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To my parents



“You need something to open up a new door, to show you something you seen before but

overlooked a hundred times or more.”

— Bob Dylan; Last Thoughts On Woody Guthrie
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ABSTRACT

The theory of quantum information has emerged as an indispensable tool in the study
of many-body, high-energy, and gravitational physics, vastly over-delivering on its initial
promises in quantum communications and computation. Significant insight has come from
the analysis and quantification of quantum entanglement, a phenomenon that leaves an in-
delible imprint on the structure of a quantum state. In this thesis, I move beyond entangle-
ment theory to incorporate the theory of distinguishability in many-body and gravitational
physics. The notion of distinguishability provides a natural language and unique perspective
on the physics of black hole evaporation and thermalization of isolated quantum many-body
systems. I first develop tools to evaluate measures of distinguishability in random states
and evaluate “Page curves” for various relative entropies and fidelities. I then relate these
computations and generalize them to gravitational systems, characterizing when and how
different black hole microstates in a gravitational model become distinguishable using mea-
surements on their radiation and in what sense information can be recovered, a fine-grained
resolution to a version of Hawking’s information paradox. I furthermore discuss the role of
relative entropy in AdS/CFT and the random tensor networks and quantum error-correcting
codes that it is modeled by. Moving away from gravity, I discuss how distinguishability mea-
sures characterize the physics of quantum thermalization both in out-of-equilibrium processes
and in high-energy eigenstates of non-integrable Hamiltonian systems. Under an ansatz for
these high-energy states, I derive the eigenstate thermalization hypothesis in its strongest
form. Along with unpublished results, this thesis incorporates lightly edited material from

Refs. [106, 108, 112, 183].
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CHAPTER 1
INTRODUCTION: PARADOXES

“People disagreeing everywhere you look. Makes you wanna stop and read a book.”

— Watching the River Flow

As people like to say that Lord Kelvin said before the discovery of quantum mechanics and
general relativity, “There is nothing new to be discovered in physics now. All that remains
is more and more precise measurement.” While Lord Kelvin never actually said this,! it
succinctly captures the driving force behind theoretical progress, inconsistencies, or more
strongly, paradoxes. By the late nineteenth century, classical physics was well-understood
and boasted remarkable achievements, such as Newtonian gravity and Maxwell’s theory of
electromagnetism, both seemingly consistent with the physics of the natural world. Without
apparent inconsistencies, a scientist is hard-pressed to find meaningful direction and it is
not unreasonable, though dangerous, to become complacent. Fortunately, paradoxes arose,
such as the ultraviolet (Rayleigh—Jeans) catastrophe, that could only be resolved by the
introduction of the genuinely new physical structures of quantum theory.

In this thesis, I will discuss two more modern and interrelated (apparent) paradoxes that
have arisen from quantum theory and my work to resolve and elucidate their nature using
the framework of quantum information theory. The first is Hawking’s black hole information
paradox, the breakdown of the predictability of quantum field theory in the presence of
black holes. The second is the problem of emergence of thermal physics in isolated quantum
systems where thermalization seems a priori impossible.

A unifying idea spanning quantum information theory, quantum chaos and thermaliza-

tion, and black hole physics is that of (in)distinguishability of quantum states. In quantum

1. A version of this misquote is better attributed to Albert A. Michelson, the namesake of the building
this thesis will be defended in, during an 1894 address at the dedication of the Ryerson Physical Laboratory
at the University of Chicago.



information theory, we would like to understand what the space of quantum states are. In
particular, how can we characterize which states are close or far away and endow the Hilbert
space with a geometry? This notion of distinguishability is critical for storing and processing
quantum information.

Quantum chaos and thermalization is all about distinguishibility. A natural definition
of quantum thermalization is that the state is indistinguishable (up to a certain error) from
a completely thermal e.g. Gibbs state. It is then important to characterize which systems
thermalize and the mechanism for thermalization to occur. We can begin with two states
that are easily distinguishable e.g. the “all spin up” and “all spin down” states of a quantum
spin chain. If we evolve these states with a thermalizing Hamiltonian, the states will become
indistinguishable using “simple” measurements.

Similarly, the black hole information problem is most naturally framed in terms of ther-
malization and indistinguishability. Black holes can be formed in many different ways. More-
over, they have an extraordinary number of microstates [22, 76]. Even so, using semiclassical
calculations, Hawking showed that all black holes with identical thermodynamic quantities
(mass, charge, and angular momentum) will radiate thermal radiation [76]. This means that
at late times, after the black hole has evaporated, all of these microstates are completely
indistinguishable, which is in sharp tension with the unitarity of quantum mechanics. To
resolve this apparent paradox, different black hole microstates must be made distinguishable
directly from measurements on the radiation.

Remarkably, all three of these broad problems may be addressed using random matrix
theory calculations of distinguishability measures. In this thesis, this statement precise is

made precise and I elucidate the intricate and surprising connections.



1.1 Organization

The remainder of this thesis will be organized as follows: In Chapter 2, I provide background,
describing relevant quantities and techniques from quantum information theory. Particular
emphasis is placed on the operational interpretations of various distinguishability measures
that are used throughout the work. In Chapter 3, I introduce random quantum states and
their relation to black holes and thermalization. I introduce a diagrammatic technique to
compute moments of matrices drawn from the the Wishart ensemble and subsequently eval-
uate many distinct distinguishability measures in the limit of large Hilbert space dimension.
These analytical results are cross-checked with finite size numerical simulations. Alternative
derivations of the results are also provided using the techniques of free probability theory,
for which I give some general background. In Chapter 4, I relate these computations to the
physics of black holes and extend them accordingly. Namely, I study the distinguishablity be-
tween different states with the same bulk geometry (same “code subspace”) in the AdS/CFT
correspondence. Of particular interest is the distinguishability of different microstates of a
black hole. In a two-dimensional model of black hole evaporation using Jackiw-Teitelboim
gravity, I study how information leaks out of a black hole via the Hawking modes by char-
acterizing how the individual microstates can be distinguished using measurements solely
on the radiation. This is made more explicit using general arguments for how and when
information thrown into a black hole can be recovered from the state of the radiation. I then
discuss further developments in AdS/CFT by classifying various corrections and violations
to the holographic relative entropy (JLMS) formula. In Chapter 5, I change gears, focus-
ing on non-gravitational, many-body quantum systems. Here, I discuss two approaches to
thermalization, that which emerges at late times after non-equilibrium dynamics and that
which is present in individual energy eigenstates. Under certain assumptions this thermaliza-
tion can be understood by generalizing the techniques from random matrix theory explored

previously. In Chapter 6, I discuss ongoing and future lines of research that I hope to be
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answered. The focus of this section is on near-term tractable goals, with minimal emphasis

placed on more fanciful long-term goals.



CHAPTER 2
QUANTUM INFORMATION THEORY AND ITS USE

“The truth was obscure, too profound and too pure.”

— Where Are You Tonight? (Journey Through Dark Heat)

2.1 Entanglement

While distinguishability measures are the main focus of this thesis, we will first provide a
brief review of some notions of entanglement theory because these will arise at various points
and they play a crucial role in setting context.

In quantum mechanics, a pure state is an element of a Hilbert space, H. A state need
not be pure. For example, our information about a quantum state may consist of a classical
probability distribution over pure states. In this more general context, we must consider
density matrices which are positive semi-definite linear maps on H with unit trace, w(H).
Pure states become projectors. For a given p € w(H), we can define the von Neumann

entropy

Syn(p) == =Tr[plog [p]], (2.1)

which reduces to the classical Shannon entropy for diagonal p. For pure states, the entropy
is always zero because all microscopic information is known about the state. In general,
Hilbert spaces can factorize into subsystems as H = H 4 ® Hp. Given a state, p € w(H),

one can define a reduced state on subsystem A by taking the partial trace over Hp

pa="Trg[p]. (2.2)

If p is a pure state, then the von Neumann entropy of p4 is faithful measure of entanglement

5



between A and B and may then rightfully be called the entanglement entropy. This entropy
has many operational interpretations, such as the number of Bell pairs shared between A
and B that can be (asymptotically) distilled from the state p using only local operations and
classical communications (LOCC) between the systems.

With all this talk of entanglement, we should really have a definition. To do this, we first

define a separable state, which is any state that can be written in the following form
k k k k
p= Y @ o), P cwra), P ewp), (2.3)
k

where py. is a classical probability distribution. This constitutes the set of states that can
be generated using LOCC. All states that are not separable are called entangled. It is clear
that the von Neumann entropy of p4 for a generic separable state is non-zero, so it is not a
measure of entanglement.

A frequently used measure for mixed states is the mutual information, which may be

defined as a linear combination of von Neumann entropies

I(A,B) = Syn(pa) + Sun(pB) — Sun(paB)- (2.4)

The mutual information is positive semi-definite. It is only zero for product states, which
are of the form p = py4 ® pp. Because it is non-zero for other separable states, it is not
a faithful measure of entanglement, though it does measure total correlations, including
classical correlations and has been shown to bound connected correlation functions between

the two subsystems [193]

((0A0p) — (04)(OB))*
T -IT W A 2

In the denominator, the norms are one-norms. The mutual information is also monotonic



under inclusions for arbitrary C'
I(A,BUC) > I(A,B), (2.6)

so it makes sense as a correlation measure.

In general, genuine measures of entanglement are very difficult to compute in practice.
This is because they are frequently defined using optimizations over large spaces of quantum
states. One exception to these difficulties is the logarithmic negativity, which is tractable
to compute and requires no optimizations. The negativity is based on the positive partial
transpose (PPT) criterion [160, 91]. The partial transpose (say with respect to Bl) of p in
the orthonormal basis composed of |i) 4 of H4 and |j)p of Hp is defined to have matrix

elements

Tp

Pinjpikaly = Pialpkaip (2.7)

which is a Hermitian matrix with unit trace. While the eigenvalues of p are non-negative,
this is not necessarily the case for its partial transpose. Negativity is based on this property
and quantifies the amount of entanglement by the negative eigenvalues of p?B. Denoting the

eigenvalues of pTB by \;, the negativity is defined by [184, 54, 165]

PV il Nk = 3" il (2.8)

A;<0
and similarly the logarithmic negativity is
€ =loglp' ;. (2.9)

T T
Indeed, for separable states, pTB =Y. papff) ® (p%k)) , Where (pg)) is also a density

1. These definitions of negativity do not depend on the choice of bases for H4,Hp, and are invariant
under interchanging A and B.



matrix, so pLB has no negative eigenvalues. This shows that a necessary condition for a state
to be unentangled is to have vanishing negativity.2 Crucially, negativity is monotonically
decreasing under LOCC. Note that it is known that determining if a density matrix is

separable is generally NP hard [73, 71].

2.2 Distinguishability

I will now review various distinguishability measures commonly used in quantum information
theory. Fach measure has an operational meaning via quantum hypothesis testing and there

are various relations between the measures.

Relative entropy We begin with the quantum relative entropy which is arguably the
most important quantity in quantum information theory as many of the deepest results in
the field are directly derivable from its fundamental properties. The classical relative entropy

or Kullback-Leibler divergence is defined as

P(x)
Drr(PlIQ) :=1lo P(z)lo : (2.10)
KL ° Z;( ° (@(z))

where P and () are classical probability distributions over a set X. The quantum relative

entropy is the noncommutative analog defined for two density matrices, p and o as

D(pl|o) := Tr [plog [p] — plog[a]]. (2.11)

This is only well-defined when the support of p is contained within the support of o. Oth-
erwise, the relative entropy is infinite.

The relative entropy acts as a distinguishability measure as can be seen from its basic

2. It is not a sufficient condition. However, the entanglement that goes undetected by the negativity may
not be useful as negativity places an upper bound on the distillable entanglement [184].
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properties. The first is positivity, D(p||o) > 0, with the inequality saturated if and only if
p = o. The second is referred to as the data processing inequality or monotonicity of relative
entropy® which states that the relative entropy is non-increasing under completely-positive

trace-preserving (CPTP) quantum channels, N [124]

DN (p)[IN(a)) < D(pllo). (2.12)

This property is crucial for a distinguishability measure because it asserts that if you are
given two quantum states, after performing operations on them, they can never become
easier to distinguish.

A particularly important quantum channel is the partial trace operation on a bipartite

Hilbert space

N Hp@H — Hyp (2.13)

p—Trplp] = pa. (2.14)

Under the partial trace, we lose all information about region B, making p harder to distin-
guish from other states that look similar on A. The partial trace will play a central role
throughout the rest of the thesis because we are generally interested in how to distinguish
states when only having access to a subregion.

While the relative entropy characterizes the structure of the space of quantum states,
importantly, it is not a metric. This is most obviously seen from the definition which is not
symmetric under exchange of p and o. This is a feature and not a bug as can be seen by its
operational meaning that we will soon describe.

The relative entropy is a parent quantity to many other central information-theoretic

3. Positivity can actually be derived from monotonicity, though we chose to separate these conditions for
added clarity.



quantities, such as the von Neumann entropy
1
Sun(pa) =logldal = D { pall 7|,
A
where d 4 is the Hilbert space dimension, the mutual information
I(A,B) = D(paBllpa ®@ pB),

and conditional entropy

1

S(B|A) = log [dg] - D (pABHpA ® —) .

dp

In these terms, the strong subadditivity of von Neumann entropy

Sun(pB) + Sun(paBc) < Sun(paB) + Sun(pBC)

is a straightforward consequence of the data processing inequality

D(Trc [papc] |Trc [pa ® ppel) < D(papcllpa ® peo)-

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Rényi relative entropies Like the Kullback-Leibler divergence, the relative entropy can

be generalized into Rényi relative entropies. However, because of the noncommutativity of

density matrices, there are many inequivalent ways to generalize the relative entropy such

that it reduces to the classical a-Rényi divergences, the unique set of quantities satisfying

the five axioms of a generalized divergence [170]

1
a—1

Diro(PllQ) ==
rzeX

10

log | 3 P@)*Q(x)' |,

(2.20)



where « is a positive semi-definite real variable. We will study two complementary families
which have served the most uses in quantum information theory.
The first is the most obvious quantum analog of (2.20) and is referred to as the Petz

Rényi relative entropy (PRRE) [161]

Du(pllo) = - i . log [Tr [,oaal_o‘ﬂ : (2.21)

The PRRE satisfies various nice properties, such as reduction to the von Neumann relative
entropy when a — 1. For v € [0, 1), the PRRE is finite even when the support of p is larger
than the support of o. Most importantly, the PRRE satisfies the data processing inequality
when « € [0,2] [122, 181, 161]. One particularly useful case is at o = 1/2, which defines

what has been called Holevo’s “just-as-good fidelity” [190] or affinity [101]

Fir(pllo) = (Tr [pv/a])* = e Pr2lello), (2.22)

which, for most purposes is just as (if not more) useful as the more widely used Uhlmann

fidelity

Fipllo) = (v %ﬁ%ﬂ)? (2.23)

Both satisfy all of Jozsa’s axioms for distinguishability measures [97] and define metrics on

the space of quantum states

Dy(plle) =2 (1~ VIl

D a(pllo) = arccos [V/F(pllo)|

Di(pllor) =2 (1= VFa(pllo)) (2.24)
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called the Bures distance, Bures angle, and Hellinger distance repectively.
The other quantum generalization of (2.20) we will study is the sandwiched Rényi relative

entropy? (SRRE) (140, 191]

Dalpllo) i= ~ ! log [Tr [(G%pa%fﬂ . (2.26)

It is clear that this is equivalent to the PRRE when p and ¢ commute and reduces to the
Uhlmann fidelity at @« = 1/2. Like the PRRE, the SRRE reduces to the von Neumann
relative entropy in the o« — 1 limit and is only finite if either a € [0, 1) or the support of p is
contained within the support of o. The most important property of SRRE is that it satisfies
the data-processing inequality for o € [1/2,00). In this way, it is complementary to the
PRRE. Similar formulas for Rényi analogs of entropy, mutual information, and conditional

entropies can be written in terms of the Rényi relative entropies.

Trace distance The final distinguishability measure that we will study is the trace dis-

tance, defined as

1
T(pllo) = 5 lp— oy (2.27)

The trace distance defines a metric on the space of quantum states and takes values be-
tween zero and one. However, unlike Holevo’s just-as-good and Uhlmann fidelities, it does
not descend from a relative entropy. The trace distance is monotonically decreasing under
quantum operations. It will play a central role in our discussion of eigenstate thermalization

in Chapter 5.

4. Both PRRE and SRRE can be described as specific cases of the a-z-relative entropies defined as [18]

D, .(pllo) == o 1 ] log [Tr {(U%pgo%)zﬂ , (2.25)

though we will not discuss this more general quantity.
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There are various useful relations between the above distinguishability measures. Firstly,

both PRRE and SRRE are monotonic in «
Da, (ll0) < Day(pll0),  Day(pllo) < Day(pllo), a1 < a2, (2.28)
while the SRRE lower bounds the PRRE
Da(pllo) < Dal(pllo), a=1. (2.29)

By Pinsker’s inequality, the von Neumann relative entropy upper bounds the trace distance

[153]
ST(pllo)? < Dol (2.30)

while the Fuchs-van de Graaf inequalities assert that both fidelities place upper and lower

bound the trace distance [67]

1=V F(pllo) <1 =/ Fr(pllo) < T(pllo) < /1= Flpllo) < /1= Fylpllo).  (2.31)

These are strong results that will be useful due to the difficulty in directly computing the

trace distance. They are also important, nontrivial consistency checks of our results.

2.2.1 Operational interpretations in hypothesis testing

The most fundamental information processing processes are quantum state discrimination
(QSD) and hypothesis testing (QHT). It should then be no surprise that this is where
the most fundamental quantities, relative entropy and trace distance, find their operational
meanings. In this section, we make precise what it means for states to be distinguishable by

first introducing QSD and QHT, then stating what the distinguishability measures say about
13



our ability to perform these tasks. For more details, we refer the reader to the literature
e.g. Refs. [78, 100].

The general set-up is that we are given a state on H that is either p or ¢ and we wish
to determine which state we were given. We are allowed to use any positive operator-valued
measure (POVM) which is a collection of positive semi-definite operators, {M;}, that sum
to the identity operator on H. Each subscript, ¢, corresponds to a measurement outcome.
Because we are looking for a binary outcome (is our state p or ¢?), we can consolidate
the M;’s into just two elements. For outcomes i € A, we conclude the state is p, while
for outcomes i ¢ A, we conclude the state is . Our POVM is then {A,1 — A} where
A= ic 4 M;. There are many choices for A and we want to optimize this choice as to
have the least error in our conclusions. There are two types of errors. The probability of

mistakenly concluding that we have ¢ when we were really given p is given by

a(A):=Tr[(1— A)pl, (2.32)

while the probability of mistakenly concluding that we have p when we were really given o

is given by

B(A) :=Tr[Ao]. (2.33)

These are referred to as the error probabilities of the first and second kind respectively (or
type I and II).
There are various ways of optimizing these errors®. The symmetric way is called state

discrimination. The smallest combined error is given by the trace distance between the states

5. Recently, an interpolation QSD and QHT has bee introduced [174], which will be commented on in
Section 3.5.
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85, 86]
min [a(4) + 8(4) = 1 = (o) (2.34)

where the optimization is taken over all POVM. If the trace distance is very large (close
to one), we are able to choose a POVM that has very small error probabilities. If the
trace distance is small (close to zero), then the combined error is close to one, the maximal
optimized error which can be saturated by taking A = 1. Likewise, the probability that we

correctly discriminate, P4, is also given by the trace distance

Py(A) = %mjux (Te [Ap] + Tr [(1 — A)o]] = = (14 T(p||o). (2.35)

N | —

State discrimination can be made easier if instead of given one copy of the state, we
are given multiple, n, copies. This is the topic of asymptotic state discrimination. With
these n copies, we can ask what is the optimal POVM on H®". The error probabilities are

generalized in the obvious way
an(A) :==Tr [(1 — A)p®"], Bu(A) = Tr [Ac®"]. (2.36)

The sum of the errors can be shown to be bounded above by Holevo’s just-as-good fidelity

N3

min [an(A) + Fn(A)] < Fp (pllo)2. (2.37)

Unless the states are identical (Fgy = 1), the error rate exponentially decays to zero as we are
given a large number of copies. If the fidelity is small, we may only need one (or very few)

copies to confidently discriminate the states. Asymptotically (n — 00), this is strengthened

15



to an equality by the quantum Chernoff bound [16, 148]

lim —oglming lon(A) + 8N 1~ 0y Da(ollo) = £(ollo). (2.38)
n—00 n ae(0,1)

The quantity on the right-hand side of this equation is called the quantum Chernoff distance.
We progress to the asymmetric treatment of this problem, quantum hypothesis testing.
The asymmetric optimization is the task of minimizing one of the errors while keeping the

other error below some fixed, finite threshold e. We define

0= min_ fan()], 50 = min (4] (2.39)

Quantum Stein’s Lemma [87, 152] asserts that for any € € (0, 1), the type II error decreases

exponentially with the rate given by the relative entropy

G

n—oo n

= D(pllo). (2.40)

Quantum Stein’s Lemma can be further refined to optimize the error of the first kind as-

suming the error of the second kind decays exponentially. Defining

Qn = Bn(frlr)ligne*m” [an(A)], (2.41)

the PRRE determines this error rate if » < D(p||o) [79, 142, 13§]

lim —————— = max
o

log [din,r] [oz —1
n—>00 n ae(0,1)

(r - Da<pua>>] , (2.42)

while SRRE determines this error rate if r > D(pl||o) [139]

lim —M = max {a —! (7’ — Ea(pHU)ﬂ : (2.43)

n—00 n a€(1l,00) «
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With the above review, we have a thorough understanding of how to quantify the ability
to discriminate between two quantum states. It would be desirable to generalize this to
an arbitrary, finite number of states {p;}. This is particularly important for the black hole
information problem where there are many states with the same thermodynamic parameters.
In the case that we are discriminating many states, we no longer consolidate the M;’s into
A and 1 — A. Rather, each measurement outcome i can lead us to conclude that we have

state p;. If we are given the state p; with probability p;, the error probability is given by
Perr(pi, Mi) =Y Tr [pipi(1 — M;)], (2.44)
=1
whose optimized value we define as

Per(pi) = {Ig\l}% [Perr(pis M;)] . (2.45)

7

Rather remarkably, building on the work of Refs. [149, 151, 150, 19], the quantum Chernoff
bound was generalized in the multiple state case, referred to as the multiple quantum Chernoff

boundS [120]

- log [P (pi)] _ .
lim ——="2 — min | max (1 — a)Dg(p;llp:) | . 2.46
Jim - nir ae(oﬁ)( )Da(pillpj) (2.46)

The value on the right hand side is referred to as the multiple quantum Chernoff distance.
When comparing to (2.38), it is surprising that when discriminating between arbitrarily
many more states, all one needs to do is apply a global minimum.

In the one-shot case, bounds can be placed on P},..(p;), though, to our knowledge, an

equality is not known. If we take the spectral decompositions of our POVM as M; :=

6. The quantum Sanov’s lemma provides the analogous asymmetric multiple state hypothesis testing
result [77, 24]. There are also intriguing new multiple state divergences obeying the data processing inequality
whose operational meaning is not yet fully understood [68].
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ZZTZ X Qir, an upper and bound is given by [120]

Dicj ok min A, Ajr] Tr [QiQ 1]
2(r —1)

< P:Tr<pi)
S 10(7" — 1>2T2 Z Zmll’l [)‘Zkﬂ )\jl] Tr [Qle]l} s
i<j k|l
(2.47)

where 7 is the total number of states and T' := max[T;]. The upper bound can be made

more intuitive, though generally weaker, by noting

> min A, Ajg] Tr [QiQju] < min (1 —a)Da(pi|py), (2.48)
kil a€g(0,1)

leading to

Fire(pi) 100~ VP72 37 min (1= ) Dapile;)
1<j ’

<5(r —1)3T?max | min (1 — a)Da(p;||p; ) 2.49
< 50— 0P T max | min (11— )0 i) (2.49)

where in the second line, the remaining sum has been removed to mimic the form of (2.46)
even though this formula is strictly weaker when setting » = 2. It is worth noting that
determining P}.,. is a computation can be formulated as a semi-definite program [194, 100],

which means that it may be efficiently evaluated.

2.3 Recovery

An important question concerning a quantum channel A is whether or not it is reversible
i.e. whether there exists a recovery channel R such that for any state p, RoN(p) = p. This

question plays a central role, for example, in the theory of quantum error correction as well
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as quantum thermalization. If the quantum channel is unitary, the initial state is perfectly
recovered by acting on the output with the adjoint of the unitary. In the other extreme, a
quantum channel could replace all states with the maximally mixed state, in which case an
initial state is unrecoverable as the information about it is completely lost. A recovery map
that is independent of the initial state p is called universal.

It follows from a theorem by Petz [164, 163, 162] that a quantum channel N is reversible

if and only if the data processing inequality is saturated

D(pllo) = DN (p)[IN(0)) (2.50)

for all p, 0. Here, D(p||o) is the relative entropy. Furthermore, suppose we fix some reference
state 0. Then, for any state X in the support of A (o), there exists a recovery channel R.

This channel is given explicitly by the Petz map,

[N

Ponr(X) = 2N ((W(0) 2 X (W (0))72) 07, (251)

where N is the adjoint map of N. As a basic check, relative entropy is invariant under
unitary channels p — UpUT, and we find from (2.51), Pon(X) = UtXU.

Interestingly, it has recently been understood that the change of relative entropy under
quantum channels places strict bounds on how well a state can be recovered. The basic idea
is intuitive; if two states that were initially easily distinguishable become nearly indistin-
guishable under a channel, then it should be impossible to identify what the initial states

were using only information about the indistinguishable output states. In particular, it can
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be shown [98] that there exists a recovery map R, v with R, v o N (o) = o satisfying”,

F(p.[Ron 0 N(p)) = exp(DN (p)[IN(0)) — D(pllo)), (2.52)

where F' is the Uhlmann fidelity. For example, the bound (2.52) holds for an explicit but

complicated recovery channel called the twirled Petz map [98].

7. This was proven for Type I von Neumann algebras but was recently generalized to the Type III algebras
relevant to quantum field theory [63]. This technicality will not play an important role for us.
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CHAPTER 3
RANDOM STATES

“Half of the people can be part right all of the time
Some of the people can be all right part of the time
But all of the people can’t be all right all of the time”

— Talkin” World War III Blues

The techniques of random matrix theory have become ubiquitous across far-ranging fields
of physics. Originally used to characterize the spectra of heavy nuclei [189], random matrix
theory has flourished in its applications in quantum information theory [36], quantum chaos
and thermalization [42], and black hole physics [155, 84]. What’s more is that these fields
are now understood to be deeply related to one another and, to some extent, inseparable.

In this chapter, we consider Haar random states. This ensemble of states can be described
in several ways. Perhaps the simplest is to consider an arbitrary reference state |0) € H
and act with a random unitary matrix drawn from the Haar measure, the unique left-right
invariant measure over U(dim ) : |¥) = U |0). This ensemble is particularly nice because
the averages over « copies of Haar random states are sums of permutations, 7, of the «

copies

RD i e at (3.1)

where g is the matrix representation of 7 and the denominator ensures that the state has
unit norm. We are generally interested in ensembles for mixed states that are induced from
taking a partial trace over a sub-Hilbert space. If H = H 4 ®H g, the reduced density matrix
on A is given by

®a . a DreS, Iralr [975]
P = Trp [|0) (] =
A ZTGS@ Tr [g7]
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where the subscript on the permutation elements mean that they only permute within a sub-
Hilbert space. The trace of a permutation element is straightforward to work out, equaling
the dimension of the Hilbert space, d 4dpg, to the number of cycles in the permutation, C'(7).

The denominator can then be written as

> Trlgrl = Y7 (dadp)”7, (3.3)

which can be summed exactly because we know that the number of permutations of «
elements with k cycles is given by the Stirling number of the first kind. However, we can easily
avoid this technical point because we will be interested in the regime where the Hilbert space
dimension is large. Therefore, only the permutations that maximize C(7) will contribute at
leading order. The unique permutation that maximizes C(7) is the identity permutation
which has « cycles, so from here forward, we will approximate the denominator as (d4dpg)®.

There is an alternative description of the same induced ensemble of density matrices that
will be useful for us when generalizing to tensor networks. Rather than starting with fiducial
state |0), we begin with complete bases, |i) 4 and |J)p, on H 4 and Hp respectively. The

Haar random state is then represented as
T) =N X5l 4@ |])p, (3.4)
iJ

where X7 are complex Gaussian independent and identically distributed matrix elements

of d4 x dg matrix X with (unnormalized) joint probability distribution

P{X; 7)) o exp [—dAdBTr (XXT)] , (3.5)
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and A is a normalization constant. The reduced density matrix on H 4 is then [198, 178, 197]

xXxf

- S TRxT (3.6)

PA

Ensemble averages over « copies are given by the same formula in terms of permutations,
so at large dimensions, py ~ XX f. This is the famous Wishart-Laguerre ensemble and
is equivalent to the previously introduced Haar random states [145, 35]. The advantage of
working with random Gaussian states instead of Haar random states is due to “Wick calcu-
lus” being simpler than “Weingarten calculus.” The difference will appear for random tensor
networks although the ensembles will still be equivalent at large Hilbert space dimension [37].
Moreover, the class of random tensor networks used for holography involving projected Haar
random states [81] precisely correspond to the states we study even at finite Hilbert space
dimension, as explained in Section 3.9.1.

We now introduce a diagrammatic approach for computations of certain moments of the
Wishart ensemble involving multiple states, building on Refs. [27, 99, 176]. This will prove
invaluable in the following calculations.

We represent the elements of the random global pure state as two vertical lines
W)y =Xig:= 11, (3.7)

where the solid line represents H 4 and the dashed line Hpg. To form the density matrix, we

take the outer product

(0 (Pllig i = XigXjg = |1 1l (3.8)

We will usually drop the index labeling of the lines to avoid cumbersome notation. All

matrix manipulations are done on the lower ends of the lines. For example, we can take a
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partial trace over Hpg by connecting the dashed line

dp
palij = XigXiy= "1, (3.9)
J=1

square the matrix by taking two copies and connecting the bra of the first matrix with the

ket of the second

[Pi]i,j:\‘—————‘u‘—————‘\a (3.10)

Tr [p?d = (3.11)

1 This will give

For every insertion of the density matrix, we include a factor of (d4dg)~
the normalization factor that we computed from (3.3).

The ensemble averaging of the states are done on the upper ends of the lines. The rule
here is that we must add up all diagrams contracting any bra with any ket. For « insertions of
the density matrix, there will be a! diagrams, corresponding to the a! allowed permutations.
Within each diagram, we count the number of loops with each loop giving a factor of the
Hilbert space dimension. One can see that this diagrammatic sum is precisely the numerator
of (3.2).

We can now practice by taking the ensemble averaged purity. There are two (2!) diagrams

descending from (3.11)

: (3.12)
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immediately leading to d;ll + dl_gl.

Because we are interested in distinguishing density matrices that are independently sam-
pled from the ensemble, we must extend the diagrammatic technique. We do this by in-
troducing different colors for different density matrices. When ensemble averaging, bra’s of
one color can only contract with ket’s of the same color. For example, the overlap between

independent induced states p4 (black) and o 4 (red) looks similar to the purity

(3.13)

(3.14)

because the second diagram would have connected the black and red indices which is disal-
lowed. With this formalism, we are now ready to compute each distinguishability measures

using a replica trick.

3.1 Relative entropy

We begin with the von Neumann relative entropy, both because it is the most fundamental
quantity and the simplest to compute using our techniques. This will illustrate our strategy
that will be used throughout. The relative entropy may be computed using a replica trick.
That is, we first compute a certain series of moments of the ensemble and then analytically
continue to arrive at the desired quantity. The replica trick for the relative entropy is given

by [116]

D(pallog) = 01}1?1 ﬁ <log [Tr [p%]] — log [Tr [pAai_lﬂ) . (3.15)
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We compute the ensemble average of the two terms separately. The first term is the Rényi

entropy and, as a diagram, looks like

Tr [p%] = --2Lge--00 " ge--2). (3.16)

While we make the dimensions of the sub-Hilbert spaces large, d4,dg — 00, we keep their
relative sizes, dy/dp, finite. The leading diagrams maximize the total number of loops.
These are the planar diagrams as this double line notation corresponds the standard large- /N
topological expansion. Planar diagrams correspond to the non-crossing permutations, NCly,
a well-studied object in enumerative combinatorics and probability theory [105, 177]. The

ensemble averaged Rényi purity is then given by

_ 3 o) (3.17)
TeNC,,

T lod) = e
where n is the cyclic permutation, spawning from the matrix multiplication and trace in
(3.16). The non-crossing permutations maximize the total exponent as C'(n~to7) +C(r) =
a+ 1 [105, 177]. A more refined statement is that the number of non-crossing permutations
with C(n~1 o 7) = k (and therefore C(7) = a4+ 1 — k) is given by the Narayana number
[105, 177]

Naj = é(;‘) (k “ 1). (3.18)

With this information, we can reorganize (3.17) as a sum over k instead of a sum over

permutations
1 «
k 1-k
Tr [p%] == E Na’ded%Jr , (3.19)
k=1

(dadp)
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which can be rewritten again as a hypergeometric function?

A=y (1 — o, —; 2; d—“‘) , dg<dp
A 45 . (3.20)

djlg_agpl (1 — a, —a;Q;Z—Jj) , dgq>dp

The A <» B symmetry of Rényi entropies of bipartite pure states is manifest.
Taking the logarithm and analytically continuing to @ = 1, we obtain Page’s formula

154]

d
_ 1 log[da] — 9%, da <dp
lim .
a—1 1 —

CYlog [Tr [p%]] = (3.21)

log[dp] — 5=, dp < da

In writing this formula, we have assumed that logarithm and ensemble average commute,
which we justify in Section 3.8.

The second term in (3.15) involves both py and o 42

Tt [pAo}(a} =oAL ey (3.22)

Because there is only a single copy of p4, when ensemble averaging, we must contract the

first density matrix with itself. There are no constraints on how to contract the red lines.

1. The two elements of the piecewise function are equivalent on the integers. The reason why we write it
as a piecewise function is for ease of analytic continuation to non-integer values because the hypergeometric
functions are entire when the argument is less than one.

2. This can be generalized such that the auxiliary systems for ¢ and p are of different sizes dp, and dg,.
In the diagrammatics, this corresponds to assigning different weights to the black and red dashed lines. The
resulting generalized sums are still tractable, though, we do not currently have use for these calculations
in our applications to black holes because dp corresponds to the size of the black hole, which is simple to
measure by an outside observer, rendering o4 and p4 easily distinguishable when dp, # dp,. Some exact
results for this set up in the Wishart ensemble can be found in Refs. [113, 114, 115].
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This means that the S, permutations are broken down to 1 x S,_1

Tr [pAa}Ll_a] N Z di(n_loT)dg(T). (3.23)

«
(dAdB) TELXSH_1

We still need to maximize the exponent by choosing non-crossing permutations, though many
such permutations are disallowed by the identity factor on the first matrix. The diagrams

are topological, so we have

L__Q L,,JL."JL,,J‘:L,,J‘L,,JL'..JL,,J‘. (324)

From this diagram, it is clear that the cardinality of the intersection of NCy and 1 x S,_1 is
given by the cardinality of NC,_1 and the number of such non-crossing permutations with
C(n~'Yor) =k is given by Narayana number No—1k

1 1

N — «
—a| _ k ja+1—Fk
Tr [pAgA a} - ];Na_l’dedaB , (3.25)

which can also be represented by a hypergeometric function

—_— dl_agFl <1—a,2—a;2;d—A), dy <dp
Tr [pAaj_l} A 5 : (3.26)

d%_o‘dzll o (1 - a,2—a;2;fl—fj> , dg>dp

Taking the e — 1 limit, we have

1og[dA]+1+(fl—fj—1)1og [1—3—2}, dy < dg

lim

og [T [pact ]| =
a—>11—a0g [PA%4

o0, dp <dg

(3.27)
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Therefore, we find the ensemble average of the relative entropy to be

d d d
g+ (B —1)10g |1 - 4], dg<dp

D(palloa) = (3.28)

o0, dy > dp

This is a satisfying, simple answer. For small d4/dpg, the relative entropy is given by d 4 /dp.
If we think in terms of “number of qubits,” Ny and Np, this is exponentially small in the
difference (Ng — N 4), meaning that the states will be very difficult to distinguish whenever
we have access to a few qubits less than half the system; the asymptotic error rate, 5 (€), is
very small, meaning we will need exponentially (in N4) many copies of the state to identify
it with confidence. (3.28) is also monotonically increasing in dy/dpg, a consequence of the
data processing inequality when we take the partial trace as the quantum channel. When
d4 — dp, the relative entropy approaches the curious value of 3/2. This value of 3/2 was
also determined in Ref. [167] using very different techniques which serves as an additional
consistency check of our results.

When d4 > dp, every reduced state on H 4 in the ensemble will be rank deficient
with d4 — dp zero eigenvalues. This is because the Wishart ensemble has rank at most
min(dy,dpg). It is therefore overwhelmingly unlikely that two independent states, p4 and
o4, will have the same support. In particular, the support of p4 will not be contained
within the support of 4. This is the reason why the relative entropy becomes infinite in

this regime; there will be a measurement we can choose that easily distinguishes p4 and o 4.

3.2 Petz Rényi relative entropy and Holevo’s just-as-good

fidelity

To understand more sophisticated structures in Haar random states, we progress to the

computation of the PRRE. The PRRE has a tricky 1 — a exponent for o4, so we use a
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replica trick with two replica parameters, o and m

1
Duo(palloa) = lim — log [Tr [p%a'}]] - (3.29)

m—l—a

We will compute this for a,m € Z*, only taking the limit to o, € R at the end of the

calculation. The positive integer moments in diagrammatic form are

Tr [p%o)] =|---2Lt--2L " Je--dge-o L Je--0 T geemay (3.30)

where there are o black density matrices and m red density matrices. When ensemble
averaging, we are only able to contract using the subgroup Sy X Sy, C Sa+m, leading to the

sum over permutations

1 C(y~tor) ,C(r)
Tr[phoh] = e 2o a dg". (3.31)
(dadp) TESXSm

As can be seen by the diagram, even with the restricted sum, there are many ways to contract
the lines that are non-crossing, hence maximizing the exponents. These are precisely the non-
crossing permutations acting independently on the black and red indices, so the combinatorial

factor will be given by the product of two Narayana numbers

k+j—1 24a+m—k— j
D D) SRS e
k=1j=1

Tr pOé O.m _

[ A A} d AdB
The reason why there is an additional “—1” in the exponent of d 4 is that the black and red
lines are connected at the bottom of the diagram due to the matrix multiplication. Note
that this expression is a generalization of the replica trick used in the previous section for

the relative entropy, (3.25), if we set &« = 1 and m = a — 1. As before, the double sum can
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be expressed in terms of hypergeometric functions

A"t R (1 —m, —m; 2; j—g) 2 (1 -, %) » da<dp

TI' [p%‘ﬂ/ﬂ = dzgm—a+2

d d
L2 h (1 —m, —m;2;ﬁ> 2 F1 (1 - a, —&;2;ﬁ>, dg >dp

(3.33)

Now that the sum that required m to be an integer is complete, it is safe to take the m — 1—«
limit

o 1 <1—Oz,—0¢;2;fl—g> o F1 (a—l,a;Q;Z—é), dA<dB

Tr [ ool = (3.34)

PoF (1-a,—a298) R (a— L2 98), dy>dp

When d4 = dp, this precisely agrees with a formula from Ref. [167]. Taking the logarithm
leads to an exact closed-form expression for the PRRE in the large Hilbert space dimension

limit

1 log[gFl <1—a,—a;2;g—;‘> o F1 (a—l,a;?;j—é)] , dy < dp

Dalpalloa) = ——

log {g—i 2 F <1 -, —a;2; Z—g) 217 (a L2 %)] 44> dp

(3.35)

This is a rare instance where we have an exact closed-form solution for relative entropies and
can be thought of as the “Page formula” for PRRE. Importantly, this equation contains much
more information about random quantum states than (3.28). A highlight is the finiteness of
(3.35) for a < 1 in the dy > dp regime. This explains the approach of random quantum
states to complete distinguishability. There are a few consistency checks that we can readily
verify. Namely, we note that (3.35) reduces to (3.28) if we send o — 1, (3.35) is monotonically
increasing in d 4 /dg (data processing inequality), and monotonically increasing in .

An additional desirable property of (3.35) is that it is simple enough that we can perform
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the optimization needed to compute the quantum Chernoff distance

) , (3.36)
d d
—log [ﬁ 2 [ (%,—%;2; ﬁ) ] , da>dp

E(palloa) =

where the optimal value of « in (2.38) is found to be 1/2. This definitively establishes the
error rate in quantum state discrimination for a measure one set of quantum states. Because
a = 1/2 is the optimal value, this adds to the usefulness of Holevo’s just-as-good fidelity,

which is given by

4
1 _1.9.d
2F1 (?7_§727ﬁ> ) dA<dB

Fr(palloa) = (3.37)

d}y 1 _1.,.dp)?
EQFl (77_7727a> ) dA>dB
In order to evaluate the quantum multiple Chernoff distance, we need to characterize the

fluctuations in the PRRE. To compute the variance, we must compute

TI‘ [p%azl}Q e e S L L | e T L S L L O L |l I (338)

Only the diagrams that connect the two blocks will contribute to the variance because
the disconnected diagrams are subtracted. For small d4/dp, these contributions will be
O(djlél_m_deél) or O(d;lld]}l) after taking the relevant limit. We may use a Taylor ex-
pansion of the logarithm to determine that the variance of the PRRE, 02, will be the same
order. The higher degree central moments, and therefore higher cumulants, will be sublead-
ing because in general, the n!” central moment will be O(d}[na_nmdl_?l). Therefore the

PRRE will follow a normal distribution at subleading order.

For a normal distribution, the probability of random variable X being r standard devia-
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tions, o, below the mean, u, is

ke 1 L2 r
Pr(X —u < —ro) = dz e 202 = —erfe | — ). 3.39
( = ) /oo oV2m 2 (ﬁ) (3.39)

Therefore, if we have W independent samplings of p4 and o4, the probability that the

minimum relative entropy will be at most r standard deviations from the mean is

P (i [Da(pallo.] 2 = ro) = (1= e (E))W (3.40)

If we are discriminating between W states, the quantum multiple Chernoft distance will be

d
Swlpalloa) > ﬁ —V2erfe ™ (2= 21— ) ) (3.41)

with probability 1 — €;. In order to be confident in the state discrimination (P, < €2), we

need

log |:€2_1:|
ﬁTfj‘B — V2erfe! (2 —2(1 - 61)%>U

~

(3.42)

copies of the state. Due to o being suppressed in the total Hilbert space dimension, this
formula only mildly depends on W even when W is of order the Hilbert space dimension.
Thus, the multiple Chernoff bound is essentially just as tight as the two-state Chernoff
bound.
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3.3 Sandwiched Rényi relative entropy and Uhlmann fidelity

Continuing our progression in difficulty, we now compute the SRRE using a new replica trick

requiring two replica indices

~ . 1
Duo(pallog) == lim . . log [Tr [(07 pac’i)"]]. (3.43)

The associated diagrams are more complicated because there the red and black lines are not

cleanly partitioned

Tr (X pacy)"] =

T L T T T L T TS T T T T e TS (3.44)

There are still many ways to contract the above diagram without crossing lines. We take
two steps. First, we need to have the black lines contract with themselves in a non-crossing

manner. For example, we may have

‘L,J [

e C_ 2 [T L—J“ (345)

(r)

This gives a factor of dg where 7 is the non-crossing permutation of the « black lines.
We can see from this diagram that depending on how the black lines are contracted, this
restricts the allowed permutations for the red lines. This is why this computation is more
complicated than for the PREE where the black and red permutations simply factorized as
NCy X NCy,. In order for the global permutation to be non-crossing, the red permutations

must be non-crossing within each block partitioned off by the black permutations. In the

above example diagram, the black “rainbow” restricts the red permutation to be of the form
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NC9y, X .... The identity permutation on the black density matrix on the right places no

additional restrictions. In terms of equations, the diagrams may be summed as

—1
Tr [(a%pAan)a} = a(2m+1) Z d H Z di(n ov)dg(v)
<dAdB TENCy Cecyc(n_loT) ’YENCQmm

(3.46)

1

where the product is over the cycles of n~* o 7 and | - | represents the length of the cycle.

We first focus on the d4 < dp regime where the inner sum may be computed as before

C 2 d
ZTENCa dB(T) H<€cyc(n*107) dAdBK‘m oy <_2|C|m’ 1- 2|C|m; 2; ﬁ)
(dAdB)a(2m+1)
+1-C C(7)+2 d
 Srenea 43T eny 2By (<20CTm, 1= 20¢Tm; 2 34)
- (dadg)® a(2m+1) ’

(3.47)

Tr (% pacy)"] =

where in the second line, we have pulled out the factors of d4 and dp from the product by
enforcing the global permutation to be noncrossing. This formula does not need m to be an

integer, so it is now safe to take the m — % limit

B Z (dA ) a—C(1) H
TENCy dB C€cyc(n—lor)

[Cl{a = 1) <l 5. da
o F1 (T L+ [0 = =52 @) . (3.48)

The product over cycle structures makes this formula still very difficult. Fortunately, Krew-
eras solved exactly this combinatorial problem about cycle structure in his landmark paper
on non-crossing partitions [105]. He found that the number of non-crossing permutations of

{1,2,...,a} with cycle structure® {m;} is given by, what we will call, the Kreweras number

3. This notation means that there are m; cycles of length 1.
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105, 177]

al
K = b:= 3 4
mid = (@ = b+ Dlmy!. . mal’ ;mz (349)

Therefore, we can reorganize the sum such that there are no more references to permutations,

only natural numbers

(3.50)

This formula still presents a daunting task to evaluate in terms of elementary functions for
generic «, though it provides a tractable, controlled expansion in dy/dg. This is because,
for small d4/dp, the hypergeometric function is close to one. We then must consider the
smallest values of > .m,;. First, we take only the leading term with ) ,m; = 1 (cyclic

permutation)

e 1—a\ @ da dg
Tr {(JAQQ pA0A2°‘> } = o} (a—l,a;?;—) +O(—>. (3.51)

dp dp

This is not terribly useful because, as explained above, to this order, the RHS is exactly one,
which would lead to the SRRE being identically zero. To find a nontrivial result, we need

the next term where ), m; = 2 which can be achieved in many ways. These are the all the
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ways to sum to integers between 1 and o — 1 to «

1-a 1—a\ @ d )
2c 20 A J _A
Tr K"A PAT A ) 1 Z {mj.ma—;=1} 2F1< 1+ 125 )
— —1 — d d
X o <(a Ma—1) L+ (a—3j) J 2;—A> + 2y ( 1,0472,—A>
« dB dB
dy 2
+0 , (3.52)
dp

where the floor function in the sum ensures that we do not double count. The Kreweras

number is

a, jF#G
Kimjmaj=1y =y (3.53)
2 J=732

J = 5 will only occur when « is even. The exact form of the hypergeometric functions in
the sum are not important at this order because for small d4/dpg, they are all close to one.
Therefore, only the Kreweras number is important. We can easily compute the sum at this

order for any integer o and find that this parity effect disappears,

15a 1277(1 @ d dA
Tr[(aA I )}—l—l—a(a—l)@+0<dB) , (3.54)

leading to an SRRE of

- 2
Palpallon) = a4 10 (d—A> . (3.55)

Note that this agrees with the previously derived von Neumann relative entropy in the
relevant o — 1 limit. Moreover, it obeys the data processing inequality for all positive « if

we take the quantum channel to be the partial trace.
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The Uhlmann fidelity is found? by setting o = 1 /2

Floallon) =1- A 4o (%4 2 (3.56)
PANITA) =2 = 50, dg) ‘

At this order, the Uhlmann fidelity is identical to Holevo’s just-as-good fidelity (3.37). The
value of the fidelity exactly at d4 = dp was found in Ref. [167] to be 1% and additional
results may be found in Ref. [199].

We can also evaluate the SRRE exactly for any integer moment using (3.50). Here, we
work out the least tedious case of & = 2 which is also known as the collision relative entropy
[169]. In this case, (3.52) is actually exact and does not contain O (%)2 corrections. We

only sum over j = 1, so

_ _1N\?%] ¢ 13  dy\? 1
1) | =24 g (2. 2.9.24 3.57
(OA pAUA ) ] dB2 1(2727 7dB) +1_§_27 ( : )

ST

Tr

leading to an SRRE of

- log
Da(palloa) =

d 13.5.da\, 1
ﬁ2F1<§7272a_2) +1 dA]7 dA<dB (358)

o0, dy > dp

where we have set the SRRE to infinity when d4 > dp because the von Neumann relative
entropy is infinite in this regime and the SRRE’s are monotonically increasing with «. It is
straightforward to evaluate the higher integer SRRE’s if desired.

It is equally important to investigate the opposite regime where d 4/dp is large. In this

4. We note that an exact expression was recently found for the fidelity of two random density matrices,
consistent with our large-N results [115]. Our result is complementary as the exact expression is very
complicated and not tractable at large-/N.
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case, the inner sum in (3.46) gives

C 2 d
S rency g Mecoyetn-tor 447" dp 2F1 (=2/¢Im, 1 = 2/¢Im; 2; 32
(dAdB)a(QnH—l)

d
HCécyc 107’) 2 F <—2K]m, 1-— 2’g|m’ 2; ﬁ)
(dgdp)m+1) :

Tr [(szllpAan)a] =

(d_B>C(T)+C(77_ T) a(2m+1)+1

- ZTENOa dA

(3.59)

Now that we have done the sums over the m permutations, we can safely take m — 1_Taa

and rewrite the sum in terms of Kreweras numbers

1—a 1—a\ @
[T

=(d—3>a S Ky 1T oA (i(a(jl),1+i(“;1);2;d—3>mi. (3.60)

d d
A ml,...,ma:O ml#o A

This is an exact formula, but is difficult to evaluate away from limits. For large dy/dpg, all
of the hypergeometric functions are close to one so all that matters is the total number of
noncrossing permutations, which is given by the Catalan number

Cop 1= — (25) (3.61)

a+1

Therefore, at leading order, we have

e e\ dp dp)“™
Tr[(aAQ PAT A ) ]:C’a(a) —|—O(dA> : (3.62)

Unlike for small d4/dpg, there are no additional terms at leading order. The SRRE is thus

e d 1
Da(palloa) = 7 log { B] +—

L -log[Ca] + 0 @A) (3.63)
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Important to note is that this is only well-defined for v < 1. This is to be expected because
of rank deficiency. In the well-defined regime, the SRRE is monotonic in a and manifestly
obeys the data processing inequality.

We can evaluate the asymptotic expression at o = 1/2 to find the Uhlmann fidelity

— 64dp dg\>/?
Fipaloa) = g +0 () (3.60)

The prefactor comes from the Catalan number which is nonintegral for noninteger . We
see that the fidelity is inversely proportional to d4/dpg, decaying to zero when subsystem
A occupies most of the Hilbert space. The full spectrum of a;f;‘fé P Aa}%"a, and hence the
fidelity, may be evaluated using techniques of free probability theory. This is completed

in Section 3.6. The answer is the free multiplicative convolution of two Marchenko-Pastur

distributions.

3.4 Trace distance

The final distinguishability measure we discuss is the trace distance. This is the ideal measure
when discussing one-shot state discrimination (2.34). More general than (2.27), we can define

an a-norm version of the trace distance

1

21/0[’pA - O—A’Ola (365)

Ta(PAHUA) =

where the a-norm of an operator, A, is defined as

[Alo = (v [\/ﬂa])l/a. (3.66)
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For even a and Hermitian A, we can dispose of the square root
0a1) 1/26 .
|Alg = <Tr [A O‘D . 20:=a (3.67)

The trace norm is then the & — 1/2 limit of this expression.
The replica trick, while only requiring a single replica parameter, is quite difficult as we
must compute all even powers of p4 — o4 which involves arbitrary mixing of p4 and o4

[195]

Tr{(pa — 04)% = (1) Tr(7g, ... 75.), (3.68)
SeP({12,...a})
where the sum runs over the power set of {1,2,...,a} and | - | is the cardinality of the
subset. We have 75, = py if i € S and 75, = 04 if i ¢ S. Each term in the sum can be
expressed as an appropriate summation over the symmetric group, though this is far from
straightforward.

Consider the small d 4 /dg limit. In this case, the terms that maximize C'(7) will dominate
the sum. This is when 7 is the identity. This permutation is always present, regardless of S
and universally contributes as djl4_o‘ which in the e — 1 limit contributes at O(1). To see if
this contributes to the overall sum, we need to understand the cardinalities. The number of

subsets with cardinality k is given by the binomial coefficient, so the identity contributes as

Tr(pa —04)? D) (Z) (—-1)kdl e =o. (3.69)
k=0

To get a nontrivial answer, we must therefore move beyond the identity permutation. This
is to be expected because the trace distance will be small for small d4/dp and should not
be O(1). The next leading term is when C(7) = o — 1 which corresponds to the identity

on all sites except for two which are swapped; this is always non-crossing. This contributes
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universally as dil_o‘dél, which will lead to the O(d4/dp) contribution. The combinatorics
are slightly more complicated. If |S| = k, then there are (S) + (O‘;k) ways to have a
single pairing because we can only choose pairings within the block of k p4’s or n — k o4’s.

Therefore, the contribution at this order is

Tr[(pa —o04)%] D za: <Z‘) ((l;) + (O‘ ; k)) (—)Fa%Ydgt = 26, 0d% “d5t. (3.70)

k=0

This is not an analytic function, so the & — 1/2 limit is quite ambiguous. We are free to
work to higher orders, though we will argue that this will not help our cause.

In the small dg/d 4 regime, the expansion is more involved. The leading terms come from
maximizing C(n~1 o 7). We can only have C(n~ ! o7) = a in the case that S = {1,2,...,a}
or is empty because otherwise, 7 = 1 will not be an allowed permutation. At this order, we

therefore have

2d);*, a€2Z
Trl(pa —oa)] = : (3.71)
0 aec2Z+1

The parity effect arises from the exponent of the sign in the sum. Analytically continuing
the even integers to one, we find

T(palloa) =140 @—j) : (3.72)

meaning that the states are nearly maximally distant. To understand how the trace distance
approaches one, we need to work at the next order. The noncrossing permutations that give
C(n~to 7) = a — 1 are those that are of the form 7, X 7q,. This means that the p4’s and
o 4’s must be in disjoint blocks i.e. § is a set only containing consecutive integers. There are

(v — 1) ways to partition « into nonzero integers ag and «g if we define the tuple (aq, @)
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to be distinct from (ag, ). There is an additional factor of @ coming from the rotations of

S to § + 1, leading to

—adYd3 Y ac2z
Adp
Tr[(pg — 04)® § j ~Dra e = . (3.73)
k=1 0 a€e2+1

Finally, when § = {1,2,...,a} or § = (), we again can partition the elements into 1 and
ay size blocks but this time (a1, a9) and (a9, 1) are indistinguishable. Therefore, for even
«, there are a;/2 possibilities while for odd «, there are only (o — 1)/2 possibilities plus the

rotation factors®, leading to

ala—1)dtdy ", ae2Z
Tr[(pa —0a)* D 7 (3.74)
0 ae€e2Z+1

where the odd terms are trivial because the S = {1,2,...,a} and § = () terms exactly cancel
in the sum due to the power of the sign. Taking the o — 1 limit of even «, we find the trace
norm at this order to be

P TR dp dp
T =1 . .

The trace distance may be evaluated away from limits using free probability techniques as

we review in Section 3.6 [130]

\/dA(2dB—dA)(dA+dB)+dB(4dA_2dB)Sin_l< 2%2)
T(palloa) = rdady |

d
1-— 2dBj4 dy > 2dp

da<2dp (5 75)

5. The rotation factor for even o when a1 = a is only a/2 because of indistinguishability.
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Interestingly, our asymptotic formula, (3.75), was exact. The trace distance at d4 = dg was
found in Ref. [167] to be § + 1.

Without free probability, we can still use bounds from Section 2.2 to place strong con-
straints on the trace distance. In particular, this is helpful for the small dy/dg where we
were unable to find an analytic answer. First, we use Pinsker’s inequality (2.30), using the

relative entropy (3.28) as an upper bound for d4 < dp

mg\/2+g—‘;+2(d—3—l)log<l—d—’4). (3.77)

da dp

This is only a useful bound when the RHS is less than one. Recall that when d4 = dp, the

RHS will be /3 > 1. For small d4/dg, we have

. 2d da\3/?
T(pAHms,/d—;w(ﬁ) . (3.78)

This means that the trace distance is very small, though without a lower bound, we cannot
yet say that we could not find the leading order trace distance from the above expansion.
We can determine a lower bound using Holevo’s just-as-good fidelity which is, in general,

stronger than the lower bound from Uhlmann fidelity

11 _dy\?  — 11 dg\*
1—9F (=, —2:2,-2) <T <\[l—oF (=, —=:2:-4 .

where we have also included the upper bound that is, in general, weaker than the upper

bound from Uhlmann fidelity. For small d4/dpg, this gives

da R — [ dg da 3/2
—= = <T < 4 = = . .
1dg —l—O(dB) <T(pallog) < 2 +0 0y (3.80)

This is a stronger upper bound than from Pinsker’s inequality, though the scaling is still
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not nailed down, only constrained to between linear and square root with dy/dp. Because
the scaling is at most linear, we cannot hope to find the leading order behavior from the
expansion at the beginning of this subsection because the linear term was zero if we are to
trust the “continuation.” The Uhlmann fidelity for small d4/dp does not strengthen the
upper bound at leading order.

We also want to characterize the d4 > dp regime. While Pinsker’s inequality does
not help here because the relative entropy is infinite, Holevo’s just-as-good fidelity places

nontrivial upper and lower bounds

dg 11 _dg\? — d2, 11 dg\?
1= 9B (2 2.2, <7 < J1-Bop (2 -2:2.9B) (381
2 1<2, 5 ’dA) <T(palloa) < diz 9%, (3.81)

For small dg/d 4, this is

1—d—B+o(d—B)2<T< Ha><1—§+o(d—3)3 (3:52)
d dy) = ANTAT =TT o0 da) ' '

meaning the states are almost as far away from each other as possible, approaching one
exponentially in Ny — Ng. The upper bound can be improved by the Uhlmann fidelity at

leading order such that the scaling behavior is completely fixed

dg dg\? — 32dp dg\>
1-—=4+0(—=) <T <1- ol—=1 . 3.83
2o (5E) <Thalloa) <1- o5l +0 (4F (3.53)

These bounds are consistent with the analytic expressions (3.75) and (3.76).

3.5 Interpolating between QSD and QHT

We have, so far, characterized the asymptotic error rates in distinguishing states in the
totally symmetric (QSD) and totally asymmetric (QHT) cases with the quantum Chernoff

distance and relative entropy respectively. It is natural to ask if the there is a way to
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Figure 3.1: The interpolation between QHT (s = 0) and QSD (s = 1) is shown for d4 < dp.

interpolate between the two. This was addressed in Ref. [174] where the type II error 5(A)
was optimized given the constraint that a(A) < e!=*4(A)® for s > 0 and € > 0. Note that
this coincides with QHT for s = 0 and QSD for s = 1. This is referred to as s-hypothesis

testing and the error rate was proven to be given by the s-quantum divergence defined as

log [Tr [,oo‘alfo‘ﬂ

&s(pllo) = TRy ey (3.84)

It is instructive to examine the two familiar limits. When s = 0, the quantity being maxi-
mized is the PRRE. We know that the PRRE is monotonically increasing with « so &y(pl|o)
is given by the relative entropy in accordance with our expectation. When s = 1, the RHS
becomes the definition of the quantum Chernoff distance. Using (3.35), we can evaluate the
s-quantum divergence for random states. We plot the value of a that maximizes the RHS
as a function of s in Fig. 3.1. This function monotonically decreases from one at s = 0 to

zero at s = 0o, passing through o = 1/2 at s = 1.
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3.6 Distinguishibility from free probability theory

We have tried to avoid the use of free probability theory because while it is immensely
powerful, it is very technical and unintuitive. Moreover, it lacks the clear connections to
gravitational and general chaotic systems that the replica trick has. Alas, for exact calcula-
tions of the trace distance and Uhlmann fidelity, we were unable to push our diagrammatic
techniques far enough so we address distinguishability measures using free probability now.

We begin a minimal introduction of the tools we will use from applications of free proba-
bility theory as applied to random matrices. The interested reader is encouraged to consult
Refs. [146, 134]. First, we define a unital linear form, 7, acting on a vector space. For N x N

1

matrices, X, this can be taken to be the normalized trace 7(X) := #Tr[X]. Random

variables X and Y are free if they satisfy

T(P(X)Q1(Y) ... P(X)Q(Y)) = 0, (3.85)

for any set of polynomials {P,Q} when 7 (P;(X)) = 7 (Q;(Y)) = 0. This, in turn, implies a

factorization property

T(P(X)Q(Y)) =7 (P(X))7(Q(Y)), (3.86)

which can be seen by taking Py (X) = P(X)—7(P(X)) and Q1(X) = Q(X)—7(Q(X)). There
are several useful ways to package the moments of a free random variable, m,, := 7(X").
These enable the evaluation of empirical spectral measures for random matrices. For a free

random variable X, we define the moment function as a formal power series

Mx(z):= Y _ 7(X™)2", zeC. (3.87)

m=0
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This is related to the Green’s function or Cauchy transform as

Gx(z):= %X(Z) (3.88)

From the Cauchy transform, one may extract the spectral measure using a Stieltjes trans-

formation

iy () = -+ li T [ G (A + i) (3.89)

7

Sometimes, we know that random variables X and Y have spectral measures px and py
but want to know the spectral measure of their sum, X 4+ Y, or product, XY. The spectral
measure of their sum is defined as the free convolution px 1y := py By while the spectral
measure of their product is defined as the free multiplicative product pxy = px X puy. In

order to obtain the free convolution, it is convenient to introduce the R-transform

Rx(Gx(2)) +

e (3.90)

The R-transform of a sum of free random variables is given by the sum of their individual

R-transforms

Rxyy(2) = Rx(2) + Ry (2). (3.91)

For the free multiplicative product, it is convenient to introduce the S-tranform

ZMx(Z)SX(MX(Z)) =1+ MX(Z) (3.92)

The S-tranform of a product of free random variables is given by the product of their indi-
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vidual S-transforms

Sxy(z) = Sx(2)5y (2). (3.93)

The key to the usefulness of free probability for us is that Wishart random matrices are free
random variables asymptotically, as the dimensions become large. Their empirical spectral

measure is given by the Marchenko-Pastur distribution

\/(x — (1= 2)2)(c(1 + ¢ 1/2)2 — 1)

2wcx

”E\Z)P(x) = max [1 — %, O] d(z) + , (3.94)

where ¢ := d4/dp is the rectangular parameter and x := dg4\.

Petz Rényi relative entropy For the PRRE, we need to evaluate Tr [pia}[o‘} . Because

pa and o4 are asymptotically free random variables with Marchenko-Pastur distributions,

,ug\c}P, this factorizes according to (3.86)

Tr [p%] Tr [0114_0‘}

Tr [pja}él_a} = I :/ ﬁp(x)xa/uﬁp(x)xl_a, (3.95)

These integrals may be evaluated to reproduce (3.34), the result from the replica trick.

Sandwiched Rényi relative entropy For the SRRE, we need to evaluate the averaged
1-o l-o
moments of o AZO‘ PAC AQO‘ . Using the replica trick, we succeeded for integer «, but were

unable to analytically continue to real-valued « in order to evaluate the Uhlmann fidelity
1 1
at a = % Here, we evaluate the spectrum of Uip A‘Ti (equivalently p404) to accomplish

(©)

this goal. This is the free multiplicative convolution of Marchenko-Pastur laws p;;p X
/LEE}P and has been called a generalized Fuss-Catalan distribution [136]. The Fuss-Catalan

distributions themselves were first derived in Ref. [159]. The S-tranform for the Marchenko-
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Pastur distribution is given by

1

Spa(2) = H-CTM(Z)' (3.96)
Therefore, the S-transform for pyo 4 is
Sproa(2) = S (3.97)
(1+cMp,(2))
Plugging this into (3.92), we find
My o, (2) = (14 My o, (2))(1+ My 0, (2)% (3.98)

Taking the correct root of this cubic equation and taking the Stieltjes transformation, we

find the spectral measure

1 3x+(c—1)? V/3-22/3 ( iz )1/3
- VP + A (z1,29)
1 | v3:22/3 1/3 12¢2x ) g
" (vP+a) ~(3.99)

0, otherwise
where we have defined

A=¢ [9((: +2)z +2(c—1)3
(3.100)
P =218 [(8 —(c=20)c)x +4(c—1)° = 49«“2]

20



3.0
250 1 10
0.500 |-
& a, "
S 20§ O
= T 000 PN R
150 B 0080 Mee
5 T e Y R it
C= 100 TS N T e
i P 'l.... 1 0.010 b\ i ot S —
051 | A [ T --\'\. ] T ]
00 - 'H " """ et -__."'.“.“J"."a-,v—- ..... 0.001 1 L L L L
0.0 05 1.0 15 2.0 25 3.0 35 0 1 2 3 4 5 6
X T

Figure 3.2: The probability density function for the generalized Fuss-Catalan distribution
is shown (grey lines) with comparison to numerics. On the left, the blue, green and red
dots correspond to ¢ = 20,272 94 respectively. On the right, the blue, green and red dots
correspond to ¢ = 29,22, 24 respectively. The total system size is 216 and we disorder average
over 103 realizations.

and end points

2 3/2
41 = max 0,8—1—200 c 8\/5(8—|—c) ]
(3.101)
o 8 +20c — 2 + /(8 + ¢)3/2
27 8
The Uhlmann fidelity is then given by the following integral
([0 g, ’
Flpalloa) = ( [ Wp®ulp(@)va) (3102
1

We compare the derived distribution with numerics in Fig. 3.2.

Trace distance The trace distance is defined using the trace norm of the difference of p 4
and o 4. This is tailor-made for a computation in free probability because of free convolution.

The R-transform for the Marchenko-Pastur distribution is

B 1
C1l—cz

Ry, (2) (3.103)
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Because we are taking the difference, we must rescale the second R-transform

1

R_64(2) = —Ros(—2) = — T ea (3.104)
Therefore, the R-transform of the difference is
2cz
RPA_UA(Z) = m (3105)
Inverting the R-transform, one finds the Cauchy transform
2cG 1
<G(2) = 2. (3.106)

=262 Q)

Once again, one can take the correct root of the cubic equation and take the Stieltjes trans-

formation to find the spectral measure [167, 130]

(2—c)24322 . 10g[n(w)+\/n2(x)—1}
Y= ginh 3 .zl e (v—,zy)
(©) (©) _ V3me|a|
pyrp BD-1 [IUMP} () = ’
max [O, 1-— %] d(z), otherwise
(3.107)
where D_1 represents the rescaling, the function n(x) is given by
9(c+1)%22 + (2 —¢)?
x) = 3.108
1) = (T ot 32 (3.108)
and the endpoints of the spectrum are
1 3/2 1/2
T4 = max [0, 7 (\/40 T1+ 3) <\/4c TiT 1) } . (3.109)
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Figure 3.3: Three representative examples of relative entropies are shown, all of which with
a > 1, so they are infinite for d4/dg > 1. Left: von Neumann relative entropy with dashed
line given by (3.28). Center: PRRE with a@ = 3/2 with dashed line given by (3.35). Right
SRRE with o = 2 with dashed line given by (3.58). The data are given for total Hilbert
space dimensions of 2!4 (blue), 21° (green), and 30 (red). The error bars represent the
statistical fluctuations in the 103 disorder realizations which decay for large Hilbert spaces.

One can then evaluate the trace distance from the integral

1 c .
T(palloa) = 5/ §\4)p BD_ [u%}p} (2)|2], (3.110)

leading to (3.76).

3.7 Small-N numerics

All of our computations thus far have been in the limit where both d4 and dg are large.
It is important to ask whether these asymptotic results are accurate when d4 and dp are
finite. One motivation is if these predictions can be observed in experiments and Noisy
Intermediate-Scale Quantum (NISQ) technology [166]. Of course, the Hilbert space dimen-
sions are exponentially large in the number of qubits, so there is hope that our results are
predictive for small-scale experiments. In this section, we numerically compute the vari-
ous distance measures and compare to the asymptotic formulas. This serves as a further
consistency check of our results, which we find to be extraordinarily accurate.

In Fig. 3.3, we plot the von Neumann relative entropy, Dg /2 and [)2. All of these

quantities are infinite for d4 > dp due to the rank deficiencies in the reduced density
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Figure 3.4: Representative examples of relative entropies are shown for o < 1 such that there
are no divergences. Left: PRRE for o = 1/2 (related to Holevo’s just-as-good fidelity) with
dashed line given by (3.35). Right: SRRE for o = 1/2 (related to Uhlmann fidelity) with
dashed red lines given by the answer from the spectrum (3.99). The grey line is the upper
bound from the PRRE. The data are given for total Hilbert space dimensions 2° (black),
210 (blue), 3% (red), and 37 (green). The error bars represent the statistical fluctuations in
the 102 disorder realizations which decay for large Hilbert spaces.

matrix. For this reason, we are able to sample very large Hilbert space dimensions because
the bottleneck on classical computers is d4 and not the total system size. We find very
accurate agreement between the exact large-/N predictions and the small-N numerics. The
fluctuations in the entropies are noticeably larger for small d4 because of the subleading
corrections that we have thus far ignored.

In Fig. 3.4, we investigate the other regime by plotting D, /2 and [)1 /2- These quantities
are related to Holevo’s just-as-good and Uhlmann fidelities respectively and are therefore
well-defined in the d4 > dp regime. This limits the Hilbert space sizes we can probe,
though we still find very accurate agreement with the large-N analysis.

Finally, in Fig. 3.5, we plot the trace distance, examining both the small d4 /dp and large

d4/dp regimes. The large-N expressions precisely agree with numerics and are bounded

within the fidelities.
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Figure 3.5: Left: The trace distance is shown with dashed red line given by (3.76) and grey
lines given by the bounds from the fidelity (3.79) and (3.81). Right: One minus the trace
distance is shown to display the approach to one. The data are given for total Hilbert space
dimensions 22 (black), 210 (blue), 3% (red), and 37 (green). The error bars represent the
statistical fluctuations in the 103 disorder realizations which decay for large Hilbert spaces.

3.8 Commutation of ensemble average and logarithm

We have been using the replica trick to compute relative entropies. This has involved evalu-
ating ensemble averages of traces of powers of density matrices and then taking a logarithm.
In general, the ensemble average and logarithm do not commute. We now show that the two
operations approximately commute in the large-N limit. To properly take the average of a

logarithm, we need an additional replica trick

T o -ml\4 _ 1
log [Tr [pia?f” = lim ( : [pAUAD )

3.111
Lo, . (3.111)

For illustration, we work with the PRRE though the argument is the same for all other

quantities. In diagrams, the necessary moments are

(TI' [p%azm)q e e e L L el I e L S e e S et (3112)
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where there are ¢ total blocks. As a sum over permutations, this is

M 1 C((n_l)xqoﬂ C(r)
(Tx [p%0}])" = — >oooody, dg"”, (3.113)
(dadp)te* )Te(saxsm)xq

where in cycle notation

q—1
) = [+ a2+ 4....a+m+aq). (3.114)

1=0
The leading terms come from noncrossing contractions within each block independently,
leading to C'((n~1)*? o 7) + C(7) = q(a + m + 1). Contractions that connect the blocks
will be subleading with C'((n~1)*%07) 4 C(7) < q(a+m + 1) — 2. Therefore, the ensemble

average factorizes at leading order

(Tr [p%a’}ﬂ)q ~ (Tr [p%a%])q. (3.115)

Using (3.111), this implies that the ensemble average and logarithm approximately commute

at large-NN.

3.9 Tensor Networks

Tensor networks represent a generalization of the states we have considered thus far, adding
in the ingredient of locality. As such, tensor networks have been particularly useful as toy
models of holographic duality [156, 81]. They are also independently interesting as presenting
new classes of ensembles of random states with novel spectral properties [37]. In this section,
we generalize our computations to generic random tensor networks, finding qualitatively new
phenomena. A specific application of these results is for the random tensor networks used
for modeling holography. We clarify which random states faithfully represent holographic

states and which do not.
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We begin with the warm-up example of a random tensor network with two tensors, T}

and To, contracted together

— T HT —

(3.116)

This is the simplest generalization of the single-tensor network i.e. Haar random state
—T— (3.117)

The two-tensor network has one additional degree of freedom, the dimension of the internal
bond, dp. For 77 and T independently Gaussian, it is straightforward to generalize the

diagrammatic approach. The state is now
W) = ‘ R (3.118)

where the dotted line is for dj and is always contracted. The arrow indicates that the dotted
lines must be connected in a way that has all arrows with the same orientation. The reduced

density matrix is

pA::‘ N (3.119)

Note the directions of the arrows. We can see that the normalization associated with each

density matrix is (ddgdy) ™!

. When taking the average of the moments, we now have a
double sum over the permutation group, corresponding to the two random tensors. For

example, the purity moments will be

_10
S S “lor) g(TQ)df(Tl ™). (3.120)

7'1,7'265

«
Tr ['OA] dAdBdb
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To solve this equation at leading order, we need to maximize the exponents. That is, we must
find the set of permutations, {71, 72} that maximize C(n~1ory)+C(9) +C (1] Lo 7). This
is already a significantly harder problem than the single-tensor network where the answer is
that 7 must be a non-crossing permutation.

Interestingly, this maximization may be rephrased as a classical network flow problem
[37]. We attach a “source” to B and a “sink” to A and determine the maximal flow, w45 flow>
of the network where each edge has a weight corresponding to the logarithm of the Hilbert
space dimension. We apply the Ford-Fulkerson method in which, one at a time, we take a
path from the source to the sink through the tensors, subtracting the weight of the edges by
one as we go along the path [65]. Each one of these paths is called an augmenting path. We
repeat this process until there are no more paths from the source to the sink such that we

are left with a residual network. The rules for each permutation are that

1. All 7;’s are non-crossing.

2. 1;’s are non-decreasing along each augmenting path in the network i.e. each permuta-

tion is contained within all permutations further along the path.

3. All 7;’s in the connected component of the source in the residual network are set to

the identity:.
4. All 7;’s in the connected component of the sink in the residual network are set to 7.

5. All 7;’s in the same connected component are identical.
At leading order, the moments will then be
Tr [pi] = N (O‘ 1 wmax—ﬂow Z 07—1 dg( ) adC( 07—2) , (3121)
{r.72}

where {71, 7} is the set of permutations obeying the constraints and the dimensions with

tildes are O(1) due to multiples of N, a large parameter, being pulled out. For example, if
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dy = O(N2), then d 4 := d4N 2. In the special case that all d;’s are one, we have

Tr [p4] = Fo N~ (@7 Dmaxtow, (3.122)

where F}, represents the number of paths satisfying the constraints.
For example, consider the case where d4 = dp = d, = N. There will be a single

augmenting path (Wpax-fiow = 1)

\ A

[Source Jessse 7

a = sink | (3.123)

such that the resulting network will consist of disconnected tensors with the constraint that

1 <19 € NCg,

T, Ty |sink | (3.124)

The number of such permutations is given by the second Fuss-Catalan number

1 3av
el = 3.125
@ 20+ 1\ a )’ ( )
so the moments will be given by
1 3a 1—
Tr |p%| = N T 3.126
g [pA] 20+ 1 < o} ) ( )

The associated von Neumann entropy is
5
Syn(A) =log [N] — 5 (3.127)

This generalizes Page’s formula.
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Had we instead taken, for example, \/d4q = dg = dj, = N, the same augmenting path

would have led to the following residual network

B Ty [—— sink | (3.128)

Because T7 is still connected to the sink 71 will be set to 1 while 79 can be any non-crossing

permutation of which there are a Catalan number’s worth, leading to
1
Syn(A) =log [N] — 7 (3.129)

More generally, we can have a tensor network with n tensors, {77, 7s,...,Tp}. A set of
indices of these tensors will be contracted. We refer to the dimensions of these indices by the
tensors they connect e.g. d;;. There is also a set of uncontracted indices which correspond
to systems A and B. We refer to the dimensions of these indices as d4; and dp; which label
the subsystem they belong to and the tensors that they are indices of. The purity moments

can then be expressed as a sum over n permutation elements

1 O’Tl L OT]'
o [/)% N (HZ dAide’ Hj dz’j>a Z H dAZ 1;[ . (3.130)

T1yee, TnESq 1=1

Here, we must maximize the more complicated exponent which can also be formulated as a

network flow problem. (3.121) is generalized to

N~ (a=1)wmax-flow Z H dAZ 07_7' o ~C TZ ﬁ OT] , (3131)

(r} i =1

Tr [ph] =

where {7;} is the set of permutations obeying the updated rules. (3.122) still applies, though
the combinatorics may become significantly more difficult. If we are not concerned with the

O(1) constant, we only need to determine the maximal flow. By the max-flow min-cut
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theorem, the maximal flow from the source to the sink will always be equal to the minimal
cut, 74, in the network needed to separate the source and sink into disconnected components

(65, 56]. The von Neumann entropy is then

Syun(A) = 74 log [N] + O(1). (3.132)

We can now generalize this, as before, to relative entropy. We will explicitly compute the

PRRE. This only changes the permutation allowed in the sum

— r ~ o1 1 O i " OT
Tr [Piaiﬂ = (IL daidgi H] )a—i—m Z H dAz ) H 7

Tlyeey TR ESa X S 1=1 j=1
(3.133)

The key difference between this replica trick and the one for Rényi entropies is that 7 is not
an allowed permutation in the sum. This effects all of the C(n~! o 7;) terms because they
are maximized not by « + m, but a + m — 1 which occurs with 7, = ng X 9, € Sa X S
This changes rule (1) of the Ford-Fulkerson algorithm to “All 7;’s are in NCy, x NC,” and
rule (4) to “All 7;’s in the connected component of the sink in the residual network are set

to No X Nm.” The moments are then

T oo o] = N—(atm— ~Lor;)—a—m 50(r;)~a-
T o] = NN -(Ea10) 3 [0 om-emgglm-omn
{71}7'1

n —
H o) T (3.134)

where E 4 is the weight of the external A edges before applying the Ford-Fulkerson algorithm,

which, in the single-tensor case simply equaled the maximum flow. In the special case where
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all d;’s are one,
Tt [p%0'7] = FamN~(@tm=Dray7a=Ea, (3.135)

First, consider the two-tensor network when all dimensions equal N. There is a single
augmenting path and F4 = v4. However, due to the restriction to Sy x Si,, 71 and 19 are

restricted to non-crossing within the subgroup, such that
Fom = FCPFCP, (3.136)

which is much smaller than FCy44,. The von Neumann relative entropy is then given by

D(pallon) = = (3.137)

6 Y
which should be compared with 3/2 which was found for the single-tensor network. Ap-

parently, adding a random tensor makes the state more distinguishable. Generalizing this

conclusion, if the tensor network is a string of n tensors

— T HTyH T3} T, —

: (3.138)

the combinatorial factor is given by a product of the nt" Fuss-Catalan number

() e

The relative entropy is then

D(palloa) = Hpy1 +n—1, (3.140)
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where Hy, := Y j_4 % is the harmonic number. This function is monotonically increasing in
n.

If we are not concerned with the O(1) contribution, the PRRE will generally be given by

Dalpallos) = A=A 105 [N] + 0(1). (3.141)

This implies that the quantum relative entropy is always divergent if the A edges do not
coincide with the minimal cut.5 We will come back to this point shortly. Similarly, note

that Holevo’s just-as-good fidelity is exponentially small in this case
Fr(pallos) = N~2Ea=74), (3.142)

This means that for many tensor networks, two independent states will be easily distinguish-
able, no matter the relative size of A and B. When E 4 = 4, the O(1) and subleading terms
are very interesting.

Recall that holographic random tensor networks are tensor networks composed of random
tensors that are arranged geometrically as discretized hyperbolic space (see Fig. 3.6) [81].
Due to the negative curvature of this space, the minimal surfaces for boundary regions
always lie in the bulk. This means that we always have E 4 > 4, so independent states will
always be completely distinguishable. We will see that this is naively in in tension with the
holographic results of Chapter 4.1. There, we find that single-tensor networks, which have
no built in locality, exactly match certain holographic states while the tensor networks that
naively look like Anti-de Sitter space do not share any information theoretic properties with
holography except for the entropy.

At face value, the above conclusions are a bit unsettling. Fortunately, this can be reme-

6. There appears to be some similarities of this result with those on holographic Holevo information in
Ref. [168].
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Figure 3.6: A discretization of hyperbolic space is shown as a tensor network. For boundary
subregion A, the minimal cut through the network, 74, always dips into the bulk and is
smaller than the boundary cut E 4

died by more carefully stating how a tensor network should model holographic states. Tensor
network models represent the holographic map as a quantum error correcting code where
the bulk degrees of freedom play the role of “logical qubits” that are protected by being
embedded in the larger boundary Hilbert space. The logical qubits live in a code subspace.
In the random tensor networks we have been considering, the code subspace (the ensemble
of states we are sampling from) is identical to the Hilbert space on the boundary. This
equality between bulk effective field theory and boundary Hilbert space dimensions only oc-
curs in AdS/CFT when one has a large black hole whose horizon approaches the asymptotic
boundary of the space. This is the reason for the requirement that £4 = 74; all minimal
surfaces in the large black hole geometry hug the asymptotic boundary. In order to model
other holographic states using tensor networks, we must make the code subspace signifi-
cantly smaller than the total Hilbert space. Additionally, the bulk density matrices should
not be orthogonal. For example, when considering perturbations about vacuum AdS, the
total Hilbert space dimension is O(e2/@) while the code subspace is O(eGO). In practice, this
means that for the two states, p and o, we must take the random tensors to be correlated

with each other i.e. the measure for each random tensor only has support on a proper subset
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of the Hilbert space. This will be addressed in Section 4.3.

Another important class of random tensor networks is random unitary circuits. In these
tensor networks, all tensors are random unitary operators drawn from the Haar measure.
Such networks have been the focus of intense study because they present an exactly solvable
minimal model of chaotic many-body dynamics, only preserving locality and unitarity. Using
the replica trick and Weingarten calculus, many measures of entanglement and operator
growth have been computed using geometric quantities in these circuits. [143, 186, 144,
96, 94, 110, 187, 125, 107, 111]. Analogously, the distinguishibility measures discussed in
this paper will be computable. For the dynamics of evolving a state from a product state
with a random unitary circuit, twice the time (depth of the circuit) plays the role of v4
when it is smaller than the length of the region A, [4, which plays the role of E4. We
therefore will find that states are easily distinguishable for times ¢ < [4/2 and very hard
to distinguish afterwards. This describes process of thermalization where different initial
states become indistinguishable at late times. We note that this is the exact time at which
the entanglement entropy saturates after a quench [30, 75]. The details of this calculation,

including the precise approach to equilibrium, are left to future work.

3.9.1 FEquivalence with Haar unitary tensor networks

Frequently, random tensor networks are constructed by projected Haar unitary states. This
is in fact equivalent to the Gaussian random networks we use. The reason is the following.
In the Haar random construction, every vertex of degree k is a state of k qudits projected
to a random state U|0) where U is a Haar random unitary and |0) is any state. This gives
the state (0/®FUT|i1)---|i;). Denoting the set of k indices by one index i, this exactly
corresponds to the Gaussian tensor network with the identification U; o <+ X*. Every edge
corresponds to a maximally entangled pair in the projected Haar random network, which is

just the index contraction in the Gaussian network. The projected unitaries indeed have a

65



Gaussian distribution, since (see e.g. Ref. [34])

(X5 X Xy X)) = (Ui Uin,OU&jl s UTW =
. (3.143)
= D Oy Tty VBT OO 0 i B
0,TESh o

and zero for a different number of X and X™*’s, just as for Gaussian variables.
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CHAPTER 4
BLACK HOLES

“Where black is the color, where none is the number.”

— A Hard Rain’s A-Gonna Fall

While studying random states is interesting in its own right, the physical implications of
our results becomes significantly richer when we apply them to gravitational systems. We
will explain how the connection between random states and gravitational systems is more

than an analogy and in some cases, quantitatively identical.

4.1 Fixed-area states in holography

In quantum field theory, we compute the moments of reduced density matrices by evaluating
the partition function on certain replica manifolds [90, 29]. These are glued according to
the relevant trace structure. If the quantum field theory is holographic, we may map the
calculation to an evaluation of the gravitational path integral with boundary conditions
prescribed by this trace structure. In the gravitational path integral, we are instructed to
sum over all geometries with the given boundary conditions. In the derivation of the Ryu-
Takayanagi formula [119], only replica symmetric geometries were considered. In contrast,
we find that replica symmetry breaking saddles are important for the evaluation of relative
entropies.

In general, it is very difficult to evaluate the gravitational path integral for multiple
replicas. This is because the nontrivial coupling between the replicas leads to backreaction,
changing the bulk geometry [46]. A great simplification in the gravitational path integral
can be made if we focus on “fixed area states” [6, 47]. These are states where the area of one
or more surface is fixed and not integrated over. In general, the different replicas will not

backreact among themselves, so we are left with copies of the original bulk geometry except
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]

A

Figure 4.1: An AdS black hole is shown with the asymptotic boundary partitioned into two
regions A and B. The two candidate RT surfaces are shown in blue and red respectively. In
the gravitational replica trick, the region bounded by 71 and A is glued cyclically (n) among
the replicas. The region bounded by 79 and B is glued according to the identity (1). The
region between 1 and 79 is not fixed by the asymptotic boundary conditions and may be
glued among the replicas according to arbitrary S, permutations (7).
for potential conical singularities appearing at the locations of the fixed surfaces.

As an example, consider the Rényi entropies of a region on the boundary of a pure
state black hole background.! There exist two extremal surfaces that are candidate Ryu-
Takayanagi surfaces, v; and 9, each wrapping the black hole horizon in topologically distinct

manners. Denote the areas of these two surfaces A1 and Ag respectively. The moments of

the reduced density matrix are

Tr [p%] = =5 (4.1)

where the numerator is the gravitational path integral on the replicated geometry and the
denominator is the path integral on a single copy, necessary for normalization. Because the
geometry is identical in both geometries away from the conical singularities, the numerator

and denominator will almost completely cancel. The nontrivial terms come from the actions

1. On the CFT side of the duality, these states should be thought of as high-energy pure states, though
not necessarily energy eigenstates.
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of the conical singularities which are determined by their opening angles

Te [p4] = o(Cltor)—a) T +(C(r) =) FE Ty (o] Tr [p}2] ... Tr [pgan] 42
TESy

where GG is Newton’s constant and the n;’s are the lengths of the cycles in 7 and py, is the

bulk state labeling the black hole microstate. These account for the bulk entropy term in

the FLM formula [64]. The sum over the permutation group arises from all of the ways

the replicas may be glued together in the codimension-one region bounded by the two fixed

surfaces (see Fig. 4.1). We have chosen the bulk state to be pure such that all of the bulk

traces are one

Tr oG] = > o(ClTor)—a) B +(C(r)-a)

TES,

&

N
O

(4.3)

This sum should now look familiar as it is identical to the sum needed for the Rényi entropies
of Haar random states, (3.17), once identifying dq <> eA1/4C and dp « e?2/4G. In this
way, entropies in fixed-area states in holography are identical to entropies in Haar random
states.?

This connection becomes even richer when we consider more than one gravitational state

to compute the relative entropies. Consider the following moments needed for the von

Neumann relative entropy

Z(pao§ )
Z(pa)Z(oa)2 L

Tr [pAai_l} = (4.4)

Both states have fixed areas and the same semiclassical geometry, but come from different
black hole microstates, p, and op,. In the language of Refs. [8, 74], they are orthogonal states

in the same code subspace. Just as before, the gravitational path integral instructs us to

2. This was pointed out in Ref. [157].
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sum over all topologies, meaning that the region between the two fixed-area surfaces can be
glued according to any S, permutation. This seems different than the calculation in Haar

random states which only contained a sum over a subgroup 1 x S,_1, (3.23)

A A
Tr [ AO’A } Z e )le-%(C(T)—a)%Tr [Pbaglil] Tr [0212] Ty |:0_:’C(T):| .
TESy

(4.5)

However, because p, and op, are orthogonal, Tr [pbagl_l} is only non-zero if ny = 1. This

reduces the sum to

b

a— “lor)—a 41 T)—a) 52
T [p 405 1} _ eg;s e(Clnor)—a) E+H(C () B (4.6)
T a—1

which is identical to (3.23) under the same identification. A nearly identical argument holds
for the PRRE, SRRE, and trace distance. Therefore we conclude that not only do fixed-area
states have the same entropies as Haar random states, but they also have identical Hilbert
space geometries.

These results have interesting implications for the distinguishability of black hole mi-
crostates. Namely, the asymptotic observer with arbitrarily small information about the
state (small A), is able to distinguish between any black hole microstates. This is surprising
because we usually consider all black holes to look the same from outside the horizon to any
observer, especially local observers. The catch is that the microstates are only distinguish-

—1/G)

able nonperturbatively in Newton’s constant, O(e . This is because all distinguisha-

bility measures are linear in d4/dp for small region A which translates to proportional to
e(A1=42)/4G  Thig means that while distinguishability is in principle possible, the error rates

in state discrimination will be very high unless the observer has an exponentially large num-

ber of copies of the system. The distinguishability is nonperturbatively small up until region
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A is roughly one qubit less than half the boundary system, at which point it becomes O(1).
When the observer has access to more than half of the boundary, the black hole microstates
become completely distinguishable up to nonperturbatively small corrections.

We also note that these results represent nonperturbative corrections to the JLMS formula
which asserts that the boundary relative entropy equals the bulk relative entropy within the
entanglement wedge [95]. We have considered bulk states that are pure, orthogonal, and
localized between the two extremal surfaces; the bulk states are identical outside of the
black hole.3 When A is sufficiently small, the black hole is not within its entanglement
wedge so the bulk states are identical i.e. the bulk relative entropy is zero. Therefore, the
JLMS formula asserts that boundary relative entropy is zero. We have shown that there are

nonperturbative corrections to this statement. This is examined in greater detail in Section

4.3.

4.2 The PSSY model and replica wormholes

In a landmark achievement, the Page curve [155] for an evaporating black hole was computed
for the first time in two independent papers [158, 10]. The key mechanism that “fixed”
Hawking’s calculation was the inclusion of certain wormhole saddles in the gravitational
path integral, referred to as “replica wormholes” [157, 11]. Using the toy model of black hole
evaporation presented in Ref. [157] (PSSY), we now show the role of replica wormholes in
calculations of relative entropy. This elucidates how the assumptions of Hawking fail. We
call this a violation of the no-hair theorem, which is a non-perturbative effect and therefore
not present in Hawking’s calculation.

The PSSY model consists of two-dimension Jackiw-Teitelboim gravity decorated with

3. Recently, the SRRE between a state with a single fixed-area surface and a state with two fixed-area
surfaces was evaluated [82].
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end of the world (EOW) branes with k flavors. The Euclidean action is given by

= ][ e o] oo

(4.7)

where Sy is the large ground state entropy, g (h) is the bulk (asymptotic boundary) metric
with curvature R (K), ¢ is the dilaton, and p is the tension of the EOW brane.
The EOW brane has k > 1 internal microstates. The global states on the black hole and

radiation that we consider are of a maximally entangled form

k
1 .
) = 7 1221 Vi) gl R, (4.8)

where |i) p represents an orthonormal basis of the states of the radiation. Consider a second

microstate
1 k
=k Z [Widpli+ 1R, (4.9)
=1

where ¢ + k ~ ¢ is implied. The definitions of these states are not microscopic in the sense
that the |1);) g’s are defined by a gravitational path integral and are not exactly orthogonal.
As for the fixed-area state calculation, they may also be thought of as being orthogonal in
the code subspace. Because of the non-orthogonality, the reduced states of (4.8) and (4.9)
on the radiation are not a priori identical even though the states appear to be related only
by a local unitary transformation on B.

The overlap between these two states is

1

k k
1
\I’ | V) = i Z: (Wil g i+ )R %; (Vit1l Vi) B (4.10)
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The overlap on the right hand side is given by a gravity amplitude

(Wilvj) B el (4.11)
Because i # i + 1, connecting the brane in the gravity diagram is incompatible and the
amplitude is zero. This means that |¥) and |¥’) are roughly orthogonal but there are
important caveats to this statement because the overlap should be thought of as an ensemble
averaged statement. In particular, | (¢;] ;1 1) g|? is non-zero. This is completely analogous
to the Haar random story where, on average, two independently chosen vectors will have

zero overlap, but the variance is non-zero. The analog of (4.11) for random matrices is

(Wil ¥ji0p = | L] (4.12)

Because, when ensemble averaging, we cannot contract black and red indices, the average,

(¥il1j+i) B, equals zero. In complete analogy, the ensemble average of

| (Wil vy pl? = oo ] L1 (4.13)

is non-zero (though very small) because we may now contract red with red and black with
black.

We are interested in the relative entropy of the radiation for two different microstates.
Hawking and even the island formula papers [158, 10, 13] assumed that the radiation is seen
as purely thermal? before the Page time in accordance with the no-hair theorem i.e. all black
holes of the same mass, charge, and angular momentum look the same from the outside. After
the Page time, while the island formula papers did not assume the radiation to be purely

thermal, there was no difference between the calculations for different microstates of the

4. Known greybody factors do not qualitatively change this statement in any meaningful way.

73



black hole. From one perspective, this is great because unitarity can be realized without
knowing the microscopic theory. On the other hand, it is disappointing because it bypasses
the question of why all initial states appear to lead to the same final state. We resolve this
part of the information problem within the PSSY model and believe analogous results should
hold in more realistic models of black hole evaporation.

The reduced density matrix on the radiation for the first state is given by

k
1 Ny
pr = Tep ) (¥ = > Wilv) s i) Glg (4.14)
1,5=1
and similarly for the second state
1 k
= Tep W) (V'] = = 37 (w5l 6 li+1) (G + 1. (4.15)
ij=1

From here on out, we will drop the subscripts labeling the Hilbert spaces as it should be
clear.

We now compute the PRRE between two states of the radiation using the replica trick.

k
1
o Iml ) ) ) )
T [phoR'] = o > Wil Vin) - Dol Vi)
il;-~~7ia+m7j1’---,ja+m:1
X 5.7'11'25]'22'3 - '5ja—1ia5jaia+1+15ja+1,ia+2 s 5ja+m—1’ia+m5ja+m+17i1
k

1
= taTm D Wil i) Wisl Win) - (Wig| i) Pig 1] Vi)

ilu"'viori’m:l

X (Wi ol Vi) Wigisl Vinga) - Dinim! Vigsmo1) WCir—11Yigopn)-  (4.16)

This is a more complicated but still tractable gravitational path integral. As shown in
Fig. 4.2, the sum is over only the non-crossing permutations in the Sq, x5y, subgroup of So+m

due to the boundary conditions on the EOW brane 71 and 71 — 1 being incompatible as well
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Figure 4.2: Left: The boundary conditions for the path integral in (4.16). Center: An exam-
ple of a legal way of filling in the geometry. This geometry is also planar, so it contributes
at leading order. Right: An example of an illegal way of filling in the geometry because the
EOW brane with label i; cannot be connected to the EOW brane with label 71 — 1. It is not
hard to convince oneself that every diagram that connects the left n and right m boundaries
will always lead to an inconsistency as in the right diagram.
as iq+1 and iq41+ 1 being incompatible. There are crossing permutations in So4m/Sa X Sm
that are compatible with the boundary conditions, but these are subleading. The only other
difference in diagrams from the random matrix theory calculation is that the geometries are
allowed to have additional handles. This, however, is unimportant because each handle will
contribute a factor of =250 and we have assumed the ground state entropy to be large.

To compute the PREE, we must evaluate the gravitational path integral on these replica
geometries. For simplicity, we consider the case where the black hole is in the microcanonical

ensemble i.e. instead of fixing the lengths of the boundary, we fix the energy, £. The path

integral of an n-boundary wormbhole is [157]
Zn = Sy (\/2E>n, (4.17)

where S is the microcanonical entropy at energy E. Because of the simply power of n,
after normalizing the density matrix, the function y will drop out of the final answer. All

calculations are then identical to random matrix theory with the identification of k <+ d 4
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and €5 dp.5 We choose to only write the PRRE

) 1 log<2F1 <1—a,—a;2;eﬁs> o F1 (a—l,&;2;e%)>, k< S
(PRHPR) w_1 5 s :
log (%QFl <1—oz,—oz;27 k;> 2F1< 1,04;2;%)), k> €S
(4.18)

The quantum Chernoff bound asserts

log [miny [y, (A) + An(A)]]

lim —
n—oo

log[gF l—a a;2;ﬁs>2F1<a—1,a;2;eﬁs>], k< €S

= Imax S S
ae(0,1) log [e 2F1 1—a, a2,kk>2F1<a 1a,2,k)]’ k;>es
—210g|:2 1 %7_%727eﬁs>i| ) k<eS
= ) , (4.19)
—log |2 oF (5, -42,€ k> eS
g k 247 29 20k ) €
where we found the maximum to be at &« = 1/2 i.e. Holevo’s just-as-good fidelity
win an(A) + fu(A)] < F(prllop)" (4.20)

While (4.20) saturates at large n, the RHS holds as an upper bound for all integer n. Holevo’s

just-as-good fidelity, plotted in Fig. 4.3, is

, 2F1< 5,532 %)4, k< eS
FH(ﬂRHpR) = S F) (71 1 .£>4 . (4'21)
LD W

When observing a black hole from the outside, our task is not as simple as distinguishing

5. For analogous reasons, the exact same analysis as in Chapter 3 can be made for the SRRE and trace
distance but we do not write these out explicitly to avoid repetition.
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Figure 4.3: Holevo’s just-as-good fidelity (blue) and one minus the fidelity (orange) are shown
for the PSSY model following (4.21). Before the Page time (log[k] = Spg), the fidelity is
exponentially close to one. After the Page, time, the fidelity exponentially decays to zero.
two states. Rather, we need to distinguish between all ¢S > 2 states of the black hole. On
the face of it, this seems like an insurmountable task. However, using the multiple quantum
Chernoff bound (2.46) and the normal distribution for relative entropies leading to (3.41), we
determine that our asymptotic error in the multistate discrimination is identical, at leading
order, to that of the two state discrimination.

This has important implications on the nature of black hole evaporation that have not
been addressed in the calculations of the entropy. The island formula (or quantum Ryu-
Takayanagi formula), stated below, was the main tool in recent calculations of entropy of

Hawking radiation [58, 12]

[A
SvN(ﬂR) = min ﬁ + Ssemi—cl(zx) ) (4'22>

where Ay is the area of the codimension-two quantum extremal surface x and Sgepmi-c1(3y)
is the von Neumann entropy of the bulk quantum fields in the codimension-one region, ¥y,
bounded by x in the bulk i.e. the entanglement wedge of the radiation, R. While this formula

accurately computes the von Neumann entropy of the radiation, restoring consistency with
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unitarity, it leaves more to be desired. In particular, the bulk entropy term is completely
semi-classical and given by a quantum field theory calculation in curved space. The calcu-
lation is agnostic to the details of the black hole microstate. One of the central pieces of
the apparent paradox was that Hawking radiation always looked the same on the outside
regardless of the dynamics in the black hole interior, the phenomenon of no hair. (4.21) in-
stead tells us that there is detectable hair in the radiation even before the Page time. In fact,
information about the particular microstate is present even in the first Hawking quantum.
Because the fidelity of the radiation for any two different microstates is strictly less than
one, we can always tell the difference between Hawking radiation coming from black holes
that are in different microstates, even if they have the same macroscopic parameters mass,
charge, and angular momentum.

The caveat is that the difference between states of the radiation coming from distinct
black hole microstates is exponentially small in the black hole entropy i.e. the deviation of
the fidelity from one before the Page time is O(e_s). This means that while in principle
possible, any reasonable observer will be hard-pressed to observe this difference. If we want
the probability of error in distinguishing the black hole microstates to be less than e, we

need an O(es log €) number of copies of the state of the radiation, more precisely

. log(e)

= 1 - . (4.23)
2log <2F1 (—§> 552 e—s)>

After the Page time, there is a different caveat. The fidelity is exponentially close to
zero, so the states are essentially fully distinguishable. Precisely, with just one copy of the
state, the error probability is bounded above as

SoF (=3 1.9.2)2
min o (4) + Ba(4)] < oA (b 42 %) = o(k7Y). (4.24)

The issue is that the amount of radiation needed to perform this discrimination is of order
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the size of the black hole. This means that the observer will have to perform a very complex
computation, which again is not so feasible in practice.

Now, consider what we would have concluded if we did not include replica wormholes in
the gravitational path integral. This is the analog of Hawking’s calculation of the state of
the radiation that led to information loss. Removing replica wormholes corresponds to only

including the identity permutation in the sum. This means
Tr [pEoR'] = pl-a—m (4.25)

leading to all PRRE’s being identically zero, regardless of how much radiation is collected.
This is consistent with the initial paradox where the radiation was thought to be in the same
state regardless of the black hole microstate. In fact, this was clear from (4.14) and (4.15)
because, if the states of the black hole are orthogonal, the reduced density matrices on R
would be identical.

Finally, we note that the computation of the relative entropy between two states in the
PSSY model was recently studied as a way to detect the violation of global symmetries in
theories of quantum gravity [32]. The simpler quantity Tr[pg0 4] was evaluated as a proxy
with the full relative entropy computation left as an open question. (4.18) is the (generalized)
solution to this question. While an O(1) answer was anticipated for the relative entropy after
the Page time in Ref. [32], we conclude that the relative entropy is indeed infinite. It is only

O(1) slightly prior to the Page time and exponentially small but finite at earlier times.

4.3 Violations of JLMS

We progress to considerations of holography with code subspaces. This brings us to a sharp
study of the holographic formula for relative entropy and its corrections and violations.

The starting point is the Ryu-Takayanagi (RT) formula with FLM quantum corrections
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(173, 172, 93, 64]:

S(or) = 28 4 o) (4.26)

where R is a boundary subregion and g is the minimal-area surface anchored to OR. p,
is the reduced density matrix on a bulk subregion r such that Or = yp U R, known as
the entanglement wedge of R. Equation (4.26), together with the so-called first law of
entanglement entropy [25], consequently led to a formula relating the bulk and boundary

relative entropy, commonly known as the JLMS formula [95]

D(pgllor) = Dyu(pr|lor). (4.27)

While the arguments leading to (4.26) and (4.27) used the Euclidean path integral
(64, 119], it was subsequently given a Lorentzian, Hilbert space interpretation by under-
standing the holographic dictionary as a quantum error-correcting code (QEC) [8, 48, 74].
An exact QEC is an isometric map from the bulk effective field theory (EFT) Hilbert space
to the boundary Hilbert space such that it spans a “code” subspace whose information is
encoded redundantly on the boundary. It was demonstrated that both (4.26) and (4.27) are
straightforward consequences of the existence of such an exact QEC [74]. In fact, the JLMS
formula implies the existence of a bulk reconstruction map, the Petz map, that can be used
to write down bulk operators in terms of their boundary representation [153, 41, 61].

While the above results are quite illuminating, they are by no means the complete story.
An emerging theme over the past few years has been that the holographic map is only an
approximate QEC. Non-perturbative corrections from the gravitational path integral result
in errors in the encoding map, often leading to qualitatively novel features that do not arise
for exact QECs [83].

In particular, arguments using the path integral have updated the RT formula with

quantum corrections to the quantum extremal surface (QES) formula [58]. Interestingly, the
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QES formula can also be given a Lorentzian interpretation by understanding the holographic
map as an approximate QEC [5].6 Once one considers the QES formula, the JLMS formula

is updated to a version we refer to as the quantum extremal JLMS (qJLMS) formula [49]

D(pgllor) = </W" — log 0r>p — <AWP — logpr>p, (4.28)

where 75 (7p) are the codimension-2 surfaces extremizing the first (second) terms in the
above equation. For the second term, this is the QES while for the first term, it is the
modular extremal surface defined in Ref. [49]. A is the area operator, which is a linear
operator defined on the gravitational phase space. Further, it is related to the entropy,
which is a non-linear observable, as long as one chooses a sufficiently small code subspace
9].

The qJLMS formula arises from a Euclidean path integral analysis under the assumption
of replica symmetry. However, in recent times, much has been learned by performing a
more careful analysis of the gravitational path integral including replica symmetry breaking
contributions [157, 52, 129, 4, 176, 51, 106, 188, 108, 109, 50, 183, 182, 2, 3]. We are therefore
motivated to revisit the calculation of the relative entropy using the path integral and analyze
corrections to the qJLMS formula. As expected, we find perfect agreement with qJLMS in all
cases when evaluating the contributions from only the replica symmetric saddles. However,
including all the remaining contributions to the path integral, we find small non-perturbative
corrections as well as large violations in certain situations.

In order to do so, we will analyze this problem in the PSSY model. In the PSSY model,
we first define a code subspace of states by considering flavor indices on the ETW brane
as depicted in Fig. 4.4. We then calculate the boundary relative entropy between various

choices of bulk states by employing a replica trick calculation. Doing so, we find the following

6. We will work with stationary spacetimes and thus, we will only be interested in the minimality in
the spatial direction. Extremality in the timelike direction has not so far been explained satisfactorily from

QEC.
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Figure 4.4: The Lorentzian description of the states we consider in the PSSY Model, a JT
gravity black hole with an ETW brane. The ETW brane carries k flavour indices that are
entangled (dashed lines) with radiation system R. There are additional indices (labelled a)
that span the code subspace of bulk states we consider. The extremal surface is denoted in
purple and the island that dominates after the Page time is coloured gray.

classes of corrections to the qJLMS formula:

. O(e_l/ G): Non-perturbative corrections arise from the existence of subdominant sad-

dles. Such configurations exist in the presence of non-minimal QESs.

° O(Gil/ 2): Such corrections, which have appeared previously in the context of entan-
glement entropy phase transitions [185, 141, 157, 52, 129], also arise for the relative
entropy in a similar manner. The key mechanism leading to these corrections is O(v/G)

energy fluctuations in the canonical ensemble.

e O(G™1): Leading order corrections to the QES formula are now well understood to
arise when considering bulk states that are incompressible [4, 188]. The failure of the
QES formula, which is the central ingredient entering (4.28), naturally leads to large

corrections of O(G~1) to the qJLMS formula as well.

e Unbounded: The most novel, surprising violations of the qJLMS formula arise when
considering pure states in the bulk. Despite the bulk relative entropy being univer-
sally infinite for distinct pure states, the boundary quantum system that encodes the
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Hawking radiation has full rank, leading to a finite boundary relative entropy. The ex-
istence of energy fluctuations plays an important role for such violations of the qJLMS
formula. In particular, exponentially small tails in the wavefunction that arise from
macroscopically large fluctuations result in an avoidance of rank deficiency for the

boundary quantum system.

The above classes of corrections are rather generic and we expect similar features to arise in
more general models of holography from analogous mechanisms.”

We would like to emphasize that although the first three mechanisms of violation have
been seen previously in other related settings, the infinite violations we find are qualitatively
new. They essentially arise from the fact that the relative entropy changes discontinuously
under small changes to the state, unlike stable quantities like the von Neumann entropy
and reflected entropy [60, 17, 7]. This discontinuous behaviour also extends to the modular
Hamiltonian, which is the logarithm of the density matrix. Despite the fact that the bulk
and boundary density matrices are related by an approximate isometry in our examples,
we find that the operator version of the JLMS formula that relates the bulk and boundary
modular Hamiltonians is also violated by a large amount.

Having found these corrections, we discuss the implications of violations of the JLMS
formula. An important role that the JLMS formula plays in holography is that of justifying

bulk reconstruction and subregion duality. In particular, the JLMS formula being satisfied

to a high degree implies the existence of a reconstruction map [98, 41, 31], i.e.,

D(prl|lor) — D(pgllog) = —2log [F(pr, R, o Npr])] (4.29)

where N (p,) is the completely-positive, trace-preserving map that maps the bulk density

7. In principle, perturbative corrections at all orders in G could lead to other corrections as well. They
do not show up in this simple model which is one-loop exact [180], and summing up non-perturbatively
suppressed saddles is well justified.
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matrix p, to a boundary density matrix pg, and R is a recovery map, independent of py,
that attempts to recover the information in bulk subregion r on boundary subregion R. If
the JLMS formula is satisfied up to small errors, there exists a recovery map that works with
good fidelity [41, 31].8

However, the degree to which the JLMS formula holds only provides a lower bound on
the fidelity of recovery. Thus, not all corrections to the JLMS formula lead to a failure of
the bulk reconstruction map. For example, while the O(G_l) corrections are expected to
lead to a failure of bulk reconstruction since the entanglement wedge is not well defined [4],
the infinite violations we find arise in the vanilla situation where the entanglement wedge
is sharply defined and one should expects bulk reconstruction to work with good fidelity.
We show that this is indeed the case by identifying a high-fidelity reconstruction map. The
violations we find essentially arise from the sensitivity of the relative entropy to small changes
in the state, and is not always the optimal diagnostic of the fidelity of reconstruction.

We now perform computations of relative entropy in the PSSY model, working through
small corrections to large violations of JLMS. First, we write the general form of the two
terms in the replica computation of relative entropy when the two states, pr and o, descend

from general bulk states, p, and 0. Summing over all genus-0 replica wormholes, we have

C(7)
() 1 ~lor Uz
Tr [pp] = 7T ;ES: }Crter) Zb|:|1 Zn, Tr 7] (4.30)

where n; is the length of the it" cycle in permutation 7 and Zp is the JT gravity path integral

with p boundaries. We will refer to this term as the entropy term. The other term, which

8. These results have also been generalized to the case of Type IIl; von Neumann algebras where the
Hilbert space does not factorize into subregions [62, 70, 63].
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we refer to as the relative term, is given by

Tr [PRUR ] = anTr[ Pyt } H Zn; Tr | Ub (4.31)

TES

Consider only including the dominant replica symmetric saddle i.e. 7 is either the identity
or cyclic permutation. When the identity element is dominant (pre-Page time), the entropy

term is identical to the relative term

Tr [ph] = Tr |:,0R0'% 1} = kln, (4.32)

so we manifestly find zero relative entropy. In contrast, when the cyclic permutation is

dominant,

Z,
1 1
Tr [ph] = —Z?Tr lpp], Tr [pRO'% ] = —Z?Tr [pbagl } . (4.33)

so the relative entropy is equal to bulk relative entropy

D(prllor) = D(ppllop)- (4.34)

Therefore, replica symmetry leads to the JLMS formula. The qJLMS formula is found when
noting that the transition in dominance from the identity to cyclic permutations occurs at
different locations for the entropy and relative terms.

One natural choice is to take op to be maximally mixed state in the code subspace

1
dcode ‘

gy = (4.35)
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The relative term simplifies to

Ir [p RO} 1} kdcodezl Z K 1;[ eode e (430

This is identical to the entropy term, (4.30), for a pure bulk state pp and renormalized
partition function, Z) — d.o4eZp. 1t is independent of the state p,. Therefore, the relative

entropy may be expressed as the difference between two von Neumann entropies

D(pgllor) = Sun (Ppure) — Sun (PR) - (4.37)

where ppyre is the a pure state density matrix with the renormalized partition function.
Due to (4.37), observations on corrections to the quantum extremal surface formula for von
Neumann entropy naturally carry over to the relative entropy. The other natural choice for

op is a pure state that has fidelity ¢ with p;. The relative term becomes

] = by
X Z kc(nfloT) <€S)C(T) Ly Z kC(’UfloT) (€S>C(T)
TESH,n1=1 r€Snn1#£1

(4.38)

This choice leads to qualitatively new violations of the qJLMS.

4.3.1 O(e‘l/G) - Wormholes

The smallest corrections to JLMS are non-perturbative, arising from subleading saddles in
the gravitational path integral. These are O (6_1/ G) because the gravitational action is

inversely proportional to Newton’s constant. For this purpose, we will only need to consider
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the black hole in the microcanonical ensemble, where both terms simplify

T S () iy un

r [ph] = (e ) H Tr [pb ] (4.39)
TES 1=1

Tr [pRO?%_l} (eS>C(T) [pbab } H Tr [0 (4.40)
T€Sn

For additional simplicity, we may consider p; to be a pure state in the code subspace such

that all of its moments are equal to one, so

Tr [ph] = B Z }C0r (eS>C<T). (4.41)

TESTL

For k, S x N = oo, only permutations that maximize the exponents remain, so we find

that the familiar sum can be re-expressed in terms of hypergeometric functions

[ n} ELm o Ry (1—n,—n;2;€ﬁs>, k< S
Tr |ply| = ’ : (4.42)
(€S)I—n o F (1 —n,—n;2; e:) k> eS
Taking the analytic continuation, we find
k S
. 1 log[k] — 555, k<e
Sun(pr) = lim ——log [Tr [p}]] = " : (4.43)

log [es} — 5 S <k

87



which is Page’s formula [154]. If we choose 0y, to be maximally mixed, we may use (4.37) to

find
( k(depae—)
k dcodef1 S
2dcoalees k<e
D(pgllog) = k) 4 Sdepge—k* S S 4.44
(Prllor) log LS} + o cSE € <k <d.pge€ (4.44)
S dco 671
klog [deode) — (3(2—]?)’ dcodeeS <k

To compare to the qJLMS formula, we need to identify the QES. Prior to the Page time,
defined by log[k] = S, the QES and consequently the entanglement wedge of the radiation
for any state in the code subspace is the empty set. The area terms of (4.28) are trivially
zero while the bulk entropy terms cancel due to p, and o, being identical, maximally mixed
states. After the Page time but before loglk] = log[d.pge] + S, the QES for op remains
the empty set due to the mixedness of o, that contributes a bulk entropy term equal to
log [dcoge), while the QES for pgp becomes nontrivial, located at the black hole horizon. The
entanglement wedge for pp thus contains the black hole interior and p;. The area term for
PR is then the black hole entropy while the bulk entropy term disappears because py, is pure.
Finally, when log[k] > log[d.oqe] + S, the QESs for both pg and op are nontrivial, with
areas canceling in (4.28). The bulk term for oy is log [d.oge]- In total, the gJLMS formula
gives

;

0, k< €S

Dyjryms(prllor) = log [e%] . S<k< dcodees ) (4.45)

\log [dcode] ) dcodeeS <k

which is only different from (4.44) by terms that are non-perturbatively small. These cor-
rections become O(1) around the transitions between the three regimes.

We may also take o}, to be a pure state which, in general, has a fidelity of ¢ with the pure
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state pp. We have previously considered the ¢ = 0 case where it was noted that the dominant
permutations for the first term of (4.38) are those that are the identity on the first element
and non-crossing on the rest. There are now N,,_1 ; such non-crossing permutations with
C(n~Yo7) =7, so the first sum may be written once more as a hypergeometric function.
The second sum consists of all non-crossing permutations that are left over, so there are

Ny — Np_14 of these. We have

)

. no1] gl-n <(1—t)2F1 (1—n,2—n;2;€%)+t2F1 <1_”>_”52§€%>>a k< €S
<es) <(1 — )9l (1 —n,2—n;2; %) +toF) <1 —n,—n;2; %)) , S <k
(4.46)

Taking the replica limit, we find

D(prllor) = ‘ ‘ : (4.47)

where in the second line, we have assumed that ¢ < 1. If t = 1, the states are identical
and the relative entropy is always zero. Because p, and op are both pure, the QESs for pp
and op are identical in all regimes. Before the Page time, these are the empty set, leading
to trivial relative entropy. After the Page time, they are nontrivial and the infinite relative

entropy between p;, and oy, lead to infinite relative entropy in the radiation

Dyjrms(prllor) = : (4.48)

Again, the corrections from the exact formula are non-perturbatively small up until the

Page time where they become O(1). We note that all results from this section also apply to
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AdS/CFT in higher dimensions in fixed-area states.

4.3.2 O (G_1/2): Energy Fluctuations

New phenomena arise when we allow the energy of the black hole to fluctuate in the canonical
ensemble. Indeed, energy fluctuations in condensed matter systems were first understood to
give rise to O(\/m) corrections to volume-law entanglement near entanglement phase
transitions [185, 141]. In order to observe analogous corrections to qJLMS, we consider oy, in
the maximally mixed state and a sufficiently large code subspace to find a separation of time
scales. We can then use (4.37) such that all we need is to evaluate von Neumann entropies.

For the same reasons as (4.45), the qJLMS predicts

0, k < eSBH

Dyjrms(prllor) = q log [BSJ’;H] . eSBH < |k < dpg.¢°BH - (4.49)

\log [dcode] ) dcodeeSBH <k

In the canonical ensemble, it is not easy to explicitly evaluate the sum over permutations
and then analytically continue n to one to find the von Neumann entropy. Instead, one
may solve for the entanglement spectrum, D()), explicitly, then evaluate the von Neumann

entropy as

Sun(pp) = — / dAD(M) A log [\ (4.50)

The entanglement spectrum can be extracted from the resolvent

D)) = —% lim T [R(\+ )], R =T [A _1PR} | (4.51)

An implicit formula for the resolvent for the canonical ensemble was determined in Ref. [157]
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using a Schwinger-Dyson (self-consistency) equation

g PSR

b= wis BO) (4.52)

AR(A):kJr/OOO

There is no closed-form solution to this equation but an approximation to the spectrum that

works to high accuracy was found to be a shifted cutoff thermal spectrum

D) = /O " dsp()000 = 20 — w(s)), k= /0 " dsp(s), Ao = % /S T os)wls). (453)

k

As the name suggests, this is the thermal spectrum of JT gravity shifted by \g with a cutoff
after the first £ eigenvalues.

Before the Page time, both density matrices in (4.37) are nearly maximally mixed and
the relative entropy is consequently O <§%{>’ the familiar non-perturbative corrections to
qJLMS found in the previous section. More interestingly, in an O(G_l/ 2) window in log[k]
around the Page time, there is a negative O(G_l/ 2) correction to the naive Page curve of
min [log[k], Spg] [157]. In (4.37), this only occurs for the second term because the first
term has yet to reach the Page time such that D(pgg)HaR) is O <G71/2> and large in the
semi-classical limit. This represents a significant breakdown of qJLMS. After the Page time,
the entropy of pr becomes exponentially close to Sgpp, while the entropy of ppyure remains
exponentially close to log [k], such that the relative entropy is large.

The gJLMS formula fails once again when ppyre undergoes its Page transition at log[k] =
S +10g [deoge]- At this point, the entropy of pp is still exponentially close to Sggr, but

the entropy of ppyre receives an O (G_l/ 2) correction. After this transition, the entropies

are exponentially close to Spg and Sgg + log [d.y4e] respectively and the corrections to
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qJLMS are, once more, non-perturbatively small. All together, we have

O (ﬁ) , k < ¢5BH
0 ((sG)~12), k~ oS
Dipgllor) = { log [sE] +0 (esfH, dmd;SBH) L ESBH & k& dpgeeSBI . (4.54)
log [deoge] — O ((BG)‘W) 7 ko deogee”BH
log [deoge] + O (M) : ki~ dypgee BH
\

In higher dimensional AdS/CFT, analogous O(G~/2) corrections to the von Neumann
entropy have been evaluated near entanglement phase transitions [129, 52]. These have been
attributed to fluctuations in the areas of the QESs. The fluctuation of area is the analog
of energy fluctuation in the canonical ensemble and we expect the O(G_l/ 2) corrections to

qJLMS to persist.

4.3.3 O (G’_l): Incompressibility

So far, we have mainly been concerned with pure states for p,. Pure states fall under the
umbrella of perfectly compressible quantum states, those that may be well-approximated by
keeping only ¢5(P) of the states in their support. Interestingly, it was argued in Ref. [4] that
incompressible bulk states lead to leading order (O(G™1)) corrections to the QES formula.
By (4.37), these states lead to O(G~1) violations of JLMS. As an example of an incompress-
ible state, we now take p; to be a probabilistic mixture of a pure state and the maximally

mixed state

ob = p ) (W] + (1 - p) > (4.55)

~b
dy
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The eigenvalues and hence entropy of py, is easily computable and for large code subspaces

S(pp) = (1 —p) log [dy] + O(d).

The entropy in such a mixture was computed for fixed-area states (equivalently the

microcanonical ensemble) [4]

¢

log][k], k< %
S+ (1—ploglk], & < k< S50, (4.56)
S+ S(/)b), eS+S(Pb) <k

where we have dropped O(1) and more subleading corrections. At this order we thus obtain

D(pgllor) =

(

which may bee seen to involve O(G™1) corrections to the gJLMS answer

D(pRrllor) =

S
e
0, k< o
p(loglk] — 8), € < k< St
, (4.57)
IOg[k] -S- S(pb)a 6S+S(pb) <k < dcodees
\1Og[dcode] - S(,Ob), dcodeeS <k
0, k< S+S()
log[k] —S — S(pp), STS) < k < dpgeeS- (4.58)
\10g[dcode] — S(pp), dcodeeS <k

4.8.4 O (0): Rank Deficiency

In the canonical ensemble, we can also take p, and o3 to be pure states with fidelity ¢. The

description of the QESs is identical to the microcanonical case (4.48) with the microcanonical
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black hole entropy replaced by the canonical Sy

0, k< eSBH
Dyjrms(prllor) = : (4.59)
0, eSBH < |

Summing all terms, we have

C(r) C(r)
1 -1 t -1
n—1] _ S C(n~tor) [] — Y C(n~tor) []
Tr [PRUR } 1) k ‘ Zn; + 2y k . Zn;
TESH,n1=1 =1 TESp,n1#1 =1

Tr | p% 1
=(1— t)@ +tTr [p%} ) (4.60)

We need to take care of the replica limit

lim
n—11—n

log [Tr [pRU%_lﬂ = —%&LTr [p%_l} ‘nzl — 0 Tr [p'p] ‘nzl' (4.61)

Re-expressing the traces as integrals over the entanglement spectrum of pp, we have

1t
. -1 -1
lim ——— log [Tr [pRa}g H =-— an/dAD(A)A" |, —t@n/dAD()\)/\”|n:1
- —% dAD(N)log|\] — ¢ / dAAD(MMog[N.  (4.62)
In total, the relative entropy is thus
1
D(pllon) = ~(1~1) [ dADWY) (E - )\) log[]. (4.63)

Prior to the Page time, the entanglement spectrum is a sharply peaked semi-circle of eigen-
values centered around % due to the dominance of the identity permutation in the sum.
Thus, we see that the relative entropy is close to zero, with the non-perturbative corrections

to qJLMS arising strictly from the finite width of the spectrum.
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9 we focus on a more

While, as before, there will be large correction near the transition,
striking feature of (4.63), namely that after the Page transition, the violations to qJLMS are
infinite. The qJLMS formula after the Page time predicts an infinite relative entropy because
the states in the code subspace are pure. From (4.63), we see that that relative entropy is
finite as long as there are no eigenvalues at zero. Indeed, this is the case, as carefully
examined in Ref. [157]. This is reasonable because JT gravity has an infinite number of
eigenstates. Seemingly innocuous small tails in the spectrum at high energies drastically
change the relative entropy. Note that in the microcanonical ensemble (or equivalently
random tensors), there is only a finite number of states occupiable in JT gravity, leading to
a rank deficiency (zero eigenvalues) following the Page time and an infinite relative entropy.

While the upshot is that there is an infinite violation of JLMS, to get a sense of the true
magnitude of the relative entropy, we can approximate the entanglement spectrum using

the shifted cutoff thermal spectrum. Assuming the validity of this approximation in the

computation of relative entropy,

Dpallon) = = [ o) (=20 = w(s))toelho + (o), (464)

which we plot in Fig. 4.5 alongside the Page curve. While the relative entropy is finite, unlike
(4.54), it is unbounded at large k.

It is instructive to analyze the relative entropy of the black holes rather than the radi-
ation. Indeed, it was this complementary relative entropy that was important in the exact
reconstruction analysis of Ref. [48]. The entropy term is identical to that for the radiation

because the global state is pure. The relative term does not have this symmetry and instead

9. In fact, we expect these to be O (Gil) as in the logarithmic negativity [50] because the integral is
most sensitive to the smallest eigenvalues.
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log [k]

Figure 4.5: The relative entropy between pure states in the code subspace (dashed line) is
shown alongside the von Neumann entropy (solid line) and black hole entropy (dotted line)
using the approximate entanglement spectrum (4.53). Unlike the microcanonical ensemble,
the relative entropy is smooth and finite across the Page transition.

reads
X 1 o )C’(n_IOT) ; o )C’(n_loT)
-17 ) - )
Tr |:pBO'% ] RCAL Z k(T H Zp, + )" Z k ‘ Zgs
TESp,n1=1 i=1 TESy,N1#1 i=1
(4.65)

lor. After the Page time, the entanglement wedge

where 7; is the length of the i cycle of 5~
of the black hole does not include the interior because the interior is part of the entanglement
wedge of the radiation. Therefore the qJLMS formula predicts zero relative entropy for the

black hole. In this regime, the identity permutation dominates the sum, leading to

Tr [pBa%_l} > Tr [p5] - (4.66)
1

Therefore, the true relative entropy is close to zero. The leading corrections to zero relative

entropy arise from the (g) replica wormholes that involve a single two-boundary wormhole

s
and (n — 2) single-boundary spacetimes. This will be O (6 £H>, so we conclude that even

when there is an infinite violation of qJLMS for the radiation system, there is only a non-
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perturbative correction to qJLMS for the black hole.

4.3.5 General Tensor Networks

We return to general random tensor networks, this time, with additional bulk degrees of
freedom representing the code subspace, generalization the results of Section 3.9.

Consider a random tensor network with tensors labeled ¢+ = 1,...,m. The dimensions
of the bonds connecting tensors ¢ and j are denoted d;;. There are also external bonds at
the boundary of the network with dimensions d;5. There may be bulk states in the tensor
network, represented by additional bonds on the internal tensors. For the state p, we will
always consider bulk states that can be formed from random unitaries. These can be pure
states if the random unitary entangles the bonds from tensors in the bulk. They can also
be mixed states if the unitary entangles the bonds with an auxiliary Hilbert space. For the
state o, the bulk state can be any state created by random unitaries on some bulk bonds and
the maximally mixed state on the rest. When the bulk state is created by random unitaries,
a random tensor is effectively added to the network.

For this class of tensor network states, we find

Tr [/)AUZ 1] H{Z’j} i ZHCZU . oTJ H dzaA Lor) H dz{)ﬁ H d Tz.

{7} (i5) (i04) (i0B) (iM M)
(4.67)

Here, d;prar represent the bond dimensions for the bulk degrees of freedom prepared in the
mixed state for o. There is a permutation 7; for each tensor in the network. For the bulk
tensors, this permutation runs over the entire .S,, permutation group, while for the tensors
representing independent random unitaries preparing the bulk states of p and o, the sum is
only over the 1 x .S,,_1 subgroup.

We can use an adaptation of the Ford-Fulkerson algorithm to solve for the dominant
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permutations, and in many cases, the relative entropy at large-N.10 We apply the following

rules for the dominant permutations in the residual network
1. All 7;’s are non-crossing.

2. 71;’s are non-decreasing along each augmenting path in the network i.e. each permuta-

tion is contained within all permutations further along the path.
3. 7;’s in the connected component of the source are set to the identity.
4. 7;’s in the connected component of the sink are set to 7.
5. All other 7;’s in the same connected component are identical.

The same strategy can be applied to the entropy term, with minor differences. Firstly,
all permutations run over the entire permutation group. The geometry of the network is
also slightly modified because we are agnostic to the state o. The bulk states are generated
by random unitaries, which effectively connect an additional tensor to the bonds that this
unitary acts on. To have a mixed state in the bulk, the unitary acts on the bulk bond and is
connected to the source, effectively adding a boundary edge corresponding to region B with

dimension d;pp. In this new network, we have

Tr ['07}1] H{zg} ZHde g OT] H dzaA OTJ H dzﬁT]' (4'68>

1 {7} (ig) (i04) (i0p)

With the above rules in hand, it is straightforward to compute the relative entropy in
nearly any random tensor network. To demonstrate the new tools, we work with a three-
tensor network. As discussed in Ref. [4], this can describe a state with two fixed-area surfaces

with bulk fields present in each region. For demonstration, we consider the following bond

10. We take each dimension to scale with N as d;; = cziijU where Jij, w;j = O(1).
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dimensions

4 2 3 4
N N N N (4.69)

where the red edges are bulk degrees of freedom, the right external edge is region A and
the left is region B. Considering the relative entropy between a random pure state in the
code subspace, entangling the three bulk regions, and the maximally mixed state in the code

subspace, we find the following flow network for the Tr [p Aaﬁ_l} term

source | 4 T3 2 15 3 T 4 sink

1 . (4.70)

The Ford-Fulkerson algorithm involves taking three augmenting paths: source — T3 —
Ty — T — sink, source — T — T7 — sink, and source — T7 — sink. The total flow equals

4. We are left with the following residual network

3 .
[source ——— T} 13 Ty [sink] (4.71)

The rules tell us that all permutations are non-crossing and 1 = 73 < 79 < 71 < 1. The
number of {7;}’s satisfying these conditions are known in the combinatorics literature to be

given by the second Fuss-Catalan number [15]

Fcfﬁzznil(zg. (4.72)
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We thus find Tr [pAO'Z_l} = FC’T(lQ)N‘l(l—").

Moving on to the entropy term, we have a new flow network

source 4 T3 2 Ty 5 11 1 sink

(4.73)

This time, we need just two augmenting pathsll: source — T3 — T — T7 — sink and
source — T3 — Ty — T7 — sink. The total flow is 3 and we are left with the following

residual network

T L1 Il

(4.74)

The rules now assert that 3 = 1 and 7y = 79 = 74 = 1, so Tr [/)7}1] = N3(1=1) Al together,

we have

D(palloa) = %;Irllﬁ <1og [FC(2>N4<1—”>] ~log [N3(1_”)D — log [N] — g. (4.75)

11. While the choice of paths are not unique, the final answer following from the rules is.
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4.4 Information transfer from black hole to radiation

In this section, we investigate how information is transferred from the black hole to the
radiation during the evaporation process using the Hayden-Preskill thought experiment [84].
Suppose we throw a secret diary D into a black hole B at an early stage in the evaporation
process. As the black hole evaporates, we collect all of the radiation and refer to it as R, and
refer to the remaining black hole as B’. Suppose we know the initial state of B, and have
access to a universal quantum computer with which we can act on the radiation R. We then
ask how much of the radiation we need in order to learn the initial state of the diary, pp.
We can make this question more explicit in the following way. The relevant decomposi-
tions of the Hilbert space at the initial and final times respectively are H = Hp ® Hp and

H =Hp ® Hpr. We can consider the following quantum channel from Hp to Hp,

N(pp) =Trp U (op @ p) U (476)

where U is the time-evolution operator for the black hole and radiation, together with the
diary, and pp = |1g) (¥0| g is some fixed initial pure state of the black hole. Asking whether
we can learn the state of the diary from the radiation is equivalent to asking whether there
exists a universal recovery channel R such that R o N'(pp) = pp for all pp.

Note that while we will mostly discuss the above question in terms of evaporating black
holes in this section, it can also be seen as a more general question about thermalized states
in quantum many-body systems. Suppose we put some information in a small subsystem D,
and then let D evolve together with the rest of the system, B. Then given some subsystem
R in the thermalized state, can we learn the initial state of D?

We will take three different approaches to this question, each of which reveals different
aspects of the transfer of information from the black hole to the radiation. We will use the

equilibrium approximation, a technique reviewed in Appendix A, in each of these approaches,
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which allows us to understand the transfer of information both at infinite and finite tem-
perature. Note that all statements at finite temperature below are based on the canonical
ensemble universality class, where we take Z, = ePHp @ eP2HR  We will assume that the
Hilbert space of the diary has a finite dimension dp. We will in general consider the case

where the diary can be large, so that dp can be O(el/¢).

1. We first introduce a reference system () with the same Hilbert space dimension as
D, and consider an initial state in which D is maximally entangled with ). The
time-evolution on H) is trivial, while Hp ® Hp is evolved with U. We then look at
the mutual information 7(Q, R) under time-evolution, which can be seen as a way of
quantifying the extent to which the radiation contains information about the diary.

The behavior of this quantity motivates us to define two natural time-scales:

(eq)

e tp,, the time at which Sp™ = SS,Q) —logdp. I(Q, R) starts increasing from its

initial value of zero at this time.

e tp,, at which ngq) =S5 (e,q) +logdp. 1(Q, R) reaches its maximal value of 2logdp

at this time.

The standard Page time ?;, at which we have Sl(gq) = Sg,q), lies between these two

time scales.

When I(Q, R) reaches its maximal value at tp,, this can be interpreted by saying
that all the information that was initially in the diary is now present in the radiation.
This statement can be understood operationally in terms of the quantum channel N in
(4.76). From the results of [147], I(Q, R) = 2log dp implies the existence of a universal
recovery channel R for N, i.e. RoN(pp) = pp for all pp. This is consistent with the
fact that from a gravitational perspective, ;, is the latest time at which an island can

form [158] (see Fig. 4.6).

2. For some choice of reference state op, and any state pp, we compute the difference in
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the relative entropies before and after applying the channel N\,

DN (pp)IIN(op)) — D(ppllop), (4.77)

in order to find a lower bound for the fidelity of some recovery channel R using (2.52).
The relevant time scales for this quantity turn out in general to depend on the choice

of op and pp, and are given by

e ,(pp), the time at which SSQ) = Sj(Be/q) +S(pp). The lower bound on the fidelity
of some recovery channel R first starts to increase from an exponentially small

value at this time.

e ty,(0p,pp), at which Sl(Qeq) = Sg},(l)+D(pD||aD)+S(pD) = Sg,q)—Tr[pD log op).

The lower bound on the fidelity reaches its maximal value of 1 at this time-scale.
Note that if we take pp to be pure, then t,(pp) = tp, the standard Page time. If we
take op = 1/dp, then tp,(op, pp) becomes equal to tp, defined in the previous point
independently of pp, implying that universal recovery is possible after ,,. Recall that
in the previous point, universal recovery at ¢, was deduced from the complementary

perspective that the mutual information (@, R) becomes maximal at this time.

The lower bound on the fidelity provides an operational way of seeing the gradual
transfer of information from the black hole to the radiation between times ), and tp,,
as the fidelity increases from its minimal value to one in this range of times. However,
this quantity does not seem to have a regime which reflects the growth of 7(Q, R) from

time ¢, to t; which we observed in the previous point.

. We explicitly calculate the fidelity of the Petz recovery map P for N, taking the initial
state pp to be pure to simplify calculations. This reveals the following new time scale,

which the lower bound in terms of the relative entropy from the previous point is not
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sensitive to:

o 13, the time at which S (1 R) Sé B)' For a large diary, the fidelity of the Petz map
2

starts growing from its initial value of F'(ppl|lop) at this time. This is also the

time scale at which the logarithmic negativity between two parts of the radiation

starts to become extensive in the canonical ensemble [182, 183].

The time at which the fidelity saturates to unity is #;,, consistent with the conclusions
of the two other approaches in the previous points.

Note that at infinite temperature and for small diaries such that logdp < S](B' ), S](%QQ), all
the different time scales above coincide, i.e. t), = t, = t, = t),. More generally, allowing for

finite temperature and large diaries, we have t), <t, < tp, and t; <t < ty,.

4.4.1  From the perspective of mutual information

We first discuss the transfer of information from the perspective of the mutual information
of the radiation with a reference system (). This approach was considered at infinite tem-
perature in the original discussion of [84] by using random states, and has been recently
generalized to generic chaotic systems at infinite temperature using properties of operator
growth [127]. We now provide a generalization to finite temperature using the equilibrium
approximation.

We take the initial state of the full system to be

Q®In)p ®o)p- (4.78)

We will take the time evolution in () to be trivial, so that the n-th Renyi entropy of the

time-evolved state in subsystem A is given by

Zpa=ma®ez|(1a)p © U UNhglp.e), po= o) (¥l . (4.79)
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From the fact that the time-evolution in @) is trivial, we immediately have at all times
Sp,g = logdp. (4.80)
With the initial state (4.78), (4.79) for A = R becomes

1 _ 1
Znp = g (e ©nrlU & U (o) © 321 €) (4.81)
D

where pg = [1g) (¢g]. Note that (4.81) can also be seen as the time-evolution of the entan-

glement entropy of a mixed state with initial entropy logdp. We can then use (A.32) to

find
(eq) (eq) (eq)
g Sn,R Sn,R < Sn,B’ +logdp
n,R = (eq) (eq) (cq) (4.82)
Sy Tlogdp  S,"p > S\L +logdp

Since the state on the full system is pure,
ZnQR = Znp = (i @ erl(U @ UN|(B0)p @ 2 ¢). (4.83)
Again using (A.32), we have

s,g‘ffg +logdp Sfjﬁg +logdp < S'°)

ST(S%), 51(167(}1%) +logdp > ST(Le’qB),

SnQR = Sn.pr = (4.84)

The n-th Renyi mutual information between () and R is then given by

4

0 Sée;l%) < Sq(le%), —logdp
In(Q.R) = Qlogdp + S — 5 5D _1ogdp < Y < 5V 4 logdp,  (4.85)
2logdp 57(16(}%) > ngqu), + logdp
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and by analytic continuation,

p

0 st < 519 _1ogdp
I(Q,R) = logdp + S](;jq) - Sj(;,q) Sj(;/q) —logdp < qu) < Sj(;,q) +logdp - (4.86)
2log d 5 - e 4 100
\ ogap R = B + logadp

Note that at all times, I(Q, B') = 2logdp — I(Q, R). From [147], when I(Q, R) = 2logdp
and 1(Q, B') = 0, there exists a recovery channel R satisfying R o N(pp) = pp for all
pp under the channel A defined in (4.76). Hence, the universal recovery channel exists
after a time scale ;,, at which S](;@ = Sg,q) + logdp. This result from the equilibrium
approximation is consistent with the expectations from [83] and [158].

Note from (4.86) that while the mutual information between the radiation and the aux-

iliary system becomes maximal at tp,, it begins to grow from zero at an earlier time #;,, at

which %Y = 5%V _1og dp,.

4.4.2  Recovery channel: bound from relative entropy

For the quantum channel that we are interested in, consider a system DU B = RU B’ in
the initial state pp ® pp, evolve it for a while, and then trace out a portion B’ of the full

system. If we take pp to be some fixed state, this gives a quantum channel from D to R,
N(pp) = Trp U (pp @ pp) U] . (4.87)

The corresponding N/ f from R to D is then given by

N(or) = Trp (ppUT (0p @ 1) U) - (488)
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Figure 4.6: A Penrose diagram is shown for an evaporating black hole with a large diary
thrown into it. We ask when the diary can be reconstructed from the radiation (the fields
to the right of the dotted red line). At early times, the entanglement wedge of the radiation
is trivial, so the diary cannot be recovered. If the diary was initialized in a pure state, an
island (green) forms at ¢, where the nontrivial extremal surface, x1, becomes smaller than
the entropy of the radiation. If the diary was initialized in the maximally mixed state, the
island will not form until ¢, because the generalized entropy includes the entropy of the
diary. While the diary cannot be reconstructed with O(1) fidelity until the island forms, the
fidelity exponentially increases from its minimal value starting at the earlier time ¢,
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Applying (2.51) to this case and imposing a replica trick, we have

1 1
PUD,J\/'ON(PD): limlol%TrB pBU]L N(op)"N(pp)N(ep)" @ 1)U O'%. (4.89)

m%fj

In some of our discussion below, an alternative analytic continuation will also be useful:

@I\J\H

1
PoparoN(pp) = tim o3Tep [ppUT (W(op)" N(pp)N(op)™ @ 15) U] o
ni——s5,
n2—>—%

(4.90)

When we take B’ to be empty, then A/ is unitary, and A/ T is the inverse evolution, for which
the above equation gives pp. In the opposite limit, with B’ being the full system, we have
Py o N(pp) = o for any pp.

In the case where pp is a pure state, the fidelity of the Petz map can be written as an

overlap

F(pp,Pep N oN(pp)) = Trp (ppPyrp N o N(pD))

1 1
= lim Tr [U (al%ppal% ® pB) UTN (op)™ N (pp)N(op)™] . (4.91)

m—>—§

or a similar overlap using (4.90). (4.89), (4.90), and (4.91) can all be evaluated by using the
equilibrium approximation. If the Petz map works perfectly, without error, the fidelity will
be one. At worst, the Petz map should output a random answer in which case the fidelity
would be exponentially small in the entropy.

We now consider the evolution of the fidelity of recovery channels during the evaporation
process. In this subsection, we use (2.52) to put a lower bound on the fidelity of some
recovery channel R, by calculating the change of the relative entropy under A using the

equilibrium approximation. In next subsection, we calculate the fidelity of the Petz map
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explicitly. Note that in both this subsection and the next, we do not include a reference

system @), and the input state for N is simply pp.

Infinite temperature

For simplicity, let us first consider the infinite temperature case, and take op to be 1p/dp

and pp to be a pure state. Then for the first term in the expression (5.50) for D(N (pp)||N (op)),

in the infinite temperature case we can sum over all permutations to find (see for instance

[126])

Tr [N (pp)"] = Z d o) C )—dl " F (1 —n, 2, dR), (4.92)

deB, "dg

where we consider the regime where dp and dp/ are both large, but with no restrictions on

the relative sizes. The resulting von Neumann entropy coincides with Page’s formula [154]

d
logdp — 5 £, dp <dp
— log Tr [N (pp)"] = 25 : (4.93)

logdp — 575, dp > dgy

SW(pp)) = lim

n—1

Using (5.55), the second term in (5.50) is given by a similar sum

Tr N(pD)N(aD)”—l] — = Z S (dpd €0 (4.94)

dDdeB,

This can be interpreted as the entropy of the radiation if it were coupled to an additional

bath with a Hilbert space dimension identical to that of the diary. The n — 1 limit is given

d
lim ——— log Tr N(pD)N(aD)"—l] - B’dDd . (4.95)
logdpidp — 572, dg > dpidp
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The relative entropy is therefore

DN (pp)lIN(op)) =

(

dr(dp—1)
QdBldD 3 dR < dB/
log 4B @—ﬂ—d<d<dd~
8dy T 2dg ~ 2dpdp OB’ S OR S ApBAD
dpr(l—d
\1ong+%RD), dp > ddp

Plugging back into (2.52), we obtain a lower bound on the fidelity:

F(p, [Ron o N](p)) > <

\exp <dB/(1—dD)> 7

dR < dB’

dR dB/ dR .
dgdp exp (m_ZdBTD , dB/ <dR <dBldD

25 dR>dB’dD

(4.96)

(4.97)

The transitions between the different lines of (4.97) occur at the infinite-temperature versions

of the times ¢, and t,, respectively. The fidelity is exponentially small prior to t,. After

tp, the fidelity is still small but exponentially increases until it reaches a value close to one

at tp,. While the formula for exp(D(N(pp)||N(op)) — D(ppllop)) on the RHS of (4.97)

is only exact in the limit of large Hilbert space dimensions, we find that it is remarkably

accurate even for small system sizes in Fig. 4.7.

Finite temperature

Let us now consider finite temperature, and allow for general choices of the initial state of

the diary pp and the reference state op. Now, in general, we can no longer perform the sum

over all permutations appearing in the equilibrium approximation. We can instead use the
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(p, [Ron o N(p)) 2

£

Figure 4.7: The lower bound on the fidelity of the Petz map to recover the diary thrown into
the black hole from the radiation as a function of the number of qubits Np in the radiation,
taking the total number of qubits in the system to be N = 10. The diary is composed of one
(red), two (blue), three (green), or four (black) qubits. The dashed lines are the analytic
predictions calculated at large N, (4.97), although the agreement is already very precise. In
the numerical data, we take a fiducial pure state tensored with the diary state and apply a
random unitary matrix, computing the relative entropy before and after the random channel.
We take 102 disorder realizations. Error bars are plotted, though barely visible due to small

fluctuations.
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formula (5.62) based on the dominant permutations in different regimes, to find!2

;

0, St < 51V 4 S(pp)

(eq) (eq) (eq) (eq)
S’ =8g" =S(pp), Sp~ +S(pp) <S8
DWN(pp)N(op)) =3 & P B R (4.98)

< 85V + Dippllop) + S(op)

| D(ppllon). S5? > S5V + Dppllop)

As an aside, note that we can interpret this result in terms of quantum hypothesis testing,
from the standard operational interpretation of the relative entropy. Say Alice were to ask
Bob a yes or no question and Bob responded to Alice by writing his answer in his diary
(i.e. encoding one of two states pp and op in the diary), then throwing it into the black
hole, knowing that Alice would collect the radiation from the black hole in order to decode
his message using a quantum measurement. If this is repeated over and over, the error rate
of Alice misidentifying Bob’s answer is given by e~ W (pp)lIN(oD)),

(4.98) implies the following bound on the fidelity of recovery on using (2.52):

(

e~ D(ppllop) S§§Q) < nge,q) +5(pp)
(eq) _ g(ea)
o1 —Sp —S(p)=Dlppllon) Sg,q) + S(pp) < SSQ)

F(p,[Ro a0 N(p) > -
< S + D(ppllop) + S(pp)

1, s€V > 5CY 1 Dopllop) + S(op)

(4.99)

We now see that the lower bound on fidelity first starts increasing at a time ¢,(pp), at which

qu) = Sg,q) + S(pp), and reaches its maximal value at tp,(op,pp), at which SJ(QQQ) =

Sj(ge/q) + D(ppllop) + S(pp) = ngl) — Tr[pp logop).

12. Note that this formula breaks down and becomes infinite in the large R regime if the initial diary states
pp and op are close to orthogonal. This is guaranteed not to be the case if we choose op to be full rank.
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4.4.83 Recovery channel: the Petz Map and its fidelity

We progress to explicitly evaluating the fidelity of the Petz recovery map. The quantum

channel that we seek to reverse is

N L(Hp) — L(HR)

pp = Trp \UT (pp ® pp) U] , (4.100)
As a reminder, the Petz map is given by

Pon : L(HR) = L(Hp)

N[
D=

X s o2 (N<a)*%XN<a)* (4.101)

)o.

Infinite temperature

We first study Petz recovery at infinite temperature, again taking pp to be pure and op to
be maximally mixed. Using the equilibrium approximation for this quantity with Z, = 1,

we have F'(p, [Py nr o N](p)) = limm_% Fp,, where

1 T GO L)
+3 R B D
dDm (deB/)2m+2 S

where ((7) is zero if the first and (m+2)th elements are in different cycles in the permutation
7, and 1 if they are in the same cycle.

At early times, dg/ > dp and the identity element will dominate. The identity has
((e) =0, so that
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At late times,when dp > dg/dp the cyclic permutation will dominate, which has ((n) = 1,

so that

Fp = gy + 0 (d;%l) . F(p, PonoN(p) =1 (4.104)

To understand how the recovery process improves from (4.103) to (4.104) as the size of
the radiation grows, we can perform the full sum in (4.102), as we will soon explain. Before
turning to this detailed calculation, we can try to understand relevant time scales by looking

at the leading corrections at both early and late times:

1. To find the leading corrections to (4.103), note that the permutations with the next
largest value of C'(7) after the identity are those with a single transposition, e.g. (12).

If it were not for the dCD(T)

term, we would need to sum over all such permutations.
However, only the permutation that transposes the first and (m + 2)th elements has
((7) = 1. Therefore, this permutation gives the leading correction, and on including it

we find

1

Fp = +
" dpdZ T dpdpddr

-2 51
+0(dD dB,>. (4.105)
so that we find the leading and next-to-leading order contributions to the fidelity at

early times to be

1 d
= — 4+ R ,
dp | dpdg

F(p, [Po o Nl(p) (4.106)

which grows as more radiation is collected, reflecting the improved recovery. This
correction starts to give a contribution comparable to the leading term at time tp,
which indicates that the fidelity starts to grow from its initial value at ¢,. Note also

that this correction has the same scaling as the correction in the lower bound (4.97),
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but is twice as large.

When the diary is small, the terms with {(7) = 0 can also be important. There are

(27;12—#2) — 1 leading terms, so that

1 1 m(3 + 2m)

Fon = +
" dpdE Tt dpdpddt T dbdpidy”

+O(dgrdp?). (4.107)

The replica limit m — —% gives

1

_ b dp  dp
Flp. ParoNIo) = o (14 42 - 795, (4.109

. To understand the time scale at which the late-time value (4.104) is reached, let us
now evaluate the leading correction to (4.104). There are now m(m + 1) permutations

satisfying both C(n~ 1 o 7) = 2m + 1 and {(7) = 1, leading to

1 N m(m + 1)
(dgidp)®>™*l  dp(dgidp)®™

Fpp = +O (dl—%ldl—)?m—l) . (4.109)

The leading and next-to-leading contributions to the fidelity at late times are therefore

Flp, [Py o N(p) = 1= =7 = +0 (ax'dd) . (4.110)

Note that the correction had to be negative because the fidelity is bounded above by
unity. The correction becomes comparable to the leading term at times earlier than
tpy. Note also that this correction has the same scaling as, but is half the size of, the

lower bound correction in (4.97).

For small diaries, there are (m + 1)2 other terms which are also important in the
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correction to the late-time value, and we find

F(p, [Py oN](p) =1~ diziD + ili}; +0 (d};?dl—)l) . (4.111)
Hence, for the infinite temperature case, (4.106) and (4.110) together give the same
predictions for the time scales at which the fidelity of P first increases and the time scale at
which it saturates, as the predictions based on the lower bound for some recovery channel
in (4.97).
Finally, we can also examine the crossover regime of (4.102), where the fidelity becomes
O(1). At the time ty,, dg = dg/dp = d, so the sum simplifies to

1 C(n~LYor)+C(r) £(1)-1
Fn ™ —gorg ST e e (4.112)

TESImM+2

The exponent is maximized at 2m+4 when 7 is a non-crossing permutation that has the first
and (m + 2)th factors in the same cycle. Out of the Cy, 12 total non-crossing permutations
(where Cy, is the n—th Catalan number), only Cr2n+1 have ((7) = 1, a statement we will
soon prove. Therefore,

2
~ Cm—f—l

Fm = it

(4.113)

Taking the m — —% limit, we find the fidelity at ¢, to have an O(1) value independent of

the dimensions,

F(p, [Py oNl(p)) = 96% ~ (.72. (4.114)

This fidelity is markedly larger than the lower bound from (4.97), which is e_% ~ (.61.

Again, for small diaries, we include the subleading non-crossing permutation with {(7) = 0
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to find

64 l—53
F(p, [Pa,./\/ oN(p)) = 92 + dD97r .

(4.115)

We now turn to the full calculation of the fidelity in the planar limit, i.e., we carry out
the full sum in (4.102) analytically. Recall that the planar limit corresponds to non-crossing
permutations 7 where C'(n~! o 7) + C(7) = 2m + 3. We claim that the subset of these

permutations with ¢(7) = 1 and C(n~!o7) = p is given by a product of Narayana numbers

p
NComioceip= > NotipNotips = Y Notlp Nt 1p—p

1 1
(ijé)(?}j—l)leg,(—m— lL,—m,1—p,2 _p727m_p+3;m_p+4,1)
N m+ 1 :

(4.116)

We note that the previous statement regarding the square of Catalan numbers above (4.113)
is the special case where we sum the above equation from p = 2 to p = 2m + 2.

(4.116) can be proven by considering the elements of the permutation group as a circular
lattice of 2m + 2 points then moving to the dual lattice (see Fig. 4.8). In the dual lattice, we
count the number of non-crossing permutations that factorize into non-crossing permutations
of m + 1 and m + 1 elements. There is a unique non-crossing permutation of the original
lattice corresponding to each one of these permutations, commonly known as the “Kreweras
complement.” This is the maximally extended permutation in the dual graph that does
not cross the permutation. It is clear that for each factorized permutation in the dual
lattice, the Kreweras complement in the original lattice has (7) = 1. Indeed, the number
of non-crossing permutations in the dual graph with C'(7) = p is the same as the number
of non-crossing permutations in the original graph with C (n_l o 1) = p. Using this insight

and the prior knowledge of counting the number of non-crossing permutations with a given
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1 m+2

2m+ 2

Figure 4.8: A circular lattice of 2m + 2 elements is shown as black dots. The dual lattice
is the red dots. We show an example of a non-crossing permutation on the red lattice
that factorizes across the first and m + 2nd elements of the original lattice. Clearly, the
Kreweras complement (shown in black lines) connects the first and m + 2nd elements such
that ¢(7) = 1.

C(7), we arrive at (4.116).

We can now find the sum over all permutations with ((7) = 1 in (4.102), which we call

Fo:
2m+2
Fm = ! 2m+2 Z N02m+2 ¢=1 pd%(dDdB’)Qm—i_?)_p
(drdprdp) o s
2
1 <d]_%m2F1 (—m, —-m—1,2, #gy)) , dp <dpdp

= 4.117

2
<(dDdB/)_m2F1 (—m, —m—1.2, d%ff’)) . dp > dpdg

To enumerate the terms with ¢(7) = 0 and C(n~! o 7) = p, we note that this must simply

be the remaining non-crossing permutations of which there are Noy19p — NCopyyp9 =1 p-
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We refer to this second contribution to Fj, as F,, and immediately find

1 dr Fm
_ ——mt 201 (—2m—1,—2m—2,2,ﬁ> —dn’ dr < dpdp
Fn = { iR pes! b (4.118)
L Fi(—2m—1,—2m—2,2,2%) _En  g. - gp4
dD(dDdB/)2m+1 211 ) R dp’ R Dap’
This expression simplifies in the m — —% limit to
_ o FL
Fi=——-— (4.119)

Therefore, the fidelity is

1-L) 9% op (L, -1 2 98 L dp < dpdg
F(p, [Py o N](p) = T ydp 2T1AZ 2% dpdyy o TR
9 g, -

dpdp\2
(1-2£)2h (3,-3.258) + L dg > dpdp

(4.120)

This expression is plotted in Fig. 4.9, where it matches perfectly with numerical tests for

finite system sizes.

Finite temperature

At finite temperature, we have far less control over the contributions from subleading permu-
tations, and hence we are able to find the value of the fidelity corresponding to the sum over
all permutations in the equilibrium approximation only in some special cases. First, note
that based on leading permutations, we expect again that at early times when the identity

permutation dominates, the fidelity is given by

F(p, [Pen o Nl(p)) = F(pp,op)- (4.121)
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Figure 4.9: The fidelity of the Petz map for the Hayden-Preskill protocol at infinite temper-
ature, as a function of the number of qubits Np in the radiation. The total number of qubits
in the black hole and the radiation is 10 in all cases, and the different curves correspond
to different sizes of the diary, ranging from 1 to 4 qubits from top to bottom. The gray
dashed curve is the analytic result given by (4.120). The light gray curves are the lower
bounds set by the change in relative entropy. In the numerical data, we take a fiducial pure
state tensored with the diary state and apply a random unitary matrix and partial trace,
followed by the Petz recovery map. We numerically evaluate the between this recovered
state and the initial state. Again, we show the average over 103 disorder realizations and
the corresponding error bars.
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where in the last expression we take op to be an equilibrium density matrix on D, and pp
to be some pure state. Similarly, at sufficiently late times, the cyclic permutation should

dominate, so that we have

F(p, [Py o Nl(p)) =1. (4.122)

At intermediate times, the fidelity will interpolate between these values. To probe this
regime and find the relevant time scales, let us first look at the leading corrections to the
dominant permutations. The first correction to early-time contribution from the identity

permutation comes from the permutation that swaps the first and (m + 2)th copies,

Zom+2,R Z2,B/Zr2n+1,R i :
1R 1.B'“1,R
In the replica limit, this can be rewritten in terms of Renyi entropies as
S S [ 3 )
F(p, [Ponr o N(p) = Fpp,op) +e 2 Tr |ofrpoprp| - (4.124)

1 1
We can assume Tr {a%p DIHP D] is of roughly the same magnitude as F'(pp,op) (note that

if we take op to be that maximally mixed state and pp to be pure, then both are equal to

L

dD)' This suggests that the fidelity begins to grow significantly from its initial value at the

(eq) _ qleq)
= S

time scale tp, at which S

However, in order to reliably calculate the fidelity past t;, we must sum over the contri-
butions from all permutations corresponding to planar diagrams, a calculation we explain in
Section 4.4.4 using a generating functional method. For this calculation, we assume that op
is maximally mixed, pp is pure, the radiation is at infinite temperature, and the black hole

is at inverse temperature (3, with the density of states as in AdS3, p(E) = eVVEV  Now

if we define

logdp Y= logdp

V ) V )

(4.125)
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where V' is the volume of B’ and dp is the dimension of the radiation, then the various

relevant time scales are given by:

3c2 c2 c2

ty: x=—=, tp: T=_—=, ty: x:%%—y. (4.126)

We find that for small diaries (i.e. y is O(V 1)), the fidelity grows rapidly at ¢, and the

time scale ¢, does not turn out to be relevant,

1 c?
b <28

F(p, [Py nroN(p) = , (4.127)
1 x> 5—5

1
with the transition occurring in a region of size O((V5)™2) in . On the other hand, for a

2 2
sufficiently large diary such that there is a regime where ?é% <z < % + y, we have

2
o e <
32, _ _ 2 2
6V( 837 T% Y) _ 6long 5’2’3/ logdp 38% << 156% ty
F(p, [Pon o N(p) = R
Viey| =S +557 —at+y)
e 7 52 Ly cp< g
€ 168 TYST<35TY
02

(4.128)

So for a sufficiently large diary, the fidelity starts increasing exponentially from its initial

value of % at time t;, and the initial increase is precisely as predicted by (4.124). Note

that the lower bound on the fidelity from the change in relative entropy from (4.99) is not
sensitive to the time scale ?j, and only starts growing at the Page time £,,.

When y is O(1) but the diary is not sufficiently large such that such that there is a regime

2 2
where ?é% <z < % + y, the fidelity starts increasing from L at a time t, between tp and

dp
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tp defined by
2
t 9(:226—6—1—23/—6\/% (4.129)

so that we have

% r < % + 2y — c\/%
Flp, [Py oN(p) =4 )/ T an y & (4.130)
e N e ﬁ+2y—c\/%<x<%+y '

1 c?
x>ﬁ+y

tr is increasingly earlier for larger log dp, and eventually becomes equal to 1.
(4.127), (4.128) and (4.130) are derived with several approximations for the thermody-
namic limit. We plot a more exact expression resulting from the calculations of Section

4.4.4 for finite but large volumes in Fig. 4.10. Note in particular that for the case where

5t togdp

dp is large, we see the initial exponential growth of fidelity e 3R 2 predicted by
(4.124). For a small diary, the curves obtained from increasing system sizes with fixed logdp
gradually approach an increasingly sharp transition, as expected from (4.127).

The discussion in this section so far has entirely been for the canonical ensemble case.
In Section 4.4.4, we also consider Z, in the microcanonical example, corresponding to a
case where the radiation is divided into two parts R; and Ro such that there is energy
conservation between R; and B’ while Ry is at infinite temperature. For a small diary, we
again find that the fidelity grows from % to 1 rapidly at ?,. For a large diary, we find that
the fidelity reaches 1 at ;,, and that there is a time scale ¢, < t;, when the fidelity starts to
grow above %. But for this example, ¢, does not seem to be related to the time ¢; at which

E(Rq, Ry) starts to grow in any regime.

123



1.0f
;
—~
Q. 0.9f 1
= os =
© o -10
10
= o7) ]
; :
& Q10
- 06 1 ==
Sy
o / =
0.5[ ‘ ‘ ‘ ‘ 10725
0.0 05 1.0 15 20
Ng/Vs

Figure 4.10: Left: The fidelity of the Petz recovery map is shown for a diary consisting
of a single qubit. The different plots are for different V' = 100, 200, 300, and 400 (from
blue to red). The transition approaches the second vertical line, which corresponds to t,
in the thermodynamic limit. The first vertical line is ¢;. Right: The fidelity of the Petz
recovery map for large diaries of sizes 10, 20, 40, and 80 qubits (top to bottom). The first
two vertical lines denote t; and ¢, which are separated even in the thermodynamic limit. We
also display the t),’s for the respective diary sizes, always with V' = 100. We take R to be
at infinite temperature and B’ to be at finite temperature with Cardy-like density of states

E
p(E) = ev\/; in both plots, taking 8 = 1/2. Notably, the fidelity increases significantly
between ¢, and ), and does not saturate to one until after t,.
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4.4.4  FEvolution of Petz map fidelity at finite temperature

Canonical ensemble

To evaluate the fidelity of the Petz map reconstruction F'(p, [P, oroN](p)) systematically at
finite temperature for the canonical ensemble, we use a method similar to Section 3 of [157].
We take the reference state op to be maximally mixed and pp to be pure. For simplicity,

we take R to be at infinite temperature, so that the effective identity operator is
To=e¢PHB g 1p. (4.131)

It is useful to define

— d
Foying = iy + Filng (4.132)
for two non-negative integers ni,ng, where

nne T nytng 2 gngtngt2 IR @ €p/lfa: T/ Ap :

1 D TEP,

1 1 C

d == (7)

1 D TEPd

where P, refers to the set of permutations in Sy, 4p,+2 such that the first and nq + 2-th
element are in the same cycle, and P, refers to the rest. The equilibrium approximation for

the fidelity is then given by'3

Flp,[PapoN)(p) = F+ FL o Fo? = dim i, (4.135)

1
n1—>—§,n2—>—§

13. Note that here we use the alternative analytic continuation from (4.90).
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Note that

d 1
Fgl,m + dDFﬂLm - (ZldD)n1+n2+2 Z Mr®@ep @ep|(Za)pr @ 1py, T)
TESTLI—FHQ—‘,-Q

= Zn1+n2+2,R (4136>

where we get the last expression by identifying the second-to-last expression to be the equi-
librium approximation for Z,, 1,42 g for an equilibrated pure state |¥) in a Hilbert space
Hpp @ Hpr, with the effective identity operator (Zo)pp ® 1p7, where D’ is an auxiliary

system with Hilbert space dimension dpy. This implies that
FetdpFl=2p=1, (4.137)
so that it is sufficient to calculate F'¢ and express the fidelity as

Flp P o M) = (1= ) o o (1.138)

In order to systematically obtain F'¢ using Fy we can define the generating functional

1,127

[ee] FC
ni,n
FO(A1, A2) = Z nll n22 . (4.139)
AT
ny,me=0 "1 72
Then for non-negative integers ny, no,
dA1 d)\ _ _
Friying = e A 1)‘7212 ! FE(A1,A2) (4.140)

oo 271 2

where the contour is taken to be around the point at infinity. Now in all permutations 7
contributing to (4.139), the first and (nq + 2)™* element are in a common cycle. Suppose

this cycle also includes mq elements out of the n; elements between the first and (nq + 2)th
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element, and mo elements after the (ny + Z)th element. We can then consider the total
contribution from a fixed mq, mo to all ny,ng, as shown in Figure 4.11. Note that in the
process we have introduced factors of R(\), the resolvent for pp = Trg/p[| V) (V]], with |¥)
as defined above (4.137).

Figure 4.11: Contribution from a fixed m1 = 2 and mo = 1 to all n; and ng in the expression

for F€(A1, A2) in (4.139). The solid loop gives a factor of — 2 mitmy 2t
or F¢(A1,Ag) in (4.139). The solid loop gives a factor o (pdpZy )22

m1, mq + 1, mo and moy + 1 factors respectively of )\%, AMR(A), %2 and Ao R(\2), leading to
(4.141).

and we get

We then find
FC(A, \g) = i ADZmy+mot2,B’ R(A)™MTIR(A)™2H A Ny (4.141)
) m1,ma=0 (ZI,B’ dp dD)m1+m2+2
and using (4.140),
. dA o—BE .
F¢ =d dE p(E A \nipy
n1,n2 D/O p(E) foo i R( )Zl i S
| R "7 prdp
’ (4.142)
d\ o—BE .
< | zeEe
271 7+ mrd —PER()
00 1,B'4D dp — m

1
Note that A~ 2 has a branch point at infinity, so the above expression cannot be analytically
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continued as written. However, we can first deform the contour for integer ny, ng to surround
the branch cut on the real axis coming from R()\), and then analytically continue to n; =

ny = —%, to get

FC—d / dE Aig efﬂE ! (4.143)
oD ,0 C 271 Zl,B’dD dR _ €_BER(/\) '

I,B/dD

where C is the contour that surrounds the branch cut on the real axis. In order to further

simplify this expression, we use the following approximation for the resolvent:

R(\) ~ i (4.144)

1 1 [ 4B
N=—9, g= dE p(E)e (4.145)
R

with E defined through
Ey d
/0 dE p(E) = -1t (4.146)

In deriving (4.144)-(4.146), we use similar methods to [157], which we review for this context

at the end of this subsection. Putting (4.144) into (4.143), we find

. 1 00 6—25E
F© =~ dE p(E . 4.147
ZI,B/ /0 p( ) dDZl,B/AO + B_BE ( )

Now to further analyse (4.147), let us take the density of states to be as in AdSs, p(E) =

eVVEIV where V is the volume of B'. Then Zy pr can be evaluated using the saddle point
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approximation and has the behavior

2
1 e 1V c
Zl,B/ = Vie PEetVVe — Y38 ., Ee=Vee, +ec= ﬁ7

(4.148)

where S is the thermal entropy and ¢’ is some O(1) constant. The second equilibrium Renyi

entropy can also be evaluated from the saddle point

ZI,B/(QB) 1 _3C2V 3C2V

6_ 27B/ = — Y V_ée 8,8 5 S2 B/ =
23 5 (5) |

Now if we define

_logdp __logdp
x_ V ) y_ V )

then the various relevant time scales are given by:

(4.149)

(4.150)

(4.151)

We will always take 2 ~ O(1) while take V' — oo, but y can be O(V 1) or O(1) depending

on whether the diary is “small” or “large.”

Now let us examine the behavior of g defined in (4.145). Note that for ¢ = Ey/V,

V/eo de ecv\ﬁ _ i\/%ecV\/% _ d_R
0 cV dD

= €0 ~ x_;y +O0(V g V),
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so that g has the form

g= % 1+ erf (VVB(VE - V) )| + ,/%G—Vﬁwa—x@? (4.154)

1+ 0(e") Ty <& OV
\/?erB(\/Q*\/%)Q
27V B(eo—v/ec))

(4.155)

x—y>%+0(‘/_%)

During the evaporation process, logdp increases while V' decreases. We would like to
find the evolution of F¢ as a function of x to see how the information recovery improves
during the evaporation process.

Note first that from (4.155), for z —y > % + O(V_%), the first term in the denominator
of the integrand of (4.147) can always be ignored relative to the second, implying that the
F¢ =1 and hence F' = 1 at tp, and later times. For ¢ < t;,, A\g = ﬁ, and we can simplify

(4.147) in this regime to

2 oo —28Ve
FCa Ve VB / deeVVe_—_° . (4.156)
0 YV ap—oty) | —pVe
The second term in the denominator dominates for
A a—y A

and the first term dominates otherwise. (Note that the regime (4.157) exists only for x —y >

2
X—B) So we can write (ignoring sub-exponential prefactors)

7o oV (4B) / Ve BV o~V (4B) Ve / X Ve, 28V (4.158)
0 €
Recall that the saddle point for the first integral is at ¢, = %5, and the saddle point for the
(2) _ &2

second integral is at e, We consider three regimes:

1662
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2
l.z—y< X—B : We only have the second term in (4.158), which can be approximated

with its saddle point, so
FCr~e V8 , -y < — (4.159)

2 2
2. X_ﬁ <zr—y< %: Here the first term should be approximated with the boundary

value at €,, and the second term with the saddle point at 69). So we find
_2 jamy 2
Fome N TaRTTE T Vg ta—y) (4.160)

The second term is always greater than the first in this regime, so we have
—<r—y< —. (4.161)

2 2
3. % <zr—-—y< 5—6: In this regime, both terms are approximated with their boundary
values, which turn out to be the same, so we have

2 _
Viey -S54+ 55 —a+y) 2 2
FC a2 4% P L5 ey E (4.162)

For a small diary, we can neglect y in (4.159)-(4.162), and we therefore find that (1 — %)FC

is exponentially suppressed in volume before #;, while % is O(1). We therefore have

+ a< %
Fip. P o M) ~ {5 (1163
1 x > 26—5

So the fidelity for the recovery of a small diary improves rapidly from % to 1 at the Page

time.
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For a diary sufficiently large such that there is a regime where ?écﬁ <z < 16 ﬁ + vy, we

have

1 3c2

V(-3 +17 y) log dp—Sy pr—logdp 32 5c2

F(p, [Py nroNl(p) = 2 oy
€V(C 452 +T—x+y) ﬁ i

(4.164)

So in this case, the fidelity starts increasing from its initial value of % at time t; (indepen-
dently of logdp as long as there is a non-trivial regime corresponding to the second line),
and the initial improvement is exponential in logdp — 52’ B, precisely as predicted by the

leading correction in (4.124).

For a diary that is O(1) but not sufficiently large such that there is a regime where

%Cﬂ <z< 165 + y, we have

(

2
% x<§—ﬁ+2y—c\/%
2 —
\% XY
F(p, [Pon o N(p) =< , (cm T+y) %+2y_c\/%<x<%+y. (4.165)
1 x>%+y

So in this case, the fidelity starts to increase from dD at a time

2
c Yy
tr: 2y — 4.166
r x = 25+ Yy c\/; ( )

which is macroscopically earlier than ¢, when y is O(1), and becomes increasingly earlier as

the diary becomes larger.

Further, note that in (4.158), we can evaluate both integrals exactly using error functions.
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The first integral is approximately

c—+/48(z—y)—c?
Ve (1—erf<\/‘7( 24\5/(3 v )>>
F¢ =

253/2

(4.167)

Near tp,, this term dominates over the second integral. This shows that the transition regime
is O((Vﬁ)*%) in x — y, as this is the regime where the error function becomes O(1).

We can also use (4.146) and (4.145) to get an exact expression for Ag in terms of dg, dp,V,
which can then be used to evaluate the integral (4.147) for large values of V' numerically.
This leads to the evolution of the fidelity shown in Fig. 4.10.

Let us now justify the approximation we used for R(\) in (4.144). We use similar steps

to Section 2 of [157]. The Schwinger-Dyson equation for R(\) is

o0 Rn
n=1 R™1,B'""D
00 e—ﬁE
= \R=dp+d R/ dE p(E 4.169
r+dpk | p( )deDZLB/_e_ﬁER (4.169)

It is useful to first find the smallest eigenvalue \g of pr. For A < \g, we can see from the

definition of R that R is real and negative, and we can write

dR dD /E[,) /oo e—ﬁE
A = — = dFE p(E d dFE p(F) ———— 4.170
R ey [ s oo )

where E6 for a given set of dp,dp, Vg and A is defined implicitly by

sy _ RIDZ1 B

8 (4.171)

In the two terms in (4.170), we have assumed that different terms dominate in the denomi-

nator of the integrand of (4.169). Since A = )y is a branch point of R()), we have g—])% =0

133



at this point, which implies

Ey d
/ dE p(E) ~ d—R (4.172)
0 D

where we use Ej to refer to the value of Ejj at A\g. We can treat (4.146) as the definition of

Ey. In terms of Ey, \g is given by

o0
Mo = —— /dEp(E)eﬂE (4.173)
drZy B JE,

Let us now return to (4.169) to obtain an approximation for the resolvent. We can divide

the integral into two parts at Ej:

MR dntdnR | dE olE e P
=dp+
R p /0 p( )deDZLB/—e_ﬁER
. iy (4.174)
+d R/ dE p(E) e PE
D Ey p( )6 deDZLB/—G_ﬁER

Note that e PE0R()) = —dgrdpZ; pr, and e PEIR(N)| < e PE0|R(\g)| for E > Ey and
A > ), using the definition of R. Hence, the denominator in the second term of the integrand
can be approximated as drdpZy p/, and we have

e PE
drdpZy pr — e PER

1 (0.9}
+ R / dE p(E) e PP

Eo
)\R%dR—l—dDR/ dE p(E)
0

drZy1 B JE,
i sk (4.175)
~ AR~ dp +d R/ dE p(E + R\
R o AENE) 7, e PER T
dp dp /Eo e P
= R = + R dE p(E
o Ao, dEA )deDZLB/—e_ﬁER

Treating the second term as a perturbation, we find to first order

d d Eo —AE 1
R~ R D / dEp(E) — (4.176)
0

+
A=X A—Xo Zy,prdp A= Xo — e PE[(Z) pidp)
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Let us now understand whether our approximation in treating the second term as a pertur-

bation is self-consistent. Suppose we require that for some small €,

A=A e e 0 4177
N Dy e

The integral in the second term can be divided into two parts,

dD /6 e_ﬂE 1
I= dEp(E
A =20 Jo () Zy,prdp A= Xo — e PE[(Z) pidp)
i (4.178)
Eo e PE)(Z) pdp) 1
‘l—dD/ dEp(E) : 3%
. A—Xp X=Xy — e PE)(Z) pdp)

If € is small, the first term is small. The integrand in the second term is positive and < p(FE)
due to (4.177), so from (4.146), the second term is < dp, and hence smaller than the leading
term in (4.176). So the approximation (4.176) is valid as long as (4.177) is satisfied for small
¢, and to a first approximation, we can ignore the second term in (4.176) and write R(\) as

in (4.144).

Microcanonical ensemble

Let us now consider the question of Petz map fidelity taking the effective identity operator

to be

Lo =1R, ® > (I phr @ (r) (r)p. (4.179)

BN 4 EBelp A

with Ry and Ry corresponding to two parts of the radiation, and B to the black hole. We
again take pp to be pure and op to be maximally mixed. Ry is taken to be at infinite
temperature while there is energy conservation between R and B. We take the average

energy density € in R1B to be
E

= 4.180
‘ VRl +Vp ( )
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(eq)

and view the evaporation process as a process where S Req = VR, s(€) + logdp, increases

while SJ(BEQ) = Vps(e) decreases. tp is the time when
tp:  VRg,s(e) +logdp, = Vps(e) (4.181)
and 1y, is defined as the time when
tpy © VR,s(e) +logdpg, = Vps(e) +logdp . (4.182)

Recall that in this setup, the time ¢; at which the logarithmic negativity starts to grow is

log dR2
s(€e)+log dp, by

given for sufficiently small A = Vi
ty . log dR2 + 2536(11%) — VRls(E) = Vps(e) . (4.183)
3,411

The equilibrium approximation for the Petz map fidelity is given by

Fp. [Py oN](p) = lim Fy. (4.184)
m—>§
where
1 Ry, \Cly~tor) 4B \C(r) C(r)+((7)
FE=Y"— S© (dptdR,) ¢ B )Y d
+3 2m-+2 FEq 2 E—FEq D
o dp T (Npdg,)™™ reSomis
2m—+2 4.185
T N e
- Z NE Fm (dD7 dE dR27 dE*El)
By
with
Np =Y dildp g m~ cqelV1HVE)( (4.186)
Eq

136



where ¢; and all ¢; we will introduce below are O(1) constants, and

1 Cn~tor) ,C(r) C(T)+¢(T)
FX(dp.dp.dp) = — Y d dy"d (4.187)
’ ? +3 R B’ D
dDm (deB)2m+2 S

can be identified to be the infinite-temperature value of Fy, in (4.102). Then using (4.184)

and (4.120),
1

F[Por o N0 = 5+ (1 - %) (FL+ Fy) (4.188)

where

1d 11 dpydy
Fl = d_% Z (dgi)Q 2F1 57_5727ﬁ ) (4189>
D VE E1<Vg,eu E—F;“D
R ;B B’
dtdp 1 1 d% _.dp
Fy = Z Mﬂwl _’__’2’& (4.190)
Ng 2 dp,dh!
E1>VR1€u RQ El
and ¢, is defined as the solution to
E—Vp e
VR, s(ew) +logdp, =logdp + Vps(éy), €u= % . (4.191)
B

We note that F] is always dominated by the value at upper limit of the sum in (4.189),

Fl =cpeM, Ay = 2VR,s(ew) — (Vg, +VB)s(e) +logdp, —logdp = Ag, (4.192)

Ag = Vg, (s(eu) — s(€)) + Vp(s(eu) — s(e)) (4.193)
and Fy is dominated by either its saddle point or its lower limit, i.e.

1 €y <€
Py = o (4.104)

Ag

c3e €y > €
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Note that by definition A9 < 0, and thus Fj is always exponentially suppressed except at
€y = €.

From (4.191) when we decrease the values of V; and logdp, (i.e. going to earlier times),
the value of €, should increase. We can assume that ¢, is a smooth and monotonically
decreasing function of t. At t,0 we have e, = € while for t < t,9 (¢ > t,2) we have ¢, > €
(€y < €). From (4.192)—(4.194), we then conclude that for any dp, F| + Fy is exponentially
small in volume for ¢t < tp, and becomes 1 at tp, over a very short range of time (volume
suppressed).

Then for a small diary, precisely as in (4.163) for the canonical example, we have

5 t<tp
F(p, [Po o Nl(p) = (4.195)

1 t>t

For a large diary, we have

t <t

o VRy (25(€u)=s(€))+Hlog dr, —Vps(c)
F(p, [P o Nl(p)) = ) . (4.196)
= 6VR1 (S(EU)_8(6))+VB(8(6U>_8(6)) t’l" <t< th

S~ &

—_

t > tp,

The growth of the fidelity above 1/dp for a large diary starts at the time scale

tr Vi, (2s(ew) — s(€)) + VRr,s0 = Vps(e) (4.197)

Comparing this to ¢, defined in (4.181) and noting that €, > € for ¢ < tp,, we can see that
ty < tp. Note that unlike in the canonical ensemble example in the previous subsection,

t, does not converge to t, defined by (4.183) for sufficiently large diaries. For a given A,
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depending on logdp, t, can be either earlier or later than .
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CHAPTER 5
THERMALIZATION

“Truth is chaos. Maybe beauty is chaos.”

— Interview by Nora Ephron & Susan Edmiston (1965)

5.1 Quantum Chaos and Eigenstate Thermalization

The eigenstate thermalization hypothesis (ETH) was a major development in understanding
the emergence of thermal physics from isolated quantum many-body systems in pure states
[43, 179, 45]. The statement of eigenstate thermalization is that given two energy eigenstates,
|E;) and |E}), and a “simple” few-body operator O, the expectation value varies smoothly
with the macroscopic, thermodynamic quantities such as energy

(B O\E;) = fo(B)sy; + e SB2R, £ DL

1] . 2 9 (5.]_)

where fo(E) is a smooth function of the energy, S(£) is the thermodynamic entropy, and R;;
is an O(1) pseudorandom matrix. The ETH is expected to hold for generic nonintegrable
systems and violated in integrable systems. Morally, it states that expectation values of
simple observables appear thermal.

Note that the standard, local ETH is a statement only about local or few-body operators.
A significant strengthening of the ETH can be made by asserting that the entire reduced
density matrix supported on a finite spatial region appears thermal. More precisely, the
subsystem eigenstate thermalization hypothesis states that the reduced density matrices of
eigenstates, p4 (1), are exponentially close in trace distance to a universal thermal density

matrix, p....(E), that only depends on the total energy [53, 69]

1p4(®) = P B)ly = O (e=5)/2). (5:2)
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In addition, “off-diagonal” matrices are exponentially suppressed
g [|E5) (Ejl]|, = 01 + O <e—5(E>/2> . (5.3)

These conditions imply the local ETH for all operators in region A and are significantly
stronger [117].

It is important to understand which systems obey the subsystem ETH. Of course, for
all systems, when A is the entire system, the subsystem ETH completely fails because the
distance between a pure state and a thermal state is O(1). It is then nontrivial to determine
at which point the subsystem ETH breaks down and thermal physics no longer applies.
In the following, we show that holographic CFTs obey the subsystem ETH whenever A is
smaller than half the total system size for a class of high-energy states. More generally,
we find generic chaotic Hamiltonian systems, whose eigenstate ansatzes were put forward in

Refs. [44, 128, 141], obey the subsystem ETH in its strongest form.

5.1.1 Generic chaotic Hamiltonians

We use the following ansatz for the tensor product decomposition of energy eigenstates of

energy E for generic chaotic quantum many-body systems [44]

|E) = NL/2 S iy |E)A|ES) g (5.4)
E-A<E,+Ej<E+A
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where A < E, N is the normalization, | E;) 4 and |E) g are subsystem energy cigenstates!,

and the coefficients are complex Gaussian random variables
CiJC;(,J, = 5ii’5JJ’7 (55)

where, with the proper normalization, the variance is set to one. The reduced density matrix

is

—1
pa=N > > cigCjy|Ei) (Ejl 4 - (5.6)
Ei—2A<Ej<EZ'+2A E-FE,—A<Ej<E—-FE;+A
Using this ansatz for the reduced density matrix, we perform the replica trick for the PRRE.
In analogy with Refs. [44, 128, 141, 52] where the Rényi and von Neumann entropies were
evaluated for this ansatz, we find, in analogy with Section 3.2, that in the thermodynamic

limit, after ensemble averaging

Tr [p%a}éfa] :Nl/dé’eSA(gHSB(E‘S)Ga(S), (5.7)

1. In fact, it is not quite correct to consider these subsystem energy eigenstates due to the interaction
terms in the Hamiltonian coupling A and B that lead to correlations near the boundary, as emphasized
in Ref. [128]. It is more accurate to consider very similar states referred to as “many-body Berry (MBB)
states” in Ref. [128]. These are constructed from perturbing an integrable Hamiltonian by an integrability
breaking term. In MBB states, the subsystem eigenstates are not energy eigenstates, but local product
states. The following calculation is unchanged. Moreover, preliminary numerical tests suggest that our
results are somewhat universal for non-integrable many-body systems.
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where
o F (1 -, —o; 2; eSA(g)_SB(E_5)> o F (a -1, 2;€SA(8)_SB(E_5)> ,
SA(€) < Sp(E = 8),

Y I

S4(€) > Sp(E =€)

(5.8)
and
N = [ deesa©sn(E-e) (5.9)
We use the following ansatz for the thermodynamic entropies
& E-¢&
S 5—st(—>, Sp(E—-&)=(1-— Vs(—), 5.10
A(E) 7)) SE-8=0-nVs(pis g (510

where s(u) is the entropy density, V' is the volume of the total system and f is the fractional

volume of subsystem A. The saddle point equation for the main integral is

()G e

and for the normalization

& ) ( E-¢& )

/ 2 ! 2

Sl—=|=s————"=]). 5.12
<Vf V(1—J) (512)
We can now evaluate the PRRE in various regimes. The saddle point equation for the
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normalization is simple to solve because s'(u) is single-valued

& = fE. (5.13)

This is not so surprising as it implies a constant energy density. The normalization is then

evaluated to

N = we"é’(%)

(9

We now specify to f < 1/2 where we claim that £, < E/2. In this regime, we can expand

(5.14)

the hypergeometric function
Go(E) =1+ ala — 1)e34E)=Sp(E-E), (5.15)

In this approximation,

secaten _ (- e’ U (o (EE) v (5))

&
Gal&1) e(l—f)Vs(%) + (a — l)ozefvs(%>

(5.16)

This term is exponentially small for f < 1/2. Therefore, the saddle point equation for &

can be treated as an expansion around &

E1=86(1+96), ikl (5.17)
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To leading order, the saddle point e

quation is

(2f— 1)vs(€

N—

ae

()

Es" <%>5_ Es" <§) f5 2(a—1)ce
B e —
__E(F) Ts_ 2o —1)

V(-

S
L2V %)

/N

ae(2f—1)vs(%) J (g

)

Solving for §, we find self-consistency with the claim that &; is very close to &

O~

2(a—Da(f — 1)Ve(2f71)vs<€> s’ (%)

The saddle point solution is then

E
ES// (v)

/ dESAETSBE-E) G (£) ~

Therefore, the moments are

Tr [pja}[o‘} ~e

27V f(1 — f)eVS(

20

ala—

%) Jroz(Ozfl)e@fil)VS(

1)6(2f_1)vs(%)

bl

E
\%

so the PRRE is exponentially suppressed in the entropy for all values of «

Da(palloa) ~ ae

(2f-1)

This places strict bounds on the trace distance

6(2f—1)vs(€)

4

(8),

(7-1/2)vs(§)

< T(palloa) <
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V2

>+0(52).

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)



This provides further evidence for the refined subsystem eigenstate thermalization hypothesis
in Ref. [53] that postulated the scaling of the trace distance on the size of subregion A because
the upper bound precisely matches that scaling when replacing N 4, the number of qubits in
region A, with the subsystem thermodynamic entropy.

Note also that these results generalize our result for random matrix theory because at

infinite temperature, we can identify

fVs (%) =logdy, (1—-f)Vs (g) = logdp. (5.24)

Next, consider the f > 1/2. Unfortunately, the maximum of the integral occurs right
near the transition S4(£1) = Sp(E — &1). Because of this, we cannot simply make a saddle
point approximation. However, it is straightforward to argue that the PRRE will be large for
a < 1 and infinite for & > 1. Note that the integrands of the numerator and denominator
of Tr [p%a}éfa] are exponentially close for S4(£1) < Sg(E — &1) while the numerator is
exponentially suppressed in relation to the denominator for S4(&1) > Sp(E — &1). Because
the saddle point for the denominator occurs when S4(€1) > Sp(E — &1), Tr [p%a}éfa} will
be exponentially small i.e. log [Tr [pia}[o‘ﬂ will be negative and of order the entropy. Due
to the factor of (& — 1)~! in the PRRE, this implies that the PRRE for a < 1 is of order
the entropy and ill-defined (infinite) for o« > 1, in analogy with the random matrix theory
result (3.35).

We have found that whenever A is less than half the total system size, the PRRE and
therefore the subsystem trace distance between any two eigenstates of the same energy is
exponentially suppressed in the entropy. The trace distance is a metric on the space of
density matrices, so these eigenstates lie within a ball with radius O(e_s 2 )). The universal

density matrix then must also lie within this ball such that (5.2) is satisfied.

For (5.3), we need to perform an additional computation. The off diagonal (i # j) matrix
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for two random states is represented as

Tep [[¢) (W] =151 (5.25)

To compute the trace norm, we need the integer powers of

Trp [[¢) (1] Trp () (Wil = 1=-—- L J=-=--1. (5.26)

The moments are given by a new sum over permutations

T G0N0 (5.07)

TESodd

T [(Tep [Jvi) (5] Trp (o) (0il]) "] = dAdB
Here, S, ;4 represents the set of permutations where, within each cycle, the difference between
consecutive numbers is always odd. For example, the cycle (1,2,5,6) is allowed, but (2,4, 5)
is not. Crucially, the identity permutation is not an allowed permutation. If we want to
maximize the number of dashed loops for small d 4 /dg, 7 must be composed of & noncrossing

two-cycles. The degeneracy is given by the Catalan number so that

Tr [(Tep [[¢4) (5] Tep [[¥;) (i]])7] = Cadly ¥dp™ + O (dgo‘_l) : (5.28)

The trace norm is the o — 1/2 limit, such that

8 [d dg\ >
[T [} 1], = 5= d§+OQﬁ> - (5.29)

When d4/dp is large, the cyclic permutation is an allowed permutation and will dominate,

leading to

Tr [(Tep () (W;]] Tep [[v;) @il])*] = dg 2>+ 0 (d;f) . (5.30)
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Taking the v — 1/2 limit tells us that |Tr [|¢;) (1jl] |1 is exponentially close to one.

For finite energy eigenstates, this translates to

Tr [(Te [[63) (5]] Trp [Jy) (8i]]) "] =N 20 / dgSAETSBE=E G, (g),  (5.31)
where G (€) is now given by

Cc0SA(E)Ha-1)Sp(E—E)  Sa(€)-Sp(E—E) « 1
Gol€) = . (5.32)
(2a-1)S4(€) SA(€)=Sp(E=€) . 1

9

At o = 1/2, for sufficiently small f, the saddle point will fall in the eSa(€)=5Sp(E-€) 1

regime leading to a saddle point equation for the numerator of

Due to the factor of 3, £ will be larger than &. We then find

ReaSa(&1)+5Sp(E—&1)
| Tep [lvs) (W51]]; = 3reSa(&2)+Sp(E-E)

(5.34)

This is exponentially small because ¢94(E)+SB(E—E1) « 5a(&2)+SB(E=£2) and §,(&)) <

Sp(E — &71). For sufficiently large f, the saddle point will fall in the other regime such that

the numerator and denominator are identical at a = 1/2, leading to |TrB [1es) <77/}j|] ‘1 ~ 1

at leading order.

5.1.2 Holographic states

We could now simply posit that because holographic systems are believed to be chaotic, their

eigenstates will also have a spatial decomposition according to (5.4) and thus, will obey the
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subsystem ETH for f < 1/2. However, this line of reasoning is somewhat unsatisfying
because it is not constructive. Instead, we implement a gravitational calculation using the
fixed-area states, to evaluate the PREE in normal states without any areas fixed. Our
strategy follows Ref. [52] in manipulating the gravitational path integral into a form identical
to (5.7), deriving the validity of using (5.4) for holographic eigenstates when computing the
PRRE. Due to the similarities with Ref. [52], we keep the derivation brief, referring the
interested reader to the original literature.

To begin, we make the assumption that black hole microstates can be represented as

a random superposition of energy eigenstates in a microcanonical energy window [p =

[E—AE+A]

E.¢)oc Y de T |Ey), (5.35)
Eelp
where (5 is an effective temperature. These states are believed to be holographically dual to
black hole geometries with end-of-world branes specifying the microstate lying behind the
horizon [75, 104, 14, 39, 135], similar to the PSSY model.

The corresponding density matrix is represented as the path integral on a strip of width
£ with boundary conditions determined by ¢. We will consider two microstates in the
same energy window, corresponding to two independent sets of Gaussian random variables
¢ and d. As argued in Ref. [52], after disorder averaging, the random variables match up
the boundary conditions of the strips according to the same Wick contractions previously

discussed for Haar random states. Therefore, the path integral is given by a sum over all

allowed Wick contractions

Z _ .
T [po}] = 5o Zam~Y / DoeTBMid), (5.36)
1,0<0,1 M;

where M are the replica manifolds. Using the holographic dictionary, this is a sum over bulk
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geometries with asymptotic boundary conditions M;. In these bulk geometries, the EOW
branes have disappeared due to the disorder averaging. This is an alternative way to see the
reduction of bulk saddles from Sy44, to So X Sp,. In general, solving the bulk equations of
motion to evaluate the path integrals on shell is very difficult. We use the “double-defect”
construction of Ref. [52] to separate the action into a bulk contribution Ip,;.(g, ¢, E) and
actions, Ip,qne(21) and Ip.,ne(X2), for cosmic branes, 31 and Yo, that are located at the

two extremal surfaces

a+m—k;

k;—1
Zam =) / D¢DgDY Dge (@M out(9:6:F) =g Iorane(%1) =g Torane(%2) | (5.37)
M;

where k; plays the role of the number of cycles in the Wick contraction corresponding to
M. The sum over M; may be done prior to the path integral and we also take m — 1 — «

to arrive at

Zom = [ DODGDED e k0 0B)G (21, 2y), (5.39)
where
Albrane AIbrane
9F (1—04,—04;2;6 4d ) 9F (a—l,a;2;e 4d ) ,
AIb?“ane <0
Ga(¥1,%9) = ;

_ AIbrane _ AIb?“ane _ AIbrane
e 46 oF (1 —a,—a;2;e” T 4G oF 1 |a—1,a;2;e” 4@ ,

AIb?“cme >0

(5.39)

and Alpane = Trane(X21) — Iprane(X2). Next, we make use of the fixed-area basis by
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postponing the integrals over the areas of the branes until the very end, such that the

integral is rewritten as
Zata= [ dAdAP(A1, A)Ga (A1, A2) (5.0

where G (A1, Ag) is identical to G (21, X9) with Ij.qne(21) <> A1 and Ipgne(X2) < Ao

and P(Aj, A9) is the (unnormalized) probability of being in the state with areas A and Ag

P(Aq. Ay) = | DgD ‘ ~Ipuir(9:9.E) 5.41
(A1, Ag) / g ¢A21:A1’A22:A2€ (5.41)

For high-energy eigenstates, P(A1, Ag) will localize to a trajectory where As is a function of

A; [52]

PUALA2) 2 5 ayayy [ D9DO], e o) (5.42)
1

Finally, to compare with (5.7), we want to change the integration variable from A; to the
energy density in region A, £. Using the Bekenstein-Hawking formula [76], we write the

areas in terms of entropy densities

A E(Aq, Ag) Ay E(Aq, Ag)
il (f—V) P qg =0 Vs (E_ (1—f)V) ¥, (4]

where A is the divergent piece of the Ryu-Takayanagi surface which approximately cancels
in all expressions because we are in the high-energy limit where the surfaces are approxi-
mately purely radial until they reach the horizon and subsequently tightly wrap the horizon.
E(Aq, Ag) is the ADM energy which is a function of the horizon area Agy ~ A1+ A9 —2Ax.

In a saddle point approximation, the probability then becomes [52]

P(E) ~ 5aE)+Sp(E-E), (5.44)
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In total, we find

Zoioa _ [dESAESBE-E)G, (g)
2002370 [dEeSaE)+Ss(E-E)

(5.45)

It should now be evident that this formula is identical to (5.7), so we conclude that the
PRRE for holographic theories is exponentially small in the entropy when f < 1/2 and

subsystem eigenstate thermalization will hold.

5.1.8 Numerics

We provide a preliminary numerical study of relative entropy between mid-spectrum eigen-
states of integrable and chaotic spin chains of length N with Hamiltonian
N

(

H=-> (ZiZit1+haXi+h:7;), (5.46)

=1
where X and Z are Pauli spin operators. We take h, = 1, h, = 0 for the integrable limit
and hy = —1.05, h, = 0.5 for the chaotic regime as in Ref. [20]. We also numerically study

the Sachdev-Ye-Kitaev model [103] with Hamiltonian

o 0
ikl (N —3)(N —2)(N — 1)

N
H= Y JijkXjXpXiXm; J2, (547)

J<k<l<m
where the y;’s are Majorana fermions and J;;z; is a Gaussian random variable. The com-
parison between numerical data and (5.22) is shown in Fig. 5.1. The eigenstates are chosen
randomly from the middle of the spectrum and so are effectively at infinite temperature.
The SYK model matches very well. This may be expected because the Hamiltonian is a ran-
dom matrix and the SYK model is known to be maximally chaotic. The chaotic spin chain
eigenstates have relative entropy close to, but noticeably larger than, random mixed states.

This is reasonable because these eigenstates are not truly random and therefore should be
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Figure 5.1: The relative entropy between 103 random pairs of mid-spectrum eigenstates.
The blue (red) data points are for the chaotic (integrable) spin chain with 12 spins and
the dashed line is (5.22). The green data points are for the SYK model with 20 Majorana
fermions. We have omitted the lower error bars for the red data points for clarity, as they
are very large and get in the way of the other data.

more easily distinguishable. We expect this to be a finite size effect that dissolves in the
thermodynamic limit. Meanwhile, the integrable eigenstates are even more distinguishable,
which is consistent with their violation of the eigenstate thermalization hypothesis. More-

over, the variance in relative entropy from eigenstate to eigenstate is much larger for the

integrable spin chain.

5.2 Dynamics

We have, so far, discussed relative entropies for high-energy energy eigenstates. In nature,
energy eigenstates in their pure form are overwhelmingly rare. The more natural form
of thermalization is an approach to thermal equilibrium from nontrivial out-of-equilibrium

dynamics. We now approach this using the equilibrium approximation.

5.2.1 Relative entropy

Consider a system evolved from two possible initial states specified respectively by density

operators pg,og. We will assume that the support of pg lies inside that of og so that the
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relative entropy

D(pollog) = Trpolog po — Trpolog og (5.48)

is finite. Suppose p = UpoU fando =U ooU T can be approximated at the macroscopic level
by the same equilibrium density operator p(GQ). We are interested in calculating the relative

entropy

D(palloa) = Trapalogpa —Trypalogoy (5.49)
: 1 1
= %1_}[111 — (logTrA [P'4] —log Try [pAOZ D (5.50)

between the reduced density operators p 4,04 of some subsystem A. The calculation of the
first (entropy) term is reviewed in Appendix A, see e.g (A.28). Here we discuss how to use
the equilibrium approximation to compute the second term, which depends on two distinct
density matrices.

We rewrite the second term in (5.50) as a transition amplitude in the replica Hilbert

space
- ®(n—1
Dya="Teapaci | = a@es U™ oy o™ Ve, (G51)
where the state [p ® 0®(~1) 7 for a permutation 7 is defined as

0y (5.52)

.= ) .= ®(n71) > _
11211919 * * * 1pl KR o T)=0; 21 O; 1 -
< 1212229 nin|p ] pll%u) 21 o) int ()
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which is inhomogeneous in the replicas. Applying the equilibrium approximation, we find

®(n—1
Dy = n Z na®@eglZa, 7){Za,T|po @ 0y (n )7e> (5.53)
TESn
1
= on > a®eqLa,T)
T [Ipo (Iaao)ml_l] Tr [(Iaao)’”?] T [(Zog) ™) (5.54)
Tr(p 08“ h

= % > a®eg| Lo, ) —— i HTr (5.55)

1 TES,

where m; is the number of elements in i-th cycle of 7, the ¢ = 1 cycle is taken to be the one
containing the first copy of the Hilbert space, and we have used self-consistency conditions

(derived similarly as (A.27))

_ Zy zy
Tr [Ipo (Zog)" ﬁTr(Poffg b, Tr((Zog)" ~ WTF( 0) - (5.56)
We now make some general comments on the structure of (5.55). In (5.55), we can divide

7’s into those with m1 = 1, and those with m1 > 1. Denoting the two sets respectively as

Sp,1 and Sy, 2, we have

Tr(poog )
> Zpam+ )] Wzn,A(T) (5.57)
T€SH 1 TES, 2 0
where
1 A
Zu,A(T) = o (na @ eg| Ta, 7) [ ] Tr(og™) (5.58)
1 -

is the contribution of 7 to the Renyi partition function for A with initial state o.

From the discussion around (A.32), we then conclude that when A is small 7 = e domi-
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nates,2 giving

Dya=204, for 559 <5+ 5,(00) . (5.59)

For A to be sufficiently large we expect the first term is dominated by 7,,_1 which cyclicly

permutes 2,---n and gives a contribution Z,, 4(n,-1), while the dominant permutation for

the second term is 7, giving a contribution Tr(poag_l)%ge%). From our general discussion
n—1

(cq) by at least a factor Z; 1 Thus for the case Tr(pooy ™) is

Zp,,A(p—1) is smaller than Z %

n

not too small (i.e. much larger than Z° 1) we then have

Dya~ Tr(poag—l)z(‘jQ) for 5 €U 4 g () (5.60)

TLA’ n,

Now combining the above discussion with (A.32), and assuming that we can analytically

continue to n = 1, we find (5.50) can be written as

/

0, Sﬁf‘” < SSQ) + S(po)

D(palloa) = 4 55V — €Y —5(p9), SEY 4 5(pp) < S§Y <« 5EYV 1 5(0g) - (5:61)

| Dlpolloo), Sl s, SEQ) + S(ap)

where we have assumed S(og) > S(pg). The above expressions are intuitively reasonable.
When subregion A is sufficiently small, the two density matrices are entirely indistinguish-
able, a manifestation of thermalization in an isolated quantum system. Once we move beyond
the first regime of (5.61), the state oy becomes important. In particular, the relative entropy
rises from 0 to D(pg||og) where it plateaus; as we gain information, the density matrices be-
come more and more distinguishable. The relative entropy never increases beyond D(pg||og)
due to the monotonicity of relative entropy under quantum channels.

Less conservatively, if we trust the analytic continuations of dominant permutations, we

2. Note Tr(pgoy' ™) < Tr(of).
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find the following sharper version of (5.61):

0, St < g 4 gy
D(palloa) = 4 5V — 59— 5(p9), 5EY +S(pg) < S5V < 59+ S(p) + D(pollov)
| Dipolloo). S5V > 59U 1 5(p) + D(polloo)

(5.62)

We also found numerical evidence for this equation in small spin chains and it is consistent
with an infinite temperature result derived exactly in Section 4.4. It would be interesting to

test this equation more generally.
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CHAPTER 6
HOPES FOR THE (NEAR) FUTURE

“I got a head full of ideas that are drivin’ me insane.”

— Maggie’s Farm

To wrap up, I discuss a few current lines of research that occupy my mind.

6.1 Pseudorandom Eigenstate Thermalization

As previously discussed, there are various forms of the eigenstate thermalization hypothesis
(ETH), starting with the work of Deutsch and Srednicki [43, 179]. We will refer to this
early version of the ETH as the local ETH (IETH) because it can be expressed in terms of

expectation values of local operators.

Proposition 1. A Hamiltonian obeys the local eigenstate thermalization hypothesis if for all
“simple,” few-body operators and enerqy eigenstates

o E'i—i-Ej

(Ei| Oa |E}) = fo,(E)5ij + Rije 5E)/2, —

(6.1)

where f is a smooth function of the energy (and other conserved quantities), S is the ther-

modynamic entropy, and R is an O(1) pseudorandom matriz.

One can imagine that there is more to thermalization than expectation values of local
operators. Stronger versions of eigenstate thermalization were later formulated for finite
subsystems, A. In these formulations, the full density matrix of the subregion is “close” to
a universal, thermal density matrix, p... [69, 53]. Following Ref. [53], we define subsystem

ETH (sETH) as a statement about the trace distance between reduced density matrices.
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Proposition 2. A Hamiltonian obeys the subsystem eigenstate thermalization hypothesis for

subsystem fractions fa4 < f7 if for sufficiently high energy eigenstates

1 _
T(pais il E)) = 5 [pai = By = O (e7SEVZ) | py = Trp|B (B, (62)

where B is the spatial complement of A.
The trace distance is a distinguishability measure and characterizes the optimal error
probability for distinguishing two states using a quantum measurement {M, 1 — M }[85, 8§]

OSHJ&I%I Tr (I — M)p|+ Tr[Mo]] =1—-T(p,0). (6.3)

There is a constructive formula for the explicit optimal measurement where M = 14 + 1.
IT4 is the projection onto the positive part of p — o and Il is the projection onto the
zero eigenspace. This gives an operational meaning to the subsystem ETH; states obeying
the subsystem ETH are almost impossible to distinguish from thermal states with only an
exponentially small improvement of identification over a completely random guess (M o 1).

The subsystem ETH necessarily breaks down when A is larger than half the total system

size. A simple way to see this is by invoking the Fannes-Audenaert inequality [59, 17]
1Sun(p) = Syn (o) < 2Tlog(d4) — 2T log 2T, (6.4)

where dy4 is the dimension of the subsystem Hilbert space and S, is the von Neumann
entropy. The von Neumann entropy of A is equal to the von Neumann entropy of B in the
eigenstate because it is pure. In contrast, the thermal entropy is always proportional to
the volume of A (O(log(dy))). The difference is therefore extensive, leading to O(1) trace
distance. Therefore, if one has access to more than half the system, one can perform the

Holevo-Helstrom measurement to determine if the state is an eigenstate or the thermal state.
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From the above analysis, it seems that states lose all notions of thermality when one
has access to larger than half the system. However, it seems like there should still be
global notions of thermality for high energy eigenstates and states at late times following
equilibration. The only loophole in the above argument is if an observer was not allowed to
make the Holevo-Helstrom measurement. We will restrict a class of measurements including
that of Holevo-Helstrom using the notion of complexity, only allowing sufficiently simple
measurement. This brings us to quantum pseudorandomness.

Following Ref. [102], we say that a quantum state |¥) 4 g is pseudorandom on subsystem

A if there exists an o > 0 such that

1
Pr(M(p,)) — Pr (M (—)) ‘ <, (6.5)
da
for any two-outcome measurement, M, of polynomial complexity in log(dg).

The Hypothesis For finite energy states, one only has access to a subset of Hilbert space

and we posit a modified definition of quantum pseudorandomness at finite energy
[Pr(M(p4)) = Pr (M (puni))| < e~ @05, (6.6)

where f, is the fraction of the system in subregion A and the measurements are restricted
to those with finite energy:.
We propose that the ETH can be further generalized to a pseudorandom eigenstate ther-

malization hypothesis, holding for much larger subsystems than the subsystem ETH.

Proposition 3. A Hamiltonian obeys the pseudorandom eigenstate thermalization hypothesis

for subsystems of fraction f4 if all energy eigenstates are pseudorandom on A

‘PT(M(pA,i» — Pr(M (pumv))‘ < efa(lffA)S(E), (6.7)
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Relations to local and subsystem ETH From its definition, it is not immediately clear
how the pseudorandom ETH is related to the local and subsystem versions, if at all. We

now clarify the relationships. We summarize the connections in the following diagram

» [ETH

pETH implies sETH Consider strings of Pauli operators, P;, of which there are 4N of,
forming a complete basis. In the basis where each Pauli operator has eigenvalues +1, we can

consider this a two-outcome measurement, M;, such that
Tr[(p — o) Bi] = 2 (Pr(M;(p)) — Pr(M;(0))). (6.8)

We can evaluate the two-norm from the completeness and orthogonality of the Pauli opera-

tors

o4 —oal3:="Tr [(PA - UA>2]

=27 NAN | Tr[(pg — 04) Py |2
7
= 227NAS " Pr(M(p)) — Pr(M; (o). (6.9)
)
We can now use the assumption of pETH to bound the two-norm

lpg — UA|% < 2NA+2€—2CV(1—fA)S(E)_ (6.10)
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The one-norm is bounded by the two norm as

pa —oalt < v/rank(ps —o4)|pa — oaly < 2Natlemo(=La)S(E) (6.11)
so the trace distance is bounded as
Tlpy,04) < 2Vae—@(1=Fa)S(E), (6.12)

Therefore, the trace distance will be exponentially small and subsystem ETH will hold for
subsystems Nglog2 < a(1 — f4)S(F). The high energy limit of this result is Ny < aNp.
This means that the pETH implies the sETH for f4 < QLO[ < % a must therefore be no
larger than one. As we will soon see, it may be possible for a to be larger than one when

fa> %, but not for f4 < %

sETH implies pETH  An alternative way to define the trace distance is through an

optimal measurement

T(p,0o) = 0%, T [A(p = o)]|- (6.13)

Therefore, if we restrict to polynomially complex measurements, Ap, we find an inequality

T(p,o) = 0ABX | Tr[Ap(p—o)]l. (6.14)

This immediately implies that whenever f4 < f3, the pseudorandom ETH must hold.
Because of the results of the prior subsection, we conclude that the sETH and pETH are

equivalent in a finite range.
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sETH implies IETH This was proven in Refs. [53]. The smooth ETH function is given
by

f@a(E) =Tr [puniv(E)OOé] . (6.15)

The Cauchy-Schwartz inequality implies

Tr [(punis (E) = p4,i)Oa] < \/ ATY [(pusie (B) + p A1) O] T(punin(E), pa3)- (6.16)

Assuming the sETH, the difference in the expectation value from the smooth ETH function

is exponentially small.

pETH for typical states Consider a Haar random state |¥) which should be pseudoran-
dom on any subspace. Here, we characterize the extent of pseudorandomness by evaluating
expectation values of Pauli operators supported on A, comparing to the infinite temperature

state

< gl=alNB, (6.17)

ol (orw- )]

Nontrivial Pauli operators are traceless, so the above condition reduces to

(U] P |0)| < 21 —NB. (6.18)
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The ensemble average of this correlation function is zero, but we need to understand the

statistics. The variance is

(W] P, [)% = Tr [|w) (w[2 PF?|

27652 gr P~®2
ZTESQ Trgr] *
Tr [P + T [P?]
-~ 22N 49N
2N
~ N v

=Tr

(6.19)

The higher cumulants are further suppressed in total Hilbert space dimension, so the distri-
bution is asymptotically normal with variance 2N,

For fun, let’s compute the higher moments

T TE——— ZTES gr
U P |0\ = Ty | ==L=Pn"_pon
IR =T | =S,
~ (g)uz—"N/? (6.20)

This function is only nontrivial for even n. The permutations in the numerator that dominate
are those composed of n/2 2-cycles, hence the double factorial.

With probability 4~ NAe, |(¥| P; |[¥)| will be greater than X, where X is

) N/2 _1(9N/2 2
2/ dx2\/2_e 3 (2V2) =4 Nae, (6.21)
X T

Therefore
N N
X =22 Zorfe! (4—NAE) 0277 /Ny, (6.22)

where C' is a constant. We can then use the union bound to state that with high probability,
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this bounds all Pauli expectation values. This places an upper bound on « of % because

93 (1=fa)N > 2% for all fyu.
It is straightforward to show that typical states obey subsystem ETH for f4 < % A

quick way to show this is by starting with Page’s formula (for f4 < %)

Sy (A) = log (ds) — ;;—; (6.23)

The quantum relative entropy between a state and the maximally mixed state can be ex-

pressed in terms of the entropy

D (mr%) ~1og(d) — Suv(4) = 2k (6.24)

The quantum Pinsker inequality upper bounds the trace distance by the square root of the

relative entropy, so the trace distance is exponentially small when fy < %

dg
T(/O7 puniv) S d_ (625)
B

Therefore, sETH implies pseudorandomness for fy < % with a lower bound of @ > %

Therefore, we find that a = % and the Pauli measurements are near optimal.

>®(NA+NB)

Late-time states Consider starting in the standard basis state |0 and applying

unitary U (t)
w(t)) = U(t) |0y NatNe), (6.26)

Next, we trace over Ng and wish to determine if we have a pseudorandom state. The natural
protocol for determining this is by tensoring the resultant state with the maximally mixed
state on B, applying inverse time evolution, then projecting onto the basis state i.e. the
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adjoint channel. This is only a polynomially complex measurement because tensoring with
the identity matrix is simple and the unitary evolution is assumed to to be for exponential
times. The majority of thermalization occurs in linear time. The probability of this two-

outcome measurment is

PH(M(pA(1) = 0" NAHN8) U (1) T, [U(e) o) 2N +N8) (0[Nt N 11 1)] o0 ~L (1) [0y Va+ V)
B

=Tr

[W(2)) (W(t)| Teg [[W() (Y (t)]] © 115_3}
B

- éTr T [ w(0)) (w(0)]] (6.27)

This is simply the purity of A. The purity is approximately d;ll + d_l, SO

1 1

~ . 6.28
dAdB dQB ( )

Pr(M(pa(t)))

Applying the same measurement protocol to the maximally mixed state on A (the universal

density matrix at infinite temperature), we find

Pr <M (%)) — (0|®WNa+tNB) 7 (1) (fZ—A ® fl—B) U(t)0)®NatNB) — ﬁ (6.29)
A A B AU4B

We expect this to be close to the optimal measurement when d4 > dp, implying that the
equilibrated pure state at infinite temperature is pseudorandom with a = 2 for d4 > dp.
More rigorously, this is an upper bound on «a.

Note that the second moment of the unitary was used. Therefore, if U(t) is a 2-design,
|W(t)) will appear fully Haar random at this level of measurement. Approximate 2-designs
can be made from local Hamiltonian circuits in polynomial time. The key difference between
this case and the Haar random case is that the backwards evolution by U (t) is not polynomial

complex for truly Haar random states.
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Finite temperature At finite temperature, we want to check distinguishability from uni-
versal density matrices, not the maximally mixed state. As a measurement protocol, it is
again natural to choose the adjoint channel. However, an even better choice for measurement

is tensoring with the universal density matrix on B instead of the maximally mixed state.

Pr(M(pa(t))) = Tr[[¥(2)) (U(t)| Trp [[¥(2)) (Y(£)]] @ Trg [punn]] - (6.30)
Here,
Tr g [pue] = %- (6.31)

Before evaluating this for equilibrated pure states, we take a slight detour into a certain
perspective on the formalism.

For Haar random states, ensemble averages of copies involve sums over the permutation

group

ZTESQ gr

Y Qo
S s T

(6.32)

where g; is the matrix representation of permutation 7. For example, if |¥) lives in a

two-dimensional Hilbert space and a = 2, we have

1 0 0 O 1 0 0O
01 00 0 01O
g1 = . JSWAP = : (6.33)
0010 01 00
00 01 00 01

The equilibrium approximation requires no averaging, yet we still have a sum over permu-
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tations. Appended to the permutation is an equilibrium density matrix

|\I[> <\I[|®a ~ ZTESOC gTIg?a ~ ZTGS@ (gTyAI‘/(‘gfa) (gTaBzga)

~ , (6.34)
>res, Tr [9-25] ZWAN:

where we will only take the identity permutation in the denominator due to its dominance
in the thermodynamic limit.
Let us represent the relevant operators diagrammatically
1

pi= 0 (| = —— . I= . 6.35
= (6.35)

We can take partial traces as

pa = Tigls] = — . Zp=Talzl= | [ (6.36)

Z1,A%1,B

The measurement probability can then be considered as the expectation value of a certain

permutation, 73, in this the tensor product state

Tr[|W(t)) (W) Trp [[U(£) (U(#)[] @ Trg [pu] Tri(p@p@I)s]. (6.37)

Z1,A21,B

The relevant permutation is a swap between the first and second copies on A and a swap

between the first and third copies on B

= , (6.38)
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We then need the tensor product

1

T — 6.39
pene (Z1,421,B) (639

Multiplying these, we have
(r®pRI) L (6.40)

T3 = :
pEr ’ (Z1,471,B)*
Taking the trace, we have
Q\ /ﬂ
= ]
Tr([(p® p @ I)73] ! L (6.41)
pEr ’ (Z1,421 B)?

To evaluate this diagram, we recall that the two factors of p will lead to a sum over the
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identity and sway permutations on these sites

Tr[(p® p @ T)7s] = (6.42)
DA PPN

(Z1,421,B)*

JUUU U UoDUuU L

where the white boxes are Z4’s and the pink boxes are Zg’s, leading to

7o aZ\ BZop + 72 4,7
Tr [JW(2)) (W (6)] Trp [[W(2)) (Y ()] @ Tr g [puns]] ! ( 2,A71,B42.8 7 71,4 3,3)

" Zip (Z1,4%1,B)?
— o~ (S2()+5:(B)) 4 o~255(B)  (6.43)

Meanwhile, applying the same protocol to the equilibrium density matrix, we have only a

single term

7 A
Pr (M (puniv)) = Tr || ¥ (1)) ((2)] Tf‘; ® (6.44)
224208 (Sy(A)+5:(B)) (6.45)

(21,421 B)?

The difference is e—293(B)

, supporting the proposal for pseudorandomness at finite energy.
It would be interesting to check these predictions numerically. It would also be interesting

to apply the ideas to energy eigenstates rather than late-time states.
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6.2 Distinguishing evaporating black holes

There was a clear shortcoming in the analysis of distinguishability in Hawking radiation in
Chapter 4 due to the simplicity model. Namely, everything in the PSSY model is Euclidean.
There is no real time evolution as there is in true black hole evaporation, only a tuning of
parameters describing the number of degrees of freedom behind the horizon. While it is
reasonable to believe this model is still sufficient for the qualitative mechanisms of resolving
the black hole information problem, it should really be considered a simple example of
Wheeler’s bag of gold puzzle. We now discuss two models where genuine Lorentzian time
evolution in the black hole evaporation process may be studied.

The first model consists of a SYK quantum dot coupled to a free fermionic bath. This
model is purely quantum mechanical and therefore manifestly unitary. Nevertheless, it is
useful due to SYK’s relation to Jackiw-Teitelboim gravity at low energies.

As a model of a pure black hole microstate, I consider the class of states put forward by

Kourkoulou and Maldacena (KM) defined by the conditions [104]
(1 —isp®) [Bs) =0, (6.46)

where the x’s are the fundamental Majorana fermions and the s;’s are signs. Each choice
of N/2 signs defines a basis state in the Hilbert space. These states are reminiscient of
conformal boundary states in two-dimensional conformal field theory. In a similar fashion,
we smear these these states using Euclidean evolution to achieve an overcomplete basis of

low energy states at effective temperature 3
|K M) = e PHsyx/2|B) (6.47)
These pure states appear thermal when subject to sufficiently simple probes. Importantly,

they are not eigenstates of the Hamiltonian and will have non-trivial time evolution. They
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may be qualitatively described by pure state black holes in AdSo with end-of-world branes
located behind the horizon, specifying the particular set of s;.’s. By evolving these states
in real time, we can allow these black hole states to evaporate. Moreover, we may couple
the SYK system to a non-gravitational bath that collects the radiation coming from the
black hole. One tractable approach is to have this bath consist of an infinite chain of N free

fermions, ¢, with Hamiltonian

, A
Hy=i) SYile)vi(e +1). (6.48)
T,
The coupling between the SYK system and free fermion bath can be taken as a simple

hopping at the origin of the bath as in Ref. [33]

Hing = > iVVAxi(0). (6.49)

2

The advantage of this coupled set-up, including the KM states, is that it has a large-N limit
that can be studied efficiently using a path integral. We can then evaluate distinguishability
measures as a function of real time in the bath degrees of freedom with the two states cor-
responding to two different initial KM states for the SYK system. This should be tractable
at all times by numerically solving the Schwinger-Dyson equations and may even be an-
alytically tractable at very early and very late times using approximations. This should
elucidate the universality of our preliminary conclusions based on the PSSY model and may
lead to the study of new, interesting Lorentzian saddles in gravity. Taking a step back from
gravitational motivations, this coupled system has many variations that may be interesting

to study from a many-body physics and thermalization perspective.
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6.3 Experimental Signatures

It is an exciting time to be working on quantum informational aspects of many-body physics
and gravity, not only because of the tremendous theoretical progress, but the rapid devel-
opment of experiments focused on quantum computation and quantum simulation. It is
now possible for experimentalists to engineer many-body Hamiltonians in e.g. cold atom ar-
rays and observe non-trivial dynamics in these systems using high-precision measurements,
opening up a world of opportunities.

Of particular relevance to this thesis, are experimental measurements of quantum infor-
mation theoretic quantities. There are various methods for conducting these measurements.
One direction is full quantum state tomography, where repeated preparation and measure-
ment of a quantum state allows one to reconstruct the entire density matrix, after which,
any quantity can be directly computed. The issue with this approach is that it is highly
inefficient and is not scalable to the many-body systems we are ultimately interested in. In
particular, we hope these experiments are able to be more powerful than exact simulations
that one can perform on a classical computer. Other approaches involve replicas. In theory
(and sometimes in practice), one can prepare the same state twice in parallel, leading to the

global state on the doubled Hilbert space Hi ® Ha

(W) = [¢)1 ® )y (6.50)

One can then measure the operator that swaps the two Hilbert spaces on subregion A and

is the identity on region B, leading to the purity
Tr [pﬂ — (V| SWAP, ® 15|0) . (6.51)
While this is more efficient than full quantum state tomography, it introduces new challenges

such as the larger Hilbert space and the necessity of preparing two copies of the system at
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a time.

A novel approach was later devised using randomized measurements that is both efficient
and avoids the above challenges [28]. This is the technique we will explore presently. We
first choose a simple computational basis for N qudits to make measurements in. These
should be product states of single-site computational bases |s;) where i runs from 1 to d. A

random product unitary is applied on region A prior to measurement
Ug=Qul?), (6.52)

where the u()’s are d x d unitary matrices independent drawn from the circular unitary
ensemble (CUE) i.e. Haar measure on U(d). The probability of measuring basis state |s) 4
on Ais P(sg) =Try [UA,OAU:E1 Isa) <SA|] . Using the properties of random averages of U(d),

one can show that the purity of p4 is expressible using the classical probability distributions

T [pf] = a0 Y (—a)PEasal s )P, (6.53)

sASA

where D is the Hamming distance between the strings and the over line represents an en-

semble averaging over the unitary group. It is crucial that P(s4)P(S4) is not equivalent to

P(sa) P(sy).

We would like to apply the same approach to distinguishability measures. In particular,

we would like to understand subsystem thermalization, the relaxation of subsystems to
universal thermal ensembles. The simplest distinguishability measure to compute using

randomized measurements is the Hilbert-Schmidt fidelity [121]

Tr[pgoal '
min [Tr [p?d ,Tr [ai”

Fus(pa,o4) = (6.54)

This fidelity satisfies Jozsa’s axioms, though, to our knowledge, does not (yet) have an
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explicit operation meaning in terms of hypothesis testing. Nevertheless, we will use it as a
proxy for the fidelity and hope to explore its operational meaning in quantum hypothesis
testing.

We have already explained how to determine the two terms in the denominator using
randomized measurements. The new term in the numerator is quite similar. Denoting the

probability for state o4 as Q(s4), an analogous derivation leads to

Trlpaoa) = ™4 Y (~d)"B434 P )QG). (6.55)
SASA
Indeed, this was investigated in Ref. [55].

It is important to evaluate Fyg between quenched states of equivalent energy but or-
thogonal initial states as a function of time and subsystem size. For thermalizing systems,
we expect Fyg to be close to one for subsystems less than half the total system size and
close to zero for subsystems larger than half the total system size. A further direction is un-
derstanding higher moments with the hope of efficiently measuring quantities with explicit
operational interpretations, such as the relative entropy. This is likely most tractable for
large d.

In conclusion, there are many exciting directions in many-body and gravitational physics
leveraging notions of distinguishability. I am optimistic that meaningful progress can be

made.
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APPENDIX A
EQUILIBRIUM APPROXIMATION

In this appendix, we review the equilibrium approximation introduced in [126]. We first

discuss the formulation for a pure state, and then for a mixed state.

A.1 Pure states

We consider a system evolving from a far-from-equilibrium pure state pg = |[¥q) (V| to a
state p = |U) (V| with |U) = U |¥q), which is in equilibrium at a macroscopic level. We
assume that macroscopic physical properties of equilibrated pure state p can be approximated
by an equilibrium density operator

= Z@) Z(a) = TrZ,, (A.1)

where « collectively denotes macroscopic parameters for the equilibrium state.

Consider the n-th Renyi entropy of the equilibrated pure state with respect to a subsystem

— e (n=1)Spa _ no_ . " = . fyn A
Zya=e A=Trgpy =Tog (TrgUpU") = ma®ez|(Ua U poe), (A2)

where in the last equality we have written it as an amplitude in the replica space (H ® H)™,
with various notations defined as follows. For any operator O acting on H, the state |0, o) €

(H ® H)™, where o is an element of the permutation group S, of n objects, is defined as

(iiyizly - - inin|0,0) = Oy O . O =(il0]j) . (A3)

izil ) Oinil

Here {|iyi}igih---inip)} is a basis for (H ® H)" and o(i) denotes the image of ¢ under
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o. When O is given by the identity operator, we will denote the states obtained this way
simply as |o). When the system is divided into subsystems, we can similarly define states
by associating different permutations to different subsystems. For example, suppose H =
Hyg®@Hg, |0, 74 @0 7) with 7,0 € Sy, is defined as

y (A.4)

7

.= = . .= =
11 91,87 89, « - lp bty 1, |O, T ®0*>:(9~ Ly y N P
< 1a 1b 1(1 1b Na "Ny ng 7’Lb| y TA A Zlallb’ZT(l)ala(l)b ’Lnalnb,’LT(n)a U(n)b

where [ig, ), ﬁ;ﬂa), k) » ﬁ;cb) denote respectively basis vectors for subsystem A and A in the
k-th replica of H ® H. In (A.2), [n4 ® ej) is a state associated with the identity operator,
with e representing the identity permutation and 7 the cyclic permutation (n,n —1,---1).

We can decompose the identity on the replica Hilbert space as

1=Py+Q, PuQ=QP,=0, Q*>=0Q, (A.5)

where P, is the projector

<Ia, 7_’ Ia, (7>
\/(Ia, T| Zo, 7) (Zer, 0| Loy, 0)

1
Pa:Z_QZQUT|Ia7U> <Ia77'|7 910 = . Zn 1=TFIQ-
o,T

(A.6)

We will be interested in systems with a large number of degrees of freedom, i.e. Z1 > 1.

For such systems, inserting the identity twice in the last expression of (A.2) and neglecting

the term involving (), we find ZT(LA) can be approximated as

1
ZTL,A ~ [ZH,A]eq approx -= Z_g Z gTJ<77A ® 6A|:Z’-Otu T><IOL7 J‘p(b 6> (A7>
o,T

1

=72 0 (na®eglLa7) (A.8)
1 o7
1

~on Z <77A ®6[1|Ia77> . (A.9)
1 TGSn
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(€ 7= (12)(643)(5)

L7777

Figure A.1: (a) shows the common exterior lines of all diagrams for different terms in (A.9),
and (b) and (c) show examples of diagrams for two choices of 7, for the case n = 6.

In going from (A.7) to (A.8), we use the fact that for (A.7) to be compatible with Trp = 1,

Z. should satisfy a consistency requirement
Tr(Zapo) = = - (A.10)

In going from (A.8) to (A.9), we use the fact that ¢”7 is approximately equal to the identity
when 7 is large.

Z, A, as given in (A.9), only depends on the equilibrium density operator Z, but satisfies
the unitarity constraint

Zn,A = Zn,fl . (A.ll)

The size of the terms we neglected in reaching (A.9) can be estimated from A, defined
by

2
A% = [(Zn,A)Q]eq approx — ([Zn,aleq approx)” - (A.12)

It was shown in Appendix B of [126] that

A .
~z7 Pt (A.13)

[Zn, A] eq approx
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Each term in the final expression in (A.9) can be given a diagrammatic representation,

as shown in Fig. A.1. We can insert the identity to write

(a®@egllo,my = > Ma®egliti't.ini'n) (i17'1...int"n|Ta, 7) |
01,8 iy (A.14)

|im> = |ima>A |imb>[p |i/m> = |i/ma>A |i,mb>,4 .

The exterior of the diagram, which is the same for all 7, represents (ny4 ® 6A|i1i_’1...ini_’n) by
connecting ¢y,, with 2;7 (m)a using dashed lines, and ip,, with i;nb using solid lines, as shown
in Fig. A.1(a). The interior of the diagram represents (i1i'1...in1"n|Za, 7), by connecting iy,
with (m)> 85 shown for two examples in Fig. A.1(b) and (c). Roughly, each solid loop in
the resulting diagram gives a power of d ;5 and each dashed loop gives a power of dy4, where
d 4 and d 4 are respectively the effective Hilbert space dimensions of A and Al The number
of solid and dashed loops in a diagram is respectively equal to C'(7) and C (77_1 o). We

therefore find

C(n~tor) ,C
(4 ® e4lZa,7) ~ d5 T, (A.15)
For any permutation 7, we have the inequality
C(r)+Cntor)<n+1, (A.16)

and the permutations for which this inequality is saturated are the ones associated with
planar diagrams such as Fig. A.1(b).

From (A.15), when A is much smaller than A, ie. dq < d g, the permutation 7 = e,

1. When Z,, can be factorized between A and A4, i.e. Z,, = Ta ® T4, we can define the effective dimensions
as da = TraZy and dz = TrzZ5. When Z, cannot be factorized, they can be estimated by counting the
numbers of degrees of freedom of the subsystems.
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which maximizes k(7), dominates, and we have
Z, 4 =2 A7
n,A n,A’ ( . )

where Z’r(Lejl) is the Renyi partition function for A in the state p(eq). When A is much larger

than A, i.e. dg > d 5, T = 1, which maximizes C(n~! o7), dominates
2,4 =2 (A.18)

Except for a crossover region around d4 ~ d g where the behavior may be more complicated,

we then have

Sp.4 = min (Sffj), Sff?) . on>2 (A.19)

where 57(163) denotes the n-th Renyi entropy for subsystem A in the equilibrium density

operator p(eq).
When 54 can be obtained from S,, 4 by analytic continuation to n =1, (A.19) implies

Sa = min(S§Y, 5€V), (A.20)

where Sffq) is the entanglement entropy for subsystem A in p<e‘1). In cases where the system

AA is inhomogeneous, in general (A.20) cannot be deduced by analytic continuation.
When Z,, can be factorized

To %IA ®Z/_17 (A.Ql)

equations (A.9) can be written more explicitly in terms of partition functions of A and A

Zyoa =TeaL,  Zy g =T I%, (A.22)
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as

1
Z, AR 7 § (Zyy A Zuny. 1) (an,A"'an,fl> : (A.23)
T

where k is the number of cycles of 7 with nq, - - - nj the lengths of the corresponding cycles,

1

and [ is the number of cycles of 70~ with mq, - - - m; the lengths of the corresponding cycles.

A.2 Mixed states

The equilibrium approximation can also be applied to a system A = A;U A9 in a mixed state

p4 that is in macroscopic equilibrium, but is far from the thermal density operators [126].
Suppose the system starts with a far-from equilibrium mixed state py 4, which evolves

under unitary evolution operator Uy to pg = Uypp, AUL- All the moments of p 4 are also

preserved by the time evolution

Zn,A = TrpaA = TI'pZi = TI'(UA[)O,AUL)H = <77|<UA ® UL)n‘pO,Av €>, n = 27 o <A24>

The statement that pg 4 is far-from-equilibrium is imposed by requiring that the n—th Renyi
entropy of py 4 is smaller than the equilibrium entropy of A. For example, this condition is

satisfied if we have

aa~ 2 o< < (A.25)

Assuming that p4 can be approximated by an equilibrium density operator pSQ)

1
ZaZA
and applying the equilibrium approximation by inserting the projector (A.6) in (A.24) and

ignoring terms with o # 7, we have

1
Zn, A R 7 > a7 {(Zas 70,40 €), (A.26)
B T

which can be further simplified to the following constraints on Z 4 under the out-of-equilibrium
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assumption (A.25)

n
2.4

Te(Zapo.A)" = zna—-s Zna=Teall, Za=2Z14. (A.27)
A

The Renyi partition functions for A; can then be approximated as

k(7)
1 _
Z, 4, |25, 4, leqapprox = 7 > (na, @eay|Zasm) [[ Trangly, n=2.3,--- (A28)
T

i=1
where k(7) is the number of cycles of 7 with nq, - - ‘N (7) the lengths of the cycles.
The above discussion can be further generalized by embedding A in a larger system
S = AU B, with the total system S in an initial pure state |¥() evolved to |¥) = U |¥()
in macroscopic equilibrium.? Suppose |W) can be approximated macroscopically by p(GQ) =

ZLI . We then have
1

1
Zn,A1 ~ Z_{L Z <T]A1 ® €A2B|I7 T> . <A29)
T

This generalizes (A.28) as under the evolution of U for the full system S, the evolution
from the initial density operator py g4 to p4 is in general not unitary. To recover (A.28) we
take U = U4 ® Up to be factorized between A and B, in which case the equilibrium density
operator Z = 74 ® Zpg should also factorize, and (A.29) can be written as

k(7) 1

1 N R
Zn,Al = Z_ﬁ Z <77A1 ® e4, |IA77'> H Zni,Bv Zn,B = @TYBIE ‘ (A'30)
T =1

Equations (A.28) and (A.30) are equal provided that we choose the initial state py p such

that

1
Trppyp = @TIBIEL. (A.31)

Then since the initial state is pure, 2, 4 is also given by (A.31). The requirement that py 4

2. A and B in principle do not have to be in equilibrium with each other.
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is out-of-equilibrium is then equivalent to the requirement that Zp > 7 4.

The relation between (A.29) and (A.28) also gives a way to estimate which permutation
dominates in (A.28). From (A.29), when Ap is smaller (larger) than A9 B, the dominant
contribution is 7 = e (7 = n). Translating these statements to the notation of (A.28), we
conclude that

glea) glea) _ gleq)

n,Aq n,Aq n,As + SnaA

Spd, = (A.32)

(eq) (eq) (eq)
Sn,A2 + STL,A S’Il,Al > SH,AQ + Sn7A

In applying (A.29) to explicit calculations, we will need to make assumptions regarding
B in the equilibrium density operator p(GQ) for the full system, which may be considered as

specifying different universality classes for p4.
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