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CHAPTER 1

BAYESIAN INFERENCE FOR GAMMA MODELS

We use the theory of normal variance-mean mixtures to derive a data augmentation scheme

for models that include gamma functions. Our methodology applies to many situations

in statistics and machine learning, including Multinomial-Dirichlet distributions, Negative

binomial regression, Poisson-Gamma hierarchical models, Extreme value models, to name

but a few. All of those models include a gamma function which does not admit a natural

conjugate prior distribution providing a significant challenge to inference and prediction. To

provide a data augmentation strategy, we construct and develop the theory of the class of

Exponential Reciprocal Gamma distributions. This allows scalable EM and MCMC algo-

rithms to be developed. We illustrate our methodology on a number of examples, including

gamma shape inference, negative binomial regression and Dirichlet allocation. Finally, we

conclude with directions for future research.

Key Words: Data Augmentation, Exponential Reciprocal Gamma, Pólya Gamma, Latent

Dirichlet Allocation, Gamma Shape, Markov Chain Monte Carlo, Expectation-Maximization;
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1.1 Introduction

Statistical models involving gamma functions are prevalent in statistics and machine

learning. For example, topic models, negative binomial regression, time series count mod-

els, Poisson-Gamma hierarchical models, non-parametric Bayes, to name but a few (Rossell,

2009; Aktekin, Polson, and Soyer, 2018; Lijoi, Muliere, Prünster, and Taddei, 2016). Gamma

distribution also serves as the conjugate prior for many model parameters, such as a nor-

mal precision and Poisson intensity. The normalizing constant depends on gamma func-

tion whose argument is the shape parameter. Bayesian Inference in gamma models is

a long standing problem that presents significant technical and computational difficulties

(Damsleth, 1975; Rossell, 2009; Miller, 2018). Similar issue also occurs to the learning

of other widely-used gamma models. Table 1.1 gives a list of distributions, where the

shape/concentration/dispersion parameters are nested in gamma functions.

By exploiting normal variance-mean mixture identities related to gamma function, we de-

rive a general data augmentation strategy. Our main result is given in Proposition 1, accord-

ing to which a MCMC algorithm is built in Proposition 2 and an expectation-maximization

algorithm is developed in Section 1.3.1.

The main difficulty is to address the reciprocal gamma function 1/Γ(α). Following

Barndorff-Nielsen, Kent, and Sørensen (1982), Hartman (1976) and Roynette and Yor (2005),

we represent 1/Γ(α) as a mean-variance mixture of normals, then we define our new class of

distributions named the exponential reciprocal gamma (ERG) class. This novel distribution

places gamma models in the same footing as other commonly used Bayesian models, such as

sparsity (lasso, horseshoe) and logit (Pólya-Gamma). As a by-product, we show how to nest

the latter within our framework. Thus we unify the inference procedure for many models.

Our data augmentation strategy with ERG auxiliary variables may be utilized to design

efficient Markov chain Monte Carlo (MCMC) algorithms in latent Dirichlet allocation (Blei,

Ng, and Jordan, 2003), Beta-negative binomial models (Zhou, Hannah, Dunson, and Carin,

2



Table 1.1: List of Gamma Models

Distribution Likelihood Applications

Gamma βα

Γ(α)x
α−1e−βx Gamma process, Poisson regression

Inverse Gamma βα

Γ(α)x
−α−1e−β/x survival analysis, conjugate prior

Beta Γ(α+β)
Γ(α)Γ(β)x

α−1(1− x)β−1 order statistics, wavelet analysis

Dirichlet
Γ(

∑K
k=1 αk)∏K

k=1 Γ(αk)

∏K
k=1 x

αk−1
k topic model, Bayesian networks

Negative Binomial Γ(x+α)
Γ(α)Γ(α+1)p

r(1− p)x stock control problems, negative binomial regression

2012), and Gamma-Gamma (GaGa) hierarchical models (Rossell, 2009). It adds to the

literature on Bayesian computation with auxiliary variables, which have proven useful in

computing posterior distributions in logistic regression (Polson, Scott, and Windle, 2013),

negative binomial regression (Pillow and Scott, 2012), multinomial factor models (Holmes

and Held, 2006), support vector machines (Mallick, Ghosh, and Ghosh, 2005; Polson and

Scott, 2011), and dependent multinomial models (Linderman, Johnson, and Adams, 2015).

To illustrate our methodology, we show examples including gamma shape inference, neg-

ative binomial regression and multinomial-Dirichlet model. The first example has a posterior

density which exactly matches with the above form. Hence our algorithms can be straight-

forwardly applied. The posterior samples are efficiently drawn and the posterior mode is

easily found by EM algorithm. The second example extends our results to incorporate

Pólya-Gamma mixture representation described in (Polson, Scott, and Windle, 2013). The

last example demonstrates how our methodology generalizes to high-dimensional case. Con-

ditioned on the auxiliary variables, all elements of the multivariate concentration parameter

become mutually independent, which reduces the sampling difficulty significantly. We also

suggest the use of normal approximation to speed up the sampling procedure in this example.

The ERG family of distributions is defined as an infinite convolution of Generalized

3



inverse Gaussian (GIG) distributions and is related to the class of Pólya-Gamma (PG)

distributions (Polson, Scott, and Windle, 2013) for logistic regression. Other mixture rep-

resentations related to GIG are introduced in Zhang, Wang, Liu, Jordan, and Lawrence

(2012) and Barndorff-Nielsen and Shephard (2012), with applications in sparse regression

and stochastic volatility modelling. The ERG(0) distribution is also a special case of HΓ
a

distribution family studied in Roynette and Yor (2005), who provide a representation of the

ratio gamma functions as a scale mixture of normals. This adds to scale mixtures results in

Bayesian inference, see Andrews and Mallows (1974), Barndorff-Nielsen, Kent, and Sørensen

(1982), West (1987), and Polson, Scott, and Windle (2013). Scale mixtures of normals are

increasingly used in modeling complex high-dimensional distributions, and Bhattacharya,

Chakraborty, and Mallick (2016) provide fast sampling strategies, adding to the practical

use of scale mixture distributions in scalable stochastic simulations. Equivalently constructed

scalable PG sampling schemes are provided in Windle, Polson, and Scott (2014) and Glynn,

Tokdar, Howard, and Banks (2019).

1.1.1 Connections with Existing Work

Obtaining random draws or finding the mode from a posterior distribution involving

gamma functions is computationally challenging it requires accurate gamma function eval-

uations. Approximation methods have been proposed to handle the computational burden.

Minka (2000) describes an efficient iterative schemes for maximum likelihood estimate of

Dirichlet distribution. The likelihood of Dirichlet precision is approximated by a simpler

function (gamma density) by matching the first two derivatives, while the multivariate Dirich-

let mean is estimated separately by fixed-point iteration. Miller (2018) applies the same idea

of derivative-matching and approximate the full conditional distribution of gamma shape

parameter by a gamma density function. Rossell (2009) defines a gamma shape distribution

in differential expression analysis. By approximating gamma function with Stirling’s formula

4



and evaluating the limit of the expression, the proposed distribution is roughly proportional

to a gamma density. However, These ad-hoc methods are all essentially derived in univariate

case. It’s not straightforward to generalize them in multivariate cases as we need to deal with

correlations, and the computation of approximating parameters itself will get cumbersome.

Our framework instead provides an easy and unified way to derive both MCMC and EM

algorithms for multivariate models, without the need to approximate density functions.

The rest of our paper proceeds as follows: Section 1.2 defines the class of ERG dis-

tributions; Section 1.3 illustrates our data augmentation strategy, developing a parameter

expanded Gibbs sampler as well as EM algorithm; Section 1.4 presents examples of gamma

shape inference, negative binomial regression and multinomial-Dirichlet model; and Section

1.5 concludes with directions for future research.

1.2 Exponential Reciprocal Gamma (ERG) Distribution

In this section, we present the theoretical development of the ERG distribution class,

defining the ERG distribution by the form of its integral transform. In Section 1.2.1, we

define a baseline case of the ERG distribution and prove that it is an infinite convolution of

independent GIG distributions; in Section 1.2.2, the general class of exponential reciprocal

distributions is constructed with an exponential tilting of the baseline case defined in Section

1.2.1. Other convolutions of GIG distribution are discussed in Section 1.2.3.

1.2.1 ERG(0) Distribution

Let ERG(0) denote the exponential reciprocal gamma distribution. The parameter, which

is a tilting parameter fixed at zero in this case, will be discussed in greater detail in Section

1.2.2.

Definition 1.2.1. Random variable X0 has an exponential reciprocal gamma distribution,

5



ERG(0), if and only if its density function p0(x) satisfies the following identity

E
(
e−s

2X0

)
=

∫ ∞
0

e−s
2xp0(x)dx =

e−γs

Γ(1 + s)
, s > 0. (1.1)

where γ = −ψ(1) ≈ 0.57721 is the Euler-Mascheroni constant and ψ(s) = d
ds log Γ(s) is the

digamma function.

Remark 1. The product representation for the reciprocal gamma function due to Weierstrass

is,

e−γs

Γ(1 + s)
=
∞∏
k=1

(
1 +

s

k

)
e−

s
k , s ∈ C/{0,−1,−2, ...}

Remark 2. Roynette and Yor (2005) prove the existence of an infinitely divisible distribution

HΓ
a , with density function pΓ

a (x), such that for a > 0

E
(
e−

1
2s

2HΓ
a

)
=

∫ ∞
0

e−
1
2s

2xpΓ
a (x)dx =

Γ(a)

Γ(a+ s)
eψ(a)s

which follows from the general product representation for the reciprocal gamma function,

Γ(a)

Γ (a+ s)
eψ(a)s =

∞∏
k=0

(
1 +

s

a+ k

)
e−

s
a+k . (1.2)

Note that the representation in Remark 1 is a special case with a = 1. Hence

ERG(0)
D
=

1

2
HΓ

1 .

Remark 3. The ERG(n, 0) is defines as follows. If Xn,0 ∼ ERG(n, 0),

E
(
e−s

2Xn,0
)

=

∫ ∞
0

e−s
2xpn,0(x)dx =

e−γns

Γ(1 + s)n
, n > 0, s > 0.

Note that ERG(n, 0) is the equivalent in distribution to the sum of n independent ERG(1, 0)

6



when n is a positive integer.

1.2.2 General ERG(c) Distribution

We now construct the general class of ERG distributions, ERG(c), by exponentially

tilting the ERG(0) distribution. The exponential tilting strategy – similar to the one used

by Polson, Scott, and Windle (2013) – allows a second parameter c ∈ R+ to inform a priori

the precision of the ERG random variable.

Definition 1.2.2. The ERG(c) distribution is constructed as an exponential tilting of the

ERG(0) density. Its density function is

pc (x) = Zc · exp
(
−c2x

)
p0(x), x, c > 0.

The normalizing constant, namely Zc = 1/E
(
exp

(
−c2X0

))
where X0 is an ERG(0) random

variable, can be calculated using the identity in Remark 1. Similarly, the integral identity

of ERG(c) is given by

E
(
e−s

2Xc
)

=
∞∏
k=1

(
k +
√
s2 + c2

k + c

)
e−
√
s2+c2−c
k (1.3)

=
Γ(1 + c)

Γ(1 +
√
s2 + c2)

e−γ(
√
s2+c2−c). (1.4)

Our main result, presented in Theorem 1, is that a random variable Xc ∼ ERG(c) may

be constructed from an infinite sum of independent generalized inverse Gaussian (GIG)

random variables. The power of the result lies in the ability to identify previously unknown

conditional posterior distributions.

Theorem 1. The ERG(c) class of distributions can be constructed as an infinite sum of

7



independent generalized inverse Gaussian (GIG) distributions as follows

ERG(c)
D
=
∞∑
k=1

GIG

(
−3

2
, 2c2,

1

2k2

)
.

In particular, when c = 0, the GIG distribution reduces to inverse gamma distribution.

Hence,

ERG(0)
D
=
∞∑
k=1

1

4k2
Γ−1
k .

where Γ−1
k are i.i.d. inverse gamma random variables with shape 3

2 and scale 1.

Proof. See Appendix 1.6.1.

The following theorem concerns the first two moments of ERG(c) which will be used to

construct our EM algorithm in Section 1.3.1 and the approximate Gibbs sampler in Appendix

1.6.4.

Theorem 2. If Gk is a GIG random variable with p = −3
2 , a = 2c2, b = 1

2k2 , then the mean

and variance of the tail infinite sum
∑∞
k=N Gk are

E

( ∞∑
k=N

Gk

)
=

1

2c
(ψ(N + c)− ψ(N))

Var

( ∞∑
k=N

Gk

)
=

1

4c3
(
ψ(N + c)− ψ(N)− cψ′(N + c)

)
,

where ψ(s) = d
ds log Γ(s) is the digamma function. Setting N = 1 gives us the first two

moments of ERG(c).

Proof. If gk is a GIG random variable with p = −3
2 , a = 2c2, b = 1

2k2 , then its mean and

8



variance are given by

E(gk) =
1

2

(
1

k2 + ck

)
, Var(gk) =

1

4c

(
1

k3 + 2ck2 + c2k

)
.

Theorem 2 is thus a direct application of Theorem 1.

Remark 4. The ERG(c) distribution class belongs to the family of generalized gamma con-

volutions (GGC), Bondesson (1992). Its Laplace transform in Equation (1.4) also satisfies

E(e−sXc) = exp

{∫ ∞
0

(e−sx − 1)ν(x)dx

}
, s ≥ 0.

Its Lévy density ν(x) and Thorin density µ(t) are

ν(x) =
1

x

∫ ∞
0

e−txµ(t)dt,

µ(t) = 1t≥c2
ψ(1−

√
c2 − t) + ψ(1 +

√
c2 − t) + 2γ

4π
√
t− c2

.

This result can be used to generate ERG random variables as it shows that it falls into the

class of Generalized Gamma Convolution, see Bondesson (1982) and Rosiński (2001).

1.2.3 GIG Mixtures

The ERG distribution allows us to represent the unnormalized density eax

Γ(1+x)
as a normal

variance-mean mixture. That is,

eax

Γ(1 + x)
=

∫ ∞
0

φ(x | µ(ω), σ2(ω)) · τ(ω)p0(ω)dω

where φ(· | µ, σ2) is the normal density with mean µ and variance σ2 and P0(·) is the

distribution function of ERG(0). µ(ω) = a+γ
2ω , σ2(ω) = 1

2ω and τ(ω) =
√π

ω exp
{
a+γ
4ω

}
. In

statistics and machine learning, probability distributions whose density function p(x) is of

9



the following form are used explicitly and implicitly:

p(x) =

∫ ∞
0

f(x | θ(ω))p(ω)dω. (1.5)

Here f(x | θ(ω)) is some well-known density function, e.g. normal, and the mixing p(ω) is

the distribution of a single GIG or an infinite convolution of GIG’s. Combined with a data-

augmentation scheme, the above mixture representation provides a powerful framework to

solve many non-Gaussian models.

1. When f = φ and the mixing distribution is GIG, Polson and Scott (2013) give the

variance-mean mixture representations for many common loss functions in regres-

sion and binary classification problems, which corresponds to different choices of the

function θ(ω) = (µ(ω), σ2(ω)) and parameters of GIG. For example, absolute loss

L(y) = |y|, hinge loss for support vector machine L(y) = max(1 − y, 0) and check

loss for quantile regression L(y) = |y| + (2q − 1)y. The representations then help re-

duce those non-Gaussian models to Gaussian linear models with heteroscedastic errors.

Note that GIG is a very general family with many common distributions as its special

cases, such as gamma, inverse gamma and inverse Gaussian distribution.

2. For the logistic loss in binary classification L(y) = log(1 + ey), Polson and Scott

(2013) show that it is also a normal variance-mean mixture. The mixing distribution

is Pólya distribution, which is constructed as an infinite sum of exponentials. Note

that exponential distribution is again a special case of GIG.

3. By choosing f to be the exponential power density, f(x | η(ω), q) ∝ exp
{
− 1

2η(ω)
|x|q
}

,

and the mixing distribution p(ω) to be GIG, Zhang, Wang, Liu, Jordan, and Lawrence

(2012) introduce a sparsity-inducing prior called EP-GIG and develop EM algorithms

for sparse learning. The density function of EP-GIG is given explicitly and special cases

(generalized t distribution and exponential power-gamma distribution) are discussed

10



when the mixing GIG reduces to inverse gamma and gamma respectively.

4. The Pólya-Gamma distribution class is proposed by Polson, Scott, and Windle (2013)

to solve the inference problem in models with binomial likelihoods, including logistic

regression and negative binomial regression. Pólya-Gamma distribution PG(b, c) can

be written as an infinite convolution of gamma distributions whose shapes are all equal

to b and scales depend on c, or equivalently GIG(b, 2, 0).

PG(b, c)
D
=

1

2π2

∞∑
k=1

GIG(b, 2, 0)

(k − 1/2)2 + c2/(4π2)
.

Choose f(z | ω) = 2−b exp
{
−ωz2/2 + κz

}
with κ = a−b/2 and z = x′β, the likelihood

of logistic regression is a mixture

(ez)a

(1 + ez)b
=

∫ ∞
0

f(z | ω)pPG(ω | b, 0)dω. (1.6)

Here pPG(ω | b, 0) is the density of PG(b, 0) and f(z | ω) is proportional to the normal

density where the mean and variance are functions of ω.

5. Barndorff-Nielsen and Shephard (2012) use a normal variance-mean mixture as a gen-

eral approach of building densities on the real line. Here f(x | θ(ω)) = φ(x | µ+βω, ω).

When p(ω) is GIG density, the resulted mixture is generalized hyperbolic distribution,

which includes many special cases such as normal inverse Gaussian, normal gamma,

Laplace, skewed Student’s t distribution. Furthermore, normal distribution can also

be written as a limiting case of generalized hyperbolic distribution.

1.3 MCMC and Data Augmentation

This section illustrates the data augmentation strategy and sampling scheme for Gamma

inference using the ERG class distributions. First, notice that many Bayesian gamma models
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Table 1.2: Integral Representation for Gamma Functions

Integral Representation Auxiliary Variables

Γ(α)
∫∞

0 xα−1e−xdx Gamma

1
Γ(α)

∫∞
0 αe−α

2x+γαp0(x)dx ERG

Γ(α)
Γ(α+β)

∫ 1
0

1
Γ(β)

xα−1(1− x)β−1dx Beta

involve a posterior density of the form

p(x) = C ·

 L∏
`=1

Γ(g`(x))

 M∏
m=1

1

Γ(hm(x))

 N∏
n=1

Γ(jn(x))

Γ(jn(x) + βn)

 ·xp−1e−ax
2+bx, x > 0,

(1.7)

where x ∈ R+ is on the positive real line, and C is the normalizing constant. The arguments

in gamma functions, {g`(·)}L`=1 , {hm(·)}Mm=1 and {jn(·)}Nn=1 are nonnegative increasing lin-

ear functions of x on (0,∞). We assume M ≥ 1, otherwise the form might not be integrable.

Parameters p, a, b, β1, ..., βN are scalars. βn’s are positive. p and a are nonnegative. In order

to perform full posterior inference on the variable x, a sampling procedure for p(x) is needed,

while a Maximum A Posteriori (MAP) estimate requires finding the maximizer of it.

The idea of the data augmentation strategy is to introduce a group of auxiliary random

variables ω = (ω1, ..., ωn)T such that for ω ∈ Ω,

p(x) =

∫
Ω
p(x,ω)dω

and the joint density p(x,ω) after augmentation is easier to deal with, as it doesn’t consist

of gamma functions any longer.

Returning to Equation (1.7), the posterior density involves gamma functions Γ(·), recip-

rocal gamma functions 1/Γ(·) and gamma ratios Γ(·)/Γ(· + β). We will then express each

of them using the corresponding integral representation in Table 1.2. This is equivalent to
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introducing an auxiliary random variable for each of them. The total number of the auxiliary

random variables is then L+M +N .

Proposition 1. The posterior density admits an integral representation as follows

p(x) = C ·
∫

(0,∞)L+M×(0,1)N
G(x, τ ) ·H(x,ω) · J(x,η) ·Q(x) · e−ax

2+bxdτdωdη (1.8)

where

G(x, τ ) =
L∏
`=1

τ
g`(x)−1
` e−τ`

H(x,ω) = exp

−
M∑
m=1

hm(x)2ωm + γ
M∑
m=1

hm(x)


M∏
m=1

p0(ωm)

J(x,η) =
N∏
n=1

η
jn(x)−1
n (1− ηn)βn−1

Q(x) = xp−1
M∏
m=1

hm(x).

p0(·) is the probability density of ERG(0).

Remark 5. When N ≥ 1 in the form (1.7), the third term
(∏N

n=1
Γ(jn(x))

Γ(jn(x)+βn)

)
can be

absorbed into the first two terms. However, we still recommend using the Beta representation

if possible. Otherwise the total number of auxiliary variables needed is increased by N .

Remark 6. We may generalize the form (1.7) in a few ways:

1. For multivariate x of dimension d, if g, h, j are all linear functions mapping from R+,d

to R+, then the data augmentation is still valid.

2. The xp term can be replaced with a polynomial function of x, as long as it’s always

positive for x > 0.
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3. If the posterior density p(x) has extra factors which are not included in the form (1.7),

the strategy still works as long as we can find integral representations for those extra

factors.

Although the posterior joint distribution in Equation (1.8) looks forbidding at the first

glance, in many applications the linear functions g, h, j are simple enough, e.g. hm(x) = x

for all m, and N = 0, which simplifies the expression a lot. More importantly, the conditional

posteriors can be derived easily. To derive that of τ`, for example,

p(τ` | x, τ−`,ω,η) = τ
g`(x)−1
` e−τ` ·

(∏
`′ 6=` τ

g`′(x)−1

`′ e−τ
′
` ·H(x,ω) · J(x,η) ·Q(x)

)
∫
G(x, τ ) ·H(x,ω) · J(x,η) ·Q(x)dτ`

,

notice that it’s proportional to τ
g`(x)−1
` e−τ` . Therefore the conditional posterior distribution

of τ` is Γ(g`(x), 1). Similarly for ωm’s and ηn’s. For the conditional posterior of x, since

g, h, j are all linear, it’s proportional to Q1(x)e−Q2(x) where Q1(x) is a polynomial of degree

p+M − 1 and Q2(x) is a quadratic function.

Before we summarize the conditional posteriors with respect to the augmented vector

(x, τ,ω, η), the following definition of power truncated normal (PTN) distribution is useful.

Definition 1.3.1. The power truncated normal distribution, PTN(p, a, b), has density func-

tion

p(x) = C · xp−1e−ax
2+bx, x > 0 (1.9)

where p, a > 0 and b 6= 0.

Finally, the following proposition is helpful in developing the Gibbs sampler.

Proposition 2 (Gibbs Sampler). If the joint probability density of the augmented vector

(x, τ,ω, η) is proportional to G(x, τ ) ·H(x,ω) · J(x,η) ·Q(x) given in Proposition 1, then
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the conditional distributions are

τ` | x, τ−`,ω,η ∼ Γ(g`(x), 1), ` = 1, 2, ..., L

ωm | x, τ ,ω−m,η ∼ ERG(hm(x)), m = 1, 2, ...,M

ηn | x, τ ,ω,η−n ∼ Beta(jn(x), βn), n = 1, 2, ..., N

x | τ ,ω,η ∼
M∑
m=0

πk · PTN(p+m, ã, b̃)

Here the conditional distribution of x is a finite discrete mixture of PTN distributions.

{πm}Mm=0 are proportional to the coefficients in the polynomial Q(x).

ã = a+
M∑
m=1

ωm · (h′m(0))2

b̃ = b+

 L∑
`=1

g′`(0) · log τ`

+

 M∑
m=1

h′m(0)(γ − 2ωmhm(0))

+

 N∑
n=1

j′n(0) · log ηn

 .

Furthermore, given x, all auxiliary random variables are conditionally independent. The

sampling methods for ERG and PTN are given in Appendix 1.6.2 and 1.6.3.

In many statistical applications, the number of auxiliary random variables grows linearly

with the sample size and problem dimension, but the forms of g, h, j are relatively simple.

Observing that ã and b̃ are both the sum of numerous terms, we may use normal variables to

approximate them, by matching the moments, so that the sampling procedure for (τ,ω, η)

can be skipped in Gibbs sampling. Appendix 1.6.4 gives the approximate Gibbs sampler

when g`(x) = g(x) for all ` (similarly for h and j), and L,M,N are all large enough.
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1.3.1 Expectation-Maximization Algorithm

By exploiting Proposition 1, MAP of the model can be found using an expectation-

maximization algorithm. The complete-data log posterior is

log p(x, τ,ω, η)

= c0 + logG(x, τ ) + logH(x,ω) + log J(x,η) + logQ(x)− ax2 + bx

= c1 +

 L∑
`=1

g`(x) log τ`

+

 M∑
m=1

γhm(x)− hm(x)2ωm


+

 N∑
n=1

jn(x) log ηn

+ logQ(x)− ax2 + bx

(1.10)

for some constants c0, c1 (with respect to x). In the t-th expectation step, we compute the

expected value of log p(x, τ,ω, η) under the current conditional posterior p(τ,ω, η | x(t)),

denoted as C(x | x(t)). Then in the maximization step, C(x | x(t)) is maximized as a function

of x. We now derive the expectation and maximization steps.

• The Expectation Step

From equation (1.10), notice that log p(x, τ,ω, η) is linear in terms of log τ`, ωm and

log ηn. Therefore, we replace them with their conditional expectations in the expecta-

tion step. Applying Proposition 2 yields

E
(

log τ` | x(t)

)
= ψ(g`(x(t))), ` = 1, 2, ..., L

E
(
ωm | x(t)

)
=
ψ(1 + hm(x(t))) + γ

2hm(x(t))
, m = 1, 2, ...,M

E
(

log ηn | x(t)

)
= ψ(jn(x(t)))− ψ(jn(x(t)) + βn), n = 1, 2, ..., N.

The derivation above uses the properties of gamma and beta distribution, as well as

Theorem 2 which calculates the expectation of ERG(c) distribution. Finally, one can
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represent the function C(x | x(t)) (up to a constant) as

C(x | x(t)) =

 L∑
`=1

g`(x)ψ(g`(x(t)))

+

 M∑
m=1

γhm(x)− hm(x)2
ψ(1 + hm(x(t))) + γ

2hm(x(t))


+

 N∑
n=1

jn(x)ψ(jn(x(t)))− ψ(jn(x(t)) + βn)

+ logQ(x)− ax2 + bx

Given the linearity of g, h, j functions, it can be further simplified as

C(x | x(t)) = logQ(x)− κ1x
2 + κ2x (1.11)

for some constant κ1 > 0 and κ2 ∈ R, depending on x(t).

• The Maximization Step

Since C(x | x(t))→ −∞ as x→∞, we conclude that C(x | x(t)) as a function of x has

a maximizer on (0,∞), which can be found numerically. Furthermore, when hm(0) = 0

for all m, the unique maximizer has a closed form

x∗ := arg max
x>0

C(x | x(t)) =
κ2 +

√
κ2

2 + 8κ1(p+M − 1)

4κ1
. (1.12)

1.4 Examples

1.4.1 Inference for Gamma Shape

The gamma distribution, parameterized by shape α and rate β, is a component of many

probability models. For instance, a gamma prior distribution for the precision parameter in

Gaussian linear models is quite common. In fact, Normal-gamma distributions are workhorse

models for shrinkage estimation in regression problems (Griffin and Brown, 2010). Gamma

distribution is also widely used in modelling of extreme values, where it serves as the prior for
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the shape parameter of Pareto distribution (Arnold and Press (1989)) and helps to construct

a quasi-conjugate prior for generalized Pareto distribution (Diebolt, El-Aroui, Garrido, and

Girard (2005)). While a gamma prior distribution for a parameter is common, it is less

common to model hyperparameters of the gamma distribution itself as random variables –

particularly the shape parameter, α. Although posterior inference of the rate parameter

is straightforward – since the gamma distribution itself is a conjugate prior for the rate

parameter – posterior inference of the gamma shape parameter is a long-standing problem

(Damsleth, 1975; Damien, Laud, and Smith, 1995; Rossell, 2009; Miller, 2018) and efficient

posterior computation remains an open problem.

Damsleth (1975) discussed two conjugate priors for α, the gamma shape parameter. They

are called GamCon distributions of type I and type II. Type I assumes the rate β is known,

while the type II doesn’t. In this section, we focus on the latter one and replicate Damsleth’s

example, showing how to utilize the data augmentation scheme and build algorithms for

posterior inference.

Let’s consider the following hierarchical model

x | α, β ∼ Γ(α, β),

β | α ∼ Γ(δα + 1, δη),

α ∼ ξ2(η/µ, δ).

Here ξ2 is GamCon distribution of type II. η > µ > 0, δ > 0. The probability density of

ξ2(µ, δ) is

p(α | µ, δ) = Cµ,δ ·
Γ(δα + 1)

Γ(x)δ
(δµ)−δα, α > 0, µ > 1, δ > 0.

Suppose observations x = (x1, x2, ..., xn)′ are independently and identically distributed
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gamma random variables drawn from the above model. The likelihood is

f(x | α, β) =
n∏
i=1

βα

Γ(α)
xα−1
i e−βxi ∝

(xgβ)nα

Γ(α)n
e−nxgβ

where xg is the geometrical mean, xg = (
∏n
i=1 xi)

1/n.

The marginal posterior distribution of α is then calculated as

p(α | x) =

∫ ∞
0

f(x | α, β)p(β | α)p(α)dβ

where p(β | α) =
(δη)δα+1

Γ(αδ + 1)
βαδe−δηβ , and p(α) = C · Γ(δα + 1)

Γ(α)δ
(δη/µ)−δα.

By construction, the marginal posterior of α given x also follows ξ2, with updated parameters

(η′, µ′, δ′). That is, α | x ∼ ξ2(η′/µ′, δ′) and

δ′ = δ + n,

η′ =
δ

δ + n
η +

n

δ + n
xa,

µ′ = µ
δ

δ+n · x
n
δ+n
g .

where xa is the arithmetical mean, xa = 1
n

∑n
i=1 xi. One can observe that η′ is a weighted

arithmetical mean of η and xa with weights δ and n respectively and µ′ is a weighted

geometrical mean of µ and xg, also with weights δ and n. Here xa and xg are two sufficient

statistics. δ is viewed as the prior sample size while η and µ are the prior means. The

problem of gamma shape inference is thus translated to that of ξ2 distribution.

MCMC and EM for ξ2 when δ ∈ N+

We first develop the Gibbs sampler for a general GamCon distribution of type II, using

data augmentation strategy. Suppose x ∼ ξ2(x;µ, δ) and δ is a positive integer. Then the
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probability density can be rewritten in the form (1.7)

p(x | µ, δ) = Cµ,δ · Γ(δx+ 1)

 M∏
m=1

1

Γ(x)

 e−δ log(δµ)x (1.13)

Hence L = 1 with g1(x) = δx + 1, M = δ with hm(x) = x and N = 0. p = 1, a = 0 and

b = −δ log(δµ).

After introducing the auxiliary variables τ and ω1, ω2, ..., ωδ, Proposition 2 then imme-

diately gives the conditional posteriors:

τ | x,ω ∼ Γ(δx+ 1, 1)

ω1, ω2, ..., ωδ | x, τ
i.i.d.∼ ERG(x)

x | τ,ω ∼ PTN

δ + 1,
δ∑
i=1

ωi, δ (γ − log(δµ/τ))


Damsleth Examples with Non-Informative Prior

Here we replicate Damsleth’s example of no prior information with sample size n =

5, 10, 30. Putting δ = 0, the posterior parameters are

δ′ = n, η′ = xa, µ′ = xg.

The resulted posterior of gamma shape is thus α | x ∼ ξ2(xa/xg, n). Instead of actually

generating Gamma random variables, we directly use the sufficient statistics (xa, xg), given in

Table 2 of Damsleth (1975). The true value of α is 5. The histogram of 5000 posterior samples

for each case are shown in Figure 1.1. The colored solid lines denote the true posterior

density and the black dashed line denotes the true α. We see that the posterior samples are

indeed sampled from the target distributions. Figure 1.2 shows the sampling trace plots. In

Table 1.3, the sample moments are compared with their theoretical counterparts calculated
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by numerical integration. When n = 30, the deviations from the theoretical values are

−1.0%,−4.6%,−8.2% and 0.1% for mean, variance, skewness and kurtosis respectively.

Figure 1.1: Histogram of Posterior Samples
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Figure 1.2: Trace Plot of Posterior Samples
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To find the posterior mode of α, we exploit the EM algorithm developed in Section

1.3.1. Specially, in the expectation step, the conditional expected value of complete-data log
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Table 1.3: Posterior Moments

n xa xg Method Mean Variance Skewness Kurtosis

5 7.19 6.05
Numerical Integration 4.768 5.399 0.997 4.494

Posterior Sampling 4.779 5.630 1.305 6.148

10 5.57 5.01
Numerical Integration 6.271 5.780 0.783 3.921

Posterior Sampling 6.101 4.857 0.634 3.427

30 5.09 4.26
Numerical Integration 3.252 0.585 0.490 3.361

Posterior Sampling 3.250 0.605 0.537 3.155

posterior (at t-th iteration) given by Equation (1.11) now has the parameters

logQ(x) := δ′ logα

κ1 :=
δ′
(
γ + ψ(α(t) + 1)

)
2α(t)

> 0

κ2 := δ′
(
γ − log δ′η′/µ′ + ψ(δ′α(t) + 1)

)

Then in the maximization step, α is updated by Equation (1.12), with p −M + 1 = δ′. In

Figure 1.3, we start with 30 different initial values in EM algorithm and show the optimizing

paths for the case n = 30. In this particular case, the algorithm converges after around 50

steps. The 30 numerical solutions given by EM has mean 3.054, which matches with the

maximizer found by Mathematica. And the standard deviation is as small as 0.0003.

1.4.2 Negative Binomial Regression

Next, we proceed to how our data augmentation strategy can be used to fit negative

binomial regression models. The count data {yi}ni=1 are assumed to follow the negative

binomial distribution

yi | r, pi ∼ NB(r, pi), pi =
1

1 + e−x
′
iβ
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Figure 1.3: Optimizing Paths of EM Algorithm
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where {xi}ni=1 are observed covariates and β is the regression coefficients. r is interpreted

as the number of failures until the experiment is stopped, while the success probability pi is

related to x′iβ via the logistic transformation. This model specification is equivalent to the

following Gamma-Poisson mixture,

yi | λi ∼ Poisson(λi),

λi | r,x′iβ ∼ Γ
(
r, e−x

′
iβ
)
.

The likelihood is

f(yi | xi, β, r) =
Γ(yi + r)

yi! · Γ(r)

(
ex

′
iβ

ex
′
iβ + 1

)yi (
1

ex
′
iβ + 1

)r
.

Pillow and Scott (2012) adopt exactly the same model with known r and use a data augmen-

tation strategy for the inference on β. Our example here extends their method and allows

for inference on both r and β. The parameter r controls the dispersion of observations, as

the expectation of yi is rex
′
iβ and variance is rex

′
iβ
(

1 + ex
′
iβ
)

.

Let the prior for β and r be N(0,Σ) and p(r). We then calculate the joint posterior of
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(β, r) as

p(β, r |X, y) = Cp(r) exp

(
−1

2
β′Σ−1β

) n∏
i=1

Γ(yi + r)

Γ(r)

(
ex

′
iβ

ex
′
iβ + 1

)yi (
1

ex
′
iβ + 1

)r

= Cp(r) exp

(
−1

2
β′Σ−1β

)(
1

Γ(r)

)n( n∏
i=1

Γ(yi + r)

) n∏
i=1

(
ex

′
iβ
)yi(

ex
′
iβ + 1

)r+yi


Notice that if we assign gamma prior for r, then its conditional posterior density is close to

the form (1.7), except for the extra factor
∏n
i=1

(
ex

′
iβ
)yi

/
(
ex

′
iβ + 1

)r+yi
. Similarly for β,

the posterior is close to normal density, except for the same factor. This is however not an

issue as we can write this factor as a scale mixture of normals, where the mixing distribution

is Pólya-Gamma from Polson, Scott, and Windle (2013). Setting a = yi and b = r + yi, the

key mixture representation in Equation (1.6) related to it now becomes

(
ex

′
iβ
)yi(

ex
′
iβ + 1

)r+yi ∝
∫ ∞

0
f(r,β | ξ) · pPG(ξi | r + yi, 0)dξi

f(r,β | ξ) = exp

[
1

2

(
−r(2 log 2 + x′iβ) + yi(x

′
iβ)− ξi(x′iβ)2

)]
.

The integrand f(r,β | ξ) is an exponential density when viewed as a function of r, and a

normal density when viewed as a function of β.

Finally, we introduce the auxiliary variables τ,ω, ξ which follow gamma, ERG and PG

distribution respectively. Let Ξ := diag(ξ1, ..., ξn) and z :=
(
y1−r
2ξ1

, ..., yn−r2ξn

)′
and p(r) ∼

24



Γ(a0, b0). The conditional posteriors are derived as follows:

τi | r,β, ξ,ω,X, y ∼ Γ(yi + r, 1)

ωi | r,β, τ, ξ,X, y
i.i.d.∼ ERG(r)

ξi | r,β, τ,ω,X, y ∼ PG(r + yi,x
′
iβ)

β | r, , τ, ξ, ω,X, y ∼ N(m, V )

r | β, τ, ξ,ω,X, y ∼ PTN(a0 + n, a, b+ b0)

where

a =
n∑
i=1

ωi

b = n(γ − log 2) +
n∑
i=1

(
log τi − x′iβ/2

)
V =

(
Σ−1 +X ′ΞX

)−1

m = V X ′Ωz

Figure 1.4 shows an illustrating simulation example where we set true r = 5 and generate

n = 100 count observations. We draw the coefficient vector β ∈ R5 and covariates xij
i.i.d.∼

N(0, 0.52) for 1 ≤ i ≤ n and 1 ≤ j ≤ 5. The prior for r is p(r) ∼ 1/r which is the limit case of

gamma prior with a0 = 0, b0 = 0. For β, we choose Σ = 106I5 so that the prior information

is relatively weak. The left panel shows the boxplots of posterior β samples, with those red

dots denote the true β’s. As the figure shows, all 5 β’s fall in the 95% credible interval.

The middle panel is the histogram of the posterior samples for r. Since the actual marginal

posterior of r is hard to compute given the complicated form of the joint p(β, r | X, y), in

the right panel we use the same dataset, plug in the true β’s, and run the Gibbs sampler

again, so that we are able to compare the resulted histogram with the true density (red line).
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Figure 1.4: Negative Binomial Regression Results
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They are quite close to each other, indicating that the sampling procedure works well for

this example.

1.4.3 Multinomial-Dirichlet Model

In this section, we develop the Markov chain Monte Carlo (MCMC) algorithm for fully

posterior inference of the concentration parameter vector in the Dirichlet distribution. Such

inference problems commonly arise in applied analyses of categorical data. Section 1.4.3

presents the general hierarchical multinomial-Dirichlet model class for which the ERG data

augmentation scheme may be utilized. Section 1.4.3 develops a Gibbs sampler for inferring

the concentration parameter in the Dirichlet distribution and conducts a simulation study

comparing the performance of our data augmentation strategy with Metropolis-Hasting al-

gorithm.

A Hierarchical Multinomial-Dirichlet Model

The multinomial-Dirichlet framework presented herein is closely related to the latent

Dirichlet allocation model of Blei, Ng, and Jordan (2003) for topic modeling of text data,

and we use text analysis as a motivating context. Suppose that for document s ∈ {1, ..., S},

each of Ns words in the document is independently allocated to K topics conditional on

26



probability vector ps = (ps1, ps2, . . . , psK). For each document s, the number of words

allocated to each topic is denoted by ns = (ns1, · · · , nsK), which follows a multinomial

distribution. The sampling model for the count vector ns is then a multinomial distribution

given probability vector ps,

ns | Ns,ps ∼ Multinomial (Ns,ps) .

The probability vector ps is the proportional allocation of each document to the K topics.

In a Bayesian analysis, the probability vector for each document ps is typically assigned a

Dirichlet distribution with concentration parameter vector α = (α1, . . . , αK),

ps | α ∼ Dirichlet (α) .

Rather than fixing α =
(

1
K , . . . ,

1
K

)
, as is common, we complete the model with a prior

distribution p(α). This hierarchical prior distribution for α facilitates more efficient infor-

mation sharing across documents (observational units), and it yields practical advantages for

out-of-sample prediction, which we discuss below. The model framework and ERG augmen-

tation admit independent uniform, truncated normal, and exponential prior distributions

for the elements αk. Section 1.4.3 presents analyses based on independent gamma priors

p(α) =
∏K
k=1 p(αk).

In application, model inferences are often summarized by the posterior predictive distri-

bution for the topic proportion vector p∗ in a new document. Computing the posterior pre-

dictive distribution p (p∗ | n1, ...,nS) =
∫
α p (p∗ | α) p(α | n1, ...,nS)dα requires posterior

computation of p (α | n1, . . . ,nS) ∝ p (α)
∏S
s=1 p (ns | α); however, when the probability

vectors ps are integrated out of the multinomial likelihood, the marginal likelihood p (ns | α)
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includes elements of α inside the gamma function,

S∏
s=1

p (ns | α) =
S∏
s=1

 Γ
(∑K

k=1 αk

)
Γ
(∑K

k=1 (nsk + αk)
) K∏
k=1

Γ (nsk + αk)

Γ (αk)

 .

Because α is nested inside the gamma function, computing p(α | n1, . . . ,nS) is a challenge.

Previous inference strategies relied on approximations, but in Section 1.4.3 we introduce a

new data augmentation scheme for computing the full posterior p (α | n1, . . . ,nS).

Data Augmentation and Simulation Study

Assume independent gamma prior distributions for each element of vector α so that

p (α) ∝
∏K
k=1 α

a0−1
k e−b0αk , with hyperparamter a0 and b0. Note that gamma priors on

each αk give closed-form full conditional distributions in a Gibbs sampler, which is shown

below. When αk ∼ Γ(a0, b0), where a0 denotes the shape parameter and b0 the rate, the

expectation E[αk] = a0/b0. We can set E[αk] = 1/K, a standard choice for the Dirichlet

concentration parameter, by choosing a0 = b0/K. The prior variance then depends on both

the dimension of the Dirichlet distribution, K, and the rate parameter, b0.

We now reorganize the multivariate posterior density of α as

p(α | n1, . . . ,nS) =

 K∏
k=1

f(αk)

 S∏
s=1

Γ(
∑
k αk)

Γ(
∑
k αk +Ns)

 (1.14)

where

f(αk) =

 S∏
s=1

Γ(αk + nsk)

 S∏
s=1

1

Γ(αk)

αa0−1
k e−b0αk . (1.15)

Note that for each αk, Equation (1.15) is exactly of the form (1.7). And the extra factor,∏S
s=1

Γ(
∑
k αk)

Γ(
∑
k αk+Ns)

, can be replaced with a beta integral representation. A multivariate
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version of Proposition 2 produces the conditional posteriors as follows

τsk | α,ω, η ∼ Γ(αk + nsk),

ωsk | α, τ, η ∼ ERG(αk),

ηs | α, τ,ω ∼ Beta

 K∑
k=1

αk, Ns

 ,

αk | τ,ω, η ∼ PTN(S + a0, ak, bk)

where ak =
∑S
s=1 ωsk, bk = Sγ−b0+

∑S
s=1 log(τsk ·ηs). Conditioned on the introduced aux-

iliary variables (τ,ω, η), all elements of the vector α are now mutually independent, which

significantly reduces the difficulty of sampling procedure as we can now sample separately

from K univariate distributions.

The total number of auxiliary variables to be sampled at each iterate is S(1 + 2K),

which may greatly slow down the MCMC algorithm for large values of S and K. However,

we observe that these variables affect the distribution of αk only through the parameters

(ak, bk). The summation form of (ak, bk) suggests that we may apply central limit theorem

and approximate them by normal variables. Therefore, as mentioned in Section 1.3, the

Gibbs sampling algorithm can be approximately simplified to

1. Initialize a
(0)
k , b

(0)
k for 1 ≤ k ≤ K.
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2. At step t, sample a
(t)
k and b

(t)
k from N(µa,k, σ

2
a,k) and N(µb,k, σ

2
b,k) respectively, where

µa,k =
S

2αk
(ψ(1 + αk) + γ)

σ2
a,k =

µa,k

2α2
k

− S

4α2
k

ψ′(1 + αk)

µb,k = Sγ − b0 + Sψ(α0) +
S∑
s=1

ψ(αk + nsk)− ψ(α0 +Ns)

σ2
b,k = Sψ′(α0) +

S∑
s=1

ψ′(αk + nsk)− ψ′(α0 +Ns)

and α0 =
∑K
k=1 αk.

3. Sample α
(t)
k from PTN(S + a0, a

(t)
k , b

(t)
k ) for 1 ≤ k ≤ K. Increase t by 1 and return to

(2).

Fixing the dataset dimensions S and K, we consider two settings of the true α for our

simulation experiment: (A) heterogeneous αk = k/K and (B) homogeneous αk = 1/K for

k = 1, 2, ..., K. Probability vector ps are drawn independently from Dirichlet(α) and vector

of counts ns are drawn from Mutinomial (Ns,ps) with Ns = 500 for s = 1, 2, ..., S. We

set the hyperparamters a0 = b0/K in independent gamma priors of αk’s, so that the prior

expectations are all equal to 1/K. The setting of our simulation experiment is summarized

below:

• S ∈ {100, 1000}, K ∈ {10, 50} and b0 ∈ {0.1, 1, 5}.

• 4 MCMC algorithms in comparison:

– DA: Gibbs sampler which iteratively samples τ,ω, η and α.

– DA-N: replace the parameters in the conditional posterior of α with approximat-

ing normal variables and skip the sampling of τ,ω, η in DA.
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– DA-E: replace the parameters in the conditional posterior of α with corresponding

expectations and skip the sampling of τ,ω, η in DA.

– MH: random-walk Metropolis-Hasting sampler.

• Metrics:

– Root Mean Square Error:

RMSE =

√√√√ 1

TK

T∑
t=1

‖α(t) −α‖2.

T = 500 is the posterior sample size.

– Effective sample size ratio (ESSR):

ESSR =
1

K

K∑
k=1

λ2
k

σ2
k

,

which measures the serial correlation between posterior samples. λ2 is the sample

variance and σ2 is the estimate of the spectral density at frequency zero.

– Algorithm running time in seconds

In simulation experiments, we initialize each αk with a random draw from Lognormal

with parameters µ = 0, σ2 = 1/K and multiply by 1/K, so that the prior median is 1/K.

For each combination of (b0, S,K), we run the simulation for 50 times (the first 200 sam-

ples are dropped each time). Table 1.4 and 1.5 show the results, averaged over 50 runs,

for the homogeneous and heterogeneous setting respectively. Despite being slow, our data

augmentation strategy with ERG auxiliary variables produces more accurate estimates of

α than Metropolis-Hasting does, in heterogeneous setting. While in homogeneous setting,

the two methods have similar RMSE. Metropolis-Hasting gets significantly worse when K

grows to 50. This is not surprising at all. As we notice that, the effective sample size ratios
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for Metropolis-Hasting are as low as 0.01, indicating strong serial correlations in posterior

samples drawn by Metropolis-Hasting, of which the acceptance rate is around 0.02. There-

fore, the RMSE for Metropolis-Hasting is entirely up to the distance between the initial α(0)

and the true α. Our Gibbs sampler instead enjoys the advantage of being less sensitive to

initialization and not requiring further tuning. The different choices of b0 don’t seem to af-

fect the posteriors too much. Once replacing auxiliary variables with normal approximations

or expectations, the Gibbs sampler gets much faster. Meanwhile, root mean squared errors

and effective sample sizes get slightly improved. With DA-N and DA-E, we can expect the

resulted posterior samples to have slightly less variation as well as less correlation.

Table 1.4: Homogeneous Setting

b0 = 0.1 b0 = 1 b0 = 5

Root Mean Square Error (×103)

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 20.93 20.95 18.95 20.56 20.25 20.36 18.31 19.99 20.22 20.25 18.38 20.19
100 50 7.78 8.03 6.93 5.88 7.71 7.95 6.86 6.03 7.66 7.95 6.84 5.95
1000 10 6.54 6.53 5.95 7.13 6.58 6.54 6.01 7.26 6.38 6.36 5.80 6.87
1000 50 2.49 2.51 2.19 2.48 2.49 2.51 2.20 2.50 2.48 2.50 2.18 2.46

Effective Sample Size Ratio

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 0.32 0.33 0.32 0.04 0.32 0.32 0.32 0.04 0.32 0.32 0.32 0.04
100 50 0.08 0.08 0.07 0.01 0.08 0.08 0.07 0.01 0.08 0.08 0.07 0.01
1000 10 0.32 0.32 0.32 0.01 0.33 0.33 0.32 0.01 0.32 0.32 0.32 0.01
1000 50 0.08 0.08 0.07 0.01 0.08 0.07 0.07 0.01 0.08 0.08 0.07 0.01

Running Time

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 32.76 0.63 0.22 0.93 31.52 0.61 0.22 0.89 33.37 0.62 0.23 0.89
100 50 174.29 3.61 1.12 2.51 166.49 3.43 1.08 2.43 165.67 3.43 1.07 2.45
1000 10 236.33 5.13 1.31 9.47 206.65 4.59 1.21 8.70 204.72 4.62 1.22 8.79
1000 50 1099.74 30.67 6.18 26.05 1012.35 28.12 5.77 23.99 1014.13 28.14 5.75 23.90
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Table 1.5: Heterogeneous Setting

b0 = 0.1 b0 = 1 b0 = 5

Root Mean Square Error (×103)

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 82.76 82.25 76.54 82.34 82.56 81.90 77.33 83.49 81.95 82.11 78.46 86.96
100 50 81.50 81.41 75.83 553.05 78.53 78.39 73.47 553.83 81.99 81.98 79.15 553.38
1000 10 26.11 26.00 24.50 41.00 25.76 25.61 24.18 41.08 25.88 25.71 24.25 41.39
1000 50 24.80 24.79 23.19 553.35 25.22 25.11 23.66 553.30 25.26 25.21 23.71 552.86

Effective Sample Size Ratio

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 0.47 0.49 0.50 0.03 0.48 0.51 0.49 0.03 0.49 0.51 0.51 0.03
100 50 0.44 0.45 0.44 0.01 0.44 0.45 0.44 0.01 0.45 0.46 0.46 0.01
1000 10 0.48 0.50 0.50 0.02 0.47 0.50 0.50 0.01 0.47 0.50 0.50 0.01
1000 50 0.44 0.44 0.44 0.01 0.44 0.45 0.45 0.01 0.44 0.44 0.45 0.01

Running Time

S K DA DA-N DA-E MH DA DA-N DA-E MH DA DA-N DA-E MH

100 10 42.28 0.58 0.26 0.93 32.97 0.49 0.23 0.85 33.36 0.49 0.24 0.86
100 50 186.00 3.07 1.23 2.48 164.91 2.75 1.11 2.25 164.60 2.75 1.11 2.26
1000 10 230.54 3.69 1.27 8.92 205.64 3.33 1.18 8.41 204.56 3.34 1.18 8.51
1000 50 1104.85 22.43 6.25 24.09 1014.25 21.06 5.85 22.41 1013.74 21.06 5.86 22.46

1.5 Discussion

The class of Exponential Reciprocal Gamma (ERG) distributions are developed as mix-

ing distributions for models with Gamma functions. This adds to the literature on normal

variance-mean mixtures by showing that they extend to a wide class of applications. Our

ensuing data augmentation strategy facilitates full posterior inference for parameters in mod-

els which were hitherto hard to provide inference. The algorithms are scalable and are a

fast efficient simulation method for drawing from posterior distributions with applications

to many area, such as non-parametric Bayes, latent Dirichlet allocation, Gamma-Gamma

hierarchical models, extreme value models, and many other Bayesian mixture models.

The focus of our paper is on theoretical and algorithmic development of ERG auxiliary

variables. Our work contributes to the literature on scale mixtures of normals (see, e.g.,

(Andrews and Mallows, 1974; West, 1987; Polson, Scott, and Windle, 2013)). We believe

that the computational strategies developed here will provide the foundation for new and
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richly structured hierarchical gamma models. Applied Bayesian analyses of categorical data

will benefit from increased model flexibility and information borrowing strategies.

There are a number of avenues for future research. In particular, regularized scale allo-

cation models can be implemented using data augmentation methods of Polson and Scott

(2013) with ERG distribution. Barndorff-Nielsen, Blaesild, and Seshadri (1992) provide

multivariate GIG distribution theory and relationships with Poisson processes.

1.6 Appendix

1.6.1 Proof of Theorem 1

The generalized inverse Gaussian distribution, GIG(p, a, b), has probability density func-

tion

p (x) ∝ xp−1 exp

{
−1

2
(ax+ b/x)

}
, a, b, x > 0, p ∈ R.

It suffices to show that if Gk ∼ GIG
(
−3

2 , 2c
2, 1

2k2

)
, then the following integral identity

holds,

E(e−s
2Gk) =

(
k +
√
s2 + c2

k + c

)
e−
√
s2+c2−c
k .

The density of Gk given by

pk,c(x) = m (k, c)x−
5
2 exp

(
− 1

4k2x
− c2x

)
.

with normalizing constant,

m(k, c) =
1

Γ
(

3
2

) (2k)−3

ck−1 + 1
eck
−1
.
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It follows by the algebraic calculation,

∫ ∞
0

e−t
2xpk,c(x)dx = m(k, c)

∫ ∞
0

x−
5
2 exp

(
− 1

4k2
x−1 − (t2 + c2)x

)
dx

=
m(k, c)

m
(
k,
√
t2 + c2

)
=

(
√
t2 + c2k−1 + 1) exp

(√
t2 + c2k−1

)
(ck−1 + 1) exp(ck−1)

=

(
k +
√
t2 + c2

k + c

)
e−
√
t2+c2−c
k ,

as required.

1.6.2 Simulating ERG Random Variables

We consider below 3 different ways to generate independent random variables from ERG

distribution.

(a) Since Theorem 1, we can approximate an ERG(c) with the finite sum

XN =
N−1∑
k=1

GIG

(
−3

2
, 2c2,

1

2k2

)
+ Γ(aN , bN ) (1.16)

where the gamma random variable Γ(aN , bN ) are to approximate the tail part by

matching the first two moments given in Theorem 2. The shape and rate parameter

are

bN =
2c2 (ψ(N + c)− ψ(N))

ψ(N + c)− ψ(N)− cψ′(N + c)

aN =
bN
2c

(ψ(N + c)− ψ(N))

(b) Since the generation of i.i.d. inverse gamma variables is faster than that of GIG
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variables, for small values of c, we may consider rejection sampling with ERG(0) as

the proposal density.

1. Generate a sample W from ERG(0) using the method in (a) and U from Unif[0,1].

2. If U < e−c
2W , accept W as a sample drawn from ERG(c). Otherwise, reject W

and return to the sampling step.

(c) McLeish (2014) shows that one can simulate random variables using the saddlepoint

approximation, given the cumulant generating function k(t) = logE(etW ) is known.

The saddlepoint approximation is

P (W ≤ x) ≈ Φ(w) + φ(w)

(
1

w
− 1

u

)
w = w(t) = sgn(t)

√
2(tk′(t)− k(t))

u = u(t) = t
√
k′′(t)

where t solves k′(t) = x. Φ(·) and φ(·) are the cdf and density of standard normal dis-

tribution. We can first generate a random variable T using inverse transform method,

such that its cdf F (t) = Φ(w(t)) + φ(w(t))
(

1
w(t)
− 1

u(t)

)
, then W = k′(T ) has cdf

given by the saddlepoint approximation above.

1. Genearte a sample U from Unif[0,1].
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2. Solve U = F (t) using Newton-Raphson iteration

tn+1 = tn −
F (tn)− U√
k′′(tn)φ(w(tn))

k(t) = −γ
√
c2 − t− ln Γ(1 +

√
c2 − t) + (γc+ ln Γ(1 + c))

k′(t) =
γ + ψ(1 +

√
c2 − t)

2
√
c2 − t

k′′(t) =
γ + ψ(1 +

√
c2 − t)−

√
c2 − tψ′(1 +

√
c2 − t)

4(c2 − t)3/2

3. W = k′(t).

1.6.3 Simulating PTN Random Variables

The probability density of a random variable PTN(p, a, b) is given as

p(x | p, a, b) =
xp−1e−ax

2+bx∫∞
0 xp−1e−ax2+bxdx

, (x, p, a > 0, b 6= 0).

Note that we can write it as a multiplication

p(x | p, a, b) =
xp−1e−ax

2+bx∫∞
0 xp−1e−ax2+bxdx

=
xp−1e−(τ |b|−b)xe−a(x−τ |b|/2a)2∫∞

0 xp−1e−(τ |b|−b)xe−a(x−τ |b|/2a)2
dx

= ce−a(x−τ |b|/2a)2
g(x | p, τ |b| − b)

where g(x|p, b) is the density of a gamma random variable with shape p and rate τ |b|−b > 0.

0 ≤ e−a(x−τ |b|/2a)2
≤ 1, c =

∫∞
0 xp−1e−(τ |b|−b)xdx∫∞

0 xp−1e−(τ |b|−b)xe−a(x−τ |b|/2a)2
dx
≥ 1

We sample from p(x | p, a, b) by rejection method:
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1. Generate X ∼ Γ(p, τ |b| − b) and U ∼ Unif [0, 1]

2. Return X until U ≤ e−a(X−τ |b|/2a)2
.

If b > 0, we set τ =
√

1/4 + 2ap/b2 + 1/2; if b < 0, we set τ =
√

1/4 + 2ap/b2 − 1/2. Then

e−a(E(X)−τ |b|/2a)2
= 1.

1.6.4 Approximating Gibbs Sampler

If g`(x) = g(x) for all ` (similarly for h and j), and L,M,N are all very large, then an

approximate Gibbs sampler based on the conditional posterior in Proposition 2 is

1. Initialize ã(0), b̃(0).

2. At step t, sample (ã(t), b̃(t)) from N(µa(t), σ2
a(t)) and N(µb(t), σ

2
b (t)) respectively,

where

µa(t) = a+
M(h′(0))2

2h(x(t−1))

(
ψ(1 + h(x(t−1))) + γ

)
µb(t) = b+ Lg′(0)ψ(g(x(t−1))) +Mγh′(0)− 2(µa(t)− a)+

Nj′(0)
(
ψ(j(x(t−1)))− ψ(j(x(t−1)) + βn)

)
σ2
a(t) =

M(h′(0))4

4(h(x(t−1)))3

(
ψ(1 + h(x(t−1))) + γ − h(x(t−1))ψ′(1 + h(x(t−1)))

)
σ2
b (t) = L(g′(0))2ψ′(g(x(t−1))) + 4(h′(0))2σ2

a(t)

+N(j′(0))2
(
ψ′(j(x(t−1)))− ψ′(j(x(t−1)) + βn)

)

3. Sample x(t) from
∑M
m=0 πk · PTN(p+m, ã(t), b̃(t)).
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CHAPTER 2

WEIGHTED BAYESIAN BOOTSTRAP FOR SCALABLE

POSTERIOR DISTRIBUTIONS

We introduce and develop a weighted Bayesian bootstrap (WBB) for machine learning

and statistics. WBB provides uncertainty quantification by sampling from a high dimensional

posterior distribution. WBB is computationally fast and scalable using only off-the-shelf

optimization software. First-order asymptotic analysis provides a theoretical justification

under suitable regularity conditions on the statistical model. We illustrate the proposed

methodology in regularized regression, trend filtering and deep learning and conclude with

directions for future research.

Key Words: Deep learning, Markov chain Monte Carlo, Regularization, Trend Filtering,

Weighted Bootstrap.
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2.1 Introduction

Weighted Bayesian Bootstrap (WBB) is a simulation-based algorithm for assessing un-

certainty in Machine Learning and Statistics. Uncertainty quantification (UQ) is an active

area of research, particularly in high-dimensional inference problems (Wang & Swiler, 2018).

Whilst there are computationally fast and scalable algorithms for training models in a wide

variety of contexts, uncertainty assessments are still required, as are methods to compute

these assessments. Bayesian analysis offers a general solution, but developing computa-

tionally fast scalable algorithms for sampling a posterior distribution is a notoriously hard

problem. WBB makes a contribution to this literature by showing how off-the-shelf optimiza-

tion algorithms, such as convex optimization or stochastic gradient descent (SGD), can be

adapted to provide uncertainty assessments. Our goal here is to marry Bayesian uncertainty

techniques with state-of-the-art optimization methods and software systems.

For relatively simple statistical models, the weighted likelihood bootstrap (WLB) method

provides approximate posterior sampling through repeated optimization of a randoml weight

likelihood function (Newton & Raftery, 1994). The proposed WBB extends the WLB to

a broad class of contemporary statistical models by leveraging advances in optimization

methodology. Essentially, the WLB used optimization of certain randomized objective func-

tions to enable approximate marginalization (i.e., integration) required in Bayesian analysis.

The same idea – optimize a randomized objective function to achieve posterior sampling –

is at the heart of the proposed WBB method, though some changes to the WLB procedure

are required to carry out this program for the models considered. Theoretical support for

the WLB approximation is based on connections between posterior variation and curvature

of the log-likelihood revealed through repeated optimization of randomly weighted likeli-

hoods. By contrast, the proposed WBB calculates a series of randomized posterior modes

rather than randomized likelihood maximizers. A key rationale for this proposal is that

high dimensional posterior modes are now readily computable, thanks to systems such as
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TensorFlow (Abadi et al., 2015) and Keras (Chollet, 2015) that deploy stochastic gradient

descent (SGD) and convex optimization methods for large-scale problems, such as on neural

network architectures used in deep learning (LeCun, Bengio, & Hinton, 2015). By linking

random weighting with advanced optimization, we expose a simple scheme for approximate

uncertainty quantification in a wide class of statistical models.

Quantifying uncertainty is typically unavailable in a purely regularization optimization

method. We contend that UQ is available directly by repeated optimization of randomized

objective functions, using the same computational tools that produce the primary estimate,

rather than through Markov chain Monte Carlo, variational methods, approximate Bayesian

computation, or other techniques. See Green et al. (2015) for a good summary of Bayesian

computation history. Thus, uncertainty assessments are provided at little extra effort over

the original training computations. A further benefit is that with extra computational cost,

it is straightforward to add a regularization path across hyper-parameters (e.g., simply repeat

WBB on different λ), which is usually difficult to compute in traditional Bayesian sensitivity

analysis. We use predictive cross-validation techniques in this regard.

The rest of the paper is outlined as follows. Section 2 develops our weighted Bayesian

Bootstrap (WBB) algorithm. Section 3 provides applications to high dimensional sparse re-

gression, trend filtering and deep learning. WBB can also be applied to Bayesian tree models

(Taddy et al., 2015). Section 4 indicates several directions for future research, including

bootstrap filters in state-space models (Gordon, Salmond, & Smith, 1993) and connections

to the resampling-sampling perspective in sequential Bayesian inference (Lopes, Polson, &

Carvalho, 2012).
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2.2 Weighted Bayesian Bootstrap

2.2.1 Setting

We work with a broad class of statistical models for data structures involving outcomes

and covariates. Examples considered in Section 3 include regression, trend-filtering, and deep

learning. Let y = (y1, y2, · · · , yn) be an n-vector of outcomes and let θ = (θ1, θ2, ..., θp) be a

p-dimensional parameter of interest. Covariate data may be organized in an n× p matrix A

whose rows are the design points (or “features”) aTi where we index observations by i and

parameters by j. A large number of estimation/training problems can be expressed in the

form

minimize
θ∈Rd

L(θ) := l(y|θ) + λφ(θ) (2.1)

where l(y|θ) =
∑n
i=1 li(yi|θ) is a measure of fit (or “empirical risk function”) depending

on θ and y and implicitly on A. The penalty function, or regularization term, λφ(θ), may

encode soft or hard constraints, and is controlled by a hyper-parameter, λ > 0, whose values

index an entire path of solutions. The penalty function φ(θ) effects a favorable bias-variance

estimation tradeoff and provides extensive modeling flexibility (Wellner & Zhang, 2012).

To accommodate contemporary applications we allow φ(θ) to have points in its domain

where it fails to be differentiable (e.g., L1 norm). If we treat data, y, as arising from a

probabilistic model parameterized by θ, then the likelihood function p(y|θ) yields the model-

associated measure of fit l(y|θ) = − log p(y|θ). The maximum likelihood estimator (MLE) is

θ̂ := argmaxθ p(y|θ), though of course this usually differs from the solution to Equation (2.1):

θ∗ := arg min {l(y|θ) + λφ(θ)}]. We recall a key duality between regularization and Bayesian

analysis.
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2.2.2 Bayesian Regularization Duality

From the Bayesian perspective, the measure of fit, l(y|θ) = − log p(y|θ), and the penalty

function, λφ(θ), correspond to the negative logarithms of the likelihood and prior distribution

in the model

p(y|θ) ∝ exp{−l(y|θ)} ,

p(θ) ∝ exp{−λφ(θ)},

p(θ|y) ∝ exp{−(l(y|θ) + λφ(θ))}. (2.2)

This posterior p(θ|y) is often a proper distribution over Rd, even if the prior p(θ) is not

proper. The well-known equivalence between regularization and Bayesian methods is seen,

for example, in regression with a Gaussian regression model subject to a penalty such as

an L2-norm (ridge) Gaussian prior or L1-norm (LASSO) double exponential prior. By this

duality, the posterior mode, or maximum a posteriori (MAP) estimate, is θ∗, a solution

to Equation (2.1). See Gribonval & Machart (2013) for a nuanced view of the connection

between Equation (2.1) and Equation (2.2) in Gaussian regression models.

2.2.3 Optimization

Advances in optimization methodology provide efficient algorithms to compute θ∗ =

arg minL(θ) for a wide range of loss and penalty functions. Theory is well developed in

the case of convex objective functions (e.g., Bertsekas, Nedi, & Ozdaglar, 2003; Boyd &

Vandenberghe, 2004). For example if loss l is convex and differentiable in θ and penalty φ

is convex, then a necessary and sufficient condition for θ∗ to minimize l(y|θ) + λφ(θ) is

0 ∈ ∂ {l(y|θ∗) + λφ(θ∗)} = ∇l(y|θ∗) + λ∂φ(θ∗) (2.3)
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where ∂ is the subdifferential operator (the set of subgradients of the objective), in this case

the sum of a point and a set. Though not a formula for θ∗, such as given by the normal

equations in linear regression, Equation (2.3) usefully guides algorithms that aim to solve

θ∗. For example, under separability conditions on the penalty function, coordinate descent

algorithms effectively solve for θ∗; see Wright (2015), or Hastie, Tibshirani, & Wainwright

(2015, chap. 5) for a statistical perspective. The optimization literature also characterizes

θ∗ as the fixed point of a proximal operator proxγL(θ) = arg minz{L(z) − 1
2γ ||z − θ||22},

which opens the door to powerful MM algorithms and related schemes; see Lange (2016,

chap. 5), Polson & Scott (2015), and Polson, Scott, & Willard (2015). Beyond convexity,

the guarantees are weaker (e.g., local not global minima) and the algorithms are many

(e.g., Nocedal & Wright, 2006). Gradient descent or stochastic gradient descent (SGD) are

effective in many cases, owing to parameter dimensionality and structure of the gradients.

The appendix develops SGD for one example.

Advances in applied optimization provide effective software tools for data analysis. For

example, the R package glmnet deploys coordinate descent for loss functions arising from gen-

eralized linear models and LASSO or elastic net penalties (Friedman, Hastie, & Tibshirani,

2010). To solve the generalized LASSO problem, the R package genlasso deploys a dual path

algorithm (Arnold & Tibshirani, 2014). A variety of general purpose optimization tools for

statistics are compiled at the optimization view at CRAN (https://cran.r-project.org).

For machine learning, the TensorFlow system has greatly simplified gradient descent, SGD,

and related algorithms for many applications (Abadi et al., 2015).
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2.2.4 WBB Algorithm

We now define the weighted Bayesian bootstrap (WBB). Recalling the original objective

function Equation (2.1), we form the randomized objective

Lw(θ) =

{
n∑
i=1

wili(yi|θ)

}
+ λw0φ(θ) (2.4)

where entries of w = (w0, w1, · · · , wn) are independent and identically distributed (i.i.d.)

standard exponentially distributed random weights, generated by the analyst and indepen-

dently from the data y. Equivalently, wi = log(1/ui) where ui’s are i.i.d. Uniform(0, 1).

When p is relatively large and φ(θ) is separable as φ(θ) =
∑p
j=1 φj(θj), we recommend

an extension in which w0 = (w0,1, w0,2, · · · , w0,p) allows separate i.i.d. random weights on

the prior regularization terms φj(θj), namely λ
∑p
j=1w0,jφj(θj), to help with sparsity and

to reduce the effect of occasionally large scalar weight. In either case, associated with any

vector w is the solution, θ∗w = arg minLw(θ). Our basic conjecture is that the conditional

distribution of θ∗w – the distribution induced by w with the data fixed – approximates the

Bayesian posterior Equation (2.2). For any measurable set B in the parameter space,

Pr (θ∗w ∈ B|y) ≈
∫
B
p(θ|y) dθ. (2.5)

Section 2.5 provides an asymptotic argument in support of Equation (2.5), and we investigate

the approximation numerically in a few examples in Section 3. Assuming this conjecture

is true, we have a straightforward optimization-based algorithm for approximate posterior

sampling:
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Algorithm 1 Weighted Bayesian Bootstrap
Input:

data: D = (y, A)

model structure: M = ({li}, λ, φ)

number of draws: T

Output: T parameter samples {θ∗,t}

Function WBB(D,M, T ):

for all t = 1 to T do

Realize: (u1, · · · , un) ∼i.i.d. Uniform(0, 1)

Construct: wi ← log(1/ui),∀i.

Independently construct w0 as either a univariate Exponential (common weight case)

or as a vector of i.i.d. Exponentials (separate weights case)

Set w = (w0, w1, · · · , wn)

Compute: θ∗,t ← arg minLw(θ)

end for

When optimization on the original problem Equation (2.1) is fast and scalable, so too is

the WBB. Weights w and the corresponding θ∗w are independent across t, making it possible

to speed up the algorithm via parallel computing. To choose the amount of regulariza-

tion λ which is assumed to be fixed for all sets of w, we can use the marginal likelihood

mλ(y), estimated by bridge sampling (Gelman & Meng, 1998) or simply using predictive

cross-validation. Next we consider the approximation Equation (2.5) from an asymptotic

perspective.
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2.2.5 WBB Properties

Conditions under which the target posterior distribution Equation (2.2) is approximately

Gaussian are well established (Kleijn & van der Vaart, 2012). For example, when data form

a random sample from fixed distribution p(yi|θ0) that resides in a sufficiently regular model,

and when the prior is smooth and positive around θ0 ∈ Rp, we have

θ| y ∼approx Np

(
θ∗n, J

−1
n (θ∗n)

)
, (2.6)

where, including sample size n as an explicit subscript, we have posterior mode θ∗n =

arg minLn(θ), and where Jn(θ∗n) = nj(θ∗n) is the Fisher information matrix evaluated at

θ∗n. Here j(θ) is the information per sample, and y = (y1, · · · , yn) denotes data. Johnstone

(2010) studies Bernstein-von Mises theorem in high dimensional settings where p grows with

n and the situation is very different. Centering on the posterior mode, rather than the MLE,

improves accuracy in many cases (Bertail & Lo, 1991).

As to the WBB distribution, consider a one-term Taylor expansion of ∇Lw,n(θ) about

the posterior mode θ∗n, which is allowable for sufficiently smooth loss and penalty terms:

∇Lw,n(θ) = ∇Lw,n(θ∗n) +∇2Lw,n(θ∗n)(θ − θ∗n) +Rn (2.7)

where Rn is an error term and ∇ and ∇2 record the gradient vector and matrix of second

partial derivatives, respectively, of the weighted objective function. Evaluating this expan-

sion at θ∗w,n = arg minLw,n(θ) zeros out the left hand side of Equation (2.7) and leads

to:

√
n
(
θ∗w,n − θ∗n

)
= −

(
1

n
∇2Lw,n(θ∗n)

)−1( 1√
n
∇Lw,n(θ∗n)

)
+ R̃n (2.8)

where R̃n is another error term. Following Newton & Raftery (1994), we recognize that the
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w-induced variation in Equation (2.8), conditional upon the data, causes the matrix factor

to be approximately the inverse information [Jn(θ∗n)]−1, the score-like second factor to be

approximately mean-zero Gaussian with covariance equal to Jn(θ∗n), and the error R̃n to be

negligible. Thus, compared to the target posterior variation Equation (2.6), we have WBB

variation:

θ∗w,n
∣∣ y ∼approx Np

(
θ∗n, J

−1
n (θ∗n)

)
.

In a relatively narrow asymptotic sense, therefore, the WBB procedure is approximating the

target posterior distribution, as both are approximately Gaussian with the same mean and

covariance. Details of the asymptotic analysis follow the WLB case presented in Newton &

Raftery (1994), and differ only slightly in our use of the posterior mode θ∗n in place of the

maximum likelihood estimator θ̂n, and also in our incorporation of weight w0 on the penalty

term of the objective function. At this level of first-order asymptotic analysis, neither of

these features affects the limiting conditional Gaussian distribution of θ∗w,n.

We note that rescaling in Equation (2.4) has no effect on solutions θ∗w,n, and so it is

equivalent in the construction to use normalized weights w̃ that sum to unity. Such w̃

are uniformly distributed over the unit simplex, and thus correspond to a specific Dirichlet

distribution. Exponential/Dirichlet weights are motivated from the perspective of both in-

ference, related to the original Bayesian bootstrap (Rubin, 1981; Muliere & Secchi, 1996),

and computation, owing to benefits of smoothly varying weights. Other weight distributions

may also be effective (Barbe & Bertail, 2012).

We aim to use WBB samples as approximate posterior samples for uncertainty quantifica-

tion. It remains unknown in general what is the relationship between this WBB distribution

and the posterior distribution associated with any specific prior. The first-order asymptotic

approximation above is constructed so that the prior structure is asymptotically negligible;

one could say, then, that WBB approximates any one of a number of different posterior
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distributions. In particular, the WBB samples may not provide a close approximation to the

posterior formed from the same prior as used in the penalty term in the objective function.

We deploy numerical experiments to understand the approximation better in finite samples.

2.3 Numerical experiments

We illustrate the proposed methodology with a number of scenarios to assess the quality

of the WBB approximation.

2.3.1 LASSO Experiment

First, consider a simple univariate normal means problem with a LASSO prior where

y|θ ∼ N(θ, 12), θ ∼ Laplace(0, 1/λ).

Given the i.i.d. exponential weights w1 and w0, the weighted posterior mode θ∗w is given by

θ∗w = arg min
θ∈Θ

{w1

2
(y − θ)2 + λw0|θ|

}
.

This is sufficiently simple for an exact WBB solution in terms of the soft thresholding

proximal operator:

θ∗w =


y − λw0/w1 if y > λw0/w1,

y + λw0/w1 if y < −λw0/w1,

0 if |y| ≤ λw0/w1.

The WBB mean Ew(θ∗w|y) is approximated by the sample mean of {θ∗,tw }Tt=1. On the other
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Figure 2.1: Normal Means Model with LASSO Prior

WBB mean Ew(θ∗w|y) (in solid lines) versus exact posterior mean E(θ|y) (in dashed lines).
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hand, Mitchell (1994) gives the expression for the posterior mean,

E(θ|y) =

∫∞
−∞ θ exp

{
−(y − θ)2/2− λ|θ|

}
dθ∫∞

−∞ exp
{
−(y − θ)2/2− λ|θ|

}
dθ

=
F (y)

F (y) + F (−y)
(y + λ) +

F (−y)

F (y) + F (−y)
(y − λ)

= y +
F (y)− F (−y)

F (y) + F (−y)
λ

where F (y) = exp(y)Φ(−y − λ) and Φ(·) is the c.d.f. of standard normal distribution.

We plot the WBB mean versus the exact posterior mean in Figure 2.1. Interestingly, the

WBB algorithm shrinks the posterior means towards zero. WBB samples are approximate

posterior draws, though the algorithm structure does not permit a clear description of the

prior that is in force for this sampled distribution. Whatever is this effective prior, it may be

different from the prior encoded in the penalty used in repeated optimization, as the result
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in Figure 1 suggests.

A simulation study is conducted in order to further investigate WBB in the context of

regression. We simulate data from the linear model,

y = Xβ + ε, ε ∼ N(0, σ2
ε I)

where X is n × p and y is n × 1. The design matrix X is generated by drawing its n rows

independently from a p-dimensional normal distribution, N(0,Σ). Within each row, the

covariance between entries in columns i and j is set to be Σi,j = 0.1 × 0.8|i−j|. Further

we set the noise variance σ2
ε = ‖Xβ‖22/(2n). In this setting, the signal-to-noise ratio is 2.

Figure 2.2 displays WBB samples (kernel density estimates) and posteriors via MCMC in one

of the simulation settings; n = 50, p = 2, σ2
ε = 1,Σ = [[1, 0.3]′, [0.3, 1]′] and β1 = 0, β2 = 2.

The WBB (on the L1, LASSO prior penalty) is compared to posteriors computed via MCMC

under several different priors: the same L1 prior encoded in the WBB penalty, and also two

L0 penalties, p(β) ∝ exp{−λ‖β‖0} and p(β) ∝ exp{−5λ‖β‖0} (Polson & Sun, 2019). The

WBB samples entail a spike at β1 = 0, indicating a positive probability mass in the effective

prior. No such posterior mass is evident in the L0 priors nor possible in the L1 prior.

Next we use the simulation to compare WBB distributions to MCMC-computed pos-

teriors in a range of regression settings. We consider both sparse and dense cases for the

coefficient vector β = [β1, β2, ..., βp]
′:

A(i). βj = 1 for 1 ≤ j ≤ 10 and βj = 0 for j > 10.

A(ii). βj = 1 for 1 ≤ j ≤ 5, βj = 10 for 6 ≤ j ≤ 10 and βj = 0 for j > 10.

B. βj = 1 for 1 ≤ j ≤ p.

For each setting of β, we consider p = 40, 60, 80, 100, 120. To investigate the performance of

WBB under different sample sizes, we also choose two settings of n: n = 100 for all p, or

n = p/2 for all p.
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Figure 2.2: WBB Samples Under LASSO Penalty

Compared with posteriors under LASSO prior and L0 prior computed by MCMC.
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We compare the WBB with LASSO prior and separate weights to Markov chain Monte

Carlo under the Bayesian LASSO (Park & Casella, 2008; Carlin & Polson, 1991). The two

methods entail different prior penalties:

WBB : λφ(β|w) = λ

p∑
j=1

w0,j |βj |,

BLASSO : φ(β|σ2) = − log

(
λ

2σ

)
+
λ

σ

p∑
j=1

|βj |.

Bayesian LASSO imposes a noninformative marginal prior on σ2, π(σ2) = 1/σ2 and the

posterior distribution is sampled by a Gibbs sampler, with λ chosen by maximizing the

marginal likelihood. In WBB, λ is chosen via cross-validation, using standard unweighted

LASSO. Here the original LASSO prior is separable and we study the separate-weights

version of WBB. In high-dimensional cases, a large common w0 multiplied to φ(β) can

introduce extra sparsity to all marginal posteriors. We use separate weights in an effort to
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overcome this issue. For comparison criteria, we present the estimation MSE of coefficients

β (use posterior mean as our estimate), out-of-sample prediction MSE (test sets are of the

same size as the corresponding training sets), and 95% credible interval coverage. Fixing

(p, n, β), we draw T = 200 posterior samples by each method and the estimation procedure

is repeated over B = 500 independent datasets {(X, y)(b)}Bb=1. Let β∗,t(b) denote the t-th

posterior draw, with respect to the b-th dataset. For each coordinate j, coverage is calculated

using {β∗,tj (b) : 1 ≤ t ≤ T, 1 ≤ b ≤ B}. The coverages are then averaged across 1 ≤ j ≤ p.

Table 2.1: Coefficient Estimation Mean Squared Error (MSE)

p 40 60 80 100 120

n = 50
A(i) BLASSO 0.13 0.09 0.06 0.05 0.04

WBB 0.19 0.06 0.05 0.04 0.03

A(ii) BLASSO 5.59 3.74 2.90 2.33 1.96
WBB 7.40 2.89 2.31 1.90 1.62

B BLASSO 0.67 0.67 0.68 0.70 0.70
WBB 1.77 0.49 0.50 0.51 0.52

n = p/2
A(i) BLASSO 0.13 0.08 0.06 - 0.05

WBB 0.14 0.08 0.05 - 0.03

A(ii) BLASSO 6.88 4.09 2.88 - 1.94
WBB 6.58 3.80 2.53 - 1.47

B BLASSO 0.52 0.56 0.64 - 0.74
WBB 0.68 0.62 0.55 - 0.48

Table 2.2: Out-of-sample Prediction Mean Squared Error (MSE)

p 40 60 80 100 120

n = 50
A(i) BLASSO 3.35 3.42 3.43 3.61 3.68

WBB 3.34 3.37 3.40 3.60 3.72

A(ii) BLASSO 119.65 124.03 130.49 132.21 135.46
WBB 121.45 123.40 129.89 134.04 140.44

B BLASSO 20.24 33.18 46.75 61.86 80.57
WBB 20.61 32.47 46.27 60.59 78.71

n = p/2
A(i) BLASSO 4.55 4.15 3.83 - 3.61

WBB 3.65 3.75 3.66 - 3.65

A(ii) BLASSO 180.56 153.56 136.82 - 128.39
WBB 145.73 141.35 133.66 - 132.23

B BLASSO 26.35 39.23 50.77 - 73.63
WBB 21.80 34.82 47.76 - 75.29

The complete results for estimation error, out-of-sample prediction error, and credible

interval coverage are displayed in Tables 1, 2, and 3, respectively. In almost all cases when

p ≥ 60, WBB has lower estimation error than BLASSO. WBB shows comparable or superior
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Table 2.3: 95% Credible Interval Coverage

p 40 60 80 100 120

n = 50
A(i) BLASSO 0.91 0.92 0.93 0.94 0.94

WBB 0.92 0.92 0.93 0.94 0.95

A(ii) BLASSO 0.91 0.93 0.95 0.96 0.96
WBB 0.91 0.92 0.94 0.94 0.95

B BLASSO 1.00 1.00 1.00 1.00 1.00
WBB 0.95 0.96 0.94 0.93 0.91

n = p/2
A(i) BLASSO 0.93 0.93 0.94 - 0.94

WBB 0.91 0.92 0.93 - 0.94

A(ii) BLASSO 0.92 0.94 0.95 - 0.96
WBB 0.91 0.93 0.94 - 0.95

B BLASSO 1.00 1.00 1.00 - 1.00
WBB 0.94 0.93 0.93 - 0.92

out-of-sample prediction in most cases. Credible intervals of neither WBB nor BLASSO have

exact 95% coverage. WBB performs well when p ≥ 100 and β is sparse, though it often under

covers. When βj = 1 for all 1 ≤ j ≤ p, BLASSO intervals are too wide while WBB intervals

have coverage close to 95% when 40 ≤ p ≤ 80. Though limited in scope, this simulation

reveals some distinctions and also broad similarities between WBB and Bayesian LASSO in

both posterior structure and the sampling performance of approximate posterior summaries.

It may provide a useful basis for further methodological development. Serial computations

were used in the simulation above, and WBB was slightly slower than BLASSO (by a factor of

1.5 on CPU time); the computational advantage of WBB shows up in parallel computations,

since weight vectors induce separate optimizations.

2.3.2 Diabetes Data

To further illustrate the WBB methodology, we apply it to the often-analyzed diabetes

dataset (Efron et al., 2004). Data from n = 442 diabetes patients are available, with response

a measure of disease progression and with 10 baseline variables (p = 10), including age, sex,

body mass index, average blood pressure, and six blood serum measurements. We apply

Algorithm 1 with T = 1000. (R code is in Supplementary Material file.) For each weight

vector w, the WBB estimate β∗w is calculated using Equation (2.9) via the regularization
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method in the package glmnet.

β
∗,common
w := arg min

β

n∑
i=1

wi(yi − x′iβ)2 + λw0

p∑
j=1

|βj | . (2.9)

The regularization factor λ is chosen by cross-validation with unweighted likelihood. The

WBB is also performed with separate weights on each |βj |,

β
∗,separate
w := arg min

β

n∑
i=1

wi(yi − x′iβ)2 + λ

p∑
j=1

w0,j |βj | .

As in the simulation study, WBB is compared to the Bayesian LASSO.

Figure 2.3 shows the results of all these three methods (the WBB with common/separate

weight on prior terms , and Bayesian LASSO). Marginal posteriors for βj ’s are presented.

For some coefficients there is very good agreement among the methods (e.g., bmi and map).

One notable feature is that the WBB tends to introduce less sparsity than Bayesian LASSO.

For example, the Bayesian LASSO posteriors of age, tc, ldl, tch and glu have higher

spikes near zero compared with the WBB.

2.3.3 Trend Filtering

The generalized LASSO solves the optimization problem:

β∗ = arg min
β

{l(y|β) + λφ(β)}

= arg min
β

1

2
‖y −Xβ‖22 + λ‖Dβ‖1

where l(y|β) = 1
2‖y − Xβ‖

2
2 is the negative log-likelihood. D ∈ Rm×p is a penalty matrix

and λφ(β) = λ‖Dβ‖1 is the negative log-prior or regularization penalty. There are fast path

algorithms for solving this problem (see genlasso package).
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Figure 2.3: Diabetes Example

The WBB (with common prior weight (blue) and separate prior weights (green)) and Bayesian LASSO (red)
are used to draw from the marginal posteriors for βj ’s, j = 1,2,...10.
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As a subproblem, polynomial trend filtering (Tibshirani, 2014; Polson & Scott, 2015)

allows for piece-wise polynomial curve-fitting, where the knots and the parameters are chosen

adaptively. Intuitively, the trend-filtering estimator is similar to an adaptive spline model:

it penalizes the discrete derivative of order k, resulting in piecewise polynomials of higher

degree for larger k.

Specifically, X = Ip in the trend filtering setting and the data y = (y1, ..., yp) are assumed
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Figure 2.4: Cubic Trend Filtering

The red line is β̂i for i = 1, 2, ...500; the blue line is β̂i ± 2× se where the standard errors are computed by
WBB; λ = 1000.
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to be meaningfully ordered from 1 to p. The penalty matrix is specially designed by the

discrete (k + 1)-th order derivative,

D(1) =

−1 1 0 . . . 0 0
0 −1 1 . . . 0 0
. . . . . . . . . . . . . . . . . . . .
0 0 0 . . . −1 1


(p−1)×p

and D(k+1) = D(1)D(k) for k = 1, 2, 3.... For example, the log-prior in linear trend filtering

is explicitly written as λ
∑p−2
i=1 |βi+2 − 2βi+1 + βi|. For a general order k > 1,

‖D(k+1)β‖1 =

p−k−1∑
i=1

∣∣∣ i+k+1∑
j=i

(−1)(j−i)
(
k + 1

j − i

)
βj

∣∣∣.
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WBB solves the following generalized LASSO problem in each draw:

β∗w = arg min
β

1

2

p∑
i=1

wi(yi − βi)2 + λw0‖D(k)β‖1

= arg min
β

1

2
‖Wy −Wβ‖22 + λ‖D(k)β‖1

= W−1arg min
β̃

1

2
‖ỹw − β̃w‖22 + λ‖D̃(k)

w β̃w‖1

where W = diag
(√

w1, · · · ,
√
wp
)
/
√
w0 and

ỹw = Wy, β̃w = Wβ, D̃
(k)
w = D(k)W−1.

To illustrate, we simulate data yi from a Fourier series regression

yi = sin

(
4π

500
i

)
exp

(
3

500
i

)
+ εi

for i = 1, 2, · · · , n = 500, where εi ∼ N(0, 22) are i.i.d. Gaussian deviates. The cubic

trend filtering result is given in Figure 2.4. For each i, the WBB gives a group of estimates{
β
∗,t
w (i)

}T
t=1

where T is the total number of draws. The standard deviation of these weighted

solutions constitutes a posterior standard deviation, or essentially a standard error for the

estimator β̂i.

2.3.4 Deep Learning: MNIST Example

Deep learning is a form of machine learning that uses hierarchical abstract layers of latent

variables to perform pattern matching and prediction. A Bayesian probabilistic perspective

provides a number of insights into more efficient algorithms for optimization and hyper-

parameter tuning. The general goal is to find a predictor of an output y given a high

dimensional input x. For a classification problem, y ∈ {1, 2, ..., K} is a discrete variable and
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can be coded as a K-dimensional 0-1 vector. The model is as follows. Let z(l) denote the

l-th layer, and so x = z(0). The final output is the response y, which can be numeric or

categorical. A deep prediction rule (Polson & Sokolov, 2017) is then

z(1) = f (1)
(
W (0)x+ b(0)

)
,

z(2) = f (2)
(
W (1)z(1) + b(1)

)
,

· · ·

z(L) = f (L)
(
W (L−1)z(L−1) + b(L−1)

)
,

ŷ(x) = z(L).

Here, W (l) are weight matrices, and b(l) are threshold or activation levels. f (l) is the acti-

vation function. Probabilistically, the output y in a classification problem is generated by a

probability model

p(y|x,W, b) ∝ exp{−l(y|x,W, b)}

where l(y|x,W, b) =
∑n
i=1 li(yi|xi,W, b) is the negative cross-entropy,

li(yi|xi,W, b) = li(yi, ŷ(xi)) =
K∑
k=1

yik log ŷk(xi)

where yik is 0 or 1. Adding the negative log-prior λφ(W, b), the objective function (negative

log-posterior) to be minimized by stochastic gradient descent is

Lλ(y, ŷ) =
n∑
i=1

li(yi, ŷ(xi)) + λφ(W, b).
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Accordingly, with each draw of weights w, WBB provides the estimates (W ∗w, b
∗
w) by solving

the following optimization problem:

(W ∗w, b
∗
w) = arg min

W,b

n∑
i=1

wili(yi|xi,W, b) + λw0φ(W, b).

We take the classic MNIST example (LeCun & Cortes, 2010) to illustrate the application

of WBB in deep learning. The MNIST database of handwritten digits, available from Yann

LeCun’s website, has 60,000 training examples and 10,000 test examples. Here the high-

dimensional x is a normalized and centered fixed-size (28 × 28) image and the output ŷ is

a 10-dimensional vector, where i-th coordinate corresponds to the probability of that image

being the i-th digit.

For simplicity, we build a 2-layer neural network with layer sizes 128 and 64 respectively.

Therefore, the dimensions of parameters are

W (0) ∈ R128×784, b(0) ∈ R128,

W (1) ∈ R64×128, b(1) ∈ R64,

W (2) ∈ R10×64, b(0) ∈ R10.

The activation function f (i) is ReLU, f(x) = max{0, x}, and the negative log-prior is speci-

fied as

λφ(W, b) = λ
2∑
l=0

‖W (l)‖22

where we manually set λ = 10−4. Figure 2.5 shows the posterior distribution of the classi-

fication accuracy in the test dataset. We see that the test accuracies are centered around

0.75 and the posterior distribution is left-skewed. Furthermore, the accuracy is higher than

0.35 in 99% of the cases. The 95% interval is [0.407, 0.893]. Due to the simple 2-layer

neural network structure, the classification accuracy is admittedly low compared with the
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Figure 2.5: Posterior Distribution of the Classification Accuracy by WBB

0

1

2

3

0.00 0.25 0.50 0.75 1.00
accuracy

de
ns

ity

state-of-the-art (e.g., Liang & Hu, 2015). This illustrative example shows how WBB can

be easily implemented in deep learning. Implementing Variational Bayes in deep learning is

discussed in Polson & Sokolov (2017).

2.4 Discussion

Weighted Bayesian Bootstrap (WBB) provides a computationally attractive solution to

scalable Bayesian inference (Minsker et al., 2014; Welling & Teh, 2011) whilst accounting

for parameter uncertainty by maximizing a weighted posterior distribution. WBB can also

be used in conjunction with proximal methods (Parikh & Boyd, 2013; Polson, Scott, &

Willard, 2015) to provide sparsity in high dimensional statistical problems. With a similar

ease of computation, WBB provides an alternative to approximate Bayesian computation

(ABC) methods (Beaumont, 2009) and variational Bayes (VB) methods (Blei, Kucukelbir,

& McAuliffe, 2017). A fruitful area for future research is the comparison of WBB to recent

extensions of the weighted likelihood bootstrap for generalized Bayesian inference (Lyddon,
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Holmes, & Walker, 2019).

For a wide range of non-smooth objective functions/statistical models, recent regulariza-

tion methods provide fast, scalable algorithms for calculating estimates of the form Equa-

tion (2.1), which can also be viewed as posterior modes. Therefore as λ varies we obtain a

full regularization path as a form of prior sensitivity analysis. Further, Strawderman, Wells,

& Schifano (2013) and Polson & Scott (2015) considered scenarios where posterior modes

can be used as posterior means from augmented probability models. There may be useful

interpretations of the random weights from the data-augmentation perspective.

Extending WBB asymptotics presents an exciting research opportunity. The argument

in Section 2.5 relies on smoothness in both the sampling model and prior, and it retains fixed

parameter dimension as n increases. Theoretical guarantees remain unavailable for relatively

large parameter dimension or for non-smooth penalty functions. Fortunately, groundwork

has been done, for example by van der Pas, Kleijn, & van der Vaart (2014), Narisety & He

(2014), and others on the asymptotic behaviour of the posterior distribution, and by Knight

& Fu (2000) and others on sampling theory of optimization-based estimators,

2.5 Appendix

Here we consider how stochastic gradient descent (SGD) may be deployed to minimize the

penalized loss function,
∑n
i=1wili(yi; θ) + λw0φ(θ). The method minimizes the function by

taking a negative step along an estimate gk of the gradient∇
[∑n

i=1wili(yi; θ
k) + λw0φ(θk)

]
at iteration k. The approximate gradient is estimated by calculating

gk =
n

bk

∑
i∈Ek

wi∇li(yi; θk) + λw0
n

bk
∇φ(θk),

where Ek ⊂ {1, . . . , n} and bk = |Ek| is the number of elements in Ek. When bk > 1 the

algorithm is called batch SGD and simply SGD otherwise. A usual strategy to choose subset
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E is to go cyclically and pick consecutive elements of {1, . . . , T}, Ek+1 = [Ek mod n] + 1.

The approximated direction gk is calculated using a chain rule (i.e., back-propagation) for

deep learning. It is an unbiased estimator. Thus, at each iteration, the SGD updates the

solution

θk+1 = θk − tkgk.

For deep learning applications the step size tk (i.e., learning rate) is usually kept constant

or some simple step size reduction strategy is used, tk = a exp(−kt). Appropriate learning

rates or the hyperparameters of the reduction schedule are usually found empirically from

numerical experiments and observations of the loss function progression.
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CHAPTER 3

DEEP LEARNING IN CHARACTERISTICS-SORTED

FACTOR MODELS

To study the characteristics-sorted factor model in empirical asset pricing, we design a non-

reduced-form feedforward neural network with the non-arbitrage objective to minimize pric-

ing errors. Our model starts from firm characteristics [inputs], generates risk factors [inter-

mediate features], and fits the cross-sectional returns [outputs]. A nonlinear activation in deep

learning approximates the traditional security sorting on characteristics to create long-short

portfolio weights, like a hidden layer, from lag characteristics to realized returns. Our model

offers an alternative approach for dimension reduction in empirical asset pricing on charac-

teristics [inputs], rather than factors [intermediate features], and allows for both nonlinearity

and interactions directly through [inputs]. Our empirical findings are threefold. First, we

find substantial and robust asset pricing improvements of multiple performance measures,

such as Cross-Sectional R2, in both in-sample and out-of-sample analysis. Second, the deep

learning augmented models produce all positive improvements regarding return prediction

over the benchmark factor models. Finally, we show significant increases in factor investing,

nonlinear relationships in deep characteristics, and their importance on raw characteristics.

Key Words: Alpha, Characteristics-Sorted Factor Models, Cross-Sectional Returns, Deep

Learning, Firm Characteristics, Non-Arbitrage, Pricing Errors.
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3.1 Introduction

According to ICAPM of Merton (1973), a combination of common factors captures the

cross-section of expected returns, and the regression intercept should be zero. Unlike the

regular objective function in statistics and machine learning, the model fitness for asset

pricing is not about the explained variation in time series but the magnitude of intercepts,

alphas, in the cross-section. This non-arbitrage restriction on alphas implies that simply

adding factors leads to statistical overfitting (increase time series R2) but does not cause

economic overfitting (decrease intercepts).

In empirical asset pricing studies, researchers typically sort securities on firm characteris-

tics and create long-short portfolios as proxies for common risk factors to build factor models.

For example, the Nobel prize research of Fama and French (1993) add SMB (small-minus-big)

and HML (high-minus-low) to CAPM. However, almost all proposed factor models have re-

jected the zero-alpha hypothesis. Our paper approaches this puzzle with a machine learning

perspective as an optimization problem: How does one construct a factor model to minimize

pricing errors or alphas?

Our paper aims to investigate the underlying mechanism of the characteristics-sorted fac-

tor models, which includes sorting securities, generating factors, and fitting security returns.

We define a non-arbitrage objective function, pricing errors, for deep learning optimization.

We show the characteristics-sorted factor models can be dissembled as a feed-forward neural

network:

(1) Inputs are firm characteristics. The neural network starts from sorting securities on

firm characteristics, a nonlinear activation to create long-short portfolio weights.

(2) Intermediate features are risk factors. The factors are linear activations (long-short

portfolio weights) on realized returns from the sorting directions.

(3) Outputs are security returns. Reaching the non-arbitrage objective is equivalent to
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minimizing pricing errors for fitting the factor model to security returns.

Distinct from the risk factor literature, our focus is constructing a factor model rather

than testing a factor or characteristic. We argue the current literature is mostly about

intermediate features and outputs (security returns), whereas ours illustrates the complete

channel between inputs and outputs. We adopt a non-reduced-form neural network and

develop such a bottom-up approach that includes security sorting, factor generation, and

fitting the cross-section of security returns. The Fama-French-type characteristics-sorted

factor models can be shown as “shallow” learning models.

A particular asset pricing researcher performs a GRS-type statistical test, from Gibbons

et al. (1989), on the proposed factor model and stops if the hypothesis is rejected. We ap-

proach this procedure as an optimization problem. The deep learning optimization continues

to search for optimal solutions because our bottom-up approach provides a non-reduced-form

mechanism. We show a “feed-forward” neural network consisting of an “input layer” of firm

characteristics, “hidden layers” of factors, and an “output layer” of security returns (check

Figure 3.2 for the Fama-French example). The “automatic” factor generation receives train-

ing feedback through backward propagation, which addresses how much pricing errors can

be reduced by optimizing over model parameters.

On the methodological side, we marry state-of-the-art deep learning optimization with

asset pricing factor models. Deep learning is well known for its superior pattern-matching

performance, flexible architecture, and yet mysterious “black box.” This paper aims to intro-

duce deep learning into asset pricing with a transparent “white box” model. We disassemble

the asset pricing mechanism with deep learning concepts: inputs, intermediate features, out-

puts, and the objective function. We show the routine procedure financial economists have

been working on for decades is a transparent “white box” model. The “deep” part of the

past asset pricing research is to manually discover those useful firm characteristics from all

economic information.
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On the economic side, long-short factors are useful because they reflect compensation for

exposure to underlying characteristics and can be evaluated as tradable portfolios. However,

many of these characteristics’ formulas are highly similar to accounting, trading, and behav-

ioral perspectives. One unresolved issue is how minor differences in characteristics’ formulas

affect the corresponding security sorting, long-short factors, and even model fitness. The

routine procedure has one long-time overlooked the built-in problem. Most research focuses

on factors [intermediate features] and security returns [outputs], whereas the inputs are firm

characteristics. Our research attempts to fill in this missing piece. Our non-reduced-form

deep learning approach investigates the complete channel from characteristics [inputs] to

security returns [outputs].

On the empirical side, we study the universe for the largest 3,000 stocks in the U.S. equity

market over the recent 45 years. Our library consists of 61 published firm characteristics.

For statistical model fitness (Total R2 in Table 3.2), we find the deep learning augmented

model with robust improvement over the benchmark model, such as CAPM, across multiple

sets of test portfolios. We also find substantial and robust improvement of Pricing Error

R2 and cross-sectional R2 in both in-sample and out-of-sample analysis for the asset pric-

ing improvement. The return prediction performance is illustrated by the Predictive R2 in

Table 3.5, where the deep learning augmented models produce all positive results. Directly

investing deep factors, we obtain a significantly higher Sharpe ratio over the Fama-French 3

factors. Finally, to interpret our deep characteristics in a nonlinear dimension reduction per-

spective, we find Dividend-to-Pricing and Corporate Investment are the two most important

to reduce pricing errors by controlling Fama-French three factors.

The rest of the paper is organized as follows. We compare and position our study with

the relevant literature in section 3.1.1. Section 3.2 introduces deep learning into empirical

asset pricing. Section 3.3 provides details for our deep learning augmented factor model.

Section 3.4 illustrates the empirical study design and main empirical findings. Section 3.5
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summarizes the paper.

3.1.1 Connections with Previous Literature

Our paper builds on several strands of the asset pricing literature. The most related lit-

erature are dimension reduction techniques via principal components and its generalizations.

For example, Kim et al. (2018) and the IPCA (Instrumental PCA) of Kelly et al. (2019)

use firm characteristics as instruments to model the time-varying coefficients and estimate

PCs. Lettau and Pelger (2020) provide a regularized estimation for risk premia, RP-PCA

(Risk Premia PCA), that identify factors with small time series variance but useful in the

cross-section. Kozak et al. (2018) show that PCA of anomaly portfolios works as well as a

reduced-form factor model in explaining anomaly portfolios. Light et al. (2017) use partial

least squares (PLS) to aggregate information on firm characteristics.

We compare the results of our method with IPCA and RP-PCA in the empirical analysis.

Generally, our deep learning framework differs from traditional PCA in three ways:

(1) Our dimension reduction is applied directly on firm characteristics [inputs] rather than

factors [intermediate features] or security returns [outputs].

(2) Our dimension reduction also allows for both nonlinearity and interactions on inputs,

whereas PCA only extracts linear components.

(3) PCA relies on a balanced data structure, whereas security sorting allows for an unbal-

anced data structure, such as individual stock returns and characteristics.

As discussed initially, our approach is closely related to the recent literature on applying

machine learning methods to the asset pricing model. Harvey et al. (2016) raise a multiple

testing issue to challenge 300 factors discovered in the literature. Feng et al. (2020) develop

a regularized two-pass cross-sectional regression to tame the factor zoo, and find only a small
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number of factors with the incremental contribution. Kozak et al. (2020) use a shrinkage es-

timator on the SDF coefficients for characteristic-based factors with economic interpretation.

Kelly et al. (2019) and Kelly et al. (2020) evaluate the contribution of individual charac-

teristics under a nested-model comparison for equity and corporate bond returns. A recent

article of DeMiguel et al. (2020) shows the economic rationale of why many characteristics

are needed in investing portfolios.

Our paper adds to the literature on forecasting asset returns with machine learning. Frey-

berger et al. (2020) apply adaptive group LASSO for selecting firm characteristics and show

evidence of nonlinearity. Gu et al. (2020b) provide a comprehensive empirical investigation

of forecasting performance using multiple machine learning algorithms. Han et al. (2018)

employ a forecast combination approach, and Bianchi et al. (2020) find that machine learn-

ing can forecast treasury bond returns as well. The Bayesian predictive regression of Feng

and He (2019) uses lag characteristics for the linear conditional factor coefficients, which is

a reduced-form approach for approximation.

Our model provides a pricing kernel (factor models) that can be used to predict cross-

sectional returns, and we find all positive Predictive R2 in Table 3.5. However, the prediction

literature studies the time series predictive performance between inputs and outputs, and

skips the intermediate channel involved with risk factors. We fill in the missing pieces with

our bottom-up approach: lag characteristics, realized factor returns, and realized security

returns.

Besides, we provide an out-of-sample evaluation in section 3.4, which can be implemented

either on the cross-section or time-series. We use one set of portfolios to train the factor

model in the training sample and evaluate its performance with another set of unseen test

portfolios in the test sample. This clean research design is a solution to the skepticism of

Lewellen et al. (2010), who question the standard protocol of using Fama-French 25 size-B/M

portfolios for both factor discovery and model testing. We have presented the training and
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test sample design in Figure 3.7.

Finally, we add to the recent development of deep learning in finance and economics.

Heaton et al. (2017) introduces deep learning decision models for problems in financial

prediction and classification. Gu et al. (2020a) incorporate one deep learning technique,

autoencoder, within the Instrumental PCA framework to construct nonlinear principal com-

ponents. Feng et al. (2020) find it useful when implementing a multivariate-outcome model

within the flexible deep learning framework to predict overlapping bond returns. A recent

paper of Chen et al. (2019) uses a neural network to estimate the SDF model that explains

all asset returns from the conditional moment constraints implied by no-arbitrage and finds

promising investment performances. This continued progress in deep learning research is

promising for both academic study and practical application in finance.

3.2 Deep Learning and Empirical Asset Pricing

Section 3.2.1 explains why we can treat the asset pricing test via an optimization prob-

lem for pricing errors. We demonstrate how a characteristics-sorted factor model can be

reformulated within a deep learning architecture in section 3.2.2. Fama-French-type factor

models are shown to be deep learning models, and we discuss implementation is discussed

in section 3.2.3.

3.2.1 Minimizing pricing errors

From the economic constraint of the beta-pricing model, it follows that the excess asset

return can be explained by the risk premia of factors in a linear equation. For tradable

factors ft and gt,

E(Ri,t) = αi + β
ᵀ
i E(ft) + γ

ᵀ
i E(gt). (3.1)
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The GRS test suggests a joint test on the vector of time series model intercepts, α, for all

test assets. The kernel for the GRS test statistic is a weighted sum for the quadratic alphas,

αᵀΣ−1
α α. If a sufficient factor model exists, this weighted sum for pricing errors should be

statistically and economically insignificant, though the academic literature still fails to find

such a model.

For this reason, we switch to an optimization problem for an alternative perspective.

Machine learning and deep learning methods have been criticized for easily over-fitting the

data. However, adding more factors on the regression’s right-hand side increases the time

series R2 but unnecessarily reduces the magnitude of the regression intercept. The asset

pricing optimization target is different from the time series model fitness. Therefore, we

design such a deep learning framework that pushes the model fitting to the lower bound for

pricing errors.

Denote R̂i,t as a linear portfolio constructed with factors to mimic the asset return Ri,t.

Because all regressors need to be tradable portfolios in the time series regression, R̂i,t is

formed as a linear combination of portfolios without an intercept. The expected difference,

αi, is the pricing error.

E(Ri,t − R̂i,t) = αi (3.2)

The tradability for alphas determines the unique objective function in our optimization. The

core of our objective function design is 1
N

∑N
i=1 α

2
i , an equally weighted version for the GRS

test statistic kernel, and measures the average pricing errors. To the best of our knowledge,

this paper is the first that focuses on minimizing alphas. We define an economic-driven

objective function, minimizing pricing errors, which follows the non-arbitrage restriction

from asset pricing models.

71



3.2.2 Characteristics-Sorted Factors in Deep Learning

By following the standard literature, we use excess returns in the study. Our model is

to generate additional factors from the deep learning model, ft, on a benchmark model gt,

which can be CAPM or Fama-French type models. We form the realized return predictor

R̂i,t as a linear combination of ft and gt without an intercept. Therefore, the zero mean

residual, εi,t, measures the time series variation in forecasting error, and αi refers to the

potential pricing error.

R̂i,t = β
ᵀ
i ft + γ

ᵀ
i gt, (3.3)

Ri,t − R̂i,t = αi + εi,t, (3.4)

ft = Wt−1rt, (3.5)

Wt−1 = H(zt−1). (3.6)

The additional deep factors, ft, are long-short portfolios constructed by sorting individual

firms on lag firm characteristics zt−1. We use rt, thousands of individual firm returns

at month t, and Wt−1, the long-short portfolio weight determined at month t − 1. H(·)

represents a complex (and hidden) function for zt−1 that reflects underlying cross-sectional

predictability. The H(·) transformation is the depth for the deep neural network. For

example, H(·) can be the sorting function as a shallow network, then it transforms zt−1 to

the long-short directions {1, 0,−1}. With the long-short directions, researchers multiply the

long-short directions by equal or value weights to form Wt−1.

With the notation {ft, rt,Wt−1, zt−1}, the characteristics-sorted factor model is clear and

transparent in the above deep learning architecture. First, the inputs are lag characteristics

zt−1. Second, by sorting securities in the month t− 1, we obtain the intermediary features

Wt−1. Third, by adding the second inputs, individual firm realized returns rt, we generate

ft. Finally, by adding the third inputs, the benchmark model gt, we fit Rt. The predictive
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structure for characteristics-sorted factor investing is due to the lag portfolio construction.

The factor ft is built with long-short portfolio weights at month t − 1 and individual firm

returns at month t.

In our framework, ft is generated while controlling gt within the deep learning model

fitting. This procedure is consistent with the standard protocol that researchers admit new

factors for their significance over a benchmark model. The estimated alphas or pricing errors

are constructed as

α̂i =
1

T

T∑
t=1

(
Ri,t − R̂i,t

)
=

1

T

T∑
t=1

(
Ri,t − β̂

ᵀ
i ft − γ̂

ᵀ
i gt

)
. (3.7)

Our optimization objective is to minimize a weighted sum for the time-series variation and

cross-sectional pricing errors:

Lλ =
1

NT

T∑
t=1

N∑
i=1

(
Ri,t − R̂i,t

)2
+ λ ∗ 1

N

N∑
i=1

( 1

T

T∑
t=1

(Ri,t − R̂i,t)
)2

(3.8)

=
1

NT

T∑
t=1

N∑
i=1

(
Ri,t − β̂

ᵀ
i ft − γ̂

ᵀ
i gt

)2
+
λ

N

N∑
i=1

α̂2
i (3.9)

=
1

NT

T∑
t=1

N∑
i=1

(
ε̂i,t + α̂i

)2
+
λ

N

N∑
i=1

α̂2
i (3.10)

(3.11)

=
1 + λ

N

N∑
i=1

α̂2
i︸ ︷︷ ︸

pricing errors

+
1

NT

T∑
t=1

N∑
i=1

ε̂2i,t︸ ︷︷ ︸
time-series variation

, (3.12)

where ε̂i,t = Ri,t − R̂i,t − α̂i,
∑T
t=1 and ε̂i,t = 0.

Here, λ is a tuning parameter that controls the balance between time-series and cross-

sectional pricing errors. If λ is too big, we lose the weight for time series variation that

supports the factor structure. If λ is too small, the objective function does not help reduce

pricing errors. In our empirical study, we perform validation using a sequence of λ’s. Our
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objective function design follows the RP-PCA of Lettau and Pelger (2020), which also adds

a penalty to account for cross-sectional pricing errors in average returns. Their regularized

estimation is to identify those factors with small time-series variation but help to price the

cross-section. In the empirical study, we further add an extra penalty on the parameters of

H(·) (see Section 3.3.4), which helps to stabilize the network model training and introduces

sparsity.

3.2.3 Fama-French Examples in Deep Learning

The current factor zoo contains too many similar firm characteristics to proxy for the

same asset pricing anomalies. For example, many measures are proposed for value investing,

such as book-to-market ratio, dividend yield, earning-to-price ratio, cash flow to price ratio,

and so forth. Sorting securities on these “seemingly” related characteristics might be a trial-

and-error experiment, which finds the one proxy with the best in-sample performance for

the specific test assets in the test period. A deep learning structure can help pick the best

proxy (model selection), combine proxies (dimension reduction), or create the best proxy for

the non-arbitrage objective.

For example, multiple momentum factors exist: long-term reversal, short-term reversal,

the Carhart Momentum, seasonality, industry momentum, and so forth. All of these similar

momentum characteristics are (weighted) sums of past individual security returns. Therefore,

the raw inputs zt−1 in Figure 3.1 are past returns in purple circles. These momentum

characteristics are “calculated” or “combined” from raw inputs and become the new inputs

for the actual characteristics sorting. The blue circles in the hidden layers might include

many trial-and-error experiments or manual “deep” learning for data mining concerns. The

second-to-the-last layer combines the long-short portfolio weights, W, and individual security

returns to generate the long-short factors. Figure 3.1 provides the procedure for calculating

characteristics and creating factors. The deep learning philosophy has been adopted in
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Figure 3.1: Sorting Securities and Generating Factors

This figure provides the procedure for calculating characteristics and creating factors. We start with past
returns as raw inputs, and then calculate characteristics as the new inputs for security sorting. The last
layer is the factor generation on long-short portfolio weights obtained from the previous layer plus individual
security returns.

empirical asset pricing for a long time but is manually implemented.

Figure 3.2 shows a complete deep learning architecture for a characteristics-sorted factor

model, which is the example for the Fama-French five-factor model. Researchers typically

start with a formula to calculate characteristics used for security sorting, as in the blue

circles. Then, they sort individual firms on the lag characteristics to determine the long-

short portfolio weights as in the green circles.1 Then, in the yellow rectangles, researchers

construct factors as long-short portfolios using the portfolio weights from the last layer along

with realized security returns. Adding the market factor produces an augmented factor model

1. If a firm does not exist or has missing characteristics in some periods, it is not included in the security
sorting for those periods. Therefore, security sorting works perfectly for the imbalanced panel data structure
with missing values, which is the nature of firm dynamics.
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Figure 3.2: Fama-French 5-Factor Model in Deep Learning

This figure provides a deep learning representation of building the Fama-French five-factor model using firm
characteristics to calculate the objective function, pricing errors, for portfolio returns. The lag characteristics
are inputs. The long-short factors are hidden neurons. The portfolio returns are outputs.

to explain realized returns of test assets in the purple circles. The last red rectangle is the

objective function for pricing errors.

In our notation, gt is MktRf if CAPM is the benchmark. The Fama-French five-factor

model adds four additional factors, ft, to the benchmark. Those four characteristics (size,

book-to-market, operating profitability, and investment) are zt. Wt is determined with the

bivariate-sorting directions and the lag market equity for value weights. In the standard

literature, these four additional factors are tested with significance over CAPM with test

assets in purple circles, 25 size-B/M portfolios. In our deep learning diagram, these four

additional factors are trained by controlling the benchmark model CAPM to minimize the

objective function, pricing errors.

The potential multi-layer transformations and combinations, denoted by H(·), of char-

acteristics are determined before the blue circles. Here, researchers typically choose the

formula for anomalies that help pricing in the cross-section. A significant drawback of this
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approach is that the characteristics’ usefulness is tested ex-post statistically, but the model

fitting feedback is never returned to characteristics’ construction. With the new technology

of backward propagation, our model can be refitted sequentially by the feedback on the

change in the objective function.

3.3 Deep Learning in Characteristics-Sorted Factor Models

This section introduces a bottom-up approach to our deep learning model, which provides

a non-reduced-form mechanism. Figure 3.3 shows a clear roadmap for how we disassemble

the characteristics-sorted factor model within deep learning. Section 3.3.1 illustrates how the

dimension reduction on the [inputs] firm characteristics performed in the feed-forward neural

network via multi-layer transformations. Then, we get the deep characteristics. Section 3.3.2

calculates the [intermediate features] deep factors, whose long-short portfolio weights are

calculated in section 3.3.3. Section 3.3.4 describes the optimization objective and summarizes

the complete deep learning model. In Appendix 3.6.1, we also provide the optimization

details.

In section 3.3.3, one can simply adopt equal weights to create the long-short factors.

For this reason, we put the weighting scheme of section 3.3.3 after the factor model in

section 3.3.2 of the below text. However, we suggest adopting our softmax rank-weighting

scheme from an optimization perspective, which is differentiable and provides an economic-

driven weighting scheme. We also explain why the neural network optimization requires a

differentiable activation function in Appendix 3.6.1.
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Figure 3.3: Map for Deep Learning Model Description

A typical training observation indexed by time t includes five types of data:

{
Ri,t

}N
i=1 , excess returns of N test portfolios{

rj,t
}M
j=1 , excess returns of M individual stocks{

zk,j,t−1 : 1 ≤ k ≤ K
}M
j=1

, K lagged characteristics of M firms{
gd,t
}D
d=1

, D benchmark factors.

We use a matrix notation for {Rt, rt, zt−1, gt}, where Rt is an N × 1 vector, rt is an M × 1

vector, zt−1 is a K×M matrix, and gt is a D×1 vector. In section 3.4.1, we have M = 3, 000

stocks, K = 61 characteristics, and D = 1 or 3 for CAPM or Fama-French 3-factor model.

Before introducing each part of the deep learning implementation, we provide a summary of

parameter notations and dimensions in Table 3.1.

3.3.1 Deep Characteristics

We introduce how to design an L-layer neural network to generate P deep characteristics.

This operation is the “deep” part to induce nonlinearity and interaction within the dimension

reduction from K to P characteristics. All transformations performed in this part are within

each stock. The data (and intermediate results) of two different stocks are separated and
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Table 3.1: Deep Learning Mechanism

This table provides an algorithm summary for the bottom-up approach of our deep learning model. The

deep learning network feeds forward from the bottom to the top in the table. The initial input is firm

characteristics, and the final outputs are security returns. For each layer, the network takes the output from

the immediate lower layer as its new inputs and the additional input if needed. The other inputs include

individual security returns r for deep factors and the benchmark factor model g for security returns.

Dimension Output Inputs Operation Parameters

Security Returns N × 1 R̂ g βf + γg (β, γ)

Deep Factors P × 1 f r Wr

Rank Weights P ×M W softmax(y+)− softmax(y−)

Deep Characteristics KL ×M Y F [L]
(
Z [L−1]

)
(A[L], b[L])

...
...

...
...

Kl ×M Z [l] F [l]
(
Z [l−1]

)
(A[l], b[l])

...
...

...
...

Firm Characteristics K0 ×M Z [0] z Z [0] := z

don’t interfere with each other. We drop for now the subscript t, bearing in mind that the

inputs z are lagged variables. The architecture is as follows, for j = 1, 2, ...,M :

Z
[l]
·,j = F

(
A[l]Z

[l−1]
·,j + b[l]

)
, for l = 1, 2, ..., L

Z
[0]
·,j := [z1,j , ..., zK,j ]

ᵀ,

where Z
[l]
·,j is the j-th column of a Kl×M matrix Z [l]. We set K0 = K and KL = P . F is the

univariate activation function, broadcasting to every element of a matrix. The parameters

to be trained in this part are deep learning weights A’s and biases b’s, namely,

{
(A[l], b[l]) : A[l] ∈ RKl×Kl−1 , b[l] ∈ RKl

}L
l=1

.

The transformations are performed column by column with no communication across

different firms. This univariate transformation is perfectly built for the security sorting for
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Figure 3.4: Deep Network of Z [l−1] → Z [l] → Z [l+1].

This figure shows how the deep learning network forwards from Z [l−1] to Z [l+1]. Kl−1 = Kl+1 = 2, Kl = 4.
The lines connecting two layers represent affine transformation, and the circles represent activation function.

Z^[l-1]

Z^[l]
Z^[l+1]

M

A^[l]

A^[l]

A^[l+1]

A^[l+1]….
..

….
..

….
..

different stock universes. Notice the input layer for deep characteristics is a linear function

for firm characteristics. The multi-layer structure helps train the parameters for this linear

equation. Our deep characteristics are not built for one particular characteristic but rather

for the linear combinations.

With some abuse of notation, we rewrite the architecture for the output Y as our P ×M

deep characteristics,

Y := Z [L],

Z [l] = F
(
A[l]Z [l−1] + b[l]

)
, for l = 1, 2, 3, ..., L

Z [0] := z.

Unlike a standard feed-forward neural network, the l-th layer in our architecture is a

neural matrix Z [l]. Each row of Z [l] is a 1 ×M vector representing the kl-th intermediary

characteristics for M firms, kl = 1, 2, ..., Kl. We explicitly make all the columns (firms) share
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the same parameters A[l] and b[l], whose dimensions are independent of M . Therefore, the

formula for deep characteristics is the same for every firm.

Here, Kl denotes the dimension of the l-th layer because the number of columns is fixed

as M for all Z [l]’s. Figure 3.4 illustrates how our deep-learning network operates by showing

a sample architecture from the (l − 1)-th to the (l + 1)-th layer, where Kl−1 = Kl+1 = 2

and Kl = 4. The Fama-French approach drops all hidden layers and uses Y := z for sorting

in the latter part. By contrast, Z [0] := z in our deep network goes through multiple layers

of affine transformations and nonlinear activations and ends up with a low-dimensional deep

characteristic Y . Here, the layer sizes {Kl}Ll=1, and the number of layers L are architecture

parameters chosen by model designers.

3.3.2 Deep Factors

In this section, we continue with the construction of deep factors based on long-short

portfolio weights W (discussed in section 3.3.3), and then an augmented factor model for

asset pricing. To create the long-short factors, we need the individual stock returns and the

corresponding weights. The architecture after obtaining W is as follows:

R̂ := Z [L+3] = h[2]
(
Z [L+2], g

)
(3.13)

f := Z [L+2] = h[1]
(
Z [L+1], r

)
(3.14)

W := Z [L+1] (3.15)

Here, h[1] and h[2] are no longer univariate activation functions. Instead, they are operators

specially defined to conduct important transformations, which take two arguments: one from

the previous layer and another from additional inputs.

We now describe these operators in detail. h[2] : RP ×RD → RN is a linear transforma-
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tion of its two arguments, and the parameters are denoted as β ∈ RN×P and γ ∈ RN×D:

h[2](f, g) = [β γ]

[
f
g

]
. (3.16)

Therefore, g represents the benchmark model, such as Fama-French three factors. h[2] is the

augmented factor model by adding our deep factors f along with g. h[1] : RP×M×RM → RP

defines how we construct deep factors as tradable portfolios. Once given the portfolio weights

W and individual stock returns r, it is simply a matrix production:

h[1](W, r) = Wr. (3.17)

The tradability for factor and individual stock returns {f, g, r} is crucial to determine our

economic-driven loss function, which follows the non-arbitrage condition.

3.3.3 Nonlinear Rank Portfolio Weights

The design of long-short portfolio weights is presented in this section. Researchers usually

long (and short) top (bottom) 10% or 20% of stocks for equal or value weights to create

factors. However, two recent papers adopt the rank weights for creating factors in a general

discussion. Frazzini and Pedersen (2014) construct their factor, Betting-against-Beta, with a

“rank weighting.” They assign each stock to either the “high” portfolio or the “low” portfolio

with a weight proportional to the cross-sectional rank of the stock’s estimate beta. Novy-

Marx and Velikov (2018) add a further discussion to compare different portfolio weighting

schemes: rank (linear) weights versus equal weights.

Following these studies, our procedure here generalizes the standard equal weights and

introduces the nonlinearity. We define

h[0] : RM → [−1, 1]M
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to calculate the portfolio weights based on the rankings of deep characteristics. When the

argument is a matrix, it broadcasts to all rows. Let y be a M × 1 vector representing some

deep characteristic, that is, a row of Y .

h[0](y) =


softmax(y+

1 )

softmax(y+
2 )

...
softmax(y+

M )


︸ ︷︷ ︸

long portfolio

−


softmax(y−1 )

softmax(y−2 )
...

softmax(y−M )


︸ ︷︷ ︸

short portfolio

(3.18)

where y+ := y, y− := −y in the simplest case and the nonlinear softmax activation function

is an increasing function,

softmax(yj) =
eyj∑M
j′=1 e

yj′
,

and
∑M
j=1 softmax(yj) = 1. The first softmax vector in the expression of h[0] represents the

weights of stocks in the long portfolio (large y leads to large weight), and the second vector

represents the short portfolio (large y leads to small weight). To prevent the exponential

operator in softmax from introducing asymmetry and exaggerating the effect of extreme

values, we need to first standardize y along the same axis and apply an additional nonlinear

transformation before feeding into h[1].

To demonstrate properties of the rank-weight scheme, we use the following example. The

left panel of Figure (3.5) shows the final output of h[0] (red line), the portfolio weights W ,

when

y+ = −50e−5y, y− = −50e5y,

and y = [y1, y2, ..., y3000]ᵀ is drawn from standard normal distribution N(0, 1). The x-axis

shows the cross-sectional ranks of stocks.

For comparison, we also plot the standard equal weights (blue line) with the top and

bottom 1/3 of stocks as well as the rank weights introduced by Frazzini and Pedersen (2014)
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Figure 3.5: Comparison: Weight vs. Rank

This figure shows the example of softmax rank weights for 3,000 stocks, h[0](y) = softmax(−50e−5y) −
softmax(−50e5y). In the right panel, yj ’s are distributed as standard normal. The red line is the softmax
weight; the blue line is the equal weight (with threshold = 1/3); the green line is the linear rank weights. In the
left panel, the red line remains the same. The purple line is the softmax weights when yj ’s are standardized
samples from LogNormal(0, 1). The orange line is the softmax weights when yj ’s are standardized samples
from Uniform(0, 1).
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(green line). Whereas their rank weights are linear in firms’ cross-sectional rankings, our

weighting scheme adds nonlinearity. In terms of actual holdings, Novy-Marx and Velikov

(2018) point out that linear rank-weighted portfolios and equal-weighted portfolios are highly

overlapped (83%). The departure of our nonlinear rank-weighted portfolio from these latter

two portfolios is obvious: it “tilts” even more toward stocks with extreme characteristics.

The flexibility of deep learning allows us to tune portfolio weights by changing the functional

form of (y+, y−).

Unlike equal weights and linear rank weights, our softmax weights depend not only on

cross-sectional rank information but also on distributional features (like skewness) for the

standardized distribution. For illustration, in the right panel of Figure 3.5, we plot the soft-

max weights when characteristics are drawn from the skewed distribution LogNormal(1, 3)2

2. For example, all size-related characteristics follow a lognormal distribution.
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(purple line) and the bounded distribution Uniform(0, 1)3 (orange line). Notably, the dis-

tribution of characteristics affects the symmetry and curvature of the weight curve. We see

that compared with the standard normal case, uniform characteristics lead to more hold-

ings of stocks with middle ranks and fewer holdings of stocks in the top and bottom. The

log-normal distribution breaks the symmetry of weights in the long and short portfolios. In

this case, the long portfolio only holds a small proportion of stocks in the right tail, and the

short portfolio holds almost all stocks in the lower half but still favors those with smaller

characteristics.

3.3.4 Minimizing Loss Function

The function H maps the lag predictors to the portfolio long-short weights,

Wt−1 = H
(
zt−1

)
,

is essentially a composite given by H(z) = h[0]◦F [L]◦· · ·◦F [1](z). This multi-layer structure

is the key idea of interpreting the security sorting as an activation function within a deep

learner. In practice, we choose F [1] = F [2] = ... = F [L] to be the tanh function, i.e.

F (z) = (ex − e−x)/(ex + e−x).

Fixing L, {Kl}Ll=1, which are architecture parameters, our objective function is the mean

squared prediction error regularized by mean squared pricing error and absolute values of

off-diagonal weights

Lλ(Â, b̂, β̂, γ̂) :=
1

NT

T∑
t=1

N∑
i=1

(
Ri,t − R̂i,t

)2
+
λ1

N

N∑
i=1

α̂2
i + λ2

L−1∑
l=1

∑
i6=j
|A[l]
i,j |, (3.19)

3. For example, characteristics such as performance scores follow a bounded distribution.
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where

R̂i,t = β̂
ᵀ
i ft + γ̂

ᵀ
i gt,

α̂i =
1

T

T∑
t=1

(Ri,t − R̂i,t),

and

β̂ =
[
β̂1, β̂2, ..., β̂N

]ᵀ
, γ̂ = [γ̂1, γ̂2, ..., γ̂N ]ᵀ .

Here, λ = (λ1, λ2) are the regularization parameters. The penalization of the off-diagonal

weights aims to stabilize the model and keep the combination of characteristics sparse.

To train the deep network is then equivalent to obtaining a joint estimation of (A, b) :={
A[l], b[l]

}L
l=1

and (β, γ). The corresponding estimates are

(Â, b̂, β̂, γ̂) = arg minLλ.

We summarize the above deep learning framework in Table 3.1 and Figure 3.6. Empiri-

cally, we set layer size Kl for the l-th layer all equal to K and the number of layers 1 ≤ L ≤ 4.

For example, a four-layer (L = 4) network has layer sizes K −K −K −K − P from Z [0] to

Y . We also set P = 1 to construct deep factors sequentially. At each time, we train the deep

learning model with only one deep factor (P = 1), then augment g with this new factor and

re-train the model to get the next one.

3.4 Empirical Findings

We report our empirical findings in this section. Section 3.4.1 describes the data and the

training-test research design. Multiple asset pricing performance measures used in the model

evaluation are introduced in Section 3.4.2. We present the results of statistical model fitness

and asset pricing improvement in Section 3.4.3 and 3.4.4. Section 3.4.5 and 3.4.6 illustrate

examples of investing deep factors and interpreting deep characteristics.
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Figure 3.6: Deep Learning Network Architecture

This figure provides a visualization of deep learning architecture. The firm’s characteristics zare transformed
to deep characteristics Y via the deep network. Then, we “sort” Y to generate factor weight W . The deep
factors f and benchmark factors g are used to price the asset return R.

3.4.1 Data and Train-Test Sample

Our monthly data sample is from January 1975 to December 2019. We follow the Fama-

French factor in constructing individual stock filtering and using the largest 3,000 firms for

lag market equity. We only include stocks for companies listed on the three main exchanges

in the United States: NYSE, AMEX, or NASDAQ. We use those observations for firms with

a CRSP share code of 10 or 11. We only include observations for firms listed for more than

one year. We exclude observations with negative book equity or negative lag market equity.

We take 61 firm characteristics from six major categories: momentum, value, investment,

profitability, frictions (or size), and intangibles. We follow Hou et al. (2020) to calculate the

characteristic but make some minor differences because we choose to adopt a monthly sorting

scheme. First, we modify the characteristics formulas, so they are updated monthly. Follow-
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ing Kelly et al. (2019), We standardize the cross-section of firms’ monthly characteristics in

the range of [−1, 1].4

We have the training sample from 1975 to 2009 and the test sample from 2010 to 2019.

For the training assets, we fit the deep learning model with the monthly bivariate-sorted 3×2

portfolios between size and other characteristics (3× 2× 60 = 360). These bivariate-sorted

portfolios are shown to have stable factor loadings in the literature. For the test assets, we

try to show the robustness of our trained deep learning model. We also provide results for

the monthly univariate-sorted 5× 1 portfolios (5× 1× 61 = 306), Fama-French 25 size-B/M

portfolios and the Fama-French 49-industry portfolios.

Testing the model performance on other assets or the test sample from 2010 to 2019 is

a clean train-test design. To avoid overfitting, we have implemented a validation scheme to

determine the best tuning parameters (number of factors and regularization penalties) for

each layer’s deep learning models. The deep factors are generated by fitting the cross-section

of bivariate-sorted portfolio returns in the training sample from 1975 to 2009. We use the

Fama-French 25 size-B/M portfolios in the training sample for the model validation, which is

a common use in empirical asset pricing. We show the training and test sample design across

the time dimension and asset dimension in Figure 3.7, where bivariate-sorted portfolios are

training assets and Fama-French 25 size-B/M portfolios are validation assets.

3.4.2 Performance Measures

We follow Kelly et al. (2019) and Kelly et al. (2020) to include multiple performance

measures for economical and statistical purposes. Pricing Error R2 and Cross-Sectional R2

are designed for evaluating economical asset pricing performance, the non-arbitrage condition

4. For example, the market equity in 2018 December is uniformly standardized to [−1, 1]. The firm with
the lowest market equity is -1, and the firm with the highest market equity is 1. Therefore, this uniform
standardization is a non-standard standardization that transforms the data onto [−1, 1] every month. If
a firm has missing values for some characteristics, the imputed values are 0, which implies the firm is not
important in security sorting.
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Figure 3.7: Training and Test Sample Design

This figure shows the training and test sample design across the time dimension and asset dimension.

for zero alphas. Total R2 and Predictive R2 are designed for measuring statistical model

fitness.

(1) Total R2:

Total R2 = 1−
1
NT

∑T
t=1

∑N
i=1

(
Ri,t − R̂i,t

)2

1
NT

∑T
t=1

∑N
i=1R

2
i,t

, (3.20)

where R̂i,t = β̂
ᵀ
i ft + γ̂

ᵀ
i gt. The Total R2 represents the fraction of realized return

variation explained by the contemporaneous factor realizations, aggregated over all

assets and all periods. It quantifies a model’s success in describing the common risks

in cross-sectional returns. In the training period, the factor loadings (β, γ) are only

estimated once using all the training samples. And R̂i,t are calculated accordingly.

In the test period, we estimate (β, γ) for each month, using the portfolio returns and

factor values from the past 60 months.

(2) Predictive R2:

Predictive R2 = 1−
1
NT

∑T
t=1

∑N
i=1

(
Ri,t − R̂i,t

)2

1
NT

∑T
t=1

∑N
i=1R

2
i,t

, (3.21)

where R̂i,t = β̂
ᵀ
i λ̂f + γ̂

ᵀ
i λ̂g. The risk premia estimates λ̂f and λ̂g are the 60-month
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moving average for ft and gt. The factor loadings (β̂, γ̂) are the same as those in

Total R2 calculation. The Predictive R2 represents the fraction of realized return

variation explained by the model-implied expected returns. For a “predictive” measure,

both factor loadings [β̂i, γ̂i] and risk premia [λ̂f , λ̂g] are estimated using the data from

immediate past. In contrast to the Total R2’s focus on contemporaneous factors,

this focuses on the fraction of panel return variation explained by the model-implied

expected returns in the test sample.

(3) Pricing Error R2:

Pricing Error R2 = 1−
1
N

∑N
i=1

(
1
T

∑T
t=1(Ri,t − R̂i,t)

)2

1
N

∑N
i=1

(
1
T

∑T
t=1Ri,t

)2
, (3.22)

where R̂i,t = β̂
ᵀ
i ft + γ̂

ᵀ
i gt. The Pricing Error R2 represents the fraction of the squared

unconditional mean returns that is described by the common factors. The nominator

shares the same objective as our deep learning augmented model. In contrast to the

Total R2’s focus on the explanatory power in time series variation of asset returns,

this focuses on the explanatory power in the cross-sectional variation of assets’ average

returns.

(4) Cross-Sectional R2:

Cross-Sectional R2 = 1−
1
N

∑N
i=1

(
R̄i − ̂̄Ri)2

1
N

∑N
i=1 R̄

2
i

, (3.23)

where ̂̄Ri = β̂
ᵀ
i λ̃f + γ̂

ᵀ
i λ̃g. The risk premia estimates λ̃f and λ̃g are the cross-sectional

regression coefficients by regressing R̄i on [β̂i, γ̂i]. The Cross-Sectional R2 is commonly

used to represent the fraction of assets’ average returns explained by the model-implied

expected returns. In contrast to the Pricing Error R2 that can be only used for tradable
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factors, this can be used for both tradable and nontradable factors.

3.4.3 Statistical Model Fitness and Return Predictability

In table 3.2, we report the Total R2 for our deep learning augmented models on different

sets of test portfolios. We have produced results with two different benchmark models,

CAPM and the Fama-French 3-factor model (FF3), to construct our augmented deep factors.

The model is trained with the bivariate-sorted portfolios and selected with Fama-French 25

size-B/M portfolios’ validation data. Hence, both univariate-sorted and Fama-French 49

industry portfolios are ”unseen” and out-of-sample assets in the research design, even in the

training sample. We show the validation selected model for each layer, so those four columns

are independent of each other. According to the deep learning algorithm, we add factors

one by one on the benchmark model. The model validation also determines the number of

factors5.

It is not surprised we find excellent Total R2 improvement in the in-sample analysis.

However, the positive progress in the out-of-sample analysis, where we fix the factor load-

ings, illustrates adding the deep factors is extremely useful to a weak benchmark model,

like CAPM, but insignificantly improves a strong benchmark model, like FF3. We also add

two strong benchmark models, Risk-Premium Principal Component Analysis (RP-PCA) of

Lettau and Pelger (2020), and Instrumental Principal Component Analysis (IPCA) of Kelly

et al. (2019), both include the information of high-dimensional characteristics in estimat-

ing principal components. However, both PCA models underperform our deep learning

augmented model. These comparison results are pretty consistent across different sets of

portfolios for different cross-sections.

Table 3.5 reports the Predictive R2, which focuses on the cross-sectional variation ex-

5. For the benchmark of CAPM, there are 5, 3, 5, and 5 factors selected for 1-, 2-, 3- , and 4-layer models.
For the benchmark of the Fama-French 3-factor model, there are 3, 4, 4, and 3 factors selected for 1-, 2-, 3-
, and 4-layer models.
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plained by the model-implied expected returns in the test sample, the recent decade. This

performance measure is equivalent to those out-of-sample evaluations to the return pre-

dictability using zero as the denominator’s benchmark forecast. We here to report the pre-

dictability for these factor models to test portfolio returns. Notice that it is usually difficult

for an augmented large model to underperform a small model in the out-of-sample analysis

due to higher estimation errors.

Different test portfolios have different signal-to-noise ratios for return predictability.

CAPM and the Fama-French 3-factor model outperform the zero benchmark forecast and

produce particular positive results to three sets of characteristics-sorted portfolios6. Notably,

we still find our model robustly outperforms these two models by adding deep factors regard-

ing all different sets of test portfolios. The two principal component methods’ performances

are mixed, while RP-PCA delivers similar performances as our deep learning augmented

model. Finally, we find weak evidence that a shallow deep learning structure might produce

more positive improvements than a deeper one.

3.4.4 Asset Pricing Improvement

In addition to the positive return predictability by the deep learning augmented models,

we present the economic evidence in this subsection. Table 3.3 shares the same format and the

Pricing Error R2, whose nominator is the asset pricing models’ objective. As discussed, even

for the in-sample analysis, adding factors does not necessarily reduce the “alpha” and increase

Pricing Error R2. However, we find our model improves over CAPM and FF3 substantially

in both in-sample and out-of-sample analysis. These are strong economic evidence for asset

pricing improvement.

For example, in the out-of-sample study, when we fix the factor loadings and risk premia,

the deep learning augmented models are still robust and outperform all other models. Again,

6. Consistent to the findings of Lewellen et al. (2010), we find CAPM and the Fama-French 3-factor model
perform well in characteristics-sorted portfolios but have weak performance in 49 industry portfolios.
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the Fama-French 3-factor model has good performances in characteristics-sorted portfolios

but does not perform at the same level for the 49 industry portfolios. On the contrary, the

deep learning augmented models have robustly positive performances to all test portfolios.

For the 49 industry portfolios, we find at least 10% Pricing Error R2 increases for all deep

learning structures.

We also provide the Cross-Sectional R2 in Table 3.4. This traditional asset pricing

model measure explains the cross-sectional variation in average returns by the model-implied

expected returns. If the asset pricing model is sufficiently good, the model implied expected

return should line up with the average returns. Both RP-PCA and IPCA outperform the

Fama-French 3-factor model for the in-sample analysis but underperform for the out-of-

sample analysis. PCA’s drawbacks include the fixed PC loadings in the training sample,

which deteriorate in the test sample.

In Table 3.4, two deep learning augmented models even achieve higher Cross-Sectional R2

in most cases for all different test portfolios. Regarding either the weak or strong benchmark

model, adding deep factors boosts the cross-sectional variation explained in both in-sample

and out-of-sample analysis. For the out-of-sample example of 49 industry portfolios, we find

about 30% Cross-Sectional R2 increases for all deep learning structures. This pure out-of-

sample economic evidence demonstrates the asset pricing improvement for the deep learning

augmented models.

3.4.5 Investing Deep Factors

We present how to use our deep factors and build a factor investing portfolio. We try

to show the deep learning augmented factor model helps improve the portfolio performance.

Kozak et al. (2020) show the portfolio performance for SDF coefficients on factors, which is
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equivalent to the mean-variance efficient portfolio weights:

b = Σ−1
F µF ,

where Ft = {ft, gt}. The efficient portfolio is simply {Ftb} before the standardization.

The results for annualized Sharpe ratios are listed in the bottom panel of Table 3.5.

Similar to the factor loadings, we estimate b using a rolling-window of the past 60 months.

The annualized numbers for CAPM and FF3 are listed for the comparison. We find consistent

numbers for RP-PCA and IPCA in the in-sample analysis. IPCA continues to produce a

high Sharpe ratio consistently in the recent decade, and so do our models. Ours also have

consistently high performances in both the training and test samples.

For the Sharpe ratio improvement in the nested model, Barillas et al. (2020) shows it is

possible to apply a simple squared Sharpe ratio test for the null hypothesis H0 : SRF = SRg.

This model diagnostic test aims to evaluate the asset pricing model fitness improvement by

adding ft on the benchmark factors gt. We have included the details for the test in Appendix

3.6.2. We only include the test significances in the bottom panel of Table 3.5. We find almost

all deep learning augmented models over either CAPM or FF3 achieve improvement in the

1% significance level. This is another strong economic evidence to show adding our deep

factors help asset pricing models for this significant improvement in the efficient portfolio.

3.4.6 Interpreting Deep Characteristics

Finally, for the interpretation of deep characteristics, one benefit of our non-reduced-form

mechanism over a factor model is we can visualize the underlying nonlinear relationship

among characteristics. The nonlinear activation of the neural network directly transforms

raw characteristics into deep characteristics. To interpret such a “black box” model, we

propose to visualize the nonlinear relationships through fitted smooth splines in Figure 3.8.
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These are unique empirical outcomes by applying interaction or nonlinear transformation on

characteristics instead of factors.

We take the example of the selected 1-layer model augmented by Fama-French three

factors (five additional deep factors) and plot the fitted smooth splines and 95% confidence

intervals to the firm characteristics of the Fama-French five factors. Even after controlling

SMB and HML, we still find the deep characteristics plotted with a nonlinear relationship

with size, value, (operating) profitability, and investment (asset growth). Notice that our

characteristics data are standardized into the uniform distribution from -1 to 1. These plots

illustrate the nonlinear patterns picked up in our deep learning augmented model to help

achieve the asset pricing improvement.

Though the constructed deep characteristics are not like ordered principal components

and lack the factor loading interpretation, we can evaluate the raw characteristics’ contri-

bution to each construction. We run the Fama-Macbeth cross-sectional regressions with

deep characteristics on all raw characteristics. Given data of 540 months, we calculate the

average explained variation. We provide the normalized explained variation in Table 3.6 to

demonstrate the variable importance.

deepchari,t = at + b1,tchar1,i,t + · · ·+ b62,tchar61,i,t + εi,t (3.24)

We find Dividend-to-Price has more than 10% weights on the 1st and 5th deep charac-

teristics. Besides, Corporate Investment has a 24.69% weight on the 3rd deep characteris-

tics. This is a second empirical outcome by applying dimension reduction on characteristics

instead of factors. By controlling Fama-French three factors, the most important character-

istics that reduce the pricing error are Dividend-to-Price and Corporate Investment. Unlike

PCA to maximize variation in the data, our new perspective is directly related to the objec-

tive function of the non-arbitrage restriction. Dividend-to-Price and Corporate Investment

might be nonlinear signals such that sorting securities on original data is not an optimal
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case, where our deep learning model provides a solution.

There are additional useful characteristics, such as Abnormal Returns around Earning

Dates (9.11% on 5th char.), Change in Tax Expense (7.24% on 2nd and 3rd char.), Net

Operating Assets (8.17% on 2nd char.), and three volatility measures: residual variance

w.r.t FF3, residual variance w.r.t. CAPM, and stock total variance (around 10% variation

combined). These sparse signals are useful for the characteristics-sorted factor model by the

deep learning transformation.

3.5 Summary and Discussion

In short, our goal is to introduce deep learning into the field of asset pricing. Most people

view a deep neural network as a “black box” model. However, we adopt the deep learning

framework with a bottom-up approach, which provides a non-reduced-form mechanism for

the characteristics-sorted factor model. With a non-arbitrage objective to minimize pricing

errors, we train a deep learning model using firm characteristics [inputs], and generate risk

factors [intermediate features] to fit the cross-section of security returns [outputs]. Our

algorithm provides deep learning generated factors that reduce the pricing errors and show

significant improvement in the efficient portfolio.

This paper is the first to provide a unified framework to implement the characteristics-

sorted factor model to the best of our knowledge. We want to emphasize that our paper

is not directly related to the literature on predicting asset returns using machine learning.

The current prediction literature studies the time series predictive performance between firm

characteristics [inputs] and security returns [outputs], and skips the intermediate channel in-

volved with risk factors [intermediate features]. Our bottom-up approach fills in this missing

piece.

Moreover, we design the softmax activation on the technical side to approximate the

long-short portfolio weights for factor generation. This procedure generalizes the “rank
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weighting” scheme of Frazzini and Pedersen (2014) and Novy-Marx and Velikov (2018).

Though equal- and value-weighted portfolios are widely used procedures, the cross-sectional

distribution properties for different characteristics are largely omitted. When evaluating the

long-short portfolio for a characteristic, the discussion of the long and short portfolio weights

is necessary. Our method provides an alternative view on security sorting as well as factor

generation.

Prediction and pattern matchings are essential applications for machine learning and

deep learning. However, our paper shows the flexible optimization framework is also useful

to researchers. If the current empirical test procedure always rejects the asset pricing test,

stepping out of the comfort zone to look for new technologies could be beneficial. We have a

chance to modify the objective function with an economic goal (minimizing pricing errors).

We also can build up a non-reduced-form neural network to link together different pieces

from square one.

3.6 Appendix

3.6.1 Optimization Details

This section shows how we minimize our objective function to train the deep learner.

The common techniques include stochastic gradient descent (SGD), dropout, and ensemble

learning. In the model training, we only apply SGD.

The new technology for deep learning that allows us to train such a complex bottom-

up system is, the structure of the deep learner makes its objective function differentiable

with respect to its parameters. The first-order derivative information is directly available

by carefully applying the backward-chain rule. The TensorFlow library performs automatic

derivative calculation for practitioners, allowing us to train the model using SGD.7 Let the

7. See Robbins and Monro (1951), Kiefer and Wolfowitz (1952).
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Table 3.2: Asset Pricing Explanatory Power: Total R2

This table provides results for the total R2, which is listed in equation 3.20. We show the in-sample and

out-of-sample results in the top and bottom panels. We offer results for different layers of deep learning

models augmented by CAPM and Fama-French three factors in each panel. The first row indicates the

corresponding portfolios for calculating the total R2. Also, we add results for RP-PCA of Lettau and Pelger

(2020), IPCA of Kelly et al. (2019), CAPM, and Fama-French three factors for comparison.

In-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.767 0.746 0.682 0.884 0.873 0.887 0.882
Univariate-Sorted 0.682 0.649 0.810 0.871 0.861 0.870 0.863
Fama & French 25 0.662 0.684 0.716 0.826 0.809 0.812 0.820
Industry 49 0.414 0.443 0.509 0.552 0.542 0.551 0.539

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.767 0.746 0.847 0.904 0.907 0.906 0.895
Univariate-Sorted 0.682 0.649 0.869 0.891 0.888 0.890 0.887
Fama & French 25 0.662 0.684 0.909 0.920 0.920 0.918 0.915
Industry 49 0.414 0.443 0.559 0.579 0.578 0.580 0.575

Out-of-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.675 0.662 0.775 0.892 0.907 0.907 0.903
Univariate-Sorted 0.570 0.622 0.854 0.881 0.890 0.892 0.885
Fama & French 25 0.617 0.642 0.784 0.848 0.860 0.863 0.866
Industry 49 0.346 0.386 0.517 0.513 0.528 0.516 0.498

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.675 0.662 0.908 0.929 0.928 0.928 0.919
Univariate-Sorted 0.570 0.622 0.889 0.900 0.888 0.895 0.899
Fama & French 25 0.617 0.642 0.922 0.928 0.928 0.925 0.925
Industry 49 0.346 0.386 0.525 0.533 0.528 0.510 0.538
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Table 3.3: Asset Pricing Explanatory Power: Pricing Error R2

This table provides results for the pricing error R2, which is listed in equation 3.22. We show the in-sample

and out-of-sample results in the top and bottom panels. We offer results for different layers of deep learning

models augmented by CAPM and Fama-French three factors in each panel. The first column indicates the

corresponding portfolios used in the calculation. Also, we add results for RP-PCA of Lettau and Pelger

(2020), IPCA of Kelly et al. (2019), CAPM, and Fama-French three factors for comparison.

In-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.927 0.233 0.728 0.856 0.824 0.838 0.801
Univariate-Sorted 0.951 -0.477 0.769 0.802 0.781 0.787 0.734
Fama & French 25 0.901 0.311 0.691 0.826 0.780 0.780 0.724
Industry 49 0.601 -0.005 0.732 0.830 0.769 0.773 0.693

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.927 0.233 0.845 0.844 0.838 0.850 0.852
Univariate-Sorted 0.951 -0.477 0.806 0.812 0.791 0.797 0.803
Fama & French 25 0.901 0.311 0.869 0.879 0.857 0.864 0.863
Industry 49 0.601 -0.005 0.808 0.821 0.785 0.795 0.791

Out-of-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.313 -0.476 0.807 0.958 0.943 0.838 0.939
Univariate-Sorted 0.361 -0.244 0.921 0.981 0.982 0.977 0.967
Fama & French 25 0.492 -0.320 0.922 0.967 0.969 0.935 0.974
Industry 49 0.441 -0.035 0.679 0.860 0.871 0.823 0.794

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.313 -0.476 0.918 0.963 0.951 0.951 0.962
Univariate-Sorted 0.361 -0.244 0.958 0.986 0.981 0.979 0.985
Fama & French 25 0.492 -0.320 0.981 0.972 0.973 0.974 0.979
Industry 49 0.441 -0.035 0.732 0.869 0.848 0.878 0.893

99



Table 3.4: Asset Pricing Explanatory Power: Cross-Sectional R2

This table provides results for the cross-sectional R2, which is listed in equation 3.23. We show the in-sample

and out-of-sample results in the top and bottom panels. We offer results for different layers of deep learning

models augmented by CAPM and Fama-French three factors in each panel. The first column indicates the

corresponding portfolios used in the calculation. Also, we add results for RP-PCA of Lettau and Pelger

(2020), IPCA of Kelly et al. (2019), CAPM, and Fama-French three factors for comparison.

In-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.540 0.594 0.041 0.368 0.275 0.362 0.242
Univariate-Sorted 0.630 0.536 0.158 0.321 0.198 0.310 0.184
Fama & French 25 0.873 0.859 0.126 0.732 0.643 0.782 0.749
Industry 49 0.187 0.222 0.015 0.090 0.096 0.087 0.107

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.540 0.594 0.225 0.330 0.324 0.275 0.278
Univariate-Sorted 0.630 0.536 0.188 0.327 0.248 0.237 0.222
Fama & French 25 0.873 0.859 0.739 0.827 0.840 0.904 0.839
Industry 49 0.187 0.222 0.063 0.101 0.116 0.248 0.175

Out-of-Sample

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.225 0.262 0.335 0.428 0.438 0.445 0.482
Univariate-Sorted 0.152 0.138 0.081 0.494 0.451 0.508 0.515
Fama & French 25 0.221 0.195 0.009 0.648 0.368 0.466 0.553
Industry 49 0.299 0.257 0.009 0.572 0.632 0.535 0.621

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.225 0.262 0.347 0.529 0.550 0.535 0.510
Univariate-Sorted 0.152 0.138 0.347 0.436 0.452 0.434 0.447
Fama & French 25 0.221 0.195 0.409 0.603 0.682 0.557 0.561
Industry 49 0.299 0.257 0.394 0.648 0.670 0.639 0.659
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Table 3.5: Asset Pricing Predictive Power: Predictive R2 and Sharpe Ratio

This table provides results for the predictive R2, listed in equation 3.21, and the Sharpe Ratio for the efficient

portfolio. We offer results for different layers of deep learning models augmented by CAPM and Fama-French

three factors in each panel. The first column indicates the corresponding portfolios used in the calculation.

In addition, we add results for RP-PCA of Lettau and Pelger (2020), IPCA of Kelly et al. (2019), CAPM,

and Fama-French three factors for comparison. We also conduct a squared Sharpe ratio test of Barillas et al.

(2020) to show the significances of nested asset pricing model improvement. Respectively, ∗ ∗ ∗ is 1%, ∗∗ is

5%, and ∗ is 10%.

Predictive R2 (Out-of-Sample)

Portfolios RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.014 -0.028 0.005 0.016 0.014 0.009 0.015
Univariate-Sorted 0.023 -0.027 0.021 0.026 0.025 0.025 0.025
Fama & French 25 0.025 -0.026 0.008 0.015 0.013 0.010 0.015
Industry 49 0.009 -0.018 0.001 0.005 0.006 0.002 0.006

Portfolios RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

Bivariate-Sorted 0.014 -0.028 0.012 0.016 0.012 0.015 0.015
Univariate-Sorted 0.023 -0.027 0.023 0.026 0.025 0.026 0.025
Fama & French 25 0.025 -0.026 0.015 0.015 0.015 0.015 0.014
Industry 49 0.009 -0.018 0.003 0.005 0.001 0.009 0.005

Annualized Sharpe Ratio

RP-PCA IPCA CAPM L = 1 L = 2 L = 3 L = 4

In-Sample 4.132 4.757 0.453 1.264*** 0.965*** 0.791** 1.046***
Out-of-Sample 1.896 2.478 0.708 1.265*** 0.773** 1.807*** 0.551

RP-PCA IPCA FF3 L = 1 L = 2 L = 3 L = 4

In-Sample 4.132 4.757 0.824 1.053** 1.394*** 1.054** 1.052**
Out-of-Sample 1.896 2.478 0.754 0.812** 1.031** 1.014*** 0.954**
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Figure 3.8: Deep Characteristics v.s. Fama-French Characteristics

This figure provides the marginal fitted smooth splines for our constructed deep characteristics (1-layer model
augmented by Fama-French three factors) to four Fama-French characteristics. These smooth splines are
plotted at the firm-level in the cross-section, and dotted lines are the corresponding 95% confidence intervals.
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Table 3.6: Explained Variation for Deep Characteristics

Variable Char #1 Char #2 Char #3 Char #4 Char #5

Abnormal Returns around Earnings Dates 4.10% 4.55% 1.38% 4.93% 9.11%
Working Capital Accruals 0.87% 2.65% 3.92% 4.12% 0.14%
Advertising Expense-to-market 0.27% 2.02% 2.98% 0.38% 0.02%
Asset Growth 2.18% 1.22% 1.11% 1.34% 0.16%
Asset Liquidity 0.44% 0.67% 2.55% 2.31% 0.19%
Asset Turnover 7.31% 0.06% 0.60% 2.98% 1.36%
Bid-Ask Spread (3m) 0.09% 0.03% 2.63% 0.08% 2.65%
Beta (3m) 0.03% 0.05% 2.26% 0.05% 3.90%
Book to Market 0.08% 0.10% 3.11% 0.44% 2.48%
Industry-adjusted Book to Market 3.02% 1.95% 7.47% 3.82% 0.04%
Cash Holdings 0.73% 0.87% 0.28% 0.03% 0.64%
Cash Flow to Debt 1.10% 0.20% 0.65% 0.81% 0.88%
Cash Flow to Price ratio 0.40% 0.46% 0.20% 2.76% 0.66%
Change in Shares Outstanding 0.64% 0.15% 2.39% 1.21% 0.13%
Change in Profit Margin 0.57% 1.85% 1.28% 0.76% 0.92%
Change in Tax Expense 1.81% 7.24% 7.24% 0.03% 4.20%
Corporate Investment 0.80% 0.30% 24.69% 1.29% 0.81%
Depreciation / PP&E 0.01% 0.26% 1.62% 5.52% 0.02%
Dollar Trading Volume 2.76% 6.57% 0.20% 1.71% 3.28%
Dividend to Price 11.03% 1.83% 0.05% 0.39% 10.74%
Earnings to Price 0.57% 1.71% 0.19% 3.41% 0.13%
Gross Profitability 1.80% 3.81% 0.21% 2.79% 0.15%
Growth in Long-Term Net Operating Assets 4.66% 0.94% 0.02% 3.32% 0.62%
Industry Concentration 0.79% 0.92% 2.14% 1.97% 0.37%
Employee Growth Rate 3.68% 0.52% 0.07% 0.15% 1.22%
Illiquidity (3m) 1.07% 2.59% 5.48% 0.49% 1.97%
Leverage 1.28% 2.33% 0.17% 1.25% 0.17%
Growth in Long-Term Debt 3.31% 0.06% 0.03% 0.55% 0.16%
Maximum Daily Return 0.73% 0.17% 0.73% 0.75% 4.99%
Market Equity 0.55% 3.18% 0.29% 0.28% 1.00%
Industry-Adjusted Market Equity 6.00% 2.48% 0.08% 0.98% 0.53%
Momentum (2-12 month) 0.12% 1.41% 0.88% 1.58% 1.62%
Short-Term Reversal (1-1 month) 2.38% 0.34% 0.90% 0.02% 2.19%
Momentum 36m (13-36 month) 1.46% 0.08% 0.09% 1.79% 0.72%
Long-Term Reversal (13-60 month) 0.02% 1.88% 0.17% 0.96% 0.05%
Momentum 6m (2-6 month) 1.39% 0.49% 0.08% 1.69% 0.49%
Net Stock Issues 0.12% 0.74% 0.07% 4.29% 0.37%
Number of Earnings Increases 0.32% 2.27% 0.69% 0.80% 0.34%
Net Operating Assets 1.88% 8.17% 1.02% 5.77% 1.10%
Operating Profitability 1.68% 4.63% 0.45% 6.93% 3.39%
Percent Accruals 0.27% 0.19% 0.06% 0.14% 0.10%
Profit Margin 1.53% 0.21% 0.55% 0.18% 0.07%
Performance Score 1.02% 0.03% 0.92% 0.20% 0.03%
R&D to Sales 0.58% 0.65% 3.60% 0.05% 0.70%
R&D to Market Capitalization 0.68% 1.85% 4.74% 0.56% 0.07%
Revisions in Analysts’s Earnings Forecasts 4.10% 1.19% 0.93% 2.27% 0.05%
Return on Net Operating Assets 0.12% 1.82% 0.30% 0.53% 0.18%
Return on Assets 0.30% 0.11% 2.63% 0.15% 0.52%
Return on Equity 1.24% 0.46% 0.09% 2.66% 0.43%
Revenue Surprise 0.69% 0.14% 0.52% 1.00% 3.02%
CAPM Residual Variance (3 month) 3.70% 4.73% 4.39% 8.72% 5.45%
FF3 Residual Variance (3 month) 3.68% 3.42% 2.58% 2.59% 3.01%
Return Variance (3 month) 3.29% 1.54% 1.19% 0.87% 1.19%
Seasonality 0.09% 0.02% 0.49% 1.60% 0.30%
Sales Growth 0.59% 0.40% 0.12% 4.39% 0.45%
Sales to Price 0.42% 1.17% 2.26% 3.95% 0.63%
Std of Dollar Trading Volume (3 month) 1.30% 0.78% 0.44% 3.42% 0.09%
Std of Share Turnover (3 month) 2.20% 0.10% 0.23% 1.40% 0.59%
Unexpected Quarterly Earnings 4.22% 1.88% 1.48% 0.69% 6.20%
Shares Turnover 0.11% 0.17% 1.40% 2.37% 1.53%
Number of Zero-Trading Days (3 month) 0.56% 0.07% 0.39% 1.02% 0.03%
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superscript (t) denote the t-th iterate. SGD updates the parameters by


Â(t+1)

b̂(t+1)

β̂(t+1)

γ̂(t+1)

←−

Â(t)

b̂(t)

β̂(t)

γ̂(t)

− η(t+1)∇L(t)
λ (3.25)

until convergence, where η is the step size, and the gradient is evaluated at (Â(t), b̂(t), β̂(t), γ̂(t)).

At each iterate, the loss L(t)
λ only involves a random subset of data, B ⊂ {1, 2, ..., T}, called

mini-batch,

L(t)
λ (A, b, β, γ) =

1

N |B|
∑
t∈B

N∑
i=1

(
Ri,t − R̂i,t

)2
+
λ1

N

N∑
i=1

 1

|B|
∑
t∈B

(Ri,t − R̂i,t)

2

(3.26)

+ λ2

L−1∑
l=1

∑
i6=j
|A[l]
i,j |, (3.27)

where |B| < T , and in practice we set |B| = 120; namely, we use a batch of 120 months for

training. This mini-batch setting on the time dimension is reasonable for the asset pricing

factor model, which we usually assume with no serial correlation.

Also, we set the number of epochs (roughly the number of times SGD explores the whole

training set) to be 300, because the objective function has stopped decreasing significantly.

Adding too many epochs for model training can cause over-fitting. In our study, we consider

300 epochs a reasonable number.

3.6.2 Squared Sharpe Ratio Test in Barillas et al. (2020)

Since the benchmark model g is nested in the augmented model F , the Sharpe ratio of F

is greater or equal to that of g. The improvement in the squared Sharpe ratio is a quadratic

form as shown by Equation (2) in Barillas et al. (2020),

SR2
F − SR

2
g = α

ᵀ
fΣ−1

ε αf
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where αf is the N × 1 intercept vector from the pricing model

ft = αf + β̃gt + εt, t = 1, 2..., T

and Σε is covariance matrix of εt. Therefore, the simple test of equality in the Sharpe ratios

is actually the GRS test, with the tradable deep factors ft serving as left-hand-side test

assets on the right-hand-side benchmark gt.

Under the null hypothesis H0 : SRF = SRg, i.e. α
ᵀ
fΣ−1

ε αf = 0, the GRS test statistic

is proportional to the difference in squared sample Sharpe ratios divided by one plus the

squared sample Sharpe ratio of g,

(
T

P

)(
T − P −D
T −D − 1

)
ŜR

2
F − ŜR

2
g

1 + ŜR
2
g

∼ F (P, T − P −D)

ŜR
2
F − ŜR

2
g = α̂

ᵀ
f Σ̂−1

ε α̂f

ŜR
2
g = ḡᵀΣ̂−1

g ḡ,

where ḡ, Σ̂g are the sample mean and covariance matrix of benchmark factors gt.
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Beaumont, M. A., J.-M. Cornuet, J.-M. Marin, and C. P. Robert (2009). Adaptive approxi-

mate bayesian computation. Biometrika 96 (4), 983–990.

Bhattacharya, A., A. Chakraborty, and B. K. Mallick (2016). Fast sampling with Gaussian

scale mixture priors in high-dimensional regression. Biometrika.

107
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