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Abstract

Given a Gromov-hyperbolic group G endowed with a
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a functional law of iterated logarithm, paralleling the
analogous results in the theory of random matrix prod-
ucts. Our counting large deviation estimates address a
question of Kaimanovich-Kapovich-Schupp. In most
cases, our counting limit theorems will be obtained from
stronger almost sure limit laws for Patterson-Sullivan
measures on the boundary of the group.
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1 | INTRODUCTION

Let u be a probability measure on G = GL;(R) and (X;);\ be a sequence of independent G-valued
random variables with distribution u. Let Y,, denote the nth-step of the random product X, ... X;.
The theory of random matrix products is concerned with studying the asymptotic behavior of Y,
for example, by investigating limit theorems (law of large numbers, central limit theorem [CLT],
large deviations, etc.) for numerical quantities associated to matrices such as the operator norm
Y, || or spectral radius. The most intricate part of the theory is when the probability measure
u is finitely or countably supported say inside a countable group I' < G. In that case, one has to
deal with the possible singular behavior of the countable subgroup I' inside the ambient group
GL;(R). After pioneering works of Furstenberg, Kesten [31, 32], and several others, significant
progress was made by Le Page [50] in early 1980s; however many open questions still persist.

The theory of random matrix products provides a way to express asymptotic behavior of large
elements of T" in GL;(R). Indeed, for a finitely supported probability measure u as above, the prob-
abilistic description of the asymptotic behavior of Y, is a problem of symbolic counting, that is,
counting with certain multiplicities. A related but different way to study the asymptotic behavior
of elements of I', perhaps more directly related to group I itself rather than its symbolic rep-
resentation, would be to study statistics of asymptotics of actual elements of I'. However, due
to disparate algebraico-combinatorial structure of different countable groups I' < GL;(R) such
a general description is notoriously harder to obtain. Accordingly, such counting asymptotics
results are much less developed compared to the theory of random matrix products.

In this article, we will be interested in describing counting asymptotics and boundary limit laws
for representations of Gromov-hyperbolic groups. These include virtually free groups, cocompact
isometry groups of negatively curved geodesic spaces, groups with small cancellation property,
and so on. From another perspective, in some probabilistic models (e.g., random groups [41]),
most finitely presented groups are Gromov-hyperbolic. We shall prove four main limit theorems.

* Law of large numbers for subadditive functions: This is of more general nature compared to the
following results, it holds for any real-valued subadditive function on I'.
The next results concern matrix representations of Gromov-hyperbolic groups, they hold
under the standard (strong) irreducibility and proximality assumptions of random matrix
products theory:

95U8017 SUOLULIOD 3AIE.D 3|01 jdde 8Ly Aq peuseob e Sapo1e VO '8N J0 S3|n1 1o} AleiqT UIUO A8 U (SUORIPUOD-PUE-SLBIALIOD" A8 |IW ARe1q U [UO//Sd1IL) SUORIPUOD P SWi | 8Y188s *[£202/20/2T] Lo ARiqiiauliuo A8|im ‘Areiqi 0Bealyd JO AisAIuN Ad 0SGZT SWId/ZTTT OT/I0p/wod Aa|im Aleiqjput|uo'acsyeLupuo|//sdiy Wwoly papeojumod ‘0 ‘Xiz09rT



COUNTING AND BOUNDARY LIMIT THEOREMS FOR GROMOV-HYPERBOLIC GROUPS | 3

* Exponential large deviation estimates for counting: This one refines the aforementioned
law of large numbers in the setting of matrix representations and addresses a question
raised by Kaimanovich-Kapovich-Schupp [46, Problem 9.3]. Apart from representations, we
also prove counting large deviation estimates for isometric actions on Gromov-hyperbolic
spaces.

* Counting CLT with Berry-Esseen type error term.

* Convergence of normalized interpolations along geodesic rays under a Patterson-Sullivan mea-
sure to the standard Brownian motion: This one is of a different nature, it pertains to a measure
on the boundary rather than counting. In fact, the first three points above also have corre-
sponding boundary analogues that, beyond interest in themselves, serve as a tools to prove
them.

Somewhat ironically, the key mechanism that will allow us to obtain these deterministic count-
ing asymptotics is the inherent dynamical or probabilistic structure of the Gromov-hyperbolic
groups. Indeed, as realized by Cannon [19] and Gromov [40], the geodesics on such a group can
be coded by a finite state automaton. This makes it possible to approach the deterministic data of
these groups by (a collection of) well-behaved stochastic processes, namely Markov chains. For
example, for the last three results mentioned above, it enables us to employ probabilistic results
of Markovian random matrix products (mainly due to Bougerol [10-12] and Guivarc’h [43]; we
also develop some of them further) to the deterministic counting results. This transfer, however,
requires handling some difficulties that we manage to do by, among others, elaborating on tech-
niques developed by Calegari-Fujiwara [18] (generally) and Gekhtman-Taylor-Tiozzo [34] (for
the CLT). The deterministic nature of our results, in particular the fact that we do not induce ran-
domness using an external source (like a subshift of finite type [18, 59] ) is of particular interest.
We shall comment more on each of our results and on the past works below, let us now continue
by stating our theorems and remarks more precisely.

Let I" be a finitely generated group and S a generating set for I', all considered generating sets
will be assumed to be finite and symmetric. The choice of S makes I' into a metric space by
considering the associated length function on I', namely |g|¢ = min{n € N|s, ...s,, = g, 5; € S}
and for g, h € T setting the (left) metric to be dg(g,h) = |g~'h|s. Recall that for A > 0, by a A-
hyperbolic metric space (M, d), we understand a metric space such that for every x,y,z,0 € M,
we have (x,y), = (x,z), A (z,¥y), — A, where (-,-). is the Gromov product given by (x,y), =
%(d(x, 0)+ d(y,o0) — d(x,y)). The group T is said to be Gromov-hyperbolic if there exists a real
constant A > 0 and a generating set S such that the associated metric space is A-hyperbolic. Given
a generating set S C I, we write S,, for the sphere of radius n for the associated metric, namely
S, :=1{g9 €T : |g|g = n}. Finally, a Gromov-hyperbolic group I is said to be nonelementary if it is
not virtually cyclic, that is, does not contain a cyclic subgroup of finite index.

1.1 | Convergence of subadditive spherical averages

A real-valued function ¢ on a group I' is called subadditive, if for every g, h € ', we have p(gh) <
@(g) + @(h). The following is our first result.

Theorem 1.1 (Weak law of large numbers for subadditive spherical averages). Let I" be a nonele-
mentary Gromov-hyperbolic group endowed with a generating set S and ¢ : T’ — R is subadditive
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4 | CANTRELL and SERT

function on T. Then, there exists A > 0 such that for any € > 0,

lim #{geSn:‘@—A‘>e}:0.

n—oo

n

In particular,

This result is due to Kaimanovich-Kapovich-Schupp [46] when T is a free group and S is a
free generating set. We note that the first statement above is precisely a weak law of large num-
bers, whereas the second one corresponds to convergence in expectation (for a strong law, see
Theorem 1.10). Notice also the curious analogy with the classical Fekete lemma that matches this
convergence in expectation when I’ = Nand S = {1}.

Unlike our other results below where we will specialize to linear representations, the general-
ity of subadditive functions in the previous result goes far beyond; we now briefly comment on
various settings where such functions arise.

Remark 1.2 (Examples of subadditive functions). Two large classes of subadditive functions
contain the following.

(1) (Seminorms on groups) Let H be any group endowed with a seminorm |- |andp : ' > Ha
homomorphism (cf. [46]). The function ¢(y) := |p(y)| is clearly a subadditive function on T'
and this construction encompasses many examples.

(1a) AlreadyinthecaseH =T, p =idand]| - | any length function on I, the previous theorem

applied to ¢(-) = | - | yields an asymptotic ratio A between | - |g and | - |. Note that A > 0
if, for example, | - | comes from a finite generating set. More generally, let (X, d) be a
metric space, o € X and I' ~ X by isometries. Then ¢(y) = d(y - 0,0) is a subadditive
function.

(1b) LetH = GL4(R), || - || an operator norm on the algebra Mat;(R) of matricesandp : T —
H a representation. Then, ¢(y) : = log||p(y)|l is an example of a subadditive function.
(2) (Quasi-morphisms) Another class of examples comes from the observation that Theorem 1.1
remains valid for any function ¢’ on T such that |¢ — ¢’| is bounded. In view of this, the
previous result applies to any quasi-morphism (see [46, Theorem A]). For those, it is not hard
to see that A = 0.

Remark 1.3 (Possible extensions). Using different methods that rely on the topological flow intro-
duced by Mineyev [55] and studied by Tanaka in [65], it might be possible to prove that Theorem 1.1
holds when we count with respect to some other hyperbolic metrics that are not necessarily word
metrics (see [23, Theorem 3.12]). We have decided not to present the proof of this result as it is not
clear how to obtain more refined counting limit laws below in this more general setting.

We note that Theorem 1.1 and its almost sure version (Theorem 1.10) generalize several previous
works. For example, [33, Theorem 7.3] and [65, Theorem 7.4] follow from the particular case where
@ isadisplacement function associated to an isometric group action with additional requirements.
It also generalizes (without error term) [21, Theorem 1.1]. See also Subsection 1.3.1.
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It would be interesting to characterize when the constant A appearing in Theorem 1.1 is strictly
positive. For a subadditive function ¢ coming from a seminorm (Remark 1.2(1)) one can typically
say more, see Proposition 3.3. We will also see a characterization below in the case of strongly
irreducible representations.

The rest of our counting results (except Theorem 1.7) concern finite-dimensional representa-
tions ' — GL4(R) of Gromov-hyperbolic groups and we now specialize to this setting.

1.2 | Counting limit theorems for representations

Recall that a representation p : I' - GL,;(R) is said to be strongly irreducible if there does not exist
a finite collection of proper nontrivial subspaces of R¢ whose union is invariant under the action

of p(I'). It is said to be proximal if there exists a sequence of elements g, € p(I') such that ”Z”“

converges to a rank-one linear transformation.

1.2.1 | Positivity of average growth rate

In what follows, whenever a representation p : I' > GL4(R) of a Gromov-hyperbolic group I'
(equipped with a generating set) is understood, A denotes the average growth rate given by apply-
ing Theorem 1.1 to p(g) = log ||p(g)||. Clearly, A does not depend on the choice of the operator
norm. The following result gives a characterization of when A is positive.

Proposition 1.4. Let I be a nonelementary Gromov-hyperbolic group, S a generating set for I and
p : T' = GL4(R) a strongly irreducible representation. Then the constant A > 0 is strictly positive if
and only if p(T) is not relatively compact in PGL4(R).

This result is ultimately a consequence of Furstenberg’s result [31] on positivity of the top Lya-
punov exponent for independent and identically distributed random products. However, for this
statement, we additionally (need to) exploit the symmetry of the generating set because positivity
of top Lyapunov exponent may fail for random products in GL;(R).

Combined with Theorem 1.1, this result already implies that if such a I is Zariski-dense in a real
semisimple linear Lie group G, the word metric dg and any left-G-invariant Riemannian metric
dg are Lipschitz equivalent when restricted to a large (i.e., full asymptotic density in the spheres
S,) subset of I'. We discuss this more in the large deviation part in Subsection 1.2.2 and in detail
in Subsection 9.2.

1.2.2 | Exponential large deviation estimates

Establishing the next result was one of the earlier motivations of our work. In [46], Kaimanovich-
Kapovich-Schupp asked whether exponential large deviation estimates can be obtained for free
groups equipped with certain generating sets. The following therefore provides a class of such
examples with considerably less restrictions on the underlying group and generating set (see
Section 9).
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6 | CANTRELL and SERT

Theorem 1.5. Let I" be a nonelementary Gromov-hyperbolic group, S a generating setand p : I' —
GL;(R) a strongly irreducible and proximal representation. Then for every € > 0,

LILOIRNS e}) o

n

#{gESn:

lim sup % log <

n—oo

#S,
Here A > 0 is the constant obtained from applying Theorem 1.1.

This result is analogous to a result of Le Page [50] (see [13, Theorem 6.2]) for independent and
identically distributed random matrix products. A multidimensional version of this result (which
is a consequence thereof) shows the uniqueness of maximum of the growth indicator function
considered in [62]. See Subsection 9.1 where we discuss these in detail.

Theorem 1.5 will be deduced from an almost-sure version of it (with respect to geodesic
rays following Patterson—Sullivan measure class on boundary) that we will discuss below
(Theorem 1.11).

As we will explain in Subsection 9.2, it follows from Theorem 1.5 and positivity of A that, when
I' is a Zariski-dense subgroup of a real linear semisimple Lie group G, the word-metric dg on T
and and left-G-invariant Riemannian metric d; on G coming from a Killing form are Lipschitz
equivalent when restricted to an S-exponentially generic subset of I''.

Theorem 1.6. Let I' be a Zariski-dense, nonelementary Gromov-hyperbolic subgroup of a real
semisimple linear Lie group G. Then, for every finite symmetric generating set S of I' and constant
€ > 0, there exists a subset T, of I with the property that

#(S, \ (TcnS,)

— O e—O{Vl
v (™)

n

forsome o > 0, and there exists a constant A = A(S) > 0 such that foreveryn e Nandg € S, N T,
we have

n(A —e¢) <dg(g,id) < n(A +¢).

This is restated and proved in Subsection 9.2, see Corollary 9.3. It may be tempting to try to prove
this result (or the previous one) using a random walk approach. However, to do this, one would
need to construct a probability measure y on S for which we have the equality h, = £, log1 in
the fundamental inequality h, < £, log4 of Guivarc’h (here, h,, is the asymptotic (Avez) entropy
of u, ¢ p is its drift and A exponential growth rate of S-spheres in T, see, e.g., [39]). The reason for
this is that a probability measure p with h, < £, 1og A will only see an exponentially small part of
the spheres of S. On the other hand, as shown in [39, Theorem 1.3], the equality case h, = £, log
is very rigid and forces the ambient group to be virtually free.

The following result establishes exponential counting large deviation estimates in another set-
ting, that of isometric actions on Gromov-hyperbolic spaces. This setting has recently attracted
much attention both from probabilistic 3, 4, 7, 14, 38, 54] and counting [18, 21-23, 33, 34, 68]

T Notice that in general even if T'is a (nonuniform) lattice in G, one cannot hope to have this Lipschitz equivalence on whole
of I'. On the other hand, by an important result of Lubotzky-Mozes-Raghunathan, such a global Lipschitz equivalence
holds for higher rank irreducible lattices [52, 53] that are of course not Gromov-hyperbolic.
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perspectives. To state our result, recall that the action of a group I' on a Gromov-hyperbolic space H
by isometries is said to be nonelementary if it there exists y,, 7, € I" acting as loxodromic elements
(see Subsection 4.5) with disjoint pairs of fixed points on the Gromov boundary of H.

Theorem 1.7. Let T be a Gromov-hyperbolic group, S a generating set of T and (H,d) a geodesic
Gromov-hyperbolic space and o € H a basepoint. Suppose that I acts on H by isometries and that
the action is nonelementary. Then, there exists a constant A > 0 such that for every € > 0, we have

#{geSn : ‘M—A’>e}> <0.

n

lim sup 1 log < 1
nooco N #S,
This result is analogous to the main result of the recent work [14] (see also [38]) in the setting of
independent and identically distributed random walks on Gromov-hyperbolic spaces. As for The-
orem 1.5, we will deduce Theorem 1.7 from a corresponding boundary limit theorem (Theorem 6.4)
for Patterson-Sullivan measures. To prove the latter, we crucially make use of the large deviation
estimates that we develop from the work of Benoist-Quint [6], for cocycles over random prod-
ucts of group elements in Markovian dependence (these tools also serve us in the Berry-Esseen

estimate as explained above). We defer the statement of Theorem 6.4 to Section 6.

Remark 1.8. Recently, Cantrell and Tanaka [23, Theorem 4.23] proved a global large deviation
principle that implies Theorem 1.7 when I" acts on H = I' by multiplication and d is a left-invariant
hyperbolic metric that is quasi-isometric to a word metric.

1.2.3 | Central limit theorem with Berry-Esseen type error term

Equipped with a law of large numbers, we now state the first refined limit theorem for counting
statistics in representations:

Theorem 1.9. Let T be a nonelementary Gromov-hyperbolic group, S a generating setandp : T —

GL,;(R) a strongly irreducible and proximal representation. Fix an operator norm || - || on Mat,(R).
Then, there exists a constant C > 0 such that for everyt € R

1 - nA ! Cl
1yl e loele@i=nA | 1 /e—wzazdsgﬂ,
#Sy Vn 2o J -0

where A > 0 is as in Theorem 1.1 and o > 0 are strictly positive constants.

In the sequel, whenever a strongly irreducible and proximal representation is fixed, o will
denote the variance in the above CLT.

The proof of this result requires several ingredients. We first prove a Berry-Esseen CLT for
the norm of Markovian random matrix products (Theorem 4.8) based on the analogous result of
Bougerol [11] for the norm cocycle. To do this, we use an idea due to Xiao-Grama-Liu from their
recent work [67]. The core of the argument is based on large deviation estimates from Benoist-
Quint [8] that we develop (Theorem 4.3) for the Markovian setting by elaborating on other work
due to Benoist-Quint [6] that concerns large deviation estimates for cocycles. Equipped with
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8 | CANTRELL and SERT

these results as well as techniques developed by Calegari-Fujiwara [18], we employ a quanti-
tative version of an argument from recent work of Gekhtman-Taylor-Tiozzo [34] to carry out
our proof.

1.3 | Boundary limit theorems for representations

As previously mentioned, limit theorems with respect to Patterson-Sullivan measures on the
boundary will play a key role in our work: on the one hand, we will prove new results for them
(such as Theorem 1.12 on convergence to the Brownian motion), on the other hand, they will
be used to prove the counting law of large numbers (Theorem 1.1) and large deviation theo-
rems (Theorems 1.5 and 1.7). More specifically, we will describe the growth rate of subadditive
functions (and the log-norm function for linear representations) along Patterson-Sullivan typ-
ical geodesic rays. We achieve this by comparing Markov measures on a Cannon coding with
Patterson-Sullivan measures on the boundary of our considered group. Along with techniques
from ergodic theory and geometric group theory, this will allow us to translate results con-
cerning Markovian random products to asymptotic behavior along Patterson-Sullivan typical
geodesic rays.

In the statements of our boundary limit theorems (and throughout this work), we will consider
the boundary oT" of I" equipped with generating set S to be the collection of | - | geodesic rays up
to the usual bounded distance equivalence. For & € 9T, we use the notation &, — £ to indicate
that (£,)),.cn is a geodesic ray in the class of £ (see Section 2).

1.3.1 | Law of large numbers for the Patterson-Sullivan measure class
Here is the strong law underlying Theorem 1.1:

Theorem 1.10 (Strong law of large numbers). Let T be a nonelementary Gromov-hyperbolic group
endowed with a generating set S and ¢ : ' — R is subadditive function on I'. Let v be a probability
measure on 0T in the Patterson-Sullivan measure class. Then, there exists a constant A > 0 such
that

i P(€n)
m ——-

n-oo n

=A
for v-almost every & € T and every representative £, — &.

This result generalizes [46, Theorem A]. The reason we call it a strong law is that, roughly
speaking, the Patterson-Sullivan measures can be viewed as the law of a process for which the
uniform counting measures correspond to finite time distributions. This is also the spirit of the
deduction of Theorem 1.1 from the previous result.

1.3.2 | Large deviations for Patterson—Sullivan measures

The quantitative analogue of Theorem 1.10 for linear representations is the following result.
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COUNTING AND BOUNDARY LIMIT THEOREMS FOR GROMOV-HYPERBOLIC GROUPS | 9

Theorem 1.11. Let I' be a nonelementary Gromov-hyperbolic group, S a generating setandp : I' —
GL;(R) a strongly irreducible and proximal representation. Let v be a Patterson—Sullivan measure
on AT for the S word metric and A > 0 be the constant from Theorem 1.10. Then, for any € > 0,

><—:><O.

Here, when we say the v is a Patterson—Sullivan measure, we mean that it is constructed as a
weak limit as in (1.2) or (2.1). We note that any two measures obtained in this way are mutually
absolutely continuous and their densities are bounded away from 0 (and infinity).

The proof makes use of Bougerol’s results [11] that are translated to the group theoretic set-
ting using techniques due to Calegari-Fujiwara [18] and extensions of these techniques due to
Cantrell [22]. The scheme of proof, somewhat common to the next Theorem 1.12, is expounded in
Subsection 1.4.

logllpE)Il _
n

n—oo n

lim sup & 10gv<§ €T : forall &, — £ with &, = id, '

1.3.3 | Convergence to the Wiener measure and law of iterated logarithm

We now turn to our last result that is an invariance principle and functional law of iterated log-
arithm (LIL) with respect to Patterson-Sullivan measures. We first need some notation. Suppose
I is a Gromov-hyperbolic group endowed with a generating set S and that p : I' = GLy(R) is
a strongly irreducible, proximal representation. Let C([0, 1]) denote the continuous real valued
functions on [0,1] equipped with the Borel o-algebra for the topology of uniform convergence.
We define a sequence of random variables (S,,),,cy on 0T taking values in C([0, 1]) as follows. For
each ¢ € 9T, integer n > 1 and ¢ € [0, 1], we define S, §(¢) to be

5111135 m (log lp(& eIl = ntA + (nt = [nt])(1og |p(& | n 4Nl = log o€, D)), (A1)
where A and o2 > 0 are the mean and variance from Theorem 1.9. The reason we consider the
minimum over the set of representatives is only practical, it allows to define the random variables
S, on OT'; replacing min with max will not alter the asymptotic behavior (and hence the results to
follow) because any two representatives of a boundary point ¢ € 9T stay at bounded distance. We
denote by W the Wiener measure on C([0, 1]). Recall that this is the distribution of the standard
Brownian motion B(-) € C([0, 1]) which is characterized [48] by B(0) = 0, and for every p €N
andreals 0 =, <t} <..< tps the real-valued random variables B(t,), B(t,) — B(ty), ... ,B(tp) -
B(tp_l) are independent and distributed with the Gaussian distribution, respectively, N'(0, t; —
ti1)-

We will prove the convergence to Wiener measure with respect to the Patterson-Sullivan
measure obtained as the weak limit

. Z|9|s<" A—lglség
v = lim

n—oo —lgls ’
Elglsénl1 s

(1.2)

Here A € (1, o) denotes the exponential growth rate of the cardinality of S, = {g € T : |g|g = n}.
The fact that the limit (1.2) exists will be explained in Subsection 2.1. We prove the following result.
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10 | CANTRELL and SERT

Theorem 1.12. Let I be a nonelementary Gromov-hyperbolic group, S a generating setandp : I' —
GL;(R) a strongly irreducible and proximal representation. Let v be the Patterson-Sullivan measure
defined in (1.2). Then,

(1) under v, the sequence (S,),cn of C([0, 1])-valued random variables converges in distribution to
W; and

(2) for v-almost every & € 0T, the set of limit points of the sequence (
C([0,1]) is equal to the following compact subset of C([0, 1]):

Sn§

m)neN of elements of

1
{f € C([0,1]) : f is absolutely continuous, f(0) = 0,/ flde <1 }
0

Two immediate corollaries of this result are the classical CLT and LIL with respect to the
Patterson-Sullivan measure v (Corollary 7.2).

1.4 | Outline of the arguments

We briefly outline the overarching argument used to prove Theorem 1.12 which is also valid to
some extent for the proof of Theorem 1.11 (see below for other limit theorems).

(i) We begin by introducing multiple Markov chains based on the Cannon coding for our group
I" and generating set S.

(i) We formulate and, in some cases, further develop Bougerol’s results [10, 11] for random
matrix products in Markovian dependence.

(iii) Using work of Goldsheid—Margulis [36] and Gouézel-Mathéus-Maucourant [39], we show
that our assumptions on the representations (strongly irreducible and proximal) allow us to
apply the results of (ii) to the Markovian products introduced in (i).

(iv) We then use an argument of Calegari-Fujiwara [18] to show that the means A and vari-
ances o2 coming from the limit theorems obtained in (iii) of different Markovian products
introduced in (i) coincide (and equal the limiting average A obtained from Theorem 1.1).

(v) We compare the stationary distributions on the Markov chains to a Patterson-Sullivan mea-
sures on the boundary of the group. With some additional work, this allows us to prove that
along geodesic rays in the Cayley graph of (T, S), the log-norm function satisfies the corre-
sponding limit theorem with respect to Patterson-Sullivan measure on the Gromov boundary
orT.

For counting limit theorems (Theorems 1.1, 1.5, and 1.7), we ultimately use the boundary results
obtained in (v) above together with regularity estimates on Patterson-Sullivan measures to get
counting limit theorems.

As discussed above, our tactic for proving counting CLT with error term (Theorem 1.9) is a
little bit different (without passing by a boundary limit theorem to optimize the Berry-Esseen
error term), see a more detailed description in Section 8.

1.5 | Previous works

Here we briefly comment on some previous related works in the literature.

95U8017 SUOLULIOD 3AIE.D 3|01 jdde 8Ly Aq peuseob e Sapo1e VO '8N J0 S3|n1 1o} AleiqT UIUO A8 U (SUORIPUOD-PUE-SLBIALIOD" A8 |IW ARe1q U [UO//Sd1IL) SUORIPUOD P SWi | 8Y188s *[£202/20/2T] Lo ARiqiiauliuo A8|im ‘Areiqi 0Bealyd JO AisAIuN Ad 0SGZT SWId/ZTTT OT/I0p/wod Aa|im Aleiqjput|uo'acsyeLupuo|//sdiy Wwoly papeojumod ‘0 ‘Xiz09rT



COUNTING AND BOUNDARY LIMIT THEOREMS FOR GROMOV-HYPERBOLIC GROUPS | 11

In [46] (see also [47]), Kaimanovich-Kapovich-Schupp study generic asymptotic behavior (in
the sense of Theorems 1.1 and 1.10) of elements in countable groups I where genericity is under-
stood with respect to the uniform counting measure in a free group F (with a free generating
set) when T is seen as a quotient of F. This point of view lies in between the two extremes,
namely the symbolic counting point of view of probability theory (i.e., group invariant random
walks on groups) and our deterministic counting viewpoint. In vague terms, our approach agree
with that of Kapovich-Kaimanovich-Schupp when the underlying group is a free group and
generating set is free” and these two together agree with the probabilistic (independent and
identically distributed random walks) approach when the underlying algebraic object is a free
semigroup.

Coming back to counting asymptotics, there has recently been significant interest in counting
limit theorems on hyperbolic groups, see, for example, [18, 21, 23, 25, 33, 34, 44, 45, 58, 68]. In some
of these works, techniques from thermodynamic formalism (tracing back to [15, 64], see also [49])
are used. Although these techniques are powerful and allow for stronger results to be obtained,
they usually require strong assumptions on the studied potentials. In this work, our assumptions
are too weak to allow us to apply techniques from thermodynamic formalism. In others, including
ours, ideas from Markov chain or random walk theory (in a sense initiated in this context by
[18]) are used instead of thermodynamic techniques. For example, in [34] the authors deduce
a (qualitative) counting CLT for displacement functions on Gromov-hyperbolic spaces* from a
CLT for centerable cocycles. Using ideas of Benoist-Quint [6] relying on solving a cohomological
equation, it might be possible to do so in our setting as well. However, our approach relying instead
on results of Bougerol coming from analytic perturbation theory, yields more quantitative results
(such as the Berry-Esseen bounds). It was indeed one of our goals to get quantitative results as it
seems particularly in line with the spirit of counting problems.

Finally, we also mention that in the upcoming work with Cipriano and Dougall, we obtain more
precise limit laws for the both the spectral radius and norm potentials under the assumption that
our representation is Anosov (or dominated). In this setting, we will be able to exploit ideas from
thermodynamic formalism.

1.5.1 | Further directions

In this work, we restricted our attention to Gromov-hyperbolic groups. Our approach relies on the
existence of a nice combinatorial structure (Cannon coding) and stochastic results on this struc-
ture. Various generalizations of the notion of the Canon coding have been studied, both from a
combinatorial perspective [20]% and geometric perspective [34]. It seems possible to find exam-
ples of nonhyperbolic groups equipped with certain specific (in some cases abstract) generating
sets (see [34]) for which our counting results will hold. In some settings (e.g., relatively hyper-
bolic groups) it may also be possible to find analogues of our boundary limit theorems. It would
be interesting to characterize the widest class of groups (equipped with any generating set) for
which our results hold.

f Accordingly, our Theorem 1.10 generalizes [46, Theorem A.1].

See Section 9 for a consequence of our large deviation results for the displacement function on symmetric spaces of
noncompact type.

§ See [46] for some considerations toward this direction, but the results therein do not readily yield counting estimates.
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12 | CANTRELL and SERT

2 | HYPERBOLIC GROUPS AND AUTOMATIC STRUCTURES
2.1 | Gromov-hyperbolic groups

Let T be a finitely generated group and S a (finite, symmetric) generating set. As in the intro-
duction, for g, h € T, |g|g denotes the word length of g with respect to S and dg(g, h) = |g~ k|
defines a left-invariant metric on I'. The Gromov product of g, h € T'isdefined as (g, h) = %(l glg +
|h|g — |g~h|g). The group T is said to be Gromov-hyperbolic if (T, dg) is a Gromov-hyperbolic
metric space. We recall that a metric space (H, d) is said to be Gromov-hyperbolic if there exists
A > 0 such that for every o, x,y,z € H,

(X,Z)O > min{(x7 y)o’ (y, Z)o} - Aa

where (x,y), := %(d(x, 0) + d(y,0) — d(x,y)) denotes the Gromov-product. Although the con-
stant A > 0 may depend on the generating set S, Gromov-hyperbolicity of I" does not depend
onsS.

Fix a Gromov-hyperbolic group I" and a generating set S. A geodesic ray is a sequence of ele-
ments &, € I'such that |1, | = m — n for each m,n € N with m > n. The Gromov boundary
T is the set of equivalence classes of geodesic rays where two rays & and &’ are equivalent if
sup,,»1 1€, 1e ! | is finite. As the action of I on itself by left-multiplication is by isometries (with
respect to dg), the natural action on the set of geodesic rays factors through this equivalence rela-
tion and defines an action of I on its Gromov boundary JI'. It is well-known that the set I' U 0T
carries a compact metrizable topology extending the (discrete) topology of I' such that T is open
and dense in I' U 0T" and the I'-action is by homeomorphisms.

We can extend the Gromov product to dT" X I by setting

(§,9) = sup{liminf(&}, g) : & — &},

where the supremum is taken over geodesic rays ¢/ with {/ — &; the latter notation denotes the
fact that ¢/ is a geodesic ray in the equivalence class corresponding to £. Using this extended
Gromov product, for R > 0 and g € T, we define the R-shadow based at g to be the following
subset of T

O(g,R) ={§ €T : (§,9) > lgls — R}

To prove our law of large numbers (Theorem 1.1), a key ingredient will be the study of the
growth rate of subadditive functions along typical geodesic rays in I'. In particular, we will be
interested in the behavior of our functions along Patterson-Sullivan typical geodesic rays. Recall
that a Patterson-Sullivan measure for the length function | - | on I' is obtained as a weak limit of
the following sequence of measures on the compact I' U 0T"

der A—Slglsag

2ger Al @D

as s \\ 1 where 4>1 is the exponential growth rate of the cardinality of S, ={g €T :
|g|ls = n}. Alternatively, we can obtain a Patterson-Sullivan measure as the weak limit of the
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COUNTING AND BOUNDARY LIMIT THEOREMS FOR GROMOV-HYPERBOLIC GROUPS 13

sequence

Z:Iglssn ,1—|g|s5g

(2.2)
z:Iglssn A ldls

asn — oo (see [18, section 4]). Any measure v constructed using either of the above two methods
yields a Radon measure supported on JI" such that the I" action preserves its measure class and
is ergodic. In this setting, ergodic means that I'-invariant subsets of dT" have either full or null
v-measure. An important property exhibited by Patterson-Sullivan measures is the so-called qua-
siconformal property: for each R > 0 sufficiently large, there exists a constant C > 1 depending
only on R and the hyperbolicity constant of I' such that

Cc™'a7l9ls <v(0(g,R)) < CA719ls (2:3)

forall g €T.

Before we move on to discuss the strongly Markov structure of hyperbolic groups, we record
a basic property of subadditive functions that we will use implicitly throughout our work. Recall
that the left and right word metrics associated to a generating set S on I are

ds(g,h) = 1g™"hlg and dg(g,h) :=|gh™[s.

We will repeatedly (and sometimes implicitly) use the fact that subadditive functions ¢ : I' > R
are Lipschitz in these metrics metrics as noted in the next result.

Lemma 2.1. Fix a finite symmetric generating set S for I and let ¢ : I — R be subadditive. Then,
@ is Lipschitz in the left and right word metrics.

Proof. 1t suffices to show that there exist a constant C > 0 such that

lo(g) — p(sg)| < C and |p(g) — @(gs)| < C

forall g € Tand s € S. It follows easily from the definition of subadditivity that C = maxcg |(s)|
works. O]

2.2 | Markov structure of Gromov-hyperbolic groups

It was realized by Cannon [19] that certain Kleinian groups enjoy a strong coding property:
the elements of metric spheres in the Cayley graph can be bijectively represented by admis-
sible words of corresponding length in a finite automaton (which we will refer to as strongly
Markov property, see Definition 2.2). It was indicated by Gromov [40] and proved by Coornaert-
Delzant-Papadopoulos [27] and Ghys-de la Harpe [35] that general Gromov-hyperbolic groups
with arbitrary finite generating sets enjoy the strongly Markov property. We now discuss this cru-
cial property that will allow us to associate a subshift of finite type to a Gromov-hyperbolic group
equipped with a generating set.
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14 | CANTRELL and SERT

Definition 2.2. A group T is strongly Markov if given any generating set S for T, there exists a
finite directed graph G with vertex set V and directed edge set E C V' X V that exhibit the following
properties.

(i) V contains a vertex * such that (x, %) does not belong to E for any x € V.

(ii) There exists a labeling A : E — S such that the map sending a path (starting
at %) with concurrent edges (x,x;),(xy,X,),....(x,_1,%,) to the group element
A(x, x)A(X,, x5) ... A(x,_1, X,,), is a bijection.

(iii) The above bijection preserves word length; if |g| = n, then the finite path corresponding to
¢ has length n.

To simplify notation later on, we augment the above strongly Markov structure by introducing
an additional vertex labeled 0 to V. We also add directed edges from every vertex x € V to 0 and
define A(x, 0) = id (the identity in I) for every x € V. We will assume that every strongly Markov
structure has been augmented in this way and will abuse notation by labeling the augmented
structure, its edge and vertex set by G, V and E, respectively. This directed graph G allows us to
introduce a subshift of finite type as we now explain.

2.21 | Shift spaces

Let A be a k X k matrix consisting of zeros and ones. We use the notation A, ; to denote the (i, j)th
entry of A. The subshift of finite type associated to A is the space

Za={ns, %, €412, kLA, =1L nEZyh
Given x in £, we write x,, for the nth coordinate of x. The shift map o : £, - X, sends x to
y = o(x) where y, = x,,,, foralln € Z,,
The mixing properties of (£ 4, o) are determined by the structure of the matrix A.

Definition 2.3. We say that a k X k zero-one matrix A is irreducible if for every (i, j) (i,j €
{1,2,...,k}), there exists n € N such that (4"); ; > 0. We say that A is primitive (irreducible and
aperiodic) if there exists n € N such that (A"); ; > 0 for all i, j.

It is a standard fact that if A is irreducible then (24, o) is (topologically) transitive, and if A is
primitive then (24, o) is mixing. Further, if A is irreducible then there exists a natural number
p > 1 known as the period of A such that the alphabet {1, ..., k} of A is partitioned into p disjoint
subsets A; and X, has a cyclic decomposition

i—1

Za= || Za0),
k=0

where X 4 (i) is the subset of X , starting with elements from A;. The shift mapo : X, — X, sends
Z,4(@0) to Z,(i +1) where i,i + 1 are taken modulo p and for each i =0, ..., p — 1 the subshifts
(Z4(i),oP) are mixing.
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2.2.2 | Shift space associated to a Markov structure

Suppose now that G is a strongly Markov structure associated to a Gromov-hyperbolic group T
and generating set S. We can describe G using a zero-one matrix A: we label the vertices of G by
0,%,1,2,...,k € N (where 0 and * are distinguished vertices described above) and set A; =1 if
and only if there is a directed edge from vertex i to vertex j and otherwise we set A; ; = 0. We can
then construct a subshift of finite type X, as described in the previous paragraph. We will write
A’ for the matrix obtained from A by discarding the row and column corresponding to the vertex
0 and A" for the one where we also discard the vertex .

We will write 221 for the collection of sequences in X, that contains an occurrence of 0.
Note that, by construction, if a sequence (x,)° , has x; =0 for some k then x; =0 for all
I > k. We will use the notation (x,, ..., x,,_;,0) to express sequences that start with the vertices
Xgs X1, - X,_; and then end with infinitely many zeros. Note that 2‘.?4 is dense in X, when X,
is endowed with the restriction of the product topology on VN. We define a map i : T — 2?4 by
i(g) = G+, x4, ...,xn,()) where (x, x, ...,xn,()) is the unique sequence belonging to £, such that
g = Ak, X1)A(Xq, X5) -+ X1, X,,) (and |g|g = n).

For certain hyperbolic groups and generating sets (i.e., for a free group equipped with a free
generating set) one can find a strongly Markov structure G such that the corresponding matrix A"
is primitive. However, for general hyperbolic groups and generating sets it is not known whether
it is always possible to find a Markov structure such that the matrix A’ is primitive or even irre-
ducible. After relabeling (i.e., permuting) the columns and rows of A”, we may assume that A”
has the form

Bl,l 0 0
A,, — Bz’l Bz’z 0
Bml 1 Bml 2 Bml’ml

where the matrices B; ; are irreducible. The matrices B; ; are known as the irreducible components
of A” and the corresponding vertex sets in G are the irreducible components of G. By property (3)
in Definition 2.2, it is easy to see that the spectral radius of each B;; is bounded above by the
growth rate 1 of the group I'. Moreover, by the same token, there must be at least one compo-
nent that has 1 as an eigenvalue. We call an irreducible component maximal if the corresponding
matrix B; ; has spectral radius 1. We relabel the irreducible components so that maximal compo-
nents correspond to B; ; for i = 1, ..., m, which we will denote as B;. An important property of G is
that the maximal components of G are disjoint. That is, there does not exist a path in G from one
maximal component to another. This is a consequence of a result of Coornaert [26] which asserts
that for a nonelementary hyperbolic group (and any generating set S) the growth of #S,, is purely
exponential, that is, for T', S as above there exist C > 1 and A > 1 such that foralln € Zy.

CIA" < #S, < CA™. (2.4)

3 | LAW OF LARGE NUMBERS

The goal of this section is to prove Theorems 1.1 and 1.10. The former is a general (weak) law of
large numbers for subadditive functions on hyperbolic groups, whereas the latter can be seen as
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16 | CANTRELL and SERT

the corresponding strong law that asserts the existence of a common growth rate of a subaddi-
tive function along almost every geodesic with respect to the Patterson-Sullivan measure. The
preliminary material introduced in Subsection 3.1 will serve as a tool throughout the article.

3.1 | Markov measures for Gromov-hyperbolic groups

We summarize here a construction of a Markov chain on the strongly Markov structure of a
Gromov-hyperbolic group and its connection with the Patterson-Sullivan measure (both due to
Calegari-Fujiwara [18] in this setting). We also include some further related observations from
Cantrell [22]; other more specific ones will be included/proven in later sections where they
are needed.

311 | Patterson-Sullivan measures seen in the strongly Markov structure

We keep the notation from Section 2: let " be a nonelementary Gromov-hyperbolic group endowed
with a generating set S. Fix a strongly Markov structure G. Let A > 1 be the exponential growth rate
of T with respect to S. Denote by v the Patterson-Sullivan probability measure (see [18, Definition
4.14]) obtained as the limit of the sequence of probabilities v,, on I U 0T, where

—lgls
. Zlyls@/1 5g
n - _
Xglgen AT

Let Y = [*] be the (cylinder) set of sequences (x,,) in X 4 that starts with the symbol x, that is,
Xy =+.LetY, CYn 221 be the subset of Y consisting of sequences (x,,,) such that x,, = 0 for every
m > n + 1. In view of Definition 2.2, the set Y,, is in bijection with the ball of radius n and hence
the measures v, on I defined in (3.1) can be considered as measures on Y,, we denote them by
7,,. We note that this definition varies slightly from the one given in [18, Section 4]. Specifically
our 7,, measures are normalized to be probability measures unlike in [18]. Passing to the limit v
on I'U T, one gets a limiting measure ¥ = lim,_, ., ¥, supported on Y and giving zero measure
to each Y. The fact that the limit exists follows from a direct calculation: the ¥,, measure of each
cylinder set (which are open and closed sets the collection of which generates the algebra on
Y,,) converges to a finite limit. The fact that 7" assigns zero measure to each Y, corresponds to
the fact that v on ' U 0T is supported on the compact dT (i.e., gives zero mass to I'). Alternatively,
denotingY, :=Y \ (U,,Y},) itis easy to see that there isa Borelmap ¥ : Y, — OT that takes an
infinite path not ending with 0’s to the equivalence class of the corresponding (infinite) geodesic
ray in 8T and which pushes ¥ forward to v (see [17, section 3.5] for a similar description and more
details). Simple topological observations show that ¥ is continuous, surjective and finite-to-one
([17, Lemma 3.5.1]). It follows that v = lim,,_, ., ¥,V,, and so v is obtained as the weak limit of the
sequence v,, defined in (3.1).

3.D)

3.1.2 | Parry measure of the strongly Markov structure

It is well-known since the work of Shannon [63] and Parry [57] that given an irreducible subshift
of finite type Xy (i.e., a subshift associated to an irreducible matrix B consisting of zeros and ones,
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see Subsection 2.2.1) there is a unique o-invariant probability measure ¢ on X for which the cor-
responding measure theoretic entropy h,,(0) is maximal among all o-invariant (Borel) probability
measures, that is, h, (o) = sup,, h, (o) where the supremum is over all o-invariant probability
measures on Xz. Moreover this measure is a Markov measure in the sense that denoting by E
the alphabet of X5, the matrix B gives rise to a transition kernel P and a probability u, on E such
that u, is P-stationary (see Subsection 4.1.1) and u =P, . It is an ergodic probability measure
(with respect to the shift transformation o). We call this measure 4 = P, the measure of maximal
entropy (also called the Parry measure of X5).

Even though the shift space X, associated to the strongly Markov structure G of a Gromov-
hyperbolic group I' (endowed with a generating set S) is not irreducible, one can run a
Parry-like construction [18, section 4.2] to obtain a shift-invariant Markovian probability mea-
sure u on X 4, with the properties discussed below. We do not include the standard construction to
avoid repetition.

A key property of the Parry-like measure u is that by [18, Lemma 4.19] (more precisely by [22,
Proposition 4.6]), it is closely related to the measure ¥ on Y C X, constructed above using the
Patterson-Sullivan measure v: we have

n
lim 1 Z ofﬁ = U, (3.2)
k=1

n—-oo n

where the convergence holds (in fact with a speed estimate) in total variation distance.
On the other hand, by [22, Proposition 4.2] the Parry-like measure u is nothing but a linear
combination of the Parry measures of maximal irreducible components of X ,: for each maximal

component (B;);_; . there exists ot; > 0 such that E;n=1 a;=1land
m
M= Z AiMjs (3.3)
j=1

where (; is the Parry measure of the maximal component B; of G.

As pointed out in [18, section 4.3], one can be more precise about the relation between 7 and u
(than the mere relation (3.2)). We record the following statement from [22] which is an instance
of this more precise relation and which will be useful later on.

Lemma 3.1 ([22, Lemma 4.5]). For each v € V with u[v] > 0 and k € Z,, there exists al’j > 0such
that

ks k
9 Vliw) = Ay Mljo)-

There exists a length k path from * to v if and only if ocl’j > 0. [l

3.2 | Proofs of Theorems 1.1 and 1.10
We first prove Theorem 1.1 using Theorem 1.10. The latter will be proven subsequently.

Proof of Theorem 1.1. We begin by establishing the existence of the limit in the theorem. Nonneg-
ativity of the limit will then be deduced as a consequence. Let A € R be the constant given by
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18 | CANTRELL and SERT

Theorem 1.10. For each € > 0, define

A€={ger: @—A‘m}.
lgls

We need to show that for each € > 0 the density of A, on S,, vanishes as n — oo. Fix a Patterson-
Sullivan measure, that is, the one given by the limit of (2.2). Note that for any fixed sufficiently
large R > 0, there exist positive constants C; and C, such that for every n € N, we have

#San4d o Y v(o(x,R))<02V< U 0<x,R)>- (.4)

#S” xX€S,NA. XES,NA,
The first inequality follows from (2.3) and (2.4) while the second follows from the fact that, due
to hyperbolicity, O(x, R) for x € S, covers 0T up to uniformly bounded multiplicity.
Now note thatif§ € | x€S,NA, O(x, R), then there is a representative geodesic ray (&, o With
&, =id and C > 0 such that forevery n > 1

loglloE)ll
n

Alze-=. (3.5)

n

Using hyperbolicity, (the fact that geodesic rays with the same end point remain within bounded
distance) by enlarging C we can assume that (3.5) holds for all geodesic representatives of & €
U XES,NA, O(x, R). Therefore, we deduce by Theorem 1.10 that

v( U O(x,R))r:oo.

XES,NA,

Plugging this into (3.4), the first conclusion of Theorem 1.1 follows.
To deduce the second conclusion, note that for every positive n € Nand g € S,,, by subadditivity
of ¢, we have |p(g)| < Dn, where D = max g |¢(g)|. We write

1 Z¢(g)—A< 1 3 <<o(g)_A>+ 1 ¥ <<o(g)_A>
#Sn gES, n #S” gES,NA, h #S" 9€S,\A¢ h
#SNA #(S, \ A
HENAD L HENAD
#S, #S,
As % — 1 and #(S#"—;A*) — 0 as n - oo and € > 0 is arbitrary, the second statement of

Theorem 1.1 follows.
It remains to show that A is nonnegative. To see this note that as |g|s = |¢g~!|s for every g € T,
we have

1 p(9) 1 D+l 1 pid)  o(id)
WA TE LT n P X w

n ges, gEeS, n ges,

2

where id € T is the identity element. The result follows by taking the limit as n — oo. Il
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Remark 3.2. Notice that we proved that the constant A appearing in Theorems 1.1 and 1.10 is the
same. One deduces that the constant A given by Theorem 1.10 is nonnegative.

We now prove Theorem 1.10. To do so, we follow the argument used Cantrell in [22] employing
additionally the subadditive ergodic theorem and properties of subadditive functions. The general
tactic is to exploit the ergodicity of the Patterson—Sullivan measure to connect the behavior of
different maximal components for the strongly Markov structure, a key idea due to Calegari-
Fujiwara [18]. Before starting the proof, note that as different constructions of Patterson-Sullivan
measures yield measures in the same measure class, Theorem 1.10 does not depend on which
construction we choose to work with.

Proof of Theorem 1.10. Let G be a strongly Markov structure associated to the tuple (T, S) and
%, the shift space defined over symbols corresponding to the vertices of G. Let B be a maximal
component (among By, ..., B,,,, see Subsection 2.2.1) of Gand let (3, o) denote the subshift defined
over this component. Let up denote the measure of maximal entropy on this subshift.

For everyn € N, let f,, : £z — R be the function given by

fn(x) = @(A(xo’ xl) A(xn—l’ xn))-

As ¢ : ' = R is subadditive, the sequence (f,), ey constitutes a subadditive cocycle in the sense
that f,,,,,(x) < f,(x) + f,,(c"x). As the Parry measure ug is ergodic, Kingman’s subadditive
ergodic theorem therefore yields that there exists A € R such that

lim
n—oo

X
f"T() = A for pg-almost every x € Xp. (3.6)

Now consider the set

b {ecar i 760 21)

n—oo

By Lemma 2.1, this set is well-defined and I'-invariant. The conclusion of our theorem is equiva-
lent to the fact that v(E) = 1, where v denotes the Patterson-Sullivan probability measure (2.2).
As the measure (class of) v is ergodic with respect to the I'-action [26], it suffices to show that
v(E) > 0.

Recall from Subsection 3.1.1 that we have a surjective, continuous map ¥ : Y — JI' which
pushes 7 forward to v. Now fix an integer k and vertex v € B such that there exists a length k path
in G from * to a v. By combining (3.3) and Lemma 3.1, one gets that there exists a constant o > 0
such that 051’/\ o] = aMpl[y)- In particular, by (3.6) we have that

O'if'fl\l[v]{x (S ZB : lim fn(X) = A} > 0.

n-oo N

Using the basic relation |¢(gh) — ¢(h)| < |¢(g)| + |¢(g~")| valid for any subadditive function ¢ :
I' - R and every g, h € T, one readily sees that the convergence f,(x)/n — A only depends on
the tail of the sequence x: if x and y are two sequences such thatx,, ., =y, . forsomen;,n, € N
and all k € N, then the convergence holds either for both of x, y or neither of them.
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This implies that the set

EY:={x€Y: lirnf"—(x)

= A} satisfies P(Ey) > 0.
n—oo n
As ¥ pushes forward to v under ¥ and ¥~!(E) = Ey,, we have that »(E) = ¥, %(E) = W(Ey) > 0
and the conclusion follows. O

The following is a consequence of the above proof regarding positivity of the constant A based
on the Markov property (see, e.g., 33, 60] for similar uses of this idea in close contexts).

Proposition 3.3. Let H be a group endowed with a seminorm |- |, p : I' = H a morphism and
@(-) = |p()| the associated subadditive function on . Suppose that every probability measure with
finite exponential moment and with support that generates a finite index subgroup of T, has strictly
positive | - |-drift. Then the constant A given by Theorem 1.1 is strictly positive.

The hypotheses of this proposition are a little awkward but are satisfied in many cases:

* (Furstenberg [31]) H = SL;(R) and the p(T') is a strongly irreducible and nonrelatively compact,

* (Guivarc’h [42]) the image of I' is nonamenable and has at most exponential | - |-growth (see
more precisely Kaimanovich-Kapovich-Schupp [46, Proposition 2.5]),

* (Maher-Tiozzo [54]) the group I acts nonelementarily on a geodesic Gromov-hyperbolic space.

As we have already used similar arguments involving the renewal measures in Section 4 we
will provide a brief proof of the above result.

Proof. It follows from (3.6) that A is realized as the linear growth rate of ¢ along almost-sure (with
respect to ugz) Markovian trajectories (y;,7,, ...) on I'V. Now fix an edge (v,,v;) in the maximal
component B and consider the induced (renewal) measure v on I obtained by return times the
vertices v, and v; consecutively (see, e.g., [60, Definition 3.4]). Then, by the Markov property,
the induced law on I'™ of this Markovian random walk along the return times to (v,, v;) is the
Bernoulli law vN on TN (see, e.g., [60, Lemma 3.5]). In particular, as the state space is finite, V" is
absolutely continuous with respect to ug. Denoting by 7, the expectation of return times (which
has a finite exponential moment because the state space is finite and the chain is irreducible), the
| - |-drift A, of v satisfies A, = 7yA. Finally, by the same argument that we will see in Lemma 5.1
(relying on [39, Theorem 4.3]), the support of v generates a finite index subgroup of I' and hence
A, > 0 by hypothesis. The result follows. O

We end this section by justifying Remark 1.2(2): it clear that if the conclusions of Theorems 1.1
and 1.10 hold for a function ¢ and ¢’ : T — R is such that |¢ — ¢’| is bounded, then they also
hold for ¢’. In particular, if ¢’ is almost-subadditive in the sense that ¢’(gh) < ¢'(9) + ¢’(h) + C
for some C > 0 and for all g, h € T, then the conclusions of Theorems 1.1 and 1.10 hold for ¢’:
indeed, in this case the function ¢’ + C is subadditive. As a quasi-morphism (i.e., a function f :
I' - R satisfying | f(gh) — f(g9) — f(h)| < C for some C > 0 and for every g,h € T) on a group T
is almost-subadditive, Theorems 1.1 and 1.10 apply. Notice that for a quasi-morphism, the limit A
is necessarily zero.
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4 | MARKOVIAN RANDOM MATRIX PRODUCTS

This section is mostly independent of the rest of the paper and it is devoted to limit theorems
for norms of Markovian random matrix products (which will be important ingredients of our
counting results): simplicity of Lyapunov exponents, invariance principle, functional LIL, large
deviation estimates and Berry-Esseen bounds.

* Simplicity of Lyapunov exponents (Subsection 4.2): We will briefly recall the work of Bougerol
[12] (see also Virtser [66] and Royer [61]) generalizing previous work of Guivarc’h [43] and
ultimately the key result of Furstenberg [31] on positivity of the top Lyapunov exponent.

* Invariance principle and LIL (Subsection 4.3): We will recall the work of Bougerol [10, 11] gen-
eralizing corresponding results in the independent and identically distributed setting due to Le
Page [50].

* Large deviation estimates (Subsections 4.4 and 4.5): We will prove large deviation estimates both
for Markovian matrix products and Markovian random walks on Gromov-hyperbolic spaces.
The former result is contained in Bougerol’s work [11], however, we will give a different proof
using an approach of Benoist-Quint [6]. We have two reasons for giving a different proof: the
first one is that the tools developed for this proof will be used in the large deviation ingredient
of the Berry-Esseen estimate (which we could not directly obtain from Bougerol’s work), the
second one is that this approach is more general and gives also the corresponding results for
Markovian random walks on Gromov-hyperbolic spaces. The latter will be used later to give
another setting providing a positive answer to a question of Kaimanovich-Kapovich-Schupp
[46] (see Section 9).

* Berry-Esseen estimates (Subsection 4.6): We will prove Berry—Esseen estimates for matrix norms
log ||M,,|| using the corresponding estimates of Bougerol [11] for log ||M,v|| by adapting the
approach of Xiao-Grama-Liu [67] and using our large deviation estimates.

Before proceeding, we mention that we will restrict ourselves to Markovian random matrix
products over countable state Markov chains. The general state space cases are typically treated
using similar ideas but with heavier machinery (see Guivarc’h [43] and Bougerol [11, 12] for nice
expositions). Although we will only need to apply these results to the finite state space case, we
include the countable setting because it does not introduce any serious additional difficulties and
as we believe that this generality could be useful for works in contexts close to ours (e.g., for
extensions of our counting results).

4.1 | Basic definitions

We start by setting our notation, brief recalls and defining Markovian random walks on groups
and Markovian random matrix products.

4.1.1 | Reminders on the theory of Markov chains on countable state spaces
Let E be a countable set and P a probability transition kernel on E. By (standard) abuse of nota-

tion, let P also denote the associated Markov operator and its dual: given a real-valued function
fonE, Pf(x)= f f()P(x,dy) whenever the integral makes sense. We shall write uP for the
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action of P on probability measures on E. Given a probability measure v on E, the distribution
of the associated Markov chain on EV is denoted by P,. We will usually denote the sequence of
coordinate functions by z,, for n = 0, 1, .... We say that the probability kernel P is irreducible if for
every x,y € E, there exists n € N such that P"*(x, y) > 0. For an irreducible kernel P, its period is
defined to be gcd{n € N : P"(x, x) > 0} for some (equivalently all) x € E. An irreducible kernel is
said to be aperiodic (or primitive) if its period is one. In general, if the period is p € N, there exists
a partition Ey, ..., E,, of the state space E such that for every x € E;, P(x, E;;;) =1 (i mod p). If
P is irreducible and has period p, then PP defines an irreducible aperiodic kernel on E; for every
i=1,..,p.

A probability measure 7 on E is called P-stationary if it satisfies 7P = 7. An irreducible tran-
sition kernel P is said to be positively recurrent if it admits a stationary probability measure 7, in

which case this probability measure is unique. If P has period p € N, we have 7 = 119 le T,

and mp P =7, E (i mod p), where pr, g, is the unique stationary probability measure of the
irreducible aperiodic kernel PP on E;. The Markov chain (z,,) is said to be uniformly geometrically
ergodic if there exist a P-stationary probability measure 77 on E and constants C > 0 and p € (0,1)
such that for every z € E and n € N, we have |P"(z,-) — n(-)||; < Cp", where || - || denotes
the total variation or equivalently the #'-norm (note that this condition forces P to be irreducible
and aperiodic). This is automatically satisfied if P satisfies the Doeblin condition (i.e., there exist
n €N, z € E and § > 0 such that for every y € E, P"(y,z) > §) and in particular if E is finite and
P is primitive.

4.1.2 | Markovian matrix products associated to a Markov chain

Let E be a countable state space, P a transition kernel on E and I"a group. Givenamap X : E - T,
the associated Markovian random walk on T is defined as the process M,, = X(z,,) --- X(z;). We
will often write X, = X(z,) for the nth-step of the associated Markovian random walk. When
I' < GL4(R), we will mostly refer to it as a Markovian random matrix product. In this section, we
will always require that the transition kernel P be irreducible and positive recurrent. For Marko-
vian random matrix products, we will always ask that the map X has the following integrability
condition with respect to the stationary probability measure 7= of P: E, [log N(X;)] < oo, where for
a matrix ¢ € GL4(R) and a choice of norm || - || on R¢, we write N(g) = max{log ||g||,log ||g~*|I}.
Note that the integrability condition does not depend on the choice of norm.

We will briefly refer to all these data as a Markovian random walk or Markovian (random
matrix) product and denote it by (M,,)).

4.2 | Simplicity of Lyapunov exponents

Given a Markovian product (M,,), it follows from the Furstenberg—Kesten theorem (or subadditive
ergodic theorem) that for every k = 1, ..., d there exist constants 4; > ... > 4, such that P -almost
surely we have

k
1 k
~log | A“ Myl — ;Ai. (4.1)

These numbers are called the Lyapunov exponents of the Markovian product (M,,). Clearly, they
do not depend on the choice of the norm on Mat(AKR?).
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We will now see a result characterizing certain situations where these exponents are distinct
from each other. We first need some definitions.
We say that a subset T of GL;(R) is r-proximal with r € {1, ...,d — 1} if there exists a sequence

(g,,) of elements in T such that ”Z”” converges in Mat;(R) to a linear transformation of rank at

most r. Sometimes, we shall simply write proximal instead of 1-proximal.

Given a Markovian product (M,,), for x, € E, let T, :={M € GL4(R) : In €N, xy,..,x, €
E such that P(x;, x;,;) > 0and M = X(x,,) ... X(x;)}, where the indices i in the condition
P(x;,x;41) > 0 ranges from 0 to n — 1. Moreover, for x € E, let T, (x) :={M € GL4(R) : In €
N, Xy, ..., X, = x € E such that P(x;, x;,;) > 0 and M = X(x,)) ... X(x;)}. Note that for every x €
E, T'.(x) is a semigroup in GL;(R) contained in the set T,.

The Markovian product (M,,) is said to be r-contracting if there exists x € E such that T,
is r-proximal. We say that a Markovian product (M,) is irreducible if for any r € {1,...,d —
1} there does not exist a map V : E — Grr(le) (where Gr, denotes the Grassmanian of r-
dimensional subspaces) such that for every x, € E and n €N, P, -almost surely M, V(z,) =
V(z,). Finally, we say that a Markovian product (M,,) is strongly irreducible if for any r € {1, ...,d —
1} there does not exist a finite number of maps V; : E — Gr,(IRd) (say, i =1,...,t) such that
for x € E, denoting W(x) = Uﬁlei(x), we have, for every x, € E and n € N, PXO-almost surely
M, W(zo) = W(z,).

The following particular case of a result of Bougerol [12, Theorem 1.6] gives a characterization
of the so-called simplicity of Lyapunov spectrum in our setting.

Theorem 4.1 (Simplicity of Lyapunov spectrum, Guivarc’h [43] and Bougerol [12]). Let (M,,) be
a strongly irreducible Markovian product. Then, forr =1,...,d — 1, we have 1, > A, if and only
if M,, is r-contracting.

This result will be a crucial ingredient for the upcoming limit theorems (Theorems 4.2 and 4.8).
It will also be used in the proof of positivity of A in Proposition 1.4 (however, this can alternatively
be deduced from Proposition 3.3 relying directly on the earlier positivity result of Furstenberg).

4.3 | Invariance principle and functional LIL

Here we briefly discuss two limit theorems due to Bougerol [11]: the first one is an analogue of
the classical invariance principle due to Donsker which is a generalization of the CLT. The second
one is the analogue of Strassen’s functional LIL generalizing the Hartman-Wintner LIL. For these
results (and others to follow), we will need further assumptions on the Markovian product (M,,)
that we now discuss.

Following Bougerol [11, section 3] (see also [10]), we shall say that a Markovian random matrix
product (M,,) satisfies

Condition (A;): if the Markov chain (z,) is uniformly geometrically ergodic; and
Condition (A,): if there exist positive constants a, B such that [Ex[eaN (Ml)] < Bforevery x € E.

Notice that both are automatically satisfied if E is finite and (z,,) is primitive.

Theorem 4.2 (Convergence to the Wiener process and LIL, Bougerol [11]). Let (M,) be a I-
contracting irreducible Markovian random matrix product satisfying condition (A;) and (A,).

95U8017 SUOLULIOD 3AIE.D 3|01 jdde 8Ly Aq peuseob e Sapo1e VO '8N J0 S3|n1 1o} AleiqT UIUO A8 U (SUORIPUOD-PUE-SLBIALIOD" A8 |IW ARe1q U [UO//Sd1IL) SUORIPUOD P SWi | 8Y188s *[£202/20/2T] Lo ARiqiiauliuo A8|im ‘Areiqi 0Bealyd JO AisAIuN Ad 0SGZT SWId/ZTTT OT/I0p/wod Aa|im Aleiqjput|uo'acsyeLupuo|//sdiy Wwoly papeojumod ‘0 ‘Xiz09rT



24 | CANTRELL and SERT

For oy >0 and t € [0,1] and n €N, let S, (t) denote C([0,1])-valued random variable defined
by

Sa(t) = (10g [IM | = 1ty + (nt = [0t )AOG 1M 1) 11| = log M1 D). (42)

(nog)l/z

Then, there exists a constant o, = o > 0 such that for every x € E

(1) under P, the sequence (S,,),en of C([0, 1])-valued random variables converges in distribution
to W; and

(2) forP,-almostevery w, the set of limit points of the sequence (%)neN of elements of C([0,1])
is equal to the following compact subset of C([0, 1]):

1
{f € C([0,1]) : f is absolutely continuous, f(0) = 0,/ flyde <1 }
0

We indicate how to deduce this version from Bougerol’s original statement which concerns
log ||[M,,v|| for a nonzero vector v € R,

Proof. In view of Theorem 4.1, our assumptions on the Markovian product (M,,), namely, 1-
contracting and irreducible, imply that the condition [11, (A3)] is satisfied (see [11, Definition 2.7]
and thereafter). Therefore, [11, Theorem 4.5] implies both statements when log ||M,, || is replaced
by log ||M,,v|| for some nonzero v € R%. Note that positivity of the variance follows from [11,
Proposition 4.9]. The statements for log||M,,|| then follow from [11, Proposition 2.8]: the sec-
ond conclusion directly follows and the first one follows by appealing to a standard fact, see, for
example, [48, Problem 4.16]. O

4.4 | Large deviation estimates for Markovian random matrix
products

In this part, we prove the following theorem by using some ideas that we adapt from the work
of Benoist-Quint [6]. The developed tools will also serve as an ingredient in the proof of Berry—
Esseen estimates.

Theorem 4.3 (Markovian random matrix products). Let (M,,) be a strongly irreducible and I-
contracting random matrix product satisfying (A;) and (A,). Let || - || be a fixed norm on R%. Then,
foreverye > 0, there exist « > 0 and C > 0 such that forevery x € E andn € N, and nonzerov € V,
we have

P, (|log|IM,v|| — nd,| = ne) < Ce™" and P.(|log|IM,|| — ni,| > ne) < Ce™*".

This result is not new; it follows from Bougerol’s [11, Theorem 4.3]. However, we give a different
proof. The tools developed for this proof, beyond their aforementioned utility in the Berry-Esseen
estimate, will also allow us to prove Theorem 4.6 in the next part. The rest of Subsection 4.4 is
devoted to its proof.
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4.4.1 | Large deviations in Breiman’s LLN

Following Benoist-Quint [6], we adopt a slighly more general setting. Let C be a compact metriz-
able space and E a Polish space. We say that a Markov-Feller transition kernel Q on Y = E X C
covers a Markovian transition kernel P on E, if the following diagram commutes

ExC —23 P(ExC)

nll l” (4.3)

E—L2 % pE)

Here, P(E) (resp., P(E x C)) denotes the set of probability measures on E (resp., on E X C), 7r; :
E X C — E is the projection map and 7, is the induced pushforward map.
Given a bounded continuous function ¢ : Y — R, we set

f+:sup/cpdn and f‘:inf/qodn
7 ?

where the supremum and infimum are taken over Q-invariant probability measures on Y.

Let us say that a Markov-Feller kernel P on E is uniformly positive recurrent if for every
€ > 0, there exists a compact set K C E and N € N such that for every x € E and n > N, we
have % 27:1(5 P))(K) > 1 —¢. Such a kernel has a unique stationary probability measure that
we denote by 7. The following result is a more general version of [6, Proposition 3.1] that one can
derive from its proof with a small variation explained below.

Proposition 4.4 (Benoist-Quint). Let Q be a Markov-Feller transition kernel on Y = E X C cover-
ing a transition kernel P on E. Suppose that P is uniformly positive recurrent. Then, for every bounded
continuous function ¢ : Y — R and € > 0, there exists C, > 0 and o, > 0 such that for everyy € Y
and n € N, we have

n
1 — -
@y{(yo,...) eY": ;kz_‘iqo(yk) €le, —et +€]} > 1—Coe™ %",

Proof. The proof of [6, Proposition 3.1] goes through: the uniform convergence [6, (3.2)] is the only
point that needs care in our noncompact case and it follows from the uniform positive recurrence
assumption we imposed on the transition kernel P on E. Indeed, suppose that the convergence
max(f;j, % Yoy Qkp) —» f;j is not uniform. Then, one finds a sequence y,, of points and ¢, > 0

such that foreveryn € N, % Yoy Qcp(y,) = f; + €,. By the uniform positive recurrence property
of P, any limit point 7 of % ZZ:1 S, QF projects to the P-invariant measure 7 and as C is compact,

n gives full mass to Y. Hence, it is a Q-invariant probability measure on Y satisfying [ ¢ dn >
f;j + €, a contradiction. O

We now prove a large deviation result for cocycles associated to group actions (cf. [6, Proposition
3.2]). Let T be a locally compact second countable group acting continuouslyon C.LetX : E - T
be a continuous map and P be a Markov-Feller transition kernel on E. We consider the Markov-
Feller transition kernel on Y defined as follows: for Borel subsets A C Eand B C Cand y = (x,¢),
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26 CANTRELL and SERT

we set
Q(y,AXB) :=P(x,A) 15(X(x)c). (4.4)

By construction the kernel Q covers the transition kernel P in the sense of (4.3). For y, = (x,,c) €
Y, we will denote by Q,, the probability measure on YN determined by the kernel Q and the initial
distribution &, . Note that Q, is the pushforward of P, by

EN > YN
(4.5)
(x;) P ((xg, ©), (31, X (xg)c), (%5, X ()X (X0)C)s oo s Yipo -o0)s

where y, = (x,,, X(x,_;) ... X(xg)c).
A continuous cocycleo : T' X C — R issaid to have uniform exponential moment if there exists
a, > 0and C, > 0 such that for every x € E, E,[sup.cc 27X @)9] < C,.

Proposition 4.5. Under the assumptions of Proposition 4.4, given a continuous cocyclec : T X C —
R with uniform exponential moment for every € > 0, there exist C > 0 and o > 0 such that for every
x € E,c e C,and n € N, we have

n

P, { (xgy ) : % 2 o(X(x), X(Xp—1) . X(xp)c) € [~ =€, + €] } >1—Ce ™",
k=1

where £t = sup, f o(X(x),c) dn(x, c), with the supremum taken over Borel probability measures

on'Y that are Q-invariant (and the lower average ¢~ is defined similarly with inf instead of sup).

Proof. We will write the sum ZZ:l o(X (%), X(xp_1) ... X(x)c) as a sum of two quantities for
which we have exponential concentration bounds, one of them due to Proposition 4.4 and the
other due to Azuma type concentration bounds for sums of martingale differences (see, e.g., [51,
Theorem 1.1]).

To do this,let £ : Y — R be defined for y = (x,c¢) as é(y) = [ 0(X(z), X(x)c) dP,(z). Note that
& is continuous (as P is Markov-Feller and o is continuous) and bounded (thanks to the uni-
form exponential moment hypothesis). Furthermore, having fixed ¢ € C, let ¢,, be the sequence
of functions defined on EN by

¢,((x;) = o(X(x,)), X (x,_1) .. X (xp)c) — / o(X(2), X(x,_1) . X(xp)c)) AP, _ (2).

We then have

n—1

D o(X(xi), X(xgp) - X(x)e) = ) (X)) + Y EW), (4.6)
k=1 k=0

k=1

where we recall that y, = (x;, X(x;_;) ... X (xg)c) and y, = (xy, ¢).
One now readily checks that for every (x,c) € Y, under P,, ¢, is a martingale difference
sequence with respect to the canonical filtration 7,, on EV. Indeed, for P,,-almost every (x;), we
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have that E, (¢, |F,_1)((x;)) is equal to

E,  [00X(2,). X(00_1) - X (xp)0)] — / o(X(@), X () - X)) dP, (2)=0  (4.7)

Thanks to the uniform exponential moment assumption, we can apply [51, Theorem 1.1] and
deduce that for every € > 0, there exists C; > 0 and «; > 0 such that for every (x,c) € Y andn €
N, we have

PX{(x» EORNCIE e} <Cren, (438)
k=1

On the other hand, by Proposition 4.4 applied to the function £ and thanks to the relation (4.5),
we obtain that for every € > 0, there exists C, > 0 and « > 0 such that for every (x,c) € Y and
n € N, we have

n—1
[P’x{(xl-) : % 2 &, X (% 1) . X(xg)c) € [fg_ —¢, f; + e]} >1—Cye "%, (4.9)
k=0

where f; = sup, [ [ o(X(2),X(x)c) dP,(2)dn(x,c) = sup, [ o(X(x),c)dn(x,c)because £ = Qo

and 7 is Q-stationary. In view of (4.6), the result now follows by (4.8) and (4.9). O
‘We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. We start by proving the first inequality. We will basically show that we can
apply Proposition 4.5 and that in that result, we have £~ = £t = 4,.

Let C be the (d — 1)-dimensional real projective space P(R?) endowed with the usual action
of GL;(R). We take I' = GL4(R) and X as the map E — GL;(R) in the data of the Markovian
product (M,,). Let Q be the Markov-Feller transition kernelon Y := E X C constructed as in (4.4)
covering the kernel P on E. Moreover, let o : T x P(RY) — R be the continuous cocycle given by

a(g, [v]) = log w where v is any nonzero element in R? and [v] denotes its projection to P(R%).

Thanks to condition (A, ), the kernel P is uniformly positively recurrent and thanks to condition
(A,), o has a uniform exponential moment. Therefore, Proposition 4.5 yields that for every € > 0,
there exist C > 0 and ¢ > 0 such that for every x € E, nonzerov € R4 and n € N, we have

P, (l log ”]|\|/Il:‘|ll)” g —e T+ €]> < Ce ™, (4.10)
We will now see that there exists a unique Q-stationary probability measure on Y and deduce
that #~ = ¢ To this end, let 7 be a Q-stationary probability measure on E X C. As Q covers the
kernel P, the projection of 7 to E is a P-stationary probability measure, which is therefore equal
to 7 (because 7 is the unique P-stationary probability measure on E). Hence, we can write 7 =
/8, ® v, dm(x), where v, is a probability measure on C. By [5, Lemma 3.4], v, is the stationary
probability measure for the Markov operator Q,, induced by Q on {x} x C. But as x is a single state
in the state space E, Q, is the Markov operator induced by a probability measure u, on I' (the
renewal measure defined by u,.(¢9) = P,.(X (zfx_l) ..X(z)X(x) = g), where 7, is the return time
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to x, see [60, section 3.1]), that is, Q,((x,¢c), AX B) = §,(A) - (1, * 6.(B)) for ACE and BCC.
By construction, the semigroup generated by the renewal measure u, is precisely the semigroup
X(x)7IT,(x)X(x) ([60, page 15]). It follows from [12, Theorem 5.3.(ii)] that for every x € E, the
semigroup T,(x) in GL4(R) is strongly irreducible and proximal. Therefore, by [13, section III,
Theorem 3.1], v, is the unique stationary probability measure of 1, and hence it does not depend
on 7). This shows that Q has a unique stationary probability measure » on Y. In particular, 7/~ =
¢t =: ¢ in (4.10). Choosing a basis v, ..., y With unit vectors, applying (4.10) with each v;, one
gets by Borel-Cantelli that for every x € E, P, almost surely

1
i:ﬂgd ;loglanvill 7

As the supremum over a basis with unit vectors defines a norm on Mat;(R) comparable to an
operator norm, one gets by the subadditive ergodic theorem (see (4.1)) that £ = 4,. O

4.5 | Large deviation estimates for Markovian random walks on
Gromov-hyperbolic spaces

We introduce some basic definitions from metric geometry to state Theorem 4.6.

Let (H, d) be a separable Gromov-hyperbolic metric space and o € H a basepoint. Given x € H,
leth, € Lip(l)(H ) denote the function defined by h,(y) = d(x,y) — d(x, 0), where Lipé(H ) is the
set of 1-Lipschitz functions on H vanishing at o, endowed with the pointwise topology. By taking

—h
the closure in Lip(l)(H ), we get a compactification H of H, called the horofunction compactifica-
—h
tion. The compact H is metrizable because H is separable. The map x ~ h, is injective on H
—h —h
and we usually identify H with its image in H . The Busemann cocycle o : Isom(H) X H — R
—h
is defined by o(y, h) = h(y~'0). Note that foro € H CH , o(y,0) = d(yo,0) =: x(y) is the dis-
placement functional. Recall finally that an element y € Isom(H) is called loxodromic if it has
precisely two fixed points on the Gromov boundary dH of H.

We say that a Markovian random walk (M,,) on Isom(H) is nonelementary if there does not
exist a finite number of maps V; (say, i = 1,...,t) from E to the Gromov boundary 0H such that
for x € E, denoting W(x) = Uﬁlei(x), we have, for every x, € E and n € N, IPXO—almost surely
M,W(z,) = W(z,). Moreover, we say that the Markovian random walk (M,,) satisfies Condition
(Ag) if there exist positive constants a and B such that E, [e**M1)] < B for every x € E.

Theorem 4.6 (Markovian random walks on Gromov-hyperbolic spaces). Let H be a separa-
ble geodesic Gromov-hyperbolic space and (M,,) be a nonelementary Markovian random walk on
Isom(H) satisfying (A;) and (Aé). Then, there exists a constant £, > 0 such that for every € > 0,

—h
there exists a > 0 and C > 0 such that forevery x € E, £ € H and n € N, we have
Px(IG(Mna g) - an| > ne) < Ce_an.
The constant 7, is called the drift of the Markovian random walk (M,,). We note that specializing

to £ = 0 € H, the above statement boils down to large deviation estimates for the displacement
function x(-).
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This result generalizes the assertion concerning the uniqueness of zero in the recent work
[14] in the independent and identically distributed setting (let us note that even more recently,
Gouézel [38] managed to get rid of the exponential moment assumption in the same setting). In
the independent and identically distributed case, the dependence of a on ¢ has been specified
and quantitative estimates have been recently obtained when H is proper (see [1, 3]). Finally, see
also the recent work of Goldsborough-Sisto [37] for another perspective on Markovian random
products of isometries.

—h
Proof. We aim to apply Proposition 4.5. To this end, let C = H and I be the countable group
generated by the image of the map X : E — Isom(H) in the data of the Markovian random walk

—h
(M,,)). Recall that the group of isometries Isom(H) acts on H by homeomorphisms given, for

y € Isom(H), h € T and y € M, by (y - h)(y) = h(y~'y) — h(y~'0) and the Busemann cocycle
is a continuous cocycle over this action. Let Q be the Markov-Feller transition kernel on Y :=
E X C constructed as in (4.4) covering the kernel P on E. Thanks to condition (A,), the kernel
P is uniformly positively recurrent and thanks to condition (A,), o has a uniform exponential
moment. Therefore, Proposition 4.5 implies that for every € > 0, there exist C > 0 and a > 0 such

—h
that foreveryx € E,§ € H and n € N, we have
Px(%o(Mn,g) gl —e T+ e]) < Ce ™™,

We now let £, be the constant given by the subadditive ergodic theorem as the P, almost sure
limit of %K(M n)asn — oo. Itremains to show that £+ = £~ = £,.1If £, = 0 this equality is easy to
see (using the fact that the cocycle o is bounded in absolute value by x, one controls the behavior
of o for any stationary measure covering P with the asymptotic behavior of x), so we suppose that
¢ > 0. Here, we will employ a slightly different argument compared to the corresponding part in
the proof of Theorem 4.3 replacing the proof of uniqueness of Q-stationary probability measure on
Y (which may also be the case in the current setting). Let 7 be a Q-stationary probability measure
on Y. By the Chacon-Ornstein ergodic theorem,

n-1
.1 k
(x,c)eY : = Qa(x,c)—»/od =1.
’7{ 2 hed ’7}

By specializing to such (x,, ¢), using the fact that for every y = (x’, ¢’), Q, is the pushforward of
P,, by the map (4.5), we get that

lim %[EXO[G(X(zn_l)...X(zl)X(xO),c)] - / od. (4.11)

For n > 1, let 7,.(n) denote the random variable, defined on EN, which is given by nth-return time
to x. Thanks to condition A, 7,(1) (equivalently 7,(n) for every n € N) has a finite exponential
moment. For x € E let i, be the renewal measure u,(g) = Px(X(er(1)—1) . X(z))X(x) = g).1tis
easy to see that u, has a finite exponential moment, that is, / P9 dy (g) < co for some 8 > 0.
The support of u, is the subsemigroup X(x)~'T,.(x)X(x) of ' defined in the same way as in Sub-
section 4.2. As the Markovian product (M,,) is nonelementary and has positive drift, the semigroup
T, (x) is clearly unbounded (as the random product, which grows at linear rate, belongs to this
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semigroup at return times to x). Moreover, it follows from the same argument as in the proof
of [12, Lemma 4.6, Theorem 5.3.(ii)] that T (x) does not stabilize a finite collection of points in
the Gromov boundary dH. Now, [24, Proposition 3.1] implies that the group generated by T, (x)
contains two independent loxodromics and then [30, Theorem 6.2.3 and Proposition 6.2.14] imply
that the semigroup T, (x) is nonelementary (i.e., contains two independent loxodromics).

For the rest, on the one hand, it is not hard to deduce from (4.11) that

L, 100 90,601 = Elre )] [ o (412)

(where g, ... g; is an independent and identically distributed random walk on I for ,uxO) and as M,
is nonelementary and has a finite exponential moment, it follows from [1, Lemma 3.8] and (4.12)
that

1
Ly K001~ Elr ) [ o, (413)
On the other hand, the left-hand side of (4.12) converges to [E[er(l)]f A and [E[‘L'xo(l)] > 0 thanks
to positive recurrence. This shows that [ odn = £,. As 7 is an arbitrary Q-stationary probability
measure, this shows that £+ = ¢~ = ¢, completing the proof. O

Remark 4.7. We remark that in Theorem 4.6, we cannot exclude the possibility that £, = 0. How-
ever, a handy characterization of when #, > 0 follows from the previous proof. Indeed, let x € E
and T,(x) be the semigroup above. As in the proof above, as the Markovian product (M,,) is
nonelementary, the semigroup T,.(x) does not stabilize a finite collection of points in the Gromov-
boundary H. Moreover, as shown above if T, (x) is unbounded, T, (x) contains two independent
loxodromics. The linear escape result in [54] implies that the drift of u, is positive and hence
from the proof above, we get £, > 0. On the other hand, it is easy to see that £, = 0 if for some
(equivalently all) x € E, the semigroup T, (x) is bounded.

4.6 | Central limit theorem with Berry-Esseen type estimates

Specializing to t = 1 in (4.2), Theorem 4.2(1) says that the CLT holds: for every x € E and a € R,
we have

a 2
P (log IM, | - n1, < ayin) — 12 / 37 ds. (414)
oV am J—

In the following result, we give the Berry-Esseen type bound for the convergence rate in (4.14).
Our main interest in the Berry-Esseen bound is that it will be used to obtain a quantitative count-
ing CLT on spheres of the Cayley graph of a Gromov-hyperbolic group. Unlike Theorem 4.2, it
is not simple to deduce the Berry-Esseen type bound for log ||M, || from that of log || M, v||, the
latter was proven by Bougerol [11]. Indeed, even in the independent and identically distributed
case, although the Berry-Esseen bound for log || M,,v|| has been known since the work of Le Page
[50], the bounds for the matrix norm were only recently studied [28, 29, 67]. Below, we give a ver-
sion of these results for the Markovian case adapting the approach of Xiao-Grama-Liu [67] and
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using our large deviation estimates (replacing the large deviation ingredient of [67] from [8] in the
independent and identically distributed case).

Theorem 4.8 (Berry-Esseen bound in CLT). Let (M,,) be a strongly irreducible and 1-contracting
Markovian product satisfying (A;) and (A,). Let || - || be a fixed norm on RY. Then, there exists a
constant D > 0 such that for every x € E, a € R, and n € N, we have

a2 D1
umx(log||Mn||—n/11<a\/Z>— 1 / ¢ 37 ds| < 228"
27w J—oo

oo v

Regarding the CLT, we signal that in view of the more recent progress of Benoist-Quint [6,
7] (see also [29] for Berry-Esseen estimates) optimizing the moment hypothesis in the CLT for
the independent and identically distributed case (respectively, improving the Berry—Esseen esti-
mates), it is probable that (4.14) and some Berry-Esseen type estimates hold under a polynomial
moment hypothesis (we do not pursue these directions).

To prove the Berry-Esseen estimate in Theorem 4.8, we will need some further results on large
deviation estimates which are given in the next two lemmas.

Lemma 4.9. Under the assumptions of Theorem 4.8, for every € > 0, we have

lim sup 1 logP,

n—oco N

1 IM, 17

—log—— <4, -1, —¢ ) <0,
<n ST ST
uniformly in x € E.

Proof. As the top Lyapunov exponent of the Markovian product (A>M,,) is 4, + 4, and (A*M,,) sat-
isfies (4;) and (A,), by Theorem 4.3, it suffices to show that for every € > 0, we have the following
uniformly in x € E:

lim sup % log [P’x<% log|| A2 M, || = A, + 4, + s) <0. (4.15)

n—00

To prove this, we will apply Proposition 4.5. Let C = P(A’R%) and G = GL,4(R) and X as the map
E — GL4(R) in the data of the Markovian product (A*M,,), let Q be the Markov-Feller transition

kernel on Y := E X C constructed as in (4.4) covering the kernel P on E. Moreover, let ¢ : G X
IN2g@Aw)]]
lloAw]|
line in A’R¢ and [v A w] denotes its projection to P(A?R%). Thanks to condition (A;), the kernel

P is uniformly positively recurrent and thanks to condition (A,), o has a uniform exponential
moment. Therefore, we can apply Proposition 4.5 and deduce that for every € > 0, there exists
C > 0 and a > 0 such that for every x € E, nonzerov Aw € A2RY and n € N, we have

P(A’R%) — R be the continuous cocycle given by o(g, [v A w]) = log wherev Aw isa

<1 | A2 M, (v A w)|
P, ( =log ————

g —e T+ e]) < Ce ™,
lv A wl|

By choosing a basis of A?R¢ as in the proof of Theorem 4.3, we only need to show that £+ <
A +24,. Let § > 0 be given and 7 be a Q-stationary and ergodic probability measure on Y with
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[ odn>¢£* — 8. By the Chacon-Ornstein ergodic theorem, we have

n—1
.1 k
(x,0)eY : = ) Q%a(x,c) — /od =1.

By specializing to such (x, c), using the fact that for every y = (x’,¢’), Q,, is the pushforward of
P, by the map (4.5), we get that

F o5 / ody = lim L&, [0(X(x,.1). X(x0), 0]

.1 2
< lim -y [log [ A X (xy ) - X Cp)lI]-
It remains to observe that the last term is bounded above by A, + 1,. In fact we claim that
it is equal to A, +1,. Indeed, by subadditive ergodic theorem, P,-almost surely %log | A2
X% 1) . XCI = A, + 45. As Py, is absolutely continuous with respect to P,, this conver-

gence also holds true P, -almost surely. As the sequence % log || A% X(x,,_1) ... X(x)|| is uniformly
integrable (thanks to condition (A,)), the result follows. O

The next lemma is the Markovian version of [8, Lemma 17.8] which was used to deduce a local
limit theorem for the norms log ||M,,|| from a local limit theorem for vector norms log || M, v|| in
the independent and identically distributed setting. Thanks to our above large deviation estimates,
Benoist-Quint’s proof applies in our setting as we indicate below.

Lemma 4.10. Under the assumptions of Theorem 4.8, for every € > 0, there exists £, € N, and ¢ > 0
such that for everyn > ¢ > ¢, and nonzerov € R4 and x € E, we have

p.

Proof. We can apply the proof of the result [8, Lemma 17.8 and (17.9)] which makes use of var-
ious large deviation estimates all of which are established in our more general setting. Namely,
the ingredient [8, Proposition 14.3] is similarly obtained in our setting using Theorem 4.3 and
Lemma 4.9 which we proved for this purpose. Once equipped with this ingredient, Benoist-Quint
only use the independent and identically distributed version of Lemma 4.9 (see [8, (17.10)]) and
the linear algebraic lemma [8, Lemma 14.2] and hence this part of the proof goes through in our
setting as well. We omit the details in order not to burden the exposition with many more linear
algebraic notions that will only be used in a repetitive proof. O

Mol
1M, 0]

> e5f> <e

log [[M,,|| - log log [IM||

Equipped with the previous two lemmas, we can give the proof of Theorem 4.8 adapting the
approach of [67].

Proof. Let F denote the cumulative distribution function of the Gaussian N'(0, 1), and for n > 1,
x € Eandt € R, set

I M, || — ni
[0 = N& . t)
a\/ﬁ
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As for any v € R? of unit norm, we have ||[M,v|| < [|[M,||, for any v € R with ||v]| = 1, by [11,
Theorem 4.1], we have

oy/n

n
The nontrivial bound is therefore the lower bound for I, ,(¢) which we now turn to. By
Lemma 4.10, for any € > 0, there exist £, € N and ¢ > 0 such that for every n > ¢ > ¢, we have

I, ()< [P’x(

1 |M, vl
og |IM,,|| —log Mol log || M|l

log |M, || - ni,
oy/n
—et
N [P’x<log”M"U” — log 1M, vl| + log M, || - ndy + e _ t) e

By Theorem 4.3, for every 1’ > 1;, there exists ¢/ > 0 such that for every # > 1, for every x € E,
we have

—et
<t and e ®

I ,(0) > [P’x<

(4.16)

P (log|IM/|| > £2") < e~

Therefore, it follows from (4.16) that for every x € E and n > ¢ > £,,, we have

(4.17)

—et
log |M, v —log IM,vll + £4' = ndy +¢™ t> e gect

a\/n

Notice now that we can rewrite log ||M, v|| —log ||[M,v|| as log ||X,, ... X, Ull, where 0 =

Len(t) > Px<

MfU
1Mol
To exploit this cocycle property, for # € N, let 7, denote the o-algebra generated by the first #

steps zy, ..., z, of the Markov chain on E. Conditioning on the first #-steps, we have

log ||[M, v|| — log |M, v|| + A — nA, + e~<¢
nj)x<og|| a0l = log M, ]| ni, +e <t)

BN

_ Ex<Px<log IM,,vll = log M, v]| + €2 — na, + e~ < t|7—}>>

BN

log ||M,_,v|| + £V — nly + e ¢
> [Ex inf sz g ” n—=¢ ” 1 <t
verd, ||v)|=1 g\/ﬁ

I M —(n—-9)A
e e (lEBl-Goon )
veRd,||jv||=1 ovn-=¢

where T, is the random variable

_Wn—-vn-¢ A —ndy + e LVn—¢

log [[M),_,vll — +t—

ovnn—72) g\/ﬁ o

(4.18)

Trl
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34 | CANTRELL and SERT

By Theorem 4.3, up to possibly reducing ¢/ > 0, we have that for everyn > # > 1, for every v € R4
with ||v]l =1and y € E,

P,(log[IM,_,vll > A'(n— £)) < ="~

so that by (4.18), we have

log ||M,v|| —log |[M,vl|| + £A' — nd, + e~/
Py <t

a\/n

log ||M,,_,v|| —(n =)
cef e e (M= =Oh ) e
veRrd,|vll=1 4 cvn—=¢

where ¢, is the constant
A —nd, +e Lvn-+¢

= \/E_— M/l’(n_f)_—+t_
ovn(n—72) oy/n o

Now applying once more [11, Theorem 4.1] to (4.19) and combining it with (4.17), we get that for
everyn>¢ >¢yandx € E

(4.19)

Ly

on®)3 Flt,) = S o0 g

N

with 0 < ¢” : = max{c, ¢'}. Now using the expression of t,, above, one gets that for any r > 0 fixed,
letting # = |rlogn|, we have |t —t,| < l% for some D, € (0,c0) and every n € Nand t € R.
n

Using this and the fact that F is the cumulative distribution function of the standard Gaussian
N(0,1), one deduces by elementary calculus that choosing ¢ = [L% logn|, we have that there
exists D € (0, o) such that for everyn € N, x € E and ¢ € R, we have

Dlogn
Jn

as required. O

Ix,n(t) 2 F(t) -

5

4.7 | Finite state versions without condition (A,)

In our applications, we will need to deal with Markovian products associated to Markov chains
on finite state spaces that are irreducible but not necessarily aperiodic. Such chains never satisfy
the uniform recurrence condition (A;). However, it is not hard to deduce versions of above limit
theorems for such finite state chains by considering the Markovian products along periodic times
(pn),en, Where p € N denotes the period of the Markov chain. The goal of this part is to briefly
record these versions of the above limit theorems for later use.

Let E be a finite state space and P an irreducible Markovian transition kernel on E. We denote
by p € N the period of P and, for i =0, ..., p — 1, by E; the periodic components of E. Let a map
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X : E - T to a group I be given and (M,,) be the associated Markovian product (recall that
M, = X(z,)...X(z,), where (z,),5, denotes the Markov chain on E). The Markovian product
(M,,) does not necessarily satisfy condition (A, ); we will associate some auxiliary Markovian prod-
ucts that will satisfy it. To do this, fori = 0, ..., p — 1, let E' be the set of length p-paths based at E;,
that is,

E = {(xl,...,xp) : P(xj,xjH) >0forj=1,..,p—1, and x; € E; 1},

where j’s are considered modulo p. We introduce a Markovian transition kernel P! on E' by
setting, for (x;, ..., x,) and (y;, ..., y,,) in £l

p—1

P10, Xp), 15 9p)) = PO y0) [ [ PG yji0):
j=1

It is easily checked that P! defines an irreducible and aperiodic Markovian kernel. Now, consider
the map

X:E T,
X1 s Xp) P X (X)) . X (xp).

We construct a Markovian product (M )"1) foreachi = 0, ..., p — 1in the usual way. As P! is primitive
and E! is finite, the Markovian product (M ,"1) automatically satisfies conditions (4;) and (A4,) (and
(A;) in the setting of Theorem 4.6). Moreover, foreveryi = 0, ..., p — 1 and (x4, ..., xp) € ]?i, under

ﬁéx oy the distribution of (M L) is the same as the distribution of (M pn) allowing us to use the
L Xp

products (M il) to control the product (M,,).

We therefore aim to apply the above limit theorems to the Markovian products (M 1)and deduce
the corresponding limit theorems for the products (M ,,,) .y and then use the fact that the opera-
tor norm log || - || and the displacement x(-) (in the setting of Theorem 4.6) is subadditive to deduce
the same limit theorems for the Markovian product (M,,) along all times n € N. To this end, we
also need to relate 1-contracting and strong irreducibility assumptions on (M,,) and M ;).

Lemma 4.11. The Markovian product (M,,) is 1-contracting/strong irreducible/nonelementary
if any only if the Markovian product (1\’/1;) is, respectively, I-contracting/ strong
irreducible/nonelementary for some (equivalently al)i = 0, ..., p — 1.

The proof is elementary, we briefly indicate the argument.

Proof. Suppose (M,,) is 1-contracting, then there exists x € E and a sequence g, € T, such that
9n/ 19,1l converges to a rank one linear transformation. Writing g, as a product of elements X (y)
for y € E and discarding the last elements to make the length divisible by the period p, we find a
finite set F and for each n € Nan element h,, € F such that, if necessary passing to a subsequence,
stabilizes and h;l n/ ||h;1 g, || converges to a rank one transformation. The converse implication
(and the statement that some i is equivalent to all i) is clear.
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36 | CANTRELL and SERT

Suppose now that for some i =0,...,p — 1, (1\71;'1) is not strongly irreducible. Then for every
(X15ees xp) € El-, there exists a union of a finite collection of proper subspaces W(x, ..., xp) such

that P\ixl ..... .~ almost surely M LW((xl, s Xp)o) = W((Xy, ..., X,),,). Using this, first, one verifies

that W(x;, ...,xp) only depends on x,. We set W(xp) = W(xy, ...,xp) for any (x,, ...,xp) e k!
which is hence well-defined. Second, one checks that for any x; € Ei+k (i + k considered modulo
p), the union of subspaces W(x;) := X(x;) ... X(x;)W(x,) where P(x, x;) > 0 and P(x;, X;,1) >
Oforeveryi =1,...,k — 1, is well-defined (i.e., does not depend on the path (x, ..., Xp_1 ). Finally,
one verifies that for every x, € E, P,, almost surely M, W(x,) = W(x,), that is, (M,,) is not
strongly irreducible. The other implications are clear and the statement about nonelementariness
is proven in the same way as strong irreducibility. [

Combining the constructions above and the previous lemma, one readily deduces the following
from Theorems 4.2 and 4.3.

Theorem 4.12. Let E be a finite set, P an irreducible Markovian transition kernelon E, X : E —
GL;(R) a map, and (M,,) the associated Markovian product on I'. Suppose that (M,,) is strongly
irreducible and I-contracting. Then there exist constants A > 0 and o > 0such that foreveryx € E

(1) the sequence of C([0, 1])-valued random variables defined by

Sa(t) = (10g 1M | = A + (1t — [t |)10g M1 41 1| = Log M1 D) (4:20)

(n02)1/2

converges to the Wiener measure W as n — oo;
((Sn(t))(w)

(2) forP,-almost every w, the set of limit points of the sequence Zloglogn

in Theorem 4.2(2); and
(3) foreverye > 0,

Jnen is the compact set given

P.(Ilog [IM, |l — nA| > ne) < Ce™™".

Remark 4.13. Similarly, using Theorem 4.6 one obtains the following statement for a nonelemen-
tary Markovian product on Isom(H) associated to a finite irreducible Markov chain: there exists
¢ > 0 such that for every € > 0 and x € E, we have

lim sup % logP,.(|d(M,, - 0,0) —nf,| > ne) < 0.

n—oo

The proof is very similar to the proof of the previous result and it is omitted.

Proof of Theorem 4.12.

(1) Thanks to Lemma 4.11, we can apply Theorem 4.2 to each (ﬁ;) and get that for every i =
0,..., p — 1, there exist constants o; > 0 and A; € R such that for every x = (x4, ..., xp) € Ei,
we have that under P,

1

o~ A~ A~ L
W(log IR, Il = neA; + (nt = ne])(log IFT!,, 1| = log I§T},, 1)) — W. (421)
i

ltn]+1
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,,,,,,,,,

that of M,,, under Py, for each n €N (ie., Lp_(M,,)). Therefore, specializing to ¢ =1
*p

in the previous displayed equation, this implies that for x € E;, under P,, the sequence
ﬁ(log IM,,, I — nA;) converges in distribution to the Gaussian N(0,1) as n = oo. Thanks

to the inequality

| log llghll —log l|gll| < max{log ||k||,log |A~"|I}, (4.22)

c
we get that under P, ﬁ(log lgM,,, |l — nA;) — N(0,1) for any fixed g € GL4(R).
i n—oo
Now using the fact that Lp_ M, pi1) = ZyeEm P(x, y)Epy X(¥)M,,p,), we easily deduce that

A; =g and o; = g for every i =0, ..., p — 1. Therefore, (4.21) together with the equality

Pl )(M,iq) = Lp_(M,),) implies that for every x € E, under P,
X] o Xp xp
1 c
(na(z))l/Z (log 1M 10| = nEAG + (nt — |nt[)A0g M |14 pll —10g 1M1 ) — W,

Once more using (4.22) together with the fact that the state space is finite, one gets that for
every x € E, under P, ||§n —Sypllee = 0 in probability (as n — oo), where S,, is defined in
(4.20) with o : =0,/ \/E and A := A,/p. This implies (see, e.g., [48, Problem 4.16]) that for
every x € E, under P,

L
S s W. (4.23)

"P pooo
Once more using the inequality (4.22) and the fact that o > 0, we observe that for every k € N,
c
and x € E, under P, ||S,, p» ~ Snp+ill = 0in probability and hence (4.23) implies that S,, —
n—oo

W as required.

The proofs of (2) and (3) are proven using the same ideas and are omitted to avoid repetition. []

5

| LIMIT THEOREMS FOR THE STRONGLY MARKOV STRUCTURE

In Subsection 5.1.1, we associate Markovian products to strongly Markov structure G of a couple
(T, S) and representation p : I' > GL;(R). We then deduce certain properties (1-contracting and
irreducible) of the Markovian product from those of p. In Subsection 5.2, we single out the conse-
quence of Theorem 4.12 for these chains. In Subsection 5.3, we prove that the Markovian products
associated to different maximal components of G satisfy limit theorems with the same parameters.
Finally in Subsection 5.4, we indicate the analogous results for isometries.

51

| Markovian products associated to the Markov structure of a

Gromov-hyperbolic group

51.

We

1 | Construction of Markovian products

will extensively use the notation and terminology introduced in Sections 2 and 4. We fix a

Gromov-hyperbolic group I', a generating set S C I" and an associated strongly Markov structure
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. Denote by (B;);—; _,, the maximal components of ¢. For each maximal component, let E;
denote the set of edges between two vertices of Vj, the set of vertices in B It The Parry construc-
tion discussed in Subsection 3.1.2 gives rise to an irreducible Markovian transition kernel P, ; on
the state space V; and the Parry measure denoted y; is the unique shift invariant probability mea-
sure of maximal entropy on the associated trajectory space (subshift). We denote its restriction to
V; by u, ;. This is a P, ;-stationary measure on V; and in accordance with our notation of tra-
jectory measures we have y; = P o, 7. To define a Markovian product using the strongly Markov
structure, we pass to the associated edge Markov chain: we consider the transition kernel P, ;
on E; defined by P, ;((vy,0,), (3,04)) = P, j(5, U3)P,, j(U3, 0y). It is also irreducible and has the
unique stationary measure y, ; given by u, (v, 0,) = t, j(U1)P, j(Uq, 0,).

Having fixed a representation p : I' - GL;(R), we consider the map X defined on the state
space E; by the map A(-, -) in the strongly Markov structure (see Definition 2.2) and transpose
of the representation p, that is, X((v,,v,)) := 'o(A(v;,0,)). These define the data of our Marko-
vian product that we will denote by (M) for every j = 1,..., m. We denote the corresponding
Lyapunov exponents by A;(j) = A,(j) = ... = Ay(j) and will sometimes write A(j) = A(j) to
simplify notation.

Finally, we write (M,,) for the stationary Markovian product obtained from the Markov chain
(z,) on the state space U;."ZIE ; and with transition kernel P defined in the natural way from the
P, ;’s. Note that in general we will deal with the case m > 150 (z,) is not an ergodic Markov chain
with any starting distribution that is a nontrivial linear combination of x, ;’s.

5.1.2 | Proximality and strong irreducibility of Markovian products

In the following lemma, we use the notation and constructions of the previous paragraph
and show that proximal and strongly irreducible representations give rise to proximal and
strongly irreducible Markovian products. This relies on key ingredients from the works of
Goldsheid-Margulis [36] and Gouézel-Mathéus-Maucourant [39].

Lemma 5.1. Suppose that p : ' - GL4(R) is a proximal and strongly irreducible representation.
Then, for each j = 1, ..., m, the Markovian product (M ,11) is I-contracting and strongly irreducible.

Recall that a semigroup A < GL4(R) is irreducible (resp., strongly irreducible) if there does
not exist a nontrivial proper A-invariant subspace (resp., a finite collection of such subspaces
whose union is A-invariant). It is not hard to see (see the proof of [12, Theorem 5.3 (ii)]) for
every j = 1,...,m, (M) is 1-contracting or strongly irreducible, if and only if, there exists x €
E; such that the semigroup T,(x) < GL;(R) (see Subsection 4.2) is, respectively, proximal or
strongly irreducible.

Proof. Fix j €{1,..,m} and x € E;. It suffices to show that the semigroup T, (x) is proximal and
strongly irreducible.

Let us first show that T, (x) is strongly irreducible. Let v, v, € V; such that x = (v;,v,) and
denote by p; € N the period of the kernel P, ; on E;. Then by definition T, (x) = ‘o(T), where

r,:= {/l(vz,v3).../1(vpjn, VAV, 0;) * n€Nand (v, 0;41) EE; Vi=1,..,pjnk

T'We stress this point to avoid any confusion. In the sequel, we will often use u ; instead of P o to simplify the notation.
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We recall that in the preceding, A(-,-) denotes the labeling map in the definition of strongly
Markov structure G (Definition 2.2 (ii)). By the property (iii) in Definition 2.2, we have that
the subset of I', consisting of elements of I, of S-length p;n is in bijection with the set
gpj,,(x) paths of vertices of length p;n in G that are loops around the vertex v;. As v; belongs
to the maximal component B It there exists ¢ > 0 such that #ijn(x) > cAPi" where 1 > 1
is the growth rate of the group I'. We therefore have that #(T, nSpjn) > cAP/™ and thanks
to the purely exponential growth property (2.4) of Gromov-hyperbolic groups, it follows that
the upper asymptotic density of the semigroup I', over the spheres S, , is strictly positive,
that is,

pjn

#(Snpj nT,)
limsup ———— > 0.
n—oo #Snp,-

As a consequence, by a result of Gouézel-Mathéus-Maucourant [39, Theorem 4.3], we get that
the subgroup I'f generated by T', has finite index in . As p(I') < GL;(R) is strongly irreducible
and I'f <T is finite index, p(I'Y) is also strongly irreducible. As the transpose semigroup ‘A
of a strongly irreducible semigroup A < GLy(R) is also strongly irreducible, it follows that the
semigroup ‘p(T,.) = T,(x) is strongly irreducible, as required.

It remains to show that ‘p(T,) = T,(x) < GL4(R) is a proximal semigroup. It suffices to show
again that the transpose semigroup p(T', ) is proximal. By a result of Goldsheid-Margulis [36] (for

z

a version we use, see [8, Lemma 6.23]), it suffices to show that the Zariski-closure H := p(T',) <
z

GL4(R) is proximal. Recall that the Zariski-closure of a semigroup is a group and so H = p(T's) .

But as I'? has finite index in T, denoting by G = p(I') , we have the equality of connected compo-
nents G° = H°. As p(I') is proximal by hypothesis so is G° and consequently H, completing the

proof. O
5.2 | Limit theorems for the maximal components of the strongly
Markov structure

We now put together the construction of Markovian products (M fl) in Subsection 5.1.1, Lemma 5.1,
and Theorem 4.12 to deduce the following limit laws on the maximal components of the strongly
Markov structure. For easier referencing, we state them separately.

Proposition 5.2 (Large deviations on maximal components). Under the assumptions of
Theorem 1.11, for each j = 1,...,m and for every x € E,

lim sup 1 logP..(|log [|M! || — nA(j)| > ne) <0,

n—oo N
where A(j) is the top Lyapunov exponent of the Markovian product (M. ,]1 ).

Proposition 5.3 (Convergence to the Wiener measure on maximal components). Under the
assumptions of Theorem 1.12, for every j=1,..,m, 0 >0, A€ER, t €[0,1] and n €N, let Sfl(t)
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denote C([0, 1])-valued random variable defined by

Sa(0) = (tog 1], I = ntA + (nt = |ne|og M), 1l = TogliM, D). (5D

(ng2)1/2 ltn]+1
Then, there exists o = gj> 0 such that for A = A(j) € R and for every x € Ej, under P,, the

sequence (Sf;)neN of C([0, 1])-valued random variables converges in distribution to W.
Finally, we record the following.

Proposition 5.4 (Law of iterated logarithm on maximal components). Keep the hypotheses and
notation of Proposition 5.3 and leto; > 0 and A(j) € R be the constants given by that result. Then, for

SUO)@)
2loglogn

every j =1,...,m, x € Ej, for P-almost every w, the set of limit points of the sequence (
of elements of C([0, 1]) is equal to the following compact subset of C([0, 1]):

)neN

1
{f € C([0,1]) : f is absolutely continuous, f(0) = 0,/ fl*de <1 }
0

5.3 | Comparing means and variances

To upgrade Propositions 5.2, 5.3, and 5.4 to the corresponding limit theorems on the full strongly
Markov structure G, we first need to show that the Lyapunov exponents A,(j) and variances o>
obtained in the previous section all agree (i.e., they do not depend on j = 1, ..., m). This result
is also needed to prove the positivity of the top Lyapunov exponent. These are the two goals of
this paragraph.

To compare these Lyapunov exponents and variances across maximal components we imple-
ment the approach of Calegari-Fujiwara [18] (more precisely, its adaptation by Cantrell [21,
Proposition 4.8]). The argument crucially relies on the ergodicity of the Patterson-Sullivan mea-
sure to compare typical growth rates of appropriately constructed functions along geodesic
rays.

Proposition 5.5.

(1) Thereexists constants Ay > A, > ... > Ay suchthatforevery j =1,...,mandi = 1,...,d we have
N() = A,

(2) There exists a constant o > 0 such that for every j = 1, ..., m, we have o? 2

- = g-.
J
In the sequel, whenever there is no risk of confusion, we will denote A; by A.

Proof.

(1) The proof is similar to that of Theorem 1.10 and hence omitted to avoid repetitive exposition
of the same idea.

(2) Fix a maximal component B I and define S;C OI' to be Borel measurable subset of 0T’
consisting of boundary elements ¢ that have a geodesic representative (§,,) such that for
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eacht eR

2
log [|p(&;  E )l — An to-s
limlimsupi#{0<k<m: k Sk <t V=1 / e “ds.
-0

n—=0 ;0 M \/ﬁ O'j\/g

The set S j is well-defined and I'-invariant. Givent € Randn € Z, We also define the set

log llp(A(xg, x1) ... A, _1, X, )| — An . t}

F(t,n) = {x e ZBj :
NS

Here, without loss of generality, we choose the norm || - || to be the operator norm induced by
the Euclidean norm so that itis invariant under passing to the transpose of a matrix. Moreover,
forz e X, and m € Z,, we set

1 m—1
lu(z,m) = E Z 5akz'
k=0

As the indicator functions 1y, , are continuous and C(Z 4 ) separable, using Birkhoff’s ergodic
theorem for the shift space (ZBj, w;) where u; is the (ergodic) Parry measure of X B We find a

setX), C Zp, of full u; measure such that for every z € =}, ,t € R and n € N, we have
J J J

lim lF(t,n) d[,((z’m) = /.lJ(F(t, n)) (52)
2g.

m-—oo
Bj

Notice that, as in the first part of the proof, if z € ZBj satisfies the convergence (5.2), then any

pre-image in o~ K(z) (for any k > 1) also satisfies the same convergence. Hence, thanks to (3.3)
and Lemma 3.1, we can find k > 1and asubset X} = o_k(Zg‘) C Z, such that ¥(Z%, ) > 0and
J J J

foreveryz € % ,t € Rand n € N, we have
J

lim 1F(t,n) d:u(z,m) = :uj(F(t’ n)).

m-—oo

Notice that by construction of the edge-chain in Subsection 5.1.1 from the vertex chain, we
have

w(F(t,n)) = P#e’j{((xo,xl),...) c g, 28100 x) - A1, XD~ An r}. (5.3)

Vn

As the operator norm is invariant under transpose, by construction of the Markovian random

product (M), the right-hand side of (5.3) is equal to P, f(w < t). Using the CLT
e, n

implied by Proposition 5.3 (e.g., by specializing to t = 1 in (5.1) and using the definition of the
Wiener measure) then implies that

2
t =5
lim lim [ 1p ) didem = nll_}n;lo ui(F(t,n)) = 1 / e i ds
-0

oV2m
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for t € R. Therefore, we deduce that ‘P(Eg_) cs;, where ¥ is the function ¥ : Y, — dT'
J

defined in Subsection 3.1.1. In particular, we have v¥(S;) > 0 and by the ergodicity of v this
implies that »(S;) = 1 and so ajz. does not depend on j = 1, ..., m, as required. O

A direct consequence of the previous result is the following.

Corollary 5.6. Propositions 5.2, 5.3, and 5.4 hold when (M i) is replaced by (M,,) (see Subsection
5.1.1) and the constants A(j) and o}z. are replaced by A and o? foreach j = 1,...,m

In Proposition 5.5, we assumed that our representation p is both strongly irreducible and proxi-
mal. However, the argument used to prove the first part of this proposition does not require either
the strongly irreducible or proximal assumption. We obtain the following which applies to any
representation of a Gromov-hyperbolic group into GL;(R).

Lemma 5.7. Let p : T — GL;(R) be a representation of a hyperbolic group T (which is equipped
with a generating set). Then the Borel subset B C 3T consisting of elements £ having a geodesic
representative (§,) satisfying

k

k
Liog | Astco| — 2,

i=1
foreveryk =1,...,d, is well-defined, T-invariant and has full v-mass. O

We can now characterize the positivity of A for strongly irreducible representations as claimed
in the introduction.

Proof of Proposition 1.4. To prove the necessity, note that if the image of I" in PGL,;(R) is relatively
compact, then we can modify the norm || - || so that the map I’  y — log||p(y)|l € R is additive.
Now using Lemma 5.7 and Remark 3.2, we realize A as a counting average (as in Theorem 1.1)
with respect to an additive function. The symmetry of S readily implies that this counting average
is zero.

Let us now show the remaining implication. Suppose that the image of I" is not-relatively
compact in PGL4(R). As p(I') < GL4(R) is (strongly) irreducible, it follows that the semi-
group p(T) is r-proximal for some r €{1,...,d — 1} (this is standard, see, e.g., [56, Lemma
3.6]). It then follows by the same argument in Lemma 5.1 that (M) is r-contracting for each
j =1,...,m. Therefore, since by Proposition 5.5, the A;’s are the Lyapunov exponents of the
Markovian product (M}l) (which satisfies the assumptions of Theorem 4.1) there exists r €
{1,..,d — 1} such that A, > A, ;. We now relate these Lyapunov exponents with spherical
averages to exploit symmetry of the generating set S to get positivity. To this end, we apply
Theorem 1.10 for the subadditive functions qbl( ) =log|l’p()|l and ¢4 (-) = logdet(p(-)) and
denote the correspondlng averages by A; and Ay, respectively. In view of Lemma 5.7, we
have A; = A; and Ay, = Zi:l A;. Now, on the one hand by Remark 3.2, A; and Zi:l A; are
nonnegative, and on the other hand, we have A; > ... 2 A, > A, > .. > Ay. It follows that
A=A;>0. ]
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5.4 | The case of isometries

Here we briefly indicate how to associate a Markovian product (and the result corresponding to
Proposition 5.2 and Corollary 5.6) in the analogous situation where, instead of a representation
I' - GL;(R), we are given a nonelementary isometric action of I on a Gromov-hyperbolic space
(H,d).

For each maximal component B j j =1,...,m, the underlying Markov chain (E It P, j) described
in Subsection 5.1.1 remains the same. One only modifies the map X. We define X : E; — Isom(H)

by X((v;,v,)) = A(vy,v,)". We similarly denote by (M i) the associated Markovian product on
Isom(H) and (M,,) the Markovian product induced by the Markov chain (z,) on the state space
U;."z ,E;j and with transition kernel P defined in the natural way from the P, ;s.

Fix j =1,..,m and x € E;. One checks exactly as in the same way as Lemma 5.1 that the

semigroup T, (x) < Isom(H) is nonelementary. This implies that the Markovian product (M ,{) in
Isom(H) is nonelementary and has positive drift (see Remark 4.7). Moreover, being defined over
an irreducible Markov chain with finite state space, it clearly satisfies Conditions (4;) and (A;).
In view of Remark 4.13, we deduce that there exists a constant £ A >0 such that for every € > 0,

—h
there exists @ > 0 and C > 0 such that for every x € Ej, £ e H andn €N, we have
P (Io(M;, §) = nés | > ne) < Ce™". (5.4)

Specializing to § = o, the previous inequality shows by Borel-Cantelli (or directly by the subaddi-
tive ergodic theorem) that P, -almost surely %d(M ) 0,00 ¢ A, Now, the proof of Proposition 5.5
goes through and shows that on one hand the constant ¢ A does not depend on the maximal com-
ponent B; for j =1,..,m (and hence we denote this constant by ¢, ), and on the other hand,
it coincides with the constant A given by Theorem 1.10 applied with the subadditive function
¢(y) =d(y - 0,0) (as Lemma 5.7). The former fact together with (5.4) gives the following analogue
of Corollary 5.6 (the result corresponding to large deviations, that is, Proposition 5.2):

Proposition 5.8. There exists a constant £, > 0 such that for everye > 0Oand x € U;.": LEj, we have
limsupllong ld(M c0,0)— | >€) <0.
n—-oco N n " ]

6 | LARGE DEVIATION THEOREMS

In Subsection 6.1, we first prove our counting large deviation theorem (Theorem 1.5) assuming
Theorem 1.11. We subsequently prove our boundary large deviation result (Theorem 1.11) with
respect to the Patterson—Sullivan measure, obtaining a quantitative version of our boundary strong
law of large numbers (Theorem 1.10) in the current setting. In Subsection 6.2, we indicate the
proofs of the analogous results in the case of isometries of Gromov-hyperbolic spaces.

6.1 | Large deviations for representations

We now give the proof of Theorem 1.5 using Theorem 1.11 which will be proven subsequently.

95U8017 SUOLULIOD 3AIE.D 3|01 jdde 8Ly Aq peuseob e Sapo1e VO '8N J0 S3|n1 1o} AleiqT UIUO A8 U (SUORIPUOD-PUE-SLBIALIOD" A8 |IW ARe1q U [UO//Sd1IL) SUORIPUOD P SWi | 8Y188s *[£202/20/2T] Lo ARiqiiauliuo A8|im ‘Areiqi 0Bealyd JO AisAIuN Ad 0SGZT SWId/ZTTT OT/I0p/wod Aa|im Aleiqjput|uo'acsyeLupuo|//sdiy Wwoly papeojumod ‘0 ‘Xiz09rT



a4 | CANTRELL and SERT

Proof of Theorem 1.5. Let A be given by Theorem 1.11 and let € > 0 be fixed. Recall from (3.4) that
for any sufficiently large R > 0, there exist positive constants C; and C, such that foreveryn € N,

#(S, NA
M <C 2 v(O(x,R)) < C, v< U O(X,R)),
#S” XES,NA,. XES,NA,

where

1
Aez{gef:’M—A‘>e}.
lgls

As in the proof of Theorem 1.1, if £ € Uxes,,n A O(x, R), then there is C > 0 such that for any
representative geodesic ray (§,,)y>_, of £ with §, = id and every n > 1

loglloE)Il
n

Alze——. (6.1)

In particular for all sufficiently large n,

#(S, N A,
%SCZV( U O(x,R))

n X€ES,NA,

<C, v<§ €0r : forall¢, — & with &, = id, -

bﬂﬂﬁm_4>g)
2 ).

The result now follows from Theorem 1.11. O

The rest of this section is devoted to the proof of Theorem 1.11 which will make key use of
Bougerol’s Theorem 4.3 in the form of Proposition 5.2 (and Corollary 5.6).

Proof of Theorem 1.11. Let A be the constant given by Theorem 1.10 applied with the function
¢(y) = log |lp(y)|l, where || - || is the operator norm induced by the Euclidean norm on R? (in
particular, it is invariant under the transpose). For any € > 0 and n > 1, we define the sets

4

Note that ¥~1(U,,(¢)) C E,(¢) and consequently v(U,,(€)) < ¥(E,(€)). Therefore, to prove Theo-
rem 1.11 it suffices to show that for every € > 0, ¥(E,,(¢)) — 0 exponentially quickly as n — oo,
which is what we shall prove in the sequel.

logllpE)ll
n

U, (c) = {g €T : forall £, — & with &, = id, A

and

log ||p(A(%, x1) ... A(x,_1, X)) 3
n

A

En(€) = {(xm);?:o € Yoo :
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To proceed, for every integer i > 1, we define

m i-1 m
j=1 k=0 Jj=1

where, as before, B I for j = 1, ..., m denote the maximal components. Intuitively, each A; consists
of elements in Y that correspond to a path in G that starts at %, enters a maximal component exactly
on its ith step and then never leaves this component. For each n € N, we let ¥,, to be the measure
on Y given by the restriction of ¥ on [ J;_, A;, that is, for every Borel set R C Y,

7,(R) = f(R N Al-). (6.3)
i=1

We then have the following.
Lemma 6.1 (Lemma 4.8 [22]). There exists 0 < 6 < 1 such that ||, — D]y = O(6"), as n — .

It follows from this lemma that for any ¢’ > 0 there exist constants 0 < 8 = 6(¢’) < 1and C, > 0
such that

V(E,(€)) < Turn(B,(€)) + Co8" < ) 9(E,(€) N AY) + C6" (6.4)
k=1

for every € > 0 and n € N. Here and throughout the rest of this section we write ¢’'n instead of
le’n] to simplify notation. We now turn our attention to studying each P(E,,(¢) N Ay).

Lemma 6.2. For every € > 0, there exist positive constants €' and C; such that foralln € N, ne’ >

k > 1, we have
€
> = .
2}

Proof. Given e > 0, fixe’ > 0 so that 2¢ maxgflog [|o(s)||} < €/2. Then, for each ne’ > k > 1, we
have that E,,(¢) N A, is given by

{xeYoo:
g{xeYoo:

_ -k .
=Y no {xEUjEBj :

log [lp(A(xg, X1) - A1, X
n

A

PWE,(e)NA) <Cy ,u{x EU;Zp !

IOg ||P(/1(*’ xl) /1(xn—1’ xn))” _
n

A

k k—1
>€,0 xEUjZBj,a xﬁquBj}

log [lp(A(x)e, Xje1) - Ak =15 Xl
n

A

€
> okx e ujZB}} (6.5)

€
> = r.
2 }

The inclusion above follows from Lemma 2.1 (due to the submultiplicativity of the operator
norm) and the choice of ¢’. Letting V,,,,, denote the collection of vertices belonging to a maximal

log [lp(A(xg, X1) ... ACx,—1, X)) _
n

A
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€
> =
2}

log ”p(l(xO’ xl) l(xn—l’ xn))” _
n

component, it follows that

log “P(/I(XO, x]) }if(xn—15 xn))” _
n

A

PE, ()N A) < ofﬁ{x € quBj :

ks .
o*vl[v]{x € UjZBj :
UeVm'dX

lo Alxg, x1) .. A(x,_1, X
fxljul[v] xeuz, ! g llp(A(xg, X1) -e A1, X)) N
UeVm'dX ! n 2

where ocff are the constants from Lemma 3.1. We recall now (from the construction of the Parry

measure u) that a vertex v belongs to V., if and only if u[v] > 0. In particular, for v € V.4,

k _ V(o [v]) 1 0
T R AT

and so we deduce that there exists C; > 0 such that

log ||0(A(xq, x1) ... A(x,—1, X)) _
n

A

VWE,(e)NA)<C u{x IS UjZBj :

€
> =
2}

as required. O

We now complete the proof of Theorem 1.11. Fix € > 0 and let ¢/ > 0 be as in Lemma 6.2. By
(6.4), there exist constants 0 < 8 < 1 and C,, > 0 such that

V(E,(€)) < Y, (E,(e) N Ay) + C0"

k=1

and so by Lemma 6.2 there is C; > 0 such that

log [|p(A(xg, X1) - A1, X
n

A

P(E, (€)) < Cyné’ ,u{x €U;Zp

> %} +Co0". (6.6)

Recall that by Lemma 5.7 (and Corollary 5.6), the constant A is also the top Lyapunov exponent of
the Markovian product (M,,). We now apply Corollary 5.6 (statement corresponding to Proposi-
tion 5.2) which says precisely that the p-measure of the set in the first term of the right-hand side
of (6.6) decays exponentially fast in n, concluding the proof. O

Remark 6.3. 1t is also possible to prove Theorem 1.5 using an approximation argument in which
one compares the Markov measures on G to the counting measures on S,. This method, which
would avoid proving Theorem 1.11, is used in Section 8 to prove our counting CLT. We presented
the above proof instead as we believe Theorem 1.11 is interesting in its own right.

SUOIIPUOD pue suwe | 8y} 88S *[£202/20/LT] Uo ArigiTauliuo A|im *Areiqi 0Beolyd JO AisieAln Ag 0552T SWid/ZTTT OT/I0p/W00 A8 1M AReIq1jBUl UO"d0SLIeWPUO|//SANY WO papeojumoq ‘0 ‘XvZ09vT

100" A8 1M Areq 1 U U0/ /Sd

-pue-

35UB017 SUOLULLIOD AAIES.ID) 3|qedljdde ayy Aq pausench ae sapiLe YO ‘8sh Jo Sajni 1o} Aeiqi auljuQ AS[IA UO (suo!



COUNTING AND BOUNDARY LIMIT THEOREMS FOR GROMOV-HYPERBOLIC GROUPS 47

6.2 | Large deviations for isometries

This section is devoted to the proof of Theorem 1.7. As in the proof of Theorem 1.5, we deduce
Theorem 1.7 from a boundary large deviation result: Theorem 6.4.

The proof of Theorem 1.7 (resp., Theorem 6.4) follows a very a similar line as the proof of
Theorem 1.5 (resp., Theorem 1.11). Therefore, for brevity, we will only point out the needed
modifications in the proofs. Let us start with the boundary version.

Theorem 6.4. Let T' be a Gromov-hyperbolic group, S a generating set of T and (H, d) a geodesic
Gromov-hyperbolic space and o € H a basepoint. Suppose that I acts on H by isometries and that
the action is nonelementary. Let v be a Patterson—Sullivan measure on 0T for the S word metric. Then
there exists a constant A > 0 such that for any € > 0,

d(g-o0,0) B

hmsup%logv(é’ €or : forallé,, — §with §, =id, ’ -

A' > e) <0.
n—oo

This result implies Theorem 1.7. The proof of this implication is precisely as in the proof of
Theorem 1.5, one only needs to replace the occurrences of log || o(*)]|| by d(* - 0, 0).

For Theorem 6.4, similarly, the proof of Theorem 1.11 goes through until the point at the end
where we applied Corollary 5.6. One only has to replace this result by Proposition 5.8: the analo-
gous Markovian limit law but for the isometric actions (instead of representations) that we now
consider. This completes the proof.

7 | WIENER PROCESS AND THE LAW OF THE ITERATED
LOGARITHM ON THE BOUNDARY

The goal of this section is to prove Theorem 1.12: convergence to the Wiener process and the
functional LIL.

Before starting the proof, we recall the notion of tightness that will be used therein. For ¢t €
[0,1],1et E; : C([0,1]) — R denote the map that evaluates a function at ¢. We say that a sequence
of probability measures 7,, on C([0, 1]) is tight if

(1) sup,en Egs?n(R\ [-24,4]) > 0as A — +oo; and
(i) limg_,oSup,en 7, (SUpP|;—s<s [X () — X(s)| > €) = Oforeverye > 0, where X denotes arandom
variable with distribution #,, and ¢, s range over [0,1].

In the proof below, the distribution #,, will correspond to the pushforward of the Patterson-
Sullivan measure v by the map S,, defined in (1.1).

Proof of Theorem 1.12.

(1) To prove the first statement we need to show that the laws of the sequence (S,) is a tight
family and also that finite-dimensional distributions of this sequence converge to the finite-
dimensional distributions of the Wiener measure on C([0, 1]) (see, e.g., [48, Theorem 4.15]).
Without loss of generality, we can assume that the operator norm in the definition of (S,) is
induced by the Euclidean norm.
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Let us start by showing that the distributions of (S,,) constitute a tight family of measures on
C([0, 1]). Notice that we only need to check the second condition in the definition of tightness
above, since by construction S,£(0) = 0 for v-almost every & € dT. Fix e > 0. For every § > 0,
define

U,(e,6) = {E €or: sup [S,&6()—S,E(s) > e}.

|t—s|<8

Forx € 24, let §nx denote the element of C([0, 1]) defined in the same way as in (1.1) where
for k € N, p(&,) is replaced by p(A(xy, X;), ... , A(x,_1, X;))- Let us also similarly define

E, (e,0) = {x €Y, sup |§nx(t) — §nx(s)| > c—:}. (7.1)

|t—s|<5

As any two representatives £, and £/ of an element £ € 0T stay at bounded S-distance, it
is easy to check that there exists n, = ny(¢) € N such that for every n > n, and § > 0, we have
v-1(U,(e,8)) C E,(¢/2,8). Consequently, for every n > n, and § > 0, we have »(U,,(¢, §)) <
W(E, (e/2,6)). Therefore, to show that the set of distributions of S, is tight, it suffices to prove
that lims_, sup,ey W(E,(€/2,8)) = 0.

We use the following strategy to complete the proof of tightness: we show that for large
n € N, the distributions of §n (under V) are approximated by that of the Markovian products
in Proposition 5.3 (or more generally Corollary 5.6) which themselves constitute a tight family
(as they converge to the Wiener measure) and for small n € N we exploit the fact that jumps of
S, (&)(t) are bounded (for n bounded) because they are normalized matrix norms of bounded-
length products of elements of the finite set S.

It follows from Lemma 6.1 that there exist constants C, > 0 and 8 € (0, 1) such that for
every m € N, we have

PE(e/2.8)) < Tp(En(e/2.8)) + Cof™ = Y P(E,(e/2.8) N A) +Co™,  (7.2)
k=1

where the measures 7,, and sets A, are as defined in (6.2) and (6.3). We will now require the
following observation which is an analogue of Lemma 6.2.

Lemma 7.1. There exist constants ¢ > 0 and C, > 0 such that for every n € N, cn'2>k>1and
6 > 0, we have

WE,(e/2,6)NnA) < C; u{x € UjEBj : | su|p5 |§nx(t) - §nx(s)| > 6/4}.
t—s|<

Proof. Fix ¢ > 0 so that 2c max.c¢{log||o(s)||} < €/4. Then, for each en'/2 > k > 1, the set
E,(e/2,8) n A satisfies

{x €Y, : sup |S,x(t)—S8,x(s)| >¢/2, cFx e UjZBj,O'k_lx & UjZB]_}
|t—s|<& : :
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g{xeYoo: sup |Sx(t) Sx(s)|>e/4 axeuZB}

|t—s|<d

=Y, na‘k{x (S UJZBj : sup |S x(t) — S LXx(8)| > e/4}

|t—s]|<d

The inclusion in the second line above follows from Lemma 2.1 (due to the submultiplicativity of
the operator norm) and the choice of c. From this point on, the proof follows the same lines as the
proof of Lemma 6.2. We omit it to avoid repetition. O

From the previous lemma, we deduce the analogue of (6.6) which reads as follows: for every
neN,s>0,cn/2>m3z1,wehave

P(E, (€/2,6)) < Cim ,u{x €U;Zp, © sup 1S, x(t) — 8, x(s)| > €/4} + C,0™. (7.3)

|[t—s|<d

Let 7 > 0 be arbitrary. Fix m € N large enough so that C;6" < 5/2. Now, by Corollary 5.6 (as
the operator norm is invariant under the transpose) the pushforward of u by §n converges to the
Wiener measure. These pushforwards are tight and hence we can choose §; > 0 small enough so
that for every n > 1, the u-measure on the right-hand side of (7.3) is less than for every n >

(m/c)?. Now observe from the definition (7.1) of E, (¢/2, ) that for every n € N such thate/2 >
5n1/2(%), we have E, (¢/2,5) = §J, where M, = max s log||o(s)||. Therefore, up to reducing
8, > 0to &, > 0 so that any n < (m/c)? satisfies ¢/2 > 50n1/2(%), we get that for every § €
(0,8,), n € N, we have ¥(E,,(¢/2, 8)) < n, proving that the laws of S,, constitute a tight family.
We now turn to proving that the finite-dimensional distributions of (S,,) converge to those of
the Wiener measure. Fix 0 = £, <t; <, <.. <ty <L LetF,, . (x)forx=(x;..,xq) € R4

denote the cumulative distribution functlon

d
Fopa,(X) = V<§ €0l : S, 8(ty, ..., tg) € H(—w’xi]>,

where

Sng(tl» s td) .= (Sng(tl)a Snf(tz) - Sng(tl)» ceey Sng(td) - Sn‘f(td))-

We would like to prove that F,,, , (x) converges as n — oo to the cumulative distribution
function F, _, (x) of the multidimensional normal distribution N(0,w) with d x d diagonal
covariance matrix w with entries w;; = t; — t;_;, [9, section 1]. Recall that the Patterson-Sullivan
measure v on AT is given by ¥, 7, where Y : Y — dI' is continuous, surjective and finite-to-
one. Moreover, using the fact that any two geodesic ray representing £ stays at bounded distance
depending only on the hyperbolicity constant, it follows that there exists a sequence 7,, converg-
ing to zero as n — oo such that for every & € 9T, for any y € W~1(£), we have ||S,é(ty, ..., t4) —

Sty t)llo < N,- As a consequence, it suffices to show that for every x € RY

ﬁn,tl,...,td(x) = 77<y €Y : 8,y(t),...t;) € H(—oo,xi]>
i=1

convergesto F; _, (X)asn — oo, where S y(ty, ..., t;) is defined analogously to S, £(t,, ..., t,).
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We define By, ., (¥) =1y € U;Zg 1 §,3(ty, ., 1g) € (L, (—00, x;1} C . Recall from (3.2)
that the Cesar6 averages of ¥ under the shift map converges to the Parry-like measure u in
the total variation distance. It follows from (3.2) and Corollary 5.6 (statement corresponding to
Proposition 5.3) that for every x € R?

nl/4 d
. 1 ke Y .
Jim =7 ;} ODE,,,.0,(0) = lim /~t<y €3, 1 SY(tyaety) € g<—oo, x,-]>

Defining

Ct,, () =Epy,

Nty

 (x £ 0L L, 1),

.....

where C > 0 is some positive constant, we see that

n1/4

. 1 k * _
r}ggo nl/4 ];)U*ﬂcn’tl ----- td(x)) - Ftl ----- [d(x)’ (7'4)

for each x € R and % € {+, —}. Similarly to (6.5) if C > 0 is taken sufficiently large (depending
only on maxg log||o(s)|| and the variance o2 > 0), by inclusion of the corresponding sets, we
have

SNCy, ) < TBpyy 1, (00) <IDC, (1) (7.5)

for all integers n > 1 and n'/* > k > 1. We deduce from (7.4) and (7.5) that

nl/4

~

Finally, by Lemma 6.1, this implies that ¥, , . (x) also convergesto F; _, (x)asn — oco. From
our above discussion, this concludes the proof of 1.

(2) We need to show that the set U of & € T such that the conclusion of 2. holds has full v-
measure. To this end, let E be the set of y € Y, such that the conclusion holds when S,§
is replaced by S,y and B be the set of x € U jZBj such that the same conclusion again holds

with §nx. Note that the set U is well-defined because its defining property does not depend
on the choice of the representing geodesic ray and all these sets are Borel measurable. As,
given £ € U, we have that any &’ with the property £, = £ ;n L for certain k € Z and every
m € N large enough also belongs to U, the set U is I'-invariant. By I'-ergodicity of v, all we
need to show is ¥(U) > 0. ASE C ¥~1(U) and ¥,V = v, it suffices to show that %(E) > 0. Let,
as before, V., denote the set of vertices belonging to a maximal component and v € V.
Let k € N be such that there exists a path of length k from * to v. By Lemma 3.1, there exists
al’f > 0 such that

Ty = Al o). (7.6)
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Now thanks to Corollary 5.6 (statement corresponding to Proposition 5.4), the set B has full u
measure. Therefore, by (7.6), we have aifz?(B) = P(c~*(B)) > 0. But as for any k € N, we have
o kKB)nY,, CE, we obtain H(E) > 0, as desired. O

As an immediate consequence, we record the following more classical results, namely the CLT
and LIL. The latter one provides a refinement of Theorem 1.10 in the current setting.

Corollary 7.2 (Boundary CLT and LIL). Let p : I' - GL4(R) be a strongly irreducible proxi-
mal representation of a hyperbolic group T. Equip T with a finite generating set S and let v be
the Patterson—Sullivan measure defined in (1.2). Let A,0? > 0 be the mean and variance from
Theorem 1.12. Then,

(1) foreachn > 1 and x € R, denoting

1 —-A
Ay (x) 1= {§ € 0T : for any representative £, - £ with &, = o, M < x}

N <

we have

X
lim v(A,(x)) = 1 / e=*/2 4t - and (7.7)
n—oo 27To, —0

(2) forv almost every & € 3T and for any representative &, — &,

1 —nA I —nA
lim inf og eIl —n = —1 and limsup og lleEll —n =1.

"= 4/2onloglogn n—co  4/20nloglogn O

Remark 7.3 (Speed and uniformity in boundary CLT). Using Theorem 4.8, it is possible to give
a speed estimate in (7.7) that is uniform over x € R. However, we will not pursue this direction
as this would be a (somewhat lengthy and technical) diversion from the main goals in the article
(see [22, sections 4 and 5]).

8 | COUNTING CLT AND ERROR TERMS

In this section, after briefly commenting on our approach, we prove Theorem 1.9.

Similar to the schemes we followed in the proofs of weak law of large numbers (Section 3) and
large deviation results for counting (Section 6), one could try to obtain a corresponding counting
CLT (with or without error term) directly from Corollary 7.2(1). However there are difficulties in
implementing this approach for the CLT. The main issue stems from the fact that when we com-
pare the asymptotic density of sets with the Patterson-Sullivan measure of certain boundary sets
(e.g., as in the proof of Theorem 1.5), we do so up to a bounded multiplicative constant. Such a
constant is inconsequential when proving large deviation type results, however it destroys the pre-
cise limiting behavior that we need for a CLT to hold. To overcome this issue (and, importantly, to
prove a CLT with the Berry-Esseen type error term) we will directly compare the uniform count-
ing measures on S, with the Markov measures on X. This method will make use of a quantified
version of an argument from a recent work of Gehktman-Taylor-Tiozzo [34].
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More precisely, using the strongly Markov structure, up to a periodicity issue, we will consider a
geodesic factorization of an element ¢g € I' chosen uniformly from the sphere of length n as g, ¢, ¢,
with ¢, and g, of size approximately log n. It will then suffice to show a CLT with error term for
the middle factor g,. We will show (Lemma 8.5) that the distribution of this middle factor ¢, is
approximated (with speed) by the length ~ (n — 21og n) path distribution of a Markov chain. We
can then associate a Markovian random matrix product to this chain and bring back (Lemma 8.2)
the relevant result (Theorem 4.8) from the Markovian matrix products to establish a counting CLT
with error term (Proposition 8.8). The proof is then completed by resolving the periodicity issue.

We now start collecting the necessary ingredients for the proof of Theorem 1.9. We will heavily
use the constructions from Section 2. Fix a nonelementary Gromov-hyperbolic group T, a gener-
ating set S C I' and strongly Markov structure G. Let A be the transition matrix as introduced in
Subsection 2.2.2. Let p be an integer that is divisible by the periods of each maximal component
of A so that the nonnegative matrix AP has a unique (necessarily real) eigenvalue AP of maximal
modulus. To deduce Theorem 1.9 we will first study the convergence of our counting distributions
along the subsequence np.

For a positive k € N, we will define a Markov chain on the state space

=1}

Qp 1= A{(Wp, s wyp) T W €G, Ay,
of length-kp paths in the strongly Markov structure G. To define a transition kernel and a
stationary measure on € ,, we Iset

. el A"P1 . ez:AnPei
p; = lim and u; = lim ———
n—oo n—oco ANP

) (8.1

where e; and e, correspond to the vectors that have the entry 1 in the index corresponding to the
vertices v; and *, respectively, and 0 elsewhere.

Remark 8.1. Before proceeding further, we remark that, by our choice of p, the limits above defin-
ingeach p; and u; converge exponentially quickly. This is because the matrix A? exhibits a spectral
gap from its leading (real positive) eigenvalue to the rest of the spectrum.

Now let 77, be the measure on €y ,, defined by

uwopwkp
ﬂkp(wo, . wkp) = M
It is readily checked that 7, defines a probability measure. Let Ny, be the transition kernel
defined by

D,
wkp

k
Nip (o, oor s Wy ), (wp, ...,wl’{p)) = #7p,y
0 otherwise.

if pyy >0 and wy, = wy

Unfolding the definitions, one also readily checks that Ny, is a stochastic matrix and 7, is Ny ,-
stationary (i.e., a left eigenvector with eigenvalue one). Let ﬁkp C QEP be the subshift associated
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to this Markov chain and ﬁk p be the associated Markovian measure on ﬁk b Finally, for k > 1
and zy, ...,z € Q,, let [z, ..., 2] be the associated cylinder set in ﬁp and (z,, ..., z; ) be the cor-
responding element of Q; ,. Observe that by an easy calculation using the definitions of 7, ,’s and
N p» We have

Tep((Z15 05 2)) = Pp([21, 0, 2 ]). (8.2)

The nonnegative matrix AP is not necessarily irreducible and hence we decompose it into con-
nected components (as we did to obtain A” from A in Subsection 2.2.2). Some of these components
will have spectrum with simple eigenvalue AP. We label these finitely many AP maximal compo-
nents Cy, ..., Cmo. Note that each of the vertex sets for Cy, ..., Cmo are subsets of the vertex sets of
the maximal components of A. Notice from definitions of the constants p; and u;’s in (8.1) and that
of the stationary measure 7, that 7, ,(wy, ..., wy,) > 0 if any only of w, and wy, belong to the
same maximal component of AP. Moreover, the transition kernel Ny, sends a path (wy, .., wy,)
in a maximal component C; to a path in C;. Therefore, the Markov chain defined above is not
ergodic if m,, > 2. Its ergodic components are simply given by the maximal components C; for
i =1,..,m: the restriction of the transition kernel N, to the set Q;{p paths of length kp with
initiql and end vertex belonging to a single C; (together with the normalized restriction of 7,
to Q;(p) gives an ergodic Markov chain. Moreover, by the choice of p (a common multiple of the
periods of maximal component of A), these Markov chains are primitive.

‘We now proceed precisely as in Section 5 to deduce a CLT with Berry-Esseen bounds along
periodic products from X 4. As the procedure is the same, we only outline the steps.

(i) AsinSubsection 5.1.1, we associate a Markovian random matrix product (M il) to the primitive

finite state Markov chains on Q' .

(ii) Asin Lemma 5.1, we check the 1-contracting and strong irreducibility assumptions for these
Markovian products.

(iii) By applying Theorem 4.8, we deduce a CLT with mean A; and variance ol.z > 0 and with

logn

Vi

(iv) We check exactly as in Proposition 5.5 that the means A; and variances o*i2 do not depend on
i=1,..,m;Set A=A and o? = al.z.

Berry-Esseen error term of order O(

From these, analogous to Corollary 5.6, we deduce the following.

Lemma 8.2. There exists a constant D > 0 such that foreveryn > 1 andt € R

. log p(A(z1) . Azl = npA <t>_ 1 / —
VP o0

where for z =(w0,...,wp) belonging to Q,, we write Az) =

ﬁp<(zl, L) E ﬁp

oV2am

Dlogn

is bounded above by 7
n

AMwy, wy) ... A(wp_l, wp).

Remark 8.3. Keeping the notation of the previous lemma, notice that in view of (8.2), the first term
in the previous lemma is equal to

”np{(zl,...,zn) : log ||0(A(z1)) -;/pﬁl(zn))” — npA . t}.
np
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Having obtained Lemma 8.2, to prove Theorem 1.9, we now follow the ideas used in [34, sec-
tions 6-7]. However, we need to quantify various rates of convergence to obtain the error term in
Theorem 1.9.

We start by defining a probability measure u, on each sphere S that will help us deal with the
periodicity issue at the end. Fix an integer 0 < r < p — 1. We define a measure on the set S, (or
equivalently the set of paths of length r in G starting from the vertex ) in the following way. For
g € S, we set

_ el Ayl L el A"P1

w0 = a1 = A A

where A, =lim,_,  A"P/A"P and i is the end vertex of the path in G starting at v, corre-
sponding to ¢g. Here the limit defining A, exists because by choice of p € N so that AP is the
unique eigenvalue of maximal modulus of AP. For the same reason, the limit defining u,.(g)
converges exponentially quickly. One easily checks that ZI gl=r u,(g) = 1. We extend the defini-
tion of u, on S, for q > p as follows: given integers n > 1 and g =np+r with0<r<p-1,
we define u,,,, on S, (equivalently, on the set of paths of length np +r in G starting from
the vertex «) as follows: given g € S, let (*, wy, ..., Wy, ;) be the unique path in G such that

9 = A0, W) e AWy pp—1, Wypyr)- SEth = A0k, wy) ... Aw,_y, w,) and let py , (9) = ur(h)m.

Note that the denominator in the last expressions is the number of length np-paths starting at the
vertex w,. Let t,, denote the uniform probability measure on the sphere S,,. We have the following

Lemma8.4. Foreachr =0, ..., p — 1wehave that ||T,,,,, — Wy pirllry = O(6") forsome0 < 6 < 1
asn — .

Proof. Take asetRCT,letR,,,, =RNS,,,, and write R;pw =R,pir N Uges;, [¢] where [g]
denotes all group elements that have corresponding path in G that start with gand S} = S, n{g €
Sy p.(g) > 0}. From the definition of y,,,, we see that if w,,,,(R) =0 then erpw =¢ and
Typ+r(R) decays to O exponentially quickly, independently of R. Otherwise, u,,,.(R) # 0 and

denoting by v, the last vertex in G of the path from = corresponding to g, we have

Nr(g)#(Rnp+r nlgD
el” Anr1
g9

Fupar®) =

geS

1 :ur(g)#(Rnp+r N [g])
= )3

eZA"P”l sest eggA”Pl/efA”P”l
— 1 n
= |7z D, #(Rypyy gD |+ 06
*

geSH
= Tnp+r(R:l_p+r) +0(6")

for some 0 <6 <1 independent of R. In the penultimate line, we used the fact that
eggA"PI /eZA"P”l converges to u,(g) exponentially quickly as n — oo. To conclude the proof
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we note that, from the construction of u,, |7, p,-(R) — 7y, +I’(R:L_p )| converges to 0 exponentially

quickly and that this rate of convergence is independent of R. I

We now, following [34], define probability measures that will determine the law of the middle
factor ¢; of a n-long product g written in geodesic factorization g,g, g, where g, and g, are of
logarithmic length. Consequently, we show that these measures can be approximated by the path
distribution of a Markov chain. Let ¢ > 0 be a positive constant. For a path y in G of length np —
2p|clogn] starting at v; ending at v;, we set

eTAp[clognJ e el AP lclogn]| 1
* J

=C —
Tnp(y) = eTAnP1

Intuitively 7, » assigns a path y probability s if the proportion of length np paths starting at s that
have y as a sub-path from the p|clogn| to the np — p|clogn| vertexis s.

Lemma 8.5. For every fixed c > 0 sufficiently large, we have

1
||7Tpn—2p[clognj _:E,C/lp“TV = O(T)

n

asn — 0.

Proof. By Remark 8.1, there exists § > 0 such that for every vertex v; in G we have

€.TAnp1 eTA”pe.
— -5 _ L -8
pi = l/lnp +0(A7°") and u; = *AT +0(A7°")
as n — oo. It follows that for any ¢ > (2§ log 1)~!, we have
eT Alclogn]py el Alclogn]p,.
=t -1/2 S . -1/2
Di Tlclognlp +O<n ) and u; Tlelognlp +O<n ) (8.3)

as n — oo. Fix such a constant ¢ > 0. Let v; and v; be two vertices in G that belong to the same
maximal component of AP and such that u; > 0. Let y be a path of length n’ = np — 2p|clogn]|
fromv; tov j- Then,

() _ Wibj el A"P1
’f}%p(y) /ln’p* ei*"AP lclogn] e ejTAp lclogn]q

u;pj plclogn] Aplelogn] efA"l’l
= D, eZApLClognJei eJTAchlognJI Anp

Now by the estimates (8.3) and Remark 8.1, we see that this quotient is equal to

u;p L. (l + O(n—1/2)> : <pi + O(n—1/2)> (P, +0@) =1+0(n"2)  (8.4)
* i J
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for some 0 < 6 < 1. Here we have used that u; > 0 and p i > 0 (the former is assumed, the latter
follows because v; is assumed to belong to maximal component of AP). As there are only finitely
many vertices in G and the left-hand side of (8.4) only depends on vertices of G, we deduce that

7Tn’(7) ~1

_ -1/2
= ) o(n=/*) (8.5)

14

where the supremum is taken over all paths of length n’ that lie entirely in a single A? maximal
component. Now note that, given arbitrary two vertices v; and v}, if S;], denotes the set of paths
of length n’ from v; to v; then

(eiTAwej)(e,pr lclogn] ei)(e}"Ap lclogn| 1)

npn! el Anp1

(8.6)
(eiTAn/l)(eZAp[c logn] ei)(e}"Ap lclogn| 1)

el Anp1

I

= piu;P;/ P« + on~'/%,

as n — oo, where the last equality follows (as in (8.4)) by our estimates (8.3) and Remark 8.1. The
limit p;u;p;/p. in (8.6) is equal to O unless both v;, v; belong to the same AP maximal component
and u; > 0. Letting L, denote all paths of length n’ that lie entirely in an AP maximal component
and start at any vertex v; with u; > 0. We have, for any set R consisting of length n’ paths,

17 (R) =T, (R < Y, 1) = T5, ()l + T, (R\L,).
YERNL,

Here we have used that 7,,(R\L,,) = 0 which we can see holds from the definition of x,,. To
conclude the proof we note that, from (8.6), 7;, ,(R\L,) = O(n~'/2) and

7w (¥)
Y =T, = |5 T, - T,
yERNL, YERNL, T"P(y)
7T (¥) -1/2
< -1 = O(l’l / )s
yERNL, ()

where we used (8.5) in the last equality and implied error term constants are independent of the
R. This completes the proof. O

Remark 8.6. So far this section has been concerned with comparing the measures 7,,,, 7,,, and
?)‘ip. Each of these measures are constructed with the * vertex as their “base point,” that is, 7, P
is constructed using the e, vector and 7,,,, %‘;p can be seen as counting measures on the paths
in G starting at * (as indicated in their constructions). If we replace the * vertex with any other
vertex v, of large growth, that is a vertex v, such that eZOAnl > CA" forsomeC > 0andalln > 1,
then we can construct measures analogous to 7, 7, , and 7, » but with v, being the new “base
point”. To do this, one replaces e, with e, in the construction of 7, and alters 7,,, and 7}, p SO
that they count with respect to paths starting at v, instead of *. This new construction will yield
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different measures however all of the results that we have seen so far in this section will also hold
for these measures.

We can now prove a counting CLT with error term for the sequence of spheres (S, ,),en-

Proposition 8.7. There exists A, > > 0 such that

log llo(g)ll — Alg] logn>
Tl gel: <t ])=N(to)+0
< Vigl > ( NG

asn — oo.

Proof. Let Q denote the set of finite paths in G and for g € Q let ¢ denote the group element
corresponding to g via the labeling map. For t € R, let E(t) and E(t) be the sets

{ger: log [lo()ll — Alg] <t} i {gegzlogup(g)ﬁ—mm <t},
Vgl Vgl

respectively, and let ¢ > 0 be a constant given by Lemma 8.5. For each n € N, we factorize each
path (or element) g of length np as a concatenation (resp., product) g, ¢, g, where g,, g; and g, are
the sub-paths (resp., factors) of g of length p|clogn], np —2p|clogn| and p|clogn], respec-
tively. Writing 7,,,(E(t)) = 7,,,(9 = go91 9, € E(t)) and using submultiplicativity of the matrix
norm || - || we deduce that there exists C > 0 such that 7, ,(E(¢)) is bounded above and below
by

-1/2

Tup(9 = 90919 * 91 € E(t + Cn~'/*1ogn)) and Tup(9 = 909192 * 91 € E(t —Cn™/“logn)),

respectively. Now note that by the definition of 7;, » and by Lemma 8.5
Topld = 90192 * 91 EE(t Ccn™/2 logn)} = %fzp(ﬁ(t +Cn~ Y2 logn))
= T pn_2plclogn] (E(t £ Cn~ /2 logn)) + O(n™'/?).

On the other hand, by Lemma 8.2 and Remark 8.3, we get that

~ I
T pn-aplctogn) (B(t £ Cn™ /> logn)) = N(t + Cn™"/?logn,0) + o< ok ")

/
=N@@+O<%¥>

as n — oo uniformly in ¢t € R. The last line follows from the fact that the normal distribution
has uniformly bounded derivative. The proof is completed by combining the last two displayed
equations. O
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Using the same ideas, we can also prove the following. Given a vertex v in G recall that we say
that v is of large growth if the number of length n paths in ¢ starting at v grows at least like CA"
for some C > 0, that is, el A"1 > CA".

Proposition 8.8. Suppose v is a vertex of large growth. Suppose T, » is the uniform counting measure
on the paths in G of length np starting at v. Let A, a? > 0 be the constants in Proposition 8.7. Then

o logllp@ll = Alg] > <10gn>
T, 9€Q: <x |=N(x,0)+0
"( Vil NG

as n — oo where Q represents the set of finite paths in G and for g € Q, g € T is the group element
corresponding to multiplying the edge labelings in g.

Proof. When v == this proposition is precisely Proposition 8.7. The proof of this more general
result follows the same method used to prove Proposition 8.7 but we consider the “initial vertex”
to be v instead of . We define the counting measures 7, , and 7, as before, but we replace the
vector e, with the vector e, in their definitions, see Remark 8.6. We can then prove analogous
results, such as Lemma 8.5 for these measures and then carry out the same proof. O

Finally, we are in a position to prove our CLT.

Proofof Theorem 1.9. Fort € R, let E(t) denote the set defined in Proposition 8.7. Fixr € {0, ..., p —
1}. For each g, € T’ with |g,|s = r let t(g,) denote the terminal vertex in the path corresponding
to g, that begins with * in G. It follows from the definition of u, that if #(g,) is not a vertex of large
growth then u,(g,) = 0. Then, by definition of the measure u and Proposition 8.8

Uap i ED) =Y m(9)T0e (g1 © 909y € E(®))

lgol=r

logn
- 3 wtw(vear o 222 )
Igozl=r ' \/Z

=N(t,a)+o(l‘i§;>

n — oo and where the implied constant is independent of ¢ € R. It then follows from Lemma 8.4
that 7,,,,,(E(t)) = N(t,0) + O(n~1/21ogn). As this holds for each r = 0, ..., p — 1, our theorem
follows. O

9 | ON A QUESTION OF KAIMANOVICH-KAPOVICH-SCHUPP

Here we briefly discuss some consequences of our results which pertain to the growth
indicator functions, and make a connection between these and a result of Lubotzky-Mozes-
Raghunathan [52, 53]. These consequences provide an affirmative answer to a question of
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Kaimanovich-Kapovich-Schupp [46] that was also raised in our precise setting in Sert’s thesis
[62].

9.1 | Unique maximum of growth indicator

We will formulate the consequences using the language of reductive real linear algebraic groups.
For definitions of the notions and objects we use, we refer the reader to [8]. The reader is invited
to consider the case G = SL;(R) or GL,;(R) in which case we will specify the relevant objects.

Let G be the group of real points of a connected reductive affine algebraic group defined over R
(we will shortly refer to such a group as a real reductive Lie group). Let a* be a Weyl chamber in
a Cartan subspace of the Lie algebra of G and ¥ : G — a* the associated Cartan projection. For
the case of G = GL,(R) or SL;(R), one can define for g € G,

®(g) = (loga,(9), ..., log a4(9)),

where ,(g)’s are the singular values of g in decreasing order and a™* to be the cone in R¢ given by
X; 2 ... 2 x4 in the case of GL;(R) and the intersection of this cone with the subspace x; + --- +
X4 = 0inthe case of SL;(R). Denote by a*™ the interior of a*. We clarify that these definitions only
differ by a linear change of coordinates from the more standard definitions in [8] and the results
discussed below are independent of the choice of coordinates up to affine transformations.

A direct corollary of Theorem 1.1 is the following.

Corollary 9.1. Let G be a real reductive Lie group, ¥ : G — a* a Cartan projection of G. Let T be
a Gromov-hyperbolic group, p : T — G a representation with Zariski-dense image. For every finite
symmetric generating set S of T, there exists A € a*t such that

1 2 1 > =
= k(p(r) — A.
n yes, #Sn n—oo

Proof. The convergence is a straightforward consequence of [8, Lemmas 8.15 and 8.17] together
with Theorem 1.1. The fact that A € a*™ is obtained using additionally Proposition 1.4. The details

are standard and omitted. O

It might be possible to prove the above convergence under the same assumptions when we
replace the Cartan projection ¥ with the Jordan projection 1. However, even in the case of Marko-
vian random matrix products, the law of large numbers for the spectral radius may fail (see [2])
and one has to deal with this difficulty. On the other hand, in ongoing work with Cipriano and
Dougall, we show that the above convergence holds for both ¥ and A witha speed estimate under
the assumption that the representation p is Anosov (with respect to an appropriate sense parabolic
subgroup). Finally, in the previous result, one may prove the stronger statement that A belongs
to the interior of the joint spectrum J(S) of S (see [16]). We will however content with the above
version for brevity.

We now turn to a consequence of our large deviation estimate Theorem 1.5, its connection to the
uniqueness of the maximum of the growth indicator function and the connection between the lat-
ter and a question of Kaimanovich-Kapovich-Schupp [46, Problem 9.3]. In the latter, the authors
proved (see also an earlier related consideration in [47]) that if in Theorem 1.1, one considers I to
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be a free group with a free generating set S and having fixed an automorphism ¢ : F — F, one
takes¢ : F — R tobe the function w — |¢p(w)|s, then the convergence in Theorem 1.1 is exponen-
tial. In [46, Problem 9.3], the authors ask the question of whether there are other examples where
this convergence is exponential for a map on a free group. Theorems 1.5 and 1.7 clearly provide
positive answers in a more general (both for underlying groups and generating sets) setting. The
existence of this kind of phenomenon was also asked in [62, Introduction 7.4.3] with the language
of growth indicator of a finite set, a notion that was introduced therein (see also a forthcoming
paper by Sert). We now briefly recall this notion and formulate the consequence of our counting
large deviation result.

Let G be areal reductive Lie group, a™ a Weyl chamber of G, T’ < G a finitely generated subgroup
and S be a finite generating set I'. We define the growth indicator of S as:

@g : at > [0,00) U{—o0}

a — inf limsupilog#{g €S, | %ﬁ(g) GO},

a€0 poco

where O ranges over neighborhoods of « in the Weyl chamber a™. If T is Zariski-dense, the closure
of the locus of points x € a* on which ¢4 takes values in [0, o0) is contained in the joint spectrum
of S ([16]), which is a convex body in a*. On the other hand, denoting by A¢ > 1 the exponential
growth rate of the cardinality of S,,, the function ¢g is bounded above by log 1. Moreover, it is
not hard to see that the value log A4 is always attained by ¢g. In this general setting, the locus of
maxima, that is, the description of the set qogl({log Ag}) remains to be studied. Thanks to our Theo-
rem 1.5, we can describe it in the setting of Corollary 9.1. Indeed, the conclusion of the latter implies
that qoS(K) = log A where A€attis given by that corollary and the following consequence of
Theorem 1.5 says that ¢g attains its maximum only on A which is precisely the aforementioned
positive answer to [46, Problem 9.3].

Corollary 9.2. Let G be a real reductive Lie group, ¥ : G — a* a Cartan projection, T <G a
Zariski-dense Gromov-hyperbolic subgroup and S a finite symmetric generating set of I'. Let ¢g :
at — [0, 00) U {—oc0} be the growth indicator of S. Then, the Weyl chamber element A€ att given
by Corollary 9.1 is the unique point where @¢ reaches its maximum value log Ag. 1

9.2 | A connection to the work of Lubotzky-Mozes-Raghunathan

Here we let G be a connected semisimple real Lie group and I' < G a finitely generated Zariski-
dense subgroup, endowed with a finite symmetric generating set S. Let K < G be a maximal
compact subgroup and d; a left-G-invariant and bi-K-invariant Riemannian metric on G induced
by the Killing form. If " is a uniform lattice in G, then it is not hard to see that the word-
metric dg is Lipschitz equivalent d (see, e.g., [53, Proposition 3.2]). The situation is much less
clear for nonuniform lattices. Confirming a conjecture of Kazhdan (see [40]), Lubotzky—-Mozes-
Raghunathan [53] have shown that if G has R-rank at least two and T’ is an irreducible lattice in
G, then dg and d; are Lipschitz equivalent. In other words, there is a constant C > 1 such that for
everyn € Nand g € S,,, we have

C 'n <ds(g,id) < Cn.
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This equivalence breaks down for rank-one simple Lie groups in which case the word-metric
dg of a (nonuniform) lattice can be exponentially distorted in the terminology of [40, section 3].
This is for example the case for SL,(Z) < SL,(R). When I is only required to be Zariski-dense, the
connection between dg and d; is much less clear. In many cases (e.g., if I' is not discrete), it does
not make sense to ask for Lipschitz equivalence of every element of T as there can be elements of
I' with arbitrarily large dg-length but small d;-length.

One way to study the connection between dg and d;, despite the fact they can not be Lipschitz
equivalent, is to ask whether there is an equivalence dg ~ d; for most of the elements of T'. Our
counting large deviation Theorem 1.5 (and Corollary 9.2) then have the following consequence
that establishes such a statistical relation between dgy and d; for Gromov-hyperbolic groups.

Corollary 9.3. Let I" be a Zariski-dense, nonelementary Gromov-hyperbolic subgroup of a real
semisimple Lie group G. Then, for every finite symmetric generating set S of I' and constant € > 0,
there exists a subset T, of T with the property that

#(S}’l \ (TE m S}’l))
#S,

=0(e™™") 9.1

forsome a > 0, and there exists a constant A = A(S) > 0 such that foreveryn € Nandg € S, N T,
we have

n(A —¢) <dg(g,id) < n(A +e¢). (9.2)

A subset of T satisfying (9.1) can be called S-exponentially generic in T in the terminology of
[46].

Proof. It suffices to work with the symmetric space G/K and the G-invariant metric dg /x induced
by the Killing form. Let a* be a Weyl chamber in a Cartan subspace a of the Lie algebra g of G

such that we have the Cartan decomposition K exp(at)K. Denoting by || - || the norm induced by
the Killing form on a, by [8, section 6.7.4], for any g € G, we have [|¥(g)| = dG/K(g -0,0). The
result now follows from Corollary 9.2. O

Remark 9.4. By replacing the use of Theorem 1.5 (in the form of Corollary 9.2) by Theorem 1.1,
one can obtain a version of Corollary 9.3 valid for any left-G-invariant Riemannian metric d on G
but T, being only S-generic for I instead of S-exponentially generic. Here, by S-generic for I', we
understand a subset satisfying (9.1) with O(e~%") replaced by o(1)).
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