y) ds,

then

0 ≤ V (s, se+ y) = θ(y)q′(He(s, se+ y))2 ≤ θe−2c|s|

so the dominated convergence theorem implies that G is continuous.

Conclusion: We showed that V satisfies all the hypotheses of Theorem 19, (iii). Accord-

ingly, for each ζ ∈ R, the limit in (3.14) exists and equals (3.15).

Proof of Theorem 26, irrational case. Suppose that e ∈ Sd−1 \ RZd. The previous propo-

sition shows that λ(e) is well-defined. It remains to show that λ(e) > σ̄(e) unless θ is

constant.
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Let us argue by contrapositive, that is, we will assume that λ(e) = σ̄(e) and prove that

θ must be constant.

Assume that λ(e) = σ̄(e). It follows from Proposition 34 that Qe minimizes Te (i.e,

Qe ∈M(e)). Therefore, Qe is a weak solution of the pulsating standing wave equation

D∗eDeQe + θ(y)W ′(Qe) = 0 in R× Rd.

(See the proof of [73, Proposition 20].) Recalling that Qe = q ◦He and ‖DeHe‖2 = θ a.e.,

this implies that, in the distributional sense,

q′(He)D∗eDeHe − q′′(He)θ(y) + θ(y)W ′(q(He)) = 0 in R× Rd.

At the same time, we know that q satisfies −q′′ +W ′(q) = 0 in R, so cancellation yields

−q′(He)D∗eDeHe = 0 in R× Rd.

Thus, arguing as in [73, Proposition 20], we deduce that, for a.e. ζ ∈ R,

−q′(hζe)∆hζe = 0 in Rd.

We know that q′ is positive everywhere so this implies −∆h
ζ
e = 0 in Rd for all ζ ∈ R. Finally,

we invoke Lemma 16 in the appendix to conclude that θ is a constant function.

3.4 Notes

In the proof of the existence of pulsating standing waves, we used the fact that strongly

Birkhoff plane-like minimizers exist in every direction. This question was considered by a

number of different authors from a variety of viewpoints. This includes contributions of
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Alessio, Jeanjean, and Montecchiari [2], Rabinowitz and Stredulinsky [81], and Valdinoci

[90]. Later, it was understood that existence also follows from the fundamental work of

Bangert [9]. The fact that Allen-Cahn-type functionals fit into the framework of Bangert’s

work is explained in both the book of Rabinowitz and Stredulinsky [82] and the paper by

Junginger-Gestrich and Valdinoci [60].

For a proof of the existence of pulsating standing waves that does not rely on the existence

of plane-like minimizers of F , see [73]. The proof given there also does not require any

regularity on a or W .

The functional Te is closely related to the so-called Percival Lagrangian in the Aubry-

Mather and Moser-Bangert theories; see, for instance, Moser [74], Bessi [20], and de la Llave

and Su [88].

In Section 3.2.1, we computed the derivative of the surface tension in directions in which

there is a sufficiently regular pulsating standing wave. It is expected that the subdifferential

of the surface tension can be completely characterized in terms of the structure of plane-

like minimizers. Results of this type are known in the Aubry-Mather and Moser-Bangert

theories, notably the works of Senn [85, 84] in the latter context.
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CHAPTER 4

SHARP-INTERFACE LIMIT IN LAMINAR MEDIA

In this chapter, we prove Theorem 2, a sharp-interface limit for graphical interfaces in laminar

media. More precisely, we are interested in the ε→ 0 asymptotics of the gradient flow

 m(ε−1x, εDuε)uεt − div(a(ε−1x)Duε) + ε−2Wu(ε−1x, uε) = 0 in Rd × (0,∞),

uε = u0 on Rd × {0}.
(4.1)

in the special case when m, a, and W are laminar, which, for concreteness, we take to mean

myd ≡ 0, ayd ≡ 0, Wyd ≡ 0. (4.2)

In plain English, m, a, and W are independent of the dth spatial coordinate yd.

There are two major pay-offs here. First, the theorem gives examples where (4.1) ho-

mogenizes with a non-trivial effective interface motion emerging in the limit. Second, we

show below that an Einstein relation describes the effective velocity. In particular, the

homogenized velocity is determined by the formula

V∂Et = M̄(m,n∂Et)
−1tr

(
D2σ̄(n∂Et)A∂Et

)
,

where σ̄ is the surface tension, as defined in the last two chapters. Thus, Theorem 2 shows

that, at least in this setting, “gradient flow and homogenization commute.”

4.1 Formal Asymptotics

We will not give the full proof of Theorem 2 here; see [73] for all the details. However, in

this section, we will describe the formal asymptotics that motivate the proof. Later sections

of this chapter are devoted to the analysis of pulsating standing waves and correctors, which
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is needed to make the formal analysis rigorous. The final section explains why it is possible

to tie together these ingredients into a proof in the special case when the interface is a graph

crossing the laminations.

The formal analysis described below was originally devised, in the spatially homogeneous

setting, by Rubinstein, Keller, and Sternberg [83]; the specific approach used here for the

periodic setting was introduced by Barles and Souganidis [16].

4.1.1 Preliminaries

Recall that we expect that there are open sets {Et}t≥0 such that

{uε(·, t) ≈ 1} → Et and {uε(·, t) ≈ −1} → Rd \ Et as ε→ 0+.

The question is the identification of {Et}t≥0. Let us hypothesize that it is governed by a

geometric flow of the following form:

M̄(m,n∂Et)V∂Et = tr
(
S̄(n∂Et)A∂Et

)
. (4.3)

Here S̄ and M̄ are effective coefficients, which we expect to appear in the sharp-interface

limit due to averaging.

Since we are arguing formally, we will assume the sets {Et}t≥0 have smooth boundaries,

which vary smoothly as functions of t.

To relate the solution uε of (4.1) to the macroscopic interface ∂Et, we will use the signed

distance function d : Rd × (0,∞)→ R to {Et}t≥0, defined by

d(x, t) =

 dist(x, ∂Et), if x ∈ Et,

−dist(x, ∂Et), otherwise.

121



Note that the smoothness of the evolution {Et}t≥0 implies the smoothness of d locally near

points on the interface, and (4.3) holds if and only if d satisfies

M̄(m,Dd)dt − tr
(
S̄(Dd)D2d

)
= 0 on

⋃
t≥0

∂Et × {t}. (4.4)

4.1.2 Asymptotic Expansion

Following [16], let us formally expand the solution uε of (4.1) as follows:

uε(x, t) = UDd(x,t)

(
ε−1d(x, t), ε−1x

)
+ εQ

D2d(x,t)
Dd(x,t)

(
ε−1d(x, t), ε−1x

)
(4.5)

+ εP
dt(x,t)
Dd(x,t)

(ε−1d(x, t), ε−1x) + · · ·

Here {Ue}e∈Sd−1 , {QXe }(e,X)∈Sd−1×Sd , and {P qe }(e,q)∈Sd−1×R are functions to be deter-

mined and d is the signed distance to {Et}t≥0 as above.

We search for {Ue}, {QXe }, and {P qe } among functions that are periodic in the second

variable, reflecting the periodicity of the coefficients m, a, and W . Hence we fix the domain

of these functions to be R× Td.

In what follows, we will assume everything is smooth, including not only the evolving

sets {Et}t≥0, but also the functions {Ue}, {QXe }, and {P qe } and the dependence of these

functions on the parameters (e,X, q).

For the ansatz (4.5) to produce a solution of (4.1), we require that

0 = m(ε−1x, εDuε)uεt − div(a(ε−1x)Duε) + ε−2Wu(ε−1x, uε) = ε−2A1 + ε−1A2 + . . . , (4.6)

where the neglected terms are of lower order in ε.
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4.1.3 Vanishing to order ε−2.

Setting A1 = 0 and substituting y = ε−1x and e = Dd(x, t) leads to the following equations

for {Ue}:

D∗e(a(y)DeUe) +Wu(y, Ue) = 0 in R× Td. (4.7)

At the same time, away from the interface ∂Et, we know that uε ≈ 1 in Et and uε ≈ −1

outside. That suggests the limiting condition

lim
s→±∞

Ue(s, y) = ±1.

Finally, it is convenient to add the monotonicity assumption ∂sUe > 0. Thus, we arrive

precisely at the pulsating standing wave equation (3.1) from Chapter 3.

Next, we set A2 = 0 and proceed similarly. At this stage, derivatives of the map e 7→ Ue

appear. In order to obviate the need for calculus on manifolds, it is convenient to extend

{Ue}e∈Sd−1 to {Uv}v∈Rd\{0} according to the rule (cf. [73, Remark 2])

Uv(s, y) = Ue(‖v‖s, y) for e =
v

‖v‖
.

Next, to simplify the notation, we define the vector-valued functions {Rv}v∈Rd\{0} to be the

derivative of v 7→ Uv, hence

〈Rv(s, y), ξ〉 = lim
h→0

Uv+hξ(s, y)− Uv(s, y)

h
for (s, y) ∈ R× Td, ξ ∈ Rd. (4.8)

4.1.4 Vanishing to order ε−1.

We now proceed to investigate the consequences of the identity A2 = 0. Making the substi-

tutions

y = ε−1x, e = Dd(x, t), X = D2d(x, t), q = dt(x, t),
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we derive the equation

D∗e(a(y)De(QXe + P
q
e )) +Wuu(y, Ue)(Q

X
e + P

q
e ) = G(s, y, e,X, q) in R× Td, (4.9)

where G is given by

G(s, y, e,X, q) = G1(s, y, e,X)−G2(s, y, e, q),

G1(s, y, e,X) = tr (a(y)X) ∂sUe + 2〈a(y)e,X∂sRe(s, y)〉

+ 2tr(a(y)DyRe(s, y)X) + 〈(div a)(y), XRe(s, y)〉,

G2(s, y, e, q) = qm(y,DeUe)∂sUe.

The question now is the solvability of the linear equation (4.9).

Here is where M̄ and S̄ come into the picture. There is a natural solvability condition

associated with equations of the form

D∗e(a(y)DeP ) = F (s, y) in R× Td.

To see this, first, notice that differentiating (4.7) with respect to s shows that the function

Ve := ∂sUe solves the linear PDE

D∗e(a(y)DeVe) +Wuu(y, Ue)Ve = 0 in R× Td.

Hence, multiplying the previous equation by Ve and integrating by parts, we obtain

0 =

ˆ
R×Td

(D∗e(a(y)DeVe) +Wuu(y, Ue)Ve)P dy ds =

ˆ
R×Td

F (s, y)Ve dy ds.
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Due to this solvability condition, we are led to the following equations for QXe and P
q
e :

D∗e(a(y)DeQXe ) +Wuu(y, Ue)Q
X
e = G1(s, y, e,X)−G1(e,X)∂sUe in R× Td, (4.10)

D∗e(a(y)DeP qe ) +Wuu(y, Ue)P
q
e = −

[
G2(s, y, e, q)−G2(e, q)∂sUe

]
in R× Td. (4.11)

These equations are solvable only for the constants G1 and G2 given by:

G1(e,X) = ‖Ve‖−2
L2(R×Td)

ˆ
R×Td

Ve
(
tr(a(y)X)Ve + 2〈a(y)e,X∂sRe〉+ 2tr(a(y)DyReX)

+〈(div a)(y), XRe〉) dy ds,

G2(e, q) = q‖Ve‖−2
L2(R×Td)

ˆ
R×Td

m(y,DeUe)|Ve|2 dy ds.

By linearity in X and q, we can fix a symmetric matrix-valued function S̄ and a positive

function M̄ such that

tr(S̄(e)X) = G1(e,X)‖Ve‖2L2(R×Td)
, M̄(m, e)q = G2(e, q)‖Ve‖2L2(R×Td)

.

Finally, in order for the sum PXe +P
q
e to solve (4.9), we require that G1(e,X)−G2(e, q) =

0, which, rewritten in terms of d, yields the equation

M̄(m,Dd(x, t))dt(x, t)− tr(S̄(Dd(x, t))D2d(x, t)) = 0,

which is precisely the PDE we sought to derive.

4.2 Smooth Pulsating Waves in Laminar Media

In the remainder of this chapter, we will indicate how the formal asymptotics presented in

the previous section can be made rigorous in the setting of Theorem 2. To begin, we will

show that, in laminar media, smooth pulsating standing waves always exist in directions
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that cross the laminations. Furthermore, these pulsating waves can be parametrized so that

they vary smoothly with respect to the direction, just as was assumed above.

To motivate what follows, observe that it is not unreasonable to postulate that a pulsating

standing wave Ue should have the same symmetries as the coefficients. Hence if (4.2) holds,

then we might expect Ue to have the same property, namely, (Ue)yd ≡ 0. In the case that

e ∈ Sd−1 \ 〈ed〉⊥, when we consider the plane-like minimizers {uζ}ζ∈R generated by Ue, we

find that

uζ(x) = Ue(〈x, e〉 − ζ, x)

= Ue

(
〈x, e〉 − ζ, x− ζ〈ed, e〉−1ed

)
= u0(x− ζ〈ed, e〉−1ed). (4.12)

Thus, ∂ζuζ = 〈ed, e〉−1(uζ)yd and so elliptic regularity implies that ∂ζuζ is smooth. In

particular, this makes Ue smooth in the s variable, hence in all the variables.

4.2.1 Laminar Pulsating Standing Waves

Let us show that, indeed, when the coefficients are laminar (i.e., (4.2) holds), it is possible

to find a laminar pulsating standing wave in directions that cross the laminations.

Proposition 35. Given any e ∈ Sd−1 \ 〈ed〉⊥, if the laminarity assumption (4.2) holds,

then there is a unique Ue ∈M(e) such that (Ue)yd ≡ 0 and
´
Td Ue(0, y) dy = 0.

For the rest of the chapter, we will always denote by Ue the laminar minimizer from this

proposition.

To prove the proposition, we will use the following observation. In general, for an arbi-

trary e ∈ Sd−1, the function (a, p) 7→ ‖ae+ p‖2 is not coercive in R×Rd, the tangent space

of R × Td. However, if we fix an e′ ∈ Sd−1 \ 〈ed〉⊥ and restrict attention to the subspace

R × 〈ed〉⊥ of R × Rd, then there is a continuous function µ : Sd−1 \ 〈ed〉⊥ → (0,∞) such
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that

‖ae′ + p‖2 = |〈e′, ed〉|2a2 + ‖(e′ − 〈e′, ed〉ed)a+ p‖2 ≥ µ(e′)(a2 + ‖p‖2). (4.13)

Notice that this implies that if V ∈ L1
loc(R× Td) and Vyd ≡ 0, then

‖De′V ‖2L2(R×Td)
≥ µ(e′)

(
‖∂sV ‖2L2(R×Td)

+ ‖DyV ‖2L2(R×Td)

)
. (4.14)

Put simply, the semi-norm ‖De′V ‖2L2(R×Td)
is coercive on laminar functions V .

In light of the previous considerations, it is useful to think of functions V ∈ L1
loc(R×Td)

with Vyd ≡ 0 as functions in R × Td−1. Indeed, given such a function V , there is a Ṽ ∈

L1
loc(R× Td−1) such that

V (s, (y1, . . . , yd−1, yd)) = Ṽ (s, (y1, . . . , yd−1)) for a.e. (s, (y1, . . . , yd−1, yd)) ∈ R× Td.

Hence we may as well treat V as a function in R× Td−1.

This is useful in the context of Proposition 35 since if V ∈M(e) and Vyd ≡ 0, then V is

a solution of the uniformly elliptic PDE

D∗e(a(y)DeV ) +Wu(y, V ) = 0 in R× Td−1.

The uniform ellipticity of this PDE is a consequence of (4.13).

Proof of Proposition 35. To start with, suppose that e ∈ Sd−1 \RZd and fix U ∈M(e). We

claim that Uyd ≡ 0. Indeed, due to the laminarity assumption (4.2), given any α ∈ R, the

function U (α) given by U (α)(s, y) = U(s, y + αed) satisfies U (α) ∈ M(e). Furthermore, by

translation invariance, ˆ
Td
U (α)(s, y) dy =

ˆ
Td
U(s, y) dy
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Therefore, by uniqueness (Theorem 23), it follows that U (α) = U a.e. in R×Td. Since α was

arbitrary, we deduce that Uyd ≡ 0. We therefore obtain Ue by setting Ue(s, y) = U(s+ s0, y)

with s0 ∈ R chosen so that
´
Td U(s0, y) dy = 0.

Finally, if e ∈ Sd−1 ∩ RZd, then there is a sequence (νn)n∈N ⊆ Sd−1 \ RZd such that

e = limn→∞ νn. Notice that (νn)n≥N ⊆ Rd \ 〈ed〉⊥ provided N is large enough.

By coercivity (4.14), (Uνn)n∈N converges along subsequences in L1
loc(R×Td) and point-

wise a.e. That follows from the bound

µ(νn)
(
‖∂sUνn‖

2
L2(R×Td)

+ ‖DyUνn‖
2
L2(R×Td)

)
≤ Tνn(Uνn) = σ̄(νn).

Suppose, then, that V = limj→∞ Uνnj along some subsequence (nj)j∈N ⊆ N. By Fatou’s

Lemma,

Te(V ) ≤ lim inf
j→∞

Tνnj (Uνnj ) = σ̄(e).

At the same time, we know that
´
Td V (0, y) dy = 0 so V is not constant, and ∂sV ≥ 0 so

lims→±∞ V (s, y) = ±1 must hold. In particular, V ∈ X and Proposition 27 implies that

V ∈M(e).

Finally, let us prove that the function Ue as above is necessarily unique. Suppose that

Ũe is another such function, that is, Ũe ∈ M(e), (Ũe)yd ≡ 0, and
´
Td Ũe(0, y) dy = 0. Since

these functions are laminar, we can consider them as functions in R × Td−1 by neglecting

the dth coordinate. We know that Ue and Ũe are both solutions of the Euler-Lagrange PDE

D∗e(a(y)DeU) +Wu(y, U) = 0 in R× Td−1.

By coercivity (4.13), this equation is uniformly elliptic in R× Td−1. In particular, it has a

strong maximum principle. It is straightforward to show that Umin = Ue ∧ Ũe and Umax =

Ue ∨ Ũe are both still minimizers, and Umin ≤ Umax obviously holds. Hence, by the strong

maximum principle, Umin < Umax or Umin ≡ Umax. The latter case implies Ue ≡ Ũe as
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desired. Otherwise, we either have Ue < Ũe or Ue > Ũe in R × Td−1 (since the Euler-

Lagrange equation, being uniformly elliptic, makes Ue and Ũe continuous in R × Td−1).

However, neither of these are possible since
´
Td Ue(0, y) dy =

´
Td Ũe(0, y) dy = 0.

We showed above that Ue can be considered as the solution of a uniformly elliptic PDE

in R× Td−1. It follows by elliptic regularity that Ue is smooth. Let us record this fact here

for completeness:

Proposition 36. For any e ∈ Sd−1 \ 〈ed〉⊥, the minimizer Ue of Proposition 35 is in

C∞(R× Td−1).

4.3 Derivatives of Ue

By invoking the bounded width property of plane-like minimizers, we obtain

Proposition 37. Given e ∈ Sd−1 \ 〈ed〉⊥, let Ue be the minimizer of Proposition 35 and let

(ueζ)ζ∈R be the plane-like minimizers its generates. There are constants C, ν > 0 independent

of e such that

|ueζ(x)− 1| ≤ Ce−ν(〈x,e〉−ζ),

|ueζ(x) + 1| ≤ Ceν(〈x,e〉−ζ).

Proof. To start with, fix a δ ∈ (0, 1) such that Wuu(y, u) ≥ α
2 for each u ∈ (−1,−1 + δ) ∪

(1− δ, 1) and every y ∈ Td.

Observe that the normalization
´
Td−1 Ue(0, y) dy furnishes a ζ ∈ [0,

√
d] and a ỹ ∈

[0, 1)d−1 such that uζ(ỹ) ∈ (−1 + δ, 1 − δ). By Theorem 20, there is an Mδ > 0 depending

on δ but not e such that

{−1 + δ ≤ ueζ ≤ 1− δ} ⊆
{
x ∈ Rd | |〈x− ỹ, e〉| ≤Mδ

}
.
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From this, an exercise involving the transformation Ue 7→ (ueζ)ζ∈R implies that there is a

K > 0 depending only on δ and e such that

 Ue(s, y) ≥ 1− δ if s > K,

Ue(s, y) ≤ −1 + δ if s < −K.

Now notice that Ψ = 1− Ue satisfies


D∗e(a(y)DeΨ) + α

2 Ψ ≤ 0 in {s > K},

Ψ ≤ δ on {s = K},

lims→∞Ψ = 0 uniformly in Td−1.

Let Ψ̄(s, y) = δe−ν(s−K) and observe that Ψ̄ is a super-solution of the same equation pro-

vided ν < α
2(Λ+dLip(a)

. Thus, by the maximum principle,

1− Ue(s, y) = Ψ(s, y) ≤ δe−ν(s−K) if s ≥ K.

Arguing similarly, one can show that

Ue(s, y) + 1 ≤ δeν(s+K) if s ≤ −K.

Putting the estimates together with the trivial bound |Ue| ≤ 1 and the change-of-variables

〈x, e〉 − ζ = s, we obtain the desired conclusion.

By linearizing the equation around Ue, we obtain estimates on ∂sUe.

Proposition 38. For each e ∈ Sd−1 \ 〈ed〉⊥, we have ∂sUe ∈ L2(R × Td−1). Moreover,

for each δ > 0, there is a constant Cδ depending on δ, λ, Λ, and W and a constant β > 0
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depending on Lip(a), d, α, and Λ such that if ‖e− ed‖ ≥ δ, then

0 < ∂sUe(s, x) ≤ Cδ‖∂sUe‖L2(R×Td−1)e
−β|s| for each (s, y) ∈ R× Td−1.

Proof. The estimate (4.14) directly implies that ∂sUe ∈ L2(R× Td−1).

Now observe that Ve := ∂sUe is a weak solution of the uniformly elliptic PDE

D∗e(a(y)DeVe) +Wuu(y, Ue)Ve = 0 in R× Td−1.

By Proposition 37, there is an M > 0 (independent of e) such that Wuu(y, Ue) > α
2 if

|s| ≥M . Hence, arguing as in Proposition 37, the exponential decay of Ve follows.

Finally, the strict positivity of Ve is a consequence of the Harnack inequality.

4.3.1 Analysis of Le

In this section, we analyze the operator Le obtained by linearizing the pulsating wave equa-

tion around Ue. More precisely, we define the unbounded operator Le in L2(R × Td−1) as

follows:  D(Le) = H2(R× Td−1),

LeΦ = D∗e(a(y)DeΦ) +Wuu(y, Ue)Φ.

Throughout the remainder of this section, we will write Ve := ∂sUe for convenience.

To start with, we prove a useful representation of the quadratic form determined by Le:

Proposition 39. If Φ ∈ H2(R× Td−1) and Ψ = V −1
e Φ, then

ˆ
R×Td−1

(
〈a(y)DeΦ,DeΦ〉+Wuu(y, Ue)Φ

2
)
dx ds =

ˆ
R×Td−1

〈a(y)DeΨ, DeΨ〉V 2
e dx ds.

Proof. When Φ is smooth, this is a classical argument involving integration-by-parts and the

fact that Ve is a positive eigenfunction of Le. The general case follows by approximation.
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Finally, we will need the following result to construct the correctors used in the analysis

of the sharp-interface limit:

Proposition 40. Le is closed, self-adjoint, and Ker(Le) = 〈Ve〉. Moreover, Ran(Le) =

〈Ve〉⊥.

Proof. Define α̃ : R \ {0} → (0,∞) by α̃(s, y) = Wuu(y, sgn(s)) and let Lα on L2(R×Td−1)

be the unbounded operator with domain H2(R× Td−1) given by

LαΦ = D∗e(a(y)DeΦ) + α̃(s, y)Φ.

By uniform ellipticity, Lα is a closed operator. Indeed, by L2 estimates for uniformly

elliptic equations (cf. [56, Theorem 9.11] or [45, Section 6.3.1]),

‖Φ‖2
H2([n,n+1]×Td−1)

≤ C
(
‖Φ‖2

L2([n−1,n+2]×Td−1)
+ ‖LαΦ‖2

L2([n−1,n+2]×Td−1)

)
.

Summing over n, we find

‖Φ‖2
H2(R×Td−1)

≤ C
(
‖Φ‖2

L2(R×Td−1)
+ ‖LαΦ‖2

L2(R×Td−1)

)
.

Thus, the graph of Lα is closed in L2(R×Td−1)×L2(R×Td−1), and Lα is a closed operator.

Since Wuu(y, 1) ∧ Wuu(y,−1) ≥ W ′′(1) ∧ W ′′(−1) > 0 by assumption, the operator

L−1
α : L2(R× Td−1)→ H2(R× Td−1) exists and is bounded.

Observe that we can write Le = Lα + Mα, where MαΦ = (Wuu(y, Ue) − α̃(s, y))Φ is a

bounded linear operator on L2(R×Td−1). In particular, Le = (Id +MαL−1
α )Lα. Since L−1

α

takes L2(R×Td−1) continuously into H2(R×Td−1) and Wuu(y, Ue)− α̃(s, y)→ 0 uniformly

as |s| → ∞, it follows that MαL−1
α is compact. Therefore, by the Fredholm alternative,

Id+MαL−1
α is a closed operator with closed range. Since Le = (Id+MαL−1

α )Lα, we deduce

that Le is also.
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Le is clearly symmetric. Therefore, to prove it is self-adjoint, it is only necessary to show

that D(L∗e) = D(Le). This follows, for example, by mollification.

The previous proposition showed Ker(Le) = 〈Ve〉. Finally, since Le is self-adjoint with

closed range, the identity Ran(Le) = 〈Ve〉⊥ follows.

4.3.2 Differentiating Ue

Since we are differentiating σ̄, it is convenient to follow the approach of [73, Remark 2]. Let

us define, for each v ∈ Rd \ 〈ed〉⊥, the pulsating standing wave Uv by

Uv(s, x) = U‖v‖−1v(‖v‖s, x).

If Tv is the functional defined in [73, Remark 2], then Uv is a minimizer and Tv(Uv) = σ̄(v).

In particular, Uv satisfies

D∗v(a(y)DvUv) +Wu(y, Uv) = 0 in R× Td−1. (4.15)

Now we differentiate Ue with respect to e. To start with, we fix ξ ∈ Rd and define R
ξ
e,h

by

R
ξ
e,h(s, y) =

Ue+hξ(s, y)− Ue(s, y)

h
.

The following result follows from a direct manipulation of the equations (4.15) satisfied

by Ue+hξ and Ue.

Proposition 41. R
ξ
e,h satisfies the PDE

 LeR
ξ
e,h = BhR

ξ
e,h +Kh in R× Td−1,

´
Td−1 R

ξ
e,h(0, x) dx = 0,
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where Bh and Kh are given by

Bh = −
ˆ 1

0
{Wuu(y, Ue + t(Ue+hξ − Ue))−Wuu(y, Ue)} dt,

Kh = 〈ξ, a(y)DeVe+hξ〉+ 〈ξ, a(y)De+hξVe+hξ〉+ 〈div a, ξ〉Ve+hξ.

The sequence (Kh)h∈(−1,1) is uniformly bounded in C0(R× Td−1) and

lim
h→0
‖Bh‖L∞(R×Td−1) = 0.

Now we use uniform ellipticity to pass to the limit h→ 0.

Proposition 42. The limit R
ξ
e = limh→0R

ξ
e,h exists in C2

0(R × Td−1) and L2(R × Td−1).

Moreover, R
ξ
e is the unique solution of the equation

 LeR
ξ
e = 2〈a(y)ξ,DeVe〉+ 〈div a, ξ〉Ve in R× Td−1,

´
R×Td−1 R

ξ
e(0, y) dy = 0.

In the proof, we will use Schauder estimates for linear elliptic equations (cf. [56, Theorem

6.2]).

Proof. The main technicality in the proof is the need to work around the kernel of Le. Since

(R
ξ
e,h)h∈R ⊆ L2(R× Td−1), we can fix (Q

ξ
e,h)h∈R ⊆ 〈Ve〉⊥ and (ch)h∈R such that

R
ξ
e,h = chVe +Q

ξ
e,h.

Since Ue+hη → Ue uniformly as h→ 0, we can fix a δ > 0 such that

‖Bh‖L∞(R×Td−1) ≤
α

2
< Wuu(y, 1) ∧Wuu(y,−1) if |h| < δ. (4.16)

We will use this to show that (R
ξ
e,h)h∈(−δ,δ) satisfies an exponential estimate similar to the
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one derived for Ve in Proposition 38.

We claim that (Q
ξ
e,h)h∈(−δ,δ) is pre-compact in C0(R×Td−1) and (ch)h∈(−δ,δ) is bounded

in R. To see this, we first prove that lim suph→0 ‖R
ξ
e,h‖L∞(R×Td−1) <∞.

Assume to the contrary that there is a sequence (hn)n∈N ⊆ (−δ, δ) such that

lim
n→∞

‖Rξe,hn‖L∞(R×Td−1) =∞.

Define (R̃n)n∈N by R̃n = ‖Rξe,hn‖
−1
L∞(R×Td−1)

R
ξ
e,hn

. Notice that R̃n satisfies the PDE

LeR̃n = BhnR̃n + ‖Rξe,hn‖
−1
L∞(R×Td−1)

Khn . (4.17)

Thus, Schauder estimates (cf. [56, Theorem 6.2]) imply (R̃n)n∈N is bounded in C
2,µ
0 (R ×

Td−1) for some µ ∈ (0, 1).

We claim that (R̃n)n∈N is pre-compact in C2
0(R× Td−1). Let us write

R̃n = Q̃n + c̃nVe,

Q̃n = ‖Rξe,hn‖
−1
L∞(R×Td−1)

Q
ξ
e,hn

,

c̃n = ‖Rξe,hn‖
−1
L∞(R×Td−1)

chn .

Notice that ‖R̃n‖2L2(R×Td−1)
= ‖Q̃n‖2L2(R×Td−1)

+ |c̃n|2‖Ve‖2L2(R×Td−1)
. Moreover, in view

of Proposition 38, Schauder estimates for the equation satisfied by Ve, and the uniform

bound ‖R̃n‖L∞(R×Td−1) = 1, we can use (4.16) to argue as in Proposition 38 that there are

constants C, γ > 0 such that

|R̃n(s, y)| ≤ Ce−γ|s|. (4.18)

This bound and Schauder estimates imply (R̃n)n∈N is pre-compact in both C2
0(R × Td−1)

and L2(R× Td−1). From this, we deduce that (c̃n)n∈N is bounded in R.

By compactness, we can assume without loss of generality (i.e. by passing to a sub-
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sequence) that there is an R̃ ∈ C2
0(R×Td−1) and a c̃ ∈ R such that R̃n → R̃ in C2

0(R×Td−1)

and c̃n → c̃. Passing to the limit in (4.17) and recalling that Bh → 0 uniformly, we find

LeR̃ = 0. Thus, R̃ = c̃Ve by Proposition 40. On the other hand,

c̃

ˆ
Td−1

Ve(0, y) dy = lim
n→∞

ˆ
Td−1

R̃n(0, y) dy = 0.

Since Ve > 0 in R×Td−1, we conclude that c̃ = 0, which gives R̃ ≡ 0. This is a contradiction,

however, since ‖R̃‖L∞(R×Td−1) = limn→∞ ‖R̃n‖L∞(R×Td−1) = 1.

From the preceding discussion, we deduce that (R
ξ
e,h)h∈(−δ,δ) is bounded in C0(R×Td−1).

By Schauder estimates, it is actually bounded in C
2,µ
0 (R × Td−1). In view of the estimate

(4.18), (R
ξ
e,h)h∈(−δ,δ) is pre-compact in both C2

0(R×Td−1) and L2(R×Td−1), which implies

the real numbers (ch)h∈(−δ,δ) are also bounded. Thus, (Q
ξ
e,h)h∈(−δ,δ) is pre-compact in

C2
0(R× Td−1) and L2(R× Td−1) as well.

Pick a sequence (hn)n∈N ⊆ (0,∞) such that hn → 0 as n → ∞. Without loss of

generality, we can assume there is a Q̄ ∈ C2
0(R × Td−1) and a c̄ ∈ R such that Q̄ =

limn→∞ Q̃
ξ
e,hn

in C2
0(R × Td−1) and L2(R × Td−1) and c̄ = limn→∞ chn . Passing to the

limit in the equations satisfied by (Q
ξ
e,h)h∈(−δ,δ), we find

LeQ̄ = K̄, (4.19)

where K̄ = limh→∞Kh = 2〈ξ, aDeVe〉+ 〈div a, ξ〉Ve.

Notice that there is at most one solution of (4.19) in H2(R × Td−1) ∩ 〈Ve〉⊥. Indeed,

if Q̃ ∈ H2(R × Td−1) ∩ 〈Ve〉⊥ is another solution, then Le(Q̃ − Q̄) = 0. In particular, by

Proposition 40, Q̃− Q̄ ∈ 〈Ve〉 ∩ 〈Ve〉⊥ = {0}.

The previous paragraph shows that the limiting function Q̄ did not depend on the se-
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quence (hn)n∈N. Furthermore, integrating on {0} × Td−1, we obtain

0 =

ˆ
Td−1

Q̄(0, x) dx+ c̄

ˆ
Td−1

Ve(0, x) dx.

Thus, c̄ is also uniquely determined, independently of (hn)n∈N.

Putting it all together, we conclude that there is a unique Q
ξ
e ∈ C2

0(R × Td−1) and

a unique c ∈ R such that Q
ξ
e + cVe = limh→0R

ξ
e,h in C2

0(R × Td−1) and L2(R × Td−1).

Furthermore, Q
ξ
e is the unique solution of LeQξe = 2〈ξ, aDeVe〉+ 〈div a, ξ〉Ve in 〈Ve〉⊥ and c

is determined by the requirement that
´
Td−1(Q

ξ
e(0, y) + cVe(0, y)) dy = 0.

Remark 4. Notice that

Ve+hξ − Ve
h

= ∂sR
ξ
e,h,

DxUe+hξ −DxUe
h

= DxR
ξ
e,h.

Thus, the C2
0(R × Td−1) convergence just proved implies ∂sR

ξ
e = limh→0

Ve+hξ−Ve
h and

DxR
ξ
e = limh→0

DxUe+hξ−DxUe
h in C0(R × Td−1). Appealing to Schauder estimates and

the uniform exponential decay of (R
ξ
e,h)h∈(−1,1) as |s| → ∞, we can show this convergence

also holds in Lp(R× Td−1) for any p ∈ [1,∞).

4.4 The Einstein Relation

In this section, we show that the coefficient S̄ predicted in the formal computations of Section

4.1 equals the second derivative of the surface tension in the laminar setting. More precisely,

we show that

S̄(e) = D2σ̄(e) for each e ∈ Sd−1 \ 〈ed〉⊥.

In the process, we prove that σ̄ is C2 in Rd \ 〈ed〉⊥.
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4.4.1 Second Derivative of the Surface Tension

Proposition 43. σ̄ ∈ C2(Rd \ 〈ed〉⊥). In fact, if for each e ∈ Sd−1 \ 〈ed〉⊥ and ξ ∈ Rd, we

define Ψ
ξ
e in R× Td−1 by Ψ

ξ
e = V −1

e R
ξ
e, then

〈D2σ̄(e)ξ, ξ〉 =

ˆ
R×Td−1

〈a(y)(ξ +DeΨξ
e), ξ +DeΨξ

e〉V 2
e dy ds. (4.20)

Moreover, the following bound holds:

M̄(e)−1D2σ̄(e) ≤ Λ(Id− e⊗ e) in Sd−1 \ 〈ed〉⊥.

Proof. Fix e ∈ Sd−1 \ 〈ed〉⊥. Recall that the formula (3.11) from Theorem 25 is applicable.

Therefore, differentiating under the integral sign using Proposition 42 and Remark 4, we

obtain

D2σ̄(e) =

ˆ
R×Td−1

(
V 2
e a(y) + a(y)DeUe ⊗ ∂sRe + Vea(y)DeRe

)
dy ds

=

ˆ
R×Td−1

(
V 2
e a(y)− a(y)DeVe ⊗Re +D∗e(a(y)Ve)Re

)
dy ds

=

ˆ
R×Td−1

V 2
e a(y) dy ds−

ˆ
R×Td−1

(2a(y)DeVe − Vediv a)⊗Re dy ds

=

ˆ
R×Td−1

V 2
e a(y) dy ds−

ˆ
R×Td−1

LeRe ⊗Re dy ds.

Integration-by-parts then gives

〈D2σ̄(e)ξ, ξ〉 =

ˆ
R×Td−1

〈a(y)ξ, ξ〉V 2
e dx ds

−
ˆ
R×Td−1

(
〈a(y)DeRξe,DeRξe〉+Wuu(y, Ue)|Rξe|2

)
dy ds.

Since Le is a non-negative operator by Proposition 39, the right-most term is non-positive

138



and we deduce from this that

〈D2σ̄(e)ξ, ξ〉 ≤
ˆ
R×Td−1

〈a(y)ξ, ξ〉V 2
e dy ds ≤ ΛM̄(e).

Now we substitute Ψ
ξ
e for R

ξ
e and use the equation satisfied by R

ξ
e to obtain

〈D2σ̄(e)ξ, ξ〉 =

ˆ
R×Td−1

〈a(y)(ξ +DeΨξ
e), ξ +DeΨξ

e〉V 2
e dy ds.

Observe that the last relation implies 〈D2σ̄(e)ξ, ξ〉 > 0 if ξ ∈ Rd \ 〈e〉⊥. Indeed, if it

vanished, we would be left to conclude that ξ +DeΨξ
e = 0 in R× Td−1. However, from the

definition of De, this would yield

0 =

ˆ
Td−1

(ξ +DeΨξ
e(0, x)) dx = ξ + e

ˆ
Td−1

∂sΨ
ξ
e(0, x) dx,

which is impossible unless ξ ∈ 〈e〉.

4.4.2 Revisiting the Mobility

In this section, we will show that the mobility M̄(e) is precisely the energy of ∂sUe.

Proposition 44. For each e ∈ Sd−1 \ 〈ed〉⊥, we have

M̄(e) = ‖∂sUe‖2L2(R×Td−1)
.

To do this, we begin with an elementary version of the maximum principle.

Proposition 45. Given e ∈ Sd−1 ∩ RZd, if v1, v2 : Td−1 ⊕e R→ [−1, 1] are minimizers of

F(·;Qe ⊕e R), that is,

F(v1;Qe ⊕e R) = F(v2;Qe ⊕e R) = σ̄(e)Hd−1(Qe),
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then v1 ≤ v2 or v2 ≤ v1.

Proof. Since v1 and v2 are both minimizers, we know that v1∧v2 and v1∨v2 are minimizers

as well. The Euler-Lagrange equation −div(a(y)Dv) +Wu(y, v) = 0 has a strong maximum

principle. Thus, either v1 ∧ v2 < v1 ∨ v2 or v1 ≡ v2 in Rd.

Proof of Proposition 44. If e /∈ RZd, then the equation follows by uniqueness. Thus, assume

that e ∈ RZd.

Suppose that U ∈ M(e) and let {uζ}ζ∈R be the minimizers generated by U , i.e., the

functions uζ(x) = U(〈x, e〉−ζ, x). Note that these functions are minimizers of F(·;Qe⊕eR).

Denote by {ueζ}ζ∈R the minimizers generated by Ue. By Proposition 45, there is an increasing

h : R→ R such that h(ζ + re) = h(ζ) + re and

uζ(x) = ueh(ζ)(x).

In particular,

U(s, y) = ueh(〈y,e〉−s)(y) = Ue(〈y, e〉 − h(〈y, e〉 − s), y).

From this, we deduce that h is differentiable a.e. and Theorem 19 implies that

‖∂sU‖2L2(R×Td)
= r−1

e Hd−1(Qe)
−1

ˆ re

0

(ˆ
Qe⊕eR

ueh(ζ)(x)2 dx

)
h′(ζ)2 dζ.

At the same time, by (4.12), the function ζ 7→
´
Qe⊕eR u

e
ζ(x)2 dx is constant. Therefore, we

can write

‖∂sU‖2L2(R×Td = Hd−1(Qe)
−1

ˆ
Qe⊕eR

ue0(x)2 dx · r−1
e

ˆ re

0
h′(ζ)2 dζ.

We know that h(ζ + re) = h(ζ) + re for all ζ ∈ R, from which we deduce the trivial bound
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on the Dirichlet energy

r−1
e

ˆ re

0
h′(ζ)2 dζ ≥ 1

and it follows that

‖∂sU‖2L2(R×Td)
≥ Hd−1(Qe)

−1
ˆ
Qe⊕eR

ue0(x)2 dx = ‖∂sUe‖2L2(R×Td)
.

This proves M̄(e) = ‖∂sUe‖2L2(R×Td)
by definition (Section 3.2).

4.4.3 Computation of S̄

Proposition 46. If e ∈ Sd−1 \ 〈ed〉⊥, then the matrix S̄ of Section 4.1 is given by S̄(e) =

D2σ̄(e).

Proof. Recall that in the very first computation in the previous proof, we obtained

D2σ̄(e) =

ˆ
R×Td−1

(
V 2
e a(y) + a(y)DeUe ⊗ ∂sRe + Vea(y)DeRe

)
dy ds.

Writing DeUe = e∂sUe +DxUe and integrating both terms by parts, we arrive at

D2σ̄(e) =

ˆ
R×Td−1

(
V 2
e a(y) + Ve · div a⊗Re + 2Vea(y)DxRe

+ 2Vea(y)e⊗ ∂sRe
)
dy ds.

To finish the proof, first, recall that symmetric matrices are determined by their quadratic

forms. Therefore, it only remains to show that 〈D2σ̄(e)ξ, ξ〉 = 〈S̄(e)ξ, ξ〉 independently of

the choice of ξ ∈ Rd. Additionally, recall that if w, v ∈ Rd, then

〈(w ⊗ v)ξ, ξ〉 = 〈ξ, w〉〈v, ξ〉 = 〈(v ⊗ w)ξ, ξ〉. (4.21)
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Using (4.21), we find

〈D2σ̄(e)ξ, ξ〉 =

ˆ
R×Td−1

Ve

(
Ve〈a(y)ξ, ξ〉+ 〈div a, ξ〉Rξe + 2〈a(y)DxR

ξ
e, ξ〉 (4.22)

+2〈a(y)e, ξ〉∂sRξe
)
dy ds

=

ˆ
R×Td−1

Ve (〈(a(y)e⊗ ∂sRe)ξ, ξ〉+ 〈(∂sRe ⊗ a(y)e)ξ, ξ〉

+Ve〈a(y)ξ, ξ〉+ 2〈a(y)DxReξ, ξ〉+
1

2
(〈(div a⊗Re)ξ, ξ〉

+〈(Re ⊗ div a)ξ, ξ〉)) dy ds.

Thus, by our previous observation,

D2σ̄(e) =

ˆ
R×Td−1

Ve

(
a(y)e⊗ ∂sRe + ∂sRe ⊗ a(y)e+ Vea(y)

+ 2a(y)DxRe +
1

2
(div a⊗Re +Re ⊗ div a)

)
dy ds = S̄(e).

Remark 5. We proved above that S̄ = D2σ̄ in Sd−1 \ 〈ed〉⊥ when a and W are laminar. In

fact, at a purely formal level, if pulsating standing waves exist and are smooth in the variables

(s, y, e), then the identity S̄ = D2σ̄ must hold. This can be shown via the computations in

the last proof — the laminarity assumption plays no role. This applies, in particular, to the

setting considered in [16, Section 6].

4.5 Correctors

In this section, we prove the existence and smoothness of the correctors {QXe } and {P qe }

when e ∈ Sd−1 \ 〈ed〉⊥.

The next result concerns the properties of the corrector QXe when the symmetric matrix

X has the form X = ξ ⊗ ξ for some ξ ∈ Rd.
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Proposition 47. Given any e ∈ Sd−1 \ 〈ed〉⊥ and ξ ∈ Rd, there is a unique Q
ξ
e ∈ H2(R×

Td−1) solving the PDE


LeQξe = Fξ,e in R× Td−1,

lim|s|→∞Q
ξ
e(s, x) = 0 uniformly in Td−1,

´
Td−1 Q

ξ
e(0, y) dy = 0,

where Fξ,e : R× Td−1 → R is given by

Fξ,e = −M̄(e)−1〈D2σ̄(e)ξ, ξ〉Ve + 〈a(y)ξ, ξ〉Ve + 〈div a, ξ〉Rξe

+ 2〈a(y)ξ,DxR
ξ
e〉+ 2〈a(y)e, ξ〉∂sRξe.

If, for each fixed ξ, the function Qξ : Sd−1 \ 〈ed〉⊥ → H2(R× Td) given by Qξ(e) = Q
ξ
e

is twice continuously differentiable with respect to both the H2(R × Td) and C0(R × Td)

topologies.

Proof. Concerning existence, notice that Fξ,e ∈ 〈Ve〉⊥ by (4.22) and the definition of M̄(e).

Thus, Proposition 40 provides the existence of Q
ξ
e. Arguing as in the analysis of the function

R
ξ
e, we see that Q

ξ
e(s, y)→ 0 at an exponential rate as |s| → ∞.

The proof that e 7→ Q
ξ
e is twice differentiable in e proceeds exactly as in the corresponding

proof for Ue.

Now that we define QXe for elementary tensors X, we can extend to arbitrary matrices

by linearity. Given A ∈ Sd, if we expand A as A =
∑d
i=1 λiξ

A
i ⊗ ξ

A
i , where {ξA1 , . . . , ξ

A
d } is

an orthonormal basis, then we can define QAe ∈ H2(R× Td−1) ∩ C2
0(R× Td−1) by

QAe =
d∑
i=1

λiQ
ξAi
e . (4.23)
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Notice that QAe satisfies the equation

LeQAe = FA,e in R× Td−1,

ˆ
Td−1

PAe (0, x) dx = 0, (4.24)

where FA,e is given by

FA,e = −M̄(e)−1tr(D2σ̄(e)A)Ve + tr(a(y)A)Ve + tr([div a⊗Re]A)

+ 2tr([a(y)⊗DxRe]A) + 2tr([a(y)e⊗ ∂sRe]A).

Observe that, by uniqueness of solutions of (4.24), the map A 7→ QAe is linear. Hence as a

consequence of Proposition 47, we have

Proposition 48. There is a C2 map Q : Sd−1 \ 〈ed〉⊥ → C2
0(R × Td−1;Sd) such that if

e ∈ Sd−1 \ 〈ed〉⊥, A ∈ Sd, and QAe is given by (4.23), then

QAe (s, y) = tr (Qe(s, y)A) for each (s, y) ∈ R× Td−1.

Furthermore, for each K ⊂⊂ Sd−1 \ 〈ed〉⊥, there is a constant C(K) > 0 such that

√
tr(Qe(s, y)2) ≤ C(K) exp

(
−C(K)−1|s|

)
for (s, y) ∈ R× Td−1, e ∈ K.

Finally, we prove the existence and smoothness of the correctors {P qe }.

Proposition 49. There is a C2 map P : Sd−1 \ 〈ed〉⊥ → C2
0(R×Td−1) such that, for each

e ∈ Sd−1, the function Pe = P (e) is the solution of the PDE

D∗e(a(y)DePe) +Wuu(y, Ue)Pe = −m(y,DeUe)∂sUe + M̄(e)−1M̄(m, e)∂sUe in R× Td−1,
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where the constant M̄(m, e) ∈ R is given by

M̄(m, e) =

ˆ
R×Td−1

m(y,DeUe)|∂sUe|2 dy ds.

Moreover, for each K ⊂⊂ Sd−1 \ 〈ed〉⊥, there is a constant C(K) > 0 such that, for each

e ∈ K,

|Pe(s, y)| ≤ C(K) exp
(
−C(K)−1|s|

)
for (s, y) ∈ R× Td−1.

By linearity, the function Pe can be used to define the correctors {P qe } from Section 4.1

by the rule P
q
e (s, y) = qPe(s, y) for q ∈ R.

4.6 The Sharp-Interface Limit

This section describes the proof of Theorem 2 in earnest. The key idea is smooth pulsating

waves and correctors exist in directions e ∈ Sd−1 \ 〈ed〉⊥. These can be used to characterize

the effective interface motion near points where the normal vector is in Sd−1 \ 〈ed〉⊥. When

the interface is a graph over the dth coordinate, these are all the possible values of the normal

vector, so we have identified the limit.

Recall that our interest is in the interface motion with prescribed normal velocity given

by

V∂Et = M̄(m, e)−1tr
(
D2σ̄(n∂Et)A∂Et

)
.

Postulating that the interface is a graph over the dth coordinate, or, more precisely, that

there is a function u : Rd−1 × (0,∞)→ R such that

Et =
{

(x′, xd) ∈ Rd | xd > v(x′, t)
}
,
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we obtain the following PDE for the evolving graph

µ̄(m,Dv)vt − tr
(
Ḡ(Dv)(D2v)

)
= 0 in Rd−1 × (0,∞), (4.25)

where µ̄ and Ḡ are determined by

µ̄(m, p) = M̄
(
m, (1 + ‖p‖2)−1/2(−p, 1)

)
, Ḡ(p) = π ◦D2σ̄

(
(1 + ‖p‖2)−1/2(−p, 1)

)
◦ π∗

and π : Rd → Rd−1 is the orthogonal projection π(x′, xd) = x′. Since σ̄ is convex and D2σ̄

is continuous away from 〈ed〉⊥, this equation has a unique, continuous solution for a given

initial datum U0 ∈ UC(Rd−1) with at most linear growth.

To obtain the function u, we begin as in [16] by defining sets {Ω1
t }t>0 and {Ω2

t }t>0 by

Ω1
t = {x ∈ Rd | lim inf∗ uε(x, t) = 1}, Ω2

t = {x ∈ Rd | lim sup∗ uε(x, t) = −1}.

We then define the minimal supergraph and maximal subgraph of Ω1
t and Ω2

t , respectively,

through the functions η and ν given by

η(x′, t) = inf
{
a ∈ R | {x′} × (a,∞) ⊆ Ω1

t

}
, (4.26)

ν(x′, t) = sup
{
a ∈ R | {x′} × (−∞, a) ⊆ Ω2

t

}
. (4.27)

Theorem 2 is then equivalent to the following statement:

Theorem 27. Under the assumptions of Theorem 2, if v : Rd × (0,∞) → R is the unique

viscosity solution of the PDE (4.25) with initial condition v(·, 0) = v0, then

v = η = ν in Rd−1 × (0,∞).

See [73, Section 9] for the proof.
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4.7 Pathological Examples in Dimension Two

In this section, we discuss a particular class of laminar examples in dimension d = 2. These

exhibit a number of behaviors that are pathological compared to the spatially homogeneous

case.

In the remainder of the section, in addition to the laminarity assumption (4.2), we assume

that a takes values in the diagonal matrices, that is,

a(y) = 〈a(y)e1, e1〉e1 ⊗ e1 + 〈a(y)e2, e2〉e2 ⊗ e2 for each y ∈ Td. (4.28)

The next result describes pathologies that occur wheneverM(e1) contains no continuous

pulsating waves.

Theorem 28. In dimension d = 2, there are coefficients (a,W ) for which (4.2) and (4.28)

holds and such that M(e1) contains no continuous pulsating waves. Given such coefficients

(a,W ), the following observations hold:

(a) σ̄ is not differentiable at e1.

(b) There is a constant C ≥ 1 such that

C−1 ≤ lim inf
e→e1

|〈e, e2〉|M̄(e) ≤ lim sup
e→e1

|〈e, e2〉|M̄(e) ≤ C.

(c) The interface velocity gets arbitrarily small near e1 in the following sense:

lim inf
e→e1

‖D2σ̄(e)‖
M̄(e)

= 0.

Note that if (c) holds, then, for an arbitrary smooth m satisfying assumption (1.10), the
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interface velocity from (1.12) gets arbitrarily small in the e1 direction in the sense that

lim inf
e→e1

‖D2σ̄(e)‖
M̄(m, e)

= 0. (4.29)

This follows from the fact that c−1M̄(e) ≤ M̄(m, e) ≤ cM̄(e) for some constant c depending

only on m. The asymptotics (4.29) shows that, unlike the spatially homogeneous case, in

periodic media, the effective interface velocity can be an arbitrarily small multiple of the

curvature.

4.7.1 Preliminaries

In this section, to prepare for the proof of Theorem 28, we start with some preliminaries

on plane-like minimizers in the laminar setting. To start with, consider the one-dimensional

variational problem given by

E ′ = min

{ˆ ∞
−∞

(
1

2
〈a(se1, 0)e1, e1〉v′(s)2 +W ((se1, 0), v(s))

)
ds | v : R→ [−1, 1],

lim
s→±∞

v(s) = ±1

}
.

Due to the laminarity assumption, this problem characterizes the strongly Birkhoff plane-like

minimizers in the e1 direction, as we prove next. It will be convenient to define the set of

minimizers M′ by

M′ =

{
v : R→ [−1, 1] | lim

s→±∞
v(s) = ±1,

E ′ =

ˆ ∞
−∞

(
1

2
〈a(se1, 0)e1, e1〉v′(s)2 +W ((se1, 0), v(s))

)
ds

}
.

Proposition 50. Suppose that d = 2 and a and W satisfy the laminarity assumption (4.2).

If U ∈ M(e1), then the plane-like minimizers {uζ}ζ∈R generated by U vary only in the e1
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direction and {uζ}ζ∈R ⊆M′.

Proof. To start with, for any ζ ∈ R, uζ is a minimizer of the variational problem in Td−1
e1 ⊕e1R

from Proposition 27. At the same time, for any t ∈ Q, the function x 7→ uζ(x+te2) =: u
(t)
ζ (x)

remains a minimizer by (4.2). Therefore, the functions u = uζ ∧ u
(t)
ζ and u = uζ ∨ u

(t)
ζ are

also minimizers, and then the strong maximum principle implies that uζ < u
(t)
ζ , uζ > u

(t)
ζ ,

or uζ ≡ u
(t)
ζ .

If uζ < u
(t)
ζ , then uζ < u

(nt)
ζ for each n ∈ N by induction. On the other hand, by

assumption, Nt ∈ N for some N ∈ N, hence, by periodicity, uζ ≡ uζ(· + Nte2) = u
(Nt)
ζ , a

contradiction. We similarly conclude that uζ cannot lie above u
(t)
ζ . Therefore, uζ ≡ u

(t)
ζ .

Since u
(t)
ζ ≡ uζ for any t ∈ Q, it follows that (uζ)x2 ≡ 0, that is, uζ depends only on the

first variable.

Lastly, given any v : R→ [−1, 1] with lims→±∞ v(s) = ±1, we can define a u : Td−1
e ⊕e

R → [−1, 1] by u(x1, x2) = v(x1), and this is a competitor for the variational problem of

Proposition 27. Therefore,

E (e1) ≤ F(u;Qe ⊕e R) =

ˆ ∞
−∞

(
1

2
〈a(se1, 0)e1, e1〉v′(s)2 +W ((se1, 0), v(s))

)
ds.

At the same time, by Theorem 19,

E (e1) = r−1
e

ˆ re

0

ˆ ∞
−∞

(
1

2
〈a(se1, 0)e1, e1〉(uζ)x1(se1, 0)2 +W ((se1, 0), uζ(se1, 0))

)
ds dζ

≥ E ′.

Therefore, E (e1) = E ′ and {ueζ}ζ∈R ⊆M
′.

Notice that elements of M′ are ordered, that is, if v1, v2 ∈ M′, then v1 < v2, v1 > v2,

or v1 ≡ v2. This follows from the same maximum principle argument used in the previous

proof. It follows that the graphs of minimizers in M′ are pairwise disjoint.
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We will say that M′ forms a foliation if the graphs of the minimizers in M′ foliate

R× (−1, 1). From the previous proposition, we observe thatM′ forms a foliation if and only

if M(e1) contains a continuous element.

Proposition 51. Suppose that d = 2 and a and W satisfy the laminarity assumption (4.2).

M(e1) contains a continuous element if and only if M′ forms a foliation.

In particular, if M′ forms a foliation, then, for each s ∈ R, there is a ū ∈ (−1, 1) such

that, for each v ∈M′, v(s) 6= ū.

Proof. If U ∈M(e1) is continuous in R× T2 and {uζ}ζ∈R are the minimizers generated by

U , then the map ζ 7→ uζ is continuous. It follows easily that, for any (x, ū) ∈ R2 × (−1, 1),

there is a ζ̄ ∈ R such that uζ̄(x) = ū. By the previous proposition, {uζ}ζ∈R ⊆ M′. Hence

we proved that each point in R× (−1, 1) is contained in one of the graphs of an element of

M′, and it follows that M′ forms a foliation.

Now we prove the converse. Suppose thatM′ forms a foliation. Fix v0 ∈M′. SinceM′

is ordered and lims→∞ v(s) = 1, it is not hard to show that v0(· − 1) < v0. Given that M′

forms a foliation, for each ζ ∈ [0, 1], we can fix a vζ ∈M′ such that

vζ(0) = (1− ζ)v0(0) + ζv0(−1).

Given m ∈ N, extend to [m,m+ 1) via the rule

vζ = vζ−m(· −m) if m ≤ ζ < m+ 1.

The reader can check that with this definition ζ 7→ vζ is a continuous map from R into M′

with the topology of uniform convergence, and vζ+m = v(· −m) for each m ∈ N. Thus, the

function V : R× T2 → [−1, 1] given by V (s, y) = vy1−s(y1) is well-defined and the previous

proposition implies that V ∈M(e1).
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Remark 6. In view of the previous result, in the proof of Theorem 28, there is no loss of

generality in assuming the following:

There is no v ∈M′ such that v(1/4) = 0. (4.30)

Above we observed that the laminarity assumption (4.2) implies that strongly Birkhoff

plane-like minimizers in the e1 direction are all one-dimensional. By symmetry, the same

observation also applies to minimizers in the −e1 direction. In the rest of this section, we

investigate the properties of plane-like minimizers in directions e /∈ 〈e1〉.

Given e ∈ S1 \ {e1,−e1}, let Ue be the pulsating standing wave from Proposition 35,

and let {ueζ}ζ∈R be the plane-like minimizers generated by Ue. Notice that ueζ(x, y) =

Ue(x〈e, e1〉 + y〈e, e2〉 − ζ, x) since Ue has the same laminar symmetry as the coefficients a

and W . From this, we see that

ueζ(x, y) = ue0(x, y − 〈e, e2〉−1ζ).

In particular, the one-parameter family {ueζ}ζ∈R is generated by translation in the y variable.

Next, observe that {ueζ}ζ∈R is periodic with respect to a finer lattice than the module

Me defined in Section 2.4. In this simple, two-dimensional setting, we can simply observe

that

ueζ

(
x+ 1, y − 〈e, e1〉

〈e, e2〉

)
= Ue(x〈e, e1〉+ y〈e− ζ, e2〉, x) = ueζ(x, y).

From this, it is convenient to define Ie (analogous to Qe in Section 2.4) by

Ie =
{
s
(

1,−〈e, e2〉−1〈e, e1〉
)
| s ∈ [0, 1]

}
. (4.31)
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4.7.2 Non-Differentiability

Now we show that σ̄(e) is not differentiable at e1 if M(e1) has no continuous elements and

(4.2) holds. To start with, it will be useful in what follows to utilize so-called heteroclinic

minimizers located inside the gaps of the one-dimensional ones. Since we are working in a

laminar medium in R2, the structure of these heteroclinic solutions is particularly simple. A

much more general treatment can be found in [9].

In the rest of this section, we will write (x, y) for points in R2 with 〈(x, y), e1〉 = x and

〈(x, y), e2〉 = y. Moreover, for e ∈ S1 \ {e1,−e1}, we will let {ueζ}ζ∈R denote the family of

functions generated by Ue, where Ue is the laminar pulsating wave from Proposition 35.

Proposition 52. Suppose that assumptions (4.2), (4.28), and (4.30) all hold. If (νn)n∈N ⊆

S1 \ {e1,−e1} and (ζn)n∈N ⊆ R satisfy, for each n ∈ N,

(i) 〈νn, e2〉 > 0 (resp. 〈νn, e2〉 < 0),

(ii) uνnζn
(1

4 , 0) = 0,

and if limn→∞ νn = e1, then there is a subsequence (nj)j∈N and a Class A minimizer u of

F such that u = limj→∞ u
νnj
ζnj

locally uniformly in R2 and

u(x+ ke1, y) ≥ u(x, y) (resp. u(x+ ke1, y) ≤ u(x, y)) if k ∈ N,

u(x, y + δ) > u(x, y) (resp. u(x, y + δ) < u(x, y)) if δ > 0,

lim
x→±∞

u(x, y) = ±1 (resp. lim
x→±∞

u(x, y) = ∓1).

Proof. To start with, assume that 〈νn, e2〉 > 0 independently of n. By the Arzelà-Ascoli

Theorem and elliptic regularity, if (nj)j∈N ⊆ N is any subsequence, then there is a further

subsequence (njk)k∈N and a Class A minimizer u of F such that u = limk→∞ u
νnjk
ζnjk

locally

uniformly.
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Since strongly Birkhoff plane-like minimizers have bounded width (Theorem 20), it is not

hard to show that lim〈x,e1〉→±∞ u(x) = ±1 uniformly in 〈e1〉⊥.

If k ∈ N, then 〈ke1, νn〉 > 0 for large enough n. Thus, u(x+ ke1, y) ≥ u(x, y). Similarly,

if k ∈ −N, then u(x+k, y) ≤ u(x, y). In view of what was proved in the previous paragraph,

the inequality is strict if k 6= 0.

Next, recall that we can write

uνnζn
(x, y) = Uνn(x〈νn, e1〉+ y〈νn, e2〉 − ζ, x).

Thus, (uνnζn
)y = 〈νn, e2〉∂sUνn > 0 in R2. Therefore, since uνnζn

→ u locally uniformly, it

follows that uy ≥ 0. Finally, observe that v = uy satisfies −div(a(x)Dv)+Wuu(y, u)v = 0 in

R2. Thus, by the strong maximum principle (cf. [39, Corollary A.3]), either v > 0 or v ≡ 0.

If uy ≡ 0, then u = u(x) and then the fact that u(1
4) = 0 and u is a Class A minimizer

heteroclinic between 1 and −1 would contradict (4.30). Therefore, uy > 0 in R2.

Now we show that σ̄ is not differentiable at e1 in this set-up:

Proposition 53. If we define eθ = cos(θ)e1 + sin(θ)e2, then

lim
θ→0+

〈Dσ̄(eθ), e2〉 > 0, lim
θ→0−

〈Dσ̄(eθ), e2〉 < 0.

In particular, σ̄ is not differentiable at e1.

Proof. Suppose θ ∈ (−π2 ,
π
2 ) \ {0} and fix ζθ ∈ R such that u

eθ
ζθ

satisfies u
eθ
ζθ

(1
4 , 0) = 0.

Recalling the discussion at the end of Section 4.7.1 and the equation (3.11) for Dσ̄(eθ), we
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compute

Dσ̄(eθ) =

ˆ
R×Td

a(y)DeθUeθ∂sUeθ dy ds

= 〈eθ, e2〉−1H1(Ieθ)
−1

ˆ
Ieθ⊕eθR

a(x)Du
eθ
ζθ

(x, y)∂yu
eθ
ζθ

(x, y) dx dy

= sgn(〈eθ, e2〉)
ˆ
Ieθ⊕eθR

a(x)Du
eθ
ζθ

(x, y)∂yu
eθ
ζθ

(x, y) dx dy.

In particular, since a takes values in the diagonal matrices,

〈Dσ̄(eθ), e2〉 = sgn(〈eθ, e2〉)
ˆ
Ieθ⊕eθR

a2(x)∂yu
eθ
ζθ

(x, y)2 dx dy.

This shows that 〈Dσ̄(eθ), e2〉 > 0 if 〈eθ, e2〉 > 0 and 〈Dσ̄(eθ), e2〉 < 0 if 〈eθ, e2〉 < 0.

Since we are working in dimension two, note that ∂σ̄(e1) is either a singleton or a line

segment. Thus, limθ→0+ Dσ̄(eθ) and limθ→0− Dσ̄(eθ) both exist and converge to either

Dσ̄(e1) or the (distinct) boundary endpoints of ∂σ̄(e1). Thus, from the previous paragraph,

we see that Dσ̄(e1) exists only if limθ→0〈Dσ̄(eθ), e2〉 = 0. That means that to prove non-

differentiability, we only need to show that

lim inf
θ→0

|〈Dσ̄(eθ), e2〉| > 0.

We will proceed arguing by contradiction. Suppose that, in contrast to what we wish to

prove, limθ→0+〈Dσ̄(eθ), e2〉 = 0. Appealing to our previous computations and the positivity

of a2, we find

lim
θ→0+

ˆ
Ieθ⊕R

∂yu
eθ
ζθ

(x, y)2 dx dy = 0. (4.32)

We claim this is impossible.

Indeed, if (4.32) were true, then we would deduce that (u
eθ
ζθ

)y → 0 in L2
loc(R2). Passing

to a sub-sequence θn → 0+, we can assume that there is a Class A minimizer u satisfying the
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conclusions of Proposition 52 such that u
eθn
ζθn
→ u locally uniformly. From the local uniform

convergence, we deduce that (u
eθn
ζθn

)y ⇀ uy in L2
loc(R2). We are left to conclude that uy ≡ 0,

which contradicts the fact that u is strictly increasing in the y variable.

4.7.3 Asymptotics of the Mobility

Proposition 54. If (a,W ) are such that (4.2) holds and M(e1) contains no continuous

elements, then, in the notation of Proposition 53, there are positive constants C+, C− > 0

such that

C± = lim
θ→0±

|〈eθ, e2〉|
ˆ
R×T

a2(y)∂sUeθ(s, y)2 ds dy.

Proof. In the previous proof, we showed that limθ→0± |〈Dσ̄(eθ), e2〉| > 0.

On the other hand, using the identity 〈DeθUeθ , e2〉 = 〈eθ, e2〉∂sUeθ , we find

|〈Dσ̄(eθ), e2〉| =
∣∣∣∣ˆR×T〈a(y)DeθUeθ(s, y), e2〉∂sUeθ(s, y) dy ds

∣∣∣∣
= |〈eθ, e2〉|

ˆ
R×T

a2(y)∂sUeθ(s, y)2 dy ds.

4.7.4 Proof of Theorem 28

Proof of Theorem 28. Propositions 53 and 54 prove (i) and (ii), respectively. It only remains

to prove (iii). We proceed by appealing to the fact that D2σ̄ is a Radon measure in R2.

From (ii), we know there is a C > 0 such that

C−1|〈e, e2〉|−1 ≤ M̄(e) ≤ C|〈e, e2〉|−1

For convenience, extend M̄ to Rd \ {0} by M̄(v) = M̄(‖v‖−1v). Let Q be the cone Q =
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{x ∈ R2 | |〈x, e2〉| ≤ 1
2〈x, e1〉}. Integrating over Q ∩ {1/2 ≤ ‖v‖ ≤ 2}, we find

C−1
ˆ
{12≤‖v‖≤2}∩Q

(
‖D2σ̄(v)‖
M̄(v)

)
|〈v, e2〉|−1 dv

≤
ˆ
{12≤‖v‖≤2}∩Q

(
‖D2σ̄(v)‖
M̄(v)

)
M̄(v) dv

≤ ‖D2σ̄‖
({

1

2
≤ ‖v‖ ≤ 2

}
∩Q

)
<∞.

Since e 7→ |〈e, e2〉|−1 is not integrable in any arc of S1 containing e1 and v 7→ σ̄(v) is

1-homogeneous, we conclude lim infe→±e1
‖D2σ̄(e)‖
M̄(e)

= 0.

4.8 Notes

It is increasingly becoming a well-known fact that geometric homogenization problems in

laminar media behave better than those in general periodic media. The main inspiration to

consider diffuse interfaces in a laminar medium came from the paper by Barles, Cesaroni,

and Novaga on anisotropic curvature flow [13]. Additionally, in Moser-Bangert theory, Moser

highlighted the usefulness of laminar examples in his lecture notes [75].

In [87], Spohn posits the physically relevant form of the effective interface velocity V (n) =

M̄(n)−1tr(D2σ̄(n)A). In the context of interface motions, the only example where this is

really well understood is in the gradient flows of the Lebowitz-Penrose functional arising in

the study of the Ising model, as studied by Katsoulakis and Souganidis [61, 62], Buttà [24],

and Bellettini, Buttà, and Presutti [17]. It should be emphasized that the Lebowitz-Penrose

functional is translationally-invariant — it models a spatially homogeneous medium.
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CHAPTER 5

THE ALLEN-CAHN EQUATION WITH A PERIODIC

MOBILITY COEFFICIENT

We begin with a study of the gradient flow when the energy is spatially homogeneous and

only the mobility accounts for heterogeneities in the medium. Specifically, we are interested

in the asymptotics of the solution uε of the PDE

 m(ε−1x, εDuε)uεt −∆uε + ε−2W ′(uε) = 0 in Rd × (0,∞),

uε = u0 on Rd × {0}.
(5.1)

We prove that the effective interface motion is determined by the law

V∂Et = m(n∂Et)
−1tr(A∂Et), (5.2)

where m is determined by the formula

m(e) = c−1
W

ˆ
R×Td

m(y, q̇(s)e)q̇(s)2 dy ds, cW =

ˆ ∞
−∞

q̇(s)2 ds. (5.3)

Above q is the (centered) standing wave associated with the Allen-Cahn equation; see Remark

3. Notice that m is a continuous, positive function in Sd−1.

Theorem 29. Let m : Sd−1 → [θ,Θ] denote the effective mobility defined by (5.3). If

u0 ∈ UC(Rd; [−1, 1]), (uε)ε>0 ⊆ C(Rd × [0,∞); [−1, 1]) are the viscosity solutions of (5.1),

and ū : Rd × [0,∞)→ R is the unique viscosity solution of the effective level set PDE

 m(D̂ū)ūt − tr
((

Id− D̂ū⊗ D̂ū
)
D2ū

)
= 0 in Rd × (0,∞),

ū = u0 on Rd × {0},
(5.4)

then uε → ±1 locally uniformly in {±ū > 0}.
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The proof of the theorem follows the general strategy provided by the work of Barles

and Souganidis [16]. The basic difficulty is, as we have already seen in Chapter 3, rational

directions are not well-behaved. To get around this, we introduce a notion of solutions of

(5.4) that requires less information at contact points where the gradient points in a rational

direction.

5.1 Solutions in Irrational Directions

For the sake of generality, we will consider in this section level-set PDE more general than

(5.4). The discussion here will allow for discontinuous operators in order to apply to the

situations encountered later in Chapter 6. In particular, this section concerns viscosity

inequalities of the form

ut − F (Du,D2u) ≤ 0, ut − F (Du,D2u) ≥ 0,

where F and F are semi-continuous, geometric differential operators.

Throughout this section, we fix operators F , F : Rd × Sd → R and a sequence of “bad”

directions {νn}n∈N ⊆ Sd−1. Here are the assumptions on F and F :

(i) (Geometric) If F ∈ {F , F}, (p,X) ∈ Rd × Sd, µ ∈ R, and κ > 0, then

F (κp, κX + µp⊗ p) = κF (p,X).

(ii) (Degenerate elliptic) If F ∈ {F , F}, p ∈ Rd \ {0}, X, Y ∈ Sd, and Y ≥ 0, then

0 ≤ F (p,X + Y )− F (p,X).

(iii) (Stationary planes) F (e, 0) = F (e, 0) = 0 for each e ∈ Sd−1.
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(iv) (Semi-continuity) F is upper semi-continuous and F is lower semi-continuous.

In the examples of interest here, the sequence {νn}n∈N will be precisely Sd−1 ∩ RZd.

If instead of integer periodicity, we were to replace Zd by some other lattice Λ in Rd, then

{νn}n∈N would instead be Sd−1 ∩ RΛ.

Definition 10. Given an open set U ⊆ Rd × (0,∞), we say that a locally bounded, upper

semi-continuous function v : U → R satisfies vt − F (Dv,D2v) ≤ 0 in “good” directions in

U if there is a constant K(v) > 0 such that, given any smooth function ϕ : Rd× (0,∞)→ R

and any point (x0, t0) ∈ U at which the difference v − ϕ has a strict local maximum, the

following conditions are met:

(a) If Dϕ(x0, t0) 6= 0 and D̂ϕ(x0, t0) ∈ Sd−1 \ {νn}n∈N, then

ϕt(x0, t0)− F (Dϕ(x0, t0), D2ϕ(x0, t0)) ≤ 0.

(b) If Dϕ(x0, t0) 6= 0 and D̂ϕ(x0, t0) ∈ {νn}n∈N, then

ϕt(x0, t0) ≤ K(v)
∥∥∥(Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)

)
D2ϕ(x0, t0)

∥∥∥ .
(c) If ‖Dϕ(x0, t0)‖ = ‖D2ϕ(x0, t0)‖ = 0, then

ϕt(x0, t0) ≤ 0.

Similarly, a locally bounded, lower semi-continuous function w : U → R satisfies wt −

F (Dw,D2w) ≥ 0 in “good” directions in U if there is a constant K(w) > 0 such that, given

any smooth function ϕ : Rd× (0,∞)→ R and any point (x0, t0) ∈ U at which the difference

w − ϕ has a strict local minimum, the following conditions are met:
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(a) If Dϕ(x0, t0) 6= 0 and D̂ϕ(x0, t0) /∈ {νn}n∈N, then

ϕt(x0, t0)− F (Dϕ(x0, t0), D2ϕ(x0, t0)) ≥ 0.

(b) If Dϕ(x0, t0) 6= 0 and D̂ϕ(x0, t0) ∈ {νn}n∈N, then

ϕt(x0, t0) ≥ −K(v)
∥∥∥(Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)

)
D2ϕ(x0, t0)

∥∥∥ .
(c) If ‖Dϕ(x0, t0)‖ = ‖D2ϕ(x0, t0)‖ = 0, then

ϕt(x0, t0) ≥ 0.

When {νn}n∈N = Sd−1∩RZd, we will simply say “irrational directions” instead of “good

directions.”

The next result shows that sub- and super-solutions in “good” directions are equivalent

to classical viscosity sub- and super-solutions.

Theorem 30. Given any open set U ⊆ Rd×(0,∞), if v : U → R satisfies vt−F (Dv,D2v) ≤

0 in “good” directions in U , then v satisfies vt − F (Dv,D2v) ≤ 0 in the viscosity sense in

U .

Similarly, if w : U → R satisfies wt − F (Dw,D2w) ≥ 0 in “good” directions in U , then

w satisfies wt − F (Dw,D2w) ≥ 0 in the viscosity sense in U .

The proof is deferred to Chapter 7.

5.2 Proof of Theorem 29

Henceforth u0 ∈ UC(Rd; [−1, 1]) is fixed and (uε)ε>0 are the solutions of (5.1). The existence

and uniqueness of these solutions follows from [].
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The macroscopic phases that develop in the sharp-interface limit are described by the

following open sets, parametrized by t > 0:

Ω
(1)
t =

{
x ∈ Rd | lim inf∗ uε(x, t) = 1

}
,

Ω
(2)
t =

{
x ∈ Rd | lim sup∗ uε(x, t) = −1

}
.

Recall that the half-relaxed limits in the definition are given by

lim inf∗ uε(x, t) = lim
δ→0+

inf {uε(y, s) | ε+ ‖x− y‖+ |t− s| ≤ δ} ,

lim sup∗ uε(x, t) = lim
δ→0+

sup {uε(y, s) | ε+ ‖x− y‖+ |t− s| ≤ δ} .

We proceed by proving that (Ω
(1)
t )t>0 and (Ω

(2)
t )t>0 define super- and sub-flows, respec-

tively, in the sense of [16]. It will not be necessary to know what that means in this paper.

Instead, we associate phase indicator functions χ∗, χ∗ : Rd×[0,∞)→ R to the sets (Ω
(1)
t )t>0

and (Ω
(2)
t )t>0 and and prove these are respectively discontinuous super- and sub-solutions

of (5.4). χ∗ and χ∗ are defined for (x, t) ∈ Rd × (0,∞) via the formulae

χ∗(x, t) =

 1, if x ∈ Ω
(1)
t ,

−1, otherwise,
χ∗(x, t) =

 1, if x ∈ Rd \ Ω
(2)
t ,

−1, otherwise,

and at t = 0 by

χ∗(x, 0) = lim
δ→0+

inf {χ∗(y, s) | ‖x− y‖+ s < δ, s > 0} ,

χ∗(x, 0) = lim
δ→0+

sup {χ∗(y, s) | ‖x− y‖+ s < δ, s > 0} .

The next result is the main step in the proof of Theorem 29:

Proposition 55. χ∗ (resp. χ∗) is a sub-solution (resp. super-solution) of (5.1) in irrational
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directions in Rd × (0,∞). Furthermore, χ∗(·, 0) = −1 in {u0 < 0} and χ∗(·, 0) = 1 in

{u0 > 0}.

Proof. Where χ∗ is concerned, the first statement follows from Propositions 57, 62, and

64, and the second, from Proposition 65 below. The statements concerning χ∗ then follow

by replacing uε by −uε, W by u 7→ W (−u), χ∗ by −χ∗, etc. since this has the effect of

transforming super-solutions into sub-solutions.

In view of Theorem 30, we can remove the “irrational directions” qualifier and instead

treat χ∗ and χ∗ as viscosity sub- and super-solutions. It only remains to prove that, even

though these functions are discontinuous, χ∗ and χ∗ can still be compared to ū. This part

is classical.

Theorem 31. If ū is the solution of (5.4), then χ∗ ≤ −χ{ū<0} and χ∗ ≥ χ{ū>0} in

Rd × [0,∞).

Proof. Due to the positivity and continuity of m, the existence and uniqueness of ū is stan-

dard (see [12]). Since u0 is uniformly continuous and the equation is translationally invariant,

a well-known (e.g., approximation) argument shows that ū is uniformly continuous in both

variables. Thus, [16, Proposition 2.1] applies, giving the desired conclusion.

Finally, notice that Theorem 31 implies Theorem 29 by definition of χ∗ and χ∗. Therefore,

it only remains to prove Proposition 55 and Theorem 30.

5.3 Approximate Correctors

The purpose of this section is to prove the existence of approximate correctors in irrational

directions. More precisely, given an e /∈ RZd and a ν > 0, we find a constant m(e) > 0 and

a P̃ νe ∈ C2,µ(R× Td) such that

∣∣∣[m(y, q̇(s)e)−m(e)]q̇(s) +D∗eDeP̃ νe +W ′′(q(s))P̃ νe
∣∣∣ ≤ νq̇(s) in R× Td. (5.5)
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When e ∈ Sd−1 \ RZd, this is possible because the diffusion in the 〈e〉⊥ directions explores

the entire torus. We will show below that the same strategy does not work in rational

directions precisely because this is no longer the case. In Remark 9 below, we show that

when m is sufficiently regular, (2.3) has solutions in certain Diophantine directions; Remark

8 shows that there is an obstruction when e ∈ RZd.

Recall that the effective mobility m(e) is given by

m(e) = c−1
W

ˆ
R×Td

m(y, q̇(s)e)q̇(s)2 dy ds, cW =

ˆ ∞
−∞

q̇(s)2 ds. (5.6)

The main result of this section concerning existence of approximate correctors is stated

next.

Theorem 32. Fix e ∈ Sd−1 \ RZd. Given any ν > 0, there is a P̃ νe ∈ C2,µ(R × Td) such

that (5.5) holds.

To prove the theorem, we start by regularizing m: given µ ∈ (0, 1), fix m̃ ∈ Cµ(R× Td)

such that

sup
{
|m(y, q̇(s)e)− m̃(s, y)| | (s, y) ∈ R× Td

}
≤ 1

3
ν, (5.7)

‖m̃‖Cµ(R×Td) + ‖Dym̃‖Cµ(R×Td) + ‖D2
ym̃‖Cµ(R×Td) <∞. (5.8)

We decompose m̃ in the following way:

m̃(s, y) =

ˆ
Td
m̃(s, y′) dy′ +

(
m̃(s, y)−

ˆ
Td
m̃(s, y′) dy′

)
=: m̃1(s) + m̃2(s, y). (5.9)

Correspondingly, we define a corrector P e and penalized correctors (P δ2 )δ>0 solving the
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following PDE:

m̃1(s)q̇(s)− P̈ e +W ′′(q(s))P e = m̃(e)q̇(s) in R, (5.10)

m̃2(s, y)q̇(s) + δP δ2 +D∗eDeP δ2 +W ′′(q(s))P δ2 = 0 in R× Td, (5.11)

m̃(e) = c−1
W

ˆ
R×Td

m̃(s, y)q̇(s)2 dy ds. (5.12)

Here, as above, De = e∂s +Dy and D∗e is its L2 adjoint.

The existence and regularity of P e and (P δe )δ>0 is discussed in [72, Appendix C]. Theorem

32 is proved as soon as we establish the following:

Proposition 56. ‖q̇−1(δP δ2 )‖L∞(R×Td) → 0 as δ → 0. In particular, given ν > 0, if δ > 0

is small enough, then P̃ νe = P e + P δe satisfies (5.5).

5.3.1 Convergence of δP δ
2

Since (P δ2 )δ>0 ⊆ C2,µ(R × Td), straightforward manipulations show that the functions

(vδζ )ζ∈R obtained by the rule

vδζ (x) = V δ2 (〈x, e〉 − ζ, x), V δ2 (s, y) = q̇(s)−1P δ2 (s, y)

are solutions of the following family of PDE:

m̃2(〈x, e〉 − ζ, x) + δvδζ −∆vδζ −
2q̈(〈x, e〉 − ζ)

q̇(〈x, e〉 − ζ)
〈e,Dvδζ〉 = 0 in Rd.

Thus, the asymptotic behavior of (δP δ2 )δ>0 is captured by that of (δvδζ )δ>0.

Notice that if we define (ṽδζ )ζ∈R by

ṽδζ (x) = vδζ (x+ ζe), (5.13)
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then the functions (ṽδζ )ζ∈R satisfy the “centered” family of PDE:

m̃2(〈x, e〉, x+ ζe) + δṽδζ −∆ṽδζ −
2q̈(〈x, e〉)
q̇(〈x, e〉)

〈e,Dṽδζ〉 = 0 in Rd. (5.14)

Therefore, letting p̃ : R×R× (0,∞)→ (0,∞) and g : 〈e〉⊥×〈e〉⊥× (0,∞)→ (0,∞) denote

the fundamental solutions of the operators ∂t− ∂ss+W ′′(q(s)) and ∂t−∆〈e〉⊥ , respectively,

we find

ṽδζ (x) = −
ˆ ∞

0
e−δtUζ(x, t) dt, (5.15)

Uζ(x, t) :=

ˆ ∞
−∞

Qs̃ζ(x+ (s̃− 〈x, e〉)e, t)p̃(〈x, e〉, s̃, t)ds̃,

Qs̃ζ(x, t) :=

ˆ
〈e〉⊥

m̃2(s̃, x+ y′ + ζe)g(0, y′, t)Hd−1(dy′).

(Above ∆⊥〈e〉 is the Laplacian in the 〈e〉⊥ directions, that is, ∆〈e〉⊥ = tr((Id − e ⊗ e)D2).

Thus, g(0, y′, t) = (4πt)−
(d−1)

2 exp
(
−(4t)−1‖y′‖2

)
.)

We will prove that δṽδζ → 0 uniformly using the averaging induced by the diffusion in

〈e〉⊥. Toward that end, the following observation will play a decisive role.

Lemma 4. If F is a compact subset of C(Td) in the uniform norm topology, then there is

a modulus η : [0,∞)→ [0,∞) with limδ→0+ η(δ) = 0 such that

sup

{∣∣∣∣∣
ˆ
〈e〉⊥

u(x+ y′)g(0, y′, t) dt−
ˆ
Td
u(y) dy

∣∣∣∣∣ | x ∈ Td, u ∈ F

}
≤ η(t−1).

Proof. We only need to prove uniform convergence at a given u ∈ C(Td). The uniformity in

F then follows by the Arzelà-Ascoli Theorem.

To start with, assume that u ∈ C(Td) is such that its Fourier series is summable, that
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is,
∑
k∈Zd |û(k)| <∞. If we define Q : Td × (0,∞)→ R by

Q(x, t) =

ˆ
〈e〉⊥

u(x+ y′)g(0, y′, t)Hd−1(dy′),

then an elementary computation shows that

Q̂(k, t) = û(k)e−4π2‖k−〈k,e〉e‖2t.

Thus, the fact that k 6= 〈k, e〉e for all k ∈ Zd readily implies

lim
t→∞

∑
k∈Zd\{0}

|Q̂(k, t)| = 0.

In particular,

lim
t→∞

sup

{∣∣∣∣∣
ˆ
〈e〉⊥

u(x+ y′)g(0, y′, t)Hd−1(dy′)−
ˆ
Td
u(y) dy

∣∣∣∣∣ | x ∈ Td
}

= 0.

Finally, the general case follows by approximation.

With Lemma 4 in hand, Proposition 56 follows readily:

Proof of Proposition 56. Recall that V δ2 = q̇−1P δ2 . Hence our previous computations yield

‖q̇−1(δP δ2 )‖L∞(R×Td) = sup
{
|δṽδζ (x)| | x ∈ Rd, ζ ∈ R

}
≤
ˆ ∞

0
δe−δt‖Qs̃ζ(·, t)‖L∞(Td) dt.

Observe that {m̃2(s̃, · + ζe) | (s̃, ζ) ∈ R2} is relatively compact in C(Td) by the choice

of m̃2. Thus, by Lemma 4, there is a modulus η : [0,∞) → [0,∞) with limδ→0+ η(δ) = 0

such that

sup
{
‖Qs̃ζ(·, t)‖L∞(Td) | (s̃, ζ) ∈ R2

}
≤ η(t−1).
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Putting it all together, we conclude by observing that

lim sup
δ→0+

‖q̇−1(δP δ2 )‖L∞(R×Td) ≤ lim
δ→0+

ˆ ∞
0

δe−δtη(t−1) dt = 0.

Now that Theorem 32 is proved, a few remarks are in order.

Remark 7. The diffusion in 〈e〉⊥ directions is needed in Proposition 56. More precisely,

the same is no longer true if the forcing only depended on s.

Here is an example. Set W (u) = (1− u2)2 and consider the penalized correctors solving

the following:

q(s)q̇(s) + δP δ − P̈ δ +W ′′(q(s))P δ = 0 in R.

In this case, q is an even function so qq̇ is orthogonal to q̇. Thus, one can show that δP δ → 0

uniformly as δ → 0. However, this is no longer true when we renormalize by q̇.

In this case, vδ = q̇−1P δ solves the ODE:

q(s) + δvδ − v̈δ + 2 tanh(s)v̇δ = 0 in R.

For a given δ > 0, as s̄→∞, we find that vδ(·+ s̄) converges to the bounded solution vδ+ of

1 + δvδ+ − v̈δ+ + 2v̇δ+ = 0 in R.

Since the coefficients are constant, this gives −δvδ+ ≡ 1. In particular,

∥∥∥q̇−1(δP δ)
∥∥∥
L∞(R)

= sup
{
δ|vδ(s)| | s ∈ R

}
≥ 1 for all δ > 0.

It is worth noting that, in the previous example, any bounded solution P of q(s)q̇(s) −

P̈ +W ′′(q(s))P = 0 in R necessarily grows much faster than q̇ as s→ ±∞. That is, in this
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case, the function q̇−1P is an unbounded solution of the associated ODE.

Not only was the diffusion in orthogonal directions necessary in the proof of Theorem 32,

but irrationality of e was also.

Remark 8. If e ∈ RZd, then (q̇−1δP δ2 )δ>0 converges uniformly to a non-constant function

in general. To see this, notice that, if e ∈ RZd, then, in Lemma 4, the conclusion changes

to the following one:

lim
t→∞

ˆ
〈e〉⊥

u(x+ y′, t)g(0, y′, t)Hd−1(dy′) =

 
Td−1e (〈x,e〉)

u(ξ)Hd−1(dξ).

Here the sub-tori {Td−1
e (r)}r∈R are defined as in Section 2.4.

As a consequence of the previous observation, we see that if (P δ)δ>0 are the bounded

solutions of m̃(s, y) + δP δ +D∗eDeP δ +W ′′(q(s))P δ = 0 in R× Td and e ∈ RZd, then

lim
δ→0+

q̇(s)−1(δP δ(s, y)) = m̃e(〈y, e〉 − s) uniformly in R× Td,

where m̃e : [0, re)→ R is given by

m̃e(ζ) = c−1
W

ˆ ∞
−∞

 
Td−1e (ζ)

m̃(s, ξ)q̇(s)2Hd−1(dξ) ds.

While m̃e certainly extends to a periodic function in R, it need not be constant.

Similarly, (2.3) cannot have a (e.g., weak) solution unless m̃e is constant, and one can

show that (5.5) cannot hold unless 2ν is larger than the oscillation of m̃e.

Finally, we describe a situation where (2.3) does have solutions in certain directions.

Remark 9. If we impose enough regularity assumptions on m and arithmetic conditions on

e, and if {Qs̃ζ} are defined as above, then it is possible to show the following estimate

sup

{ˆ ∞
0
‖Qs̃ζ(·, t)‖L∞(Td) dt | (s̃, ζ) ∈ R

}
<∞.
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This can be made precise by following the proof of Proposition 11 above. With this estimate,

we use (5.15) to see that ‖vδζ‖L∞(Rd) is bounded independently of (δ, ζ). Therefore, we can

send δ → 0 to obtain a solution of (2.3).

5.4 Irrational Contact Points

This section is devoted to the proof of Proposition 55. This section establishes that the phase

indicator function χ∗ satisfies condition (a) in the definition of a super-solution in irrational

directions (see Definition 10).

Put another way, the goal of this section is to prove the following:

Proposition 57. If ϕ is a smooth function in Rd× (0,∞); (x0, t0) ∈ Rd× (0,∞) is a point

where χ∗ − ϕ has a strict local minimum; and Dϕ(x0, t0) ∈ Rd \ RZd, then

m(D̂ϕ(x0, t0))ϕt(x0, t0)− tr
((

Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)
)
D2ϕ(x0, t0)

)
≥ 0. (5.16)

The proof of Proposition 57 proceeds by contradiction and is divided into three steps.

The first step involves the construction of a suitable local sub-solution of (5.4). The second

step, the so-called initialization step, shows that the solutions (uε)ε>0 develop a relatively

sharp interface around the level surface {ϕ = ϕ(x0, t0)} after a short macroscopic time. As

in [16], this initial step allows us to convert the macroscopic sub-solution of the first step

into a sub-solution of (5.1). This conversion is precisely the third step. If ϕ does not satisfy

(5.16), these sub-solutions slip underneath the solutions (uε)ε>0 and force (x0, t0) to be an

interior point of the evolution t 7→ Ω
(1)
t , a contradiction.

5.4.1 Macroscopic Sub-Solution

Here we recall some useful observations that follow from the assumption that Dϕ(x0, t0) 6= 0.

It will be useful to introduce some notation.
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Throughout the section, we let e = D̂ϕ(x0, t0). Let {e1, . . . , ed−1} be an orthonormal

basis for Rd−1 and Oe : Rd−1 → Rd be a linear isometry with Oe(Rd−1) = 〈e〉⊥. Given

R > 0, we define the open cube Q(0, R) ⊆ Rd−1 by

Q(0, R) = {x′ ∈ Rd−1 | max{|〈x′, e1〉|, . . . , |〈x′, ed−1〉|} < R/2}.

For an x̃′ ∈ Rd−1, we set Q(x̃′, R) = x̃′ +Q(0, R).

Using the coordinates determined by Oe, we define open rectangular prisms Qe(0, R, ρ)

of base length R > 0 and height ratio ρ by

Qe(0, R, ρ) =
{
Oe(x′) + se | x′ ∈ Q(0, R), s ∈ (−ρR/2, ρR/2)

}
.

Given x ∈ Rd, we define Qe(x,R, ρ) = x+Qe(0, R, ρ).

Finally, an arbitrary point x ∈ Rd will frequently be written as x = (xe, x
′) with the

understanding that xe ∈ R and x′ ∈ Rd−1 are such that x = Oe(x′) + xee. In particular, we

will write x0 = (x0,e, x
′
0).

We will use the fact that {ϕ = 0} is locally a one-parameter family of graphs near (x0, t0).

Specifically, we have

Proposition 58. There are constants ρ, ν, S, V > 0 and a smooth function g : Q(x′0, S) ×

(t0 − ν, t0 + ν)→ R such that

(i) ϕ(x, t) > 0 (resp. ϕ(x, t) ≤ 0) for some (x, t) ∈ Qe(x0, S, ρ) × (t0 − ν, t0 + ν) if and

only if xe > g(x′, t) (resp. xe ≤ g(x′, t)).

(ii) |g(x′1, t)− g(x′2, t)| ≤
1
2ρ(d− 1)−

1
2‖x′1 − x

′
2‖ no matter the choice of x′1, x

′
2 ∈ Q(x′0, S)

or t ∈ (t0 − ν, t0 + ν).

(iii) |g(x′, t)− g(x′, s)| ≤ V |t− s| for all x′ ∈ Q(x′0, S) and t, s ∈ (t0 − ν, t0 + ν).
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Further, we can assume that ρ < 1 and (x0, t0) is a strict local minimum of χ∗ − ϕ in

Qe(x0, S, ρ)× (t0 − ν, t0 + ν).

Proof. The construction of g is a classical application of the implicit function theorem. The

fact that Dϕ(x0, t0) = ‖Dϕ(x0, t0)‖e implies that Dg(x0, t0) = 0, and hence the existence

of ρ < 1.

By assumption, there is an α̃ > 0 such that

m(D̂ϕ(x0, t0))ϕt(x0, t0)− tr
((

Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)
)
D2ϕ(x0, t0)

)
≤ −10α̃‖Dϕ(x0, t0)‖.

In particular, since g is smooth, this implies there is an 0 < S1 < S and a 0 < ν1 < ν such

that

m

(
e−Dg√
1 + ‖Dg‖2

)
gt−tr

((
Id− Dg ⊗Dg

1 + ‖Dg‖2

)
D2g

)
≥ 9α̃ in Q(x′0, S1)×(t0−ν1, t0+ν1).

(5.17)

Next, given a free variable c > 0 to be determined, define g̃ : Q(x′0, S)×(t0−ν, t0+ν)→ R

by

g̃(x′, t) = g(x′, t) +
c‖x′ − x′0‖

2

2
.

Notice that there is a c1 > 0 such that if c ∈ (0, c1), then

m

(
e−Dg̃√
1 + ‖Dg̃‖2

)
g̃t−tr

((
Id− Dg̃ ⊗Dg̃

1 + ‖Dg̃‖2

)
D2g̃

)
≥ 8α̃ in Q(x′0, S1)×(t0−ν1, t0+ν1).

(5.18)

Finally, let d : Qe(x0, S1, ρ)× (t0− ν1, t0 + ν1)→ R and dc : Qe(x0, S1, ρ)× (t0− ν1, t0 +

ν1)→ R be the signed distance functions to {xe = g(x′, t)} and {xe = g̃(x′, t)}, respectively.
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Specifically, we define d by

d(x, t) =

 dist(x, {x̃ ∈ Qe(x0, S1, ρ) | x̃e = g(x̃′, t)}), if xe > g(x′, t),

−dist(x, {x̃ ∈ Qe(x0, S1, ρ) | x̃e = g(x̃′, t)}), otherwise,

and we define dc similarly, but with g replaced by g̃.

Let α0 > 0 be another free variable. Arguing as in [73, Appendix C], we deduce the

following facts about dc:

Lemma 5. Making ν1 smaller if necessary, there is a constant γ > 0 depending on c1, ϕ,

and S1 but not on c such that

M := sup
{
‖∂jtD

idc(x, t)‖+ ‖∂jtD
id(x, t)‖ | x ∈ Qe(x0, S1/2, ρ),

t ∈ (t0 − ν1, t0 + ν1), |dc(x, t)| < γ, i+ j ≤ 4} <∞.

Furthermore, we can choose 0 < S′1 < S1 and 0 < ν′1 < ν1 in such a way that (making γ

smaller, if necessary)

m(Ddc)dc,t −∆dc ≤ −7α̃ in Qe(x0, S
′
1, ρ)× (t0 − ν′1, t0 − ν

′
1) ∩ {|d| < γ}.

and

|m(Ddc)−m(e)| ≤ α0 in Qe(x0, S
′
1, ρ)× (t0 − ν′1, t0 − ν

′
1) ∩ {|d| < γ}.

Finally, we let η, β > 0 be free variables to be determined and pick 0 < S2 < S′1 and

0 < ν2 < ν′1 and define d̃c : Qe(x0, S2, ρ)× (t0 − ν2, t0 + ν2)→ R by

d̃c(x, t) = dc(x+ η(t− (t0 − ν2))e, t).

Notice that d̃c(·, t) is the signed distance to the surface {xe = g̃(x′, t) − η(t − (t0 − ν2))},
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and it is well-defined by making S2 and ν2 smaller if necessary.

d̃c is the sub-solution of (5.4) that will be used in the sequel. Its key properties are

summarized next. In the statement, we use the notation ∂p for the parabolic boundary.

Specifically, for a space-time domain Q× (a, b) that means

∂p[Q× (a, b)] = ∂Q× (a, b] ∪Q× {a}.

Proposition 59. If η ∈ (0,Θ−1α̃), β ∈ (0, 1
2ην2 ∧ 1 ∧ 1

2S2), c ∈ (0, c1), ν2 ∈ (0, ν′1), and

S2 ∈ (0, S′1/2) satisfy the inequalities

(3η + 2V )ν2 <
ρS2

4
+
cS2

2

8
, (5.19)

then

m(Dd̃c)d̃c,t −∆d̃c ≤ −6α̃, |m(Dd̃c)−m(e)| ≤ α0 in {|d̃c| < γ},

χ{d̃c≥β} ≤ χ{d≥β} on ∂p[Q
e(x0, S2, ρ)× (t0 − ν2, t0 + ν2)].

Proof. The inequality 2ην2 <
ρS2
2 <

ρ(S′1−S2)
2 implies that x+η(t−(t0−ν2))e ∈ Qe(x0, S

′
1, ρ)

whenever x ∈ Qe(x0, S2, ρ). Thus, the first statement follows from Lemma 5 and the in-

equality m ≤ Θ.

Concerning the second statement, we know that d̃c(·, t0− ν2) = dc(·, t0− ν2). Therefore,

the ordering between g and g̃ implies d̃c ≤ d on the surface {t = t0 − ν2}.

Next, we check the remaining inequalities, namely,

χ{d̃c≥2β} ≤ χ{d≥2β} on ∂Qe(x0, S2, ρ)× [t0 − ν2, t0 + ν2].

We will start by examining points x = (xe, x
′) with x′ ∈ ∂Q(x0, S2).

Assume that d̃c(x, t) ≥ β and x′ ∈ ∂Q(x0, S2). To show that d(x, t) ≥ β, we proceed
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point by point. We claim that if d(y, t) = 0, then ‖y − x‖ ≥ β. If ‖y′ − x′‖ ≥ β, we are

done. Therefore, assume that ‖y′ − x′‖ ≤ β.

By the definition of d̃c and dc, we have

g(x′, t) +
cS2

2

8
− 2ην2 ≤ g(x′, t) +

c‖x′ − x′0‖
2

2
− η(t− (t0 − ν2)) < xe. (5.20)

At the same time, |g(y′, t)− g(x′, t)| ≤ 1
2ρβ. Therefore, since ye = g(y′, t), we find

ye ≤ g(x′, t) +
ρβ

2
< xe −

cS2
2

8
+ 2ην2 +

β

2
.

Recalling that 2β < ην2 and appealing to (5.19), we conclude

‖y − x‖ ≥ |ye − xe| = xe − ye ≥
cS2

2

8
−
(

2ην2 +
β

2

)
≥ β.

Hence |d(x, t)| ≥ β. Similarly, (5.20) shows that g(x′, t) < xe so d(x, t) > 0. Thus, d(x, t) ≥ β

as claimed.

Finally, we consider points (x, t) with x on the top or bottom of the box Qe(x0, S2, ρ),

that is, points for which |xe−x0,e| = ρS2/2. To start with, observe that if xe = x0,e−ρS2/2,

then d̃c(x, t) < 0 < β. Indeed, it suffices to show that xe + η(t− (t0 − ν2)) < g̃(x′, t), which

is true since, by (5.19),

xe + η(t− (t0 − ν2)) ≤ g(x′0, t0)− ρS2

2
+ 2ην2

≤ g̃(x′, t) + 2(V + η)ν2 −
ρS2

4
< g̃(x′, t).

It remains to consider the case when xe = x0,e+ρS2/2. We claim that d(x, t) ≥ β in this

case. To see this, we first show that if d(y, t) = 0 and y ∈ Qe(x0, S1, ρ), then ‖y − x‖ ≥ β.
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Indeed, in case y ∈ Qe(x0, S2 + 2β, ρ), we apply (5.19) to find

‖y − x‖ ≥ |ye − xe|

=
∣∣(xe − x0,e) + (g(x0, t0)− g(y′, t))

∣∣
≥ ρS2

2
− |g(x0, t0)− g(y′, t)|

≥ ρS2

2
− ρ(S2 + 2β)

4
− 2V ν2 ≥ β.

On the other hand, if y ∈ Qe(x0, S1, ρ) \ Qe(x0, S2 + 2β, ρ), then we can consider two

cases: (i) y′ ∈ Q(x′0, S1) \ Q(x′0, S2 + 2β) or (ii) ρ(S2 + 2β)/2 ≤ |ye| < ρS1/2. In case (i),

‖x− y‖ ≥ ‖x′− y′‖ ≥ β follows immediately. On the other hand, in case (ii), we can assume

that both |ye − x0,e| ≥ ρ(S2 + 2β)/2 and y′ ∈ Q(x′0, S2 + 2β), but then this contradicts

Proposition 58 and 2V ν2 < ρS2/2. So only case (i) is possible and then |d(x, t)| ≥ β follows.

Similarly, we find that d(x, t) > 0 so d(x, t) ≥ β.

In the remainder of this section, we will adjust the constants if necessary so that the

hypotheses of Proposition 59 hold. In addition, we impose the following constraint on η:

ην2 < γ.

The justification for this restriction comes in the remark that follows. Henceforth, η, c, ν2,

and S2 are fixed. We reserve the right to make β > 0 smaller later. Also note that α0

remains undetermined at this stage and so far no restrictions have been imposed on it.

Remark 10. Notice that the boundary inequality in Proposition 59 has the following (trivial)

consequence: for each ε > 0,

(1−βε)χ{d̃c≥β}−χ{d̃c<β} ≤ (1−βε)χ{d≥β}−χ{d<β} on ∂p[Q(x0, S2, ρ)×(t0−ν2, t0+ν2)].
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Further, notice that since Ddc(x0, t0) = e and ην2 < γ, it follows that

d̃c(x0, t0) = dc(x0 + ην2e, t0) = ην2 > 2β.

In particular, {d̃c > 2β} contains a neighborhood of (x0, t0).

5.4.2 Initialization

In this section, we prove an initialization result that shows that the solutions (uε)ε>0 develop

a sharp transition along the interface {ϕ = 0} when ε > 0 is sufficiently small. Here we follow

[16] using the result of [72, Appendix A].

Proposition 60. Given δ ∈ (0, 1
2), there is a τ = τ(δ, β, ϕ) > 0 and an ε0 = ε0(β, ϕ, u0) > 0

such that if ε ∈ (0, ε0) and t ∈ [t0 − ν2, t0 + ν2], then

uε(·, t+ τε2 log(ε−1)) ≥ (1− βε)χ{d(·,t)≥β} − χ{d(·,t)≤β} in Qe(x0, S2, ρ).

Proof. First of all, since {d ≥ β} ⊆ {χ∗ = 1}, there is an ε0 > 0 such that

{d ≥ β} ∩ (Qe(x0, S, ρ)× [t0 − ν, t0 − ν]) ⊆ {uε > 1− δ} if ε ∈ (0, ε0). (5.21)

For the rest of the proof, fix t ∈ [t0 − ν2, t0 + ν2].

Let ψ : Rd → R be the function given by

ψ(x) =

 1− δ, x ∈ Qe(x0, (S1 + S2)/2, ρ) ∩ {d(·, t) ≥ β/2},

−1, otherwise.

Fix a smooth, symmetric non-negative function ρ such that ρ = 0 in Rd \ B(0, 1) and
´
Rd ρ(x) dx = 1. Let (ρν)ν>0 be the mollifying family in Rd given by ρν(x) = ν−dρ(ν−1x).
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In view of Lemma 5, there is a ν > 0 small and independent of t with the following property:

x ∈ {d ≥ β} ∩Qe(x0, S2, ρ) =⇒ B(x, ν) ⊆ {d(·, t) ≥ β/2} ∩Qe(x0, (S1 + S2)/2, ρ),

x ∈ {d ≤ 0} ∩Qe(x0, S2, ρ) =⇒ B(x, ν) ⊆ {d(·, t) ≤ β/2} ∩Qe(x0, (S1 + S2)/2, ρ).

Define ψ = ρν ∗ ψ. Recall that

‖Dψ‖L∞(Rd) ≤ Cρν
−1, (5.22)

‖D2ψ‖L∞(Rd) ≤ Cρν
−2. (5.23)

Notice that, by the choice of ν, if x ∈ Qe(x0, S2, ρ) and d(x, t) ≥ β, then

ψ(x) =

ˆ
B(x,ν)

ψ(y)ρν(x− y) dy = 1− δ.

Similarly, if x ∈ Qe(x0, S2, ρ) and d(x, t) ≤ 0, then ψ(x) = −1. In summary,

{d ≥ β} ∩Qe(x0, S2, ρ) ⊆ {ψ = 1− δ}, {d ≤ 0} ∩Qe(x0, S2, ρ) ⊆ {ψ = −1} (5.24)

Let χ̃ε be the function from [72, Lemma 12]; let K > 0 be a free variable; and define a

family (uε)ε>0 in Rd × [t,∞) by

uε(x, t′) = χ̃ε(ψ(x)− ε−1K(t′ − t), ε−1(t′ − t)).

The construction of [72, Appendix A] gives that χ̃εs ≤ −f(χ̃ε), where f is defined in [72,

Equation 51]. Thus, by arguing as in [16, Lemma 4.1], we find that uε is a sub-solution of

(5.1) if K is large enough. (Notice that K depends only on ν through (5.22) and (5.23) and,
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thus, is independent of t). Further, uε(·, 0) = ψ ≤ uε(·, t) by (5.21). Therefore,

uε(x, t′) ≤ uε(x, t′ + t) if (x, t′) ∈ Rd × [0,∞).

Now the conclusion follows from the properties of χ arguing exactly as in [16]. Note that τ

depends only on K and so is independent of t.

5.4.3 Mesoscopic Sub-Solutions

Finally, we use the macroscopic sub-solution of Section 5.4.1, namely d̃c, to build mesoscopic

sub-solutions of (5.1) that converge to 1 in the sets {d̃c > 2β}. Appealing to Remark

10, we will then conclude that uε → 1 uniformly in a neighborhood of (x0, t0), a patent

contradiction.

Recall that e = D̂ϕ(x0, t0). Let α1 be one last free variable, for convenience. Invoking

Theorem 32, we fix an approximate corrector Pe = P e + P δ2 ∈ C
2,µ(R×Td) such that (5.5)

holds with ν = α1.

Define a family (vε)ε>0 in {(x, t) ∈ Qe(x0, S2, ρ)× [t0 − ν2, t0 + ν2] | |d̃c(x, t)| < γ} by

vε(x, t) = q

(
d̃c(x, t)− 2β

ε

)
+ ε

(
d̃c,t(x, t)Pe

(
d̃c(x, t)− 2β

ε
,
x

ε

)
− 2β

)
.

We show below that, provided α0, α1, and β are chosen appropriately, vε is a sub-solution

of (5.1) as soon as ε > 0 is small enough.

In order to invoke the comparison principle, we extend (vε)ε>0 to Qe(x0, S2, ρ) × (t0 −

ν2, t0 + ν2). The construction again follows [16]. First, we define (vε)ε>0 by

vε(x, t) =

 max {vε(x, t),−1} , if d̃c(x, t) ≥ −(γ + 2β)/2,

−1, if d̃c(x, t) < −(γ + 2β)/2.
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Finally, we fix a smooth, non-decreasing function f : R→ [0, 1] such that

f(ξ) = 1 if ξ ≥ 7γ

8
+
β

4
, f(ξ) = 0 if ξ ≤ 3γ

4
+
β

2

and define (wε)ε>0 by

wε(x, t) = (1− f(d̃c(x, t)))v
ε(x, t) + f(d̃c(x, t))(1− βε).

Here is the main result we will need to proceed:

Proposition 61. There is an ε1 > 0 and a choice of the parameters α0, α1, and β such

that wε satisfies

 m(ε−1x, D̂wε)wεt −∆wε + ε−2W ′(wε) ≤ 0 in Qe(x0, S2, ρ)× (t0 − ν2, t0],

wε ≤ (1− βε)χ{d̃c≥β} − χ{d̃c<β} on ∂p[Q
e(x0, S2, ρ)× (t0 − ν2, t0]].

Furthermore, if (x, t) ∈ Qe(x0, S2, ρ)× (t0 − ν2, t0] satisfies d̃c(x, t) > 2β, then

lim inf∗wε(x, t) = 1.

Before proving Proposition 61, let us use it to prove Proposition 57.

Proof of Proposition 57. By Propositions 60 and 61 and Remark 10, for each ε ∈ (0, ε0∧ ε1),

we have

wε ≤ uε(·, ·+ τε2 log(ε−1)) on ∂p[Q
e(x0, S2, ρ)× (t0 − ν2, t0)].

According to Remark 10 and Proposition 61, there is a small r > 0 such that

1 = lim inf∗wε(x, t) if ‖x− x0‖+ |t− t0| < r.
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Therefore, for such points (x, t),

lim inf∗ uε(x, t) ≥ lim inf∗wε(x, t) = 1.

Hence χ∗ = 1 in a neighborhood of (x0, t0). This contradicts the assumption that Dϕ(x0, t0)

is nonzero.

Now we proceed with the proof of Proposition 61. The proof will be presented through

a series of lemmas. The first deals with vε near the interface.

Lemma 6. There is a choice of β, α1, and α0 such that: (i) β is small enough to satisfy

the constraints of the previous section and (ii) there is a constant ν(β, α̃) such that, for all

ε > 0 small enough, we have

m(ε−1x, D̂vε)vεt −∆vε + ε−2W ′(vε) ≤ −ν(β, α̃)

3ε
in {|d| < γ}.

The selection of β, α1, and α0 below is a little delicate. The reason is, at some stage,

the fact that Dd̃c is not constant introduces errors. Let ωe be a modulus of continuity for

m and m at e, that is,

ωe(χ) = sup
{
|m(y, v)−m(y, e)|+ |m(v)−m(e)| | ‖v − e‖ ≤ χ, y ∈ Td

}
.

The errors Dd̃c are proportional to ωe(α0) with proportionality constants depending on the

choice of α1 through the magnitudes of the derivatives of Pe. Therefore, to control these

errors, we need to choose α1 before α0. Given that β depends on α0 through Proposition

59, it has to be chosen last.

Proof. In what follows, to declutter the notation, it will be convenient to define s = s(x, t) =
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d̃c(x, t)− 2β and pε by

pε(x, t) = εDDd(x,t)Pe(ε
−1s(x, t), ε−1x) + ε2Dd̃c,t(x, t)Pe(ε

−1s(x, t), ε−1x).

By definition of vε, the regularity of P δe , and the definition of M in Lemma 5, we have

m(ε−1x, εDvε)vεt = ε−1q̇(ε−1s)m(ε−1x, q̇(ε−1s)Dd̃c(x, t) + pε)d̃c,t(x, t) +O(1)

≤ ε−1q̇(ε−1s)
(
m(ε−1x, q̇(ε−1s)e)d̃c,t(x, t) +Mωe(α0 +O(ε))

)
+O(1).

Note, in addition, that, no matter the choice of e′ ∈ Sd−1, the function P δ2 = V δ2 q̇ defined

in (5.11) satisfies

D∗e′De′P
δ
2 +W ′′(q(s))P δ2 = q̇(s)

(
D∗e′De′V

δ
2 −

2q̈(s)

q̇(s)
〈e′,De′V δ2 〉

)
in R× Td.

Combining this with the estimate ‖Dd̃c − e‖ ≤ α0 from Proposition 59, we find

−∆vε = −ε−2q̈(ε−1s)− ε−1q̇(ε−1s)∆d̃c(x, t)

+ ε−1D∗
Dd̃c(x,t)

D
Dd̃c(x,t)

Pe(ε
−1s, ε−1x)d̃c,t(x, t) +O(1)

≤ −ε−2q̈(ε−1s) + ε−1q̇(ε−1s)
(

[m(e)−m(ε−1x, q̇(ε−1s)e)]d̃c,t(x, t)−∆d̃c(x, t)

+Mα1 +O(α0))− ε−1W ′′(q(ε−1s))Pe +O(1).

Therefore, after observing that we can write

ε−2W ′(vε) = ε−2W ′(q) + ε−1W ′′(q)P δ − 2βε−1W ′′(q) +O(1)
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we find

m(ε−1x, εDvε)vεt −∆vε + ε−2W ′(vε) = ε−1
{
q̇(ε−1s, ε−1x)

(
m(Dd̃c(x, t))d̃c,t(x, t)

−∆d̃c(x, t) + 2Mωe(α0 +O(ε))

+O(α0) +Mα1

)
− 2βW ′′(q(ε−1s))

}
+O(1).

Thus, appealing once more to Proposition 59,

m(ε−1x, εDvε)vεt −∆vε + ε−2W ′(vε)

≤ ε−1
{
−(6α̃ + 2Mωe(α0 +O(ε)) +O(α0) +Mα1)q̇(ε−1s)− 2βεW ′′(q(ε−1s))

}
+O(1).

Finally, we choose α1, α0, and β, in that order. To start with, choose α1 so thatMα1 < α̃.

Next, choose α0 so that, in the expression above, as soon as ε is small enough, we have

2Mωe(α0 +O(ε)) +O(α0) ≤ 2Mωe(2α0) +O(α0) ≤ α̃.

Note that this choice depends on α1 through the magnitude of the derivatives of V δ2 , which

contribute to the O(α0) term. However, it does not depend on any of the parameters

introduced in Section 5.4.1 (and, in particular, introduces no new restrictions on β) so there

is no risk of circular reasoning.

By [16, Lemma 4.3], there is a β(α̃) > 0 such that if β ∈ (0, β(α̃)), then

ν(β, α̃) := sup
{

3α̃q̇(s) + 2βW ′′(q(s)) | s ∈ R
}
> 0. (5.25)

At last, fix such a β consistently with the restrictions of Section 5.4.1. Note that, with this
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choice of (α0, α1, β), for small enough ε > 0, we find

m(ε−1x, εDvε)vεt −∆vε + ε−2W ′(vε) ≤ −ν(β, α̃)

2ε
+O(1) in {|d̃c| < γ}.

Henceforth, we assume that β, α0, and α1 have been chosen so that Lemma 6 holds.

These three parameters will remain fixed throughout the rest of this section.

Next, we show that the functions (vε)ε>0 are sub-solutions away from {d̃c > 0}.

Lemma 7. If ε > 0 is small enough, then vε is a sub-solution of (5.1) in {d̃c < γ}.

Proof. It is clear that vε is a sub-solution in {− (γ+2β)
2 < d̃c < γ}, being the maximum of two

sub-solutions there. At the same time, we claim that vε is a sub-solution in {d̃c < −(3β
2 + γ

4 )}

as soon as ε > 0 is small enough. Indeed, if d̃c(x, t) < −(3β
2 + γ

4 ), then the exponential

estimates of [72, Appendix C] imply that

vε(x, t) ≤ q
(
− γ

4ε

)
+ ε

(
M

∣∣∣∣∣Pe
(
d̃c(x, t)− 2β

ε

)∣∣∣∣∣− 2β

)
≤ −1 + C exp

(
− γ

4Cε

)
− 2βε.

Hence vε = −1 in {d̃c < −(3β
2 + γ

4 )} as soon as ε is sufficiently small. In particular, that

makes vε is a sub-solution in {d̃c < γ}.

Finally, we verify that (wε)ε>0 remains a sub-solution inside {d̃c > 0} and has the right

boundary behavior.

Lemma 8. If ε > 0 is small enough, then wε is a sub-solution of (5.1) in Qe(x0, S2, ρ) ×

(t0 − ν2, t0 + ν2) and

wε ≤ (1− βε)χ{d̃c≥β} − χ{d̃c<β} on ∂p[Q
e(x0, S2, ρ)× (t0 − ν2, t0]].
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Proof. Arguing as in Lemma 7, we see that vε = vε in {d̃c > γ+2β
2 } as soon as ε > 0 is

sufficiently small. In fact, we can assume that 1− vε ≤ 2βε in {d̃c > γ+2β
2 }.

Plugging wε into the equation in {γ+2β
2 < d̃c < γ}, we find

m
(
ε−1x, D̂wε

)
wεt −∆wε + ε−2W ′(wε) = m

(
ε−1x, D̂wε

)
wεt − (1− f(d̃(x, t)))∆vε

+ 2f ′(d̃(x, t))〈Dd̃,Dvε〉+ ε−2W ′(wε)

+
(
f ′(d̃(x, t))∆d̃+ 2f ′′(d̃(x, t))

)
× (vε(x, t)− (1− βε))

= (I) + (II) + (III) + (IV ) + (V ) + (V I),

where, in view of the exponential estimates of [72, Appendix C], the error terms can be
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estimated as follows:

(I) = (1− f(d̃(x, t))){m(ε−1x, D̂vε)vεt −∆vε + ε−2W ′(vε)}

≤ −1

3
(1− f(d̃(x, t)))ν(β, α̃)ε−1,

(II) = f(d̃(x, t))ε−2W ′(1− βε) ≤ −f(d̃(x, t))βW ′′(1)ε−1 +O(1),

(III) = ε−2W ′((1− f)vε + f(1− βε))− (1− f)ε−2W ′(vε)− fε−2W ′(1− βε)

= ε−2O(|vε − 1|2 + ε2) = O(1),

(IV ) = (1− f(d̃(x, t)))(m(ε−1x, D̂wε)−m(ε−1x, D̂vε))vεt

≤ C

[
ε−1q̇

(
d̃(x, t)− 2β

ε

)
+

∣∣∣∣∣∂sPe
(
d̃(x, t)− 2β

ε

)∣∣∣∣∣+ ε

]

≤ C exp

(
−(Cε)−1

(
γ − 2β

2

))
,

(V ) = (1− f(d̃(x, t)))m(ε−1x, D̂wε)(wεt − vεt )

≤ C exp

(
−(Cε)−1

(
γ − 2β

2

))
+ Cf ′(d̃(x, t))d̃t|vε(x, t)− (1− βε)|

≤ C

[
exp

(
−(Cε)−1

(
γ − 2β

2

))
+ ε

]
,

(V I) = 2f ′(d̃(x, t))〈Dd̃,Dvε〉+
(
f ′(d̃(x, t))∆d̃+ 2f ′′(d̃(x, t))

)
(vε(x, t)− (1− βε))

≤ C

((
ε−1 + 1

)
exp

(
−(Cε)−1

(
γ − 2β

2

)))
+ Cε.

In particular, we find, in the limit ε→ 0+,

m
(
ε−1x, D̂wε

)
wεt −∆wε + ε−2W ′(wε) ≤ −min

{
1

3
ν(β, α̃), βW ′′(1)

}
ε−1 +O(1).

Thus, wε is a sub-solution in the domain {γ+2β
2 < d̃c < γ} as soon as ε is small enough. At

the same time, wε = vε in {d̃c < 3γ
4 + β

2} and wε = 1−βε in {7γ
8 + β

4 < d̃c} so wε is actually

a sub-solution in Qe(x0, S2, ρ)× (t0 − ν2, t0 + ν2].
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Finally, we check the boundary condition. We claim that, for all ε > 0 small enough,

vε ≤ (1− βε)χ{d̃c≥β} − χ{d̃c<β} in Qe(x0, S2, ρ)× (t0 − ν2, t0 + ν2). (5.26)

To see this, first, choose κ > 0 such that

max {q̇(s) | s ≥ κ} < βΘ−1.

Now notice that if d̃c(x, t) ≤ 2β + κε, then

vε(x, t) ≤ q(κ) + εΘ‖q̇‖L∞(R) − 2βε,

while d̃c(x, t) > 2β + κε implies, by the choice of κ,

vε(x, t) ≤ 1− βε.

Thus, there is an ε̄ > 0 such that, for each ε ∈ (0, ε̄),

vε ≤ 1− βε in Qe(x0, S2, ρ)× (t0 − ν2, t0 + ν2).

Finally, if d̃c(x, t) < β, then, making ε̄ > 0 smaller if necessary, we find, for each ε ∈ (0, ε̄),

vε(x, t) ≤ −1 + C exp

(
− β

Cε

)
− 2βε ≤ −1.

This completes the proof of (5.26). Since f(ξ) = 0 if ξ ≤ 2β, the claimed boundary behavior

off wε follows.
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5.5 Rational Contact Points

In this section, we prove the analogue of Proposition 57 for rational directions assuming in

addition that the level set of ϕ is nearly flat at the contact point. That is, we tackle condition

(b) in Definition 10. The main result is stated below:

Proposition 62. Fix δ ∈ (0, 1). If ϕ is a smooth function in Rd × (0,∞); (x0, t0) ∈

Rd × (0,∞) is a point where χ∗ − ϕ has a strict local minimum; Dϕ(x0, t0) ∈ RZd \ {0};

and the level set of ϕ has is δ-flat at (x0, t0) in the following sense

∥∥∥(Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)
)
D2ϕ(x0, t0)

∥∥∥ ≤ δ‖Dϕ(x0, t0)‖,

then

ϕt(x0, t0) ≥ −10θ−1dδ‖Dϕ(x0, t0)‖. (5.27)

The proof of Proposition 62 is a minor modification of the proof of Proposition 57. Let

us summarize the details.

Again, proceed by contradiction. If (5.27) fails, then we can construct d̃c once more in

such a way that

d̃c,t ≤ −9θ−1dδ in {|d̃c| < γ}.

Further, by continuity, we can make S2, ν2, c, and γ so small that

|∆d̃c| ≤ 2dδ in {|d̃c| < γ}.

Hence, with these changes, the conclusions of Proposition 59 still hold except −6α̃ should

be replaced by −6dδ and the mobility m by the constant θ.

The construction of mesoscopic sub-solutions proceeds as before, except this time vε is
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simply given by

vε(x, t) = q

(
d̃c(x, t)− 2β

ε

)
− 2βε.

When it comes time to check that vε is a sub-solution, we use

m(ε−1x,Dd̃c)d̃c,t −∆d̃c ≤ θd̃c,t −∆d̃c ≤ −6dδ in {|d̃c| < γ}.

The remainder of the construction goes through exactly as before.

5.6 Shrinking Sub-Solutions

In this section, we construct mesoscopic sub-solutions of (5.1) that approximate characteristic

functions of shrinking balls. Using these, we prove that the limiting evolution satisfies the

remaining differential inequality in Definition 10, namely condition (c). Employing similar

ideas, we also prove that the phase indicator functions χ∗ and χ∗ are compatible with the

initial datum.

5.6.1 Finite Speed of Shrinking

As shown in [16], to prove χ∗ satisfies the right differential inequality when the gradient

vanishes, it suffices to check that a ball contained in {χ∗ = 1} cannot shrink too fast.

Toward that end, we begin by proving the next result:

Proposition 63. Fix R > 0 and t0 ≥ 0 and assume that B(x0, R) ⊆ Ω
(1)
t0

. Given θ ∈ (0, θ),

there is an h > 0 depending continuously on R (and independent of (x0, t0)) such that

B

(
x0,

√
R2 − 2θ−1(d− 1)s

)
⊆ Ω

(1)
t0+s if s ∈ [0, h).

By invoking the proposition, we can prove
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Theorem 33. Fix R > 0 and t0 > 0 and assume that B(x0, R) ⊆ Ω
(1)
t . If θ < θ, then

B

(
x0,

√
R2 − 2θ−1(d− 1)s

)
⊆ Ω

(1)
t0+s for each s ∈

[
0,

θR2

2(d− 1)

]
.

Proof. For each s ∈ [0, θR2

2(d−1)
], define R : (0,∞)→ [0,∞) by

R(s) = sup
{
r ≥ 0 | B(x0, r) ⊆ Ω

(1)
t0+s

}
.

Note that the definition of R implies that B(x0, R(s)) ⊆ Ω
(1)
t0+s. Moreover, by assumption,

R(0) ≥ R. Let T = inf {s > 0 | R(s) = 0}.

We claim that s 7→ R(s) is a lower semi-continuous viscosity super-solution of the ODE

θṘ +
(d− 1)

R
≥ 0 in (0, T ).

The lower semi-continuity follows from the fact that χ∗ is lower semi-continuous.

Notice that, given an s ∈ (0, T ), Proposition 63 yields an h > 0 such that if s′ ∈ (s−h, s),

then

R(s) ≥

√
R(s′)2 − 2(d− 1)(s− s′)

θ
.

From this, it follows easily that if ϕ is a smooth function and s′ 7→ R(s′)− ϕ(s′) has a local

minimum at s, then

θϕ̇(s) +
(d− 1)

R(s)
≥ 0.

By the comparison principle for viscosity solutions, we deduce that s 7→ R(s) is at least

as large as the solution of the ODE with initial condition R(0). In particular,

R(s) ≥

√
R(0)− 2(d− 1)s

θ
≥

√
R− 2(d− 1)s

θ
in (0, T ).
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Note, in addition, that this inequality yields T ≥ θR2

2(d−1)
.

Now we prove Proposition 63. First, observe that the function d : Rd × [0, θR2

2(d−1)
] → R

given by

d(x, t) =

√
R2 − 2θ−1(d− 1)t− ‖x‖

satisfies

θdt − tr
((

Id− D̂d⊗ D̂d
)
D2d

)
= − θ(d− 1)

θ
√
R2 − 2θ−1(d− 1)(t− t0)

+
(d− 1)

‖x‖
.

Note, in addition, that dt ≤ 0. A direction computation yields the following lemma:

Lemma 9. Fix R > 0 and t0 > 0. For each ρ ∈ (0, 1) and ν ∈ (0, θθ − 1), the function d

above satisfies

θdt − tr
((

Id− D̂d⊗ D̂d
)
D2d

)
≤ − 1

R

[
θ

θ
− 1− ν

]
in Aρ,ν ×

(
0,

R2θ

2(d− 1)

)
,

where Aρ,ν = B(0, (1− ρ)−1R) \B(0, (1 + ν)−1R).

We use d to construct global mesoscopic sub-solutions arguing as in Section 5.4. To start

with, define vε : Aρ,ν ×
(

0, R2θ
2(d−1)

)
→ R by

vε(x, t) = q

(
d(x, t)− 2β

ε

)
− 2βε.
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Observe that, using the sign of dt, we can compute

m(ε−1x, D̂vε)vεt −∆vε + ε−2W ′(vε) = ε−1m(ε−1x,Dd(x, t))q̇dt − ε−2q̈ − ε−1q̇∆d

+ ε−2W ′(q)− 2βε−1W ′′(q)

≤ ε−1q̇ (θdt −∆d)− 2βε−1W ′′(q)

≤ −ε−1 (CRq̇ + 2βW ′′(q)
)
,

where CR = 1
R

[
θ
θ′ − 1− ν

]
> 0. As in [16], we can choose β = β(ν) > 0 so that, for each

β ∈ (0, β),

µβ := min
{
CRq̇(s) + 2βW ′′(q(s)) | s ∈ R

}
> 0.

This gives

m(ε−1x, D̂vε)vεt −∆vε + ε−2W ′(vε) ≤ −µβε−1 in Aρ,ν ×
(

0,
R2θ

2(d− 1)

)
.

We will not be able to proceed in the entire time interval
(

0, R2θ
2(d−1)

)
since the interface

{d = 0} does not remain in Aρ,ν . Therefore, we restrict attention to Rd × (0, T ) for some

T > 0 and choose γ > 0 so that

{(x, t) ∈ Rd × (0, T ) | |d(x, t)| < γ} ⊆ Aρ,ν × [0, T ].

Clearly, it is possible to do this by continuity. A concrete choice of T and γ is

T =
θ

4(d− 1)
· R

2ν(ν + 2)

(ν + 1)2
, γ =

[
Rν

2(ν + 1)

]
∧
[

ρR

2(1− ρ)

]
.

Notice that, for a fixed (θ, ρ, ν), T and γ depend continuously on R.

Next, we define (vε)ε>0 and (wε)ε>0 in Rd × [0, T ] as before with the choice of γ just

selected. To get things started, we need the following variant of Lemma 8:
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Lemma 10. Under the assumptions of Proposition 63, given β > 0, there are constants

τ, ε0 > 0 depending only on β such that, for each ε ∈ (0, ε0),

uε(·, t0 + τε2 log(ε−1)) ≥ (1− βε)χ{‖x−x0‖≤R−β} − χ{‖x−x0‖>R−β} in Rd.

The proof follows by arguing exactly in [16, Lemma 4.1], replacing the function χ used

there by the same function χ̃ε used in the proof of Proposition 60.

Comparing uε and wε as in Section 5.4, we find

wε(x, t) ≤ uε(x, t+ τε2 log(ε−1)) if (x, t) ∈ Rd × [0, T ].

Combined with the fact that lim inf∗wε(x, t) = 1 if d(x, t) ≥ 2β, this gives

{d(·, t) ≥ 2β} ⊆ Ω
(1)
t if t ∈ [0, T ].

Sending β → 0, we obtain the conclusion of Proposition 63 with h = T .

5.6.2 Super-Solution Property at Flat Parts

The finite shrinking speed of the previous section is intimately related to the final differential

inequality in Definitions 10 and 12. In fact, it implies it, as shown in the next result.

Proposition 64. If ϕ : Rd × (0,∞) → R is smooth, χ∗ − ϕ has a strict local minimum at

(x0, t0) ∈ Rd × (0,∞), and ‖Dϕ(x0, t0)‖ = ‖D2ϕ(x0, t0)‖ = 0, then

ϕt(x0, t0) ≥ 0.

The proof below is based on an insight from [16].

Proof. First, notice that if χ∗(x0, t0) = 1, then χ∗ = 1 in a neighborhood of (x0, t0), and
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this implies ϕt(x0, t0) = 0 directly.

Assume now that χ∗(x0, t0) = −1 and, without loss of generality, that ϕ(x0, t0) = 0. It

follows that there is an open ball B ⊆ Rd × (0,∞) containing (x0, t0) such that

χ∗(x, t)− ϕ(x, t) ≥ −1 if (x, t) ∈ B.

In particular, since ϕ(x0, t0) = 0, this gives

χ∗(x, t)− ϕt(x0, t0)(t− t0) + o(‖x− x0‖2 + |t− t0|) ≥ −1 if (x, t) ∈ B. (5.28)

Let C =
4(d−1)
θ . We claim that there is a sequence ((xn, tn))n∈N such that

(x0, t0) = lim
n→∞

(xn, tn), tn < t0,

‖xn − x0‖2 ≤ C|tn − t0|, χ∗(xn, tn) = −1.

Assuming the claim is true for now, we set (x, t) = (xn, tn) in (5.28) to find

ϕt(x0, t0)(t0 − tn) + o(|tn − t0|) ≥ 0.

Dividing by t0 − tn and sending n→∞, this yields

ϕt(x0, t0) ≥ 0.

It remains to prove the claim. We argue by contradiction, assuming that it is false. We

can then fix an s ∈ (0, t0) such that B(x0,
√
C(t0 − s)) ⊆ Ω

(1)
s . Now Theorem 33 implies

that

B

(
x0,

√
C(t0 − s)−

2(d− 1)(t− s)
θ

)
⊆ Ω

(1)
t if t ∈

[
0,
Cθ(t0 − s)
2(d− 1)

]
+ s.
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At the same time, notice that, by the choice of C,

s+
Cθ(t0 − s)
2(d− 1)

= s+ 2(t0 − s) > t0.

Thus, we deduce that

x0 ∈ B

(
x0,

√
C(t0 − s)−

2(d− 1)(t0 − s)
θ

)
⊆ Ω

(1)
t0
,

but this contradicts the assumption that χ∗(x0, t0) = −1.

5.6.3 Initial Datum

The proof of Proposition 63 can be modified slightly to prove that {χ∗(·, 0) = 1} ⊇ {u0 > 0},

as claimed in Proposition 55.

Proposition 65. χ∗(·, 0) = 1 in {u0 > 0}.

To prove this, we will use the following variant of Lemma 10.

Lemma 11. Given β, r ∈ (0, 1) and x0 ∈ Rd, if B(x0, r) ⊆ {u0 > 0}, then there is a τ > 0

depending only on β and r and ε0 ∈ (0, 1) such that, for each ε ∈ (0, ε0),

uε(·, τε2 log(ε−1)) ≥ (1− βε)χ{‖x−x0‖≤r−β} − χ{‖x−x0‖>r−β}.

Now we prove the proposition.

Proof of Proposition 65. Fix x0 ∈ {u0 > 0}. We need to prove that χ∗(x0, 0) = 1. Toward

this end, first, fix an r > 0 such that B(x0, r) ⊆ {u0 > 0}.

Arguing exactly as in the proof of Proposition 63 with Lemma 11 in place of Lemma 10
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and θ = 2−1θ, we find an h > 0 such that

B

(
x0,
√
r2 − 4θ−1(d− 1)t

)
⊆ Ω

(1)
t for each t ∈ (0, h).

It follows that there is an h′ > 0 such that B
(
x0, 2

−1r
)
⊆ Ω

(1)
t for each t ∈ (0, h′). By the

definition of Ω
(1)
t and χ∗, this implies that

χ∗(x0, 0) = lim
δ→0+

inf {χ∗(y, s) | ‖x− y‖+ s ≤ δ, s > 0}

≥ inf
{
χ∗(y, s) | y ∈ B(x0, 2

−1r), s ∈ (0, h′)
}

= 1.

Since χ∗ ≤ 1, the proof is complete.

5.7 Notes

The inspiration to consider the Allen-Cahn equation with a mobility coefficient initially came

from the work of Taylor and Cahn [89]. Equations with a mobility coefficient as in (5.1)

also appear in the study of the Ising model (cf. [62]), and the homogenization of a gradient

flow-type ODE with periodic dissipation has recently been studied by Mielke, Montefusco,

and Peletier [67].
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CHAPTER 6

HOMOGENIZATION OF NONVARIATIONAL INTERFACE

MOTIONS

This chapter is devoted to the homogenization of nonvariational interface motions driven by

curvature effects alone. More precisely, the focus is the analysis of the asymptotics of the

interface motion given by

V∂Eεt = m(ε−1x, n∂Eεt )
−1tr

(
a(ε−1x, n∂Eεt )A∂E

ε
t

)
.

As in Chapter 2, we study this motion using by appealing to the level-set formulation. Hence

we are interested in the asymptotics as ε→ 0 of the nonlinear diffusion equation given by:

 m(ε−1x, D̂uε)uεt − tr
(
A(ε−1x, D̂uε)D2uε

)
= 0 in Rd × (0,∞),

uε = u0 on Rd × {0}.
(6.1)

Here, as in the previous chapters, A is obtained from the coefficient field a by the formula

A(y, e) = (Id− e⊗ e)a(y, e)(Id− e⊗ e). (6.2)

Recall from the introduction that we assume that a and m are smooth and a is uniformly

elliptic, hence there are constants λ,Λ > 0 such that

λId ≤ a(y, e) ≤ ΛId for each (y, e) ∈ Td × Sd−1. (6.3)

We prove that (6.1) homogenizes in the limit ε → 0. Specifically, the solutions uε con-
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verges to the solution ū of the effective equation

 m(D̂ū)ūt − tr
(
Ā(D̂ū)D2ū

)
= 0 in Rd × (0,∞),

ū = u0 on Rd × {0}.
(6.4)

As before, Ā is related to an effective diffusion matrix ā as in (6.2).

The most interesting aspect of this homogenization result is the effective diffusion matrix

ā and effective mobility m are, in general, discontinuous functions in dimensions d ≥ 3.

As a consequence, part of the proof requires an understanding of existence, uniqueness,

and stability for second-order level-set PDE with discontinuous coefficients. In fact, the

discontinuities of ā and m are mild enough that (6.4) has a comparison principle. The proof

of the comparison principle is deferred to the next chapter.

The main result of this chapter is stated next.

Theorem 34. There are effective coefficients m : Sd−1\RZd → (0,∞) and ā : Sd−1\RZd →

Sd such that if u0 ∈ UC(Rd) and (uε)ε>0 are the solutions of (6.1), then:

(i) There is a unique viscosity solution ū : Rd × [0,∞)→ R of (6.4).

(ii) uε → ū locally uniformly as ε→ 0+.

Concerning the continuity properties of the effective coefficients ā and m, we will show

that continuity holds in dimension d = 2, but only directional limits exist in dimensions

d ≥ 3. This is related to a fundamental question concerning diffusion processes with quasi-

periodic coefficients.

Given e ∈ Sd−1, consider the diffusion process Xe determined by the SDE

dXe
t = (Id− e⊗ e)

√
a(Xe

t ) dBt. (6.5)

Since a is Zd-periodic, we can consider Xe as a process in Td. Let I a
e denote the collection
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of probability measures that are invariant under (6.5), which coincides with the analytical

definition in Chapter 2.

The next theorem describes the structure of I a
e and its connection to the effective coef-

ficients ā and m.

Theorem 35. The following statements all hold:

(i) If e /∈ RZd, then there is a unique probability measure µ̄e such that I a
e = {µ̄e}.

Furthermore, µ̄e � Ld.

(ii) If e ∈ RZd, then there is an re-periodic function µe : R → P(Td), µe : r 7→ µre, such

that I a
e equals the closed convex hull of {µre | r ∈ R}. For each r ∈ [0, re), we have

µre � Hd−1 �Td−1e (r)
.

(iii) For each e ∈ Sd−1 \ RZd, ā and m are given by

ā(e) =

ˆ
Td
a(y, e) µ̄e(dy), m(e) =

ˆ
Td
m(y, e) µ̄e(dy). (6.6)

It is not hard to show that the functions ā and m are continuous at irrational directions

by compactness. The story is more complicated in rational directions.

First, we need a digression on analysis in Sd−1 because it turns out that the limiting

behavior of e 7→ I a
e at a rational direction depends on the direction of approach. To make

that precise, notice that if (en)n∈N ⊆ Sd−1 converges to e as n→∞, then there is necessarily

a a subsequence (nj)j∈N ⊆ N and an η ∈ Sd−1 ∩ 〈e〉⊥ such that

−η = lim
j→∞

enj − e
‖enj − e‖

.

Geometrically, that means enj approximately approaches e along the great circle given by

θ 7→ cos(θ)e+ sin(θ)η, or, put simply, enj → e along the η direction. It is necessary to take

account of the direction η when studying the continuity properties of e 7→ I a
e .

198



Finally, in the statement, it is convenient to use the metrizability of P(Td). Toward

that end, we fix here and henceforth a metric D : P(Td) ×P(Td) → [0,∞) inducing the

weak-∗ topology (e.g. Wasserstein distance).

Theorem 36. For each e ∈ RZd, if we define the function µ̃e : Sd−1 ∩ 〈e〉⊥ → P(Td),

µ̃e : η 7→ µ̃
η
e , by

µ̃
η
e =

(ˆ re

0
〈a⊥e (se)η, η〉−1 ds

)−1 ˆ re

0
〈a⊥e (se)η, η〉−1µse ds, (6.7)

a⊥e (y) =

ˆ
Td
a(y′, e)µ〈y,e〉e (dy′), (6.8)

then this function describes the continuity properties of e′ 7→ I a
e′ at e in the sense that

lim
δ→0+

sup

{
D(µ, µ̃

η
e) | µ ∈ I a

e′ , ‖e
′ − e‖+

∥∥∥∥ e′ − e
‖e′ − e‖

+ η

∥∥∥∥ < δ

}
= 0.

When the dimension d = 2, it turns out that the theorem implies that ā and m both

extend continuously to the entire sphere Sd−1; see Theorem 37. Continuity, however, does

not hold in general when d ≥ 3.

By using the explicit form of the limiting measure µ̃
η
e from the previous theorem, we

readily deduce that ā and m are generically discontinuous in dimensions d ≥ 3. In the next

result, we denote by Sd(λ,Λ) the set of symmetric matrices with eigenvalues strictly between

λ and Λ, that is,

Sd(λ,Λ) = {A ∈ Sd | λId < A < ΛId}. (6.9)

Corollary 2. Assume d ≥ 3. There is a residual set Cd ⊆ C2,α(Td;Sd(λ,Λ)) such that if a

is independent of the e variable and a ∈ Cd, then the following statements hold:

(a) If µ̃ is the function defined in Theorem 36, then

∀e ∈ Sd−1 ∩ RZd #{µ̃ηe | η ∈ Sd−1 ∩ 〈e〉⊥} =∞.
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(b) The effective coefficient ā : Sd−1\RZd → Sd(λ,Λ) defined in Theorem 35 has infinitely

many distinct directional limits at each e ∈ RZd.

A similar argument shows that the linear response coefficient mpl obtained in Chapter 2

is generically discontinuous in all dimension d ≥ 2. In what follows, we denote by Xd the

natural space of e-independent coefficients (a,m) given by

Xd = C2,α(Td;Sd(λ,Λ))× C2,α(Td; (0,∞))

Recall that Sd(λ,Λ) is the set of symmetric matrices bounded between λ and Λ (see (6.9)).

We endow Xd with the C2,α norm, which makes it an open subset of a Banach space.

Corollary 3. If d ≥ 2, then there is a residual set Ad ⊆ Xd such that if m and a are

independent of e and (a,m) ∈ Ad, then, for each e ∈ Sd−1 ∩ RZd, the following hold:

(i) There is an η ∈ Sd−1 ∩ 〈e〉⊥ such that mpl(e) 6= m̃
η
e .

(ii) If d ≥ 3, then m : Sd−1 \ RZd → (0,∞) does not have a limit at e.

In particular, if (a,m) ∈ Ad, then mpl is not a continuous function.

Since Corollary 3 follows from the same kinds of arguments as Corollary 2, its proof is

omitted.

6.1 Homogenization in Irrational Directions

In this section, we show that the asymptotics of the homogenization problem (6.1) are

controlled by the effective equation (6.4). More precisely, defining half-relaxed limits ū∗ and
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ū∗ by

ū∗(x, t) = lim
δ→0+

sup {uε(y, s) | ‖x− y‖+ |t− s|+ ε ≤ δ} ,

ū∗(x, t) = lim
δ→0+

inf {uε(y, s) | ‖x− y‖+ |t− s|+ ε ≤ δ} ,

we will show that ū∗ and ū∗ are, respectively, sub- and super-solution of (6.4). As in Chapter

5, the proof will be based on the notion of viscosity solutions in irrational directions.

At contact points where the normal vector is irrational, we will use the approximate

correctors of the previous section and Evans’s perturbed test function method [45]. Due

to the flexibility provided by Definition 10, the necessary viscosity inequalities in rational

directions follow directly from the structure of the PDE.

The precise result we aim to prove is stated next.

Proposition 66. If (uε)ε>0 are the solutions of (6.1) for some fixed u0 ∈ UC(Rd) and

ū∗ = lim sup∗ uε and ū∗ = lim inf∗ uε are the corresponding half-relaxed limits, then ū∗ is

a sub-solution of (6.4) in irrational directions in Rd × (0,∞) and ū∗ is a super-solution of

(6.4) in irrational directions in Rd × (0,∞). Furthermore, ū∗(·, 0) ≤ u0 ≤ ū∗(·, 0).

Proof. We break the proof down into three steps, one step for each condition in Definition 10

and a final one for the initial condition. Since the argument for ū∗ is analogous, we restrict

attention to ū∗.

We begin with the viscosity inequalities in Rd×(0,∞). Assume that ϕ : Rd×(0,∞)→ R

is a smooth function and (x0, t0) ∈ Rd× (0,∞) is a point where ū∗−ϕ attains a strict local

minimum.

Step 1: Irrational Normal

Assume that Dϕ(x0, t0) /∈ RZd and let δ > 0. Define e = D̂ϕ(x0, t0) and X =
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‖Dϕ(x0, t0)‖−1D2ϕ(x0, t0). Define f : Td → R by

f(y) = tr (A(y, e)X)−m(y, e)ϕt(x0, t0).

Let V e,δ,f be the solution of the penalized cell problem (2.13). Recall from Proposition 3

that the following limiting behavior holds

lim
δ→0+

sup
{
|V e,δ,f (y)− f(e)| | y ∈ Td

}
= 0,

where f(e) =
´
Td f(y) µ̄e(dy). From the definition of ā(e) and m(e), the identity f(e) =

tr(A(e)X)−m(e)ϕt(x0, t0) holds with A(e) = (Id− e⊗ e)ā(e)(Id− e⊗ e).

For each ε > 0, define the perturbed test function ϕε by

ϕε(x, t) = ϕ(x, t) + ε2V e,δ,f (ε−1x).

Since V e,δ,f is bounded, there is a sequence (εn)n∈N ⊆ (0,∞) and points (xn, tn)n∈N such

that

lim
n→∞

(εn, xn, tn) = (0, x0, t0)

and, for each n ∈ N, uε − ϕε has a local minimum at (xn, tn).

Since uε is a viscosity solution of (6.1) and V e,δ,f ∈ C2(Td), we can compute

0 ≤ m(ε−1
n xn, D̂ϕεn(xn, tn))ϕεn,t(xn, tn)− tr

(
A(ε−1

n xn, D̂ϕεn(xn, tn))D2ϕεn(xn, tn)
)

= m(ε−1
n xn, ̂Dϕ(x0, t0))ϕt(x0, t0)− tr

(
A(ε−1

n xn, D̂ϕ(x0, t0))D2ϕ(x0, t0)
)

− tr
(
a(ε−1

n xn, e)D
2
eV

e,δ,f (ε−1
n xn)

)
+ o(1)

≤ sup
{
−δV e,δ,f (y) | y ∈ Td

}
+ o(1).
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Sending first n→∞ and then δ → 0+, this becomes

0 ≤ m(e)ϕt(x0, t0)− tr
(
A(e)X

)
= m(D̂ϕ(x0, t0))ϕt(x0, t0)− tr

(
A(e)D2ϕ(x0, t0)

)
.

Step 2: Rational Normal, Flat Level Set

Next, we assume that Dϕ(x0, t0) 6= 0 and define δ by

δ = ‖Dϕ(x0, t0)‖−1
∥∥∥(Id− D̂ϕ(x0, t0)⊗ D̂ϕ(x0, t0)

)
D2ϕ(x0, t0)

∥∥∥ .
Since ū∗ − ϕ has a strict local minimum at (x0, t0), we can fix a sequence εn → 0+ and

points (xεn , tεn) → (x0, t0) such that uεn − ϕ has a local minimum at (xn, tn) for each n.

Using the equation directly, this implies that

0 ≤ ϕt(xεn , tεn)− tr
(
A(ε−1

n xn, D̂ϕ(xn, tn))D2ϕ(xn, tn)
)
,

≤ ϕt(xεn , tεn) + Λ‖D2
enϕ(xn, tn)‖,

where en = D̂ϕ(xn, tn). Sending n→∞, we recover

ϕt(x0, t0) ≥ −Λ‖D2
eϕ(x0, t0)‖ ≥ −Λδ‖Dϕ(x0, t0)‖.

We conclude that ū∗ satisfies condition (b) in Definition 10 with K = Λ.

Step 3: Vanishing Normal

Finally, if ‖Dϕ(x0, t0)‖ = ‖D2ϕ(x0, t0)‖ = 0, then we can find εn → 0+ and (xn, tn)→

(x0, t0) such that

0 ≤ ϕt(xn, tn)− tr
(
A(ε−1

n xn, D̂ϕ(xn, tn))D2ϕ(xn, tn)
)

In the limit n→∞, we use the uniform ellipticity of a to conclude that ϕt(x0, t0) ≥ 0. This
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proves ū∗ satisfies condition (c) in Definition 10.

Step 4: Initial Condition

Here we proceed by approximating u0 by smooth functions. First, observe that if D2u0 ∈

BC(Rd), then, by comparison with sub- and super-solutions of the form u0(x) ± Ct, we

deduce that, independent of ε, the solution uε satisfies the following Lipschitz estimate in

time

|uε(x, t)− uε(x, t′)| ≤ C|t− t′|.

Accordingly, in this case, we invoke the definition of ū∗ to deduce that, for any x ∈ Rd, we

have

ū∗(x, 0) ≥ lim
δ→0+

(u0(x)− Cδ) = u0(x).

This proves that ū∗ ≥ u0.

Finally, even if u0 does not have a continuous and bounded second derivative, nonetheless

the assumption that u0 ∈ UC(Rd) implies that we can find a sequence (u
(n)
0 )n∈N ⊆ UC(Rd

such that u
(n)
0 → u0 uniformly as n → ∞ and D2u

(n)
0 ∈ BC(Rd) for each fixed n. By the

comparison principle, if uε,(n) denotes the solution of (6.1) with initial condition uε,(n) =

u
(n)
0 , then

sup
{
|uε(x, t)− uε,(n)(x, t)| | (x, t) ∈ Rd × (0,∞)

}
≤ sup

{
|u0(x)− u(n)(x)| | x ∈ Rd

}
.

From this, we fix x ∈ Rd and n ∈ N, send ε → 0+, and use the assumption that D2u
(n)
0 ∈

BC(Rd) to find

ū∗(x, 0) ≥ lim
δ→0+

inf
{
uε,(n)(y, s) | ε+ ‖x− y‖+ s ≤ δ

}
− ‖u(n)

0 − u0‖L∞(Rd)

≥ u
(n)
0 (x)− ‖u(n)

0 − u0‖L∞(Rd).

Sending n → ∞, we deduce that ū∗(x, 0) ≥ u0(x). Since x was arbitrary, we conclude that

204



ū∗ ≥ u0.

6.2 Continuity and Discontinuity of Homogenized Coefficients

In this section, we study the continuity properties of the effective coefficients m and ā. The

main results are Theorem 36 and Corollary 2 concerning the (dis)continuity properties of m

and ā.

6.2.1 Strategy of Proof

Before entering into the details, let us briefly give a heuristic explanation of the strategy

of the proof and the core technical issues that arise. The main idea of the proof and the

discussion that follows are inspired by the strategy introduced by Feldman and Kim [49].

Suppose e ∈ Sd−1 ∩ RZd. In the proof of Theorem 36, we proceed by studying the

behavior of (µ̄en)n∈N along a sequence of irrational directions (en)n∈N with en → e and

en−e
‖en−e‖ → −η.

µ̄en captures the long-time asymptotics of the diffusion process governed by (6.5). There-

fore, it is natural to pass to the diffusions Xen and consider their behavior. Further, in light

of the structure of I a
e , the only question is the e marginal of any limit point of (µ̄en)n∈N,

that is, we only need to study f(〈Xen
t , e〉), where f is an re-periodic function of one variable

and t > 0 is large.

We may as well assume that 〈Xen
0 , en〉 = 0, which implies that 〈Xen

t , en〉 = 0 for all t ≥ 0.

Therefore, if we write en = cos(θn)e−sin(θn)ηn for some θn ∈ (−π, π] and ηn ∈ Sd−1∩〈e〉⊥,

we have

〈Xen
t , e〉 = 〈Xen

t , e− en〉 = (1− cos(θn)〈Xen
t , e〉+O(θ2

n).

Hence to recover anything meaningful from f(〈Xen
t , e〉), we need to wait until ‖Xen

t ‖ ≈

θ−1
n . Since this takes a time proportional to θ−2

n , we should study f(〈Xen
θ−2n T

, e〉) in the
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simultaneous limit n, T →∞.

Put another way, at the level of the PDE, we would like to understand the behavior as

n→∞ and δ → 0+ of the penalized correctors (V δn )(δ,n)∈(0,∞)×N solving

δV δn − tr
(
a(θ−1

n x, en)D2
eV

δ
n

)
= f(θ−1

n 〈x, e〉) in 〈en〉⊥.

A simple homogenization argument shows that, for a fixed δ > 0, V δn → Ṽ δ as n → ∞,

where Ṽ δ is the solution of the problem

δṼ δ − tr
(
a⊥e (〈η, x〉e)D2

e Ṽ
δ
)

= f(〈η, x〉e) in 〈e〉⊥.

It turns out that extracting the limit of δṼ δ as δ → 0+ leads to the correct limit of
´
Td f(〈y, e〉) µ̄en(dy). The question is simply how to show that the limits n → ∞ and

δ → 0+ commute.

The argument below shows how to do this working at the level of the obstacle problems

introduced in [29] rather than the penalized correctors. Working with penalized correctors

is difficult since it requires understanding the rate at which δV δn converges as δ → 0+,

independently of n. We circumvent this by passing to the obstacle problem approach of [29]

and leveraging an upper semi-continuity property proved there. In this way, it is possible to

first send n → ∞ and then δ → 0+ without explicitly quantifying the rates of convergence

of the associated almost periodic homogenization problems.

6.2.2 Preliminaries

We start by introducing some notation that will be used later.

Henceforth, given an arbitrary f ∈ C(Td), it will be convenient to define the family of
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shifted functions {fy}y∈Td by

fy(y) = f(y + y) for y, y ∈ Td.

The reader familiar with stochastic homogenization can think of the shift y like an element

ω of a probability space (Ω,P). In our case, Ω = Td and P = Ld, although we will also have

occasion to work with the surface area measures on the sub-tori {Td−1
e (0)}e∈Sd−1∩RZd .

Given an f ∈ C(Td), e ∈ Sd−1 ∩ RZd, and η ∈ Sd−1 ∩ 〈e〉⊥, we define the constant f̃
η
e

by

f̃
η
e =

ˆ
Td
f(y) µ̃

η
e(dy), (6.10)

where µ̃
η
e is the probability measure defined by (6.7).

To prove Theorem 36, observe that it suffices to prove the following preliminary result.

Here and in what follows, for a given f ∈ C(Td), we define f⊥e and f(e) as in Section 2.5

(see (2.18) and Proposition 3).

Proposition 67. Fix e ∈ Sd−1 ∩ RZd, η ∈ Sd−1 ∩ 〈e〉⊥, and f ∈ C2,α(Td). If (en)n∈N ⊆

Sd−1 ∩ RZd satisfies

lim
n→∞

(
‖en − e‖+

∥∥∥∥ en − e
‖en − e‖

+ η

∥∥∥∥) = 0. (6.11)

then

lim
n→∞

sup
{
|f⊥en(y)− f̃ηe | | y ∈ Td

}
= 0.

Similarly, if (en)n∈N ⊆ Sd−1 \ RZd satisfies (6.11), then

lim
n→∞

|f(en)− f̃η(e)| = 0.

Notice that when when the dimension d = 2, the set Sd−1 ∩ 〈e〉⊥ contains just two
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antipodal directions, Sd−1 ∩ 〈e〉⊥ = {e⊥,−e⊥}. Hence, by inspection of the formula for

f̃η(e), we deduce that the function e 7→ f(e) extends continuously to rational directions in

this dimension.

Theorem 37. If d = 2, then the function e 7→ f(e) can be extended continuously from

Sd−1 \ RZd to Sd−1. In particular, this applies to the effective coefficients ā and m in

Theorem 34.

Since the theorem follows directly from the argument above, the proof is omitted.

The main thrust of the remainder of the section is the proof of Proposition 67. For the

rest of the section, fix an e, η, (en)n∈N, and f as in that proposition.

By assumption, we can fix (ηn)n∈N ⊆ Sd−1 and (θn)n∈N ⊆ (−π, π] such that

en = cos(θn)e− sin(θn)ηn.

We will assume without loss of generality that (θn)n∈N ⊆ (−π, π) \ {0}.

For each n ∈ N, let On : Rd → Rd be the orthogonal transformation such that

On(en) = e, On(sin(θn)e+ cos(θn)ηn) = ηn, On �〈e,en〉⊥= Id �〈e,en〉⊥

Notice that limn→∞On = Id and On(〈en〉⊥) = 〈e〉⊥.

Finally, we let {v1, . . . , vd−1} be an orthonormal basis of 〈e〉⊥ and define, for each R > 0,

the cube Q∗R ⊆ 〈e〉
⊥ by

Q∗R =
{
y ∈ 〈e〉⊥ | |〈y, v1〉| ∨ · · · ∨ |〈y, vd−1〉| < R/2

}
.

Given n ∈ N, we define the analogous cubes {Q(n)
R | R > 0} in 〈en〉⊥ by Q

(n)
R = O−1

n (Q∗R).
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6.2.3 Obstacle Problems

It is technically very convenient to replace the penalized correctors {V δn }(δ,n) of the previous

discussion by solutions of a related family of obstacle problems. In this section, we describe

the set-up.

Given n ∈ N, γ ∈ R, R > 0, and y ∈ Td, we set ν = (n, γ,R) and define the obstacle

sub- and super-solutions uν,y and uν,y as the solutions of the equations

 max
{
−tr

(
ay(θ−1

n y′)D2
enu

ν,y
)
− fy(θ−1

n y′)− γ, uν,y
}

= 0 in Q
(n)
R ,

uν,y = 0 on ∂Q
(n)
R ,

(6.12)

 min
{
−tr

(
ay(θ−1

n y′)D2
enuν,y

)
− fy(θ−1

n y′)− γ, uν,y
}

= 0 in Q
(n)
R ,

uν,y = 0 on ∂Q
(n)
R .

(6.13)

Existence and uniqueness for these problems can be proved using a comparison principle or

through a penalization procedure as in [29].

When ν = (∗, γ, R), uν,y and uν,y are the solutions of the homogenized problems

 max
{
−tr

(
a⊥e (y + 〈y′, η〉e)D2

eu
ν,y
)
− f⊥e (y + 〈y′, η〉e)− γ, uν,y

}
= 0 in Q∗R,

uν,y = 0 on ∂Q∗R,

(6.14) min
{
−tr

(
a⊥e (y + 〈y′, η〉e)D2

euν,y

)
− f⊥e (y + 〈y′, η〉e)− γ, uν,y

}
= 0 in Q∗R,

uν,y = 0 on ∂Q∗R.

(6.15)

Here a⊥e and f⊥e are the functions defined in (6.8) and (2.18). For these equations, the

regularity of a⊥e and f⊥e proved in Proposition 8 is more than enough to guarantee well-

posedness.
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Next, for n ∈ N ∪ {∗}, we define the contact sets Kν,y and Kν,y by

Kν,y = {y′ ∈ Q(n)
R | uν,y(y′) = 0}, Kν,y = {y′ ∈ Q(n)

R | uν,y(y′) = 0}.

By the results of [29], for each n ∈ N ∪ {∗}, there are functions ¯̀⊥
n , `
⊥
n : R× Td → [0, 1]

such that, for each γ ∈ R, ν(R) = (n, γ,R), and y ∈ Td, we have

¯̀⊥
n (γ, y) = lim

R→∞
R1−dHd−1(Kνn(R),y)

`⊥n (γ, y) = lim
R→∞

R1−dHd−1(Kνn(R),y).

Notice that, by analogy with Proposition 7, for each n ∈ N, ¯̀⊥
n (γ, ·) and `⊥n (γ, ·) vary only in

the en direction. (In particular, if en ∈ Sd−1 \ RZd, then ¯̀⊥
n (γ, ·) and `⊥n (γ, ·) are constant

functions by Theorem 14.)

Next, note that these functions satisfy the following variational principles: if en ∈ Sd−1 \

RZd, then the unique ergodicity of the associated group of translations (i.e., Theorem 12)

implies that, for each y ∈ Td,

¯̀⊥
n (γ, y) = inf

{
R1−d

ˆ
Td
Hd−1(Kνn(R),y) dy | R > 0

}
, (6.16)

`n(γ, y) = inf

{
R1−d

ˆ
Td
Hd−1(Kνn(R),y) dy | R > 0

}
,

while in the case en ∈ RZd, we instead can only say that, for each y ∈ Td,

`n(γ, y) = inf

{
R1−d

 
Td−1en (〈y,e〉)

Hd−1(Kνn(R),ξ)Hd−1(dξ) | R > 0

}
, (6.17)

`n(γ, y) = inf

{
R1−d

 
Td−1en (〈y,e〉)

Hd−1(Kνn(R),ξ)H
d−1(dξ) | R > 0

}
.

All of this follows from the sub-additive ergodic theorem (cf. [29, Appendix A]).
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Finally, notice that, when n = ∗, we can argue as in the case when n ∈ N and en ∈ RZd.

Since the coefficients of the associated obstacle problems vary only in the η direction, it

follows that the integrals over Td−1
e (s) so obtained do not depend on s. Therefore, as in the

case when n ∈ N and en /∈ RZd, we find, for each y ∈ Td,

¯̀⊥∗ (γ, y) = inf

{
R1−d

ˆ
Td
Hd−1(Kν∗(R),y) dy | R > 0

}
, (6.18)

`⊥∗ (γ, y) = inf

{
R1−d

ˆ
Td
Hd−1(Kν∗(R),y) dy | R > 0

}
.

6.2.4 Homogenization of Obstacle Problems

By a direct analogy to the discussion of the penalized correctors above, we now show that

the obstacle problems (6.12) and (6.13) homogenize to the problems (6.14) and (6.15) as

n→∞.

Proposition 68. Given (γ,R) ∈ R×(0,∞) and y ∈ Td, if νn = (n, γ,R) and ν∗ = (∗, γ, R),

and if (yn)n∈N ⊆ Td is such that y = limn→∞ yn, then

0 = lim
δ→0+

sup
{
|uνn,yn(y′1)− uν∗,y(y′2)| | (y′1, y

′
2) ∈ Q(n)

R ×Q∗R, n
−1 + ‖y′1 − y

′
2‖ < δ

}
,

0 = lim
δ→0+

sup
{
|uνn,yn(y1)− uν∗,y(y2)| | (y′1, y

′
2) ∈ Q(n)

R ×Q∗R, n
−1 + ‖y′1 − y

′
2‖ < δ

}
.

Proof. To prove this, we will work with half-relaxed limits. The proof for super-solutions

follows by analogous arguments so we will restrict attention to sub-solutions.

Define ū∗ and ū∗ in Q∗R by

ū∗(y′) = lim
δ→0+

sup
{
uνn,yn(y′) | y′ ∈ Q(n)

R , n−1 + ‖y′ − y′‖ < δ
}
,

ū∗(y′) = lim
δ→0+

inf
{
uνn,yn(y′) | y′ ∈ Q(n)

R , n−1 + ‖y′ − y′‖ < δ
}
.

It suffices to show that ū∗ = ū∗ = uν∗,y. To do this, we only need to prove that ū∗ and ū∗
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are sub- and super-solution of (6.14) and apply the comparison principle. Since the proof

for ū∗ is almost identical, we will restrict attention to ū∗.

Assume that ϕ : Rd → R is a smooth function and y′0 ∈ Q
∗
R is a point where ū∗ − ϕ has

a strict local minimum. We claim that

max
{
−tr

(
a⊥e (y + 〈y′0, η〉e)D

2
eϕ(y′0)

)
− f⊥e (y + 〈y′0, η〉e)− γ, ū∗(y

′
0)
}
≥ 0. (6.19)

Clearly, we can assume that ū∗(y′0) < 0.

Let us argue by contradiction. If (6.19) fails to hold, then there is a ζ > 0 such that

− tr
(
a⊥e (y + 〈y′0, η〉e)D

2
eϕ(y′0)

)
− f⊥e (y + 〈y′0, η〉e)− γ < −ζ. (6.20)

Define g ∈ C(Td) by

g(y) = f(y + y) + tr
(
a(y + y)D2

eϕ(y′0)
)
.

Let V e,δ,g ∈ C2(Td) be the solution of (2.13) with δ = δ(ζ) > 0 chosen so small that

∣∣∣g⊥e (y + y)− tr
(
ay(y)D2

eV
e,δ,g(y)

)
− g(y + y)

∣∣∣ ≤ ζ for each y ∈ Td.

For each n ∈ N, pick a point y′n where the function y′ 7→ uνn,yn(y′) − ϕ(y′) − θ2
nV (θ−1

n y′)

attains its minimum in the closure of Q
(n)
R . By classical arguments, we can pass to a subse-

quence (y′nj )j∈N such that

lim
j→∞

y′nj = y′0, lim
j→∞

u
νnj ,ynj (y′nj ) = ū∗(y′0) < 0.

There is no loss of generality in assuming that both y′nj ∈ Q
(nj)
R and u

νnj ,ynj (y′nj ) < 0
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for all j ∈ N. Thus, the equation satisfied by u
νnj ,ynj gives

0 ≤ −tr
(
a
ynj (θ−1

nj y
′
nj )[D

2
enj
ϕ(y′nj ) +D2

enj
V (θ−1

nj y
′
nj )]
)
− fynj (θ−1

nj y
′
nj )− γ

= −tr
(
ay(θ−1

nj y
′
nj )D

2
eV (θ−1

nj ynj )
)
− g(θ−1

nj y
′
nj )− γ + o(1)

≤ g⊥e (θ−1
nj y
′
nj ) + ζ + o(1).

Since y′nj ∈ 〈enj 〉
⊥, we have

θ−1
nj 〈y

′
nj , e〉 = θ−1

nj 〈y
′
nj , e− enj 〉 =

(
1− cos(θnj )

θnj

)
〈e, y′nj 〉+

(
sin(θnj )

θnj

)
〈ηnj , y

′
nj 〉.

Thus, θ−1
nj 〈y

′
nj , e〉 → 〈y

′
0, η〉 and we find, in the limit n→∞,

−ζ ≤ g⊥e (〈y′0, η〉e)− γ = −tr
(
a⊥e (y + 〈y′0, η〉e)D

2
eϕ(y′0)

)
− f⊥e (y + 〈y′0, η〉e)− γ.

This directly contradicts (6.20).

We deduce that ū∗ is a super-solution of (6.14) in the interior of Q∗R. Using barriers, it

is not hard to show that ū∗ ≥ 0 in ∂Q∗R. Thus, ū∗ is a super-solution.

6.2.5 Densities of Contact Sets

Once we state some properties of the densities `
⊥
n and `⊥n , we will have all the tools necessary

to prove Theorem 36.

The following result follows by arguing as in [29] (also see [7]). In the statement, we write

e∗ = e.

Proposition 69. For each y ∈ Td, there is a sequence (γn(y))n∈N∪{∗} ⊆ R such that, for

each n ∈ N ∪ {∗}, the following statements hold:

(i) ¯̀⊥
n (γ, y) = 0 if γ < γn(y) and ¯̀⊥

n (γ, y) ≥ c|γ − γn(y)|d−1 if γ > γn(y).
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(ii) `⊥n (γ, y) = 0 if γ > γn(y) and `⊥n (γ, y) ≥ c|γ − γn(y)|d−1 if γ < γn(y).

(iii) If n ∈ N and, for each ν = (n,R), vν,y is the solution of the Dirichlet problem

 −tr
(
ay(y′)D2

env
ν,y
)
− fy(y′) = γn(y) in Q

(n)
R ,

vν,y = 0 on ∂Q
(n)
R ,

then

lim
R→∞

sup
{
R−2|v(n,R),y(y′)| | y′ ∈ Q(n)

R

}
= 0.

(iv) If, for each ν = (∗, R), vν,y is the solution of the Dirichlet problem

 −tr
(
a⊥e (y + y′)D2

ev
ν,y
)
− f⊥e (y + y′) = γ∗(y) in Q

(n)
R ,

vν,y = 0 on ∂Q
(n)
R ,

then

lim
R→∞

sup
{
R−2|v(∗,R),y(y′)| | y′ ∈ Q(n)

R

}
= 0.

(The constant c > 0 depends on λ, Λ, and d, but not on n.)

In addition, we will need the following fact, adapted from [29], that follows from the

homogenization result above:

Proposition 70. For each (γ, y) ∈ R× Td, we have

¯̀⊥∗ (γ, y) ≥ lim
n→∞

sup
{

¯̀⊥
n (γ, y) | y ∈ Td

}
,

`⊥∗ (γ, y) ≥ lim
n→∞

sup
{
`⊥n (γ, y) | y ∈ Td

}
.

The proof uses the upper semi-continuity properties of the contact sets {Kν,x}. When

(en)n∈N ⊆ Sd−1 \RZd, this can be proved with Fatou’s Lemma by adapting the idea of [29]

directly to our setting using Proposition 68.
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When (en)n∈N ⊆ RZd, the situation is more delicate since the probability measures in the

variational principle (6.17) depend on n. As pointed out by W.M. Feldman, the argument

from the irrational case still applies provided we replace Fatou’s Lemma by the generalization

due to Feinberg, Kasyanov, and Zadoianchuk [46].

Proof of Proposition 70. We give the details for (¯̀⊥
n )n∈N; the same basic idea also applies

to (`⊥n )n∈N.

Step 1: Property of Contact Sets

Given (γ,R) ∈ R× (0,∞) and y ∈ Td, let νn = (n, γ,R) and ν∗ = (∗, γ, R), and assume

that (yn)n∈N ⊆ Td is such that limn→∞ yn = y. We claim that

Hd−1(Kν∗,y) ≥ lim sup
n→∞

Hd−1(Kνn,yn). (6.21)

To see this, first, define K̃ ⊆ Q∗R by

K̃ =
∞⋂
n=1

∞⋃
m=n

{
y′ ∈ Q∗R | u

νm,ym(O−1
m (y′)) = 0

}
.

Notice that Proposition 68 implies that K̃ ⊆ Kν∗,y. Therefore, using the measure preserving

property of the orthogonal transformations {Om}m∈N, we find

Hd−1(Kν∗,y) ≥ Hd−1(K̃)

= lim
n→∞

Hd−1

( ∞⋃
m=n

{
y′ ∈ Q∗R | u

νm,ym(O−1
m (y)) = 0

})

≥ lim sup
n→∞

Hd−1(Kνn,yn).

Step 2: Convenient Reformulation

The result of the previous step can be reformulated slightly. Define Borel functions
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{fn}n∈N and f∗ in Td by

fn(y) = Hd−1(Kνn,y), f∗(y) = Hd−1(Kν∗,y).

By Step 1, for each y ∈ Td, we have

f∗(y) ≥ lim
δ→0+

sup
{
fn(y) | n−1 + |y − y| < δ

}
. (6.22)

Step 2: Conclusion

We conclude the proof by considering two cases: (a) (en)n∈N ⊆ Sd−1 \ RZd and (b)

(en)n∈N ⊆ RZd. Note that there is no loss of generality in assuming that either (a) or (b)

holds since we can always pass to subsequences if necessary.

In either case, we start by fixing an ε > 0. By invoking (6.18), we can fix an R > 0 such

that

¯̀⊥∗ (γ, y) ≥ R1−d
ˆ
Td
Hd−1(Kν∗,y) dy − ε.

Now we consider cases (i) and (ii) separately.

In case (i), Fatou’s Lemma, the conclusion of Step 1, and (6.16) combine to give

ˆ
Td
Hd−1(Kν∗,y) dy ≥ lim sup

n→∞

ˆ
Td
Hd−1(Kνn,y) dy

≥ lim sup
n→∞

Rd−1 sup
{
`n(γ, y) | y ∈ Td

}
.

Thus,

`∗(γ, y) ≥ lim sup
n→∞

sup
{
`n(γ, y) | y ∈ Td

}
− ε.

In case (ii), we can combine (6.17), (6.22), Lemma 17 in the appendix, and the general-
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ization of Fatou’s Lemma in [46, Theorem 1.1] to find

ˆ
Td
Hd−1(Kν∗,y) dy ≥ lim sup

n→∞

 
Td−1en (〈yn,e〉)

Hd−1(Kνn,ξ)Hd−1(dξ)

≥ lim sup
n→∞

Rd−1`n(γ, yn).

Since (yn)n∈N was arbitrary, we conclude

`∗(γ) ≥ lim sup
n→∞

sup
{
`n(γ, y) | y ∈ Td

}
− ε.

In any case, the arbitrariness of ε > 0 gives the desired result.

Finally, combining Propositions 69 and 70, we obtain

Proposition 71. For each y ∈ Td, we have

lim
n→∞

sup
{
|γn(y)− γ∗(y)| | y ∈ Td

}
= 0.

Proof. Note that it is enough to prove the following two inequalities:

γ∗(y) ≥ lim sup
n→∞

sup
{
γn(y) | y ∈ Td

}
,

γ∗(y) ≤ lim inf
n→∞

inf
{
γn(y) | y ∈ Td

}
.

We will only prove the first inequality since the second one follows by a similar argument in

which (¯̀⊥
n )n∈N replaces (`⊥n )n∈N.

Choose a sequence (yn)n∈N ⊆ Td such that

lim sup
n→∞

sup
{
γn(y) | y ∈ Td

}
= lim
n→∞

γn(yn).

To obtain the desired result, we will show that if γ < limn→∞ γn(yn), then γ ≤ γ∗(y).
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To see this, suppose that γ < limn→∞ γn(yn). By Propositions 69 and 70,

`⊥∗ (γ, y) ≥ lim sup
n→∞

`⊥n (γ, yn) ≥ c lim sup
n→∞

(γn(yn)− γ)d−1 > 0.

From this, Proposition 69 with n = ∗ yields γ ≤ γ∗(y).

6.2.6 Proof of Proposition 67

The results of the previous section directly imply Proposition 67, as we now show.

To start with, we identify the functions (γn)n∈N of Proposition 69.

Lemma 12. For each n ∈ N and y ∈ Td, we have

γn(y) =

 −f
⊥
en(y), if en ∈ RZd,

−f(en), otherwise.

Proof. Fix n ∈ N and y ∈ Td. By Proposition 69 and rescaling, if we let (vε)ε>0 be the

solutions of the Dirichlet problem

 −tr
(
ay(ε−1x′)D2

envε
)
− fy(ε−1x′) = γn(X) in Q

(n)
1 ,

vε = 0 on ∂Q
(n)
1 ,

then vε → 0 uniformly in Q
(n)
1 as ε→ 0+.

At the same time, if en ∈ RZd, this is a periodic elliptic homogenization problem in

〈en〉⊥ so we know from classical results and the definitions of f⊥en and a⊥en (see (2.18) and

(6.8)) that vε → v̄, where v̄ is the solution of the constant coefficient equation

 −tr
(
a⊥en(y)D2

en v̄
)
− f⊥en(y) = γn(y) in Q

(n)
1

v̄ = 0 on ∂Q
(n)
1
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The previous paragraph says that v̄ ≡ 0 in Q
(n)
1 . Therefore, γn(y) = −f⊥en(y).

If, on the other hand, en /∈ RZd, then the results of [29] again imply homogenization

with a⊥en(y) replaced by ā(en) and f⊥en(y) by f(en). Hence, by the same argument as in the

rational case, we can only conclude that γn(y) = −f(en).

Next, we show that −γ∗ equals the constant f̃
η
e (see (6.10)).

Lemma 13. For each y ∈ Td,

− γ∗(y) = f̃
η
e . (6.23)

Proof. Fix y ∈ Td. As in Lemma 12, −γ∗(y) equals the average of f⊥e against the invariant

measure associated with the operator −tr
(
a⊥e (ε−1〈y′, η〉e)

)
. Since the coefficient of the

operator varies only in the η direction, a symmetry argument shows that the homogenized

coefficients are the same as if we consider the one-dimensional problem. In particular, by a

well-known computation, the coefficient −γ∗(y) is given by

−γ∗(y) =

(ˆ re

0
〈a⊥e (se)η, η〉−1 ds

)−1 ˆ re

0
f⊥e (se)〈a⊥e (se)η, η〉−1 ds.

We conclude by comparing the definitions of f⊥e and f̃
η
e (see (2.18), (6.10), and (6.7)).

6.2.7 Proof of Theorem 36

Finally, we put all the ingredients together to prove the theorem.

Proof of Theorem 36. Notice that to obtain the conclusion of Theorem 36, it suffices to show

that if (en)n∈N ⊆ Sd−1 is such that en → e and en−e
‖en−e‖ → −η as n→∞; (µn)n∈N ⊆P(Td)

is such that µn ∈ I a
en for each n; and f ∈ C(Td), then

lim
n→∞

ˆ
Td
f(y)µn(dy) =

ˆ
Td
f(y)µ̃

η
e(dy).
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Passing to a subsequence if necessary, there is no loss of generality splitting into cases: (a)

(en)n∈N ⊆ Sd−1 \ RZd and (b) (en)n∈N ⊆ RZd.

In case (a), we know
´
Td f(y)µn(dy) = f(en) by the uniqueness of the invariant measure.

Hence, by Proposition 71, Lemma 13, and the definition of f̃
η
e (see (6.10)),

lim
n→∞

ˆ
Td
f(y)µn(dy) = − lim

n→∞
γn(y) = −γ∗(y) = f̃

η
e =

ˆ
Td
f(y) µ̃

η
e(dy).

In case (b), we know that µn = µsnen for some sn ∈ [0, ren). Thus, by Proposition 71 and

(2.18),

lim
n→∞

ˆ
Td
f(y)µn(dy) = lim

n→∞
f⊥en(snen) = − lim

n→∞
γn(snen) = −γ∗(y) = f̃

η
e .

6.2.8 Generic Discontinuities

In light of the formulas obtained for the limiting measures in the previous section, it is

natural to expect that ā and m are generically discontinuous at some rational directions. In

this section, we prove that, in fact, ā and m are generically discontinuous at every rational

direction when d ≥ 3.

Proof of Corollary 2. To start with, since d ≥ 3, we can fix e ∈ Sd−1∩RZd and let (ηn)n∈N

be a sequence of points in Sd−1 ∩ 〈e〉⊥ with ηn /∈ {ηm,−ηm} for all n 6= m. The goal is

to prove that, for each n,m ∈ N with n 6= m, the following sets are open and dense in

C2,α(Td;Sd(λ,Λ)) in the C2,α norm topology:

Ue(n,m) =
{
a ∈ C2,α(Td;Sd(λ,Λ)) | µ̃ηne 6= µ̃

ηm
e

}
,

Ve(n,m) =
{
a ∈ C2,α(Td;Sd(λ,Λ)) | ãηne 6= ã

ηm
e

}
.
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That these sets are open is immediate. It only remains to show they are dense.

We start with Ue(n,m). It turns out that we only need to understand the derivative of

the map a 7→ a⊥e . Toward that end, for each n ∈ N, define un ∈ C2,α(Td) to be the solution

of the cell problem (2.20) with f(y) = 〈a(y)ηn, ηn〉. Notice that the oscillating function f⊥e

equals 〈a⊥e ηn, ηn〉 in this case.

Step 1: Perturb so that D2
eun 6= D2

eum

To start with, we claim that there is no loss of generality in assuming that D2
eun 6= D2

eum.

Indeed, if D2
eun = D2

eum, then (2.20) implies 〈[a− a⊥e ]ηn, ηn〉 = 〈[a− a⊥e ]ηm, ηm〉. That is,

〈a(y)ηn, ηn〉 − 〈a(y)ηm, ηm〉 = 〈a⊥e (〈y, e〉e)ηn, ηn〉 − 〈a⊥e (〈y, e〉e)ηm, ηm〉 if y ∈ Td.

In particular, the left-hand side varies only in the e direction. This symmetry is easily broken,

for instance, by replacing a by y 7→ a(y) + ν cos(2π〈k, y〉)ηn ⊗ ηn for some k ∈ Zd \ 〈e〉 and

ν ∈ R sufficiently small.

Step 2: Restrict attention to a⊥e

First, observe that µ̃
ηn
e = µ̃

ηm
e if and only if there is a C > 0 such that 〈a⊥e ηn, ηn〉 =

C〈a⊥e ηm, ηm〉 in Td. This is a direct consequence of the formula (6.7). We claim that if

〈a⊥e ηn, ηn〉 = C〈a⊥e ηm, ηm〉 for some C > 0, then this symmetry is broken by some arbitrarily

small perturbation of a.

To see this, we will differentiate the function a 7→ a⊥e . Given a∗ ∈ C2,α(Td;Sd) and

h ∈ R small enough, define ah = a+ ha∗ and let (ah)⊥e be the associated averaged tensor.

Employing arguments similar to those in the proof of [70, Proposition 7], we see that, for

each r ∈ [0, re), h ∈ R, and j ∈ {n,m}, if Ũhj,re is the solution of the equation

 −tr
(
ah(re+ x′)D2Ũhj,re

)
= 〈ah(re+ x′)ηj , ηj〉 − 〈(ah)⊥e (re)ηj , ηj〉 in Td−1

e (0)

Ũhj,re(0) = 0
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then there are functions {Ũn,re, Ũm,re} ∈ C(Td−1
e (0)) and a function a⊥∗ ∈ C(Td) varying

only in the e direction such that, for j ∈ {n,m} and r ∈ [0, re),

Ũj,re = lim
h→0

Ũhj,re − Ũ
0
j,re

h
uniformly in Td−1

e (0),

a⊥∗ = lim
h→0

(ah)⊥e − a⊥e
h

uniformly in Td.

Furthermore, Ũj,re is a solution of the equation

−tr
(
a(re+ x′)D2

eŨj,re

)
= tr

(
a∗(re+ x′)D2

euj(re+ x′)
)
− 〈a⊥∗ (re)ηj , ηj〉 in Td−1

e (0).

Notice that a⊥∗ (y) =
´
Td tr

(
a∗(y′)D2

euj(y
′)
)
µ
〈y,e〉
e (dy′).

By the previous step, there is no loss in generality assuming that D2
eun 6= D2

eum. In

fact, since these functions are Cα, we can fix y1, y2 ∈ Td so that 〈y1, e〉 6= 〈y2, e〉 and

D2
eun(yi) 6= D2

eum(yi) for i ∈ {1, 2}. Since µse is supported on Td−1
e (s) for each s ∈ [0, re),

we can we fix a∗ ∈ C∞(Td;Sd) so that

ˆ
Td

tr
(
a∗(y′)D2

eun(y′)
)
µ
〈y1,e〉
e (dy′) > 0 >

ˆ
Td

tr
(
a∗(y′)D2

eum(y′)
)
µ
〈y1,e〉
e (dy′),

ˆ
Td

tr
(
a∗(y′)D2

eun(y′)
)
µ
〈y2,e〉
e (dy′) < 0 <

ˆ
Td

tr
(
a∗(y′)D2

eum(y′)
)
µ
〈y2,e〉
e (dy′).

From this, we find that, for all h > 0 sufficiently small,

〈(ah)⊥e (y1)ηm, ηm〉
〈(ah)⊥e (y1)ηn, ηn〉

< C <
〈(ah)⊥e (y2)ηm, ηm〉
〈(ah)⊥e (y2)ηn, ηn〉

.

Therefore, 〈(ah)⊥e ηn, ηn〉 is not a constant multiple of 〈(ah)⊥e ηm, ηm〉 even while we have the

approximation estimate ‖a− ah‖C2,α(Td) ≤ Ch.

We conclude from the preceding that Ue(n,m) is dense in C2,α(Td;Sd(λ,Λ)). It remains

to prove the same thing for Ve(n,m).
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Step 3: Ensure ã
ηn
e 6= ã

ηm
e

We want to show that Ve(n,m) is dense. Given that ã
η
e =

´
Td a(y) µ̃

η
e(dy), this is intu-

itively clear in light of what we just proved.

The previous arguments show that we can assume that a ∈ Ue(n,m) \ Ve(n,m) to start

with. We will show that there is an m ∈ C2,α(Td) varying only in the e direction such that

the function ah = (1 + hm)−1a is in Ve(n,m) for all h ∈ R sufficiently small.

To start with, notice that, by arguing as in [70, Section 4.4], we see that, for each

η ∈ Sd−1 ∩ 〈e〉⊥, the limiting coefficient ã
η
h,e associated with ah is given by

ã
η
h,e =

ã
η
e

1 + h
´
Tdm(y)µ̃

η
e(dy)

. (6.24)

Since m varies only in the e direction, the integral in the denominator becomes

ˆ
Td
m(y)µ̃

η
e(dy) =

´ re
0 m(se)〈a⊥e (se)η, η〉−1 ds´ re

0 〈a⊥e (se)η, η〉−1 ds
.

Given that a ∈ Ue(n,m), we know that the function s 7→ 〈a⊥e (se)ηn, ηn〉 does not equal a mul-

tiple of s 7→ 〈a⊥e (se)ηm, ηm〉, and, therefore, we can choosem so that
´
Tdm(〈y, e〉e)µ̃ηne (dy) 6=

´
Tdm(〈y, e〉e)µ̃ηme (dy). Thus, since ã

ηn
e = ã

ηm
e , (6.24) implies ã

ηn
h,e 6= ã

ηm
h,e for all h small

enough. This proves a is a limit point of Ve(n,m).

Conclusion

We showed that Ue(n,m) and Ve(n,m) are both open and dense in C2,α(Td;Sd(λ,Λ)) in

the C2,α norm topology. Define Cd by

Cd =
⋂
n∈N

⋂
m∈N\{n}

Ue(n,m) ∩ Ve(n,m).

This set is residual, being a countable intersection of open, dense sets. Further, since

C2,α(Td;Sd(λ,Λ)) is an open subset of the Banach space C2,α(Td;Sd), the Baire Category
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Theorem implies that Cd is itself dense.

6.3 Proof of Theorem 34

In this section, we show how the results of the previous two sections imply Theorem 34. To

begin with, since the effective coefficients are not continuous in general, we define upper and

lower semi-continuous envelopes F , F : Rd × Sd → R by

F (p,X) = lim
δ→0+

sup
{
m(‖p′‖−1p′)−1tr

(
Ā(‖p′‖−1p′)X

)
| p′ /∈ RZd, ‖p′ − p‖ ≤ δ

}
,

(6.25)

F (p,X) = lim
δ→0+

inf
{
m(‖p′‖−1p′)−1tr

(
Ā(‖p′‖−1p′)X

)
| p′ /∈ RZd, ‖p′ − p‖ ≤ δ

}
,

(6.26)

where, as before, Ā(e) = (Id− e⊗ e)ā(e)(Id− e⊗ e).

The operators F and F allow us to define viscosity solutions of (6.4) in spite of the

possible discontinuity of m and ā.

Definition 11. We say that an upper semi-continuous function v : Rd × [0,∞) → R is a

viscosity sub-solution of (6.4) if vt − F (Dv,D2v) ≤ 0 in the viscosity sense in Rd × (0,∞)

and v ≤ u0 on Rd × {0}.

Similarly, a lower semi-continuous function w : Rd × [0,∞) → R is a viscosity super-

solution of (6.4) if wt − F (Dw,D2w) ≥ 0 in the viscosity sense in Rd × (0,∞) and w ≥ u0

on Rd × {0}.

Finally, a continuous function u : Rd × [0,∞) → R is a viscosity solution of (6.4) if it

is both a sub-solution and a super-solution.

In Section 6.1, we showed that the half-relaxed limits ū∗ and ū∗ satisfy

ū∗t − F (Dū∗, D2ū∗) ≤ 0 and ū∗,t − F (Dū∗, D2u∗) ≥ 0
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in irrational directions in Rd × (0,∞). The results of Section 7.1 below imply that “in

irrational directions” can be removed — these are sub- and super-solutions in the standard

viscosity sense.

To prove that ū∗ = ū∗, we will invoke Theorem 38 below, which is a comparison principle

for second-order level-set PDE with discontinuities in countably many directions. To do so,

we need to check that F and F satisfy the assumptions of that theorem. That is the subject

of the next two results.

Proposition 72. The operators F and F given by (6.25) and (6.26) satisfy the assumptions

(i)-(v) of Theorem 38.

Proof. The definitions of F and F directly imply that assumption (i), (iii), and (iv) hold.

Concerning assumption (ii), notice that λId ≤ ā(e) ≤ ΛId for each e ∈ Sd−1 \ RZd by

(6.6) and (6.3). Thus, the coefficient Ā(e) satisfies

λ(Id− e⊗ e) ≤ Ā(e) ≤ Λ(Id− e⊗ e) for each e ∈ Sd−1 \ RZd,

and this implies F and F satisfy the ellipticity assumption (ii).

Next, we claim that (v) holds. Fix a point (p,X) ∈ (Rd\{0})×Sd for which p̂ /∈ {νn}n∈N.

Define e = p̂. To see that F (p,X) = F (p,X), first, observe that if (en)n∈N ⊆ Sd−1 is such

that limn→∞ en = e and (µn)n∈N ⊆ P(Td) are such that µn ∈ I a
en for each n, then

µn ⇀ µ̄e. Indeed, by compactness, there is no loss of generality assuming that (µn)n∈N

converges to some probability measure µ. If ψ ∈ C2(Td), then

ˆ
Td

tr
(
a(y)D2

eψ(y)
)
µ(dy) = lim

n→∞

ˆ
Td

tr
(
a(y)D2

enψ(y)
)
µn(dy) = 0.

Hence, by uniqueness (Theorem 15), µ = µ̄e.
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From the preceding considerations and (6.6), we see that

lim
δ→0+

sup
{
‖ā(e′)− ā(e)‖+ |m(e′)−m(e)| | e′ ∈ Sd−1 \ RZd, ‖e′ − e‖ ≤ δ

}
= 0.

From this, it follows easily that F (p,X) = F (p,X).

Finally, we treat (vi). By analogy with similar results in homogenization and Aubry-

Mather theory (cf. [47, Lemma 3.1] and [84, Theorem 3]), we expect that there is a modulus

ω : [0,∞)→ [0,∞) with limδ→0+ ω(δ) = 0 such that, for each e ∈ Sd−1∩RZd, the following

estimate holds:

sup

{
F (e,X)− F ∗(e,X)

1 + ‖X‖
| X ∈ Sd

}
≤ ω(re). (6.27)

When d = 2, it is not hard to show that there is a constant A > 0 such that

sup
{
|a⊥e (y)− a⊥e (ŷ)|+ |m⊥e (y)−m⊥e (ŷ)| | y, ŷ ∈ Td

}
≤ Are.

If such an estimate were to hold in higher dimensions (possibly with Are replaced by ω(re)),

then it would imply (6.27). However, this remains to be seen.

Instead, we employ a soft argument pointed out by I.C. Kim:

Lemma 14. The pair (F , F ) satisfies (vi) with {νn}n∈N any enumeration of Sd−1 ∩ RZd.

Proof. We claim that

lim
N→∞

sup
{

diam(I a
en) | n ≥ N

}
= 0.

Here diam(I a
e ) is the diameter of I a

e with respect to D, the metric on P(Td) chosen just

prior to Theorem 36. Notice that, in view of Theorem 36 and the definition of F and F

through ā and m, the claim implies (vi) holds.

To prove it, we argue by contradiction, exploiting the compactness of Sd−1. If (vi) fails,

226



then we can find ζ > 0, (en)n∈N ⊆ Sd−1, and sequences (sn)n∈N, (tn)n∈N ⊆ R such that

inf
{
D(µsnen , µ

tn
en) | n ∈ N

}
≥ ζ. (6.28)

(Recall that D is some fixed metric on P(Td), as in Theorem 36.) To see this is impossible,

note that, up to extraction, we can assume that there is an e ∈ Sd−1 such that limn→∞ en =

e.

If e ∈ Sd−1 \ RZd, then, as in the previous proof, any accumulation point of (µsnen)n∈N

or (µtnen)n∈N is in I a
e , hence must equal µ̄e. In particular, µsnen

∗
⇀ µ̄e and µtnen

∗
⇀ µ̄e,

contradicting (6.28).

On the other hand, if e ∈ Sd−1 \RZd, then, passing to another subsequence if necessary,

we can assume that there is an η ∈ Sd−1 ∩ 〈e〉⊥ such that en−e
‖en−e‖ → −η as n → ∞. By

Theorem 36, this implies µsnen
∗
⇀ µ̃

η
e and µtnen

∗
⇀ µ̃

η
e , another contradiction.

Finally, Theorem 34 is proved.

Proof of Theorem 34. We begin with the uniqueness of a solution of the effective equation

m(D̂ū)ūt − tr(Ā(D̂ū)D2ū) = 0.

As explained above, we use F and F to study this problem since the coefficients may be

discontinuous. By Proposition 72 and Lemma 14, these operators satisfy the assumptions of

Theorem 38. Therefore, if a solution exists, it is unique.

Next, recall from Proposition 66 and Theorem 30 that the half-relaxed limits ū∗ and ū∗

satisfy ū∗t − F (Dū∗, D2ū∗) ≤ 0 in Rd × (0,∞) and ū∗,t − F (Dū∗, D2ū∗) ≥ 0 in Rd × (0,∞)

and, in addition, ū∗(·, 0) ≤ u0 ≤ ū∗(·, 0) in Rd. Therefore, Theorem 38 implies that ū∗ ≤ ū∗

in Rd× (0,∞). At the same time, the definitions of the half-relaxed limits already guarantee

that ū∗ ≤ ū∗. Hence if we define ū : Rd× [0,∞)→ R by ū = ū∗ = ū∗, then ū is a continuous
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function and it satisfies both ūt − F (Dū,D2ū) ≤ 0 and ūt − F (Dū,D2ū) ≥ 0. This proves

the existence of a viscosity solution of (6.4).

Finally, an exercise shows that the equality ū∗ = ū∗ implies that uε → ū locally uniformly

in Rd × [0,∞) as ε→ 0+.

6.4 Derivatives of Front Speeds in Dimension Two

This section treats the proof of Theorem 9, i.e., we prove that in dimension d = 2, the linear

response coefficient mpl is (the inverse of) the derivative of the front speed with respect to

the applied forced. Precisely, in the level set formulation, we start with the hyperbolically

scaled PDE m(δ−1x, D̂uδ)uδt − δtr
(
A(δ−1x, D̂uδ)D2uδ

)
− α‖Duδ‖ = 0 in R2 × (0,∞),

uδ = u0 on R2 × {0}.
(6.29)

Caffarelli and Monneau [26] proved that this problem homogenizes in the limit δ → 0 to a

first-order, geometric PDE of the form

 ūt + λα(D̂ū)‖Dū‖ = 0 in R2 × (0,∞),

ū = u0 on Rd × {0}.

Here λα : Sd−1 → R encodes the average speed of planar solutions of the interface motion

associated with (6.29). Below we prove that the derivative of this function is mpl(e)
−1:

lim
α→0

α−1λα(e) = mpl(e)
−1.

In the proof, we use the fact that there is a pulsating wave solution of (6.29). This is
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constructed using a viscosity solution Ve,α ∈ C(Td) of the equation

λe(α)m

(
y,

e+DVe,α
‖e+DVe,α‖

)
− tr

(
A

(
y,

e+DVe,α
‖e+DVe,α‖

)
D2Ve,α

)
−α‖e+DVe,α‖ = 0 in Td.

(6.30)

Since d = 2, the existence of Ve,α follows from [26].

Proof of Theorem 9. As in Section 2.5, the proof is neater depending on whether or not (2.2)

has a smooth solution. We only give the arguments in the case when e ∈ Sd−1\RZd without

assuming that (2.2) has a smooth solution.

Fix β ∈ (1,∞). Let vε(x, t) = 〈x, e〉 + βm(e)−1(ε2V
δ(ε)
e (ε−1x) + t) for δ(ε) = ε

1
4 , where

V δe is the solution of (2.13) with f = −m(·, e). Arguing as in the proof of Theorem 10, we

see that there is an ε0 ∈ (0, 1) such that, for each ε ∈ (0, ε0), vε is a super-solution of the

first equation in (2.1) with α = 1.

Let Ve,ε be a solution of (6.30) with α = ε and set uε(y, t) = 〈y, e〉+Ve,ε(y)+λε(e)t. Notice

that this is a viscosity solution of (6.29) with δ = 1 and α = ε. Hence (x, t) 7→ εuε(ε−1x, ε−2t)

is a viscosity solution of the first equation in (2.1) with α = 1. Since Ve,ε is bounded,

εuε(ε−1x, 0) ≤ vε(x, 0) + ε‖Ve,ε‖L∞(Td) + Cβε2‖V δ(ε)e ‖L∞(Td)

and, thus, the comparison principle implies that, for each (x, t) ∈ Rd × (0,∞),

〈x, e〉+ εVe,ε(ε−1x) + ε−1λε(e)t = εuε(ε−1x, ε−2t)

≤ vε(x, t) + ε‖Ve,ε‖L∞(Td) + Cβε2‖V δ(ε)e ‖L∞(Td)

= 〈x, e〉+ βm(e)−1ε2V
δ(ε)
e (ε−1x) + ε‖Ve,ε‖L∞(Td)

+ Cβε2‖V δ(ε)e ‖L∞(Td) + βm(e)−1t.

Dividing by t and sending t → ∞, we deduce that ε−1λε(e) ≤ βm(e)−1 for all ε > 0 small
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enough. Finally, sending first ε→ 0+ and then β → 1+, we conclude

lim sup
ε→0+

ε−1λε(e) ≤ m(e)−1.

Arguing using sub-solutions instead of super-solutions, we similarly deduce that

lim inf
ε→0+

ε−1λε(e) ≥ m(e)−1.

It remains to show that α−1λα(e)→ m(e)−1 as α→ 0−. To do this, we repeat the previous

proof, simply replacing α = 1 in (2.1) by α = −1.

Remark 11. When e is rational or e is irrational and (2.2) has a smooth solution, it is

possible to prove the following rate: |ε−1λε(e)−m(e)−1| ≤ Ceε for some Ce > 0.

6.5 Notes

The formal expansion used in this chapter and Section 2.5 was inspired by similar ones

developed by Barles and Souganidis [16] and Barles, Cesaroni, and Novaga [13].

As we saw in this chapter and in Chapter 2, the homogenization of nonvariational interface

motions in the parabolic scaling limit turns out to be related to the homogenization theory

for uniformly elliptic equations in nondivergence form. The main reference for this in the

fully nonlinear setting is by Caffarelli, Souganidis, and Wang [29]. We have also relied on the

representation of the effective coefficients in terms of invariant measures in the linear case,

which is well-known in periodic media (cf. [18]) and follows from the work of Papanicolaou

and Varadhan [79] in stationary ergodic (e.g., almost periodic) media.

A major difficulty that arises in the interfacial setting is the discontinuity of the effective

coefficients. As we have seen, this is ultimately related to the rational/irrational dichotomy,

which results in a loss of ergodicity and hence non-uniqueness of invariant measures. The
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same issue appears in other periodic homogenization problems involving averaging in codi-

mension one.

This is particularly true in the the homogenization of boundary value problems, such as

 −F (ε−1x,D2uε) = 0 in Ω,

uε = f(ε−1x) on ∂Ω.
(6.31)

If F is uniformly elliptic and periodic in the spatial variable and if f ∈ C(Td), then Feldman

[48] showed it is possible to prove homogenization for nice-enough domains Ω. The effective

equation has the form  −F (D2ū) = 0 in Ω,

ū = f̄(n∂Ω) on ∂Ω,

for some effective nonlinearity F and an effective boundary condition f̄ = f̄(n), which is

a function of the normal vector n∂Ω to the boundary. f̄ will be continuous in irrational

directions, but discontinuous at rational ones in general.

In the determination of the directional limits of the invariant measures (and hence also

the effective coefficients), we used a strategy introduced by Feldman and Kim [49] in the

context of (6.31). For further results on oscillating Dirichlet and Neumann problems, we refer

the reader to the work of Barles, Da Lio, Lions, and Souganidis [11], Barles and Mironescu

[15], Gérard-Varet and Masmoudi [54], Choi and Kim [32], Feldman and Zhang [52], and

Feldman, Kim, and Souganidis [50].

In Section 6.4, we showed that the linear response coefficient mpl is the inverse of the

derivative of the average front speed λα at α = 0. Even though the interface motion here

is in nondivergence form, nonetheless this is completely consistent with the situation in the

analysis of certain variational interface motions, specifically the Allen-Cahn equation (cf. [87,

Section 4]) and the gradient flow of the Lebowitz-Penrose functional in statistical mechanics

(cf. [24, 62]).
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CHAPTER 7

LEVEL-SET PDE WITH DISCONTINUOUS COEFFICIENTS

7.1 Solutions in “Irrational” Directions

Recall that in Chapter 5 we were interested in functions that are only known to satisfy partial

differential inequalities when the gradient points in an irrational direction. Recall that we

made this precise in Section 5.1 in the more general context where the differential inequalities

are determined by two nonlinearities F , F : Rd × Sd → R and the “bad” directions form a

sequence {νn}n∈N ⊆ Sd−1, which in the applications of interest to us is precisely Sd−1∩RZd.

The goal of this section is to prove Theorem 30, which shows that sub- and super-solutions

in “good” directions are the same as sub- and super-solutions in the viscosity sense.

To prove the theorem, it will be convenient to use the following notion of viscosity sub-

and super-solutions, which is specific to level set PDE and was introduced by Barles and

Georgelin [14].

Definition 12. Given an open set U ⊆ Rd×(0,∞), a locally bounded, upper semi-continuous

function v : U → R satisfies vt − F (Dv,D2v) ≤ 0 in U if, given any smooth function

ϕ : Rd × (0,∞) → R and any point (x0, t0) ∈ U at which the difference v − ϕ has a strict

local maximum, the following conditions are met:

(a) If Dϕ(x0, t0) 6= 0, then

ϕt(x0, t0)− F (Dϕ(x0, t0), D2ϕ(x0, t0)) ≤ 0.

(b) If ‖Dϕ(x0, t0)‖ = ‖D2ϕ(x0, t0)‖ = 0, then

ϕt(x0, t0) ≤ 0.
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Similarly, a locally bounded, lower semi-continuous function w : U → R satisfies wt −

F (Dw,D2w) ≥ 0 in the viscosity sense in U if v = −w satisfies vt +F (−Dv,−D2v) ≤ 0 in

the viscosity sense in U .

With Definition 12 in mind, formally, the reason Theorem 30 is true is if the solution in

question were smooth, then it would be clear. Indeed, we only need to check points where

Du(x0, t0) 6= 0 since otherwise Definition 12, (b) and Definition 10, (iii) are in agreement.

If Du(x0, t0) ∈ {νn}n∈N, then either Du(x, t) /∈ {νn}n∈N for some (x, t) arbitrarily close to

(x0, t0), in which case the necessary differential inequality follows by continuity, or Du(x, t) =

Du(x0, t0) in a neighborhood of (x0, t0). In the latter case, differentiation shows

(
Id− D̂u(x0, t0)⊗ D̂u(x0, t0)

)
D2u(x0, t0) = 0

and now we are in the purview of Definition 10, (ii), which, in view of the assumption that

F (·, 0) ≡ F (·, 0) ≡ 0, is consistent with Definition 12.

The sub- and super-solutions we work with in the proof are discontinuous, being indicator

functions of open sets, and, thus, far from smooth. To circumvent this, we show that the

sketch above is correct when u is semi-convex or semi-concave and then use sup- and inf-

convolutions to pass to the general case.

In order to make the previous sketch rigorous in the case of a semi-convex/semi-concave

function, we will invoke properties of the derivatives of such functions.

7.1.1 Preliminaries

First, we recall that a semi-convex/semi-concave function has a derivative in BVloc.

Lemma 15. If Ω ⊆ Rd is a bounded open set and u : Ω→ R is semi-convex or semi-concave,

then Du ∈ BVloc(Ω;Rd) and the absolutely continuous part of the derivative of Du coincides

with D2u Ld-almost everywhere in Ω.
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Next, we show that the differentiation step in the sketch can be made rigorous even in

the semi-convex/semi-concave case. In the lemma below, we have in mind that V is the

derivative of a semi-convex/semi-concave function.

Proposition 73. Suppose Ω ⊆ Rd is a bounded open set and V ∈ BVloc(Ω;Rm) for some

m ∈ N. Let DacV ∈ L1
loc(Ω;Rd×m) denote the Radon-Nikodym derivative of the Radon

measure DV with respect to Ld. Given any v ∈ Rd and e ∈ Sd−1,

DacV = 0 Ld-a.e. in {V = v}

and (
Id− V̂ ⊗ V̂

)
DacV = 0 Ld-a.e. in {V̂ = e}.

Proof. Let DV denote the set of approximate differentiability points of V , that is, x ∈ DV

if and only if there is a linear map Ax : Rd → Rm such that

lim
r→0+

r−d
ˆ
B(x,r)

‖V (y)− V (x)− Ax(y − x)‖
r

dy = 0.

Since V ∈ BVloc(Ω;Rm), it follows that Ld(Ω \ DV ) = 0 and Ax = DacV (x) for a.e. x ∈ Ω

(see [4, Theorem 3.83]).

A straightforward computation shows DacV = 0 a.e. in {V = v} (see also [4, Proposition

3.73]).

Define f : Rd → Rd by f(p) = p̂ if p 6= 0 and f(0) = 0. It is not hard to see that each x ∈

DV withAx 6= 0 is an approximate differentiability point of f(V ). Furthermore, a straightfor-

ward computation shows its approximate derivative is given by ‖V ‖−1
(

Id− V̂ ⊗ V̂
)
DacV

a.e. (Both statements can be found in [4, Proposition 3.71]). As in the case of {V = v}, it is

not hard to see that the approximate derivative of f(V ) has to vanish a.e. in {f(V ) = e} =

{V̂ = e}.
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7.1.2 Proof of Theorem 30

Now we are prepared for the

Proof of Theorem 30. The theorem has two halves, one for sub-solutions and the other, for

super-solutions. We will only prove the half concerning super-solutions since the other half

follows by very similar arguments.

Let U ⊆ Rd × (0,∞) be an open set and suppose that w : U → R satisfies wt −

F (Dw,D2w) ≥ 0 in “good” directions in U . We need to prove that wt − F (Dw,D2w) ≥ 0

in the viscosity sense in U .

Let V be a bounded, open subset of U such that V is compactly contained in U . For

convenience, pick a T > 0 such that V ⊆ Rd × (0, T ).

For each η > 0, define the inf-convolution wη of u by

wη(x, t) = inf

{
w(y, s) +

‖y − x‖2

2η
+

(t− s)2

2η
| (y, s) ∈ U ∩ (Rd × (0, T ))

}
.

A classical argument shows that wη is a semi-concave function in U ∩ (Rd × (0, T )).

Another well-known argument shows that there is an η0 > 0 such that if 0 < η < η0,

then, for each (x, t) ∈ V , there is a (y, s) ∈ U ∩ (Rd × (0, T )) such that

wη(x, t) = w(y, s) +
‖y − x‖2

2η
+

(t− s)2

2η
.

From this, we can argue as in [34] to show that wη satisfies (wη)t − F (Dwη, D
2wη) ≥ 0 in

“good” directions in V . In fact, we claim that, for each η ∈ (0, η0),

(wη)t − F (Dwη, D
2wη) ≥ 0 in the viscosity sense in V. (7.1)

Here we remind the reader that we will work with the (equivalent) definition of viscosity

sub-solution provided by Definition 12.
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Henceforth, fix η ∈ (0, η0) and let us proceed to the proof of (7.1). Assume that ϕ

is smooth and wη − ϕ has a strict local minimum at (x0, t0) ∈ V . If ‖Dϕ(x0, t0)‖ =

‖D2ϕ(x0, t0)‖ = 0 or D̂ϕ(x0) /∈ {νn}n∈N, then there is nothing to show since wη is a super-

solution in “good” directions in V . Thus, it remains to consider the case when Dϕ(x0) 6= 0

and D̂ϕ(x0) ∈ {νn}n∈N.

In what follows (subtracting a constant from ϕ if necessary), let s > 0 be such that

B((x0, t0), s) ⊆ V , wη(x, t) > ϕ(x, t) for x ∈ B((x0, t0), s) \ {(x0, t0)}, and wη(x0, t0) =

ϕ(x0, t0).

Since wη is semi-concave and ϕ is smooth, it follows that wη − ϕ is semi-concave in

B((x0, t0), s). Thus, for each δ > 0 small enough, we can apply Jensen’s Lemma [34, Lemma

A.3], thereby obtaining a set Kδ ⊆ B((x0, t0), s) such that Ld+1(Kδ) > 0 and, for each

(x, t) ∈ Kδ,

(i) wη is twice punctually differentiable at (x, t).

(ii) There is an (a(x,t), p(x,t)) ∈ B(0, δ) such that the function (y, r) 7→ wη(y, r)−ϕ(y, r)−

〈p(x,t), y〉 − a(x,t)r has a local minimum in B((x0, t0), s).

We claim that we can find an (x1, t1) ∈ Kδ such that

− δ ≤ ϕt(x1, t1)− inf
{
F (p,D2ϕ(x1, t1)) | ‖p−Dϕ(x1, t1)‖ ≤ δ

}
(7.2)

Making δ and s smaller if necessary, we can assume that

Dwη(x1, t1) = Dϕ(x1, t1) + p(x1,t1) 6= 0 for all (x1, t1) ∈ Kδ.

We will prove (7.2) by studying the structure of the spatial derivatives of wη in Kδ. We

only need to consider the following two cases:

(a) For Ld-almost every (x, t) ∈ Kδ, D̂wη(x, t) ∈ {νn}n∈N.
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(b) There is a measurable Aδ ⊆ Kδ such that D̂uη(x, t) ∈ Sd−1 \ {νn}n∈N for Ld-almost

every (x, t) ∈ Aδ and Ld+1(Aδ) > 0.

The easier case is (b). If (b) holds, then we can fix an (x1, t1) ∈ Aδ and invoke the

super-solution property of wη at (x1, t1) to find

0 ≤ (wη)t(x1, t1)− F (Dwη(x1, t1), D2wη(x1, t1)).

Now we recall that, by (ii), the following relations hold:

Dwη(x1, t1) = Dϕ(x1, t1) + p(x1,t1), D2wη(x1, t1) ≥ D2ϕ(x1, t1),

wη,t(x1, t1) = ϕt(x1, t1) + a(x1,t1).

Since F is elliptic, this gives (7.2).

Next, we turn to case (a). Given t ∈ (0, T ), let Ut = {x ∈ Rd | (x, t) ∈ U}. Recall from

Proposition 73 that the map Dwη(·, t) ∈ BVloc(Ut;Rd) for each fixed t and Dac(Dwη(·, t)) =

D2wη(·, t) a.e. Let us define {Bn}n∈N by

Bn =

{
(x, t) ∈ Kδ |

Dwη(x, t)

‖Dwη(x, t)‖
= νn

}
.

Since we assumed (a) holds, it follows that
∑
n Ld+1(Bn) > 0.

An immediate application of Lemma 15, Proposition 73, and Fubini’s Theorem shows

that

(
Id− D̂wη ⊗ D̂wη

)
D2wη = 0 a.e. in

⋃
n∈N

Bn.
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Thus, we can fix a point (x1, t1) ∈
⋃
eBe such that

(
Id− D̂wη(x1, t1)⊗ D̂wη(x1, t1)

)
D2wη(x1, t1) = 0.

Since
⋃
n∈NBn ⊆ Kδ and wη satisfies (wη)t − F (Dwη, D

2wη) ≥ 0 in “good” directions in

V , we have

0 ≤ wη,t(x1, t1) ≤ ϕt(x1, t1) + δ − F (Dϕ(x1, t1), D2ϕ(x1, t1)).

This implies (7.2).

We conclude that, no matter which of cases (a) or (b) occur, there is an (x1, t1) ∈ Kδ

such that (7.2) holds. Next, by recalling that (x0, t0) is a strict local minimum of wη − ϕ

in B((x0, t0), s) and Kδ ⊆ B((x0, t0), s), a straightforward argument shows that (x1, t1) →

(x0, t0) as δ → 0+. Thus, sending δ → 0+ in (7.2) and recalling that F is lower semi-

continuous, we obtain the desired inequality:

0 ≤ ϕt(x0, t0)− F (Dϕ(x0, t0), D2ϕ(x0, t0)).

Since ϕ was arbitrary, we proved that (7.1) holds as long as η ∈ (0, η0). At the same

time, we know that, for each (x, t) ∈ V ,

w(x, t) = lim
δ→0+

inf
{
wη(y, s) | ‖x− y‖+ |t− s|+ η ≤ δ

}
.

Thus, the stability properties of viscosity solutions (see [34, Section 6]) imply that wt −

F (Dw,D2w) ≥ 0 in the viscosity sense in V . Since V was arbitrary, we conclude that

wt − F (Dw,D2w) ≥ 0 holds in the viscosity sense in U .
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7.2 Comparison Principle for Level-Set PDE with Discontinuities

In addition to the encountering functions that only satisfied the effective equation in irra-

tional directions, in Chapter 6, we also derive effective equations that were discontinuous at

rational directions. This leads to the question whether or not solutions of the corresponding

equations are unique.

As in the last section, here we consider the general case where F , F : Rd × Sd → R are

two elliptic operators and {νn}n∈N ⊆ Sd−1 is a sequence of “bad” directions. The idea we

have in mind is that there is some operator F , which is only partially defined in Rd × Sd

and for which we would like to study the equation

ut − F (Du,D2u) = 0. (7.3)

F and F will capture, in some sense, the worst u can be to qualify as a solution of this

equation. More precisely, we will recast the equation (7.3) as two differential inequalities

ut − F (Du,D2u) ≤ 0 and ut − F (Du,D2u) ≥ 0 in the viscosity sense. (7.4)

We will show below these two inequalities are tantamount to a single equation like (7.3)

provided F and F satisfy some assumptions. The main assumption is that they coincide in

“good” directions — hence, in effect, we are asking that the partially-defined operator F in

(7.3) be continuous and well-behaved in those directions.

Here are the precise assumptions on F and F :

(i) (Geometric) If G ∈ {F , F}, (p,X) ∈ Rd × Sd, µ ∈ R, and κ > 0, then

G(κp, κX + µp⊗ p) = κG(p,X).

(ii) (Strongly degenerate elliptic) There are constants λ,Λ > 0 such that if G ∈ {F , F},
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p ∈ Rd \ {0}, X, Y ∈ Sd, and Y ≥ 0, then

λ‖Ỹp̂‖ ≤ G(p,X + Y )−G(p,X) ≤ Λ‖Ỹp̂‖.

(iii) (Stationary planes) F (e, 0) = F (e, 0) = 0 for each e ∈ Sd−1.

(iv) (Semi-continuity) F is upper semi-continuous, F is lower semi-continuous, and they

are upper and lower semi-continuous envelopes of each other in the following sense:

F (p,X) = lim
δ→0+

sup
{
F (p′, X ′) | ‖p′ − p‖+ ‖X ′ −X‖ < δ

}
,

F (p,X) = lim
δ→0+

inf
{
F (p′, X ′) | ‖p′ − p‖+ ‖X ′ −X‖ < δ

}
.

(v) (Continuity at “good” directions) If (p,X) ∈ (Rd \ {0})× Sd and p̂ /∈ {en}n∈N, then

F (p,X) = F (p,X).

(vi) (Controlled oscillation) The discontinuities of F and F can be controlled in the follow-

ing manner:

lim
N→∞

sup

{
F (en, X)− F (en, X)

1 + ‖X‖
| X ∈ Sd, n ≥ N

}
= 0.

Notice that the effective equations encountered in Chapter 6 satisfy these assumptions

by Proposition 72 and Lemma 14.

The remainder of the section is devoted to the proof of a comparison principle for (7.4),

stated next:

Theorem 38. Assume that u : Rd× (0, T )→ R is a locally bounded, upper semi-continuous

function such that ut−F (Du,D2u) ≤ 0 in Rd×(0, T ) and and v : Rd×(0, T )→ R is a locally
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bounded, lower semi-continuous function such that vt − F (Du,D2u) ≥ 0 in Rd × (0,∞). If

(i)-(vi) all hold and u and v satisfy the following condition

lim
δ→0+

sup {u∗(x, 0)− v∗(y, 0) | ‖x− y‖ < δ} ≤ 0, (7.5)

then u ≤ v in Rd × (0, T ).

The idea of the proof is this: assumption (v) implies that, for each β > 0, F and F

almost coincide (up to a β error) except at finitely many rational directions. The papers of

Gurtin, Soner, and Souganidis [58], Ohnuma and Sato [76], and Ishii [59] show how to prove

a comparison principle in the case when F and F coincide at all but finitely many directions.

Therefore, if we can manage the β error, a comparison principle should hold in our setting

as well.

7.2.1 Proof of Theorem 38

As in [59], the proof of Theorem 38 proceeds by replacing the Euclidean norm by some other

Finsler norm in a variable-doubling argument. (Recall that ψ : Rd → [0,∞) is a Finsler

norm if it is convex, positively one-homogeneous, and positive away from zero.) To improve

the result of [59] from finitely many discontinuity points to our setting, we use the following

fact:

Proposition 74. There is a universal constant c0 > 0 such that if {en}n∈N ⊆ Sd−1, then,

for each N ∈ N, there is a Finsler norm ψN ∈ C2(Rd \ {0}) such that

1 ≤ ψN (e) ≤ 5

4
, D2ψN (e) ≤ c0(Id− e⊗ e) for each e ∈ Sd−1

and the following property holds: given p ∈ Rd \ {0}, if D̂ψN (p) = ei for some i ∈

{1, 2, . . . , N}, then D2ψN (p) = 0.
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The proof of Proposition 74 can be found in [70]. The idea is simple: start with the

ball B(0, 1) and deform it at the points {e1, . . . , eN} so that it is flat there. The result is a

convex set containing zero, and its Minkowski gauge is the desired Finsler norm ψN .

With Proposition 74 in hand, the proof of Theorem 38 is achieved by mimicking that in

[59] while controlling the errors that arise.

Proof of Theorem 38. By (i), if ϕ : R → R is a continuous, non-decreasing function, then

ϕ(u) remains a sub-solution and ϕ(v), a super-solution. Set uM = ϕM (u) and vM = ϕM (v)

with ϕM (w) = max{min{w,M},−M}. Notice that the pair (uM , vM ) satisfies (7.5) for

each M > 0. Therefore, if the theorem holds when u and v are bounded, then uM ≤ vM in

Rd× (0, T ) independently of M , and in the limit M →∞, we deduce that u ≤ v in the limit

M →∞. Hence there is no loss of generality in assuming that u and v are both bounded.

We argue by contradiction, assuming that the following inequality holds:

sup
{
u(x, t)− v(x, t) | (x, t) ∈ Rd × (0, T ]

}
> 0.

It follows that we can fix σ > 0 small enough that

sup
{
u(x, t)− v(x, t)− σt | (x, t) ∈ Rd × (0, T ]

}
> 0. (7.6)

Let ζ, β, γ > 0 be free variables. By (v), we can fix an N = N(γ) ∈ N such that

sup
{
F (ei, X)− F (ei, X) | i ∈ N \ {1, 2, . . . , N}

}
≤ γ(1 + ‖X‖) if X ∈ Sd.

Letting ψN be the Finsler norm of Proposition 74 with {νn}n∈N the set of “bad” direc-

tions associated with the pair (F , F ), define Φ = Φζ,β : Rd × Rd × [0, T ]→ R by

Φ(x, y, t) = u(x, t)− v(y, t)− ψN (x− y)4

4ζ
− β

2
‖y‖2 − σt.
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Since u and v are bounded, Φ is bounded above and attains its maximum in Rd×Rd× [0, T ].

Let (x̄, ȳ, t̄) = (x̄ζ,β , ȳζ,β , t̄ζ,β) be such a global maximum, that is,

Φ(x̄, ȳ, t̄) = max
{

Φ(x, y, t) | (x, y, t) ∈ Rd × Rd × [0, T ]
}
.

By the boundedness of u and v and the lower bound ψN ≥ ‖ · ‖, there is a γ-independent

constant C > 0 such that

sup

{
β‖ȳζ,β‖2

2
+
‖x̄ζ,β − ȳζ,β‖4

ζ
| (ζ, β) ∈ (0,∞)× (0,∞)

}
≤ C. (7.7)

In view of (7.6) and the assumptions on u and v, there are constants ζ0, β0 > 0 such

that t̄ζ,β > 0 for all (ζ, β) ∈ (0, ζ0) × (0, β0) and all γ ∈ (0, 1). Henceforth let (ζ, β) ∈

(0, ζ0)× (0, β0) and assume γ < 1.

Since t̄ > 0, we can invoke [59, Lemma 1] (a variant of the maximum principle for semi-

continuous functions) and the equations satisfied by u and v. This gives matrices X, Y ∈ Sd

and numbers a, b ∈ R so that if Ā = Ā(x̄− ȳ) ∈ Sd and p̄ = p̄(x̄− ȳ) ∈ Rd are defined by

p̄(x̄− ȳ) = ζ−1ψN (x̄− ȳ)3DψN (x̄− ȳ),

Ā(x̄− ȳ) = ζ−1ψN (x̄− ȳ)3D2ψN (x̄− ȳ) + 3ζ−1ψN (x̄− ȳ)2DψN (x̄− ȳ)⊗2,

(with Ā(0) = 0), then

σ = a− b, −3

 Ā 0

0 Ā

 ≤
 X 0

0 −(Y + βId)

 ≤ 3

 Ā −Ā

−Ā Ā

 ,

a− F (p̄, X) ≤ 0, b− F (p̄− βȳ, Y ) ≥ 0.

Note, in addition, that Proposition 74 and (7.7) yield the following β-independent estimates
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on ‖p̄‖ and ‖Ā‖:

‖p̄‖ ≤ 5

4
C

3
4 ζ−

1
4 , ‖Ā‖ ≤

√
Cζ−

1
2 . (7.8)

Hence, we can send β → 0+ and invoke (7.7) to obtain ξ ∈ Rd, p̃ = p̄(ξ) ∈ Rd, Ã = Ā(ξ) ∈

Sd, and X̃, Ỹ ∈ Sd such that

σ + F (p̃, Ỹ )− F (p̃, X̃) ≤ 0, −3

 Ã 0

0 Ã

 ≤
 X̃ 0

0 −Ỹ

 ≤ 3

 Ã −Ã

−Ã Ã

 .

There are four cases left to consider: (i) ξ = 0, (ii) D̂ψN (ξ) ∈ {e1, . . . , eN}, (iii)

D̂ψN (ξ) ∈ {eN+1, eN+2, . . . }, and (iv) D̂ψN (ξ) ∈ Sd−1 \ RZd.

Case (i): ξ = 0

In this case, we have p̃ = 0 and Ã = 0, hence X̃ = 0 and Ỹ = 0. This yields the estimate

σ ≤ σ + F (0, 0)− F (0, 0) ≤ 0. (7.9)

Case (ii): D̂ψN (ξ) ∈ {e1, e2, . . . , eN}

In this case, Proposition 74 implies that D2ψN (ξ) = 0. Thus, Ã = cei ⊗ ei for some

c > 0 and ‖p̃‖−1p̃ = ei so (i) and (vi) give

F (p̃, X) ≤ F (p̃, 3cei ⊗ ei) = 0, F (p̃, Ỹ ) ≥ F (p̃,−3cei ⊗ ei) = 0.

Combining these estimates, we obtain

σ ≤ σ + F (p̃, Ỹ )− F (p̃, X̃) ≤ 0. (7.10)

Case (iii): D̂ψN (ξ) ∈ {eN+1, eN+2, . . . }
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By the choice of N ,

F (p̃, Ỹ ) ≥ F (p̃, Ỹ )− γ‖Ỹ ‖ − γ‖p̃‖ ≥ F (p̃, Ỹ )− γ‖p̃‖ − 3γ‖Ã‖.

From this and the inequality X̃ ≤ Ỹ , we find

σ − γ‖p̃‖ − 3γ‖Ã‖ ≤ σ + F (p̃, Ỹ )− F (p̃, X̃) ≤ 0. (7.11)

Case (iv): D̂ψN (ξ) ∈ Sd−1 \ RZd

Here F (p̃, X̃) = F (p̃, X̃) and, thus,

F (p̃, Ỹ )− F (p̃, X̃) = F (p̃, Ỹ )− F (p̃, X̃) ≥ 0.

This gives our last estimate:

σ ≤ σ + F (p̃, Ỹ )− F (p̃, X̃) ≤ 0. (7.12)

Combining (7.9), (7.10), (7.11), and (7.12), we conclude that

σ ≤ (‖p̃‖+ 3‖Ã‖)γ. (7.13)

However, in view of (7.8), this is a contradiction as soon as γ is small enough compared to

ζ and σ.

7.3 Notes

The proof of the comparison principle for level-set PDE with countably many discontinuities

(Theorem 38) was inspired by the approach of Ishii in [59]. See also Gurtin, Soner, and

Souganidis [58] and Ohnuma and Sato [76] for related results on level-set PDE.
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APPENDIX A

TECHNICAL LEMMATA

A.1 Arithmetic Properties of Rational Hyperplanes

Proof of Theorem 11. We begin by showing that (ii) and (iii) are equivalent. Let G =

{〈k, e〉 | k ∈ Zd}. Since {〈ei, e〉 | 1 ≤ i ≤ d} is a generating set, G is a finitely generated

subgroup of R. Thus, it has a basis {aα}α∈A. For each α ∈ A, fix a kα ∈ Zd such that

〈kα, e〉 = aα. It is easy to see that {kα}α∈A is independent over Z, hence the index set A is

finite.

Let 〈kα | α ∈ A〉 denote the subgroup of Zd generated by {kα}α∈A. By construction,

we have a direct sum of Abelian groups Zd = Me ⊕ 〈kα | α ∈ A〉. In particular, the ranks

of Me and G sum to d, and so Me has rank d− 1 if and only if G has rank one. Hence (ii)

and (iii) are equivalent.

Next, we claim that (ii) implies (i). Suppose that (ii) holds. As in the previous paragraph,

we can fix k̂ ∈ Zd with 〈k̂, e〉 6= 0 and a basis {k1, . . . , kd−1} of Me. To make k̂ orthogonal

to Me, we define k by

k =

d−1∏
i=1

‖ki‖2
 ·

k̂ − d−1∑
i=1

〈k̂, ki〉
‖ki‖2

ki


Notice that k ∈ Zd∩M⊥e . Since {k1, . . . , kd−1} is linearly independent over R (being linearly

independent over Z), it is easy to see that M⊥e is a linear subspace of R of dimension one.

Hence M⊥e = 〈e〉, and then it necessarily follows that e = ρ‖k‖−1k for some ρ ∈ {−1, 1}.

Finally, we show that (i) implies (ii), that is, if e ∈ Sd−1 ∩RZd, then Me has rank d− 1.

To see this, fix k ∈ Zd \ {0} such that e = ‖k‖−1k. Since k 6= 0, we can fix j ∈ {1, 2, . . . , d}

such that 〈k, ej〉 6= 0. This implies, in particular, that the set {k, e1, . . . , ed}\{ej} is linearly

independent.
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Given i ∈ {1, 2, . . . , d} \ {j}, define ai by

ai = ‖k‖2ei − 〈ei, k〉k.

Notice that {ai}i6=j is an independent subset of Me with d− 1 elements. It follows that Me

has rank at least d−1. At the same time, since Me ⊆ Zd∩〈e〉⊥ and Qd∩〈e〉⊥ has dimension

d− 1 over Q, we know Me has rank at most d− 1. Therefore, its rank is exactly d− 1.

A.2 Harmonic Distance Functions

Lemma 16. Suppose that θ : Td → (0,∞) is a continuous function, e ∈ Sd−1, ζ ∈ R, and

h : Rd → R is the distance to the affine hyperplane Σ
ζ
ν := {y ∈ Rd | y · ν = ζ} with respect

to the Riemannian metric induced by
√
θ, that is, the unique viscosity solution of the Eikonal

equation  ‖Dh‖ −
√
θ(y) = 0 in {y ∈ Rd | 〈y, e〉 > ζ},

h = 0 on Σ
ζ
ν .

(A.1)

If −∆h = 0 in {y ∈ Rd | 〈y, e〉 > ζ}, then h is a linear function and θ is constant.

Proof. Standard arguments imply that there is a unique constant θ∗(e) > 0 and a continuous

function v : Td → R that is a viscosity solution of the cell problem

‖e+Dv‖2 − θ(y)

θ∗(e)
= 0 in Td.

Define u : Rd → R by

u(y) = θ∗(ν)1/2 (〈y, e〉+ v(y)) .

This is a viscosity solution of the eikonal equation in the whole space

‖Du‖ −
√
θ(y) = 0 in Rd.
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Notice that since v is periodic, we have

sup
{
|u(y)− θ∗(e)1/2〈y, e〉| | y ∈ Rd

}
= θ∗(e)1/2‖v‖L∞(Td) <∞.

It follows that we can find a constant C > 0 such that

u(y)− C ≤ 0 ≤ u(y) + C if y ∈ Σ
ζ
ν .

Thus, by the comparison principle for the Eikonal equation (A.1),

u(y)− C ≤ h(y) ≤ u(y) + C if 〈y, e〉 ≥ 0.

From the previous considerations, we deduce that the function w : {y ∈ Rd | 〈y, e〉 ≥

0} → R given by w(y) = h(y) − θ∗(e)1/2〈y, e〉 is a bounded harmonic function in Rd that

vanishes on Σ
ζ
ν . By Liouville’s Theorem, w ≡ 0. That is, h(y) = θ∗(e)1/2〈y, e〉 for each

y ∈ Rd satisfying 〈y, e〉 ≥ 0.

We are left to conclude that θ(y) = ‖Dh‖2 = θ∗(e) in {y ∈ Rd | 〈y, e〉 ≥ 0}. Since θ is

periodic, this implies θ ≡ θ∗(e).

A.3 Equidistribution of Codimension-One Sub-tori

We will be interested in certain probability measures supported on the sub-tori defined by

(2.8). Toward that end, the result that follows is fundamental.

Recall that if µ is a finite measure, we write
ffl
A(·)µ(dy) = 1

µ(A)

´
A(·)µ(dy).

Lemma 17. If (en)n∈N ⊆ Sd−1∩RZd is any infinite sequence and (sn)n∈N ⊆ [0,∞) satisfies

sn ∈ [0, ren) for each n ∈ N, then

Hd−1(Td−1
en (sn))−1Hd−1 �Td−1e (sn)

∗
⇀ Ld (A.2)
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Furthermore, if (fn)n∈N are Hd−1-measurable functions in Td, p ∈ [1,∞], and C > 0 is

such that ( 
Td−1en (sn)

|fn(ξ)|pHd−1(dξ)

)1
p

≤ C

and if we define measures (µn)n∈N on Td by

ˆ
Td
g(y)µn(dy) =

 
Td−1en (sn)

g(ξ)fn(ξ)Hd−1(dξ),

then there is a subsequence (nj)j∈N ⊆ N and a measure µ̃ such that µnj
∗
⇀ µ̃ as j → ∞,

µ̃� Ld, and ∥∥∥∥ dµ̃dLd
∥∥∥∥
Lp(Td)

≤ C. (A.3)

Proof. First, we prove that the normalized surface measures converge to Ld. Assume that

g ∈ C(Td) satisfies
∑
k∈Zd |ĝ(k)| <∞. An exercise in Fourier analysis shows that if k ∈ Zd,

then  
Td−1en (sn)

ei2π〈k,ξ〉Hd−1(dξ) =

 ei2π〈k,en〉sn , if k ∈ 〈en〉,

0, otherwise.

Therefore,

∣∣∣∣∣
 
Td−1en (sn)

g(ξ)Hd−1(dξ)−
ˆ
Td
g(y) dy

∣∣∣∣∣ =

∣∣∣∣∣∣
∑

k∈Zd\{0}
ĝ(k)

 
Td−1en (sn)

ei2π〈k,ξ〉Hd−1(dξ)

∣∣∣∣∣∣
≤

∑
k∈Zd∩〈en〉\{0}

|ĝ(k)|.

Since (en)n∈N is infinite, it follows that for each R > 0, there is an N ∈ N such that if

n ≥ N , then

Zd ∩ 〈en〉 \ {0} ⊆ Rd \B(0, R).
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Thus,

lim sup
n→∞

∣∣∣∣∣
 
Td−1en (sn)

g(ξ)Hd−1(dξ)−
ˆ
Td
g(y) dy

∣∣∣∣∣ ≤ lim
R→∞

∑
k∈Zd\B(0,R)

|ĝ(k)| = 0.

Recalling that functions with summable Fourier coefficients are dense in C(Td), we con-

clude that (A.2) holds as claimed.

Next, we prove the claim concerning (µn)n∈N. First, observe that Hölder’s inequality

implies

‖µn‖(Td) =

 
Td−1en (sn)

|fn(ξ)|Hd−1(dξ) ≤ C if n ∈ N.

Thus, (µn)n∈N is pre-compact in C(Td)∗, which gives the desired sub-sequence (nj)j∈N and

limit point µ̃.

Note that if g ∈ C(Td) and q ∈ [1,∞] is the conjugate exponent of p (i.e., the q so that

p−1 + q−1 = 1), then

∣∣∣∣∣
 
Td−1en (sn)

g(ξ)fn(ξ)Hd−1(dξ)

∣∣∣∣∣ ≤ C

( 
Td−1en (sn)

|g(ξ)|qHd−1(dξ)

)1
q

.

Assume first that q <∞. Since |g|q ∈ C(Td), we have

∣∣∣∣ˆTd g(y) µ̃(dy)

∣∣∣∣ ≤ C lim
n→∞

( 
Td−1en (sn)

|g(ξ)|qHd−1(dξ)

)1
q

= C‖g‖Lq(Td).

This proves µ̃ � Ld and (A.3) holds when q < ∞. When q = ∞, a similar argument

applies.
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A.4 Construction of Invariant Measures

In this section, we construct invariant measures for the differential operator −tr(a(y)D2
e)

when e ∈ Sd−1 ∩ RZd. Recall that I a
e denotes the family of all such measures.

Intuitively, it is clear this can be done by “slicing” the operator using the decomposition

Td = ∪r∈[0,re)T
d−1
e (r). In each sub-torus Td−1

e (r), −tr(a(y)D2
e) acts as a uniformly elliptic

operator, hence it has a unique invariant measure.

Nonetheless, for some e, Td−1
e (r) can have a very different geometry than Td−1 (e.g.,

when d = 2, it could be a rhombus with very exaggerated angles). Therefore, in this section,

we give a detailed proof that the invariant measures have uniform Ld−1 estimates in spite

of the geometry.

Proposition 75. For each e ∈ Sd−1 and r ∈ R, there is a unique probability measure

µre ∈ I a
e that is supported in Td−1

e (r). Further, there is a Hd−1-integrable function hre :

Td → [0,∞) such that

ˆ
Td
f(y)µre(dy) =

 
Td−1e (r)

f(y′)hre(y
′)Hd−1(dy′) for f ∈ C(Td),

and we have an Ld−1 estimate

 
Td−1e (r)

|hre(y′)|d−1Hd−1(dy′) ≤ C(d− 1, λ−1Λ)

for some C(d− 1, λ−1Λ) > 0.

To overcome geometric difficulties, we will exploit averaging. Accordingly, let the integer

vectors {k1, . . . , kd−1} be a Z-basis of Me, as in Section 2.4. We claim that, for any α ∈ (0, 1),

we can fix a set {k̃1(α), . . . , k̃d−1(α)} such that

〈k̃i(α), k̃j(α)〉 = 1, α ≤ ‖k̃i(α)‖
‖k̃j(α)‖

≤ α−1 for each i, j ∈ {1, 2, . . . , d− 1}. (A.4)
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Indeed, applying the Gram-Schmidt process to {k1, . . . , kd−1}, we can construct a new set

{k̃1, . . . , k̃d−1} ⊆ Me such that 〈k̃i, k̃j〉 = 0 for i 6= j. When d = 3 (the d = 2 case being

trivial), by choosing m1,m2 ∈ N appropriately and setting k̃1(α) = m1k̃1 and k̃2(α) = m2k̃2,

we have

α ≤ ‖k̃1(α)‖
‖k̃2(α)‖

=

(
m1

m2

)
‖k̃1‖
‖k̃2‖

≤ α−1.

This shows we can ensure (A.4) holds when d ∈ {2, 3}. An inductive argument shows that

this can, in fact, be done for general d ≥ 2.

Given r ∈ R, let L(r) = {x ∈ Rd | 〈x, e〉 = r}, and define p̃e,α : L(r)→ Rd−1 by

p̃e,α

re+
d−1∑
i=1

βik̃i(α)

 =
d−1∑
i=1

βiei.

Observe that p̃e is an affine map and its derivative Dp̃e,α(0) maps k̃i(α) to ei for each

i ∈ {1, 2, . . . , d− 1}.

Henceforth we denote by M̃e the subgroup of Me generated by {k̃1(α), . . . , k̃d−1(α)}. In

other words, M̃e is the subset of Me determined by

M̃e =


d−1∑
i=1

mik̃i(α) | (m1, . . . ,md−1) ∈ Zd−1


Finally, let the torus T̃ d−1

e (r) be the quotient space T̃ d−1
e (r) = L(r)/M̃e. Observe that

x− y ∈Me ⇐⇒ p̃e,α(x)− p̃e,α(y) = p̃e,α(x− y) ∈ Zd−1.

Thus, p̃e induces a diffeomorphism between T̃ d−1
e (r) and Td−1.

With these preliminaries out of the way, we are ready to construct invariant measures in

rational directions.

Proof of Proposition 75. We begin by proving existence, then uniqueness.
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Step 1: Existence

Fix α ∈ (0, 1) and let p̃e,α and T̃ d−1
e (r) be as constructed above. If g ∈ C∞(T̃ d−1

e (r)),

then

−tr(a(y′)D2g(y′)) = −tr(a(p̃e(y
′))D2g(p̃e(y

′))),

where a : Td−1 → Sd and g ∈ C∞(Td−1) are given by

a(ξ) = Dp̃e,α(0)a(p̃−1
e,α(ξ))Dp̃e,α(0)∗, g(ξ) = g(p̃−1

e,α(ξ)).

By construction of p̃e,α, we know that a satisfies

λα2‖ζ‖2 ≤ 〈a(ξ)ζ, ζ〉 ≤ Λα−2‖ζ‖2 for each ζ ∈ Rd−1.

By classical results on linear, uniformly elliptic PDE with periodic coefficients (see [18,

Chapter 3]), there is a unique measure µ ∈P(Td−1) such that

ˆ
Td−1

tr
(
a(ξ)D2g(ξ)

)
µ(dξ) = 0 if g ∈ C∞(Td−1).

Furthermore, µ� Ld−1, the support of µ equals Td−1, and

ˆ
Td−1

∣∣∣∣ dµ

dLd−1
(ξ)

∣∣∣∣d−1

Ld−1(dξ) ≤ C(d− 1, α−4λ−1Λ).

For this last estimate, see [79] or [6].

Let us push µ forward onto T̃ d−1
e (r). Define µre ∈P(T̃ d−1

e (r)) by

µre(A) = µ(pe(A)) for Borel A ⊆ Td−1.
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Given g ∈ C∞(T̃ d−1
e (r)), integration gives

ˆ
T̃ d−1e (r)

tr
(
a(y′)D2g(y′)

)
µre(dy

′) =

ˆ
Td−1

tr
(
a(ξ)D2g(ξ)

)
µ(dξ) = 0.

We claim that µre descends to a probability measure in Td−1
e (r) = L(r)/Me. Indeed,

any k ∈ Me acts on T̃ d−1
e (r) by translation τk(y′) = y′ + k. If we replace a by a(· + k),

then we get another measure µ′ ∈ P(T̃ d−1
e (r)). By uniqueness of the invariant measure µ

constructed above, we must have µ′ = τk#µ
r
e. At the same time, a(·+ k) ≡ a so uniqueness

implies that τk#µ
r
e = µre. It follows that µre can be regarded as a probability measure on

Td−1
e (r).

From the preceding considerations, we see that if ψ ∈ C∞(Td), then, denoting by g =

ψ �Td−1e (r)
we deduce that

ˆ
Td

tr
(
a(y)D2

eψ(y)
)
µre(dy) =

ˆ
Td−1e (r)

tr
(
a(y′)D2g(y′)

)
µre(dy

′)

=

ˆ
T̃ d−1e (r)

tr
(
a(y′)D2g(y′)

)
µre(dy

′) = 0.

We conclude that µre ∈ I a
e . Furthermore, the support of µre equals Td−1

e (r) and µre �

Hd−1 �Td−1e (r)
.

If we define the Borel function hre : Td → [0,∞) so that we have

ˆ
Td
f(y)µre(dy) =

 
Td−1e (r)

f(y′)hre(y
′)Hd−1(dy′) for f ∈ C(Td),

then a change of variables shows that

 
Td−1e (r)

∣∣hre(y′)∣∣d−1 Hd−1(dy′) =

 
T̃ d−1e (r)

∣∣hre(y′)∣∣d−1 Hd−1(dy′)

=

ˆ
Td−1

∣∣∣∣ dµ

dLd−1
(ξ)

∣∣∣∣d−1

dξ ≤ C(d− 1, α−4λ−1Λ).
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Step 2: Uniqueness

If µ is a probability measure on Td with support contained in Td−1
e (r), then, for any

α ∈ (0, 1), µ can be regarded as a probability measure in T̃ d−1
e (r). It follows from the

uniqueness of the measure µ that (p̃e,α)#µ = µ. Therefore, µ = µre.
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Poincaré Anal. Non Linéaire, 3(3):229–272, 1986.

[75] Jürgen Moser. Minimal foliations on a torus. In Topics in calculus of variations (Mon-
tecatini Terme, 1987), volume 1365 of Lecture Notes in Math., pages 62–99. Springer,
Berlin, 1989.

[76] Masaki Ohnuma and Moto-Hiko Sato. Singular degenerate parabolic equations with
applications to geometric evolutions. Differential Integral Equations, 6(6):1265–1280,
1993.

[77] Takao Ohta, David Jasnow, and Kyozi Kawasaki. Universal scaling in the motion of
random interfaces. Physical review letters, 49(17):1223, 1982.

[78] Stanley Osher and James A. Sethian. Fronts propagating with curvature-dependent
speed: algorithms based on Hamilton-Jacobi formulations. J. Comput. Phys., 79(1):12–
49, 1988.

[79] George C. Papanicolaou and S. R. S. Varadhan. Diffusions with random coefficients. In
Statistics and probability: essays in honor of C. R. Rao, pages 547–552. North-Holland,
Amsterdam, 1982.

[80] Errico Presutti. Scaling limits in statistical mechanics and microstructures in continuum
mechanics. Theoretical and Mathematical Physics. Springer, Berlin, 2009.

[81] Paul H. Rabinowitz and Ed Stredulinsky. Mixed states for an Allen-Cahn type equation.
volume 56, pages 1078–1134. 2003. Dedicated to the memory of Jürgen K. Moser.

[82] Paul H. Rabinowitz and Edward W. Stredulinsky. Extensions of Moser-Bangert the-
ory, volume 81 of Progress in Nonlinear Differential Equations and their Applications.
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