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ABSTRACT

Graph neural networks (GNNs) utilizing various ways of generalizing the concept of convolu-

tion to graphs have been widely applied to many learning tasks, including modeling physical

systems, finding molecular representations to estimate quantum chemical computation, etc.

Most existing GNNs address permutation invariance by conceiving of the network as a mes-

sage passing scheme, where each node sums the feature vectors coming from its neighbors.

We argue that this scheme imposes a limitation on the representation power of GNNs such

that each node loses their identity after being aggregated by summing. Thus, we propose a

new general architecture called Covariant Compositional Networks (CCNs) in which the node

features are represented by higher order tensors and transform covariantly/equivariantly ac-

cording to a specific representation of the symmetry group of its receptive field. Experiments

show that CCNs can outperform competing methods on standard graph learning bench-

marks and on estimating the molecular properties calculated by computationally expensive

Density Functional Theory (DFT). This novel machine learning approach allows scientists

to efficiently extract chemical knowledge and explore the increasingly growing chemical data.

Understanding graphs in a multiscale perspective is essential for capturing the large-scale

structure of molecules, proteins, genomes, etc. For this reason, we introduce Multiresolu-

tion Equivariant Graph Variational Autoencoder (MGVAE), the first hierarchical generative

model to learn and generate graphs in a multiresolution and equivariant manner. MGVAE

is built upon Multiresolution Graph Network (MGN), an architecture which explicitly learns

a multilevel hard clustering of the vertices, leading to a true multiresolution hierarchy. MG-

VAE then employs the hierarchical variational autoencoder model to stochastically generate

a graph in multiple resolution levels given the hierarchy of latent distributions. Our pro-

posed framework achieves competitive results with several generative tasks including general

graph generation, molecule generation, unsupervised molecular representation learning, link

xvii



prediction on citation graphs, and graph-based image generation. Future applications of

MGVAE range from lead optimization enhancing the most promising compounds in drug

discovery to finding stable crystal structures in material science.

In general, we want to learn on molecular data specified by a set of charge-position pairs

for each atom. This problem is invariant to rotations and translations. We use covariant

activations to “bake-in” these symmetries, while retaining local geometric information. We

propose Covariant Molecular Neural Networks (Cormorant), a rotationally covariant neural

network architecture for learning the behavior and properties of complex many-body physi-

cal systems. We apply these networks to molecular systems with two goals: learning atomic

potential energy surfaces for use in Molecular Dynamics simulations, and learning ground

state properties of molecules calculated by Density Functional Theory. Some of the key

features of our network are that (a) each neuron explicitly corresponds to a subset of atoms;

(b) the activation of each neuron is covariant to rotations, ensuring that overall the net-

work is fully rotationally invariant. Furthermore, the non-linearity in our network is based

upon tensor products and the Clebsch-Gordan decomposition, allowing the network to oper-

ate entirely in Fourier space. Cormorant significantly outperforms competing algorithms in

learning molecular Potential Energy Surfaces from conformational geometries in the MD-17

dataset, and is competitive with other methods at learning geometric, energetic, electronic,

and thermodynamic properties of molecules on the GDB-9 dataset.

Multiresolution Matrix Factorization (MMF) is unusual amongst fast matrix factorization

algorithms in that it does not make a low rank assumption. This makes MMF especially well

suited to modeling certain types of graphs with complex multiscale or hierarchical structure.

While MMF promises to yield a useful wavelet basis, finding the factorization itself is hard,

and existing greedy methods tend to be brittle. Therefore, we propose a “learnable” ver-
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sion of MMF that carefully optimizes the factorization with a combination of Reinforcement

Learning and Stiefel manifold optimization through back-propagating errors. Based on the

wavelet basis produced by MMF when factorizing the normalized graph Laplacian, a wavelet

network learning graphs on the spectral domain is constructed with the graph convolution

defined via the sparse wavelet transform. We have shown that the wavelet basis resulted

from our learnable MMF far outperforms prior MMF algorithms, and the corresponding

wavelet networks yield state of the art results on standard node classification on citation

graphs and molecular graph classification. This is a promising direction to understand and

visualize complex hierarchical structures such as social networks and biological data.

Keywords

Graph neural networks, message passing, permutation equivariance, rotational equivariance,

group equivariant neural networks, molecular representation, hierarchical generative mod-

els, graph generation, matrix factorization, reinforcement learning, manifold optimization,

multiresolution analysis, graph wavelets, wavelet neural networks.
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CHAPTER 1

THESIS INTRODUCTION

1.1 Graph representation learning

It has been apparent that graph is one of the most fundamental ways humans organize

knowledge and information. In mathematics, graphs are mathematical structures used to

model pairwise relations/interactions/connections between objects. A graph in this context

is simply a collection of nodes, also called vertices, which are connected by edges, also called

links. A large number of interesting structures and phenomena of the world can be described

by graphs. For example, with scale ranking from the largest to the smallest in space:

1. It might be possible to say that the whole Universe is a single, possibly infinite net-

work, where the edges are events or interactions between elementary particles, and

the nodes are the particles themselves. This is a graph with perhaps 1080 nodes (see

Figure 1.1). Recently, cosmological simulations have been playing an essential role in

discovering mysteries of the Universe, including those of dark matter and dark energy.

Perhaps analyzing the graph-theoretical structure of the cosmological graph with the

help of advanced Machine Learning and high-performance computation can accelerate

the computationally expensive cosmological simulations of a universe that evolves over

billions upon billions of years, and consequentially enhance our understanding of the

global structure of the Universe in reality.

2. The Internet is the global system of interconnected computer networks using the stan-

dardized communication protocols, which facilitates various information and communi-

cation systems such as the World Wide Web. The fast-growing Internet also gives rise

to many other networks: the network of hyperlinks, distributed data bases, internet-

based social networks, etc. Knowledge of the graph-theoretical structure of the Internet
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can be exploited for attaining efficiency and comprehensiveness in Web navigation, for

designing communication protocols, for analyzing how fast computer viruses spread,

etc.

3. The acquaintance graph of all people on Earth forms the largest social network that is

the fundamental object of many studies in economics, sociology, history and epidemi-

ology, etc. The internet-based social networks are indeed subgraphs of this gigantic

all-people acquaintance graph. It is important to acquire knowledge from these so-

cial networks via graph-based mathematical methods to make prediction on how quick

news, inventions, technologies, and diseases spread over the world; and to determine

the social and public policies accordingly.

4. The human brain has been known to be one of the most complex networks, that con-

sists of about 1011 neurons connected by about 1014 synapses. Indeed, one of the

greatest scientific challenges is to understand ourselves. In the field of Machine Learn-

ing and Deep Learning, artificial neural networks, that are analogous to the networks

of neurons and are designed to emulate how the brain performs certain computations,

have given computers the ability to identify patterns in large, complex datasets and

have achieved remarkable successes in the past decade. The growing interaction and

mutual reinforcement between artificial intelligence and cognitive science might enable

neuroscientists to get further insights into how computation works in the brain, and

allow computer scientists and engineers to design algorithms and machines that can

have more human-like intelligence in the future.

5. A transistor ia an electronic, three-terminal semiconductor device that controls the

movement of electrons, amplifies or switches the current flow. Nowadays, there can

be more than a billion transistors on a chip that form some of the largest networks

in engineering. Despite the fact that these networks are completely man-made and
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thoroughly designed, many of their properties such as the exact time they need to

perform a certain computation, are hard to determine from their blueprint due to

the large size. There arises the need for data-driven methods powered by machine

learning and graph algorithms to automatically generate new chip designs that are

comparable or superior to those created by humans in all key metrics, including power

comsumption, performance and chip area; but in a fraction of the time it would take

humans to produce an equivalent result.

6. In mathematical chemistry, a molecular graph is a representation of the structural for-

mula of a chemical compound. In terms of graph theory, the vertices and edges of a

molecular graph represent the atoms and bonds of the corresponding molecule (see Fig-

ure 1.2). In recent years, molecular datasets containing reliable quantum-mechanical

properties for millions of molecules are becoming increasingly available. Meanwhile, the

process of chemical discovery to find molecules including drugs, antivirals, antibiotics,

and battery materials, etc. with desired attributes is a time-consuming and expensive

process. Therefore, it is necessary to develop novel machine learning tools and ad-

vanced graph learning algorithms to extract chemical knowledge from these datasets

and efficiently explore the increasingly growing chemical spaces.

To understand the behavior of these systems as a whole, one has to study the behavior of

the individual elements, numerous local substructures as well as the global structure of the

underlying network.

1.1.1 Graph formalism

Formally, a graph G = (V,E) is defined by a set of nodes V and a set of edges E between

these nodes. A convenient way to represent simple graphs, where there is at most one edge
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Figure 1.1: Visualization of the Laniakea Supercluster that is the home to the Milky Way,
our galaxy, and approximately 100,000 other nearby galaxies. The name Laniākea means
“immense Heaven” in Hawaiian. The figure depicts the intensity of shock waves in the
cosmic gas (blue) around collapsed dark matter structures (orange/white). Credit: TNG
Collaboration.

Figure 1.2: Graphs appear at every scale in Nature, from gigantic galaxies to the quantum
world of tiny molecules and particles. The left figure shows the molecular graph of Aspirin,
also known as acetylsalicylic acid, with chemical formula C9H8O4. The molecule contains in
total 21 atoms including 9 Carbon, 8 Hydrogen and 4 Oxygen; and 21 bonds. However, for
simplicity, the molecular graph only considers heavy atoms as nodes, thus it has 13 nodes and
13 edges. The right figure illustrates three-dimensional ball-and-stick model of the Aspirin
molecule, as found in the solid state.
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between each pair of nodes, is through an adjacency matrix A ∈ R∣V ∣×∣V ∣:

Av1,v2 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if (v1, v2) ∈ E,

0 otherwise.

If the graph is undirected (i.e. containing only undirected edges) then A will be a symmetric

matrix, but if the graph is directed then A will not necessarily be symmetric. If the graph

is weighted (i.e. containing weighted edges) then the entries of the adjacency matrix are

arbitrary values rather than discrete {0,1}. For example, a protein-protein interaction graph

is a weighted graph in which each node represents a protein and each edge’s weight indicates

the strength of the association between two corresponding proteins. The multi-relational

graphs are the ones having each edge associated with a relation type, e.g., (v1, r, v2) ∈ E

denotes an edge of relation type r connecting two nodes v1 and v2. Per edge type r, we

can define one adjacency matrix Ar. The entire graph can be summarized by an adjacency

tensor A ∈ R∣V ∣×∣R∣×∣V ∣, where R is the set of relations. One example of a multi-relational

graph is the drug-drug interaction graph in which each node denotes a drug, and each

edge’s type corresponds to a side effect that can occur when a patient takes the pair of

drugs simultaneously. Multi-relational graphs can be further classified as heterogeneous

and multiplex graphs, where the set of nodes can be partitioned into disjoint sets V =

V1 ∪ V2 ∪ ... ∪ Vk where Vi ∩ Vj = ∅,∀i ≠ j:

� In heterogeneous graphs, a node v in set Vi is labeled with the discrete node type i,

and edges generally satisfy constraints according to the node types such that certain

edges only connect nodes of certain types. One example of a heterogeneous graph is

a biomedical graph in which one node type represents drugs, the another represents

diseases and the last one represents proteins; edges representing “polypharmacy side-

effects” would only occur between two drug nodes, the “treatment” edges connect

between diseases nodes and drug nodes, while drug-protein/protein-protein interaction
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and disease-protein association would be labeled by different edge types, respectively.

One another example of a heterogeneous graph is the multi-layer perceptron (MLP)

where there are multiple disjoint layers of neurons or nodes, and an edge representing

a connection or synapse between a neuron with another neuron in the next layer.

� In multiplex graphs, the structure can be decomposed into a set of k layers: every node

belongs to every layer; while each layer corresponds to a unique relation, representing

the intra-layer edge type for that layer; and inter-layer edges connect the same node

across layers. For example, in a multiplex transportation network, each node represents

a city, each layer represents a different mode of transportation (e.g., via car, train or

airplane, etc.), intra-layer edges represent pairs of cities connected by a particular mode

of transportation, and inter-layer edges represent the switching modes of transporation

within a city (e.g., from metro to bus, etc.).

We can also have attribute or feature information associated with a graph. The real-valued

node-level features can be represented by a matrix Fnode ∈ R∣V ∣×d, where each node is asso-

ciated with a d-dimensional vector of information. For example, in molecular graphs, node

features might include the atom type (e.g., Carbon, Hydrogen or Oxygen, etc.) and other

chemical features of atoms. Furthermore, the real-valued edge-level features can be repre-

sented by a tensor Fedge ∈ R∣V ∣×∣V ∣×d′ . For instance, one of the edge features in a molecular

graph is the bond type. For convenience, Fnode matrix can be stored in the diagonal of Fedge

tensor, if we view a node feature as a self-loop edge feature. Again, if the edge features are

discrete (such as the bond type in molecular graphs), one can represent the graph similarly

as for multi-relational graphs.

Lastly, a hypergraph is a generalization of a graph in which an edge can join any num-

ber of vertices. Formally, an undirected hypergraph H is a pair H = (V,E) where V is the

set of nodes, and E is a set of non-empty subsets of V , called hyperedges. Thus, E is a subset
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of P(V ) ∖ {∅}, where P(V ) denotes the power set of V . One example of a hypergraph is

the drug combination network in which each node is a drug, and a hyperedge connecting n

nodes (v1, v2, .., vn) might have hyperedge labels “side-effect” or “treatment” as results when

a patient taking this combination of n drugs at the same time. Another example of a hy-

pergraph is knowledge graphs which store facts using relations between multiple entities. A

comprehensive summary of graph formalism can be found in (Lovász, 2012) and (Hamilton,

2020).

1.1.2 Learning tasks on graphs

Within artificial intelligence and machine learning, there are three basic approaches: super-

vised learning, self-supervised learning, and unsupervised learning. Supervised learning is a

machine learning approach that is defined by its use of labeled datasets that are designed to

“supervise” or train the learning algorithms or models to classify data or predict outcomes

accurately. In particular, supervised learning can be separated into two types of problems:

regression that uses an algorithm (e.g., linear regression, support vector regression, etc.) to

understand the relationship between independent and dependent variables; and classifica-

tion that uses an algorithm (e.g., linear classifiers, multi-layer perceptron, support vector

machines, decision trees, random forest, etc.) to assign data samples into specific categories

or classes. On the another hand, unsupervised learning uses learning or optimization algo-

rithms to analyze, cluster unlabeled data, and to discover hidden patterns in data without

human intervention (e.g., the labeling job done manually by humans). Two main tasks of

unsupervised learning are: dimensionality reduction that uses an algorithm (e.g., principal

component analysis, singular value decomposition, etc.) to reduce the number of features or

dimensions of data inputs to a manageable size while preserving the data integrity; and clus-

tering that uses an algorithm (e.g., K-Means, spectral clustering, etc.) to group unlabeled

data based on their differences and similarities. Finally, self-supervised learning (SSL) is an
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intermediate form between supervised and unsupervised learning, and is based on artificial

neural networks learning in two steps: first, the network weights are initialized by learning

on some pseudo-labels; and second, the actual learning task is performed with supervised

or unsupervised learning. In self-supervised learning, the training data can be divided into

positive and negative examples. One of the most wellknown methods in this category is

Constrastive SSL that uses both positive and negative examples in which the learning’s loss

function minimizes the distance between positive samples while maximizing the distance

between negative ones. For example, the algorithm of constrastive SSL minimizes the dis-

tance between a sample (e.g., an image) and its transformed version by operations such as

rotation, translation, scaling, etc.; while maximizing the distance between two samples with

two different labels.

Machine learning on graphs, in particular, can be also divided into the usual categories of su-

pervised, unsupervised and self-supervised learning. However, machine learning problems on

graphs often blur the boundaries between the traditional machine learning categories. This

section provides a brief overview of the most important machine learning tasks on graph

data including:

� Graph classification & regression: Given a dataset of multiple different graphs,

our goal is to make independent predictions specific to each graph. For example, given

a dataset of molecular graphs, we might want to build a regression model that is able to

accurately predict each molecule’s toxicity, solubility, or some properties produced by

the computationally expensive Density Functional Theory calculation. This problem

can be seen as a supervised one.

� Node classification: Suppose we are given a citation network with millions of sci-

entific papers represented as nodes and the directed edges represent if a paper cites

another one. Each paper is associated with a feature vector capturing the frequency of
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most important words. A small percentage of papers are classified into basic categories

(e.g., Science, Technology, Education, Mathematics, etc.). The node classification task

here is to predict the labels of the rest of not-yet-classified papers. Another example is

learning on a large social network with millions of users in which there are acquaintance

relationships among users, and we want to cluster users into groups or a hierarchy of

groups. This problem is a mix of both supervised and unsupervised learning, and is

sometimes referred as semi-supervised learning.

� Link prediction: The standard setup is that we are given a set of nodes and an

incomplete set of edges between these nodes, and our goal is to use this partial infor-

mation to infer the missing edges. For example, we might want to predict the missing

citations in a partial citation network, or the missing friendship relations in an incom-

plete social network, or the unknown side-effects or potential new purposes of existing

approved drugs, etc. Again, these problems can be understood as semi-supervised

learning problems.

1.1.3 Machine learning methods on graphs

Kernel-based algorithms, such as Gaussian processes (Mackay, 1997), support vector ma-

chines (Burges, 1998), and kernel PCA (Mika et al., 1998), have been widely used in the

statistical learning community. Graph kernel methods are approaches to designing features

for graphs or implicit kernel functions that can be further used in machine learning models

such as support vector machines and Gaussian processes. Learning on graphs has a long

history in the kernels literature, including approaches based on random walks (Gärtner,

2002; Borgwardt and Kriegel, 2005; Feragen et al., 2013), counting subgraphs (Shervashidze

et al., 2009), spectral ideas (Vishwanathan et al., 2010), label propagation schemes with

hashing (Shervashidze et al., 2011; Neumann et al., 2016), and even algebraic ideas (Kondor

and Borgwardt, 2008). Many of these papers address moderate size problems in chemo-
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and bioinformatics, and the way they represent graphs is essentially fixed. To apply kernel

methods on graphs, the proposed kernels must be positive semi-definite, which is usually

achieved by summing up all pairs of local neighborhoods between two graphs, that has at

least quadratic time- and quadratic space-complexity with respect to the number of nodes.

Furthermore, a limitation of kernel methods, in general, is compute the kernel gram matrix

by an algorithm of quadratic time- and quadratic space-complexity with respect to the num-

ber of examples in a dataset. All in all, the approach of graph kernels is computationally

expensive and definitely infeasible to large-scale graph datasets.

One of the most successful graph kernels is the Weisfeiler–Lehman graph kernel, inspired

from the Weisfeiler–Lehman graph isomorphism test in graph theory, which aims to build a

multi-level, hierarchical representation by iteratively hashing the sub-structures of a graph

(Shervashidze et al., 2011). Graph neural networks (GNNs) are indeed an extension from

the construction of Weisfeiler–Lehman algorithm such that the fixed hashing function is

replaced by a learnable one as a non-linearity mapping. The networks are designed to be

totally differentiable and can be optimized by back-propagation and stochastic gradient de-

scents in a data-driven manner. Graph neural networks can be seen as a way of generalizing

the convolution concept to graphs. The most wellknown form of GNNs is message passing

neural networks (MPNNs) (Gilmer et al., 2017) that are built based on the message passing

scheme in which each node propagates and aggregates information, encoded by vectorized

messages, to and from its local neighborhood.

To represent graphs properly, the proposed model must be permutation-invariant, meaning

that the outcome of the model stays the same (i.e. invariant) regardless of how we permute

the order of nodes in the input graph. To preserve the permutation invariance, MPNNs and

its variants propose a specific message passing’s aggregation where each node sums the mes-
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sages coming from its neighborhood. We argue that this aggregation causes the fundamental

limitation of this line of work. This aggregation restricts the representation power of MPNNs

such as each node loses their identity after being aggregated (by summing). Therefore, we

propose a new general architecture called Covariant Compositional Networks (CCNs) (Kon-

dor et al., 2018a) (Hy et al., 2018) in which the messages are represented by higher order

tensors and transform covariantly/equivariantly according to a specific representation of the

symmetry group of its receptive field, in our case, the group of permutation Sn. We general-

ize the aggregation to tensor contraction and tensor product operations such that the whole

network preserves the permutation equivariance.

Density functional theory (DFT) is the workhorse of modern quantum chemistry due to

its ability to calculate many properties of molecular systems with high accuracy. However,

DFT is too computationally expensive for applications such as chemical search and drug

screening, which may involve hundreds of thousands of compounds. By representing each

molecule as a graph, CCNs successfully learns to predict molecular properties produced by

DFT calculation in QM9 (Ramakrishnan et al., 2014) and CEP (Hachmann et al., 2011)

datasets with high accuracies while being computationally efficient. To efficiently implement

graph neural networks including CCNs, I implemented GraphFlow (Hy and Jones, 2019)

(Hy, 2017), a Deep Learning framework built from scratch in C++/CUDA that supports

automatic differentiation, dynamic computation graphs, and efficient tensor/matrix opera-

tions accelerated by GPU.

Chapter 3 includes our proposals of CCNs and GraphFlow, along with a detailed summary

of the field of graph learning including various forms of graph kernels and graph neural

networks, and several experiments on graph learning.
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1.2 Deep generative models on graphs

The goal of graph generation is to build models that can generate realistic graph structures.

Indeed, we will see that this problem is closely related to graph representation learning.

Instead of being given a graph structure G = (V,E) as the input, in graph generation we

want the output of our model to be a graph G that has certain desirable properties.

1.2.1 Traditional approaches

First, we begin with a discussion of traditional approaches to graph generation, that are

rooted from graph theory and mathematics, and actually pre-date modern machine learning

research in general and graph representation learning. The traditional approaches to graph

generation define how the edges in a graph are constructed, or in other words, specify a fixed

generative process. We frame this generative process as a way of specifying the probability

or likelihood P (Av1,v2 = 1) of an edge between two nodes v1 and v2.

Erdös–Rényi Model

Erdös–Rényi (ER) model is the most well-known and simplest random graph generative

model that defines the likelihood of an edge between any pair of nodes as

P (Av1,v2 = 1) = p, ∀v1, v2 ∈ V, v1 ≠ v2, (1.1)

where p ∈ [0,1] is the parameter that controls the edge density of the generated graph (Erdos

and Renyi, 1960). In this case, we assume that the edge probabilities are all independent.

To generate a random graph, the ER model executes the following steps:

1. Choose (or sample) the number of nodes N = ∣V ∣,

2. Set the density parameter 0 < p < 1,
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3. Use Eq. 1.1 to sample every entry of the adjacency matrix.

The time complexity to generate a graph is O(N2), i.e., linear in the size of the adjacency

matrix. Despite its simplicity, the shortcoming of the ER model is its failure to generate

complex graphs that have structure and function of graphs in reality.

Stochastic Block Models

Stochastic Block Models (SBMs) seek to improve the ER model by extending it to generating

graphs with community structure. The set of nodes V can be partitioned into B different

blocks V1, .., VB . Every node v ∈ V has a probability pi of assigning to block i, i.e.

pi = P (v ∈ Vi), ∀v ∈ V, i = 1, ..,B;

and
B

∑
i=1

pi = 1.

Block-to-block edge probabilities are specified by a symmetric matrix C ∈ [0,1]B×B , where

Ci,j gives the probability of an edge occuring between a node in block Vi and a node in block

Vj . The generative process is detailed as follows:

� For every node v ∈ V , we assign v to a block Vi by sampling from the categorical

distribution (p1, .., pB).

� For every pair of nodes v1 ∈ Vi and v2 ∈ Vj , we sample an edge between v1 and v2

according to

P (Av1,v2 = 1) = Ci,j .

If i = j, basically we sample an “internal” edge of a block.

In SBMs, we can control the edge probabilities within and between different blocks, and this

extension of the ER model allows us to generate graphs that exhibit community structure.
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Preferential Attachment

Preferential Attachment (PA) proposed by (Albert and Barabási, 2002) is based on the

assumption that real-world graphs exhibit power law degree distribution, in particular, the

probability of a node v having degree dv is given by

P (dv = k) ∝ k−α, α > 1.

Intuitively, the heavy tailed power distribution leads to a large number of nodes with small

degrees, but a small number of nodes with extremely large degrees. The generative process

is described as follows:

1. Suppose that we are going to generate a graph of n nodes. First, we initialize a fully

connected graph with m0 < n nodes.

2. Iteratively add n −m0 nodes to this graph. At iteration t, we add a new node u to

the graph, and we connect u to m < m0 existing nodes according to the following

distribution:

P (Au,v = 1) = d
(t)
v

∑v′∈V (t) d
(t)
v′

,

where d
(t)
v denotes the degree of node v at iteration t and V (t) denotes the set of nodes

that have been added to the graph up to iteration t.

This generation process is called autoregressive, meaning that the graph is constructed grad-

ually or incrementally by adding new nodes or new edges iteratively. In some sense, the

PA’s generation process is similar to the Dirichlet Process in which high-degree nodes tend

to have more connections.
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1.2.2 Data-driven approaches

There are two fundamental limitations of the traditional methods in graph generation:

1. They rely on a fixed, hand-crafted generation process. Thus, they do not possesss the

ability to generate real-world graphs.

2. They are not a learning algorithm and lack the capability to learn a generative model

from data.

Therefore, in this introduction, we present data-driven approaches based on Deep Learning

that seek to learn a generative model of graphs based on a set of training graphs {G1, ..,Gn}.

In general, these approaches have been referred to as deep generative models on graphs, that

adopt the most popular generative models in machine learning such as variational autoen-

coders (VAEs) (Kingma and Welling, 2014), generative adversarial networks (GANs) (Good-

fellow et al., 2014) and autoregressive models, for the ultimate goal of generating graphs with

similar characteristics as the training set. There are two styles of graph generation:

1. All-at-once: This style generates the whole graph or adjacency matrix at once. Gen-

erally, VAEs and GANs follow this style such that the whole adjacency matrix is the

output of the decoder or generator, respectively. These all-at-once generative models

are analogous to the ER and SBM models in that we sample all edges in the graph

simultaneously.

2. Autoregressive: This style generate a graph incrementally instead of all-at-once

(e.g., generating graph node-by-node or edge-by-edge), that bear similarities to the PA

model in that the probability of adding an edge at each step depends on what edges

were previously added to the graph. The methods adopting Recurrent Neural Networks

(RNNs) or Long Short-Term Memory (LSTM) (Hochreiter and Schmidhuber, 1997) for

graph generation have the autoregressive nature.
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It is important to note that the autoregressive models do not preserve the permutation-

invariance. Given a graph of N nodes, there are N ! different ways to construct this graph in

the autoregressive manner. During training, models in the autoregressive category must de-

fine a particular ordering of nodes for the decoding process of reconstructing the input graph

or adjacency matrix. In contrast, models in the all-at-once category, especially VAEs, can be

designed to be permutation-equivariant such that if one permutes the order of nodes in the

input graph, or even permute the node latents, the reconstructed graph/adjacency would

be permuted/transformed accordingly in a completely predictable way. It is also possible

to mix VAEs & GANs with an autoregressive decoder/generator that iteratively constructs

a graph in multiple steps given a latent or a random vector, respectively. Even though,

the encoder in VAEs and the discriminator in GANs must be permutation-invariant with re-

spect to node ordering. We will discuss both types of graph generation in detailed as follows.

Graph Variational Autoencoders

Motivated from the theory of variational inference (Wainwright and Jordan, 2005), graph

variational autoencoders as an extension of the conventional VAEs generally have three main

components:

1. Probabilistic encoder qθ(Z ∣G) defines a distribution over latent representations. We

specify the latent conditional distribution as Z ∼ N(µθ(G), σθ(G)), where µθ(⋅) and

σθ(⋅) are graph neural networks that generate the mean and variance parameters for

a normal distribution that we will sample latent embeddings Z from. It is important

to note that the Gaussian distribution here is isotropic, meaning that σθ(G) is indeed

the diagonal of a digonal covariance matrix Σ.

2. Probabilistic decoder pθ(A∣Z), from which we can sample realistic graphs (i.e. adja-

cency matrices) Â ∼ pθ(A∣Z) by conditioning on a latent variable Z.

3. Prior distribution p(Z) over the latent space. We asssume that Z ∼ N(0,1). Dur-
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Figure 1.3: Graph variational autoencoder for molecule generation.

ing the training phase, the reparameterization trick to sample the latent Z without

breaking the differentiability is simply as

Z = µθ(G) + σθ(G) ⊙ ε,

where ⊙ denotes the element-wise multiplication, and ε ∼ N(0,1) can be sampled

easily. During the testing or generation phase, we basically sample Z from the prior

and run the probabilistic decoder to get a generated graph.

Figure 1.3 depicts the architecture of a simple graph VAEs. Given a set of training graphs

{G1, ..,Gn}, we can train a VAE model by minimizing the evidence likelihood lower bound

(ELBO):

L = ∑
Gi∈{G1,..,Gn}

Eqθ(Z ∣Gi)
[pθ(Gi∣Z)] −KL(qθ(Z ∣Gi)∣∣p(Z)).

The basic idea of ELBO optimization is to maximize the reconstruction ability of our decoder

Eqθ(Z ∣Gi)
[pθ(Gi∣Z)], while minimizing the Kullback–Leibner (KL) divergence between our

posterior latent distribution qθ(Z ∣Gi) and the prior p(Z).

There are two types of latent representations: node-level latents and graph-level latents, each

would have its own architectures. For the first one, the graph encoder generates latent rep-
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resentations for each node in the graph; while for the second one, the graph encoder only

produces a single vectorized latent for the whole graph. The idea of node-level latents was

firstly introduced by (Kipf and Welling, 2016) and termed the Variational Graph Autoen-

coder (VGAE). However, the authors proposed VGAE model not as a generative model to

sample new graphs. In this case, the encoder has two separate GNNs to generate mean and

variance parameters, conditioned on the input adjacency A and node features F :

µZ = GNNµ(A,F ) ∈ R∣V ∣×d,

logσZ = GNNσ(A,F ) ∈ R∣V ∣×d.

The reparameterization trick to sample a set of latent node embeddings Z ∈ R∣V ∣×d is Z =

ε ⊙ exp(log(σZ)) + µZ , ε ∼ N(0,1). The graph decoder employs a simple dot-product

decoder:

pθ(Au,v = 1∣zu, zv) = γ(zTu zv),

where

γ(x) = 1

1 + e−x

is the element-wise sigmoid function. The graph likelihood is simply as

pθ(G∣Z) = ∏
(u,v)∈V ×V

pθ(Au,v = 1∣zu, zv).

On the another hand, the idea of graph-level latents was originally proposed by (Simonovsky

and Komodakis, 2018) and termed as GraphVAE. In contrast of VGAE defining a poste-

rior distribution for each node, GraphVAE only has a single graph-level embedding zG ∼

N(µzG , σzG). The encoder of GraphVAE is defined as:

µzG = POOLµ(GNNµ(A,F )) ∈ R∣V ∣×d,
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σzG = POOLσ(GNNσ(A,F )) ∈ R∣V ∣×d,

where POOL ∶ R∣V ∣×d → Rd denotes a pooling function that maps a matrix of node embed-

dings Z ∈ R∣V ∣×d to a graph-level embedding vector zG ∈ Rd. With the Bernoulli distribu-

tional assumption of edge probabilities, the decoder uses a multi-layer perceptron (MLP) to

map the latent vector zG to a matrix Â ∈ [0,1]∣V ∣×∣V ∣ of edge probabilities: Â = γ(MLP(zG)),

that obviously does not respect the permutation equivariance. The posterior distribution in

this case is

pθ(G∣zG) = ∏
(u,v)∈V ×V

Âu,vAu,v + (1 − Âu,v)(1 −Au,v),

where A denotes the true adjacency, and Â denotes the predicted edge probabilities. Key

challenges of the graph-level latents approach are:

1. Because of the assumption of a fixed number of nodes, one must specify empirical

distribution of graph sizes from the training data.

2. Because we do not know the correct ordering of nodes, to define the permutation-

invariant posterior distribution, one must employ the NP-hard graph matching from

A to Â (i.e. maximizing the graph likelihood over the set of all possible permutation

Π of nodes):

pθ(G∣zG) = max
π∈Π

∏
(u,v)∈V ×V

Âπu,vAu,v + (1 − Âπu,v)(1 −Au,v), (1.2)

where Âπ denotes the permuted adjacency matrix by permutation π (i.e. Âπ = PπÂPTπ
where Pπ denotes the permutation matrix representing π). Since Eq. 1.2 is compu-

tationally infeasible to compute, one approximate solution is to specify a particular

ordering function π:

pθ(G∣zG) ≈ ∏
(u,v)∈V ×V

Âπu,vAu,v + (1 − Âπu,v)(1 −Au,v),
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or a bit smarter, we specify some small n permutations:

pθ(G∣zG) ≈ 1

n
∑

πi∈{π1,..,πn}
∏

(u,v)∈V ×V

Âπiu,vAu,v + (1 − Âπiu,v)(1 −Au,v).

Generative Adversarial Networks for Graphs

The basic idea of GAN-based generative models is to

� Define a trainable generator network gθ ∶ Rd → X that takes a random seed z ∈ Rd

as input, and generates realistic (but fake) data samples x̂ ∈ X . Here, X denotes the

space of all possible examples, either real or fake.

� Define a discriminator network dφ ∶ X → [0,1] that outputs the probability a given

input is fake, or distinguishing between real data samples x ∈ X and samples generated

by the generator x̂.

Both the generator and discriminator optimized jointly in an adversarial game or a mini-max

optimization:

min
θ

max
φ

Ex∼pdata(x)
[log(1 − dφ(x)] +Ez∼pseed(z)

[log(dφ(gθ(z)))],

where pdata(x) denotes the empirical distribution of real data samples, and pseed(z) denotes

the random seed distribution (e.g. standard multivariate Gaussian). For graph generation,

(Cao and Kipf, 2018) proposed MolGAN in which the generator generates a matrix of edge

probabilities given a seed vector z: Â = γ(MLP(z)). Given this matrix of edge probabilities,

we generate a discrete adjacency matrix A ∈ Z∣V ∣×∣V ∣ by sampling independent Bernoulli

variables for each edge Au,v ∼ Bernoulli(Âu,v). The discriminator of MolGAN is any GNN-

based graph classification model. The limitation of GAN-based models is training mini-max

optimization is difficult and unstable.
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Autoregressive Models

To model edge dependencies, we define the likelihood of a graph given a latent representation

z by decomposing the overall likelihood into a set of independent edge likelihoods:

p(G∣z) = ∏
(u,v)∈V ×V

p(Au,v ∣z).

In autoregressive approach, we assume that edges are generated sequentially and that the

likelihood of each edge can be conditioned on the edges that have been previously generated:

p(G∣z) =
∣V ∣

∏
i=1

p(Lvi ∣Lv1 , .., Lvi−1 , z),

where Lvi denotes the lower-triangle portion of the adjacency matrix A in the construction

step when we add the i-th node. Here, we introduce some of the most common autoregressive

models. For example, (You et al., 2018a) proposed GraphRNN employing recurrent neural

networks (RNNs):

� Graph-level RNN maintains a hidden state hi, which is updated after generating each

row of the adjacency matrix Lvi :

hi+1 = RNNgraph(hi, Lvi)

� Node-level RNN generates the entries of Lvi in an autoregressive manner. In particular,

RNNnode takes the graph-level hidden state hi as an initial input, and then sequentially

generates the binary values of Lvi assuming a conditional Bernoulli distribution for each

entry.

Another instance is GRAN (i.e. graph recurrent attention networks), suggested by (Liao

et al., 2019), modeling the conditional distribution of each row of the adjacency matrix by

running a GNN on the graph that has been generated so far.
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Multiresolution Equivariant Graph Variational Autoencoders

Learning to generate graphs with deep generative models is a difficult problem because graphs

are combinatorial objects that typically have high order correlations between their discrete

substructures (subgraphs) (You et al., 2018a) (Li et al., 2018a) (Liao et al., 2019) (Liu et al.,

2019) (Dai et al., 2020). Graph-based molecular generation (Gómez-Bombarelli et al., 2018)

(Simonovsky and Komodakis, 2018) (Cao and Kipf, 2018) (Jin et al., 2018) (Thiede et al.,

2020) involves further challenges, including correctly recognizing chemical substructures, and

importantly, ensuring that the generated molecular graphs are chemically valid.

We can see that the theoretical bottleneck of non-equivariant generative models for graphs is

the exponentially-large number of ways to construct the same graph given a latent represen-

tation. Obviously, non-equivariant models do not exploit the permutation symmetry. The

another limitation of all existing graph generative models is the lack of higher-order latent

representation that is more expressive and carries more information from the encoder to the

decoder. However, higher-order latents require a higher-order prior that models the correla-

tion between nodes. It is trivial the conventional prior used in literature, standard Gaussian

N(0,1) assuming the independence between node latents, lacks this ability to capture node

correlation. Furthermore, we want to a generative model that is able to generate graphs in

multiple resolutions with the graph encoder capable of capturing the hierarchical multiscale

structures of graphs, that is especially important for molecules since a molecular graph might

contain several functional groups as subgraphs. Therefore, one of the objectives of this thesis

is to design a multiresolution and end-to-end equivariant graph generative model built upon

hierarchical variational autoencoder with the following criteria:

1. End-to-end permutation equivariant generative model with equivariant encoder, de-

coder, latent representation and also prior function;
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2. Higher-order latent representation, and the corresponding higher-order prior function;

3. Multiscale graph encoder that can capture hierarchical structures and builds hierar-

chical latent structures.

In this thesis, we propose Multiresolution Graph Networks (MGN) and Multiresolution Graph

Variational Autoencoders (MGVAE) (Hy and Kondor, 2021c) (Thiede et al., 2020) to learn

and generate graphs in a multiresolution and equivariant manner. At each resolution level,

MGN employs higher order message passing to encode the graph while learning to partition it

into mutually exclusive clusters and coarsening into a lower resolution. MGVAE constructs

a hierarchical generative model based on MGN to variationally autoencode the hierarchy

of coarsened graphs. Our proposed framework is end-to-end permutation equivariant with

respect to node ordering. Our methods have been successful with several generative tasks

including link prediction on citation graphs, unsupervised molecular representation learning

to predict molecular properties, molecular generation, general graph generation and graph-

based image generation. Details of our proposals are in Chapter 4.

1.2.3 Evaluating graph generation

It is a challenging task to evaluate the quality of graph generation. The current practice is

to analyze different statistics of the generated graphs, and to compare the distribution of

statistics for the generated graphs to a test set. Assume we have a set of graph statistics

S = (s1, s2, .., sn) where each of these statistics si,G ∶ R → [0,1] is assumed to define a

univariate distribution over R for a given graph G. For example, the graph statistics can be:

� Degree distribution,

� Distribution of clustering coefficients,

� Distribution of different motifs or graphlets.
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Given a particular statistic si, total variance distance betwen the statistics of a test graph

si,Gtest
and a generated graph si,Ggen

:

d(si,Gtest
, si,Ggen

) = sup
x∈R

∣si,Gtest
(x) − si,Ggen

(x)∣

To measure the performance, we compute the average pairwise distributional distance be-

tween a set of generated graphs and graphs in a test set (e.g. Wasserstein distance).

Molecule generation is a special case of graph generation that further imposes more chal-

lenges:

� Graph structures need to be both valid (e.g. chemically stable), and ideally have some

desirable properties (e.g. medicinal properties, or solubility).

� Unlike general graph generation, molecule generation can benefit substantially from

domain-specific knowledge for both model design and evaluation strategies.

Chapter 4 includes our proposals of MGN, MGVAE and its learning to cluster algorithm,

along with many experiments on molecular graph generation, general graph generation, link

prediction on citation graphs, semi-supervised molecular representation and graph-based

image generation.

1.3 Group equivariant molecular neural networks

1.3.1 Symmetry-preserving neural networks

Symmetry in mathematics is a type of invariance: the property that a mathematical object

remains unchanged under a set of operations or transformations. Such transformations can

be either smooth, continuous, or discrete. Symmetries are important in many scientific

problems and machine learning tasks, for instance:
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� In graph representation learning, the scalar output of any graph neural networks φθ(G),

where θ denotes the set of all learnable parameters, must be invarint with respect to

the permutation symmetry of the input graph, or in other words φθ(G) = φθ(G′) if G

is isomorphic to G′ (i.e. G ≃ G′). Furthermore, any graph kernels κ(G1,G2) between

two graphs must respect permutation-invariance (i.e. κ(G1,G2) = κ(G′1,G′2) for every

G1 ≃ G′1 and G2 ≃ G′2).

� In quantum chemistry, any neural networks predicting the molecular properties must

be rotationally invariant with respect to the molecule’s orientation in space. Suppose

we are given a three-dimensional conformational geometry R ∈ Rn×3 of a molecule of

n atoms, and a molecular neural network 1 ψθ(⋅). Rotational invariance implies that

ψθ(R) = ψθ(Rr) for every 3×3 rotation matrix r. Indeed, ψθ must respect both rotation

and permutation symmetries, meaning that in addition, we must have ψθ(R) = ψθ(PR)

for every n × n permutation matrix P . In physics, groups are especially important

because they describe the symmetries which the laws of physics seem to obey.

� In computer graphics and computer vision, the convolutional neural networks pre-

dicting the category of an object given its image respect the translational invariance.

Obviously, the object category is unchanged by shifts.

In group theory, the collection of all symmetries form an algebraic object known as a group

or symmetry group. The set of symmetries of an object satisfies a number of properties:

� If both transformations leave the object invariant, then so does the composition of

transformations, and thus the composition is also a symmetry. In other words, if x and

y are two symmetries, then their compositions x○y and y○x are also symmetries 2. The

1. We use this term to refer to any neural network architecture taking the input as a molecule and make
prediction for its molecular properties.

2. We will follow the notation convention in group theory, x ○ y = xy that reads from right to left as: we
first apply y and then x.
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order of transformations in a composition is important, as in many cases symmetries

are non-commutative (i.e. xy ≠ yx). In group theory, commutative groups (i.e. xy = yx

for every pair of symmetries (x, y)) are called Abelian 3.

� Symmetries are always invertible, and the inverse is also a symmetry. The inverse of

a symmetry x is denoted as x−1. It is trivial to see that simultaneously applying a

symmetry and its inverse leaves the object unchanged and xx−1 = x−1x.

Formal definitions and detailed discussion regarding group theory are included in the ap-

pendix chapter 9. The groups of interest for graph neural networks and graph kernels is the

permutation group, denoted as Sn; for molecular neural networks is both three-dimensional

rotation group SO(3) and Sn; and for convolutional neural networks is the group of two-

dimensional integer translations, Z2. These types of neural networks are called symmetry-

preserving or respecting the underlying symmetries of its input data and domain.

In order to build symmetry-preserving models, we are mostly interested in how groups act on

data, rather than considering groups as abstract entities. We assume that there is a domain

Ω underlying our data and we consider a group G. A group action of G on a set Ω is defined

as a mapping (g, u) ↦ g ⋅ u associating a group element g ∈ G and a point u ∈ Ω with some

other point on Ω in a way that is compatible with the group operations, i.e.:

� u = g ○ (g−1 ⋅ u) = g−1 ○ (g ⋅ u) for all g ∈ G and u ∈ Ω;

� g ○ (h ⋅ u) = (g ○ h) ⋅ u for all g, h ∈ G and u ∈ Ω;

� If G is Abelian then g ○ (h ⋅ u) = h ○ (g ⋅ u) for all g, h ∈ G and u ∈ Ω.

The most important kind of group actions is linear group actions, also known as group

representation. We will encounter group & representation interchangeably 4 throughout

this thesis. A linear action g on signals on the domain Ω is understood in the sense that

3. Named after the Norwegian mathematician Niels H. Abel.

4. As physicists usually do!
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in
transform //

model

��

in’

model

~~
out

u
ρ(g)

//

f

��

ρ(g)u

f

yy
f(u) = f(ρ(g)u)

Figure 1.4: Demonstration of the definition of a G-invariant function in the right. The
output is unchanged with respect to transformation of the input (see the simplified diagram
in the left).

g ⋅ (αu + βu′) = α(g ⋅ u) + β(g ⋅ u′) for any scalars α,β ∈ R and signals u,u′ ∈ Ω. We can

describe linear actions either as maps (g, u) ↦ g ⋅ u that are linear in u, or equivalently, as

a map ρ ∶ G → Rn×n that assigns to each group element g an n × n invertible matrix ρ(g),

satisfying the condition ρ(g ○ h) = ρ(g)ρ(h) for all g, h ∈ G 5. The assignment of matrices to

group elements is indeed equivalent to the linear group action, and the matrix representing

a composite group element gh (i.e. ρ(gh)) is equal to the matrix product of the represention

of g and h. In essence, a representation makes an abstract algebraic object more concrete by

describing its elements by matrices and their algebraic operations, that leads to the birth of

Representation theory, which is an important branch of mathematics that studies abstract

algebraic structures by representing their elements as linear transformations of vector spaces,

and studies modules over these abstract algebraic structures. The appendix chapter 9 intro-

duces briefly the most important concepts and results in the vast subject of representation

theory.

Symmetry of the signals’ domain Ω imposes structure on the function f defined on such

signals. This thesis studies two important cases: invariant and equivariant functions. A

function f ∶ Ω → X is G-invariant if f(ρ(g)u) = f(u) for all g ∈ G and u ∈ Ω; i.e. regardless

5. The dimension n of the matrix is in general arbitrary and not necessarily related to the dimensionality
of the group G. In applications, n is usually the dimensionality of the feature space on which the group acts
on.
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in
transform //

model

��

in’

model

��
out

transform // out’

u
ρ(g)

//

f

��

ρ(g)u

f

��
f(u) ρ′(g)

// ρ′(g)f(u) = f(ρ(g)u)

Figure 1.5: Demonstration of the definition of a G-equivariant or G-covariant function.
The output is transformed according to the transformation of the input (see the simplified
diagram in the left).

of how we transform the input by a linear group action (or multiplying with a group rep-

resentation), the function’s outcome in some space X is unchanged (see Fig. 1.4). On the

another hand, a function f ∶ Ω→ Ω′ is G-equivariant or G-covariant if f(ρ(g)u) = ρ′(g)f(u)

for all g ∈ G, where ρ and ρ′ are representations of the same group G (indeed, ρ(⋅) and ρ′(⋅)

are linear operators in Ω and Ω′, respectively). In other words, G-equivariant means the

group action on the input affects the output in a completely predictable way (see Fig. 1.5).

Indeed, G-invariant is just a special case of G-equivariant.

A neural network φ, in general, can be written as a composition of multiple functions

{f1, .., fL} in which function f` is the `-th layer out of L layers of the network 6 as fol-

lows:

φ = fL ○ fL−1 ○ ⋯ ○ f1,

where f1 is the bottom layer directly taking the input data and fL is the top or output

layer making the prediction. An G-equivariant or G-covariant neural network is the one

composing of all G-equivariant layers. For classification or regression tasks, since the model

outputs scalar values, the top layer fL is G-invariant; while for graph generation, we need

all components to be G-equivariant. For example, our Covariant Compositional Networks

6. For simplicity, we assume there is no skip connection, and the network is just layer-by-layer.
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(see Chapter 3) predicting molecular properties and our Multiresolution Equivariant Graph

Variational Autoencoders (see Chapter 4) are permutation-equivariant (i.e. G = Sn specifi-

cally). For simplicity in writing, sometimes we can drop “G” but the symmetry G can be

determined based on the context of the problem/task.

1.3.2 Rotational equivariant neural networks

The power of convolutional neural networks (CNNs) is rooted from their ability to exploit

the translational symmetries through translation equivariance, as we briefly mentioned. It

is natural to consider generalizations that exploit other groups of symmetries such as our

works detailed in chapters 3 & 4 for permutation equivariance mainly in the context of graph

learning and graph generation. For physical and chemical applications, rotation equivariance

is equally important as permutation equivariance in designing neural network architectures

that are able to learn the behavior and properties of complex many-body systems or molecu-

lar systems in which each atom or particle is located in 3D space. For example, it is necessary

to capture the 3D geometry or the tertiary structure of a protein to make a robust prediction

for the protein function. Futhermore, CNNs are restricted to 2D planar images, while vari-

ous applications in computer vision, robotics and global climate modelling demand models

that can analyze spherical images which can be understood as functions on the unit sphere

S2 or quotient SO(3)/SO(2). In any case, we must handle signals on rotation group SO(3)

and find our way to generalize the convolution for this group. This introduction presents

the most wellknown methods in the area including Spherical CNNs (Cohen et al., 2018) and

Clebsch-Gordan Nets (Kondor et al., 2018b) that pave the way for our general architecture,

Covariant Molecular Neural Networks, applied in the molecular setting (Anderson et al.,

2019) that will be discussed in details in chapter 5. First, we will define the correlations (i.e.

convolutions) between functions on S2 and SO(3), the generalized fast Fourier transform to

efficiently compute the correlations with the help from the convolutional theorem, and the
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architecture of Spherical CNNs. After that, we will introduce the Clebsch–Gordan trans-

form on group SO(3) as a form of nonlinearity and define the architecture of Clebsch-Gordan

Nets, the generalized Spherical CNNs learning completely on the Fourier domain.

Correlations on S2 and SO(3)

The theoretical backbone of both (Cohen et al., 2018) and (Kondor et al., 2018b) in achieving

rotation equivariance is how to define and efficiently perform correlations or cross-correlations

(i.e. convolution in deep learning language) on the unit sphere and rotation group by us-

ing generalized Fourier Transform (FT) and its generalized Fast Fourier Transform (FFT)

algorithms. This section introduces the necessary mathematical background, while a deeper

insight of the generalized FT & FFT is described in appendix chapter 9.

We define S2 or the unit sphere, which technically is not a group, as the set of points

x ∈ R3 with norm 1 (i.e. ∣∣x∣∣22 = 1), that is a two-dimensional manifold which can be

parameterized by spherical coordinates α ∈ [0,2π) and β ∈ [0, π). We model spherical

images and filters as continuous spherical signals/functions f ∶ S2 → RC , where C is the

number of channels. Remark that each channel fc ∶ S2 → R is indeed a spherical function

itself, and all of our definitions below will work similarly for the single-channel case (i.e.

C = 1). We define group SO(3) or the special orthogonal group as the set of rotations in

three dimensions in which each rotation can be represented by a 3 × 3 orthogonal matrix

that preserves orientation (i.e. det(R) = 1) and distance (i.e. ∣∣Rx∣∣ = ∣∣x∣∣). Furthermore,

SO(3) is a three-dimensional manifold which can be specified by the common convention of

ZYZ Euler angles given by α ∈ [0,2π), β ∈ [0, π) and γ ∈ [0,2π), which quantify the rotation

around the Z-, X- and Z-axes performed in the order, respectively. We introduce the rotation

operator TR (i.e. group action) that takes a spherical function f and produces a rotated

one TRf as [TRf](x) ≜ f(R−1x) for all x ∈ S2. Trivially, we have TRR′ = TRTR′ . The inner
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product between two spherical functions is defined as

⟨h, f⟩S2 ≜ ∫
S2

C

∑
c=1

hc(x)fc(x)dx =
C

∑
c=1

⟨hc, fc⟩S2 ,

where dx denotes the rotation invariant integration measure on the unit sphere, which can be

expressed as dα sin(β)dβ/4π in spherical coordinates. For simplicity in writing, we remove

the subscription for the inner product notation. For any rotation R ∈ SO(3), the invariance

of the measure ensures that ∫S2 f(Rx)dx = ∫S2 f(x)dx. In addition, we have

⟨TRh, f⟩ = ∫
S2

C

∑
c=1

hc(R−1x)fc(x)dx = ∫
S2

C

∑
c=1

hc(x)fc(Rx)dx = ⟨h,TR−1f⟩,

that implies TR−1 is adjoint to TR and TR is unitary. For spherical functions h and f , we

define the spherical correlation as

[h ∗ f](R) ≜ ⟨TRh, f⟩ = ∫
S2

C

∑
c=1

hc(R−1x)fc(x)dx. (1.3)

It is important to note that the output of the spherical correlation defined in Eq. 1.3 is a

function on SO(3). Thus, our next step is to define the rotation group correlation. Suppose

we are given a function on the rotation group f ∶ SO(3) → RC and a rotation R ∈ SO(3),

the rotation operator TR acting on f is defined by [TRf](Q) ≜ f(R−1Q) for all Q ∈ SO(3).

Using the same analogy as spherical correlation in Eq. 1.3, the correlation of two functions

on the rotation group h, f ∶ SO(3) → RC is defined as

[h ∗ f](R) ≜ ⟨TRh, f⟩SO(3) = ∫
SO(3)

C

∑
c=1

hc(R−1Q)fc(Q)dQ,

where ⟨⋅, ⋅⟩SO(3) denotes the inner product on the rotation group in which dQ is the invariant

measure, which can be expressed in ZYZ-Euler angles as dα sin(β)dβdγ/(8π2). We can show
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that the rotation group correlation preserves the rotational equivariance as follows:

[h ∗ TQf](R) = ⟨TRh,TQf⟩ = ⟨TQ−1Rh, f⟩ = [h ∗ f](Q−1R) = TQ[h ∗ f](R),

that means if we transform the input function f then the correlation h ∗ f will be trans-

formed accordingly. The spherical correlation can be also proven to be equivariant in the

same manner.

Generalized Fast Fourier Transform

The Fourier theorem states that ĥ ∗ f = ĥ ⋅ f̂ . For a complex signal in Cn, Fast Fourier Trans-

form (FFT) has the time complexity of O(n logn) instead of O(n2) algorithm of Discrete

Fourier Transform (DFT). Because the product ⋅ operation can be done by a linear O(n)

algorithm, the computation of correlation can be done efficiently by using FFT. For func-

tions on the unit sphere and rotation group, we will need the generalized Fourier transform

on groups (GFT) and its corresponding fast algorithm (GFFT). Mathematically, GFT is a

linear projection onto a set of orthogonal basis functions called matrix element of irreducible

unitary representations. For the real numbers R, these are the complex exponentials. For

S2, these are the spherical harmonics Y `m(x) that is indexed by ` ≥ 0 and −` ≤ m ≤ `, and

has 2` + 1 elements. For the rotation groups SO(3), the irreducible representations are the

Wigner D-matrices as a function of the (α,β, γ) Euler angles:

D`
m,n(α,β, γ) =

√
4π

2` + 1
(Y `m(β,α))∗e−inγ ,

where Y `m(β,α) denotes the spherical harmonics; and D`
m,n is indexed by ` ≥ 0 and −` ≤

m,n ≤ `, and has dimension (2`+1)×(2`+1). Interestingly, the spherical harmonics Y `m can

be obtained by taking the middle column of the Wigner D-matrix D`
m,0. We can write down

the GFT of a single-channel fucntion defined on these manifolds as follows; while for the
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multiple channels, we can compute the GFT for each channel simultaneously. The Fourier

coefficients of a bandlimited spherical signal f with a bandwidth of L are given by

f̂ `m = ∫
S2
f(x)Y `m(x)dx, (1.4)

and the corresponding inverse Fourier transform or the synthesis function is given by

f(x) =
L

∑
`=0

`

∑
m=−`

f̂ `mY
`
m(x).

On the another hand, the Fourier coefficients of a signal f defined on SO(3) with a bandwidth

of L is given by

f̂ `m,n = ∫
SO(3)

f(x)D`
m,n(x)dx, (1.5)

and the inverse SO(3) Fourier transform is given by

f(R) =
L

∑
`=0

(2` + 1)
`

∑
m=−`

`

∑
n=−`

f̂ `m,nD
`
m,n(R).

The GFT in Eq. 1.4 and Eq. 1.5 can be computed efficiently by the GFFT algorithm proposed

by (Kostelec and Rockmore, 2007), and the correlation between two signals h and f can be

computed using the correlation theorem as

[ĥ ∗ f]` = f̂` ⋅ ĥ
�
`
, ` ∈ {0,1, .., L},

where � denotes the conjugate transpose (i.e. Hermitian conjugate) operation, and f̂` and

ĥ` are vectors and matrices for S2 and SO(3), respectively.

Spherical CNNs

The general architecture of spherical convolutional neural networks (spherical CNNs) pro-
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posed by (Cohen et al., 2018) can be described as follows. Given an input spherical signal

f(0) ∶ S2 → RC0 , where C0 is the number of channels in the input (e.g., C0 = 3 chan-

nels indicating red/green/blue of colorized spherical image). The input spherical signal

was sampled on a discrete grid. The first convolutional layer performs a correlation on

S2, between the input spherical signal f(0) and C1 filters {h(1)i ∶ S2 → RC0}C1
i=1; and

then apply a nonlinearity (e.g., ReLU, sigmoid, etc.) to produce the output of the first

layer, a signal f(1) ∶ SO(3) → RC1 defined on the rotation group. The rest of the convolu-

tional layers in the model are SO(3) correlations where the filters of the d-th layer (d > 1)

are {h(d)i ∶ SO(3) → RCd−1}Cdi=1. After D convolutional layers, we obtain the feature map

f(D) ∶ SO(3) → RCD . The input of the SO(3) FFT, for all convolutional layers, is a spatial

signal sampled on a discrete grid and stored as a 3D array. Finally, we use an integration

layer to construct the rotation-invariant feature z ∈ RCD as

zi = ∫
SO(3)

f
(D)

i (x)dx, i ∈ {1, ..,D}.

On top of the network, we apply a multilayer perceptron or a fully connected layer to make

the regression/classification prediction.

Clebsch–Gordan transform & generalized spherical CNNs

(Kondor et al., 2018b) proposes the generalization of spherical CNNs as an architecture

learning completely on the Fourier domain and introduces the use of covariant nonlinearities

by the Clebsch–Gordan transform. These techniques will be useful for us to construct our

covariant molecular neural networks later on. If we rotate a spherical function f by some

R ∈ SO(3) as [TRf](x) = f(R−1x), then each vector of its S2 Fourier transform just gets

multiplied with the corresponding Wigner D-matrix:

f̂` ↦ ρ`(R) ⋅ f̂`,
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where ρ`(R) ∈ C(2`+1)×(2`+1) denotes the Wigner D-matrix7. For functions on SO(3), the

situation is the same. If f ∶ SO(3) → C and f ′ is the rotated function f ′(Q) = [TRf](Q) =

f(R−1Q), then the Fourier matrices of f ′ are f̂ ′
`
= ρ`(R)f̂`. Proposition 1.3.1 shows that

outputs of the cross-correlations behave analogously. Definition 1.3.1 defines the general-

ized SO(3)-covariant spherical CNN in which each neuron or Fourier matrix transforms

covariantly/equivariantly with respect to rotations. It is important to note that the original

spherical CNN is indeed a special case of this generalization in which τ (0) = (1,1, ..,1) and

τ (d) = (1,3, ..,2` + 1, ..,2L + 1) for d ≥ 1.

Proposition 1.3.1. Let f ∶ S2 → C be an spherical function transformed under the action

TR of a rotation R, and h ∶ S2 → C be a filter. Then, each Fourier component of the

cross-correlation transforms as

[ĥ ∗ f]` ↦ ρ`(R) ⋅ [ĥ ∗ f]`.

Similarly, if f ′, h′ ∶ SO(3) → C, then their cross-correlation ĥ′ ∗ f ′ transforms the same way.

Definition 1.3.1. Let N be an D layer feed-forward neural network whose input is a C0-

channel spherical function f(0) ∶ S2 → CC0 . We say that N is a generalized SO(3)-covariant

spherical CNN if the output of each layer d can be expressed as a collection of vectors

f̂(d) = (f̂(d)0 , f̂
(d)
1 , .., f̂

(d)
L ), (1.6)

7. We use this ρ notation to be consistent with the one used for irreducible representations in Represen-
tation Theory.

35



in which each part f̂
(d)
`

is also a collection of vectors

f̂
(d)
`

= (f̂(d)
`,1

, f̂
(d)
`,2

, .., f̂
(d)

`,τ
(d)
`

),

where each f̂
(d)
`,j

∈ C2`+1 is a ρ`-covariant vector in the sense that if the input signal is rotated

by some rotation R, then f̂
(d)
`,j

transforms as

f̂
(d)
`,j
↦ ρ`(R) ⋅ f̂(d)

`,j
.

We call the individual f̂
(d)
`,j

vectors the irreducible fragments of f̂(d), and the integer vector

τ (d) = (τ (d)0 , τ
(d)
1 , .., τ

(d)
L ) counting the number of fragments for each ` the type of f̂(d).

In a covariant neural network architecture, the linear operation of each layer must be co-

variant. Proposition 1.3.2 shows us that if we stack all fragments of f̂ corresponding to the

same ` into a (2`+1)×τ (d)
`

dimensional matrix F
(d)
`

, and we do the same of ĝ, then we have

G
(d)
`

= F (d)
`

W
(d)
`

, ` ∈ {0,1, .., L},

for some sequene of complex value matrices W
(d)
0 , ..,W

(d)
L . Note that W

(d)
`

does not neces-

sarily need to be square, i.e., the number of fragments in f̂ and ĝ corresponding to ` might

be different. The entries of the W
(d)
`

matrices are learnable parameters that we can compute

the gradients for via back-propagation, if and only if the whole network (i.e. every compo-

nent in it) is differentiable, and then optimize by stochastic gradient descent.

Proposition 1.3.2. Let f̂(d) be an SO(3)-covariant activation function of the form 1.6 in

Def. 1.3.1, and ĝ(d) = L(f̂(d)) be a linear function of f̂(d) written in a similar form. Then

ĝ(d) is SO(3)-covariant if and only if each ĝ
(d)
`,j

fragment is a linear combination of fragments

from f̂(d) with the same `.
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In representation theory, the Clebsch–Gordan decomposition arises in the context of decom-

posing the tensor product or Kronecker product of irreducible representations into a direct

sum of irreducibles. For the rotation group SO(3), it takes from

ρ`1(R) ⊗ ρ`2(R) = C`1,`2[
`1+`2
⊕

`=∣`1−`2∣

ρ`(R)]CT`1,`2 , R ∈ SO(3),

where C`1,`2 are fixed matrices, and ⊕ denotes the Dirac sum or concatenating matrices into

a block-diagonal one. Equivalently, letting C`1,`2,` denote the appropriate block of columns

of C`1,`2 ,

ρ`(R) = CT`1,`2,`[ρ`1(R) ⊗ ρ`2(R)]C`1,`2,`.

Tensor C`1,`2,` is actually sparse, in particular [C`1,`2,`]m1,m2,m = 0 unless m1+m2 =m. We

will need to precompute the Clebsch–Gordan coefficients C`1,`2,` before any computation.

Proposition 1.3.3. Let f̂`1 and f̂`2 be two ρ`1 and ρ`2 covariant vectors, respectively; and

` be any integer between ∣`1 − `2∣ and `1 + `2. Then

ĝ` = CT`1,`2,`[f̂`1 ⊗ f̂`2] (1.7)

is a ρ`-covariant vector.

Based on Proposition 1.3.3, the generalized spherical networks computes the Clebsch–Gordan

decomposition of the tensor product between two Fourier matrices/fragments as in Eq. 1.7

as the nonlinearity. In matrix notation, we can write it as

G
(d)
`

= ⊔
∣`1−`2∣≤`≤`1+`2

CT`1,`2,`
[F (d)
`1

⊗ F (d)
`2

],

where ⊔ denotes merging matrices horizontally. This operation increases the size of the ac-

tivation substantially: the total number of fragments is squared. To avoid the exponential
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space, following the Clebsch–Gordan transform as the nonlinearity, we apply another learn-

able linear transformation that reduces the number of fragments for each ` to some fixed

maximum number τ `.

After theD-th layer, the activations of the network will be a sequence of matrices F
(D)

0 , .., F
(D)

L ,

each transforming covariantly under rotations according to F
(D)

`
↦ ρ`(R)F (D)

`
. But to make

a prediction for a regression/classification task, we need the output to be invariant with re-

spect to rotations instead, i.e. a collection of scalars. Therefore, for the final layer, we

only take the elements of F
(D)

0 that are invariant and apply a multilayer perceptron or a

fully connected layer for the downstream task. This step completes our construction for the

generalized SO(3)-covariant spherical CNN. However, this so-called “generalized” network

only applies for a single spherical signal as the input. In setting of the molecular learning,

there are multiple atoms and each atom is associated with its own spheical signal. In some

sense, the spherical network can be understood as a model learning on a single particle. It

is definitely a challenge to design a molecular neural network that is covariant with respect

to both permutation of atoms and rotation of its coordinates. Fortunately, we can reuse the

foundation of the Clebsch–Gordan transform as the nonlinearity from the spherical network

in our new molecular neural networks.

Covariant Molecular Neural Networks

In the line of group equivariant models learning molecules, our Covariant Molecular Neural

Networks (Cormorant) model (Anderson et al., 2019) is the first neural network architec-

ture in which the operations implemented by the neurons is directly motivated by the form

of known physical interactions. Rotation and translation invariance are explicitly “baked

into” the network by the fact all activations are represented in spherical tensor form (SO(3)-

vectors), and the neurons combine Clebsch–Gordan products, concatenation of parts and
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mixing with learnable weights, all of which are covariant operations. In future work, we

envisage the potentials learned by Cormorant to be directly integrated in molecular dynam-

ics simulation frameworks. In this regard, it is very encouraging that on MD-17, which is

the standard benchmark for force field learning, Cormorant outperforms all other competing

methods. Learning from derivatives (forces) and generalizing to other compact symmetry

groups are natural extensions of this work.

Chapter 5 includes our proposal of Cormorant, and experiments on learning atomic poten-

tial energy surfaces for use in molecular dynamics simulations, and learning ground state

properties of molecules calculated by Density Functional Theory. Furthermore, chapter 9 is

an appendix chapter that includes a brief introduction to group and representation theory.

1.4 Multiresolution Machine Learning

From the begining of this introduction, we have seen that graphs appear at every scale in

Nature, from gigantic structures such as galaxies with diameter measured in light years to

the quantum world of atoms with diamter measured in nanometers8. Humans’ understand-

ing of the Universe, as far as the advancement of Science, seems to be structured in multiple

resolutions such that for each resolution, we need a different theory. For instance, for mas-

sive objects such as galaxies, stars, black holes or things moving at nearly the speed of light,

we need the Albert Einstein’s general theory of relativity; while for our daily stuffs, the

classical Newtonian physics is accurate enough. But at the scale of atoms and subatomic

particles like electrons, protons and neutrons, none of these theories worked, so mathemati-

cians and physicists developed the theory of quantum mechanics that is the foundation of all

quantum physics including quantum chemistry, quantum field theory, quantum computation

8. It is a matter of fact that we still don’t know if the Universe is infinite and what the smallest particle
is.
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and quantum information. However, the two theories forming our current understanding

of physics, general theory of relativity and quantum mechanics, seem not to work together

conceptually: in the former one, events are deterministic; while in the latter one, events

produced by the particles happen with probability rather than definite outcomes. This is

indeed an example to show us that choosing the right resolution or the right frame to work

on is not a trivial task. The ultimate goal of modern physics might possibly be a unified

theory of everything that fully explains and links together all aspects of the Universe, and

of course works fine on every resolution.

With the above motivation, this thesis defines the term Multiresolution Machine Learning

for the first time. Multiresolution Machine Learning refers to the group or class of machine

learning algorithms operating on multiple levels of resolutions of the inputs, modeling the

relations between resolutions and between objects in the same resolution to make a robust

and consistent prediction. To illustrate the distinction between multiresolution and the tra-

ditional sense of machine learning, our proposals in graph learning and graph generation in

chapter 4, Multiresolution Graph Network (MGN) and Multiresolution Equivariant Graph

Variational Autoencoders (MGVAE) can serve as an example. In the supervised setting,

MGN constructs a hierarachy of graph resolutions by iteratively learning to partition a

graph into multiple clusters and coarsening it into the higher level of resolution. On each

level, MGN employs a separate graph neural network to encode the corresponding resolution

into the corresponding latent representation. Consequentially, MGN builds a hierarchy of

latents along with a hierarchy of coarsened graphs. For the downstream task, a combination

of multiresolution latents is informative to make a thorough prediction, that is especially

important for highly structured objects such as molecular graphs in which functional groups

like the Benzene rings usually form a cluster in the higher level of resolution, and complex

networks with community structures in which each densely connected community tends to
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group together into a single cluster. Experimentally, MGN outperforms the current state-

of-the-art graph neural networks in estimating the solubility of drug-like molecules; while

at the same time, is able to detect the functional groups responsible for the prediction in a

complete data-driven manner. In the computational aspect, for large and hierarchical molec-

ular structures such as proteins, it is necessary to employ a multiresolution method as MGN

to coarsen the primary structure into a compressed representation which still preserves the

overall geometric shape of the protein and reduces the computational cost of the whole neu-

ral network. Furthermore, MGN in combination with hierarchical variational autoencoders

allows us to generate graphs in multiple resolutions, that results into the construction of

MGVAE. In graph generation, MGVAE is the first model that is multiresolution in nature

and also end-to-end permutation equivariant. In the experiments, MGVAE outperforms or

gets an equivalent result in comparison with other state-of-the-art methods in both general

graph generation and molecular graph generation. MGVAE has shown that it can also learn

the molecular representation in an unsupervised manner via autoencoding. A simple mul-

tilayer perceptron learning on the unsupervised molecular vectorized features outperforms

the wellknown graph kernels. Furthermore, MGVAE brings a better result in missing link

prediction on citation graphs which have hierarchical structures. Interestingly, MGVAE is

also the first generative model generating images in multiresolution manner, if we represent

an image as a two-dimensional grid graph and the coarsening operation is similar to rescaling

the image.

Temporal Multiresolution Graph Neural Networks

Based on the above MGN, this thesis introduces Temporal Multiresolution Graph Neural Net-

works (TMGNN) (Hy et al., 2022), the first architecture that both learns to construct the

multiscale and multiresolution graph structures and incorporates the time-series signals to

capture the temporal changes of the dynamic graphs. We have applied our proposed model
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to the task of predicting future spreading of epidemic and pandemic based on the historical

time-series data collected from the actual COVID-19 pandemic and chickenpox epidemic in

several European countries, and have obtained competitive results in comparison to other

previous state-of-the-art temporal architectures and graph learning algorithms. We have

shown that capturing the multiscale and multiresolution structures of graphs is important

to extract either local or global information that play a critical role in understanding the

dynamic of a global pandemic such as COVID-19 which started from a local city and spread

to the whole world. Our work brings a promising research direction in forecasting and miti-

gating future epidemics and pandemics.

Section 4.7 of Chapter 4 presents the architecture of TMGNN as a temporal extension of

MGN using the backbone of Long Short-Term Memory (LSTM) (Hochreiter and Schmidhu-

ber, 1997). One of the novelties is the use of a multihead attention mechanism (see section

4.7.3) to select one resolution at a particular timestep during the dynamics, that plays an

important role in capturing both micro and macro signals and detecting the current state

of an ongoing pandemic. Section 4.8.7 presents our experiment in predicting the Hungary’s

chickenpox epidemic, while section 4.8.8 shows our results in predicting the COVID-19 pan-

demic in several European countries.

Multiresolution Matrix Factorization & Graph Wavelet Neural Networks

In the field of image & signal processing, processing is more efficient and simpler in a sparse

representation where fewer coefficients reveal the information that we are searching for.

Based on this motivation, Multiresolution Analysis (MRA) has been proposed by (Mallat,

1989b) as a design for multiscale signal approximation in which the sparse representations can

be constructed by decomposing signals over elementary waveforms chosen in a family called

wavelets. Besides Fourier transforms, the discovery of wavelet orthogonal bases has opened
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the door to new transforms such as continuous and discrete wavelet transforms and the fast

wavelet transform algorithm that have become crucial for several computer applications.

Inspired by MRA from image & signal processing, there are two fundamental and important

questions this thesis wants to answer simultaneously:

1. A novel method for constructing sparse wavelet transforms of functions defined on the

nodes of an arbitrary graph.

2. An efficient algorithm for multiresolution approximation of hierarchical matrices.

Interestingly, this thesis addresses both of them at the same time as follows, to add one more

important part to the general picture of Multiresolution Machine Learning.

Large matrices appear to have complex hierarchical structures that traditional linear algebra

methods based on the low rank assumption are unable to capture. Multiresolution Matrix

Factorization (MMF) (Kondor et al., 2014) offers an alternative to the low rank paradigm by

introducing multiresolution matrices that can capture structure at multiple different scales:

A ≈ UT1 UT2 . . . UTLHUL . . . U2U1 where {U1, .., UL} are sparse orthogonal matrices and H is

close to diagonal. However, the authors only proposed suboptimal heuristics to solve local-

ized problems instead of directly tackling the global MMF optimization. To address this

limitation, we propose a learning algorithm combining of Stiefel manifold optimization and

Reinforcement Learning to directly and globally optimize MMF (Hy and Kondor, 2021a).

Furthermore, based on the wavelet basis produced by MMF when factorizing the normal-

ized graph Laplacian, we construct the Wavelet Neural Networks (WNNs) (Hy and Kondor,

2021a) learing on the spectral domain with the graph convolution defined by the sparse

wavelet transform. We have shown that the wavelet basis resulted from our learnable MMF

far outperforms prior MMF algorithms, and the corresponding wavelet networks yield state

of the art results on standard node classification on citation graphs and molecular graph
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classification.

Chapter 6 includes background of MMF, our proposal of the learning algorithm to solve

MMF based on Stiefel manifold optimization and Reinforcement Learning, as well as our

proposal of WNNs learning graphs based on sparse wavelet transform given the MMF wavelet

basis, and experiments on matrix approximation, node classification on citation graphs, and

molecular graph classification. Furthermore, chapter 10 is an appendix chapter that includes

a brief introduction to multiresolution analysis, wavelet theory and spectral graph theory.

Given these promising results, Multiresolution Machine Learning promises to improve the

accuracies and computational efficiency of graph learning and generative models, and group

equivariant neural networks for many other scientific problems as mentioned in chapter 7 of

future works.

44



CHAPTER 2

THESIS OVERVIEW

2.1 General structure

This thesis is structured as follows:

� Chapter 1 – Thesis Introduction includes declaration of the thesis’ objectives and

a brief introduction for each topic.

� Chapter 2 – Thesis Overview includes the highlight of content for each chapter.

� Chapter 3 – Graph Representation Learning includes

– Summary of the field of graph learning including various forms of graph kernels

and graph neural networks,

– Our proposal of Covariant Compositional Networks (CCNs),

– Our proposal of GraphFlow deep learning framework in C++/CUDA and its

performance evaluation,

– And several experiments on molecular graph learning.

� Chapter 4 – Multiresolution Equivariant Graph Variational Autoencoder

includes

– Our proposal of Multiresolution Graph Network (MGN) and its learning to cluster

algorithm,

– Our proposal of Multiresolution Equivariant Graph Variational Autoencoder (MG-

VAE),

– Our proposal of Temporal Multiresolution Graph Neural Networks (TMGNN),

– Experiments on molecular graph generation, general graph generation, link pre-

diction on citation graphs, semi-supervised molecular representation, and graph-

based image generation,

– Experiments on epidemic/pandemic prediction based on graph and timeseries
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information.

� Chapter 5 – Rotationally Equivariant Molecular Neural Networks includes

– Background of group and representation theory,

– Our proposal of Covariant Molecular Neural Networks (Cormorant),

– And experiments on learning atomic potential energy surfaces for use in molecular

dynamics simulations, and learning ground state properties of molecules calcu-

lated by Density Functional Theory.

� Chapter 6 – Learning Multiresolution Matrix Factorization and its Wavelet

Networks on Graphs includes

– Background of Multiresolution Matrix Factorization (MMF),

– Our proposal of the learning algorithm to solve MMF based on Stiefel manifold

optimization and Reinforcement Learning,

– Our proposal of Wavelet Neural Networks (WNNs) learning graphs based on

sparse wavelet transform given the MMF wavelet basis,

– And experiments on matrix approximation, node classification on citation graphs,

and molecular graph classification.

� Chapter 7 – Future Works includes

– Potential applications of MGVAE in drug and material discovery,

– Multiscale learning and generative models for large hierarchical structures such

as proteins, and highly symmetric structures such as crystals,

– Extension of MMF to tensor factorization and application in data visualization.

� Chapter 8 – Thesis Conclusion is the summary of discussions.

� Chapter 9 – Appendix: Group & Representation Theory is an appendix that

includes

– Introduction to group and representation theory,

– Introduction to Fourier analysis, its efficient algorithms, the group theoretic per-
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spective and quantum Fourier transform.

� Chapter 10 – Appendix: Wavelet Theory is an appendix that includes

– Introduction to multiresolution analysis,

– Introduction to classical wavelet transform, spectral graph wavelet transform and

diffusion wavelets.

2.2 Publications

This PhD thesis includes but not limited to the following publications of my prior works:

1. Truong Son Hy, Viet Bach Nguyen, Long Tran-Thanh, Risi Kondor, Temporal Mul-

tiresolution Graph Neural Networks For Epidemic Prediction, International Conference

of Machine Learning (Healthcare AI and COVID-19 workshop) 2022.

Paper: https://arxiv.org/pdf/2205.14831.pdf

2. Truong Son Hy and Risi Kondor, Multiresolution Matrix Factorization and Wavelet

Networks on Graphs, International Conference of Machine Learning (Topology, Alge-

bra, and Geometry in Machine Learning workshop), 2021.

Paper: https://arxiv.org/pdf/2111.01940.pdf

3. Truong Son Hy and Risi Kondor, Multiresolution Equivariant Graph Variational

Autoencoder, International Conference of Machine Learning (AI for Science workshop),

2021.

Paper: https://arxiv.org/pdf/2106.00967.pdf

4. Erik Henning Thiede, Truong Son Hy and Risi Kondor, The general theory of permu-

tation equivarant neural networks and higher order graph variational encoders, 2020.

Paper: https://arxiv.org/pdf/2004.03990.pdf
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5. Brandon Anderson, Truong Son Hy and Risi Kondor, Cormorant: Covariant molec-

ular neural networks, Advances in Neural Information Processing Systems, 2019.

Paper: https://arxiv.org/pdf/1906.04015.pdf

6. Truong Son Hy and Chris Jones, Graph neural networks with efficient tensor oper-

ations in CUDA/GPU and GraphFlow deep learning framework in C++ for quantum

chemistry, 2019.

Paper: http://people.cs.uchicago.edu/~hytruongson/CCN-GraphFlow.pdf

7. Truong Son Hy, Shubhendu Trivedi, Horace Pan, Brandon M. Anderson and Risi

Kondor. Predicting molecular properties with covariant compositional networks, The

Journal of Chemical Physics 148.24, 2018.

Paper: https://aip.scitation.org/doi/10.1063/1.5024797

8. Risi Kondor, Truong Son Hy, Horace Pan, Brandon Anderson and Shubhendu

Trivedi, Covariant compositional networks for learning graphs, International Confer-

ence on Learning Representations (workshop track), 2018.

Paper: https://arxiv.org/pdf/1801.02144.pdf.

9. Truong Son Hy, Covariant compositional networks for learning graphs and Graph-

Flow deep learning framework in C++/CUDA, MSc Thesis at The University of Chicago,

2018.

Paper: http://people.cs.uchicago.edu/~hytruongson/MSc-Thesis.pdf

Google Scholar:

https://scholar.google.com/citations?user=xEXxSN4AAAAJ&hl=en
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2.3 Softwares

This PhD thesis includes experiments, tables, figures and results from the following softwares

of my prior works:

1. Spherical CNNs: PyTorch implementation of Spherical Convolutional Neural Net-

works with Clebsch–Gordan transform for nonlinearity in the Fourier space.

https://github.com/risilab/SphericalNet

2. Learnable MMF: Learning Multiresolution Matrix Factorization and its Wavelet

Networks on Graphs.

https://github.com/risilab/Learnable_MMF

3. MGVAE: Multiresolution Equivariant Graph Variational Autoencoder (MGVAE) and

Multiresolution Graph Networks (MGN) for supervised molecular properties predic-

tion, unsupervised molecular representation learning, graph generation, citation link

prediction and graph-based image generation.

https://github.com/HyTruongSon/MGVAE

4. LibCCNs: Covariant Compositional Networks Library is an easy-to-use and efficient

implementation of Covariant Compositional Networks (CCNs) with TensorFlow and

PyTorch’s APIs based on a shared common C++ core.

https://github.com/HyTruongSon/LibCCNs

5. Invariant Graph Networks: PyTorch implementation of the Invariant and Equiv-

ariant Graph Networks.

https://github.com/HyTruongSon/InvariantGraphNetworks-PyTorch

6. GraphFlow: Deep Learning framework built from scratch in C++/CUDA that sup-

ports symbolic/automatic differentiation, dynamic computation graphs, tensor/matrix

operations accelerated by GPU and implementations of various state-of-the-art graph
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neural networks and other Machine Learning models.

https://github.com/HyTruongSon/GraphFlow

GitHub:

https://github.com/HyTruongSon/

https://github.com/risilab
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CHAPTER 3

GRAPH REPRESENTATION LEARNING

3.1 Chapter Introduction

In the field of Machine Learning, standard objects such as vectors, matrices, tensors were

carefully studied and successfully applied into various areas including Computer Vision, Nat-

ural Language Processing, Speech Recognition, etc. However, none of these standard objects

are efficient in capturing the structures of molecules, social networks or the World Wide Web

which are not fixed in size. This arises the need of graph representation and extensions of

Support Vector Machine and Convolution Neural Network to graphs.

To represent graphs in general and molecules specifically, the proposed models must be

permutation-invariant and rotation-invariant. In addition, to apply kernel methods on

graphs, the proposed kernels must be positive semi-definite. Many graph kernels and graph

similarity functions have been introduced by researchers. Among them, one of the most suc-

cessful and efficient is the Weisfeiler-Lehman graph kernel which aims to build a multi-level,

hierarchical representation of a graph (Shervashidze et al., 2011). However, a limitation of

kernel methods (see section 3.2) is quadratic space usage and quadratic time-complexity in

the number of examples. The common idea of family of Weisfeiler-Lehman graph kernel is

hashing the sub-structures of a graph. Extending this idea, we come to the simplest form of

graph neural networks in which the fixed hashing function is replaced by a learnable one as

a non-linearity mapping (see section 3.4). We detail the graph neural network baselines such

as Neural Graph Fingerprint (Duvenaud et al., 2015) and Learning Convolutional Neural

Networks (Niepert et al., 2016) in sections 3.4.3 and 3.4.4. In the context of graphs, the sub-

structures can be considered as a set of vertex feature vectors. We ultilize the convolution

operation by introducing higher-order representations for each vertex, from zeroth-order as
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a vector to the first-order as a matrix and the second-order as a 3rd order tensor in sec-

tion 3.7.2. Also in this chapter, we introduce the notions of tensor contractions and tensor

products (see section 3.7.3) to keep the orders of tensors manageable without exponentially

growing. Our generalized convolution graph neural network is named as Covariant Compo-

sitional Networks (CCNs) (Kondor et al., 2018a) (Hy et al., 2018).

Current Deep Learning frameworks including TensorFlow (Abadi et al., 2016), PyTorch

(Paszke et al., 2017), Mxnet (Chen et al., 2016), Theano (Al-Rfou et al., 2016), etc. showed

their limitations for constructing dynamic computation graphs along with specialized ten-

sor operations. It leads to the need of a flexible programming framework for graph neural

networks addressing both these drawbacks. With this motivation, we designed our Deep

Learning framework in C++ named GraphFlow (Hy and Jones, 2019) for our long-term

Machine Learning research. All of our experiments have been implemented efficiently within

GraphFlow. In addition, GraphFlow is currently being parallelized with CPU/GPU multi-

threading. Implementation of GraphFlow is mentioned in section 3.8. Finally, we apply

our methods to the Harvard Clean Energy Project (HCEP) (Hachmann et al., 2011) and

QM9 (Ramakrishnan et al., 2014) molecular dataset. The visualizations, experiments and

empirical results are detailed in section 3.9.

3.2 Graph Kernels

Given the input domain X that is some nonempty set, the common idea is to express the

correlations or the similarities between pairs of points in X in terms of a kernel function

k ∶ X × X → R (Hofmann et al., 2008). The kernel function k(⋅, ⋅) is required to satisfy that

for all x,x′ ∈ X ,

k(x,x′) = ⟨Φ(x),Φ(x′)⟩ (3.1)
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where Φ ∶ X → H maps from the input domain X into some dot product space H. We call

Φ as a feature map and H as a feature space. Given a kernel k and inputs x1, .., xn ∈ X , the

n × n matrix

K ≜ (k(xi, xj))ij (3.2)

is called the Gram matrix (or kernel matrix) of kernel function k with respect to x1, .., xn.

A symmetric matrix K ∈ Rn×n satisfying

cTKc = ∑
i,j
cicjKij ≥ 0 (3.3)

for all c ∈ Rn is called positive definite. If equality in 3.3 happens when c1 = .. = cn = 0, then

K is called strictly positive definite. A symmetric function k ∶ X ×X → R is called a positive

definite kernel on X if

∑
i,j
cicjk(xi, xj) ≥ 0 (3.4)

holds for any n ∈ N, {x1, .., xn} ⊆ Xn and c ∈ Rn. The inequality 3.4 is equivalent with saying

the Gram matrix K of kernel function k with respect to inputs x1, .., xn ∈ X is positive

definite. Recall that in the continuous case, positive semi-definiteness amounts to

∫
X
∫
X
f(x)f(x′)k(x,x′)dxdx′ ≥ 0

for all square integrable real functions f ∈ L2(X), that is sometimes referred to as Mercer’s

condition.

A graph kernel Kgraph ∶ X × X → R is a positive definite kernel having the input domain X

as a set of graphs. Given two undirected graphs G1 = (V1,E1) and G2 = (V2,E2). Assume

that each vertex is associated with a feature vector f ∶ V → Ω where Ω is a vector space. A

53



positive definite graph kernel Kgraph between G1 and G2 can be written as:

Kgraph ≜
1

∣V1∣
⋅ 1

∣V2∣
⋅ ∑
v1∈V1

∑
v2∈V2

kbase(f(v1), f(v2)) (3.5)

where kbase is any base kernel defined on vector space Ω, and can be:

� Linear: kbase(x, y) ≜ ⟨x, y⟩norm ≜ xT y/(∥x∥ ⋅ ∥y∥)

� Quadratic: kbase(x, y) ≜ (⟨x, y⟩norm + q)2 where q ∈ R

� Radial Basis Function (RBF): kbase(x, y) ≜ exp(−γ∥x − y∥2) where γ ∈ R

We introduce some of the most well-known graph kernels.

3.2.1 Weisfeiler-Lehman graph kernel

Given two undirected graphs G1 = (V1,E1) and G2 = (V2,E2) where V1 and V2 are the sets

of vertices, E1 and E2 are the sets of edges. Suppose we have a mapping l ∶ V1 ∪V2 → Σ that

is a vertex labeling function giving label l(v) ∈ Σ from the set of all possible labels Σ for

each vertex v ∈ V1∪V2. Assuming that ∣V1∣ = ∣V2∣ and ∣E1∣ = ∣E2∣, the graph isomorphism test

is defined as: Determine whether there exists a permutation on the vertex indices such that

two graphs G1 and G2 are identical. Formally saying, we have to find a bijection between

the set of vertices of G1 and G2, σ ∶ V1 → V2, such that

∀(u, v) ∈ E1 ∶ (σ(u), σ(v)) ∈ E2 (3.6)

In addition, we can add one more contraint on the vertex labels such that

∀v ∈ V1 ∶ l(v) = l(σ(v)) (3.7)
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The algorithm of Weisfeiler-Lehman (WL) graph isomorphism test (Weisfeiler and Lehman,

1968) is described as follows.

Algorithm 1 Weisfeiler-Lehman iterations

1: Input: Given an undirected graph G = (V,E), vertex labels l(v) ∈ Σ for all v ∈ V , and
T ∈ N as the number of Weisfeiler-Lehman iterations. Assuming that we have a perfect
hashing function h ∶ Σ∗ → Σ.

2: Output: Return fi(v) ∈ Σ∗ for all v ∈ V and i ∈ [0, T ].
3: for v ∈ V do
4: Mi(v) ← ∅
5: si(v) ← l(v)
6: fi(v) ← h(si(v))
7: end for
8: for i = 1→ T do
9: Compute the multiset of labels Mi(v), string si(v) and compressed label fi(v)

10: for v ∈ V do
11: Mi(v) ← {fi−1(u)∣u ∈ N(v)} where N(v) = {u∣(u, v) ∈ E}
12: Sort Mi(v) in ascending order and concatenate all labels of Mi(v) into string

si(v)
13: si(v) ← si(v) ⊕ fi−1(v) where ⊕ is concatenation operation.
14: fi(v) ← h(si(v))
15: end for
16: end for

We can see that if G1 and G2 are isomorphic then the WL test always returns true. In

the case G1 and G2 are not isomorphic, the WL test returns true with a small probability.

In particular, the WL algorithm has been shown to be a valid isomorphism test for almost

all graphs (Babai and Kucera, 1979). Suppose that we have an efficient sorting algorithm

O(N log2N) for a sequence of N items, and the time complexities for concatenation opera-

tions and computing the hashing functions are negligible. In algorithm 1, for each iteration

i-th, each edge (u, v) is considered twice and ∣N (v)∣ ≤ ∣V ∣. Thus the time complexity of

algorithm 1 is O(T (∣V ∣ + ∣E∣ log2 ∣V ∣)). In algorithm 2, ∣FG1
i ∣ = ∣V1∣, the time complexity to

sort FG1
i is O(∣V1∣ log2 ∣V1∣), and similarly for G2. Therfore, the total time comlexity of WL

isomorphism test is O(T (∣V ∣ + ∣E∣) log2 ∣V ∣) where ∣V ∣ = max{∣V1∣, ∣V2∣} and ∣E∣ = ∣E1∣ + ∣E2∣.
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Algorithm 2 Weisfeiler-Lehman graph isomorphism test

1: Input: Given two undirected graphs G1 = (V1,E1) and G2 = (V2,E2) with vertex labels
l ∶ V1 ∪ V2 → Σ.

2: Output: Return whether G1 and G2 are isomorphic.

3: Apply algorithm 1 on graph G1 to get {fG1
i (v)}

4: Apply algorithm 1 on graph G2 to get {fG2
i (v)}

5: for i = 0→ T do
6: FG1

i ← {fG1
i (v)∣v ∈ V1}

7: FG2
i ← {fG2

i (v)∣v ∈ V2}
8: Sort FG1

i in ascending order

9: Sort FG2
i in ascending order

10: if FG1
i /≡ FG2

i then
11: Return: G1 and G2 are not isomorphic.
12: end if
13: end for
14: Return: G1 are G2 are isomorphic.

Based on algorithms 1 2 and equation 3.5, we introduce the following algorithm to com-

pute the Weisfeiler-Lehman kernel between the two input graphs G1 and G2. In this case,

G1 and G2 can have different numbers of vertices. The remaining question is: what would

be the possible choices of vertex labels l(v)? One way to define the vertex labels is using

the vertex degrees:

l(v) ≜ ∣{u∣(u, v) ∈ E}∣ = ∣N(v)∣ (3.8)

Suppose that the time complexity to compute the base kernel value between fG1(v1) and

fG2(v2) is O(T ) for every pair of vertices (v1, v2). Thus the time complexity to compute

the WL kernel value is O(T ∣V ∣2) where ∣V ∣ = max{∣V1∣, ∣V2∣}. Therefore, the total time

complexity of WL graph kernel algorithm is O(T (∣V ∣2 + ∣E∣ log2 ∣V ∣)) where ∣E∣ = ∣E1∣ + ∣E2∣.

3.2.2 Optimal assignment kernel and histogram-alignment WL graph feature

We define the optimal assignment kernel (Kriege et al., 2016) as follows. Let [X ]n denote the

set of all n-element subsets of a set X and B(X,Y ) denote the set of all bijections between
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Algorithm 3 Weisfeiler-Lehman graph kernel (Shervashidze et al., 2011)

1: Input: Given two undirected graphs G1 = (V1,E1) and G2 = (V2,E2) with vertex labels
l ∶ V1 ∪ V2 → Σ.

2: Output: Return the WL kernel value.

3: Apply algorithm 1 on graph G1 to get {fG1
i (v)}

4: Apply algorithm 1 on graph G2 to get {fG2
i (v)}

5: for v ∈ V1 do

6: fG1(v) ←
T
⊕
i=0

fG1
i (v)

7: end for
8: for v ∈ V2 do

9: fG2(v) ←
T
⊕
i=0

fG2
i (v)

10: end for
11: Kgraph(G1,G2) ← 1

∣V1∣
⋅ 1
∣V2∣

⋅ ∑
v1∈V1

∑
v2∈V2

kbase(fG1(v1), fG2(v2))

12: Return: Kgraph(G1,G2)

X, Y in [X ]n for n ∈ N. The optimal assignment kernel Kk
B

on [X ]n is defined as

Kk
B
(X,Y ) ≜ max

B∈B(X,Y )
W (B)

where

W (B) ≜ ∑
(x,y)∈B

k(x, y)

and k is a base kernel on X . In order to apply the kernel to sets of different cardinality, i.e.

∣X ∣ ≠ ∣Y ∣, we fill up the smaller set by additional objects z such that k(x, z) = 0 for all x ∈ X .

Finding the optimal B can be formularized as the Hungarian matching problem that can be

solved efficiently by Kuhn-Munkres algorithm (Munkres, 1957). As following, we define the

strong kernel and state its relation to the validity of an optimal assignment kernel.

Definition 3.2.1 (Strong kernel). A function k ∶ X × X → R≥0 is called strong kernel if

k(x, y) ≥ min{k(x, z), k(z, y)} for all x, y, z ∈ X .

Theorem 3.2.1 (Validity of an optimal assignment kernel). If the base kernel k is strong,

then the function Kk
B

is a valid kernel.
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Proof. Detail of the proof is contained in (Kriege et al., 2016).

Inspired by the histogram intersection kernel that yields an optimal assignment kernel (Kriege

et al., 2016), we introduce the histogram alignment WL graph feature as follows. Suppose

that the vertex labels can be discretized and encoded as one-hot vectors of size c. Let

`v ∈ {0,1}c be the label vector of vertex v. For each vertex v, we consider the histogram of

vertex labels of vertices at distance n from v as:

hnv = ∑
w∈V ∶d(v,w)=n

`w

where d(v,w) denotes length of the shortest path between v and w. Given depth N , the

histogram alignment WL graph feature of vertex v is computed as concatenating all hnv :

hv = ⊕
n∈{0,..,N}

hnv

This graph synthesized feature plays an important role in improving the performance of our

graph learning algorithms including Covariant Compositional Networks that will be defined

in the next chapter. We can also concatenate the dictionary WL and histogram alignment

WL graph features into a richer representation.

3.2.3 Dictionary WL graph feature

We combine the Weisfeiler-Lehman graph kernel and Morgan circular fingerprints into the

Dictionary Weisfeiler-Lehman graph feature algorithm. To capture the local substructures

of a graph, we define a Weisfeiler-Lehman substree at level/iteration n-th rooted at a vertex

v to be the shortest-path subtree that includes all vertices reachable from v by a path of

length at most 2n. Each subtree is represented by a multiset of vertex labels. We build

the Weisfeiler-Lehman dictionary by finding all subtree representations of every graph in

58



the dataset (as in algorithm 6). The graph feature or fingerprint is a frequency vector in

which each component corresponds to the frequency of a particular dictionary element (as

in algorithm 7).

The remaining question is: How to construct the subtree representation properly? We

propose the following solution. Given a multiset of vertex labels M of a subtree, we sort

all vertex labels of M in ascending lexicographic order, and concatenate all of them into a

string s(M). Finally, we update the dictionary with an element s(M).

One problem of this approach is: Two subtrees with different structures can have the same

representing multiset of vertex labels, and is represented by the same element in the dictio-

nary. Definitely we need a more sophisticated representation that is permutation-invariant

with respect to the ordering of vertices, while being able to capture the local structures of

a graph. This will be fully addressed and discussed in the next section with our proposed

model Covariant Compositional Networks.

Regarding data structures to implement our algorithms, we need to have an efficient al-

gorithm for the insertion and searching operations with the dictionary D that can contain

millions strings in practice. Our choice is Trie data structure or in another name as Prefix

tree. Trie’s idea was first introduced by (Briandais, 1959) and then by (Fredkin, 1960).

Suppose that our strings only contain ASCII characters indexed from 0 to 255. Each node

of the Trie/Prefix tree has exactly 256 pointers, we organize these pointers in an array next,

each element of next corresponds to a character in the ASCII table. There is only a single

root node in the Trie/Prefix tree. At the beginning, the Trie only contains the root node

with 256 pointers pointing to NULL. The insertion operation of a string s to the Trie D can

be described as follows. We have a pointer p pointing to the root node at first. We go from
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left to right in the string s. For each character s[i], if p -> next[s[i]] = NULL then we

allocate a new memory location for p -> next[s[i]], and move p to p -> next[s[i]]. In

the end of the insertion algorithm, we mark p as having a string ended at itself or we increase

the number of strings ended there. The searching operation can be efficiently implemented

in a similar way, except that we do not create any new memory location, but stop searching

when we encounter NULL.

Algorithm 4 Insertion into Trie

1: Input: String s and Trie D passed by reference with the root node.
2: Output: Updated Trie D.
3: Assign p to root

4: for i = 1,2, .., ∣s∣ do
5: Allocate a new memory location for p -> next[s[i]] if it is NULL

6: Assign p to p -> next[s[i]]

7: end for
8: Mark p as having a string ended at p, or increase the number of strings ended at p.

Algorithm 5 Searching in Trie

1: Input: String s and Trie D passed by reference with the root node.
2: Output: Return true if found, otherwise return false.
3: Assign p to root

4: for i = 1,2, .., ∣s∣ do
5: Return false immediately if p -> next[s[i]] = NULL

6: Assign p to p -> next[s[i]]

7: end for
8: Return false if there is no string ended at p, otherwise return true.

Suppose that we can access any element of the array of pointers next in a constant time O(1).

The time complexity of both insertion and searching operations of string s in Trie/Prefix

tree is O(∣s∣) where ∣s∣ is length of the string s.

Remark that statements M ← M ∪ s(Sl(v)) and D ← D ∪ s(Sl(v)) in algorithm 6 will be

implemented efficiently with Trie data structure, the time complexity of both statements
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Algorithm 6 Finding all dictionary elements representing a graph

1: Input: Given a graph G = (V,E), label l(v) associated with each vertex v ∈ V , number
of iterations T , and the dictionary D passed by reference. Let Sl(v) denote the multiset
of labels of the subtree rooted at v in level l-th. Suppose s(S) is a function returns an
unique string representing for the multiset of labels S.

2: Output: Updated dictionary D with new elements found from G, and M is a multiset
containing dictionary elements representing G.

3: Initialize the WL level 0:
4: for v ∈ V do
5: S0(v) ← {l(v)}
6: end for
7: Build the WL level 1,2, .., T :
8: for l = 1→ T do
9: for v ∈ V do

10: Sl(v) ← Sl−1(v)
11: for (u, v) ∈ E do
12: Sl(v) ← Sl(v) ∪ Sl−1(u)
13: end for
14: end for
15: end for
16: Update dictionary D and build the multiset of dictionary elements M :
17: M ← ∅
18: for l = 0→ T do
19: for v ∈ V do
20: M ←M ∪ s(Sl(v))
21: D ←D ∪ s(Sl(v))
22: end for
23: end for
24: Return D,M .
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is O(∣s(Sl(v))∣). For the sake of simplicity of the complexity analysis, we assume that all

set operations (including operations with Trie) can be done in a constant time. The total

complexity of both algorithms 6 and 7 is O(N ⋅ T ⋅ ∣E∣).

Algorithm 7 Building the dictionary for a dataset of graphs

1: Input: Given a dataset of N graphs G = {G(1), ..,G(N)} where G(i) = (V (i),E(i)). Let
lG ∶ V → Ω be the initial feature vector for each vertex of graph G = (V,E). Ω is the set
of all possible vertex labels.

2: Output: Return the dictionary D and the frequency vector F (i) for each graph G(i).
Remark that D is a set of strings, not a multiset. Remark that D is a set of strings,
while M is a multiset of strings.

3: Build dictionary D:
4: D ← ∅
5: for i = 1→ N do
6: Apply algorithm 6 on graph G(i) to update D and get M(i)

7: end for
8: Given the dictionary D, build the frequency vectors:
9: for i = 1→ N do

10: F (i) ← 0∣D∣

11: for m ∈M(i) do
12: Search for m in D, let say m =Dj
13: F

(i)
j ← F

(i)
j + 1

14: end for
15: F (i) ← F (i)/∥F (i)∥ where ∥.∥ denotes the norm l2 of the vector
16: end for
17: Return D,{F (1), .., F (N)}

3.2.4 Shortest path graph kernel

Before defining the shortest path kernel, we start with all-paths kernel suggested by (Borg-

wardt and Kriegel, 2005).

Definition 3.2.2 (All-paths kernel). Given two graphs G1 and G2. Let P (Gi) be the set of

all paths in graph Gi where i ∈ {1,2}. Let kpath be a positive kernel on two graphs, defined

as the product of kernels on edges and nodes along the paths. We then define an all-paths
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kernel kall paths as

kall paths(G1,G2) ≜ ∑
p1∈P (G1)

∑
p2∈P (G2)

kpath(p1, p2)

In other words, we define the all-paths kernel as the sum over all kernels on pairs of paths

from G1 and G2.

Lemma 3.2.1. The all-paths kernel is positive definite.

Proof. Detail of the proof is contained in (Borgwardt and Kriegel, 2005).

Lemma 3.2.2. Computing the all-paths kernel is NP-hard.

Proof. Suppose that determining the set of all paths P (G) in a graph G = (V,E) is not

NP-hard. There exists a polynomial time (of ∣V ∣) algorithm to determine whether G has a

Hamilton path by checking if P (G) contains a path of length ∣V ∣ −1. However, this problem

is known to be NP-complete. Therefore, determining the set of all paths and computing the

all-paths kernel are NP-hard problems.

From Lemma 3.2.2, we conclude that the all-paths kernel is infeasible for computation.

Thus, as following, we consider the shortest-path kernel. First, for the sake of mathematical

convenience to define the shortest-path kernel, we introduce the Floyd-transformed graph.

Definition 3.2.3. Given an undirected connected weighted graph G = (V,E), the Floyd-

transformed graph of G is a complete graph S = (V,E) in which for all (u, v) ∈ E, the weight

of edge (u, v) is length of the shortest-path between u and v in G.

We can easily construct the Floyd-transformed graph S of G by Floyd-Warshall algorithm

in O(∣V ∣3). After Floyd-transformation of the input graphs, a definition of shortest-path

kernel is introduced as follows.
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Definition 3.2.4 (Shortest-path graph kernel). Let G1 = (V1,E1) and G2 = (V2,E2) be two

graphs that are Floyd-transformed into S1 = (V1,E1) and S2 = (V2,E2). The shortest-path

graph kernel is defined as

kshortest paths(G1,G2) ≜ ∑
e1∈E1

∑
e2∈E2

k
(1)
walk

(e1, e2)

where k
(1)
walk

is a positive definite kernel on edge walks of length 1.

Label enrichment can also be applied to Floyd transformed graphs to speedup kernel com-

putation. When performing the Floyd-Warshall algorithm, besides storing the shortest path

information for each pair of vertices, we also store the number of edges on the shortest path.

The equal length shortest-path kernel can be done by setting kernels to zero for all pairs of

shortest paths where the number of edges in the shortest paths is not identical (Borgwardt

and Kriegel, 2005). Regarding the dynamic programming (DP) algorithm, let du,v and d
(e)
u,v

denote lengths of the shortest path and the shortest path with exactly e edges between

u, v ∈ V . The DP formula of Floyd-Warshall is

du,v = min
k∈V

{du,k + dk,v}

while the DP formula of Floyd-Warshall with number of edges information is

d
(e)
u,v = min

k∈V,e1+e2=e
{d(e1)

u,k
+ d(e2)

k,v
}

For a given e, we construct the corresponding Floyd transformed graph of shortest paths

with length exactly e edges. From here, we have our definition of Equal-length Shortest-path

(ELSP) kernel.

Definition 3.2.5 (Equal-length Shortest-path kernel). Given graphs G1 = (V1,E1) and

G2 = (V2,E2). For a non-zero natural number e ∈ [1,min(∣V1∣, ∣V2∣) − 1], we construct the
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Floyd transformed graphs of e-edge shortest paths S1 = (V1,E
(e)
1 ) and S2 = (V2,E

(e)
2 ) for

G1 and G2, respectively. The equal-length shortest-path kernel is defined as

kELSP (G1,G2) ≜
min(∣V1∣,∣V2∣)−1

∑
e=1

∑
e1∈E

(e)
1

∑
e2∈E

(e)
2

k
(1)
walk

(e1, e2)

3.2.5 Graphlet kernel

State-of-the-art graph kernels do not scale to large graphs with hundreds of vertices and

thousands of edges. To address this issue, (Shervashidze et al., 2009) proposed Graphlet

kernel exploiting frequent subgraph mining algorithms that aims to detect subgraphs that

are frequent in a given dataset of graphs. Two graphs G = (V,E) and G′ = (V ′,E′) are

isomorphic (denoted by G ≅ G′) if there exists a bijective mapping f ∶ V → V ′ (called the

isomorphism function) such that (vi, vj) ∈ E if and only if (f(vi), f(vj)) ∈ E′. In graph

theory, graphlet is a small, connected, non-isomorphic, induced subgraph (that must contain

all edges between its vertices) of a given graph. Let Gn = {g(1), .., g(Nn)} be the set of size-n

graphlets. It is trivial to see that:

� n = 1: N1 = 1 and G1 contains only 1 graph that has 1 vertex.

� n = 2: N2 = 2 and G2 contains 2 graphs of 2 vertices, one graph has no edge, and the

another one has 1 edge.

� n = 3: N3 = 4, there are 4 non-isomorphic graphs with 3 vertices.

� n = 4: N4 = 11, there are 11 non-isomorphic graphs with 4 vertices.

Given a graph G, define a vector f
(n)
G of length Nn whose i-th component corresponds to the

frequency of occurrence of g(i) in G. We will call f
(n)
G the n-spectrum of G. This statistic

is the foundation of our novel graph kernel.
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Definition 3.2.6 (Graphlet kernel). Given two graphs G and G′ of size greater than n, the

graphlet kernel of graphlet size n is defined as:

k
(n)
graphlet

(G,G′) ≜ ⟨f(n)G , f
(n)
G′ ⟩

In order to account for differences in the sizes of the graphs, we normalize the frequency

counts f
(n)
G to probability vectors:

k
(n)
graphlet

(G,G′) ≜
⟨f(n)G , f

(n)
G′ ⟩

∥f(n)G
∥
1
⋅ ∥f(n)

G′ ∥
1

In the precomputation step, we need to find the set Gn of Nn non-isomorphic graphs of size

n. There are (∣V ∣
n ) size-n subgraphs in a graph G, computing f

(n)
G requires O(∣V ∣n). For each

subgraph of G, we need to classify it into 1 element of Gn by a graph isomorphism test that

is well-known to be a NP-complete problem. Therefore, the computation time for graphlet

kernel with large n is still extremely expensive.

3.2.6 Random walk graph kernel

Generalized random walk graph kernels are based on a simple idea: given a pair of graphs,

perform random walks on both, and count the number of matching walks (Vishwanathan

et al., 2010). First, we construct the direct product graph of two graphs.

Definition 3.2.7 (Kronecker product). Given real matrices A ∈ Rn×m and B ∈ Rp×q, the

Kronecker product A⊗B ∈ Rnp×mq is defined as:

A⊗B ≜

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11B A12B . . . A1mB

⋮ ⋮ ⋮ ⋮

An1B An2B . . . AnmB

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Definition 3.2.8 (Direct product graph). Given two graphs G = (V,E) and G′ = (V ′,E′)

with ∣V ∣ = n and ∣V ′∣ = n′, their direct product G× is a graph with vertex set

V× = {(vi, v′i′) ∶ vi ∈ V, v
′
i′ ∈ V

′}

and edge set

E× = {((vi, v′i′), (vj , v
′
j′)) ∶ (vi, vj) ∈ E ∧ (v′i′ , v

′
j′) ∈ E

′}

If A and A′ are the respective adjacency matrices of G and G′, then the adjacency matrix

of G× is A× = A⊗A′.

In other words, G× is a graph over pairs of vertices from G and G′, and two vertices in G× are

neighbors if and only if the corresponding vertices in G and G′ are both neighbors. Perform-

ing a random walk on the direct product graph is equivalent to performing a simultaneous

random walk on G and G′. Let p and p′ denote the starting probability distributions over

the vertices of G and G′. Let q and q′ denote the stopping probability distributions over the

vertices of G and G′. The corresponding starting and stopping probabilities on the direct

product graph are p× = p ⊗ p′ and q× = q ⊗ q′, respectively. Let ∣V ∣ = n and ∣V ′∣ = n′. If G

and G′ are edge-labeled (discrete labels), we can associate a weight matrix W× ∈ Rnn′×nn′

with G×:

W× =
d

∑
`=1

A` ⊗A′` (3.9)

where d is the number of different labels, A` and A′` are the filtered adjacency matrices of G

and G′ by label ` (we keep the edge weights of edges with label `, and set edge-weight 0 to

all other edges). In the case the graphs are unlabeled, we can set W× = A×. Let Ak× be the

probability of simultaneous length k random walks on G and G′. Let W k
× be the similarity

between simultaneous length k random walks on G and G′, measured via a kernel function

K. Given initial and stopping probability distributions p× and q× one can compute qT×W
k
×p×,

which is expected similarity between simultaneous length k random walks on G and G′.
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To define a kernel which computes the similarity between G and G′, one natural idea is

to simply sum up qT×W
k
×p× for all values of k. To achieve the convergence, we introduce

appropriate chosen non-negative coefficients µ(k) in the definition of kernel between G and

G′:

k(G,G′) ≜
∞

∑
k=0

µ(k)qT×W k
×p× (3.10)

Based on the generic equation 3.10 of random walk kernel, several authors have defined

special cases in the literature.

Definition 3.2.9 (Special case 1 - (Kashima et al., 2004)). Assume that µ(k) = λk for some

λ > 0, we can write:

k(G,G′) ≜
∞

∑
k=0

λkqk×W
k
×p× = qT× (I − λW×)−1p×

Definition 3.2.10 (Special case 2 - (Gärtner et al., 2003)). Assuming uniform distributions

for the starting and stopping probabilities over the vertices of G and G′, the kernel can be

defined as counting the number of matching walks:

k(G,G′) ≜ 1

n2n′2

n

∑
i=1

n′

∑
j=1

∞

∑
k=0

µ(k)[Ak×]ij

Definition 3.2.11 (Special case 3 - (Vishwanathan, 2002)). Exponential random walk kernel

can be defined as:

k(G,G′) ≜
n

∑
i=1

n′

∑
j=1

[eλA×]ij

3.2.7 Laplacian graph kernels

The first Laplacian graph kernel was originally introduced by (Johansson and Dubhashi,

2015) and (Kondor and Pan, 2016) proposed its generalization to capture multiscale and
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hierarchical structures. In either case, the graph Laplacian is used for constructing a sim-

ilarity function on graphs. Recall that the graph Laplacian of weighted undirected graph

G = (V,E) is an ∣V ∣ × ∣V ∣ positive semi-definite matrix L, with

Li,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−wi,j if {vi, vj} ∈ E

∑j∶(vi,vj)∈E wi,j if i = j

0 otherwise,

(3.11)

where wi,j is the weight of edge (vi, vj). Given the weighted degree matrix D, Eq. 3.11 can

be expressed as L =D −A. Given two graphs G1 and G2 of the same number nodes n, with

corresponding graph Laplacians L1 and L2, respectively. We can define the kernel between

them to be a kernel between two Normal distributions p1 = N(0, L−1
1 ) and p2 = N(0, L−1

2 ).

One option is the Bhattacharyya kernel (Jebara and Kondor, 2003),

k(p1, p2) = ∫
√
p1(x)

√
p2(x)dx,

that can be written in a closed form for Gaussian distributions,

k(p1, p2) =
∣(1

2L1 + 1
2L2)−1∣1/2

∣L−1
1 ∣1/4∣L−1

2 ∣1/4
.

If some of the eigenvalues of L−1
1 and L−1

2 are zero or very close of zero, we might encounter

vanishingly small kernel values. Thus, (Kondor and Jebara, 2003) proposed the regular-

ization by adding some small constant γ times the identity to L−1
1 and L−1

2 , that leads

to the construction of the positive semi-definite Laplacian graph (LG) kernel based on the

Bhattacharyya kernel,

kLG(G1,G2) =
∣(1

2S1 + 1
2S2)−1∣1/2

∣S−1
1 ∣1/4∣S−1

2 ∣1/4
, (3.12)
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where S1 = L−1
1 + γI and S2 = L−1

2 + γI. One way to interpret the kernel construction in

Eq. 3.12 is via graphical model such that we use G to construct a pairwise Markov Random

Field (MRF)1 over n variables x1, .., xn with edge potentials and node potentials,

φ(xi, xj) = e−wi,j(xi−xj)
2/2, ψ(xi) = e−γx

2
i /2,

respectively. The joint distribution of x = (x1, .., xn)T is then

p(x) ∝ ∏
(vi,vj)∈E

φ(xi, xj) ∏
vi∈V

ψ(xi) = e−x
T (L+γI)x/2,

where the covariance matrix of x is (L + γI)−1 and γ acts as a small constant regularizer.

Some limitations of the LG kernel are:

1. It only works in the case two graphs have the same number of nodes,

2. Spectral graph theory suggests that the eigenvectors corresponding to the low eigen-

values of L are informative about the overall shape of the graph (see appendix section

10.3). Thus, it is only sensitive to the overall structure of the two graphs.

3. It is not permutation-invariant.

To obtain a permutation-invariant kernel, (Kondor and Pan, 2016) suggests the use of node

features. Suppose we are given (f1, .., fm) as a collection of m local node features. Then

we define the corresponding feature mapping matrices [U1]i,j = φi(vj) and [U2]i,j = φi(v′j)

where vj and v′j are the j-th nodes of G1 and G2, respectively. The feature space Laplacian

graph kernel (FLG) is defined the same as Eq. 3.12 but with S1 = U1L
−1
1 UT1 + γI and S2 =

U2L
−1
2 UT2 +γI. Because the f1, .., fm are node features and invariant to node permutation, the

1. We call it pairwise MRF in the sense that we only consider maximal cliques of size at most 2 in which
a single node is a maximal clique of size 1 and an edge is a maximal clique of size 2. The general form with
all-size maximal cliques can be obtained from the Hammersley-Clifford theorem.

70



resulted FLG kernel is indeed permutation-invariant. The multiscale extension, proposed by

(Kondor and Pan, 2016), allows us to not just capture the topological relationships between

individual vertices, but also the topological relationships between subgraphs. The recursive

construction and the analysis of the multiscale graph Laplacian kernel are detailed in the

original work of (Kondor and Pan, 2016).

3.2.8 Diffusion kernels

In this section, we will discuss about the well-known diffusion kernel (Kondor and Lafferty,

2002). However, the setting here is different from all other graph kernels we discussed above.

Before, we designed positive semi-definite kernels k(G1,G2) measuring the similarity be-

tween two graphs G1 and G2. But in this case, fundamentally we design a kernel k(v, v′)

measuring the similarity between two nodes v and v′ of a single graph G, given the inspira-

tion from the differential equation describing heat conduction.

First, to understand the diffusion kernel, we recall the definition of the matrix exponential

of a matrix L that is analogous with the exponentiation of real numbers:

eβL ≜ lim
s→∞

(I + βL
s

)
s

, s ∈ N.

Matrix exponentiation shares many properties with the ordinary exponential function, in-

cluding the power series expansion

eβL = I + βL + β
2

2
L2 + β

3

6
L3 +⋯

There are few differences comparing to the ordinary exponentiation:

� eβL yields a matrix, but is not equivalent to componentwise exponentiation eβLij .

� For the matrix case, eβ(A+B) ≠ eβAeβB .
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It is important to note that we can get a positive definite kernel, called exponential kernel,

by simply writing:

eβL = lim
s→∞

(I + βL
s

)
s

= lim
2s→∞

(I + βL
2s

)
2s

,

where L is a symmetric matrix, because of the fact that any even power of a symmetric

matrix is always positive definite.

Inspired by the diffusion equation and the exponential kernel, (Kondor and Lafferty, 2002)

defines the diffusion kernel or heat kernel on a graph G as the limit

Kβ ≜ eβL lim
s→∞

(I + βL
s

)
s

, s ∈ N, (3.13)

where β ∈ R is a real constant, I is the identity matrix and L is the graph Laplacian. The

formula 3.13 corresponds to a random walk with an infinite number of infinitesimally small

steps and the time evolution of this continuous-time random walk is governed by the graph

Laplacian L. Differentiating Eq.3.13 with respect to β results into a differential equation

d

dβ
Kβ = LKβ , (3.14)

with the accompanying initial conditions K(0) = I. It is natural to interpret that K(β)

is the product of a continuous process, expressed by L, gradually transforming it from the

identity matrix (i.e. K(0)) to a kernel with stronger and stronger off-diagonal effects as β

increases. Indeed, this is the actual physical processes of diffusion and Eq. 3.14 is referred

as the heat equation or diffusion equation. Furthermore, the parameter β controls the extent

of the diffusion, or to specify the length scale, similarly to σ in the Gaussian kernel,

k(x,x′) = 1

(2πσ2)d/2
e−∣∣x−x

′∣∣2/(2σ2).
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Fixing x′ = x0 and letting t = σ2/2, the Gaussian kernel becomes

kx0(x, t) =
1

(4πt)d/2
e−∣∣x−x0∣∣

2/(4t),

that is the solution of the diffusion equation,

∂

∂t
kx0(x, t) = [ ∂

2

∂x2
1

+ ∂2

∂x2
2

+⋯ + ∂2

∂x2
d

]kx0(x, t), (3.15)

with Dirac delta initial condition kx0(x,0) = δ(x− x0). We define the Laplacian operator as

∆ = ∂2

∂x2
1

+ ∂2

∂x2
2

+⋯ + ∂2

∂x2
d

. (3.16)

The Eq. 3.15 is then reduced to

∂

∂t
kx0(x, t) = ∆kx0(x, t), (3.17)

that describes how heat and gases, introduced at x0, diffuse with time in a homogeneous,

isotropic medium. Fundamentally, the two diffusion equations at 3.14 and 3.17 are the same:

L is the Laplacian operator on graph, while ∆ is the continous Laplacian operator. One can

show that if we discretize the domain as a two-dimensional grid graph, the graph Laplacian

is an approximation for the continuous one (see appendix section 10.3).

The last question is how to efficiently compute the diffusion kernel as directly applying the

Def. 3.13 results in so many matrix multiplications. First, we compute the normalized eigen-

vectors u1, u2, .., un and the corresponding eigenvalues λ1, λ2, .., λn of the graph Laplacian

L. By orthogonality, we can write

L2 = (
n

∑
i=1

uiλiu
T
i )

s

=
n

∑
i=1

uiλ
s
iu
T
i ,
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from which

eβL = I + (
n

∑
i=1

uiβλiu
T
i ) + (

n

∑
i=1

ui
(βλi)2

2
uTi ) +⋯ =

n

∑
i=1

uie
βλiuTi .

Thus, we reduce from matrix exponentiation eβL to real exponentiation eβλi . The complexity

of diagonalizing the graph Laplacian is O(n3), and so is the complexity of the computing the

diffusion kernel. The diffusion kernel on graph can be generalized to Riemannian manifolds

as proposed in (Lafferty and Lebanon, 2005).

3.3 Using graph kernels

So far in this chapter, we have discussed several graph kernels that can thought as a way

of comparing the similarity and difference between two graphs. In this section, we will

discuss about how to use a kernel (e.g., a graph kernel) for the downstream tasks such as

regression (e.g., estimating molecular properties) and classification (e.g., predicting discrete

graph labels). The most widely used and famous methods are Gaussian Processes (GP) and

Support Vector Machine (SVM).

3.3.1 Gaussian Processes

In the setting of supervised learning, we observe some inputs xi and some outputs yi. In

the case we are interested in, each sample xi is indeed a graph and yi ∈ R is some real-

valued graph label we are trying to regress. We assume that yi = f(xi) for some unknown

function f that can be corrupted by noise. We denote X and y as the set of all points and

all labels, respectively. The data is denoted by D = (X,y). The optimal approach is to

infer a distribution over functions given the data, p(f ∣X,y), and then to use this to make
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prediction y∗ given a new input x∗, i.e., to compute

p(y∗∣x∗,X,y) = ∫ p(y∗∣f, x∗)p(f ∣X,y)df,

that we need a way to perform Bayesian inference over functions themselves. This is fun-

damentally different from parameter inference in which we have parametric representations

θ for the function f and we infer p(θ∣D). Instead, we infer p(f ∣D) directly. One of the

ways is Gaussian processes that defines a prior over functions, which can be converted into

a posterior over functions given the data. Given a finite arbitrary set of points {x1, .., xn},

a GP assumes that p(f(x1), .., f(xn)) is jointly Gaussian, with some mean µ(x) and covari-

ance Σ(x) given by Σi,j = k(xi, xj), where k(⋅, ⋅) is a positive definite kernel function (e.g.,

one of any graph kernels we have defined previously). The intuition behind this setup is

that if xi and xj are similar as suggested by a small distance k(xi, xj), then we expect the

corresponding outputs yi and yj tend to be close as well.

Let the prior on the regression function be a GP, denoted by

f(x) ∼ GP(µ(x), k(x,x′)),

where µ(x) is the mean function and k(x,x′) is the kernel or covariance function, i.e.,

µ(x) = E[f(x)], k(x,x′) = E[(f(x) − µ(x))(f(x′) − µ(x′))T ].

For any finite set of points, this process defines a joint Gaussian:

p(y∣X) = N(y∣µ,Σ)

where Σi,j = k(xi, xj) and µ = (µ(x1), .., µ(xn)). It is known that GP is flexible enough
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to model the mean arbitrarily well, so using zero mean function, i.e. µ(x) = 0, is indeed a

common practice.

First, we consider how GP makes predictions using noise-free observations. Suppose we

observe a training set of n examples D = (X,y) = {(xi, yi)}ni=1, where yi = f(xi) is the

noise-free (i.e. zero noise) observation of the function evaluated at xi. Furthermore, suppose

that we are given a test set X∗ of n∗ points, that is stored as a matrix of size n∗ × d where

d is the number of input dimensions. We want to predict the function outputs y∗ (i.e. as a

vector of n∗ elements). Given the fact that observations are noiseless, we want the GP to

act as an interpolator of the training data, i.e. the GP returns the answer f(xi) with no

uncertainty. By definition, the joint distribution has the following form

⎛
⎜⎜
⎝

y

y∗

⎞
⎟⎟
⎠
∼ N(

⎛
⎜⎜
⎝

µ

µ∗

⎞
⎟⎟
⎠
,

⎛
⎜⎜
⎝

K K∗

KT
∗ K∗∗

⎞
⎟⎟
⎠
), (3.18)

where K = k(X,X) is the n × n kernel gram-matrix on the training set D, K∗ = k(X,X∗)

is the n × n∗ kernel matrix between the training points X and the testing points X∗, and

K∗∗ = k(X∗,X∗) is the n∗ × n∗ kernel gram-matrix on the testing set.

Theorem 3.3.1 (Marginals and conditionals of an MVN). Suppose x = (x1,x2) is jointly

Gaussian with parameters

µ =
⎛
⎜⎜
⎝

µ1

µ2

⎞
⎟⎟
⎠
, Σ =

⎛
⎜⎜
⎝

Σ11 Σ12

Σ12 Σ22

⎞
⎟⎟
⎠
, Λ = Σ−1 =

⎛
⎜⎜
⎝

Λ11 Λ12

Λ21 Λ22

⎞
⎟⎟
⎠
.

Then the marginals are given by

p(x1) = N(x1∣µ1,Σ11)
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p(x2) = N(x2∣µ2,Σ22)

and the posterior conditional is given by p(x1∣x2) = N(x1∣µ1∣2,Σ1∣2) with parameters

Σ1∣2 = Σ11 −Σ12Σ−1
22Σ21 = Λ−1

11 ,

and

µ1∣2 = µ1 +Σ12Σ−1
22(x2 −µ2) = µ1 −Λ−1

11Λ12(x2 −µ2)

that is also equivalent to

µ1∣2 = Σ1∣2(Λ11µ1 −Λ12(x2 −µ2)).

Theorem 3.3.1 gives us a way to compute the conditionals p(x1∣x2) given a joint distribution

p(x1,x2) for the case of multivariate normal (MVN) distributions. Applying the theorem,

from Eq. 3.18, the posterior has the following form p(y∗∣X∗,X,y) = N(y∗∣µ∗,Σ∗) with

parameters

µ∗ = µ(X∗) +KT
∗K

−1(y −µ(X))

and

Σ∗ =K∗∗ −KT
∗K

−1K∗.

The time complexity of the computation is O(d3) in the worst case.

In the case we are given noisy observations, i.e. y = f(x) + ε where ε ∼ N(0, σ2) that we

assume to be a white noise (i.e. noise with zero mean), GP does not have to interpolate the

data. The covariance of the observed noisy responses is

cov[yi, yj] = k(xi, xj) + σ2δij ,
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where δij = I[i = j] denotes the Kronecker delta. In other words,

cov[y∣X] =K + σ2I ≜Kσ.

Similar to 3.18, the joint density of the observed data and the noise-free function on the test

points is given by

⎛
⎜⎜
⎝

y

y∗

⎞
⎟⎟
⎠
∼ N(0,

⎛
⎜⎜
⎝

Kσ K∗

KT
∗ K∗∗

⎞
⎟⎟
⎠
),

where we are assuming the mean is zero. Therefore, the posterior predictive density p(y∗∣X∗,X,y) =

N(y∗∣µ∗,Σ∗) has parameters

µ∗ =KT
∗K

−1
σ y =KT

∗ (K + σ2I)−1y

and

Σ∗ =K∗∗ −KT
∗K

−1
σ K∗ =K∗∗ −KT

∗ (K + σ2I)−1K∗.

In practice, σ is usually treated as a hyperparameter that needs tuning. If we only have a

single test input x∗, we have

p(y∗∣x∗,X,y) = N(y∗∣kT∗K−1
σ y, k∗∗ − kT∗K−1

σ k∗),

where k∗ = [k(x∗, x1), .., k(x∗, xn)]T and k∗∗ = k(x∗, x∗). The posterior mean can be also

written as

µ∗ = kT∗K−1
σ y =

n

∑
i=1

αik(xi, x∗), (3.19)

where α =K−1
σ y. The expression in Eq. 3.19 is indeed important and related to the other

statistical machine learning methods including SVM, that we will discuss further.
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3.3.2 Kernelized ridge regression

Previously, we have discussed Gaussian Processes as a method of Bayesian inference on

functions, and how to use our kernels to make predictions. Now, we will discuss the another

approach, parameter inference, in which we represent the function we want to estimate with

parameters θ and infer p(θ∣D) from the observed data D. It is not so trivial how to apply

kernels including graph kernels to parametric models such as ridge regression. However, it

can be done as explained below and kernelized ridge regression is a useful method for some

of our graph learning experiments in this chapter.

First, we discuss the primal problem. For the case of vectorized inputs, let X ∈ Rn×d denote

the design matrix and let y ∈ Rn denote the corresponding labels. We want to minimize the

following loss with parameter regularization,

L(θ) = ∣∣y −Xθ∣∣2 + λ∣∣θ∣∣2 = (y −Xθ)T (y −Xθ) + λ∣∣θ∣∣2.

The optimal solution is given by

θ = (XTX + λI)−1XT y = (
n

∑
i=1

xix
T
i + λI)

−1

XT y,

that by using the matrix inversion lemma, we can further rewrite as

θ =XT (XXT + λI)−1y,

which takes O(n3 +n2d) time complexity to compute (e.g., that can be advantageous if d is

large).

Now, we discuss the dual problem. The term XXT can be seen as the gram matrix of the
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linear kernel. We replace this term by the kernel matrix K of some other kernel functions

(e.g., our graph kernels). We define the dual variables as

α ≜ (K + λI)−1y.

We can rewrite the primal variables as

θ =XTα =
n

∑
i=1

αixi. (3.20)

In the case of vectorized data, this expression tells us that the solution vector θ is just a

linear sum of the n training vectors. When we plug this in at test time to compute the

predictive mean, we get

f̂(x) = θTx =
n

∑
i=1

αix
T
i x =

n

∑
i=1

αik(x,xi).

Importantly, this kernelized expression is indeed similar to Eq. 3.19, that allows us to apply

ridge regression on graph data via graph kernels.

3.3.3 Support Vector Machines

The problem with kernelized ridge regression is that the solution vector θ depends on all the

training inputs as shown in Eq. 3.20. Our motivation is to seek a method to produce a sparse

estimate. In other words, we want to ensure that the solution is sparse, i.e. the predictions

only depend on a subset of the training data, called as support vectors. (Vapnik et al., 1996)

originally proposed Support Vector Machine (SVM) as a combination of the kernel trick

and modified loss function for binary classification, but can be extended to regression and

multi-class classification.
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SVMs for regression

Consider the `2 regularized empirical risk function

L(θ, λ) =
n

∑
i=1

L(yi, ŷi) + λ∣∣θ∣∣2,

where ŷi = f̂(xi) = θ0 + θTxi is the prediction at point xi. Here we denote θ0 ∈ R as the

bias term, separately from vector θ ∈ Rd; and for convenience, we denote both of them as θ.

If L is quadratic loss, this is equivalent to ridge regression; and if L is the log-loss, this is

equivalent to logistic regression. For SVM, (Vapnik et al., 1996) proposed a variant of the

Huber loss function called the epsilon insensitive loss function, defined by

Lε ≜

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if ∣y − ŷ∣ < ε

∣y − ŷ∣ − ε otherwise

.

This means that any prediction lying inside an ε-interval around the ground-truth is not

penalized. The corresponding objective function is usually written as

L(θ,C) = C
n

∑
i=1

Lε(yi, ŷi) +
1

2
∣∣θ∣∣2,

where C = 1
λ is a regularization constant. This objective is convex, but not differentiable

(because of the absolute value function in the loss term), and unconstrainted. We formulate

the problem as a constrained optimization by introducing the slack variables ξ = {ξ+i , ξ
−
i }
n
i=1

to represent the degree to which each point lies outside the ε-interval such that yi ≤ f̂(xi) +

ε + ξ+i and yi ≥ f̂(xi) − ε − ξ−i . We have the following constrained optimization

min
θ,ξ

C
n

∑
i=1

(ξ+i + ξ
−
i ) +

1

2
∣∣θ∣∣2
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subject to, for all i ∈ {1, .., n}:

yi ≤ f̂(xi) + ε + ξ+i ,

yi ≥ f̂(xi) − ε − ξ−i ,

ξ+i , ξ
−
i ≥ 0.

This is a standard quadratic program with 2n+d+1 variables. (Schölkopf and Smola, 2002)

shows that the optimal solution has the form

θ̂ =
n

∑
i=1

αixi

where αi ≥ 0. Furthermore, α is a sparse vector, because the errors which are smaller than

ε are neglected. The points xi for which αi > 0 are called the support vectors – points for

which the errors lie on or ourside the ε-interval. Once the model is trained, for the case of

using linear kernel, we can make the predictions using:

ŷ(x) = θ̂0 + θTx = θ̂0 + ∑
αi>0

αix
T
i x;

and for the case of using a customized kernel k(⋅, ⋅):

ŷ(x) = θ̂0 + ∑
αi>0

αik(xi, x).

SVMs for classification

First, we focus on the case of binary classification y ∈ {+1,−1}, and then the multi-class case

can be simply derived. In a logistic regression model, we use the loss as the negative log

likelihood (NLL) as

Lnll(y, η) = −log p(y∣x, θ) = log(1 + e−yη),

where η = fθ(x) = θ0 + θTx. For SVM, we replace the NLL loss with the hinge loss, defined
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as

Lhinge(y, η) = max(0,1 − yη) = (1 − yη)+.

The overall objective has the form

min
θ

C
n

∑
i=1

(1 − yifθ(xi))+ +
1

2
∣∣θ∣∣2,

that is non-differentiable, because of the max term. By introducing slack variables ξ =

{ξi}ni=1, this is equivalent to solving

min
θ,ξ

Lprimal(θ,ξ) ≜ C
n

∑
i=1

ξi +
1

2
∣∣θ∣∣2 (3.21)

subject to, for all i ∈ {1, .., n}:

yi(θ0 + θTxi) ≥ 1 − ξi, (3.22)

ξi ≥ 0. (3.23)

This is a quadratic program in n + d + 1 variables, subject to O(n) constaints. It can be

shown that the solution has the form θ̂ = ∑ni=1αiyixi and α is sparse. Later we will see that

αi plays the role of a Lagrange multiplier. The points xi for which αi > 0 are called support

vectors, which are either incorrectly classified, or are classified correctly but are on or inside

the margin. At test time, for linear kernel, the prediction is

ŷ(x) = sign(f
θ̂
(x)) = sign(θ̂0 + θ̂Txi);

and for arbitrary kernel:

ŷ(x) = sign(θ̂0 +
n

∑
i=1

αik(xi, x)).

The computation is proportional to the number of support vectors that depends on the spar-

sity level, and hence on the regularizer C.
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Indeed, we can rewrite the optimization in Eq. 3.21 into its dual form (while the original

one is called the primal form) and just solve for n dual variables, which correspond to the

Lagrange multipliers for the constraints. To derive the dual form, we introduce non-negative

Lagrange multipliers α = {αi} and ν = {νi} (for all i ∈ {1, .., n}) for each of the inequality

constraints in 3.22 and 3.23, respectively. Recall that the rule is for constraints of the form

constrainti ≥ 0, the constraint equations are multiplied by positive Lagrange multipliers and

subtracted from the objective function, to form the Lagrangian. For equality constraints,

the Lagrange multipliers are unconstrained. This gives the Lagrangian or dual form:

Ldual(θ,ξ;α,ν) = Lprimal(θ,ξ) −
n

∑
i=1

αi[yi(θ0 + θTxi) − 1] −
n

∑
i=1

νiξi

with Lagrange multipliers αi ≥ 0 and νi ≥ 0 (∀i ∈ {1, .., n}). The solution is given by the

saddle point of the Lagrangian:

max
α,ν

min
θ,ξ

Ldual(θ,ξ;α,ν).

Applying the Karush–Kuhn–Tucker (KKT) conditions stated by (Fletcher, 1988), one ob-

tains (i.e. by setting partial derivatives of the primal function with respect to variables to

zero):

∂L
∂θ

= 0→ θ =
n

∑
i=1

αiyixi

∂L
∂θ0

= 0→
n

∑
i=1

αiyi = 0

∂L
∂ξi

= 0→ 0 ≤ αi ≤ C, ∀i ∈ {1, .., n}

For simplicity, we only derive for the separable case in which the points can be perfecly sep-

arated into positive or negative (i.e. no need for the slack variables), while the non-separable

84



case can be done similarly. By substituting the terms θ = ∑ni=1αiyixi and ∑ni=1αiyi = 0 into

the Ldual, the dual problem can be simplified to a quadratic programming (QP) problem:

max
α

Q(α) ≜ −1

2

n

∑
i,j=1

yiyjαiαjx
T
i xj +

n

∑
i=1

αi

such that
n

∑
i=1

αiyi = 0; 0 ≤ αi ≤ C,∀i ∈ {1, .., n}

that also leads to the so-called box constraints on α. Applying the kernel trick by replacing

the inner product xTi xj by k(xi, xj), we obtain the kernelized version of the QP:

max
α

Q(α) ≜ −1

2

n

∑
i,j=1

yiyjαiαjk(xi, xj) +
n

∑
i=1

αi.

Standard solvers for QP takes O(n3) time. However, specialized algorithms, which avoid

the use of generic QP solvers, have been developed for this problem including the sequen-

tial minimal optimization (SMO) algorithm proposed by (Platt, 1998) with time complexity

O(n2). However, it can be still too slow for a large dataset. Therefore, it is popular to use

linear SVMs (i.e. using the linear kernel), which only takes O(n) time to train (Joachims,

2006) (Bottou et al., 2007).

The large margin principle

Here, we look at the SVM classification problem in a completely different perspective as we

derive the primal function Eq. 3.21 by the large margin principle. Recall that our goal is to

derive a discriminant parameterized function fθ(x) which will be linear in the feature space

implied by the choice of kernel, i.e. reproducing kernel Hilbert space (RKHS). We consider

a point x and the decision boundary with normal vector θ (i.e. the set of points z such that

fθ(z) = 0) in this induced space as x = x⊥ + r θ
∣∣θ∣∣

, where r and x⊥ are the distance and the
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orthogonal projection of x to the decision boundary. Thus,

fθ(x) = θ0 + θTx = (θ0 + θTx⊥) + r
θT θ

∣∣θ∣∣ = (θ0 + θTx⊥) + r∣∣θ∣∣.

We also have 0 = f(x⊥) = θ0 + θTx⊥, so f(x) = r∣∣θ∣∣ and r = f(x)/∣∣θ∣∣. Intuitively,

� It is possible to have multiple hyperplanes that perfectly separate our training data,

but among them, we want to select the one that maximizes the margin or the distance

with the nearest point. For this reason, we say that SVM is an instance of a large

margin classifier.

� Furthermore, we want that each point is on the correct side of the boundary, i.e.

fθ(xi)yi > 0.

With this motivation, we have our new objective to maximize the margin as

max
θ

min
i∈{1,..,n}

fθ(xi)yi
∣∣θ∣∣ .

It is important to note that:

� Scaling the parameters θ → sθ and θ0 → sθ0 by a constant s ∈ R does not change the

distance of any point to the boundary, because the factor s is canceled out when we

divide by ∣∣θ∣∣.

� For the point that is closest to the decision boundary, we define the scale factor such

that fθ(xi)yi = 1.

� Maximizing 1/∣∣θ∣∣ is the same as minimizing ∣∣θ∣∣2.

Therefore, we derive our new objective

min
θ

1

2
∣∣θ∣∣2 s.t. (θ0 + θTxi)yi ≥ 1,∀i ∈ {1, .., n}.

The constaints mean that we force all points to be on the correct side of the decision boundary
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with a margin of at least 1. If the data is not linearly separable, i.e. there is no feasible

solution, then we must introduce slack variables ξi ≥ 0 such that:

� If the point is on or inside the correct margin boundary: ξi = 0.

� Otherwise, ξi = ∣yi − fθ(xi)∣. If the point lies inside the margin but still on the correct

side of the decision boundary: 0 < ξi < 1. If the point lies on the wrong side of the

decision boundary then ξi > 1.

We replace the hard constraints that fθ(xi)yi ≥ 1 with the soft margin constraints that

fθ(xi)yi ≥ 1 − ξi to obtain the new objective:

min
θ,ξ

C
n

∑
i=1

ξi +
1

2
∣∣θ∣∣2 s.t. (θ0 + θTxi)yi ≥ 1 − ξi, ξi ≥ 0 (∀i ∈ {1, .., n})

that is fundamentally the same as in Eq. 3.21 but is derived in an alternative way. The

first term ∑ni=1 ξi is an upper-bound on the number of misclassified points, since ξi > 1 if xi

is misclassified. It is popular to define the regularization parameter C = 1/(νn), where ν

controls the fraction of misclassified points during training. Usually ν is a hyperparameter

to search for via cross-validation. This model is called a ν-SVM classifier.

SVMs for multi-class classification

Upgrading SVM from binary classification to the multi-class case is not so trivial. There are

two common approaches:

1. One-vs-all: Suppose that we have L different discrete labels/classes. We train L

binary classifiers, fθ`(x) such that each classifier has its own parameters θ`), and the

data from class ` is treated as positive while the rest is treated as negative. Then for

the prediction, we select ŷ(x) = arg max` fθ`(x). Limitations of this approach include

the inputs are ambiguously relabeled, there is no guarantee that different fθ` functions

have comparable magnitudes, and it is likely that each binary problem will suffers from

the class imbalance issue (i.e. the number of negative examples is much more than the
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number of positive ones). The time complexities for this approach are O(Ln2) for

training and O(Lm) for testing where m is the number of support vectors.

2. One-vs-one: We train L(L − 1)/2 classifiers to discriminate all pairs of labels (`, `′),

then we classify a point into the class which has the highest number of votes. One

limitation of this approach is also ambiguities. The time complexities are O(L2n2) for

training and O(L2m) for testing where m is the number of support vectors. However,

if we suppose that the labels are uniformly distributed in our dataset, then each label

has roughly n/L points, so the training complexity is about O(n2) only.

Interested readers in support vector machines are recommended to read (Burges, 1998) and

(Murphy, 2012b) for further reference.

3.3.4 Kernel principal component analysis

Without graph neural networks, producing a meaningful low-dimensional Euclidean rep-

resentation for combinatorics structures like graphs is indeed a challenge. However, with

graph kernels and the kernel trick that defines our feature vector in terms of kernels,

φ(x) = [k(x,x1), .., k(x,xn)]T , we have statistical ways to achieve vectorized graph rep-

resentation. The technique we present in this section is kernel principal component analysis

(Kernel PCA) proposed by (Schölkopf et al., 1999) as a kernelized extension of the conven-

tional PCA that computes a low-dimensional linear embedding of a given data. The original

PCA can be understood as kernel PCA with linear or inner-product kernel.

First, we will discuss a useful trick for linear PCA for the case when d > n (i.e. the number

of features is larger than the number of data points). This trick can help us to understand

the kernel trick and how to produce a nonlinear embedding later. PCA requires finding

the eigenvectors of the sample covariance matrix S = 1
nxix

T
i = 1

nX
TX. But we can also

compute PCA by finding the eigenvectors U (i.e. we store all eigenvectors {uj} column-wise
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in this matrix) and the corresponding eigenvalues Λ (i.e. we store all eigenvalues {λj} in

the diagonal of this matrix) of the inner-product gram matrix K = XXT . By definition,

KU = UΛ. Multiplying both sides with XT , we get

XTKU =XTUΛ⇔ (XTX)XTU = (XTU)Λ⇔ S(XTU) = (XTU)Λ,

that means S have eigenvectors V =XTU with eigenvalues Λ. Because the squared norm

of each individual eigenvector vj of S is ∣∣vj ∣∣2 = uTj XXTuj = λjuTj uj = λj , the normalized

eigenvectors are given by

Vpca =XTUΛ−1/2.

In a similar way, now we can extend linear PCA to kernel PCA as follows. Mercer’s theorem

(Mercer, 1909) states that the use of a kernel k(⋅, ⋅) implies some underlying feature space

(e.g., feature map φ(⋅) into a possibly infinite dimensional Hilbert space). Implicitly, we

replace xi with φ(xi). We denote the corresponding design matrix as Φ and the covariance

matrix in feature space as Sφ = 1
n ∑ni=1 φ(xi)φ(xi)T . The eigenvectors are given by

Vkpca = ΦTUΛ−1/2,

but we cannot actually compute it because the feature map φ(xi) can be in an infinite

dimensional space. Fortunately, we can compute the projection of a test vector x∗ onto the

feature space as follows:

φ(x∗)TVkpca = φ(x∗)TΦTUΛ−1/2 = kT∗UΛ−1/2,

where

k∗ = [⟨φ(x∗), φ(x1)⟩, .., ⟨φ(x∗), φ(xn)⟩]T = [k(x∗, x1), .., k(x∗, xn)]T .
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So far, we assumed that the projected data has zero mean, but we cannot simply subtract

off the mean in feature space as we usually do in Euclidean case. Again, we employ one

more kernel trick. We define the centered feature vector as

φ̃(xi) = φ(xi) −
1

n

n

∑
j=1

φ(xj).

The kernel gram matrix of these centered vectors K̃ has each element K̃ij = φ̃(xi)T φ̃(xj) is

given by

K̃ij = φ(xi)Tφ(xj) −
1

n

n

∑
a=1

φ(xi)Tφ(xa) −
1

n

n

∑
a=1

φ(xj)Tφ(xa) +
1

n2

n

∑
a=1

n

∑
b=1

φ(xa)Tφ(xb),

or equivalently,

K̃ij = k(xi, xj) −
1

n

n

∑
a=1

k(xi, xa) −
1

n

n

∑
a=1

k(xj , xa) +
1

n2

n

∑
a=1

n

∑
b=1

k(xa, xb).

We can express K̃ in matrix notation as

K̃ =HKH ,

where H ≜ I − 1
n11T is the centering matrix with 1 = [1, ..,1]T is a vector of n 1s. While

linear PCA is limited to using r ≤ d components, in kernel PCA, we can use up to n com-

ponents because the size of Φ is n × d′ where d′ is the potentially infinite dimensionality of

embedded features vectors in a Hilbert space.

Once we obtain the vectorized representation of graphs via kernel PCA on a graph kernel

gram matrix, we can do unsupervised clustering or visualization on this graph dataset. Fur-

thermore, it is possible to apply linear regression or logistic regression on these vectorized

representations for the tasks of graph properties regression or graph classification, respec-
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tively. Some simple extensions of the traditional methods such as kernelized nearest neighbor

classification and kernelized K-medoids clustering have been proposed in the field of statisti-

cal learning. In general, Gaussian Processes and Support Vector Machines might be able to

give a better result in the supervised setting. Some useful references include (Hastie et al.,

2001), (Bishop, 2006), and (Murphy, 2012b). In the next section, we will discuss the learning

and neural networks approach for graph representation learning that recently outperformed

previously proposed statistical machine learning methods on graphs.

3.4 Message Passing Neural Networks and its variants

Recently, with the advent of deep learning and much larger datasets, a sequence of neural

network based approaches have appeared to address the problem of graph representation

learning, starting with (Scarselli et al., 2009). In contrast to the kernels framework, neural

networks effectively integrate the classification or regression problem at hand with learning

the graph representation itself, in a single, end-to-end system. In the last few years, there

has been a veritable explosion in research activity in this area. Some of the proposed graph

learning architectures (Duvenaud et al., 2015; Kearnes et al., 2016; Niepert et al., 2016)

directly seek inspiration from the type of classical CNNs that are used for image recognition

(LeCun et al., 1998; Krizhevsky et al., 2012). These methods involve first fixing a vertex

ordering, then moving a filter across vertices while doing some computation as a function of

the local neighborhood to generate a representation. This process is then repeated multiple

times like in classical CNNs to build a deep graph representation. Other notable works on

graph neural networks include (Li et al., 2016a; Schütt et al., 2017; Battaglia et al., 2016;

Kipf and Welling, 2017a). Very recently, (Gilmer et al., 2017) showed that many of these

approaches can be seen to be specific instances of a general message passing formalism, and

coined the term message passing neural networks (MPNNs) to refer to them collectively. In

this section, we introduce the well-known MPNNs and its several variants.
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3.4.1 Label propagation algorithm

Label propagation algorithm, or in general the Message Passing framework, has been widely

applied to various network problems ranging from PageRank for Google search engine to

learning representations for molecules with graph neural networks. The core idea can be

simply explained in words as follows. Given an input graph / network G = (V,E). Initially,

each vertex v of the graph is associated with a feature representation lv (label) or f0
v (e.g.,

scalar in PageRank, vector in majority of graph neural networks, or a higher-order tensor

in Covariant Compositional Networks). This feature representation can also be called as

a message. Iteratively, at iteration `, each vertex collects / aggregates all messages of the

previous iteration {f `−1
v1

, .., f `−1
vk } from other vertices in its neighborhood N(v) = {v1, .., vk},

and then produces a new message f `v via some hashing function Φ(.). The graph representa-

tion φ(G) is obtained by aggregating all messages in the last iteration of every vertex. The

generic algorithm is described in pseudocode 8.

Algorithm 8 Label Propagation Algorithm

1: for v ∈ V do
2: f0

v ← lv
3: end for
4: for ` = 1→ L do
5: for v ∈ V do
6: f `v ← Φ(f `−1

v1
, .., f `−1

vk ) where N(v) = {v1, .., vk}
7: end for
8: end for
9: φ(G) ← Φ(fL1 , .., fL∣V ∣

)
10: Use φ(G) for downstream regression / classification tasks.

3.4.2 Generic graph neural network

Graph neural networks can be built based on the Message Passing framework in which the

hashing function Φ(.) at iteration ` has n` learnable parameters {W `
1 , ..,W

`
n`}. The gradients

of the loss function with respect to these learnable parameters can be computed by Back-
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Propagation algorithm, similarly to Recurrent Neural Networks. The learnable parameters

will then be optimized by Stochastic Gradient Descent (SGD) or its variants. It is required

that Φ(.) must be differentiable. The generic algorithm of a graph neural network is described

in pseudocode 9. In later sections of this chapter, we will go through a brief summary for

the field of graph neural networks with state-of-the-art algorithms including Neural Graph

Fingerprint (see section 3.4.3), Convolutional Neural Networks for graphs (see section 3.4.4),

Gated Graph Neural Networks (see section 3.4.5), Weisfeiler-Lehman Networks (see section

3.4.6), Message Passing Neural Networks (see section 3.4.7), Interaction Networks (see section

3.4.8), Molecular Graph Convolutions (see section 3.4.9), Deep Tensor Neural Networks (see

section 3.4.10).

Algorithm 9 Generic Graph Neural Network

1: Initialize learnable parameters {W `
1 , ..,W

`
n`} for each layer `.

2: Initialize learnable parameters {W1, ..,Wn} for learning the graph representation.
3: for v ∈ V do
4: f0

v ← lv
5: end for
6: for ` = 1→ L do
7: for v ∈ V do
8: f `v ← Φ(f `−1

v1
, .., f `−1

vk ;{W `
1 , ..,W

`
n`}) where N(v) = {v1, .., vk}

9: end for
10: end for
11: φ(G) ← Φ(fL1 , .., fL∣V ∣

;{W1, ..,Wn})
12: Use φ(G) for downstream regression / classification tasks.

3.4.3 Neural graph fingerprint

Given an input graph G = (V,E,A), where V is the set of vertices, E is the set of edges

and matrix A ∈ {0,1}∣V ∣×∣V ∣ is the corresponding adjacency matrix. The goal is to learn an

unknown class of functions parameterized by {W1, ..,WL, u} in the following scheme:

1. The inputs are vectors f(v) ∈ Rd for each vertex v ∈ V . We call the vector embedding

f the multi-dimensional vertex label function.
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2. We assume some learnable weight matrix W` ∈ Rd×d associating with level `-th of the

neural network. For L levels, we update the vector stored at vertex v using W`.

3. Finally, we assume some learnable weight vector u ∈ Rd. We add up the iterated vertex

labels and dot product the result with u. This can be considered as a linear regression

on top of the graph neural network.

More formally, we define the L-iteration label propagation algorithm on graph G. Let h`(v) ∈

Rd be the vertex embedding of vertex v at iteration ` ∈ {0, .., L}. At ` = 0, we initialize

h0(v) = f(v). At ` ∈ {1, .., L}, we update h`−1 to h` at a vertex v using the values on v’s

neighbors:

h`(v) = h`−1(v) +
1

∣N (v)∣ ∑
w∈N(v)

h`−1(w) (3.24)

where N(v) = {w ∈ V ∣(v,w) ∈ E} denotes the set of adjacent vertices to v. We can write the

label propagation algorithm in a matrix form. Let H` ∈ R∣V ∣×d denote the vertex embedding

matrix in which the v-th row of H` is the embedding of vertex v at iteration `. Equation

3.24 is equivalent to:

H` = (I∣V ∣ +D−1 ⋅A) ⋅H`−1 (3.25)

where I∣V ∣ is the identity matrix of size ∣V ∣ × ∣V ∣ and D is the diagonal matrix with entries

equal to the vertex degrees. Note that’s is also common to define another label propagation

algorithm via the normalized graph Laplacian (Kipf and Welling, 2017a):

H` = (I∣V ∣ −D−1/2AD−1/2) ⋅H`−1 (3.26)

From the label propagation algorithms, we build the simplest form of graph neural networks

(Kearnes et al., 2016; Duvenaud et al., 2015; Kipf and Welling, 2017a). Suppose that iteration

` is associated with a learnable matrix W` ∈ Rd×d and a component-wise nonlinearity function

σ; in our case σ is the sigmoid function. We imagine that each iteration now becomes a layer
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of the graph neural network. We assume that each graph G has input labels f and a

learning target TG ∈ R. The forward pass of the graph neural network (GNN) is described

by algorithm 10.

Algorithm 10 Forward pass of GNN

1: Input: Given an undirected graph G = (V,E,A) where V , E and A are the set of
vertices, the set of edges and the adjacency matrix, respectively. The number of layers
is L ∈ N.

2: Output: Construct the corresponding neural network.
3: Initialize W0,W1, ..,WL ∈ Rd×d
4: Layer 0: L0 = σ(H0 ⋅W0)
5: Layer ` ∈ {1, .., L}: L` = σ(H` ⋅W`)
6: Compute the graph feature: fG = ∑v∈V LL(v) ∈ Rd
7: Linear regression on layer L + 1
8: Minimize ∥⟨u, fG⟩ − TG∥2

2 where u ∈ Rd is learnable

Learnable matrices W` and learnable vector u are optimized by the Back-Propagation algo-

rithm as done when training a conventional multi-layer feed-forward neural network.

To empower Neural Graph Fingerprint, we can also introduce quadratic and cubic aggrega-

tion rules that can be considered a special simplified form of tensor contractions. In detail,

the linear aggregation rule can be defined as summation of feature vectors in a neighborhood

N(v) of vertex v at level ` − 1 to get a permutation invariant representation of vertex v at

level `:

φlinear` (v) = ∑
w∈N(v)

h`−1(w)

where φlinear
`

(v) ∈ Rd and h`−1(w) ∈ Rd are still in zeroth order representation such that each

channel of d channels is represented by a single scalar. Extending this we get the quadratic

aggregation rule for φ
quadratic
`

(v):

φ
quadratic
`

(v) = diag( ∑
u∈N(v)

∑
w∈N(v)

h`−1(u)h`−1(w)T)
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where h`−1(u)h`−1(w)T ∈ Rd×d is the outter-product of level (` − 1)-th representation of

vertex u and w in the neighborhood N(v). Again φ
quadratic
`

(v) ∈ Rd is still in zeroth-order.

Finally, we extend to the cubic aggregation rule for φcubic
`

(v):

φcubic` (v) = diag( ∑
u,w,t∈N(v)

h`−1(u) ⊗ h`−1(w) ⊗ h`−1(t))

where h`−1(u) ⊗ h`−1(w) ⊗ h`−1(t) ∈ Rd×d×d is the tensor product of 3 rank-1 vectors, and

we obtain zeroth-order φcubic
`

(v) ∈ Rd by taking the diagonal of the 3rd order result tensor.

Moreover, it is not a natural idea to limit the neighborhood N(v) to only the set of ad-

jacent vertices of v. Another way to extend N(v) is to use different neighborhoods at

different levels / layers of the network, for example:

� At level ` = 0: N0(v) = {v}

� At level ` > 0:

N`(v) = N`−1(v) ∪ ⋃
w∈B(v,1)

N`−1(w)

where B(v,1) denotes the set of vertices are at the distance 1 from the center v.

From equation 3.25, we extend the basic GNN as follows. Let A be the normalized adja-

cency matrix (or probability transition matrix) in which Aij corresponds to the transition

probability from vertex i to vertex j (via only 1 edge). Similarly, [Ak]ij corresponds to the

probability of a random walk starting at vertex i and ending at vertex j after k edges. Using

A
k

means for each vertex, we consider its neighborhood of distance k by a walk. We have

the extension of 3.25:

H` = (
n

∑
k=0

A
k) ⋅H`−1 (3.27)

where A
0 ≡ I∣V ∣ and n is the maximum distance for the neighborhood.
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3.4.4 Learning convolutional neural networks for graphs

The idea of Learning Convolutional Neural Networks for Graphs (LCNN) from (Niepert

et al., 2016) can be summarized as flattening a graph into a fixed-size sequence. Suppose

that the maximum number of vertices over the whole dataset is N . Consider an input graph

G = (V,E). If ∣V ∣ < N then we add N − ∣V ∣ dummy vertices into V such that every graph

in the dataset has the same number of vertices. For each vertex v ∈ V , LCNN fixes the size

of its neighborhood Ω(v) as K. In the case ∣Ω(v)∣ < K, again we add K − ∣Ω(v)∣ dummy

vertices into Ω(v) to ensure that every neighborhood of every vertex has exactly the same

number of vertices. Let d ∶ V ×V → {0, .., ∣V ∣ − 1} denote the shortest-path distance between

any pair of vertices in G. Let σ ∶ V → R denote the sub-optimal hashing function obtained

from Weisfeiler-Lehman graph isomorphism test. Based on σ, we can obtain a sub-optimal

ranking of vertices. The neighborhood Ω(v) of vertex v is constructed by algorithm 11. We

Algorithm 11 Construct Neighborhood of v ∈ V
1: Input: Given an undirected graph G = (V,E,A) and a vertex v ∈ V .
2: Output: Construct the receptive field Ω(v).
3: Ω(v) ← ∅
4: for l ∈ 0, .., ∣V ∣ − 1 do
5: for w ∈ V do
6: if d(v,w) = l then
7: Ω(v) ← Ω(v) ∪ {w}
8: end if
9: end for

10: if ∣Ω(v)∣ ≥K then
11: break
12: end if
13: end for
14: if ∣Ω(v)∣ <K then
15: Add K − ∣Ω(v)∣ dummy vertices into Ω(v)
16: end if
17: Suppose Ω(v) = {v1, .., vK}
18: Sort Ω(v) ← {vi1 , .., viK} such that σ(vit) < σ(vit+1

)
19: Return: Ω(v)

also have algorithm 12 to flatten the input graph G as follows into a sequence of N ×K
97



vertices.

Algorithm 12 Flattening the graph

1: Input: Given an undirected graph G = (V,E).
2: Output: Sequence S of N ×K vertices.
3: Suppose that V = {v1, .., v∣V ∣}
4: Sort V ← {vi1 , .., vi∣V ∣} such that σ(vit) < σ(vit+1

)
5: Initialize sequence S ← ∅
6: for v ∈ V do
7: Add Ω(v) at the end of S
8: end for
9: Return S

Suppose that each vertex is associated with a fixed-size input feature vector of L channels.

By the graph flattening algorithm 12, we can produce a feature matrix of size L × (NK).

We can apply the standard convolutional operation as 1D Convolutional Neural Network on

the columns of this matrix. On top of LCNN is a fully-connected layer for regression tasks

or classification tasks.

3.4.5 Gated graph neural networks

Long Short-Term Memory (LSTM), firstly proposed by (Hochreiter and Schmidhuber, 1997),

is a special kind of Recurrent Neural Network that was designed for learning sequential and

time-series data. LSTM is widely applied into many current state-of-the-art Deep Learn-

ing models in various aspects of Machine Learning including Natural Language Processing,

Speech Recognition and Computer Vision. Gated Recurrent Unit (GRU) was introduced by

(Kyunghyun et al., 2014) in their EMNLP 2014 paper in the context of sequential modeling.

GRU can be understood as a simplication of LSTM.

With the spirit of Language Modeling, throughout the neural network, from level 0 to level
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L, all representations of a vertex v can be represented as a sequence:

f
(0)
v → f

(1)
v → ..→ f

(L)
v

in which f
(`)
v is more global than f

(`−1)
v , and f

(`−1)
v is more local than f

(`)
v . One can think

of the sequence of representations as a sentence of words as in Natural Language Processing.

We can embed GRU / LSTM at each level of our network in the sense that GRU / LSTM at

level ` will learn to choose whether to select f
(`)
v as the final representation or reuse one of

the previous level representations {f(0)v , .., f
(`−1)
v }. This idea is inherited from Gated Graph

Neural Networks (GGNN) of (Li et al., 2016a) in ICLR 2016. The algorithm (propagation

model) of GGNN with GRU is described in pseudocode 13.

3.4.6 Weisfeiler-Lehman network

Weisfeiler-Lehman Network (WLN) inspired by the Weisfeiler-Lehman isomorphism test for

labeled graphs is proposed by (Jin et al., 2017) in their NIPS 2017 paper in the context of

molecular graphs. The architecture is designed to embed the computations inherent in WL

isomorphism testing to generate learned isomorphism-invariant representations for atoms.

Let c
(L)
v be the final label of atom av where L is the number of levels/layers in WLN. The

molecular graph G = (V,E) is represented as a set {(c(L)u , buv, c
(L)
v ∣(u, v) ∈ E}, where buv

is the bond type between u and v. Let r be the analogous continuous relabeling function.

Then a node v ∈ G with neighbor nodes N(v), node features fv, and edge features fuv is

relabeled according to:

r(v) = τ(U1fv +U2 ∑
u∈N(v)

τ(V [fu, fuv])) (3.28)
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Algorithm 13 Gated Graph Neural Network

1: Input: Given an undirected graph G = (V,E,A) where V , E and A are the set of
vertices, the set of edges and the adjacency matrix, respectively. The number of layers
is L ∈ N. Each vertex v ∈ V is associated with an input feature vector xv.

2: Output: Construct the corresponding neural network.
3: Notions:

� a
(`)
v : Aggregated message of vertex v at level ` from its neighborhood vertices N(v).

� z
(`)
v , r

(`)
v : Forget and update gates of GRU.

� σ: Sigmoid function.

� f
(`)
v : Proposed output of vertex v at level `.

� ⊙: Component-wise multiplication.

� f
(`)
v : Final output (representation) of vertex v at level `.

� fG: Graph representation.

� i(.), j(.): Multi-layer perceptron.

4: Initialize f
(0)
v from xv for all vertex v.

5: Initialize learnable weight matrices W z, Uz, W r, Ur, W and U .
6: for ` = 1→ L do
7: for v ∈ V do
8: a

(`)
v = ∑

v′∈N(v)
f
(`−1)
v′

9: z
(`)
v = σ(W za

(`)
v +Uzf(`−1)

v )
10: r

(`)
v = σ(W ra

(`)
v +Urf(`−1)

v )

11: f
(`)
v = tanh (Wa

(`)
v +U(r(`)v ⊙ f(`−1)

v ))

12: f
(`)
v = (1 − z(`)v ) ⊙ f(`−1)

v + z(`)v ⊙ f(`)v
13: end for
14: end for

15: fG = tanh( ∑
v∈V

σ(i(f(L)v , xv)) ⊙ tanh (j(f(L)v , xv)))
16: Use the graph feature fG for downstream tasks.
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where τ(.) could be any component-wise non-linearity function. We apply this relabeling

operation iteratively to obtain context-dependent atom vectors for 1 ≤ ` ≤ L:

h
(`)
v = τ(U1h

(`−1)
v +U2 ∑

u∈N(v)

τ(V [h(`−1)
u , fuv])) (3.29)

where h
(0)
v = fv and U1, U2, V are learnable weight matrices shared across layers. The

final atom representations arise from mimicking the set comparison function in the WL

isomorphism test, yielding:

cv = ∑
u∈N(v)

W (0)h
(L)
u ⊙W (1)fuv ⊙W (2)h

(L)
v (3.30)

The set comparison here is realized by matching each rank-1 edge tensor h
(L)
u ⊗ fuv ⊗ h(L)v

to a set of reference edges also cast as rank-1 tensors W (0)[k] ⊗W (1)[k] ⊗W (2)[k], where

W [k] is the k-th row of matrix W . In other words, equation 3.30 could be written as:

cv[k] = ∑
u∈N(v)

⟨W (0)[k] ⊗W (1)[k] ⊗W (2)[k], h(L)u ⊗ fuv ⊗ h(L)v ⟩ (3.31)

The resulting cv is a vector representation that captures the local chemical environment of

the atom (through relabeling) and involves a comparison against a learned set of reference

environments. The representation of the whole graph G is simply the sum over all the atom

representations, and will be used in downstream regression/classification tasks:

cG = ∑
v∈V

cv (3.32)

101



3.4.7 Message Passing Neural Networks

(Gilmer et al., 2017) reintroduced the existing Message Passing framework in the context of

neural networks with an application in quantum chemistry as estimating the solution of Den-

sity Functional Theory. Message Passing Neural Networks (MPNNs) operate on undirected

graphs G with node features xv and edge features evw. The forward pass is divided into

two phases: message passing phase and readout phase. In the message passing phase, the

iterative algorithm executes for L time steps (or layers) and is defined in terms of message

functions M` and vertex update functions U`. At layer `, each vertex v is associated with a

hidden state (vertex representation) h`v and is updated based on the message m`
v according

to:

m`+1
v = ∑

w∈N(v)

M`(h`v, h`w, evw) (3.33)

h`+1
v = U`(h`v,m`+1

v ) (3.34)

where N(v) denotes the neighbors of v in graph G. The readout phase computes a feature

vector φ(G) for the whole graph using some readout function R according to:

φ(G) = R({hLv ∣v ∈ G}) (3.35)

The message functions M`, vertex update functions U`, and readout function R are all

learned differentiable functions with learnable parameters (e.g., Multi-layer Perceptron or

MLP). R operates on the set of vertex representations and is required to be invariant to

vertex permutations in order for the MPNN to be permutation-invariant (invariant to graph

isomorphism). Many models in the literature (not all) can be projected into the MPNN

framework by specifying the message functions M`, vertex update functions U`, and readout

function R. In addition, MPNN can be easily extended to learn edge representations by

introducing hidden states h`evw for all edges in the graph and updating them analogously to
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equations 3.33 and 3.34.

3.4.8 Interaction networks

Interaction Networks (IN) proposed by (Battaglia et al., 2016) considers the graph learning

problem in which each vertex and the whole graph are associated with learning targets.

In the language of MPNN framework, the message function M(hv, hw, evw) and update

function U(hv, xv,mv) of IN are MLPs taking the inputs as a vector concatenation. The

graph level output is R = f(∑v∈G hLv ) where f is an MLP which takes the sum of the final

vertex representation hLv . In the original work, the authors only considered the model with

L = 1.

3.4.9 Molecular graph convolutions

Molecular Graph Convolutions introduced by (Kearnes et al., 2016) is based on the MPNN

framework in which edge representations are updated during the message passing phase.

The vertex update function is:

U`(h`v,m`+1
v ) = α(W1(α(W0h

`
v),m`+1

v )) (3.36)

where (., .) denotes the concatenation operation, α is the RELU activation. The edge update

function is:

e`+1
vw = U ′`(e

`
vw, h

`
v, h

`
w) = α(W4(α(W2e

`
vw), α(W3(h`v, h`w)))) (3.37)

In both equations 3.36 and 3.37, Wi are learnable weight matrices.

3.4.10 Deep tensor neural networks

Deep Tensor Neural Networks (DTNN) proposed by (Schütt et al., 2017) focuses on phys-

ical systems of particles that can be interpreted as complete graphs. DTNN computes the
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message from atom w to atom v by:

M` = tanh (W fc((W cfh`w + b1) ⊙ (W dfevw + b2))) (3.38)

where W fc, W cf , and W df are matrices and b1, b2 are bias vectors. The vertex update

function is:

h`+1
v = U`(h`v,m`+1

v ) = h`v +m`+1
v (3.39)

The readout function is defined as:

φ(G) = ∑
v∈G

NN(hLv ) (3.40)

where NN(hLv ) is a single hidden layer neural network (fully-connected) taking input as the

hidden state of atom v from the last layer.

3.5 Learning graphs on the spectral domain

Family of models learning graphs on the spectral domain based on Graph Fourier Transform

have been proposed by (Defferrard et al., 2016) and (Bruna et al., 2014) that can also be seen

as instances of graph neural networks. These models generalize the notion of convolutions

on a general graph G with N vertices. Given an adjacency matrix A ∈ RN×N . The graph

Laplacian is defined as:

L = I −D−1/2AD−1/2 (3.41)

where D is the diagonal degree matrix. Let V denote the eigenvectors of L, ordered by

eigenvalue. Let σ be a real-valued nonlinearity. The fundamental operation in this family of

models is the Graph Fourier Transformation. We define an operation which transforms an

input vector x of size N × d1 to an output vector y of size N × d2 (we transform each vertex
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representation of size d1 into size d2):

yj = σ(
d1

∑
i=1

V Fi,jV
Txi) (j ∈ {1, .., d2}) (3.42)

The matrices Fi,j are all diagonal N ×N matrices and contain all of the learnable parameters

in the layer. Define the rank 4 tensor L̂ of dimension N × N × d1 × d2 where L̂v,w,i,j =

(V Fi,jV T )v,w in which v, w are the indices corresponding to vertices. Let L̂v,w denote the

d1 × d2 dimensional matrix where (L̂v,w)i,j = L̂v,w,i,j . Equation 3.42 can be written as:

yv,j = σ(
d1,N

∑
i=1,w=1

L̂v,w,i,jxw,i) (3.43)

or in short:

yv,∶ = σ(
N

∑
w=1

L̂v,wxw) (3.44)

We relabel yv as h`+1
v and xw as h`w. In the language of the MPNN framework, the message

update function can be written as:

m`+1
v =M(h`v, h`w) = L̂v,wh`w (3.45)

and the vertex update function can be written as:

h`+1
v = U(h`v,m`+1

v ) = σ(m`+1
v ) (3.46)

3.6 Graph-based Semi-Supervised Learning

Graph-based Semi-Supervised Learning (SSL) was proposed by (Ravi and Diao, 2016) in the

context of applying streaming approximation algorithm into finding soft assignment of labels

in a semi-supervised manner to each vertex in a large-scale graph G = (V,E,W ), where V
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is the set of vertices, E is the set of edges and W = (wuv) is the edge weight matrix. Let

Vl and Vu be the sets of labeled and unlabeled vertices, respectively. Let n = ∣V ∣, nl = ∣Vl∣

and nu = ∣Vu∣. We use diagonal matrix S to record the seeds, in which sv,v = 1 if the node

v is a seed. Let L represent the output label set of size m. Matrix Y ∈ Rn×m records

the training label distribution for the seeds where Yvl = 0 for v ∈ Vu. Matrix Ŷ ∈ Rn×m is

the label distribution assignment matrix for all vertices. The graph-based SSL learns Ŷ by

propagating the information Y on graph G. To obtain the label distribution Ŷ , we minimize

the following convex objective function:

C(Ŷ ) = µ1 ∑
v∈Vl

svv∥Ŷv − Yv∥2
2 + µ2 ∑

v∈V,u∈N(v)

wvu∥Ŷv − Ŷu∥2 + µ3 ∑
v∈V

∥Ŷv −U∥2
2 (3.47)

with a constraint:
L

∑
l=1

Ŷvl = 1 (∀v ∈ V ) (3.48)

where N(v) denotes the neighborhood of vertex v, U is the uniform prior distribution over all

labels, and µ1, µ2, µ3 are constant hyper-parameters. The objective function 3.47 satisfies

the following:

� First term: For all labeled vertices (seeds), the label distribution should be close to

the given label assignment.

� Second term: Close vertices should share similar labels.

� Third term: The label distribution should be close to the prior uniform distribution.

In addition, the objective function allows efficient iterative optimization algorithm that is

repeated until convergence, in particular Jacobi iterative algorithm which defines the ap-

proximate solution at the (i + 1)-th iteration based on the solution of the i-th iteration:

Ŷ
(i+1)
vl

= 1

Mvl
(µ1svvYvl + µ2 ∑

u∈N(v)

wvuŶ
(i)
ul

+ µ3Ul) (3.49)
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Mvl = µ1svv + µ2 ∑
u∈N(v)

wvu + µ3 (3.50)

where Ul = 1/m which is the uniform distribution on label l. Ŷ
(0)
vl

is initialized with seed

label weight Yvl if v ∈ Vl, and uniform distribution 1/m if v ∈ Vu. This optimization method

is called the EXPANDER algorithm.

3.7 Covariant Compositional Networks

Regardless of the specifics, the two major issues that graph learning methods need to grapple

with are invariance to permutations and capturing structure at multiple different scales. Let

A denote the adjacency matrix of G, and suppose that we change the numbering of the

vertices by applying a permutation σ. The adjacency matrix will then change to A′, with

A′i,j = Aσ−1(i),σ−1(j).

However, topologically, A and A′ still represent the same graph. Permutation invariance

means that the representation φ(G) learned or implied by our graph learning algorithm must

be invariant to these transformations (see Fig. 3.1). Naturally, in the case of molecules, in-

variance is restricted to permutations that map each atom to another atom of the same type.

While MPNNs have been very successful in applications and are an active field of research,

they differ from classical CNNs in a fundamental way: the internal feature representations

in CNNs are equivariant to such transformations of the inputs as translation and rotations

(Cohen and Welling, 2016, 2017), the internal representations in MPNNs are fully invariant.

This is a direct result of the fact that MPNNs deal with the permutation invariance issue

in graphs simply by summing the messages coming from each neighbor. In this thesis, we

argue that this is a serious limitation that restricts the representation power of MPNNs.
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456
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645

Figure 3.1: (a) A small graph G with 6 vertices and its adjacency matrix. (b) An alternative
form G′ of the same graph, derived from G by renumbering the vertices by a permutation
σ∶ {1,2, . . . ,6} ↦ {1,2, . . . ,6}. The adjacency matrices of G and G′ are different, but topo-
logically they represent the same graph. Therefore, we expect the feature map φ to satisfy
φ(G) = φ(G′).

The multiscale property is equally crucial for learning molecular properties. For example, in

the case of a protein, an ideal graph learning algorithm would represent G in a manner that

simultaneously captures structure at the level of individual atoms, functional groups, inter-

actions between functional groups, subunits of the protein, and the protein’s overall shape.

MPNNs are ultimately compositional (part-based) models, that build up the representation

of the graph from the representations of a hierarchy of subgraphs. To address the covariance

issue, we study the covariance behavior of such networks in general, introducing a new gen-

eral class of neural network architectures, which we call compositional networks (comp-nets).

One advantage of this generalization is that instead of focusing attention on the mechanics

of how information propagates from node to node, it emphasizes the connection to convolu-

tional networks, in particular, it shows that what is missing from MPNNs is essentially the

analog of steerability. Steerability implies that the activations (feature vectors) at a given

neuron must transform according to a specific representation (in the algebraic sense) of the

symmetry group of its receptive field, in our case, the group of permutations, Sm. In this

thesis, we only consider the defining representation and its tensor products, leading to first,

second, third etc. order tensor activations. We derive the general form of covariant tensor

propagation in comp-nets, and find that each “channel” in the network corresponds to a

specific way of contracting a higher order tensor to a lower order one. Note that here by

tensor activations we mean not just that each activation is expressed as a multidimensional
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array of numbers (as the word is usually used in the neural networks literature), but also that

it transforms in a specific way under permutations, which is a more stringent criterion. The

parameters of our covariant comp-nets are the entries of the mixing matrix that prescribe

how these channels communicate with each other at each node.

3.7.1 Compositional networks

The idea of representing complex objects in terms of a hierarchy of parts has a long his-

tory in machine learning (Fischler and Elschlager, 1973; Ohta et al., 1978; Tu et al., 2005;

Felzenszwalb and Huttenlocher, 2005; Zhu and Mumford, 2006; Felzenszwalb et al., 2010).

We have recently introduced a general framework for encoding such part-based models in

a special type of neural network, called covariant compositional networks (CCNs) (Kondor

et al., 2018a). In this section, we show how the CCN formalism can be specialized to learn-

ing from graphs, specifically, the graphs of molecules. Our starting point is the following

definition.

Definition 3.7.1. Let G be the graph of a molecule made up of n atoms {e1, . . . , en}.

The compositional neural network (comp-net) corresponding to G is a directed acyclic

graph (DAG) N in which each node (neuron) ni is associated with a subgraph Pi of G and

carries an activation fi. Moreover,

1. If ni is a leaf node, then Pi is just a single vertex of G, i.e., an atom eξ(i), and the

activation fi, is some initial label li. In the simplest case, fi is a “one-hot” vector that

identifies what type of atom resides at the given vertex.

2. N has a unique root node nr for which Pr =G, and the corresponding fr represents the

entire molecule.

3. For any two nodes ni and nj , if ni is a descendant of nj , then Pi is a subgraph of Pj , and

fi = Φi(fc1 , fc2 , . . . , fck),
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Figure 3.2: Left: Molecular graphs for C18H9N3OSSe and C22H15NSeSi from the Harvard
Clean Enery Project (HCEP) dataset with corresponding adjacency matrices. Center and
right: The comp-net of a graph G is constructed by decomposing G into a hierarchy of
subgraphs {Pi} and forming a neural network N in which each “neuron” ni corresponds to
one of the Pi subgraphs, and receives inputs from other neurons that correspond to smaller
subgraphs contained in Pi. The center pane shows how this can equivalently be thought of as
an algorithm in which each vertex of G receives and aggregates messages from its neighbors.
To keep the figure simple, we only marked aggregation at a single vertex in each round
(layer).

where fc1 , . . . , fck denote the activations of the children of ni. Here, Φi is called the

aggregation function of node i.

Note that we now have two separate graphs: the original graph G, and the network N that

represents the “is a subgraph of” relationships between different subgraphs of G. One of the

fundamantal ideas of this paper is that N can be interpreted as a neural network, in which

each node ni is a “neuron” that receives inputs (fc1 , fc2 , . . . , fck) and outputs the activation

fi = Φi(fc1 , fc2 , . . . , fck) (Figure 3.7.1, right). For now we treat the activations as vectors,

but will soon generalize them to be tensors.

There is some freedom in how the system {Pi} of subgraphs is defined, but the default choice

is {P`i }, where P`i is the subgraph of vertices within a radius of ` of vertex i. In this case,

P0
i = {i}, P` consits of the immediate neighbors of i, plus i itself, and so on. The aggregation
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function is discussed in detail in Section 3.7.3.

Conceptually, comp-nets are closely related to convolutional neural networks (CNNs), which

are the mainstay of neural networks in computer vision. In particular,

1. Each neuron in a CNN only aggregates information from a small set of neurons from the

previous layer, similarly to how each node of a comp-net only aggregates information

from its children.

2. The so-called effective receptive fields of the neurons in a CNN, i.e., the image patches

for which each neuron is responsible for, form a hierarchy of nested sets similar to the

hierarchy of {Pi} subgraphs.

In this sense, CNNs are a specific kind of compositional network, where the atoms are pixels.

Because of this analogy, in the following we will sometimes refer to Pi as the receptive field

of neuron i, dropping the “effective” qualifier for brevity.

As mentioned above, an alternative popular framework for learning from graphs is message

passing neural networks (MPNNs)(Gilmer et al., 2017). An MPNN operates in rounds: in

each round ` = 1, . . . , L, every vertex collects the labels of its immediate neighbors, applies

a nonlinear function Ψ, and updates its own label accordingly. From the neural networks

point of view, the rounds correspond to layers and the labels correspond to the f `i activa-

tions. More broadly, the classic Weisfeiler–Lehman test of isomorphism follows the same

logic (Weisfeiler and Lehman, 1968; Read and Corneil, 1977; Cai et al., 1992), and so does

the related Weisfeiler–Lehman kernel, arguably the most successful kernel-based approach

to graph learning (Shervashidze et al., 2011).

In the above mentioned base case when {P`i } is the collection of all subgraphs of G of radii

` = 0,1,2, . . ., a comp-net can also be thought of as a message passing algorithm: the messages
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received by vertex i in round ` are the activations {f `−1
uj ∣ uj ∈B(i,1)}, where B(i,1) is the

ball of radius one centered at i (note that this contains not just the neighbors of i, but also i

itself). Conversely, MPNNs can be seen as comp-nets, where P`i is the subgraph defined by

the receptive field of vertex i in round `. A common feature of MPNNs, however, is that the

Ψ aggregation functions that they employ are invariant to permuting their arguments. Most

often, Ψ just sums all incoming messages and then applies a nonlinearity. This certainly

guarantees that the final output of the network, φ(G) = fr, will be permutation invariant.

However, in the next section we argue that it comes at the price of a significant loss of

representational power.

3.7.2 Permutation equivariant networks

One of the messages of the present paper is that invariant aggregation functions, of the type

popularized by message passing neural networks, are not the most general way to build com-

positional models for compound objects, such as graphs. To understand why this is the case,

once again, an analogy with image recognition is helpful. Classical CNNs face two types of

basic image transformations: translations and rotations. With respect to translations (bar-

ring pooling, edge effects and other complications), CNNs behave in a quasi-invariant way, in

the sense that if the input image is translated by an integer amount (tx, ty), the activations

in each layer ` = 1,2, . . . L translate the same way: the activation of neuron n`i,j is simply

transferred to neuron n`i+t1,j+t2
, i.e., f ′`i+t1,j+t2

=f `i,j . This is the simplest manifestation of a

well studied property of CNNs called equivariance (Cohen and Welling, 2016; Worrall et al.,

2017).

With respect to rotations, however, the situation is more complicated: if we rotate the input

image by, e.g., 90 degrees, not only will the part of the image that fell in the receptive field of

neuron n`i,j move to the receptive field of a different neuron n`
−j,i, but the orientation of the

112



Figure 3.3: In a convolutional neural network if the input image is translated by some
amount (t1, t2), what used to fall in the receptive field of neuron n`i,j is moved to the

receptive field of n`i+t1,j+t2
. Therefore, the activations transform in the very simple way

f ′`i+t1,j+t2
= f `i,j . In contrast, rotations not only move the receptive fields around, but also

permute the neurons in the receptive field internally, so the activations transform in a more
complicated manner. The right hand figure shows that if the CNN has a horizontal filter
(blue) and a vertical one (red), then after a rotation by 90 degrees, their activations are
exchanged. In steerable CNNs, if (i, j) is moved to (i′, j′) by the transformation, then
f ′`
i′,j′ = R(f `i,j), where R is some fixed linear function of the rotation angle.

receptive field will also change. For example, features which were previously picked up by

horizontal filters will now be picked up by vertical filters. Therefore, in general, f ′`
−j,i≠f

`
i,j

(Figure 3.3).

It can be shown that one cannot construct a CNN for images that behaves in a quasi-invariant

way with respect to both translations and rotations, unless every filter is directionless. It

is, however, possible to construct a CNN in which the activations transform in a predictable

and reversible way, f ′`
−j,i =R(f `i,j), for some fixed function R. This phenomenon is called

steerability, and has a significant literature in both classical signal processing (Freeman and

Adelson, 1991; Simoncelli et al., 1992; Perona, 1995; Teo and Hel-Or, 1998; Manduchi et al.,

1998) and the neural networks field (Cohen and Welling, 2017).

The situation in compositional networks is similar. The comp-net and message passing archi-

tectures that we have examined so far, by virtue of the aggregation function being symmetric

in its arguments, are all quasi-invariant (with respect to permutations) in the sense that if N
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and N ′ are two comp-nets for the same graph differing only in a reordering σ of the vertices

of the underlying graph G, and ni is a neuron in N while n′j is the corresponding neuron in

N ′, then fi =f ′j for any permutation σ ∈Sn.

Quasi-invariance amounts to asserting that the activation fi at any given node must only de-

pend on Pi = {ej1 , . . . , ejk} as a set, and not on the internal ordering of the atoms ej1 , . . . , ejk

making up the receptive field. At first sight this seems desirable, since it is exactly what

we expect from the overall representation φ(G). On closer examination, however, we realize

that this property is potentially problematic, since it means that ni loses all information

about which vertex in its receptive field has contributed what to the aggregate information

fi. In the CNN analogy, we can say that we have lost information about the orientation of

the receptive field. In particular, if higher up in the network fi is combined with some other

feature vector fj from a node with an overlapping receptive field, the aggregation process

has no way of taking into account which parts of the information in fi and fj come from

shared vertices and which parts do not (Figure 3.7.2).

The solution is to regard the Pi receptive fields as ordered sets, and explicitly establish how

fi co-varies with the internal ordering of the receptive fields. To emphasize that henceforth

the Pi sets are ordered, we will use parentheses rather than braces to denote them.

Definition 3.7.2. Assume that N is the comp-net of a graph G, and N ′ is the comp-net of

the same graph but after its vertices have been permuted by some permutation σ. Given any

ni ∈N with receptive field Pi = (ep1 , . . . , epm), let n′j be the corresponding node in N ′ with

receptive field P ′j = (eq1 , . . . , eqm). Assume that π ∈ Sm is the permutation that aligns the

orderings of the two receptive fields, i.e., for which eqπ(a)= epa . We say that the comp-nets

are covariant to permutations if for any π, there is a corresponding function Rπ such

that f ′j = Rπ(fi).
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Figure 3.4: These two graphs are not isomorphic, but after a single round of message passing
(red arrows), the labels (activations) at vertices 2 and 3 will be identical in both graphs.
Therefore, in the second round of message passing vertex 1 will get the same messages in
both graphs (blue arrows), and will have no way of distinguishing whether 5 and 5′ are the
same vertex or not.

To make the form of covariance prescribed by this definition more specific, we make the

assumption that the {f ↦ Rπ(f)}π∈Sm maps are linear. This allows us to treat them as ma-

trices, {Rπ}π∈Sn . Furthermore, linearity also implies that {Rπ}π∈Sm form a representation

of Sm in the group theoretic sense of the word (Serre, 1977) (this notion of representation

should not be confused with the neural networks sense of representations of objects, as in

“fi is a representation of Pi”).

The representation theory of symmetric groups is a rich subject that goes beyond the scope

of the present paper (Sagan, 2001). However, there is one particular representation of Sm

that is likely familiar even to non-algebraists, the so-called defining representation, given by

the Pπ ∈Rn×n permutation matrices

[Pπ]i,j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if π(j)= i

0 otherwise.
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It is easy to verify that Pπ2π1 = Pπ2Pπ1 for any π1,π2 ∈ Sm, so {Pπ}π∈Sm is indeed a repre-

sentation of Sm. If the transformation rules of the fi activations in a given comp-net are

dictated by this representation, then each fi must necessarily be a ∣Pi∣ dimensional vector,

and intuitively each component of fi carries information related to one specific atom in the

receptive field, or the interaction of that specific atom with all the others collectively. We

call this case first order permutation covariance.

Definition 3.7.3. We say that ni is a first order covariant node in a comp-net if under the

permutation of its receptive field Pi by any π ∈S∣Pi∣, its activation transforms as fi ↦ Pπfi.

If (Rg)g∈G is a representation of a group G, the matrices (Rg⊗Rg)g∈G also form a representa-

tion. Thus, one step up in the hierarchy from Pπ–covariant comp-nets are Pπ⊗Pπ–covariant

comp-nets, where the fi feature vectors are now ∣Pi∣2 dimensional vectors that transform

under permutations of the internal ordering by π as fi ↦ (Pπ⊗Pπ)fi. If we reshape fi into

a matrix Fi ∈R∣Pi∣×∣Pi∣, then the action

Fi ↦ PπFiP
⊺
π

is equivalent to Pπ⊗Pπ acting on fi. In the following, we will prefer this more intuitive matrix

view, since it makes it clear that feature vectors that transform this way express relationships

between the different constituents of the receptive field. Note, in particular, that if we

define A↓Pi as the restriction of the adjacency matrix to Pi (i.e., if Pi = (ep1 , . . . , epm) then

[A↓Pi]a,b = Apa,pb), then A↓Pi transforms exactly as Fi does in the equation above.

Definition 3.7.4. We say that ni is a second order covariant node in a comp-net if

under the permutation of its receptive field Pi by any π ∈ S∣Pi∣, its activation transforms as

Fi ↦ PπFiP
⊺
π .

Taking the pattern further lets us define third, fourth, and general, k’th order nodes, in

which the activations are k’th order tensors, transforming under permutations as Fi ↦ F ′i ,

116



where

[F ′i ]j1,...,jk = [Pπ]j1,j′1 [Pπ]j2,j′2 . . . [Pπ]jk,j′k [Fi]j′1,...,j′k . (3.51)

Here and in the following, for brevity, we use the Einstein summation convention, whereby

any dummy index that appears twice on the right hand side of an equation is automatically

summed over.

In general, we will call any quantity which transforms under permutations according to feq:

kth action a k’th order P-tensor. Saying that a given quantity is a P–tensor then not only

means that it is representable by an m×m×. . .×m array, but also that this array transforms

in a specific way under permutations.

Since scalars, vectors and matrices can be considered 0th, 1st and 2nd order tensors, the

following definition covers both quasi-invariance and first and second order covariance as

special cases. To unify notation and terminology, in the following we will always talk about

feature tensors rather than feature vectors, and denote the activations as Fi rather than fi.

Definition 3.7.5. We say that ni is a k’th order covariant node in a comp-net if the

corresponding activation Fi is a k’th order P–tensor, i.e., it transforms under permutations

of Pi according to feq: kth action, or the activation is a sequence of d separate P–tensors

F
(1)
i , . . . , F

(d)
i corresponding to d distinct channels.

A covariant compositional network (CCN) is a comp-net in which each node’s activa-

tion is covariant to permutations in the above sense. Hence we can talk about first, second,

third, etc. order CCNs (CCN 1D, 2D,. . . ). In the first few layers of the network, however,

the order of the nodes might be lower (Figure 3.7.2).

The real significance of covariance, both here and in classical CNNs, is that while it allows for

a richer internal representation of the data than fully invariant architectures, the final ouput
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Figure 3.5: Feature tensors in a first order CCN for ethylene (C2H4) assuming three channels
(red, green, and blue). Vertices e1, e2, e5, e6 are hydrogen atoms, while vertices e3, e4 are
carbons. Edge (e3, e4) is a double bond, the other edges are single bonds. (a) At the input
layer, the receptive field for each atom is just the atom itself, so the feature matrix has size
1 × 3. (b) At level ` = 1 the size of the receptive field of each atom grows depending on the
local topology. The receptive fields for each hydrogen atoms grows to include its neighboring
carbon atom, resulting in a feature tensor of size 2 × 3; the receptive fields of the carbon
atoms grow to include four atoms each, and therefore have size 4 × 3. (c) At layer ` = 2, the
receptive fields of the carbons will include every atom in the molecule, while the receptive
fields of the hydrogens will only be of size 4.

of the network can still easily be made invariant. In covariant comp-nets this is achieved

by collapsing the input tensors of the root node nr at the top of the network into invariant

scalars, for example by computing their sums and traces (reducing them to zeroth order

tensors), and outputting permutation invariant combinations of these scalars, such as their

sum.

3.7.3 Covariant aggregation functions

It remains to explain how to define the Φ aggregation functions so as to guarantee covari-

ance. Specifically, we show how to construct Φ such that if the Fc1 , ..., Fck inputs of a given

node na at level ` are covariant k’th order P–tensors, then Fa = Φ(Fc1 , ..., Fck) will also be

a k’th order P–tensor. The aggregation function that we define consists of five operations

executed in sequence: promotion, stacking, reduction, mixing, and an elementwise nonlinear

transform. Practically relevant CCNs tend to have multiple channels, so each Fci is actually

a sequence of d separate P–tensors F
(1)
ci , . . . , F

(d)
ci . However, except for the mixing step,
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each channel behaves independently, so for simplicity, for now we drop the channel index.

Figs. 3.6 and 3.11 shows the aggregation process and neural activations on the second order

CCN.

Promotion

Each child tensor Fci captures information about a different receptive field Pci , so before

combining them we must “promote” each Fci to a ∣Pa∣ × . . . × ∣Pa∣ tensor F̃ci , whose dimen-

sions are indexed by the vertices of Pa rather than the vertices in each Pci . Assuming that

Pci = (eq1 , . . . , eq∣Pci∣
) and Pb = (ep1 , . . . , ep∣Pp∣), this is done by defining a ∣Pa∣×∣Pci ∣ indicator

matrix

χci→ai,j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if qj = pi

0 otherwise,

and setting

[F̃ci]j1,...,jk = [χci→b]j1,j′1 [χci→b]j2,j′2 . . . [χ
ci→b]jk,j′k [Fci]j′1,...,j′k ,

where, once again, Einstein summation is in use, so summation over j′1, . . . , j
′
k

is implied.

Effectively, the promotion step aligns all the child tensors by permuting the indices of Fci to

conform to the ordering of the atoms in Pa, and padding with zeros where necessary.

Stacking

Now that the promoted tensors F̃c1 , ..., F̃cs all have the same shape, they can be stacked to

form a ∣Pa∣ × . . . × ∣Pa∣ dimensional k+1’th order tensor T (see figure 3.7 for an example),
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v

F3

F1

F2F0

T =

[Q1]i,j =
∑

k Ti,j,k

[Q2]i,j =
∑

k Ti,k,j

[Q3]i,j =
∑

k Tk,i,j

F (c) = σ
(∑

j

wc,jQj + bc1
)

Figure 3.6: Schematic of the aggregation process at a given vertex v of G in a second order
CCN not involving tensor products with A↓Pb and assuming a single input channel. Feature
tensors F0, . . . , F3 are collected from the neighbors of v as well as from v itself, promoted,
and stacked to form a third order tensor T . In this example we compute just three reductions
Q1,Q2,Q3. These are then combined them with the wc,j weights and passed through the σ
nonlinearity to form the output tensors (F (1), F (2), F (3)). For simplicity, in this figure the
“`” and “a” indices are suppressed.
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Figure 3.7: Stacking second order tensors (matrices) A(k)s into a third order tensor C.

with

Tj0,...,jk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[F̃ci]j0,...,jk if Pci is the subgraph

centered at epj0
,

0 otherwise.

It is easy to see that T itself transforms as a P -tensor of order (k + 1).

We may also add additional information to T by taking its Hadamard/element-wise product

or tensor product with another P -tensor (see figures 3.8 and 3.9). In particular, to explicitly

add information about the local topology, we may tensor multiply T by [A↓Pa]i,j = Aepi ,epj ,

the restriction of the adjacency matrix to Pa. This will give an order (k + 3) tensor

S = T ⊗ A↓Pa . Otherwise, we just set S = T . Note that in most other graph neural net-

works, the topology of the underlying graph is only accounted for implicitly, by the pattern

in which different activations are combined. Being able to add the local adjacency matrix

explicitly greatly extends the representational power of CCNs.

Reduction

Stacking and the optional tensor product increase the order of our tensors from k to k+1 or

k+3. We reduce this to k again by a combination of generalized tensor contractions, more

accurately called tensor reductions (see figure 3.10). For example, one way to drop the rank
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Figure 3.8: Hadamard/element-wise product preserves covariance.

Figure 3.9: Tensor product between a first order tensor (vector) B with a second order tensor
(local adjacency matrix) A results into a third order tensor C.

of S from k + 3 to k is to sum out three of its indices,

Qi1,...,ik = ∑
iα1 ,iα2 ,iα3

Si1,...,ik .

Note that while this notation does not make it explicit, iα1 , iα2 and iα3 must be removed

from amongst the indices of Q. Another way to drop the rank is to contract over three

indices,

Qi1,...,ik = ∑
iα1 ,iα2 ,iα3

Si1,...,ikδiα1,iα2 ,iα3
,

where δiα1,iα2 ,iα3
is the generalized Kronecker symbol. A third way is to contract over two

indices and sum over one index, and so on. The crucial fact is that result of each of these

tensor operations is still a covariant P–tensor.

In general, the number of different ways that an order k+q tensor S can be reduced to order
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Figure 3.10: There are six different ways of covariantly reducing (contracting) a third order
tensor A to a second order tensor (matrix) C: by either projecting into one side or taking
the diagonal.

k depends on both q and k. For example, when k =2 and q =3, there are 50 different possible

tensor reductions (excluding diagonals). In contrast, when q =1 (i.e., we are not multiplying

by the adjacency matrix), we only have k+1 possibilities, corresponding to summing S over

each of its dimensions. No matter which case we are in, however, and how many contractions

Q1, . . . ,Qd′ our network actually computes (in our experiments using second order nodes,

we compute 18 different ones), what is important is that the resulting order k tensors satify

the P–tensor property.

Mixing with learnable weights

The reduction step can potentially produce quite a large number of order k tensors, Q1, . . . ,Qr.

We reduce this number by linearly mixing Q1, . . . ,Qr, i.e., taking d′ < r linear combinations

of the form

Q̃(i) =
r

∑
j=1

w
(`)
i,j Qj . (3.52)

This is again a covariant operation, and the mixing weights are the actual learnable param-

eters of our neural network.
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It is natural to interpret Q̃(1), . . . , Q̃(d′) as d′ separate channels, in neural network termi-

nology. Recall that we also allow the input tensors to have multiple channels, but up to

now the corresponding index has been suppressed. The mixing step is the point where these

channels are all allowed to interact, so feq: mixing becomes

Q̃(c) = ∑
c′,j

w
(`)
c,c′,j Q

(c′)
j , (3.53)

and the learnable weights of the network at each level form a third order tensorW` = (w(`)
c,c′,j)c,c′,j .

The channel index c is not to be confused with c1, . . . , ck denoting the children of node a.

Equation 3.52 is the main mechanism whereby CCNs are able to learn increasigly complex

topological features as we move up the network.

Nonlinearity

Finally, to get the actual activation of our neuron na, we add an additive bias b`,c, and an

elementwise nonlinearity σ (specifically, the ReLU operator σ(x)=max{0, x}), as is standard

in neural networks. Thus, ultimately, the output of the aggregation function is the collection

of P–covariant tensors

F
(c)
a = σ[

d

∑
c′=1

r

∑
j=1

w
(`)
c,c′,j Q

(c′)
j + b`,c 1 ] (3.54)

with c ∈ {1,2, . . . , d′}. As usual in neural networks, the W` weight tensors are learned by

backpropagation and some form of stochastic gradient descent.

3.7.4 Architecture

In this section, we will describe the architecture of our permutation equivariant networks

that is a generalization of previous works with an extension to higher-order representations.

Recent works on graph neural networks (Duvenaud et al., 2015; Kipf and Welling, 2017a; Li
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et al., 2016a; Gilmer et al., 2017) can all be seen as instances of zeroth order message passing

where each vertex representation is a vector (first order tensor) of c channels in which each

channel is represented by a scalar (zeroth order P-tensor). This results in the loss of certain

structural information during the message aggregation, and the network loses the ability to

learn topological information of the graph’s multiscale structure.

Our architecture represents generalized vertex representations with higher-order tensors

which can retain this structural information. There is significant freedom in the choice

of this tensor structure, and we now explore two examples, corresponding to the tensor

structures, which we call “first order CCN” and “second order CCN”, respectively.

We start with an input graph G = (V,E) and construct a network with L + 1 levels, in-

dexed from 0 (input level) to L (top level). Initially, each vertex v is associated with an

input feature vector lv ∈ Rc where c denotes the number of channels. The receptive field of

vertex v at level ` is denoted by P`v and is defined recursively as follows:

P`v ≜

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

{v}, ` = 0

⋃
(u,v)∈E

P`u, ` = 1, . . . , L
(3.55)

The vertex representation of vertex v at level ` is denoted by a feature tensor F `v . In zeroth

order message passing, F `v ∈ Rc is a vector of c channels. Let N be the number of vertices

in P`v. In the first order CCN, each vertex is represented by a matrix (second order tensor)

F `v ∈ RN×c in which each row corresponds to a vertex in the receptive field P`v, and each

channel is represented by a vector (first order P-tensor) of size N . In the second order CCN,

F v
`

is promoted into a third order tensor of size N ×N ×c in which each channel has a second

order representation (second order P-tensor). In general, we can imagine a series of feature
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tensors of increasing order for higher order message passing. Note that the components

corresponding to the channel index does not transform as a tensor, whereas the remaining

indices do transform as a P-tensor. The tensor F `v transforms in a covariant way with respect

to the permutation of the vertices in the receptive field P`v.

Now that we have established the structure of the high order representations of the ver-

tices at each site, we turn to the task of constructing the aggregation function Φ from one

level to another. The key to doing this in a way that preserves covariance is to “promote-

stack-reduce” the tensors as one traverses the network at each level.

We start with the promotion step. Recall that we want to accumulate information at higher

levels based upon the receptive field of a given vertex. However, it is clear that not all ver-

tices in the receptive field have the same size tensors. To account for this, we use an index

function χ that ensures all tensors are the same size by padding with zeros when necessary.

At level `, given two vertices v and w such that P`−1
w ⊆ P`v, the permutation matrix χw→v

`

of size ∣P`v ∣ × ∣P`−1
w ∣ is defined as in section 3.7.3. In CCN 1D & 2D, the resizing is done by

(broadcast) matrix multiplication χ ⋅ F `−1
w and χ × F `−1

w × χT where χ = χw→v
`

, respectively.

Denote the resized tensor as F `w→v. (See step 7 in algorithm 15.) This promotion is done for

all tensors of every vertex in the receptive field, and stacked/concatenated into a tensor one

order higher. Notice that the stacked index has the same size as the receptive field. From

here, as in CCN 2D, we can compute the tensor product of this higher order tensor with

the restricted adjacency matrix (subject to the receptive field) and obtain an even higher

order tensor. Finally, we can reduce the higher order tensor down to the expected size of

the vertex representation using the tensor contractions discussed in section 3.7.3.

We include all possible tensor contractions, which introduces additional channels. To avoid

126



an exponential explosion in the number of channels with deep networks, we use a learnable

set of weights that reduces the number of channels to a fixed number c. These weights are

learnable through backpropagation. To complete our construction of Φ, this tensor is passed

through an element-wise nonlinear function Υ such as a ReLU to form the feature tensor for

a given vertex at the next level. (See steps 4 and 9 in algorithm 15.)

Finally, at the output of the network, we again reduce the vertex representations F `v into a

vector of channels Θ(F `v) = F `v ↓i1,..,ip where i1, .., ip are the non-channel indices. We sum

up all the reduced vertex representations of a graph to get a single vector which we use as

the graph representation. This final graph representation can then be used for regression

or classification with a fully connected layer. In addition, we can construct a richer graph

representation by concatenating the shrunk representation at each level. (See steps 12, 13

and 14 in algorithm 15.)

The development of higher order CCNs require efficient tensor algorithms to successively

train the network. A fundamental roadblock we face in implementing CCNs is that fifth

or sixth order tensors are often too large to be held in memory. To address this challenge,

we do not construct the tensor product explicitly. Instead we introduce a virtual indexing

system for a virtual tensor that computes the elements of tensor only when needed given

the indices. This allows us to implement the tensor contraction operations efficiently with

GPUs on virtual tensors.

For example, consider the operations in step 8 in algorithm 15. This requires performing con-

tractions over several indices on the two inputs F = {F `w→v ∣w ∈ P`v}, in which Fi1 = F `wi1→v
is of size ∣P`v ∣ × ∣P`v ∣ × c, and A = A ↓

P`v
. One naive strategy would be to stack all tensors

in F into a new object and then directly compute the tensor product with A to form a
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sixth order tensor, given by a tuple of indices (i1, i2, i3, i4, i5, i6). Instead, the corresponding

tensor element is computed on-the-fly through simple multiplication:

Ti1,i2,i3,i4,i5,i6 = (Fi1)i2,i3,i6 ⋅ Ai4,i5 (3.56)

where i6 is the channel index. In this case, T is 5th order (6th order if we consider the

channel index), and can be contracted down to second order in the following ways:

1. The 1+1+1 case contracts T in the form Ti1,i2,i3,i4,i5δ
ia1δia2δia3 , i.e., it projects T

down along 3 of its 5 dimensions. This can be done in (5
3) = 10 ways.

2. The 1+2 case contracts T in the form Ti1,i2,i3,i4,i5δ
ia1δia2 ,ia3 , i.e., it projects T along

one dimension, and contracts it along two others. This can be done in 3(5
3) = 30 ways.

3. The 3 case is a single 3-fold contraction Ti1,i2,i3,i4,i5δ
ia1 ,ia2 ,ia3 . This can be done in

(5
3) = 10 ways.

Totally, we have 50 different contractions that result in 50 times more channels. In our ex-

periments of CCN 2D, for efficiency, we only implement 18 different contractions such that

each contraction results in a ∣P`v ∣ × ∣P`v ∣ × c tensor. The result of step 8 is F
v
` with 18 times

more channels.

Algorithm CCN 1D is described in pseudocode 14. Figure 3.7.2 shows a visualization of

CCN 1D’s tensors on C2H4 molecular graph. Vertices e3 and e4 are carbon (C) atoms, and

vertices e1, e2, e5 and e6 are hydrogen (H) atoms. Edge (e3, e4) is a double bond (C, C)

between two carbon atoms. All other edges are single bonds (C, H) between a carbon atom

and a hydrogen atom. In the bottom layer ` = 0, the receptive field of every atom e only

contains itself, thus its representation F 0
e is a tensor of size 1 × c where c is the number of

channels. In the first layer ` = 1, the receptive field of a hydrogen atom contains itself and
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the neighboring carbon atom (i.e., P1
e1

= {e1, e3}), thus tensors for hydrogen atoms are of

size 2×c. Meanwhile, the receptive field of a carbon atom contains itself, the another carbon

and two other neighboring hydrogens (i.e., P1
e3

= {e1, e2, e3, e4}) and P1
e4

= {e3, e4, e5, e6}),

thus F 1
e3
, F 1
e4

∈ R4×c. In all later layers denoted ` = ∞, the receptive field of every atom

contains the whole graph (in this case, 6 vertices in total), thus F∞e ∈ R6×c.

Algorithm 14 First-order CCN

1: Input: G, lv, L
2: Parameters: Matrices W0 ∈ Rc×c, W1, ..,WL ∈ R(2c)×c and biases b0, .., bL. For CCN

1D, we only implement 2 tensor contractions.
3: F 0

v ← Υ(W0lv + b01) (∀v ∈ V )
4: Reshape F 0

v to 1 × c (∀v ∈ V )
5: for ` = 1, .., L do
6: for v ∈ V do
7: F `w→v ← χ × F `−1

w where χ = χ`w→v (∀w ∈ P`v)
8: Concatenate the promoted tensors in {F `w→v ∣w ∈ P`v} and apply 2 tensor contrac-

tions that results in F
`
v ∈ R∣P`v ∣×(2c).

9: F `v ← Υ(F `v ×W` + b`1)
10: end for
11: end for
12: F ` ← ∑v∈V Θ(F `v) (∀`)
13: Graph feature F ←

L
⊕
`=0

F ` ∈ R(L+1)c

14: Use F for downstream tasks.

Algorithm CCN 2D is described in pseudocode 15. Figure 3.11 shows a visualization of CCN

2D’s tensors on C2H4 molecular graph. In the bottom layer ` = 0, ∣P0
e ∣ = 1 and F 0

e ∈ R1×1×c

for every atom e. In the first layer ` = 1, ∣P1
e ∣ = 2 and F 1

e ∈ R2×2×c for hydrogen atom

e ∈ {e1, e2, e5, e6}, and for carbon atoms ∣P1
e3
∣ = ∣P1

e4
∣ = 4 and F 1

e3
, F 1
e4

∈ R4×4×c. In all other

layers ` = ∞, P∞e ≡ V and F∞e ∈ R6×6×c (∀e).

Figure 3.12 shows the difference among zeroth, first and second order message passing (see
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Figure 3.11: Neural activations of the second order CCN on C2H4 molecular graph: (a)
initialization, (b) after 1 iteration, and (c) after 2 iterations.

Algorithm 15 Second-order CCN

1: Input: G, lv, L
2: Parameters: Matrices W0 ∈ Rc×c, W1, ..,WL ∈ R(18c)×c and biases b0, .., bL.
3: F 0

v ← Υ(W0lv + b01) (∀v ∈ V )
4: Reshape F 0

v to 1 × 1 × c (∀v ∈ V )
5: for ` = 1, .., L do
6: for v ∈ V do
7: F `w→v ← χ × F `−1

w × χT where χ = χ`w→v (∀w ∈ P`v)
8: Apply virtual tensor contraction algorithm with inputs {F `w→v ∣w ∈ P`v} and the

restricted adjacency matrix A ↓
P`v

to compute F
`
v ∈ R∣P`v ∣×∣P

`
v ∣×(18c).

9: F `v ← Υ(F `v ×W` + b`1)
10: end for
11: end for
12: F ` ← ∑v∈V Θ(F `v) (∀`)
13: Graph feature F ←

L
⊕
`=0

F ` ∈ R(L+1)c

14: Use F for downstream tasks.
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Figure 3.12: Zeroth, first and second order message passing

from left to right) with layer ` ≥ 2. In the zeroth order, the vertex representation is always

a vector of c channels. In the first and second order, the vertex representation is a matrix

of size 6 × c or a 3rd order tensor of size 6 × 6 × c in which each channels is represented by

a vector of length 6 or a matrix of size 6 × 6, respectively. With higher orders, CCNs can

capture more topological information.

3.7.5 Learning to estimate Density Functional Theory calculation

Density functional theory (Hohenberg and Kohn, 1964) (DFT) is the workhorse of modern

quantum chemistry, due to its ability to calculate many properties of molecular systems with

high accuracy. However, this accuracy comes at a significant computational cost, generally

making DFT too costly for applications such as chemical search and drug screening, which

may involve hundreds of thousands of compounds. Methods that help overcome this limita-

tion could lead to rapid developments in biology, medicine, and materials engineering.

Recent advances in machine learning, specifically, deep learning (LeCun et al., 2015), com-

bined with the appearance of large datasets of molecular properties obtained both experi-

mentally and theoretically (Ramakrishnan et al., 2014; Hachmann et al., 2011; Kirklin et al.,

2015) present an opportunity to learn to predict the properties of compunds from their

chemical structure rather than computing them explicitly with DFT. A machine learning

model could allow for rapid and accurate exploration of huge molecular spaces to find suit-
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able candidates for a desired molecule.

Central to any machine learning technique is the choice of a suitable set of descriptors, or

features used to parametrize and describe the input data. A poor choice of features will

limit the expressiveness of the learning architecture and make accurate predictions impossi-

ble. On the other hand, providing too many features may make training difficult, especially

when training data is limited. Hence, there has a been a significant amount of work on

designing good features for molecular systems. Predictions of energetics based on molecular

geometry have been explored extensively, using a variety of parametrizations (Hansen et al.,

2015; Huang and von Lilienfeld, 2016). This includes bond types and/or angles (Faber et al.,

2017), radial distance distributions (von Lilienfeld et al., 2015), the Coulomb matrix and re-

lated structures (Rupp et al., 2012; Hansen et al., 2013; Montavon et al., 2013), the Smooth

Overlap of Atomic Positions (SOAP) (Bartók et al., 2013a; Bartók et al., 2017), permutation-

invariant distances (Ferré et al., 2015), symmetry functions for atomic positions (Behler and

Parrinello, 2007; Behler, 2011), Moment Tensor Potentials (Shapeev, 2016), and Scattering

Networks (Hirn et al., 2017).

Recently, the problem of learning from the structure of chemical bonds alone, i.e., the molec-

ular graph, has attracted a lot of interest, especially in light of the appearance of a series

of neural network architectures designed specifically for learning from graphs (Bruna et al.,

2014; Duvenaud et al., 2015; Kearnes et al., 2016; Bronstein et al., 2017; Schütt et al., 2017;

Gilmer et al., 2017; Schütt et al., 2017). Much of the success of these architectures stems from

their ability to pick up on structure in the graph at multiple different scales, while satisfying

the crucial requirement that the output be invariant to permutations of the vertices (which,

in molecular learning, correspond to atoms). However, as will explain, the specific way that

most of these architectures ensure permutation invariance still limits their representaional
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power.

Importantly, CCNs are based on explicitly decomposing compound objects (in our case,

molecular graphs) into a hierarchy of subparts (subgraphs), offering a versatile framework

that is ideally suited to capturing the multiscale nature of molecular structures from func-

tional groups through local structure to overall shape. In a certain sense, the resulting

models are the neural networks analog of coarse graining. In addition, CCNs offer a more

nuanced take on permutation invariance than other graph learning algorithms: while the

overall output of a CCN is still invariant to the permutation of identical atoms, internally,

the activations of the network are covariant rather than invariant, allowing us to better

preserve information about the relationships between atoms.

3.8 GraphFlow Deep Learning Framework

3.8.1 Motivation for a new deep learning framework

Many Deep Learing frameworks have been proposed over the last decade. Among them,

the most successful ones are TensorFlow (Abadi et al., 2016), PyTorch (Paszke et al., 2017),

Mxnet (Chen et al., 2016), Theano (Al-Rfou et al., 2016). However, none of these frameworks

are completely suitable for graph neural networks in the domain of molecular applications

with high complexity tensor operations due to the following reasons:

1. The current frameworks are not flexible for an implementation of the Virtual Index-

ing System for efficient and low-cost tensor operations.

2. The most widely used Deep Learning framework - TensorFlow is incapable of con-

structing dynamic computation graphs during run time that is essential for graph

neural networks which are dynamic in size and structure. To get rid of static compu-

tation graphs, Google Research has been proposed an extension of TensorFlow that
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is TensorFlow-fold but has not completely solved the flexibility problem (Looks et al.,

2017).

To address all these drawbacks, we implement from scratch our GraphFlow Deep Learn-

ing Framework (Hy and Jones, 2019) in C++11 with the following criteria:

1. Supports symbolic/automatic differentiation that allows users to construct any kind

of neural networks without explicitly writing the complicated back-propagation code

each time.

2. Supports dynamic computation graphs that is fundamental for graph neural networks

such that partial computation graph is constructed before training and the rest is

constructed during run time depending on the size and structure of the input graphs.

3. Supports sophisticated tensor/matrix operations with Virtual Indexing System.

4. Supports tensor/matrix operations implemented in CUDA for computation accelera-

tion by GPUs.

3.8.2 Philosophy of the design

GraphFlow (Hy and Jones, 2019) is designed with the philosophy of Object Oriented Pro-

gramming (OOP). There are several classes divided into the following groups:

1. Data structures: Entity, Vector, Matrix, Tensor, etc. Each of these components

contain two arrays of floating-point numbers: value for storing the actual values,

gradient for storing the gradients (that is the partial derivative of the loss function) for

the purpose of automatic differentiation. Also, in each class, there are two functions:

forward() and backward() in which foward() to evaluate the network values and

backward() to compute the gradients. Based on the OOP philosophy, Vector inherits

from Entity, and both Matrix and Tensor inherit from Vector, etc. It is essentially
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important because polymorphism allows us to construct the computation graph of the

neural network as a Directed Acyclic Graph (DAG) of Entity such that forward()

and backward() functions of different classes can be called with object casting.

2. Operators: Matrix Multiplication, Tensor Contraction, Convolution, etc.For example,

the matrix multiplication class MatMul inherits from Matrix class, and has 2 construc-

tor parameters in Matrix type. Suppose that we have an object A of type MatMul

that has 2 Matrix inputs B and C. In the forward() pass, A computes its value as A

= B * C and stores it into value array. In the backward() pass, A got the gradients

into gradient (as flowing from the loss function) and increase the gradients of B and C.

It is important to note that our computation graph is DAG and we find the topo-

logical order to evaluate value and gradient in the correct order. That means A

-> forward() is called after both B -> forward() and C -> forward(), and A ->

backward() is called before both B -> backward() and C -> backward().

3. Optimization algorithms: Stochastic Gradient Descent (SGD), SGD with Momen-

tum, Adam, AdaGrad, AdaMax, AdaDelta, etc. These algorithms are implemented

into separate drivers: these drivers get the values and gradients of learnable param-

eters computed by the computation graph and then optimize the values of learnable

parameters algorithmically.

4. Neural Networks objects: These are classes of neural network architectures imple-

mented based on the core of GraphFlow including graph neural networks (for example,

CCN, NGF and LCNN), convolutional neural networks, recurrent neural networks (for

example, GRU and LSTM), multi-layer perceptron, etc. Each class has multiple sup-

porting functions: load the trained learnable parameters from files, save them into files,

learning with mini-batch or without mini-batch, using multi-threading or not, etc.
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Figure 3.13: GraphFlow overview

Figure 3.13 describes the general structure of GraphFlow Deep Learning framework.

3.8.3 Parallelization

Efficient Matrix Multiplication In GPU

Multiple operations of a neural network can be expressed as matrix multiplication. Having

a fast implementation of matrix multiplication is extremely important for a Deep Learning

framework. We have implemented two versions of matrix multiplication in CUDA: one using

naive kernel function that accesses matrices directly from the global memory of GPU, one

is more sophisticated kernel function that uses shared memory in which the shared memory

of each GPU block contains 2 blocks of the 2 input matrices to avoid latency of reading

from the GPU global memory. Suppose that each GPU block can execute up to 512 threads

concurrently, we select the block size as 22 x 22. The second approach outperforms the first

approach in our stress experiments. In general, it is important to algorithmically optimize

our CUDA kernel to efficiently exploit the shared memory space, that would certainly give us

a boost in the performance relatively comparing to the corresponding naive implementation
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of using global memory space.

Efficient Tensor Contraction In CPU

Tensor stacking, tensor product, tensor contraction play the most important role in the

success of Covariant Compositional Networks. Among them, tensor contraction is the most

difficult operation to implement efficient due to the complexity of its algorithm. Let consider

the second-order tensor product:

F `v ⊗A ↓P`v

where F `v ∈ R∣P`v ∣×∣P
`
v ∣×∣P

`
v ∣×c is the result from tensor stacking operation of vertex v at level `,

A ↓
P`v
∈ {0,1}∣P`v ∣×∣P`v ∣ is the restricted adjacency matrix to the receptive field P`v, and c is the

number of channels. With the Virtual Indexing System (see Fig. 3.14), we do not compute

the full tensor product result, indeed we compute some elements of it when necessary. The

task is to contract/reduce the tensor product F `v ⊗A ↓P`v of 6th order into 3rd order tensor

of size ∣P`v ∣× ∣P`v ∣×c. For example, there are 18 ways of contractions in the second-order case.

Suppose that our CPU has N < 18 cores, assuming that we can run all these cores concur-

rently, we launch N threads such that each thread processes ⌈18/N⌉ contractions. There can

be some threads doing more or less contractions. One challenge is about synchronization:

we have to ensure that the updating operations are atomic ones.

Efficient Tensor Contraction In GPU

The real improvement in performance comes from GPU. Thus, in practice, we do not use

the tensor contraction with multi-threading in CPU. Because we are experimenting on Tesla

GPU K80, we have an assumption that each block of GPU can launch 512 threads and a

GPU grid can execute 8 concurrent blocks. In GPU global memory, F `v is stored as a float

array of size ∣P`v ∣ × ∣P`v ∣ × ∣P`v ∣ × c, and the reduced adjacency matrix A ↓
P`v

is stored as a float

array of size ∣P`v ∣ × ∣P`v ∣. We divide the job to GPU in such a way that each thread processes
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Figure 3.14: GPU implementations of tensor contractions in CCN 2D with the Virtual
Indexing System. In this figure, d denotes the size of the graph and c denotes the number
of channels.

a part of F `v and a part of A ↓
P`v

. We assign the computation work equally among threads

based on the estimated asymptotic complexity.

Again, synchronization is also a real challenge: all the updating operations must be the

atomic ones. However, having too many atomic operations can slow down our concurrent

algorithm. That is why we have to design our GPU algorithm with the minimum number of

atomic operations as possible. We obtain a much better performance with GPU after careful

consideration of all factors.

CPU Multi-threading In Gradient Computation

Given a minibatch of M training examples, it is a natural idea that we can separate the

gradient computation jobs into multiple threads such that each thread processes exactly one
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Figure 3.15: CPU multi-threading for gradient computation

training example at a time before continuing to process the next example. We have to make

sure that there is no overlapping among these threads. After completing the gradient com-

putations from all these M training examples, we sum up all the gradients, average them

by M and apply an variant of Stochastic Gradient Descent to optimize the neural networks

before moving to the next minibatch. Technically, suppose that we can execute T threads

concurrent at a time for gradient computation jobs. Before every training starts, we initialize

exactly T identical dynamic computation graphs by GraphFlow. Given a minibatch of M

training examples, we distribute the examples to T thread, each thread uses a different dy-

namic computation graph for its gradient computation job. By this way, there is absolutely

no overlapping and our training is completely synchronous. The minibatch training with

CPU multi-threading is described by figure 3.15.

Reducing data movement between GPU and main memory

One challenge of using GPU is that we must move the data from the main memory to the

GPU before performing any computation. This could prevent us from achieving high effi-
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cient computation since data movement takes time and the GPU cannot be used until this

process completes. We solve this problem by detaching data movement from computation.

We introduce two new functions, upload and download, let them handle the data movement

to and from the GPU, respectively. The forward and backward functions only perform com-

putation. This approach makes the framework more flexible as it can dynamically determine

which parts of the data should be moved and when to move them. Therefore, the framework

has more options when scheduling computation flows of the network, enabling better GPU

utilization as well as avoiding unnecessary communication caused by poor implementations.

Figure 3.16 shows an example of our approach. On the left of the figure is the C++ for

computing matrix computation of A ×B ×C. The execution of the code is depicted on the

right side. Firstly, the framework copies necessary data from main memory to GPU’s global

memory by calling upload function. The result and gradient is then generated after the calls

to forward() and backward() functions. Those functions work in the way similar to what

we introduced in previous sections except that the computation is performed entirely by the

GPU. In the end, download function is called to move the computation results back to the

main memory. Clearly, data movement occurs only during the initialization and finalization

of the whole process, there is no communication between GPU and main memory during the

computation so the performance would be improved significantly.

3.8.4 Performance evaluation

In this section, we evaluate the computing performance of GraphFlow Deep Learning Frame-

work in multiple settings.

On tensor contraction

We also compare the GPU implementation of tensor contraction with the CPU one. We

want to remark that the tensor contraction complexity is O(18× ∣P`v ∣5 × c) that grows expo-
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Figure 3.16: Example of data flow between GPU and main memory

∣P`v ∣ c Floating-points CPU GPU

5 10 562,500 3 ms 3 ms
5 20 1,125,000 7 ms 1 ms
10 10 18,000,000 56 ms 1 ms
10 20 36,000,000 103 ms 3 ms
20 10 576,000,000 977 ms 18 ms
20 20 1,152,000,000 2,048 ms 27 ms
35 10 9,453,937,500 12,153 ms 267 ms
35 20 18,907,875,000 25,949 ms 419 ms

Table 3.1: GPU vs CPU tensor contraction running time (milliseconds)

nentially with the size of receptive field ∣P`v ∣ and grows linearly with the number of channels

c. We have a constant 18 as the number of contractions implemented in the second-order

case. We have several tests with the size of receptive field ∣P`v ∣ ranging in {5,10,20,35} and

the number of channels c ranging in {10,20}. In the largest case with ∣P`v ∣ = 35 and c = 20,

we observe that GPU gives a factor of approximately 62x speedup. Table 3.1 and figure 3.17

show the details. Figure 3.14 describes the general idea of GPU implementation of tensor

contractions in CCN 2D by Virtual Indexing System.
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Figure 3.17: GPU vs CPU tensor contraction running time (milliseconds) in log10 scale

∣V ∣ Max ∣P`v ∣ c L CPU GPU

10 10 10 6 1,560 ms 567 ms
15 10 10 6 1,664 ms 543 ms
20 15 10 6 7,684 ms 1,529 ms
25 15 10 6 11,777 ms 1,939 ms

Table 3.2: GPU and CPU network evaluation running time (milliseconds)

On synthetic random graphs

In this experiment, we generate synthetic random input graphs by Erdos-Renyi p = 0.5

model. The number of vertices ∣V ∣ ∈ {10,15,20,25}. We fix the maximum size of receptive

field ∣P`v ∣ as 10 and 15, the number of channels c as 10, and the number of levels/layers of

the neural network L as 6. In the largest case of the graph with 25 vertices, GPU gives a

factor of approximately 6x speedup. Table 3.2 shows the detail.

On small molecular dataset

This is the total training and testing time on a small dataset of 4 molecules CH4, NH3, H20,

C2H4 with 1,024 epochs. After each epoch, we evaluate the neural network immediately.

CCN 1D denotes the Covariant Compositional Networks with the first-order representation,

the number of layers/levels is in {1,2,4,8,16}. CCN 2D denotes the Covariant Composi-
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Model Layers Single-thread Multi-thread

CCN 1D 1 1,836 ms 874 ms
CCN 1D 2 4,142 ms 1,656 ms
CCN 1D 4 9,574 ms 3,662 ms
CCN 1D 8 (deep) 20,581 ms 7,628 ms
CCN 1D 16 (very deep) 42,532 ms 15,741 ms
CCN 2D 1 35 seconds 10 seconds
CCN 2D 2 161 seconds 49 seconds

Table 3.3: Single thread vs Multiple threads running time

tional Networks with the second-order representation, the number of layers/levels is in {1,2}.

The number of channels c = 10 in all settings. In this experiment, we use 4 threads for the

training minibatches of 4 molecules and compare the running time with the single thread

case. All models are fully converged. Table 3.3 shows the details.

3.9 Experiments

We now compare our CCN framework to several standard graph learning algorithms. We

focus on two datasets that contain the result of a large number of Density Functional Theory

(DFT) calculations:

1. The Harvard Clean Energy Project (HCEP), consisting of 2.3 million organic

compounds that are candidates for use in solar cells (Hachmann et al., 2011).

2. QM9, a dataset of ∼134k organic molecules with up to nine heavy atoms (C, O, N and

F) (Ramakrishnan et al., 2014) out of the GDB-17 universe of molecules (Ruddigkeit

et al., 2012). Each molecule contains data including 13 target chemical properties,

along with the spatial position of every constituent atom.

We are interested in the ability of our algorithm to learn on both pure graphs, and also on

physical data. As such, we perform three experiments. We start with two experiments based
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only upon atomic identity and molecular graph topology:

1. HCEP: We use a random sample of 50,000 molecules of the HCEP dataset; our learn-

ing target is Power Conversion Efficiency (PCE), and we present the mean average error

(MAE). The input vertex feature lv is a one-hot vector of atomic identity concatenated

with purely synthesized graph-based features.

2. QM9(a): We predict the 13 target properties of every molecule. For this text we

consider only heavy atoms and exclude hydrogen. Vertex feature initialization is per-

formed in the same manner as the HCEP experiment. For training the neural networks,

we normalized all 13 learning targets to have mean 0 and standard deviation 1. We

report the MAE with respect to the normalized learning targets.

We also tested our algorithm’s ability to learn on DFT data based upon physical features.

We perform the following experiment:

3. QM9(b): The QM9 dataset with each molecule including hydrogen atoms. We use

both physical atomic information (vertex features) and bond information (edge fea-

tures) including: atom type, atomic number, acceptor, donor, aromatic, hybridization,

number of hydrogens, Euclidean distance and Coulomb distance between pair of atoms.

All the information is encoded in a vectorized format.

To include the edge features into our model along with the vertex features, we used

the concept of a line graph from graph theory. We constructed the line graph for each

molecular graph in such a way that: an edge of the molecular graph corresponds to a

vertex in its line graph, and if two edges in the molecular graph share a common vertex

then there is an edge between the two corresponding vertices in the line graph. (See

Fig. 3.22). The edge features become vertex features in the line graph. The inputs of

our model contain both the molecular graph and its line graph. The feature vectors
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F` between the two graphs are merged at each level `. (See step 12 of the algorithm 15).

In QM9(b), we report the mean average error for each learning target in its corre-

sponding physical unit and compare it against the Density Functional Theory (DFT)

error given by (Faber et al., 2017).

In the case of HCEP, we compared CCNs to lasso, ridge regression, random forests, gradi-

ent boosted trees, optimal assignment Weisfeiler–Lehman graph kernel (Kriege et al., 2016)

(WL), neural graph fingerprints (Duvenaud et al., 2015), and the “patchy-SAN” convolu-

tional type algorithm (referred to as PSCN) (Niepert et al., 2016). For the first four of

these baseline methods, we created simple feature vectors from each molecule: the number

of bonds of each type (i.e., number of H–H bonds, number of C–O bonds, etc.) and the

number of atoms of each type. Molecular graph fingerprints uses atom labels of each vertex

as base features. For ridge regression and lasso, we cross validated over λ. For random

forests and gradient boosted trees, we used 400 trees, and cross validated over max depth,

minimum samples for a leaf, minimum samples to split a node, and learning rate (for GBT).

For neural graph fingerprints, we used 3 layers and a hidden layer size of 10. In PSCN, we

used a patch size of 10 with two convolutional layers and a dense layer on top as described

in their paper.

For QM9(a), we compared against the Weisfeiler–Lehman graph kernel, neural graph fin-

gerprints, and PSCN. The settings for NGF and PSCN are as described for HCEP. For

QM9(b), we compared against DFT error provided in (Faber et al., 2017).

We initialized the synthesized graph-based features of each vertex with computed histogram

alignment features, inspired by (Kriege et al., 2016), of depth up to 10. Each vertex receives

a base label lv = concat10
d=1

Hd
v where Hd

v ∈ Rc (with c being the total number of distinct
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discrete node labels) is the vector of relative frequencies of each label for the set of vertices

at distance equal to d from vertex v. Our CCNs architecture contains up to five levels.

In each experiment we separated 80% of the dataset for training, 10% for validation, and

evaluated on the remaining 10% test set. We used Adam optimization (Kingma and Ba,

2015) with the initial learning rate set to 0.001 after experimenting on a held out validation

set. The learning rate decayed linearly after each step towards a minimum of 10−6.

Our method, Covariant Compositional Networks, and other graph neural networks such

as Neural Graph Fingerprints (Duvenaud et al., 2015), PSCN (Niepert et al., 2016) and

Gated Graph Neural Networks (Li et al., 2016a) are implemented based on the GraphFlow

framework (see section 3.8).

Tables 3.4, 3.5, and 3.6 show the results of HCEP, QM9(a) and QM9(b) experiments, re-

spectively. Figures 3.18 and 3.19 show the 2D PCA projections of learned molecular rep-

resentations in HCEP dataset with Weisfeiler-Lehman, Covariant Compositional Networks

1D & 2D, respectively. On the another hand, figures 3.20 and 3.21 show the 2D projections

with t-SNE (Maaten and Hinton, 2008). The colors represent the PCE values ranging from

0 to 11. Figure 3.23 shows the distributions between ground-truth and prediction of CCN

1D & 2D in HCEP.

On the subsampled HCEP dataset, CCN outperforms all other methods by a very large

margin. In the QM9(a) experiment, CCN obtains better results than three other graph

learning algorithms for all 13 learning targets. In the QM9(b) experiment, our method gets

smaller errors comparing to the DFT calculation in 11 out of 12 learning targets (we do not

have the DFT error for R2).
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Figure 3.18: 2D PCA projections of Weisfeiler-Lehman features in HCEP

Figure 3.19: 2D PCA projections of CCNs graph representations in HCEP

Figure 3.20: 2D t-SNE projections of Weisfeiler-Lehman features in HCEP
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Figure 3.21: 2D t-SNE projections of CCNs graph representations in HCEP
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Figure 3.22: Molecular graph of C2H4 (left) and its corresponding line graph (right).

3.10 Software

The source code of GraphFlow including the implementation of Covariant Compositional

Networks (CCNs) and various forms of graph neural networks can be found at

https://github.com/HyTruongSon/GraphFlow.

In addition, my easy-to-use and efficient implementation of CCNs with TensorFlow and

PyTorch’s APIs based on a shared common C++ core can be found at

https://github.com/HyTruongSon/LibCCNs.

Finally, my PyTorch implementation of a special case of our general architecture, that is the

Invariant and Equivariant Graph Networks introduced by (Maron et al., 2019b), is publicly

available at

https://github.com/HyTruongSon/InvariantGraphNetworks-PyTorch.
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Test MAE Test RMSE

Lasso 0.867 1.437
Ridge regression 0.854 1.376
Random forest 1.004 1.799
Gradient boosted trees 0.704 1.005
WL graph kernel 0.805 1.096
Neural graph fingerprints 0.851 1.177
PSCN 0.718 0.973
CCN 1D 0.216 0.291
CCN 2D 0.340 0.449

Table 3.4: HCEP regression results

Target WLGK NGF PSCN CCN 2D

alpha 0.46 0.43 0.20 0.16
Cv 0.59 0.47 0.27 0.23
G 0.51 0.46 0.33 0.29

gap 0.72 0.67 0.60 0.54
H 0.52 0.47 0.34 0.30

HOMO 0.64 0.58 0.51 0.39
LUMO 0.70 0.65 0.59 0.53

mu 0.69 0.63 0.54 0.48
omega1 0.72 0.63 0.57 0.45

R2 0.55 0.49 0.22 0.19
U 0.52 0.47 0.34 0.29
U0 0.52 0.47 0.34 0.29

ZPVE 0.57 0.51 0.43 0.39

Table 3.5: QM9(a) regression results (MAE)

3.11 Chapter Conclusion

In this chapter, we presented a general framework called covariant compositional networks

(CCNs) for learning the properties of molecules from their graphs. Central to this frame-

work are two key ideas: (1) a compositional structure that generalizes message passing

neural networks (MPNNs) and (2) the concept of covariant aggregation functions based on

tensor algebra. These tensor aggregation rules ensure the network to process graphs in a

permutation-equivariant way for each layer of the (higher-order) message passing scheme,
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Target CCNs DFT error Physical unit

alpha 0.19 0.4 Bohr3

Cv 0.06 0.34 cal/mol/K
G 0.05 0.1 eV

gap 0.11 1.2 eV
H 0.05 0.1 eV

HOMO 0.08 2.0 eV
LUMO 0.07 2.6 eV

mu 0.43 0.1 Debye
omega1 2.54 28 cm−1

R2 5.03 - Bohr2

U 0.06 0.1 eV
U0 0.05 0.1 eV

ZPVE 0.0043 0.0097 eV

Table 3.6: QM9(b) regression results (MAE)

Figure 3.23: Distributions of ground-truth and prediction of CCN 1D & 2D in HCEP
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and return a permutation-invariant output from the top of the network.

We argue that CCNs can extract multiscale structure from molecular graphs and keep track of

the local topology in a manner the conventional MPNNs are not able to. We also introduced

the GraphFlow software library that provides an efficient implementation of CCNs and vari-

ous forms of graph neural networks in C++/CUDA. By using our new deep learning frame-

work GraphFlow, we were able to show that CCNs often outperform existing state-of-the-art

algorithms in learning molecular properties. This represents a significant advancement in

data-driven quantum chemistry, and enables the exploration of large sets of molecules.
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CHAPTER 4

MULTIRESOLUTION EQUIVARIANT GRAPH

VARIATIONAL AUTOENCODER

4.1 Chapter Introduction

Understanding graphs in a multiscale and multiresolution perspective is essential for cap-

turing the structure of molecules, social networks, or the World Wide Web. Graph neural

networks (GNNs) utilizing various ways of generalizing the concept of convolution to graphs

(Scarselli et al., 2009) (Niepert et al., 2016) (Li et al., 2016b) have been widely applied

to many learning tasks, including modeling physical systems (Battaglia et al., 2016), find-

ing molecular representations to estimate quantum chemical computation (Duvenaud et al.,

2015) (Kearnes et al., 2016) (Gilmer et al., 2017) (Hy et al., 2018), and protein interface

prediction (Fout et al., 2017). One of the most popular types of GNNs is message passing

neural nets (MPNNs) that are constructed based on the message passing scheme in which

each node propagates and aggregates information, encoded by vectorized messages, to and

from its local neighborhood. While this framework has been immensely successful in many

applications, it lacks the ability to capture the multiscale and multiresolution structures that

are present in complex graphs (Rustamov and Guibas, 2013) (Chen et al., 2014) (Cheng et al.,

2015) (Xu et al., 2019).

Ying et al. (2018) proposed a multiresolution graph neural network that employs a dif-

ferential pooling operator to coarsen the graph. While this approach is effective in some

settings, it is based on soft assigment matrices, which means that (a) the sparsity of the

graph is quickly lost in higher layers (b) the algorithm isn’t able to learn an actual hard

clustering of the vertices. The latter is important in applications such as learning molecular

graphs, where clusters should ideally be interpretable as concrete subunits of the graphs,
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e.g., functional groups.

In contrast, in this paper we propose an arhictecture called Multiresolution Graph Network

(MGN), and its generative cousin, Multiresolution Graph Variational Autoencoder (MG-

VAE), which explicitly learn a multilevel hard clustering of the vertices, leading to a true

multiresolution hierarchy. In the decoding stage, to “uncoarsen” the graph, MGVAE needs

to generate local adjacency matrices, which is inherently a second order task with respect

to the action of permutations on the vertices, hence MGVAE needs to leverage the recently

developed framework of higher order permutation equivariant message passing networks (Hy

et al., 2018; Maron et al., 2019b). MGN allows us to extend the existing model of variational

autoencoders (VAEs) with a hierarchy of latent distributions that can stochastically generate

a graph in multiple resolution levels. Our experiments show that having a flexible clustering

procedure from MGN enables MGVAE to detect, reconstruct and finally generate important

graph substructures, especially chemical functional groups.

4.2 Related work

There have been significant advances in understanding the invariance and equivariance prop-

erties of neural networks in general (Cohen and Welling, 2016) (Cohen and Welling, 2017),

of graph neural networks (Maron et al., 2019b), of neural networks learning on sets (Za-

heer et al., 2017) (Serviansky et al., 2020) (Maron et al., 2020), along with their expressive

power on graphs (Maron et al., 2019c) (Maron et al., 2019a). Our work is in line with group

equivariant networks operating on graphs and sets. Multiscale, multilevel, multiresolution

and coarse-grained techniques have been widely applied to graphs and discrete domains such

as diffusion wavelets (Coifman and Maggioni, 2006); spectral wavelets on graphs (Ham-

mond et al., 2011); finding graph wavelets based on partitioning/clustering (Rustamov and

Guibas, 2013); graph clustering and finding balanced cuts on large graphs (Dhillon et al.,
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2005) (Dhillon et al., 2007) (Chiang et al., 2012) (Si et al., 2014); and link prediction on so-

cial networks (Shin et al., 2012). Prior to our work, some authors such as (Zhou et al., 2019)

proposed a multiscale generative model on graphs using GAN (Goodfellow et al., 2014), but

the hierarchical structure was built by heuristics algorithm, not learnable and not flexible

to new data that is also an existing limitation of the field. In general, our work exploits

the powerful group equivariant networks to encode a graph and to learn to form balanced

partitions via back-propagation in a data-driven manner without using any heuristics as in

the existing works.

In the field of deep generative models, it is generally recognized that introducing a hierarchy

of latents and adding stochasticity among latents leads to more powerful models capable of

learning more complicated distributions (Blei et al., 2003) (Ranganath et al., 2016) (Ingra-

ham and Marks, 2017) (Klushyn et al., 2019) (Wu et al., 2020) (Vahdat and Kautz, 2020).

Our work combines the hierarchical variational autoencoder with learning to construct the

hierarchy that results into a generative model able to generate graphs at many resolution

levels.

4.3 Multiresolution graph network

4.3.1 Construction

An undirected weighted graph G = (V ,E ,A,Fv,Fe) with node set V and edge set E is rep-

resented by an adjacency matrix A ∈ N∣V∣×∣V∣, where Aij > 0 implies an edge between node

vi and vj with weight Aij (e.g., Aij ∈ {0,1} in the case of unweighted graph); while node

features are represented by a matrix Fv ∈ R∣V∣×dv , and edge features are represented by a

tensor Fe ∈ R∣V∣×∣V∣×de . The second-order tensor representation of edge features is necessary

for our higher-order message passing networks described in the next section. Indeed, Fv can
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Figure 4.1: Aspirin C9H8O4, its 3-cluster partition and the corresponding coarsen graph

be encoded in the diagonal of Fe.

Definition 4.3.1. A K-cluster partition of graph G is a partition of the set of nodes V into

K mutually exclusive clusters V1, ..,VK . Each cluster corresponds to an induced subgraph

Gk = G[Vk].

Definition 4.3.2. A coarsening of G is a graph G̃ of K nodes defined by a K-cluster partition

in which node ṽk of G̃ corresponds to the induced subgraph Gk. The weighted adjacency

matrix Ã ∈ NK×K of G̃ is

Ãkk′ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2 ∑vi,vj∈Vk Aij , if k = k′,

∑vi∈Vk,vj∈Vk′ Aij , if k ≠ k′,

where the diagonal of Ã denotes the number of edges inside each cluster, while the off-

diagonal denotes the number of edges between two clusters.

Fig. 4.3.1 shows an example of Defs. 4.3.1 and 4.3.2: a 3-cluster partition of the Aspirin

C9H8O4 molecular graph and its coarsening graph. Def. 4.3.3 defines the multiresolution of

graph G in a bottom-up manner in which the bottom level is the highest resolution (e.g., G

itself) while the top level is the lowest resolution (e.g., G is coarsened into a single node).

Definition 4.3.3. An L-level coarsening of a graph G is a series of L graphs G(1), ..,G(L) in

which
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1. G(L) is G itself.

2. For 1 ≤ ` ≤ L − 1, G(`) is a coarsening graph of G(`+1) as defined in Def. 4.3.2. The

number of nodes in G(`) is equal to the number of clusters in G(`+1).

3. The top level coarsening G(1) is a graph consisting of a single node, and the corre-

sponding adjacency matrix A(1) ∈ N1×1.

Definition 4.3.4. An L-level Multiresolution Graph Network (MGN) of a graph G consists of

L−1 tuples of five network components {(c(`),e(`)
local

,d
(`)
local

,d
(`)
global

,p(`))}L
`=2

. The `-th tuple

encodes G(`) and transforms it into a lower resolution graph G(`−1) in the higher level. Each of

these network components has a separate set of learnable parameters (θ(`)1 ,θ
(`)
2 ,θ

(`)
3 ,θ

(`)
4 ,θ

(`)
5 ).

For simplicity, we collectively denote the learnable parameters as θ, and drop the superscript.

The network components are defined as follows:

1. Clustering procedure c(G(`);θ), which partitions graph G(`) intoK clusters V(`)1 , . . . ,V(`)K .

Each cluster is an induced subgraph G(`)
k

of G(`) with adjacency matrix A(`)
k

.

2. Local encoder elocal(G
(`)
k

;θ), which is a permutation equivariant (see Defs. 4.3.5, 4.3.6)

graph neural network that takes as input the subgraph G(`)
k

, and outputs a set of node

latents Z(`)
k

represented as a matrix of size ∣V(`)
k

∣ × dz.

3. Local decoder dlocal(Z
(`)
k

;θ), which is a permutation equivariant neural network that

tries to reconstruct the subgraph adjacency matrix A(`)
k

for each cluster from the local

encoder’s output latents.

4. (Optional) Global decoder dglobal(Z(`);θ), which is a permutation equivariant neural

network that reconstructs the full adjacency matrix A(`) from all the node latents of

K clusters Z(`) = ⊕k Z
(`)
k

represented as a matrix of size ∣V(`)∣ × dz.

5. Pooling network p(Z(`)
k

;θ), which is a permutation invariant (see Defs. 4.3.5, 4.3.6)

neural network that takes the set of node latents Z(`)
k

and outputs a single cluster
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Figure 4.2: Hierarchy of 3-level Multiresolution Graph Network on Aspirin molecular graph

latent z̃
(`)
k

∈ dz. The coarsening graph G(`−1) has adjacency matrix A(`−1) built as

in Def. 4.3.2, and the corresponding node features Z(`−1) = ⊕k z̃
(`)
k

represented as a

matrix of size K × dz.

Algorithmically, MGN works in a bottom-up manner as a tree-like hierarchy starting from the

highest resolution graph G(L), going to the lowest resolution G(1) (see Fig. 4.3.1). Iteratively,

at `-th level, MGN partitions the current graph into K clusters by running the clustering

procedure c(`). Then, the local encoder e
(`)
local

and local decoder d
(`)
global

operate on each of

the K subgraphs separately, and can be executed in parallel. This encoder/decoder pair is

responsible for capturing the local structures. Finally, the pooling network p(`) shrinks each

cluster into a single node of the next level. Optionally, the global decoder d
(`)
global

makes

sure that the whole set of node latents Z(`) is able to capture the inter-connection between

clusters.

In terms of time and space complexity, MGN is more efficient than existing methods in

the field. The cost of global decoding the highest resolution graph is proportional to ∣V∣2.

For example, while the encoder can exploit the sparsity of the graph and has complexity

O(∣E∣), a simple dot-product decoder dglobal(Z) = sigmoid(ZZT ) has both time and space

complexity of O(∣V∣2) which is infeasible for large graphs. In contrast, the cost of running
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K local dot-product decoders is O(∣V∣2/K), which is approximately K times more efficient.

4.3.2 Higher order message passing

In this paper we consider permutation symmetry, i.e., symmetry to the action of the sym-

metric group, Sn. An element σ ∈ Sn is a permutation of order n, or a bijective map from

{1, . . . , n} to {1, . . . , n}. The action of Sn on an adjacency matrix A ∈ Rn×n and on a latent

matrix Z ∈ Rn×dz are

[σ ⋅ A]i1,i2 = Aσ−1(i1),σ−1(i2)
, [σ ⋅ Z]i,j = Zσ−1(i),j , σ ∈ Sn.

Here, the adjacency matrix A is a second order tensor with a single feature channel, while

the latent matrix Z is a first order tensor with dz feature channels. In general, the action of

Sn on a k-th order tensor X ∈ Rnk×d (the last index denotes the feature channels) is defined

similarly as:

[σ ⋅ X ]i1,..,ik,j = Xσ−1(i1),..,σ−1(ik),j
, σ ∈ Sn.

Network components of MGN (as defined in Sec. 4.3.1) at each resolution level must be

either equivariant, or invariant with respect to the permutation action on the node order of

G(`). Formally, we define these properties in Def. 4.3.5.

Definition 4.3.5. An Sn-equivariant (or permutation equivariant) function is a function

f ∶Rnk×d → Rnk
′
×d′ that satisfies f(σ ⋅ X ) = σ ⋅ f(X) for all σ ∈ Sn and X ∈ Rnk×d. Similarly,

we say that f is Sn-invariant (or permutation invariant) if and only if f(σ ⋅ X ) = f(X).

Definition 4.3.6. An Sn-equivariant network is a function f ∶ Rnk×d → Rnk
′
×d′ defined as

a composition of Sn-equivariant linear functions f1, .., fT and Sn-equivariant nonlinearities

γ1, .., γT :

f = γT ○ fT ○ .. ○ γ1 ○ f1.
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On the another hand, an Sn-invariant network is a function f ∶ Rnk×d → R defined as a

composition of an Sn-equivariant network f ′ and an Sn-invariant function on top of it, e.g.,

f = f ′′ ○ f ′.

In order to build higher order equivariant networks, we revisit some basic tensor operations:

tensor product (see Def. 4.3.7) and tensor contraction (see Def. 4.3.8). It can be shown that

these tensor operations respect permutation equivariance (Kondor et al., 2018a) (Hy et al.,

2018). Based on them, we build our second order message passing networks.

Definition 4.3.7. The tensor product of A ∈ Rna with B ∈ Rnb yields a tensor C = A⊗B ∈

Rna+b where

Ci1,i2,..,ia+b = Ai1,i2,..,iaBia+1,ia+2,..,ia+b

Definition 4.3.8. The contraction of A ∈ Rna along the pair of dimensions {x, y} (assum-

ing x < y) yields a (a − 2)-th order tensor

Ci1,..,ix−1,j,ix+1,..,iy−1,j,iy+1,..,ia = ∑
ix,iy

Ai1,..,ia

where we assume that ix and iy have been removed from amongst the indices of C. Using

Einstein notation, this can be written more compactly as

C{i1,i2,..,ia}∖{ix,iy}
= Ai1,i2,..,iaδ

ix,iy

where δ is the Kronecker delta. In general, the contraction of A along dimensions {x1, .., xp}

yields a tensor C = A↓x1,..,xp
∈ Rna−p where

A↓x1,..,xp
= ∑
ix1

∑
ix2

...∑
ixp

Ai1,i2,..,ia

159



or compactly as

A↓x1,..,xp
= Ai1,i2,..,iaδ

ix1 ,ix2 ,..,ixp .

Based on these tensor contractions and Def. 4.3.5, we can construct the second-order Sn-

equivariant networks as in Def. 4.3.6 (see Example 4.3.1): f = γ ○MT ○ .. ○ γ ○M1. The

second-order networks are particularly essential for us to extend the original variational

autoencoder (VAE) (Kingma and Welling, 2014) model that approximates the posterior

distribution by an isotropic Gaussian distribution with a diagonal covariance matrix and uses

a fixed prior distribution N(0,1). In constrast, we generalize by modeling the posterior by

N(µ,Σ) in which Σ is a full covariance matrix, and we learn an adaptive parameterized prior

N(µ̂, Σ̂) instead of a fixed one. Only the second-order encoders can output a permutation

equivariant full covariance matrix, while lower-order networks such as MPNNs are unable

to. See Sec. 4.4.2, 4.5 and 4.6 for details.

Example 4.3.1. The second order message passing has the message H0 ∈ R∣V∣×∣V∣×(dv+de)

initialized by promoting the node features Fv to a second order tensor (e.g., we treat node

features as self-loop edge features), and concatenating with the edge features Fe. Iteratively,

Ht = γ(Mt), Mt = Wt[⊕
i,j

(A ⊗Ht−1)↓i,j],

where A ⊗ Ht−1 results in a fourth order tensor while ↓i,j contracts it down to a second

order tensor along the i-th and j-th dimensions, ⊕ denotes concatenation along the feature

channels, and Wt denotes a multilayer perceptron on the feature channels. We remark that

the popular MPNNs (Gilmer et al., 2017) is a lower-order one and a special case in which

Mt = D−1AHt−1Wt−1 where Dii = ∑j Aij is the diagonal matrix of node degrees. The mes-

sage HT of the last iteration is still second order, so we contract it down to the first order

latent Z = ⊕iHT ↓i.
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4.3.3 Learning to cluster

Definition 4.3.9. A clustering of n objects into k clusters is a mapping π ∶ {1, .., n} →

{1, .., k} in which π(i) = j if the i-th object is assigned to the j-th cluster. The inverse

mapping π−1(j) = {i ∈ [1, n] ∶ π(i) = j} gives the set of all objects assigned to the j-th

cluster. The clustering is represented by an assignment matrix Π ∈ {0,1}n×k such that

Πi,π(i) = 1.

Definition 4.3.10. The action of Sn on a clustering π of n objects into k clusters and its

corresponding assignment matrix Π are

[σ ⋅ π](i) = π(σ−1(i)), [σ ⋅Π]i,j = Πσ−1(i),j , σ ∈ Sn.

Definition 4.3.11. Let N be a neural network that takes as input a graph G of n nodes,

and outputs a clustering π of k clusters. N is said to be equivariant if and only if N(σ ⋅ G) =

σ ⋅ N (G) for all σ ∈ Sn.

From Def. 4.3.11, intuitively the assignement matrix Π still represents the same clustering if

we permute its rows. The learnable clustering procedure c(G(`);θ) is built as follows:

1. A graph neural network parameterized by θ encodes graph G(`) into a first order tensor

of K feature channels p̃(`) ∈ R∣V(`)∣×K .

2. The clustering assignment is determined by a row-wise maximum pooling operation:

π(`)(i) = arg max
k∈[1,K]

p̃
(`)
i,k

(4.1)

that is an equivariant clustering in the sense of Def. 4.3.11.

A composition of an equivariant function (e.g., graph net) and an equivariant function (e.g.,

maximum pooling given in Eq. 4.1) is still an equivariant function with respect to the node

permutation. Thus, the learnable clustering procedure c(G(`);θ) is permutation equivariant.
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In practice, in order to make the clustering procedure differentiable for backpropagation,

we replace the maximum pooling in Eq. 4.1 by sampling from a categorical distribution. Let

π(`)(i) be a categorical variable with class probabilities p
(`)
i,1 , .., p

(`)
i,K computed as softmax

from p̃
(`)
i,∶ . The Gumbel-max trick (Gumbel, 1954)(Maddison et al., 2014)(Jang et al., 2017)

provides a simple and efficient way to draw samples π(`)(i):

Π
(`)
i = one-hot(arg max

k∈[1,K]

[gi,k + log p
(`)
i,k

]),

where gi,1, .., gi,K are i.i.d samples drawn from Gumbel(0,1). Given the clustering assign-

ment matrix Π(`), the coarsened adjacency matrix A(`−1) (see Defs. 4.3.1 and 4.3.2) can be

constructed as Π(`)TA(`)Π(`).

It is desirable to have a balanced K-cluster partition in which clusters V(`)1 , ..,V(`)K have

similar sizes that are close to ∣V(`)∣/K. The local encoders tend to generalize better for

same-size subgraphs. We want the distribution of nodes into clusters to be close to the

uniform distribution. We enforce the clustering procedure to produce a balanced cut by

minimizing the following Kullback–Leibler divergence:

DKL(P ∣∣Q) =
K

∑
k=1

P (k) log
P (k)
Q(k) where P = (

∣V(`)1 ∣
∣V(`)∣

, ..,
∣V(`)K ∣
∣V(`)∣

), Q = ( 1

K
, ..,

1

K
). (4.2)

The whole construction of MGN is equivariant with respect to node permutations of G. In

the case of molecular property prediction, we want MGN to learn to predict a real value

y ∈ R for each graph G while learning to find a balanced cut in each resolution to construct

a hierarchical structure of latents and coarsen graphs. The total loss function is

LMGN(G, y) = ∣∣f(
L

⊕
`=1

R(Z(`))) − y∣∣2
2
+

L

∑
`=1

λ(`)DKL(P (`)∣∣Q(`)), (4.3)
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where f is a multilayer perceptron, ⊕ denotes the vector concatenation, R is a readout

function that produces a permutation invariant vector of size d given the latent Z ∣V(`)∣×d at

the `-th resolution, λ(`) ∈ R is a hyperparamter, and DKL(P (`)∣∣Q(`)) is the balanced-cut

loss as defined in Eq. 4.2.

4.4 Hierarchical generative model

In this section, we introduce our hierarchical generative model for multiresolution graph

generation based on variational principles.

4.4.1 Background on graph variational autoencoder

Suppose that we have input data consisting of m graphs (data points) G = {G1, ..,Gm}. The

standard variational autoencoders (VAEs), introduced by Kingma and Welling (2014) have

the following generation process, in which each data graph Gi for i ∈ {1,2, ..,m} is generated

independently:

1. Generate the latent variables Z = {Z1, ..,Zm}, where each Zi ∈ R∣Vi∣×dz is drawn i.i.d.

from a prior distribution p0 (e.g., standard Normal distribution N(0,1)).

2. Generate the data graph Gi ∼ pθ(Gi∣Zi) from the model conditional distribution pθ.

We want to optimize θ to maximize the likelihood pθ(G) = ∫ pθ(Z)pθ(G∣Z)dZ. However,

this requires computing the posterior distribution pθ(G∣Z) = ∏mi=1 pθ(Gi∣Zi), which is usually

intractable. Instead, VAEs apply the variational principle, proposed by Wainwright and

Jordan (2005), to approximate the posterior distribution as qφ(Z∣G) = ∏mi=1 qφ(Zi∣Gi) via

amortized inference and maximize the evidence lower bound (ELBO) that is a lower bound

of the likelihood:

LELBO(φ, θ) = Eqφ(Z∣G)[log pθ(G∣Z)] − DKL(qφ(Z∣G)∣∣p0(Z))

=
m

∑
i=1

[Eqφ(Zi∣Gi)[log pθ(Gi∣Zi)] − DKL(qφ(Zi∣Gi)∣∣p0(Zi))].
(4.4)
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The probabilistic encoder qφ(Z∣G), the approximation to the posterior of the generative

model pθ(G,Z), is modeled using equivariant graph neural networks (see Example 4.3.1) as

follows. Assume the prior over the latent variables to be the centered isotropic multivariate

Gaussian pθ(Z) = N(Z; 0, I). We let qφ(Zi∣Gi) be a multivariate Gaussian with a diagonal

covariance structure:

log qφ(Zi∣Gi) = logN(Zi;µi, σ2
i I), (4.5)

where µi, σi ∈ R∣Vi∣×dz are the mean and standard deviation of the approximate posterior

output by two equivariant graph encoders. We sample from the posterior qφ by using the

reparameterization trick: Zi = µi+σi⊙ε, where ε ∼ N(0, I) and ⊙ is the element-wise product.

On the another hand, the probabilistic decoder pθ(Gi∣Zi) defines a conditional distribution

over the entries of the adjacency matrix Ai: pθ(Gi∣Zi) = ∏(u,v)∈V2
i
pθ(Aiuv = 1∣Ziu,Ziv). For

example, Kipf and Welling (2016) suggests a simple dot-product decoder that is trivially

equivariant: pθ(Aiuv = 1∣Ziu,Ziv) = γ(ZTiuZiv), where γ denotes the sigmoid function.

4.4.2 Multiresolution VAEs

Based on the construction of multiresolution graph network (see Sec. 4.3.1), the latent vari-

ables are partitioned into disjoint groups, Zi = {Z(1)
i ,Z(2)

i , ..,Z(L)
i } where Z(`)

i = {[Z(`)
i ]k ∈

R∣[V
(`)
i ]k ∣×dz}k is the set of latents at the `-th resolution level in which the graph G(`)i is

partitioned into a number of clusters [G(`)i ]k.

In the area of normalzing flows (NFs), Wu et al. (2020) has shown that stochasticity (e.g., a

chain of stochastic sampling blocks) overcomes expressivity limitations of NFs. In general,

our MGVAE is a stochastic version of the deterministic MGN such that stochastic sampling

is applied at each resolution level in a bottom-up manner. The prior (Eq. 4.6) and the
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approximate posterior (Eq. 4.7) are represented by

p(Zi) =
L

∏
`=1

p(Z(`)
i ) =

L

∏
`=1
∏
k

p([Z(`)
i ]k), (4.6)

qφ(Zi∣Gi) = qφ(Z
(L)
i ∣G(L)i )

1

∏
`=L−1

qφ(Z
(`)
i ∣Z(`+1)

i ,G(`)i ), (4.7)

in which each conditional in the approximate posterior are in the form of factorial Normal

distributions, in particular

qφ(Z
(`)
i ∣Z(`+1)

i ,G(`)i ) =∏
k

qφ([Z
(`)
i ]k∣Z

(`+1)
i , [G(`)i ]k),

where each probabilistic encoder qφ([Z
(`)
i ]k∣Z

(`+1)
i , [G(`)i ]k) operates on a subgraph [G(`)i ]k

as follows:

� The pooling network p(`+1) shrinks the latent Z(`+1)
i into the node features of G(`)i as

in the construction of MGN (see Def. 4.3.4).

� The local (deterministic) graph encoder d
(`)
local

encodes each subgraph [G(`)i ]k into a

mean vector and a diagonal covariance matrix (see Eq. 4.5). A second order encoder can

produce a positive semidefinite non-diagonal covariance matrix, that can be interpreted

as a Gaussian Markov Random Fields (details in Sec. 4.5). The new subgraph latent

[Z(`)
i ]k is sampled by the reparameterization trick.

The prior can be either the isotropic Gaussian N(0,1) as in standard VAEs, or be im-

plemented as a parameterized Gaussian N(µ̂, Σ̂) where µ̂ and Σ̂ are learnable equivariant

functions (details in Sec. 4.6). The reparameterization trick for conventional N(0,1) prior is

the same as in Sec. 4.4.1, while the new one for the generalized and learnable prior N(µ̂, Σ̂) is

given in Sec. 4.5. On the another hand, the probabilistic decoder pθ(G
(1)
i , ..,G(L)i ∣Z(1)

i , ..,Z(L)
i )
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defines a conditional distribution over all subgraph adjacencies at each resolution level:

pθ(G
(1)
i , ..,G(L)i ∣Z(1)

i , ..,Z(L)
i ) =∏

`

pθ(G
(`)
i ∣Z(`)

i ) =∏
`
∏
k

pθ([A
(`)
i ]k ∣[Z

(`)
i ]k).

Extending from Eq. 4.4, we write our multiresolution variational lower bound LMGVAE(φ, θ)

on log p(G) compactly as

LMGVAE(φ, θ) = ∑
i
∑
`

[E
qφ(Z

(`)
i ∣G

(`)
i )

[log pθ(G
(`)
i ∣Z(`)

i )] − DKL(qφ(Z
(`)
i ∣G(`)i )∣∣p0(Z

(`)
i ))],

(4.8)

where the first term denotes the reconstruction loss (e.g., ∣∣A(`)
i −Â(`)

i ∣∣ where A(L)
i is Gi itself,

A(`<L)
i is the adjacency produced by MGN at level `, and Â(`)

i are the reconstructed ones

by the decoders); and the second term is indeed DKL(N(µ(`)i ,Σ
(`)
i )∣∣N (µ̂(`), Σ̂(`))) where

µ
(`)
i ∈ R∣V

(`)
i ∣×d and Σ

(`)
i ∈ R∣V

(`)
i ∣×∣V

(`)
i ∣×d are the mean and covariance tensors produced

by the `-th encoder for graph Gi, while µ̂(`)and Σ̂(`) are learnable ones in an equivariant

manner as in Sec. 4.6. In general, the overall optimization is given as follows:

min
φ,θ,{µ̂(`),Σ̂(`)}`

LMGVAE(φ, θ;{µ̂(`), Σ̂(`)}`) +∑
i,`

λ(`)DKL(P
(`)
i ∣∣Q(`)

i ), (4.9)

where φ denotes all learnable parameters of the encoders, θ denotes all learnable parameters

of the decoders, and DKL(P
(`)
i ∣∣Q(`)

i ) is the balanced-cut loss for graph Gi at level ` as

defined in Sec. 4.3.3.

4.5 Markov Random Fields

Undirected graphical models have been widely applied in the domains spatial or relational

data, such as image analysis and spatial statistics. In general, k-th order graph encoders

encode an undirected graph G = (V ,E) into a k-th order latent z ∈ Rnk×dz , with learnable pa-

rameters θ, can be represented as a parameterized Markov Random Field (MRF) or Markov
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network. Based on the Hammersley-Clifford theorem (Murphy, 2012a) (Koller and Fried-

man, 2009), a positive distribution p(z) > 0 satisfies the conditional independent properties

of an undirected graph G iff p can be represented as a product of potential functions ψ, one

per maximal clique, i.e.,

p(z∣θ) = 1

Z(θ) ∏c∈C
ψc(zc∣θc) (4.10)

where C is the set of all the (maximal) cliques of G, and Z(θ) is the partition function to

ensure the overall distribution sums to 1, and given by

Z(θ) = ∑
z
∏
c∈C

ψc(zc∣θc)

Eq. 4.10 can be further written down as

p(z∣θ) ∝ ∏
v∈V

ψv(zv ∣θ) ∏
(s,t)∈E

ψst(zst∣θ) ⋅ ⋅ ⋅ ∏
c=(i1,..,ik)∈Ck

ψc(zc∣θ)

where ψv, ψst, and ψc are the first order, second order and k-th order outputs of the en-

coder, corresponding to every vertex in V , every edge in E and every clique of size k in Ck,

respectively. However, factorizing a graph into set of maximal cliques has an exponential

time complexity, since the problem of determining if there is a clique of size k in a graph is

known as an NP-complete problem. Thus, the factorization based on Hammersley-Clifford

theorem is intractable. The second order encoder relaxes the restriction of maximal clique

into edges, that is called as pairwise MRF:

p(z∣θ) ∝∏
s∼t

ψst(zs, zt)
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Our second order encoder inherits Gaussian MRF introduced by (Rue and Held, 2005) as

pairwise MRF of the following form

p(z∣θ) ∝∏
s∼t

ψst(zs, zt)∏
t
ψt(zt)

where ψst(zs, zt) = exp (− 1
2zsΛstzt) is the edge potential, and ψt(zt) = exp (− 1

2Λttz
2
t +ηtzt)

is the vertex potental. The joint distribution can be written in the information form of a

multivariate Gaussian in which

Λ = Σ−1

η = Λµ

p(z∣θ) ∝ exp(ηTz − 1

2
zTΛz) (4.11)

Sampling z from p(z∣θ) in Eq. 4.11 is the same as sampling from the multivariate Gaussian

N(µ,Σ). To ensure end-to-end equivariance, we set the latent layer to be two tensors

µ ∈ Rn×dz and Σ ∈ Rn×n×dz that corresponds to dz multivariate Gaussians, whose first

index, and second index are first order and second order equivariant with permutations.

Computation of Σ is trickier than µ, simply because Σ must be invertible to be a covariance

matrix. Thus, our second order encoder produces tensor L as the second order activation,

and set Σ = LLT . The reparameterization trick from Kingma and Welling (2014) is changed

to

z = µ +Lε, ε ∼ N(0,1)

4.6 Equivariant learnable prior

The original VAE published by Kingma and Welling (2014) limits each covariance matrix

Σ to be diagonal and the prior to be N(0,1). Our second order encoder removes the

diagonal restriction on the covariance matrix. Furthermore, we allow the prior N(µ̂, Σ̂)
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to be learnable in which µ̂ and Σ̂ are parameters optimized by back propagation in a data

driven manner. Importantly, Σ̂ cannot be learned directly due to the invertibility restriction.

Instead, similarly to the second order encoder, a matrix L̂ is optimized, and the prior

covariance matrix is constructed by setting Σ̂ = L̂L̂T . The Kullback-Leibler divergence

between the two distributions N(µ,Σ) and N(µ̂, Σ̂) is as follows:

DKL(N(µ,Σ)∣∣N (µ̂, Σ̂)) = 1

2
( tr(Σ̂−1

Σ) + (µ̂ −µ)T Σ̂
−1(µ̂ −µ) − n + ln(det Σ̂

detΣ
)) (4.12)

Even though Σ is invertible, but gradient computation through the KL-divergence loss can

be numerical instable because of Cholesky decomposition procedure in matrix inversion.

Thus, we add neglectable noise ε = 10−4 to the diagonal of both covariance matrices.

Importantly, during training, the KL-divergence loss breaks the permutation equivariance.

Suppose the set of vertices are permuted by a permutation matrix P σ for σ ∈ Sn. Since

µ and Σ are the first order and second order equivariant outputs of the encoder, they are

changed to P σµ and P σΣP T
σ accordingly. But

DKL(N(µ,Σ)∣∣N (µ̂, Σ̂)) ≠ DKL(N(P σµ,P σΣP T
σ )∣∣N (µ̂, Σ̂))

To address the equivariance issue, we want to solve the following convex optimization problem

that is our new equivariant loss function

min
σ∈Sn

DKL(N(P σµ,P σΣP T
σ )∣∣N (µ̂, Σ̂)) (4.13)

However, solving the optimization based on Eq. 4.13 is computationally expensive. One

solution is to solve the minimum-cost maximum-matching in a bipartite graph (Hungarian

matching) with the cost matrix Cij = ∣∣µi − µ̂j ∣∣ by O(n4) algorithm published by Edmonds
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and Karp (1972), that can be still improved further into O(n3). The Hungarian matching

preserves equiariance, but is still computationally expensive. In practice, instead of finding a

optimal permutation, we apply a free-matching scheme to find an assignment matrix Π such

that: Πij∗ = 1 if and only if j∗ = arg minj ∣∣µi − µ̂j ∣∣, for each i ∈ [1, n]. The free-matching

scheme preserves equivariance and can be done efficiently in a simple O(n2) algorithm that

is also suitable for GPU computation.

4.7 Temporal Multiresolution Graph Neural Networks For Epi-

demic Prediction

4.7.1 Multiresolution modeling of epidemic/pandemic dynamics

Mathematical modeling and simulations of epidemic dynamics play an essential role in un-

derstanding and addressing the spreading of infectious diseases in the real world (Kattis

et al., 2016). One of the fundamental objects in epidemiology is the acquaintance graph

or the social network in which each node of the graph represents an invidual person and

each edge represent a human-human interaction (Keeling and Eames, 2005). Because highly

contagious diseases including Influenza (i.e. the flu) and COVID-19 can be transmitted air-

bonne (i.e. respiratory droplets containing the virus) (Jayaweera et al., 2020), people who

are in close contact have a higher risk of spreading the virus from the infected people to

the uninfected ones. Thus the acquaintance graph is a reasonable approximation of how

the virus spreads in reality (Salathé et al., 2010). It is important to acquire knowledge

from these social networks via graph-based mathematical methods to make prediction on

how quick infectious diseases spread over the community (Alguliyev et al., 2021); and to

determine the social and public policies accordingly (e.g. to decide which locations should

be put into quarantine, to detect which groups of people have a high risk of being infected

or need intensive healthcare or should receive the vaccines first, and to examine whether
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the population achieved some level of herd immunity, etc.). Given a tremendous amount

of temporal data collected monthly, weekly, daily and even hourly, there arises a need of

large-scale, computationally efficient, and data-driven machine learning models that incor-

porate both graph information such as human-human interactions and time-series signals

such as the status of each person including being uninfected, infected, recovered, vaccinated,

etc. In the field of machine learning on graphs, graph neural networks (GNNs) utilizing

various ways of generalizing the concept of convolution to graphs have been widely applied

to many learning tasks, including modeling physical systems (Battaglia et al., 2016), find-

ing molecular representations to estimate quantum chemical computation (Kearnes et al.,

2016), link prediction on citation graphs (Kipf and Welling, 2017b), community detection on

social networks (Su et al., 2022), etc. The most wellknown form of GNNs is message passing

neural networks (MPNNs) proposed by (Gilmer et al., 2017), that are built based on the

message passing scheme in which each node propagates and aggregates information, encoded

by vectorized messages, to and from its adjacent nodes. MPNNs, based on the mechanism of

message exchange in a local neighborhood of nodes, are effective in capturing the local graph

structures. But we argue that the fundamental limitation of MPNNs is its lack of a mul-

tiresolution and multiscale understanding of the graph that is important to capture both the

local and global pictures of an epidemic or a pandemic. One example of multiresolution and

multiscale representation on the acquaintance graph is: (i) individual people are represented

as single nodes in the graph; (ii) people living in the same city or town form a large cluster

of nodes or a supernode, and the amount of movement of people from one city to another is

a useful information represented in the edges between supernodes; (iii) finally, a country is

a giant supernode containing several cities and towns. Previously, (Hy and Kondor, 2021b)

proposed Multiresolution Graph Networks (MGN) that constructs multiple resolutions of the

input graph via the learning to cluster algorithm in a data-driven manner. Iteratively, MGN

uses two modules of graph neural networks on each resolution in which one module learns the
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graph representation and the another one learns to coarsen the current graph into a number

of clusters that further form the graph of the next level of resolution. An important feature

of MGN is its flexibility such that the clustering procedure is determined adaptively to the

input data rather than being fixed. This flexibility is particularly important for modeling

the temporal changes of a global pandemic such as COVID-19 that started with a few cases

scattered throughout a local city and finally spread around the globe: the model should pay

attention more to the local information in the beginning and gradually pay more attention

to the bigger picture when the pandemic progresses. With that motivation, we introduce the

use of attention mechanism in order to select the right resolution to make a robust predic-

tion of the current state of a epidemic or pandemic. Putting everything together, we extend

the existing MGN architecture to incorporate time-series signals, that results into our newly

proposed model Temporal Multiresolution Graph Neural Networks (TMGNN). In summary,

our contributions are summarized as follows:

� The use of coarse-grained and hierarchical graph model (Hy and Kondor, 2021b) to

capture micro to macro (i.e. local to global) information of a pandemic/epidemic (see

Section 4.3),

� An attention mechanism to select the right resolution that consequentially predicts the

current state or progress of the pandemic/epidemic (see section 4.7.3),

� Temporal architecture incorporating time-series information to make future prediction

about the pandemic/epidemic given historical data (see section 4.7.4),

� Experiments with competitive results on the two temporal datasets of COVID-19

(Panagopoulos et al., 2021) and chickenpox (Rozemberczki et al., 2021) historical

spreading in several countries in Europe (see sections 4.8.7 and 4.8.8).

In addition, it is remarkable to note that our multiresolution graph model is computationally

efficient, because the size of the graph drops significantly after each level of resolution. The
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Figure 4.3: Suppose we are given a interaction network of 4 people as a square graph of 4
nodes and 4 edges. The red color denotes the person gets infected by some virus transmitting
via air and the green color denotes otherwise. In this simulation, we consider only 2 levels of
resolution: we simply cluster the input graph into 2 clusters (e.g. uninfected and infected).
The top row depicts the bottom resolution, while the bottom row depicts the top resolution.
At timestep 1, only a single person (at the top right corner) is infected, the input graph is
coarsened into 2 supernodes with node labels (3, 1). At timestep 2, because the infected
person had interacted with two others, the number of infections increases to 3, and the node
labels of the top resolution become (1, 3). At the final timestep, everyone gets infected by
the virus, so the coarsened graph contains a single cluster of 4 people while the another
cluster is an empty one.

ideal dataset for our proposed model must be the social network of a large number of people

including information of acquaintance and human-human interactions. However, due to the

lack of such publicly available dataset for the purpose of pandemic modeling, we only applied

our method to two existing temporal datasets such as COVID-19 pandemic (Panagopoulos

et al., 2021) and chickenpox epidemic (Rozemberczki et al., 2021) in which each node of the

input graph is a geographical region and each edge represents the connection between two

neighboring regions. In some sense, these graphs of geographical regions are indeed a low-

resolution representation of the social network such that each region is a supernode containing

all people living there; and instead of looking at individual human-human interactions, we

look at the traffic between regions at a large scale.
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4.7.2 Prior works in epidemic/pandemic prediction

Many recent studies have applied deep learning to make predictions about the spreading

of COVID-19 pandemic. (Chimmula and Zhang, 2020) proposed the use of time-series

based Long Short-Term Memory (LSTM) (Hochreiter and Schmidhuber, 1997) to predict

the number of confirmed COVID-19 cases in Canada. (Kufel, 2020) applied ARIMA, a sim-

ple autoregressive moving average where the input is the whole time-series of the region up

to before the testing day; while (Mahmud, 2020) used time-series based PROPHET model1

as the forecasting model on the same input. (Kapoor et al., 2020) and (Gao et al., 2021)

introduced the use static and temporal graph neural networks, respectively, on the graph of

United States counties to make a prediction for COVID-19 spreading. Others also attempted

to blend graph learning models with temporal architectures or recurrent neural networks (Seo

et al., 2018) (Pareja et al., 2020) (Taheri and Berger-Wolf, 2019) (Yu et al., 2018) (Fritz et al.,

2022); and with reinforcement learning (Meirom et al., 2021). (Rozemberczki et al., 2021)

established a benchmark for graph neural network architectures in combination with time-

series analysis on the dataset of chickenpox cases in Hungary. In addition, (Panagopoulos

et al., 2021) suggested to use transfer learning in order to translate the knowledge obtained

from one country to another.

Our work is unique in the sense that none of the prior works addressed the problem of

capturing both local and global information. Obviously, an epidemic or pandemic always

starts localized and increases the number of cases over time as more and more people get

exposed and infected. Depending on the nature of the virus, the mitigation policies, the

weather and many other factors, the speed of spreading can be slow or fast. Each stage

of the pandemic needs a different mitigating strategies, thus a forecasting model must take

into account both micro and macro signals to make a robust prediction. In this paper, we

1. https://facebook.github.io/prophet/

174

https://facebook.github.io/prophet/


Figure 4.4: This diagram, snapshotted at time T and T + 1 in the dynamics, depicts the
general architecture of Temporal Multiresolution Graph Neural Networks (TMGNN) with
the backbone of Long Short-Term Memory (LSTM) (Hochreiter and Schmidhuber, 1997)
or its cousin, Gated Recurrent Unit (GRU) (Cho et al., 2014). The red arrows denote the
attention scores for the multihead attention among resolutions as in section 4.7.3. The black
arrows represent the data flow.

propose the use of multiresolution graph neural networks to build a hierarchy of resolutions

and the attention architecture to select the right resolution at a particular time, that further

indicates the corresponding stage of the pandemic.

4.7.3 Multiresolution Attention

In this section, we introduce the self-attention mechanism over multiple levels of resolutions.

For a given hierarchy of latents Z ≜ [Z(1), .., Z(L)]T ∈ RL×dz where L is the number of

resolutions and Z(`) is the graph representation at resolution `-th, produced by MGN (see

Def. 4.3.4), self-attention transforms Z into the output sequence X ≜ [x1, .., xL]T in the

following two steps:

1. The input sequence Z is projected into the query matrix Q ≜ [q1, .., qL]T , the key

matrix K ≜ [k1, .., kL]T , and the value matrix V ≜ [v1, .., vL]T via three linear trans-
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Figure 4.5: The left figure is the map of 20 counties in Hungary in 2020, taken from https:

//en.wikipedia.org/wiki/Counties_of_Hungary. The middle figure is the corresponding
graph in which the red node denotes Budapest, the capital city, and other orange nodes
denote the rest of 19 counties. A possible clustering into 4 spatial groups is shown by
green circles. The right figure shows the timeseries of chickenpox cases in Budapest and its
surrounding county, Pest, are highly correlated. There is clearly a pattern over the period
of one year.

formations:

Q = ZW T
Q , K = ZW T

K , V = ZW T
V ,

where WQ,WK ∈ Rdk×dz and WV ∈ Rdv×dz are the weight matrices.

2. The output sequence X is then computed as follows

X = Attention(Q,K,V ) = softmax(QK
T

√
dk

)V ≜AV , (4.14)

where the softmax function is applied to each row of the matrix QKT , and and A ∈

RL×L is the attention matrix of aij attention scores. Equation (4.14) can be rewritten

as

xi =
L

∑
j=1

softmax(
qTi kj√
dk

)vj ≜
L

∑
j=1

aijvj .

This self-attention is called the scaled dot-product attention or softmax attention. Each

output sequence X forms an attention head. Let h be the number of heads and WO ∈

Rhdv×hdv be the projection matrix for the output. In multi-head attention, multiple heads
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are concatenated to compute the final output defined as follows

MultiHead({Q,K,V }hi=1) = Concat(X1, ..,Xh)WO.

Based on the output tensor from the multi-head attention, we contract the dimension of this

tensor corresponding to the attention heads, that results into a long vector of L elements in

which each corresponds to a resolution. Finally, we apply the Gumbel-softmax trick as in

Sec. 4.3.3 to convert this vector into an one-hot representation, that allows us to select only

one resolution at a particular time. This method is equivalent to detecting the stage of the

pandemic over time, whether localized, isolated or uncontrollable.

4.7.4 Temporal Architecture

In this section, we put everything together to construct our temporal architecture. Given

a sequence of graphs (G1,G2, ..,GT ) that correspond to a sequence of timestamps, that

can be dates or weeks depending on the dataset. We utilize an Multiresolution Graph

Networks (MGN) at each time step t ∈ {1,2, .., T}, to obtain a sequence of representa-

tions (Z(1)
t , Z

(2)
t , .., Z

(L)
t ) for L resolutions of Gt. We apply the attention mechanism as

in Sec. 4.7.3 to select one resolution’s representation at that time to be fed further into a

Long Short-Term Memory (LSTM) backbone (Graves and Jaitly, 2014). We expect that

the LSTM backbone can capture the long-range temporal dependencies in timeseries and ro-

bustly predict the spreading dynamics of the virus based on the encoded graph representation

over multiple resolutions. Figure 4.4 visualizes our temporal architecture.
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Figure 4.6: MGVAE generates molecules on QM9 (4 on the left) and ZINC (the rest)
equivariantly. Both equivariant MGVAE and autoregressive MGN generate high-quality
molecules with complicated structures such as rings.

4.8 Experiments

4.8.1 Molecular graph generation

We examine the generative power of MGN and MGVAE in the challenging task of molecule

generation, in which the graphs are highly structured. We demonstrate that MGVAE is the

first hierarchical graph VAE model generating graphs in a permutation-equivariant manner

that is competitive against autoregressive results. We train on two datasets that are standard

in the field:

1. QM9 (Ruddigkeit et al., 2012) (Ramakrishnan et al., 2014): contains 134K organic

molecules with up to nine atoms (C, H, O, N, and F) out of the GDB-17 universe of

molecules.

2. ZINC (Sterling and Irwin, 2015): contains 250K purchasable drug-like chemical com-

pounds with up to twenty-three heavy atoms.

We only use the graph features as the input, including the adjacency matrix, the one-hot

vector of atom types (e.g., carbon, hydrogen, etc.) and the bond types (single bond, double

bond, etc.) without any further domain knowledge from chemistry or physics. First, we

train autoencoding task of reconstructing the adjacency matrix and node features. We use

a learnable equivariant prior (see Sec. 4.6) instead of the conventional N(0,1). Then, we

generate 5,000 different samples from the prior, and decode each sample into a generated

graph (see Fig. 4.6). We implement our graph construction (decoding) in two approaches:
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1. All-at-once: We reconstruct the whole adjacency matrix by running the probabilistic

decoder (see Sec. 4.4). MGVAE enables us to generate a graph at any given resolution

level `. In this particular case, we select the highest resolution ` = L. Furthermore,

we apply learnable equivariant prior as in Sec. 4.6. Our second order encoders are

interpreted as Markov Random Fields (see Sec. 4.5). This approach preserves per-

mutation equivariance. In addition, we implement a correcting process: the decoder

network of the highest resolution level returns a probability for each edge, we sort

these probabilities in a descending order and gradually add the edges in that order

to satisfy all chemical constraints. Furthermore, we investigate the expressive power

of the second order Sn-equivariant decoder by replacing it by a multilayer perceptron

(MLP) decoder with 2 hidden layers of size 512 and sigmoid nonlinearity. We find

that the higher order decoder outperforms the MLP decoder given the same encoding

architecture. Table 4.2 shows the comparison between the two decoding models.

2. Autoregressive: This decoding process is constructed in an autoregressive manner

similarly to (Liu et al., 2018). First, we sample each vertex latent z independently.

We randomly select a starting node v0, then we apply Breath First Search (BFS)

to determine a particular node ordering from the node v0, however that breaks the

permutation equivariance. Then iteratively we add/sample new edge to the existing

graph Gt at the t-th iteration (given a randomly selected node v0 as the start graph

G0) until completion. We apply second-order MGN with gated recurrent architecture

to produce the probability of edge (u, v) where one vertex u is in the existing graph

Gt and the another one is outside; and also the probability of its label. Intuitively, the

decoding process is a sequential classification.

In our setting for small molecules, L = 3 and K = 2`−1 for the `-th level. On each resolution

level, the local encoders and local decoders are second-order Sn-equivariant networks with

up to 4 equivariant layers. The number of channels for each node latent dz is set to 256.
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Dataset Method Train size Features Validity Novelty Uniqueness

QM9

GraphVAE
∼ 100K

Graph

61.00% 85.00% 40.90%
CGVAE 100% 94.35% 98.57%
MolGAN 98.1% 94.2% 10.4%

Autoregressive MGN
10K

100% 95.01% 97.44%
All-at-once MGVAE 100% 100% 95.16%

ZINC

GraphVAE
∼ 200K

Graph

14.00% 100% 31.60%
CGVAE 100% 100% 99.82%
JT-VAE 100% - -

Autoregressive MGN 1K 100% 99.89% 99.69%
All-at-once MGVAE 10K Chemical 99.92% 100% 99.34%

Table 4.1: Molecular graph generation results. GraphVAE results are taken from (Liu et al.,
2018).

We compare our methods with other graph-based generative models including GraphVAE

(Simonovsky and Komodakis, 2018), CGVAE (Liu et al., 2018), MolGAN (Cao and Kipf,

2018), and JT-VAE (Jin et al., 2018). We evaluate the quality of generated molecules in

three metrics: (i) validity, (ii) novelty and (iii) uniqueness as the percentage of the generated

molecules that are chemically valid, different from all molecules in the training set, and not

redundant, respectively.

We randomly select 10,000 training examples for QM9; and 1,000 (autoregressive) and 10,000

(all-at-once) training examples for ZINC. It is important to note that our training sets are

much smaller comparing to other methods. For all of our generation experiments, we only

use graph features as the input for the encoder such as one-hot atomic types and bond

types. Since ZINC molecules are larger then QM9 ones, it is more difficult to train with

the second order Sn-equivariant decoders (e.g., the number of bond/non-bond predictions

or the number of entries in the adjacency matrices are proportional to squared number of

nodes). Therefore, we input several chemical/atomic features computed from RDKit for the

all-at-once MGVAE on ZINC (see Table 4.3). We concatenate all these features into a vector

of size 24 for each atom.
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Dataset Method Validity Novelty Uniqueness

QM9
MLP decoder 100% 99.98% 77.62%
Sn decoder 100% 100% 95.16%

Table 4.2: All-at-once MGVAE with MLP decoder vs. second order decoder.

We train our models with Adam optimization method (Kingma and Ba, 2015) with the initial

learning rate of 10−3. Figs. 4.7 and 4.8 show some selected examples out of 5,000 generated

molecules on QM9 by all-at-once MGVAE, while Fig. 4.9 shows the molecules generated by

autoregressive MGN. Qualitatively, both the decoding approaches capture similar molecular

substructures (bond structures). Fig. 4.12 shows an example of interpolation on the latent

space on ZINC with the all-at-once MGVAE. Fig. 4.10 shows some generated molecules on

ZINC by the all-at-once MGVAE. Fig. 4.11 and table 4.4 show some generated molecules by

the autoregressive MGN on ZINC dataset with high Quantitative Estimate of Drug-Likeness

(QED) computed by RDKit and their SMILES strings. On ZINC, the average QED score

of the generated molecules is 0.45 with standard deviation 0.21. On QM9, the QED score is

0.44 ± 0.07.

Our models are equivalent with the state-of-the-art, even with a limited training set (see

Table 4.1). Figure 4.6 shows some randomly selected examples out of 5,000 generated

molecules. Admittedly, molecule generation is a somewhat subject task that can only be

evaluated with objective numerical measures up to a certain point. Qualitatively, however

the molecules that MGVAE generates are as good as the state of the art, in some cases better

in terms of producing several high-quality drug-like molecules with complicated functional

groups and structures.
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Feature Type Number Description

GetAtomicNum Integer 1 Atomic number

IsInRing Boolean 1 Belongs to a ring?

IsInRingSize Boolean 9 Belongs to a ring of size k ∈ {1, ..,9}?

GetIsAromatic Boolean 1 Aromaticity?

GetDegree Integer 1 Vertex degree

GetExplicitValance Integer 1 Explicit valance

GetFormalCharge Integer 1 Formal charge

GetIsotope Integer 1 Isotope

GetMass Double 1 Atomic mass

GetNoImplicit Boolean 1 Allowed to have implicit Hs?

GetNumExplicitHs Integer 1 Number of explicit Hs

GetNumImplicitHs Integer 1 Number of implicit Hs

GetNumRadicalElectrons Integer 1 Number of radical electrons

GetTotalDegree Integer 1 Total degree

GetTotalNumHs Integer 1 Total number of Hs

GetTotalValence Integer 1 Total valance

Table 4.3: The list of chemical/atomic features used for the all-at-once MGVAE on ZINC.
We denote each feature by its API in RDKit.

Figure 4.7: Some generated examples on QM9 by the all-at-once MGVAE with second order
Sn-equivariant decoders.
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Figure 4.8: Some generated examples on QM9 by the all-at-once MGVAE with a MLP
decoder instead of the second order Sn-equivariant one. It generates more tree-like structures.

Figure 4.9: Some generated examples on QM9 by the autoregressive MGN.
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Figure 4.10: Some generated examples on ZINC by the all-at-once MGVAE with second
order Sn-equivariant decoders. In addition of graph features such as one-hot atomic types,
we include several chemical features computed from RDKit (as in Table 4.3) as the input
for the encoders. A generated example can contain more than one connected components,
each of them is a valid molecule.
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QED = 0.711 QED = 0.715 QED = 0.756 QED = 0.751

QED = 0.879 QED = 0.805 QED = 0.742 QED = 0.769

QED = 0.710 QED = 0.790 QED = 0.850 QED = 0.859

QED = 0.730 QED = 0.901 QED = 0.786 QED = 0.729

QED = 0.703 QED = 0.855 QED = 0.895 QED = 0.809

Figure 4.11: Some generated molecules on ZINC by the autoregressive MGN with high
QED (drug-likeness score).
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Row Column SMILES

1

1 O=C1NC(CCCF)c2[nH]nnc21
2 OCC(OSBr)c1ccc(-c2cccc(Cl)c2Cl)[nH]1
3 C=CC1=CC=c2c(cc(=C3ONC(Cl)=C3Cl)[nH]c2=O)O1
4 COC(=CN1NC=CN1)C=C1C=CC(Cl)=CO1

2

1 [NH-]C(CNS1(=O)=NNc2c(F)cccc21)C1CC1
2 CS(=O)N1CC[SH](C)C(CNCc2ccccc2)C1
3 C=C(Cl)[SH](=O)(NC)C1c2ccc(Cl)c(n2)CC1O
4 CC(F)C(=C1C[NH2+]C([O-])N1)S(=O)Cc1ccccc1

3

1 CC1(NC2=CONN2c2ccccc2)C=C(C=O)N[N-]1
2 CC(=O)NN1N=C(C(O)c2cccc3ccoc23)C(=O)C1=O
3 C=CC(C)=C1C(F)=CC(C=C2ONN=NS2=O)=C1SCl
4 CCN1ON=C(C=C(Cl)c2ccco2)C(F)(F)C1=O

4

1 O=C(CCN(c1[nH+]cc(S)s1)c1ccc2cc1SC2)C1=NCC=C1Cl
2 CC=CNC1=C2Oc3ccccc3C(C)S2=S=N1
3 O=C(SC1=CC=NS1(=O)=O)c1ccc(Cl)cc1S1=NN=NN=N1
4 COCCNCc1cc2ccccc2[nH]1

5

1 ClC=C1CON=C(c2ncno2)N1CC(Cl)(Br)Br
2 CS(=O)(=O)c1ccc[nH+]c1SNCc1ccccc1Cl
3 O=S1(=O)CNS(=O)(N(c2ccccc2F)c2ccccc2Cl)=N1
4 O=C1NS(c2ccccc2Cl)=S2(=NSN=N2)O1

Table 4.4: SMILES of the generated molecules included in Fig. 4.11. Online drawing tool:
https://pubchem.ncbi.nlm.nih.gov//edit3/index.html

Figure 4.12: Interpolation on the latent space: we randomly select two molecules from ZINC
and we reconstruct the corresponding molecular graphs on the interpolation line between the
two latents.
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Target Unit Mean STD Description

α bohr3 75.2808 8.1729 Norm of the static polarizability
Cv cal/mol/K 31.6204 4.0674 Heat capacity at room temperature
G eV -70.8352 9.4975 Free energy of atomization
gap eV 6.8583 1.2841 Difference between HOMO and LUMO
H eV -77.0167 10.4884 Enthalpy of atomization at room temperature
HOMO eV -6.5362 0.5977 Highest occupied molecular orbital
LUMO eV 0.3220 1.2748 Lowest unoccupied molecular orbital
µ D 2.6729 1.5034 Norm of the dipole moment
ω1 cm−1 3504.1155 266.8982 Highest fundamental vibrational frequency

R2 bohr2 1189.4091 280.4725 Electronic spatial extent
U eV -76.5789 10.4143 Atomization energy at room temperature
U0 eV -76.1145 10.3229 Atomization energy at 0 K
ZPVE eV 4.0568 0.9016 Zero point vibrational energy

Table 4.5: Description and statistics of 13 learning targets on QM9.

4.8.2 Unsupervised molecular properties prediction on QM9

Density Function Theory (DFT) is the most successful and widely used approach of modern

quantum chemistry to compute the electronic structure of matter, and to calculate many

properties of molecular systems with high accuracy (Hohenberg and Kohn, 1964). However,

DFT is computationally expensive (Gilmer et al., 2017), that leads to the use of machine

learning to estimate the properties of compounds from their chemical structure rather than

computing them explicitly with DFT (Hy et al., 2018). To demonstrate that MGVAE can

learn a useful molecular representations and capture important molecular structures in an

unsupervised and variational autoencoding manner, we extract the highest resolution latents

(at ` = L) and use them as the molecular representations for the downstream tasks of predict-

ing DFT’s molecular properties on QM9 including 13 learning targets. For the training, we

normalize all learning targets to have mean 0 and standard deviation 1. The name, physical

unit, and statistics of these learning targets are detailed in Table 4.5.
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The implementation of MGVAE is the same as detailed in Sec. 4.8.1. MGVAE is trained

to reconstruct the highest resolution (input) adjacency, its coarsening adjacencies and the

node atomic features. In this case, we do not use any chemical features: the node atomic

features are just one-hot atomic types. After MGVAE is converged, to obtain the Sn-

invariant molecular representation, we average the node latents at the L-th level into a

vector of size 256. Finally, we apply a simple Multilayer Perceptron with 2 hidden layers of

size 512, sigmoid nonlinearity and a linear layer on top to predict the molecular properties

based on the extracted molecular representation. We compare the results in Mean Average

Error (MAE) in the corresponding physical units with four methods on the same split of

training and testing from (Hy et al., 2018):

1. Support Vector Machine on optimal-assignment Weisfeiler-Lehman (WL) graph kernel

(Shervashidze et al., 2011) (Kriege et al., 2016)

2. Neural Graph Fingerprint (NGF) (Duvenaud et al., 2015)

3. PATCHY-SAN (PSCN) (Niepert et al., 2016)

4. Second order Sn-equivariant Covariant Compositional Networks (CCN 2D) (Kondor

et al., 2018a) (Hy et al., 2018)

Our unsupervised results show that MGVAE is able to learn a universal molecular represen-

tation in an unsupervised manner and outperforms WL in 12, NGF in 10, PSCN in 8, and

CCN 2D in 8 out of 13 learning targets, respectively (see Table 4.6). There are other recent

methods in the field that use several chemical and geometric information but comparing to

them would be unfair.

4.8.3 Supervised molecular properties prediction on ZINC

To further demonstrate the comprehensiveness of MGN, we apply our model in a supervised

regression task to predict the solubility (LogP) on the ZINC dataset. We use the same split of
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alpha Cv G gap H HOMO LUMO mu omega1 R2 U U0 ZPVE

WL 3.75 2.39 4.84 0.92 5.45 0.38 0.89 1.03 192 154 5.41 5.36 0.51

NGF 3.51 1.91 4.36 0.86 4.92 0.34 0.82 0.94 168 137 4.89 4.85 0.45

PSCN 1.63 1.09 3.13 0.77 3.56 0.30 0.75 0.81 152 61 3.54 3.50 0.38

CCN 2D 1.30 0.93 2.75 0.69 3.14 0.23 0.67 0.72 120 53 3.02 2.99 0.35

MGVAE 2.83 0.91 1.78 0.66 1.87 0.34 0.58 0.95 195 90 1.89 1.90 0.14

Table 4.6: Unsupervised molecular representation learning by MGVAE to predict molecular
properties calculated by DFT on QM9 dataset.

10K/1K/1K for training/validation/testing as in (Dwivedi et al., 2020). The implementation

of MGN is almost the same as detailed in Sec. 4.8.1, except we include the latents of all

resolution levels into the prediction. In particular, in each resolution level, we average all

the node latents into a vector of size 256; then we concatentate all these vectors into a long

vector of size 256 × L and apply a linear layer for the regression task. The baseline results

are taken from (Yang et al., 2020) including:

1. Multilayer Perceptron (MLP),

2. Graph Convolution Networks (GCN),

3. Graph Attention Networks (GAT) (Veličković et al., 2018),

4. MoNet (Monti et al., 2017),

5. Disentangled Graph Convolutional Networks (DisenGCN) (Ma et al., 2019),

6. Factorizable Graph Convolutional Networks (FactorGCN) (Yang et al., 2020),

7. GatedGCNE (Dwivedi et al., 2020) that uses additional edge information.

Our supervised result shows that MGN outperforms the state-of-the-art models in the field

with a margin of 20% (see Table 4.7).
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Method MLP GCN GAT MoNet DiscenGCN FactorGCN GatedGCNE MGN

MAE 0.667 0.503 0.479 0.407 0.538 0.366 0.363 0.290

Table 4.7: Supervised MGN to predict solubility on ZINC dataset.

4.8.4 General graph generation by MGVAE

We further examine the expressive power of hierarchical latent structure of MGVAE in the

task of general graph generation. We choose two datasets from GraphRNN paper (You et al.,

2018a):

1. Community-small: A synthetic dataset of 100 2-community graphs where 12 ≤ ∣V ∣ ≤

20.

2. Ego-small: 200 3-hop ego networks extracted from the Citeseer network (Sen et al.,

2008) where 4 ≤ ∣V ∣ ≤ 18.

The datasets are generated by the scripts from the GraphRNN codebase (You et al., 2018b).

We keep 80% of the data for training and the rest for testing. We evaluate our generated

graphs by computing Maximum Mean Discrepancy (MMD) distance between the distribu-

tions of graph statistics on the test set and the generated set as proposed by (You et al.,

2018a). The graph statistics are node degrees, clustering coefficients, and orbit counts. As

suggested by (Liu et al., 2019), we execute 15 runs with different random seeds, and we

generate 1,024 graphs for each run, then we average the results over 15 runs. We com-

pare MGVAE against GraphVAE (Simonovsky and Komodakis, 2018), DeepGMG (Li et al.,

2018a), GraphRNN (You et al., 2018a), GNF (Liu et al., 2019), and GraphAF (Shi et al.,

2020). The baselines are taken from GNF paper (Liu et al., 2019) and GraphAF paper

(Shi et al., 2020). In our setting of (all-at-once) MGVAE, we implement only L = 2 levels

of resolution and K = 2` clusters for each level. Our encoders have 10 layers of message

passing. Instead of using a high order equivariant network as the global decoder for the bot-

tom resolution, we only implement a simple fully connected network that maps the latent

Z(L) ∈ R∣V∣×dz into an adjacency matrix of size ∣V∣ × ∣V∣. For the ego dataset in particular,
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COMMUNITY-SMALL EGO-SMALL

Model Degree Cluster Orbit Degree Cluster Orbit

GraphVAE 0.35 0.98 0.54 0.13 0.17 0.05
DeepGMG 0.22 0.95 0.4 0.04 0.10 0.02
GraphRNN 0.08 0.12 0.04 0.09 0.22 0.003
GNF 0.20 0.20 0.11 0.03 0.10 0.001
GraphAF 0.06 0.10 0.015 0.04 0.04 0.008

MGVAE 0.002 0.01 0.01 1.74e-05 0.0006 6.53e-05

Table 4.8: Graph generation results depicting MMD for various graph statistics between
the test set and generated graphs. MGVAE outperforms all competing methods.

Figure 4.13: The top row includes generated examples and the bottom row includes training
examples on the synthetic 2-community dataset.

we implement the learnable equivariant prior as in Sec. 4.5 and Sec.4.6. Table 4.8 includes

our quantitative results in comparison with other methods. MGVAE outperforms all com-

peting methods. Figs. 4.13 4.14 show some generated examples and training examples on

the 2-community and ego datasets.

4.8.5 Link prediction on citation graphs by MGVAE

We demonstrate the ability of the MGVAE models to learn meaningful latent embeddings

on a link prediction task on popular citation network datasets Cora and Citeseer (Sen et al.,

2008). At training time, 15% of the citation links (edges) were removed while all node fea-

tures are kept, the models are trained on an incomplete graph Laplacian constructed from
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Generated examples

Training examples

Figure 4.14: EGO-SMALL.
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the remaining 85% of the edges. From previously removed edges, we sample the same num-

ber of pairs of unconnected nodes (non-edges). We form the validation and test sets that

contain 5% and 10% of edges with an equal amount of non-edges, respectively.

We compare our model MGVAE against popular methods in the field:

1. Spectral clustering (SC) (Tang and Liu, 2011)

2. Deep walks (DW) (Perozzi et al., 2014)

3. Variational graph autoencoder (VGAE) (Kipf and Welling, 2016)

on the ability to correctly classify edges and non-edges using two metrics: area under the

ROC curve (AUC) and average precision (AP). Numerical results of SC and DW are exper-

imental settings are taken from (Kipf and Welling, 2016). We reran the implementation of

VGAE as in (Kipf and Welling, 2016).

For MGVAE, we initialize weights by Glorot initialization (Glorot and Bengio, 2010). We

repeat the experiments with 5 different random seeds and calculate the average AUC and

AP along with their standard deviations. The number of message passing layers ranges from

1 to 4. The size of latent representation is 128. The number of coarsening levels is L ∈ {3,7}.

In the `-th coarsening level, we partition the graph G(`) into 2` (for L = 7) or 4` (for L = 3)

clusters. We train for 2,048 epochs using Adam optimization (Kingma and Ba, 2015) with a

starting learning rate of 0.01. Hyperparameters optimization (e.g. number of layers, dimen-

sion of the latent representation, etc.) is done on the validation set. MGVAE outperforms

all other methods (see Table 4.9).

We propose our learning to cluster algorithm to achieve the balanced K-cut at every resolu-

tion level. Besides, we also implement two fixed clustering algorithms:

1. Spectral: It is similar to the one implemented in (Rustamov and Guibas, 2013).
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� First, we embed each node i ∈ V into Rnmax as (ξ1(i)/λ1(i), .., ξnmax(i)/λnmax(i)),

where {λn, ξn}nmaxn=0 are the eigen-pairs of the graph Laplacian L = D−1(D − A)

where Dii = ∑j Aij . We assume that λ0 ≤ .. ≤ λnmax . In this case, nmax = 10.

� At the `-th resolution level, we apply the K-Means clustering algorithm based on

the above node embedding to partition graph G(`).

2. K-Means:

� First, we apply PCA to compress the sparse word frequency vectors (of size 1,433

on Cora and 3,703 on Citeseer) associating with each node into 10 dimensions.

� We use the compressed node embedding for the K-Means clustering.

Tables 4.10 and 4.11 show that our learning to cluster algorithm returns a much more

balanced cut on the highest resolution level comparing to both Spectral and K-Means clus-

terings. For instance, we have L = 7 resolution levels and we partition the `-th resolution

into K = 2` clusters. Thus, on the bottom levels, we have 128 clusters. If we distribute

nodes into clusters uniformly, the expected number of nodes in a cluster is 21.15 and 25.99

on Cora (2,708 nodes) and Citeseer (3,327 nodes), respectively. We measure the minimum,

maximum, standard deviation of the numbers of nodes in 128 clusters. Furthermore, we

measure the Kullback–Leibler divergence between the distribution of nodes into clusters and

the uniform distribution. Our learning to cluster algorithm achieves low KL losses of 0.02

and 0.01 on Cora and Citeseer, respectively.

Table 4.9: Citation graph link prediction results (AUC & AP)

Dataset Cora Citeseer
Method AUC (ROC) AP AUC (ROC) AP

SC 84.6 ± 0.01 88.5 ± 0.00 80.5 ± 0.01 85.0 ± 0.01
DW 83.1 ± 0.01 85.0 ± 0.00 80.5 ± 0.02 83.6 ± 0.01
VGAE 90.97 ± 0.77 91.88 ± 0.83 89.63 ± 1.04 91.10 ± 1.02
MGVAE (Spectral) 91.19 ± 0.76 92.27 ± 0.73 90.55 ± 1.17 91.89 ± 1.27
MGVAE (K-Means) 93.07 ± 5.61 92.49 ± 5.77 90.81 ± 1.19 91.98 ± 1.02
MGVAE 95.67 ± 3.11 95.02 ± 3.36 93.93 ± 5.87 93.06 ± 6.33
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Method Min Max STD KL divergence

Spectral 1 2020 177.52 3.14
K-Means 1 364 40.17 0.84
Learn to cluster 10 36 4.77 0.02

Table 4.10: Learning to cluster algorithm returns balanced cuts on Cora.

Method Min Max STD KL divergence

Spectral 1 3320 292.21 4.51
K-Means 1 326 41.69 0.74
Learn to cluster 11 38 4.93 0.01

Table 4.11: Learning to cluster algorithm returns balanced cuts on Citeseer.

4.8.6 Graph-based image generation by MGVAE

In this additional experiment, we apply MGVAE into the task of image generation. Instead

of matrix representation, an image I ∈ RH×W is represented by a grid graph of H ⋅W nodes

in which each node represents a pixel, each edge is between two neighboring pixels, and each

node feature is the corresponding pixel’s color (e.g., R1 in gray scale, and R3 in RGB scale).

Fig. 4.15 demonstrates an exmaple of graph representation for images. Since images have

natural spatial clustering, instead of learning to cluster, we implement a fixed clustering

procedure as follows:

� For the `-th resolution level, we divide the grid graph of size H(`) ×W (`) into clusters

of size h×w that results into a grid graph of size H(`)
h × W (`)w , supposingly h and w are

divisible by H(`) and W (`), respectively. Each resolution is associated with an image

I(`) that is a zoomed out version of I(`+1).

� The global encoder e(`) is implemented with 10 layers of message passing that operates

on the whole H(`) ×W (`) grid graph. We sum up all the node latents into a single

latent vector Z(`) ∈ Rdz . The global decoder d(`) is implemented by the convolutional

neural network architecture of the generator of DCGAN model (Radford et al., 2016) to
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map Z(`) into an approximated image Î(`). The Sn-invariant pooler p(`) is a network

operating on each small h×w grid graph to produce the corresponding node feature for

the next level ` + 1. MGVAE is trained to reconstruct all resolution images. Fig. 4.16

shows an example of reconstruction at each resolution on a test image of MNIST (after

the network converged).

We evaluate our MGVAE architecture on the MNIST dataset (LeCun et al., 1999) with

60,000 training examples and 10,000 testing examples. The original image size is 28 × 28.

We pad zero pixels to get the image size of 25×25 (e.g., H(5) =W (5) = 32). Each cluster is a

small grid graph of size 2×2 (e.g., h = w = 2). Accordingly, the image sizes for all resolutions

are 32×32, 16×16, 8×8, etc. In this case, the whole network architecture is a 2-dimensional

quadtree. The latent size dz is selected as 256. We train our model for 256 epochs by Adam

optimizer (Kingma and Ba, 2015) with the initial learning rate 10−3. In the testing process,

for the `-th resolution, we sample a random vector of size dz from prior N(0,1) and use

the decoder d(`) to decode the corresponding image. We generate 10,000 examples for each

resolution. We compute the Frechet Inception Distance (FID) proposed by (Heusel et al.,

2017) between the testing set and the generated set as the metric to evaluate the quality of

our generated examples. We use the FID implementation from (Seitzer, 2020). We compare

our MGVAE against variants of Generative Adversarial Networks (GANs) (Goodfellow et al.,

2014) including DCGAN (Radford et al., 2016), VEEGAN (Srivastava et al., 2017), PacGAN

(Lin et al., 2018), and PresGAN (Dieng et al., 2019). Table 4.12 shows our quantitative

results in comparison with other competing generative models. The baseline results are

taken from Prescribed Generative Adversarial Networks paper (Dieng et al., 2019). MGVAE

outperforms all the baselines for the highest resolution generation. Figs. 4.17 and 4.18 show

some generated examples of the 32 × 32 and 16 × 16 resolution, respectively.
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Method FID↓ (32 × 32) FID↓ (16 × 16) FID↓ (8 × 8)

DCGAN 113.129

N/A N/A
VEEGAN 68.749
PACGAN 58.535
PresGAN 42.019
MGVAE 39.474 64.289 39.038

Table 4.12: Quantitative evaluation of the generated set by FID metric for each resolution
level on MNIST. It is important to note that the generation for each resolution is done
separately: for the `-th resolution, we sample a random vector of size dz = 256 from N(0,1),
and use the global decoder d(`) to decode into the corresponding image size. The baselines
are taken from (Dieng et al., 2019).

Figure 4.15: An image of digit 8 from MNIST (left) and its grid graph representation at
16 × 16 resolution level (right).
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32 × 32 16 × 16 8 × 8

Target

Reconstruction

Figure 4.16: An example of reconstruction on each resolution level for a test image in
MNIST.

4.8.7 Chickenpox epidemic in Hungary

Chickenpox is an infection caused by the varicella-zoster virus (VZV). It is highly contagious

to those who have not had the disease or been vaccinated against it. Even though vaccines

against VZV infection are available (Seward et al., 2002), only a small number of countries

have national immunization programme (Flatt and Breuer, 2012). In Hungary, parents

are routinely recommended to have their children vaccinated but there is no mandatory

vaccination against chickenpox. Hungarian physicians have to report each case to the local

centre of epidemiology which are then aggregated and publicly presented weekly for each

of the 20 counties of the country (Karsai et al., 2020). Chickenpox Cases in Hungary is a

novel spatiotemporal dataset which can be uesd to benchmark the forecasting performance

of graph neural network architectures (Rozemberczki et al., 2021). The dataset consists of:

� A spatial graph that describes the spatial connectivity of the 20 counties (i.e. nodes)

including 19 counties and the capital Budapest with 61 edges (i.e. connections) between

them (see Fig. 4.5).
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Figure 4.17: Generated examples at the highest 32 × 32 resolution level.
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Figure 4.18: Generated examples at the 16 × 16 resolution level.

� The country level timeseries, collected from the digital version of the Hungarian Epi-

demiological Info2 bulletin, that describe the weekly number of chickenpox cases re-

ported by Hungarian general practitioners from January of 2005 to January of 2015,

with totally more than 500 entries for each county without any missingness (see

Fig. 4.5).

In our experiment of TMGNN for this dataset, we use the following setup. We have three

levels of resolution with the number of nodes/clusters per resolution as 20, 8 and 1. In each

resolution, we execute 4 layers of message passing with the size of the message per node is 24.

Our model uses 8 temporal lags as the input node features. For the attention mechanism to

select one resolution at a given time, the number of heads in the multihead attention ranges

from 1 to 4. The training & testing dataset ratio is 80%/20%. We train our model for 150

epochs by Adam optimizer (Kingma and Ba, 2015) with the initial learning rate as 0.001.

2. http://www.oek.hu/
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All other setting details are similar to (Rozemberczki et al., 2021).

In table 4.13, we report the average mean squared error with standard deviation for forecast-

ing horizon of 40 weeks calculated from 10 experimental runs, in comparison with several

other temporal graph neural networks and recurrent neural networks. Our proposed TMGNN

model outperforms the best result reported in (Rozemberczki et al., 2021) by 11%.

Our implementation is done with the temporal library3 as an extension of PyTorch Geometric

(Fey and Lenssen, 2019) in PyTorch framework (Paszke et al., 2019).

4.8.8 COVID-19 pandemic in Europe

COVID-19 is disease caused by severe acute respiratory syndrome coronavirus 2 or SARS-

Cov-2, a newly discovered virus that is closely related to bat coronaviruses (Perlman, 2020),

pangolin coronaviruses (Zhang et al., 2020) and SARS-CoV (Sun et al., 2020). The novel

virus was first detected from an outbreak in Wuhan, China in December 2019. The World

Health Organization (WHO) declared a Public Health Emergency of International Concern

on January 30, 2020 and a pandemic on March 11, 2020. At the time of this article was

written, the COVID-19 pandemic was still an ongoing global pandemic. Since the early out-

break, global cooperation among doctors, medical staffs, scientists and engineers has been

facilitated through an unprecedented amount of information and data. In the scope of Data

for Good program 4, Facebook Inc. has released many datasets to help researchers better

understand the dynamics of COVID-19 and predict the spread of this disease (Maas, 2019).

In this experiment, the dataset contains measures of human mobility between regions of the

Nomenclature of Territorial Units for Statistics 3 (NUTS3), a geocode standard for referenc-

3. https://github.com/benedekrozemberczki/pytorch_geometric_temporal

4. https://dataforgood.facebook.com/dfg/tools
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ing the subdivisions of member states of the European Union (EU). The raw timeseries data,

collected and aggregated from mobile phones that have Facebook application installed and

Location History setting enabled, includes three recordings per day (i.e., midnight, morning

and afternoon) indicating the number of people travelling from on region to another during

that period of time in the day. We reuse the preprocessed timeseries data from (Panagopou-

los et al., 2021)5 in which three values per day are further aggregated into a single number

for representing the mobility between two regions. It has been known that the probability

that people living in a region are infected by the virus increases given more people moving

in and out from that region (Colizza et al., 2006) (Soriano-Paños et al., 2020), that suggests

the use of message passing scheme and graph neural networks can be effective in capturing

the amount of mobility and predicting the number of infections in each region with high ac-

curacies. However, previous works exploiting graph structures of regions lacked the ability to

obtain a bigger picture over multiple regions. Our proposal of using multiscale and multires-

olution graph networks along with an attention mechanism to robustly choosing the right

resolution addresses this limitation. Our model can capture the local signals and aggregate

into global signals, and is adaptive to predict the new stage of the ongoing pandemic. We

support our claim by numerical results on the historical data of several member countries

of the EU including England, France, Italy and Spain in tables 4.14, 4.15, 4.16 and 4.17,

respectively. We compare our model TMGNN with the same baselines as in (Panagopoulos

et al., 2021):

� Statistical analysis including: (i) AVG, the average number of cases for the specific

region; (ii) AVG WINDOW, the average number of cases in the past d days for the

specific region (i.e. moving average); and (iii) LAST DAY, the number of cases in the

previous day is used as the prediction for the next days.

� Timeseries models without graph topology: (i) LSTM (Chimmula and Zhang, 2020), a

5. https://github.com/geopanag/pandemic_tgnn
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simple Long Short-Term Memory architecture taking the input as the sequence of new

cases in a region for the previous week; (ii) ARIMA (Kufel, 2020), a simple autoregres-

sive moving average model taking the input as the whole sequence in the region; and

(iii) PROPHET (Mahmud, 2020), similar to ARIMA but with more types/features of

the timeseries.

� TL BASE, MPNN and MPNN+LSTM (Panagopoulos et al., 2021): Baseline models

using the conventional message passing neural networks with LSTM for processing

timeseries.

� MGN: Furthermore, we apply the multiresolution graph networks (Hy and Kondor,

2021b).

Our training and hyperparameter settings are similar to the Hungarian chickenpox exper-

iment in Sec. 4.8.7. We use 64 dimensional node messages, and four levels of resolution

including the bottom resolution as the input graph and then a hierarchy of three coarsen

graphs of sizes 32, 16 and 8, respectively. We evaluate the performance of a model by com-

paring the prediction of the total number of cases in each region verus ground truth from the

historical data, in a test set with the mean average error metric from (Panagopoulos et al.,

2021) defined as follows:

MAE(ŷ,y) = 1

n × d
T+d

∑
t=T+1

∑
v∈V

∣ŷ(t)v − y(t)v ∣,

where G = (V,E) denotes the graph of a country in which V denotes the set of regions (i.e.

nodes) and E denotes the set of inter-regional connections (i.e. edges), ŷ
(t)
v is the prediction

of the model at time t for the v-th region and y
(t)
v is the corresponding ground truth, and

finally d is the number of days that we need to predict ahead. In our experiments, d are set

to be 3 days, 7 days and 14 days and the corresponding results are shown in three columns

of each table. We outperform all state-of-the-art methods in 6 out of 12 experiments (the
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Hungary
GConvLSTM (Seo et al., 2018) 1.221 ± 0.010
GConvGRU (Seo et al., 2018) 1.117 ± 0.002
Evolve GCN-O (Pareja et al., 2020) 1.120 ± 0.003
Evolve GCN-H (Pareja et al., 2020) 1.115 ± 0.013
DynGRAE (Taheri et al., 2019) 1.112 ± 0.010
STGCN (Yu et al., 2018) 1.118 ± 0.005
DCRNN (Li et al., 2018b) 1.119 ± 0.002
TMGNN (ours) 0.990 ± 0.003

Table 4.13: The average test mean squared error with standard deviations obtained over
40 weeks long forecasting horizons in Hungary calculated from a 10 experimental runs. The
baseline results are taken from (Rozemberczki et al., 2021). The best result is marked boldly.

best results are highlighted in bold).

4.9 Software

My implementation of MGVAE and MGN in PyTorch is available at:

https://github.com/HyTruongSon/MGVAE

4.10 Chapter Conclusion

In this chapter, we introduced MGVAE built upon MGN, the first generative model to learn

and generate graphs in a multiresolution and equivariant manner. The key idea of MGVAE

is learning to construct a series of coarsened graphs along with a hierarchy of latent distri-

butions in the encoding process while learning to decode each latent into the corresponding

coarsened graph at every resolution level. MGVAE achieves state-of-the-art results from link

prediction to molecule and graph generation, suggesting that accounting for the multiscale

structure of graphs is a promising way to make graph neural networks even more powerful.

For the purpose of predicting the dynamics of a pandemic or an epidemic, this chapter
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England
Model 3 days 7 days 14 days
AVG 9.75 9.99 10.09
LAST DAY 7.11 7.62 8.66
AVG WINDOW 6.52 7.34 8.54
LSTM 9.11 8.97 9.10
ARIMA 13.77 14.55 15.65
PROPHET 10.58 12.25 16.24
TL BASE 9.65 12.30 13.48
MPNN 6.36 6.86 8.13
MPNN+LSTM 6.41 6.67 7.02
MGN 6.68 7.37 8.74
TMGNN (ours) 6.26 6.55 6.80

Table 4.14: The average error of predictions for up to next 3, 7 and 14 days in England.
The baseline results are taken from (Panagopoulos et al., 2021).

France
Model 3 days 7 days 14 days
AVG 8.50 8.55 8.55
LAST DAY 7.47 7.37 8.03
AVG WINDOW 6.04 6.40 7.24
LSTM 8.08 8.13 7.91
ARIMA 10.72 10.53 10.91
PROPHET 10.34 11.56 14.61
TL BASE 7.67 9.21 12.27
MPNN 6.16 5.99 6.93
MPNN+LSTM 6.39 7.21 7.36
MGN 6.65 6.61 7.66
TMGNN (ours) 6.39 7.35 7.51

Table 4.15: The average error of predictions for up to next 3, 7 and 14 days in France. The
baseline results are taken from (Panagopoulos et al., 2021).
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Italy
Model 3 days 7 days 14 days
AVG 21.38 22.23 23.09
LAST DAY 17.40 18.49 20.69
AVG WINDOW 15.17 16.81 19.45
LSTM 22.94 23.17 23.12
ARIMA 35.28 37.23 39.65
PROPHET 24.86 27.39 33.07
TL BASE 19.12 23.44 24.89
MPNN 14.39 15.47 17.88
MPNN+LSTM 15.56 16.41 17.25
MGN 15.33 16.73 19.22
TMGNN (ours) 15.09 15.62 16.38

Table 4.16: The average error of predictions for up to next 3, 7 and 14 days in Italy. The
baseline results are taken from (Panagopoulos et al., 2021).

Spain
Model 3 days 7 days 14 days
AVG 45.10 45.87 47.63
LAST DAY 33.58 37.06 43.63
AVG WINDOW 32.19 36.06 42.79
LSTM 51.44 49.89 47.26
ARIMA 40.49 41.64 46.22
PROPHET 54.76 62.16 79.42
TL BASE 42.25 52.29 59.68
MPNN 35.83 38.51 44.25
MPNN+LSTM 33.35 34.47 35.31
MGN 38.85 43.65 52.23
TMGNN (ours) 33.13 34.12 35.04

Table 4.17: The average error of predictions for up to next 3, 7 and 14 days in Spain. The
baseline results are taken from (Panagopoulos et al., 2021).
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proposes a novel temporal architecture of graph neural networks that combines both graph

information of human interactions and timeseries signals of human mobility. The novelty

comes from a mechanism to build the multiresoluiton or multiscale representation of the

graph in a data-driven manner and using attention to select the right resolution at a given

time. This combination of ideas allows our proposed model to be adaptive and robust in

estimating the current and future stage of the COVID-19 pandemic. We support our claim by

strong numerical results based on real historical data. Our temporal multiresolution graph

model is promising to be applied into a larger-scale data and tackling more challenging

predictive tasks.
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CHAPTER 5

ROTATIONALLY EQUIVARIANT MOLECULAR NEURAL

NETWORKS

5.1 Chapter Introduction

In general, we want to learn on molecular data specified by a set of charge-position pairs

(Zi, ri) for each atom (see figure 5.1). This problem is invariant to rotations and translations.

We use covariant activations to “bake-in” these symmetries, while retaining local geometric

information. In this chapter, we introduce Cormorant (Anderson et al., 2019), a rotationally

covariant neural network architecture for learning the behavior and properties of complex

many-body physical systems. We apply these networks to molecular systems with two goals:

learning atomic potential energy surfaces for use in Molecular Dynamics simulations, and

learning ground state properties of molecules calculated by Density Functional Theory. Some

of the key features of our network are that (a) each neuron explicitly corresponds to a subset

of atoms; (b) the activation of each neuron is covariant to rotations, ensuring that overall

the network is fully rotationally invariant. Furthermore, the non-linearity in our network is

based upon tensor products and the Clebsch-Gordan decomposition, allowing the network to

operate entirely in Fourier space. Cormorant significantly outperforms competing algorithms

in learning molecular Potential Energy Surfaces from conformational geometries in the MD-

17 dataset, and is competitive with other methods at learning geometric, energetic, electronic,

and thermodynamic properties of molecules on the GDB-9 dataset.

5.2 Related work

In principle, quantum mechanics provides a perfect description of the forces governing the

behavior of atoms, molecules and crystalline materials such as metals. However, for systems
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Figure 5.1: Learning on molecular data specified by a set of charge-position pairs (Zi, ri)
for each atom.

larger than a few dozen atoms, solving the Schrödinger equation explicitly at every timestep

is not a feasible proposition on present day computers. Even Density Functional Theory

(DFT) (Hohenberg and Kohn, 1964), a widely used approximation to the equations of quan-

tum mechanics, has trouble scaling to more than a few hundred atoms.

Consequently, the majority of practical work in molecular dynamics today falls back on fun-

damentally classical models, where the atoms are essentially treated as solid balls and the

forces between them are given by pre-defined formulae called atomic force fields or empirical

potentials, such as the CHARMM family of models (Brooks et al., 1983, 2009). There has

been a widespread realization that this approach has inherent limitations, so in recent years

a burgeoning community has formed around trying to use machine learning to learn more

descriptive force fields directly from DFT computations (Behler and Parrinello, 2007; Bartók

et al., 2010; Rupp et al., 2012; Shapeev, 2015; Chmiela et al., 2016; Zhang et al., 2017; Schütt

et al., 2017; Hirn et al., 2017). More broadly, there is considerable interest in using ML meth-

ods not just for learning force fields, but also for predicting many other physical/chemical

properties of atomic systems across different branches of materials science, chemistry and

pharmacology (Montavon et al., 2013; Gilmer et al., 2017; Smith et al., 2017; Yao et al., 2018).

At the same time, there have been significant advances in our understanding of the equivari-
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ance and covariance properties of neural networks, starting with (Cohen and Welling, 2016,

2017) in the context of traditional convolutional neural nets (CNNs). Similar ideas underly

generalizations of CNNs to manifolds (Masci et al., 2015; Monti et al., 2017; Bronstein et al.,

2017) and graphs (Bruna et al., 2014; Henaff et al., 2015). In the context of CNNs on the

sphere, (Cohen et al., 2018) realized the advantage of using “Fourier space” activations, i.e.,

expressing the activations of neurons in a basis defined by the irreducible representations

of the underlying symmetry group (see also (Esteves et al., 2017)), and these ideas were

later generalized to the entire SE(3) group (Weiler et al., 2018). (Kondor and Trivedi, 2018)

gave a complete characterization of what operations are allowable in Fourier space neural

networks to preserve covariance, and Cohen et al generalized the framework even further to

arbitrary gauge fields (Cohen et al., 2019). There have also been some recent works where

even the nonlinear part of the neural network’s operation is performed in Fourier space: in-

dependently of each other (Thomas et al., 2018) and (Kondor, 2018) were to first to use the

Clebsch–Gordan transform inside rotationally covariant neural networks for learning physical

systems, while (Kondor et al., 2018b) showed that in spherical CNNs the Clebsch–Gordan

transform is sufficient to serve as the sole source of nonlinearity.

5.3 Motivation from physics

5.3.1 The multipole expansion

Ultimately interactions in molecular systems arise from the quantum structure of electron

clouds around constituent atoms. However, from a chemical point of view, effective atom-

atom interactions break down into a few simple classes based upon symmetry. Here we

review a few of these classes in the context of the multipole expansion, whose structure will

inform the design of our neural network.
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Scalar interactions. The simplest type of physical interaction is that between two par-

ticles that are pointlike and have no internal directional degrees of freedom, such as spin or

dipole moments. A classical example is the electrostatic attraction/repulsion between two

charges described by the Coulomb energy

VC = − 1

4πε0

qAqB
∣rAB ∣ . (5.1)

Here qA and qB are the charges of the two particles, rA and rB are their position vectors,

rAB = rA − rB , and ε0 is a universal constant. Note that this equation already reflects

symmetries: the fact that 5.1 only depends on the length of rAB and not its direction

or the position vectors individually guarantees that the potential is invariant under both

translations and rotations.

Dipole/dipole interactions. One step up from the scalar case is the interaction between

two dipoles. In general, the electrostatic dipole moment of a set of N charged particles

relative to their center of mass r is just the first moment of their position vectors weighted

by their charges:

µ =
N

∑
i=1

qi(ri − r).

The dipole/dipole contribution to the electrostatic potential energy between two sets of

particles A and B separated by a vector rAB is then given by

Vd/d =
1

4πε0
[µA ⋅µB

∣rAB ∣3
− 3

(µA ⋅ rAB)(µB ⋅ rAB)
∣rAB ∣5

]. (5.2)

One reason why dipole/dipole interactions are indispensible for capturing the energetics of

molecules is that most chemical bonds are polarized. However, dipole/dipole interactions

also occur in other contexts, such as the interaction between the magnetic spins of electrons.
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Quadropole/quadropole interactions. One more step up the multipole hierarchy is the

interaction between quadropole moments. In the electrostatic case, the quadropole moment

is the second moment of the charge density (corrected to remove the trace), described by

the matrix

Θ =
N

∑
i=1

qi(3rir⊺i − ∣ri∣2I).

Quadropole/quadropole interactions appear for example when describing the interaction

between benzene rings, but the general formula for the corresponding potential is quite com-

plicated. As a simplification, let us only consider the special case when in some coordinate

system aligned with the structure of A, and at polar angle (θA, φA) relative to the vec-

tor rAB connecting A and B, ΘA can be transformed into a form that is diagonal, with

[ΘA]zz = ϑA and [ΘA]xx = [ΘA]yy =−ϑA/2 (Stone, 1997). We make a similar assumption

about the quadropole moment of B. In this case the interaction energy becomes

Vq/q =
3

4

ϑAϑB

4πε0∣rAB ∣5
[1 − 5 cosθA −5 cos2 θB − 15 cos2 θA cos2 θB+

2(4 cos θAθB − sin θA sin θB cos(φA−φB))2]. (5.3)

Higher order interactions involve moment tensors of order 3,4,5, and so on. One can appreci-

ate that the corresponding formulae, especially when considering not just electrostatics but

other types of interactions as well (dispersion, exchange interaction, etc), quickly become

very involved.

The construction of our architecture takes the inspiration from the multipole expansion in

physics. Expanding the potential V (r) around a point r gives (see Fig. 5.2):

∑
i

Zi
∣r − ri∣

= Q0Y
0(r̂)/r +Q1Y

1(r̂)/r2 +Q2Y
2(r̂)/r3 + . . .

212



monopole: dipole: quadrupole:

∑i Zi
∣r−ri∣

= Q0Y
0(r̂)/r+ Q1Y

1(r̂)/r2+ Q2Y
2(r̂)/r3 + . . .

Figure 5.2: Potential expansion.

Figure 5.3: Effects of a 90○ CCW-rotation on the input charges and corresponding moments.

Here Q` is the `-th multipole moment, and Y `(r̂) is a spherical harmonic. Figure 5.3 shows

the effects of a 90○ CCW-rotation on the input charges and corresponding moments. All

moments rotate covariantly. More precisely, given a rotation R ∈ SO(3), each moment

rotates as Q` → D`(R) ⋅ Q`, where D` ∶ SO(3) → C(2`+1)×(2`+1) is a Wigner-D matrix or

irreducible representation (irrep) of the group SO(3) labeled by positive integer ` = 0,1,2, . . ..

5.3.2 Spherical tensors

Fortunately, there is an alternative formalism for expressing molecular interactions, that of

spherical tensors, which makes the general form of physically allowable interactions more

transparent. This formalism also forms the basis of the our Cormorant networks described

in the next section.

The key to spherical tensors is understanding how physical quantities transform under rota-

213



tions. Specifically, in our case, under a rotation R:

q z→ q µz→Rµ Θz→RΘR⊺ rAB z→RrAB .

Flattening Θ into a vector Θ ∈R9, its transformation rule can equivalently be written as

Θ↦ (R⊗R)Θ, showing its similarity to the other three cases. In general, a k’th order

Cartesian moment tensor T (k) ∈R3×3×...×3 (or its flattened T (k) ∈ R3k equivalent) transforms

as T (k) ↦ (R⊗R⊗ . . .⊗R)T (k).

Recall that given a group G, a representation ρ of G is a matrix valued function ρ∶G→ Cd×d

obeying ρ(xy) = ρ(x)ρ(y) for any two group elements x, y ∈ G. It is easy to see that R,

and consequently R ⊗ . . . ⊗R are representations of the three dimensional rotation group

SO(3). We also know that because SO(3) is a compact group, it has a countable sequence of

unitary so-called irreducible representations (irreps), and, up to a similarity transformation,

any representation can be reduced to a direct sum of irreps. In the specific case of SO(3),

the irreps are called Wigner D-matrices and for any positive integer ` = 0,1,2, . . . there is a

single corresponding irrep D`(R), which is a (2`+1) dimensional representation (i.e., as a

function, D`∶SO(3) → C(2`+1)×(2`+1)). The `=0 irrep is the trivial irrep D0(R)= (1).

The above imply that there is a fixed unitary transformation matrix C(k) which reduces the

k’th order rotation operator into a direct sum of irreducible representations:

R⊗R⊗ . . .⊗R
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k

= C(k)[⊕
`

τ`
⊕
i=1

D`(R)]C(k)�.

Note that the transformation R⊗R⊗ . . .⊗R contains redundant copies of D`(R), which we

denote as the multiplicites τ`. For our present purposes knowing the actual values of the τ` is

not that important, except that τk =1 and that for any ` > k, τ` =0. What is important is that

214



T (k), the vectorized form of the Cartesian moment tensor has a corresponding decomposition

T (k) = C(k)[⊕
`

τ`
⊕
i=1

Q`,i]. (5.4)

This is nice, because using the unitarity of Q`i , it shows that under rotations the individual

Q`,i components transform independently as Q`,i ↦D`(R)Q`,i.

What we have just described is a form of generalized Fourier analysis applied to the trans-

formation of Cartesian tensors under rotations. For the electrostatic multipole problem it is

particularly relevant, because it turns out that in that case, due to symmetries of T (k), the

only nonzero Q`,i component of 5.4 is the single one with `=k. Furthermore, for a set of N

charged particles (indexing its components −`, . . . , `) Q` has the simple form

[Q`]m = ( 4π

2`+1
)

1/2 N

∑
i=1

qi (ri)` Ym` (θi, φi) m = −`, . . . , `, (5.5)

where (ri, θi, φi) are the coordinates of the i’th particle in spherical polars, and the Ym
`

(θ, φ)

are the well known spherical harmonic functions. Q` is called the `’th spherical moment of

the charge distribution. Note that while T (`) and Q` convey exactly the same information,

T (`) is a tensor with 3` components, while Q` is just a (2`+1) dimensional vector.

Somewhat confusingly, in physics and chemistry any quantity U that transforms under ro-

tations as U ↦D`(R)U is often called an (`’th order) spherical tensor, despite the fact that

in terms of its presentation Q` is just a vector of 2`+ 1 numbers. Also note that since

D0(R) = (1), a zeroth order spherical tensor is just a scalar. A first order spherical ten-

sor, on the other hand, can be used to represent a spatial vector r = (r, θ, φ) by setting

[U1]m = r Ym1 (θ, φ).
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5.3.3 The general form of interactions

The benefit of the spherical tensor formalism is that it makes it very clear how each part of a

given physical equation transforms under rotations. For example, if Q` and Q̃` are two `’th

order spherical tensors, then Q
�
`
Q̃` is a scalar, since under a rotation R, by the unitarity of

the Wigner D-matrices,

Q
�
`
Q̃` z→ (D`(R)Q`)� (D`(R) Q̃`) = Q

�
`
(D`(R))�D`(R) Q̃` = Q

�
`
Q̃`.

Even the dipole/dipole interaction 5.2 requires a more sophisticated way of coupling spherical

tensors than this, since it involves non-trivial interactions between not just two, but three

different quantites: the two dipole moments µA and µB and the the relative position vector

rAB . Representing interactions of this type requires taking tensor products of the constituent

variables. For example, in the dipole/dipole case we need terms of the form QA
`1
⊗QB

`2
.

Naturally, these will transform according to the tensor product of the corresponding irreps:

QA`1
⊗QB`2 ↦ (D`1(R)⊗D`2(R)) (QA`1⊗Q

B
`2
).

In general, D`1(R)⊗D`2(R) is not an irreducible representation. However it does have a

well studied decomposition into irreducibles, called the Clebsch–Gordan decomposition:

D`1(R)⊗D`2(R) = C�
`1,`2

[
`1+`2
⊕

`=∣`1−`2∣

D`(R) ]C`1,`2 .

Letting C`1,`2,` ∈C(2`+1)×(2`1+1)(2`2+2) be the block of 2`+1 rows in C`1,`2 corresponding to

the ` component of the direct sum, we see that C`1,`2,`(QA`1⊗Q
B
`2
) is an `’th order spherical

tensor. In particular, given some other spherical tensor quantity U`,

U
�
`
⋅C`1,`2,` ⋅ (Q

A
`1
⊗QB`2)
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is a scalar, and hence it is a candidate for being a term in the potential energy. Note the

similarity of this expression to the bispectrum (Kakarala, 1992; Bendory et al., 2018), which

is an already established tool in the force field learning literature (Bartók et al., 2013b).

Almost any rotation invariant interaction potential can be expressed in terms of iterated

Clebsch–Gordan products between spherical tensors. In particular, the full electrostatic

energy between two sets of charges A and B separated by a vector r = (r, θ, φ) expressed in

multipole form (Jackson, 1999) is

VAB = 1

4πε0

∞

∑
`=0

∞

∑
`′=0

√
(2` + 2`′

2`
)
√

4π

2`+2`′ + 1
r−(`+`

′+1) Y`+`′(θ, φ)C`1,`2,`+`′ (Q
A
` ⊗Q

B
`′ ).

(5.6)

Note the generality of this formula: the `= `′ =1 case covers the dipole/dipole interaction 5.2,

the ` = `′ = 2 case covers the quadropole/quadropole interaction 5.3, while the other terms

cover every other possible type of multipole/multipole interaction. Magnetic and other types

of interactions, including interactions that involve 3-way or higher order terms, can also be

recovered from appropriate combinations of tensor products and Clebsch–Gordan decompo-

sitions.

We emphasize that our discussion of electrostatics is only intended to illustrate the algebraic

structure of interatomic interactions of any type, and is not restricted to electrostatics.

In what follows, we will not explicitly specify what interactions the network will learn.

Nevertheless, there are physical constraints on the interactions arising from symmetries,

which we explicitly impose in our design of Cormorant.
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5.4 Molecular neural networks based on the Clebsch–Gordan layer

The goal of using ML in molecular problems is not to encode known physical laws, but to

provide a platform for learning interactions from data that cannot easily be captured in a

simple formula. Nonetheless, the mathematical structure of known physical laws, like those

discussed in the previous sections, give strong hints about how to represent physical interac-

tions in algorithms. In particular, when using machine learning to learn molecular potentials

or similar rotation and translation invariant physical quantities, it is essential to make sure

that the algorithm respects these invariances.

Our Cormorant neural network has invariance to rotations baked into its architecture in a

way that is similar to the physical equations of the previous section: the internal activations

are all spherical tensors, which are then combined at the top of the network in such a way

as to guarantee that the final output is a scalar (i.e., is invariant). However, to allow the

network to learn interactions that are more complicated than classical interatomic forces, we

allow each neuron to output not just a single spherical tensor, but a combination of spher-

ical tensors of different orders. We will call an object consisting of τ0 scalar components,

τ1 components transforming as first order spherical tensors, τ2 components transforming as

second order spherical tensors, and so on, an SO(3)–covariant vector of type (τ0, τ1, τ2, . . .).

The output of each neuron in Cormorant is an SO(3)–vector of a fixed type.

Definition 5.4.1. We say that F is an SO(3)-covariant vector of type τ = (τ0, τ1, τ2, . . . , τL)

if it can be written as a collection of complex matrices F0, F1, . . . , FL, called its isotypic parts,

where each F` is a matrix of size (2`+1)×τ` and transforms under rotations as F` ↦D`(R)F`.

The second important feature of our architecture is that each neuron corresponds to either a

single atom or a set of atoms forming a physically meaningful subset of the system at hand,

for example all atoms in a ball of a given radius. This condition helps encourage the network
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to learn physically meaningful and interpretable interactions. The high level definition of

Cormorant nets is as follows.

Definition 5.4.2. Let S be a molecule or other physical system consisting of N atoms.

A “Cormorant” covariant molecular neural network for S is a feed forward neural network

consisting of m neurons n1, . . . ,nm, such that

C1. Every neuron ni corresponds to some subset Si of the atoms. In particular, each input

neuron corresponds to a single atom. Each output neuron corresponds to the entire

system S.

C2. The activation of each ni is an SO(3)-vector of a fixed type τi.

C3. The type of each output neuron is τout =(1), i.e., a scalar. 1

Condition (C3) guarantees that whatever function a Cormorant network learns will be in-

variant to global rotations. Translation invariance is easier to enforce simply by making sure

that the interactions represented by individual neurons only involve relative distances.

5.4.1 Covariant neurons

The neurons in our network must be such that if each of their inputs is an SO(3)–covariant

vector then so is their output. Classically, neurons perform a simple linear operation such

as x ↦ Wx + b, followed by a nonlinearity like a ReLU. In convolutional neural nets the

weights are tied together in a specific way which guarantees that the activation of each layer

is covariant to the action of global translations. (Kondor and Trivedi, 2018) discuss the gen-

eralization of convolution to the action of compact groups (such as, in our case, rotations)

and prove that the only possible linear operation that is covariant with the group action, is

1. Cormorant can learn data of arbitrary SO(3)-vector outputs. We restrict to scalars here to simplify
the exposition.

219



what, in terms of SO(3)–vectors, corresponds to multiplying each F` matrix from the right

by some matrix W of learnable weights.

For the nonlinearity, one option would be to express each spherical tensor as a function on

SO(3) using an inverse SO(3) Fourier transform, apply a pointwise nonlinearity, and then

transform the resulting function back into spherical tensors. This is the approach taken in

e.g., (Cohen et al., 2018). However, in our case this would be forbiddingly costly, as well as

introducing quadrature errors by virtual of having to interpolate on the group, ultimately

degrading the network’s covariance. Instead, taking yet another hint from the structure of

physical interactions, we use the Clebsch–Gordan transform introduced in 5.3.3 as a nonlin-

earity. The general rule for taking the CG product of two SO(3)–parts F`1 ∈C(2`1+1)×n1 and

G`2 ∈C(2`2+1)×n2 gives a collection of parts [F`1 ⊗cg G`2]∣`1−`1∣, . . . [F`1 ⊗cg G`2]`1+`1 with

columns

[[F`1 ⊗cg G`2]`]∗,(i1,i2) = C`1,`2,` ([F`1]∗,i1 ⊗ [G`2]∗,i2) , (5.7)

i.e., every column of F`1 is separately CG-multiplied with every column of G`2 . The `’th

part of the CG-product of two SO(3)–vectors consists of the concatenation of all SO(3)–part

matrices with index ` coming from multiplying each part of F with each part of G:

[F ⊗cg G]` =⊕
`1

⊕
`2

[F`1 ⊗cg G`2]`.

Here and in the following ⊕ denotes the appropriate concatenation of vectors and matrices.

In Cormorant, however, as a slight departure from 5.7, to reduce the quadratic blow-up

in the number of columns, we always have n1 = n2 and use the restricted “channel-wise”

CG-product,

[[F`1 ⊗cg G`2]`]∗,i = C`1,`2,` ([F`1]∗,i ⊗ [G`2]∗,i) ,

where each column of F`1 is only mixed with the corresponding column of G`2 . We note
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that similar Clebsch–Gordan nonlinearities were used in (Kondor et al., 2018b), and that the

Clebsch–Gordan product is also an essential part of Tensor Field Networks (Thomas et al.,

2018).

5.4.2 One-body and two-body interactions

As stated in Definition 5.4.2, the covariant neurons in a Cormorant net correspond to dif-

ferent subsets of the atoms making up the physical system to be modeled. For simplicty

in our present architecture there are only two types of neurons: those that correspond to

individual atoms and those that correspond to pairs. For a molecule consisting of N atoms,

each layer s = 0,1, . . . , S of the covariant part of the network has N neurons corresponding

to the atoms and N2 neurons corresponding to the (i, j) atom pairs. By loose analogy with

graph neural networks, we call the corresponding F si and gsi,j activations vertex and edge

activations, respectively.

In accordance with the foregoing, each F si activation is an SO(3)–vector consisting of L+1

distinct parts (F s,0i , F
s,1
i , . . . , F

s,L
i ), i.e., each F

s,`
i is a (2` + 1) × τs

`
dimensional complex

matrix that transforms under rotations as F
s,`
i ↦ D`(R)F s,`i . The different columns of

these matrices are regarded as the different channels of the network, because they fulfill a

similar role to channels in conventional convolutional nets. The gsi,j edge activations also

break down into parts (gs,0i,j , g
s,1
i,j , . . . , g

s,L
i,j ), but these are invariant under rotations. Again

for simplicity, in the version of Cormorant that we used in our experiments L is the same

in every layer (specifically L= 3), and the number of channels is also independent of both s

and `, specifically, τs
`
≡nc =16.

The actual form of the vertex activations captures “one-body interactions” propagating

information from the previous layer related to the same atom and (indirectly, via the edge
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activations) “two-body interactions” capturing interactions between pairs of atoms:

F s−1
i = [F si ⊕ (F s−1

i ⊗cg F
s−1
i )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
one-body part

⊕(∑
j
Gsi,j ⊗cg F

s−1
j )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
two-body part

] ⋅W vertex
s,` . (5.8)

Here Gsi,j are SO(3)–vectors arising from the edge network. Specifically, G
s,`
i,j = g

s,`
i,j Y

`(r̂ij),

where Y `(r̂ij) are the spherical harmonic vectors capturing the relative position of atoms i

and j. The edge activations, in turn, are defined

g
s,`
i,j = µ

s(ri,j) [( gs−1,`
i,j ⊕ (F s−1

i ⋅ F s−1
j ) ⊕ ηs,`(ri,j) )W edge

s,`
] (5.9)

where we made the ` = 0,1, . . . , L irrep index explicit. As before, in these formulae, ⊕ denotes

concatenation over the channel index c, η
s,`
c (ri,j) are learnable radial functions, and µsc(ri,j)

are learnable cutoff functions limiting the influence of atoms that are farther away from atom

i. The learnable parameters of the network are the {W vertex
s,`

} and {W edge
s,`

} weight matrices.

Note that the F s−1
i ⋅ F s−1

j dot product term is the only term in these formulae responsible for

the interaction between different atoms, and that this term always appears in conjunction

with the η
s,`
c (ri,j) radial basis functions and µsc(ri,j) cutoff functions (as well as the SO(3)–

covariant spherical harmonic vector) making sure that interaction scales with the distance

between the atoms.

5.4.3 Overall structure and comparison with other architectures

In addition to the covariant neurons described above, our network also needs neurons to

compute the input featurization and the the final output after the covariant layers. Thus,

in total, a Cormorant networks consists of three distinct parts:

1. An input featurization network {F s=0
j } ← INPUT({Zi, ri,j}) that operates only on
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atomic charges/identities and (optionally) a scalar function of relative positions ri,j .

2. An S-layer network {F s+1
i } ← CGNet({F si })of covariant activations F si , each of which

is a SO(3)-vector of type τsi .

3. A rotation invariant network at the top y ← OUTPUT(⊕S
s=0{F si }) that constructs

scalars from the activations F si , and uses them to predict a regression target y.

A key difference between Cormorant and other recent covariant networks (Tensor Field

Networks (Thomas et al., 2018) and SE(3)-equivariant networks (Weiler et al., 2018)) is

the use of Clebsch–Gordan non-linearities. The Clebsch–Gordan non-linearity results in a

complete interaction of every degree of freedom in an activation. This comes at the cost of

increased difficulty in training. We further note that SE(3)-equivariant networks use a three-

dimensional grid of points to represent data, and ensure both translational and rotational

covariance (equivariance) of each layer. Cormorant on the other hand uses activations that

are covariant to rotations, and strictly invariant to translations.

5.5 Experiments

We present experimental results on two datasets of interest to the computational chemistry

community: MD-17 for learning molecular force fields and potential energy surfaces, and

QM-9 for learning the ground state properties of a set of molecules.

For both datasets, the central covariant SO(3)-vector layers of our Cormorant are identical.

In both cases, we used S = 4 layers with L = 3, followed by a single SO(3)-vector layer with

L = 0. The number of channels of the input tensors at each level is fixed to nc = 16, and sim-

ilarly the set of weights W reduce the number of channels of each irreducible representation

back to nc = 16.
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We trained our network using the AMSGrad (Reddi et al., 2018) optimizer with a constant

learning rate of 5 × 10−4 and a mini-batch size of 25. We trained for 512 and 256 epoch

respectively for MD-17 and QM-9.

5.5.1 Learning the ground state properties

QM9 (Ramakrishnan et al., 2014) is a dataset of approximately 134k small organic molecules

containing the atoms H, C, N, O, F. For each molecule, the ground state configuration is

calculated using DFT, along with a variety of molecular properties. We use the ground state

configuration as the input to our Cormorant, and use a common subset of properties in the

literature as regression targets.

We used an input featurization based upon message passing neural networks. We start

by creating the vector F̃i = onehoti ⊗ Z⃗i as defined in the previous section. Using this, a

weighted adjacency matrix is constructed using a mask in the same manner as in the main

text: µij = σ((rcut−rij)/w), with learnable cutoffs/width rcut/w and σ(x) = 1/(1+exp(−x))

. This mask is used to aggregate neighbors F̃
agg
i = ∑j µijF̃j . The result is concatenated with

F̃ , and passed through a MLP with a single hidden layer with 256 neurons and ReLU acti-

vations with an output real vector of length 2 × nc. This is then resized to form a complex

SO(3)-vector composed of a single irrep of type τi = (nc).

The output for the QM-9 is constructed using two multi-layer perceptrons (MLPs). First,

a MLP is applied to the scalar representation xi at each site. The result is summed over

all sites, forming a single permutation invariant representation of the molecule. This rep-

resentation is then used to predict a single number used as the regression target: y =

MLP2 (∑iMLP1(xi)). Here, both MLP1 and MLP2 have a single hidden layer of size 256,

and the intermediate representation has 96 neurons.
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Table 5.1: Mean absolute error of various prediction targets on QM-9. Results within 5%
of the best model are indicated in bold.

Cormorant SchNet NMP WaveScatt

α (bohr3) 0.092 0.235 0.092 0.160
∆ε (eV) 0.060 0.063 0.069 0.118
εHOMO (eV) 0.036 0.041 0.043 0.085
εLUMO (eV) 0.036 0.034 0.038 0.076
µ (D) 0.130 0.033 0.030 0.340
Cv (cal/mol K) 0.031 0.033 0.040 0.049

R2 (bohr2) 0.673 0.073 0.180 0.410
U0 (eV) 0.028 0.014 0.020 0.022
ZPVE (meV) 1.982 1.700 1.500 2.000

Table 5.1 presents our results compared with SchNet (Schütt et al., 2017), MPNNs (Gilmer

et al., 2017), and wavelet scattering networks (Hirn et al., 2017). Of the nine regression

targets considered, we achieve leading or competitive results on five (α, Cv, ∆ε, εHOMO,

εLUMO). These targets are all close enough with the competing architectures are to be

indistinguishable. The remaining four targets are within a factor of two of the best result,

with the exception of R2, which is much larger than the competitors.

5.5.2 Learning potential energy surfaces

MD-17 (Chmiela et al., 2016) is a dataset of eight small organic molecules (see Table 5.2)

containing up to 17 total atoms composed of the atoms H, C, N, O, F. For each molecule,

an ab initio molecular dynamics simulation was run using DFT to calculate the ground state

energy and forces. At intermittent timesteps, the energy, forces, and configuration (posi-

tions of each atom) were recorded. For each molecule we use a train/validation/test split of

50k/10k/10k atoms respectively.

For MD-17, the input featurization was determined by taking the tensor product F̃i =
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Table 5.2: Mean absolute error of conformational energies (in units of kcal/mol) on MD-17.
Results within 5% of the best model are indicated in bold.

Cormorant DeepMD DTNN SchNet GDML

Aspirin 0.103 0.201 – 0.120 0.270
Benzene 0.035 0.065 0.040 0.070 0.070
Ethanol 0.029 0.055 – 0.050 0.150
Malonaldehyde 0.056 0.092 0.190 0.080 0.160
Naphthalene 0.043 0.095 – 0.110 0.120
Salicylic Acid 0.072 0.106 0.410 0.100 0.120
Toluene 0.042 0.085 0.180 0.090 0.120
Uracil 0.045 0.085 – 0.100 0.110

onehoti⊗ Z⃗i, where onehoti is a one-hot vector determining which of Nspecies atomic species

an atom is, and Z⃗i = (1, Z̃i, Z̃2
i ), where Z̃i = Zi/Zmax, and Zmax is the largest charge in

the dataset. We then use a single learnable mixing matrix to convert this real vector with

3 ×Nspecies elements to a complex representation ` = 0 and Nc channels (or τi = (nc)). We

found for MD-17, a complex input featurization network was not significantly beneficial,

and that this input parametrization was sufficiently expressive. The output for the MD-17

network is straightforward. The scalars xi are summed over, and then a single linear layer

is applied: y = A (∑i xi) + b.

The results of these experiments are presented in Table 5.2, where the mean-average error

(MAE) is plotted on the test set for each of molecules. (All units are in kcal/mol, as

consistent with the dataset and the literature.) To the best of our knowledge, the current

state-of-the art algorithms on this dataset are DeepMD (Zhang et al., 2017), DTNN (Schütt

et al., 2017), SchNet (Schütt et al., 2017) and GDML (Chmiela et al., 2016) Since training

and testing set sizes were not consistent, we used a training set of 50k molecules to compare

with all neural network based approaches. As can be seen from the table, our Cormorant

network outperforms all competitors.
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5.6 Software

My PyTorch implementation of Spherical Convolutional Neural Networks with Clebsch–

Gordan transform for nonlinearity in the Fourier space is publicly available at

https://github.com/risilab/SphericalNet.

The source code in PyTorch of Cormorant is publicly available at

https://github.com/risilab/cormorant.

5.7 Chapter Conclusion

The Cormorant neural network architecture proposed in this chapter combines some of the

insights gained from the various force field and potential learning efforts with the emerging

theory of Fourier space covariant/equivariant neural networks. By setting up the network

in such a way that each neuron corresponds to an actual set of physical atoms, and that

each activation is covariant to symmetries (rotation and translation), we get a network

in which the “laws” that individual neurons learn resemble known physical interactions. In

addition, amongst algorithms for learning molecular properties that fully respect invariances,

Cormorant is arguably one of the most general. Our experiments show that this generality

pays off in terms of performance on standard benchmark datasets.
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CHAPTER 6

LEARNING MULTIRESOLUTION MATRIX FACTORIZATION

AND ITS WAVELET NETWORKS ON GRAPHS

6.1 Chapter Introduction

In certain machine learning problems large matrices have complex hierarchical structures that

traditional linear algebra methods based on the low rank assumption struggle to capture.

Multiresolution matrix factorization (MMF) is a relatively little used alternative paradigm

that is designed to capture structure at multiple different scales. MMF has been found to

be particularly effective at compressing the adjacency or Laplacian matrices of graphs with

complicated structure, such as social networks (Kondor et al., 2014).

MMF factorizations have a number of advantages, including the fact that they are easy to in-

vert and have an interpretation as a form of wavelet analysis on the matrix and consequently

on the underlying graph. The wavelets can be used e.g., for finding sparse approximations of

graph signals. Finding the actual MMF factorization however is a hard optimization prob-

lem combining elements of continuous and combinatorial optimization. Most of the existing

MMF algorithms just tackle this with a variety of greedy heuristics and are consequently

brittle: the resulting factorizations typically have large variance and most of the time yield

factorizations that are far from the optimal (Teneva et al., 2016; Ithapu et al., 2017; Ding

et al., 2017).

The present paper proposes an alternative paradigm to MMF optimization based on ideas

from deep learning. Specifically, we employ an iterative approach to optimizing the fac-

torization based on backpropagating the factorization error and a reinforcement learning

strategy for solving the combinatorial part of the problem. While more expensive than the
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greedy approaches, we find that the resulting “learnable” MMF produces much better qual-

ity factorizations and a wavelet basis that is smoother and better reflects the structure of the

underlying matrix or graph. Unsurprisingly, this also means that the factorization performs

better in downstream tasks.

To apply our learnable MMF algorithm to standard benchmark tasks, we also propose a

wavelet extension of the Spectral Graph Networks algorithm of (Bruna et al., 2014) which

we call the Wavelet Neural Network (WNN). Our experiments show that the combination of

learnable MMF optimization with WNNs achieves state of the art results on several graph

learning tasks. Beyond just benchmark performance, the greatly improved stability of MMF

optimization process and the similarity of the hierarchical structure of the factorization to

the architecture of deep neural networks opens up the possibility of MMF being tightly

integrated with other learning algorithms in the future.

6.2 Related work

Compressing and estimating large matrices has been extensively studied from various di-

rections, including (Drineas et al., 2006), (Halko et al., 2011), (Williams and Seeger, 2001)

(Kumar et al., 2012), (Mahoney, 2011), (Jenatton et al., 2010). Many of these methods come

with explicit guarantees but typically make the assumption that the matrix to be approxi-

mated is low rank.

MMF is more closely related to other works on constructing wavelet bases on discrete spaces,

including wavelets defined based on diagonalizing the diffusion operator or the normalized

graph Laplacian (Coifman and Maggioni, 2006) (Hammond et al., 2011) and multiresolution

on trees (Gavish et al., 2010) (Lee et al., 2008). MMF has been used for matrix compres-

sion (Teneva et al., 2016), kernel approximation (Ding et al., 2017) and inferring semantic

229



relationships in medical imaging data (Ithapu et al., 2017).

Most of the combinatorial optimization problems over graphs are NP-Hard, which means

that no polynomial time solution can be developed for them. Many traditional algorithms for

solving such problems involve using suboptimal heuristics designed by domain experts, and

only produce approximations that are guaranteed to be some factor worse than the true opti-

mal solution. Reinforcement learning (RL) proposes an alternative to replace these heuristics

and approximation algorithms by training an agent in a supervised or self-supervised manner

(Bello et al., 2016) (Mazyavkina et al., 2021). (Khalil et al., 2017) proposed the use of graph

embedding network as the agent to capture the current state of the solution and determine

the next action. Similarly, our learning algorithm addresses the combinatorial part of the

MMF problem by gradient-policy algorithm that trains graph neural networks as the RL

agent.

Graph neural networks (GNNs) utilizing the generalization of convolution concept to graphs

have been popularly applied to many learning tasks such as estimating quantum chemical

computation, and modeling physical systems, etc. Spectral methods such as (Bruna et al.,

2014) provide one way to define convolution on graphs is via convolution theorem and graph

Fourier transform (GFT). To address the high computational cost of GFT, (Xu et al., 2019)

proposed to use the diffusion wavelet bases as previously defined by (Coifman and Maggioni,

2006) instead for a faster transformation.

6.3 Notation

We define [n] = {1,2, . . . , n} as the set of the first n natural numbers. We denote In as the

n dimensional identity matrix. The group of n dimensional orthogonal matrices is SO(n).

A⊍B will denote the disjoint union of two sets A and B, therefore A1 ⊍A2 ⊍ ⋅ ⋅ ⋅ ⊍Ak = S is a
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partition of S.

Given a matrix A ∈ Rn×n and two sequences of indices i = (i1, . . . , ik) ∈ [n]k and j =

(j1, . . . , jk) ∈ [n]k assuming that i1 < i2 < ⋅ ⋅ ⋅ < ik and j1 < j2 < ⋅ ⋅ ⋅ < jk, Ai,j will be the k × k

matrix with entries [Ai,j]x,y = Aix,jy . Furthermore, Ai,∶ and A∶,j denote the i-th row and

the j-th column of A, respectively. Given A1 ∈ Rn1×m1 and A2 ∈ Rn2×m2 , A1 ⊕A2 is the

(n1 + n2) × (m1 +m2) dimensional matrix with entries

[A1 ⊕A2]i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[A1]i,j if i ≤ n1 and j ≤m1

[A2]i−n1,j−m1
if i > n1 and j >m1

0 otherwise.

A matrix A is said to be block diagonal if it is of the form

A =A1 ⊕A2 ⊕ ⋅ ⋅ ⋅ ⊕Ap (6.1)

for some sequence of smaller matricesA1, . . . ,Ap. For the generalized block diagonal matrix,

we remove the restriction that each block in (6.1) must involve a contiguous set of indices,

and introduce the notation

A = ⊕
(i11,...,i

1
k1

)
A1 ⊕(i21,...,i

2
k2

)
A2 ⋅ ⋅ ⋅ ⊕(ip1,...,i

p
kp

)
Ap

in which

Aa,b =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

[Au]q,r if iuq = a and iur = b for some u, q, r,

0 otherwise.
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The Kronecker tensor product A1 ⊗A2 is an n1n2 ×m1m2 matrix whose elements are

[A1 ⊗A2](i1−1)n2+i2,(j1−1)m2+j2
= [A1]i1,j1 ⋅ [A2]i2,j2 ,

with the obvious generalization to p-fold products A1 ⊗A2 ⊗ ⋅ ⋅ ⋅ ⊗Ap. We denote A⊗p as

the p-fold product A⊗A⊗ ⋅ ⋅ ⋅ ⊗A.

A matrix A ∈ Rn×n is called skew-symmetric (or anti-symmetric) if AT = −A. The Eu-

clidean inner product between two matrices A ∈ Rm×n and B ∈ Rm×n is defined as

⟨A,B⟩ = ∑
j,k

Aj,kBj,k = trace(ATB).

The Frobenius norm of A is defined as ∣∣A∣∣F =
√
∑i,jA2

i,j .

6.4 Multiresolution Matrix Factorization

6.4.1 Background

Most commonly used matrix factorization algorithms, such as principal component analysis

(PCA), singular value decomposition (SVD), or non-negative matrix factorization (NMF)

are inherently single-level algorithms. Saying that a symmetric matrix A ∈ Rn×n is of rank

r ≪ n means that it can be expressed in terms of a dictionary of r mutually orthogonal unit

vectors {u1, u2, . . . , ur} in the form

A =
r

∑
i=1

λiuiu
T
i ,

where u1, . . . , ur are the normalized eigenvectors of A and λ1, . . . , λr are the corresponding

eigenvalues. This is the decomposition that PCA finds, and it corresponds to factorizing A
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in the form

A = UTHU , (6.2)

where U is an orthogonal matrix and H is a diagonal matrix with the eigenvalues of A

on its diagonal. The drawback of PCA is that eigenvectors are almost always dense, while

matrices occuring in learning problems, especially those related to graphs, often have strong

locality properties, in the sense that they are more closely couple certain clusters of nearby

coordinates than those farther apart with respect to the underlying topology. In such cases,

modeling A in terms of a basis of global eigenfunctions is both computationally wasteful and

conceptually unreasonable: a localized dictionary would be more appropriate. In contrast

to PCA, (Kondor et al., 2014) proposed Multiresolution Matrix Factorization, or MMF for

short, to construct a sparse hierarchical system of L-level dictionaries. The corresponding

matrix factorization is of the form

A = UT
1 U

T
2 . . .UT

LHUL . . .U2U1,

where H is close to diagonal and U1, . . . ,UL are sparse orthogonal matrices with the fol-

lowing constraints:

1. Each U` is k-point rotation for some small k, meaning that it only rotates k coordinates

at a time. Formally, Def. 6.4.1 defines and Fig. 6.2 shows an example of the k-point

rotation matrix.

2. There is a nested sequence of sets SL ⊆ ⋯ ⊆ S1 ⊆ S0 = [n] such that the coordinates

rotated by U` are a subset of S`.

3. H is an SL-core-diagonal matrix that is formally defined in Def. 6.4.2.

Definition 6.4.1. We say that U ∈ Rn×n is an elementary rotation of order k (also
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called as a k-point rotation) if it is an orthogonal matrix of the form

U = In−k ⊕(i1,⋯,ik)
O

for some I = {i1,⋯, ik} ⊆ [n] and O ∈ SO(k). We denote the set of all such matrices as

SOk(n).

The simplest case are second order rotations, or called Givens rotations, which are of the

form

U = In−2 ⊕(i,j)O =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋅

cos(θ) − sin(θ)

⋅

sin(θ) cos(θ)

⋅

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (6.3)

where the dots denote the identity that apart from rows/columns i and j, and O ∈ SO(2) is

the rotation matrix of some angle θ ∈ [0,2π). Indeed, Jacobi’s algorithm for diagonalizing

symmetric matrices (Jacobi, 1846) is a special case of MMF factorization over Givens rota-

tions.

Definition 6.4.2. Given a set S ⊆ [n], we say that a matrix H ∈ Rn×n is S-core-diagonal

if Hi,j = 0 unless i, j ∈ S or i = j. Equivalently, H is S-core-diagonal if it can be written in

the form H = D ⊕SH , for some H ∈ R∣S∣×∣S∣ and D is diagonal. We denote the set of all

S-core-diagonal symmetric matrices of dimension n as HS
n.
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6.4.2 Multiresolution analysis

We formally define MMF in Defs. 6.4.3 and 6.4.4. Furthermore, (Kondor et al., 2014) has

shown that MMF mirrors the classical theory of multiresolution analysis (MRA) on the real

line (Mallat, 1989b) to discrete spaces. The functional analytic view of wavelets is provided

by MRA, which, similarly to Fourier analysis, is a way of filtering some function space into

a sequence of subspaces

⋅ ⋅ ⋅ ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ . . . (6.4)

Definition 6.4.3. Given an appropriate subset O of the group SO(n) of n-dimensional

rotation matrices, a depth parameter L ∈ N, and a sequence of integers n = d0 ≥ d1 ≥ d2 ≥

⋅ ⋅ ⋅ ≥ dL ≥ 1, a Multiresolution Matrix Factorization (MMF) of a symmetric matrix

A ∈ Rn×n over O is a factorization of the form

A = UT
1 U

T
2 . . .UT

LHUL . . .U2U1, (6.5)

where each U` ∈ O satisfies [U`][n]∖S`−1,[n]∖S`−1
= In−d` for some nested sequence of sets

SL ⊆ ⋯ ⊆ S1 ⊆ S0 = [n] with ∣S`∣ = d`, and H ∈ HSL
n is an SL-core-diagonal matrix.

Definition 6.4.4. We say that a symmetric matrixA ∈ Rn×n is fully multiresolution fac-

torizable over O ⊂ SO(n) with (d1, . . . , dL) if it has a decomposition of the form described

in Def. 6.4.3.

However, it is best to conceptualize (6.4) as an iterative process of splitting each V` into the

orthogonal sum V` = V`+1 ⊕W`+1 of a smoother part V`+1, called the approximation space;

and a rougher part W`+1, called the detail space (see Fig. 6.1). Each V` has an orthonormal

basis Φ` ≜ {φ`m}m in which each φ is called a father wavelet. Each complementary space

W` is also spanned by an orthonormal basis Ψ` ≜ {ψ`m}m in which each ψ is called a mother

wavelet. In MMF, each individual rotation U` ∶ V`−1 → V` ⊕W` is a sparse basis transform

235



that expresses Φ` ∪Ψ` in the previous basis Φ`−1 such that:

φ`m =
dim(V`−1)

∑
i=1

[U`]m,iφ`−1
i ,

ψ`m =
dim(V`−1)

∑
i=1

[U`]m+dim(V`−1),i
φ`−1
i ,

in which Φ0 is the standard basis, i.e. φ0
m = em; and dim(V`) = d` = ∣S`∣. In the Φ1 ∪ Ψ1

basis, A compresses into A1 = U1AU
T
1 . In the Φ2 ∪ Ψ2 ∪ Ψ1 basis, it becomes A2 =

U2U1AU
T
1 U

T
2 , and so on. Finally, in the ΦL ∪ ΨL ∪ ⋅ ⋅ ⋅ ∪ Ψ1 basis, it takes on the form

AL = H = UL . . .U2U1AU
T
1 U

T
2 . . .UT

L that consists of four distinct blocks (supposingly

that we permute the rows/columns accordingly):

H =
⎛
⎜⎜
⎝

HΦ,Φ HΦ,Ψ

HΨ,Φ HΨ,Ψ

⎞
⎟⎟
⎠
,

where HΦ,Φ ∈ Rdim(VL)×dim(VL) is effectively A compressed to VL, HΦ,Ψ =HT
Ψ,Φ = 0 and

HΨ,Ψ is diagonal. MMF approximates A in the form

A ≈
dL
∑
i,j=1

hi,jφ
L
i φ

L
j
T +

L

∑
`=1

d`
∑
m=1

c`mψ
`
mψ

`
m
T
,

where hi,j coefficients are the entries of the HΦ,Φ block, and c`m = ⟨ψ`m,Aψ`m⟩ wavelet fre-

quencies are the diagonal elements of the HΨ,Ψ block.

In particular, the dictionary vectors corresponding to certain rows of U1 are interpreted

as level one wavelets, the dictionary vectors corresponding to certain rows of U2U1 are in-

terpreted as level two wavelets, and so on (see Section 6.4.2). One thing that is immediately

clear is that whereas Eq. (6.2) diagonalizes A in a single step, multiresolution analysis will
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L2(X) // ⋯ // V0
//

!!

V1
//

!!

V2
//

!!

⋯

W1 W2 W3

Figure 6.1: Multiresolution analysis splits each function space V0,V1, . . . into the direct
sum of a smoother part V`+1 and a rougher part W`+1.

In−k ⊕(i1,..,ik)
O = Π( )

U

Π⊺

Figure 6.2: A rotation matrix of order k. The purpose of permutation matrix Π is solely to
ensure that the blocks of the matrices appear contiguous in the figure. In this case, n = 17
and k = 4.

involve a sequence of basis transforms U1,U2, . . . ,UL, transforming A step by step as

A→ U1AU
T
1 → U2U1AU

T
1 U

T
2 → ⋅ ⋅ ⋅ → UL . . .U2U1AU

T
1 U

T
2 . . .UT

L , (6.6)

so the corresponding matrix factorization must be a multilevel factorization

A ≈ UT
1 U

T
2 . . .UT

` HU` . . .U2U1. (6.7)

Fig. 6.3 depicts the multiresolution transform of MMF as in Eq. (6.6). Fig. 6.4 illustrates

the corresponding factorization as in Eq. (6.7).

6.4.3 Optimization

Finding the best MMF factorization to a symmetric matrix A involves solving

min
SL⊆⋯⊆S1⊆S0=[n]

H∈HSL
n ;U1,...,UL∈O

∣∣A −UT
1 . . .UT

LHUL . . .U1∣∣. (6.8)
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Π( )

A

Π⊺ U1ÐÐÐÐ→ ( )

A1 = U1AU
T
1

U2ÐÐÐÐ→ ( )

A2 = U2A1U
T
2

ÐÐ→ . . . . . .ÐÐ→ ( )

AL =H

Figure 6.3: MMF can be thought of as a process of successively compressingA to size d1×d1,
d2 × d2, etc. (plus the diagonal entries) down to the final dL × dL core-diagonal matrix H
(see Def. 6.4.3). The role of permutation matrix Π is purely for the ease of visualization (as
in Fig. 6.2).

Π( )

A

Π⊺ ≈ ( )

UT1

. . .( )

UTL

( )

H

( )

UL

. . .( )

U1

Figure 6.4: Matrix approximation as in Eq. 6.5. In this figure, the core block size of each
rotation matrix U` and H are k × k = 4 × 4 and dL × dL = 8 × 8, respectively. Permutation
matrix Π is only for visualization (as in Figs. 6.2 6.3).

Assuming that we measure error in the Frobenius norm, (6.8) is equivalent to

min
SL⊆⋯⊆S1⊆S0=[n]
U1,...,UL∈O

∣∣UL . . .U1AU
T
1 . . .UT

L ∣∣2resi, (6.9)

where ∣∣ ⋅ ∣∣2resi is the squared residual norm ∣∣H ∣∣2resi = ∑i≠j;(i,j)/∈SL×SL ∣Hi,j ∣2.

Heuristically, factorizingA can be approximated by an iterative process that starts by setting

A0 = A and S1 = [n], and then executes the following steps for each resolution level ` ∈

{1, . . . , L}:

1. Given A`−1, select k indices I` = {i1, . . . , ik} ⊂ S`−1 of rows/columns of the active

submatrix [A`−1]S`−1,S`−1
that are highly correlated with each other.

2. Find the corresponding k-point rotation U` to I`, and compute A` = U`A`−1U
T
`

that

brings the submatrix [A`−1]I`,I` close to diagonal. In the last level, we set H = AL

(see Fig. 6.3).

3. Determine the set of coordinates T` ⊆ S`−1 that are to be designated wavelets at this
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level, and eliminate them from the active set by setting S` = S`−1 ∖T`.

6.4.4 Proposal of a learning algorithm

There are two fundamental difficulties in MMF optimization: finding the optimal nested

sequence of S` is a combinatorially hard (e.g., there are (d`k ) ways to choose k indices out of

S`); and the solution for U` must satisfy the orthogonality constraint such that UT
`
U` = I.

The existing literature on solving this optimization problem (Kondor et al., 2014) (Teneva

et al., 2016) (Ithapu et al., 2017) (Ding et al., 2017) has various heuristic elements and has

a number of limitations:

� There is no guarantee that the greedy heuristics (e.g., clustering) used in selecting k

rows/columns I` = {i1, .., ik} ⊂ S` for each rotation return a globally optimal factoriza-

tion.

� Instead of direct optimization for each rotation U` ≜ In−k ⊕I` O` where O` ∈ SO(k)

globally and simultaneously with the objective (6.8), Jacobi MMFs (see Proposition

2 of (Kondor et al., 2014)) apply the greedy strategy of optimizing them locally and

sequentially. Again, this does not necessarily lead to a globally optimal combination

of rotations.

� Most MMF algorithms are limited to the simplest case of k = 2 where U` is just a

Given rotation, which can be parameterized by a single variable, the rotation angle θ`.

This makes it possible to optimize the greed objective by simple gradient descent, but

larger rotations would yield more expressive factorizations and better approximations.

In contrast, we propose an iterative algorithm to directly optimize the global MMF objective

(6.8):

� We use gradient descent algorithm on the Stiefel manifold to optimize all rotations

{U`}L`=1
simultaneously, whilst satisfying the orthogonality constraints. Importantly,

the Stiefel manifold optimization is not limited to k = 2 case (Section 6.5).
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� We formulate the problem of finding the optimal nested sequence SL ⊆ ⋯ ⊆ S1 ⊆ S0 = [n]

as learning a Markov Decision Process (MDP) that can be subsequently solved by the

gradient policy method of Reinforcement Learning (RL), in which the RL agent (or

stochastic policy) is modeled by graph neural networks (GNN) (Section 6.6).

We show that the resulting learning-based MMF algorithm outperforms existing greedy

MMFs and other traditional baselines for matrix approximation in various scenarios (see

Section 6.8).

6.5 Stiefel Manifold Optimization

The MMF optimization problem in (6.8) and (6.9) is equivalent to

min
SL⊆⋯⊆S1⊆S0=[n]

min
U1,...,UL∈O

∣∣UL . . .U1AU
T
1 . . .UT

L ∣∣2resi, (6.10)

In order to solve the inner optimization problem of (6.10), we consider the following generic

optimization with orthogonality constraints:

min
X∈Rn×p

F(X), s.t. XTX = Ip, (6.11)

where Ip is the identity matrix and F(X) ∶ Rn×p → R is a differentiable function. The

feasible set Vp(Rn) = {X ∈ Rn×p ∶ XTX = Ip} is referred to as the Stiefel manifold of p

orthonormal vectors in Rn that has dimension equal to np− 1
2p(p+ 1). We will view Vp(Rn)

as an embedded submanifold of Rn×p.

When there is more than one orthogonal constraint, (6.11) is written as

min
X1∈Vp1(R

n1),...,Xq∈Vpq(Rnq)
F(X1, . . . ,Xq) (6.12)
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where there are q variables with corresponding q orthogonal constraints. For example, in

the MMF optimization problem (6.8), suppose we are already given SL ⊆ ⋯ ⊆ S1 ⊆ S0 = [n]

meaning that the indices of active rows/columns at each resolution were already determined,

for simplicity. In this case, we have q = L number of variables such that each variable

X` =O` ∈ Rk×k, where U` = In−k ⊕I`O` ∈ Rn×n in which I` is a subset of k indices from S`,

must satisfy the orthogonality constraint. The corresponding objective function is

F(O1, . . . ,OL) = ∣∣UL . . .U1AU
T
1 . . .UT

L ∣∣2resi. (6.13)

We identify tangent vectors to the manifold with n × p matrices. We denote the tangent

space at X as TXVp(Rn). Lemma 6.5.1 characterizes vectors in the tangent space.

Lemma 6.5.1. Any Z ∈ TXVp(Rn), then Z (as an element of Rn×p) satisfies

ZTX +XTZ = 0,

where ZTX is a skew-symmetric p × p matrix.

Proof. Let Y (t) be a curve in Vp(Rn) that starts from X. We have:

Y T (t)Y (t) = Ip. (6.14)

We differentiate two sides of Eq. (6.14) with respect to t:

d

dt
(Y T (t)Y (t)) = 0

that leads to:

(dY
dt

(0))
T

Y (0) +Y (0)T dY
dt

(0) = 0

at t = 0. Recall that by definition, Y (0) =X and dY
dt (0) is any element of the tangent space
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at X. Therefore, we arrive at ZTX +XTZ = 0.

Suppose that F is a differentiable function. The gradient of F with respect to X is denoted

by G ≜ DFX ≜ (∂F(X)

∂Xi,j
). The derivative of F at X in a direction Z is

DFX(Z) ≜ lim
t→0

F(X + tZ) − F(X)
t

= ⟨G,Z⟩

Since the matrix XTX is symmetric, the Lagrangian multiplier Λ corresponding to XTX =

Ip is a symmetric matrix. The Lagrangian function of problem (6.11) is

L(X,Λ) = F(X) − 1

2
trace(Λ(XTX − Ip)) (6.15)

Lemma 6.5.2. Suppose that X is a local minimizer of problem (6.11). Then X satisfies

the first-order optimality conditions DXL(X,Λ) = G −XGTX = 0 and XTX = Ip with

the associated Lagrangian multiplier Λ = GTX. Define ∇F(X) ≜ G −XGTX and A ≜

GXT −XGT . Then ∇F =AX. Moreover, ∇F = 0 if and only if A = 0.

Proof. Since X ∈ Vp(Rn), we have XTX = Ip. We differentiate both sides of the Lagrangian

function:

DXL(X,Λ) = DF(X) −XΛ = 0.

Recall that by definition, G ≜ DF(X), we have

DXL(X,Λ) =G −XΛ = 0. (6.16)

Multiplying both sides by XT , we get XTG−XTXΛ = 0 that leads to XTG−Λ = 0 or Λ =

XTG. Since the matrix XTX is symmetric, the Lagrangian multiplier Λ correspoding to

XTX = Ip is a symmetric matrix. Therefore, we obtain Λ = ΛT =GTX and DXL(X,Λ) =

G−XGTX = 0. By definition, A ≜GXT −XGT . We have AX =G−XGTX = ∇F . The
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last statement is trivial.

Let X ∈ Vp(Rn), and W be any n × n skew-symmetric matrix. We consider the following

curve that transforms X by (I + τ
2W )−1(I − τ

2W ):

Y (τ) = (I + τ
2
W )−1(I − τ

2
W )X. (6.17)

This is called as the Cayley transformation. Its derivative with respect to τ is

Y ′(τ) = −(I + τ
2
W)

−1

W(X +Y (τ)
2

). (6.18)

The curve has the following properties:

1. It stays in the Stiefel manifold, i.e. Y (τ)TY (τ) = I.

2. Its tangent vector at τ = 0 is Y ′(0) = −WX. It can be easily derived from Lemma

6.5.1 that Y ′(0) is in the tangent space TY (0)Vp(Rn). Since Y (0) = X and W is a

skew-symmetric matrix, by letting Z = −WX, it is trivial that ZTX +XTZ = 0.

Lemma 6.5.3. If we set W ≜A ≜GXT −XGT (see Lemma 6.5.2), then the curve Y (τ)

(defined in Eq. (6.17)) is a decent curve for F at τ = 0, that is

F ′τ (Y (0)) ≜ ∂F(Y (τ))
∂τ

∣
τ=0

= −1

2
∣∣A∣∣2F .

Proof. By the chain rule, we get

F ′τ (Y (τ)) = trace(DF(Y (τ))TY ′(τ)).
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At τ = 0, DF(Y (0)) =G and Y ′(0) = −AX. Therefore,

F ′τ (Y (0)) = −trace(GT (GXT −XGT )X) = −1

2
trace(AAT ) = −1

2
∣∣A∣∣2F .

It is well known that the steepest descent method with a fixed step size may not converge,

but the convergence can be guaranteed by choosing the step size wisely: one can choose a

step size by minimizing F(Y (τ)) along the curve Y (τ) with respect to τ (Wen and Yin,

2010). With the choice of W given by Lemma 6.5.3, the minimization algorithm using Y (τ)

is roughly sketched as follows: Start with some initial X(0). For t > 0, we generate X(t+1)

from X(t) by a curvilinear search along the curve Y (τ) = (I + τ
2W )−1(I − τ

2W )X(t) by

changing τ . Because finding the global minimizer is computationally infeasible, the search

terminates when then Armijo-Wolfe conditions that indicate an approximate minimizer are

satisfied. The Armijo-Wolfe conditions require two parameters 0 < ρ1 < ρ2 < 1 (Nocedal and

Wright, 2006) (Wen and Yin, 2010) (Tagare, 2011):

F(Y (τ)) ≤ F(Y (0)) + ρ1τF ′τ (Y (0)) (6.19)

F ′τ (Y (τ)) ≥ ρ2F ′τ (Y (0)) (6.20)

where F ′τ (Y (τ)) = trace(GTY ′(τ)) while Y ′(τ) is computed as Eq. (6.18) and Y ′(0) =

−AX. The gradient descent algorithm on Stiefel manifold to optimize the generic orthogonal-

constraint problem (6.11) with the curvilinear search submodule is described in Algorithm

16, which is used as a submodule in part of our learning algorithm to solve the MMF in

(6.8). The algorithm can be trivially extended to solve problems with multiple variables and

constraints.
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Algorithm 16 Stiefel manifold gradient descent algorithm

1: Given 0 < ρ1 < ρ2 < 1 and ε > 0.
2: Given an initial point X(0) ∈ Vp(Rn).
3: t← 0
4: while true do

5: G← (∂F(X(t))

∂X
(t)
i,j

) ▷ Compute the gradient of F w.r.t X elemense-wise

6: A←GX(t)T −X(t)GT ▷ See Lemma 2, 3
7: Initialize τ to a non-zero value. ▷ Curvilinear search for the optimal step size
8: while (6.19) and (6.20) are not satisfied do ▷ Armijo-Wolfe conditions
9: τ ← τ

2 ▷ Reduce the step size by half
10: end while
11: X(t+1) ← Y (τ) ▷ Update by the Cayley transformation
12: if ∣∣∇F(X(t+1))∣∣ ≤ ε then ▷ Stopping check. See Lemma 2.
13: STOP
14: else
15: t← t + 1
16: end if
17: end while

6.6 Reinforcement Learning

6.6.1 Problem formulation

We formulate the problem of finding the optimal nested sequence of sets SL ⊆ ⋯ ⊆ S1 ⊆ S0 =

[n] as learning an RL agent in order to solve the MMF optimization in (6.8). There are two

fundamental parts to index selection for each resolution level ` ∈ {1, .., L}:

� Select k indices I` = {i1, .., ik} ⊂ S`−1 to construct the corresponding rotation matrix

U` (see Section 6.5).

� Select the set of indices T` ⊂ S`−1 of rows/columns that are to be wavelets at this level,

and then be eliminated by setting S` = S`−1 ∖ T`. To reduce the computational cost,

we assume that each resolution level has only one row/column to be selected as the

wavelet (e.g., a single wavelet) such that ∣T`∣ = 1. That means the cardinality of S`

reduces by 1 after each level, d` = n−`, and size of the core block ofH is (n−L)×(n−L)

that corresponds to exactly n −L active rows/columns at the end.
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6.6.2 Markov Decision Process

A key task for building our model is to specify our index selection procedure. We de-

sign an iterative index selection process and formulate it as a general decision process

M = (S,A,P,R, γ) as follows.

S is the set of states (or state space) that consists of all possible intermediate and final

states in which each state s ∈ S is a tuple of (A,S, `) where ` indicates the resolution level,

S indicates the set of active row/column indices, and A = AS,S indicates the sub-matrix

of A with indices of rows and columns are from S (e.g., ∣S∣ = d`, A ∈ Rd`×d`). We start

at state s0 = (A, [n],0) where A is the input matrix that MMF tries to factorize (e.g., no

rows/columns removed yet) and [n] indicates all rows/columns are still active. The set of

terminal (final) states S∗ ⊂ S includes every state s∗ that has ` = L.

A is the set of actions that describe the modification made to current state at each time

step. An action a ∈ A validly applied to a non-terminal state s = (AS,S,S, `) is a tuple (I,T)

where I = {i1, .., ik} ⊂ S is the set of k indices corresponding to the rotation matrix U`+1, and

T ⊂ S is the set of wavelet indices to spit out at this level. This action transforms the state

into the next one s′ = (AS′,S′ ,S′, `+1) where S′ = S∖T meaning the set of active indices gets

shrinked further. The action is called invalid for the current state if and only if I /⊂ S or T /⊂ S.

P is the transition dynamics that specifies the possible outcomes of carrying out an ac-

tion at time t, p(s`+1∣s`, .., s0, a`), as a conditional probability on the sequence of previous

states (s0, .., s`) and the action a` applied to state s`. Basically, the RL environment car-

ries out actions that obey the given action rules. Invalid actions proposed by the policy

network are rejected and the state remains unchanged. The state transition distribution is
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constructed as

p(s`+1∣s`, .., s0) = ∑
a`

p(a`∣s`, .., s0)p(s`+1∣s`, .., s0, a`),

where p(a`∣s`, .., s0) is represented as a parameterized policy network πθ with learnable

parameters θ. Markov Decision Process (MDP) requires the state transition dynamics to

satisfy the Markov property: p(s`+1∣s`, .., s0) = p(s`+1∣s`). Under this property, the policy

network πθ(a`∣s`) only needs the intermediate state s` to derive an action. The whole

trajectory is always started by the same s0 and finished by a terminal state after exactly L

transitions as depicted as follows:

s0
a∼πθ(⋅∣s0)ÐÐÐÐÐÐÐÐ→ s1

a∼πθ(⋅∣s1)ÐÐÐÐÐÐÐÐ→ s2 . . . sL−1
a∼πθ(⋅∣sL−1)ÐÐÐÐÐÐÐÐÐ→ sL ∈ S∗.

Series of actions recorded along the trajectory allows us to easily construct the nested se-

quence SL ⊆ ⋯ ⊆ S1 ⊆ S0 = [n].

R(s∗) is the reward function that specifies the reward after reaching a terminal state s∗.

The reward function is defined as negative of the MMF reconstruction loss such that

R(s∗) = −∣∣A −UT
1 . . .UT

LHUL . . .U1∣∣F . (6.21)

We want to maximize this final reward that is equivalent to minimize error of MMF in

Frobenius norm (as in problem (6.8)). Evaluation of the reward requires the Stiefel manifold

optimization (see Section 6.5) for rotations {U`}L`=1
. Obviously, the final reward in Eq. (6.21)

is the most important. However, to improve the training quality of the policy, we can define

the intermediate reward R(s) for non-terminal states s = (AS,S,S, `) /∈ S∗ as the immediate

improvement of the `-th resolution (L > ` > 0):

R(s) = −∣∣[U`A`−1U
T
` ]S,S∣∣2resi. (6.22)
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Along the trajectory (s0, s1, .., sL), we generate the corresponding sequence of rewards

(r1, r2, .., rL) based on (6.21, 6.22).

γ is the discount factor, a penalty to uncertainty of future rewards, 0 < γ ≤ 1. We de-

fine the return or discounted future reward g` for ` = 0, .., L − 1 as

g` =
L−`−1

∑
k=0

γkr`+k+1, (6.23)

which in the case of γ = 1 indicates simply accumulating all the immediate rewards and the

final reward along the trajectory.

6.6.3 Policy gradient methods

Policy gradient has been a widely used approach to solve reinforcement learning problems

that targets at modeling and optimizing the policy directly (Sutton and Barto, 2018). Monte-

Carlo policy gradient (REINFORCE) (Williams, 1988) (Williams, 1992) (Sutton et al., 2000)

depends on an estimated return by Monte-Carlo methods using episode samples to update

the learnable parameters θ of the policy network πθ. We define the value of state s when

we follow a policy π as V π(s) = Ea∼π[g`∣s` = s]. The value of (state, action) pair when we

follow a policy π is defined similarly as Qπ(s, a) = Ea∼π[g`∣s` = s, a` = a]. The value of the

reward objective function depends on the policy and is defined as

J(θ) = ∑
s∈S

dπ(s)V π(s) = ∑
s∈S

dπ(s) ∑
a∈A

πθ(a∣s)Qπ(s, a) (6.24)

where dπ(s) = p(sL = s∣s0, πθ) is the stationary distribution of Markov chain for πθ. It is

important to remark that our MDP process terminates after a finite number of transitions

(e.g., L), so dπ(s) is the probability that we end up at state s when starting from s0 and

following policy πθ for L steps. (Sutton et al., 2000) has shown that an unbiased estimate of
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the gradient of (6.24) can be obtained from experience using an approximate value function.

The expectation of the sample gradient is equal to the actual gradient:

∇θJ(θ) = Eπ[Qπ(s, a)∇θ logπθ(a∣s)] = Eπ[g`∇θ logπθ(a`∣s`)] (6.25)

that allows us to update our policy gradient by measuring g` from real sample trajectories.

Based on (6.25), the update rule for policy parameters is simply as

θ ← θ + ηγ`g`∇θ logπθ(a`∣s`) for ` = 0, .., L − 1;

where η is the learning rate, that is used in training our policy network πθ.

6.6.4 Graph convolutional policy network

In this section, we design our policy network πθ as a graph neural network (GNN) with

the message passing scheme. We consider the symmetric matrix A being represented by a

weighted undirected graph G = (V,E) in which V is the set of nodes such that each node

corresponds to a row/column of A, and E is the set of edges such that the edge (i, j) ∈ E

has the weight Ai,j . As defined in Section 6.6.2, a state s ∈ S is a tuple (AS,S,S, `) in which

AS,S is the sub-matrix restricted to the active rows/columns S, and an action a ∈ A is a

tuple (I,T) in which I is the set of k indices corresponding to the (` + 1)-th rotation and T

is the set of indices to spit out as wavelets. Practically, a state can be simply represented by

a single binary vector such that if a bit is 1 then the corresponding index is active, without

the need to explicitly storage matrix AS,S that can be efficiently constructed from A by any

numerical toolkit. Our GNN policy network πθ(a∣s) learns to encode the underlying graph

represented by AS,S and returns a sample of valid action such that T ⊂ I ⊂ S. In Section

6.6.1, we assume that T contains only a single index that we will call as the pivot i∗ (e.g.,

T = {i∗}). Thus, the task of our GNN model is to learn to select the pivot i∗ first, and then
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select the rest k − 1 indices of I that are highly correlated to the pivot.

The simplest implementation of GNNs is Message Passing Neural Networks (MPNNs) (Gilmer

et al., 2017). Suppose that the node embeddings (messages) M0 ∈ RN×F are initialized by

the input node features where N is the number of nodes and F is the number of features

for each node. Iteratively, the messages are propagated from each node to its neighborhood,

and then transformed by a combination of linear transformations and non-linearities, e.g.,

M̂t =AMt−1, Mt = σ(M̂tWt−1), (6.26)

where A is the adjacency matrix; M̂t and Mt ∈ RN×D are the aggregated messages (by

summing over each node’s neighborhood) and the output messages at the t’th iteration,

respectively; σ is a element-wise non-linearity function (e.g., sigmoid, ReLU, etc.); and W s

are learnable weight matrices such that W0 ∈ RF×D and Wt ∈ RD×D for t > 0. Basically,

the set of learnable parameters θ of our policy network π includes all W s. In some cases, a

graph Laplacian L is used instead of the adjacency matrix A in model (6.26), for example,

graph Laplacian L = D−1A or its symmetric normalized version L̃ = I −D−1/2AD−1/2.

One way to incorporate the set of active rows/columns/nodes S into our GNN model is by

initializing the input node feature with a binary label (f = 1) such that a node v has label 1

if the v-th row/column is still active, otherwise 0. For a more efficient implementation, we

can execute the message passing in the block AS,S only. Supposing that the message passing

scheme is executed for T iterations, we concatenate messages from every iteration together

into the final embedding:

M =
T

⊕
t=1
Mt ∈ RN×DT . (6.27)

Model (6.26) produces the embedding for each node that allows us to define a sampling

procedure to select the pivot i∗. Given the final embedding M from Eq. (6.27), we define

250



the probability Pi that node i ∈ S is being selected as the pivot as:

Pi =
exp(P̂i)

∑j∈S exp(P̂j)
, where P̂i = ∑

f

Mi,f .

In order to make the sampling procedure differentiable for backpropagation, we apply the

Gumbel-max trick (Gumbel, 1954) (Maddison et al., 2014) (Jang et al., 2017) that provides

a simple and efficient way to draw sample i∗ as follows:

i∗ = one-hot(arg max
i∈S

[Gi + logPi]),

where Gi are i.i.d samples drawn from Gumbel(0,1). Technically, the sample is represented

by a one-hot vector such that the i∗-th element is 1. Similarly, T, I and S are represented by

vectors in {0,1}N in which a 1-element indicates the existence of the corresponding index

in the set. Furthermore, the set union and minus operations (e.g., S∖T) can be easily done

by vector addition and subtraction, respectively.

Given the pivot i∗, we compute the similarity score between i∗ and other nodes i ∈ S as

Ci = ⟨Mi∗,∶,Mi,∶⟩. Finally, we sample k − 1 nodes with the highest similarity scores to i se-

quentially (one-by-one) without replacement by the Gumbel-max trick, that completes our

sampling procedure for action a = (I,T).

The REINFORCE (Williams, 1988) (Williams, 1992) (Sutton et al., 2000) update rule for

policy parameters is

θ ← θ + ηγ`g`∇θ logπθ(a`∣s`) for ` = 0, .., L − 1; (6.28)

where η is the learning rate, that is used in training our policy network πθ in Algorithm 17.
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6.6.5 The learning algorithm

Putting everything together, our MMF learning algorithm is sketched in Algorithm 17. Iter-

atively: (1) we sample a trajectory by running the policy network that indicates the indices

for rotation and wavelet for each resolution, (2) we apply the Stiefel manifold optimization

to find the rotations, and (3) we compute the future rewards and update the parameters of

the policy network by REINFORCE accordingly. The learning terminates when we complete

ω iterations or episodes. In all our experiments, the learning algorithm can get to sufficient

precision in matrix approximation after ω = 256 episodes.

Algorithm 17 MMF learning algorithm optimizing problem (6.8)

1: Input: Matrix A, number of resolutions L, and constants k, γ, η, and ω.
2: Initialize the policy parameter θ at random.
3: while true do
4: Start from state s0 ▷ s0 ≜ (A, [n],0)
5: Initialize S0 ← [n] ▷ All rows/columns are active at the beginning.
6: for ` = 0, .., L − 1 do
7: Sample action a` = (I`+1,T`+1) from πθ(a`∣s`). ▷ See Section 6.6.4.
8: S`+1 ← S` ∖T`+1 ▷ Eliminate the wavelet index (indices).
9: s`+1 ← (AS`+1,S`+1

,S`+1, ` + 1) ▷ New state with a smaller active set.
10: end for
11: Given {I`}L`=1

, minimize objective (6.13) by Stiefel manifold optimization to find

{O`}L`=1
. ▷ U` = In−k ⊕I` O`

12: for ` = 0, .., L − 1 do
13: Estimate the return g` based on Eq. (6.21), Eq. (6.22), and Eq. (6.23).
14: θ ← θ + ηγ`g`∇θ logπθ(a`∣s`) ▷ REINFORCE policy update in Eq. (6.28)
15: end for
16: Terminate if we already completed ω episodes.
17: end while

6.6.6 2-phase process & Transfer learning

The learning algorithm is expensive due to the Stiefel manifold optimization in line 11 to find

the optimal rotations O` that are used to compute the rewards g`. In practice, we propose

a 2-phase process that is more efficient:
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� Phase 1: Reinforcement learning to find the sequence of indices, but instead of man-

ifold optimization, we just use the closed-form solutions for O` as the eigenvectors of

AS`,∶A
T
S`,∶

to estimate the rewards. In all our experiments, we implement the policy

network by two graph neural networks, one to select the pivot (wavelet index) and

the another one to select K − 1 indices, with 4 layers of message passing and hidden

dimension of 10. The input node feature for node v (or the v-th row) is binary: 1 if

v ∈ S`, otherwise 0. We use γ = 1 as the discount factor and learning rate η = 10−3.

� Phase 2: Given a sequence of indices found by the previous phase, we apply Stiefel

manifold optimization to actually find the optimal rotations accordingly.

Ideally, we want our policy network πθ to be universal in the sense that the same trained

policy can be applied to different graphs with little adaptation or without any further train-

ing. However, the search space is gigantic with large graphs such as social networks, and

the cost of training the policy is computationally expensive. Therefore, we apply the idea

of transfer learning that is to reuse or transfer information from previously learned tasks

(source tasks) into new tasks (target tasks). The source task here is to train our GNN policy

on a dataset of small graphs (e.g., possibly synthetic graphs) that are much faster to train

on, and the target task is to run the trained policy on the large actual graph. For example,

given citation networks with thousands of nodes such as Cora and Citeseer (Sen et al., 2008),

we generate the dataset for policy training by partitioning the big graph into many smaller

connected clusters. The learning algorithm can be easily modified for such a purpose (e.g.,

training multiple graphs simultaneously).
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6.7 Wavelet Networks on Graphs

6.7.1 Motivation

The eigendecomposition of the normalized graph Laplacian operator L̃ = UTHU can be

used as the basis of a graph Fourier transform. (Shuman et al., 2013) defines graph Fourier

transform (GFT) on a graph G = (V,E) of a graph signal f ∈ Rn (that is understood as a

function f ∶ V → R defined on the vertices of the graph) as f̂ = UTf , and the inverse graph

Fourier transform as f = Uf̂ . Analogously to the classical Fourier transform, GFT provides

a way to represent a graph signal in two domains: the vertex domain and the graph spectral

domain; to filter graph signal according to smoothness; and to define the graph convolution

operator, denoted as ∗G :

f ∗G g = U((UTg) ⊙ (UTf)), (6.29)

where g denotes the convolution kernel, and ⊙ is the element-wise Hadamard product. If we

replace the vector UTg by a diagonal matrix g̃, then we can rewrite the Hadamard product

in Eq. (6.29) to matrix multiplication as Ug̃UTf (that is understood as filtering the signal

f by the filter g̃). Based on GFT, (Bruna et al., 2014) and (Defferrard et al., 2016) construct

convolutional neural networks (CNNs) learning on spectral domain for discrete structures

such as graphs. However, there are two fundamental limitations of GFT:

� High computational cost: eigendecomposition of the graph Laplacian has complexity

O(n3), and “Fourier transform” itself involves multiplying the signal with a dense

matrix of eigenvectors.

� The graph convolution is not localized in the vertex domain, even if the graph itself

has well defined local communities.

To address these limitations, we propose a modified spectral graph network based on the

MMF wavelet basis rather than the eigenbasis of the Laplacian. This has the following
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advantages: (i) the wavelets are generally localized in both vertex domain and frequency,

(ii) the individual basis transforms are sparse, and (iii) MMF provides a computationally

efficient way of decomposing graph signals into components at different granularity levels

and an excellent basis for sparse approximations.

6.7.2 Network construction

In the case A is the normalized graph Laplacian of a graph G = (V,E), the wavelet transform

(up to level L) expresses a graph signal (function over the vertex domain) f ∶ V → R, without

loss of generality f ∈ V0, as:

f(v) =
L

∑
`=1
∑
m
α`mψ

`
m(v) +∑

m
βmφ

L
m(v), for each v ∈ V,

where α`m = ⟨f,ψ`m⟩ and βm = ⟨f, φLm⟩ are the wavelet coefficients. At each level, a set

of coordinates T` ⊂ S`−1 are selected to be the wavelet indices, and then to be eliminated

from the active set by setting S` = S`−1 ∖ T` (see Section 6.6.1). Practically, we make the

assumption that we only select 1 wavelet index for each level (see Section 6.6.1) that results

in a single mother wavelet ψ` = [A`]i∗,∶ where i∗ is the selected index (see Section 6.6.4). We

get exactly L mother wavelets ψ = {ψ1, ψ2, . . . , ψL}. On the another hand, the active rows

of H =AL make exactly N −L father wavelets φ = {φLm =Hm,∶}m∈SL . In total, a graph of N

vertices has exactly N wavelets (both mothers and fathers). Analogous to the convolution

based on GFT (Bruna et al., 2014), each convolution layer k = 1, ..,K of our wavelet network

transforms an input vector f(k−1) of size ∣V ∣ × Fk−1 into an output f(k) of size ∣V ∣ × Fk as

f
(k)
∶,j = σ(W

Fk−1

∑
i=1

g
(k)
i,j W

Tf
(k−1)
∶,i ) for j = 1, . . . , Fk, (6.30)

where W is our wavelet basis matrix as we concatenate φ and ψ column-by-column, g
(k)
i,j is

a parameter/filter in the form of a diagonal matrix learned in spectral domain, and σ is an
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element-wise linearity (e.g., ReLU, sigmoid, etc.).

For example, in node classification tasks, assume the number of classes is C, the set of

labeled nodes is Vlabel, and we are given a normalized graph Laplacian L̃ and an input node

feature matrix f(0). First of all, we apply our MMF learning algorithm 17 to factorize L̃

and produce our wavelet basis matrix W . Then, we construct our wavelet network as a

multi-layer CNNs with each convolution is defined as in Eq. (6.30) that transforms f(0) into

f(K) after K layers. The top convolution layer K-th returns exactly FK = C features and

uses softmax instead of the nonlinearity σ for each node. The loss is the cross-entropy error

over all labeled nodes as:

L = − ∑
v∈Vlabel

C

∑
c=1
yv,c lnf

(K)
v,c , (6.31)

where yv,c is a binary indicator that is equal to 1 if node v is labeled with class c, and 0

otherwise. The set of weights {g(k)}K
k=1

are trained using gradient descent optimizing the

loss in Eq. (6.31).

6.8 Experiments

6.8.1 Matrix factorization

We evaluate the performance of our MMF learning algorithm in comparison with the origi-

nal greedy algorithm (Kondor et al., 2014) and the Nyström method (Gittens and Mahoney,

2013) in the task of matrix factorization on 3 datasets: (i) normalized graph Laplacian of

the Karate club network (N = 34, E = 78) (Zachary, 1976); (ii) a Kronecker product matrix

(N = 512), Kn1 , of order n = 9, where K1 = ((0,1), (1,1)) is a 2 × 2 seed matrix (Leskovec

et al., 2010); and (iii) normalized graph Laplacian of a Cayley tree or Bethe lattice with

coordination number z = 4 and 4 levels of depth (N = 161). The rotation matrix size K

are 8, 16 and 8 for Karate, Kronecker and Cayley, respectively. Meanwhile, the original
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Figure 6.5: Matrix factorization for the Karate network (left), Kronecker matrix (middle),
and Cayley tree (right). Our learnable MMF consistently outperforms the classic greed
methods.

greedy MMF is limited to K = 2 and implements an exhaustive search to find an optimal

pair of indices for each rotation. For both versions of MMF, we drop c = 1 columns after

each rotation, which results in a final core size of dL = N − c × L. The exception is for the

Kronecker matrix (N = 512), our learning algorithm drops up to 8 columns (for example,

L = 62 and c = 8 results into dL = 16) to make sure that the number of learnable param-

eters L ×K2 is much smaller the matrix size N2. Our learning algorithm compresses the

Kronecker matrix down to 6−7% of its original size. The details of efficient training reinforce-

ment learning with the policy networks implemented by GNNs are included in the Appendix.

For the baseline of Nyström method, we randomly select, by uniform sampling without

replacement, the same number dL columns C from A and take out W as the corresponding

dL × dL submatrix of A. The Nyström method approximates A ≈ CW �CT . We measure

the approximation error in Frobenius norm. Figure 6.5 shows our MMF learning algorithm

consistently outperforms the original greedy algorithm and the Nyström baseline given the

same number of active columns, dL. Figure 6.6 depicts the wavelet bases at different levels

of resolution.
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Figure 6.6: Visualization of some of the wavelets on the Cayley tree of 46 vertices. The low
index wavelets (low `) are highly localized, whereas the high index ones are smoother and
spread out over large parts of the graph.

6.8.2 Node classification on citation graphs

To evaluate the wavelet bases returned by our learnable MMF algorithm, we construct our

wavelet networks (WNNs) as in Sec. 6.7 and apply it to the task of node classification on two

citation graphs, Cora (N = 2,708) and Citeseer (N = 3,312) (Sen et al., 2008) in which nodes

and edges represent documents and citation links. Each document in Cora and Citeseer has

an associated feature vector (of length 1,433 resp. 3,703) computed from word frequencies,

and is classified into one of 7 and 6 classes, respectively. We factorize the normalized graph

Laplacian by learnable MMF with K = 16 to obtain the wavelet bases. The resulting MMF

wavelets are sparse, which makes it possible to run a fast transform on the node features

by sparse matrix multiplication: only 4.69% and 15.25% of elements are non-zero in Cite-

seer and Cora, respectively. In constrast, Fourier bases given by eigendecomposition of the

graph Laplacian are completely dense (100% of elements are non-zero). We evaluate our

WNNs with 3 different random splits of train/validation/test: (1) 20%/20%/60% denoted

as MMF1, (2) 40%/20%/40% denoted as MMF2, and (3) 60%/20%/20% denoted as MMF3.

The WNN learns to encode the whole graph with 6 layers of spectral convolution and 100

hidden dimensions for each node. During training, the network is only trained to predict

the node labels in the training set. Hyperparameter searching is done on the validation set.
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Table 6.1: Node classification on citation graphs. Baseline results are taken from (Xu et al.,
2019).

Method Cora Citeseer
MLP 55.1% 46.5%
ManiReg (Belkin et al., 2006) 59.5% 60.1%
SemiEmb (Weston et al., 2008) 59.0% 59.6%
LP (Zhu et al., 2003) 68.0% 45.3%
DeepWalk (Perozzi et al., 2014) 67.2% 43.2%
ICA (Getoor, 2005) 75.1% 69.1%
Planetoid (Yang et al., 2016) 75.7% 64.7%
Spectral CNN (Bruna et al., 2014) 73.3% 58.9%
ChebyNet (Defferrard et al., 2016) 81.2% 69.8%
GCN (Kipf and Welling, 2017a) 81.5% 70.3%
MoNet (Monti et al., 2017) 81.7% N/A
GWNN (Xu et al., 2019) 82.8% 71.7%
MMF1 84.35% 68.07%
MMF2 84.55% 72.76%
MMF3 87.59% 72.90%

The number of epochs is 256 and we use the Adam optimization method (Kingma and Ba,

2015) with learning rate η = 10−3. We report the final test accuracy for each split in Table 6.1.

We compare with several traditional methods and deep learning methods including other

spectral graph convolution networks such as Spectral CNN, and graph wavelet neural net-

works (GWNN). Baseline results are taken from (Xu et al., 2019). Our wavelet networks

perform competitively against state-of-the-art methods in the field.

6.8.3 Graph classification

We also tested our WNNs on standard graph classification benchmarks including four bioin-

formatics datasets: (1) MUTAG, which is a dataset of 188 mutagenic aromatic and het-

eroaromatic nitro compounds with 7 discrete labels (Debnath et al., 1991); (2) PTC, which

consists of 344 chemical compounds with 19 discrete labels that have been tested for positive
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or negative toxicity in lab rats (Toivonen et al., 2003); (3) PROTEINS, which contains 1,113

molecular graphs with binary labels, where nodes are secondary structure elements (SSEs)

and there is an edge between two nodes if they are neighbors in the amino-acid sequence

or in 3D space (Borgwardt et al., 2005); (4) NCI1, which has 4,110 compounds with binary

labels, each screened for activity against small cell lung cancer and ovarian cancer lines (Wale

et al., 2008). Each molecule is represented by an adjacency matrix, and we represent each

atomic type as a one-hot vector and use them as the node features.

We factorize all normalized graph Laplacian matrices in these datasets by MMF with K = 2

to obtain the wavelet bases. Again, MMF wavelets are sparse and suitable for fast trans-

form via sparse matrix multiplication, with the following average percentages of non-zero

elements for each dataset: 19.23% (MUTAG), 18.18% (PTC), 2.26% (PROTEINS) and

11.43% (NCI1).

Our WNNs contain 6 layers of spectral convolution, 32 hidden units for each node, and

are trained with 256 epochs by Adam optimization with an initial learning rate of 10−3.

We follow the evaluation protocol of 10-fold cross-validation from (Zhang et al., 2018). We

compare our results to several deep learning methods and popular graph kernel methods.

Baseline results are taken from (Maron et al., 2019b). Our WNNs outperform 7/8, 7/8, 8/8,

and 2/8 baseline methods on MUTAG, PTC, PROTEINS, and NCI1, respectively (see Table

6.2).

6.9 Software

I implemented our learning algorithm for MMF and the wavelet networks by PyTorch deep

learning framework (Paszke et al., 2019). The implementation is publicly available at

https://github.com/risilab/Learnable_MMF/.
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Table 6.2: Graph classification. Baseline results are taken from (Maron et al., 2019b).

Method MUTAG PTC PROTEINS NCI1

DGCNN (Zhang et al., 2018) 85.83 ± 1.7 58.59 ± 2.5 75.54 ± 0.9 74.44 ± 0.5

PSCN (Niepert et al., 2016) 88.95 ± 4.4 62.29 ± 5.7 75 ± 2.5 76.34 ± 1.7

DCNN (Atwood and Towsley, 2016) N/A N/A 61.29 ± 1.6 56.61 ± 1.0

CCN (Kondor et al., 2018a) 91.64 ± 7.2 70.62 ± 7.0 N/A 76.27 ± 4.1

GK (Shervashidze et al., 2009) 81.39 ± 1.7 55.65 ± 0.5 71.39 ± 0.3 62.49 ± 0.3

RW (Vishwanathan et al., 2010) 79.17 ± 2.1 55.91 ± 0.3 59.57 ± 0.1 N/A

PK (Neumann et al., 2016) 76 ± 2.7 59.5 ± 2.4 73.68 ± 0.7 82.54 ± 0.5

WL (Shervashidze et al., 2011) 84.11 ± 1.9 57.97 ± 2.5 74.68 ± 0.5 84.46 ± 0.5

IEGN (Maron et al., 2019b) 84.61 ± 10 59.47 ± 7.3 75.19 ± 4.3 73.71 ± 2.6

MMF 86.31 ± 9.47 67.99 ± 8.55 78.72 ± 2.53 71.04 ± 1.53

6.10 Chapter Conclusion

In this chapter, we introduced a general algorithm based on reinforcement learning and

Stiefel manifold optimization to optimize Multiresolution Matrix Factorization (MMF). We

find that the resulting learnable MMF consistently outperforms the existing greedy and

heuristic MMF algorithms in factorizing and approximating hierarchical matrices. Based on

the wavelet basis returned from our learning algorithm, we define a corresponding notion of

spectral convolution and construct a wavelet neural network for graph learning problems.

Thanks to the sparsity of the MMF wavelets, the wavelet network can be efficiently imple-

mented with sparse matrix multiplication. We find that this combination of learnable MMF

factorization and spectral wavelet network yields state of the art results on standard node

classification and molecular graph classification.
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CHAPTER 7

FUTURE WORKS

For future research directions, the thesis can be extended and further developed into the

following projects with the aim for drug and material discovery:

� Theoretical investigation of symmetry-preserving and group equivariant neural models

with higher order interactions on hypergraphs.

� Large-scale implementation of rotationally equivariant N-Body networks.

� Learning to model large hierarchical structures such as proteins by multiresolution

equivariant graph models.

� Learning to capture diffraction symmetries by permutation and rotation equivariant

models in order to generate highly symmetric structures such as crystal structures in

X-ray crystallography.

� Molecule optimization by deep generative models on graphs to generate new drugs.

� Large-scale implementation of learnable multiresolution matrix/tensor factorization

and its sparse wavelet transform on graphs with applications in hierarchical data visu-

alization.

7.1 Symmetry-preserving and equivariant models with higher or-

der interactions: more theoretical understanding

Existing graph models have been built based on the pairwise interaction paradigm (e.g.,

information sharing via edges), which alone cannot capture the higher order interactions in

many complex systems (e.g., n-fold atomic interactions in N-Body systems) and multirela-

tional data that are naturally represented by hypergraphs. The aim of this project is to

model and analyze hypergraph neural network architecture that is fully equivariant with re-

spect to transformations under the permutation group. My plan is to construct and compare
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the representative power of three forms of hypergraph convolution: (i) spectral convolution

via hypergraph Fourier transform (Zhang et al., 2019), (ii) simplicial/spectral convolution

with the basis of transformation given by eigenvectors of the combinatorial Laplace operator

on simplicial complexes (Horak and Jost, 2013), and (iii) topological convolution (by mes-

sage passing) defined on topological spaces such as simplicial complexes of graphs (Jonsson,

2008). One of the applications is to model the n-fold atomic interactions in molecular graphs

and N-Body systems.

7.2 Large-scale implementation of the generalized N-Body net-

works

Learning the behavior and properties of complex many-body physical systems is a challenging

task due to the fact that the model must be invariant with respect to rotation and translation.

Previous works attempting to model the N-Body systems by GNNs such as the Interaction

Networks (Battaglia et al., 2016) have two fundamental limitations: (i) GNNs itself is limited

to the pairwise paradigm, and (ii) the model does not preserve the rotational symmetry.

(Kondor, 2018) schemed the abstract definition and construction of an N-Body network

architecture that incorporates both higher interactions among particles while respecting

rotational and translational symmetries. My previous work, Cormorant (Anderson et al.,

2019), partially realized the vision of (Kondor, 2018) but still is limited to the pairwise

paradigm. My plan is to extend Cormorant by generalizing the topological convolution

defined on the simplicial complexes (e.g., 0-simplices are atoms, 1-simplices are bonds, 2-

simplices are triples of atoms, etc.). Since a layer of the network requires a large number

of convolutional operations, I plan to create an efficient and parallel implementation in

C++/CUDA to execute serials of Clebsch-Gordan transforms on tensor products of multiple

spherical tensors simultaneously.
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7.2.1 Application in LHC particle tracking & particle discovery

The Large Hadron Collider (LHC) is the largest high-energy particle collider ever constructed

to probe fundamental physics questions (Evans and Bryant, 2008). ATLAS and CMS (Col-

laboration et al., 2008) experiments measure the energy and momentum of the particles

escaping from the collision of two counter-circulating proton beams in the center of the

detectors. It is important to track and reconstruct the trajectories of charged particles to

identify particles and measure their charge and momentum. Traditional tracking algorithms

such as Combinatorial Kalman Filter (CKF) (Braun, 2019) scale quadratically or worse,

and require an intensive amount of CPU computation. (Tsaris et al., 2018) preliminarily

propose the use of advanced machine learning algorithms that scale linearly and computa-

tionally feasible to the LHC track reconstruction problem. However, the fundamental limit

of (Tsaris et al., 2018) is its lack of a 3D geometric model to represent the geometry informa-

tion including particles’ positions and momentums, (detector modules) sensors’ locations and

orientations. Therefore, I propose a combination of time-series/sequence predicting models

such as LSTM (Hochreiter and Schmidhuber, 1997) networks and equivariant models such as

Lorentz group (Bogatskiy et al., 2020) or Cormorant to predict the probabilities of assigning

hits to tracks. My plan is to model prototype architectures, and experiment on The Euro-

pean Organization for Nuclear Research (CERN)’s particle tracking datasets in comparision

with traditional tracking methods.

Furthermore, symmetry-preserving neural networks in my prior works can potentially be

applied into classifying particles and discovering new ones. Given the large amount of data

collected from particle collisions, it is a necessity to develop efficient computing infrastructure

that allows us to train and evaluate our equivariant neural networks1. This is an exciting

1. Equivariant neural networks that exploit the symmetry of data will require much less training samples
and data augmentation in comparison with non-equivariant models.
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interdisciplinary research direction to bring machine learning, artificial intelligence and com-

puter science into further advancing our understanding of the fundamental blocks of the

Universe.

7.3 Learning and generating hierarchical multiscale structures and

highly symmetric structures by deep generative models

7.3.1 Modeling and generating proteins

Several deep learning approaches have been applied to modeling and generating proteins in

recent years. The most prominent approach is language modeling borrowed from the field

of Natural Language Processing (NLP) to model the primary structure of proteins (i.e. the

sequence of amino acids) (O’Connell et al., 2018) (Bepler and Berger, 2019) (Riesselman

et al., 2019) (Alley et al., 2019) (Heinzinger et al., 2019) (Ingraham et al., 2019). However,

proteins are naturally hierarchical structures and language modeling such as Transformer of

AlphaFold is computationally expensive. Therefore, I propose the use of learning to cluster

algorithm as in our MGVAE (Hy and Kondor, 2021c) to coarsen the primary structure, and

introduce 3D equivariant Transformer model built based on our Cormorant (Anderson et al.,

2019) that incorporates both graph and 3D information to learn on the coarsened structures.

I plan to implement this complex neural network model and tackle the following two major

tasks in protein modelling:

1. Function prediction: This is a supervised learning problem in which the amino-acid

sequence and/or the 3D structure is known and the functionality is needed as output of

a neural network. The property to predict can either be a protein-level property, such

as a classification as an enzyme or non-enzyme, or a residue-level property, such as

the sites or motifs of phosphorylation and cleavage by proteases (see (Gao et al., 2020)

for a comprehensive survey). The advantage of my proposal is the adaptive/learnable
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multiscale representation of the protein to capture multiple granularity levels that is

potentially suitable for many different tasks (i.e. one model to solve all problems).

2. Protein design: The objective is to obtain a novel protein sequence that will fold into a

desired structure or perform a specific function, such as catalysis. I plan to follow the

deep generative models approach, in particular variational autoencoders (VAEs). In

this case, the encoder learns to coarsen the protein into multiple resolutions (e.g., the

base resolution is the primary structure) while maps each resolution into a continuous

latent space. Different from the conventional VAE, the encoder outputs a hierarchy

of latents such that the decoder then reconstructs each latent into its corresponding

structure. This hierarchical VAE can be jointly trained with properties prediction to

construct a latent space (representation) correlated with the properties. The resulting

continuous real-valued representation can then be used to generate new sequences likely

to have the desired properties.

7.3.2 Classifying and generating crystalized structures

Highly symmetric objects such as crystals play a crucial role in materials science. X-ray

crystallography has been widely used as a tool to determine the atomic and molecular struc-

ture of a crystal. Knowledge of crystal structure, the way atoms are arranged in space, is

important for predicting properties of a material. Recently, convolutional neural networks

(CNNs) has been applied to classify crystal structures (Ziletti et al., 2018) and to decode

crystallography (Aguiar et al., 2019) based on the diffraction fingerprint and high-resolution

electron imaging. However, CNNs are only invariant to translation, but not to permutation

and rotation, thus this conventional approach is not suitable. To address this limitation, I

propose the use of a mixture of permutation and rotation equivariant models to capture the

diffraction symmetry. I predict equivariant models would require significantly less amount of

training data and more robust against data noises. Given this powerful equivariant model,
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I plan to develop constrained generative models to generate stable crystal structures by op-

timizing the formation energy in the latent space. I strongly believe this research direction

has a great potential in material science, especially autonomous materials discovery with

desired properties.

7.3.3 Molecule optimization by deep generative models

Developing a new drug from original idea to a finished product is a complex, time-consuming

and expensive process. In this process, lead optimization plays an important role as enhanc-

ing the most promising compounds to improve effectiveness, safety and tolerability (Hughes

et al., 2010). I plan to apply graph generative models, for instance our MGVAE (Hy and

Kondor, 2021c), into lead optimization. In short, given a prior as the desired property we

want to improve in a compound, MGVAE encodes a starting compound or a group of small

molecules, and generates a new compound with some structural changes accordingly. If

successful, this can replace the computationally expensive molecule synthesis procedure.

7.4 Multiresolution tensor factorization and hierarchical data vi-

sualization

The current Pythonic implementation of the learning multiresolution matrix factorization in

PyTorch framework (Paszke et al., 2019) at https://github.com/risilab/Learnable_MMF

is limited to small and middle size matrices. I plan to implement a large-scale version in

C++/CUDA that is both time and memory efficient. I also want to extend this framework

into learning to factorize tensors in a multiresolution manner by manifold optimization.

Furthermore, besides the wavelet networks learning graphs, another potential application

of MMF’s sparse wavelet transform is data visualization. I want to propose a “wavelet”

version of t-SNE (van der Maaten and Hinton, 2008) in which instead of optimizing directly
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the low-dimensional maps as in the original t-SNE, we will optimize a simple parameterized

wavelet network built based on the wavelet basis from MMF factorization of the similarity

matrix. The wavelet networks is a promising direction to understand and visualize complex

hierarchical structures such as social networks and biological data.
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CHAPTER 8

THESIS CONCLUSION

The objective of this thesis is to deepen our understanding of symmetry-preserving, group

equivariant, and multiscale/multiresolution neural networks for the purpose of modeling,

learning and generating graphs, hypergraphs, N-Body systems, hierarchical structures and

highly symmetric structures. This thesis includes a summary of the field of graph learning

including several forms of graph kernels and graph neural networks. We have discussed the

importance of permutation equivariance and our general architecture, Covariant Composi-

tional Networks, that can be efficiently implemented by our new deep learning framework,

GraphFlow. Based on the higher order message passing, hierarchical variational autoencoder

and a new learning to cluster algorithm, this thesis proposes Multiresolution Equivariant

Graph Variational Autoencoder, the first ever generative model to generate graphs in both

multiresolution and equivariant manner. In addition to permutation equivariance, we also

discuss our Covariant Molecular Neural Networks, a rotationally equivariant architecture for

learning the behavior and properties of complex many-body physical systems. Furthermore,

this thesis introduces a new learning algorithm to solve Multiresolution Matrix Factorization

by a combination of Reinforcement Learning and Stiefel manifold optimization, that results

to a new way of getting sparse graph wavelets to construct Wavelet Neural Networks learn-

ing graphs on spectral domain. Several experiments include molecular properties prediction,

learning to estimate the computationally expensive Density Functional Theory calculation,

graph & node classification, molecular/general graph generation, citation link prediction,

semi-supervised learning molecular representation, graph-based image generation, etc. The

source codes and datasets have been made publicly available. This thesis enables various

future interdisciplinary research directions of bringing machine learning and artificial intel-

ligence into advancing frontiers of drug discovery, computational biology, material science

and theoretical physics.
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Mathieu, A., Milleret, G., Miné, P., Paganini, P., Poilleux, P., Pukhaeva, N., Regnault,
N., Romanteau, T., Semeniouk, I., Sirois, Y., Thiebaux, C., Vanel, J. C., Zabi, A., Agram,
J. L., Albert, A., Anckenmann, L., Andrea, J., Anstotz, F., Bergdolt, A. M., Berst, J. D.,
Blaes, R., Bloch, D., Brom, J. M., Cailleret, J., Charles, F., Christophel, E., Claus, G.,
Coffin, J., Colledani, C., Croix, J., Dangelser, E., Dick, N., Didierjean, F., Drouhin, F.,
Dulinski, W., Ernenwein, J. P., Fang, R., Fontaine, J. C., Gaudiot, G., Geist, W., Gelé,
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Fox, E., and Garnett, R., editors, Advances in Neural Information Processing Systems,
volume 32. Curran Associates, Inc.

Ingraham, J. and Marks, D. (2017). Variational inference for sparse and undirected models.
In Proceedings of the 34th International Conference on Machine Learning, volume 70 of
Proceedings of Machine Learning Research, pages 1607–1616. PMLR.

Ithapu, V. K., Kondor, R., Johnson, S. C., and Singh, V. (2017). The incremental multireso-
lution matrix factorization algorithm. In 2017 IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), pages 692–701.

Jackson, J. D. (1999). Classical electrodynamics. Wiley, New York, NY, 3rd ed. edition.
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CHAPTER 9

APPENDIX: GROUP & REPRESENTATION THEORY

9.1 Chapter Introduction

The mathematical theory of groups and representations is useful at several points in the

study of this thesis. This appendix reviews some basic material, summarizes many of the

fundamental concepts and provides important definitions on group and representation theory,

but do not attempt to explain very much, as it is a vast subject. In addition, this appendix

offers a brief introduction to Fourier analysis and its relation to group and representation

theory. Interested readers in the subjects are recommended to read (Serre, 1977), (Kondor,

2008) and (Osborn, 2021).

9.2 Groups

9.2.1 Basic definitions

Definition 9.2.1 (Group). A set G with a binary operation ⋅ ∶ G ×G→ G is called a group

if:

� (Closure) ∀g, g′ ∈ G,gg′ ∈ G.

� (Associativity) (gg′)g′′ = g(g′g′′) for any g, g′, g′′ ∈ G.

� (Identity) ∃e ∈ G such that eg = ge = g for all g ∈ G.

� (Inverses) ∀g ∈ G there is an element g−1 ∈ G such that gg−1 = g−1g = e.

A group is formally defined by 4 axioms as in Def. 9.2.1. A group G is finite if the number

of elements in G is finite. A group G is Abelian or commutative if

gg′ = g′g, ∀g, g′ ∈ G.
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A simple example of a finite Abelian group is the additive group Zn of integers modulo n.

The order of G, denoted ∣G∣ is the cardinality of G as a set. For any g ∈ G, the smallest

integer m such that gm = e is the order of g. Two groups G = {gi} and G = {g′j} are

isomorphic, G ≃ G′, if there is a one to one correspondence θ ∶ gi↔ g′j between the elements

consistent with the group multiplication rules. Even if G ≃ G′ there is not necessarily a

unique choice for θ but we must have θ ∶ e ↔ e′. A crucial consequence of the basic group

axioms is: {gig} = {gi} for any g since gjg = gig ⇒ gj = gi. For two groups G1 and G2, we

define a direct product group G1 ×G2 formed by pairs of elements {(g1, g2)}, belonging to

(G1,G2), which is defined by the rules:

e = (e1, e2), (g1, g2)(g′1, g′2) = (g1g
′
1, g2g

′
2), (g1, g2)−1 = (g−1

1 , g−1
2 ).

9.2.2 Subgroups & Cosets

For any group G, a subgroup H ⊂ G is defined as a set of elements belonging to G which

also forms a group. A proper subgroup H is when H ≠ G and is denoted as H < G. For any

subgroup H, we define an equivalance relation between two elements gi and g′i in G:

gi ∼ g′i⇔ gi = g′ih for h ∈H.

The left cosets of H in G are the sets obtained by multiplying each element of H by a fixed

element g of G, where g is the left factor:

gH ≜ {gh ∶ h ∈H}.

The right cosets are defined similarly, except that the element g is now a right factor:

Hg ≜ {hg ∶ h ∈H}.
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In general, the left and right cosets are different. The cosets form the coset space G/H with

dimension dim(G/H) = ∣G∣/∣H ∣. For any subgroup H ⊂ G, Lagrange’s theorem (see 9.2.1)

states that ∣H ∣ divides ∣G∣. In general, G/H it not a group since gi ∼ g′i, gj ∼ g
′
j does not

imply gigj ∼ g′ig
′
j . If g and x are elements of G, then the conjugate of x with respect to g is

the element g−1xg. The conjugacy class Gx of an element x in a group G is defined by:

Gx ≜ {g−1xg ∶ g ∈ G}.

A normal or invariant subgroup is a subgroup N ⊂ G such that:

gNg−1 = N (∀g ∈ G).

In this case, G/N becomes a group since for g′i = gihi and g′j = gjhj with hi, hj ∈ N , then

g′ig
′
j = gigjh for some h ∈ N . And G/N is called the quotient group or factor group.

Theorem 9.2.1 (Lagrange’s theorem). If H is a subgroup of a finite group G then ∣H ∣

divides ∣G∣.

A set of elements g1, .., g` in a group G is said to generate the group G if every element of G

can be written as a product of elements from the list g1, .., g`, and we write G = ⟨g1, .., g`⟩.

For example, a cyclic group G possesses a generator a such that any element g ∈ G can be

written as an for some integer n, and we write G = ⟨a⟩. The group formed by {e, g, g2, .., gr−1}

where r is the order of g ∈ G is a cyclic subgroup H = ⟨g⟩ of G. In general, suppose G has

size ∣G∣, it is possible to show that there is a set of log(∣G∣) generators generating G.
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9.3 Representations

9.3.1 Matrix groups & Character

Let Md be the set of d × d complex matrices. A matrix group is a set of matrices in Md

which satisfy the properties of a group under matrix multiplication. We denote the identity

element in such groups as I. A representation ρ of a group G is defined as a function which

maps G to a matrix group, preserving group multiplication (see Def. 9.3.1). Obviously, any

group G has a trivial one-dimensional representation, ρtrivial(g) = (1). For any representa-

tion ρ ∶ G → Cd×d, we have some trivial properties such as: ρ(e) = I and ρ(g−1) = ρ(g)−1.

Furthermore, ρ is said to be unitary if each ρ(g) is unitary, and it is said to be faithful if

ρ(g1) ≠ ρ(g2) unless g1 = g2. The regular representation is a faithful representation which

exists for any group, and is constructed as in Def. 9.3.4.

A group homomorphism is a map between groups that preserves the group operation (see

Def. 9.3.2). A group isomorphism from group G to group H is a bijective group homomor-

phism from G to H.Alternatively, we can define the representation based on homomorphism

as in Def. 9.3.3.

Definition 9.3.1 (Representation). Given a group G, a d-dimensional representation of G

is a matrix valued function ρ ∶ G→ Cd×d such that

ρ(x)ρ(y) = ρ(xy)

for all x and y in G.

Definition 9.3.2 (Homomorphism). Let G and H be two groups. A homomorphism φ ∶

G→H is a map satisfying

φ(xy) = φ(x)φ(y)

304



for all x and y in G.

Definition 9.3.3 (Representation). Let G be a group and V be a vector space over a field

F. A representation of G on V is a homomorphism

ρ ∶ G→ GL(V ),

where GL(V ) is the general linear group on V , or the group of invertible linear maps φ ∶

V → V .

Definition 9.3.4 (Regular representation). Let G be a finite group and let us order its

elements g1, g2, .., g∣G∣. Then

[ρ(g)]i,j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if g ⋅ gj = gi

0 otherwise

is a ∣G∣-dimensional representation of G called the regular representation.

The character of a representation ρ of G is a function on the group defined by χρ(g) =

tr(ρ(g)), for g ∈ G, where tr(.) is the trace function on matrices. The character has the

following properties:

� χρ(I) = n,

� ∣χρ(g)∣ ≤ n,

� ∣χρ(g)∣ = n⇒ ρ(g) = eiθI,

� χρ(g−1) = χ∗ρ(g),

� χρ is constant on any given conjugacy class of G.
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9.3.2 Reducible & Irreducible representations

Two representations are said to be equivalent if they are isomorphic, and corresponding

elements under the isomorphism have the same character (see Def. 9.3.5). Reducible and

irreducible representations are defined in Def. 9.3.6. Schur’s lemma (see 9.3.1) is a useful

property of irreducible representations. Furthermore, theorem 9.3.2 connects irreducibility

with characters.

Definition 9.3.5 (Equivalent representations). Two representations ρ1 and ρ2 of group G

are said to be equivalent if for some fixed invertible matrix T ,

ρ1(g) = Tρ2(g)T−1 (∀g ∈ G).

Definition 9.3.6 (Reducible & irreducible representations). A representation ρ of a group

G is said to be reducible if it is equivalent to a representation ρ′ of the form

ρ′(g) =
⎛
⎜⎜
⎝

ρ1,1(g) ρ1,2(g)

0 ρ2,2(g)

⎞
⎟⎟
⎠

or in other words, for some fixed invertible matrix T ,

ρ(g) = T
⎛
⎜⎜
⎝

ρ1,1(g) ρ1,2(g)

0 ρ2,2(g)

⎞
⎟⎟
⎠
T−1

for all g ∈ G. Otherwise, it is said to be irreducible. The representation is said to be

completely reducible if it is equivalent to another representation which is of block diagonal

form, or for some T ,

ρ(g) = T
⎛
⎜⎜
⎝

ρ1,1(g) 0

0 ρ2,2(g)

⎞
⎟⎟
⎠
T−1
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for all g ∈ G.

See examples 9.3.1, 9.3.3 and 9.3.2 for irreducible representations of some useful groups.

Example 9.3.1 (Cyclic group, integers and real numbers). The cyclic group Cn (also de-

noted as Z/nZ) is the group of n integers {0,1, .., n − 1} with respect to addition modulo n

such as gagb = g(a+b) mod n. This is an Abelian group. The irreducible representations of

Z/nZ are the functions:

ρk(ga) = e2πika/n, k ∈ {0,1, .., n − 1}.

The integers Z form a group with respect to addition. The irreducible representations are:

ρk(x) = e−ikx, k ∈ [0,2π).

The real numbers R also form a group with respect to addition. The irreducible representa-

tions are:

ρk(x) = e2πikx, k ∈ R.

Example 9.3.2 (Symmetry group). Sn is the group of permutations of n elements. Suppose

in the case n = 3, we order these permutations as: 123, 231, 312, 213, 132, and 321. There

are two one-dimensional irreducible representations of S3:

� The trivial representation: ρtrivial(g) = (1).

� The non-trivial (i.e., based on the sign or number of inversions of each permutation):

ρsign(g) = 1,1,1,−1,−1,−1 in the above order.

There exists a two-dimensional irreducible representation, with the matrices

⎛
⎜⎜
⎝

1 0

0 1

⎞
⎟⎟
⎠
,

1

2

⎛
⎜⎜
⎝

−1 −
√

3
√

3 −1

⎞
⎟⎟
⎠
,

1

2

⎛
⎜⎜
⎝

−1
√

3

−
√

3 −1

⎞
⎟⎟
⎠
,
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⎛
⎜⎜
⎝

−1 0

0 1

⎞
⎟⎟
⎠
,

1

2

⎛
⎜⎜
⎝

1 −
√

3
√

3 −1

⎞
⎟⎟
⎠
,

1

2

⎛
⎜⎜
⎝

1 −
√

3

−
√

3 −1

⎞
⎟⎟
⎠
.

Example 9.3.3 (3D rotation group). The special orthogonal group SO(3) is the group of

3-dimensional orthogonal matrices with determinant +1, that is also known as the Lie group

of linear transformations of R3 that preserve inner products and chirality. The irreducible

representations of SO(3) are the Wigner D-matrices as a function of the (α,β, γ) Euler

angles:

D`
m,m′(α,β, γ) =

√
4π

2` + 1
(Y `m(β,α))∗e−im′γ ,

where Y `m(β,α) denotes the spherical harmonics.

Theorem 9.3.1 (Schur’s Lemma). Let ρ ∶ G → GL(V ) and ρ′ ∶ G → GL(W ) be two irre-

ducible representations of a group G over C and φ be a bounded linear map V → W such

that φ(ρ(g)v) = ρ′(g)(φ(v)) for all v ∈ V . Then

� If ρ1 and ρ2 are not equivalent, then φ = 0.

� If ρ1 = ρ2, then φ = αI for some α ∈ C.

Theorem 9.3.2. A representation ρ of G is irreducible if and only if

1

∣G∣ ∑g∈G
∣χρ(g)∣2 = 1.

The key theorem of representation theory is the following Fundamental Theorem (see

9.3.3).

Theorem 9.3.3 (Fundamental Theorem). Every group G has exactly r inequivalent irre-

ducible representations, where r is the number of conjugacy classes of G. And if ρp ∈ Mdρ
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and ρq are any two of these, then the matrix elements satisfy the orthogonality relations

∑
g∈G

[ρp(g)]−1
ij [ρq(g)]kl =

∣G∣
dρ
δilδjkδpq,

where the Kronecker delta δpq = 1 if ρp = ρq and is zero otherwise.

From the Fundamental theorem, we can see that characters are orthogonal, that is

r

∑
i=1

ri(χpi )
∗χ

q
i = ∣G∣δpq

and
r

∑
p=1

(χpi )
∗χ

p
j =

∣G∣
ri
δij ,

where p, q, and δpq have the same meaning as in the theorem, and χ
p
i is the value the

character of the p-th irreducible representation takes on the i-th conjugacy class of G, and

ri is the size of the i-th conjugacy class. The decomposition of arbitrary representations into

tensor sums of irreducible representations obeys theorem 9.3.4.

Theorem 9.3.4. If ρ is an arbitrary representation of G with character χ, and ρp are the

inequivalent irreducible representations of G with character χp, then

ρ =⊕
p
cpρ

p,

where ⊕ denotes a direct sum, and cp are the numbers determined by

cp =
1

∣G∣
r

∑
i=1

ri(χpi )
∗χi.

Let R denote the set of all inequivalent irreducible representations. We have the following
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identity:

∑
ρ∈R

d2
ρ = ∣G∣, (9.1)

where ρ is a matrix group of dρ × dρ matrices.

9.4 Fourier Transforms On Groups

In chapter 6 – Learning Multiresolution Matrix Factorization and its Wavelet Networks on

Graphs, we have discussed the Graph Fourier Transform (GFT) and our Graph Wavelet

Transform (GWT). In this appendix, we will discuss the classical Fourier transforms and the

generalized Fourier transforms on finite groups. Readers interested in efficient computation

of Fourier transforms over groups are recommended to read (Diaconis and Rockmore, 1990),

(Clausen and Baum, 1993), (Maslen and Rockmore, 1996), and (Kondor, 2008).

9.4.1 Classical Fourier Transform

The classical Fourier transforms, or sometimes called Fourier series, are defined on the unit

circle or periodic functions on the real line with period 2π,

f̂(k) = 1

2π ∫
2π

0
e−ikxf(x)dx, k ∈ Z;

and functions on the real line,

f̂(k) = ∫
∞

−∞
e−2πikxf(x)dx, k ∈ R.

We assume that f might take complex values. The corresponding inverse transforms are

f(x) =
∞

∑
k=−∞

f̂(k)eikx,
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and

f(x) = ∫
∞

−∞
e2πikxf̂(k)dk,

respectively. We use the notation F ∶ f ↦ f̂ for the forward transform and F−1 ∶ f̂ ↦ f

for the inverse transform. The Parseval’s theorem or Plancherel’s theorem states that all

these transforms are unitary, i.e., inner product preserving ⟨f, g⟩ = ⟨f̂ , ĝ⟩ and consequentially

∣∣f ∣∣2 = ∣∣f̂ ∣∣2. With respect to the appropriate inner products, we have:

⟨f, g⟩ = 1

2π ∫
2π

0
f(x)g(x)∗dx, ⟨f̂ , ĝ⟩ =

∞

∑
k=−∞

f̂(k)ĝ(k)∗,

and

⟨f, g⟩ = ∫
∞

−∞
f(x)g(x)∗dx, ⟨f̂ , ĝ⟩ = ∫

∞

−∞
f̂(k)ĝ(k)∗dk,

respectively. Furthermore, the convolution theorem states that the Fourier transform of a

convolution of two functions is the pointwise product of their Fourier transforms, i.e.,

F(f ∗ g)(k) = f̂(k) ⋅ ĝ(k).

We will continue to discuss the computational algorithms such as Discrete Fourier Trans-

forms and Fast Fourier Transforms as follows.

Discrete Fourier Transform 1D

Discrete Fourier Transform (DFT) of 1-dimensional real signal f = (f0, .., fN−1) ∈ RN is

defined as

f̂k =
1√
N

N−1

∑
n=0

fn ⋅ e−2πik nN .

On the another hand, the inverse transform is

fn =
1√
N

N−1

∑
k=0

f̂k ⋅ e2πik nN .
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DFT can be expressed as a matrix multiplication f̂ =Wf where W = (wjk√
n
)
j,k=0,..,N−1

is

the N ×N DFT matrix, or equivalently

W = 1√
N

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 ⋯ 1

1 w w2 ⋯ wN−1

1 w2 w4 ⋯ w2(N−1)

⋮ ⋮ ⋮ ⋱ ⋮

1 wN−1 w2(N−1) ⋯ w(N−1)(N−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

where w = e−2πi/N is a primitive Nth root of unity (i.e. zN = 1). In the group theoretic

perspective, the Nth roots of unity form an irreducible representation of cyclic group of order

N . Indeed, DFT can be interpreted as Fourier transform on group Z/NZ whose characters

are functions ρ0, .., ρN−1 defined by ρk(j) = wjk:

f̂k = f̂(ρk) = ∑
j∈Z/NZ

ρk(j)fj .

We will discuss more about Fourier transforms on finite groups later in this chapter. The

time complexity of DFT is O(N2). The Fourier coefficient at the k-th frequency with the

corresponding real and complex parts:

Re(f̂k) =
1√
N

N−1

∑
n=0

fn ⋅ cos(2πk
n

N
),

Im(f̂k) = −
1√
N

N−1

∑
n=0

fn ⋅ sin(2πk
n

N
).

The amplitude and the phase are, respectively:

∣f̂k ∣ =
√

Re(f̂k)2 + Im(f̂k)2,
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arg(f̂k) = atan2(Im(f̂k),Re(f̂k)).

Discrete Fourier Transform 2D

DFT of 2-dimensional signal f ∈ RM×N is defined as

f̂x,y =
1√
MN

M−1

∑
u=0

N−1

∑
v=0

fu,v ⋅ e−2πi(xuM +
yv
N )

,

or

f̂x,y =
1√
MN

M−1

∑
u=0

e−2πixuM ⋅ (
N−1

∑
v=0

fu,v ⋅ e−2πiyvN ).

Let P (u, y) =
N−1
∑
v=0

fu,v ⋅ e−2πiyvN . Then, we get

f̂x,y =
1√
MN

M−1

∑
u=0

e−2πixuM ⋅ P (u, y).

The inverse Fourier transform is

fu,v =
1√
MN

M−1

∑
x=0

N−1

∑
y=0

f̂x,y ⋅ e2πi(xuM +
yv
N )

,

or

fu,v =
1√
MN

M−1

∑
x=0

e2πixuM ⋅ (
N−1

∑
y=0

f̂x,y ⋅ e2πiyvN ).

Let H(x, v) =
N−1
∑
y=0

f̂x,y ⋅ e2πiyvN . Then, we get

fu,v =
1√
MN

M−1

∑
x=0

e2πixuM ⋅H(x, v).

The Fourier image (to visualize amplitudes or phases) is shifted in such a way that the value

(image mean) f̂(0,0) is displayed in the center of the image. The further way from the

center an image point is, the higher is its corresponding frequency. The dynamic range of
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the Fourier coefficients (for example, the intensity values in the Fourier image) is too large

to be displayed on the screen, therefore all other values appear as black. We need to apply

a logarithmic transformation to the image as follows:

Q(i, j) = c log(1 + ∣P (i, j)∣)

where P (i, j) is the original image, and Q(i, j) is the transformed image. The scaling

constant c is chosen so that the maximum output value is 255 (providing an 8-bit format).

That means if R is the value with the maximum magnitude in the input image, c is given

by:

c = 255

log(1 + ∣R∣) .

Discrete Cosine Transform 2D

Indeed, Discrete Cosine Transform (DCT) is a special case of DFT:

f̂u,v =
1

4
α(u)α(b)

M−1

∑
x=0

N−1

∑
y=0

fx,y cos [(2x + 1)uπ
2M

] cos [(2y + 1)vπ
2N

]

where α(u) = 1√
2

if u = 0, and α(u) = 1 otherwise. The inverse DCT is:

fx,y =
1

4

M−1

∑
u=0

N−1

∑
v=0

f̂u,v ⋅ α(u)α(v) cos [(2x + 1)uπ
2M

] cos [(2y + 1)vπ
2N

].

For image compression such as JPEG, DCT is applied for small batches of 8×8 (see Fig. 9.1).

Fast Fourier Transform 1D

Historically, Cooley and Tukey were interested in the analysis of time series. The particu-

lar application that Cooley and Tukey had in mind early in the 1960’s was the analysis of

seismic data. At this time, a nuclear test with the (then) USSR was under negotiation. The

USSR was balking at the notion of site visits, so it was necessary that there be some way
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Figure 9.1: The left is the DCT basis functions used for JPEG image compression, and
the right is the basis functions of the inverse DCT. My source code is available at https:

//github.com/HyTruongSon/Fourier-Transform-Library.

of remotely confirming compliance. The prevailing idea was to surround the Soviet Union

with many sensors in order to monitor seismic activity. Nuclear detonations could then be

detected by particular structure in the Fourier transforms of the collection of time series.

Cooley-Tukey FFT algorithm (Cooley and Tukey, 1965) was first invented by Carl Friedrich

Gauss and then rediscovered by Cooley and Tukey (the radix-2 Decimation In Time or DIT

case). DFT is defined by the formula:

f̂k =
N−1

∑
n=0

fn ⋅ e−
2πi
N nk, k = 0,1, ..,N − 1

Radix-2 DIT first computes the DFTs of the even-indexed inputs (f2m = f0, f2, .., fN−2) and

of the odd-indexed inputs (f2m+1 = f1, f3, .., fN−1) and then combines those two results to

produce the DFT of the whole sequence:

f̂k =
N/2−1

∑
m=0

f2m ⋅ e−
2πi
N (2m)k +

N/2−1

∑
m=0

f2m+1 ⋅ e−
2πi
N (2m+1)k
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⇔ f̂k =
N/2−1

∑
m=0

f2m ⋅ e−
2πi
N/2mk + e−

2πi
N k

N/2−1

∑
m=0

f2m+1 ⋅ e
− 2πi
N/2mk,

that can be written as

f̂k = Ek + e−
2πi
N k ⋅Ok,

where Ek is the DFT of the even-indexed part of fm, and Ok is the DFT of the odd-indexed

part of fm. Based on the periodicity of the DFT: E
k+N2

= Ek, O
k+N2

= Ok. We have the

following:

f̂k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ek + e−
2πi
N k ⋅Ok if 0 ≤ k < N

2 ,

E
k−N2

+ e−
2πi
N k ⋅O

k−N2
if N

2 ≤ k < N.

The harmonic factor e−2πik/N have the property that:

e−
2πi
N (k+N2 ) = e

−2πik
N −πi = −e−

2πik
N .

Thus, we can cut the number of harmonic factor calculations in half. For 0 ≤ k < N
2 :

f̂k = Ek + e−
2πi
N k ⋅Ok, f̂

k+N2
= Ek − e−

2πi
N k ⋅Ok.

The pseudocode for Cooley-Tukey FFT algorithm is detailed in Algorithm 18. The time

complexity of FFT is O(N log2N).

Fast Fourier Transform 2D

We have the DFT 2D as

f̂x,y =
1√
MN

M−1

∑
u=0

N−1

∑
v=0

fu,v ⋅ e−2πi(xuM +
yv
N )

⇔ f̂x,y =
1√
MN

M−1

∑
u=0

e−2πixuM ⋅ (
N−1

∑
v=0

fu,v ⋅ e−2πiyvN ).
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Algorithm 18 Cooley–Tukey FFT algorithm.

This is the recursive call of FFT(f,N, s) to return the FFT of (f0, fs, f2s, ..). Here, f is an
1-dimensional array of the signals, N is the number of signals, and s is an integer. Note:
f + s (in the context of C + + programming language) means moving the array pointer of
f to the s-th element.
if N = 1 then

f̂0 ← f0
else

f̂0,..,N/2−1 ← FFT(f,N/2,2s)
f̂N/2,..,N−1 ← FFT(f + s,N/2,2s)
for k = 0→ N/2 − 1 do

t← f̂k
f̂k ← t + exp(−2πik/N) ⋅ f̂k+N/2

f̂k+N/2 ← t − exp(−2πik/N) ⋅ f̂k+N/2
end for

end if

We can compute P (u, y) =
N−1
∑
v=0

fu,v ⋅e−2πiyvN by FFT-1D. Again, we use FFT-1D to compute

f̂x,y = 1√
MN

M−1
∑
u=0

e−2πixuM ⋅ P (u, y). On the another hand, the inverse pass:

fu,v =
1√
MN

M−1

∑
x=0

N−1

∑
y=0

f̂x,y ⋅ e2πi(xuM +
yv
N )

⇔ fu,v =
1√
MN

M−1

∑
x=0

e2πixuM ⋅ (
N−1

∑
y=0

f̂x,y ⋅ e2πiyvN ).

We compute H(x, v) =
N−1
∑
y=0

f̂x,y ⋅e2πiyvN and then fu,v = 1√
MN

M−1
∑
x=0

ei2π
xu
M ⋅H(x, v) by FFT-1D

algorithm.

My library for FFTs in MATLAB/C++ is available at

https://github.com/HyTruongSon/Fourier-Transform-Library
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Figure 9.2: My picture and its 2D Fast Fourier Transform.

9.4.2 Generalized Fourier transform on finite groups

Let G be a finite group of order N = ∣G∣, and f ∶ G → C be a function which maps group

elements to complex numbers. For an irreducible representation ρ of G, of dimension dρ, we

define the Fourier transform of f to f̂ as

f̂(ρ) ≜
√

dρ

N
∑
g∈G

f(g)ρ(g), (9.2)

where f̂(ρ) maps matrices to matrices while ρ is a matrix representation. LetR = {ρ(1), .., ρ(r)}

be a complete set of inequivalent irreducible representations of G. Then the corresponding

collection of matrix coefficients {ρ(i)
jk

∣1 ≤ i ≤ r; 1 ≤ j, k ≤ dρ(i)} form an orthogonal basis

for the ∣G∣ dimensional vector sapce of complex valued functions on G, denoted as CG. A

Fourier transform for a finite group G is a change of basis from the basis of point mass or

delta functions for CG to a basis of irreducible matrix coefficients. We define the inverse

Fourier transform of f̂ to be

f(g) ≜ 1√
N
∑
ρ∈R

√
dρtr(f̂(ρ)ρ(g−1)). (9.3)
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Because ∑ρ d2
ρ = ∣G∣ (see Eq. 9.1), f and f̂ can be expressed as vectors of complex numbers of

length N . If R consists of unitary representations, then the Fourier transformation F ∶ f ↦ f̂

is unitary with respect to the norms

∣∣f ∣∣2 = 1

N
∑
g∈G

∣f(g)∣2,

and

∣∣f̂ ∣∣2 = 1

N2 ∑
ρ∈R

dρ∣∣f̂(ρ)∣∣2F ,

where ∣∣ ⋅ ∣∣F denotes the Frobenius norm of a matrix. Substituting Eq. 9.2 into Eq. 9.3, we

get

f(g) = 1

N
∑
ρ∈R

∑
g′∈G

dρf(g′)tr(ρ(g′)ρ(g−1))

that is equivalent to

f(g) = 1

N
∑
ρ∈R

∑
g′∈G

dρf(g′)tr(ρ(g′g−1)) = 1

N
∑
g′∈G

f(g′) ∑
ρ∈R

dρχρ(g′g−1). (9.4)

Given that ∑ρ∈R dρχρ(g) = Nδge (because the character of the regular representation is zero

except for the conjugacy class i containing e, the identity element in G), from Eq. 9.4 we get

f(g) = ∑
g′∈G

f(g′)δg′g,

as expected. The convolution of two functions f, f ′ ∶ G→ C is defined as

(f ∗ f ′)(a) = ∑
b∈G

f(ab−1)f ′(b).

The Fourier transform of a convolution at any representation ρ of G is given by

f̂ ∗ f ′(ρ) = f̂(ρ) ⋅ f̂ ′(ρ),
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where ⋅ denotes the matrix dot product. The Plancherel formula states that

∑
a∈G

f(a−1)f ′(a) = 1

N
∑
ρ∈R

dρtr(f̂(ρ)f̂ ′(ρ)).

Example shows the Fourier transform and its inverse on the symmetry group, group of

permutations of n elements, Sn (Clausen and Baum, 1993).

Example 9.4.1 (Fourier transform on symmetry group). The Fourier transform of a general

function f ∶ Sn → C is the collection of matrices

f̂(λ) = ∑
σ∈Sn

f(σ)ρλ(σ)

where λ extends over the integer partitions of n, and ρλ ∶ Sn → Cdλ×dλ is the corresponding

irreducible representation (irrep) of Sn, given in Young’s Orthogonal Representation. The

inverse transform is given by

f(σ) = 1

n!
∑
λ⊢n

dλtr[ρ−1
λ (σ)f̂(λ)].

9.4.3 Fast Fourier Transform for group (Z/2Z)k

One version of the abelian FFT is due to the statistician and design theorist Yates (Yates,

1958). To efficiently compute the interaction analysis for data from a 2k-factorial design,

Yates descibed an algorithm which is an FFT for the group (Z/2Z)k (Maslen and Rockmore,

1996). A 2k-factorial design is the set of all k-tuples of signs {+1,−1}k, which can be thought

of as the vertices of the k-dimensional hypercube or the space of binary k-tuples. It is a

natural way to index the trials of an experiment which depends on k factors, each of which

maybe a set at a high or low level.

For example, we are given a dataset of the average heights of plants, denoted by αswf
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for a given choice of sunlight (s), weed killer (w) and fertilizer (f). This is a 23-factorial

design in which the data vector α is considered as an element in the vector space of complex-

valued functions on the group (Z/2Z)3. The zeroth order effect is the grand mean or total

average height:

µgr =
1

8
∑

(s,w,f)∈{+,−}3

αswf .

The first order effects are the effect of one particular factor, while all other factors being

held equal. Here is the difference (i.e., first order effect) of the average yields at a high level

of sunlight versus the average at a low level of sun light:

µS = 1

4
(α+−− + α+−+ + α++− + α+++) −

1

4
(α−−− + α−−+ + α−+− + α−++).

The collection of first, second and third order effects can be coded up as the computation of

a matrix-vector multiplication (the matrix of size 2k × 2k):

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 1 1 1 1 1

1 −1 1 −1 1 −1 1 −1

1 1 −1 −1 1 1 −1 −1

1 −1 −1 1 1 −1 −1 1

1 1 1 1 −1 −1 −1 −1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 −1 −1 1 1

1 −1 −1 1 −1 1 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

α+++

α−++

α+−+

α−−+

α++−

α−+−

α+−−

α−−−

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

8µgr

4µS

4µW

4µSW

4µF

4µSF

4µWF

4µSWF

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (9.5)

Initially, the data is expressed in terms of the basis of delta functions on the group,

α = ∑
g∈(Z/2Z)3

α(g)δg.
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The analysis of the data is the same as computing the projection of the data vector α onto

an orthogonal basis for which the coordinates seem to carry more information(see Eq. 9.5).

In this case, the new basis if the basis of characters (one-dimensional representations) of

group (Z/2Z)3, and the computation of the matrix vector product in Eq. 9.5 is indeed a

Fourier transform. Naively, 82, or O(22k) in general, operations are required to compute the

full analysis. However, from the group theoretic perspective, we can obtain a much faster

algorithm. Let Hk denote the matrix of the Fourier transform on (Z/2Z)k. We have

H1 =
⎛
⎜⎜
⎝

1 1

1 −1

⎞
⎟⎟
⎠
,

and H3 is the matrix in Eq. 9.5. Any character of (Z/2Z)3 can be written as a tensor product

of characters of the group Z/2Z. Therefore, H3 has the factorization

H3 =H1 ⊗H1 ⊗H1 = [I4 ⊗H1] ⋅ [I2 ⊗H1 ⊗ I2] ⋅ [H1 ⊗ I4],

where Ij denotes the j × j identify matrix, ⊗ denotes the tensor product and ⋅ denotes the

matrix multiplication. This is a sparse decomposition of the matrix H3, and the Fourier

transform of α is computed by multiplying by each of these sparse matrices in turn. In this

case, the number of operations is reduced to O(2k log(2k)). The transform is also known as

the Walsh-Hadamard transform. In the group theoretic perspective, this transform is based

on factoring representations as tensor products.

9.4.4 Group theoretic interpretation of the FFT

In section 9.4.1, we have discussed the Cooley-Tukey FFT algorithm for the DFT,

f̂k =
N−1

∑
j=0

fjw
jk, k = 0,1, ..,N − 1; for w = e−2πi/N (9.6)
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for N = 2n complex numbers f = (f0, f1, .., fN−1). In general, given a prime factorization

N = p1⋯pr, FFT only needs N ∑i pi operations. If each pi = 2 (i.e. N is a power of 2), this

is an O(N log2N) algorithm as detailed in section 9.4.1.

Let consider the factorization N = pq. We change the indexing:

j = i2 + i1q, k =m1 +m2p.

Wefine the two-dimensional arrays:

fi1,i2 = fj i1 = 0, .., p − 1 i2 = 0, .., q − 1

and

f̂m1,m2 = f̂k m1 = 0, .., p − 1 m2 = 0, .., q − 1.

Substituting into Eq. 9.6, we obtain

f̂m1,m2 =
q−1

∑
i2=0

wi2(m1+m2p)
p−1

∑
i1=0

(wq)i1m1fi1,i2 . (9.7)

The computation is then performed into two steps:

� First, q transforms of length p are computed according to

f i2,m1
=
p−1

∑
i1=0

(wq)i1m1fi1,i2

� Next, p transforms of length q are computed according to

f̂m1,m2 =
q−1

∑
i2=0

wi2(m1+m2p)f i2,m1
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Instead of (pq)2 operations, the above uses (pq)(p + q) operations. The main idea is that

we have converted/factorized a one-dimensional algorithm, in terms of indexing, into a two-

dimensional algorithm.

Now, we will examine this factorization in the light of group and representation theory.

Let G = Z/NZ be the group of integers modulo N with the characters ρ0, .., ρN−1 defined

as ρk(j) = wjk. As mentioned in section 9.4.1, we view the sequence f as a function on

Z/NZ, and the sequence f̂ as a function on the group of characters, then DFT is the Fourier

transform on Z/NZ:

f̂k = f(ρk) = ∑
j∈Z/NZ

ρk(j)fj .

If N = pq, we consider the subgroup qZ/NZ, generated by the group element q. The reindex-

ing of group element j = i2+(i1q) can be viewed as a factorization of j into the sum of group

elements i2 and i1q, in which the elements i1q are in the subgroup qZ/NZ, and the elements

i1 form a complete set of coset representatives for Z/NZ relative to this subgroup. The

restriction of ρk to qZ/NZ is the character ρk↓qZ/NZ = χm1 where χm1(i1q) = (wq)i1m1 .

The quantity f i2,m1
is therefore indexed by pairs consisting of a coset representative for

(Z/NZ)/(qZ/NZ) and a character of qZ/NZ. The expression 9.7 can be rewritten as fol-

lows

f̂(ρk) = ∑
a∈A

ρk(a) ∑
b∈qZ/NZ

ρk↓qZ/NZ(b)fa+b,

where A denotes the set of coset representatives.

In conclusion, the FFT algorithm generalizes to any finite group with a proper nontriv-

ial subgroup. In this case of Z/NZ, the reindexing scheme for characters is described as the

restrictions of the irreducible representations from group to subgroup within the chain of

subgroups, Z/NZ > qZ/NZ ≃ Z/pZ > 1.
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9.4.5 Generalized FFTs

In general, the method of constructing fast Fourier transform algorithms on arbitrary finite

groups are based on the matrix separation of variables approach, which generalizes the

Cooley–Tukey method for cyclic groups. The basic idea is to re-index the calculation so as

to replace the single sum f̂(ρ) = ∑g∈G f(g)ρ(g) defining a Fourier transform by a multiple

sum over many different coordinates (Maslen and Rockmore, 1996). Assume that each group

element g has a factorization of the form g = an⋯a1. We substitute this into the definition

and use the homomorphism property of group representations to obtain

f̂(ρ) = ∑
g=an⋯a1

ρ(an⋯a1)f(an⋯a1) = ∑
g=an⋯a1

ρ(an)⋯ρ(a1)f(an⋯a1)

or equivalently,

f̂(ρ) = ∑
an
ρ(an)⋯∑

a2

ρ(a2)∑
a1

ρ(a1)f(an⋯a1).

The transform is now in a multi-dimensional form, and can be computed by summing on

a1 first, and then summing on a2, and so on. A famous example is the Clausen’s algorithm

(Clausen and Baum, 1993) constructing the fast Fourier transform on the symmetric group

that follows the separation of variables idea tailored to the chain of subgroups

S1 < S2 < ⋯ < Sn−1 < Sn.

The essential ingredients of the matrix separation of variables approach are the factorization

of group elements and the use of adapted sets of representations, or Gel’fand-Tsetlin bases.

Readers interested in this topic are recommended to read (Diaconis and Rockmore, 1990),

(Clausen and Baum, 1993), (Maslen and Rockmore, 1996), and (Kondor, 2008).
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9.4.6 Quantum Fourier Transform

Quantum computing and quantum information is the study of the information processing

tasks that can be accomplished using quantum mechanical systems. The most spectacular

discovery in quantum computing to date is that quantum computers can efficiently perform

some tasks which are not feasible on a classical computers. For instance, a quantum com-

puter can factor an integer exponentially faster than the best known classical algorithms.

In particular, (Shor, 1994) proposed Shor’s algorithm, a quantum computer algorithm for

finding the prime factors of an n-bit integer in polynomial time O(n2 logn log logn). The

mathematical theory of groups and representations is useful in the study of quantum com-

putation and quantum information. For example, the generalization of the order-finding,

factoring, and period finding algorithms is based on the hidden subgroup problem1; and the

quantum circuits are implicitly an example of using Lie groups. The key ingredient for many

important quantum algorithms such as phase estimation and order-finding is the Quantum

Fourier Transform (QFT). With such a motivation, this introduction about QFT is placed

in the appendix chapter of group & representation theory and in the section of generalized

Fourier transform on groups.

In classical computing and classical information, the bit or classical bit is a fundamental

concept. A classical bit has a state that can be either 0 or 1. In quantum computing and

quantum information, we have an analogous concept that is quantum bit or qubit for short.

Two possible states for a qubit are the states ∣0⟩ and ∣1⟩, where ∣⋅⟩ is the standard Dirac

notation for states in quantum mechanics. The fundamental difference between bits and

1. Given a group G, a subgroup H ≤ G, and a finite set X. We say a function f ∶ G → X hides the
subgroup H if for all g1, g2 ∈ G,f(g1) = f(g2) if and only if g1H = g2H. Equivalently, the function f is
constant on the cosets of H, while it is different between the different cosets of H. The hidden subgroup
problem (HSP) assumes that the function f is given via an oracle, which uses O(log ∣G∣ + log ∣X ∣) bits. Using
information gained from evaluations of f via its oracle, we need to determine a generating set for H. HSP is
a generalization of the phase estimation and order-finding problems, and can be solved by using Quantum
Fourier Transform.
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qubits is that a qubit can be in a state other than two special ∣0⟩ or ∣1⟩ states, that we call

superpositions (i.e. similar to quantum mechanics) defined as a linear combination of states:

∣ψ⟩ = α∣0⟩ + β∣1⟩,

where α,β ∈ C satisfying the normalization constraint ∣α∣2+∣β∣2 = 1. In other words, the state

of a qubit is a vector in C2, while ∣0⟩ and ∣1⟩ are known as computational basis states forming

an orthonormal basis for this two-dimensional complex vector space. Fundamentally, a qubit

exists in a continuum of states between ∣0⟩ and ∣1⟩ until it is observed. Quantum mechanics

tells us that we cannot examine a qubit to determine its quantum state, that is the value of

(α,β)T , instead when we measure the qubit we get either result 0 with probability ∣α∣2 or

result 1 with probability ∣β∣2. For example, given a qubit in the state

1√
2
∣0⟩ + 1√

2
∣1⟩,

the measurement returns result 0 half of the time, i.e. probability ∣1/
√

2∣2, and result 1 half

of the time. Now, suppose we have two qubits. A two qubit system has four computational

basis states denoted as ∣00⟩, ∣01⟩, ∣10⟩ and ∣11⟩. A pair of qubits exists in a superposition of

these four states:

∣ψ⟩ = α00∣00⟩ + α01∣01⟩ + α10∣10⟩ + α11∣11⟩,

where the measurement result x ∈ {0,1}2 occurs with probability ∣αx∣2 (and ∑x∈{0,1}2 ∣αx∣2 =

1). Here, we call the complex coefficient αx an amplitude associating with each computa-

tional basis state. More generally, we consider a system of n qubits. The computational basis

states of this system are of the form ∣x1x2 . . . xn⟩, and a quantum state of such a system is

specified by 2n amplitudes. For n = 500, 2n is already bigger than the estimated number of

atoms in the observable Universe!
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Classical computer circuits consist of wires that are used to carry information around the

circuit and logic gates that perform manipulations of the information, converting it from

one form to another. Analogous to a classical computer, a quantum computer is built from

a quantum circuit consisting of wires and elementary quantum gates to carry around and

manipulate the quantum information. Mathematically, quantum gates on a single qubit can

be described by two by two complex matrices. We denote the a single qubit quantum gate

as U ∈ C2×2. One can think of a quantum gate acting as a matrix–vector multiplication.

Application of this quantum gate to a qubit in quantum state ∣ψ⟩ = α∣0⟩ + β∣1⟩ results

into another quantum state ∣ψ′⟩ = U ∣ψ⟩ = α′∣0⟩ + β′∣1⟩ and the normalization condition

∣α′∣2+∣β′∣2 = 1 must be satisfied. Therefore, the condition on the quantum gate is the matrix

representing it must be unitary, i.e. U�U = I where U� is the adjoint or Hermitian transpose

of U . One of most useful gates is the Hadamard gate,

H ≜ 1√
2

⎛
⎜⎜
⎝

1 1

1 −1

⎞
⎟⎟
⎠
.

We have:

H ∣0⟩ = 1√
2

⎛
⎜⎜
⎝

1 1

1 −1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1

0

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

1√
2

1√
2

⎞
⎟⎟
⎠
= 1√

2
∣0⟩ + 1√

2
∣1⟩,

H ∣1⟩ = 1√
2

⎛
⎜⎜
⎝

1 1

1 −1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

0

1

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

1√
2

− 1√
2

⎞
⎟⎟
⎠
= 1√

2
∣0⟩ − 1√

2
∣1⟩.

This gate is also called the square-root of NOT gate that turns ∣0⟩ and ∣1⟩ into their halfways.

Algebra shows that H2 = I, thus applying H twice to a quantum state does nothing to it.

In general, for a quantum state ∣ψ⟩ = α∣0⟩ + β∣1⟩, application of the Hadamard gate results

into:

H ∣ψ⟩ = α ∣0⟩ + ∣1⟩√
2

+ β ∣0⟩ − ∣1⟩√
2

.
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In general, multiple qubit gates and quantum circuit can be modeled by unitary matrices. It

is important to note that unitary quantum gates are always invertible, because the inverse

of a unitary matrix is also a unitary matrix, and thus a quantum gate can always be inverted

by another quantum gate. In contrast, in classical computing, given the output A⊕B from

an XOR gate, it is not possible to determine what the inputs A and B were; so there is

an irretrievable loss of information in the classical case. Essentially, the power of quantum

mechanics for computation can be harnessed via reversible or invertible computation.

Quantum parallelism is a fundamental feature of many quantum algorithms. Heuristically,

quantum parallelism allows quantum computers to evaluate a function f(x) for many dif-

ferent values of x simultaneously. For example, suppose f ∶ {0,1} → {0,1} is a function with

a one-bit domain and range. To compute this function, we consider a two qubit quantum

computer which starts in the state ∣x, y⟩. With an appropriate sequence of logic gates, it is

possible to transform this state into ∣x, y ⊕ f(x)⟩, where ⊕ denotes the addition modulo 2,

the first register is called the “data” register while the second one is called the “target”. We

denote this transformation as a unitary Uf . If the target register is prepared as y = 0, then

the final state of the second qubit is just the value f(x), because 0⊕ f(x) is f(x) itself. If

the data register is prepared as x = (∣0⟩ + ∣1⟩)/
√

2 which can be created with a Hadamard

gate acting on ∣0⟩, then Uf ∣x, y⟩ results in the state:

∣0, f(0)⟩ + ∣1, f(1)⟩√
2

,

in which different terms contain information about both f(0) and f(1); almost as if we have

evaluated f(x) for two values of x at the same time. In classical parallelism, multiple classical

circuits, in which each is built to compute f(x), are executed simultaneously. In quantum

parallelism, a single quantum circuit is employed to evaluate the function for multiple values

of x simultaneously, by exploiting the superposition nature of different states. This procedure
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can be generalized to functions on an arbitrary number of bits, by using the Hadamard

transform or Walsh-Hadamard transform. We consider n Hadamard gates acting in parallel

on n qubits, denoted as H⊗n where ⊗ is read as tensor product. For instance, in case n = 2

with qubits initalized as ∣0⟩, H⊗2 gives

(∣0⟩ + ∣1⟩√
2

)(∣0⟩ + ∣1⟩√
2

) = ∣00⟩ + ∣01⟩ + ∣10⟩ + ∣11⟩
2

as output. In general, H⊗n acts on n qubits initialized in all ∣0⟩ results into

1√
2n

∑
x∈{0,1}n

∣x⟩.

Quantum parellel evaluation of a function with an n bit input x and 1 bit output, f(x), can

be performed by:

1. Prepare n + 1 qubit state ∣0⟩⊗n∣0⟩,

2. Apply the Hadamard transform to the first n qubits, followed by the quanturm circuit

implementing Uf ,

3. The output is

1√
2n

∑
x∈{0,1}n

∣x, f(x)⟩.

Quantum parellelism enables all possible values of the function f to be evaluated simulta-

neously, even though we evaluated f once. However, the measurement of the output state

∑x∈{0,1}n ∣x, f(x)⟩ gives only f(x) for a single value of x. Therefore, quantum computing

requires more than quantum parallelism to be useful. Interested readers are recommended

to read (Nielsen and Chuang, 2010) for further reference.

So far, in this introduction, we have warmed up for Quantum Fourier Transform (QFT)
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with superposition, Hadamard gate and Hadamard transform. In the previous section 9.4.3

about Fast Fourier Transform (FFT) for group (Z/2Z)k, we have seen that the Hadamard

transform plays the role of a Fourier transform of function defined on group (Z/2Z)k. Inter-

estingly, QFT is also equivalent to the Hadamard transform.

As we already discussed, the Discrete Fourier Transform (DFT) is defined as transform-

ing a set of N complex numbers {x0, x1, .., xN−1} into another set of complex numbers

{y0, y1, .., yN−1} as follows:

yk ≜
1√
N

N−1

∑
j=0

e2πijk/Nxj .

The Quantum Fourier Transform (QFT) on an orthonormal basis ∣0⟩, .., ∣N − 1⟩ is defined to

be a linear operator with the following action on the basis states,

∣j⟩ → 1√
N

N−1

∑
j=0

e2πijk/N ∣k⟩.

Equivalently, the action on an arbitrary state may be written as

N−1

∑
j=0

xj ∣j⟩ →
N−1

∑
k=0

yk ∣k⟩,

where the amplitudes yk are the DFT of the amplitudes xj . The quantum gate acting on

quantum state vectors is the following unitary matrix

FN = 1√
N

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 1 ⋯ 1

1 w w2 w3 ⋯ wN−1

1 w2 w4 w6 ⋯ w2(N−1)

1 w3 w6 w9 ⋯ w3(N−1)

⋮ ⋮ ⋮ ⋮ ⋮

1 wN−1 w2(N−1) w3(N−1) ⋯ w(N−1)(N−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

331



where w = e2πi/N is the N -th root of unity. This transformation is a unitary transformation,

and thus can be implemented as the dynamics for a quantum computer. It is possible to

construct a manifestly quantum circuit computing the Fourier transform as follows.

In the following, we take N = 2n, and the basis ∣0⟩, .., ∣2n − 1⟩ is the computational basis

for an n qubit quantum computer. We write the state ∣j⟩ using the binary representation

j = j1j2⋯jn. Formally, j = j12n−1 + j22n−2 + ⋯ + jn20. We adopt the notation 0.j`j`+1⋯jm

to represent the binary fraction j`/2 + j`+1/4 + ⋯ + jm/2m−`+1. With some algebra, we can

write the QFT in a useful form of product representation as follows:

∣j⟩ → 1

2n/2

2n−1

∑
k=0

e2πijk/2n ∣k⟩ = 1

2n/2

n

⊗
`=1

[
1

∑
k`=0

e2πijk`2
−` ∣k`⟩] =

1

2n/2

n

⊗
`=1

[∣0⟩ + e2πij2−` ∣1⟩],

or equivalently

∣j1,⋯, jn⟩ →
(∣0⟩ + e2πi0.jn ∣1⟩)(∣0⟩ + e2πi0.jnjn−1 ∣1⟩)⋯(∣0⟩ + e2πi0.j1j2⋯jn ∣1⟩)

2n−2
.

The action of the Quantum Fourier Transform can be expressed in a compact manner:

QFT(∣j1,⋯, jn⟩) =
1√
N

(∣0⟩+e2πi0.jn ∣1⟩)⊗(∣0⟩+e2πi0.jnjn−1 ∣1⟩)⊗⋯⊗(∣0⟩+e2πi0.j1j2⋯jn ∣1⟩),

(9.8)

where ⊗ denotes the tensor product. The product representation in Eq. 9.8 makes it simple

to derive an efficient circuit for the QFT. The quantum gates used in the circuit are the

Hadamard gate and the controlled phase gate Rk as follows:

H ≜ 1√
2

⎛
⎜⎜
⎝

1 1

1 −1

⎞
⎟⎟
⎠

and Rk ≜
⎛
⎜⎜
⎝

1 0

0 e2πi/2k

⎞
⎟⎟
⎠
.

The circuit composed of H gates and the controlled version of Rk is depicted in Figure 9.3.
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Figure 9.3: Efficient circuit derived from the product representation from Eq. 9.8 for
the QFT. Swap gates at the end of the circuit which reverse the order of the qubits, and
normalization factor of 1/

√
2 of the outputs are not shown. At most n/2 swaps are needed

at the end. This figure is taken from (Nielsen and Chuang, 2010).

Now, we analyze the number of gates in this circuit. We start by doing a Hadamard gate

and n − 1 controlled phase gates (i.e. conditional rotations) on the first qubit – a total of n

gates. The next one requires a Hadamard gate and n − 2 controlled phase gates, and each

following term requires one fewer controlled phase gates. Summing up, we need n(n + 1)/2

gates. Therefore, this circuit gives us a Θ(n2) algorithm for performing the QFT. In contrast,

the best classical algorithm for computing DFT on 2n elements is the FFT using Θ(n2n)

gates. That means we need exponentially more operations to compute Fourier transform

on a classical computer than it does to implement the QFT on a quantum computer. It is

possible to utilize the QFT to efficiently solve several problems that are believed to have

no efficient solution on a classical computer. One of them is the hidden subgroup problem

stated as “Let f be a function from a finitely generated group G to a finite set X such that

f is constant on the cosets of a subgroup H, and distinct on each coset. Given a quantum

black box for performing the unitary transform U ∣g⟩∣x⟩ = ∣g⟩∣x⊕ f(g)⟩, for g ∈ G and x ∈ X,

and ⊕ is an appropriately chosen binary operation on X, find a generating set for H.”. For

readers who are interested in quantum computing and quantum information, (Nielsen and

Chuang, 2010) is one of the most valuable resources for background of the subjects.
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CHAPTER 10

APPENDIX: WAVELET THEORY

10.1 Chapter Introduction

Fourier and wavelet bases decompose signals over oscillatory waveforms that reveal many

signal properties and signal regularity through the amplitude of coefficients, and their struc-

tures lead to fast computational algorithms and provide sparse representations. However,

as opposed to Fourier bases, wavelets are well localized and few coefficients are needed to

represent local transient structures. Historically, the Haar sequence (Haar, 1910) was first

proposed by Alfréd Haar to construct a piecewise constant function

ψ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if 0 ≤ t < 1/2,

−1 if 1/2 ≤ t < 1,

0 otherwise.

The dilations and translations of ψ(t) generate an orthonormal basis of the space of square-

integrable functions L2(R),

{ψj,n(t) =
1√
2j
ψ(t − 2jn

2j
)}

(j,n)∈Z2
.

Suppose we are given a signal f having a finite energy, i.e.

∣∣f ∣∣2 = ∫
+∞

−∞
∣f(t)∣2dt < +∞,

and the inner product

⟨f, g⟩ = ∫
+∞

−∞
f(t)g∗(t)dt.
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Any finite energy signal f can be represented as a linear combination of the wavelet or-

thonormal basis,

f =
+∞

∑
j=−∞

+∞

∑
n=−∞

⟨f,ψj,n⟩ψj,n,

where

⟨f,ψj,n⟩ = ∫
+∞

−∞
f(t)ψj,n(t)dt

are the wavelet inner-product coefficients. Orthogonal wavelets dilated by 2j carry signal

variations at the resolution 2−j . The Haar sequence is now recognized as the first known

and the simplest possible wavelet basis. The technical disadvantage of the Haar wavelet is

that it is not continuous, and therefore not differentiable. However, large wavelet coefficients

are located at sharp signal transitions, that can be an advantage for the analysis of discrete

signals with sudden transitions. For image processing, wavelet orthonormal bases of images

can be constructed from wavelet orthonormal bases of one-dimensional signals: three mother

wavelets ψ1(x), ψ2(x), and ψ3(x) with x = (x1, x2) ∈ R2, are dilated by 2j and translated

by 2jn with n = (n1, n2) ∈ Z2. Given an two-dimensional image or a finite energy function

f(x) = f(x1, x2), we define the set

{ψkj,n(x) =
1

2j
ψk(x − 2jn

2j
)}

j∈Z,n∈Z2,1≤k≤3

as an orthonormal basis of the space L2(R). The support of a wavelet ψkj,n is a square of

width proportional to the scale 2j (see Fig. 10.1). Wavelet coefficients for an image of N

pixels can be calculated efficiently with a fast O(N) algorithm (see (Mallat, 2008)).

Inspired by original ideas developed in computer vision to analyze images at several res-

olutions, (Mallat, 1989a) established the systematic theory for constructing orthonormal

wavelet bases through the elaboration of multiresolution signal approximations or multireso-

lution analysis. A Multiresolution Analysis (MRA) of the Lebesgue space L2(R) constructs
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a sequence of nested subspaces of functions

{0}⋯ ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ ⋯ ⊂ V−n ⊂ V−(n+1) ⊂ ⋯ ⊂ L2(R),

where Vj+1 is a smoother part of Vj . The further we go from right to left, the longer

the length scale over which typical functions in Vj vary, thus, projecting a function to

Vj+1, Vj+2, ... amounds to analyzing it at different levels of resolution. (Mallat, 1989b) de-

fines MRA on R directly in terms of dilations and translations by six axioms as in Def. 10.1.1.

Properties of orthogonal wavelets and multiresolution approximations also brought to light

the fast wavelet transform algorithm decomposing signals of size N with O(N) operations

(Mallat, 1989b).

Definition 10.1.1 (Multiresolutions). A sequence {Vj}j∈Z of closed subspaces of L2(R) is

a multiresolution approximation if the following six properties are satisfied:

� ∀(j, k) ∈ Z2, f(t) ∈ Vj ⇔ f(t − 2jk) ∈ Vj ,

� ∀j ∈ Z,Vj+1 ⊂ Vj ,

� ∀j ∈ Z, f(t) ∈ Vj ⇔ f( t2) ∈ Vj+1,

� limj→+∞Vj = ⋂+∞j=−∞Vj = {0},

� limj→−∞Vj = Closure(⋃+∞j=−∞Vj) = L2(R),

and there exists θ such that {θ(t − n)}n∈Z is a Riesz basis of V0.

Remark. An orthonormal basis {θ(t − n)}n∈Z of V0 can be provided by θ(t) = sinπt
πt . All

other properties of multiresolution approximation are easily verified.

In this thesis, chapter 6 discusses the graph wavelets obtained by Multiresolution Matrix

Factorization and its consequential wavelet neural networks learning graphs. In the appendix,

section 9.4 of chapter 9 briefly introduces the classifical Fourier transform, its generalized

version on finite groups and the corresponding efficient algorithms. Extension of Fourier
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Figure 10.1: University of Chicago’s coat of arms and its Daubechies wavelet transform. The
most commonly used set of discrete wavelet transforms was proposed by (Daubechies, 1988)
in which the formulation is based on the use of recurrence relations to generate progressively
finer discrete samplings of an implicit mother wavelet function; each resolution is twice of
the previous scale. Remark: The coat of arms was resized to the size of 512 × 512 and
uncolored as input to the wavelet transform.

transform on graphs have been mentioned in section 6.7 of chapter 6. Wavelet theory is such

an important subject that deserves an its own introduction and this appendix serves the

purpose. Section 10.2 introduces the classical wavelet transform, section 10.3 presents the

spectral graph theory, and section 10.4 describes the spectral graph wavelets. It is important

to note that wavelet theory and multiresolution analysis is a vast subject, and interested

readers are recommended to read (Daubechies, 1992), (Mallat, 2008) and (Hammond et al.,

2011).

10.2 Classical Wavelet Transform

This section gives an overview of the classical Continous Wavelet Transform (CWT) for

L2(R), the set of square integrable real valued functions. In general, the CWT will be

generated by the selection of a single “mother” wavelet, a continuously differentiable ψ, and

then wavelets at different locations and spatial scales are formed by translating and scaling

337



the mother wavelet, i.e.

ψs,a(x) =
1

s
ψ(x − a

s
),

where s must be a positive scale. Given a signal f , the wavelet coefficient at scale s and

location a is given by the inner product of f with the wavelet ψs,a, i.e.

Wf (s, a) = ∫
+∞

−∞

1

s
ψ∗(x − a

s
)f(x)dx.

The inverse CWT is classically presented in the double-integral form. Assume you have a

wavelet ψ with a Fourier transform that satisfies the admissibility condition:

Cψ = ∫
+∞

−∞

∣ψ̂(w)∣2
∣w∣ dw < ∞,

that also implies ψ̂(0) = ∫ ψ(x)dx = 0, so ψ must have zero mean. For finite-energy function

f(x), we can define the inversion of the CWT as:

f(x) = 1

Cψ
∫

+∞

0
∫

+∞

−∞
Wf (s, a)ψs,a(x)

da ⋅ ds
s

.

On graphs, the method of constructing the classical wavelet transform proceeds by producing

the wavelets directly in the signal domain, through scaling and translation becomes prob-

lematic. Given a function ψ(x) defined on the vertices of a weighted graph, i.e. x is a vertex

of the graph, there is no interpretation of sx for a real scalar s, thus it is not trivial how to

define ψ(sx).

10.3 Spectral Graph Theory

One of the first ways to construct wavelets on graphs is spectral graph wavelet transform.

Before discussing this, it is necessary to introduce about the theory behind, the spectral
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graph theory which is a branch of mathematics to study properties of a graph in relationship

to the eigenvalues, eigenvectors, and characteristic polynomial of matrices associated with

the graph including its adjacency matrix and Laplacian matrices.

10.3.1 Graph Laplacian

A weighted undirected finite graph G = (E,V,w) consists of a set of vertices V , a set of

edges E, and a weight function w ∶ E → R+ which assigns a positive weight to each edge.

The adjacency matrix A = [ai,j] is a matrix of size ∣V ∣ × ∣V ∣ with entries are defined as

ai,j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

w(e) if e = (i, j) ∈ E,

0 otherwise.

Loops, i.e. edges that connect a single vertex to itself, imply the presence of nonzero diagonal

entries in the adjacency matrix. Since the graph is weighted, the degree of each vertex v

is defined as the sum of the weights of all the edges connecting to it, d(v) ≜ ∑v′ av,v′ . We

define the diagonal matrix D that its diagonal elements are equal to the degrees. A graph

signal can be viewed as a real valued function f ∶ V → R.

The key importance of spectral graph theory is the graph Laplacian operator L. The non-

normalized Laplacian is defined as L ≜D −A. For any graph signal f ∈ R∣V ∣, L satisfies

(Lf)(i) = ∑
j∶e=(i,j)∈E

w(e)(f(i) − f(j)).

The graph Laplacian can be defined for graphs arising from sampling points on a differen-

tiable manifold. The regular mesh is a simple example of such a sampling process. In this

case, the graph Laplacian corresponds to the standard stencil approximation of the contin-

uous Laplacian. Consider the graph defined by taking vertices vi,j as points on a regular
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two dimensional grid, with each point connected to its four neighbors with weight 1/(dx)2,

where dx is the distance between adjacent grid points. Applying the graph Laplacian to a

two-dimensional function fi,j defined on the grid yields

(Lf)i,j =
4fi,j − fi+1,j − fi−1,j − fi,j+1 − fi,j−1

dx2

which is the standard 5-point stencil for approximating −∇2f .

On the another hand, the normalized graph Laplacian is defined as

Lnorm =D−1/2LD−1/2 = I −D−1/2AD−1/2.

Indeed, L and Lnorm have different eigenvectors. Both operators may be used to define

spectral graph wavelet transforms, but the resulting transforms will not be equivalent. In

this chapter, we will use the non-normalized form of the Laplacian.

10.3.2 Graph Fourier Transform

On the real line, the inverse Fourier transform is defined as

f(x) = 1

2π ∫
+∞

−∞
f̂(w)eiwxdw, (10.1)

where the complex exponentials eiwx are eigenfunctions of the one-dimensional Laplacian

operator d
dx2 . Therefore, the inverse Fourier transform can be seen as the expansion of f

in terms of the eigenfunctions of the Laplacian operator. The graph Fourier transform is

indeed defined analogously.

Since the graph Laplacian L is a real symmetric matrix, it has a complete set of orthonormal
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eigenvectors {u`}`=0,..,∣V ∣−1. with the associated real non-negative eigenvalues {λ`}`=0,..,∣V ∣−1.

The multiplicity of the zero eigenvalue is equal to the number of connected components of

the graph. Assume that the graph is connected, i.e. as a single connected component, we

can order the eigenvalues such that 0 = λ0 < λ1 ≤ λ2 ≤ ⋯ ≤ λ∣V ∣−1. For any graph signal

f ∈ R∣V ∣, the graph Fourier transform is defined by

f̂(`) ≜ ⟨u`, f⟩ =
∣V ∣

∑
v=1

u∗` (v)f(v),

and the inverse transform reads as

f(v) ≜
∣V ∣−1

∑
`=0

f̂(`)u`(v).

10.4 Spectral Graph Wavelet Transform

10.4.1 Construction

The spectral graph wavelet transform (SGWT) will be determined by the choice of a kernel

function κ ∶ R+ → R+, that should behave as a band-pass filter, i.e. satisfying κ(0) = 0 and

limx→+∞ κ(x) = 0. In particular, the wavelet operator Tκ = κ(L) acts on a graph signal f

by modulating each Fourier mode as T̂κf(`) = κ(λ`)f̂(`). Employing the inverse Fourier

transform yields

(Tκf)(v) =
∣V ∣−1

∑
`=0

κ(λ`)f̂(`)u`(v).

The wavelet operators at scale s is then defined by T sκ = κ(sL). The spectral graph wavelets

are realized via localizing these wavelet operators by applying them to the impulse on a
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single vertex, i.e. ψs,a = T sκδa. Explicitly, we have

ψs,a(v) =
∣V ∣−1

∑
`=0

κ(sλ`)u∗` (a)u`(v). (10.2)

The wavelet coefficients of a graph signal f are obtained by taking the inner product with

these wavelets, asWf (s, a) = ⟨ψs,a, f⟩. Because {u`} are orthonormal, the wavelet coefficients

can also be obtained directly from the wavelet operators, as

Wf (s, a) = (T sκf)(a) =
∣V ∣−1

∑
`=0

κ(sλ`)f̂(`)u`(a). (10.3)

10.4.2 Main result

In general, for a particular transform to be useful for signal processing, it must be possible

to reconstruct from a given set of transform coefficients (see Lemma 10.4.1).

Lemma 10.4.1. If the SGWT kernel κ satisfies the admissibility condition

∫
+∞

0

κ2(x)
x

dx = Cκ < +∞,

and κ(0) = 0, then for all v ∈ V ,

1

Cκ

∣V ∣

∑
a=1
∫

+∞

0
Wf (s, a)ψs,a(v)

ds

s
= f̄(v), (10.4)

where f̄ = f − ⟨u0, f⟩u0. In particular, the complete reconstruction is then given by f =

f̄ + f̂(0)u0.

Proof. Given the expression of ψs,a and Wf (s, a) in Eq. 10.2 and Eq. 10.3, the left hand side
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of 10.4 becomes

1

Cκ
∫

+∞

0

1

s
∑
a

(∑
`

κ(sλ`)u`(a)f̂(`)∑
`′
κ(sλ`′)u∗`′(a)u`′(v))ds,

with rearranging terms, that also becomes

1

Cκ
∫

+∞

0

1

s
(∑
`,`′

κ(sλ`′)κ(sλ`)f̂(`)u`′(v)∑
a
u∗`′(a)u`(a))ds.

The orthogonality of u` implies ∑a u∗`′(a)u`(a) = δ`,`′ . Thus, the left hand side of 10.4 is

equal to

1

Cκ
∫

+∞

0

1

s
(∑
`,`′

κ(sλ`′)κ(sλ`)f̂(`)u`′(v)δ`,`′)ds,

that is also equal to

1

Cκ
∑
`

(∫
+∞

0

κ2(sλ`)
s

ds)f̂(`)u`(v). (10.5)

Because κ satisfies the admissibility condition, i.e.

∫
+∞

0

κ2(x)
x

dx = Cκ < +∞,

with the variable substitution x = sλ`, we have:

Cκ = ∫
+∞

0

κ2(sλ`)
sλ`

d(sλ`) = ∫
+∞

0

κ2(sλ`)
s

d(s),

that is independent of `, except for when λ` = 0 at ` = 0 and the integral is zero. The

expression 10.5 becomes

∣V ∣−1

∑
`=1

f̂(`)u`(v) =
∣V ∣−1

∑
`=0

f̂(`)u`(v) − f̂(0)u0(v) = f(v) − ⟨u0, f⟩u0(v) = f̄(v).

Therefore, we proved our desired result.
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Wavelets, in general, provide simultaneous localization in both frequency and time (or space).

It can be shown that if the kernel κ is localized in the spectral domain, then the associated

spectral graph wavelets will be all localized in frequency. Interested readers are recommended

to read (Hammond et al., 2011) for further reference in the field.

10.5 Diffusion wavelets

10.5.1 Diffusion operators

In section 3.2.8, we have discussed the diffusion operators and kernels in the context of

graphs. Diffusion wavelets proposed by (Coifman and Maggioni, 2006) are a fast multireso-

lution framework for the analysis of functions on discrete or discretized continuous structures

such as graphs and manifolds, in which diffusion plays a role as a smoothing and scaling tool

to enable coarse graining and multiresolution analysis. Diffusion wavelets have been used

extensively in machine learning, for example: value function approximation in reinforce-

ment learning (Mahadevan and Maggioni, 2005) and multiscale analysis of Markov decision

processes (Maggioni and Mahadevan, 2006). This section serves as an introduction to this

famous multiresolution method.

Given a diffusion operator T on a manifold or a graph, with large powers of low rank,

(Coifman and Maggioni, 2006) presents a general multiresolution construction for efficiently

computing, representing and compressing T t that allows a direct multiscale computation,

to high precision, of functions of the operator. For many examples arising in physics, the

powers of the operator T decrease in rank, thus suggesting the compression of the func-

tion space upon which each power acts. The scheme of compression is described as follows:

apply T to a space of test functions at the finest scale, compress the range via a local or-

thonormalization procedure, represent T in the compressed range and compute T 2 on this
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range, compress its range and orthonormalize, and so on. At resolution j, we obtain a com-

pressed representations of T 2j , acting on a family of scaling functions spanning the range

of T 1+2+22+⋯+2j−1
, for which we have a (compressed) orthonormal basis, and then we apply

T 2j , locally orthonormalize and compress the result, thus getting the next coarser subspace.

One application of this scheme is a generalization of the Fast Multipole Method (FMM)

(Greengard and Rokhlin, 1987) for the efficient computation of the product of the inverse

Laplacian (I − T )−1 with an arbitrary vector f (Beylkin et al., 1991). A Neumann series is

a mathematical series that generalizes the geometric series, of the form ∑∞k=0 T
k where T is

an operator and T k ≜ T k−1 ○T is its k times repeated application. It has been known that if

the Neumann series converges in the operator norm, then I − T is invertible and its inverse

is the series: (I − T )−1 = ∑+∞k=0 T
k. Thus,

(I − T )−1f = (
+∞

∑
k=0

T k)f.

By letting SK = ∑2K

k=0 T
k, we can write

SK+1 = SK + T 2KSK =
K

∏
k=0

(I + T 2k),

and furthermore, we get

(I − T )−1f ≈
K

∏
k=0

(I + T 2k)f,

for large K. Since the powers T 2k have been compressed and can be applied efficiently to f ,

we can express (I −T )−1 in compressed form and efficiently apply it to any function f . This

is quite similar to our Multiresolution Matrix Factorization (MMF) described in chapter 6

in the sense that MMF factorizes the matrix into a product of several sparse matrices (until

a certain resolution) that allows faster matrix-vector multiplication.
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10.5.2 Algorithm & Discussion

We present the algorithm to construct the scaling basis functions and the wavelet basis

functions along with the representations of the diffusion operator T at these resolutions

(Coifman and Maggioni, 2006) as follows. For the notation,

� Φi and Ψj denote the scaling basis functions at scale i and the wavelet basis functions

at scale j, respectively.

� [Φj]Φi denotes the matrix representation of the scaling basis Φj represented with

respect to the basis Φi.

� [T ]ΦiΦj
denotes the matrix representing the operator T , where the row space of T (i.e.

the domain) is represented with respect to the basis Φi, and the column space of T

(i.e. the range) is represented with respect to the basis Φj .

� SpQR denotes the function for sparse QR factorization with the template Q,R ←

SpQR(A, ε), in which

– Input: A is a sparse n × n matrix, and ε = 10−6 is the precision.

– Output: Q ∈ Rn×m orthogonal and R ∈ Rm×n upper triangular such that A ≈ε

QR. These matrice are possibly sparse.

The algorithm is described as in Algorithm 19. Fig. 10.2 illustrates the algorithm.

In a certain way, diffusion wavelets inspired our Multiresolution Matrix Factorization (MMF)

(see chapter 6), but MMF is more general in the sense that it need not to lean on the

assumption of low rank of large powers (i.e. T k has a low rank if k is large) and it is

applicable for a wide range of hierarchical matrices in general. Furthermore, MMF coarsens

the set of active columns (or nodes of a graph if the matrix is the graph Laplacian) by

aggressively dropping columns, that is the unique feature of multiresolution construction of

Multiresolution Matrix Factorization.
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Φ0

[T ]
Φ1
Φ0 //

[T ]
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Φ0

��
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[T 2]
Φ2
Φ1 //

[T 2]
Φ1
Φ1

��

⋯
[T 2`]

Φ`+1
Φ` // Φ`+1

[T 2`+1
]
Φ`+2
Φ`+1 //

[T 2`+1
]
Φ`+1
Φ`+1

��

⋯

Φ̃1

[Φ1]Φ0

??

Φ̃2

[Φ2]Φ1

??

⋯

[Φ`+1]Φ`

>>

Φ̃`+1

[Φ`+2]Φ`+1

>>

Figure 10.2: Diagram for downsampling, orthogonalization and operator compression (Coif-
man and Maggioni, 2006).

Algorithm 19 Pseudo-code for construction of a Diffusion Wavelet Tree (Coifman and
Maggioni, 2006).

1: Input: T is the matrix representation of the diffusion operator, ε is the precision of the
QR decomposition (e.g., 10−6), and L is the maximum number of resolution levels.

2: Output: {Φ`} and {Ψ`} that are the sets of scaling and wavelet basis functions indexed
by resolution `, respectively.

3: for ` = 0→ L − 1 do

4: [Φ`+1]Φ` , [T 2`]Φ`+1
Φ`

← SpQR([T 2`]ΦjΦj
, ε)

5: [T 2`+1]Φ`+1
Φ`+1

← ([T 2`]Φ`+1
Φ`

[Φ`+1]Φ`)
2

6: [Ψ`]Φ` ← SpQR(I⟨Φ`⟩ − [Φ`+1]Φ`[Φ`+1]∗Φ`)
7: end for
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